From the holdings of the Department of Special Collections , Princeton University Library,
Princeton, NJ

These documents are either in the public domain, or can only be used for educational and research
purposes (Fair use) as per U.S. Copyright law (text below). By accessing this file, all users agree that their
use falls in the public domain or within fair use as defined by the copyrightlaw. We do not charge any
permission or usage fees for the publication of images of material inour collections, including those provided
by Princeton University Library, via our website, catalog, or directly from staff.For more information
regarding copyright, credit, and citation please review the information onthe Copyright, Credit and Citation
Guidelines page of our website.
https://library.princeton.edu/special-collections/policies/copyright-credit-and-citation-guidelines. If you have
any questions, including how to order higher-quality images from the collection, contact Special Collections
Public Services via our Ask Us! Form. https://library.princeton.edu/special-collections/ask-us

Doctoral Dissertations, 2011-2026 Mathematics

2023

On the sharpness of the Assouad
embedding theorem for finitely
generated groups of polynomial growth
and nilpotent Lie groups

Ryoo, Seung-Yeon

Princeton, NJ : Princeton University

http://arks.princeton.edu/ark:/88435/dsp010p096b180

U.S. Copyright law: The copyright law of the United States (Title 17, 8108, United States Code) governs the
making of photocopies or other reproductions of copyrighted material. Under certain conditions specified in the
law, libraries and archives are authorized to furnish a photocopy or other reproduction. One of these specified
conditions is that the photocopy or reproduction is not to be used for any purpose other than private study,
scholarship, or research. If a user makes a request for, or later uses, a photocopy or reproduction for purposes
in excess of fair use that user may be liable for copyright infringement. This institution reserves the right to
refuse to accept a copying order if, in its judgment, fulfillment of the order would involve a violation of copyright
law. https://www.copyright.gov/title17/title17.pdf



ON THE SHARPNESS OF THE ASSOUAD
EMBEDDING THEOREM FOR FINITELY
GENERATED GROUPS OF POLYNOMIAL

GROWTH AND NILPOTENT LIE GROUPS

SEUNG-YEON RyoO

A DISSERTATION
PRESENTED TO THE FACULTY
OF PRINCETON UNIVERSITY
IN CANDIDACY FOR THE DEGREE

OF DOCTOR OF PHILOSOPHY

RECOMMENDED FOR ACCEPTANCE
BY THE DEPARTMENT OF
MATHEMATICS

ADVISER: ASSAF NAOR

MAyY 2023



© Copyright by Seung-Yeon Ryoo, 2023.
All Rights Reserved



Abstract

Assouad’s embedding theorem states that a proper snowflake of a doubling metric
space embeds bilipschitzly into a Euclidean space. We investigate the sharpness of the
bilipschitz distortion and target dimension of the Assouad embedding theorem for not
virtually abelian finitely generated groups of polynomial growth with left-invariant
word metric and nonabelian simply connected nilpotent Lie groups with left-invariant
sub-Finsler Carnot-Carathéodory metric. We conclude that the distortion, namely
O(e7%/?) for (1 — ¢)-snowflakes, cannot be improved, whereas the target dimension,
namely O(s~°W), can be improved to O(1) while maintaining distortion O(e~1/2).

We establish the optimal target dimension in Chapter 1 by building on the ap-
proach of T. Tao (2020) for the Heisenberg group. Namely, we use a Nash-Moser
iteration scheme along with an extension theorem for orthonormal vectorfields, the
proof of which combines the Lovasz local lemma and the concentration of measure
phenomenon on the sphere and is the critical novelty of Chapter 1. We expect these
embedding techniques to find use in metric dimension reduction.

We establish the optimality of the distortion in Chapter 2 via ‘vertical versus hori-
zontal inequalities,” which quantify the collapse of Lipschitz functions from the above
groups into uniformly convex Banach spaces, which was qualitatively described by the
Pansu-Semmes nonembeddability argument by Cheeger and Kleiner (2006) and Lee
and Naor (2006). We prove the inequalities by using the vector-valued Littlewood—
Paley—Stein theory approach of Lafforgue and Naor (2014) and by establishing a
version of the classical Dorronsoro theorem inspired by Féssler and Orponen (2020).

As a consequence, we compute the bilipschitz distortion of a ball of radius n > 2
in the above groups, where the Lie group metric is Riemannian, into Euclidean spaces
of sufficiently large dimension or into L? (1 < p < 0o) spaces to be O(y/logn), and

into ¢(> 2)-uniformly convex Banach spaces to be Q((logn)/).
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Chapter 0O

Introduction

A metric space (M, d ) is said to embed bilipschitzly into a Banach space (X, || -

||x) if there exists a mapping f : M — X and a constant D > 1 such that

dm(p,q) < [1f(p) = f(@llx < Ddpm(p.q), Vp,qe M.

In this case, one says that (M, d) bilipschitzly embeds with distortion D into X;
the infimal possible D is called the X-distortion of M.

Given a metric space (M, dp) and a Banach space (X, || - ||x), how can we detect
whether M embeds bilipschitzly into X7 If so, can we compute the X-distortion of
M? Of particular interest is the case when X = R¢ for some d € N. That is, given a
metric space, can we know whether it embeds into some Euclidean space R?? If so,
can we compute the corresponding distortion, possibly as a function of d?

Although I do not have answers to the above questions in their full generality, I will
provide some answers to them in the special case when the metric space (M, dn ) is
either a finitely generated group of polynomial growth, or a simply connected nilpotent
Lie group, or a ball thereof. These are important examples since they serve as cases
that show the optimality of some embedding theorems, to be discussed below.

I will begin, in Section 0.1, by explaining the central problem of characterizing



bilipschitz embeddability into Euclidean space and the relevance of the Assouad em-
bedding theorem to this problem. Then I will describe the results I have obtained in

my dissertation in the following sections.

0.1 Characterization of bilipschitz embeddability
into Euclidean spaces: the Lang—Plaut ques-
tion and the Assouad embedding theorem

One of the long-standing open questions of metric geometry is the problem of in-
trinsically characterizing metric spaces that embed bilipschitzly into Euclidean space.
One immediate necessary condition is for the space (M, d ) to be doubling, which
means that there exists a constant K > 2 such that for any x € M and r > 0 there

exist y1, -+ ,yx € M for which

B,(z) € | Bjalwe):

=1

Here, B,(z) = {y € M : dp(x,y) < r} denotes the ball of radius r centered at z; if
one wants to stress the particular K, one says that (M, d) is K-doubling.
Another necessary condition is for the space (M, d) to embed into Hilbert space.
This has been characterized by Linial, London, and Rabinovich [54]: the metric space
(M, dpr) embeds D(> 1)-bilipschitzly into a Hilbert space if and only if for every
n € N and every positive semidefinite symmetric matrix A = (a;;) € M,(R) all of

whose rows sum to zero, the following inequality holds:

n D2 1 n
Z aijd/\/l<xi7xj)2 S D2 + Z ‘aij|d/\/1(xi7xj)27 v.fl?l, T, Iy € M

i,j=1 i,j=1

Lang and Plaut [48] asked whether these two necessary conditions are sufficient.



This can be equivalently asked as follows.

Question 0.1.1 (Lang—Plaut question). Does every doubling subset of Hilbert space

embed bilipschitzly into some R4 ?

Historically, it was first asked whether the doubling condition alone is sufficient,?
i.e., whether a doubling metric space embeds bilipschitzly into some R?. In an attempt

to answer this in the affirmative, Assouad [3] gave the following characterization.

Theorem 0.1.2 (Assouad embedding theorem, qualitative version). Given a metric

space (M, dp), the following are equivalent.
1. The metric space (M, dn) is doubling.

2. For some 0 < o < 1, the metric space (M,d%,) embeds bilipschitzly into some

R4,
3. For all0 < a < 1, the metric space (M, dS,) embeds bilipschitzly into some R?.

Theorem 0.1.3 (Assouad embedding theorem, quantitative version). Given K > 2,

there exist constants Cp,Cy > 0 such that the following is true. Let (M,dy) be a

K-doubling metric space. For all % < a < 1, the metric space (M, dS,) embeds \/%—

bilipschitzly into R?, where d < .

In the above, (M, d%,) denotes the metric space, called the a-snowflake of (M,
d ), whose set of points is M and whose distance between points p and ¢ is defined
as da(p, q); one can check that this indeed defines a metric space.

The Assouad embedding theorem falls short of answering the bilipschitz embed-
dability problem into Euclidean space, because in the statement the exponent « is
not allowed to be 1. In fact, Assouad’s embedding theorem fails to hold for av = 1,

i.e., there exists a doubling metric space which fails to embed into Euclidean space;

Tt is obvious that the embeddability into Hilbert space condition is not sufficient: take M to be
2.



the first such example to be found was the Heisenberg group H?**! k > 1, with its

(left-invariant) Carnot-Carathéodory metric. This was proven by Semmes [73] using

a differentiation argument of Pansu [69]. In fact, the distortion in the quanti-

Vi
tative Assouad theorem is sharp up to constant factors, for the same example of the
Heisenberg group [62]. Furthermore, the Heisenberg group fails to embed bilipschitzly
into Hilbert space [11, 52]. This shows that the above second condition, namely the
characterization of embeddability into Hilbert space, is necessary in the Lang—Plaut
Question 0.1.1, even when given the doubling condition.

Naor and Neiman [62] suggested the following method of obtaining a negative

answer to the Lang-Plaut Question 0.1.1. They argue it is enough to find a K-

doubling metric space (M, dy,) with the following property:

1. One cannot take d to depend only on K in the Assouad embedding theorem,

i.e., for any fixed integer d and constant C; > 0 there exists some % <ayg<1

such that (M, d})) fails to embed chjiao-bilipschitzly into R¢.
2. Assouad’s embedding theorem for M holds with doubling image, i.e., there

exists some natural number K’ and some constant C] such that for any § <

a < 1 there exists a \/%—bilipschitz mapping @, : (M, d},) — f2 such that

¢, (M) is K'-doubling.

Suppose such a space M existed and the Lang—Plaut Question 0.1.1 had a positive

answer. It is not hard to see that a quantitative Lang—Plaut statement holds, i.e.,

any subset of Hilbert space of doubling constant < K’ bilipschitzly embeds, with

bilipschitz constant bounded above by a function Dy of K’, into some fixed R?

determined by K’. Thus, by point 2 above, for any % < a < 1 there exists a Dy/-

bilipschitz mapping ¥, : ®,(M) — R? The composition ¥, 0 ®, : (M, d%,) — R? is
Cl Dy

now a ——£-bilipschitz mapping, for all % < «a < 1. This contradicts point 1 above.

Naor and Neiman [62] suspected the Heisenberg group to provide the counterex-



ample, as they knew it satisfied property 2 above. They asked if property 1 held as
well. Surprisingly, it has been shown that property 1 fails for the Heisenberg group
[77].

Theorem 0.1.4 ([77, Theorem 1.1]). There exists a positive integer d and a constant

C > 0 such that for all% < a < 1 the metric space (H?, ds) embeds \/ﬁfa—bilz’pschitzly

into R<,

The guiding goal of this dissertation is to investigate this phenomenon, i.e., I will

discuss the sharpness of the Assouad embedding theorem.

Question 0.1.5 (Sharp Assouad question). Given a K (> 2)-doubling metric space
(M, dn), do there ezist a constant C' > 0 and a natural number d such that the metric

space (M, d%,) embeds \/f_—a—bilipschitzly into R?, for all % <a<l1?

In Chapter 1, I will provide a larger class of examples, namely the category of
finitely generated groups of polynomial growth and simply connected nilpotent Lie
groups, for which the sharp Assouad Question 0.1.5 has an affirmative answer. In
Chapter 2 2, I will prove that the distortion O <ﬁ) in the Assouad embedding
Theorem 0.1.3 is sharp for not virtually abelian finitely generated groups of polyno-

mial growth and nonabelian simply connected nilpotent Lie groups. The rest of this

Chapter is devoted to a summary of Chapters 1 and 2.



0.2 Summary of Chapter 1: Sharp Assouad the-
orem for finitely generated groups of polyno-
mial growth and simply connected nilpotent
Lie groups

In Chapter 1, I establish a sharp Assouad theorem, i.e., an affirmative answer to
Question 0.1.5 for finitely generated groups of polynomial growth and simply con-

nected nilpotent Lie groups.

Theorem 0.2.1. Let G be either a finitely generated group of polynomial growth
with left-invariant word metric dg, or a simply connected nilpotent Lie group with
left-invariant sub-Finsler distance dg. Then there exists a natural number Dg and a

constant Cg such that for any % < a < 1 the metric space (G,d%) admits a bilipschitz

Cg

embedding into RP¢ with distortion Nt

(A special case of this theorem for Carnot groups and their lattices appeared in
[72, Theorem 1.1].)

This can be seen as a generalization of Theorem 0.1.4. The proof of Theorem 0.2.1
builds on the proof of Theorem 0.1.4, which consisted of a new variant of the Nash—
Moser iteration scheme combined with a new extension theorem for orthonormal
vector fields. Beyond the need to overcome several technical issues that arise in this
more general setting, a key point where our proof departs from that of Theorem 0.1.4

is in the proof of the orthonormal vector field extension theorem, stated as follows.

Theorem 0.2.2 ([72, Theorem 4.2]). Let (M,dn) be a K(> 2)-doubling metric
space, and let D and m be positive integers withm < D —224K*log K. If v, -+ , U :

M — SP=L are 1-Lipschitz functions that form an orthonormal system at each point



of M, i.e.,
v1(p), -+, Um(p) form an orthonormal system for each p € M,

then there exists a 150K°m(m + 1)-Lipschitz function vy, : M — SP~1 such that

V1, 5 Um, and Uymaq form an orthonormal system at each point of M.

In [77], Theorem 0.2.2 is established for the Heisenberg group using a quantitative
homotopy argument on a CW structure on the Heisenberg group that is left-invariant
under the action of a cocompact lattice. This proof does not carry on in the setting
of nilpotent Lie groups, as a nilpotent Lie group may not have a cocompact lattice if
its structure constants are always irrational. Instead, the proof of Theorem 0.2.2 uses
two different ingredients: the Lovasz local lemma and the concentration of measure
phenomenon on the sphere. This approach has the advantage that the proof applies
in the general setting of doubling metric spaces; we anticipate this to be useful in
future attempts to answer Question 0.1.5 in the affirmative.

In particular, Theorem 0.2.1 tells us that one cannot find counterexamples to
the Lang—Plaut Question 0.1.1 using the aforementioned program of [61] within the
category of finitely generated groups of polynomial growth and simply connected

nlipotent Lie groups.

0.3 Summary of Chapter 2: Vertical versus hori-
zontal inequalities

In Chapter 2, I show that the distortion that appears in the Assouad embedding
Theorem 0.1.3 is sharp for nonabelian simply connected nilpotent Lie groups and
not virtually abelian finitely generated groups of polynomial growth. This is proven

by establishing “vertical versus horizontal inequalities” on these groups. Previously,



these statements were known for the discrete and continuous Heisenberg groups.
Let G be a nonabelian simply connected nilpotent Lie group endowed with a
left-invariant sub-Finsler distance. I will first state the inequality on G. Given left-
invariant vector fields X1, - -- , X} that form a basis of the horizontal vector subspace
V' of the Lie algebra g of G, along which the sub-Finsler distance is measured, let us

write the horizontal gradient of a function f: G — X as

vf = (X1f7 7ka)7

if each X, f exists. As G is nilpotent, one may define the nilpotency step s of G, i.e.,

the largest integer s such that [[g, g, ,g] # 0; choose any v € [[g, g],- - - , g] of unit
ti ti

length. Let exp : g — G be the Lie group exponential map, which is a diffeomorphism,
and let p denote the bi-invariant Haar measure of GG, which is the push-forward of
the Lebesgue measure on g by the exponential map. One has dg(exp(tv), eq) <¢ t'/*

for all ¢t > 1.2

Theorem 0.3.1 ([71, Theorem 5]). Let G be a nonabelian simply connected nilpotent
Lie group. Suppose that p € (1,00) and q € [2,00). Let (H, || - ||g) be a Hilbert space,

and let f: G — H be smooth and compactly supported. Then

( [ ( [ ( 17 (exp(tr) - f(h)HH)pdu(h)>max{p7q}/p %) o 0

So =0 ([ 19500y duth)) "

2For P, @ > 0, the notations P < Q, Q@ = P, P = O(Q), and Q = Q(P) mean that P < KQ for
a universal constant K € (0,00), and P =< @ means (P < Q) A (Q < P). Dependence on parameters
is indicated by subscripts. For example, in the presence of auxiliary parameters 1, £, the notations

P 51/1,5 Q, Q Zw)g P, P = Ow’g(Q), Q = Qw’g(P) mean that P S K(w,f)@ where K(’(/J,f) c (0, OO)
may depend only on ¢ and &, and P =, ¢ @Q means (P Sy e Q) A (Q Sye P).




In particular, when p = q,

</ /(Hf — t;i)/) (h”'H)qdu(h)%)l/q Se (/G|!Vf<h)||Z§(H)du(h)>l/q.

More generally, I can take the target space to be not only Hilbert space but also

any uniformly convex space X. In this case, ¢ will range over the values for which X
has an equivalent norm which is g-uniformly convex.

I will next state the inequality on groups of polynomial growth. Let I be a not
virtually abelian finitely generated group of polynomial growth, with left-invariant
word metric induced by some finite generating set. By Gromov [30], I' admits a
subgroup I" of finite index that is nilpotent. Let 7" be the (finite) torsion subgroup of I
and consider the quotient subgroup I' = I'" /T, which is a torsion-free nilpotent group,

of step s > 2. Take v € [[[,T"],--- ,T”] \{er~} and take v to be any representative

vV
s times

of v”. Then dy (v, ern) <p» n'/*, n > 2. Under this setting, the following inequality
holds.

Theorem 0.3.2 ([71, Theorem 6]). Let I', v € I, and s > 2 be as above and let
q € [2,00). Suppose that (H,| - ||g) is a Hilbert space. Then there exists a natural

number ¢ > 2 such that for every n € N and every f : T' — H one has

. max{p,q}/p\ Y/ ma{pa}
- 1
> i | 2 @) = f@l
k=1 2€Bn(er)
2
» (2)
Scp=DYH 0 Y > If(wa) - f@)I%
ZEBer (er) a€sS
In particular, when p = q,
1/q 1/q
If (zvf) — f(@)]F
Z ) DS o[ X i) - sl
k=1 z€By(er) 2E€Bep(er) a€S



Again, more generally, one can take the target space to be any uniformly convex
space.

These inequalities are proven using the vector-valued Littlewood-Paley—Stein the-
ory approach of Lafforgue and Naor [47]. These inequalities are quantitative nonem-
beddability statements that show that any Lipschitz mapping from the aforemen-
tioned groups into a Hilbert space (or more generally any uniformly convex space)
must quantitatively collapse along the center.

As a consequence, any embedding of the a-snowflake, % < a < 1, of any nonabelian
simply connected nilpotent Lie group G and of any not virtually abelian finitely
generated group I' of polynomial growth into Hilbert space must incur distortion at

least a constant multiple of \/1177 With the version of the inequality for uniformly

convex spaces, we see that the distortion into a g-uniformly convex space is at least
a constant multiple of m

Another consequence is that a ball of radius n > 2 in the aforementioned groups
must incur bilipschitz distortion at least a constant multiple of v/logn into a Hilbert
space, or (logn)'/? into a ¢(> 2)-uniformly convex Banach space. This bound is sharp
for the LP (1 < p < 00) spaces, i.e., the distortion is Q,(v/logn) for L? targets with
1 <p<2andis Q((logn)/?) for L? targets with p > 2.

It is an open question what the distortion into L' spaces must be.

Question 0.3.3. What is the smallest possible distortion incurred when embedding
a ball of radius n in a nonabelian simply connected nilpotent Lie group or any not

virtually abelian finitely generated group T of polynomial growth into an L'(c) space?

For the Heisenberg groups of dimension 5 or higher it was settled by Naor and
Young [64] that the answer is a constant multiple of y/logn, and for the Heisenberg
group of dimension 3 it was settled by Naor and Young [65] that the answer is a
constant multiple of +/Iog n.

A byproduct of the analysis is a version of the classical Dorronsoro theorem for

10



simply connected nilpotent Lie groups. Dorronsoro’s theorem characterizes the LP
(1 < p < o0) norm of the fractional Laplacian of an element of LP(R?). I show that
Dorronsoro’s characterization carries on to the setting of simply connected nilpotent
Lie groups.

Following Folland [25] and denoting by A = Zle X? the sub-Laplacian and H;
the corresponding heat kernel, one defines the operator (—A,)® for 1 < p < oo and

Rea > 0 by

1 00
AN =i t\_ReaJ—a A \_ReaJ—f—lH dt
(=8,)°f el—I}(l)F(LReOLJ—Fl—OJ)/E (=4) of

for all f € LP(G) such that the limit exists in the L? norm. Then, for 1 < p < co and

a > 0, the Sobolev space SP is the Banach space Dom((—A,)%/?) with norm

Il = 11 ooy + 1(=2p)2 )l zoe)-

We now define local and global weightings of polynomials. Recall the horizontal
layer V' < g of the sub-Finsler distance of G. Let A% denote the class of polynomials
of weighted degree at most d, with respect to the

For a locally integrable function f : G — R, x € G and r > 0, let A;{Tf denote
the unique element of A,, the class of weighted polynomials of degree at most d on

G, such that
/B W)~ AL S Ay =0, VA€ Ay

One measures how well AiT f approximates f in the ball B,(z) by the following

quantity:

1/q
By ol By()) = (]i ()If(y)—Aﬁ,Tf(y)\qdy) Cl<g<o

Then our version of Dorronsoro’s theorem states the following.
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Theorem 0.3.4 ([71, Theorem 22]). Let G be a simply connected nilpotent Lie group

of global Hausdorff dimension ny. Let 1 < p < oo, a > 0, and

<< min{p, 2}ny,
= np — min{p, 2}
Then for all f € LP(G),
< M 2 dr o/ v
/ </ [_aﬁf,LaJ,q(Br(x))] _> du(x) | <capa |(=2)"*fllLrc).
g \Jo LT r

in the sense that f € SP(G) if and only if the left-hand side of (2.8) is finite, in which

case the above relation holds.

One consequence of Theorem 0.3.4 is that one obtains Theorem 0.3.1 with ¢ = 2 for
simply connected nilpotent Lie groups, under the weaker assumption that v € [g, g].
Thus, when mapping nonabelian simply connected nipotent Lie groups into the LP
(1 < p < o0) spaces, the quantitative collapse occurs on the commutator subgroup;
this is in line with the qualitative Pansu—Semmes nonembeddability argument.

Previously, in the setting of Heisenberg groups, Féssler and Orponen [22] estab-
lished a one-sided Dorronsoro theorem with a restriction 0 < o < 2 on the range of
exponents « of the Laplacian; this restriction does not appear in the commutative
setting and is caused by their use of horizontal polynomials as approximants. The
current work identifies the correct class of approximant polynomials, namely polyno-
mials of local or global weighted degree < d, and proved the two-sided Dorronsoro
theorem with the full range 0 < a < oo of exponents in the general setting of simply
connected nilpotent Lie groups, thus strengthening and extending the work of Fassler

and Orponen.
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Chapter 1

Embedding finitely generated
groups of polynomial growth and
nilpotent Lie groups into Euclidean

space

In this chapter, we will prove Theorem 0.2.1, thereby establishing an affirmative
answer to the sharp Assouad question 0.1.5 for finitely generated groups of polynomial
growth and simply connected nilpotent Lie groups.

Let I' be a group with finite symmetric generating set S. We say that I' is of
polynomial growth if the cardinality of S, i.e., the set of group elements expressible
as a word of length n, grows at most polynomially in n. Let dy be the left-invariant
word metric on I' induced by S, i.e., for any group element g € I', the distance
dw(g,er) (where er is the identity element of I') is defined to be the length of the
shortest word expressing ¢g using only alphabets from S. For any g1, g2 € I', we define

dw (g1, 92) == dw (g5 g1, er). It is clear that this defines a distance on I

13



One of the main results of this chapter is the following theorem.*

Theorem 1.0.1. Let I' be a finitely generated group of polynomial growth with left-
invariant word metric dy . Then there exists a natural number Dy such that for every
0 < & < 1/2 there exists a bilipschitz embedding of (T, dy,©) into RPr with distortion

OF(€_1/2).

This theorem is immediate when I' has a finite index subgroup isomorphic to Z";
in fact, in this case, there exists a bilipschitz embedding of the original metric space
(T, dr) into some RPr. Thus, the hard part of Theorem 1.0.1 is when I" does not admit
finite index subgroups isomorphic to Z", i.e., when I" is not virtually abelian.

The bilipschitz geometry of finitely generated groups of polynomial growth is
intimately related to that of nilpotent Lie groups. In fact, Theorem 1.0.1, which deals
with finitely generated groups of polynomial growth, will be a consequence of its
counterpart Theorem 1.0.2, which deals with nilpotent Lie groups.

A connected real Lie group G, with real Lie algebra (g, [, ]) is said to be nilpotent

if there exists a positive integer s such that [g,[g,[ - ,g]]] = 0. A vector subspace
—_——

s+1 times

V < g is said to generate g by brackets if

V+ [V Vit VIV [ V] =g

J/

-~
s times

We may define a bundle A over G as the extension of V' to a left-invariant subbundle:

A, = (dL,).V, pegG.

Following widespread convention, A < B, A = O(B), and B = Q(A) mean A < CB for a
universal constant C, and A < B means (A < B) A (B < A). If the constant C' depends on other
parameters, this is denoted using subscripts, e.g., A Sc,.N, B, A = Oc¢y N, (B), and B = Q¢ v, (4)
mean A < C(Cy, Nog)B where C(Cy, Np) depends only on Cy and Ny, and A <, B means A S¢, B
and B SCO A.
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Let || - || be a norm defined on V. We then extend it to A as a left-invariant norm:
[(dLp)e(@)] = lvll, peG, veV.

The metric dg on G is the left-invariant sub-Finsler Carnot-Carathéodory distance

associated to A and || - ||, i.e., for p,q € G,

dg(p, q) = inf {/O [(@®lldt - v € CR(10,1]; G),7(0) = p,y(1) = ¢,7 € A} ,

where C55 ([0, 1]; G) consists of the piecewise smooth functions from [0, 1] to G.

The other main result of this chapter is the following theorem.

Theorem 1.0.2. Let G be a connected real nilpotent Lie group with left-invariant sub-
Finsler Carnot-Carathéodory distance dg associated to a bracket generating subspace
V < g and a norm on it. Then there exists a natural number D¢ such that for every
0 < & < 1/2 there exists a bilipschitz embedding of (G, dg ©) into RPe with distortion

Og(€_1/2).

Previously, Theorem 1.0.2 was proven in? [77] for the Heisenberg group H?, and
more generally in [72] for Carnot groups, which are groups G defined as in Theorem
1.0.2 but with the additional property that the Lie algebra g is graded, i.e., it admits

the direct sum decomposition

where Vi1 = 0 and Vo1 = [V, V,] for r = 1,--- | s, and the distance is induced by
the choice of V' = Vj. These groups are easier to analyze because their group law is

cleaner and because they admit dilations: for each A € R, the linear map 0, : g — ¢

When comparing [77] and this paper, one should keep in mind that the vectorfields and metrics
of [77] are right-invariant, whereas this paper uses left-invariant vectorfields and metrics.
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defined by

Sy = Nidy,, r=1,---,s

is a Lie algebra isomorphism.

We have not attempted to optimize Dr or D¢, but from the analysis in this paper
it will be clear that D and Dg are at least polynomial in the doubling constant, to
be defined below, of I'" and G.

We will not work in the large epsilon regime % < ¢ < 1 because Theorems 1.0.1
and 1.0.2 are simply not true in this case; this is due to obstructions caused by the
Assouad dimension, see [3]. Furthermore, we will assume 0 < € < &, where A is a
very large number. For & < e < 1, a construction of [3] gives such an embedding; we
are thus only interested in the small epsilon regime.

Some history behind Theorems 1.0.1 and 1.0.2: the groups under consideration
are special cases of doubling metric spaces, where a metric space (X, dx) is said to

be K-doubling for some natural number K if for any € X and R > 0 there exist

points yy,--- ,yx € X such that

Br(z) C U Brya(y;),

j=1

where Br(x) = {z € X : dx(z,z) < R} is the ball of radius R centered at x;
we say that (X, dyx) is doubling if (X, dx) is K-doubling for some natural number
K. Assouad [3] showed that for 0 < ¢ < 1, the (1 — ¢)-snowflake of a K-doubling
metric space admits an embedding into €2OK(570(1>) with distortion O (e7'/2). Here,
the distortion O(s7/2) is sharp for the Heisenberg group H?; see [61, Section 4] for
a proof of this fact. There is a lot of relevant literature on how to sharpen Assouad’s
theorem in different ways, with or without various assumptions; see, for example,

Abraham, Bartal, and Neiman [1], Bartal, Recht, and Schulman [7], Gottlieb and

Krauthgamer [28], and Gupta, Krauthgamer, and Lee [31], but we do not mean this
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list to be extensive. The direction that is quite relevant to this paper is that of [61],
which showed that one can construct snowflake embeddings of any doubling metric
space into bounded dimensional Euclidean spaces at the cost of slightly worsening

the distortion: more precisely, one can embed the (1 — ¢)-snowflake of a K-doubling

og K)

with distortion O(logzK), or more generally, for any 0 < § < 1, into

space into E?“ >

log K
62( ) with distortion O((*5)149). One may then further inquire whether we can
take the target dimension to be uniformly bounded in 0 < & < % while simultaneously

attaining the best possible distortion O(¢71/2). We state this separately as a question.

Question 1.0.3 (Assouad’s theorem with optimal distortion and bounded dimen-
sion). For any natural number K > 2, does there exist a natural number D(K) such
1

that if (X,dx) is a K-doubling metric space and 0 < € < 3, then there exists an

embedding of the snowflake (X, dy ) into RPUE) with distortion Ok (e7/?)?
For completeness, we state a stronger version of the above question, which is

motivated by the fact that we must have the lower bound D(K) 2 log K.

Question 1.0.4 (Assouad’s theorem with optimal distortion and optimal dimension).
For any natural number K > 2, does there exist a natural number D(K) = O(log K)
such that if (X,dx) is a K-doubling metric space and 0 < & < %, then there exists an

embedding of the snowflake (X, dy ) into RPE) with distortion Oy (e~ /?)?

These questions are relevant to finding counterexamples to a question raised in

[48], which, in our notation, can be stated as follows.

Question 1.0.5 (Lang—Plaut problem [48]). For any natural number K > 2, does
there exist a natural number D(K) such that if X is a subspace of {5 that is K-doubling

under the metric it inherits from o, then there exists an embedding of (X, || - ||2) into

RPE) with O (1) distortion?

As observed in [61], if an embedding as in Question 1.0.3 fails to exist for the

Heisenberg group H?, then the Lang-Plaut problem would be answered in the neg-
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ative, since it is known that H? admits (1 — €)-snowflake embeddings into ¢ with
distortion O(¢7'/?) with the additional property that the doubling constant of the
image is uniformly bounded. Nevertheless, it was shown in [77] that an embedding
as in Question 1.0.3 for H? exists, i.e., Theorem 1.0.2 for G = H? is true. Thus, the
Heisenberg group (or more precisely, the doubling /5 images of the snowflakes thereof)
fails to serve as a counterexample to the Lang—Plaut problem.

The following question was posed in [61] to highlight this connection.

Question 1.0.6. For any natural number K > 2, does there exist a natural number
K'(K) such that if (X,dx) is a K-doubling metric space and 0 < € < %, then there
exists an embedding of the snowflake (X, d% ©) into ly with distortion O (/%) with

the additional property that image of X is K'(K)-doubling?

Of course, the connection is that if Question 1.0.6 has a positive answer while
Question 1.0.3 has a negative answer, then the Lang—Plaut problem (Question 1.0.5)
must have a negative answer.

The main purpose of this paper is to expand upon our partial knowledge of Ques-
tion 1.0.3, by answering it in the affirmative in the setting of finitely generated groups
of polynomial growth and nilpotent Lie groups. We first reduce proving Theorem 1.0.1
to proving Theorem 1.0.2, and then establish that it is enough to consider simply con-
nected nilpotent Lie groups. We carry the methods of [77] into the setting of simply
connected nilpotent Lie groups, and whenever a tool of that paper becomes inade-
quate in the setting of simply connected nilpotent Lie groups, we replace it with a tool
more suitable in the general language of doubling metric spaces. More specifically, the
key tools of [77] are a new variant of the Nash-Moser iteration scheme and a certain
extension theorem for orthonormal vector fields using a quantitative homotopy argu-
ment. When generalizing to the case of nilpotent Lie groups, one potential source of
trouble is that an arbitrary nilpotent Lie group might have an arbitrarily large step

size s, which could complicate its geometric properties and make the tools of [77]
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fail. It will be shown in Section 1.2 that the Nash—Moser iteration scheme, being a
first and second order statement, directly generalizes to the setting of nilpotent Lie
groups, and we prove an orthogonality statement slightly stronger than that of [77].
However, in Section 1.3, it will be clear that there are some obstructions to the quan-
titative homotopy argument. Nevertheless, we will prove the orthonormal vector field
extension theorem even for general doubling metric spaces, using the concentration
of measure phenomenon for the sphere and the Lovasz Local Lemma.

Ultimately, we would like to answer Question 1.0.3 for general doubling metric
spaces; this paper is an intermediate step in such an investigation, showing that
it is at least true for finitely generated groups of polynomial growth and nilpotent
Lie groups. We plan to address the case of general doubling metric spaces in future
work, by possibly adapting some of the proof methods of this paper. In particular,
the orthonormal vector field extension theorem for doubling metric spaces (Theorem
1.3.3) seems to be a good starting point for future work, and we would have to find
either a metric analog or a replacement for the Nash-Moser iteration scheme.

We now briefly overview some of the results and strategies of [3, 61, 77] for con-
structing snowflake embeddings, and describe how these ideas connect to the proof
strategy of this paper.

The starting point of constructing snowflake embeddings is the classical fact that
if X is a metric space, A > 1,0 < e < %, and {¢n, : X — Lo}nez is a collection of

maps such that |¢,,| < A™ and ¢,, is 1-Lipschitz, then the Weierstrass sum

O=> AT, (1.1)

meZ

(which is easily seen to be absolutely convergent, say by requiring ¢,,(z¢) = 0 for
all m € Z for some fixed xy € X) is (1 — €)-Holder, with the Hélder norm bounded

by O(e™!). If one assumes in addition that the maps ¢, take values in mutually
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orthogonal subspaces of /5, then we can bound the (1 — ¢)-Holder norm by O(e~%/2).
In the case where X is a doubling metric space, Assouad [3] constructed functions ¢,,
with the above properties and with the additional property that if d(p, q) < A™ then
|0 (P) — dm(q)| Zx A™. Then & satisfies the Holder lower bound |®(p) — ®(q)| Zk
d(p,q)'~¢ for any p,q € X, and thus is an embedding of the (1 — &)-snowflake of
X into ¢, with distortion O (¢7/2) (we do not stress dependence on A for now, as
Assouad chooses A to be a constant).

When improving upon Assouad’s theorem to reduce the target dimension (espe-
cially when trying to keep the target dimension independent of ¢), one usually keeps
the idea of using the Weierstrass sum (1.1) to guarantee the upper bound but needs
to be more clever to enforce the lower bound. Note that for A™~! < d(p,q) < A™, the
sum . A7 (dn(p) — ¢n(q)) is negligible compared to d(p,¢)'~=,* so in order to
enforce the lower bound it is enough to have | 3~ . A7 (dn(p) —én(q))| 2 d(p,q)' .
Thus, it is natural to devise an iterative construction: having constructed maps

{¢n : X = RP},-,, such that the partial sum > A" ¢, is a map that is able to

n>m
distinguish points which are at least distance A™*! apart, by being a map that “os-
cillates” at scale A™*! and above, we need to devise a component A~"¢¢,, : X — R

which “oscillates” at scale A™ and which, when added to ¢ :== )" A" ¢, makes

n>m
the sum A™¢¢,, + 1 able to distinguish points which are at least distance A™ apart.
Thus, the challenge is that given the map ¢ : X — R”, we need to make use of a
limited amount of coordinates in constructing a map ¢,,, so that although ¢ and ¢,,
“share coordinates”, the sum A~"¢¢,, + v satisfies the required Holder lower bound.

In [61], the maps ¢,, are defined via a probabilistic construction: after they con-

struct random partitions arising from nets (defined in Section 1.1.4) with good proba-

3More precisely, we would have to take A"~ 119 < d(p,q) < A" for a fixed small § > 0, while
taking the length scale A sufficiently large, but for clarity of the introduction we will not address
this issue for now. See the proof of Proposition 1.5.5 for a precise argument. We also remark that
the length scale A will be chosen last in our “hierarchy of constants” (see subsection 1.1.2), so A
will dominate every other parameter used in this chapter.
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bilistic padding properties, they define the maps ¢,, using the distance to the bound-
aries of these partitions, and by a nested use of the Lovasz Local Lemma conditioned

on the partial sum ) A" ¢, they show that their maps ¢,, have the desired

n>m
property. This construction gives distortion O(e717?%), where the ! factor comes
from the Hélder constant of (1.1), and the additional factor e~ comes from some
technicalities of the construction, namely that one needs to introduce a slightly finer
length scale than A when constructing the nets to ensure that the Lovész Local
Lemma is applicable and thus the Holder lower bound is achieved.

The result of [61] was surprising at the time since it was the first to achieve a
target dimension that is uniformly bounded in the amount of snowflaking. It is also
surprising that they have achieved the theoretically best possible target dimension
log K, up to constant factors. However, [61] fell short of giving a final answer to
the problem of snowflake embeddings, since the distortion they have achieved was
O(£7179), not O(¢71/2). They have asked whether it is even possible, citing that if
Question 1.0.3 is answered in the negative for H?, then Question 1.0.5 would be
answered in the negative. Surprisingly, Question 1.0.3 was subsequently answered in
the affirmative for H? in [77], and thus the above method of answering Question 1.0.5
was overturned.

In order to see how one can achieve the optimal distortion O(e~%/2), let us revisit
(1.1). When working with a bounded number of dimensions, one needs to work with
a notion of orthogonality weaker than requiring the ¢,, to have pairwise orthogonal
ranges. In fact, one can see that we do not need to require every pair of the ¢,,
to take values in mutually orthogonal spaces; instead, we need only that each ¢,,
be orthogonal in some sense to the partial sum ) _ ~A™"%¢, (recall that we don’t

need to consider the partial sum A7 ¢, when considering points p,q € X

n<m

with d(p,q) < A™, as the sum ) _ A" (¢n(p) — ¢n(q)) is negligible compared

to A1) =< d(p,q)'~¢ in this case). Following [77], we will choose the notion of
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orthogonality to be that the horizontal derivatives are perpendicular: if V denotes
the horizontal gradient in the Carnot group G (see subsection 1.1.6 for the definition
of horizontal gradient), then we require the orthogonality V¢,,-V >  _  A™¢, =0
(actually we will derive a slightly stronger orthogonality condition; see Section 1.2).
Overall, the ¢,, are constructed in an iterative manner, and this orthogonality is
added to one of the conditions that such an iterative construction must achieve.

Note that this orthogonality easily guarantees the Holder upper bound of ®, be-

cause an iterated use of the Pythagorean theorem gives

2

= Z A*2n€’v¢n‘2 SA 871A72n5’

n>m

vy A,

n>m

(we will have |V¢,| = O(1)); to get the Holder lower bound, one needs to guarantee

that the partial sum ) A" ¢, “oscillates” at scale A™. In general, proving the

n>m
Holder lower bound is more complicated than proving the Holder upper bound, as
the geometry of the particular space X under consideration plays a more significant
role.

For simplicity of explanation, assume G is a Carnot group. For such groups, we
can use Taylor expansions to exploit the local geometry of G in the following way.
Fixing a basis X, 1, -+, X, , of each stratum V;, each point p € G can be expressed
in the coordinates p = exp (Zizl Zf;l xT,iXT7i>, while its distance to the identity is
roughly de(p,0) <¢ > 0_, Z?;l |z,.;]/" (the notation will be explained in full detail
in subsection 1.1.6). Under this coordinate system, any C*¢*Y-function ¥ : G — RP

can be approximated by its Taylor expansion as

s s k m
1 ™
U(p) = ¥(0) + E - < E E a:rvanj) U(0) + (Taylor approx. error)
m=1 ’

r=1 j=1

(the smallness of the Taylor approximation error can come from a bound on the
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C*6+D_norm of ¥ and on a smallness assumption on dg(p,0)). It will be seen in the

proof of Proposition 1.5.5 that we can rearrange the above into the nicer form

s k-
U(p) =U(0) + Z Z(xm- + coordinate errors)X, ;¥ (0)

r=1 j=1

+ (cross derivative terms) + (Taylor approx. error),

where the “coordinate errors” and the “cross derivative terms” can be made small
by a smallness assumption on dg(p,0) and on control of the second and higher order
derivatives of W. Thus, if we also have quantitative linear independence of the deriva-
tives X, ;U(0) (see subsection 1.1.3 for the notion of quantitative linear independence;

we will later refer to this as a “freeness property”), then we can deduce

|U(p) —¥(0)| 2 max |(x,;+ coordinate errors)X, ;¥(0)| — (errors)

~1<r<s,1<j<k,

2da(p,0)®  min  |X,;U(0)] — (errors).

1<r<s,1<j<kr

We remark that this is one point where our proof becomes more complicated due to
the more general nilpotent Lie group structure, compared to the setting of G = H?
in [77]. But this, so far, does not necessitate a fundamental change of techniques.
To deduce the Hélder lower bound for our embedding ® at scale A° = 1, we
will apply the above approximation to ¥ = ano A""¢,, and consider points at a
slightly smaller scale, more precisely dg(p,0) < A=Y+, (This uses the additional
fact that we effectively only need a Holder lower bound for part of the scales, as long
as we can cover the entire set of scales by a finite set of rescalings. See Proposition
1.5.5.) Thus, to enforce the Holder lower bound, we will have to justify the above
approximation and give quantitative bounds on the various errors, namely we will
need estimates on the C*¢*Y-norm of ¥ and quantitative linear independence of the

derivatives X, ;¥(0).
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Thus, all in all, the iterative step can be stated as follows: upon rescaling so

that m = 0, and defining ¢» = > _, A7"¢,, the main problem is, given a function

n>0
¥ G — RP, which “oscillates” at scale A (this will be measured by the rescaled
C™ norms which will be introduced in subsection 1.1.5), which is a C*(*D-function,
and whose derivatives are quantitatively linearly independent, to construct a function
¢ : G — RP, which “oscillates” at scale 1, which is a C*¢*tV-function, and with the
orthogonality property V¢ - Vi = 0 along with a quantitative linear independence
for the derivatives of ¥ + ¢. The precise statement and proof of the iterative step will
be presented in Section 1.4.

