
From the holdings of the Department of Special Collections , Princeton University Library,

Princeton, NJ

These documents are either in the public domain, or can only be used for educational and research

purposes (Fair use) as per U.S. Copyright law (text below). By accessing this file, all users agree that their

use falls in the public domain or within fair use as defined by the copyrightlaw. We do not charge any

permission or usage fees for the publication of images of material inour collections, including those provided

by Princeton University Library, via our website, catalog, or directly from staff.For more information

regarding copyright, credit, and citation please review the information onthe Copyright, Credit and Citation

Guidelines page of our website.

https://library.princeton.edu/special-collections/policies/copyright-credit-and-citation-guidelines. If you have

any questions, including how to order higher-quality images from the collection, contact Special Collections

Public Services via our Ask Us! Form. https://library.princeton.edu/special-collections/ask-us

Doctoral Dissertations, 2011-2026 Mathematics

2015

Smoothing conic Kahler metrics and

the conical Kahler-Ricci flow

Shen, Liangming

Princeton, NJ : Princeton University

http://arks.princeton.edu/ark:/88435/dsp01vq27zq73r

U.S. Copyright law: The copyright law of the United States (Title 17, §108, United States Code) governs the
making of photocopies or other reproductions of copyrighted material. Under certain conditions specified in the
law, libraries and archives are authorized to furnish a photocopy or other reproduction. One of these specified
conditions is that the photocopy or reproduction is not to be used for any purpose other than private study,
scholarship, or research. If a user makes a request for, or later uses, a photocopy or reproduction for purposes
in excess of fair use that user may be liable for copyright infringement. This institution reserves the right to
refuse to accept a copying order if, in its judgment, fulfillment of the order would involve a violation of copyright
law. https://www.copyright.gov/title17/title17.pdf



Smoothing conic Kähler metrics and

the conical Kähler-Ricci flow

Liangming Shen

A Dissertation

Presented to the Faculty

of Princeton University

in Candidacy for the Degree

of Doctor of Philosophy

Recommended for Acceptance

by the Department of

Mathematics

Adviser: Gang Tian

June 2015



c© Copyright by Liangming Shen, 2015.

All Rights Reserved



Abstract

In this thesis, we first give two different smoothing methods for conic Kähler met-

rics. One is constructing an approximating sequence of smooth Kähler metrics with

the same lower Ricci curvature bound with the original conic Kähler metric with

some lower Ricci curvature bound based on Tian’s approximation method for the

conic Kähler-Einstein metric. Another one is constructing a smooth approximating

sequence of Kähler metrics with uniformly bisectional curvature upper bound, based

on C. Li and Y. Rubinstein’s bisectional curvature upper bound estimate for a stan-

dard conic metric. Then we will use approximation method to construct solutions to

the conical Kähler-Ricci flow which preserves the conic structure. After C0 and C2-

estimates for potential functions, we finally obtain a C2,α-estimate based on Tian’s

method in his PKU thesis.
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Chapter 1

Introduction

1.1 Main theme: conic Kähler metrics and conical

Kähler-Ricci flow

Kähler geometry is a special kind of complex geometry which has a Riemannian struc-

ture compatible with the complex structure. One basic problem in Kähler geometry

is to find canonical metrics on Kähler manifolds. Canonical means that it depends

on the complex structure and is unique up to biholomorphic automorphisms. One

typical canonical metric is Kähler-Einstein metric, i.e. Ric(ω) = λω, where the sign

of λ depends on the sign of the first Chern class c1(M). When c1(M) is negative or

zero, the existence problem was solved by Aubin [1] and Yau [50]. The most difficult

case is when c1(M) is positive. Recently, this folklore Yau-Tian-Donaldson conjecture

that the existence of positive Kähler-Einstein metrics is equivalent to K-stability was

confirmed in [44] [6] [7] [8].

In the solution of this conjecture, conic Kähler metrics play a critical role. As the

generalization of smooth Kähler metric, the conic Kähler metric itself also attracts

a lot of research interests, for instance, see [2] [3] [4] [13] [15] [20] [21] [26] or a nice

survey by Y. Rubinstein [31]. Similarly, the existence and regularity of canonical
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conic metrics is also the central problem in this field. The continuity path in cone

angles bridges conic metrics and smooth Kähler metrics, which is very important in

the study of this folklore conjecture, and is believed to play roles in future study of

Kähler geometry.

On the other hand, Ricci flow has become a powerful tool in the study of finding

canonical metrics in differential geometry since R. Hamilton’s breakthrough work [18].

Tian–Zhang [47], Song–Tian [35] [36] [37] developed an analytic approach to minimal

model program by using Kähler-Ricci flow. Their idea can be also extended to conical

Kähler-Ricci flow–a flow which preserves the conic singularities. This flow may be

helpful in future study of pairs and minimal model program.

1.2 Content of the thesis

In Chapter 2, we will first introduce the basic settings of conic Kähler metrics, then

make use of Tian’s smooth approximation of the conic Kähler-Einstein metric [44]

to prove that similar approximation exists for conic Kähler metrics with lower Ricci

curvature bound:

Theorem 1.2.1. (Shen 14’ [32]) For Kähler manifold (M,D) where D is a simple

normal crossing divisor, assume that we have a smooth background Kähler metric ω0

and a conic Kähler metric ω = ω0 +
√
−1∂∂̄ϕ with cone angle 2πβi (0 < βi < 1, 1 ≤

i ≤ m) along each irreducible component Di of D and ϕ is a smooth real function

on M \ D. If the conic Kähler metric ω has a lower Ricci curvature bound µ, then

for any δ > 0, there exists a smooth Kähler metric ωδ with the same lower Ricci

curvature bound µ which converges to ω in the Gromov-Hausdorff topology on M and

in the smooth topology outside D as δ tends to 0.

In Chapter 3, based on C. Li and Y. Rubinstein’s bisectional curvature estimate

in the appendix of [21], we construct a sequence of smooth potential functions which
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approximate the potential function of the conic metric. We can prove that the corre-

sponding smooth Kähler metrics approximate the conic Kähler metric with uniformly

upper bisectional curvature bound. Moreover, actually we can prove this approxima-

tion can be generalized to some special cases of simple normal crossing divisors:

Theorem 1.2.2. (Shen 15’) For Kähler manifold (M,D) where D is a simple normal

crossing divisor satisfying either all cone angles βi ≤ 1
2

or D is composed by some

irreducible divisors free of triple singularity, let ω = ω0 +
m∑
i=1

√
−1∂∂̄||Si||2βii , where

Si is the holomorphic section of each irreducible divisor Di, and βi is the cone angle

along Di. Then there exists a sequence of smooth Kähler metrics ωε which converges

to ω outside D as ε tends to 0, such that the bisectional curvature of ωε is uniformly

bounded from above on M independent of ε.

In Chapter 4, following the approximation method of Liu–Zhang [28] and Guanancia–

Paun [15] we will extend the maximal time existence of the solution to Kähler-Ricci

flow to the conical Kähler-Ricci flow, which preserves the conic singularities:

Theorem 1.2.3. (Shen 14’[33]) The conical Kähler-Ricci flow can exist until the

Kähler class of the evolving metric degenerates. Moreover, during the maximal time

interval, the solution is C2,α bounded.

In this chapter, we establish the C0 and C2-estimates for the solution. In the end

of this chapter, we will sketch a new proof for this theorem based on our bisectional

curvature estimate in Chapter 2.

In Chapter 5, based on Tian’s method in his master’s thesis [38], we will give a

parabolic version of his estimate to establish the C2,α bound for conical Kähler-Ricci

flow and complete the proof of the main theorem in Chapter 4.
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Chapter 2

Smoothing conic metric I: lower

Ricci curvature bound

2.1 Introduction

Let (M, g) be a complex manifold of complex dimension n with a Hermitian metric

g. We say M is a Kähler manifold if the associated (1, 1)-form ω of the metric g is a

closed form, i.e, dω = 0. We can call ω a Kähler metric on M. Mow we can introduce

the conic Kähler metric according to Tian:

Definition 2.1.1. (Tian 96’[41]) We call a Kähler current ω a conic Kähler metric

along a smooth divisor D with cone angle 2πβ(β ∈ (0, 1)), if it is a smooth Kähler

metric outside the divisor D, and in local coordinates (z1, · · · , zn) near a point p ∈ D,

if D = (z1 = 0) locally, then ω is asymptotic to the model metric

ωβ =
√
−1

(
dz1 ∧ dz̄1

|z1|2(1−β)
+

n∑
i=2

dzi ∧ dz̄i

)
.

Moreover, in the thesis, instead of a smooth divisor, we can consider the divisor D

as a simple normal crossing divisor, i.e, there are m irreducible divisors D1, · · · , Dm
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intersecting transversally at some point p ∈M, and in the local coordinate neighbor-

hood U we can write Di = zi = 0. Now we say the current ω is a conic metric along

each Di with cone angles 2πβi, if it is asymptotic to the model conic metric

ωβ =
√
−1

(
m∑
i=1

dzi ∧ dz̄i
|zi|2(1−βi)

+
n∑

i=m+1

dzi ∧ dz̄i

)
.

In recent breakthrough progress on Kähler-Einstein metrics on Fano manifolds

(See [44] [6] [7] [8]), conic Kähler metrics supplies an important continuity path. The

main tool is an extension of Cheeger-Colding-Tian theory [5] to conic Kähler-Einstein

metrics. This extension allows one to establish partial C0-estimate which is known

for long to be crucial in proving the existence of Kähler-Einstein metrics. To extend

Cheeger-Colding-Tian theory from smooth case to conic case, in [44], Tian proved

a sharp approximation theorem: any conic Kähler-Einstein metric can be approxi-

mated by smooth Kählermetrics with the same lower Ricci curvature bound in the

Cheeger-Gromov sense.

The main idea for proving this sharp approximation came from [43], which gives

a method of proving the equivalence of C0-estimate and the properness of the La-

grangian of corresponding complex Monge-Ampere equation. First, we can define so

called twisted Ding energy Fω(ϕ) or twisted Mabuchi energy νω(ϕ) as [26], which

are Lagrangians of corresponding complex Monge-Ampere equation, for the conic

Kähler-Einstein metric. Then we can prove these two energies are both proper with

respect to the functional Jω(ϕ). After that, we perturb this singular complex Monge-

Ampere equation, and prove that corresponding energies are also proper after such

perturbation. Then, we make use of C0-estimate in [44] to get a new C0-estimate

for perturbed complex Monge-Ampere equation. Finally, according to compactness

theorem, we can prove that perturbed Kähler metrics converge to the original conic

5



Kähler-Einstein metric in Cheege–Gromov sense, and converge smoothly in C∞ sense

outside the divisor.

Now a more general problem is to understand the structures of Kähler manifolds

with lower Ricci curvature bound. A natural question is whether we can also approx-

imate arbitrary conic Kähler metric by smooth Kähler metrics with the same lower

Ricci curvature bound. We observe that the method above in [44] can apply if we

can get suitable complex Monge–Ampere equations and define suitable energies for

them. Moreover, instead of pluri-anti-canonical divisors in the original proof, we can

generalize our result to simple normal crossing divisors.

We say the conic Kähler metric ω has a lower Ricci curvature bound µ if there

exists a nonnegative (1, 1)−form Ω such that (we may assume that Ω 6= 0 otherwise

we come back to conic Kähler-Einstein case.)

Ric(ω) = µω +
m∑
i=1

2π(1 − βi)[Di] + Ω. (2.1)

This equation is in the sense of currents on M and in classic sense outside singular part

D. Consider these equations and apply Tian’s method [44] for conic Kähler-Einstein

metrics, we can prove Theorem 1.2.1 as below:

Theorem 2.1.2. For Kähler manifold (M,D) where D is a simple normal crossing

divisor, assume that we have a smooth Kähler metric ω0 and a conic Kähler metrics

ω = ω0+
√
−1∂∂̄ϕ with cone angle 2πβi (0 < βi < 1, 1 ≤ i ≤ m) along each irreducible

component Di of D and ϕ is a smooth real function on M \D. If the conic metric ω

has a lower Ricci curvature bound µ, then for any δ > 0, there exists a smooth Kähler

metric ωδ with the same lower Ricci curvature bound µ which converges to ω in the

Gromov-Hausdorff topology on M and in the smooth topology outside D as δ tends to

0.
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This theorem generalized Tian’s approximation theorem for conic Kähler-Einstein

metrics to arbitrary conic metrics with a lower Ricci curvature bound. Note that here

we do not assume the sign of µ. Due to Aubin and Yau, the cases µ < 0 and µ = 0

are somewhat easier to solve. The difficulty will be when µ > 0, i.e. Fano case. In

the following section, we set up the complex Monge–Ampere equations and perturb

it, and derive C0-estimate for nonpositive µ. And we will deal with the case µ > 0 in

the remaining parts of this chapter.

2.2 Basic set up and the case µ ≤ 0

First, as we have the equation (2.1), we can have such an expression for Ricci curvature

of the background metric ω0 :

Ric(ω0) = µω0 + Ω0, (2.2)

where Ω0 is a (1, 1)−form. Comparing equations (2.1) and (2.2), we have

√
−1∂∂̄ log

ωn

ωn0
= −µϕ+ Ω0 − Ω −

m∑
i=1

(1 − βi)(R(|| · ||i) +
√
−1∂∂̄ log ||Si||2i ),

where ω = ω0 + ϕ is the conic Kähler metric. As each Di is an irreducible positive

divisor, we set Si as its defining holomorphic section, with (|| · ||i) as the Hermitian

product on the associated line bundle [Di], and the curvature of this bundle is defined

as R(|| · ||i) := −
√
−1∂∂̄ log || · ||2i . Then we get the equation above just from Poincaré-

Lelong equation

2π[D] =
√
−1∂∂̄ log |S|2 =

√
−1∂∂̄ log ||S||2 +R(|| · ||).

7



Note that the left hand side of (2.2)(2.1) lie both in the cohomology class c1(M), we

deduce that

Ω0 − Ω −
m∑
i=1

(1 − βi)(R(|| · ||i) =
√
−1∂∂̄h0. (2.3)

where h0 is a smooth function on M and we note that 1
2π
R(|| · ||i) represents c1(Di).

Then we get our complex Monge-Ampere equation:

(ω0 +
√
−1∂∂̄ϕ)n = eh0−µϕ−

Pm
i=1(1−βi) log ||Si||2i+cωn0 , (2.4)

where the constant c is chosen so that

∫
M

(eh0−
Pm
i=1(1−βi) log ||Si||2i+c − 1)ωn0 = 0.

The reason that why c can be chosen is that near the singular set, the function

e−
Pm
i=1(1−βi) log ||Si||2i behaviors as |z1|2(β1−1) · · · |zm|2(βm−1), which is locally integrable.

As [44], we can choose such an approximation equation:

(ω0 +
√
−1∂∂̄ϕ)n = ehδ−µϕωn0 , (2.5)

where

hδ = h0 −
m∑
i=1

(1 − βi) log(δ + ||Si||2i ) + cδ

and the constant cδ is chosen such that

∫
M

(eh0−
Pm
i=1(1−βi) log(δ+||Si||2i )+cδ − 1)ωn0 = 0.

Here cδ is uniformly bounded. If we have a solution ϕδ for (2.5), then we get a smooth

8



Kähler metric ωδ = ω0 +
√
−1∂∂̄ϕδ with Ricci curvature as below:

Ric(ωδ) =Ric(ω0) + µ
√
−1∂∂̄ϕδ −

√
−1∂∂̄hδ

=µω0 + Ω0 + µ
√
−1∂∂̄ϕδ −

√
−1∂∂̄h0 +

m∑
i=1

(1 − βi)
√
−1∂∂̄ log(δ + ||Si||2i )

=µωδ + Ω +
m∑
i=1

(1 − βi)(R(|| · ||i) +
||Si||2i

δ + ||Si||2i

√
−1∂∂̄ log ||Si||2i

+
√
−1

δDSi ∧DSi
(δ + ||Si||2i )2

)

=µωδ + Ω +
m∑
i=1

(1 − βi)(
δ

δ + ||Si||2i
R(|| · ||i) +

√
−1

δDSi ∧DSi
(δ + ||Si||2i )2

),

note that ||Si||2i
√
−1∂∂̄ log |Si|2i = ||Si||2i · 2π[Di] = 0. We can see that if we have a

solution ϕδ for small δ > 0, the Ricci curvature of ωδ is always greater than µ.

By the computation above, we have a corollary which asserts the openness of the

solvable set for the continuity path below:

Lemma 2.2.1. Consider the continuity path of the equation (2.5)

(ω0 +
√
−1∂∂̄ϕ)n = ehδ−tϕωn0 , (2.6)

and set the interval Iδ as its solvable interval, then 0 ∈ Iδ and this interval is open.

Proof. 0 ∈ Iδ follows from Calabi-Yau theorem. By the computation above and [44],

it’s easy to have λ1(−∆t) is strictly larger than t. Then the openness of Iδ follows.

So now, to solve the equation (2.5), we need to set up C0-estimate for ϕδ. We

first consider the cases that µ = 0 and µ < 0. Actually by Calabi-Yau Theorem and

Aubin’s work (see [50] [1]), we can get C0-estimates for these cases. The main diffi-

culty lies in the case µ > 0, which we will deal with in the following sections.
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2.3 Twisted functionals for complex Monge-Ampere

equations, bounded from below

Following [12] [43] [26], we can still define corresponding functionals for our complex

Monge-Ampere equation (2.4). First, we define generalized energy functionals as

below, by Aubin:

Definition 2.3.1.

(1)Jω0(ϕ) =
1

V

n−1∑
i=0

i+ 1

n+ 1

∫
M

√
−1∂ϕ ∧ ∂̄ϕ ∧ ωi0 ∧ ωn−i−1

ϕ ,

(2)Iω0(ϕ) =
1

V

∫
M

ϕ(ωn0 − ωnϕ),

where V =
∫
M
ωn0 , ωϕ = ω0 +

√
−1∂∂̄ϕ.

Note that these functionals are well defined even in conic case (See [31]). It’s easy

to check that

0 ≤ n+ 1

n
Jω0(ϕ) ≤ Iω0(ϕ) ≤ (n+ 1)Jω0(ϕ).

Next let’s define two functionals which are both Lagrangians of the equation (2.4).

For simplicity here we set

H0 = h0 −
m∑
i=1

(1 − βi) log ||Si||2i + c,

and we can choose a family ϕt connecting 0 and ϕ

Definition 2.3.2. (1) We define twisted Ding functional as

Fω0,µ(ϕ) = Jω0(ϕ) − 1

V

∫
M

ϕωn0 − 1

µ
log

(
1

V

∫
M

eH0−µϕωn0

)
, (2.7)
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(2) we define twisted Mabuchi functional as

νω0,µ(ϕ) = − n

V

∫ 1

0

∫
M

ϕ̇(Ric(ωϕ) − µωϕ −
m∑
i=1

2π(1 − βi)[Di] − Ω ∧ ωn−1
ϕ )dt

=
1

V

∫
M

log
ωnϕ
ωn0
ωnϕ +

1

V

∫
M

H0(ω
n
0 − ωnϕ) − µ(Iω0(ϕ) − Jω0(ϕ))

=
1

V

∫
M

log
ωnϕ
ωn0
ωnϕ +

1

V

∫
M

H0(ω
n
0 − ωnϕ) + µ(F 0

ω0
(ϕ) +

1

V

∫
M

ϕωnϕ),

where

F 0
ω0

(ϕ) = Jω0(ϕ) − 1

V

∫
M

ϕωn0 ,

is defined by Mabuchi [23].

These definitions are similar to smooth case [43] and conic Kähler-Einstein case

[26]. We can check that they are well defined for conic case. From [43][26], we know

that to get C0-estimate for ϕδ, we need to prove the corresponding twisted Ding

functional is proper with respect to the generalized energy Jω0(ϕ). Now let’s recall

the definition of properness:

Definition 2.3.3. Suppose the twisted Ding functional Fω,µ(φ)(twisted Mabuchi func-

tional νω,µ(φ)) is bounded from below, i.e. Fω,µ(φ) ≥ −cω (νω,µ(ϕ) ≥ −cω), we say it

is proper on Pc(M,ω), if there exists an increasing function f : [−cω,∞) → R, and

limt→∞ f(t) = ∞, such that for any φ ∈ Pc(M,ω), we have

Fω,µ(φ) ≥ f(Jω(φ)) (νω,µ(φ) ≥ f(Jω(φ))),

where φ ∈ Pc(M,ω) is a smooth function on M \D such that ωφ = ω +
√
−1∂∂̄φ is

a conic metric with the prescribed angles along each component of D.

There are a lot of properties for these functionals, which are parallel to [43] [25]

[26]. First we just put two basic facts here and the proofs are in [43] [26]:

11



Proposition 2.3.4. (1)Given a path {φt} in Pc(M,ω), we have

d

dt
Jω(φt) = − 1

V

∫
M

φ̇t(ω
n
φ − ωn),

d

dt
F 0
ω(φt) = − 1

V

∫
M

φ̇tω
n
φ ,

(2)Fω,µ(φ), F 0
ω(φ) and νω,µ(φ) satisfy the cocycle condition:

Fω,µ(φ) + Fωφ,µ(ψ − φ) = Fω,µ(ψ),

F 0
ω(φ) + F 0

ωφ
(ψ − φ) = F 0

ω(ψ),

νω,µ(φ) + νωφ,µ(ψ − φ) = νω,µ(ψ),

We note that in (2), the last two follow directly from differentiation. For Fωφ,µ,

we need to choose corresponding function hφ parallel to h0 in the equation (2.3).

Whatever ωφ is smooth or conic along D, we can write Ric(ωφ) = µωϕ + Ωφ or

Ric(ωφ) = µωφ +
∑k

i=1 2π(1 − βi)[Di] + Ωφ, where Ωφ is not necessarily nonnegative.

Then all the arguments in smooth case will apply.

From (1) we have a useful corollary, by Ding [11]:

Corollary 2.3.5. For 0 < t < 1, we have

Jω(tφ) ≤ t
n+1
n Jω(φ).

