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Abstract

In this thesis, we first give two different smoothing methods for conic Kéahler met-
rics. One is constructing an approximating sequence of smooth Kahler metrics with
the same lower Ricci curvature bound with the original conic Kahler metric with
some lower Ricci curvature bound based on Tian’s approximation method for the
conic Kahler-Einstein metric. Another one is constructing a smooth approximating
sequence of Kahler metrics with uniformly bisectional curvature upper bound, based
on C. Li and Y. Rubinstein’s bisectional curvature upper bound estimate for a stan-
dard conic metric. Then we will use approximation method to construct solutions to
the conical Kéhler-Ricci flow which preserves the conic structure. After C° and C?-
estimates for potential functions, we finally obtain a C*“-estimate based on Tian’s

method in his PKU thesis.

il



Acknowledgements

First and foremost, I would like to express my deepest gratitude to my advisor Profes-
sor Gang Tian for leading me to the field of geometric analysis and a lot of inspiring
guidance and enthusiastic encouragement through these years in Princeton and Bei-
jing University. It is just he who not only helps me improve my research, but also
makes me more confident, brave and strong-minded on the way studying hard math-
ematical problems.

I would also like to extend my sincere appreciation to Professor Alice Chang,
Professor Paul Yang, and Professor Rafe Mazzeo for their time, interest in my work,
and valuable comments and advice; to Chi Li, who taught me a lot of Kéhler geometry;,
discussed with me so many times and helped me so much in daily life at Princeton;
to Yanir Rubinstein, who invited me to UMD, helped me clarify some problems on
conic metrics, sent me some useful notes, read this thesis very carefully and gave me
a lot of good advice; to Richard Bamler, Xiaodong Cao, and Zhenlei Zhang for a lot
of useful discussions in Math; to my good friends Pin Yu, Garving Luli, Polam Yung,
Shiwu Yang, Guangbo Xu, Hongbin Sun, Yu Zhang who made my life in Princeton
more interesting; to Xuecheng Wang and Ruixiang Zhang for their help in Latex; to
Ms. Jill LeClair who helped me deal with a lot of routine matters at Princeton; to
China Scholarship Council for their partial financial support during these years.

I would also like to thank Professor Kung-Ching Chang, Professor Weiyue Ding,
Professor Xiaohua Zhu, Professor Yuguang Shi and Professor Huijun Fan for their
guidance and help in mathematics when I was a master in Beijing University; to
thank my good friends Xin Zhou, Yalong Shi, Jinxin Xu, Ling Lin and others who
have helped me very much since then; to thank Ms. Xianghui Yu in BICMR for a lot
of help, encouragement and consolation especially during my hard years.

I would also like to thank Professor Mingiang Zhou, who gave me so impressive

classes in mathematical analysis which made me decide to choose math as my major

v



and benefit a lot until now; to thank Professor Yi Qi in Beihang University who
helped me a lot when I worked on my undergraduate thesis; to thank a lot of my
undergraduate classmates who do not study math but give me the best wishes and
encouragement all the time: Rui Yan, Shenggang Liu, Hao Dang, Hanfei Dong, Yun
Zhou, Yu Li, Zheng Han, Xiaowei Dai, Hongliang Yu, Chenxu Hu, and others.

I would also like to thank my best friends in my high school: Yao Lu and Hui
Wang, who always help me and encourage me to go through every difficult time.

I would also like to thank my Math teacher Ms. Xun Liu in my elementary
school, who inspired my initial interest in mathematics, cultivated my good study
habits, which made me benefit all my life.

Finally, I want to thank my parents for their quiet but deep concern, encourage-

ment and understanding through so many years.



vi

To my parents



Contents

Abstract . . . . . .. iii
Acknowledgements . . . . . ... oL iv
1 Introduction 1
1.1 Main theme: conic Kéhler metrics and conical Kahler-Ricci flow . . . 1
1.2 Content of the thesis . . . . . . . ... ... ... ... ........ 2
2 Smoothing conic metric I: lower Ricci curvature bound 4
2.1 Imtroduction . . . . . . .. ... 4
2.2 Basicset up and thecase p <0 . . . . . ... .. ... L. 7

2.3 Twisted functionals for complex Monge-Ampere equations, bounded

frombelow . . . . . .. 10
2.4 Log a-invariant, properness of twisted energies . . . . . . . . . .. .. 17
2.5 (CP-estimate for approximating solution: the case >0 . . ... . .. 20
2.6 Convergence when § tendsto O . . . . .. ... ... ... ... ... 23

3 Smoothing conic metric II: Upper bound of bisectional curvature 30

3.1 Introduction . . . . . . . . . 30
3.2 Smoothing potential function and bisectional curvature . . . . . . . . 34
3.3 Proof of Lemma 3.2.4 . . . . . . . . 42
4 TUnnormalized conical Kahler-Ricci flow 45

vil



4.1 Introduction . . . . . . . ...
4.2 Maximal time existence . . . . . . . . ... L
4.2.1 approximation, and C%estimate . . . . . . . ... ... .. ..
4.2.2 (C?-estimate, and high order estimate outside the divisor
4.2.3 uniqueness and convergence . . . . . . . . .. ... ...
424 C?*%estimate on the divisor D . . . . . .. .. ... ... ...
4.3 Limit behavior near the singular time when the twisted canonical bun-
dleisbig . . . . . . . .
4.4 Limit behavior in case of big and nef twisted canonical bundle . . . .

4.5 Further remarks . . . . . . . .

The C%*“-estimate for conical Kihler-Ricci flow
5.1 Preliminaries . . . . . . .

5.2 Proof of main Theorem 5.0.1 . . . . . . . . . . . . . . ... ... ...

viil



Chapter 1

Introduction

1.1 Main theme: conic Kahler metrics and conical

Kahler-Ricci flow

Kéhler geometry is a special kind of complex geometry which has a Riemannian struc-
ture compatible with the complex structure. One basic problem in Kéhler geometry
is to find canonical metrics on Kéahler manifolds. Canonical means that it depends
on the complex structure and is unique up to biholomorphic automorphisms. One
typical canonical metric is Kéhler-Einstein metric, i.e. Ric(w) = Aw, where the sign
of X depends on the sign of the first Chern class ¢;(M). When ¢, (M) is negative or
zero, the existence problem was solved by Aubin [1] and Yau [50]. The most difficult
case is when ¢1 (M) is positive. Recently, this folklore Yau-Tian-Donaldson conjecture
that the existence of positive Kahler-Einstein metrics is equivalent to K-stability was
confirmed in [44] [6] [7] [8].

In the solution of this conjecture, conic Kahler metrics play a critical role. As the
generalization of smooth Kéahler metric, the conic Kéhler metric itself also attracts
a lot of research interests, for instance, see [2]| [3] [4] [13] [15] [20] [21] [26] or a nice

survey by Y. Rubinstein [31]. Similarly, the existence and regularity of canonical



conic metrics is also the central problem in this field. The continuity path in cone
angles bridges conic metrics and smooth Kahler metrics, which is very important in
the study of this folklore conjecture, and is believed to play roles in future study of
Kahler geometry.

On the other hand, Ricci flow has become a powerful tool in the study of finding
canonical metrics in differential geometry since R. Hamilton’s breakthrough work [18].
Tian—Zhang [47], Song—Tian [35] [36] [37] developed an analytic approach to minimal
model program by using Kahler-Ricci flow. Their idea can be also extended to conical
Kéahler-Ricci flow—a flow which preserves the conic singularities. This flow may be

helpful in future study of pairs and minimal model program.

1.2 Content of the thesis

In Chapter 2, we will first introduce the basic settings of conic Kéhler metrics, then
make use of Tian’s smooth approximation of the conic Kéhler-Einstein metric [44]
to prove that similar approximation exists for conic Kahler metrics with lower Ricci

curvature bound:

Theorem 1.2.1. (Shen 14’ [32]) For Kdhler manifold (M, D) where D is a simple
normal crossing divisor, assume that we have a smooth background Kahler metric wy
and a conic Kihler metric w = wy + /—100p with cone angle 2r3; (0 < B; < 1,1 <
i < m) along each irreducible component D; of D and ¢ is a smooth real function
on M\ D. If the conic Kihler metric w has a lower Ricci curvature bound p, then
for any 0 > 0, there exists a smooth Kahler metric ws with the same lower Ricci
curvature bound p which converges to w in the Gromov-Hausdorff topology on M and

in the smooth topology outside D as  tends to 0.

In Chapter 3, based on C. Li and Y. Rubinstein’s bisectional curvature estimate

in the appendix of [21], we construct a sequence of smooth potential functions which

2



approximate the potential function of the conic metric. We can prove that the corre-
sponding smooth Kéhler metrics approximate the conic Kahler metric with uniformly
upper bisectional curvature bound. Moreover, actually we can prove this approxima-

tion can be generalized to some special cases of simple normal crossing divisors:

Theorem 1.2.2. (Shen 15°) For Kdhler manifold (M, D) where D is a simple normal

crossing divisor satisfying either all cone angles 3; < % or D is composed by some
irreducible divisors free of triple singularity, let w = wy + i V—=109||S;])?”, where
S, 1s the holomorphic section of each irreducible divisor Di,zia,lnd 0; is the cone angle
along D;. Then there exists a sequence of smooth Kdahler metrics w. which converges

to w outside D as € tends to 0, such that the bisectional curvature of w, is uniformly

bounded from above on M independent of €.

In Chapter 4, following the approximation method of Liu-Zhang [28] and Guanancia—
Paun [15] we will extend the maximal time existence of the solution to Kahler-Ricci

flow to the conical Kéhler-Ricci flow, which preserves the conic singularities:

Theorem 1.2.3. (Shen 14°[33]) The conical Kdhler-Ricci flow can exist until the
Kahler class of the evolving metric degenerates. Moreover, during the mazimal time

interval, the solution is C*“ bounded.

In this chapter, we establish the C° and C?-estimates for the solution. In the end
of this chapter, we will sketch a new proof for this theorem based on our bisectional
curvature estimate in Chapter 2.

In Chapter 5, based on Tian’s method in his master’s thesis [38], we will give a
parabolic version of his estimate to establish the C** bound for conical Kéahler-Ricci

flow and complete the proof of the main theorem in Chapter 4.



Chapter 2

Smoothing conic metric I: lower

Ricci curvature bound

2.1 Introduction

Let (M, g) be a complex manifold of complex dimension n with a Hermitian metric
g. We say M is a Kéhler manifold if the associated (1, 1)-form w of the metric g is a
closed form, i.e, dw = 0. We can call w a Kahler metric on M. Mow we can introduce

the conic Kahler metric according to Tian:

Definition 2.1.1. (Tian 96°[41]) We call a Kdhler current w a conic Kdhler metric
along a smooth divisor D with cone angle 2r3(58 € (0,1)), if it is a smooth Kdhler
metric outside the divisor D, and in local coordinates (21, , z,) near a point p € D,
if D = (z1 =0) locally, then w is asymptotic to the model metric

d dz _
op— VT (L £3 dan dz) |
=2

|21 [20P)

Moreover, in the thesis, instead of a smooth divisor, we can consider the divisor D

as a simple normal crossing divisor, i.e, there are m irreducible divisors Dy, -, D,,



intersecting transversally at some point p € M, and in the local coordinate neighbor-
hood U we can write D; = z; = 0. Now we say the current w is a conic metric along

each D; with cone angles 27 3;, if it is asymptotic to the model conic metric

dzl/\dzl
wg =V — ( |z 20 Z dzz/\dzz>.

i=m+1

In recent breakthrough progress on Kahler-Einstein metrics on Fano manifolds
(See [44] [6] [7] [8]), conic Kéahler metrics supplies an important continuity path. The
main tool is an extension of Cheeger-Colding-Tian theory [5] to conic Kéhler-Einstein
metrics. This extension allows one to establish partial C%-estimate which is known
for long to be crucial in proving the existence of Kahler-Einstein metrics. To extend
Cheeger-Colding-Tian theory from smooth case to conic case, in [44], Tian proved
a sharp approximation theorem: any conic Kéahler-Einstein metric can be approxi-
mated by smooth Kahlermetrics with the same lower Ricci curvature bound in the

Cheeger-Gromov sense.

The main idea for proving this sharp approximation came from [43], which gives
a method of proving the equivalence of C%-estimate and the properness of the La-
grangian of corresponding complex Monge-Ampere equation. First, we can define so
called twisted Ding energy F, () or twisted Mabuchi energy v,(y) as [26], which
are Lagrangians of corresponding complex Monge-Ampere equation, for the conic
Kahler-Einstein metric. Then we can prove these two energies are both proper with
respect to the functional J,(¢). After that, we perturb this singular complex Monge-
Ampere equation, and prove that corresponding energies are also proper after such
perturbation. Then, we make use of C%-estimate in [44] to get a new C-estimate
for perturbed complex Monge-Ampere equation. Finally, according to compactness

theorem, we can prove that perturbed Kahler metrics converge to the original conic



Kéhler-Einstein metric in Cheege-Gromov sense, and converge smoothly in C* sense

outside the divisor.

Now a more general problem is to understand the structures of Kéhler manifolds
with lower Ricci curvature bound. A natural question is whether we can also approx-
imate arbitrary conic Kahler metric by smooth Kéhler metrics with the same lower
Ricci curvature bound. We observe that the method above in [44] can apply if we
can get suitable complex Monge-Ampere equations and define suitable energies for
them. Moreover, instead of pluri-anti-canonical divisors in the original proof, we can
generalize our result to simple normal crossing divisors.

We say the conic Kahler metric w has a lower Ricci curvature bound p if there
exists a nonnegative (1,1)—form 2 such that (we may assume that €2 # 0 otherwise

we come back to conic Kéhler-Einstein case.)
Ric(w) = pw+ Y _2m(1 = 3;)[D;] + Q. (2.1)
i=1

This equation is in the sense of currents on M and in classic sense outside singular part
D. Consider these equations and apply Tian’s method [44] for conic Kéhler-Einstein

metrics, we can prove Theorem 1.2.1 as below:

Theorem 2.1.2. For Kdhler manifold (M, D) where D is a simple normal crossing
divisor, assume that we have a smooth Kdhler metric wg and a conic Kdhler metrics
w = wy++v/—100¢ with cone angle 273; (0 < B; < 1,1 < i < m) along each irreducible
component D; of D and ¢ is a smooth real function on M\ D. If the conic metric w
has a lower Ricci curvature bound i, then for any d > 0, there exists a smooth Kahler
metric ws with the same lower Ricci curvature bound p which converges to w in the
Gromov-Hausdorff topology on M and in the smooth topology outside D as 0 tends to
0.



This theorem generalized Tian’s approximation theorem for conic Kéahler-Einstein
metrics to arbitrary conic metrics with a lower Ricci curvature bound. Note that here
we do not assume the sign of . Due to Aubin and Yau, the cases u < 0 and pu =0
are somewhat easier to solve. The difficulty will be when g > 0, i.e. Fano case. In
the following section, we set up the complex Monge-Ampere equations and perturb
it, and derive C%-estimate for nonpositive . And we will deal with the case > 0 in

the remaining parts of this chapter.

2.2 Basic set up and the case p <0

First, as we have the equation (2.1), we can have such an expression for Ricci curvature

of the background metric wy :
Ric(wo) = pwo + o, (2.2)
where € is a (1, 1)—form. Comparing equations (2.1) and (2.2), we have
VET090g 2 = i+ 00 2= S (1= AR )+ v ToDlog 1)

=1

where w = wy + ¢ is the conic Kahler metric. As each D; is an irreducible positive
divisor, we set S; as its defining holomorphic section, with (|| - ||;) as the Hermitian
product on the associated line bundle [D;], and the curvature of this bundle is defined
as R(||-|];) := —v/—1001log ||-||?. Then we get the equation above just from Poincaré-

Lelong equation

27[D] = vV —1001og |S]2 = +/—100log ||SH2 + R(|] - |])-



Note that the left hand side of (2.2)(2.1) lie both in the cohomology class ¢; (M), we
deduce that

Q2= 31~ AR [1) = Vo, (23)

where hg is a smooth function on M and we note that 5=R(|| - ||;) represents ¢1(D;).

Then we get our complex Monge-Ampere equation:
(wo + V=100y)" = eho—us@—Zz’il(l—ﬁi)bgIISiH?Jrcwg, (2.4)
where the constant c is chosen so that
/ (eho= S =B leglISiliF+e _ 1y, n _
M

The reason that why c can be chosen is that near the singular set, the function
e~ Xt (1= 1z ISilI? hehaviors as |z 201D - |z,,[2B»=1 which is locally integrable.

As [44], we can choose such an approximation equation:

(wo +V—100¢p)" = ehoreyl, (2.5)
where
hs =ho — Y (1= ;) log(d + ||Sil[7) + cs
i=1

and the constant c¢s is chosen such that
/ (ehom i (=B los(0+ISil D ves _ )yn — ()
M

Here ¢ is uniformly bounded. If we have a solution ¢4 for (2.5), then we get a smooth



Kaéahler metric ws = wqg + \/—185% with Ricci curvature as below:

Ric(ws) =Ric(wo) + pv/—100¢ps — /—100hs
=pwo + Qo + i/ —100ps — /—190hg + Z(l — Bi)V—10010g(d + ||Si||?)
i=1

s+ 2+ 3 (1= AR 1) + ey Tolog 1.
i=1 !

DS, /\D_&)
(0 4 [|S:117)?