Once we have the iterative step as above, the rest of the inductive construction
is fairly easy and is given in Section 1.5. This inductive construction mostly follows
the line of [77], but we have spelled out the details for completeness. In order to
begin the iteration, we need a single function ¢,, to begin with, which oscillates at
a fixed scale A™, is of class C***1) and whose derivatives are quantitatively linearly
independent (we will call this a “freeness” property). This is done in Proposition
1.4.1. It is easy to construct a smooth function with the first two properties, and then
we can guarantee the latter freeness property by a Veronese-type embedding often
employed in the Nash embedding literature (and also used in [77]). Once we have this
single function, we employ the above iterative step a finite number of times to obtain
a finite family of mappings {¢,, : G — R} 11, <m<ns, (Proposition 1.5.1), and then use
the Arzela-Ascoli theorem to pass to a full family of mappings {¢,, : G — RP},.cz
(Theorem 1.5.3). There is a small issue of losing one degree of regularity when using
the Arzela-Ascoli theorem, but this can easily be fixed by requiring C***5+-regularity
in the first place.

We devote the rest of the introduction to explaining the proof ideas behind the

above iterative step.
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A naive approach to solving the equation* would be to use the Leibniz rule
directly: denoting by Xi,---,X; a left-invariant vectorfield basis for V) so that
V = (Xy, -+, Xg), the Leibniz rule tells us that X;¢- X;0 = X;(¢- X)) — ¢ - X; X;00,
so in order to solve

ngszz/):Oa Z.:]w"'akv

we could simply solve
¢-Xiw:¢.XiXi¢:()’ Z’:L...’k

(Note that the trivial solution ¢=0 is not acceptable, as we need a freeness property
of 1) 4+ ¢ at scale 1.) This latter equation is at least algebraically well-posed in the
sense that the vectors X;o and X; X0, ¢ = 1,---  k, are (quantitatively) linearly
independent; however it seems inherent that ¢ must be in the same regularity class
as X;¢ and X;X;¢; i.e., ¢ must have two fewer degrees of regularity compared to .
This “loss of derivatives problem” would make the iteration fail.

The solution proposed by [77] to get around this loss of derivatives problem was
to introduce Littlewood—Paley projections P<y,) on H? (see subsection 1.1.7 for

Littlewood—Paley projections), and first solve the approximate equation

by solving

Because lower order derivatives of ¢ can control higher order derivatives of <y,
(up to losses growing on the order of the Littlewood—Paley frequency Ny; see Theorem

1.1.2 for the precise quantitative statement), and because we are looking at a smaller

4In Section 1.2 instead of V-V = 0 we will solve the stronger equation Xip- X9+ X;0- X9 =0
fori,j=1,---, k. We are stating the simpler version to keep the Introduction simple.
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scale 1 for ¢ compared to the larger scale A for v, it is plausible that one can achieve
as much control on ¢ as 1, as long as we take A very large compared to Ny. More
precisely, because ¢ oscillates at scale A, its homogeneous C™-norm will behave like
A" 50 V2P<nyy will have C™-norm roughly A=™2 for m < s? + s — 2 and
14*52*5]\76”_52_S+2 for m > s* + s — 2, which are all O(1) if A is chosen sufficiently
larger than Ny. This will ensure that any reasonable construction based on X;P< ;)
and X; X;P<ny)% will produce a function that “oscillates” at scale 1 and is of class
Cs**+s+1 and thus has the same level of regularity as the function ¢ that we want to
produce.

We will show in subsection 1.1.7 that simply connected nilpotent Lie groups admit
Littlewood—Paley projections that share the same properties as those used in [77].

Thus, the main idea of [77] to solve the equation V¢ - Vi) = 0 is to decompose
it into two steps. In the first step, we need to solve the low-frequency version of the

equation V¢ - V P<ny¥ = 0 using the Leibniz rule, i.e., we solve the equation
6 XiPanyt =0, ¢ XiXiPangtp =0, i=1,--k,

while guaranteeing that gz~§ has the same regularity as X P<n,)¥ and X X P<n,¢. In
the second step, we would assume the low-frequency solution gE as given, and then we
would need to correct ¢ into a “true” solution ¢ while guaranteeing that ¢ has the
same regularity as ®.

The first step, namely solving the approximate equation gg - XiP<ng¥ = gzNS
Xi X P<ny)¥ = 0, with QB having the same regularity as X; P<n,)y and X;X;P<ny)?,
is the part where our proof in the setting of general simply connected nilpotent Lie
groups departs the most from the setting of H? in [77], and is the part where the main
novelty of this chapter lies in. For H?, [77] resolves this issue by first observing that

H? has a cocompact lattice and a CW structure that is compatible with it, and then
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provides the extension using quantitative null homotopy on each of the cells of that
CW structure (note that, although the null homotopy is used on an infinite number
of cells, the final construction is globally controlled, because up to left-translation
there is only a finite number of distinct cells). This argument may not work for a
general simply connected nilpotent Lie group G, as G might not admit a cocompact
lattice (say if the structure constants for every basis of G were irrational). Instead,
we give a proof, using the concentration of measure phenomenon on the sphere and
the Lovasz Local Lemma, that is independent of the topology of the space under
consideration, by using only the fact that G is a doubling metric space (see Section
1.3 for details). We essentially do not need the differential structure of G because the
uniform continuity of ¢ is the main hurdle here; we can automatically gain higher
regularity by convolving with a mollifier and using the Gram-Schmidt process.

To put our solution to the approximate equation into context, we will pose, in Sec-
tion 1.3, a more general question (Question 1.3.1), which asks whether one can extend
a given orthonormal system of vectorfields within the same regularity class. It will
become clear that our solution provides a partial positive answer to Question 1.3.1, at
least when the base space is a doubling metric space, the regularity class is contained
in the Lipschitz class, the regularity class is closed under simple algebraic operations,
and if smoothening a Lipschitz vectorfield by convolving it with some scalar mollifier
provides the resulting vectorfield with the desired regularity (see Theorem 1.3.6 for
details).

For the second step, once we have the approximate solution ¢~>, we need to correct it
into a true solution ¢ while preserving the regularity. Tao [77] solved this by developing
a perturbative theory for the bilinear form V¢ - Vib. More precisely, [77] develops
a version of the Nash—Moser iteration scheme to show how one can correct (E by
small amounts into a true solution ¢ to V¢ - Vi = 0, without losing any regularity

(technically, the Nash-Moser iteration scheme necessitates that we work in the Holder
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class C™*, m > 3, a € (3,1) instead of the usual C™ class, and we will thus have
to accommodate for this for the rest of this paper, but this does not affect any
of the arguments made so far). This method of solving the orthogonality equation
V¢ - Vi) = 0 only requires us to look at first and second derivatives. We will show
in Section 1.2 that generalizing this Nash-Moser iteration argument of [77] from the
case of H? to the broader setting of simply connected nilpotent Lie groups does not
incur serious difficulties even if the step size of GG is greater than 2. We will also show
that by modifying the techniques of [77], one can solve the stronger orthogonality
equation

but we will not be able to obtain the even stronger orthogonality equation

XZ¢XJ¢:O, Z,]:l,,k

See Proposition 1.2.1 and Corollary 1.2.4 for the precise statement. One can find
a detailed description and motivation of this Nash—Moser iteration scheme in the
introduction to [77].

In light of the proof method for Theorem 1.0.2 described above, it is natural to ask
whether these methods can be generalized further. Many of these methods depend on
the fact that nilpotent Lie groups have as tangent spaces and asymptotic cones Carnot
groups (recall that Carnot groups arise as tangent spaces of sub-Riemannian mani-
folds). It would be necessary to revamp many of the ideas here, especially the Nash—
Moser iteration scheme, to be applicable to the setting of doubling metric spaces.
Even the orthonormal vectorfield extension theorem (Theorem 1.3.3) would require
some reformulation since it is unlikely that we will have vectorfields in the setting of
doubling metric spaces; at the least, the vectorfields should be replaced by elements

of a Grassmannian. One realistic hope is that one could transform Theorem 1.3.3 into
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a higher-dimensional block basis variant of the construction of [61] and thus construct
an embedding with distortion O(¢7'/27%) using the random net construction of that
work. One could also improve upon the results of [61] by using hierarchical nets since
these may be easier to control and describe compared to ordinary nets (see [33] for
the construction and applications of hierarchical nets).

The rest of this paper is organized as follows. We first introduce some elementary
background in Section 1.1, and develop the Nash—Moser perturbation theorem in
Section 1.2 and the orthonormal extension theorem in Section 1.3. It is in Section
1.3 that the proof idea differs the most from [77]: whereas that work proves the
orthonormal extension theorem in the spirit of quantitative topology, we will prove it
using the concentration of measure phenomenon on the sphere and the Lovasz local
lemma. We then develop the main iteration lemma in Section 1.4 and show how it

gives us our desired embedding in Section 1.5.

1.1 Preliminaries

1.1.1 Reduction of Theorem 1.0.1 to Theorem 1.0.2, and re-
duction of Theorem 1.0.2 to the case of nonabelian sim-

ply connected nilpotent Lie groups

It is useful to note the following byproduct of the proof of the Assouad embedding

theorem [3].

Theorem 1.1.1. Let (X,d) be a K-doubling metric space. For 0 < r < 1y, there

exists d € N and a 1-Lipschitz mapping f : X — R? such that

sup | f(2)| = Ok (r2),

zeX
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and
|f(z1) — f(x2)| 2k d(z1,22), for all 21,29 € X such that r; < d(zq,22) < ro.

We now begin by noting that to prove Theorem 1.0.1, it is enough to prove The-
orem 1.0.2.

Let T" be a finitely generated group of polynomial growth. But then I' possesses
a finite index nilpotent subgroup I" [30], while if we let T be the torsion subgroup
of T, it is well-known that 7T is a finite normal subgroup, and that the quotient
subgroup I = I"/T is a torsion-free nilpotent group. But then I'” is a cocompact
lattice of some simply connected nilpotent Lie group G [55]. By the Svarc-Milnor
lemma [76, 59], T is quasi-isometric to IV which is quasi-isometric to I, while T" is
clearly quasi-isometric to G. Here, a map f : (M, d) — (N, ) between metric spaces

is called a quasi-isometry if there exists C' > 0 such that

Zd(a,y) ~ O < 8(f(a), f(9) < Caa,9) + C Torall .y € M

and

for all n € N there exists m € M such that 6(f(m),n) < C.

In summary, given I' as above, there exists a simply connected nilpotent Lie group G
and a quasi-isometry f : ' — G. Since G is uniformly discrete, f is Lipschitz, and is

bilipschitz at large scales: there exist C’, C"” > 0 such that

for all g1, 92 € T, dw (g1, 92) > C" implies da(f(g1), f(g92)) > C"dw (g1, 92)-

Thus, assuming Theorem 1.0.2, there exists a natural number Dg such that for

all 0 < e < 1/2 there exists an O (¢7/2)-bilipschitz mapping ®. : (G, dg °) — RP¢;
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by rescaling, say it satisfies, for some constant C > 0,

C
dg(hl, hg)lis S |(I)5(h1) — (Ds(h2)| S &jl_/G2dG<h1’ hz)lig, fOI' all hl, h2 S G

The composition ®. o f : (I',dy,;¢) — RPS is Og(e~/?)-Lipschitz, while it almost

satisfies the lower bound:

D0 f(g1) —Peo f(ga)] > C" Cdw (g1, 92)' ¢ for all g1, g0 € T with dw (g1, 92) > C".

But by Theorem 1.1.1, there exists a mapping ¢ : I' — RO () such that |¢| = Op(1)

and

|6(g1) — d(g2)] <r 1 whenever 1 < dy(g1,92) < C".

The map (®.0 f) @ ¢ : T — RP¢ @ RO gives the desired map.

We remark that, if " is not virtually abelian, then the corresponding torsion-free
nilpotent group I'” is also not virtually abelian [15] and hence its Mal’cev completion
G is nonabelian (and simply connected nilpotent). So the “hard case” of Theorem
1.0.1 reduces to the “hard case” of Theorem 1.0.2.

We now reduce Theorem 1.0.2 to the case where the underlying Lie group is sim-
ply connected. Deducing Theorem 1.0.2 for G from Theorem 1.0.2 for G/ K is similar
to our deduction of Theorem 1.0.1 from Theorem 1.0.2; it is enough to construct
Oc(e7Y?)-Lipschitz mappings (G, d; ) — RO that satisfy the lower Lipschitz
bounds for any points gi,¢92 € G in the bounds dg(g1,92) = Qa(1), da(g1,92) =
©¢(1), and dg(g1, 92) = Oc(1), respectively. The second component arises from The-
orem 1.1.1, so we only need to construct the first and third components.

Let us construct the first component. We are given GG, a connected nilpotent Lie
group, with Lie algebra g. Then it has a maximal nontrivial compact subgroup K,

with Lie algebra £, contained in the center of G, while G/K is a simply connected
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nilpotent Lie group, with Lie algebra g/¢ [80, IV.1.5]. If V' < g is the horizontal
subspace along which distances are measured in G, and 7m : g — & is the quotient
map, let 7(V) be the horizontal subspace along which distances are measured in
G/K. Then the quotient map 7 : G — G/K is a Lipschitz quasi-isometry. Therefore,
composing with 7 the map resulting from Theorem 1.0.2 applied to G/K gives the
bilipschitz mapping that reads scales Qg(1).

To construct the third component, apply Theorem 1.0.2 to the universal cover G
of G (e.g., the exponential map exp : g — G works) to get a Og(e7Y/2)-bilipschitz
mapping (é , dgs) — RO Multiply with a smooth bump function that is supported
on BSM /2 where 7;,; is the injectivity radius of the exponential map exp : G — G,
using the fact that G and G are locally isometric, we obtain an Og(e~/?)-bilipschitz

mapping 6 : G — R d = Og(1) that is supported on Berj/2 and such that

for all g1, g2 € B,f.nj/4 0(g1) — 0(92)| Zc dalgr, g2)' .

Let N be a maximal r;,;/4-separated set of G. We can partition N into a finite

number of sets Ny, ---, N, such that each NV; is r;,;-separated. Then

@y ) 0(gh)  (Gdg ) — R™
a€N;
is an Og(e~"/?)-Lipschitz map that reads scales Og(1).

This completes the proof that to prove Theorem 1.0.2, it is enough to assume G
simply connected.

In case GG is an abelian simply connected nilpotent Lie group, i.e., G = R" for
some n, Assouad [3] constructed O,,(1)-bilipschitz mappings (R, dg,°) — R S0
it is enough to consider the case when G is nonabelian.

For the rest of the chapter, let G be a fixed nonabelian simply connected nilpotent

Lie group.
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1.1.2 Hierarchy of constants

We will select absolute constants in the following order:

A Holder exponent a € (3,1) and a level of regularity m* depending on G. For

2

5 and m* = s? + s+ 1, where s is the step size of G.

simplicity, one can fix a =

A sufficiently large natural number Cy > 1 depending on GG, o and m*. Specifically,
this choice will occur in (1.95), the third inequality of (1.96), the second inequality
of (1.97), (1.98), right after (1.113), right before (1.116), (1.117), right after (1.119),
and (1.139).

A sufficiently large dyadic number Ny depending on G and Cj. This choice will occur
in (1.50), in the derivation of (1.62) of Corollary 1.2.4, (1.101), (1.102), (1.104),
(1.105), (1.106), and (1.118).

A sufficiently large dyadic number A depending on G, Cy and Ny. This choice will
occur in (1.51), (1.107), (1.111) and after it, (1.112), right after (1.113), right before
(1.116), right after (1.119), right after (1.164), (1.166), (1.167), and (1.168).

1.1.3 Basic linear algebra

Denote by | - | the Euclidean metric and by (-,-) the Euclidean inner product on

Euclidean spaces RP.

If T: RPY — RP2 is a linear map, we also denote by |T'| the Frobenius norm

of T. Also, for 1 < n < D, the exterior power A" R” can be identified with R(S),

and so we can also define a Euclidean norm | - | and a Euclidean inner product (-, -)

on A"RP. With this norm on A" RP”, the Cauchy-Binet formula tells us that for

D
,U17”'7UTL€]R )

g A+ A v, |2 = det (v; - v;) = det(TT"),

1<ij<n
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where T : RP — R" is the linear map
T(u) = (u-vy, - ,u-vy,).

More generally, the polarized Cauchy—Binet formula tells us that for uq,--- ,u,,

D
vy, U € RY

<u1 JANERAN T D RVANCRIAN Un> = det (u; - Uj)1§z‘,j§n'

It is not difficult to see that we have a Cauchy—Schwarz-like inequality: for every

vi, v, € RP and 1 <i < n < D, we have
|Ul/\"'/\’0n| S |?J1/\"'/\?JZ‘||UZ‘+1/\"'/\U”|.
We will simply refer to this as the Cauchy—Schwarz inequality in the rest of this paper.

1.1.4 Some metric space geometry

Let (X, d) be a metric space. For any f: X — R”_ we define the norms

flleo =sup|f(@)], [[fllup= sup “———="
Ifllco = sup £z}l |1 F e S )

These norms satisfy certain algebraic properties. If f, g : X — R” then

1f - glluio < I Fllcollgllip + [/ llLipllgllco- (1.2)
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Also, if f: X = R and f(xz) > ¢ > 0 for all z € X then

1L/ fllio < <21 flluin, (1.3)

I/ Pl < %ﬁufump. (1.4)

One can use these properties to see that for f: X — RP with |f(z)| > ¢ > 0 for all

r € X we have

I
/]

For § > 0, a subset N5 C X is a d-net if for any distinct z,y € Nj one has

1fllco < (e + e [ fllco) If s - (15)

Lip

1 1
< s, +H—
Hm o i |77

d(xz,y) > §. By Zorn’s lemma, §-nets which are maximal with respect to inclusion

exist, and if N is a maximal d-net then we have the covering

X = ] Bs(x).

:BG/\C;

An immediate consequence of the doubling property is that if X is a K-doubling

metric space and m > 0, then for any d-net N5 we have

N5 N Byms(z)| < K™ for all z € X. (1.6)

1.1.5 Function spaces on nilpotent Lie groups

We will assume that the norm || - || on V' is an inner product norm on V' (in
other words, we may assume G is a sub-Riemannian manifold, as opposed to being a
sub-Finsler manifold). This is possible by John’s ellipsoid theorem, which allows us to
replace || - || by an inner product norm while introducing distortion at most v/dim V,
which is acceptable since this is independent of the amount e of snowflaking.

We fix a left-invariant orthonormal basis X7, - -+, X of V' with respect to || - ||. If
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¢ G = RP is a differentiable function, we let V¢ : G — R*P denote the horizontal

gradient

Vo = (X1, Xio).

By iteration, we have V"¢ : G — R*"D for any m > 1, if ¢ is m times differentiable.

We recall the C° norm

|9]lco = sup |p(p)],
peEG

and define the higher C™ norms

Igllem = > V/6]lco.

0<j<m

For a fixed spatial scale R > 0, we define the C'}} norm to be the rescaled norm

IQllep = > RV co.

0<j<m

Given a Holder exponent 0 < o < 1 we may also define the homogeneous Holder

norm

[ll¢on = sup ————"=
¢ P,q€G,p#q d(p,q)o‘

and the higher Holder norms

[pllome = [dllem + V"¢l o

and more generally, the rescaled Holder norm

Iellcge = ll¢lley + B™ V™l ¢oa-

One may easily verify

Illcme < Iollopr.
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By an iterated application of the product rule, one can verify the algebra properties

lovllon Sm llgllcgllv]
¢ lcge Sm l19lcgelldloge.

CEo

These inequalities continue to hold when ¢ and i are vector-valued and we take
the wedge product or the dot product, where the constants do not depend on the

dimension of the codomain of ¢ and :

16~ Plley Sm l10llegpllvleg, ¢ dllepe Smllélogellvllep,
[0 Adlleg Smlléleglldlleg, oA PlopeSm 4]

'm,a” || m,a
cme|[Yl|em

More generally, one can observe that these algebra properties continue to hold

when we replace the above norms with norms of the form

léllep, . = > Rill V6o,

0<j<m

where {R;}1", is a “sequence of spatial scales”, i.e., a sequence of positive real num-

bers, that is log-concave: R;R; > R, ;. Examples of such norms include

0]l + RIVélcm, or [[9llco +[[Velle R>1 (1.7)

L)
1/R

1.1.6 Basic metric geometry of simply connected nilpotent
Lie groups

As G is a nonabelian nilpotent Lie group, its topological dimension must at least
be 3.

As G is nilpotent and simply connected, the exponential map exp : g — G is a
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diffeomorphism.

For r > 0, we define the open ball
B, ={h e G:dg(h,ec) <1},
and for g € G and r > 0 we define the open ball
B.(9) ={h € G:dg(h,g) <r}=gB,,

where the last equality follows from left-invariance of the metric.
We will first review Carnot group geometry, as it serves as a model case. Then we

will discuss the local and global metric geometry of G.

Carnot group geometry

Recall that in this case we are given the decomposition g =V, & Vo @ --- B Vj,
and we have set V' = V;. In this case, define dim G = n, dimV, = k,., k = k;, and the
Hausdorfl dimension nj, == »_°_, rk,. Since G is nonabelian, we have s > 2, since if
s = 1, then G is just a finite-dimensional Euclidean space. This will give n, > 4, as
we must have k; > 2 and ky > 1.

For 2 <r <s, wefixabasis X, 1, -, X, of V, and extend them to left-invariant
vectorfields over G. For r = 1, we simply write X; ; = Xj.

Recall that we can define the scaling maps d, : g — g for A > 0 by
Orly, = Nidy,, r=1,---,s.
One may then define the dilation 9, : G — G so that it commutes with exp:

0y © €Xp = exp 00).

38



One can compute that J, is the unique Lie group automorphism ¢, : G — G such

that (0)). = dx. Moreover, J, interacts with the left-invariant vector fields as follows:
Xr,i(¢ o 5)\) = )\T<Xr,i¢) © 5)0 r= L T, S, i = 17 e 7kr'
The special case r = 1 tells us that 9, is a scaling in the Carnot-Carathéodory metric:

dG(d)\(p)76)\<p/)) = )\dG(Z?,p/), pap/ cG.

By iteration, we can also deduce
V™ (pody) = AN"(V™p) o d,.

One can parametrize G by R”, by first identifying G with g via the exponential
map exp, and then identifying g with R” via the basis {X,; }1<,<s1<i<k,. Denote the
corresponding canonical basis as { f,; 1<r<s1<i<k, -

We may define a weighted degree for polynomials in x,; by assigning degree r
to x,,. It is clear that d) acting upon a homogeneous polynomial of degree m is just
multiplication by A™, so the differential operator X, ; acts on polynomials by reducing

the weighted degree by 7 in each term. One can also see, using the scaling J,, that
s k- s k.,
dG (exp(z Z xr,in,i>7 6G> =a Z Z ’xr,z’|1/r-
r=1 i=1 r=1 i=1

The Baker-Campbell-Hausdorff formula gives the group law in this coordinate

system:

, XS: (_1)m—1 Z [grl hslgrghsg L grmhsm]
gn = - m m )
m=1 m ri+s5;>0 (Zj:1<rj + S])> ) Hi:l 7“1'!52'!

i=1,....m
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where the sum is finite since G is of step s, and we have used the notation

[ghhsl...nghsm]:[g7[g’...[gj[ 7[}1,...[@7 [\ng)...[gj[ 7[h7h“m

(.

.

vV Vv Vv Vv
1 S1 Tm Sm

Thus, we can see that

s kr s kr s ky
exp (Z Z x(r),in,i> exp (Z Z xiviXm) = exp (Z Z xiiXm)

r=1 i=1 r=1 =1 r=1 i=1

where

2

0 1 : 0 1
r,; = ¥, + x,,; + (homogeneous polynomial of {x,, ;s }r<r, {ps i }rr<, of degree 7).

It follows that the Lebesgue measure on R" is a Haar measure on G because the Ja-
cobian of left-multiplication is a unit upper triangular matrix. Also, the left-invariant

vectors { X, ;}1<r<s1<i<k, in this coordinate system take the form

S k)J
a T
X, = + homogeneous polynomial of {z,» s}, of degree ' —r )
= o ;;( g poly {7 o< g ey
(1.8)
For ryov/ = 1,---,s8, 1 =1,--- k., ' = 1,--- k., we define the lexicographic
ordering

(r,i) 2 (r',i') < r<r'orr=r"andi<i.

A simple volumetric argument gives the following bound for any d-net Nj:

2R "
N5 N Br(p)| < (T_l_l) , peG,R>0. (1.9)
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Local metric geometry

Instead of the grading of g, we have the following increasing sequence of subspaces

V§V+[V,V]g---§V+[V,V]+[V,[V,-~- ,V]]:g
—_—

s times

where s denotes the nilpotency step size of G. One may consider the Carnot group

with Lie algebra graded in the manner

Ve(V+VV)/Ve---e(V+VVI+ VIV, VI)/(V+[V.VI+ V[V, V]])
— —

s times s—1 times

with a natural induced Lie bracket. This is the Carnot group that arises as the tangent
space of G, and we can quantitatively approximate the distance, group operation, and
left-invariant vectors accordingly.

For 2 < r <'s, we choose X!¢ ... X'l ¢ [V [V,--- V] so that

r, 1o Tkloc
—_—

r times

{Xloc}1<r/<r 1<i<hige is a basis of V + [V, V] + [V, [V, -, V]]
—

r times

(it is possible that k!°¢ = 0 for large 7). Extend these vectors to left-invariant vector-
fields over G. For r = 1, we simply write X{% = X;.

One can parametrize G by R", by first identifying G with g via the exponential
map exp, and then identifying g with R" via the basis { X/ }1 <, < 1<i<pioc. We will de-
note the corresponding canonical basis as { ffgc}lgrgsjlgigkzroc; this defines polynomial
functions {xi?f}lgrgsﬁlﬁgkzroc.

The following claims can be found in [41, Chapter 2]. We have

da (exp i Z xlochoc €G> =c i Z loc 1/7" if VT’ i |xloc| <

r=1 =1 r=1 =1
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We may define the weighted local degree for polynomials in xloc by assigning local

degree r to :El"c

(What we call ‘local’ is called ‘nonholonomic’ in [41]. We made this
choice of terminology to distinguish with the ‘global’ case.) The group law, in this

coordinate system, is given via the Baker-Campbell-Hausdorff formula in the form of

r=1 i=1 r=1 1=1 r=1 i=1

s s k.
o (3ot oo (Xl ) - oo (0t )
where

loc loc loc

zo = 2% + v, + (polyn in {a:loc s {yloc } of weighted local degree > 7).

Thus the left-invariant vectors {X “}1<r<s,1<i<kioc in this coordinate system take the

form
s kloc
loc 9 9
rT B o + Z Z polyn in {z,} of local degree > 1’ — 7“)8 —.  (1.10)
r'=1 j=1 Lyr g

So the differential operator X,l,f’f acts on polynomials by reducing the weighted degree
by r or less in each term.
For r,r' =1,---,s, 1 = o Klee i = , k' we define the lexicographic

ordering

(r,i) 2 (i) & r<rorr=r"andi <7

Global metric geometry

This time, instead of the grading of g, we have the following decreasing sequence

of subspaces

s times
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where s again denotes the nilpotency step size of G. One may consider the Carnot

group with Lie algebra graded in the manner

g/lo.0l @ lg.0]/l.09.0]] - Do, [, .0l /[o.[0,- 0] @[], al

TV TV TV
s—1 times s times s times

with a natural induced Lie bracket. This is the Carnot group that arises as the
asymptotic cone of G, and we can quantitatively approximate the distance, group

operation, and left-invariant vectors accordingly.

For 1 <r < s, we choose X?7", -- Xgl pato € g,[g, -, g]] so that
—_—
r times
Lob . .
{Xf[: }rgr/gs, L<ickoiov 18 @ basis of [g,[g, - ,9]]-
T ——— _ p—
r times

(This time, we cannot have kJ'° = 0 for any r.) Extend these vectors to left-invariant

vectorfields over G. As

[97[97 wg]lzl‘/a[‘/? 7V}]+[g7[gu 7g]l7

vV vV vV
r times r times r+1 times

we may assume that Xflfb,- Xgl paior € V[V, V]].
%,—/

r times

One can parametrize G by R”, by first identifying G with g via the exponential

map exp, and then identifying g with R™ via the basis {XglOb We

}1<r<5,1<¢<k9"’b

will denote the corresponding canonical basis as { filfb . this defines

}1§r§s,1§i§k£’°b

gl ob

polynomial functions {7} _ | oo

By [68], we have the distance formula

da <exp izxglonglob > =a iz |xglob 1/7”’ if 37" i ‘xglob’ > 1.

r=1 =1 r=1 i=1

We may define the weighted global degree for polynomials in :17 by assigning global
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glob

degree r to ;. Recalling the Baker-Campbell-Hausdorff formula, in this coordinate

system, the group law is given by

r=1 =1 =1 =1

exp (szglob leOb> exp( Z glob glob) _ eXp( Z glob glob>
r=1 r=1

where
zfjlfb glOb + ygl"b + (polyn in {xglOb} {yglOb} of weighted global degree < r).

Thus the left-invariant vectors {X glOb}l <r<si<i<pgiev i this coordinate system take

the form
kglob 8
ijlfb Ox glob + Z Z polyn in {379,,01)/} of global degree < r’ — T)ﬁx o (L11)
r'>r j=1 i

So the differential operator X fffb acts on polynomials by reducing the weighted degree
by r or more in each term.

For rr’ =1,-- 8,0 =1,--- k% i’ = 1,--- k% we define the lexicographic
ordering

(r,i) =9 (' i") & r<r orr=r"andi<7.

1.1.7 Littlewood—Paley theory on nilpotent Lie groups

A basic tool used in [77] was a Littlewood—Paley theory for functions defined on
the Heisenberg group. We present the analogous theorem on nilpotent Lie groups.
One can easily modify the argument in [26] to show the following. For a positive

number N and a C° function ¢ : G — R, one can construct the Littlewood-Paley
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projection P<yy¢ : G — RP, which is a C* function, and the variants

P<ny¢ = Pi<n/2)9, Pny¢ = P<ny® — Pien)o,
P(>N)¢ =¢— P(SN)(bv P(ZN)¢ =¢— P(<N)¢
which satisfy the following regularity properties.

Theorem 1.1.2 (Littlewood—Paley Theory). Let ¢ : G — R be bounded and con-

tinuous.

1. (Littlewood—Paley decomposition) For any dyadic number Ny, we have

¢ = P<ng @ + Z Pvyo-

N>Nq dyadic

2. (reqularity) If N > 0 is a dyadic number, M > 0, 5,1 > 0, and ¢ is of class C",

one has the estimates®

IV' Perséllcs | S IV'dllen (1.12)

1Padllcs, Saia NI 0llco, N4V e

(1.13)

i<l = IPemdle, Seive N7V Sller, (1.14)

i<l = NPemdlo, Saite N7 V/0lloe, (1.15)
1P<m@let 1Pl s 1Pemelier, Sailleler,,- (1.16)

Proof. The construction of the Littlewood—Paley projection is as in [26] and [77] is

®We note that in [72, Theorem 2.1], the condition j < [ is erroneously omitted in their counterpart
of (1.14).
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as follows. As the Laplace-Kohn operator

k
L=— ZXZQ
i=1

is self-adjoint on L?*(G), with G is given its Haar measure (which is the Lebesgue
measure on R"), for any m € L*(R) one can define bounded operators m(L) on
L?*(G) which commute with each other and with L. Furthermore, if m € C>°(R), then

this operator is given by convolution with a Schwartz function K : G — R [26]:5
m(L)f = f* K, forall fe L*G),

where a function on G is said to be a Schwarz function if it is a Schwarz function on

R"™, and * denotes the convolution operator:

[ K(p) = /G £(9)K (g™ p)dyg.

For such m, the operator m(L) can be extended to functions in C° using the above
convolution formula.

Now, if we choose any smooth function ¢ : R — R supported on [—4,4] that
equals 1 on [—1,1], we can now define, for N > 0, the Littlewood—Paley projection

P<n) using the above functional calculus by the formula
Pi<y) = o(L/N?).

Let K<) be the kernel corresponding to P<y) and Ky the kernel corresponding
to P( N)-
Now Theorem 1.1.2 (1) is just [26, Proposition 4.1]. We recall the following fun-

damental estimates on the kernels:

6In the case G is a Carnot group, this follows from [39], using the fact that L is hypoelliptic [37].
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Theorem 1.1.3. [26, Proposition 58.2] Let 0 € C*(R), a > 0, and I € Ugez.,
{1,--- ,k}P. Let the kernel of (tL) be M;. Then

HdG('a eG)avIMtHLl(G) 50,0&,],9 t(a_|”)/2.

For example, this tells us that for a > 0, I € Ugez {1, kYo
lda (-, eG)aVIK(SN)HLl(G) Sl NHI=e, (1.17)

The proof of the properties listed in Theorem 1.1.2 (2) is now mostly the same
as presented in [77, Theorem 6.1]. When following the proof there, the main part
that requires modification in the setting of nilpotent Lie groups is the following. For
1=1,---,k, given any Schwarz function K : G — R, we need to show that there are

Schwarz functions K; : G — R, j = 1,--- , k, so that for any C''-function ¢ : G — RP,
k

o XK = X;pxKj. (1.18)
j=1

This is a consequence of integration by parts:
Xox K =—¢x XK,

where X is any left-invariant vector field and X its right-invariant counterpart. First,

we have

Now recall (1.10) and (1.11):

Jloc
0 G
Xl = Faoe + Z Z(polyn in {21} of local degree > r' — T)W, (1.10)
() r'=1 j=1 .3
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kglob

0 9, 0
Xffi ’ o glob + Z Z polyn in {z " ** 1 of global degree < 1’ =) - (1.11)

r'>r j=1 3I g

It is not hard to see that we can assume {X/%} and {X7; 910y are permutations of each
other, with a single left-invariant differential operator possibly having different local
and global degrees. Of course, in this case, we may assume the polynomials {xloc}
and {mgl"b} are permutations of each other.

We have the variants of (1.10) and (1.11) for the right-invariant counterparts:

loc
s k

. 0
loc loc
X5 = 8 = + ,Zl ]Zl polyn in {z,%;} of local degree > r’ — r>ax—£9fj7 (1.19)
s kglob a
X = glob + Z Z polyn in {:L‘g,,Ob,} of global degree < r’' — T)W. (1.20)
r'>r j=1 rJ

Local and global degree are independent of left and right, and right-invariant differ-
ential operators of local degree r reduce the weighted local degree by r or less. In
contrast, their global counterparts reduce the weighted global degree by r or more.

From (1.11) and (1.20), we see that

S

ZZQZ g X2 (1.21)

r=2 j=1

where ¢;,; is a polynomial that commutes with Xfl;’b, with
global degree of ¢;,; <1 —1,

while from (1.10) and (1.19), we have that

local degree of ¢;,; > local degree of Xﬁlfb —1>r—1,
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Similarly, we have

Xi=Xi=) > G X2, (1.22)

where §;,; is a polynomial that commutes with Xflfb, with

global degree of ¢;,; <r —1,
while from (1.10) and (1.19), we have that
local degree of §;,; > local degree of X%Qb —1>r-1,

Thus

( K ZZXglob Z’I‘j

r=2 j=1
The operator Xfiljob has global degree r and local degree < r. Thus, Xffjob can be
written as a linear combination of differential operators of the form Xj, - -- X (note
that X ; has local degree 1 while global degree > 1).
We thus have

for Schwarz functions K; ; of the form

k

Z Z Qiu‘m{m,m Xy X K
r=1 g1, =

where Q; ;i (j;, j.} are polynomials such that

local degree of Q; . (j,,j,} =1, global degree of Qi (i1, j 3 <7,
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which entails

Qi g (1 3y (D Scigir ey dalg,ea)”, g € G.

By (1.22), and a similar expansion of the higher-order derivatives, we have the left-

invariant counterpart

s(s—1) k

i = i iy X - X,
K Z Z Q {71, dr} X K

r=1 ji,jr=1

where Qi,j,n{jhm,jr} are polynomials such that
local degree of Qi,j,,n,{jh‘..m} > r, global degree of Qi,j,r,{j1,~--,jT} <,
which entails

|Qi,jﬂ“,{j1,-",jr}(g)| SG,i,j,T,{jl,-",jr} dG’(ga 6@>T, g &c G.

Hence

k
gb * (Xz — XZ)K = — ZX]¢ * Ki,j7
j=1

and we have the form (1.18) (with K;; replaced by K;,; + K, which does not damage
the above form).

Upon iteration, we have for j,1 > 0 that

x Xy Xy K= > X X0+ K,

1y b boJ 1y J1
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with

ls(s—1) k
Kil""’ijJrl:jlv'"vjl = : : : : Qila“'7ij+l7j17"'7jl7r7{j17'“7j;‘}in o .X]£K7

r=j gedn=l

where Q“ gty gl ey are polynomials with local degree > r—j, global degree

<r—j,and

|Qi1""»ijJrl:jlf"’jl’T7{ji7""j;‘}(g)| S—/Gail)"'}ij+l7j1""’jl)r’{ji""’ji‘} dG(Q’ 6G)T_J7 g 6 G'

We now have

s

IV Pemdllco = Y llo* Xiy - Xipy Kiemwleo

i1, ,t54=1

s k
< Z Z Hle o 'le¢ * Kil»"'vij+l:j17"',jl HC’O

iyt r=1 g1, 01=1

s k
< > S NXs - Xgdlleo Ky ey il 0o

11,0yt =1 g1, 5 =1

Sc,u N|IV'¢]|co,

giving (1.12).

To prove (1.16), the first statement

1Pyl

1/M

Sau ll¢ller

1/M

follows from (1.12). The other statements follow from

Pny¢ = P<ny® — P<cny¢, Pony¢ = ¢ — P<n)o.

We are left to show (1.13), (1.14) and (1.15). We observe that (1.14) and (1.15)
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follow from (1.12) and (1.13). Indeed, if j < [, then (1.13) says that for dyadic N’
IV Pivydllcn Segaa (N)Y VISl co, (N) =7V 6]l o
and summing over all dyadic N > N gives
IV Peoyydllen Seva NIV Sllco, NV V6| oo
If j =, then similarly (1.13) says that for dyadic N’
IV Pivydllco Sana (N) V'l coa
and summing over all dyaidec N > N gives
IV Pemydlloo Scpa N7Vl ¢oa-
On the other hand, by (1.12),
IV Peryélico < IV'@llco + IV Pemyéllco Seia V' dllco.
Now it remains to show (1.13). Note that, if j > [, it follows from (1.12) that

NV Pinyollco < N_l||VlP(N>€f>||C;‘/—]lV
< NIV Pembllosy + NIV Panpbllcs

Seii N7V co.
So it remains to verify

NV Piyollco Saja N7V @llco for j <1
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and

NV Pwydlloo Sagu N5Vl cow

Note that
Pvy = Pi<ny — Pienyz) = (L/N?) — (AL/N?) = o1 (L/N?),

where ¢q is defined as

vo(z) = p(z) —p(dz), x€R

and is a C2° function supported on [—4, —1/4] U [1/4,4]. So, for each n € N, ¢, (z) =

wo(x) /2™ is a well-defined C'2° function supported on [—4, —1/4] U [1/4, 4], with
Py = o(L/N?) = N72"L"p,(L/N?).

By Theorem 1.1.3, the kernel Ky, of ¢, (L/N?) satisfies
da(-, €G)QVIK(”N)||L1(G) <g.arn NI,

Hence

Pinyg = N72"L™ (¢ % K(v)-

Choosing n € N so that j 4+ 2n > [, we have
N7V Paoydlleo S N7V (6% Ky ) [l co-

By (1.12) applied to the case where the bounded function that acts on the Laplacian
is ¢, we have

V752 K)o Sejmt N[Vl co.
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Now it remains to verify for all 5,1 > 0
N7 N1Pwdllce Seita N7 V6]l co-
Choose n = [. Since L commutes with ¢;(L/N?), we have
Py = N"%Llo(L/N?) = N~ (L/N*)L!

and so for smooth ¢,

Py = N2 ((L'g) * KfN))
Using integration by parts, we move [ derivatives to the right of %, to obtain

k
Py =N > (X Xi8) = Ky,

Jiysqi=1

More precisely, we represent each left-invariant vector X; in terms of right-invariant
vectors using (1.21), and we send them over to the right-side (which is possible since
the coefficient polynomial of each right-invariant vector commutes with and is anni-
hilated by the right-invariant vector).

Since ¢; vanishes near 0, ¢;(L/N?) annihilates the function 1, and the total mass of
K é Ny 18 0. Again, using the fact that the coefficient polynomial of each right-invariant
vector commutes with and is annihilated by the right-invariant vector, it follows that

the total mass of K é N) is zero. We have the bound

7j17“. 7]l

(-, ea)* K () o e Ol L2y S gia N
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Hence,

(X, - X50) * Ky i (9)]

/G (X5, -~ X5,0)(gh™ ) K{wy ... ;,(h)du(h)

/G (X, - X50)(gh™") = (X -+ X;:0)(9)) K{wy jy ..o ji () dpa(h)

< /G IVl cnad(h, 01 KLy, 5. (R)du()

Sta N7 V'6ll o

where we have used

[6(gh) — d(9)| < [[$]|¢o.ad(h, 0)".

This completes the proof.

1.2 Nash—Moser Perturbation for a bilinear form

Fix linearly independent Yi,--- .Y, € V. (We will choose these to be either
Xi, -, X or XEP.. ,X,fgfb.) For two given C! functions ¢, : G — R, we define

the bilinear form B(¢,v) : G — Sym?*(Rf) ¢ R ® Rf as

B(¢,v) = Sym ((Yi¢ - Yjh)ij=1, ) - (1.23)

So, for example, we would define

B"(¢,9) = Sym ((Xi¢p - X;9)ij=1. k) » (1.24)

and

Bglob(¢’ ¢) — Sym ((ngb . ij)i7j:17...7k51;lob> . (1,25)
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Later, when constructing good embeddings of the simply connected nilpotent Lie
group G, we will encounter the following situation. Given 1 : G — R” with certain
regularity properties, so that ¢ “represents” the geometry of G at scale AR and
above, where R > 0 is a dyadic number, we will need to find a “nontrivial” solution
¢: G —RP to

B(¢,v) =0, (1.26)

so that Y¢ - Y = 0 for any Y € span{Y;,---,Y;}. This way, the Pythagorean
theorem will tell us that |Y (¢+v)|? = |V ¢[*+|Y|?, which, coupled with an Assouad-
type summation technique, will give us optimal control on the growth of |Y|* and
hence provide us with the optimal distortion rate O(¢7*/2) (note that Assouad [3]
achieved this orthogonality and hence the optimal distortion by allowing the ¢ and
1 to take values in different direct sum components of the target space, but thereby
losing control on the dimension of the target space). Here, when we say that ¢ is
“nontrivial”, we mean that 1) + ¢ also has the regularity properties of ¢ but at scale
R instead of AR. Attempts to solve this system (1.26) directly using the Leibniz
rule and linear algebra gives less control on the smoothness on ¢ than that on ),
which is unsuitable for iteration. The solution proposed by [77] was to first find a
nontrivial and approximate solution ¢ to (1.26), or more precisely a solution to the

low-frequency equation

B(¢, P<ny/ryth) = 0. (1.27)

This way, we have control on all levels of smoothness of P<y,/r)¢ (by Theorem 1.1.2
(3)), and hence also on ¢; more precisely, Theorem 1.1.2 (3) tells us that bounds on the
C4r-norm of 1) gives bounds on the C'4-norm of P<y,/r)y?. This & will be constructed
in later sections. Once we have this approximate solution ¢, Tao [77] then proposed
to use a variant of the Nash—Moser iteration scheme to find small perturbations of

¢, which are small enough to preserve the non-triviality of ¢, and which allows us to
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solve the original equation (1.26).

