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Abstract

Assouad’s embedding theorem states that a proper snowflake of a doubling metric

space embeds bilipschitzly into a Euclidean space. We investigate the sharpness of the

bilipschitz distortion and target dimension of the Assouad embedding theorem for not

virtually abelian finitely generated groups of polynomial growth with left-invariant

word metric and nonabelian simply connected nilpotent Lie groups with left-invariant

sub-Finsler Carnot-Carathéodory metric. We conclude that the distortion, namely

O(ε−1/2) for (1 − ε)-snowflakes, cannot be improved, whereas the target dimension,

namely O(ε−O(1)), can be improved to O(1) while maintaining distortion O(ε−1/2).

We establish the optimal target dimension in Chapter 1 by building on the ap-

proach of T. Tao (2020) for the Heisenberg group. Namely, we use a Nash–Moser

iteration scheme along with an extension theorem for orthonormal vectorfields, the

proof of which combines the Lovász local lemma and the concentration of measure

phenomenon on the sphere and is the critical novelty of Chapter 1. We expect these

embedding techniques to find use in metric dimension reduction.

We establish the optimality of the distortion in Chapter 2 via ‘vertical versus hori-

zontal inequalities,’ which quantify the collapse of Lipschitz functions from the above

groups into uniformly convex Banach spaces, which was qualitatively described by the

Pansu–Semmes nonembeddability argument by Cheeger and Kleiner (2006) and Lee

and Naor (2006). We prove the inequalities by using the vector-valued Littlewood–

Paley–Stein theory approach of Lafforgue and Naor (2014) and by establishing a

version of the classical Dorronsoro theorem inspired by Fässler and Orponen (2020).

As a consequence, we compute the bilipschitz distortion of a ball of radius n ≥ 2

in the above groups, where the Lie group metric is Riemannian, into Euclidean spaces

of sufficiently large dimension or into Lp (1 < p < ∞) spaces to be Θ(
√
log n), and

into q(≥ 2)-uniformly convex Banach spaces to be Ω((log n)1/q).
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Chapter 0

Introduction

A metric space (M, dM) is said to embed bilipschitzly into a Banach space (X, ∥ ·

∥X) if there exists a mapping f : M → X and a constant D ≥ 1 such that

dM(p, q) ≤ ∥f(p)− f(q)∥X ≤ DdM(p, q), ∀p, q ∈ M.

In this case, one says that (M, dM) bilipschitzly embeds with distortion D into X;

the infimal possible D is called the X-distortion of M.

Given a metric space (M, dM) and a Banach space (X, ∥ · ∥X), how can we detect

whether M embeds bilipschitzly into X? If so, can we compute the X-distortion of

M? Of particular interest is the case when X = Rd for some d ∈ N. That is, given a

metric space, can we know whether it embeds into some Euclidean space Rd? If so,

can we compute the corresponding distortion, possibly as a function of d?

Although I do not have answers to the above questions in their full generality, I will

provide some answers to them in the special case when the metric space (M, dM) is

either a finitely generated group of polynomial growth, or a simply connected nilpotent

Lie group, or a ball thereof. These are important examples since they serve as cases

that show the optimality of some embedding theorems, to be discussed below.

I will begin, in Section 0.1, by explaining the central problem of characterizing
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bilipschitz embeddability into Euclidean space and the relevance of the Assouad em-

bedding theorem to this problem. Then I will describe the results I have obtained in

my dissertation in the following sections.

0.1 Characterization of bilipschitz embeddability

into Euclidean spaces: the Lang–Plaut ques-

tion and the Assouad embedding theorem

One of the long-standing open questions of metric geometry is the problem of in-

trinsically characterizing metric spaces that embed bilipschitzly into Euclidean space.

One immediate necessary condition is for the space (M, dM) to be doubling, which

means that there exists a constant K ≥ 2 such that for any x ∈ M and r > 0 there

exist y1, · · · , yK ∈ M for which

Br(x) ⊂
K⋃
i=1

Br/2(yi).

Here, Br(x) := {y ∈ M : dM(x, y) ≤ r} denotes the ball of radius r centered at x; if

one wants to stress the particular K, one says that (M, dM) is K-doubling.

Another necessary condition is for the space (M, dM) to embed into Hilbert space.

This has been characterized by Linial, London, and Rabinovich [54]: the metric space

(M, dM) embeds D(≥ 1)-bilipschitzly into a Hilbert space if and only if for every

n ∈ N and every positive semidefinite symmetric matrix A = (aij) ∈ Mn(R) all of

whose rows sum to zero, the following inequality holds:

n∑
i,j=1

aijdM(xi, xj)
2 ≤ D2 − 1

D2 + 1

n∑
i,j=1

|aij|dM(xi, xj)
2, ∀x1, · · · , xn ∈ M.

Lang and Plaut [48] asked whether these two necessary conditions are sufficient.

2



This can be equivalently asked as follows.

Question 0.1.1 (Lang–Plaut question). Does every doubling subset of Hilbert space

embed bilipschitzly into some Rd?

Historically, it was first asked whether the doubling condition alone is sufficient,1

i.e., whether a doubling metric space embeds bilipschitzly into some Rd. In an attempt

to answer this in the affirmative, Assouad [3] gave the following characterization.

Theorem 0.1.2 (Assouad embedding theorem, qualitative version). Given a metric

space (M, dM), the following are equivalent.

1. The metric space (M, dM) is doubling.

2. For some 0 < α < 1, the metric space (M, dαM) embeds bilipschitzly into some

Rd.

3. For all 0 < α < 1, the metric space (M, dαM) embeds bilipschitzly into some Rd.

Theorem 0.1.3 (Assouad embedding theorem, quantitative version). Given K ≥ 2,

there exist constants C1, C2 > 0 such that the following is true. Let (M, dM) be a

K-doubling metric space. For all 1
2
< α < 1, the metric space (M, dαM) embeds C1√

1−α-

bilipschitzly into Rd, where d ≤ C2

1−α .

In the above, (M, dαM) denotes the metric space, called the α-snowflake of (M,

dM), whose set of points is M and whose distance between points p and q is defined

as dM(p, q)α; one can check that this indeed defines a metric space.

The Assouad embedding theorem falls short of answering the bilipschitz embed-

dability problem into Euclidean space, because in the statement the exponent α is

not allowed to be 1. In fact, Assouad’s embedding theorem fails to hold for α = 1,

i.e., there exists a doubling metric space which fails to embed into Euclidean space;

1It is obvious that the embeddability into Hilbert space condition is not sufficient: take M to be
ℓ2.
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the first such example to be found was the Heisenberg group H2k+1, k ≥ 1, with its

(left-invariant) Carnot-Carathéodory metric. This was proven by Semmes [73] using

a differentiation argument of Pansu [69]. In fact, the distortion 1√
1−α in the quanti-

tative Assouad theorem is sharp up to constant factors, for the same example of the

Heisenberg group [62]. Furthermore, the Heisenberg group fails to embed bilipschitzly

into Hilbert space [11, 52]. This shows that the above second condition, namely the

characterization of embeddability into Hilbert space, is necessary in the Lang–Plaut

Question 0.1.1, even when given the doubling condition.

Naor and Neiman [62] suggested the following method of obtaining a negative

answer to the Lang–Plaut Question 0.1.1. They argue it is enough to find a K-

doubling metric space (M, dM) with the following property:

1. One cannot take d to depend only on K in the Assouad embedding theorem,

i.e., for any fixed integer d and constant C1 > 0 there exists some 1
2
< α0 < 1

such that (M, dα0
M) fails to embed C1√

1−α0
-bilipschitzly into Rd.

2. Assouad’s embedding theorem for M holds with doubling image, i.e., there

exists some natural number K ′ and some constant C ′
1 such that for any 1

2
<

α < 1 there exists a
C′

1√
1−α -bilipschitz mapping Φα : (M, dαM) → ℓ2 such that

Φα(M) is K ′-doubling.

Suppose such a space M existed and the Lang–Plaut Question 0.1.1 had a positive

answer. It is not hard to see that a quantitative Lang–Plaut statement holds, i.e.,

any subset of Hilbert space of doubling constant ≤ K ′ bilipschitzly embeds, with

bilipschitz constant bounded above by a function DK′ of K ′, into some fixed Rd

determined by K ′. Thus, by point 2 above, for any 1
2
< α < 1 there exists a DK′-

bilipschitz mapping Ψα : Φα(M) → Rd. The composition Ψα ◦Φα : (M, dαM) → Rd is

now a
C′

1DK′√
1−α -bilipschitz mapping, for all 1

2
< α < 1. This contradicts point 1 above.

Naor and Neiman [62] suspected the Heisenberg group to provide the counterex-

4



ample, as they knew it satisfied property 2 above. They asked if property 1 held as

well. Surprisingly, it has been shown that property 1 fails for the Heisenberg group

[77].

Theorem 0.1.4 ([77, Theorem 1.1]). There exists a positive integer d and a constant

C > 0 such that for all 1
2
< α < 1 the metric space (H3, dαH3) embeds C√

1−α-bilipschitzly

into Rd.

The guiding goal of this dissertation is to investigate this phenomenon, i.e., I will

discuss the sharpness of the Assouad embedding theorem.

Question 0.1.5 (Sharp Assouad question). Given a K(≥ 2)-doubling metric space

(M, dM), do there exist a constant C > 0 and a natural number d such that the metric

space (M, dαM) embeds C√
1−α-bilipschitzly into Rd, for all 1

2
< α < 1?

In Chapter 1, I will provide a larger class of examples, namely the category of

finitely generated groups of polynomial growth and simply connected nilpotent Lie

groups, for which the sharp Assouad Question 0.1.5 has an affirmative answer. In

Chapter 2 2, I will prove that the distortion O
(

1√
1−α

)
in the Assouad embedding

Theorem 0.1.3 is sharp for not virtually abelian finitely generated groups of polyno-

mial growth and nonabelian simply connected nilpotent Lie groups. The rest of this

Chapter is devoted to a summary of Chapters 1 and 2.

5



0.2 Summary of Chapter 1: Sharp Assouad the-

orem for finitely generated groups of polyno-

mial growth and simply connected nilpotent

Lie groups

In Chapter 1, I establish a sharp Assouad theorem, i.e., an affirmative answer to

Question 0.1.5 for finitely generated groups of polynomial growth and simply con-

nected nilpotent Lie groups.

Theorem 0.2.1. Let G be either a finitely generated group of polynomial growth

with left-invariant word metric dG, or a simply connected nilpotent Lie group with

left-invariant sub-Finsler distance dG. Then there exists a natural number DG and a

constant CG such that for any 1
2
< α < 1 the metric space (G, dαG) admits a bilipschitz

embedding into RDG with distortion CG√
1−α .

(A special case of this theorem for Carnot groups and their lattices appeared in

[72, Theorem 1.1].)

This can be seen as a generalization of Theorem 0.1.4. The proof of Theorem 0.2.1

builds on the proof of Theorem 0.1.4, which consisted of a new variant of the Nash–

Moser iteration scheme combined with a new extension theorem for orthonormal

vector fields. Beyond the need to overcome several technical issues that arise in this

more general setting, a key point where our proof departs from that of Theorem 0.1.4

is in the proof of the orthonormal vector field extension theorem, stated as follows.

Theorem 0.2.2 ([72, Theorem 4.2]). Let (M, dM) be a K(≥ 2)-doubling metric

space, and let D and m be positive integers with m ≤ D−224K4 logK. If v1, · · · , vm :

M → SD−1 are 1-Lipschitz functions that form an orthonormal system at each point

6



of M, i.e.,

v1(p), · · · , vm(p) form an orthonormal system for each p ∈ M,

then there exists a 150K5m(m + 1)-Lipschitz function vm+1 : M → SD−1 such that

v1, · · · , vm, and vm+1 form an orthonormal system at each point of M.

In [77], Theorem 0.2.2 is established for the Heisenberg group using a quantitative

homotopy argument on a CW structure on the Heisenberg group that is left-invariant

under the action of a cocompact lattice. This proof does not carry on in the setting

of nilpotent Lie groups, as a nilpotent Lie group may not have a cocompact lattice if

its structure constants are always irrational. Instead, the proof of Theorem 0.2.2 uses

two different ingredients: the Lovász local lemma and the concentration of measure

phenomenon on the sphere. This approach has the advantage that the proof applies

in the general setting of doubling metric spaces; we anticipate this to be useful in

future attempts to answer Question 0.1.5 in the affirmative.

In particular, Theorem 0.2.1 tells us that one cannot find counterexamples to

the Lang–Plaut Question 0.1.1 using the aforementioned program of [61] within the

category of finitely generated groups of polynomial growth and simply connected

nlipotent Lie groups.

0.3 Summary of Chapter 2: Vertical versus hori-

zontal inequalities

In Chapter 2, I show that the distortion that appears in the Assouad embedding

Theorem 0.1.3 is sharp for nonabelian simply connected nilpotent Lie groups and

not virtually abelian finitely generated groups of polynomial growth. This is proven

by establishing “vertical versus horizontal inequalities” on these groups. Previously,

7



these statements were known for the discrete and continuous Heisenberg groups.

Let G be a nonabelian simply connected nilpotent Lie group endowed with a

left-invariant sub-Finsler distance. I will first state the inequality on G. Given left-

invariant vector fields X1, · · · , Xk that form a basis of the horizontal vector subspace

V of the Lie algebra g of G, along which the sub-Finsler distance is measured, let us

write the horizontal gradient of a function f : G→ X as

∇f := (X1f, · · · , Xkf),

if each Xif exists. As G is nilpotent, one may define the nilpotency step s of G, i.e.,

the largest integer s such that [[g, g], · · · , g]︸ ︷︷ ︸
s times

̸= 0; choose any v ∈ [[g, g], · · · , g]︸ ︷︷ ︸
s times

of unit

length. Let exp : g → G be the Lie group exponential map, which is a diffeomorphism,

and let µ denote the bi-invariant Haar measure of G, which is the push-forward of

the Lebesgue measure on g by the exponential map. One has dG(exp(tv), eG) ≍G t
1/s

for all t ≥ 1.2

Theorem 0.3.1 ([71, Theorem 5]). Let G be a nonabelian simply connected nilpotent

Lie group. Suppose that p ∈ (1,∞) and q ∈ [2,∞). Let (H, ∥ · ∥H) be a Hilbert space,

and let f : G→ H be smooth and compactly supported. Then

(ˆ ∞

0

(ˆ
G

(
∥f(h exp(tv))− f(h)∥H

t1/s

)p
dµ(h)

)max{p,q}/p
dt

t

)1/max{p,q}

≲G (p− 1)1/q−1

(ˆ
G

∥∇f(h)∥p
ℓk2(H)

dµ(h)

)1/p

.

(1)

2For P, Q > 0, the notations P ≲ Q, Q ≳ P , P = O(Q), and Q = Ω(P ) mean that P ≤ KQ for
a universal constant K ∈ (0,∞), and P ≍ Q means (P ≲ Q)∧ (Q ≲ P ). Dependence on parameters
is indicated by subscripts. For example, in the presence of auxiliary parameters ψ, ξ, the notations
P ≲ψ,ξ Q, Q ≳ψ,ξ P , P = Oψ,ξ(Q), Q = Ωψ,ξ(P ) mean that P ≤ K(ψ, ξ)Q where K(ψ, ξ) ∈ (0,∞)
may depend only on ψ and ξ, and P ≍ψ,ξ Q means (P ≲ψ,ξ Q) ∧ (Q ≲ψ,ξ P ).
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In particular, when p = q,

(ˆ ∞

0

ˆ
G

(
∥f(h exp(tv))− f(h)∥H

t1/s

)q
dµ(h)

dt

t

)1/q

≲G

(ˆ
G

∥∇f(h)∥q
ℓk2(H)

dµ(h)

)1/q

.

More generally, I can take the target space to be not only Hilbert space but also

any uniformly convex space X. In this case, q will range over the values for which X

has an equivalent norm which is q-uniformly convex.

I will next state the inequality on groups of polynomial growth. Let Γ be a not

virtually abelian finitely generated group of polynomial growth, with left-invariant

word metric induced by some finite generating set. By Gromov [30], Γ admits a

subgroup Γ′ of finite index that is nilpotent. Let T be the (finite) torsion subgroup of Γ′

and consider the quotient subgroup Γ′′ = Γ′/T , which is a torsion-free nilpotent group,

of step s ≥ 2. Take v′′ ∈ [[Γ′′,Γ′′], · · · ,Γ′′]︸ ︷︷ ︸
s times

\{eΓ′′} and take v to be any representative

of v′′. Then dW (vn, eΓ′′) ≍Γ′′ n1/s, n ≥ 2. Under this setting, the following inequality

holds.

Theorem 0.3.2 ([71, Theorem 6]). Let Γ, v ∈ Γ, and s ≥ 2 be as above and let

q ∈ [2,∞). Suppose that (H, ∥ · ∥H) is a Hilbert space. Then there exists a natural

number c ≥ 2 such that for every n ∈ N and every f : Γ → H one has

 ns∑
k=1

1

k1+max{p,q}/s

 ∑
x∈Bn(eΓ)

∥f(xvkΓ)− f(x)∥pH

max{p,q}/p


1/max{p,q}

≲Γ (p− 1)1/q−1

 ∑
x∈Bcn(eΓ)

∑
a∈S

∥f(xa)− f(x)∥pH

1/p

.

(2)

In particular, when p = q,

 ns∑
k=1

∑
x∈Bn(eΓ)

∥f(xvkΓ)− f(x)∥qH
k1+q/s

1/q

≲Γ

 ∑
x∈Bcn(eΓ)

∑
a∈S

∥f(xa)− f(x)∥qH

1/q

.
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Again, more generally, one can take the target space to be any uniformly convex

space.

These inequalities are proven using the vector-valued Littlewood–Paley–Stein the-

ory approach of Lafforgue and Naor [47]. These inequalities are quantitative nonem-

beddability statements that show that any Lipschitz mapping from the aforemen-

tioned groups into a Hilbert space (or more generally any uniformly convex space)

must quantitatively collapse along the center.

As a consequence, any embedding of the α-snowflake, 1
2
< α < 1, of any nonabelian

simply connected nilpotent Lie group G and of any not virtually abelian finitely

generated group Γ of polynomial growth into Hilbert space must incur distortion at

least a constant multiple of 1√
1−α . With the version of the inequality for uniformly

convex spaces, we see that the distortion into a q-uniformly convex space is at least

a constant multiple of 1
(1−α)1/q .

Another consequence is that a ball of radius n ≥ 2 in the aforementioned groups

must incur bilipschitz distortion at least a constant multiple of
√
log n into a Hilbert

space, or (log n)1/q into a q(≥ 2)-uniformly convex Banach space. This bound is sharp

for the Lp (1 < p < ∞) spaces, i.e., the distortion is Ωp(
√
log n) for Lp targets with

1 < p ≤ 2 and is Ω((log n)1/p) for Lp targets with p > 2.

It is an open question what the distortion into L1 spaces must be.

Question 0.3.3. What is the smallest possible distortion incurred when embedding

a ball of radius n in a nonabelian simply connected nilpotent Lie group or any not

virtually abelian finitely generated group Γ of polynomial growth into an L1(σ) space?

For the Heisenberg groups of dimension 5 or higher it was settled by Naor and

Young [64] that the answer is a constant multiple of
√
log n, and for the Heisenberg

group of dimension 3 it was settled by Naor and Young [65] that the answer is a

constant multiple of 4
√
log n.

A byproduct of the analysis is a version of the classical Dorronsoro theorem for
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simply connected nilpotent Lie groups. Dorronsoro’s theorem characterizes the Lp

(1 < p < ∞) norm of the fractional Laplacian of an element of Lp(Rd). I show that

Dorronsoro’s characterization carries on to the setting of simply connected nilpotent

Lie groups.

Following Folland [25] and denoting by ∆ =
∑k

i=1X
2
i the sub-Laplacian and Ht

the corresponding heat kernel, one defines the operator (−∆p)
α for 1 < p < ∞ and

Reα > 0 by

(−∆p)
αf = lim

ε→0

1

Γ(⌊Reα⌋+ 1− α)

ˆ ∞

ε

t⌊Reα⌋−α(−∆)⌊Reα⌋+1Htfdt

for all f ∈ Lp(G) such that the limit exists in the Lp norm. Then, for 1 < p <∞ and

α ≥ 0, the Sobolev space Spα is the Banach space Dom((−∆p)
α/2) with norm

∥ · ∥p,α := ∥ · ∥Lp(G) + ∥(−∆p)
α/2(·)∥Lp(G).

We now define local and global weightings of polynomials. Recall the horizontal

layer V ≤ g of the sub-Finsler distance of G. Let Aloc
d denote the class of polynomials

of weighted degree at most d, with respect to the

For a locally integrable function f : G → R, x ∈ G and r > 0, let Adx,rf denote

the unique element of Ad, the class of weighted polynomials of degree at most d on

G, such that ˆ
Br(x)

(f(y)− Adx,rf(y))A(y)dy = 0, ∀A ∈ Ad.

One measures how well Adx,rf approximates f in the ball Br(x) by the following

quantity:

βf,d,q(Br(x)) =

( 
Br(x)

|f(y)− Adx,rf(y)|qdy
)1/q

, 1 ≤ q <∞.

Then our version of Dorronsoro’s theorem states the following.
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Theorem 0.3.4 ([71, Theorem 22]). Let G be a simply connected nilpotent Lie group

of global Hausdorff dimension nh. Let 1 < p <∞, α > 0, and

1 ≤ q <
min{p, 2}nh
nh −min{p, 2}

.

Then for all f ∈ Lp(G),

ˆ
G

(ˆ ∞

0

[
1

rα
βf,⌊α⌋,q(Br(x))

]2
dr

r

)p/2

dµ(x)

1/p

≍G,α,p,q ∥(−∆p)
α/2f∥Lp(G).

in the sense that f ∈ Spα(G) if and only if the left-hand side of (2.8) is finite, in which

case the above relation holds.

One consequence of Theorem 0.3.4 is that one obtains Theorem 0.3.1 with q = 2 for

simply connected nilpotent Lie groups, under the weaker assumption that v ∈ [g, g].

Thus, when mapping nonabelian simply connected nipotent Lie groups into the Lp

(1 < p < ∞) spaces, the quantitative collapse occurs on the commutator subgroup;

this is in line with the qualitative Pansu–Semmes nonembeddability argument.

Previously, in the setting of Heisenberg groups, Fässler and Orponen [22] estab-

lished a one-sided Dorronsoro theorem with a restriction 0 < α < 2 on the range of

exponents α of the Laplacian; this restriction does not appear in the commutative

setting and is caused by their use of horizontal polynomials as approximants. The

current work identifies the correct class of approximant polynomials, namely polyno-

mials of local or global weighted degree ≤ d, and proved the two-sided Dorronsoro

theorem with the full range 0 < α <∞ of exponents in the general setting of simply

connected nilpotent Lie groups, thus strengthening and extending the work of Fässler

and Orponen.
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Chapter 1

Embedding finitely generated

groups of polynomial growth and

nilpotent Lie groups into Euclidean

space

In this chapter, we will prove Theorem 0.2.1, thereby establishing an affirmative

answer to the sharp Assouad question 0.1.5 for finitely generated groups of polynomial

growth and simply connected nilpotent Lie groups.

Let Γ be a group with finite symmetric generating set S. We say that Γ is of

polynomial growth if the cardinality of Sn, i.e., the set of group elements expressible

as a word of length n, grows at most polynomially in n. Let dW be the left-invariant

word metric on Γ induced by S, i.e., for any group element g ∈ Γ, the distance

dW (g, eΓ) (where eΓ is the identity element of Γ) is defined to be the length of the

shortest word expressing g using only alphabets from S. For any g1, g2 ∈ Γ, we define

dW (g1, g2) := dW (g−1
2 g1, eΓ). It is clear that this defines a distance on Γ.
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One of the main results of this chapter is the following theorem.1

Theorem 1.0.1. Let Γ be a finitely generated group of polynomial growth with left-

invariant word metric dW . Then there exists a natural number DΓ such that for every

0 < ε < 1/2 there exists a bilipschitz embedding of (Γ, d1−εW ) into RDΓ with distortion

OΓ(ε
−1/2).

This theorem is immediate when Γ has a finite index subgroup isomorphic to Zn;

in fact, in this case, there exists a bilipschitz embedding of the original metric space

(Γ, dΓ) into some RDΓ . Thus, the hard part of Theorem 1.0.1 is when Γ does not admit

finite index subgroups isomorphic to Zn, i.e., when Γ is not virtually abelian.

The bilipschitz geometry of finitely generated groups of polynomial growth is

intimately related to that of nilpotent Lie groups. In fact, Theorem 1.0.1, which deals

with finitely generated groups of polynomial growth, will be a consequence of its

counterpart Theorem 1.0.2, which deals with nilpotent Lie groups.

A connected real Lie group G, with real Lie algebra (g, [·, ·]) is said to be nilpotent

if there exists a positive integer s such that [g, [g, [· · · , g]]]︸ ︷︷ ︸
s+1 times

= 0. A vector subspace

V ≤ g is said to generate g by brackets if

V + [V, V ] + · · ·+ [V, [V, [· · · , V ]]]︸ ︷︷ ︸
s times

= g.

We may define a bundle ∆ over G as the extension of V to a left-invariant subbundle:

∆p := (dLp)eV, p ∈ G.

1Following widespread convention, A ≲ B, A = O(B), and B = Ω(A) mean A ≤ CB for a
universal constant C, and A ≍ B means (A ≲ B) ∧ (B ≲ A). If the constant C depends on other
parameters, this is denoted using subscripts, e.g., A ≲C0,N0

B, A = OC0,N0
(B), and B = ΩC0,N0

(A)
mean A ≤ C(C0, N0)B where C(C0, N0) depends only on C0 and N0, and A ≍C0

B means A ≲C0
B

and B ≲C0 A.
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Let ∥ · ∥ be a norm defined on V . We then extend it to ∆ as a left-invariant norm:

∥(dLp)e(v)∥ := ∥v∥, p ∈ G, v ∈ V.

The metric dG on G is the left-invariant sub-Finsler Carnot–Carathéodory distance

associated to ∆ and ∥ · ∥, i.e., for p, q ∈ G,

dG(p, q) := inf

{ˆ 1

0

∥γ̇(t)∥dt : γ ∈ C∞
pw([0, 1];G), γ(0) = p, γ(1) = q, γ̇ ∈ ∆

}
,

where C∞
pw([0, 1];G) consists of the piecewise smooth functions from [0, 1] to G.

The other main result of this chapter is the following theorem.

Theorem 1.0.2. Let G be a connected real nilpotent Lie group with left-invariant sub-

Finsler Carnot-Carathéodory distance dG associated to a bracket generating subspace

V ≤ g and a norm on it. Then there exists a natural number DG such that for every

0 < ε < 1/2 there exists a bilipschitz embedding of (G, d1−εG ) into RDG with distortion

OG(ε
−1/2).

Previously, Theorem 1.0.2 was proven in2 [77] for the Heisenberg group H3, and

more generally in [72] for Carnot groups, which are groups G defined as in Theorem

1.0.2 but with the additional property that the Lie algebra g is graded, i.e., it admits

the direct sum decomposition

g = V1 ⊕ V2 ⊕ · · · ⊕ Vs,

where Vs+1 = 0 and Vr+1 = [V1, Vr] for r = 1, · · · , s, and the distance is induced by

the choice of V = V1. These groups are easier to analyze because their group law is

cleaner and because they admit dilations: for each λ ∈ R+, the linear map δλ : g → g

2When comparing [77] and this paper, one should keep in mind that the vectorfields and metrics
of [77] are right-invariant, whereas this paper uses left-invariant vectorfields and metrics.
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defined by

δλ|Vr = λiidVr , r = 1, · · · , s

is a Lie algebra isomorphism.

We have not attempted to optimize DΓ or DG, but from the analysis in this paper

it will be clear that DΓ and DG are at least polynomial in the doubling constant, to

be defined below, of Γ and G.

We will not work in the large epsilon regime 1
2
≤ ε < 1 because Theorems 1.0.1

and 1.0.2 are simply not true in this case; this is due to obstructions caused by the

Assouad dimension, see [3]. Furthermore, we will assume 0 < ε < 1
A
, where A is a

very large number. For 1
A
≤ ε < 1

2
, a construction of [3] gives such an embedding; we

are thus only interested in the small epsilon regime.

Some history behind Theorems 1.0.1 and 1.0.2: the groups under consideration

are special cases of doubling metric spaces, where a metric space (X, dX) is said to

be K-doubling for some natural number K if for any x ∈ X and R > 0 there exist

points y1, · · · , yK ∈ X such that

BR(x) ⊂
K⋃
j=1

BR/2(yj),

where BR(x) := {z ∈ X : dX(x, z) ≤ R} is the ball of radius R centered at x;

we say that (X, dX) is doubling if (X, dX) is K-doubling for some natural number

K. Assouad [3] showed that for 0 < ε < 1
2
, the (1 − ε)-snowflake of a K-doubling

metric space admits an embedding into ℓ
OK(ε−O(1))
2 with distortion OK(ε

−1/2). Here,

the distortion O(ε−1/2) is sharp for the Heisenberg group H3; see [61, Section 4] for

a proof of this fact. There is a lot of relevant literature on how to sharpen Assouad’s

theorem in different ways, with or without various assumptions; see, for example,

Abraham, Bartal, and Neiman [1], Bartal, Recht, and Schulman [7], Gottlieb and

Krauthgamer [28], and Gupta, Krauthgamer, and Lee [31], but we do not mean this
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list to be extensive. The direction that is quite relevant to this paper is that of [61],

which showed that one can construct snowflake embeddings of any doubling metric

space into bounded dimensional Euclidean spaces at the cost of slightly worsening

the distortion: more precisely, one can embed the (1− ε)-snowflake of a K-doubling

space into ℓ
O(logK)
2 with distortion O( log

2K
ε2

), or more generally, for any 0 < δ ≤ 1, into

ℓ
O( logK

δ
)

2 with distortion O(( logK
ε

)1+δ). One may then further inquire whether we can

take the target dimension to be uniformly bounded in 0 < ε < 1
2
while simultaneously

attaining the best possible distortion O(ε−1/2). We state this separately as a question.

Question 1.0.3 (Assouad’s theorem with optimal distortion and bounded dimen-

sion). For any natural number K ≥ 2, does there exist a natural number D(K) such

that if (X, dX) is a K-doubling metric space and 0 < ε < 1
2
, then there exists an

embedding of the snowflake (X, d1−εX ) into RD(K) with distortion OK(ε
−1/2)?

For completeness, we state a stronger version of the above question, which is

motivated by the fact that we must have the lower bound D(K) ≳ logK.

Question 1.0.4 (Assouad’s theorem with optimal distortion and optimal dimension).

For any natural number K ≥ 2, does there exist a natural number D(K) = O(logK)

such that if (X, dX) is a K-doubling metric space and 0 < ε < 1
2
, then there exists an

embedding of the snowflake (X, d1−εX ) into RD(K) with distortion OK(ε
−1/2)?

These questions are relevant to finding counterexamples to a question raised in

[48], which, in our notation, can be stated as follows.

Question 1.0.5 (Lang–Plaut problem [48]). For any natural number K ≥ 2, does

there exist a natural number D(K) such that if X is a subspace of ℓ2 that is K-doubling

under the metric it inherits from ℓ2, then there exists an embedding of (X, ∥ · ∥2) into

RD(K) with OK(1) distortion?

As observed in [61], if an embedding as in Question 1.0.3 fails to exist for the

Heisenberg group H3, then the Lang–Plaut problem would be answered in the neg-
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ative, since it is known that H3 admits (1 − ε)-snowflake embeddings into ℓ2 with

distortion O(ε−1/2) with the additional property that the doubling constant of the

image is uniformly bounded. Nevertheless, it was shown in [77] that an embedding

as in Question 1.0.3 for H3 exists, i.e., Theorem 1.0.2 for G = H3 is true. Thus, the

Heisenberg group (or more precisely, the doubling ℓ2 images of the snowflakes thereof)

fails to serve as a counterexample to the Lang–Plaut problem.

The following question was posed in [61] to highlight this connection.

Question 1.0.6. For any natural number K ≥ 2, does there exist a natural number

K ′(K) such that if (X, dX) is a K-doubling metric space and 0 < ε < 1
2
, then there

exists an embedding of the snowflake (X, d1−εX ) into ℓ2 with distortion OK(ε
−1/2) with

the additional property that image of X is K ′(K)-doubling?

Of course, the connection is that if Question 1.0.6 has a positive answer while

Question 1.0.3 has a negative answer, then the Lang–Plaut problem (Question 1.0.5)

must have a negative answer.

The main purpose of this paper is to expand upon our partial knowledge of Ques-

tion 1.0.3, by answering it in the affirmative in the setting of finitely generated groups

of polynomial growth and nilpotent Lie groups. We first reduce proving Theorem 1.0.1

to proving Theorem 1.0.2, and then establish that it is enough to consider simply con-

nected nilpotent Lie groups. We carry the methods of [77] into the setting of simply

connected nilpotent Lie groups, and whenever a tool of that paper becomes inade-

quate in the setting of simply connected nilpotent Lie groups, we replace it with a tool

more suitable in the general language of doubling metric spaces. More specifically, the

key tools of [77] are a new variant of the Nash–Moser iteration scheme and a certain

extension theorem for orthonormal vector fields using a quantitative homotopy argu-

ment. When generalizing to the case of nilpotent Lie groups, one potential source of

trouble is that an arbitrary nilpotent Lie group might have an arbitrarily large step

size s, which could complicate its geometric properties and make the tools of [77]
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fail. It will be shown in Section 1.2 that the Nash–Moser iteration scheme, being a

first and second order statement, directly generalizes to the setting of nilpotent Lie

groups, and we prove an orthogonality statement slightly stronger than that of [77].

However, in Section 1.3, it will be clear that there are some obstructions to the quan-

titative homotopy argument. Nevertheless, we will prove the orthonormal vector field

extension theorem even for general doubling metric spaces, using the concentration

of measure phenomenon for the sphere and the Lovász Local Lemma.

Ultimately, we would like to answer Question 1.0.3 for general doubling metric

spaces; this paper is an intermediate step in such an investigation, showing that

it is at least true for finitely generated groups of polynomial growth and nilpotent

Lie groups. We plan to address the case of general doubling metric spaces in future

work, by possibly adapting some of the proof methods of this paper. In particular,

the orthonormal vector field extension theorem for doubling metric spaces (Theorem

1.3.3) seems to be a good starting point for future work, and we would have to find

either a metric analog or a replacement for the Nash–Moser iteration scheme.

We now briefly overview some of the results and strategies of [3, 61, 77] for con-

structing snowflake embeddings, and describe how these ideas connect to the proof

strategy of this paper.

The starting point of constructing snowflake embeddings is the classical fact that

if X is a metric space, A > 1, 0 < ε < 1
2
, and {ϕm : X → ℓ2}m∈Z is a collection of

maps such that |ϕm| ≤ Am and ϕm is 1-Lipschitz, then the Weierstrass sum

Φ =
∑
m∈Z

A−mεϕm (1.1)

(which is easily seen to be absolutely convergent, say by requiring ϕm(x0) = 0 for

all m ∈ Z for some fixed x0 ∈ X) is (1 − ε)-Hölder, with the Hölder norm bounded

by O(ε−1). If one assumes in addition that the maps ϕm take values in mutually
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orthogonal subspaces of ℓ2, then we can bound the (1− ε)-Hölder norm by O(ε−1/2).

In the case where X is a doubling metric space, Assouad [3] constructed functions ϕm

with the above properties and with the additional property that if d(p, q) ≍ Am then

|ϕm(p) − ϕm(q)| ≳K Am. Then Φ satisfies the Hölder lower bound |Φ(p) − Φ(q)| ≳K

d(p, q)1−ε for any p, q ∈ X, and thus is an embedding of the (1 − ε)-snowflake of

X into ℓ2 with distortion OK(ε
−1/2) (we do not stress dependence on A for now, as

Assouad chooses A to be a constant).

When improving upon Assouad’s theorem to reduce the target dimension (espe-

cially when trying to keep the target dimension independent of ε), one usually keeps

the idea of using the Weierstrass sum (1.1) to guarantee the upper bound but needs

to be more clever to enforce the lower bound. Note that for Am−1 ≤ d(p, q) ≤ Am, the

sum
∑

n<mA
−nε(ϕn(p) − ϕn(q)) is negligible compared to d(p, q)1−ε,3 so in order to

enforce the lower bound it is enough to have |
∑

n≥mA
−nε(ϕn(p)−ϕn(q))| ≳ d(p, q)1−ε.

Thus, it is natural to devise an iterative construction: having constructed maps

{ϕn : X → RD}n>m such that the partial sum
∑

n>mA
−nεϕn is a map that is able to

distinguish points which are at least distance Am+1 apart, by being a map that “os-

cillates” at scale Am+1 and above, we need to devise a component A−mεϕm : X → RD

which “oscillates” at scale Am and which, when added to ψ :=
∑

n>mA
−nεϕn, makes

the sum A−mεϕm+ψ able to distinguish points which are at least distance Am apart.

Thus, the challenge is that given the map ψ : X → RD, we need to make use of a

limited amount of coordinates in constructing a map ϕm, so that although ψ and ϕm

“share coordinates”, the sum A−mεϕm + ψ satisfies the required Hölder lower bound.

In [61], the maps ϕm are defined via a probabilistic construction: after they con-

struct random partitions arising from nets (defined in Section 1.1.4) with good proba-

3More precisely, we would have to take Am−1+δ ≤ d(p, q) ≤ Am+δ for a fixed small δ > 0, while
taking the length scale A sufficiently large, but for clarity of the introduction we will not address
this issue for now. See the proof of Proposition 1.5.5 for a precise argument. We also remark that
the length scale A will be chosen last in our “hierarchy of constants” (see subsection 1.1.2), so A
will dominate every other parameter used in this chapter.
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bilistic padding properties, they define the maps ϕm using the distance to the bound-

aries of these partitions, and by a nested use of the Lovász Local Lemma conditioned

on the partial sum
∑

n>mA
−nεϕn, they show that their maps ϕm have the desired

property. This construction gives distortion O(ε−1−δ), where the ε−1 factor comes

from the Hölder constant of (1.1), and the additional factor ε−δ comes from some

technicalities of the construction, namely that one needs to introduce a slightly finer

length scale than A when constructing the nets to ensure that the Lovász Local

Lemma is applicable and thus the Hölder lower bound is achieved.

The result of [61] was surprising at the time since it was the first to achieve a

target dimension that is uniformly bounded in the amount of snowflaking. It is also

surprising that they have achieved the theoretically best possible target dimension

logK, up to constant factors. However, [61] fell short of giving a final answer to

the problem of snowflake embeddings, since the distortion they have achieved was

O(ε−1−δ), not O(ε−1/2). They have asked whether it is even possible, citing that if

Question 1.0.3 is answered in the negative for H3, then Question 1.0.5 would be

answered in the negative. Surprisingly, Question 1.0.3 was subsequently answered in

the affirmative for H3 in [77], and thus the above method of answering Question 1.0.5

was overturned.

In order to see how one can achieve the optimal distortion O(ε−1/2), let us revisit

(1.1). When working with a bounded number of dimensions, one needs to work with

a notion of orthogonality weaker than requiring the ϕm to have pairwise orthogonal

ranges. In fact, one can see that we do not need to require every pair of the ϕm

to take values in mutually orthogonal spaces; instead, we need only that each ϕm

be orthogonal in some sense to the partial sum
∑

n>mA
−nεϕn (recall that we don’t

need to consider the partial sum
∑

n<mA
−nεϕn when considering points p, q ∈ X

with d(p, q) ≍ Am, as the sum
∑

n<mA
−nε(ϕn(p) − ϕn(q)) is negligible compared

to Am(1−ε) ≍ d(p, q)1−ε in this case). Following [77], we will choose the notion of
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orthogonality to be that the horizontal derivatives are perpendicular: if ∇ denotes

the horizontal gradient in the Carnot group G (see subsection 1.1.6 for the definition

of horizontal gradient), then we require the orthogonality ∇ϕm ·∇
∑

n>mA
−nεϕn = 0

(actually we will derive a slightly stronger orthogonality condition; see Section 1.2).

Overall, the ϕm are constructed in an iterative manner, and this orthogonality is

added to one of the conditions that such an iterative construction must achieve.

Note that this orthogonality easily guarantees the Hölder upper bound of Φ, be-

cause an iterated use of the Pythagorean theorem gives

∣∣∣∣∣∇∑
n≥m

A−nεϕn

∣∣∣∣∣
2

=
∑
n≥m

A−2nε|∇ϕn|2 ≲A ε
−1A−2nε,

(we will have |∇ϕn| = O(1)); to get the Hölder lower bound, one needs to guarantee

that the partial sum
∑

n≥mA
−nεϕn “oscillates” at scale Am. In general, proving the

Hölder lower bound is more complicated than proving the Hölder upper bound, as

the geometry of the particular space X under consideration plays a more significant

role.

For simplicity of explanation, assume G is a Carnot group. For such groups, we

can use Taylor expansions to exploit the local geometry of G in the following way.

Fixing a basis Xr,1, · · · , Xr,kr of each stratum Vr, each point p ∈ G can be expressed

in the coordinates p = exp
(∑s

r=1

∑kr
i=1 xr,iXr,i

)
, while its distance to the identity is

roughly dG(p, 0) ≍G

∑s
r=1

∑kr
j=1 |xr,j|1/r (the notation will be explained in full detail

in subsection 1.1.6). Under this coordinate system, any Cs(s+1)-function Ψ : G→ RD

can be approximated by its Taylor expansion as

Ψ(p) = Ψ(0) +
s∑

m=1

1

m!

(
s∑
r=1

kr∑
j=1

xr,jXr,j

)m

Ψ(0) + (Taylor approx. error)

(the smallness of the Taylor approximation error can come from a bound on the
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Cs(s+1)-norm of Ψ and on a smallness assumption on dG(p, 0)). It will be seen in the

proof of Proposition 1.5.5 that we can rearrange the above into the nicer form

Ψ(p) =Ψ(0) +
s∑
r=1

kr∑
j=1

(xr,j + coordinate errors)Xr,jΨ(0)

+ (cross derivative terms) + (Taylor approx. error),

where the “coordinate errors” and the “cross derivative terms” can be made small

by a smallness assumption on dG(p, 0) and on control of the second and higher order

derivatives of Ψ. Thus, if we also have quantitative linear independence of the deriva-

tives Xr,jΨ(0) (see subsection 1.1.3 for the notion of quantitative linear independence;

we will later refer to this as a “freeness property”), then we can deduce

|Ψ(p)−Ψ(0)| ≳ max
1≤r≤s,1≤j≤kr

|(xr,j + coordinate errors)Xr,jΨ(0)| − (errors)

≳dG(p, 0)
s min
1≤r≤s,1≤j≤kr

|Xr,jΨ(0)| − (errors).

We remark that this is one point where our proof becomes more complicated due to

the more general nilpotent Lie group structure, compared to the setting of G = H3

in [77]. But this, so far, does not necessitate a fundamental change of techniques.

To deduce the Hölder lower bound for our embedding Φ at scale A0 = 1, we

will apply the above approximation to Ψ =
∑

n≥0A
−nεϕn, and consider points at a

slightly smaller scale, more precisely dG(p, 0) ≍ A−1/(s+1). (This uses the additional

fact that we effectively only need a Hölder lower bound for part of the scales, as long

as we can cover the entire set of scales by a finite set of rescalings. See Proposition

1.5.5.) Thus, to enforce the Hölder lower bound, we will have to justify the above

approximation and give quantitative bounds on the various errors, namely we will

need estimates on the Cs(s+1)-norm of Ψ and quantitative linear independence of the

derivatives Xr,jΨ(0).
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Thus, all in all, the iterative step can be stated as follows: upon rescaling so

that m = 0, and defining ψ =
∑

n>0A
−nεϕn, the main problem is, given a function

ψ : G → RD, which “oscillates” at scale A (this will be measured by the rescaled

Cm norms which will be introduced in subsection 1.1.5), which is a Cs(s+1)-function,

and whose derivatives are quantitatively linearly independent, to construct a function

ϕ : G → RD, which “oscillates” at scale 1, which is a Cs(s+1)-function, and with the

orthogonality property ∇ϕ · ∇ψ = 0 along with a quantitative linear independence

for the derivatives of ψ+ϕ. The precise statement and proof of the iterative step will

be presented in Section 1.4.

Once we have the iterative step as above, the rest of the inductive construction

is fairly easy and is given in Section 1.5. This inductive construction mostly follows

the line of [77], but we have spelled out the details for completeness. In order to

begin the iteration, we need a single function ϕm to begin with, which oscillates at

a fixed scale Am, is of class Cs(s+1), and whose derivatives are quantitatively linearly

independent (we will call this a “freeness” property). This is done in Proposition

1.4.1. It is easy to construct a smooth function with the first two properties, and then

we can guarantee the latter freeness property by a Veronese-type embedding often

employed in the Nash embedding literature (and also used in [77]). Once we have this

single function, we employ the above iterative step a finite number of times to obtain

a finite family of mappings {ϕm : G→ RD}M1≤m≤M2 (Proposition 1.5.1), and then use

the Arzelà-Ascoli theorem to pass to a full family of mappings {ϕm : G → RD}m∈Z

(Theorem 1.5.3). There is a small issue of losing one degree of regularity when using

the Arzelà-Ascoli theorem, but this can easily be fixed by requiring Cs2+s+1-regularity

in the first place.

We devote the rest of the introduction to explaining the proof ideas behind the

above iterative step.
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A näıve approach to solving the equation4 would be to use the Leibniz rule

directly: denoting by X1, · · · , Xk a left-invariant vectorfield basis for V1 so that

∇ = (X1, · · · , Xk), the Leibniz rule tells us that Xiϕ ·Xiψ = Xi(ϕ ·Xiψ)−ϕ ·XiXiψ,

so in order to solve

Xiϕ ·Xiψ = 0, i = 1, · · · , k,

we could simply solve

ϕ ·Xiψ = ϕ ·XiXiψ = 0, i = 1, · · · , k

(Note that the trivial solution ϕ=0 is not acceptable, as we need a freeness property

of ψ + ϕ at scale 1.) This latter equation is at least algebraically well-posed in the

sense that the vectors Xiψ and XiXiψ, i = 1, · · · , k, are (quantitatively) linearly

independent; however it seems inherent that ϕ must be in the same regularity class

as Xiψ and XiXiψ; i.e., ϕ must have two fewer degrees of regularity compared to ψ.

This “loss of derivatives problem” would make the iteration fail.

The solution proposed by [77] to get around this loss of derivatives problem was

to introduce Littlewood–Paley projections P(≤N0) on H3 (see subsection 1.1.7 for

Littlewood–Paley projections), and first solve the approximate equation

Xiϕ̃ ·XiP(≤N0)ψ = 0, i = 1, · · · , k,

by solving

ϕ̃ ·XiP(≤N0)ψ = ϕ̃ ·XiXiP(≤N0)ψ = 0, i = 1, · · · , k.

Because lower order derivatives of ψ can control higher order derivatives of P(≤N0)ψ

(up to losses growing on the order of the Littlewood–Paley frequency N0; see Theorem

1.1.2 for the precise quantitative statement), and because we are looking at a smaller

4In Section 1.2 instead of∇ϕ·∇ψ = 0 we will solve the stronger equationXiϕ·Xjψ+Xjϕ·Xiψ = 0
for i, j = 1, · · · , k. We are stating the simpler version to keep the Introduction simple.
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scale 1 for ϕ compared to the larger scale A for ψ, it is plausible that one can achieve

as much control on ϕ̃ as ψ, as long as we take A very large compared to N0. More

precisely, because ψ oscillates at scale A, its homogeneous Ċm-norm will behave like

A−m, so ∇2P(≤N0)ψ will have Ċm-norm roughly A−m−2 for m ≤ s2 + s − 2 and

A−s2−sNm−s2−s+2
0 for m > s2 + s − 2, which are all O(1) if A is chosen sufficiently

larger than N0. This will ensure that any reasonable construction based on XiP(≤N0)ψ

and XiXiP(≤N0)ψ will produce a function that “oscillates” at scale 1 and is of class

Cs2+s+1, and thus has the same level of regularity as the function ϕ̃ that we want to

produce.

We will show in subsection 1.1.7 that simply connected nilpotent Lie groups admit

Littlewood–Paley projections that share the same properties as those used in [77].

Thus, the main idea of [77] to solve the equation ∇ϕ · ∇ψ = 0 is to decompose

it into two steps. In the first step, we need to solve the low-frequency version of the

equation ∇ϕ̃ · ∇P(≤N0)ψ = 0 using the Leibniz rule, i.e., we solve the equation

ϕ̃ ·XiP(≤N0)ψ = 0, ϕ̃ ·XiXiP(≤N0)ψ = 0, i = 1, · · · , k,

while guaranteeing that ϕ̃ has the same regularity as XP(≤N0)ψ and XXP(≤N0)ψ. In

the second step, we would assume the low-frequency solution ϕ̃ as given, and then we

would need to correct ϕ̃ into a “true” solution ϕ while guaranteeing that ϕ has the

same regularity as ϕ̃.

The first step, namely solving the approximate equation ϕ̃ · XiP(≤N0)ψ = ϕ̃ ·

XiXiP(≤N0)ψ = 0, with ϕ̃ having the same regularity as XiP(≤N0)ψ and XiXiP(≤N0)ψ,

is the part where our proof in the setting of general simply connected nilpotent Lie

groups departs the most from the setting of H3 in [77], and is the part where the main

novelty of this chapter lies in. For H3, [77] resolves this issue by first observing that

H3 has a cocompact lattice and a CW structure that is compatible with it, and then
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provides the extension using quantitative null homotopy on each of the cells of that

CW structure (note that, although the null homotopy is used on an infinite number

of cells, the final construction is globally controlled, because up to left-translation

there is only a finite number of distinct cells). This argument may not work for a

general simply connected nilpotent Lie group G, as G might not admit a cocompact

lattice (say if the structure constants for every basis of G were irrational). Instead,

we give a proof, using the concentration of measure phenomenon on the sphere and

the Lovász Local Lemma, that is independent of the topology of the space under

consideration, by using only the fact that G is a doubling metric space (see Section

1.3 for details). We essentially do not need the differential structure of G because the

uniform continuity of ϕ̃ is the main hurdle here; we can automatically gain higher

regularity by convolving with a mollifier and using the Gram-Schmidt process.

To put our solution to the approximate equation into context, we will pose, in Sec-

tion 1.3, a more general question (Question 1.3.1), which asks whether one can extend

a given orthonormal system of vectorfields within the same regularity class. It will

become clear that our solution provides a partial positive answer to Question 1.3.1, at

least when the base space is a doubling metric space, the regularity class is contained

in the Lipschitz class, the regularity class is closed under simple algebraic operations,

and if smoothening a Lipschitz vectorfield by convolving it with some scalar mollifier

provides the resulting vectorfield with the desired regularity (see Theorem 1.3.6 for

details).

For the second step, once we have the approximate solution ϕ̃, we need to correct it

into a true solution ϕ while preserving the regularity. Tao [77] solved this by developing

a perturbative theory for the bilinear form ∇ϕ · ∇ψ. More precisely, [77] develops

a version of the Nash–Moser iteration scheme to show how one can correct ϕ̃ by

small amounts into a true solution ϕ to ∇ϕ · ∇ψ = 0, without losing any regularity

(technically, the Nash–Moser iteration scheme necessitates that we work in the Hölder
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class Cm,α, m ≥ 3, α ∈ (1
2
, 1) instead of the usual Cm class, and we will thus have

to accommodate for this for the rest of this paper, but this does not affect any

of the arguments made so far). This method of solving the orthogonality equation

∇ϕ · ∇ψ = 0 only requires us to look at first and second derivatives. We will show

in Section 1.2 that generalizing this Nash–Moser iteration argument of [77] from the

case of H3 to the broader setting of simply connected nilpotent Lie groups does not

incur serious difficulties even if the step size of G is greater than 2. We will also show

that by modifying the techniques of [77], one can solve the stronger orthogonality

equation

Xiϕ ·Xjψ +Xjϕ ·Xiψ = 0, i, j = 1, · · · , k,

but we will not be able to obtain the even stronger orthogonality equation

Xiϕ ·Xjψ = 0, i, j = 1, · · · , k.

See Proposition 1.2.1 and Corollary 1.2.4 for the precise statement. One can find

a detailed description and motivation of this Nash–Moser iteration scheme in the

introduction to [77].

In light of the proof method for Theorem 1.0.2 described above, it is natural to ask

whether these methods can be generalized further. Many of these methods depend on

the fact that nilpotent Lie groups have as tangent spaces and asymptotic cones Carnot

groups (recall that Carnot groups arise as tangent spaces of sub-Riemannian mani-

folds). It would be necessary to revamp many of the ideas here, especially the Nash–

Moser iteration scheme, to be applicable to the setting of doubling metric spaces.

Even the orthonormal vectorfield extension theorem (Theorem 1.3.3) would require

some reformulation since it is unlikely that we will have vectorfields in the setting of

doubling metric spaces; at the least, the vectorfields should be replaced by elements

of a Grassmannian. One realistic hope is that one could transform Theorem 1.3.3 into
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a higher-dimensional block basis variant of the construction of [61] and thus construct

an embedding with distortion O(ε−1/2−δ) using the random net construction of that

work. One could also improve upon the results of [61] by using hierarchical nets since

these may be easier to control and describe compared to ordinary nets (see [33] for

the construction and applications of hierarchical nets).

The rest of this paper is organized as follows. We first introduce some elementary

background in Section 1.1, and develop the Nash–Moser perturbation theorem in

Section 1.2 and the orthonormal extension theorem in Section 1.3. It is in Section

1.3 that the proof idea differs the most from [77]: whereas that work proves the

orthonormal extension theorem in the spirit of quantitative topology, we will prove it

using the concentration of measure phenomenon on the sphere and the Lovász local

lemma. We then develop the main iteration lemma in Section 1.4 and show how it

gives us our desired embedding in Section 1.5.

1.1 Preliminaries

1.1.1 Reduction of Theorem 1.0.1 to Theorem 1.0.2, and re-

duction of Theorem 1.0.2 to the case of nonabelian sim-

ply connected nilpotent Lie groups

It is useful to note the following byproduct of the proof of the Assouad embedding

theorem [3].

Theorem 1.1.1. Let (X, d) be a K-doubling metric space. For 0 < r1 < r2, there

exists d ∈ N and a 1-Lipschitz mapping f : X → Rd such that

sup
x∈X

|f(x)| = OK(r2),
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and

|f(x1)− f(x2)| ≳K d(x1, x2), for all x1, x2 ∈ X such that r1 ≤ d(x1, x2) ≤ r2.

We now begin by noting that to prove Theorem 1.0.1, it is enough to prove The-

orem 1.0.2.

Let Γ be a finitely generated group of polynomial growth. But then Γ possesses

a finite index nilpotent subgroup Γ′ [30], while if we let T be the torsion subgroup

of Γ′, it is well-known that T is a finite normal subgroup, and that the quotient

subgroup Γ′′ = Γ′/T is a torsion-free nilpotent group. But then Γ′′ is a cocompact

lattice of some simply connected nilpotent Lie group G [55]. By the Švarc-Milnor

lemma [76, 59], Γ is quasi-isometric to Γ′ which is quasi-isometric to Γ′′, while Γ′′ is

clearly quasi-isometric to G. Here, a map f : (M, d) → (N , δ) between metric spaces

is called a quasi-isometry if there exists C > 0 such that

1

C
d(x, y)− C ≤ δ(f(x), f(y)) ≤ Cd(x, y) + C for all x, y ∈ M

and

for all n ∈ N there exists m ∈ M such that δ(f(m), n) < C.