Proof. Consider the path {tφ}0≤t≤1, then we have

d

dt
Jω(tφ) = − 1

V

∫
M

φ(ωntφ − ωn) =
Iω(tφ)

t
≥ n+ 1

n

Jω(tφ)

t
,

integrate this inequality then the corollary follows.

Now we discuss some relations among these functionals and their behaviors under

12



different background metrics. First we have a lemma on the generalized energy Jω,

see [26] and [30] for its proof:

Lemma 2.3.6. suppose ω2 = ω1 +
√
−1∂∂̄ϕ, then for any φ ∈ Pc(M,ω1)∩Pc(M,ω2),

we have

|Jω1(φ) − Jω2(φ)| ≤ C(ω1, ω2).

From this lemma and the cocycle property of Fω,µ(φ), νω,µ(φ), we observe that the

properties of bounded from below and properness are independent of the choice of

metrics in the same Kähler class.

Next we want to know the relation between Fω,µ(φ), νω,µ(φ). We want to prove that

these two properties of the two functionals are actually equivalent. Actually these are

similar to the proofs by Berman [2] and Li-Sun [26], and we’d like to use the proof in

[25] and [31]:

Lemma 2.3.7. (1)there exists a constant C > 0 such that

νω,µ(φ) ≥ µFω,µ(φ) − C,

(2)suppose ψ solves ωnψ = eH0−µφ by Calabi-Yau theorem, then we have

µFω,µ(φ) +
1

V

∫
M

H0ω
n ≥ νω,µ(ψ),

In particular, by (1)(2) we know that Fω,µ is bounded from below is equivalent to that

νω,µ is bounded from below,

(3)in case that νω,µ(φ) ≥ C1Jω(φ)−C2 where C1, C2 > 0, there exist constants c, C ′ >

0 such that

Fω,µ(φ) ≥ cνω,µ(φ) − C ′.

Proof. (1) We modify the expression of twisted Mabuchi functional in the definition

13



as below:

νω,µ(φ) =
1

V

∫
M

log
ωnφ
ωn
ωnφ +

1

V

∫
M

H0(ω
n − ωnφ) + µ(F 0

ω(φ) +
1

V

∫
M

φωnφ)

=µFω,µ(φ) +
1

V

∫
M

H0ω
n +

1

V

∫
M

log
ωnφ
ωn
ωnφ −

1

V

∫
M

(H0 − µφ)ωnφ

+ log

(
1

V

∫
M

eH0−µφωn
)

=µFω,µ(φ) +
1

V

∫
M

H0ω
n + log

(
1

V

∫
M

eH0−µφ−log
ωnφ
ωnωnφ

)
− 1

V

∫
M

(H0 − µφ− log
ωnφ
ωn

)ωnφ ,

then(1) follows from the concavity of logarithm.

(2) Still make use of the definition and cocycle property, we have

νω,µ(ψ) =
1

V

∫
M

log
ωnψ
ωn
ωnψ +

1

V

∫
M

H0(ω
n − ωnψ) + µ(F 0

ω(ψ) +
1

V

∫
M

ψωnψ)

=
1

V

∫
M

(H0 − µφ)ωnψ +
1

V

∫
M

H0(ω
n − ωnψ) + µ(F 0

ω(ψ) +
1

V

∫
M

ψωnψ)

=
1

V

∫
M

H0ω
n + µ

(
F 0
ω(φ) − F 0

ωψ
(φ− ψ) +

1

V

∫
M

(ψ − φ)ωnψ

)
=

1

V

∫
M

H0ω
n + µ

(
Fω,µ(φ) + log(

1

V

∫
M

eH0−µφωn) − Jωψ(φ− ψ))

)
,

then (2) follows from that eH0−µφωn = ωnψ and Jωψ(φ− ψ) ≥ 0.

(3) From the assumption, we have a small δ > 0 such that νω,µ+δ(φ) = νω,µ(φ)−δ(I−

J)ω(φ) is bounded from below, so is Fω,µ+δ(φ) by (2). Then we can compute that

Fω,µ(φ) =F 0
ω(φ) − µ+ δ

µ

1

ν + δ
log

(
1

V

∫
M

eH0−(µ+δ) µ
µ+δ

φωn
)

=F 0
ω(φ) +

µ+ δ

µ
(Fω,µ+δ(

µ

µ+ δ
φ) − F 0

ω(
µ

µ+ δ
φ))

≥Jω(φ) − µ+ δ

µ
Jω(

µ

µ+ δ
φ) − C ′

≥(1 − (
µ

µ+ δ
)

1
n )Jω(φ) − C ′,
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where the last inequality follows from Corollary 2.3.5.

To prove properness of the functionals in case of the existence of the conic metric

ω = ωϕ, we need to verify that they are bounded from above:

Theorem 2.3.8. If the singular Monge-Ampere equation (2.4) has a solution ϕ, i.e

there exists a conic Kähler metric ωϕ = ω0 +
√
−1∂∂̄ϕ satisfying the equation (2.2),

then ϕ attains the minimum of the functional Fω0,µ on the space Pc(M,ω0). In par-

ticular Fω0,µ is bounded from above.

Proof. A parallel result is proved in [26], but we’d like to extend Ding-Tian’s proof

[12] [43] to our conic case. Let’s consider the continuity path of the complex Monge-

Ampere equation:

(ω0 +
√
−1∂∂̄ϕt)

n = eH0−tϕtωn0 . (2.8)

Now we know that when t = µ this equation is solvable. Actually by [3], we know

that it is also solvable when t = 0. Now when 0 < t < µ, by implicit function theorem,

we need to consider whether the linearized operator of the (2.8), ∆t + t, is invertible.

We know that in smooth case, by Bochner’s formula, as Ric(ωt) > tωt, it is invertible

and we can prove the openness of solvable set for t. However, in conic case, [21] gives

a parallel result. By their argument, we have ∆t as the Friedreich extension of the

Laplacian associated to ωt = ω0 +
√
−1∂∂̄ϕt and λ1(−∆t) > t, so the openness is

true. We can set {ϕt} as a continuous family of solutions of (2.8), then we can do

computations as [43] in a weak sense.

First take the derivative of (2.8) with respect to t, we have

∆tϕ̇t = −ϕt − tϕ̇t,

where ∆t is in a weak sense as [21]. As for all t, we have
∫
M
eH0−tϕtωn0 = V, take the
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derivative with respect to t we get

∫
M

(ϕt + tϕ̇t)e
H0−tϕtωn0 = 0.

Now make use of the formulas in the beginning of this section, we have

d

dt
(Iω0(ϕt) − Jω0(ϕt)) =

1

V

∫
M

ϕ̇t(ω
n
0 − ωnt ) −

1

V

∫
M

ϕt∆tϕ̇tω
n
t −

1

V

∫
M

ϕ̇t(ω
n
0 − ωnt )

=
1

V

∫
M

ϕt(ϕt + tϕ̇t)ω
n
t

= − d

dt
(
1

V

∫
M

ϕte
H0−tϕtωn0 ) +

1

V

∫
M

ϕ̇te
H0−tϕtωn0

= − d

dt
(
1

V

∫
M

ϕtω
n
t ) −

1

tV

∫
M

ϕtω
n
t .

From this, we have

d

dt
(t(Iω0(ϕt) − Jω0(ϕt))) − (Iω0(ϕt) − Jω0(ϕt)) = − d

dt
(
1

V

∫
M

ϕtω
n
t ), (2.9)

Integrating this from 0 to t, we have

t(Iω0(ϕt) − Jω0(ϕt)) −
∫ t

0

(Iω0(ϕs) − Jω0(ϕs))ds = − t

V

∫
M

ϕtω
n
t .

By the definition, it’s just

−
∫ t

0

(Iω0(ϕs) − Jω0(ϕs))ds = t(Jω0(ϕt) −
1

V

∫
M

ϕtω
n
0 ) = tF 0

ω0
(ϕt). (2.10)

As we have
∫
M
eH0−µϕωn0 = V, we derive that Fω0,µ(ϕ) ≤ 0.

Now let’s consider φ ∈ Pc(M,ω0). If ωφ = ω0 +
√
−1∂∂̄φ is smooth, then we have

Ric(ωφ) = µωϕ + Ωφ,
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where Ωφ is not necessarily nonnegative. Compare it with (2.2), we have

(ωφ +
√
−1∂∂̄(ϕ− φ))n = ehφ−µ(ϕ−φ)−

Pm
i=1(1−βi) log ||Si||2i+cφωnφ ,

where we take
√
−1∂∂̄hφ = Ωφ−Ω−

∑m
i=1(1− βi)(R(|| · ||i). Then all the arguments

are parallel and we have Fωφ,µ(ϕ − φ) ≤ 0. Now let’s consider the case when ωφ is

conic along D. Here we have the equation

Ric(ωφ) = µωϕ +
k∑
i=1

2π(1 − βi)[Di] + Ωφ.

Compare it with (2.2), we have

(ωφ +
√
−1∂∂̄(ϕ− φ))n = ehφ−µ(ϕ−φ)+cφωnφ ,

where we have
√
−1∂∂̄hφ = Ωφ − Ω. In this case, all the arguments are similar to

smooth case and we get the same conclusion. Now by cocycle condition, we have

Fω0,µ(φ) = Fω0,µ(ϕ) − Fωφ,µ(ϕ− φ) ≥ Fω0,µ(ϕ).

This theorem is proved.

2.4 Log α-invariant, properness of twisted energies

We want to prove the properness of the twisted Ding energy. First we want to intro-

duce log α-invariant, then let’s see how to use this invariant to prove the properness

of twisted Mabuchi energy in case that µ is small. Then make use of concavity of

energies to prove the properness of energies in general case.

Recall that α-invariant in smooth case was introduced by Tian [39] in 1980s. In [2]

this invariant is generalized to conic case. We introduce so-called log α-invariant here,
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following [26]:

Definition 2.4.1. Fix a smooth volume form vol, for any Kähler class [ω], we define

log α-invariant as below:

α(ω,D) = sup{α > 0 : ∃Cα <∞ s.t.
1

V

∫
M

eα(supφ−φ) vol∏m
i=1 |Si|2(1−βi)

≤ Cα

for any φ ∈ Pc(M,ω)}.

Berman [2] has an estimate for the positive lower bound of log α-invariant in conic

case, i.e, there exists a positive number α0 such that α(ω,D) ≥ α0 > 0. Using this

estimate, we can prove that the twisted Mabuchi energy is proper when µ is small

enough:

Theorem 2.4.2. Suppose α(ω,D) ≥ α0 >
n
n+1

µ > 0, then we have

νω0,µ(φ) ≥ εJω0(φ) − C,

where ε, C are constants depending on α0, µ.

Proof. Similar to [21] [26] [43], make use of logarithm property, for n
n+1

µ < α < α0,

we have

logCα ≥ log

(
1

V

∫
M

eα(supφ−φ) eH0ωn0∏m
i=1 |Si|2(1−βi)

)
≥ log

(
1

V

∫
M

e
α(supφ−φ)−log

Qm
i=1 |Si|

2(1−βi)ωnφ
ωn0

+H0
ωnφ

)

≥ 1

V

∫
M

(
H0 −

∏m
i=1 |Si|2(1−βi)ωnφ

ωn0

)
ωnφ +

α

V

∫
M

(supφ− φ)ωnφ

≥ 1

V

∫
M

(
H0 −

∏m
i=1 |Si|2(1−βi)ωnφ

ωn0

)
ωnφ + αIω0(φ).
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By the definition of twisted Mabuchi energy, we have

νω0,µ(φ) =
1

V

∫
M

log
ωnφ
ωn0
ωnφ +

1

V

∫
M

H0(ω
n
0 − ωnφ) − µ(Iω0(φ) − Jω0(φ))

≥ logCα +
1

V

∫
M

H0ω
n
0 + αIω0(φ) − µ(Iω0(φ) − Jω0(φ))

≥ (α− n

n+ 1
µ)Iω0(φ) − C

≥ (
n+ 1

n
α− µ)Jω0(φ) − C.

The proof is finished.

As the equivalence of the properness of twisted Ding energy and Mabuchi energy,

we have such a corollary very easily:

Corollary 2.4.3. When α(ω,D) ≥ α0 >
n
n+1

µ > 0, we have

Fω0,µ(φ) ≥ εJω0(φ) − C,

where ε, C are constants depending on α0, µ.

Until now we only get the properness when µ is small enough. For general case,

we need to apply continuity method and the concavity property of the energy which

is shown below to increase µ. Here is a lemma which allows us to increase µ and see

also in [26]:

Lemma 2.4.4. Suppose 0 < µ0 < µ1, write µ = (1 − t)µ0 + tµ1 where 0 ≤ t ≤ 1, we

have

µFω0,µ(φ) ≥ (1 − t)µ0Fω0,µ0(φ) + tµ1Fω0,µ1(φ).

Proof. It follows from the concavity of the function f(h) = − log( 1
V

∫
M
e−hωn0 .

Now we can prove our main theorem in this section and similar results also appear

in [26] [44]:
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Theorem 2.4.5. For t ∈ (0, µ] and any φ ∈ Pc(M,ω0)there exist constants ε, Cε such

that

Fω0,t(φ) ≥ εJω0(φ) − Cε. (2.11)

Proof. We apply the continuity path similar to [21], i.e, the equation (2.8). In our

case, we may assume that Ω 6= 0. Then by [21], we have that λ1(−∆t) > t for all

t ∈ (0, µ], which allows us to prove the openness at t = µ. So now when µ̄ = µ + δ

where δ is very small, we have a solution ϕ̄ for (2.8) where µ is replaced by µ̄. By

theorem 2.3.8, Fω0,µ̄(φ) is bounded from below. As we have the corollary above which

asserts that when t > 0 is very small Fω0,t(φ) is proper, by the lemma above, we know

that for all t ∈ (0, µ] the twisted Ding energy is proper, i.e.

Fω0,t(φ) ≥ εJω0(φ) − Cε. (2.12)

We finish the proof.

2.5 C0-estimate for approximating solution: the

case µ > 0

Recall that in Section 2 we set up the approximating complex Monge-Ampere equa-

tion (2.5), which is expected to give us a smooth approximation of conic Kähler metric

ω = ω0 +ϕ. We also prove C0-estimate for ϕδ when µ ≤ 0. In this section, we want to

make use of the properness of corresponding energy functionals to prove C0-estimate

when µ > 0. Then the first step is to prove the properness of the new approximating

twisted Ding energy, which can be deduced from the last section:
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Lemma 2.5.1. We introduce the new approximating twisted Ding energy as below:

Fδ,t(ϕ) = Jω0(ϕ) − 1

V

∫
M

ϕωn0 − 1

t
log

(
1

V

∫
M

ehδ−tϕωn0

)
, (2.13)

which is the Lagrangian of the approximating complex Monge-Ampere equation (2.6)

in the continuity path. Then we have

Fδ,t(φ) ≥ εJω0(φ) − C(ε, δ, t)

.

Proof. In the end of last section, we proved that

Fω0,t(φ) ≥ εJω0(φ) − Cε.

Note that

hδ = h0 −
m∑
i=1

(1 − βi) log(δ + ||Si||2i ) + cδ

≤ h0 −
m∑
i=1

(1 − βi) log ||Si||2i + cδ = H0 − c+ cδ,

We have

Fδ,t(φ) ≥ Fω0,t(φ) +
c− cδ
t

,

and the lemma follows very easily.

Now we will follow [43] to finish C0-estimate for ϕδ. Similar to the equation (2.10),

we have

−
∫ t

0

(Iω0(ϕδ,s) − Jω0(ϕδ,s))ds = t(Jω0(ϕδ,t) −
1

V

∫
M

ϕδ,tω
n
0 ) = tF 0

ω0
(ϕδ,t),
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where ϕδ,t solves the equation (2.6). By this equation, we can estimate Fδ,µ(ϕδ,t) that

Fδ,µ(ϕδ,t) = F 0
ω0

(ϕδ,t) − log

(
1

V

∫
M

ehδ−µϕδ,tωn0

)
≤ − log

(
1

V

∫
M

ehδ−tϕδ,t−(µ−t)ϕδ,tωn0

)
= − log

(
1

V

∫
M

e−(µ−t)ϕδ,tωnδ,t

)
≤ µ− t

µ

1

V

∫
M

ϕδ,tω
n
δ,t.

To finish the estimate, we need a useful lemma as below:

Lemma 2.5.2. ||ϕδ,t||C0 ≤ C(1 + Jω0(ϕδ,t)).

Proof. First we note that Ric(ωδ,t) > t, and the volume preserved. Then we have

uniform Sobolev and Poincaré constants when t doesn’t tend to 0. We observe that

n+ ∆0ϕδ,t > 0, then we get

0 ≤ supϕδ,t ≤
1

V

∫
M

ϕδ,tω
n
0 + C

by Green’s formula. On the other hand, we have n−∆δ,tϕδ,t > 0, by Moser’s iteration,

we have

− inf ϕδ,t ≤ −C
V

∫
M

ϕδ,tω
n
δ,t + C.

By normalization condition, ϕδ,t changes sign, we have

||ϕδ,t||C0 ≤ supϕδ,t − inf ϕδ,t ≤ C(1 + Iω0(ϕδ,t)) ≤ C(1 + Jω0(ϕδ,t)).

In the proof we have

0 ≤ − inf ϕδ,t ≤ −C
V

∫
M

ϕδ,tω
n
δ,t + C,
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then we have

1

V

∫
M

ϕδ,tω
n
δ,t ≤ C,

which gives Fδ,µ(ϕδ,t) ≤ C. Combine the two lemmas above, we conclude the C0-

estimate for ϕδ and get the following theorem similar to Tian [42] [44]:

Theorem 2.5.3. For each δ > 0, the approximating complex Monge-Ampere equation

(2.5) has a unique smooth solution ϕδ, which gives us a smooth Kähler metric ωδ =

ω0 +
√
−1∂∂̄ϕδ such that Ric(ωδ) ≥ µωδ.

2.6 Convergence when δ tends to 0

In the last section we proved C0-estimate for ϕδ. We also note that in the approxi-

mating complex Monge-Ampere equation (2.5), the constant cδ is uniformly bounded.

Then the constant C(ε, δ, t) in Lemma 5.1 is uniform with respect to δ. According to

this observation, we conclude that our C0-estimate for ϕδ is uniform with respect to

δ, i.e, sup |ϕδ| ≤ C0. Based on this, first we can give C2-estimate for ϕδ by Chern-Lu

Inequality (see [21]):

Lemma 2.6.1.

C1ω0 ≤ ωδ ≤
C2ω0∏m

i=1(δ + ||Si||2)(1−βi)
. (2.14)

Proof. First we have sup |ϕδ| ≤ C0 and Ric(ωδ) ≥ µωδ. Take ∆ as the Laplacian for

ωδ and normal coordinate around a point p for ωδ, i.e, gij̄(p) = δij, dgij̄(p) = 0. We

may also take g0ij̄(p) = g0īiδij, i.e, diagonal for ω0, then we can compute that

∆trωδω0 = gīi(gkl̄g0kl̄)īi = gīi(gkk̄)īig0kk̄ + g īigkk̄(g0kk̄)īi

= gīiR kk̄
īi (g)g0kk̄ − g īigkk̄Rīikk̄(g0) + gīigkk̄gll̄(g0kl̄)i(g0lk̄ )̄i

= Rkk̄g0kk̄ − gīigkk̄Rīikk̄(g0) + g īi0 g
kk̄gll̄(g0kl̄)i(g0lk̄)ī

≥ −gīigkk̄Rīikk̄(g0) + g īi0 g
kk̄gll̄(g0kl̄)i(g0lk̄)ī,
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and the last inequality follows from Ric(ωδ) ≥ µωδ. Now we have

∆ log trωδω0 =
∆trωδω0

trωδω0

− |∇trωδω0|2

|trωδω0|2

≥ (trωδω0)g
īi
0 g

kk̄gll̄(g0kl̄)i(g0lk̄)ī − gīigkk̄gll̄(g0kk̄)i(g0ll̄)̄i
|trωδω0|2

− gīigkk̄Rīikk̄(g0)

trωδω0

≥ −atrωδω0,

where the bisectional curvature of ω0 is less than a and the last inequality follows

from g īi0 trωδω0 ≥ gīi. As we have sup |ϕδ| ≤ C0, we take u = log trωδω0 − (a + 1)ϕδ,

then we will have

∆u ≥ trωδω0 − n(a+ 1) = eu+n(a+1) − n(a+ 1).

By maximal principle u ≤ C(a), and we then get trωδω0 ≤ C ′, which will give us that

C1ω0 ≤ ωδ. For the other side, make use of the complex Monge-Ampere equation

(2.5) and the inequality we get, we can easily deduce that

ωδ ≤
C2ω0∏m

i=1(δ + ||Si||2)(1−βi)
.

From this lemma, by C3-estimate in [50] (or see [43]) and regularity theory we can

prove that for any l > 2 and compact set K ∈M \D, there exists a uniform constant

C(l,K) independent of δ such that:

||ϕδ||Cl(K) ≤ C(l,K). (2.15)

As we have got all the estimates we need, we can prove the main theorem below,

following [44]:
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Theorem 2.6.2. As δ tends to 0, the smooth Kähler metric ωδ converge to the conic

Kähler metric ω in the Gromov-Hausdorff topology on M and in the smooth topology

outside the divisor D.

Proof. In this proof, we first consider the case that D is an irreducible divisor. As

we have high order estimates (2.14) (2.15) outside the divisor D, it suffices to prove

ωδ converges to ω in the Gromov-Hausdorff topology. Note that for all ωδ we have

Ric(ωδ) ≥ µ, V ol(M,ωδ) = V, to apply compactness theorem of Cheeger-Gromov

(e.g. see Chapter 10 in [29]), we only need to bound the diameter for all ωδ. In

case that µ > 0 we can get it directly by Meyer’s theorem. However, as we have

the estimate (2.14), it’s easy to control the length of arbitrary geodesics outside the

divisor. And in the neighborhood of some irreducible divisor, say D, we make use of

local coordinates and set r = |z1|, where {z1 = 0} locally defines the divisor D. Now

we know that ||S|| here is almost r near the divisor and we consider the length of a

short geodesic γ transverse to D that:

L(γ, ωδ) ≈ C

∫ r0

0

dr

(δ + r2)
1−β

2

≤ C

∫ r0

0

dr

r1−β ≤ Crβ0
β
.