=pws + 0+ Z(l — 6i)(

+v-1

0
0+ [|Sil7

dDS; A DS;

R(|| - 1:) JM/IW)’

note that ||S;||?v/—1001og |Si|? = ||S||? - 2x[D;] = 0. We can see that if we have a

solution (s for small § > 0, the Ricci curvature of ws is always greater than .

By the computation above, we have a corollary which asserts the openness of the

solvable set for the continuity path below:

Lemma 2.2.1. Consider the continuity path of the equation (2.5)
(wo +V—100p)" = ety (2.6)

and set the interval Is as its solvable interval, then 0 € I5 and this interval is open.

Proof. 0 € Is follows from Calabi-Yau theorem. By the computation above and [44],

it’s easy to have A\;(—4\,) is strictly larger than t. Then the openness of I follows. [

So now, to solve the equation (2.5), we need to set up C°-estimate for ;. We
first consider the cases that © = 0 and p < 0. Actually by Calabi-Yau Theorem and
Aubin’s work (see [50] [1]), we can get CY-estimates for these cases. The main diffi-

culty lies in the case p > 0, which we will deal with in the following sections.



2.3 Twisted functionals for complex Monge-Ampere
equations, bounded from below

Following [12] [43] [26], we can still define corresponding functionals for our complex
Monge-Ampere equation (2.4). First, we define generalized energy functionals as

below, by Aubin:

Definition 2.3.1.

n—1

1 2+1 -
1 = — A/ — —1

where V = [, w§, w, = wy +/—100¢.

Note that these functionals are well defined even in conic case (See [31]). It’s easy

to check that

O<n+1

€ T () < Luo(9) < (0 + 1)y (),

Next let’s define two functionals which are both Lagrangians of the equation (2.4).

For simplicity here we set

=1

and we can choose a family ¢; connecting 0 and ¢

Definition 2.3.2. (1) We define twisted Ding functional as

1 1 1 o n
Faslo) = @) = [ = 2iox (3 [ o), )

10



(2) we define twisted Mabuchi functional as

Vigo.u (0 :——// (Ric(wy) — pwy, — ZQWl—@ ] —QAwy” Ddt
=—/ log Zi +—/ Ho(wg — wy) = illu (9) = Juo(#))
Wo
w? 1
=—/ log —;’; /Ho — W) + pu(FY, (w)+v/ Pwy),
wo M

where

FBg(SO) - on(gp) - V /A/[§0w617
is defined by Mabuchi [23].

These definitions are similar to smooth case [43] and conic Kéhler-Einstein case
[26]. We can check that they are well defined for conic case. From [43][26], we know
that to get C-estimate for @5, we need to prove the corresponding twisted Ding
functional is proper with respect to the generalized energy J,,(¢). Now let’s recall

the definition of properness:

Definition 2.3.3. Suppose the twisted Ding functional F,, ,(¢) (twisted Mabuchi func-
tional v, ,(¢)) is bounded from below, i.e. F, ,(¢) > —c, V(@) > —cu), we say it
is proper on P.(M,w), if there exists an increasing function [ : [—c,,o0) — R, and

lim; o f(t) = 00, such that for any ¢ € P.(M,w), we have

Fou(0) 2 f(Ju(9)  (Mou(d) = F(Ju(0))),

where ¢ € P.(M,w) is a smooth function on M \ D such that wy = w + /—190¢ is

a conic metric with the prescribed angles along each component of D.

There are a lot of properties for these functionals, which are parallel to [43] [25]

[26]. First we just put two basic facts here and the proofs are in [43] [26]:

11



Proposition 2.3.4. (1)Given a path {¢:} in P.(M,w), we have

d 1 C "
ij(@) = —V/M@(%) —w"),

d o 1 C
EFth) = Vv /M¢tw¢,
(2)F, .(¢), F)(¢) and v, ,(¢) satisfy the cocycle condition:

Fw,u(¢) + Fw¢,u(¢ - ¢) = Fw,u(w)y
FY(6) + F2 (6 — 6) = Fo(w),
Vw,,u(¢) + denli(w - ¢) = vall(w)a

We note that in (2), the last two follow directly from differentiation. For F,, ,,
we need to choose corresponding function hy parallel to by in the equation (2.3).
Whatever w, is smooth or conic along D, we can write Ric(wy) = pw, + Q4 or
Ric(wy) = pwy + Zle 27(1 — 5;)[Di] + Qy, where €2, is not necessarily nonnegative.

Then all the arguments in smooth case will apply.

From (1) we have a useful corollary, by Ding [11]:

Corollary 2.3.5. For 0 <t <1, we have

Jo(te) <t J(9).

Proof. Consider the path {t¢}o<;<1, then we have

d 1 I,(top) - n+1J,(to)
—Ju t = —— ro—w") = Z )
I00) =~ [ oty —umy = 21 > B
integrate this inequality then the corollary follows. O]

Now we discuss some relations among these functionals and their behaviors under

12



different background metrics. First we have a lemma on the generalized energy J,,,

see [26] and [30] for its proof:

Lemma 2.3.6. suppose wy = wy ++/—100yp, then for any ¢ € P.(M,w:) N P.(M,ws,),

we have

|Jw1(¢) - Jw2(¢)| < C(whw?)‘

From this lemma and the cocycle property of F, ,(¢), 11, ,.(¢), we observe that the
properties of bounded from below and properness are independent of the choice of
metrics in the same Kahler class.

Next we want to know the relation between F, ,(¢), v, ,.(¢). We want to prove that
these two properties of the two functionals are actually equivalent. Actually these are
similar to the proofs by Berman [2] and Li-Sun [26], and we’d like to use the proof in

[25] and [31]:

Lemma 2.3.7. (1)there ezists a constant C > 0 such that

Vw,u(¢) Z HFw,u(¢) - Ca

(2)suppose | solves wy, = efo=r® by Calabi- Yau theorem, then we have

1
/LFW,M(qb) + v /MHOWn > Vou(¥),

In particular, by (1)(2) we know that F,, ,, is bounded from below is equivalent to that
Vo, 48 bounded from below,
(3)in case that v, ,(¢) > C1J,(¢) — Cy where Cy, Cy > 0, there exist constants ¢, C' >

0 such that

Fw,u(¢) > CVw,,u,<¢) - Cl.

Proof. (1) We modify the expression of twisted Mabuchi functional in the definition

13



as below:

1 we
Vo u(@) = V/ log—wd) —/ Ho(w" —w}) 4+ p(F)(¢ /¢w¢
/How —|—V/ log—wd) (Ho—ugb)wg

1
R e
W, % u 0 v y i

n

1 We\ o
g ] (Ho = o —1og 2

then(1) follows from the concavity of logarithm.

(2) Still make use of the definition and cocycle property, we have

o) = [ 1082wt 3 [ o = o)+ u(F2 / v

:_/ — po)wy, + —/ Hy(w" —W¢)+NFO /W’w
i [ (R0 - B2 00+ [ - o)

i [ Ho e (Fusto) +toutyy [ ey < 0= 0))).

then (2) follows from that eo=#?w™ = w7 and J,, (¢ — 1) >0
(3) From the assumption, we have a small 6 > 0 such that v, ,15(¢) = v, ,(¢) —0(1 —

J)w(¢) is bounded from below, so is F,, ,15(¢) by (2). Then we can compute that

1 1 ;
Foul@) =F2(9) - L0 1o (_/ €H°_(“+‘”M%">
Vv M

PR

—F2) + S Pl s0) - FUE0)
21,6) = e -

2(1= (5 l0) = €,

14



where the last inequality follows from Corollary 2.3.5. O

To prove properness of the functionals in case of the existence of the conic metric

w = w,, we need to verify that they are bounded from above:

Theorem 2.3.8. If the singular Monge-Ampere equation (2.4) has a solution ¢, i.e
there exists a conic Kdhler metric w, = woy + V—100¢p satisfying the equation (2.2),
then ¢ attains the minimum of the functional F,, , on the space P.(M,wy). In par-

ticular F,, , ts bounded from above.

Proof. A parallel result is proved in [26], but we’d like to extend Ding-Tian’s proof
[12] [43] to our conic case. Let’s consider the continuity path of the complex Monge-
Ampere equation:

(wo + V=100, = efo~teryp, (2.8)

Now we know that when ¢ = u this equation is solvable. Actually by [3], we know
that it is also solvable when ¢t = 0. Now when 0 < ¢ < p, by implicit function theorem,
we need to consider whether the linearized operator of the (2.8), A; +t, is invertible.
We know that in smooth case, by Bochner’s formula, as Ric(w;) > twy, it is invertible
and we can prove the openness of solvable set for t. However, in conic case, [21] gives
a parallel result. By their argument, we have A; as the Friedreich extension of the
Laplacian associated to w; = wy + v/—100¢; and A1(—=4;) > t, so the openness is
true. We can set {¢;} as a continuous family of solutions of (2.8), then we can do
computations as [43] in a weak sense.

First take the derivative of (2.8) with respect to t, we have

AtSbt = —pp — ¢y,

where A, is in a weak sense as [21]. As for all t, we have [}, eflo=teryn =V take the
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derivative with respect to t we get

/ (got + tgo't)eHO_t‘thg = 0.
M

Now make use of the formulas in the beginning of this section, we have

E(-’wo(@t) - on(@t)) = % /MSOt(Wo — Wy ) Vv /M O Aoy — % /M%Dt(wo - wy')

1 o
v/, ©(pr + oy )wy

d, 1 1
-5 [ ety [ et

o d 4L 1 / ny 1 / "
T A ), T T ), e
From this, we have
d d 1 n
E (t<Iw0(90t) = Juo (@t))) - (Iwo«pt) - on(‘tpt)) = _E(V u Py )7 (29)
Integrating this from 0 to t, we have
t
i) = Talio)) = [ (Tafi0) = Tefip s = = [ ot

By the definition, it’s just

~ [l = Tulois = (o) = 5 [ i) =R (). 210)

As we have [ ef0"rewp =V, we derive that F, () < 0.

Now let’s consider ¢ € P.(M,wp). If wy = wy + v/—189¢ is smooth, then we have

RiC(W¢) = Uy, + Q¢’

16



where (), is not necessarily nonnegative. Compare it with (2.2), we have
a n — —0)=>"" (1—-8;) 1o il|24cy, n
(wg + V—=190(p — ¢))" = ehe 1p—¢) =222, (1=5:) log || Sil [+ Wy,

where we take v/—190hgs = Qy — Q=37 (1 — Z)(R(]] - ||;)- Then all the arguments
are parallel and we have F,, ,(¢ — ¢) < 0. Now let’s consider the case when wy is

conic along D. Here we have the equation
k
Ric(ws) = pwy + »_ 2(1 = 3;)[Dy] + Q.
i=1
Compare it with (2.2), we have
(g + V=108(p — @))" = eho-rloveon,

where we have v/—1900hs = Q,; — €. In this case, all the arguments are similar to

smooth case and we get the same conclusion. Now by cocycle condition, we have

Fwo,u(ﬁb) = meu(@) - Fw@ﬂ(SO —¢) > Fwo7u(90)~

This theorem is proved. O

2.4 Log a-invariant, properness of twisted energies

We want to prove the properness of the twisted Ding energy. First we want to intro-
duce log a-invariant, then let’s see how to use this invariant to prove the properness
of twisted Mabuchi energy in case that p is small. Then make use of concavity of
energies to prove the properness of energies in general case.

Recall that a-invariant in smooth case was introduced by Tian [39] in 1980s. In [2]

this invariant is generalized to conic case. We introduce so-called log a-invariant here,

17



following [26]:

Definition 2.4.1. Fiz a smooth volume form vol, for any Kdhler class [w], we define

log a-invariant as below:

1 vol
— . a(sup ¢—¢)
a(w, D) =sup{a>0:3C, < oo s.t. / e \s1P [T, S, <C,

for any ¢ € P.(M,w)}.

Berman [2] has an estimate for the positive lower bound of log a-invariant in conic
case, i.e, there exists a positive number oy such that o(w, D) > ag > 0. Using this
estimate, we can prove that the twisted Mabuchi energy is proper when p is small

enough:

Theorem 2.4.2. Suppose a(w, D) > ag > 254 > 0, then we have

Vwo,u(@ > 6JWO(¢) - 07

where €, C' are constants depending on «yg, p.

Proof. Similar to [21] [26] [43], make use of logarithm property, for 251 < a < ay,

we have

H
polsupo—¢) € "

wn
[TZ, 5P

e, 182 =P
asup g—¢)—log — = ——L 1 H,
e wd)

log C, > log

(
|

v

“0

<= <l

S~ &

1 S T A W n
ZV/M<HO_ o W¢+V/M(Sup¢—¢)w¢
1 I, S P-Bun
> V/M (HU - o © ) wp + aly(9).
0
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By the definition of twisted Mabuchi energy, we have

1 % 1
@) = [ tomZen 4 [ Hofwh =) = i(L(0) = 1, (9)

> logC,, + % /M Howg + adyy (@) — p1(Lug(9) — Juy (0))

n

> _ _
= (04 "+ 1M>Iwo(¢) ¢
n+1
> (" ) (9) - O
The proof is finished. O

As the equivalence of the properness of twisted Ding energy and Mabuchi energy,

we have such a corollary very easily:

Corollary 2.4.3. When a(w,D) > ag > 27p > 0, we have

Fw07lt(¢) Z Gon (¢> - Ca

where €, C' are constants depending on «yg, p.

Until now we only get the properness when p is small enough. For general case,
we need to apply continuity method and the concavity property of the energy which
is shown below to increase p. Here is a lemma which allows us to increase p and see

also in [26]:

Lemma 2.4.4. Suppose 0 < pg < py, write pp = (1 — t)po + tpy where 0 <t <1, we

have
1F 1 (9) 2 (1 = ) pt0Flug o (@) + tp1 Flug puy (9)-

—h

Proof. Tt follows from the concavity of the function f(h) = —log(3 [,, ¢ "wy- O

Now we can prove our main theorem in this section and similar results also appear

in [26] [44]:
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Theorem 2.4.5. Fort € (0, u] and any ¢ € P.(M,wy)there exist constants €, C, such

that
Fwo,t(¢) Z €Jw0 (¢) - Ce‘ (211)

Proof. We apply the continuity path similar to [21], i.e, the equation (2.8). In our
case, we may assume that € # 0. Then by [21], we have that A;(—A;) > ¢ for all
t € (0, u], which allows us to prove the openness at t = u. So now when it = p+§
where ¢§ is very small, we have a solution ¢ for (2.8) where p is replaced by . By
theorem 2.3.8, F,,, 4(¢) is bounded from below. As we have the corollary above which
asserts that when ¢ > 0 is very small F, ,(¢) is proper, by the lemma above, we know

that for all ¢ € (0, | the twisted Ding energy is proper, i.e.

Fwo,t(¢) Z €Jw0 (¢) - Ce‘ (2'12)

We finish the proof. O]

2.5 ('-estimate for approximating solution: the
case u >0

Recall that in Section 2 we set up the approximating complex Monge-Ampere equa-
tion (2.5), which is expected to give us a smooth approximation of conic Kéahler metric
w = wp+ . We also prove C-estimate for o5 when ;o < 0. In this section, we want to
make use of the properness of corresponding energy functionals to prove C’-estimate
when g > 0. Then the first step is to prove the properness of the new approximating

twisted Ding energy, which can be deduced from the last section:
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Lemma 2.5.1. We introduce the new approrimating twisted Ding energy as below:

1 1 1 o
Fs54(p) = Juo(¢) — v /ng - ;log (V /Meh‘s t“’w0> : (2.13)

which is the Lagrangian of the approximating complex Monge-Ampere equation (2.6)

i the continuity path. Then we have

F5,t(¢> > E‘on <¢> - 0(67 67 t)

Proof. In the end of last section, we proved that

Fwo,t(¢) > €Jw0 (Qb) - C..

Note that
hs =ho— > (1= 3)log(s + [|S]?) + cs
i=1
< h() — Z(l — @)log ||S,LH? +c5s = H() — C+ cs,

i=1

We have
c—c
Fy(6) 2 Fupa(9) + —,

and the lemma follows very easily. O

Now we will follow [43] to finish C%-estimate for 5. Similar to the equation (2.10),

we have

t 1
— [ alion) = Tonlinis = tesd) = 5 [ onesh) = 178, (o)
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where @5, solves the equation (2.6). By this equation, we can estimate Fjs ,(ps,) that

1 - n
Fan(p) = (o) —1og (7 [ vy

< —log (i/ 6h5_t90§,t_(ﬂ_t)§06,tw67»)
Vv M
1
=1 — —(p—t)pse, ,n
" (v e

<u—t1

n
> X7 PstWs ¢
po Vi ’

To finish the estimate, we need a useful lemma as below:
Lemma 2.5.2. ||@s¢||co < C(1+ Ju(@s1))-

Proof. First we note that Ric(ws;) > t, and the volume preserved. Then we have
uniform Sobolev and Poincaré constants when t doesn’t tend to 0. We observe that

n + Apps, > 0, then we get

1
0 <supyps; < — / w5y +C
Vo

by Green’s formula. On the other hand, we have n—Aj;p5: > 0, by Moser’s iteration,

we have

| C .
—inf 54 < v / Yo tWst C.
M

By normalization condition, o5, changes sign, we have

llpsllco < sup sy —inf sy < C(1+ Loy (5)) < C(1+ Ju(@ar))-

In the proof we have

) C
0 < —infyps; < ——/ wsws, + C,
V Iy :
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then we have

1
— ws, < C,
V/Mﬁpé,t 5t =

which gives Fj,(¢s5;) < C. Combine the two lemmas above, we conclude the C°-

estimate for s and get the following theorem similar to Tian [42] [44]:

Theorem 2.5.3. For each 6 > 0, the approximating complex Monge-Ampere equation

(2.5) has a unique smooth solution s, which gives us a smooth Kdihler metric ws =

wo + vV —1900¢; such that Ric(ws) > juws.

