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Abstract

Our main aim in this thesis is to study the stability properties of the family of k-self-similar solu-
tions to the Einstein-scalar field equations. These solutions were identified in [11], and model the
gravitational collapse of matter without a corresponding event horizon. As a result, they are of
interest in the context of the weak cosmic censorship conjecture.

In Chapter 4 we apply techniques of Rodnianski-Shlapentokh-Rothman [38| to sharply charac-
terize instabilities in the exterior region. Within a scale of Holder spaces, we establish nonlinear
instability for regularities slightly above BV. This extends the foundational result [12]|, which iden-
tified a blue-shift instability in low-regularity.

We then turn our attention to the interior region, where the role of the blue-shift instability is
less well understood. In Chapter 5 we give a backwards construction of asymptotically k-self-similar
interiors which achieve a given asymptotic profile on the light-cone incident to the singularity.

In Chapter 6 we study the asymptotics of solutions to the linear wave equation in the inte-
rior, with characteristic initial data posed to the past of the singularity. The presence of finite-
regularity data poses considerable problems, requiring a mixture of physical-space energy methods
and frequency-space scattering techniques, as well as the restriction to small-mass spacetimes with
k? < 1. We show that sufficiently regular data leads to self-similar asymptotics, raising intriguing
questions about the diminished role of the blue-shift instability in high regularity function spaces.

In Chapter 7 we leave the study of k-self-similar spacetimes and consider the related topic of C!
extension principles for the spherically symmetric Einstein-scalar field system. Our result, joint with
Xinliang An (NUS) and Haoyang Chen (NUS), is a modest generalization of the small-u extension
principle of [10] to cover solutions which (a) globally satisfy 1 < 2, and (b) exhibit finite blue-shift

along ingoing null-cones.
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Chapter 1

Introduction

This thesis is concerned with the formation of singularities in solutions to the Einstein field equations
) 1
Ricy, — §gWR = 8T} (1.1)

The study of (1.1) occupies the vast subject of classical general relativity, a field with applica-
tions spanning mathematics, astrophysics, and cosmology. The field equations describe the coupled
evolution of matter fields! and a spacetime? (M"*!1 g). We emphasize that the spacetime, which
carries a Lorentzian metric g,, describing the local geometry, is itself dynamical, influencing and
being influenced by the matter fields.

Despite the subtleties arising from an evolving spacetime and the lack of canonical coordinates?,
one can view the Einstein-field equations as a set of coupled, nonlinear, geometric PDEs with a well-
posed initial value problem [6]. We adopt this perspective here, and aim to describe the behavior
of solutions undergoing gravitational collapse.

One possible result of collapse is the formation of a black hole, as present in the well-known
Schwarzschild metric gas describing a non-rotating black hole of mass M, or in the classic study of
Oppenheimer and Snyder [33]. As illustrated in Figure 1.1 (left), regular initial data on R? evolves
until a singularity forms, with the curious property that all singular behavior is contained within an

event horizon ‘H. From the perspective of distant observers who are far from the collapsing matter,

1The matter fields are represented by the energy-momentum tensor T,.. Although we always consider the case of
matter here, the vacuum case with T, = 0 is already highly non-trivial.

2We always work with 3 4 1-dimensional spacetimes here.

3This includes the absence of a natural “time” coordinate, and hence one must understand the sense in which (1.1)
is evolutionary. See [36] for a textbook discussion.



causal signals from within the horizon are never able to reach them, rendering the entire region
(and the singularity) “black.” Provided one does not accidentally enter the black hole region, the

evolution continues uniquely for infinite proper time.
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Figure 1.1: Evolution of regular initial data leading to a singularity. (Left) Black hole case: the
singularity is within an event horizon, and distant observers exist for infinite proper time. (Right)
Naked singularity case: distant observers cross the outgoing light-cone of the singularity in finite
proper time.

In contrast, the subjects of our work are globally naked singularities, pictured in Figure 1.1
(right). Starting from regular initial data, the collapse produces a singularity without a correspond-
ing event horizon, permitting causal signals to reach arbitrarily distant observers. This singularity
is “naked” to observers, and the unique evolution of (1.1) thus terminates after finite proper time.

The question of whether black holes can generically form was settled in the affirmative by
Penrose’s famous incompleteness theorem [34]. Many explicit black hole solutions have also been
shown to be nonlinearly stable as solutions to (1.1) coupled with various matter systems, giving
evidence that black holes are a robust prediction of general relativity. The corresponding question
for naked singularities remains open, however, with comparatively few examples of such spacetimes
to analyze.

Whether naked singularities can generically form touches on a “locality” property of singularities;

namely, must breakdowns in spacetime remain localized to compact spatial regions? Provided



sufficiently rigid conditions are placed on the admissible classes of matter and initial data, the
expectation is that such solutions should not be generic. This conjecture, often attributed in some

form to Penrose, is termed weak cosmic censorship:*

Conjecture 1 (Weak Cosmic Censorship (WCC)). Solutions to suitable Einstein-matter systems

arising from generic reqular, asymptotically flat initial data admit a complete null infinity T+.

The conjecture is open for most matter models (including vacuum), although counterexamples
exist if restrictions on matter or on the asymptotic decay of data are relaxed, cf. [7, 15]. The
most well-studied setting for (WCC) in the mathematical community is the spherically symmetric,

Einstein-scalar field system
Ric;w[g] - %g,uVR[g] = 2T;u/[gv ¢]7

Tylg, &) = 8,00y d — 3 6,,0%0ad, (1.2)

0,6 =0,
building off a series of works by Christodoulou [8, 9, 10, 11, 12|. This model has proven useful for
a host of problems in general relativity: low-regularity well-posedness, the behavior of dispersive
solutions, and trapped surface formation/black hole stability. With regards to (WCC) the key result
is [12], which wverifies (WCC) for the model (1.2) in spherical symmetry, in low-reqularity function
spaces. It is this foundational result which motivates the questions in this thesis, the goal of which
is to better understand the mechanism which is driving the instability of naked singularities.

We turn now to a more detailed discussion of Christodoulou’s instability result [12], as well as
the construction of examples of naked singularities in [11]. For readers interested in an overview of

our main results, we refer to Section 1.5.

1.1 Weak Cosmic Censorship

In this section we outline some features of Christodoulou’s result in [12], borrowing as well from the
discussions in |28, 38]. We also will make use of the notation for spherically symmetric spacetimes

with scalar field, cf. Section 2.1.

“For a discussion of the heuristic arguments for and against the conjecture, see [45]. See also the review article
[42].
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The following is one class of spacetimes to which [12] applies, and which is sufficiently general

for our purposes.

Definition 1. A BV-admissible naked singularity with infinite blue-shift is a solution’
(Q,g,7,¢) to (1.2) admitting a global double-null gauge (u,v) in which the quotient manifold Q

takes the form
Q={(u,v): =1<u<0, u<v <o},

and which moreover satisfies

(a) (BV naked singularity) The restriction of (Q, g,r, ®) to any outgoing null curve ¥, u € [—1,0)

defines an asymptotically flat, BV initial data set. Moreover, T is incomplete.

(b) (First singularity at (u,v) = (0,0)) The center of symmetry I' = {u = v,u < 0} is a timelike

curve, terminating in finite u-coordinate time at u = 0.

¢) (Concentration of the mass aspect ratio j = 22 ) Along the ingoing null-cone to the singularity,
K="

lim inf,, 0 ©(u, 0) # 0.
We now state a version of the instability result in [12]:

Theorem 1 (Weak Cosmic Censorship for the spherically symmetric Einstein-scalar field sys-
tem). Let (Q,g,7,¢) denote a BV-admissible naked singularity with infinite blue-shift. If 6y(v) =
$0u¢(—1,v) denotes the gauge-invariant, outgoing null derivative of ¢ along initial data, then there
exist functions fi(v), fa(v) € BV([—1,00)) such that for all A1, o # 0, the solution to (1.2) with
wmitial data

Ox 20 (V) = Oo(v) + A1 fi(v) + A2 fa(v)
contains a trapped surfaceS in the exterior region Q N {v > 0}. These unstable perturbations can be

chosen with the following properties’ :
(a) fi(v) € BV([-1,00)) N AC([0,00)) is a non-negative function which

e (Support in the exterior) Vanishes on v € [—1,0)

"Recall that Q denotes the quotient spacetime M/SO(3), ¢ the quotient metric, 7 the area radius function, and
¢ the scalar field.

5By [16], for spherically symmetric solutions to (1.2) existence of trapped surfaces implies the completeness of T,
and the non-emptiness of the black hole region.

"Here, BV and AC denote the space of (right-continuous) bounded variation functions and absolutely continuous
functions, respectively.
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o (Asymptotic flatness) Decays sufficiently rapidly as v — oo

e (Non-triviality on the past light-cone) Satisfies lim,_,o+ f1(v) =1
(b) fa2(v) € AC([—1,00)) is a non-negative, continuous function which

o (Support in the exterior, away from past light-cone) Vanishes on v € [—1,0]
o (Asymptotic flatness) Decays sufficiently rapidly as v — oo

e (Concentration) Satisfies a lower bound of the form v° for 0 < 6 < 6y < 1 as v — 07,

where &y can be estimated in terms of the blue-shift integral y(u) = [ ((‘i(_*u”))r) (u',0)du’.

Remark 1. By considering the unstable perturbations associated to two different BV -admissible

naked singularities, [12] also shows that the set of data forming such naked singularities has co-

dimension at least 2 in the space of all BV data.

O
Q

N

. trapped surface
N »

N

Figure 1.2: Representation of the BV and AC perturbations utilized in [12].

Figure 1.2 illustrates the key properties of the unstable perturbations fi(v), f2(v), namely their
support and regularity across the light-cone. It also hints to the underlying instability mechanism:
as the perturbation approaches the singularity (and thus the region with r small), a blue-shift

supported near the light-cone causes the growth of transversal derivatives of the scalar field. This

12



growth leads to an increase in the Hawking mass concentrated in outgoing directions, and via
Christodoulou’s trapped surface criterion in [9], ultimately to a trapped surface forming.

The above picture exploits only the geometry in a small neighborhood of the ingoing light-cone
which is contained in the exterior® region. Therefore, it is largely agnostic both to the process by
which the singularity formed?, as well as to the asymptotic behavior as  — oo. This approach to
weak cosmic censorship can be summarized as showing that any naked singularity can be “covered”
by an apparent horizon. In a moduli space picture, one can imagine naked singularities as being
infinitesimally close to collapsing into black holes.

Many of our results are motivated by generalizing and extending Christodoulou’s arguments.

Below we highlight two motivations for doing so:

1.1.1 Interior perturbations and critical collapse

Numerical simulations are a useful window into large-data regimes for the Einstein-field equations.
One approach, originating in work of Choptuik [5], is to simulate the evolution of a family of initial
data for a given Einstein-matter system which interpolates between small-data and large-data [24].
The family can be chosen so that the former leads to a globally dispersive spacetime, whereas the
latter collapses into a black hole. The question then arises: at the threshold between these two
end-states, what solution appears?

The work [5] considered this problem for the spherically symmetric Einstein-scalar field system,
identifying a naked singularity at the threshold. Termed a “critical solution,” it was found to differing
degrees of precision in later works [23, 35]. The stability of the interior region was numerically
analyzed in [23, 31|, identifying a single mode instability. Extrapolating from these works, one may
hope to realize (certain) naked singularities as co-dimension one attractors separating the dispersive
and black hole regimes. However, this picture remains conjectural, and it remains to give a rigorous
proof of the instability to dispersion!? for any naked singularity.

Importantly, the finite co-dimension instability found in [23] is of a different type than those

identified in [12]|, as the former is supported to the causal past of the singularity. Moreover, all

8The interior refers to the causal past of the singularity, and the exterior to its complement.

9Although remark that we are assuming u(u,0) 4 0 on the ingoing light-cone, which is an assumption on the
interior geometry.

10The more general phenomenon of a threshold separating dispersive solutions from black hole solutions has recently
been proven in [26], although naked singularities do not feature as the threshold solution there.

13



of the unstable modes in Christodoulou’s work lead to trapped surface formation, and cannot (by
virtue of their support) lead to desingularization. It is clearly of interest to develop methods which
can probe how the interior regions behave under perturbation, and how/if the blue-shift instability

translates.

1.1.2 Instability in smoother function spaces

Another feature of Choptuik’s critical solution is its high-regularity. Both the spacetime itself, as
well as the mode instability, are believed to be smooth [35, 23]. The intuitive picture of moduli
space sketched above is thus most naturally viewed in a space such as C'°°, rather than BV. Indeed,
[12] shows that in a space such as BV, many unstable directions exist which lead to trapped surface
formation. This raises the intriguing question: how should the statement of weak cosmic censorship
depend on regularity?

As will be discussed further for the k-self-similar spacetimes, the blue-shift instability is very
sensitive to the regularity of the solution across the light-cone. The proof in [12] does not allow the
AC perturbation fy(v) to be pushed above a certain threshold Holder regularity. In order to test
whether a C'°° form of weak cosmic censorship holds, for example, one should consider perturbations

with support in the interior.

1.2  k-self-similarity

Our results will apply to a family of spacetimes originally studied in the works [11, 4], the so-called
k-self-similar naked singularities. Denoted by (Qx, gk, 7%, %), k% € (0, %), these solutions are

based on a continuously self-similar ansatz

Lrgly) =245, Ko=—k, (1.3)

where K is a vector field generating scaling about a center O, and g,(f;) is the spacetime metric. See

Figure 1.3 for a Penrose diagram depiction of the global structure. In the following theorem we
isolate several features of these spacetimes which will be relevant for our work. For details on the
construction and choice of double-null gauge, see Chapter 3. We also refer to Chapter 2 for a full

discussion of the spherically symmetric Einstein-scalar field system, as well as the various regularity

14



classes.

Theorem 2 ([11, 43, 44]). Fiz k € R with!' k% € (0, %), and define q, = 1 — k2, as well as the

coordinate domain
Ok ={(u,v): =1 <u<0, —|ul? <v<oo}. (1.4)

There exists an asymptotically flat solution Sk = (Qk, gk, Tk, k) to the Einstein-scalar field system
in the Qy satisfying the following properties:

k-self-similarity

1. In QN {v < 1}, the solution satisfies the k-self-similarity condition (1.3) with generator

K = udy + qpvd,.
2. The solution is in the BV class on Qr N {u < 0}, with BV norm of size ~ k! as k — 0.
Regularity

3. The solution Sy is in C1 on Qi \ ({v =0} U {u = 0}). Along outgoing surfaces {u = const.}
2

17167
we have ¢ € Cy %, with the bound
gk
03] < lul o] TR

as v — 0. Moreover, for k* < 1 this is sharp'? | i.e. the corresponding lower bound holds. In

this case, we have ¢y, & C2,r ¢ C3.

4. In self-similar regions of the form {ﬁ < —§ < 0}, the solution is smooth. In particular,

pe = O(r2) along fived {u = ug}, ug € [~1,0) as ry — 0.

5. Along {v = 0}, the identities hold

1We refer to this range of k values as the naked singularity range. [11] more generally considers solutions with
k? < 1, but we will not have use for this larger class (although see Section 1.3).

121t is expected that this regularity is sharp for all k in the naked singularity range; however, we do not show this
here.

15



As pg(u,0) 4 0 as u — 0, the solution does not extend as a BV solution in any neighborhood

of O.
Self-similar bounds

6. The null derivatives of the scalar field up to second order satisfy self-similar bounds. In

particular, 1 1
|~ ouse| ST~ |5 0un] Sl (1.5)
Vi )\k

where we have set v, = Oyrg, A = Oyrk. Moreover, Oydr(u,0) = Tl

Globally naked singularity

7. Outgoing null surfaces {u = const.} are asymptotically flat as v — oco.

8. 1 (u,v) extends to a continuous function on {u =0, v > 0}. Letting ri(0,v) denote this limit,

we have limy,_,o0 75 (0,v) = 0.
9. Qp contains an incomplete null infinity in the sense of Definition 4.

Remark 2. One may question the interpretation of these spacetimes as models of singularity for-
mation, since the initial data along outgoing null-cones to the past of the singularity is only of
finite Holder regularity. However, viewed from within the well-posed BV class, we have that (1)

the data are in fact better than BV, and (2) the solution fails to be extendible even in BV across

(u,v) = (0,0). It is for this reason that we consider the behavior as uw — 0 to reflect a genuine

breakdown in reqularity. One can compare with the case k = 0, discussed in Section 3.2.

Instability

We comment briefly on the application of Theorem 1 to the case of k-self-similar spacetimes. One
can verify that up to a coordinate change, k-self-similar spacetimes are indeed BV-admissible naked
singularities with infinite blue-shift'3 in the sense of Definition 1. It follows that the exterior
region is unstable to trapped surface formation via the BV perturbations fi(v), fa(v). By tracing
the estimate for the regula2rity of fa(v), one can show that the exterior region is unstable under
perturbations 9,¢ € OS’CIEW ([-1,00)), for a constant ¢ < 1. One of the main goals of Chapter 4 is

to sharpen this result.

13Recall along the ingoing null-cone that pu(u,0) = k*(1 + k)7L
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Figure 1.3: Coordinate form of the area radius and scalar field under k-self-similarity, where z =
ﬁ is a coordinate parameterizing integral curves of K.

Related results

The discovery of k-self-similar spacetimes—both in the naked singularity range, as well as for
k% € [%, 1)-represented one of the first rigorous constructions of singular solutions to an Einstein-
matter system with well-behaved matter. They have since served as inspiration for other rigorous
constructions of continuously self-similar solutions, e.g. for Einstein-Euler, or for Einstein-vacuum
in higher spatial dimensions [25, 3, 13]|. See also the work [14], working in discrete rather than
continuous self-similarity.

We also point out that these spacetimes, despite being spherically symmetric, were shown to
have strong parallels with a regime of non-spherically symmetric naked singularity formation for the
3 + 1-dimensional vacuum equations [38, 40]. The authors of the latter works label these vacuum
singularities as x-self-similar, and note a tight connection between x and a corresponding value of
k. See |38, 42] for further comparison, and [41] for a more general discussion of self-similarity in
vacuum.

Another direction concerns extensions of Christodoulou’s instability proof to include different

17



matter models, or dropping symmetry restrictions. We highlight work of Li and Liu [27] and An
[1], which leverage trapped surface formation results to show instability of spherically symmetric
naked singularities under non spherically symmetric perturbations. The latter in particular studies
the k-self-similar exteriors, and proves a high co-dimension instability result. As for extensions to

new matter models, see work of An—Tan on the Einstein charged scalar-field system [2].

1.3 Examples

The spacetimes described in Theorem 2 are constructed through a dynamical systems argument.
Using the ansatz of k-self-similarity to reduce the Einstein-scalar field equations to a system of
ODEs, [11] identifies the desired naked singularity spacetimes as suitable trajectories of this system.
Given the complexity of the system, it is unlikely that explicit expressions for the metric and scalar
field are possible for generic values of k.

In order to gain some intuition for the global behavior of k-self-similar spacetimes, we consider

some limiting cases:

Case 1: k%2 — %

The limit k2 — % corresponds to naked singularities with “large” mass aspect ratio. In this section

we look at the k% = % spacetime. Note this is not included in the naked-singularity range; however,

we consider it here because it is one of the few values of k for which explicit expressions do exist.

The starting point is the FLRW spacetime, a solution to the Einstein-scalar field system with the

3

: L onld :
following expression'® on Ry x Ry .

1
D gprpw = —dr? + 73 (da? + dal + da?), é(t,z) = 7 log 7. (1.6)

We perform a sequence of coordinate transformations to (1.6). First, define

(Ta x1,T2, .%'3) — (7_7 Raw)7

14We denote the timelike coordinate as 7, and the spacelike coordinates as z1, 2, zs. We also use the shorthand
x = (z1,z2,23).
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where (R,w) are standard spherical polar coordinates associated to the Cartesian coordinates

(w1, 22,23) € R3. This gives
W gprrw = —dr® + 75 (dR? + R%dog).

Now let )
r=T3R,

so dr = %ngRdT + T%dR, and ) IR
dR =77 3dr — g—dT.
T

We compute
1R
(4)9FLRW = —dr? + T%((T_%Ch“ — gde)Q + ?”QT_gdUSz)
T

1
= —dr’ + (dr — gﬁdT)Q + rdog:.
T

Introduce double-null coordinates (u,v) via

and compute

(4) 3V Nl Uy Y V) doe
grrrw =~ (1 (—u)%)( w) dudv—i—( \/i(H(—u)%)(l (_u)%) ( u)) dose, (1.7)

- Julk? —
“Gan-w) Gae)

1 1 3 2
¢(U, ’U) = —%10g ﬁ — mlog ((—U)3 — ’U)

1 1 3 v 1

N———
5 llqikQ ) —klog(—u)

|u

It is evident from (1.7)-(1.8) that the spacetime is of k-self-similar form, with k* = 3. By

defining z = —Y5 and restricting to an outgoing null surface (e.g. {u = —1}), we can compute the

|ul3

various self-similar profiles for each double-null quantity'® (see Figure 1.4):

o 3
() = 2(1 - 2)

15We have normalized our double-null gauge to be consistent with the renormalized gauge constructed in Section
3.3.
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r —i z —z%
)= s+ (1=
¥ 3 1 1
P(z) = _27\/5 log(1—z) — %log ﬁ
m(g)ii(l—l—z):ﬂ
C32V2(1-2)k
o 3 1-3z
)\(Z):@(l—z)%
(o) = O
RPN ITR
1(1+2)2

fi(z) = Zm-

Although we do not make a precise statement to this effect, the qualitative behavior of double-
null quantities in the interior region shown in Figure 1.4 is representative of interiors in the k? — %_
limit. It is worth mentioning, however, that while the above metric and scalar field are smooth across
{v = 0}, it seems likely that solutions in the naked singularity range can only be of finite Holder
regularity.

In the exterior region, it is clear that this solution fails to be a good model of globally naked
singularities. It breaks down in the exterior region at a finite value of z corresponding to a spacelike
boundary. That this boundary is singular, i.e. one cannot extend beyond it, is manifest in the fact

that 7(z) — 0.

Case 2: k2 =0

At the lower end of the naked singularity range are spacetimes with k? < 1. If one sets k? = 0, the
resulting spacetimes are labeled scale-invariant, and while not examples of naked singularities,

they may be written explicitly (cf. Section 3.2):
(a) The interior region (u,v) € {u < 0,v < 0} is necessarily flat, and up to gauge is given by

d(u,v) =0

= |u|(1 ==
) = (1~ )
(b) The exterior region (u,v) € {u < 0,0 < v < Vypaz|ul}, where viax € Ry U{o0}, is given up to
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Figure 1.4: Plots of the self-similar profile functions in the interior region z € [—1,0] for k? = %
Note that a renormalized double-null gauge is used here (cf. Section 3.1), and thus the boundary
condition for r at the center is (7 + (1 — k*)A)(—1) = 0.

gauge by

|

1+ (14 4t)
1+ (1 —4)

u

B, v) = 5 log

<=

r(u,v) = ;M\/l + 2(‘%) +(1— 16t2)(i)2

|ul
where ¢t € R is a constant, and vy,q, satisfies r(u, Vmaz|t|) = 0 (Or Vymee = 00 if no such value

exists).

We point out two features of the above solutions which remain relevant when k2 is small, but not
zero. The first is that the interior region is trivial, giving hope that certain norms of k-self-similar

solutions will be small. The second is that non-trivial scale-invariant spacetimes necessarily contain
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a jump in J,¢ across {v = 0}, and thus are naturally in BV. Although the naked-singularity
spacetimes will be slightly better than BV, one should expect this regularity to get worse for k2

small.

A comprehensive treatment of the k? — 0 limit is given in Section 3.4. We highlight a few

results which give a concrete picture of the interior region:

Theorem 3. Let (Qk, gk, Tk, dr) denote a k-self-similar interior region, given in renormalized
double-null gauge. The following estimates hold for the restriction of the solution to an outgoing
null-cone Z@f) ={u=-1,-1<v<0}:
. <
HavngLp(E(j?)) Spk, p<oo
m
”T3||Loo(z(71)) ~ N

1
A= Sl i) S K.

The following norms are singular'® as k? — 0:
—1
”8’U¢||Loo(2(_”ll>) Z k; )
2 -1
||av¢||L1(E(_“f)) 2 k.

Introduce the following renormalization of ¢(u,v):

B v) = o(u,0) — (1 ( id )1k12). (1.9)

k |u|(Ik

Then this quantity has improved behavior as k* — 0:
~ o
||8U¢HLO<>(2<_”1L)) ~ ka
25 e <
”8U¢||L1(E(_”1L)) ~ k.
One can interpret this result as saying that the k? — 0 limit is regular away from {v = 0}. Near
the latter null-cone, the scalar field increasingly concentrates according to the profile (1.9). This

approach to isolating the lowest regularity, worst-behaved components of the solution is motivated

by a corresponding analysis in |38, 40].

18T argeness of the L' norm of 82¢ implies that the BV norm is lower bounded by ~ k~!. Note the BV norm
cannot be arbitrarily small, as this would imply global existence [10].
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1.4 Quantifying the blue-shift on k-self-similar backgrounds

Recall that the blue-shift triggers growth of certain transversal gravitational degrees of freedom along
the ingoing null-cone of the singularity. This effect can be concretely understood by considering

solutions to the linear wave equation'”

Oy = 0, (1.10)

on the k-self-similar metric'® g;, which are supported in the exterior. The behavior of all double-null

quantities on k-self-similar metrics are quite explicit along the ingoing null-cone {v = 0}. Restricting

the wave equation to this cone gives'?
1 1+k%/ 1 1
ou(-E o) - (L) = Lo L
“\Oyry, VP lu|  \Oyry v Tk uy (L11)

where 7 (u,0) ~ |u|. This equation can be interpreted as a differential equation for d,¢. Directly

integrating yields

1 o -1 —k‘2
(o) (. 0) = Jul I (w), (1.12)
where
@@ﬁ{18@v4®—/wwwﬁlawwmwﬂ (1.13)
81;74]{ v ) 1 Tk- u 9

Assuming that the ingoing data satisfies a self-similar bound |9,¢| < |u|™!, we see that the asymp-
totic behavior of ﬁ@vcp depends on the degree of cancellation (if any) between the terms defining

12 .
| =17 which we refer

I(uw). If no such cancellation occurs, then Iy(u) ~ 1, and erkavgo ~ |u
to as the blue-shift rate. The maximal degree of cancellation one can expect would result in
Ii(w) < |u*, and thus ]ﬁ@mp] < |u|™t, which we refer to as the self-similar rate. Of course, if
only a partial cancellation occurs, then the asymptotic may lie between these two cases.

Extrapolating these linear bounds to the nonlinear problem (and assuming they hold not only

on {v = 0}, but in self-similar regions {v < |u|%}), we build the following picture:

1. If the scalar field satisfies self-similar bounds with coefficient of size O(¢), then the contribution

to the mass aspect ratio p = 277” along outgoing null-cones is of size O(62). Provided 4 is small,

1"We use the convention that ¢ is reserved for solutions to the coupled nonlinear system, and ¢ refers to a general
linear wave on a fixed background spacetime.

18The arguments of this section apply to asymptotically k-self-similar metrics as well.

191t is instructive to compare the analysis of continuously k-self-similar metrics presented here with the analysis in
discrete self-similarity [14], as well as in vacuum k-self-similarity [38].
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this is consistent with stability.

2. If the scalar field satisfies a bound |

avlTk ol 2 6lu|=17¢, € € (0, k?) then the contribution to p
along outgoing null-cones is of size O(§2|u|~2¢), which grows independently of the initial size

of the perturbation. This is consistent®® with trapped surface formation.

That the k-self-similar exteriors should be generically unstable, as stated in Theorem 1, can be
understood as the claim that generic solutions to (1.10) obey a bound which is strictly worse than
self-similar on a sufficiently large spacetime region.

Perhaps it is not surprising that instability holds for BV data, as one can choose trivial ingoing
data dyp(u,0) = 0, and outgoing data satisfying lim,_,q+ Tlr,k&,cp(—l,v) = 1. For such data one
has Ix(u) = 1, and thus the blue-shift bound obtains. For data with some Hdolder regularity this
argument no longer holds, as we are forced to take lim,_,o+ ﬁ&,g@(—l,v) = 0. Understanding

how solutions to the linear and nonlinear problems behave in this case is taken up in Chapter 4.

1.5 Overview of main results

Chapter 4: Sharp (in-)stability results in the exterior

In Chapter 4 we examine a subset of the exterior region of (approximately) k-self-similar spacetimes,
and aim to sharpen the nonlinear instability result of [12|. Regularity in these spacetimes is n;aturally
measured in Holder spaces, with the k-self-similar scalar field satisfying ¢x(—1,v) € C'jlf?. One
can therefore ask what the highest Holder exponent is permitted in a proof of trapped surface
formation.

That one can hope to answer this question in the case of k-self-similarity is due to all double-
null quantities (a) satisfying pointwise self-similar bounds, and (b) admitting precise expansions in

powers?! of ﬁ A framework for proving hyperbolic estimates then follows from the methods of

[38]. Making use of these tools we prove the following result, which is adapted from our work [43].

Theorem 4 (Rough statement of Theorem 9). Fiz k* € (0,1), and let (Q](:m),go,rg,(bg) be an

2OWe are using that u(u,v) > 1 implies the corresponding sphere is trapped.
21These are not smooth expansions, and involve non-integer powers.
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“approzimately” k-self-similar spacetime defined on the exterior region (see Figure 1.5)

Q}(ﬁex):{(u,v):OS ! 7 <1,-1<u<0}
=

Under perturbations of the outgoing, characteristic scalar field data®? of the form
¢(_17U’) = ¢0(_17 U) + 6|v‘a7
the following dichotomy holds:

(a) If a« > ap = ﬁ, then for all € sufficiently small, the unique solution to the Einstein-scalar

field system (1.2) exists on Q;fx), and is free of trapped surfaces.

(b) If « € (1, ), then for all € sufficiently small, there exists § > 0 small such that each ingoing

cone 3, v € (0,9) in the future development intersects a non-empty trapped region.

The results of Theorem 4 are consistent with the expectations based on the blue-shift study of
Section 1.4. This suggests that the instability in the exterior is driven primarily by the linear scalar

field, with the geometry playing a secondary role.

Figure 1.5: Characteristic data setup for Theorem 4. The outgoing scalar field perturbation is
1

highlighted in blue, and should be compared with the corresponding term |v|1-#¥? in the background
scalar field expansion.

22The ingoing data, as well as outgoing data for 7, 2, assume their values in the background solution.
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Chapter 5: A construction of stable interior perturbations

In Chapter 5 we turn our attention to the interior region of (approximately) k-self-similar spacetimes.
Ultimately one hopes to study a similar question as in Theorem 4, namely posing data on an outgoing
null-cone to the past of the singularity, and studying the future development. Such a problem is
considerably harder in the interior, however, due to the lack of a priori control on the behavior of
the solution near the singularity.

Simpler than understanding the full picture of phase space in a neighborhood of k-self-similar
spacetimes is the problem of constructing solutions in this neighborhood with desirable properties.
The following theorem is based on our [43|, and identifies large families of perturbations which are
asymptotically stable, in the sense that scale-invariant norms of the perturbations decay towards the

singular point.

Theorem 5 (Rough statement of Theorem 11). Fiz k* € (0, %), and let (Q,(Cm),go,ro,gbo) be an

“approzimately” k-self-similar spacetime defined on the interior region (see Figure 1.6)

in v

Consider asymptotic data along the ingoing cone {v = 0} of the form
&(u,0) = ¢o(u,0) + €|ul®,

for an a > 0 depending only on norms of the background solution. Then for all € sufficiently
small, there exists a BV reqular solution to the Finstein-scalar field system on Q,(:n) achieving the

asymptotic data.

The approach taken here is one of posing asymptotic data and performing a backwards con-
struction, an approach used in the related works [22, 17|. The above theorem in fact contains very
precise information about the asymptotics of the solution near the singularity; however, it says little

about the uniqueness or genericity of the solutions we identify.

Chapter 6: Linear waves in the interior, k? < 1

Chapter 6 contains the main result of our dissertation, and takes one step towards understanding

the behavior of generic perturbations in the interior. Unlike the previous results we limit attention
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oG

regular \

center

Figure 1.6: Spacetime constructed in Theorem 5. The input for the construction is the asymptotic
data along the ingoing null-cone to O, with the main scalar field perturbation highlighted in blue.

to spacetimes with?? k? < 1, and consider solutions to the linear wave equation (where gy is an
asymptotically k-self-similar metric)
Ogo = 0. (1.14)
Our interest in (1.14) stems from Section 1.4, where the corresponding problem in the exterior
region was studied. There it was clear how low-regularity function spaces allowed for perturbations
to localize near the ingoing cone {v = 0} and experience a sustained blue-shift.
For generic data posed in the interior region, the relationship between the regularity of data
and the strength of the blue-shift effect is much less clear. One might even expect the threshold
phenomenon reflected in Theorem 4 to disappear. Our main result is that this does not happen, at

least for linear waves.

Theorem 6 (Rough statement of Theorem 12). Fiz k? < 1 sufficiently small, and let (Q,(jn), 90,70, ®)

be an “approzimately” k-self-similar spacetime defined on the interior region

Ql(j”):{(u,v):—lﬁ <0,—-1<u <0},

where (go, o, Po) converges to the k-self-similar spacetime (gi, Tk, Pr) sufficiently rapidly as |u| — 0.

23This restriction implies a small mass aspect ratio throughout the interior, as p < k2.
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Consider initial data for (1.14) of the form
o(—=1,v) ~ c1 + ealv| + e3v|* + O(Jv]?), v e [-1,0],
as v — 0. Here, a € (1,2) is a parameter. Then the following holds (see also Figure 1.7):
(a) If a > 1_—1,#, then the solution ¢(u,v) decomposes as

(U, v) = poo + O([ul’),

for a constant v and § > 0. In particular, the solution obeys self-similar bounds®*.

(b) If a = ﬁ, then the solution ¢(u,v) decomposes as

pluv) = o) + o) (6(2) - kloglul) + O(ul’),

(@)

for constants oo and § > 0. In particular, the solution obeys self-similar bounds.

(c) If o € (1, ﬁ), then for cs # 0 the solution p(u,v) satisfies the lower bound

o (u, ) Z Jul ™

for a constant € € (0,k%). In particular, the solution grows at a rate strictly between the

self-similar and blue-shift rates.

Chapter 7: An extension principle for the Einstein-scalar field system

In Chapter 7 we discuss work which is joint with Xinliang An (NUS) and Haoyang Chen (NUS) on
the topic of C'! extension principles for the spherically symmetric Einstein-scalar field system. This
topic was first investigated by Christodoulou in [10], who showed that singularity formation at a
point on the center of symmetry must be accompanied by some concentration of the mass aspect
ratio p = 277” in the backwards light-cone. Therefore, uniform vanishing of p in the backwards
light-cone is a sufficient condition?® for a point on the center of symmetry to be regular.

More generally, extension principles constrain the possible types of singularities which may form

in a given regularity class. In view of Christodoulou’s proof of weak cosmic censorship [12], it is of

24Tn the estimates of this theorem, the first derivatives ﬁ@uw, ﬁlmav@ obey the corresponding bound dictated
by scaling.

25In fact, the supremum of p being sufficiently small is enough, where the required smallness may depend on the
underlying regularity class.
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Asymptotic behavior of ﬁ&,ap
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(blue-shift rate)
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(self-sim. rate)
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(better than self-sim.)

Regularity of ﬁ&ﬁp

Figure 1.7: (Left) Characteristic data setup for Theorem 6. (Right) A rough picture of the rela-
tionship between regularity of characteristic data along {u = —1} as v — 0, and the asymptotic
behavior towards u — 0.

interest to have extension principles which rely not on assumed smallness (e.g. of pointwise norms
of u), but rather on the finiteness of scale-invariant norms tied to the blue-shift effect. For further
discussion we refer to [2].

We report on progress towards an extension principle for C'! solutions based on the assumption
of finite blue-shift. This added assumption allows for a principle which covers a strictly larger class
of spacetimes than the result in [10], as well as a weakening of the required smallness on p there.
However, we require a (strong) pointwise assumption on u, leaving open the general case of C*

solutions with p < 1.

Theorem 7 (Rough statement of Theorem 15). Let (QU), g, r, ¢) denote a solution to (1.2) on the

coordinate domain '
QM) — {(u,v) : =1 <u < 0,u < v <0},

arising from C* initial data along {u = —1,—1 < v < 0}. Assume the following conditions hold:

sup p < 3 o (1.15)
olin) 8
for some § > 0, and (=)
sup / ———du < 0. 1.16
ve[-1,0] (1—pr (1.16)

=v

Then the spacetime admits C1 extensions in a neighborhood of (u,v) = (0,0).
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Chapter 2

Preliminaries: Einstein-scalar field

system and notation

2.1 Spherically symmetric spacetimes with scalar field

The main geometric object of interest is a spacetime (M, g), where M is a 3 4+ 1-dimensional man-
ifold, and g a Lorentzian metric of signature (—,+,+, +). The assumption of spherical symmetry
implies we can define the quotient manifold @ = M /SO(3), a (141)-dimensional Lorentzian man-
ifold with metric also denoted g, and with a boundary I' comprised of fixed points of the SO(3)
action. This boundary is alternatively called the center or axis, and will be assumed to be a timelike
curve.

A function associated to the orbits of the symmetry action is the area radius, defined geometri-

cally for p € Q by \/

) = o[ Areatproi ()

47

Here, proj : M — @Q is the quotient map. In terms of the area radius, the center I' is given by

{r(p) = 0}.
The quotient spacetimes considered here admit a global double-null gauge (u,v), with respect

to which the quotient metric g assumes the form
g = —Q%(u,v)dudv, (2.1)

for a gauge-dependent quantity €2 called the null lapse. The (3+1)-dimensional metric is determined
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by the pair of functions Q(u,v),r(u,v) via
Wg = —02(u,v)dudv + r(u, v)?dos.

Here, dose = df? + sin? Odi)? is the standard round metric on the unit sphere. We also define the
Hawking mass
’ T T 40, 10,1
m = 5(1 —g(Vr,Vr)) = 3 <1 + 92> (2.2)

as well as the mass ratio
p=— (2.3)

v=20yr, \= 0, (2.4)

Solutions to the Einstein-scalar field system (1.2) carry an additional real-valued scalar field!
¢(u,v), which is dynamically coupled to the metric. A given spherically symmetric spacetime with

scalar field is denoted by the tuple (Q, g,7, ¢).

Remark 3. The symbol ¢ is reserved for the scalar field which is associated to a spacetime (M, g)

by (1.2). General solutions to the linear wave equation on a fized background (M, g) are denoted p.

2.2 The Einstein-scalar field system

Written as a system for the unknowns (r, €2, ¢), the relevant equations are

r0uOyr = —0y 10y — %QQ, (2.5)

2 Loz o
7°0y0p log = Oyroyr + ZQ — 10y P00y Q, (2.6)
1040y = —0ur0yp — Oy, (2.7)
20710,10,0 = 021 + 1(0u0)?, (2.8)
20719,70,Q = 8%r 4 r(0,¢)>. (2.9)

Schematically, (2.5)(2.7) consist of wave equations for 7, (2, ¢, and (2.8)-(2.9) transport equations

along constant v and v hypersurfaces. The latter importantly only concern the geometry and scalar

'We will assume, alongside spherical symmetry of the spacetime, that ¢ descends to a function on Q.

31



field quantities intrinsic to the hypersurfaces, and may thus be thought of as constraint equations.
It will often be convenient to estimate the geometric quantities (r,m,¢) and their coordinate

derivatives. We recast the system in the following equivalent form:

Y
O = O (2.10)
Dy = A (2.11)
NS '
70y Oy = —V0yd — N0y, (2.12)
2w0,m = r2(1 — p)(9u0)?, (2.13)
220,m = 1r2(1 — p)(9p9)%. (2.14)

An alternative form of the wave equation (2.12), more suitable for study near the axis and in
asymptotically flat regions, is given by considering the equation for r¢:

UAV

Ou(re) = =2 5(r¢) = (0uv)¢. (2.15)
We will also make use of equations for the auxiliary quantities p, = u’ and 1% due to their favorable
structure. Straightforward calculations yield
v A
au:“f = _*M + = ( )( u¢) av,u = _*M + )\( )( v¢) (2'16)
as well as the Raychaudhuri equations
A T 9 v T 9

The system is complemented by the boundary conditions along I', assuming a regular center:

(r¢)|p =r|p =m|. =0. (2.18)

Local and global existence results for the characteristic initial value problem

In this section we discuss one formulation of the initial characteristic value problem for the spher-
ically symmetric Einstein-scalar field system. We aim to give a notion of data for the metric and
scalar field functions (22,7, ¢) on an outgoing characteristic {u = const.} emanating from the center
of symmetry. By convention, assume outgoing characteristic to be {u = —1}, along which v ranges

from v = —1 (the center) to v = Ve € Ry U {00}.
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Following [10] and [29], it is sufficient to specify

1. A sufficiently regular function 9,(r¢)(—1,v) : [—1, Vmaz] — R.
2. Initial gauge condition for r(—1,v), e.g. A = %

3. Axis boundary condition, e.g. )“F = (fy)‘r.
Integrating 0, (r¢), A from the center of symmetry recovers the functions ¢(—1,v) and r(—1,v).

These are sufficient to give m(—1,v),v(—1,v),Q2%(—1,v) by integrating (2.5), (2.14), and (2.9)

respectively, and using the axis boundary conditions.

Definition 2. Assume the above gauge and azis boundary conditions. A given function 0,(r¢)(—1,v) :
[—1, Umaz] — R specifies a BV Initial Data Set if 0,(r¢)(—1,v) € BV(|—1, Umaz]) has finite total
variation norm.

A BV initial data set is moreover said to be a C! Initial Data Set if 0,(r¢)(—1,v) €

Cy([=1, vmaal) and sup,e( 14,1105 (r¢)(=1,v)| < oo.

The following result is due to Christodoulou [10], and gives local existence and uniqueness for
BV initial data, as well as propagation of regularity for C! data. We do not list all the relevant
properties satisfied by these solutions, but only emphasize those which are relevant to the self-similar

solutions considered here.

Theorem 8 (BV Local Wellposedness [10]). Let 0,(r¢)(—1,v) be a BV initial data set on v €
[—1, Umaz]. Then there exists a 0 > 0 and a unique solution to (2.5)—(2.9) on a coordinate domain

Q={ue[-1,—-140],v € [u,vmaz|} satisfying the following properties:
(a) (Gauge conditions and regularity at the center): For (u,u) € T,
lm(\ + v)(u,u+¢€) =0
e—0

Hm (9 (r¢) + 0u(r¢)) (u, u +€) =0

lim p(u — €,u) = lim p(u,u+¢€) =0
e—0 e—0

(b) (Regularity of geometry and scalar field): For (ug,vo) € Q, let D(ug,vp) = QN{up < u <

vo,u < v <wvg}. Then for (u,v) € D(up,vo),

sup (—v) < oo, inf A !< oo,
D(uo,vo) D(H‘O:UU)
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v, ¢, 0y(r¢) € BV(Z, ND(up,v0)) uniformly in u,
A, ¢, 0y(ro) € BV (3, N D(up,v0)) uniformly in v

We refer to this solution as a BV solution.
If the initial data is moreover in O, then the unique BV solution additionally satisfies X, v, Oy (1), 0y (r¢) €
CY(Q). Refer to this is a C1 solution.

Remark 4 (Motivation for considering BV solutions). Besides local existence and uniqueness, the

BV solution class has other favorable properties. For example,

e Global existence and scattering for small BV data holds (i.e. the stability of Minkowski space),

cf. [10]

e The BV norm along ingoing and outgoing null curves is invariant under the natural scaling
symmetry r — ar,m — am,$ — ¢, and the BV solution class contains all scale-invariant

solutions.

Remark 5 (The salient differences between BV and C'). The solutions we consider in this paper
arise from initial data which is BV, but not quite C*. Note that BV solutions do not require second
partials, e.g. 02, to be locally bounded functions. This allows for jump discontinuities in first

derivatives of the scalar field, or for Hélder behavior with non-integer indices.

Remark 6 (Indicators of inextendibility in BV). In order to verify that a spacetime is the mazimal
BV development of its initial data, one needs inextendibility criteria. Two useful ones are (a)
w A 0 on an ingoing null cone approaching the center, or ,¢ ¢ L'(X,). Both are applicable to

k-self-similar spacetimes along the ingoing null cone to the singularity.

Remark 7 (Relation to the gauges used in this work). When working with approzimately k-self-
similar solutions, we primarily use a renormalized double-null gauge. This gauge does not satisfy
the initial gauge condition and azis boundary condition assumed in Definition 2. However, one
can easily adapt the definitions to this case. For erample, the axis boundary condition is instead

)“F = 1—1k2‘“’k2(_y)|

r
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Continuous Symmetries

The spherically symmetric Einstein-scalar field system admits a two parameter continuous symmetry

group Ry x R, where a € Ry, b € R act on solutions (Q, g, 7, ¢) via
r—ar, m—am, ¢ - ¢+b
One can also write the action on the quotient metric as

2
G — " G-

These symmetries can be interpreted as scaling and translation of the scalar field. We note that the
latter symmetry is a consequence of the coupling between ¢ and the metric only involving derivatives

of ¢, rather than ¢ itself.

