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Abstract

In this thesis, we show that the cohomology of canonical extensions of automorphic
vector bundles over toroidal compactifications of Shimura varieties can be computed
by relative Lie algebra cohomology of automorphic forms. Our result is inspired by
and parallel to Borel and Franke’s work on the cohomology of automorphic local

systems on locally symmetric spaces, and also generalizes a theorem of Mumford.
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Chapter 1

Introduction

The cohomology of Shimura varieties are of interest and importance in the Langlands
program as there Galois representations and Hecke modules meet each other (for the
first time). Let (G, X) be a Shimura datum, Sh(G, X)k be the associated Shimura
variety at a neat level K and Shx be its complex analytification, then there are the
Betti cohomology H*(Shk,C) and more generally cohomology of local systems on
Shk arising from algebraic representations of GG. In this case the Galois representa-
tions spring from étale cohomology, while on the other hand at first it’s in general
unknown whether the natural Hecke module structures on these cohomology come
from automorphic representations of G. This question can actually be asked for any
locally symmetric space: for simplicity we assume the locally symmetric space is of

the form

Sk = G(Q)\G(A)/KK,

where G is a semisimple group over Q, K is an open subgroup of a maximal compact
subgroup of G(R) and K € G(Ay) is a neat compact open subgroup, then any finite-

dimensional representation F of G(R) defines a local system

E:= GQ\(G(A)/KK) x E)



on Sk (which we’ll refer to as an automorphic local system). There are standard

Hecke-equivariant isomorphisms
H'(Sx, B) = H{g 1 (C*(G(Q\G(A)/K)* ™" @ E), (1.1)

where g is the complexified Lie algebra of G. Borel [5], [4] conjectured that in (1.1)
C*(G(Q)\G(A)/K) can be replaced by A(G)X, i.e. we have

H'(Sk, E) = H, ,(A(G)* ® E), (1.2)

where A(G) denotes the space of automorphic forms on G. The difficulty of this
conjecture is rooted in the non-compactness of Sk and hence the cases where G is

anisotropic over Q are somewhat straightforward. Borel himself showed that in (1.1)
one can replace C*(G(Q)\G(A)/K)* /" with the space Cyr, (G)* of K-finite smooth
functions on G(Q)\G(A)/K with uniformly moderate growth (see Definition 3.4) [4,
3.2], [8, Theorem 1], where the later differs from A(G)¥ by a finiteness condition under
differentiation by elements of the center 3(g) of the universal enveloping algebra of
g. Harder and Casselman-Speh solved the rank-1 cases of the conjecture, and the full
conjecture was eventually proved by Franke in his famous paper [20].

For Shimura varieties it’s also natural to consider coherent sheaf cohomology
groups like H?(Shg, ). A suitable class of coefficients are the automophic vec-
tor bundles introduced by Harris and Milne in [22] and [36]. These vector bundles
are parametrized by representations of a parabolic subgroup P, of G¢ and they are
analytifications of algebraic vector bundles defined over number fields specified by
the representations. They have the name as any holomorphic or nearly holomorphic
(vector-valued) automorphic form can be intepreted as a global section of one of them.

The family of these vector bundles is closed under tensor products and tensor pow-

ers and includes all €2’. However, the cohomology of these vector bundles may not



always be useful. The basic example is that in the modular curve case these cohomol-
ogy groups are torsion-free modules over the ring of polynomials in the j-invariant
and hence are either 0 or infinite-dimensional. In general for an automorphic vector

bundle V arising from a representation V' of P, analogous to (1.1) we have
H(Shie, V) = Hjj, 1, (C*(GQ\G(A)/K) @ V)

(see (2.12)), where py, is the Lie algebra of P,, K, < G(R) is the stabilizer of a
point in X and when K, is non-compact H, (ip}“ K,)(—) abusively denotes cohomology
of the complex [29, 2.127] usually used to compute relative Lie algebra cohomology.

In contrast to (1.2) the right hand side above could be strictly larger than
H(imeh) (AG)* V).

In fact by [31, 9.2] and the main theorem 6.7 of this paper, when ¢ is 1 less than
the codimension of the boundary in the Baily-Borel compactification this happens
for every V after twisted by a sufficiently high power of the canonical bundle. A
remedy for this problem is built upon the theory of toroidal compactifications of
locally symmetric varieties introduced by Ash, Mumford, Rapoport and Tai in [1]
(following the work of Igusa on Siegel modular varieties and Hirzebruch on Hilbert
modular surfaces) and the canonical extensions of automorphic vector bundles over
these compactifications introduced by Mumford and Harris in [37] and [23]. The
aim of this paper is to show that after applying these constructions we get favorable

cohomology groups (see Theorem 6.7):

Theorem. Let V be an automorphic vector bundle on Shx arising from a represen-

tation V' of Py, V" be its canonical extension over an admissible toroidal compacti-



fication Shx s, of Shk, then there are Hecke-equivariant isomorphisms
H'(Shis, Vo) = Hi, o (A @ V). (1.3)

We note that the insight to consider the left hand side above originated in Harris’
paper [25]. Toroidal compactifications of a locally symmetric variety are usually not
unique and form an inverse system indexed by some combinatorial data >, but the co-
homology of canonical extensions of an automorphic vector bundle to different toroidal
compactifications are naturally isomorphic. There are plenty of toroidal compactifica-
tions Shy x; of Shg that are smooth and such that the boundary Z := Shg y, — Shk is
a normal crossings divisor. In this case (£, )" is the sheaf QghK,z (log Z) of p-forms
on Shk s, with log poles along the divisor Z, whose cohomology groups appear a lot in
algebraic geometry. For instance, global sections of the log canonical bundle wgp, ,.(Z)
and its powers make the log canonical ring of litaka of Shi. This led Mumford to
compute the global sections of canonical extensions of general automorphic vector
bundles and obtain the i = 0 case of our theorem as [37, Proposition 3.3]. As another
example, the groups H?(Shgy, P (log Z)) form the E; page of a spectral sequence
computing H*(Shg, C) and are thus related to the mixed Hodge structures attached
to Shgk. In fact, Faltings [17], [16] had independently suggested studying the higher
cohomology of canonical extensions and has since demonstrated their importance for
the study of the Hodge structures attached to Siegel modular forms [18].

From the representation theoretic point of view, an advantage of coherent co-
homology over the cohomology of automorphic local systems is that the right hand
side of (1.3) detects some more automorphic representations than the right hand side
of (1.2). The examples include weight 1 modular forms and any cuspidal automor-
phic representations whose archimedean factor is a non-degenerate limit of discrete

series. Our result in particular implies the algebraicity of Hecke eigenvalues arising



from these automorphic representations. The attachment of Galois representations
to those automorphic representations/Hecke eigenclasses in coherent cohomology is
an interesting and important project. In degree 0 Deligne-Serre [13] did it for weight
1 modular forms, and Taylor [41] took care of Siegel modular forms of low weights.
The interest in associating Galois representations to eigenclasses in higher coherent
cohomology was recently refuelled by the work [10] of Calegari-Geraghty, where the
full power of their result partly relies on the existence of those Galois representa-
tions. Since then Emerton-Reduzzi-Xiao [14], Boxer [9]/Goldring-Koskivirta [21] and
Pilloni-Stroh [39] have carried out the constructions for Hilbert modular varieties,
PEL-type and Hodge-type Shimura varieties respectively. Along this line our result
helps to verify the automorphy of these Galois representations. We refer the readers
to [9, 1.3] for some more reasons for studying higher coherent cohomology of Shimura
varieties.

The proof of our theorem is built on the strategy and machinery developed by
Borel and Franke in their work towards (1.2). Their proof can be summarized as a
trilogy:

H'(Sk, E) = Hg 0)(Cig(G)* ® E)
> Hy 1o (Con(G)E @ )

~ H(, i (AG)* ® E),

where C, (G)* is cut out in C*(G(Q)\G(A)/K)* =/ by (non-uniformly) moderate
growth conditions on all left-invariant derivatives (see Definition 3.4). Borel proved
the first two isomorphisms and Franke proved the third as well as gave a new proof
of the second. The four proofs are based on very different ideas and techniques. In
the first step Borel extended E to a local system on the Borel-Serre compactification
of Sk, on which he’s able to construct a fine resolution of the local system whose
global sections can be identified with the complex computing the right hand side.

The key point here is to compare the global growth conditions defining Cgfng(G)K



and the local growth conditions characterizing the resolution (which guarantee the
fineness and exactness), and the comparison in turn reduces to estimations of the
coefficients of invariant differential operators on Sk together with their derivatives
in certain local coordinates. For the second step only Franke’s method adapts to
our case. His proof is to use certain endomorphisms of dmg(G)K to construct a
homotopy inverse to the inclusion between the two complexes computing cohomology.
To show that this approach works one needs to apply Kuga’s formula, and the desired
endomorphisms are contructed using the theory of semigroups of operators. The
third step is acknowledged to be the hardest, for which Franke considered a left-exact
functor §in; from the category of (g, K)-modules to itself which preserves injectives,

cuts out the same subspace in C% (G)¥ and A(G)* and the composition with which

umg

leaves the functor H, &7 K)(— ® F) invariant. The Grothendieck spectral sequence then

suggests that it suffices to show that C% (G)¥ and A(G)¥ are both Fins-acyclic,

umg

where the later is trivial. The Fing-acyclicity of C% (G)¥ is the main result of

umg

[20], whose proof involves a delicate study of the structure of Cyr, (G)* based on

Langlands’ theory of Eisenstein series [32].

Our proof of (1.3) proceeds in three parallel steps

H(Shig,s, Vo) = Hj,, o) (Coong(G)E @ V)

~ H;’Mh)(A(G)K V).

In the first step the role of the Borel-Serre compactification is now played by a toroidal
compactification. As such a compactification is usually not canonical, the local co-
ordinates appearing in the corresponding growth conditions comparison, Proposition
3.2, are somewhat more subtle. Note that there are growth conditions on infinitely
many derivatives to compare. We first deal with the growth conditions on functions

themselves and prove Proposition 3.19, where the key estimates come from Krivine’s



Positivstellensatz in real algebraic geometry. Then we use a simple ring-theoretic
lemma 3.26 to reduce the remaining comparison to the estimate (3.12), which essen-
tially follows from the relation (2.16) between two decompositions (2.14) and (2.15)
of a Hermitian symmetric domain. The comparison ensures the fineness of the resolu-
tion (4.4) we construct, and then we prove a Dolbeault lemma 4.6 for the exactness.
For the second step we first reduce the problem to the existence of certain endomor-
phisms of C, (G)* in Proposition 5.3 using the Okamoto-Ozeki formula 5.7 in place
of Kuga’s formula. The endomorphisms we need should be the same as what Franke
needed, but as Borel’s proof of this step had already existed Franke didn’t give a fully-
detailed verification of the required properties of the endomorphisms he constructed,
and we carry this out in Sections 5.2-5.3. In particular one needs some sufficient con-
ditions making linear operators intertwine semigroups of operators, which we don’t
find in the literature, so we develop them ourselves in Section 5.2. Besides, we hope
Proposition 5.28 exhibits the contrast between C (G)* and C, (G)* clearly. Fi-
nally in the third step we feel fortunate to find out that though the pair (g, K') changes
to (pn, K1), we are still able to apply Franke’s §ins-acyclicity result without going
into its proof. What we do is to find a suitable ideal J < 3(g) of finite codimension,
bring the forgetful function into play and show that it behaves well.

Here is an outline of the paper. In section 2 we recall the construction of automor-
phic vector bundles, toroidal compactifications and canonical extensions and collect
fact about them. Sections 3-4 make the first step of the proof of the main theorem,
where in 3.1 we define for any automorphic vector bundle a complex of sheaves on
the toroidal compactification and perform some first analysis of it; in 3.2 we prove
the comparison Proposition 3.2; in 3.3 we deal with growth conditions on differential
forms; in 4.1 we connect the left end of the complex with the canonical extension; in

4.2 we prove the exactness of the complex; and in 4.3 we clarify the Hecke action.

Sections 5 and 6 are devoted to the remaining two steps of the proof respectively.



Notations and conventions

In this paper, rings are commutative rings with unities, complexes are cochain com-
plexes. A and A, are the adeles and finite adeles of Q.

Lie algebras of algebraic groups and Lie groups are denoted by small gothic letters,
e.g. if a group G is defined over a field F and E/F is an extension then gg :=
Lie(G) ®r E, and E = C will be omitted. The universal enveloping algebra of a Lie
algebra g and its center are denoted as $l(g) and 3(g).

For a reductive group G over Q, let Ag be the maximal split torus in the center

of G and X*(@G) be the group of Q-characters of G, we denote
[G] := G(Q\G(A)/Ac(R)?,

G(A)' = {(g) € GA)Vx € X*(G), ] [ Ix(g0)l.

and G(R)! := G(R) n G(A)'. Smooth functions on adelic groups are defined as
follows: a function on an open subset U < G(A) is smooth if for some compact open
subgroup K < G(Ay) it’s pulled back from a smooth function on an open set in the
manifold G(A)/K (in particular, U should be K-invariant). In this paper we often
view invariant functions and functions on quotients as the same, like in the above
case we may identify C*(U/K) and C*°(U)¥.

For a (g, K)-module M, we denote

CH(M) = Cly oy (M) = Homye( \'(g/8), M)

and let d : C*(M) — C"*'(M) be the maps given in [29, 2.127b], then the complex
(C*(M),d) computes the (g, K)-cohomology of M and in this paper we call it the
relative Chevalley-Eilenberg/C-E complex for H&K)(M).

In a finite-dimensional real vector space, by a cone we mean a convex subset C'



such that R.oC = C and that C' doesn’t contain an entire line.
The unitary dual of a compact group K is denoted by K. For any m € K we
denote the m-isotypic component of a K-representation M as M, and for any S < K

we write Mg := @P__q M, and call it the S-isotypic part of M.

TeS

As for discs, we denote

A(z0,p) = {z € Cl|z — 20| < p}, A%(p) := A(0, p)\{0},

A" (p) == A%(p)" x A0, p)",

and A := A(0, 5), A™" := A™"(3) for p > 0 and integers 0 < r < n.



Chapter 2

Coherent cohomology of Shimura

varieties

In this section we review the constructions involved in the definition of coherent
cohomology of Shimura varieties: automorphic vector bundles, toroidal compactifica-
tions and the canonical extensions of automorphic vector bundles over them, with an

emphaszie on facts that will be needed.

2.1 Automorphic vector bundles

Let (G, X) be a Shimura datum. Let G = AgM¢ be the Langlands decomposition,
i.e. Ag is the maximal Q-split torus in the center Zg of G, Mg is the intersection
of the kernels of all Q-characters of G. To avoid technical complications, we assume

that G is connected and
Ag is also the maximal R-split torus in Zg. (1)

For each compact open subgroup K < G(Ay), the Shimura variety Sh(G, X)k as-

sociated to (G, X) at level K is a quasi-projective variety over a number field E(G, X)

10



whose complex analytification is
Shk = G(Q\(X x G(Ay)/K).

Constructions related to Shimura varieties are usually indexed by the level K, which
we often omit when it’s understood. In this paper we only consider levels K that
are neat as in [23, 1.1], in which case Sh(G, X)k is smooth and Shx is a complex
manifold.

Fix a point A € X. Recall that h stands for a morphism from S = Resc/rG,, to

Ggr which induces a Hodge structure on gg:
g=gc=9 "@gOg",

and X is its G(R)-conjugacy class. Let K, < G(R) be the stabilizer of h, then
X >~ G(R)/K}, and g*° = &,. Let D be the connected component of X containing
h, G(R)* < G(R) and G(Q)* < G(Q) be the subgroups that stabilize D, then
K, <€ G(R)" and D = G(R)*/K},. We know G(Q) acts on m(X) transitively [12,
2.1.2], hence Shx = G(Q)"\(D x G(Ay)/K). Let {7} be a set of representatives of
G(Q)"\G(A)/K, then

Shg = | [T(y)\D (2.1)

v}
where T'() := G(Q)* nyK~y~!. K being neat implies that each I'(y) is neat as in [7,
17.1].

Denote py := g 5L, p_ = gtLand py, := £,®p_, then py, is a parabolic subalgebra
of g with nilpotent radical p_. Let P, be the parabolic subgroup of G¢ with Lie algebra
P, then K, < P,(C) and D := G(C)/P,(C) is isomorphic to the compact dual of D.
We know that the unique G(R)-equivariant map 5 : X — D sending h to the coset

P,(C) is an open immersion of complex manifolds.