Our goal in this section is to show that the Nash—Moser iteration scheme of [77]
carries on to the general setting of simply connected nilpotent Lie groups without
obstruction, while proving a slightly stronger orthogonality statement (1.26) than
that of [77]. The rest of this section follows the argument of Section 7 of [77]; we
have reproduced the entire argument here to keep track of certain calculations that
arise from higher-dimensional matrix operations, as well as to state and verify various
estimates in the setting of simply connected nilpotent Lie groups; in particular, due
to the lack of dilation structure, we state theorems and prove them for general scales
R.

Because the Nash—Moser iteration process produces error terms, we will need to
consider a slightly more general setting. Given ¢ : G — R and F = (F};); j=1... ¢

G — Sym?(R?), we consider the problem of finding a solution ¢ : G — R” to

B(¢,y) = F. (1.28)

Let {Y,p:r=2,--- s,/ =1,--- (.} be alinearly independent set in

Span{[}/%}/}] . Z7] = ]-7' o a€}7

such that {Y;:i=1,--- LYU{Y,p:r=2,--- s, =1,---,{} is a basis of

span{Y; :i=1,--- (} +span{[Y;,Y;] : 4,5 =1,--- ,{},

while for all » and ¢, Y, € span{[Y;,, [Yi,, - ,Yis] ¢ d1,--- 0 = 1,--- ,(}. We

may have ¢, = 0 for some r. Later on, in the local case we will just take {Y5; :
-/

i' =1,--- {3} only, while in the global case we will assign to each Y, ; its maximal

possible r value.
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One easy way to solve (1.28) is to solve the system

(

¢}/;w:07 Z-:L'“a&

¢'Y;ﬂ,i’w:0> r=2,8 il:la"'agra
\

for then, since V;Y; — Y;Y; € span{Yy,--- Y, Yoq,--- Y0}, 1 <i,j </, we have

6 YiYj = —Fy,

and so

This system is solvable if {Y;¢}iq .. ¢U{Y;Y;9}1<icj<eU{Y21%}i21 ... o, are pointwise
independent.

More precisely, for each p € G define the linear map
Ty(p) : RD — R G o+l
by setting for each v € RP
Ty(p)(v) = ((U Yib(p)hcice, (v-YiY;0(p)h<ici<e, (V- Yeith(p))osr<s, 19”3&)-

If {Yiv iz e U{YiY 0 h<icj<e U{Yri}ica. s #r=1,... 4, are pointwise independent,

i.e., if T} (p) has full rank, or equivalently (by the Cauchy-Binet formula) if

> 0,

AV A N\ Y¥ew A A A Vo)

1<i<j<e r=2i'=1
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then we can define the pseudoinverse T, (p) ' : RS ottty RD of Ty(p) by

the formula
Ty(p)™ = Typ(p)" (Ty(p)Ty(p)")

Z-‘,—l

(Note that the linear independence condition necessitates that D > ¢ + ==~ + {5 +

-+ s, so the pseudoinverse is well-defined.) Then for any continuous functions
ai:G—>R,i:1,---,€,bij:G—>R,1§i§j§€,cm/:G—>R,r:2,---,8,

i =1,--- /4., we have the pointwise identities

Ty(p) " (ar(p), -+ ae(p), bia(p), -+ bee(p),
c2,1(p), -+ 5 G, (P) - Yith(p) = ai(p), i=1--,¢
Ty(p) " (a1 (p), -+ s ae(p), bia(p), -+ bee(p),
C21(p); -+ € (p)) - YiYju(p) = bij(p),  1<i<j<{,
Ty(p) Har(p), -+ ae(p), bia(p), - . bue(p),

6271(]?),"' y Cs b, ( )) Y;"z ¢( )_Cr,i’(p)> 2 Sr S S, 1 S i/ Sgr

If we define

bw+2a”hah+225zﬂﬂcm, 1<i<g </, (1.30)

r=2 ¢/=1

where «; j, and §; ;. are the structure constants so that

Y;Y; - V;Y; = ZaththZZﬁU”/YT“ 1<i<j<C¢, (1.31)

r=2 ¢=1

then we can extend the second equation of (1.29) to

Ty(p)~ (alp), b(p), c(p)) - Vi¥;0(p) = bi(p), i,j=1,--- L. (1.32)
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So, by using the Leibniz rule as above, we have
Yi<Tw’1(a, b, c)> Yy = Yi(ay) — by, i j=1,-- 0 (1.33)

As a consequence, one has the explicit solution
Pexplicie (P) = T(p) ' (0, —F(p), 0) (1.34)

to (1.28) (when we are plugging in F(p) to the above expression, we are using a

).

The problem with this solution to (1.28) is that the solution @expiicit constructed in

0(0+1)
2

standard identification Sym?(Rf) ~ R

this manner will have two fewer degrees of regularity than ¢, which will be unsuitable
for iteration purposes. We will overcome this issue by applying the above procedure

to the Littlewood—Paley components of ¢ and F.
Proposition 1.2.1 (Perturbation theorem, analog of [77, Proposition 7.1]). Let R be
a dyadic number and let M be a real number with

M >Cyt
Let m* > s+ 1 and % < a < 1. Suppose we are given a C™ “-map ¥ : G — RP with
the following reqularity properties:

1. (Holder regularity at scale AR) We have

C
2 0
IV 20 < - (1.35)

2. (nondegenerate first derivatives) For any p € G, we have
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3. (locally free embedding) For any p € G, we have

V4 S Ly

_ _Z(Z 1)_ s r—
AYe) A N YY) A N\ N Yeat(p)| Ze MTUAR)™ 5Tl
=1

1<i<j<e r=24'=1

(1.37)

Let F : G — Sym?(RY) be a C*™ ~'-function. Let ¢ : G — RP be a C*™ -solution
to the low-frequency equation (1.27). Then there exists a C™ *-solution ¢ to (1.28)

which is a small perturbation of ¢:
16 = Bllggre Sco ARIFllcgue-s + A3 (1.33)

and which makes the following cross terms small:

1Yi¢p - Yo = Yigp - YiPiewoymyllco
Sco HFHCIQ%M*A + N(}*m*faAlfm*J‘RflHéHCIz{m*, ij=1,-- 0.

(1.39)

Here, we treat o as a universal constant (we may take o = %), and we allow the
constant Cy to depend on m*. This will not contradict our hierarchy of constants, as

m* will be later chosen to depend on G (more precisely, it will equal s*> + s+ 1).

Remark 1.2.2. 1. The actual bound needed for m* is that it is at least the largest

number 1 < r < s such that ¢, > 0.

2. The bilinear form used in [77] was the simpler version

B(¢,¢) = (Vi - Y1y, -, Yegp - Yoih),

and the corresponding Nash-Moser iteration scheme only established the weaker
orthogonality B(¢p,v) = 0, while still being able to establish the estimate (1.39).

We may create a version of Proposition 1.2.1 for B by assuming the weaker freeness
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property for (1.37):

L L

¢ ¢
A\ Yo (p) A /\Eifiw(p) Zeo [ [ Vi)l H VY (p)l.

i=1 i=1

The proof of this weaker Proposition would be not so different from the proof of
Proposition 1.2.1 given below, where we would modify the pseudoinverse TJl and
its usage in the obvious way. The statement (1.39) becomes slightly harder to prove,

but one may directly implement the methods of [77].

3. One may imagine strengthening the theorem to obtain the stronger full orthogonal-

1ty statement

Y;QSY;@ZJ:(L 27921767

but attempts to modify the Nash—Moser iteration scheme to accommodate this dif-
ference cause the resulting infinite series to diverge (more specifically, we are then
forced to place derivatives on Pinjgytp in (1.47), which we must avoid in order to
make the defining series converge). The best one can achieve with the tools outlined

in this section is (1.39). Nevertheless, we will be able to choose ¢ with
Yio YiPienymp =0, ij =1L,

which, along with (1.39), establishes that Y;¢ - Y;4 is sufficiently small.

Proof. 1t will suffice to find a function ¢ with the stated bounds solving the approx-

imate equation

‘|B(¢7 ¢) - FHC;m*—l S A2—m*

Fllggres + A7 R Gl gy (L0
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rather than the precise equation (1.28), while satisfying (1.38) and (1.39):
16 = Bl Sco ARIF | ggpes + A~ =l e (1.41)

and

IYi¢ - i) = Yid - YiPianosmy¥ll oo
Sco I Fllgze 1+ N3~ 0 A Rl ey 6,5 = 1o Lo

(1.42)

One can then iteratively replace (¢, F') by the error term (0, F — B(¢,v)) and sum
the resulting solutions to obtain an exact solution to (1.28). This is possible due to
the linearity of this equation in ¢.

We will first construct a low-frequency solution ¢<n,/g) to the low-frequency

equation

B(¢(<no/R)s Pi<no/r)¥) = Pi<no/r) F

and then, given ¢(<n/2r) for dyadic N > Ny by induction, we will add higher frequency
components ¢y, g) to obtain ¢<n/r) 1= ¢<n/2r)+P(N/R), Which approximately solves

the higher-frequency equation

B(¢<n/r), P<n/r)?) = P<n/r)F.

More specifically, the construction goes as follows. We first construct the low-

frequency component as

Si<no/m) = 0+ Tp!

E(gNO/R)w(O’ —P<no/m F,0). (1.43)
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This form was chosen so that, from (1.33), one has

Yi(b<no/r) — @) - YiPi<ng/m = Pi<no/ryFij, 1,5 =1,--- 4, (1.44)

and from (1.27) and the bilinearity of B, one has

B(é(<no/r)s Peno/r)¥) = Pieng/r) F- (1.45)

Next, for every dyadic N > N, we recursively define the higher-frequency compo-

nent ¢(n/gr) by the formula

-/

SRy = Tpt o (@ hizice: (0 1<igjzes (6§ asrzs, 1200<e,) (1.46)
where
ay = —(YiPen/mdensr)) - Povymyts i=1-,4
b = —(Y:Y;Penymyb<n/m) - Pyt — Povymy Fiy, l<i<j=<t
e =~ (Vo Pewmbienim) - Povm, 28r<s 1272 b,
(1.47)
and

Senir) = Seno/my + Y buasn)

No<M<N
M dyadic

We will also define

denm) = SN+ D Puum):

No<M<N
M dyadic

Note that in the definition of ¢ /gy, no derivatives are placed on P/ryy and there

is some mollification of the ¢(<n/p) term, in order to avoid the loss of derivatives
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problem. This form of ¢(n/r) Was chosen so that

B(¢v/ry, P<n/ry) + B(Pi<n/ryb(<n/ry, Povyry¥) = Pivyr) . (1.48)

Indeed, by (1.30), (1.31), and (1.32), we have

b3 = —(YiY;Pen/myd<nym) - Povym — Py By, 4,5 =1, ¢,
so we can compute, for i,5 =1,--- £,

Yiowyr) - YiPan/my + YiPian/ry<n/r) - YiPvymy ¥
(1.33) ; i
=" (Yialy — b%) + YiPen/r)b<n/r) - YiPovryt
= Puvyr Fij = YiP<n/ry@<n/r) - YiPivyry¥ + YiP<n/r)@<n/r) - Yi P/ pyy-

(1.49)

Symmetrizing in ¢ and j now gives (1.48).
We have the following control on the regularity of 75" »- Here, for an m X n
(<N/R)

matrix A, 1 < i < j < n we denote by [A]* the submatrix consisting of the ith to

jth columns of A.

Lemma 1.2.3 (regularity of the pseudoinverse; analog of [77, Lemma 7.2]). For any

N > Ny and | > 0, one has the following estimate for the first £ columns:

-1 1,0 < -1 m*—2rp—1 1,
H[TP(SN/RW] )021;2 Sce M HV [TP(SN/RW]

‘CZ SJCOJ Mﬁl(AR)Qim:

R/N

columns:

the following estimate for the next —M;l)

~1 o104 40D
H [TP(SN/RW]

2 §CO AR,
Car

* £(L+1
o

(<N/R)Y SCOJ (AR)g_m*~

1
R/N
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and the following estimate for the £, columns amongst the rest of the rows:

-1 D ol 1,0 D o0 < r—1
- s S (AR,
and
m* =2 -1 )yl 1,0+ D e, r1-m*
(AR : . Seor (ARyF
R/N

Proof. Abbreviating T' = T'p oy gyw- recall the definition of the pseudoinverse
—1 1 * : *
T ———T*adj(TT™)

~ det(TT%)

where adj(A) denotes the adjugate matrix of A. We then need to show the bounds

‘ v

¥ (s

—1
Se, M7 By,

1,0
T*adj(TT*)]
CO

@

0041
% <, ARB,,

T*adj (TT*)] C+ 1,0+

Co

] R 12X SERUMIEE WA C=) N R

V' | e T Se, (AR B,
det(T'T*) o 0
for [ > 0, where B; is the log-convex sequence
(AR)7!, 0<i<m" -2,

Bl =
(N/R)-™+2(AR)>™ | | >m* — 2.
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From (1.35), (1.36), and Theorem 1.1.2(3), we have

’leP(SN/R)w‘ fSCO,l MBZ? 1= 17 U 767 l > 07
V'Y, Peny ]l <ot (AR) B, =1, 0, 1>0,

V'Y, o Penymyt| Scog (AR) By, r=2,--+ s, i'=1,--+ o, 1>0.

Thus, viewing T" as a (€+ CD 4 py €S> x D matrix, for any W, € V! the
first ¢ rows of W;T have norm O¢, (M By), the @ rows below that have norm
Oc,((AR)™'B;), and below that we have /o, -, {, rows, where {, rows have norm
Oc,((AR)™""1B;). By the product rule, and noting that B;By < By for all [,I' > 0
we conclude that the (E + @ +ly+ -+ €s> (ﬁ + === KH + Oy + -+ €5> matrix
Wi (TT*) has top left £ x £ block consisting of elements of magnitude O¢,(M?B)),
the ¢ x (@) block right to that and the (M> x £ block below that consisting
of elements of magnitude O¢,(M(AR)™'B;), the < EH)) X <M2L1)> block, below and
right, respectively, of the aforementioned blocks, consisting of elements of magnitude

Oc,((AR)™2B;). The top £ x £, block and leftmost ¢, x ¢ block consist of elements of

magnitude O¢, (M (AR)™""'B;), the ( (tr1) ) x £, block and £, x ( (1) ) block consist
of elements of magnitude O¢,((AR)™2B;), and the other ¢, x {,, blocks consist of
elements of magnitude O¢, ((AR) ™" ""2T2B)).

By the product rule and cofactor expansion, Wjadj(TT™*) then has top left ¢ x ¢
block of norm Og, (M?~2(AR)~{+D)-2i=2 2000 B the ¢ x L block and 152 x ¢
block of norm Og, (M1 (AR)™ M+ =2r=220-D&+1B)) - the ﬂ X €+1 block of
norm Og, (M (AR)~/HD=20=20-1D6+2 By the ¢ x {,, and £,, x ¢ blocks of norm
Ocy (M1 (AR) D=0 2= 06+ (i-0 By the L8 5 ¢, and £, x ‘U blocks of
norm O, (M (AR)~MHD=2:=220=Dt4m1 B)) the remaining £,, x £, blocks of norm

OCO (M%(AR) —(+1)=>>7 2(7’—1)&—1—7‘1—}—7‘2—23[).
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Again, by the product rule, the D x (5 + Z(gil) +l+ -+ E8> matrix
Wi(T*adj(TT™))
has first ¢ columns of norm
Oc, (M2~ (AR) ™+ 21t gy

41
UG} + ) columns of norm

the next
OC’O (MQK (AR) e+1)=>0 2(7"—1)&—&-131)7
and the remaining ¢,, columns each of norm

OCO (M%(AR) L(0+1)—35 2(7“71)&‘#(1”171)3[)

(due to the presence of R, we cannot say the first £ columns are the greatest).

Similarly, V!(det(7'T*)) has magnitude
OCO (MQE(AR) —0(l+1)=>"7 5 2(r—1)Lx Bl)-

Meanwhile, from (1.36), (1.37), (1.35), and using (1.13) to approximate P<n/ry¢ by
¥ up to negligible error (note that N > Ny and our hierarchy of constants, namely

that Ny is chosen after Cj), we easily obtain the wedge product lower bound

s 4y
/\YP ) A N\ YYiPenmp) A N\ )\ Yoo Prenyrb(p)

1<i<j<e r=2i'=1 (1.50)

Zco (AR)™ N S
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From this and the Cauchy-Binet formula we have the matching lower bound

det(TT*) > MZE(AR> L(04+1)=3"70 _ o 2(r—1)L,

for the determinant. Hence, by the quotient rule, the derivatives V!(det(7T*)~!) have
magnitude Og, (M2 AHD+Lr= 2018 By The claim now follows from the product

rule. O

The rest of the proof of Proposition 1.2.1 follows mostly as in [77], except for the
proof of (1.39). We have reproduced the argument for completeness.

First, we would need the smoothness of our proposed solution. We begin with
the smoothness of the low-frequency component ¢<n,,r). From the above Lemma we

have the estimate for all [ > 0

—1 1,0 -1
R
-1 41,0+ 48D
|7t el FH 5| S AR, (1.51)
R
—1 D e+ 1,0+ D et
([~ Sl (AR)™

(this uses our hierarchy of constants, namely that A is chosen after Ny), while from

(1.12) we have
[1P<nvosmy Fllczm—1 Sa [1Fllgam—1, [[P<no/my Fllogne S Noll F'll gz

and thus from (1.43),

[+ O {Ca

locnnsm = Bl S [Tty o | P Fllcam

2m* —1
CR

(1.52)
SCO ARHFHC}Q{"*—U
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while, similarly,

16no/my = Dllezm Sco ANORIF || game-1. (1.53)

Next, we establish the smoothness of the higher-frequency components ¢n/g).

From (1.13) we have, for N > N, dyadic and [ > 0,

R™ V™ Pianymbnynller, o Sap B IV denymlloo < denymlloy, m=1.

This implies in particular that, for [ > 0,

RlY;P<n/ryb<n/mllct . Sai llé<n/r)l

RN Cyo

R|IY:Y;P<n/ryd(<nymll o

R/N

Sai llonymlles,

R\, o P<n/ryb<nmllcr - Sau llénmlles,-

R/N

Again, from (1.13) and (1.35), we also have the estimates, for [ > 0,

| Povyry |l o

R/N

o (N/R)™ 97 Yl en S (N/R)™ (AR V2| e 0 (1L54)

SC() RN—m* —ozAl—m* —«

and

|PosmFlley,, So (N/R) 2" |VP™ 1 Fllco € N7l e .

70



Finally, from Lemma 1.2.3 one has, for [ > 0,

-1 1,0 L
H [TP(SN/R)¢] C%/N NCO7l M~
1 041, Z_,’_f(12+1) <
H [TP(SN/R)’lﬁ] C%/N N001l AR’
s ]é+@+ez+~--+eﬂ+Le+@+@+m+er L (AR)"™
P<n/ry¥ cl NCO’
R/N

since A'R™ < A(N/R) for 0 < j < m* — 2 and A(AR)>™ (N/RY~™+? <

A(N/R)? for m* — 2 < j < [. Inserting the above estimates into (1.46), we conclude

that
lewmller,
~ H Py ‘cg N i IYiPnymybenymley, MPwmdlicy,
/N

l
: (Z IY:YiPen/mbenymller, N Pomilicy, , + I\P(N/mFH%N)

i.j=1

4 Z é+@+z2+---+z,-71+1,€+@+62+---+&
P(<N/R)¢

Ch/n (1.55)

: Z | Yo P<n/ryOi<n/r)ll o

R/N
r—1

-1 _
SC’OJ M7 -R

1Poymy il

R/N

—m*—a pl-m*—a
ey - RN 4

+AR-(R

+ i(AR)T—1

SCO Asfm*fame*fa||¢(<N/R)|

—m*—a gl-m*— —2m* 41
CfQ.RN mmepTm T NTAm ‘|F||012{m*71>

—-m*—a gl-m*—a
o BN A

o+ AN TR P e
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and so

loamllep Sco A *N™dnmllcy, + AN 'R|| Flgame-1. (1.56)

By the triangle inequality we thus have

||¢(§N/R) - 925”0%1* < ||¢(<N/R) - ¢||Cgl* + H?b(N/R)HCg?*
< (14 Oy (A*™ 7“N™)||p(<ny/r) — |l o

+ Oy (A 7 N=) ]| g + Ocy (AN L R)|[F | a1
One can easily see by induction, with base case (1.52), that
lo<nsm = dllegs Sco ARIFlleame— + A" = Ny *[[¢ll gmea; N = No,
and so by the triangle inequality, and noting that m* > s, we have
lonmllep Sco ARIF||game— + 10l gmeay N > No. (1.57)

Inserting this back into (1.55) and (1.56), and noting again that m* > s > 2, we

obtain, for [ > 0,

l6amller, . Seo A7 N2 |6]l gme
+ (ATHTTRAN TR 4 ANTEIR)|F | e (1.58)

S ANl e+ ANTTTORI Fll g
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and

CEL* S Nm

pv/m)| Sao As_m*_aN_a||¢~5||Cg*»a + ANTOR[|F|[ e

(1.59)

We thus conclude that the sum

Sng + > b

N>Ng

converges in the C™ norm (and consequently also in the C* norm, as m* > s).

We now prove (1.41). From (1.52), it is enough to show

> b

N>Ng

Sco ARNFll g1 + A" 3] g

m*,a
R

As noted above, from (1.59) we have

Z O(N/R)

N>Ng

<> |lewvm)

om* N>Np
R

m*
CR

Sy ANg BRI Fllgane -1 + A" = Ng | .

so it remains to show Holder regularity:

V" dm () = V™Y dom(a)

N>Ng N>Ng (1.60)

Seo BT TAR|Fl gz + A7 16l] g0 )dlp, 0)°
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for any p,q € G. By the triangle inequality, it is enough to show

> V™ bwym(p) = V™ by (9)]

N>Ng

SCO R_m*_a(ARHF”c;m*—l +As—m*—a||§£||c}?*ya)d<p’ q)a
On one hand, we may bound

V™ dovr)(p) — V™ divymy(q)]

SIV™owmllce S R™™ llowymllep:
(1.59) . i o -
<o R (AHL AN Gl g + AN aR||F||C§m*_1>

= B (A0 g AR|F e )N
On the other hand, one has

V™ dvyry(p) = V™ by (4)]

SV e lleod(pa) S (N/R)™ | dovymllope1d(py @)

(1.58) i R »
ey B (A6l g+ AR|Fll e 1)N~(Ndl(p.q)/R)

Thus, the left-hand side of (1.60) is bounded by
Seo BT (AT 7010 g + ARI|F | s 1) Y N~ min(1, Nd(p, ¢)/R)
N

and the claim (1.41) follows by summing the double-ended geometric series

Z N™*min(1, Nd(p,q)/R)

using the hypothesis 0 < a < 1.
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Now we prove (1.40). As ¢(<n/r) converges in C*® to ¢ as N — oo, and P<n/r)t

converges in C* to ¢, we may write B(¢, 1) as the uniform limit of

B(¢<n/r)s P<n/m)¥).

Using (1.45) and (1.48), we have the telescoping sum

B(¢,v)
= B(¢<no/r), P<no/r)¥) + Z (P<n/ry: Pevym¥) — B(é(<nyr), P<n/r)?))
N>Ngp
Penom) F + Z (bv/r)s P<n/ry¥) + B(d<n/r)s Piv/ry¥))

N>Ngp

= P<no/m '+ Z (Pov/ryF + B(Pionymyb<n/ry, Povyry )
N>No

=F+ Z >N/R <N/R)7P(N/R)w)7

N>No
or

B(¢,v) — F = Z B(P=n/ryO(<N/R), Pin/r)Y)-

N>Ng
Each of the terms in the right-hand side, being a “high-high paraproduct” of V¢ and
V¢, has much higher regularity (C?™ ~1) than either Vi) or V¢ (C™ ~1). Indeed, by

the triangle inequality and product rule, we have

1B(¢, %) = Fllgame—s < Z I1B(Pzn/my@<nyrys Povyryd) [ game-

N>Ng

<S> D IVPewmdcwmllen IV Pamll s

N>Ng j1+j2=2m*—1
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For any 0 < j; < 2m* — 1, one has from (1.13), (1.53), and (1.58) that

||VP(>N/R)<Z5(<N/R)||CQ
S./ RilelJrl ”P(>N/R)¢(<N/R) ||C§%1/J1r\11

S,G RQm*—le1+1—2m* Hv2m*¢(<N/R) ||C’0

No<N’<N dyadic

SCO RQm —1Nj1+1—2m 3 R—Qm

ngC]%{m* + RQm*—lel—I—l—Qm* . ANORl—Qm*

F||C]2{m*71

4 RIS R (gomm =g L AR gy

Z (N/)m*—a

No<N’'<N dyadic

500 le+1—m*_a(AS—m*—aR—1||éHC}2%m* + AHFHCIQ%m*_l),
Also, for any 0 < j, < 2m* — 1, we have from (1.13) and (1.35) that

IVPombllep S BN Poymylegn Se BTNZHN/R) V™ Yl

jo+1—-m*—a fl-m*—a
500 NJ2 A ’
and thus

1B(6,v) ~ Fllga

SC() E E N]1+1—m —ochg-‘,-l—m —aAl—m -«

N>Np j1+j2=2m*—1

(AT R @l ge + ANF | e )

<co Z lezaAlfm*,a(AsfmnaRfl”éucl%m* + A”F”cf%m**l)

N>Ng

<ay N&_QaAl_m*—a(As_m*_aR_lHﬁchlgm* + A||F||C}22m*_1)
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(we used 3 < a < 1) which gives (1.40).

Finally, we prove (1.42). Fix i,j = , . We need to establish
1Yigp - Yio — Yid - YiPienosmplleo S 1 e —s + N(}_m*_aAl_m*_a||¢~5\|cg*,a-
Using telescoping sums,

Yip - Yyip — Yig - YiPrany myt)
= Yi(d<no/r) — @) - YiP<no/m)¥

+ Y (Yidenn) - YiPenimt — Yigensr) - YiPen/nd)

N>Ng
1 44
e )P(<N0/R Fij + Z Yidwyry - YiPienmyt + Yiden/r) - YiPivypt)
N>Ng
(1.49)
=" Peno/mFiy + Y PoynFy
N>Nog
+ > (=Y Pen/mybenin - YiPvyryt + Yidensny - YiPovmt)
N>Ng
= Fi + Z ~Y;P<n/r)b(<n/m) - YiPinvymyl + Yidn/r) - YiPivmyt) -
N>Ng
Thus

|Y;p- Y — Yip - Y;Pi<no/r)¥ || co

<N Fllco + > (IVPen/mdenimlico + IV dnsrllco) IV Povsrytllco
N>Ny
(1.12)
e IFllco + D IVéenmllco IV Povyrytbll o
N>Ng

(157) (1.54) A . .
Seo I Flleo + (AHFHOQW* L 1 Q)N m*—a gl-m*—a

N>Ng

S HFHCIQ{,L*_l 4 N()l_m*_aAl_m*_aR_lH95||cgl*v&7

as desired.
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We state Proposition 1.2.1 for the case F' = 0, which is the form that will be used
later. (We remark that when converting (1.39) into (1.62) below, we have used our

hierarchy of choosing Ny after Cy.)

Corollary 1.2.4. Let R be a dyadic number and let M be a real number with
M > Cyt.

Let m* > s+ 1 and % < a < 1. Suppose we are given a C™ “-map ¥ : G — RP with

the following regqularity properties:

1. (Holder regularity at scale A) We have

C
2 0
IV llege-2e < 5

2. (nondegenerate first derivatives) For any p € G, we have

3. (locally free embedding) For any p € G, we have

¢ s 4y

. ) s
AYww)n N\ YY) A N\ N Yed®)| Ze, MTUAR) 2~ Eralrlr,
i=1

1<i<ji<e r=2i'=1

Let ¢ : G — RP be a C*™ -solution to the low-frequency equation (1.27). Then

there exists a C™ **-solution ¢ to (1.28) which is a small perturbation of é:

6= Bllgpee Sc 42

. (1.61)
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and which makes the following cross terms small:

H)/;«qb}/;w_K&mP(SNO/R)wHCO S Alim*RilH&”C?}m*a ZJ] = 17 76' (162)

2

5 and m* = 52+ s+ 1, where

Remark 1.2.5. 1. To repeat, we will later on use o =
G is of step s, so these are to be considered “geometric constants”. Following our

hierarchy of constants, we will be choosing Cy, Ny, and A, in that order.

2. At first glance, Corollary 1.2.4 may seem to be missing a necessary dependence
on Ny: the solution ¢ to (1.27) approzimates the solution ¢ to (1.28), with the
approzimation getting better as Ny gets larger, yet the quantitative estimates (1.61)
and (1.62) lack any explicit dependence on Ny. However, the dependence is implicit:
(1.61) and (1.62) depend on A which in turn depends on Ny, and as Ny gets larger,
the right-hand sides of (1.61) and (1.62) get smaller. The part when we needed

the dependence of A on Ny in the proof of Proposition 1.2.1 was in (1.51).

1.3 Regular extensions of orthonormal systems

Another tool that we will need is a certain result on extending orthonormal sys-
tems. In order to apply Corollary 1.2.4, we first need to construct a nontrivial solution

é to the low-frequency equation (1.27), or more generally the stronger equation
Yio - YjPienymt =0, d,j=1,- ¢ (1.63)

as promised in Remark 1.2.2. One can see using the Leibniz rule that it is enough to

solve the system

-

'Y;p(SNo/R)w:Oa Z:L 767
(1.64)

¢ YiYiPiangmy =0, i,j=1,--- L.
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However, the vectors {Y;Y}P(SNO /R)Q/J}i,jzl,...,g may not be linearly independent, as
{Y;Y; - VY, : 1 <i < j </} may be linearly dependent, so the above system (1.64)

may be overdetermined. Instead, we will solve the equivalent system

2

)/zP(gN()/R)w:O? 7’:17 767

Y Pianymt =0, i, =1, 6, i <j, (1.65)

=

¢ YoiPanymb =0, i=1-lo

The vectors {Y;P<no/ry¥}i=1, ¢ U{YiY;P<no/m)¥ hi<ici<e U {Y2iB<ng/m) Y Yimt, 00

can be made linearly independent if we require the stronger freeness property

4 l2 y4 lo
AYon N\ YYien AYad| Ze [[ Vol - [ WYiel- ][] Vel (1.66)
i=1 =1 i=1 =1

1<i<y<e 1<i<j<e

along with some regularity, say V9|1 Se, <7, for then we can apply (1.13) to

approximate the derivatives of P<n,/r)% by the corresponding derivatives of 1.
Now suppose vy, - -+, Vg41)/2+¢, is the result of applying the Gram-Schmidt pro-

cess to the vectors
{YiP<no/my ¥ tizt, 0 UYiYi Pang/my¥ hi<icjce U {Yai Pi<no/m) Y Yizi, o -

The freeness property (1.66) guarantees some regularity of the v;, and solving (1.65)

is equivalent to solving

+ 0. (1.67)

Thus, the following general question arises:

Question 1.3.1. Given a space X on which a function space (F(X),||-||l) is defined,

and given maps vy, -+ , U : X — SP7L D > m+1, which form a pointwise orthonor-
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mal system and which have the uniform regularity bound ||v;||z < 1, when can we
extend the system to include a new map vy : X — SP7L, such that vy, -+ , Uy, Upmat

forms a pointwise orthonormal system and ||Vm1||7 Sx.7(x)mp 17

We will provide partial positive answers to this question that are applicable to
our construction of the embedding. Theorem 1.3.2 is a previous positive answer from
[77], while Theorems 1.3.3, 1.3.5, and 1.3.6 and Corollary 1.3.7 are the new positive
answers of this paper.

Under conditions that validate the above question, we would be able to simply
take ¢ to be U1 to solve (1.67), for then ¢ would have regularity similar to that of
the v;; i.e., it would have bounded C™" norm (there is some loss of constant factors
when applying (1.12), but this is offset by the fact that there is a change of scale: we
have control on the €’} norm of ¢, and we need only control the Cjy** norm of ).

Actually, in order to also obtain a freeness property for ¢ + ¢, we will take o
to be a linear combination of a larger extension v, 11, , Umim of v1,--- , v, with
variable coefficients; the coefficients will guarantee the freeness property in this case
(see (1.99) and (1.110)). Obtaining a larger orthonormal extension will be possible
simply by adding new vectors one by one.

In [77, Section 8] Question 1.3.1 has been answered in the affirmative for the case
X = H3 and

6]z = [|¢llco + 7| Vlles

for any 7 > 0 and r > 1. The proof in [77] used the fact that the Heisenberg group H?
admits a CW complex structure that is periodic with respect to its standard discrete
cocompact lattice. The methods of [77] can be generalized in a straightforward manner

to prove the following theorem.

Theorem 1.3.2 ([77, Corollary 8.4]). Let G be a simply connected nilpotent Lie group

that admits a cocompact lattice I' and a CW structure whose cells can be obtained from
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left T-translation from a finite list of cells. Let 1 < m < D —n — 1 (where n is the
topological dimension of G), j > 1, and let {R,}g:l be a log-concave sequence of
positive reals, i.e., R;Ry > R,y whenever i +1i' < j. Let vi,--- , vy, : G — SP~1 be

functions that form an orthonormal system at each point, with the uniform reqularity

bound
J
ZRkHVkviHCo <1, i=1,---,m.
k=1
Then there exists another function vy, : G — SP~1 such that v, - -+ ,v,, along with

Uma1 form an orthonormal system at each point, and

J
ZRk”VkvarlHCO S6.D.jiRy - (1.68)
k=1

In other words, we are given a bundle B over G, where for each p € G the
fiber of B over p is the collection of unit vectors v € S~ which are perpendicular to
v1(p), -+, vm(p) (so each fibre is homeomorphic to SP~™1), and we need to show that
there is a section of this bundle which has the same level of control on the regularity
of the bundle itself. This is achieved in [77, Section 8] for the Heisenberg group H?
in the spirit of quantitative topology, by imposing a “uniform” CW-structure on H?
as above and then inductively constructing the section starting from low-dimensional
skeleta. In the inductive step in [77], one has to use the fact that the homotopy groups
m;(S™) vanish for ¢ < n, which necessitates the “dimension gap” m < D — 3 — 1.

The main difficulty in proving Theorem 1.3.2 is to construct a section 9,1 which is
uniformly continuous, with the modulus of uniform continuity depending only on G, D
and R;. We can then obtain a section v, with the stronger regularity property (1.68)
simply by mollifying 9,,,1 and then applying the Gram-Schmidt orthogonalization
process; the regularity (1.68) will simply be a consequence of the algebra property for
norms of the form || - [|go + 327_, Rp||V* - || co.

General simply connected nilpotent Lie groups may not admit a cocompact lattice
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(as the structure constants for any basis may be irrational), and it is not clear whether
G admits a “uniform” CW structure that is amenable to the above proof method.
Furthermore, we lack a dilation structure on G, which would have been useful in
getting scale-independent bounds. We will avoid the need for a CW structure by only
using the fact that G is a doubling metric space. More precisely, we will first prove
that the most challenging part of Theorem 1.3.2, i.e., the case j = 1, can be done in
the setting of doubling metric spaces. We state this result separately in anticipation

of future work.

Theorem 1.3.3. Let (X,d) be a K-doubling metric space (K > 2), let m < D —
224K*log K, and let L > 0. If vy, ,v;m : X — SP~! are L-Lipschitz functions
that form an orthonormal system at each point, then there exists a 150K°m(m +1)L-
Lipschitz function vy, : X — SP~=1 such that vy,--- , v, along with v,y form an

orthonormal system at each point.

It will later become clear that Theorem 1.3.3 provides a partial positive answer

to Question 1.3.1 for many other function spaces as well; see Theorem 1.3.6.

Proof. By replacing the metric d with L - d, we may assume L = 1.
Take a maximal §-net Ns of X, where 6 = 1/(8Km). By (1.6),

NG N Bas(p)| < K2 and [N N Bus(p)| < K*.

Let § be a probability space on which independent random variables v], ,(p) € SP~*
are defined so that for each w € Q and p € X, v, (p)(w) forms an orthonormal set
along with v (p)(w), -+, Vm(p)(w). Let € = 1/(4K?), and for each p € Nj, let us

define the event

A, ={w € Q : there exists ¢ € N5 N (Bas(p) \ {p}) such that

(Vi1 (P) (@) - V1 (@) ()] > €}
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Note that for any p, ¢ € Ns distinct, we may compute

62

S(0-m).

P(ts(5) - Uoia (0] > ) = ByPr(ta ) a0 > ) < exp

where the last inequality follows from a standard computation on the area of caps
on the sphere (see [58, Chapter 2| for instance). Therefore, we may estimate the

probability of each A, using a union bound:

Pr(4,) < Z Pr([v),41(p) - vjga (@)] > €)
q€NsN(Bas(p)\{p})

62

< N (Bl \ (D)0 (<50 =) ) < K2 exp

62

S(D-m).

Also note that for each p € Nj, A, is mutually independent with the collection of
events {A, : ¢ € N5\ Bus(p)}, which are all the A, except possibly |[N5N Bys(p)| < K?

of them. By the Lovasz local lemma, we see that if

62

e-K3-K2-exp( 2(D—m)) <1, (1.69)

then for any finite subcollection S C Ns we have Plr(ﬂpe g A;) > 0. But by our choice

of parameters D —m > 224K*log K and € = &, the condition (1.69) is indeed

satisfied, since the left-hand side is bounded by

62

e- K°-exp (—E(D—m)) <e K°-exp(—TlogK) <1

(since Tlog K > 5log K + 1 as K > 2).

Hence, for any finite subcollection S C Ns we have Pr(( .4 AS) > 0, and in particular

peS
Npes A5 # 0. We can thus find an assignment {v}, . 5(p) },es such that for any distinct

p,q € S with d(p,q) < 2§ we have |v], ., 5(p) - v;,11.5(¢)| < €. By taking an arbitrary
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enumeration of N, taking a monotone increasing sequence of S’s that cover Ns and
passing to a limit along a nonprincipal ultrafilter, we conclude the existence of an
assignment {v/,_;(p)}pen; such that for any distinct p,q € N with d(p,q) < 20 we
have |v},,,1(p) - Vi1 (9)] < e

We now “interpolate” the discrete vector field {v/,,(p)}pen; to produce a vector
field {Om+1(p)}pex defined on the entirety of X, which nearly has the desired prop-
erties. We first construct a “quadratic” partition of unity {¢,}een;, i-e., functions

bq : X — [0,1] defined for each g € N such that
e supp ¢, C Bas(q), ¢ € N,
® > en; Pa=1on X,
o ||ogllLip < 2K2%671, g € NG.

Indeed, we start by defining for each ¢ € N5 the function

1, d(p,q) <9,
¢(p) = {2 — 222 5 < d(p,q) < 26,
0, d(p,q) > 20,
\
and then define
P
g

\/ ZTENa ¢72"
This obviously satisfies the first two properties, and it remains to compute ||@q||Lip-

We clearly have ||¢g]lco < 1, ||ég||Lip < 077

We first observe that

2&21 and

TGN(S

@l < (AK*—2)5"

T€N§

Lip
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Indeed, the first follows from the fact that Ns is a maximal d-net. For the second
property, fix any p, p’ € X with p # p'. If Bas(p) N Bas(p') NNs = 0 then we must have
d(p,p") > 9, because otherwise Bos(p) N Bas(p') N Ns 2 Bs(p) NNs # 0, by maximality

of Ns5. We have

1< 6.0 = 6:(p)* < |Bas(p) N NG| < K2,

reNs r€Bas(p)NNs

and similarly

1<) 6(p) < K>

T‘EN5

Therefore, in this case,

ZTGN(; &T(p)2 - Zre./\/'g ér (p/>2
d(p,p')

< (K*—-1)0"'<(4K*-2)5 "
On the other hand, if Bos(p) N Bas(p') N N5 # (0 then clearly
| Bas(p) N Bas(p') N N5| < [Bas(p) N NG| + | Bas(p') N NG| — 1 < 2K — 1.

We have
> du(p)? = or(p)” = > ér(p)”

reNs 7€ Bas(p)WNs r€(Bas(p)UBas (p'))NNs

and similarly

Z (f’;r(p/)Q = Z &T(p,){

r€Ns T€(Bas (p)UBas (p'))NNs
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S0, noting that |<5r(p)2—<2~5r(p/)2! S 2‘&r<p)2 _ér(p/)’ S QH(ngLipd(p:p,) S 25_1d<p7p/)7

< Z ’&r(p)Q - &r(p/>2|

r€(Bas (p)UBas (p'))NNs

< |(Bas(p) U Bas(p')) N Ns| - 26~ d(p, )

Z Qgr(p)2 - Z er(p/)Q

reNs reNs

< (2K% — 1) 25" d(p,p).

This finishes the verification that HZTG N b2 < (4K? —2)67!
L

By (1.3) and (1.4), we have

1
2 - 72 < 2 —1
: DA <o <@eKT-1)8
T€N§ ¢ TEN§ Llp T€N5 Llp
Thus, by the definition of ¢, and (1.2), we have
1 ~ 1 ~
94l < | === ], + & ,
ZrENg qbr co

» e 22,

<1-5 4+ (2K —1)6 11 <2K* 1.

We now interpolate the vectors {v!,,(q)}qen; using the quadratic partition of

unity {@, Feen;:

6m+1 Z ¢q m+1 a pE X. (170)
q€N;

The idea is that this interpolates nearby vy, ;, which are mutually almost orthogonal,
SO Up+1 should nearly be a unit vector. Moreover, since the 1-Lipschitz functions
vy, -+, Uy vary slowly over distance 0, this v,,,1 should also be nearly orthogonal to
V1, -, Up. This 0,41 will oscillate much quicker than vy, --- ,v,,, but its Lipschitz
constant will be controlled by K and 4.