Einstein-scalar field system for perturbation quantities

The nonlinear results in this work are of an essentially perturbative nature, probing the behavior of
the scalar field system in a neighborhood of an exact solution denoted (go, 7o, ¢0). It will therefore
be useful to derive equations for the differences of two solutions to the Einstein-scalar field system..
Let (g,7,¢) and (go, ro, ¢0) denote two (suitably regular) solutions defined on a common coordinate

domain Qj and in double-null gauge. Define the differences
Tp=T—"T0, Up=V—10 A =A— Ao, (2.19)
mp =m —mo, [y =i~ flo, Pp=¢— Po. (2.20)

More generally, if U; are double-null quantities and F({¥;}) a given function, denote by F,({V;})
the perturbation F,({V;}) = F({¥;}) — F({(¥0):})-

We will often find it convenient to work with the mass ratio p rather than the mass m itself.
On the level of differences, these quantities are related by

_ 2my B 2moryp

= 2.21
Hp , o ( )
The following system holds for the differences W,,:
17% 112
Oudp = 0y + () o, 2.22
P ) (2:22)
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O RA BA
Oplp = a—r Iu)rup + ( >p1/0, (2.23)

Outty =~ (T4 (000 )iy = (747 (0u0)°) o+ ([ (0u0)?) | (224)
&w=~(+:@mfﬁw—(i+;®wﬁ)m+(;wwﬁk, (2.25)
0,008 = 20,6, — (%) 2u0— S0, — (2) du (226)

We note here other forms of the wave equation:
0,0,(ry) = T (1) = (1Dt + v, + M), (2.27)
Ou(10vp) = —1rp0u0ydo — VpOydo — ApOutho. (2.28)

To avoid expressions becoming unwieldy, we give special names to many of the terms appearing in

the above difference system:

) A )
Gi a Ga e

- : KIS 2.29
- =mr (2:29)
A
Gy = =+ (000, Ty = (00)", (2:30)
vy r 2 . r 2
g4 == r + V(au¢) 5 I4 — I/(au¢) 5 (231>
. A )
Gs = # Ts = 1rp0udstbo + UpBudo + ApDudho, (2.32)
ﬂzﬁ =2, (2.33)
T T

Define (Gi)o, (G1)p in the natural manner, and similarly for the other named terms.
We will need to commute various equations above by 0, or 0, in order to estimate the solution

at the C! level. The relevant commuted equations are
Au(Bu)p) = GaBuAp + BuGaAp + (G2)pOu Ao + 8u(Ga)p Ao, (2.34)
0y (Oup) = G10uVp + 0uG1p + (G1)pOutio + Ou(G1)plo, (2.35)
0u (05 0p) = —T2050p — T1(0,0u)p — O T10ubp — Du(Th)pBubo — (T1)pduDubo
— 9y Ta0up — 9u(T2)pOu0 — (T2)p0i 0, (236)
00(956p) = —T10ap — uTi0udp — 0u(T1)pOudbo — (T1)pOabo — DuT2Buby

- %(auav¢p) - 8u(7-2)pav¢0 - (B)pauavﬁbm (2'37)
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0u(03(rép)) = G50 (rp) + 0uGs(rép) — 0uTs, (2.38)

(03 (rp)) = Gs0u(rép) + 0uGs(rép) — DuTs. (2.39)

2.3 Asymptotic flatness and naked singularities

In this section, we make precise the notion of a naked singularity solution to the spherically sym-
metric Einstein-scalar field system.
We first give a definition of asymptotically flat null hypersurfaces. There is no standard defini-

tion, but the following is sufficient for our purposes.

Definition 3. A BV solution (Q, g,r,®) to the Einstein-scalar field on a coordinate domain Q =
{-1 < u < 0,u <wv < oo} is asymptotically flat if for any uw € [—1,0) fized, the following

conditions hold:
1. limy o0 (1, v) = 00,
2. limy 0o m(u,v) exists and is finite.
3. limy_y00 (19) (u, v) exists and is finite.

Initial BV data on an outgoing cone {u = —1} is said to be asymptotically flat data if the above

conditions hold.

Definition 4. Let H be an outgoing null ray in the asymptotically flat spacetime (Q,g,r,¢). The
spacetime is said to contain an incomplete null infinity if there exists a sequence p; € H, v(p;) —
00, such that the ingoing null geodesics emanating from p; have uniformly bounded affine length.
A spacetime with incomplete null infinity arising as the mazximal globally hyperbolic development of

BV, asymptotically flat characteristic data is said to possess a naked singularity.

Remark 8. Following [16], such affinely parameterized null geodesics have normalized tangent vec-
tor o Do) 0
~ Q2(ug,v) Ou’

where ug is the value of the u coordinate along H. To establish incompleteness of I, it suffices to

check that there exists a sequence p; € H with v(p;) — 00, and a constant A < oo independent of i
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such that (0,0(pi))
lim sup / (Xu)(u,v(p;))du’ < A. (2.40)

1—00
(uo,v(pi))

Remark 9. Within the Kerr-Newman family of charged, rotating black hole metrics gq,Q,n, various
super-extremal or over-charged spacetimes contain singular boundaries which are in the causal past
of null infinity. However, these examples cannot be viewed as the mazximal developments of reqular

initial data, and thus do not satisfy Definition 4.

2.4 Conventions and notation

Conventions

e For subsets U C Qy, denote by LP(U) the standard Lebesgue spaces, and W*P(U) the Sobolev
spaces. When the underlying coordinates are unclear, we expressly include the coordinates as
subscripts, e.g. LZ([—1,0]) or LE([—1,0]). When writing mixed norms Wf,’fo/’p/(U x S?) of
functions defined on subsets of My, the volume form is given by the standard volume form

on ]R%w x S2, where S? is the round, unit sphere.

e Geometric quantities associated to the background solution are notated in various ways to
differentiate between coordinate systems and scalings. For example, in this paper r appears
in the forms 7,7, rg, r. The k-self-similar function 7(z) depends on a single coordinate z (or
z), and 7 (u,v) = 7(z)|u| is the extension to a self-similar function on spacetime. r(u,v) is
the double-null area radius function on the (e, k)-admissible spacetime, which is assumed to
be close (in terms of €) to ri(u,v). Finally, #(u,v) = |u|~'r(u,v) is the same quantity with

self-similar scaling removed. Note that 7(u,v) is not necessarily a function of z alone.

Similarly, one has A(u,v) = Oyr(u,v), Mu,v) = |u| ¥ X(u,v), and Ag(u,v) = yry(u,v).

e We use standard big-O notation O(-) and the relations <, 2. When the dependence of a given
estimate on a parameter (often k, spectral parameters o, or cutoffs xp) is important, we use
appropriate subscripts. We also allow for error terms of the form Opr(-), for which only a

bound on the LP norm is tracked.
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e The collection of quantities {r, m, i, ¢, Oy b, O, P, v, A, Q} are generally referred to as double-null

quantities.

If ¥ denotes such double-null quantity (or a function thereof), then ¥y denotes the corre-
sponding value in a k-self-similar spacetime. Given a second spacetime defined on an open
subset U C Q) with corresponding quantity ¥, we let ¥,, = ¥ — W, denote the difference, also

defined on U.

Special constants/functions

e The constant k € R is always associated to a k-self-similar spacetime. Without loss of gener-

ality k > 0, k? € (0, %) are always assumed in discussions of naked singularity spacetimes.

e Two constants which frequently appear are g, = 1—k? and p; = (1—k2?)~!. Note the relations

peqr = 1, 1+ ppk? = py.

Coordinate systems

e Self-similar double null gauge is denoted (u, ), with the solution manifold taking the form
Qr ={(u,0) : =1 <a <0, & <0< oo}. In this gauge the center of symmetry is I' = {4 = 0},
and the self-similar coordinate is 2 = —% Self-similar bounds take the form 950 ~ 03¢ ~

|a|71, and (—0g7) ~ 1,9y7 ~ 1. However, 9-derivatives are not regular towards {d = 0}.

e Renormalized double null gauge is denoted (u,v), with the solution manifold taking the form
Qr = {(u,v) : =1 < u < 0,—|ul®* < v < oo}. In this gauge the center of symmetry is
I' = {v = —|u|%}, and the self-similar coordinate is z = mfr - Self-similar bounds take the
form dy¢ ~ |u|™t, 0y ~ [u|~%, and (—8yr) ~ 1,8,r ~ |u/F*. In this gauge, v-derivatives at

the BV level are regular towards {v = 0}.
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Chapter 3

Preliminaries: k-self-similar naked

singularity spacetimes

In this chapter we give a more thorough discussion of k-self-similar spacetimes. Among our aims are
(a) discussing the various gauges in which the k-self-similarity condition is naturally expressed, (b)
motivating the use of renormalized gauges, and (c) showing how one can derive precise information
about the k2 — 0 limit, despite its singular nature. Much of the exposition is motivated by
related discussions in 38|, and the original work [11]. The novelty concerns the presentation of the
construction entirely in double-null coordinates (based on our [43]), and the estimates in the case
of k% small (based on our [44]).

Most of the discussion in this chapter is not strictly necessary for the proofs in Chapters 4-6.

One can refer to Theorem 2 for an overview of the properties which we use most heavily.

3.1 k-self-similarity

We give here a general definition of k-self-similar spacetimes (with scalar field), not yet imposing the
Einstein-scalar field equations. This definition is adapted from both [11], in which such spacetimes
were studied in a Bondi gauge, and [38], which considered (vacuum) self-similar spacetimes in

double-null gauge.

Definition 5. Fiz a parameter k € R. A spacetime (Qy, g,7,¢) is k-self-similar if it admits a

conformal Killing vector field K generating a one-parameter family of diffeomorphisms f, of Qp
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under which the solution transforms as
(fa9)uw = a’gu,  Jar =ar,  fi¢=¢ —kloga,
fora > 0. A consequence of these relations is
Lk w =20, Kr=r, Ko¢=—k.

We distinguish various gauges in which the generator K of scaling takes especially simple forms:

1. Self-similar Bondi gauge: An outgoing Bondi coordinate system (u,r) in which
K =u0, +ro,,
and the quotient metric and scalar field take the form
g= e2B(wr) gy 2 Qeﬁ(u’r)+7(“’r)dudr, ¢ = P(u,r),

for functions

$=8(2). 2 =3(2). 9=6(2) -eisil
2. Self-similar double-null gauge: A double-null coordinate system (i, ) in which
K = 10y + 004,
and the quotient metric, area radius, and scalar field take the form

g = _QQ(ﬁa ﬁ)dﬁd@7 r= T('LAL, @)7 ¢ = ¢(ﬁ7 @)7

for functions 0 5 5
Q=0Q <—A> , T=T <—A> la|, ¢ = ¢ (—A> — klog |
U U U

3. Renormalized double-null gauge: A double-null coordinate system (u,v) in which
K = udy + quv0y,
where q, = 1 — k2. The quotient metric, area radius, and scalar field take the form
g=—0(u,v)dudv, r=r(u,v), ¢=d(u,v),

for functions

. v 1,2 i v o v
Q:Q(qu) ]u\zk , r:r<‘u|qk) |lul, ¢:¢(|u’qk) — klog |u|.
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Remark 10. The asymmetry in the definition of renormalized double-null gauge reflects the fact
that it is adapted to a neighborhood of the ingoing null cone {v = 0}. A similar renormalization is
useful near the outgoing null cone {u = 0}, in which the roles of u and v are swapped. We will not

use this gauge here, although it appears in [43].

Remark 11. In either self-similar or renormalized double-null gauge, the unique point where K
vanishes will be denoted O. Up to normalization, we assume this has coordinates (4, 0) = (u,v) =

(0,0). We will show that O can be interpreted as a first singularity, for a suitable range of k.

3.2 The scale-invariant ansatz

We now impose the Einstein-scalar field system, and consider solutions (Qg, g, 7, ¢) which are k-
self-similar in a self-similar double-null gauge. Due to the scaling relations, one expects to be able

to reduce (1.2) to a system of ODEs for the profiles 592, F,(;OS as functions of the independent variable

z 7% Indeed, considering (a subset of) (2.5)—(2.17) gives
d o 1,
ng)\ = —UA zQ , (3.1)
d o 1.
P = —PA - 192, (3.2)
szl (20 + k) (3.3)
dz dz ’ )
s ed . d- .
207N Q = — A+ #(¢)) 4
P & = —203¢ — kA (3.5)
dz ’
. d ;
2A— i = (1 - 4)i*(¢)? (3.6)
dz
d .
20221 = 20+ (1 = )2 (20" + k)? (3.7)
z
where we use the notation ¢/(2) = d%(ﬁ(é)

The class of k-self-similar solutions with £ = 0 are known as scale-invariant, and were intro-
duced in [10]. An immediate consequence of Definition 5 is the following behavior along {0 = 0} :

o

@(U, 0) = ¢(0)7 aﬁgb(u’ O) =0, :u(uv 0) =0.

Given the apparently regular behavior along this null cone, it is not a priori clear if O : (@, v) = (0,0)
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can be understood as a first singularity. The following result shows that scale-invariance is a very

rigid condition in the interior.

Proposition 1 (Rigidity of scale-invariant interiors). Let' (Q, g,,¢) denote a scale-invariant space-
time in self-similar double-null gauge, and QU = QN {i < 0} denote the subset consisting of the
causal past of O. Then if the solution is BV, it must be trivial in QU™ i.e. up to gauge normal-

ization one has

Proof. Assume the contrary, i.e. there exists a 29 € [—1,0) such that & (20) # 0. Up to the discrete
symmetry ¢ — —¢, assume <£’ (29) > 0. Observe that by (3.5), and the BV regularity assumption
(so# >0, A>0), ¢(2) is decreasing at 2 = 29, so ¢/(2) > ¢/ (%) for 2 € 29 — 0, 2], and a constant
d > 0. A continuity argument gives that this inequality must hold for all 2 € [—1, 2], and so ¢?’ is
strictly positive in this range.

Returning to (3.5), write

d . - A d . .
B log ¢" = —2? = _Zﬁ log 7,

and so the quantity
log ¢’ + 2log# = log #2¢’

is independent of Z. For any Z € (—1, Zp) it follows that

By assumption the right hand side behaves like #72 ~ |1 + 2|72 as # — 0, which is inconsistent with
the solution being in BV. It follows that ¢/(2) = 0 for all 2 € [—1,0). The triviality of the solution

in turn follows. O

In view of Proposition 1, the scale-invariant class cannot shed light on the process of singularity
formation, provided the solution has even a modicum of regularity at the center of symmetry. Note
that the obstruction arising from the self-similar wave equation (3.5) as 7 — 0 disappears when
k # 0, and indeed nontrivial interior spacetimes are possible.

It turns out that non-trivial scale invariant solutions can exist in the exterior region? {6 > 0,4 <

0}, despite having a trivial interior. The BV class allows for 9,¢(—1, v) to jump across the null cone

"We denote the corresponding quotient spacetime by Q, rather than Qp.
2Some can be extended even further into the region {@ > 0}.
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{v = 0}. As we show below, provided this jump is non-zero, the solution exists and is non-trivial
up to a strictly positive (perhaps infinite) value of 2.

We first note some useful algebraic identities which follow from the system (3.1)—(3.7).
Lemma 1. The following identities hold:
U4 = 2N (3.8)
ifﬂ = —UA + #24(¢))” + 2k2N¢ + FAKS. (3.9)
Proof. To see (3.8), it suffices to compare (3.16) and (3.17).

Next, consider the self-similar ODEs (3.3), (3.4). Eliminating 2(02’1%52 gives the equality

]. d ° 72 ~ 97 2 1 d N 72 0/2
LI B2 = =25+ D,
st R =1 @)

Inserting (3.1)—(3.2) and clearing denominators gives
° 1. ° o o °
(DA + ZQZ)(iA — 1) = PPA2P + k) — 722i(¢))2
Using (3.8) and simplifying gives the result. O]

Proposition 2 (Scale-invariant exteriors). Let t = lims_,o+ #(2)2¢/(2). Then the unique scale-
invariant exterior which attains this data, and satisfies the boundary conditions 7(0) = 7/(0) =
3, qﬁ(O) =0 is given by

c o1 1+ (1442
:—1 _—
o) =3 lo8 T = az )

1
F(2) = §¢1 + 22 + (1 — 16t2)22,

on the interval 2 € [0, Zmas] wherever #(2) is well-defined. Provided |t| < L, the solution is well

defined for z € [0, 00).

Proof. By an analogous argument as in the proof of Proposition 1, we have 73(2)2(5/ (%) is independent
of Z, and hence for any Z > 0,
#(2)2/(2) = lim #(2)%¢/(2) =+t.
2—0*

It is helpful now to use the algebraic identity (3.9), which for & = 0 gives



Re-arranging yields
m(2) = 2t%27(2),

and ji(2) = 4t?2. Inserting in (3.1) now yields

QN2 A2 5 1 A(2)
2 S
7(2)20571(2) = 17(2)?
1
2005\ _ _ 42
= 0i1(2) = —t REER

Solving this ODE with boundary conditions #(0) = #/(0) = % gives
it
=3

2

In turn we find At

T 1422+ (1 1682)52

JORCN

Integrating from Z = 0 with boundary condition gZ)(O) = 0 yields the stated result. O

3.3 Elements of the construction

In the following sections we expound on the consequences of Definition 5, and discuss the construc-
tion of k-self-similar spacetimes in self-similar and renormalized double-null gauges. The discussion
parallels that of the original [11], although the latter adopted a self-similar Bondi gauge. As a
consequence, we prove various parts of Theorem 2. This section is intended as a survey; full proofs

are available in our [43].

3.3.1 Elementary consequences of k-self-similarity

Assume the spacetime?® (Qy, g, 7, ¢) admits a spherically symmetric, conformally Killing vector field
K, which generates dilations about the scaling origin O. It follows that the metric and scalar field

quantities satisfy
L = 29, Kr=r, K¢ = —k. (3.10)

Adopting self-similar double-null coordinates, it follows that

K =10, + 00, (3.11)

3Throughout the following sections, we drop the subscript k& on metric and scalar field quantities.
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and we compute

(Lrguw = K(9(0u,0,)) = 9([K, O], 0y) — 9(Oy, [K, 0,]),
with p,v € {u,0}. The nonvanishing commutators are given by
[K,04] = =04, [K,0; = —05,
implying
(Lk9)aa = (Lxg)os =0, (Lxg)as = —K(Q%) — 20

It follows from (3.10) that
KQ*) =0, Kr=r, K¢ = —Fk.

Introduce the coordinate system

The conformal Killing field is given in the new coordinates by
K = 10,.
The equations (3.12) are equivalent to

K(Q%) = K(2) = K(¢ + klog(—a)) = 0,

IS

and thus there exist functions €2(2), #(2), ¢(2) such that

Q%(a,2) = O%(3), r(a,2) = —ar(2), o(a,2)=d(2) — klog(—q).

The remaining double-null quantities also have associated scalings:

A= 0pr = —=0s(—ur(2)) = 0:7(2) = A(2),
A AERG) L.,
M—l‘f‘ﬁ 1+ Q22 = fi(%),
T ~o (A
= % = —U (Z),

4We emphasize that the @ coordinate derivatives do not agree in the (4, %) and (4, 2) coordinate systems.
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(3.17)
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(3.19)



0up = (9 — ~0:)(6(2) — Klog(~)) = ~=0:0(2) — (3.20)
0s0) = —20:(6(2) — Klog(~)) = —=0:0(2), (321)

where we have introduced functions (), A(2), (%), and 11(3).

The above scaling is compatible with the Einstein-scalar field system, in the sense that inserting
(3.15)—(3.21) into (2.5)—(2.17) yields a closed system of ODEs for the restrictions W(Z) of any
double-null quantity ¥ to a fixed outgoing null cone. A subset of the resulting equations which we
will require are given in (3.1)—(3.7). Formally, his system has singular/critical points at 7(2) = 0,
corresponding to the center of symmetry, at {Z = 0}, corresponding to the past null cone of the
singular point, and in the limit Z — 0o, corresponding to the future light-cone of the singular point.

We adopt the perspective of [11], in which solutions to (3.1)—(3.7) are sought by specifying
regular data at the center of symmetry, and integrating in the increasing Z direction. Uniqueness of
various subsets of the spacetime reduces to understanding the freedom of initial data at each step

of the construction. For example, regularity at the center imposes the condition®

(f‘aﬁ75‘7§27m,$l)(_1) = (07_575317075)' (322)

We conclude this section with an overview of the solution manifold. With respect to a self-similar
double-null coordinate system (4, v), the spacetimes (Qg, g, 7, ¢) are defined on the coordinate do-
main
QU — {(4,8) |—o0 <@ <0, 4 << o0}.

The underlying k-self-similar solution is therefore global; however, the solutions defined in Theorem
2 differ in two ways. First, an asymptotically flat truncation in the region {0 > 1} is required to
produce a naked singularity consistent with Definition 4. The resulting spacetime is thus only k-
self-similar in the region ¢ < 1. Second, our interest will mostly be in the region near the singularity,
hence we restrict to Qp = Q,(cfu”) Nn{a > 1}.

The axis is generated by the vector field 0 + 03, which will be useful for translating regularity
conditions along I to conditions on the coordinate derivatives. In particular, for a suitably regular
solution the relation A+ = 0 holds along the axis. We will in fact have that the solution is smooth

in a Z-neighborhood of I'; and thus the natural regularity conditions will be applicable.

"Recall that T' = {2 = —1} by our gauge conditions.
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Remark 12. In fact, we have not fully exhausted the gauge freedom inherent to self-similar double-

null coordinates. A 1-parameter scaling freedom
U — at, U — ad

remains, for any a > 0. Under this scaling, Q%(@,0) transforms as Q2 — a=2Q2%, and so a can
be fixed in order to set 5012(—1) = 1. Make this choice, and thereby fix the choice of self-similar

double-null gauge.

3.3.2 Reduction to an autonomous system

Remarkably, one can isolate an autonomous 2 x 2 system of ODEs within the full set of self-similar

equations (3.1)—(3.7). To see this, define the pair of functions

(3.23)
0(2) = 2p(2)¢/ ().
Although the lapse function does not appear in these expressions, note that one can recover it via
the algebraic identity (3.9). A computation using (3.1)—(3.7) and (3.9) now gives the equations

Ay =LO+E)?2+1-k)(1-1v))
(3.24)

0 = 25 (kp(k0 — 1) +0((0 + k)* — (1 4+ k%))).
This system is not yet autonomous, depending explicitly on 2. However, formally introducing the

change of variables s = s(2), where

ds(z) 1
2~ 2(3) o
gives
p = (04 k)2 + (1 —k2)(1— ),
(3.26)

40 = kp(k0 — 1)+ 0((0 + k)2 — (1 + k2)).

This system is precisely that of [11], after identifying (1, 0) <> («, 8).
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3.3.3 The interior spacetime Q,(Cm).

We will view the interior as emanating from the center of symmetry, corresponding to the critical

point C; : (¢,6) = (0,0) of (3.26) in the limit s — —oo. The linearization of (3.26) around C; is

d | L 0| |v

ds | g & —1| |

implying C; is a saddle point. It follows that the interior is determined by a single degree of freedom,

correpsonding to the 1-dimensional unstable manifold of C;. One can in fact show:

Proposition 3. There exists an s, < oo, and a unique solution to the system (3.26) on a parameter
range s € (—00, $x) such that the following statements hold:

1. 9(s) <0, 6(s) >0 on (—00,s4).

2. lim_, - 1(s) = —oco, lim 0(s) = +.

S—>Sy

3. (s), 0(s) are bounded, smooth functions on (—o0, sg) for any fived sy < Si.

4. In a neighborhood of s = —oo, the solution admits the expansion
Y(s) = —e® + 0(e*), (3.27)
k
0(s) = 568 + 0(e*). (3.28)

5. There exists a constant ay, which a priori may vanish, and a non-vanishing constant c(k) such
that as s — s, the solution (1, 0) admits the expansion

1
(s)

0(s)

— k) (5 — 5:¢) + O((5 — 54)%), (3.29)

= (
L] =
= %+c(k)w+a1(—(1—k2)(s—s*))1—k + O((s — s4) 1-K2). (3.30)

6. In a neighborhood of s = 0o, the change of variables 2(s) is smooth, satisfying
Z(s) ~—14¢€e"°. (3.31)

7. In a neighborhood of s = s, the change of variables 2(s) is not smooth, satisfying

1

Z(8) ~ —(s — 84) 17K, (3.32)
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Remark 13. Observe that the scalar field derivative 0(s) near the past light-cone of the singular
point is large in terms of k, namely ~ k=1, In particular, this quantity does not smoothly approach

its Minkowski value (i.e.  — 0) in the k — 0 limit.

This result is a consequence of the above linear analysis, Lyapunov’s theorem, and soft control
on the solution coming from the system (3.26). We emphasize that the solution is smooth in a
Z-neighborhood of the axis, but the situation is a priori more complicated near {Z = 0}, the past
light-cone of the singular point. To further analyze this region, let v = ™!, and introduce the
formal change of variables ¢t = ¢(2) in (3.24), where

dt(z) _ 1

dz 2’

yielding
47 =((=1+ k) +~(0+k)?)
(3.33)
49 =k(1—k0)+~0(1—20—06%).

Proposition 3 implies that the interior trajectory terminates at the critical point Cs : (y,0) = (0, %)

of (3.33). Linearizing about this point yields

d |~ —-14+k 0 ¥

— = . (3.34)
Provided k2 < 1 this critical point is stable, with eigenvalues —k?, —(1 —k?) which are non-zero and
(generically) non-integer multiples of each other. It is this non-integer property that is ultimately

responsible for the non-smooth change of variables (3.32).

Remark 14. As Cs is stable, it is not a priori clear whether the trajectory is asymptotically tangent
to a particular eigenvector of (3.84). The direction in the phase plane along which Cq is approached
is reflected in the value of the constant ay in (3.50), which we do not attempt to compute here. We
will see, however, that the non-vanishing of this constant is related to the non-smoothness of the

spacetime towards {Z = 0}.

From the perspective of the dynamical systems (3.26), (3.33), the above results contain all the
information regarding the interior region. However, to gain estimates of all double-null quantities

we must return to the original variables #(2), ¢(2),€2(2). The immediate obstacles to doing so are
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the expansions (3.29)-(3.30), implying

(2)
29(2)

We conclude that self-similar double-null gauge is not regular as Z — 0, and is only of use

| =
>

.

J(2) =

~

(s —s:) ~ |2

Ny | =

in studying the “deep interior,” i.e. regions of the form Q,(fn) N{% < —c<0}.

Define a renormalized double-null coordinate pair (u,v) by
(u,0) = (i, —[o' 7). (3.35)

In moving between coordinate systems the u coordinate derivative is unchanged, whereas

o |o]* o
1
The axis I' becomes the set {u = —|v|1-#? }, with generator

_i2
T =0y + (1 —k?*)|v|T=#2d,.

The conformal Killing field S = @ + ©9; becomes ud, + (1 — k?)vd,. The effect of defining v is to
introduce additional factors of |17|k2 into the definition of the ¢ derivative, and thereby compensate
for blowup as v — 0.

To conclude this section, we record various estimates which hold in renormalized gauge. For full

proofs, see [43].
Proposition 4. The solution in Q,(;n) has the following properties:
o 7(u,v) >0, and r(u,v) >0 in Q,(fn) \T.
o The renormalized coordinate derivatives v = Oyr, A = Oyr satisfy

(=) ~1, A~ ulf. (3.37)

Define the set Spear = Q,(;n) N{ |1v_|k2 < %} Then

[ ]
[l
r Sz |u| m Qk; y I~ |u’ in Spear- (338)
o There exists a ¢, < 1 such that p satisfies 0 < p < ¢, < 1. Moreover, the axis is reqular in
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the following sense:

pooo 1
—- S —. 3.39

o The scalar field satisfies the self-similar bounds

1 1
0| S 7k 00| S TR (3.40)
e Along {v =0}, we have the identity
k
Bud(u,0) = i (3.41)

From the estimates above, one can immediately read off that the underlying solution (Qg, g, 7, ¢)
breaks down at (u,v) = (0,0). (3.41) shows 0,¢ is not integrable in wu, implying there can be no
BV extension of the solution in a neighborhood of (0,0), for which (0,0) is a regular center. Note
the strong scalar field growth is directly related to the parameter k # 0.

It remains to verify that the solution is BV to the past of (0,0), completing the picture of
a loss of regularity. We therefore turn to estimating higher order derivatives of the solution in
renormalized coordinates. In fact, we will find that the solution is more regular than BV in a self-
similar neighborhood of the axis, a fact that will be important for solutions considered in the body

of the paper. In the following, let py, = (1 — k?)™1, and Syqr = Q,(fn) N{ [v] > %}

|u‘1—k2

Proposition 5. The following higher order estimates hold in Qém), with all quantities defined with

respect to renormalized double-null coordinates.

1 1
1 1

2ol < — Pl < —— 3.43
1 1

v < —, 1034 < —=. 3.44

In Sfqr, we have 1 1
2 3
10,A] < Wa 10,6] < W (3.45)

Q‘ the constant a1 appearing in (3.30) is nonzero, then the following lower bound holds in Spear:

2oz (3.46)

™ ful ol eek
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We conclude the discussion of the interior region by recording higher derivative estimates for

the self-similar profiles:

Lemma 2. The following bounds hold, for 2 < j <5:

H ’Z‘jflfpkk282+17°,

 + 1217717 ol

L>o([-1,0 Le=([-1,0])

+ ([P 006 e <1 (3.47)

[-1,0])
Proof. Collecting the results of Propositions 4, 5 gives that for 0 < j <1,
P, 00, O, 29, 8¢ = Ore(1),
93, 021, 921, 92 = Opee (|2 1HPHFY),

It now suffices to commute the system (3.1)~(3.7) by 9, ~ |2/¥*9; and apply the above bounds
inductively. The point is that each commutation introduces at worst a single additional power of

|27 ~ |2| 7 s

3.3.4 The exterior spacetime Q;fx)

We now turn to solutions of (3.24) supported on {Z > 0}. More precisely, the exterior spacetime
emerges from solutions (y(t),0(t)) to (3.33) which asymptote to C2 as t — —oo. Recall that Ca is
stable, and hence there is an additional one-parameter freedom in choosing such a trajectory. It is
precisely this freedom which is exploited in [11] to identify a sub-family of trajectories corresponding
to naked singularities.

The trajectories of interest are described in the following proposition:

Proposition 6. There exists a solution to the system (3.26) on a parameter range s € (Sx, 00) such

that the following statements hold:
1. 1 <Y(s) < oo, on (sx,00).
2. limg oo 0(s) =1,  limg o0 0(s) = —k.

3. For any compact subinterval I C (ss,00), the solution (1,0) is bounded and smooth on I.
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4. There exists a constant by and an explicit constant c(k) such that as s — sf, the solution

admits the expansion

= (1= k%) (s — s s —5:)%), )
o) (1= &7)( )+ O(( )7) (3.48)
1 1 o 2
0(s) = z +c(k)1/1(s) +b1((1 —k2)(s—s*))1—k + O((s — s4) ). (3.49)

5. In a neighborhood of s = oo, there are constants ba,bs with ba # 0 such that the solution

admits the expansion

w(s) -1 + erf(lsz)s + 0(672(17162)5)7 (350)

14 k?

0(s) = —k+ ( )bge_(l_k2)s + bge ™ + O(e2%). (3.51)

6. In a neighborhood of s = s, the change of variables Z(s) takes the form

2(s) ~ —(s — 5,) TR

7. In a neighborhood of s = 0o, the change of variables 2(s) takes the form

Z(s) ~e’.

Remark 15. Recall that Co is stable, and hence there is an additional one-parameter freedom in
choosing such a trajectory, cf. the constant by in the expansion of 0(s) near {Z = 0}, (5.49).

In the interior region, the solution was constructed by shooting from the axis towards {Z = 0},
and thus the corresponding constant was uniquely determined. In the exterior, it is precisely this
freedom which is exploited in [11] to identify a sub-family of trajectories corresponding to naked
singularities. Note that the constants appearing in the interior and exterior expansions of (%) need
not be equal, as for any choices, the corresponding spacetime is in BV across {Z = 0}.

The results of this manuscript do not depend on the choice of exterior spacetime, and we as-

sume an arbitrary such choice is made. However, it is an interesting question from the reqularity

perspective to understand why certain values of by (in particular, by being zero/non-zero) admit
globally naked singularities, while others do not. A corresponding question in vacuum self-similar

spacetimes is relevant to [38], cf. the discussion of outgoing characteristic data there.

We first note that the behavior of all double-null quantities in regions {0 < —*— < §} parallels

|u|1*k2
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that of the interior region, cf. Propositions 4, 5. In particular, the solution is regular (i.e. in BV,
and in C! away from {2 = 0}) when expressed in renormalized gauge.
Near the outgoing null cone {u = 0}, the solution is regular with respect to a renormalized

double-null gauge, now with the roles of u and v swapped. Define
(U, V) = (—la]'~*, 9), (3.52)

with the transformed U coordinate derivative given by

o _ M o
ou  1—k2ou’

(3.53)

The coordinate change transforms the horizons {v = 0}, {u = 0} to {V = 0}, {U = 0} respectively.
The following estimates are stated with respect to the (U, V) gauge. To avoid confusion we
denote by VI, Wy, UV)O2 the values of the gauge-dependent functions in the new coordinate

system. We now proceed to study the solution in a neighborhood of {U = 0}.

Proposition 7. The solution in the region Q,(fz) N {1 < 2 < oo} has the following properties:
e 7(U,V) >0, and r(U,V)=0 < (U,V) = (0,0). Moreover, r ~ V.
o The metric quantities satisfy the bounds

(O~ Vv o1, @02 o yk (3.54)
00| SV 1o, (N S v (3.55)

o There exists a c, < 1 such that p satisfies 0 < p < ¢, < 1. Moreover, u ~ 1.

o The scalar field satisfies self-similar bounds
owol S VIR, ovel SV (3.56)
06l S VU, jahel S VR, (3.57)
Moreover, Vv VIX, 1, dyp, Oy ¢ extend continuously to functions on {U = 0} for all V > 0, and

there exists a positive constant ¢, such that the following relations hold:

7"(0, V) =c 'V, (3.58)

VIXO,V) = ¢, (3.59)
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k?

HO.V) = 1 (3.60)
Oy (0,V) = —5. (3.61)

This concludes the discussion of globally k-self-similar spacetimes, defined on the quotient man-
ifold Q. These are not yet asymptotically flat, however, as along outgoing null cones m(u,v) — co.
We therefore truncate the spacetime in the region {v 2 1}, preserving exact k-self-similarity in the

complement. In the asymptotically flat region, one can establish the following bounds:

Proposition 8. Let Rar = Q](fx) N{v > 1}. One can choose outgoing characteristic data along
{6 = —1,0 > 1} which is asymptotically flat, glues in a C* manner to the k-self-similar solution

along {0 = 1}, and for which the solution exists up to null infinity. In Rap the following estimates

hold:
0ugl SV, ovel SV 2 (3.62)
VI — %| <y (3.63)
DM, vy —2 Oy (U) SV (3.64)

The following limits exist and are continuous, for any U € [—1,0):

(r¢)oo(U) = lim (r¢)(U, V), (3.65)
(Dve)(U) = lim (D), V), (3.66)
(DM02)) = Jim (DT U, V), (3.67)

and —(Dv)(U), (VVIQ2 ) (U) are moreover bounded above and below by positive constants,

uniformly for U € [—1,0).

With the asymptotic region constructed, we can verify that the spacetimes (Qg, gk, 7'k, Pk) are
globally naked singularities. It is clear that the coordinate domain Qj is a globally hyperbolic
development of BV initial data along (say) {u = —1}. It is moreover maximal, as we have shown
(cf. ) that no BV extension can exist. The “nakedness” finally refers to incompleteness of null
infinity, which reduces to a statement about the proper time elapsed by ingoing null geodesics near

null infinity. Define the vector field

XU, V)=V v)—. (3.68)



A direct computation using the Christoffel symbols of the connection associated to a Lorentzian
metric —(U)’(V)QQ(U, V)dUdV shows VxX = 0, i.e. X is a parallel vector field. X is the tangent
vector to affinely parameterized ingoing null geodesics, and incompleteness of ZV is thus equivalent

to the existence of a constant C' < oo such that

(0,)
lim sup / (M2, v)|(U', V)dU' < C. (3.69)
V—oo Ui V)

This is a direct calculation using estimates on the null lapse from Proposition 8.

3.4 k-self-similar interiors in the small-mass limit k% < 1

As we discussed in Section 1.3, k% can serve as a convenient smallness parameter for viewing k-self-
similar interiors as perturbations of the Minkowski spacetime. In fact, in this limit we can generate
precise asymptotic expansions for the metric and scalar field quantities. The results of this section
are used in Chapter 6, although only in a soft manner (i.e. exact expansions are not used).

We now turn to the analysis. As it plays an important role in this section, recall the difference
between the self-similar coordinate Z and its renormalization z, related by |z| = |Z|%. We often
switch between coordinates; Z is more useful for the study of the self-similar ODEs (3.1)—(3.7),
whereas z is the appropriate coordinate for expressing regular derivatives near {z = 2 = 0}.

The following lemma establishes soft bounds on the geometric quantities. Without any a priori
quantitative control on the solution to (3.1)—(3.7), we rely heavily on monotonicity and the explicit

initial conditions (3.22), as well as qualitative statements of the solution’s regularity.

Lemma 3. The following bounds hold for z € [—1,0]:

LA < gl (3.70)
F(1L—1aD) < #(5) < 51— [z, (3.71)
1< 02(3) < 277, (3.72)
0 < m(2) <k (3.73)

Proof. By the definition (2.2) of Hawking mass, we may reexpress the right hand sides of (3.1)—(3.2)

as —IU\ — ile = —ile,& < 0. Therefore, by comparison with the values obtained along the axis
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(3.22), we have the inequalities

AE) >, p(E) < —=.

N =

Similarly, direct inspection of (3.4) shows %fl > 0, giving the one sided bound Q(é) > 1.

We next show that for all 2 € [-1,0),
¢ (2) > 0. (3.74)

By (3.22) and continuity, ¢/(2) > 0 in a neighborhood of 2 = —1. Supposing (3.74) is not true,
let 2, denote the greatest lower bound of the subset of [—1,0) on which quS’ (2) < 0. It follows
%, > —1, and by continuity that qb’(é*) = 0. However, inspecting (3.5) shows %qoﬁ’(é*) > 0, and
therefore ¢/(z) > 0 on an interval (2, 2, + €), contradicting the choice of .

Returning to upper bounds on 5\, (), we consider the weighted quantities \2|k25\, 12| gﬂ(é), which
satisfy the equations

d
dz
d

(121 8) = —#|2]F(¢")2 — 2k|2[F°Ad), (3.75)

S (18179) = k' (12 79). (3.76)

We have used the algebraic identity (3.9) in addition to (3.1), (3.4). From (3.74) it follows that these
equations have a sign, which immediately gives the upper bounds in (3.70), (3.72). To conclude the

estimates (3.71) for 7, it now suffices to integrate 0,1 = A and apply (3.70).

Finally consider m. Recall ji(2 = 0) = 15_% It follows that 11(0) = £/1(0)7(0) < 4(1ik2) 1?—12 <

k2. Since by direct inspection of (3.6) we have that 77 is an increasing function, we conclude

m < k?.
O
Before proceeding we record some inequalities relating z-weights.
Lemma 4. Let a € (0,1), b € (3,1) be given parameters. Then for all 2 € [—1,0] we have
a(l—|Z2)) <1—]2]* <1—|2|, (3.77)
and
(L= 120) =7 (1 = [2°)] < 8(1 = b)(1 — [2])* (3.78)
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If 2 € [-1,=6] for fized 6 € (0,1), then there exists a constant c5 = 711_%6 such that

1—|2]* < csa(l —|Z]). (3.79)
Finally, for fived 51 € (0,1), there exists a constant cs, such that for all Z € [—1,0],

12)%0(1 — |2]%) < ¢5,a. (3.80)

Proof. We begin with (3.77). Defining w = |Z| — 1 € [—1, 0], we may apply Bernoulli’s inequality to

conclude
1+w)*<l4+aw = |2]* <1+a(|Z|-1).

This is equivalent to the first inequality in (3.77). To see the second inequality, it suffices to observe

that [2] <1 and a < 1 imply |2| < |Z]%.

Turning to (3.78), we first consider 2 € [—1, —3], and define f,(2) = (1 — |2]) —b~1(1 —|2[%). A
direct computation gives fi(—1) = f;(—=1) = 0, and SUPse( 1 1 |f{/(2)] <4(1 — D) holds. Taylor’s
theorem then implies the desired inequality. In Z € [—1, —%], we observe that f3(2) is a strictly
decreasing function of 2, and thus the left hand side of (3.78) can be estimated above by b= — 1.
Similarly, the right hand side of (3.78) can be bounded below in 2 € [—1,—1] by 2(1 — b). These

estimates are consistent provided b > %

1-[2
1-[z]

We next consider (3.79), and define the function g,(%2) = Computing the derivative

explicitly shows that provided a < 1, the function g4(2) is non-decreasing in 2. It follows that

9a(2) < go(—0), which by Taylor’s theorem can be seen to satisfy the estimate g,(—9) < ]E{Sa =

csa.

Finally we show (3.80). By (3.79) with explicit constant we have 1 — |2|* < —aln|Z| for all

2 € [~1,0]. Therefore, |2]%(1 — |2]?) < —aln|2||2]®* < c5,a, as desired. O
We also require the following integral bound.
Lemma 5. Let a € (0,1), p € [1,00). Then

1
/0 (1= t9)Pdt <, aP. (3.81)
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Proof. For p € N this integral may be evaluated explicitly as

1 ap s DL+ D01 +p)
/0(1—t)dt_ NI

Applying the product rule for gamma functions yields

L1+ )F (1 + P) ol H
r1+21+p 1+1+(p—1j)
< pla?.
In the case p ¢ N, the estimate follows by log-convexity of LP norms. O

With these inequalities in hand, we give the leading order behavior for weighted geometric

quantities as k — 0, as well as L% estimates for the renormalized scalar field derivative 8255(2’).
Proposition 9. The following estimate holds for any p € [1,00):
19=ll L ((-1,01) Sp k- (3.82)

Moreover, we have the leading order expansions

1202 = Ul oo 1.0 S ¥ (3.83)
.

H%Hm([m}) + 11254 - %HC;([—I,—%}) + Haz(’f\kzj\)HLg([_Lo]) <p k2 (3.84)

7(2) — %(1— EDISLEC S ED (3.85)

17+ 1”L°°([71,0]) + 1000 210 Sp K (3.86)

I vy S B (357

On compact subintervals of [—1,0), the bounds (3.83)(3.86) moreover hold in C}.
Proof. As a starting point, we show that ¢’(2) satisfies the pointwise estimate

sup  [¢/(2)] < k. (3.88)
ze[-1,—1]

Recall we have (3.74), and so it is enough to show an upper bound for ¢/(2). Rewriting (3.5) as an

equation for #2¢/, integrating on 2’ € [—1, —%], and applying (3.70) gives

%’(2)37221 / i F2NENdE <k,

2) Joa 17
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as desired. Let dj = %gf)’(—%) < 1. We now propagate the control on ¢/(%) towards {2 = 0}. (3.5)

is equivalent to

EN

72|

d - 2\ -
gqy: _?¢'+ , (3.89)

By (3.74) the first term is non-positive, and thus integrating on 2’ € [—31, 2] and applying (3.70),

(3.71) gives

o

0 S )
0< ) <kt [ 15
_E’I“Z

§kdk+2k/

dz'

2 1 ,
1 ‘2/’1-4-142 dz
2

< kdy, + (1 - [22%).

kl2¥

It follows that 9
° 2 o 2 2

0:0(2) = pil2I"* ¢/ (2) < hpdi 2 + 2 (1 - |24,

The first term has LZ° norm of size k, so it suffices to consider the second term. In LZ° this term

has size k=1, but in L%, p < co we may apply the integral estimate (3.81) to conclude (3.82):

° 2 _ 2
10:0(2) Iz =101y S R e onop +* 11 = 1227 | o210

Sp b

o

A useful consequence of (3.82) is a bound for the (un-renormalized) derivative ¢/ (2):
191l L2((-1,01) S F- (3.90)

To see this, observe |z| P+ € L2(|—1,0]), and thus Cauchy-Schwarz gives
0 91 A2 A 0 2 ° 2
| @@ =p [ 0.00)

S 10:6l174 S K.

~

The expansions for the geometric quantities will now follow readily. Starting with the first bound

in (3.84), we integrate (3.75) for Z € [—1, —%], apply the pointwise estimate (3.88), and compute

~ 2 o N 1 o N “ 2 o o N
8152 = 51 S 193y (1 = [20) + Rl Al e r op 19 Lz a0 (1 = 2D

S K1 - |2]).
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1

In the region 2 € [—3, 0] we again integrate (3.75) and apply (3.90) to give

A k29 A 1 ° 20 o
E7AE) = 51 S 16 B2 agy + B Mz a0l lagoray S B

The first bound of (3.84) follows. For the remaining two bounds in (3.84) it suffices to estimate the
terms appearing in right hand side of (3.75). Similarly, (3.83) follows by integrating the weighted
equation (3.76) and using (3.90).

To conclude the expansion (3.85) for 7, we integrate the first bound in (3.84), and apply the
inequality (3.78) with parameter b =1 — k? > %

Turn now to . The identity (3.8) implies

2 o
| 2| (‘2|k2/\)

do_dAO oy Al—k‘2d ~1k2 %
d,%y_dé(Z)\ 7)) = —|Z] dé(’z‘ )\)+

It follows that

o

o 1 d , 12 20 2
17(2) + 5\ N H£(|Z|k Mzrevop + FNEE Moo o2 Npa vy S+

Finally we consider (3.6). It suffices to prove (3.87) in 2 € [~1, —1], given the lower bound on
#(2) outside of this domain. In the region 2 € [—1, —1] there is the pointwise bound on ¢ (3.88),

and thus

d
sup || < E22(3). (3.91)
sel-1,-4] 9%
Integrating in Z from the axis and applying (3.85), we conclude (3.87). O

By more careful bookkeeping we may improve the result of the previous proposition, and compute
the leading order term as k — 0 for the rescaled scalar field quantity k:_lazqg(z). In general, this
quantity does not have a pointwise limit as z — 0; however, the LE([—1,0]) limit is well defined, for
any p < co. The following proposition records this leading order term, as well as relevant higher

order estimates.

Proposition 10. We have the estimates

1wz —1—2—In[f| )
HEM P'(2) — W} L2(=1,0)) Sp K, (3.92)
L. 1 . 2?3 )
I 4(1 2 e 55 (3.93)
||(;5”||Loo([,17,%}) + H|Z’a§¢3||L§([—1,o]) Sp ks (3.94)
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1121827 Lo (—1,0n + N1210270 ]| 2101y Sp B> (3.95)
We will require a computational lemma:

Lemma 6. Define the functions fr(2),9(2) : [-1,0) = R

e L) - R0 )
MO= gy amr

. —1-3-In3
gz = L= lnld
(1—12])?
Then f, k=0, g in LE([—1,0]), for any p € [1,00).