In summary, given Γ as above, there exists a simply connected nilpotent Lie group G

and a quasi-isometry f : Γ → G. Since G is uniformly discrete, f is Lipschitz, and is

bilipschitz at large scales: there exist C ′, C ′′ > 0 such that

for all g1, g2 ∈ Γ, dW (g1, g2) > C ′ implies dG(f(g1), f(g2)) > C ′′dW (g1, g2).

Thus, assuming Theorem 1.0.2, there exists a natural number DG such that for

all 0 < ε < 1/2 there exists an OG

(
ε−1/2

)
-bilipschitz mapping Φε : (G, d

1−ε
G ) → RDG ;
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by rescaling, say it satisfies, for some constant CG > 0,

dG(h1, h2)
1−ε ≤ |Φε(h1)− Φε(h2)| ≤

CG
ε1/2

dG(h1, h2)
1−ε, for all h1, h2 ∈ G.

The composition Φε ◦ f : (Γ, d1−εW ) → RDG is OG(ε
−1/2)-Lipschitz, while it almost

satisfies the lower bound:

|Φε ◦f(g1)−Φε ◦f(g2)| ≥ C ′′1−εdW (g1, g2)
1−ε for all g1, g2 ∈ Γ with dW (g1, g2) > C ′.

But by Theorem 1.1.1, there exists a mapping ϕ : Γ → ROΓ(1) such that |ϕ| = OΓ(1)

and

|ϕ(g1)− ϕ(g2)| ≍Γ 1 whenever 1 ≤ dW (g1, g2) ≤ C ′.

The map (Φε ◦ f)⊕ ϕ : Γ → RDG ⊕ ROΓ(1) gives the desired map.

We remark that, if Γ is not virtually abelian, then the corresponding torsion-free

nilpotent group Γ′′ is also not virtually abelian [15] and hence its Mal’cev completion

G is nonabelian (and simply connected nilpotent). So the “hard case” of Theorem

1.0.1 reduces to the “hard case” of Theorem 1.0.2.

We now reduce Theorem 1.0.2 to the case where the underlying Lie group is sim-

ply connected. Deducing Theorem 1.0.2 for G from Theorem 1.0.2 for G/K is similar

to our deduction of Theorem 1.0.1 from Theorem 1.0.2; it is enough to construct

OG(ε
−1/2)-Lipschitz mappings (G, d1−εG ) → ROG(1) that satisfy the lower Lipschitz

bounds for any points g1, g2 ∈ G in the bounds dG(g1, g2) = ΩG(1), dG(g1, g2) =

ΘG(1), and dG(g1, g2) = OG(1), respectively. The second component arises from The-

orem 1.1.1, so we only need to construct the first and third components.

Let us construct the first component. We are given G, a connected nilpotent Lie

group, with Lie algebra g. Then it has a maximal nontrivial compact subgroup K,

with Lie algebra k, contained in the center of G, while G/K is a simply connected
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nilpotent Lie group, with Lie algebra g/k [80, IV.1.5]. If V ≤ g is the horizontal

subspace along which distances are measured in G, and π : g → k is the quotient

map, let π(V ) be the horizontal subspace along which distances are measured in

G/K. Then the quotient map π : G→ G/K is a Lipschitz quasi-isometry. Therefore,

composing with π the map resulting from Theorem 1.0.2 applied to G/K gives the

bilipschitz mapping that reads scales ΩG(1).

To construct the third component, apply Theorem 1.0.2 to the universal cover G̃

of G (e.g., the exponential map exp : g → G works) to get a OG̃(ε
−1/2)-bilipschitz

mapping (G̃, d1−ε
G̃

) → ROG̃(1). Multiply with a smooth bump function that is supported

on BG̃
rinj/2

, where rinj is the injectivity radius of the exponential map exp : G̃ → G;

using the fact that G̃ and G are locally isometric, we obtain an OG̃(ε
−1/2)-bilipschitz

mapping θ : G→ Rd, d = OG̃(1) that is supported on BG
rinj/2

and such that

for all g1, g2 ∈ BG
rinj/4

|θ(g1)− θ(g2)| ≳G dG(g1, g2)
1−ε.

Let N be a maximal rinj/4-separated set of G. We can partition N into a finite

number of sets N1, · · · , Nn such that each Ni is rinj-separated. Then

⊕n
i=1

∑
a∈Ni

θ(g−1·) : (G, d1−εG ) → Rnd

is an OG(ε
−1/2)-Lipschitz map that reads scales OG(1).

This completes the proof that to prove Theorem 1.0.2, it is enough to assume G

simply connected.

In case G is an abelian simply connected nilpotent Lie group, i.e., G = Rn for

some n, Assouad [3] constructed On(1)-bilipschitz mappings (Rn, d1−εRn ) → Rd⌈ 1
1−ε

⌉. So

it is enough to consider the case when G is nonabelian.

For the rest of the chapter, let G be a fixed nonabelian simply connected nilpotent

Lie group.
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1.1.2 Hierarchy of constants

We will select absolute constants in the following order:

• A Hölder exponent α ∈ (1
2
, 1) and a level of regularity m∗ depending on G. For

simplicity, one can fix α = 2
3
and m∗ = s2 + s+ 1, where s is the step size of G.

• A sufficiently large natural number C0 > 1 depending on G, α and m∗. Specifically,

this choice will occur in (1.95), the third inequality of (1.96), the second inequality

of (1.97), (1.98), right after (1.113), right before (1.116), (1.117), right after (1.119),

and (1.139).

• A sufficiently large dyadic numberN0 depending onG and C0. This choice will occur

in (1.50), in the derivation of (1.62) of Corollary 1.2.4, (1.101), (1.102), (1.104),

(1.105), (1.106), and (1.118).

• A sufficiently large dyadic number A depending on G, C0 and N0. This choice will

occur in (1.51), (1.107), (1.111) and after it, (1.112), right after (1.113), right before

(1.116), right after (1.119), right after (1.164), (1.166), (1.167), and (1.168).

1.1.3 Basic linear algebra

Denote by | · | the Euclidean metric and by ⟨·, ·⟩ the Euclidean inner product on

Euclidean spaces RD.

If T : RD1 → RD2 is a linear map, we also denote by |T | the Frobenius norm

of T . Also, for 1 ≤ n ≤ D, the exterior power
∧nRD can be identified with R(

D
n),

and so we can also define a Euclidean norm | · | and a Euclidean inner product ⟨·, ·⟩

on
∧nRD. With this norm on

∧nRD, the Cauchy–Binet formula tells us that for

v1, · · · , vn ∈ RD,

|v1 ∧ · · · ∧ vn|2 = det (vi · vj)1≤i,j≤n = det(TT ∗),
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where T : RD → Rn is the linear map

T (u) := (u · v1, · · · , u · vn).

More generally, the polarized Cauchy–Binet formula tells us that for u1, · · · , un,

v1, · · · , vn ∈ RD,

〈
u1 ∧ · · · ∧ un, v1 ∧ · · · ∧ vn

〉
= det (ui · vj)1≤i,j≤n .

It is not difficult to see that we have a Cauchy–Schwarz-like inequality: for every

v1, · · · , vn ∈ RD and 1 ≤ i < n ≤ D, we have

|v1 ∧ · · · ∧ vn| ≤ |v1 ∧ · · · ∧ vi||vi+1 ∧ · · · ∧ vn|.

We will simply refer to this as the Cauchy–Schwarz inequality in the rest of this paper.

1.1.4 Some metric space geometry

Let (X, d) be a metric space. For any f : X → RD, we define the norms

∥f∥C0 := sup
x∈X

|f(x)|, ∥f∥Lip := sup
x,y∈X, x̸=y

|f(x)− f(y)|
d(x, y)

.

These norms satisfy certain algebraic properties. If f, g : X → RD then

∥f · g∥Lip ≤ ∥f∥C0∥g∥Lip + ∥f∥Lip∥g∥C0 . (1.2)
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Also, if f : X → R and f(x) ≥ c > 0 for all x ∈ X then

∥1/f∥Lip ≤ c−2∥f∥Lip, (1.3)

∥
√
f∥Lip ≤ 1

2
√
c
∥f∥Lip. (1.4)

One can use these properties to see that for f : X → RD with |f(x)| ≥ c > 0 for all

x ∈ X we have

∥∥∥∥ f|f |
∥∥∥∥
Lip

≤
∥∥∥∥ 1

|f |

∥∥∥∥
C0

∥f∥Lip +
∥∥∥∥ 1

|f |

∥∥∥∥
Lip

∥f∥C0 ≤ (c−1 + c−2 ∥f∥C0) ∥f∥Lip . (1.5)

For δ > 0, a subset Nδ ⊂ X is a δ-net if for any distinct x, y ∈ Nδ one has

d(x, y) ≥ δ. By Zorn’s lemma, δ-nets which are maximal with respect to inclusion

exist, and if Nδ is a maximal δ-net then we have the covering

X =
⋃
x∈Nδ

Bδ(x).

An immediate consequence of the doubling property is that if X is a K-doubling

metric space and m ≥ 0, then for any δ-net Nδ we have

|Nδ ∩B2mδ(x)| ≤ Km+1 for all x ∈ X. (1.6)

1.1.5 Function spaces on nilpotent Lie groups

We will assume that the norm ∥ · ∥ on V is an inner product norm on V (in

other words, we may assume G is a sub-Riemannian manifold, as opposed to being a

sub-Finsler manifold). This is possible by John’s ellipsoid theorem, which allows us to

replace ∥ · ∥ by an inner product norm while introducing distortion at most
√
dimV ,

which is acceptable since this is independent of the amount ε of snowflaking.

We fix a left-invariant orthonormal basis X1, · · · , Xk of V with respect to ∥ · ∥. If
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ϕ : G → RD is a differentiable function, we let ∇ϕ : G → RkD denote the horizontal

gradient

∇ϕ := (X1ϕ, · · · , Xkϕ).

By iteration, we have ∇mϕ : G→ RkmD for any m ≥ 1, if ϕ is m times differentiable.

We recall the C0 norm

∥ϕ∥C0 = sup
p∈G

|ϕ(p)|,

and define the higher Cm norms

∥ϕ∥Cm :=
∑

0≤j≤m

∥∇jϕ∥C0 .

For a fixed spatial scale R > 0, we define the Cm
R norm to be the rescaled norm

∥ϕ∥Cm
R
:=

∑
0≤j≤m

Rj∥∇jϕ∥C0 .

Given a Hölder exponent 0 < α < 1 we may also define the homogeneous Hölder

norm

∥ϕ∥Ċ0,α := sup
p,q∈G,p ̸=q

|ϕ(p)− ϕ(q)|
d(p, q)α

and the higher Hölder norms

∥ϕ∥Cm,α := ∥ϕ∥Cm + ∥∇mϕ∥Ċ0,α

and more generally, the rescaled Hölder norm

∥ϕ∥Cm,α
R

:= ∥ϕ∥Cm
R
+Rm+α∥∇mϕ∥Ċ0,α .

One may easily verify

∥ϕ∥Cm,α
R

≲ ∥ϕ∥Cm+1
R

.
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By an iterated application of the product rule, one can verify the algebra properties

∥ϕψ∥Cm
R
≲m ∥ϕ∥Cm

R
∥ψ∥Cm

R
,

∥ϕψ∥Cm,α
R

≲m ∥ϕ∥Cm,α
R

∥ψ∥Cm,α
R
.

These inequalities continue to hold when ϕ and ψ are vector-valued and we take

the wedge product or the dot product, where the constants do not depend on the

dimension of the codomain of ϕ and ψ:

∥ϕ · ψ∥Cm
R
≲m ∥ϕ∥Cm

R
∥ψ∥Cm

R
, ∥ϕ · ψ∥Cm,α

R
≲m ∥ϕ∥Cm,α

R
∥ψ∥Cm,α

R
,

∥ϕ ∧ ψ∥Cm
R
≲m ∥ϕ∥Cm

R
∥ψ∥Cm

R
, ∥ϕ ∧ ψ∥Cm,α

R
≲m ∥ϕ∥Cm,α

R
∥ψ∥Cm,α

R
.

More generally, one can observe that these algebra properties continue to hold

when we replace the above norms with norms of the form

∥ϕ∥Cm
{Rj}mi=0

:=
∑

0≤j≤m

Rj∥∇jϕ∥C0 ,

where {Rj}mi=0 is a “sequence of spatial scales”, i.e., a sequence of positive real num-

bers, that is log-concave: RiRj ≥ Ri+j. Examples of such norms include

∥ϕ∥+R∥∇ϕ∥Cm , or ∥ϕ∥C0 + ∥∇ϕ∥Cm
1/R
, R ≥ 1. (1.7)

1.1.6 Basic metric geometry of simply connected nilpotent

Lie groups

As G is a nonabelian nilpotent Lie group, its topological dimension must at least

be 3.

As G is nilpotent and simply connected, the exponential map exp : g → G is a
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diffeomorphism.

For r > 0, we define the open ball

Br := {h ∈ G : dG(h, eG) < r},

and for g ∈ G and r > 0 we define the open ball

Br(g) := {h ∈ G : dG(h, g) < r} = gBr,

where the last equality follows from left-invariance of the metric.

We will first review Carnot group geometry, as it serves as a model case. Then we

will discuss the local and global metric geometry of G.

Carnot group geometry

Recall that in this case we are given the decomposition g = V1 ⊕ V2 ⊕ · · · ⊕ Vs,

and we have set V = V1. In this case, define dimG = n, dimVr = kr, k = k1, and the

Hausdorff dimension nh :=
∑s

r=1 rkr. Since G is nonabelian, we have s ≥ 2, since if

s = 1, then G is just a finite-dimensional Euclidean space. This will give nh ≥ 4, as

we must have k1 ≥ 2 and k2 ≥ 1.

For 2 ≤ r ≤ s, we fix a basis Xr,1, · · · , Xr,kr of Vr and extend them to left-invariant

vectorfields over G. For r = 1, we simply write X1,i = Xi.

Recall that we can define the scaling maps δλ : g → g for λ > 0 by

δλ|Vr = λiidVr , r = 1, · · · , s.

One may then define the dilation δλ : G→ G so that it commutes with exp:

δλ ◦ exp = exp ◦δλ.
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One can compute that δλ is the unique Lie group automorphism δλ : G → G such

that (δλ)∗ = δλ. Moreover, δλ interacts with the left-invariant vector fields as follows:

Xr,i(ϕ ◦ δλ) = λr(Xr,iϕ) ◦ δλ, r = 1, · · · , s, i = 1, · · · , kr.

The special case r = 1 tells us that δλ is a scaling in the Carnot-Carathéodory metric:

dG(δλ(p), δλ(p
′)) = λdG(p, p

′), p, p′ ∈ G.

By iteration, we can also deduce

∇m(ϕ ◦ δλ) = λm(∇mϕ) ◦ δλ.

One can parametrize G by Rn, by first identifying G with g via the exponential

map exp, and then identifying g with Rn via the basis {Xr,i}1≤r≤s,1≤i≤kr . Denote the

corresponding canonical basis as {fr,i}1≤r≤s,1≤i≤kr .

We may define a weighted degree for polynomials in xr,i by assigning degree r

to xr,i. It is clear that δλ acting upon a homogeneous polynomial of degree m is just

multiplication by λm, so the differential operator Xr,i acts on polynomials by reducing

the weighted degree by r in each term. One can also see, using the scaling δλ, that

dG

(
exp(

s∑
r=1

kr∑
i=1

xr,iXr,i), eG

)
≍G

s∑
r=1

kr∑
i=1

|xr,i|1/r.

The Baker-Campbell-Hausdorff formula gives the group law in this coordinate

system:

gh =
s∑

m=1

(−1)m−1

m

∑
ri+si>0
i=1,...,m

[gr1hs1gr2hs2 · · · grmhsm ]
(
∑m

j=1(rj + sj)) ·
∏m

i=1 ri!si!
,
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where the sum is finite since G is of step s, and we have used the notation

[gr1hs1 · · · grmhsm ] = [g, [g, · · · [g︸ ︷︷ ︸
r1

, [h, [h, · · · [h︸ ︷︷ ︸
s1

, · · · [g, [g, · · · [g︸ ︷︷ ︸
rm

, [h, [h, · · ·h︸ ︷︷ ︸
sm

]] · · · ]]].

Thus, we can see that

exp

(
s∑
r=1

kr∑
i=1

x0r,iXr,i

)
exp

(
s∑
r=1

kr∑
i=1

x1r,iXr,i

)
= exp

(
s∑
r=1

kr∑
i=1

x2r,iXr,i

)

where

x2r,i = x0r,i + x1r,i + (homogeneous polynomial of {x0r′,i′}r′<r, {x1r′,i′}r′<r of degree r).

It follows that the Lebesgue measure on Rn is a Haar measure on G because the Ja-

cobian of left-multiplication is a unit upper triangular matrix. Also, the left-invariant

vectors {Xr,i}1≤r≤s,1≤i≤kr in this coordinate system take the form

Xr,i =
∂

∂xr,i
+

s∑
r′>r

kr′∑
j=1

(homogeneous polynomial of {xr′′,i′}r′′<r′ of degree r′−r)
∂

∂xr′,j
.

(1.8)

For r, r′ = 1, · · · , s, i = 1, · · · , kr, i′ = 1, · · · , kr′ , we define the lexicographic

ordering

(r, i) ⪯ (r′, i′) ⇔ r < r′ or r = r′ and i ≤ i′.

A simple volumetric argument gives the following bound for any δ-net Nδ:

|Nδ ∩BR(p)| ≤
(
2R

δ
+ 1

)nh

, p ∈ G,R > 0. (1.9)
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Local metric geometry

Instead of the grading of g, we have the following increasing sequence of subspaces

V ≤ V + [V, V ] ≤ · · · ≤ V + [V, V ] + [V, [V, · · · , V ]]︸ ︷︷ ︸
s times

= g

where s denotes the nilpotency step size of G. One may consider the Carnot group

with Lie algebra graded in the manner

V ⊕ (V + [V, V ])/V ⊕ · · ·⊕ (V + [V, V ] + [V, [V, · · · , V ]]︸ ︷︷ ︸
s times

)/(V + [V, V ] + [V, [V, · · · , V ]]︸ ︷︷ ︸
s−1 times

)

with a natural induced Lie bracket. This is the Carnot group that arises as the tangent

space of G, and we can quantitatively approximate the distance, group operation, and

left-invariant vectors accordingly.

For 2 ≤ r ≤ s, we choose X loc
r,1 , · · · , X loc

r,klocr
∈ [V, [V, · · · , V ]]︸ ︷︷ ︸

r times

so that

{X loc
r′,i}1≤r′≤r, 1≤i≤kloc

r′
is a basis of V + [V, V ] + [V, [V, · · · , V ]]︸ ︷︷ ︸

r times

(it is possible that klocr = 0 for large r). Extend these vectors to left-invariant vector-

fields over G. For r = 1, we simply write X loc
1,i = Xi.

One can parametrize G by Rn, by first identifying G with g via the exponential

map exp, and then identifying g with Rn via the basis {X loc
r,i }1≤r≤s,1≤i≤klocr

. We will de-

note the corresponding canonical basis as {f locr,i }1≤r≤s,1≤i≤klocr
; this defines polynomial

functions {xlocr,i }1≤r≤s,1≤i≤klocr
.

The following claims can be found in [41, Chapter 2]. We have

dG

(
exp(

s∑
r=1

kr∑
i=1

xlocr,iX
loc
r,i ), eG

)
≍G

s∑
r=1

kr∑
i=1

|xlocr,i |1/r, if ∀r, i |xlocr,i | ≤ 1.
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We may define the weighted local degree for polynomials in xlocr,i by assigning local

degree r to xlocr,i . (What we call ‘local’ is called ‘nonholonomic’ in [41]. We made this

choice of terminology to distinguish with the ‘global’ case.) The group law, in this

coordinate system, is given via the Baker-Campbell-Hausdorff formula in the form of

exp

(
s∑
r=1

kr∑
i=1

xlocr,iX
loc
r,i

)
exp

(
s∑
r=1

kr∑
i=1

ylocr,iX
loc
r,i

)
= exp

(
s∑
r=1

kr∑
i=1

zlocr,iX
loc
r,i

)

where

zlocr,i = xlocr,i + ylocr,i + (polyn in {xlocr′,i′}, {ylocr′,i′} of weighted local degree ≥ r).

Thus the left-invariant vectors {X loc
r,i }1≤r≤s,1≤i≤klocr

in this coordinate system take the

form

X loc
r,i =

∂

∂xlocr,i
+

s∑
r′=1

kloc
r′∑
j=1

(polyn in {xlocr′′,i′} of local degree ≥ r′ − r)
∂

∂xlocr′,j
. (1.10)

So the differential operator X loc
r,i acts on polynomials by reducing the weighted degree

by r or less in each term.

For r, r′ = 1, · · · , s, i = 1, · · · , klocr , i′ = 1, · · · , klocr′ , we define the lexicographic

ordering

(r, i) ⪯loc (r′, i′) ⇔ r < r′ or r = r′ and i ≤ i′.

Global metric geometry

This time, instead of the grading of g, we have the following decreasing sequence

of subspaces

g ≥ [g, g] ≥ · · · ≥ [g, [g, · · · , g]]︸ ︷︷ ︸
s times
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where s again denotes the nilpotency step size of G. One may consider the Carnot

group with Lie algebra graded in the manner

g/[g, g]⊕ [g, g]/[g, [g, g]]⊕ · · · ⊕ [g, [g, · · · , g]]︸ ︷︷ ︸
s−1 times

/ [g, [g, · · · , g]]︸ ︷︷ ︸
s times

⊕ [g, [g, · · · , g]]︸ ︷︷ ︸
s times

with a natural induced Lie bracket. This is the Carnot group that arises as the

asymptotic cone of G, and we can quantitatively approximate the distance, group

operation, and left-invariant vectors accordingly.

For 1 ≤ r ≤ s, we choose Xglob
r,1 , · · · , X

glob

r,kglobr
∈ [g, [g, · · · , g]]︸ ︷︷ ︸

r times

so that

{Xglob
r′,i }r≤r′≤s, 1≤i≤kglob

r′
is a basis of [g, [g, · · · , g]]︸ ︷︷ ︸

r times

.

(This time, we cannot have kglobr = 0 for any r.) Extend these vectors to left-invariant

vectorfields over G. As

[g, [g, · · · , g]]︸ ︷︷ ︸
r times

= [V, [V, · · · , V ]]︸ ︷︷ ︸
r times

+ [g, [g, · · · , g]]︸ ︷︷ ︸
r+1 times

,

we may assume that Xglob
r,1 , · · · , X

glob

r,kglobr
∈ [V, [V, · · · , V ]]︸ ︷︷ ︸

r times

.

One can parametrize G by Rn, by first identifying G with g via the exponential

map exp, and then identifying g with Rn via the basis {Xglob
r,i }1≤r≤s,1≤i≤kglobr

. We

will denote the corresponding canonical basis as {f globr,i }1≤r≤s,1≤i≤kglobr
; this defines

polynomial functions {xglobr,i }1≤r≤s,1≤i≤kglobr
.

By [68], we have the distance formula

dG

(
exp(

s∑
r=1

kr∑
i=1

xglobr,i X
glob
r,i ), eG

)
≍G

s∑
r=1

kr∑
i=1

|xglobr,i |1/r, if ∃r, i |xglobr,i | > 1.

We may define the weighted global degree for polynomials in xglobr,i by assigning global
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degree r to xglobr,i . Recalling the Baker-Campbell-Hausdorff formula, in this coordinate

system, the group law is given by

exp

(
s∑
r=1

kr∑
i=1

xglobr,i X
glob
r,i

)
exp

(
s∑
r=1

kr∑
i=1

yglobr,i X
glob
r,i

)
= exp

(
s∑
r=1

kr∑
i=1

zglobr,i X
glob
r,i

)

where

zglobr,i = xglobr,i + yglobr,i + (polyn in {xglobr′,i′}, {y
glob
r′,i′} of weighted global degree ≤ r).

Thus the left-invariant vectors {Xglob
r,i }1≤r≤s,1≤i≤kglobr

in this coordinate system take

the form

Xglob
r,i =

∂

∂xglobr,i

+
s∑

r′>r

kglob
r′∑
j=1

(polyn in {xglobr′′,i′} of global degree ≤ r′ − r)
∂

∂xglobr′,j

. (1.11)

So the differential operator Xglob
r,i acts on polynomials by reducing the weighted degree

by r or more in each term.

For r, r′ = 1, · · · , s, i = 1, · · · , kglobr , i′ = 1, · · · , kglobr′ , we define the lexicographic

ordering

(r, i) ⪯glob (r′, i′) ⇔ r < r′ or r = r′ and i ≤ i′.

1.1.7 Littlewood–Paley theory on nilpotent Lie groups

A basic tool used in [77] was a Littlewood–Paley theory for functions defined on

the Heisenberg group. We present the analogous theorem on nilpotent Lie groups.

One can easily modify the argument in [26] to show the following. For a positive

number N and a C0 function ϕ : G → RD, one can construct the Littlewood–Paley
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projection P(≤N)ϕ : G→ RD, which is a C∞ function, and the variants

P(<N)ϕ := P(≤N/2)ϕ, P(N)ϕ := P(≤N)ϕ− P(<N)ϕ,

P(>N)ϕ := ϕ− P(≤N)ϕ, P(≥N)ϕ := ϕ− P(<N)ϕ

which satisfy the following regularity properties.

Theorem 1.1.2 (Littlewood–Paley Theory). Let ϕ : G → RD be bounded and con-

tinuous.

1. (Littlewood–Paley decomposition) For any dyadic number N0, we have

ϕ = P(≤N0)ϕ+
∑

N>N0 dyadic

P(N)ϕ.

2. (regularity) If N > 0 is a dyadic number, M > 0, j, l ≥ 0, and ϕ is of class C l,

one has the estimates5

∥∇lP(≤N)ϕ∥Cj
1/N

≲G,j,l ∥∇lϕ∥C0 , (1.12)

∥P(N)ϕ∥Cj
1/N

≲G,j,l,α N
−l∥∇lϕ∥C0 , N−l−α∥∇lϕ∥Ċ0,α ,

(1.13)

j ≤ l ⇒ ∥P(>N)ϕ∥Cj
1/N

≲G,j,l,α N
−l∥∇lϕ∥C0 , (1.14)

j < l ⇒ ∥P(>N)ϕ∥Cj
1/N

≲G,j,l,α N
−l−α∥∇lϕ∥Ċ0,α , (1.15)

∥P(≤N)ϕ∥Cl
1/M

, ∥P(N)ϕ∥Cl
1/M

, ∥P(>N)ϕ∥Cl
1/M

≲G,l ∥ϕ∥Cl
1/M

. (1.16)

Proof. The construction of the Littlewood–Paley projection is as in [26] and [77] is

5We note that in [72, Theorem 2.1], the condition j ≤ l is erroneously omitted in their counterpart
of (1.14).
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as follows. As the Laplace-Kohn operator

L := −
k∑
i=1

X2
i

is self-adjoint on L2(G), with G is given its Haar measure (which is the Lebesgue

measure on Rn), for any m ∈ L∞(R) one can define bounded operators m(L) on

L2(G) which commute with each other and with L. Furthermore, if m ∈ C∞
c (R), then

this operator is given by convolution with a Schwartz function K : G→ R [26]:6

m(L)f = f ∗K, for all f ∈ L2(G),

where a function on G is said to be a Schwarz function if it is a Schwarz function on

Rn, and ∗ denotes the convolution operator:

f ∗K(p) =

ˆ
G

f(g)K(g−1p)dg.

For such m, the operator m(L) can be extended to functions in C0 using the above

convolution formula.

Now, if we choose any smooth function φ : R → R supported on [−4, 4] that

equals 1 on [−1, 1], we can now define, for N > 0, the Littlewood–Paley projection

P(≤N) using the above functional calculus by the formula

P(≤N) := φ(L/N2).

Let K(≤N) be the kernel corresponding to P(≤N) and K(N) the kernel corresponding

to P(N).

Now Theorem 1.1.2 (1) is just [26, Proposition 4.1]. We recall the following fun-

damental estimates on the kernels:

6In the case G is a Carnot group, this follows from [39], using the fact that L is hypoelliptic [37].
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Theorem 1.1.3. [26, Proposition 3.2] Let θ ∈ C∞
c (R), α ≥ 0, and I ∈ ∪β∈Z≥0

{1, · · · , k}β. Let the kernel of θ(tL) be Mt. Then

∥dG(·, eG)α∇IMt∥L1(G) ≲G,α,I,θ t
(α−|I|)/2.

For example, this tells us that for α ≥ 0, I ∈ ∪β∈Z≥0
{1, · · · , k}β

∥dG(·, eG)α∇IK(≤N)∥L1(G) ≲G,α,I N
|I|−α. (1.17)

The proof of the properties listed in Theorem 1.1.2 (2) is now mostly the same

as presented in [77, Theorem 6.1]. When following the proof there, the main part

that requires modification in the setting of nilpotent Lie groups is the following. For

i = 1, · · · , k, given any Schwarz function K : G→ R, we need to show that there are

Schwarz functionsKj : G→ R, j = 1, · · · , k, so that for any C1-function ϕ : G→ RD,

ϕ ∗XiK =
k∑
j=1

Xjϕ ∗Kj. (1.18)

This is a consequence of integration by parts:

Xϕ ∗K = −ϕ ∗ X̃K,

where X is any left-invariant vector field and X̃ its right-invariant counterpart. First,

we have

ϕ ∗XiK = −Xiϕ ∗K + ϕ ∗ (Xi − X̃i)K.

Now recall (1.10) and (1.11):

X loc
r,i f =

∂

∂xlocr,i
+

s∑
r′=1

kloc
r′∑
j=1

(polyn in {xlocr′′,i′} of local degree ≥ r′ − r)
∂

∂xlocr′,j
, (1.10)
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Xglob
r,i =

∂

∂xglobr,i

+
s∑

r′>r

kglob
r′∑
j=1

(polyn in {xglobr′′,i′} of global degree ≤ r′ − r)
∂

∂xglobr′,j

. (1.11)

It is not hard to see that we can assume {X loc
r,i } and {Xglob

r,i } are permutations of each

other, with a single left-invariant differential operator possibly having different local

and global degrees. Of course, in this case, we may assume the polynomials {xlocr,i }

and {xglobr,i } are permutations of each other.

We have the variants of (1.10) and (1.11) for the right-invariant counterparts:

X̃ loc
r,i =

∂

∂xlocr,i
+

s∑
r′=1

kloc
r′∑
j=1

(polyn in {xlocr′′,i′} of local degree ≥ r′ − r)
∂

∂xlocr′,j
, (1.19)

X̃glob
r,i =

∂

∂xglobr,i

+
s∑

r′>r

kglob
r′∑
j=1

(polyn in {xglobr′′,i′} of global degree ≤ r′ − r)
∂

∂xglobr′,j

. (1.20)

Local and global degree are independent of left and right, and right-invariant differ-

ential operators of local degree r reduce the weighted local degree by r or less. In

contrast, their global counterparts reduce the weighted global degree by r or more.

From (1.11) and (1.20), we see that

Xi − X̃i =
s∑
r=2

kr∑
j=1

qi,r,jX̃
glob
r,j , (1.21)

where qi,r,j is a polynomial that commutes with X̃glob
r,j , with

global degree of qi,r,j ≤ r − 1,

while from (1.10) and (1.19), we have that

local degree of qi,r,j ≥ local degree of X̃glob
r,j − 1 ≥ r − 1,
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Similarly, we have

X̃i −Xi =
s∑
r=2

kr∑
j=1

q̃i,r,jX
glob
r,j , (1.22)

where q̃i,r,j is a polynomial that commutes with Xglob
r,j , with

global degree of q̃i,r,j ≤ r − 1,

while from (1.10) and (1.19), we have that

local degree of q̃i,r,j ≥ local degree of Xglob
r,j − 1 ≥ r − 1,

Thus

(Xi − X̃i)K =
s∑
r=2

kr∑
j=1

X̃glob
r,j (qi,r,jK).

The operator X̃glob
r,j has global degree r and local degree ≤ r. Thus, X̃glob

r,j can be

written as a linear combination of differential operators of the form X̃j1 · · · X̃jr (note

that X̃j has local degree 1 while global degree ≥ 1).

We thus have

(Xi − X̃i)K =
k∑
j=1

X̃jKi,j

for Schwarz functions Ki,j of the form

Ki,j =
s−1∑
r=1

k∑
j1,··· ,jr=1

Qi,j,r,{j1,··· ,jr}X̃j1 · · · X̃jrK

where Qi,j,r,{j1,··· ,jr} are polynomials such that

local degree of Qi,j,r,{j1,··· ,jr} ≥ r, global degree of Qi,j,r,{j1,··· ,jr} ≤ r,
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which entails

|Qi,j,r,{j1,··· ,jr}(g)| ≲G,i,j,r,{j1,··· ,jr} dG(g, eG)
r, g ∈ G.

By (1.22), and a similar expansion of the higher-order derivatives, we have the left-

invariant counterpart

Ki,j =

s(s−1)∑
r=1

k∑
j1,··· ,jr=1

Q̃i,j,r,{j1,··· ,jr}Xj1 · · ·XjrK

where Q̃i,j,r,{j1,··· ,jr} are polynomials such that

local degree of Q̃i,j,r,{j1,··· ,jr} ≥ r, global degree of Q̃i,j,r,{j1,··· ,jr} ≤ r,

which entails

|Q̃i,j,r,{j1,··· ,jr}(g)| ≲G,i,j,r,{j1,··· ,jr} dG(g, eG)
r, g ∈ G.

Hence

ϕ ∗ (Xi − X̃i)K = −
k∑
j=1

Xjϕ ∗Ki,j,

and we have the form (1.18) (with Ki,i replaced by Ki,i +K, which does not damage

the above form).

Upon iteration, we have for j, l ≥ 0 that

ϕ ∗Xi1 · · ·Xij+l
K =

k∑
j1,··· ,jl=1

Xj1 · · ·Xjlϕ ∗Ki1,··· ,ij+l,j1,··· ,jl ,
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with

Ki1,··· ,ij+l,j1,··· ,jl =

ls(s−1)∑
r=j

k∑
j′1,··· ,j′r=1

Q̃i1,··· ,ij+l,j1,··· ,jl,r,{j′1,··· ,j′r}Xj′1
· · ·Xj′rK,

where Q̃i1,··· ,ij+l,j1,··· ,jl,r,{j′1,··· ,j′r} are polynomials with local degree ≥ r−j, global degree

≤ r − j, and

|Q̃i1,··· ,ij+l,j1,··· ,jl,r,{j′1,··· ,j′r}(g)| ≲G,i1,··· ,ij+l,j1,··· ,jl,r,{j′1,··· ,j′r} dG(g, eG)
r−j, g ∈ G.

We now have

∥∇j+lP(≤N)ϕ∥C0 =
s∑

i1,··· ,ij+l=1

∥ϕ ∗Xi1 · · ·Xij+l
K(≤N)∥C0

≤
s∑

i1,··· ,ij+l=1

k∑
j1,··· ,jl=1

∥Xj1 · · ·Xjlϕ ∗Ki1,··· ,ij+l,j1,··· ,jl∥C0

≤
s∑

i1,··· ,ij+l=1

k∑
j1,··· ,jl=1

∥Xj1 · · ·Xjlϕ∥C0 · ∥Ki1,··· ,ij+l,j1,··· ,jl∥L1(G)

≲G,j,l N
j∥∇lϕ∥C0 ,

giving (1.12).

To prove (1.16), the first statement

∥P(≤N)ϕ∥Cl
1/M

≲G,l ∥ϕ∥Cl
1/M

follows from (1.12). The other statements follow from

P(N)ϕ = P(≤N)ϕ− P(<N)ϕ, P(>N)ϕ = ϕ− P(≤N)ϕ.

We are left to show (1.13), (1.14) and (1.15). We observe that (1.14) and (1.15)
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follow from (1.12) and (1.13). Indeed, if j < l, then (1.13) says that for dyadic N ′

∥∇jP(N ′)ϕ∥C0 ≲G,j,l,α (N ′)j−l∥∇lϕ∥C0 , (N ′)j−l−α∥∇lϕ∥Ċ0,α

and summing over all dyadic N ′ > N gives

∥∇jP(>N)ϕ∥C0 ≲G,j,l,α N
j−l∥∇lϕ∥C0 , N j−l−α∥∇lϕ∥Ċ0,α .

If j = l, then similarly (1.13) says that for dyadic N ′

∥∇lP(N ′)ϕ∥C0 ≲G,l,α (N ′)−α∥∇lϕ∥Ċ0,α

and summing over all dyaidc N ′ > N gives

∥∇lP(>N)ϕ∥C0 ≲G,l,α N
−α∥∇lϕ∥Ċ0,α .

On the other hand, by (1.12),

∥∇lP(>N)ϕ∥C0 ≤ ∥∇lϕ∥C0 + ∥∇lP(≤N)ϕ∥C0 ≲G,l,α ∥∇lϕ∥C0 .

Now it remains to show (1.13). Note that, if j ≥ l, it follows from (1.12) that

N−j∥∇jP(N)ϕ∥C0 ≤ N−l∥∇lP(N)ϕ∥Cj−l
1/N

≤ N−l∥∇lP(≤N)ϕ∥Cj−l
1/N

+N−l∥∇lP(≤N/2)ϕ∥Cj−l
1/N

≲G,j,l N
−l∥∇lϕ∥C0 .

So it remains to verify

N−j∥∇jP(N)ϕ∥C0 ≲G,j,l N
−l∥∇lϕ∥C0 for j < l
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and

N−j∥∇jP(N)ϕ∥C0 ≲G,j,l N
−l−α∥∇lϕ∥C0,α

Note that

P(N) = P(≤N) − P(≤N/2) = φ(L/N2)− φ(4L/N2) = φ1(L/N
2),

where φ0 is defined as

φ0(x) = φ(x)− φ(4x), x ∈ R

and is a C∞
c function supported on [−4,−1/4]∪ [1/4, 4]. So, for each n ∈ N, φn(x) =

φ0(x)/x
n is a well-defined C∞

c function supported on [−4,−1/4] ∪ [1/4, 4], with

P(N) = φ0(L/N
2) = N−2nLnφn(L/N

2).

By Theorem 1.1.3, the kernel Kn
(N) of φn(L/N

2) satisfies

∥dG(·, eG)α∇IKn
(N)∥L1(G) ≲G,α,I,n N

|I|−α.

Hence

P(N)ϕ = N−2nLn(ϕ ∗Kn
(N)).

Choosing n ∈ N so that j + 2n > l, we have

N−j∥∇jP(N)ϕ∥C0 ≲G,j,n N
−j−2n∥∇j+2n(ϕ ∗Kn

(N))∥C0 .

By (1.12) applied to the case where the bounded function that acts on the Laplacian

is ϕn, we have

∥∇j+2n(ϕ ∗Kn
(N))∥C0 ≲G,j,n,l N

j+2n−l∥∇lϕ∥C0 .
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Now it remains to verify for all j, l ≥ 0

N−j∥P(N)ϕ∥C0 ≲G,j,l,α N
−l−α∥∇lϕ∥Ċ0,α .

Choose n = l. Since L commutes with φl(L/N
2), we have

P(N) = N−2lLlφl(L/N
2) = N−2lφl(L/N

2)Ll

and so for smooth ϕ,

P(N)ϕ = N−2l((Llϕ) ∗K l
(N))

Using integration by parts, we move l derivatives to the right of ∗, to obtain

P(N)ϕ = N−2l

k∑
j1,··· ,jl=1

(Xj1 · · ·Xjlϕ) ∗K l
(N),j1,··· ,jl .

More precisely, we represent each left-invariant vector Xj in terms of right-invariant

vectors using (1.21), and we send them over to the right-side (which is possible since

the coefficient polynomial of each right-invariant vector commutes with and is anni-

hilated by the right-invariant vector).

Since ϕl vanishes near 0, ϕl(L/N
2) annihilates the function 1, and the total mass of

K l
(N) is 0. Again, using the fact that the coefficient polynomial of each right-invariant

vector commutes with and is annihilated by the right-invariant vector, it follows that

the total mass of K l
(N),j1,··· ,jl is zero. We have the bound

∥d(·, eG)αK l
(N),j1,··· ,jl(·)∥L1(G) ≲G,l,j1,··· ,jl,α N

l−α.
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Hence,

∣∣(Xj1 · · ·Xjlϕ) ∗K l
(N),j1,··· ,jl(g)

∣∣
=

∣∣∣∣ˆ
G

(Xj1 · · ·Xjlϕ)(gh
−1)K l

(N),j1,··· ,jl(h)dµ(h)

∣∣∣∣
=

∣∣∣∣ˆ
G

(
(Xj1 · · ·Xjlϕ)(gh

−1)− (Xj1 · · ·Xjlϕ)(g)
)
K l

(N),j1,··· ,jl(h)dµ(h)

∣∣∣∣
≤
ˆ
G

∥∇lϕ∥Ċ0,αd(h, 0)αK l
(N),j1,··· ,jl(h)dµ(h)

≲G,l,α N
l−α∥∇lϕ∥Ċ0,α

where we have used

|ϕ(gh)− ϕ(g)| ≤ ∥ϕ∥Ċ0,αd(h, 0)α.

This completes the proof.

1.2 Nash–Moser Perturbation for a bilinear form

Fix linearly independent Y1, · · · , Yℓ ∈ V . (We will choose these to be either

X1, · · · , Xk or Xglb
1 · · · , Xglb

kglb
.) For two given C1 functions ϕ, ψ : G → RD, we define

the bilinear form B(ϕ, ψ) : G→ Sym2(Rℓ) ⊂ Rℓ ⊗ Rℓ as

B(ϕ, ψ) := Sym ((Yiϕ · Yjψ)i,j=1,··· ,ℓ) . (1.23)

So, for example, we would define

Bloc(ϕ, ψ) := Sym ((Xiϕ ·Xjψ)i,j=1,··· ,k) , (1.24)

and

Bglob(ϕ, ψ) := Sym
(
(Xiϕ ·Xjψ)i,j=1,··· ,kglob1

)
. (1.25)
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Later, when constructing good embeddings of the simply connected nilpotent Lie

group G, we will encounter the following situation. Given ψ : G → RD with certain

regularity properties, so that ψ “represents” the geometry of G at scale AR and

above, where R > 0 is a dyadic number, we will need to find a “nontrivial” solution

ϕ : G→ RD to

B(ϕ, ψ) = 0, (1.26)

so that Y ϕ · Y ψ = 0 for any Y ∈ span{Y1, · · · , Yℓ}. This way, the Pythagorean

theorem will tell us that |Y (ϕ+ψ)|2 = |Y ϕ|2+|Y ψ|2, which, coupled with an Assouad-

type summation technique, will give us optimal control on the growth of |Y ψ|2 and

hence provide us with the optimal distortion rate O(ε−1/2) (note that Assouad [3]

achieved this orthogonality and hence the optimal distortion by allowing the ϕ and

ψ to take values in different direct sum components of the target space, but thereby

losing control on the dimension of the target space). Here, when we say that ϕ is

“nontrivial”, we mean that ψ + ϕ also has the regularity properties of ψ but at scale

R instead of AR. Attempts to solve this system (1.26) directly using the Leibniz

rule and linear algebra gives less control on the smoothness on ϕ than that on ψ,

which is unsuitable for iteration. The solution proposed by [77] was to first find a

nontrivial and approximate solution ϕ̃ to (1.26), or more precisely a solution to the

low-frequency equation

B(ϕ̃, P(≤N0/R)ψ) = 0. (1.27)

This way, we have control on all levels of smoothness of P(≤N0/R)ψ (by Theorem 1.1.2

(3)), and hence also on ϕ̃; more precisely, Theorem 1.1.2 (3) tells us that bounds on the

CAR-norm of ψ gives bounds on the CA-norm of P(≤N0/R)ψ. This ϕ̃ will be constructed

in later sections. Once we have this approximate solution ϕ̃, Tao [77] then proposed

to use a variant of the Nash–Moser iteration scheme to find small perturbations of

ϕ̃, which are small enough to preserve the non-triviality of ϕ̃, and which allows us to
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solve the original equation (1.26).

Our goal in this section is to show that the Nash–Moser iteration scheme of [77]

carries on to the general setting of simply connected nilpotent Lie groups without

obstruction, while proving a slightly stronger orthogonality statement (1.26) than

that of [77]. The rest of this section follows the argument of Section 7 of [77]; we

have reproduced the entire argument here to keep track of certain calculations that

arise from higher-dimensional matrix operations, as well as to state and verify various

estimates in the setting of simply connected nilpotent Lie groups; in particular, due

to the lack of dilation structure, we state theorems and prove them for general scales

R.

Because the Nash–Moser iteration process produces error terms, we will need to

consider a slightly more general setting. Given ψ : G → RD and F = (Fij)i,j=1,··· ,ℓ :

G→ Sym2(Rℓ), we consider the problem of finding a solution ϕ : G→ RD to

B(ϕ, ψ) = F. (1.28)

Let {Yr,i′ : r = 2, · · · , s, i′ = 1, · · · , ℓr} be a linearly independent set in

span{[Yi, Yj] : i, j = 1, · · · , ℓ},

such that {Yi : i = 1, · · · , ℓ} ∪ {Yr,i′ : r = 2, · · · , s, i′ = 1, · · · , ℓr} is a basis of

span{Yi : i = 1, · · · , ℓ}+ span{[Yi, Yj] : i, j = 1, · · · , ℓ},

while for all r and i′, Yr,i ∈ span{[Yi1 , [Yi2 , · · · , Yi,r] : i1, · · · , ir = 1, · · · , ℓ}. We

may have ℓr = 0 for some r. Later on, in the local case we will just take {Y2,i′ :

i′ = 1, · · · , ℓ2} only, while in the global case we will assign to each Yr,i′ its maximal

possible r value.
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One easy way to solve (1.28) is to solve the system


ϕ · Yiψ = 0, i = 1, · · · , ℓ,

ϕ · YiYjψ = −Fij, 1 ≤ i, j ≤ ℓ,

ϕ · Yr,i′ψ = 0, r = 2, · · · , s, i′ = 1, · · · , ℓr,

for then, since YiYj − YjYi ∈ span{Y1, · · · , Yℓ, Y2,1, · · · , Ys,ℓs}, 1 ≤ i, j ≤ ℓ, we have


ϕ · Yiψ = 0,

ϕ · YiYjψ = −Fij,
i, j = 1, · · · , ℓ,

and so

Yiϕ · Yjψ = Yi(ϕ · Yjψ)− ϕ · YiYjψ = Fij, i, j = 1, · · · , ℓ.

This system is solvable if {Yiψ}i=1,··· ,ℓ∪{YiYjψ}1≤i≤j≤ℓ∪{Y2,i′ψ}i′=1,··· ,ℓ2 are pointwise

independent.

More precisely, for each p ∈ G define the linear map

Tψ(p) : RD → Rℓ+
ℓ(ℓ+1)

2
+ℓ2+···+ℓs

by setting for each v ∈ RD

Tψ(p)(v) :=
(
(v · Yiψ(p))1≤i≤ℓ, (v · YiYjψ(p))1≤i≤j≤ℓ, (v · Yr,i′ψ(p))2≤r≤s, 1≤i′≤ℓr

)
.

If {Yiψ}i=1,··· ,ℓ ∪ {YiYjψ}1≤i≤j≤ℓ ∪ {Yr,i′ψ}r=2,··· ,s, i′=1,··· ,ℓr are pointwise independent,

i.e., if Tψ(p) has full rank, or equivalently (by the Cauchy–Binet formula) if

∣∣∣∣∣
ℓ∧
i=1

Yiψ(p) ∧
∧

1≤i≤j≤ℓ

YiYjψ(p) ∧
s∧
r=2

ℓr∧
i′=1

Yr,i′ψ(p)

∣∣∣∣∣ > 0,

58



then we can define the pseudoinverse Tψ(p)
−1 : Rℓ+

ℓ(ℓ+1)
2

+ℓ2+···+ℓs → RD of Tψ(p) by

the formula

Tψ(p)
−1 := Tψ(p)

∗(Tψ(p)Tψ(p)
∗)−1.

(Note that the linear independence condition necessitates that D ≥ ℓ+ ℓ(ℓ+1)
2

+ ℓ2 +

· · · + ℓs, so the pseudoinverse is well-defined.) Then for any continuous functions

ai : G → R, i = 1, · · · , ℓ, bij : G → R, 1 ≤ i ≤ j ≤ ℓ, cr,i′ : G → R, r = 2, · · · , s,

i′ = 1, · · · , ℓr, we have the pointwise identities

Tψ(p)
−1(a1(p), · · · , aℓ(p), b11(p), · · · , bℓℓ(p),

c2,1(p), · · · , cs,ℓs(p)) · Yiψ(p) = ai(p), i = 1, · · · , ℓ,

Tψ(p)
−1(a1(p), · · · , aℓ(p), b11(p), · · · , bℓℓ(p),

c2,1(p), · · · , cs,ℓs(p)) · YiYjψ(p) = bij(p), 1 ≤ i ≤ j ≤ ℓ,

Tψ(p)
−1(a1(p), · · · , aℓ(p), b11(p), · · · , bℓℓ(p),

c2,1(p), · · · , cs,ℓs(p)) · Yr,i′ψ(p) = cr,i′(p), 2 ≤ r ≤ s, 1 ≤ i′ ≤ ℓr.

(1.29)

If we define

bji = bij +
ℓ∑

h=1

αi,j,hah +
s∑
r=2

ℓr∑
i′=1

βi,j,r,i′cr,i′ , 1 ≤ i < j ≤ ℓ, (1.30)

where αi,j,h and βi,j,r,i′ are the structure constants so that

YjYi − YiYj =
ℓ∑

h=1

αi,j,hYh +
s∑
r=2

ℓr∑
i′=1

βi,j,r,i′Yr,i′ , 1 ≤ i ≤ j ≤ ℓ, (1.31)

then we can extend the second equation of (1.29) to

Tψ(p)
−1(a(p), b(p), c(p)) · YiYjψ(p) = bij(p), i, j = 1, · · · , ℓ. (1.32)

59



So, by using the Leibniz rule as above, we have

Yi

(
T−1
ψ (a, b, c)

)
· Yjψ = Yi(aj)− bij, i, j = 1, · · · , ℓ. (1.33)

As a consequence, one has the explicit solution

ϕexplicit(p) := Tψ(p)
−1(0,−F (p), 0) (1.34)

to (1.28) (when we are plugging in F (p) to the above expression, we are using a

standard identification Sym2(Rℓ) ≃ R
ℓ(ℓ+1)

2 ).

The problem with this solution to (1.28) is that the solution ϕexplicit constructed in

this manner will have two fewer degrees of regularity than ψ, which will be unsuitable

for iteration purposes. We will overcome this issue by applying the above procedure

to the Littlewood–Paley components of ψ and F .

Proposition 1.2.1 (Perturbation theorem, analog of [77, Proposition 7.1]). Let R be

a dyadic number and let M be a real number with

M ≥ C−1
0 .

Let m∗ ≥ s+ 1 and 1
2
< α < 1. Suppose we are given a Cm∗,α-map ψ : G→ RD with

the following regularity properties:

1. (Hölder regularity at scale AR) We have

∥∇2ψ∥
Cm∗−2,α

AR
≤ C0

AR
. (1.35)

2. (nondegenerate first derivatives) For any p ∈ G, we have

C−1
0 M ≤ |Yiψ(p)| ≤ C0M, i = 1, · · · , ℓ, (1.36)
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3. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣
ℓ∧
i=1

Yiψ(p) ∧
∧

1≤i≤j≤ℓ

YiYjψ(p) ∧
s∧
r=2

ℓr∧
i′=1

Yr,i′ψ(p)

∣∣∣∣∣ ≳C0 M
−ℓ(AR)−

ℓ(ℓ+1)
2

−
∑s

r=2(r−1)ℓr .

(1.37)

Let F : G→ Sym2(Rℓ) be a C2m∗−1-function. Let ϕ̃ : G→ RD be a C2m∗
-solution

to the low-frequency equation (1.27). Then there exists a Cm∗,α-solution ϕ to (1.28)

which is a small perturbation of ϕ̃:

∥ϕ− ϕ̃∥
Cm∗,α

R
≲C0 AR∥F∥C2m∗−1

R
+ A2−m∗−α∥ϕ̃∥

Cm∗,α
R

, (1.38)

and which makes the following cross terms small:

∥Yiϕ · Yjψ − Yiϕ̃ · YjP(≤N0/R)ψ∥C0

≲C0 ∥F∥C2m∗−1
R

+N1−m∗−α
0 A1−m∗−αR−1∥ϕ̃∥C2m∗

R
, i, j = 1, · · · , ℓ.

(1.39)

Here, we treat α as a universal constant (we may take α = 2
3
), and we allow the

constant C0 to depend on m∗. This will not contradict our hierarchy of constants, as

m∗ will be later chosen to depend on G (more precisely, it will equal s2 + s+ 1).

Remark 1.2.2. 1. The actual bound needed for m∗ is that it is at least the largest

number 1 ≤ r ≤ s such that ℓr > 0.

2. The bilinear form used in [77] was the simpler version

B̃(ϕ, ψ) = (Y1ϕ · Y1ψ, · · · , Yℓϕ · Yℓψ),

and the corresponding Nash-Moser iteration scheme only established the weaker

orthogonality B̃(ϕ, ψ) = 0, while still being able to establish the estimate (1.39).

We may create a version of Proposition 1.2.1 for B̃ by assuming the weaker freeness
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property for (1.37):

∣∣∣∣∣
ℓ∧
i=1

Yiψ(p) ∧
ℓ∧
i=1

YiYiψ(p)

∣∣∣∣∣ ≳C0

ℓ∏
i=1

|Yiψ(p)|
ℓ∏
i=1

|YiYiψ(p)|.

The proof of this weaker Proposition would be not so different from the proof of

Proposition 1.2.1 given below, where we would modify the pseudoinverse T−1
ψ and

its usage in the obvious way. The statement (1.39) becomes slightly harder to prove,

but one may directly implement the methods of [77].

3. One may imagine strengthening the theorem to obtain the stronger full orthogonal-

ity statement

Yiϕ · Yjψ = 0, i, j = 1 · · · , ℓ,

but attempts to modify the Nash–Moser iteration scheme to accommodate this dif-

ference cause the resulting infinite series to diverge (more specifically, we are then

forced to place derivatives on P(N/R)ψ in (1.47), which we must avoid in order to

make the defining series converge). The best one can achieve with the tools outlined

in this section is (1.39). Nevertheless, we will be able to choose ϕ̃ with

Yiϕ̃ · YjP(≤N0/R)ψ = 0, i, j = 1 · · · , ℓ,

which, along with (1.39), establishes that Yiϕ · Yjψ is sufficiently small.

Proof. It will suffice to find a function ϕ with the stated bounds solving the approx-

imate equation

∥B(ϕ, ψ)− F∥C2m∗−1
R

≤ A2−m∗∥F∥C2m∗−1
R

+ As−2m∗
R−1∥ϕ̃∥C2m∗

R
(1.40)

62



rather than the precise equation (1.28), while satisfying (1.38) and (1.39):

∥ϕ− ϕ̃∥
Cm∗,α

R
≲C0 AR∥F∥C2m∗−1

R
+ As−m

∗−α∥ϕ̃∥
Cm∗,α

R
, (1.41)

and

∥Yiϕ · Yjψ − Yiϕ̃ · YjP(≤N0/R)ψ∥C0

≲C0 ∥F∥C2m∗−1
R

+N1−m∗−α
0 A1−m∗−αR−1∥ϕ̃∥

Cm∗,α
R

, i, j = 1, · · · , ℓ.

