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Abstract

We show that if K is a fibered ribbon knot in S3 = ∂B4 bounding ribbon disk D,

then with a transversality condition the fibration on S3 \ ν(K) extends to a fibration

of B4 \ ν(D). This partially answers a question of Casson and Gordon (“If D is a

homotopy-ribbon disk bounded by a fibered knot, is D fibered?”). In particular, we

show the fibration always extends when D has exactly two local minima, extending a

result of Scharlemann for the unknot. More generally, we construct movies of singular

fibrations on 4-manifolds and describe a sufficient property of a movie to imply the

underlying 4-manifold is fibered over S1.

iii



Acknowledgements

The work in this thesis was completed in November 2018. I entered graduate school

intending to study 3-dimensional topology, but quickly transitioned to dimension 4.

Thanks to my advisor, Dave Gabai, for many long, helpful conversations about

this project and several others. He made time to meet with me even when he was

busy as chair of the department or with his own mathematics; I appreciate the time

he spent with me as I developed as a graduate student.

Thanks also to Dave Gay, Jeff Meier, and Alex Zupan, who included me in the

trisections group as a young graduate student. They helped me find other people who

were doing interesting things and eventually develop my own mathematical interests.

Thanks to Cameron Gordon, who advised my undergraduate thesis and motivated

me to apply to (and move to) Princeton. Also thanks to Danny Ruberman, who

helped me with technical questions and was very friendly and supportive. I think they

both generally contribute to a positive climate in the subfield of geometric topology.

Thanks to my co-authors: Paolo Aceto, Nickolas A. Castro, Irving Dai, Mark

C. Hughes, Gabriel Islambouli, András Juhász, Seungwon Kim, Michael R. Klug,

Peter Lambert-Cole, Jeffrey Meier, Allison N. Miller, JungHwan Park, András I.

Stipsicz, Maggy Tomova, Ian Zemke, and Alexander Zupan. I am glad that I had the

opportunity to work with them.

Thanks to my friends Antonio, Boya, Clayton, Daniel, Gabe, Hannah, Henry(?),

Jason, Lena, Levent, Lucia, Mac, Mark, Nick, Patrick, PLC, Sarah, and Seungwon

(some of whom are also my co-authors) for lots of interesting mathematical and non-

mathematical conversations. (Special thanks to Clayton, who I talked to very often,

and was probably my best friend during graduate school.)

Finally, thanks to Irving Dai for all of our time together through both of our

graduate careers. I am happy that we will also be together as postdoctoral scholars.

I am supported by the NSF GRFP, Grant No. DGE-1656466.

iv



To my parents, who always encouraged me.

v



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

1 Introduction 1

2 Movies of singular fibrations on 4-manifolds with boundary 11

2.1 Basic definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Singularity charts: how to fiber a 4-manifold . . . . . . . . . . . . . . 16

3 Building blocks: simple movies of fibrations 25

3.1 Adding or cancelling singular points . . . . . . . . . . . . . . . . . . . 26

3.2 Movies on Z4 where h : Z4 → I has one critical point . . . . . . . . . 30

3.3 Positioning singularities in a fibration . . . . . . . . . . . . . . . . . . 36

3.4 Cancelling interior and boundary singularities . . . . . . . . . . . . . 41

3.5 Movies on B3 × I \ ν(saddle, minimum, or maximum disk) . . . . . . 44

3.6 Composite movies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.7 Proof of Lemma 2.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4 Extending the fibration on the knot complement to a fibration of

the disk complement 62

vi



4.1 Proof of Theorem 1.8 . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.2 Remark on the generalized cancellation movies . . . . . . . . . . . . . 64

4.3 Understanding the fibers of B4 \ ν(D) . . . . . . . . . . . . . . . . . . 67

4.4 Proof of Theorem 1.10 . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5 Conclusion: explicitly finding the fiber of B4 \ ν(D) 71

6 More examples 75

7 More questions and final comments 81

Bibliography 85

vii



List of Tables

2.1 The type of a singularity in a movie of singular fibrations. . . . . . . 18

viii



List of Figures

1.1 A diagram of a ribbon disk D with boundary the square knot . . . . 5

1.2 A schematic of a ribbon disk in B4. . . . . . . . . . . . . . . . . . . . 5

1.3 We perturb a band in one leaf to be transverse to a fibration. . . . . . 7

2.1 Neighborhoods of singularities of singular fibrations. . . . . . . . . . . 12

2.2 A singular fibration F on a singular 3-manifold M3. . . . . . . . . . . 15

2.3 Smooth vs. singular fibers. . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4 The type of a singularity in a movie of singular fibrations. . . . . . . 19

2.5 Possible configurations of two or three arcs meeting at an endpoint in

a valid singularity chart. . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.6 An example of a valid singularity chart. . . . . . . . . . . . . . . . . . 22

2.7 A movie of singular fibrations near a critical point of the height function. 24

3.1 A diagram of an interior stabilization movie. . . . . . . . . . . . . . . 27

3.2 Schema of interior stabilization movies. . . . . . . . . . . . . . . . . . 27

3.3 As t decreases, we stabilize or destabilize Ft at a point in ∂h−1(t). . . 28

3.4 Valid singularity charts for each interior stabilization/destabilization. 29

3.5 Valid singularity charts for each boundary stabilization/destabilization. 29

3.6 The first boundary fusion movie. . . . . . . . . . . . . . . . . . . . . 30

3.7 The second boundary fusion movie. . . . . . . . . . . . . . . . . . . . 31

3.8 The third boundary fusion movie. . . . . . . . . . . . . . . . . . . . . 32

ix



3.9 The fourth boundary fusion movie. . . . . . . . . . . . . . . . . . . . 33

3.10 The first boundary birth movie. . . . . . . . . . . . . . . . . . . . . . 34

3.11 The second boundary birth movie. . . . . . . . . . . . . . . . . . . . . 34

3.12 Valid singularity charts for the boundary fusion, compression, birth,

death and interior singularity movies. . . . . . . . . . . . . . . . . . . 36

3.13 Diagram of positioning a dot or half-dot. . . . . . . . . . . . . . . . . 38

3.14 Diagram of positioning a cone along an arc γ. . . . . . . . . . . . . . 39

3.15 Ensuring a positioned cone is type II. . . . . . . . . . . . . . . . . . . 40

3.16 Valid singularity charts for the positioning movies. . . . . . . . . . . . 41

3.17 Schema of the cone, half-cone death and cone, half-dot death. . . . . 43

3.18 Valid singularity charts for the cone, half-cone death/birth and cone,

half-dot death/birth. . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.19 Diagram of a saddle movie. . . . . . . . . . . . . . . . . . . . . . . . . 46

3.20 Diagram of a minimum movie. . . . . . . . . . . . . . . . . . . . . . . 48

3.21 Singularity charts for the saddle, minimum, and maximum movies. . . 49

3.22 Uncancellable cones and dots. . . . . . . . . . . . . . . . . . . . . . . 50

3.23 Some leaves in a band movie. . . . . . . . . . . . . . . . . . . . . . . 53

3.24 One leaf in a band movie. . . . . . . . . . . . . . . . . . . . . . . . . 54

3.25 Three leaves in a band movie. . . . . . . . . . . . . . . . . . . . . . . 54

3.26 A detailed view of a cone singularity at the end of a band movie. . . . 55

3.27 Some leaves in a disk movie. . . . . . . . . . . . . . . . . . . . . . . . 57

3.28 Closeup of a dot singularity introduced during a disk movie. . . . . . 58

3.29 Singularity charts for cancellation movies. . . . . . . . . . . . . . . . 59

3.30 An example valid singularity chart. . . . . . . . . . . . . . . . . . . . 60

3.31 A more complicated example of a valid singularity chart. . . . . . . . 61

4.1 Schematic of Vθ for increasing θ. . . . . . . . . . . . . . . . . . . . . . 66

4.2 Finding a cone that can cancel a dot. . . . . . . . . . . . . . . . . . . 67

x



4.3 All 1-handles in the 3-dimensional fiber of B4 \ ν(D) are geometrically

cancelled. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.1 Valid singularity chart of the fibration constructed on a ribbon disk

complement. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.2 Fibering the complement of a ribbon disk bounded by 820. . . . . . . 74

5.3 Fibering the complements of two distinct ribbon disks bounded by 11n74. 74

6.1 Some 3-minimum ribbon disks satisfying the transversality condition

of Theorem 1.8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6.2 2-minimum disks of Owens–Swenton for all but one of the knots in

Figure 6.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6.3 Ribbon 2-bridge knots admit ribbon disks with exactly two minima. . 78

6.4 There are only 5 fibered, ribbon 2-bridge knots (Family 1). . . . . . . 80

6.5 There are only 5 fibered, ribbon 2-bridge knots (Families 2 and 3). . . 80

xi



Chapter 1

Introduction

In dimension 3.5, low-dimensional topologists have studied knots in S3 which bound

smooth disks embedded in B4. We recall some basic definitions.

Definition 1.1. A knot K in a 3-manifold M is the oriented image of a smooth

embedding φ : S1 → M3. We generally consider knots only up to the equivalence

relation of smooth ambient isotopy.

Definition 1.2. A knot K in S3 bounding a disk D smoothly embedded in B4 is

said to be slice.

If for some D, inclusion causes π1(S3 \K) to surject onto π1(B4 \D), then K is

said to be homotopy-ribbon.

If for some D, the radial height function of B4 is Morse on D with no local maxima,

then K is said to be ribbon.

From definitions, we have the following order of inclusion.

{Ribbon knots} ⊂ {Homotopy-ribbon knots} ⊂ {Slice knots}.

Whether any of these inclusions are proper is a long-standing open question.

Slice-ribbon conjecture [Fox [8]]. Every slice knot in S3 is ribbon.
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One challenge in studying this problem is that it is difficult to show that a knot

K is slice without implying that K is ribbon, and conversely that it is difficult to

obstruct K from being ribbon without obstructing K from being slice. Casson and

Gordon [2] found an obstruction to a fibered knot K being homotopy-ribbon.

Definition 1.3. Let K be a knot in S3. Then K is fibered if S3 \ ν(K) is a bundle

Σ̊g ×φ S1 = Σ̊g × [0, 1]/[(x, 1) ∼ (φ(x), 0)], where Σ̊g is a Seifert surface for K and

φ : Σ̊g → Σ̊g is a surface automorphism fixing ∂Σ̊g pointwise.

The map φ is said to be the monodromy of K. This surface automorphism is well-

defined up to conjugacy in the mapping class group of Σ̊g. Note φ is an automorphism

of a surface with boundary, but can be extended to a map φ̂ of the closed surface

Σg = Σ̊g ∪ D2. We call φ̂ the closed monodromy of K. We now state the general

result of Casson and Gordon.

Theorem 5.1 of [2]. A fibered knot K in a homology 3-sphere M is homotopy-

ribbon if and only if its closed monodromy extends over a handlebody. In particular,

if M = S3 and K is fibered and homotopy-ribbon, then there is a homotopy 4-ball

V and slice disk D ⊂ V so that (S3, K) = ∂(V,D) and V \ ν(D) is fibered by

handlebodies.

(Note we did not define what it means for a knot in a homology 3-sphere to be

homotopy-ribbon.)

From Casson and Gordon’s proof of the above theorem, it is not obvious if the

fibration on S3\ν(K) should extend over B4\ν(D) for a fixed disk D, or even whether

V is diffeomorphic to B4.

Question 1.4. Is V ∼= B4?

Question 1.5. Fix a homotopy-ribbon disk D in B4 with boundary a fibered knot. Is

B4 \ ν(D) fibered over S1? (i.e. “is D fibered?”)

2



If the answer to Question 1.5 is “yes”, then the 3-dimensional fibers are immedi-

ately known to be handlebodies by the following result of Larson and Meier.

Theorem 1.1 of [16]. Let D be a fibered slice disk in B4 with fiber H. Then D is

homotopy-ribbon if and only if H is a handlebody.

Remark 1.6. Larson and Meier use a different (and without the slice-ribbon conjec-

ture, possibly more restrictive) definition of homotopy-ribbon, which we might call

strongly homotopy-ribbon. A disk E is strongly homotopy-ribbon if B4 \ ν(E) admits

a handle decomposition without 3- or 4-handles. Their proof works for our stated

definition of homotopy-ribbon as well (see chapter 7), yielding (disk fibered by han-

dlebodies =⇒ strongly homotopy-ribbon) and (disk fibered and homotopy-ribbon

=⇒ fibers are handlebodies). We conclude that for the class of fibered disks in B4,

homotopy-ribbon and strongly homotopy-ribbon are equivalent conditions.

Remark 1.7. We remark for the general reader that although the sets of fibered

knots and ribbon knots in S3 are very special (and their intersection even more so),

the set of prime fibered ribbon knots is infinite. For example, the three-stranded

pretzel knots P (±2, n,−n) for any odd |n| > 1 are prime, fibered [10], and ribbon. In

fact, these knots even admit a ribbon disk with only two local minima (the index-1

critical point “cuts” the ±2-twisted strand).

There are a total of 74 prime fibered ribbon knots of fewer than thirteen cross-

ings [4].

In this paper, we prove the following relevant theorem.

Theorem 1.8. Let K ⊂ S3 be a fibered knot bounding a ribbon disk D ⊂ B4. View

the index-1 critical points of D as fission bands attached to K. If the bands can be

isotoped to be transverse to the fibration on S3 \ ν(K), then the fibration extends to a

fibration of handlebodies on B4 \ ν(D).

3



To parse Theorem 1.8, we must understand how bands attached to a knot can

describe a ribbon disk. Let K be a fibered knot in S3. Fix a ribbon disk D ⊂ B4

with ∂D = K. View B4 = S3 × [0, 3]/(S3 × 0 ∼ pt), where S3 = ∂B4 = S3 × 3.

We call the projection function h : B4 → [0, 3] the height function on B4. A point

(x, t) ∈ S3 × [0, 3]/ ∼ is said to be at height t.

Isotope D so that

• D ⊂ S3 × [1, 3].

• For t1 > t2 > . . . > tn ∈ (2, 3), D ∩ (S3 × ti) = a link with a band attached

(referred to as a ribbon band). We will always view these bands as “fission”

bands, meaning resolving the band increases the number of components of the

underlying link. In this setting, this means we view the band at height ti as

attached to a link equivalent to D ∩ (S3 × (ti + ε)).

• For s1 > . . . > sn+1 ∈ (1, 2), D ∩ (S3 × si) is an (n + 1 − i)-component unlink

and a disjoint disk (referred to as a minimum disk).

• For all other u ∈ (sn+1, 3], D∩(S3×u) is a nonsingular link. For all u ∈ [0, sn+1),

D ∩ (S3 × u) = ∅.