More precisely, we claim that v,,,; satisfies the following quantitative estimates:
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1. 2 < |0pi1(p)|* < 2 for each p € X,
2. |Oms1(p) - vi(p)| < & foreachp e X and i =1,--- ,m,
30 ||OmatllLip < 2K2(2K* —1)67 1.

Indeed, by the support property of ¢,, we see that the summation in (1.70) is locally

finite:

Tmi1(P) = Y. 6q(®)h11(0)-

q€NsNBas(p)
We can verify property (1) using the near-orthogonality and the fact that the sum of

squares of the ¢, is 1:

Nom @) =1 ={ Y 60y (P)V}41(q) - Vi ()
q,q’EN;ﬂﬁza(p)

IN

> 00 (D) Vi1 (@) - Vhir (4]
4,9’ €NsNBas(p)
a#q
1

2 2
3 04 () ;%’(p) € < [NG N Bys(p)le < K= .

IA

¢,9'€N;5NBas(p)
q#q’

To verify property (2), we see that for each p € X andi=1,--- ,m,

Um+1(p) - vi(p) = Z Gq(P) V41 (a) - vilD).

qENsNBys(p)

We observe that for each ¢ € NN Bas(p), we can estimate

[V 11() - 0 ()] < Jomya (@) - vil @) + [v741 (@) - (vilp) — vilg))]

<0+ |vi(p) —vi(g)] < 26,
where we have used the orthogonality of v/, . ,(¢) against v;(¢) and the fact that
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|vi||Lip < 1. By these facts and Cauchy—Schwarz, we have the bound

- 1
[msa(p) o) < D de(p) 20 S ING N Bus(p)|? 20 <K 20 = .
q€N5N B2 (p)
To verify (3), we first fix p,p’ € X with p # p'. If Bas(p) N Bas(p') N N5 = 0 then
we must have d(p,p’) > §, because otherwise Bays(p) N Bas(p') NNs 2 Bs(p) NN # 0.

By (1), we have *2 < [Ty,41(p)], [G1 ()] < 2, 50

[V 11(P) — Umg1(P)| < V5 —+/3
- 2

0l <2K?(2K? — 1)L
10 7) < 2K°2KT 1)

On the other hand, if Bas(p) N Bas(p') N Ns # () then clearly

| Bos(p) N Bas(p') N Ns| < |Bas(p) N Ns| + |Bas(p') N Ns| — 1 < 2K? — 1.

We have
a1 (p) = & (D) Vi1 (1) = > e (P) U1 (7)
r€B2s(p)NNs T€(B2s(p)UB2s(p'))NNs
and similarly
D1 (p) = > O (1) O (1),

r€(Bas (p)UBas (p'))NNs

SO

|6m+1(p) - 6m+1<p,)| < Z |¢r(p) - ¢r(p/)| ) |Um+1(r)|

7€(Bas(p)UBas (p')) W

< Z |br|Lipd(p, P')

r€(Bas(p)UBas (p'))N\WNs
< |(Bas(p) U Bas(p')) N N3| - 2K26 1d(p, p')

<2K?*(2K* —1)5 'd(p,p).
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This finishes the verification of properties (1) to (3).
Properties (1)-(3) above finally allow us to use the Gram-Schmidt orthogonaliza-

tion process to obtain a true v,,;; with the desired properties:

Umt1(P) = D iey Dt (P) - vilp)
|Upt1(p) — ZZL Umt1(p) - Ui(p)|’

VUmt1(p) = pe X.

This is well-defined because

N . N V3 o1
[5ms1(P) = D D1 (D) - i(P)| > |1 (p)] — Z [On+1(p) - vilp)] 2 5= = 7 >0,
i=1
and v,,41(p) clearly forms an orthonormal system along with vy (p), -« , v, (p). We
also note that
. - V3 o1
Ot (p Z::U m1(P) - vi(P)] < |Omia ()] + Z [Ons1(p) - vip)] < = + 7

To check the Lipschitz regularity of v,,,; we first compute (recalling §—' = 8 K'm)

m

< ||'l~}m+1||Lip + Z(Hf’mH”CO ||Uz‘||Lip + ||1~’m+1||Lip [vill co)
Lip i=1
2072 1\5-1 Lﬁ 20072 1y5-1
<2K°(2K* —1)6 " +m( 5 14 2K°(2K* —1)6 - 1)
V5
32K3
<AKYS T (m 4+ 1) = 32K°m(m + 1).

m
U1 — E U1 - U4
i—1

— oK25! (2K2 14 42K 2m — m)
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By (1.5) we finally have

m

Um+1 — E Um+1 - Vg

2 4 2 4 2 — .
1= 1P
\/3 1._ \/3 1.- \/g 1
<((F-97+ (-9 (5 +p) 26 mm+1)
< 150K°m(m + 1).
O

Remark 1.3.4. In Theorem 1.3.2, the required dimension gap D —m —1 is precisely
the topological dimension of the given domain G. In contrast, in Theorem 1.3.3 the
dimension gap is 224K*log K, which is exponential in the “metric dimension” log K
of the given domain X . Note that a dimension gap of Q(log K) is necessary: take for
example X = S*, D =2n+1, m =1, and vy : S** < R**! the standard inclusion.
Then the log of the doubling constant for X is a universal constant multiple of n,
and the dimension gap 1s D —m — 1 = 2n — 1. However, the high-dimensional hairy
ball theorem tells us that no continuous orthonormal extension is possible, let alone a
Lipschitz orthonormal extension.

Perhaps one could reduce the dimension gap in Theorem 1.3.3, say by randomiz-
ing the proof using the machinery of random nets and partitions and their padding
properties as in [61], though reducing it to somewhere near Q(log K) seems to require

more effort (or perhaps it is impossible, but we do not have a counterexample yet).

We now state and prove a version of Theorem 1.3.2 but for general simply con-

nected nilpotent Lie groups, using the idea of proof of Theorem 1.3.3.

Theorem 1.3.5. Let G be a simply connected nilpotent Lie group with doubling con-
stant K. Let1 <m < D—224K*log K,j > 1, R > 0, and let {Ri}zzl be a log-concave

sequence of positive reals. Let vi,--- , vy, : G — SP~1 form an orthonormal system at
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each point, with the uniform regularity bound

J
> RFRi|V*oillco <1, i=1,--- m.
k=1
Then there exists vy : G — SP~1 such that vy, --- ,v,, along with v, form an

orthonormal system at each point, and

j
> RER|VFomiallco Semigmg 1

k=1

Proof. Since each v; is RLRI—Lipschitz, it follows from Theorem 1.3.3 that there exists
a 150 K°m(m + 1)/ RR;-Lipschitz 9,41 : G — SP~! such that that forms a pointwise
orthonormal system along with vy, -« , v,.

Now, we claim that for each r > 0 there exists a C*°-mollifier ¢, : G — [0, 00),

supported on B,, with unit mass [, ¢(g)dg = 1, such that

J
S RVEgllen Sasm 1
k=1

(The important point is that this final bound is independent of r.) Indeed, it is
not hard to construct such families for » € (0,1} and r € [1,00) that converge to
mollifiers on the Carnot groups that are the tangent space and the asymptotic cones;
by compactness, the bound is uniform.

Now take v,,,1 as the result of applying the Gram-Schmidt orthogonalization
process to vy, - - -, Uy, along with 0,41 * OrR, /600K5m2(m+1)- The desired bound follows

from the algebra properties of rescaled norms. O

From the proof of Theorem 1.3.5, we can easily see that Theorem 1.3.3 provides
a partial positive answer to Question 1.3.1 for many other function spaces as well,

described in the following theorem.
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Theorem 1.3.6. Let (X, d) be a K-doubling metric space (K > 2), and let

Fi C Lip(X,R) ={f: X — R|f is Lipschitz}

and

F C Lip(X,RP) := {f : X — RP|f is Lipschitz}
be spaces of functions on X such that

1. The function spaces (Fi, | - ||=), (F,| - |lx) are normed linear spaces.

2. | flluipx.ry S | fll7 for all f € F and H’UHLip(XJRD) S ollz for allv € F.

3. (closure under algebraic operations) For f € Fi,v,w € F we have fv € F and

v-w € F; with

lfollz S Wfllzllollz v wllz S lvllzlwlz.

Also, if f € Fy, f(x) > ¢ >0 forallz € X, then 1/f € F; with

11/ F 7 Se 11l

IfveF, |v(x)]>c>0 foralx e X, then |v| € Fy and

ol 7 Se llvll#

4. (density in the space of Lipschitz functions) For any 6 > 0 and w € Lip(X,RP)

with ||w||Lip < 1 there exists v € F(X) such that

[ = wllze <8, ol Ss lwllzee + wluip-
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Let 1<m < D—224K%og K. Ifv; : X — SP7! |l <1,i=1,---,m, form
an orthonormal system at each point p € X, then there exists vy, : X — SP=1 with
|Vm+1ll 7 SkmrF 1 such that vy, -+ - vy, along with v, form an orthonormal system

at each point p € X.

In words, Theorem 1.3.6 says that as long as the function space F behaves “better
than” the space of Lipschitz functions in the sense of (2), is closed under the oper-
ations used in the Gram-Schmidt process in the sense of (3), and can approximate
Lipschitz functions arbitrarily well (4) (for simply connected nilpotent Lie groups we
accomplished this by convolving with a smooth mollifier), then we have a positive
answer to Question 1.3.1.

By applying Theorem 1.3.5 several times, we obtain the following.

Corollary 1.3.7. Let G be a simply connected nilpotent Lie group with doubling
constant K. Let 1 <m < D —224K*log K, 7 > 1, R > 0, and let {Ri}gzl be a log-
concave sequence of positive reals. Let vy,--- vy : G — SP~L form an orthonormal

system at each point, with the uniform reqularity bound

J
SRR VFuleo <1, i=1,-- m.
k=1

Then there exist Upmi1,- -+, Umeme : G — SP~L such that vy, --- v, along with v,

oo Uy form an orthonormal system at each point, and

J
ZRkRkHVkUZHCO SG,m,m/,j,{Rk} 1’ Z = m —|— 1’ . ’m + m/‘
k=1

Remark 1.3.8. The need for a normal field in embedding problems dates back to [66],
where the existence of a section was demonstrated using a homotopy argument from
[74] based on the fact that the base space is contractible. However, such an argument

in this situation will fail to control the reqularity of the section at points of the base
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far from the contraction point. In [77, Section 8] this was achieved for the Heisenberg
group H? by imposing a “uniform” CW-structure on H?® and then inductively defining
the section starting from low-dimensional skeleta. In the inductive step in [77], one has
to use the fact that the homotopy groups m;(S"™) vanish for i < n, which necessitates
the “dimension gap” D — m — 1 > 3. Here we have chosen the section over a 0-
skeleton such that the section is locally roughly an orthonormal set and obtained a
section by directly interpolating. This allows us to avoid the need for a CW structure
by only using the doubling property of the base space, but we have thus increased the

dimension gap exponentially.

1.4 Main Iteration Lemma

The starting point of the iterative construction is a function that oscillates at a
fixed scale while satisfying a suitable freeness property. (This will also be an ingredient
in the inductive step of the iterative construction, when we pass from a larger scale
A™F1 down to a smaller scale A™.) We begin by constructing this single oscillating
function on the simply connected nilpotent Lie group G. (See also Proposition 5.2 of
[77] for an analogous statement.)

Recall that K is the doubling constant of G, and recall the definitions of X'

i)

loc - ploc - xglob - gglob = p.9lob g0 subsection 1.1.6.

rao) T rd 0 Jrid 0 Prg oo

Proposition 1.4.1. There exists a dimension d = Og(1) with the following property.
For each dyadic R > 0, there exists a smooth map ¢F : G — R with the following

properties.

1. (smoothness) For all j > 1,

1%l cs Se.s R
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2. (locally free embedding) If R <1 (local case), then for all p € G, we have

_S"m .
A wetp) = I R AT
W=xloc, .xloc 1<m<s, 1< <k}%°,
l§m<s 1<] <kloc (7’1,jl)jloc‘“jloc(’l”m,jm)

(r1 7j1)jloc"'jloc(7‘wujm)

If R > 1 (global case), then for all p € G, we have

=7 1,
A Wl (p)| > [] RS (1.72)

W=X3% X2 1<m<s, 1<j;<kfl°,

1<m<s, 1<j; <k, (r1,1)=9t0b.. <900 (1 G

(Tl7j1)jgl0b"'jgl0b(7‘m7]‘m)

Proof. Inspired by the Veronese-type embedding used in [77], in the global case R > 1

we first begin with the function
Ot G = @ QMR = REm=1 (:1)7

defined by

s s s  kr glob
glob glob . r 7 glob glob
<exp<§ X, ))-@ <§ g T m> z,; €R.
=1 m=1

r=1 r=1 =1

Recall that

Xgleb
> 0
(% + Z Z polyn in {x . }Tuq/ of weighted global degree < r —r )W,
T r'>r j=1 r'.j

and recall that Xﬁlfb acts on polynomials by reducing the weighted global degree
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by r or more. Consequently, for each (rq,j;) =<9 ... <990 (y 4 ), the differential

operator X9 ... Xff:f}m reduces weighted degrees by > r;, and so

T1,J1

glob Xglob R

T17j1 Tmyjm(p
_ pl=>" 1 £glob lob
=R"ZEn IR @0 £,
+ Z (polyn of global degree < Xr! — ;) fglOb - ® ff;io,ljj;n,‘

(/ ]/)_<glob _<glob( j /)
Tyt >t +7'm
m’'<s

Thus, when taking the wedge product of all these differentials, we can rearrange the

differentials in order of their degree and cancel the higher degree terms. This leads to

A W (p)

W= Xglob . Xglob

71,71 Tm,Jm

1<m<s,(r1,51) <9000 29100 (g 510

— /\ Rl >y rzfglob ®fglob

T1,J1 Tm,Jm
1<m<s,(r1,41) <9408 29198 (i )

— H RI-Zi%ari

1<m<s,(r1,51) 291002910 (r s i)

In the local case R < 1 we proceed similarly but we need to work with global
degrees instead of local degrees, as the global degree structure gives the desired upper-

triangular structure. Again, we begin with the function

goR G — @ QMR" = RXm=1 (:L),

m=1

defined by

s sk loc
oo (o3t ) ) - @ Mo (S ) e

r=1 i=1 m=1 r=1 i=1
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Recall that XZ¢, floc zlo¢ can be chosen to be permutations of the objects X7

rg o Jrg s Yrg rago)

lob _glob
70 af . Thus,

re )

loc loc 0
1,71 TTVLanrLSO

_ R1_2?1:1 i rloc QR ® loc

71,71 Tm,Jm

+ Z (polyn of global degree < Xr} — Xr;) Tlil)cji ®---®@ floe

LSV '
. lob lob .
(1 ) <910 <o (0 it )
it STt rm
m'<s

Using this upper-triangular structure, we again obtain

A\ W' (p)

W:Xloc' ,,.Xloc .

T1:71 ™m,Jm

1<m<s,(r1,41) 310 =1 (1 i)

_ /\ Rl—z;ll 7 ploc R - ® loc

T1,J1 T'mvjm
1<m<s,(r1,51) =319 =1 (1 jim)

— H RI-ZEam

1<m<s,(r1,51) 310 =1 (rpn jim)

Hence, in both the local and global cases, we can create a mapping with the
required freeness property. It remains to modify this construction so that we have
bounded C’é norms as well. This can be done by viewing ¢" as a mapping that works
locally around the origin and then pasting together mollifications of ¢°, using the
doubling property of G to ensure that the pasting process only increases the CV norm
by a bounded factor. (This construction is inspired by [3].)

Take a smooth function ng : G — [0, 1] which is identically 1 on the unit ball Bg,

which vanishes on Bf ;,, and such that

In&lles Se.r 1.
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Then the function npe® : G — RE=1 (%) has bounded C’] norm for all j > 1, vanishes

outside Bj g, and, if R > 1, satisfies

/\ RE" 1 Well =1 on Bpg,
WX e X,
and if R <1, satisfies
/\ REmWoll =1 on Bp.

W= Xloc Xloc

1,31’ Tm,jm

Now take a maximal R-net Ny of G. We claim that we can take the decomposition

NR_ |_| 3R7

where each N§, is a 3R-net of G. (This is a standard coloring argument.) Indeed,
each point g € N has at most Og(1) points in N in its 3R-neighborhood by (1.9);
having inductively assigned a finite number of points of Nz in one of the Og(1) sets
{ a OG(l

o1 S, any other point of Ny can be assigned to one of them consistently.

We now define ¢t : G — RO 2= (") as

O¢g(1)
=B D megp). ped.
a=1 ge/\/’élR
Then this satisfies the given properties because for each a = 1, -+, Og(1), the function

> (re™)(g7'p)

9ENZR

is a sum of smooth compactly supported functions whose supports g B 5z are disjoint,
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thus has bounded C’é norm, and satisfies the wedge product bound

A RETTW N (nre®™)(g7'p)| = 1, p € NirBa
o o

1<m<s, (r1,j1) 2910029000 (7 i)

if R>1 and

A RETTWOS T (nae®™)(g7'p)| = 1, p € NipBa

W:Xloc .“Xloc gENé‘R

71,31 ™m,Jjm

1<m<s,(r1,51) 310 =1¢ (1 jim)

if R<1.As {N{B; aofl(l) covers G, we see that ¢ satisfies (1.71). O

Remark 1.4.2. The method of proof of Proposition 1.4.1 in [77] for the case G = H?,
or more generally for the case when G admits a cocompact lattice T', is the following.
Since the nilmanifold G /T is a smooth compact n-dimensional manifold, by the strong
Whitney immersion theorem [81] there exists a smooth immersion G /T — R?*"~1. By
precomposing with the projection G — G /T, one obtains a map ¢* : G — R*"~! that

satisfies the weaker freeness property

21

s kr
/\ /\ Xr,igal

r=114=1

while having bounded C7 norms due to the compactness of G/T'. We can then obtain
the stronger freeness property (1.71) by composing @' with a Veronese-type embedding,

say

: s 2n—1 ]_
1. rmp2n—1 _ > oi— - 1. = ( \er
¢.G—>§2®R — RE= (), (b-—rez?rl(tp) .

(One can indeed prove the stronger freeness property by using a simple change of

coordinates arqument.) There is an exponential saving in the target dimension: the
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target dimension, in this case, is polynomaial in the topological dimension of G, whereas
the target dimension d in Proposition 1.4.1 is exponential in the Hausdorff dimension
of G. Perhaps one could improve the target dimension in Proposition 1.4.1 to be
polynomial in the Hausdorff dimension of G, say by using random nets and partitions

as in [61] and being more careful about how we paste the different embeddings.

Now we state the inductive step. Having constructed a map 1 : G — R” which
“represents” the geometry of G at scale AR and above, where R > 0 is a dyadic
number, we need to construct a correction ¢ : G — RP which oscillates at scale R
such that 1)+ ¢ represents the geometry of G at scale R. When we say that a mapping
represents the geometry of G at scale R, we mean that its Cg*ﬂ/ % norm is controlled
and that it has good freeness properties. To make a viable induction argument, we

m*,2/3

need to show that the quantitative controls on the Cp norm and the freeness

properties are preserved when we pass from ¢ to ¥ + ¢. The precise statement for the

inductive step is as follows.

Proposition 1.4.3 (main iteration step — global version). For all sufficiently large

dimensions D = Qq(1) the following holds. Let M be a real number with
M > Cyt,

let R > 1 be a dyadic number, and let m* > s*. Suppose a map v : G — RP obeys

the following estimates:

1. (nondegenerate first derivatives) For any p € G, we have
C(TlM < ‘nglobw<p)‘ < COM7 L= 17 e 7k!1}lOb7 (173)

and

glob

> it H )Xglob )) (1.74)
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Jor2 <i <k and1<j <-- < j; <k

2. (locally free embedding) For any p € G, we have

A\ W (p)

W:Xglob ._.Xglob

1,01 T™m,jm

1<m<s,(r1,51) 3910029190 (ppy i)
> C—2(ki}10b)2—7kiﬂ0b+2 H (AR)I—Zzil . (175)
= o
2Sm§51(T17j1)jglOb"'jglOb(rm1jm)
kiﬂOb
. Xglob
j=1
3. (Hélder regularity at scale A) We have
C
200\ 2y < —2. .
IVl e 22 < 5 (1.76)

Then there exists a map ¢ : G — RY such that ¢ obeys the following estimates:

1. (regularity at scale 1) We have

19l g 273 S R (1.77)

2. (orthogonality) We have
B4, ) = 0. (1.75)

3. (nondegenerate first derivatives) We have

X9 >0 1, i=1,--- kI (1.79)

and the sum ¥ + ¢ obeys the following reqularity estimates:
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1. (nondegenerate first derivatives) For any p € G, we have

Co'VM2+1 < X+ ¢)(p)| < CoVM2+1, i=1,-- k",  (1.80)

and

N X2+ ¢)(p)

> 00—1'2—2'+2 H )X;ziob(¢ + 6)(p) (1.81)
m=1
fOTQSiSkflOb and 1 < jp < --- <]'z‘§k§l0b'

2. (locally free embedding) For any p € G, we have

A\ W (¥ + o) (p)
g
1<m<s,(r1,51) 29102910 (1 i )
> CiQ(kuOb)Z*mflObJﬁg H (AR)le?L i (182>
=
2Sm§57(7~1’jl)jglob.,,jglob(rm’jm)
k_gl;lob
T @ + o))
j=1
3. (Hélder reqularity at scale 1) We have
Co
IV2() + ¢)H01ﬂ;**272/3 < R (1.83)

Remark 1.4.4. The largeness of the dimension D will be necessitated in Proposition
1.4.1 along with Corollary 1.3.7; see Lemma 1.4.7 below; D will be polynomial in the

doubling constant of G.

Remark 1.4.5. Proposition 1.4.3 shows that if ¥ is a map with the regularity and
freeness properties (1.73)-(1.76) at scale AR, then we can find a correction ¢ so that
Y+ ¢ is a map with the same regularity and freeness properties (1.80)-(1.83) but

at scale R. In particular, the constants in the freeness properties are the same. We
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will make this possible by creating a “hierarchy” of freeness properties. Namely, the
freeness property (1.81) fori-fold wedge products of horizontal derivatives of 1+ ¢ will
be based on the freeness property (1.74) for (i — 1)-fold wedge products of horizontal
derivatives of 1. Also, the freeness property (1.82) for the wedge product of up to
s-order derivatives of ¥ + ¢ will be based on the freeness property (1.74) for ki’lOb—fold
wedge products of horizontal derivatives of 1. Thus, we do not lose constants when

passing from 1 to Y + ¢, which will allow us to close the iteration.

Proposition 1.4.3 will be a consequence of the following lemma, which is a gener-

alization of Proposition 5.1 of [77] for the case G = H?.

Lemma 1.4.6 (main iteration lemma — global version). For all sufficiently large

dimensions D = Qg(1) the following holds. Let M be a real number with

M >Cyt,

let R > 1 be a dyadic number, and let m* > s*. Suppose a map v : G — RP obeys

the following estimates:

1. (nondegenerate first derivatives) For any p € G, we have

Co'M < |XIP(p)| < CoM, i=1,--- k'™, (1.84)
and ‘
N\ Xp(p)| 2 Gy R, (1.85)
m=1

for2 <i<kP and1<j <--- < j; < k9"
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2. (locally free embedding) For any p € G, we have

m _ loby2 _ q7.9lob
/\ (AR)Zi:l riilW@D(p) > CO 2(k{"")? —8k{ ""QMk. (186)
e

1<m<s, (r1,j1) 291002900 (1, i)

3. (Hélder regularity at scale A) We have

C
\V& -0

Then there exists a map ¢ : G — RP obeying the following estimates.

1. (nondegenerate first derivatives) For any p € G, we have

(X80 (p)] Z 1 (1.88)
and
; 2 ; 2
/\ Xf,iOb(w‘i‘@(P) . /\ X]giobw(p) > 00721'2+5MZ(21'71)’ (1.89)
m=1 m=1
for2 <i<kP and1<j <---<j; < k9.
2. (locally free embedding) For any p € G, we have
A REE (g + ¢)(p)| = Gy XM
W:Xglol? .”Xglob.
71,71 m,Jm
1<m<s, (r1,41) 291002910 (1 jm)
(1.90)
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3. (Hélder reqularity at scale 1) We have
el e S R (1.91)

4. (orthogonality) We have
BIM(6,1) =0 (1.92)

We now show why Proposition 1.4.3 follows from Lemma 1.4.6.

proof of Proposition 1.4.3 assuming Lemma 1.4.6. Let 1 be as in Proposition 1.4.3.
One can easily verify the hypotheses of Lemma 1.4.6 for ¢, as (1.85) and (1.86) each
follow from (1.74) and (1.75) combined with (1.73). Thus, by Lemma 1.4.6, there
exists a function ¢ : G — R that satisfies (1.77), (1.78), and (1.79) (as these are
exactly (1.91), (1.92), and (1.88), respectively) and the following (which are just

restatements of (1.90) and (1.91)):

1. (nondegenerate first derivatives) For pe G, 2 <i < k' and 1 < j; < --- < j; <

kglob’
! ; 2 ; 2
o ol —242 i—
A XEW+ o) )| — |\ XEP0(p)| > C? M2t (1.93)
g=1 g=1
2. (locally free embedding) For any p € G, we have
A REZ W (4 + 6)(p)| > € 200K 48y it
W:XglOl-) ._.Xglob‘
71,71 T m,Jm
1<m<s,(r1,51) <9400 =918 (1 iy )

(1.94)

We now verify that the map v + ¢ satisfies the properties (1.80) to (1.83).

Verification of (1.80): By (1.78), we have | X?"(¢) 4+ ¢)|* = | X7 "¢|2 + | X7 $|2. But
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by (1.79) and (1.77), we have |X#*¢| ~¢ 1, so we have

Gyt < 1XI%| < Gy (1.95)

(This uses our hierarchy of constants in subsection 1.1.2, by choosing Cy depending

on G.) Combining these facts with (1.73) we obtain (1.80).

Verification of (1.81): This follows from (1.93):

2

2
> + 00721'2+5M2(i71)

A X2 + ¢)
q=1

i

glob
I\ X5
q=1

Lo 2 . .
s o] s o
qfl (1.96)
—92i2_-9; . o 2 o
> 002 2+4H <’X]gql bw’ +‘X§;ql b¢’2)
g=1

_ 00—21'2—2i+4 H |X;]qlob(¢ + ¢>|2

q=1

where in the third inequality we used |X]g;°b¢| < CoM and |X§7:0bq5| Sa 1.

Verification of (1.82): This follows from (1.94):

A RESDTW (Y + ) (p)

W:Xglob “.Xglob

1 ,jl TmJim

1<m<s, (r1,j1) 291002980 (1, i)

o o (1.97)
> O 2 gt

kglob

(kSO _7kSI 43 T o
> G TR T IX W+ 0)),
i=1
where in the last inequality we used that |X7(¢) 4+ ¢)|2 = | X9Pp|2 + | XTP¢2 <

C2M?+0¢g(1) < CEM? (recall that M > Cy'), and our hierarchy of constants where

107



we choose Cy depending on G.

Verification of (1.83): This follows from (1.76) and (1.77):

C
1920 + D)2 < V30 e -ava + [6llmean < 2, (1.98)

and our hierarchy of constants where we choose Cy depending on G. n

For the rest of the section, we will prove Lemma 1.4.6.
Suppose that 1) is as in Lemma 1.4.6. We will first construct a solution q~5 to the

low-frequency equation (1.27) as

o(p) = U(p) (6" (p)) , (1.99)

where ¢° : G — R%is as in Proposition 1.4.1, and U(p) : R? — RP is a linear isometry
with the following properties, which is constructed using Corollary 1.3.7. (See also

Lemma 9.1 of [77] for an analogous statement for H3.)

Lemma 1.4.7. Let d = Og(1). Then for D = d + (1), there exists U : G —
hom(R¢, RP) such that

1. For each p € G, U(p) € hom(R?, RP) is an isometry.

2. For eachp € G, s € R, we have, for 1 <i,j < k¥,

(U(p)(s))- X" Peny/myb(p) = 0, (U(p)(s))- X" X9 Pienyryto(p) = 0. (1.100)

3. We have the smoothness
1
VUl Sv 5

Proof. Let {Y,.}1<i<s, be a subset of {Xf’lil)b}l<i<k$lob, for 2 < r < s, such that
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lob kglob .
{X7E U{Y.i}e<r<s 1<i<e, forms a basis of

==, Lt

lob glob
glob ki] glob globy kY
span{ X"} L+ {[X] an ]}i,jzl'
Let Wy, --- | W glob , glob denote the rescaled differential operators
glob kl (kl +3)
R . e e A

v =1L )\ Ty 1< <y <gy TN\ TS T AT o, L0

glob
((MilX‘gl()b)i‘gl ) (ARXz’gl()ngglOb>1§i§j§k§“’b7 ((AR>T71K',Z')2<7'<S 1<i<fr)-

glob /7. glob
Let w;(p) == W;P<ny/ry¥(p) for 1 < i < k9t 4+ M + 4Ly + -+ + L, for all
p € G. Then, by (1.84), (1.87), and Theorem 1.1.2 (3) (more specifically, (1.13) with

j = 1,1 =2, and recalling m* > s?),

w; = Wih + Og (A]%]M) =0(Cy), i=1,-- kI (1.101)

and by (1.87) and Theorem 1.1.2 (3) (more specifically, (1.13) with j > 2,1 = j+ 1),

Co
ANy

w; = Wb + Og ( ) = 0(Cy) (1.102)

lob lob
w + 0y + -+ + {;. (Note that we have used our

for i = k' + 1, kI +
hierarchy of constants in (1.101) and (1.102), choosing Ny depending on G and Cy,
while we have only used A > 1 so far.)

On the other hand, (1.86) tells us that

/\ Wlw(p) ZCO L,

kgl]lob(kgl]lob+1)
2

i=1,- k904 ol

so by applying the triangle inequality and Cauchy-Schwarz inequality, we conclude
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that

/\ wi(p) ZCO L.

k%lOb(k§ZOb—F1)
2

i=1, kI lotetls

By applying Cauchy—Schwarz again, we conclude that

kglobui_?lob + 1)
2

~Co 17 jzla"'7kiﬂOb+

/\ w;i(p)

=1,

4l 440, (1.103)

Again, using (1.87) along with Theorem 1.1.2 (3), we can see that

kglob(kglob + 1)
2

HwiHCO—i—AR||Vwi||CIg%m*4 SNO 17 ]: 1’ 7k.1J10b+ +€2++657

(1.104)

because for i = 1,--- k% we use (1.87), and (1.12) with [ = 2, j = m*, to see

(1.101) AR )
lwilley + AR[Vwillgame—1 S Co + == IV Pieno/m¥llgzme—

ARNG™ !
< Co+ TO\|V2P(§N0/R)¢|IC;7;;1

(1.12) ARNZm*fl
Seme Co+ TO
(1.87) ARN™ Cy
< o 20
— CO + M AR NNO

(1.105)
V24| o

1

?

lob lob
and for i = K" 41, k9" + w + 0y + -+ L, we use (1.87), and (1.12)

with [ = 3, j = m*, with w; corresponding to 2 < r < s, to see

(1.102)
lwillcy + ARIIVwill game-1 S Co + (AR) IV Py /my || game -

< Co -+ (AR)TNgm*_lHVT—%—IP(SNO/R)UJHCIQ:J;A

(112) * ° (1.106)
Seme Co+ (AR)NG™ 7H[V™ 4| co

(1.87) . C
S CO + (AR)TNgm -1 (ARS)T ;SNO 1.

(We have used our hierarchy of constants in (1.104), (1.105), and (1.106), by choosing
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Ny after G and Cy.) Now, because the norm of (1.104) is of the form (1.7), we can

apply the product rule to this norm: for instance,

+ AR

Co

=1,

S./NO 1

A

=1,

2m* —1
CR

k:glOb kglob(kglob+1

for j =1,--- K + 0y 4 -+ 4+ L. Now let us consider the orthonor-

mal system vy,--- ,v formed by applying the Gram-Schmidt

kglob kglob+1
k§10b+%+@+..,+48

process to the vectors w;, i.e., we inductively define

| /\] <i w]l
v; = (w; - vj)v; | .
| /\]<z wj| ; 7
By (1.103) this is well-defined, and by a repeated application of the aforementioned
product rule, one can deduce the smoothness

ki]lob(ki]lob + 1)

/¢ ce .
5 + o + +

||Ui||Co + ARHVU"”C’}?{"*fl S.;N() 1, 7= 17 Ce ’ki]lob +

lob lob
We now apply Corollary 1.3.7 with m = k7°+ B (kg ) 4yt AHl,m =d, ] =

2m*, R; = A to the above v;. (We use our liberty to take D = d+ (1) in this step.)

Thus, we have maps v - gtoboto ),

lob ,, glob
K9°OP (19790 41
k;} ob+ 1 1 ( 1 )

y DY y U glOb :
ot Fls+1 k{14 ot ALs+d

G — RP such that

k?l()b(kiﬂd} + 1)
2

lvilley + AR Vuillops Sng 1, =1, e t byt -+l +d

and such that v,(p),--- ,v (p) are orthonormal for all p € G.

o kglob kglob+1
T S SRR

Now define U(p) : R? — RP, p € G, to be the map

d

U(p)(s) - Z Sivkglob kglob(kglob+1)
1

i1 Al
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This clearly has the properties (1) and (3) asserted above, and we can also deduce

property (2) once we note that

Xglonglob Xglonglob Xglob kiﬂob Y.
FOXTY = XTOXT € span ({ X7 1L U{Yeita<r<s, 1<i<t, ) -

==, 10>

]

Continuing with the proof of Lemma 1.4.6, let ¢ be as in (1.99). By Lemma 1.4.7
and Proposition 1.4.1(1), and using our hierarchy of choosing A after Cy and Ny, we

have

]l came Sc R. (1.107)

Also, by (1.100) and the Leibniz rule, it is clear that ¢ satisfies (1.63) and a fortiori
solves the low-frequency equation (1.27). It is also clear that v satisfies the hypothesis
of Corollary 1.2.4. By applying Corollary 1.2.4, there exists a C™"%/3-function ¢ : G —

RP such that

B(¢,v) =0,
16 = Gll gmeass Sy AR, (1.108)
and, as é satisfies (1.63), we have fori,j =1,--- ,k‘l’bb,

’|Xf]lob¢ . XJQZObw”CO — HX{gld)(b . nglObw . X{qlob(; . XJQIObP(SNO/R)wHCO SCO Alfm*.
(1.109)

It remains to verify conditions (1.88)-(1.92). Conditions (1.91) and (1.92) are imme-
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diate from the construction. For later use, we note that

X9 = X7'0 + X' (¢ — §) = UX{'¢R) + (XU (¢7) + Oc, (A*™)

o U(Xflob¢0) + ON() (Afl)

(1.110)
fori =1,--- k. From this and Proposition 1.4.1, we immediately have (again using
our hierarchy of constants that A is chosen after Ny)

kgl]lob
X9 ~a 1, |\ XPP0| ~e 1, (1.111)

so in particular (1.88) immediately follows. It remains to verify (1.89) and (1.90).

Verification of (1.89): Recall from (1.109) that

1
|Xigl0b¢.X]globw| < Z for Z,j _ 1" . 7k€lob.

(We have used the fact that A is chosen after Cy.) Now we observe that for 1 < j; <

oo < j; < K9 we have the expansion

201 4

A0 = A X5+ SN X
m=1 n=1 m=1

for some sequence {f},—1... 2i_1, m=1,... ; of functions, each being either ¢ or 1. Note

that for each n there must exist some m such that f' = ¢. This expansion implies

2

/\ Xfifb(l/)-i-qzﬁ /\ Xglob

m=1
201 4 201 i i

=) N\ XEr +2Z< N\ X2, N\ X?iobf;;>.
n=1 m=1 m=1 m=1
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For each fixed n, the polarized Cauchy—Binet formula shows that

< A x50, \ Xfiobfz>
m=1

m=1

can be represented as the determinant of an ¢ X ¢ matrix, whose entries are each of
magnitude Og, (M?) and one of whose columns (the m-th column, where m is such
that f? = ¢) consists of entries of magnitude O(A™!) (because of (1.109)). Thus,
the determinant of this 7 x 7 matrix is of magnitude O, (A~ M2~V or equivalently

< A, Xfri‘)b@/), AL, Xfri‘)bf%> = O¢, (A~ M?G=1). Summing over all n, we obtain

201 i i
o5 A\ e A ) = 04
n=1 m=1 m=1
and so (again using our hierarchy of choosing A after Cp) it is enough to show that

) 2
2°—1 ¢

Z /\ ngob > (O 255 ) r20-1), (1.112)

n=1 m=1

But by Cauchy—-Schwarz,

2

201 4
glob pn
> N X075
n=1 m=1
2
21 i 2 201 i
- glob ¢en glob glob glob
=12 A X /\Xm = || 2 AXPI A N X5
n=1 m=1 m=2 n=1 m=1 m=2

2

i i 2
lob lob lob
| (sren Ao} n iz -
m=2 m=2

i
Xgl0b¢ A Xglob
n{:\2 Jm /\ Jm

By the Cauchy—Binet formula, this is the determinant of a certain (2i — 1) x (2i — 1)
matrix, which, by (1.109), is close to being block-diagonal: the upper-left (i—1)x (i—1)

block consists of entries of size O¢,(M?), the lower-right ¢ x i block consists of entries
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of size O¢, (1), while the off-block-diagonal entries are of size O(A™!) (by (1.109)).
Therefore, we may estimate the total determinant with the determinant of the block

diagonal approximation, with error Og, (A~2M?(=2):

2 2 2

/\ ngi?biﬂ/\ /\ X]giobqs — /\ ngiobw /\ X;]iOb¢ +OCO(A_2M2(i_2))-
m=2 m=1 m=2 el
But by (1.85), we have
i 2
N XEPg| > Cproarth, (1.113)
m=2

This completes the verification of (1.89) (again using the hierarchy that Cj is chosen

after G and A is chosen after Cj).

Verification of (1.90): We first observe that for differential operators W of global

degree at least 2, W¢ dominates W), and so we may approximate A, W (¢ + ¢) by
Aw W, where W ranges over such operators.

More precisely, for W = X9 ... X9 where r := Yo > 2, m < s, we have

r1,J1 Tm,Jm’?

W+ ¢) = Wo + W(p— @) + Wi
= W (U() + 0y (A2 B™") 4 Oc, (AR) ™)

- W(U(¢0)) 4 Og (AIRYT),

(The second equation holds because r < s* and our choice of m* > s* allows us to use
our bounds (1.108) and (1.87) on [|¢ — ¢||om= and HV2¢||CZL;_2). Many applications of
the Leibniz rule tell us that W (U ((bo)) —U (W @) is a linear combination of derivatives
of U times ¢° or derivatives of ¢°, so from |[VU lem S <7, and counting derivatives,

we have

W(U(qﬁo)) —U(W¢®) = Op (A1 R
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and consequently

W (Y +¢) = UWeY) + Ong (AT R'T).

Therefore, we have

A\ R=57TTW () 4 ¢) = w + Ong (A7), (1.114)

__yglob glob
W=x9°0 .. X

1 ,j1 Tm,Jim

m=1 and r;>2, O 2<m<s

where
m pyp—
w = A RE=m 1 (W 40).
_ yrglob glob
W=X, 1 Xrm.im

m=1 and r;>2, O 2<m<s

Since U is an isometry, and ¢° has the freeness property (1.71), we have

w| = A REE Y60 =4 1. (1.115)

__yglob glob
w=x9 . x

71,31 Tm,Jm

m=1 and r;>2, Or 2<m<s

Therefore, by (1.84), (1.95), (1.114) and our hierarchy that Cj is chosen after G' and
that A is chosen after Cy and Ny, to verify (1.90) it is enough to verif
Yy g y
ki]lob
/\ XglOb(@D+¢) Awl > C()—Q(kflﬂob)Q_5kg17lob+3‘3Mkflob‘ (1.116)
i=1

By Cauchy—Schwarz, and

kglob kglob
1 1.12) glob

L ( lob lob
o o kQ k‘g
A\ X2 Pawoym| < TT |XE Penum| S IVelch < oot i,
=1 =1

(we used (1.12) with [ = 1), we see (using our hierarchy that Cy is chosen after G)
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that it is enough to verify

kglob kglob

globy2 glob glo
< /\ X Pienosmyth Aw, /\ X9 1/)+¢)/\W> Z Co R ) VL (1.117)

i=1 =1

Since all the components of w are orthogonal to the vectors XigZObP(S No/R)Y, We can

use Cauchy-Binet twice to see that the left-hand side is equal to

glob glob
kl kl

< N XEPanyryds \ X9+ ¢)>Iw|2-
i=1 i=1
Using that for 1 <i,5 < kflOb we have

X Piaosmyty - X7 (W + ¢)
_ X:qlobd} . X;]lOb’gZ) _ XiglObP(>NO/R)77Z) . XflOb('@Z) + ¢) + Xiqub'QZ) . X?lObe

1109 o ol ob o
PEIXE G XY — XP Pyt XE (6 + 6) + O(A7Y), (1.118)

(1.84)’(125)7(1.13) XiglObl/J . X;-]lObl/} + OG (AC]E[ ) . (O(C()M) + O(Co)) + O(A_l),
0

(where in the penultimate equation we used (1.13) with 7 = 1, [ = 2, and in the last

equation we used our hierarchy that Ny is chosen after Cj), we see using Cauchy—Binet

twice that
kglob kglob kglglob 2
< /\ XglObP <N0 w, A Xglob w + ¢ > — A XiglObw + OCO (A 1M2k‘710b )
=1 =1
But, from (1.85), we have
kglob
/\ Xglob > 0_2(kgl0b)2 4kglob+4M2kg1;lob' (1119)
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The claim (1.117) follows from the above, (1.115), and our hierarchy of choosing Cy
after G and A after C.

This concludes the proof of Lemma 1.4.6.

The local version of Proposition 1.4.6 is stated, similarly to the global version, as

follows. We omit its proof, since it is very similar to that of the global version.

Proposition 1.4.8 (main iteration step — local version). For all sufficiently large

dimensions D = Qg(1) the following holds. Let M be a real number with
M > Gy,

let R <1 be a dyadic number, and let m* > s2. Suppose a map v : G — RP obeys

the following estimates:

1. (nondegenerate first derivatives) For any p € G, we have
Co'M < |Xib(p)| < CoM, i=1,---k, (1.120)

and

> Oyt H X (1.121)

for2<i<kandl <j<---<3 <k.