11



Let V' be any finite-dimensional holomorphic representation of P, (C), then it

defines a G(C)-homogeneous holomorphic vector bundle
& = G(C) x»O v - D,

and *(Ey) x (G(Ay)/K) is a G(A)-homogeneous holomorphic vector bundle over
X x (G(Af)/K). Under the assumption (f), when K is neat G(Q) acts freely on
X x (G(Ay)/K), therefore

~

V = Vi i= GQ\(B*(Ev) x G(A)/K) (2.2)

is a holomorphic vector bundle over Shgk, which is called an automorphic vector
bundle. It’s shown in [22, 4.8] that V is the analytification of an algebraic vector

bundle defined over a number field ky determined by V.
Example 2.1. V = A"(g/pn)* = & = QF and V= Q-

If g€ G(A;) and K’ < gKg~! is an open subgroup, denote by ¢, the composition
of the map Shyg,—1 — Shx induced by right translation by g and the covering map

Shgr — Shggg-1, then by construction there is a natural isomorphism ¢7 Vi = Vi,

9Kg

2.1.1 Automorphic vector bundles as sheaves

For computational purpose it’s favorable to write V as a sheaf. Let 7 : G(C) — D
be the quotient map, then by definition the smooth and holomorphic sections of &y
over an open subset U = D are (C*(rz'(U)) @ V)PO and (O(rz*(U)) @ V) Fr(©)
respectively, where O(ng'(U)) stands for holomorphic functions on 7' (U). When
U is small enough so that the principal P,(C)-bundle 7¢ is trivial over U, take a
trivialization

g (U) L7 Py(C) x U,

12



then tc : 7' (U) — P4(C) is a P, (C)-equivariant holomorphic map and it induces an

isomorphism

(C*(rc' (W) @ V)M = C=(ng ' (W) /Pa(C)) ® V,

ftef =tc()f(-)

(2.3)

for each open subset W < U, where since ¢ is holomorphic, (O(rz'(W)) @ V)F(© is
sent into O(rz'(W)/P,(C))®@V. Let g acts on C* (' (W)) by right differentiation,
then O(mz"(W)/P,(C)) consists of functions h € C*(rz"(W)/P,(C)) such that

Xh+iX'h=0,YX € g/pp, X" € (iX +pn)/pn.

As gr — gr/8L — g/pn, the above condition is equivalent to

Xh+iX'h=0,VX €ggr, X' € (iX +ppn) N gr. (2.4)

Now suppose U < D and let g be the quotient map G(R)" — D, then since ¢ and
mg are principal P,(C) and Kj,-bundles respectively, the restriction map induces an
isomorphism (C® (7' (W) @ V)P © ~ (C® (7' (W) @ V)| in which by (2.3) and
(2.4) elements of (O(rz"(W)) ® V)P#(© corresponds to f such that

X(t(cf) + ZX,(th) = 07 VX e IR, X'e (ZX + ph) N gr, (25)

where tc is temporarily restricted to mz ' (W). As X +iX' € p,, we have

X(t(cf) + iX/(tcf) = t(c(Xf + ZX,f) + (Xt(c + iX/tC)f
— te(XF X ) + (X +iX')te) f (2.6)

= te(X [ +iX'f) + tc((X +iX") - f),

13



where (X 4 ¢X’) - f means the value of f in V acted by X +iX’ € p; via the adjoint
representation of the Lie algebra, and the second and third steps are due to the
holomorphicity and P, (C)-equivariance of t¢ respectively. If we define the g-action
on C°(mg'(W)) as the C-linear extension of the gr-action by right differentiation,

then (2.5) means that f is annihilated by p; under the diagonal action, i.e. we have
Ev(W) = (O (mg (W) @ V)1,

This isomorphism is independent of the trivialization, so by gluing we get &y |p is the
sheaf U — (C°(mz*(U))@V)®PrEr) . Doing the same for other connected components
of X, we see that 3*(&y) is the sheaf U — (C®(15 (U)) ® V)Prkn) where 7y has
been extended to the quotient map G(R) — X. Combining with (2.2) we get V is
the sheaf

U (€ (U) @ V)05,

where 7 = 7 : G(Q)\G(A)/K — Shg is the quotient map.
With this expression, the morphism VK — lgu ‘7]1(/ adjoint to t; I~/K >~ I7K/ is induced

from maps
CHm (V) @V — C%(m (t, 1 (U) ®V. f = f(- 9),

where f is viewed as a function on an open subset of G(A). Now let 7, = 7,k
be the quotient map from [G]/K = G(Q)\G(A)/Ac(R)°K to Shk, p, := pn N mg,
K, be the maximal compact subgroup in K}, then p;, = p, ® ag and thanks to (1),
Kj = K,Ag(R)°. For any g € G(A), let a 4 be the unique element in A;(R)® such that
g € agG(A)". Let G(Ay) act on V as gv := a, v and denote the P, (C) x G(Ay)-module

14



we get as V,. Then there are isomorphisms
(C*(n(U)) @ V)1l % 0%, 1 (U)) @ Voo f = flagy )
which induce
Tall) = (€@ @) @V = (C*(m, () @V)PH2. (27)

These isomorphisms are compatible with restrictions, and with the new expression

XN/K — tg*‘N/K/ is induced from maps
CH (g (U)) ® Vo = CF (13, (t,1(U))) ® Vo, f = g f (- g). (2.8)

2.1.2 Cohomology of 1%

To demonstrate the usage of the expressions above, we compute the cohomology of
‘N/, which is a toy model of coherent cohomology of Shimura varieties. We first note

that ‘N/K — tg*YN/Kr induces maps
t*: H'(Shy, Vi) — H'(Shw, Vi),

and hence lim , H*(Shg, Vi) has a G(Af)-module structure.
Fix a level K. Tensoring V with the Dolbeault complex (A%*,0) of Shx will give

a fine resolution of V. From the previous analysis we see that ‘N/®@ShK C® is the sheaf
U (C*(rHU)@ V)5 = (C*(x, ' (U) @ V)",

soVi = 0,w € ‘N/®@ShK A(U),z € U and Xy,...,X; € T¢,U, w(/\jz1 X;) can be
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viewed as an element of (C® (7, !(x)) ® V)Xe. Define a map
¢V @0y, A'(U) — Hom(/\ (g/ac), C% (7, (U)) @ V)

as follows: Yy € m,1(U), identify T,m, ' (U) with gr/ag r via left-invariant vector fields

on G(R), then for any @ and Y3, ..., Y; € g/ag = Tc 7,  (U), define
o(@)(Y1 A o AY)(Y) = w(Tox Y1 A oo A TouYi)(y) € V. (2.9)

We see that if some Y; lies in €, /a¢, then 7,.Y; = 0 and hence gp(w)(/\;'.:1 Y;) =0,

so the image of ¢ belongs to

Hom(\'(8/t), C* (7, (U) @ V).

Moreover for any y and k € K,, Y € Tc,, and Ad(k)™'Y € Tc i push forward to the

same tangent vector for any Y € g/ag, so the image of ¢ belongs to
Homy, (/\'(8/t), C* (m, (1)) @ V).
As 7, is a principal K,-bundle, ¢ actually induces an isomorphism
V ®o,,, Al(U) = Homp, (/\ (9/8). C*(, (1) @ V).

At each y € w,;'(U) the decomposition g/¢, =~ py @ p_ corresponds to T r, () =

T;;?y) @ ngy), so ¢ also induces an isomorphism

V ®os,, A%(U) = Homg,(\'p-, 0 (x, (1) @ V)

i (2.10)
>~ Homp, (/\ (Po/t), C (7, (U) @ V),

16



where the right hand side is exactly the i-th term of the relative Chevalley-Eilenberg
complex for Hf, o (C%(m, ' (U))*~ /" ®@V), and by [25, 4.2.3] we have the following

o

commutative diagram:

V ®o4,, A% (U) —2— V o, A (U)

lw l” (2.11)

Hompg, (A", C* ®@ V) —%= Homg, (A, 0*®@V),

where A" = A'(po/t,), C* = C®(x; (U)) /" and d is the differential in the
relative C-E complex. Therefore we get

H'(Shie, V) = Hij, 1, (C* (m, (Shi) ™" @ V) (2.12)

— H, 1) (C*([GI/K) " @ V).

Taking direct limit, we get an isomorphism

lim H'(Shx, Vi) = Hj, . (C*([G]) /" & V,)
te
which by (2.8) is G(A)-equivariant when C*([G])%*~/" @V, is endowed with the

diagonal G(A)-action.

2.2 Toroidal compactifications

Toroidal compactifications were initially constructed for general locally symmetric
varieties in [1] (following the work of Igusa on Siegel modular varieties and Hirzebruch
on Hilbert modular surfaces), and in the Shimura variety case [23] and [40] constructed
canonical models of them over the reflex field. In this paper we mostly work around
a single point, so here we mainly follow [2] to describe the local structure of these

compactifications.
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Let T'\D be a connected component of Shx as in (2.1). Recall that D is G(R)-
equivariantly embedded in D = G(C)/P,(C) by the Borel embedding 3, let D be
the closure of D in lv?, then a boundary component F' of D is a maximal connected
analytic submanifold of D (in particular, D is a boundary component of itself). By

2, Proposition II1.3.6] there’s a parabolic subgroup & (F') € Gy such that
Z(F)(R) n G(R)” = P(F) :={g € GR)’|gF = F}.

F is said to be rational if Z(F) is defined over Q; when F' runs through rational
boundary components of D, &(F) runs through products of maximal Q-parabolics
of the Q-factors of G (we refer to a group itself also as a maximal parabolic).

In [2, Theorem III1.3.10] a Levi decomposition of Z?(F') is constructed, which
we denote as Z(F) = W (F) x Z(F). As in [2, 1I1.4.1] the Levi subgroup Z(F)

decomposes further as an almost direct product of connected subgroups:
ZL(F)=%(F) - 4(F) - A (F)-Z¢,. (2.13)

This decomposition can be characterized as follows: let G (F'), Gi(F) and M (F') be
the identity component of the real points of 4,(F'), %, (F') and .# (F') respectively, then
Gi(F), M(F) act trivially on F' while G (F') maps onto Aut(F")° with a finite kernel;
M(F) is compact while Gi(F'), Gy(F) have no compact factors. Write W(F') :=
# (F)(R), then the map

W(F) x (Gp(F) - G((F)) = D, wgngi — wgngi - h
induces a diffeomorphism

D = (W(F)  (Gu(F) - GEN))/(Gh(F) n K,) - (Gi(F) A K,)), (2.14)
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where G1,(F) n K, and Gi(F) n K, are maximal compact subgroups of G (F') and
G(F) [2, 111.4.3].

Let % (F) be the center of # (F'), then U(F) := % (F)(R),U(F)¢ := % (F)(C)
are vector spaces. By [2, Theorem II1.4.1], ¥4, (F), # (F') commute with % (F') while
there’s an element wp € u(F)g such that the centralizer of Qp := expwp € U(F) in

Gi(F) equals G|(F) n K, and its G,(F)-orbit C(F') is an open cone in U(F'). Set

D(F):=UF)cD= | gb<D,

geU(F)c

then the map
((U(F) x W(F)) x (Gp(F) - Gi(F)) — D(F),

UWGRg — UWgng; - exp(—iwp)h

induces a diffeomorphism

D(F)

lle

(U (F) x W(F)) > (Gu(F) - Gi(F)))/((Gr(F) n K,) - Gi(F)) (2.15)

lle

(U (F) x W(F)) >3 Gu(F))/(Gr(F) 0 Ko)

2, Lemma I11.4.6]. Particularly U(F')¢ acts freely on D(F), and the decomposition
(2.15) is good for exhibiting this principal homogeneous structure. If we compose

(2.14) with the inclusion D € D(F'), then the image of wgpg; is

wgngr - h = wgngi exp(iwr) - exp(—iwr)h

= exp(iad(g;)wr)wgngs - exp(—iwr)h (2.16)

I

exp(tad(g;)wr)wgy, - exp(—iwp)h,

that is, the image of exp(tAd(g))wr)wgy € iU(F) x W(F) x Gy(F) under (2.15).
When F is rational, U(F)z :=I' n U(F) is an arithmetic subgroup of U(F) and

hence a lattice in the real vector space, T'(F') := U(F)z\U(F)c is a complex torus
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with cocharacter group U(F)z, and U(F)z\D(F) is a principal T'(F')-bundle over
D(F) := U(F)c\D(F). Let 0 < U(F) be a rational polyhedral cone, i.e. a cone
generated by finitely many elements of U(F')z, then as in [2, 1.1] it gives rise to
a torus embedding T'(F) < T, which induces an embedding of fiber bundles over
D(F)"

U(F)\D < T, T F)z\D(F))

\ l i (2.17)

Let (U(F)z\D), be the interior of closure of U(F')z\D in the right hand side, then
the main theorem of [2] asserts that for suitable collections of o these (U(F)z\D),
glue together to give compactifications of I'\D. Denote by ' the group of automor-
phisms of U(F') induced by I' n P(F'), then it acts on C(F). Let ¥ := [ [ Xp, where
F runs through all rational boundary components of D, each X is a I p-admissible
polyhedral decomposition of C'(F) as in [2, Definition 11.4.10] and they satisfy the com-
patibility conditions in [2, Definition I1.5.1], then X is called a I'-admissible collection

of polyhedra and we have:

Proposition 2.2. [2, Theorem I11.5.2] There exists a unique Hausdorff complex ana-
lytic space (T'\D)x. containing T\D as an open dense subset such that, for any rational
boundary component F' of D, there are open analytic morphisms (¢y)ges, making the

following diagrams commutative:

U(F)z2\D <2 (U(F);\D),
er 5, (2.18)
MN\D «—— (I\D)s

and such that every point of (I'\D)x is in the image of one of the maps ¢,. Further-

more, (I\D)yx, is compact.
Such a (I'\D)y, is called a toroidal compactification of I'\D. When I is neat, each
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¢, 1s a local homeomorphism [2, I11.7], therefore if every o € X < 3 is generated by
a subset of a basis of U(F)z then (I'\D)y is smooth and (I'\D)y, — I'\D is a normal
crossings divisor (i.e. around each point in (I'\D)s there exists local coordinates
21, ...y zn, such that (I"\D)y — I'\D is locally defined by the equation z;...z, = 0 for
some 0 < 7 < n), in which case ¥ and the compactification will be called SNC.

Let X' be a refinement of X, i.e. Y is a ['-admissible collection of polyhedra
such that VYo' € ¥/, is contained in a ¢ € X, then the identity on I'\D extends to a
proper surjection (I"\D)yy — (I'\D)x [23, 2.3.3]. We see that for any two I'-admissible
collections of polyhedra ¥ and ¥/, ¥4 := {0 n o’|o € X, 0’ € ¥4} is a [ p-admissible
polyhedral decomposition of C'(F') for each F, and ¥" := ¥/ is a common refinement
of ¥ and ¥, [2, Corollary I11.7.6] shows that any I'-admissible collection of polyhedra
¥ admits an SNC refinement 3’ such that (I'\D)yy — (I'\D)y, is projective. [2, IV.2.1]
shows that there exists a ¥ such that (I'\ D)y is projective, hence I'\ D has a projective

SNC toroidal compactification.

2.2.1 o-neighborhoods and o-coordinates

Suppose (I'\D)y; is SNC, then any point of it is in the image of ¢, for a o generated by
a basis of U(F)z, say {&}<i<r- Let {l; : U(F)c — C}i<j<, be dual to {&}<icr, ¢ :=
e’™i(1 < j <), then T(F) — T, is the embedding C} x ... x C — Cy, x ... x C,.
Let T'(F') — iU(F') be the map descended from taking imaginary parts of elements in
U(F)c, then it induces a T(F)-action on iU(F) and we have T, x7) jU(F) = R,

via the following diagram:

T(F)=Cy x..xCr —— T, =2C, x ... xC,,

l l(\qn ,,,,, 4:1)

iU(F) « (@) , RL,.
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Let yp : U(F)z\D(F) — iU(F') be descended from projection to the first factor in

(2.15). Apply T,xTU) to it, we get

U(F)z\D(F) = T, x") (U(F)z\D(F))
l‘” lya (2.19)
iU(F) « e » RL,.

Notice that in any neighborhood U of a point y € R we can find a ¢ = (c4, ..., ¢,;) such
that U. := {(q1,...,¢)||g;] < ¢j,5 = 1,...,7} = RL, is also a neighborhood of y, and
we have ji'(U.) = jz*(c) +io. When y € y,((U(F)z\D),), we can take U to be the
interior of closure of jg(yr((U(F)z\D),)) in RL, then jz ' (c) lies in y((U(F)z\D),),
which equals iC'(F') by (2.16). Therefore any point in (U(F')z\D), has a neighborhood
Q such that yr(j71(Q)) = jz' (¥,(Q)) S u + io for some u € iC(F).