Proof. In the domain [—1, — %], it is straightforward to show that convergence holds pointwise almost

everywhere. An application of the dominated convergence theorem then implies the statement in
1
LE([-1,—3)).
In the near-horizon region [—%, 0], the factors proportional to 1 — |2| converge pointwise, and it

is enough to show that 1 )
(=) =

—1In|Z|. (3.96)
The strategy is to use an integral representation of both functions, and estimate the Lg norm of
the differences using Minkowski’s integral inequality, extracting a small k-dependence. Write the

difference of the functions in (3.96) as

2 s1k? _
B =1 (3.97)

2|

1 2 .
-l +nfzl = [

and estimate (here, 0 < 1% is arbitrary)

0 5ok [N 0 0 /131K _1\? \7
(LS ere)a) < [, (B ) ) e
-1 -1 |Z| -1 2 |Z|

0

2 1

< sup |[Z°(1—|2") / ——d#’
26[71,0]‘ | 1 |;3'|1_%+‘S

N k2
Spe sup |121°(1 = [27)]
2€[-1,0]

Sp.s k2.
In the final inequality we have used (3.80).
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Proof of Proposition 10. We will show that the scalar field equation (3.89) can be directly integrated

up to error terms. First, given the expansions (3.84), (3.85) we write

A 1 1
- = + En(2 3.98
FoERG R e %

1 1
_ Y4 (5 3.99
2
where Gi(2) = 11 |Z|‘k| , and &(2) is an error term satisfying
sup (& (2)[+  sup[(1— IEDEEN + (D) 2 -1 0 S K. (3.100)
2'e[—1,0] 2 e[—l,—% z

Primed quantities Gy, £}, denote derivatives with respect to 2. As a consequence of the L% regularity
of &, we can further write & (2) = &;(0) + F(2) for a constant [E;x(0)| < k? and a function Fy(2)

satisfying
Fr(O] S 1€ 2,0
2 2
S EE E @ L2z 1217 Ml 2 .01

< K2z R (3.101)

We will need the following additional estimates, which are consequences of (3.88), (3.90), (3.81),

and Lemma 4.

sup  [¢/(2) + 16/ ()l r2(r0y S Fs (3.102)
2€[-1,—3]
sup  |Gr(2)] S 14", (3.103)
ze[-1,2]
sup  [Gr(2)|+  sup (1= [ZNGL()] + 1Ge(@) ]l o(-r,01) Sp K (3.104)
ze[-1,—1] ze[-1,—3]

Returning now to the study of (3.89), we may insert the decomposition (3.99) and write

d - 2 1

r_ / z 7]6 z z
50 =1 th +k“2‘(1_|2’) B |k2 (Gr(2) + Ex(2)d + B (Grk(2) + Ek(2))-

Conjugating through by w(2) = (1 — |2])? yields

d N 1—2 2 . . k X . .
- (w(2)e) = ERRE |k2w(2)(gk( 2) 4+ E(2))0 + |ZA,|1WM(Z‘)(91§(Z) +&(2). (3105
We now integrate this expression for 2 € [—1, 2]. Observing that the contribution of Gx(2) to the
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final term of (3.105) may be explicitly integrated, we find

% ]_ 1* AkQ *k21*’\ ]. 2 2 A~ A~ ~ U Al !
9 g e i | G + B ()i
1()
1 [* &k N (o e
+ w(3) /_1 |2/‘1+k2w(2 VEk(2)dZ". (3.106)
11(2)

We first estimate the function denoted I(2). To begin, assume 2 < —%. In this region it suffices to

apply the pointwise bounds (3.100), (3.102), (3.104) and calculate

. 1 2 9 . Sr N g
1(2)] < A/ 2/’k2w(2’)|gk+5k|¢/(z/)dz/

w(2) J_1 |

S KE7F S K

Next consider 2 > —%. It follows w(Z) ~ 1 independently of k. Employing the integrated bounds
(3.100), (3.102), (3.104) and Cauchy-Schwarz, calculate

1 : 2 ! WAl 3ol
1)) < / ()G -+ £l ()

w(Z)

~Y (A

1 ~
! / 202\ Gr + Exld (2)dE + — / 2 w(2)(Gh + El ()dz
~w(E) ) FP B w(2) Jo1 2R B

Al—Lg2 o
S+ 1728 M a1 op 1G5 + Exll s 1.0p 19 22— 1.0
Sk (3.107)

To estimate the term II(2), a similar argument applies in £ < —3 to give [II(2)] < k3. In the

remaining domain we decompose & (2) = &(0) + Fi(2) and apply (3.101):

[un

) 1 [z 1 e 1 [ e s
(%) = k—— /_1 Ww(z')gk(z’)dz'—i—kw /1 ‘2/|1+k2w(2’)8k(z')dz’
2

w(2) (2) J_
= O (k%) + k&EL(0) 1A / _ ! ~w(2)dE + k 1A / _ ! sw(2)Fr(2)ds
w(2) Jo1 |2/|1F w(2) Jo1 |2/|1HF
= Ope (K%) + k&E,(0) 1A / . L sw(2)dz. (3.108)
w(2) o1 |2/|1F

The final integral may be estimated to give

11(2)] < Opeo (k%) + K| 27K (1 — |5*). (3.109)
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It remains to take the L% limit as k — 0 of %]2\’“2(;6(2), by examining the various terms of (3.106).
The first term converges in LY([—1,0]) to the desired limit, by Lemma 6. For the integral expressions

we apply (3.107), (3.109), giving
Look2 s .
I (1) + 1) v S K (3.110)

We therefore conclude (3.92).

The expansion for m(Z) will now follow as an immediate consequence. From (3.6) we compute

02

a2 4o k2T o\ .—1 T2

61 5 (6 2m(2) = o (1= (')
1/1+2+In|2\?

Dividing by |z‘|k2 and integrating gives

P | |2 In? 3|
k2 =—(1 B o (K2).
m(Z) 4< t2- ) T O0=(kK)

We next discuss the second derivative estimate (3.94). We have the qualitative information dO)” €
CcY([-1, —%]), and attempt to derive a pointwise bound with proper k-dependence. Differentiating

(3.106) and estimating (observe we have pointwise bounds for Gy, & in the region 2 € [—1, —1])

yields

s 1—|2* — 2|2]In || 3
6"(2)] S kb—3 _ + Opee (K2).
21(1 — 2])?

We conclude (3.94).
To see the LY bound on the weighted quantity |z|8z2gz°5, it suffices to estimate in the near-horizon

region z € [—%, 0]. Expanding the 0, derivatives, this quantity is schematically given by
° R 2 o 2 e
2076 ~ [2]"FF " + 2]M ¢,
and latter term has already been shown to be of size k in Lg . By inspection of the right hand side
of (3.5), and the fact that we are working in a region with a positive lower bound on 7(2), a similar
estimate for the first term follows.

Finally, (3.95) is a result of commuting (3.75), (3.6) by 65(|2|k2 . ) and inductively applying
bounds. O

From the proof of Proposition 10 we may extract additional representation formulas for %(2)
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and ¢/(2), which will be useful in the following.

Corollary 1. There ewist constants C; 1, © < 2, bounded independently of k small such that for

2 € [—3,0] we have

A C
2(2) = 4 O (15272, (3.111)
T |2|k
o Cik 2 4 i 1—k2
kd'(2) = E (pk + K2Cag) 4+ Opee (K*) 4+ O (|2]'F). (3.112)

Proof. The expansion (3.111) for some constant C j follows from (3.98), Taylor’s theorem, and
(3.101).

To see (3.112), we return to the integrated wave equation (3.106). As in the above proof,
[1(2)] < k3 holds. For II(2) we consider (3.108), and explicitly evaluate the integral term. It follows

that we may write (recall |£;,(0)] < k2)

o d .
I1(2) = \;TZ + kdy g + O (|25, (3.113)

where d; ), are constants bounded independently of k. From (3.106) we may write, after Taylor
expanding the first term about 2 = 0,

5 Clptd 1
k¢'(2) = W — (pr — k2d27k) + OLEO(\ZP kQ) 4+ Opoo (k:4), (3.114)

for a constant ¢; ;, which is moreover bounded independently of k. In order to conclude (3.112), we
show that the coefficient of the singular |2|_k2 term appearing in (3.114) coincides with C ;. Label
this currently undetermined coefficient D; ;. We show that the equality C; = D; is forced by

k-self-similarity. By (3.5), it follows that |2|%*¢/(2) satisfies the equation

B (EMAG)
7( 7(2)

’—2k2

0: (12 9/(2)) = — K2 3(2))

]
The latter term may be estimated by |2 as £z — 0, and is therefore integrable. Inserting the

expansions (3.111)—(3.112) (with coefficient Dy j) shows that

20, . k i 2
9: (121" ¢/ (2)) = m(cl,k — Dix) + Ops(|2]7F).

In order for |2|¥*¢(2) to have a finite limit as 2 — 0, it follows that Cix— Dy =0, as desired. O

The significance of the expansions in Corollary (1) is the identification of the leading order

behavior of the constant term in (3.112); in particular, it is non-vanishing for k£ small. As discussed
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in [43, Appendix A], this coefficient appears in the calculation of the second order renormalized
derivative Oggb(z) near {z = 0}. Local asymptotics for solutions to (3.1)—(3.7) near its critical
points is unable to determine the value of this coefficient, which carries information about the global

shooting problem connecting regular solutions at the axis to those at {z = 0}.
Proposition 11. For k sufficiently small, the following holds:

D2(2) ~ |2| PR, (3.115)
Proof. By the computation in [43, Lemma A.6], up to constants bounded independently of k we

have . 3 PN
02d(2) = klz| 17 (3(2) — ki (2) + 2N

4 9(2)
)

The second term remains bounded up to z = 0, although it grows to size k~'. The term responsible

for the limited regularity is the first, which by Corollary 1 has the form
—k(pg + Opee (K2) + Opoo (|2272K)) |2 71 HPRR,
In particular, for k sufficiently small this coefficient is non-zero as z — 0. O
To conclude this section, we record various additional estimates.
Lemma 7. The following bound holds:

m
s ller -1y + 119 ( )HLF[ o) Sp K (3.116)

Proof. A pointwise bound on ng was given in (3.87). To complete the C1 bound for z € [—1, 1],
we employ a standard integration by parts trick to convert bounds on this derivative to higher order
bounds on the scalar field. Note that 0, and 0; are comparable away from {z = 0}, and thus the

choice of derivative is immaterial. Write

ﬁl 2 7’22 °
0:| — —zrs/ol—o /2d§>
(T:,,) ( @)
i [ B papa o oy
12X\ 2\

. % 1 . 1 .
:—7"'_4)\/ 95 (7 1-— N2dz + 77— (1 — 1)(¢))?
g (") 5z (1= (@) o5 (1= (@)
. [ 1 .
—7‘44/\/ ﬁ3ag<o 1—§ ’2>dé
B 2A2( )(¢)
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It now suffices to ensure L°([—1, —3]) bounds with smallness on the differentiated quantity within
the integrand. For 5\, 78 q@’ this follows from (3.84), (3.91), and (3.94) respectively.

For the L% bound, it suffices to estimate in a domain z € [~1,0]. Rewriting (3.6) as an equation
in the 2 coordinate, it follows that ‘i € L2([—1,0]) with LE([—1,0]) norm of size roughly k2.
Thus directly differentiating ng (observe that 7 is bounded below in this domain) and estimating

the resulting terms gives the result. O
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Chapter 4

Sharp instability results in the exterior

4.1 Overview

The results of this section are adapted from our work [43|, in which we give a construction of ap-
proximately k-self-similar naked singularity exteriors. The techniques required for analyzing the
exterior region of spacetimes satisfying self-similar bounds were originally developed in a perturba-
tive regime near Minkowski space (but outside of symmetry) in [37, 38|, and our [43] applied them
to perturbations of k-self-similar naked singularities, in the full naked-singularity range.

Here we shift our emphasis away from establishing existence globally into the asymptotically flat
region—and thus addressing issues such as the incompleteness of Z+—and instead consider only a

causal region of the form

(ex,1) _ v _
Q, ={0< e <1, —-1<u<0}.

This region was fundamental to the local existence result for vacuum self-similar spacetimes in [37],
and was referred to as “Region I” in the naked singularity constructions [38, 43|. It is precisely this
region which sees the blue-shift effect along {v = 0}, and hence is most important for our current
study of stability and instability.

In this section we consider a wide class of approximately k-self-similar spacetimes, allowing for
perturbations of the outgoing characteristic scalar field data of the form ¢,(—1,v) = |v|*, o € (1,2).
Based on whether « falls into the range of high reqularity (o > py), threshold regularity (o = pg),
or low regularity (o < py) pertubations, we establish existence and asymptotic stability, existence

and orbital stability, or instability to trapped surace formation, respectively. See Theorem 9 for a
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precise statement.
We conclude with an overview of this chapter. In Section 4.2 we define the class of admissible
spacetimes, and Section 4.3 states our main result. Section 4.4 gives a purely linear analog of

Theorem 9, based on a result in our [44]. In Section 4.5 we turn to the proof of the main theorem.

4.2 Admissible spacetimes

Definition 6. Fiz k? € (0, %) An admissible approximately k-self-similar exterior space-

time (Q,(:x’l),go,rg, ®0) is a BV solution to (2.5)-(2.9) which satisfies the following properties:

1. Gauge conditions and low order self-similar bounds:
o Along {v = 0}, ro(u,0) = |u| holds, and there exist constants co,dp > 0 such that
Xo(u, 0) = colulF* + O(|ulF*+%).
o In Q,(:x’l) we have

2
(—r0) ~ 1, Ao ~ [ul®, [log(1 — po)| ~ 1, po ~ 1.
|Oudol S |ul™", Budol S ful 7.
2. Higher order self-similar bounds:
o In Q,(:x’l) we have

O] S Jul ™ty [BuAo] S Jul 71

02¢0] S [ul ™2, 103¢0| S [ul~" o] 7P

Remark 16. From the higher order self-similar bounds, it follows that the solution is in fact C* on
ngx’l) \ {v = 0}. Also note that the second derivative 0>y is allowed to be singular, although at a

rate consistent with the solution being in BV.

Remark 17. The above definition only considers a spacetime in the region ng’l) between the
ingoing null cone to the singularity, and a spacelike slice {W = 1}. In fact many of the stability
results we show can be extended all the way to the outgoing null cone {u = 0}, provided appropriate

conditions are placed on the background spacetime. For details, see [43].
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4.3 Statement of main results

Theorem 9. Let (Q,(:x’l) , 90,70, ®0) denote an admissible approzimately k-self-similar exterior space-

time. Then

(a) (Stability under high or threshold regularity perturbations): Let f(v) € C([0,1]) N C?((0,1])

be a given function admitting the decomposition

f(U) = C‘U‘a + freg(U)a freg(v) € 02([07 1])7 freg(o) = f;eg(o) =0,
and where o > py. Associate to f(v) the characteristic initial data

r(u,0) =ro(u,0), r(—=1,v) =ro(—1,v),
¢(u7 0) = (ﬁg(U, 0)7 ¢(_17v) = QSO(_L U) + €f<v)7

for the area radius and scalar field. Then there exists g > 0 sufficiently small such that for
any € < €p, the unique solution to (2.5)-(2.9) achieving the above data exists in the whole

domain Q,(:gc’l), and satisfies the estimates

[lul tr = [ul 70| + (=) = (—=v0)] + [Jul ™A — u| ™A

+ [[ul@udp — [ulDudo] + [[ul % Dp — [u|* Dugbo| S €lul”,
for a &' which is strictly positive when a > py, and zero otherwise.

(b) (Instability under low regularity perturbations) For any o € (1,py), there exists €y such that

for all € < ¢g, the solution with characteristic data

r(u,0) =ro(u,0), r(=1,v) =ro(—1,v),
gb(”a 0) = ¢0(u7 0)> d)(—l,’U) = ¢0(_17U) + €|U’a>

satisfies the following property: there exists 6 > 0 sufficiently small, such that every ingoing

null cone ¥, with 0 < v < § intersects a non-empty trapped region.

4.4 Warmup: estimates for linear waves

One can already see the essential role of regularity for the scalar field across {v = 0} by considering

solutions to the linear wave equation [y = 0. Here, g is the spacetime metric associate to
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an admissible approximately k-self-similar exterior spacetime, and ¢(u,v) a spherically symmetric
solution.

The linear analog of Theorem 9 is the following:

Proposition 12. Consider outgoing, characteristic initial data
61)900(_17 U) = g(v)‘vlailﬂ{ve[o,l}}(v)a
Outpo(u,0) =0, (4.1)

@0(_17 0) - 07

for the linear wave equation Ogp = 0 on the domain ngm’l). Here, g(v) € CL([0,1]) is bounded
above and below by positive constants, and o € (1,2) is a fized parameter. Let o(u,v) denote the

unique solution achieving the above data. Then there exists § < 1 small such that restricted to

the following dichotomy holds:

(a) (Self-similar bounds at and above threshold) If o > py, then @(u,v) satisfies C self-similar
bounds. Moreover, if o > pg, then ¢ vanishes polynomially in |u| as w — 0, and its first

derivatives obey bounds which are polynomially better than the self-similar rate.

(b) (Instability below threshold) If 1 < av < py, then o(u,v) satisfies

1

B

where ¥, denotes the outgoing null surfaces {u = const.}. This rate approaches the blue-shift

rate as a — 1, and the self-similar rate as o — pi.

Remark 18. For simplicity we only estimate the solution in a small self-similar neighborhood of
{v = 0}, of self-similar width ~ §. It is precisely in this region that reqularity plays a role; the

extension to Q,(:‘T’l) \ Q](:z’(s) 1s essentially a local existence result.

Proof. The statements of stability and instability will both follow from a leading order expansion
of the solution in Q;ﬂex)’é, for 6 < 1. The leading order term is determined explicitly as a function
of the outgoing initial data J,¢(—1,v), and will obey either self-similar bounds (for threshold and

above threshold regularities) or will be unstable (for below threshold regularity).
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The main estimate we require on the background metric is

v
~ ‘u|1+Qk ’

v 1

ro ful

(4.2)

This estimate relies on (a) the gauge normalization of r along {v = 0}, and (b) the fact that
r,v € C} in a self-similar neighborhood of {v = 0}, away from the singular point.
We now turn to the argument. Let f(v) = g(v)|v|* ' Liye(0,13(v), and define a quantity ¥(u,v)

by solving the equation

ﬁwzo

U(—1,v) = f(v).

D —
(4.3)

Formally, this equation follows by restricting the coefficients of the wave equation to {v = 0}, and

setting ingoing derivatives (e.g. 0, ) to zero. Integrating this equation yields
U(u,v) = [ul 7 f(v). (4.4)

Define (0y¢)p = Oy — ¥, which satisfies the inhomogeneous equation

;

A C I

(Oup)p(~1,0) =0 (45)
(Oup)p(u,0) = 0.
For a parameter 7 < 1, we propagate the bootstrap assumption
1 f(v)
< . .
uenl +10wel < € romy + 77 ) (4.6)

For large enough C, this holds in a neighborhood of (u,v) = (—1,0). We aim to improve the
assumption in ngx)’é, for § small enough. Of course, it suffices to improve the estimate for d,¢),
given the explicit form of W.

We first establish a bound for d,¢. Integrating 9,(dyp) = —%Ougo — 20y in v from data,

dropping zeroth order terms with favorable signs, and using the assumption (4.6) gives

Busplu, )] < C (g +f@ﬁ)7 (4.7)

ul2=R = fu)?

for a constant C' > C. Returning to (4.5), we conjugate by w(u,v) = |u]1*"(@)p'm = |u|vPr"

74



and insert the estimates (4.2), (4.6), (4.7), giving

L 2] f(v)vl—pkn> (4.8)

lau(w(av@p” < 5(|u’2—2k2—77 + ‘u|2_k2

Provided k? < 1 and 7 is chosen small, the powers of |u| appearing in the denominators of (4.8) are

strictly greater than one. Integrating in u, we may drop terms along {u = —1} to give

~ v fv)v
|(avg0)p| 5 C(‘U’2_2k2_n + ’U,P_k2>

555( 1 —i—f(v)),

u =R ul

improving the bootstrap assumption for é small enough. Note that by the choice of ¥, no data

(ex),0

terms appear above. We conclude that in @, """, there is an expansion’

S up(u,0) = () + 3Byl

Ak A
f(v) f(v) 1
~ || 1R +O(6’u‘1+k2 +5|u|1*7l)
f(v) 1
~ Wik? +0(r): (4.9)

The approximation holds up to constants and functions uniformly bounded above and below in

Q,(fm)’cs. Moreover, we have reduced the question of self-similar bounds to understanding the term
f(v)

|u|1+k2 '

on the curve v(u) = (u, d|u|'~**) for u € [~1,0), it follows that if o < pj, (and thus k2 — (v —1)(1 —

1
(u%avso)

The instability statement of Proposition 12 follows.

Recall that f(v) = g(v)v|*"1, for a non-trivial g(v) bounded above and below. Evaluating

k?) > 0),

G )
|u|k:2—(a—1)(1—k:2)

— 00,

v(u)

If o = py, the above expansion implies ‘A—lkﬁvgo‘ < |u|7Y, i.e. this derivative satisfies self-similar
bounds. From (4.7), the same is true for d,¢. Finally, if & > py then both terms in (4.9) are better

than self-similar; integrating from {v = 0} shows ¢ — 0. O

n this expression, A ~ B means that A < B and B < A both hold.
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4.5 Proof of Theorem 9

4.5.1 Decomposition of the solution

We will decompose the solution in a manner which (a) keeps track of the contribution from the
background vs. the perturbation, and (b) isolates the components with the lowest regularity as
v — 0. For the double-null quantities {r, u} and derivatives thereof, it will suffice to estimate the
differences 7, = r — ro, up = p — po. An extra step is needed for the scalar field.

Recall that ¢o(—1,v) decomposes as
$0(—=1,0) = Bsing(—1,0) + dreg(—1,v) + O(Jv[Pr*x),

where ¢sing(—1,v) = cx|v[PF, and ¢ree(—1,v) € C2([1,0]).
In the setting of the above theorem, this background value is perturbed by data of varying

regularity. For high/threshold regularity perturbations, we have?
¢(—1,v) = ¢o(—1,v) + ec1 [v|"* + O(e[v]™*T) o = py
¢(—1,U) :¢0(_17U)+O(€|U|pk+) a > p.

We have used that the regular component fre,(v) satisfies |freq(v)| < |v|? by assumption. Low

regularity perturbations can be written
d(—1,v) = ¢do(—1,v) + €v|*  a < pg.
A key role is played by terms in initial data of the form |v|* with a € (1, pg]. Introduce
@a(u,0) = [u| o],

and write
B(u, v) = do(u,v) + 10 (u, v) + G(u, v),
where o € (1, pg], and ¢ is a function which behaves like O(|v[Ptt) on initial data. We allow ¢; to
vanish in the case of high regularity.
We conclude this section by noting that w, is an approximate solution to the linear wave
equation g w, = 0, which achieves the outgoing characteristic data |v|* along {u = —1}. More

precisely,

*Here, A = O(|v|PxT) refers to the estimate A < |v|P**° for some § > 0.
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Lemma 8. The following holds:

88Uwa+ 8uwa+ a o( v® ) (4.10)

|u|2+Qk
Remark 19. Note that a generic function we which vanishes as O(|v|*) would expect to have error

in (4.10) which vanishes as O(|v|*~Y). The point of the above choice of w, is that these slowly

decaying error terms cancel.

Proof. First compute
Oywa = |u’72‘”’a
OpTa = foz|u\_1|v]a_1
6uavwa = _a’u‘_Q‘U’a_l'
We next use the regularity of the background metric gg to write

ro(u, v) = ro(u, 0) + O(|ul* |v]) = [u] + O(|ul*|v]),

(=0) (1, v) = (—0)(u, 0) + O( [ ) =140( [v] )

| |f1k |u‘Qk

o) = dofa0) + Ol L) = Yoo )l + (1l )

It follows that

Ao
0uOya + — 8uwa+ r%wa:—aIUI 2[o]* " 4 Aol =% [ul 2ol — |u| T (—aful T [o]*7)

LR
+0 (gl el

:0(%).

4.5.2 Bootstrap norms
Introduce a family of regions which allow for non-self-similar scalings:
Q(ex 0 = {0 < v < OJu|™7, —1 <u <0},

where § € (0,1], 7 € [1,2], and 7 = 1 corresponds to the self-similar scaling. For a fixed (u/,v") €

Q(ex 9) we can further define the characteristic rectangles
Ql(:fﬁ)(ul’vl) _ Qg_ex,l) N {u < u’,v < 1)/}.
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For any (u/,v") € Q,(:x’&) local existence for the coupled system guarantees BV existence and

ex, 5)(

estimates for the spacetime in a subregion Qk u” v"), where u” < u/,v"” < /. To extend the

(ex,0)

region of existence to Qk (u ,v) it suffices by a continuity argument to prove estimates which

are valid in the whole characteristic region. Proceeding in this manner for all (u/,v) € Q o 6),

will get existence in the desired region.

Remark 20. The parameter T is introduced to allow for the stability and instability results to be
proved simultaneously. As will be apparent in the norms below, many of the pointwise estimates are
shared among the various cases of Theorem 9. The primary difference is the size of the region on

which we propagate the estimates.
Introduce the following bootstrap norms, for parameters ¢’ > 0, 7 € [1,2]:

Definition 7.

Ho(wo) = sup a7 [+ sup o [N+ sup [T

QT (uyw) QT (uyw) QT (uyw)

+ swp |u[ [+ sup [[ul 0G|+ sup [Jul% 70,0,

040 (uyv) QL (uyv) QT (u,)
_ _ 1.2
Lr(u,v) = sup |u| 17“1,’ +  sup |yl K A+ sup v+ sup |y
4™ (u,v) QL™ (u,) QL™ (u,v) Q4™ (u,w)

A - -
+  sup ‘log (17)‘ + sup |\u|8uq§| + sup ‘|u|q’“8 ,
Q<ez ) (u, K Q,(:’f’é)(u,v) Q;;:’é)(u,v)

N5 = sup  He(u,v)
(u,v)EQ;(ff’d)

L= sup  £.(u,v),
(u0)eQi”

The bootstrap assumption in each regularity will involve control on one of the above norms:

e < Ae, high regularity (4.11)
$Ho < Ae, threshold regularity (4.12)
£, < A, low regularity, (4.13)
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pr(1+k?) c (1 1+k2).

where 0 < ¢, e < 1 will be chosen below, A > 1 is a large constant, and 7, = T =

4.5.3 Closing the bootstrap

We will attempt to discuss the various cases at once, highlighting where regularity concerns come
into play. In the low regularity and threshold cases, the primary new feature is the presence of
wq in the estimates. The absence of such a term in the high regularity case will permit the use of
weights which are better than self-similar, and hence the additional ¢’ weight in the )5 norm.
First, note that in each of the norms, the geometry and Hawking mass is always controlled with

at least self-similar bounds. Hence,

Lemma 9. For the high regularity and threshold cases, the following bounds hold in the bootstrap

region Ql(::f’(s), provided € is sufficiently small:

2
reful Jlog(l—p)[~ 1, (=) ~1, A~ ful*

10wl < lul™ |0ug] S Ju| 7%

In the low reqularity case (i.e. 1 < o < py,), the following bounds hold in the bootstrap region Q;ef(’f),

for 0 sufficiently small: 2
reful, (<) S A NS Alult

A
L—p
-1 gy LTIk
|8u¢’ 5 |u’ ) ’av¢| S./ |u| 9k~ Za-1 .

‘log ‘§A

Remark 21. Notice that in the low regularity case, although 0,¢ satisfies self-similar bounds in the
region of existence, Oy,¢ will not. As a — 1, the upper bound approaches the blue-shift rate.
Moreover, the bounds for the metric quantity A are allowed to degenerate, consistent with trapped

surface formation.

Proof. We discuss the low regularity case here. The estimates for (—v), A, follow from the

A
1-p

bootstrap assumptions. For r, integrate the estimate for A to give
Y N k2 k2+—1+k2
|r(u,v) —r(u,0)] < / AMu,v")dv" < Alul v < Ad|ul™ T2e-1 < Adlul.
0
Choosing ¢ sufficiently small and noting r(u,0) = |u| gives the result.

Next turn to the scalar field, for which it suffices to estimate derivatives of w, = |u|~!v|®.
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)

Compute 9,w, = |u|~2|v|*, which in Q,gef(’f satisfies

1—
1Oual < Jul"20]” < [ul~2[uloe® < [u] "=

Notice 1 — gy > 0 and 2a¢ — 1 > 0, hence this quantity satisfies at worst self-similar bounds.
Similarly, 0,7, = —alu|tv|*"1, which satisfies the bound

l1—qra
Oual S ul~ ol S Jul @D S

O
Proposition 13. Fore€,0,0" sufficiently small, we have the improved bounds
Hy < C(I)e, high regularity (4.14)
90 < C(I)e, threshold reqularity (4.15)
L., <C(I), low regularity, (4.16)

where C(I) are constants depending only on initial data.

Proof. The improved bootstrap assumption for r, in low-regularity follows by integrating the esti-
mate
Burpl = [A = Aol < AJul”
in v from data, and using the smallness of v. The argument is the same in the remaining cases (but
with an extra factor of €).
Turning to the quantities {v, p1p, Ou¢p}, all of which satisfy equations in the outgoing direction,
we use the bootstrap assumptions to estimate the right hand sides of (2.23),(2.24),(2.26), giving for

e sufficiently small,

|0up| S C(A)e|u|~%+% | high reg.
|0uvp| S C(A)eu|~ %,  threshold reg.

|0pvp| S C(A)|u|" %,  low reg.

[Outp] S C(A)elu| =%+, high reg.

|0upip| S C(A)elu|~%,  threshold reg.

2(1—qp @)

|Oupip| S C(A)|u| ™~ 72a=1", low reg.
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100(Budp)| S C(A)elu| %" high reg.
|0y (Outdp)| S C(A)elu|17%  threshold reg.

l—qra
|0y (Outdp)| S C(A)!u\_l_qk_ 2a-T , low reg.

In the high and threshold regularity cases, all quantities satisfy self-similar (or better by §’)
bounds, which is reflected in the above estimates. However, in the low regularity case one must sep-
arately track appearances of d,,¢, which appears linearly in the equation for d,¢,, and quadratically
in that of w,,.

To improve the bounds, it suffices to integrate each in v from data, along which the corresponding
quantity vanishes. The integration gains a power of § < 1 with respect to the bootstrap bound,

provided |v| < dlu|? (high and threshold cases), or |v| < d|u|%™ (low regularity case). More

precisely,
— / v ! .
hﬂgcmmm\%4:CMk%mﬁmﬁ high reg.
0(9)
lvp| S C(A)ev|u|” % = C(A)e (W), threshold reg.
0(s)
_ v
lvp| S C(A)v|u|” % = C(A) (W) , low reg.
——
O(lul*)
iyl 5 ClAYetful " = OA)e (f) ol igh xeg
0(9)

lp| S C(A)ev|u| % = C(A)e (luvw)’ threshold reg.

~——
0(9)
< C(Ayfu| =5 — oA v 1
bl S CAlul ™3 = O(A) (——grgy), Jow reg,
’u‘% Za—1
—
O(9)
I ! [ _ / .
9u| < C(A)evful 7705 = C(A)e () [ul 77, high reg.
0(6)
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1Outp| S C(A)€U|u|_1_qk = C(A)E( Y ) |u|_1, threshold reg.
u

1—

10up] S C(Aylu| 1% 25T = C(A) (

Turning next to A,, notice this quantity only satisfies an ingoing equation. Directly inserting

the bootstrap assumptions into (2.22) yields, e.g.
Oup| S C(A)elu _q’“+6,, high reg.,

which cannot be integrated from data (i.e. {u = —1}) to yield a bound of the form A, < w0
The strategy will be to use the v weights from above to our advantage.

Observe that the linear term containing A, in (2.22) has a favorable sign, so we have

o) < Ap(—1,0)| + /
T -1

(ﬁ)p)\o‘(ul, v)du'.

Inserting estimates for vy, p1p, 7, which contain v weights now gives

9udp| S C(AYe(—) [ul 8+, high reg,

v
|u|Qk

10urp| S C(A)e( )|u|~%, threshold reg.

v

00| £ )~

)\urq’“, low reg.
|ul

The u weight in each estimate is strictly less than —1 (provided ¢’ is not too large), so integrating
from data yields the desired estimate, along with the required O(d) gain. Choosing ¢ small improves
the bootstrap assumption.

For 8vq~5, we examine (2.26). Strictly speaking, one must first express 0,¢, = 0ywq + avgsz, and
thus there are additional terms on the right hand side due to w,. We can schematically represent
the variety of terms as follows:

v

OuByp = ——0yp + {terms involving only u derivatives of w,, ¢g or 5}
r

va

v
+ O(0v@q * (W)) + O(m)-

We have separated this terms this way in order to capture that (a) the terms containing &qu have

a bad sign, (b) the u derivatives of scalar field quantities are better behaved, (c) all v derivatives

82



of w, are multiplied by terms with good v weights, and (d) w, is only an approximate solution to
the wave equation on the background spacetime, cf. (4.10).

To decompose —%, write

—V —1 _ _
== 0 Oyl ™ + Il )
0
= L o)) + Ol ™ + [l ] 2).
PR v v

Initially, one decomposes into the background contribution and the perturbation. In the second
line, the background is further decomposed into the value along {v = 0} (which is fixed by the
gauge), and the difference. The latter gains good v weights due to the regularity of the background
spacetime.

We now conjugate through by |u|, and estimate the remainder to give

|0u(|ul0v@)| S C(A)e(

|u’qk)|u|_q’“+‘S ,  high reg.

|0u([ul0v@)| S C(A)e(

[l )u|%, threshold reg.

~ v B
|8u(’u‘av¢)‘ S C(A) (m) ‘U| qk, IOW reg.
quﬁ

As with the corresponding estimates for \,, the net negative u weight allows us to integrate from
{u = —1}, where 5 vanishes. Integrating and choosing § small improves the bootstrap assumptions.

It finally remains to consider ﬁ, in the low regularity case. Write

(o (125)), = (L),

Each quantity on the right hand side satisfies an estimate consistent with vanishing as v — 0, which

no longer depends on the bootstrap constant A. In particular, we find

A v
0108 (+=,)),| S — e
& 1_,U p |u|1+Qk+1 q_kla

2a

Integrating from {u = —1} gives

A
(i (2, 51+ e 51
L—p//p |u‘qk+m
Along with the estimate on the background spacetime ‘(log ﬁ) 0‘ < 1, we conclude the desired

improvement. O
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4.5.4 Low regularity case concluded

In the previous section we established existence and estimates for the spacetime geometry and scalar

2
field in the region Q,(:ff), for 6 < 1 and 7, = p’fg:l; ) ¢ (1, %fzz) Note that this was under the
assumption that no trapped surfaces exist in the future development. We now turn to showing that

in the low regularity case, the estimates are too singular to be consistent with stability.

We employ the following almost-scale critical trapped surface formation result due to Christodoulou:

Theorem 10 (Trapped Surface Formation [9]). Let (Q,g,r, @) denote a sufficiently regular solu-
tion to the spherically symmetric Finstein-scalar field system. Fiz an outgoing null cone ¥, and
coordinates v1 < ve, and define

r(u, v2)
r(u,v1)

n= —1. (4.17)

There exist positive constants cg,c1 such that if n < ¢o and
1
m(u,v2) — m(u,v1) > c1r(u, v2)nlog (5), (4.18)
then the future ingoing null-cone ¥,,, intersects a non-empty trapped region.

In words, the condition (4.18) states that too much Hawking mass concentrated at too small

a spatial scale must eventually lead to the formation of a trapped surface. To see how this result
14k2

applies in the setting at hand, let u € [-1,0), v1 = 0, and vy = d|u|2e=T. Along ¥, N{v1 < v < wa},

we have established the decomposition

qub = &ch)o +e¢ &Jwa + av;zg
~—~— —— N
O(ult+42) 0Ll ul=)  o(jul-1+12)
Let us compute a lower bound for the Hawking mass contained in X, N {v; < v < wy}:

v2 .2

m(u,ve) — m(u,vy) = / ﬁ(l — u)(8v¢)2dv

U1

v2
> Ju* / r2(0,6)2dv

1

2 ]u‘Q_kQ /Uz 62(&)@&)2 _ ’u‘z_;@ /U2 ((av¢0)2 n (av$)2)dv

v1
12 _ 2
Z Elul i — fulM v

2
z 6252a71‘u| - 5|u’k2+;:51

We can check that o € (1,p) implies k% + ;;rfi € (1,1 + 2k?), and hence for u sufficiently small,
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the leading order term above is due to w,. In particular,
m(u, v9) — m(u,v1) = €62 Hul (4.19)
holds for u small. Next, we estimate the ratio n which appears in (4.17). Compute

r(u,ve) — r(u,v1) = /UQ Au, v)dv

v1

:/WMWﬁwuwa3>

= (c+ O())|ul* (v2 — v1)

2
= 8(c+ O(8))|ulF* [u| 21,
SO

_or(uv)
= r(u,v1) 1
r(u,vy) — r(u,vy)

r(u,v1)

14+k2

= 0(c + O(8))u| 71 |u|2a=

= O(|ul*"):
In particular, n — 0 at a polynomial rate in |u|, and therefore nlog(%) — 0. In conjunction with
(4.19), we find that

1 1
m(u,ve) — m(u,v1) 2 |u| 2 |ulnlog (5) > c1r(u, ve)nlog (5),

verifying the trapped surface criterion (4.17).

4.5.5 Proof concluded

In the cases a > pg, we established existence of the solution (along with self-similar bounds) in

Q,(:gf’é), where § < 1 is small. To conclude the proof of Theorem 9, we extend the solution further
to Q7Y

Remark 22. The estimates of this section also give existence in any region Q,(ff’c), for C > 1
arbitrary, provided € is taken small in terms of C. To extend the solution uniformly up to {u = 0}

(formally, the C' — oo limit), different methods are required; see [43].

There are two major simplifications to working a finite (self-similar) distance away from {v = 0},
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1)
asin Q ke:f

\lex ) First, the blue-shift is absent, and hence the need to use weights which capture
vanishing in the v direction. Moreover, we have the coordinate condition v ~ |u|% up to factors of
8,6~ which are assumed to be fixed. Hence there is a freedom to interchange u and v weights.

Introduce the following norm:

Definition 8. In the following, use the convention that the characteristic region Q;:f’l)(u,v) is
implicitly restricted to Q,:‘f 2 (u,v)\ Q(ex b,

Define the weight v

w = eXP(—Dw%

where D > 1 is a large constant, and introduce the norm

14 _L2_ 5 _ s/
Ny (u,v) =  sup ’|u| 1-0 wrp’ + sup “u\ k=0 w)\p’ + sup “u\ J wup’
QT () Q! () Q! (u0)
+ su I - =0 =9 1)
p ul " wpy|+  sup  |Ju)' " wdugp| + sup  ||ul wOydp|,
Qe (u,w) Qi (u,w) QT (uw)
m(gl = sup ‘ﬂ(;/(u,v)

(u, U)EQ(EI 2

The bootstrap assumption is
MNs < Ae, high regularity (4.20)
Mo < Ae, threshold regularity, (4.21)
where ¢’ > 0 is the value specified in the proof of Proposition 13.
Proposition 14. For e sufficiently small, we have the improved bounds
My < C()e, high regularity (4.22)
MNo < C(I)e, threshold regularity, (4.23)

where C(I) are constants depending only on initial data, and the values of double-null quantities

along the past boundary {ﬁ = 4§} estimated previously.

Proof. To see the role of the weight w = exp(—D ), compute its derivatives

w9 /2

Oy = —DLw Oyw = —D

a1 Juufar (4.24)
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Since v ~ |u|% up to powers of ¢ in this region, we see that d,w ~ d,w ~ —‘%w. Therefore we can

generate large, favorable (depending on the sign of D), lower order terms in our transport estimates.

We will fix D below to be independent?® of e. We also have the estimates
jw] <1, Jw™] S eP.

In the remainder of the proof we will always work in the high regularity case. The threshold case is
identical, after setting &' = 0.

First, we observe that for e sufficiently small the self-similar bounds of Lemma 9 hold. To
estimate the quantities {7, vp, p1p, Oudp} which satisfy outgoing equations, conjugate the relevant
equations (2.23),(2.24),(2.26) with the weight w, and use the bootstrap assumptions and smallness

of € to estimate

By (wrp) + 7 (wry) = O(elu|+),

|u|(1k

O (wrp) + (wrp) = O(elu| =+,

|u|Qk

D B /
av(wﬂp) + W(wﬂp) = O(E‘“| a0 )’

au(wau¢p) + i(’wau¢p) = O(e‘u’_l_qk'ﬁs/)’

’u‘Qk
In each case, it suffices to conjugate by wW¥, for the appropriate double-null quantity, and integrate

in v from the “data” along {ﬁ = ¢}. For example,

v

2 2 ! /
wry(u, v)]* + — (wrvy,)*(u, v")dv
fwry(u,v) /W i 0.1
v
S fuwy (sl + [ R
ul9k

< 21,120 1 [ D 2 / / -1.2 ! 1 /
~ € ’U‘ + = s ('LUVp) (U,'U)d'l) +D € Wd'l}

2 Jsjujan [u|% 8lul

]_ v _D 7 v
< 2,028 |+ 2 N ~1.2| 126
S e |ul* + 2 Jsjupn —qu (wrp)*(u,v")dv" + D™ € |u| (|u|‘1k)

!/ ! 1 v D
< Elu® + D7) +/ — (wrp)? (u,v")dv'.
2 Jsjujar [u|%

3The argument here is streamlined by the fact that we are not extending the solution all the way to {u = C},
C > 1. For this extra step, one must also allow D and ¢ to depend on C.
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Absorbing the final integral expression into the left hand side, and choosing D sufficiently large,
improves the assumption on wv,. Similar arguments apply for the remaining quantities.

It therefore remains to consider quantities {\,, d,¢,} which satisfy ingoing equations. Conju-
gating through (2.22), (2.26) by w, using the bootstrap assumptions and the smallness of € gives

D, v

Ou(wAp) + m(m)(w)\p) = O(€|u]7qk+5/),
D ’
(W) + m(ﬁ)(wa@p) — O(efu[ ).

The integration in the ingoing direction largely parallels the process for the outgoing equations.
However, we note that (1) the data terms now lie on {ﬁ =0tU{u=—1,v > 6}, (2) the good
lower order coefficients satisfy the lower bound 2 §D, where we emphasize that § is fized, and
(3) the O(Ju|~%*%") weights in the ), equation are not sufficient to integrate in u and recover the
desired |u[**+%" bound. The only problematic difference is (3), for which we note that in this region
we can write |u|_qk+5/ ~ Pk |u]_1_q’€+5/. The net u weight is now strictly less than —1, allowing the

integration to proceed as above.
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Chapter 5

A construction of stable interior

perturbations

5.1 Overview

This section is based on the main result of our work [43]. Given an approximately k-self-similar
interior spacetime (Q,(;n), 90,70, ¢0) with a first singularity at (u,v) = (0,0), and suitable “asymp-
totic data” along the ingoing light-cone {v = 0}, we prove the existence of a perturbation of
(Q;m),go, 0, ¢0) achieving this data.

The specification of data along {v = 0} is crucial for gaining a priori control on the desired
spacetime towards the singularity, and will allow the construction to avoid activating the blue-shift
instability. Indeed, in the results of Chapter 4 it was the combination of (a) the absence of blue-
shift on the light-cone and (b) regularity of the solution that allowed the propagation of desirable
estimates in the whole exterior.

The situation is essentially different in the interior, however, due to the lack of backwards well-
posedness for data along {v = 0}. It is therefore not enough to exploit regularity, and we will rely on
sufficiently rapid decay of the perturbations as u — 0 in order to avoid any instabilities in the bulk
region. This observation is based on a related backwards construction of (spacelike) singularities
in [22]. The main drawback of this class of results, ours included, is that the high degree of decay

required on the perturbations renders the resulting spacetimes non-generic. Altogether different
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methods are required to treat the general stability problem.

We conclude with an overview of this chapter. Section 5.2 defines the class of admissible space-
times, and Section 5.3 states the main result of our backwards construction. Section 5.4 gives
an outline of the proof, illustrating how we propagate rapid decay of the perturbation quantities.

Section 5.5 is devoted to the proof.

5.2 Admissible spacetimes

Definition 9. Fiz k? € (0, %) An admissible approximately k-self-similar interior space-

time (Q,(jn),go,ro,qbo) is a BV solution to (2.5)-(2.9) on the coordinate domain

with a reqular center of symmetry

F={v=—u|?% -1 <u<0}
that terminates in finite u-coordinate time at the singular point* O : (u,v) = (0,0). The solution
satisfies the following:

1. Gauge conditions and low-order self-similar bounds:

o Along {v = 0}, ro(u,0) = |u| holds, and there exist constants co,dp > 0 such that
Ao(u, 0) = colul®” + O(JulF*+%).

o The following estimates hold

2
2 T
(—10) ~ 1, Ao~ [ul*, [log(1 — o)l ~ 1, p S ﬁ

|Outol < [ul™", [Budo] S ful .
2. Higher order self-similar bounds:

o The following estimates hold

10uro| S Jul ™Y, 10uho] S Jul 712

102¢0] S [uf?, 102¢0] S Jul o] 1P

!This idealized singularity is not actually contained in the spacetime.
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[D5vol S Jul 2, 850l < Jul ™

In the region Spar = Q,(jn) N{te < —3} supported away from the null cone {v = 0},

|u|qk =

we additionally have
03 Mol < Jul 27, (00| < Jul P
3. Boundary behavior towards I':
o C! boundary conditions hold along T', to the past of the singular point O:

(Mo + pilul* v0) |, = 0
(0(r) + prlul™ 0u(r¢))[ . = 0

rolp = (rogo)|p = Mo’r =0
e Towards O there is the limiting behavior

li _ li _ li —0.
(u,v)1—>rn(0,0) "o (u,v)lin(O,O)(TOd)O) (u,v)1—>nl(0,0) o

5.3 Statement of main results

Theorem 11. Fir k* <€ (0, %), and a choice of admissible approximately k-self-similar interior
(Q,(Cm),go,ro, ¢0). Let o > 1 be a large parameter depending only on the background interior space-

time, and let fo(u) : [-1,0] = R denote a function such that

2

Ea=)_ sup |ju~7)9] fo(u)| < oo (5.1)

Then there exists €y sufficiently small, such that for all € < €, there exists a solution to (2.5)-(2.9)

achieving the following asymptotic data:
r(u,0) = 7r0(u,0), du(re)(u,0) = du(rogo)(u,0) + €fo(u). (5.2)
This solution obeys the following:
o (Regularity) The solution is in BV to the past of O, and is in Cl(Q](jn) \ {v=0}).

e (Convergence to background) The solution asymptotically converges to the background space-
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time in scale-invariant norms as u — 0, with rates
— — _ _ .2 _ .2
|\u| Ly — |u 17’0‘ < erglul® L ‘V— 1/0} < €lul?, Hu\ kN — |u k )\0‘ < €lul, (5.3)

1= o] S erglul*, |Juldug — [uldugo| S elul®,  |lul®8ud — |ul®pdo| < elul®. (5.4)

Remark 23. Note that Theorem 11 does not claim uniqueness for the spacetimes achieving the
desired asymptotic data. Such uniqueness does not directly follow from the local existence theory for

characteristic data, as the “data” along {v = 0} is highly singular (and is thus not BV data).

5.4 Proof Outline

Approzimate interiors: Due to the low regularity of ingoing scalar field data along X, standard
local existence results for domains of the form Q,(;n) do not apply. Indeed, the ultimate goal is
to construct a solution in a neighborhood of the cone point O, but we will have to approach the
solution in a different manner.

Instead we consider a series of approximate interior solutions, adapted to truncated domains
of the form Q;jn)’"‘s = Q,(cm) N{u < us} (see Figure 5.1). Here, us < 0 is a small parameter that
will eventually be taken to 0. We proceed to solve the problem with trivial outgoing data for the
perturbations ¥, along {v < 0, u = us}, and cutoff ingoing data along {v = 0, u < us}. The
resulting problem takes place a finite distance from O, and local existence theory (see Proposition
15) gives a local solution in a full neighborhood of {v < 0, uw = us}. The key analytical step of the

proof is extending this local solution to the domain Q,(Cm)’u‘s, which we turn to next.

in)vué

Main transport estimates: Although Q,g occupies a compact domain in the (u,v) coordinate
plane, proving existence of a solution uniformly in the cutoff us requires solving a semi-global
existence problem. The admissible backgrounds are in general large in pointwise norms (and, due
to self-similar bounds, may be quite singular) for |u| small, and thus we must use the structure of
the background solution in an essential way.