2. (locally free embedding) For any p € G, we have

A W (p)

W= —Xxloc .. xloc

T1» ]1 ™m,Jim
1<m<s, (r1,j1) 2102100 (1 jim )
> C[;2k2—7k+2 H (AR)PZ;L” (1.122)

2<m s (r1,j1) 3196 <19 (i i)
k
| | | X0 (p
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3. (Hélder reqularity at scale A) We have

C
2 m*—2,2/¢ < _O .
IVl e 228 < 72 (1.123)

Then there exists a map ¢ : G — RP such that ¢ obeys the following estimates:

1. (regularity at scale 1) We have

1]l grn2r2 S B (1.124)

2. (orthogonality) We have
B%(¢,1)) = 0. (1.125)

3. (nondegenerate first derivatives) We have

| Xigl 2¢ 1, i=1,--- k. (1.126)

and the sum 1 + ¢ obeys the following reqularity estimates:

1. (nondegenerate first derivatives) For any p € G, we have
Co' VM +1<[X(+ @) ()| < CoVM2+1, i=1,--- k,

and

A X @ +0)m)| 2 G2 T 1, (0 + 0) )

for2<i<kandl <j<---<3; <k.
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2. (locally free embedding) For any p € G, we have

A W (4 + ¢)(p)
W=Xloc ..xloc
71,71 T™m,Jim
1<m<s,(1r1,41) =2t0c =t (1 jim)
> 00721@277“3 H (AR)PZQL ri

2<m<s,(ry jl)jQLOb'“jQZOb(Tm:jm)

X+ 0)(p)] -

||z?r

3. (Hélder regularity at scale 1) We have

Co
7rL* 2,2/3 < e

1926 + )l 2.

1.5 Construction of the embedding

One obtains the following proposition by repeating Proposition 1.4.3 a finite num-

ber of times (see also Claim 5.4 of [77] for an analogous statement for H?).

Proposition 1.5.1 (finite iteration — global version). Let 0 < & < 1/A, let Ry > 1 be
a dyadic number, and let 0 < My < My be nonnegative integers. One can find maps
Om : G = RP for M; < m < M, obeying the following bounds, where Gmy G — RP

15 defined by
dem = Y, AT,

m<m’<Ma

1. (smoothness at scale RyA™) For all My < m < M, we have

[fmll 2s0i1 < CoRoA™ (1.127)
R()A"L
‘|v2¢(2m)‘|052+371,2/3 S CORalAim- (1.128)
R()Am
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2. (orthogonality) One has, for all My < m < M,

> AT Bl ) = 0. (1.129)
m’'>m
3. (nondegeneracy) For all p € G and M; < m < M, we have the following esti-

mates:

X9, (p)| > CFt, i=1,- K (1.130)

lob
go¢>m

> 5 *’”H |X9""’ (p)], (1.131)

for 2 <i < K and1s11<-~<jiskf’o”, and

A (RoA™) T "1 B ()
W=X1% X5 (1.132)
1<I<s,(r1,j1) <9400 <9190 (1) 5
kgl]lob
_o(gIloby2 _qpgleb 3 lob
> O T T X G ().
=1

Proof. We prove this by induction on My — M. The case My — M; = 0 follows directly
from Proposition 1.4.1, so we may assume My — M; > 0. By the inductive hypothesis
applied to M{ = M; +1 and M}, = M, we may find functions ¢,,, M;+1 < m < My,

so that

1. (smoothness at scale RyA™) For all M; +1 < m < M,, we have

[ml] pszss01 < ColtgA™ (1.133)
RgA™
Wl ozas12s < CoRg T A™™ (1.134)
RpA™
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2. (orthogonality) One has, for all M; +1 < m < My,

> AT B ) = 0. (1.135)
m/>m
3. (nondegeneracy) For all p € G and M; + 1 < m < M,, we have the following

estimates:

X9 (p)| > O, i=1,- K, (1.136)

lob
go¢>m

> 5 *’”H | X9y ()] (1.137)

for2§z'§k{’l°band1§j1<~-<ji§k{’l°b,and

/\ (RoAm) i= 1”_1W¢ >m) (D)
W= XflOb . Xrgl’qb
1<I<s,(r jl)igllob -jlgﬁ)b(rl,jl) (1138)
kgl]lob
_92 leOb 2_7kglob+3 lob
> IT X7 ¢m @)
=1

We now verify the hypotheses of Proposition 1.4.3 for
1/2
V= AT = Z Ametm=Mg o with M = ( Z AQEm) 7
M;+1<m<Ma 1<m<Ma—M;

and

2
m* = s+ s+ 1, a=g, R = RyAM > 1.
We have M > A—¢ > A~1/A > %,so we have M > Cj*.

Verification of (1.73): From (1.135) and (1.136) we have, for i = 1,--- , k9,

’Xiqubw’Q _ Z A725(m7M1)’Xiqlob¢m|2 > Z A725m0072 _ 062M2,

Mi+1<m<M> 1<m<Ms—M;
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and from (1.133) we have, fori =1,--- 7k§/lob7

|X%qlob¢|2 _ Z A725(m7M1)‘Xiqlob¢m|2 < Z Astng _ C§M2

Mi4+1<m< M3 1<m<Ma—M;

Verification of (1.74): From (1.137) we have, for 2 < i < k%" and 1 < j; < --- <

. lob
Ji <k

— A > A7 T X b
1

q=

/\ Xglob

/\ Xglo >M1+1)

— C(]—iQ—i—f—Q H ‘ijob¢) )
q=1

Verification of (1.75): From (1.138) we have

A (RoA™) ===y (p)

W= quob . Xgl()b,

T1,J1 ™m,Im

1<m<s,(r1,51) %9400 <9190 (7, iy )

> oo /\ W d(san 41) (1.139)
W:Xrl J1 "'X'f'me
1<m<s,(r1,1) 2 2 (Tmsdm)

2
> Cp 'y 2T H | Xipan+1)(D)]

=1

k
> C«O—2k2—7k+2 H | X (p)

=1

Verification of (1.76): From (1.134) we have

Co
21273 S A_€COR Lpg=1-My 2

& 2
| ottt = AR

oetemt/s = A Vb 41
AR

Hence, ¢ and M satisfy the assumptions of Proposition 1.4.3, and so there exists a
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function ¢y, : G — R1282™ that satisfies the following:

1. (regularity at scale 1) We have

st Sa ARG (1.140)
ARg/Il
2. (orthogonality) We have
B (¢, 1h) = 0. (1.141)

3. (nondegenerate first derivatives) For any p € G, we have
|X7:’[]10b¢M1(p)| ZG ]-7 L= ]-7 7kf10b7 (1142)

CoVM2 +1 < |X9( 4 ) (p)] S CoVM2 + 1, i=1,--- K (1.143)

/\ X9 + éar, ) (p)| = 00*1'2*”2 ‘Xg“’b U+ ) (p) (1.144)

for 2 < i < k¥ and distinet 1 < j, < --- < j; < k9.

4. (locally free embedding) For any p € G, we have

A (ARM)ZE W (6 + g, ) ()

glob glob
W= Xrl Jl‘.X”‘me (1145)

1§m§s,(r1 Jl)<gl0b "jglOb(rm ]m)

kglob

> 0—2(k9“’b) —TkIP 43 H X (6 + s ) (0]

7j=1
5. (Holder regularity at scale ARM1) We have

Co

s24. 12/3 >~ .
CAR]Lgll ARM:

IV2(& + éan,)|

(1.146)
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Note that ¢(>n,) = ¥ + ¢ur, . To verify that the larger family of maps {¢m }ar,<m<ns,
satisfies the properties (1.127) to (1.132), we need only verify these properties for m =
M. But, for m = M, (1.127) follows directly from (1.140) and (1.130) follows from
(1.142), while (1.128), (1.129), (1.131), and (1.132) are precisely conditions (1.146),
(1.141), (1.144), and (1.145), respectively. O

The local version is stated similarly as follows. Its proof is similar so we omit it.

Proposition 1.5.2 (finite iteration — local version). Let 0 < e < 1/A, let Ry < 1 be
a dyadic number, and let My < My < 0 be nonpositive integers. One can find maps
Om : G = RP for M; < m < M, obeying the following bounds, where Gm) G — RP
15 defined by

Sem =y, AT,

m<m’<Ma

1. (smoothness at scale RyA™) For all My < m < M, we have

H¢m”cs2+s+1 S CYoj:i[)Am (1.147)
RoAm
Hv2¢(2m)‘|032+s—1,2/3 < CORalAim- (1.148)
R0A7n

2. (orthogonality) One has, for all My < m < M,

D AR ) = 0. (1.149)

m/>m

3. (nondegeneracy) For all p € G and M; < m < M,, we have the estimates

| Xiom(p)| > Cyt, =1, k, (1.150)
A X bem®)| > Co" P [ X bem @), 2<i<k 1<j<--<j<k
g=1 q=1

(1.151)
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k
l L _9L2__
A (RoA™)==1" " W by (p)| 2 Co T [ | Xidm) ()]

W:ch_ _”Xloc. =1
1<I<s,(r1,41) %0210 (ry )
(1.152)
We now obtain a full set of lacunary maps in the global case R > 1 by setting
M; = 0 and taking the limit M; — oo, and in the local case R < 1 by setting My =0

and taking the limit M; — —oo. (See also Theorem 4.1 of [77] for an analogous

statement for H?.)

Theorem 1.5.3 (Maps oscillating at lacunary scales — global version). Let 0 < ¢ <
1/A and let 1 < Ry < A be a dyadic number. Then one can find a map ¢, : G — RP

for each monnegative integer m > 0 obeying the following bounds:

e (smoothness at scale RyA™) For all nonnegative integers m > 0, one has

H¢m| 052+s ,SCO ROAm
RgA™
In particular, we have
Xﬁl;’bgzﬁm(p) = OCO((ROAm)_(T_l)), for all r,i. (1.153)

e (orthogonality) For all nonnegative integers m > 0, one has
Z jélfs(m/fm)Bglob<¢m7 ¢m’) -0
m/>m

identically on G. (By (1.153) this sum is absolutely convergent.)

e (nondegeneracy and immersion) For all nonnegative integers m < 0 and all p € G,
one has

IXfl°b¢m(p)| ZCO 17 j = 1’ . ’kiﬂ()b,
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and

A WoEm (p)| Zeo 11 (W m)(p)]
W= Xglob . Xglo'b W= Xglob .. Xglo'b
71,71 Ti>J4 71,71 Ti>J4
1<i<s,(1r1,51) =900 ... <9008 (1, 5. 1<i<s,(1r1,51) =900 ... <9100 (1, 5,
(1.154)

where

>m) Z A~ e(m’—m) -

m’'>m

Proof. For each M € N, we can apply Proposition 1.5.1 to find ¢ : G — RP for

0 < m < M obeying the following bounds, where qbgm) : G — RP is defined by

¢é\/>[m) — Z A*E(m’,m) ¢%I/

m<m/<M

1. (smoothness at scale A™) For all 0 < m < M, we have

|

et < CoRoA™. (1.155)
RgA™

2. (orthogonality) One has, for all 0 < m < M,

> ATEEmB(gh g =

m/>m

3. (nondegeneracy) For all p € G and 0 < m < M, we have the estimates

X700 ()] = Gty i=1 e R
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and

\ (AR)=i= =W (p)
W=x70 .. x 9%
1<i<s,(r1 jl)L;llDb <Zg{cl7b(,,. i) (1156)
kglylob
(k1R 13 alo
i=1
From (1.155) and (1.156) we see that
A Wt (v)
W= XglOb ”.Xglob
71:J1 T4104
1<i<s,(r1,j1 ) =9L00...<9tb (1 5.)
_9 k:glob 2 7kglob+3 B
> 1 Ci Wt ).

glob glob
W= XT1 i X’"i’ji

1<i<s,(r1,j1)<90b...<9L0b (1 4.

For each m € Zsq, the sequence {¢*} /5., is bounded in the Ch, tﬁjl norm, so by
the Arzela-Ascoli theorem, one can find a subsequence of { My} such that {¢M*},, 5.,
locally converges in the Cs*+s topology, say to ¢,,, for every m € Z>. It now readily

follows that these ¢,, satisfy the above properties. O

The local version of Theorem 1.5.3 is similar and is stated as follows. Its proof is

similar and we omit it.

Theorem 1.5.4 (Maps oscillating at lacunary scales — local version). Let 0 < e < 1/A
and let % < Ry < 1 be a dyadic number. Then one can find a map ¢, : G — RP for

each nonpositive integer m < 0 obeying the following bounds:

e (smoothness at scale RyA™) For all nonpositive integers m < 0, one has

||¢m”clsstxsm SCO ROAm
0
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In particular, we have

X, 6m(p) = Ocy(ReA™)™0V), - for all v, (1.157)

e (orthogonality) For all nonpositive integers m < 0, one has

Z A*S(m/,m)Bloc((ﬁm’ ¢m’) -0

m<m’<0
identically on G.

e (nondegeneracy and immersion) For all nonnegative integers m < 0 and all p € G,

one has
’Xz(bm(p)' ZCO 17 1= 17 7k7
and
/\ W¢(2m) (P) ZC@ H ’W¢(2m)(p)|7
W=, Xl W=, Xl
1<i<s,(r1,51) =b0c =10 (ry 5;) 1<i<s,(ry,g1) b0 =100 (g, 5;)
(1.158)

where

bom®) = 3 A,

m<m’<0

Once we have the lacunary families guaranteed by Theorems 1.5.3 and 1.5.4, we

can construct components of the mappings. For n =0,--- ,log, A — 1, let

{&0" Ym0

be the lacunary family obtained from Theorem 1.5.3 with Ry = 2", and let

{gb?n—logQ A,glob}mSO
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be the lacunary family obtained from Theorem 1.5.3 with Ry = 2" AL

Forn =0,---,log, A—1, we define the global subcomponent ™9 : ¢ — RP as

(I)n,glob Z QnAm ¢n glob( ) . QS:.;glOb(O)), pe G,
m=0
and define the global component ®9/°° : G — RP 10824 ag

(Dglob _ ®10g2 A—lcbn,glob
- WYn=0 :

Likewise, for n = 0, - - - ,log, A—1, we define the local subcomponent ®m~1082 A.glcb .
G — RP as
Hnlogs A,glob Z on Am— 1 ¢n logZAglob( ) o ¢n—log2 A,glob(o)) peG
m ’ ’
m=0

and define the local component ®/¢: G — RP&24 a5

(I)loc — @IOg%A—lq)n—logg A,loc
n= :

Then @4, and Py, are “almost” bi-Lipschitz embeddings of (G,d};a) into R”:
they are Lipschitz, and satisfy the Lipschitz lower bound at large and at small scales,

respectively.

Proposition 1.5.5. The maps ®9° ®loc . G — RPPe24 satisfy the following esti-

mates.

1. (Hélder upper bound)

| DI (p) — 9P ()| <y 5‘1/2dg(p,p’)1_5, for all p,p’ € G, (1.159)
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and
|®o¢(p) — dlo°(p')| Sa e V2dg(p, ) 7E,  for all p,p € G. (1.160)
2. (partial Hélder lower bound) For p,p' € G so that dg(p,p') > A2A~YEH) " we have
191D (p) — DI ()| >4 des(p, p') . (1.161)
For p,p’ € G so that dg(p,p') < A~2A~YEHD we have

|©"¢(p) — ()| Za de(p, 1) (1.162)

Proof. 1. By the orthogonality statement of Theorem 1.5.3, we have, for each n =
0,---,log,bA—landi=1,--- k',

|Xglob (I)n,glob |
i

- 1/2
(Z 2”Am 2E|Xglob¢n glob|2>
m=0

)
§ 2nAm eXglob nglob
m=

XCD M,

where

- 1/2
M — ZAizEn _ 1 i - 1 <4 172
-\~ 1— A2 Velog A ™ ’

On the other hand, for r =2,--- ;s,i=1,--+ k% andn =0, -+ log, A—1, by

(1.153),
|Xgliobq)n,glob| < Z(2nAm)—e X’r‘zliOb¢Z’IjglOb Z QnAm —r—e+1 5 1.
m=0 m=0
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Thus,

VORI || co $a M Sae™/?,

e., ®9b . G — RPl&24 i5 O, (e7/?)-Lipschitz. This proves the Holder upper

bound when dg(p,p’) < 1.

Let p,p’ € G with dg(p,p’) > 1, say A" < dg(p,p’) < A™ for some m € Zy.

Consider, for n =0, --- ,log, A — 1, the low-frequency component
B @)= YD @A) ) - 6U0). g
m'=m—1
Then
"I (p) — @I (p) = DL (p) — LT (D) + Oy (A™079),  (1.163)

so the Holder upper bound reduces to
[P0 (0) — P (D) Sa &7 2AT),
and it is enough to show

IIVOLE2 oo Sae™/2ATm (1.164)

(we just used the hierarchy of choosing A after Cy). But this is the consequence of

o0
lob l lob ;n,glob
[ XPRLI | = | Y (2P A™) X
m/=m—1
1/2
-2 lob ;n,glob|2
:< > @Ay ErXfw:;?"\)
m/'=m—1
—1/2 41—
c /A ma’
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, lob
fori=1,--- kJ"” and

e, o] [e.o]
’Xgld)q)?;gf()bﬂ < Z (2nAm/) 7glob Z 2nAm —r—e+1
m/=m—1 m’:m 1
< Afm(lJre)
forr =2,--- ,sand i = 1,--- k9" where we have again used the orthogonality

statement of Theorem 1.5.3 and (1.153).

The proof for ®!°¢ is similar and we omit it.

. Let p,p’ € G be so that 2" A™0 A=+ < dg(p,p') < 27+ A™0 A=V for some

integer mp > land n=1,--- ,log, A — 1. It is enough to show

’(I)n’glOb(p) . (I)n,glob(p/)| ZA (QnAmo)l—a

lob
Writing (p')"'p = exp (ZT 1 qu ﬁfbegliOb>, we have

kglob

Z |xglob 1/r =c dG(p,p/> — 2nAm0A71/(s+1).

r=1 j=1

S

Equivalently, we have |m;‘fl]0b| <g 27 A™or A7/t for all r,j, and there exists

some pair (r,j) such that |xfljob| =g 2" Amor A=/t Recall the low-frequency

component
LI (q) = Y (2"A™) (G ) — 9 0), a € G
m/=mg
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By Taylor expansion

s s kglob mn
1
lob lob lob lob lob
QLN () = LI W) + D — | DD wXIT | oL
m=1 ’ r=1 j=1

+ OCO<2n(175)Am0(175)A72)

(note that this is where we used the C*(**1-regularity of ¥), and in light of (1.163),
we have

xglonglob (Dn,glob(p/)

>mo

kglob

S S

1

m!
m=1 r=1 j=1

(Dn,glob(p) . (I)n,glob(p)

+ OCO<2n(1_E)AmO(1_E)A_1).

: : : lob lob lob

This expression contains many terms of the form X7 -+ X9 @I where the
1,71 Tm,Jm =~ 2M

(r1,71)s -+ 5 (T'm, jm) are arbitrary with m < s and are often unordered. In order

to use the freeness property (1.154), it would be necessary to modify the above
Taylor expansion formula so that the only differential operators acting on W are

the ones of the form Xfllojbl ijfz-m where (1, ;) =90t ... <9lob (p G0,

This modification is possible once we note that for any permutation 7 of {1,--- ;m}

glob glob glob glob
we can eXpreSS Xrl J1 T er,jm o Tﬂ'(l)vjfr(l) T r‘rr(m):jﬂ'(m)

glob glob m' m Y glob
differential operators X9, --- X9, » where > 7" i > 7" rp and (17, 57) <

71 r/7

as a linear combination of

- xgteb (!, 4! ,). This can be proven by a simple induction argument on m using

the fact that, if r+r" < s, then [Xfl;b, Xg,l"’f] € [g,[g, -, 9] is a linear combination
—_————
r+r’ times
of Xf,l,of for v >r+r andi=1,---, kw, and [Xfé‘)b,XglOb] 0if r+71" > s.

Applying this fact to the above Taylor expansion formula and keeping track of the
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degrees, we obtain the following modified Taylor expansion formula:

(I)n,glob<p) . (I)n,glob (p/)

s kglob
lob lob x n,glob
=D @I+ ) XL
e (1.165)
lob lob n,glob
+ Z Z p("”lyjl)v"'7(rm7jm)X£1,j1 ’ Xgm,]»,n@Zg’LO (p/>

m=2 (7"17j1)jglOb"'jglOb('f’myjm)

+ OCO (Qn(l—a)Amo(l—a)A—l)

where p, ; is a polynomial of global degree < r where each monomial contains

a term of the form xfffojb, with " < r (recall that we define the global degree by
assigning weight r to xglOb), and P, ji), (rmojm) 15 @ polynomial of global degree

<D
By the freeness property (1.154), each term in (1.165) (except for the error term)

may serve as a lower bound for the entire sum, up to multiplicative constants. Thus,

glob

it suffices to show that there exists r, j such that =" + p, ; has non-negligible size.

More precisely, the freeness property (1.154) tells us that

A WU ()| = 1T W),

glob  yrglob glob  yrglob
W= XT1 i1 X im W= XT1 1 X, im
1<m<s, (r1,j1) 39003900 (1 jm) 1<m<s, (r1,51) 2900 2900 (rip jim)

which immediately gives us, for each (rg,jo), the following control on the main
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term of the Taylor expansion:

s ]gglOb
z :2 : glob glob n,glob/ 1
+ T‘»J 'rj CDZmO (p)
r=1 j=1
s
E E glob glob n,glob/ 1
+ p(rl’jl)f"7(rm’jm)X7'1,j1 XTm,jm(meo (p)

m= 2(T1 ]1) glob.. _<gl0b(7'mvjm)

( glob + pro,]o)XglOb (I)n,glob(p/) )

ro ,Jo T0,J0 -~ >Mo

ZCO

So it remains to single out a pair (ro, jo) such that the right-hand side is large
enough. Indeed, recall that we have |x9l9b| <g 2 Amor A=7/HD) for all r, 4, and
there exists some pair (r, j) such that |xgl°b| o 2 Amor A=r/(s+1) Therefore, there

exists some (7, jo) such that

|z gl°b| < 2 Amor A=/ (D120 for all ¢ < 1, 1 < § < ki,
(1.166)
|xglob | > 2nr0Amor()A—ro/(s—i-l)—l/Q(s-i-l)

ro,jo! =

(we have just used the hierarchy that A is chosen after G). Then, as p,, ;, is of

glob

global degree < ry and is not z; . itself, we must have

)

1
|pro,jo| Qm'()AmoroA (ro+1)/(s+1) or ‘pTo,jo‘ < 52nr01471107"014—(qn0+1/2)/(5+1)
(1.167)

(we have again just used the hierarchy that A is chosen after GG). Hence,

1
lob lob - 1/2 1
|x£0?j0 proaj0| > |x£o?jo| |p7"07j0| > §2nToAmoToA (ro+1/2)/(s )7

and recalling

|Xglob (I)n,glob(p/)’ zco (2nAmg)17rf€

T0,J0 © >2mMo

lob lob g n,glob n(l—e) Amo(l—e) A—(r s
and we see that |(22° + pyy o) X950 P97 (0)| Zcp 27179 Amoli=e) A=(ro1/2)/(s 1)
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In conclusion, we have |®™9190(p) — @m9lob(p/)| > 2n1=e) gmo(i=e) A=(ro+1/2)/(s+1)
or

|q)n,glob(p) _ q)n,glob(p/)l >, gn(l—e) gmo(1—e) (1.168)

(we just used the hierarchy of choosing A after Cy).

The proof of the local case is similar.

Now, with Proposition 1.5.5 in hand, we are ready to prove the main theorem.

Proof. By Theorem 1.1.1, there exists an O4(s~'/?)-bilipschitz mapping

pmeso . (G, dé—a) N ROA(I)

such that for all p,p’ € G such that dg(p,p’) = ©4(1), we have

|(I)meso(p) _ q>meso<p/)| zA d(;(p,p/)l_a-

Then ®99° @ d™es° @ d!°¢ is our desired embedding. O

Remark 1.5.6. A careful analysis reveals that we have constructed ® : G — R4

with the following properties. If dg(p,p’) > 1 with

s kglob
(P) p=exp [ DD @IPXIN
r=1 i=1
then
kgl;lob s ]fglOb
B(p) — ()| =a e 2D [N+ Y 0D |
i=1 r=2 i=1
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while if dg(p,p’) < 1 with

s kioc
() =exp (DD wrxly ],
r=1 =1
then
k s kfﬂoc
[D(p) — D) =ae Y |2l + ) ) ]
=1 r=2 i=1
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Chapter 2

Vertical versus horizontal
inequalities on finitely generated
groups of polynomial growth and
simply connected nilpotent Lie

groups

It is well known that nonabelian simply connected nilpotent Lie groups and
not virtually abelian finitely generated groups of polynomial growth fail to em-
bed bilipschitzly (or quasi-isometrically) into uniformly convex Banach spaces (or,
more generally, Banach spaces with the Radon—Nikodym property). This is because
nonabelian Carnot groups do not bilipschitzly embed into Banach spaces with the
Radon—Nikodym property [11, 52|, and nonabelian simply connected nilpotent Lie
groups have nonabelian Carnot groups as asymptotic cone and hence do not quasi-
isometrically embed into Banach spaces with the Radon-Nikodym property (see [38]

for example), while not virtually abelian finitely generated groups of polynomial
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growth are quasi-isometric to nonabelian simply connected nilpotent Lie groups [30,
55] and hence fail to embed quasi-isometrically into Banach spaces with the Radon—
Nikodym property. The aim of this paper is to provide quantitative counterparts to
these qualitative nonembeddability statements.

Let G be a nonabelian simply connected nilpotent Lie group, endowed with a

left-invariant Riemannian metric. We write
B,(z) ={y € G:dg(z,y) <r}, B, = B,(eq), ze€G, r>0,

where eg is the identity element of G. Note that B, (z) = 2B, by left-invariance.

Let T" be a finitely generated group of polynomial growth. This means that I has
a finite generating set S, and that if we denote by dy (-, -) the left-invariant word
metric on ' induced by S and Bl = {z € T : dy(z,er) < n} the corresponding
closed ball of radius n € N, where er is the identity element of I', then the cardinality
|BY| grows at most polynomially in n. We assume in addition that I" is not virtually
abelian, i.e., that it has no finite index subgroup isomorphic to Z"; by [15, Corollary
1.5] T has no finite index subgroups that have abelian groups as quotients by finite
normal subgroups.

Let the Banach space (X, || - ||x) be a uniformly convex Banach space, that is, for
every € € (0, 1) there exists § € (0,1) such that every z,y € X with ||z||x = ||y|lx =1
and ||z—y||x > e satisfy ||z+y||x < 2(1-9). By [6, 24, 70], there is an equivalent norm
on X such that if we renorm X using this norm, there is some exponent ¢ € [2, 00)
for which the Banach space (X, | - [[x) is g-uniformly convex, which means that the

g-uniform convexity constant of X defined by

Ky(X)

. 1 La z+yl|% + ||z — yl| 1/q
- mf{K>O:Vx,y€X <||x||§(+ﬁ||y||§’() < (” I+ Hx)

2
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is finite. We will assume this renorming has happened, because it does not affect our
theorems, so that X is ¢g-uniformly convex for some ¢ > 2. By [32] and [6], the L,

spaces for 1 < p < oo are max{p, 2}-uniformly convex with

1
p—1

)1<p§27 KP(LP)S]-7pZ2

A separable metric space (M, dyy) is said to embed (D-)bilipschitzly into a normed
space (X, || -||x) if there is a finite D € [1,00) and a mapping f : M — X such that
dy(z,y) < || f(x) = f(y)|| < Ddp(x,y) for all x,y € M. The bilipschitz distortion
cx(M,dyy) is defined to be the infimum over those D for which such a mapping
exists. We write! L) (M, drr) = cp, o) (M, dar) =t ¢p(M, dyr) and call co(M, dyy)
the Euclidean distortion of (M, dys). The space (M, dy;) is said to quasi-isometrically
embed into (X, || - ||x) if there is a mapping f: M — X, D € [1,00) and C' > 0 such
that dy(z,y) — C < | f(z) = f(W)|| < Ddu(z,y) + C for all z,y € M.

Now we have defined all the concepts used in the first sentence of the introduction
(except for the Radon-Nikodym property, which will not appear in other parts of this

paper), which, in other words, can be written as

C)((G> = Cx(r) = 00,

for G, I', and X given as above. In this paper, we quantify this fact by providing the

following growth rates of the bilipschitz constant of balls in such groups.

Theorem 2.0.1. Let G be a nonabelian simply connected nilpotent Lie group, and

IThis equality is due to the fact that any separable subspace of an LP(o) space is isometric to a
subspace of L?([0, 1]), see [67, Fact 1.20].
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let X be a q-uniformly convexr Banach space, ¢ > 2. Then?

(logr)*/

Yol >
Ky(X)

cx(Br) Za

Theorem 2.0.2. LetI' be a not virtually abelian finitely generated group of polynomial

growth, and let X be a q-uniformly convex Banach space, ¢ > 2. Then

1 1/q
(logn) n>2.

CX(BZ) 2r W’ =
q

As a special case, we obtain sharp bounds on the LP-distortions, the upper bounds

following from the Assouad embedding theorem.

Corollary 2.0.3. Let G be a nonabelian simply connected nilpotent Lie group. Then,
cp(By) =g p (logr)/ ™22} 1 < p < 00, r>2.

Corollary 2.0.4. Let I' be a not virtually abelian finitely generated group of polyno-

maal growth. Then
¢,(BY) =, (logn)Y/ ™2} 1 < p <00, n>2.

We remark that Theorem 2.0.2 and Corollary 2.0.4 were proven for the discrete

Heisenberg groups by Lafforgue and Naor [47], where the discrete Heisenberg groups

2We will use the following (standard) asymptotic notation. For P, Q > 0, the notations P < Q,
Q2 P, P=0(Q), and Q = Q(P) mean that P < K( for a universal constant K € (0,0), and the
notation P < @ means P < @ and Q < P. If we need to allow for dependence on parameters, we
indicate this by subscripts. For example, in the presence of auxiliary parameters 1, £, the notations
P Sw,g Q, Q zwé P, P= 07/)75(@)’ Q = Qd,’g(P) mean that P < K(Q/),f)Q where K(w,f) S (0, OO)
may depend only on ¢ and &, and P =<y ¢ Q means that P Sy Q and Q Sy¢ P.
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H%k“, k € Z~q are defined as the groups with word relations as follows:

H%kJrl = <a/17 s, Ak, bb e 7bk7 c | Vi (C = [aia bz])
AV (i # 5 = las, 0] = i by) = [ai,by] = las, o] = [bis ] = egaenr ) ).
A previously weaker result was given by Li [53, Theorem 1.4], who proved that if

I' is a finitely generated nonabelian torsion-free nilpotent group, and X is a uniformly

convex Banach space, then there exists ¢ > 0 depending on I' and X such that
cx(BY) Zax (logn), n > 2.

A stronger bound was given for cocompact lattices I' of Carnot groups by Gartland
27, Corollary 1.6]: if G is a Carnot group of step s (to be defined below) and I' is a

cocompact lattice of G, then

(log n)%"fls

cRd(BE) 2r.d , n>3,

(loglogn)2t2s

under the additional restriction that G contains a copy of the model filiform group
J*71(R) of step s (this requirement is automatically fulfilled if s < 3), which is the
Carnot group whose Lie algebra j*~! is spanned by elements x, vo, - - - , ys—1 with the

only nontrivial bracket relations being

[T, yi] = Yig1, 1=0,--+,5—2.

For example, J°(R) = R?, J}(R) =: H? is called the real Heisenberg group of dimen-
sion 3, and J%(R) is called the Engel group. Compared to this result, Corollary 2.0.4
removes the exponent gap of QLS and gets rid of the lower order factor.

We obtain Theorems 2.0.1 and 2.0.2 by proving the following “vertical-versus-
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horizontal inequalities” on the groups G and I'.
We first state the inequality on nilpotent groups. In the following theorem, given
left-invariant vector fields Xy, --- , X that form a basis of the Lie algebra g of GG at

eq, we write the horizontal gradient of a function f: G — X as

Vf = (X1f7 7ka)7

if each X, f exists. Also, given v € G and ¢t € R, we write v’ := exp(tw), where w € g
is such that v = exp(w), and exp : g — G is the Lie group exponential map. Let u
denote the bi-invariant Haar measure of GG, which is the push-forward of the Lebesgue

measure on g by the exponential map.

Theorem 2.0.5. Let G be a nonabelian simply connected nilpotent Lie group. Let
v e Z(G) and p € N with p > 2 and dg(v', eq) < tY°, t > 0. Suppose that p € (1, 00)
and q € [2,00). Let (X, ||-||x) be a Banach space with K,(X) < oo, and let f : G — X

be smooth and compactly supported. Then

( /0°° ( /G (f(hvf)tl/pf(mlx)pdu(w)max{p’q}/p%)UW{M} (21)

1/p
S max {(p = 0L KGO} ([ 19 Ay )

In particular, when p = q,

(7 [ (B0 IO 0™ < a0 ([ 195000y i)
(2.2)

Note that the v described in this theorem exists, for example, if we choose v €

[G,G], -+ ,G] \{ec} where s is the nilpotency step of G, i.e., it is the largest integer
—_—

s times

s such that [[g,g],---,g] # 0, then we may normalize v so that dg(v',eq) < t/* for
——

s times
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t > 0. We remark that exp | [[g,90],- - ,¢] | =[|G,G], - ,G] for j =1,--- s, where

Vv Vv
j times j times

g, g] denotes the Lie algebra bracket and [G, G] denotes the commutator subgroup.

We next state the inequality on groups of polynomial growth.

Theorem 2.0.6. Let I' be a not virtually abelian finitely generated group of polynomial
growth. There existvr € T, s € N with s > 2, and ¢ = ¢(G) € N such that the following
is true. First, dy (v2, er) <r n'/* for n € N. Second, let p € (1,00) and q € [2,00).
Suppose that (X, || - ||x) is a Banach space satisfying K,(X) < oo. Then for every

n € N and every f: T' — X we have

max{p,g}/p\ */ mex{p.at

Z k1+max{pq}/s Z ||f $UF )Hp

x€BYL
© (2.3)
1/p
S max {(p— DV KX} [ D Y (If(wa) — fl@)ll
zeBL a€S
In particular, when p = q,
. 1/q 1/q
If (zvf) — f(2)]]
Z Z I];H_q/s = SF,UF Kq(X) Z Z Hf xa )HX
k=1 zeBrL z€BL, a€S
(2.4)

Our choice of s and vr is as follows. By [30], I' admits a subgroup I' of finite
index that is nilpotent. Let T" be the torsion subgroup of I'” and consider the quotient
subgroup I = I"/T. We may take any v"” € Z(I") \ {er»} with the property that
dyw ((v")", ern) =pn n'/*, n > 2, for some integer s > 2, and take vp to be any
representative of v”. For example, we may take s to be the nilpotency step of I and

" e [, T],--- ,T"]\{er~}. (See Section 2.3 for details.)

Vv
s times

One can see that changing to another finite symmetric generating set S of I' or

changing the vertical element vr affects only ¢ € N and the constant in the inequalities
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(2.3) and (2.4) up to constant factors depending on S and wr.

Theorems 2.0.5 and 2.0.6 are extensions from the real Heisenberg groups HZ**!
to general simply connected nilpotent Lie groups and from the discrete Heisenberg
groups H%’““ to general finitely generated groups of polynomial growth, respec-
tively, of the “vertical versus horizontal inequalities” established by Austin, Naor,
and Tessera [4] and Lafforgue and Naor [47]. See also Naor and Young [64, 65] for
the endpoint case p = 1 for the Heisenberg groups. Here, the real Heisenberg groups
H?+1 k€ Zwo, are defined to be the simply connected nilpotent Lie groups whose
Lie algebras h%*! are spanned by the 2k + 1 elements 1, -+, Zx, Y1, - , Yi, and z,

the only nontrivial bracket relations among which are

[’Iiayi]zzv 221,,]@

The discrete Heisenberg groups H%k“, k > 1, embed naturally in the real Heisenberg
groups HZ+1,

The inequality (2.1) is proven following the argument of Lafforgue and Naor [47]
by comparing the left-hand side of (2.1) against convolutions of V f with derivatives
of the heat kernel on the real line R, and then upper bounding this quantity using
the vector-valued Littlewood-Paley-Stein theory of [40, 56, 82]. The inequality (2.3)
follows from inequality (2.1) by a discretization argument.

The utility of Theorems 2.0.5 and 2.0.6 is that they prove quantitatively that
nonabelian simply connected nilpotent Lie groups and not virtually abelian finitely
generated groups of polynomial growth, respectively, do not bilipschitzly embed into
uniformly convex spaces. More precisely, they give Theorems 2.0.1 and 2.0.2 as Corol-
laries; see Section 2.2 for proofs.

We will prove Theorem 2.0.5 in Section 2.1. Actually, Theorem 2.0.5 will be a

special case of the more general Theorem 2.1.1 and Corollary 2.1.2, and the resulting
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Theorem 2.0.1 will be a special case of the more general Theorem 2.1.3 and Corollary
2.14.

It would appear that we may also derive similar constraints for other coarse embed-
dings (see [67, Definition 1.36] for the definition). For example, we have the following
theorem, where for a metric space (M, dy) and 0 < o < 1, (M, d$;) is a metric space

called the a-snowflake of (M, dyy).

Theorem 2.0.7. Let ' be a not virtually abelian finitely generated group of polynomial

growth, and let X be a q-uniformly convex Banach space. Then

1

cX(F,d‘lA;E) >5 W.

In particular,

Cp<F, d11/176) pr E—l/max{p,?}.

Indeed, by (2.4), any D-bilipschitz embedding (T, d};,) — X must satisfy for all

ns 1/q
1
EAR (Z k—/> Sr K,(X)D|S|| B Vs
k=1

which gives the stated lower bound. The second assertion of Theorem 2.0.10, namely
the estimate for ¢,(N,, ,,), follows from an optimized version [50, Theorem 5.1] of the

Assouad embedding theorem [3]:
cp(T,di¢) Sgp 1)t/ maxtp2l 0 <o < 1,

Using Theorem 2.0.6, we may also characterize the compression rate of not virtu-
ally abelian finitely generated groups of polynomial growth into L” spaces. Here, the
compression rate of a Lipschitz function f : (M, dy ) — (X, ||-||x) from a metric space
(M, dyr) into a Banach space (X, || - ||x) is the largest nondecreasing function wy :

(0,00) — [0, 00) such that for all z,y € M we have || f(z) — f(y)||x > w(dm(z,y)).
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Corollary 2.0.8. Let I' be a not virtually abelian finitely generated group of polyno-

mial growth.

1. For n € N, n > 2, a nondecreasing function 6 : (0,00) — [0,00) satisfies

0(t) < wy(t) for some 1-Lipschitz function f: B — LP, p > 1, if and only if

m max{p,2}
[y
. t t

2. A nondecreasing function 6 : (0,00) — [0,00) satisfies 0(t) S ws(t) for some

1-Lipschitz function f :T' — LP, p > 1, if and only if

00 max{p,2}
e,
.\t /

The if direction is due to [78, Theorem 1]. The only if direction is given by Theorem

2.0.6, from which it follows that
2n max{p,2} (2n)® 1/s\max{p} (2n)* 1/s\max{p}
o(t dt 0 0(k
s/ o) _:/ A0 i dTgZ—( et
1 t t 1 r1l+max{p}/s = f1+max{p,2}/s
Under a slightly more abstract setting, one can obtain the following statement

about the compression function.

Theorem 2.0.9. Let I' be an amenable group with finite generating set S, with v €
Z(T') and p > 1 such that dy (v*, er) <p kY?, k € N. Let (X, | - |[x) be a qg-uniformly
convex space, and let f : T' — X be a 1-Lipschitz function. Then for every t > 3 there

exists an integer t < n < t? such that

loglogn\ '/*
s 00 ()

Here we consider p to be dependent on I', so that <t includes dependence on p.
P 14 ~ 14 P
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We prove Theorem 2.0.9 in Section 2.4 following the argument of [4]. Theorem 2.0.9
is somewhat weaker than our distortion result of Theorem 2.0.2 and the vertical versus
horizontal inequality of Theorem 2.0.6 under the setting of groups of polynomial
growth, because the distortion bound one can obtain from Theorem 2.0.9 is of the

ker f Ba) 21 e (2255} (¢his deduction follows th t of [4
weaker form cx(B,,) Zr oS (W) (this deduction follows the argument of [4,
Section 6], and requires the assumption that I' be of polynomial growth).

On a different note, we can investigate the distortion of nets in nonabelian simply
connected nilpotent Lie groups. In the following, with 71,79 > 0, an r{-covering of a
metric space (M, dyr) is a subset N C M such that for any = € M there exists n, € N
such that dy(z,n,) < r1, an ro-packing of (M, dy;) is a subset N C M such that for
all distinct ny,ny € N we have dy(nq,ng) > re, and an (rq,re)-net of (M, dy) is a

subset which is both an r;-covering and an ry-packing.

Theorem 2.0.10. Let r1,79 > 1 with r1 > 2ry. Let G be a nonabelian simply con-
nected nilpotent Lie group, and let N,,,, be an ry-covering of B,,. Let X be a g-

uniformly convex space, ¢ > 2. Then

1/q 1/q
x2S ) e

where K is the largest of the doubling constant of G and the doubling constant of the

measure [i, i.e., it is the smallest constant such that p(Bs,) < Ku(B,) for all T > 0,

and that for all v > 0 there exist y1,--- ,yx € G such that By, C UK, B, (y;), and

C1 > 0 denotes a constant such that Cit'/* < d(vt,eq) < t¥/* fort > 1.

In particular, if Ny, ., is an (r2,€(r2))-net of By, then
¢o(Npyro) Zap (log(ry fro))V/maxP2 ] < g < o0,

We remark that the second assertion of Theorem 2.0.10, namely the estimate

for ¢,(Ny, r,), follows from an optimized version [50, Theorem 5.1] of the Assouad
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embedding theorem [3]:
ep(G,d5 ) Sap 1/eV/maxtp2l 0 < e < 1.

When N, ,, is an Q(ry)-packing of By, (Ny, ., de /2 8/™)) is O(1)-bilipschitz
equivalent to (N, ,,,dq), so we have the second assertion of Theorem 2.0.10.

Thus, the bound of Theorem 2.0.10 is sharp for X = L”, and therefore is the best
result we can attain in terms of ¢-uniformly convex spaces. These distortion bounds
generalizes those established for the Heisenberg group in [47]. The same conclusion
holds with L? replaced by the Schatten class .S, whose modulus of uniform convexity
was computed in [79].

We may also derive the following variant of Theorem 2.0.10 for snowflakes.