In plain English, we isotope the disk D so that, starting from the boundary

S3 = S3 × 3 and moving downward, we first see all the saddle points and then the

minima of D. We project the ribbon bands into h−1(0) to obtain a ribbon diagram D

for D. (Assume generically that all ribbon bands are disjoint in D.) Call the bands

b1, . . . , bn, where bi corresponds to the saddle at ti.

See Figure 1.1 for an example of a ribbon disk and Figure 1.2 for a schematic of

D in B4. Whenever we refer to a disk being determined by bands (or index-1 critical

points of a disk corresponding to bands), we are referring to this description of a

ribbon disk.

Now we discuss the transversality condition Theorem 1.8 places on fission bands.
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t = 3

t = t1

t = t1 − ε

t = t2

t = t2 − ε

t = 2

t = s1

t = s1 − ε

t = s2

t = 1

t = s3

t = s2 − ε

∅

Figure 1.1: Top: a diagram of a ribbon disk D with boundary the square knot. Below:

Some cross-sections of D ⊂ B4. Recall h−1(3) (that is, t = 3) is the boundary S3 of

B4.

B4

t = 1

t = 2

t = 3

t = 0

K

D

t1
t2

s1
s2

s3

Figure 1.2: A schematic of a ribbon disk in B4. In this example, the disk has 3

minima and 2 index-1 critical points (bands), as in Figure 1.1.
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Definition 1.9. Let b be a band attached to a fibered knot K, where S3 \ ν(K) =

Σ̊ × I/ ∼. Say b = γ × [0, ε] for some arc γ ∈ S3 with (∂γ) × [0, ε] ⊂ K. We say b

is transverse to the fibration on S3 \ ν(K) if γ̊ is transverse to every Σ̊ × t. Given

a transverse band b, we may (and will) always assume b ∩ (Σ × t) = {finite set of

points} × [0, ε].

In Theorem 1.8, the hypothesis is that all bands in the description of D are disjoint

and simultaneously transverse to the fibration on S3 \ ν(K).

We will give an example and schematic of a ribbon disk in B4 in chapter 4.

The following theorem follows almost immediately from the proof of Theorem 1.8.

Theorem 1.10. Let K be a fibered knot in S3. Let J ⊂ S3 be a knot so that there

is a ribbon concordance from K to J (i.e. there is an annulus A properly embedded

in S3 × I with boundary (K × 1) t (J × 0) so that projI |A is Morse with no local

maxima). Say the index-1 critical points of A correspond to fission bands attached to

K. If the bands can be isotoped to be transverse to the fibration on S3 \ ν(K), then

(S3 × I) \ ν(A) is fibered by compression bodies.

We remark that in Theorem 1.10, the fact that J is fibered follows immediately

from [22, Prop. 5]. Theorem 1.10 is truly a 4-dimensional theorem about the ribbon

concordance between K and J .

Both Theorems 1.8 and 1.10 are applications of our main theorem:

Theorem 1.11. Let Ft be a valid movie of singular fibrations on Z4 so that F0 and

F1 are nonsingular. Then Z4 is fibered over S1 by {Hθ}, where Hθ = ∪tF−1
t (θ).

We will define a valid movie of singular fibrations in chapter 2.

Remark 1.12. The proof of Theorem 1.8 is constructive. From a minimum-genus

surface S ⊂ S3 for K and the fission bands defining D, it is possible to recover the

attaching circles on S which define the handlebody to which the fibration extends.

See chapter 5.

6



b

b b

Figure 1.3: Top left: a band b lies in a single Seifert surface for a fibered knot K. Top

right: Perturb the band near one component of b ∩K so that b̊ is transverse to each

leaf. (We can think of this perturbation as going halfway around S1 = π(S3 \ K),

where π is the projection map from S3 = Σ̊×φ S1 to S1.) Bottom left: side view of b

in one leaf, near one end of b ∩K. Bottom right: side view after perturbing b.

In Theorem 1.8, note that the fission bands are transverse to the open book on S3

induced by the fibration of S3 \ ν(K) in their interior . Near the binding of the open

book on S3, the bands approach K asymptotically tangent to some leaf (see Fig. 1.3,

bottom right).

Remark 1.13. If a fission band attached to a fibered knot K is contained in a fiber

of S3 \ ν(K), we may perturb the band to be transverse to the fibers as in Figure 1.3.

Now we discuss some corollaries of Theorem 1.8.

Corollary 1.14. Let D be a ribbon disk in B4 with exactly two minima. If ∂D is a

fibered knot, then the fibration extends to a fibration of B4 \ ν(D) by handlebodies.

Proof. For a link J in S3, let χ(J) = max{χ(S) | S ⊂ S3 is an oriented surface

bounded by J with no closed components}. Suppose J ′ is obtained from J by

orientation-preserving band surgery along a band b. Then if χ(J ′) > χ(J), the band

b can be isotoped to lie in a Seifert surface S for J with χ(S) = χ(J) [25, Prop 3.1].

Say K = ∂D. Let b be a fission band for K corresponding to the single saddle of

D. Then surgering K along b yields the 2-component unlink U t U . Note χ(K) ≤
7



1 < 2 = χ(U t U), so b may be isotoped to lie in a Seifert surface S for K with

χ(S) = χ(K). Then S is a fiber surface for K (see e.g. [1, Section 5B]), so the claim

follows from Theorem 1.8 and Remark 1.13.

By gluing together two ribbon disks in separate 4-balls, we may obtain a 2-knot.

Definition 1.15. An n-knot is a copy of Sn smoothly embedded into Sn+2.

A 1-knot is a classical knot in S3, while a 2-knot is a knotted 2-sphere in S4.

Definition 1.16. Let D1, D2 be ribbon disks with ∂D1 = ∂D2. We say ∂Di is an

equator of the 2-knot D1 ∪D2 in S4 = B4 ∪B4.

Note that an equator of a 2-knot G is not uniquely defined; for example, K#−K

is an equator of the unknotted 2-sphere for any 1-knot K, as K# − K is naturally

an equator of the 1-twist spin of K, which is unknotted [28].

If G = D1 ∪ D2 where D1, D2 have m1,m2 minima respectively, then in S4 the

2-knot G can be taken to have m1 minima, m2 maxima, and m1 + m2 − 2 saddle

points with respect to the standard height function. (Of course, ambient isotopy of

S4 may change the number of critical points induced by the standard height function

on G.)

Corollary 1.17. Let G be a 2-knot embedded in S4 with exactly two minima, two

maxima, and two saddle points with respect to the standard height function. If the

equator of G (with respect to this decomposition) is a fibered 1-knot of genus-g, then G

is fibered and the closure of the 3-dimensional fiber for G admits a genus-g Heegaard

splitting.

Proof. We have G = D1∪D2, where each Di has two minima and K := ∂Di is fibered.

By Corollary 1.14, the fibration on S3 \ ν(K) extends to fibrations on B4 \ ν(D1) and

B4 \ ν(D2) by genus-g handlebodies. The claim follows.
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Corollary 1.14 can be viewed as an extension of the following fact due to Scharle-

mann [24]: If D ⊂ B4 is a ribbon disk with two minima so that ∂D is the unknot,

then D is boundary parallel (and hence B4 \ ν(D) ∼= S1 × B3 is fibered by 3-balls).

Note that to prove Corollary 1.14, we used the fact that the saddle band lies in a

minimum-genus surface of the equator. This fact also proves Scharlemann’s theorem,

so we have extended this result but do not claim a simpler proof.

Finally, we remark that there is no analogue of Theorem 1.8 for links, as a fibered

(r > 1)-component link cannot be slice (in the sense of bounding r disjoint slice

disks in B4). This follows from the fact that for r > 1, a slice r-component link

L has Alexander polynomial1 ∆(t1, . . . , tr) = 0 [7]. Meanwhile, if L is fibered, then

∆(t, . . . , t) must be monic, as tk(t − 1)∆(t, . . . , t) is the characteristic polynomial of

the monodromy of L for some k ∈ Z [21, Lemma 10.1].

More fundamentally, this result cannot be extended to links because for r > 1,

χ(B4 \ ν(trD2)) < 0, so the complement of multiple ribbon disks in B4 cannot be

fibered.2 Thus, Theorem 1.8 passes a basic sanity check for links.

Outline

• Chapter 2: We give basic definitions and prove Theorem 1.11.

• Chapter 3: We construct a library of basic movies of singular fibrations used to

construct fibrations on larger 4-manifolds.

• Chapter 4: We prove Theorems 1.8 and 1.10. We mainly focus on Theorem 1.8,

and then quickly prove Theorem 1.10 using the same argument.

1We are referring to Fox’s definition of the Alexander polynomial of a link, as in [7].

2More generally, a multi-component link of Sks embedded in Sk+2 is never fibered for k > 1 [11].

For k even, this follows easily from the Euler characteristic argument.
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• Chapter 5: We discuss how to find the 2-handle attaching circles on a fiber

in S3 \ ν(K) which define the handlebody fiber in B4 \ ν(D) built during the

construction of Theorem 1.8.

• Chapter 6: We provide examples of fibered ribbon disks. In particular, we

produce a fibered ribbon disk for each prime fibered slice knot of fewer than 13

crossings.

• Chapter 7: We discuss relevant open questions.
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Chapter 2

Movies of singular fibrations on

4-manifolds with boundary

2.1 Basic definitions

In this section, we essentially give alternate definitions of circular Morse functions

and their critical points specifically in dimension three. These descriptions will be

useful in explicit constructions.

Definition 2.1. A singular fibration F on a compact 3-manifold M3 is a smooth

map F : M3 → S1 with the following properties:

• Each F−1(θ) is a compact, properly embedded surface away from a finite number

of cone or dot singularities in its interior and half-cones , half-dots , and bowls

in its boundary (see below).

• For all but finitely many θ, F−1(θ) is a nonsingular surface.

• There are finitely many singularities in the foliation F induces on ∂M3. If

F−1(θ) ∩ ∂M contains such a singular point, then near that point F−1(θ) is a

half-cone, a half-dot, or a bowl. See Figure 2.1.
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Figure 2.1: Top: neighborhoods of a cone and dot singularity in M̊3. Bottom: Leaves

of F near a half-cone, half–dot, and bowl singular point in the foliation induced on

∂M3.

See Figure 2.1 for an illustration of cone and dot singularities, as well as singu-

larities in the induced foliation on ∂M3. We believe this figure and the names of the

singularities to be sufficient to understand what they are, but we include the following

more precise descriptions for completeness. (These descriptions can be safely ignored

if the reader is comfortable with Figure 2.1).

For p ∈ M̊3, We say that p ∈ F−1(θ) is a cone singularity if for some small 3-ball

neighborhood of p in M3, with coordinates x, y, z, we have F−1(θ) = {x2 + y2 = z2},

and for θ′ 6= θ, F−1(θ′) = {x2 + y2 = z2 + cθ′} for some constant cθ′ 6= 0. In words,

near p the set F−1(θ) looks like a double cone, while each nearby F−1(θ′) looks like

a hyperboloid of one or two sheets.

For p ∈ M̊3, we say p ∈ F−1(θ) is a dot singularity if for some small 3-ball

neighborhood of p in M3, with coordinates x, y, z, we have F−1(θ) = {(0, 0, 0)} and

for θ′ 6= θ, F−1(θ′) = {x2 + y2 + z2 = cθ′} for some constant cθ′ 6= 0. In words, near p

the set F−1(θ) looks like an isolated point, while nearby F−1(θ′) are nested spherical

shells (or the empty set).

For p ∈ ∂M3, we say p ∈ F−1(θ) is a half-cone singularity if for some small

neighborhood of p in M3, with coordinates x, y, z, we have F−1(θ) = {x2 + z2 =

12



y2, z ≥ 0}, and for θ′ 6= θ, F−1(θ′) = {x2 + z2 = y2 + cθ′ , z ≥ 0} for some constant

cθ′ 6= 0. In words, near p the set F−1(θ) looks like half of a cone (half of each side),

while each nearby F−1(θ′) looks like half of a hyperboloid of one or two sheets.

For p ∈ ∂M3, we say p ∈ F−1(θ) is a half-dot singularity if for some small

neighborhood of p in M3, with coordinates x, y, z, we have F−1(θ) = {(0, 0, 0)} and

for θ′ 6= θ, F−1(θ′) = {x2 + y2 + z2 = cθ′ , z ≥ 0} for some constant cθ′ 6= 0. In words,

near p the set F−1(θ) looks like an isolated point, while nearby F−1(θ′) are nested

half-spherical shells (or the empty set).

For p ∈ ∂M3, we say p ∈ F−1(θ) is a bowl singularity if for some small neighbor-

hood of p in M3, with coordinates x, y, z, we have F−1(θ) = {x2 + y2 = z} and for

θ′ 6= θ, F−1(θ′) = {x2 + y2 = z+ cθ′ , z ≥ 0} for some constant cθ′ 6= 0. In words, near

p the set F−1(θ) looks like a bowl (i.e. a circular paraboloid), while nearby F−1(θ′)

are nested bowls or cylinders.

We may think of F as being a circle-valued Morse function on M3, so that the

cone and dot singularities correspond to critical points in the Morse function F . A

cone corresponds to a critical point of index 1 or 2, while a dot to a critical point of

index 0 or 3 (depending on the orientation of each F−1(θ) induced by the positive

orientation of S1).

We will refer to each F−1(θ) as a leaf of F .

We may extend the definition of singular fibrations to some singular 3-manifolds.

Definition 2.2. Let M3 be a closed, compact, singular 3-manifold with finitely many

singularities S = {p1, . . . , pn, q1, . . . , qm | pi ∈ ∂M3, qj ∈ M̊3}. For pi ∈ S ∩ ∂M3,

we require pi to have a neighborhood homeomorphic to one of: {x2 + y2 ≥ z2},

{x2 + y2 ≤ z2}, {x2 + y2 + z2 ≥ 0 | (0, 0, 0) is artificially declared to be a boundary

point} or {(0, 0, 0)}.

For qi ∈ S ∩ M̊3, we require qi to have a neighborhood of the form P ∪ν(qi)∩∂(P ) P ,

where P is a singular manifold with boundary and qi is a singularity as above. (That

13



is, we first understand a neighborhood P of a singularity in ∂M3. Then an interior

singularity has a neighborhood which is a double of P .)

This means ∂M3 is the disjoint union of surfaces with a finite number of cone

singularities and isolated points {p1, . . . , pn}.

Let G be a map G : (M3 \S)→ S1 which is a singular fibration on M3 away from

singularities of M3.