The free action of U(F)¢ on D(F) = nz'(D(F))/P,(C) implies that 7" (D(F))
is a principal U(F)¢ x P,(C) bundle over D(F)" =~ U(F)c\ng'(D(F))/Py(C), and

Vp : U(F)z\ng (D(F)) — D(F)

is a principal T'(F') x P,(C) bundle. Let ' < D(F)’ be an open subset over which
Y is trivial and take a trivialization
1,00 (¥rirtp)
U (Q) ————— Q' x T(F) x P,(C), (2.20)

~

then tp : U1 (Y) — P,(C) is a T(F)-invariant, P,(C)-equivariant holomorphic map

and tr descends to a T(F)-equivariant holomorphic map
tr:pp () = UH(Q)/Pu(C) — T(F) (2.21)
which extends to a map ¢, : p;}(Q) — T,.
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Definition 2.3. (i) An open subset Q < (U(F)z\D), is a o-neighborhood of a point
ze (D\D)y if

e it’s relatively compact in (U(F)z\D),,
e it maps homeomorphically to a neighborhood of x in (I"'\D)x, under ¢,,

e yr(j,1(Q)) € u+ io for some u € iC'(F) and

e the bundle U is trivial over a neighborhood Q' of p,(2).
(ii) Coordinates z = (z1, ..., z,) on § are o-coordinates if

e 2, =c-qoty,,1 <i<r for some t, as above and c € R*,

® (2441,..., 2,) are pulled back from (holomorphic) coordinates on ' by p,.
For technical convenience we also assume that
® 21, ..., z, take values of magnitude < %

We see that a sufficiently small open neighborhood of a point in ¢, '(z) is a o-
neighborhood of z and admits o-coordinates. For any open subset U < (2 it holds
that 57 1(¢,(U)) = ¢r(j,1(U)), therefore for any sheaf F on I'\D there’s an natural

isomorphism

(957 )a = (Jos @5 F)lo- (2.22)

Similarly, if we view 2z as an embedding ) < A", then

VU € Q,2(j; (U)) = Jur(2(V)),

where j, , is the inclusion of A™" into A", and hence

(jo*g*f)‘Q = (é*jn,r*fﬂﬂ (223>

for any sheaf F on A™".
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2.2.2 Toroidal compactifications of Shi

In [23] a family of compactifications of Shx with nice functorial properties were in-
troduced. They are parameterized by simplicial data X as in [23, 2.5], where to each
¥ and each v as in (2.1) a I'(y)-admissible collection of polyhedra X(7) is asscoiated,
and the compactification will be Shis 1= [[,(D'(7)\D)s(y). Such a ¥ is called a
K-admissible collection of polyhedra and Shy x. is called an admissible toroidal com-
pactifications of Shx which is SNC'if each 3(v) is SNC.

A K-admissible collection of polyhedra ¥ is automatically admissible for any open
subgroup K’ € K, and the covering map Shxs — Shy extends to a surjection Shg/» —
Shy s, with finite fibers [23, 2.5.7(c)]. Meanwhile, for any g € G(A;) there’s a gKg~'-
admissible collection of polyhedra 3¢ such that ¢, : Shgg,—1 — Shi extends to an
isomorphism Shyk,-1 59 — Shxyx [23, 4.3.3]. Therefore for any open subgroup K’ <
gKg~! there’s a map tgx : Shr s9 — Shi s.

[23, 2.8] shows that when ¥ is projective and equivariant as in [23, 2.7], there is
a projective variety Sh(G, X)g » over E(G, X) containing Sh(G, X )k whose complex
analytification gives Shiy. In this case X9 is a projective equivariant K'-admissible
collection of polyhedra and ¢, is defined over E(G, X) [25, 1.3.4]. It’s also indicated
in [23, 2.8] that there exists a projective equivariant ¥ such that Shg x is SNC.

For K-admissible collections of polyhedra there’s an analogous notion of refine-
ments, and if ¥’ is a refinement of ¥ then the identity on Shyk extends to a proper
surjection ry v : Shg sy — Shi s [23, 2.5.7(b)]. We see that when ¥ and ¥’ are both
projective and equivariant, rs 5 is defined over F(G, X). Finally, any two projective
equivariant K-admissible collections of polyhedra admits a common refinement that’s

also projective and equivariant [25, 2.7].
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2.3 Canonical extensions of automorphic vector bun-

dles

Let V be an automorphic vector bundle over Shg arising from a finite-dimensional
holomorphic representation V' of P,(C), F' be a rational boundary component of D
and Jo, pr, Po, OF, ¢o be the maps in (2.17) and (2.18). Recall that V' defines a G(C)-
homogeneous vector bundle & = G(C) x™© V on D. As U(F)¢ acts freely on

D(F), &v|pr) descends to a holomorphic vector bundle

Evp = U(F)C\(5V|D(F))

on D(F). Then pi&vp = gb}'}f/ and pi&y r is a subsheaf of

JosPEEVE = JosJalDalvir = JoxjaO Qo pilv.r.

Definition 2.4. Let j : Shgx — Shk s be an admissible toroidal compactification.

The canonical extension of V over S hx x, if it existed, is the subsheaf

~

Ncan Ncan N
V == VK,E - j*V

such that for any o € ¥()p of full dimensions and any o-neighborhood € of a point
in (I'(v)\D)s¢y) S Shkx, inside

(627:V)]a = (oxdiV)|a = (ourblvr)la (2.24)

the subsheaf (¢* V)| coincides with (p*Ey.r)|q, where the first isomorphism above

is (2.22).

The definition implies that ‘N/C‘m, if it existed, is a vector bundle over Shx . The
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vector bundle V" was first constructed in [37] when Shxy is SNC and p_ acts
trivially on V', while the general definition as above was formulated in [23, 4.1]. [37,
Theorem 3.1] actually implies the existence of Vear in all cases, while (23, 4.2] proves
that in a different way by reducing to the case where Shiy is SNC and V' comes
from a representation of G(R) and applying Deligne’s existence theorem [11] (which
is the origin of the name “canonical extensions”; [19] gave a similar proof in the
case of Siegel modular varieties). [23, 4.2] also shows that when ¥ is projective and
equivariant Vean ig the analytification of an algebraic vector bundle defined over ky,

in which case H*(Shgs, XN/C“”) is equipped with a ky-rational structure via GAGA.

Example 2.5. [37, Proposition 3.4 a)] When Shg x, is SNC, denote Z := Shg ,—Shk,

then (QghK)Ca” = QghK’E(log Z) < j*Q’;hK.

It follows from the definition that if > is a refinement of X then the idenity map

on V extends to an isomorphism iy 5 : 78 VS = V™. Moreover, we have:

Proposition 2.6. /25, 2.4] The morphism V™ — 1y 5, VS adjoint to isyy is
also an isomorphism, and Rirg/z* < vanishes for i > 0. Hence there are natural
1somorphisms

H(Shg s, V&™) =~ H(Shg sy, VE™).

When ¥ and ¥’ are projective and equivariant, sy y; is defined over ki and hence
so is the isomorphism above. Then thanks to the existence of common refinements,
H'(Shky, NEC“”) for all projective equivariant ¥ are naturally isomorphic over ky and
will be denoted as Hi(ﬁﬂgm). We'll refer to them as coherent cohomology of Shimura
varieties.

For any t,5 : Shx s — Shgyx, by [23, 4.3] there’s a natural isomorphism i, :

s VES: = Vii'%e, which induces maps

th st H'(Shis, VED) — H'(Shi zo, VET,).
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When 3 is projective and equivariant, ¢y, is defined over ky, and since isy 5 and 1

always commute, all ¢}y give rise to the same map

th H (V™) — H(ViE™). (2.25)

These maps make lim , H i(Vigon) an admissible G(A 7)-module defined over ky .
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Chapter 3

The sheaf C;Om g on SNC toroidal

compactifications

Let j : Shx < Shg s be an SNC admissible toroidal compactification, V' be a finite-
dimensional holomorphic representation of P,(C). In this and the next section we

prove that
H'(Shies, V") = Hiy, 1, (Cirn (G @ V), (3.1)

where the module Cg

(G) will be defined below. The method is to find a fine
resolution of V< whose global sections form the relative Chevalley-Eilenberg complex
computing the right hand side above. In this section we construct a subcomplex of

sheaves

(T3, 0) < (e (V @0, A”*), u0)

with desired global sections and show that the subsheaf Cf,, := 7% < j.Cg, can be

characterized as follows:

Definition 3.1. Recall that j, , denotes the inclusion A™" < A™ and on A", 7, ,+CXn.»

is the sheaf U — C*(j, 1(U)). Let C, be the sheafification of the subpresheaf of

lg,r

JnrsCin.r consisting of functions f € C*(j,)(-)) that are bounded by a polynomial in
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log ﬁ, ...,1log ﬁ, and C3, . be the subsheaf

U~ {f e, (U)|¥superposition D of elements of D_, Df € C;,.(U)}, (3.2)

0

0z;

o 0 0

where D, = (z; Z'gi, FE a)lsi@«k@-

Proposition 3.2. Let Q < (U(F)z\D), be a a-neighborhood of a point in Shg s, with

o-coordinates z = (21, ..., zn) as in Definition 2.3. Then inside

(057+Csny )@ = (o PFCay o = (Jouz"Canr)la = (27 nrCine )0 (3-3)

the subsheaves (¢3Cg,,)la and (2*Cg, )| coincide, where the first and third isomor-

phisms above are (2.22) and (2.23) respectively.

The proposition together with the fact that the sheaves Ty, are Cg), -modules will

imply the fineness of these sheaves, and we’ll show that (Z}, j.0) forms a resolution

of V¢ in the next section.

Remark 3.3. A key ingredient in the proof of Proposition 3.2 is the estimate (3.12)
of the coefficients of left-invariant differential operators as well as their derivatives in
o-coordinates, which is analogous to what Borel [8] did for local coordinates on the
Borel-Serre compactification. The strategy to prove (3.1) has been indicated in [24,

2.4], despite that it was inaccurately rested on [8].

29



3.1 The sheaves Zj and C7,

3.1.1 Growth conditions

Definition 3.4. (i) Let G be a linear algebraic group over R, U < G(R) be an open

subset, then gg and hence 4U(g) act on C*(U) by right differentiation. Define
Cog(U) :={f e C*(U)|3F € O¢ s.t. |f| < F},

Cimg(U) :={f e C*(U)VD € t(g), Df € C, (U)},
Comg(U) :={f e C*(U)]3F € Og s.t. VD € iU(g),Icp > 0 s.t. |[Df| < cpl'}.

(ii) Let G be a linear algebraic group over Q, U < G(A) be an open subset right-

invariant by some compact open subgroup of G(Ay). For x = mg, dmg, umg, define
CP(U) == {f e C*(U)lVy € G(Ay), f(-y) € CZ(Uy™ n G(R))}.
When G(R) has a prescribed maximal compact subgroup K, denote
C2(G) = O (G

for x = dmg, umg.

Remark 3.5. (i) It follows from the definition that C°. (U) < CF

umg dmg

(U) < Cry(U)
and Cy, (U), Cg.,,(U) are g-submodules of C*(U).
(ii) The growth condition for Cy (G(R)) is equivalent to the one in [6, 7], since the

norm | - | there belongs to Og while every element of O is bounded by a multiple

of some || - ||V.

Remark 3.6. By [20, p.187 Proposition], for any reductive group G over Q and max-
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imal compact subgroup I € G(A) there exists a smooth function
p:[GI/K = Rag
with a positive lower bound such that
VD e U(g)g, | D(log p)| is bounded (3.4)

and

C2 ([G]) = {f € C*([G])[Fe > 0, N € Zog s.t. |f] < cpV}.

Such a p will be called a weight function.

Proposition 3.7. C7 (U) and Cg,

dmg

(U) are subrings of C*(U).

Proof. In the real case C;7 (U) is a ring because Og is, and then the Leibniz rule
implies that C’fmg(U ) is also a ring. The adelic case follows from the real case by

definition. O]

In practice we only consider these growth conditions for K,-finite functions, in

which case the following observation is essential:

Lemma 3.8. Let B € G be linear algebraic groups over R, K < G(R) be a compact
subgroup, U < B(R) be an open subset such that UK is open in G(R) and U x K —

UK, (u, k) — uk is bijective, then we have commutative diagrams

CF(U) @ C(K)FFin —=—y CP(UK) S

l l

COO(U)®OOO<K)K—fin ~ COO(UK)K—fin’

where x = mg, dmg and the bottom horizontal map is

f®g— (uk — f(u)g(k)). (3.5)
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Proof. We first show that (3.5) is an isomorphism by giving the inverse. For any
h e C*(UK) =/ span{h(-k)|k € K} is a finite-dimensional representation of K.

Let S < K be the finite set of K -types it contains, then the image of
Ey U — CP(K)X = 4y s h(u )

is contained in C*(K)g, which is finite-dimensional. As evaluations at points in K

span the dual of C*(K)g, we see that F}, is smooth, i.e.
F,e C*(U)®C*(K)s < C*°(U)® C®(K)X-Im,

It’s clear that h — Fj, and (3.5) are inverse to each other.
The above proof indicates that if g1, ..., g, € C®(K)X~/™ are linearly independent
and h = f1®¢g1 + ... + [ ® gn via (3.5), then

each f,, is a linear combination of u — h(uk;) for finitely many k; € K.  (})

Therefore if h € C (UK )K=/ then any f,, is bounded by some element of Og,

which restricts to an element of Og, so f,, € Cpr (U) and we see that
Cr (UK T < ¢ (U) @ C%(K)K7™.

Conversely, if f,, € C7 (U), it’s bounded by some element of Og since Og — Op is
surjective, and WLOG we can assume the element is some c| - |V. As the norm |- | is
continuous and satisfies |zy| < |z||y| [6, 7] and K is compact, there exists a C' > 0
such that

|uk| = C|u|,Vue Uk € K,

S0 fr ® 1 and hence f,, ® g, are bounded by another multiple of | - ||V. Thus it also
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holds that
Cr (U) @ C*(K)*in < o (UK)KT,

Next since we have
Y1 Yi(h(-k)) = (Ad(k) Y1 Ad(k)"'Y;h)(-k),Vk € K, Y1, ..., Y, € b,
(1) also implies that
Cimg(UK)ET < O (U) @ C*(K)*T,

On the other hand, note that g = b @ € by assumption, let Y;,...,Y, be a basis of b,

Zy, ..., Zy be a basis of & then VX € g,3cy, ..., ¢p, dy, ..., d, € C*(K)E=/" such that

_Q

k)X = i ci(k)Y; + Ad(k) ) d;(k)Z;,Vk € K,

=1

and then for h = f1® g1 + ... + fr ® gn,

d
Xh(uk) = p h(uke™)
t=0
v d (adm vy, 0 4 4,02
_ tc; -1 f td; g
— Zl p . h(uke )+ Z pr . h(uke )
i= j=1
SIoN d te;(k)Y; 2 d td; (k) Z;
=] at|_ e g (k) + P RACEACS)
m=1 i=1 j=1 t
n p n q
- Z ZY;fm(u )+ Z me )Zgm (k)
m=11i=1 m=1 ]:1

e, Xh=30 _ 20 Yifm®cigm+2m_1 2= fm®d;Zjgm. By iterating this formula
we see VD € il(g), Dh is a finite sum >, D'f,, ® g, where D’ € $/(b), 1 < m < n and
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g € C®(K)X=/in_ Therefore

Cong(U) @ CF(K)H T < C’fmg(UK)K*fm. O

3.1.2 Definition of the Sheaves

Definition 3.9. For each finite-dimensional holomorphic representation V' of P,(C)

and i > 0, according to (2.10) j.(V ®og), A”") is the sheaf

U — Homg, (' (po/t,), C%(m5 (U)) @ V),

Let Zj, = Tj g 5, be the sheafification of the subpresheaf

U~ Homy, (/\'(po/0), Ciiny (m, (U)) @ V),

where elements of C*(7;1(U)) are viewed as functions on an open subset of G(A).
When V' = C is the trivial representation, write Ag;; g = Tk and Cimg = 72, so Camg

is the sheafification of the subpresheaf U — Cg (7, (U))"* of
35Ch, 1 U — CT(j7HU)) = C* (m;  (U)) "

Analogously, let C;, be the sheafification of the subpresheaf U — C% (7,1 (U))".

o

Proposition 3.10. C* C7 -module.

g Cdmg @r€ sheaves of rings, and any Iy, 1s a C

dmg

Proof. Proposition 3.7 implies that the presheaves defining these sheaves satisfy the

claims, and sheafification preserves these properties. O

Proposition 3.11. For any open subset U < Shy s, Cy, (U) consists of functions f €

C®(m; Y (U)o such that for any relatively compact open subset W < U, flazrowy €

o
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Crr (my H (W) %o Similarly, T3, (U) consists of homomorphisms

¢ € Hom, (/\ (po/t), O (7, (U) @ V)
such that for any Y1, ..., Y; € po/t, and W as above,

P(Y1 A e 1 Vo) oty € Cling (5 (W) ® V.