Theorem 2.0.11. Let N/, ., be a (c1,cz)-net of a nonabelian simply connected nilpo-

tent Lie group G, where ¢1,co > 1 with ¢; > ¢o/2. Let X be a q-uniformly convex

space. Then

x (NG, o0 g ©) 2

c1,c2? ~

( Cl % (cy/cy)esie)/a 1

]{;(1—6)/2[(2(1—5)/(1 log K) Kq(X)l—egl/q’ 0<e< 17

where K and Cy are as in Theorem 2.0.10. In particular,

CP(N/ déis) =G operea gil/max{pz}v 1 <p<oo.

C1,C27

The nonembeddability of nonabelian simply connected nilpotent Lie groups and
not virtually abelian finitely generated groups of polynomial growth into uniformly
convex Banach spaces is known from the fact that the asymptotic cone of these
groups are nonabelian Carnot groups, and that nonabelian Carnot groups do not
admit bilipschitz embeddings into uniformly convex Banach spaces. The definition of

Carnot groups is as follows.
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Definition 2.0.12 ([49]). A (sub-Riemannian) Carnot group is a 5-tuple (G, dy, B, |-

|,dg), where:

e The simply connected nilpotent Lie group G is such that its Lie algebra g admits

an s-step stratification, s € Z~g, i.e., a direct sum decomposition

g=Viehe- -8V,

where Vi # 0, Vo1 =0, and Vi = [V1, V;] forr =1,--- ,s.

For each A € R", the linear map dy : g — g is defined by

7.
5)\‘VT:)\1dVT, 7“:1,-“,8.

The bundle B over G is the extension of Vi to a left-invariant subbundle:

B, = (dL,).V, pe€G.

The inner product norm? | - | is initially defined on Vi, and is then extended to

B as a left-invariant norm:

|(dLp)e(v)| = |v|, peG, vel.

The metric dg on G is the Carnot-Carathéodory distance associated to B and

| - |, i.e., for each p,q € G we define

de(p, q) = inf {/0 (t)|dt - v € Coo([0,1];G),v(0) = p,y(1) = ¢,% € B} ,

3For sub-Finsler Carnot groups we allow |- | to be more generally a norm. Then, compared to the
sub-Riemannian case, the resulting distance d¢ is then distorted by a factor of at most v/dim V; by
the John ellipsoid theorem [43], and the results of this paper follow up to multiplicative factors of

vV dim V1 .
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where C2, ([0, 1]; G) consists of the piecewise smooth functions from [0,1] to G.

For simplicity, we will call G the Carnot group. When we wish to emphasize the step

size, we will call G an s-step Carnot group or a Carnot group of step s.

It is easy to see that commutative Carnot groups are precisely those of step 1 and
are the Euclidean spaces R?. The nonabelian ones are those of step s > 2. An example
of this are the Heisenberg groups H2**! defined above, which are Carnot groups of

step 2 whose Lie algebras h?**1 admit the 2-step stratification

‘/1([)) = Span{$l7 s Ty Y1, ayk}a %(h) = span{z}.

Another example of Carnot groups is the aforementioned model filiform groups J*~(R),
s > 1, which are Carnot groups of step s whose Lie algebras j*~! admit the s-step

grading

Vi(3*Y) = span{z, o}, Vo(i*') =span{yi}, -+, Vi(* ") = span{ys_1}.

Let our choice of left-invariant vector fields X, --- , X}, k := dim V4, be such that

(X1)eq: - » (Xk)e. form an orthonormal basis of (V4, |-|). We have the center Z(G) =

eqs
exp(Vs) and commutator subgroup [G, G] = exp(Vo @ - - - @ Vj). Also, the maps J, act
as scalings in the Carnot—Carathéodory distance, in the sense that dg(0x(p), dr(q)) =
Mg (p,q), for A >0 and p,q € G.

In an algebraic sense, nonabelian Carnot groups are nonabelian simply connected
nilpotent Lie groups, but their metrics differ, since we endowed nilpotent Lie groups
with Riemannian distances while we endowed Carnot groups with sub-Riemannian

distances. Nevertheless, Theorem 2.0.5 holds for nonabelian Carnot groups G, stated

as follows.

Theorem 2.0.13. Let G be a nonabelian Carnot group of step s > 2. Let v € Z(G) \
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{ec} be normalized so that dg(v,eq) = 1. Suppose that p € (1,00) and q € [2,00).
Let (X, | - |lx) be a Banach space with K,(X) < oo, and let f : G — X be smooth

and compactly supported. Then

( /000 ( /G <H f(hvt)tl—/sf(h)HX)Pdu(h))max{p,q}/p %>1/max{p,q} .

1/p
S max{(p = 0 KGO} ([ 190 )

In particular, when p = q,

(/OOO/G (Hf(hvt)tl_/sf(h)nx)qdu(h)%)l/q < K (X) (/G IV S5 du(h)>l/q.
(2.6)

For nilpotent Lie groups, we have dg(v', eq) =g t for 0 <t < 1 and dg(v', eq) =g
t1/% for t > 1 for our choice of v, while for Carnot groups we have dg(v!, eq) = t'/*
for all ¢ > 0. Thus, Theorem 2.0.5 only gives global nonembeddability of nonabelian
simply connected nilpotent Lie groups into uniformly convex spaces, i.e., we only
know that the entire group fails to embed into X, while Theorem 2.0.13 gives local
nonembeddability of Carnot groups into uniformly convex spaces, i.e., we know also
that any nonempty open subset of the group fails to embed into X.

Although Theorems 2.0.5 and 2.0.13 have a formal difference in the sense that
Theorem 2.0.5 considers Riemannian distances on nilpotent Lie groups while Theorem
2.0.13 considers sub-Riemannian distances on Carnot groups, it will turn out that
they are instances of a more general theorem regarding sub-Riemannian distances on
nilpotent Lie groups. This is stated as Corollary 2.1.2 in Section 2.1. See Corollary
2.1.4 for the resulting distortion results.

Theorem 2.0.6 applies to cocompact lattices I' of a nonabelian Carnot group G,
because they are not virtually abelian finitely generated groups of polynomial growth.

We can take s to be the step of G and vpr € Z(G) NI\ {e¢}; we will not repeat the
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statement of Theorem 2.0.6 here.
We may state simplified versions of Theorems 2.0.10 and 2.0.11 in the setting of
Carnot groups, thanks to the scale-invariance. In the following, n, =Y °_, rk, is the

Hausdorff dimension of G

Theorem 2.0.14. Let ri,ry > 0 with r; > 2ry. Let G be a nonabelian Carnot group,

and let Ny, ,, be an ro-covering of B,,. Let X be a g-uniformly convex space, q¢ > 2.

Then

Oy st/ )(log(rl/rz))l/q
Vikdn/ay, Ko (X)

In particular, if Ny, ., is an (r2,€(r2))-net of B,,, then

CX(NThT2) Z (

Cp(Niyry) =Gp (log(rl/rz))l/max{p’Z}, 1<p<oo.

Theorem 2.0.15. Let N! . be a (c1,cz)-net of a nonabelian Carnot group G, where

C1,C2

c1,09 > 0 with ¢; > ¢o/2. Let X be a g-uniformly convex space. Then

0<e<l.

Cx(N/ le—s> >

Cc1,C27? ~

Cl 5 (cy/cy)est=0)/a 1
R0 2724m 0 i, ) Ko (X)L eel/a’

In particular,

cp(N! o d55) Zapere, €122 1 < p < 0.

C1,C27

That a nonabelian Carnot group G fails to embed bilipschitzly into R™ was first
proven by Semmes [73] using the differentiation theorem of Pansu [69]. Pansu’s the-
orem states that any Lipschitz mapping f : G — R" is differentiable a.e. with the
derivative being a Lie group homomorphism that commutes with the dilations §, of
G and R". In other words, one can ‘blow-up’ f almost everywhere and the result-
ing ‘blow-up’ function is a Carnot group homomorphism. Semmes’ observation was

that if f were a bilipschitz mapping, then the blow-up of f would also be bilipschitz,
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resulting in a Carnot group monomorphism. This is impossible because a group ho-
momorphism G — R"™ must send the nontrivial commutator subgroup [G, G| to 0.
Later this argument was generalized, independently by Cheeger and Kleiner [11] and
Lee and Naor [52], to Banach space targets with the Radon—Nikodym property, which
includes uniformly convex spaces.

From the standpoint of the Pansu—Semmes argument which simply outputs the
qualitative nonexistence of a bilipschitz mapping G — R", the significance and ad-
vantage of Theorems 2.0.5, 2.0.6, and 2.0.13 is that they give quantitative nonembed-
dability statements, such as Theorems 2.0.1, 2.0.2, 2.0.10, 2.0.11, 2.0.14, and 2.0.15.
However, the Pansu-Semmes argument tells us that any Lipschitz function f : G — X
must ‘collapse’” along directions of the commutator group |G, G], and from this point
of view, Theorem 2.0.13 possesses a curious limitation, namely that it requires us to
measure the collapse along central directions.

This limitation is caused by a technical requirement in the proof of Theorems
2.0.5 and 2.0.13, which is for the horizontal derivative and the convolution along the
direction of v to commute (more precisely, equation (2.28) below). Since there is no

such limitation in the original Pansu—Semmes proof, we pose the following question.

Question 2.0.16. Let G be a nonabelian Carnot group. Is Theorem 2.0.13 true for
all v € [G,G] with dg(v,eq) =17

We answer this question in the affirmative for LP targets, albeit with some loss of

control on the constants.

Theorem 2.0.17. Let G be a nonabelian Carnot group. For 1 <p < 2, f € LP(G)
with Vf € LP(G;45), and v € [G, G| with dg(v,e) = 1, we have

( [ (=108 ) " )1/2 o
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Although Theorem 2.0.17 is stated for R-targets, it is easy to tensorize inequality
(2.7) using the triangle inequality when f : G — LP(o) is smooth and compactly

supported.

Remark 2.0.18. With q defined as in Theorem 2.0.13, Theorem 2.0.17 only considers
the exponent ¢ = 2. This is because the case ¢ = oo formally holds, so that the
inequality for g = 2 implies the inequalities for ¢ > 2. See Section 2.1, page 175 for
a proof of this simple fact. We cannot make this simplification in Theorem 2.0.13 or

in Theorem 2.0.5 due to the stated dependence of the constants on q.

However, we have not managed to prove a strengthening of Theorem 2.0.6 to

directions in the commutator group for Carnot groups, formulated as follows.

Question 2.0.19. Let I' be a cocompact lattice of a nonabelian Carnot group G. For
any vr € [I,T]\ {eg}, does there exist c € N such that the following is true? If we

let s > 2 be the largest integer such that vr € [[G,G],--- ,G], let p € (1,00) and
~————

s’ times

q € [2,00), and suppose (X, || - ||x) is a Banach space satisfying K,(X) < oo, then

for every finitely supported f : ' — X we have

max{p,q}/p\ +/ max{p.a}

ns’ 1
Z T rmax(pa}/s’ Z If (wvp) — f@)%
k=1

z€BL

1/p
St max {(p = DV KX} [ D Y lIf(wa) — fl@)lk
z€BL, acs
We will deduce Theorem 2.0.17 from a Dorronsoro theorem for Carnot groups
following the argument of Féssler and Orponen [22]. We will also prove the Carnot
group Dorronsoro theorem itself, which states that the LP(G) norm of the L? fractional
Laplacian ||(=A,)*fllzre) (1 < p < 00, a > 0) of a function f € LP(G), is equivalent
up to constant factors to a singular integral that, roughly speaking, measures, at all

points of G and at all scales, the deviation of f from being a polynomial of weighted
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degree < |«|. This was first proven for G = R™ for all @« > 0 by Dorronsoro [19],
and for the Heisenberg groups H?**! one side of the Dorronsoro statement (namely
that the aforementioned singular integral is bounded above by |[(=A,)*f|L») was
proven for the restricted exponent range 0 < o < 2 in [22]. The reason for this
restriction 0 < o < 2 in [22] is that they considered deviations from the smaller class
of “horizontal polynomials”, which is inadequate for a > 2 (see Remark 2.0.23 for a
proof).

We will discuss the Dorronsoro theorem for Carnot groups in detail later in subsec-
tion 2.0.1. To summarize, the novelty of this paper in this direction is threefold. First,
we recognize the correct class of polynomials to approximate by, namely polynomials
of weighted degree that depend on the “full set of coordinates” as opposed to just
the “horizontal coordinates”. Second, we recover the full Dorronsoro theorem, i.e., we
prove both directions of the equivalence. Third, we verify that generalizing to higher
step Carnot groups introduces no serious problems. The proof method of Theorem
2.0.22 is based on Dorronsoro’s original proof in [19] and adds various ingredients

used in Féssler and Orponen’s proof in [22].

Remark 2.0.20. So far, we have mentioned two proof methods of the vertical versus
horizontal inequality, namely the Littlewood—Paley—Stein theory for Theorems 2.0.5
and 2.0.13 and the Dorronsoro theorem for the variant Theorem 2.0.17. There is a
third possible proof method for L? targets which follows the representation theoretic
proof of [4] for the case G = H?, X = L?. Specifically, one can reduce proving the ver-
tical versus horizontal inequality to proving a certain inequality regarding 1-cocycles
G — L? of irreducible unitary representations of G. The irreducible unitary repre-
sentations of H3 are given by the Stone—von Neumann theorem, while the irreducible
unitary representations have been described by Dizmier [18, 17] and Kirillov [45]. We
will not pursue this proof method since the anticipated results do not seem to provide

an improvement or advantage over neither Theorem 2.0.5 nor Theorem 2.0.17.
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Focusing on Euclidean distortion for concreteness, Theorem 2.0.14 tells us that

c2(Ng) =<y, V1og R,

for any Carnot group G and (1,€(1))-net Ng of Bg. One may have expected that
Carnot groups with higher steps may have a ‘hierarchy’ of collapsing happening, with
distortions being propagated and amplified as one passes from [G, G|, [G, |G, G]], all

the way up to [G, |G, -+ ,G]], with the center ending up “super-collapsed”; certainly
~————

s times
if G is high-dimensional and V; is low dimensional, the collapsing happens along the

subgroup |G, G] of small codimension, and one may have enough room to have many
more interesting phenomena such as collapsing happen. In this case, the dependency
on s of the asymptotics of ¢o(Ng) would appear in the exponent of log R, but actually
the asymptotics is exactly that of v/log R. Thus, it seems that the collapsing happens
“only once” and happens “uniformly across all of [G,G]”. The algebraic structure of
the Carnot group seems to only affect the constants involved while having no effect on

the exponent. We then ask what is the correct dependence on the Lie group structure:*

Question 2.0.21. In the case of Fuclidean distortion, what are the precise asymp-

totics? More precisely, we ask the following.

1. Let G be a nonabelian simply connected nilpotent Lie group. Does there exist a

constant cg such that we have the following?

co(By) < cg/logr, r>2.

Similarly, for 1,79 > 1 with ry > 2ry, let N,, ., be an (rq,(r2))-net of B,,.

Does there exist a constant cg, such that we have the following?

Co(Nyy ry) X cpy/log(r1/ra)  as R — .

41 thank Professor Assaf Naor for discussion on this matter and asking this question.
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If so, how are the values of cc and ¢, determined by the algebraic structure of

G?

2. Let T be a not virtually abelian finitely generated group of polynomial growth.

Does there exist a constant cr such that we have the following?

co(BY) < cry/logn  as n — oo.

If so, how is the value of cr determined by the algebraic structure of I'?

We know that, for Carnot groups G, c¢ is bounded above and below by functions of
np, since the constants appearing in the upper bound due to the Assouad embedding
theorem and in the lower bound due to Theorem 2.0.14 can all be made depending
on ny,.

Note that the Carnot groups of lowest nonabelian step s = 2, such as the Heisen-
berg group H?, already give the worst dependence /log R. We however remark
that the nonembeddability statements, both qualitative and quantitative, for Carnot
groups into uniformly convex spaces do not formally follow from those of the Heisen-
berg group H?, because it is not true that any nonabelian Carnot group contains
a bilipschitz copy of H3.> For example, the aforementioned model filiform spaces
J*71(R) with s > 3 do not contain a bilipschitz copy of H?3. Recalling the definition of
the model filiform group, J* 1(R) admits the s-step grading Vi(3*') = span{z, 3.},
Vo(3*71) = span{yi }, - -+, Vo(3571) = span{ys_1}. If J*"}(R) were to contain a bilips-
chitz copy of H?, then by the Pansu-Semmes differentiation theorem there would be
a Carnot group monomorphism H? — J*}(R), namely a Lie group monomorphism
that commutes with the dilations. This would induce a Lie algebra monomorphism
h3 — j*~1 that sends V;(h) — V;(3*7') for all 7; by matching dimensions, we actually

have vector space isomorphisms V;(h) = V1(551) and Va(h) = V5(551), but now we

°I thank Professors Assaf Naor and Robert Young for this comment.
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have a contradiction since this implies we have a surjection

0= V5(h) = [Vi(h), Va(h)] — [Vi(*"), Va(*~)] = 5(°7") # 0.

Roadmap. The rest of the introduction is organized as follows. We first discuss in
detail Dorronsoro’s theorem on Carnot groups (Theorem 2.0.22) and describe the re-
sulting more refined fractional vertical versus horizontal inequalities (Theorem 2.0.24)
in subsection 2.0.1. In subsection 2.0.2, we present conjectural quantitative nonem-
beddability statements of nonabelian simply connected nilpotent Lie groups into L!
(Conjecture 2.0.30) to suggest a candidate behavior for the L! distortion of balls in
groups of polynomial growth (Question 2.0.31).

After the introduction, the rest of this paper is organized as follows. We begin
by proving our main Theorems 2.0.5 and 2.0.13 in Section 2.1, and we then prove
the distortion bounds of Theorems 2.0.1, 2.0.2, 2.0.10, 2.0.11, 2.0.14, and 2.0.15 and
Corollaries 2.0.3 and 2.0.4 in Section 2.2. We derive the discretized inequalities of
Theorem 2.0.6 in Section 2.3. In Section 2.4, we prove Theorem 2.0.9 by analyz-
ing cocycles. We then, in Section 2.5, derive the fractional vertical versus horizontal
inequalities of Theorem 2.0.24, and thereby also prove Theorem 2.0.17, from the Dor-
ronsoro Theorem 2.0.22. Finally, we prove the Dorronsoro Theorem 2.0.22 in Section

2.6.

2.0.1 Dorronsoro’s theorem on Carnot groups

As mentioned earlier, a byproduct of this paper is a formulation and proof of a
Dorronsoro theorem for Carnot groups, which is used to prove Theorem 2.0.17. In
this subsection, we state the Dorronsoro theorem and obtain more refined vertical
versus horizontal inequalities.

Let G be a Carnot group in this subsection. Following Folland [25] and denoting

160



by A = Zle X? the sub-Laplacian and H; the corresponding heat kernel, we define

the operator (—A,)* for 1 < p < oo and Rea > 0 by

1 00
AN =i |Rea] —a N \_Rea]—i—lH
(=8,)%f eg%F(LReon+1—a)/6 ! (=4) fdt

for all f € LP(G) such that the limit exists in the L? norm. Then, for 1 < p < co and

a > 0, the Sobolev space SP is the Banach space Dom((—A,)%/?) with norm

I e = 11 ooy + 1(=25)"2 )l zoe)-

Fix abasis X, 1, -+, X, k,, where k, = dim V;, of each stratum V;.. As G is nilpotent
and simply connected, the exponential map exp : g — G is a diffeomorphism. Thus,
each point p € GG can be expressed in the coordinates p = exp <Zi:1 Zf;l .rm-X,,,i>,
z,; € R; let this be the single coordinate chart on G. For polynomials of the coordi-
nates x,;, we assign weight r to the variable z,;, r =1,--- ;5,1 =1,--- k.

Recall that n; = Zi:l rk, is the Hausdorff dimension of G. We have n;, > 4, as

we must have s > 2, k; > 2 and ko > 1, since GG is nonabelian.

For r > 0 and g € G, recall the notation for open balls
B, ={h e G:dg(h,eq) <1}, B.(9) ={h € G:dg(h,g) <r}=gB,.
Recall that 4, is a scaling in the Carnot—Carathéodory metric:

da(0x(p), 0,(p")) = M (p,p), p,p €G.

Thus B, = 6,(By), r > 0. Also, by compactness we have

s  kr
da(y, eq) <a Z Z |y

r=1 =1
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Let d € Z> and let A, denote the family of polynomials G — R of weighted
degree d. (Note that this family is left-invariant. Indeed, one can express the group

law in this coordinate system using the Baker-Campbell-Hausdorft formula

h i (_1)m71 Z [grl h81g7'2h32 . grmhsm]
gn = - m m )
w1 8150 (Zj:l (rj+s5)) - TLiZy rilsi!

Tm+Sm >0

where the sum is finite since G is of step s, and we have used the following notation:

gkt gm e =g, Mg, - lg, (b [hy - TRy - Mg, Mg, - g, [y Ry - - R ]

-~ - - -
T1 S1 Tm Sm

Thus, we can see that

s kr s kr sk
exp (Z Z:U?’iXm) exp ( inZX”> = exp < xf’iXm)
T T

r=1 i=1 =1 =1 =1 =1

where

2 _ .0 1
l‘r,i _mr,i + xr,z’

+ (homogeneous polynomial of {zys ; }r/<p, {} ;s }r<r of Weighted degree 7).

Therefore a polynomial of weighted degree d precomposed with a left translation
is still of weighted degree d.) This definition of A4, is in contrast from [22], where
they only considered horizontal polynomials, i.e., polynomials that depend only on
the ‘horizontal coordinates” xy1,---,21,; here we are allowing for non-horizontal
coordinates, provided they satisfy the weighted degree condition.

For a locally integrable function f : G — R, x € G and r > 0, let Air f denote
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the unique element of Ay such that

/B RO AL f)AW)dy =0, VA€ Aa.

For example, A . f = (f)B, (), the average of f on B,(x), and a formula for A f is
given below in (2.54). We measure how well AZ f approximates f in the ball B, (x)

by the following quantity:

1/q
B10a(Br(z)) = (]i ()If(y)—Aﬁ,rf(y)l"dy) Cl<g<oo

Theorem 2.0.22 (Dorronsoro’s theorem for Carnot groups). Let 1 < p < 0o, a > 0,

and
| <q< min{p, 2}ny,
© oy —min{p, 2}
Then for all f € LP(G),
oo T q 2 d p/2 1/p
" «
/G </0 [T_aﬂf’taj’q(Br(x))} ?) dp() =G,a,pq H(_Ap) /QfHLp(G). (2.8)

in the sense that f € SP(G) if and only if the left-hand side of (2.8) is finite, in which

case the above relation holds.

Our proof of Theorem 2.0.22 is based on Dorronsoro’s original proof [19] and adds
on ingredients from Féssler and Orponen’s proof [22]. Actually, in the case of « = 1
and G = H?**! there is a simpler proof of Dorronsoro’s theorem involving the Fourier
transform [5, Subsection 7.3].% It seems likely that there would be a similar simpler
proof of Theorem 2.0.22 for a« = 1, but we have not pursued this direction since we

can obtain the full range o > 0 with our proof.

Remark 2.0.23. Fdssler and Orponen’s version [22] of the Dorronsoro theorem [19]

61 thank Ian Fleschler for pointing out this reference.
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for Heisenberg groups states the < portion of the above inequality (2.8) for f € SP(QG)
in the case G = H?***1 and 0 < a < 2. (They did not prove the 2 portion because it is
not needed when proving the vertical versus horizontal inequalities.) The restriction
0 < a < 2 was necessary because they were approximating by horizontal polynomials,

e., polynomials that depend only on the horizontal coordinates; in the range 0 <
a < 2 our formulation of Theorem 2.0.22 agrees with that of [22] because then A, is
precisely the family of horizontal polynomials. To see why the restriction 0 < o < 2 is
necessary when we consider only horizontal polynomials, let o > 2, and suppose Ay
were defined as the set of horizontal polynomials of degree at most d. In the case of

the Heisenberg group H?***1 the group structure is given by

exp (Z( 20, + 100, )—l—zoé)Z) - exp (Z( 10, + vy, 0,,) + 20 )

i=1 =1

k
= exp (Z (20 + )0, + () +97)0y,) + (Z +2 45 Z Ty — Y] ) 3z>

i=1

and thus the left-invariant horizontal vector fields are given by

Y 0r;, 202 " Oy 207 ! ’

so that the Laplacian is given by

Ay, SR & 0? o 1g >
A= (X24+YV?) = . a9

i=1

Let f : H***' — R be a function which is smooth, supported on By and agrees with

the function z on By. Clearly |[(=A)*/?f||te(q) is finite. However, for r € (0,1),

Ajf = Af,.z =0 because B, is symmetric about reflection with respect to the plane

1/q
5f,d,q(Br)=<][ |Z|qdﬂ> =aq T
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Since Aq is invariant under left-translation and left-translation is measure-preserving,

at

=1

k
b = €exp (Z("E?8M + y?ayz> + Zoaz> € B1/2

we have
1 k
A f =24 5 3wl = aal). Brag(Br(@) = Braa(By) =cq v
=1

Therefore, the left-hand side of (2.8) is bounded below by

1/2 1 2 dr /2
/ (/ [_aﬁfian(Br(x))} — du(x)
By, \JO r r
1/2
1/2 dr
=Gq U(Bl/Q)l/p </0 7~1+2(a—2)>

= OQ.

1/p

Thus (2.8) fails to hold when « > 2 when Ay is restricted to horizontal polynomials.

Of course, the purpose of the Dorronsoro Theorem 2.0.22 in this paper is to prove
the vertical versus horizontal inequality of Theorem 2.0.17. The proof of Theorem
2.0.17 from Theorem 2.0.22 is given in Section 2.5, and uses the special case of a = 1
of Theorem 2.0.22 along with the fact that ||(—A,)2f| o) =< IV fll oy 14, (52)]
to see that it is enough to upper bound the left-hand side of (2.7) by the left-hand
side of (2.8).

However, one may wonder what vertical versus horizontal inequalities emerge when
we don’t specialize to @ = 1. In this case, we obtain fractional order generalizations

of Theorem 2.0.5.

Theorem 2.0.24. Let 1 < p < 2, a« >0, n € N, and let f € SE(G). Let v €
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exp(Via/mn)+1 ® - ® V;) with dg(v,eq) = 1. Then

o0 1 P 2/p dr 1/2
(/ |:/ (?”_O‘ ‘Agr(v)f(h)‘) dll(h):| 7) SG,p,a,n H(_Ap)a/ZfHLP(G), (29)
0 G

where for g € G and F : G — R, AjF(x) = F(zg) — F(x) denotes the finite

difference.
The simple example n = 1 is given as follows.

Example 2.0.25. Let 1 < p <2, a >0, and let f € SE(G). Let v € exp(Vjaj41 @
c- @ Vy) with dg(v,eq) = 1. Then

( /O°° [ /G (|f(h) - féhér(v)ﬂydu(h)r/p " ) 12 s

The case G = H?**!. n =1, 0 < a < 2 of Example 2.0.25 has been obtained in

23].

In the above, the Dorronsoro Theorem 2.0.22 was used for nonembeddings, but
there are also other applications. For example, the case of the Heisenberg groups
H2*1 k> 1, due to [22], is used in the work [13];7 it stands to reason that our more

general result will have similar applications, but we defer this to future investigations.

2.0.2 [L!'-distortion: vertical perimeter versus horizontal

perimeter

Given the discussion so far, one may ask whether the results of this paper follows
for L'(o)-targets. Since ¢! is not uniformly convex, our results in this paper do not
apply; in fact, that general nonabelian simply connected nilpotent Lie groups G do

not embed bilipschitzly into L' spaces was proven only recently by Eriksson-Bique,

I thank Professor Tuomas Orponen for pointing out this fact.
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Gartland, Le Donne, Naples, and Nicolussi-Golo [21]. For the Heisenberg group this
was proven previously by Cheeger and Kleiner [12].

The results of this paper give quantitative nonembeddability of nonabelian simply
connected nilpotent Lie groups into uniformly convex spaces. In this subsection, which
closely follows Section 4 of [47], we will present hypothetical analogues of the results
of this paper for quantitative nonembeddability into L!.

Theorem 2.0.5 states in the case X = R and p € (1, ¢| that for every smooth and

compactly supported f: G — R,

(/000 (/Gf(hvt)_f(h)pdli(h))q/pﬁ_zﬁ)l/q

, (2.10)
So -0 ([ Iv sl dum)

The constant (p — 1)/97! is unbounded as p — 1; nevertheless, we ask whether the

endpoint case p =1 of (2.10) does hold true.

Question 2.0.26. Let G be a nonabelian simply connected nilpotent Lie group, and
let v € Z(G) be as in Theorem 2.0.5. For which exponents ¢ > 1 does every smooth

and compactly supported [ : G — R satisfy

</0°° </G|f(hvt)_f(h)|dﬂ(h))q7ﬂfri_zﬂg>l/q Squ/GHVf(h)Hegdu(h), (2.11)

Similarly, we may ask the following question.

Question 2.0.27. Let I' be a not virtually abelian finitely generated group of polyno-
mial growth. Choose vr and s > 0 as in Theorem 2.0.6. For which exponents ¢ > 1

do there erist ¢ = ¢(T') € N such that for any n € N and f : T — L' we have the
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following?

1/q

> rin S )~ F@l | e S S I wa) — £

z€BL z€BL a€S

By the discretization argument of Section 2.3, an exponent ¢ that answers Ques-
tion 2.0.26 positively also answers Question 2.0.27 positively.

Because the case ¢ = oo formally holds for Question 2.0.26 (see Remark 2.0.18), it
is clear that the set of ¢ that satisfies Question 2.0.26 is either of the form (g, 00) or
[qc, 00) for some g¢ € [1, 00| depending on G. The exponent range is [4, 0o) for G = H?
[65] and is [2,00) for G = H*, k > 5 [64]. We wish to know whether there are finite
exponents ¢ satisfying (2.11), since then not only would we have a quantitative proof
of [21], but we would also have quantitative nonembeddability statements analogous
to Theorem 2.0.10, namely that if N, ,, is a ro-covering of B, , 1 > 2ry, 11,79 > 1,

then

1(Npy i) Zq (log(rm /r2)) 4.
Also, if I is a not virtually abelian finitely generated group of polynomial growth that
is quasi-isometric to GG, we would have

cl(B};) 2rg (logn)l/q, n > 2.

By the co-area formula it suffices to prove (2.11) when f is an indicator of a
measurable set A C G, in which case the right-hand side of (2.11) is interpreted
as the horizontal perimeter PER(A) of A (see [2] and [12, Section 2] for a precise

definition).

Definition 2.0.28 (Vertical perimeter at scale t [47, 64]). Let v € Z(G) be as in

Theorem 2.0.5. Let A C G be measurable and t € (0,00). The vertical perimeter
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v (A) of A at scale t is defined as the quantity

v(A) =p({heA: m'¢ A or hv'¢A}). (2.12)

By this definition, we may reformulate Question 2.0.26 into an isoperimetric in-

equality.

Question 2.0.29. For which exponents q is it true that for every measurable A C G

one has

[e5) A)d 1/q
( /0 iﬁiq /) dt) <¢q PER(A). (2.13)

Of course, the set of ¢ that satisfies Question 2.0.29 is the same as that of Question
2.0.26. In light of the nonembeddability result [21] and the situation in the Heisenberg

group, we make the following conjecture.

Conjecture 2.0.30. There exist finite exponents q that answer Questions 2.0.26 and

2.0.29 positively, and the infimum qg among such q is attained.

Conditioned on Conjecture 2.0.30, we would have for a (79, (rs))-net N, ,, of
B,,, where 71,75 > 1 with r; > 27y, that ¢;(N, ) =¢ (log(ri/r))/%, and for
a not virtually abelian finitely generated group of polynomial growth I' we would
have ¢;(BY) > (logn)/% n > 2. However, for the 5 or higher dimensional Heisen-
berg groups H?*! k > 2, with gg+1 = 2 we have the matching upper bounds

2k+1
1(Npyry) S 4/log(r1/r2) and cl(BEIZ : ) < Vlogn by the Assouad embedding theo-

rem, while for the 3-dimensional Heisenberg group H?® we have the matching upper

bound ¢; (N, ,) < (log(ry /7)) /* and cl(BEI%) < (logn)'/* by [65, Theorem 3.1]. We

~

thus pose the following question as well.

Question 2.0.31. For a (ry, Q(ry))-net N, , of B, does

c1(Nryra) = (log(r1/12))"%,
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where ri,r9 > 1 with r1 > 2ry? Furthermore, let I' be a not virtually abelian finitely

generated group of polynomial growth which is quasi-isometric to G. Then does
a1 (B, dw) =¢ (logn)¥/9, n>2

hold?

2.1 Proof of Theorem 2.0.5: differentiation along
random paths

We will prove a theorem slightly more general than Theorems 2.0.5 and 2.0.13,
namely Theorem 2.1.1 below. We first explain the terminology behind the statements.

A Lie group G is said to be unimodular if its left-invariant Haar measure p is
also right-invariant. Given left-invariant vector fields X1, - -- , X}, the pointwise span
of X1, -+, X} forms a left-invariant vector subbundle B over G, and on each fibre
of the vector bundle B we may define a left-invariant Euclidean norm® | - | that has
Xi, -+, Xk as an orthonormal basis (this generalizes our earlier choice of X, --- |, X,
which we took to be a basis at eg in the setting of nilpotent Lie groups and a basis
of V1 in the case of Carnot groups). We may define the associated sub-Riemannian

distance as the Carnot-Carathéodory distance associated to B to |-|, i.e., for p,q € G,

dg(p,q) = inf {/O [(B)ldt - v € C([0,1]; G),7(0) = p,v(1) = ¢, 7 € B} .

If Xy, -, X, and their brackets generate g, and if G is connected, then dg(-,-) is

finite everywhere. The center Z(g) of the Lie algebra (g, [,]) of G consists of elements

8 Again, we could also take any general left-invariant norm on B, in which case the distance is
sub-Finsler. Compared to the sub-Riemannian case, the resulting distance dg is then distorted by
a factor of at most +/dim V; by the John ellipsoid theorem [43], and the results of this paper follow
up to multiplicative factors of /dim V.
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v € g such that [g,h] = 0 for all h € g, and has the property that if v € Z(g) then
exp(v) € Z(G), the group theoretic center of G.
The following is an extension of Theorems 2.0.5 and 2.0.13; it is clear that Theorem

2.1.1 implies Theorems 2.0.5 and 2.0.13.

Theorem 2.1.1. Let G be a unimodular Lie group with Haar measure p, left-invariant
vector fields X1, -, Xk, and associated sub-Riemannian distance dg(-,-). Suppose

there is an element v € Z(g) such that

da(exp(tv), eq) < 7 ¥Vt >0

for some real number p > 1 and such that there is a subset S of G with measure v
such that the push-forward of the product measure of v and the Lebesque measure of
R under the map S x R — G, (s,t) — sexp(tv) is the Haar measure p.

Suppose that p € (1,00) and q € [2,00). Let (X, || - ||x) be a Banach space with
K,(X) < oo. If p > q, then every smooth and compactly supported f : G — X

satisfies

([ [ (Mthemate) - f(h)HX)de(h)%)l/p

> (2.14)
p P
< L0 ([ 19O du))
If p < q, and if for any t > 0 we have lim, o p(Byyy)/1(By) = 1, then
( [ ([ (Mot =10y )" @) B
0 G the ! t
(2.15)

1/p
S p—plmax{(p — 1)1/11*1’ Kq(X)} (/G HVf(h)H?’;(X) dﬂ(h)) .

The hypothesis for Theorem 2.1.1 is satisfied when G is a simply connected nilpo-

tent group. The product decomposition of the Haar measure easily follows from that
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of the Lebesgue measure on R". The distance requirement follows by [10, Proposition

2.13] and [41, Theorem 2.1}, which tells us that if z € Z(g) \ {0} then

ts t>1,
dg(exp(tv), eq) =a (2.16)
o 0<t <1,

where s > 2 is the nilpotency step of G and r is the smallest integer that v €

[B,[B,---,B]] (recall B is the left-invariant bundle spanned by Xj,---,X}). By

TV
r times

applying Theorem 2.1.1 with p = s and p = max{r, 1 + £}, we obtain the following.

Corollary 2.1.2. Let G be a nonabelian simply connected nilpotent Lie group with
left-invariant vector fields Xy, --- , Xy such that the X;’s and their brackets generate
g. Let v € Z(g) \ {0}. Suppose that p € (1,00) and q € [2,00). Let (X, - ||x) be
a Banach space with K,(X) < oo, and let f : G — X be smooth and compactly

supported.

1. Letv € Z(g) \ {0} be normalized so that dg(vt, eq) < tY/* for t > 0, where s is

the nilpotency step of G. Then

00 ty _ p max{p,q}/p 1/ max{p,q}
([ (o)™ ) ™

1/p
S {(p = 0 KGO} ([ IV du))

2. Let r be the smallest integer that v € [B,[B,---,B]]. If r > 2, and if v €

(. J
-~

r times

Z(g) \ {0} is normalized so that dg(v',eq) < t'/" for t > 0. Then

1 ty _ p max{p,q}/p 1/ max{p,q}
(] (f (s g2 =

1/p
Smax{(p = 07 KGO} ([ IV )
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Ifr =1, then for anye > 0, if v € Z(g)\ {0} is normalized so that dg(v*, eq) <

t1/0+e) fort >0, then

1/ max{p,q}
YO (1) - f(h)Hx>p )m“{pvq}/ﬁ i
(/0 (/G ( +1/(1+e) du(h) ; 21

c 1/p
S {(p— 0 K00} ([ IS0 dui))

Based on these theorems, we have the following nonembeddability statements.

Theorem 2.1.3. Let the Lie group G, left-invariant vector fields Xy,--- , X, and
v € Z(g) satisfy the hypotheses of Theorem 2.1.1. Suppose Xi,---, Xy and their

brackets generate g. Let X be a q-uniformly convex Banach space, with q > 2.

1. If dg(exp(tv), eq) =g t'/? for 0 < t < 1 for some p > 1, then any nonempty

open subset U of G fails to embed bilipschitzly into X.

2. If dg(exp(tv), eq) <g t'/? for t > 1 for some p > 1, and if the Haar measure
1 of G is close to being Ahlfors reqular at large scales in the sense that for any

constant ¢ > 1
w(Ber)/i(Br) g 1, 1 >1,

1/q

then cx(B,) Za % . % for r = Qg(1). In particular, G fails to bilips-

chitzly embed into X. We have c,(B,) < (logr)/™{P2} for 1 < p < oo.

Indeed, for (1), we may assume by translation that B, C U for some r > 0. If
f U — X were a bilipschitz embedding, dg(z,y) < ||f(z) — f(y)|lx < Ddg(z,vy),
x,y € U, we may assume by translation that f(eg) = 0. Multiplying f by a smooth
cutoff function, we may construct F' : G — X which is Lipschitz, agrees with f on
B, /3, and is supported on By, /3. By a smooth approximation argument, we may apply
(2.14) to F. Let ¢1, ¢ > 0 be such that ¢;t'/? < dg(exp(tv), eq) < cot'/? for 0 < t < 1.

Then the right-hand side of (2.14) is a finite quantity, whereas the left-hand side is
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at least

/e If(hexp(to)) — FIx N, . dt)
( /0 / r/6< Iy ) dp(h)—
TP/C’Q)GP d /4
= <M(Br/6)/0 Cl :) = 00,

giving a contradiction.

For (2), if f : B, — X satisfied dg(z,y) < ||f(z) — f(¥)|lx < Ddg(z,y) for z,y €
B, and, then translating and multiplying f by a cutoff function we may construct
F : G — X which is 3D-Lipschitz, agrees with f on B, /;, and is supported on B,.
Again, let ¢y, c; > 0 be such that ¢;t'/? < dg(exp(tv), eq) < cpt'/? for t > 1. Applying
(2.14), we have

erp(Byja) V7 log (1 547) V1

(o)

p
< Lk ([ 19 Pgtn) S0 K008 0D

This gives the stated estimate.

By (2.16), we have the following.

Corollary 2.1.4. Let G be a nonabelian simply connected nilpotent Lie group with
left-invariant vector fields X1, --- , Xy such that the X;’s and their brackets generate

g. Suppose that q € [2,00) and let (X,| - ||x) be a Banach space with K,(X) < oc.

1. If Z(g) € span{Xy,---, Xy}, then any nonempty open subset U of G fails to

embed bilipschitzly into X.

2. If Z(g) C span{Xy,---, Xy}, we have cx(B,) Za (I}ig;q forr > 2. In partic-

~Y

ular, G fails to bilipschitzly embed into X.
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Before we begin the proof of Theorem 2.1.1, for motivation we begin by proving

Remark 2.0.18 which states that the case ¢ = oo of Theorem 2.0.17 formally holds.

Proof of Remark 2.0.18. It is enough to prove that, for each r > 0,

[/G (’f(h) - f<h5r(v))|)pdu(h>} " 1V 51l o ety

r

Let v : [0,7] — G be a piecewise smooth horizontal curve of unit speed connecting

e to 0,(v). Then

() — F(h6, ()] < / IV (s)) - dLa(s)lds < / 1V f (i (s))ds.

Thus, by Jensen’s inequality and right-invariance of the Haar measure g,

(L ey s L[ [ wsmopasam]

<IV o)

and we are done. O

Likewise, it is not hard to obtain a proof of the ¢ = oo case of Theorem 2.1.1 by the
above proof. This proof basically just takes a path from A to hd,(v) and differentiates
f along that path; however, the resulting inequality is weak. To make up for this
weakness, we will choose over a random distribution of paths, the randomness arising
from a heat flow on the line spanned by v. We will then apply the above proof method
to each of those random paths (in Lemma 2.1.6). This will result in an upper bound
given in terms of a convolution of Vf with a derivative of the heat kernel, which
we treat using Littlewood-Paley—Stein g-function estimates. This proof method is
borrowed from and extends that of [47].

We set some notation and terminology.
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Recall there is v € Z(g) and a subset S of G with measure v such that the push-
forward of the product measure of v and the Lebesgue measure of R under the map
S xR — G, (s,t) — sexp(tv) is the Haar measure . We denote v* := exp(tv) € G.

For p € [1,00), the Lebesgue-Bochner spaces
LP(R, Lebesgue; X) = LP(R; X), LP(S,v; X) = LP(S; X)), LP(G,u; X) = LP(G; X)
are defined. For f € LP(G; X) define f*: R — LP(S; X) by
') (x) = f(xv®), z€S, z€R. (2.20)
Given v € L'(R), define the convolution ¢ * f :== ¢ * f° € LP(G; X),
% fov?) = /R () f o) du € X.
So ¥ * f is the usual group convolution of f with the measure supported on
exp(span(v))

whose density is .
We will take 1 to be the heat kernel or its derivatives. The heat kernel on R is

defined for ¢t > 0, x € R as

and has derivatives

ht(ﬂf) = Oihy(z) = . Ophy(x) =
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Then for a universal constant C, for all £ > 0 we have

> 1 1Y\ (4)/r : C 1
xl/ph de =T ( —+ —> h 1 = —, aach 1 = —.
|t o= lilom =5 10ble = —=

(2.21)

We now begin the proof of Theorem 2.1.1. First, note that the case p > ¢ of
Theorem 2.1.1 follows from that of p = ¢, because K, (X) > K,(X). Thus, it is
enough to consider the cases p = ¢ and p < q. The case p < ¢ will also be shown to
follow from that of p = ¢, albeit in a more complicated way. We prove the case p = ¢

first.