The linearized system for the weighted quantities wg W, is a coupled system of transport equa-

tions, of the schematic form

c+O(e)

8u w\y\If +
( p) |u’
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Figure 5.1: Setup for the approximate interior construction. Region guaranteed by local existence
theory shaded.

d+ O(e)

Op(wyW¥p) + T

Here, ¢,d are constants determined by the self-similar behavior of the background solution, and
Eu, &y are error terms depending on the remaining set of weighted unknowns wg V¥,,. In particular,
under the assumption that each weighted quantity satisfies a pointwise bound |wy V)| < €, the right

hand sides will satisfy estimates
Eu=O(Jul M weWp|) = O(elul™), & = O(lul™ ¥ [wa W, |) = O(elul 7).

Equations of the form (5.5) are problematic for two reasons: 1) the zeroth order terms may have
unfavorable signs, reflecting a tendency for quantities to grow, and 2) the error terms just fail to
be integrable. The potential for growth may be seen as a manifestation of the blue-shift instability,
and one cannot hope that the constants are consistent with self-similar growth. For equations of the
form (5.6) the integrability of singular u coefficients is no longer a problem. Still, without knowledge
of the signs of the constants ¢, d, deriving pointwise self-similar estimates from the above equations
alone is not possible.

The strategy is to exploit both the rapidly decaying initial data for the ¥,, and the backwards

nature of the problem. We attempt to propagate bounds of the form |V,| < wyg|u|®. Formally, we
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then expect to have &, = O(e|u|*!), and similarly for &,.
Conjugating (5.5) by |u|~¢ yields

—a+¢+0(e)

Ou(u|" %wy¥,) +
P |ul

(jul~*wawy) = O ().

For « large as a function of background quantities, the zeroth order coefficient can be made negative.
Contracting with |u|"*wg¥, and integrating (backwards) in w from {u = wus}, we conclude an
estimate

—a (ué’v) 1
|u| ™ we Uy (u, v)+ (o — e + O(e))/ — (|| wy W,)2 (v, v)du

(u,v) |u,‘

< (usv) 1 I—a ’ '
< O(e) : T we W | (v, v)du

u,v) "LL,’

(ug,v) 1
<2 / g 0,2 (0 v)dud
(

~2 S W
+a7'0(?) /(us,v) Ldu/.
(wo) ]
We have used that the W, vanish along {u = us}. Absorbing the first integral on the right hand side
leaves an error term of size a~'O(€?), which up to a logarithmic divergence, gives an improvement
for « large as a function of the implied constants. Importantly all implied constants can be chosen
to depend only on the background solution. The divergence is in turn managed by conjugating
through by an additional |u|?, for a small constant o > 0.
This pattern is carried through for unknowns satisfying u transport equations. A similar pattern
works for those only satisfying v equations, after replacing the weight |u|~® with a weight (Ju|% +
|v])~Pk. The geometry of the interior region Ql(fn) implies that this weight is comparable to |u|™%,

and also produces good lower order terms after conjugating.

5.5 Proof

5.5.1 A mixed timelike-characteristic local existence result

In the sequel we need an adaptation of the local existence results of Section 2.2 to a setting with both
a bifurcate null hypersurface and an axis. See Figure 5.2. Assume a point (ug, vg) € Qy is fixed, along

with a pair of ingoing and outgoing null surfaces ¥, , ¥,,. Pose the data A(ug,v), 9,(r¢)(ug,v) €

Vo ?

C(Su,), and v(u, vg), Bu(re)(u, vo) € C1(Z,,). It follows from this choice of data, the scalar field
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(—lvo + 62|PF,v0 + d2) @

(=lvo|"*, vo)

(uwo,v0 + d1)

(w0, vo)

Figure 5.2: Diagram for the local existence result of Proposition 15

system, and boundary conditions at the axis that the values of r,m, ¢ are everywhere determined
on X, UXiy,.

The presence of a regular center imposes additional non-trivial compatibility conditions on the
outgoing data along ¥,,. To see how these conditions arise, observe that the choice of data along
Y, along with boundary conditions at the cone point Py, = (—|vg|P¥,vp), fix the value of the
transversal quantities 97 (P,,), 0% (r¢)(Py,), i = 1,2. The scalar field system, in particular (2.10),
(2.15) and their v-commuted versions, imply first order transport equations for these transversal
quantities along X, . Tt follows that for a regular solution to exist locally to the future of data, a
necessary condition is that the choice of outgoing data agrees at (ug, vg) with the value induced by

integrating from the axis.

Subject to this added compatibility condition, we prove that local existence holds:

Proposition 15. Assume C' data along 2o U, is specified as above (including the compatibility
conditions at (ug,vo)). Then there exists a § > 0 depending on the C* norms of the initial data,

and a unique local C' solution to the Finstein-scalar field system on the domain
{vo <v<wy+96, up <u< —|v|Pr}. (5.7)

Before discussing the proof, we recall an extension principle for C'! solutions proved by Christodoulou
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in [10]. Assume as above that I' = {—|u|% = v, u < 0}. For fixed (u,v) € Qy define
D(u,v) = {(u,v) [u <u < —[of, —[u|™* <v <o},
This set may be interpreted as the domain of dependence of ¥, N {v < v}.

Proposition 16 (C! Extension principle [10]). Fir an outgoing null surface ¥, with past endpoint
along T, and data \(v),0,(r¢) € C1(X,). Assume there exists a vi > —|u|% and a C' solution
on D(u,v) for all v < v.. Suppose that for € sufficiently small, the solution satisfies the smallness
condition
lim sup p(u,v) <e, (5.8)
u=—[v«|PE D(y,v,)

as (u,v.) is approached. Then there erists a v > vi and a O extension of the solution in the

region D(u, V).

Proof of Proposition 15. To apply the extension principle, we require a local solution in a region
given by D(u,v) for some point (u,v). We construct such a solution in the region Upqcry by
considering the backwards problem with data posed along X, . One may think of ¥, as an outgoing
cone for the backwards problem with past vertex along I'. The above local existence theory provides
a v < vy and a C! solution in the region U(pack), equivalently given as D(—|v1|P*, vo).

We next consider the solution in a region U, at a fixed distance away from the axis. Restricting
to the problem of characteristic data along (X, N{u < —|v1|P*})UX,,, we apply the local existence
for characteristic initial data with r bounded away from 0. It follows that we have a local C*
solution in the domain

Uy = {up < u < —vg [P, vo < v < + 01,
for some &1 > 0. By virtue of the compatibility conditions assumed on initial outgoing data, the
solution in U induces C! outgoing data along {u = —|v1[Pk} to the future of {v = vg}. We now

wish to apply the extension principle and generate an additional piece of the solution in
Uy = {—|v1|PF <u < —JlPE, vy < v <wg + b2},

for some d2 > 0. The smallness condition on p in Upger) is simple to check, as the local existence
theorem guarantees that the solution is C'! there uniformly up to the cone point (—|vg|P¥, vg). The
bound p < r then follows by standard arguments.

The extension principle thus suffices to generate a C! solution in Us. Taking the union (U;N{v <
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v + 02}) UUs gives the desired local solution. a

5.5.2 An integration lemma

We give a basic pointwise estimate for transport equations. We will repeatedly use this to drop

lower-order terms with “good” signs.

Lemma 10. Fiz vg < vi. Let f(v) : [vg,v1] — R be continuous on [vg,v1] and C' on (vg,v1].
Assume f satisfies the equation
Ouf +c(v)f = E(v),
in (vo,v1], where c(v), E(v) are given functions with c¢(v) > 0. Assume E(v) € L*([vg,v1]), and
c(v) € L=([v',v1]) for allv' > vy. Then
vl
sup 1) < 1f(w)l + [ 1E|)ao (5:9)
vE[vo,v1] Vo

An analogous result holds in the w direction, for functions g(u) : [ug, u1] — R satisfying the equation
aug + C(U)g = E(’LL),
with ugp < uy and c(u) > 0.

Proof. Fix v € (vg,v1], as well as a § < 1 sufficiently small satisfying vg + 6 < v. Since c(v) €

L>([vg + 6,v)), we apply an integrating factor to give
v / ’ (v ’ ’ v v/ " 7
flv)y=e€" Jogvs v fluo+6)+e Jugvs v / evo+s V)Y EQ@"dv'.
vo+9
By the non-negativity of ¢(v), we estimate

v

[f()| < [f(vo+0)[+ / |E(@")|dv'

vo+90

< f(v0+ )] + / "B\

Vo
Taking 6 — 0 and taking supremum over v € [vg,v;] yields (5.9). The estimate for g(u) follows in

a similar manner. O

5.5.3 Averaging operators, and integration near the center

As an illustration of the analytical difficulties associated to working near the center of symmetry,

consider the process of closing pointwise estimates on the scalar field ¢.
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The structure of the wave equation for r¢ (cf. (2.15)) will allow for pointwise bounds on r-
weighted quantities, e.g. OF(r¢),0%(r¢), on the assumption of quantitative regularity at the center,
e.g. an estimate of the form p < r2. However, to recover such an estimate on p, it is clear from
(2.13)-(2.14) that one should control the unweighted derivatives 0y, Oye.

In regions with r > 0, the relation

0ub = (0u(r) — v9)

is sufficient to estimate 0,¢ given a bound at the same order on 9,(r¢). However, it is clear that
such a procedure cannot work up to the center. An alternative approach is discussed in [10] and
[30], with the latter presenting a general framework for near-axis analysis using the language of
averaging operators. Observe that the BV (or C') boundary conditions require T¢|F = 0 pointwise,

and hence one can write

d(u,v) = / (9 (r¢) (v, v)du (5.10)
(u,v)

¢ can thus be interpreted as an average in u of 9,(r¢) (a corresponding formula holds in the v
direction). Differentiating averages of this form gives the required bounds on 9,¢, at the cost of
requiring bounds on 92(r¢).

More generally, let (Qg,g,7,¢) be a C' solution to the system (2.5)-(2.9) in some domain
U CR2,. Fix (u,v) € U, and assume that both the future directed constant v line, and the past
directed constant u line, intersect the axis I' and are contained in U. Let f € C'(U) be a given

function, and consider the quantities
(ur(v),v) (u,v)
Llf](u,0) = r(u, v)~! / Fd )dd, L) v) = ru,0) ! / fl)de.  (5.11)
(u,v) (u,or (uw))

The following lemma illustrates how to bound derivatives of these averages, assuming suitable

control on the geometry.

Lemma 11.

SUPy’ e[u,ur (v)] |V|(ulvv) -1 /

OuLy[f]l(u,v) < sup (v~ (', v), 5.12
|Oulu[f1](u, v) S e o) 1@ 0) e, | @ Nl v) (5.12)
SUPy/ efvr (u),v] |)‘|( u, /) -1 /

Ou Ly f]|(u, v sup | AT ) |(u,v'). 5.13
oulalf)0) $ T O s 0,07 ) (5.13)



Proof. The proofs of (5.12) and (5.13) are nearly identical, so we just discuss (5.12). Explicitly
differentiating I,,[f](u,v) and integrating by parts gives
(ur (v),v)
0L\ (u,0) = —r(w ) ulue) [0’ = o) )
(u0)

(ur(v),v)
= —r(u,v) “v(u,v) / Our(u',v) f)(u v)du' — r(u,v) " f(u,v)
(u,v)
(ur (v),v)
= r(u,v) 2v(u,v) / r(u',v)@u<§>(u',v)du'. (5.14)
(u)
Pulling out the supremum of d,(v~!f) and factor of r, the integral can then be explicitly evaluated

to give |[u —ur(v)|. Given a positive lower bound on —v, this difference can be bounded by a factor

of r(u,v). All the singular factors of r cancel, and we are left with the estimate (5.12). O
The above framework immediately gives bounds on derivatives of the scalar field.

Corollary 2. Introduce the notation sup,s = SUPyefuup(v)]s SUPy = SUDyefup(u),0], @Nd similarly
forinf,/ inf,,. With the running assumptions on (r,m,$) and U, we have

sup,, |V| sup, |V

Putllu ) S 2P B suplovlsup louro) + SR sup e, (5.9
A A
0.61(0,0) S S22 sup [0, sup 10, 1) + S sup (7). (5.16)

We have dropped the arguments (u',v), (u,v") of the terms appearing in the above estimates.

Proof. Apply Lemma 11 with f = 0,(r¢), 0,(r¢) and use the formula (5.10) along with its variant

in the v direction. O

Remark 24. An analogous result to Corollary 2 will be needed when the future directed constant v
line does not intersect the axis, but rather intersects data along some null line {u = ug}. The proof

of the previous lemma and corollary still goes through, because
1. The data term r(ug,v)d(ugs,v) drops out during the integration by parts step.

2. The u difference produced by evaluating the integral is now |u — ugs|, which can be bounded by

|u — ulp(v)|, and therefore one still gains the extra power of r.
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The argument extends to higher derivatives on I,,, I,,. We will need estimates at one derivative

higher, captured in the following lemma:

Lemma 12.

sup,, |Ouv| sup,, |v|?

2 < -1 -1 -1

OFLulfl(u,) § ZEE sup 0, )l + R s 0u 0T 0T L (T)
2

2 < SUby |0uA| -1 sup, |A| -1 -1

LAl 0) § 5 S sup AT+ I sw 0T 0T )L (58)

Proof. Differentiating (5.14) gives
(ur (v),v)
0L, [f)(u,v) = By (u, v)r(u,v) 2 / r(u, v)8u<£) (v, v)du

(u,v)
(ur (v),v)

+ v(u,v)0y (r(u,v)_2 / r(u',v)@u<—) (u',v)du’).
(u,v)
The first term can be estimated by |9,2||0, (v~ f)|. The second term can be treated precisely as in
the previous lemma, i.e. integration by parts and placing an extra derivative on v~ 9, (v~ f). The

result is the stated bound (5.17).

The same argument with v instead of u gives (5.18). O

Remark 25. The proof of Lemma 11 applies to a slightly more general class averaging operators of

the form

(ur(0)v)
Loulf] (1, 0) = r(u, v)* / P ) 0l o)l (5.19)

()

and (u,v)
Lo o] 0) = r(u, v)~* / (o)L f (0 )l (5.20)

(w,vr(w))

We will have use for this extension when considering estimates for quantities like 7z, which can be
written in the form (5.19)-(5.20) with s = 3. Moreover, the explicit formula (5.14) for derivatives

continues to hold, with the r weights naturally adjusted as a function of s.
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5.5.4 Approximate interiors: overview

Assume a us € (—1,0) is fixed, and define the truncated domain
Qlimhus = glin) £y, < g} (5.21)

For the duration of this section, we apply the convention that subsets of spacetime, e.g. I', ¥, %,
are restricted to Q,(jn)’u‘s. Let £ denote the set I' U ¥,,;, containing the future endpoints of ingoing
null curves. £ will be the natural boundary from which transport equations in the u direction are
integrated. For v transport equations, any boundary terms will lie on the initial data surface X.
Given any (u,v) € Q,gin)’ué, let uz(v) be the future endpoint of ¥, on £. Similarly one can define
ve(u).

Additional subregions of Q/,(fn)’u‘s that will be important in the following are

BOUs = QU 1 [y > —Jug|®}, B = QU A {u < —fug|%),

The pair B4 and B@us divides Q,(fn)’“‘S along the ingoing null curve v = —|ug|%, separating

points for which the boundary terms of u transport equations lie on I' and ¥, respectively.

The approach to proving Theorem 11 is by first constructing solutions in the truncated domains
Q,gin)’u5, for sequences of ug approaching 0. Each such solution is called an approximate interior,
and will be uniquely determined by initial data along ¥, U X,,;. This data is further constrained by

the requirement that it approach (in some sense) the desired asymptotic data (5.2) as us — 0.

Definition 10. An approximate interior initial data set is a triplet of functions fs(u) :

[—1,us] = R, ks(v) : [or(us),0] = R, hs(v) : [vr(us),0] — R satisfying the regularity conditions

fs(u) € C1(Zy)
ks(v) € C%(Bu;) N O (B, \ {v =0})

hs(v) € C%(Su;) NC= (S \ {v = 0}),
and

o' P9, ks (v0) € CO(Sy).
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Moreover, if one associates to the above triple the characteristic initial data
r(u,0) = ro(u,0), Ou(rd)(u,0) = Oy (rodo)(u,0) + €fs(u), (5.22)
7(us,v) = ro(us, v) + €ks(v),  Oy(ro)(us,v) = 0u(reo)(us, v) + €hs(v), (5.23)

we require that the compatibility conditions of Proposition 15 hold.

For a > 1, define the initial data norm

™ =" sup ul ~ 0L f5 ()| + sup s~ |9ykes (0)] + sup [us| = |hs(v)]

1=0 “Us§ us us
ot 12k? _ —
—|—SEup |ug| o TL2F 8gk5(v)]+szup|u5] @ 1PRR 9, hs (V). (5.24)

By Proposition 15, one sees that for fixed ug and admissible interior initial data, a unique local

solution to the Einstein-scalar field system achieving the data (5.22)—(5.23) exists on a domain
Q;m) 10" = {us — & <u < wugs, vy(u) <v <0},

for some &' > 0. This local solution lies in BV(QSn) us:0 )ﬁCl(Q(m 59"\ {5 = 0}), with propagation
of Holder regularity near {v = 0}. By a continuity argument, the existence of a solution in the
semi-global domain Q,(:n)’u‘s will follow by showing suitable BV estimates in this region. To facilitate

this, we introduce various norms:
Definition 11. The regqularity of the background solution is measured by the following norm:

By = sup |log [ul ~F* Ao| + sup | log(~0)| + sup | log(1 — po)| + sup [[ul>" 3 ol
Q](Czn) QI(v Q;;n) Ql(czn) 0

+ sup [[ulduvo] + sup [[ul' "9, \] + sup [[uldugo| + sup |[u]' g0

Q](Czn Q](czn) Q](czn) Q](:n)
+ sup ||u?82¢0| + sup [[u]|v]' P 92, (5.25)
k k

which is finite by Definition 9.

Also define the bootstrap norms

1 1
—7T Z sup
T0|U’a p" 0 Q(zn) Jug

£, = sup
(in),u

2

(5.26)

Mt
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1

S)\p = sup a+k2 A ‘ + sup m&))\p s (527)
Qtim s | [ul gtim-us ! |ul
k
I ! j g, = é (5.28)
= sup |———lp|, = sup |—— :
Hr fo) (in),u T0|u’a71 Mp ¢p Q(in),u6 |u|a P
k k
7"¢p) Z sup |u’a 3 u(r¢]’) (529)
i=1 Q(ln) Jug
. 1 1 ‘U‘ 1—prk?
ooy = S |0+ s | () 06| (5:30)
Q(zn),u(s ’U‘ Q(zn),u(s ’U‘ ”U,‘
k k
as well as the total spacetime norm
S =8 L+ S, + S+ Lo+ Lora) + Loury)- (5.31)

The main result is the following, which implies the existence of approximate interiors uniformly

in ug, provided a > 1 is chosen appropriately.

Proposition 17. There exists a > 0 depending on Bq, and ¢y depending on I&m), such that the
following is true: provided € < €g, for any us € [—1,0) fized, the unique local solution achieving

(5.22)—(5.23) extends to Ql(fn)’u‘s, with the bound
2™ < 0(Bo, ZUm)e. (5.32)
To prove Proposition 17, we will make the bootstrap assumption
e < Ae, (5.33)

for a large constant A > 1. By continuity one ensures this holds (for large enough A) in each of

Q(m sug,0

the regions on which the local solution exists. Moreover, by making the region of local
existence (measured by ¢’) sufficiently small depending on wg, one can ensure that A is only a
function of %O,I( ") We now turn to improving the assumption by improving the constant factor

n (5.33), which by a continuity argument will gaurantee that the bound continues to hold in the

whole region an) e

5.5.5 Consequences of the bootstrap assumptions

In this section, we will use the convention that |f(u,v)| < € is equivalent to |f(u,v)| <

C (‘BO,IS”))G, where the constants only depend on data norms (and in particular, are independent
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of A). We also let C(A) denote general constants which can depend on A, although in a non-explicit
manner.
First we discuss various bounds which hold along the initial data hypersurfaces ¥y U ,,;, which

follow from control on L(j”):

Lemma 13. For € sufficiently small, we have

|00y (s, v) S elus® 1, (5.34)

|%|(ucs,v) < elug)* 2. (5.35)

Proof. To estimate 0,¢,(us,v) in a neighborhood of {v = 0}, it suffices to use the identity

1
r(ug,v)

The bound |rp(us,v)| S eIgn)]u(;\o‘ implies that for e sufficiently small, r = rg 4+ rp, ~ 79 ~ |us/, the

8v¢p(u67 ’U) -

(8'0 (T(bp)(uév ’U) - )\(Ug, U)(Z)P(uts? U)) (536>

final equivalence holding near {v = 0}.
Similarly A(us,v) ~ Ao(us,v). To estimate ¢,, apply boundary conditions along the axis and

the fundamental theorem of calculus in the v direction to see
(’LL&,U)
ool s [ 10u(rap)l(us, )i

(us;vr(us))

< 0 us | o — op(ug))|

< €Z8™ ug|“r (ug, v).

~ «

Dividing through by 7(us, v) gives the bound |¢,| < ezi™ lus|“. Inserting these estimates into (5.36)

gives
. o 2
‘avgi)p(uﬁavﬂ S el—(m)‘u6|a 1+k :

~ «

In a neighborhood of the axis, insert the bootstrap bounds for X, 9,A, 0, (rép), 82(r¢,) into (5.16),
giving |
Db (s, v)] S €™ us] >~

as desired.

The strategy for deriving (5.35) is to integrate (2.25) from (u,v) = (us,vr(us)). The coefficient

of the zeroth order term \

—G3pp = *(; + §(8v¢)2>ﬂp
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appearing on the right hand side of (2.25) has a favorable sign (cf. Lemma 10). For € small enough,

estimate
. _ 2
() ol (us,v) < €Z™ Jug|* 2R o (us, v),

. _ 2
|(Zs) (w5, 0) S €ZE ug|* > ro(us, ).
Integrating (2.25) thus gives

: _ 2
|t (15, v) < Nl (us, vr (us)) + €8 Jus|* =2 rg (us, v)v — vr (us)|
<yl (s, vr (us)) + €25 |ug|* =203 (us, v)

< eIg") ]u(;|°‘*2r§ (ug,v).

O
Lemma 14. For e sufficiently small, we have
rerg, < |ul, (=v)~1, A~ fulf, (1= p) ~ 1 (5.37)
Moreover, the following higher order bounds hold:
0ur] S Jul ™, 100A] S Jul 7T (5.38)

Proof. The bounds follow by writing ¥ = W+ V¥,,, applying the control on the background solution

via By as well as the bootstrap assumption (5.33), and finally choosing e sufficiently small. O

Lemma 15. For e sufficiently small, we have

[Outp| S Aelul*™, (5.39)
0u6p| S Aelu|* - (5.40)

Therefore
0wl S Jul ™Y, 80| S Jul . (5.41)

Proof. (5.39) follows from (5.15) after applying Lemma 14 and the bootstrap control on 9,(r¢p),
and 92(rop).
To estimate 0, ¢, we apply (2.28). Estimating the right hand side gives [0y (rd,¢p)| S Ae|u|o— 1K

For (u,v) € BM:us integrating in u gives

|Tav¢p|(uvv) 5 |T8v¢p|(u5av) + A€|U|a+k2_1 U — U
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S er(us, ”)|U6|a_1+k2zc(fn) + Aer(u, v)ul]*

Dividing through by r(u,v) and observing r(us,v) < r(u,v) gives the result, after potentially
choosing A larger. Finally, for (u,v) € B@:us the integration is similar, and the boundary term

vanishes along the axis. O

Lemma 16. For € sufficiently small depending on A,
1 _
5| < Adul® 2. (5.42)

Therefore
p < 2|l 72 (5.43)

Proof. Lemma 13, along with boundary conditions on I', bounds p,(u,v) for any (u,v) € L. We
proceed by integrating (2.24) in the direction of decreasing u, using that the bootstrap assumptions
imply the zeroth order term has a good sign. Apply bootstrap assumptions and (5.39) with €

sufficiently small to estimate
(Ga) ol [(Zn) | S Aelul*?ro. (5.44)

In the above estimate, there is potential danger due to the r~! factors appearing in (2.24). Note
however the presence of g factors in these terms, which allows one to write g < 72|u| 72, and gain

in powers of 7. For (u,v) € B integrating (2.24) in u and applying (5.44) gives

ltp (u,0) < Lpapl (s, 0) + Aelul**ro(u, v) (Jul = |us])

< lhapl (ug, v) + Aelul*?ro(u, v)?.
Dividing by 70(u,v)? and applying (5.35) gives the result.
For (u,v) € B2):s the integration is the same, and the boundary term vanishes. O
5.5.6 Closing the main bootstrap

We now proceed to the main set of estimates. First we discuss 7y, ¢, for which bounds follow simply

from the fundamental theorem of calculus.
Lemma 17. For € sufficiently small we have the estimates

£ 58y, (5.45)
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Loy S Loy(réy)- (5.46)

Proof. For all (u,v) € Q,(jn) " the past directed constant u curve intersects I' at some (u,vr(u)).
Integrating 0,1, = A\p from the axis, where r,(u, vr(u)) = 0, we conclude
(u,v)
ol < [ )
(

w,or (u))

(u,0)

< £Ap|u’a+k2 / dv’

(uw,vr (uw))

= £, [u[*" (v — vp(u))

S Lo, lulro(u, v).

Dividing by |u|*rg gives the desired result.
An analogous argument for ¢, proceeds by integrating 0,(r¢,) from the axis, where boundary
conditions imply (r¢p)(u,vr(u)) = 0. Using the positive lower bound on A to exchange a factor of

v — vp(u) for r(u,v)|u| =, we conclude a bound on bp. O

We next estimate those unknowns satisfying v equations. The key is to conjugate by powers of
w = (Ju|% 4 |v|)P* to gain good low order terms. Note u satisfies both a u and v equation; in this

section it is convenient to estimate p via its u equation.

Lemma 18. For € sufficiently small,

1
Loy Qau(mp) < TOAG. (5.47)

Proof. Start by estimating the right hand side of (2.23). Inserting the bootstrap assumptions, and

choosing € small to absorb terms of O(€?) gives
Gupl, 1(Gr)prol S Aelul™ < Ac(fuf + [o]) 7P,
It follows that d,v, = O(Ae(|u|% + |v|)~1T2Pr). Conjugate through by the weight w~%, giving

—Q pka —Q . —
Ou(w™"vp) — m(w vp) = O(Ae([ul® + [v]) 7).

Multiplying by w™“v, and integrating in v from data gives

(u,0) (u,0)
(4, v) + prex / L (w2, o )dv' < O(Ae) /

w9 + |v']
(u,v) (u,v)

1

—Q /
7|u\‘1k n W‘w |vp|dv
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(u,0) (u,0)
brc 1 —a,, )2 N -1 2 2 1 '
< -
S / i+ W‘(w vp)“(u,v')dv' + a” TO(A%€) / e T |v/|dv
(u,v) (u,v)
(u,0) .
Pr —a,, 2 N g, -1 2.2
<
S / o W‘(w vp)“(u,v")dv' + o TO(A%€).
(uv)

In the above, we have used that v,(u,0) = 0 to drop the initial data term. After absorbing the
remaining integral into the left hand side, we arrive at an estimate for w™“v,. Since w ~ |ul, the
bound on w~ %y, translates to a bound on |u|"*v,. We finally choose « sufficiently large so that
the error term a~tO(A%€?) is of size §A%€2, where § can be made small. After taking square roots
of the above estimate, we conclude the desired improvement.

To estimate 0,1, consult the u-commuted equation (2.35). The main new terms to estimate

are of the following form:
1. Terms T% and %, which have been estimated in Lemma 16.

2. Derivatives Oy, Oy, Ouftp, OuAp which may be estimated by the respective transport equations
satisfied by these quantities. Note the quantity 0,¢, appearing in the equation for d,u, has

already been estimated in Lemma 15.

The result is an estimate
2
|0y 0up| S Aew®2HF

Conjugating by w~ (@1 and proceeding as for vp gives the desired improvement. Note d,vp(u,0) =
0, and hence the data term vanishes.
We next estimate 0,,(r¢,) using the wave equation (2.27). Inserting the bootstrap assumptions

and bounds on the derivatives of the background scalar field yields
|000u(rdp)| < Aew 1R,
Conjugating by w™¢, integrating in v, and proceeding as for v, gives
w0 (rep) P (u, v) S [w™Bu(rép)|*(u, 0) + a~ O(A%?),

where the data term may be estimated by €2 (IS"))Q. It follows that for a large we again improve

the bootstrap assumption.
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Finally we consider 82(r¢,). Estimating the terms appearing in (2.39) yields

10,02(rep)| < Aew2F

(a=1)

It follows that we can conjugate by w™ and integrate in v, giving the desired estimate. O

It remains to estimate the quantities satisfying u equations.

Lemma 19. For e sufficiently small,

1
2)\17, ﬂup, 'S&J(rqﬁp) < EAG. (5.48)

Proof. Start by estimating (2.22). Inserting the bootstrap assumptions, and choosing e small to

absorb terms of O(e?) gives ,
1G2Xpl, 1(G2)pAol S Aelul* 1

It follows that 0,\, = O(Ae|u|*~ ") Choose a 0 < o < 1 small, and conjugate through by

2 . .
[u 2K+ giving
2
a+k?—o

—a—k?+o

—a—k?+o —1+40c
(Jul 72 7FH7\,) = O(Aelu| 7).

Multiplying by \u|_a_k2+"/\p and integrating in u yields two cases. For (u,v) € B()¥s the future
directed constant v curve through (u,v) intersects the boundary of the interior region at {u = us},
where data for A, is explicitly specified. For (u,v) € B®:s the boundary term is along the axis,
k

and here we only have the boundary condition A, = —py|ur(v)| QVp.

For (u,v) € B1: we arrive at the estimate

(us,v)
1
]~ 5 (4, 0) + (o + B2 — o) / o (1725, 2 o)
(u,v)
(ug,’U) 1
g Hu5‘7a7k2+a)‘17‘2(u67v) + O(Aﬁ) / W‘UlraiﬁJra‘)\p‘(u,,v)dul

(u,v)
(U&,U)
< 2(, |20 (72 ; & 1 H—a—k2 4oy \2(, !
S €lusl(Za™)" + 5 W(IUI Ap)”(u'v)

(u,0)

+a”lO(A%) (Jul* — |us|*7).

Absorbing the integral expression into the left hand side, we can then divide by |u|?? to get the

us]

20
desired improvement. Note 2 <1, and hence the data term remains regular.
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For (u,v) € B®s a similar procedure yields
[lul =470 | (w, 0) S [Jur ()| =27 Fo0 [*(ur (v), v) + a7 O(A2E) ([u]* = Jur(v)|*).
Boundary conditions imply
[Jur (0)| 7570, (ur (v), v) = pE[Jur ()| 7+ 7w, *(ur (v), v),

and we have already improved the estimate for the v,. Inserting the improved bound for v, allows
one to complete the estimate for A,,.

Now turn to d,A,. Inserting bootstrap estimates in (2.34) and choosing € small implies

1000 Ap| < Aefu|*2H2F

|—a+1—2k2+a

Conjugate by |u , giving

a—142k2—¢
|ul

—a+1-2k% 4o —a+1-2k%40o —1+o
By (|u| "1 H9,0,) — (Ju| 222579, 0,) = O(Aeu|719).

Assume « is chosen large enough so that the zeroth order coefficient is negative. Fix (u,v) € B)us

Multiplying by |u|_0‘+1_2k2+"8v Ap, integrating in u, and absorbing terms as above gives the estimate
Cad1_9k2 2 ot 1—2k2 2 _
|[u =IO | (u,v) S [Jul T TR | (us, v) + a7 TO(A%E) [uf*

The data term is bounded by €2|us|?° (Ign))z. Therefore it is enough to divide by |u|?* and choose
« large in order to improve the bound on 9,\,.
For (u,v) € B®s  integration gives the boundary term ‘]up\_a+1_2k2+"8v/\p|2(up (v),v). Bound-

ary conditions imply
2
(8 + prelur (0)[*8) 1y (ur (v),v) = 0,

which after expanding gives a relation for 9,\, along the axis in terms of lower order quantities and

OuVp. These quantities have all been estimated in the proof already, and it follows that
— —92k2 2
||UF| a+1-2k +cfav)\p’ (UF(U),’U) 5 62‘u|20.

The boundary term therefore does not pose a problem, and the argument proceeds as above.

We next consider 0, (r¢,). Estimating (2.27) gives

10080 (rp)| S Aelul®~ 1+
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2 . . .
|~=k"+7 we arrive at a schematic equation of the same form as that of

Conjugating through by |u
Ap. For (u,v) € BM:s - directly integrating in v and using that the data term along {u = us} is
bounded by hypothesis, we conclude the estimate.

For (u,v) € B the boundary term lies on the axis. Boundary conditions imply 8, (r¢,)(ur(v),v) =
—pr|ur(v) |k28u(r¢p)(up(v), v), with the latter having already been estimated. The desired estimate
follows as above.

It remains to consider 83(7“@1)1,), which includes a singular v weight in addition to the decaying

|u| weights. Estimating the commuted wave equation (2.38) gives

.03y 5 Acule—> (L)
v

) l—pkk2

Define w; = ‘u|fa+172k2( [v]

PIG Conjugate through by wi|u|?, giving an equation of the

form

a—1+2k*+ (1 —ppk®)qr, — o
Jul

Ou(wilu|”0 (rep)) — (wi|u|” 95 (rey)) = O(Aelul ~+7).

For (u,v) € BMUs it is therefore sufficient to contract with wy|u|”92(r¢,) and integrate in u, using
bounds on the data along {u = us}.

In analogy with 0,),, the boundary terms along I' may be dealt with using the conditions

(O + prlur (v)]¥ )2 (rép) (ur (v), v) = 0.

By expanding it follows that 92(r¢,)(ur(v),v) may be expressed in terms of 92(r¢,) and lower
order quantities, all of which have already been estimated. It is therefore enough to integrate

yUs

the conjugated equation in u for (u,v) € B@:us and choose o large to improve the bootstrap

assumption.

5.5.7 Refined higher order bounds

It follows from Proposition 17 that for fixed ug, given general data for the perturbation quantities
U, along {u = us} U{v =0, u < us}, there exists € small and a spacetime in the region Q,(jn)’u‘s,
which is a perturbation of the background (go, 79, ¢o). We summarize some key conclusions of the

argument here:
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1. The necessary smallness of ¢ depends on the initial data through the norm Iém).
2. The region Q,gi")’ué extends to {u=—1}, independently of wus.

3. The solution is quantitatively regular at the axis. In fact, the solution inherits all the bounds
appearing in the background norm By, with the caveat that instead of ¢ € C’%QEJ"LM \{v =

0}), we have shown only that r¢ € Cz(Q,(jn)’u‘s \ {v=0}).

We now specialize this construction to the context of Theorem 11. Recall that the aim is to

achieve the following scalar field data along {v = 0}:

au(’l“gb) (ua 0) = au(TO¢0)(uv 0) + Efo(’LL),

along with the gauge condition

r(u,0) = ro(u,0).
Assume fo(u) € C?([—1,0]), and for any small us < 0 define the cutoff data
Js(u) = Xug () fo(w). (5.49)
Here xy, (u) is a smooth cutoff function supported on [—1,0] equal to 1 on [—1,us(1 + ¢)] for some
fixed 0 < o < 1, and equal to zero on (us(1 + 30),0]. In particular, we can arrange to have the
estimates |0\, | < |us| ™"
For a given us pose the data
Tp(u7 O) =0, au(r¢p)(u70) - 6f5<’LL), (550)
rp(us,v) =0, Oy(rép)(us,v) =0. (5.51)
By virtue of the cutoff, it is straightforward to see that the compatibility conditions of Proposition
15 are satisfied.

Recall the definition (5.1) of the initial data norm &; ,. Let Ef o, denote the value of the same

norm computed on the cutoff data fs. One can estimate that
o S ELar

holding independently of us. By Proposition 17, for € small depending on &, there exists a

solution to the scalar field system in the region Q,(jn)’u‘s achieving (5.50)—(5.51). Moreover, we have
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the quantitative control

(in)
eim < & (5.52)

where 2822) is the norm defined in (5.31). Label the resulting solution

(r*,m", ¢"%) = (1o + rp, Mo + Mp, G0 + ¢p).

It remains to extend this solution on Q,(:n) \ ng)’u‘s. By construction, along {u = us} U {v =
0,u € [us(1 + 30),us]} the data for the perturbation vanishes. A domain of dependence (and

uniqueness in BV) argument implies that in the region Q(m N {u > us(1+ 30)}, we have

(Tu(Sv mU67 ¢u5) = (T07 mo, QSO)

m \ Q(m) 3 define the solution to be identically equal to the value of the background in
the same gauge. This extension is globally BV away from the singular point (in addition to the
improved regularity near the axis, and pointwise bounds).

In the following we denote this extended solution on Q,(jn) by (rts,m"s, ¢"s). It follows that

(5.52) holds for the differences ¥, now measured over the domain Q,gm)

Before undertaking the limiting procedure us — 0, we will need to prove additional higher order
bounds on the extended solutions (7%, m"s ¢Us).

The function of these higher order bounds will be to improve the control on ¢, in ,2822) to be
consistent with the control on ¢y contained in By. Comparing SEZL) and By, it is evident that
what we require are bounds on 85(1)235, 83(1)}55. We turn to estimating these quantities. Appealing
to Lemma 12, pointwise control near the axis will follow by propagating control on the third order
quantities

82(1“%), 82(7“(1),3), 83”197 812;)‘17

Fix us < 0, and consider a solution (r"s, u"s, ¢"9) in Q,(jn) " with data described by (5.50)—
(5.51). For simplicity, we drop the superscripts from the solution variables. We first state the
bounds on the background solution needed here. Let

B = sup Hu! 83¢0‘ + sup Hu!2621/0‘ + sup Hu\?’ 3k283¢ | + sup Hu!Q 3k282)\ . (5.53)
Q(zn) U Qi}n U far far
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and define the norms

. 1 3 . 1 9
'883(”1517) = s‘up |u’a72 au(r(z)p) ’ 283% = Sup Waqu s (554)
Ql(:n)»u(; Qgczn),ua
. 1 , _ ,
285’(T¢p) = z?p W&; (T¢p) ) Sagxp = z‘;lp ‘Wav/\p , (5.55)
S0 = Loara,) + Low, + Lo3(ra,) + Lonn, (5.56)

Note that 93 (r¢,) and 02\, are only estimated in a neighborhood Sy, of the axis. Near {v = 0}
these quantities are potentially singular, and while in principle one can track the precise blow up
rates, it is not necessary here. This is because the aim is to estimate ngbp and quzﬁp, and such
estimates follow in a more direct manner near {v = 0}. It is only near the axis where one must
treat the full system at third order.

It is not the case that all estimates can be closed in Sy, alone, however. The quantities 83(7“%)
and 92y, satisfy v equations, and must be integrated from data at {v = 0}. These quantities are
easier to analyze, though, as they stay bounded near {v = 0} in the background solution.

We now proceed with the argument. Preservation of regularity and the local existence argument

implies that in Q,(jn) "N {u, < u < ug} for some uy, the bound

£0n) < 9 4¢ (5.57)

U

holds for A large depending on & ,. Recall we are working with solutions that have vanishing
perturbation data on the outgoing curve {u = us}.
We first show that bounds on 92¢,, 02¢, near {v = 0} follow from the analysis concluded in

the previous section.

(

Lemma 20. Assume Stf;

)

< 00 in ngm)’u‘s. Then in Spear we have

sup |02¢p| < Aeful* 2, (5.58)

near

Gk \ 1—pik?
ﬂ) " (5.59)

sup [026,| S Aelul* =22 (

near

|v]
Proof. It is enough to write 02¢,, 02¢, in terms of ¢, Gi(rgbp), %(r@ﬁp), j < 2. The factors of r

do not contribute adversely to the estimate in Speqr, as © ~ |u] there. O

Next, we argue that the bootstrap assumption (5.57) is sufficient to control 85(;5]9 and ag(bp in
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Star as well:

Lemma 21. Assume (5.57) holds. Then in Q,(:n)’u“ we have

sup [05ep| < Aelul*7?, (5.60)
Q(in),u5
k
9k \ 1—pyk?
sup.[086,] 5 cul- 202 () (5.61)

Q}(cm),ué
Proof. The boundedness in Syeqr follows from the previous lemma. In Sgg,, it is enough to use the
averaging estimates (5.17)—(5.18). Note we only require the averaging estimates in S¢,,, and hence
it is enough to have the higher order bounds on 92v, 92\, 93(ré,), 93(r¢,) there. Working in Sy,

also allows one to drop the dependence on |v||u|~% ~ 1. O

Lemma 22. There exists a > 0 depending on Bo,B1, and € small enough depending on &1 o such
that 1
283(7"(15],)72831/1, < TOAE (562)
Proof. Commuting (2.23), (2.27) with 92 gives
0y02vpy = G102y + 20uG10uvp + 02G11p + 02 ((G1)p10), (5.63)

0p02 (1) = 02G50p + 20uG50up + G502, — O2Ts. (5.64)

The terms that have not already been estimated at lower order are 892Gy, 82(G1)p, 92Gs, and
02T5. We take each term individually. Because 892G = 02((G1)o) + 02(G1)p, we start by estimating
92 ((G1)o)-

If at least one derivative falls on \g or 1 — g, then the singularity in r( is mild enough to be
absorbed by the remaining factor of ug in (Gi)p. The terms that emerge already fall under the
control on the background solution contained in Bg, 2. Otherwise, both derivatives fall on the
term %?

The term with worst potential ry weights arises from au(f;—g) All other terms appearing after

taking two derivatives can be estimated via already controlled quantities, including 92w, 92 o.

It remains to estimate 8u(%), for which we use the integration by parts trick underlying the
0
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proof of the averaging estimates of Lemma 11. So write

(ur (v),v)
T ) = ro(w ) [ 0 (- (1 ) @) (o)

70
(u,v)
The expression is an averaging operator with s = 2 (see Remark 25). Differentiating in u and

applying (5.14) gives m !
00 (5] 5 10u(5,5(1 = 10) (Dudo)’)| S ul ™
ry 25

The conclusion of this argument is that 92((G1)o) is regular at the axis, with
_ 2
102((G1)o)| S Jul 2

The same argument can now be applied to 63(g1)p, 02Gs, and 02T5. We only comment here on

the major features of these terms.

1. In estimating 02(G1)p, 92(G5)p, and O2Zs we encounter derivatives of the form 92 (“2), 83(:—5),
02 (T70) These may each be estimated using the averaging operator formulas, along with

estimates on up to two u derivatives of v, V.

2. Analogously to the above estimate on 8u(%), we must contend with the term 8u(’1f—§) Here
0

we use the relation (2.21), the estimates on derivatives of r, discussed in the previous bullet

point, and an averaging operator argument.

3. Using the wave equation (2.7) to rewrite mixed derivatives 0,,0,¢¢ ensures that we are using
information on at most three derivatives of the background solution. At least two of the
derivatives are in the u direction, and hence one does not see scalar field derivatives with
singular limits as v — 0. Note that terms of the form 93¢y do in fact appear in 9275, and

hence we require information on up to three derivatives of ¢g in the u direction.

Applying this strategy yields the bounds
_ 2 _ 2 _ 2
102(G1)pl S Aelul®PH 0 02G5| < [ul 7, 105T5| S Aclul* T

The strategy is now analogous to that used in the proof of Lemma 18, i.e. we conjugate (5.63)
and (5.64) by w* 2 and integrate backwards in v from data. The scalar field contributes a data
term along {v = 0}, controlled by & 4. The term 921, vanishes along {v = 0} by hypothesis.

Choosing « large enough and e small enough, the bootstrap assumption is improved.
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Lemma 23. There exists o large enough depending on Bg,*B1, and € small enough depending on
Ztinal,a Such that 1
Eag(r¢p), 2812)\1) < TOAE (565)
Proof. The starting point is the same as in the previous lemma. Commuting (2.22) and (2.27) with

02 gives
DOy = Go03 Ny + 200G20u N + 3Gy, + 02 ((G2)p o). (5.66)
D02 (rop) = 2G50y + 20,G50,0p + G502, — O2Ts. (5.67)
The new terms to estimate are
92Ga, 03(G2)p, 03Gs, 0715 (5.68)

Comparison with the previous lemma shows that key quantities to estimate are d, (%), and 81}(%).
0 0
Applying the 9,1 equation and the averaging operator formalism yields

Ho _ L2 L _ k2
100 (C2) I S [l 725,10, (S5)] < Aeful =24
0 0

Inserting bounds on the background solution and bootstrap assumptions for the remainder of the

terms appearing in (5.68), and taking e sufficiently small, leads to the estimates

— 2 _ 2
103Ga| < [ul 72, 93(Ge)pl S Aelul* P,

102Gs| < Ju| 32 192Ts| S Aeful* 3

Similar comments as given in the proof of the previous lemma are relevant here. In particular, one
must use averaging formulas to estimate 812,(%’), and apply estimates on mixed derivatives of the
background of the form 920, ¢.

Note that by restricting attention to Sy,, one can use the estimate (5.61) to estimate 02¢,
without requiring singular v weights.

It follows that the right hand sides of (5.66), (5.67) satisfy estimates with homogeneity consistent
with the bootstrap assumptions for 92X, and 92(r¢,). The strategy is therefore to conjugate both

a—2+3k?

equations with |u|~( ~9) for some small 0 < o < 1, contract, and integrate backwards in u

from L.
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For any (u,v) € Sfqr, the future directed constant v curve stays contained in Sy, and intersects
either the axis or the curve {u = us}. In the latter case, by hypothesis the data for 93(r¢,) and
83/\1) is zero, and so no data terms are picked up.

In the case when the future directed constant v curve intersects the axis, we use regularity there

to write

(B + prolur (v)|¥ )% (rép) (ur (v), v) = 0,
(0 + prlur(v)[F° 8,)*rp(up (v),v) = 0.

Expanding and solving for 82 (r¢,), 2], we are able to apply estimates on 93(r¢y), 921, and lower
order quantities, to arrive at estimates for the boundary terms.

For € small enough depending on the bootstrap assumptions, and « large enough depending on
the implicit constants in the above estimates (which depend only on the background), integrating

in u backwards from £ improves the bootstrap assumptions. O

5.5.8 Limiting procedure

To construct a limit of (r“,m"s, ¢“) as us — 0, it is enough to construct a function space in
which the sequence is Cauchy. This space should include enough regularity to ensure pointwise
convergence of the double-null unknowns, and that the resulting limits are BV solutions to the
scalar field system.