2.6 Convergence when ¢ tends to 0

In the last section we proved C-estimate for ¢5. We also note that in the approxi-
mating complex Monge-Ampere equation (2.5), the constant ¢ is uniformly bounded.
Then the constant C(e, d,¢) in Lemma 5.1 is uniform with respect to . According to
this observation, we conclude that our C°-estimate for ¢; is uniform with respect to
d, i.e, sup |ps| < Cy. Based on this, first we can give C*-estimate for 5 by Chern-Lu
Inequality (see [21]):

Lemma 2.6.1.

CQU)O
[T, 0+ [15i[H) =007

Cilwg < ws < (2.14)

Proof. First we have sup |ps| < Cy and Ric(ws) > pws. Take A as the Laplacian for
ws and normal coordinate around a point p for w;, i.e, g;;(p) = d;j,dg;;(p) = 0. We

may also take go;7(p) = goii0ij, i-e, diagonal for wy, then we can compute that

Atrg,wo = 6" (9" got)i = 9" (") izgoer + 9" 9™ (Gorr)ia
=" R "(9)gork — 9" 9" Riari(90) + 9" 9" 6" (gox1): (9oii)i

= Rkkgomé - giigkkRﬁkzk(go) + géigkkgu(gom)i(gom)g
> —g" " R (90) + 90 9™ 6" (9ort) i (9oir ),
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and the last inequality follows from Ric(ws) > pws. Now we have

Atrgwo | Virgwol?

t75Wo |troswol?
o (trusw0)g0'9™ 9" (gond)i (90w)i — 9" 9" 9" (gowi )i (gt )i
- |[trswol?

Alogtrwy =

99" R (90)
tryswo

> —atr,;wo,

where the bisectional curvature of wy is less than a and the last inequality follows
from gitr,,wo > ¢". As we have sup |p;s| < Cp, we take u = logtr,,wo — (a 4 1),

then we will have
Au > trywo — nla+1) = e _n(q 4+ 1).

By maximal principle u < C'(a), and we then get tr,,wo < C’, which will give us that
Ciwy < ws. For the other side, make use of the complex Monge-Ampere equation

(2.5) and the inequality we get, we can easily deduce that

wy < Cawy
=TI, (6 + [[Si][2) 3-8

]

From this lemma, by C3-estimate in [50] (or see [43]) and regularity theory we can
prove that for any [ > 2 and compact set K € M \ D, there exists a uniform constant

C(l, K) independent of § such that:

esllcrxy < C(1, K). (2.15)

As we have got all the estimates we need, we can prove the main theorem below,

following [44]:
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Theorem 2.6.2. As d tends to 0, the smooth Kahler metric ws converge to the conic
Kahler metric w in the Gromov-Hausdorff topology on M and in the smooth topology

outside the divisor D.

Proof. In this proof, we first consider the case that D is an irreducible divisor. As
we have high order estimates (2.14) (2.15) outside the divisor D, it suffices to prove
ws converges to w in the Gromov-Hausdorff topology. Note that for all ws we have
Ric(ws) > pu,Vol(M,ws) = V, to apply compactness theorem of Cheeger-Gromov
(e.g. see Chapter 10 in [29]), we only need to bound the diameter for all ws. In
case that © > 0 we can get it directly by Meyer’s theorem. However, as we have
the estimate (2.14), it’s easy to control the length of arbitrary geodesics outside the
divisor. And in the neighborhood of some irreducible divisor, say D, we make use of
local coordinates and set r = |z1|, where {z; = 0} locally defines the divisor D. Now
we know that ||S|| here is almost r near the divisor and we consider the length of a

short geodesic v transverse to D that:

"o dr "0 dr crf?
tme [ o[ 0F
o (04712 o T

Along the geodesics almost tangential to D we almost have dz; = 0 so in all cases
the diameter with respect to ws is uniformly bounded. Now by compactness theorem,
without loss of generality, (M,ws) converge to a length space (M,d) in Gromov-
Hausdorff topology. To prove the theorem we need to prove that (M, d) coincides
with (M, w). As we have high order estimate (2.15) outside the divisor D, there exists
an open set U in M which is equivalent to M \ D, and the equivalence i : M\ D — U
induces an isometry between (M \ D,w|ynp and (U,d.) Now we note that M \ D is
geodesically convex with respect to w, i.e. any two points p,q € M \ D, there exists
a minimal geodesic v C M \ D joining them. Actually we only need to consider the

case when p, ¢ are in the small neighborhood of o € D. In this case we know that the
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metric w is almost the standard conic metric around a point o € D, which behaviors

like
le N dil " _
Wo,e = V —1 (W + z;dzz VAN dZZ> .
Now we assume that |z1(p)| = [21(q)| = €, |z:(p)], |zi(q)| =~ € where € > 0 is small

enough and 2 > ¢ > n. First we choose the segment connecting p and q across the

point 0o € D. By the estimate above we know that

8
d(p,0) + d(o,q) ~ 2%

On the other hand we choose a segment 4" whose projection on z; coordinate is almost

a geodesic in the cone with angle 3, by standard computation we know that

B
L(y') = Ce + 2sin ?%

As € is small and # < 1, we conclude that the geodesic connecting p and q doesn’t
cross the point o € D. In general case we only need to choose p/, ¢’ as the case above
to replace p,q and connect p,p’ and ¢, ¢’ respectively then all the argument follows.

As M\ D is geodesically convex, by the C?-estimate in (2.14), we can estimate as
above to show that for each point o € D, a radical short line connecting o and a point
outside the divisor is always rectifiable and absolutely continuous with respect to local
coordinates, thus we can see that M is the metric completion of M \ D, Moreover,
the equivalence i extends to a Lipschitz map from (M, w) onto (M, d) (we still denote
this map as i)and the Lipschitz constant is 1. What remains to do is to prove i is an
isometry between (M, w) and (M, d). As (M, d) is a metric completion of M \ D, we

only to need to prove that for p,q € M \ D,

du(p, q) = d(i(p),i(q))-
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First we observe that D = i(D) is the Gromov-Hausdorff limit of D under the con-
vergence of (M,w;) to (M,d), whose Hausdorff measure is 0, by the C2-estimate in
(2.14). Now we only need to prove that for any p, g € M\ D there exists a minimizing

geodesic v C M \ D joining p,q. If not, we will have

d(p,q) < du(p,q),

where p = i(p), ( ). Then there exists a small » > 0 such that:

(1)B,(p,d) D B.(q,d)(\ D = 0, where B,(-,d) is a geodesic ball in (M, d);
(2)d(z, ) < d(z,y), where 7 = i(z) € B,(p,d) and § = i(y) € B,(q,d). From these
two we know that any minimizing geodesic v connecting Z and 7 intersects with D.

As r > 0 is small, and i is an isometry outside the divisor D, we have

Choosing a small tubular neighborhood T of D in M whose closure is disjoint from
both B, (p,w) and B,(q,w). When the radius of such tubular is small enough we can
make Vol(OT) arbitrary small. Now we can choose ps,qs € M and neighborhood
Ts of D with respect to ws such that as 6 — 0, ps,qs, Ts converge to p,q,i(7T) in
Gromov-Hausdorff topology. By volume convergence theorem of Colding,

lim Vol(0Ts,ws) = Vol (0T, w),

50+

so Vol(0Ts,ws) can be also arbitrary small as 6 — 0. Also by convergence, when
 is small enough, B, (ps,ws), Br(gs,ws) and Ts are mutually disjoint. By (2), any
minimizing geodesic 5 connecting any w € B,(ps,ws) and z € B,(gs,ws) intersects

with Ts, Now we need an estimate due to Gromov:

Lemma 2.6.3. c(u)r* < Vol(B,(qgs,ws),ws) < C(L, u,n,r)Vol(0Ts,ws), where L =
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d(p,q).

Proof. The first inequality follows from the Ricci lower bound and Gromov’s relative
volume comparison theorem directly. For the second inequality, by Chap.9 in [29],
we set A(t,0) as the volume density function where t is the distance from ps. We also
set Ak (t,0) as the standard volume density function of the space form with constant
curvature k = —£=. By the argument in [29] we know that the map

A(t, 0)
Me(,0)

t —

is nonincreasing in t. In our case, we consider the geodesics from ps to z € B,.(gs, ws).
According to the construction, we have r < d(ps, zr) < d(ps,z), L —r < d(ps,z) <
L + r, where zr is the intersection point of the geodesics from ps to z and 0T}, and

L =~ d(ps), qs). Along 0Ts, we have

Mezr)  A2)
M) = ()

Let S € S?"! and C(S) denote the part which all the geodesics from ps to z €
B,(gs,ws) lie in and corresponding geodesic cone, and set ¢(f) as the distance from

ps to each point of 9Ty, then we have

Vol(0Ts) > /

At 0) = / 0L ()N (L, 0)d
aTs N C(S) s

> /S A(L’)—A;:zg§>t2"1(9)d6 >C /S A(L') L=,

where L —r < L' < L 4+ r. Now we take the integral of this inequality, we will have

that

9 L4r
VOl(aTg) > TC/ /)\(L/)len_ldedt > C(L7Manvr)VOl(Br(Q(vatS)aw(s)‘
L—r JS
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Then the lemma follows. O]

As we have known that Vol(0Ts,ws) can be also arbitrary small asd tends to 0,
the lemma above leads to a contradiction. Then i can extend to a isometry from
(M,w) onto (M,d), and the theorem follows when D is irreducible. In case that D
has a simple normal crossing, we only need to see that near the crossing point, we
can project the geodesic to the direction corresponding to each irreducible divisor,
then by the argument above in each direction, the geodesic will not cross the divisor.

Hence in general case the theorem still follows. O
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Chapter 3

Smoothing conic metric II: Upper

bound of bisectional curvature

3.1 Introduction

Conic Kéahler metric is very useful in the study of Kéahler geometry. However, as
it is singular near the divisor, in applications, it is useful to consider smoothing
metrics. In last chapter, we can see that to apply Cheeger-Colding-Tian theory to
study the compactness of conical Kahler-Einstein metrics, we need to approximate
them by smooth Kéahler metrics with the same lower Ricci curvature bound. To
study different problems we may need different approximating methods. In [4] [15],
Campana-Guenancia-Paun and Guenancia-Paun developed a smoothing method of
conic metrics to study existence problems of conical Kéhler-Einstein metrics. As
their approximating metrics have only lower bisectional curvature bounds depending
on approximating coefficient €, they need to construct some auxiliary functions to get
control in the Aubin-Yau Inequality and obtain the Laplacian estimate. In [3] and
[21], they proved that for the case of irreducible divisor with cone angle § < % the

bisectional curvature is uniformly bounded away from the divisor. In the appendix of
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[21], C. Li and Y. Rubinstein proved that there exists an upper bisectional curvature
bound in case of an irreducible divisor without cone angle condition, and consequently
the Laplacian estimate in [21] follows naturally from this estimate by use of Chern-
Lu Inequality. Moreover, Y. Rubinstein proved that this upper bisectional curvature
bound exists for some special cases of simple normal crossing divisors. In his survey
[31], he gave a simple proof, due to J. Sturm.

But it is still not easy to do analysis on conic metric directly although we have
such upper bound estimate. For convenience of analysis, in this chapter, we will
prove Theorem 1.2.2 i.e, construct smoothing sequence of the conic metric w =
wo + i V—=109||5;]|?” with uniformly upper bisectinal curvature bound in some
speciaZIZéases of simple normal crossing divisors. This will not only give us smoothing
metrics, but also the uniformly upper bisectional curvature bound globally, even on
divisors! By computation, we note that the principle part of the metric tensors
are W,z = 1,---,m. One natural smoothing construction is to construct the

metric tensors with the principle part - ,m. This is just what

Campana-Guenancia-Paun and Guenancia-Paun did in their works. Unfortunately,
this smoothing sequence does not have uniformly upper or lower bisectional curvature
bound near the divisors. To overcome this difficulty, it is necessary to make cut-oft
for the potential functions near the divisors.

As in the appendix of [21], we denote g, g as the Ké&hler metrics associated to
wy, w. Here we only deal with the most complicated case that the point we consider is
near the intersection of all divisors. For other cases the estimates will be similar but
easier. First we extend Lemma A.2 in [21] which came from [46] originally to choose

appropriate local holomorphic frames and coordinate system near the intersection

(actually in private communication Y. Rubinstein also gave such extension).

Lemma 3.1.1. There exists €g > 0 such that if 0 < disty(p, D,) < € for all r =

1,---,m, then we can choose local holomorphic frames e, of each holomorphic line
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bundle [D,] and local holomorphic coordinates (z1,- - , z,) valid in a neighborhood of

p, such that (1)S, = z.e,, and a, := ||e.||?* satisfies a.(p) = 1, da,(p) =0, %2;’5(2) =0,

and (ii) g;;(p) = 0 fori < m,j > m, and §;,(p) = a;zkwo(aazi, aizjﬂp = 0, whenever

7 >m.

Proof. Actually this proof can be modified from the proof of Lemma A.2 in [21].
Fix any point q on the intersection of Dy,---,D,,, and choose local holomorphic

frames €}, --- , e, and holomorphic coordinates (wy,--- ,w,) in By(g, €(q)) for some
sufficient small €(q). Let S, = fle.. with f/ holomorphic functions and ||e.||> = c,. Let
e, = F.e. for some nonvanishing holomorphic functions F, to be determined later.
Then we have a, = ||F,€.||? = |F},|*c,. Now fix any point p € B;(q,€(q)). In order
for a, to satisfy condition (i) with respect to coordinates (wy,--- ,w,) at point p, we

and

(ST

choose F, such that F.(p) = ¢.(p)~

Ouw, I (p) = _Cr_lFr(p)awich?) = _C;iawicr(p)
awiawj F, (p) = _Cr_l(Frawiawj ¢+ awicrawj F. + awiFrawj Cr)(p)

_3 _s
= —Cr * O, 0w, ¢ (p) + 2¢r * O, CrOu; (D).

Since ¢, = ||e/||? is nonzero as €(q) is small, which implies |w — w(p)| is small, we can
assume F,. # 0 in By(q,€(q)). Now S, = flel = f,e, with f, = f/F! holomorphic
functions. As D, = {z, = 0} are smooth divisors, we can assume that 0, f.(¢q) # 0,
but Oy, fr(q) = 0 for s # r among 1,--- ,m, and choose small ¢(¢q), we can assume
that 0, f, # 0 but 0,, f,(¢q) sufficiently small for s # r among 1, - - - ,m, in By(q, €(q)).

Then by the inverse function theorem,
2= filw, o wn), ez = (W, Wh), Bt = Wingt, o0 20 = Wy
are holomorphic coordinates in B;(q, €(¢)/2) and now S, = f,(w)e, = z.e,. By the
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chain rule, (i) holds locally in the new coordinates. By covering argument (i) holds

globally.
For (ii), we denote by w', -+ w™ the coordinates obtained in (i). First we can
make a coordinate change such that at the point p, %, perpendicular to %. )
Jg>m Jj<m
Let
N 1 s s
2= wt —wh(p) + S0l (w" — w(p)) (' — w'(p)),

with b¥ = b¥. | define a new coordinate system. Then we have that

o 0 o 0 o 5 . - -
WO(%a@) :WO(@a@)Jrgtjbis(w —w*(p)) + girbl; (w® — w*(p))
+OO> w" —w"(p)),

r=1

0 o 0 0 o 0

dijp := akaO(aw,-a awj)|p = 82’9%(@’ @) + 35 (Pl = ek + Gi5(P)biy.

Let §.; := §rs, for r,s > m, and denote the inverse of the (n —m) x (n —m) matrix

[9.<] by [§"°]. Let b, = 0 for r = 1,--- ,;m. Then for each j > m, the equations can

be rewritten as d;j;, — tz G;5(p)bly, = e;51.. Hence if we define b, = Z ' dg;), for each
>m j>m

t > m, we will have that e;;, = 0 for each j > m. Finally, we set 2" = 2" + w"(p) for

each r =1,---  n, then these coordinates satisfy conditions (i) and (ii). O

In the following sections we will compute the curvature expressions and obtain

desired estimates under such coordinates.
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3.2 Smoothing potential function and bisectional
curvature

m —
First, we have known that the conic metric w = wy + Y. v/—189||S,||** has the
r=1

principle part Z ﬁQ% In this sense we hope to construct a positive smooth
nondecreasing functlon F, (t) with the property that F, (t) — ¢ as € tends to 0, such

that the smoothing metric has the principle part Z ﬁf%. Assume that the

corresponding potential function is Z Ur(]|S-]|?), by simple computation we have
=1

that (¢, (t)t)' = gy, then we obtain that

Ure(t) ﬁ2/ / v (0) dudu, (3.1)

and we can denote H,(t) := [) F,(v)*~'dv. We can write the smoothing metric as

below:

we = w0+ Y VT1000 (IS, (32)
r=1

Using the coordinates we constructed in Lemma 3.1.1, we can compute the metric
tensors and their derivatives as below (for simplicity we use g, F,., H,, 1, to denote

the metric associated to we and F,.., H,., ¥..):

S GBS, | &,
05 =05+ Y By Y B 15 o5,
35 (e e OIS, ey 15, )
= - +(]]Sr r @7‘13 )
i+ 3 (rgmes T A sIbe.

where the last equality comes from Poincare-Lelong equation and the fact that H,.(0) =

0, and ©, = —/—190log a, represents the curvature form of the line bundle [D,].
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Now for the first order derivatives, we have

& A6 - DESIE) USRS 2515 )
975 =050+ 2 T RSB R EAE

n e USRS + (1S RS s
A B AR

r=1

. B} 1Sk 112)i(11SH112)5 (1150 12)
_ZFT(HST.H%)PB ( 115, ]| : +@r,ij(||sr’|12")k)

- Z @%Hrﬂ |Sr||3)®?“,i37k7
r=1

Note that ||S,]|? = a,|z.|?, considering (i) of Lemma 3.1.1, we can obtain the second

order derivatives at p:

ﬁ2 - 1 ﬁr F/ Zr 2)2
9ij, kl g” Wt Z |Z | ) ) (‘ ’ ) |Z7"|257‘i57‘j57“k5rl

. 3(5r—1)(F£’(!Zr| )zl® + F'(|2))
+ Z FT.<|Z,,, ’2)2_BT‘ (ST"L'd’I"jéT‘k(ST‘l

" BB = DE (2P + ()
2> F([ )

(ar,ijarkérl + ar7i[5rk(5rj + ar,kj(sm'(srl + ar7kf(5ri6rj)

m 2

+ Z W ((a'r,ikl_arj + ar,ﬁk&»z)zr + (arﬁl—drk + ar,jki5ri) gr)

+ Z F (|Z |g)1—,8r <ar7i3ar,kf+ ar,ifar,kj)’2r|2 - ZﬂerOZT’Z)@r,zj,kZ'
r\|%r

r=1 r=1

Meanwhile we can also obtain the metric tensors and the first order derivatives at
point p:

= 257“257'
95 Z( Or0nny ﬂZH(\zr!)w)

(|2r]?)