Particularly since Shg x, 1s compact,
Ty (Shi.s) = Homi, (/\ (Fo/20), Ciny (7, (Shic)) @ V)
= Homy, (/\ ' (po/t0). oy (@) @ V).

Proof. By definition for any f e C;; (U) there’s an open cover {U,} of U such that

Flaztwa) € Conglmg (Ua))™

for each a. As W is relatively compact in U, it’s covered by finitely many U,, so

flaziawy € Crng(m, ' (W))¥e. Conversely as manifolds are locally compact, any f as

described in the proposition belongs to Cy: (U). The proof for T¢, is similar. n
By the same arguments we have:

Proposition 3.12. For any open subset U < A™, C2 (U) consists of functions f €

lg,r

C*(jnr(U)) such that for any relatively compact open subset W < U, flizrwy is

bounded by a polynomial in log ﬁ, ..., log #

Consider the differentials

Jo0 1 ju(V ®0g,, A%) = juV @0g,, A,
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By (2.11), the formula [29, 2.127b] and Definition 3.4, Zi, is mapped into Z{;'!, so we

get a complex of sheaves
(Z3, 50).
Then Proposition 3.11 implies that the global sections of this complex can be identified

with the relative Chevalley-Eilenberg complex for Hf, i) mg(G)E®V).

3.1.3  (¢:C%,)lo and (¢5A5 o

To establish Proposition 3.2 we want to treat C7-

amg and Cg;, . n parallel. We've already

seen the parallelism between Propositions 3.11 and 3.12, while a relation between C7,

and C%

dmyg Similar to (3.2) would also be desirable. Here we formulate such a relation

locally.
Let Q < (U(F)z\D), be a o-neighborhood of a point in Shy y, for a 0 € X(7y)r.
When + is understood, denote by mp the quotient map U(F)z\G(R)*/Ag(R)° —

U(F)z\D, then we have a commutative diagram

U(F)z\G(R)"/Ag(R)? » [GI/K

|7 |

U(F)\D —2* 5 T(y)\D «—— Shx,

where the top horizontal map is induced from G(R)" = G(R)" x {y} < G(A) and
both vertical maps are principal K,-bundles. As ¢, maps 2 homeomorphically to
$5(£2), the map from 7' (Q) to 7, 1 (#,(2)) is a bijection and induces (g, K,)-module

isomorphisms

CP(m, (9o (U))) oI ——= CP(ap (U)o ™

j j (3.6)

€ (5 (0 (U)o i s € (i (U)o

o

for any open subset U < €, where x = mg or dmg, elements of C*(7,'(U)) are
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viewed as functions on an open subset of G(R) and the top isomorphisms follow from
definition.

Take a subgroup Z of Gy as follows: in (2.13), take a minimal R-parabolic &, of
4, (F) such that Gi(F) = Z,(R)°(G|(F) n K,). Let & = N .4, be the Langlands
decomposition, then %, := 447 is an R-split solvable subgroup of ¥(F') satisfying
that Gi(F) = Z,(R)°(Gi(F) n K,). Take an R-split solvable subgroup %, < %, (F)
such that G, (F) = Z,(R)°(GL(F) n K,) in the same way and let

B =W (F) x (By B Ac),
then G(R)* = B(R)°K, and mp restricts to a homeomorphism
7z U(F))\B(R)°/Ac(R)° > U(F);\D,
where the domain has a decomposition
U(F)2\2Z(R)°/Ac(R)” = U(F)z\(W(F) = (Zu(R)” x Z(R)?)).  (3.7)

For each open subset U < €, let Uz be the preimage of 7' (U) in Z(R)°, then UK,
is the preimage of 7' (U) in G(R)* which is open and Uy < %(R)° intersects K,

trivially, thus Lemma 3.8 gives

Crg (T (U)) e —— O (7' (U))

[ [ (3.8)

C*(rp (U))f —— C%(m5 (U))
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and
Hompg, (A, Cohy (15 (U))) —— C%,, (7 (V) ® (A')*

[ [ (3.9)

Hompy, (AN, C* (75 (U))) —— C=(x ;1 (U)) ® (N)*,

where elements of C%(7,'(U)) are thought of as functions on Uy < Z(R), A\’ =

A (p/t) and in the second diagram we’ve incorporated that

*

Homg, (7, O (K,) o=/ ~ 7

e

for any finite-dimensional representation 7 of the compact group K,.

Combining (3.8), (3.9) and (3.6) we get:

Proposition 3.13. (i) (¢%j.C%, )|a is isomorphic to the sheaf U — C* (! (U)), in
which (¢ECP V| is the sheafification of the subpresheaf

U~ Cry(m (U)).

(i) Similarly, (¢*j..A%)|q is isomorphic to the sheaf U — C*(x,'(U)) ® (A)*, in
which (¢*Admg)|g is the sheafification of the subpresheaf

U= Cirng(m5' U) @ (/\)*.
Now consider the following constructions: for a ring A, denote by Der(A) the set
of Z-derivations D : A — A.

Definition 3.14. For any collection D of elements of Der(A), denote by LU(D) the

subring of Endz(A) generated by the derivations in D.

Definition 3.15. For A, D as above and any subring B < A, define

={be B|VD e U(D), Db e B}.
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It’s the largest subring of B preserved by the derivations in D.

Example 3.16. In Definition 3.4, let D be a basis of gg, then
Clamg(U) = Cry(U)p.
Example 3.17. (3.2) can also be written as

Catgr(U) = Ciy(U)p

z

° and act on the

Elements of bg give rise to left-invariant vector fields on Z(R)
rings C*(7,'(U)), where agg acts trivially since functions in C®(rw,'(U)) are all

Ag(R)°-invariant. Note that dim bg/agr = dimg Shx = 2n.

Proposition 3.18. Let D, be a basis of br/agr, then for any open subset U < Q we

have

G5 Camg(U) = (05C1(U)) -

Proof. Combining Proposition 3.13 and the proof of Propostion 3.11, we see that
for » = mg,dmg, ¢*C¥(U) consists of f € C®(n,'(U)) such that for any relatively

compact open subset W < U, f|r, (W) e C*(x,'(W)). Thus

€ 93Camg(U) = YW.VD € U(Dy), D(fl, 1)) € Crag(m' (W)
< YW.YD € U(Dy). (D f)l -1 w) € Crng (75" (W)
< VD e U(D,), Df € $*C* (U)

o¥mg

< [ €(0,C0(U))p,

where VIW means “for any relatively compact open subset W < U”. [
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3.2 Proof of Proposition 3.2

Our strategy to prove Proposition 3.2 is to first show that (¢3C% )l = (2*C,)la;
and then prove that the collections D, and D, of derivations define the same subsheaf
of rings.

3.2.1 Identification of (¢:C* )|q and (z*C/ )|

o~¥mg lg,r

Proposition 3.19. (¢:C° )| = (2*C,)|a-

o¥mg lg,r

Recall that 74 : U(F)z\%B(R)°/Ac(R)® — U(F)z\D is a homeomorphism. We
wish to verify that on 7' (Q) = j-(€2), the bounds given by elements of O and by
log ﬁ, .., lOg ﬁ are equivalent.

For a point in U(F)z\%(R)°/Ac(R)?, by its w, by, and b;-factors we mean its image

in U(F)z,\W(F), %,(R)° and %,(R)° under (3.7) respectively, then

Proposition 3.20. The w and by-factors of points in 7, (Q) range in relatively

compact sets.

Proof. From (2.16) we see that the w and by-factors of a point in U(F)z\D is deter-
mined by its image in (:U(F) x U(F)z)\D(F), which is a (S')"-bundle over D(F')'.
By definition €2 is relatively compact in (U(F')z\D),, thus p, () is relatively compact
in D(F)" and so is its preimage in (iU(F) x U(F)z)\D(F). So w and by-factors of

points in 7' () vary in relatively compact ranges. O

By the proposition, on 7' (2) the bound given by elements of Oy is equivalent
to the one given by elements of Og,.

We see from (2.16) that yr in (2.19) is the composition of taking b;-factor and the
map

w: B(R)° — iU(F), b — exp(iad(b)wr),
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which is injective since %;(R)® intersects K, trivially and has image iC'(F'). Therefore
elements of Oy, can be viewed as functions on iC(F"). On the other hand let ' be as
in Definition 2.3, y; be the composition of ¢r as in (2.21) with T'(F') — iU(F), then
1 , .
log i = 2miljoy, —loge,1 < j <. (3.10)
<j
By definition both yr and y; are smooth and T'(F)-equivariant, so there’s a smooth

map y' : ) — iU(F) such that
Yr =Y + 4 © pr. (3.11)

Since p, () is relatively compact in €', 3/’ is bounded on it, so a function on j;1(£2)
is bounded by a polynomial in log ﬁ, ..., log ﬁ, i.e. a polynomial on ‘U (F') pulled
back by y; if and only if it’s bounded by a polynomial on :U(F') pulled back by yz.

Therefore Proposition 3.19 will follow from:

Proposition 3.21. Oy contains all the polynomials on iC(F) < iU(F). On the
other hand, on yr(j; 1 () elements of Oz, as well as their partial derivatives are all

bounded by polynomials.

Proof. First notice that p is via an algebraic representation of %), under which the
orbit of exp(iwr) is open since the tangent map of u at the identity is surjective,
and the stabilizer .# of exp(iwp) is finite, say of order d, since it intersects %;(R)°
trivially. Denote %, := %,/.%, then it’s affine and embeds into % (F) as an open

subscheme.

Lemma 3.22. Any affine open set U in the affine space A" is of the form Spec Opr ¢

for some f € Oyr.

Proof. Take any element of Oy < K(A"), it’s of the form g/h with g and h being

coprime polynomials. We want to show that Op contains 1/h and WLOG we can
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assume that h is irreducible. In this case V(h) & V(g) and V(h) < V(g) v U¢ implies
that V(h) < U, so 1/h € Oy. O

By the lemma there exists a polynomial f such that Oz = O r) s, and we can
take f to be a product fi...f,, of distinct irreducible polynomials f1, ..., f, € Oz (#).
Then

0% = {afFr . fFmla e R ky, ..., ky € Z}.

Next let o be a Levi subgroup of %;, which is an R-split torus by construction.
Then .% maps injectively into <7 as unipotent groups over a field of characteristic
0 have no finite subgroups. Denote the quotient of <7 as .7, then O is generated
over O by some fractional powers of elements in (9%. o, — 4] is an étale cover of

degree d, and hence so is

%Xzﬂfz—’%;

but B, — 2B, is also an étale cover of degree d and factors through B X ), SO we

must have

B %%XEWL

and thus

Oggl = O% ®O§l Om

Therefore O, is generated over Oz by some products of fractional powers of f1, ..., fi.
Particularly we have Oy r) S (9% € Oy, and Oy, contains all partial derivatives of
its elements.

It remains to show that on yr(j,1(Q)), elements of Oy are bounded by polyno-
mials, and it suffices to prove this for f; ', ..., f=-1. By definition yr(j;1(2)) can be
enlarged to some W = u + io < iC(F'), which is a basic semialgebraic set, i.e. a set

of the form

W ={zeR'[g(z) =0,..,9:(x) > 0}
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for some polynomials ¢y, ..., gs, and then we apply the following corollary of Krivine’s

Positivstellensatz:

Lemma 3.23. Let W < R" be a basic semialgebraic set, f be a polynomial taking

positive values on W, then f~! is bounded by a polynomial g on W.

Proof. In [3, 4.4.3(ii)] take V' = R", then it asserts that there exist polynomials g, h

that are nonnegaitive on W and satisty fg =1+ h, thus on W,
fg=1= f1l<y. O

Since fi, ..., fs lie in (9;7[, they are nonzero on W < iC(F) and WLOG we may
assume that they are positive, then the lemma concludes that f; !, ..., f-* are bounded

by polynomials on W. O

3.2.2 A ring-theoretic lemma

Lemma 3.24. Let C < A be rings, D1, ..., Dy € Der(A) be derivations preserving C,
D! = Zjvzl c;;D;j(i = 1,...,N) be linear combinations of them with coefficients in C,
then
(1) any superposition of D1, ..., Dy is a linear combination of superpositions of Dy, ..., Dy
with coefficients in C;
(1) if (cij)1<ijen € GLN(C), then any superposition of Dy, ..., Dy is also a linear
combination of superpositions of DY, ..., D)y with coefficients in C.
Proof. (i) is clear by induction; as for (ii), we notice that D1, ..., D’y also preserve C,

/

so when Dy, ..., Dy are linear combinations of D], ..., D’y with coefficients in C' we

can apply (i) with the roles of Dy, ..., Dy and D/, ..., D} exchanged. ]

Corollary 3.25. In (ii), for any subring B < A containing C, we have

Bp = Bp,
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where D = (Dy,...,Dy), D' = (D4, ..., DYy).

Proof. From the proof of (ii) we see that under the assumption there, the roles of D
and D’ are symmetric, so it suffices to show Bp € Bp. Now by part (i), any element
of $(D’) is a linear combination of elements of (D) with coefficients in C, so b € Bp

implies that b € Bpy. O]

Notice that C' = Bp satisfies the condition of Lemma 3.24, in this special case the

corollary states that

Lemma 3.26. Let B < A be rings, D = (D1, ..., Dy) be a collection of derivations

of A. If D = Z;VZI c;i;D;(i =1,...,N) satisfies that (¢ij)1<ij<n € GLN(Bp), then
Bp = By,

where D' = (DY, ..., DYy).

Corollary 3.27. If we have
Qh € QZGLQH (é*cgl)g,r(g))7 (312)

where D, and Dy, are both viewed as tuples of vector fields on j;1(2), then Proposition

3.2 holds.

Proof. (3.12) implies that

Qb € QZGLQN(é*Cz?g,r(U)) (313)
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for any open subset U < 2, and then

G5Cmg(U) = (65C0y(U)) b, (Proposition 3.18)
= (2°Cy,,(U))p, (Proposition 3.19)
= (2°C;,,(U))p. ((3.13)+Lemma 3.26)

— g*Cg;g’r(U) (Example 3.17).

3.2.3 Vector fields on a o-neighborhood

It remains to verify the condition (3.12) in Corollary 3.27. We first note that in
Definition 2.3 zy, ..., z, actually can be defined as functions on p,*(€'), and then
D, = (ziﬁ,z-%, %, %)lsisrdﬂgn is a collection of T'(F)-invariant vector fields on

pr'(€)) which gives a basis of the tangent space at each point.

Meanwhile, (2.15) implies that
D(F) ~ U(F) x W(F)) x %,(R)°, (3.14)

which means each point of D(F') can be written as uwby, -exp(—iwg)h with u € iU (F),
w e W(F) and b, € %A,(R)° in a unique way. Let Xj,..., X, be a basis of iug,

Xy41, ..., Xo, be a basis of g @ by, g. Consider the vector fields

d
uwby, - exp(—iwg)h — E uwbhe i exp(—iwp)h,1 < j<2n (3.15)

on D(F), we see from (3.14) that they give a basis of the tangent space at each
point, and as (3.14) is U(F)c-equivariant, these vector fields are U(F')c-invariant
and hence descends to T'(F')-invariant vector fields on U(F)z\D(F'). Denote them as

v(X1),...,v(Xa,) and let D, := (v(X1),...,v(X2,)), then similarly to (3.11) there’s a
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smooth map ¢' : Q" — G Ly, (R) such that

Proposition 3.28.

(¢’ o pF)’jgl(Q) € G'Lan(2%Cqy . (2)), (3.16)

and hence

Qv € QzGLQTL (§*6£97T(Q>) :

Proof. (3.16) means Vf € Ogr,, ., (f g opr)l;-1q) € 2*Cg, . (©2). In fact, fog opr
is pulled back from a smooth function on a neighborhood of p,(£2), so it’s bounded

on j;'(Q) and in particular (f o ¢ o pp)| @ € Z*Cf;r(Q). Moreover, any derivative

—1
Jo
of fog opp is the same kind of function, so (f o ¢’ o pp)\j;1(9) actually lies in

%700
z Cdlg,r

Q). O

Similarly, (2.14) implies that
D =W(F) x (%,(R)° x %,(R)°) (3.17)

and each point of D can be uniquely written as wbpb; - h with w € W (F'), by, € A,(R)°
and b, € Z,(R)°. For any X € g ® b, g @ b, g, the vector field

d
whpby - h— —|  whpbie!™ - h
d t=0

on D is U(F)z-invariant and hence descends to a vector field ©(X) on U(F)z\D.
WLOG assume the basis Dy, of bg/agr = tor@b, g @b, consists of a basis )N(l, s X,
of b; g and the above basis X, 1, ..., Xy, of og@®by, g, then the corresponding collection
of vector fields is (¥(X1), ..., 5(X,), 9(Xr41), ..., 5(Xan)). By (3.17) it also gives a basis

of the tangent space at each point.
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We want to compare Dy with D,. By (2.16), at the point

wbpby - h = p(b))wby, - exp(—iwp)h,

the vector field given by X takes the value

d d
— whpbe™ - h = — | whpe™ Xy, p
dt t=0 dt t=0 (3 18)
p )
= —| (b)) wb,e X . exp(—iwp)h
dt],_,
when X € tog @ by g, and
Lk wbpbe™ - h = 4 p(bre)wby, - exp(—iwrp)h (3.19)
dt|,_ dt|,_g
when X € b;g.