We work with the sequence of differences (1,9, 11,5, ¢5,°). The total solution (75, m"s, ¢"5) can
easily be recovered from (r;°%, 1%, ¢,%) by adding back the background contribution (and defining

m in terms of ), and so there is no loss in working at the level of perturbations.

Define the Banach space

Y ={(r,m ) € CHQM™) x (™) x C1(Q{™)}, (5.69)
with norm
H(Tnu’v ¢)||y = Hrncl(gl(:”)) + ”:U’H00(Ql(€m)) + HQSHCI(QI(;’I)) (570)

For —1 < up < uy < 0, let (rM, M oMWY (@) 1) $2)) be the approximate interiors con-
structed with trivial data along {u = w1}, {u = ua} respectively. We proceed to estimate the

differences (rl(,l) - 7’;(32),#;(91) - Mz(o2),¢1()l) - d)é?) ) in Q,(Cm), and show the ) norm of this difference

118



Figure 5.3: Various regions formed from taking differences of the solutions (r(V), 1) ¢(1),
(r2), 1 §)

vanishes as |u1], |ug| — 0. Without loss of generality, we will always assume ug < u; holds.

We will consider the behavior of the solutions in the three regions (see Figure 5.3)

X =0 N {u >},
X = Ql(jn) N{u; > u > ug(l+0)},

X = QU™ A {up(1 4 o) > u > —1}.

Here, o is the parameter associated to the cutoff scale for the initial data along {v = 0}, cf. the
definition of f5 in (5.49).

Region I: In Region A7 both solutions (r;,(,i),ul(f), qu(,i)) vanish, so we get

(0, 1D, 69) = (12, w2, 62y = 0.

Region II: In A7 the solutions may no longer vanish; however, the size of the region in the u
direction is proportional to us, which we will use to show the contribution of the solution to the )
norm vanishes as ug — 0.

More precisely, Proposition 17 applied to the individual solutions (rz(f), ,ug), gbg)) gives the uni-

form estimates
|a— 1
)

||r;()i)||Cl(Xn) + ”:U’;g)HCO(XH) + ||¢;£>i)”cl(2€u) S 51,a|u2

where the constants are independent of w; provided u; > ws. By the triangle inequality, similar
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estimates hold for the differences of the solution variables as well. Sending us — 0 gives the result.

Region III: In A7 we have to understand the difference of the solutions more carefully. The
strategy will be to reuse the formalism of Section 5.5.4. Recall that the idea there was to construct
the approximate interior solution by writing down the system for the differences between a putative
perturbed solution and a “background” solution (go, ¢o). Provided a certain norm of the background,
B, was finite, the analysis of the difference quantities proceeded largely independently of the fine
scale structure of the background.

In Afqp one is considering a difference of two solutions, with the “background” solution now given

by
(Téa M{)a ¢6) = (T(l)a /‘L(l)a ¢(1)) = (TO, Ko, ¢0) + (T]()1)7 'u;(;l)v gb;()l)) (571)

The differences (7, fip, qu) = (7’1(92) - 7‘1(,1), ,uz(,Z) — ,uj(gl), d)g) — d)](gl)) solve a version of the system

(2.22)—(2.28), with the following alterations.
1. All terms Uy are replaced by Wy,.
2. All terms ¥, are replaced by \Tlp.

The differences achieve the data

~

d)P(u?O) =0, ?p(u,O) =0, (5.72)
Op(us(1+0),0) = 6P (ua(1 + 0),v) — ¢V (ua (1 + 0),v), (5.73)
Pp(uz(l +0),v) =P (uz(1 + 0),v) — Y (uz(1 + o), v). (5.74)

In contrast to the setting of the approximate interior spacetimes, the data for the problem in

Qgin),uz(l-‘ra) is trivial on the ingoing surace {v = 0, u < wg(l + o)}, but is non-trivial on the

outgoing surface {u = uy(1+ 0)}.

w2(149) 40 conclude esti-

The idea is to now apply the results of Section 5.5.4 in the region Q,(;n)
mates on the \Tfp. Let Z™ denote the initial data norm (5.24) computed on the data (5.72)-(5.74).
Similarly, define B, as in (5.25), substituting the values of the background solution (r{, u(, ¢p). Fi-
(in)

nally one can define 9, ,

as in (5.31). Observe that B{, < co follows from the estimates of Section
(5.5.4) applied to (T;(;l),ul(;l), ;()1)), and it is precisely here that we require the auxiliary higher order

estimates on the solution derived in Section 5.5.7.
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It is straightforward to check that
I < & .

There now exists an « large (perhaps larger than the value chosen in Section 5.5.6) and e small

(in) iy QUirwa(i+o)

depending only on &; 4 such that we have uniform control on the solution norm 9., ‘o

The solution norm in turn controls the ) norm of the differences. More precisely, we have the

sequence of bounds

1D, 1D, 60) = (12, 1), g2y S MM < T < gy

Although the bound is uniform, it does not provide decay as |ug| — 0. To generate the decay we

consider the bound with o/ = v — 1 instead, and conclude

(i) <20 < g olual.

tot,a/ ~
(1 (1) (2) :
As |ug| — 0 we thus conclude H(rp Jp s bp ) — (rp s ,gbp )H — 0, as desired.

Us

Tl iyl s &y ) is Cauchy in the space ), and therefore

We have thus shown that the sequence (r“
there exists a limit (rp oo, fp,00; Pp,oc) € CI(QIEZ")) X CO(Q( )) X CI(Q(m ). Moreover, the sequence

converges pointwise uniformly in Q,(Cm). Define the limiting spacetime
(To0s Hoos oo) = (T'p,00s Hp,oos Pp,oc) + (T0, 1o, P0)- (5.75)
It remains to study the limit, and show the following;:
(1) (Too, Hoos Poo) 18 a pointwise solution to (2.5)-(2.9),

(ii) The solution achieves the appropriate boundary conditions on the axis and the data along

{U = 0}7

(iii) The solution has the stated regularity, namely it is C'! away from O U {v = 0} and is globally

BV away from O.

(iv) The solution converges asymptotically to the background solution as u — 0 with the required

rates.

To show that the equations are satisfied, let U C an) be a subset supported away from

the origin, i.e. U C Q,(fn) N {u < wus } for some us;, < 0. By hypothesis, all elements of
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the sequence (r)?, u,?, ¢,°) are pointwise solutions to (2.22)—(2.27). We have also shown that

Tl Vpd s Apo s iy, 90, 0u gy, Oy @? all converge pointwise in U.
Of course, it also then follows that r%s p¥s A% y% ¢%s 09,0", 0,¢" converge pointwise, as
these are just the sum of the (fixed) background solution and the converging sequence of differences.
The equations (2.5)—(2.9) are satisfied along the sequence, and the right hand sides converge
pointwise. It follows that the derivatives 0,A"é, Q"8 Oy s, Oy pi™s, 0y Oy (T $™%) converge uni-

formly away from the singular point, and that the limit is also a solution to (2.5)—(2.9).

A similar argument, considering the equations satisfied by the sequence of second order unknowns
D/, AU, 02 (13 pts), 92 (rs pe),

shows that these quantities also converge pointwise uniformly, and the limit is a solution to the
differentiated Einstein-scalar field system.
Given the uniform control on the norms of Section 5.5.4, as well as the convergence of the

sequence and its derivatives, we conclude the stated properties (i)—(iv) above.
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Chapter 6
Linear waves in the interior, k% < 1

6.1 Overview

The results of this chapter are adapted from our work [44], in which we study the the asymptotics
of linear waves

Hgp =0 (6.1)
in the interior of (asymptotically) k-self-similar naked singularities. Analogously to results in the
exterior (cf. Sections 1.4, 4.4), we pose initial data on outgoing characteristics strictly to the past of
the singular point, and aim to understand the relationship between the regularity towards {v = 0},
and the strength of the blue-shift instability.

The analysis is markedly different from that of the previous sections, due to the lack of any a
priori control on the solution along {v = 0}, or any natural smallness parameter. Restricting to
k% < 1 only partially resolves this problem, as the gap between linear stability (i.e. self-similar rate
|5£0y¢| < 1) and the blue-shift instability (i.e. [$£0v0[ 2 lu| ™) becomes correspondingly difficult
to detect.

The most convenient method is to use scattering theory techniques to reframe the problem of
linear stability as one of locating shallow quasinormal modes. Similar methods have been used
successfully in analyses of expanding spacetimes [20, 19]. In conjunction with robust physical space
estimates in the spirit of [46], we are able to identify precise asymptotics for linear waves in both
the spherically symmetric, and non-spherically symmetric, settings.

We conclude with an overview of this chapter. Section 6.2 contains a variety of background
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material, including a discussion of admissible spacetimes, formulations of the wave equation, and
the introduction of non-double-null coordinate systems. Section 6.3 states our main results precisely,
and Section 6.4 gives a detailed proof outline.

The remainder of the chapter contains the proof. Section 6.5 proves various physical space energy
estimates, and closes weak pointwise decay bounds on solutions. Section 6.6 studies waves on exactly
k-self-similar spacetimes, and establishes a leading order resonance expansion in an neighborhood
of the center. Section 6.7 combines the physical space and scattering theory pictures to complete

the proof.

6.2 Background

6.2.1 Admissible spacetimes

In this section we define the class of approximately k-self-similar spacetimes. Assume a value of

k% € (0, %) is fixed, as well as a spacetime (Qy,g,7,¢) defined in k-renormalized gauge. For any

double-null quantity ¥(u,v) on the spacetime, let Uy (u,v) denote the coordinate expression of the

same quantity in a fixed k-self-similar spacetime, and define W, (u,v) by
U(u,v) = Ug(u,v) + ¥p(u,v). (6.2)
This definition naturally extends to rational functions of W.

Definition 12. Fiz parameters g < 1, k* € (0,3). A spacetime (Qx, g, 7, ¢) withr € C5(Qy\ {v =
0}),m € C*Qr \ {v = 0}),¢ € C3(Qx \ {v = 0}) is an (eo, k)-admissible spacetime if the

following conditions hold:

1. For all § > 0 small, (Qx N{u < =6}, 9,7, ¢) is a BV solution to the spherically symmetric

Einstein-scalar field system.
2. (Normalization) The condition rp(u,0) = 0 holds. Therefore,

r(u,0) = rg(u,0) = (—vk(u,0))]ul.
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3. (Axis regularity)

sup |00 (%5 ) | eoh®lul =0, 0<itj<d (6.3)
{m <=3}
4. (Ingoing bounds)

7] S eok2rk|u\2, (6.4)
08077, < eok?|ul>~" kI 1<i+j<5 j<2 (6.5)
1080 my| < eok?|ul> 7 0<i+j<4,j<1 (6.6)

5. (Outgoing bounds)
10L,00mp| Seo e [l o[ IR 3<i+j<5,j>3  (67)
10102 my| Seoure [u)> o] 1P G=2) 2<i+j<4, j>2 (6.8)

Given an (€g, k)-admissible spacetime, we define an extended (eo, k)-admissible spacetime (@,(f”)u
Q(ex , 9,7, @) as follows. Extend Vi (u,v) to é,(;n) via self-similarity, and fix an arbitrary extension
of the U, subject to the reqularity requirements, the conditions (2)-(5), and the condition that the
support of all ), is contained in {u > —2}. By (6.2), this procedure defines the double-null quantities

for the extended spacetime.

6.2.2 Coordinate systems in Qv;m)

The bulk of the analysis of the (extended) interior region ’QV’(Czn) takes place in non-double null gauges.
In this section we introduce two such gauges: similarity coordinates, adapted to the multiplier
estimates of Section 6.5, and hyperbolic coordinates, adapted to the scattering theory constructions
in Section 6.6.

Define similarity coordinates (s, z) by

(u,v) = (—e %, e *%2),  (s,2) = (—

). (6.9)

v
’ ’u‘Qk
Here, s is a time coordinate serving to push the singularity to s = +o00. It follows that power
dependence on u translates to exponential dependence on s, and surfaces of constant s are reparam-

eterizations of surfaces of constant u, and are therefore null. Surfaces of constant z parameterize

125



integral curves of the conformal Killing field, and the interior region corresponds to the range
z € [-1,0].
We next define hyperbolic coordinates (¢,x). These coordinates cover @l(jn) N{v < 0}, and

are defined by

1 1
$,2) = t—:c,—e*2q’“$, t,x)=(s— —1In|z|, —— In|z]). 6.10
(5,2) = ( ), () =( 2qk\|2qk|\) (6.10)

The null surface {v = 0} formally corresponds to the set {x = oco}. Level sets {t = to} trace out
hyperbolas {|ad| = e~2} in the (@, ) plane. Moreover, note that the “time” coordinate ¢ is not
equivalent to s (or —In|ul), except in compact regions {x < const.}.

A summary of the coordinate systems introduced thus far, as well as useful formulas for relating

coordinate derivatives, is given in Table 6.1 below.

Coordinates Transformation Coordinate derivatives
) (u,v) = (d@, —|0]%) (Ou, 0s) = (9a, prl ¥ 05)
(u,v) Id. Id.
(s,2) (u,v) = (—e™*%, e %*52) (81“81,) = (6585 — qk\z|esaz,6q’“saz)
(tv :L') (U, U) = (_ex—t’ _e—q(t-i-x)) (0“7 8”) = (%et—x(at - al")’ ﬁeqk(t—w&)(a‘/ + a’ﬂ))

Table 6.1: Relations between various coordinate systems.

6.2.3 The linear wave equation and separation of variables

In a general double-null gauge, the linear wave equation (6.1) assumes the following two forms, for

variables r¢ and ¢ respectively:

AM—v
&ﬁv(ri) —+ (1(_H))TQ(AS; + M) (re) =0. (6.11)
Budip + ~Oup + %avgo + (1:;/))7"24&82@ —0. (6.12)

Here, Ag2 is the Laplacian on the round, unit sphere.

It is convenient to work with the weighted quantity r¢ instead of the wave ¢ itself. Recall
r(u,v) is assumed to be a given function associated to the background spacetime; away from the
axis, it follows from Definition 12 that r ~ |u|, and therefore the r factor is roughly equivalent to a

|u| weight. Near the axis however, the structure of (6.11) makes it simpler to establish regularity of
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quantities formed out of r¢.

We first record the form of (6.11) in similarity coordinates.

Lemma 24. The wave equation (6.11) is equivalent to

0.0.(r) ~ als102(r¢) + dulrg) + e 2 (B k) =0, (013

where double-null quantities are viewed as functions of similarity coordinates via (6.9).

Proof. Introduce the quantity in double-null gauge

H(u,v) = (M)w,w,

appearing (up to the factor Ag2 4 1) as the coefficient of the zeroth order term in (6.11). Decompose

H(u,v) = Hi(u,v) + Hp(u, v) as in (6.2). Factoring out the self-similar scalings gives
Hiy(u,v) = Hy(2)ja(2) "' el 0007,

for an appropriate function H k(2). Similarly, transforming the wave operator to similarity coordi-

nates using Table 6.1 gives

DuOy(re) = €°(0s — qi|2|0:) (%0, ) (r¢)
= IH)3(9,0, — qi]2|102 + q10.) (7).

It now suffices to insert these expressions in similarity coordinates into (6.11) and cancel s weights

to arrive at (6.13). O

The assumption of spherical symmetry allows for a separation of variables in (6.11)—(6.12).
Denote by Y,,/(w), w € S? the standard spherical harmonics, and let Py, : L2(S?) — R denote the

projection operator onto the coefficient of the (m, ¢)-th mode:

Poef = (f, Yme) 12 (s2)- (6.14)

We introduce the following spherical harmonic decomposition for functions ¢ : M — R with

sufficient regularity in the angular coordinates:

o(u,v,w) = polu,v) + Z Ome(u, v, w)

£>0
Im|<¢

127



where the coefficient functions @o(u,v), $me(u,v) are defined on the quotient spacetime Q. Ex-
tending P, in the natural way to spacetime functions, we have Pp0me = @me. We often abuse
notation by using the same symbol @,,, for both the function on M, and the projection onto a
function on Q.

Consider a fixed projection ¢,,¢(u,v), and define
Yme = T@mﬁ- (615)
The next lemma records various forms of (6.11) for this mode-reduced quantity.

Lemma 25. In k-renormalized double-null coordinates, .,p satisfies

A(=v)
OpVme + ————— (L(£+ 1 me = 0. 1
Ouotpme + 55 (1) + ) ome = 0 (6.16)
In similarity coordinates we have
953z¢me - Qk\z\aglﬁme + Qkazwmf + (Vk(z) + ij('z))wmf = gp,€(37 Z)7 (617)
uhere o) = p HOGEIE) (7)) 018
(L7
(A@)[E")(=v(2))
Lie(z) =p S+ 1), 6.19
B = e Y (019
and
) _ A(—v) _ A(—v)
£ o(s,2) = —e <1+%>S<“> Ut — € <1+%>8< 000+ 1)ty - 6.20
P, ( ) (1 7M)r2 , (1 7M)T2 , ( ) ( )
Vk,p(szz)wmé Lk,é,p(srz)wmé
The terms appearing in the above expression are recast as functions of z via z = —|Z|%. Finally,
the following equation holds in hyperbolic coordinates:
O tme — Oxthme + Aqre™ M (Vi(2) + L o(2))thme = dqre” " E, 4(t, x), (6.21)

where Vi, Ly, ¢, €y are the functions appearing in (6.17), viewed in hyperbolic coordinates via (6.10).

Proof. The equations (6.16), (6.17) follow from (6.11), (6.13) respectively after setting Ag2),0 =

£(£ 4+ 1)1me, which follows for functions 1),,; supported on a single (m, £)-mode. Moreover, (6.21) is
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a direct consequence of (6.17) and the coordinate transformations given in Table 6.1. ]

For convenience, define the combined potentials

V(s,z) = Vi(2) + Vi p(s,2), Li(s,2z) = Lie(2) + Li e p(s, 2). (6.22)

6.2.4 Properties of the potentials Vj(z), Ly ¢(2)

On a fixed k-self-similar background, the geometric properties of the background enter the wave
equation through the pair of potentials Vi, Ly o. Self-similarity implies these potentials are function
of a single “spatial” variable z (or z). Applying the results of Section 3.4 allows us to control
these quantities quantitatively for k sufficiently small. In this section we record the regularity and

estimates we shall need in the following.

Proposition 18. For k sufficiently small and p € [1,00), the following bound holds:
IVillzoe =100y + 19:Viell 221,07y + 19=Viell oo -1,- 17y S k. (6.23)

Moreover, there exists a constant 7y, such that for any € > 0,

Vie(2) = wk? + K2 Ep(2)] 2], (6.24)

Vil(@) = vuk? + k2 By (2(x))e 2007, (6.25)
Here, Ex(z) depends on €, and satisfies ||Ex||r~ <c 1. The constant vy satisfies

e =1+ O(k?).
The higher derivatives of Hy satisfy the following bounds, which degenerate as z — 0:
d7

1—ppk?+(j—2 i
1217 G )@Vk(z)HLN([—LOD <kl, 2<j<65. (6.26)

Finally, for fivzed k and w > 0, there exists a z < 0 and ¢ > 0 such that for any (eg, k)-admissible

background, the following repulsivity statement holds:

sup 0.(|2|“V (s, 2)) < —cg. (6.27)

{520, 2, <2<0}

Proof. The estimate (6.23) is a consequence of the collection of bounds (3.70), (3.84), (3.86), (3.87),
(3.116), (3.94), (3.95). Similarly, (6.26) follows from (3.47). The repulsivity estimate (6.27) is direct

for Vi, (2), and follows for V' (s, z) = Vi (2) + Vi p(s, 2) by the assumptions on admissible spacetimes.
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1} |— L>=([-1,0])-limk—o %Vk(z) i

0.8}

0.6

0.2}

Figure 6.1: A plot of the leading order behavior of Vi(z) as k — 0, using the asymptotics of
Appendix 4.8.

We next turn to the expansions (6.24)-(6.25). The latter is a direct translation of the former
in hyperbolic coordinates, so we only discuss (6.24). Write Vj(z) = Vi(0) + Ex(2), and estimate &
using Holder and (6.23):

0
)l < [ 10l
1- 20, 11—
SOl SRl

Defining Ej(z) = k2|z|~(179&,(2) gives the result. O

The next proposition establishes similar results for the angular potential Lj,. Note that Lj
lacks the smallness present in Vj (compare the factors of p). It is therefore important that this

angular potential (and its derivatives) carry definite signs.

Proposition 19. For all £ > 1, the inequality Ly, > 0 holds. Moreover,

d (8z;’)2(_’0/) (1)
—L = -2 H)——+——2+L 9
L))
where
IIFQL;S}\IL&([A,*%D S KA+ 1), (6.29)
o 1
HTZLE,ZHLT;(H,O]) Sp K+ 1), (6.30)
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and

d L0+1
Iy <1 s -

- (6.31)

Proof. The non-negativity of Ly, is immediate from the definition (6.19). Similarly, the bounds
(6.29)—(6.30) follow from estimates on the derivative of background double-null quantities, precisely
as in the proof of Proposition 18 above.

We finally establish a pointwise sign for d%Lk,g. By (6.28) it suffices to consider L,(j}, which is

given explicitly by

1 07 (—0)\L(L+1) Ty 00 +1)
Ly, = 8;;( =) ) = 0, (pk\z] QQ)(z) FEo (6.32)
(1

It follows from (3.76) that |2]k2 02 is decreasing, implying L, ) < 0 as desired.
[l

Remark 26. The estimate (6.31) above is an instance where the k-self-similar solution may not

be treated as a perturbation of corresponding flat space potential Léf lat) - fl(ﬁ:;;.

Derivatives of
L/ﬁg—Léﬂat) are of size O(1) as z — 0, for all k small. If this derivative did not have an appropriate
sign, there would be the possibility of slowly decaying solutions to (6.1) supported on € >> 1 localized

near the cone {z = 0}.

6.2.5 Function spaces and local well-posedness

In this section we discuss local well-posedness for (6.11) with characteristic initial data along
{u = —1} (equivalently, along {s = 0}). The main subtlety concerns the limited regularity of
the background geometry as v — 0. It follows from the finite Holder regularity of (;3(2) that the
coefficients Vi, Ly, € CI\ C2 and therefore we cannot hope to propagate arbitrarily high regularity
on data. It will prove convenient to allow for limited outgoing regularity already in initial data.
These considerations lead to the following definitions. Let a € (1,2),6 € (0,1),v € (0,3] be

constants, and I C [—1, 1] a closed subinterval containing 0. We introduce the following spaces:

Coo (D) = {f(2) - T =R f(=) € C3I\ {0}) N CL(D),

@
[ f(2) € C20(1), for 2 <5 < 5, (6.33)

HIT (1) = {(2): T =R f(z) € WP(I\ {0}) n\WH2(1), |23 02() € L2(I)},  (6.34)
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Hjy (T X %) (6.35)
= {f(z,w) : IxS? = R| f(z,0) € W2WIA((I\{0}) x %) N W2W5*(I x §2),
2|2 702f (2,w) € LEWA2(T x S2)}. (6.36)

Define the norms

1
iZHngfHLoo [—1,0)) +ZH|ZP i

[ fllees

(h)

Fllegs 10

. 1_
1, = Mgy + 12827702 o

. 1 52
Hf”?—t(l;;r)(leQ) - HfHW21’2W3’2(I><82) + H|Z’2 FyaszLEij’Q(IxSZ)'

where || f Hco,a is the standard Holder norm. We shall often work with C(h )( ) spaces with

(=1,0D)

§ = 0, which we abbreviate as Cfj, ., (I) = C(O;L’gr) (I).

Remark 27. The regularity of a general spherically-symmetric function f(z) € C?}LST)( ), a € (1,2)
can be thought of as a generalization of that of the explicit function |z|*. Low order derivatives f, f’
are pointwise bounded, the second order derivative f” is permitted to be singular, but integrable, as
z — 0, and higher derivatives f®, f® fO) each lose at most an additional power of |z|~L. Note
that |2|* € Gy, ([=1,1]) for all 6 € (0,1).

A similar intepretation applies to ’H(h )( ). A direct computation shows |z|* € ”H(l’%r)(l) when

a> 3 and|2]* € ’H(hm (I) for any v € (0,0 — 1) when o < 3.

In this scale of spaces, the k-self-similar scalar (;S(z) satisfies
b(z) € ChEPR (=1, 1]) NG ([=1,1]), 7y € (0, pik?).
This is a consequence of (3.112).

Remark 28. The pointwise C(O;{gr) (I) and integrated Hzl’LZT)(I ) spaces will be used in the study of

the £ =0 and £ > 0 components of ¢, respectively.

Remark 29. Along the null surface {u = —1}, the Cf;wr) (I) regularity of a function f(v) in double-

null coordinates is equivalent to that of f(z) in similarity coordinates. The same is true for H(hor)(‘[)

The following lemma establishes a useful decomposition for functions in C(O;Lgr)( ).
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Lemma 26. Fiz a € (1,2), § € (0,1), and f(z) € C™° (I). Then there ezists a decomposition

(hor)

f(z) = 2| + fi(2), (6.37)

where fi(z) € C(O;;% (I) for any &' < & and we have
’ <
1+ Uil iy So Il (6:39

For k sufficiently small and f(z) € Cf);:f:)’d(f), there exists a decomposition

f(2) = co(2) + fi(2), (6.39)
where fi(z) € C?}ff:;r&/([) for any &' < min(8, ppk?). The estimate (6.38) continues to hold.
Proof. Define the constants ¢; = lim._,g |z|j_°‘%j (z) for 2 < j <5, which exist and are finite by

assumption on f. We first derive a relationship between the c;.

As f(z) € C3(I\ {0}), it follows that F};(z) = |2[i= 2 £(2) satisfies

dz7

d a—j 1

—F. — F —F.

dz ](Z) |Z| ](Z) + |Z‘ J+1(Z)
_cila—j)+ i 1
=7 o)

By assumption F}j(z) is continuous, and assumes a finite limit at z = 0. Therefore the coefficient of

the |z|~! term must vanish, giving
60— a) = 511, (6.40)

With this relationship in hand, we show that

-2 e )= —2 e
1) = lal® () — = 2 i)
f1(2)

is the required decomposition. It is immediate that fi(z) € C'(I), and thus it suffices to check

j—a—s’ g

S h(z) = 2|7 (Fj(2) —¢;) € C°(I), 2<j<5.

2]

This condition follows from the regularity of F;(z) in I\ {0}, and the Hélder continuity with index
J.

We next consider the case a = ppk?. Given the decomposition (6.37), it suffices to show that
there exists a constant ¢ such that |z[P* = ¢ (2) + g(2), where g(z) € Cf}’;ff)+6/(1) for all &' < ppk?.

This latter statement is a consequence of (3.112). O
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We conclude this section with a well-posedness statement for the wave equation (6.13), given

data in similarity coordinates with finite regularity.

Proposition 20. Fiz an (eo, k)-admissible spacetime (Qk, g,7,¢). Let initial data p|(—gy = f(z,w)
to (6.13) be given. Decomposing into £ = 0 and ¢ > 0 components as f(z,w) = fo(z) + fso(z,w),

assume
fo(2) € Clhony([1,1]),  foolzw) € Héﬂw)([—lv 1] x §?),
for parameters o € (1,2), v € (0, 3]. Assume the projections to fized (m,€)-mode, £ > 0 satisfy
(Pn1f)(2) = O(r(2)),  (Pef)(2) = O(r(2)?), £2>2, [m| < L. (6.41)

Then there exists a unique solution ¢(s,z,w) to (6.13) on {s > 0} x S? with spherical harmonic

decomposition o(s,z,w) = po(s,2) + ¢>o0(s, z,w) satisfying
T@O(Sa Z) € CE(R-H (C;zor)([_l’ 1]))7 T(p>0(5’ 27(")) € CSO(R+’ H(l};’ér)([_]-a ]-] X 82))
The solution has the regularity

rpo € CSE),Z(Q]C \ {Z = 0})7 and 8.28;(7”900) € Cg,z(Qk)v i+j <5 j<1, (642)
Pru(re) € Cy.(Qx \ {z=0}), £>1, (6.43)

and for any so > 0 satisfies the bound

sup ||reoflca

s'€(0,s0] (hor)({s:s’})'i‘ = ||TSO>OHH:’Q)T)({SZSI}XSQ)

s'€[0,s0]
< Coo(lfollcs,,, (gs=op) + ||f>o\|H<1;;T>({s:0}ng))- (6.44)
Along any fized {s = so}, (6.41) moreover holds.

Proof sketch. Existence of solutions with the prescribed regularity will follow from appropriate a
priori estimates. For simplicity, we restrict attention to the interior region.

Beginning with the spherically symmetric component g, we observe that the main obstacle to
closing estimates is the limited regularity of the coefficients of (6.17), cf. Proposition 18. As the data
and background solution are at least CE,Z in {z < 0}, standard well-posedness for the wave equation
implies the existence of a solution in {z < 0} satisfying r¢g € C2_(Q \ {z = 0}). Moreover, it is

straightforward to see that 0,(r¢g) € C°(Qy), and thus by commuting with ds repeatedly that the
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statement (6.42) holds.

To show that the norm (6.44) is controlled on finite s intervals, commute with the vector fields
9%, |z[7t1=29l, j < 4. The coefficients remain bounded due to the presence of |z| weights, and it
thus suffices to integrate (6.17) along the integral curves of 05 — qi|z|0,, and apply Gronwall. It
follows that C(O;lOT)([_l’ 0]) bounds on data are propagated to the future.
We next consider the non-spherically symmetric component, and estimate individual projections

©me. Local existence in {z < 0} follows by standard arguments, and by propagation of regularity

and Sobolev inequalities, (6.43) follows. It remains to control the 7

(hory ([1,0]) norms. We use

multiplier vector fields X € {0s, x2,(2)0.}, where x(z) is an increasing cutoff with support on
{-1<z<o0}
Multiplying (6.17) by X (r¢me), integrating by parts in R(sg) = {0 < s < sg, z < 0}, adding

the resulting estimates, and applying Gronwall, gives

SUP [|romell 22 (gamary) Soo ITemellyz2 gamoy
s'€[0,s0]

An analogous estimate at second order follows by commuting with the set {0, [2|'™*7x.,(2)9,}
and applying the same multipliers. It now remains to collect these estimates for individual angular
modes to conclude (6.44).

We finally sketch an argument that (6.41) holds for fixed angular projections ¢,,¢. Observe that
by (6.43) and the averaging estimate (6.61), we have ¢,,p € C2_(Qg \ {2z = 0}). With this pointwise
control, a direct inspection of (6.17) shows that we must have 71, € L>({s = s9}), and thus
Pme = O(7).

For £ > 2 this vanishing can be improved. Denote by ®; the quantity #~!(ry,,¢), which satisfies
2 .1 1,
asé)z@l — qk]z\(?z@l = qk(2]z\6zr; — 1)8z(p1 — ;827”65(1)1
1,9, 1,
+ (= V(s,2) = L(s,z) + qk\z|$827" - quf)zr)tbl. (6.45)

Restricting to a given {s = s¢}, we have established that ®; € C2, and that ®; = O(#). It therefore

follows from (6.45) that

(2qx|2]0:70. D1 — FLP1) O(#). (6.46)

‘{s:so} -
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Calculate

2qk]z\8zF(z)82<D1(so, Z) = 8z<1>1(so, —1) + O(To’)

F(2) (50, )1 (50, 2) = %e(e +1)8,®1 (50, —1) + O(F)

For (6.46) to hold for £ > 2, it must be the case that 9,®1(sg, —1) = 0, implying ®; = O(#?).

6.3 Main Results

With the various function spaces defined, we can now give a precise version of our results:

Theorem 12 (Spherically symmetric solutions). Fiz parameters €y, k sufficiently small, and o €
(1,2). Let (Qk,g,7,¢) be an (eg, k)-admissible background, and po(v) € C(C;mr)([—l,O]) spherically

symmetric, characteristic initial data for (6.17).

Above threshold regularity: Assume o € (px,2). There exist constants ¢, C depending on

lpollca  (=1,00), and a constant o’ € (pr, min(3, o)) such that the unique solution p(u,v) to (6.17)

(hor)(

satisfies the following pointwise bound in {u > —1}:

LI (o — - < o' qp—1—i—qrj )
Jmax 10,0 (¢ = oo)llLoe(2.,) < Clul (6.47)

Threshold regularity: Fix o = pg, 6 € (0,1), and assume po(v) € Cf}’;o’f,)([—l,()]). There exist
(1)

constants ,C depending on 5
Poo p g ||900||CIE’}1;0T)([7170])7

unique solution @(u,v) to (6.17) satisfies the following pointwise bound in {u > —1}:

and a constant §' € (0,min(3,8)) such that the

max 9,03 = Pacd(u,0) = )l < € [l T, (6.48)

Below threshold regularity: Assume « € (1,pg). For any € > 0, there exists a constant C.

depending on |[@ollcs

(hor)

(~1,0) and € such that the unique solution ¢(u,v) to (6.17) satisfies the
following pointwise bound in {u > —1}:
max 9,00l o s,) < Celu = Fn1m1m00, (6.49)

There moreover exists 6 > 0 and a choice of initial data oo(v) € C?‘h’gr)([fl, 0]), as well as a constant
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C, such the unique solution p(u,v) to (6.17) satisfies the lower bound, for any 0 <i+j <1:
10,008l oo 52,y > Clu| 171707, (6.50)
The statements in this case hold also for o = py.

Theorem 13 (Non-spherically symmetric solutions). Fiz parameters €y, k sufficiently small, and
B sufficiently large independently of k. Let (Qk,g,7,¢) be an (eo, k)-admissible background, and
wo(v,w) € H%;lljf)z([—l,()] x S?) characteristic initial data for (6.13) which is supported on angular

modes £ > 1. Then there exists C, depending on ”SOOHHLB’Q and € > 0, such that the

(hor) ([—1,0]><§2);

unique solution (u,v,w) to (6.17) satisfies

i aivl e—i—qrj—l
Jmax 0,0V (7)o (@15, < Clul ™™ (6.51)

6.4 Proof Outline

We focus this discussion on the proof of Theorem 12 in the high-regularity case, which contains the
key techniques of the paper. Recall this theorem asserts C! self-similar bounds and convergence to
constants for solutions to (6.1) arising from data with regularity above threshold. When relevant,
we interperse remarks on the threshold and below threshold settings, as well as the case of non-
spherically symmetric solutions. Therefore, unless otherwise specified we work with spherically
symmetric solutions ¢(u,v) supported in the interior region of a fixed spacetime (M, g,¢). For
concreteness, this spacetime can be assumed to be k-self-similar for some 0 < k < 1.

For a fixed value of k, define the constants g, = 1 — k2, p, = (1 — k?)~L. Observe ¢ < 1 < py.

Coordinates and geometric setup

We first introduce two non-double null coordinate systems: similarity coordinates (s,z) and hy-
perbolic coordinates (¢,z). Here s,t serve as “time” coordinates, and z,x as “space” coordinates.
Similarity coordinates are regular across {v = 0}, and surfaces of constant s are outgoing null.
Hyperbolic coordinates, on the other hand, are built out of an asymptotically (past) null slicing,
with surfaces of constant ¢ tracing out asymptotically (past) null hyperboloids {|u||v[P* = const.}.

Define 9 = ry, where r(u,v) is the area radius function of the spacetime. It follows that (6.1)
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reduces to
0501 — al 2|02 + a1 0=1) + V (s, 2)1p = 0, (6.52)
where V(s,z) ~ k? is a positive potential with small amplitude. For a k-self-similar spacetime,
V (s, z) = Vi(2) reduces to a function of the spatial coordinate z.
To prove self-similar bounds for the solution, it is equivalent to establish |0s1], 0.0 < e
as s — 0o. The main obstacle to proving these estimates is the blue-shift effect, which we see by
restricting (6.52) to {z = 0} as an equation for 9,1)(s, 0). Directly integrating the equation! suggests

1-k?)s , which is the blue-shift rate? expressed in similarity coordinates.

the asymptotic 9,1 ~ e
The challenge of the proof is in extracting additional decay from the term V' (s, 2)1. As V ~ k2 is

small, it is natural that this balance is delicate.

Remark 30. For non-spherically symmetric solutions, the projection onto a fized (m,f)-mode satis-
fies (6.52) with an additional potential Ly(s, z) ~ W Unlike the potential V (s, z), the angular
potential is of size ~ 1, and so for small k one expects the blue-shift term to be dwarfed by the

contribution of the angular terms.

The argument for Theorem 12 is naturally divided into three steps. We devote a section to each

below.

Step 1: Backwards scattering

The regularity of characteristic initial data g(z) is described by a scale of Holder-type spaces
(ahor)({s = 0}), a € (1,2), modeled on the functions |z|¢ € C&OT)({S = 0}). These spaces only
distinguish regularity as z — 0. To the past of this null cone, we require all data to be sufficiently

smooth (e.g., C™ for m > 5). The k-self-similar scalar field lies in C?*

(hor)({s = 0}), and we thus take

a € (1, px) as the range of below-threshold regularity, o = py, as threshold regularity, and a € (py, 2)
as above-threshold regularity.

Although we are ultimately interested in the asymptotics of solutions in {s > 0}, it is helpful
to first translate the problem from one with outgoing characteristic data 1y(z) along {s = 0} to

an equivalent problem with data (¢ (x), 0 (x)) = (fo(x), fi(x)) along the spacelike slice {t = 0}.

!Observe that this computation is comparable to that of Section 1.4.
2Recall we are estimating 7, rather than ¢ itself. The bound consistent with self-similarity is then |r¢| < |ul,
and the blue-shift bound is |r¢| < |u|1_k2.
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This induced data is quantitatively more regular than the null data; the tradeoff, however, is that
we must allow for data with exponential tails as x — co. See Figure 6.2.

We build a dictionary between the regularity of ¢y(z) € C(O‘hor)({s = 0}) and the optimal decay
achievable for spacelike data (fo(z), fi(z)), with the latter recorded in a scale of function spaces
D*({t = 0}). This result, which can be viewed as a backwards scattering statement, follows
by solving (6.52) in a region {s < 0} subject to prescribed data along {s = 0} and free data on
{z = 0,s < 0}. Exploiting the choice of free data, we use multiplier estimates to establish the

~@%*  The estimates rely on the use of a multiplier vector field

optimal decay rates |fol,|fi] < e
0s, a multiple of the self-similar vector field. As the underlying spacetimes are asymptotically

k-self-similar, this vector field is suitable for producing energy-type estimates.

o
Q\

$0(2) € €y (-1,0])
(e.g. to(z) = [2]%)

/ free choice of ingoing data

(fo(x), f1(2)) € DG* (R4) x DG* (Ry.)

(e.g. ﬁ](’l‘) = e~ kT 4 lower order)

Figure 6.2: Schematic representation of Step 1. The diagram should be read “towards the past,”
with the result being the construction of data along {t = 0}. Also shown is an explicit example of
null data 1y, and a component of the associated spacelike data.

Step 2: Resonance expansion and solution theory in hyperbolic coordinates

Having constructed spacelike data, we transform (6.52) to hyperbolic coordinates and study the
resulting wave equation. For simplicity, consider the case of exact k-self-similarity. The equation

for v is schematically
0P — 024 + 4q Vi (z)e 2% = F(t, x), (6.53)
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where we allow for a forcing F'(¢,z), and the potential V() is a function of the spatial coordinate

alone. Define the spectral family
Pi(0) = =07 + (4gpVi(z)e %" — 0?)

on the half-line Ry. Taking a formal Fourier-Laplace transform of (6.53), it is natural to study
the spectral theory of Px(c), and in particular the existence and analytic properties of a scattering
resolvent R(o).

The procedure for constructing R(c) goes through the methods of 1-dimensional scattering
theory on the half-line, as discussed in [47, 21|. Let p,, denote a cutoff to {z < z;}, and define the
cutoff resolvent Ry, (0) = pzoR(0)ps,. It is straightforward given the exponential decay of the
potential to construct Ry, ., (o) as a meromorphic family of operators on L2(Ry.), for {So > —gi}.
The construction can be made explicit by the introduction of outgoing and Dirichlet solutions
fiout),o () f(dir),o () to the equation Py(o)f =0, cf. the definition (6.140). See also Figure 6.3.

However, in order to establish self-similar bounds via a resonance expansion, we require the
existence of a meromorphic extension of Ry, ., (o) on a full neighborhood of {So = —1}. To

achieve this we apply the small-k expansion of the metric g, in Section 3.4 to produce a splitting

Pk(o‘) = —83 + (wzk2672qk$) +O0p (k26—4qk(176)w)’

P (o)

where the leading order operator P]E,O) (o) has an explicit exponential tail, and the constant wy, admits
an asymptotic expansion in k. With this splitting, we are able to define a cutoff resolvent R;(t%)m (o)
for the operator P}go) (o) which is meromorphic on C. By gaining sufficiently good control on the
outgoing and Dirichlet solutions for the leading order operator, a perturbation argument yields the
existence of a meromorphic cutoff resolvent R, ,, (o) in the domain I 8 1 = {—% < Qo < %}

This argument rests on having sufficient regularity on the background metric to extract the
leading order term in an expansion of Vi(x) near infinity. Such an expansion does not obviously
continue to higher order, and therefore the existence of a meromorphic extension to C is unclear.
The limited regularity motivates the construction of a resolvent by hand, and distinguishes this

problem from (much more general) resolvent constructions in the asymptotically hyperbolic case

(see [21]).
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With the construction of a cutoff resolvent in H[7 8 15 two problems remain. The first consists in
identifying the locations and multiplicities of any poles of Ry, 4, (¢). This problem may be equiv-
alently stated as one involving the location of zeros of the Wronskian W(o) = W|f(out),os f(dir),o)-
It is here that the delicate balance in (6.52) between the blue-shift growth mechanism and the

potential damping due to V (s, z)1) is manifest. A perturbation argument using the explicit form of

the leading order operator yields that there is a zero of W(o) in a neighborhood of o = —ig;, and
we have 1
W(o) ~ — + O(K?).
(o) I'(o +iqk) (k%)

The O(k?) term depends on the asymptotic expansion for wy, as well as the sub-leading terms
we dropped by considering the leading order operator. As o = —igy corresponds to a resonance
at the blue-shift rate, and o = —i the self-similar rate, it follows that distinguishing stability and
instability rests on the sign of the small O(k?) terms. The assumption of small k allows us to prove
that the region So > —1 — O(k?) contains exactly one, simple zero of W(o). However, it offers no
insight into whether this zero lies in the stable (So < —1) or unstable (3o > —1) region.

The approach we take towards identifying the pole is motivated by [46], which emphasizes the
relationship between scattering resonances defined with repect to spacelike slices, and the regularity
of the respective mode solutions along outgoing null slices. Exploiting this relationship, we are able
to show that the unique zero of W(o) lies at 0 = —i, and corresponds to solutions of (6.1) with
o = const. In a residue expansion, it is the residue at this pole that is responsible for the appearance
of constants in the above threshold regularity statement in Theorem 12.

With the mode identified, the remaining problem concerns the applicability of a leading order
resonance expansion for initial data that is not compactly supported, but rather decays with ex-
ponential tails. We show that in the high regularity case o > pg, the decay established by the
backwards scattering result is fast enough to define a meromorphic extension of the resolvent with
the same pole structure in {So > —1 — ¢}, for some ¢ € (0, agx — 1) sufficiently small depending
on the regularity gap | — pi|. A standard resonance expansion then yields the desired decay of ¢
to constants, in regions {z < const.}.

We note that although the spectral theory is performed on a k-self-similar background, the
flexibility to include a (suitably decaying) forcing F(¢,x) in (6.53) allows the argument to go through

on general asymptotically k-self-similar spacetimes.
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Above threshold regularity
a > pg
Ro
Meromorphically extended Meromorphically extended
A priori domain of domain of definition domain of definition
definition of py, R(0)pay of puy R(0)pay of psy R(0) acting on DY*(R4)

T A
7777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777 {So = —qr}
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ’:, N S — —

A //* {So=-1}
~J !S\ Simple pole of
paoR(0) acting on DL®(Ry)
77777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777 {So = —min(aqy, $)}
X 3
ffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff {So=-31}

Figure 6.3: Domains in the complex plane for which various resolvent operators are defined. In the
context of a resonance expansion, the imaginary part of o corresponds to growth/decay of waves at
a rate e(S9)t in regions {x < const.}. This diagram is specific to setting of Theorem 12 in above-
threshold regularity.

Remark 31. Steps 1-2 illustrate that the regularity of null initial data determines the decay of
induced spacelike data, which in turns limits the domain of definition of the resolvent operator. For
reqularities above threshold, i.e. o > py, this procedure allows for a straightforward definition of the
resolvent on a strict neighborhood of {So = —1}, corresponding in a resonance expansion to the
self-similar rate.

For regularities at or below threshold, however, the situation is more complicated. Taking null
data gy € Cf}’:or)({s = 0}), for example, the associated spacelike data decays at a rate which only
allows for a resolvent to be defined in the half plane {So > —1}. To address this issue, we further
restrict the class of threshold regularity data to include functions in the space C(ah’gr) C C(O;m). Data

i this class admits an expansion
po(z) ~ [2[PF + O(|z[P+F0),

This condition is verified for the k-self-similar scalar field, and the proof of backwards scattering

in Step 1 can be extended to show that the induced data for ¢ lies in DX O(Ry) C DL (Ry),
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corresponding to functions with the exact exponential tail
fo(z) = coe™ + O(e~UH0am)zy,

It will follow from the spectral analysis that the resolvent, applied to this class of functions, extends
meromorphically to a strict neighborhood of {So = —1}.

An interesting consequence of this extension (cf. Proposition 28) is that the previously identified
single pole at o = —i becomes a double pole, with the k-self-similar scalar field function serving
as a generalized resonance. This serves to explain the origin of the logarithmic growth (in |u|) of
or(u,v); the resonance expansion for solutions in this threshold regularity class encounters a double

pole at 0 = —i, the residue of which generates an additional logarithmically growing term.

Step 3: Multiplier estimates

Expressing the results of the previous step in similarity coordinates yields the estimates

105(r(¢ — o0)) |, 10:(r(¢ — poo))| S e 1T, (6.54)

holding in a region {z < zy < 0} bounded strictly away from the cone {z = 0}, for some constants
Yoo and 9 > 0. The remaining step is to propagate these bounds globally in the interior region. The
argument proceeds in physical space, using vector field multipliers and commutators for (6.52). See
Figure 6.4.

Define 15 = (17951 (¢ — ), which satisfies
0s0:405 — qr|2|0205 — (8 + k)00 + V (s, 2)p5 = 0.

The challenge is finding a way to absorb the remaining blue-shift term (& + k2)0,45, which can
contribute unfavorable bulk terms to a multiplier estimate. The key structure we use is that under

commutation by 0., this blue-shift term gains a good sign provided 6, k are small:
050215 — qi|2|031bs + (1 — 6 — 2k2) 0205 + V (s, 2)0:1bs + 0.V (s, 2)bs = 0. (6.55)

If o5 € W22 ({s = 0}), we may multiply by 8¢5 and integrate by parts in R(0, s9) = {0 < s < so}.