Along the geodesics almost tangential to D we almost have dz1 = 0 so in all cases

the diameter with respect to ωδ is uniformly bounded. Now by compactness theorem,

without loss of generality, (M,ωδ) converge to a length space (M̄, d̄) in Gromov-

Hausdorff topology. To prove the theorem we need to prove that (M̄, d̄) coincides

with (M,ω). As we have high order estimate (2.15) outside the divisor D, there exists

an open set U in M̄ which is equivalent to M \D, and the equivalence i : M \D → U

induces an isometry between (M \D,ω|M\D and (U, d̄.) Now we note that M \D is

geodesically convex with respect to ω, i.e. any two points p, q ∈ M \D, there exists

a minimal geodesic γ ⊂ M \D joining them. Actually we only need to consider the

case when p, q are in the small neighborhood of o ∈ D. In this case we know that the
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metric ω is almost the standard conic metric around a point o ∈ D, which behaviors

like

ωo,c =
√
−1

(
dz1 ∧ dz̄1
|z1|2(1−β)

+
n∑
i=2

dzi ∧ dz̄i

)
.

Now we assume that |z1(p)| = |z1(q)| = ε, |zi(p)|, |zi(q)| ≈ ε where ε > 0 is small

enough and 2 ≥ i ≥ n. First we choose the segment connecting p and q across the

point o ∈ D. By the estimate above we know that

d(p, o) + d(o, q) ≈ 2εβ

β
.

On the other hand we choose a segment γ′ whose projection on z1 coordinate is almost

a geodesic in the cone with angle β, by standard computation we know that

L(γ′) ≈ Cε+ 2 sin
πβ

2

εβ

β
.

As ε is small and β < 1, we conclude that the geodesic connecting p and q doesn’t

cross the point o ∈ D. In general case we only need to choose p′, q′ as the case above

to replace p, q and connect p, p′ and q, q′ respectively then all the argument follows.

As M \ D is geodesically convex, by the C2-estimate in (2.14), we can estimate as

above to show that for each point o ∈ D, a radical short line connecting o and a point

outside the divisor is always rectifiable and absolutely continuous with respect to local

coordinates, thus we can see that M is the metric completion of M \ D, Moreover,

the equivalence i extends to a Lipschitz map from (M,ω) onto (M̄, d̄) (we still denote

this map as i)and the Lipschitz constant is 1. What remains to do is to prove i is an

isometry between (M,ω) and (M̄, d̄). As (M̄, d̄) is a metric completion of M \D, we

only to need to prove that for p, q ∈M \D,

dω(p, q) = d̄(i(p), i(q)).
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First we observe that D̄ = i(D) is the Gromov-Hausdorff limit of D under the con-

vergence of (M,ωδ) to (M̄, d̄), whose Hausdorff measure is 0, by the C2-estimate in

(2.14). Now we only need to prove that for any p̄, q̄ ∈ M̄ \D̄ there exists a minimizing

geodesic γ ⊂ M̄ \ D̄ joining p̄, q̄. If not, we will have

d̄(p̄, q̄) < dω(p, q),

where p̄ = i(p), q̄ = i(q). Then there exists a small r > 0 such that:

(1)Br(p̄, d̄)
∩
D̄ = ∅, Br(q̄, d̄)

∩
D̄ = ∅, where Br(·, d̄) is a geodesic ball in (M̄, d̄);

(2)d̄(x̄, ȳ) < dω(x, y), where x̄ = i(x) ∈ Br(p̄, d̄) and ȳ = i(y) ∈ Br(q̄, d̄). From these

two we know that any minimizing geodesic γ connecting x̄ and ȳ intersects with D̄.

As r > 0 is small, and i is an isometry outside the divisor D, we have

Br(p̄, d̄) = i(Br(p, ω)), Br(q̄, d̄) = i(Br(q, ω)).

Choosing a small tubular neighborhood T of D in M whose closure is disjoint from

both Br(p, ω) and Br(q, ω). When the radius of such tubular is small enough we can

make V ol(∂T ) arbitrary small. Now we can choose pδ, qδ ∈ M and neighborhood

Tδ of D with respect to ωδ such that as δ → 0, pδ, qδ, Tδ converge to p̄, q̄, i(T ) in

Gromov-Hausdorff topology. By volume convergence theorem of Colding,

lim
δ→0+

V ol(∂Tδ, ωδ) = V ol(∂T, ω),

so V ol(∂Tδ, ωδ) can be also arbitrary small as δ → 0. Also by convergence, when

δ is small enough, Br(pδ, ωδ), Br(qδ, ωδ) and Tδ are mutually disjoint. By (2), any

minimizing geodesic γδ connecting any w ∈ Br(pδ, ωδ) and z ∈ Br(qδ, ωδ) intersects

with Tδ, Now we need an estimate due to Gromov:

Lemma 2.6.3. c(µ)r2n ≤ V ol(Br(qδ, ωδ), ωδ) ≤ C(L, µ, n, r)V ol(∂Tδ, ωδ), where L =
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d̄(p̄, q̄).

Proof. The first inequality follows from the Ricci lower bound and Gromov’s relative

volume comparison theorem directly. For the second inequality, by Chap.9 in [29],

we set λ(t, θ) as the volume density function where t is the distance from pδ. We also

set λk(t, θ) as the standard volume density function of the space form with constant

curvature k = µ
n−1

. By the argument in [29] we know that the map

t→ λ(t, θ)

λk(t, θ)

is nonincreasing in t. In our case, we consider the geodesics from pδ to z ∈ Br(qδ, ωδ).

According to the construction, we have r < d(pδ, zT ) < d(pδ, z), L − r < d(pδ, z) <

L + r, where zT is the intersection point of the geodesics from pδ to z and ∂Tδ, and

L ≈ d(pδ), qδ). Along ∂Tδ, we have

λ(zT )

λk(zT )
≥ λ(z)

λk(z)
.

Let S ∈ S2n−1 and C(S) denote the part which all the geodesics from pδ to z ∈

Br(qδ, ωδ) lie in and corresponding geodesic cone, and set t(θ) as the distance from

pδ to each point of ∂Tδ, then we have

V ol(∂Tδ) ≥
∫
∂Tδ

T

C(S)

λ(t, θ) =

∫
S

t2n−1(θ)λ(t, θ)dθ

≥
∫
S

λ(L′)
λk(t(θ))

λk(L′)
t2n−1(θ)dθ ≥ C

∫
S

λ(L′)L′2n−1dθ,

where L − r < L′ < L + r. Now we take the integral of this inequality, we will have

that

V ol(∂Tδ) ≥
2C

r

∫ L+r

L−r

∫
S

λ(L′)L′2n−1dθdt ≥ C(L, µ, n, r)V ol(Br(qδ, ωδ), ωδ).
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Then the lemma follows.

As we have known that V ol(∂Tδ, ωδ) can be also arbitrary small asδ tends to 0,

the lemma above leads to a contradiction. Then i can extend to a isometry from

(M,ω) onto (M̄, d̄), and the theorem follows when D is irreducible. In case that D

has a simple normal crossing, we only need to see that near the crossing point, we

can project the geodesic to the direction corresponding to each irreducible divisor,

then by the argument above in each direction, the geodesic will not cross the divisor.

Hence in general case the theorem still follows.
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Chapter 3

Smoothing conic metric II: Upper

bound of bisectional curvature

3.1 Introduction

Conic Kähler metric is very useful in the study of Kähler geometry. However, as

it is singular near the divisor, in applications, it is useful to consider smoothing

metrics. In last chapter, we can see that to apply Cheeger-Colding-Tian theory to

study the compactness of conical Kähler-Einstein metrics, we need to approximate

them by smooth Kähler metrics with the same lower Ricci curvature bound. To

study different problems we may need different approximating methods. In [4] [15],

Campana-Guenancia-Paun and Guenancia-Paun developed a smoothing method of

conic metrics to study existence problems of conical Kähler-Einstein metrics. As

their approximating metrics have only lower bisectional curvature bounds depending

on approximating coefficient ε, they need to construct some auxiliary functions to get

control in the Aubin-Yau Inequality and obtain the Laplacian estimate. In [3] and

[21], they proved that for the case of irreducible divisor with cone angle β ≤ 1
2

the

bisectional curvature is uniformly bounded away from the divisor. In the appendix of
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[21], C. Li and Y. Rubinstein proved that there exists an upper bisectional curvature

bound in case of an irreducible divisor without cone angle condition, and consequently

the Laplacian estimate in [21] follows naturally from this estimate by use of Chern-

Lu Inequality. Moreover, Y. Rubinstein proved that this upper bisectional curvature

bound exists for some special cases of simple normal crossing divisors. In his survey

[31], he gave a simple proof, due to J. Sturm.

But it is still not easy to do analysis on conic metric directly although we have

such upper bound estimate. For convenience of analysis, in this chapter, we will

prove Theorem 1.2.2, i.e, construct smoothing sequence of the conic metric ω =

ω0 +
m∑
i=1

√
−1∂∂̄||Si||2βii with uniformly upper bisectinal curvature bound in some

special cases of simple normal crossing divisors. This will not only give us smoothing

metrics, but also the uniformly upper bisectional curvature bound globally, even on

divisors! By computation, we note that the principle part of the metric tensors

are 1

||Si||
2(1−βi)
i

, i = 1, · · · ,m. One natural smoothing construction is to construct the

metric tensors with the principle part 1
(||Si||2i+ε2)(1−βi)

, i = 1, · · · ,m. This is just what

Campana-Guenancia-Paun and Guenancia-Paun did in their works. Unfortunately,

this smoothing sequence does not have uniformly upper or lower bisectional curvature

bound near the divisors. To overcome this difficulty, it is necessary to make cut-off

for the potential functions near the divisors.

As in the appendix of [21], we denote ĝ, g as the Kähler metrics associated to

ω0, ω. Here we only deal with the most complicated case that the point we consider is

near the intersection of all divisors. For other cases the estimates will be similar but

easier. First we extend Lemma A.2 in [21] which came from [46] originally to choose

appropriate local holomorphic frames and coordinate system near the intersection

(actually in private communication Y. Rubinstein also gave such extension).

Lemma 3.1.1. There exists ε0 > 0 such that if 0 ≤ distĝ(p,Dr) ≤ ε0 for all r =

1, · · · ,m, then we can choose local holomorphic frames er of each holomorphic line
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bundle [Dr] and local holomorphic coordinates (z1, · · · , zn) valid in a neighborhood of

p, such that (i)Sr = zrer, and ar := ||er||2r satisfies ar(p) = 1, dar(p) = 0, ∂2ar(p)
∂zi∂zj

= 0,

and (ii) ĝij̄(p) = 0 for i ≤ m, j > m, and ĝij̄,k(p) = ∂
∂zk
ω0(

∂
∂zi
, ∂
∂z̄j

)|p = 0, whenever

j > m.

Proof. Actually this proof can be modified from the proof of Lemma A.2 in [21].

Fix any point q on the intersection of D1, · · · , Dm, and choose local holomorphic

frames e′1, · · · , e′m and holomorphic coordinates (w1, · · · , wn) in Bĝ(q, ε(q)) for some

sufficient small ε(q). Let Sr = f ′
re

′
r with f ′

r holomorphic functions and ||e′r||2r = cr. Let

er = Fre
′
r for some nonvanishing holomorphic functions Fr to be determined later.

Then we have ar = ||Fre′r||2r = |Fr|2cr. Now fix any point p ∈ Bĝ(q, ε(q)). In order

for ar to satisfy condition (i) with respect to coordinates (w1, · · · , wn) at point p, we

choose Fr such that Fr(p) = cr(p)
− 1

2 and

∂wiFr(p) = −c−1
r Fr(p)∂wicr(p) = −c−

3
2

r ∂wicr(p)

∂wi∂wjFr(p) = −c−1
r (Fr∂wi∂wjcr + ∂wicr∂wjFr + ∂wiFr∂wjcr)(p)

= −c−
3
2

r ∂wi∂wjcr(p) + 2c
− 5

2
r ∂wicr∂wjcr(p).

Since cr = ||e′r||2r is nonzero as ε(q) is small, which implies |w−w(p)| is small, we can

assume Fr 6= 0 in Bĝ(q, ε(q)). Now Sr = f ′
re

′
r = frer with fr = f ′

rF
−1
r holomorphic

functions. As Dr = {zr = 0} are smooth divisors, we can assume that ∂wrfr(q) 6= 0,

but ∂wsfr(q) = 0 for s 6= r among 1, · · · ,m, and choose small ε(q), we can assume

that ∂wrfr 6= 0 but ∂wsfr(q) sufficiently small for s 6= r among 1, · · · ,m, in Bĝ(q, ε(q)).

Then by the inverse function theorem,

z1 = f1(w1, · · · , wn), · · · , zm = fm(w1, · · · , wn), zm+1 = wm+1, · · · , zn = wn

are holomorphic coordinates in Bĝ(q, ε(q)/2) and now Sr = fr(w)er = zrer. By the
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chain rule, (i) holds locally in the new coordinates. By covering argument (i) holds

globally.

For (ii), we denote by w1, · · · , wn the coordinates obtained in (i). First we can

make a coordinate change such that at the point p, ∂
∂zj j>m

perpendicular to ∂
∂zj j≤m

.

Let

z̃k = wk − wk(p) +
1

2
bkst(w

s − ws(p))(wt − wt(p)),

with bkst = bkts, define a new coordinate system. Then we have that

ω0(
∂

∂wi
,
∂

∂w̄j
) = ω0(

∂

∂z̃i
,
∂

∂ ¯̃zj
) + ĝtj̄b

t
is(w

s − ws(p)) + ĝit̄b
t
sj(w

s − ws(p))

+O(
n∑
r=1

|wr − wr(p)|2),

dij̄k :=
∂

∂wk
ω0(

∂

∂wi
,
∂

∂w̄j
)|p =

∂

∂z̃k
ω0(

∂

∂z̃i
,
∂

∂ ¯̃zj
) + ĝtj̄(p)b

t
ik =: eij̄k + ĝtj̄(p)b

t
ik.

Let ĝ′rs̄ := ĝrs̄, for r, s > m, and denote the inverse of the (n−m) × (n−m) matrix

[ĝ′rs̄] by [ĝ′rs̄]. Let brik = 0 for r = 1, · · · ,m. Then for each j > m, the equations can

be rewritten as dij̄k−
∑
t>m

ĝtj̄(p)b
t
ik = eij̄k. Hence if we define btik =

∑
j>m

ĝ′tj̄dij̄k for each

t > m, we will have that eij̄k = 0 for each j > m. Finally, we set zr = z̃r + wr(p) for

each r = 1, · · · , n, then these coordinates satisfy conditions (i) and (ii).

In the following sections we will compute the curvature expressions and obtain

desired estimates under such coordinates.
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3.2 Smoothing potential function and bisectional

curvature

First, we have known that the conic metric ω = ω0 +
m∑
r=1

√
−1∂∂̄||Sr||2βrr has the

principle part
m∑
r=1

β2
r

dzr∧dz̄r
||Sr||2(1−βr)r

. In this sense we hope to construct a positive smooth

nondecreasing function Fr,ε(t) with the property that Fr,ε(t) → t as ε tends to 0, such

that the smoothing metric has the principle part
m∑
r=1

β2
r

dzr∧dz̄r
Fr,ε(||Sr||2r)1−βr

. Assume that the

corresponding potential function is
m∑
r=1

ψr,ε(||Sr||2r), by simple computation we have

that (ψ′
r,ε(t)t)

′ = 1
Fr,ε(t)1−βr

, then we obtain that

ψr,ε(t) = β2
r

∫ t

0

1

u

∫ u

0

Fr,ε(v)
βr−1dvdu, (3.1)

and we can denote Hr,ε(t) :=
∫ t
0
Fr,ε(v)

βr−1dv. We can write the smoothing metric as

below:

ωε = ω0 +
m∑
r=1

√
−1∂∂̄ψr,ε(||Sr||2r). (3.2)

Using the coordinates we constructed in Lemma 3.1.1, we can compute the metric

tensors and their derivatives as below (for simplicity we use g, Fr, Hr, ψr to denote

the metric associated to ωε and Fr,ε, Hr,ε, ψr,ε):

gij̄ = ĝij̄ +
m∑
r=1

β2
r

Fr(||Sr||2r)1−βr

(||Sr||2r)i(||Sr||2r)j̄
||Sr||2r

+
m∑
r=1

β2
rHr(||Sr||2r)(log ||Sr||2r)ij̄

= ĝij̄ +
m∑
r=1

(
β2
r

Fr(||Sr||2r)1−βr

(||Sr||2r)i(||Sr||2r)j̄
||Sr||2r

− β2
rHr(||Sr||2r)Θr,ij̄

)
,

where the last equality comes from Poincare-Lelong equation and the fact thatHr(0) =

0, and Θr = −
√
−1∂∂̄ log ar represents the curvature form of the line bundle [Dr].
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Now for the first order derivatives, we have

gij̄,k = ĝij̄,k +
m∑
r=1

β2
r (βr − 1)F ′

r(||Sr||2r)
Fr(||Sr||2r)2−βr

(||Sr||2r)i(||Sr||2r)j̄(||Sr||2r)k
||Sr||2r

+
m∑
r=1

β2
r

Fr(||Sr||2r)1−βr

(||Sr||2r)ik(||Sr||2r)j̄ + (||Sr||2r)i(||Sr||2r)j̄k
||Sr||2r

−
m∑
r=1

β2
r

Fr(||Sr||2r)1−βr

(
(||Sr||2r)i(||Sr||2r)j̄(||Sr||2r)k

||Sr||4r
+ Θr,ij̄(||Sr||2r)k

)
−

m∑
r=1

β2
rHr(||Sr||2r)Θr,ij̄,k,

Note that ||Sr||2r = ar|zr|2, considering (i) of Lemma 3.1.1, we can obtain the second

order derivatives at p:

gij̄,kl̄(p) = ĝij̄,kl̄ +
m∑
r=1

β2
r (βr − 1)(βr − 2)F ′

r(|zr|2)2

Fr(|zr|2)3−βr
|zr|2δriδrjδrkδrl

+
m∑
r=1

β2
r (βr − 1)(F ′′

r (|zr|2)|zr|2 + F ′(|zr|2))
Fr(|zr|2)2−βr

δriδrjδrkδrl

+
m∑
r=1

β2
r ((βr − 1)F ′(|zr|2)|zr|2 + F (|zr|2))

Fr(|zr|2)2−βr
(ar,ij̄δrkδrl + ar,il̄δrkδrj + ar,kj̄δriδrl + ar,kl̄δriδrj)

+
m∑
r=1

β2
r

Fr(|zr|2)1−βr

(
(ar,ikl̄δrj + ar,ij̄kδrl)zr + (ar,ij̄l̄δrk + ar,j̄kl̄δri)z̄r

)
+

m∑
r=1

β2
r

Fr(|zr|2)1−βr
(ar,ij̄ar,kl̄ + ar,il̄ar,kj̄)|zr|2 −

m∑
r=1

β2
rHr(|zr|2)Θr,ij̄,kl̄.

Meanwhile we can also obtain the metric tensors and the first order derivatives at

point p:

gij̄(p) = ĝij̄ +
m∑
r=1

(
β2
r δriδrj

Fr(|zr|2)1−βr
− β2

rHr(|zr|2)Θr,ij̄

)
gij̄,k(p) = ĝij̄,k +

m∑
r=1

β2
r (βr − 1)F ′

r(|zr|2)
Fr(|zr|2)2−βr

z̄rδriδrjδrk

+
m∑
r=1

β2
r z̄r

Fr(|zr|2)1−βr
(ar,ij̄δrk + ar,kj̄δri) +

m∑
r=1

β2
rHr(|zr|2)ar,ij̄k.
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For 1 ≤ r, s ≤ m, r 6= s and m+ 1 ≤ t, t′ ≤ n, we can easily have

grt̄(p) = O(F 1−βr
r ), gtt̄

′
= O(1). (3.3)

We need the following lemma to give a more precise estimate for grs̄(p)(1 ≤ r, s ≤ m) :

Lemma 3.2.1.

grr̄(p) =
β−2
r F 1−βr

r

1 + cr(p)F
1−βr
r

+O(F 2(1−βr)
r

m∑
s=1

(F 1−βs
s + F βs

s )), (3.4)

grs̄(p) = β−2
r β−2

s F 1−βr
r F 1−βs

s ((−1)r+sĝsr̄ + o(1)) (r 6= s), (3.5)

where cr(p) := β−2
r

det(ĝij̄)i,j=r,m+1,··· ,n
det(ĝij̄)i,j=m+1,··· ,n

(p) and 0 < C1 < cr(p) < C2 for all p ∈ M and

r = 1, · · · ,m.

Proof. Actually we only need to prove the result for r = 1, s = 2. For simplicity

we denote aij̄ := ĝij̄(p) −
∑m

r=1 β
2
rHr(||Sr||2r)Θr,ij̄, br = β2

r

F 1−βr
r

, then we know that

gij̄ = aij̄ + biδij where i ≤ m. By determinant rule we know that g11̄(p) = G11̄

detg

where G11̄ represents the cofactor of g11̄. Let us compute G11̄ and detg respectively.