Proposition 3.29. X — ad(e 7)) X — X defines a map 9 : byg — iug, and the right
hand side of (3.19) equals

d

p 11(b)wby, etV X) exp(—iwp)h. (3.20)
t=0

Proof. First note that since %, normalizes %, [bir,iug] < iug, so ¥ has image in
tug. Next, we have

Iu(bletX) _ bletXein eftXblfl

; —iwp _ _
_ blezwpetad(e )X€ tXbl 1

,Lt(bl ) etad(ble’“’F )X eftad(bl )X
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Hence

d d —iw
E . ,u(bletX)wbh _ E . M(bl)etad(ble F)X—tad(bl)wah
d
_ ¢ by )tadB0P(X)
il p(bi)e wby,
_ i M(bl)wbhetad(bl)ﬂ(X)
dt|,_g 7
where the last step is because # x %), centralizes % . n

Comparing (3.18), (3.19) and (3.20) with (3.15), we get
Qb = deiag(ﬁ © ad(bl)|iuR7 ad(bl)|mR@bh,R>7

where ¥ oad(b;)|i; and ad(b;)|weee, » stands for the matrices of the maps with respect
to the bases X, ..., X, of iug, )~(1, ...,)N(r of bjr and X, 1, ..., Xo, of or @ by, g, and O
is the b-factor function. Particularly since D, and Dy both give bases of the tangent
space at each point, ¥ must be an isomorphism, so we can choose X Ly eeey )?T such that

9(X;) = X1, ...,9(X,) = X,. Then the formula above becomes
Qb = deiag(ad(bl”iun@? ad(bl)|mm®bh,ﬂe) = Qvad(blﬂiuma@mm@bh,ﬂ@'
Proposition 3.30.

(ad(be) iz @rortr 2 )| () € GLan(2*Caiy, (2)),

and hence

Qb € QUGLQ’N« (g*cgl(l)g,r (Q))

Proof. It suffice to prove that Vf € Og,, viewed as a function on iC(F'), satisfies that
(foyr)ljz1(a) € 2°Cil,(€2). We've proved in Proposition 3.21 that the composition

of yr with any partial derivative of f lies in z*C°,.(€2). Meanwhile, on iU (F) denote

lg,r
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yj = —2milj(1<j<r),thenVDe D,_,

D(f o yr) = 2((% o yr) D(y; 0 yi).

j=1

By induction for any D € (D,), D(f o yr) is a finite sum > (g o yr)h, where g is a
partial derivative of f while h is a finite product [ [ D’'(y; o yr) for some D" € (D)

and 1 < j < r. So it suffices to prove that

(Y5 0 yp)lj;10) € 2 Caig,r(2)
for j =1,...,r. Now by (3.10) and (3.11),

ijyFZQjOyterjoy/OpF

c

=log— +y;joy opr.
|2

Any D log ‘Z—C| is either log ‘Z—C| or a constant, so log ‘Z—C| is a section of Cg;, .. As for the
J J J )
second term, y; oy’ o pp is pulled back from a smooth function on a neighborhood of

Po(€2), so the proof of Proposition 3.28 also implies that

(g5 0y 0 pr)lj71(q) € 2" Calg () O
Proof of Proposition 3.2. Combining Propositions 3.28 and 3.30, we see that (3.12)
holds, and then Proposition 3.2 follows from Corollary 3.27. m
Corollary 3.31. The sheaves L, are fine sheaves as in [30, Definition 3.13].

Proof. By Proposition 3.12 C;7 . contains Cx. as a subsheaf, and hence so does Cg, ..
Then Proposition 3.2 implies that Cg,, contains Cg, ., so the Cg, ,-modules Ti, are

fine sheaves. O
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3.3 Differential forms on a o-neighborhood

Definition 3.32. On A™", denote 0y, := dz;/Z; (1 < k < r) and 0}, := dz; (r < k <

n), and for I = {k; < ... < k;} < {1,...,n} denote 0y := O, A ... A Ok,. Let A% be

dlg,r

the subsheaf

P Caig 01

IC{1,om} | 1]=i

: 05 o . 0
of JuraApnr = Dicpr, ny =i JnrxCanrbr.

Proposition 3.33. Let () be a o-neighborhood of some point in Shg s, with o-coordinates

z=(21,...,2n). Then similarly to (3.3), there are isomorphisms
(0rieAdn o = Goxdb A o = Goxz* Axnr )l = (2% jnreAnns)|o;

and (¢ AY V| coincides with (z* A% )|q.

dmg dlg,r

Proof. Let’s first reintepret Proposition 3.13 (ii): comparing the case i = 0 and
general cases and tracking through (3.9), (3.6) and (2.9), we see it’s stated that for
any open subset U < Q and (0,4)-form w on j, '(U), @w € ¢§A2;ig(U) if and only if
for any anti-holomorphic vector fields X, ..., X; on j,'(U) coming from left-invariant

vector fields on G(R),

w( X1 A oA Xp) € 95C,(U).

Recall that elements of Dy are such vector fields and they span the tangent space at

each point, thus the condition above is equivalent to
W(Xl A oA Xz) € QS:.CCC;Omg(U),VXl, 7X7, € Qb‘
By Proposition 3.2 and (3.12), this is equivalent to

w(Zy Ao N Zy) € 2°Ch, (U) V20, ., Zi € D

z)

20



As {0k }1<k<n are dual to the anti-holomorphic tangent vector fields in D, the above

condition means precisely that w e g*Agfg?r(U )- O

o1



Chapter 4

A fine resolution of the canonical

extension

Now we show that (Z}, j.0) form a resolution of Vean: we first trivialise the sheaves
Vean and T}, on a o-neighborhood of a point to reduce to the case where V is trivial
and ensure exactness on the left, and then prove a Dolbeault lemma with growth

conditions to verify exactness elsewhere.

4.1 An alternative characterization of V"

We start by illustrating how to obtain local trivializations of (Z}, j,0) and Ve from
certain (p,, K,)-module isomorphisms. For any abelian group A, denote by A the

corresponding constant sheaves on topological spaces.

Proposition 4.1. Let Q < (U(F)z\D), be a o-neighborhood of a point, then there

are isomorphisms

(8354(V ®0g,,, A = (9510A™ )0 @ V (4.1)
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that are compatible with the differentials and induce

(65T )la = ($5Adn)la ®c V.

Proof. Denote by V,,. a vector space of the same dimensions as V' with trivial p, and

K ,-action, then from (2.10) and (2.11) we see that (p,, /,)-module isomorphisms
C*(m, (9 (U)) @V = C7(m; (8o (U)) " @ Vi

for all open subsets U < € will result in isomorphisms (4.1) that are compatible
with the differentials, and by Definition 3.9 (¢*Z} )|q matches (gbc”;Ag;;g)m ®c V if
C'fmg(ﬂo_lwg((])))&_ﬁ” ® V is mapped into C’Cﬁng(ﬂo_l(qﬁg(U)))K“_ﬁ" RQV.

By (3.6) we can replace CX(m, (¢, (U))) Ko~/ above with CX(r'(U))Ke~7/in,

Note that g — a,'g induces a bijection
U(F)z\G(R)/Ac(R)* = U(F)z\G(R)"

and thus 7,'(U) can be viewed as a subset of the later. Let Q' be as in Definition

2.3 and take a tp as in (2.20). Consider the map
Co(mp (U) @V — C*(mp' (U) @ Vi, f = trlagy )£ (), (42)

it’s clearly a K,-module isomorphism, and the computation (2.6) tells us that it’s also
po-equivariant.

By construction tp is pulled back from T(F)\U'(Q) < U(F)c\G(C), in which
we claim the image of 7' (U) is relatively compact. In fact, since 7' (U) is a K,-

bundle over j '(U), it suffices to check the relative compactness of pr(j;1(U)) in
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T(F)\V,'()/P,(C) = &, but we have

pr(iy (V) € pe(U) € po(Q)

and by assumption p,(2) is relatively compact in Q'. As left-invariant vector fields

on G(C) descends to U(F)c\G(C), similarly to the proof of Proposition 3.28 we have

g € Op,(©) 9(tp(agy ))lr1w) € Camg(mr (U)).

Therefore C%

dmg

(77" (U)) ® V is mapped into CF

dmg

(72" (U)) ® Vi, and (4.2) gives rise

to the isomorphisms we want. O

From the proof we see that if instead of gzﬁjj*‘N/(U) > C* (1 e (U))) @ V) e we

use the expression

~

353V (U) = C*(77 (6 (U))) @ V),

then the isomorphism
(6%3:V )l = (677:Osme )l ®c V.
comes from (p,,, K})-equivariant maps
C* @ (U) @V = C* (75 (U)) @ Vir, f = tp()f (),

where 7, (U) is the preimage of 7' (U) in U(F)z\G(R)* and similarly to (3.6) we
have C° (7~ ¢, (U))) = C®(Fz'(U)). On the other hand, by definition &y r is the
sheaf

U = (OT(F)\UF (1) @ V)P©),
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Since tp is T'(F')-invariant, we can define (p,, Kj)-equivariant maps
CHT(ENVE(U) @V = CHT(FNYE (U) @ Vir, f = tp(1)f (),
and they give rise to a trivialization
Evrlo = O ®c V. (4.3)

According to the formulas (4.2) and (4.3) are compatible with (2.24), therefore it

follows from Definiton 2.4 that

Proposition 4.2. (4.1) also induces an isomorphism
(&7 o = ($50%)|o ®c V. = Oa @c V.

Now we are ready to prove that
Proposition 4.3. Ve is the kernel of j,0 : IO — T},

Proof. 1t suffices to prove that (¢j\70an)| q is the kernel of
$53:0 + (95T0)le — (9513 )|o

for any o-neighborhood €2 of a point in Shg s with o-coordinates. By Propositions
4.1 and 4.2 we may assume that V' is the trivial representation, and then the result

follows from Proposition 3.33 and the following lemma. O]
Lemma 4.4. Oan is the kernel of 0: g, — Agz;r.

Proof. Oan is contained in the kernel as we have C{. < CJ, .. On the other hand we

dlg,r:

show that Oan contains the kernel of

= . 0,1
a : C;;,T - ]n’r*AAn,wm

95



For any open subset U = A™ and holomorphic function f on j,(U) that’s bounded
by a polynomial in log ﬁ, ..., log ﬁ, by the Riemann extension theorem [30, Theorem
1.15] the bounded holomorphic function z;...z,f on j, 1 (U) extends to a holomorphic
function on U, which should vanish along U\j, }(U). Applying the Weierstrass divi-
sion theorem inductively with Weierstrass polynomials z1, ..., z, we get that f itself
also extends to a holomorphic function on U. Therefore Oar contains the subsheaf of

Jnr«Can.» generated by such f, which is exactly the kernel of 0: Cior — jn,r*A%,,«. n

Remark 4.5. In view of (2.7) we’ve actually shown that Veen is the sheafification of
the presheaf

U = (O 5 (V) @ V)01,

o

Conversely, one can verify that this sheaf satisfies the requirements in Definition 2.4
and hence get an alternative proof of the existence of Vean as a holomorphic vector
bundle when Shi y is SNC. Note that for this purpose instead of the full power of
Proposition 3.2 we only need Proposition 3.19.

Besides, combining with Proposition 3.11 we also acquire an alternative proof of

[37, Proposition 3.3].

4.2 A Dolbeault lemma

So far we've got a complex

0 - Vean — 70 30, 71 3e0, 72 Ged, (4.4)

which is exact at V¢ and Z{,. Tt remains to show the exactness at Zj, for ¢ > 0.
Pulling back to a o-neighborhood of a point with o-coordinates and using Propositions

4.1 and 3.33, the problem is reduced to showing:
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Lemma 4.6. On A™ the complex of sheaves

00 0 401 0 402 0
Adlg,r - Adlg,r - Adlg,r ERGE

18 exact.

Remark 4.7. The statement of the lemma has appeared in [24, 2.4], however it seems
the arguments given and cited there are insufficient to prove multivariable cases of the
lemma. In fact to proceed by induction on the number of variables, rather than the
single-variable case itself one actually needs an “effective version” of it (Corollaries
4.11 and 4.12), which we don’t manage to find in the literature. We present here a
complete proof of the lemma with all details so as to provide a self-contained reference

on the topic.
We make some preparations:

1

Lemma 4.8. V0 < p < 3,

suppose g € C*(A*(p)) satisfies

1
l9(2)] < c(log M)N, Vz e A%(p)

for some ¢ >0 and N € R, then

1 _g(w) -
f(z) = s JA*(p) Tw = 2) dw A dw

is a solution to ZZ f = g in C*(A*(p)) and 3d = d(N) > 0 such that

-

de(log H)N*L (N > —1)

||

[f(2)] <A dcloglogli—‘ (N = —1),Vz € A%(p).

de (N < -1)

Proof. For the first part of the lemma we adapt the proof of [30, Lemma 3.1]. For
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any zo € A*(p), take an € > 0 such that A(zg,3¢) € A*(p) and a partition of unity
{Xa, Y5} subordinate to the open cover {U, := A(zo,e) ,Up := A(zp,2¢)} of A*(p).

Then formally f(z) is the sum of

and

dw A dw

1 f Xb(w)g(w)

" 2omi w(w — 2)

L[ w2+ 2)
B 2m'L (W+2)w

dw A dw,

where g is viewed as a smooth function on C supported in U,. The bound on g
implies when z € A(zg,¢) any partial derivative of either integrand with respect to
2,Zis L' in w, so I,, I, and hence f are well-defined smooth functions. Moreover on
A(zg,€) we see I, is holomorphic while it’s shown in the cited proof that 35%[1) =g,
so f satisfies the equation.

Next for a fixed z € A*(p), set

) Ba = Az ) 1 A7), 8 1= A (A1 U A

Kl

Al = A*< 5
and write \ := |w| for w € A*(p). Then |w — z| = % for w e Ay, so

]
1 g(w) de (2 1. n
o — < log — . 4.
|27Ti fm w(w — z) dw n dw| 12| Jo (log )\) ax (45)

When N < 0, the right hand side < 2¢(log %)N < 2N*lc(log é)N; when N > 0, we

have

_ 2 1 2 1 z 2
(log )N~ f (log )N dX < f (log —)"ax = Upmaog—),
0

2]

where pyn is a degree [N] polynomial depending on [N}, so 3d" = d'(|N]) > 0 such
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that the right hand side of (4.5) < d'c(log %)N

2

Over Ay, we have

LJ g(w) dw/\dmgmax|g(w)|' 1J ) du A da
ax(lE)

A, W(w — 2) weds| w | 2w |ul

2 1
< 2¢(log H)N < 2NV ¢(log M)N

|w]

On Az we have [w — 2| > &, so
1 3
P _g& dw A dw| < —J |g(w2)| |dw A dw|
211 Ja, W(w — 2) 271 Ja,on, W]

p 1.y dA
<6 log —)N ==

2

while
1 _(log 2 )N+ 2% 10 LWN+L (N~ ]
N+1(Og |Z|) < N+1(0g |Z|) (N > )
r 1.y dA
m(log X) DU )\ loglog% < (1 + logjeg3 2) loglogﬁ (N =-1)
2
[alos ) < <
Combining the these estimates makes the second part of the lemma. O

Remark 4.9. The estimates above essentially all come from the démonstration of |26,

Lemme 1].

Lemma 4.10. (i) V0 < p' < p < 1, 3dy = di(p’, p) > 0 such that for any harmonic

function h on A(0, p) bounded by a constant ¢ > 0, it holds that

ch

(3_<Z)’ < dic,Vz e A(()?p/)v
z

(1) VO < p < p < 5, N € R 3dy = do(p/,p, N) > 0 such that for any harmonic

function h on A*(p) such that |h(z)| < c(log ‘?H)N,Vz e A*(p) for some ¢ > 0, it
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holds that

1
|z2—(2)] < dayc(log M)N,Vz e A*(p)).