We extend G to F : M3 → S1 by saying F(x) = θ if there is a smooth path

γ : [0, 1] → M3 with γ(1) = x and limt→1 G(γ(t)) = θ. If x is isolated in M3, we

choose F(x) arbitarily. We require that G be defined so that near a singular point pi

in ∂M3, F is as in one of the diagrams in Figure 2.2. Near a singular point qi ∈ M̊3,

F must be as in two mirror copies of one diagram of Figure 2.2 glued along the

boundary near qi. In particular, we require F be a well-defined function.

We call F a singular fibration of M3.

Definition 2.3. A movie of singular fibrations on X4 with Morse function h : X4 → I

is a family of smooth maps Ft : h−1(t) → S1 so that each Ft is a singular fibration

on h−1(t) and the Ft vary smoothly with t (i.e. x 7→ Fh(x)(x) is a smooth map from

X4 to S1).

Lemma 2.4. Let Z4 be a compact 4-manifold. Fix a Morse function h : Z4 → I.

Suppose Ft is a movie of singular fibrations on Z4 (i.e. a family of smooth maps

Ft : h−1(t) → S1) so that F1 and F0 are fibrations (with no singularities) and Ft is

a concatenation of band, disk, and simple or generalized cancellation movies (to be

defined in chapter 3) in order (decreasing t).

Then F1 t F0 extends to a fibration on Z4.

We delay the proof of Lemma 2.4 until Section 3.7.

Our strategy for proving Theorem 1.8 is to construct a movie of singular fibrations

on B4 \ ν(D) from S3 to just above the lowest minimum of D. We choose this movie

14



Figure 2.2: A singular fibration F on a singular 3-manifold M3, as in Def. 2.2. We

require F agree with one of these six configurations in a neighborhood of a singular

point in ∂M3. Near a singular point in M̊3, F should agree with two copies of one

of these diagrams, glued together along boundary near the singularity. We first

describe each figure as if the singularity is in ∂M3. First four: the gray cone is

contained in ∂M3. At the cone point, a leaf of F is either a wedge of two disks along

a boundary point, a disk centered at the cone, a wedge of two disks along a boundary

point, or a point (respectively). A nearby leaf is a disk, annulus, two disjoint disks,

or disk (respectively). Last two: the black dot is an isolated point of ∂M3. We draw

leaves of F near this point, in the case that the point is not isolated in M3, and then

finally the case that the point is isolated in M3. We now describe each figure as

if the singularity is in M̊3. First four: at the singularity, a leaf of F is either a

cone, a cone, a cone, or a point (respectively). A nearby leaf is a cylinder, cylinder,

two disjoint disks, or sphere (respectively). Last two: the black dot is an isolated

point of M̊3. The leaf of F containing the singularity is either a cone or a point,

respectively.
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so that the top singular fibration on S3 \ ν(K) is the honest fibration of the fibered

knot K, and that the bottom singular fibration is the fibration of a solid torus by

meridian disks. In the proof of Lemma 2.4, we will show this gives a fibration on

B4 \ ν(D). (Note that a movie of singular fibrations on B4 \ ν(D) is not equivalent

to a fibration of B4 \ ν(D) – this is an additional step.) By [16], this immediately

completes the proof, but we will separately analyze the constructed movie to directly

show that the fibers of B4 \ ν(D) are handlebodies.

To construct the movie, we give several basic building block movies of singular

fibrations in chapter 3. First, we discuss how movies of singular fibrations may

describe smooth fibrations of a 4-manifold.

2.2 Singularity charts: how to fiber a 4-manifold

Suppose we have a movie Ft of singular fibrations on Z4 and we hope to find a

fibration {Hθ}θ∈S1 of Z4 where each Hθ = ∪tF−1
t (gt(θ)) for some gt : S1 → S1.

First, we consider two natural (and failing) attempts to create a fibration on Z4.

• The “vertical fiber” strategy: Let Hθ = ∪tF−1
t (θ). This fails because F−1

t (θ)

may be singular for an interval of t values. Then the given union will yield a

singular 3-manifold.

• The “tilted fiber” strategy: Let Hθ = ∪tF−1
t (θ+ ct) for a constant c. For some

choice of c, singular cross-sections of Hθ are isolated. However this strategy

fails (in part) because we may change the direction in which the 3-dimensional

fibers flow through a singular leaf in Ft, leading to some 3-dimensional fiber

being singular.

It is very important that the reader unstand the failing of the tilted fiber strategy.

Attempt to take Hθ : ∪tF−1
t (θ + εt). Suppose p is a cone point of Ft for t ∈ [s′, s′′].
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Figure 2.3: Left and right: cross-sections of a smooth 3-manifold. Each has one

singular cross-section (containing a cone). The nearby cross-sections are different

resolutions of that cone. Middle: cross-sections of a singular 3-manifold. Even though

there is only an isolated singular cross-section (a single cone), the resolutions of the

cone are the same above and below the singular cross-section.

Suppose that Hθ′ and Hθ′′ meet p at heights s′ and s′′ respectively. Suppose moreover

that near p, Hθ′ ∩ h−1(s′ − ε) and Hθ′′ ∩ h−1(s′′ + ε) are one-sheeted hyperboloids.

By the intermediate value theorem, there must be some Hθ so that Hθ ∩ h−1(s)

includes p, and for small epsilon Hθ ∩ h−1(t0 − ε) and Hθ ∩ h−1(t0 + ε) are both one-

sheeted hyperboloids near p. Then Hθ is a singular 3-manifold. We illustrate this

situation in Figure 2.3. (We hope that what just took a lot of words to say becomes

obvious in Fig. 2.3.) We see now that it is essential that the 3-dimensional fibers of

Z4 “resolve” the same way at cone p.

We make this more precise:

Definition 2.5. Let Ft be a movie of singular fibrations on a 4-manifold Z4 with

Morse function h : Z4 → I. Let t0 be a regular value of h. Let xt0 ∈ h−1(t0) be a

critical point of Ft0 . Let B ⊂ Z4 be a small neighborhood of xt0 . Take B small so
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index of p
1 2

TF ,t0(p) > 0 type I type II
TF ,t0(p) < 0 type II type I

index of q
0 3

TF ,t0(q) > 0 type /0 type III
TF ,t0(q) < 0 type III type /0

index of b in Ft restricted to ∂h−1(t)
0 2

TF ,t0(b) > 0 type IB type IIB
TF ,t0(b) < 0 type IIB type IB

Table 2.1: We define the type of a cone or half-cone p, a dot or half-dot q, or a bowl

b in a movie of singular fibrations.

that for some small ε > 0, there is a unique critical point xt of Ft in the interior of B

for t ∈ (t0 − ε, t0 + ε).

Let

TF ,t0(x) =
d

ds

∣∣∣∣
s=t0

Fs(xs).

Let p ∈ F−1
t0 (θp) be a cone or half-cone singularity. Let q ∈ F−1

t0 (θq) be a dot or

half-dot singularity. Let b ∈ ∂F−1
t0 (θb) be a bowl point. Assume TF ,t0(θp), TF ,t0(θq),

TF ,t0(θb) 6= 0.

We define the type of p or q or b with respect to Ft in Table 2.1.

See Figure 2.4. In words, if as t decreases the leaves of Ft near a cone p change from

hyperboloids of two sheets to hyperboloids of one sheet (the leaves “fuse together”),

we say p is type I. If the leaves change from hyperboloids of one sheet to hyperboloids

of two sheets (the leaves “split apart”), we say p is type II. Similarly for half-cones.

If as t decreases the leaves of Ft near a dot q shrink, then we say q is of type III.

If the spheres expand, we say q is of type /0. Similarly for half-dots.
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Type I Type /0 Type I Type /0 Type IB

Type II Type III Type II Type III Type IIB

Figure 2.4: The type of a singularity p of Ft. The arrow indicates the direction in

which a singular cross-section of Hθ is resolved as t decreases.

if as t decreases the leaves of Ft near a bowl point b move away from ∂h−1(t) near

b, then we say b is type IIB . If as t decreases, the leaves of Ft move toward ∂h−1(t)

near b, then we say b is type IB .

For Hθ = ∪tF−1
t (θ) to be nonsingular, it must be the case that a singularity of Ft

does not change type as t varies (away from critical points of h).

Remark 2.6. The name of a type of an interior cone or dot refers to a relative handle

in Hθ = ∪tF−1
t (θ) (in a handle decomposition relative to F−1

1 (θ)). A cone of type I

or II contributes a 1- or 2-handle, respectively. A dot of type /0 or III contributes a

0- or 3-handle, respectively.

A half-cone or half-dot contributes a handle with half the usual attaching region.

That is, a copy of Bk×B3−k attached along (one hemisphere of Sk−1)×B3−k (where

S0 is its own hemisphere). Therefore, a half-cone or half-dot of type I or type /0

contributes a 1- or 0-handle respectively. A half-cone or half-dot of type II or III do

not contribute handles to Hθ.

A bowl point of type IIB contributes a 2-handle to Hθ. A bowl point of type IB

does not contribute a handle to Hθ.
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Definition 2.7. Let Ft be a movie of singular fibrations. We will keep track of the

types and indices of singularities as t decreases via a diagram we call a singularity

chart of Ft. The vertical axis is t (with t = 1 at the top and t = 0 at the bottom).

The horizontal axis is S1 = Ft(h−1(t)). We plot the singular values of Ft, so that as t

varies these points trace out arcs with some endpoints where a singularity is born or

dies. We label each arc with the type of the corresponding singularity. Singularities

in ∂h−1(t) are drawn with dashed lines. (Note this is essentially a Cerf chart.)

Definition 2.8. A singularity chart is said to be valid if it satisfies the following

conditions.

• All arcs are smooth in their interiors and are never vertical.

• Arcs may intersect transversely in their interiors. At each endpoint, there are

two or three arcs which share that endpoint. Near the endpoint, the chart looks

like one of the subcharts in Figure 2.5.

If a singularity chart is not valid, we say it is invalid . See Figure 2.6 for an example

of a valid singularity chart.

Note that the index of a singularity and the slope of its arc in a singularity chart

determine its type. If on the arc, θ decreases as t decreases (i.e. the arc has positive

slope), then the index and type agree (e.g. an index-2 cone is type II). If θ increases as

t decreases (i.e. the arc has negative slope), then the index and type do not agree (e.g.

an index-2 cone is type I). Therefore, labelling each arc of a valid singularity chart

with only the type of the singularity it corresponds to also determines the indices of

each singularity.

Remark 2.9. In a valid singularity chart, singularity arcs which cross in their interior

(i.e. correspond to singular points whose heights interchange) may have the same or

different types. Crossing data does not affect the validity of the chart.
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Cancelling-index
interior singularities

are born or die.

At a boundary critical point of h, two
boundary singularities of the same

type (opposite index) are born or die.

An interior and boundary
singularity are born or die.

A new boundary
singularity takes their place.

At an interior
critical point of
h, two interior
singularities of
the same type

(opposite index)
are born or die.

Cancelling-index
boundary

singularities
are born or die.

Figure 2.5: Possible configurations of two or three arcs meeting at an endpoint in a

valid singularity chart.

Definition 2.10. We say that a movie of singular fibrations Ft is valid if the singu-

larity chart for Ft is valid after potentially perturbing Ft away from critical points of

h.

That is, Ft is valid if it is valid near critical points of h, and each arc in the

singularity chart for Ft attains one type (sign of slope), but may sometimes have

undefined type (vertical slope). Singularity arcs may be tangent or coincide in some

interval, but a small perturbation of Ft should make them intersect transversely.

In the singularity chart for a valid movie, we label each arc with the unique type

it ever attains.
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t

θ

Figure 2.6: An example of a valid singularity chart. Note that no arc is ever vertical.

Each endpoint locally looks like one of the images in Fig. 2.5. Colors/shades of the

arcs are only meant to help the reader view the image; they contain no mathematical

meaning.

From now on, when Ft is a valid movie, we will implicitly perturb Ft to have valid

singularity chart.

Theorem 1.11 essentially follows from the definition of a valid singularity chart.

Theorem 1.11. Let Ft be a movie of singular fibrations on Z4 with a valid singularity

chart so that F0 and F1 are nonsingular. Then Z4 is fibered over S1 by {Hθ}, where

Hθ = ∪tF−1
t (θ).

Proof. Because the types of an arc in a singularity chart C for Ft never change, each

Hθ is nonsingular away from points in Z4 corresponding to endpoints of arcs in C.

Where C has a cusp (as in a standard Cerf diagram), the Hθ are smooth. Near

the endpoint, the arcs are contributing geometrically cancelling handles to each Hθ

(Or, in the case of a type II,III- or IB -,II- boundary pair, no handles at all.)
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Where three arcs in C have a common endpoint (i.e. at a cusp of an interior and

boundary singularity, with another boundary singularity on the other side), the Hθ

are similarly smooth. Near the endpoint, the interior singularity arc contributes a

k-handle, where k = {0, 1, 2, 3} if the singularity is type {/0, I, II, III}. The boundary

singularity cancelled by the interior contributes a Dj × D3−j attached along (hemi-

sphere of Sj−1)×D3−j, where j = {0, 1, 2, 3} if the singularity is type {/0, I or IB , II

or IIB , III}.

Suppose k = 1 and j = 2. The handle D1×D2 and half-handle D2×D1 glue along

(hemisphere of S1)×D1 to form a D3 attached along (hemisphere of S0)×D2, exactly

the handle contribution of a type I half-cone. (Recall that S0 is its own hemisphere.)

Similarly for other cancelling k and j. These points in the singularity chart should be

thought of as a standard critical point birth/death, intersected with a half-ball whose

boundary meets the critical point.

Finally, we consider a common endpoint of two arcs in C which is not a cusp. This

endpoint is at a local maximum or minimum of arcs in C, so can be thought of as a

birth or death of two arcs. The two arcs are of the same type (opposite index). This

pair of births/deaths corresponds to a critical point of h.

Recall in the definition of a singular fibration on a singular 3-manifold M3 =

h−1(t), we specify six possible configurations of F−1(t) near a singular point in ∂M3

or M̊3. (this was Fig. 2.2). Say x ∈ h−1(t0) is a critical point of h. Then F−1(t0)

near x determines F−1(t0 ± ε) near x, up to an automorphism of S1.

We assume that Ft is valid, which further constrains this automorphism of S1.

This determines the topology of Hθ near x. In particular, the Hθ containing x is

nonsingular near x. See Figure 2.7.