We can denote Ar1,r2,··· ,rk,R as the (k+n-m)-th minor det(aip īq)r1,···rk,m+1,··· ,n, where

1 ≤ r1 < · · · < rk ≤ m. Now make use of determinant rules, we can have such
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decomposition of detg :

det g =

∣∣∣∣∣∣∣∣∣∣∣∣∣

b1 0 · · · 0

a21̄ a22̄ + b2 · · · a2n̄

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11̄ a12̄ · · · a1n̄

a21̄ a22̄ + b2 · · · a2n̄

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

b1 0 · · · 0

0 b2 · · · 0

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣

b1 0 · · · 0

a21̄ a22̄ · · · a2n̄

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11̄ a12̄ · · · a1n̄

0 b2 · · · 0

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11̄ a12̄ · · · a1n̄

a21̄ a22̄ · · · a2n̄

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣
= · · · + · · ·

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b1 0 · · · 0 · · · 0

0 b2 · · · 0 · · · 0

. . .

0 · · · bm 0

am+1,1̄ · · · am+1,n̄

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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+



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b1 0 · · · 0 · · · 0

0 b2 · · · 0 · · · 0

. . .

0 · · · bm−1 0

am,1̄ · · · am,n̄

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+ · · · +

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11̄ a12̄ · · · 0 · · · a1n̄

0 b2 · · · 0 · · · 0

. . .

0 · · · bm 0

am+1,1̄ · · · am+1,n̄

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



+ · · · +

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11̄ a12̄ · · · a1n̄

· · ·

am1̄ · · · amn̄

· · ·

an1̄ · · · ann̄

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=b1b2 · · · bmAR + b1b2 · · · bm

m∑
r=1

Ar,R
br

+ b1b2 · · · bm
m∑

1≤r<s

Ar,s,R
brbs

+ · · · + det(aij̄).

Similarly, we have that

G11̄ = b2b3 · · · bm

(
AR +

m∑
r=2

Ar,R
br

+
m∑

2≤r<s

Ar,s,R
brbs

)
+ · · · + det(aij̄)2≤i,j≤m,

G12̄ = −a21̄b3 · · · bmAR + · · · .

Now we can have such estimate:

G11̄

det g
= b−1

1

1 +
∑m

r=2
Ar,R
ARbr

+
∑m

2≤r<s
Ar,s,R
ARbrbs

+ · · ·

1 +
∑m

r=1
Ar,R
ARbr

+
∑m

1≤r<s
Ar,s,R
ARbrbs

+ · · ·
=
b−1
1

B
,
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where

B = (1 +
m∑
r=1

Ar,R
ARbr

+
m∑

1≤r<s

Ar,s,R
ARbrbs

+ · · · )[1 − (
m∑
r=2

Ar,R
ARbr

+
m∑

2≤r<s

Ar,s,R
ARbrbs

+ · · · )

+ (
m∑
r=2

Ar,R
ARbr

+
m∑

2≤r<s

Ar,s,R
ARbrbs

+ · · · )2 + · · · ]

= 1 +
A1,R

ARb1
+

1

ARb1

m∑
r=2

1

br
(A1,r,R − A1,RAr,R

AR
) +O(

1

b1

m∑
r=2

1

b2r
).

Note that aij̄ := ĝij̄(p)−
∑m

s=1 β
2
sHs(||Ss||2s)Θs,ij̄ = ĝij̄(p)+O(

∑m
s=1 F

βs
s ), (3.4) follows.

(3.5) follows from the computation of G12̄ more easily.

Take two unit vectors η = ηi ∂
∂zi
, ν = νi ∂

∂zi
∈ T 1,0

p M, so that g(η, η)|p = g(ν, ν)|p =

1. Then from the expression of gij̄ we have

ηr, νr = O(F
1−βr

2
r ), ηt, νt = O(1) for r = 1, · · · ,m, t = m+ 1, · · · , n. (3.6)

By the definition of bisectional curvature, we set

Bisecω(η, ν) = R(η, η̄, ν, ν̄) = Rij̄kl̄η
iη̄jνkη̄l =

∑
i,j,k,l

(Λij̄kl̄ + Πij̄kl̄),

with Λij̄kl̄ := −gij̄,kl̄ηiη̄jνkη̄l, and Πij̄kl̄ := gpq̄giq̄,kgpj̄,l̄η
iη̄jνkη̄l (no summations on

i, j, k, l). By (3.3)-(3.6) and note that |zr|2 = O(Fr(|zr|2) we have |Λij̄kl̄| ≤ C except

for the terms
m∑
r=1

Λrr̄rr̄, hence

∑
i,j,k,l

Λij̄kl̄(p) =O(1) −
m∑
r=1

[
β2
r (βr − 1)(βr − 2)F ′

r(|zr|2)2|zr|2

Fr(|zr|2)3−βr

+
β2
r (βr − 1)(F ′′

r (|zr|2)|zr|2 + F ′(|zr|2))
Fr(|zr|2)2−βr

]|ηr|2|νr|2. (3.7)

For the other part in the bisectional curvature formula, we have such a lemma:
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Lemma 3.2.2. In case that no three irreducible divisors intersect or all angles βi ≤ 1
2
,

there exists a uniform constant C > 0 such that for every p ∈M,

∑
i,j,k,l

Πij̄kl̄(p) ≤ C +
m∑
r=1

β2
r (βr − 1)2F ′

r(|zr|2)2|zr|2

Fr(|zr|2)3−βr
|ηr|2|νr|2. (3.8)

Proof. By Brendle’s computation in [3], we can easily bound all the terms if βi ≤ 1
2

for all i. Now we consider the general case. As lemma A.3 in [21], we define a bilinear

Hermitian form of two tensors a = [aiq̄k], b = [bjp̄l] ∈ (C)3 satisfying aiq̄k = akq̄i, bjp̄l =

blp̄j by setting

〈[aiq̄k], [bjp̄l]〉 :=
∑

i,j,k,l,p,q

gpq̄(ηigiq̄,kν
k)(ηjgjp̄,lνl).

Obviously it is a nonnegative bilinear form. We denote by || · || the associated norm.

Then
∑
i,j,k,l

Πij̄kl̄ = ||[aij̄k]||2. We write

gij̄,k = Aij̄k +Bij̄k +Dij̄k + Eij̄k

with Aij̄k := ĝij̄,k, Bij̄k :=
∑m

r=1 β
2
rHr(|zr|2)ar,ij̄k, Dij̄k :=

∑m
r=1

β2
r z̄r

Fr(|zr|2)1−βr
(ar,ij̄δrk +

ar,kj̄δri), Eij̄k :=
∑m

r=1
β2
r (βr−1)F ′

r(|zr|2)
Fr(|zr|2)2−βr

z̄rδriδrjδrk. Denote A := [Aiq̄k] and similarly

B,D,E. Using (3.3) and note that |zr|2 = O(Fr(|zr|2)) andHr(|zr|2) = O(Fr(|zr|2)βr),

we can bound ||A+B+D||2 easily. For the crossing terms of A, B, D and E, we have

that

2Re〈A,E〉 = 2Re(
∑
i,j,k,r

grj̄ ĝij̄,kErr̄r)

≤ C
∑
i,j,k

|ĝij̄,k|2 + δ
∑
r

F 1−βr
r ||Err̄r||2 ≤ C + δ

∑
r

F 1−βr
r ||Err̄r||2,
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where δ can be chosen small enough. By the same argument, we also have that

2Re〈B +D,E〉 ≤ C + δ
∑
r

F 1−βr
r ||Err̄r||2.

Now let us consider ||E||2 : In case that at most two divisors intersect transversely,

we can take m = 2. As there exists a uniform constant c0 < 1 such that |ĝ12̄|2(p) ≤

c0ĝ11̄(p)ĝ22̄(p), By (3.4) and (3.5), we have that

||E||2(p) =
2∑
r=1

grr̄|Err̄r|2 +
2∑
r 6=s

grs̄Err̄rEss̄s

≤
2∑
r=1

β−2
r F 1−βr

r

1 + cr(p)F
1−βr
r

|Err̄r|2 +
2∑
r=1

c0ĝrr̄(p)β
−4
r F 2(1−βr)

r |Err̄r|2

=
2∑
r=1

β−2
r F 1−βr

r (
1 + c0ĝrr̄(p)β

−2
r F 1−βr

r

1 + cr(p)F
1−βr
r

+ o(1))|Err̄r|2.

As in our coordinate system cr(p) =
Ar,R
AR

= ĝrr̄, by choosing δ > 0 such that 2δ+c0 <

1, we obtain the lemma.

Remark 3.2.3. When more than three divisors intersect transversely, i.e.m > 2, we

do not have that

[ĝrs̄] < 2diag[ĝ11̄, · · · , ĝmm̄].

Then we cannot control the crossing terms in ||E||2 by its diagonal terms so well as

m = 2.

The Theorem 1.2.2 will follow from the lemma below. Moreover, if Lemma 3.2.2

is true in general case, then Theorem 1.2.2 is also true in general case:

Lemma 3.2.4. There exist positive functions Fr,ε(t) such that Fr,ε(t) → t as ε tends

to 0 and
(Fr,εF

′′
r,ε − F ′2

r,ε)t+ Fr,εF
′
r,ε

F 1+βr
r,ε

≤ Cr, (3.9)

where Cr is independent of ε.
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We will construct such functions and prove this lemma in the next section.

3.3 Proof of Lemma 3.2.4

To satisfy that Fr,ε(t) → t as ε tends to 0, Let us assume the form of the function

Fr,ε(t) := ε + tχr,ε(t) where χr,ε(t) is a bump function depending only on ε and βr.

Considering the inequality (3.9), dropping the index r, we have that

ε(χε + 3tχ′
ε + t2χ′′

ε ) + t2(χεχ
′
ε + tχεχ

′′
ε − tχ′2

ε )

(ε+ tχε)1+β
≤ C. (3.10)

Let us begin to construct χε. First, consider a function χ(t) defined on [0,+∞) sat-

isfying that

χ′(t) = ck(t−N)k(N + 1 − t)k

on [N,N + 1] and χ′′(t) = 0 outside [N,N + 1]. Here k,N are positive integers to be

determined later and ck satisfies that χ(N + 1) = 1. By computation, we have that

χ′′(t) = kck(2N + 1 − 2t)(t−N)k−1(N + 1 − t)k−1

on [N,N + 1] and χ′′(t) = 0 outside [N,N + 1], and we also have

χ(t) =


0 0 ≤ t ≤ N

ck

(
(t−N)k+1(N+1−t)k

k+1
+
∑k

i=1
k(k−1)···(k−i+1)(t−N)k+i+1(N+1−t)k−i

(k+1)(k+2)···(k+i+1)

)
N ≤ t ≤ N + 1

1 N + 1 ≤ t <∞
(3.11)

Although this function is not smooth, we can make some smoothing modification

near N and N+1 without changing lower order terms. Then we can make this func-

tion smooth and still denote by χ(t). As the modification does not change lower

order terms, we can still do estimates for the function defined above. Now by direct
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computation, on [N,N + 1] we have that

χχ′′ − χ′2 = −c2k(t−N)2k(N + 1 − t)k−1[
(N + 1 − t)k+1

k + 1
+

2k(t−N)(N + 1 − t)k

(k + 1)(k + 2)

+
k−1∑
i=1

2(i+ 1)k2(k − 1) · · · (k − i+ 1)

(k + 1) · · · (k + i+ 2)
+ k

k!(t−N)k+1

(k + 1) · · · (2k + 1)
].

For each k, if we choose sufficiently large N, on [0,+∞) we will have that

χχ′ + t(χχ′′ − χ′2) ≤ 0. (3.12)

Now given an exponential δ < 1, if we take χε(t) := χ( t
εδ

), by (3.12), we will have

that

χεχ
′
ε + t(χεχ

′′
ε − χ′2

ε ) ≤ 0.

So now we only need to find δ depending on N, k, β such that the

ε(χε + 3tχ′
ε + t2χ′′

ε )

(ε+ tχε)1+β

is bounded independent of ε. First, if we choose δ ≤ 1
1+β

, then this function is bounded

when t > (N + 1)εδ. The main difficulty is the case when t − Nεδ is small. By the

expansion of χ, χ′, χ′′, we find that when t−N is small, χ′ = O(χ
k
k+1 ), χ′′ = O(χ

k−1
k+1 ).

By scaling, we know that we only need to bound

εχ
k−1
k+1
ε

(ε+ tχε)1+β

when t−Nεδ is small. Now as we have that

εχ
k−1
k+1
ε

(ε+ tχε)1+β
≤ min{εχ

k−1
k+1
ε

ε1+β
,
εχ

k−1
k+1
ε

(tχε)1+β
},
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to make χ
k−1
k+1
ε ≤ εβ, by the expansion of χ, we have that t

εδ
−N ≤ Cε

β
k−1 . Actually we

have bounded this function on this short interval nearNεδ. Now when t
εδ
−N > Cε

β
k−1 ,

we have that

εχ
k−1
k+1
ε

(tχε)1+β
≤ Cε1−δ(1+β)

χ
β+ 2

k+1
ε

≤ Cε1−δ(1+β)−β k−1
k+1

(β+ 2
k+1

).

Now choose a large k such that 1 − β k−1
k+1

(β + 2
k+1

) > 0, then we can choose δ > 0

such that

1 − δ(1 + β) − β
k − 1

k + 1
(β +

2

k + 1
) ≥ 0,

then we will have that

ε(χε + 3tχ′
ε + t2χ′′

ε )

(ε+ tχε)1+β
≤ C. (3.13)

Combine this inequality and (3.12), we obtain (3.10), which completes the proof of

Lemma 3.2.4.
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Chapter 4

Unnormalized conical Kähler-Ricci

flow

4.1 Introduction

Kähler-Ricci flow has become a powerful tool in the study of Kähler geometry for

many years. In [47], Tian-Zhang adapted Tsuji’s idea [48] to consider Kähler-Ricci

flow in the level of cohomology class on projective manifolds. They proved that

Kähler-Ricci flow can exist in maximal time interval, on which the cohomology class

of the Kähler form ω(t) stays nondegenerate. Base on this maximal time existence,

they obtained existence results and limit behavior analysis in case that the canonical

line bundle is big or big and nef. Later, in the series of papers [35] [36] [37], Song-

Tian extended this idea to construct an analytic method of minimal model program

in algebraic geometry.

Recently, conic Kähler metric has become an attracting topic for geometers, es-

pecially conical Kähler-Einstein metrics. Similarly, to study conic metrics, conical

Kähler-Ricci flow has been thought as a useful tool, and there have been some works
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on it, e.g., [24] [9] [10] [28] [49]. First, we recall that a Kähler current ω is a conical

Kähler metric with angle 2πβ, 0 < β < 1 along the divisor D, if ω is smooth away

from D and asymptotically equivalent along D to the model conic metric

√
−1

(
dz1 ∧ dz̄1

|z1|2(1−β)
+

n∑
i=2

dzi ∧ dz̄i

)
,

where (z1, z2, · · · , zn) are local holomorphic coordinates and D = {z1 = 0} locally.

We call ω a conic Kähler-Einstein metric with angle 2πβ(0 < β < 1) along the divisor

D if it is a conic Kähler metric and satisfies the equation

Ric(ω) = µω + 2π(1 − β)[D]

in the sense of currents, and a smooth Kähler-Einstein metric outside the divisor D.

In [9] [10] [28], they set µ = β and studied such normalized conical Kähler-Ricci flow

∂

∂t
ω = −Ric(ω) + βω + 2π(1 − β)[D]

starting with a conical Kähler metric with angle 2πβ along the anticanonical divi-

sor D. In [28], Liu-Zhang used smooth approximation of conic metric, which was set

up by Campana-Guenancia-Pâun in [4], [15] to obtain a long time solution for the

normalized normalized conical Kähler-Ricci flow. Moreover, they proved that when

β ∈ (0, 1
2
], the flow converges to a conical Kähler-Einstein metric if it exists.

Now we can consider whether the conical Kähler-Ricci flow exists on general

Kähler manifolds stating with arbitrary conic Kähler metric, and how long it will

last, moreover, what will happen when the flow is extinct. Actually, we can extend

the work of Tian-Zhang [47] and Song-Tian [37] to conic case. And in the study of

these problems, we can generalize the irreducible divisor D to be a simple normal
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crossing divisor, i.e, D =
l∑

i=1

(1 − βi)Di(l ≤ n), where each Di is irreducible and

βi ∈ (0, 1). Locally near a point p ∈
∩
iDi, Di = {zi = 0}. Then a conic metric ω

along each Di with cone angle 2πβi is asymptotically equivalent to the model metric

ωβ =
√
−1

(
l∑

i=1

dzi ∧ dz̄i
|zi|2(1−βi)

+
n∑

i=l+1

dzi ∧ dz̄i

)
.

And the unnormalized conical Kähler-Ricci flow is
∂
∂t
ω = −Ric(ω) + 2π

l∑
i=1

(1 − βi)[Di]

ω(0) = ω∗ = ω0 +
l∑

i=1

k
√
−1∂∂̄||Si||2βii

(4.1)

where the initial metric is conic Kähler metric ω∗ with conic angles 2πβi along Di.

Suppose Si is a holomorphic section of the bundle associated to the divisor Di then

this conic Kähler metric can be written as ω∗ = ω0 +
l∑

i=1

k
√
−1∂∂̄||Si||2βii , where ω0 is

a smooth Kähler metric on M, k is a small positive constant and || · ||2i is a Hermitian

metric associated to [Di]. Similar to Tian-Zhang and Song-Tian, we can consider this

flow equation (4.1) in cohomology level and obtain maximal time existence theorem

1.2.3:

Theorem 4.1.1. Let

T0 := sup{t|[ω0] − t(c1(M) −
l∑

i=1

(1 − βi)[Di]) > 0},

then starting with a conic Kähler metric ω∗ defined above, the unnormalized conical

Kähler-Ricci flow (4.1) has a unique solution on [0, T0), which is smooth outside the

divisors Di and C2,α along the divisors Di.

we can prove this theorem by Tian-Zhang’s method [47]. However, as the conic

metric is not smooth, we need to apply Liu-Zhang’s approach, making use of the
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approximation developed in [15], to obtain a family of solutions for the approximat-

ing equation, then we prove this family of solutions converge to the solution of the

original flow equation. Finally, we prove the solution is smooth outside the divisors

Di and C2,α along the divisor in suitable sense.

We recall that in [47] [35] [36] [37], Kähler-Ricci flow is used to study minimal

model program. More precisely, they analyzed the behavior of Kähler-Ricci flow near

the singular time or infinite time on different types of projective manifolds. As we

mentioned before that conic Kähler metric has becoming an interesting topic, we hope

that unnormalized conical Kähler-Ricci flow can play some similar role in the study

of conic Kähler metrics on projective manifolds. We note that conical Kähler-Ricci

flow always preserves conical singularities so it’s natural to expect that we can have

a good picture of the long time behavior besides conical singularities. Similarly, if we

assume that so-called twisted canonical line bundle KM +
∑l

i=1(1−β)[Di]) is big, we

have such a theorem, as [47],

Theorem 4.1.2. If the twisted canonical line bundle is big on the projective manifold

M, starting with a conic Kähler metric ω∗, as t tends to T0 <∞ in 4.1.1, the solution

converges to a Kähler current which is a smooth Kähler metric outside the divisor D

and the stable base locus set of KM +
∑l

i=1(1 − β)[Di]), say E, and C2,α with conic

angle 2πβi along Di \ E. Moreover, on smooth part, the flow solution converges to

the limiting metric in the local C∞-sense and C2,α along the divisor D \ E.

Furthermore, if we assume the twisted canonical line bundleKM+
∑l

i=1(1−β)[Di])

is big and nef, by Theorem 4.1.1, we can see that T0 = ∞. To get a more clear picture

of the limiting metric, we can normalized such conical Kähler-Ricci flow equation (4.1)

to

∂

∂t
ω = −ω −Ric(ω) + 2π

l∑
i=1

(1 − β)[Di]). (4.2)
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We note that the solutions to these two flow equations are different only by scaling.

Then similarly we have such a theorem

Theorem 4.1.3. All conditions follow 4.1.2, additionally, if the twisted canonical

line bundle KM +
∑l

i=1(1− β)[Di]) is big and nef, then starting from a conic Kähler

metric ω∗, the normalized conical Kähler-Ricci flow (4.2) converges to a current as

t tends to infinity such that modulo the stable base locus E, the limiting current is a

conical Kähler-Einstein metric which is C2,α with conic angle 2πβi along Di \E, and

independent of the choice of the initial conic metric.

Later we will introduce the definitions of bigness and numerical effectiveness. For

the proof, we will make use of Kodaira’s lemma and set up A priori estimates outside

the base locus. Note that we still need Liu-Zhang’s approach to overcome the conic

singularities.

For simplicity, in this chapter, we only study the conic metrics along only one

irreducible divisor D with cone angle 2πβ, and in the end we will briefly discuss how

to generalize the proofs to simple normal crossing case. We will also sketch another

smoothing method for the conical ka-Ricci flow based on Chapter 3.

4.2 Maximal time existence

4.2.1 approximation, and C0-estimate

Now we restrict the situation to l = 1, i.e, there is only one irreducible divisor D.

Then the unnormalized conical Kähler-Ricci flow is
∂
∂t
ω = −Ric(ω) + 2π(1 − β)[D]

ω(0) = ω∗ = ω0 + k
√
−1∂∂̄||S||2β

(4.3)

49



As [47] [37], first we want to transform the conical Kähler-Ricci flow equation (4.3)

to Monge-Ampere flow equation. We set Tδ = T0 − δ, where T0 := sup{t|[ω0] −

t(c1(M) − (1 − β)[D]) > 0}, as we defined before. We know that when t ∈ [0, Tε],

the cohomology class [ω0] − t(c1(M) − (1 − β)[D]) is positive. Then when t ∈ [0, Tδ],

there exist a hermitian metric || · || on the holomorphic line bundle associated to the

divisor D and a volume form Ω on M, such that

ωt = ω0 − t(Ric(Ω) − (1 − β)R(|| · ||)) > 0 (4.4)

where R(|| · ||) := −
√
−1∂∂̄ log || · ||2 represents the curvature of the bundle [D]. Now

we can write

ωt = ωt + k
√
−1∂∂̄||S||2β,

where k is so small that ωt is positive as t ∈ [0, Tδ]. Then if we set ω = ωt+
√
−1∂∂̄ϕ,

we can write the conical Kähler-Ricci flow (4.3) as following:

∂

∂t
(ωt +

√
−1∂∂̄ϕ) =

√
−1∂∂̄ log(ωt +

√
−1∂∂̄ϕ)n + (1 − β)

√
−1∂∂̄ log |S|2.