(1.42)

One can then iteratively replace (ϕ̃, F ) by the error term (0, F − B(ϕ, ψ)) and sum

the resulting solutions to obtain an exact solution to (1.28). This is possible due to

the linearity of this equation in ϕ.

We will first construct a low-frequency solution ϕ(≤N0/R) to the low-frequency

equation

B(ϕ(≤N0/R), P(≤N0/R)ψ) = P(≤N0/R)F

and then, given ϕ(≤N/2R) for dyadicN > N0 by induction, we will add higher frequency

components ϕ(N/R) to obtain ϕ(≤N/R) := ϕ(≤N/2R)+ϕ(N/R), which approximately solves

the higher-frequency equation

B(ϕ(≤N/R), P(≤N/R)ψ) ≈ P(≤N/R)F.

More specifically, the construction goes as follows. We first construct the low-

frequency component as

ϕ(≤N0/R) := ϕ̃+ T−1
P(≤N0/R)ψ

(0,−P(≤N0/R)F, 0). (1.43)
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This form was chosen so that, from (1.33), one has

Yi(ϕ(≤N0/R) − ϕ̃) · YjP(≤N0/R)ψ = P(≤N0/R)Fij, i, j = 1, · · · , ℓ, (1.44)

and from (1.27) and the bilinearity of B, one has

B(ϕ(≤N0/R), P(≤N0/R)ψ) = P(≤N0/R)F. (1.45)

Next, for every dyadic N > N0 we recursively define the higher-frequency compo-

nent ϕ(N/R) by the formula

ϕ(N/R) := T−1
P(≤N/R)ψ

((aiN)1≤i≤ℓ, (b
ij
N)1≤i≤j≤ℓ, (c

r,i′

N )2≤r≤s, 1≤i′≤ℓr) (1.46)

where
aiN := −(YiP(≤N/R)ϕ(<N/R)) · P(N/R)ψ, i = 1, · · · , ℓ,

bijN := −(YiYjP(≤N/R)ϕ(<N/R)) · P(N/R)ψ − P(N/R)Fij, 1 ≤ i ≤ j ≤ ℓ,

cr,i
′

N := −(Yr,i′P(≤N/R)ϕ(<N/R)) · P(N/R)ψ, 2 ≤ r ≤ s, 1 ≤ i′ ≤ ℓ2,

(1.47)

and

ϕ(<N/R) := ϕ(≤N0/R) +
∑

N0<M<N
M dyadic

ϕ(M/R).

We will also define

ϕ(≤N/R) := ϕ(≤N0/R) +
∑

N0<M≤N
M dyadic

ϕ(M/R).

Note that in the definition of ϕ(N/R), no derivatives are placed on P(N/R)ψ and there

is some mollification of the ϕ(<N/R) term, in order to avoid the loss of derivatives
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problem. This form of ϕ(N/R) was chosen so that

B(ϕ(N/R), P(≤N/R)ψ) +B(P(≤N/R)ϕ(<N/R), P(N/R)ψ) = P(N/R)F. (1.48)

Indeed, by (1.30), (1.31), and (1.32), we have

bijN = −(YiYjP(≤N/R)ϕ(<N/R)) · P(N/R)ψ − P(N/R)Fij, i, j = 1, · · · , ℓ,

so we can compute, for i, j = 1, · · · , ℓ,

Yiϕ(N/R) · YjP(≤N/R)ψ + YiP(≤N/R)ϕ(<N/R) · YjP(N/R)ψ

(1.33)
=
(
Yia

j
N − bijN

)
+ YiP(≤N/R)ϕ(<N/R) · YjP(N/R)ψ

= P(N/R)Fij − YjP(≤N/R)ϕ(<N/R) · YiP(N/R)ψ + YiP(≤N/R)ϕ(<N/R) · YjP(N/R)ψ.

(1.49)

Symmetrizing in i and j now gives (1.48).

We have the following control on the regularity of T−1
P(≤N/R)ψ

. Here, for an m × n

matrix A, 1 ≤ i ≤ j ≤ n we denote by [A]i,j the submatrix consisting of the ith to

jth columns of A.

Lemma 1.2.3 (regularity of the pseudoinverse; analog of [77, Lemma 7.2]). For any

N ≥ N0 and l ≥ 0, one has the following estimate for the first ℓ columns:

∥∥∥[T−1
P(≤N/R)ψ

]1,ℓ
∥∥∥
Cm∗−2

AR

≲C0 M
−1,

∥∥∥∇m∗−2[T−1
P(≤N/R)ψ

]1,ℓ
∥∥∥
Cl

R/N

≲C0,l M
−1(AR)2−m

∗
,

the following estimate for the next ℓ(ℓ+1)
2

columns:

∥∥∥[T−1
P(≤N/R)ψ

]ℓ+1,ℓ+
ℓ(ℓ+1)

2

∥∥∥
Cm∗−2

AR

≲C0 AR,∥∥∥∇m∗−2[T−1
P(≤N/R)ψ

]ℓ+1,ℓ+
ℓ(ℓ+1)

2

∥∥∥
Cl

R/N

≲C0,l (AR)
3−m∗

.

65



and the following estimate for the ℓr columns amongst the rest of the rows:

∥∥∥[T−1
P(≤N/R)ψ

]ℓ+
ℓ(ℓ+1)

2
+ℓ2+···+ℓr−1+1,ℓ+

ℓ(ℓ+1)
2

+ℓ2+···+ℓr
∥∥∥
Cm∗−2

AR

≲C0 (AR)
r−1,

and

∥∥∥∇m∗−2[T−1
P(≤N/R)ψ

]ℓ+
ℓ(ℓ+1)

2
+ℓ2+···+ℓr−1+1,ℓ+

ℓ(ℓ+1)
2

+ℓ2+···+ℓr
∥∥∥
Cl

R/N

≲C0,l (AR)
r+1−m∗

.

Proof. Abbreviating T = TP(≤N/R)ψ, recall the definition of the pseudoinverse

T−1 =
1

det(TT ∗)
T ∗adj(TT ∗)

where adj(A) denotes the adjugate matrix of A. We then need to show the bounds

∥∥∥∥∥∇l

[
1

det(TT ∗)
T ∗adj(TT ∗)

]1,ℓ∥∥∥∥∥
C0

≲C0 M
−1Bl,

∥∥∥∥∇l

[
1

det(TT ∗)
T ∗adj(TT ∗)

]
ℓ+ 1, ℓ+

ℓ(ℓ+ 1)

2

∥∥∥∥
C0

≲C0 ARBl,

∥∥∥∥∥∇l

[
1

det(TT ∗)
T ∗adj(TT ∗)

]ℓ+ ℓ(ℓ+1)
2

+ℓ2+···+ℓr−1+1,ℓ+
ℓ(ℓ+1)

2
+ℓ2+···+ℓr

∥∥∥∥∥
C0

≲C0 (AR)
r−2Bl,

for l ≥ 0, where Bl is the log-convex sequence

Bl :=


(AR)−l, 0 ≤ l ≤ m∗ − 2,

(N/R)l−m
∗+2(AR)2−m

∗
, l > m∗ − 2.
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From (1.35), (1.36), and Theorem 1.1.2(3), we have

|∇lYiP(≤N/R)ψ| ≲C0,l MBl, i = 1, · · · , ℓ, l ≥ 0,

|∇lYiYjP(≤N/R)ψ| ≲C0,l (AR)
−1Bl, i, j = 1, · · · , ℓ, l ≥ 0,

|∇lYr,i′P(≤N/R)ψ| ≲C0,l (AR)
−r+1Bl, r = 2, · · · , s, i′ = 1, · · · , ℓ2, l ≥ 0.

Thus, viewing T as a
(
ℓ+ ℓ(ℓ+1)

2
+ ℓ2 + · · ·+ ℓs

)
× D matrix, for any Wl ∈ ∇l the

first ℓ rows of WlT have norm OC0(MBl), the
ℓ(ℓ+1)

2
rows below that have norm

OC0((AR)
−1Bl), and below that we have ℓ2, · · · , ℓs rows, where ℓr rows have norm

OC0((AR)
−r+1Bl). By the product rule, and noting that BlBl′ ≤ Bl+l′ for all l, l

′ ≥ 0

we conclude that the
(
ℓ+ ℓ(ℓ+1)

2
+ ℓ2 + · · ·+ ℓs

)
×
(
ℓ+ ℓ(ℓ+1)

2
+ ℓ2 + · · ·+ ℓs

)
matrix

Wl(TT
∗) has top left ℓ × ℓ block consisting of elements of magnitude OC0(M

2Bl),

the ℓ×
(
ℓ(ℓ+1)

2

)
block right to that and the

(
ℓ(ℓ+1)

2

)
× ℓ block below that consisting

of elements of magnitude OC0(M(AR)−1Bl), the
(
ℓ(ℓ+1)

2

)
×
(
ℓ(ℓ+1)

2

)
block, below and

right, respectively, of the aforementioned blocks, consisting of elements of magnitude

OC0((AR)
−2Bl). The top ℓ× ℓr block and leftmost ℓr × ℓ block consist of elements of

magnitude OC0(M(AR)−r+1Bl), the
(
ℓ(ℓ+1)

2

)
×ℓr block and ℓr×

(
ℓ(ℓ+1)

2

)
block consist

of elements of magnitude OC0((AR)
−2Bl), and the other ℓr1 × ℓr2 blocks consist of

elements of magnitude OC0((AR)
−r1−r2+2Bl).

By the product rule and cofactor expansion, Wladj(TT
∗) then has top left ℓ × ℓ

block of norm OC0(M
2ℓ−2(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓrBl), the ℓ× ℓ(ℓ+1)

2
block and ℓ(ℓ+1)

2
×ℓ

block of norm OC0(M
2ℓ−1(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓr+1Bl), the

ℓ(ℓ+1)
2

× ℓ(ℓ+1)
2

block of

norm OC0(M
2ℓ(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓr+2Bl), the ℓ × ℓr1 and ℓr1 × ℓ blocks of norm

OC0(M
2ℓ−1(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓr+(r1−1)Bl), the

ℓ(ℓ+1)
2

× ℓr1 and ℓr1 ×
ℓ(ℓ+1)

2
blocks of

norm OC0(M
2ℓ(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓr+r1Bl), the remaining ℓr1 × ℓr2 blocks of norm

OC0(M
2ℓ(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓr+r1+r2−2Bl).
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Again, by the product rule, the D ×
(
ℓ+ ℓ(ℓ+1)

2
+ ℓ2 + · · ·+ ℓs

)
matrix

Wl(T
∗adj(TT ∗))

has first ℓ columns of norm

OC0(M
2ℓ−1(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓrBl),

the next ℓ(ℓ+1)
2

columns of norm

OC0(M
2ℓ(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓr+1Bl),

and the remaining ℓr1 columns each of norm

OC0(M
2ℓ(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓr+(r1−1)Bl)

(due to the presence of R, we cannot say the first ℓ columns are the greatest).

Similarly, ∇l(det(TT ∗)) has magnitude

OC0(M
2ℓ(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓrBl).

Meanwhile, from (1.36), (1.37), (1.35), and using (1.13) to approximate P(≤N/R)ψ by

ψ up to negligible error (note that N ≥ N0 and our hierarchy of constants, namely

that N0 is chosen after C0), we easily obtain the wedge product lower bound

∣∣∣∣∣
ℓ∧
i=1

YiP(≤N/R)ψ(p) ∧
∧

1≤i≤j≤ℓ

YiYjP(≤N/R)ψ(p) ∧
s∧
r=2

ℓr∧
i′=1

Yr,i′P(≤N/R)ψ(p)

∣∣∣∣∣
≳C0 (AR)

− ℓ(ℓ+1)
2

−
∑s

r=2(r−1)ℓrM ℓ.

(1.50)
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From this and the Cauchy–Binet formula we have the matching lower bound

det(TT ∗) ≳C0 M
2ℓ(AR)−ℓ(ℓ+1)−

∑s
r=2 2(r−1)ℓr

for the determinant. Hence, by the quotient rule, the derivatives ∇l(det(TT ∗)−1) have

magnitude OC0(M
−2ℓAℓ(ℓ+1)+

∑s
r=2 2(r−1)ℓrBl). The claim now follows from the product

rule.

The rest of the proof of Proposition 1.2.1 follows mostly as in [77], except for the

proof of (1.39). We have reproduced the argument for completeness.

First, we would need the smoothness of our proposed solution. We begin with

the smoothness of the low-frequency component ϕ(≤N0/R). From the above Lemma we

have the estimate for all l ≥ 0

∥∥∥[T−1
P(≤N/R)ψ

]1,ℓ
∥∥∥
Cl

R

≲C0,l M
−1,∥∥∥[T−1

P(≤N/R)ψ
]ℓ+1,ℓ+

ℓ(ℓ+1)
2

∥∥∥
Cl

R

≲C0,l AR,∥∥∥[T−1
P(≤N/R)ψ

]ℓ+
ℓ(ℓ+1)

2
+ℓ2+···+ℓr−1+1,ℓ+

ℓ(ℓ+1)
2

+ℓ2+···+ℓr
∥∥∥
Cl

R

≲C0,l (AR)
r−1,

(1.51)

(this uses our hierarchy of constants, namely that A is chosen after N0), while from

(1.12) we have

∥P(≤N0/R)F∥C2m∗−1
R

≲G ∥F∥C2m∗−1
R

, ∥P(≤N0/R)F∥C2m∗
R

≲G N0∥F∥C2m∗−1
R

and thus from (1.43),

∥ϕ(≤N0/R) − ϕ̃∥C2m∗−1
R

≲
∥∥∥[T−1

P(≤N/R)ψ
]ℓ+1,ℓ+

ℓ(ℓ+1)
2

∥∥∥
C2m∗−1

R

∥P(≤N0/R)F∥C2m∗−1
R

≲C0 AR∥F∥C2m∗−1
R

,

(1.52)

69



while, similarly,

∥ϕ(≤N0/R) − ϕ̃∥C2m∗
R

≲C0 AN0R∥F∥C2m∗−1
R

. (1.53)

Next, we establish the smoothness of the higher-frequency components ϕ(N/R).

From (1.13) we have, for N > N0 dyadic and l ≥ 0,

Rm∥∇mP(≤N/R)ϕ(<N/R)∥Cl
R/N

≲G,l R
m∥∇mϕ(<N/R)∥C0 ≤ ∥ϕ(<N/R)∥Cm

R
, m ≥ 1.

This implies in particular that, for l ≥ 0,

R∥YiP(≤N/R)ϕ(<N/R)∥Cl
R/N

≲G,l ∥ϕ(<N/R)∥Cs
R
,

R2∥YiYjP(≤N/R)ϕ(<N/R)∥Cl
R/N

≲G,l ∥ϕ(<N/R)∥Cs
R
,

Rr∥Yr,i′P(≤N/R)ϕ(<N/R)∥Cl
R/N

≲G,l ∥ϕ(<N/R)∥Cs
R
.

Again, from (1.13) and (1.35), we also have the estimates, for l ≥ 0,

∥P(N/R)ψ∥Cl
R/N

≲G (N/R)−m
∗−α∥∇m∗

ψ∥Ċ0,α ≲ (N/R)−m
∗−α(AR)2−m

∗−α∥∇2ψ∥
Cm∗−2,α

AR

≲C0 RN
−m∗−αA1−m∗−α

(1.54)

and

∥P(N/R)F∥Cl
R/N

≲G (N/R)−2m∗+1∥∇2m∗−1F∥C0 ≲ N−2m∗+1∥F∥C2m∗−1
R

.
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Finally, from Lemma 1.2.3 one has, for l ≥ 0,

∥∥∥[T−1
P(≤N/R)ψ

]1,ℓ
∥∥∥
Cl

R/N

≲C0,l M
−1,∥∥∥[T−1

P(≤N/R)ψ
]ℓ+1,ℓ+

ℓ(ℓ+1)
2

∥∥∥
Cl

R/N

≲C0,l AR,∥∥∥[T−1
P(≤N/R)ψ

]ℓ+
ℓ(ℓ+1)

2
+ℓ2+···+ℓr−1+1,ℓ+

ℓ(ℓ+1)
2

+ℓ2+···+ℓr
∥∥∥
Cl

R/N

≲C0,l (AR)
r−1,

since A1−jR−j ≲ A(N/R)j for 0 ≤ j ≤ m∗ − 2 and A(AR)2−m
∗
(N/R)j−m

∗+2 ≲

A(N/R)j for m∗ − 2 ≤ j ≤ l. Inserting the above estimates into (1.46), we conclude

that

∥ϕ(N/R)∥Cl
R/N

≲
∥∥∥[T−1

P(≤N/R)ψ
]1,ℓ
∥∥∥
Cl

R/N

ℓ∑
i=1

∥YiP(≤N/R)ϕ(<N/R)∥Cl
R/N

∥P(N/R)ψ∥Cl
R/N

+
∥∥∥[T−1

P(≤N/R)ψ
]ℓ+1,ℓ+

ℓ(ℓ+1)
2

∥∥∥
Cl

R/N

·

(
ℓ∑

i,j=1

∥YiYiP(≤N/R)ϕ(<N/R)∥Cl
R/N

∥P(N/R)ψ∥Cl
R/N

+ ∥P(N/R)F∥Cl
R/N

)

+
s∑
r=2

∥∥∥[T−1
P(≤N/R)ψ

]ℓ+
ℓ(ℓ+1)

2
+ℓ2+···+ℓr−1+1,ℓ+

ℓ(ℓ+1)
2

+ℓ2+···+ℓr
∥∥∥
Cl

R/N

·
ℓr∑
i′=1

∥Yr,i′P(≤N/R)ϕ(<N/R)∥Cl
R/N

∥P(N/R)ψ∥Cl
R/N

≲C0,l M
−1 ·R−1

∥∥ϕ(N/R)

∥∥
Cs

R
·RN−m∗−αA1−m∗−α

+ AR ·
(
R−2

∥∥ϕ(N/R)

∥∥
Cs

R
·RN−m∗−αA1−m∗−α +N−2m∗+1∥F∥C2m∗−1

R

)
+

s∑
r=2

(AR)r−1 ·R−r ∥∥ϕ(N/R)

∥∥
Cs

R
·RN−m∗−αA1−m∗−α

≲C0 A
s−m∗−αN−m∗−α∥ϕ(<N/R)∥Cs

R
+ AN−2m∗+1R∥F∥C2m∗−1

R

(1.55)
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and so

∥ϕ(N/R)∥Cm∗
R

≲C0 A
s−m∗−αN−α∥ϕ(<N/R)∥Cs

R
+ AN−m∗+1R∥F∥C2m∗−1

R
. (1.56)

By the triangle inequality we thus have

∥ϕ(≤N/R) − ϕ̃∥Cm∗
R

≤ ∥ϕ(<N/R) − ϕ̃∥Cm∗
R

+ ∥ϕ(N/R)∥Cm∗
R

≤ (1 +OC0(A
s−m∗−αN−α))∥ϕ(<N/R) − ϕ̃∥Cm∗

R

+OC0(A
s−m∗−αN−α)∥ϕ̃∥

Cm∗,α
R

+OC0(AN
−m∗+1R)∥F∥C2m∗−1

R
.

One can easily see by induction, with base case (1.52), that

∥ϕ(≤N/R) − ϕ̃∥Cm∗
R

≲C0 AR∥F∥C2m∗−1
R

+ As−m
∗−αN−α

0 ∥ϕ̃∥
Cm∗,α

R
, N ≥ N0,

and so by the triangle inequality, and noting that m∗ ≥ s, we have

∥ϕ(≤N/R)∥Cm∗
R

≲C0 AR∥F∥C2m∗−1
R

+ ∥ϕ̃∥
Cm∗,α

R
, N ≥ N0. (1.57)

Inserting this back into (1.55) and (1.56), and noting again that m∗ ≥ s ≥ 2, we

obtain, for l ≥ 0,

∥ϕ(N/R)∥Cl
R/N

≲C0 A
s−m∗−αN−m∗−α∥ϕ̃∥

Cm∗,α
R

+ (As+1−m∗−αN−m∗−αR + AN−2m∗+1R)∥F∥C2m∗−1
R

≤ As−m
∗−αN−m∗−α∥ϕ̃∥

Cm∗,α
R

+ AN−m∗−αR∥F∥C2m∗−1
R

(1.58)
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and

∥ϕ(N/R)∥Cm∗
R

≤ Nm∗∥ϕ(N/R)∥Cm∗+1
R/N

≲C0 A
s−m∗−αN−α∥ϕ̃∥

Cm∗,α
R

+ AN−αR∥F∥C2m∗−1
R

.

(1.59)

We thus conclude that the sum

ϕ := ϕ(≤N0) +
∑
N>N0

ϕ(N)

converges in the Cm∗
norm (and consequently also in the Cs norm, as m∗ ≥ s).

We now prove (1.41). From (1.52), it is enough to show

∥∥∥∥∥ ∑
N>N0

ϕ(N/R)

∥∥∥∥∥
Cm∗,α

R

≲C0 AR∥F∥C2m∗−1
R

+ As−m
∗−α∥ϕ̃∥

Cm∗,α
R

.

As noted above, from (1.59) we have

∥∥∥∥∥ ∑
N>N0

ϕ(N/R)

∥∥∥∥∥
Cm∗

R

≤
∑
N>N0

∥∥ϕ(N/R)

∥∥
Cm∗

R

≲C0 AN
−α
0 R∥F∥C2m∗−1

R
+ As−m

∗−αN−α
0 ∥ϕ̃∥

Cm∗,α
R

,

so it remains to show Hölder regularity:

∣∣∣∣∣∇m∗ ∑
N>N0

ϕ(N/R)(p)−∇m∗ ∑
N>N0

ϕ(N/R)(q)

∣∣∣∣∣
≲C0 R

−m∗−α(AR∥F∥C2m∗−1
R

+ As−m
∗−α∥ϕ̃∥

Cm∗,α
R

)d(p, q)α

(1.60)
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for any p, q ∈ G. By the triangle inequality, it is enough to show

∑
N>N0

∣∣∇m∗
ϕ(N/R)(p)−∇m∗

ϕ(N/R)(q)
∣∣

≲C0 R
−m∗−α(AR∥F∥C2m∗−1

R
+ As−m

∗−α∥ϕ̃∥
Cm∗,α

R
)d(p, q)α

On one hand, we may bound

|∇m∗
ϕ(N/R)(p)−∇m∗

ϕ(N/R)(q)|

≲ ∥∇m∗
ϕ(N/R)∥C0 ≲ R−m∗∥ϕ(N/R)∥Cm∗

R

(1.59)

≲C0
R−m∗

(
As−m

∗−αN−α∥ϕ̃∥
Cm∗,α

R
+ AN−αR∥F∥C2m∗−1

R

)
= R−m∗

(As−m
∗−α∥ϕ̃∥

Cm∗,α
R

+ AR∥F∥2m∗−1
R

)N−α.

On the other hand, one has

|∇m∗
ϕ(N/R)(p)−∇m∗

ϕ(N/R)(q)|

≲ ∥∇m∗+1ϕ(N/R)∥C0d(p, q) ≲ (N/R)m
∗+1∥ϕ(N/R)∥Cm∗+1

R/N
d(p, q)

(1.58)

≲C0
R−m∗

(As−m
∗−α∥ϕ̃∥

Cm∗,α
R

+ AR∥F∥C2m∗−1
R

)N−α(Nd(p, q)/R)

Thus, the left-hand side of (1.60) is bounded by

≲C0 R
−m∗

(As−m
∗−α∥ϕ̃∥

Cm∗,α
R

+ AR∥F∥C2m∗−1
R

)
∑
N

N−αmin(1, Nd(p, q)/R)

and the claim (1.41) follows by summing the double-ended geometric series

∑
N

N−αmin(1, Nd(p, q)/R)

using the hypothesis 0 < α < 1.
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Now we prove (1.40). As ϕ(≤N/R) converges in C
s to ϕ as N → ∞, and P(≤N/R)ψ

converges in Cs to ψ, we may write B(ϕ, ψ) as the uniform limit of

B(ϕ(≤N/R), P(≤N/R)ψ).

Using (1.45) and (1.48), we have the telescoping sum

B(ϕ, ψ)

= B(ϕ(≤N0/R), P(≤N0/R)ψ) +
∑
N>N0

(B(ϕ(≤N/R), P(≤N/R)ψ)−B(ϕ(<N/R), P(<N/R)ψ))

= P(≤N0/R)F +
∑
N>N0

(B(ϕ(N/R), P(≤N/R)ψ) +B(ϕ(<N/R), P(N/R)ψ))

= P(≤N0/R)F +
∑
N>N0

(P(N/R)F +B(P(>N/R)ϕ(<N/R), P(N/R)ψ))

= F +
∑
N>N0

B(P(>N/R)ϕ(<N/R), P(N/R)ψ),

or

B(ϕ, ψ)− F =
∑
N>N0

B(P(>N/R)ϕ(<N/R), P(N/R)ψ).

Each of the terms in the right-hand side, being a “high-high paraproduct” of ∇ψ and

∇ϕ, has much higher regularity (C2m∗−1) than either ∇ψ or ∇ϕ (Cm∗−1). Indeed, by

the triangle inequality and product rule, we have

∥B(ϕ, ψ)− F∥C2m∗−1
R

≤
∑
N>N0

∥B(P(≥N/R)ϕ(<N/R), P(N/R)ψ)∥C2m∗−1
R

≲
∑
N>N0

∑
j1+j2=2m∗−1

∥∇P(>N/R)ϕ(<N/R)∥Cj1
R
∥∇P(N/R)ψ∥Cj2

R
.
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For any 0 ≤ j1 ≤ 2m∗ − 1, one has from (1.13), (1.53), and (1.58) that

∥∇P(>N/R)ϕ(<N/R)∥Cj1
R

≲ R−1N j1+1∥P(>N/R)ϕ(<N/R)∥Cj1+1

R/N

≲G R
2m∗−1N j1+1−2m∗∥∇2m∗

ϕ(<N/R)∥C0

≲G R
2m∗−1N j1+1−2m∗

(
∥∇2m∗

ϕ(≤N0/R)∥C0 +
∑

N0<N ′<N dyadic

∥∇2m∗
ϕ(N ′/R)∥C0

)

≲C0 R
2m∗−1N j1+1−2m∗ ·R−2m∗∥ϕ̃∥C2m∗

R
+R2m∗−1N j1+1−2m∗ · AN0R

1−2m∗∥F∥C2m∗−1
R

+R2m∗−1N j1+1−2m∗ ·R−2m∗
(
As−m

∗−α∥ϕ̃∥
Cm∗,α

R
+ AR∥F∥C2m∗−1

R

)
·

∑
N0<N ′<N dyadic

(N ′)m
∗−α

≲C0 N
j1+1−m∗−α(As−m

∗−αR−1∥ϕ̃∥C2m∗
R

+ A∥F∥C2m∗−1
R

).

Also, for any 0 ≤ j2 ≤ 2m∗ − 1, we have from (1.13) and (1.35) that

∥∇P(N/R)ψ∥Cj2
R

≲ R−1N j2+1∥P(N/R)ψ∥Cj2+1

R/N

≲G R
−1N j2+1(N/R)−m

∗−α∥∇m∗
ψ∥Ċ0,α

≲C0 N
j2+1−m∗−αA1−m∗−α,

and thus

∥B(ϕ, ψ)− F∥C2m∗−1
R

≲C0

∑
N>N0

∑
j1+j2=2m∗−1

N j1+1−m∗−αN j2+1−m∗−αA1−m∗−α

· (As−m∗−αR−1∥ϕ̃∥C2m∗
R

+ A∥F∥C2m∗−1
R

)

≲C0

∑
N>N0

N1−2αA1−m∗−α(As−m
∗−αR−1∥ϕ̃∥C2m∗

R
+ A∥F∥C2m∗−1

R
)

≲C0 N
1−2α
0 A1−m∗−α(As−m

∗−αR−1∥ϕ̃∥C2m∗
R

+ A∥F∥C2m∗−1
R

)
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(we used 1
2
< α < 1) which gives (1.40).

Finally, we prove (1.42). Fix i, j = 1, · · · , ℓ. We need to establish

∥Yiϕ · Yjψ − Yiϕ̃ · YjP(≤N0/R)ψ∥C0 ≲C0 ∥F∥C2m∗−1
R

+N1−m∗−α
0 A1−m∗−α∥ϕ̃∥

Cm∗,α
R

.

Using telescoping sums,

Yiϕ · Yjψ − Yiϕ̃ · YjP(≤N0/R)ψ

= Yi(ϕ(≤N0/R) − ϕ̃) · YjP(≤N0/R)ψ

+
∑
N>N0

(
Yiϕ(≤N/R) · YjP(≤N/R)ψ − Yiϕ(<N/R) · YjP(<N/R)ψ

)
(1.44)
= P(≤N0/R)Fij +

∑
N>N0

(
Yiϕ(N/R) · YjP(≤N/R)ψ + Yiϕ(<N/R) · YjP(N/R)ψ

)
(1.49)
= P(≤N0/R)Fij +

∑
N>N0

P(N/R)Fij

+
∑
N>N0

(
−YjP(≤N/R)ϕ(<N/R) · YiP(N/R)ψ + Yiϕ(<N/R) · YjP(N/R)ψ

)
= Fij +

∑
N>N0

(
−YjP(≤N/R)ϕ(<N/R) · YiP(N/R)ψ + Yiϕ(<N/R) · YjP(N/R)ψ

)
.

Thus

∥Yiϕ · Yjψ − Yiϕ̃ · YjP(≤N0/R)ψ∥C0

≤ ∥F∥C0 +
∑
N>N0

(
∥∇P(≤N/R)ϕ(<N/R)∥C0 + ∥∇ϕ(<N/R)∥C0

)
∥∇P(N/R)ψ∥C0

(1.12)

≲G ∥F∥C0 +
∑
N>N0

∥∇ϕ(<N/R)∥C0∥∇P(N/R)ψ∥C0

(1.57),(1.54)

≲C0
∥F∥C0 +

∑
N>N0

(
A∥F∥C2m∗−1

R
+R−1∥ϕ̃∥

Cm∗,α
R

)
N1−m∗−αA1−m∗−α

≲ ∥F∥C2m∗−1
R

+N1−m∗−α
0 A1−m∗−αR−1∥ϕ̃∥

Cm∗,α
R

,

as desired.
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We state Proposition 1.2.1 for the case F = 0, which is the form that will be used

later. (We remark that when converting (1.39) into (1.62) below, we have used our

hierarchy of choosing N0 after C0.)

Corollary 1.2.4. Let R be a dyadic number and let M be a real number with

M ≥ C−1
0 .

Let m∗ ≥ s+ 1 and 1
2
< α < 1. Suppose we are given a Cm∗,α-map ψ : G→ RD with

the following regularity properties:

1. (Hölder regularity at scale A) We have

∥∇2ψ∥
Cm∗−2,α

AR
≤ C0

AR
.

2. (nondegenerate first derivatives) For any p ∈ G, we have

C−1
0 M ≤ |Yiψ(p)| ≤ C0M, i = 1, · · · , ℓ,

3. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣
ℓ∧
i=1

Yiψ(p) ∧
∧

1≤i≤j≤ℓ

YiYjψ(p) ∧
s∧
r=2

ℓr∧
i′=1

Yr,i′ψ(p)

∣∣∣∣∣ ≳C0 M
−ℓ(AR)−

ℓ(ℓ+1)
2

−
∑s

r=2(r−1)ℓr .

Let ϕ̃ : G → RD be a C2m∗
-solution to the low-frequency equation (1.27). Then

there exists a Cm∗,α-solution ϕ to (1.28) which is a small perturbation of ϕ̃:

∥ϕ− ϕ̃∥
Cm∗,α

R
≲C0 A

2−m∗∥ϕ̃∥
Cm∗,α

R
, (1.61)
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and which makes the following cross terms small:

∥Yiϕ · Yjψ − Yiϕ̃ · YjP(≤N0/R)ψ∥C0 ≤ A1−m∗
R−1∥ϕ̃∥C2m∗

R
, i, j = 1, · · · , ℓ. (1.62)

Remark 1.2.5. 1. To repeat, we will later on use α = 2
3
and m∗ = s2 + s+1, where

G is of step s, so these are to be considered “geometric constants”. Following our

hierarchy of constants, we will be choosing C0, N0, and A, in that order.

2. At first glance, Corollary 1.2.4 may seem to be missing a necessary dependence

on N0: the solution ϕ̃ to (1.27) approximates the solution ϕ to (1.28), with the

approximation getting better as N0 gets larger, yet the quantitative estimates (1.61)

and (1.62) lack any explicit dependence on N0. However, the dependence is implicit:

(1.61) and (1.62) depend on A which in turn depends on N0, and as N0 gets larger,

the right-hand sides of (1.61) and (1.62) get smaller. The part when we needed

the dependence of A on N0 in the proof of Proposition 1.2.1 was in (1.51).

1.3 Regular extensions of orthonormal systems

Another tool that we will need is a certain result on extending orthonormal sys-

tems. In order to apply Corollary 1.2.4, we first need to construct a nontrivial solution

ϕ̃ to the low-frequency equation (1.27), or more generally the stronger equation

Yiϕ̃ · YjP(≤N0/R)ψ = 0, i, j = 1, · · · , ℓ (1.63)

as promised in Remark 1.2.2. One can see using the Leibniz rule that it is enough to

solve the system 
ϕ̃ · YiP(≤N0/R)ψ = 0, i = 1, · · · , ℓ,

ϕ̃ · YiYjP(≤N0/R)ψ = 0, i, j = 1, · · · , ℓ.
(1.64)
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However, the vectors {YiYjP(≤N0/R)ψ}i,j=1,··· ,ℓ may not be linearly independent, as

{YiYj − YjYi : 1 ≤ i < j ≤ ℓ} may be linearly dependent, so the above system (1.64)

may be overdetermined. Instead, we will solve the equivalent system


ϕ̃ · YiP(≤N0/R)ψ = 0, i = 1, · · · , ℓ,

ϕ̃ · YiYjP(≤N0/R)ψ = 0, i, j = 1, · · · , ℓ, i ≤ j,

ϕ̃ · Y2,iP(≤N0/R)ψ = 0, i = 1, · · · , ℓ2.

(1.65)

The vectors {YiP(≤N0/R)ψ}i=1,··· ,ℓ ∪ {YiYjP(≤N0/R)ψ}1≤i≤j≤ℓ ∪ {Y2,iP(≤N0/R)ψ}i=1,··· ,ℓ2

can be made linearly independent if we require the stronger freeness property

∣∣∣∣∣
ℓ∧
i=1

Yiψ ∧
∧

1≤i≤j≤ℓ

YiYjψ ∧
ℓ2∧
i=1

Y2,iψ

∣∣∣∣∣ ≳C0

ℓ∏
i=1

|Yiψ| ·
∏

1≤i≤j≤ℓ

|YiYjψ| ·
ℓ2∏
i=1

|Y2,iψ| (1.66)

along with some regularity, say ∥∇2ψ∥C1
AR

≲C0

1
AR

, for then we can apply (1.13) to

approximate the derivatives of P(≤N0/R)ψ by the corresponding derivatives of ψ.

Now suppose v1, · · · , vℓ(ℓ+1)/2+ℓ2 is the result of applying the Gram-Schmidt pro-

cess to the vectors

{YiP(≤N0/R)ψ}i=1,··· ,ℓ ∪ {YiYjP(≤N0/R)ψ}1≤i≤j≤ℓ ∪ {Y2,iP(≤N0/R)ψ}i=1,··· ,ℓ2 .

The freeness property (1.66) guarantees some regularity of the vi, and solving (1.65)

is equivalent to solving

ϕ̃ · vi = 0, i = 1, · · · , ℓ(ℓ+ 1)

2
+ ℓ2. (1.67)

Thus, the following general question arises:

Question 1.3.1. Given a space X on which a function space (F(X), ∥·∥F) is defined,

and given maps v1, · · · , vm : X → SD−1, D ≥ m+1, which form a pointwise orthonor-
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mal system and which have the uniform regularity bound ∥vi∥F ≲ 1, when can we

extend the system to include a new map vm+1 : X → SD−1, such that v1, · · · , vm, vm+1

forms a pointwise orthonormal system and ∥vm+1∥F ≲X,F(X),m,D 1?

We will provide partial positive answers to this question that are applicable to

our construction of the embedding. Theorem 1.3.2 is a previous positive answer from

[77], while Theorems 1.3.3, 1.3.5, and 1.3.6 and Corollary 1.3.7 are the new positive

answers of this paper.

Under conditions that validate the above question, we would be able to simply

take ϕ̃ to be vm+1 to solve (1.67), for then ϕ̃ would have regularity similar to that of

the vi; i.e., it would have bounded Cm∗,α norm (there is some loss of constant factors

when applying (1.12), but this is offset by the fact that there is a change of scale: we

have control on the Cm∗,α
AR norm of ψ, and we need only control the Cm∗,α

R norm of ϕ̃).

Actually, in order to also obtain a freeness property for ψ + ϕ, we will take ϕ̃

to be a linear combination of a larger extension vm+1, · · · , vm+m′ of v1, · · · , vm with

variable coefficients; the coefficients will guarantee the freeness property in this case

(see (1.99) and (1.110)). Obtaining a larger orthonormal extension will be possible

simply by adding new vectors one by one.

In [77, Section 8] Question 1.3.1 has been answered in the affirmative for the case

X = H3 and

∥ϕ∥F = ∥ϕ∥C0 + r∥∇ϕ∥Cj

for any j ≥ 0 and r ≥ 1. The proof in [77] used the fact that the Heisenberg group H3

admits a CW complex structure that is periodic with respect to its standard discrete

cocompact lattice. The methods of [77] can be generalized in a straightforward manner

to prove the following theorem.

Theorem 1.3.2 ([77, Corollary 8.4]). Let G be a simply connected nilpotent Lie group

that admits a cocompact lattice Γ and a CW structure whose cells can be obtained from
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left Γ-translation from a finite list of cells. Let 1 ≤ m ≤ D − n − 1 (where n is the

topological dimension of G), j ≥ 1, and let {Ri}ji=1 be a log-concave sequence of

positive reals, i.e., RiRi′ ≥ Ri+i′ whenever i + i′ ≤ j. Let v1, · · · , vm : G → SD−1 be

functions that form an orthonormal system at each point, with the uniform regularity

bound
j∑

k=1

Rk∥∇kvi∥C0 ≤ 1, i = 1, · · · ,m.

Then there exists another function vm+1 : G→ SD−1 such that v1, · · · , vm along with

vm+1 form an orthonormal system at each point, and

j∑
k=1

Rk∥∇kvm+1∥C0 ≲G,D,j,{Rk} 1. (1.68)

In other words, we are given a bundle B over G, where for each p ∈ G the

fiber of B over p is the collection of unit vectors v ∈ SD−1 which are perpendicular to

v1(p), · · · , vm(p) (so each fibre is homeomorphic to SD−m−1), and we need to show that

there is a section of this bundle which has the same level of control on the regularity

of the bundle itself. This is achieved in [77, Section 8] for the Heisenberg group H3

in the spirit of quantitative topology, by imposing a “uniform” CW-structure on H3

as above and then inductively constructing the section starting from low-dimensional

skeleta. In the inductive step in [77], one has to use the fact that the homotopy groups

πi(Sn) vanish for i < n, which necessitates the “dimension gap” m ≤ D − 3− 1.

The main difficulty in proving Theorem 1.3.2 is to construct a section ṽm+1 which is

uniformly continuous, with the modulus of uniform continuity depending only onG,D

and R1. We can then obtain a section vm+1 with the stronger regularity property (1.68)

simply by mollifying ṽm+1 and then applying the Gram-Schmidt orthogonalization

process; the regularity (1.68) will simply be a consequence of the algebra property for

norms of the form ∥ · ∥C0 +
∑j

k=1Rk∥∇k · ∥C0 .

General simply connected nilpotent Lie groups may not admit a cocompact lattice
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(as the structure constants for any basis may be irrational), and it is not clear whether

G admits a “uniform” CW structure that is amenable to the above proof method.

Furthermore, we lack a dilation structure on G, which would have been useful in

getting scale-independent bounds. We will avoid the need for a CW structure by only

using the fact that G is a doubling metric space. More precisely, we will first prove

that the most challenging part of Theorem 1.3.2, i.e., the case j = 1, can be done in

the setting of doubling metric spaces. We state this result separately in anticipation

of future work.

Theorem 1.3.3. Let (X, d) be a K-doubling metric space (K ≥ 2), let m ≤ D −

224K4 logK, and let L > 0. If v1, · · · , vm : X → SD−1 are L-Lipschitz functions

that form an orthonormal system at each point, then there exists a 150K5m(m+1)L-

Lipschitz function vm+1 : X → SD−1 such that v1, · · · , vm along with vm+1 form an

orthonormal system at each point.

It will later become clear that Theorem 1.3.3 provides a partial positive answer

to Question 1.3.1 for many other function spaces as well; see Theorem 1.3.6.

Proof. By replacing the metric d with L · d, we may assume L = 1.

Take a maximal δ-net Nδ of X, where δ = 1/(8Km). By (1.6),

|Nδ ∩B2δ(p)| ≤ K2 and |Nδ ∩B4δ(p)| ≤ K3.

Let Ω be a probability space on which independent random variables v′m+1(p) ∈ SD−1

are defined so that for each ω ∈ Ω and p ∈ X, v′m+1(p)(ω) forms an orthonormal set

along with v1(p)(ω), · · · , vm(p)(ω). Let ϵ = 1/(4K2), and for each p ∈ Nδ, let us

define the event

Ap ={ω ∈ Ω : there exists q ∈ Nδ ∩ (B2δ(p) \ {p}) such that

|v′m+1(p)(ω) · v′m+1(q)(ω)| > ϵ}.

83



Note that for any p, q ∈ Nδ distinct, we may compute

Pr(|v′m+1(p) · v′m+1(q)| > ϵ) = EpPrq(|v′m+1(p) · v′m+1(q)| > ϵ) ≤ exp

(
−ϵ

2

2
(D −m)

)
,

where the last inequality follows from a standard computation on the area of caps

on the sphere (see [58, Chapter 2] for instance). Therefore, we may estimate the

probability of each Ap using a union bound:

Pr(Ap) ≤
∑

q∈Nδ∩(B2δ(p)\{p})

Pr(|v′m+1(p) · v′m+1(q)| > ϵ)

≤ |Nδ ∩ (B2δ(p) \ {p})| · exp
(
−ϵ

2

2
(D −m)

)
≤ K2 · exp

(
−ϵ

2

2
(D −m)

)
.

Also note that for each p ∈ Nδ, Ap is mutually independent with the collection of

events {Aq : q ∈ Nδ \B4δ(p)}, which are all the Aq except possibly |Nδ∩B4δ(p)| ≤ K3

of them. By the Lovász local lemma, we see that if

e ·K3 ·K2 · exp
(
−ϵ

2

2
(D −m)

)
< 1, (1.69)

then for any finite subcollection S ⊂ Nδ we have Pr(
⋂
p∈S A

c
p) > 0. But by our choice

of parameters D − m ≥ 224K4 logK and ϵ = 1
4K2 , the condition (1.69) is indeed

satisfied, since the left-hand side is bounded by

e ·K5 · exp
(
−ϵ

2

2
(D −m)

)
≤ e ·K5 · exp (−7 logK) < 1

(since 7 logK > 5 logK + 1 as K ≥ 2).

Hence, for any finite subcollection S ⊂ Nδ we have Pr(
⋂
p∈S A

c
p) > 0, and in particular⋂

p∈S A
c
p ̸= ∅. We can thus find an assignment {v′m+1,S(p)}p∈S such that for any distinct

p, q ∈ S with d(p, q) < 2δ we have |v′m+1,S(p) · v′m+1,S(q)| ≤ ϵ. By taking an arbitrary
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enumeration of Nδ, taking a monotone increasing sequence of S’s that cover Nδ and

passing to a limit along a nonprincipal ultrafilter, we conclude the existence of an

assignment {v′m+1(p)}p∈Nδ
such that for any distinct p, q ∈ Nδ with d(p, q) < 2δ we

have |v′m+1(p) · v′m+1(q)| ≤ ϵ.

We now “interpolate” the discrete vector field {v′m+1(p)}p∈Nδ
to produce a vector

field {ṽm+1(p)}p∈X defined on the entirety of X, which nearly has the desired prop-

erties. We first construct a “quadratic” partition of unity {ϕq}q∈Nδ
, i.e., functions

ϕq : X → [0, 1] defined for each q ∈ Nδ such that

• supp ϕq ⊂ B2δ(q), q ∈ Nδ,

•
∑

q∈Nδ
ϕ2
q = 1 on X,

• ∥ϕq∥Lip ≤ 2K2δ−1, q ∈ Nδ.

Indeed, we start by defining for each q ∈ Nδ the function

ϕ̃q(p) =


1, d(p, q) ≤ δ,

2− d(p,q)
δ
, δ < d(p, q) ≤ 2δ,

0, d(p, q) > 2δ,

and then define

ϕq :=
ϕ̃q√∑
r∈Nδ

ϕ̃2
r

.

This obviously satisfies the first two properties, and it remains to compute ∥ϕq∥Lip.

We clearly have ∥ϕ̃q∥C0 ≤ 1, ∥ϕ̃q∥Lip ≤ δ−1.

We first observe that

∑
r∈Nδ

ϕ̃2
r ≥ 1 and

∥∥∥∥∥∑
r∈Nδ

ϕ̃2
r

∥∥∥∥∥
Lip

≤ (4K2 − 2)δ−1.
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Indeed, the first follows from the fact that Nδ is a maximal δ-net. For the second

property, fix any p, p′ ∈ X with p ̸= p′. If B2δ(p)∩B2δ(p
′)∩Nδ = ∅ then we must have

d(p, p′) ≥ δ, because otherwise B2δ(p)∩B2δ(p
′)∩Nδ ⊇ Bδ(p)∩Nδ ̸= ∅, by maximality

of Nδ. We have

1 ≤
∑
r∈Nδ

ϕ̃r(p)
2 =

∑
r∈B2δ(p)∩Nδ

ϕ̃r(p)
2 ≤ |B2δ(p) ∩Nδ| ≤ K2,

and similarly

1 ≤
∑
r∈Nδ

ϕ̃r(p
′)2 ≤ K2.

Therefore, in this case,

∣∣∣∑r∈Nδ
ϕ̃r(p)

2 −
∑

r∈Nδ
ϕ̃r(p

′)2
∣∣∣

d(p, p′)
≤ (K2 − 1)δ−1 ≤ (4K2 − 2)δ−1.

On the other hand, if B2δ(p) ∩B2δ(p
′) ∩Nδ ̸= ∅ then clearly

|B2δ(p) ∩B2δ(p
′) ∩Nδ| ≤ |B2δ(p) ∩Nδ|+ |B2δ(p

′) ∩Nδ| − 1 ≤ 2K2 − 1.

We have ∑
r∈Nδ

ϕ̃r(p)
2 =

∑
r∈B2δ(p)∩Nδ

ϕ̃r(p)
2 =

∑
r∈(B2δ(p)∪B2δ(p′))∩Nδ

ϕ̃r(p)
2

and similarly ∑
r∈Nδ

ϕ̃r(p
′)2 =

∑
r∈(B2δ(p)∪B2δ(p′))∩Nδ

ϕ̃r(p
′)2,
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so, noting that |ϕ̃r(p)2− ϕ̃r(p′)2| ≤ 2|ϕ̃r(p)2− ϕ̃r(p′)| ≤ 2∥ϕ̃r∥Lipd(p, p′) ≤ 2δ−1d(p, p′),

∣∣∣∣∣∑
r∈Nδ

ϕ̃r(p)
2 −

∑
r∈Nδ

ϕ̃r(p
′)2

∣∣∣∣∣ ≤ ∑
r∈(B2δ(p)∪B2δ(p′))∩Nδ

|ϕ̃r(p)2 − ϕ̃r(p
′)2|

≤ |(B2δ(p) ∪B2δ(p
′)) ∩Nδ| · 2δ−1d(p, p′)

≤ (2K2 − 1) · 2δ−1d(p, p′).

This finishes the verification that
∥∥∥∑r∈Nδ

ϕ̃2
r

∥∥∥
Lip

≤ (4K2 − 2)δ−1.

By (1.3) and (1.4), we have

∥∥∥∥∥∥ 1√∑
r∈Nδ

ϕ̃2
r

∥∥∥∥∥∥
Lip

≤

∥∥∥∥∥∥
√∑

r∈Nδ

ϕ̃2
r

∥∥∥∥∥∥
Lip

≤ 1

2

∥∥∥∥∥∑
r∈Nδ

ϕ̃2
r

∥∥∥∥∥
Lip

≤ (2K2 − 1)δ−1.

Thus, by the definition of ϕq and (1.2), we have

∥ϕq∥Lip ≤

∥∥∥∥∥∥ 1√∑
r∈Nδ

ϕ̃2
r

∥∥∥∥∥∥
C0

∥∥∥ϕ̃q∥∥∥
Lip

+

∥∥∥∥∥∥ 1√∑
r∈Nδ

ϕ̃2
r

∥∥∥∥∥∥
Lip

∥∥∥ϕ̃q∥∥∥
C0

≤ 1 · δ−1 + (2K2 − 1)δ−1 · 1 ≤ 2K2δ−1.

We now interpolate the vectors {v′m+1(q)}q∈Nδ
using the quadratic partition of

unity {ϕq}q∈Nδ
:

ṽm+1(p) :=
∑
q∈Nδ

ϕq(p)v
′
m+1(q), p ∈ X. (1.70)

The idea is that this interpolates nearby v′m+1, which are mutually almost orthogonal,

so ṽm+1 should nearly be a unit vector. Moreover, since the 1-Lipschitz functions

v1, · · · , vm vary slowly over distance δ, this ṽm+1 should also be nearly orthogonal to

v1, · · · , vm. This ṽm+1 will oscillate much quicker than v1, · · · , vm, but its Lipschitz

constant will be controlled by K and δ.

More precisely, we claim that ṽm+1 satisfies the following quantitative estimates:
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1. 3
4
≤ |ṽm+1(p)|2 ≤ 5

4
for each p ∈ X,

2. |ṽm+1(p) · vi(p)| ≤ 1
4m

for each p ∈ X and i = 1, · · · ,m,

3. ∥ṽm+1∥Lip ≤ 2K2(2K2 − 1)δ−1.

Indeed, by the support property of ϕq, we see that the summation in (1.70) is locally

finite:

ṽm+1(p) =
∑

q∈Nδ∩B2δ(p)

ϕq(p)v
′
m+1(q).

We can verify property (1) using the near-orthogonality and the fact that the sum of

squares of the ϕq is 1:

∣∣|ṽm+1(p)|2 − 1
∣∣ =

∣∣∣∣∣∣∣∣
∑

q,q′∈Nδ∩B2δ(p)
q ̸=q′

ϕq(p)ϕq′(p)v
′
m+1(q) · v′m+1(q

′)

∣∣∣∣∣∣∣∣
≤

∑
q,q′∈Nδ∩B2δ(p)

q ̸=q′

ϕq(p)ϕq′(p)
∣∣v′m+1(q) · v′m+1(q

′)
∣∣

≤
∑

q,q′∈Nδ∩B2δ(p)
q ̸=q′

ϕq(p)
2 + ϕq′(p)

2

2
ϵ ≤ |Nδ ∩B2δ(p)|ϵ ≤ K2ϵ =

1

4
.

To verify property (2), we see that for each p ∈ X and i = 1, · · · ,m,

ṽm+1(p) · vi(p) =
∑

q∈Nδ∩B2δ(p)

ϕq(p)v
′
m+1(q) · vi(p).

We observe that for each q ∈ Nδ ∩B2δ(p), we can estimate

|v′m+1(q) · vi(p)| ≤ |v′m+1(q) · vi(q)|+ |v′m+1(q) · (vi(p)− vi(q))|

≤ 0 + |vi(p)− vi(q)| ≤ 2δ,

where we have used the orthogonality of v′m+1(q) against vi(q) and the fact that
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∥vi∥Lip ≤ 1. By these facts and Cauchy–Schwarz, we have the bound

|ṽm+1(p) · vi(p)| ≤
∑

q∈Nδ∩B2δ(p)

ϕq(p) · 2δ ≤ |Nδ ∩B2δ(p)|1/2 · 2δ ≤ K · 2δ = 1

4m
.

To verify (3), we first fix p, p′ ∈ X with p ̸= p′. If B2δ(p) ∩ B2δ(p
′) ∩ Nδ = ∅ then

we must have d(p, p′) ≥ δ, because otherwise B2δ(p)∩B2δ(p
′)∩Nδ ⊇ Bδ(p)∩Nδ ̸= ∅.

By (1), we have
√
3
2

≤ |ṽm+1(p)|, |ṽm+1(p
′)| ≤

√
5
2
, so

|ṽm+1(p)− ṽm+1(p
′)|

d(p, p′)
≤

√
5−

√
3

2
δ−1 ≤ 2K2(2K2 − 1)δ−1.

On the other hand, if B2δ(p) ∩B2δ(p
′) ∩Nδ ̸= ∅ then clearly

|B2δ(p) ∩B2δ(p
′) ∩Nδ| ≤ |B2δ(p) ∩Nδ|+ |B2δ(p

′) ∩Nδ| − 1 ≤ 2K2 − 1.

We have

ṽm+1(p) =
∑

r∈B2δ(p)∩Nδ

ϕr(p)vm+1(r) =
∑

r∈(B2δ(p)∪B2δ(p′))∩Nδ

ϕr(p)vm+1(r)

and similarly

ṽm+1(p
′) =

∑
r∈(B2δ(p)∪B2δ(p′))∩Nδ

ϕr(p
′)vm+1(r),

so

|ṽm+1(p)− ṽm+1(p
′)| ≤

∑
r∈(B2δ(p)∪B2δ(p′))∩Nδ

|ϕr(p)− ϕr(p
′)| · |vm+1(r)|

≤
∑

r∈(B2δ(p)∪B2δ(p′))∩Nδ

∥ϕr∥Lipd(p, p′)

≤ |(B2δ(p) ∪B2δ(p
′)) ∩Nδ| · 2K2δ−1d(p, p′)

≤ 2K2(2K2 − 1)δ−1d(p, p′).
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This finishes the verification of properties (1) to (3).

Properties (1)-(3) above finally allow us to use the Gram-Schmidt orthogonaliza-

tion process to obtain a true vm+1 with the desired properties:

vm+1(p) :=
ṽm+1(p)−

∑m
i=1 ṽm+1(p) · vi(p)

|ṽm+1(p)−
∑m

i=1 ṽm+1(p) · vi(p)|
, p ∈ X.

This is well-defined because

|ṽm+1(p)−
m∑
i=1

ṽm+1(p) · vi(p)| ≥ |ṽm+1(p)| −
m∑
i=1

|ṽm+1(p) · vi(p)| ≥
√
3

2
− 1

4
> 0,

and vm+1(p) clearly forms an orthonormal system along with v1(p), · · · , vm(p). We

also note that

|ṽm+1(p)−
m∑
i=1

ṽm+1(p) · vi(p)| ≤ |ṽm+1(p)|+
m∑
i=1

|ṽm+1(p) · vi(p)| ≤
√
3

2
+

1

4
.

To check the Lipschitz regularity of vm+1 we first compute (recalling δ−1 = 8Km)

∥∥∥∥∥ṽm+1 −
m∑
i=1

ṽm+1 · vi

∥∥∥∥∥
Lip

≤ ∥ṽm+1∥Lip +
m∑
i=1

(∥ṽm+1∥C0 ∥vi∥Lip + ∥ṽm+1∥Lip ∥vi∥C0)

≤ 2K2(2K2 − 1)δ−1 +m(

√
5

2
· 1 + 2K2(2K2 − 1)δ−1 · 1)

= 2K2δ−1
(
2K2 − 1 +

√
5

32K3
+ 2K2m−m

)
≤ 4K4δ−1(m+ 1) = 32K5m(m+ 1).
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By (1.5) we finally have

∥vm+1∥Lip ≤
((√3

2
− 1

4

)−1
+
(√3

2
− 1

4

)−2(√3

2
+

1

4

)) ∥∥∥∥∥ṽm+1 −
m∑
i=1

ṽm+1 · vi

∥∥∥∥∥
Lip

≤
((√3

2
− 1

4

)−1
+
(√3

2
− 1

4

)−2(√3

2
+

1

4

))
· 32K5m(m+ 1)

≤ 150K5m(m+ 1).