Thus, {Hθ} is a (transversely oriented) codimension-1 foliation of Z4 with compact

leaves. That is, {Hθ} is a fibration of Z4 over S1.
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decreasing t

interior boundary

Figure 2.7: If Ft has a valid movie of singular fibrations, then near a critical point

of h, Ft looks like one of these movies or their inverses (t 7→ 1 − t). We shade the

Hθ that includes the critical point of h, and find that Hθ is smooth near the critical

point. We have drawn each picture as if the singularity is in ∂M3; double the picture

to obtain a movie containing an interior critical point of h.
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Chapter 3

Building blocks: simple movies of

fibrations

In this chapter, we construct several explicit movies of singular fibrations.

Every movie Ft : Z4 → S1 (with height function hF : Z4 → I) from this chapter

has the following property: Up to isotopy Ft agrees with F1 on (∂h−1(1))∩(π∂h−1(t)),

under a natural projection π.

Let G be an arbitrary singular fibration on a 3-manifold M3. Suppose that G

agrees with F1 on some copy h−1
F (1) ⊂ M3. Then we can extend G to a movie Gt on

[(M3 \ h−1
F (1))× I] ∪ Z4 where Gt = G outside Z4 and Gt = Ft inside Z4.

We will say that we build Gt by “playing” Movie Ft, where the identification

h−1
F (1) ↪→ M3 is clear. We might refer to Gt as agreeing with the “top” of Ft in

h−1
F (1) ⊂M3.

At the end of each section, we produce a valid singularity chart for each movie.

To make the definition of these movies simpler, we will consider a special singular

fibration on B3.
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Definition 3.1. A singular fibration F on B3 = D2 × I/(D2 × 0 ∼ pt, D2 × 1 ∼ pt)

is standard if each component of F−1(θ) (for all θ) is D2 × pt. A standard singular

fibration of B3 has no interior singularities, and has two half-dot singularities in ∂B3.

3.1 Adding or cancelling singular points

We define movies corresponding to adding or cancelling a pair of singularities.

Movie 1 (Interior stabilization and destabilization). See Figure 3.1.

Let Z4 = B3 × I, where h : Z4 → I is projection onto the second factor. Let

F1 be a standard singular fibration of B3 × 1. View F1 : B3 → S1 as a circular

Morse function. As t decreases to 1/2, obtain Ft from F1 by perturbing to add a

cancelling-index pair. Then F1/2 agrees with F1 in a neighborhood of ∂B3, but F1/2

has exactly two interior singularities: one cone and one dot if the cancelling pair are

index-0,-1 or -2,-3; two cones if the cancelling pair are index-1,-2. Extend Ft vertically

to t = 0. We call Ft an interior stabilization movie (we generally include the indices

of the birthed critical points but may drop the word “interior”).

Let h̄ : Z4 → I be given by h̄(t) = h(1− t). Let Gt = F1−t. With respect to h̄, we

call Gt an interior destabilization movie.

We note that in the description of Ft, it is not clear what are the types of the two

singularities. In fact, we may parametrize Ft so that the types of the singularities

either both agree or both disagree with their indices (i.e. an index-0,-1 pair may be

types /0 and I or types III and II). See Figure 3.2.

Movie 2 (Boundary stabilization and destabilization). See Figure 3.3.

Let Z4 = B3 × I, where h : Z4 → I is projection onto the second factor. Let F1

be a standard singular fibration of B3 × 1. View F1 : B3 → S1 as a circular Morse

function. Fix x ∈ ∂h−1(1) so that there are no interior or boundary singularities of

F1 in a small neighborhood ν(x).
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decreasing t

decreasing t

Figure 3.1: A diagram of an interior stabilization movie. As t decreases, we perturb Ft

to add a cancelling pair of critical points. Top: an index-0,-1 or -2,-3 pair, depending

on the orientation of Ft. Bottom: an index-1,-2 pair (the order depends on the

orientation of Ft).

decreasing t

Figure 3.2: Each row is a schematic of an interior stabilization movie (either index-0,-

1 or -2,-3). In the top movie, the cone is type I and the dot is type /0. In the bottom,

the cone is type II and the dot is type III.
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Figure 3.3: As t decreases, we stabilize or destabilize Ft at a point in ∂h−1(t).

View F1 : B3 → S1 as a circular Morse function. As t decreases to 1/2, obtain

Ft from F1 by perturbing to add a cancelling pair of critical points at x. Then F1/2

agrees with F1 outside ν(x), but has two boundary singularities in ν(x).

If the stabilization is 0-,1- or 2-,3- stabilization, then the new boundary singu-

larities are a half-cone and half-dot. If the stabilization is a 1-,2- stabilization, then

the new boundary singularities are a half-cone and a bowl. We call Ft the boundary

stabilization movie (and specify the indices of the birthed singularities).

Let h̄ : Z4 → I be given by h̄(t) = h(1− t). Let Gt = F1−t. With respect to h̄, we

call Gt the boundary destabilization movie.

As in the interior stabilization movie, the types of the singularities of Ft may be

taken to agree with their indices, or to be opposite.

In Figure 3.4, we give a valid singularity chart for each interior stabilization

and destabilization movie. We give two charts for each, which describe different

parametrizations of a (de)stabilization movie. We omit the boundary singularities,

which persist through the whole movie.

In Figure 3.5, we give a valid singularity chart for each boundary stabilization

and destabilization movie. We give two charts for each, which describe different

parametrizations of a (de)stabilization movie. We omit other singularities which

persist through the whole movie.
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Figure 3.4: Valid singularity charts for each interior stabilization/destabilization. The

left half are interior stabilization, while the right half are destabilization. Top row:

0-,1-(de)stabilization. Middle row: 1-,2-(de)stabilization. Note that either of the

cones may be taken to be the type I cone. Bottom row: 2-,3-(de)stabilization.
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Figure 3.5: Valid singularity charts for each boundary stabilization/destabilization.

The left half are boundary stabilization, while the right half are boundary destabiliza-

tion. Top and second row: 1-, 2- (de)stabilization. Third row: 0-,1-(de)stabilization.

Bottom row: 2-,3-(de)stabilization.
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decreasing t

Figure 3.6: The first boundary fusion movie.

3.2 Movies on Z4 where h : Z4 → I has one critical

point

In the proof of Theorem 1.11, we implicitly described movies of singular fibrations on

Z4 where h : Z4 → I has one critical point. Now we make this more explicit. We

start with the case that the critical point of h is contained in ∂Z4.

Movie 3 (Boundary fusion/compression movie 1). Let Z4 ∼= B4 and h : Z4 → I so

that h−1(1) = B3, h−1(0) ∼= S1 × D2, and h has one critical point. Say the critical

value is 1/2.

Let Ft be the movie of Figure 3.6. That is, let Ft be a standard fibration on B3

for t > 1/2. One leaf of F1/2 is a wedge of two disks along a boundary point. For

t < 1/2, Ft has two half-cone singularities of opposite index. Ft has a singularity

chart containing a birth of two type II half-cones, of opposite index.

We call Ft the first boundary fusion movie (or boundary fusion movie 1).

Let h̄ : Z4 → I be given by h̄(t) = h(1− t). Let Gt = F1−t. With respect to h̄, Gt

has a singularity chart containing a death of two type I half-cones, of opposite index.

We call Gt the first boundary compression movie (or boundary compression movie

1).
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decreasing t

Figure 3.7: The second boundary fusion movie. We only draw a neighborhood of the

arc between the two bowls, ignoring the other boundary singularities.

Movie 4 (Boundary fusion/compression movie 2). Let Z4 ∼= B4 and h : Z4 → I so

that h−1(1) = B3, h−1(0) ∼= S1 × D2, and h has one critical point. Say the critical

value is 1/2.

Let Ft be the movie of Figure 3.7. F1 is a fibration with no interior singularities,

two bowls (of opposite indices), two half-cones (opposite indices), and two half-dots

(opposite indices). In particular, there is an arc between the two bowl points which

is transverse to the leaves of F1, as pictured. In F1/2, one leaf F−1
1/2(θ0) is a disk and

contains the critical point of h. For t < 1/2, for θ near θ0, F−1
t (θ) is an annulus.

Ft has a singularity chart containing a death of two type IB bowls, of opposite

index.

We call Ft the second boundary fusion movie (or boundary fusion movie 2).

Let h̄ : Z4 → I be given by h̄(t) = h(1− t). Let Gt = F1−t. With respect to h̄, Gt

has a singularity chart containing a birth of two type IIB bowls, of opposite index.

We call Gt the second boundary compression movie (or boundary compression

movie 2).

Movie 5 (Boundary fusion/compression movie 3). Let Z4 ∼= B4 and h : Z4 → I so

that h−1(1) = B3 t B3, h−1(0) = B3, and h has one critical point. Say the critical

value is 1/2.

Let Ft be the movie of Figure 3.8.
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decreasing t

Figure 3.8: The third boundary fusion movie.

That is, let Ft be a standard fibration on each component of B3 tB3 for t > 1/2.

The leaf of F1/2 containing the critical point of h is a wedge of two disks. For t < 1/2,

Ft is a standard fibration.

Ft has a singularity chart containing a birth of two type I half-cones, of opposite

index.

We call Ft the third boundary fusion movie (or boundary fusion movie 3).

Let h̄ : Z4 → I be given by h̄(t) = h(1 − t). Let Gt = F1−t. With respect to h̄,

Gt has a singularity chart containing a death of two type II half-cones, of opposite

index.

We call Gt the third boundary compression movie (or boundary compression movie

3).

Movie 6 (Boundary fusion/compression movie 4). Let Z4 ∼= B4 and h : Z4 → I so

that h−1(1) = B3 t B3, h−1(0) = B3, and h has one critical point. Say the critical

value is 1/2.

Let Ft be the movie of Figure 3.9.

That is, let Ft be a standard fibration on each component of B3 tB3 for t > 1/2.

One leaf of F1/2 is the critical point of h. For t < 1/2, Ft is a standard fibration.
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decreasing t

Figure 3.9: The fourth boundary fusion movie.

Ft has a singularity chart containing a death of two type /0 half-dots, of opposite

index.

We call Ft the fourth boundary fusion movie (or boundary fusion movie 4).

Let h̄ : Z4 → I be given by h̄(t) = h(1− t). Let Gt = F1−t. With respect to h̄, Gt

has a singularity chart containing a birth of two type III half-dots, of opposite index.

We call Gt the fourth boundary compression movie (or boundary compression

movie 4).

Movie 7 (Boundary birth/death movie 1). Let Z4 ∼= B4 and h : Z4 → I so that

h−1(1) = B3, h−1(0) = B3 \ ν(point) ∼= S2 × I, and h has one critical point. Say the

critical value is 1/2.

Let Ft be the movie of Figure 3.10.

That is, let Ft be a standard fibration on each component of B3 tB3 for t > 1/2.

For t < 1/2, Ft agrees with a standard fibration in a neighborhood of ∂B3. Ft has

two bowl singularities on the other boundary component of h−1(t).

Ft has a singularity chart containing a birth of two type IB bowls, of opposite

index.

We call Ft the first boundary birth movie (or boundary birth movie 1).
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decreasing t

Figure 3.10: The first boundary birth movie.

decreasing t

Figure 3.11: The second boundary birth movie.

Let h̄ : Z4 → I be given by h̄(t) = h(1− t). Let Gt = F1−t. With respect to h̄, Gt

has a singularity chart containing a death of two type IIB bowls, of opposite index.

We call Gt the first boundary death movie (or boundary death movie 1).

Movie 8 (Boundary birth/death movie 2). Let Z4 ∼= B4 and h : Z4 → I so that

h−1(1) = ∅, h−1(0) = B3, and h has one critical point. Say the critical value is 1/2.

Let Ft be the movie of Figure 3.11.

That is, let Ft be a standard fibration on B3 for t < 1/2. F1/2 maps h−1(1/2) = pt

to some value of θ.

Ft has a singularity chart containing a birth of two type /0 half-dots, of opposite

index.

We call Ft the second boundary birth movie (or boundary birth movie 2).

Let h̄ : Z4 → I be given by h̄(t) = h(1− t). Let Gt = F1−t. With respect to h̄, Gt

has a singularity chart containing a death of two type III half-dots, of opposite index.

We call Gt the second boundary death movie (or boundary death movie 2).
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Movie 9. Let h : Z4 → I be Morse and Ft on Z4 be a boundary fusion, compression,

birth, or death movie. Let x ∈ ∂Z4 be the critical point of h. Let X4 = Z4∪∂Z4∩ν(x)Z4

be a double of Z4 along x, and h̃ : X4 → I be given by h̃ = h ∪ h.

Let Gt be a movie of singular fibrations on X4 given by Gt = Ft ∪ Ft (that is, Gt

agrees with Ft on Z4, and agrees with Ft on Z4).

We call Gt an interior singularity movie. Let CF and CG be valid charts for F and

G, respectively. We give a table with the name of Gt and a description of part of CF

and CG.

Ft Gt in CF (boundary) in CG (as interior) index of c.p. of h

Boundary fusion 1 Index-2 birth II birth II birth 2

Boundary fusion 2 Index-1 death IB death I death 2

Boundary fusion 3 First index-1 birth I birth I birth 3

Boundary fusion 4 Index-0 death /0 death /0 death 3

Boundary birth 1 Second Index-2 birth IB birth I birth 2

Boundary birth 2 Index-0 birth /0 birth /0 birth 4

Boundary compression 1 Index-1 death I death I death 2

Boundary compression 2 Index-2 birth IIB birth II birth 2

Boundary compression 3 First Index-2 death II death II death 1

Boundary compression 4 Index-3 birth III birth III birth 1

Boundary death 1 Second Index-1 death IIB death II death 2

Boundary death 2 Index-3 death III death III death 0

The names of these movies may seem unwieldy, but the logic is for the name of

Gt to simply describe the critical points introduced in Gt as t decreases from 1 to 0.

An index-k birth corresponds to an index-(4− k) critical point of the ambient height

function, while an index-k death corresponds to an index-(3− k) critical point of the

ambient height function. (Again, there is some confusion as we generally work from

top to bottom, but this viewpoint is convenient for this paper.)

In Figure 3.12, we give valid singularity charts for the boundary fusion, compres-

sion, birth, death movies and the interior singularity movies, omitting the persisting

singularities.
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Figure 3.12: Valid singularity charts for the boundary fusion, compression, birth,

death and interior singularity movies.

3.3 Positioning singularities in a fibration

In this section, we define movies Ft on M3 × I which allow us to “position” the

singularities of F1, in the sense of choosing the singular values of F0 (with some

constraints). Imprecisely, both of these movies essentially “flow” some choice of leaves

of F1 through a singularity. These movies exchange the heights of critical points of

Ft as t decreases.

Movie 10 (Positioning a dot or half-dot along an arc). Let F1 be a singular fibration

on M3. Suppose q is a cone point, and p is a dot or half-dot of F1. Assume there

exists an injective γ : [0, 1] → M3 transverse to the leaves of F1 so that γ(0) = q,

γ(1) = p.