Plug the equation (4.4) into it, we obtain a Monge-Ampere flow equation:

∂

∂t
ϕ = log

(ωt +
√
−1∂∂̄ϕ)n

Ω
+ log ||S||2(1−β) (4.5)

To approximate the solution to this equation, we first use the smoothing metric in [4]

that

ωt,ε = ωt + k
√
−1∂∂̄χ(ε2 + ||S||2), (4.6)

where

χ(ε2 + t) = β

∫ t

0

(ε2 + r)β − ε2β

r
dr.
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Before approximating the flow equation, we want to introduce some useful properties

of this function χ(ε2 + t). First, we can find that for each ε > 0, ωt,ε is a smooth

Kähler metric, and as ε tends to 0, ωt,ε converges to a conic metric ωt in the sense

of currents globally on M and in C∞
loc sense outside D. Moreover, for each ε > 0, this

function is smooth, and there exist constants C > 0 and γ > 0 independent of ε such

that as t is finite 0 ≤ χ(ε2 + t) ≤ C, and ω0,ε ≥ γω0. As for t ∈ [0, Tδ] ωt is comparable

to ω0 we can still use a constant γ such that ωt,ε ≥ γω0.

Now we can introduce our approximation equation of (4.5) as following


∂
∂t
ϕε = log (ωt,ε+

√
−1∂∂̄ϕε)n

Ω
+ log(||S||2 + ε2)1−β

ϕε(·, 0) = 0
(4.7)

Equivalently, this equation can be written as the form of generalized Kähler-Ricci

flow: 
∂
∂t
ωϕε = −Ric(ωϕε) + (1 − β)

√
−1∂∂̄ log ||S||2+ε2

||·||2

ωϕε(·, 0) = ω0,ε

(4.8)

Note that the elliptic version of such approximation equations was set up in [44].

The main steps here are also similar to Tian’s approximation. We need to set up

C0-estimate, C2-estimate and high order derivative estimate step by step and finally

complete approximation argument. In the rest of this subsection we will complete

C0-estimate and leave other steps to the next subsection.

Now let’s consider the equation (4.7). We can rewrite this equation as following

∂

∂t
ϕε = log

(ωt,ε +
√
−1∂∂̄ϕε)

n(||S||2 + ε2)1−β

Ω
.
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To get an upper bound for ϕε, we can make use of maximal principle to get that

∂

∂t
supϕε ≤ sup log

ωnt,ε(||S||2 + ε2)1−β

Ω
.

Recall the definition of the function χ(ε2 + t), we know from [4],

√
−1∂∂̄χ(ε2 + ||S||2) =

β2
√
−1DS ∧ D̄S

(ε2 + ||S||2)1−β − β((ε2 + ||S||2)β − ε2β)R(|| · ||).

From this computation, we observe that near the divisor D,

ωnt,ε(||S||2 + ε2)1−β

Ω
≈ C,

which is independent of ε. So we can get a uniform upper bound that ϕε ≤ C1. Do

the same argument for the lower bound, make use of maximal principle again, we can

give a uniform C0-estimate that

|ϕε| ≤ C1.

Next we hope to bound the time derivative for ϕε. We can apply the technique

developed in [37]. For simplicity, we write ρ = −Ric(Ω)+ (1−β)R(|| · ||) = ω̇t,ε. Take

the derivative of (4.7), we have

∂

∂t
ϕ̇ε = ∆ϕ̇ε + trωρ, (4.9)

where ω = ωt,ε +
√
−1∂∂̄ϕε, and ∆ is the Laplacian w.r.t ω. First, we compute that

(
∂

∂t
− ∆)(tϕ̇ε − ϕε − nt) =t trωρ+ n− trωωt,ε − n

= − trωω0,ε < 0.

From this we have ϕ̇ε ≤ n+ C1

t
. Combined with the equation (4.7) at time t=0, and
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local existence of parabolic equation, we obtain a uniform upper bound for ϕ̇ε. Now

we try to derive the lower bound for ϕ̇ε,

(
∂

∂t
− ∆)(ϕ̇ε + Aϕε − n log t) =trω(ρ+ Aωt,ε) + A log

ωn(||S||2 + ε2)1−β

Ω
− An− n

t

≥C(
ωn0,ε
ωn

)
1
n + A log

ωn(||S||2 + ε2)1−β

Ω
− An− n

t

≥C1(
ωn0,ε
ωn

)
1
n − C2

t
.

Let’s explain these two inequalities. For the first, note that we can choose A suffi-

ciently large such that ρ+Aωt,ε ≥ ω0,ε in the time interval, then this inequality follows

from Schwarz inequality. For the second, note that in the proof of C0-estimate, we

have got that
ωn0,ε(||S||2+ε2)1−β

Ω
≈ C, then this inequality follows from the behavior of

logarithmic functions. Then by maximal principle, at the minimal point of the func-

tion ϕ̇ε + Aϕε − n log t, we have that ωn ≥ C4t
nωn0,ε. Make use of this inequality and

the relation of ω0,ε and Ω again, we get that

ϕ̇ε + Aϕε − n log t = log
ωn(||S||2 + ε2)1−β

Ω
+ Aϕε − n log t

≥ log
C4t

nωn0,ε(||S||2 + ε2)1−β

Ω
+ Aϕε − n log t ≥ C5.

As ϕε is uniformly bounded, we get a uniform lower bound for ϕ̇ε.

4.2.2 C2-estimate, and high order estimate outside the divi-

sor

Now we continue our proof. We want to set up a uniform C2-estimate and high

order estimate for ϕε. First, like [37] [4] [28], we prove a Laplacian estimate, which is

essentially an application of generalized Aubin-Yau inequlity:
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Theorem 4.2.1. Let ϕε solve the equation (4.7). As we have

|ϕε| ≤ C, |ϕ̇ε| ≤ C,

on [0, Tδ], then on this time interval, there exists a uniform constant A which is

independent of ε, such that

A−1ω0,ε ≤ ωt,ε +
√
−1∂∂̄ϕε ≤ Aω0,ε.

Proof. First we take an holomorphic orthonormal coordinates (z1, · · · , zn) at a point

p for the metric ω0,ε, say, g0ij̄ = δij, such that gij̄(ωt,ε) = λiδij, ϕε ij̄ = ϕε ,īiδij. Write

gij̄ as the metric of ω = ωt,ε +
√
−1∂∂̄ϕε and assume that under such coordinates,

∂gij̄
∂zk

= 0. From approximation flow equations (4.7) (4.8), we compute that

(
∂

∂t
− ∆) log trω0,εω =

( ∂
∂t
− ∆)trω0,εω

trω0,ε

+
|∇ trω0,εω|2

|trω0,εω|2

=
1

trω0,εω
{gīi0 (−Rīi + (1 − β)∂i∂ī log

||S||2 + ε2

|| · ||2
)

− gīig
kk̄(−Ri

kk̄lg
l̄i
0 +Rīikk̄(ω0,ε) +

∑
j

∂g0ij̄

∂z̄k

∂g0jī

∂zk
)} +

|∇ trω0,εω|2

|trω0,εω|2

=
1

trω0,εω
{(1 − β)∆ω0,ε log

||S||2 + ε2

|| · ||2
− gīig

kk̄Rīikk̄(ω0,ε)

− gīig
kk̄
∑
j

∂g0ij̄

∂z̄k

∂g0jī

∂zk
} +

1

|trω0,εω|2
∑
i,j

gkk̄gīigjj̄
∂g0īi

∂zk

∂g0jj̄

∂z̄k

≤ 1

trω0,εω
{(1 − β)∆ω0,ε log

||S||2 + ε2

|| · ||2
−R(ω0,ε)

−
∑
i≤j

Rīijj̄(ω0,ε)(
λi + ϕε īi
λj + ϕε jj̄

+
λj + ϕε jj̄
λi + ϕε īi

− 2)}.

As [28], we choose a function χρ(||S||2+ε2) = ρ
∫ ||S||2

0
(ε2+r)ρ−ε2ρ

r
dr. By the computation
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in [4] [15] we have that

Rīijj̄(ω0,ε) ≥ −C1 −
C2

(||S||2 + ε2)1−β .

Meanwhile, we have

√
−1∂∂̄χρ(ε

2 + ||S||2) =
ρ2
√
−1DS ∧ D̄S

(ε2 + ||S||2)1−ρ − ρ((ε2 + ||S||2)ρ − ε2ρ)R(|| · ||),

so if we choose suitable constants ρ, C we can obtain that

Rīijj̄(ω0,ε) ≥ −C − C ′χρīi,

then we have such estimate

1

trω0,εω
{−
∑
i≤j

Rīijj̄(ω0,ε)(
λi + ϕε īi
λj + ϕε jj̄

+
λj + ϕε jj̄
λi + ϕε īi

− 2)}

≤ 1∑
i

(λi + ϕε īi)

∑
i<j

{ λi + ϕε īi
λj + ϕε jj̄

(C + C ′χρjj̄) +
λj + ϕε jj̄
λi + ϕε īi

(C + C ′χρīi)}

≤
∑
i

C + C ′χρīi
λi + ϕε īi

= Ctrωω0,ε + C ′∆χρ.

Now we want to estimate the other term. First We have that

(1 − β)∆ω0,ε log
||S||2 + ε2

|| · ||2
−R(ω0,ε)

=∆ω0,ε log
(||S||2 + ε2)1−βωn0,ε

Ω
− trω0,εRic(Ω) + (1 − β)trω0,εR(|| · ||).

Now recall that ω0,ε ≥ γω0, and Ric(Ω), R(|| · ||) are uniformly bounded independent

of ε, moreover by [4] [15],

√
−1∂∂̄ log

(||S||2 + ε2)1−βωn0,ε
Ω

≤ Cω0,ε + C
√
−1∂∂̄χρ,
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we can bound this term. Considering that trω0,εω · trωω0,ε ≥ n, we have

(
∂

∂t
− ∆)(log trω0,εω + C ′χρ −Bϕε)

≤Ctrωω0,ε + Ctrωω0,ε −Bϕ̇ε +Bn−Btrωωt,ε.

As ω0,ε and ωt,ε are equivalent, and ϕ̇ε are uniformly bounded, choose a suitable

constant B, we obtain that

(
∂

∂t
− ∆)(log trω0,εω + C ′χρ −Bϕε) ≤ C − trωω0,ε.

By the maximal principle, at the maximal point p of log trω0,εω+C ′χρ−Bϕε we have

trωω0,ε(p) ≤ C. By the approximation flow equation (4.7), we know that

ωn

ωn0,ε
= eϕ̇ε

Ω

(||S||2 + ε2)1−βωn0,ε

is uniformly bounded from above and away from 0, then we obtain that at that point

p,

trω0,εω(p) ≤ ωn

ω0,ε

(trωω0,ε)(p)
n−1 ≤ C.

As at that point p, log trω0,εω + C ′χρ − Bϕε attains the maximal, we conclude that

on the whole manifold M, trω0,εω ≤ C. Now make use of the inequality above again

we have that

trωω0,ε ≤
ωn

ωn0,ε
(trω0,εω)n−1 ≤ C,

which gives us a uniform constant A > 0 such that

A−1ω0,ε ≤ ωt,ε +
√
−1∂∂̄ϕε ≤ Aω0,ε.
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Now let’s consider high order estimates. We know that until now we don’t

have a uniform C3-estimate for conic Kähler-Einstein metrics. However, to get C∞-

convergence away from the divisor, we only need to have local high order estimates

away from the divisor. Note that from the two forms of approximation flow equations

(4.7) (4.8), compare with [28], we find that our generalized Kähler-Ricci flow has the

form that

∂

∂t
ω = −Ric(ω) + θ, (4.10)

where θ = (1 − β)
√
−1∂∂̄ log ||S||2+ε2

||·||2 is uniformly bounded away from the divisor.

And we can also define that

S = |∇0g|2ω = gij̄gkl̄gpq̄∇0igkq̄∇0jgpl̄,

where g is the metric of ω = ωt+
√
−1∂∂̄ϕ = ω0−t(Ric(Ω)−(1−β)R(||·||))+

√
−1∂∂̄ϕ,

and ∇0 denotes the covariant derivatives with respect to ω0. Then here we can apply

Proposition 2.2 in [28] directly:

Theorem 4.2.2. Let ω = ωt+
√
−1∂∂̄ϕ solve the generalized Kähler-Ricci flow (4.10)

and satisfy

A−1ω0 ≤ ω ≤ Aω0 on Br(p) × [0, T ].

Then there exist constant C ′, C ′′ such that

S ≤ C ′

r2
, |Rm(ω)|2 ≤ C ′′

r4

on B r
2
(p)× [0, T ]. Here C ′ depends on ω0, T, A, ||ϕ(·, 0)||C3(Br(p)), ||θ||C1(Br(p)) and C ′′

depends on ω0, T, A, ||ϕ(·, 0)||C4(Br(p)), ||θ||C2(Br(p)).

Locally outside the divisor, metrics ω0, ω0,ε, ωt,ε are equivalent, and derivatives of

these metrics are also uniformly bounded on the time interval, then we have C3-local

estimates for ϕε under the metric ω0. By this theorem, using bootstrap methods we
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can also get local uniform high order estimates outside the divisor D.

4.2.3 uniqueness and convergence

In this subsection we want to examine how the approximation solutions converge and

what the limit likes. First, in the sections above we proved that on time interval [0, Tδ]

we have a priori estimates for the solution of approximation flow equation (4.7). Now

we hope to solve this equation on [0, T ). What remains to do is to prove the solution is

independent of the choice of δ. We can prove this as [47]. We recall that for each δ > 0,

we can find a volume form Ω such that ωt = ω0 − t(Ric(Ω) − (1 − β)R(|| · ||)) > 0

on [0, Tδ]. Now we suppose that for another δ′ > 0, we have Ω′ such that ω′
t =

ω0 − t(Ric(Ω′) − (1 − β)R(|| · ||)) > 0. Now we assume that Ω′ = efΩ where f is a

smooth function on M and ϕ′
ε solves the equation

∂

∂t
ϕ′
ε = log

(ω′
t +

√
−1∂∂̄ϕ′

ε)
n(||S||2 + ε2)1−β

Ω′ , ϕ′
ε(·, 0) = 0.

Now put ϕε = ϕ′
ε + tf, as we have Ric(Ω′) = Ric(efΩ) = Ric(Ω) −

√
−1∂∂̄f, we

compute that

∂

∂t
ϕε =

∂

∂t
ϕ′
ε + f = log

(ω′
t +

√
−1∂∂̄ϕ′

ε)
n(||S||2 + ε2)1−β

Ω′ + f

= log
(ωt + t

√
−1∂∂̄f +

√
−1∂∂̄ϕ′

ε)
n(||S||2 + ε2)1−β

efΩ
+ f

= log
(ωt +

√
−1∂∂̄ϕε)

n(||S||2 + ε2)1−β

Ω
,

and ϕε(·, 0) = 0. From this we find that ϕε just solves the equation (4.7). By the

uniqueness of the solution for (4.7) we know ϕε = ϕε, which means that for arbitrary

δ, δ′, their corresponding solutions are the same essentially. So we can glue these

solutions together to get a solution for (4.7) on the time interval [0, T ).
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Finally, we want to prove that as ε tends to 0, the solution ϕε to (4.7) converges to

a solution of unnormalized conical Kähler-Ricci flow in suitable sense. By the argu-

ment above, for simplicity we can prove this on some closed time interval [0, Tδ]. We

can prove this as [28]. Recall that we have uniform bound for ϕε, ϕ̇ε and Laplacian

estimate A−1ω0,ε ≤ ωt,ε +
√
−1∂∂̄ϕε ≤ Aω0,ε, For any compact set K ⊂⊂ M \ D

we have a number N which depends on A and K such that N−1ω0 ≤ ω ≤ Nω0,

and on this set K log(||S||2 + ε2) converges to log||S||2, ω0,ε converges to ω∗ in C∞
loc

sense. Let K approximate M \D and εi tend to 0, on time interval [0, Tδ], by diago-

nal rule we have a sequence which is denoted by ϕεi(t), and converges to a function

ϕ(t), which is smooth away from D, in C∞
loc sense outside D. By 4.2.1 we know that

ωϕ(t) = ωt +
√
−1∂∂̄ϕ(t) are conic Kähler metrics with cone angle 2πβ along the

divisor D on the whole time interval.

Now let’s show that the limit potential ϕ(t) we defined above satisfies the conical

Kähler-Ricci flow equation (4.5) globally on M × [0, Tδ] in the sense of currents. For

any (n− 1, n− 1)-form η, by the argument above, as εi tends to 0, we have

∫
M

√
−1∂∂̄

∂

∂t
ϕεi ∧ η =

∫
M

log
(ωεi,t +

√
−1∂∂̄ϕεi)

n(||S||2 + ε2i )
1−β

Ω
∧
√
−1∂∂̄η

→
∫
M

log
(ωt +

√
−1∂∂̄ϕ)n||S||2(1−β)

Ω
∧
√
−1∂∂̄η

=

∫
M

√
−1∂∂̄ log

(ωt +
√
−1∂∂̄ϕ)n||S||2(1−β)

Ω
∧ η.

On the other hand, let K ⊂⊂ M \ D and when K approximates M \ D, we have∫
M\D

√
−1∂∂̄η tends to 0. As we have ϕ̇εi , ϕ̇ are uniformly bounded independent of

ε, we see that

|
∫
M

(ϕ̇εi − ϕ̇) ∧
√
−1∂∂̄η| ≤ |

∫
K

(ϕ̇εi − ϕ̇) ∧
√
−1∂∂̄η| + |

∫
M\K

(ϕ̇εi − ϕ̇) ∧
√
−1∂∂̄η|.
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The first integral tends to 0 as ϕεi converges to ϕ in the sense of C∞(K), and the

second one tends to as ϕ̇εi , ϕ̇ are uniformly bounded and K approximates M \ D.

From above we can see that ϕ(t) satisfies the conical Kähler-Ricci flow equation (4.5)

globally on M × [0, T ) in the sense of currents.

To prove the uniqueness we argue as Wang [49], which comes from Jeffery’s argu-

ment [20]. First we need to verify that ϕ(t) is Hölder continuous with respect to ω0.

As [28] write φ = ϕ+k||S||2β, in any closed time interval, say [0, Tδ], we have uniform

bound for φ, φ̇. Then we rewrite the equation of conical Kähler-Ricci flow (4.5) as

(ωt +
√
−1∂∂̄φ)n = eφ̇

Ω

||S||2(1−β)

away from D. As β ∈ (0, 1) we find a constant η such that 2(1 − β)(1 + η) < 2 such

that ∫
M

e(1+η)(φ̇−log ||S||2(1−β))Ω ≤ C

∫
M

Ω

||S||2(1−β)(1+η)
≤ C.

By Kolodziej’s Lp estimate [22] we know that ϕ(t) is Hölder continuous with respect

to ω0 on [0, Tδ], actually, on [0, T ). Now suppose there are two solutions ϕ1(t), ϕ2(t)

which satisfy all the properties above and solve the conical Kähler-Ricci flow on the

maximal time interval, then we set ϕ̃1 = ϕ1(t) + a||S||2p and write v = ϕ̃1 − ϕ2.

Compare corresponding conical Kähler-Ricci flow equations, we have that

∂

∂t
v =

∂

∂t
(ϕ1 − ϕ2) = log

(ωt +
√
−1∂∂̄ϕ1)

n

(ωt +
√
−1∂∂̄ϕ2)n

= ∆v − a∆||S||2p, (4.11)

where

∆ :=

∫ 1

0

(gt +
√
−1∂∂̄((1 − s)ϕ1 + sϕ2))

ij̄∂i∂̄jds.
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Outside the divisor D we can compute that

√
−1∂∂̄||S||2p = p||S||2p

√
−1∂∂̄||S||2 +

√
−1p2||S||2p−2∂||S||2 ∧ ∂̄||S||2

≥ −p||S||2pR(|| · ||).

By the estimates above, we know that the metric gt +
√
−1∂∂̄((1 − s)ϕ1 + sϕ2) is

equivalent to the initial conic metric ω∗ and Cα outside the divisor D. Then from

(4.11) we obtain that

∂

∂t
v ≤ ∆v + aC,

by maximal principle, we have

v(t) ≤ sup v(0) + aCt = a(Ct+ ||S||2p).

Let a tend to 0, we have ϕ1 ≤ ϕ2, and we can prove ϕ2 ≤ ϕ1 by the same argument.

Finally we obtain the uniqueness of the limit solution.

4.2.4 C2,α-estimate on the divisor D

To complete the proof of Theorem 4.1.1, we need to give a C2,α-estimate for ϕ(t), as

this estimate allows us to apply inverse function theorem to obtain the existence of

the solution to conical Kähler-Ricci flow (4.5). In this part, we will only introduce the

definition of these norms under conic setting and leave the proof to the last chapter.

Let’s describe the basic construction. First we can fix a unit polydisk Dn ⊂ C with

the origin as the center, and the divisor D = {z1 = 0}. Then the standard conic

metric attached with (C, D) is that

ωβ :=
√
−1

(
dz1 ∧ dz̄1
|z1|2(1−β)

+
n∑
i=2

dzi ∧ dz̄i

)
,
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which defines a Riemannian metric gβ and induces a distance dβ. For simplicity, define

d(p1, p2) := dβ(x1, x2) + |t1 − t2|
1
2 as the spacetime distance, where pi = (xi, ti). Now

for a locally integrable function on Dn × [0, T ) and α ∈ (0, 1), we define the Hölder

norm as [15]:

[f ]α := sup
Dn×[0,T )

|f | + sup
p1 6=p2

|f(p1) − f(p2)|
d(p1, p2)α

.