62 67“ - 1 F! Zr
9ij, k gzg k + Z (| | ) T6Ti5Tj6Tk

|Z’I‘ 2— 67‘

. ﬁfzr o 2
! rzl W(ar,ijérk + ar’kjdri) + Z ﬁrHr(’2T| )ar,i3k.

r=1
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For 1 <r,s <m,r#sand m+1<tt <n, we can easily have

g(p) = O(F}="), ¢" = O(1). (3.3)

We need the following lemma to give a more precise estimate for ¢"*(p)(1 < r,s <m) :

Lemma 3.2.1.

rf( ) _ ﬁr_zFrl_BT + O(Fz(l—ﬁr) i(Fl—ﬁs + Fﬁs)) (3 4)
9" (p) = BB F T FT (1) g+ 0(1)) (r # 5), (3:5)
where ¢, (p) 1= B 2li)ig=rmi1. ~(p) and 0 < C1 < ¢;(p) < Cy for allp € M and

r dEt gzy)lj m+1,-

r=1,---,m.

Proof. Actually we only need to prove the result for r = 1,s = 2. For simplicity

A~ m 2
we denote a;; = §;5(p) — D>orey BEHA(|]S:2)O,5, by = %, then we know that

Gi1

gi; = a;j + bidy; where i < m. By determinant rule we know that g'(p) = s

where (17 represents the cofactor of g;7. Let us compute GG7 and detg respectively.
We can denote A, ,, ...,z as the (k+n-m)-th minor det(a;;, )r,rymt1,- n, Where

1 <r < - <r, < m. Now make use of determinant rules, we can have such

36



decomposition of detg :

b1 0 te 0 a11
asi Qo3 +by -+ agp Qo1
det g = +
anl Qpp (€2%1]
bl 0 0 b1 0
0 b 0 Qo1 Q93
= +
anl Qnp (02%1]
a1 a1z -+ Qip aii Qi3
0 by - 0 Qo1 423
+ +
anl Unp ani
b, 0 --- 0
0 by 0
=1 0 b
Am+1,1
ani

37

@13

o5 + b2

Q2

Ann

A27n

Qnp

Am+1,7

Qnp

Qnp




by 0 0 0 a1 a13
0 be 0 0 0 by
+ 0 bm—1 o |+--+ 0
Qm 1 Am, 7 Am+1,1
apni Anp ani
a1 aiz Q1n
+o Tt Al o0 Gmp
Qpl e Anp
e A, r A
=biby--- b, A biby -+ b, : biby b,
102 R+ 0102 ; b, + 0109 1223

Similarly, we have that

fan
b,

G = babs - - - by, (AR+Z
r=2

2<r<s
Gia = —asibg - by Ag + -+ .

Now we can have such estimate:

m A’I‘,R m AT,S,R
Gii = 1+, Anbe T > o<r<s Anbibs

- 1 AT‘, AT,S,
det g 1+Z:1:1K1i+271n§r<s 5t

Rbrbs

38

Q1p

Am+1,7

Ann

rs,R
bh + - +det(a;).

- f4r§,R
+ m) + -+ det(aiz)azij<m,




Note that a;; := §;5(p) = 2201, B7H,([156]12) 045 = 6i5(p) +O (XL, FY*), (3.4) follows.

(3.5) follows from the computation of G5 more easily. O

0
0z

Take two unit vectors 1) = 1 22, v = v' z2- € T,°M, so that g(1, )|, = g(v,v)], =

1. Then from the expression of g;; we have

1-8

n v = O(Fr%),nt,yt =0(1) forr=1,--- ., m, t=m+1,--- ,n. (3.6)
By the definition of bisectional curvature, we set

BiS@Cw(n, V) = R(777 n,v, ﬂ) = szkmln_jl/kﬁl = Z (Azjkl_ + Hijkl_)a
g ksl
with Az = —gﬁ’kmiﬁjukﬁl, and Il = gp‘fgiq,kgpimin_jykﬁl (no summations on
i,7,k,1). By (3.3)-(3.6) and note that |z,|> = O(F,(|2-|?) we have [A] < C except

m
for the terms > A7, hence

r=1

Z A'ﬁklf(p) :O(l) _ Zm:[ g(ﬁr _ 1)<B7” — 2)F7£(|Zr‘2)2’2r‘2

i =i E(lanl?)>

+53(5r — DE (2 )2 + F' (|2 %)
E (|2 [?)>Fr

" [l 2. (3.7)

For the other part in the bisectional curvature formula, we have such a lemma:

39



Lemma 3.2.2. In case that no three irreducible divisors intersect or all angles 3; < %

there exists a uniform constant C' > 0 such that for every p € M,

S ) < C 4 Z 38, — 1‘217'§|zr| >2|Zr|2|nr‘2yyr’2. (3.8)
1,5,k
Proof. By Brendle’s computation in [3], we can easily bound all the terms if §; < %
for all i. Now we consider the general case. As lemma A.3 in [21], we define a bilinear
Hermitian form of two tensors a = [a;gz],b = [bjz] € (C)? satistying aigr = argi, bjp =
bip; by setting

(aig)s bl == D "0 gigu®) (W gt

4,7,k,0,p,q
Obviously it is a nonnegative bilinear form. We denote by || - || the associated norm.
Then Y I = ||lag]||*. We write

Z‘?j7k7l

9ijk = Aije + Bije + Diji + Eiji

with Azjk = Qij,im Bz'jk = ZT_l ﬁQH (|Zr‘2>a'r Jijks Dzjk = Zln_l %(ar,ﬁéﬂc +
A ii0ri), Egr == >y %zrérﬁm&k Denote A := [A;] and similarly
B, D, E. Using (3.3) and note that |z,|> = O(F.(|2,]?)) and H,(|z.|*) = O(F,.(|z.|?)""),
we can bound ||A + B+ D||? easily. For the crossing terms of A, B, D and E, we have

that

2R6<A7 E> = 2R€( Z grjgij,kErFr)

i7j7k7r

<X lagal + I Bl < O+ 8 3 B

1,5,k
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where § can be chosen small enough. By the same argument, we also have that
2Re(B+ D,E) < C+6 Y F!'"7||Expl”.

Now let us consider ||F|[* : In case that at most two divisors intersect transversely,
we can take m = 2. As there exists a uniform constant ¢y < 1 such that |g;3|*(p) <

c0911(P) g3 (p), By (3.4) and (3.5), we have that

||E|| Zgrr|Errr|2 + ZgrsErrrEsss
r#s
6 2F1 Br
Z 1 T 1 Br | Trr’Q + Z COgrr‘ 4F2 ﬂr)‘ErfrP
_ 1 + coGrr —2 1=
_ Zﬁ Og ( )ﬁr T +0<1))|E7“7_"r|2-

1+ (p)F 7

AT,R

As in our coordinate system ¢,(p) = %5 = Grr, by choosing 0 > 0 such that 20 +¢y <

1, we obtain the lemma. O

Remark 3.2.3. When more than three divisors intersect transversely, i.e.m > 2, we

do not have that

Then we cannot control the crossing terms in ||E||* by its diagonal terms so well as

m = 2.

The Theorem 1.2.2 will follow from the lemma below. Moreover, if Lemma 3.2.2

is true in general case, then Theorem 1.2.2 is also true in general case:

Lemma 3.2.4. There exist positive functions F, .(t) such that F,.(t) — t as € tends

to 0 and
(FT:GF;‘,,E - Fr{i)t + Fr,eFrl,
F1+ﬂr

T,€

< S CT7 (39)

where C,. is independent of €.
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We will construct such functions and prove this lemma in the next section.

3.3 Proof of Lemma 3.2.4

To satisfy that F,.(t) — t as € tends to 0, Let us assume the form of the function
F,(t) == €+ tx,(t) where x,(t) is a bump function depending only on € and f,.

Considering the inequality (3.9), dropping the index r, we have that

e(Xe + 3t +12XY) + 2 (xeX, + txex! — tX?)
(€4 tx.)th

<C. (3.10)

Let us begin to construct x.. First, consider a function x(t) defined on [0, 4+00) sat-
isfying that
X' (t) = cp(t — N)F(N + 1 —t)k

on [N, N +1] and x”(t) = 0 outside [N, N + 1]. Here k, N are positive integers to be

determined later and ¢, satisfies that x(N + 1) = 1. By computation, we have that

Y'(t) = kep(2N +1— 28)(t — N)F YN + 1 — t)F?

on [N, N + 1] and x”(t) = 0 outside [N, N + 1], and we also have

0 0<t<N
— (t—N)FHL(N+1-t)k ko k(k—1)-(k—i+1)(t—N)FH+1(N41-t)F—?
X(t) Ch ( 1 + i1 D) (kr2)~ (ot D) ) N<t<N+1
1 N+1<t<oo
\
(3.11)

Although this function is not smooth, we can make some smoothing modification
near N and N+1 without changing lower order terms. Then we can make this func-
tion smooth and still denote by x(¢). As the modification does not change lower

order terms, we can still do estimates for the function defined above. Now by direct
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computation, on [N, N + 1| we have that

(N+1—-t)*t 2kt —N)(N+1-t)F
Fel 0 A D(k12)
20+ 1)k (k— 1)+ (k—i+1) ki(t — N)k+1

+Z k+1 Tk rit2) Gr D @D

' —x? ==t —N*™N+1-t)""]

k—1

For each k, if we choose sufficiently large N, on [0, +00) we will have that

X+t — x%) <0. (3.12)

Now given an exponential § < 1, if we take x.(t) := x(%), by (3.12), we will have

€

that

XXt + txex? — x2) < 0.

So now we only need to find § depending on N, k, § such that the

e(xe + 3txL + 12xY)
(e +txe) P

is bounded independent of . First, if we choose § < 5 + el then this function is bounded

when ¢ > (N + 1)¢. The main difficulty is the case when t — Ne® is small. By the

"

expansion of x, x’, x”, we find that when ¢ — N is small, x’ = O(inﬂ), X" = O(x*).

By scaling, we know that we only need to bound

k-1
k1

GXE
(€ +tx)tH?

when ¢ — Ne? is small. Now as we have that

k-1 -1 k-1
k+1 k+1 k+1
€Xe . €Xe €Xe
min{

8 (txe )1+B}
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k-1
kE+1

to make &' < €%, by the expansion of , we have that E% —N< Clerr ., Actually we

have bounded this function on this short interval near Ne®. Now when 6% —N > CerT,

we have that -

iy 1-6(1+6
€x < Ce (2 ) <C€175(1+ﬂ)7ﬁ’;%}(ﬂ+%+1),
(™2 = (e

Now choose a large k such that 1 — 821(3 + k%l) > 0, then we can choose § > 0

k+1
such that
k—1 2
1—06(1 — — — ) >
(148) = B (B+ =) 20,
then we will have that
. 3t ! t2 1

(€4 txe)1th
Combine this inequality and (3.12), we obtain (3.10), which completes the proof of

Lemma 3.2.4.
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Chapter 4

Unnormalized conical Kahler-Ricci

flow

4.1 Introduction

Kéhler-Ricci flow has become a powerful tool in the study of Kahler geometry for
many years. In [47], Tian-Zhang adapted Tsuji’s idea [48] to consider Kahler-Ricci
flow in the level of cohomology class on projective manifolds. They proved that
Kéhler-Ricci flow can exist in maximal time interval, on which the cohomology class
of the Kéhler form w(t) stays nondegenerate. Base on this maximal time existence,
they obtained existence results and limit behavior analysis in case that the canonical
line bundle is big or big and nef. Later, in the series of papers [35] [36] [37], Song-
Tian extended this idea to construct an analytic method of minimal model program

in algebraic geometry.
Recently, conic Kahler metric has become an attracting topic for geometers, es-

pecially conical Kahler-Einstein metrics. Similarly, to study conic metrics, conical

Kahler-Ricci flow has been thought as a useful tool, and there have been some works
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on it, e.g., [24] [9] [10] [28] [49]. First, we recall that a Kéhler current w is a conical
Kéhler metric with angle 273,0 < # < 1 along the divisor D, if w is smooth away

from D and asymptotically equivalent along D to the model conic metric
le N le
V= 1<|21|21 5 Zdzz/\dzz>,

where (21, 29, -+, 2,) are local holomorphic coordinates and D = {z; = 0} locally.
We call w a conic Kéhler-Einstein metric with angle 273(0 < < 1) along the divisor

D if it is a conic Kéahler metric and satisfies the equation
Ric(w) = pw + 27(1 — B)[D]

in the sense of currents, and a smooth Kahler-Einstein metric outside the divisor D.

In [9] [10] [28], they set i = [ and studied such normalized conical Kahler-Ricci flow

) .
5@ = —Ric(w) + fw +2x(1 = A D]

starting with a conical Kahler metric with angle 273 along the anticanonical divi-
sor D. In [28], Liu-Zhang used smooth approximation of conic metric, which was set
up by Campana-Guenancia-Paun in [4], [15] to obtain a long time solution for the
normalized normalized conical Kahler-Ricci flow. Moreover, they proved that when

B € (0, %], the flow converges to a conical Kahler-Einstein metric if it exists.

Now we can consider whether the conical Kahler-Ricci flow exists on general
Kahler manifolds stating with arbitrary conic Kéahler metric, and how long it will
last, moreover, what will happen when the flow is extinct. Actually, we can extend
the work of Tian-Zhang [47] and Song-Tian [37] to conic case. And in the study of

these problems, we can generalize the irreducible divisor D to be a simple normal
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l
crossing divisor, i.e, D = Y (1 — ;)D;(I < n), where each D, is irreducible and
i=1
B; € (0,1). Locally near a point p € (), D;, D; = {# = 0}. Then a conic metric w
along each D; with cone angle 273; is asymptotically equivalent to the model metric

dz; N dzz
wg = (Z PR Z dz; \ dzz> .

i=l+1

And the unnormalized conical Kahler-Ricci flow is

2w = —Ric(w) + 2 zl:(l — 6:)[Di]
=1 (4.1)

l _
w(0) = w* = wy + 3 kv/—109)||S;| %
=1

where the initial metric is conic Kéhler metric w* with conic angles 2737 along D;.
Suppose S; is a holomorphic section of the bundle associated to the divisor D; then
this conic Kéhler metric can be written as w* = wy + zl: kn/=100)||S;| 7%, where wy is
a smooth Kéhler metric on M, k is a small positive COZI;Sltant and || - ||? is a Hermitian
metric associated to [D;]. Similar to Tian-Zhang and Song-Tian, we can consider this

flow equation (4.1) in cohomology level and obtain maximal time existence theorem

1.2.3:

Theorem 4.1.1. Let

l
Ty = sup{t|[wo] — t(cr(M) = > (1= 3)[Dy]) > 0},
=1

then starting with a conic Kdahler metric w* defined above, the unnormalized conical
Kdhler-Ricci flow (4.1) has a unique solution on [0,Tp), which is smooth outside the

divisors D; and C*% along the divisors D,;.

we can prove this theorem by Tian-Zhang’s method [47]. However, as the conic

metric is not smooth, we need to apply Liu-Zhang’s approach, making use of the
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approximation developed in [15], to obtain a family of solutions for the approximat-
ing equation, then we prove this family of solutions converge to the solution of the
original flow equation. Finally, we prove the solution is smooth outside the divisors

D; and C%* along the divisor in suitable sense.