If p ∈ M̊3, then assume γ(I) ⊂ M̊3 and the leaf component of F1 containing γ(t)

is a 2-sphere for 0 < t < 1.

If p ∈ ∂M3, then assume γ(I)∩∂M3 = p and the leaf component of F1 containing

γ(t) is a 2-hemisphere for 0 < t < 1.

Fix ε > 0 small, and let η : [0, 1]→M3 be given by η(s) = γ((1− ε)s+ ε).
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First assume p is in the interior of h−1(t) (so p is a dot). We define a movie Ft on

M3 × I as follows:

• If x ∈M3 is not in a leaf component of F1 meeting η([0, 1]), then Ft(x) = F1(x)

for all t.

• Let B be the set on which we have not defined Ft. If p is a dot singularity (in

the interior of h−1(t), write B = S2 × I/(S2 × 1 ∼ pt) so p = S2 × 1/ ∼, and

F1(S2 × s) = F1(η(s)).

• If p is a half-dot, write B = D2 × I/(D2 × 1 ∼ pt) so p = D2 × 1/ ∼, and

F1(D2 × s) = F1(γ(s)).

• Define Ft by

Ft(S2 × s) = F1(η(ts+ (1− t)εs).

As t decreases, we are shrinking the range of Ft |B while fixing Ft |M3\B. See

Figure 3.13 for an illustration.

Note that when positioning a dot or half-dot, the (components of) the level sets

of Ft are identical for all t. In the beginning of this section, we said this movie would

“position” a singularity. The singularities p, q ∈M3 of F1 are also singularities of F0;

we have not moved the singular points within M3. However, in M3 × 0 the arc γ is

very short in the sense that F0(γ(I)) is very short in S1.

If ε > 0 is taken to be sufficiently small, then γ((0, 1)) does not intersect any

singular leaf of F0.

Movie 11 (Positioning a cone along an arc). Consult Figure 3.14. This image conveys

the idea of this movie better than the ensuing text.

Let F1 be a singular fibration on M3. Suppose q is a cone point of F1. Let

γ : [−1, 1] → M̊3 be injective so that γ(0) = q, F1(γ(s)) = F1(γ(−s)) for all s, and
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Figure 3.13: Diagram of positioning a dot or half-dot. We draw a neighborhood of

B, which might be a solid torus or a ball. On the light gray leaf components (and all

components not illustrated), Ft is fixed for all t. As t decreases, the range of Ft(B)

contracts.

γ(I) is transverse to the leaves of F1 and does not meet any singularities except q.

Let B be a small ball containing γ(I). Choose γ so that near q, γ(±ε) meets the

two-sheeted hyperboloid leaves of F1 |B (rather than the one-sheeted leaves).

We define the movie Ft by:

• If x is not in B̊, then Ft(x) = F1(x) for all t.

• The leaves of Ft |B are (up to isotopy) hyperboloids, except for one cone.

• At time t, the cone of Ft |B lies in F−1
t F1(γ(1− t)). The leaves of F1 |B meeting

γ(s) for |s| > 1 − t are still two-sheeted hyperboloid leaves of Ft |B, while the

leaves of F1 meeting γ(s) for |s| < 1− t become one-sheeted hyperboloid leaves

of Ft |B.

The purpose of this movie is that in F0, the cone singularity q now lies in

F−1
0 (F1(γ(±1))).
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γ

decreasing t

Figure 3.14: Diagram of positioning a cone along an arc γ. We draw a neighborhoor-

hood of γ. As t decreases, the value of Ft(cone point) changes from F1(γ(0)) to

F1(γ(±1)).

As described, a chart for Ft has a cone of type I. We will now reparametrize Ft

so that the cone is type II. Let B be a small neighborhood of γ([−1, 1]) so that q is

the only singularity of F1 contained in B. Let f : S1 → [0,m] be a narrow bump

function on F1(q). If q is index-1, let f := −f .

Let gt : S1 → S1 be a smooth family of automorphisms with g1 = id and dgt/dt =

−f . Obtain a movie of singular fibrations G̃t on B×I defined by G̃t(x) = gt◦Ft(x) for

x ∈ h−1(t). If m is taken to be sufficiently large, then the repositioned cone is type II

in G̃t. Now isotope G̃t near ∂B so that G̃t |ν(∂B) agrees with Ft. Let Gt be a movie on

M3 × I given by Gt(x) =


G̃t(x) | x ∈ B

Ft(x) | x 6∈ B
. The movies Gt and Ft agree near every

singularity of Ft except q, so their charts are identical except for the arc of q, which

has opposite slope (and hence opposite type) in the other chart. See Figure 3.15.

Movie 12 (Positioning a cone along a disk). This movie is the inverse of positioning

a cone along an arc. However, we wish to write this movie out explicitly.
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decreasing t

Figure 3.15: When positioning a cone along an arc γ, suppose γ meets no other

singular leaf. By reparametrizing Ft, we find a movie Gt in which the positioned cone

is type II. In bold: G−1
t (θ0) near the positioned cone, as t decreases.

Let F1 be a singular fibration on M3. Suppose q is a cone point of F1. Let D be an

improperly embedded disk in M̊3 intersecting q, with ∂D contained in one leaf of F1.

Parameterize D so D = S1× I/(S1× 1 ∼ pt), where S1× 0 = ∂D and S1× 1/ ∼= q.

Assume that each S1 × r lives in a single leaf of F1, which intersects D transversely

for 0 < r < 1. Let B be an open neighborhood of D.

We define the movie Ft by:

• If x is not in B, then Ft(x) = F1(x) for all t.

• The leaves of Ft |B are (up to isotopy) hyperboloids, except one cone.

• At time t, the cone of Ft | B lies in F−1
t F1(S1×t). The leaves of F1 | B meeting

D in S1 × r are still one-sheeted hyperboloid leafs of Ft |B when r < t. When

r > 1, they become two-sheeted hyperboloid leafs of Ft |B.

The purpose of this movie is that in F0, the cone singularity q now lies in

F−1
0 (F1(∂D)).
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Position cone along arc Position cone along disk

Position dot or half-dot

Figure 3.16: Valid singularity charts for the positioning movies. Each chart contains

one arc (we omit the arcs of the singularities we are not positioning).

As described, the repositioned cone is type II in Ft.

Similarly to the “positioning a cone along an arc” movie, we may reparame-

terize this movie to find a chart in which the repositioned cone is type I (by first

reparametrizing in a small neighborhood of D × I and then extending to M3 × I).

In Figure 3.16, we give singularity charts for the singularity positioning movies.

3.4 Cancelling interior and boundary singularities

Movie 13 (Cancelling a cone with a half-cone). See Figure 3.17 (top).

Let F1 be a singular fibration on B3 which has two half-cone singularities p1, p2

on ∂B3 and one cone q in the interior of B3. (Necessarily, the half-cones are both of

index i while the cone is index 3− i.)

Let D = S1 × I/(S1 × 1 ∼ pt) be a disk improperly embedded in B3 so that

D ∩ p2 = ∅, D ∩ ∂B3 = p1 ∈ S1 × 0, q = S1 × 1, D is transverse to the leaves of F

away from p1 and q and S1× s is contained in a single leaf for each s. We proceed as

if positioning q along D. That is, obtain Ft by perturbing F1 in a neighborhood of D
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so that the cone lies in F−1
t (Ft(S1 × t)). As t grows small, take the cone point to be

very close to p1. At t = 0, the cone meets p1 and becomes a half-cone of index 3− i.

As written, the interior cone of Ft is type II while the cancelled boundary half-

cone is type I. Now we describe a movie Gt with the same level sets, in which the

types are reversed.

Let G1 = F1. Let D′ = [0, π]× I/([0, π]× 1 ∼ pt) be a disk improperly embedded

in B3 so that D′ ∩ p2 = ∅, p1 = [0, π] × 1, q ∈ [0, π] × 0, D′ ∩ ∂B3 = {0, π} × I, D′

is transverse to the leaves of F away from p1 and q and [0, π] × s is contained in a

single leaf for each s. We proceed as if positioning p1 along D′. That is, obtain Gt by

perturbing G1 in a neighborhood of D′ so that the half-cone lies in G−1
t (Ft([0, π]× t)).

As t grows small, take the cone point to be very close to p1. At t = 0, the cone meets

the boundary and becomes a half-cone of index 3− i.

We say that Ft and Gt are movies of a cone, half-cone death. Turning Ft or Gt

upside-down yields a movie of a cone, half-cone birth.

Movie 14 (Cancelling a cone with a half-dot). See Figure 3.17 (bottom).

Let F1 be a singular fibration on M3. Suppose q is a cone point of F1. Let

γ : [0, 1] → M3 so that γ(0) = q, γ(1) is a half-dot p, and γ(I) ∩ ∂M3 = ∅. Assume

γ((0, 1)) is transverse to the leaves of F1 and does not meet any singular leaf compo-

nents of F1. Choose γ so that near q, γ(ε) meets the two-sheeted hyperboloid leaves

of F1 |ν(q) (rather than the one-sheeted leaves).

From t = 1 to 1/2, position the half-dot along γ so that γ((0, 1)) does not meet

any singular leaves of F1/2. Extend γ to an interval [−δ, 1] so that F1/2(γ(s)) =

F1/2(γ(−s)), as in the “positioning a cone along an arc” movie.

Let B be a small neighborhood of γ((−δ, 1)).

We define the movie Ft by:

• If x is not in B̊, then Ft(x) = F1(x) for all t.
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decreasing t

Figure 3.17: Top: a schematic of the cone, half-cone death. Bottom: a cone, half-dot

death.

• The leaves of Ft |B are (up to isotopy) hyperboloids, except one cone.

• At time t, the cone of Ft | B lies in F−1
t F1(γ(1 − t)). The leaves of F1 | B

meeting γ(s) for |s| < t are still two-sheeted hyperboloid leaves of Ft |B, while

the leaves of F1 meeting γ(s) for |s| > t > 0 become one-sheeted hyperboloid

leaves of Ft |B.

As t grows small, take the cone to be very close to p. At t = 0, the cone meets p

and becomes a bowl singularity.

As described, the cone is type I and the half-dot is type /0. Because γ((−δ, 1))

does not meet any singular leaves of F1/2, we can reparametrize Ft to find a movie

Gt with the same level sets in which the positioned cone is type II (and the half-dot

is type III) as follows:

• Let f : S1 → [0,m] be a narrow bump function on F1/2(γ([−δ, 1])). If q is

index-1, let f := −f .
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II

I

Figure 3.18: Top row: valid singularity charts for the cone, half-cone and cone, half-

dot deaths. Bottom row: valid singularity charts for the cone, half-cone and cone,

half-dot births. We omit the arc of the half-cone or half-dot which is not cancelled

or born during the movie.

• Let gt : S1 → S1 be a smooth family of automorphisms with g1 = id and

dgt/dt = −f .

• Let Gt(x) = gt ◦ Ft(x) for x ∈ h−1(t).

If m is taken to be sufficiently large, then the repositioned cone is type II in Gt, and

the half-dot is type III.

We say that Ft is a movie of a cone, half-dot death. Turning Ft upside-down

yields a movie of a cone, half-dot birth.

In Figure 3.18, we give a valid singularity chart for the interior and boundary

singularity cancellation movies.

3.5 Movies on B3× I \ν(saddle, minimum, or max-

imum disk)

Now we consider slightly more interesting 4-manifolds. These movies are defined on

Z4 ∼= (B3× I) \ (surface with a single singular cross-section). Most of the interesting
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information of these singular movies is determined by the topology of Z4, while (very

informally) Ft does not change much with t.

Movie 15 (Saddle movie). Consult Figure 3.19. Let h : B3 × I → I be projection

onto the second factor. Let R ⊂ B3×I be a saddle. That is, R is a properly embedded

disk with R ∩ (B3 × 0) ∼= R ∩ (B3 × 1) ∼= {2 arcs} and h |R is Morse with single

index-1 critical point and no index-0 or -2 critical points.

Let Z4 = (B3× I)\ ν(R) and restrict h to Z4. There are two values of t for which

h−1(t) is a singular 3-manifold; say these values are t = 3/4 and t = 1/4. We define

a movie of singular fibrations Ft : h−1(t)→ S1 on Z4 as follows:

• Figure 3.19 (top left): Let F1 be as indicated. There are two half-cone singular-

ities of F1 in ∂h−1(1), which are both far from ∂ν(R). The nonsingular leaves

of F1 are either: a single disk, a disjoint union of two disks, or an annulus.

There is one cone singularity of F1 in the interior of h−1(1) corresponding to

the compression of the annular leaves. There are no dot singularities.

• Figure 3.19 (top right): At t = 3/4, h−1(3/4) is a singular 3-manifold.

• Figure 3.19 (middle left): For 1/4 < t < 3/4, h−1(t) is a solid of genus-3. Ft

has no singularities in the interior of h−1(t). (The cone leaf at t > 3/4 becomes

a half-cone meeting ∂ν(R).) There are four half-cone singularities of Ft in

∂h−1(t), two of which lie on ∂ν(R).

• Figure 3.19 (middle right): Again, h−1(1/4) is a singular 3-manifold. Note

h−1(1/4) ∼= h−1(3/4). Under a rotation, the singular fibration F1/4 is identical

to the singular fibration F3/4.

• Figure 3.19 (bottom left): As t decreases to 0, we take Ft = F1−t under a

rotation so that the movies Ft (t decreasing from 1/4 to 0) and Ft (t increasing

from 3/4 to 1) are identical (under a rotation). This results in a singular
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Figure 3.19: Diagram of a saddle movie. This is a movie of singular fibrations on

(B3 × I) \ ν(saddle).

46



fibration F0 with two half-cones on ∂h−1(0) and one cone in the interior of

h−1(0).

Note that the cone singularities in F0 and F1 are contained in different F−1
t (θ)’s

(different values of θ).

Movie 16 (Minimum/maximum movie). Consult Figure 3.20. Let h : B3×I → I be

projection onto the second factor. Let R ⊂ B3×I be a disk with unknotted boundary

in B3 × 1, so that h |R is Morse with one critical point (necessarily of index 0). Note

R ∩ (B3 × 0) = ∅.

Let Z4 = (B3× I)\ ν(R) and restrict h to Z4. There are two values of t for which

h−1(t) is a singular 3-manifold; say these values are t = 2/3 and t = 1/6. We define

a movie of singular fibrations Ft : h−1(t)→ S1 on Z4 as follows:

• Figure 3.20 (top left): Let F1 be as indicated. There are two dot singularities

in the foliation F1 induces on ∂h−1(1), which both lie in ∂B3. The nonsingular

leaves of F1 are disks and annuli. F1 has no singularities in the interior of

h−1(1).