To control the error terms, we observe that any term with support away from {z = 0} is already
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controlled, and that the potential V' is small in integrated norms:
D> 18IV (5, 2) | re(gsmso}) Sp K (6.56)
0<i+5<1
which holds for all sufficiently small £ and any p < oo. The commuted energy estimate then
closes, yielding control on the top order quantity ”8§w6”L§({s=so})- Combined with the decay (6.54)
on lower order quantities near the axis and integration along characteristics, we will conclude the
desired bounds.
An important complication arises, however, for less regular data. We allow for general data
Y5 € Cf;mr)({s = 0}), and therefore for o < 3 it is not the case that 95 € W22({s = 0}). To adjust
our estimates in this low regularity setting, we instead multiply (6.55) by |z|“0%1)s and integrate
by parts, for an w > 0 depending on «. The favorable bulk term in (6.55) appearing in the energy
estimate now depends on both § and w, however, and one must be careful to choose the parameters

appropriately for the estimate to close.

o

Q\\\ resonance expansion
@(u,v) = oo + O(\u\"‘/) Above threshold regularity
a > pi

multiplier estimates

for 7(p — o)

\\\\\/(f0<1)1f1(1)) € DG (R4) x D* (R4)

Figure 6.4: The conclusion of the resonance expansion (active in light shaded area) and the multiplier
estimates (active additionally in the darker shaded area).

Remark 32. The proof of Theorem 13 concerning non-spherically symmetric solutions is carried
out entirely at the level of multiplier estimates for the individual projections onto angular modes,
and Steps 1-2 are not required. The primary novelty in this case is the presence of the angular
potential Ly(s,z). We must ensure that the estimates associated to 0, multipliers and commutators

are independent of £, as the angular terms are not small in k. It turns out that the derivatives of this
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potential have favorable sign (Lemma 19), and so the estimates proceed much as in the spherically
symmetric case.

For regularities above, but within O(k?), of the threshold o = py, the estimate (6.56) turns out
to be too weak to close the multiplier estimates. As a result, the precise statement of our result (cf.
Theorem 13) is restricted to reqularities o > py + O(k?). A similar obstacle is faced for spherically
symmetric solutions; however, in that case we use additional estimates arising from the resonance

exrpansion.

6.5 Multiplier estimates

6.5.1 Integral inequalities

We start with a basic one-dimensional integral estimate:

Lemma 27. Let f(t) € C*([0,1]) be given, and w,w’ € [0, 5) withw < w'. Let a € (0,1—2(w' —w)),

and define a, . = m Then the following estimates hold:
[a-o=swrar< s 0 -ors0f < ot gor st [ rapa
0  te[0,1] Tl aww a(l —ayw) Jo .
(6.57)
Proof. The first inequality is immediate. For the second, assume w > 0 and write
td
(1= 0250 = 0P + [ 40— 0 ) (e
0
t t
= JOF+2 [ 0O Ode - 20 [ (- 02 (02
0 0
! / I :
<FOP +a [ =P @R [0 0 R
0 0
1t :
< FOP +auur sup (1= 0°FOF + 1 [ (1= 0 (02 (6.59)
t€[0,1] aJo

which holds for any a > 0. Taking the supremum over ¢ and absorbing terms to the left hand side
yields the desired result.

For w = 0 the computation is similar. O

We next turn to a Hardy-type inequality that will used for absorbing low order terms with

singular 7 weights.
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Lemma 28. Let f(z) € C1([0,1]) be given, and v > 2 a parameter. Assume

lim () 2"V f(z) = 0. (6.59)

z——1

For k sufficiently small, there exists a constant C, > 0 such that

/2 f(i)de <a, /2 (flii)z)2dz. (6.60)
-1 -1

P P

The same identity holds with 7 in place of 7.

Proof. Begin the proof of (6.60) by writing (we allow C,, to change from line to line)

1 1
N Py R
/_1 ;y dz = -1/, 0, s ajf(z) dz

_1 2 _1 2 —L e N2
chkQ/ * e dz+5CV/ 2 12) dz+6_lCV/ AQE
1 —1 r -1

T T

_1 2 ~1 9
< c,,(5+k2)/ ’ f(f)dzm—lcu/ i fo(ﬂ dz.
1 v -1 v
We have used the condition (6.59) in order to drop boundary terms at z = —1, as well as uniform

(in k) bounds for derivatives of 7 in the interval z € [—1, —%] Choosing ¢, k sufficiently small and

absorbing the first integral on the right gives the stated estimate. O

The next estimate is key to deriving non-degenerate C* bounds on ¢, near the axis, given
estimates on rg,,e. Such estimates necessarily lose a derivative, and were discussed (in double-null

gauge) in Section 5.5.3.
Lemma 29. Let f(s,z): Qr — R be a given C’iz function. Uniformly in s, the following holds:
< —5 —51(192
1021 (8, 2 )| oo (-1, 17y Sk € 0=(raf) (8, 2) | poo (o1, - 17y + €12 () (85 2| oo (-1, 17y (6.61)

The same inequality holds with r in place of ry.
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6.5.2 First order estimates

We now proceed to derive multiplier estimates for the wave equation (6.17). Recall from (6.15) the
definition of the r weighted quantity ;,¢(u,v), a function on the quotient spacetime. To simplify
notation, we assume a (m, £)-mode is fixed and write ¥ = .

To study the behavior of solutions to (6.17) as s — oo, we consider ¢, = elte=P)sq) for p € R,

which solves

05010 — qi|210%0, + pdby + (Vi(2) + Lio(2))h, = e B7PIE, 15, 2). (6.62)

As suggested by the first order term with coefficient p, the availability of multiplier estimates will
depend heavily on the value of p. For p < 0, a bound |¢,| < 1 asserts an exponential improved
decay rate with respect to the blue-shift rate ¢ ~ e~%%. Setting p = 0 corresponds to the blue-shift

rate, and p > 0 to slower decay.

In this section we prove a multiplier estimate at the level of 0v,. For sg,s; € R define

R(s0,51) = QN {so < s < s1},
Fso,s1 =I'N {30 <s< 51}7

Hg s, ={z=0}N{so < s <s1}.
We denote by R(s1) the set R(0, s1) provided s; > 0. Similarly we define I'y,, Hy, .

Proposition 21. Fiz an (e, k)-admissible background spacetime, and a parameter p € [—1,1].
There exists k sufficiently small (independently of £) and constants Cy, C1 = Cl(HVkHWLz([_l 0])),

such that the following estimate holds in R(so) for sufficiently reqular solutions to (6.62):
1
1040022 ((smso) + 1000172,y + 1= Lk ) 290l 22 (m(soy) + (B + )10l Z2 s,
< COH(?ZTWH%%({S:O}) +(1+ C1k? — 2P)Haz¢ﬂ”%§,z(7€(so))' (6.63)

Proof. Multiplying (6.62) by 0.1, and integrating by parts in R(sg) yields

1// 05(0:1,)dzds — 1qk // 1200 (05,)*dzds
2 JJR(s0) 27 JJR(s0)
1
+ p// (8pr)2dzds + = // (Vi + Lk7g)az¢gdzd8
R(s0) 2 JJR(s0)
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:// e(ae=p)s L pEp (s, 2)dzds
R(s0)

1 1 1
- ! / (Ou0p)?dz + ~ g / (@.0,)%ds + / (Vi + Lig)2ds
2 {s=s0} 2 s 2 H

1—‘0 S0

_1 5 1 )
=3 /{ SZO}(azwp) dz + (50 = p) / /R (SO)(azzpp) dzds

// (Vi + Li, o) dz=ds + // e\ =PI 4 € (s, 2)dzds.
R(s0) R(s0)

(6.64)
As Vi, Ly ¢ > 0, the boundary term along Hy, is non-negative. To complete the estimate it remains
to understand the bulk terms appearing on the right hand side. The term proportional to L;c, ¢, has a
good sign by (6.31). To handle the term proportional to V), apply (6.23), (6.57), and the Dirichlet

boundary condition for v, to compute

1 1 S0 0
// Vk'v,bzdzds < / ( sup |wp|2(z',s))/ Vi(z)dzds
2 JJR(s0) 2Jo " ael-1,0] -1

50
§Clk2/0 ( sup |¢p\2(z',s))ds

z'e[—1,0]

< C1k? // (0:1,)%(2, 8)dzds.
R(s0)

Finally, we consider the term proportional to &, containing the perturbation from exact k-self-

similarity. These terms are small in terms of k£, and are handled by integration by parts:
/ / e\ =PI 1 €, (5, 2)d2ds (6.65)
R(s0)
1 // e s <,u)\(—1/)> ( A(—v) > 9
— _- _ +——) Ll+1))00
2 ) IR0y T ( (1—p)r » (1—p)r » ( )) p
L0+1
= O(eokz)/ (1+£(€ + 1))32 + O(eok?) // ( ( ;,f )>¢p,
H R(s0)

o / “

H

(1+£(€ + 1))2 + O(eok?) /R( ) 0:1,)? (6.66)

O(eok?) // o “1 wp, (6.67)

where we have used the regularity of the background spacetime to ensure that z-derivatives of

double-null quantities are bounded. The remaining terms carrying ¢-dependent constants can be

absorbed for ¢g sufficiently small, and the bulk term proportional to (azwp)Q contributes to the right
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hand side of (6.63).
Combining the analyses of bulk terms with the integrated estimate (6.64), and choosing C

sufficiently large, concludes the proof. O

6.5.3 Second order estimates: ¢ =0

In order to close the multiplier estimate, we will have to absorb the unfavorable bulk term appearing
in (6.63). The necessary structure to do so emerges after commuting (6.62) by 9., leading to
estimates at the level of two derivatives of the solution. In this section we pursue such an estimate for
the spherical component of the solution, and drop all terms proportional to £. A slight complication
arises due to the limited regularity assumed on the background solution and the initial data — recall
0?1 is not guaranteed to be bounded pointwise. We thus incorporate singular |z| weights into the
analysis.

Commuting (6.62) by 0, and setting ¢ = 0 yields
8502, — qi| 21030, + (i + p)O2p + VieDathy + Vitb, = e\ 57029, (s, 2). (6.68)

Proposition 22. Fiz an (e, k)-admissible background spacetime and parameters w € [0, %), p €

—1,1]. There exists k sufficiently small and constants Cy, C1 = C1(||Vie||i1.2 , Cy such that
W, (

-10))
the following estimate holds in R(sg) for sufficiently regular solutions to (6.68):

IHZI“@?pr%g({s:so}) + %Haglbp”%g(rsg)‘i‘(%(l — 2w) — Cok® + 2p) HIZI“@?%H%?Z(R(SO))
< Colll=[* 02|72 ((sm0y) + CLk* 1020172 r, ) (6.69)

For any constant § € (0,1), there moreover exists k sufficiently small (depending on §) such that

(6.69) holds with the replacements Cak? — 6, and C1k? — C1k*.

Proof. To simplify the number of cases handled in the proof, assume without much loss of generality
that w > 0. The case w = 0 introduces additional boundary terms that are easily handled.
Multiplying (6.68) by |z|**021, and integrating by parts in R(so) yields

1 1
5| P o
{s=s0} I

— % / 2|2 (02¢,) dz — / / Vie| 2|2 0.1,024) ,dzds
{s=0} R(s0)

2 2 1 2w (a2 2
O+ (a1 =20 +p) [ (o020, s

0
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- // Vi 22902y ,dzds + // e(q’“_p)s|z|2w8§1/)p825p70(5,z)dzds. (6.70)
R(s0) R(s0)

For any d; € (0,1) we estimate the first bulk term on the right hand side using Lemma 27 as

], )vk|z|2wazwp83wp\
50

51
< 2w 2w
< w8 [

HVkHLQ/ sup |2/[*]0:1, (2, s ds+// 1212 (0%4),)>
R(s0)

z'e[—1,0]

4 4 51 2w 2
<50t [ e (ot ) [f ot

Similarly, the second bulk term may be estimated

‘ I viepevete,
R(s0)
51
< 2w / 2w (02
o 261 // R(so0) | V qpp // R(so0) | a wl))

HVka /0 sup [l 2, s)ds + 2 // 122 (824),)2
R(s0)

z'e[—1,0]

2 w 6 w
SO [[ e+ Y [[ et
1 R(s0) R(s0)

St [ @appas+ (g D) [[ et
51 Ty, 01 2 R(s0)

It remains to consider the bulk term containing 0,&p .

‘ / / () 22002 0.,
R(s0)

< O(eok?) 221020 (18] + 10210 ) (6.71)
R(s0)

| /\

| /\

IN

§O(eok2)/ (0:21,)% + (O(eok2)+‘521)//m )yz\%(azzpp)? (6.72)

Ts

Choosing §; ~ k%, C1 large enough and k small, we arrive at (6.69). The alternative form follows

by choosing §; € (0,1) arbitrary, and then choosing k sufficiently small. O
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6.5.4 Second order estimates: ¢ > 0

For ¢ > 0 we first rewrite (6.62) to collect all /~-dependent quantities:

050:1p — il 2020, + POty + (Vi(2) + Le(s, 2))1b, = e % P1E, (s, 2), (6.73)
where o
. A=)
L = 7 1
o(,2) - MWW +1),

and for convenience we have set A = eF* S\, # = er. A consequence of (6.73) is that the right

hand side no longer has any ¢-dependence. Define a weight w(s, z) = Ev\l(:ﬁ ;, and commute (6.73)

by 0,(wr?.). After a straightforward computation, we arrive at the following equation for 1/1,()1) =

w%zazz/)p:

9505 — g1 21020 + (a1 + p + qu|2]0: log(wi®) — 9 log(wi?)) 9.4
Ay

L0+1
+ ( ( —; ) + Vi — qr0; log(wi?) + qi| 2|02 log(wi®) — 0,0, log(wa)) w;l)

As
+ 8, (wiVi ), = 9, (wiel®=PSE, o). (6.74)
The key multiplier estimate is contained in the following proposition.

Proposition 23. Fiz an (e, k)-admissible background spacetime and parameters w € [0, %), p €
[—1,1]. Assume ¢ is supported on a single (m,{)-mode with ¢ > 0. There exists k sufficiently small
(independent of ¢ and w), and constants Cy,Cy such that the following estimate holds in R(so) for

sufficiently regular solutions to (6.74):
1272020 2 ooy + (a6(1 = 20) = CLk? + 20) 1127200 172 (s

Before beginning the proof, we state estimates on certain coefficients appearing in (6.74).

Lemma 30. For all £ > 1 and k sufficiently small, we have
0, logw > 0, (6.76)

sup 105 ()| oo (—1,0) S k2, sup 10205 (wi*)|| oo ((—1,0) S K, (6.77)
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sup ||azw||L§'([—1,o}) Sp k%, sup |||Z|8§w||L§([—1,O]) Sp K, (6.78)
s>0 s>0
sup H?*_l (1 — grwid.r — qk|2]w(8z7*)2) HLoo([—1 1 < k2. (6.79)
5>0 T2
Proof. Decompose the weight w(s, z) as w(s, z) = wi(2) +wp(s, 2), where wy(z) is the k-self-similar
component. The latter may be rewritten as

1 —oﬁ(z) _ 4(Zk '
(|2 AN (—i(2)  (121F°Q2)(2)

By (3.76), (|2|F*€22)(z) is decreasing in z, with derivative bounded above by a multiple of —k2. We

wg(2) =

may also estimate
\8zwp\ S 60/62.

Applying the triangle inequality allows us to conclude (6.76).

To see (6.77), note that both estimates have at least one J; derivative. These derivatives
vanish on the k-self-similar contribution, and therefore only see contributions arising from the
background perturbation. Applying the bounds (6.3)—(6.6) associated to admissible spacetimes
gives the statement.

The first bound in (6.78) is a consequence of the LY smallness manifest in (3.84)—(3.86), (3.116),
as well as estimates on the perturbations. Similarly, the second bound in (6.78) follows from (3.95).

We finally consider (6.79). Define f(s,z) = 1 — qpwr0.7 + qi|z|w(9.#)%. A direct, if tedious,

calculation gives that
F U (s,2) = A7 g + Sail=102F + B — 0, log ), (6.80)
where
A = qi|2|0.7 + T — OsT.
Each term appearing in (6.80) is of size k? in the region z € [-1, —1]. (6.79) therefore follows. [

Proof of Proposition 23. To simplify the number of cases handled in the proof, assume that w > 0.

The case w = 0 introduces additional boundary terms that are easily handled.
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Multiplying (6.74) by |z|2w7*—4azw,(,1) and integrating by parts in R(sg) yields

w 1)\2
L[ el @)
2 Jismsy ™ F 2 Jr 74

S0

1 P 2w
+// (5qe(1 — 2w) + p + qi|2]0- logw — dslog w) J4
R(so 2 7

1 |2 (12 / ’ 1)
=3 v z -A z
2/{ = (021, o RO

// R(s0) wiVe |“|4 0:103 My + // ) elar=r)s u4 “0.uD0. (wiE,0). (6.8

We turn to estimating the various bulk terms, starting with the term proportional to As. Since

(0:01)?

¢ > 1 we have £(¢ + 1) > 2. Define ¢2 = ¢(¢ + 1) — 2. Applying (6.77)-(6.79) gives the pair of

localized estimates

. 22
sup HT(Az - 2) oo (o1,-1p) S *2 (6.82)
s>0
&
ig}g HAQ — WHL2 1 Lo) S k‘ (6.83)

Observe that (6.82) captures a cancellation in top order powers of 7 near the axis. Therefore

’2w
// A, 0y
R(s0)
& !Z|2w 121> ).
i r — . .84
2//72(30) wi? Z // R(s0) <A u2> 7 az% v (6:84)

The first term may be integrated by parts to produce favorable bulk terms (cf. (6.76))

Sff B o L[] BB ey
R(s0) wi? R(s0) wT2 V4 g .

We have dropped boundary terms at the axis, noting that these terms appear only for ¢ > 2, for

which we have |1/1p | < #4. This decay is fast enough to overwhelm the singular powers of # appearing
the integrand.
The latter term in (6.84) gives, after applying the localized estimates (6.82)—(6.83), the Hardy

inequality (6.60), and Lemma 27,

F ) g s
Riso) - v2 7 25 Yy
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se [ wloaule) + // (s = 25 ) o)

R(So)
{z<— {z>
<k [ Lwm?er [[ Lwm)?
~ 7?4( Zd’p ) + 776(¢p )
R(s0) R(SO)
{z<—3 {z<—3
—|-5 1 // ( > ‘ |2w(¢]f()1))2 + 0 // ’Z|2w(az¢f()1))2
R(s0) R(So)

{z>—1} {z>-1)

< (61+k:2)// o (0.449)°
Riso) T4 P

S0 0 £2
+511/ sup ‘|z|w¢1 ‘ </ ( > dz)ds
0 ze[-1,0 -3

50
01+ k?) // [ (0:0M)” +611k:4/ sup ||2[“yD " ds
R(so) T 0 ze[-1,0]
2w
s+ [[ By s // o (0.0(0)?
R(so0) r R(s0)

z 2w
coit e [y
S0

A similar analysis using (6.23), (6.78) gives for the second bulk term in (6.81)

. 2 2w
/ / 0.(wvi) 2 0,4 My,
R(s0) r
. 2w Z 200
5511// (az(w ))2| ’ wp +6 // ‘ 1))2
R(so0) R(s0)

< o7tk // —(p)? + 07! // L (wVi))? 2 (¥,)? +51// zz/},}))?
72 R(s0) 7

'R(so)
{z>-1}

{z<
0 A
< 51pt // )+ o7 1k4/ sup ||z, ? +51// I .00y
0 ze[-1,0]

{z<
<67 1k4// |Z’2w 246 // v4 Zw,(ol))Q
R(s0) i R(so) T
2
< (81 + 67 Y // ’L 0.9 (V)2.
50

The remaining bulk term in (6.81) depends on &,o. The calculation proceeds by the strategy

154



above, in order to handle the 7 weights near the axis. The term here is not borderline in terms of 7
weights, has all terms proportional to k2, and has no /-dependence. Therefore one may simply take
k small to absorb this term, at the cost of a small loss in the &ng) bulk term.

Collecting terms and setting d; ~ k2, we arrive at the stated estimate. O

6.5.5 Non-sharp decay: ¢ =10

For the spherically symmetric component of the solution to (6.1), denoted (s, z), the multiplier
estimates (6.63), (6.69) alone do not yield the sharp decay stated in Theorem 12. Still, these physical
space methods are able to give an upper bound on the growth rate of the scalar field in the case
90‘{s=0} € Cfﬁwr)([—l, 0]) for a > pj, independently of k. In this section we will allow k to be chosen
small in terms of «, and thus we are working in a “high above threshold regularity” setting.

_1_L2 .
| =1+ provides

Subject to this regularity condition, we show that the blue-shift rate ﬁ@vgo ~ |u
the sharp scaling with respect to k for any solutions to (6.1) that are unstable in the sense of
Definition ?7?7. The argument is unable to detect the difference between solutions growing at rates
lu| ! (self-similar), |u|~1=** (blue-shift), or |u|~*~B** (multiplies of the blue-shift), as our multiplier
estimates have used only weak information on Vj (i.e., smallness in w! ’2). Therefore, to show

sharper decay (and necessarily, to rule out unstable modes) requires either energy estimates of a

more refined nature, or appeal to spectral theory as done in the remainder of the paper.

Proposition 24 (Growth at a multiple of the blue-shift rate). Fiz a parameter o € (1,2). There

exists k small depending on «, such that for any (eg, k)-admissible spacetime and spherically sym-

metric initial data to (6.17) with reqularity po(z) € C’(O;LOT)([—LO]), there exists a constant B > 1
depending on «, and a constant C' depending on the data such that for all u € [—1,0) we have the

pointwise bounds

Il oo (2 S Clul =B, (6.85)
100 (@) | oo () S Clu| 175, (6.86)
18 (F0) || oo () S Clu| 71 (B=DE, (6.87)

Proof. The strategy is to close the pair of estimates (6.63), (6.69) with p = Bk?, for an appropriately
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chosen constant B > 0. Unpacking the regularity assumption ¢ € C(O;wr)([_lv 0]) shows

202 (o) € L2([~1,0]),

where w =0 if a > %, and w = % —a+efora< % and e < 1 sufficiently small.

We focus on the bulk term HaZdJPH%E,Z(R(so))' By Lemma 27 this term is estimated as follows,

for any a € (0,1 — 2w),

1 1
||8z¢p”L2 R(so) = T2 \|3z¢p||L2(rs m”\Z|w8§¢p||%g’z(7z(so))'

To control the latter bulk term, we apply (6.69) (in particular, the alternative form stated in
Proposition 22) with parameter § < (1 —2w). It follows that for k sufficiently small depending on

0 (and therefore, ),

19040122 _ (R (s0))

1
(3qk(1 —2w) — 6 + pla(l —

o6y + — (120

<
=1

+ ok 100,
< C((Z, Py W, k)||az¢ﬂ”wz12({5:0}) + D(a’v Py, k) ”831/)/7“%3,2(7?,(0780))’

where

1 Cok* 2
D k 1 14+ Cik* —2p).
(a, p,w, k) = 1—a0w( +a(§qk(1—2w)—5+p)>( o p)

To close the estimate, it suffices to check D(a,p,w,k) < 1 for suitable choices of a, B. Provided
p < i it is straightforward to check that the second factor in the definition of D(a,p,w,k) is

decreasing in p and the third factor non-negative. Therefore,

D(a,p,w, k) < 1 1+ Cik* —2p).
(a Py ) 1-— Qo w ( + a(%qk(l — Qw) — 5))( e ,0)

Set a = k2. For k sufficiently small we have k% < 1 — 2w, and thus this is a permissible choice for a.
With ¢, denoting positive, a-dependent constants, we may write ag ., < cok? and %qk(l —2w)—9 >
Co- It follows that for k sufficiently small depending on c,,

Co, 9

Ca

D(a, p,w, k) < (14 2c,k*)(1 + —k*) (1 + C1k* — 2BE?).

It now suffices to choose B large in relation to Cpy, C1, ¢, in order to render this term strictly less
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than 1 for all k£ small.
To conclude the proof, we translate control on the bulk integral to the stated pointwise bounds.

By (6.63)—(6.69), we bound

w —(1— 2)g,
U 0: ) 2 s=sp) + 50D 121 B2r @) cagamsopy S €720,

One-dimensional Sobolev embedding on {s = sp,z < zp < 0} gives pointwise decay for 0,(r¢)
in L®({s = so}) in the near-axis region. The L? control on |z|“d%(r¢p) is sufficient to extend this
near-axis bound to one on the whole interval z € [—1,0]. We are using here that |z| % € L2([-1,0]).
Integrating from the axis and applying the boundary condition r«p‘r = 0, we conclude an
identical pointwise decay bound for r¢.
To see the bound for ds(ry), we turn to the wave equation (6.13) and use the boundary condition
8s(rg0)‘r = 0, as Js is tangent to the axis. Note that the angular derivative terms in (6.13) drop

out, as we are working with the spherically symmetric component of the solution. It follows that

105(r¢) (s0, 2)| S W2102(rd) 111 ((s=so) + 10=(rd) 111 ((s=s0}) + 17PN 1 ({5501

< 6—(1—Bk2)so

Applying the transformation rules in Table 6.1, the desired bounds in double-null coordinates follow.

O

The energy estimates also imply a boundedness statement for spherically symmetric solutions

to (6.17).

Proposition 25. Fiz a parameter o € (1,2). There exists k small independent of o such that
for any (o, k)-admissible spacetime and spherically symmetric initial data to (6.17) with regularity
wo(z) € C’(O;LOT)([—L 0]), there exists a constant C' depending on the data such that for all u € [—1,0)

we have the pointwise bounds

|76l oo () S Clul ™, (6.88)
10u (7o) | oo (55) S Clul 72, (6.89)
100 (70) | Lo s,y S Clul =24+ (6.90)

157



Moreover, the higher derivative bounds hold
10,05 (Fo)l| Lo (2,) S Clu[ 777, 1<i+j<5b, j<L (6.91)

Proof. The proof follows by the same strategy as in Proposition 24—close the multiplier estimates
for some value of p, and repeatedly integrate the resulting L? estimates (at high orders of derivatives)
to control quantities in L (with the loss of a derivative). We therefore only sketch the details.
Choose p = qx. It follows that for k£ sufficiently small, the bulk term appearing on the right
hand side of (6.63) becomes negative, and we thus conclude control on 9,1, € L2({s = so})
in terms of data. This control allows us to close the second order estimate (6.69), controlling
|z|90%¢, € L2({s = so}) for some power w € [0, %] Commuting repeatedly with ds, applying

the multiplier estimates, using the fundamental theorem of calculus and the equation (6.17), and

transforming back to double-null coordinates, we conclude the stated estimates.

6.5.6 Elementary bound for a wave equation in hyperbolic coordinates

In this section we prove a basic pointwise bound for solutions to the inhomogeneous, spherically

symmetric equation
Of — O3 + Agre 20V (t,2)yp = F(t, x),
¥(t,0)=0 (6.92)

(¥(0,2),00(0,2)) = (f1(z), f2(z)) € WP (Ry) x WP (Ry),

\

where the forcing satisfies
F(t,z) e WP L2(Ry x Ry),

and V (¢, z) is defined in (6.22).

Lemma 31. Fiz an (e, k)-admissible extended background. The solution to (6.92) satisfies the

pointwise bound

Job(t, )| < :
Oglgggst;glamb( ,2)| S CV, (6.93)
for a constant C' > 0 satisfying
3 .
< ||f1”Wz3’2(R+) + ||f2”W1212(R+) + Z ||8gFHLt1L§(R+><R+)'
=0
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Proof. Fix a tg > 0. Multiplying (6.92) by ;%) and integrating by parts in the truncated lightcone

B(t, tg) =4{0 <t <ty, 0<x<2t)—t} yields the energy estimate

sup /
0<t/<tg J {t=t/, 0<z<2to—t'}

() + (824)? + e~ 209?) dar

to
N /{tO} ((0)? + (9,9)% + 20592 d +/O IF ] 12 (0,260 1)) A

+ / / |04 Vi p|e 25y  dtda
B(t,to)

to
S/{ 0 ((0)? + (9,9)? + €292 dr +/0 I1F ]l £2 (0,260 1)) A
t=

+ €9 sup / e 2Ty 2 dy
0<t/<to J{t=t/, 0<z<2to—t'}

We have dropped the boundary term along {z = 2ty — t}, which has a favorable sign. For ¢y suffi-
ciently small, we may absorb the remaining error term and conclude the estimate on supy > |92 12 (f1=¢1})-

As 9(t,0) = 0 we may integrate outwards in z to conclude for any ¢,

[l oo (gt=try) < 1029 L1 (g1=e})
<0l 2 (fi=ep) Ve

< CU1Fll e, I Fllyres 1 fell ) V.

Commuting (6.92) by 8{ and applying an identical argument gives the remaining cases of (6.93). [

6.6 Scattering theory on k-self-similar backgrounds

6.6.1 Special functions

In this section we recall definitions for a class of special functions, including the modified Bessel
functions and digamma functions. References for the material here include [32, 18|.

We first introduce modified Bessel’s equation with complex order 6 € C.

Definition 13. The modified Bessel equation is the following second order ordinary differential
equation for a function f(y) : (0,00) — C:

&*f df .
deTﬁ g, 2+6%)f =0, (6.94)

An independent set of solutions to (6.94) is given by the modified Bessel functions of the first and
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second kind, denoted 15(y), K5 (y) respectively.

These solutions enjoy the following properties:
o For fizred 6 € C, I5(y), K5(y) are smooth functions of y € (0,00).
e For fizred y € (0,00), I5(y), Ks(y) are entire functions of &.

e For 6 ¢ Z, the set {I.5(y)} is linearly independent, with Wronskian3

2sin(mo
Wlls, I-5(y) = _ 2sin(rd) (6.95)
Ty
o for g ¢ —N, I;(y) admits a convergent series expansion
Y\ O — 1 Y\ 2m
o= 2)' S s ()™ -
w=1(3) 2 mIT(m + 6 + 1) \2 (6.96)

m=0

where T'(z) denotes the gamma function. In particular, I5(y) ~ y° asy — 0.

e For 6 € =N, (6.96) holds formally after dropping the first |G| terms. In this case {I+5(y)}

are linearly dependent, and I5(y) ~y~% as y — 0.

e For 6 ¢ Z, we can relate 114, K5 by the formula

Ka(y) = m1s(y) —Ls(y)

2 sin(7o)

(6.97)
Provided & ¢ Z, (6.95) implies that {/15(y)} form a basis of solutions to (6.94). We will largely
use this basis for computations, given the series expansion (6.96). In a neighborhood of 6 = 1 this

basis is no longer valid, however, and we will require certain additional estimates on Ks(y). The

remainder of this section is dedicated to this goal.

Definition 14. The digamma function () (o) is the complex derivative of the logarithm of the

gamma function,

d
O (o) = %hlr(g) —
In {Ro > 0} the digamma function is holomorphic, and satisfies the asymptotic estimate

O(5) ~Ino + O(lo|™h). (6.98)

3For single-variable functions f(x),g(x) € C*(I) defined on an open interval I, the Wronskian is defined as

W(f,gl(z) = f(2)g'(z) = f'(z)g().
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In the following, let B1(1) denote the open ball of radius % in C, centered on 1.
2
Lemma 32. The modified Bessel function of the second kind Ks(y) satisfies the estimates

sup sup | (y9,) (1 Ka)(y)| S 1. (0<j<2). (6.99)
6€]B% (1) y&(0,1]

Proof. The strategy will be to apply the series expansions and (6.97) for {I.s}, 6 € B1(1) \ {1}.
2

We may relate sin(7wd) with gamma functions using the reflection formula

sin(ré) = m (6 ¢ 7). (6.100)
This yields
<g>6K&(y>
- mZ:O F(U)gf(;!_ 7 (I‘(m +11 —6) (Z)zgr(m+11+a)> (%)m
S (e () ) ()

I (y)

In order to cancel the simple pole of I'(1 — ), we need to establish that I,,(y) vanishes linearly in
6 as ¢ — 1, for all y. Define

fm(@)=T(m+1+6)— (m+1)I'(m+2-0),
which for m € Z>¢ is holomorphic in B 1 (1). Compute

o = ()t Do e s 170+ e (8 (3))
1 SHPB%(D | fr ()]

1— 6]+ 1-4] 6.101
ST DTmT2_aTmeisat o+ i-al (6.101)

We have used the inequality

26 2
o | (20
vl By (1) 2 2
which follows by considering the holomorphic function g(6) = (%)2& - (%)2 for fized y € [0, 1], and
applying Taylor’s theorem for 6 € B1(1). It is easily verified that the derivative estimate is uniform
2
in y.

To complete the j = 0 case of (6.99), we estimate f], (o). Differentiating and applying the bound
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6.98) for the digamma function gives
(6.98) g g
i (@) = [Tm+1+8) 8 (m+1+6)— (m+1)(m+2-6) 80 (m+2-5)|

SIPm+1+6)||In(m +1+6)|+ (m +1)|0(m +2—6)||In(m +2 - 5)

Inserting in (6.101) implies I,,,(y) is bounded uniformly in y, 5, and m.

Differentiating in y and running the same argument gives the remaining cases of (6.99). 0l

6.6.2 Analysis of approximate spectral family Pk(o)(o)

We begin by defining two families of differential operators, each depending on a complex parameter
o € C. These so-called spectral families play a key role in motivating the construction of a scattering

resolvent for spherically symmetric solutions to the linear wave equation (6.1).

Definition 15. For o € C, define the following operators P}go) (o), Pu(o) acting formally on C2(R.)

functions on the half-line:

(P (0)f) (x) = —f"(2) + (daqy k227 — 02) f(x), (6.102)
ey
(Pu(o) f) (@) = —f"(x) + (Agrywe > Vi(z) — 0?) f(2). (6.103)

Here, Vi(x) is as in (6.21), and ~yy the constant in Lemma 18. For any € > 0 fized,

Pi(0) = P (0) + Opee (K2 2ax(1=0)7) (6.104)

In this section we develop a complete understanding of the space of solutions to the approrimate
spectral equation

(P (o) f) () =0, (6.105)
as a function of o and asymptotic behavior for z — oo. To see the relation between (6.105)
and Bessel’s equation (6.94) as considered in the previous section, we change coordinates from
T toy = wkkqgle_qu. A computation gives that f(y) obeys Bessel’s equation on the domain

y € (O,wkqu_l] with order ”
6 =1i—.
dk

Provided ¢ ¢ Z, it follows from the discussion above that natural bases of solutions for (6.105)
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are given in terms of {Is, K5} or {I1s}. We find it convenient to use the latter representation.

Translating back to the original coordinates and normalizing gives the following pair of solutions to

(6.105):

Lemma 33. Define

Frolz) = <wkk>&f_&(“)q’j"e—w), foolz) = (wkm—%(“’q’fe—w), (6.106)

where the principal branch of the logarithm is used in the definition of a®, z € C. For all o € C the

pair { f+ o (x)} are solutions to (6.105). Moreover, the solutions enjoy the following properties:
e Provided o ¢ FiqrN, we have the asymptotic behavior
fro(x) ~ et a5 2 — oo, (6.107)
in the sense that there exist non-zero constants c+ 5 such that

e$iamfi,a(x) =i, + 0(672‘1’“‘”),

o The pair { f+o(x)} are linearly independent provided o ¢ iqiZ. The Wronskian is independent

of x, and given by 9
Wifto foo] = — 2% sin(r5). (6.108)
T

Although {f1 ,(x)} are a priori defined for all ¢ € C, we will be interested in their behavior

restricted to a neighborhood of the real axis. For aj,a2 € R with a; < ag, define
]I[ahaﬂ = {Z €eC:S9z € [a17a2]}7

and similarly I(g, 4.)-
In the remainder of the section we collect estimates on the pair {f+ ,(z)}. The series expansion

(6.96) is our main tool for deriving bounds that track the joint behavior in (z,0), and k.

Lemma 34. Fiz a parametern € (0, 3). There exist functions g+ »(x) smooth in (o, ), holomorphic
in o, and with C2(R,) norm bounded uniformly in (o,z,k) € [—1—pm X Ry x[0,€) for € sufficiently

small, such that

) . 1 \2
T o) = (201)7 (1= +wpk?(5-) e + wiklgs o (@)e @), (6.109)

r2-o) 2qx,
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. . 1 1 \2

1T — - - ~ 21.2 —2qrx 414 —4qrx
e’ f_o(x) = (2q) T2 +06) (1 + 0 +wik <QQI<:) e +wipkg- o (x)e ), (6.110)
holds for (o, z,k) € I

—1-n,7) X R+ X [0,6).

Proof. We show the statement for f ;(z). By the series expansion (6.96) for I, it follows that

—i0x G wkk am 1 m=o —2mqix
T pla) = 30 LT (LY

— (m+1—05)\2¢
| wik? g _ wik _
= o) 5 (1 + 5 20) e+ gy o(a)e 4‘1”), (6.111)

for a function g4 ,(x) satisfying all the stated properties. Note g4 »(x) has poles for 0 € {—2, -3, —4,...

but by our choice of 7 is uniformly bounded in the region Ij_;_, ;. To arrive now at (6.109), it
remains to factor out (1 —&)~! in (6.111) and apply the multiplication identities for gamma func-

tions. O

Remark 33. In the remainder of the paper, we will assume a parameter n € (0, %) has been fized.

For such a choice, and k sufficiently small, we have [|_y_, ) NigrZ = {0} U {—iqy}.

The next lemma considers an integral kernel G, (z,2") built out of {fi ,(z)}. This will be

required in the Volterra iteration in the following section.

Lemma 35. For o ¢ iqiZ, define

f—ﬂ(xl)f-i-,a(x) - f—,a(x)f-i-ﬂ(x,)
W[f*,o'var,O'] '

For fized x,2" > 0, Gy(v,2") extends to an analytic function of o in Ij_y_, . For fived ' > 0 and

Go(z,2") = (6.112)

n € (0, %), we additionally have the estimates

—|So|z’ NP
sup sup e Go(z,z')| S 1, (6.113)
T€l 1,y z€[0,2'] L+ 7
sup sup < ! )J ! e RN G (x| <1, (1<j<2) (6.114)
g 9y ~ 9y — — * *
o€l[_1_p z€[0,z'] 1+ |0" 142 T

The x-dependence of these estimates may be improved at the cost of uniformity in o. There exists

a locally bounded function c(o) defined for o # 0, such that

sup
z€[0,2']

Gy, 2)| < c(0)el¥ (0<j<2). (6.115)

Proof. To verify analyticity, it suffices by (6.108) to check that G, (z, ') has removable singularities
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at o € {0} U {—iqx} for fixed (x,2’). Near either point, employ (6.97) to write the kernel as

e (6.116)
— m <Ia (u;];kequ>,[6 (Tequ’> I, (Teqkf)]& <U()]1;keqkm>>
(e () (o () e

The analyticity of I5, K5 implies G, (z, ") extends to o € {0} U {—igx} via this formula as an
analytic function.

To estimate G, (z,2"), it is convenient to subdivide I;_;_,, ,; into two regions:

Ri =Bi1(—iqy), R2= [1—pm \ Ry

1
2

In R; we appeal to the regular expression (6.117). The series expansion (6.96) for I; implies

ous (e )| < |(5)

sup
z€[0,2]

The bound (6.99) for K, similarly implies

aJK (u;;;k —w)

< ‘(L”“lg)&‘eqk\gﬂx’_
AN/

sup
z€[0,2']

The stated bounds (6.113)—(6.115) in R; now directly follow by differentiating (6.117).

In the complement we apply the expansions (6.109)—(6.110) to give

/ —iox iox’ —iox! iox ﬂ-(l -0+ 0079071/(1)) (1 +0+ 00»17517/(1))
o 9 = - N ~ N N 3 1].
G, ') = (€77 ¢ ) 2qg sin(mo)I'(2 — 0)T'(2+ 5) (6.118)
where Og 4 ./(1) denotes terms that are bounded uniformly in (o, z,2') for o € Ii_;_, ;. A similar

expression holds for the derivatives G%Gg(x, ), j=1,2.
The ratio appearing in (6.118) is not defined when ¢ = 0, and so we must look to the first factor

for additional vanishing. In {Qo > 0}, rewrite this factor as

P P SR R P S SN .
e IOT 0T _ ,TIOT 0T 10T (ewx _ g low ) 4 eloT (6 10xr ezaa:)

= 2i(e"7" sin(oa’) — o’ sin(ox)). (6.119)

In the upper half plane the functions |€?7%|, |e?*'| are decreasing with respect to x, z’, and bounded

for z,2’ > 0. Using the estimate :
sin(ox)

( < well, (6.120)
g
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we find

sup yefiaxeiox’ . efiaz/eiazq g |O_‘xle\ga|x"

z€(0,2/]
We have thus gained a factor consistent with vanishing as o — 0, at the cost of a small polynomial

loss in z. A similar argument works in the lower half plane, writing (6.119) in terms of exponentials

—iox ,—iox’

e , € which decay in x for o lying below the real axis.

We may estimate in Ry to give

1 =64 0500 (1) (146 + Opp (1))

I\Arl_/\ /‘%O’kﬂl
T2 —6)0(2+6) T (@)1= 5)[ae

sup_|Ga(a.a)] 5|
z€[0,2]

1 |Sol|z’
< gl

The differentiated estimates follow similarly, with additional powers of ¢ arising from derivatives

+iox

falling on the exponential factors e . We note also that the polynomial loss in z’ is associated

only to a neighborhood of o = 0, and may be disregarded away from the origin to give (6.115). O

6.6.3 Construction of R(o)

In this section we apply our understanding of solutions to (6.105) to construct families of solutions
to Pi(0)f = 0. By (6.104) the two spectral families P]go) (0), Px(0) differ by a potential term that is
rapidly decaying at infinity. We may therefore hope to construct solutions to the desired problem
perturbatively, by solving
PO (o) f = —4qpk> By (w)e (-9 f, (6.121)
where ¢ > 0 is a fixed small parameter and Ej(z) the function defined in Proposition 18. The
main result of this section is that an outgoing family of solutions fi,u (o) to (6.121) may indeed
be constructed this way for o € I_;_, ,, leading to the definition of the scattering resolvent in
Definition 18 below.
We give a construction of C2(R) solutions to (6.121) with prescribed asymptotic structure by

solving the associated Volterra integral equation. The following result is adapted from [39].

Proposition 26. Foro €I there exists a unique solution f(out)ﬁ(x) to the Volterra equation

—1=nn)

f(out),o (.CC) = f+,U (.T) + 4qkk2 / GU(xa x/)Ek (x/)€—4qk(1—e)x’ f(out),a (l'/)d.%'/. (6122)
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Similarly, there exists a unique solution f() () to the Volterra equation

Ffimyo (@) = fo o (@) + 41k / Golx,2') Ey(2)etax1=e)e’ Fiinyo(2')da, (6.123)

The pair fout),o (%), f(in),o(T) are C2(Ry) solutions to (6.121), and are linearly independent provided
o € I_1_yn \ {0, —iqr}. Moreover, for fized x > 0, fiou) o(z) is a holomorphic function of o €
[ 1

Proof. To simplify notation, define the kernel
Py (x,2") = 4gpk> Gy (z, ) By (2" e 10k (1=,

We will exhibit the solution to (6.122) as a pointwise convergent sum

oo
f(out),o(x) = f—l—,a(x) + Z Mn,a(x), (6124)

n=1

where
e} 00 00 n
Mn,U(x) = / / s / (H X{xizxifl}Pa(xi—lv xz)) f—l—,a(‘rn)dmndxn—l ..odxy.
n

Here, xy(z1,...,2y) is the characteristic function of a set U, and by convention we set xg = x. The

oo
goal will be to show convergence of Z M, o(z) in L(Ry ), uniformly for o € Ii_;_, ;. By the

n=1

estimate (6.113) for G4, and the L>° bound on E} contained in Proposition 18, it follows that

_ N\ 7
sup sup ‘Pg(a:’,x”)‘ S EX1+2")e Agp(1=e)z” o[Solz"
o€l[_1_p ) o' E€lz,z"]

At the cost of increasing € by an arbitrarily small amount, we may drop the linear dependence on

2" in the above estimate. Therefore,
[Mn.o(2)]

N o) 00 00 n o
S He\mxf+,0”L°°(R+)/ / / (HX{xiZzi,l}Pa<$i—laxi)>€_\mznd1’nd$n—l---dxl
n

k2
S
(2q1(1 — €) — [Sa])

Hec\‘ma:fhoHLOO(R+>€—4qk(l—e)m6|$a|ze—%cf:c

/oo /oo . /oo (H X{-Z’izfvi—l}PU(xi_l’ $i))dxn—l A dl’l
T T T =1
n—1
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< 1 ey, |
€ oll >
~ (n—1)! 2gr(1—€) — [So]) oL R)

/ / / o—dar(1- e):cie\%lmi>dxn,1...d1:1

< 1 k2 1
T (n =1 2ak(1 =€) = [Sal) (4g1.(1 — €) — [S0))

_ _ (@3 e 3
4q,(1 e):pe|\ya\we Sox

)

n—1|6

e (4qk(1—6)—|30|)x€—30a}'

By the M-test, we conclude that the sum converges uniformly for z € R, and locally uniformly for

o € lj_y_yy to afunction Y32 | M, ,(x) € L>(Ry) satisfying the tail bound

) S k2NHeSJ:cf+pHLOO(R+)e—%axe—N(4qk(1—e)—|§U\):c' (6.125)

n,o

For fixed x it is clear this sum defines a holomorphic function of 0. The construction of f(;, »(z)

is analogous, and we have an expansion

f( ( f—,cr +ZLno

where

1 k2n 1

Lo ()] S (n—1)! (2qx(1 — €) — [So]) (4qx(1 — €) — |Sa])

— [l f_ ol gy

— — ) — ]Sk,
e n(4qk(1 €) |\sa|)x€$0x‘

We conclude by arguing that f(ou) o(2), f(in),-() are indeed solutions to (6.121), and compute

their Wronskian. By (6.117) it follows that the kernel G, (z, ') is C2 , for all o € Ij_ Directly

1—n,n]*
applying the operator P,go)(a) to the integral equations (6.122)—(6.123) and integrating by parts,
we conclude that fiou o (), fin),o(z) are classical solutions to (6.121).