We say the function f is Cα if the norm [f ]α < +∞. Consider the vector fields

ξ1 = |z1|1−β ∂
∂z1
, ξk = ∂

∂zk
, for k = 2, · · ·n, then we say a (1, 0)-form τ is Cα if τ(ξi)]

is Cα for any i = 1, · · ·n, and say a (1, 1)-form σ is Cα if σ(ξi, ξj) is Cα for any

i, j = 1, · · ·n. And we say f is C2,α if f, ∂f,
√
−1∂∂̄f, ḟ are all Cα.

Consider the equation (4.5), as ωt is always smooth on the maximal interval,

when r is sufficient small we can write ωt +
√
−1∂∂̄ϕ(t) =

√
−1∂∂̄u locally, then we

only need to show that u is C2,α. By computation before we know that Ric(ωbeta) =

2π(1 − β)[D] −
√
−1∂∂̄F for some smooth function f, so the equation for u can be

written as

∂

∂t
u = log

(
√
−1∂∂̄u)n

ωnβ
+ F.

Take the covariant derivatives with respect to ωβ, we have

∂

∂t
ukl̄ = uij̄ukl̄ij̄ − uiq̄upj̄uij̄kupq̄l̄ + Fkl̄.

Unfortunately, classic Evans-Krylov-Safanov estimate for nonlinear PDE can’t be

used in conic setting. In conic Kähler-Einstein case, as the Ricci curvature of target

metric has lower bound, by Cheeger-Colding-Tian theory [5], the metric near the conic

singularities is close to a standard flat conic metric, which indicates that perturbed

Schauder estimate can be applied. Alternately, Tian extended his master thesis to

conic case and gave a proof of C2,α-estimate in case of conic Kähler-Einstein metrics.

In Chapter 5, we will follow Tian’s approach to prove this theorem:
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Theorem 4.2.3. u is C2,α-bounded on the divisor D.

This theorem completes the proof for the first main theorem 4.1.1.

4.3 Limit behavior near the singular time when

the twisted canonical bundle is big

In the last section we discussed how long the unnormalized conical Kähler-Ricci flow

would last. Now we want to understand what will happen when the flow runs to

singular time. During the remaining part of this article we assume that M is an n-

dimensional projective manifold. In [47] [37], to study minimal model program, they

mainly considered the case that the canonical line bundle KM is big, or big and nef

(numerical effective). First let’s recall their definitions:

Definition 4.3.1. Suppose L is a holomorphic line bundle on a projective manifold

M, then we say L is big if [c1(L)]n =
∫
M
c1(L)n > 0. And we say L is nef if for any

algebraic curve C on M, c1(L)(C) =
∫
C
c1(L) ≥ 0.

To study the limit behavior near the singular time, they mainly made use of

so-called Kodaira’s lemma, which was proved by Kawamata and used in degenerate

Monge-Ampere equations by Tsuji [48] first:

Lemma 4.3.2. Let L be a line bundle on a projective manifold M. If L is big, then

there exists an effective line bundle E and two positive numbers a, b such that L− δE

is positive for any δ ∈ (a, b). Moreover, if L is big and nef, then the conclusion above

is true for δ ∈ (0, b).

Now we can begin the proof of theorem 4.1.2. As the last section, we can do

similar constructions and consider the approximation flow equation (4.7) again that

∂

∂t
ϕε = log

(ωt,ε +
√
−1∂∂̄ϕε)

n

Ω
+ log(||S||2 + ε2)1−β.
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Although ωt,ε may not be a Kähler metric near the singular time T, as it’s controlled

from above, we can still make use of maximal principle to get a uniformly upper bound

for ϕε. To get a lower bound, we need to apply Kodaira’s lemma to get a family of

regular background metrics. Recall that we define ωt = ω0−t(Ric(Ω)−(1−β)R(||·||)),

and we assume that the twisted canonical bundle KM + (1 − β)[D] is big, then we

can easily see that the current [ωt] is big on the time interval [0, T0]. By Kodaira’s

lemma, we have a δ ∈ (a, b) and an effective divisor E with a Hermitian metric || · ||′

such that ωt + δ
√
−1∂∂̄ log || · ||′2 > 0. If we define S ′ as a local holomorphic section

for E, we will have

ωt + δ
√
−1∂∂̄ log ||S ′||′2 > 0.

Set ω′
t,ε = ωt,ε + δ

√
−1∂∂̄ log ||S ′||′2, we can rewrite the equation (4.7) as

∂

∂t
(ϕε−δ log ||S ′||′2) = log

(ω′
t,ε +

√
−1∂∂̄(ϕε − δ log ||S ′||′2))n(||S||2 + ε2)1−β

Ω
. (4.12)

Note that in this equation, ω′
t,ε is a smooth metric, by the argument in the last section,

we know that

log
ω′n
t,ε(||S||2 + ε2)1−β

Ω

is bounded from below by a constant depending on δ. By maximal principle, we know

that ϕε− δ log ||S ′||′2 is bounded from below by Cδ. Now we get a C0-estimate for ϕε

that

Cδ + δ log ||S ′||′2 ≤ ϕε ≤ C.

Now let’s begin to estimate ϕ̇ε. For simplicity, we denote ϕε,δ = ϕε− δ log ||S ′||′2, and

ω = ω′
t,ε +

√
−1∂∂̄ϕε,δ. Then the equation (4.12) can be written as

∂

∂t
ϕε,δ = log

ωn(||S||2 + ε2)1−β

Ω
.
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Take the derivative of this equation, we obtain that

∂

∂t
ϕ̇ε,δ = ∆ϕ̇ε,δ + trωρ,

which is the same with (4.9). Note that
√
−1∂∂̄ log ||S ′||′2 = −R(|| · ||′) outside the

base divisor E, and Cδ ≤ ϕε,δ ≤ C − δ log ||S ′||′2, we can compute as [37],

(
∂

∂t
− ∆)(ϕ̇ε,δ − A2ϕε,δ + A log ||S ′||′2)

=trωρ− A2ϕ̇ε,δ + A2(n− trωω
′
t,ε) + AtrωR(|| · ||′)

=trω(ρ− A2ω′
t,ε + AR(|| · ||′)) − A2(ϕ̇ε,δ − A2ϕε,δ + A log ||S ′||′2)

+ (nA2 − A4ϕε,δ + A3 log ||S ′||′2).

Choose suitable large constant A such that the first term is negative, make use of

C0-estimate for ϕε,δ and log ||S ′||′2 is bounded from above, we have that

(
∂

∂t
− ∆)(ϕ̇ε,δ − A2ϕε,δ + A log ||S ′||′2) ≤ −A2(ϕ̇ε,δ − A2ϕε,δ + A log ||S ′||′2)

+ C − C ′ log ||S ′||′2.

Now make use of maximal principle, note that the maximal of ϕ̇ε,δ−A2ϕε,δ+A log ||S ′||′2

can only be obtained outside E, we can finally get that

ϕ̇ε,δ ≤ C − C ′ log ||S ′||′2,

where the constants C,C ′ may depend on δ. Similarly, to get a lower bound, we can
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compute that

(
∂

∂t
− ∆)(ϕ̇ε,δ + A2ϕε,δ − A log ||S ′||′2)

=trωρ+ A2 log
ωn(||S||2 + ε2)1−β

Ω
− nA2 + A2trωω

′
t,ε − AtrωR(|| · ||′)

=trω(ρ+
A2

2
ω′
t,ε − AR(|| · ||′)) − nA2

+ A2(log
ωn

ω′n
t,ε

+
trωω

′
t,ε

2
+ log

ω′n
t,ε(||S||2 + ε2)1−β

Ω
).

Choose A large enough such that the first term becomes positive, then make use of

Schwarz inequality and the property of logarithmic functions, we obtain that

(
∂

∂t
− ∆)(ϕ̇ε,δ + A2ϕε,δ − A log ||S ′||′2)

≥− nA2 + A2(log
ωn

ω′n
t,ε

+
1

2
(
ω′n
t,ε

ωn
)

1
n + log

ω′n
t,ε(||S||2 + ε2)1−β

Ω
)

≥A2(− log
ωn

ω′n
t,ε

+ log
ω′n
t,ε(||S||2 + ε2)1−β

Ω
) − C1

= − A2(ϕ̇ε,δ + A2ϕε,δ − A log ||S ′||′2) + 2A2 log
ω′n
t,ε(||S||2 + ε2)1−β

Ω

+ A4ϕε,δ − A3 log ||S ′||′2 − C1

≥− A2(ϕ̇ε,δ + A2ϕε,δ − A log ||S ′||′2) − C2,

By maximal principle and argue as above, we can get a lower bound for ϕ̇ε,δ that

ϕ̇ε,δ ≤ −C + C ′ log ||S ′||′2.

Now we can summarize these estimates and obtain such a theorem:

Theorem 4.3.3. Suppose the twisted canonical bundle KM + (1 − β)[D] is big on a

projective manifold M, and E is an effective divisor such that [ωt] − δ[E] = [ω0] −

t[c1(M)− (1−β)c1(D)]−δ[E] > 0 on the time interval [0, T0] for a positive δ ∈ (a, b).
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Let ϕε solves the approximation flow equation (4.7), then we have that

Cδ + δ log ||S ′||′2 ≤ ϕε ≤ C, |ϕ̇ε| ≤ C − C ′ log ||S ′||′2.

Now we can derive a Laplacian estimate as before, which is also an application of

generalized Schwarz Lemma.

Theorem 4.3.4. On the time interval [0, T0] there exist constants C, α > 0 such that

trω0,εω ≤ C||S ′||′−2α.

Proof. As theorem 4.2.1, we first compute that

(
∂

∂t
− ∆)(log trω0,εω + C ′χρ) ≤ Ctrωω0,ε.

As in the proof of theorem 4.3.3, we define

H = log trω0,εω + C ′χρ − A2ϕε,δ + A log ||S ′||′2,

then for sufficiently large A > 0, we have that

(
∂

∂t
− ∆)H

≤trω(Cω0,ε − A2ω′
t,ε + AR(|| · ||′)) − A2ϕ̇ε,δ + nA2

≤− trωω0,ε + C − C ′ log ||S ′||′2.

By maximal principle, we know that the maximal of H can only be obtained outside

the divisor E, and when this maximal is obtained, we have

trωω0,ε ≤ C − C ′ log ||S ′||′2,
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which indicates that at the maximal of H,

trω0,εω ≤ ωn

ωn0,ε
(trωω0,ε)

n−1 = eϕ̇ε
Ω

(||S||2 + ε2)1−βωn0,ε
≤ C||S ′||′−2α′

.

Then the theorem follows.

As in the last section, we can give local high order estimate for ϕε outside the

divisors D and E.

Proposition 4.3.5. For any K ⊂⊂ M \ (D
∪
E) and k > 0, there exists Ck,K such

that

||ϕε||Ck(K×[0,T0]) ≤ Ck,K .

By this proposition, we can argue as the last section. We put a sequence of

compact set to approximate the regular part M \ (D
∪
E). On each compact set K,

as we have uniform estimates for high order derivatives, we can choose a sequence εi

such that ϕεi converges on K × [0, T0] in C∞
loc sense. By diagonal argument, we can

take a sequence, say, ϕεi converges to a function ϕ on (M \ (D
∪
E)) × [0, T0] in the

C∞
loc sense, which is smooth on M \ (D

∪
E). By theorem 4.3.4 we know that

ωϕ = ωt,ε +
√
−1∂∂̄ϕ

is a conic Kähler metric with angle 2πβ along the part of divisor D outside the divisor

E on [0, T0]. Now as above, we want to prove that ϕεi converges to ϕ globally in the

sense of currents. Other arguments are the same except for the part near the divisor

E. Note that when we consider the integral

∫
M

log
(ωt +

√
−1∂∂̄ϕ)n||S||2(1−β)

Ω
∧
√
−1∂∂̄η,

near the divisor E, by theorem 4.3.4, the integral function grows as log ||S||′, so this
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integral exists. On the other hand, by theorem 4.3.4, as ϕ̇, ϕ̇εi grows like log ||S||′,

then it’s also true that

|
∫
M

(ϕ̇εi − ϕ̇) ∧
√
−1∂∂̄η|

tends to 0. So we know that the limit ϕ(t) outside the divisor E satisfies conical

Kähler-Ricci flow equation on [0, T0] in the sense of currents, and as t tends to T0,

ωϕ = ωt +
√
−1∂∂̄ϕ(t) converges smoothly to a Kähler metric on M \ (D

∪
E), and

conic along D\E with cone angle 2πβ. Now we want to claim that the limit is unique,

i.e. for any sequence {εi} which tends to 0, the sequence ϕεi will converge to the same

limit in our sense. Actually this follows from the uniqueness of the solution on the

time interval [0, T0). Then consider that in any compact set in M \ (D
∪
E), as ϕ̇εi

is uniformly bounded, we can conclude that the limit of any sequence ϕεi converges

to the same limit, say, ϕ(t) at T0, which completes our claim. Finally, note that the

base locus E may not be unique, however, we can consider the intersection of these

E’s and call it the stable base locus, and still denote it as E. By the argument above,

we can obtain a unique limit current ωϕ = ωt,ε +
√
−1∂∂̄ϕ outside E at time T0, and

this current is a smooth Kähler metric outside D
∪
E, and conic along D \ E with

cone angle 2πβ. Finally, C2,α-estimate in the proof of theorem 4.1.1 still holds here.

Now we complete the proof of theorem 4.1.2.

4.4 Limit behavior in case of big and nef twisted

canonical bundle

In this section we want to understand the limit behavior when the twisted canonical

bundle is big and nef. By theorem 4.1.1 we know that this conical Kähler-Ricci flow

exists forever. In this case we find that ωt = ω0− t(Ric(Ω)− (1−β)R(|| · ||)) will blow

up at infinite time. To capture the limit behavior more precisely, we can consider
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normalized conical Kähler-Ricci flow

∂

∂t
ω = −ω −Ric(ω) + 2π(1 − β)[D]. (4.13)

Note that if we define ω̃(t) := (1 + t)ω(log(1 + t)), then we can compute that

∂

∂t
ω̃(t) =ω(log(1 + t)) + (−Ric(ω(log(1 + t)) − ω(log(1 + t)) + 2π(1 − β)[D]))

= −Ric(ω̃(t)) + 2π(1 − β)[D],

which means that the solution of unnormalized conical Kähler-Ricci flow is actually

the same with normalized conical Kähler-Ricci flow only modulo a scaling. As we did

in the proof of theorem 4.1.1, we can consider this equation in the level of cohomology

class. Then we can write

ωt = e−tω0 + (1 − e−t)(−Ric(Ω) + (1 − β)R(|| · ||)),

and set ωt = ωt + k
√
−1∂∂̄||S||2β and ω = ωt +

√
−1∂∂̄ϕ. Now we can write the

equation (4.13) in scalar form:


∂
∂t
ϕ = log (ωt+

√
−1∂∂̄ϕ)n

Ω
+ log ||S||2(1−β) − ϕ− k||S||2β

ϕ(·, 0) = 0
(4.14)

As before, we can consider an approximation flow equation of (4.14)


∂
∂t
ϕε = log (ωt,ε+

√
−1∂∂̄ϕε)n(||S||2+ε2)1−β

Ω
− ϕε − kχ(ε2 + ||S||2)

ϕε(·, 0) = 0
(4.15)
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where

ωt,ε := e−tω0 + (1 − e−t)(−Ric(Ω) + (1 − β)R(|| · ||)) + k
√
−1∂∂̄χ(ε2 + ||S||2)

as before.

First consider C0-estimate for ϕε. By maximal principle, as

log
ωnt,ε(||S||2 + ε2)1−β

Ω
− kχ(ε2 + ||S||2)

is bounded from above, it’s easy to see that ϕε ≤ C. On the other hand, we recall

lemma 4.3.2 as the twisted canonical bundle KM + (1 − β)[D] is big and nef, there

exists an effective divisor E such that ωt,ε + δ
√
−1∂∂̄ log ||S ′||′2 > 0 for all t ∈ [0,∞)

and any δ ∈ (0, a), where S ′ is a local defining section of E. Then the equation (4.15)

can be written as

∂

∂t
(ϕε − δ

√
−1∂∂̄ log ||S ′||′2) = log

(ω′
t,ε +

√
−1∂∂̄(ϕε − δ

√
−1∂∂̄ log ||S ′||′2))n

Ω||S ′||′2δ

+ log(||S||2 + ε2)1−β − (ϕε − δ
√
−1∂∂̄ log ||S ′||′2) − kχ(ε2 + ||S||2),

where ω′
t,ε = ωt,ε + δ

√
−1∂∂̄ log ||S ′||′2. By maximal principle again, as

log
ω′n
t,ε(||S||2 + ε2)1−β

Ω||S ′||′2δ
− kχ(ε2 + ||S||2)

is uniformly bounded from below, we have that ϕε ≥ −Cδ + δ
√
−1∂∂̄ log ||S ′||′2. Now

let’s consider the estimate of ϕ̇ε. Denote ρ = −Ric(Ω) + (1 − β)R(|| · ||) again and
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recall in [47], we have that

(
∂

∂t
− ∆)(etϕ̇ε − ϕ̇ε − ϕε − nt)

= − trω(ω0 − ρ) + e−ttrω(ω0 − ρ) + ϕ̇ε − ϕ̇ε + n− trω(e
−tω0 + (1 − e−t)ρ

+ k
√
−1∂∂̄χ) − n = −trω(ω0 + k

√
−1∂∂̄χ) = −trωω0,ε < 0,

then by maximal principle, for t > t0 > 0, we have ϕ̇ε ≤ Cte−t. On the other hand,

consider

H = ϕε + (1 − et−T )ϕ̇ε − δ
√
−1∂∂̄ log ||S ′||′2,

for t < T and compute that

(
∂

∂t
− ∆)H = −n+ trω(ρ+ e−T (ω0 − ρ) + k

√
−1∂∂̄χ) = −n+ trωω

′
T,ε.

We know that for t → ∞, H tends to positive infinity near E, so the minimal point

of H is attained away from E, where −n + trωω
′
T,ε ≤ 0, by maximal principle. Then

we have ω ≥ ω′
T,ε

n
. At the minimal point of H, we have that

H = ϕε + (1 − et−T )(log
ωn(||S||2 + ε2)1−β

Ω
− ϕε − kχ) − δ

√
−1∂∂̄ log ||S ′||′2

≥ et−Tϕε + (1 − et−T )(log
ω′n
T,ε(||S||2 + ε2)1−β

nnΩ
− kχ) − δ

√
−1∂∂̄ log ||S ′||′2

≥ −Cδ,

then we have that

(1 − et−T )ϕ̇ε ≥ −ϕε + δ
√
−1∂∂̄ log ||S ′||′2 − Cδ ≥ −Cδ.

Now let T tend to infinity, we have that ϕ̇ε ≥ −Cδ. When we begin to study Laplacian

estimate for ϕε, we note that the evolution equation for log trω0,εω is different from
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before only by a constant. So do the same computation we can derive that

trω0,εω ≤ C

||S ′||2α

again. By the argument in [28] again we can derive local high order estimate for ϕε

outside the base locus E and the divisor D that

||ϕε||Ck([0,∞)×K) ≤ C(k,K)

for any K ⊂⊂M \ (D
∪
E).

Similar to last two sections, we can choose a sequence of compact sets to approxi-

mate M \(D
∪
E), and a sequence ϕεi , by diagonal method, such that ϕεi converges to

a function ϕ(t) on [0,∞)×M \(D
∪
E) in C∞

loc sense, which is smooth on M \(D
∪
E).

By the same argument as the last section we know that this convergence is also in the

sense of currents globally. Similarly, as time tends to infinity, ωϕ = ωt +
√
−1∂∂̄ϕ(t)

is smooth on M \ (D
∪
E) where E is the intersection of all base divisors, i.e. stable

base locus of the twisted canonical bundle, and conic along D\E with cone angle 2πβ.

As the flow exists forever, we hope to analyze the limit behavior of ϕ(t) and ωϕ. As

ϕ̇ε ≤ Cte−tk we can see that near the infinite time, ϕε is nonincreasing. Note that we

also have ϕε ≥ −Cδ+δ
√
−1∂∂̄ log ||S ′||′2, which indicates that ϕε converges uniformly

on arbitrary compact set K ⊂⊂M \ (D
∪
E). And we just see that ϕε is nonincreas-

ing near the infinite time, so we can conclude that ϕ̇ε converges to 0 in M \ (D
∪
E).

And we find that convergence properties here are independent of ε, we can see that

ϕ(t) converges uniformly on each compact set K ⊂⊂ M \ (D
∪
E), and ϕ̇ converges

to 0 in M \ (D
∪
E). Then recall the flow equation (4.14) that the right hand side of

it tends to 0. Now set ω∞ = ω(∞) = −Ric(Ω) + (1 − β)R(|| · ||) + k
√
−1∂∂̄||S||2β,

and ϕ∞ as the limit of ϕ(t), write ω∞ = ω∞ +
√
−1∂∂̄ϕ∞. By (4.14), we conclude
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that

Ric(ω∞) = Ric(Ω) −
√
−1∂∂̄ϕ∞ − k

√
−1∂∂̄||S||2β + log ||S||2(1−β)

= −ω∞ +R(|| · ||) +
√
−1∂∂̄ log ||S||2(1−β) = −ω∞ + 2π(1 − β)[D],

which means that outside the stable base locus, the current ωϕ tends to a conical

Kähler-Einstein metric, with cone angle 2πβ along D \E as t tends to infinity. More-

over, C2,α-estimate still holds. Finally, as [47], we can prove that the limit current

is independent of the choice of the initial conic metric. First, by the same argument

as in the proof of theorem 4.1.1, we can see that the solution is independent of the

choice of volume form Ω. Now fix Ω, and see whether different initial conic Kähler

metrics matter. Recall that for any δ ∈ (0, a), we have the estimates

−Cδ + δ
√
−1∂∂̄ log ||S ′||′2 ≤ ϕε ≤ C, −Cδ + δ

√
−1∂∂̄ log ||S ′||′2 ≤ ϕ̇ε ≤ C,

which indicates that ϕε + ϕ̇ε ≤ C. And we also know that ϕ̇ε tends to 0 as t tends to

infinity. Then we obtain that

∫
M

eϕε,∞+kχ

(||S||2 + ε2)1−βΩ = lim
t→∞

∫
M

eϕε+ϕ̇ε+kχ

(||S||2 + ε2)1−βΩ

= lim
t→∞

∫
M

(ωt +
√
−1∂∂̄(ϕε + kχ))n = lim

t→∞

∫
M

ωnt .