We recall that in [47] [35] [36] [37], K&hler-Ricci flow is used to study minimal
model program. More precisely, they analyzed the behavior of Kéhler-Ricci flow near
the singular time or infinite time on different types of projective manifolds. As we
mentioned before that conic Kéhler metric has becoming an interesting topic, we hope
that unnormalized conical Kahler-Ricci flow can play some similar role in the study
of conic Kahler metrics on projective manifolds. We note that conical Kahler-Ricci
flow always preserves conical singularities so it’s natural to expect that we can have
a good picture of the long time behavior besides conical singularities. Similarly, if we
assume that so-called twisted canonical line bundle Ky + Y\, (1 — 8)[D;]) is big, we

have such a theorem, as [47],

Theorem 4.1.2. If the twisted canonical line bundle is big on the projective manifold
M, starting with a conic Kdahler metric w*, as t tends to Ty < oo in 4.1.1, the solution
converges to a Kdahler current which is a smooth Kdahler metric outside the divisor D
and the stable base locus set of Ky + Zi.:l(l — B)[D;]), say E, and C** with conic
angle 2r(3; along D; \ E. Moreover, on smooth part, the flow solution converges to

the limiting metric in the local C*-sense and C** along the divisor D\ E.

Furthermore, if we assume the twisted canonical line bundle Ky +Y'_, (1—5)[Di])
is big and nef, by Theorem 4.1.1, we can see that T, = co. To get a more clear picture
of the limiting metric, we can normalized such conical Kéhler-Ricci flow equation (4.1)

to

%w = —w — Ric(w) + QWZU — B)[Di)). (4.2)
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We note that the solutions to these two flow equations are different only by scaling.

Then similarly we have such a theorem

Theorem 4.1.3. All conditions follow 4.1.2, additionally, if the twisted canonical
line bundle Ky + 3. (1 — B)[Di]) is big and nef, then starting from a conic Kihler
metric w*, the normalized conical Kdhler-Ricci flow (4.2) converges to a current as
t tends to infinity such that modulo the stable base locus E, the limiting current is a
conical Kdahler-Einstein metric which is C** with conic angle 2w 3; along D; \ E, and

independent of the choice of the initial conic metric.

Later we will introduce the definitions of bigness and numerical effectiveness. For
the proof, we will make use of Kodaira’s lemma and set up A priori estimates outside
the base locus. Note that we still need Liu-Zhang’s approach to overcome the conic

singularities.

For simplicity, in this chapter, we only study the conic metrics along only one
irreducible divisor D with cone angle 273, and in the end we will briefly discuss how
to generalize the proofs to simple normal crossing case. We will also sketch another

smoothing method for the conical ka-Ricci flow based on Chapter 3.

4.2 Maximal time existence

4.2.1 approximation, and C'-estimate

Now we restrict the situation to [ = 1, i.e, there is only one irreducible divisor D.

Then the unnormalized conical Kéahler-Ricel flow is

9w = —Ric(w) + 2r(1 — B)[D] (4.3)
w(0) = w* = wp + ky/—103]| S|
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As [47] [37], first we want to transform the conical Kéhler-Ricci flow equation (4.3)
to Monge-Ampere flow equation. We set Ty = Ty — 0, where Ty := sup{t|[wo] —
t(ci(M) — (1 — B)[D]) > 0}, as we defined before. We know that when ¢ € [0, 7],
the cohomology class [wg] — t(¢1 (M) — (1 — B)[D]) is positive. Then when t € [0, T3],
there exist a hermitian metric || - || on the holomorphic line bundle associated to the

divisor D and a volume form {2 on M, such that

wp = wo — H(Ric(Q) — (1 = B)R(]]-])) > 0 (4.4)

where R(||-||) := —v/—1901log || - ||? represents the curvature of the bundle [D]. Now
we can write

Wy = wt + k\/__185||5||257

where k is so small that @y is positive as t € [0, T5]. Then if we set w = @y + V—100¢,

we can write the conical Kéahler-Ricci flow (4.3) as following:

9

g (@ + V—190p) = /=180 log(w; + vV —109¢)" + (1 — B)v/ =193 log |S|.

Plug the equation (4.4) into it, we obtain a Monge-Ampere flow equation:

+log||S||2(1_ﬂ) (4.5)

0
—p =log

(@ + V—=100p)"
ot Q

To approximate the solution to this equation, we first use the smoothing metric in [4]
that
wre = wi + kv =199x(e* +[|S]]?), (4.6)

where

t (.2 B _ .28
X(62+t):ﬁ/ (e —l—ri < dr.
0
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Before approximating the flow equation, we want to introduce some useful properties
of this function x(€* + t). First, we can find that for each € > 0, w;, is a smooth

Kahler metric, and as € tends to 0, w;. converges to a conic metric w; in the sense

o0

o sense outside D. Moreover, for each € > 0, this

of currents globally on M and in
function is smooth, and there exist constants C' > 0 and v > 0 independent of € such
that as t is finite 0 < y(e?+1t) < C, and wy > Ywp. As for t € [0, T5] w; is comparable

to wp we can still use a constant ~ such that w; . > ywy.

Now we can introduce our approximation equation of (4.5) as following

Wt e 189 )™ _
%gpe — 1ng +log(||S|2 + €2)1-5

906('70) =0

(4.7)

Equivalently, this equation can be written as the form of generalized Kahler-Ricci

flow:
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20, = —Riclwy) + (1~ B}y 100 log 15154

w‘ﬂe(" 0) = wo,e

(4.8)

Note that the elliptic version of such approximation equations was set up in [44].
The main steps here are also similar to Tian’s approximation. We need to set up
(%-estimate, C?-estimate and high order derivative estimate step by step and finally
complete approximation argument. In the rest of this subsection we will complete

(O%-estimate and leave other steps to the next subsection.

Now let’s consider the equation (4.7). We can rewrite this equation as following

_ o (whe +V=1000 )" ([|SIP + €2)! 7
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To get an upper bound for ¢, we can make use of maximal principle to get that

0 o nISI e
— s . < suplo .
ot up ¢ up log O

Recall the definition of the function y(e? + t), we know from [4],

V=IO + I81F) = S — A+ ISP = )R- )

From this computation, we observe that near the divisor D,

wi (IISI* + €2)'7

Q ~C

which is independent of €. So we can get a uniform upper bound that p. < C;. Do
the same argument for the lower bound, make use of maximal principle again, we can
give a uniform C’-estimate that

|906| S Cl-

Next we hope to bound the time derivative for ¢.. We can apply the technique
developed in [37]. For simplicity, we write p = —Ric(Q) + (1 — B)R(|| - ||) = .. Take

the derivative of (4.7), we have

— b= AP+ trop, 4.9
5% G+ trup (4.9)

where w = wy ¢ + V—100p,, and A is the Laplacian w.r.t w. First, we compute that

0
<§ — A)(tpe — pe — nt) =ttrop +n —trowre —n

= —trywo,. < 0.
From this we have ¢, < n + % Combined with the equation (4.7) at time t=0, and

02



local existence of parabolic equation, we obtain a uniform upper bound for .. Now

we try to derive the lower bound for ¢,

0 ) n(||S]|2 + €2)1-8
(E—A)(@e—l-flgoe—nlogt) :trw(p+Awt,€)+Alogw (I HQ <) —An—%
Whe 1 W™ (|7 + €)1 n
>C(—)n 4+ Al — An — —
>C( w”) + Alog aQ n=

w&e)% . CQ

>0 ( =

=l
Let’s explain these two inequalities. For the first, note that we can choose A suffi-

ciently large such that p+ Aw; . > wy  in the time interval, then this inequality follows

from Schwarz inequality. For the second, note that in the proof of C’-estimate, we

o ~ (C, then this inequality follows from the behavior of

have got that
logarithmic functions. Then by maximal principle, at the minimal point of the func-
tion ¢, + Ap. —nlogt, we have that w™ > Cyt"wy .. Make use of this inequality and

the relation of wy . and 2 again, we get that

w"(|ISI* + €2)'7

Ve + Ap. —nlogt = log + Ap. —nlogt

Cat"wp (|ISI* + €))7
g )

>1
= 10 9

+ Ap. —nlogt > Cs.
As . is uniformly bounded, we get a uniform lower bound for ..

4.2.2 (*-estimate, and high order estimate outside the divi-

sor

Now we continue our proof. We want to set up a uniform C?-estimate and high
order estimate for .. First, like [37] [4] [28], we prove a Laplacian estimate, which is

essentially an application of generalized Aubin-Yau inequlity:
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Theorem 4.2.1. Let . solve the equation (4.7). As we have

el < C. | < C,

on [0,Ts], then on this time interval, there exists a uniform constant A which is

independent of €, such that

A’lwo,6 <wpe+ V—=100p, < Awo .

Proof. First we take an holomorphic orthonormal coordinates (z1,--- , z,) at a point
p for the metric wo., say, go;; = di5, such that g;(wee) = Nidij, Peij = Pe 4i0ij. Write

gi; as the metric of w = w; . + V/=190¢, and assume that under such coordinates,

Z‘% = 0. From approximation flow equations (4.7) (4.8), we compute that
0 (2 — A)try,.w  |Viry, wf?
_ A 1 t » — ot 0,¢e 0,¢

(8t 108 11y, .. * |70 W)

1 15]12 + €2
= i(_R:+ (1 — 8),0:log 121"
tTwo,ew{QO( 1z+( ﬁ) 0g H | H2 )

agoﬁ agoﬁ v tmo,ew\Q
0%, 0z |70, w]?

- gﬁgkk<_R2Elg(l)i + Rigri(woe) + Z

1 S||? + € .
N % — g™ R ()

trwo w

— 4 gkk Z agou 3gogz Z gkk 090i agog‘j
& 0% 8zk Tio.e w\Q 9idji 0z, 0%

SII2 + €2
< {(1—5>AwoelogL

T e, w ’ - 112

Ait Py | AjFPeg;
— Z Rﬁﬁ(wo,e)(x To - + )\jA T ]f —2)}
vy j QOGJJ g Peii

- R("‘JO,E)

As [28], we choose a function x,(||S||*+€?) = p f”S” ﬁdr By the computation
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n [4] [15] we have that

Cy
(15T + )=

Rzz]j(wo e) 2 _Cl -

Meanwhile, we have

p*/—1DS A DS

V—190x,(e" + [1S]17) (& + |[S[[P)rr

= p((€+ISI)” = e)R(I - []),

so if we choose suitable constants p, C' we can obtain that
Rzzj] (LU() 6) > —C - C/Xpmv

then we have such estimate

)\i + Peii )\j + Pe i7
Ru W 5 ! + 2 2
{ Z W o >‘+305]3 >\1+90eﬁ )}

trwo . vy

< el C+C'v = (O 1Oy
Z()‘ + Speu) ;{)\J + (,06”( + pj]) )\z + QVeiz ( + szz)}

C+C'pi
— P Otryw . + C' A,
D

Now we want to estimate the other term. First We have that

|IS]]* + ¢
(1= B)Ay,, log E R(wo,c)
log (I1S]I* + €)' Puwp,

:AWO,E Q

= tryy Jic(Q) + (1 = B)try, K] - [])-

Now recall that wp . > ywp, and Ric(€2), R(||-||) are uniformly bounded independent

of €, moreover by [4] [15],

V—1001og £ < Cwp, + CV—190x,,

(1511 + €)' Puf,
Q
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we can bound this term. Considering that tr,,, .w - tr,wo. > n, we have

0
(5 — A)(log try, w + C'x, — Bye)

<Ctrywoe + Ctryowo e — Bpe + Bn — Btr,wy,.

As wp, and wy, are equivalent, and ¢, are uniformly bounded, choose a suitable

constant B, we obtain that

0
(& — A)(log try, . w+ C'x, — Bo) < C — trywo,.

By the maximal principle, at the maximal point p of log tr,,, .w+C"x, — By, we have

trowo(p) < C. By the approximation flow equation (4.7), we know that

wn - Q

Pe

— =e
Woe (IIS][? + €)'~ Pwg,

is uniformly bounded from above and away from 0, then we obtain that at that point

b,

trWO,ew(p) S

As at that point p, log try, w + C"x, — By, attains the maximal, we conclude that
on the whole manifold M, tr,,, .w < C. Now make use of the inequality above again
we have that
w" 1
trowo e < w—n(trwo,ew)”_ < C,

0,¢e

which gives us a uniform constant A > 0 such that

A" wge S wie + V=100, < Awg.
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Now let’s consider high order estimates. We know that until now we don’t
have a uniform C3-estimate for conic Kéhler-Einstein metrics. However, to get C'°-
convergence away from the divisor, we only need to have local high order estimates
away from the divisor. Note that from the two forms of approximation flow equations
(4.7) (4.8), compare with [28], we find that our generalized K&hler-Ricci flow has the
form that

0

—w=—Ri 4.1
5% Ric(w) + 0, (4.10)

|_T‘J2r€2 is uniformly bounded away from the divisor.

where 6 = (1 — 8)v/—1001og ”S‘||

And we can also define that
S = \Vogﬁ = gijngQPQVOigkq’vojgpl_a

where g is the metric of w = w;+v/—1900¢ = wy—t(Ric(Q)—(1—-B)R(||-||))++v—100,
and V denotes the covariant derivatives with respect to wy. Then here we can apply
Proposition 2.2 in [28] directly:

Theorem 4.2.2. Let w = w;++/—190¢p solve the generalized Kdihler-Ricci flow (4.10)

and satisfy

A wy < w < Awp on B, (p) x [0,T7.
Then there exist constant C',C" such that

S<S IRm)P <

C//

Py

on Br(p) x [0,T]. Here C" depends on wy, T, A, ||¢(+,0)||ca (s, [10]lcr 5, and C”
depends on Wy, T, A, H(,O(, 0)||C4(Br(p))> ||9H02(Br(p))'

Locally outside the divisor, metrics wy,wp ., w; are equivalent, and derivatives of
these metrics are also uniformly bounded on the time interval, then we have C®-local

estimates for ¢, under the metric wy. By this theorem, using bootstrap methods we
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can also get local uniform high order estimates outside the divisor D.

4.2.3 uniqueness and convergence

In this subsection we want to examine how the approximation solutions converge and
what the limit likes. First, in the sections above we proved that on time interval [0, 7]
we have a priori estimates for the solution of approximation flow equation (4.7). Now
we hope to solve this equation on [0, 7). What remains to do is to prove the solution is
independent of the choice of §. We can prove this as [47]. We recall that for each § > 0,
we can find a volume form  such that w; = wy — t(Ric() — (1 — B)R(|| - |])) > 0
on [0,7T5]. Now we suppose that for another ¢’ > 0, we have ' such that w;, =
wo — t(Ric(Q) — (1 — B)R(|| - ||)) > 0. Now we assume that Q' = e/Q where f is a

smooth function on M and ¢! solves the equation

o (- V100G (IS + )1

/I / . =
8_[/_906 - Q/ ) gpe( 70) 0

Now put B, = ¢, +tf, as we have Ric(Q') = Ric(e/Q) = Ric(Q) — vV/—190f, we

compute that

0 _0 o ¢ 1, @it V=1000)"(|IS|P? + )"
atgpﬁ _at(pe—i_f_log Q, +f
1 3 1 3, A\ 2 2\1-3
o 2 /TT00Y + TG (IS4 2
(we + v/=1002)"(||SI|* + €)' 7

and @¢(-,0) = 0. From this we find that @, just solves the equation (4.7). By the
uniqueness of the solution for (4.7) we know @ = ., which means that for arbitrary
9,0’ their corresponding solutions are the same essentially. So we can glue these

solutions together to get a solution for (4.7) on the time interval [0,T).
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Finally, we want to prove that as € tends to 0, the solution ¢, to (4.7) converges to
a solution of unnormalized conical Kahler-Ricci flow in suitable sense. By the argu-
ment above, for simplicity we can prove this on some closed time interval [0, Ts]. We
can prove this as [28]. Recall that we have uniform bound for ¢, ¢. and Laplacian
estimate A 'wp, < wie + V—=100p, < Awy ., For any compact set K CC M \ D
we have a number N which depends on A and K such that N7lwy < w < Nuwy,
and on this set K log(||S||> + €%) converges to log||S||?, wo. converges to w* in C;2,
sense. Let K approximate M \ D and ¢; tend to 0, on time interval [0, Ts], by diago-
nal rule we have a sequence which is denoted by ¢, (t), and converges to a function

©(t), which is smooth away from D, in C%, sense outside D. By 4.2.1 we know that

loc

Wo(t) = Wi + V/—100p(t) are conic Kihler metrics with cone angle 273 along the

divisor D on the whole time interval.

Now let’s show that the limit potential ¢(t) we defined above satisfies the conical
Kéhler-Ricci flow equation (4.5) globally on M x [0, T5] in the sense of currents. For

any (n — 1,n — 1)-form 7, by the argument above, as ¢; tends to 0, we have

_ V1090 V(|IS]I2 4 )15 _
M M

Q
T+ /—1000)™ 2(1-p) _
M
B (@ + V=1890)" S|P
_/M\/ 100 log O A

On the other hand, let K CC M \ D and when K approximates M \ D, we have
S M\D v/ —100n tends to 0. As we have ¢, are uniformly bounded independent of

€, we see that

| / be — 9) AV 10| < | / S AVTToom +| [ (4 — ) A v=T00n|

M\K
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The first integral tends to 0 as ¢, converges to ¢ in the sense of C*°(K), and the
second one tends to as ¢, ¢ are uniformly bounded and K approximates M \ D.
From above we can see that ¢(t) satisfies the conical Kahler-Ricci flow equation (4.5)
globally on M x [0,7T) in the sense of currents.

To prove the uniqueness we argue as Wang [49], which comes from Jeffery’s argu-
ment [20]. First we need to verify that o(t) is Holder continuous with respect to wy.
As [28] write ¢ = ¢ +k||S|[*?, in any closed time interval, say [0, T;], we have uniform

bound for ¢, ¢. Then we rewrite the equation of conical Kéahler-Ricci flow (4.5) as

; Q
)
e

(we + V—=100¢)" =

away from D. As § € (0,1) we find a constant n such that 2(1 — 8)(1 +n) < 2 such

that

(14m)($—log ||S][20-) I U
/Me = C/M 1S Ea-A) ) =C.