Remark 1.3.4. In Theorem 1.3.2, the required dimension gap D−m− 1 is precisely

the topological dimension of the given domain G. In contrast, in Theorem 1.3.3 the

dimension gap is 224K4 logK, which is exponential in the “metric dimension” logK

of the given domain X. Note that a dimension gap of Ω(logK) is necessary: take for

example X = S2n, D = 2n+ 1, m = 1, and v1 : S
2n ↪→ R2n+1 the standard inclusion.

Then the log of the doubling constant for X is a universal constant multiple of n,

and the dimension gap is D −m− 1 = 2n− 1. However, the high-dimensional hairy

ball theorem tells us that no continuous orthonormal extension is possible, let alone a

Lipschitz orthonormal extension.

Perhaps one could reduce the dimension gap in Theorem 1.3.3, say by randomiz-

ing the proof using the machinery of random nets and partitions and their padding

properties as in [61], though reducing it to somewhere near Ω(logK) seems to require

more effort (or perhaps it is impossible, but we do not have a counterexample yet).

We now state and prove a version of Theorem 1.3.2 but for general simply con-

nected nilpotent Lie groups, using the idea of proof of Theorem 1.3.3.

Theorem 1.3.5. Let G be a simply connected nilpotent Lie group with doubling con-

stant K. Let 1 ≤ m ≤ D−224K4 logK, j ≥ 1, R > 0, and let {Ri}ji=1 be a log-concave

sequence of positive reals. Let v1, · · · , vm : G→ SD−1 form an orthonormal system at
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each point, with the uniform regularity bound

j∑
k=1

RkRk∥∇kvi∥C0 ≤ 1, i = 1, · · · ,m.

Then there exists vm+1 : G → SD−1 such that v1, · · · , vm along with vm+1 form an

orthonormal system at each point, and

j∑
k=1

RkRk∥∇kvm+1∥C0 ≲G,m,j,{Rk} 1.

Proof. Since each vi is
1

RR1
-Lipschitz, it follows from Theorem 1.3.3 that there exists

a 150K5m(m+ 1)/RR1-Lipschitz ṽm+1 : G→ SD−1 such that that forms a pointwise

orthonormal system along with v1, · · · , vm.

Now, we claim that for each r > 0 there exists a C∞-mollifier φr : G → [0,∞),

supported on Br, with unit mass
´
G
ϕ(g)dg = 1, such that

j∑
k=1

rkRk∥∇kφ∥C0 ≲G,j,{Rk} 1.

(The important point is that this final bound is independent of r.) Indeed, it is

not hard to construct such families for r ∈ (0, 1] and r ∈ [1,∞) that converge to

mollifiers on the Carnot groups that are the tangent space and the asymptotic cones;

by compactness, the bound is uniform.

Now take vm+1 as the result of applying the Gram-Schmidt orthogonalization

process to v1, · · · , vm along with ṽm+1 ∗φRR1/600K5m2(m+1). The desired bound follows

from the algebra properties of rescaled norms.

From the proof of Theorem 1.3.5, we can easily see that Theorem 1.3.3 provides

a partial positive answer to Question 1.3.1 for many other function spaces as well,

described in the following theorem.
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Theorem 1.3.6. Let (X, d) be a K-doubling metric space (K ≥ 2), and let

F1 ⊂ Lip(X,R) := {f : X → R|f is Lipschitz}

and

F ⊂ Lip(X,RD) := {f : X → RD|f is Lipschitz}

be spaces of functions on X such that

1. The function spaces (F1, ∥ · ∥F1), (F , ∥ · ∥F) are normed linear spaces.

2. ∥f∥Lip(X,R) ≲ ∥f∥F1 for all f ∈ F and ∥v∥Lip(X,RD) ≲ ∥v∥F for all v ∈ F .

3. (closure under algebraic operations) For f ∈ F1, v, w ∈ F we have fv ∈ F and

v · w ∈ F1 with

∥fv∥F ≲ ∥f∥F1∥v∥F , ∥v · w∥F1 ≲ ∥v∥F∥w∥F .

Also, if f ∈ F1, f(x) ≥ c > 0 for all x ∈ X, then 1/f ∈ F1 with

∥1/f∥F1 ≲c ∥f∥F1 .

If v ∈ F , |v(x)| ≥ c > 0 for all x ∈ X, then |v| ∈ F1 and

∥|v|∥F1 ≲c ∥v∥F .

4. (density in the space of Lipschitz functions) For any δ > 0 and w ∈ Lip(X,RD)

with ∥w∥Lip ≤ 1 there exists v ∈ F(X) such that

∥v − w∥L∞ < δ, ∥v∥F ≲δ ∥w∥L∞ + ∥w∥Lip.
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Let 1 ≤ m ≤ D − 224K4 logK. If vi : X → SD−1, ∥vi∥F ≤ 1, i = 1, · · · ,m, form

an orthonormal system at each point p ∈ X, then there exists vm+1 : X → SD−1 with

∥vm+1∥F ≲K,m,F 1 such that v1, · · · , vm along with vm+1 form an orthonormal system

at each point p ∈ X.

In words, Theorem 1.3.6 says that as long as the function space F behaves “better

than” the space of Lipschitz functions in the sense of (2), is closed under the oper-

ations used in the Gram-Schmidt process in the sense of (3), and can approximate

Lipschitz functions arbitrarily well (4) (for simply connected nilpotent Lie groups we

accomplished this by convolving with a smooth mollifier), then we have a positive

answer to Question 1.3.1.

By applying Theorem 1.3.5 several times, we obtain the following.

Corollary 1.3.7. Let G be a simply connected nilpotent Lie group with doubling

constant K. Let 1 ≤ m ≤ D − 224K4 logK, j ≥ 1, R > 0, and let {Ri}ji=1 be a log-

concave sequence of positive reals. Let v1, · · · , vm : G → SD−1 form an orthonormal

system at each point, with the uniform regularity bound

j∑
k=1

RkRk∥∇kvi∥C0 ≤ 1, i = 1, · · · ,m.

Then there exist vm+1, · · · , vm+m′ : G → SD−1 such that v1, · · · , vm along with vm+1,

· · · , vm+m′ form an orthonormal system at each point, and

j∑
k=1

RkRk∥∇kvi∥C0 ≲G,m,m′,j,{Rk} 1, i = m+ 1, · · · ,m+m′.

Remark 1.3.8. The need for a normal field in embedding problems dates back to [66],

where the existence of a section was demonstrated using a homotopy argument from

[74] based on the fact that the base space is contractible. However, such an argument

in this situation will fail to control the regularity of the section at points of the base
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far from the contraction point. In [77, Section 8] this was achieved for the Heisenberg

group H3 by imposing a “uniform” CW-structure on H3 and then inductively defining

the section starting from low-dimensional skeleta. In the inductive step in [77], one has

to use the fact that the homotopy groups πi(Sn) vanish for i < n, which necessitates

the “dimension gap” D − m − 1 ≥ 3. Here we have chosen the section over a 0-

skeleton such that the section is locally roughly an orthonormal set and obtained a

section by directly interpolating. This allows us to avoid the need for a CW structure

by only using the doubling property of the base space, but we have thus increased the

dimension gap exponentially.

1.4 Main Iteration Lemma

The starting point of the iterative construction is a function that oscillates at a

fixed scale while satisfying a suitable freeness property. (This will also be an ingredient

in the inductive step of the iterative construction, when we pass from a larger scale

Am+1 down to a smaller scale Am.) We begin by constructing this single oscillating

function on the simply connected nilpotent Lie group G. (See also Proposition 5.2 of

[77] for an analogous statement.)

Recall that K is the doubling constant of G, and recall the definitions of X loc
r,i ,

f locr,i , x
loc
r,i , X

glob
r,i , f globr,i , xglobr,i , from subsection 1.1.6.

Proposition 1.4.1. There exists a dimension d = OG(1) with the following property.

For each dyadic R > 0, there exists a smooth map ϕR : G → Rd with the following

properties.

1. (smoothness) For all j ≥ 1,

∥ϕR∥Cj
R
≲G,j R.
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2. (locally free embedding) If R ≤ 1 (local case), then for all p ∈ G, we have

∣∣∣∣∣∣∣∣∣∣∣∣∣
∧

W=Xloc
r1,j1

···Xloc
rm,jm

1≤m≤s, 1≤ji≤klocri
,

(r1,j1)⪯loc···⪯loc(rm,jm)

WϕR(p)

∣∣∣∣∣∣∣∣∣∣∣∣∣
≥

∏
1≤m≤s, 1≤ji≤klocri

,

(r1,j1)⪯loc···⪯loc(rm,jm)

R1−
∑m

i=1 ri . (1.71)

If R ≥ 1 (global case), then for all p ∈ G, we have

∣∣∣∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s, 1≤ji≤kglobri
,

(r1,j1)⪯glob···⪯glob(rm,jm)

WϕR(p)

∣∣∣∣∣∣∣∣∣∣∣∣∣
≥

∏
1≤m≤s, 1≤ji≤kglobri

,

(r1,j1)⪯glob···⪯glob(rm,jm)

R1−
∑m

i=1 ri . (1.72)

Proof. Inspired by the Veronese-type embedding used in [77], in the global case R ≥ 1

we first begin with the function

φR : G→
s⊕

m=1

⊗mRn = R
∑s

m=1 (
n
m),

defined by

φR

(
exp

(
s∑
r=1

kr∑
i=1

xglobr,i X
glob
r,i

))
=

s⊕
m=1

R

m!
⊗m

(
s∑
r=1

kr∑
i=1

xglobr,i

Rr
f globr,i

)
xglobr,i ∈ R.

Recall that

Xglob
r,i

=
∂

∂xr,i
+

s∑
r′>r

kr′∑
j=1

(polyn in {xglobr′′,i′}r′′<r′ of weighted global degree ≤ r − r′)
∂

∂xglobr′,j

,

and recall that Xglob
r,i acts on polynomials by reducing the weighted global degree
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by r or more. Consequently, for each (r1, j1) ⪯glob · · · ⪯glob (rm, jm), the differential

operator Xglob
r1,j1

· · ·Xglob
rm,jm

reduces weighted degrees by
∑m

i=1 ri, and so

Xglob
r1,j1

· · ·Xglob
rm,jm

φR

= R1−
∑m

i=1 rif globr1,j1
⊗ · · · ⊗ f globrm,jm

+
∑

(r′1,j
′
1)⪯glob···⪯glob(r′

m′ ,j
′
m′ )

r′1+···+r′
m′>r1+···+rm
m′≤s

(polyn of global degree ≤ Σr′i − Σri)f
glob
r′1,j

′
1
⊗ · · · ⊗ f globr′

m′ ,j
′
m′
.

Thus, when taking the wedge product of all these differentials, we can rearrange the

differentials in order of their degree and cancel the higher degree terms. This leads to

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

WφR(p)

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣
∧

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

R1−
∑m

i=1 rif globr1,j1
⊗ · · · ⊗ f globrm,jm

∣∣∣∣∣∣
=

∏
1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

R1−
∑m

i=1 ri .

In the local case R ≤ 1 we proceed similarly but we need to work with global

degrees instead of local degrees, as the global degree structure gives the desired upper-

triangular structure. Again, we begin with the function

φR : G→
s⊕

m=1

⊗mRn = R
∑s

m=1 (
n
m),

defined by

φR

(
exp

(
s∑
r=1

kr∑
i=1

xlocr,iX
loc
r,i

))
=

s⊕
m=1

R

m!
⊗m

(
s∑
r=1

kr∑
i=1

xlocr,i
Rr

f locr,i

)
xlocr,i ∈ R.
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Recall that X loc
r,i , f

loc
r,i , x

loc
r,i can be chosen to be permutations of the objects Xglob

r,i ,

f globr,i , xglobr,i . Thus,

X loc
r1,j1

· · ·X loc
rm,jmφ

0

= R1−
∑m

i=1 rif locr1,j1 ⊗ · · · ⊗ f locrm,jm

+
∑

(r′1,j
′
1)⪯glob···⪯glob(r′

m′ ,j
′
m′ )

r′1+···+r′
m′>r1+···+rm
m′≤s

(polyn of global degree ≤ Σr′i − Σri)f
loc
r′1,j

′
1
⊗ · · · ⊗ f locr′

m′ ,j
′
m′
.

Using this upper-triangular structure, we again obtain

∣∣∣∣∣∣∣∣∣
∧

W=Xloc
r1,j1

···Xloc
rm,jm

1≤m≤s,(r1,j1)⪯loc···⪯loc(rm,jm)

WφR(p)

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣
∧

1≤m≤s,(r1,j1)⪯loc···⪯loc(rm,jm)

R1−
∑m

i=1 rif locr1,j1 ⊗ · · · ⊗ f locrm,jm

∣∣∣∣∣∣
=

∏
1≤m≤s,(r1,j1)⪯loc···⪯loc(rm,jm)

R1−
∑m

i=1 ri .

Hence, in both the local and global cases, we can create a mapping with the

required freeness property. It remains to modify this construction so that we have

bounded Cj
R norms as well. This can be done by viewing φ0 as a mapping that works

locally around the origin and then pasting together mollifications of φ0, using the

doubling property of G to ensure that the pasting process only increases the Cj norm

by a bounded factor. (This construction is inspired by [3].)

Take a smooth function ηR : G→ [0, 1] which is identically 1 on the unit ball BR,

which vanishes on Bc
1.5R, and such that

∥ηR∥Cj
R
≲G,R 1.
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Then the function ηRφ
R : G→ R

∑s
r=1 (

n
r) has bounded Cj

R norm for all j ≥ 1, vanishes

outside B1.5R, and, if R ≥ 1, satisfies

∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

,··· ,Xglob
rm,jm

R
∑

i ri−1Wφ1

∣∣∣∣∣∣∣ = 1 on BR,

and if R ≤ 1, satisfies

∣∣∣∣∣∣∣
∧

W=Xloc
r1,j1

,··· ,Xloc
rm,jm

R
∑

i ri−1Wφ1

∣∣∣∣∣∣∣ = 1 on BR.

Now take a maximal R-net NR of G. We claim that we can take the decomposition

NR =

OG(1)⊔
a=1

N a
3R,

where each N a
3R is a 3R-net of G. (This is a standard coloring argument.) Indeed,

each point g ∈ NR has at most OG(1) points in NR in its 3R-neighborhood by (1.9);

having inductively assigned a finite number of points of NR in one of the OG(1) sets

{N a
3R}

OG(1)
a=1 , any other point of NR can be assigned to one of them consistently.

We now define ϕR : G→ ROG(1)
∑s

r=1 (
n
r) as

ϕR(p) :=

OG(1)⊕
a=1

∑
g∈Na

3R

(ηRφ
R)(g−1p), p ∈ G.

Then this satisfies the given properties because for each a = 1, · · · , OG(1), the function

∑
g∈Na

3R

(ηRφ
R)(g−1p)

is a sum of smooth compactly supported functions whose supports gB1.5R are disjoint,
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thus has bounded Cj
R norm, and satisfies the wedge product bound

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

R
∑

i ri−1W
∑
g∈Na

3R

(ηRφ
R)(g−1p)

∣∣∣∣∣∣∣∣∣∣
≥ 1, p ∈ N a

3RBR

if R ≥ 1 and

∣∣∣∣∣∣∣∣∣
∧

W=Xloc
r1,j1

···Xloc
rm,jm

1≤m≤s,(r1,j1)⪯loc···⪯loc(rm,jm)

R
∑

i ri−1W
∑
g∈Na

3R

(ηRφ
R)(g−1p)

∣∣∣∣∣∣∣∣∣ ≥ 1, p ∈ N a
3RBR

if R ≤ 1. As {N a
3B1}OG(1)

a=1 covers G, we see that φ0 satisfies (1.71).

Remark 1.4.2. The method of proof of Proposition 1.4.1 in [77] for the case G = H3,

or more generally for the case when G admits a cocompact lattice Γ, is the following.

Since the nilmanifold G/Γ is a smooth compact n-dimensional manifold, by the strong

Whitney immersion theorem [81] there exists a smooth immersion G/Γ → R2n−1. By

precomposing with the projection G → G/Γ, one obtains a map φ1 : G → R2n−1 that

satisfies the weaker freeness property

∣∣∣∣∣
s∧
r=1

kr∧
i=1

Xr,iφ
1

∣∣∣∣∣ ≳ 1

while having bounded Cj norms due to the compactness of G/Γ. We can then obtain

the stronger freeness property (1.71) by composing φ1 with a Veronese-type embedding,

say

ϕ1 : G→
s⊕
r=1

⊗rR2n−1 = R
∑s

r=1 (
2n−1

r ), ϕ1 :=
s⊕
r=1

1

r!
(φ1)⊗r.

(One can indeed prove the stronger freeness property by using a simple change of

coordinates argument.) There is an exponential saving in the target dimension: the
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target dimension, in this case, is polynomial in the topological dimension of G, whereas

the target dimension d in Proposition 1.4.1 is exponential in the Hausdorff dimension

of G. Perhaps one could improve the target dimension in Proposition 1.4.1 to be

polynomial in the Hausdorff dimension of G, say by using random nets and partitions

as in [61] and being more careful about how we paste the different embeddings.

Now we state the inductive step. Having constructed a map ψ : G → RD which

“represents” the geometry of G at scale AR and above, where R > 0 is a dyadic

number, we need to construct a correction ϕ : G → RD which oscillates at scale R

such that ψ+ϕ represents the geometry of G at scale R. When we say that a mapping

represents the geometry of G at scale R, we mean that its C
m∗,2/3
R norm is controlled

and that it has good freeness properties. To make a viable induction argument, we

need to show that the quantitative controls on the C
m∗,2/3
R norm and the freeness

properties are preserved when we pass from ψ to ψ+ϕ. The precise statement for the

inductive step is as follows.

Proposition 1.4.3 (main iteration step – global version). For all sufficiently large

dimensions D = ΩG(1) the following holds. Let M be a real number with

M ≥ C−1
0 ,

let R ≥ 1 be a dyadic number, and let m∗ ≥ s2. Suppose a map ψ : G → RD obeys

the following estimates:

1. (nondegenerate first derivatives) For any p ∈ G, we have

C−1
0 M ≤ |Xglob

i ψ(p)| ≤ C0M, i = 1, · · · , kglob1 , (1.73)

and ∣∣∣∣∣
i∧

m=1

Xglob
jm

ψ(p)

∣∣∣∣∣ ≥ C−i2−i+2
0

i∏
m=1

∣∣∣Xglob
jm

ψ(p)
∣∣∣ (1.74)
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for 2 ≤ i ≤ kglob1 and 1 ≤ j1 < · · · < ji ≤ kglob1 .

2. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

Wψ(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−7kglob1 +2
0

∏
2≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

(AR)1−
∑m

i=1 ri

·
kglob1∏
j=1

∣∣∣Xglob
j ψ(p)

∣∣∣ .

(1.75)

3. (Hölder regularity at scale A) We have

∥∇2ψ∥
C

m∗−2,2/3
AR

≤ C0

AR
. (1.76)

Then there exists a map ϕ : G→ RD such that ϕ obeys the following estimates:

1. (regularity at scale 1) We have

∥ϕ∥
C

m∗,2/3
R

≲G R. (1.77)

2. (orthogonality) We have

Bglob(ϕ, ψ) = 0. (1.78)

3. (nondegenerate first derivatives) We have

|Xglob
i ϕ| ≳G 1, i = 1, · · · , kglob1 . (1.79)

and the sum ψ + ϕ obeys the following regularity estimates:
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1. (nondegenerate first derivatives) For any p ∈ G, we have

C−1
0

√
M2 + 1 ≤ |Xglob

i (ψ + ϕ)(p)| ≤ C0

√
M2 + 1, i = 1, · · · , kglob1 , (1.80)

and ∣∣∣∣∣
i∧

m=1

Xglob
jm

(ψ + ϕ)(p)

∣∣∣∣∣ ≥ C−i2−i+2
0

i∏
m=1

∣∣∣Xglob
jm

(ψ + ϕ)(p)
∣∣∣ (1.81)

for 2 ≤ i ≤ kglob1 and 1 ≤ j1 < · · · < ji ≤ kglob1 .

2. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

W (ψ + ϕ)(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−7kglob1 +3
0

∏
2≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

(AR)1−
∑m

i=1 ri

·
kglob1∏
j=1

∣∣∣Xglob
j (ψ + ϕ)(p)

∣∣∣ .

(1.82)

3. (Hölder regularity at scale 1) We have

∥∇2(ψ + ϕ)∥
C

m∗−2,2/3
R

≤ C0

R
. (1.83)

Remark 1.4.4. The largeness of the dimension D will be necessitated in Proposition

1.4.1 along with Corollary 1.3.7; see Lemma 1.4.7 below; D will be polynomial in the

doubling constant of G.

Remark 1.4.5. Proposition 1.4.3 shows that if ψ is a map with the regularity and

freeness properties (1.73)-(1.76) at scale AR, then we can find a correction ϕ so that

ψ + ϕ is a map with the same regularity and freeness properties (1.80)-(1.83) but

at scale R. In particular, the constants in the freeness properties are the same. We
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will make this possible by creating a “hierarchy” of freeness properties. Namely, the

freeness property (1.81) for i-fold wedge products of horizontal derivatives of ψ+ϕ will

be based on the freeness property (1.74) for (i − 1)-fold wedge products of horizontal

derivatives of ψ. Also, the freeness property (1.82) for the wedge product of up to

s-order derivatives of ψ+ϕ will be based on the freeness property (1.74) for kglob1 -fold

wedge products of horizontal derivatives of ψ. Thus, we do not lose constants when

passing from ψ to ψ + ϕ, which will allow us to close the iteration.

Proposition 1.4.3 will be a consequence of the following lemma, which is a gener-

alization of Proposition 5.1 of [77] for the case G = H3.

Lemma 1.4.6 (main iteration lemma – global version). For all sufficiently large

dimensions D = ΩG(1) the following holds. Let M be a real number with

M ≥ C−1
0 ,

let R ≥ 1 be a dyadic number, and let m∗ ≥ s2. Suppose a map ψ : G → RD obeys

the following estimates:

1. (nondegenerate first derivatives) For any p ∈ G, we have

C−1
0 M ≤ |Xglob

i ψ(p)| ≤ C0M, i = 1, · · · , kglob1 , (1.84)

and ∣∣∣∣∣
i∧

m=1

Xglob
jm

ψ(p)

∣∣∣∣∣ ≥ C−i2−2i+2
0 M i, (1.85)

for 2 ≤ i ≤ kglob1 and 1 ≤ j1 < · · · < ji ≤ kglob1 .
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2. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

(AR)
∑m

i=1 ri−1Wψ(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−8kglob1 +2
0 Mk. (1.86)

3. (Hölder regularity at scale A) We have

∥∇2ψ∥
Cm∗−2,α

AR
≤ C0

AR
. (1.87)

Then there exists a map ϕ : G→ RD obeying the following estimates.

1. (nondegenerate first derivatives) For any p ∈ G, we have

|Xglob
i ϕ(p)| ≳G 1 (1.88)

and

∣∣∣∣∣
i∧

m=1

Xglob
jm

(ψ + ϕ)(p)

∣∣∣∣∣
2

−

∣∣∣∣∣
i∧

m=1

Xglob
jm

ψ(p)

∣∣∣∣∣
2

≥ C−2i2+5
0 M2(2i−1), (1.89)

for 2 ≤ i ≤ kglob1 and 1 ≤ j1 < · · · < ji ≤ kglob1 .

2. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

R
∑m

i=1 ri−1W (ψ + ϕ)(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−5kglob1 +3
0 Mkglob1 .

(1.90)
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3. (Hölder regularity at scale 1) We have

∥ϕ∥
Cm∗,α

R
≲G R. (1.91)

4. (orthogonality) We have

Bglob(ϕ, ψ) = 0. (1.92)

We now show why Proposition 1.4.3 follows from Lemma 1.4.6.

proof of Proposition 1.4.3 assuming Lemma 1.4.6. Let ψ be as in Proposition 1.4.3.

One can easily verify the hypotheses of Lemma 1.4.6 for ψ, as (1.85) and (1.86) each

follow from (1.74) and (1.75) combined with (1.73). Thus, by Lemma 1.4.6, there

exists a function ϕ : G → RD that satisfies (1.77), (1.78), and (1.79) (as these are

exactly (1.91), (1.92), and (1.88), respectively) and the following (which are just

restatements of (1.90) and (1.91)):

1. (nondegenerate first derivatives) For p ∈ G, 2 ≤ i ≤ kglob1 and 1 ≤ j1 < · · · < ji ≤

kglob1 , ∣∣∣∣∣
i∧

q=1

Xglob
jq

(ψ + ϕ)(p)

∣∣∣∣∣
2

−

∣∣∣∣∣
i∧

q=1

Xglob
jq

ψ(p)

∣∣∣∣∣
2

≥ C−2i2+5
0 M2(i−1). (1.93)

2. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

R
∑m

i=1 −1W (ψ + ϕ)(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−5kglob1 +3
0 Mkglob1 .

(1.94)

We now verify that the map ψ + ϕ satisfies the properties (1.80) to (1.83).

Verification of (1.80): By (1.78), we have |Xglob
i (ψ+ ϕ)|2 = |Xglob

i ψ|2 + |Xglob
i ϕ|2. But
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by (1.79) and (1.77), we have |Xglob
i ϕ| ∼G 1, so we have

C−1
0 ≤ |Xglob

i ϕ| ≤ C0. (1.95)

(This uses our hierarchy of constants in subsection 1.1.2, by choosing C0 depending

on G.) Combining these facts with (1.73) we obtain (1.80).

Verification of (1.81): This follows from (1.93):

∣∣∣∣∣
i∧

q=1

Xglob
jq

(ψ + ϕ)

∣∣∣∣∣
2

≥

∣∣∣∣∣
i∧

q=1

Xglob
jq

ψ

∣∣∣∣∣
2

+ C−2i2+5
0 M2(i−1)

≥ C−2i2−2i+4
0

i∏
q=1

∣∣∣Xglob
jq

ψ
∣∣∣2 + C−2i2+5

0 M2(i−1)

≥ C−2i2−2i+4
0

i∏
q=1

(∣∣∣Xglob
jq

ψ
∣∣∣2 + |Xglob

jq
ϕ|2
)

= C−2i2−2i+4
0

i∏
q=1

|Xglob
jq

(ψ + ϕ)|2

(1.96)

where in the third inequality we used |Xglob
jq

ψ| ≤ C0M and |Xglob
jq

ϕ| ≲G 1.

Verification of (1.82): This follows from (1.94):

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

R
∑m

i=1 ri−1W (ψ + ϕ)(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−5kglob1 +3
0 Mkglob1

≥ C
−2(kglob1 )2−7kglob1 +3
0

kglob1∏
i=1

|Xglob
i (ψ + ϕ)(p)|,

(1.97)

where in the last inequality we used that |Xglob
i (ψ + ϕ)|2 = |Xglob

i ψ|2 + |Xglob
i ϕ|2 ≤

C2
0M

2+OG(1) ≤ C4
0M

2 (recall thatM ≥ C−1
0 ), and our hierarchy of constants where
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we choose C0 depending on G.

Verification of (1.83): This follows from (1.76) and (1.77):

∥∇2(ψ + ϕ)∥
C

m∗−2,2/3
R

≤ ∥∇2ψ∥
C

m∗−2,2/3
AR

+ ∥ϕ∥
C

m∗,2/3
R

≤ C0

R
, (1.98)

and our hierarchy of constants where we choose C0 depending on G.

For the rest of the section, we will prove Lemma 1.4.6.

Suppose that ψ is as in Lemma 1.4.6. We will first construct a solution ϕ̃ to the

low-frequency equation (1.27) as

ϕ̃(p) = U(p)
(
ϕR(p)

)
, (1.99)

where ϕ0 : G→ Rd is as in Proposition 1.4.1, and U(p) : Rd → RD is a linear isometry

with the following properties, which is constructed using Corollary 1.3.7. (See also

Lemma 9.1 of [77] for an analogous statement for H3.)

Lemma 1.4.7. Let d = OG(1). Then for D = d + Ω(1), there exists U : G →

hom(Rd,RD) such that

1. For each p ∈ G, U(p) ∈ hom(Rd,RD) is an isometry.

2. For each p ∈ G, s ∈ Rd, we have, for 1 ≤ i, j ≤ kglob1 ,

(U(p)(s))·Xglob
i P(≤N0/R)ψ(p) = 0, (U(p)(s))·Xglob

i Xglob
j P(≤N0/R)ψ(p) = 0. (1.100)

3. We have the smoothness

∥∇U∥C2m∗
R

≲N0

1

AR
.

Proof. Let {Yr,i}1≤i≤ℓr be a subset of {Xglob
r,i }1≤i≤kglobr

, for 2 ≤ r ≤ s, such that

108



{Xglob
i }k

glob
1
i=1 ∪ {Yr,i}2≤r≤s, 1≤i≤ℓr forms a basis of

span{Xglob
i }k

glob
1
i=1 + {[Xglob

i , Xglob
j ]}k

glob
1
i,j=1.

Let W1, · · · ,W
kglob1 +

k
glob
1 (k

glob
1 +3)

2
+ℓ2+···+ℓs

denote the rescaled differential operators

((M−1Xglob
i )

kglob1
i=1 , (ARX

glob
i Xglob

j )1≤i≤j≤kglob1
, ((AR)r−1Yr,i)2≤r≤s, 1≤i≤ℓr).

Let wi(p) := WiP(≤N0/R)ψ(p) for 1 ≤ i ≤ kglob1 +
kglob1 (kglob1 +1)

2
+ ℓ2 + · · · + ℓs for all

p ∈ G. Then, by (1.84), (1.87), and Theorem 1.1.2 (3) (more specifically, (1.13) with

j = 1, l = 2, and recalling m∗ ≥ s2),

wi = Wiψ +OG

(
C0

AN0M

)
= O(C0), i = 1, · · · , kglob1 , (1.101)

and by (1.87) and Theorem 1.1.2 (3) (more specifically, (1.13) with j ≥ 2, l = j +1),

wi = Wiψ +OG

(
C0

AN0

)
= O(C0) (1.102)

for i = kglob1 + 1, · · · , kglob1 +
kglob1 (kglob1 +1)

2
+ ℓ2 + · · · + ℓs. (Note that we have used our

hierarchy of constants in (1.101) and (1.102), choosing N0 depending on G and C0,

while we have only used A ≥ 1 so far.)

On the other hand, (1.86) tells us that

∣∣∣∣∣∣∣∣
∧

i=1,··· ,kglob1 +
k
glob
1 (k

glob
1 +1)

2
+ℓ2+···+ℓs

Wiψ(p)

∣∣∣∣∣∣∣∣ ≳C0 1,

so by applying the triangle inequality and Cauchy–Schwarz inequality, we conclude
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that ∣∣∣∣∣∣∣∣
∧

i=1,··· ,kglob1 +
k
glob
1 (k

glob
1 +1)

2
+ℓ2+···+ℓs

wi(p)

∣∣∣∣∣∣∣∣ ≳C0 1.

By applying Cauchy–Schwarz again, we conclude that

∣∣∣∣∣ ∧
i=1,··· ,j

wi(p)

∣∣∣∣∣ ∼C0 1, j = 1, · · · , kglob1 +
kglob1 (kglob1 + 1)

2
+ ℓ2 + · · ·+ ℓs. (1.103)

Again, using (1.87) along with Theorem 1.1.2 (3), we can see that

∥wi∥C0 + AR∥∇wi∥C2m∗−1
R

≲N0 1, j = 1, · · · , kglob1 +
kglob1 (kglob1 + 1)

2
+ ℓ2 + · · ·+ ℓs,

(1.104)

because for i = 1, · · · , kglob1 , we use (1.87), and (1.12) with l = 2, j = m∗, to see

∥wi∥C0 + AR∥∇wi∥C2m∗−1
R

(1.101)

≲ C0 +
AR

M
∥∇2P(≤N0/R)ψ∥C2m∗−1

R

≤ C0 +
ARN2m∗−1

0

M
∥∇2P(≤N0/R)ψ∥C2m∗−1

R/N0

(1.12)

≲G,m∗ C0 +
ARN2m∗−1

0

M
∥∇2ψ∥C0

(1.87)

≤ C0 +
ARNm∗

0

M
· C0

AR
≲N0 1,

(1.105)

and for i = kglob1 + 1, · · · , kglob1 +
kglob1 (kglob1 +1)

2
+ ℓ2 + · · ·+ ℓs, we use (1.87), and (1.12)

with l = 3, j = m∗, with wi corresponding to 2 ≤ r ≤ s, to see

∥wi∥C0 + AR∥∇wi∥C2m∗−1
R

(1.102)

≲ C0 + (AR)r∥∇r+1P(≤N0/R)ψ∥C2m∗−1
R

≤ C0 + (AR)rN2m∗−1
0 ∥∇r+1P(≤N0/R)ψ∥C2m∗−1

R/N0

(1.12)

≲G,m∗ C0 + (AR)rN2m∗−1
0 ∥∇r+1ψ∥C0

(1.87)

≤ C0 + (AR)rN2m∗−1
0 · C0

(AR)r
≲N0 1.

(1.106)

(We have used our hierarchy of constants in (1.104), (1.105), and (1.106), by choosing

110



N0 after G and C0.) Now, because the norm of (1.104) is of the form (1.7), we can

apply the product rule to this norm: for instance,

∥∥∥∥∥ ∧
i=1,··· ,j

wi

∥∥∥∥∥
C0

+ AR

∥∥∥∥∥∇ ∧
i=1,··· ,j

wi

∥∥∥∥∥
C2m∗−1

R

≲N0 1

for j = 1, · · · , kglob1 +
kglob1 (kglob1 +1)

2
+ ℓ2 + · · · + ℓs. Now let us consider the orthonor-

mal system v1, · · · , v
kglob1 +

k
glob
1 (k

glob
1 +1)

2
+ℓ2+···+ℓs

formed by applying the Gram-Schmidt

process to the vectors wi, i.e., we inductively define

vi :=
|
∧
j<iwj|

|
∧
j≤iwj|

(
wi −

∑
j<i

(wi · vj)vj

)
.

By (1.103) this is well-defined, and by a repeated application of the aforementioned

product rule, one can deduce the smoothness

∥vi∥C0 + AR∥∇vi∥C2m∗−1
R

≲N0 1, i = 1, · · · , kglob1 +
kglob1 (kglob1 + 1)

2
+ ℓ2 + · · ·+ ℓs.

We now apply Corollary 1.3.7 withm = kglob1 +
kglob1 (kglob1 +1)

2
+ℓ2+· · ·+ℓs,m′ = d, j =

2m∗, Ri = A to the above vi. (We use our liberty to take D = d+ΩG(1) in this step.)

Thus, we have maps v
kglob1 +

k
glob
1 (k

glob
1 +1)

2
+ℓ2+···+ℓs+1

, · · · , v
kglob1 +

k
glob
1 (k

glob
1 +1)

2
+ℓ2+···+ℓs+d

:

G→ RD such that

∥vi∥C0 + AR∥∇vi∥Cm∗
R

≲N0 1, i = 1, · · · , kglob1 +
kglob1 (kglob1 + 1)

2
+ ℓ2 + · · ·+ ℓs + d

and such that v1(p), · · · , v
kglob1 +

k
glob
1 (k

glob
1 +1)

2
+ℓ2+···+ℓs+d

(p) are orthonormal for all p ∈ G.

Now define U(p) : Rd → RD, p ∈ G, to be the map

U(p)(s) =
d∑
i=1

siv
kglob1 +

k
glob
1 (k

glob
1 +1)

2
+ℓ2+···+ℓs+i

(p).
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This clearly has the properties (1) and (3) asserted above, and we can also deduce

property (2) once we note that

Xglob
i Xglob

j −Xglob
j Xglob

i ∈ span
(
{Xglob

i }k
glob
1
i=1 ∪ {Yr,i}2≤r≤s, 1≤i≤ℓr

)
.

Continuing with the proof of Lemma 1.4.6, let ϕ̃ be as in (1.99). By Lemma 1.4.7

and Proposition 1.4.1(1), and using our hierarchy of choosing A after C0 and N0, we

have

∥ϕ̃∥C2m∗ ≲G R. (1.107)

Also, by (1.100) and the Leibniz rule, it is clear that ϕ̃ satisfies (1.63) and a fortiori

solves the low-frequency equation (1.27). It is also clear that ψ satisfies the hypothesis

of Corollary 1.2.4. By applying Corollary 1.2.4, there exists a Cm∗,2/3-function ϕ : G→

RD such that

B(ϕ, ψ) = 0,

∥ϕ− ϕ̃∥
C

m∗,2/3
R

≲C0 A
2−m∗

R, (1.108)

and, as ϕ̃ satisfies (1.63), we have for i, j = 1, · · · , kglob1 ,

∥Xglob
i ϕ ·Xglob

j ψ∥C0 = ∥Xglob
i ϕ ·Xglob

j ψ −Xglob
i ϕ̃ ·Xglob

j P(≤N0/R)ψ∥C0 ≲C0 A
1−m∗

.

(1.109)

It remains to verify conditions (1.88)-(1.92). Conditions (1.91) and (1.92) are imme-

112



diate from the construction. For later use, we note that

Xglob
i ϕ = Xglob

i ϕ̃+Xglob
i (ϕ− ϕ̃) = U(Xglob

i ϕR) + (Xglob
i U)

(
ϕR
)
+OC0

(
A2−m∗)

= U(Xglob
i ϕ0) +ON0

(
A−1

)
(1.110)

for i = 1, · · · , k. From this and Proposition 1.4.1, we immediately have (again using

our hierarchy of constants that A is chosen after N0)

|Xglob
i ϕ| ∼G 1,

∣∣∣∣∣∣
kglob1∧
i=1

Xglob
i ϕ

∣∣∣∣∣∣ ∼G 1, (1.111)

so in particular (1.88) immediately follows. It remains to verify (1.89) and (1.90).

Verification of (1.89): Recall from (1.109) that

|Xglob
i ϕ ·Xglob

j ψ| ≤ 1

A
for i, j = 1, · · · , kglob1 .

(We have used the fact that A is chosen after C0.) Now we observe that for 1 ≤ j1 <

· · · < ji ≤ kglob1 we have the expansion

i∧
m=1

Xglob
jm

(ψ + ϕ) =
i∧

m=1

Xglob
jm

ψ +
2i−1∑
n=1

i∧
m=1

Xglob
jm

fnm,

for some sequence {fnm}n=1,··· ,2i−1, m=1,··· ,i of functions, each being either ϕ or ψ. Note

that for each n there must exist some m such that fnm = ϕ. This expansion implies

∣∣∣∣∣
i∧

m=1

Xglob
jm

(ψ + ϕ)

∣∣∣∣∣
2

−

∣∣∣∣∣
i∧

m=1

Xglob
jm

ψ

∣∣∣∣∣
2

=

∣∣∣∣∣∣
2i−1∑
n=1

i∧
m=1

Xglob
jm

fnm

∣∣∣∣∣∣
2

+ 2
2i−1∑
n=1

〈 i∧
m=1

Xglob
jm

ψ,

i∧
m=1

Xglob
jm

fnm

〉
.
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For each fixed n, the polarized Cauchy–Binet formula shows that

〈
i∧

m=1

Xglob
jm

ψ,

i∧
m=1

Xglob
jm

fnm

〉

can be represented as the determinant of an i × i matrix, whose entries are each of

magnitude OC0(M
2) and one of whose columns (the m-th column, where m is such

that fnm = ϕ) consists of entries of magnitude O(A−1) (because of (1.109)). Thus,

the determinant of this i× i matrix is of magnitude OC0(A
−1M2(i−1)), or equivalently〈∧i

m=1X
glob
jm

ψ,
∧i
m=1X

glob
jm

fnm

〉
= OC0(A

−1M2(i−1)). Summing over all n, we obtain

2
2i−1∑
n=1

〈 i∧
m=1

Xglob
jm

ψ,
i∧

m=1

Xglob
jm

fnm

〉
= OC0(A

−1M2(i−1)),

and so (again using our hierarchy of choosing A after C0) it is enough to show that

∣∣∣∣∣∣
2i−1∑
n=1

i∧
m=1

Xglob
jm

fnm

∣∣∣∣∣∣
2

≥ C−2i2+5.5
0 M2(i−1). (1.112)

But by Cauchy–Schwarz,

∣∣∣∣∣∣
2i−1∑
n=1

i∧
m=1

Xglob
jm

fnm

∣∣∣∣∣∣
2

≍

∣∣∣∣∣∣
2i−1∑
n=1

i∧
m=1

Xglob
jm

fnm

∣∣∣∣∣∣
2 ∣∣∣∣∣

i∧
m=2

Xglob
jm

ϕ

∣∣∣∣∣
2

≥

∣∣∣∣∣∣
2i−1∑

n=1

i∧
m=1

Xglob
jm

fnm

 ∧
i∧

m=2

Xglob
jm

ϕ

∣∣∣∣∣∣
2

=

∣∣∣∣∣
(
Xglob
j1

ϕ ∧
i∧

m=2

Xglob
jm

ψ

)
∧

i∧
m=2

Xglob
jm

ϕ

∣∣∣∣∣
2

=

∣∣∣∣∣
i∧

m=2

Xglob
jm

ψ ∧
i∧

m=1

Xglob
jm

ϕ

∣∣∣∣∣
2

.

By the Cauchy–Binet formula, this is the determinant of a certain (2i− 1)× (2i− 1)

matrix, which, by (1.109), is close to being block-diagonal: the upper-left (i−1)×(i−1)

block consists of entries of size OC0(M
2), the lower-right i× i block consists of entries
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of size OC0(1), while the off-block-diagonal entries are of size O(A−1) (by (1.109)).

Therefore, we may estimate the total determinant with the determinant of the block

diagonal approximation, with error OC0(A
−2M2(i−2)):

∣∣∣∣∣
i∧

m=2

Xglob
jm

ψ ∧
i∧

m=1

Xglob
jm

ϕ

∣∣∣∣∣
2

=

∣∣∣∣∣
i∧

m=2

Xglob
jm

ψ

∣∣∣∣∣
2 ∣∣∣∣∣

i∧
m=1

Xglob
jm

ϕ

∣∣∣∣∣
2

+OC0(A
−2M2(i−2)).

But by (1.85), we have

∣∣∣∣∣
i∧

m=2

Xglob
jm

ψ

∣∣∣∣∣
2

≥ C−2i2+6
0 M2(i−1). (1.113)

This completes the verification of (1.89) (again using the hierarchy that C0 is chosen

after G and A is chosen after C0).

Verification of (1.90): We first observe that for differential operators W of global

degree at least 2, Wϕ dominates Wψ, and so we may approximate
∧
W W (ψ + ϕ) by∧

W Wϕ, where W ranges over such operators.

More precisely, for W = Xglob
r1,j1

· · ·Xglob
rm,jm

, where r :=
∑m

i=1 ri ≥ 2, m ≤ s, we have

W (ψ + ϕ) = Wϕ̃+W (ϕ− ϕ̃) +Wψ

= W
(
U(ϕ0)

)
+OC0(A

2−m∗
R1−r) +OC0((AR)

−r+1)

= W
(
U(ϕ0)

)
+OC0(A

−1R1−r).

(The second equation holds because r ≤ s2 and our choice of m∗ ≥ s2 allows us to use

our bounds (1.108) and (1.87) on ∥ϕ− ϕ̃∥Cm∗ and ∥∇2ψ∥Cm∗−2
AR

). Many applications of

the Leibniz rule tell us thatW
(
U(ϕ0)

)
−U(Wϕ0) is a linear combination of derivatives

of U times ϕ0 or derivatives of ϕ0, so from ∥∇U∥Cm∗
R

≲N0

1
AR

, and counting derivatives,

we have

W
(
U(ϕ0)

)
− U(Wϕ0) = ON0(A

−1R1−r)
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and consequently

W (ψ + ϕ) = U(Wϕ0) +ON0(A
−1R1−r).

Therefore, we have

∧
W=Xglob

r1,j1
··· ,Xglob

rm,jm

m=1 and r1≥2, or 2≤m≤s

R
∑m

i=1 ri−1W (ψ + ϕ) = ω +ON0(A
−1), (1.114)

where

ω :=
∧

W=Xglob
r1,j1

··· ,Xglob
rm,jm

m=1 and r1≥2, or 2≤m≤s

R
∑m

i=1 ri−1U(Wϕ0).

Since U is an isometry, and ϕ0 has the freeness property (1.71), we have

|ω| =

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

··· ,Xglob
rm,jm

m=1 and r1≥2, or 2≤m≤s

R
∑m

i=1 ri−1Wϕ0

∣∣∣∣∣∣∣∣∣∣
≍G 1. (1.115)

Therefore, by (1.84), (1.95), (1.114) and our hierarchy that C0 is chosen after G and

that A is chosen after C0 and N0, to verify (1.90) it is enough to verify

∣∣∣∣∣∣
kglob1∧
i=1

Xglob
i (ψ + ϕ) ∧ ω

∣∣∣∣∣∣ ≳ C
−2(kglob1 )2−5kglob1 +3.3
0 Mkglob1 . (1.116)

By Cauchy–Schwarz, and

∣∣∣∣∣∣
kglob1∧
i=1

Xglob
i P(≤N0/R)ψ

∣∣∣∣∣∣ ≤
kglob1∏
i=1

∣∣∣Xglob
i P(≤N0/R)ψ

∣∣∣ (1.12)≲G ∥∇ψ∥k
glob
1

C0 ≤ C
kglob1
0 Mkglob1 ,

(we used (1.12) with l = 1), we see (using our hierarchy that C0 is chosen after G)
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that it is enough to verify

〈 kglob1∧
i=1

Xglob
i P(≤N0/R)ψ∧ω,

kglob1∧
i=1

Xglob
i (ψ+ϕ)∧ω

〉
≳ C

−2(kglob1 )2−4kglob1 +3.7
0 M2kglob1 . (1.117)

Since all the components of ω are orthogonal to the vectors Xglob
i P(≤N0/R)ψ, we can

use Cauchy–Binet twice to see that the left-hand side is equal to

〈 kglob1∧
i=1

Xglob
i P(≤N0/R)ψ,

kglob1∧
i=1

Xglob
i (ψ + ϕ)

〉
|ω|2.

Using that for 1 ≤ i, j ≤ kglob1 we have

Xglob
i P(≤N0/R)ψ ·Xglob

j (ψ + ϕ)

= Xglob
i ψ ·Xglob

j ψ −Xglob
i P(>N0/R)ψ ·Xglob

j (ψ + ϕ) +Xglob
i ψ ·Xglob

j ϕ

(1.109)
= Xglob

i ψ ·Xglob
j ψ −Xglob

i P(>N0/R)ψ ·Xglob
j (ψ + ϕ) +O(A−1),

(1.84),(1.95),(1.13)
= Xglob

i ψ ·Xglob
j ψ +OG

(
C0

AN0

)
· (O(C0M) +O(C0)) +O(A−1),

= Xglob
i ψ ·Xglob

j ψ +O(C0A
−1M),

(1.118)

(where in the penultimate equation we used (1.13) with j = 1, l = 2, and in the last

equation we used our hierarchy that N0 is chosen after C0), we see using Cauchy–Binet

twice that

〈 kglob1∧
i=1

Xglob
i P(≤N0)ψ,

kglob1∧
i=1

Xglob
i (ψ + ϕ)

〉
=

∣∣∣∣∣∣
kglob1∧
i=1

Xglob
i ψ

∣∣∣∣∣∣
2

+OC0(A
−1M2kglob1 −1).

But, from (1.85), we have

∣∣∣∣∣∣
kglob1∧
i=1

Xglob
i ψ

∣∣∣∣∣∣
2

≥ C
−2(kglob1 )2−4kglob1 +4
0 M2kglob1 . (1.119)
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The claim (1.117) follows from the above, (1.115), and our hierarchy of choosing C0

after G and A after C0.

This concludes the proof of Lemma 1.4.6.

The local version of Proposition 1.4.6 is stated, similarly to the global version, as

follows. We omit its proof, since it is very similar to that of the global version.

Proposition 1.4.8 (main iteration step – local version). For all sufficiently large

dimensions D = ΩG(1) the following holds. Let M be a real number with

M ≥ C−1
0 ,

let R ≤ 1 be a dyadic number, and let m∗ ≥ s2. Suppose a map ψ : G → RD obeys

the following estimates:

1. (nondegenerate first derivatives) For any p ∈ G, we have

C−1
0 M ≤ |Xiψ(p)| ≤ C0M, i = 1, · · · , k, (1.120)

and ∣∣∣∣∣
i∧

m=1

Xjmψ(p)

∣∣∣∣∣ ≥ C−i2−i+2
0

i∏
m=1

|Xjmψ(p)| (1.121)

for 2 ≤ i ≤ k and 1 ≤ j1 < · · · < ji ≤ k.

2. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣∣∣∣∣
∧

W=Xloc
r1,j1

···Xloc
rm,jm

1≤m≤s,(r1,j1)⪯loc···⪯loc(rm,jm)

Wψ(p)

∣∣∣∣∣∣∣∣∣
≥ C−2k2−7k+2

0

∏
2≤m≤s,(r1,j1)⪯loc···⪯loc(rm,jm)

(AR)1−
∑m

i=1 ri

·
k∏
j=1

|Xjψ(p)| .

(1.122)
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3. (Hölder regularity at scale A) We have

∥∇2ψ∥
C

m∗−2,2/3
AR

≤ C0

AR
. (1.123)

Then there exists a map ϕ : G→ RD such that ϕ obeys the following estimates:

1. (regularity at scale 1) We have

∥ϕ∥
C

m∗,2/3
R

≲G R. (1.124)

2. (orthogonality) We have

Bloc(ϕ, ψ) = 0. (1.125)

3. (nondegenerate first derivatives) We have

|Xiϕ| ≳G 1, i = 1, · · · , k. (1.126)

and the sum ψ + ϕ obeys the following regularity estimates:

1. (nondegenerate first derivatives) For any p ∈ G, we have

C−1
0

√
M2 + 1 ≤ |Xi(ψ + ϕ)(p)| ≤ C0

√
M2 + 1, i = 1, · · · , k,

and ∣∣∣∣∣
i∧

m=1

Xjm(ψ + ϕ)(p)

∣∣∣∣∣ ≥ C−i2−i+2
0

i∏
m=1

|Xjm(ψ + ϕ)(p)|

for 2 ≤ i ≤ k and 1 ≤ j1 < · · · < ji ≤ k.
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2. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣∣∣∣∣
∧

W=Xloc
r1,j1

···Xloc
rm,jm

1≤m≤s,(r1,j1)⪯loc···⪯loc(rm,jm)

W (ψ + ϕ)(p)

∣∣∣∣∣∣∣∣∣
≥ C−2k2−7k+3

0

∏
2≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

(AR)1−
∑m

i=1 ri

·
k∏
j=1

|Xj(ψ + ϕ)(p)| .

3. (Hölder regularity at scale 1) We have

∥∇2(ψ + ϕ)∥
C

m∗−2,2/3
R

≤ C0

R
.

1.5 Construction of the embedding

One obtains the following proposition by repeating Proposition 1.4.3 a finite num-

ber of times (see also Claim 5.4 of [77] for an analogous statement for H3).

Proposition 1.5.1 (finite iteration – global version). Let 0 < ε ≤ 1/A, let R0 ≥ 1 be

a dyadic number, and let 0 ≤ M1 ≤ M2 be nonnegative integers. One can find maps

ϕm : G→ RD for M1 ≤ m ≤M2 obeying the following bounds, where ϕ(≥m) : G→ RD

is defined by

ϕ(≥m) :=
∑

m≤m′≤M2

A−ε(m′−m)ϕm′ .

1. (smoothness at scale R0A
m) For all M1 ≤ m ≤M2, we have

∥ϕm∥Cs2+s+1
R0A

m
≤ C0R0A

m (1.127)

∥∇2ϕ(≥m)∥Cs2+s−1,2/3
R0A

m
≤ C0R

−1
0 A−m. (1.128)
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2. (orthogonality) One has, for all M1 ≤ m ≤M2,

∑
m′>m

A−ε(m′−m)Bglob(ϕm, ϕm′) = 0. (1.129)

3. (nondegeneracy) For all p ∈ G and M1 ≤ m ≤ M2, we have the following esti-

mates:

|Xglob
i ϕm(p)| ≥ C−1

0 , i = 1, · · · , kglob1 , (1.130)∣∣∣∣∣
i∧

q=1

Xglob
jq

ϕ(≥m)(p)

∣∣∣∣∣ ≥ C−i2−i+2
0

i∏
q=1

|Xglob
jq

ϕ(≥m)(p)|, (1.131)

for 2 ≤ i ≤ kglob1 and 1 ≤ j1 < · · · < ji ≤ kglob1 , and

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rl,jl

1≤l≤s,(r1,j1)⪯glob···⪯glob(rl,jl)

(R0A
m)

∑l
i=1 ri−1Wϕ(≥m)(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−7kglob1 +3
0

kglob1∏
i=1

|Xglob
i ϕ(≥m)(p)|.

(1.132)

Proof. We prove this by induction onM2−M1. The caseM2−M1 = 0 follows directly

from Proposition 1.4.1, so we may assume M2−M1 > 0. By the inductive hypothesis

applied toM ′
1 =M1+1 andM ′

2 =M2, we may find functions ϕm,M1+1 ≤ m ≤M2,

so that

1. (smoothness at scale R0A
n) For all M1 + 1 ≤ m ≤M2, we have

∥ϕm∥Cs2+s+1
R0A

m
≤ C0R0A

m (1.133)

∥∇2ϕ(≥m)∥Cs2+s−1,2/3
R0A

m
≤ C0R

−1
0 A−m (1.134)
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2. (orthogonality) One has, for all M1 + 1 ≤ m ≤M2,

∑
m′>m

A−ε(m′−m)Bglob(ϕm, ϕm′) = 0. (1.135)

3. (nondegeneracy) For all p ∈ G and M1 + 1 ≤ m ≤ M2, we have the following

estimates:

|Xglob
i ϕm(p)| ≥ C−1

0 , i = 1, · · · , kglob1 , (1.136)∣∣∣∣∣
i∧

q=1

Xglob
jq

ϕ(≥m)(p)

∣∣∣∣∣ ≥ C−i2−i+2
0

i∏
q=1

|Xglob
jq

ϕ(≥m)(p)|, (1.137)

for 2 ≤ i ≤ kglob1 and 1 ≤ j1 < · · · < ji ≤ kglob1 , and

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rl,jl

1≤l≤s,(r1,j1)⪯glob···⪯glob(rl,jl)

(R0A
m)

∑l
i=1 ri−1Wϕ(≥m)(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−7kglob1 +3
0

kglob1∏
i=1

|Xglob
i ϕ(≥m)(p)|.

(1.138)

We now verify the hypotheses of Proposition 1.4.3 for

ψ := A−εϕ(≥M1+1) =
∑

M1+1≤m≤M2

A−ε(m−M1)ϕm, with M =

( ∑
1≤m≤M2−M1

A−2εm

)1/2

,

and

m∗ = s2 + s+ 1, α =
2

3
, R = R0A

M1 ≥ 1.

We have M ≥ A−ε ≥ A−1/A ≥ 1
2
, so we have M ≥ C−1

0 .