• Figure 3.20 (top right): As t decreases to 5/6, play the fourth boundary com-

pression movie.

• Figure 3.20 (left, second row): There are two half-dot singularities on the now

spherical boundary component.

• Figure 3.20 (right, second row): Play an interior 0-,1- stabilization and a 2-,3-

stabilization near the half-dots. (Do the 0-,1- stabilization near the index-0

half-dot.)

• Figure 3.20 (left, third row): Play a cone, half-dot death movie near each half-

dot. Now there are two bowl singularities.
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Figure 3.20: Diagram of a minimum movie. This is a movie of singular fibrations on

(B3 × I) \ ν(disk with one minimum).

• Figure 3.20 (right, third row): Play the first boundary death movie.

• Figure 3.20 (bottom left): As t decreases to 0, we have h−1(t) = B3. There are

two dot singularities in the interior of B3.

Let h̄ : Z4 → I be given by h̄(t) = h(1−t). Let Gt = F1−t. Now Z4 = B3×I\ν(disk

with one maximum with respect to h̄). With respect to h̄, we call Gt a maximum

movie.

In Figure 3.21, we give a valid singularity chart for the saddle, minimum, and

maximum movies.
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Saddle

Minimum Maximum

Figure 3.21: Top row: two singularity charts for the saddle movies (the difference

is the indices of the singular points). Bottom left: a chart for the minimum movie.

Bottom right: a chart for the maximum movie. The colors are just meant to help

the reader distinguish intersecting arcs. We omit arcs corresponding to singularities

which persist from t = 1 to t = 0.

3.6 Composite movies

In this section, we will combine previous movies to define more complicated movies

of singular fibrations.

Movie 17 (Simple cancellation movie). Here, we combine the positioning movies

with the interior destabilization movie to cancel a cone and dot singularity, when the

cone is the nearest singularity of F1 to the dot.

Let Z4 = M3 × I, and h : M3 × I be projection onto the second factor. Let F1

be a singular fibration of M3 × 1 including a cone singularity q and a dot singularity

p, of cancelling indices.

Suppose there exists an arc γ : [0, 1] which is transverse to the nonsingular leaves

of F1 so that γ(0) = q and γ(1) = p. Let L be a nonsingular leaf near q so that

ν(q) ∩ L has two components. Assume that these two components are in distinct
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γ

Figure 3.22: If we attempt to cancel a dot with a cone where the two sheets of

F−1
t (θ) near the cone are in the same component of F−1

t (θ), then we cannot actually

destabilize the circular Morse function Ft. Left: a local picture of a dot and cone

singularity; the two sheets of a leaf near the cone are in the same component of the

leaf. Right: We attempt to cancel the dot and cone singularities and create a Reeb

component, which is not allowed in the definition of a singular fibration.

components of L. Assume moreover that γ((0, 1)) does not meet any singular

leaf components of F1.

From t = 1 to t = 1/2, position the dot p along γ so that γ((0, 1)) intersects no

singular leaves of F1/2. Now from t = 1/2 to t = 0, cancel the singularities (this is an

interior destabilization movie).

In order to cancel the singularities, it must be the case that the two components

of L ∩ ν(P ) are not in the same component of L. See Figure 3.22 for an illustration.

Movie 18 (Generalized cancellation movie). Here, we combine the positioning movies

with the interior destabilization movie to cancel a cone and dot singularity which may

initially be far apart in F1.

Let Z4 = M3 × I, and h : M3 × I be projection onto the second factor. Let F1

be a singular fibration of M3 × 1 including a cone singularity q and a dot singularity

p, of cancelling indices.

Suppose there exists an arc γ : [0, 1] which is transverse to the nonsingular leaves

of F1 so that γ(0) = q and γ(1) = p. Let L be a nonsingular leaf near q so that
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ν(q) ∩ L has two components. Assume that these two components are in distinct

components of L. We allow γ((0, 1)) to meet other singular leaf components

of F1, but take γ((0, 1)) to be far from the actual singularities.

Note that if M3 is a connected manifold with nonempty boundary and p is a dot

singularity of F1, then there must be a cone q and arc γ satisfying the above setup.

Extend γ to γ : [−1, 1]→ M3 so that F1(γ(s)) = F1(γ(−s)) for all s ∈ [0, 1] and

γ is still transverse to all the leaves of M3 (do this by extending γ perpendicularly

to the leaves of F1. If this terminates before extending all the way to −1, then the

extension terminates at a dot p′ = γ(−s0). Exchange the roles of p and p′, and let

γ(s) := γ(−s/s0).)

From t = 1 to t = 2/3, position the cone q along γ |(−1+ε,1−ε) so that q lies on

γ(1 − ε), so p and q are very close in h−1(2/3). From t = 2/3 to 1/3, position the

dot p along γ((1− ε, 1)) so that F1/3(γ(1− ε, 1)) is a very short arc. From t = 1/3 to

t = 0, cancel the singularities (this is an interior destabilization movie).

Remark 3.2. If M3 is a connected 3-manifold with nonempty boundary and F1 is

a singular fibration on M3 with n ≥ 1 dot singularities and r cone singularities, then

the generalized cancellation movie allows us to extend F1 to a valid movie Ft on

M3 × I so that F0 has n − 1 dots and r − 1 cones. The types of the singularities

in Ft may be chosen freely, except that the cancelled pair of singularities must have

cancelling types (/0-,I- or II-,III-).

In particular, if F1 is a singular fibration on a connected 3-manifold M3 with

nonempty boundary and F1 has n dot and n cone singularities that are all of types II

or III (or all of types /0 or I), then F1 may be extended to a valid movie Ft on M3× I

so that F0 is nonsingular.

Now we define our last two movies: the band and disk movies. These two movies

are more complicated than previous ones, but viewing them as composites allows us

to better understand them.
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Movie 19 (Band movie). As in the saddle movie, let h : B3 × I → I be projection

onto the second factor. Let R ⊂ B3 × I be a saddle. That is, R is a properly

embedded disk with R ∩ (B3 × 0) ∼= R ∩ (B3 × 1) ∼= (2 arcs) and h |R is Morse with

single index-1 critical point and no index-0 or -2 critical points. Let b ∼= I× [−ε, ε] be

a band projected to B3 × 1 with S0 × [−ε, ε] ⊂ ∂b in ∂(B3 \ ν(R)) so that the band

b describes the saddle of R. (That is, b is obtained by perturbing R so the saddle

is degenerate and then projecting a neighborhood of the degeneracy to B3 × 1.) Let

η = I × pt ⊂ b be a core arc of b.

Restrict h to (B3× I) \ ν(R). Let G1 be any singular fibration on h−1(1) with the

following properties.

• Each leaf of G1 intersects (∂ν(R)) \ ∂B3 in arcs.

• Each leaf of G1 intersects b× I × [−ε, ε] in copies of pt× [−ε, ε].

• Each intersection of a leaf of G1 with the interior of b is transverse.

Now consult Figure 3.23. We describe each frame, the arrows indicating decreasing

t:

• Top left: A neighborhood B of η(1) in h−1(1). Play an interior 1-,2-stabilization

movie in B, during the time span t = 1 to 1− ε. Let q be the cone point of the

cone oriented horizontally (opening parallel to the band b); take q to be type I.

• Top right: Take γ : [−1, 1] to be an arc in ˚h−1(ε) with γ(−1) close to η(0), γ(1)

close to η(1),and γ(0) = q. The arc γ is parallel to the band away from η(1),

and then near η(1) spirals around the end of the band so that we may take

γ(s) = γ(−s) for all s.

• Middle left: Position the cone q along the arc γ. This is a picture of a singular

fibration partway through this positioning movie.
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Figure 3.23: Some leaves of Gt (a band movie) near a neighborhood of band b. Outside

this neighborhood, Gt = G1 for all t.

• Middle right: Isotope (B3 × I) \ ν(R) to shrink the band b. We could do this

isotopy strictly after the positioning movie, but we believe it is easier to visualize

at this step.

• Bottom left: We have finished positioning the cone. Say t = ε. There is a set B′

containing η(0) in h−1(ε) so that in B′, Gε agrees with F1 of the saddle movie.

Play the saddle movie in the time span t = ε to 0.

• Bottom right: We obtain a singular fibration G0 of h−1(0). Note G0 has exactly

two singularities interior to h−1(0) (both are type II cones).
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Figure 3.24: Left to right, top to bottom: One leaf in a band movie Gt as t decreases

from 1 to 0.
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Figure 3.25: Left to right, top to bottom: Three leaves in a band movie Gt as t

decreases from 1 to 0.

This movie is comparitively complicated, so we include some extra cartoons of

leaves in Gt for decreasing t. See Figures 3.24 and 3.25. In Figure 3.26, we give a

more detailed image of the cone singularities in G0.

Movie 20 (Disk movie). As in the minimum movie, let h : B3× I → I be projection

onto the second factor. Let R ⊂ B3 × I be a disk with one minimum. That is, R is

a properly embedded disk with unknotted boundary in B3 × 1 so that h |R is Morse

with single index-0 critical point. Let D be a disk in B3 × 1 bounded by ∂R.

54



Figure 3.26: A detailed view of a cone singularity in G0 near the end of band b in a

band movie. The two cones have identical neighborhoods, modulo rotation.

Restrict h to (B3× I) \ ν(R). Let G1 be any singular fibration on h−1(1) with the

following properties.

• All but finitely many leaves of G1 intersect D transversely.

• Where a leaf of G1 is tangent to D, that leaf locally looks like a minimum or

maximum disk or saddle and locally intersects D in a single point.

• No singular points of G1 meet ν(D).

• Near ∂ν(R), the leafs of G1 intersect D in circles parallel to ∂ν(R).

By abuse of notation, take a copy of D := D \ ν(R) to live in each h−1(t). Now

consult Figure 3.27.

Note G1 induces a singular foliation F on D, whose singularities are dots p1, . . . , pk

and crosses, for k ≥ 1. Let pi ∈ D be a dot singularity in this foliation. Let Pi be

the set ∪{E ⊂ D a disk | pi ∈ E, ∂E in one leaf of G1, pi is the unique singularity of

55



F |E̊}. Let Di = ∪E∈Pi
E. Then either ∂Di meets a cross singularity of F , or Di = D.

Note Di may not be a disk.

Proposition 3.3. For some choice of i, Di is a disk.

Proof. Suppose D1 is not a disk. Let E1 be the interior component of D \ D1. E1

is an open disk, so there is another pi in E1 (reorder so p2 ∈ E1). Now suppose D2

is not a disk. Similarly let E2 be the interior component of D \ D2. Then E2 is an

open disk, so there is another pi in E2. Note E2 ⊂ E1, so pi 6= p1 or p2 (reorder so

p3 ∈ E2).

We continue inductively. Since there are a finite number of pi, eventually some

Di must be a disk.

So without loss of generality, assume D1 is a disk.

From t = 1 to 3/4, play an interior 0-,1- or 2-,3- stabilization movie in a neigh-

borhood of p1 (choose according to Fig. 3.28; take the cone to be type II and the dot

to be type III). Call the new cone singularity q; take D to intersect q so that G3/4

induces the same foliation as G1 on D, but one dot singularity in the foliation G3/4 |D

is at q. From t = 3/4 to t = 1/2, if D 6= D1 then position the cone along the disk D1.

(If D = D1, position the cone along a copy of D1 shrunk slightly to lie in the interior

of h−1(3/4).)

Now in G1/2, if D1 = D then there is a leaf component of G1/2 which is a disk

parallel toD. IfD1 6= D, then we can isotope G1/2 soD is disjoint from all singularities

of G1/2 and the foliation G1/2 induces on D has k − 1 dot singularities.

Repeat this process another k− 1 times, from t = 1/2 to t = 1/4, so that there is

a leaf component E of G1/4 which is a disk parallel to D.

Then there is a subset B ⊂ h−1(1/2) containing E so that G1/2 agrees with F1 of

the minimum movie in B. Play the minimum movie in B from t = 1/4 to 0.
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Figure 3.27: Left to right, top to bottom: Some leaves of Gt as t decreases from 1 to

0 in a disk movie. As t decreases, we perform interior stabilizations and position the

cones along disks until in a set B containing ∂D in h−1(1/4), G1/4 agrees with the top

of the minimum movie. We play the minimum movie from t = 1/4 to 0.
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0-,1-
stabilization

2-,3-
stabilization

Figure 3.28: Leaves near a dot in the singularity Gt induces on D. The red arrow

indicates the positive S1 direction of Gt. We stabilize, and choose the indices of the

stabilization as indicated.

There are exactly k more cone and k + 2 more dot singularities in G0 than in G1,

all of which are types II or III.

In Figure 3.29, we give valid singularity charts for the simple and generalized

cancellation movies, and the band and disk movies.

3.7 Proof of Lemma 2.4

Lemma 2.4. Let Z4 be a compact 4-manifold. Fix a Morse function h : Z4 → I.

Suppose Ft is a movie of singular fibrations on Z4 so that F1 and F0 are fibrations

(with no singularities) and Ft is a concatenation of band, disk, and simple or gener-

alized cancellation movies in order (decreasing t).

Then F1 t F0 extends to a fibration on Z4.

Proof. Let Ft be a singular movie on Z4 with Morse function h : Z4 → I so that

F1 and F0 are nonsingular. Assume Ft is built by composing some number of band,

disk, and simple or generalized cancellation movies, in that order (decreasing t).
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Simple Cancellation Band

Disk

Generalized Cancellation

Figure 3.29: Top left: two singularity charts for the simplified cancellation movie,

depending on the indices of the cancelled singularities. Bottom left: two singularity

charts for the generalized cancellation movie. Middle: A potential chart for the

disk movie, where we included one 0,1- stabilization and one 2-,3-stabilization (recall

these choices depend on orientations of leaves of F1 intersecting the disk). Right: two

singularity charts for the band movie (recall the types of the cones created in the 1-2-

stabilization depends on the orientation of F .

By Theorem 1.11, to conclude that Z4 is fibered it is sufficient to show that Ft is

valid (perhaps up to reparametrization). In section 3.6, we found singular charts for

the band, disk, and generalized cancellation movies.

In particular, the band movie admits a chart in which the two cones at the bottom

are type II (opposite indices), and assumes nothing about existing cones and dots.

The disk movie admits a chart in which the cones and dots at the bottom are all

type II or III, and assumes nothing about existing cones and dots.