By Kolodziej’s L estimate [22] we know that ¢(¢) is Holder continuous with respect
to wy on [0, T}], actually, on [0,7). Now suppose there are two solutions (1), p2(?)
which satisfy all the properties above and solve the conical Kéahler-Ricci flow on the
maximal time interval, then we set @1 = 1(t) + a||S||* and write v = @1 — (s.

Compare corresponding conical Kéahler-Ricci flow equations, we have that

2= 2 (o1 — o) =1og ZF —190p)"
R (@ +v/—100py)"

— J— 2p
ot ot Av —aA|[[S[|*, (4.11)

where

é = / (?t + \/—_185«]. - S)gOl + S@Q))Zjazade

1
0
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Outside the divisor D we can compute that

V=100||S|[* = pl|S|[**v/—=100||S|I* + v=1p*||S|[*~*a|ISI[* A 0l| S| I*

> —pl[SII"R(|] - ])-

By the estimates above, we know that the metric g, + v/—109((1 — s)p; + s53) is
equivalent to the initial conic metric w* and C'* outside the divisor D. Then from
(4.11) we obtain that

0
“u<
atv < Av +aC,

by maximal principle, we have
v(t) < supv(0) + aCt = a(Ct + ||S]|*).

Let a tend to 0, we have ¢ < @9, and we can prove s < 1 by the same argument.

Finally we obtain the uniqueness of the limit solution.

4.2.4 (*“-estimate on the divisor D

To complete the proof of Theorem 4.1.1, we need to give a C**-estimate for ¢(t), as
this estimate allows us to apply inverse function theorem to obtain the existence of
the solution to conical Kéhler-Ricci flow (4.5). In this part, we will only introduce the
definition of these norms under conic setting and leave the proof to the last chapter.
Let’s describe the basic construction. First we can fix a unit polydisk D* C C with
the origin as the center, and the divisor D = {z; = 0}. Then the standard conic

metric attached with (C, D) is that

|21 [2(1=8)

d d
wg =V — 1( 284 Zl—l—Zdz,/\dzl),
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which defines a Riemannian metric gz and induces a distance dg. For simplicity, define
d(py, p2) == dg(z1,22) + [t — t2|% as the spacetime distance, where p; = (x;, ;). Now
for a locally integrable function on D™ x [0,7) and a € (0,1), we define the Holder

norm as [15]:

e s [fl s s )= @
D" x[0,T) pitpe  d(p1,p2)®

We say the function f is C if the norm [f], < +oo. Consider the vector fields
& = |z1|1*58%1,§k = a%, for k = 2,---n, then we say a (1,0)-form 7 is C* if 7(;)]
is C* for any ¢ = 1,---n, and say a (1,1)-form o is C* if 0(&;,§;) is C* for any
i,j=1,---n. And we say fis C2® if f,0f,/—100f, f are all C*.

Consider the equation (4.5), as w; is always smooth on the maximal interval,
when 1 is sufficient small we can write w; + v/ —199p(t) = v/—190u locally, then we
only need to show that u is C**. By computation before we know that Ric(wpeta) =
27(1 — B)[D] — v/—190F for some smooth function f, so the equation for u can be

written as
—100u)™
9 = 1o V100U
w

+F.
ot ;

Take the covariant derivatives with respect to wg, we have

9
ot

S 7 P i, Pl - _ B
Upp = u gz — WU UG Upgr + Fi

Unfortunately, classic Evans-Krylov-Safanov estimate for nonlinear PDE can’t be
used in conic setting. In conic Kahler-Einstein case, as the Ricci curvature of target
metric has lower bound, by Cheeger-Colding-Tian theory [5], the metric near the conic
singularities is close to a standard flat conic metric, which indicates that perturbed
Schauder estimate can be applied. Alternately, Tian extended his master thesis to
conic case and gave a proof of C*“estimate in case of conic Kihler-Einstein metrics.

In Chapter 5, we will follow Tian’s approach to prove this theorem:
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Theorem 4.2.3. u is C*“-bounded on the divisor D.

This theorem completes the proof for the first main theorem 4.1.1.

4.3 Limit behavior near the singular time when
the twisted canonical bundle is big

In the last section we discussed how long the unnormalized conical Kahler-Ricci flow
would last. Now we want to understand what will happen when the flow runs to
singular time. During the remaining part of this article we assume that M is an n-
dimensional projective manifold. In [47] [37], to study minimal model program, they
mainly considered the case that the canonical line bundle K, is big, or big and nef

(numerical effective). First let’s recall their definitions:

Definition 4.3.1. Suppose L is a holomorphic line bundle on a projective manifold
M, then we say L is big if [ci(L)]" = [,, c1(L)* > 0. And we say L is nef if for any
algebraic curve C on M, ¢(L)(C) = [, e1(L) > 0.

To study the limit behavior near the singular time, they mainly made use of
so-called Kodaira’s lemma, which was proved by Kawamata and used in degenerate

Monge-Ampere equations by Tsuji [48] first:

Lemma 4.3.2. Let L be a line bundle on a projective manifold M. If L is big, then
there exists an effective line bundle E and two positive numbers a,b such that L —F
is positive for any § € (a,b). Moreover, if L is big and nef, then the conclusion above

is true for § € (0,b).

Now we can begin the proof of theorem 4.1.2. As the last section, we can do

similar constructions and consider the approximation flow equation (4.7) again that

0 wre +V—1000)" _
9 e = 10g TV AOORT o 4 ey,
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Although w; . may not be a Kahler metric near the singular time T, as it’s controlled
from above, we can still make use of maximal principle to get a uniformly upper bound
for .. To get a lower bound, we need to apply Kodaira’s lemma to get a family of
regular background metrics. Recall that we define w; = wo—t(Ric(Q)—(1=8)R(||-|])),
and we assume that the twisted canonical bundle Ky + (1 — 8)[D] is big, then we
can easily see that the current [w;] is big on the time interval [0, 7p]. By Kodaira’s
lemma, we have a § € (a,b) and an effective divisor E with a Hermitian metric || - ||’
such that w; + dv/—1091log|| - || > 0. If we define S’ as a local holomorphic section
for E, we will have

wi 4+ 6/ —1001og ||| > 0.
Set w), = wyc + 6v/—10010g ||S]|"%, we can rewrite the equation (4.7) as

(wi.e +V=190(pe — dlog ||S'[|*))"(IIS]I* + €)' 7
Q

a ||/
—(pe—51log||S'||?) = log

o L (412)

Note that in this equation, wLe is a smooth metric, by the argument in the last section,

we know that
wi(|1S]|* + €)' 7
Q

log

is bounded from below by a constant depending on §. By maximal principle, we know
that ¢, — dlog|]S’||"? is bounded from below by Cjs. Now we get a C%-estimate for ¢,
that

Cs + dlog||5]]” < ¢ < C.

Now let’s begin to estimate ¢.. For simplicity, we denote ¢, 5 = . — d log ||S’||?, and

w = w; . + V=180, 5. Then the equation (4.12) can be written as

9w (ISP + )
atgpe,(s_ g Q N
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Take the derivative of this equation, we obtain that

0
_.e :A'e tw;
875%0’5 Pe,s T 1rup

which is the same with (4.9). Note that /=190 log ||S'||* = —R(|| - ||') outside the

base divisor E, and Cs < ¢.s < C — dlog ||5’||"*, we can compute as [37],

a . 1|/
(a — A)(pes — A%pes + Alog||S'])?)

=tr,p — A*pes + A*(n — trww;e) + Atr,R(|] - |I")
=tr,(p — A%+ AR(|| - |')) = A*(¢es — A%pes + Alog||S'||?)

+ (nA? — A44p575 + A%log ||S']|?).

Choose suitable large constant A such that the first term is negative, make use of

C-estimate for ¢ s and log [|S"[|? is bounded from above, we have that

0 . G . i
(57 = A)(Pes = Apes + Alog[[5]%) < —A%(Pes — A'pes + Alog [|S']]7)

+C — C'log ||S'||"*.

Now make use of maximal principle, note that the maximal of ¢ s—A?%p. s+Alog ||S’||”

can only be obtained outside E, we can finally get that
Pes < C = C'log ||5"]]”,

where the constants C, C" may depend on ¢. Similarly, to get a lower bound, we can
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compute that

0 :
(E — A)(@es + A’pes — Alog||S"||?)
n 2 2\1-8
—trup+ A%10g LU DT g2y a2ur st — At (1)

Q
A2 / / 2
=tr.(p+ i — AR - |1)) —nA

wi(I1S|I* + €)'
1 : .
5 + log q )

notrow)
+ A%(lo w + he
S,

wt,e

Choose A large enough such that the first term becomes positive, then make use of

Schwarz inequality and the property of logarithmic functions, we obtain that

0 .
(9 — 8)(fes + A% — Alog |S'])
n 1 W™ w/n<||S||2+E2)17ﬁ
> _nd? 4+ A%(los L Z(EEeVE L pe —be
> —nA®+ (ogwi+2gw) + log q )
n Wi (J|S]? + €2)15
ZAZ(—log:jm+10g all “Q ) )=
t,e

wie(lISI* + €))7

= — A%(pes + A2g06’5 — Alog||5'||"*) +2A%log aQ

+ A4906,5 — A%log||S"||? — Cy

> — AZ(Sbe,J + AQSOE,ﬁ - Alog HS/HQ) - 027

By maximal principle and argue as above, we can get a lower bound for ¢, s that

Yes < —C +C'log||S'|%.

Now we can summarize these estimates and obtain such a theorem:

Theorem 4.3.3. Suppose the twisted canonical bundle Ky + (1 — 3)[D] is big on a
projective manifold M, and E is an effective divisor such that [wy] — §[E] = |wo] —
tley(M) — (1= B)e1(D)] = 6[E] > 0 on the time interval [0, Ty] for a positive § € (a,b).
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Let . solves the approzimation flow equation (4.7), then we have that
Cs+0log[|S'||? < 9 < C, | <O —C'log [ S]],

Now we can derive a Laplacian estimate as before, which is also an application of

generalized Schwarz Lemma.

Theorem 4.3.4. On the time interval [0, Ty| there exist constants C, o > 0 such that

by, < C||S']-22.

Proof. As theorem 4.2.1, we first compute that

(% — A)(log try, . w + C'x,) < Ctryw.

As in the proof of theorem 4.3.3, we define
H =log try, w+ C'x, — A%pe s + Alog||S"]|"%,

then for sufficiently large A > 0, we have that

0
——-A)H
<try(Cwoe — AW+ AR(|| - [I') — A%pes + nA®

< —trywo. + C — C'log ||S]].

By maximal principle, we know that the maximal of H can only be obtained outside

the divisor E, and when this maximal is obtained, we have

trowoe < C' — C'log 1157]]2,
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which indicates that at the maximal of H,

u)n . Q ’
g w < — (trowg, )" = e — < OS5
> wO,e (||S(||2 + €2>1_ﬁw0,e
Then the theorem follows. O

As in the last section, we can give local high order estimate for . outside the

divisors D and E.

Proposition 4.3.5. For any K CC M\ (D{JFE) and k > 0, there exists Cy x such

that

[@ellcr (ke xjo,m]) < Ok

By this proposition, we can argue as the last section. We put a sequence of
compact set to approximate the regular part M \ (DJ E). On each compact set K,
as we have uniform estimates for high order derivatives, we can choose a sequence ¢;
such that ¢., converges on K x [0,7Tp] in Cf2, sense. By diagonal argument, we can

take a sequence, say, ¢, converges to a function ¢ on (M \ (DJE)) x [0,Tp] in the

> sense, which is smooth on M \ (D J E). By theorem 4.3.4 we know that

loc
Wy = Wre + V —190¢

is a conic Kahler metric with angle 273 along the part of divisor D outside the divisor
E on [0, Ty]. Now as above, we want to prove that ., converges to ¢ globally in the
sense of currents. Other arguments are the same except for the part near the divisor
E. Note that when we consider the integral

T+ /—190)™ 2(1-3) _
M

near the divisor E, by theorem 4.3.4, the integral function grows as log||S||’, so this
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integral exists. On the other hand, by theorem 4.3.4, as ¢, ¢, grows like log||S|/,

then it’s also true that

| /M (e — ¢) A /—T100|

tends to 0. So we know that the limit (¢) outside the divisor E satisfies conical
Kéhler-Ricci flow equation on [0,Tp] in the sense of currents, and as t tends to Tj,
w, = w; + v/—199p(t) converges smoothly to a Kihler metric on M \ (D |JE), and
conic along D\ E with cone angle 273. Now we want to claim that the limit is unique,
i.e. for any sequence {¢;} which tends to 0, the sequence ¢, will converge to the same
limit in our sense. Actually this follows from the uniqueness of the solution on the
time interval [0,75). Then consider that in any compact set in M \ (D E), as ¢,
is uniformly bounded, we can conclude that the limit of any sequence ¢., converges
to the same limit, say, ¢(t) at Ty, which completes our claim. Finally, note that the
base locus E may not be unique, however, we can consider the intersection of these
E’s and call it the stable base locus, and still denote it as E. By the argument above,
we can obtain a unique limit current w, = wy e + V—100¢ outside E at time T, and
this current is a smooth Kéhler metric outside D |J E, and conic along D \ E with
cone angle 273. Finally, C*%-estimate in the proof of theorem 4.1.1 still holds here.

Now we complete the proof of theorem 4.1.2.

4.4 Limit behavior in case of big and nef twisted
canonical bundle

In this section we want to understand the limit behavior when the twisted canonical
bundle is big and nef. By theorem 4.1.1 we know that this conical Kahler-Ricci flow
exists forever. In this case we find that w, = wo —t(Ric(2) — (1 —B)R(||-|])) will blow

up at infinite time. To capture the limit behavior more precisely, we can consider
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normalized conical K&ahler-Ricci flow

0 .
Y= W Ric(w) + 27 (1 — 5)[D]. (4.13)

Note that if we define @(t) := (1 + t)w(log(1 4 t)), then we can compute that

%dz(zﬁ) =w(log(1 + 1)) + (—Ric(w(log(1 4+ t)) — w(log(1 + 1)) + 2x(1 — 3)[D]))

= — Ric(@(t)) + 2n(1 — B)[D],

which means that the solution of unnormalized conical Kahler-Ricci flow is actually
the same with normalized conical Kéhler-Ricci flow only modulo a scaling. As we did
in the proof of theorem 4.1.1, we can consider this equation in the level of cohomology

class. Then we can write
wy = e 'wo + (1 — ™) (=Ric(Q) + (1 = B)R(|| - 1)),

and set W; = w; + kv/—199||S]|*? and w = w; + v/—199dp. Now we can write the

equation (4.13) in scalar form:

wi+vV/—=100p)" -
o0 = log TGO 4 log 5|20 — o — K|S

(4.14)
As before, we can consider an approximation flow equation of (4.14)
: Wi e+v/—108.)" (|| S||2+€2)1 8
fispe = log Lo plBED — o — ho(@ + 15117) 15)

906<'7 0) =0
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where

Wre 1= € 'wo + (1= ™) (=Ric(Q) + (1 = B)R(]| - |])) + kv/=100x(¢* + || S]]*)

as before.

First consider C%-estimate for ¢.. By maximal principle, as

wi(ISIP + €)' 7
Q

log — kx (e +[1SI1")

is bounded from above, it’s easy to see that ¢, < C. On the other hand, we recall

lemma 4.3.2 as the twisted canonical bundle K + (1 — §)[D] is big and nef, there

exists an effective divisor E such that w;. + 6v/—1901og ||| > 0 for all ¢ € [0, o0)

and any 0 € (0,a), where S’ is a local defining section of E. Then the equation (4.15)

can be written as

(wie +V=109(p. — 6v/=10010g ||5"]|?))"
Q157

+1og(|IS|[* + €)' — (o — 3v/=1001og|5"]|"*) — kx(€* + [|S]*),

0 - )
E(goe — 6v/—1001og ||5’|"*) = log

where w] , = wy + 0v/—1801og ||S'||”2. By maximal principle again, as

Wit (|[SI? + €)' =7
QHS/”/Q&

log — kx(e> + [1S1]?)

is uniformly bounded from below, we have that ¢, > —Cjs + 6y/—199 log ||.S’||”?. Now

let’s consider the estimate of .. Denote p = —Ric(Q2) + (1 — B)R(|| - ||) again and

71



recall in [47], we have that

0 . .
<§ — A)('pe — pe — o — nt)

= —try(wo — p) + e try(wo — p) + P — pe +n —try(e Two+ (1 —e“)p

+ kv —100x) —n = —try(wo + kvV/—100x) = —trywo.e <0,

then by maximal principle, for ¢ > ¢y > 0, we have ¢, < Cte™'. On the other hand,
consider

H =+ (1 -1y, —5v/—1001og ||S'||"*,
for t <'T" and compute that

9, _
(E —AVH = —n+tro(p+ e (wy — p) + kvV/—=100x) = —n + trowy,.

We know that for ¢ — oo, H tends to positive infinity near E, so the minimal point
of H is attained away from E, where —n + tr wy . < 0, by maximal principle. Then

we have w > w% At the minimal point of H, we have that

(IS + €)'~

H =+ (1—e"T)(log — @ — kx) — 0v/—1901og ||S||"*
Wit (||S|]? + €)' =7

nn{)

> Tt (1 ) log ~ ) = 8V 1001og 51"

Z _C5a

then we have that

(1—e")pe > —p. + 0v/—1001og||S'||* — Cs > —Cs.