2.1.1 The case p =q
Step 1

The first step is to bound the vertical variations f(gv')— f(g) by the quantities By
f. This corresponds to Lemma 2.6 of [47], which is a modification of the corresponding

statement in [75].

Lemma 2.1.5 (Analogue of [47, Lemma 2.6]). Fiz p € [1,00) and let (X,| - ||x) be

a Banach space. Every smooth and compactly supported f : G — X satisfies

([ [ wter) - stomanss)

_ . 1/p
SL(/ tp2§pl‘1‘ht*f g dt> .
p—1 0 LP(G;X)

This is the part of the argument that uses that p > 1. In the nilpotent setting,

(2.22)

this means that our group G has nilpotency step s > 1 and hence is nonabelian.

Proof. For every g € G and t > 0 we have

flgv') = f(g) = [f(gv") — he x f(gv")] + [Pz * f(gv") — By % f(9)] + [z % f(g) — ()]
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so by the triangle inequality

1/p
([ [t - stoisas 5 )
t ty\||P dt o
<([7 [ 1) = o o oz
~ dt \""
([ [ e st0) e oo

+ (/OOO/GHhtz*f(g) f(9)ll5d gtlilf./p)l/p.

We bound each term by the right-hand side of (2.22). First,

dt
( [ / 1F(g) — hes s () dgth/,,)
dt
t1+p/p
- /°° /t dt
- 0 0 Lp(GX t1+P/P
o] 1/p
< 2171/100 (/ tp 2p Hht * fHLp G;X) ) )
0

where in the first inequality we used the triangle inequality in LP(G; X) and the fact

h*fgfu)

that the Haar measure on G is right-invariant, and in the second inequality we used

Hardy’s inequality [34, Theorem 330]

(/OOO [l‘_” /Ox f(t)dt]pdx) " <- _ll/p </Ooo x<1—v>pf(x)pdx) ”p, . ]137
(2.23)

with v = % + 2ip. The third term of the right-hand side of (2.22) is bounded using the

same method.

We now bound the second term of the right-hand side of (2.22). By the semigroup
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property we have h; = hy s * hy/o for t > 0, hence ht P2 * ht /2 and so
0 0phy = 8xht = 3xht/2 * ht/Q-

Since by Young’s inequality

1020t * fllraix) < N|Ochell i)l fllLecix) = \/%HfHLP(G;X)a (2.24)
we have limy_,o, 0.hy * f = 0 in LP(G; X), and thus
Ochy x f = — ; 33h x f)d ; 8h7/2*h7/2*fd7'
and we may write
hee % f(gvt) — hez % f(g / Byl + f(gu") / / Duhr o % o o 5 f(gu*)drdu,

Observe that for every ¢t € (0, 00) we have

(/ / Bz + f(gv') — hee % f(g)|% dgtlff,/p)l/p

0 .
e gt1+p/p

S </OOO </0 /too( ¢ dt
(L

8 R jo ¥ hT/Q x f(gv")drdu

i d Poar \'?
wheya % By * f) Lo () ) fteie

o 00 . P 1/p
S / tp P / ‘ xlbr/2 * hT/Q * f dr dt
0 12 Lr(G;X)
ol-1/p o0 1/p
S p tpSgp 8 ht/2 * ht/2 * f dt s
p—1 \Jo LP(G;X)
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where the second inequality uses the triangle inequality in LP(G; X), the first equality
uses the right-invariance of the Haar measure p, and the fourth inequality uses the

second form of Hardy’s inequality [34, Theorem 330]

([l [ ] )< onens)”

(2.25)

with v = pZ;pl — %. (This is the step where we use p > 1.) By Young’s inequality,

. . 9 .
10uhi2 * haja  flloraix) < [10shaallor@llhes * fllor@x) = 4/ %Hht/z * fllzeex)-

Therefore
o0 . dt 1/p
— B U L
([ [ ihe ) = he s sl
23/271/p71/2pp o0 2p—1 . 1/p
p=5—-1 P

< ) e M)
This completes the proof. n
Step 2

We will next bound A, * f using h, * V f. We first prove the following lemma.

Lemma 2.1.6. Suppose that p € [1,00) andt € (0,00). Then for every Banach space

(X, || - l|x) and every smooth and compactly supported f: G — X we have

Proof. Recalling the semigroup property ho; = hy * hy, we have

hoxf =hasfl| S |hex VS (2.26)

LP(Gi(X))

b 1 (9) = 1(9) = b ) =hushef(6) = [ hutw) (Fe s 7(0) =« Flgv™) .
(2.27)

180



For u € [0,00), let 7, : [0,dg(v* eq)] — G be a measurable family of geodesics
parametrized by arclength joining eg to v*. (Such a measurable family exists by the
Aumann measurable selection theorem [9, Theorem 6.9.13]). For every u € [0, c0) and

g €@,

ha  f(g) = he % f(gu™) = e * f(gv"Yu(de (0", eg))) — he * f(gv™)
do(vec) g

:/0 @ht x f(gu "y, (0))do.

Because 7, is horizontal and parametrized by arclength, and because convolution

with h; commutes with V (this is because v is in the center of G), we have for every

0 € 10,dg(v* eq)]

he + V f(gv™"7(6)) : (2.28)

d . u
H@ht*f(gv %(9)) ()

<]

X

We thus obtain

P 1/p
dg)
X

[t (i £t0) = o plav ) d

00 dg(v¥,eq)
(]
0 0 G

< (/ Ul/Qpht(U)dU) e Yl zrcsenx))
0

. » 1/p
hy * V(g™ "y, (0 d dOdu
¢ % V[(gv™"vu(0)) #0) g)

(2. i) i
St he x V| o esx)

where in the first equality we used the right-invariance of the Haar measure on G.

Similarly, for u € (—o0, 0],

, | do(wec) g
b o) = b flov ™) == [ ke a0,
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and by the same reasoning,

(/

These two estimates along with (2.27) gives the stated inequality. O

p

0 1/p
/ hi(u) (ht * f(g) — hy * f(gvfu)) du dg) S tmp”ht * Vf“Lp(G;e’g(X))-

—00

X

Now we bound hy * f using hyx V.

Lemma 2.1.7. Fiz p € [1,00). For every Banach space (X, || -||x), every smooth and

compactly supported f: G — X satisfies

00 L, 1/p 1/p
</ tp2p_‘ht*f‘ dt) ,Sg(/ Pt ht*Vf’ dt) :
0 LP(G;X) 0 LP (G35 (X))
Proof. By Young’s inequality,
: . (2. 21)
1he % fllzr@ixy < MlPall vy 1 2o eix) —IIfHLP<G )

s0 limy o hy * f=01in LP(G; X). Therefore

ht*f:i<h2mlt*f_h2mt*f>7

m=1

from which it follows that

( [e%s) 2p— 1/p
/ P2 b dt
LP(G;X)

0
o] 1/p
< (/ tp Lo h2m 1y x f— hgmt *fH dt>
0 LP(G;X)
m=1
1/p
( [ )
Lr (G5 (X))
. 1/p
p—
2(m 1) 2(m—1)(2p-1)/2p </O t LP(G;ek (X)) dt) ’

where the second inequality uses Lemma 2.1.6. [

(]

5 —1(2m lt)p/p

th 1¢ * Vf‘

hy *Vf‘

A
E \HM8
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Step 3

We are now ready to prove the p = g case of Theorem 2.1.1.
Given a Banach space (B, || - ||), for every function ¢ € LP(R;B) its generalized

Hardy-Littlewood g-function &,(¢) : R — [0, 00| is defined as follows.

8,0 = ([ o

By [40, Theorem 17], which is a quantitative version of? [56, Theorem 2.1] and [82,

e (b(x)H; dt) ) (2.29)

Theorem 2]
¢ € L"(R;B) = [16,(9)l| 1oy S KpB)@] o rim)- (2.30)

We will apply (2.30) to B = LP(S; (5(X)). By [57, Corollary 6.4],

K,(B) < <%>Hm K,(5(X)) < (%)Hm

since p > 2.

9More precisely, [56] proves inequality (2.30) for ‘subordinated’ semigroups, such as the Poisson
semigroup subordinated by the heat semigroup, and [82] proves the inequality for general symmetric
diffusion semigroups. The work [40] has the advantage that it obtains, for the heat semigroup,
the explicit constant m,(B), the martingale cotype p constant of B, which in turn is bounded by
K,(B) by [70]. Since [40] and [82] were unavailable when [47] was written, [47] worked with the
Poisson semigroup. We could have also started with the Poisson semigroup P, which gives the same
constant in (2.30) due to semigroup subordination. See [65, Appendix A] for a detailed account of
this discussion.
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Recalling (2.20), we choose ¢ = (Vf)" : R — B. Then,

([ )= ([ <t\ el ot)”
([ [ o] ) ) ”

= ||Q5p(¢)||Lp(R;]B)

S Kp(X)”QSHL"(R;B) = KP(X)HVf||LP(G;£§(X))-

ht*Vf

By this discussion and Lemmas 2.1.6 and 2.1.7, the proof for the case p = ¢ is

complete.

2.1.2 The case p <q

The following is an imitation of the argument of [65, Appendix A]. Recall that for

all t > 0, lim, o0 p(Byrae)/1(By) = 1.
For M > 1, let By : G — [0,1] be an O(1)-Lipschitz smooth bump function with

By =1 on By and supp By C Byy1. For f: G — X, define Fy; : G — LP(G; E) by

Fy(R)(g) = Bu(h) f(gh), g,h€q.

Then by Fj; is compactly supported and smooth, so by the p = ¢ case,

o dt P
(/0 1D F 7o 60 t ) N FKQ(LI)(G;X))”VFM||L4(G;E§(LP(G;X)))a

where D! is shorthand for D! f(g) = £2)=1(9),

tl/p
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For g € (1,2], the g-uniform smoothness constant of X is defined by

54(X)

q _one N\ Ya
= inf{K >0:Va,y € E (o] + K yl%) " > (||x+y\|x+ [ y”X) }

2

Then we have

(¢=1)/q
— * p *
Kq(Lp(G;X)) = Sq/(q_l)(Lp/(p 1)(G;X )) < max { (p—— 1) ,Sq/(q_l)(X )}

= max{(p — 1)%_1, Kq(X)}

Where the equality and < follow from [6, Lemma 5] and the inequality follows from

equation (4.4) of [60]. Therefore we have

50 1/
|DLFy dry
0 v Ml La(G;LP(G; X)) t

p _
N b1 max{(p — 1)"/77, Ko(E)VHIV Ful| oqaen o (c:x))) -

(2.31)

As
VFyv(h)(g) = f(gh)VBu(h) + Bu(h)V f(gh)

from left-invariance of V, we have (with the normalization u(B;) = 1)

||VFM<h)“€’2“(LP(G;X)) 5 ”f||LP(G;X)1BM+1\BM(h) + ||vf”L”(G;X)]'BM+1 (h)7 h e G7

and thus (with the normalization p(B;) = 1)
IV Farll oqaeszo@xyy S #(Barsa \ Ba) N fllvaix) + #(Bar) VIV £ oocues o))
(2.32)

If0<t< M?®and h € By_,1/s, then hv' € By so Bar(h) = Bar(hv') = 1. Thus, for
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any h € BM7t1/57

| DgFae ()| eaixy = |1 Dy f || o(eix)- We have
1D} Full Laaize(cix)y 2 m(Bas—pss)V4IDLfll o),

and for 0 <T < M,

Ts dt 1/q ) Ts dt 1/q
([ 10t t) 2o ([ 1000 T) - @3

Combining (2.31), (2.32), and (2.33), we are left with

. 1/
B ([ Dt B
HA\Dny-T . Lr(GiX)

< L max{(p - DV K, (X))

~Y

p R
(BBaa \ Ban) I f v + 1(Bar) P9 f | r sy

forall 0 < T' < M. Taking M — oo and then T" — oo, we obtain the stated inequality.

This completes the proof of Theorem 2.1.1.

2.2 Proof of Theorems 2.0.1, 2.0.2, 2.0.10, 2.0.11,
2.0.14, and 2.0.15 and Corollaries 2.0.3 and

2.0.4: distortion bounds

In this section we prove Theorems 2.0.1 and 2.0.2, Corollaries 2.0.3 and 2.0.4, and
Theorems 2.0.10, 2.0.11, 2.0.14 and 2.0.15. Theorems 2.0.1, 2.0.10, 2.0.11, 2.0.14 and
2.0.15 will follow from Theorem 2.0.5, Theorem 2.0.2 will follow from Theorem 2.0.6,
and Corollaries 2.0.3 and 2.0.4 will follow from Theorems 2.0.1 and 2.0.2, respectively.

First we show the proof of Theorem 2.0.1 from Theorem 2.0.5.
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Proof of Theorem 2.0.1 from Theorem 2.0.5. Suppose f : B, — X satisfies

da(z,y) < |[f(2) = f(Y)llx < Dda(z,y), @,y € B,.

Translating and multiplying f by a cutoff function we may construct F' : G — X
which is 3D-Lipschitz, agrees with f on B, s, and is supported on B,. Supposing
Theorem 2.0.5 and applying (2.2), we have, using || f(hv') — f(h)||x > dg(v', eq) Za

tl/e for t > 1,

rs /45 hot) — h q d 1/a
(B Lo (e [4)111 <6 ( [ <||f( )= >||X> du<h>{)
r/4

1/q
K0 ([ 19FIdn) - Se K, (X)) D,

But by [44, Corollary 4.11], we have u(B,) =g r™ for r = (1) for a fixed positive

integer ny. We therefore obtain Theorem 2.0.1. O
The proof of Theorem 2.0.2 from Theorem 2.0.6 is similar.

Proof of Theorem 2.0.2 from Theorem 2.0.6. Let ¢ be as in Theorem 2.0.6. It suffices

to show that cx(B(ci1yn) 2r (l?fq@;)/q. Suppose that f : ' — X satisfies dy (z,y) <

1/ (x) = f(y)lx < Ddw(x,y) for all z,y € B, ), Recall that

dw (vF,er) <r kY*, k€N,

and also that |B,,| =<pr m™ for every m € N (see [10, Theorem 1.1]). Thus, Theorem

2.0.6 applied to f yields the following estimate.

s 1/q

n La/s

nnh/q(log n)l/q SF (: : n k;H—q/s) SF KQ(X)nn’l/qu (234)
k=1

which gives Theorem 2.0.2. [
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Proof of Corollary 2.0.4. The lower bound of Corollary 2.0.4 follows from Theorem
2.0.2. The upper bound follows from a version [50, Theorem 5.1] of the Assouad

embedding theorem [3]:
cp(D,die) Sp,p 1/eV/maxp2 0 < ¢ < 1,

Also, (B, di, 5™ is O(1)-bilipschitz equivalent to (BY, dy ), so we have the upper

bound. =

Proof of Corollary 2.0.3. The lower bound of Corollary 2.0.3 follows from Theorem
2.0.2. To show the upper bound, we note that the proof of the aforementioned version

[50, Theorem 5.1] of the Assouad embedding theorem [3], with ¢ = produces a

_1
2log R’

mapping ¢ : G — L? such that ¢ is Og ((log R)"/™>{P2})_Lipschitz and satisfies
Hw(g) - ¢(h)HLP ZG dG(ga h)lfl/QlogR’ g, h € G such that dG(gvh) = Q(l)

It is thus enough to construct a mapping ¢ : G — R? such that ¢ is O(1)-Lipschitz

and

6(9) — o(W)| Za da(g,h), g,h € G such that dg(g,h) <1,

for then v @ ¢ : G — LP ® R? = LP gives the desired mapping.

Since G is Riemannian and exp : g — G is a diffeomorphism, exp is O(1)-
bilipschitz on balls of radius O(1). The idea is to ‘glue’ these mappings together
to produce the mapping ¢.

Let N be a (1,1)-net of G. Since G is doubling, there is a constant K such that

N = UK | N;, where N; are 8-packings of G. For each i = 1, - - , K extend the mapping

Ugen,gB2 =9, h € gBy — exp_l(g_lh)
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to an O(log K)-Lipschitz mapping ¢; : G — g by [51], and set ¢ = @fil ¢;. Then ¢

has the desired properties. ]

Proof of Theorem 2.0.10. Let N,, ,, be an re-covering of B, and let f: N, ,, = X

be a mapping with

dG(I7y) < Hf(CU)_f(y)H SDdg(ZE,y>, I7yEN7‘1,T2‘

By [51] there is an extension F' : G — X of f that is C'Dlog K-Lipschitz for a
universal constant C' > 0. Let £ be a smooth bump function that equals 1 on B,,,
is supported on By, and is O(1)-Lipschitz. Then ¢ = £F is O(D log K )-Lipschitz,
equals ' on B,, and is supported on By, . To apply Theorem 2.0.5 with p = ¢, we

note that
1/q
([ 190001y ) VED(05 K

44+4CDlog K)ra

On the other hand, for x € B,,» and t € ((L 5 )%, (r1/2)°] (we may assume

(%)5 < (71/2)* since otherwise D > lcggllo/g Ti() and the proof is complete), we

have ¢(x) = F(x) and ¢(zv') = F(xv'). Choosing ny,ny € N such that dg(z,n1) <

ro, dg(zv', ny) < 19, we have

| F(av') — F(2)|| > [|f(n1) — f(n2)|| — 2CDrylog K > d(ny,ny) — 20 Drylog K

C
> (C’ltl/s — 2ry) —2CDrylog K > Eltl/s.
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Thus

i h 1/q
([ [ (L)ool )_)
v CY dt
i (/((4+40Dc110g1()r2)5 /37'1/2 29 dﬂ(h) t)

Cys'/a 4+4CDlog K)ry \ '/
> O3 (togtry/2) — o TR R ) g,

Thus by Theorem 2.0.5 with p = ¢,

Clsl/q

4+4CDlog K)ry \'*
( ") e

(1o8(r1/2) — tog 222

S Ky(X)VED(log K)p(Bar, ).

But we may also assume log(r;/2) — log(W) > Llog(ri/rs), for otherwise
D > %C— ”lzlg/;; and the proof is complete. Thus

C1sY9(log(r1 /)T < Ky(X)VEDK?10g K,

from which it follows that

>( Cy st/ )(105%(7’1/7’2))1/(’
~ \VEkK?1log K K, (X)

[]

Proof of Theorem 2.0.11. Let N = be a (c1,cz)-net of G and let f: N — X

cl co

be a mapping with
dG(xuy)l_E < ||f<$> - f(y)H < DdG(x7y>1_€7 T,y € N.

Then f is ¢;°D-Lipschitz, so by [51] there is an extension F' : G — X of f that is
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Cc;°D log K-Lipschitz for a universal constant C' > 0. Fix R > 0 sufficiently large,
let £ be a smooth bump function that equals 1 on Bg, is supported on Bsr and is
O(1)-Lipschitz. Then ¢ = £F is O(c;°Dlog K)-Lipschitz, equals F' on Bg and is

supported on Bygr. To apply Theorem 2.0.5 with p = ¢, we note that

(1m0, o <h>) < VEe® D{log K)u(Ban) /.

On the other hand, for € Bpy and t € ((8¢ic;°Dlog K)*/1=9) /C5, (R/2)*] (this in-
terval is nonempty since we took R > 0 sufficiently large) (8c,c, D log K)*/0 =) /Cs >
c;C%, we have ¢(x) = F(x) and ¢(xv') = F(xv'). Choosing ni,ny € N such that

da(z,n1) < ¢1, dg(av',ng) < ¢1, we have

IF(z0") = F(@)]| 2] (n1) = f(n2)ll = 2¢1¢,°CDlog K
>d(ny,n2)' " — 2c1¢,°C'Dlog K

l—e

C
Z(C’ltl/s — 2c1)1_6 —2c1¢,°C'Dlog K > iTt(l‘g)/s,

Thus

(/ /(nqu tm()nx) ()_>”‘1

(B/2)® Cq (1-¢) gt 1/q
> / / dp(h) 7z 7
(8c1c; *Dlog K)*/(1=2) /C5 J B s 44 tl+eq

Ole
4

1/q
(2 [(seaez"D10g &) “0-/ = (/2] ) (B
q

Thus by Theorem 2.0.5 with p = ¢,

CIE
4

1/q
(2 (e D1og Ky 9/Cr " = (R/27) ) n(Bna)

S Kq(X)\/ECQ_ED(IOg K)N(Bm)l/q-
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Since R > 0 was arbitrarily large,

Cl st/

7 (8ai;"Dlog K)~¢/=9) /0re < K (X)WVke;* DK 1og K.

It follows that

D> Cl % (cy/cy)est2)/a 1
~ k.(lfs)/2K2(1fz-:)/q lOgK Kq(X)lfegl/q'

]

The proof of Theorem 2.0.14 is similar to that of Theorem 2.0.10 and the proof of
Theorem 2.0.15 is similar to that of Theorem 2.0.11 and we thus omit them. To see
the dependence on the constants, we only need to distinguish when K is used as the

metric doubling constant or the measure doubling constant.

2.3 Proof of Theorem 2.0.6: discretization

In this section, we prove Theorem 2.0.6 by discretizing the inequality of Theorem
2.0.5.

Finitely generated groups of polynomial growth have nilpotent subgroups of finite
index [30], so let I'" < T" be a finite index nilpotent subgroup. We first can see that it is
enough to prove Theorem 2.0.6 for I, i.e., we may assume I is a not virtually abelian
finitely generated nilpotent group. Indeed, the distance requirement dy (vft, er) =g

/s carries over from I' to T' because a finitely generated word metric on a group

n
and its finite index subgroup are known to be quasi-isometric. Also, once we know
(2.3) for I'" and S" C I", it automatically follows that it holds for I' and S D 5.
(Observe that changing the generating set only affects the right-hand side of (2.3) up
to universal constant factors.)

Let T':= {x € I" : 3n € Z+( such that 2" = er} be the torsion subgroup of I'. It

is well-known that 7" is a finite normal subgroup of I, so that I' := I /T is a torsion-
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free finitely generated nilpotent group. We now see that it is enough to prove Theorem
2.0.6 for I, i.e., we may assume I' is a torsion-free finitely generated nonabelian
nilpotent group. Indeed, again the distance requirement dy, (v%,er) < n'/® carries
over from I’ to I” because a finitely generated word metric on a group and its quotient
by a finite normal subgroup are known to be quasi-isometric. Also, suppose we know
(2.3) for I and S” C I'. Let S’ be the union of 7" and a set of representatives for S”
in IV, and let vps be a representative for vr» in IV, Let 7 : IV — I denote the quotient
map, and let C' > 0 be such that 7(B} (z)) C BL,.(7(x)) for k € Zw and 2 € T” and
7Y (BL"(y)) € BL,(x) for k € Zwy, y € T and x € 7 (y). Given f : IV — X, let
[f] : T — X be given as

[Fl(y) = \Tl Y fla), yeI”

zem—1(y)
Then, denoting p V ¢ := max{p, ¢},
pva/p\ PV
Z L1+ p\/q)/s Z Hf 'TUF’ - f(‘q’.)Hg('
zeBY’
pva/p\ PV
Z o | 0 0k — (b)) — (@)~ (D
z€BY’
. pva/p\ /PVa
n 1 ,
Z kl—i—(qu)/s Z H I‘UF/ - xD”X
k=1 zeBL’
(2.35)
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The second term is at most

pva/p\ PV
& 1
ZW 7Y k) = Ak
= g
1/p
Semax {(p— DY KO Y0 D IS S
yeBglnaesﬁ
p\ 1/p
_ 1
:max{(p—l)l/q I,Kq(X)} Z Z |— Z f(xad') — f(z))
yeBY/, acS” zen1(y) ¥
1/p

<max {(p— 1)L (X)) Z Z e - F@)l

eBF’ aeS” mEﬂ' I(

1/p

<max{(p— 1)V K,(X)} Z Z Il ||f za') — f(x)|% ;

mGBF/ aesll

and is thus bounded by the right-hand side of (2.3), where for a € S”, a’ € S’ denotes

an element of 7 !(a).

It remains to show that the first term of the right-hand side of (2.35) is bounded
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by the right-hand side of (2.3). Indeed, it is equal to

1/pv
»\ PVa/p /pva

n’ 1
2 s | 2

zeBL’

|Z (wop) = f(avpb) = f(x) + f(ab))

beT

X

pva/p\ 1/PVe

< ” 1 2r—1 Hf(xv{i,) — f(zvkb) ||p
S ) :
k=1 veBL’ beT + 1 f(x) — f(b)|x
pva/p\ /PVa
ns 1
p
S k1+p\/q/s ‘T| Z ZHf xb H
k=1 weBF/ beT
1/p
Sr ||f f(xb ||p
zeBY beT

n

where ¢/ > 0 is such that BY vk, ¢ BY forn € Nand k =1,

This completes our reduction of Theorem 2.0.6 to proving it for I" being a torsion-
free finitely generated nonabelian nilpotent group. By the Malcev embedding theorem
[55], there exists a simply connected nilpotent Lie group G, called the Malcev comple-
tion of I', such that I' embeds as a cocompact subgroup of G. Because I is nonabelian,
(G is nonabelian, so Theorem 2.0.5 applies to G.

There exist choices of s and vr as stated. It is enough to take v € Z(T')\ {er} with

1/s

dw (v™, er) <r n'/* for some integer s > 2. For example, let s denote the nilpotency

step of G, i.e., the largest integer so that [[G,G]--- ,G] is a nontrivial subgroup. If
—_—

s times

we choose vp € [[I,T]--- ,T]\{er} € Z(I) \ {er}, then
———

s times

dw (vE, er) <r.. k'°, k€N

because by [10, Theorem 1.3], |dw (vE, er) — dg(vE,eq)| = Or . (da(vE, eq)t™®) for

some fixed o = ag, and dg(v¥, eq) =g k'/* by [10, Proposition 2.13].
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Also, |BY | <r m™ for every m € N [10, Theorem 1.1], where n;, is given by the

Bass—Guivarc’h formula

nh—delm ] -G/ ]G.G]--- .G

~
k tlmes k+1 times

The rest of this section follows closely the argument of Section 3 of [47].

Before we begin the proof of Theorem 2.0.6, we prove two metric-space valued
local Poincaré inequalities on I' for preparation. Lemma 2.3.1 is an extension of the
local Poincaré inequality of Kleiner [46, Thm. 2.2] and was essentially proven in [47,

Lemma 3.2] for all finitely generated groups. We repeat the proof for completeness.

Lemma 2.3.1 (Analogue of [47, Lemma 3.2]). Fizp € [1,00) andn € N. Let (M, dy)

be a metric space. For every f: 1" — M,

Y dulf(@), fy)" < @n)P|By,| Y > du(f( ()"

z,yeBL ;peBF a€S

Proof. For every z € BY choose s1(2),...,82,(2) € SU{er} such that
2z =51(2) - Son(2).

For ¢ € {1,...,2n} write w;(z) = s1(2) - - - s;(2) and set wy(z) = er. By the triangle
inequality and Hélder’s inequality, for every x,y € B we have
2n—1

dar(f (@), F)) < @n)= Y (f (wwis (7)) f (wwi (271y) siva (271)))"

1=0
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Consequently,

D dulf(@), fy)P < 2n)pt > Z D du (f (ww; (2), f (2w (2) sia (2)))
z,y€BY zeBY 1=l zeBfl

2n—1

(2n)P~1 Z Z Z da (f(9), f(gsis1(2)))"

zEBF 1=0 geBLw;(z)

< (20)7" Byl -2n Y Y du(f(wa), f(x))"

xeBgn aes

]

The following lemma is an analogue of [47, Lemma 3.4], which was again proven
essentially for all finitely generated groups. A mapping f : I' — M is said to be

finitely supported if there exists mg € M such that |[f~1(M \ {me})| < oc.

Lemma 2.3.2 (Analogue of [47, Lemma 3.4)). Fizp € [1,00) andn € N. Let (M, dy)

be a metric space. For every finitely supported f : 1" — M,

DN dulf )P <n?|BY > Y du(f(wa), f(z))P.

z€l’ zeBY zel aesS

Proof. Let s; and w; be as in the proof of Lemma 2.3.1. By the triangle inequality

and Holder’s inequality,

SN du(flaz), f@)r < a0 ZdM (zw; (2)), f (zw; (2) 141 (2))) .

zel' zeBl z€l’ zeBL =0

< n?|BL]| Z Z dy(f(za), f(x))".

zel aes
O
With Lemmas 2.3.1 and 2.3.2, we begin by discretizing the inequality of Theorem

2.0.5, as in the following theorem. After this, we will localize the statement into that

of Theorem 2.0.6, which states a local version of Theorem 2.3.3 on balls in T'.
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The following theorem corresponds to Theorem 3.3 of [47], whose proof is in turn
a variant of the proof of Claim 7.3 in [4]. We may state it in terms of discrete groups

of polynomial growth.

Theorem 2.3.3 (Analogue of [47, Theorem 3.3]). Let I' be a not virtually abelian
finitely generated group of polynomial growth. There exist vp € I', s € N with s > 2,
and ¢ = c¢(T') € N such that the following is true. First, dy (v}, er) <p n'/* forn € N.
Second, let p € (1,00) and q € [2,00). Suppose that (X, || - ||x) is a Banach space

satisfying K,(X) < co. Then for every finitely supported f :I' — X we have

1/ max{p,q}

zel

ns ] max{p,q}/p
D s (Z | f(avf) — f(w)||§<>
k=1

1/p
Srap max {(p— 1)V K (X)} (ZZ | f(za) — f(fU)H’%) -

zel' acS

Proof. With the same argument as in the beginning of this section, we may assume
I' is a torsion-free nonabelian finitely generated nilpotent group, and take vr and s
as before.

The idea of the proof is that given a finitely supported function f : ' — X, we
extend it to a global function F': G — X via a partition of unity, and then Theorem
2.0.5 for F' will give Theorem 2.3.3 for f.

Let G be the Malcev completion of I'. Since I' is a co-compact lattice of G, there

exists a compactly supported smooth function y : G — [0, 1] with

VheG, > x.(h)=1, (2.36)

zel

where for each z € T, x, : G — X is given by x.(h) = x(z7'h), h € G. Let
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A = supp x; we may assume A~! = A. Note that supp x, = A and

Ua:A:G.

zel

As A is compact, we may fix m € N for which A>NT C Bl

Let f: ' — X be finitely supported. Define F' : G — X by

F(h) =) xa(h)f(@). (2.37)

zel’

For a fixed z € I" and h € z A, we have

jg:‘7Xy(h>::07
yel’
with Vy,(h) # 0 implying y~'h € supp Vx C A, which implies y € hA™' C zA?

hence y € xBL . We thus have the bound

IVEM g = 1| D Vxu(W)(f(y) = f(2)

T
vewtim £5(x)

< NVXl ey D 1 (@2) = fl@)lx

2€BL,
1/p

SelBLl Y I w2) = f)lik

2€BL,
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By integrating over yA and summing over y € T,

1/p
(L Ivrmiy, dh)
1/p

1/p
(z IvEG dh) S Y e -l e

y€erl yA yel' zeBL

Lemma232 p
(zzufm o)

z€l’ a€S

Since I' induces a covering space action on (G, we may find a bounded open
neighborhood U C G of eg such that U N (zU) = 0 for all z € T\ {er}. As
U#]’l] = {vf : 7 € [0,1]} and U are bounded in G, we can choose r € N such
that (UUP’”A) NI CBl.Forz €T, hexU, k€N, and t € [k k+ 1], we have by

(2.36) and (2.37)
F(hvf) = flavg) = Y Xuw(hop)(f (w) = f(zog)).

Every w € T that satisfies x,,(hvh) # 0 should have hvh € wA, and since A = A™!

and vr € Z(G), we have w € hvb A C xvl’ile[?’l]A, so that w € xvEBI. Therefore

1/p

1E(hop) = flaop)lx Se | D I (wofz) = flaop) %

2€BL
The case k =t = 0 gives
1/p
IF(R) = fF@)llx So | D I1f(z2) = f(@)l%
z€BL
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Therefore by the triangle inequality,

1f(zvg) = f(@)]x SellF(hvp) — F(h)l|x

1/p
+ | X (1wokz) = Febl + 15 (22) = F@)I )
zeBl
Integration over h € xU gives
1/p
I1f (zvf) = f(@)]lx Sr (/U |7 (hor) — F(h)H%dh)
1/p

[ (Ut - sebl + 15w2) - F@)IR)

z€BL

Summing over x € I" and using that the sets {xU },cr are pairwise disjoint,

1/p
(Z If (zor) )Hp>

zel’

<o ([ ety - Foigan)

1/p
Z; S (Iftevke) = fGarbl + 1) = @)1
’“ 1/p
e (/ |F (k) — >||pdh) (ZZuf va) ||p) |
zel aeS

Integrating over t € [k, k + 1] yields

zel

) k41 t max{p,q}/p dt
max{p,q — p _—
< cmstoar [T [ty F<h>uxdh) e

Cmax{p q} maX{Pﬂ‘]}/P
P
cualn (zz ) — £ ) |

z€l' aeS

1 max{p,q}/p
yREETH (Z If (zog) - f(x)Hg()
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where C' = Cg € (0,00) is a constant depending on G. Summing over k € N,

1/ max{p,q}

s 1 max{p,q}/p
P rrereerrivr (Z | f(wof) - f(fc>H§’<)
k=1

zel’

o0 max{p,q}/p dt 1/ max{p,q}
<r (/0 (/GHF(hvtF)—F(h)H@(dh) m) (2.39)

1/p
+ (Z > Il (wa) - f(l")||§c) :

zel aeS

The desired inequality follows from (2.38) and (2.39) along with Theorem 2.0.5 for
F (although it may be the case that dg(vh, eq) £ tY/¢, a simple rescaling argument

gives the same inequality up to constant factors depending on wr). O]

Now we are ready to prove Theorem 2.0.6. Of course, assume I' is torsion-free

nonabelian finitely generated nilpotent, and choose vr and s as before.

Proof of Theorem 2.0.6. The argument follows the proof of Theorem 3.1 of [47], which

in turn follows the proof of Claim 7.2 in [4]. Recall ¢ is such that
dw (er, vF) < ckl/s.

Fixn € Nand an f : [' = X. By translation, we may assume erB{ : f(x)=0.
c+3)n
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Then

1/p p\ 1/p
1
Yo @] =1 > B Y. (@) = fy)
2€B, 4., meB(FC+3)n (c+3)n YEBL 3 .
1/p
1
< B Yo @) = fwllk (2.40)
(c+3)n T yEB(c+3)n
1/p
Lemma 2.3.1
sooon| Y D lf(ea) — fa)l%
x€B3( +3)n aes
Define the cutoff function & : I' — [0, 1] as
1 T € B(c+1)
§@)=9 e+2-2d pepl | \BL,,
0 r €T\ Bl .

Then ¢ := £f is supported on BL and we may apply Theorem 2.3.3. As ¢ is

(c+2)n

L_Lipschitz and takes values in [0, 1], we have for all a € S and z € T

lp(z) = ¢(za)llx <[E(x) = &(za)l - [|f (2)llx + [€(za)] - || f(x) = f(za)llx

) (2.41)
< ~f@)llx + I (2) = flza)llx.

We have dy (er,vf) < en for all k € {1,...,n°}. Thus, for every z € B we have

vk € B and thus ¢(x) = f(x) and ¢(xvk) = f(xvf), so

(c+1)n

a/p\ V1

Z k1+q/s Z ||f J’VUF )Hp

z€BL
© (2.42)
1/q

a/p
Z kl+q/s (Z [ ( va o(x)|1% )

zel
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On the other hand,

(55 oten - w)”p

z€l' aeS
1/p
=1 > D lslxa) - b(@)|l%
xGB( +3)m a€S
1/p 1/p
(2.41) |5|1/p
SEZL Y k| | X S - sl
2€B( 4, TEB( g, V€Y

1/p
(2.40)
Sr S > f@a) - f@)k |

xEBs(H-s)n aes

where the first equality holds since ¢ is supported on B( The desired inequality

c+2)n*

now follows from the above two inequalities combined with Theorem 2.3.3 for ¢. [

2.4 Proof of Theorem 2.0.9: sublinear growth of

cocycles

Our goal in this section is to prove Theorem 2.0.9. The proof follows closely that
of [4].

Let (X, |- |lx) be a g-uniformly convex space. We will see by [63] that is enough to
prove Theorem 2.0.9 for 1-Lipschitz 1-cocycles. Here, f € Z!(7) be a 1-cocycle with
respect to an action 7 : I' = Aut(X) of I" on X by linear isometric automorphisms
if the function f : I' — X satisfies f(xy) = w(x)f(y) + f(z) for all z,y € T'. The
1-Lipschitz requirement for f is equivalent to ||f(a)||x < 1 for all a € S.

We first recall the following property of g-uniformly convex spaces.

Lemma 2.4.1 ([4, Lemma 3.1)). Let (X,| - ||x) be g-uniformly convex. For a fized
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z € X and linear operator T : X — X with ||T|| <1, define

=
Sp = 2_n T‘]Z, n > O
§=0
Then we have
0o 1 2l—1 .
-1l
23 HS(””I — T su|| < QEX)I2ll%, TeN. (2.43)

i=0 < ;=0

On the other hand, as X is reflexive, X is ergodic [20, p.662], i.e., for every linear

3 o0
isometry T': X — X and x € X the sequence {% Z?;& 17 .CE} converges in norm.

n=1

Thus, the operator P : X — X defined by

N-1

Pz = lim — n X

= lim zgw(v) r, z€X,
n=

is well-defined, has norm < 1, is a contraction onto the subspace X, of 7 (v)-invariant
vectors, and is idempotent. As v is a central element of I', P commutes with 7(g)
for all ¢ € T', and so the maps Pf,(I — P)f : I' — X are both Lipschitz and are
1-cocycles.

Now define linear operators P, : X — X, n € N, by

1 J
P, = o Z?T(U) :

=0
Of course, ||P,|| <1 and P, commutes with 7(g) for all g € T

Lemma 2.4.2 (Analogue of [4, Lemma 4.1]). Let (X, ||-||x) be a g-uniformly convex
space. Then for every [, k,m € N there exist integersi € [k+1,k+m] and j € [0,2'—1]

such that

HW (“_ﬂ“) Pipanf (0"7) = Paf (v1*) H Sa Ky Xn,

X ml/P

(2.44)
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Proof. By Lemma 2.4.1 and the fact that ||f(a)||x < 1, we have for each a € S

k+m

> Q,ZH (") Pivnt (@) = Paf (@)

i=k+1 j=0
k+m 21 1

= Z ol ZHPH-l)lf —7T<Uj2”) Py f(a )

i=k+1 7=0

o S 2K (X)"

Thus

k+m 2l

SICK0) 2 Y- 2 S |7 () Pevanf (@) - Pas (@)

i= k+1 7=0 a€S

> i 5 r () Pef @) = Pasta

1<j<2ol—1 @€Ss

Y

and so there exist i € [k + 1,k +m], j € [0,2" — 1] such that

Ky(X)

ml/q )

max Hﬂ' (U_ﬂ”> Py f(a) - Pilf(@)HX Sr

a€sS

As o™} = qa; -, for some a; € S, where b = Op(n), we have by the cocycle identity

Sy = ZW(CH eai1) flag).

Since P,, r > 0, and 7(g), g € I', commute, and v and g € I' commute, and 7(g) is

an isometry for g € I'; we have

H?T (v_j2ﬂ> Piyinf (UL”pJ) — Pyf (v™) HX

< i H7r <U—J’2“) Py f (a;) — Puf (a;) . < Ky (X)n
i=1

~T ml/q

Y

as claimed. O
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Lemma 2.4.3 (Analogue of [4, Lemma 4.2]). For every m,n € N,

. nP*+p=1)/(2p-1)
”me (UL pJ)HX Sr om(p—1)/(2p—1)

Proof. 1f ;L—:L > p — 1 then we have the obvious bound

7] [n?] 1] ne\ (P~1)/(20=1)
1Bt ()] < IF () L < d (er, ) Som (oo |

Thus we assume ;‘—:l <p-—1

Because

= | Pk
P, —n(v*)P,, = om m(v) — om Z m(v)?,
7=0 j=2m
we have
2k
| P = 7(v") P < o
By the cocycle identity,
(k7] -1
f (UL’C”J W’J) — Z T (UjanJ) f (ULnPJ)
=0

Because f is 1-Lipschitz, dy (ep,UWJ L”pJ) <r kn, and ||B,| <1,

kn Zr ([P f ()]

|kP]—1

k) B f (010) = 3 (P =7 (1)) ) £ (07)

=0
[k#]—1

2 R || P f @Dl = D0 (18 =7 @) P [ (o) ]

X

j=0
ke]-1 .
P 2 P P
> 1) B 0]~ D2 iy (er, o)
=0
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and rearranging terms,

o n nPHige
Hme (UL J)HX Sr o1 + om

m\ 1/(2p—1)
Since this is true for all £, choosing k = R(p —1)2 ) —‘ gives the stated bound.

pnp

p_1)2m > 1/(2p71)

Indeed, by ;‘—:L < p—1 we have k < <( s and plugging in gives the desired

bound. O

Lemma 2.4.4 (Analogue of [4, Lemma 4.3]). For every m,n € N,

I7/6) = Paf (0] 5o 2 D08
Proof. If we define f: T — X by
f(h) = f(h) = P f(h) = (I = Pn)f(h),

then f € Z'(w). Let k > 1 be an integer to be determined later. If we set

k—
X,
7=0

WIr—k

then
k—

|w||x <r - Z Ve < /e,
j=0

For every h € I' we have the following identity:

—ﬂ@w+ﬂm:%f_@m#wn+ﬂm):§f_ﬂmw—%<_ﬂwm
1 k—1 o - 1 k—1 i (2'45)
:EMKMMﬂm+ﬂv»—EFmeﬂm—w
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But

k—1 k—1 2m—1
SWCNOEESS (W)f(h) o W(vm)f(h)>
=0 j=0 i=0
1 2m—1 1 k—1 ; 1 i+k—1 ;
= om - (E P m(v7) ]Z; (v )) f(h),
so that . -
IS ww)f| < WSR2 e
j=0 x i=0

Because of (2.45), f is close to a coboundary in the following sense:

()~ (o — )| < %dw(h, er).

Writing ") = a; - - - @, for some a; € S, where b = Op(n), we have

b
Hf(anPJ)HX = Zﬂ(al al_l)f(ai)
i=1 X
b n2™
Se (Do mar - aim) (r(a)w — w)|| + -
=1 X
" n2m
= [|m (") w—wl[ + =
2m
<r kl/ﬂ + nT

With k = [n7+125+1], we have the stated bound.