Proof. For any zj in the domain of h, take an € > 0 such that h is defined on A(zy, 2¢),

then Poisson’s formula

1 2 _ _ 2
h(z) = —f ez Al ) a0, vs € Az e)
|w—zo|=¢

27 |lw— 2|2

implies

2 z

Dy - L = (W= 20)E =T e e A
5, (%) jw_zo|_€ CEPLCES h(w) df, ¥z € A(z, €)

and in particular

0 2 w — zp)
Therefore
oh 1
- < - h(w)|.
32 ol < 2 o)
In the first case, for zg € A(0,p’) we can take ¢ = %ﬂ, so dy = ﬁ works; in the

second case, for zg € A*(p’) we take € = (p — p')|20], then dy := % satisfies that

ch 1 2 1
— — (log —) < dye(log —)V. O
|ZO§Z(ZO)| < p_p,(og |ZO|) < QC( og |20’)

Corollary 4.11. Suppose g € C*(A(0,p)) satisfies that ¥p,q = 0, ](%)p((%)qm is
bounded by a constant ¢, > 0. Write ¢, , 1= (cp.¢ )p<pag<q, then VO < p' < p <1,

¢4 = Cpq(0', p, ¢, ) > 0 depending linearly on c, , such that

f(z) = LJ _g(w) dw A dw
A(0,p)

21 w— 2z

satisfies that Vp,q = 0, [(£)P(£)1f] is bounded by T, , on A0, p').
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Proof. [30, Lemma 3.1] implies that Z f = g, so we just need to bound each |(Z)?f].
8—‘1 couldn’t be directly exchanged with the integration, so instead we induct on p. We
abbreviate any subscript p,0 as p.

When p = 0 the estimate is direct and ¢y is independent of p’. Suppose we've
found &,, then |(£)? f| is bounded by C} := Ep(#,p,gp) on A(0, #). On A(0, p),

define
L (@)

dw A dw
2mi ALp) W—Z

fp+1( ) :

and

21 w—7z

pr(Z) = LJ fp_L(UJ_)dw A dw,
A(0,p)

o7 2 2
then we have £ f, = f,+1 and £ f,11 = (£)'g, so

h:= (az)pf fp

is a harmonic function. Besides f,;; and fp are bounded by Cy := ¢(p, cpt1) and
C3 = ¢y(p, Cy) respectively, so h is bounded by C; + C3 on A(0, m), and Lemma
4.10 (i) implies that |(Z)P*'f — f,u1] = |-Zh| is bounded by di(p', £32)(C + C3) on

A(0, p'). Therefore we can take ¢,1 1= dyi(p/, £ +p)(C’1 + C3) + Cs. O

Corollary 4.12. In Lemma 4.8, suppose ¥p,q = 0, 3¢, , > 0 and N,, € R such that

0., 0 1
(z2)"(Z2)"9(2)] < cpgllog E)N’”, vz e A%(p).
Write Qp,q = (Cp’,q’>p’<p,q'<Q7ﬂp,q = (Np’,q’)p’$p,q’<q7 then V0 < p, < p, HZVM e R

depending on N, . and ¢, , = ¢, 4(p', p; ¢, 4o N,y ,) > 0 depending linearly on ¢, , such

that Vp,q = 0,

0 - 0 ~ 1 % %0
2P G ) < B (0 ) e, V2 € 75,
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Proof. As zZ f = g it suffices to bound each |(2Z)? f(z)|. Again we induct on p and
abbreviate any subscript p,0 as p. When p = 0 the estimate follows from Lemma 4.8.
Suppose we've found ¢, and Np, then C; := Ep(”,%’, p, cpy N,,) satisfies

1 ~ /
VW v e A*(p_w)'

(PG < Culog )™, i

By Lemma 4.8, 3f,+1 € C*(A*(p)) such that Ea%fpﬂ = (zaaz P*g and

1w
_)NpH?vz € A*(p),

|fp+1(2)| < 02(10g |Z|

where Cy := d(Npy1)cpr1 and Ny, = max{N,; + 1,1}. The complex conjugate of

Lemma 4.8 then implies that 3]?;, e C*(A*(p)) such that za—ifp = fp41 and

52| < Cs(log |1|> bt vz e A¥(p)

for C3 := d(N,,,)C5. Define Np+1 = maX{N N}, +1}, then in the three inequalities

above the exponents of log é can all be replaced by NpH, SO
P -
h:=(z=—)?f—
(Z (92> f fp

is bounded by (C; + Cg)(log| |) Vo1 on A*(LQE) Meanwhile A is harmonic, so by

Lemma 4.10 (ii) we have

ch

(o)~ fpia (2)] = 29 (2)] < do - (G + Ci)(log 1)1, Wz € A*(),

||
where dy = dy(p/, AT ~p+1). Therefore we can take ¢, :=do - (C1 + C5) + Cy. [0

2

Remark 4.13. Qualitatively, the induction argument in the above proofs has been

indicated in [24, 2.3.2].
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Proof of Lemma 4.6. We want to show the exactness of the sequence

(A )2 S (A ). 5 (AG2 ). S

dlg,r dlg,r

for each z = (z1,...,2,) € A". WLOG assume z; = ... = z; = 0 and 2z4,1...2, # 0,
then we observe that the translation by —z induces isomorphisms

(Adigr)z = (Agig.)o

dlg,r dlg,s

that are compatible with the differentials, so it suffices to prove for z = 0 = (0, ..., 0).

By Proposition 3.12 and Example 3.17, any germ [¢] € (A%

dig)o in the kernel of

0 is represented by a (0, 7)-form

p= Y e AM(A™M ()
IS{1,..n}, | T|=i
for some 0 < p < 1 such that d¢ = 0 and for any I and D € 4(D,), Di; is bounded
by a polynomial in log ﬁ, ..., log ﬁ For brevity we refer to this growth condition as
each Dy has log growth or v has d-log growth, and note that Corollaries 4.11 and
4.12 then state that when (n,r) = (1,0) and (1, 1) the d-log growth of g implies the
d-log growth of f respectively. We imitate the proof of [30, Theorem 3.3] and induct
on the largest integer m that appears in an I with ¢; # 0 to show that V0 < p’ < p,
3(0,7 — 1)-form
n= >, e A A ()

|T'|=i—1
such that on = Y|anr () and each np has d-log growth. When m = 0, ¢ = 0, so

there’s nothing to prove. In general, define

/
i— n,r +
nl = Z 7]1711911 S AO’Z 1(A ’ (_ﬁ p)),

2
re{l,..m—1},I'|=i—1
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where

1 1OEmY (e Zi 1 Wy Zit s +ees o
mr(z) = — Yro }(_ . i dw A dw (m < r),
210 Jax(p) W(w — zpy,)
( 1OEmy (oo Zie 1y Wy Zmg 1y +ees .
mr(z) = =— Yrogm) ! 1 )dw/\dw (m >r).
270 Ja(0,p) W — Zm

For any zg € A*(#), take €, x, and x; as in the proof of Lemma 4.8, then when

Zm € A(20,€) the d-log growth of ¢y () guarantees any partial derivatives of

Xa(W)Vromy(w...) Xo(w + 2m)Vrogmy (W + 2y
w(w — 2,) ’ (W + Zm)w

and
Xa (W) Ggmy (w.) xo(w + 2m) Y opmy (W + 2m..)

W — 2, ’ w

with respect to 21,71, ..., zn, Zn are L' in w, so n; is a smooth (0,7 — 1)-form.

As for the d-log growth of 1, 1, denote D,, := zm%,ﬁm = Zm agm when m <r
and D,, := aziaﬁm = azi when m > r, then it suffices to check that

VD" € (D, Dy), D' € WD \{D,,, D,y,}), D" D'ny - has log growth.

We can exchange D’ with the integration and D'ty ¢y has log growth, so Corollary
4.11, 4.12 imply the log growth of D"D'ny .

Now consider 0, = Z‘ I|:i(5m) [0;. 0y = 0 implies any v is holomorphic in
Zmt1, -, 2o and hence so is any 1y p, so (0m1); = 0 unless I < {1,...,m}. Besides,

Lemma 4.8 and [30, Lemma 3.1] imply that (0n;); = 1; when m € I, so

b —om = Z (Y1 = () 1)0r,

Ic{1,..,m—1}
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where each 1; — (0n1); has d-log growth. By induction hypothesis, 3(0,i — 1)-form

D, et e ATHAM ()

|| =i—1

such that oy = (1 — ony)| anr(y) and each 1y has d-log growth. Then n = n; + 0,

is a (0,7 — 1)-form as desired. O
Proposition 4.14. We have the isomorphisms (3.1).

Proof. By Proposition 4.2, 4.1, 3.33, Lemma 4.6 and Corollary 3.31, (4.4) is a fine
resolution of \N/C‘m, and we’ve seen in Proposition 3.11 that the global sections of

(Z%, 7+0) can be identified the relative Chevalley-Eilenberg complex computing
(po K,) (Cél)omg(G)K ® V) O

Remark 4.15. We see that Proposition 4.14 reproves the isomorphisms of cohomology

in Proposition 2.6 when ¥ and ¥’ are both SNC.

4.3 The Hecke action on coherent cohomology

Proposition 4.16. (3.1) induces G(Ay)-equivariant isomorphisms

lig H'(VE™) = H,, ) (Cirng () @ Vo). (4.6)

td

Proof. We wish to check for any g € G(Af) and open subgroup K' < gKg~! the

commutativity of the following diagram:

i({/ can (3.1) 0
H (VK ) f) K,) (Cdmg<G)K ® V;)
l(2.25) l
i(Y7can 3.1 0 !
H (V]K’ ) — H ( (Cdmg(G)K ®‘/;7)7
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where the right vertical map arises from
Cimg (G ® Vo = Cny(G) ® Vo [ = f (- 9).

Let jy : Shg — Shgy and js : Shg < Shg/s» be SNC compactifications such that

>’ refines X9 and abbreviate t 5 0 rsy 59 as tg, then (2.25) is the composition of maps

) 1 rcan 7 1 rcan 4 7 [ rcan
H (ShK’E, sz) - H (ShKyg,tg*V /721) - H (ShKQE/, VK’,E’)?

~

where the first map comes from the morphism of sheaves Vg% — ., V'S, adjoint to

t;\N/Hgf‘Z" ~ IN/Cff%,, and the second map can be computed as follows: if
0— Vg, — J*

is an acyclic resolution such that each ¢,.J ¢ is also acyclic, then . Nﬂgffg, — tguT "
can be viewed as a morphism between complexes of sheaves and ¢ is the induced map

between hypercohomology:

H(Shic s, toe Vi"s) = H (£ V&) — H (1 T*)
= Hz(tg*j* (ShK,E))

= Hz(j*<ShK/’E/)) = H%ShKQE/, Vﬂgft%/)

Furthermore, if 0 — Vg% — 7% is an acyclic resolution of VE§! and 7% — ¢, J™ is a

~ ~
can can

morphism of complexes extending Vg5 — #4. Vi&'y, then (2.25) fits into the following

commutative diagram:

~

Hi(Sth, chlg) " HZ(I*> " Hl(I*(ShK,g))

o l

H' (Sh sy, Vigit) —— H(tyoT*) —— H(T*(Shi 1)),
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If we can take Z* = Iy y v, J* = Ij;x: 5 and the morphism between them to be the

restriction of the morphism
. ~ 0, . ~ ,
]E*(VK ®OShK ’AS;:K) - tg*]E’*(VK’ ®OShK/ Ag;;K/)

induced by (2.8), then the proposition follows. It remains to check the acyclicity of
each tg.Z{ k. s, but the morphism CF, . = T i 57 — 1 T8 g 5y makes 5. T g 5 a fine

sheaf of rings, and hence any t4,Z{ . v, is a fine sheaf. O
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Chapter 5

A regularization theorem

The goal of this section is to prove:

Proposition 5.1. The inclusion C* (G)¥ < CF

K . . .
g amg(G)" induces isomorphisms of

(po, K,)-cohomology with coefficients in V', hence by Proposition 4.14 we have
Hi(ShK,E7 ‘76&”) = po K,) (Cvjomg(G>K ® V)?
and by Propostion 4.16 we have G(Ay)-equivariant isomorphisms

lim HZ(VC“”) =~ Hy,, 5,)(Cog (G) @ V5). (5.1)
t*
This is an analogue of Borel’s regularization theorem [4, 3.2] and we’ll imitate
Franke’s proof [20, Proof of Theorem 3|. Let’s first reduce the problem to the case
where V' is irreducible: if

0>V >V V"0

is a short exact sequence of holomorphic representations of P, (C) and the proposition
holds for V' and V", then the long exact sequences of cohomology imply that it also

holds for V. Next we note that by the following lemma any irreducible V' is inflated
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from a representation of K}, and it’s irreducible as a representation of K, since Ag(C)

should act via a character.

Lemma 5.2. Let V' be an irreducible finite-dimensional representation of py,, then p_

acts on 'V trivially.

Proof. Let b be a Borel subalgebra of g contained in pj, then p_ < [b,b]. By Lie’s
theorem there exists a nonzero vector v € V' which is an eigenvector for any element
of b and thus annihilated by elements of p_. As V is irreducible, it’s generated by v.

Since p_ is an ideal of py, it acts trivially on V. O]

The proof of Proposition 5.1 for an irreducible V' will proceed as follows: in
5.1 by proving Proposition 5.3 we reduce the problem to the existence of certain

endomorphisms of C%, (G)¥, which will eventually be constructed in 5.3, while the

dmg
functional analysis generalities developed in 5.2 will be crucial in verifying that the

endomorphisms we get are as desired.

5.1 An application of the Okamoto-Ozeki formula

Fix a K and denote

Cr = CH Q)"

for » = umg, dmg. Let Cy be the Casimir element in 3(g) < 4U(g): if (X;) is any basis
of [g,g] and (X)) is the dual basis with respect to the Killing form B(-,-) on g, then
Cg = Zz Xin('

Proposition 5.3. Suppose M' < M are (g, K,)-modules such that Yc € C,3T,, R, €
End, x,) (M) such that

T.(M') < M, Ro(M) < M’ (5.2)

and

1
Re—1dys = 5(Cy + ., (5.3)
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then for any irreducible (and hence for any) finite-dimensional holomorphic represen-

tation V' of P,(C), the inclusion M' < M induces isomorphisms
Hip,ic)(M'®V) = Hip, e,y (M QV).

Particularly if one can find maps R.,T,. as required for M = C? —and M' = C®

dmg umg’

then Proposition 5.1 holds.

Remark 5.4. For each 7 € IA(O, let S, < }A(O be the finite set of K,-types appearing in

T ® Po, then as the map M x g — M, (m, X) — Xm is K,-equivariant we have
VX € p,, X(M,) < Mg, (5.4)

The assumption in the proposition is then equivalent to that for any ¢ € C there exist

maps 1, . € Endg, (M) parametrized by = € I?o such that if we denote
1
Rc,Tr = IdMTr + E(Cg + C)Tc,ﬂ

and

qu = (—DTC’W € EndKO(MS)

TeS

for every S < IA(O, then
Ton(My) € My, Ren(My) € My, (5.5)

and
VX epo, XTon =T, 5. X (5.6)
as maps from M, to Mg_. In fact, T, := ch(o and R, := Idy, + %(Cg + ¢)T, will satisfy

(5.2) and (5.3).
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Lemma 5.5. Let (B*,d) be a subcomplex of (A*,d). Suppose there are maps r :

A* — B* and o : A* — A*7! such that r is a chain map, o(B*) < B*~! and
Idgs —tor=dop+pod, (5.7)

where 1 : B* < A* is the inclusion, then v induces isomorphisms of cohomology.

Proof. Denote by ¢4, 7, the maps on cohomology induced by ¢, r respectively, then
Ly 0Ty = Idpx(a) since (5.7) implies that ¢ o r is chain homotopic to Id4«. On the

other hand (5.7) also implies that
Idgs —rov=dop+pod

as endomorphisms of B*, so 7 o ¢ is chain homotopic to Idps and 7, o ¢y = Idg=(p).

Therefore ¢y, 7, are inverse to each other and ¢, is an isomorphism. O

We wish to make Proposition 5.3 a special case of Lemma 5.5, where A*, B* are
the relative Chevalley-Eilenberg complexes C&O,Ko)(M@) V) and C’(*meo) (M'®V). Let

r be the chain map induced by
R.®1 e Homy, k(M V,M' ®V)

for some ¢, then it remains to construct o. Let ¢ : A* — A* be the chain map induced
by T. ® 1 € End,, k) (M ® V), then by (5.2) it preserves B*. Note that for any
(po, K,)-module M,

C'(M) = Homy, (/\'p-, M),
and since p_ is abelian the differential d : C*(M) — C*"*1(M) is given by

do(Yo A oo A7) = D (=1)Y;0(Yo A .Y A YS).

j=0
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When M is a (g, K,)-module, let X, ..., X,, be an orthonormal basis of p_ with respect
to B(-,) and consider the map d' : C"*Y(M ® V) — Hom(A'p_, M ® V) defined by

M:

dp(Yin .. nY) = (X @Dp(X; AYL A .. AY)).