Verification of (1.73): From (1.135) and (1.136) we have, for i = 1, · · · , kglob1 ,

|Xglob
i ψ|2 =

∑
M1+1≤m≤M2

A−2ε(m−M1)|Xglob
i ϕm|2 ≥

∑
1≤m≤M2−M1

A−2εmC−2
0 = C−2

0 M2,
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and from (1.133) we have, for i = 1, · · · , kglob1 ,

|Xglob
i ψ|2 =

∑
M1+1≤m≤M2

A−2ε(m−M1)|Xglob
i ϕm|2 ≤

∑
1≤m≤M2−M1

A−2εmC2
0 = C2

0M
2.

Verification of (1.74): From (1.137) we have, for 2 ≤ i ≤ kglob1 and 1 ≤ j1 < · · · <

ji ≤ kglob1 ,

∣∣∣∣∣
i∧

q=1

Xglob
jq

ψ

∣∣∣∣∣ = A−iε

∣∣∣∣∣
i∧

q=1

Xglob
jq

ϕ(≥M1+1)

∣∣∣∣∣ ≥ A−iεC−i2−i+2
0

i∏
q=1

∣∣∣Xglob
jq

ϕ(≥M1+1)

∣∣∣
= C−i2−i+2

0

i∏
q=1

∣∣∣Xglob
jq

ψ
∣∣∣ .

Verification of (1.75): From (1.138) we have

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

(R0A
m)

∑m
i=1 ri−1Wψ(p)

∣∣∣∣∣∣∣∣∣∣
≥ C−1

0

∣∣∣∣∣∣∣∣
∧

W=Xr1,j1
···Xrm,jm

1≤m≤s,(r1,j1)⪯···⪯(rm,jm)

Wϕ(≥M1+1)

∣∣∣∣∣∣∣∣ (1.139)

≥ C−1
0 C−2k2−7k+3

0

k∏
i=1

|Xiϕ(≥M1+1)(p)|

≥ C−2k2−7k+2
0

k∏
i=1

|Xiψ(p)|.

Verification of (1.76): From (1.134) we have

∥∇2ψ∥
C

s2+s−1,2/3
AR

= A−ε∥∇2ϕ(≥M1+1)∥Cs2+s−1,2/3

R0A
M1+1

≤ A−εC0R
−1
0 A−1−M1 ≤ C0

AR
.

Hence, ψ and M satisfy the assumptions of Proposition 1.4.3, and so there exists a
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function ϕM1 : G→ R128·23nh that satisfies the following:

1. (regularity at scale 1) We have

∥ϕM1∥Cs2+s+1,2/3

AR
M1
0

≲G AR
M1
0 . (1.140)

2. (orthogonality) We have

Bglob(ϕM1 , ψ) = 0. (1.141)

3. (nondegenerate first derivatives) For any p ∈ G, we have

|Xglob
i ϕM1(p)| ≳G 1, i = 1, · · · , kglob1 , (1.142)

C−1
0

√
M2 + 1 ≤ |Xglob

i (ψ + ϕM1)(p)| ≤ C0

√
M2 + 1, i = 1, · · · , kglob1 , (1.143)∣∣∣∣∣

i∧
m=1

Xglob
jm

(ψ + ϕM1)(p)

∣∣∣∣∣ ≥ C−i2−i+2
0

i∏
m=1

∣∣∣Xglob
jm

(ψ + ϕM1)(p)
∣∣∣ (1.144)

for 2 ≤ i ≤ kglob1 and distinct 1 ≤ j1 < · · · < ji ≤ kglob1 .

4. (locally free embedding) For any p ∈ G, we have

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

(ARM1)
∑m

i=1 ri−1W (ψ + ϕM1)(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−7kglob1 +3
0

kglob1∏
j=1

|Xj(ψ + ϕM1)(p)| .

(1.145)

5. (Hölder regularity at scale ARM1) We have

∥∇2(ψ + ϕM1)∥Cs2+s−1,2/3

ARM1

≤ C0

ARM1
. (1.146)
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Note that ϕ(≥M1) = ψ + ϕM1 . To verify that the larger family of maps {ϕm}M1≤m≤M2

satisfies the properties (1.127) to (1.132), we need only verify these properties form =

M1. But, for m = M1, (1.127) follows directly from (1.140) and (1.130) follows from

(1.142), while (1.128), (1.129), (1.131), and (1.132) are precisely conditions (1.146),

(1.141), (1.144), and (1.145), respectively.

The local version is stated similarly as follows. Its proof is similar so we omit it.

Proposition 1.5.2 (finite iteration – local version). Let 0 < ε ≤ 1/A, let R0 ≤ 1 be

a dyadic number, and let M1 ≤ M2 ≤ 0 be nonpositive integers. One can find maps

ϕm : G→ RD for M1 ≤ m ≤M2 obeying the following bounds, where ϕ(≥m) : G→ RD

is defined by

ϕ(≥m) :=
∑

m≤m′≤M2

A−ε(m′−m)ϕm′ .

1. (smoothness at scale R0A
m) For all M1 ≤ m ≤M2, we have

∥ϕm∥Cs2+s+1
R0A

m
≤ C0R0A

m (1.147)

∥∇2ϕ(≥m)∥Cs2+s−1,2/3
R0A

m
≤ C0R

−1
0 A−m. (1.148)

2. (orthogonality) One has, for all M1 ≤ m ≤M2,

∑
m′>m

A−ε(m′−m)Bloc(ϕm, ϕm′) = 0. (1.149)

3. (nondegeneracy) For all p ∈ G and M1 ≤ m ≤M2, we have the estimates

|Xiϕm(p)| ≥ C−1
0 , i = 1, · · · , k, (1.150)

∣∣∣∣∣
i∧

q=1

Xjqϕ(≥m)(p)

∣∣∣∣∣ ≥ C−i2−i+2
0

i∏
q=1

|Xjqϕ(≥m)(p)|, 2 ≤ i ≤ k, 1 ≤ j1 < · · · < ji ≤ k,

(1.151)
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∣∣∣∣∣∣∣∣∣
∧

W=Xloc
r1,j1

···Xloc
rl,jl

1≤l≤s,(r1,j1)⪯loc···⪯loc(rl,jl)

(R0A
m)

∑l
i=1 ri−1Wϕ(≥m)(p)

∣∣∣∣∣∣∣∣∣ ≥ C−2k2−7k+3
0

k∏
i=1

|Xiϕ(≥m)(p)|.

(1.152)

We now obtain a full set of lacunary maps in the global case R ≥ 1 by setting

M1 = 0 and taking the limit M2 → ∞, and in the local case R ≤ 1 by setting M2 = 0

and taking the limit M1 → −∞. (See also Theorem 4.1 of [77] for an analogous

statement for H3.)

Theorem 1.5.3 (Maps oscillating at lacunary scales – global version). Let 0 < ε ≤

1/A and let 1 ≤ R0 < A be a dyadic number. Then one can find a map ϕm : G→ RD

for each nonnegative integer m ≥ 0 obeying the following bounds:

• (smoothness at scale R0A
m) For all nonnegative integers m ≥ 0, one has

∥ϕm∥Cs2+s
R0A

m
≲C0 R0A

m.

In particular, we have

Xglob
r,i ϕm(p) = OC0((R0A

m)−(r−1)), for all r, i. (1.153)

• (orthogonality) For all nonnegative integers m ≥ 0, one has

∑
m′>m

A−ε(m′−m)Bglob(ϕm, ϕm′) = 0

identically on G. (By (1.153) this sum is absolutely convergent.)

• (nondegeneracy and immersion) For all nonnegative integers m ≤ 0 and all p ∈ G,

one has

|Xglob
i ϕm(p)| ≳C0 1, i = 1, · · · , kglob1 ,
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and∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
ri,ji

1≤i≤s,(r1,j1)⪯glob···⪯glob(ri,ji)

Wϕ(≥m)(p)

∣∣∣∣∣∣∣∣∣∣
≳C0

∏
W=Xglob

r1,j1
···Xglob

ri,ji

1≤i≤s,(r1,j1)⪯glob···⪯glob(ri,ji)

∣∣Wϕ(≥m)(p)
∣∣ ,

(1.154)

where

ϕ(≥m)(p) =
∑
m′≥m

A−ε(m′−m)ϕm′ .

Proof. For each M ∈ N, we can apply Proposition 1.5.1 to find ϕMm : G → RD for

0 ≤ m ≤M obeying the following bounds, where ϕM(≥m) : G→ RD is defined by

ϕM(≥m) :=
∑

m≤m′≤M

A−ε(m′−m)ϕMm′ .

1. (smoothness at scale Am) For all 0 ≤ m ≤M , we have

∥ϕMm ∥
Cs2+s+1

R0A
m

≤ C0R0A
m. (1.155)

2. (orthogonality) One has, for all 0 ≤ m ≤M ,

∑
m′>m

A−ε(m′−m)B(ϕMm , ϕ
M
m′) = 0.

3. (nondegeneracy) For all p ∈ G and 0 ≤ m ≤M , we have the estimates

|Xglob
i ϕMm (p)| ≥ C−1

0 , i = 1, · · · , kglob1 ,
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and ∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
ri,ji

1≤i≤s,(r1,j1)⪯glob···⪯glob(ri,ji)

(AR0)
∑i

j=1 rj−1WϕM(≥m)(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−7kglob1 +3
0

kglob1∏
i=1

|Xglob
i ϕM(≥m)(p)|.

(1.156)

From (1.155) and (1.156) we see that

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
ri,ji

1≤i≤s,(r1,j1)⪯glob···⪯glob(ri,ji)

WϕM(≥m)(p)

∣∣∣∣∣∣∣∣∣∣
≥ C

−2(kglob1 )2−7kglob1 +3
0

∏
W=Xglob

r1,j1
···Xglob

ri,ji

1≤i≤s,(r1,j1)⪯glob···⪯glob(ri,ji)

C−1
0 |WϕM(≥m)(p)|.

For each m ∈ Z≥0, the sequence {ϕMm }M≥m is bounded in the Cs2+s+1
R0Am norm, so by

the Arzelà-Ascoli theorem, one can find a subsequence of {Mk} such that {ϕMk
m }Mk≥m

locally converges in the Cs2+s topology, say to ϕm, for every m ∈ Z≥0. It now readily

follows that these ϕm satisfy the above properties.

The local version of Theorem 1.5.3 is similar and is stated as follows. Its proof is

similar and we omit it.

Theorem 1.5.4 (Maps oscillating at lacunary scales – local version). Let 0 < ε ≤ 1/A

and let 1
A
≤ R0 < 1 be a dyadic number. Then one can find a map ϕm : G → RD for

each nonpositive integer m ≤ 0 obeying the following bounds:

• (smoothness at scale R0A
m) For all nonpositive integers m ≤ 0, one has

∥ϕm∥Cs2+s
R0A

m
≲C0 R0A

m.
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In particular, we have

X loc
r,i ϕm(p) = OC0((R0A

m)−(r−1)), for all r, i. (1.157)

• (orthogonality) For all nonpositive integers m ≤ 0, one has

∑
m<m′≤0

A−ε(m′−m)Bloc(ϕm, ϕm′) = 0

identically on G.

• (nondegeneracy and immersion) For all nonnegative integers m ≤ 0 and all p ∈ G,

one has

|Xiϕm(p)| ≳C0 1, i = 1, · · · , k,

and∣∣∣∣∣∣∣∣∣
∧

W=Xloc
r1,j1

···Xloc
ri,ji

1≤i≤s,(r1,j1)⪯loc···⪯loc(ri,ji)

Wϕ(≥m)(p)

∣∣∣∣∣∣∣∣∣ ≳C0

∏
W=Xloc

r1,j1
···Xloc

ri,ji

1≤i≤s,(r1,j1)⪯loc···⪯loc(ri,ji)

∣∣Wϕ(≥m)(p)
∣∣ ,

(1.158)

where

ϕ(≥m)(p) =
∑

m≤m′≤0

A−ε(m′−m)ϕm′ .

Once we have the lacunary families guaranteed by Theorems 1.5.3 and 1.5.4, we

can construct components of the mappings. For n = 0, · · · , log2A− 1, let

{ϕn,globm }m≥0

be the lacunary family obtained from Theorem 1.5.3 with R0 = 2n, and let

{ϕn−log2 A,glob
m }m≤0
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be the lacunary family obtained from Theorem 1.5.3 with R0 = 2nA−1.

For n = 0, · · · , log2A− 1, we define the global subcomponent Φn,glob : G→ RD as

Φn,glob(p) :=
∞∑
m=0

(2nAm)−ε(ϕn,globm (p)− ϕn,globm (0)), p ∈ G,

and define the global component Φglob : G→ RD log2 A as

Φglob = ⊕log2 A−1
n=0 Φn,glob.

Likewise, for n = 0, · · · , log2A−1, we define the local subcomponent Φn−log2 A,glob :

G→ RD as

Φn−log2 A,glob(p) :=
∞∑
m=0

(2nAm−1)−ε(ϕn−log2 A,glob
m (p)− ϕn−log2 A,glob

m (0)), p ∈ G,

and define the local component Φloc : G→ RD log2 A as

Φloc = ⊕log2 A−1
n=0 Φn−log2 A,loc.

Then Φglob and Φloc are “almost” bi-Lipschitz embeddings of (G, d1−εG ) into RD:

they are Lipschitz, and satisfy the Lipschitz lower bound at large and at small scales,

respectively.

Proposition 1.5.5. The maps Φglob,Φloc : G → RD log2 A satisfy the following esti-

mates.

1. (Hölder upper bound)

|Φglob(p)− Φglob(p′)| ≲A ε
−1/2dG(p, p

′)1−ε, for all p, p′ ∈ G, (1.159)
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and

|Φloc(p)− Φloc(p′)| ≲A ε
−1/2dG(p, p

′)1−ε, for all p, p′ ∈ G. (1.160)

2. (partial Hölder lower bound) For p, p′ ∈ G so that dG(p, p
′) ≥ A2A−1/(s+1), we have

|Φglob(p)− Φglob(p′)| ≳A dG(p, p
′)1−ε. (1.161)

For p, p′ ∈ G so that dG(p, p
′) ≤ A−2A−1/(s+1), we have

|Φloc(p)− Φloc(p′)| ≳A dG(p, p
′)1−ε. (1.162)

Proof. 1. By the orthogonality statement of Theorem 1.5.3, we have, for each n =

0, · · · , log2A− 1 and i = 1, · · · , kglob1 ,

|Xglob
i Φn,glob| =

∣∣∣∣∣
∞∑
m=0

(2nAm)−εXglob
i ϕn,globm

∣∣∣∣∣ =
(

∞∑
m=0

(2nAm)−2ε|Xglob
i ϕn,globm |2

)1/2

≍C0 M,

where

M :=

(
∞∑
n=0

A−2εn

)1/2

=

(
1

1− A−2ε

)1/2

≍ 1√
ε logA

≲A ε
−1/2,

On the other hand, for r = 2, · · · , s, i = 1, · · · , kglobr , and n = 0, · · · , log2A− 1, by

(1.153),

|Xglob
r,i Φn,glob| ≤

∞∑
m=0

(2nAm)−ε
∣∣∣Xglob

r,i ϕ
n,glob
m

∣∣∣ ≲C0

∞∑
m=0

(2nAm)−r−ε+1 ≲ 1.
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Thus,

∥|∇Φglob∥C0 ≲A M ≲A ε
−1/2,

i.e., Φglob : G → RD log2 A is OA(ε
−1/2)-Lipschitz. This proves the Hölder upper

bound when dG(p, p
′) ≤ 1.

Let p, p′ ∈ G with dG(p, p
′) > 1, say Am−1 < dG(p, p

′) ≤ Am for some m ∈ Z>0.

Consider, for n = 0, · · · , log2A− 1, the low-frequency component

Φn,glob
≥m−1(q) :=

∞∑
m′=m−1

(2nAm
′
)−ε(ϕn,globm′ (q)− ϕn,globm′ (0)), q ∈ G.

Then

Φn,glob(p)− Φn,glob(p′) = Φn,glob
≥m−1(p)− Φn,glob

≥m−1(p
′) +OC0(A

m(1−ε)), (1.163)

so the Hölder upper bound reduces to

|Φn,glob
≥m−1(p)− Φn,glob

≥m−1(p
′)| ≲A ε

−1/2Am(1−ε),

and it is enough to show

∥|∇Φn,glob
≥m−1|∥C0 ≲A ε

−1/2A−mε (1.164)

(we just used the hierarchy of choosing A after C0). But this is the consequence of

|Xglob
i Φn,glob

≥m−1| =

∣∣∣∣∣
∞∑

m′=m−1

(2nAm
′
)−εXglob

i ϕn,globm′

∣∣∣∣∣
=

(
∞∑

m′=m−1

(2nAm
′
)−2ε|Xglob

i ϕn,globm′ |2
)1/2

≍A ε
−1/2A−mε,
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for i = 1, · · · , kglob1 , and

|Xglob
r,i Φn,glob

≥m−1| ≤
∞∑

m′=m−1

(2nAm
′
)−ε
∣∣∣Xglob

r,i ϕ
n,glob
m′

∣∣∣ ≲C0

∞∑
m′=m−1

(2nAm
′
)−r−ε+1

≲A A
−m(1+ε)

for r = 2, · · · , s and i = 1, · · · , kglobr , where we have again used the orthogonality

statement of Theorem 1.5.3 and (1.153).

The proof for Φloc is similar and we omit it.

2. Let p, p′ ∈ G be so that 2nAm0A−1/(s+1) ≤ dG(p, p
′) ≤ 2n+1Am0A−1/(s+1) for some

integer m0 ≥ 1 and n = 1, · · · , log2A− 1. It is enough to show

|Φn,glob(p)− Φn,glob(p′)| ≳A (2nAm0)1−ε.

Writing (p′)−1p = exp
(∑s

r=1

∑kglobr

i=1 xglobr,i X
glob
r,i

)
, we have

s∑
r=1

kglobr∑
j=1

|xglobr,j |1/r ≍G dG(p, p
′) ≍ 2nAm0A−1/(s+1).

Equivalently, we have |xglobr,j | ≲G 2nrAm0rA−r/(s+1) for all r, j, and there exists

some pair (r, j) such that |xglobr,j | ≍G 2nrAm0rA−r/(s+1). Recall the low-frequency

component

Φn,glob
≥m0

(q) :=
∞∑

m′=m0

(2nAm
′
)−ε(ϕn,globm′ (q)− ϕn,globm′ (0)), q ∈ G.
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By Taylor expansion

Φn,glob
≥m0

(p) = Φn,glob
≥m0

(p′) +
s∑

m=1

1

m!

 s∑
r=1

kglobr∑
j=1

xglobr,j X
glob
r,j

m

Φn,glob
≥m0

(p′)

+OC0(2
n(1−ε)Am0(1−ε)A−2)

(note that this is where we used the Cs(s+1)-regularity of Ψ), and in light of (1.163),

we have

Φn,glob(p)− Φn,glob(p′) =
s∑

m=1

1

m!

 s∑
r=1

kglobr∑
j=1

xglobr,j X
glob
r,j

m

Φn,glob
≥m0

(p′)

+OC0(2
n(1−ε)Am0(1−ε)A−1).

This expression contains many terms of the form Xglob
r1,j1

· · ·Xglob
rm,jm

Φn,glob
≥m , where the

(r1, j1), · · · , (rm, jm) are arbitrary with m ≤ s and are often unordered. In order

to use the freeness property (1.154), it would be necessary to modify the above

Taylor expansion formula so that the only differential operators acting on Ψ are

the ones of the form Xglob
r1,j1

· · ·Xglob
rm,jm

where (r1, j1) ⪯glob · · · ⪯glob (rm, jm).

This modification is possible once we note that for any permutation π of {1, · · · ,m}

we can expressXglob
r1,j1

· · ·Xglob
rm,jm

−Xglob
rπ(1),jπ(1)

· · ·Xglob
rπ(m),jπ(m)

as a linear combination of

differential operators Xglob
r′1,j

′
1
· · ·Xglob

r′
m′ ,j

′
m′

where
∑m′

i=1 r
′
i ≥

∑m
i=1 ri and (r′1, j

′
1) ⪯glob

· · · ⪯glob (r′m′ , j′m′). This can be proven by a simple induction argument on m using

the fact that, if r+r′ ≤ s, then [Xglob
r,j , X

glob
r′,j′ ] ∈ [g, [g, · · · , g]]︸ ︷︷ ︸

r+r′ times

is a linear combination

of Xglob
r′′,i for r′′ ≥ r + r′ and i = 1, · · · , kr′′ , and [Xglob

r,j , X
glob
r′,j′ ] = 0 if r + r′ > s.

Applying this fact to the above Taylor expansion formula and keeping track of the
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degrees, we obtain the following modified Taylor expansion formula:

Φn,glob(p)− Φn,glob(p′)

=
s∑
r=1

kglobr∑
j=1

(xglobr,j + pr,j)X
glob
r,j Φn,glob

≥m0
(p′)

+
s∑

m=2

∑
(r1,j1)⪯glob···⪯glob(rm,jm)

p(r1,j1),··· ,(rm,jm)X
glob
r1,j1

· · ·Xglob
rm,jm

Φn,glob
≥m0

(p′)

+OC0(2
n(1−ε)Am0(1−ε)A−1)

(1.165)

where pr,j is a polynomial of global degree ≤ r where each monomial contains

a term of the form xglobr′,j′ with r′ < r (recall that we define the global degree by

assigning weight r to xglobr,j ), and p(r1,j1),··· ,(rm,jm) is a polynomial of global degree

≤
∑m

i=1 ri.

By the freeness property (1.154), each term in (1.165) (except for the error term)

may serve as a lower bound for the entire sum, up to multiplicative constants. Thus,

it suffices to show that there exists r, j such that xglobr,j +pr,j has non-negligible size.

More precisely, the freeness property (1.154) tells us that

∣∣∣∣∣∣∣∣∣∣
∧

W=Xglob
r1,j1

···Xglob
rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

WΨ(p)

∣∣∣∣∣∣∣∣∣∣
≍C0

∏
W=Xglob

r1,j1
···Xglob

rm,jm

1≤m≤s,(r1,j1)⪯glob···⪯glob(rm,jm)

|WΨ(p)| ,

which immediately gives us, for each (r0, j0), the following control on the main
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term of the Taylor expansion:

∣∣∣∣∣
s∑
r=1

kglobr∑
j=1

(xglobr,j + pr,j)X
glob
r,j Φn,glob

≥m0
(p′)

+
s∑

m=2

∑
(r1,j1)⪯glob···⪯glob(rm,jm)

p(r1,j1),··· ,(rm,jm)X
glob
r1,j1

· · ·Xglob
rm,jm

Φn,glob
≥m0

(p′)

∣∣∣∣∣
≳C0

∣∣∣(xglobr0,j0
+ pr0,j0)X

glob
r0,j0

Φn,glob
≥m0

(p′)
∣∣∣ .

So it remains to single out a pair (r0, j0) such that the right-hand side is large

enough. Indeed, recall that we have |xglobr,j | ≲G 2nrAm0rA−r/(s+1) for all r, j, and

there exists some pair (r, j) such that |xglobr,j | ≍G 2nrAm0rA−r/(s+1). Therefore, there

exists some (r0, j0) such that

|xglobr,j | < 2nrAm0rA−r/(s+1)−1/2(s+1) for all r < r0, 1 ≤ j ≤ kr,

|xglobr0,j0
| ≥ 2nr0Am0r0A−r0/(s+1)−1/2(s+1)

(1.166)

(we have just used the hierarchy that A is chosen after G). Then, as pr0,j0 is of

global degree ≤ r0 and is not xglobr0,j0
itself, we must have

|pr0,j0| ≲G 2nr0Am0r0A−(r0+1)/(s+1), or |pr0,j0| ≤
1

2
2nr0Am0r0A−(r0+1/2)/(s+1)

(1.167)

(we have again just used the hierarchy that A is chosen after G). Hence,

|xglobr0,j0
+ pr0,j0| ≥ |xglobr0,j0

| − |pr0,j0| ≥
1

2
2nr0Am0r0A−(r0+1/2)/(s+1),

and recalling

|Xglob
r0,j0

Φn,glob
≥m0

(p′)| ≳C0 (2
nAm0)1−r−ε

and we see that
∣∣∣(xglobr0,j0

+ pr0,j0)X
glob
r0,j0

Φn,glob
≥m0

(p′)
∣∣∣ ≳C0 2

n(1−ε)Am0(1−ε)A−(r0+1/2)/(s+1).
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In conclusion, we have |Φn,glob(p) − Φn,glob(p′)| ≳C0 2n(1−ε)Am0(1−ε)A−(r0+1/2)/(s+1),

or

|Φn,glob(p)− Φn,glob(p′)| ≳A 2n(1−ε)Am0(1−ε) (1.168)

(we just used the hierarchy of choosing A after C0).

The proof of the local case is similar.

Now, with Proposition 1.5.5 in hand, we are ready to prove the main theorem.

Proof. By Theorem 1.1.1, there exists an OA(ε
−1/2)-bilipschitz mapping

Φmeso : (G, d1−εG ) → ROA(1)

such that for all p, p′ ∈ G such that dG(p, p
′) = ΘA(1), we have

|Φmeso(p)− Φmeso(p′)| ≳A dG(p, p
′)1−ε.

Then Φglob ⊕ Φmeso ⊕ Φloc is our desired embedding.

Remark 1.5.6. A careful analysis reveals that we have constructed Φ : G → ROA(1)

with the following properties. If dG(p, p
′) ≥ 1 with

(p′)−1p = exp

 s∑
r=1

kglobr∑
i=1

xglobr,i X
glob
r,i

 ,

then

|Φ(p)− Φ(p′)| ≍A ε
−1/2

kglob1∑
i=1

|xglob1,i |+
s∑
r=2

kglobr∑
i=1

|xglobr,i |1/r,
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while if dG(p, p
′) ≤ 1 with

(p′)−1p = exp

 s∑
r=1

klocr∑
i=1

xlocr,iX
loc
r,i

 ,

then

|Φ(p)− Φ(p′)| ≍A ε
−1/2

k∑
i=1

|xloc1,i |+
s∑
r=2

klocr∑
i=1

|xlocr,i |1/r.
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Chapter 2

Vertical versus horizontal

inequalities on finitely generated

groups of polynomial growth and

simply connected nilpotent Lie

groups

It is well known that nonabelian simply connected nilpotent Lie groups and

not virtually abelian finitely generated groups of polynomial growth fail to em-

bed bilipschitzly (or quasi-isometrically) into uniformly convex Banach spaces (or,

more generally, Banach spaces with the Radon–Nikodým property). This is because

nonabelian Carnot groups do not bilipschitzly embed into Banach spaces with the

Radon–Nikodým property [11, 52], and nonabelian simply connected nilpotent Lie

groups have nonabelian Carnot groups as asymptotic cone and hence do not quasi-

isometrically embed into Banach spaces with the Radon-Nikodým property (see [38]

for example), while not virtually abelian finitely generated groups of polynomial
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growth are quasi-isometric to nonabelian simply connected nilpotent Lie groups [30,

55] and hence fail to embed quasi-isometrically into Banach spaces with the Radon–

Nikodým property. The aim of this paper is to provide quantitative counterparts to

these qualitative nonembeddability statements.

Let G be a nonabelian simply connected nilpotent Lie group, endowed with a

left-invariant Riemannian metric. We write

Br(x) := {y ∈ G : dG(x, y) < r}, Br := Br(eG), x ∈ G, r > 0,

where eG is the identity element of G. Note that Br(x) = xBr, by left-invariance.

Let Γ be a finitely generated group of polynomial growth. This means that Γ has

a finite generating set S, and that if we denote by dW (·, ·) the left-invariant word

metric on Γ induced by S and BΓ
n = {x ∈ Γ : dW (x, eΓ) ≤ n} the corresponding

closed ball of radius n ∈ N, where eΓ is the identity element of Γ, then the cardinality

|BΓ
n | grows at most polynomially in n. We assume in addition that Γ is not virtually

abelian, i.e., that it has no finite index subgroup isomorphic to Zn; by [15, Corollary

1.5] Γ has no finite index subgroups that have abelian groups as quotients by finite

normal subgroups.

Let the Banach space (X, ∥ · ∥X) be a uniformly convex Banach space, that is, for

every ε ∈ (0, 1) there exists δ ∈ (0, 1) such that every x, y ∈ X with ∥x∥X = ∥y∥X = 1

and ∥x−y∥X ≥ ε satisfy ∥x+y∥X ≤ 2(1−δ). By [6, 24, 70], there is an equivalent norm

on X such that if we renorm X using this norm, there is some exponent q ∈ [2,∞)

for which the Banach space (X, ∥ · ∥X) is q-uniformly convex, which means that the

q-uniform convexity constant of X defined by

Kq(X)

:= inf

{
K > 0 : ∀x, y ∈ X

(
∥x∥qX +

1

Kq
∥y∥qX

)1/q

≤
(
∥x+ y∥qX + ∥x− y∥qX

2

)1/q
}
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is finite. We will assume this renorming has happened, because it does not affect our

theorems, so that X is q-uniformly convex for some q ≥ 2. By [32] and [6], the Lp

spaces for 1 < p <∞ are max{p, 2}-uniformly convex with

K2(Lp) ≤
1√
p− 1

, 1 < p ≤ 2, Kp(Lp) ≤ 1, p ≥ 2.

A separable metric space (M,dM) is said to embed (D-)bilipschitzly into a normed

space (X, ∥ · ∥X) if there is a finite D ∈ [1,∞) and a mapping f : M → X such that

dM(x, y) ≤ ∥f(x) − f(y)∥ ≤ DdM(x, y) for all x, y ∈ M . The bilipschitz distortion

cX(M,dM) is defined to be the infimum over those D for which such a mapping

exists. We write1 cLp(σ)(M,dM) = cLp([0,1])(M,dM) =: cp(M,dM) and call c2(M,dM)

the Euclidean distortion of (M,dM). The space (M,dM) is said to quasi-isometrically

embed into (X, ∥ · ∥X) if there is a mapping f :M → X, D ∈ [1,∞) and C > 0 such

that dM(x, y)− C ≤ ∥f(x)− f(y)∥ ≤ DdM(x, y) + C for all x, y ∈M .

Now we have defined all the concepts used in the first sentence of the introduction

(except for the Radon–Nikodým property, which will not appear in other parts of this

paper), which, in other words, can be written as

cX(G) = cX(Γ) = ∞,

for G, Γ, and X given as above. In this paper, we quantify this fact by providing the

following growth rates of the bilipschitz constant of balls in such groups.

Theorem 2.0.1. Let G be a nonabelian simply connected nilpotent Lie group, and

1This equality is due to the fact that any separable subspace of an Lp(σ) space is isometric to a
subspace of Lp([0, 1]), see [67, Fact 1.20].
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let X be a q-uniformly convex Banach space, q ≥ 2. Then2

cX(Br) ≳G
(log r)1/q

Kq(X)
, r ≥ 2.

Theorem 2.0.2. Let Γ be a not virtually abelian finitely generated group of polynomial

growth, and let X be a q-uniformly convex Banach space, q ≥ 2. Then

cX(B
Γ
n) ≳Γ

(log n)1/q

Kq(X)
, n ≥ 2.

As a special case, we obtain sharp bounds on the Lp-distortions, the upper bounds

following from the Assouad embedding theorem.

Corollary 2.0.3. Let G be a nonabelian simply connected nilpotent Lie group. Then,

cp(Br) ≍G,p (log r)
1/max{p,2}, 1 < p <∞, r ≥ 2.

Corollary 2.0.4. Let Γ be a not virtually abelian finitely generated group of polyno-

mial growth. Then

cp(B
Γ
n) ≍Γ,p (log n)

1/max{p,2}, 1 < p <∞, n ≥ 2.

We remark that Theorem 2.0.2 and Corollary 2.0.4 were proven for the discrete

Heisenberg groups by Lafforgue and Naor [47], where the discrete Heisenberg groups

2We will use the following (standard) asymptotic notation. For P,Q > 0, the notations P ≲ Q,
Q ≳ P , P = O(Q), and Q = Ω(P ) mean that P ≤ KQ for a universal constant K ∈ (0,∞), and the
notation P ≍ Q means P ≲ Q and Q ≲ P . If we need to allow for dependence on parameters, we
indicate this by subscripts. For example, in the presence of auxiliary parameters ψ, ξ, the notations
P ≲ψ,ξ Q, Q ≳ψ,ξ P , P = Oψ,ξ(Q), Q = Ωψ,ξ(P ) mean that P ≤ K(ψ, ξ)Q where K(ψ, ξ) ∈ (0,∞)
may depend only on ψ and ξ, and P ≍ψ,ξ Q means that P ≲ψ,ξ Q and Q ≲ψ,ξ P .

142



H2k+1
Z , k ∈ Z>0 are defined as the groups with word relations as follows:

H2k+1
Z =

〈
a1, · · · , ak, b1, · · · , bk, c | ∀i (c = [ai, bi])

∧ ∀i, j
(
i ̸= j → [ai, aj] = [bi, bj] = [ai, bj] = [ai, c] = [bi, c] = eH2k+1

Z

)〉
.

A previously weaker result was given by Li [53, Theorem 1.4], who proved that if

Γ is a finitely generated nonabelian torsion-free nilpotent group, and X is a uniformly

convex Banach space, then there exists c > 0 depending on Γ and X such that

cX(B
Γ
n) ≳G,X (log n)c, n ≥ 2.

A stronger bound was given for cocompact lattices Γ of Carnot groups by Gartland

[27, Corollary 1.6]: if G is a Carnot group of step s (to be defined below) and Γ is a

cocompact lattice of G, then

cRd(BΓ
n) ≳Γ,d

(log n)
1
2
− 1

2s

(log log n)
1
2
+ 1

2s

, n ≥ 3,

under the additional restriction that G contains a copy of the model filiform group

Js−1(R) of step s (this requirement is automatically fulfilled if s ≤ 3), which is the

Carnot group whose Lie algebra js−1 is spanned by elements x, y0, · · · , ys−1 with the

only nontrivial bracket relations being

[x, yi] = yi+1, i = 0, · · · , s− 2.

For example, J0(R) = R2, J1(R) =: H3 is called the real Heisenberg group of dimen-

sion 3, and J2(R) is called the Engel group. Compared to this result, Corollary 2.0.4

removes the exponent gap of 1
2s

and gets rid of the lower order factor.

We obtain Theorems 2.0.1 and 2.0.2 by proving the following “vertical-versus-
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horizontal inequalities” on the groups G and Γ.

We first state the inequality on nilpotent groups. In the following theorem, given

left-invariant vector fields X1, · · · , Xk that form a basis of the Lie algebra g of G at

eG, we write the horizontal gradient of a function f : G→ X as

∇f := (X1f, · · · , Xkf),

if each Xif exists. Also, given v ∈ G and t ∈ R, we write vt := exp(tw), where w ∈ g

is such that v = exp(w), and exp : g → G is the Lie group exponential map. Let µ

denote the bi-invariant Haar measure of G, which is the push-forward of the Lebesgue

measure on g by the exponential map.

Theorem 2.0.5. Let G be a nonabelian simply connected nilpotent Lie group. Let

v ∈ Z(G) and ρ ∈ N with ρ ≥ 2 and dG(v
t, eG) ≤ t1/ρ, t > 0. Suppose that p ∈ (1,∞)

and q ∈ [2,∞). Let (X, ∥·∥X) be a Banach space with Kq(X) <∞, and let f : G→ X

be smooth and compactly supported. Then

(ˆ ∞

0

(ˆ
G

(
∥f(hvt)− f(h)∥X

t1/ρ

)p
dµ(h)

)max{p,q}/p
dt

t

)1/max{p,q}

≲ max
{
(p− 1)1/q−1, Kq(X)

}(ˆ
G

∥∇f(h)∥p
ℓk2(X)

dµ(h)

)1/p

.

(2.1)

In particular, when p = q,

(ˆ ∞

1

ˆ
G

(
∥f(hvt)− f(h)∥X

t1/ρ

)q
dµ(h)

dt

t

)1/q

≲ Kq(X)

(ˆ
G

∥∇f(h)∥q
ℓk2(X)

dµ(h)

)1/q

.

(2.2)

Note that the v described in this theorem exists, for example, if we choose v ∈

[[G,G], · · · , G]︸ ︷︷ ︸
s times

\{eG} where s is the nilpotency step of G, i.e., it is the largest integer

s such that [[g, g], · · · , g]︸ ︷︷ ︸
s times

̸= 0, then we may normalize v so that dG(v
t, eG) ≤ t1/s for
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t > 0. We remark that exp

[[g, g], · · · , g]︸ ︷︷ ︸
j times

 = [[G,G], · · · , G]︸ ︷︷ ︸
j times

for j = 1, · · · , s, where

[g, g] denotes the Lie algebra bracket and [G,G] denotes the commutator subgroup.

We next state the inequality on groups of polynomial growth.

Theorem 2.0.6. Let Γ be a not virtually abelian finitely generated group of polynomial

growth. There exist vΓ ∈ Γ, s ∈ N with s ≥ 2, and c = c(G) ∈ N such that the following

is true. First, dW (vnΓ, eΓ) ≍Γ n
1/s for n ∈ N. Second, let p ∈ (1,∞) and q ∈ [2,∞).

Suppose that (X, ∥ · ∥X) is a Banach space satisfying Kq(X) < ∞. Then for every

n ∈ N and every f : Γ → X we have

 ns∑
k=1

1

k1+max{p,q}/s

∑
x∈BΓ

n

∥f(xvkΓ)− f(x)∥pX

max{p,q}/p


1/max{p,q}

≲Γ,vΓ max
{
(p− 1)1/q−1, Kq(X)

}∑
x∈BΓ

cn

∑
a∈S

∥f(xa)− f(x)∥pX

1/p

.

(2.3)

In particular, when p = q,

 ns∑
k=1

∑
x∈BΓ

n

∥f(xvkΓ)− f(x)∥qX
k1+q/s

1/q

≲Γ,vΓ Kq(X)

∑
x∈BΓ

cn

∑
a∈S

∥f(xa)− f(x)∥qX

1/q

.

(2.4)

Our choice of s and vΓ is as follows. By [30], Γ admits a subgroup Γ′ of finite

index that is nilpotent. Let T be the torsion subgroup of Γ′ and consider the quotient

subgroup Γ′′ = Γ′/T . We may take any v′′ ∈ Z(Γ′′) \ {eΓ′′} with the property that

dW ((v′′)n, eΓ′′) ≍Γ′′ n1/s, n ≥ 2, for some integer s ≥ 2, and take vΓ to be any

representative of v′′. For example, we may take s to be the nilpotency step of Γ′′ and

v′′ ∈ [[Γ′′,Γ′′], · · · ,Γ′′]︸ ︷︷ ︸
s times

\{eΓ′′}. (See Section 2.3 for details.)

One can see that changing to another finite symmetric generating set S of Γ or

changing the vertical element vΓ affects only c ∈ N and the constant in the inequalities
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(2.3) and (2.4) up to constant factors depending on S and vΓ.

Theorems 2.0.5 and 2.0.6 are extensions from the real Heisenberg groups H2k+1

to general simply connected nilpotent Lie groups and from the discrete Heisenberg

groups H2k+1
Z to general finitely generated groups of polynomial growth, respec-

tively, of the “vertical versus horizontal inequalities” established by Austin, Naor,

and Tessera [4] and Lafforgue and Naor [47]. See also Naor and Young [64, 65] for

the endpoint case p = 1 for the Heisenberg groups. Here, the real Heisenberg groups

H2k+1, k ∈ Z>0, are defined to be the simply connected nilpotent Lie groups whose

Lie algebras h2k+1 are spanned by the 2k + 1 elements x1, · · · , xk, y1, · · · , yk, and z,

the only nontrivial bracket relations among which are

[xi, yi] = z, i = 1, · · · , k.

The discrete Heisenberg groups H2k+1
Z , k ≥ 1, embed naturally in the real Heisenberg

groups H2k+1.

The inequality (2.1) is proven following the argument of Lafforgue and Naor [47]

by comparing the left-hand side of (2.1) against convolutions of ∇f with derivatives

of the heat kernel on the real line R, and then upper bounding this quantity using

the vector-valued Littlewood–Paley–Stein theory of [40, 56, 82]. The inequality (2.3)

follows from inequality (2.1) by a discretization argument.

The utility of Theorems 2.0.5 and 2.0.6 is that they prove quantitatively that

nonabelian simply connected nilpotent Lie groups and not virtually abelian finitely

generated groups of polynomial growth, respectively, do not bilipschitzly embed into

uniformly convex spaces. More precisely, they give Theorems 2.0.1 and 2.0.2 as Corol-

laries; see Section 2.2 for proofs.

We will prove Theorem 2.0.5 in Section 2.1. Actually, Theorem 2.0.5 will be a

special case of the more general Theorem 2.1.1 and Corollary 2.1.2, and the resulting
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Theorem 2.0.1 will be a special case of the more general Theorem 2.1.3 and Corollary

2.1.4.

It would appear that we may also derive similar constraints for other coarse embed-

dings (see [67, Definition 1.36] for the definition). For example, we have the following

theorem, where for a metric space (M,dM) and 0 < α < 1, (M,dαM) is a metric space

called the α-snowflake of (M,dM).

Theorem 2.0.7. Let Γ be a not virtually abelian finitely generated group of polynomial

growth, and let X be a q-uniformly convex Banach space. Then

cX(Γ, d
1−ε
W ) ≳Γ

1

Kq(X)ε1/q
.

In particular,

cp(Γ, d
1−ε
W ) ≍p,Γ ε

−1/max{p,2}.

Indeed, by (2.4), any D-bilipschitz embedding (Γ, d1−εW ) → X must satisfy for all

n

|BΓ
n |1/q

(
ns∑
k=1

1

k1+εq/s

)1/q

≲Γ Kq(X)D|S|1/q|BΓ
cn|1/q

which gives the stated lower bound. The second assertion of Theorem 2.0.10, namely

the estimate for cp(Nr1,r2), follows from an optimized version [50, Theorem 5.1] of the

Assouad embedding theorem [3]:

cp(Γ, d
1−ε
W ) ≲G,p 1/ε

1/max{p,2}, 0 < ε < 1.

Using Theorem 2.0.6, we may also characterize the compression rate of not virtu-

ally abelian finitely generated groups of polynomial growth into Lp spaces. Here, the

compression rate of a Lipschitz function f : (M,dM) → (X, ∥·∥X) from a metric space

(M,dM) into a Banach space (X, ∥ · ∥X) is the largest nondecreasing function ωf :

(0,∞) → [0,∞) such that for all x, y ∈M we have ∥f(x)− f(y)∥X ≥ ωf (dM(x, y)).
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Corollary 2.0.8. Let Γ be a not virtually abelian finitely generated group of polyno-

mial growth.

1. For n ∈ N, n ≥ 2, a nondecreasing function θ : (0,∞) → [0,∞) satisfies

θ(t) ≲ ωf (t) for some 1-Lipschitz function f : BΓ
n → Lp, p > 1, if and only if

ˆ 2n

1

(
θ(t)

t

)max{p,2}
dt

t
≲Γ 1.

2. A nondecreasing function θ : (0,∞) → [0,∞) satisfies θ(t) ≲ ωf (t) for some

1-Lipschitz function f : Γ → Lp, p > 1, if and only if

ˆ ∞

1

(
θ(t)

t

)max{p,2}
dt

t
≲Γ 1.

The if direction is due to [78, Theorem 1]. The only if direction is given by Theorem

2.0.6, from which it follows that

s

ˆ 2n

1

(
θ(t)

t

)max{p,2}
dt

t
=

ˆ (2n)s

1

θ(τ 1/s)max{p}

τ 1+max{p}/s dτ ≲
(2n)s∑
k=1

θ(k1/s)max{p}

k1+max{p,2}/s ≲Γ 1.

Under a slightly more abstract setting, one can obtain the following statement

about the compression function.

Theorem 2.0.9. Let Γ be an amenable group with finite generating set S, with v ∈

Z(Γ) and ρ > 1 such that dW (vk, eΓ) ≍Γ k
1/ρ, k ∈ N. Let (X, ∥ · ∥X) be a q-uniformly

convex space, and let f : Γ → X be a 1-Lipschitz function. Then for every t ≥ 3 there

exists an integer t ≤ n ≤ t2 such that

ωf (n)

n
≲Γ Kq(X)

(
log log n

log n

)1/q

.

(Here we consider ρ to be dependent on Γ, so that ≲Γ includes dependence on ρ.)
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We prove Theorem 2.0.9 in Section 2.4 following the argument of [4]. Theorem 2.0.9

is somewhat weaker than our distortion result of Theorem 2.0.2 and the vertical versus

horizontal inequality of Theorem 2.0.6 under the setting of groups of polynomial

growth, because the distortion bound one can obtain from Theorem 2.0.9 is of the

weaker form cX(Bn) ≳Γ
1

Kq(X)

(
logn

log logn

)1/q
(this deduction follows the argument of [4,

Section 6], and requires the assumption that Γ be of polynomial growth).

On a different note, we can investigate the distortion of nets in nonabelian simply

connected nilpotent Lie groups. In the following, with r1, r2 > 0, an r1-covering of a

metric space (M,dM) is a subset N ⊂M such that for any x ∈M there exists nx ∈ N

such that dM(x, nx) < r1, an r2-packing of (M,dM) is a subset N ⊂M such that for

all distinct n1, n2 ∈ N we have dM(n1, n2) ≥ r2, and an (r1, r2)-net of (M,dM) is a

subset which is both an r1-covering and an r2-packing.

Theorem 2.0.10. Let r1, r2 > 1 with r1 ≥ 2r2. Let G be a nonabelian simply con-

nected nilpotent Lie group, and let Nr1,r2 be an r2-covering of Br1. Let X be a q-

uniformly convex space, q ≥ 2. Then

cX(Nr1,r2) ≳

(
C1s

1/q

√
kK2/q logK

)
(log(r1/r2))

1/q

Kq(X)
,

where K is the largest of the doubling constant of G and the doubling constant of the

measure µ, i.e., it is the smallest constant such that µ(B2r) ≤ Kµ(Br) for all r ≥ 0,

and that for all r > 0 there exist y1, · · · , yK ∈ G such that B2r ⊂ ∪Ki=1Br(yi), and

C1 > 0 denotes a constant such that C1t
1/s ≤ d(vt, eG) ≤ t1/s for t ≥ 1.

In particular, if Nr1,r2 is an (r2,Ω(r2))-net of Br1, then

cp(Nr1,r2) ≍G,p (log(r1/r2))
1/max{p,2}, 1 < p <∞.

We remark that the second assertion of Theorem 2.0.10, namely the estimate

for cp(Nr1,r2), follows from an optimized version [50, Theorem 5.1] of the Assouad
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embedding theorem [3]:

cp(G, d
1−ε
G ) ≲G,p 1/ε

1/max{p,2}, 0 < ε < 1.

When Nr1,r2 is an Ω(r2)-packing of Br1 , (Nr1,r2 , d
1−1/2 log(r1/r2)
G ) is O(1)-bilipschitz

equivalent to (Nr1,r2 , dG), so we have the second assertion of Theorem 2.0.10.

Thus, the bound of Theorem 2.0.10 is sharp for X = Lp, and therefore is the best

result we can attain in terms of q-uniformly convex spaces. These distortion bounds

generalizes those established for the Heisenberg group in [47]. The same conclusion

holds with Lp replaced by the Schatten class Sp, whose modulus of uniform convexity

was computed in [79].

We may also derive the following variant of Theorem 2.0.10 for snowflakes.

Theorem 2.0.11. Let N ′
c1,c2

be a (c1, c2)-net of a nonabelian simply connected nilpo-

tent Lie group G, where c1, c2 ≥ 1 with c1 ≥ c2/2. Let X be a q-uniformly convex

space. Then

cX(N
′
c1,c2

, d1−εG ) ≳

(
C1−ε

1 (c2/c1)
εs(1−ε)/q

k(1−ε)/2K2(1−ε)/q logK

)
1

Kq(X)1−εε1/q
, 0 < ε < 1,

where K and C1 are as in Theorem 2.0.10. In particular,

cp(N
′
c1,c2

, d1−εG ) ≍G,p,c1,c2 ε
−1/max{p,2}, 1 < p <∞.

The nonembeddability of nonabelian simply connected nilpotent Lie groups and

not virtually abelian finitely generated groups of polynomial growth into uniformly

convex Banach spaces is known from the fact that the asymptotic cone of these

groups are nonabelian Carnot groups, and that nonabelian Carnot groups do not

admit bilipschitz embeddings into uniformly convex Banach spaces. The definition of

Carnot groups is as follows.
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Definition 2.0.12 ([49]). A (sub-Riemannian) Carnot group is a 5-tuple (G, δλ, B, | ·

|, dG), where:

• The simply connected nilpotent Lie group G is such that its Lie algebra g admits

an s-step stratification, s ∈ Z>0, i.e., a direct sum decomposition

g = V1 ⊕ V2 ⊕ · · · ⊕ Vs,

where Vs ̸= 0, Vs+1 = 0, and Vr+1 = [V1, Vr] for r = 1, · · · , s.

• For each λ ∈ R+, the linear map δλ : g → g is defined by

δλ|Vr = λiidVr , r = 1, · · · , s.

• The bundle B over G is the extension of V1 to a left-invariant subbundle:

Bp := (dLp)eV1, p ∈ G.

• The inner product norm3 | · | is initially defined on V1, and is then extended to

B as a left-invariant norm:

|(dLp)e(v)| := |v|, p ∈ G, v ∈ V1.

• The metric dG on G is the Carnot–Carathéodory distance associated to B and

| · |, i.e., for each p, q ∈ G we define

dG(p, q) := inf

{ˆ 1

0

|γ̇(t)|dt : γ ∈ C∞
pw([0, 1];G), γ(0) = p, γ(1) = q, γ̇ ∈ B

}
,

3For sub-Finsler Carnot groups we allow | · | to be more generally a norm. Then, compared to the
sub-Riemannian case, the resulting distance dG is then distorted by a factor of at most

√
dimV1 by

the John ellipsoid theorem [43], and the results of this paper follow up to multiplicative factors of√
dimV1.
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where C∞
pw([0, 1];G) consists of the piecewise smooth functions from [0, 1] to G.

For simplicity, we will call G the Carnot group. When we wish to emphasize the step

size, we will call G an s-step Carnot group or a Carnot group of step s.

It is easy to see that commutative Carnot groups are precisely those of step 1 and

are the Euclidean spaces Rd. The nonabelian ones are those of step s ≥ 2. An example

of this are the Heisenberg groups H2k+1 defined above, which are Carnot groups of

step 2 whose Lie algebras h2k+1 admit the 2-step stratification

V1(h) = span{x1, · · · , xk, y1, · · · , yk}, V2(h) = span{z}.

Another example of Carnot groups is the aforementioned model filiform groups Js−1(R),

s ≥ 1, which are Carnot groups of step s whose Lie algebras js−1 admit the s-step

grading

V1(j
s−1) = span{x, y0}, V2(js−1) = span{y1}, · · · , Vs(js−1) = span{ys−1}.

Let our choice of left-invariant vector fields X1, · · · , Xk, k := dimV1, be such that

(X1)eG , · · · , (Xk)eG form an orthonormal basis of (V1, | · |). We have the center Z(G) =

exp(Vs) and commutator subgroup [G,G] = exp(V2⊕ · · ·⊕Vs). Also, the maps δλ act

as scalings in the Carnot–Carathéodory distance, in the sense that dG(δλ(p), δλ(q)) =

λdG(p, q), for λ > 0 and p, q ∈ G.

In an algebraic sense, nonabelian Carnot groups are nonabelian simply connected

nilpotent Lie groups, but their metrics differ, since we endowed nilpotent Lie groups

with Riemannian distances while we endowed Carnot groups with sub-Riemannian

distances. Nevertheless, Theorem 2.0.5 holds for nonabelian Carnot groups G, stated

as follows.

Theorem 2.0.13. Let G be a nonabelian Carnot group of step s ≥ 2. Let v ∈ Z(G)\
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{eG} be normalized so that dG(v, eG) = 1. Suppose that p ∈ (1,∞) and q ∈ [2,∞).

Let (X, ∥ · ∥X) be a Banach space with Kq(X) < ∞, and let f : G → X be smooth

and compactly supported. Then

(ˆ ∞

0

(ˆ
G

(
∥f(hvt)− f(h)∥X

t1/s

)p
dµ(h)

)max{p,q}/p
dt

t

)1/max{p,q}

≲ max
{
(p− 1)1/q−1, Kq(X)

}(ˆ
G

∥∇f(h)∥p
ℓk2(X)

dµ(h)

)1/p

.

(2.5)

In particular, when p = q,

(ˆ ∞

0

ˆ
G

(
∥f(hvt)− f(h)∥X

t1/s

)q
dµ(h)

dt

t

)1/q

≲ Kq(X)

(ˆ
G

∥∇f(h)∥q
ℓk2(X)

dµ(h)

)1/q

.

(2.6)

For nilpotent Lie groups, we have dG(v
t, eG) ≍G t for 0 < t < 1 and dG(v

t, eG) ≍G

t1/s for t ≥ 1 for our choice of v, while for Carnot groups we have dG(v
t, eG) = t1/s

for all t > 0. Thus, Theorem 2.0.5 only gives global nonembeddability of nonabelian

simply connected nilpotent Lie groups into uniformly convex spaces, i.e., we only

know that the entire group fails to embed into X, while Theorem 2.0.13 gives local

nonembeddability of Carnot groups into uniformly convex spaces, i.e., we know also

that any nonempty open subset of the group fails to embed into X.

Although Theorems 2.0.5 and 2.0.13 have a formal difference in the sense that

Theorem 2.0.5 considers Riemannian distances on nilpotent Lie groups while Theorem

2.0.13 considers sub-Riemannian distances on Carnot groups, it will turn out that

they are instances of a more general theorem regarding sub-Riemannian distances on

nilpotent Lie groups. This is stated as Corollary 2.1.2 in Section 2.1. See Corollary

2.1.4 for the resulting distortion results.

Theorem 2.0.6 applies to cocompact lattices Γ of a nonabelian Carnot group G,

because they are not virtually abelian finitely generated groups of polynomial growth.

We can take s to be the step of G and vΓ ∈ Z(G) ∩ Γ \ {eG}; we will not repeat the
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statement of Theorem 2.0.6 here.

We may state simplified versions of Theorems 2.0.10 and 2.0.11 in the setting of

Carnot groups, thanks to the scale-invariance. In the following, nh :=
∑s

r=1 rkr is the

Hausdorff dimension of G

Theorem 2.0.14. Let r1, r2 > 0 with r1 ≥ 2r2. Let G be a nonabelian Carnot group,

and let Nr1,r2 be an r2-covering of Br1. Let X be a q-uniformly convex space, q ≥ 2.

Then

cX(Nr1,r2) ≳

(
C1s

1/q

√
k4nh/qnh

)
(log(r1/r2))

1/q

Kq(X)
.

In particular, if Nr1,r2 is an (r2,Ω(r2))-net of Br1, then

cp(Nr1,r2) ≍G,p (log(r1/r2))
1/max{p,2}, 1 < p <∞.

Theorem 2.0.15. Let N ′
c1,c2

be a (c1, c2)-net of a nonabelian Carnot group G, where

c1, c2 > 0 with c1 ≥ c2/2. Let X be a q-uniformly convex space. Then

cX(N
′
c1,c2

, d1−εG ) ≳

(
C1−ε

1 (c2/c1)
εs(1−ε)/q

k(1−ε)/24nh(1−ε)/qnh

)
1

Kq(X)1−εε1/q
, 0 < ε < 1.

In particular,

cp(N
′
c1,c2

, d1−εG ) ≍G,p,c1,c2 ε
−1/max{p,2}, 1 < p <∞.