Now suppose we have two initial conic metrics ω∗ = ω0 + k
√
−1∂∂̄||S||2β and ω′∗ =

ω′
0 + k′

√
−1∂∂̄||S||2β. Without loss of generality, we can suppose that ω0 < ω′

0 and

k < k′, otherwise we can replace ω′∗ by ω∗ +ω′∗, then we can write the following flow
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equations:

∂

∂t
(ϕε + kχ) = log

(ωt +
√
−1∂∂̄(ϕε + kχ))n(||S||2 + ε2)1−β

Ω
− (ϕε + kχ)

∂

∂t
(ϕ′

ε + k′χ) = log
(ω′

t +
√
−1∂∂̄(ϕ′

ε + k′χ))n(||S||2 + ε2)1−β

Ω
− (ϕ′

ε + k′χ),

ϕε(·, 0) = ϕ′
ε(·, 0) = 0,

where ω′
t = e−tω′

0 + (1 − e−t)(−Ric(Ω) + (1 − β)R(|| · ||)) = ωt + e−t(ω′
0 − ω0). Take

the difference, and denote ϕε,k = ϕε + kχ and ϕ′
ε,k′ = ϕ′

ε + k′χ, we have that

∂

∂t
(ϕε,k − ϕ′

ε,k′) = log
(ωt +

√
−1∂∂̄ϕε,k)

n

(ωt +
√
−1∂∂̄ϕε,k + e−t(ω′

0 − ω0) −
√
−1∂∂̄(ϕε,k − ϕ′

ε,k′))
n

− (ϕε,k − ϕ′
ε,k′),

and (ϕε,k − ϕ′
ε,k′)(·, 0) = (k − k′)χ ≤ 0. By maximal principle, we have ϕε,k − ϕ′

ε,k′ ≤

0 at any time, so at infinity, we have that ϕε,∞ + kχ ≤ ϕ′
ε,∞ + k′χ. However, as∫

M
eϕε,∞+kχ

(||S||2+ε2)1−β
Ω = limt→∞

∫
M
ωnt =

∫
M

e
ϕ′ε,∞+k′χ

(||S||2+ε2)1−β
Ω, we can obtain that ϕε,∞ +kχ =

ϕ′
ε,∞ +k′χ. Take the limit as ε tends to 0, we complete the proof for the uniqueness of

the limit conical Kähler-Einstein current, which also completes the proof for theorem

4.1.3.

4.5 Further remarks

Until now we proved three main theorems under the assumption of one irreducible

divisor. Now we discuss how to generalize our proofs to the case of simple normal

crossing divisors briefly. By [15], we can add up all the approximation metrics to all

divisors, and all the properties are preserved. In Laplacian estimate, we note that in

[15], they proved that the approximation metric has a lower bound for bisectional cur-

vature, which allows us to obtain the Laplacian estimate. The proof of C2,α-estimate
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is essentially the same, see Chapter 4.

Now let us sketch approach of setting approximating conical Kähler-Ricci flow

based on Chapter 3. For simplicity we only consider the case of one irreducible

divisor. Actually we can do similar approximating setting whenever the conditions

of Theorem 1.2.2 are satisfied. For the conic Monge-Ampere type equation (4.5), we

consider another approximating flow equation:


∂
∂t
ϕε = log (ωt,ε+

√
−1∂∂̄ϕε)n

Ω
+ logFε(||S||2)1−β

ϕε(·, 0) = 0
(4.16)

where

ωt,ε := ωt + k
√
−1∂∂̄ψε(||S||2),

and Fε, ψε are defined as in Chapter 3. By the same computation we can obtain C0−

estimate for ϕε. For Laplacian estimate, instead of Aubin-Yau type inequality, we

make use of Chern-Lu type inequality

(
∂

∂t
− ∆) log trωω0,ε ≤

g īigkk̄Rīikk̄(ω0,ε) − (1 − β)
∑

i g
īig īi(log Fε(||S||2)

||·||2 )īi

trωω0,ε

.

By Theorem 1.2.2 we know that Rīikk̄(ω0,ε) ≤ C uniformly. Then we can derive a

Laplacian estimate more directly.

Note that in [37], unnormalized Kähler-Ricci flow can smooth initial Kähler met-

rics with rough and degenerate data. So naturally, we hope unnormalized Kähler-Ricci

flow can play similar roles in the study of conic Kähler metrics and we will discuss

this phenomenon in the future.
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Chapter 5

The C2,α-estimate for conical

Kähler-Ricci flow

Regularity of complex Monge-Ampere equations in conic setting is an important

issue in the study of conic Kähler metrics. As the C0-estimate and C2-estimate is

not enough to obtain the solution to existence problems, we need to get at least

C2,α- estimate to guarantee that the inverse function theorem can be applied. For

conic metrics, in smooth part, it is easy to apply Calabi’s C3-estimate as smooth

case [50]. For the conic singularities, when the cone angle β < 1
2
, even Calabi’s C3-

estimate still holds [3]. However, when β ≥ 1
2
, the C3-estimate seems not to hold

any more so we can expect only a C2,α-estimate. In conic setting, we are still not

sure that whether classic Evans-Krylov-Safanov theory (see [16]) holds, as we are not

clear whether the subtle argument of choosing squares and measure estimates can be

extended to conic setting. Actually there have been some works on extension of this

classic theory to conic setting [9] [10] [15] [21] [49]. When the metric is sufficiently

close to the standard flat conic metric, perturbation method of the Schauder estimate

can be used to derive a C2,α-estimate [7]. However we don’t know the metric involved

can be made sufficiently close to a standard flat conic metric before we establish an

77



estimate than the C2-estimate. In [45], Tian adapted the method of his master thesis

[38] to conic case and proved the C2,α-estimate for conical complex Monge-Ampere

equations without the closeness assumption. The main idea of Tian’s approach is to

compare the second derivative to harmonic forms whose regularity was studied before.

In this paper, we extend Tian’s idea in [45] to derive a C2,α-estimate for conical

Kähler-Ricci flow, which completes the proof of the existence theorem in last chapter.

Conical Kähler-Ricci flow is another interesting topic in the study of conic Kähler

metrics and there have been some works on it [9] [10] [28] [24] [33] [49]. To establish

the existence of conical Kähler-Ricci flow we need a parabolic version of C2,α-estimate.

In deriving our estimate, similar to what Tian did, we need to use regularity properties

of heat equations.

Now let’s recall the construction of unnormalized Kähler-Ricci flow in [33]. Sup-

pose the divisor D =
l∑

i=1

(1 − βi)Di(l ≤ n) is a simply normal crossing divisor on

a n dimensional compact Kähler manifold (M,ω0, where each Di is an irreducible

divisor and ω0 is a smooth background Kähler metric. Now consider unnormalized

Kähler-Ricci flow 
∂
∂t
ω = −Ric(ω) + 2π

l∑
i=1

(1 − βi)[Di]

ω(0) = ω∗ = ω0 +
l∑

i=1

k
√
−1∂∂̄||Si||2βi

(5.1)

where Si is a defining holomorphic section of [Di], and we know that when k is a

small positive number ω∗ is a conic Kähler metric with cone angles 2πβi along each

Di. In last chapter we apply the methods of [47] [37] to consider this equation in

the cohomology level, i.e, write ωt = ω∗ − t(Ric(Ω) −
l∑

i=1

(1 − βi)R(|| · ||i)), andω =

ωt +
√
−1∂∂̄ϕ, where Ω is a smooth volume form and R(|| · ||i)) is corresponding

curvature form of the line bundle [Di]. Then the equation (5.1) can be transformed
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to a Monge-Ampere type equation:


∂
∂t
ϕ = log (ωt+

√
−1∂∂̄ϕ)n

Ω
+

l∑
i=1

log ||Si||2(1−βi)

ϕ(·, 0) = 0

(5.2)

Recall that in last chapter, we apply the approximation techniques of [4] [15] [28]

and estimates in [47] [37] to obtain C0-estimate and Laplacian estimate for ϕ, i.e, for

some uniform constant A,

A−1ω0 ≤ ω = ωt +
√
−1∂∂̄ϕ ≤ Aω0 (5.3)

on the time interval [0, T ] where

T < T0 := sup{t > 0|[ω0] − t(c1(M) −
l∑

i=1

(1 − βi)[Di]) > 0}.

What is remaining in last chapter is a Hölder estimate for
√
−1∂∂̄ϕ, i.e, the C2,α-

estimate. We will follow the approach in [45] to get the following main theorem in

this chapter by comparing the flow solution with the solutions to heat equations:

Theorem 5.0.1. For any α ∈ (0, β
−1 − 1, 1}), where β := max{β1, · · · , βl}, there

exist constants r0 ∈ (0, 1) and Cα > 0 such that for any (x0, t0) ∈ M × (0, T0) and

0 < r < r0, ∫∫
Pr(x0,t0)

|∇3ϕ|2ωn0dt ≤ Cαr
2n+2α, (5.4)

where Pr(x0, t0) = Br(x0)× (t0 − r2, t0], and Br(x0) is the geodesic ball with center x0

and radius r, and ∇ is the covariant derivative, the norm is taken with respect to ω0.

Provided this theorem, by standard analysis arguments, we have the following

corollary, which gives the C2,α-estimate:

Corollary 5.0.2. For any α ∈ (0,min{β−1 − 1, 1}),
√
−1∂∂̄ϕ is Cα-bounded with
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respect to ω0.

The note will be organized as below. First, begin with the Monge-Ampere type

equation (4.5), we derive a second order parabolic equation for complex Hessian of

ϕ. Then we review some facts on heat equation, which can be modified from [19].

Finally, we follow [45], to give a parabolic version of comparison argument.

5.1 Preliminaries

In this section we’ll obtain a parabolic equation for complex Hessian, and make some

necessary preparation for the estimate. First, we note that the Theorem 5.0.1 can

be proved locally. As Calabi’s 3rd derivative estimate can be used outside the di-

visor, we only need to consider that x0 ∈ D. Now choose a local coordinate system

(U ; z1, · · · , zn) around x0 = (0, · · · , 0) and Di

∩
U = {zi = 0}. Now U can be identi-

fied with an open set in C. By Laplacian estimate (5.3) we have

C−1ωβ ≤ ω ≤ Cωβ, (5.5)

where ωβ is the standard conic flat metric on C:

ωβ =
√
−1

(
l∑

i=1

dzi ∧ dz̄i
|zi|2(1−βi)

+
n∑

i=l+1

dzi ∧ dz̄i

)
.

By ∂∂̄-lemma (see [43]), we can write ω =
√
−1∂∂̄u for some spacetime neighborhood

U × (t′, t0]. Now consider the Monge-Ampere type equation (4.5), as
√
−1∂∂̄u = ω =
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ωt +
√
−1∂∂̄ϕ, we have that

√
−1∂∂̄

∂

∂t
u = −Ric(Ω) +

l∑
i=1

(1 − βi)R(|| · ||i) +
√
−1∂∂̄ log

(ωt +
√
−1∂∂̄ϕ)n

l∏
i=1

||Si||2(1−βi)

Ω

=
√
−1∂∂̄(log

(
√
−1∂∂̄u)n

ωnβ
+ F ),

Here F is defined as

√
−1∂∂̄F =

√
−1∂∂̄ logωnβ +

l∑
i=1

(1 − βi)(R(|| · ||i +
√
−1∂∂̄ log ||Si||2),

so F is a smooth function. Then we obtain a scalar equation:

∂

∂t
u = log

(
√
−1∂∂̄u)n

ωnβ
+ F. (5.6)

As ωt is a conic Kähler metric which has the same singular part with the initial conic

metric, it suffices to prove that
√
−1∂∂̄u is Cα-bounded. Now take the covariant

derivatives of the equation (5.6) twice with respect to ωβ, we obtain a parabolic

equation for
√
−1∂∂̄u:

∂

∂t
ukl̄ = uij̄ukl̄ij̄ − uiq̄upj̄uij̄kupq̄l̄ + Fkl̄. (5.7)

Obviously, with respect to ωβ, ukl̄ is uniformly bounded. Unfortunately we can’t use

Krylov-Safanov estimate directly to get a Hölder estimate. We’ll make use of the

properties of heat equation to derive the estimate. For this purpose, we need to do

some preparation.

As [45], we can define Bβ(r) to be an angle domain in Cl × Cn−l consisting of all

(w1, · · · , wl, w′) satisfying
l∑

i=1

|wi|2 + |w′|2 ≤ r2, where wi = ρie
√
−1θi for ρi ∈ [0, r] and

θi ∈ [0, 2πβi], 1 ≤ i ≤ l. Now we have such a Sobolev type inequality, which can be
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proved in standard way([17] [27]) by Sobolev inequality in [45]:

Lemma 5.1.1. There is a constant Cβ which depends on 1 − βi, i = 1, · · · , l such

that for any smooth function h on Bβ × (−1, 0] with boundary conditions:

h(w1, · · · , ρie
√
−12πβi , · · · , wl, w′) = e

√
−12π(1−βi)h(w1, · · · , ρi, · · · , wl, w′) (5.8)

for each i, then we have

(∫∫
Bβ×[−1,0]

|h|2(1+ 1
n

)ωnβdt

) n
n+1

≤ Cβ

(
sup
t

∫
Bβ

|h|2ωnβ +

∫∫
Bβ×[−1,0]

|∇h|2ωnβdt

)
,

(5.9)

or for s ∈ ( n
n+1

, 1),

∫∫
Bβ×[−1,0]

|h|2ωnβdt ≤ Cβ,s

(
sup
t

∫
Bβ

|h|2sωnβ +

∫∫
Bβ×[−1,0]

|∇h|2sωnβdt

) 1
s

. (5.10)

Now we prove a lemma that outside the divisor D, the scalar curvature is uniformly

bounded from below, which is useful in Moser’s iteration with respect to evolving

metrics and weak Harnack inequality below:

Lemma 5.1.2. Suppose the evolving conic metrics ω(t) satisfy the conical Kähler-

Ricci flow (4.3), then outside the divisor D, the scalar curvature R ≥ −C
t
, which only

depends on initial metric.

Proof. We know that the conclusion is true in case of smooth Ricci flow. In conic

case, the conclusion at the initial time always holds. Outside the divisor D we have

the evolution equation for scalar curvature [18]

∂

∂t
R = ∆R + |Ric|2,
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and now we can write this equation as following:

(
∂

∂t
− ∆)(R +

C

t
− c

l∑
i=1

log ||Si||2) = |Ric|2 +
C

t2
− c

l∑
i=1

trω(R(|| · ||i) + 2π[Di]),

where c is a positive constant. It is easy to see that the space minimum will be

attained outside the divisor, so by maximal principle [18], as R(|| · ||i) is uniformly

bounded and ω ≥ Cω0 where ω0 is a smooth background metric, we have that

min(R +
C

t
− c

l∑
i=1

log ||Si||2)(t) ≥ min(R +
C

t
− c

l∑
i=1

log ||Si||2)(0) − cC ′t.

Now let c tend to 0, we obtain our result.

Now make use of above two lemmas, we can prove an inequality similar to mean

value inequality for subharmonic functions:

Proposition 5.1.3. Suppose v ≥ 0 satisfy that ( ∂
∂t
−∆β)v ≤ C0, or ( ∂

∂t
−∆ω)v ≤ C0,

where ω satisfies conical Kähler-Ricci flow (4.3) on P (1) = B(1) × (−1, 0], we have

that

sup
P (1/2)

v ≤ C

(∫∫
R(1)

vωnβdt+ C0

)
,

or replace ωβ by ω.

Proof. Before the L1-control, we first prove a L2-control that for any θ ∈ (1/2, 1), by

Moser’s iteration as [17]:

sup
P (θ)

v ≤ C

(
1

(1 − θ)n+1
(

∫∫
P (1)

v2ωnβdt)
1/2 + C0

)
. (5.11)

Without loss of generality, we assume that C0 = 0, otherwise we take v′ = v − C0t

to replace v. We prove the first case. First we choose η = vξ2χ[−r2,−σ](t) where ξ is

a cut-off function with compact support in P (1), and χ is a characteristic function.

Define P σ(r) = B(r)× [−r2,−σ] and take η as a test function for the first inequality,
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we have

1

2

∫∫
Pσ(r)

(
∂

∂t
ξ2v2 + ξ2|∇v|2)ωnβdt ≤ C

∫∫
Pσ(r)

(|∇ξ|2 + |ξξ̇|)v2ωnβdt. (5.12)

For θ ≤ r′ < r ≤ 1, choose σ ≤ r′2 such that

∫
B(r′)

v2ωnβ |t=−σ ≥ 1

2
sup

t∈[−r′2,0]

∫
B(r′)

v2ωnβ . (5.13)

Choose ξ(x, t) = ξ1(x)ξ2(t), where ξ1 is 1 on B(r′), and 0 outside B(r) with |∇ξ1| ≤
C
r−r′ , and ξ2 is 1 on [−r′2, 0], and 0 on [−1,−r2] with |ξ̇2| ≤ C

(r−r′)2 . By the equation

(5.12), we obtain that

sup
t∈[−r′2,0]

∫
B(r′)

v2ωnβ ≤ 2

∫
B(r′)

v2ωnβ |t=−σ ≤ 2

∫∫
Pσ(r)

∂

∂t
ξ2v2ωnβdt

≤ C

(r − r′)2

∫∫
Pσ(r)

v2ωnβdt ≤
C

(r − r′)2

∫∫
P (r)

v2ωnβdt.

Choose test function η = vξ2χ[−r2,0](t) then the integral domain of (5.12) will be P (r)

and we obtain that

∫∫
P (r′)

|∇v|2ωnβdt ≤
C

(r − r′)2

∫∫
P (r)

v2ωnβdt.

Now by Sobolev type inequality (5.9), we obtain that

(∫∫
P (r′)

v2(1+ 1
n

)ωnβdt

) n
n+1

≤ C

(r − r′)2

∫∫
P (r)

v2ωnβdt.

By computation, ( ∂
∂t
− ∆β)v

p ≤ 0 for p ≥ 1. So similar argument is true that

(∫∫
P (r′)

v2p(1+ 1
n

)ωnβdt

) n
n+1

≤ C

(r − r′)2

∫∫
P (r)

v2pωnβdt.

Then by Moser’s iteration, we obtain the inequality (5.11). Now by (5.11) and
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Cauchy-Schwarz inequality, we have that

||v||L∞(P (r′)) ≤ C

(
1

(r − r′)n+1
||v||L2(P (r)) + C0

)
≤ C

(
1

(r − r′)n+1
)||v||1/2L∞(P (r))||v||

1/2

L1(P (r)) + C0

)
≤

||v||L∞(P (r))

2
+ C

(
1

(r − r′)2n+2
||v||L1(P (r)) + C0

)
,

then by an iteration lemma (Lemma 4.3 on Page 75 of [19]), we get that

||v||L∞(P (θ)) ≤ C

(
1

(1 − θ)2n+2
||v||L1(P (r)) + C0

)

which completes the proof of the first case. For the proof of the second case, note

that in the derivation of similar inequality to (5.12), there is an extra term −Rξ2v2

in the right hand side integral which comes from the derivative of ωn. However by

Lemma 5.1.2 this term is bounded from above by Cξ2v2, then all the argument for

the first case follows.

From this proposition, we can easily get following corollaries:

Corollary 5.1.4. For the function h which solves heat equation ( ∂
∂t

− ∆)h = 0 and

satisfies the same boundary condition (5.8) of Lemma 5.1.1 on Bβ × (−1, 0], and any

r < 1, we have that

∫∫
Bβ(r)×(−r2,0]

|∇h|2dw ∧ dw̄dt ≤ Cr2n−2+2β
−1
∫∫

Bβ×(−1,0]

|∇h|2dw ∧ dw̄dt. (5.14)

Moreover, for any σ < r < 1, and function v which solves ( ∂
∂t

− ∆β)v = 0 on P (1),

we have that

∫∫
P (σ)

|∇v|2ωnβdt ≤ C(
σ

r
)2n−2+2β

−1
∫∫

P (r)

|∇v|2ωnβdt. (5.15)
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Proof. Let’s see what the boundary condition (5.8) means. We choose coordinate

change zi = (βiwi)
1
βi for i = 1 · · · , l and zi = wi for other i, which maps the angle

domain Bβ to the ball with standard conic metric. Then we find that

∂h(w(z), t)

∂zi
(· · · , zie

√
−12πβi , · · · ) =

∂h(w, t)

∂wi

∂wi
∂zi

(· · · , zie
√
−12πβi , · · · )

=e
√
−12π(1−βi)∂h(w, t)

∂wi
(· · · , zi, · · · )(βiwi(zie

√
−12πβi))1−β−1

i

=e
√
−12π(1−βi)∂h(w, t)

∂wi

∂wi
∂zi

(· · · , zi, · · · )e
√
−12π(βi−1)

=
∂h(w, t)

∂wi

∂wi
∂zi

(· · · , zi, · · · ) =
∂h(w(z), t)

∂zi
(· · · , zi, · · · ),

which allows us to consider h as a function on the ball with standard conic metric.

Note that ωβ =
√
−1
∑
dwi ∧ dw̄i, So (5.15) follows from (5.14) and we only need to

prove (5.14).