~
Il
—

Proposition 5.6. The image of d’ is contained in C'(M Q@ V).

Proof. It’s easy to see that d’ is independent of the choice of the basis Xi,..., X,,.
Then since for any k € K,, kX, := Ad(k)Xy, ..., kX, is another orthonormal basis of
p_, we have for any ¢ € C""H (M ® V),

M:

dp(kYy A ... AKY;) = (X, @ Dp(kX; A kY A ... A KY;)

~
Il
fu

||
M:

X @Dko(X; AY1I Ao A Y)

~
Il
fu

||
M:

EXi®@1D)e(Xi AYL Ao A YY),

N
Il
it

i.e. d'y e Homg, (A'p_,M®@V)=C(M®V). 0

Thus d’ gives a map A* — A*~! and since M’ is a (g, K, )-submodule we have
d(B*) < B*'. Define g := d ot, then o(B*) = B*'. Now we verify (5.7) for an

appropriate ¢ and hence finish the proof of Proposition 5.3.

Proposition 5.7. The action of []:=dd + d'd on C*(M ® V) is induced by
1
—5(09 + Cv) ®1e End(meO)(M X V),

where cy is a scalar determined by V. Hence (5.7) follows from (5.3) when ¢ = cy.
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Proof. First note that since t is a chain map,

doo+opod=dod ot+dotod
=dodot+dodot

:l:‘ot7

so if [] is as described then the action of d o o + p o d is induced by
1
—5(09 + Cv)TC ® ]_ S El’ld(meO)(M ® V),

which by (5.3) equals (1—R.)®1 when ¢ = ¢y, and thus (5.7) holds. Now we compute
[1:
Step 1. For any p € C' (M ®V),

_ Zi(_l)jyj<7l R D)p(X; A Yy A 1?} LAY

Jj=1l=1
%

= — Z}/j(yl@)l)@(}ﬁ/\...S%-AXZ/\.../\YZ-),

j=11=1
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and

dde(Yi n .. AY) ==Y (X1@D)do(X; A Yy A . A Y))
1=1
=Y (X ®DXp(Y1 A .. AY])
1=1
Y D)X @YXy A Yy A LY LAY
1=1j=1
= - QXX @Dp(Yi A A Y)
1=1
—I-Z (X;®@1)Y0(Y1 A ...}%/\Xl A AN YY),
1=1j=1
where in the last step we use that p_ acts on V' trivially. Hence
Oe(Yi A . AY) = (27}( QY1 A ... A Y)
I=1
Z [X,Y;]® Dp(Y; ...}//\;’/\Xl/\.../\Y;-).

Il
—_

j=11

Step 2. Let X,41, ..., Xntm be an orthonormal basis of €,g N [g, g] with respect
to —B(+,), then

Lemma 5.8. In ¢, ® p_ it holds that for any Y € p_,

n n+m
VXL YIeX = Y X,0[X,Y]
=1 p=n+1

Proof. For any | < n < p, the coefficients of X, ® X; in the left and right hand sides
are both —B([X,,Y], X,) = B(X,,[X,,Y]). O
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By the lemma,

)

ZZ (X, Y 1@ 1)p(Yi A Y5 A Xy A A Y)

:Z DX @1)p(YV1 A A [X, Vi A A YY)

= ) (X714 X,®@X,)p(Yi A .. AY)),

p=n+1

where the second equality is due to the £,-equivariance of . Therefore the action of

[Jon C*(M ®V) is induced by

n n+m
DI XX+ Y (X®1+X,®X,)eEnd(M®V).
=1 p=n-+1

Step 3. Recall that Cy = > (X, X; + X, X)) — Sam X2 and denote

p=n+1

n n+m
Z = ZXla Z X;EL{(EO)’
=1 p=n+1
then
n o n+m
XX+ ) (X2®1+X,0X,)
= p=n+1

)(l+-AQ)(l [)Q,jfd)()l
- (5.8)

n+m
2 (X2®1+(X,®1+1®X,)* - 1® X?)

p n+1

BDIPJ
IbﬂzH

=—§(Cg®1—z+1®2),

where the term Z means the diagonal action. It’s easy to see that Z is independent
of choices of the bases X7, ..., X,, and X, 41, ..., X,,4m, then since the adjoint action of

K, preserves the Killing form it also preserves Z € $(¢,). Thus by Schur’s lemma Z
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acts on the irreducible K,-representation V' as a scalar cy .
Step 4. Now the right hand side of (5.8) differs from —(Cy + cv) @ 1 by 1Z. As
C'(M ® V) = Homg, (A\'p_, M), it suffices to prove that

Lemma 5.9. Z acts trivially on /\ip_ for any i.

Proof. For any Yy, ....Y; ep_,

n+m n+m 1
DXV A AY) =D DY VA A X, [X YA A Y
p=n p=n j=1

n+m

+2> > ViA L [X, Y] X ] A Y

p=n 1<j<k<i

By Lemma 5.8, the first term on the right hand side equals

ZZYl A AXLYLX A LAY

I=1j=1

=D IViA LA X, X)L YA LAY,
1=1j=1

where the first equality is due to the Jacobi identity and commutativity of p_. Par-

allelly, for any j, k,
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i.e. it’s both alternating and symmetric in Y; and Y}, and thus equals 0. Therefore

n+m n
Z Xg(}/vl VAN 2 Xl7 VAN }/:L);
n n+m
Z(Y; A = QXX+ Y, X)(ViA.. AY:) =0 0
=1 p=n+1

]

Remark 5.10. The computation of [] was done by Okamoto-Ozeki [38, 4.1]. We

include a derivation of the result to make the paper better self-contained.

Remark 5.11. Proposition 5.3 can be proved similarly when p, and V' are replaced
by mg and any finite-dimensional representation of G(R) respectively, using Kuga’s
formula [35, (6.9)] instead of the Okamoto-Ozeki formula. This, together with the
construction of T ,, makes Franke’s alternative proof of Borel’s regularization theo-

rem.

5.2 Intertwining operators for semigroups of oper-
ators

The desired maps 7., € Endg, (C,

img.) @ in Remark 5.4 will be constructed using

semigroups of operators. We first review and prove some functional analysis prelimi-

nary.

Definition 5.12. (i) Let X, Y be vector spaces. A linear operator A from X to Y,
denoted as A : X --» Y is a linear map from a subspace Dom(A4) € X to Y.

(ii) If the domain of A’ : X --» Y contains Dom(A) and A'|pom(a) = A, then A’ is
called an extension of A.

(iii) For B : Y --» Z, BA is usually understood to be a linear operator from X to Z
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with domain

Dompg(A) := {z € Dom(A)|Azx € Dom(B)}.

(iv) When Y = X, the resolvent set of A is the set of scalars A such that A — A maps
Dom(A) bijectively to X.
(v) A linear operator A : X --» Y between Banach spaces is said to be closed if its
graph in X x Y is closed.
(vi) When X, Y are both Hilbert spaces and Dom(A) is dense in X, the adjoint of A

is the linear operator A* : Y --+» X defined on

Dom(A*) :={y e Y|3z € X s.t. (Au,y) = {(u,x),Vu € Dom(A)}

sending each y to x € X uniquely determined by the above relation.

Remark 5.13. For any closed subspace X of a Hilbert space Y we see that the inclusion

ix : X — Y and orthogonal projection px : Y — X are adjoints of each other.

Lemma 5.14. (i) Any adjoint operator A* 1Y --+ X is closed.

(i3) For any scalars c,d € C it holds that (cA + d)* = ¢A* + d.

(i13) If Z is another Hilbert space and B :'Y --» Z satisfies that Dom(B) € Y and
Domp(A) € X are both dense, then (BA)* is an extension of A* B*.

(iv) Suppose Domp(A) = Dom(A), then

Dom gx(B*) = Dom((BA)*) n Dom(B¥).

Particularly when Z is a closed subspace of Y and B = pz we have

A*iz = (pzA)*
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(v) When X is a closed subspace of Y and A = ix, suppose B = Bixpx, i.e.
Dom(B) = (Dom(B) n X) @ (Dom(B) n X7) (5.9)

and B|Dom(B)mXi = O, then B* = Zx(BZ)(>*

Proof. (i) Suppose (y,) is a sequence in Y such that y, — y and A*y,, — =, then for

any u € Dom(A),
(Au,yy = im (Au, y,,) = lim (u, A%y, = {u, ),

thus y € Dom(A*) and A*y = x.
(ii) For any y € Y the linear functionals ((cA+d) -,y) and ¢ (A, y) on Dom(A) differ
by (-, dy) and are bounded at the same time, so (cA + d)* = ¢A* +d.

(ili) For any z € Dom«(B*) and v € Dompg(A),
(BAu,zy = (Au, B*z) = {u, A*B*z),

thus z € Dom((BA)*) and (BA)*z = A*B*z.
(iv) We just need to show that Dom((BA)*) n Dom(B*) < Domax(B*). For any
z € Dom((BA)*) n Dom(B*) and u € Dompg(A) we have

(Au, B*z) = (BAu, z) = {u, (BA)*z),

which implies that B*z € Dom(A*), z € Dom 4« (B*) when Dompg(A) = Dom(A).

*

(v) By (iii) we have B* = (Bixpx)* is an extension of p% (Bix)* = ix(Bix)* and

(Bix)* is an extension of i% B* = pxB*, so B* and (Bix)* have the same domain

and B* = Zx(B’Lx)* ]
Combining (iv) and (v) we get:
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Corollary 5.15. Let X, Z be closed subspaces of a Hilbert space Y, B:Y --+Y be
a linear operator with dense domain which satisfies (5.9) and maps Dom(B) n X+

into Z+, then
B%iz = ix(pzBix)",
i.e. (pzBix)* is the restriction of B* to Dom(B*) n Z.

Lemma 5.16. Suppose A : X --» Y s a closed linear operator between Banach

spaces, B, : X — X,C,, : Y = Y (n = 0) are bounded linear maps such that
e Vre X,B,r —> Byx, VyeY,C,y — Cyy and
e Vn>1, AB, is an extension of C,A,

then ABy is also an extension of CyA.

Proof. First note that Vn > 0, Domg, (A) = Dom(A) as C,, is bounded. Then by

assumption we have Yn > 1, Dom(A) € Domy(B,) and Ya € Dom(A),
B,r — Byx and AB,, v = C,Ax — CyAx,

thus the closedness of A implies that Byx € Dom(A) and AByx = CyAx. n

A Cy-semigroup of operators over a Banach space X is a family of bounded linear

maps S(t) : X — X (t = 0) such that
o 5(0) = Idy,
o Vi, t' >0, S(t+t)=S(t)S(t) and
o Vre X limy o+ S(t)x = z.

Its (infinitesimal) generator is the linear operator G : X --» X defined on

Dom(G) := {z € X| lim Sthyr — exists }

h—0+ h
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sending each x to the above limit.

Lemma 5.17. Suppose ¢(t) : [0, +20) — R is a compactly supported C*-function in

the sense that ¢' : (0, +00) — R has a limit at 0, then Yx € X,

Tbﬁx:—f+w¢@ﬂ%ﬂxdt
0

belongs to Dom(G) and
GTG7¢I' = —gb(O)ZL‘ — TG7¢/I‘.

Proof. For any h > 0,

SMﬂ@i—ﬂwx:%Lw¢@w@+me@hﬁ
:_%L¢@S@mﬁ_ﬁw¢@_i“_mswxw

When h — 0%, by the continuity of ¢(¢) and S(t)x at ¢t = 0 the first term above has
limit —¢(0)z; on the other hand by assumption ¢’ is uniformly continuous, therefore

by the mean value theorem the second term has limit
+oo
0
Corollary 5.18. (i) In the lemma if ¢ is supported in (0, +0) and smooth, then

Vee X, T ex € ﬂ Dom(G*).

k=1

(17) If ¢ : [0,+00) — R is compactly supported, identically 1 in a neighborhood of 0

and smooth, then Yz € X, T oo € Dom(G) and

r+ Glgex € ﬂ Dom(G*).

k=1
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In particular Tg 4 preserves each Dom(G*) as well as ()5, Dom(G*).

The Hille-Yosida theorem characterizes infinitesimal generators of Cy-semigroups

of operators. We need the following special case of it:

Lemma 5.19. Let X be a Banach space. Suppose the domain of linear operator
G : X --+» X s dense and 3\ € R such that any X > Xy belongs to the resolvent set

of G and satisfies that
1

A=’

(A—G)7Y < (5.10)

then G is the generator of a Cy-semigroup of operators (€'“)i=o over X which can be

characterized as follows: for any A > Xy denote

GA)\O = ()\ - )\0)2()\ - G)_l - ()\ - 2)\0) X - X,

then ¥Vt > 0,x € X,

eCx = lim e“ g, (5.11)
A—+00

where the exponential e!“ o is defined by power series in the usual way. Moreover

when X is a Hilbert space (5.10) is equivalent to that Yx € Dom(G),

Re{(Gz,x) < No{z, ). (5.12)

Proof. The claim that G is the generator of a Cy-semigroup of operators is [33, The-
orem 34.7(ii)], while the characterization of the semigroup is part of the proof of the
theorem. The last assertion is Lumer and Philips’ reformulation of the Hille-Yosida

condition [33, Lemma 34.10]. O

Remark 5.20. It’s easy to see [33, Theorem 34.6] that the generator uniquely deter-
mines a Cp-semigroup of operators, so in particular (e!“);sq is independent of the

choice of Ag.

82



Lemma 5.21. Suppose A: X --» Y, B: X --+» X, C :Y --» Y are linear operators

between Banach spaces such that
e A is closed,
e B, C satisfy the assumptions in Lemma 5.19,
e Dom(B) < Dom(A) and
o C'A is an extension of AB,
then AeP is an extension of e!°A for every t > 0.

Proof. First note that in Lemma 5.19 if GG satisfies the assumption for one value of Ay
then it also satisfies the assumption when Ay becomes larger. Therefore we can find

a Ap € R such that

Vee X,ePz = lim eP oz and Vy e Y, ey = lim oy,
A—+00 A——00

Then by Lemma 5.16 it suffices to show that Ae!P 2o is an extension of e!™ A for
every A > \Ag. Again since the exponential of a bounded linear map is defined by
power series and can be approximated by polynomials of the map, it suffices to prove
that ABY ,  is an extension of CY , A for every n > 1. By induction this follows from
the n = 1 case, which is equivalent to that A(A— B)~! is an extension of (A—C)~1A,

or that (A—C)A is an extension of A(A— B). Now since Dom(B) € Dom(A) we have

Doma(A — B) = Domy(B)

for any A, so it suffices to assume that C'A is an extension of AB. n

Corollary 5.22. Let X — Y be a injective bounded linear map between Banach

spaces, B : X --» X,C :'Y --»Y be linear operators satisfying the assumptions in
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Lemma 5.19 such that C' is an extension of B, then

6tB _ e1€C|X

for every t > 0.

Corollary 5.23. Suppose A :'Y --» X, B : X --» X, C 'Y --» Y are linear

operators between Hilbert spaces with dense domains such that
o B* C* satisfy the assumptions in Lemma 5.19,
e Dom(B*) < Dom(A*),
e Domu(C) = Dom(C) and AC = BA,

then (i) A*e'P* is an extension of €'“* A* for every t > 0, and (ii) A*Tgx g4 is an

extension of Tox gA* for any ¢ as in Lemma 5.17.

Proof. For A*, B*, C* we see that the second and third assumption in Lemma 5.21
have already been assumed, and by Lemma 5.14 (i) A* is closed, so it remains to
verify that C*A* is an extension of A*B*. By Lemma 5.14 (iii) C*A* and A*B* has

a common extension (AC)* = (BA)*, and by Lemma 5.14 (iv)

Domes(A*) = Dom((AC)*) n Dom(A*) = Dom((BA)*) n Dom(A™).

On the other hand we have

Dom = (B*) € Dom(B*) € Dom(A"),

so Domyx(B*) < Domes(A*) and C*A* is an extension of A*B*. Now since by
definition T« , and T« 4 can be approximated by Riemann sums, (ii) follows from

(i) via Lemma 5.16. O
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Corollary 5.24. Let X be a unitary representation of a group K, B : X --+» X be a
linear operator such that B* satisfies the assumptions in Lemma 5.19 and B = kBk~!

for any k € K, then ¥t > 0, %" : X — X is K -equivariant.