That a nonabelian Carnot group G fails to embed bilipschitzly into Rn was first

proven by Semmes [73] using the differentiation theorem of Pansu [69]. Pansu’s the-

orem states that any Lipschitz mapping f : G → Rn is differentiable a.e. with the

derivative being a Lie group homomorphism that commutes with the dilations δλ of

G and Rn. In other words, one can ‘blow-up’ f almost everywhere and the result-

ing ‘blow-up’ function is a Carnot group homomorphism. Semmes’ observation was

that if f were a bilipschitz mapping, then the blow-up of f would also be bilipschitz,
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resulting in a Carnot group monomorphism. This is impossible because a group ho-

momorphism G → Rn must send the nontrivial commutator subgroup [G,G] to 0.

Later this argument was generalized, independently by Cheeger and Kleiner [11] and

Lee and Naor [52], to Banach space targets with the Radon–Nikodým property, which

includes uniformly convex spaces.

From the standpoint of the Pansu–Semmes argument which simply outputs the

qualitative nonexistence of a bilipschitz mapping G → Rn, the significance and ad-

vantage of Theorems 2.0.5, 2.0.6, and 2.0.13 is that they give quantitative nonembed-

dability statements, such as Theorems 2.0.1, 2.0.2, 2.0.10, 2.0.11, 2.0.14, and 2.0.15.

However, the Pansu–Semmes argument tells us that any Lipschitz function f : G→ X

must ‘collapse’ along directions of the commutator group [G,G], and from this point

of view, Theorem 2.0.13 possesses a curious limitation, namely that it requires us to

measure the collapse along central directions.

This limitation is caused by a technical requirement in the proof of Theorems

2.0.5 and 2.0.13, which is for the horizontal derivative and the convolution along the

direction of v to commute (more precisely, equation (2.28) below). Since there is no

such limitation in the original Pansu–Semmes proof, we pose the following question.

Question 2.0.16. Let G be a nonabelian Carnot group. Is Theorem 2.0.13 true for

all v ∈ [G,G] with dG(v, eG) = 1?

We answer this question in the affirmative for Lp targets, albeit with some loss of

control on the constants.

Theorem 2.0.17. Let G be a nonabelian Carnot group. For 1 < p ≤ 2, f ∈ Lp(G)

with ∇f ∈ Lp(G; ℓk2), and v ∈ [G,G] with dG(v, e) = 1, we have

(ˆ ∞

0

[ˆ
G

(
|f(h)− f(hδr(v))|

r

)p
dµ(h)

]2/p
dr

r

)1/2

≲G,p ∥∇f∥Lp(G;ℓk2)
. (2.7)

155



Although Theorem 2.0.17 is stated for R-targets, it is easy to tensorize inequality

(2.7) using the triangle inequality when f : G → Lp(σ) is smooth and compactly

supported.

Remark 2.0.18. With q defined as in Theorem 2.0.13, Theorem 2.0.17 only considers

the exponent q = 2. This is because the case q = ∞ formally holds, so that the

inequality for q = 2 implies the inequalities for q ≥ 2. See Section 2.1, page 175 for

a proof of this simple fact. We cannot make this simplification in Theorem 2.0.13 or

in Theorem 2.0.5 due to the stated dependence of the constants on q.

However, we have not managed to prove a strengthening of Theorem 2.0.6 to

directions in the commutator group for Carnot groups, formulated as follows.

Question 2.0.19. Let Γ be a cocompact lattice of a nonabelian Carnot group G. For

any vΓ ∈ [Γ,Γ] \ {eG}, does there exist c ∈ N such that the following is true? If we

let s′ ≥ 2 be the largest integer such that vΓ ∈ [[G,G], · · · , G]︸ ︷︷ ︸
s′ times

, let p ∈ (1,∞) and

q ∈ [2,∞), and suppose (X, ∥ · ∥X) is a Banach space satisfying Kq(X) < ∞, then

for every finitely supported f : Γ → X we have

 ns′∑
k=1

1

k1+max{p,q}/s′

∑
x∈BΓ

n

∥f(xvkΓ)− f(x)∥pX

max{p,q}/p


1/max{p,q}

≲Γ,vΓ max
{
(p− 1)1/q−1, Kq(X)

}∑
x∈BΓ

cn

∑
a∈S

∥f(xa)− f(x)∥pX

1/p

.

We will deduce Theorem 2.0.17 from a Dorronsoro theorem for Carnot groups

following the argument of Fässler and Orponen [22]. We will also prove the Carnot

group Dorronsoro theorem itself, which states that the Lp(G) norm of the Lp fractional

Laplacian ∥(−∆p)
αf∥Lp(G) (1 < p <∞, α > 0) of a function f ∈ Lp(G), is equivalent

up to constant factors to a singular integral that, roughly speaking, measures, at all

points of G and at all scales, the deviation of f from being a polynomial of weighted
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degree ≤ ⌊α⌋. This was first proven for G = Rn for all α > 0 by Dorronsoro [19],

and for the Heisenberg groups H2k+1 one side of the Dorronsoro statement (namely

that the aforementioned singular integral is bounded above by ∥(−∆p)
αf∥Lp) was

proven for the restricted exponent range 0 < α < 2 in [22]. The reason for this

restriction 0 < α < 2 in [22] is that they considered deviations from the smaller class

of “horizontal polynomials”, which is inadequate for α ≥ 2 (see Remark 2.0.23 for a

proof).

We will discuss the Dorronsoro theorem for Carnot groups in detail later in subsec-

tion 2.0.1. To summarize, the novelty of this paper in this direction is threefold. First,

we recognize the correct class of polynomials to approximate by, namely polynomials

of weighted degree that depend on the “full set of coordinates” as opposed to just

the “horizontal coordinates”. Second, we recover the full Dorronsoro theorem, i.e., we

prove both directions of the equivalence. Third, we verify that generalizing to higher

step Carnot groups introduces no serious problems. The proof method of Theorem

2.0.22 is based on Dorronsoro’s original proof in [19] and adds various ingredients

used in Fässler and Orponen’s proof in [22].

Remark 2.0.20. So far, we have mentioned two proof methods of the vertical versus

horizontal inequality, namely the Littlewood–Paley–Stein theory for Theorems 2.0.5

and 2.0.13 and the Dorronsoro theorem for the variant Theorem 2.0.17. There is a

third possible proof method for L2 targets which follows the representation theoretic

proof of [4] for the case G = H3, X = L2. Specifically, one can reduce proving the ver-

tical versus horizontal inequality to proving a certain inequality regarding 1-cocycles

G → L2 of irreducible unitary representations of G. The irreducible unitary repre-

sentations of H3 are given by the Stone–von Neumann theorem, while the irreducible

unitary representations have been described by Dixmier [18, 17] and Kirillov [45]. We

will not pursue this proof method since the anticipated results do not seem to provide

an improvement or advantage over neither Theorem 2.0.5 nor Theorem 2.0.17.
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Focusing on Euclidean distortion for concreteness, Theorem 2.0.14 tells us that

c2(NR) ≍nh

√
logR,

for any Carnot group G and (1,Ω(1))-net NR of BR. One may have expected that

Carnot groups with higher steps may have a ‘hierarchy’ of collapsing happening, with

distortions being propagated and amplified as one passes from [G,G], [G, [G,G]], all

the way up to [G, [G, · · · , G]]︸ ︷︷ ︸
s times

, with the center ending up “super-collapsed”; certainly

if G is high-dimensional and V1 is low dimensional, the collapsing happens along the

subgroup [G,G] of small codimension, and one may have enough room to have many

more interesting phenomena such as collapsing happen. In this case, the dependency

on s of the asymptotics of c2(NR) would appear in the exponent of logR, but actually

the asymptotics is exactly that of
√
logR. Thus, it seems that the collapsing happens

“only once” and happens “uniformly across all of [G,G]”. The algebraic structure of

the Carnot group seems to only affect the constants involved while having no effect on

the exponent. We then ask what is the correct dependence on the Lie group structure:4

Question 2.0.21. In the case of Euclidean distortion, what are the precise asymp-

totics? More precisely, we ask the following.

1. Let G be a nonabelian simply connected nilpotent Lie group. Does there exist a

constant cG such that we have the following?

c2(Br) ≍ cG
√

log r, r ≥ 2.

Similarly, for r1, r2 > 1 with r1 ≥ 2r2, let Nr1,r2 be an (r2,Ω(r2))-net of Br1.

Does there exist a constant c′G such that we have the following?

c2(Nr1,r2) ≍ c′G
√

log(r1/r2) as R → ∞.

4I thank Professor Assaf Naor for discussion on this matter and asking this question.
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If so, how are the values of cG and c′G determined by the algebraic structure of

G?

2. Let Γ be a not virtually abelian finitely generated group of polynomial growth.

Does there exist a constant cΓ such that we have the following?

c2(B
Γ
n) ≍ cΓ

√
log n as n→ ∞.

If so, how is the value of cΓ determined by the algebraic structure of Γ?

We know that, for Carnot groupsG, cG is bounded above and below by functions of

nh, since the constants appearing in the upper bound due to the Assouad embedding

theorem and in the lower bound due to Theorem 2.0.14 can all be made depending

on nh.

Note that the Carnot groups of lowest nonabelian step s = 2, such as the Heisen-

berg group H3, already give the worst dependence
√
logR. We however remark

that the nonembeddability statements, both qualitative and quantitative, for Carnot

groups into uniformly convex spaces do not formally follow from those of the Heisen-

berg group H3, because it is not true that any nonabelian Carnot group contains

a bilipschitz copy of H3.5 For example, the aforementioned model filiform spaces

Js−1(R) with s ≥ 3 do not contain a bilipschitz copy of H3. Recalling the definition of

the model filiform group, Js−1(R) admits the s-step grading V1(j
s−1) = span{x, y0},

V2(j
s−1) = span{y1}, · · · , Vs(js−1) = span{ys−1}. If Js−1(R) were to contain a bilips-

chitz copy of H3, then by the Pansu–Semmes differentiation theorem there would be

a Carnot group monomorphism H3 → Js−1(R), namely a Lie group monomorphism

that commutes with the dilations. This would induce a Lie algebra monomorphism

h3 → js−1 that sends Vi(h) → Vi(j
s−1) for all i; by matching dimensions, we actually

have vector space isomorphisms V1(h)
≈→ V1(j

s−1) and V2(h)
≈→ V2(j

s−1), but now we

5I thank Professors Assaf Naor and Robert Young for this comment.
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have a contradiction since this implies we have a surjection

0 = V3(h) = [V1(h), V2(h)] → [V1(j
s−1), V2(j

s−1)] = V3(j
s−1) ̸= 0.

Roadmap. The rest of the introduction is organized as follows. We first discuss in

detail Dorronsoro’s theorem on Carnot groups (Theorem 2.0.22) and describe the re-

sulting more refined fractional vertical versus horizontal inequalities (Theorem 2.0.24)

in subsection 2.0.1. In subsection 2.0.2, we present conjectural quantitative nonem-

beddability statements of nonabelian simply connected nilpotent Lie groups into L1

(Conjecture 2.0.30) to suggest a candidate behavior for the L1 distortion of balls in

groups of polynomial growth (Question 2.0.31).

After the introduction, the rest of this paper is organized as follows. We begin

by proving our main Theorems 2.0.5 and 2.0.13 in Section 2.1, and we then prove

the distortion bounds of Theorems 2.0.1, 2.0.2, 2.0.10, 2.0.11, 2.0.14, and 2.0.15 and

Corollaries 2.0.3 and 2.0.4 in Section 2.2. We derive the discretized inequalities of

Theorem 2.0.6 in Section 2.3. In Section 2.4, we prove Theorem 2.0.9 by analyz-

ing cocycles. We then, in Section 2.5, derive the fractional vertical versus horizontal

inequalities of Theorem 2.0.24, and thereby also prove Theorem 2.0.17, from the Dor-

ronsoro Theorem 2.0.22. Finally, we prove the Dorronsoro Theorem 2.0.22 in Section

2.6.

2.0.1 Dorronsoro’s theorem on Carnot groups

As mentioned earlier, a byproduct of this paper is a formulation and proof of a

Dorronsoro theorem for Carnot groups, which is used to prove Theorem 2.0.17. In

this subsection, we state the Dorronsoro theorem and obtain more refined vertical

versus horizontal inequalities.

Let G be a Carnot group in this subsection. Following Folland [25] and denoting
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by ∆ =
∑k

i=1X
2
i the sub-Laplacian and Ht the corresponding heat kernel, we define

the operator (−∆p)
α for 1 < p <∞ and Reα > 0 by

(−∆p)
αf = lim

ε→0

1

Γ(⌊Reα⌋+ 1− α)

ˆ ∞

ε

t⌊Reα⌋−α(−∆)⌊Reα⌋+1Htfdt

for all f ∈ Lp(G) such that the limit exists in the Lp norm. Then, for 1 < p <∞ and

α ≥ 0, the Sobolev space Spα is the Banach space Dom((−∆p)
α/2) with norm

∥ · ∥p,α := ∥ · ∥Lp(G) + ∥(−∆p)
α/2(·)∥Lp(G).

Fix a basisXr,1, · · · , Xr,kr , where kr = dimVr, of each stratum Vr. AsG is nilpotent

and simply connected, the exponential map exp : g → G is a diffeomorphism. Thus,

each point p ∈ G can be expressed in the coordinates p = exp
(∑s

r=1

∑kr
i=1 xr,iXr,i

)
,

xr,i ∈ R; let this be the single coordinate chart on G. For polynomials of the coordi-

nates xr,i, we assign weight r to the variable xr,i, r = 1, · · · , s, i = 1, · · · , kr.

Recall that nh =
∑s

r=1 rkr is the Hausdorff dimension of G. We have nh ≥ 4, as

we must have s ≥ 2, k1 ≥ 2 and k2 ≥ 1, since G is nonabelian.

For r > 0 and g ∈ G, recall the notation for open balls

Br = {h ∈ G : dG(h, eG) < r}, Br(g) = {h ∈ G : dG(h, g) < r} = gBr.

Recall that δλ is a scaling in the Carnot–Carathéodory metric:

dG(δλ(p), δλ(p
′)) = λdG(p, p

′), p, p′ ∈ G.

Thus Br = δr(B1), r > 0. Also, by compactness we have

dG(y, eG) ≍G

s∑
r=1

kr∑
i=1

|yr,i|1/r.
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Let d ∈ Z≥0 and let Ad denote the family of polynomials G → R of weighted

degree d. (Note that this family is left-invariant. Indeed, one can express the group

law in this coordinate system using the Baker–Campbell–Hausdorff formula

gh =
s∑

m=1

(−1)m−1

m

∑
r1+s1>0

···
rm+sm>0

[gr1hs1gr2hs2 · · · grmhsm ]
(
∑m

j=1(rj + sj)) ·
∏m

i=1 ri!si!
,

where the sum is finite since G is of step s, and we have used the following notation:

[gr1hs1 · · · grmhsm ] = [g, [g, · · · [g︸ ︷︷ ︸
r1

, [h, [h, · · · [h︸ ︷︷ ︸
s1

, · · · [g, [g, · · · [g︸ ︷︷ ︸
rm

, [h, [h, · · ·h︸ ︷︷ ︸
sm

]] · · · ]].

Thus, we can see that

exp

(
s∑
r=1

kr∑
i=1

x0r,iXr,i

)
exp

(
s∑
r=1

kr∑
i=1

x1r,iXr,i

)
= exp

(
s∑
r=1

kr∑
i=1

x2r,iXr,i

)

where

x2r,i =x
0
r,i + x1r,i

+ (homogeneous polynomial of {x0r′,i′}r′<r, {x1r′,i′}r′<r of weighted degree r).

Therefore a polynomial of weighted degree d precomposed with a left translation

is still of weighted degree d.) This definition of Ad is in contrast from [22], where

they only considered horizontal polynomials, i.e., polynomials that depend only on

the ‘horizontal coordinates’ x1,1, · · · , x1,k1 ; here we are allowing for non-horizontal

coordinates, provided they satisfy the weighted degree condition.

For a locally integrable function f : G → R, x ∈ G and r > 0, let Adx,rf denote
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the unique element of Ad such that

ˆ
Br(x)

(f(y)− Adx,rf(y))A(y)dy = 0, ∀A ∈ Ad.

For example, A0
x,rf = ⟨f⟩Br(x), the average of f on Br(x), and a formula for A1

x,rf is

given below in (2.54). We measure how well Adx,rf approximates f in the ball Br(x)

by the following quantity:

βf,d,q(Br(x)) =

( 
Br(x)

|f(y)− Adx,rf(y)|qdy
)1/q

, 1 ≤ q <∞.

Theorem 2.0.22 (Dorronsoro’s theorem for Carnot groups). Let 1 < p <∞, α > 0,

and

1 ≤ q <
min{p, 2}nh
nh −min{p, 2}

.

Then for all f ∈ Lp(G),

ˆ
G

(ˆ ∞

0

[
1

rα
βf,⌊α⌋,q(Br(x))

]2
dr

r

)p/2

dµ(x)

1/p

≍G,α,p,q ∥(−∆p)
α/2f∥Lp(G). (2.8)

in the sense that f ∈ Spα(G) if and only if the left-hand side of (2.8) is finite, in which

case the above relation holds.

Our proof of Theorem 2.0.22 is based on Dorronsoro’s original proof [19] and adds

on ingredients from Fässler and Orponen’s proof [22]. Actually, in the case of α = 1

and G = H2k+1 there is a simpler proof of Dorronsoro’s theorem involving the Fourier

transform [5, Subsection 7.3].6 It seems likely that there would be a similar simpler

proof of Theorem 2.0.22 for α = 1, but we have not pursued this direction since we

can obtain the full range α > 0 with our proof.

Remark 2.0.23. Fässler and Orponen’s version [22] of the Dorronsoro theorem [19]

6I thank Ian Fleschler for pointing out this reference.
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for Heisenberg groups states the ≲ portion of the above inequality (2.8) for f ∈ Spα(G)

in the case G = H2k+1 and 0 < α < 2. (They did not prove the ≳ portion because it is

not needed when proving the vertical versus horizontal inequalities.) The restriction

0 < α < 2 was necessary because they were approximating by horizontal polynomials,

i.e., polynomials that depend only on the horizontal coordinates; in the range 0 <

α < 2 our formulation of Theorem 2.0.22 agrees with that of [22] because then A1 is

precisely the family of horizontal polynomials. To see why the restriction 0 < α < 2 is

necessary when we consider only horizontal polynomials, let α ≥ 2, and suppose Ad

were defined as the set of horizontal polynomials of degree at most d. In the case of

the Heisenberg group H2k+1 the group structure is given by

exp

(
k∑
i=1

(x0i∂xi + y0i ∂yi) + z0∂z

)
· exp

(
k∑
i=1

(x1i∂xi + y1i ∂yi) + z1∂z

)

= exp

(
k∑
i=1

(
(x0i + x1i )∂xi + (y0i + y1i )∂yi

)
+

(
z0 + z1 +

1

2

k∑
i=1

(x0i y
1
i − x1i y

0
i )

)
∂z

)

and thus the left-invariant horizontal vector fields are given by

Xi =
∂

∂xi
+
yi
2

∂

∂z
, Yi =

∂

∂yi
− xi

2

∂

∂z
, i = 1, · · · , k,

so that the Laplacian is given by

∆ =
k∑
i=1

(X2
i + Y 2

i ) =
k∑
i=1

(
∂2

∂x2i
+

∂2

∂y2i
+ yi

∂2

∂xi∂z
− xi

∂2

∂yi∂z

)
+

1

4

k∑
i=1

(x2i + y2i )
∂2

∂z2
.

Let f : H2k+1 → R be a function which is smooth, supported on B2 and agrees with

the function z on B1. Clearly ∥(−∆)α/2f∥Lp(G) is finite. However, for r ∈ (0, 1
2
),

Ad0,rf = Ad0,rz = 0 because Br is symmetric about reflection with respect to the plane

z = 0; thus

βf,d,q(Br) =

( 
Br

|z|qdµ
)1/q

≍G,q r
2.
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Since Ad is invariant under left-translation and left-translation is measure-preserving,

at

p = exp

(
k∑
i=1

(x0i∂xi + y0i ∂yi) + z0∂z

)
∈ B1/2

we have

Adp,rf = z0 +
1

2

k∑
i=1

(x0i yi − xiy
0
i ), βf,d,q(Br(x)) = βf,d,q(Br) ≍G,q r

2.

Therefore, the left-hand side of (2.8) is bounded below by

ˆ
B1/2

(ˆ 1/2

0

[
1

rα
βf,⌊α⌋,q(Br(x))

]2
dr

r

)p/2

dµ(x)

1/p

≍G,q µ(B1/2)
1/p

(ˆ 1/2

0

dr

r1+2(α−2)

)1/2

= ∞.

Thus (2.8) fails to hold when α ≥ 2 when Ad is restricted to horizontal polynomials.

Of course, the purpose of the Dorronsoro Theorem 2.0.22 in this paper is to prove

the vertical versus horizontal inequality of Theorem 2.0.17. The proof of Theorem

2.0.17 from Theorem 2.0.22 is given in Section 2.5, and uses the special case of α = 1

of Theorem 2.0.22 along with the fact that ∥(−∆p)
1/2f∥Lp(G) ≍ ∥∇f∥Lp(G;ℓk2)

[14, (52)]

to see that it is enough to upper bound the left-hand side of (2.7) by the left-hand

side of (2.8).

However, one may wonder what vertical versus horizontal inequalities emerge when

we don’t specialize to α = 1. In this case, we obtain fractional order generalizations

of Theorem 2.0.5.

Theorem 2.0.24. Let 1 < p ≤ 2, α > 0, n ∈ N, and let f ∈ Spα(G). Let v ∈
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exp(V⌊α/n⌋+1 ⊕ · · · ⊕ Vs) with dG(v, eG) = 1. Then

(ˆ ∞

0

[ˆ
G

(
1

rα
∣∣∆n

δr(v)f(h)
∣∣)p dµ(h)]2/p dr

r

)1/2

≲G,p,α,n ∥(−∆p)
α/2f∥Lp(G), (2.9)

where for g ∈ G and F : G → R, ∆gF (x) := F (xg) − F (x) denotes the finite

difference.

The simple example n = 1 is given as follows.

Example 2.0.25. Let 1 < p ≤ 2, α > 0, and let f ∈ Spα(G). Let v ∈ exp(V⌊α⌋+1 ⊕

· · · ⊕ Vs) with dG(v, eG) = 1. Then

(ˆ ∞

0

[ˆ
G

(
|f(h)− f(hδr(v))|

rα

)p
dµ(h)

]2/p
dr

r

)1/2

≲G,p,α ∥(−∆p)
α/2f∥Lp(G).

The case G = H2k+1, n = 1, 0 < α < 2 of Example 2.0.25 has been obtained in

[23].

In the above, the Dorronsoro Theorem 2.0.22 was used for nonembeddings, but

there are also other applications. For example, the case of the Heisenberg groups

H2k+1, k ≥ 1, due to [22], is used in the work [13];7 it stands to reason that our more

general result will have similar applications, but we defer this to future investigations.

2.0.2 L1-distortion: vertical perimeter versus horizontal

perimeter

Given the discussion so far, one may ask whether the results of this paper follows

for L1(σ)-targets. Since ℓ1 is not uniformly convex, our results in this paper do not

apply; in fact, that general nonabelian simply connected nilpotent Lie groups G do

not embed bilipschitzly into L1 spaces was proven only recently by Eriksson-Bique,

7I thank Professor Tuomas Orponen for pointing out this fact.
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Gartland, Le Donne, Naples, and Nicolussi-Golo [21]. For the Heisenberg group this

was proven previously by Cheeger and Kleiner [12].

The results of this paper give quantitative nonembeddability of nonabelian simply

connected nilpotent Lie groups into uniformly convex spaces. In this subsection, which

closely follows Section 4 of [47], we will present hypothetical analogues of the results

of this paper for quantitative nonembeddability into L1.

Theorem 2.0.5 states in the case X = R and p ∈ (1, q] that for every smooth and

compactly supported f : G→ R,

(ˆ ∞

0

(ˆ
G

|f(hvt)− f(h)|pdµ(h)
)q/p

dt

t1+q/s

)1/q

≲G (p− 1)1/q−1

(ˆ
G

∥∇f(h)∥p
ℓk2
dµ(h)

)1/p

.

(2.10)

The constant (p − 1)1/q−1 is unbounded as p → 1; nevertheless, we ask whether the

endpoint case p = 1 of (2.10) does hold true.

Question 2.0.26. Let G be a nonabelian simply connected nilpotent Lie group, and

let v ∈ Z(G) be as in Theorem 2.0.5. For which exponents q ≥ 1 does every smooth

and compactly supported f : G→ R satisfy

(ˆ ∞

0

(ˆ
G

|f(hvt)− f(h)|dµ(h)
)q

dt

t1+q/s

)1/q

≲G,q

ˆ
G

∥∇f(h)∥ℓk2 dµ(h). (2.11)

Similarly, we may ask the following question.

Question 2.0.27. Let Γ be a not virtually abelian finitely generated group of polyno-

mial growth. Choose vΓ and s > 0 as in Theorem 2.0.6. For which exponents q ≥ 1

do there exist c = c(Γ) ∈ N such that for any n ∈ N and f : Γ → L1 we have the
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following?

 ns∑
k=1

1

k1+q/s

∑
x∈BΓ

n

∥f(xvkΓ)− f(x)∥qL1

1/q

≲Γ,q

∑
x∈BΓ

cn

∑
a∈S

∥f(xa)− f(x)∥L1 .

By the discretization argument of Section 2.3, an exponent q that answers Ques-

tion 2.0.26 positively also answers Question 2.0.27 positively.

Because the case q = ∞ formally holds for Question 2.0.26 (see Remark 2.0.18), it

is clear that the set of q that satisfies Question 2.0.26 is either of the form (qG,∞) or

[qG,∞) for some qG ∈ [1,∞] depending onG. The exponent range is [4,∞) forG = H3

[65] and is [2,∞) for G = Hk, k ≥ 5 [64]. We wish to know whether there are finite

exponents q satisfying (2.11), since then not only would we have a quantitative proof

of [21], but we would also have quantitative nonembeddability statements analogous

to Theorem 2.0.10, namely that if Nr1,r2 is a r2-covering of Br1 , r1 ≥ 2r2, r1, r2 > 1,

then

c1(Nr1,r2) ≳G,q (log(r1/r2))
1/q.

Also, if Γ is a not virtually abelian finitely generated group of polynomial growth that

is quasi-isometric to G, we would have

c1(B
Γ
n) ≳Γ,q (log n)

1/q, n ≥ 2.

By the co-area formula it suffices to prove (2.11) when f is an indicator of a

measurable set A ⊆ G, in which case the right-hand side of (2.11) is interpreted

as the horizontal perimeter PER(A) of A (see [2] and [12, Section 2] for a precise

definition).

Definition 2.0.28 (Vertical perimeter at scale t [47, 64]). Let v ∈ Z(G) be as in

Theorem 2.0.5. Let A ⊆ G be measurable and t ∈ (0,∞). The vertical perimeter
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vt(A) of A at scale t is defined as the quantity

vt(A) := µ
({
h ∈ A : hvt /∈ A or hv−t /∈ A

})
. (2.12)

By this definition, we may reformulate Question 2.0.26 into an isoperimetric in-

equality.

Question 2.0.29. For which exponents q is it true that for every measurable A ⊆ G

one has (ˆ ∞

0

vt(A)
q

t1+q/s
dt

)1/q

≲G,q PER(A). (2.13)

Of course, the set of q that satisfies Question 2.0.29 is the same as that of Question

2.0.26. In light of the nonembeddability result [21] and the situation in the Heisenberg

group, we make the following conjecture.

Conjecture 2.0.30. There exist finite exponents q that answer Questions 2.0.26 and

2.0.29 positively, and the infimum qG among such q is attained.

Conditioned on Conjecture 2.0.30, we would have for a (r2,Ω(r2))-net Nr1,r2 of

Br1 , where r1, r2 > 1 with r1 ≥ 2r2, that c1(Nr1,r2) ≳G (log(r1/r2))
1/qG , and for

a not virtually abelian finitely generated group of polynomial growth Γ we would

have c1(B
Γ
n) ≳Γ (log n)1/qG , n ≥ 2. However, for the 5 or higher dimensional Heisen-

berg groups H2k+1, k ≥ 2, with qH2k+1 = 2 we have the matching upper bounds

c1(Nr1,r2) ≲
√
log(r1/r2) and c1(B

H2k+1
Z

n ) ≲
√
log n by the Assouad embedding theo-

rem, while for the 3-dimensional Heisenberg group H3 we have the matching upper

bound c1(Nr1,r2) ≲ (log(r1/r2))
1/4 and c1(B

H3
Z

n ) ≲ (log n)1/4 by [65, Theorem 3.1]. We

thus pose the following question as well.

Question 2.0.31. For a (r2,Ω(r2))-net Nr1,r2 of Br1, does

c1(Nr1,r2) ≍G (log(r1/r2))
1/qG ,
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where r1, r2 > 1 with r1 ≥ 2r2? Furthermore, let Γ be a not virtually abelian finitely

generated group of polynomial growth which is quasi-isometric to G. Then does

c1(B
Γ
n , dW ) ≍G (log n)1/qG , n ≥ 2

hold?

2.1 Proof of Theorem 2.0.5: differentiation along

random paths

We will prove a theorem slightly more general than Theorems 2.0.5 and 2.0.13,

namely Theorem 2.1.1 below. We first explain the terminology behind the statements.

A Lie group G is said to be unimodular if its left-invariant Haar measure µ is

also right-invariant. Given left-invariant vector fields X1, · · · , Xk, the pointwise span

of X1, · · · , Xk forms a left-invariant vector subbundle B over G, and on each fibre

of the vector bundle B we may define a left-invariant Euclidean norm8 | · | that has

X1, · · · , Xk as an orthonormal basis (this generalizes our earlier choice of X1, · · · , Xk,

which we took to be a basis at eG in the setting of nilpotent Lie groups and a basis

of V1 in the case of Carnot groups). We may define the associated sub-Riemannian

distance as the Carnot-Carathéodory distance associated to B to | · |, i.e., for p, q ∈ G,

dG(p, q) := inf

{ˆ 1

0

|γ̇(t)|dt : γ ∈ C∞
pw([0, 1];G), γ(0) = p, γ(1) = q, γ̇ ∈ B

}
.

If X1, · · · , Xk and their brackets generate g, and if G is connected, then dG(·, ·) is

finite everywhere. The center Z(g) of the Lie algebra (g, [, ]) of G consists of elements

8Again, we could also take any general left-invariant norm on B, in which case the distance is
sub-Finsler. Compared to the sub-Riemannian case, the resulting distance dG is then distorted by
a factor of at most

√
dimV1 by the John ellipsoid theorem [43], and the results of this paper follow

up to multiplicative factors of
√
dimV1.
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v ∈ g such that [g, h] = 0 for all h ∈ g, and has the property that if v ∈ Z(g) then

exp(v) ∈ Z(G), the group theoretic center of G.

The following is an extension of Theorems 2.0.5 and 2.0.13; it is clear that Theorem

2.1.1 implies Theorems 2.0.5 and 2.0.13.

Theorem 2.1.1. Let G be a unimodular Lie group with Haar measure µ, left-invariant

vector fields X1, · · · , Xk, and associated sub-Riemannian distance dG(·, ·). Suppose

there is an element v ∈ Z(g) such that

dG(exp(tv), eG) ≤ t1/ρ ∀t > 0

for some real number ρ > 1 and such that there is a subset S of G with measure ν

such that the push-forward of the product measure of ν and the Lebesgue measure of

R under the map S × R → G, (s, t) 7→ s exp(tv) is the Haar measure µ.

Suppose that p ∈ (1,∞) and q ∈ [2,∞). Let (X, ∥ · ∥X) be a Banach space with

Kq(X) < ∞. If p ≥ q, then every smooth and compactly supported f : G → X

satisfies

(ˆ ∞

0

ˆ
G

(
∥f(h exp(tv))− f(h)∥X

t1/ρ

)p
dµ(h)

dt

t

)1/p

≲
ρ

ρ− 1
Kq(X)

(ˆ
G

∥∇f(h)∥p
ℓk2(X)

dµ(h)

)1/p

.

(2.14)

If p < q, and if for any t > 0 we have limr→∞ µ(Br+t)/µ(Br) = 1, then

(ˆ ∞

0

(ˆ
G

(
∥f(h exp(tv))− f(h)∥X

t1/ρ

)p
dµ(h)

)q/p
dt

t

)1/q

≲
ρ

ρ− 1
max

{
(p− 1)1/q−1, Kq(X)

}(ˆ
G

∥∇f(h)∥p
ℓk2(X)

dµ(h)

)1/p

.

(2.15)

The hypothesis for Theorem 2.1.1 is satisfied when G is a simply connected nilpo-

tent group. The product decomposition of the Haar measure easily follows from that
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of the Lebesgue measure on Rn. The distance requirement follows by [10, Proposition

2.13] and [41, Theorem 2.1], which tells us that if z ∈ Z(g) \ {0} then

dG(exp(tv), eG) ≍G


t1/s, t ≥ 1,

t1/r, 0 ≤ t < 1,

(2.16)

where s ≥ 2 is the nilpotency step of G and r is the smallest integer that v ∈

[B, [B, · · · , B]]︸ ︷︷ ︸
r times

(recall B is the left-invariant bundle spanned by X1, · · · , Xk). By

applying Theorem 2.1.1 with ρ = s and ρ = max{r, 1 + ε}, we obtain the following.

Corollary 2.1.2. Let G be a nonabelian simply connected nilpotent Lie group with

left-invariant vector fields X1, · · · , Xk such that the Xi’s and their brackets generate

g. Let v ∈ Z(g) \ {0}. Suppose that p ∈ (1,∞) and q ∈ [2,∞). Let (X, ∥ · ∥X) be

a Banach space with Kq(X) < ∞, and let f : G → X be smooth and compactly

supported.

1. Let v ∈ Z(g) \ {0} be normalized so that dG(v
t, eG) ≤ t1/s for t > 0, where s is

the nilpotency step of G. Then

(ˆ ∞

1

(ˆ
G

(
∥f(hvt)− f(h)∥X

t1/s

)p
dµ(h)

)max{p,q}/p
dt

t

)1/max{p,q}

≲ max
{
(p− 1)1/q−1, Kq(X)

}(ˆ
G

∥∇f(h)∥p
ℓk2(X)

dµ(h)

)1/p

.

(2.17)

2. Let r be the smallest integer that v ∈ [B, [B, · · · , B]]︸ ︷︷ ︸
r times

. If r ≥ 2, and if v ∈

Z(g) \ {0} is normalized so that dG(v
t, eG) ≤ t1/r for t > 0. Then

(ˆ 1

0

(ˆ
G

(
∥f(hvt)− f(h)∥X

t1/r

)p
dµ(h)

)max{p,q}/p
dt

t

)1/max{p,q}

≲ max
{
(p− 1)1/q−1, Kq(X)

}(ˆ
G

∥∇f(h)∥p
ℓk2(X)

dµ(h)

)1/p

.

(2.18)
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If r = 1, then for any ε > 0, if v ∈ Z(g)\{0} is normalized so that dG(v
t, eG) ≤

t1/(1+ε) for t > 0, then

(ˆ 1

0

(ˆ
G

(
∥f(hvt)− f(h)∥X

t1/(1+ε)

)p
dµ(h)

)max{p,q}/p
dt

t

)1/max{p,q}

≲
1 + ε

ε
max

{
(p− 1)1/q−1, Kq(X)

}(ˆ
G

∥∇f(h)∥p
ℓk2(X)

dµ(h)

)1/p

.

(2.19)

Based on these theorems, we have the following nonembeddability statements.

Theorem 2.1.3. Let the Lie group G, left-invariant vector fields X1, · · · , Xk, and

v ∈ Z(g) satisfy the hypotheses of Theorem 2.1.1. Suppose X1, · · · , Xk and their

brackets generate g. Let X be a q-uniformly convex Banach space, with q ≥ 2.

1. If dG(exp(tv), eG) ≍G t1/ρ for 0 < t < 1 for some ρ > 1, then any nonempty

open subset U of G fails to embed bilipschitzly into X.

2. If dG(exp(tv), eG) ≍G t1/ρ for t ≥ 1 for some ρ > 1, and if the Haar measure

µ of G is close to being Ahlfors regular at large scales in the sense that for any

constant c′ ≥ 1

µ(Bc′r)/µ(Br) ≍G 1, r ≥ 1,

then cX(Br) ≳G
ρ−1
ρ

· (ρ log r)1/q

Kq(X)
for r = ΩG(1). In particular, G fails to bilips-

chitzly embed into X. We have cp(Br) ≍ (log r)1/max{p,2} for 1 < p <∞.

Indeed, for (1), we may assume by translation that Br ⊂ U for some r > 0. If

f : U → X were a bilipschitz embedding, dG(x, y) ≤ ∥f(x) − f(y)∥X ≤ DdG(x, y),

x, y ∈ U , we may assume by translation that f(eG) = 0. Multiplying f by a smooth

cutoff function, we may construct F : G → X which is Lipschitz, agrees with f on

Br/3, and is supported on B2r/3. By a smooth approximation argument, we may apply

(2.14) to F . Let c1, c2 > 0 be such that c1t
1/ρ ≤ dG(exp(tv), eG) ≤ c2t

1/ρ for 0 < t < 1.

Then the right-hand side of (2.14) is a finite quantity, whereas the left-hand side is
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at least

(ˆ rρ/cρ26
ρ

0

ˆ
Br/6

(
∥f(h exp(tv))− f(h)∥X

t1/ρ

)q
dµ(h)

dt

t

)1/q

=

(
µ(Br/6)

ˆ rρ/cρ26
ρ

0

cq1
dt

t

)1/q

= ∞,

giving a contradiction.

For (2), if f : Br → X satisfied dG(x, y) ≤ ∥f(x)− f(y)∥X ≤ DdG(x, y) for x, y ∈

Br and, then translating and multiplying f by a cutoff function we may construct

F : G → X which is 3D-Lipschitz, agrees with f on Br/2, and is supported on Br.

Again, let c1, c2 > 0 be such that c1t
1/ρ ≤ dG(exp(tv), eG) ≤ c2t

1/ρ for t > 1. Applying

(2.14), we have

c1µ(Br/4)
1/q log(rρ/cρ24

ρ)1/q

≲G

(ˆ rρ/cρ24
ρ

1

ˆ
Br/4

(
∥f(h exp(tv))− f(h)∥X

t1/ρ

)q
dµ(h)

dt

t

)1/q

≲
ρ

ρ− 1
Kq(X)

(ˆ
Br

∥∇F∥q
ℓk2(X)

dµ

)1/q

≲G
ρ

ρ− 1
Kq(X)µ(Br)

1/qD.

This gives the stated estimate.

By (2.16), we have the following.

Corollary 2.1.4. Let G be a nonabelian simply connected nilpotent Lie group with

left-invariant vector fields X1, · · · , Xk such that the Xi’s and their brackets generate

g. Suppose that q ∈ [2,∞) and let (X, ∥ · ∥X) be a Banach space with Kq(X) <∞.

1. If Z(g) ⊈ span{X1, · · · , Xk}, then any nonempty open subset U of G fails to

embed bilipschitzly into X.

2. If Z(g) ⊆ span{X1, · · · , Xk}, we have cX(Br) ≳G
(log r)1/q

Kq(X)
for r ≥ 2. In partic-

ular, G fails to bilipschitzly embed into X.
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Before we begin the proof of Theorem 2.1.1, for motivation we begin by proving

Remark 2.0.18 which states that the case q = ∞ of Theorem 2.0.17 formally holds.

Proof of Remark 2.0.18. It is enough to prove that, for each r > 0,

[ˆ
G

(
|f(h)− f(hδr(v))|

r

)p
dµ(h)

]1/p
≤ ∥∇f∥Lp(G;ℓk2)

.

Let γ : [0, r] → G be a piecewise smooth horizontal curve of unit speed connecting

eG to δr(v).Then

|f(h)− f(hδr(v))| ≤
ˆ r

0

|∇f(hγ(s)) · dLhγ̇(s)|ds ≤
ˆ r

0

|∇f(hγ(s))|ds.

Thus, by Jensen’s inequality and right-invariance of the Haar measure µ,

[ˆ
G

(
|f(h)− f(hδr(v))|

r

)p
dµ(h)

]1/p
≤
[
1

r

ˆ
G

ˆ r

0

|∇f(hγ(s))|pdsdµ(h)
]1/p

≤∥∇f∥Lp(G;ℓk2)
,

and we are done.

Likewise, it is not hard to obtain a proof of the q = ∞ case of Theorem 2.1.1 by the

above proof. This proof basically just takes a path from h to hδr(v) and differentiates

f along that path; however, the resulting inequality is weak. To make up for this

weakness, we will choose over a random distribution of paths, the randomness arising

from a heat flow on the line spanned by v. We will then apply the above proof method

to each of those random paths (in Lemma 2.1.6). This will result in an upper bound

given in terms of a convolution of ∇f with a derivative of the heat kernel, which

we treat using Littlewood–Paley–Stein g-function estimates. This proof method is

borrowed from and extends that of [47].

We set some notation and terminology.
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Recall there is v ∈ Z(g) and a subset S of G with measure ν such that the push-

forward of the product measure of ν and the Lebesgue measure of R under the map

S × R → G, (s, t) 7→ s exp(tv) is the Haar measure µ. We denote vt := exp(tv) ∈ G.

For p ∈ [1,∞), the Lebesgue–Bochner spaces

Lp(R,Lebesgue;X) = Lp(R;X), Lp(S, ν;X) = Lp(S;X), Lp(G, µ;X) = Lp(G;X)

are defined. For f ∈ Lp(G;X) define f v : R → Lp(S;X) by

f v(z)(x) = f(xvz), x ∈ S, z ∈ R. (2.20)

Given ψ ∈ L1(R), define the convolution ψ ∗ f := ψ ∗ f v ∈ Lp(G;X),

ψ ∗ f(xvz) :=
ˆ
R
ψ(u)f(xvz−u)du ∈ X.

So ψ ∗ f is the usual group convolution of f with the measure supported on

exp(span(v))

whose density is ψ.

We will take ψ to be the heat kernel or its derivatives. The heat kernel on R is

defined for t > 0, x ∈ R as

ht(x) :=
1

2
√
πt
e−

x2

4t , x ∈ R,

and has derivatives

ḣt(x) = ∂tht(x) =
x2 − 2t

8
√
πt5/2

e−
x2

4t , ∂xht(x) = − x

4
√
πt3/2

e−
x2

4t .
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Then for a universal constant C, for all t > 0 we have

ˆ ∞

0

x1/ρht(x)dx = Γ

(
1

2
+

1

2ρ

)
(4t)1/ρ

2
√
π
, ∥ḣt∥L1(R) =

C

t
, ∥∂xht∥L1(R) =

1√
πt
.

(2.21)

We now begin the proof of Theorem 2.1.1. First, note that the case p > q of

Theorem 2.1.1 follows from that of p = q, because Kq(X) ≥ Kp(X). Thus, it is

enough to consider the cases p = q and p < q. The case p < q will also be shown to

follow from that of p = q, albeit in a more complicated way. We prove the case p = q

first.

2.1.1 The case p = q

Step 1

The first step is to bound the vertical variations f(gvt)−f(g) by the quantities ḣt∗

f . This corresponds to Lemma 2.6 of [47], which is a modification of the corresponding

statement in [75].

Lemma 2.1.5 (Analogue of [47, Lemma 2.6]). Fix p ∈ [1,∞) and let (X, ∥ · ∥X) be

a Banach space. Every smooth and compactly supported f : G→ X satisfies

(ˆ ∞

0

ˆ
G

∥f(gvt)− f(g)∥pXdg
dt

t1+p/ρ

)1/p

≲
ρ

ρ− 1

(ˆ ∞

0

tp
2ρ−1
2ρ

−1
∥∥∥ḣt ∗ f∥∥∥p

Lp(G;X)
dt

)1/p

.

(2.22)

This is the part of the argument that uses that ρ > 1. In the nilpotent setting,

this means that our group G has nilpotency step s > 1 and hence is nonabelian.

Proof. For every g ∈ G and t > 0 we have

f(gvt)− f(g) = [f(gvt)− ht2 ∗ f(gvt)] + [ht2 ∗ f(gvt)− ht2 ∗ f(g)] + [ht2 ∗ f(g)− f(g)]
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so by the triangle inequality

(ˆ ∞

0

ˆ
G

∥f(gvt)− f(g)∥pXdg
dt

t1+p/ρ

)1/p

≤
(ˆ ∞

0

ˆ
G

∥f(gvt)− ht2 ∗ f(gvt)∥pXdg
dt

t1+p/ρ

)1/p

+

(ˆ ∞

0

ˆ
G

∥ht2 ∗ f(gvt)− ht2 ∗ f(g)∥pXdg
dt

t1+p/ρ

)1/p

+

(ˆ ∞

0

ˆ
G

∥ht2 ∗ f(g)− f(g)∥pXdg
dt

t1+p/ρ

)1/p

.

We bound each term by the right-hand side of (2.22). First,

(ˆ ∞

0

ˆ
G

∥f(gvt)− ht2 ∗ f(gvt)∥pXdg
dt

t1+p/ρ

)1/p

=

(ˆ ∞

0

ˆ
G

∥∥∥∥∥
ˆ t2

0

ḣτ ∗ f(gvt)dτ

∥∥∥∥∥
p

X

dg
dt

t1+p/ρ

)1/p

≤

(ˆ ∞

0

(ˆ t2

0

∥∥∥ḣτ ∗ f∥∥∥
Lp(G;X)

dτ

)p
dt

t1+p/ρ

)1/p

≤ 21−1/pρ

(ˆ ∞

0

tp
2ρ−1
2ρ

−1∥ḣt ∗ f∥pLp(G;X)dt

)1/p

,

where in the first inequality we used the triangle inequality in Lp(G;X) and the fact

that the Haar measure on G is right-invariant, and in the second inequality we used

Hardy’s inequality [34, Theorem 330]

(ˆ ∞

0

[
x−ν

ˆ x

0

f(t)dt

]p
dx

)1/p

≤ 1

ν − 1/p

(ˆ ∞

0

x(1−ν)pf(x)pdx

)1/p

, ν >
1

p
,

(2.23)

with ν = 1
p
+ 1

2ρ
. The third term of the right-hand side of (2.22) is bounded using the

same method.

We now bound the second term of the right-hand side of (2.22). By the semigroup
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property we have ht = ht/2 ∗ ht/2 for t > 0, hence ḣt = ht/2 ∗ ḣt/2 and so

∂t∂xht = ∂xḣt = ∂xht/2 ∗ ḣt/2.

Since by Young’s inequality

∥∂xht ∗ f∥Lp(G;X) ≤ ∥∂xht∥L1(R)∥f∥Lp(G;X) =
1√
πt

∥f∥Lp(G;X), (2.24)

we have limt→∞ ∂xht ∗ f = 0 in Lp(G;X), and thus

∂xht2 ∗ f = −
ˆ ∞

t2
∂τ (∂xhτ ∗ f)dτ = −

ˆ ∞

t2
∂xhτ/2 ∗ ḣτ/2 ∗ fdτ,

and we may write

ht2 ∗ f(gvt)−ht2 ∗ f(g) =
ˆ t

0

∂xht2 ∗ f(gvu)du = −
ˆ t

0

ˆ ∞

t2
∂xhτ/2 ∗ ḣτ/2 ∗ f(gvu)dτdu.

Observe that for every t ∈ (0,∞) we have

(ˆ ∞

0

ˆ
G

∥ht2 ∗ f(gvt)− ht2 ∗ f(g)∥pXdg
dt

t1+p/ρ

)1/p

≤
(ˆ ∞

0

ˆ
G

∥∥∥∥ˆ t

0

ˆ ∞

t2
∂xhτ/2 ∗ ḣτ/2 ∗ f(gvu)dτdu

∥∥∥∥p
X

dg
dt

t1+p/ρ

)1/p

≤

(ˆ ∞

0

(ˆ t

0

ˆ ∞

t2

(ˆ
G

∥∥∥∂xhτ/2 ∗ ḣτ/2 ∗ f(gvu)∥∥∥p
X
dg

)1/p

dτdu

)p
dt

t1+p/ρ

)1/p

=

(ˆ ∞

0

(
t

ˆ ∞

t2

∥∥∥∂xhτ/2 ∗ ḣτ/2 ∗ f)∥∥∥
Lp(G;X)

dτ

)p
dt

t1+p/ρ

)1/p

≤
(ˆ ∞

0

tp
ρ−1
ρ

−1

(ˆ ∞

t2

∥∥∥∂xhτ/2 ∗ ḣτ/2 ∗ f∥∥∥
Lp(G;X)

dτ

)p
dt

)1/p

≤ 21−1/pρ

ρ− 1

(ˆ ∞

0

tp
3ρ−1
2ρ

−1
∥∥∥∂xht/2 ∗ ḣt/2 ∗ f∥∥∥p

Lp(G;X)
dt

)1/p

,
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where the second inequality uses the triangle inequality in Lp(G;X), the first equality

uses the right-invariance of the Haar measure µ, and the fourth inequality uses the

second form of Hardy’s inequality [34, Theorem 330]

(ˆ ∞

0

[
tν
ˆ ∞

t

f(u)du

]p
dt

)1/p

≤ 1

ν + 1/p

(ˆ ∞

0

xp(1+ν)f(x)pdx

)1/p

, ν > −1/p

(2.25)

with ν = ρ−1
2ρ

− 1
p
. (This is the step where we use ρ > 1.) By Young’s inequality,

∥∂xht/2 ∗ ḣt/2 ∗ f∥Lp(G;X) ≤ ∥∂xht/2∥L1(R)∥ḣt/2 ∗ f∥Lp(G;X) =

√
2

πt
∥ḣt/2 ∗ f∥Lp(G;X).

Therefore

(ˆ ∞

0

ˆ
G

∥ht2 ∗ f(gvt)− ht2 ∗ f(g)∥pXdg
dt

t1+p/ρ

)1/p

≤ 23/2−1/p−1/2ρρ√
π(ρ− 1)

(ˆ ∞

0

tp
2ρ−1
2ρ

−1∥ḣt ∗ f∥pLp(G;X)dt

)1/p

.

This completes the proof.

Step 2

We will next bound ḣt ∗ f using ḣt ∗ ∇f . We first prove the following lemma.

Lemma 2.1.6. Suppose that p ∈ [1,∞) and t ∈ (0,∞). Then for every Banach space

(X, ∥ · ∥X) and every smooth and compactly supported f : G→ X we have

∥∥∥ḣt ∗ f − ḣ2t ∗ f
∥∥∥
Lp(G;X)

≲ t1/2ρ
∥∥∥ḣt ∗ ∇f∥∥∥

Lp(G;ℓk2(X))
. (2.26)

Proof. Recalling the semigroup property ḣ2t = ht ∗ ḣt, we have

ḣt∗f(g)−ḣ2t∗f(g) = ḣt∗f(g)−ht∗ḣt∗f(g) =
ˆ
R
ht(u)

(
ḣt ∗ f(g)− ḣt ∗ f(gv−u)

)
du.

(2.27)
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For u ∈ [0,∞), let γu : [0, dG(v
u, eG)] → G be a measurable family of geodesics

parametrized by arclength joining eG to vu. (Such a measurable family exists by the

Aumann measurable selection theorem [9, Theorem 6.9.13]). For every u ∈ [0,∞) and

g ∈ G,

ḣt ∗ f(g)− ḣt ∗ f(gv−u) = ḣt ∗ f(gv−uγu(dG(vu, eG)))− ḣt ∗ f(gv−u)

=

ˆ dG(vu,eG)

0

d

dθ
ḣt ∗ f(gv−uγu(θ))dθ.

Because γu is horizontal and parametrized by arclength, and because convolution

with ḣt commutes with ∇ (this is because v is in the center of G), we have for every

θ ∈ [0, dG(v
u, eG)]

∥∥∥∥ ddθ ḣt ∗ f(gv−uγu(θ))
∥∥∥∥
X

≲
∥∥∥ḣt ∗ ∇f(gv−uγu(θ))∥∥∥

ℓk2(X)
. (2.28)

We thus obtain

(ˆ
G

∥∥∥∥ˆ ∞

0

ht(u)
(
ḣt ∗ f(g)− ḣt ∗ f(gv−u)

)
du

∥∥∥∥p
X

dg

)1/p

≲G

ˆ ∞

0

ˆ dG(vu,eG)

0

ht(u)

(ˆ
G

∥∥∥ḣt ∗ ∇f(gv−uγu(θ))∥∥∥p
ℓk2(X)

dg

)1/p

dθdu

≤
(ˆ ∞

0

u1/2ρht(u)du

)
∥ḣt ∗ ∇f∥Lp(G;ℓk2(X))

(2.21)−(i)

≲ t1/2ρ∥ḣt ∗ ∇f∥Lp(G;ℓk2(X)),

where in the first equality we used the right-invariance of the Haar measure on G.

Similarly, for u ∈ (−∞, 0],

ḣt ∗ f(g)− ḣt ∗ f(gv−u) = −
ˆ dG(vu,eG)

0

d

dθ
ḣt ∗ f(gγ−u(θ))dθ,
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and by the same reasoning,

(ˆ
G

∥∥∥∥ˆ 0

−∞
ht(u)

(
ḣt ∗ f(g)− ḣt ∗ f(gv−u)

)
du

∥∥∥∥p
X

dg

)1/p

≲ t1/2ρ∥ḣt ∗ ∇f∥Lp(G;ℓk2(X)).

These two estimates along with (2.27) gives the stated inequality.

Now we bound ḣt ∗ f using ḣt ∗ ∇f .

Lemma 2.1.7. Fix p ∈ [1,∞). For every Banach space (X, ∥ ·∥X), every smooth and

compactly supported f : G→ X satisfies

(ˆ ∞

0

tp
2ρ−1
2ρ

−1
∥∥∥ḣt ∗ f∥∥∥p

Lp(G;X)
dt

)1/p

≲G

(ˆ ∞

0

tp−1
∥∥∥ḣt ∗ ∇f∥∥∥p

Lp(G;ℓk2(X))
dt

)1/p

.

Proof. By Young’s inequality,

∥ḣt ∗ f∥Lp(G;X) ≤ ∥ḣt∥L1(R)∥f∥Lp(G;X)

(2.21)−(ii)
≍ 1

t
∥f∥Lp(G;X),

so limt→∞ ḣt ∗ f = 0 in Lp(G;X). Therefore

ḣt ∗ f =
∞∑
m=1

(
ḣ2m−1t ∗ f − ḣ2mt ∗ f

)
,

from which it follows that

(ˆ ∞

0

tp
2ρ−1
2ρ

−1
∥∥∥ḣt ∗ f∥∥∥p

Lp(G;X)
dt

)1/p

≤
∞∑
m=1

(ˆ ∞

0

tp
2ρ−1
2ρ

−1
∥∥∥ḣ2m−1t ∗ f − ḣ2mt ∗ f

∥∥∥p
Lp(G;X)

dt

)1/p

≲
∞∑
m=1

(ˆ ∞

0

tp
2ρ−1
2ρ

−1(2m−1t)p/ρ
∥∥∥ḣ2m−1t ∗ ∇f

∥∥∥p
Lp(G;ℓk2(X))

dt

)1/p

=

(
∞∑
m=1

1

2(m−1)(2ρ−1)/2ρ

)(ˆ ∞

0

tp−1
∥∥∥ḣt ∗ ∇f∥∥∥p

Lp(G;ℓk2(X))
dt

)1/p

,

where the second inequality uses Lemma 2.1.6.
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Step 3

We are now ready to prove the p = q case of Theorem 2.1.1.