Now let T tend to infinity, we have that ¢ > —Cs5. When we begin to study Laplacian

estimate for ¢, we note that the evolution equation for log tr,, w is different from
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before only by a constant. So do the same computation we can derive that

ry, W < 75—

1572

again. By the argument in [28] again we can derive local high order estimate for o,

outside the base locus E and the divisor D that

|[2el| e (10,00)x5) < C'(k, K)

for any K cC M\ (DUE).

Similar to last two sections, we can choose a sequence of compact sets to approxi-
mate M\ (D |J E), and a sequence ¢,, by diagonal method, such that ¢., converges to
a function ¢(t) on [0,00) x M\ (D |J E) in C2, sense, which is smooth on M\ (D | E).
By the same argument as the last section we know that this convergence is also in the
sense of currents globally. Similarly, as time tends to infinity, w, = w; + V—100¢(t)
is smooth on M \ (D |J E) where E is the intersection of all base divisors, i.e. stable
base locus of the twisted canonical bundle, and conic along D\ F with cone angle 27 (3.
As the flow exists forever, we hope to analyze the limit behavior of ¢(t) and w,. As
pe < Cte 'k we can see that near the infinite time, @, is nonincreasing. Note that we
also have ¢, > —Cs5+8v/—10010g ||S"||"?, which indicates that ¢, converges uniformly
on arbitrary compact set K CC M\ (D|J E). And we just see that ¢, is nonincreas-
ing near the infinite time, so we can conclude that ¢, converges to 0 in M \ (D |J E).
And we find that convergence properties here are independent of ¢, we can see that
©(t) converges uniformly on each compact set K CC M \ (D|JE), and ¢ converges
to 0in M \ (D E). Then recall the flow equation (4.14) that the right hand side of
it tends to 0. Now set W, = w(00) = —Ric(Q) + (1 — B)R(|| - ||) + kv/—100||S||?5,

and ., as the limit of ¢(t), write we = Woo + vV —100p0. By (4.14), we conclude
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that

Ric(wao) = Ric(Q) = V=189p00 — kv/=190][S||* + log ||S|[** 7

= —woe + R(|| - []) + V=10010g ||S|"0™ = —wse + 2n(1 = B)[D],

which means that outside the stable base locus, the current w, tends to a conical
Kahler-Einstein metric, with cone angle 273 along D\ E as t tends to infinity. More-
over, C*%estimate still holds. Finally, as [47], we can prove that the limit current
is independent of the choice of the initial conic metric. First, by the same argument
as in the proof of theorem 4.1.1, we can see that the solution is independent of the
choice of volume form 2. Now fix €2, and see whether different initial conic Kéahler

metrics matter. Recall that for any 0 € (0,a), we have the estimates
—Cs+ 5v/—1001log ||S'||* < . < C, —Cs+ 6v/—190log ||S'||* < . < C,

which indicates that ¢, + ¢, < C. And we also know that ¢, tends to 0 as t tends to
infinity. Then we obtain that

Q= lim Q
([SIP +e2)t=0 7 t=eo fyr ([IS]? + €2)17

= lim [ (w;+V—190(p. + kx))" = lim [ w}.
t—oo Jas t—oo Jas

/ 6905,oo+kx e¢€+¢6+kx
M

Now suppose we have two initial conic metrics w* = wy + kv/—199||S||** and w™* =
wh + k'v/—100||S||?5. Without loss of generality, we can suppose that wy < wj and

k < k', otherwise we can replace w™ by w* 4+ w™, then we can write the following flow
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equations:

0 wi + V=109(pc + kX)) (||S|]? + €)=
5’ N wh 4+ +/—190 oL+ Ex)(||1S 2yt , ,

g0€(~,0) = QOL("O) =0,

where W) = e7fw( 4+ (1 — e ") (=Ric(Q) + (1 = B)R(|] - |]) = wi + e H(w) — wp). Take

the difference, and denote ¢, = . + kx and ¢ ;, = ¢ + k"), we have that

2(@ r—¢l.) =log = (w1 + V=100)" _
ot Fek ~ Fe (we +V=T09pek + e~ (wh — wo) — V=100(pes — PLp))"

- (@E,k - ‘P/e,k’>’

and (¢ex — i) (- 0) = (k — k)x < 0. By maximal principle, we have @5, — ¢, 1 <
0 at any time, so at infinity, we have that ¢.. + kx < ¢ + k'x. However, as
S Hgﬂ;fjx Q=limyoo [, @] = [y ”ST'G;O:PX ), we can obtain that . . +kx =
¥t oo+ K'x. Take the limit as € tends to 0, we complete the proof for the uniqueness of

the limit conical Kahler-Einstein current, which also completes the proof for theorem

4.1.3.

4.5 Further remarks

Until now we proved three main theorems under the assumption of one irreducible
divisor. Now we discuss how to generalize our proofs to the case of simple normal
crossing divisors briefly. By [15], we can add up all the approximation metrics to all
divisors, and all the properties are preserved. In Laplacian estimate, we note that in
[15], they proved that the approximation metric has a lower bound for bisectional cur-

vature, which allows us to obtain the Laplacian estimate. The proof of C*“-estimate
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is essentially the same, see Chapter 4.

Now let us sketch approach of setting approximating conical Kahler-Ricci flow
based on Chapter 3. For simplicity we only consider the case of one irreducible
divisor. Actually we can do similar approximating setting whenever the conditions
of Theorem 1.2.2 are satisfied. For the conic Monge-Ampere type equation (4.5), we

consider another approximating flow equation:

Wt e —100p )™ _
2 5, = log LtV 10000 | 100 (||8][2)10

906('70) =0

(4.16)

where

Wie = Wi + kv —135¢e(\|5||2)7

and F,, 1. are defined as in Chapter 3. By the same computation we can obtain C¥—
estimate for ¢.. For Laplacian estimate, instead of Aubin-Yau type inequality, we

make use of Chern-Lu type inequality

-~ 7 = 2
9g™ R (wo.e) — (1 = B) X, 97g" (log IS 5

tr,wo e

(a - A) log trwwo,e <
By Theorem 1.2.2 we know that R;;(wo.) < C uniformly. Then we can derive a

Laplacian estimate more directly.

Note that in [37], unnormalized Kéhler-Ricci flow can smooth initial Kéhler met-
rics with rough and degenerate data. So naturally, we hope unnormalized Kahler-Ricci
flow can play similar roles in the study of conic Kahler metrics and we will discuss

this phenomenon in the future.
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Chapter 5

The C%%estimate for conical

Kahler-Ricci flow

Regularity of complex Monge-Ampere equations in conic setting is an important
issue in the study of conic Kéhler metrics. As the C%-estimate and C?-estimate is
not enough to obtain the solution to existence problems, we need to get at least
C?°- estimate to guarantee that the inverse function theorem can be applied. For
conic metrics, in smooth part, it is easy to apply Calabi’s C®-estimate as smooth
case [50]. For the conic singularities, when the cone angle § < %, even Calabi’s C3-
estimate still holds [3]. However, when § > %, the C3-estimate seems not to hold
any more so we can expect only a C%“-estimate. In conic setting, we are still not
sure that whether classic Evans-Krylov-Safanov theory (see [16]) holds, as we are not
clear whether the subtle argument of choosing squares and measure estimates can be
extended to conic setting. Actually there have been some works on extension of this
classic theory to conic setting [9] [10] [15] [21] [49]. When the metric is sufficiently
close to the standard flat conic metric, perturbation method of the Schauder estimate
can be used to derive a C*®-estimate [7]. However we don’t know the metric involved

can be made sufficiently close to a standard flat conic metric before we establish an
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estimate than the C?-estimate. In [45], Tian adapted the method of his master thesis
[38] to conic case and proved the C*“-estimate for conical complex Monge-Ampere
equations without the closeness assumption. The main idea of Tian’s approach is to
compare the second derivative to harmonic forms whose regularity was studied before.

In this paper, we extend Tian’s idea in [45] to derive a C*“-estimate for conical
Kahler-Ricci flow, which completes the proof of the existence theorem in last chapter.
Conical Kéhler-Ricci flow is another interesting topic in the study of conic Kéhler
metrics and there have been some works on it [9] [10] [28] [24] [33] [49]. To establish
the existence of conical Kahler-Ricci flow we need a parabolic version of C?“-estimate.
In deriving our estimate, similar to what Tian did, we need to use regularity properties
of heat equations.

Now let’s recall the construction of unnormalized Kéahler-Ricci flow in [33]. Sup-
pose the divisor D = i(l — B;)D;(I < n) is a simply normal crossing divisor on
a n dimensional compai:tl Kéhler manifold (M,wy, where each D; is an irreducible

divisor and wy is a smooth background Kahler metric. Now consider unnormalized

Kahler-Ricci flow

i= 5.1
W(0) = ' = wo + 3 ky/"T00]|S, |2
i=1

where S; is a defining holomorphic section of [D;], and we know that when k is a
small positive number w* is a conic Kéhler metric with cone angles 27; along each
D;. In last chapter we apply the methods of [47] [37] to consider this equation in
the cohomology level, i.e, write W; = w* — t(Ric(Q) — Zl:l(l — B)R(| - ||:)), andw =

Wy + /=100y, where 2 is a smooth volume form and R(]| - ||;)) is corresponding

curvature form of the line bundle [D;]. Then the equation (5.1) can be transformed
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to a Monge-Ampere type equation:

2 = log B 1000 z log ||| |21~
(5.2)

90('7 0) =0

Recall that in last chapter, we apply the approximation techniques of [4] [15] [28§]
and estimates in [47] [37] to obtain C°-estimate and Laplacian estimate for ¢, i.e, for

some uniform constant A,
ATy < w=w, + V—100¢ < A, (5.3)

on the time interval [0, 7] where

l
T < Ty := sup{t > 0|[wo] — t(c1 (M Zl—ﬂl 1) > 0}.

=1

What is remaining in last chapter is a Holder estimate for v/—100¢, i.e, the C%“-
estimate. We will follow the approach in [45] to get the following main theorem in

this chapter by comparing the flow solution with the solutions to heat equations:

Theorem 5.0.1. For any a € (0,3_1 — 1,1}), where § := max{B,---, 3}, there
exist constants ro € (0,1) and C, > 0 such that for any (xq,ty) € M x (0,Tp) and

0<r <rg,

/ / (V3p|Pwndt < Cur?™ 2, (5.4)
r(20,t0)

where P,(xg,ty) = Br(wo) X (to — 12, o], and B,.(zo) is the geodesic ball with center x

and radius r, and V s the covariant derivative, the norm is taken with respect to wWy.

Provided this theorem, by standard analysis arguments, we have the following

corollary, which gives the C?“-estimate:

Corollary 5.0.2. For any a € (O,min{ﬁ_1 —1,1}), V=100 is C*-bounded with
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respect to Wy.

The note will be organized as below. First, begin with the Monge-Ampere type
equation (4.5), we derive a second order parabolic equation for complex Hessian of
¢. Then we review some facts on heat equation, which can be modified from [19].

Finally, we follow [45], to give a parabolic version of comparison argument.

5.1 Preliminaries

In this section we’ll obtain a parabolic equation for complex Hessian, and make some
necessary preparation for the estimate. First, we note that the Theorem 5.0.1 can
be proved locally. As Calabi’s 3rd derivative estimate can be used outside the di-
visor, we only need to consider that o € D. Now choose a local coordinate system
(U z1,-++ ,2,) around xg = (0,---,0) and D; (U = {z; = 0}. Now U can be identi-

fied with an open set in C. By Laplacian estimate (5.3) we have
C’_lwﬁ <w < Cuwg, (5.5)

where wg is the standard conic flat metric on C:

dz; N\ dz;
wg = (Z P |2(1 ) + Z dz; N\ dzz> .

i=l+1

By 00-lemma (see [43]), we can write w = v/—190u for some spacetime neighborhood

U x (t,to]. Now consider the Monge-Ampere type equation (4.5), as v/—190u = w =
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Ty + v/—100¢p, we have that

B !
(@ + v=100)™ TT || Sa 70—

l
V00 gu = —Fi(©) + 3201~ R 1)+ v To0 o o

= v/—199(log

WZL00W" , p),
w

B

Here F is defined as
p— — l p—
V=100F = /=109 logw}; + > (1= B)(R(|| - | + V=189 log ||Si|*).
i=1
so F is a smooth function. Then we obtain a scalar equation:

(v/—100u)

As @, is a conic Kahler metric which has the same singular part with the initial conic
metric, it suffices to prove that +/—100u is C®-bounded. Now take the covariant
derivatives of the equation (5.6) twice with respect to ws, we obtain a parabolic

equation for /—190u:

%Ukz = uﬁuk[ﬁ — ui‘jupjui;kupq; + B (5.7)
Obviously, with respect to wgs, u;; is uniformly bounded. Unfortunately we can’t use
Krylov-Safanov estimate directly to get a Holder estimate. We’ll make use of the
properties of heat equation to derive the estimate. For this purpose, we need to do
some preparation.

As [45], we can define Bg(r) to be an angle domain in C' x C"™! consisting of all
(wy, -+ ,w;, w') satisfying i lw; |2+ |w'|? < 2, where w; = p;e¥V "1 for p; € [0,r] and

i=1

0; € [0,273;],1 < i <. Now we have such a Sobolev type inequality, which can be
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proved in standard way([17] [27]) by Sobolev inequality in [45]:
Lemma 5.1.1. There is a constant Cg which depends on 1 — 3;,9 = 1,--- .1 such
that for any smooth function h on Bz x (—1,0] with boundary conditions:

h‘(wb e 7pie\/j12ﬂﬂi7 s, Wi, wl> = e\/jl%-(liﬁi)]wwl? ety Piy Wi U)/) (58)

for each i, then we have

sy
// |h|2(1+%)wgdt < Cp sup/ |h|*w} // [Vh|*wjdt
BgX[*l,O] t B@X[ 10
(5.9)

or for s € (n—l—l’l)’

I[ dc( / ppae ([ e ) (510
BﬁX[ 10] t BﬁX[ 10

Now we prove a lemma that outside the divisor D, the scalar curvature is uniformly
bounded from below, which is useful in Moser’s iteration with respect to evolving

metrics and weak Harnack inequality below:

Lemma 5.1.2. Suppose the evolving conic metrics w(t) satisfy the conical Kdhler-

Ricci flow (4.3), then outside the divisor D, the scalar curvature R > —7,

which only

depends on initial metric.

Proof. We know that the conclusion is true in case of smooth Ricci flow. In conic
case, the conclusion at the initial time always holds. Outside the divisor D we have

the evolution equation for scalar curvature [18]

;R AR + |Ric|?,
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and now we can write this equation as following:

d C i _ C !
(57 = AR+~ = ¢ log||S|*) = |Ric|* + i ey tro(R(|| - [[:) + 27 (D)),
i=1 =1

where c is a positive constant. It is easy to see that the space minimum will be
attained outside the divisor, so by maximal principle [18], as R(]| - ||;) is uniformly

bounded and w > Cwy where wy is a smooth background metric, we have that

l l
min(R + % — C;bg 115;]|*)(t) > min(R + % — c;log 115:]1*)(0) — eC't.

Now let ¢ tend to 0, we obtain our result. O

Now make use of above two lemmas, we can prove an inequality similar to mean

value inequality for subharmonic functions:

Proposition 5.1.3. Suppose v > 0 satisfy that (% —Ag)v < Cy, or (% —A,)v < Cy,

where w satisfies conical Kdhler-Ricci flow (4.3) on P(1) = B(1) x (—1,0], we have

sup v§C<// vwgdt+C’o),
P(1/2) R(1)

that

or replace wg by w.

Proof. Before the L!-control, we first prove a L-control that for any 6 € (1/2,1), by

Moser’s iteration as [17]:

1
supv < C' (— // v2Wldt)/? —1—0) . 5.11
P(0) (1-— 9)”“( P(1) ) " 51)

Without loss of generality, we assume that Cy = 0, otherwise we take v' = v — Cyt
to replace v. We prove the first case. First we choose n = vﬁQX[,Tg,U] (t) where € is
a cut-off function with compact support in P(1), and x is a characteristic function.

Define P?(r) = B(r) x [—r?, —o] and take 7 as a test function for the first inequality,
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we have

1 8 2.2 2 2 n 9 . 9 n
5//%(@5 o+ €Vl < c//m)qva e, (5.12)

For 6 <1’ < r <1, choose o < r”? such that

1
/ V’whli——o > = sup / viwp. (5.13)
B(r") 2 te[—r2,0] J B(r')

Choose &(z,t) = & (x)&a(t), where & is 1 on B(r'), and 0 outside B(r) with |V | <

¢ and & is 1 on [—r2,0], and 0 on [—1, —r2] with || <7 ) By the equation

r—r'?