The cancellation movies each admit a chart in which a type II and type III sin-

gularity die (the slopes of the corresponding arcs may be positive or negative), and

all other arcs are nearly vertical (of arbitrarily-signed slope).
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band

disk

simple
cancellation

(×3)

band

disk

generalized
cancellation

(×3)

Figure 3.30: A possible valid singularity chart for Ft when Ft is a composition of

one band movie, one disk movie, and then three cancellation movies. Left: All

cancellations are simple. Right: The cancellations are generalized.

Thus, by stacking these charts we obtain a valid singularity chart for Ft. We give

two sample singularity charts of Ft in Figures 3.30 and 3.31.
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Figure 3.31: A possible valid singularity chart for Ft when Ft is a composition of

two band movies, two disk movie, and then nine cancellation movies. Left: All

cancellations are simple. Right: The cancellations are generalized.
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Chapter 4

Extending the fibration on the

knot complement to a fibration of

the disk complement

4.1 Proof of Theorem 1.8

Recall the setup of the ribbon disk D with boundary a fibered knot K. We have:

• D ⊂ S3 × [1, 3].

• For t1 > t2 > . . . > tn ∈ (2, 3), D ∩ (S3 × ti) = a link with a band attached

(referred to as a “band,” “ribbon band,” or, “fission band”).

• For s1 > . . . > sn+1 ∈ (1, 2), D ∩ (S3 × si) is an (n + 1 − i)-component unlink

and a disjoint disk (referred to as a minimum disk).

• For all other u ∈ (sn+1, 3], D∩(S3×u) is a nonsingular link. For all u ∈ [0, sn+1),

D ∩ (S3 × u) = ∅.
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Theorem 1.8. Suppose the fission bands at t = t1, . . . , tn are disjoint and transverse

to the fibration on S3 \ ν(K) (when projected to S3 × 3). Then the fibration on

S3 \ ν(K) extends to a fibration of handlebodies on B4 \ ν(D).

Proof. Let F3 be the fibration on S3 \ ν(K) = h−1(3) \ ν(D). For i = 1, . . . , n, from

t = ti+ ε to ti− ε, play a band movie in a neighborhood of bi. Extend Ftn−ε vertically

to F2 : h−1(2) \ ν(D). The singular fibration F2 has exactly 2n cone singularities and

zero dot singularities.

Let d1, . . . , dn+1 be disjoint disks in S3× 2 with di corresponding to the minimum

at si. For i = 1, . . . , n, from t = si + ε to si − ε, play a disk movie near each di.

Extend Ft vertically to Fsn−ε (that is, just past the penultimate minimum). The

singular fibration Fsn−ε has an equal number of cone and dot singularities. (Say

Fsn−ε has r cone singularities.)

Finally, we play r generalized cancellation movies to extend Ft to a movie on

h−1([sn+1 + ε, 3]) \ ν(D) so that Fsn+1+ε has no singularities.

By Lemma 2.4, (B4 \ ν(D)) ∩ h−1([sn+1 + ε, 3]) admits a fibration F . Note (B4 \

ν(D)) ∩ h−1([0, sn+1]) ∼= (B4 \ (trivial disk)) ∼= S1 × B3. Glue F to the fibration of

S1 ×B3 by 3-balls to obtain a fibration G of B4 \ ν(D).

It follows immediately from [16, Theorem 1.1] that the fibers of G are handlebodies,

completing the proof of Theorem 1.8.

Remark 4.1. It is essential that D is a ribbon disk and that the fission bands defining

D are transverse to the fibration. These conditions ensure that after extending the

movie of fibrations below the heights of all bands and all but one minimum disk, there

are an equal number of cone and dot singularities in the cross-section {t = sn − ε}

(above the bottom minimum disk).

In section 4.3, we show explicitly that the fibers of G are handlebodies. In chap-

ter 5, we show how to obtain 2-handle attaching circles for a handlebody fiber H of
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G on ∂H ∩ h−1(3) = (a fiber for K). This explicitly describes the embedding of H

into B4 \ ν(D) (up to isotopy rel boundary).

4.2 Remark on the generalized cancellation movies

In the proof of Theorem 1.8, the generalized cancellation movies played from t = sn−ε

to sn + ε may actually be taken to be simple cancellation movies. This is not strictly

necessary for Theorem 1.8, but is necessary to explicitly understand the embedding

of a handlebody fiber of D into B4 \ ν(D), which we will discuss in chapter 5. We

first give a more general statement.

Lemma 4.2. Let V be a connected 3-manifold with torus boundary, and F1 be a

singular fibration on V with r cone and r dot singularities, which are all type II or

III. Assume that F−1
1 (θ) ∩ ∂V is a connected simple closed curve for each θ. Then

by playing only simple cancellation movies, F1 can be extended to a valid movie of

singular fibrations Ft on V × I so that F0 is nonsingular.

Proof. Note that F1 can be extended to a movie Ft in which F0 is nonsingular via

generalized cancellation movies. Therefore, V = V × 0 admits a fibration over S1.

Then V is an irreducible 3-manifold (with boundary), and in particular every 2-sphere

embedded in V bounds a 3-ball.

Proposition 4.3. If F := F1 is nonsingular, then it has a dot singularity p so that

when flowing from p outward perpendicular to the leaves of F , the first singular leaf

component has a cone q so that the following are true:

• With respect to the circular Morse function F , p and q are critical points of

index (0,1) or (3,2).

• Suppose F−1(θ) ∩ ν(q) is a two-sheeted hyperboloid. The two sheets are not in

the same component of F−1(θ).
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Proof. Suppose F has ki critical points of index i. Then 0 = χ(V ) = k0−k1 +k2−k3.

But recall there are an equal number of dot and cone singularities in V , so k0 + k3 =

k1 + k2. Therefore, k0 = k1 and k2 = k3.

Let p be a dot singularity of F , and reorient F if necessary so that p is an index-0

critical point of F . Flow from p in the positive S1 direction until finding a singular leaf

(with cone point q). This must happen eventually, since F is defined on a manifold

with boundary.

Claim. If q is a cone of index 1, then q satisfies the second condition of the proposi-

tion.

Proof. We argue that every index-1 cone satisfies the second condition.

Recall k0 = k1. Fix a nonsingular leaf L of F which meets ∂V . Reparametrize

F in a neighborhood of the index-0 points so that F−1(0) = L ∪ {the k0 index-0

critical points} and the cone singularities all lie in distinct leaves of F . Let Vθ =

∪0≤x≤θF−1(x). Suppose Vθ has n components for θ0 − ε < θ < θ0 while Vθ has n− 1

components for θ0 ≤ θ < θ + ε, for some θ0. Then F−1(θ0) must contain a cone

satisfying the proposition. See Figure 4.1. (Recall each F−1(θ) meets ∂V in one

curve.)

Note V0 = F−1(0) has at least k0 + 1 components, while V2π = V has one com-

ponent. Therefore, the number of components must decrease at least k0 times. But

there are k1 = k0 cones, so every index-1 cone must satisfy the second condition of

proposition.

Now assume q is an index-2 critical point. See Figure 4.2. There is a leaf compo-

nent of F near q which is sphere separating V into two pieces, one of which is a ball

B not containing p. There is some dot p′ inside B. Repeat the argument starting

from the dot p′ instead of B. If p′ does not satisfy Proposition 4.3, then we find

another spherical leaf component of F inside B, bouding a ball in B′ ⊂ B that does
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increasing θ

number of
components

decreases

reach a cone singularity,
but number of components

does not decrease

Vθ

Figure 4.1: Schematic of Vθ for increasing θ. Left: Vθ for θ > 0 small. Middle: The

number of components of Vθ decreases. F−1(θ) contains a cone satisfying the second

condition of the proposition. Right: We draw two cones. One is index-2, one is

index-1 but does not satisfy the other condition. The number of components of Vθ

does not decrease.

not contain p′. Then there is a dot point p′′ inside B′. We continue inductively; since

there are finitely many critical points in F , eventually we must find a dot point as in

Proposition 4.3.

Let p, q satisfy Proposition 4.3. Let η : [0, 1] be an arc from q to p intersecting the

leaves of F1 transversely. Proposition 4.3 exactly ensures that we may play a simple

cancellation movie around η to extend F1 to a valid movie on t ∈ [1 − ε, 1] so that

F1−ε has r − 1 cone and r − 1 dot singularities. Proceed inductively to extend Ft to

a valid movie on t ∈ [0, 1] so that F0 is nonsingular.

In the setting of Theorem 1.8, Fsn−ε is a singular fibration of a solid torus satisfying

the hypotheses of Lemma 4.2. Therefore, we may take all the cancellation movies

played from t = sn − ε to sn+1 + ε to be simple.

66



∂B

p

q
p′∂B′

p′′

Figure 4.2: Starting from dot p and flowing perpendicular to the singular fibration F ,

the next singular leaf we find has a cone q corresponding to an index-2 critical point.

A nearby leaf component is a sphere bounding ball B containing dot p′. Starting from

p′ and flowing perpendicular to the leaves of F , again the first cone corresponds to a

critical point of index-2. A nearby leaf component is a sphere bounding ball B′ ⊂ B

containing dot p′′.

4.3 Understanding the fibers of B4 \ ν(D)

In this section, we explicitly show that the fibers of G are handlebodies, via the

construction of Theorem 1.8 and Theorem 1.11.

Let H be the fiber of B4 \ ν(D) obtained from Theorem 1.8. Then F = H ∩ ∂B4

is a leaf in the fibration of S3 \ν(K). Explicitly, H ∼= F ×I∪{1-,2-,3-handles}, where

the 1-handles correspond to the type I cones which appear and vanish during a band

movie.

If a minimum disk di intersects the interior of band bj (when both are projected

to the same height), then when a disk movie is played near di, we obtain 2-handles

in H geometrically cancelling all the 1-handles corresponding to the band movie for

band bj. See Figure 4.3. We must now only be careful that a different minimum disk

cancel the 1-handles for each band.
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Figure 4.3: Rectangular sheet: part of the minimum disk di which intersects a core

of the band bj. Surface: A leaf L of Ft for t = ti − ε. Some curves in L ∩ di run

along the cores of the 1-handles corresponding to bj (attached to the 3-dimensional

fiber H). These curves are all distinct, since they locally have the same orientation

in di (Here, we are using the fact that bj is transverse to the fibration Ft). Therefore,

2-handles attached to H corresponding to the Type II cones arising during the disk

movie on di will geometrically cancel the 1-handles corresponding to the type I cones

arising during the band movie on bj.

Let d1, . . . , dn+1 be the minimum disks of D (projected into h−1(1)).

Lemma 4.4. Up to reordering the minimum disks {di}, we may assume di ∩ b̊i 6= ∅.

Proof. Let Γ be a bipartite graph with 2n + 1 vertices in V ∪W = {v1, . . . , vn+1} ∪

{w1, . . . , wn}. Say vi and wj are adjacent if di∩ b̊j 6= ∅. If ∂di∩∂bj 6= ∅ but di∩ b̊j = ∅,

then we may isotope D to cancel di and bj (without moving the other bands). Assume

we have cancelled all such pairs.

Let X ⊂ W be a set of k ≤ n vertices. Let NΓ(X) denote the subset of V which

is adjacent to X. Suppose |NΓ(X)| < k. Then some band bi with wi ∈ X is a

fusion band, rather than fission, yielding a contradiction. Thus, by Hall’s Marriage

Theorem, there exists a perfect matching between W and V . That is, we can relabel

the disks di (and corresponding vertices wi) so that di ∩ b̊i 6= ∅ (i.e. vi is adjacent to

wi).
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By Proposition 4.4, a collection of 2-handles in the fiber H of G on B4 \ ν(D)

(resulting from the minimum disk di) geometrically cancel all the 1-handles corre-

sponding to the band bi. Therefore, H ∼= (∂H × I) ∪ {2-,3-handles}, so H is a

handlebody.

4.4 Proof of Theorem 1.10

Theorem 1.10. Let K be a fibered knot in S3. Let J ⊂ S3 be a knot so that there

is a ribbon concordance from K to J (i.e. there is an annulus A properly embedded

in S3 × I with boundary (K × 1) t (J × 0) sothat projI |A is Morse with no local

maxima). Say the index-1 critical points of A correspond to fission bands attached

to K. If the bands can be isotoped to be transverse to the fibration on S3 \ ν(K),

then (S3 × I) \ ν(A) is fibered by compression bodies.

Proof. We proceed as in Theorem 1.8. Let A be an annulus in S3× I with boundary

K × 1 t J × 0, with no local maxima with respect to projection on I. Say the local

minima of A occur in S3 × si for s1 > s2 > . . . > sn ∈ [2/7, 3/7] and the index-1

critical points in S3× ti for t1 > t2 > . . . > tn ∈ [5/7, 6/7]. By hypothesis, we assume

that bands corresponding to the index-1 critical points are transverse to the fibration

F1 on (S3 × 1) \ ν(K) (when projected to S3 × 1).

We build a movie of singular fibrations Ft on (S3 × I) \ ν(A) as in Theorem 1.8.

Extend Ft to (S3 × [4/7, 1]) \ ν(A) by playing a band movie near each band of A.

Then extend to (S3 × [1/7, 1]) \ ν(A) by attaching playing a disk movie near each

minimum disk of A. There are an equal number of cone and dot critical points in

F1/6, so we may play generalized cancellation movies to extend Ft to (S3 × I) \ ν(A)

with F0 a nonsingular fibration. (In fact, these generalized cancellations could be

taken to be simple by Lemma 4.2.) Thus, J is fibered.
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By Lemma 2.4, (S3 × I) \ ν(A) admits a fibration G with fiber H. Via the

argument of section 4.3, H ∼= ([H ∩ (S3 × 1)] × I) ∪ {2- and 3-handles}. Therefore,

H is a compression body from the fiber for K to the fiber for J .

Note H ∼= (Σ̊g(K) × I) ∪ {g(K)− g(J) 2-handles} ∼= \g(K)+g(J)S
1 ×D2.
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Chapter 5

Conclusion: explicitly finding the

fiber of B4 \ ν(D)

Let F be a fiber for fibered knot K. Let D be a ribbon disk for D so that fission

bands bi for D are transverse to the fibration of S3 \ ν(K). By Theorem 1.8, the

fibration extends to a fibration G on B4 \ ν(D) with fiber H, where ∂H = F ∪D.

In the proof of Theorem 1.8, we constructed H by building a valid movie Ft, t ∈

[sn+1 + ε, 3] on B4 \ ν(D) so that H = ∪tF−1
t (θ)) ∪ (3-handle) for some θ0. The

2-handles of H correspond to the type II cones and type IIB of Ft intersecting the

vertical θ = θ0 line in a valid chart C for Ft.