Given a Banach space (B, ∥ · ∥B), for every function ϕ ∈ Lp(R;B) its generalized

Hardy–Littlewood g-function Gp(ϕ) : R → [0,∞] is defined as follows.

Gp(ϕ)(x) :=

(ˆ ∞

0

tp−1
∥∥∥ḣt ∗ ϕ(x)∥∥∥p

B
dt

)1/p

. (2.29)

By [40, Theorem 17], which is a quantitative version of9 [56, Theorem 2.1] and [82,

Theorem 2]

ϕ ∈ Lp(R;B) =⇒ ∥Gp(ϕ)∥Lp(R;B) ≲ Kp(B)∥ϕ∥Lp(R;B). (2.30)

We will apply (2.30) to B = Lp(S; ℓk2(X)). By [57, Corollary 6.4],

Kp(B) ≤
(

5p2

(p− 1)2

)1−1/p

Kp(ℓ
k
2(X)) ≤

(
50p3

(p− 1)3

)1−1/p

Kp(X) ≲ Kp(X),

since p ≥ 2.

9More precisely, [56] proves inequality (2.30) for ‘subordinated’ semigroups, such as the Poisson
semigroup subordinated by the heat semigroup, and [82] proves the inequality for general symmetric
diffusion semigroups. The work [40] has the advantage that it obtains, for the heat semigroup,
the explicit constant mp(B), the martingale cotype p constant of B, which in turn is bounded by
Kp(B) by [70]. Since [40] and [82] were unavailable when [47] was written, [47] worked with the
Poisson semigroup. We could have also started with the Poisson semigroup Pt, which gives the same
constant in (2.30) due to semigroup subordination. See [65, Appendix A] for a detailed account of
this discussion.
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Recalling (2.20), we choose ϕ = (∇f)v : R → B. Then,

(ˆ ∞

0

tp−1
∥∥∥ḣt ∗ ∇f∥∥∥p

Lp(G;ℓk2(X))
dt

)1/p

=

(ˆ ∞

0

ˆ
R

(
t
∥∥∥ḣt ∗ ϕ(z)∥∥∥

B

)p
dz
dt

t

)1/p

≤
(ˆ

R

ˆ ∞

0

(
t
∥∥∥ḣt ∗ ϕ(z)∥∥∥

B

)p dt
t
dz

)1/p

= ∥Gp(ϕ)∥Lp(R;B)

≲ Kp(X)∥ϕ∥Lp(R;B) = Kp(X)∥∇f∥Lp(G;ℓk2(X)).

By this discussion and Lemmas 2.1.6 and 2.1.7, the proof for the case p = q is

complete.

2.1.2 The case p < q

The following is an imitation of the argument of [65, Appendix A]. Recall that for

all t > 0, limr→∞ µ(Br+t)/µ(Br) = 1.

For M > 1, let βM : G→ [0, 1] be an O(1)-Lipschitz smooth bump function with

βM = 1 on BM and supp βM ⊂ BM+1. For f : G→ X, define FM : G→ Lp(G;E) by

FM(h)(g) = βM(h)f(gh), g, h ∈ G.

Then by FM is compactly supported and smooth, so by the p = q case,

(ˆ ∞

0

∥Dt
vFM∥qLq(G;Lp(G;X))

dt

t

)1/q

≲
ρ

ρ− 1
Kq(L

p(G;X))∥∇FM∥Lq(G;ℓkq (L
p(G;X))),

where Dt
v is shorthand for Dt

vf(g) =
f(gvt)−f(g)

t1/ρ
.
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For q ∈ (1, 2], the q-uniform smoothness constant of X is defined by

Sq(X)

:= inf

{
K > 0 : ∀x, y ∈ E (∥x∥qX +Kq∥y∥qX)

1/q ≥
(
∥x+ y∥qX + ∥x− y∥qX

2

)1/q
}
.

Then we have

Kq(L
p(G;X)) = Sq/(q−1)(L

p/(p−1)(G;X∗)) ≤ max

{(
p

p− 1

)(q−1)/q

, Sq/(q−1)(X
∗)

}

≍ max
{
(p− 1)

1
q
−1, Kq(X)

}

Where the equality and ≍ follow from [6, Lemma 5] and the inequality follows from

equation (4.4) of [60]. Therefore we have

(ˆ ∞

0

∥Dt
vFM∥qLq(G;Lp(G;X))

dt

t

)1/q

≲
ρ

ρ− 1
max{(p− 1)1/q−1, Kq(E)}∥∇FM∥Lq(G;ℓkq (L

p(G;X))).

(2.31)

As

∇FM(h)(g) = f(gh)∇βM(h) + βM(h)∇f(gh)

from left-invariance of ∇, we have (with the normalization µ(B1) = 1)

∥∇FM(h)∥ℓk2(Lp(G;X)) ≲ ∥f∥Lp(G;X)1BM+1\BM
(h) + ∥∇f∥Lp(G;X)1BM+1

(h), h ∈ G,

and thus (with the normalization µ(B1) = 1)

∥∇FM∥Lq(G;ℓk2(L
p(G;X))) ≲ µ(BM+1 \BM)1/q∥f∥Lp(G;X) + µ(BM)1/q∥∇f∥Lp(G;ℓk2(X)).

(2.32)

If 0 < t < M s and h ∈ BM−t1/s , then hv
t ∈ BM so βM(h) = βM(hvt) = 1. Thus, for
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any h ∈ BM−t1/s , ∥Dt
vFM(h)∥Lp(G;X) = ∥Dt

vf∥Lp(G;X). We have

∥Dt
vFM∥Lq(G;Lp(G;X)) ≳ µ(BM−t1/s)

1/q∥Dt
vf∥Lp(G;X),

and for 0 < T < M ,

(ˆ T s

0

∥Dt
vFM∥qLq(G;Lp(G;X))

dt

t

)1/q

≳ µ(BM−T )
1/q

(ˆ T s

0

∥Dt
vf∥

q
Lp(G;X)

dt

t

)1/q

. (2.33)

Combining (2.31), (2.32), and (2.33), we are left with

µ(BM−T )
1/q

(ˆ T s

0

∥Dt
vf∥

q
Lp(G;X)

dt

t

)1/q

≲
ρ

ρ− 1
max{(p− 1)1/q−1, Kq(X)}

·
(
µ(BM+1 \BM)1/q∥f∥Lp(G;X) + µ(BM)1/q∥∇f∥Lp(G;ℓk2(X))

)

for all 0 < T < M . TakingM → ∞ and then T → ∞, we obtain the stated inequality.

This completes the proof of Theorem 2.1.1.

2.2 Proof of Theorems 2.0.1, 2.0.2, 2.0.10, 2.0.11,

2.0.14, and 2.0.15 and Corollaries 2.0.3 and

2.0.4: distortion bounds

In this section we prove Theorems 2.0.1 and 2.0.2, Corollaries 2.0.3 and 2.0.4, and

Theorems 2.0.10, 2.0.11, 2.0.14 and 2.0.15. Theorems 2.0.1, 2.0.10, 2.0.11, 2.0.14 and

2.0.15 will follow from Theorem 2.0.5, Theorem 2.0.2 will follow from Theorem 2.0.6,

and Corollaries 2.0.3 and 2.0.4 will follow from Theorems 2.0.1 and 2.0.2, respectively.

First we show the proof of Theorem 2.0.1 from Theorem 2.0.5.
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Proof of Theorem 2.0.1 from Theorem 2.0.5. Suppose f : Br → X satisfies

dG(x, y) ≤ ∥f(x)− f(y)∥X ≤ DdG(x, y), x, y ∈ Br.

Translating and multiplying f by a cutoff function we may construct F : G → X

which is 3D-Lipschitz, agrees with f on Br/2, and is supported on Br. Supposing

Theorem 2.0.5 and applying (2.2), we have, using ∥f(hvt)− f(h)∥X ≥ dG(v
t, eG) ≳G

t1/ρ for t ≥ 1,

µ(Br/4)
1/q log(rs/4s)1/q ≲G

(ˆ rs/4s

1

ˆ
Br/4

(
∥f(hvt)− f(h)∥X

t1/s

)q
dµ(h)

dt

t

)1/q

≲ Kq(X)

(ˆ
Br

∥∇F∥q
ℓk2(X)

dµ

)1/q

≲G Kq(X)µ(Br)
1/qD.

But by [44, Corollary 4.11], we have µ(Br) ≍G rnh for r = Ω(1) for a fixed positive

integer nh. We therefore obtain Theorem 2.0.1.

The proof of Theorem 2.0.2 from Theorem 2.0.6 is similar.

Proof of Theorem 2.0.2 from Theorem 2.0.6. Let c be as in Theorem 2.0.6. It suffices

to show that cX(B(c+1)n) ≳Γ
(logn)1/q

Kq(X)
. Suppose that f : Γ → X satisfies dW (x, y) ≤

∥f(x)− f(y)∥X ≤ DdW (x, y) for all x, y ∈ BΓ
(c+1)n. Recall that

dW (vkΓ, eΓ) ≍Γ k
1/s, k ∈ N,

and also that |Bm| ≍Γ m
nh for every m ∈ N (see [10, Theorem 1.1]). Thus, Theorem

2.0.6 applied to f yields the following estimate.

nnh/q(log n)1/q ≲Γ

(
ns∑
k=1

nnh
kq/s

k1+q/s

)1/q

≲Γ Kq(X)nnh/qD, (2.34)

which gives Theorem 2.0.2.
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Proof of Corollary 2.0.4. The lower bound of Corollary 2.0.4 follows from Theorem

2.0.2. The upper bound follows from a version [50, Theorem 5.1] of the Assouad

embedding theorem [3]:

cp(Γ, d
1−ε
Γ ) ≲Γ,p 1/ε

1/max{p,2}, 0 < ε < 1,

Also, (BΓ
n , d

1−1/2 logn
W ) is O(1)-bilipschitz equivalent to (BΓ

n , dW ), so we have the upper

bound.

Proof of Corollary 2.0.3. The lower bound of Corollary 2.0.3 follows from Theorem

2.0.2. To show the upper bound, we note that the proof of the aforementioned version

[50, Theorem 5.1] of the Assouad embedding theorem [3], with ε = 1
2 logR

, produces a

mapping ψ : G→ Lp such that ψ is OG

(
(logR)1/max{p,2})-Lipschitz and satisfies

∥ψ(g)− ψ(h)∥Lp ≳G dG(g, h)
1−1/2 logR, g, h ∈ G such that dG(g, h) = Ω(1).

It is thus enough to construct a mapping ϕ : G → Rd such that ϕ is O(1)-Lipschitz

and

|ϕ(g)− ϕ(h)| ≳G dG(g, h), g, h ∈ G such that dG(g, h) ≤ 1,

for then ψ ⊕ ϕ : G→ Lp ⊕ Rd = Lp gives the desired mapping.

Since G is Riemannian and exp : g → G is a diffeomorphism, exp is O(1)-

bilipschitz on balls of radius O(1). The idea is to ‘glue’ these mappings together

to produce the mapping ϕ.

Let N be a (1, 1)-net of G. Since G is doubling, there is a constant K such that

N = ∪Ki=1Ni, where Ni are 8-packings of G. For each i = 1, · · · , K extend the mapping

∪g∈Ni
gB2 → g, h ∈ gB2 7→ exp−1(g−1h)
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to an O(logK)-Lipschitz mapping ϕi : G → g by [51], and set ϕ =
⊕K

i=1 ϕi. Then ϕ

has the desired properties.

Proof of Theorem 2.0.10. Let Nr1,r2 be an r2-covering of Br1 and let f : Nr1,r2 → X

be a mapping with

dG(x, y) ≤ ∥f(x)− f(y)∥ ≤ DdG(x, y), x, y ∈ Nr1,r2 .

By [51] there is an extension F : G → X of f that is CD logK-Lipschitz for a

universal constant C > 0. Let ξ be a smooth bump function that equals 1 on Br1 ,

is supported on B2r1 and is O(1)-Lipschitz. Then ϕ := ξF is O(D logK)-Lipschitz,

equals F on Br1 and is supported on B2r1 . To apply Theorem 2.0.5 with p = q, we

note that (ˆ
G

∥∇ϕ(h)∥q
ℓk2(X)

dµ(h)

)1/q

≲
√
kD(logK)µ(B2r1)

1/q.

On the other hand, for x ∈ Br1/2 and t ∈ (( (4+4CD logK)r2
C1

)s, (r1/2)
s] (we may assume

( (4+4CD logK)r2
C1

)s ≤ (r1/2)
s since otherwiseD > C1(r1/r2)

16C logK
and the proof is complete), we

have ϕ(x) = F (x) and ϕ(xvt) = F (xvt). Choosing n1, n2 ∈ N such that dG(x, n1) <

r2, dG(xv
t, n2) < r2, we have

∥F (xvt)− F (x)∥ ≥ ∥f(n1)− f(n2)∥ − 2CDr2 logK ≥ d(n1, n2)− 2CDr2 logK

≥ (C1t
1/s − 2r2)− 2CDr2 logK >

C1

2
t1/s.
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Thus

(ˆ ∞

0

ˆ
G

(
∥ϕ(hvt)− ϕ(h)∥X

t1/s

)q
dµ(h)

dt

t

)1/q

≥

(ˆ (r1/2)s

(
(4+4CD logK)r2

C1
)s

ˆ
Br1/2

Cq
1

2q
dµ(h)

dt

t

)1/q

≥ C1s
1/q

2

(
log(r1/2)− log(

(4 + 4CD logK)r2
C1

)

)1/q

µ(Br1/2)
1/q.

Thus by Theorem 2.0.5 with p = q,

C1s
1/q

2

(
log(r1/2)− log(

(4 + 4CD logK)r2
C1

)

)1/q

µ(Br1/2)
1/q

≲ Kq(X)
√
kD(logK)µ(B2r1)

1/q.

But we may also assume log(r1/2) − log( (4+4CD logK)r2
C1

) ≥ 1
2
log(r1/r2), for otherwise

D >
C1

√
r1/r2

16C logK
and the proof is complete. Thus

C1s
1/q(log(r1/r2))

1/q ≲ Kq(X)
√
kDK2/q logK,

from which it follows that

D ≳

(
C1s

1/q

√
kK2/q logK

)
(log(r1/r2))

1/q

Kq(X)
.

Proof of Theorem 2.0.11. Let N := N ′
c1,c2

be a (c1, c2)-net of G and let f : N → X

be a mapping with

dG(x, y)
1−ε ≤ ∥f(x)− f(y)∥ ≤ DdG(x, y)

1−ε, x, y ∈ N.

Then f is c−ε2 D-Lipschitz, so by [51] there is an extension F : G → X of f that is

190



Cc−ε2 D logK-Lipschitz for a universal constant C > 0. Fix R > 0 sufficiently large,

let ξ be a smooth bump function that equals 1 on BR, is supported on B2R and is

O(1)-Lipschitz. Then ϕ := ξF is O(c−ε2 D logK)-Lipschitz, equals F on BR and is

supported on B2R. To apply Theorem 2.0.5 with p = q, we note that

(ˆ
G

∥∇ϕ(h)∥q
ℓk2(X)

dµ(h)

)1/q

≲
√
kc−ε2 D(logK)µ(B2R)

1/q.

On the other hand, for x ∈ BR/2 and t ∈ ((8c1c
−ε
2 D logK)s/(1−ε)/Cs

1 , (R/2)
s] (this in-

terval is nonempty since we took R > 0 sufficiently large) (8c1c
−ε
2 D logK)s/(1−ε)/Cs

1 ≥

2scs1C
s
1 , we have ϕ(x) = F (x) and ϕ(xvt) = F (xvt). Choosing n1, n2 ∈ N such that

dG(x, n1) < c1, dG(xv
t, n2) < c1, we have

∥F (xvt)− F (x)∥ ≥∥f(n1)− f(n2)∥ − 2c1c
−ε
2 CD logK

≥d(n1, n2)
1−ε − 2c1c

−ε
2 CD logK

≥(C1t
1/s − 2c1)

1−ε − 2c1c
−ε
2 CD logK >

C1−ε
1

4
t(1−ε)/s.

Thus

(ˆ ∞

0

ˆ
G

(
∥ϕ(hvt)− ϕ(h)∥X

t1/s

)q
dµ(h)

dt

t

)1/q

≥

(ˆ (R/2)s

(8c1c
−ε
2 D logK)s/(1−ε)/Cs

1

ˆ
BR/2

C
q(1−ε)
1

4q
dµ(h)

dt

t1+εq/s

)1/q

≥ C1−ε
1

4

(
s

εq

[
(8c1c

−ε
2 D logK)−εq/(1−ε)/C−εq

1 − (R/2)−εq
])1/q

µ(BR/2)
1/q.

Thus by Theorem 2.0.5 with p = q,

C1−ε
1

4

(
s

εq

[
(8c1c

−ε
2 D logK)−εq/(1−ε)/C−εq

1 − (R/2)−εq
])1/q

µ(BR/2)
1/q

≲ Kq(X)
√
kc−ε2 D(logK)µ(B2R)

1/q.
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Since R > 0 was arbitrarily large,

C1−ε
1 s1/q

ε1/q
(8c1c

−ε
2 D logK)−ε/(1−ε)/C−ε

1 ≲ Kq(X)
√
kc−ε2 DK2/q logK.

It follows that

D ≳

(
C1−ε

1 (c2/c1)
εs(1−ε)/q

k(1−ε)/2K2(1−ε)/q logK

)
1

Kq(X)1−εε1/q
.

The proof of Theorem 2.0.14 is similar to that of Theorem 2.0.10 and the proof of

Theorem 2.0.15 is similar to that of Theorem 2.0.11 and we thus omit them. To see

the dependence on the constants, we only need to distinguish when K is used as the

metric doubling constant or the measure doubling constant.

2.3 Proof of Theorem 2.0.6: discretization

In this section, we prove Theorem 2.0.6 by discretizing the inequality of Theorem

2.0.5.

Finitely generated groups of polynomial growth have nilpotent subgroups of finite

index [30], so let Γ′ ≤ Γ be a finite index nilpotent subgroup. We first can see that it is

enough to prove Theorem 2.0.6 for Γ′, i.e., we may assume Γ is a not virtually abelian

finitely generated nilpotent group. Indeed, the distance requirement dW (vnΓ, eΓ) ≍G

n1/s carries over from Γ′ to Γ because a finitely generated word metric on a group

and its finite index subgroup are known to be quasi-isometric. Also, once we know

(2.3) for Γ′ and S ′ ⊂ Γ′, it automatically follows that it holds for Γ and S ⊃ S ′.

(Observe that changing the generating set only affects the right-hand side of (2.3) up

to universal constant factors.)

Let T := {x ∈ Γ′ : ∃n ∈ Z>0 such that xn = eΓ′} be the torsion subgroup of Γ′. It

is well-known that T is a finite normal subgroup of Γ′, so that Γ′′ := Γ′/T is a torsion-
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free finitely generated nilpotent group. We now see that it is enough to prove Theorem

2.0.6 for Γ′′, i.e., we may assume Γ is a torsion-free finitely generated nonabelian

nilpotent group. Indeed, again the distance requirement dW (vnΓ, eΓ) ≍G n1/s carries

over from Γ′′ to Γ′ because a finitely generated word metric on a group and its quotient

by a finite normal subgroup are known to be quasi-isometric. Also, suppose we know

(2.3) for Γ′′ and S ′′ ⊂ Γ′′. Let S ′ be the union of T and a set of representatives for S ′′

in Γ′, and let vΓ′ be a representative for vΓ′′ in Γ′. Let π : Γ′ → Γ′′ denote the quotient

map, and let C > 0 be such that π(BΓ′

k (x)) ⊂ BΓ′′

Ck(π(x)) for k ∈ Z>0 and x ∈ Γ′ and

π−1(BΓ′′

k (y)) ⊂ BΓ′

Ck(x) for k ∈ Z>0, y ∈ Γ′′ and x ∈ π−1(y). Given f : Γ′ → X, let

[f ] : Γ′′ → X be given as

[f ](y) :=
1

|T |
∑

x∈π−1(y)

f(x), y ∈ Γ′′.

Then, denoting p ∨ q := max{p, q},

 ns∑
k=1

1

k1+(p∨q)/s

∑
x∈BΓ′

n

∥f(xvkΓ′)− f(x)∥pX

p∨q/p


1/p∨q

≤

 ns∑
k=1

1

k1+(p∨q)/s

∑
x∈BΓ′

n

∥∥(f(xvkΓ′)− [f ]([xvkΓ′ ])
)
− (f(x)− [f ]([x]))

∥∥p
X

p∨q/p


1/p∨q

+

 ns∑
k=1

1

k1+(p∨q)/s

∑
x∈BΓ′

n

∥∥[f ]([xvkΓ′ ])− [f ]([x])
∥∥p
X

p∨q/p


1/p∨q

.

(2.35)
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The second term is at most

 ns∑
k=1

1

k1+p∨q/s

|T |
∑
y∈BΓ′′

Cn

∥[f ](yvkΓ′′)− [f ](y)∥pX

p∨q/p


1/p∨q

≲Γ max
{
(p− 1)1/q−1, Kq(X)

} ∑
y∈BΓ′

cCn

∑
a∈S′′

∥[f ](ya)− [f ](y)∥pX

1/p

= max
{
(p− 1)1/q−1, Kq(X)

} ∑
y∈BΓ′

cCn

∑
a∈S′′

∥∥∥∥∥∥ 1

|T |
∑

x∈π−1(y)

(f(xa′)− f(x))

∥∥∥∥∥∥
p

X

1/p

≤ max
{
(p− 1)1/q−1, Kq(X)

} ∑
y∈BΓ′

cCn

∑
a∈S′′

1

|T |
∑

x∈π−1(y)

∥f(xa′)− f(x)∥pX

1/p

≤ max
{
(p− 1)1/q−1, Kq(X)

} ∑
x∈BΓ′

cC2n

∑
a∈S′′

1

|T |
∥f(xa′)− f(x)∥pX


1/p

,

and is thus bounded by the right-hand side of (2.3), where for a ∈ S ′′, a′ ∈ S ′ denotes

an element of π−1(a).

It remains to show that the first term of the right-hand side of (2.35) is bounded
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by the right-hand side of (2.3). Indeed, it is equal to

 ns∑
k=1

1

k1+p∨q/s

∑
x∈BΓ′

n

∥∥∥∥∥ 1

|T |
∑
b∈T

(
f(xvkΓ′)− f(xvkΓ′b)− f(x) + f(xb)

)∥∥∥∥∥
p

X

p∨q/p


1/p∨q

≤

 ns∑
k=1

1

k1+p∨q/s

2p−1

|T |
∑
x∈BΓ′

n

∑
b∈T

∥∥f(xvkΓ′)− f(xvkΓ′b)
∥∥p
X

+ ∥f(x)− f(xb)∥pX



p∨q/p


1/p∨q

≤

 ns∑
k=1

1

k1+p∨q/s

 2p

|T |
∑
x∈BΓ′

c′n

∑
b∈T

∥f(x)− f(xb)∥pX


p∨q/p


1/p∨q

≲Γ

 ∑
x∈BΓ′

c′n

∑
b∈T

∥f(x)− f(xb)∥pX


1/p

where c′ > 0 is such that BΓ′
n v

k
Γ′ ⊂ BΓ′

c′n for n ∈ N and k = 1, · · · , ns.

This completes our reduction of Theorem 2.0.6 to proving it for Γ being a torsion-

free finitely generated nonabelian nilpotent group. By the Malcev embedding theorem

[55], there exists a simply connected nilpotent Lie group G, called the Malcev comple-

tion of Γ, such that Γ embeds as a cocompact subgroup of G. Because Γ is nonabelian,

G is nonabelian, so Theorem 2.0.5 applies to G.

There exist choices of s and vΓ as stated. It is enough to take v ∈ Z(Γ)\{eΓ} with

dW (vn, eΓ) ≍Γ n
1/s for some integer s ≥ 2. For example, let s denote the nilpotency

step of G, i.e., the largest integer so that [[G,G] · · · , G]︸ ︷︷ ︸
s times

is a nontrivial subgroup. If

we choose vΓ ∈ [[Γ,Γ] · · · ,Γ]︸ ︷︷ ︸
s times

\{eΓ} ⊂ Z(Γ′) \ {eΓ}, then

dW (vkΓ, eΓ) ≍Γ,vΓ k
1/s, k ∈ N

because by [10, Theorem 1.3], |dW (vkΓ, eΓ) − dG(v
k
Γ, eG)| = OΓ,vΓ(dG(v

k
Γ, eG)

1−α) for

some fixed α = αG, and dG(v
k, eG) ≍G k

1/s by [10, Proposition 2.13].
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Also, |BΓ
m| ≍Γ m

nh for every m ∈ N [10, Theorem 1.1], where nh is given by the

Bass–Guivarc’h formula

nh :=
s∑

k=1

k dim

[[G,G] · · · , G]︸ ︷︷ ︸
k times

/ [[G,G] · · · , G]︸ ︷︷ ︸
k+1 times

 .

The rest of this section follows closely the argument of Section 3 of [47].

Before we begin the proof of Theorem 2.0.6, we prove two metric-space valued

local Poincaré inequalities on Γ for preparation. Lemma 2.3.1 is an extension of the

local Poincaré inequality of Kleiner [46, Thm. 2.2] and was essentially proven in [47,

Lemma 3.2] for all finitely generated groups. We repeat the proof for completeness.

Lemma 2.3.1 (Analogue of [47, Lemma 3.2]). Fix p ∈ [1,∞) and n ∈ N. Let (M,dM)

be a metric space. For every f : Γ →M ,

∑
x,y∈BΓ

n

dM(f(x), f(y))p ≤ (2n)p|BΓ
2n|

∑
x∈BΓ

3n

∑
a∈S

dM(f(xa), f(x))p.

Proof. For every z ∈ BΓ
2n choose s1(z), . . . , s2n(z) ∈ S ∪ {eΓ} such that

z = s1(z) · · · s2n(z).

For i ∈ {1, . . . , 2n} write wi(z) = s1(z) · · · si(z) and set w0(z) = eΓ. By the triangle

inequality and Hölder’s inequality, for every x, y ∈ BΓ
n we have

dM(f(x), f(y))p ≤ (2n)p−1

2n−1∑
i=0

dM
(
f
(
xwi

(
x−1y

))
, f
(
xwi

(
x−1y

)
si+1

(
x−1y

)))p
.
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Consequently,

∑
x,y∈BΓ

n

dM(f(x), f(y))p ≤ (2n)p−1
∑
z∈BΓ

2n

2n−1∑
i=1

∑
x∈BΓ

n

dM (f (xwi (z)) , f (xwi (z) si+1 (z)))
p

= (2n)p−1
∑
z∈BΓ

2n

2n−1∑
i=0

∑
g∈BΓ

nwi(z)

dM (f(g), f(gsi+1(z)))
p

≤ (2n)p−1 · |BΓ
2n| · 2n

∑
x∈BΓ

3n

∑
a∈S

dM(f(xa), f(x))p.

The following lemma is an analogue of [47, Lemma 3.4], which was again proven

essentially for all finitely generated groups. A mapping f : Γ → M is said to be

finitely supported if there exists m0 ∈M such that |f−1(M \ {m0})| <∞.

Lemma 2.3.2 (Analogue of [47, Lemma 3.4]). Fix p ∈ [1,∞) and n ∈ N. Let (M,dM)

be a metric space. For every finitely supported f : Γ →M ,

∑
x∈Γ

∑
z∈BΓ

n

dM(f(xz), f(x))p ≤ np|BΓ
n |
∑
x∈Γ

∑
a∈S

dM(f(xa), f(x))p.

Proof. Let si and wi be as in the proof of Lemma 2.3.1. By the triangle inequality

and Hölder’s inequality,

∑
x∈Γ

∑
z∈BΓ

n

dM(f(xz), f(x))p ≤ np−1
∑
x∈Γ

∑
z∈BΓ

n

n−1∑
i=0

dM (f (xwi (z)) , f (xwi (z) si+1 (z)))
p .

≤ np|BΓ
n |
∑
x∈Γ

∑
a∈S

dM(f(xa), f(x))p.

With Lemmas 2.3.1 and 2.3.2, we begin by discretizing the inequality of Theorem

2.0.5, as in the following theorem. After this, we will localize the statement into that

of Theorem 2.0.6, which states a local version of Theorem 2.3.3 on balls in Γ.
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The following theorem corresponds to Theorem 3.3 of [47], whose proof is in turn

a variant of the proof of Claim 7.3 in [4]. We may state it in terms of discrete groups

of polynomial growth.

Theorem 2.3.3 (Analogue of [47, Theorem 3.3]). Let Γ be a not virtually abelian

finitely generated group of polynomial growth. There exist vΓ ∈ Γ, s ∈ N with s ≥ 2,

and c = c(Γ) ∈ N such that the following is true. First, dW (vnΓ, eΓ) ≍Γ n
1/s for n ∈ N.

Second, let p ∈ (1,∞) and q ∈ [2,∞). Suppose that (X, ∥ · ∥X) is a Banach space

satisfying Kq(X) <∞. Then for every finitely supported f : Γ → X we have

 ns∑
k=1

1

k1+max{p,q}/s

(∑
x∈Γ

∥f(xvkΓ)− f(x)∥pX

)max{p,q}/p
1/max{p,q}

≲Γ,vΓ max
{
(p− 1)1/q−1, Kq(X)

}(∑
x∈Γ

∑
a∈S

∥f(xa)− f(x)∥pX

)1/p

.

Proof. With the same argument as in the beginning of this section, we may assume

Γ is a torsion-free nonabelian finitely generated nilpotent group, and take vΓ and s

as before.

The idea of the proof is that given a finitely supported function f : Γ → X, we

extend it to a global function F : G→ X via a partition of unity, and then Theorem

2.0.5 for F will give Theorem 2.3.3 for f .

Let G be the Malcev completion of Γ. Since Γ is a co-compact lattice of G, there

exists a compactly supported smooth function χ : G→ [0, 1] with

∀h ∈ G,
∑
x∈Γ

χx(h) = 1, (2.36)

where for each x ∈ Γ, χx : G → X is given by χx(h) = χ(x−1h), h ∈ G. Let
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A = suppχ; we may assume A−1 = A. Note that suppχx = xA and

⋃
x∈Γ

xA = G.

As A is compact, we may fix m ∈ N for which A2 ∩ Γ ⊆ BΓ
m.

Let f : Γ → X be finitely supported. Define F : G→ X by

F (h) :=
∑
x∈Γ

χx(h)f(x). (2.37)

For a fixed x ∈ Γ and h ∈ xA, we have

∑
y∈Γ

∇χy(h) = 0,

with ∇χy(h) ̸= 0 implying y−1h ∈ supp∇χ ⊂ A, which implies y ∈ hA−1 ⊂ xA2,

hence y ∈ xBΓ
m. We thus have the bound

∥∇F (h)∥ℓk2(X) =

∥∥∥∥∥∥
∑
y∈xBΓ

m

∇χy(h)(f(y)− f(x))

∥∥∥∥∥∥
ℓk2(X)

≤ ∥∇χ∥L∞(G;ℓk2)

∑
z∈BΓ

m

∥f(xz)− f(x)∥X

≲Γ |BΓ
m|1−1/p

∑
z∈BΓ

m

∥f(yz)− f(y)∥pX

1/p

.
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By integrating over yA and summing over y ∈ Γ,

(ˆ
G

∥∇F (h)∥p
ℓk2(X)

dh

)1/p

≤

(∑
y∈Γ

ˆ
yA

∥∇F (h)∥p
ℓk2(X)

dh

)1/p

≲Γ

∑
y∈Γ

∑
z∈BΓ

m

∥f(yz)− f(y)∥pX

1/p

Lemma 2.3.2

≲Γ

(∑
x∈Γ

∑
a∈S

∥f(xa)− f(x)∥pX

)1/p

.

(2.38)

Since Γ induces a covering space action on G, we may find a bounded open

neighborhood U ⊆ G of eG such that U ∩ (xU) = ∅ for all x ∈ Γ \ {eΓ}. As

v
[0,1]
Γ := {vτΓ : τ ∈ [0, 1]} and U are bounded in G, we can choose r ∈ N such

that (Uv
[0,1]
Γ A) ∩ Γ ⊆ BΓ

r . For x ∈ Γ, h ∈ xU , k ∈ N, and t ∈ [k, k + 1], we have by

(2.36) and (2.37)

F (hvtΓ)− f(xvkΓ) =
∑
w∈Γ

χw(hv
t
Γ)(f(w)− f(xvkΓ)).

Every w ∈ Γ that satisfies χw(hv
t
Γ) ̸= 0 should have hvtΓ ∈ wA, and since A = A−1

and vΓ ∈ Z(G), we have w ∈ hvtΓA ⊆ xvkΓUv
[0,1]
Γ A, so that w ∈ xvkΓB

Γ
r . Therefore

∥F (hvtΓ)− f(xvkΓ)∥X ≲Γ

∑
z∈BΓ

r

∥f(xvkΓz)− f(xvkΓ)∥
p
X

1/p

.

The case k = t = 0 gives

∥F (h)− f(x)∥X ≲Γ

∑
z∈BΓ

r

∥f(xz)− f(x)∥pX

1/p

.
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Therefore by the triangle inequality,

∥f(xvkΓ)− f(x)∥X ≲Γ∥F (hvtΓ)− F (h)∥X

+

∑
z∈BΓ

r

(
∥f(xvkΓz)− f(xvkΓ)∥

p
X + ∥f(xz)− f(x)∥pX

)1/p

.

Integration over h ∈ xU gives

∥f(xvkΓ)− f(x)∥X ≲Γ

(ˆ
xU

∥F (hvtΓ)− F (h)∥pXdh
)1/p

+

∑
z∈BΓ

r

(
∥f(xvkΓz)− f(xvkΓ)∥

p
X + ∥f(xz)− f(x)∥pX

)1/p

.

Summing over x ∈ Γ and using that the sets {xU}x∈Γ are pairwise disjoint,

(∑
x∈Γ

∥f(xvkΓ)− f(x)∥pX

)1/p

≲Γ

(ˆ
G

∥F (hvtΓ)− F (h)∥pXdh
)1/p

+

∑
x∈Γ

∑
z∈BΓ

r

(
∥f(xvkΓz)− f(xvkΓ)∥

p
X + ∥f(xz)− f(x)∥pX

)1/p

Lemma 2.3.2

≲Γ

(ˆ
G

∥F (hvtΓ)− F (h)∥pXdh
)1/p

+

(∑
x∈Γ

∑
a∈S

∥f(xa)− f(x)∥pX

)1/p

.

Integrating over t ∈ [k, k + 1] yields

1

k1+max{p,q}/s

(∑
x∈Γ

∥f(xvkΓ)− f(x)∥pX

)max{p,q}/p

≤ Cmax{p,q}
ˆ k+1

k

(ˆ
G

∥F (hvtΓ)− F (h)∥pXdh
)max{p,q}/p

dt

t1+max{p,q}/s

+
Cmax{p,q}

k1+max{p,q}/s

(∑
x∈Γ

∑
a∈S

∥f(xa)− f(x)∥pX

)max{p,q}/p

,

201



where C = CG ∈ (0,∞) is a constant depending on G. Summing over k ∈ N,

 ∞∑
k=1

1

k1+max{p,q}/s

(∑
x∈Γ

∥f(xvkΓ)− f(x)∥pX

)max{p,q}/p
1/max{p,q}

≲Γ

(ˆ ∞

0

(ˆ
G

∥F (hvtΓ)− F (h)∥pXdh
)max{p,q}/p

dt

t1+max{p,q}/s

)1/max{p,q}

+

(∑
x∈Γ

∑
a∈S

∥f(xa)− f(x)∥pX

)1/p

.

(2.39)

The desired inequality follows from (2.38) and (2.39) along with Theorem 2.0.5 for

F (although it may be the case that dG(v
t
Γ, eG) ≰ t1/s, a simple rescaling argument

gives the same inequality up to constant factors depending on vΓ).

Now we are ready to prove Theorem 2.0.6. Of course, assume Γ is torsion-free

nonabelian finitely generated nilpotent, and choose vΓ and s as before.

Proof of Theorem 2.0.6. The argument follows the proof of Theorem 3.1 of [47], which

in turn follows the proof of Claim 7.2 in [4]. Recall c is such that

dW (eΓ, v
k
Γ) ≤ ck1/s.

Fix n ∈ N and an f : Γ → X. By translation, we may assume
∑

x∈BΓ
(c+3)n

f(x) = 0.
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Then

 ∑
x∈BΓ

(c+3)n

∥f(x)∥pX


1/p

=

 ∑
x∈BΓ

(c+3)n

∥∥∥∥∥∥∥
1

|BΓ
(c+3)n|

∑
y∈BΓ

(c+3)n

(f(x)− f(y))

∥∥∥∥∥∥∥
p

X


1/p

≤

 1

|BΓ
(c+3)n|

∑
x,y∈BΓ

(c+3)n

∥f(x)− f(y)∥pX


1/p

Lemma 2.3.1

≲Γ n

 ∑
x∈BΓ

3(c+3)n

∑
a∈S

∥f(xa)− f(x)∥pX


1/p

.

(2.40)

Define the cutoff function ξ : Γ → [0, 1] as

ξ(x) :=


1 x ∈ BΓ

(c+1)n,

c+ 2− dW (x,e)
n

x ∈ BΓ
(c+2)n \BΓ

(c+1)n,

0 x ∈ Γ \BΓ
(c+2)n.

Then ϕ := ξf is supported on BΓ
(c+2)n and we may apply Theorem 2.3.3. As ξ is

1
n
-Lipschitz and takes values in [0, 1], we have for all a ∈ S and x ∈ Γ

∥ϕ(x)− ϕ(xa)∥X ≤ |ξ(x)− ξ(xa)| · ∥f(x)∥X + |ξ(xa)| · ∥f(x)− f(xa)∥X

≤ 1

n
∥f(x)∥X + ∥f(x)− f(xa)∥X .

(2.41)

We have dW (eΓ, v
k
Γ) ≤ cn for all k ∈ {1, . . . , ns}. Thus, for every x ∈ BΓ

n we have

xvkΓ ∈ BΓ
(c+1)n and thus ϕ(x) = f(x) and ϕ(xvkΓ) = f(xvkΓ), so

 ns∑
k=1

1

k1+q/s

∑
x∈BΓ

n

∥f(xvkΓ)− f(x)∥pX

q/p


1/q

≤

 ∞∑
k=1

1

k1+q/s

(∑
x∈Γ

∥ϕ(xvkΓ)− ϕ(x)∥pX

)q/p
1/q

.

(2.42)
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On the other hand,

(∑
x∈Γ

∑
a∈S

∥ϕ(xa)− ϕ(x)∥pX

)1/p

=

 ∑
x∈BΓ

(c+3)n

∑
a∈S

∥ϕ(xa)− ϕ(x)∥pX


1/p

(2.41)

≤ |S|1/p

n

 ∑
x∈BΓ

(c+3)n

∥f(x)∥pX


1/p

+

 ∑
x∈BΓ

(c+3)n

∑
a∈S

∥f(xa)− f(x)∥pX


1/p

(2.40)

≲Γ

 ∑
x∈BΓ

3(c+3)n

∑
a∈S

∥f(xa)− f(x)∥pX


1/p

,

where the first equality holds since ϕ is supported on BΓ
(c+2)n. The desired inequality

now follows from the above two inequalities combined with Theorem 2.3.3 for ϕ.

2.4 Proof of Theorem 2.0.9: sublinear growth of

cocycles

Our goal in this section is to prove Theorem 2.0.9. The proof follows closely that

of [4].

Let (X, ∥·∥X) be a q-uniformly convex space. We will see by [63] that is enough to

prove Theorem 2.0.9 for 1-Lipschitz 1-cocycles. Here, f ∈ Z1(π) be a 1-cocycle with

respect to an action π : Γ → Aut(X) of Γ on X by linear isometric automorphisms

if the function f : Γ → X satisfies f(xy) = π(x)f(y) + f(x) for all x, y ∈ Γ. The

1-Lipschitz requirement for f is equivalent to ∥f(a)∥X ≤ 1 for all a ∈ S.

We first recall the following property of q-uniformly convex spaces.

Lemma 2.4.1 ([4, Lemma 3.1]). Let (X, ∥ · ∥X) be q-uniformly convex. For a fixed
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z ∈ X and linear operator T : X → X with ∥T∥ ≤ 1, define

sn :=
1

2n

2n−1∑
j=0

T jz, n ≥ 0.

Then we have

∞∑
i=0

1

2l

2l−1∑
j=0

∥∥∥s(i+1)l − T j2
il

sil

∥∥∥q
X
≤ (2Kq(X))q∥z∥qX , l ∈ N. (2.43)

On the other hand, as X is reflexive, X is ergodic [20, p.662], i.e., for every linear

isometry T : X → X and x ∈ X the sequence
{

1
n

∑n−1
j=0 T

jx
}∞

n=1
converges in norm.

Thus, the operator P : X → X defined by

Px := lim
N→∞

1

N

N−1∑
n=0

π(v)nx, x ∈ X,

is well-defined, has norm ≤ 1, is a contraction onto the subspace X0 of π(v)-invariant

vectors, and is idempotent. As v is a central element of Γ, P commutes with π(g)

for all g ∈ Γ, and so the maps Pf, (I − P )f : Γ → X are both Lipschitz and are

1-cocycles.

Now define linear operators Pn : X → X, n ∈ N, by

Pn :=
1

2n

2n−1∑
j=0

π(v)j.

Of course, ∥Pn∥ ≤ 1 and Pn commutes with π(g) for all g ∈ Γ.

Lemma 2.4.2 (Analogue of [4, Lemma 4.1]). Let (X, ∥ · ∥X) be a q-uniformly convex

space. Then for every l, k,m ∈ N there exist integers i ∈ [k+1, k+m] and j ∈ [0, 2l−1]

such that ∥∥∥π (v−j2il)P(i+1)lf
(
v⌊n

ρ⌋)− Pilf
(
v⌊n

ρ⌋)∥∥∥
X
≲G

Kq(X)n

m1/p
. (2.44)
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Proof. By Lemma 2.4.1 and the fact that ∥f(a)∥X ≤ 1, we have for each a ∈ S

k+m∑
i=k+1

1

2l

2l−1∑
j=0

∥∥∥π (v−j2il)P(i+1)lf(a)− Pilf(a)
∥∥∥q
X

=
k+m∑
i=k+1

1

2l

2l−1∑
j=0

∥∥∥P(i+1)lf(a)− π
(
vj2

il
)
Pilf(a)

∥∥∥q
X
≤ (2Kq(X))q.

Thus

|S|(2Kq(X))q ≥
k+m∑
i=k+1

1

2l

2l−1∑
j=0

∑
a∈S

∥∥∥π (v−j2il)P(i+1)lf(a)− Pilf(a)
∥∥∥q
X

≥ m min
k+1≤i≤k+m
1≤j≤2l−1

∑
a∈S

∥∥∥π (v−j2il)P(i+1)lf(a)− Pilf(a)
∥∥∥q
X
,

and so there exist i ∈ [k + 1, k +m], j ∈ [0, 2l − 1] such that

max
a∈S

∥∥∥π (v−j2il)P(i+1)lf(a)− Pilf(a)
∥∥∥
X
≲Γ

Kq(X)

m1/q
.

As v⌊n
ρ⌋ = a1 · · · ab for some ai ∈ S, where b = OΓ(n), we have by the cocycle identity

f(v⌊n
ρ⌋) =

b∑
i=1

π(a1 · · · ai−1)f(ai).

Since Pr, r ≥ 0, and π(g), g ∈ Γ, commute, and v and g ∈ Γ commute, and π(g) is

an isometry for g ∈ Γ, we have

∥∥∥π (v−j2il)P(i+1)lf
(
v⌊n

ρ⌋)− Pilf
(
v⌊n

ρ⌋)∥∥∥
X

≤
b∑
i=1

∥∥∥π (v−j2il)P(i+1)lf (ai)− Pilf (ai)
∥∥∥
X
≲Γ

Kq(X)n

m1/q
,

as claimed.
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Lemma 2.4.3 (Analogue of [4, Lemma 4.2]). For every m,n ∈ N,

∥∥Pmf (v⌊nρ⌋)∥∥
X
≲Γ

n(ρ2+ρ−1)/(2ρ−1)

2m(ρ−1)/(2ρ−1)
.

Proof. If nρ

2m
≥ ρ− 1 then we have the obvious bound

∥∥Pmf (v⌊nρ⌋)∥∥
X
≤
∥∥f (v⌊nρ⌋)∥∥

X
≤ dW

(
eΓ, v

⌊nρ⌋) ≲Γ n

(
nρ

2m

)(ρ−1)/(2ρ−1)

.

Thus we assume nρ

2m
< ρ− 1.

Because

Pm − π(vk)Pm =
1

2m

k−1∑
j=0

π(v)j − 1

2m

2m+k−1∑
j=2m

π(v)j,

we have ∥∥Pm − π(vk)Pm
∥∥ ≤ 2k

2m
.

By the cocycle identity,

f
(
v⌊k

ρ⌋⌊nρ⌋) = ⌊kρ⌋−1∑
j=0

π
(
vj⌊n

ρ⌋) f (v⌊nρ⌋)

Because f is 1-Lipschitz, dW
(
eΓ, v

⌊kρ⌋⌊nρ⌋) ≲Γ kn, and ∥Pm∥ ≤ 1,

kn ≳Γ

∥∥Pmf (v⌊kρ⌋⌊nρ⌋)∥∥
X

=

∥∥∥∥∥∥⌊kρ⌋Pmf (v⌊nρ⌋)− ⌊kρ⌋−1∑
j=0

(
Pm − π

(
vj⌊n

ρ⌋)Pm) f (v⌊nρ⌋)∥∥∥∥∥∥
X

≥ ⌊kρ⌋
∥∥Pmf (v⌊nρ⌋)∥∥

X
−

⌊kρ⌋−1∑
j=0

∥∥Pm − π
(
vj⌊n

ρ⌋)Pm∥∥ · ∥∥f (v⌊nρ⌋)∥∥
X

≥ ⌊kρ⌋
∥∥Pmf (v⌊nρ⌋)∥∥

X
−

⌊kρ⌋−1∑
j=0

2j⌊nρ⌋
2m

dW
(
eΓ, v

⌊nρ⌋)
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and rearranging terms,

∥∥Pmf (v⌊nρ⌋)∥∥
X
≲Γ

n

kρ−1
+
nρ+1kρ

2m
.

Since this is true for all k, choosing k =

⌈(
(ρ−1)2m

ρnρ

)1/(2ρ−1)
⌉
gives the stated bound.

Indeed, by nρ

2m
< ρ−1 we have k ≍

(
(ρ−1)2m

ρnρ

)1/(2ρ−1)

and plugging in gives the desired

bound.

Lemma 2.4.4 (Analogue of [4, Lemma 4.3]). For every m,n ∈ N,

∥∥f (v⌊nρ⌋)− Pmf
(
v⌊n

ρ⌋)∥∥
X
≲Γ 2m/(ρ+1)n1/(ρ+1).

Proof. If we define f̃ : Γ → X by

f̃(h) := f(h)− Pmf(h) = (I − Pm)f(h),

then f̃ ∈ Z1(π). Let k ≥ 1 be an integer to be determined later. If we set

w := −1

k

k−1∑
j=0

f̃(vj),

then

∥w∥X ≲Γ
1

k

k−1∑
j=0

j1/ρ ≲ k1/ρ.

For every h ∈ Γ we have the following identity:

−π(h)w + f̃(h) =
1

k

k−1∑
j=0

(
π(h)f̃(vj) + f̃(h)

)
=

1

k

k−1∑
j=0

f̃(hvj) =
1

k

k−1∑
j=0

f̃(vjh)

=
1

k

k−1∑
j=0

(
π(vj)f̃(h) + f̃(vj)

)
=

1

k

k−1∑
j=0

π(vj)f̃(h)− w.

(2.45)
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But

1

k

k−1∑
j=0

π(vj)f̃(h) =
1

k

k−1∑
j=0

(
π(vj)f(h)− 1

2m

2m−1∑
i=0

π(vj+i)f(h)

)

=
1

2m

2m−1∑
i=0

(
1

k

k−1∑
j=0

π(vj)− 1

k

i+k−1∑
j=i

π(vj)

)
f(h),

so that ∥∥∥∥∥1k
k−1∑
j=0

π(vj)f̃(h)

∥∥∥∥∥
X

≤ dW (h, eΓ)

2m

2m−1∑
i=0

2i

k
≤ 2m

k
dW (h, eΓ).

Because of (2.45), f̃ is close to a coboundary in the following sense:

∥∥∥f̃(h)− (π(h)w − w)
∥∥∥ ≤ 2m

k
dW (h, eΓ).

Writing v⌊n
ρ⌋ = a1 · · · ab for some ai ∈ S, where b = OΓ(n), we have

∥∥∥f̃ (v⌊nρ⌋)∥∥∥
X
=

∥∥∥∥∥
b∑
i=1

π(a1 · · · ai−1)f̃(ai)

∥∥∥∥∥
X

≲Γ

∥∥∥∥∥
b∑
i=1

π(a1 · · · ai−1) (π(ai)w − w)

∥∥∥∥∥
X

+
n2m

k

=
∥∥π (v⌊nρ⌋)w − w

∥∥
X
+
n2m

k

≲Γ k
1/ρ +

n2m

k
.

With k = ⌈n
ρ

ρ+12
mρ
ρ+1 ⌉, we have the stated bound.

We now prove theorem 2.0.9.

Proof of Theorem 2.0.9. By [63, Theorem 9.1] and by amenability of Γ, if X is q-

uniformly convex and f : Γ → X is 1-Lipschitz, then there exists a Banach space

(Y, ∥ · ∥Y ) that is also q-uniformly convex with Kq(Y ) = Kq(X), an action π of Γ on

Y by linear isometric automorphisms, and a 1-cocycle F : Γ → Y such that ωF = ωf ,

where F : Γ → Y is a 1-cocycle if F (xy) = π(x)F (y) + F (x) for all x, y ∈ Γ. Thus,
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we may assume without loss of generality that f ∈ Z1(π) for some action π of Γ on

X by linear isometric automorphisms.

Let C1 < C2 be constants depending on Γ such that

C1n ≤ dW
(
v⌊n

ρ⌋, eΓ
)
≤ C2n, n ∈ N.

We may assume t is sufficiently large so that if m is the largest integer such that

2C1

C2

2
m
ρ m

m(ρ2+2ρ−2)
pρ(ρ−1) ≤

√
t, (2.46)

then

p(ρ− 1)

ρ2 + 2ρ− 2
≤ 1

2
log2m. (2.47)

Given m, let k be the smallest integer such that

m
ρ+1
ρp

+
(ρ2+2ρ−2)(k+1)

pρ(ρ−1) ≥ t, (2.48)

and define

ℓ :=

⌈
ρ2 + 2ρ− 2

p(ρ− 1)
log2m

⌉
. (2.49)

Using Lemma 2.4.2, we may find integers i ∈ [k + 1, k +m] and j ∈ [0, 2ℓ − 1] such

that for all n ∈ N,

∥∥∥π (v−j2il)P(i+1)lf
(
v⌊n

ρ⌋)− Pilf
(
v⌊n

ρ⌋)∥∥∥
X
≲Γ

Kq(X)n

m1/p
. (2.50)

Finally, define

n :=

⌈
1

C1

m
ρ+1
ρp 2

iℓ
ρ

⌉
, (2.51)
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Expanding, we have

f
(
v⌊n

ρ⌋) =π (v−j2iℓ)P(i+1)ℓf
(
v⌊n

ρ⌋)+ (Piℓf (v⌊nρ⌋)− π
(
v−j2

iℓ
)
P(i+1)ℓf

(
v⌊n

ρ⌋))
+
(
f
(
v⌊n

ρ⌋)− Piℓf
(
v⌊n

ρ⌋)) .
Thus by Lemmas 2.4.3 and 2.4.4 and inequality (2.50), we obtain:

ωf
(
dW
(
v⌊n

ρ⌋, eΓ
))

≤
∥∥f (v⌊nρ⌋)∥∥

X
≲Γ

n(ρ2+ρ−1)/(2ρ−1)

2(i+1)l(ρ−1)/(2ρ−1)
+
Kq(X)n

m1/p
+ 2il/(ρ+1)n1/(ρ+1)

(2.49)∧(2.51)
≲Γ

Kq(X)n

m1/p
.

(2.52)

We compute

dW
(
v⌊n

ρ⌋, eΓ
)
≥ C1n

(2.51)

≥ m
ρ+1
ρp 2

iℓ
ρ ≥ m

ρ+1
ρp 2

(k+1)ℓ
ρ

(2.49)

≥ m
ρ+1
ρp

+
(ρ2+2ρ−2)(k+1)

pρ(ρ−1)

(2.48)

≥ t

and

dW
(
v⌊n

ρ⌋, eΓ
)
≤C2n

(2.51)

≤ 2C2

C1

m
ρ+1
ρp 2

iℓ
ρ ≤ 2C2

C1

m
ρ+1
ρp 2

(k+m)ℓ
ρ

(2.49)

≤ 2C1

C2

2
k+m

ρ m
ρ+1
ρp

+
k(ρ2+2ρ−2)

pρ(ρ−1) m
m(ρ2+2ρ−2)

pρ(ρ−1)
(2.48)
<

2C1

C2

2
k+m

ρ tm
m(ρ2+2ρ−2)

pρ(ρ−1)

(2.48)

≤ 2C1

C2

2
p(ρ−1)

ρ2+2ρ−2
logm t

2
m
ρ tm

m(ρ2+2ρ−2)
pρ(ρ−1)

(2.46)

≤ t3/22
p(ρ−1)

ρ2+2ρ−2
logm t

(2.47)

≤ t2.

Therefore t ≤ dW
(
v⌊n

ρ⌋, eΓ
)
≤ t2. The definition of m implies

m ≳Γ min

{
log n,

p log n

log log n

}
,

and thus by (2.52), we have

ωf
(
dW
(
v⌊n

ρ⌋, eΓ
))

n
≲ Kq(X)

(
log log n

log n

)1/p

.
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The proof of Theorem 2.0.9 is complete.

2.5 Derivation of Theorem 2.0.24 from

Dorronsoro’s Theorem 2.0.22

In this section, we prove Theorem 2.0.24, which proves Theorem 2.0.17 since it is

a special case. This section follows Section 7 of [22] closely.

Using an argument similar to the Vitali covering lemma, we may find a collection

Br of balls B of radius r whose union covers G, and such that the concentric balls B̂

of radius (n+ 1)r have bounded overlap. Then

ˆ
G

(
1

rα

∣∣∣∣∣
n∑
j=0

(−1)j
(
n

j

)
f(x(δr(v))

j)

∣∣∣∣∣
)p

dx

≤
∑
B∈Br

ˆ
B

(
1

rα

∣∣∣∣∣
n∑
j=0

(−1)j
(
n

j

)
f(x(δr(v))

j)

∣∣∣∣∣
)p

dx

≲p

n∑
j=0

(
n

j

)p ∑
B∈Br

ˆ
B

(
1

rα

∣∣∣(f(x(δr(v))j)− A
⌊α⌋
B̂
f(x(δr(v))

j)
∣∣∣)p dx

+

ˆ
B

(
1

rα

∣∣∣∣∣
n∑
j=0

(−1)j
(
n

j

)
A

⌊α⌋
B̂
f(x(δr(v))

j)

∣∣∣∣∣
)p

dx

≲n,p

∑
B∈Br

ˆ
B̂

(
1

rα

∣∣∣f(x)− A
⌊α⌋
B̂
f(x)

∣∣∣)p dx+ 0

=
∑
B∈Br

[
1

rα
βf,⌊α⌋,p(B̂)

]p
|B̂| ≲G,α

ˆ
G

[
1

rα
· βf,⌊α⌋,p(B2(n+1)r(x))

]p
dx.