We now prove theorem 2.0.9.

Proof of Theorem 2.0.9. By [63, Theorem 9.1] and by amenability of I', if X is ¢-

uniformly convex and f : I' — X is 1-Lipschitz, then there exists a Banach space

(Y, ]l - |ly) that is also g-uniformly convex with K,(Y) = K,(X), an action 7 of I" on

Y by linear isometric automorphisms, and a 1-cocycle F' : I' = Y such that wp = wy,

where F' : I' = Y is a 1-cocycle if F(zy) = n(z)F(y) + F(x) for all x,y € I'. Thus,
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we may assume without loss of generality that f € Z'(w) for some action 7 of ' on
X by linear isometric automorphisms.

Let C; < C5 be constants depending on I' such that
Cin <dw (UL”pJ, 61") < Cyn, neN.

We may assume ¢ is sufficiently large so that if m is the largest integer such that

m(p? —
2512?7,1%&%2) < V4, (2.46)
2

then

plp—1) _1
—_ < ] . 2.47

Given m, let k be the smallest integer such that

ol (PP 42p=2)(k+1)

m, PP pp(p—1) Z t’ (248)

and define
[pQ +2p—2
(= |—F——
plp—1)

Using Lemma 2.4.2, we may find integers i € [k + 1,k +m] and j € [0,2° — 1] such

log, mw : (2.49)

that for all n € N,

_ soil n n K (X)TL
Hw (U 72 ) Pusnf (0") = Puf (v! PJ)HX <r W (2.50)
Finally, define
1 i
n = [am‘?ﬁfzq : (2.51)
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Expanding, we have

f () =n (”ﬁﬂ) Pipnyef (0"7) + (Puff (v!")) =@ (Uﬁﬂié) Plivvef (UWJ))
() - Rt (07)

Thus by Lemmas 2.4.3 and 2.4.4 and inequality (2.50), we obtain:

(p*+p—1)/(2p—1) K, (X)n A
[n?) [n?] n q il/(p+1),,1/(p+1)
wy (dw (01", er)) < Hf (v )”X Sr 9+ Di(p—1)/(2p—1) + ml/p + 200
(2‘492(2'51)[((1()()71
~T ml/P
(2.52)
We compute
. (2.51) 41w ptl (e (249)  pr1 (pP420-2)(ht1) (2:48)
dW(ULnJ )>Cln > moee 20 >moer 2 0 > mep pp(p—1) >t
and
(251) 2C  pt1_ie 205  pr1_ (k+m)e
d UWJ <Con < —mmw2r < ——mwem2 »
W( ) ? C -G
249) 201 ktm p+1+k(p +20-2)  m(p?+2p-2) (2.48) 201 k+m m(p?+2p—2)
< —277 mor pp(p=1) . pe(p—1) < —=927p tm pelp—1D)
2 2

248 )20 p(p—1) m(p2+2p—2) (2.46) (2.47)
12p2+2 log, ¢ 2 tm  re(p=1) < 253/22/J +2p 2 logm t < 2

2

Therefore ¢ < dy (v™), er) < ¢*. The definition of m implies

1
m Zr min {log n, m}

log logn

and thus by (2.52), we have

wy (dw (01" er)) < K,(X) (loglogn)l/p‘

n logn
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The proof of Theorem 2.0.9 is complete. O]

2.5 Derivation of Theorem 2.0.24 from
Dorronsoro’s Theorem 2.0.22

In this section, we prove Theorem 2.0.24, which proves Theorem 2.0.17 since it is
a special case. This section follows Section 7 of [22] closely.

Using an argument similar to the Vitali covering lemma, we may find a collection
B, of balls B of radius  whose union covers @, and such that the concentric balls B

of radius (n + 1)r have bounded overlap. Then

P
)d:r;

> 19 () et

J

>0 () et )

SZL(%

BeB;

P
)dx

2}(—1)]‘ (ZL) AR f((8:(0))) )pdx
Snp B%;/B (ria )pdx +0

1 R 1 P
=) [T—aﬁf,LaJ,p(B)] IBISG,Q/GL—aﬁLLaLP(BQ(nH)T(;,;))} da.

BeB;

fla) = AL f()

We have used in the penultimate inequality the fact that since Agﬂ f is a polynomial
of weighted degree at most [a|, and since 6, (v) € Viqjnj41 @B Vi, Agan(x(éT(v))j)

is a polynomial in j of degree at most n — 1, and hence

n

Aa@f@>=§j«4Wﬂ(

i=0 J

n

)l (6,0 = .
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In the last inequality we used Corollary 2.6.2. Now, the inequality (2.9) follows from

Minkowski’s integral inequality and Theorem 2.0.22 with ¢ = p:

1/2

> (-1 (?)f(x(ér(v))j> )pdx] v %

} 1/2
o0 1 p 2P gy
Seamp < / { / [—aﬁf,LaJ,p(Bz(nH)r(I)) dx} —
0 e T ] T

'p/2 1/p

=11 2 dr .
= / [/ |:_046va‘1va(32(”+1)7“<$>>:| — dx SG.anp ”<_Ap) /2fHLP(G)-
G 0 T r

The proof of Theorem 2.0.24 is complete.

2.6 Proof of Dorronsoro’s Theorem 2.0.22 for
Carnot groups

We need to prove two directions. In one direction, we assume f € SP(G) and
prove the < direction of (2.8). In the other direction, we assume f € LP(G) with the
left-hand side of (2.8) finite, and prove f € S2(G) along with the 2 direction of (2.8).
Our proof will be based on Dorronsoro’s original proof of the G = R™ case in [19] and
will borrow modifications inspired by the proof of G = HF case in [22] to deal with
general Carnot groups.

We will first prove Theorem 2.0.22 for ¢ = 1, the < direction in subsection 2.6.2
and the 2 direction in subsection 2.6.3. Since the left-hand side of (2.8) is minimized
when ¢ = 1, this will finish the proof of the 2 direction; for the < direction, we will
see in subsection 2.6.4 that the < inequality for ¢ = 1 implies the < inequality for

For the < direction, we will first see by an approximation argument that it is

enough to look at smooth functions f (subsubsection 2.6.2), for which it turns out
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that we may as well approximate at all scales simultaneously by Taylor polynomials
(subsubsection 2.6.2). Then, for 0 < o < 1, it will turn out that the desired inequality
has already been proven in [14, Theorem 5] (subsubsection 2.6.2), and for o > 1
nonintegral we may use an induction argument on « (subsubsection 2.6.2). We finish
off the case of & > 1 integral by an interpolation argument (subsubsection 2.6.2), with
the extra terms arising in this process having been taken care of by a homogenization
argument (subsubsection 2.6.2).

For the 2 direction, we assume f € LP(G) and the finiteness of a certain singular
integral and need to derive f € SP(G). We first see again that we may approximate
by a fixed polynomial for all scales (which we suspect to be the Taylor polynomial in
the distributive sense but we can only prove this up to first derivatives) in Proposition
2.6.9. For 0 < a <1 we again use characterizations of the fractional Laplacian given
by [14, Theorem 5] for 0 < o < 1 and [16, Theorem 1.4] for & = 1 (subsubsection
2.6.3). We then prove the case a > 1 by induction (subsubsection 2.6.3).

For simplicity, we define the L'-beta numbers

Bra(Br(x)) = Bya1(Br(7)).
If we define the function
* By 1y (Bol)\ dr)
0 re r
then Theorem 2.0.22 states that

1Bafllr@) =can 1(=2p)fllne), f €Sk (2.53)

Before we begin the proof, we briefly remark on coordinate and multi-index nota-

tion on GG. Recall the coordinate system x = exp <Zi:1 Zf;l xnin,i). A multi-index
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v = ((,4)F,)3_, is a multi-index on > _, k, entries, and we denote

s kr sk s kr
|’7| = ZZT|7TJ| eN, A= HH’Yr,i!a ) = HHZL‘:;Z e R.

r=1 =1 r=1i=1 r=1 i=1

The latter should not be confused with the previous notation

s k.
z! = exp <Z Z tﬂlﬁr,in,z‘)

r=1 =1

for t € R.
We now define the weighted degree of linear combinations of ‘polynomial differ-

ential operators’, that is, linear combinations of differential operators of the form

x’h (2)’)’2
or)
by assigning weight |vs| — |71| to the above term. Then, a polynomial differential op-
erator of homogeneous weighted degree d; will act on a polynomial of homogeneous
weighted degree dy to produce a polynomial of homogeneous weighted degree dy — d;.
We observe that the left-invariant differential operators X, ; is a polynomial differen-
tial operator of homogeneous weighted degree r for r =1,--- ;sand i =1, --- k..

Recall from subsection 2.0.1 that the polynomials of weighted degree < r are

left-invariant.

2.6.1 L'-optimality of the Agjrf’s

We begin the proof by discussing some basic properties of A?, f and fBq4(B,(x)).
It is well-known that AZ_f is the optimal L?(B,(z))-approximation of f in Aj.
It turns out that it is also an optimal L'(B,(x))-approximation up to constants. To

see this, we first observe that for all d > 0, there exists an integral formula for the
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coefficients of Aﬁyr f, given by the Gram—Schmidt process. For example in d = 1,

i JC f(2) (21 — 215)d=
Aglm,f 2y) = (B, () + Brle) : 7
; (zy) = () B.() ; fBT(IE)(Zl’j — 1,)%dz

yi, yea. (2.54)

More generally, for each d > 0, there exists a family {pg}wgd of polynomials such

that

Ag i fw) = (/B fpi) y', yeG,

[v1<d

and by rescaling we have for x € G and r > 0 that
AS fay) = Z rrnhl (/ f(z)p;l(&/r(a:lz))dz) Y.
ly|<d Br(@)

Therefore

1AL il 5, ) sa,d][ F()\dy. (2.55)

By (x)
In other words, A? . is a linear projection of L'(B,(x)) onto Ay| B, () Which is bounded
in the L' — L° norm.

We now prove the L'-optimality of the AY f’s.

Lemma 2.6.1. Forz € G, r >0, f € L{ (B.(z)), and d € Z>o,

loc

f ) — AL F()|dy Sca f ) — A)ldy, A€ A
By (x)

By (x)

Proof. From (2.55),

][ f oAl < f - Al +][ AL (f — A) 5G,df -4l
Br(x) By (x) Br(x) Br(x)

It follows that [ possesses a weak monotonicity property.
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Corollary 2.6.2. Letz,y € G, 0 <r < s <00, d € Z>o be such that B,(x) C By(y).
Then

Bra(Bu(@) Sca (2)" BralBuw))

By Corollary 2.6.2, we have that

Bra(x,r) Saa Brale,s) Sca Bralx,2r), r<s<2r

Thus &, f(z) is comparable to the series
- 1/2
(3 besmtn)

One can also see that, if X is a left-invariant differential operator of weighted

order n, then because Ai’T f is a polynomial of weighted degree d,

I XAL, [l B, @) Semax 1AL fllieB, () Scud 7"_”][ - | f]. (2.56)
B (x

2.6.2 Proof of the < direction, ¢ =1
Approximation by smooth compactly supported functions

It is enough to prove the < statement of Theorem 2.0.22 for f in the space D of
smooth compactly supported functions on G. Indeed, by [25, Theorem 4.5], D is dense
in S% for all 1 < p < oo and a > 0. Given f € S%, choose a sequence {f;}32, C D
that converges to f in S2. Then f; — f in LP(G), so by the contraction property
(2.55) we have

ij,LaJ(Br(x)) — B la)(Br(z)) as j =00, xe€G, r>0.
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Now, by two applications of Fatou’s lemma, it follows that

180 fllze(c)

< liminf [Safjllr(6) Se.ap lim inf (=22 fill oy = I1(=2p)*2 fl| o)
This completes the proof of our claim.

Taylor polynomials

Recall the coordinate system on G where each y € G is uniquely expressed as
Yy = exp <Zi:1 Zf;l yr,ani), yr; € R. Let f € D and x € G. The well-known Taylor

formula tells us that for n € Z>,,

m+1

1
f(xy') + m/o (1-— t)"dtn+1f($yt)dt.

t=0

f(zy) = f(z) + Z % (Z ZT yr,in,i> f(x)

r=1 i=1

n+1
+ ;' (1—t)" (Z Zym ”) f(ayh)dt.

r=1 i=1

For each multi-index =, if we denote by Sym(X?) the ‘coefficient operator’ of y” in

| kr ] ) kr .
I (Zle > i ym-Xm) where j = > > """, 7, then the above expression can

be rewritten as

fay = 3 % Sym(X)f(2)]y"

v multi—index

E k
Z: 1 Ezrl 77"2<n

(n+1) / Z % [Sym(X7) f(zy")] ydt.

~v multi—index
o1 Sy i =netl
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By isolating the terms with multi-index v such that |y| < n, we see that there exist for
each multi-index y with |[y| >n+1and > _, Zf;l Vi < n+1 a function ¢, ,f € D

such that

1
fay) = 3 SBmEO@+ Y 4. veG
isn |v|>n+1
h 4 Zi:l Zf;l Yr i <n+1

:o(dG (yzeG)n) as dg (yzeG)HO

— T (zy)

where we denote the first sum to be the Taylor polynomial of f of degree n at x € G,
while we observe the second term to be o(dg(y,eq)") as dg(y,eq) — 0 because
da(y,ec) <a D poy Zf;l [ikas

We may observe that if Y is a left-invariant homogeneous differential operator of

degree d < n, then

1
Yfay) = 3 = [Sym(X7)f(@)] Yy + 3 V(g f). v <G,
hise ~ ly|>n+1
h dx d I Zf;l Yri <n+1
=T Y f(ay) 5

=o(dg(y,eq)"~ %) as da(y.eq)—0

with the second sum being o(dg(y, eg)" %) and the first sum being a polynomial of
weighted degree at most n — d and hence is the Taylor polynomial of Y f of degree

n —d at x € GG. This proves that

YT"f =T Y f.

In particular, we have for the left-invariant horizontal vector fields that with d > 1,

XTf =T ' X, f, i=1,--- k.
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We may define the S-numbers and &-function using the Taylor polynomial instead.

Bra(By(x)) = f =T,

and

B (1) = ( [ (Eaatsen) d—) e

Proposition 2.6.3. If f € D and « is nonintegral, then o f(x) Zg.o Gof(z) for all

rzed.

Proof. That &,f(z) <g.a Baf(z) follows from Lemma 2.6.1. Denote d = |a] and

Ai,rf($y) = Z f’Y(‘Tﬂfr)y’yv

lv|<d
then
1
fylz,r) = o Sym(X")AZ, f(x).

Also denote

Tailf(xy> = Z fw(l’)ywa

lyI<d
then, in the case f € D, f,(z,7) — f,(z) as r — 0 by Taylor expansion. Indeed,

recalling that f(zy) = T2f(zy) + Os(da(y, ec)*t),

(2.55)
IAS = T flleso@y = 1AL = Te e~y S ca ]i " |f = T2f

= Ogays(r®™) asr—0.

By the above expansions for A7, f and T f, we have

| Z(fV(aj’T)_fV(‘r))rmwa"O(Bl) = || Z(fw(l"aT)—fw(ﬂf))yVHLw(BT) = OG,d,f(TdH).

[v|<d lv|<d
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But because the space A? of polynomials of weighted degree < d normed by L*°(B;)

is finite dimensional, all norms are equivalent, and hence

maxr'7||f7(x, r)— fy(x)] = OG7d7f(7"d+1).
[v|<d

This completes the proof of the convergence f,(x,r) = f,(x) as 7 — 0.
With this, we provide a different bound on |f,(x,7) — f,(x)| using the 5 numbers.

For each z € G,

e, r) = L@ < Y (2, 2) = fole, 27 )]

0

1 d d
= Z |Sym(X7) (AL i, f — AL i1, ) ()]
(2.56) O '
Sah Z 2—w|7~—|7|]€3‘ . Ki _Ai,Qi'rfl (2.57)

0

= Z 2*1|’Y|r*|7|ﬂf7d<32ir(:€)>
Corollary 2.6.2 [2r du

Sad Bra(Bu(z))u " —.

0

(With the Cauchy-Schwartz inequality, we may prove that |f,(z,7) — f,(2)] Sca
re=P&, f(z) for |y| < a; see Proposition 2.6.9 for the computation. This is weaker
than the Og 4 ¢(r*™1~11) bound we get using Taylor approximation. This is because
the Taylor approximation argument leverages on the fact that f has (d+1) and higher
derivatives, whereas the &, f (in principle) only measures the “a-th derivative” of f

at x; however, the latter approach is more natural since we have to work with &,f.)
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Now we bound

Bra(Bufa)) = 1

Br(

I — T
x)
< ][ f— AL +][ T9f — AL 1|
Br(x) Br(x)

< Bra(Br(@) + C Y |fy () = fo(a)|r

ly|<d
d ) 2r d
< BpalBr(a) + O3 | Bttt

where C' is a constant depending on G and d. By plugging into the definition of &

and using the triangle inequality,

B/ (1) < Guf(2) + 02 ( [ [ st ®] d—) -

But by Hardy’s inequality (2.23), we have

d 9 1/2
~ 1 o ﬁf d(BT(LU)) dr
S, <6, C : Lo ECAS R VA i
f<$)_ f(x)—i— ;a—'L(/O { ro T
SG,& ®o¢f(x)
This is where we use the fact that « is nonintegral. O

Inhomogeneous estimates to homogeneous estimates

We provide one more reduction in the proof of Theorem 2.0.22. It is enough to

prove the weaker estimate

180 fllrrc) Sepa I flpa = Ifllr@ + 1(=2p)*? fllio@), f€D.
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(In fact, the inequality Dorronsoro proves in [19, Theorem 2] is

1fllzr@) + [18afllLrc) Zap 1 f]lpa

when G = R"™.) This is because a dimensional analysis reveals that the above in-
equality is inhomogeneous, so by exploiting scaling properties we may remove the

inhomogeneous term || f|| e (c)-

Lemma 2.6.4. For1 <p < oo and o > 0, if we have the estimate,

1afllir) < Copallfllpas €D, (2.58)

then with the same constant Cg p.q,

18afllzre) < Capall(=2p)* " fllr@), fe€D. (2.59)

Proof. Given f € D, set f, := fod, € D, for s > 0, where d; is the Carnot group

dilation. It is easy to see that

I fslleey = s7P|| flle e,
s > 0.

180 fllirie) = 5" /P| G flloa),

Also, it is morally clear that we should have

(=2 fll Loy = s PN (= D)2 fll oy, s >0,

and one may indeed verify this using the definition of (—A,)%/2; see the proof of [22,

Lemma 2.6] for details.

We now obtain (2.59) for f from (2.58) for f; and taking s — oo. O
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The case 0 < a < 1

We now begin proving Theorem 2.0.22.

Fix 1 <p <ooand 0 < a < 1. Note that we have

B f(2) = ( T ALY f(a:)dyr%)w, fep aed,

then by Proposition 2.6.3
Gof(2) <ga Baf(z), z€d.
But by [14, Theorem 5],

1Bafllree <cap [(=2p)*2fllioc), fE€D.

Therefore < of Theorem 2.0.22 follows in this case. Note that we haven’t proven both

directions of the inequalities yet due to the restriction f € D.

The case a nonintegral, a > 1

We will reduce to the case 0 < a < 1.
For induction, we need the following result. Although we are currently working
with f € D, we state the proposition below for f € S?(G), because we will need it

later again in the proof of the 2 direction of Dorronsoro’s theorem.

Proposition 2.6.5 (|25, Theorem 4.10]). Let 1 < p < 0o and a > 1, and let f €
LP(G). Then f € SE(G) if and only if f € S5_,(G) and the distributional derivatives
X, f €S _(G) fori=1,---  k, in which case

k
D =20 2 X f vy <eaw 1(=Ap)** sy, | € SHG). (2.60)

=1
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Remark 2.6.6. To be precise, Theorem 4.10 of [25] states the inhomogeneous esti-

mate

k
1fllzee) + 1(=20) "2 flln) + D IXifllzae) + 1(=2) 2 X, fll ey
j=1

=cap 1@ + 1(=2p)* " flline),  f € SE(G).

But now (2.60) easily follows using the homogenization argument of subsubsection

2.6.2.
The following is an analogue of [19, Theorem 5] and [22, Proposition 4.2].
Proposition 2.6.7 (Analogue of [19, Theorem 5] and [22, Proposition 4.2]). Let

1 <p<ooanda>0. Then,

k
1801 fllee) Sca Y N8a(XiN)m@,  fED.

J=1

Proof. Let d = |«]. Define a function flgf}f € Ay forz e Gand r >0 as

AL f(ay) = T f(zy) — (T ) By + () Boo)-

We choose C' > 1 depending on G such that the weak 1-Poincaré inequality due to
Jerison [42] holds:

][()|g—<g>Bs<y)|§os][ Vg, ye@G, s>0, geD.
Bs(y

BCs(y)
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s (f — A% f) () = 0, we have

Lemma 2.6.1 ~ el
Brar1(Br(7)) Saa ][ - |f = Az ]
B (x

weak 1—Poincaré

<0 ][ V1 (ay) — VT (o)l dy
BCT()

k
Z]i Xl @) = XTI )] = Y Bl ().

j=1

because X; T f = T9X;f. Now, by definition,

% dr s
a+1f < {T“‘Ll 5fd+1 (IB))] 7)

By Proposition 2.6.3, the proof is complete. m

If we suppose < of Theorem 2.0.22 for a < d nonintegral, d € N, then from the

above two Propositions, for d < o« <d+ 1 and f € D,

k k
10 fllzric) Soa Y N1Bat(Xif)llre) Seap D I=2) V2 ooy
=1 =1

=G,ap H<_Ap)a/2f||LP(G)

This completes the proof of Theorem 2.0.22 for a nonintegral.

Interpolation and the case « integral

The case a = d € Z is proven by complex interpolation. This subsubsection follows

Section 5 of [22] closely.
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For 1 <p < oo and 0 < ap < a; < o0, the pair (% ,S% ) of Banach spaces is an
interpolation pair in the sense of Calderdn, as they embed continuously in the space
S'(G) of tempered distributions on G. Thus, we may define the complex interpolation
S.Jo. 0 € (0,1).

space [S?, ,

The following lemma asserts that we have a continuous embedding

Sp

(179)0&04»9041 [Sp

ap?

S 1.

Lemma 2.6.8 ([22, Lemma 5.1]). Let 1 <p < o0, 0 < ag < a; < oo, and § € (0,1).
Then

HfH[S Shile NG 0,a1,p Hpr 1-0)ap+ba -

The proof is exactly the same as in [22, Lemma 5.1].
Next, we define, for a > 0, the Banach space H,, of functions F': By x (0,00) — R

with norm
1/2

*11 2 dr
Pl = ( [ £ ] —) < c0.
0 ™ JBy r

Then, for 1 < p < oo, we may define the function space L*(G, H,). Now, for 0 <
0 < op < 00,

(L*(G, Hay), L7 (G, Hay )

is a compatible couple, as both embed continuously into L{, (G X By x (0,00)). As in

[19, 22], we apply the results of [8, p. 107, 121] so that for 6 € (0, 1),
[LP(G’ HOéO)? LP(G’ Hal)]@ = LP(G’ [Ham HOq]O) - LP(G’ H(lfe)a0+9a1)~

Now, ford — 1 < apg <d < a; <d+1 (recall d = ) and 0 € (0, 1), consider the

linear map T': SE_+ SP — LP(G, Hy,) + LP(G, Hy,) given by

[ Tf(@,ry) = f(26,(y) — AL, (20:(y)).
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By Lemma 2.6.1 and Theorem 2.0.22 for « € (d — 1,d) U (d,d + 1), we have

|Tf”LP(G,Ha) S,G,d H®Oéf||Lp(G) SJG,OZO,CMLP Hf”p,ou f S Sga & = Qp, 0,

ie, T : St — LP(G,Hg,) and T : S — LP(G,H,,) are bounded. By complex

interpolation,

T: [Sp S }9 — [LP(G’ Hao)a LP(G7 Ha1)]9 = L;D(G’ H(1*9)00+9a1)

ap? oy

is bounded.

Now set g =d —1/2, oy =d+1/2, and § = 1/2. Then

Lemma 2.6.8

18aflley = T Fllrcnn Sca ll sy Sadp | fllpa  feD.

d71/2355+1/2}1/2

This completes the proof of Theorem 2.0.22 for a = d € Z.

2.6.3 Proof of the 2 direction

Now, given a f € LP(G) and a > 0 with &,f € LP(G), we need to prove that
f € SP(G) and that the 2> direction of (2.8) holds.

We first prove the following preparatory result.

Proposition 2.6.9. Let f € LP(G) and a > 0 with &, f € LP(G). Denote
A ay) = D fmny,

Then

1. For each multi-index v with |y| < «, |fy(z,7) — f(2,5)] Sga 1 E.f(2)

forx € G and 0 < s < r, and |fy(z,7)| Sga Ouf(z) + Mf(z) for x € G
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and 0 < r < 1, where M denotes the Hardy—Littlewood maximal operator. In

particular, f,(-,r) € LP(G) with || f,(;7)|zee) Sca [1Bafllrc) + | fllLe@)-

2. For each multi-index v with |y| < o, there exists f, € LP(G) such that f,(-,7) —

() asr — 0, satisfying

2r
) = 1@ Sap [ BraBula)u T Sea 176, @)

for a.e. x € G and r > 0.

3. If a is nonintegral, then for a.e. x € G,

1/2

2
[ Ef ven - 3 pwtar] £) =eaeas
0 B ]

[vI< |

4. If o is integral and |y| = o, then | fy(z, )] Sa.a log(2/r)G.f(x) + M f(z), 0 <
r < 1. Thus, fy(-,7) € LP(G) with ||f(-,7)|lerc) Sca 108(2/7)||Baf | Lrc) +

Ifllzr -

5. If 0 < a < 1, then fo(x) = f(z) for a.e. x € G.

Proof. 1. By repeating the computation (2.57) made in the proof of Proposition

2.6.3, it follows that

2r d
\fy(x, 1) — fylz, 9)| SG,le / ﬁﬁd(Bu(x))u_'”l;u, reG, 0<s<r.
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In particular, by Cauchy—Schwartz,

(@) = £(2,9)] Sam

( / {ﬁf,d%(x))r%u) v ( /( i cLu)

S NS flz), zeG, 0<s<r

Also, for 0 <7 <1, |fy(z, )| < |fy(@,7) = fo(@, D] + [/,(#,1)] Sea Gaf (@) +
M f(x), where the latter inequality used the fact that f,(z,1) is given as the

integral of f multiplied by a polynomial determined by v and |«|. In particular,

this implies that f,(-,r) € LP.

2. By (1) and the fact that &, f € L?(G), {f,(-,7)}r>0 is a Cauchy sequence in LP
as r — 0. Thus, there exists f,(-) € LP(G) so that f,(-,r) = f,(:) in LP(G) as

r— 0.

3. The 2 follows from Lemma 2.6.2. For <, we bound

| f(zy) Z fy(@

By

yI<la
<f Ir-all ][ Y Ay — AL f(ey)ldy
Br(@) Br yi<lal
NGa ﬁf La + Z ’f'y z, 7“ (Q;)‘rw‘
<L

Lo

_;du
S6.a B1,a) (Br( +Z /5fLaJ z))u -
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By plugging into the definition of & and using the triangle inequality,

2 1/2
1 dr
|\, e 3 ntawiay) 5
Lo 00 ) 2r d 2 d 1/2
Saa %f(x)JFZ(/O {TH‘ i 5f,LaJ(Bu(x))u_l;u] %)
=0
S * [Bria)(Br(2))]* dr v
e St ([ [t
=0

Sa Gaf(@).

where in the second inequality we used Hardy’s inequality (2.23) with v =

a—1+ % and p = 2 along with the fact that « is nonintegral.

4. By Cauchy—Schwartz,

Sa log(2/7’)®af(:r;).

5. If 0 < a < 1, then fo(x,r) = fBr(x) f. Taking » — 0, the claim follows by
the Lebesgue differentiation theorem for doubling metric measure spaces [36,

(3.4.10)].

O

Remark 2.6.10. It seems likely that for |y| < a we have f, = %Sym(X”)f, with
the latter derivative existing in the distributive sense. This is evident when 0 < o < 1
and v = 0, and we will prove this holds when o > 1 and |y| = 1 in Lemma 2.6.12. We

will not prove this statement in full generality since we do not need it in this paper.
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The case 0 < a <1

The case 0 < a < 1 is a repetition and strengthening of subsubsection 2.6.2. If we

B f(2) = ( [ 5, e —f(x)\dy]2il> e

then by Proposition 2.6.9 (3) and (5)

denote

G f(1) Zga Gof(z), forae zecd.
But by [14, Theorem 5],
1Bafllzoe) =ew I1(=25)**fllrc)-
For a = 1, it is known from [16, Theorem 1.4] that for 0 < o < 2, if we define

) 1/2
_ > - 2,sym ﬁ
5. 1(2) (/ ) ) ,

where we denote the symmetric difference

AZf(3) = f(zy) + flay™h) — 2f(2),

then

I fllp.a <6 pa llf e + 1Saf |l ze)-

By the scaling argument of subsubsection 2.6.2,

(=) fll () = pa 1Saf e c)-

Let f be a locally integrable function, d € N, x = 2z € G and r > 0. For

232



any y € B,.(z0) and ball By-«,.(zx) with y € By-x,(2;) C Br(20), let By-r,(2x) C

Byk+1,.(25-1) C - -+ C By-1,(21) C B,(x) be a sequence of balls. We have

f - AL g
By, (2k)

o—

S ][ (21) |f Ad 22—k fl + Zf |A§,-,2*irf — Ai-ﬂ,?’i*lrfl
B i (21

27 Ry

Lo (By—i—1,(2i41))

(2.55)
gg,df e Qkf|+2f - A, ]
B k. \Rk

2— 2 i—1p zH—l

Corollary 2.6.2
< Z f A Apfl S / Bra(B
—ip 0

S]iz_kr(zw ]f—Ad 9ok f|+ZHAZ+12 i, (f — Azl2 wf)H

so by Lebesgue’s differentiation theorem for doubling metric measure spaces, for a.e.

y € B.(z),

2r dS

) - AL Sl =, B f AL S S [ 80T
By k., (2 0

B,k (2k) =y S

As the operator Ai’sym annihilates polynomials of weighted degree 1, we obtain

for a.e. x € G

fm“ym i = f 18— AL )l
(= AL ah) + (F = Al Pah™) = 2f = ALy, F)@)ld

NGd][T(/ Bpa(Buleh) /ﬁfd (oh™! d5+z/ Bra((a) 2 ) ai

< [ o
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By Hardy’s inequality (2.23) with v = 2 and p = 2, we obtain

oo 2d7= 1/2
Sif(x) = ( [l s ] 7)

e ( | a3 )@ ﬁ) "

r

Now we argue that

</c (/000 [MBy1(B, () (z))? %)m dac)
S max{p,p%l} (/G (/OOO [871(B,(-)(z)] %)m d:r)

This is an instance of the Fefferman—Stein vector-valued maximal function inequality

1/p

1/p

1/v

v/u
/G [Z M<gj>“<x>] di

jEZ
o (2.61)

v/u
<¢ max{l, u—il}max{v, ! 1} /G [Z gj(x)“] dx

v — -
JEZ

on ny-regular metric measure spaces for measurable functions (g; : G — R),ez and

u,v € (1,00), due to [29, Theorem 1.2]. Indeed, we apply (2.61) to the functions
95(x) = Bra(Ba-i(x))
and exponents u =2 > 1 and v = p > 1, noting by Corollary 2.6.2 that
M(Br1(B () Se M(gy), re 27771277,

and
9; Sa Bra(B(), re277, 277
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Thus, we have ||S1f|zr@c) Sap |G1f]|Lr@), 1 < p < 00, as desired.

The case a > 1

We use induction on a.
The following lemma is an analogue of [19, Lemma 1], and the proof proceeds in

the same manner.

Lemma 2.6.11 (Analogue of [19, Lemma 1]). Let f € LP(G) such that &,f € LP(G),

and 7y be a multi-index with |y| < o. With f, as in Proposition 2.6.9, we have

H®a—|7|f'yHLP(G) S,G,a ||Q5af||Lp(G).

Proof. Fix x € G and r > 0. For y € B,.(z), by Proposition 2.6.9 and (2.56),

IfV(y)——Sym(X”) w2 W) < () = £y, )|+|—Sym(X”)(AZ — Ag 2 )W)l

NGa/ Bra(Bs(y))s "1 ds + 1B, 4( By, (2)).

Thus, by Lemma 2.6.1,

Bt a—v|(Br(7)) Sea ]{BT(x) (/OT Bra(Bs(y))s " dsdy + T_WIBf,d(B%(l”))) dy
< / M(B1a(Bu()) ()51 ds + 1+ By a( Boy ().

By Hardy’s inequality with v = o — |y| + 5 and p = 2,

o0 o\ 172
Gapy f+(2) Sca Baf(x) + (/0 [r“Mﬁﬂd(Br(.))(x)fd_) 7

r

and the lemma follows by the aforementioned Fefferman—Stein inequality (2.61) on
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vector-valued maximal operators with u =v =2 > 1 and

g; (z) = 2ajﬁf,d(32w'+1 (7).

]

The following lemma is an analogue of [19, Lemma 2], and the proof proceeds in

the same manner.

Lemma 2.6.12 (Analogue of [19, Lemma 2]). Let f € LP(G) with &,f € L*(G),
a > 1. Then the weak partials X;f exist and coincide with fu;) a.e., where (1,7)

stands for the multi-index v with v, ; = ¢ j),1,6)-

Proof. Denote e,; = exp(x,;) forr =1,--- ;sandi=1,--- , k.. It is enough to show

that (f(wej;) — f(z))/r tends to fu) in LP as r — 0. First,

=ty
_ (el = lael 20 | 116) — ff20)
r r
N fo(xe’l"yi,Zr)r— folx,2r) = (@)

Proposition 2.6.9(2)

Se.a rot ((’5af(;1:e71"7i) + (’5af(:v)) + Jolwet ;, 2r) — fo(z, 2r)

r

— fap ()|

folwet s, 2r) = folw,2r) = A o flwer,) = Af5 f(xel ) + AL flwer,) — A5, f(a)

L]
= Al o flael,) — ALY F(xel ) + > fin (@, 2r)r [
j=1
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Thus

fo(g;e"1“7i,27")r— fo(z,2r) — ()

Toor) — 2
< |folret 7")7“ folz,2r) Fan (@, 2r)| + [ fan(x,2r) — fan(@)|

Proposition 2.6.9(2) ‘ALO[J f(xeg,z) — AJL:?[QJrf(xeg,z)‘ L]

‘s
zey , 2r

SG,a + Z |fj(17i) (JJ, 2T>|Tj71 + TailQSaf(J:)
=2

r

L]
Sear f ( Al o F ) = A FW)ldy + 3 | frn (@, 20) 7~ + 1718, f(2)
By (xe” . ’ -
T 1,4 j:2
<ot f Ay o - A )y
Br(we] ;) ' Br(zef )
L] '
) i@, 20)|P !+ 0T B0 f ()

j=2
Lo |
= 17" Bra) (Bar(xe] ) + 17" Bria) (Bar(2) + Y | fion (@, 20) [/~ 4707 6 f (1),

=2

where in the penultimate inequality we used the fact that the L'(B;) and L>®(B)
norms on the space of polynomials of weighted degree < |a] are equivalent. Taking

LP norms,

Scar ™ 1Bs1a) (Bar ()l Lo
Lr(G)

Hf(-ea",ar —fO o

Lo
) I M i (20 e + M B f e
=2

By Corollary 2.6.2, ||5¢,|a)(Bar ()|l r(¢) Sca 7| Baf] Lr(c)- By Proposition 2.6.9, if
Jj < |aJ, then

1 fia (5 2r) | rey Saa [1Baf e + 1 fllre),

and if j = [a| = a, then

i (20 vy Saa Qogr ) ([|Saf v + I fllLre))-
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—0asr—0. OJ

fCer)—10)
Th H“— — NE
us ; Taa Ol L

The following lemma is an analogue of [19, Lemma 3], and the proof proceeds in

the same manner.

Lemma 2.6.13 (Analogue of [19, Lemma 3|). Let f € LP(G) with &,f € LP(G),
a>1. Then 6,1 f € LP(G) with

1Ga-1fllzre) Sca 1Gafllir@ + 1l @)

Proof. Write
Al fay) = > Ky + Y flar)y

Ii<le]  hi=lel

= A5 f(ay) = A7 f(ay)

Then by Lemma 2.6.1,

By 1a)—1(Br(x)) SG,a][ ( )lf — AZL | < Bp o) (Br(2) + |AZE Fll i (5, @) (2:62)

By (2.56), for i € Z>q and |y| = |«a],

(2, 2'7)| Sga (27) 71 f ()Ifl <S¢ (2'7) 7P fllee) = 0 as i — oo
20, \T
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and thus

e )l < D1 (2, 2) = o, 277)
1=0

(2.56)

Sca Z( )ALl = AL Fllie s, o)
=0

2’55) i N—|a] Al

Sca Y (277) |f = A i, S
i=0 Byi,.(2)

Sain ) By (Barn(2)

Corollary 2.6.2 |
SGa / By.la) (B —lel=1gp,

Plugging these results into (2.62), we have

Bt la)-1(Br(2)) Sc.a Bra) (Br(x)) + 71 J/ Byay (By(x))p~ %" dp,

and

B 1f(z) = (/Ooo [5f,LaJT;(?r(:U))r%>l/2

1/2

Sou ([ [FetZ2] )
’ </ { " aH/Q/ Br 1oy (By(z ))ptajldprd) :

ﬁm <>>} dr) "

ra—l r

< ﬂftaja 1 ))] dr) +</°" [ﬁf,LaJiB:(w))r
%) </ lm(g (o >>} dr) +</°° [Mﬁ:pr@

Sa Gaf(x) + M[f(z),

IN N

2/\@
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where the second inequality uses the second form of Hardy’s inequality (2.25) with

p=2and v = |a] —a+ 1/2. This completes the proof. O

To complete the induction, suppose the 2 direction of Theorem 2.8 holds for a—1.
If f € LP(G) with &, f € LP(G), by Lemma 2.6.13, &, f € L’(G), so that f € S?
by induction. On the other hand, by Proposition 2.6.9 (2) and Lemmas 2.6.11 and
26.12, fori =1,---  k, X;f € LP(G) with &,_1(X.;f) € L?(G), so again by induction
X;f € S*_,(G). Now, by Proposition 2.6.5, f € S2(G). Tracking the norms involved

in this argument, we have that

Lemma 2.6.11 Lemma 2.6.12 i
18afllee) Rea ZH@a il ™Y 18ai(Xif)ll
=1
mductlon Proposition 2.6.5
2G.ap Z I(=2p) 2 Xifllre) =<caw  I(=Dp)* fllrc)

This completes the 2 direction of Theorem 2.8.

2.6.4 L7 f-numbers, g > 1

The extension of Theorem 2.0.22 to f numbers defined in the L? sense are discussed
in [19, Section 5] and [22, Section 6]. We will follow their presentation.

By the discussion so far, it is enough to show that the left-hand side of (2.8) is
maximized up to constants when ¢ = 1.

Denote d = [a]. We compute that for all z € G, r > 0, y € B,(z) and n € N so
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that Bo-n,.(y) C B,(x), we have

ﬁ ORI
n+1

S][ |f<2) y2 "r |d’2+2][ y2k 1- nrf( ) Ay?’“ nr (z)]dz
Byn,.(y) Byn,(y
s AL - AL )
3=y ()

n+1

- ﬁfd B2 "r ‘|‘ Z][ ‘AZ72kflfnr[f - AZ72k7n,’,,f]|
2 ”'r
+1f AL A, = 1)
2 nr(y)
n+1

< de B2 "7” + Z HAZJ 2k—1-ny f Ay 2k=nr HLOO(szflfnr(y))

+ (1A (A oS = | e,

(2.55) ntl
NGdde B2 ”r +Z][ ’f Aka "rf|+][()|Ay2rf_f|
Qk 1—n,,
n+1

Saca Bra(Ba-nr(y)) + Z Bra(Bai-nr(y)) + Bra(Bz(y))

o—n+l, n+1 2k+1—n,

Corollary 2.6.2 d 4r d
oo [ BN [ s+ [ s

Q=N 2r

5L;6mw@m—

Thus by Lebesgue’s differentiation theorem for doubling metric measure spaces and

Corollary 2.6.2, we infer that for z € G and r > 0, it holds true for a.e. y € B,(x)

that
J 4r ds 4r ds
1f(y) = AL, fW)| S | Bra(Bs(y)— Saa Br.a(Bas(2))dz—. (2.63)
0 s 0 JBi(y)
Now fix
p>1 and 1<¢g< mm{p, 2f :
ny — min{p, 2}
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Then, choose some 1 < w < min{p, 2} and 0 < n < min{n,/w, a} such that

g= 20 (2.64)

ny, —nw’

Given this choice of ¢, w, and 7, [35, Theorem 4.1] tells us that in nj,-regular metric
measure spaces, the following fractional Hardy-Littlewood maximal function is a

bounded operator L*(G) — L(G):
Mgt =swp{sr f lgtalaz
s>0 Bs(y)

It follows that

(2.63) 4r ds1? 1/q
P18y 40(Bu()) S ( / [ / ﬁf,dw%(z))dz—} dy)
Byr(z) LJO Bs(y) S

4r q 1/qd8

[ (L[, smcra] )"

0 Br(z) LV Bs(y) §
1/‘1 dS

<[ e ( » My BraBa Do D))

S
ar Vv s
S [ 5 ( / ﬁf,dwzs(z»wdz) ds
0 Bs,(z) S

Nt /0 i (Bra(Baa D)) )] 2,

S

where in the second inequality we used Minkowski’s inequality and in the fourth

inequality we used the boundedness of M, : L*(G) — L4(G). By (2.64), we have

Braa(B(@)) Sapa / 1 M (B a(Baa())") ()] ds.

Next, noting that « > 1 and using Hardy’s inequality (2.23) with v = o —n + 1/2,

242



we obtain

</“OO Fﬂ f"*q<Bv~<x>>r d‘) 1/2

s </Oo e [ [ e ]| dr> 1/2

2w @ 1/2
. .

Soa ([ 107182 ())") o)

We conclude that

L[ [roioia] )
o </G ([ Dro-samaye ) dx) "

1/p

<11 > dr v
Seuna | [ ( | s 7) i)

where in the second inequality we applied the Fefferman—Stein vector-valued maximal

1/p

function inequality (2.61) with functions

g; (z) = Qijﬁf,d(Bgfjﬂ (z))

and exponents v = 2/w > 1 and v = p/w > 1, along with Corollary 2.6.2.

This completes the proof of Theorem 2.0.22.
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