By the bounds established for My, s, Ly, 5, we have for o € [[_1_,, 1,

Flout).o () = f10(x) + €737 Opo0 (€721 7)7), (6.126)

Flin) o (@) = f-o(@) + 37700 (e 201707 (6.127)

The same expansion holds for f(’out) - (), f(/m) ,(x), as can be seen by considering the Volterra

equation for these differentiated quantities and using (6.114). Note the O(-) terms may depend on
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o here. It follows that

W[f(out),oa f(in),cr] = lim (f(out),a (‘r)f(/in),g (Z‘) - f(lout),g' (m)f(in),o' (ZE))

T—00

= lim (f+,g($)f/_7a(aj) — f—ll—,a(x)ff,a(l') + O(e—ZQk(l—e)w))

T—00
= W[f-i-,ffv f—,U]‘
By (6.108), it follows f(out),s (), f(in),-(z) are linearly independent away from {0} U {—iqy}. O
For o ¢ {0} U {—iqx}, we refer to fiour)»(7), f(in),-(*) as outgoing solutions and ingoing
solutions respectively. These solutions model asymptotically free scattering states as z — oo,

and are characterized by their asymptotic behavior, termed outgoing boundary conditions and

ingoing boundary conditions respectively:
Fooutyo (@) ~ €77+ O(" " 2BE) - flin 5 (x) ~ €77 4 O(e™ 72T,

We may also define a solution to Py(c)f = 0 associated to Dirichlet boundary conditions
f(0) = 0, which we in turn label the Dirichlet solution fg4;;) ,(z). The following definition makes

this precise.

Definition 16. For any o € C, the Dirichlet solution f(dir)p(x) 15 the unique solution to

Pk(a)f(dir),a =0,

(6.128)
(f(dir),a(0)7 f(/dir)’g(o)) = (07 1)
Equivalently, f(gir)o(x) is the unique solution to the Volterra integral equation (for o #0)
fidin),o(T) = Smgm) +/ Mo (2, 2") (4 Vi (2')e ™25 iy o (') da (6.129)
0
where
N .eiax’e—iax _ eiaxe—iax’
Mme(z,2') =1 > ,
and Vi, (x) is the potential defined in Proposition 18. For o =0, f(4r)+(x) solves
f(dinyo(z) = o + / (z — x/)(4‘1ka($/)672qu/)f(dir),(](x/)dx/' (6.130)
0

As a consequence of the Volterra equations (6.122), (6.129), (6.130) and kernel estimates, we may

derive estimates for the outgoing and Dirichlet solutions that are uniform in (o, z,k) € I|_;_; ) ¥
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R4 x[0,¢). The following lemma collects the relevant estimates. Observe that the bounds for f(4y) »
gain a decaying power of o as |o| — 0o, a consequence of the 0~ dependence of the leading order

term in (6.129).

Lemma 36. The outgoing solution f(ou) . satisfies the following bound uniformly for (o,x,k) €

H[—l—nﬂﬂ X R+ X [0, 6) N
d7

dzi

f(out),a ('T)

S+ o)) (1 + )(1 +x)el=)7 (0 <j<2). (6.131)

r'(l1-o) - T
Moreover, there exists a locally bounded function c(o) defined for o # 0 such that

& —Qo)x -
s o) S )l (02 <), (6.132)

Similarly, the Dirichlet solution f(qy) » satisfies the following bound uniformly in (o,x) for o €

H[_l_nm} X R+ X [O, 6) N

dJ
e f(dir),a (l’)

P <A+l A+, <) <) (6.133)

Moreover, there exists a locally bounded function c(o) defined for o # 0 such that

& S .
s @] S o), 025 <2) (6.134)

We next introduce function spaces encoding regularity and asymptotic decay for functions f(x) :

[0,00) — C.
Definition 17. Let 5 € (1,2), I € N be given parameters. Define
D (Ry) ={f(2) : [0,00) = C | f(z) € Co(Ry), eﬁwzjf(x) € LX(Ry) for 0 < j <1}, (6.135)
with the associated norm
! &
||f||Df<’,l(R+) = ]z:;) Heﬁqu@f(x)”[/oo(R+)' (6.136)
For § > 0 and cg € R, introduce the space
DLOORy) ={f(x) : [0,00) = C| f(x) € C'(R+), f(x) —coe P € DI (Ry)},  (6.137)
with the associated norm
£l 52,0000 ) = leol + 11 = coe™ [l parorg, - (6.138)
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Observe DX (R,) C DEI(R,).

We next define the resolvent operator R(c), which serves as a right inverse to P (o) on D42 (Ry)
spaces, for o in an appropriate complex strip (modulo a discrete set). A priori, the domain of o
for which R(o)f is defined depends heavily on the assumed decay of f, i.e. on the value 8 of the

domain space. The larger 3, the further down into the complex plane the operator R(o) will extend.
Definition 18. For fized o € Ij_y_,, ), define the Wronskian

W(J) = W[f(dir),a) f(out),a] = _f(out),o(o) (6139)

of the Dirichlet and outgoing solutions. The second equality follows by explicit evaluation of the
Wronskian at x = 0. Observe W(o) is a holomorphic function of o € Ii_y_, .1 by Proposition 26.
Let B € (1,2) be a given parameter, and define B« = min(Bqx, 1 +n). Assume o € [_g, »

satisfies W(o) # 0. Define the scattering resolvent R(o) : D&I(RJr) — L?

ie(Ry) as an operator

with integral kernel

f(di'r),o‘ (z)f(out),o' (.’L‘/) /

Wio) , T<x
Ry(z,2') = (6.140)
f(di'r),o‘(;V)(.Z()out),cf(‘T)7 T > x/.

This operator is well defined by (6.131), (6.133).

For xg > 0, let py,(x) denote a smooth, decreasing cutoff function identically equal to 1 for x < x,
and identically equal to O for x > xo+1. Define the cutoff resolvent py,R(0) : D&l(RJr) — L2(Ry)
as an operator with integral kernel py,(x)Ry(z,2’). For h € D&I(R+) and fized x,xqg > 0, the

function (pz,R(0)h)(x) is a meromorphic function of o € I(_g, ,;, with poles at the zeroes of W(o)

lying in I_g, -

Finally, label any point o, € with W(o.) = 0 a scattering resonance, and the associated

—1-n.m]
f(dir),o. (¥) a resonance function. The order of vanishing is the multiplicity of the resonance.
6.6.4 Analytic properties of R(0)

Decay of solutions to the wave equation (6.21) is intimately related to the analytic properties of
the resolvent (on appropriate spaces). In this section we study a) the location and multiplicity of

scattering resonances, and b) the large |o| behavior of R,(z,z’), otherwise known as high-energy
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estimates.
We first establish the existence of a large region free of scattering resonances, provided k is

sufficiently small.

Lemma 37. There exists k sufficiently small such that for o € Tjg, U ({%0 > 1N H[_l_"’"O’ we

have

W) 2|5

(6.141)
In particular, the region I ,; U ({§RU > 1N H[*lfnm]) is free of scattering resonances.

Proof. Given W(o) = — f(our),+(0), it suffices to control the value of f(4us),»(0). This will be possible
for k small. By the tail bound (6.125) and (6.109), for o € Ijg ) U <{§RJ >1}1n H[_l_,m]) we have

(W(o) = fr0(0)] S K?|(2a1)°]

mi-a)| S*

P
and 1

f+.0(0) = (2%)&@

< k2| (2q1)°

1
1—-0a)l™ ‘F(l—&)'

Given that So is bounded above and below, we moreover have ‘(qu)& ‘ 21, and so

(W(0)| 2 |£+.0(0)] — O(k?)

s

2 (1= 00) | 5=

implying the desired result for k sufficiently small. O

Having established control on the Wronskian away from a bounded region in the lower half
plane, we now give a useful interpretation of the resolvent operator. Provided So > 0, R(o) gives

the unique right inverse to Py (o) which is bounded on L*(R).

Lemma 38. Let h(z) € L°(Ry) be given, and k chosen sufficiently small. For all o € g, R(o)
extends to a bounded map on L®°(Ry). Moreover, u(x) = (R(o)h)(z) € L®(R4) N C3(R,) is a

solution to

(6.142)

and is the unique such solution with at most polynomial (in x) growth as x — oo.
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Proof. We first show that provided o € (g, the resolvent is bounded on L*(R,). Expressing

(R(o)h)(z) via the integral kernel (6.140) and estimating yields

Ho e | [ ottt + | P92 [

[(B(0)h) (@) o
S ||h||L°°(R+)-

We have used the o-dependent growth /decay bounds (6.132), (6.134), as well as the Wronskian lower
bound (6.141) for k sufficiently small. It follows that R(o)h is well-defined in L>°(Ry). Moreover, a
consequence of h € L>(R4.) and the continuity of f4ir).qs fout),s 15 that R(o)h € CY(Ry). It thus
makes sense to consider (R(o)h)(0).

To show that Dirichlet boundary conditions are satisfied, write

(R(o)h)(z) = L2 /fdm (') da' + d”) / fiout) o (@' 1(a ).

By the same bounds (6.132), (6.134), for fixed o estimate

1 ‘f(dzr) o(x)‘ z—0
R ~ b e T + G fou o 00) h|| e ) — 7 0.
[(R(o)h) ()] S W ),H | oo ([0,2]) W)l 1/ (out)or 121 ([0,00)) 1 2ll Lo ([0,00)

To see that R(o)h provides the unique solution to (6.142), it suffices to observe that the ho-
mogeneous equation has no non-trivial solutions with polynomial growth that satisfy Dirichlet
boundary conditions. Such a non-trivial solution, denoted ug(z), would vanish at z = 0—implying
W uo, f(air),c] = 0—and would be asymptotic to f(gu),,—implying Wuo, f(out)s] = 0. It would in

turn follow that W(o) = 0, contradicting the lower bound (6.141). O

We complete the discussion of the resonances of R(c) (i.e. zeroes of W(o)) for o € I|_;_,, ;. By
Lemma 37, the region o € Ijg U ({?Ra > 1} ﬂ]I[,l,mn]) is devoid of resonances for all k sufficiently
small. In the complement we will find that there is a unique, simple resonance at o = —1.

To prove W(—i) = 0 (setting aside the simplicity of the zero), we must show that the Dirichlet
and outgoing solutions with ¢ = —i are linearly dependent. To facilitate this we appeal to the fol-
lowing lemma, which provides a sufficient condition for a function f(x) to satisfy outgoing boundary

conditions.

Lemma 39 (Regularity perspective on outgoing boundary conditions). Fiz o € Ij_y_, ,\{0, —igx},

and let f(z) € LS (Ry) solve Py(o)f = 0. Define the associated function F(z) = e " f(x ‘{S 0}
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where x,t are expressed as functions of similarity coordinates.
Then the following correspondence holds between outgoing boundary conditions for f(x) with

parameter o, and reqularity of F(z) as z — 0.

o [f So >0, then f(x) salisfies outgoing boundary conditions iff F(z) remains bounded up to
{z=10}.
o [f So =0, then f(x) satisfies outgoing boundary conditions iff F(z) extends continuously to

{z=10}.

o [fSo <0, definen such that —(n + 1)qr < So < —ngqg. Then f(x) satisfies outgoing boundary

conditions iff F(z) lies in C%

z

a=min(n +1,27) up to {z = 0}.

Proof. The proof relies on the observation that for o € Ij_;_, ,; \ {0, —igx}, we have a basis of
solutions for Py(0)f = 0 given by f(out) o f(in),s-- Computing f(out)pe*""t, f(m)ﬂe*i"t using (6.126)—
(6.127) and (6.109)—(6.110), we schematically find

eiigtf(out),a = c(out),aeiiaS (1 + 8(2))7 (6143)
—i0 —ios 1= 1n|z
€ fliny.o = Clinyae o€ W | |(1 +£(2)), (6.144)

for non-zero constants ¢(out) o, C(in),o- Here, £(z) € C27([=1,0]). Thus, if we restrict attention
to C2~, then the regularity of e_wtf(out)ﬂ and e_wtf(m)ﬂ is dictated by the complex exponential

factors.

For example, if S > 0, then (6.143) is manifestly bounded in z; however, the factor e—iosetay Il

appearing in (6.144) fails to be bounded as z — 0. It follows that if f(x) is a solution to Py(c)f =0
for o ¢ {0, —iqy}, then F(2) is bounded up to {z = 0} if and only if f(z) and f(ous) . are linearly
dependent, i.e. if f(x) satisfies outgoing boundary conditions.

The statements for So = 0, o < 0 are proved similarly. Note the significance of avoiding o = 0
or 0 = —iqx. In both cases, the complex exponential factor, responsible for the limited regularity
of the ingoing solution, becomes anomalously regular. The above argument does not apply to these

cases. O

Proposition 27. Let k be sufficiently small. There exists a unique, simple zero of W(o) on the

domain o € [|_y_y 1 at 0« = —i. The associated resonance function is given by f(giry,—i = a+e"7(z),
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for a nonzero constant a..
For o > 0 fized and B > py, define the operator py Ry : Dgo’O(R+) — L2(Ry) with integral
kernel
(Pzg Bo) (2, 2") = pag (2)e™ () ('),
For fized x < xg, and h(x) € D&O(RJF) with B > pk, (pzoR(0)h)(x) admits the following expansion
in a neighborhood of 0 = —i:

_ Al(O', .CC)

A .14
ito + 2(0,[1}), (6 5)

(Pzo B(0)h)()

where A;(o,xz) are smooth in (o, x), holomorphic in o for fived x, and bounded uniformly in terms

of the D&O(R+) norm of h. There exists a non-zero constant c, such that the residue is given by
Ai(—i,z) = c*/ (pzo R)(z, 2" ) h(2")da'. (6.146)
0

Finally, for fixred xg > 0, h(z) € D&O(R+) with 8 > pg, and o € L(_g, 1, the cutoff resolvent maps
D&O(R+) — C%(Ry) with bounds

: ) Sha T (0<j<2).

< Saken (1 h
S e o) B —1sap Moz

Hci:jj(pxoR(a)h) HLO@(RJr)

(6.147)

Proof. Step 1: Existence of a unique, simple zero Define the piecewise smooth contour Q(t)

to be the boundary of the region o € [ y N {Ro < 1}, oriented counterclockwise. Arguing as

—1-nm

in the proof of Lemma 37, we compute

1
r(1-o)

1

W(o) — (2%)& m

(6.148)

S K2|(20)°

0 o)
We have used that along €(t), the two-sided bound 0 < ¢y < |1 —45| < ¢1 holds, and thus I'(1 —&) ~
r'2-os).

The Wronskian W(o) is a holomorphic function of o, and thus by Rouché’s theorem applied to

6.148), W(o) has the same multiplicity of roots in the interior of Q(t) as does (2¢x)% == . The
( ) Y T(1-5)

latter has precisely one, simple root.

Step 2: Identification of resonance function Having shown the existence of a unique, simple
root of W(o), it is sufficient to show W(—i) = 0. We will show that up to a constant multiple, the

quantity e®r(z) is the associated resonance function, i.e. it is a solution to Py(—i)f = 0 satisfying

175



both Dirichlet and outgoing boundary conditions.
To prove that this quantity solves Py(—i)f = 0, we observe that one family of solutions to the
wave equation (6.1) is simply given by ¢ = const. In terms of the variable rip, it follows that in

hyperbolic coordinates, r(t,z) must constitute a solution to (6.21), i.e
Ofri(t, ) + Pe(0)re(t, x) = 0. (6.149)

By the self-similar relations we have r(u,v) = |u|f(z) = e*~'#(z). Inserting into (6.149) shows this
to be equivalent to Py(—i)(e*r(z)) = 0.

Moreover, as 7(0) = 0, it follows that Dirichlet boundary conditions hold. It remains to prove
that outgoing boundary conditions hold, i.e. W[e*r(z), fout)—i] = 0. As —i ¢ iqpZ, we may apply

Lemma 39. It suffices to check that e~“te®r viewed in similarity coordinates, lies in C2~.

(@) 3oy

But we recognize e~ (x) = e*#(z), and the latter is in C2.

Step 3: Computing (6.145) We have shown that W(o) has a simple zero at o, = —i. Therefore,
we may write W(a) = (0+4i)W, (o) for an analytic function W, (o) which is nonvanishing in I_,_,, ..

Let 5 denote the contour —i + de=, # € [0,27) of radius 6, with § < 1. For fixed zq,z we
have (pz,R(0)h)(z) is a meromorphic function of o € Int(~s), with a simple pole at o, = —i. The

residue at the pole may be computed as

lim (0 +4)(pzo R(0)h)(2x) = lim Puoll OUt / f(dw‘ O’ )daj,

og——1 og——1

+ pIO dl"’ / f(out ( )dlj

By (6.131), (6.134), we have that pu,fiout)es Puof(dir),s converge uniformly in L>°(R;) to their

values at o, = —i, which by Step 2 are given by a.p,€*7(x), bipz,e*7(x) respectively for nonzero
constants by, a,.. Similarly, by the dominated convergence theorem the integrals are seen to converge
uniformly in L>°(R,) to their values at o, = —i.

axbs

Combining these statements gives (6.145), with ¢, = A En]

r *Z).

Step 4: Resolvent estimates (6.147) By definition of the resolvent, we need to estimate the

terms

h(x")dx'|, (6.150)

max
0<5<2 x<zo+1

/ f(dzr 8 f(out ,0’( )
(o)
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h(z")da'|. (6.151)

max sup
0<5<2 r<zp+1

’ /OO agf(dir),a(x)f(out)ﬁ(x/)
. W(o)

The required bounds follow from (6.131), (6.133), and (6.141). The convergence of the integrals
follows by the decay encoded in the the space D&O(R+). Integrability becomes borderline when
So = — s, accounting for the degeneration of (6.147) as So — —f,.

We also observe that the dependence on the cutoff scale, z¢, has been retained in (6.147). This
exponential loss results from the terms in (6.150)—(6.151) which are not integrated, and can grow

exponentially as stated in Lemma 36. O

In the remainder of the section, we extend the definition of the resolvent to a class of more
weakly decaying data, and derive appropriate bounds. First, we prove a preliminary estimate on

the function F,(z) = 3a'f(dir),a’ (z)

,__for o = —i.
g =0

Lemma 40. For the constant a, defined in Proposition 27,

Fi(z) = —aljegcf(x)(qg(x) ~ kx). (6.152)
For any xg > 0 we have the estimate
F .
— < (14 xp)e™. 6.153
H 7 I L>°([0,x0]) ( 0) ( )

Proof. Differentiating (6.128) with respect to o and evaluating at o = —i yields the following equa-
tion:

_Fﬁl + (Vk(x) + 1)F—1 = _2if(dir),—i(x)
(6.154)

(F-i(0), F7;(0)) = (0,0).
We claim that the solution to (6.154) is given by the expression (6.152). This follows by a direct
calculation using the form of f4,) _;(z) found in Proposition 27, the self-similar equation (3.5),
and the coordinate transformations in Table 6.1. Having established the form of F_;(z), the bound

(6.153) follows. O

In the following proposition, we consider applying R(o) to functions that decay with a precise
exponential tail h(z) = coe P4 + O(e~(FH9)e%7) for some B < pj. In the scale of D2 (R, spaces
such functions lic in DA>(R,) € DZY(R4), and R(o)h is a priori defined only for o € L. n-

We show that the range of o may be extended to include a neighborhood of {So = —f,}.
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Proposition 28. Fiz B € (1,px]|, and small parameters 6,61 > 0 satisfying 61 < § <n. For any
xo > 0, co € R, the cutoff resolvent extends meromorphically to a map pz,R(o) : D000 (Ry) —
C%(R.,.) fO?" o c H[—,B*

—s1qu,m)- We distinguish between the cases f < py and B = py below.

B < pg: The extension satisfies the bounds

H (pno R )HLOO(R+)
S 1 1 )
s [oetan ( )a “H) Bl 5p0.0 0<j<2). (6.155
S e vl | g —io]) LTI P lllpgesco,) (05 <2). (6.155)
For any h(x) € D000 (Ry), there exists an expansion in a neighborhood of 0 = —ifqy:
Bi(o,x
(panRoI)() = 242D | (5 ), (6.156)
Bax, —io

where Bji(o,x) are smooth in (o, x), holomorphic in o for fized x, and bounded uniformly in terms of

the D00 (Ry) norm of h. Provided cy # 0, the quantity B1(—ifqy,x) does not vanish identically.

B = pr: The extension satisfies the bounds

[ o]

. 1 e
sa +mo>elwlm(1 o) R R

L>(Ry)

52{1;:*0’6760(R+)7 (O S ] S 2) (6157)

For any h(z) € DEEOO(R,), there exists an expansion

Ci(o,x)  Cy(o,x)
(1—io)2  1-—io

(pzy R(0))(x) = + Cs(0, @), (6.158)

where Ci(o,x) are smooth in (o,x), holomorphic in o for fized x, and bounded uniformly in terms

of the DEEO0<0 (Ry) norm of h.
For fized xo, and all x < xq, there exist constants d j, such that
Cj(—i,z) = dy jpg, (x)e"r(x), (1<j<2), (6.159)
and constants ey, fx such that
05C1(0, )| __. = expu(2)e"(x)(d(x) — k) + fpay (@)™ (2) (6.160)
Finally, there is the bound

Sup [C1(~,2)] + sup [0,C1 (—i,)| + sup [Ca(—i, )| S (1+20)e™ #(@)]|hll gy 000 g, (6.161)

r<xo <z <z
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Proof. We discuss the case 8 = pi here; the remaining case 5 < py, follows by a similar computation.
Let h € DEEOOo (Ry) be given. This regularity implies we may write h(z) = ho(z) + h1(z),

where ho(x) = cpe™ and hy(z) € D%+§’O(R+). By linearity, the rapid decay of hi(z), and the

estimates (6.145)-(6.147), we reduce to to defining the action of the cutoff resolvent on ho(z).

For o € H(_l n)> the quantity (pz, R(0)ho)(x) is unambiguously defined by the expression

e / ool + P [T aiaas . (616

Iz(0)

We treat the terms [ 1(0) and I2(o) separately. Observe that the integral quantity in [;(o) extends

holomorphically to o € I|_ and thus 71 (o) has poles only at the zeros of W(o). To extend

1-61qk,m)>

I5(0), we require the precise leading order behavior of f(,,4) - Applying (6.109) and the tail bound

(6.125) gives

f(out),g(x) = (QQk)& 7" + 8(07 $), (6'163)

T(1-5)

where

E(o,2)| S KA1+ Je(Z2atSoDz, (6.164)

I'(l1-09)
Recall the definition W, (o) = U( o) TInserting (6.163) and evaluating Iz(o) for o € [(_; ;) gives

p:co f (dzr

/ fout ,cr ho( )d
1 Pxo (x)f(dir),a (I) o (ic—1)a’ 7.1 Pzo (x)f(dir),o (.%’) Y
e 1y A

1 1 Pzo (x)f(dir),cr(w)e(ig_l)m + Pzo (x f(dir),cr(x)
F1-06)(i+0)>  W(o) W(o)

= 00(2%)&

= —ico(2q1)° E(o,x), (6.165)

where we have introduced E(t,z), a holomorphic function of o € [—1 — &gy, 7] for fixed z. The
expression (6.165) defines a meromorphic extension to o € I1_1-6,g4,n)> With a double pole at o = —i
arising from the first term. The terms C1(—i, ), C2(—i,x) are proportional to f(gi) i, and thus
(6.159) follows from Proposition 27, in which the resonance function f(4;),—; was explicitly identified.

The identity (6.160) follows by differentiating the first term of (6.165), and employing (6.152).

Finally, the resolvent estimates (6.157) and the bounds (6.161) follow from the identities (6.159)—

(6.160), and an analogous argument as for (6.147). O
Lemma 41. For fivred x < xg, the function (pJCOR(a)e_qu/)(x), a priori defined for o € Ii_q, o,
extends meromorphically to o € Ij_y_, ;1 as a function with a single, simple pole at o = —i. The
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following bounds hold:

|2 (e Rl)e )

< (14 zg)elSolzo (1 +

1 < i< _
‘LOO(RH ~ >(1 + o) , (0<7<2) (6.166)

li + o]
Proof. The calculation is similar to that in Proposition 28. Evaluating meR(J)eqkm/ via the integral
expression (6.162) and the expansion (6.163), the corresponding term I(o) has the pole at ¢ = —igy,
due to the exponential integral cancelled by the factor ﬁ appearing in (6.163). The result is
that Iz(o) extends holomorphically to a neighborhood of o = —igy, leaving only the single pole at
the zero of W(o).

The estimates follow by an analogous argument as for (6.147). O

6.7 Proof concluded

In order to prove Theorem 12, we require two additional preliminaries. The first, discussed in
Section 6.7.1, is a physical space scattering result relating regularity for null data to decay for
spacelike data. The second is a sharp decay result for inhomogeneous wave equations with spacelike
data, in regions {z < const.} close to the axis. This is proved in Section 6.7.2, relying on the
spectral theory constructions of Section 6.6. Finally, in Section 6.7.3 we combine these results with
muliplier estimates to complete the proof

Theorem 13 is proved in Section 6.7.4, and is logically independent of the other results in this

section.

6.7.1 Backwards scattering

The main result of this section establishes a correspondence between null data (r¢)g(v) € Clhor) ([-1,0)])
on {u = —1} and spacelike data ((r¢)o(x), 0:(re)o(z)) on {t = 0}. We will assume throughout that

all data is spherically symmetric, and thus drop angular terms in (6.17).

Proposition 29. Fiz o € (1,2), and outgoing spherically symmetric null initial data ho(v) =
(re)o(v) € C(O;LOT)([—LO]). Let ¥(u,v) = (r¢)(u,v) denote the unique solution to the linear wave
equation (6.16) in {u > —1}. There exists spacelike data (fo(z), f1(x)) € D2’ (Ry) x DL (RL) for
(ro, d,(rp)) on {t = 0} such that the unique solution (t, ) = (ro)(t,z) to the linear wave equation

(in hyperbolic coordinates) (6.21) on {t > 0} satisfies the following:
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o Y(t,x) € CP ({t > 0}).

o Written in double-null coordinates, ¥ (u,v) coincides with ¢ (u,v) in their common domain of

definition.

e For any T > 0 fized, the estimate holds

sup ZHa]?ﬁ Wpap-ig,) St lholles

. (6.167)
teloT] §=5 fron (=10

If we moreover assume hy(z) € C&é )([—1,0]) for some § € (0,1), then there exists a co € R and
&' > 0 such that the induced data (fo(x), f1(x)) lies in D& o',co (Ry) x DY o (Ry). ForanyT >0

and all t € [0,T), P(t, z) — coe®t(t=2) ¢ DL S(Ry), and we have the estimate

J agq(t—=) ,
’Co’ + tes[l(l)p - ]g . Ha — e )Hng&/,t’)ﬂ(R” ST HhOHC?h’i,.)([—LO])' (6.168)
The constant cq is given by 1 2
S Tra__p 1
0 ala—1) v 50 i dv? o(v)- (6.169)

Proof. Posing compatible ingoing data: We construct spacelike data (fo(x), fi(x)) by solving
the backwards characteristic problem for (6.16) with data along {u = -1} U {v = 0,u < —1}. To
render this problem well-posed, we specify appropriate data for ry along the ingoing null component,

denoted hq(u). We claim this ingoing data can be chosen such that the following conditions hold:
1. supp hl(u) S [—2, —1], and h; € CS([—Q, —1])7 with ||h1”03([_27_1 < ||hOHCEIho'r)([71’O])

3. 041 (—1) = dap(—1,0), (0<j<5)

4. sSupp av%Z(U,O) € [_Qa _1]

5. [limy_o [0~ HP(u,0)| 1, (2<j<5)

To briefly comment on the significance of these conditions, we note that (1)—(2) are natural require-
ments of compatibility with outgoing data and compact support. Condition (4) requires not only

ro(u, 0) to be compactly supported in u, but additionally* 8, (r¢)(u,0). Condition (3) is forced by

4Note this is not possible for every wave equation of the form (6.16). In Minkowski space, the wave equation
reduces to a conservation law 0, (OU (rnp)) = 0, implying the derivative can only be compactly supported if additional
conditions are imposed on hg(v).

181



the requirement of C® gluing of v and {E across {u = —1}, which is in turn forced by the presence
of an axis. Finally, condition (5) asserts that the singular bounds on hg(u) are propagated to the
past.

Continuing with the proof, it is direct that we can choose hj(u) to satisfy conditions (1)-(3),
which only constrain the jet of hy at the point u = —1. The quantitative estimate in (1) moreover
follows from the local well-posedness estimates for v, i.e. (6.44).

To see condition (4), we restrict (6.16) to {v = 0} and integrate in u, giving

-1 M o V!
<(1—M)T2>( ’O)hl( )d ) (6170)

By assumption on (€g, k)-admissible spacetimes, we can expand

A—v e + eok?g(u

for a non-zero constant ¢; and function g(u) supported in [—2,—1]. It now suffices to choose h;

0,3(1,0) = (0) + |

u

such that (6.170) evaluates to zero when u = —2.

Finally, condition (5) will follow from the set of conservation laws
Ou( lim [vP @0 (u,v)) =0, (2<j<5).
v—0

These follow inductively in j by commuting (6.16) with |v|j_°‘8£71, taking the limit as v — 0, and

applying the regularity (6.26).

Pointwise bounds: We turn to estimating the solution in a characteristic rectangle B = {u <
-1, v> —%} In the following, let C'(hi, h2) denote any constant depending on the C(O;wr)([_L 0])

norm of hy, and the C3([—2, —1]) norm of hy. We first show the bound

HTZHC}M(B) + |||l @uth]| oo ) < C'(ha, ha), (6.171)

which will follow from a multiplier estimate. We choose to work in similarity coordinates for
convenience, and estimate (6.13). Multiplying by &ﬂz and integrating by parts in R(sg,0) for an
arbitrary so < 0 yields

1

0 " 1 "
3 [ @600+ gac | IA0:50,

T / V(0,2)9%(0, 2)dz + ! / / Bs(V — Vi)p? (s, z)dsdz
2 Jis=0y 2 J JR(s0,0)
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1 ~ 1
o [ @R g [ Vi), 2)d
{s=s0} {s=s0}

We have used that 95V = 0 to drop the corresponding bulk term. By the assumptions on (e, k)-
admissible spacetimes, the remaining bulk term is supported in {u € [—2,—1]} and satisfies a
pointwise bound in terms of ¢y. Choosing this parameter sufficiently small, taking the supremum
over s € [sg,0], and absorbing the bulk term, we conclude that the multiplier estimate controls

”J”Lg({s:so})- In double-null coordinates we have, for all v/ < —1,
e 1
191 L2 (fumuyy < C(ho, ha)|u'[2%. (6.172)

This bound, in combination with integration along characteristics, will give (6.171). We sketch the
argument here.

Denoting the zeroth order coefficient in (6.16) by P(u,v), we can estimate |P(u,v)| < |u| 72+
In particular, this term rapidly decays as |u| — co. We now integrate (6.16) as an equation for 8,1
and estimate P(u,v){/; via Cauchy-Schwarz. It follows that &ﬂz decays at an integrable rate, and
thus 1; and auq,Z are bounded. Integrating (6.16) again as an equation for 81,1; gives boundedness of

this quantity as well.

A corollary of (6.171) are the higher order bounds
b 00| ) + 1070 ) < Clhr ), (2< 5 < 5). (6.173)

These follow inductively in j by commuting (6.16) with a, |v|j_0‘5‘{,'71, applying (6.171), and
integrating in the v, u directions respectively. The initial data terms along {u = —1} limit the
regularity of &1 in (6.173).

The sharp bounds (6.167) now follow. Integrating the j = 2 estimate in (6.173) in v implies that
for all u < —2,

[0t (1, 0)] < C(ho, ) o[>, (6.174)

and after integrating again,

[0 (u,v)| < C(ho, hy)v|®. (6.175)

It now suffices to collect (6.171), (6.173), (6.174), (6.175), and apply the coordinate transforma-
tions between double-null and hyperbolic coordinates to conclude (6.167) in B. The complement

{t € [0,T]} \ B is contained in a set of the form {u > wug}, and thus the estimate (6.167) follows

183



from local existence theory, cf. Proposition 20.

Refinement for data in C(aﬁir): Finally we examine the case of initial data hg(v) € CE;;‘OST)([—I, 0]),
and show the sharper (6.168). By Lemma 26 and linearity, it is sufficient to consider ho(v) = co|v|®
for a constant cq. Define ¢; = |v|j_o‘%jh0(v), j>0.

By the same argument that leads to (6.173), we may commute (6.16) inductively by |v[/=2@) !

and estimate in B, giving
0 (Jvl~0) = Opee (Jo*~Ju[ ), (2<j <5).

Integrating in u from data, we see that the contribution from the initial data term dominates the

expansion for 6{,{/; : ' .
[0 =00 (u, v) = ¢j + O ([v*~®), (2<j < 5). (6.176)

Integrating the j = 2 expansion further yields

Ayt (1, v) = Byb(u, 0) + ¢1|v|* ™ + Opes (J0]) (6.177)
P(u,v) = hy(u) + colv|® + Ope(Jv]?). (6.178)

If we now define Jreg = o) — co|v|®, it follows from the estimates on u-derivatives (6.171)~(6.173),

as well as the expansions (6.176)—(6.178), that we have for some ¢’ > 0

(a+(5')z~ , < h - . 6179
t/zl[g,)ﬂ lle wrechgl({t:t b T | OHC(,;fr)([—LO]) ( )

6.7.2 Leading order expansion in the near-axis region

In this section we establish a leading order expansion for the solution to the following inhomogeneous

problem: (

O — 03 + Aqre 2B Vi (2)yh = F(t, x),
Y(t,0) =0, (6.180)

W(Oa 1‘), 8tw(07 x)) = (O) O)a
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where F'(t,x) is a given function satisfying
F(t,l’) € CEI(RJr X R+),

supp F(-,z) € [1,00) for all z, (6.181)

SuPy0 S50 €2 |19 Fll gy, < C,

for constants § € (1,2) and C' > 0. The analysis of (6.180) will depend on the spatial decay of

F(t,z), manifest in the constant 8. In the range 3 > py, corresponding (by Proposition 29) to null

data with regularity above threshold, we show that the solution to (6.180) converges to a constant

multiple of the k-self-similar radius function r(t, z), in spatially compact sets {z < const.}.
Convergence to constants will not in general hold for the threshold regularity case 8 = py, or

the below threshold reqularity case 1 < 8 < pi. For these latter cases, we impose an additional

assumption, denoted (Ag).

(Ag) There exists a decomposition F(t,z) = cox,(t)e?* =2 + Fy(t, x), with ¢y a constant, x,(t) a
smooth, non-negative bump function with support in [1,2], and F5(¢,z) a function satisfying

the assumptions (6.181) for some ' = 3+ 9.

For initial data with 8 = pj,, which moreover satisfies (A4,, ), we establish exponential convergence
in spatially compact sets to a linear combination of terms of the form r, g(t, x)rg, where g(z) =
¢(x) — k(xz — t) is the restriction of the k-self-similar scalar field to {t = 0}. The first term
corresponds to a bounded scalar field; the second, however, is new to the threshold regularity case,
and corresponds in double-null coordinates to a scalar field growing like — log |u].

Finally, when 1 < 8 < p;, and the assumption (Ag) holds, the solution converges exponentially
in spatially compact sets to a term which grows as e #%?: in particular, the solution is unstable

with a rate strictly between the self-similar and blue-shift rate.

Proposition 30. Fiz an (eg, k)-admissible background, with k sufficiently small. Choose parameters
B e (1,2), z9 > 0, and let n € (0, %) be the parameter defined in Section 6.6 (cf. Remark 33). Let

Y(t,z) denote the solution to (6.180)-(6.181). We distinguish various cases below:

B> pr: Define B = min(Bqx,1 + 1), and fix any B, < B«. Then there exists a constant coo
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independent of xo, and a constant Cyy g Spr (1 + x0)eP 0 such that

2 3
Bt (o)) — . < 3t aJ
sup E e’ (Y — cooti) || ~2- S Cyp 8 SUP E e2"||0 F||. 5.0 . 6.182
>0 =5 | 2 7l 7 ([0,0]) @08, t20 52 1 HDOO () ( )

Moreover, |coo| can be estimated by the right hand side of (6.182).
B =pi, (Ap,): Assume F(t,x) satisfies (Ap,) with constants co,d. For any ' < 0, there exist

constants d((fo), 1 <i <2, independent of xg, and a constant Cyy 5 S5 (1 + xo)e(H‘;/)zO, such that

2
iggz ”6(14_6/)1;8? (1/} - dg)rk - dg))(gi)(x) — k(t — x))rk.) ||C§*j([07x0])
=Y j=0

3
3 )
< Cmo’(;/ <|Co| + Sl>l%) E e2t||6gF2||Dpk+5,o(R+)> . (6.183)
t . o
=Y j=0

Moreover, \dé@\, 1 <@ <2 can be estimated by the right hand side of (6.183).

1< B <pg, (Ag): Assume F(t,x) satisfies (Ag) with constants cp,d. For any §' < 6, there exists

a L3S (Ry) function goo(z) and a constant Cyy 5 S5 (1+ 20)ePT9)%0 such that
2
4 j -
sup > e D] (=g (2)e ™ |z g
=0

3
3 .
< Cxo,dl <|CO| + Sl>110) E e2t||agF2|Dgo+6,o(R+)). (6.184)
t )
=Y =0

Moreover, ||gool| oo ([0,2]) can be estimated by the right hand side of (6.184), and provided cy # 0,

the function go(x) does not identically vanish.

Proof of Proposition 30. By a density argument, it suffices to establish (6.182)—(6.184) for F'(t,z) €
CPo(R x Ry). Given that F(t,z) is supported in {t > 1}, we may then extend (¢, z) to R x Ry
by ¢ (t,x) = 0 on {t < 0}, and then ¢(t,r) € CP5.(R x Ry).

For o € C, let 12(0, x) denote the Fourier-Laplace transform of ¢ in the ¢ variable, where we use

the sign convention

~

V(o) = /R ety (t, z)dt. (6.185)

We have established boundedness in ¢ for ¢(¢, ) in Lemma 31, and thus this transform is well-defined
for all So > 0. For fixed o in the upper half plane we have the regularity 1;(0, x) € CP(RL), as
well as the bound sup, |(1 + v/z) " 0(0, )| < co. By (6.181) the transform F'(c, ) is well-defined

for {So > —3}, and sup, P27 F'(o, )| < 0o holds. In the following, we write 1hy(2) = 1(0, z), and
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similarly ﬁa(x) = F(o, ).

It follows that ), (x) solves
_%TZU(Q?) + (4Qk€_2q’“$Vk(Sﬂ) — 02)121\0(56) = ﬁa(l’)

{ﬁ\a(o) =0,

with at most polynomial growth at infinity. By Lemma 38 we must have

Vo() = (R(0)Ey) ().

The Fourier-Laplace inversion formula now provides the following representation formula for 1 on

{x < zp}:
1 : ~
w0 (X)Y(t,x) = — e ot o 2(0)Fy)(x)do. 6.186
@) = 5o [ T R (6.156)

The integration takes place on a horizontal contour in the upper half plane. As F(¢,z) is smooth
in the ¢ coordinate, F, (x) is rapidly decaying in o for |Ro| > 1. Therefore, the integral converges
pointwise in x.

We now specialize to the case § > pi. Arguments for the remaining cases follow similarly, and
are sketched at the end of the proof. In the high regularity setting with 5 > pi (and therefore
B« > 1), the integrand in (6.186) is defined and meromorphic in o for o € I_g, ;. Choosing €.
small such that —g, + e, < —1, the goal is to deform the contour of integration in (6.186) to
{Qo = — B + €.}, picking up a contribution from the unique pole at o = —i.

Fix a small constant ¢; and a large constant R > 0, and define the oriented contours

Vo = —i+ere”? 0 € [0,2n)
I, =ni+t R+t t € [0,00)
b (6.187)
F;R:miR—z‘t t€0,n+ B — €]
T3p=(—fs+e)itt tec[-RR]
\

as well as the path P C C

Pp=-T] Ul pUT3pU—-T3 ,UTT .
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We may deform the contour in (6.186) in a compact subset of C, giving

proayilta) = 5 [ pn R F) @+ 5 [ oy R P o (6185)
Yeq R

Appealing to the analysis (6.145)—(6.146) of R(o) near o = —i, the integral over the closed loop e,

is explicitly computable, giving

icupry () i) [ i L = D (0) (o), (6.159)

(0)

where we have defined the constant cs’ appearing in (6.182). Moreover, we can recognize e 7 (x)
as 7, (t, ). The integral over Pgr will contribute a faster decaying error, which we now estimate. The
resolvent estimates (6.147) are instrumental in bounding derivatives of the resolvent; however, each
derivative loses a power of o, obstructing convergence of the integrals for |[Ro| > 1. In this region
we regain favorable powers of |o| by exploiting the t regularity of F'(¢,x). The relevant statement

is given in Lemma 42, proved below. For 0 < m + j < 2 apply (6.147) and (6.190) to give

L gy ( / —Wf(me(a)ﬁU)(x)da) |
2 Pr\T'3 R

< / (At 10D 1o llpso e, do
Pr\I's R

sup
z€[0,z0]

3
.
< St -2
Sao 335;2062 ||6gFHD§<;O(R+)/P (1+]ol)?do

R\'3,R
3 3
-1 Y
Sao R SUPZ ez HagFHDgéO(RJF)

t>0 T

=Y j=0
For fixed = < xg, the sz norm of these boundary integrals with |[Ro| > R vanishes as R — oo. It
remains to estimate the term along I's g. For this term we also track the dependence on the cutoff

xzg. For 0 < m+ j <2 compute

%amaf ( /F y ZUt(ngR(J)ﬁU)(m)da) ]

<1+ xo)ew*_e*)xoe—(m_e*)t/ (1+ o1 Fs llpoe, do

sk

sup
z€[0,z0]

3
< (14 o e(Br—ex)aog=(Br—et oy et F 3,0 .
(1+ 20) > X100 Flogoce,
=
This completes the proof of (6.182). To complete the case 5 > pg, we observe that an estimate
(0)

for ¢5)) follows from the integral expression (6.189), and a pointwise estimate for F_;(x) given by
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(6.190).

We next consider the cases § = pr and 1 < 8 < pg. Note that . = Bgr < 1. Under the
assumption (Ag), the inhomogeneity F'(¢,z) decomposes as F(t,z) = coxp(t)ePB=2) 4 Fy(t, z),
for an error Fy(t,x) with strictly better spatial decay. By linearity we may separately estimate the
solution to (6.180) with right hand side Fy(t,z). The required estimates (6.183), (6.184) follow by
analogous techniques as above, precisely because F»(t,x) has more than enough decay to deform
the contour to {So = —fqi — '}, for some ¢’ small enough.

Assume that F(t,z) = coxp(t)e?® (=2 and compute F,(z) = ¢oG(c)e P4 for an appropriate
holomorphic function G(c). Let the contours be as in (6.187), with the modification that F; 3R
extend only to {So = —fBqr — ¢'}. Equation (6.188) continues to hold, and the integral over Pg is
estimated to give ¢ decay of e~ (P9t a5 expected.

The remaining contribution arises from the poles of p,, R(c)e P%® in {Jo > —Bqx — §'}, which
were studied in Proposition 28. There is either a double pole at 0 = —i (in the case 8 = pg),
or a simple pole at 0 = —fqxi (in the case 1 < 8 < pi). The appropriate resolvent expansions
are given by (6.158), (6.156) respectively, along with the identities (6.159)—(6.160) in the threshold
case. Applying the residue theorem concludes the proof. We remark that in the threshold case,
the residue at the double pole involves the precise form (including constants) of the differentiated

resonance function (6.152). O
The following lemma will complete the proof.

Lemma 42. Assume F(t,x) satisfies the conditions (6.181). Then we have
AN 3 3 -
sup (14 o)1 Fo (@)l ) S sup >0 Fllpsogs . (6.190)
O'E]I(_,g*m] tZO ]:0

Proof. For o € H(—B*m]v 0 < m < 3, estimate
o™ P ™ E, ()] = |a|m‘/ewteﬁq’“$F(t,m)dt‘
R
o0 .
- wn‘ / (@'a)—ma;newteﬂwp(t,x)dt'
0
oo .
= ‘/ ez"teﬁw@{”F(t,x)dt'
0
3
< St am
Ssupe 107 Fll ppo e, -
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We have used (6.181) to drop boundary terms arising from integration by parts in t. (6.190) now
follows. O
6.7.3 Proof of Theorem 12
Above-threshold regularity

The proof will essentially be an amalgamation of the techniques developed thus far. To clarify the

conceptual structure, we split the argument into various steps.

Step 1: Reduction to spacelike problem Let (ry)o(v) € C'E);wr)([—l,O]), a > py, denote given

spherically symmetric, null initial data along {u = —1}, and let ¥ (u,v) = (r¢)(u,v) denote the
associated solution to (6.16) in {u > —1}. By Proposition 29, 1(u,v) may equivalently be de-
scribed as the solution to (6.21) for some spacelike initial data (re(x), 0i(re)(x)) = (fo(x), fi(x)) €
DZP(Ry) x DZ'(R,) along {t = 0}. The a priori estimate (6.167) holds in any compact (in t)

region.

Step 2: Application of leading order resonance expansion To apply Proposition 30, we need to

relate this initial data problem with a forcing problem of the form (6.180). Let x(t) € C*(R)

denote an increasing cutoff function, with x(¢) = 0 for ¢t < 1, and x(¢) = 1 for ¢ > 2. Define

e = x()P(t, ),

as well as the operator
Ti = 07 — 02 + Aqre > H V().

A direct computation yields that 1. obeys (6.180) with right hand side

F(t,z) = Te(xy) — 4gre P xEp0(t, @)

= [T X]¥ — dqre > H*xEpp(t, @) . (6.191)
N—_——
9o (t,l‘) g1 (t,m)

The forcing decomposes as a sum of terms go(t,x), g1(t,x). The former is supported in t € [1,2],
and by the estimate (6.167) it follows that the assumptions (6.181) hold for f = a > py.

The term g¢;(t,x) arises due to the deviation of the geometry from exact k-self-similarity. Al-
though rapidly decaying in ¢ on compact sets {x < ¢}, this decay is not uniform in x, and the final

assumption of (6.181) is not satisfied for any 5 > pr. However, we claim Proposition 30 remains
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valid with this term included, and leave a justification to the end of the proof.
Fix a constant 3, € (1,54). By Proposition 30, there exists a constant ¢ independent of zg

such that for all {z < x¢, t > 2} we have®
r(t,z) (ot ) — co) = e e, (t,x), (6.192)
for an error &, (t, x) satisfying
SUP €z (1 2)llcz o) < O™ (6.193)
where C' depends on the C(C;mr)([—l, 0]) norm of initial data, but not on z.

Step 3: Near-axis decay Next, we consider the decay (6.192)—(6.193) in similarity coordinates.