(5.12), we obtain that

0
sup / UQWZ < 2/ Uzwghz_g < 2// aé’zv?cugdt
te[—r"2,0] J B(r") B(r") o (r)
C C
< — // v wgdt < // v wgdt
(r —1r")? o (r) (r — r’)2 P(r)

Choose test function 7 = v€?x(_,2,0)(t) then the integral domain of (5.12) will be P(r)

and we obtain that

C
VolPwldt < ——— // v2Whdt.
//P(r’)| s r—r)2J)Jpwy "

Now by Sobolev type inequality (5.9), we obtain that

([, )™ < S ], o
P(r') (r—r) P(r)

By computation, (% — Ag)vP <0 for p > 1. So similar argument is true that

( / / Pty dt) g / / 2pw”dt
P(r") T_T P(r)

Then by Moser’s iteration, we obtain the inequality (5.11). Now by (5.11) and
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Cauchy-Schwarz inequality, we have that

1
lellren < € (mtmrlvllis + o)

1 1/2 1/2
< 0 (e Il 01 + o

||’U||L°°(P

() 1
= 2 +C (WHUHL%P(M) + C’O) ,

then by an iteration lemma (Lemma 4.3 on Page 75 of [19]), we get that

1
lollomceay < € —grammallllicoy +Co)

which completes the proof of the first case. For the proof of the second case, note
that in the derivation of similar inequality to (5.12), there is an extra term —R&?v?
in the right hand side integral which comes from the derivative of w”. However by
Lemma 5.1.2 this term is bounded from above by C¢2v?, then all the argument for

the first case follows. m
From this proposition, we can easily get following corollaries:

Corollary 5.1.4. For the function h which solves heat equation (% — A)h =0 and
satisfies the same boundary condition (5.8) of Lemma 5.1.1 on Bz x (—1,0], and any

r < 1, we have that

// IVh|2dw A dwdt < Cr2=228 // |Vh|2dw Adwdt.  (5.14)
Bﬁ(r)X(—T27O} BQX

Moreover, for any o < r < 1, and function v which solves (& — Ag)v = 0 on P(1),

we have that

// [Vo|Pwhdt < C(E)%*Z”B_1 // [ VulPwjdt. (5.15)
P(o) r P(r)
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Proof. Let’s see what the boundary condition (5.8) means. We choose coordinate
1
change z; = (Byw;)?% for i = 1--- 1 and z; = w; for other i, which maps the angle

domain Bjs to the ball with standard conic metric. Then we find that

Oh(w(z),t) V=T2m8; _ Oh(w,t) Ow; 128,
0z (o ze )= ow; 0z SR )
:e\/?l27r(1—ﬁi)%(. gy )(ﬁiwi(zie\/?l%ﬁi))l—ﬁfl
= _ 4y Oh(w, t) Qw; — ,7

= Vv-12m(1 Bi) TN ") ... N V—12m(8;—1)

¢ awz 821 ( 1 Fh >€
~ Oh(w,t) Qw; ~ Oh(w(z),t)
- awz azi(”'7ZZ)"')_6—Z7;("'7Z’L7'“)7

which allows us to consider h as a function on the ball with standard conic metric.
Note that wg = v/—1)_ dw; A dw;, So (5.15) follows from (5.14) and we only need to

prove (5.14).

k

1
Note that the functions ¢; = w,*  satisfy boundary condition (5.8). By Fourier

(2

expansion of one function satisfying the same boundary condition we can find that
functions (; = wf% - constitute a basis of such functions satisfying this boundary
condition (We want to thank Y. Rubinstein for showing the details). As k > 1, for
all i, choose the smallest exponential 2(min(3; ) — 2) = 2(371 — 2) and integrate on

P(r), we obtain our result. =

On the other hand, we still need a weak Harnack inequality as Theorem 4.15 in
[19]. Here we need to consider a new spacetime neighborhood P'(r) = B(r) x (—r?,r?)

to replace P(r). Then we will have

Proposition 5.1.5. Suppose w = /—100u solves the conical Kdhler-Ricci flow (4.3)

on M x [T, T|(T > 1), and a nonnegative function v € H*(P'(r)) satisfies

(% — Ao > —k, (5.16)
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where A" denotes the Laplacian with respect to w. Then we will have

//'(1) vwidt < O inf v+ k). (5.17)

P'(3)

Proof. The proof is similar to the elliptic version of weak Harnack inequality in The-
orem 4.15 of [19] so we just sketch the proof. We set v = v+ k and w = v~*. Choose
a cut-off function &(z,t) = & (2)&(t), where & is 1 on B(3), and 0 near 9B(1) with
V& | <4, and & is 1 on [—1, 1], and 0 near ¢ = +1 with |€,] < 16. Take 72¢ as the

test function of (5.16) we obtain that

// - — ww”dt < / £ w"
(1) ry 0

By Proposition 5.1.3 we obtain that

sup v P < C// v POt < C// pwﬁdt
P'(3) P'(1) P'(1)

for any p > 0, which indicates that

—1/p
inf v+k=>C (// Twid // v Pwy dt) (// vwgdt)l/p.
P'(3) ' P/(1) (1)

Now we need to prove

// Epwgdt // Efpwgdt <C
(1) (1)

for some p = py > 0. It suffices to prove that

// ep0|h|wgdt <,
P(1)

— — n 2 l
Wherehzlogv—mffp,(l) Twhdt. As erolhl = 1+ |poh| + B 4y leohl

87



it suffices to bound [, |h|'wjdt for any positive integer [.
Denote det(u)u? by U and by [45], we have U7 = 0 (See also Lemma 5.2.1 in

the next section). Now take v7'€? as the test function in (5.16), we have that

k 12,0
— ///(1) %§2wgdt < ///(1)6 152(§ — A')vwpdt

0 -
2 ——177ij=— _ -1 n
= ///(1)5 (_Gth — v U v;5det(u,; )) wpdt

_ // (_Qh&j I 2&5671(]@'5@%7&(“&1) + 52(_@*2Uﬁﬂﬁjdet(u;) + Uﬁhidet(u;zl)j)) wydt
(1)

= / / <—2h§$ + 26&hau — VB[P — hU" (26&det(u}!); + §2det(u,;l—1)ij)> widt
')
For the last term, we have that

o = ( (log det(uy)):
—U%det(u; )5 = UY (W j
= u((log det(uyp))ij — det(uyg) ~>det(ugg)sdet (ug);)

= —R(w) — |V/detdet(u,€;)|2 <(C - |V’det(uk[)|2,

where the last inequality follows from Lemma 5.1.2. Make use of this and Cauchy-

Schwarz inequality, we have

/ / |V udt < C / / (V€ ko2 —2heé+ O(E-+VEP)h)widt, (5.18)
(1) P'(1)

where V' denotes the gradient with respect to w, which also have corresponding
Sobolev inequality and Poincare inequality as it is equivalent to wg. Note that in the
new spacetime domain P’(1), the first term in the Sobolev inequality (5.9) can be

canceled and by Poincare inequality we have that

// |h|Pwhdt < C.
(1)
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For | > 2, take 97'¢2h? as the test function in (5.16) and the similar estimate

above, we have that

// £2h2l’v h’2 ndt < // 2[€2h2l l‘v h‘2 k——1€2h2l
! /(1)

VI ST+ S (CTEP + ) — 2602 o

Apply Cauchy-Schwarz inequality and Young’s inequality, we obtain that

// V(R Pt < C // (@42 (Vh2 + (@) (VEl? + [E] + C) R0

where a > 0. Then follow [19] to use Moser’s iteration, we can prove that there exists

po > 0 such that [[,, ep‘)'h'wgdt <C.

1)
Finally, we need to prove that the inequality (5.17) is true for p = 1. We only

need to take 2% as the test function to (5.16) where o € (0, 1), then we have

2 V 2 2 _2 2
o [ emrraa s [ (EEEEED e 2veu

As [19], the proposition follows from Sobolev inequality and finite steps of iterations.

]

We end this section by a lemma which indicates that Corollary 5.0.2 follows from

Theorem 5.0.1:

Lemma 5.1.6. Suppose u € H} (P(1)) satisfies

loc

P(r)

then u € C* at the origin.
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Proof. We only need to note that by smallest square theorem and Poincare Inequality,

1 0 1
lu — // uwhdt|whdt S/ / lu — / uwh|2whdt
//P(r) 1P| J ey ” o —r2 JB(r)x {1} 1B Jeeyxiy "

<Cr? // |Vu]2wgdt < Ot
P(r)

then this lemma follows from the same argument of Theorem 3.1 on Page 48 of

19]. O

5.2 Proof of main Theorem 5.0.1

We begin the proof of main theorem 5.0.1 along Tian’s second approach in [45]. We

denote det(u;)u® by UY and recall two lemmas in [45]:

Lemma 5.2.1. For each j, Ui =0,

7

Proof.

Uiﬁ = (det(ug)u?); = det(uki)(ukiukiiuij - uiiukiukfi) =0,
as we can switch j and [. O]

Lemma 5.2.2. For any positive definite Hermitian matriz ()\;;), we have

]det()\pq))\ijuij — det(upg) — (n — 1)det(N\y5)| < C Z luz — M|, (5.19)

ihj

where N9 denotes the inverse of A = (Aij) and Cis a constant depending only on the

norms of A and ;.

Proof. Consider the function f of matrix u;; that f(u;) = det(\pg) N5 — det(upg) —

(n — 1)det(Ap5) at the point A = ();;) that f(A;) =0 and

J

0 — —
Wf_‘%:)\ij = det(A\pg) N7 — det(upg)u” |y = = 0.

ij
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Then this lemma follows from Taylor expansion of f at point u; = A;;. n

From now on we will modify Tian’s arguments in [45] to parabolic case. First, we

have

Lemma 5.2.3. There exists some q > 2 which may depend on (,||u;||~ and

|[Fi7|| e such that for any P(2r) C U x (—1,0] around (y,0), we have

% ¢ 2, .n
(,am // L+ [Vwl)iwsd ) = m//})(m(H Vwl) wgdt, (5.20)

where C denotes a uniform constant.

Proof. First assume that y = xo and move ¢, to be 0. Define \;; :=r~ (2n-+2) ffP(r) uijwsdt
for 7,7 = 1,--- ,n. By using unitary transformation if necessary, we assume that
Aij = 0if i # j and 4,7 > [. By Laplacian estimate (5.5), we have A™'T < A =
(A7) < AL Choose a cutoff function 7 = 1, (z)n2(t) on P(r) such that 7;(z) = 1 on
B(y, %), m(z) = 0 near dB(y,1), and ny(t) = 1 on [-9= ® 0], m2(t) = 0 near t = —r2,

with [V |2, [V2m), 12| < &. Make use of the equation (5.7) and Lemma 5.2.1, denote
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A = A and A = Ay -\, we have

Y S
// i (Z 1t det(uyg) — (n — 1))‘> nijwpdt
P(r) k=1 "k
= // U (i iukrm;)n — det(upg)ni; | widt
P(r) o M

n

A 8
= >y det N pnwhdt — Cr™r
_//P(r )\k € (upq)(u U uzgkuqu + = 8t fkk)nwﬁ r

n

A
n|Vwl*w dt+/ det (s ) uppnwi
/LT| | oy 2 3y et e
// P(r) p=1
Zc// n|Vw|*wjdt + // uk,;det(upq)(R — nwpdt — Cr*"
P(r) (r) Ak

k=1
Zc// n|VwlPwidt — Cr",
P(r)

where the last inequality uses the Lemma 5.1.2 that the scalar curvature stays uni-

0
—wmm%mWH@a%@m%m%w—&%

formly bounded from below. By Lemma 5.2.2, we have

// [VwlPwidt < C | r*" 472 // Z lug — AjlPwidt | -
P(%) P(r) i j

By Sobolev inequality (5.10) in Lemma 5.1.1,

1
//P(Sr)u + |Vw|)?widt < Crm20=3) (//P(T)u + yvcu\)%gdt) : (5.21)

n

where s € (15,

1). This inequality holds for parabolic neighborhoods with center
point on or not on the divisor. Then by a covering argument that for any parabolic

neighborhood P((y,t),2r) C U x (—1,0],

1
— 1 200dt < C
s [ e <o
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Then (5.20) follows from Gehring’s inverse Holder inequality [14].

Similar to [45], we can define a (1, 1)-form v solving a heat equation:

—U = Z N —uvion P(r) v=won B(r) x {—7‘2}UaB(T) x (—r2,0].

Then we have such a lemma:

Lemma 5.2.4. For any P((y,t),4r) C U x (—=1,0], and o < r, we have

., 17
[< )2n-2425 (r2” // (1+ |Vw*)w ) ]//P .y

(5.22)

(5.23)

Proof. Take @ = w—wv as the test function for the Hessian equation (5.7), considering

(5.22), integrate by parts, we have

— // c&l,;(uiqupjuijkupq;—Fk[)wgdt
P(r)
0
= Wlk(at — uMuyg; Jwhdt
0
= Wlk(atwkl ‘1‘2 y Vi — U Ukm)wﬁdt
1 i
|0 + g (— ki + (04 uw)uk”)) wpdt
//,)(m > i+ G =
5 //
— = Wy |“widt
/ )x{0} 2 P(r) Z ‘ ki ’ g
/ / ( u )y + G jukliuqu> wgdt,

then by Cauchy-Schwarz inequality, and note that A~ — B~! = A~Y(B — A)B™!
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obtain that

//P( ) [VoPwidt < c (r2"+2 - //P( )(|w| + |ui; — )\i5ij|2)\Vw|2wgdt) . (5.24)

By Lemma 5.2.3 and Poincare inequality, we have

/ / s — Mby 2|V it (5.25)

P(r)

< 2"+2< e / / |vaqwgdt) <7’_2”_2 / / |usj Afsm\fqzwgdt) q
P(r) P(r

<C (T_Q” // |Vw|2wgdt> ' // (14 |Vw|)’wpdt
P(r) P(r)

For the other part on the right hand side of (5.24), we may assume 15 > 2, otherwise

N

the following second inequality follows from Holder inequality:

// 0] Ve 2wt (5.26)
P(r)
2 q=2
<p2nt? (7“_2"_2 // |Vw|qwgdt> (7“_2" 2// |w|q 2wid )
P(r) P(r)
q=2
<c (7«2"2 / / yay%gw) / / (1 + |V 2utdt
P(r) P(r)
<C (7’_2” // |V<§)|2wgdt) ' // (1+ |Vwl|)whdt
P(r) P(r)
q-2
<c (r% // (1+ Ww\?)wgdt) // (1 + Vo] 2wttt
P(r) P(r)

where the last inequality follows from (5.24). Now apply Corollary 5.1.4 to v, we have
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that

// VwPwidt < // (IV&]? + [V )whdt (5.27)
P(o) P(0)
< C(g)%_%ﬁ_1 // ]Vv|2wgdt + // ]V@\ngdt
r P(r) P(r)
S C(i)?n—Q-‘r?E*l // (|VW|2+ |Vd)|)wgdt+// |Vd)|2wgdt
r P(r) P(r)
S c<z)2n72+23*1 // |vw‘2wgdt+c// |V(D’2wgdt,
" P(r) P(r)

Now combine (5.24) to (5.27), (5.23) follows. O

To conclude the main theorem, similar to [45], we still need a lemma which controls

the right hand side terms in (5.23):

Lemma 5.2.5. For any €y > 0, there is an | depending only on €, ||Au|| <, ||AF ||
satisfying: For any 7 > 0 with P((y,t),7) C U x (—1,0], there exists r € [27'F, 7] such
that

P // (14 |Vw]*)wjdt < €. (5.28)
P(r)

Proof. Actually we only need to consider the integral of |Vw|* and use the domain

P'(r) to replace the smaller P(r). Now by the Hessian equation (5.7) again, we have

0 T
(A" — E)Au = uzqumgkluigkupq; — AF, (5.29)
where A’ denotes the Laplacian of w, and g denotes the metric of wg.
Now denote M, = supp,) Au, and choose a cut-off function n = n,(x)n:(t) on
P(r) such that n(z) = 1 on B(y,3),m(r) = 0 near dB(y,1), and ny(t) = 1 on

2

[—Z,0],m2(t) = 0 near t = —r?, with [Vm|?,|[V2ml, 2] < &. Make use of the
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estimate in (5.18) of Proposition 5.1.5, we have

[ v s oo [ - a9 - dug
/ ’(T
<Ot C///< (=20 — A'n* + C|Vnl* = R(w)n) (M, — Au)wjdt

< Op2t? 4 T_C; // (M, — Au)wgdt.
'(r)

Make use of weak Harnack inequality (5.17) in Proposition 5.1.5, we obtain that

// |Vu}|2wgdt S C (r—Qn—Qﬁ (Mr — AU, whdt +r )
'(5) '(r)
(M, — Au) 4+ 71%) < C(M, — M5 +1?).

< C( inf
P(3)
Hence, if (5.28) doesn’t hold for r = g, 2%, . ,2%, then
kEO S C(Mf—Mik—FQT )
2
]

This is impossible for sufficiently large k. Then the lemma follows
Finally we can complete the proof of Theorem 5.0.1 by an iteration argument as

[45]. Suppose o = Ar where 0 < A < 1. Then suppose r satisfies Lemma 5.2.5, and

ffp(r |Vw[’wjdt, by Lemma 5.2.4 we obtain that

denote H(r
2 1 2 1 2 25" 2 311
J—nH(g)+g( )<C()\(ﬁ _)+>\2n)_"H(T)+(c o 228 )T(ﬁ -1)
Now for v € (0, ~ —1,1}), choose A € (0,1), such that
log2(1+¢) < —2(B ' —1—a).
and rg such

) < 1. After that we choose ¢, < &

Then we choose 6 = 2(1 +¢) X258
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that
4—25""

)\2n

r

c Nt )

where we need to note that we can assume B > % otherwise the high order estimate

follows from Calabi’s 3rd estimate directly ([3]). Then we can obtain that
o H(o) + 02D <o H(r) + 27 D),
Now by iteration method, for r < ry and any positive integer k& we have that

(A*r) 2R H (W) (V)2 B D < g (e 20 H (r) 42070

= (21 + ) NP 1k (\kp)2ap =20 (= () 4 26 D)

By the choice of A above, 2(1 +c))\2(571_1_a) < 1, then the main theorem 5.0.1 follows.
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