5.3 Proof of Proposition 5.1

Fix a weight function p : [G]/K,K — R., as in Remark 3.6 and consider the weighted
L?-spaces

1% = {f :[C]/K - C |f NP dg < o)
[G]

with inner product

<f17 f2>N = ﬁG] p_Nflﬁdgv

where N € Zs( and dg is induced from the Haar measure on G(A). From Remark

3.6 we see that L3, < L3, with the inclusion being bounded when N < N, and

Cimg = | L3~
N=0

On the other hand, it follows from the Euclidean case [34, 2.19] that C* := C*([G]/K)&e~/ir
is dense in every L3. As p is K,-invariant, each L% is a unitary representation of

K, under right translations and the above inclusions are all K,-equivariant. With

a slight abuse of notation we denote by 7, and p, the inclusion of and orthogonal
projection to the *-isotypic component /part for C* and every L3;, where * could be

any m e IA(O or finite subset S < IA(O.

Now we define for every D € $l(g) and N > 0 a linear operator Dy : L3 --+ L%
as follows: let DT € i(g) be the formal adjoint of D, i.e. D' depends antilinearly on
D and if D = X;...X}, with X1, ..., X; € g then DT = (—=1)*X ... X; denote by D, the
action of D on C, then

Dy := (p" Dlp~)".
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Proposition 5.25. (i) Dy is an extension of Dy whenever N' = N

(i1) If f € L3 satisfies that its distributional derivative Df also belongs to L3, then
feDom(Dy) and Dy f = Df. Note that for smooth functions, distributional deriva-
tives are just the usual derivatives.

(iii) If finite subsets Sy, Sy < K, satisfy DT(C’CO?SS) < O, then VN =0,

. N —N . 2 2
DN,S1752 - (p51p Dlp Z52)* : LN,Sl -—? LN,SQ

is the restriction of Dy to Dom(Dy) n Ly g, -

Proof. As for (i), if f € Dom(Dy) then by definition we have

Vhe CL, ("D (p™h), fyn = (h, Dy f)n,

hence for any h e CF,

N DY N h), fyn = VDN (pN'h), fon
= <PN_N,h, Dy fon

= <ha DNf>N’a
i.e. f€Dom(Dy)and Dy/f = Dyf. (ii) is essentially by definition: if f, Df € L%,
then Yh e CF,
@D, P = | DT
G

_ f pNWDf dg = (h, Dy,
[G]

thus f € Dom(Dy) and Dy f = Df. (iii) is a special case of Corollary 5.15. O

Corollary 5.26. (i) Combining (i) and (iii) we see that Dy s, s, is an extension of

Dy s, s, whenever N' = N.
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(i4) Combining (ii) and (iii) it follows that f € Cg o belongs to Dom(Dy s, s,) if

and only if f and Df both belong to L3;. In particular we have

Cgomg,Sl - U DOHI(DNﬁhSQ).

N=0

Moreover, Dy g, s, coincides with D on CJ N Dom(Dy g, s,)-

dmg,51

When D = C, DZ = (4. is K,-equivariant (because the Killing form is K-
invariant), hence for each finite subset S; < IA(O we can take Sy = S1; when D = X €

Po, DT = —X and dual to (5.4) we have

Vr € Ko, X(C%4.) € Cpye

c

thus for each singleton S; = {m} we can take Sy = S,. For any finite subset S < [?o

and element 7 € K, we denote
. ) 2
Con,s = Cynss : Livg = Ly s,

CQ7N77T = ngj\@{ﬂ} . L?V,Tl’ -2 L?V,w’

XN = XN fr},8, L?v,ﬂ -? L?v,sﬂ,
then Proposition 5.25 (iii) implies that Cy n.s = @, g Cg N .x-
Proposition 5.27. For any N > 0 and 7 € IA(O, Cy,nx satisfies the assumptions in
Lemma 5.19 and we have

Dom(Cy n») < Dom(Xy ~) (5.13)

for every X € p,.

Proof. Let Xy,..., X, and X, .1,..., X;u4m be bases of p_ and &, N [g,g] as in the
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proof of Proposition 5.7, Wy, . < L3 be the subspace consisting of f € L% whose
distributional derivative X f belongs to L% for any X € g, then by Proposition 5.25

(i) Wy » < Dom(Xy) for any X € g. Equip W}, . with the inner product

o Foowy = s foow + D (X, Xufoyw + Ko, Xifoyw),
=1

then it becomes a Hilbert space, CZ is a dense subspace of it and the inclusion

Wy » € Ly . is bounded. For any A € R consider the sesquilinear form

Ina(f1, f2) =Y (O Xu(p™ 1), Xifo)w + N Xa(p™N 1), X1 f2)w)
-1

n+m

. Z <PNXP(P7Nf1)apr2>N + X f1s fo)n
= NZ(<X1(10g p)f1, Xifayn + (Xi(log p) fr, X1 f2)n)
1=1
— D X fu Xpfoon + (A= D fow + foowi,

on Wy ., which by (3.4) is well-defined and bounded. On the one hand for any

fe W]{,m and h € C we have

VX € g, (0" X (07 h), X fon — f[G] X (o)X T dg
—f XX(p™™n)fdg
G]

= —~(p"XX(p™"h), fon

and hence Iy (h, f) = Xh, f)n — {pVCye(p™h), f)n. Then by definition fe L?\,’ﬂ

equals (A — Cyn ) f if and only if

Ina(h, f) = <hy Pon (5.14)
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holds for all h € C®

C,T?

and by continuity this is equivalent to that (5.14) holds for all
h € Wy .. On the other hand we see that ¥Vf e Wy,

Ina(f, f) == N Y ((Xilog p) f, Xu fyw + (Xi(log p) f, X1 f)w)

n+m

ST X+ O DI+ 11y

p=n+1 '
Let M; > 0 be a common upper bound of all |X;(log p)| and |X;(log p)|, My > 0 be
such that Yv € W,ZZ::L 1 | Xpu[2 < Ma|v|2, where m is considered as an irreducible

unitary representation of K,, then we have

ReIya(f, f) = Z I IXf o+ 1 f I X f )

=My = DI+ 1F 1y

1 —
> — 5 ) IXuf I3 + 1K)
=1

[\

F = nNZM2 = My~ D1+ 1y

1 1
=\ =nN°M; = M, = ) flx + 51wy,

Specially when A > \g := nN2M? + M, + % it holds that

Relwa(F. ) > 5l (5.15)

and thus Iy ) satisfies the conditions of the Lax-Milgram theorem [33, Theorem 6.6,
which implies that any bounded linear functional on WJ{M is of the form In (-, f)
for some f € Wy . In particular for any fe L%, there exists f € W} such that
(5.14) holds for all h e Wy ., i.e. A — Cyn» maps Wy nDom(Cy n,x) onto L3, . As

explained in [20, p.193] this implies that (A —Cy.)(C,) is dense in LY, 50 A= Cq nx
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will be injective. It follows that
Dom(Cyn,x) € Wy x (5.16)

and A belongs to the resolvent set of Cy n .. We see that (5.16) implies (5.13) as well

as that

vf € Dom(og,N,W>a <f7 Og,N,ﬂ'f>N = /\<f7 f>N - ]N,)\(fa f)a
which indicates that the inequality (5.12) follows from (5.15). O

Proposition 5.28. For every m € IA(O we have

C’;%Lgm = ﬂ U Dom(C’;NW)

k=1 N=0

and

Crgr = | () Dom(Cs ).

N>0k>1
Proof. [20, Proposition 1] shows that for any N > 0 and k& > 1, Dom(C{ y ) con-
sists of functions f such that for every D € (g) of degree < 2k, the distributional
derivative D f belongs to L%,. The Sobolev embedding theorem [15, Theorem 5.6.6(ii)]
asserts that any such function is C” whenever 0 < r < 2k — 1 dim g/ag, hence func-

tions in

ﬂ U Dom(C¥ )

k=1 N=0

are all smooth. Besides, the characterization of Dom(C} v ) implies that the spaces
U ﬂ Dom(C’éﬁN’W)
ek, k=1

for N > 0 as well as

U ﬂ U Dom(C’;N,ﬂ)

rele, k=1 N>0
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are all stable under the action of 4(g). On the other hand [20, Proposition 2] shows
that 3Ny = 0 depeding on p such that when 2k > dimg Shg, any f € Dom(Cg Na) 18

N/2+ Ny

bounded by a multiple of p . Therefore we have

ﬂ U Dom(C NW ) S Camgn

k=1 N>0
and
U ﬂ Dom(Cg,NJr) Czomg "
N>0k>1
Inclusions in the other direction clearly follow from Corollary 5.26 (ii). O

Now we construct maps 7., € Endg, (Cg. for every ¢ € C and 7 € K By

dmg, 7r)

Lemma 5.19 and Proposition 5.27, for each N > 0,
1
CJNJr = 5(097]\[77( + C)

is the generator of a Cp-semigroup of operators (e!“N),-q over L?v,n- Pick a ¢ as in

Corollary 5.18 (ii) and for every x € C

dmg,m

N L% . define
+0o0

Tonx =Ty, 0T = J gb(t)etGN*”:c dt € L?V,w
0

then it follows from Corollary 5.26 (i) and Corollary 5.22 that T, . is well-defined as a

map from C7

amgn 10 Unso Lfvﬂr, and Corollary 5.24 implies that 17 , is K,-equivariant.

Proposition 5.29. The image of each T is contained in Cg,

and (T.,)

ek,
satisfies (5.5) and (5.6) for M = C¥. —and M' = C% . Consequently Proposition

dmg umg*

5.1 follows from Proposition 5.3 and Remark 5.4.

Proof. By Corollary 5.18 (ii) T, preserves Dom(C¥ y ) for any N > 0 and k > 1

hence by Proposition 5.28 it also preserves C'* ~_and C* Corollary 5.26 (ii) then

dmg,m umg,m"
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implies that for any x € C}fnw N Dom(Cy n.x),

1
T+ §(C’g + )T e = x + GNIGy o,

which by Corollary 5.18 (ii) lies in ()5, Dom(C¥ y ) = C%

g, SO the second inclusion

in (5.5) also holds.
Again by Corollary 5.26 (ii) we have C), = S (Jyso Dom(Xy ) for any 7 € K,

and X € p,, thus to prove (5.6) it suffices to verify for every N > 0 that Xy Ty .0

is an extension of (D,.cq Tay ./.0) XN Proposition 5.27 implies that

1
Gns, = §(Cg,1v,sﬂ +¢)

also satisfies the assumptions in Lemma 5.19, and the Cy-semigroup of operators it

generates is clearly (P, g €'V : L% ¢ — L g )i=0, S0 we have

(D Toy.0) = Tays, o

w'eSy

By Lemma 5.14 (ii), Gy~ and Gy g, are the adjoints of
1 N. =
B = §(p7r,0NC’g7cp Nir+70)

and

1 N _
C = i(psﬂpNCMp Nig + c)

respectively. Now we want to apply Corollary 5.23 for A := —p,pV X pNig_, B and
C. We see that the first two assumptions there are guaranteed by Proposition 5.27,
and clearly Domy(C') = Dom(C) = C%,. Since Cy, and p* commute with any i,
and p,, the equality AC' = BA follows from the equality CE,CYC = YCC’E’C. Therefore

Corollary 5.23 (ii) implies that Xy T, . ¢ is an extension of Ty o ¢ X r. H
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Chapter 6

Coherent cohomology and

automorphic forms

Let A(G) be the space of automorphic forms on G. In this section we show that the
inclusion A(G)4¢®)” < €% (G) also induces isomorphisms of (p,, K,)-cohomology
with coefficients in V', hence in (5.1) we can replace the later by the former. This is
parallel to [20, Theorem 18] and also relies on the §in-acyclicity established in that
paper.

For any pair (g, K) of a complex Lie algebra and a compact Lie group satisfying
the conditions in [29, 1.64], denote by C(g, K') the category of (g, K')-modules. When

g is reductive, in [20] Franke considered for any ideal J < 3(g) of finite codimension

the functor Fins : C(g, K) — C(g, K),
M — Fing M := {m e M|J"m = 0 for some n}.

Sins is evidently left-exact and its right derived functors are denoted as Sing =

R'Fin ;. Franke showed that

Lemma 6.1. (i) Fins preserves injectives.
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(i1) For any reductive group G over Q and ideal J < 3(m¢) of finite codimension,

C® (G) and A(G)Ac®° are Fin s-acyclic.

umg

Proof. (i) is [20, Theorem 7(1)], and the inz-acyclicity of C5, (G)*¢®” follows
from [20, Theorem 16]. The Fins-acyclicity of A(G)4¢®? is implied by the following

lemma. O

Lemma 6.2. If a (g, K)-module M satisfies that 3(g)m is finite-dimensional for any

m e M, then M is §ins-acyclic for any ideal J < 3(g) of finite codimension.

Proof. The assumption implies that M = (—BIESpmS(g) §inz M, where Spm 3(g) is the

set of maximal ideals of 3(g). Let Dy, ..., D; be a set of generators of J, define

Mo = @ SinzM

J<ZeSpm3(g)

and

M; = @ FingM,1 < j <,

IESpm:")(g),D1,...DjfleI,DjeéI
then M = @é‘:o M;, My = §ing My and D; acts on M; as an automorphism for
j=1,..,1. It's shown in the proof of [20, Theorem 7(2)] that a (g, K')-module M’ is
Sinz-acyclic if either M" = Fin; M’ or 3D € J acting on M’ as an automorphism, so

M, ..., M; and hence M are all §ins-acyclic. ]

Corollary 6.3. In Lemma 6.1 (ii), for any compact open subgroup K < G(Ay),

Cc® (X and A(G)A¢®K gre also Fins-acyclic.

umg
Proof. As K is compact, the K-fixed part of any (mg, K, K)-module M is a direct

summand of it. If M is Fins-acyclic as a (mg, K)-module, then so is M. O

Lemma 6.4. Let V be a finite-dimensional representation of py, then there exists
an ideal J < 3(mg) of finite codimension such that for any mg-module W and p,-

homomorphism f:V — W, Jf(V) = 0.
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Proof. When V is irreducible, it’s annihilated by p_ as well as an ideal Z < 3(&,) of
codimension 1. As in [28, 1] there’s an algebra homomorphism h,, : 3(mg) — 3(£,)
such that z — hy,(2) € U(mg)p_, ¥z € 3(mg), so we can take J := h, ' (Z).

On the other hand if V' € V is a subrepresentation and 7', J” are ideals as
desired for V',V /V' respectively, then we can take J := J'J”. In fact, let W’ be
the g-submodule of W generated by f(V’), then J'W’ = 0 while the image of f(V)
in W /W’ is annihilated by J”, so f(V') is annihilated by J. Therefore by induction

the lemma holds for any V. [

Let F = Froke . C(mg, K,) — C(p,, K,) be the forgetful functor, then the lemma

mg, Ko *

implies that there’s an ideal J < 3(m¢) of finite codimension such that
Homy,, ) (V*, =) o F o §ingy = Hom,, x,)(V*, —) o F. (6.1)

We also have:

Lemma 6.5. (i) There are natural isomorphisms
R'Homyy, k,)(V*, =) = H{,, 1, (—QV);

(i1) F is exact and preserves injectives.

Proof. (i) We have Homy,, x,y(V*, =) = Homy, x,)(C, =) o Home(V*, —). By [29,

2.53(c)] Home(V*, —) is exact and preserves injectives, thus

R'Hom,, k) (V*,—) = R'(Hom, x,)(C, —) o Hom¢(V*, —))
~ H("meo)(—) o Hom¢(V*, —)

= HZpO7KO)(_ ® V)

(ii) F is clearly exact, and according to [29, 2.57(d)] it preserves injectives. ]
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Corollary 6.6. There are natural isomorphisms
R'(Homyp, 1,y (V*,—) 0 F) = Hpo k) (—®V)oF.

Finally we can prove the main theorem of this paper:

Theorem 6.7. The inclusion A(G)"¢ c C2 (G¥ induces isomorphisms of

umg

(po, K,)-cohomology with coefficients in V', therefore we have isomorphisms
H'(Shgs, V) = Hj, 4 (AG)*®E@V)
and G(Ay)-equivariant isomorphisms

limy H'(VE™) ~ Hiy o) (AG) ™ @V,).

td

Proof. Let J < 3(mg) be an ideal of finite codimension making (6.1) hold. We'll

show that the inclusions of
3‘”J~’4< )AG . Slnj umg(G)K

into A(G)*¢®E and C (G)* both induce isomorphisms of (p,, K,)-cohomology
with coefficients in V. By Lemma 6.1 (i) and Corollary 6.6, for any (m¢, K,)-module
M (6.1) gives rise to a Grothendieck spectral sequence

By = Hf, o @G (M)@V) = H' (M®V).

Corollary 6.3 then implies that when M = A(G)*¢®°K and C* (G)¥ the spectral

umg

sequences degenerate at Ey-pages and give the desired isomorphisms. O]

Remark 6.8. It’s pointed out to us by Michael Harris that the result here has been
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used for [27, 5.3.11] and our work hence justifies the proof of that theorem.
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