For fixed zp € (—1,0), define the near-axis region S,, and near-horizon region D,
S =1{5>2, —1<z<z2y}, D, ={s>2, 20<z<0}

Defining x¢ = —ﬁ In |z9|, we have S,, C {t > 2, x < zp}, and from (6.192)—(6.193), the averaging

estimate (6.61), as well as direct integration of (6.17) we conclude

leP5r (o — COO)”CZ,Z(S,ZO) + He(ﬁ*fl)SCPHCS{Z(SzO) <,, C. (6.194)

The main tool in propagating control to D,, will be multiplier estimates. There is, however, a
pointwise estimate on ¢ which is uniform up to {z = 0}, and which we may already close. To
see this, we retain the explicit dependence on z(, and estimate the right hand side of (6.192) in

similarity coordinates. Observing e%+e=F:t = ¢=5:5 we find that
He’B*Sr(ga — COO)HLOO('DZO) <C. (6.195)

Step 4: Near-horizon decay We are now in a position to apply our multiplier estimates. Let

p € (g — B, —k?), and define 9, = el%=P)51(p — ¢4), which satisfies the (commuted) equation
(6.68). We repeat a form of this equation here for convenience, where V' is the potential defined in

(6.22):
05020 — qi|2|020, + (qi + p)OZ1p + VO, + V1), = 0. (6.196)

Introduce a parameter w, satisfying w = 0 in the case a > %, and w = % — a + € in the case

pr < a < %, where ¢ < 1 is sufficiently small. In the former, we will be able to directly close

®Note we may replace 7 with r in (6.182), by the assumed rapid decay of r — 7.
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the multiplier estimate (6.69). Note the coefficient of the bulk term in this estimate can be made
non-negative for p sufficiently small, but strictly less® than —k%. Moreover, the boundary integral
appearing on the right hand side of (6.69) is supported in S, and is thus already controlled. It

follows that for oo > % we have

IV
DO o

ag%Héﬁdwﬂqus:y})f;CL (> 2). (6.197)

We turn now to establishing (6.197) in the case py < a < % The above argument does not apply

uniformly in o as a — py — 0, as the bulk term in (6.69) becomes of size O(k?), without a definite
sign.

However, we proceed by an analogous multiplier estimate, exploiting the additional control
(6.195). Multiplying (6.196) by |2|**92¢, and integrating by parts in R(sg) yields (compare with
(6.70))

/ 1224(0%4,)%dz + (qu(1 — 20) + 2p) // 122 (924,)2dsdz
{s=s0}

R(so0)
< / 2|2 (024,)?dz — / / 2V |22 0,4,024 pd zds — / 2V |2|294p, 024 pdzds .
{s=0} R(so0) R(so0)

I II

(6.198)

As a > py, one can choose p < —k? and € < 1 such that the bulk term on the left hand side of the
estimate is positive. For the term denoted I, integrate by parts in z to give

_ 2 o 2w 2
1= [ Viowra— [ (VI 0ty s

S0

= — [ V(0:4,)%ds — 0. (V]21%) (0:4) dzds — 0 (V121*)(0:21h) dzds,
/F (D) ds //{} (VI2) (0:,)*dzds //{} (VI2) (0:,)*dzds

S0

Igood

(6.199)
where zj, is the value defined in Proposition 18. From the repulsivity estimate (6.27), it follows that
the only term in (6.199) which is supported near the horizon, namely I;,0q4, has a good sign! The
remaining terms are supported near the axis, and are controlled by (6.194).

For II we exploit the estimate

1pllzz , (R(so)) < O (6.200)

SRecall that establishing boundedness of 1, with p = —k? corresponds to proving self-similar bounds. As we wish
to propagate better than self-similar bounds, p < —k? is a necessary condition.
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which follows by the choice of p and (6.195) above. Therefore, for a small constant € < 1 estimate

11| <e// 2|2 (024p,)?dzds + € // 2>y dzds
R(s0) R(s0)
<z / / 12]2(024,)2dzds + &
R(s0)

The first term is controlled by the remaining positive bulk term appearing on the left hand side of

(6.198). We therefore conclude

N W

S (1020l 2 gy < O (@ <3), (6.201)

for some p < —k?. Pointwise bounds on 9,1, in D, now follow by integrating (6.197), (6.201), and
using the control in S,,. Similarly, 051, is estimated by integrating the equation (6.17) itself in the

z direction. After translating to double-null coordinates, we conclude the proof.

Step 5: Analysis of forcing term g;(¢,2) It remains to revisit the proof of Proposition 30, and

argue that the inhomogeneous term g; (¢, z) does not affect the validity of the resonance expansion.
This will justify (6.192)—(6.193), completing the proof of the theorem.
We may write
g1 (t,x) = ckef2qkmx(t)Vk,p(t, x)Y(t, x)]l{t,xz,s(]},
for constants ¢y, so and where the potential Vj, (¢, z) is defined in (6.20). The characteristic function
of the set S = {t—x > —so} captures the support of V}, ,(¢,2). The goal will be to further decompose
g1(t,x) = g1.4(t, ) + g2,4(t, ), where g1  captures the leading order behavior near {z = 0}. More
precisely, let ¢ (s), Vipn(s) denote the restrictions of 4, Vj, to {z = 0}, and for any (¢,z) € S

write
U(t,x) = Pp(t — ) + Ye(t, z)e 2%,
Vhp(t, .’E) = Vk,p,h(t — l‘) + Vk,p,e(t, 1‘)672%1,

for functions e (t, x), Vi p e (t, ), which satisfy bounds

3 3
D N3 el oo qesop) + D10 Vipell oo (gesop) < C- (6.202)
j=0 Jj=0

Define
g0t ) = Cke_zquX(t)Vk,p,h(t — x)e(t — ‘r)]l{t—xz—s()}a
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and g2 4(t, ) = g1(t, ) — g1,4(t, ). By the rapid spatial decay of g2 ,(t, ) and the ¢ decay of V}, ,, it
follows that g2 , in fact satisfies the assumptions of Proposition 30 directly. It remains to consider

91,a-

Computing the Fourier-Laplace transform of g1 4(t, ) gives for o € [|_;_,

gl,a((L x) = Ck672qu]l{1750§1} / ei"thm,h(t — .CE)K/Je(t — :E)dt

{t>1}
+ Cke_qux]l{z—s()Zl} / ethk%h(t — x)e(t — x)dt
{t>z—s0}
— Ckezqueiax:ﬂ-{xsogl}/ eiUS/Vk7p’h(8/)¢e(S/)dS/
{z+s'>1}
+Ck€_2qk$€im]1{x—so>1}/ ems/Vk’pﬁ(s/)we(sl)dS/
B s'>—s0}
= d(0)672q’“mei” + flo,2)Lp_sy<1} (6.203)

where d(o) is rapidly decaying in o (i.e. |d(o)| < |o|™3), due to the regularity (6.202) and the decay
of Vi pn(s') as s — oo. The remaining term in (6.203) is compactly supported in z, and rapidly
decaying in o.

In order to verify that the argument of Proposition 30 goes through for forcing terms g1 ,, we
must verify that the application of the cutoff resolvent p,,R(0)g1,4(0,z) defines, for fixed x, a
meromorphic function of o with the pole structure and estimates guaranteed by Proposition 27.
That this holds for the first term in (6.203) is a consequence of Lemma 41. For the latter term, we

have the requisite decay in = to apply Proposition 27 directly.

Threshold regularity

We now turn to the case of threshold initial data (r¢)o(v) € Cgff:)’a([—l, 0]), 6 > 0. As above, let
Y(u,v) = (r¢)(u,v) denote the associated solution to (6.16) in {u > —1}. In the case that the
background geometry is exactly k-self-similar, the proof will follow essentially as a corollary of the

high-regularity case above. We present this argument first, and only after turn to the case of general

geometries.

Proof on k-self-similar backgrounds: The key observation is Lemma 26, asserting that general

threshold data splits as the union of a one-dimensional subspace (spanned by gb(z)) and spaces
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of strictly higher regularity. In particular, there exists a constant ¢y such that pg(z) — co(;)(z) €
Cf}’;ff;al([—l, 0]), for a 0 < ¢ < 1 sufficiently small. By linearity and the high-regularity case of
Theorem 12, the evolution of the more regular component of data satisfies the desired conclusion,
and it suffices to assume @o(z) = ¢(z). On the k-self-similar background, however, the solution to

(6.16) with such data is known explicitly to be ¢i(s,z) = ¢(z) + ks. We are now able to read off

the desired conclusion, i.e. the convergence of ¢ to a multiple of ¢ (up to constants).

Proof on a general admissible background: The above argument relied on the knowledge of an

exact solution ¢y, to the wave equation with the prescribed regularity. On general (eg, k)-admissible
backgrounds such a solution is not available, and we instead approach the problem as in the high-
regularity case.

As above, it suffices to take as initial data @g(z) = ¢(z) Applying Proposition 29 reduces the
problem to the study of spacelike data (fo(z), fi(z)) € DPE59'0(R, ) x DPr-4<0(R ) for constants
0, cg, with the latter determined explicitly from qﬁ via (6.169). Transforming to a forcing problem

as in Step 2 above (the argument of Step 5 again applies here), we apply the resonance expansion

(6.183) for threshold regularity data to conclude that in the region {z < xo, t > 2},

rt, z) (ot z) — dY — dD(g(x) — k(z — 1)) = e"HHE, (1, 2), (6.204)

for appropriate constants d(oé), 8", and an error &, (t, z) satisfying the analagous estimate to (6.193).
The decay of ¢ in the near-axis region is precisely as in Step 3 above, with the more general expansion
(6.204).

We claim that for our specific choice of initial data, the constant df{i’ = 1. This is true on a
k-self-similar background, as in that case the solution is exactly given by ¢(t, z) = d(z) — k(z —t).
In general, observe that the constant dg%) depends on the initial data only through the coefficient ¢y
of fo(x) in an expansion fo(z) = coe™® + O(e~1+9)%). This coefficient, given by (6.169), is clearly
independent of the choice of background geometry.

Given this, we apply multiplier estimates to the quantity v, = e(%_p)sr(gp—d&) —</ob(x)+k(a:—t)).
The corresponding equation (6.196) in this case has additional forcing term which rapidly decays
in |u|, due to rqzk not being an exact solution to the wave equation; however, the multipliers are

easily adapted to include this term. Crucially, the data for 9, along {s = 0} is more regular than

that of qoﬁ(z), as the lowest regularity piece of initial data was removed in the definition of v,. The
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argument now runs as in Step 4 above, as we are safely in the setting of above-threshold regularity.

Below-threshold regularity

We first prove the existence of data leading to the lower bound (6.50). Fix a parameter a € (1, pg),
and recall the definition of Dirichlet solutions f(giry+(7) to Py(c)f = 0 given in Section 6.6.3, cf.

(16). Let pg = aqg, which satisfies pg € (gx, 1) by assumption, and let oy = —ipg. Defining

VYmode (t, T) = eiigOtf(dir),ao (z), (6.205)

it follows that 1,04 (t, ) is a mode solution to (6.21) on a k-self-similar background. To determine
the regularity of this solution in similarity coordinates, observe that as Sog € (—1,—qx), the set
{f(out),z0» f(in),00 } form a basis of solutions to Py(o)f = 0. Expanding f(4y) s, (%) with respect to

this basis and applying the argument in the proof of Lemma 39 yields

Yimode (0, 2) = c(m)m]z\a + &(2), (6.206)

where £(z) € C?*~([-1,0]) N C(a}:m,) for any o/ < 2, and ¢(;), is non-vanishing. It follows that
Ymode (0, 2) € C(O;;gr)([—l,O]) for some & > 0.

It is immediate that 1,,04¢(0, 2) is the desired data on a k-self-similar background. To show that
the same is true on an (€g, k)-admissible background, it suffices to apply the argument of Steps 1-3
in the proof of the high regularity case, appealing now to the resonance expansion (6.184). That
the unstable term in the resonance expansion is non-trivial is guaranteed by Proposition 29 and the

non-triviality of the constant c(;,) o, in (6.206).

We next discuss the estimate (6.49), holding for general data ¢o(2) € Cf,,,([=1,0]), @ € (1,px).
Applying Steps 1-3 of the proof of Theorem 12 in high regularity and the resonance expansion
(6.184), we conclude the stated decay in the near-axis region. To propagate this decay towards

{z = 0}, we estimate the wave equation (6.196) for the quantity 1, = el=Pro, p e (qp(l —a),0),

and proceed as in Step 4 above.

6.7.4 Proof of Theorem 13

Let B > 1 denote a large constant independent of k, and set v = Bk?. Assume initial data

(re)o(z,w) € H(I;ZW)([—L 0] x S?) to (6.13) is given, which is without loss of generality supported
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on angular modes 1 < ¢ < N, for some N € Zsg. The extension to general solutions follows from
the quantitative estimates shown below.
It follows that the solution ¢(s, z,w) in {s > 0} decomposes as a finite sum
80(87 2, (4.1) = Z (pmf(sv Z)me(w)7

1<I<N

lm|<¢
in which the individual terms have regularity ¢,,¢(s’, 2) € 7—[%}’1)7,)({8 = s'}). Fixing an (m, £)-mode,
define the variable ¥ ,(s,2) = €% (rp,0)(s,z). Along initial data 1 ,(0,2) = rme(0, 2),

and by the assumed regularity we have
Uit p(0,2) € WEA([=1,0]), 12177 02me, (0, 2) € L2([=1,0)).

The strategy will be to apply the second order multiplier estimate (6.75) to close a weighted bound
on O2Yme, in L2({s = s'}). By Sobolev inequalities and the fundamental theorem of calculus,
pointwise bounds for lower order quantities will follow. Provided the estimates for individual modes
have at most a polynomial dependence on ¢, we will be able to sum and conclude the desired
estimates for the spacetime solution (s, z,w).

Proceeding to the argument, we set w = % -y = % — Bk?, and § < 1let p = —(1 + §)k2.

Examining the multiplier estimate (6.75), compute the coefficient of the bulk term to be
qr(1 — 2w) — C1k* +2p = (2Bq, — C1 — 2(1 + 8))k?, (6.207)

which for B 2 C7 and § < 1, can be made non-negative. Fix choices of B,d satisfying these

constraints, and thus by (6.75) (and a Hardy inequality) we control

1_ .o 1 1o 1
sup |||/ 777 20950l ra(gsmsyy + 1212777720050 Iz (sz0p) S Comer (6.208)

where the constant C,,,, is controlled by the ?—Lb’gr) norm of ¢,,¢(0, z). Integrating (6.208) repeatedly,

applying Cauchy-Schwarz, and using the lower bound on 7 away from the axis gives

o1 o—3
sup (|72 0. %mepll oo (fs=s'3) + SUD 177 2% pll oo (fs=s'3) S Crme- (6.209)
§'>0 >0

It remains to estimate Osimr,. It suffices to integrate the wave equation (6.62) as a transport
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equation for Os1m,y , utilizing the control in (6.209) and integration by parts. The result is

sup Haswmg,p Lo(fs=s}) S (L+L(L+1))Crp (6.210)

By directly integrating the angular potential term, we have acquired a constant depending on £. It

remains to sum these estimates over £. For the spacetime solution (r¢)(s, z,w) we compute, for any

s’ >0,

62(qk—p>s’( D OO 2o omyrysr) IIOS(w)IIimwgz({s:sf}xS%)
0<i<1

sup <H Z Z 81,[)pr s 2) Yo (w )H w22 (6.211)

~1,0]

1<¢<N 0<i<1
|m|<e
2
1 I XREIE ] .
1<U<N
|m|<e
< ) (et y)icr,
1<U<N
Im|<£
< 2
S Hrsoo\lﬁmm({szo}xgg)- (6.212)

A similar calculation gives the desired estimate for Y (r¢)(s,z,w). To conclude the proof, it now

suffices to rewrite these bounds in double-null coordinates.
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Chapter 7

An extension principle for the

Einstein-scalar field system

7.1 Main result

Let (Q(i”),g, r,¢) be a spherically symmetric spacetime on the domain
Q) = {(u,v) : =1 <u < 0,u <v <0}

We assume the double-null gauge is normalized so that the center of symmetry is I' = {u = v,u < 0},
and that the spacetime is a C'!' solution to the spherically symmetric Einstein-scalar field system on
domains of the form Q™ N {u < —c}, for all ¢ < 0. A spacetime satisfying these conditions will be

called Cl-admissible.

Definition 19. Let (QU), g, r, ¢) be a C'-admissible solution arising from data r(—1,v), ¢(—1,v) €
C?([-1,0)). This solution satisfies the C-extension property if for § > 0 and every pair #(—1,v),
qB(—l,v) € C%([~1,0]) satisfyingr =7, ¢ = & on their common domain of definition, there exists a

8" > 0 small and a C'-extension of the solution to the larger domain
O ={-1<u<d, usv<d}

We will impose additional conditions on the value of the mass aspect ratio u. For a spacetime
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(Q(in)jgﬂ-? ¢) and constant p, € (0,1), let (A,,) denote the assumption

SUp 1 < fla. (Ap.)
olin)

The small-p extension principle proved in [10] can be stated as follows:

Theorem 14 (Christodoulou [10]). There exists . sufficiently small such that any C'-admissible

solution (QU™, g,r, ¢) satisfying (A,,) also satisfies the C-extension property.

Remark 34. A natural question concerns the optimal value of iy in the above theorem. This value

may depend on the precise reqularity class of data, but we claim that even in the smooth class it

Wl

must be strictly less than %. This is a consequence of the explicit formulas for p in the k? =
interior, cf. Section 1.53. The interior region of this spacetime is C°° and satisfies p < % globally,

but is not extendible even in BV due to p(u,0) =1 /4 0.

In this section we discuss joint work with Xinliang An (NUS) and Haoyang Chen (NUS) on
a related Cl-extension principle. Our result covers solutions which obey a bound p < % — ¢ for
any 6 > 0. By Remark 34 such a result cannot follow from Theorem 14, and thus the pointwise
assumption on p is by itself not sufficient. The additional assumption is that the blue-shift integral

along ingoing null-cones is uniformly bounded.

Theorem 15. Let (Q(m),g,r, ®) be a Cl-admissible solution satisfying the assumptions

3
sup p< - —96 As_
Sup #S g (As_)
for some § >0, and (=)
sup / ———du < 0. B
ve[-1,0] (1—pr (B)

=v

Then (Q(m),g,r, ®) satisfies the Cl-extension property.

7.2 Proof

7.2.1 Preliminaries

To simplify notation, define the gauge-invariant derivatives
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as well as the following double-null quantities:
v=r¢, p=1—p, a=Dyp, o =Dy

Note the relation
o =rD%*p+ 2D, .

We collect here various equations implied by the Einstein-scalar system, cf. Section 2.2.

UAV

O\ = Oy = — (7.1)
pr
By = %(rauqﬁ)? (7.2)
Dy = %(r@vqﬁ)Q (7.3)
Oup = —%u + gr(éw)Q (7.4)
oo =+ Pr(0,0)” (7.5)
Dudts = — 20,6 — L0, (7.6)
T T
Bu(rdyd) = —Aub (7.7)
av(raugb) = —v0yo (78)
mwmwz—%vmw—m¢ (7.9)
m@m@——?&mw+&¢ (7.10
Y

DOty = 2”¢ (7.11)

1 102y _ Y 2
8 (p V) - _Zav(A Q ) - Tpr(avd)) (7'12)

-1 . 1 102\ _ A 2
au(p )‘) - _Zau(y Q ) - Tpr(augb) (7'13)
Bu(v1p) = —49,(Q2\) = Aﬁ r(9ph)> (7.14)
0u(X"1p) = —40,(Q7%) = —or(0u0)” (7.15)
dua! = PV 2 CV) oy sy SV (7.16)

p p pr

7.2.2 Pointwise estimates

We first show estimates for the geometry which follow from the finite blue-shift assumption (B), as

well as from monotonicity of the scalar field system.
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Lemma 43. The following hold:

sup |logA| <1, (7.17)
Qlin)
sup |log(l —p)| S 1. (7.18)

Qlin)

There is also a constant ¢ > 0 such that for all (u,v) € QU™
(—v)(u,v) > ¢ >0, (7.19)
and constants ci,co > 0 such that
(v —u) <r(u,v) < co(v—u). (7.20)

Proof. To see (7.17), it suffices to rewrite (7.1) in terms of log \, integrate in u from {u = —1}, and
apply assumption (B).

Next, observe 1 — pu < 1 follows from the positivity of u. In particular, log(1 — p) < 0.

By (7.13), the quantity log(p~!\) is decreasing in u. Therefore, by comparison with data we
conclude log(p~t)\) < C for a constant C' > 0, equivalent to log(1 — u) > —C +1log\ > C’, for a
finite C’. We conclude (7.18).

From the normalization of the gauge and the bound on A, we conclude (—v) r = 1 holds. By
(7.1) this quantity is moreover increasing in v, hence the uniform lower bound (7.19).

Finally, for (7.20) it suffices to integrate 0,7 = A from the center, and use (7.17). For example,

v

r(u,v) = r(u,u) +/ Au,v")dv'
u
< ca(v —u)
for an appropriate constant cs. An identical argument gives the lower bound. O
We turn now to estimates which hold only in self-similar regions

Cs = Q" N{s>d>0},

where s = Z;. Let
|ul

v =0 N {s=45>0}

denote the timelike boundary component of Cs. Also introduce the quantity vs(u), denoting the

unique value of v such that (u,vs(u)) € 75, and similarly for us(v). Finally define r5(u) = r(u, vs(u)).
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Lemma 44. In self-similar regions Cs, the following hold:

//C ;QA( Vydudv <s 1, (7.21)
//Cé‘l,qb dudo < 1. 122

Proof. To simplify notation, let ¥o(u) denote the restriction of a given double-null quantity to
{v =0}, ie Yo(u)=Y(u,0).
First note that in C5 we have
(v—u)Zr s |ul,

the first inequality following from (7.20). By monotonicity of m, (—v) we have

m(u,v) < mo(u), (—v)(w,v) < (~vo)(u),

and hence

Therefore

/ / LN —v)dudv = / / LN —v)dvdu
Cs r vs(u
_ B A

with the final inequality a consequence of assumption (B).

To see (7.22), first compute

—v —V)A 2u(—v)A
8”(”(pr)>:( p) (Dv¢)2—ﬂ(prz)~

Integrating this identity in C. gives

/“( Y) (ot g (1))t +

pr :

Dyo) 2dudv</ pizv )(u Odu+// Jdudv
{v=0} pr e

The integrals on the right hand side are both controlled, the first by assumption (B) and the second
by (7.21). We conclude the desired result. O
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We can also show that u must uniformly go to zero in self-similar regions.
Lemma 45. In self-similar regions Cs the following holds:

lim sup p(u' 0" = 0. (7.23)
u=0 (yf v)eCsn{u'>u}

Proof. We first show the statement
lim sup p(u, 0) = 0. (7.24)
u—0
By way of contradiction, suppose there exists an increasing sequence u; — 0 such that p(u;,0) >
co > 0. Let 7; = r(u;,0). We claim that a subsequence can be chosen such that the intervals [r;, 2r;]
are pairwise disjoint for all 7. To see this proceed inductively, and assume u;,,1 < k < N have
been chosen satisfying the required property. As r(u,0) ~ |u|, by choosing u; with [ > iy, one can
ensure that r(u;,0) < %n ~» and so we can set iy = [. We assume this subsequence is labeled ;.
Let u,; be the unique value satisfying r(u;,0) = 2r;. As r(u,0) is strictly decreasing in u, the
intervals [u, ;, u;] are pairwise disjoint for all 4.
As m(u,0) is decreasing, note that m(u,0) > m(u;,0) for all u € [u4;,u;] and all i, By the
choice of u, ;, we also have r(u,0) € [r;,2r;] for all w € [u.;,u;] and all i. Combining these gives

1(u,0) > Zco for all u € [u, 4, u;] and all i. We thus compute

[z [T (4

This contradicts assumption (B). We therefore conclude (7.24).

To see (7.23), it suffices to observe that for arbitrary (u,v) € Cs,

~ 2m(u,v) < (r(u,O))Qm(u, 0)

plu,v) = r(u,0)

r(u,v) r(u,v)
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By definition, (u,v) € Cs implies 7(u,v) > é|u|. Moreover, r(u,0) ~ |u|. Hence

(T(u, O)> 2. 0) So w(w, 0),

r(u,v)/ r(u,0) ~

with the latter tending to zero by (7.24). O

Observe that although we only assumed integral control on [ 2(—v)du, we were able to get a
pointwise bound on p. This is due to the monotonicity of m and r, allowing lower bounds on u at
a given point to be translated into lower bounds in small spacetime regions. This strategy is more
difficult to implement for ¢, rd,¢, as there is no a priori control on the spacetime scale over which
these quantities may change. We overcome this below by propagating regularity from initial data.

As a first step, we show boundedness of ¢, r9,¢ along {v = 0}.

Proposition 31. The following bounds hold:

sup [p(u,0)] < 1. (7.25)
u€[—1,0)
sup |rdy¢d(u,0)] < 1. (7.26)
u€[—1,0)

Proof. Define
Flu)=1+ sup |[(rdve)(u’,0)],
u' €[—1,u]

which is non-decreasing in u. Note that rd,¢(u,0) unbounded implies F'(u) — oco. We will use a

bootstrap argument! to control the solution in regions of the form
Se = {Jv] < eF(u) " [ul},
for € sufficiently small. More precisely, we show existence and estimates in characteristic regions
Qu, v, = {(u,v) 1 =1 <u <y, v, < <0},

where (u,v) ranges uniformly over S.. It therefore suffices to consider any such (u,v,), provided

the smallness of € does not depend on the point. Introduce the bootstrap assumption

sup [rOyp(u,v)| S CF (uy), (7.27)
(U:U)EQu*,v*

where C' > 1 is a large constant. By continuity, the set of (u.,v.) € S, satisfying the above

assumption is nonempty.

'Our argument is adapted from work of Liu-Li [28], where a similar bootstrap was used to control solutions to the
Einstein-scalar field system in the exterior regions of naked singularity spacetimes.
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We will freely use the bounds of Lemmas 43-44, as well as the convention that Wo(u) denotes
the restriction of double-null quantities to {v = 0}. To simplify the argument we work with a
gauge normalization in which vo(u) = —1. Such a transformation involves a redefinition of the
u-coordinate, and does not affect any of the bounds besides those of v.

First, we estimate the differences between various double-null quantities and their values along

{v = 0}. This is simplest for those which satisfy v equations:

—1p)(u 0 N
log<(_y)0()u(73):/v ('l;j)(u,v)dv

< Jollul ™,
and so, using our normalization,

(=) (u,v) = 1 < Jolful ™"

We have used that r ~ |u| holds in S, with constants that are uniform provided e is taken small.

Similarly,

0
Ir(u,v) — ro(u)| < / A, o' )do'

S [l

0
[m(u,v) — mo(u) S/ %( Dud)? (u, v )dv’
< C2F(w)?ul,
0 _p
(o~ 1)) — (p~'2) (u, )] < / (00 1)
UO
5/ C2F (u) 2 ul~
< C2F(u)?olful ™,
0
(rud)o(t) — rud(uv)]| < / (=) Buh(ut, )/
0
< / CF(u)ul~ dv/

< CF(u)ollul .

For quantities which only satisfy ingoing equations, we must explicitly integrate along different
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ingoing null-cones and compare:

u

<2m1/ 2my , ,

log Ao(u) — log A(u,v) = log A\g(—1) — log A\(—1,v) +/ (u',0) — W(u ,v))du’

-1 PT2

= Data + /j 2((p_1u)7"_2)(u', 0) (m(u', 0) —m(u, v))du/

+ /u 2m(u’, v)r—2(u', 0) ((p_ly)(u’, 0) — (p_lu)(u',v))du'

-1

- / ' 2m{,v)(p~ ) (o, 0) (72 (W, 0) = (1) () ) ded

-1

Inserting our estimates for the corresponding differences yields

v o1
1og Aa(w) ~ oM, 0)] £ o] + C2F(u Pl [

|u
< [o] + C*F () [v][ul !

< CPF(u)? vl ful ™.

For r0,¢ the process begins similarly:

u

(rOud)o(1s) — 10 v) = (rOuB)o(—1) — rdud(—1,0) + /

-1

(M2l 0) = (=Nl v) ) de’
= Data + /j 5u¢(u’,0)<(—/\)(u', 0) — (—)\)(u’,v))du
+ / (N 0) (0u0(0,0) — D6 v) ) du.

~1
However we note that 9,¢¢(u) does not come with a pointwise bound, so the first integral above

seems problematic. To evaluate this we can use the integrated control

/ | (Buh)Bdu < 1,
2y

arising from our gauge normalization and the pointwise bound on p~'A, cf. (7.15). We conclude

’(Tav¢)0(u) - T@U¢(U, U)’

,§|v\+C’2F(u*)2\v/ ]u’|_1]6u¢0(u’)]du’+CF(u*)]v|/ o |2l
-1 —1

u 1

< ol + Rl + Gl ([ ) ([ o)’

< lol + CF(w) ollul ™" + C*F (w,)? || [u| ™!

< C?F(us) || Ju| (7.28)
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It remains to improve the bootstrap assumption (7.27), for which we apply the above estimate to
give
7806 (u, 0)| S |(rdud)o(u)| + C*F (w.)?[vfjul

< F(us) + C%eF (uy),

where we have used the condition |v| < eF(u.)~!|u|. It now suffices to choose € sufficiently small in

terms of C to improve the assumption.

We now turn to the argument for (7.25)-(7.26). Suppose that the conclusion is false, i.e. there
exists an increasing sequence u; — 0 along which |rd,¢(u;, 0)| — co. We can assume this sequence
is chosen such that F'(u;) = 1+ |[rdy¢(ui,0)], i.e. the value |rd,¢(u;, 0)| achieves the supremum on

u € [—1, u;]. Returning to (7.28), we see that
|10y (u, v) — F(u)| < eC*F(uy),
and thus for an appropriate choice of e,
1
PO )] > 5 F ()

holds for all v € [—€F (u;) "} u;],0]. We can compute the Hawking mass contained in this segment

of the outgoing null-cone {u = u;} to give

0

1

mwwnz/ —p(rD, ) (s, v)dv
—eF ()~ g 2A

2 eF (ug)ugl, (7.29)

where we have used upper/lower bounds on p, A\. But now we just observe that

2m(u;, 0)  eF(ug)|ug)
i)O = 2

2 eF(u;) — oo,

a contradiction.

Hence |rdy¢(u,0)| must be uniformly bounded. To see that the same holds for ¢(u,0), integrate
(7.9) along {v = 0} to give

r Dy (u,0) — rDyd(—1,0) = /u HEY) Dbl 0Vl — /u Buep(u', 0)du/
-1

—1 pr
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- /_i M(;/)TDW(“/’ 0)du’ — ¢(u, 0) + ¢(—1,0).

Therefore

u

6(,0)| = [rD0(~1,0) = rD,0(u.0) + o(~1,0) + [

'LL(_V)TDvgf)(ul, 0)du’
—1 pr

u —_—
<1 +/ MY Dg(ad 0) dud
-1 pr
SRS
where we have used the assumption (B) and boundedness of rd,¢ to estimate the final integral. [
We will need the following mild strengthening of Proposition 31:
Lemma 46. Along {v =0} we have
lim sup |79y ¢(u, 0)| = 0. (7.30)
u—0
Proof. Suppose the conclusion is false, i.e. there exists an increasing sequence u; — 0 along which
rOyp(ui,0) > co > 0, for some ¢y > 0.
Recall the estimate (7.28) relating r9,¢(u, v) with its value along {v = 0}, for (u,v) in a suitable

region. Given now that rd,¢(u, 0) is uniformly bounded, this estimate gives the control
[rOug(u, v) — 10y (u,0)] < €,
for (u,v) satisfying |v| < €|u|. Setting u = u; and choosing e sufficiently small gives in this region
|0y (us, v)| > %CQ.

Computing the Hawking mass as in (7.29) now yields

m(u;, 0) 2 cfuil,
implying p(u;,0) > c2. However, this contradicts (7.23). O

It is now straightforward to extend boundedness along {v = 0} to the region Cs.

Lemma 47. In self-similar regions Cs the following hold:

sup |p(u,v)| <Sg 1, (7.31)

8
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sup |10y p(u, v)| Ss 1. (7.32)
c

8

Proof. We first use the fundamental theorem of calculus and the definition of Hawking mass to give
0
6(,0) = 0w,0)| < [ [oudtu,!) v

< </UO r(u,v’)*de’> : (/U()(r’(?,,(b)z(u,fu’)dt}')é

< r(u, v)_%m(u, 0)

[

55 M(uv 0)% :

We have used that r(u,v) 25 |u| in self-similar regions. (7.31) therefore follows.

We next integrate the wave equation (7.11) in u to give

wm@mw—wmwmws[f;mewwmm'

Se 1
using assumption (B). We conclude 9,(r¢) = A¢ + rdy,¢ is bounded pointwise in Cs. The first term
has already been bounded, giving the desired statement. O
7.2.3 Multiplier estimates

The following proposition gives a template for proving scale-invariant spacetime estimates for the
nonlinear system. Whereas the characteristic estimates of the previous section are limited to the
exterior of self-similar curves, the estimates below will permit control of the solution up to the center

of symmetry. It is also here that the limitations on supgin) 1, cf. Assumption (As_), arise.
8

Proposition 32. Let T'(u,v) be a suitably reqular function. Then

0O + G1(D2¢)? + G2(Dy9)® + G3(Dyd)* + G4(Dyop)? = 0, B, (7.33)
where
0 = rAT(a')?,
p
4 — ~
Gy — r( I/))\F7
2p
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2(_ 3(_ B
G3:T ( V)AF-i-T ( )&,F,
2p 2p
2—)A(1 — 2 (2 - ) ~
G4 — ( V>)\( M) _ ’I“( V>(2 5:“’) 81;1_‘ + 27‘20u8vr,

p p

B=—55 T(Dw)" - 5’":“f<Dv¢>2 4 2;”f(DU¢)2 + 220, F(Dy)’.

Proof. We compute 9,0 using (7.16), and then proceed to differentiate by parts in v repeatedly
using (7.1)—(7.15).

HAV
0,0 = vALa’? + r( p )Fo/2 + 10, Ta? + QT)\FCk/a o

= (V)\f + B+ r)\auf) (rD%*¢ + 2D, ¢)?
p

+ 2 AT (r D26 + 2D, 8) (2“(;”) D26+ (_p”) r(Dod)? + (_/;)“DU¢)

= (vAT + %Auf +1A0,T) 12 (D26)? + (VAT + %)\uf‘ +7A0,0)r Dy D20

+4(vAT + nyf + 729, (Dyg)* + (“(_p”)“f)ﬂ(z)g@?

2\(—v) - ON(—v

n PEg, prsp,e+ 325
p

TriDié(Dug)” + p”)“frDzwm
n 4)\(;V)1~“r2(Dv¢)4 n 4>\(—pV)N(DU¢)2

= (rAd, [ + /\(;”) (4 — DT r2(D2)% + (41;>\ N 10X (—v

+ PO 0, ((010)") + 2 0r(D,6)" + 40T + 0.

DL L 4rrd, I)ss 5500 ((Dv9)?)
)(D

2vur 5(—v)pur ~ - (—V)r?’ ~
— —G1(D2¢)? + 0,8 — 9, (71“ R ZrQBUF) (Dy)? — av( o r) (Dyo)*
A(—V)f 2
p

44 r2(Dyd)* + 4 (VAT + 129, T) (Dy)?

2 2 2u\r2 - 2
= —G1(D2%¢)? + 8,8 — (;Ar %a [y AT (Dyd)?T — VAT
5(—v)ur
P

(Dy)°T
8oL + 5(—1)Ar2 (D) 2T + 4rAd, T + 2r28u8vl~“> (Dy)?

—vArt o 3(=v)A?.  (—uv)rd -
_( 2P (Dv¢) + 2[) I'+ 20 avr>(DU¢)4

+ 4)\(7)1?2(&)05)4 T 4(vAT + rA9.T) (Dog)”

+

= —G1(D20)* + 0,8 + (AT - 2; Afy (_”)(QP— o) o, F 220,8,1") (Dy0)’

2 2 2
n (31/)\r P VAT

5)\ A r3
ARG L st X e v )( )t
2p p p p 2p
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n (1/)\7‘4

3, ) (Do)

= —G1(D2%¢)? + 9,8 + (2”(1,0_ 20 4 (_”)(i_ oM 0,1 — 2r28ué7vf> (Dyoh)?
vAr? - wurd . 4 vard 6
+ (G, T+ 5, 00 (Dud) + (T - ) (D)

= —G1(D2¢)? + 0,B — G4(Dyp)? — G3(Dypi)* — G2(Dyo)°,
as desired. O

Remark 35. Let I' = 1. Then the coefficients of (7.33) reduce to

0= 7")\(0/)2,
_ (—)(1—4p)\ 5 1 2

Gy = (Ty‘ A= ZQ (1 —4p)re,

7“4(—V))\ L 2a
Gr=—g = =%

7"2(_’/))\ 129
G=g ~FT

p 2
r3v 5rv 2rv

B= =5 (Du)! = = E (D) + == (Do)’

The coefficients which restrict the coercivity of the resulting estimate are G1 and Gy, requiring p < i
and p < % respectively. In particular, this identity alone suffices to prove the theorem subject to the
assumption (Ai)'

We can understand the estimate with T =1 as a gauge-invariant, nonlinear analogue of an rP
estimate for the linear wave equation on Minkowski space. To see this, let ¢p(u,v) solve 0,0, (ro¢) =

0, where ro = (v — u). Define © = ro(92(ro¢))? and compute

0,0 = 3 (33(r00))? + 2r02r00) D (ro0)
= (@ (r00))?

(026 + By)*

1
2
= S (3(026)” + 20,6026 + (0,6)?)

= L3 (020)° — 100020 — 2(0u0)
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= LR(B26)° — Lrodu(D0)” — L (D16

\)

= JrR(326)" — 0 (3ro@,0)) + {(0u6) — 3 (0u0)
— = 57B0R0) = §(0,0)° = 0, (310(0:0)°). (7:34)

One can check that the nonlinear estimate reduces to (7.34) after making the replacements

1 1
T — 1o, )\—>§, V=3

Dy¢ — 20,0, D2p — 4029, o — 402(ro9),

and dropping the “purely nonlinear terms,” i.e. setting u, (Dy¢)*, (Dy$)® to zero.

We next compute the precise coefficients of (7.33) for a choice of multiplier [. Our choice is

motivated by maximizing the range of u for which the coefficients {G;}%_; are sign-definite.

Lemma 48. Let s = =, and T = s7 for o € [0,1). Then

Jul

0 =rAs7 (),
)‘(_V) 0,2

s7re,
p

Gi=(1—4p+po— O'p(—l/)_ls)

s7r®,
2p
Gy = (_;p))‘(l + )52,
Gy = (2(1 = 0®) + p(20° + 0 — 4) + 20°(—v) " ps) A(;V +
B = (;;)507‘3(171;?5)4 + (5p—2 =20+ 20(—v)"'s) (_py) s7r(Dy)?.

Proof. First compute the partials

~ _ v r
auF:USU 1(m W)

= o057 Hul 7N (v + )
=057 v + 5),
Dl = 057 IA\|u| !
= os"\r L
9,0, = 9, (as"rfl(v + s))

= 025" 7w 4 8)0ys — 057 A (v + 5) 4+ 0571 L0, (v + 5)
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A
= 2" I w4 s)Mul Tt = osTr ANV 4 8) + osTr ! (u + )\|u|_1>
pr

= (62 —0)s7r 2N+ 8) + 057 up r A 4+ a7 N Hu T

((0* = o+ oup v + os)s7r 2\

By Proposition 32 we can compute

G1 = ( —r(os’r v +3)) + (_py> s7(1— 4u)>r2)\

o((-v)—s)+ (=v) (1-— 4u)>s"r2)\

( p
(

— (1—4p+ po — op(—v)~'s) (;”) or?,

Gy (QVP)AS%A,

63 = G257 4 (Do
- (_2’;))‘(1 +0)s7r?,

Gy = 2(_[)”)A(1 —ou)s” — o <_”)A(2 —51)s7 + 202 (0% — 0 + opp~ Yy + 02s) 712
= ((—v)p "2 —4p—0o(2 = 5p) — 2(c%p — op+ o)) + 20%s) As”
= (2—4pu—0a(2—5p) —2(c*p — op+ op) + 202 (—v) L ps) (;V) 7
= (2(1 — 0®) + p(20% + 0 — 4) + 20*(—v) ' ps) )‘(;”) 57,

B= (;/f)s“r3(Dv¢>4 + E"‘(p_”)s“rww)? + 2:s“r<DU¢>2 +2r (057 (v + 5)) (Dug)?

- (;;)SUT?)(DU¢)4 + (5 — 2 — 20 + 20(—v)"Ls) (_p”) s7r(Dyg)?.

O

We conclude this section by discussing the signs of various coefficients computed in Lemma 48.
Clearly © is a non-negative quantity; for the overall estimate to be useful, we will want the {Gi};-l:l
to be non-negative as well. In fact we do not need this condition globally in the interior. It will

suffice to ensure this in a self-similar region B, = {~; < €}, for € > 0 sufficiently small.
g Tu] y

e (39, G5 are non-negative for o > 0.
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e (71 is non-negative precisely when
1 —4p+po—op(—v)'s>0

holds. In B the term proportional to s is of size O(e), and one can check that the remaining
terms are non-negative for p € [0, pierit,1(0)], where

. 1+o0
440

Hcm’t,l(U)
Observe that o = 0 recovers the upper bound p < %, as expected.
e (75 is non-negative precisely when
2(1 — %) + (202 + 0 — 4) + 202 (—v) " 1ps > 0

holds. Once again the final term is O(e) in Be, and the remaining terms are non-negative for

JUAS [07 Mcrit,?(o')], where ' 2(1 - 0.2)
Mcm’t,z(U) = 1—0_952

e
I
03} ]
0.2} ~
01 — Merit,1

Mcrit,2

00l ]

0.0 0.2 0.4 0.6 0.8 1.0

g

Figure 7.1: Graphs of ficrit,1(0), ferit,2(0). Note the unique intersection at (o, p) = (%, %)

By examining the graphs of jicyit1(0), ferit,2(0) in Figure 7.1, one expects the optimal coercivity

to hold for o = %, permitting control on solutions which globally satisfy p < %.
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7.2.4 BV norm estimate

We now bring together the estimates of Section 7.2.2 in self-similar regions with the multiplier
estimates of Section 7.2.3 to generate global control on the solution.
Suppose that the solution (Q(m),g,r, ¢) is C'-admissible, subject to the running assumptions

and the global bound
sup fi(u,v) < 2 =96,
Qin)

ool w

for some § > 0. Fix 0 = 0, = %, and choose ¢ > 0 sufficiently small such that the coefficients
{G;}%_, in Lemma 48 are all strictly positive in B, = {s < €}. In the following we assume ¢ is fixed,

and thus do not trace the dependence of any estimates on this quantity.

Proposition 33. In the self-similar region® Ce we have

// r2(D2¢)?(—v)dudv < 1. (7.35)

Proof. Let xe(x) : [0,00) — R be a non-negative, increasing cutoff function with x.(xz) = 0 for
z < e and ye(z) =1for z > e.
We use the multiplier estimate (7.33) in R(uj,u2) = {u1 < u < ua} with w3 < wug, and with
T 1

multiplier T’ = Xe(ﬁ)- The terms arising from derivatives of I' are supported in ] € [5€,¢€].

Compute

~ r v T
Ol = xe () (5 + W)

Jul 7 ful
! L -1 L

As ﬁ = O(¢€) and —v is bounded below by a positive number independent of €, we can ensure that
9, < 0 holds on its support. It follows that the contribution to the coefficient G has a good sign.

Moreover, since the support of ' is in the exterior of a self-similar cone, we have that w—0
uniformly by (7.23). Therefore, after choosing w1, us sufficiently small, we can guarantee that p < i
holds in the region of integration. It follows that the only coefficients in the estimate (7.33) which

may be negative are G3,G4. We will, however, see that these terms are controllable.

We proceed to integrate the estimate (7.33) in R(u1,u2), giving

/{ }Xe)\r(a’)de + //R( ) (_;p)/\r‘lxe(Dv(b)Gdudv
U=U ui,u2

Recall that Cc = Q™) \ B. is the region to the exterior of a self-similar curve {‘—Zl =€}
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L (et xSRI 20

7"31/

= / XE)\T(CY/)2dU + ( - 7(Dv¢)4 -
{u=u1} {v=0,u1 <u<us} 2p

2 3
+// MXG + 7Y o) (Dug dude
ul u2) 2p
// 1p_ 2,“) Xe + r(_y)(j_g)’u)avxe _ 2T2auaUXe> (DU¢)2d’U,d'U
u1,U2)

We conclude the estimate

/ r2(D2¢)*(—v)dudv
Ce

S @t [ ~ (D)t -
{u=u1} {v=0,u1 <u<ug} ( 2p

/ | (= | U (Dy0)?) (~v)dudy

’

D0 + 2 (D) xede

TV 2, 2rv
(Dd)* + == (Do) ) dv

where we have used (7.30) to conclude that the boundary term along {v = 0} is negative for |u|
sufficiently small, the pointwise bound (7.32) on rd,¢, and the integrated estimate (7.22) holding
in self-similar regions. Note the estimate holds independently of us, allowing us to take the limit

uy — 0 and conclude the result. O
The next step is to extend this integrated control up to the axis.

Proposition 34. In the region B, we have

//B (’Z‘)G*TQ(D%@ dudv—i—// Tal ‘ (Dy$)*(—v)dudv < 1. (7.36)

Proof. Let Xe(z) : [0,00) — R be a non-negative, decreasing cutoff function with x.(z) = 1 for
x < eand x(z) =0 for x > %e.

We will apply the multiplier estimate (7.33) with® T’ = ¥.(s)s?. The coefficients of the various
bulk terms associated to the multiplier T’ = s7* were computed in Lemma 48. In the same section
it was shown that provided p < % — 0 holds and s < € < 1 is sufficiently small, the resulting

coefficients {G;}}_, are strictly positive.

The added contribution due to the cutoff Y. gives error terms supported in ﬁ € [e, 3¢ C C.

3Recall that s = Z.

|u
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The key is that these terms are all controlled by suitably large multiples of the estimates (7.22),
(7.35).

The argument now proceeds precisely as in Proposition 33 above. O

Collecting the above results yields the following global estimate:

//Q(m) (@)U*TQ(Dggb)?(_y)dudv + //Q(m) (’Z|)‘7*(Dv¢)2(_y)dudv <. (7.37)

Let BV(u) denote the BV norm of the induced data along outgoing null curves:

BV(u)i/ & (u, v)|\(u, v)do,

u

and define the energy
E(u) = / (1247 (D26) + 17 (Dy6)? ) dv.

We can estimate

BV(u)g/ ryD3¢yAdv+/ | Dyp| Adv
3w Zu

< (/ur_a*dv);(/ur“”*(Dgaﬁ)Zdv)é + (/ r‘”*dv)é(/ P (Dy)dv)

u u

=

< Jul7737E ().

It follows that

/0 BV()®,, < /0 £) b <1, (7.38)

1l _p Julee

where we have used (7.37) in the final inequality. A consequence of this integrated control is that
the BV norm must decay on average. In particular, there exists an increasing sequence u; — 0
along which BV(u;) — 0. To conclude the proof it now suffices to apply Christodoulou’s BV

well-posedness theory [10], in particular the global existence results for data with small BV norm.
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