Note that the functions ζi = w
k
βi

−1

i satisfy boundary condition (5.8). By Fourier

expansion of one function satisfying the same boundary condition we can find that

functions ζi = w
k
βi

−1

i constitute a basis of such functions satisfying this boundary

condition (We want to thank Y. Rubinstein for showing the details). As k ≥ 1, for

all i, choose the smallest exponential 2(min(β−1
i ) − 2) = 2(β

−1 − 2) and integrate on

P (r), we obtain our result.

On the other hand, we still need a weak Harnack inequality as Theorem 4.15 in

[19]. Here we need to consider a new spacetime neighborhood P ′(r) = B(r)×(−r2, r2)

to replace P (r). Then we will have

Proposition 5.1.5. Suppose ω =
√
−1∂∂̄u solves the conical Kähler-Ricci flow (4.3)

on M × [−T, T ](T > 1), and a nonnegative function v ∈ H1(P ′(r)) satisfies

(
∂

∂t
− ∆′)v ≥ −k, (5.16)
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where ∆′ denotes the Laplacian with respect to ω. Then we will have

∫∫
P ′(1)

vωnβdt ≤ C( inf
P ′( 1

2
)
v + k). (5.17)

Proof. The proof is similar to the elliptic version of weak Harnack inequality in The-

orem 4.15 of [19] so we just sketch the proof. We set v = v + k and w = v−1. Choose

a cut-off function ξ(x, t) = ξ1(x)ξ2(t), where ξ1 is 1 on B(1
2
), and 0 near ∂B(1) with

|∇ξ1| ≤ 4, and ξ2 is 1 on [−1
4
, 1

4
], and 0 near t = ±1 with |ξ̇2| ≤ 16. Take v−2ξ as the

test function of (5.16) we obtain that

∫∫
P ′(1)

ξ(∆′ − ∂

∂t
)wωndt ≤

∫∫
P ′(1)

ξ
C

v2ω
ndt.

By Proposition 5.1.3 we obtain that

sup
P ′( 1

2
)

v−p ≤ C

∫∫
P ′(1)

v−pωndt ≤ C

∫∫
P ′(1)

v−pωnβdt,

for any p > 0, which indicates that

inf
P ′( 1

2
)
v + k ≥ C

(∫∫
P ′(1)

vpωnβdt

∫∫
P ′(1)

v−pωnβdt

)−1/p

(

∫∫
P ′(1)

vωnβdt)
1/p.

Now we need to prove

∫∫
P ′(1)

vpωnβdt

∫∫
P ′(1)

v−pωnβdt ≤ C

for some p = p0 > 0. It suffices to prove that

∫∫
P ′(1)

ep0|h|ωnβdt ≤ C,

where h = log v− 1
|P ′(1)|ωβ

∫∫
P ′(1)

vωnβdt. As ep0|h| = 1 + |p0h|+ |p0h|2
2!

+ · · ·+ |p0h|l
l!

+ · · ·
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it suffices to bound
∫∫

P ′(1)
|h|lωnβdt for any positive integer l.

Denote det(ukl̄)u
ij̄ by U ij̄ and by [45], we have U ij̄

i = 0 (See also Lemma 5.2.1 in

the next section). Now take v−1ξ2 as the test function in (5.16), we have that

−
∫∫

P ′(1)

k

v
ξ2ωnβdt ≤

∫∫
P ′(1)

v−1ξ2(
∂

∂t
− ∆′)vωnβdt

=

∫∫
P ′(1)

ξ2

(
∂

∂t
h− v−1U ij̄vij̄det(u

−1
kl̄

)

)
ωnβdt

=

∫∫
P ′(1)

(
−2hξξ̇ + 2ξξj̄v

−1U ij̄videt(u
−1
kl̄

) + ξ2(−v−2U ij̄vivj̄det(u
−1
kl̄

) + U ij̄hidet(u
−1
kl̄

)j̄)
)
ωnβdt

=

∫∫
P ′(1)

(
−2hξξ̇ + 2ξξj̄hiu

ij̄ − ξ2|∇′h|2 − hU ij̄(2ξξidet(u
−1
kl̄

)j̄ + ξ2det(u−1
kl̄

)ij̄)
)
ωnβdt

For the last term, we have that

−U ij̄det(u−1
kl̄

)ij̄ = U ij̄

(
(log det(ukl̄))i
det(ukl̄)

)
j̄

= uij̄((log det(ukl̄))ij̄ − det(ukl̄)
−2det(ukl̄)idet(ukl̄)j̄)

= −R(ω) − |∇′detdet(ukl̄)|2 ≤ C − |∇′det(ukl̄)|2,

where the last inequality follows from Lemma 5.1.2. Make use of this and Cauchy-

Schwarz inequality, we have

∫∫
P ′(1)

ξ2|∇′h|2ωnβdt ≤ C

∫∫
P ′(1)

(|∇′ξ|2+kv−1ξ2−2hξξ̇+C(ξ2+|∇ξ|2)h)ωnβdt, (5.18)

where ∇′ denotes the gradient with respect to ω, which also have corresponding

Sobolev inequality and Poincare inequality as it is equivalent to ωβ. Note that in the

new spacetime domain P ′(1), the first term in the Sobolev inequality (5.9) can be

canceled and by Poincare inequality we have that

∫∫
P ′(1)

|h|2ωnβdt ≤ C.
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For l > 2, take v−1ξ2h2l as the test function in (5.16) and the similar estimate

above, we have that

∫∫
P ′(1)

ξ2h2l|∇′h|2ωnβdt ≤
∫∫

P ′(1)

(2lξ2h2l−1|∇′h|2 + kv−1ξ2h2l

+ 2ξ∇′ξ · h2l∇′h+
1

2l + 1
(C(|∇ξ|2 + ξ2)h2l+1 − 2ξξ̇h2l+1))ωnβdt.

Apply Cauchy-Schwarz inequality and Young’s inequality, we obtain that

∫∫
P ′(1)

|∇′(ξhl+1)|2ωnβdt ≤ C

∫∫
P ′(1)

(
(2l)2l+2ξ2|∇′h|2 + (2l)α(|∇′ξ|2 + |ξ̇| + C)|h|2(l+1)

)
ωnβdt,

where α > 0. Then follow [19] to use Moser’s iteration, we can prove that there exists

p0 > 0 such that
∫∫

P ′(1)
ep0|h|ωnβdt ≤ C.

Finally, we need to prove that the inequality (5.17) is true for p = 1. We only

need to take ξ2v−α as the test function to (5.16) where α ∈ (0, 1), then we have

2α

(1 − α)2

∫∫
P ′(1)

ξ2|∇′v
1−α

2 |2ωnβdt ≤
∫∫

P ′(1)

(
C(|∇ξ|2 + ξ2) − 2ξξ̇

1 − α
+ξ2+

2

α
|∇′ξ|2)v1−αωnβdt.

As [19], the proposition follows from Sobolev inequality and finite steps of iterations.

We end this section by a lemma which indicates that Corollary 5.0.2 follows from

Theorem 5.0.1:

Lemma 5.1.6. Suppose u ∈ H1
loc(P (1)) satisfies

∫∫
P (r)

|∇u|2ωnβdt ≤ Cr2n+2α,

then u ∈ Cα at the origin.
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Proof. We only need to note that by smallest square theorem and Poincare Inequality,

∫∫
P (r)

|u− 1

|P (r)|

∫∫
P (r)

uωnβdt|2ωnβdt ≤
∫ 0

−r2

∫
B(r)×{t}

|u− 1

|B(r)|

∫
B(r)×{t}

uωnβ |2ωnβdt

≤Cr2

∫∫
P (r)

|∇u|2ωnβdt ≤ Cr2n+2+2α,

then this lemma follows from the same argument of Theorem 3.1 on Page 48 of

[19].

5.2 Proof of main Theorem 5.0.1

We begin the proof of main theorem 5.0.1 along Tian’s second approach in [45]. We

denote det(ukl̄)u
ij̄ by U ij̄ and recall two lemmas in [45]:

Lemma 5.2.1. For each j, U ij̄
i = 0.

Proof.

U ij̄
i = (det(ukl̄)u

ij̄)i = det(ukl̄)(u
kl̄ukl̄iu

ij̄ − uil̄ukj̄ukl̄i) = 0,

as we can switch j and l.

Lemma 5.2.2. For any positive definite Hermitian matrix (λij̄), we have

|det(λpq̄)λij̄uij̄ − det(upq̄) − (n− 1)det(λpq̄)| ≤ C
∑
i,j

|uij̄ − λij̄|2, (5.19)

where λij̄ denotes the inverse of Λ = (λij̄) and C is a constant depending only on the

norms of Λ and uij̄.

Proof. Consider the function f of matrix uij̄ that f(uij̄) = det(λpq̄)λ
ij̄uij̄ − det(upq̄)−

(n− 1)det(λpq̄) at the point Λ = (λij̄) that f(λij̄) = 0 and

∂f

∂uij̄
|uij̄=λij̄ = det(λpq̄)λ

ij̄ − det(upq̄)u
ij̄|uij̄=λij̄ = 0.
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Then this lemma follows from Taylor expansion of f at point uij̄ = λij̄.

From now on we will modify Tian’s arguments in [45] to parabolic case. First, we

have

Lemma 5.2.3. There exists some q > 2 which may depend on β, ||uij̄||L∞ and

||Fij̄||L∞ such that for any P (2r) ⊂ U × (−1, 0] around (y, 0), we have

(
1

r2n+2

∫∫
P (r)

(1 + |∇ω|)qωnβdt
) 2

q

≤ C

r2n+2

∫∫
P (2r)

(1 + |∇ω|)2ωnβdt, (5.20)

where C denotes a uniform constant.

Proof. First assume that y = x0 and move t0 to be 0. Define λij̄ := r−(2n+2)
∫∫

P (r)
uij̄ω

n
βdt

for i, j = 1, · · · , n. By using unitary transformation if necessary, we assume that

λij̄ = 0 if i 6= j and i, j > l. By Laplacian estimate (5.5), we have A−1I ≤ Λ =

(λij̄) ≤ AI. Choose a cutoff function η = η1(x)η2(t) on P (r) such that η1(x) = 1 on

B(y, 3r
4
), η1(x) = 0 near ∂B(y, 1), and η2(t) = 1 on [−9r2

16
, 0], η2(t) = 0 near t = −r2,

with |∇η1|2, |∇2η1|, |η̇2| ≤ C
r2
. Make use of the equation (5.7) and Lemma 5.2.1, denote

91



λk = λkk̄ and λ = λ1 · · ·λn, we have

∫∫
P (r)

U ij̄

(
n∑
k=1

λ

λk
ukk̄ − det(upq̄) − (n− 1)λ

)
ηij̄ω

n
βdt

=

∫∫
P (r)

U ij̄

(
(
n∑
k=1

λ

λk
ukk̄ij̄)η − det(upq̄)ηij̄

)
ωnβdt

≥
∫∫

P (r)

n∑
k=1

λ

λk
det(upq̄)(u

iq̄upj̄uij̄kupq̄k̄ +
∂

∂t
ukk̄ − fkk̄)ηω

n
βdt− Cr2n

≥c
∫∫

P (r)

η|∇ω|2ωnβdt+

∫
B(r)×{0}

n∑
k=1

λ

λk
det(upq̄)ukk̄ηω

n
β

−
∫∫

P (r)

n∑
k=1

λ

λk
ukk̄det(upq̄)(η̇ + η

∂

∂t
(log det(upq̄)))ω

n
βdt− Cr2n

≥c
∫∫

P (r)

η|∇ω|2ωnβdt+

∫∫
P (r)

n∑
k=1

λ

λk
ukk̄det(upq̄)(R− η̇)ωnβdt− Cr2n

≥c
∫∫

P (r)

η|∇ω|2ωnβdt− Cr2n,

where the last inequality uses the Lemma 5.1.2 that the scalar curvature stays uni-

formly bounded from below. By Lemma 5.2.2, we have

∫∫
P ( 3r

4
)

|∇ω|2ωnβdt ≤ C

(
r2n + r−2

∫∫
P (r)

∑
i,j

|uij̄ − λij̄|2ωnβdt

)
.

By Sobolev inequality (5.10) in Lemma 5.1.1,

∫∫
P ( 3r

4
)

(1 + |∇ω|)2ωnβdt ≤ Cr(2n+2)(1− 1
s
)

(∫∫
P (r)

(1 + |∇ω|)2sωnβdt

) 1
s

, (5.21)

where s ∈ ( n
n+1

, 1). This inequality holds for parabolic neighborhoods with center

point on or not on the divisor. Then by a covering argument that for any parabolic

neighborhood P ((y, t), 2r) ⊂ U × (−1, 0],

1

r2n+2

∫∫
P (r)

(1 + |∇ω|)2ωnβdt ≤ C

(
1

r2n+2

∫∫
P (2r)

(1 + |∇ω|)2sωnβdt

) 1
s

.
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Then (5.20) follows from Gehring’s inverse Hölder inequality [14].

Similar to [45], we can define a (1, 1)-form v solving a heat equation:

∂

∂t
v =

n∑
i=1

1

λi
vīi on P (r) v = ω on B(r) × {−r2}

∪
∂B(r) × (−r2, 0]. (5.22)

Then we have such a lemma:

Lemma 5.2.4. For any P ((y, t), 4r) ⊂ U × (−1, 0], and σ < r, we have

∫∫
P (σ)

|∇ω|2ωnβdt− cr2n+2 (5.23)

≤c

[
(
σ

r
)2n−2+2β

−1

+

(
1

r2n

∫∫
P (σ)

(1 + |∇ω|2)ωnβdt
) q−2

q

]∫∫
P (r)

|∇ω|2ωnβdt.

Proof. Take ω̂ = ω−v as the test function for the Hessian equation (5.7), considering

(5.22), integrate by parts, we have

−
∫∫

P (r)

ω̂lk̄(u
iq̄upj̄uij̄kupq̄l̄ − Fkl̄)ω

n
βdt

=

∫∫
P (r)

ω̂lk̄(
∂

∂t
ukl̄ − uij̄ukl̄ij̄)ω

n
βdt

=

∫∫
P (r)

ω̂lk̄(
∂

∂t
ω̂kl̄ +

n∑
i=1

1

λi
vīikl̄ − uij̄ukl̄ij̄)ω

n
βdt

=

∫∫
P (r)

(
1

2

∂

∂t
|ω̂|2 + ω̂lk̄(−

n∑
i=1

1

λi
ω̂īikl̄ + (

1

λi
δij − uij̄)ukl̄ij̄)

)
ωnβdt

=

∫
B(r)×{0}

|ω̂|2

2
ωnβ +

∫∫
P (r)

n∑
i=1

1

λi
|ω̂kl̄i|2ωnβdt

−
∫∫

P (r)

(
(

1

λi
δij − uij̄)ω̂lk̄j̄ukl̄i + ω̂lk̄u

iq̄upj̄ukl̄iupq̄j̄

)
ωnβdt,

then by Cauchy-Schwarz inequality, and note that A−1 −B−1 = A−1(B −A)B−1, we
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obtain that

∫∫
P (r)

|∇ω̂|2ωnβdt ≤ c

(
r2n+2 +

∫∫
P (r)

(|ω̂| + |uij̄ − λiδij|2)|∇ω|2ωnβdt
)
. (5.24)

By Lemma 5.2.3 and Poincare inequality, we have

∫∫
P (r)

|uij̄ − λiδij|2|∇ω|2ωnβdt (5.25)

≤r2n+2

(
r−2n−2

∫∫
P (r)

|∇ω|qωnβdt
) 2

q
(
r−2n−2

∫∫
P (r)

|uij̄ − λiδij|
2q
q−2ωnβdt

) q−2
q

≤C
(
r−2n−2

∫∫
P (r)

|uij̄ − λiδij|2ωnβdt
) q−2

q
∫∫

P (r)

(1 + |∇ω|)2ωnβdt

≤C
(
r−2n

∫∫
P (r)

|∇ω|2ωnβdt
) q−2

q
∫∫

P (r)

(1 + |∇ω|)2ωnβdt.

For the other part on the right hand side of (5.24), we may assume q
q−2

> 2, otherwise

the following second inequality follows from Hölder inequality:

∫∫
P (r)

|ω̂||∇ω|2ωnβdt (5.26)

≤r2n+2

(
r−2n−2

∫∫
P (r)

|∇ω|qωnβdt
) 2

q
(
r−2n−2

∫∫
P (r)

|ω̂|
q
q−2ωnβdt

) q−2
q

≤C
(
r−2n−2

∫∫
P (r)

|ω̂|2ωnβdt
) q−2

q
∫∫

P (r)

(1 + |∇ω|)2ωnβdt

≤C
(
r−2n

∫∫
P (r)

|∇ω̂|2ωnβdt
) q−2

q
∫∫

P (r)

(1 + |∇ω|)2ωnβdt

≤C
(
r−2n

∫∫
P (r)

(1 + |∇ω|2)ωnβdt
) q−2

q
∫∫

P (r)

(1 + |∇ω|)2ωnβdt,

where the last inequality follows from (5.24). Now apply Corollary 5.1.4 to v, we have
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that

∫∫
P (σ)

|∇ω|2ωnβdt ≤
∫∫

P (σ)

(|∇ω̂|2 + |∇v|2)ωnβdt (5.27)

≤ c(
σ

r
)2n−2+2β

−1
∫∫

P (r)

|∇v|2ωnβdt+

∫∫
P (r)

|∇ω̂|2ωnβdt

≤ c(
σ

r
)2n−2+2β

−1
∫∫

P (r)

(|∇ω|2 + |∇ω̂|)ωnβdt+

∫∫
P (r)

|∇ω̂|2ωnβdt

≤ c(
σ

r
)2n−2+2β

−1
∫∫

P (r)

|∇ω|2ωnβdt+ C

∫∫
P (r)

|∇ω̂|2ωnβdt,

Now combine (5.24) to (5.27), (5.23) follows.

To conclude the main theorem, similar to [45], we still need a lemma which controls

the right hand side terms in (5.23):

Lemma 5.2.5. For any ε0 > 0, there is an l depending only on ε0, ||∆u||L∞ , ||∆F ||L∞

satisfying: For any r̃ > 0 with P ((y, t), r̃) ⊂ U× (−1, 0], there exists r ∈ [2−lr̃, r̃] such

that

r−2n

∫∫
P (r)

(1 + |∇ω|2)ωnβdt ≤ ε0. (5.28)

Proof. Actually we only need to consider the integral of |∇ω|2 and use the domain

P ′(r) to replace the smaller P (r). Now by the Hessian equation (5.7) again, we have

(∆′ − ∂

∂t
)∆u = uiq̄upj̄gkl̄uij̄kupq̄l̄ − ∆F, (5.29)

where ∆′ denotes the Laplacian of ω, and g denotes the metric of ωβ.

Now denote Mr = supP ′(r) ∆u, and choose a cut-off function η = η1(x)η2(t) on

P (r) such that η1(x) = 1 on B(y, r
2
), η1(x) = 0 near ∂B(y, 1), and η2(t) = 1 on

[− r2

4
, 0], η2(t) = 0 near t = −r2, with |∇η1|2, |∇2η1|, |η̇2| ≤ C

r2
. Make use of the
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estimate in (5.18) of Proposition 5.1.5, we have

∫∫
P ′(r)

η2|∇ω|2ωnβdt ≤ Cr2n+2 + C

∫∫
P ′(r)

η2(
∂

∂t
− ∆′)(Mr − ∆u)ωnβdt

≤ Cr2n+2 + C

∫∫
P ′(r)

(−2ηη̇ − ∆′η2 + C|∇η|2 −R(ω)η)(Mr − ∆u)ωnβdt

≤ Cr2n+2 +
C

r2

∫∫
P ′(r)

(Mr − ∆u)ωnβdt.

Make use of weak Harnack inequality (5.17) in Proposition 5.1.5, we obtain that

(
r

2
)−2n

∫∫
P ′( r

2
)

|∇ω|2ωnβdt ≤ C

(
r−2n−2

∫∫
P ′(r)

(Mr − ∆u)ωnβdt+ r2

)
≤ C( inf

P ′( r
2
)
(Mr − ∆u) + r2) ≤ C(Mr −M r

2
+ r2).

Hence, if (5.28) doesn’t hold for r = r̃
2
, r̃

22 , · · · , r̃2k , then

kε0 ≤ C(Mr̃ −M r̃

2k
+ 2r̃2).

This is impossible for sufficiently large k. Then the lemma follows.

Finally we can complete the proof of Theorem 5.0.1 by an iteration argument as

[45]. Suppose σ = λr where 0 < λ < 1. Then suppose r satisfies Lemma 5.2.5, and

denote H(r) =
∫∫

P (r)
|∇ω|2ωnβdt, by Lemma 5.2.4 we obtain that

σ−2nH(σ) + σ2(β
−1−1) ≤ c(λ2(β

−1−1) +
ε0
λ2n

)r−2nH(r) + (c
r4−2β

−1

λ2n
+ λ2β

−1−2)r2(β
−1−1).

Now for α ∈ (0, β
−1 − 1, 1}), choose λ ∈ (0, 1), such that

log 2(1 + c) ≤ −2(β
−1 − 1 − α)λ.

Then we choose θ = 2(1+ c)λ2(β
−1−1) < 1. After that we choose ε0 ≤ θλ2n

2
and r0 such
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that

c
r4−2β

−1

λ2n
+ λ2β

−1−2 ≤ θ,

where we need to note that we can assume β ≥ 1
2

otherwise the high order estimate

follows from Calabi’s 3rd estimate directly ([3]). Then we can obtain that

σ−2nH(σ) + σ2(β
−1−1) ≤ θ(r−2nH(r) + r2(β

−1−1)).

Now by iteration method, for r < r0 and any positive integer k we have that

(λkr)−2nH(λkr) + (λkr)2(β
−1−1) ≤ θk(r−2nH(r) + r2(β

−1−1))

= (2(1 + c)λ2(β
−1−1−α))k(λkr)2αr−2α(r−2nH(r) + r2(β

−1−1)).

By the choice of λ above, 2(1+c)λ2(β
−1−1−α) ≤ 1, then the main theorem 5.0.1 follows.
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