We have used in the penultimate inequality the fact that since A
⌊α⌋
B̂
f is a polynomial

of weighted degree at most ⌊α⌋, and since δr(v) ∈ V⌊α/n⌋+1⊕· · ·⊕Vs, A⌊α⌋
B̂
f(x(δr(v))

j)

is a polynomial in j of degree at most n− 1, and hence

∆n
δr(v)f(x) =

n∑
j=0

(−1)n−j
(
n

j

)
A

⌊α⌋
B̂
f(x(δr(v))

j) = 0.
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In the last inequality we used Corollary 2.6.2. Now, the inequality (2.9) follows from

Minkowski’s integral inequality and Theorem 2.0.22 with q = p:

ˆ ∞

0

[ˆ
G

(
1

rα

∣∣∣∣∣
n∑
j=0

(−1)j
(
n

j

)
f(x(δr(v))

j)

∣∣∣∣∣
)p

dx

]2/p
dr

r

1/2

≲G,α,n,p

(ˆ ∞

0

[ˆ
G

[
1

rα
βf,⌊α⌋,p(B2(n+1)r(x))

]p
dx

]2/p
dr

r

)1/2

≤

ˆ
G

[ˆ ∞

0

[
1

rα
βf,⌊α⌋,p(B2(n+1)r(x))

]2
dr

r

]p/2
dx

1/p

≲G,α,n,p ∥(−∆p)
α/2f∥Lp(G).

The proof of Theorem 2.0.24 is complete.

2.6 Proof of Dorronsoro’s Theorem 2.0.22 for

Carnot groups

We need to prove two directions. In one direction, we assume f ∈ Spα(G) and

prove the ≲ direction of (2.8). In the other direction, we assume f ∈ Lp(G) with the

left-hand side of (2.8) finite, and prove f ∈ Spα(G) along with the ≳ direction of (2.8).

Our proof will be based on Dorronsoro’s original proof of the G = Rn case in [19] and

will borrow modifications inspired by the proof of G = Hk case in [22] to deal with

general Carnot groups.

We will first prove Theorem 2.0.22 for q = 1, the ≲ direction in subsection 2.6.2

and the ≳ direction in subsection 2.6.3. Since the left-hand side of (2.8) is minimized

when q = 1, this will finish the proof of the ≳ direction; for the ≲ direction, we will

see in subsection 2.6.4 that the ≲ inequality for q = 1 implies the ≲ inequality for

1 ≤ q < min{p,2}nh

nh−min{p,2} .

For the ≲ direction, we will first see by an approximation argument that it is

enough to look at smooth functions f (subsubsection 2.6.2), for which it turns out
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that we may as well approximate at all scales simultaneously by Taylor polynomials

(subsubsection 2.6.2). Then, for 0 < α < 1, it will turn out that the desired inequality

has already been proven in [14, Theorem 5] (subsubsection 2.6.2), and for α > 1

nonintegral we may use an induction argument on α (subsubsection 2.6.2). We finish

off the case of α ≥ 1 integral by an interpolation argument (subsubsection 2.6.2), with

the extra terms arising in this process having been taken care of by a homogenization

argument (subsubsection 2.6.2).

For the ≳ direction, we assume f ∈ Lp(G) and the finiteness of a certain singular

integral and need to derive f ∈ Spα(G). We first see again that we may approximate

by a fixed polynomial for all scales (which we suspect to be the Taylor polynomial in

the distributive sense but we can only prove this up to first derivatives) in Proposition

2.6.9. For 0 < α ≤ 1 we again use characterizations of the fractional Laplacian given

by [14, Theorem 5] for 0 < α < 1 and [16, Theorem 1.4] for α = 1 (subsubsection

2.6.3). We then prove the case α > 1 by induction (subsubsection 2.6.3).

For simplicity, we define the L1-beta numbers

βf,d(Br(x)) := βf,d,1(Br(x)).

If we define the function

Gαf(x) :=

(ˆ ∞

0

(
βf,⌊α⌋(Br(x))

rα

)2
dr

r

)1/2

, x ∈ G,

then Theorem 2.0.22 states that

∥Gαf∥Lp(G) ≍G,α,p ∥(−∆p)
α/2f∥Lp(G), f ∈ Spα. (2.53)

Before we begin the proof, we briefly remark on coordinate and multi-index nota-

tion on G. Recall the coordinate system x = exp
(∑s

r=1

∑kr
i=1 xr,iXr,i

)
. A multi-index
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γ = ((γr,i)
kr
i=1)

s
r=1 is a multi-index on

∑s
r=1 kr entries, and we denote

|γ| :=
s∑
r=1

kr∑
i=1

r|γr,i| ∈ N, γ! :=
s∏
r=1

kr∏
i=1

γr,i!, xγ :=
s∏
r=1

kr∏
i=1

x
γr,i
r,i ∈ R.

The latter should not be confused with the previous notation

xt = exp

(
s∑
r=1

kr∑
i=1

txr,iXr,i

)

for t ∈ R.

We now define the weighted degree of linear combinations of ‘polynomial differ-

ential operators’, that is, linear combinations of differential operators of the form

xγ1
(
∂

∂x

)γ2
,

by assigning weight |γ2| − |γ1| to the above term. Then, a polynomial differential op-

erator of homogeneous weighted degree d1 will act on a polynomial of homogeneous

weighted degree d2 to produce a polynomial of homogeneous weighted degree d2−d1.

We observe that the left-invariant differential operators Xr,i is a polynomial differen-

tial operator of homogeneous weighted degree r for r = 1, · · · , s and i = 1, · · · , kr.

Recall from subsection 2.0.1 that the polynomials of weighted degree ≤ r are

left-invariant.

2.6.1 L1-optimality of the Ad
x,rf ’s

We begin the proof by discussing some basic properties of Adx,rf and βf,d(Br(x)).

It is well-known that Adx,rf is the optimal L2(Br(x))-approximation of f in Ad.

It turns out that it is also an optimal L1(Br(x))-approximation up to constants. To

see this, we first observe that for all d ≥ 0, there exists an integral formula for the
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coefficients of Adx,rf , given by the Gram–Schmidt process. For example in d = 1,

A1
x,rf(xy) = ⟨f⟩Br(x) +

k∑
j=1

ffl
Br(x)

f(z)(z1,j − x1,j)dzffl
Br(x)

(z1,j − x1,j)2dz
yj, y ∈ G. (2.54)

More generally, for each d ≥ 0, there exists a family {pdγ}|γ|≤d of polynomials such

that

Ad0,1f(y) =
∑
|γ|≤d

(ˆ
B1

fpdγ

)
yγ, y ∈ G,

and by rescaling we have for x ∈ G and r > 0 that

Adx,rf(xy) =
∑
|γ|≤d

r−nh−|γ|
(ˆ

Br(x)

f(z)pdγ(δ1/r(x
−1z))dz

)
yγ.

Therefore

∥Adx,rf∥L∞(Br(x)) ≲G,d

 
Br(x)

|f(y)|dy. (2.55)

In other words, Adx,r is a linear projection of L1(Br(x)) onto Ad|Br(x)
which is bounded

in the L1 → L∞ norm.

We now prove the L1-optimality of the Adx,rf ’s.

Lemma 2.6.1. For x ∈ G, r > 0, f ∈ L1
loc(Br(x)), and d ∈ Z≥0,

 
Br(x)

|f(y)− Adx,rf(y)|dy ≲G,d

 
Br(x)

|f(y)− A(y)|dy, A ∈ Ad.

Proof. From (2.55),

 
Br(x)

|f − Adx,rf | ≤
 
Br(x)

|f − A|+
 
Br(x)

|Adx,r(f − A)| ≲G,d

 
Br(x)

|f − A|.

It follows that β possesses a weak monotonicity property.
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Corollary 2.6.2. Let x, y ∈ G, 0 < r < s <∞, d ∈ Z≥0 be such that Br(x) ⊂ Bs(y).

Then

βf,d(Br(x)) ≲G,d

(s
r

)nh

βf,d(Bs(y)).

By Corollary 2.6.2, we have that

βf,d(x, r) ≲G,d βf,d(x, s) ≲G,d βf,d(x, 2r), r ≤ s ≤ 2r.

Thus Gαf(x) is comparable to the series

(
∞∑

i=−∞

[
2−iαβf,d(x, 2

i)
]2)1/2

.

One can also see that, if X is a left-invariant differential operator of weighted

order n, then because Adx,rf is a polynomial of weighted degree d,

∥XAdx,rf∥L∞(Br(x)) ≲G,n,d,X r−n∥Adx,rf∥L∞(Br(x)) ≲G,d r
−n

 
Br(x)

|f |. (2.56)

2.6.2 Proof of the ≲ direction, q = 1

Approximation by smooth compactly supported functions

It is enough to prove the ≲ statement of Theorem 2.0.22 for f in the space D of

smooth compactly supported functions on G. Indeed, by [25, Theorem 4.5], D is dense

in Spα for all 1 < p < ∞ and α ≥ 0. Given f ∈ Spα, choose a sequence {fj}∞j=1 ⊂ D

that converges to f in Spα. Then fj → f in Lp(G), so by the contraction property

(2.55) we have

βfj ,⌊α⌋(Br(x)) → βf,⌊α⌋(Br(x)) as j → ∞, x ∈ G, r > 0.
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Now, by two applications of Fatou’s lemma, it follows that

∥Gαf∥Lp(G)

≤ lim inf
j→∞

∥Gαfj∥Lp(G) ≲G,α,p lim inf
j→∞

∥(−∆p)
α/2fj∥Lp(G) = ∥(−∆p)

α/2f∥Lp(G).

This completes the proof of our claim.

Taylor polynomials

Recall the coordinate system on G where each y ∈ G is uniquely expressed as

y = exp
(∑s

r=1

∑kr
i=1 yr,iXr,i

)
, yr,i ∈ R. Let f ∈ D and x ∈ G. The well-known Taylor

formula tells us that for n ∈ Z≥0,

f(xy) = f(x) +
n∑
j=1

1

j!

dj

dtj

∣∣∣∣
t=0

f(xyt) +
1

n!

ˆ 1

0

(1− t)n
dn+1

dtn+1
f(xyt)dt.

As yt is the one-parameter subgroup generated by
∑s

r=1

∑kr
i=1 yr,iXr,i, we have

f(xy) = f(x) +
n∑
j=1

1

j!

(
s∑
r=1

kr∑
i=1

yr,iXr,i

)j

f(x)

+
1

n!

ˆ 1

0

(1− t)n

(
s∑
r=1

kr∑
i=1

yr,iXr,i

)n+1

f(xyt)dt.

For each multi-index γ, if we denote by Sym(Xγ) the ‘coefficient operator’ of yγ in

γ!
j!

(∑s
r=1

∑kr
j=1 yr,jXr,j

)|γ|
where j =

∑s
r=1

∑kr
i=1 γr,i, then the above expression can

be rewritten as

f(xy) =
∑

γ multi−index∑s
r=1

∑kr
i=1 γr,i≤n

1

γ!
[Sym(Xγ)f(x)] yγ

+ (n+ 1)

ˆ 1

0

∑
γ multi−index∑s

r=1

∑kr
i=1 γr,i=n+1

1

γ!

[
Sym(Xγ)f(xyt)

]
yγdt.
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By isolating the terms with multi-index γ such that |γ| ≤ n, we see that there exist for

each multi-index γ with |γ| ≥ n+ 1 and
∑s

r=1

∑kr
i=1 γr,i ≤ n+ 1 a function qx,γf ∈ D

such that

f(xy) =
∑
|γ|≤n

1

γ!
[Sym(Xγ)f(x)] yγ

︸ ︷︷ ︸
=:Tn

x f(xy)

+
∑

|γ|≥n+1∑s
r=1

∑kr
i=1 γr,i≤n+1

qx,γf(y)y
γ

︸ ︷︷ ︸
=o(dG(y,eG)n) as dG(y,eG)→0

, y ∈ G,

where we denote the first sum to be the Taylor polynomial of f of degree n at x ∈ G,

while we observe the second term to be o(dG(y, eG)
n) as dG(y, eG) → 0 because

dG(y, eG) ≍G

∑s
r=1

∑kr
i=1 |yr,i|1/r.

We may observe that if Y is a left-invariant homogeneous differential operator of

degree d ≤ n, then

Y f(xy) =
∑
|γ|≤n

1

γ!
[Sym(Xγ)f(x)]Y yγ

︸ ︷︷ ︸
=Tn−d

x Y f(xy)

+
∑

|γ|≥n+1∑s
r=1

∑kr
i=1 γr,i≤n+1

Y (qx,γf(y)y
γ)

︸ ︷︷ ︸
=o(dG(y,eG)n−d) as dG(y,eG)→0

, y ∈ G,

with the second sum being o(dG(y, eG)
n−d) and the first sum being a polynomial of

weighted degree at most n − d and hence is the Taylor polynomial of Y f of degree

n− d at x ∈ G. This proves that

Y T nx f = T n−dx Y f.

In particular, we have for the left-invariant horizontal vector fields that with d ≥ 1,

XiT
d
xf = T d−1

x Xif, i = 1, · · · , k.
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Wemay define the β-numbers andG-function using the Taylor polynomial instead.

β̃f,d(Br(x)) :=

 
Br(x)

|f − T ⌊α⌋
x,r f |,

and

G̃αf(x) :=

(ˆ ∞

0

(
1

rα
β̃f,⌊α⌋(Br(x))

)2
dr

r

)1/2

, x ∈ G.

Proposition 2.6.3. If f ∈ D and α is nonintegral, then Gαf(x) ≍G,α G̃αf(x) for all

x ∈ G.

Proof. That Gαf(x) ≲G,α G̃αf(x) follows from Lemma 2.6.1. Denote d = ⌊α⌋ and

Adx,rf(xy) =
∑
|γ|≤d

fγ(x, r)y
γ,

then

fγ(x, r) =
1

γ!
Sym(Xγ)Adx,rf(x).

Also denote

T dxf(xy) =
∑
|γ|≤d

fγ(x)y
γ,

then, in the case f ∈ D, fγ(x, r) → fγ(x) as r → 0 by Taylor expansion. Indeed,

recalling that f(xy) = T dxf(xy) +Of (dG(y, eG)
d+1),

∥Adx,rf − T dxf∥L∞(Br(x)) = ∥Adx,r[f − T dxf ]∥L∞(Br(x))

(2.55)

≲ G,d

 
Br(x)

|f − T dxf |

= OG,d,f (r
d+1) as r → 0.

By the above expansions for Adx,rf and T dxf , we have

∥
∑
|γ|≤d

(fγ(x, r)−fγ(x))r|γ|yγ∥L∞(B1) = ∥
∑
|γ|≤d

(fγ(x, r)−fγ(x))yγ∥L∞(Br) = OG,d,f (r
d+1).
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But because the space Ad of polynomials of weighted degree ≤ d normed by L∞(B1)

is finite dimensional, all norms are equivalent, and hence

max
|γ|≤d

r|γ||fγ(x, r)− fγ(x)| = OG,d,f (r
d+1).

This completes the proof of the convergence fγ(x, r) → fγ(x) as r → 0.

With this, we provide a different bound on |fγ(x, r)− fγ(x)| using the β numbers.

For each x ∈ G,

|fγ(x, r)− fγ(x)| ≤
0∑

i=−∞

|fγ(x, 2ir)− fγ(x, 2
i−1r)|

=
1

γ!

0∑
i=−∞

∣∣Sym(Xγ)(Adx,2irf − Adx,2i−1rf)(x)
∣∣

(2.56)

≲G,|γ|

0∑
i=−∞

2−i|γ|r−|γ|
 
B2i−1r(x)

|f − Adx,2irf |

=
0∑

i=−∞

2−i|γ|r−|γ|βf,d(B2ir(x))

Corollary 2.6.2

≲G,d

ˆ 2r

0

βf,d(Bu(x))u
−|γ|du

u
.

(2.57)

(With the Cauchy–Schwartz inequality, we may prove that |fγ(x, r) − fγ(x)| ≲G,α

rα−|γ|Gαf(x) for |γ| < α; see Proposition 2.6.9 for the computation. This is weaker

than the OG,d,f (r
d+1−|γ|) bound we get using Taylor approximation. This is because

the Taylor approximation argument leverages on the fact that f has (d+1) and higher

derivatives, whereas the Gαf (in principle) only measures the “α-th derivative” of f

at x; however, the latter approach is more natural since we have to work with Gαf .)
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Now we bound

β̃f,d(Br(x)) =

 
Br(x)

|f − T dxf |

≤
 
Br(x)

|f − Adx,rf |+
 
Br(x)

|T dxf − Adx,rf |

≤ βf,d(Br(x)) + C
∑
|γ|≤d

|fγ(x, r)− fγ(x)|r|γ|

≤ βf,d(Br(x)) + C
d∑
i=0

ri
ˆ 2r

0

βf,d(Bu(x))u
−idu

u
,

where C is a constant depending on G and d. By plugging into the definition of G̃

and using the triangle inequality,

G̃αf(x) ≤ Gαf(x) + C
d∑
i=0

(ˆ ∞

0

[
ri−α

ˆ 2r

0

βf,d(Bu(x))u
−idu

u

]2
dr

r

)1/2

.

But by Hardy’s inequality (2.23), we have

G̃αf(x) ≤ Gαf(x) + C
d∑
i=0

1

α− i

(ˆ ∞

0

[
βf,d(Br(x))

rα

]2
dr

r

)1/2

≲G,α Gαf(x).

This is where we use the fact that α is nonintegral.

Inhomogeneous estimates to homogeneous estimates

We provide one more reduction in the proof of Theorem 2.0.22. It is enough to

prove the weaker estimate

∥Gαf∥Lp(G) ≲G,p,α ∥f∥p,α = ∥f∥Lp(G) + ∥(−∆p)
α/2f∥Lp(G), f ∈ D.
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(In fact, the inequality Dorronsoro proves in [19, Theorem 2] is

∥f∥Lp(G) + ∥Gαf∥Lp(G) ≍α,p ∥f∥p,α

when G = Rn.) This is because a dimensional analysis reveals that the above in-

equality is inhomogeneous, so by exploiting scaling properties we may remove the

inhomogeneous term ∥f∥Lp(G).

Lemma 2.6.4. For 1 < p <∞ and α > 0, if we have the estimate,

∥Gαf∥Lp(G) ≤ CG,p,α∥f∥p,α, f ∈ D, (2.58)

then with the same constant CG,p,α,

∥Gαf∥Lp(G) ≤ CG,p,α∥(−∆p)
α/2f∥Lp(G), f ∈ D. (2.59)

Proof. Given f ∈ D, set fs := f ◦ δs ∈ D, for s > 0, where δs is the Carnot group

dilation. It is easy to see that


∥fs∥Lp(G) = s−nh/p∥f∥Lp(G),

∥Gαfs∥Lp(G) = sα−nh/p∥Gαf∥Lp(G),

s > 0.

Also, it is morally clear that we should have

∥(−∆p)
α/2fs∥Lp(G) = sα−nh/p∥(−∆p)

α/2f∥Lp(G), s > 0,

and one may indeed verify this using the definition of (−∆p)
α/2; see the proof of [22,

Lemma 2.6] for details.

We now obtain (2.59) for f from (2.58) for fs and taking s→ ∞.
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The case 0 < α < 1

We now begin proving Theorem 2.0.22.

Fix 1 < p <∞ and 0 < α < 1. Note that we have

G̃αf(x) =

(ˆ ∞

0

[
1

rα

 
Br

|f(xy)− f(x)|dy
]2
dr

r

)1/2

, f ∈ D, x ∈ G,

then by Proposition 2.6.3

Gαf(x) ≍G,α G̃αf(x), x ∈ G.

But by [14, Theorem 5],

∥G̃αf∥Lp(G) ≍G,α,p ∥(−∆p)
α/2f∥Lp(G), f ∈ D.

Therefore ≲ of Theorem 2.0.22 follows in this case. Note that we haven’t proven both

directions of the inequalities yet due to the restriction f ∈ D.

The case α nonintegral, α > 1

We will reduce to the case 0 < α < 1.

For induction, we need the following result. Although we are currently working

with f ∈ D, we state the proposition below for f ∈ Spα(G), because we will need it

later again in the proof of the ≳ direction of Dorronsoro’s theorem.

Proposition 2.6.5 ([25, Theorem 4.10]). Let 1 < p < ∞ and α > 1, and let f ∈

Lp(G). Then f ∈ Spα(G) if and only if f ∈ Spα−1(G) and the distributional derivatives

Xif ∈ Spα−1(G) for i = 1, · · · , k, in which case

k∑
j=1

∥(−∆p)
(α−1)/2Xjf∥Lp(G) ≍G,α,p ∥(−∆p)

α/2f∥Lp(G), f ∈ Spα(G). (2.60)
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Remark 2.6.6. To be precise, Theorem 4.10 of [25] states the inhomogeneous esti-

mate

∥f∥Lp(G) + ∥(−∆p)
(α−1)/2f∥Lp(G) +

k∑
j=1

∥Xjf∥Lp(G) + ∥(−∆p)
(α−1)/2Xjf∥Lp(G)

≍G,α,p ∥f∥Lp(G) + ∥(−∆p)
α/2f∥Lp(G), f ∈ Spα(G).

But now (2.60) easily follows using the homogenization argument of subsubsection

2.6.2.

The following is an analogue of [19, Theorem 5] and [22, Proposition 4.2].

Proposition 2.6.7 (Analogue of [19, Theorem 5] and [22, Proposition 4.2]). Let

1 < p <∞ and α > 0. Then,

∥Gα+1f∥Lp(G) ≲G,α

k∑
j=1

∥Gα(Xjf)∥Lp(G), f ∈ D.

Proof. Let d = ⌊α⌋. Define a function Ãd+1
x,r f ∈ Ad+1 for x ∈ G and r > 0 as

Ãd+1
x,r f(xy) := T d+1

x f(xy)− ⟨T d+1
x f⟩Br(x) + ⟨f⟩Br(x).

We choose C ≥ 1 depending on G such that the weak 1-Poincaré inequality due to

Jerison [42] holds:

 
Bs(y)

|g − ⟨g⟩Bs(y)| ≲G s

 
BCs(y)

|∇g|, y ∈ G, s > 0, g ∈ D.
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As ⟨f − Ãd+1
x,r f⟩Br(x) = 0, we have

βf,d+1(Br(x))
Lemma 2.6.1

≲G,d

 
Br(x)

|f − Ãd+1
x,r f |

weak 1−Poincaré

≲G r

 
BCr(0)

|∇f(xy)−∇T d+1
x f(xy)|dy

≍G r

k∑
j=1

 
BCr(0)

|Xjf(xy)−XjT
d+1
x f(xy)| = r

k∑
j=1

β̃Xjf,d(BCr(x)).

because XjT
d+1
x f = T dxXjf . Now, by definition,

Gα+1f(x) =

(ˆ ∞

0

[
1

rα+1
βf,d+1(Br(x))

]2
dr

r

)1/2

≲G,d

k∑
j=1

(ˆ ∞

0

[
1

rα
β̃Xjf,d(BCr(x))

]2
dr

r

)1/2

= Cα

k∑
j=1

G̃α(Xjf)(x), x ∈ G.

By Proposition 2.6.3, the proof is complete.

If we suppose ≲ of Theorem 2.0.22 for a < d nonintegral, d ∈ N, then from the

above two Propositions, for d < α < d+ 1 and f ∈ D,

∥Gαf∥Lp(G) ≲G,α

k∑
j=1

∥Gα−1(Xjf)∥Lp(G) ≲G,α,p

k∑
j=1

∥(−∆p)
(α−1)/2Xjf∥Lp(G)

≍G,α,p ∥(−∆p)
α/2f∥Lp(G).

This completes the proof of Theorem 2.0.22 for α nonintegral.

Interpolation and the case α integral

The case α = d ∈ Z is proven by complex interpolation. This subsubsection follows

Section 5 of [22] closely.
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For 1 < p < ∞ and 0 < α0 < α1 < ∞, the pair (Spα0
, Spα1

) of Banach spaces is an

interpolation pair in the sense of Calderón, as they embed continuously in the space

S ′(G) of tempered distributions on G. Thus, we may define the complex interpolation

space [Spα0
, Spα1

]θ, θ ∈ (0, 1).

The following lemma asserts that we have a continuous embedding

Sp(1−θ)α0+θα1
↪→ [Spα0

, Spα1
]θ.

Lemma 2.6.8 ([22, Lemma 5.1]). Let 1 < p <∞, 0 < α0 < α1 <∞, and θ ∈ (0, 1).

Then

∥f∥[Sp
α0
,Sp

α1
]θ ≲G,α0,α1,p ∥f∥p,(1−θ)α0+θα1 .

The proof is exactly the same as in [22, Lemma 5.1].

Next, we define, for α > 0, the Banach space Hα of functions F : B1× (0,∞) → R

with norm

∥F∥Hα
:=

(ˆ ∞

0

[
1

rα

 
B1

|F (y, r)|dy
]2
dr

r

)1/2

<∞.

Then, for 1 < p < ∞, we may define the function space Lp(G,Hα). Now, for 0 <

α0 < α1 <∞,

(Lp(G,Hα0), L
p(G,Hα1))

is a compatible couple, as both embed continuously into L1
loc(G×B1× (0,∞)). As in

[19, 22], we apply the results of [8, p. 107, 121] so that for θ ∈ (0, 1),

[Lp(G,Hα0), L
p(G,Hα1)]θ = Lp(G, [Hα0 , Hα1 ]θ) = Lp(G,H(1−θ)α0+θα1).

Now, for d− 1 < α0 < d < α1 < d + 1 (recall d = α) and θ ∈ (0, 1), consider the

linear map T : Spα0
+ Spα1

→ Lp(G,Hα0) + Lp(G,Hα1) given by

f 7→ Tf(x, r, y) = f(xδr(y))− Adx,r(xδr(y)).
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By Lemma 2.6.1 and Theorem 2.0.22 for α ∈ (d− 1, d) ∪ (d, d+ 1), we have

∥Tf∥Lp(G,Hα) ≲G,d ∥Gαf∥Lp(G) ≲G,α0,α1,p ∥f∥p,α, f ∈ Spα, α = α0, α1,

i.e., T : Spα0
→ Lp(G,Hα0) and T : Spα1

→ Lp(G,Hα1) are bounded. By complex

interpolation,

T : [Spα0
, Spα1

]θ → [Lp(G,Hα0), L
p(G,Hα1)]θ = Lp(G,H(1−θ)α0+θα1)

is bounded.

Now set α0 = d− 1/2, α1 = d+ 1/2, and θ = 1/2. Then

∥Gdf∥Lp(G) = ∥Tf∥Lp(G,Hd) ≲G,d ∥f∥[Sp
d−1/2

,Sp
d+1/2

]1/2

Lemma 2.6.8

≲G,d,p ∥f∥p,d, f ∈ D.

This completes the proof of Theorem 2.0.22 for α = d ∈ Z.

2.6.3 Proof of the ≳ direction

Now, given a f ∈ Lp(G) and α > 0 with Gαf ∈ Lp(G), we need to prove that

f ∈ Spα(G) and that the ≳ direction of (2.8) holds.

We first prove the following preparatory result.

Proposition 2.6.9. Let f ∈ Lp(G) and α > 0 with Gαf ∈ Lp(G). Denote

A⌊α⌋
x,r f(xy) =

∑
|γ|≤⌊α⌋

fγ(x, r)y
γ,

Then

1. For each multi-index γ with |γ| < α, |fγ(x, r) − fγ(x, s)| ≲G,α rα−|γ|Gαf(x)

for x ∈ G and 0 < s < r, and |fγ(x, r)| ≲G,α Gαf(x) + Mf(x) for x ∈ G
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and 0 < r < 1, where M denotes the Hardy–Littlewood maximal operator. In

particular, fγ(·, r) ∈ Lp(G) with ∥fγ(·, r)∥Lp(G) ≲G,α ∥Gαf∥Lp(G) + ∥f∥Lp(G).

2. For each multi-index γ with |γ| < α, there exists fγ ∈ Lp(G) such that fγ(·, r) →

fγ(·) as r → 0, satisfying

|fγ(x, r)− fγ(x)| ≲G,|γ|

ˆ 2r

0

βf,d(Bu(x))u
−|γ|du

u
≲G,α r

α−|γ|Gαf(x)

for a.e. x ∈ G and r > 0.

3. If α is nonintegral, then for a.e. x ∈ G,

ˆ ∞

0

 1

rα

 
Br

|f(xy)−
∑

|γ|≤⌊α⌋

fγ(x)y
γ|dy

2

dr

r

1/2

≍G,α Gαf(x).

4. If α is integral and |γ| = α, then |fγ(x, r)| ≲G,α log(2/r)Gαf(x) +Mf(x), 0 <

r < 1. Thus, fγ(·, r) ∈ Lp(G) with ∥fγ(·, r)∥Lp(G) ≲G,α log(2/r)∥Gαf∥Lp(G) +

∥f∥Lp(G).

5. If 0 < α < 1, then f0(x) = f(x) for a.e. x ∈ G.

Proof. 1. By repeating the computation (2.57) made in the proof of Proposition

2.6.3, it follows that

|fγ(x, r)− fγ(x, s)| ≲G,|γ|

ˆ 2r

s

βf,d(Bu(x))u
−|γ|du

u
, x ∈ G, 0 < s < r.
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In particular, by Cauchy–Schwartz,

|fγ(x, r)− fγ(x, s)| ≲G,|γ|(ˆ 2r

s

[
βf,d(Bu(x))

uα

]2
du

u

)1/2(ˆ 2r

s

(uα−|γ|)2
du

u

)1/2

≲α r
α−|γ|Gαf(x), x ∈ G, 0 < s < r.

Also, for 0 < r < 1, |fγ(x, r)| ≤ |fγ(x, r)− fγ(x, 1)| + |fγ(x, 1)| ≲G,α Gαf(x) +

Mf(x), where the latter inequality used the fact that fγ(x, 1) is given as the

integral of f multiplied by a polynomial determined by γ and ⌊α⌋. In particular,

this implies that fγ(·, r) ∈ Lp.

2. By (1) and the fact that Gαf ∈ Lp(G), {fγ(·, r)}r>0 is a Cauchy sequence in Lp

as r → 0. Thus, there exists fγ(·) ∈ Lp(G) so that fγ(·, r) → fγ(·) in Lp(G) as

r → 0.

3. The ≳ follows from Lemma 2.6.2. For ≲, we bound

 
Br

|f(xy)−
∑

|γ|≤⌊α⌋

fγ(x)y
γ|

≤
 
Br(x)

|f − A⌊α⌋
x,r f |+

 
Br

|
∑

|γ|≤⌊α⌋

fγ(x)y
γ − A⌊α⌋

x,r f(xy)|dy

≲G,α βf,⌊α⌋(Br(x)) +
∑

|γ|≤⌊α⌋

|fγ(x, r)− fγ(x)|r|γ|

≲G,α βf,⌊α⌋(Br(x)) +

⌊α⌋∑
i=0

ri
ˆ 2r

0

βf,⌊α⌋(Bu(x))u
−idu

u
.
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By plugging into the definition of G̃ and using the triangle inequality,

ˆ ∞

0

 1

rα

 
Br

|f(xy)−
∑

|γ|≤⌊α⌋

fγ(x)y
γ|dy

2

dr

r

1/2

≲G,α Gαf(x) +

⌊α⌋∑
i=0

(ˆ ∞

0

[
ri−α

ˆ 2r

0

βf,⌊α⌋(Bu(x))u
−idu

u

]2
dr

r

)1/2

≲G,α Gαf(x) +

⌊α⌋∑
i=0

1

α− i

(ˆ ∞

0

[
βf,⌊α⌋(Br(x))

rα

]2
dr

r

)1/2

≲α Gαf(x).

where in the second inequality we used Hardy’s inequality (2.23) with ν =

α− i+ 1
2
and p = 2 along with the fact that α is nonintegral.

4. By Cauchy–Schwartz,

|fγ(x, r)− fγ(x, 1)| ≲G,|γ|

(ˆ 2

r

[
βf,d(Bu(x))

uα

]2
du

u

)1/2(ˆ 2

r

du

u

)1/2

≲α log(2/r)Gαf(x).

5. If 0 < α < 1, then f0(x, r) =
ffl
Br(x)

f . Taking r → 0, the claim follows by

the Lebesgue differentiation theorem for doubling metric measure spaces [36,

(3.4.10)].

Remark 2.6.10. It seems likely that for |γ| < α we have fγ = 1
γ!
Sym(Xγ)f , with

the latter derivative existing in the distributive sense. This is evident when 0 < α < 1

and γ = 0, and we will prove this holds when α > 1 and |γ| = 1 in Lemma 2.6.12. We

will not prove this statement in full generality since we do not need it in this paper.
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The case 0 < α ≤ 1

The case 0 < α < 1 is a repetition and strengthening of subsubsection 2.6.2. If we

denote

G̃αf(x) =

(ˆ ∞

0

[
1

rα

 
Br

|f(xy)− f(x)|dy
]2
dr

r

)1/2

, x ∈ G,

then by Proposition 2.6.9 (3) and (5)

Gαf(x) ≍G,α G̃αf(x), for a.e. x ∈ G.

But by [14, Theorem 5],

∥G̃αf∥Lp(G) ≍G,p ∥(−∆p)
α/2f∥Lp(G).

For α = 1, it is known from [16, Theorem 1.4] that for 0 < α < 2, if we define

Sαf(x) =

(ˆ ∞

0

[
r−α

 
Br(0)

|∆2,sym
y f(x)|dy

]2
dr

r

)1/2

,

where we denote the symmetric difference

∆2,sym
y f(x) = f(xy) + f(xy−1)− 2f(x),

then

∥f∥p,α ≍G,p,α ∥f∥Lp(G) + ∥Sαf∥Lp(G).

By the scaling argument of subsubsection 2.6.2,

∥(−∆p)
α/2f∥Lp(G) ≍G,p,α ∥Sαf∥Lp(G).

Let f be a locally integrable function, d ∈ N, x = z0 ∈ G and r > 0. For
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any y ∈ Br(z0) and ball B2−kr(zk) with y ∈ B2−kr(zk) ⊂ Br(z0), let B2−kr(zk) ⊂

B2−k+1r(zk−1) ⊂ · · · ⊂ B2−1r(z1) ⊂ Br(x) be a sequence of balls. We have

 
B

2−kr
(zk)

|f − Adz0,rf |

≤
 
B

2−kr
(zk)

|f − Adzk,2−krf |+
k−1∑
i=0

 
B

2−kr
(zk)

|Adzi,2−irf − Adzi+1,2−i−1rf |

≤
 
B

2−kr
(zk)

|f − Adzk,2−krf |+
k−1∑
i=0

∥∥∥Adzi+1,2−i−1r(f − Adzi,2−irf)
∥∥∥
L∞(B2−i−1r(zi+1))

(2.55)

≲G,d

 
B

2−kr
(zk)

|f − Adzk,2−krf |+
k−1∑
i=0

 
B2−i−1r(zi+1)

|f − Adzi,2−irf |

≲G

k∑
i=0

 
B2−ir(zi)

|f − Adzi,2−irf |
Corollary 2.6.2

≲G,d

ˆ 2r

0

βf,d(Bs(y))
ds

s

so by Lebesgue’s differentiation theorem for doubling metric measure spaces, for a.e.

y ∈ Br(x),

|f(y)− Adx,rf(y)| = lim
B

2−kr
(zk)→y

 
B

2−kr
(zk)

|f − Adz0,rf | ≲G,d

ˆ 2r

0

βf,d(Bs(y))
ds

s
.

As the operator ∆2,sym
h annihilates polynomials of weighted degree 1, we obtain

for a.e. x ∈ G

 
Br

|∆2,sym
h f(x)|dh =

 
Br

|∆2,sym
h (f − A1

x,2rf)(x)|dh

=

 
Br

|(f − A1
x,2rf)(xh) + (f − A1

x,2rf)(xh
−1)− 2(f − A1

x,2rf)(x)|dh

≲G,d

 
Br

(ˆ 2r

0

βf,d(Bs(xh))
ds

s
+

ˆ 2r

0

βf,d(Bs(xh
−1))

ds

s
+ 2

ˆ 2r

0

βf,d(Bs(x))
ds

s

)
dh

≲
ˆ 2r

0

Mβf,1(Bs(·))(x)
ds

s
.

233



By Hardy’s inequality (2.23) with ν = 3
2
and p = 2, we obtain

S1f(x) =

(ˆ ∞

0

[
r−1

 
Br

|∆2,sym
y f(x)|dy

]2
dr

r

)1/2

≲G,d

(ˆ ∞

0

[Mβf,1(Br(·))(x)]2
dr

r

)1/2

.

Now we argue that

(ˆ
G

(ˆ ∞

0

[Mβf,1(Br(·))(x)]2
dr

r

)p/2
dx

)1/p

≲G max{p, 1

p− 1
}

(ˆ
G

(ˆ ∞

0

[βf,1(Br(·))(x)]2
dr

r

)p/2
dx

)1/p

This is an instance of the Fefferman–Stein vector-valued maximal function inequality

ˆ
G

[∑
j∈Z

M(gj)
u(x)

]v/u
dx

1/v

≲G max{1, 1

u− 1
}max{v, 1

v − 1
}

ˆ
G

[∑
j∈Z

gj(x)
u

]v/u
dx

1/v
(2.61)

on nh-regular metric measure spaces for measurable functions (gj : G → R)j∈Z and

u, v ∈ (1,∞), due to [29, Theorem 1.2]. Indeed, we apply (2.61) to the functions

gj(x) = βf,1(B2−j(x))

and exponents u = 2 > 1 and v = p > 1, noting by Corollary 2.6.2 that

M(βf,1(Br(·))) ≲G M(gj), r ∈ [2−j−1, 2−j],

and

gj ≲G βf,1(Br(·)), r ∈ [2−j, 2−j+1],
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Thus, we have ∥S1f∥Lp(G) ≲G,p ∥G1f∥Lp(G), 1 < p <∞, as desired.

The case α > 1

We use induction on α.

The following lemma is an analogue of [19, Lemma 1], and the proof proceeds in

the same manner.

Lemma 2.6.11 (Analogue of [19, Lemma 1]). Let f ∈ Lp(G) such that Gαf ∈ Lp(G),

and γ be a multi-index with |γ| < α. With fγ as in Proposition 2.6.9, we have

∥Gα−|γ|fγ∥Lp(G) ≲G,α ∥Gαf∥Lp(G).

Proof. Fix x ∈ G and r > 0. For y ∈ Br(x), by Proposition 2.6.9 and (2.56),

|fγ(y)−
1

γ!
Sym(Xγ)Adx,2rf(y)| ≤ |fγ(y)− fγ(y, r)|+ | 1

γ!
Sym(Xγ)(Ady,r − Adx,2rf)(y)|

≲G,α

ˆ r

0

βf,d(Bs(y))s
−|γ|−1ds+ r−|γ|βf,d(B2r(x)).

Thus, by Lemma 2.6.1,

βfγ ,d−|γ|(Br(x)) ≲G,α

 
Br(x)

(ˆ r

0

βf,d(Bs(y))s
−|γ|−1dsdy + r−|γ|βf,d(B2r(x))

)
dy

≤
ˆ r

0

M(βf,d(Bs(·)))(x)s−|γ|−1ds+ r−|γ|βf,d(B2r(x)).

By Hardy’s inequality with ν = α− |γ|+ 1
2
and p = 2,

Gα−|γ|fγ(x) ≲G,α Gαf(x) +

(ˆ ∞

0

[
r−αMβf,d(Br(·))(x)

]2 dr
r

)1/2

,

and the lemma follows by the aforementioned Fefferman–Stein inequality (2.61) on
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vector-valued maximal operators with u = v = 2 > 1 and

gj(x) = 2αjβf,d(B2−j+1(x)).

The following lemma is an analogue of [19, Lemma 2], and the proof proceeds in

the same manner.

Lemma 2.6.12 (Analogue of [19, Lemma 2]). Let f ∈ Lp(G) with Gαf ∈ Lp(G),

α > 1. Then the weak partials Xif exist and coincide with f(1,i) a.e., where (1, i)

stands for the multi-index γ with γr,j = δ(r,j),(1,i).

Proof. Denote er,i = exp(xr,i) for r = 1, · · · , s and i = 1, · · · , kr. It is enough to show

that (f(xer1,i)− f(x))/r tends to f(1,i) in L
p as r → 0. First,

∣∣∣∣f(xer1,i)− f(x)

r
− f(1,i)(x)

∣∣∣∣
≤

|f(xer1,i)− f0(xe
r
1,i, 2r)|

r
+

|f(x)− f0(x, 2r)|
r

+

∣∣∣∣f0(xer1,i, 2r)− f0(x, 2r)

r
− f(1,i)(x)

∣∣∣∣
Proposition 2.6.9(2)

≲G,α rα−1
(
Gαf(xe

r
1,i) +Gαf(x)

)
+

∣∣∣∣f0(xer1,i, 2r)− f0(x, 2r)

r
− f(1,i)(x)

∣∣∣∣ .
Next, since f0(y, r) = A

⌊α⌋
y,r f(y),

f0(xe
r
1,i, 2r)− f0(x, 2r) = A

⌊α⌋
xer1,i,2r

f(xer1,i)− A
⌊α⌋
x,2rf(xe

r
1,i) + A

⌊α⌋
x,2rf(xe

r
1,i)− A

⌊α⌋
x,2rf(x)

= A
⌊α⌋
xer1,i,2r

f(xer1,i)− A
⌊α⌋
x,2rf(xe

r
1,i) +

⌊α⌋∑
j=1

fj(1,i)(x, 2r)r
j/j!.
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Thus

∣∣∣∣f0(xer1,i, 2r)− f0(x, 2r)

r
− f(1,i)(x)

∣∣∣∣
≤
∣∣∣∣f0(xer1,i, 2r)− f0(x, 2r)

r
− f(1,i)(x, 2r)

∣∣∣∣+ |f(1,i)(x, 2r)− f(1,i)(x)|

Proposition 2.6.9(2)

≲G,α

|A⌊α⌋
xer1,i,2r

f(xer1,i)− A
⌊α⌋
x,2rf(xe

r
1,i)|

r
+

⌊α⌋∑
j=2

|fj(1,i)(x, 2r)|rj−1 + rα−1Gαf(x)

≲G,α r
−1

 
Br(xer1,i)

|A⌊α⌋
xer1,i,2r

f(y)− A
⌊α⌋
x,2rf(y)|dy +

⌊α⌋∑
j=2

|fj(1,i)(x, 2r)|rj−1 + rα−1Gαf(x)

≤ r−1

 
Br(xer1,i)

|f − A
⌊α⌋
xer1,i,2r

f(y)|dy + r−1

 
Br(xer1,i)

|f − A
⌊α⌋
x,2rf(y)|dy

+

⌊α⌋∑
j=2

|fj(1,i)(x, 2r)|rj−1 + rα−1Gαf(x)

= r−1βf,⌊α⌋(B2r(xe
r
1,i)) + r−1βf,⌊α⌋(B2r(x)) +

⌊α⌋∑
j=2

|fj(1,i)(x, 2r)|rj−1 + rα−1Gαf(x),

where in the penultimate inequality we used the fact that the L1(B1) and L∞(B1)

norms on the space of polynomials of weighted degree ≤ ⌊α⌋ are equivalent. Taking

Lp norms,

∥∥∥∥f(·er1,i)− f(·)
r

− f(1,i)(·)
∥∥∥∥
Lp(G)

≲G,αr
−1∥βf,⌊α⌋(B2r(·))∥Lp(G)

+

⌊α⌋∑
j=2

rj−1∥fj(1,i)(·, 2r)∥Lp(G) + rα−1∥Gαf∥Lp(G).

By Corollary 2.6.2, ∥βf,⌊α⌋(B2r(·))∥Lp(G) ≲G,α r
α∥Gαf∥Lp(G). By Proposition 2.6.9, if

j < ⌊α⌋, then

∥fj(1,i)(·, 2r)∥Lp(G) ≲G,α ∥Gαf∥Lp(G) + ∥f∥Lp(G),

and if j = ⌊α⌋ = α, then

∥fj(1,i)(·, 2r)∥Lp(G) ≲G,α (log r−1)(∥Gαf∥Lp(G) + ∥f∥Lp(G)).
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Thus
∥∥∥f(·er1,i)−f(·)r

− f(1,i)(·)
∥∥∥
Lp(G)

→ 0 as r → 0.

The following lemma is an analogue of [19, Lemma 3], and the proof proceeds in

the same manner.

Lemma 2.6.13 (Analogue of [19, Lemma 3]). Let f ∈ Lp(G) with Gαf ∈ Lp(G),

α > 1. Then Gα−1f ∈ Lp(G) with

∥Gα−1f∥Lp(G) ≲G,α ∥Gαf∥Lp(G) + ∥f∥Lp(G).

Proof. Write

A⌊α⌋
x,r f(xy) =

∑
|γ|<⌊α⌋

fγ(x, r)y
γ

︸ ︷︷ ︸
=:A

<⌊α⌋
x,r f(xy)

+
∑

|γ|=⌊α⌋

fγ(x, r)y
γ

︸ ︷︷ ︸
=:A

=⌊α⌋
x,r f(xy)

.

Then by Lemma 2.6.1,

βf,⌊α⌋−1(Br(x)) ≲G,α

 
Br(x)

|f −A<⌊α⌋
x,r f | ≤ βf,⌊α⌋(Br(x)) + ∥A=⌊α⌋

x,r f∥L∞(Br(x)). (2.62)

By (2.56), for i ∈ Z≥0 and |γ| = ⌊α⌋,

|fγ(x, 2ir)| ≲G,α (2ir)−⌊α⌋
 
B2ir(x)

|f | ≲G (2ir)−⌊α⌋−nh/p∥f∥Lp(G) → 0 as i→ ∞
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and thus

|fγ(x, r)| ≤
∞∑
i=0

|fγ(x, 2ir)− fγ(x, 2
i+1r)|

(2.56)

≲G,α

∞∑
i=0

(2ir)−⌊α⌋∥A⌊α⌋
x,2ir

f − A
⌊α⌋
x,2i+1r

f∥L∞(B2ir(x))

(2.55)

≲G,α

∞∑
i=0

(2ir)−⌊α⌋
 
B2ir(x)

|f − A
⌊α⌋
x,2i+1r

f |

≲G,α

∞∑
i=0

(2ir)−⌊α⌋βf,⌊α⌋(B2i+1r(x)).

Corollary 2.6.2

≲G,α

ˆ ∞

r

βf,⌊α⌋(Bρ(x))ρ
−⌊α⌋−1dρ.

Plugging these results into (2.62), we have

βf,⌊α⌋−1(Br(x)) ≲G,α βf,⌊α⌋(Br(x)) + r⌊α⌋
ˆ ∞

r

βf,⌊α⌋(Bρ(x))ρ
−⌊α⌋−1dρ,

and

Gα−1f(x) =

(ˆ ∞

0

[
βf,⌊α⌋−1(Br(x))

rα−1

]2
dr

r

)1/2

≲G,α

(ˆ ∞

0

[
βf,⌊α⌋(Br(x))

rα−1

]2
dr

r

)1/2

+

(ˆ ∞

0

[
r⌊α⌋−α+1/2

ˆ ∞

r

βf,⌊α⌋(Bρ(x))ρ
−⌊α⌋−1dρ

]2
dr

)1/2

≲

(ˆ ∞

0

[
βf,⌊α⌋(Br(x))

rα−1

]2
dr

r

)1/2

≤

(ˆ 1

0

[
βf,⌊α⌋(Br(x))

rα−1

]2
dr

r

)1/2

+

(ˆ ∞

1

[
βf,⌊α⌋(Br(x))

rα−1

]2
dr

r

)1/2

(2.55)

≲G,α

(ˆ 1

0

[
βf,⌊α⌋(Br(x))

rα

]2
dr

r

)1/2

+

(ˆ ∞

1

[
Mf(x)

rα−1

]2
dr

r

)1/2

≲α Gαf(x) +Mf(x),
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where the second inequality uses the second form of Hardy’s inequality (2.25) with

p = 2 and ν = ⌊α⌋ − α + 1/2. This completes the proof.

To complete the induction, suppose the ≳ direction of Theorem 2.8 holds for α−1.

If f ∈ Lp(G) with Gαf ∈ Lp(G), by Lemma 2.6.13, Gα−1f ∈ Lp(G), so that f ∈ Spα−1

by induction. On the other hand, by Proposition 2.6.9 (2) and Lemmas 2.6.11 and

2.6.12, for i = 1, · · · , k, Xif ∈ Lp(G) with Gα−1(Xif) ∈ Lp(G), so again by induction

Xif ∈ Spα−1(G). Now, by Proposition 2.6.5, f ∈ Spα(G). Tracking the norms involved

in this argument, we have that

∥Gαf∥Lp(G)

Lemma 2.6.11

≳G,α

k∑
i=1

∥Gα−1f(1,i)∥Lp(G)
Lemma 2.6.12

=
k∑
i=1

∥Gα−1(Xif)∥Lp(G)

induction

≳G.α,p

k∑
i=1

∥(−∆p)
(α−1)/2Xif∥Lp(G)

Proposition 2.6.5
≍G,α,p ∥(−∆p)

α/2f∥Lp(G).

This completes the ≳ direction of Theorem 2.8.

2.6.4 Lq β-numbers, q > 1

The extension of Theorem 2.0.22 to β numbers defined in the Lq sense are discussed

in [19, Section 5] and [22, Section 6]. We will follow their presentation.

By the discussion so far, it is enough to show that the left-hand side of (2.8) is

maximized up to constants when q = 1.

Denote d = ⌊α⌋. We compute that for all x ∈ G, r > 0, y ∈ Br(x) and n ∈ N so
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that B2−nr(y) ⊂ Br(x), we have

 
B2−nr(y)

|f(z)− Adx,rf(z)|dz

≤
 
B2−nr(y)

|f(z)− Ady,2−nrf(z)|dz +
n+1∑
k=1

 
B2−nr(y)

|Ady,2k−1−nrf(z)− Ady,2k−nrf(z)|dz

+

 
B2−nr(y)

|Ady,2rf(z)− Adx,rf(z)|dz

= βf,d(B2−nr(y)) +
n+1∑
k=1

 
B2−nr(y)

|Ady,2k−1−nr[f − Ady,2k−nrf ]|

+

 
B2−nr(y)

|Adx,r[Ady,2rf − f ]|

≤ βf,d(B2−nr(y)) +
n+1∑
k=1

∥∥Ady,2k−1−nr[f − Ady,2k−nrf ]
∥∥
L∞(B

2k−1−nr
(y))

+
∥∥Adx,r[Ady,2rf − f ]

∥∥
L∞(Br(x))

(2.55)

≲G,d βf,d(B2−nr(y)) +
n+1∑
k=1

 
B

2k−1−nr
(y)

|f − Ady,2k−nrf |+
 
Br(x)

|Ady,2rf − f |

≲G,d βf,d(B2−nr(y)) +
n+1∑
k=1

βf,d(B2k−nr(y)) + βf,d(B2r(y))

Corollary 2.6.2

≲G,d

ˆ 2−n+1r

2−nr

βf,d(Bs(y))
ds

s
+

n+1∑
k=1

ˆ 2k+1−nr

2k−nr

βf,d(Bs(y))
ds

s
+

ˆ 4r

2r

βf,d(Bs(y))
ds

s

≲
ˆ 4r

2−nr

βf,d(Bs(y))
ds

s
.

Thus by Lebesgue’s differentiation theorem for doubling metric measure spaces and

Corollary 2.6.2, we infer that for x ∈ G and r > 0, it holds true for a.e. y ∈ Br(x)

that

|f(y)− Adx,rf(y)| ≲G,d

ˆ 4r

0

βf,d(Bs(y))
ds

s
≲G,d

ˆ 4r

0

 
Bs(y)

βf,d(B2s(z))dz
ds

s
. (2.63)

Now fix

p > 1 and 1 ≤ q <
min{p, 2}nh
nh −min{p, 2}

.
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Then, choose some 1 < w < min{p, 2} and 0 < η < min{nh/w, α} such that

q =
wnh

nh − ηw
. (2.64)

Given this choice of q, w, and η, [35, Theorem 4.1] tells us that in nh-regular metric

measure spaces, the following fractional Hardy–Littlewood maximal function is a

bounded operator Lw(G) → Lq(G):

Mηg(y) := sup
s>0

{
sη
 
Bs(y)

|g(z)|dz
}

It follows that

rnh/qβf,d,q(Br(x))
(2.63)

≲G,α

(ˆ
Br(x)

[ˆ 4r

0

 
Bs(y)

βf,d(B2s(z))dz
ds

s

]q
dy

)1/q

≤
ˆ 4r

0

(ˆ
Br(x)

[ 
Bs(y)

βf,d(B2s(z))dz

]q
dy

)1/q
ds

s

≤
ˆ 4r

0

s−η
(ˆ

Br(x)

Mη(βf,d(B2s(·))χB5r(x)(·))(y)qdy
)1/q

ds

s

≲p,q

ˆ 4r

0

s−η
(ˆ

B5r(x)

βf,d(B2s(z))
wdz

)1/w
ds

s

≲G

ˆ 4r

0

s−ηrnh/w [M(βf,d(B2s(·))w)(x)]1/w
ds

s
,

where in the second inequality we used Minkowski’s inequality and in the fourth

inequality we used the boundedness of Mη : L
w(G) → Lq(G). By (2.64), we have

βf,d,q(Br(x)) ≲G,α,p,q r
η

ˆ 4r

0

s−η−1 [M(βf,d(B2s(·))w)(x)]1/w ds.

Next, noting that α > η and using Hardy’s inequality (2.23) with ν = α − η + 1/2,
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we obtain

(ˆ ∞

0

[
1

rα
βf,d,q(Br(x))

]2
dr

r

)1/2

≲G,α,p,q

(ˆ ∞

0

r2η−2α−1

[ˆ 4r

0

s−η−1 [M(βf,d(B2s(·))w)(x)]1/w ds
]2
dr

)1/2

≲α,q

(ˆ ∞

0

[
M(r−wαβf,d(B2r(·))w)(x)

]2/w dr
r

)1/2

.

We conclude that

ˆ
G

(ˆ ∞

0

[
1

rα
βf,d,q(Br(x))

]2
dr

r

)p/2

dx

1/p

≲G,α,p,q

(ˆ
G

(ˆ ∞

0

[
M(r−wαβf,d(B2r(·))w)(x)

]2/w dr
r

)p/2
dx

)1/p

≲G,α,p,q

ˆ
G

(ˆ ∞

0

[
1

rα
βf,d(Br(x))

]2
dr

r

)p/2

dx

1/p

,

where in the second inequality we applied the Fefferman–Stein vector-valued maximal

function inequality (2.61) with functions

gj(x) = 2αwjβf,d(B2−j+1(x))

and exponents u = 2/w > 1 and v = p/w > 1, along with Corollary 2.6.2.

This completes the proof of Theorem 2.0.22.
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Bulletin de la Société mathématique de France 85 (1957), 325–388.

[18] Dixmier, J. Sur les représentations unitaires des groupes de Lie nilpotents. i.

American Journal of Mathematics 81, 1 (1959), 160–170.

[19] Dorronsoro, J. R. A characterization of potential spaces. Proceedings of the

American Mathematical Society 95, 1 (1985), 21–31.

[20] Dunford, N., and Schwartz, J. T. Linear operators, part 1: general theory,

vol. 10. John Wiley & Sons, 1988.

[21] Eriksson-Bique, S., Gartland, C., Le Donne, E., Naples, L., and

Nicolussi-Golo, S. Nilpotent groups and biLipschitz embeddings into L1.

arXiv preprint arXiv:2112.11402 (2021).
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