Recall Ft may be built from band, disk, and simple (see section 4.2) cancellation

movies. Say that from t = 3 to 2, Ft is built from band movies; from t = 2 to 1, Ft

is built from disk movies; from t = 1 to sn+1 + ε, Ft is built from simple cancellation

movies. In C, every type II cone arises during a band movie or a disk movie. The

type II cones arising in a band movie correspond to arcs which are nearly vertical

until t = 1. From t = 1 to t = sn+1 + ε, during simple cancellation movies all cones

correspond to arcs which are nearly vertical. Therefore, we may choose θ0 so that

the vertical θ = θ0 line intersects type II arcs only in 1 < t < 2, does not intersect
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H = \4S
1 ×D2 \ B̊3

band

disk

simple
cancellation

(×3)

H = \4S
1 ×D2 \ B̊3

band

disk

generalized
cancellation

(×3)

Figure 5.1: We draw potential valid singularity charts for Ft, t ∈ [sn+1, 3]. By

Lemma 4.2, we may assume that the cancellations of Ft are all simple, as on the

left. Then all 2-handles of H arise from positioning a cone or playing a minimum

movie during a disk movie. Therefore, the 2-handles are attached exactly along the

intersections of F−1
t (θ) with a minimum disk, projected to the same height.

the arcs of type II cone singularities arising from band movies, and does not meet

any type IIB singularities. (Perhaps after reparametrizing Ft so that type IIB and II

boundary arcs are short.) See Figure 5.1 (left).

To recap, this means that every type II or IIB singularity meeting the line θ = θ0

in C arises during a disk movie. In H ∩ h−1(t), as t decreases, passing through these

singularities corresponds to compressing H∩h−1(t) along a closed curve of intersection

with a minimum disk of D. We conclude that intersections of the minima of D

(projected to S3) with H ∩ h−1(3) = F give attaching circles of the 2-handles of H.
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(This decomposition is not minimal if the line θ = θ0 meets type III arcs in C, but

we may choose a set of linearly independent curves to give 2-handles if we wish.)

Therefore, to find the 2-handle attaching curves on F ∪D defining H, we do the

following:

• Find a disjoint collection of disks d1 t · · · t dn in S3 bounded by K resolved

along the bi.

• Isotope the di so that near the interior of ∂di ∩ ∂F , di and F coincide.

• Draw a (maximal linearly independent) collection of closed curves di ∩F on F .

These are 2-handle attaching curves on F ∪D which yield H.

We could equivalently state this process as:

• Project D to S3 to find an immersed ribbon disk D′ with boundary K.

• Isotope D′ so that near ∂D′ = ∂F , F coincides with the sheet of D′ containing

the boundary.

• Draw a (maximal linearly independent) collection of closed curves in D′ ∩F on

F . These are 2-handle attaching curves on F ∪D which yield H.

In Figure 5.2, we give explicitly a fibered ribbon disk and use the above procedure

to find attaching circles for 2-handles in the handlebody fiber. In Figure 5.3 we repeat

this process for two fibered ribbon disks with the same boundary to find the fiber of

a fibered 2-knot in S4.
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Figure 5.2: Left: The fibered knot K = 820 (i.e. the pretzel knot P (2,−3, 3)). We

draw a fission band defining a ribbon disk D with boundary K and shade a genus-2

fiber surface for K. On the fiber, we draw two attaching circles defining a genus-2

handlebody fiber of B4 \ ν(D). Right: Two disjoint disks bounded by K resolved

along the fission band. These disks intersect the fiber in arcs (near the band) and

two curves, which are the attaching circles drawn on the left.

Figure 5.3: Left: A diagram for the fibered ribbon knot K = 11n74 (i.e. the pretzel

knot P (3,−3, 3,−2)). Each of the pictured bands specifies a 2-minimum ribbon disk

Di for K. (These examples of disks come from [20], who produce many examples

of doubly slice knots.) Using the construction of Theorem 1.8, we find attaching

circles for the handlebody fiber for each disk. Middle: The fiber F for K consists of

two annuli glued along three half-twisted bands. The two sets of circles specify the

handlebody fiber for the disks given by the bands. Right: On F ∪D, the attaching

circles specify a Heegaard splitting of S3. Thus, D1 ∪ D2 ⊂ S4 is fibered by 3-balls

(so D1 ∪D2 is the unknotted sphere).
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Chapter 6

More examples

It remains open whether any/every ribbon disk for a fibered knot K in S3 can be

defined by bands transverse to the fibration of S3 \ ν(K). However, for specific

examples of K we can check that this condition is satisfied by some ribbon disk D.

In particular, we find fibered ribbon disks for small fibered ribbon knots.

Proposition 6.1. Let K be a prime fibered ribbon knot with crossing number at most

12. Then K bounds a ribbon disk D ⊂ B4 so that S4 \ν(D) is fibered by handlebodies.

Proof. By Corollary 1.14, if K bounds a disk D with two minima, then the fibration

on S3\ν(K) extends to a fibration of B4\ν(D). In particular, every prime ribbon knot

of at most 10 crossings bounds a 2-minimum disk [13], as do most prime fibered knots

of 11 and 12 crossings (observed through e.g. symmetric union diagrams [15]). Using

the KnotInfo database [4] to list fibered slice knots, and symmetric union diagrams

of these knots due to Lamm [15], we explicitly produce a 3-minimum disk D for each

11- or 12-crossing prime fibered ribbon knot which does not bound an obvious-to-

the-author 2-minimum disk. The bands for each disk either lie in a fiber for the knot

K ⊂ S3, or run transverse to the fibration. See Figure 6.1. Transversality of a band

can be seen by observing the band core is given by taking an arc in a fiber and adding

twists (of one sign) around the binding (knot).
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In the first draft of this paper, the author was not aware of the following examples

of slice disks due to Brendan Owens and Frank Swenton (as of this writing, they

have not yet released a paper including these disks, but Brendan Owens kindly let

this author know of their examples). They have constructed (in particular) examples

of 2-minimum disks bounded by each of the knots in Figure 6.1 except for 12a990.

(These are each potentially isotopic to the 3-minimum examples.) We retain the

3-minimum examples as illustrations of how one can verify the transversality condi-

tion of Theorem 1.8. In Figure 6.2, we provide the 2-minimum disks of Owens and

Swenton.

Question 6.2. Does 12a990 bound a 2-minimum ribbon disk?

Note here we defined “small” knots to be prime knots with fewer than 13 crossings.

One might reasonably consider “small” knots to be 2-bridge knots. In Lisca’s [19]

classification of ribbon 2-bridge knots, he produces an explicit ribbon disk for every

ribbon 2-bridge knot. Most of these disks have two minima, except for the examples in

Figure 6.3 (left). By drawing the ribbon knots as symmetric unions (using diagrams of

Cristoph Lamm1), we find ribbon disks with two minima (Fig. 6.3, right). Therefore,

by Corollary 1.14, every fibered ribbon 2-bridge knot bounds a fibered ribbon disk.

However, we note that in this setting, the 2-bridge notion of “small” is actually

less interesting than low crossing-number. In fact, there are finitely many fibered

ribbon 2-bridge knots. We are not aware of this fact in the literature, so we include

this as an interesting remark.

Remark 6.3. Up to mirroring, there are exactly five fibered ribbon 2-bridge knots:

89, 927, 1042, 11a96, 12a477.

1This preprint is available online as C. Lamm, Symmetric union presentations for 2-bridge ribbon

knots, arXiv:math/0602395 [math.GT], Feb. 2006
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11a164 11a326 12a427 12a458

12a473 12a887 12a990

12a1019 12a1105 12a1225

Figure 6.1: These prime fibered ribbon knots did not obviously (to the author) bound

2-minimum disks in B4. We produce here a 3-minimum ribbon disk for each knot.

The bands for 11a164, 11a326, 12a458, 12a473, 12a887, 12a1225 each lie in the illustrated

fiber. Knots 12a427, 12a101, 12a1105 are drawn with one band in the fiber and one

transverse to the fibration. Both bands for 12a990 run transverse to the fibration.
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11a164 11a326 12a427

12a458 12a473 12a887

12a1019 12a1105 12a1125

Figure 6.2: A band diagram of a 2-minimum disk for each knot of Fig. 6.1 except

12a990, constructed by B. Owens and F. Swenton.

2a

2b-2b

-2a 2a

2b-2b

-2a

Figure 6.3: Left: bands defining a ribbon disk for K ⊂ S3, constructed by Lisca

[19]. Right: A 2-minimum ribbon disk with the same boundary knot. Note here

that the integers ±2a,±2b refer to half-twists. The knot K is fibered if and only if

|a| = |b| = 1.
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Proof. By Casson and Gordon [3], every ribbon 2-bridge knot (up to mirroring) has

a continued fraction expansion in one of the following three families:

• Family 1: [c1,−c2, c3,−c4, . . . , c2n+1,−1,−c2n+1, . . . , c4,−c3, c2, −c1] where each

ci > 0,

• Family 2: [2a, 2, 2b,−2,−2a,−2b], a, b 6= 0,

• Family 3: [2a, 2, 2b,−2a,−2,−2b], a, b 6= 0.

As this is somewhat of a side note from the main thrust of this paper, we omit

exposition of continued fraction expansion notation for 2-bridge knots. For those

interested, we recommend section 2 of [12].

Proposition 6.4. A knot K in Family 1 is never fibered.

Proof. Let [d1, . . . , dm] be a strict continued fraction for [−c2n+1, . . ., c4, −c3, c2, −c1],

as in [12] (i.e. all di are nonzero, d2i+1 is even and if |d2i+1| = 2 then d2i+1d2i+2 < 0).

Then K has continued fraction expansion [−dm, . . .,−d1, −1, d1, . . ., dm]. For odd m,

this fraction gives a 2-component link, so m must be even. We draw a minimum-

genus Seifert surface F for K in Figure 6.4. From F , we can deplumb an annulus

with d1−sign(d2) + 1 half-twists and an annulus with −(d1−sign(d2)) + 1 half-twists.

These cannot both be Hopf bands, so F is not a fiber.

In Figure 6.5, we draw a minimum-genus Seifert surface for a knot in Family 2 or

3. In either case, the surface decomposes as a Murasugi sum of two Hopf bands and

4 annuli with 2a, 2b,−2a,−2b half-twists, respectively. Therefore, the knot is fibered

if and only if |a| = |b| = 1.

The Family 2 knot with a = 1, b = −1, and the Family 3 knots with {a, b} =

{1,−1} are all 927. The Family 2 knot with a = 1, b = 1 and the Family 3

knot with a = 1, b = 1 are both 89. There are no other repeats, so we are left
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Figure 6.4: A minimum-genus Seifert surface for 2-bridge ribbon knots in Family 1.

From this surface, we can deplumb annuli with d1−sign(d2)+1 and −d1+sign(d2)+1

half-twists. These cannot both be Hopf bands, so the surface is not a fiber (and hence

the knot is not a fibered knot).

2a

2b

2

-2a

-2b

-2

closeup near
twist box2a

2b

2

-2a

-2b

-2

Figure 6.5: Minimum-genus surfaces for knots in Families 2 and 3. These are fibers if

and only if |a| = |b| = 1, so a knot in Family 2 or3 is fibered if and only if |a| = |b| = 1.

with five distinct 2-bridge knots. Using KnotFinder [4], we identify these knots as

89, 927, 1042, 11a96, 12a477.
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Chapter 7

More questions and final comments

Recall Question 1.5, the main motivation for this paper.

Question 1.5. Let D be a homotopy-ribbon disk in B4 so that ∂D ⊂ S3 is a fibered

knot. Is B4 \ ν(D) fibered?

This naturally leads to the (potentially) easier question:

Question 7.1. Let K be a fibered homotopy-ribbon knot in S3. Does K bound a

fibered homotopy-ribbon disk in B4?

We remark that if the answer to Question 7.1 is “no” for any knot K, then the

relative smooth 4-dimensional Poincaré conjecture is false.

Proof. Assume K is fibered and homotopy-ribbon in S3. By Casson and Gordon [2],

K bounds a disk D fibered by handlebodies in a homotopy 4-ball V . By Larson and

Meier [16], if V ∼= B4 then D is strongly homotopy-ribbon.

In Remark 1.6, we claimed that the converse of Larson and Meier’s theorem holds

even when “strongly homotopy-ribbon” is relaxed to “homotopy-ribbon.” That is,

if a disk D in B4 is homotopy-ribbon and fibered, then the fibers are handlebodies.

This follows easily from the proof of [16] and a paper by Cochran [5] cited therein, but
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we sketch the proof here as a matter of interest. This proof closely follows arguments

in both of these papers; one should refer to [16] or [5] for more detail and exposition

on disk-knots in B4 or ribbon 2-knots in S4, respectively.

Proof. We make use of the following lemma of Cochran: LetM be a closed 3-manifold.

Then the natural map i# : M → K(π1(M), 1) induces the zero map i∗ : H3(M) →

H3(π1(M)) if and only if M = #hS
1 × S2 for some h ≥ 0.

Let D be a fibered homotopy-ribbon disk in B4, with fiber H. Then K = ∂D is

a fibered knot, with fiber F .

Let W = B4 \ ν(D) and W̃ be the infinite cyclic cover of W . Then W̃ ∼=

H × R, ∂W̃ ∼= F × R. Thus, π1(H) ∼= [π1(W ), π1(W )] and π1(F ) ∼= [π1(S3
0(K)),

π1(S3
0(K))]. Since D is homotopy-ribbon, the inclusion map π1(S3 \K)→ π1(W ) is

surjective. Therefore, the inclusion π1(F )→ π1(H) is surjective.

Let G be the 2-sphere D∪D in S4 = B4∪B4. Then S4\ν(G) is fibered, with fiber

M ′ = H ∪F=F H. Let M = M ′ ∪B3 be a closed 3-manifold. By Seifert van-Kampen,

the inclusion H ↪→M induces an isomorphism π1(H) ∼= π1(M).

Let X be obtained by surgering S4 along G (i.e. deleting ν(G) and gluing in

S1×B3). Let A = (B4×I)\(D×I) be a 5-manifold with ∂A ∼= X. The inclusion X̃ ↪→

Ã induces an isomorphism π1(X̃) ∼= π1(Ã), since π1(Ã) = π1(B̃4 \D) ∼= π1(H) ∼=

π1(M) ∼= π1(X̃). We obtain the following commutative diagram (left), which induces

a commutative map of spaces (right).

π1(Ã)

π1(X̃) [π1(X), π1(X)]

i∗

id

Ã

X̃ K([π1(X), π1(X)] , 1)

i

i#

Since H3(Ã) = H3(B̃4 \D) ∼= H3(H × R) ∼= H3(H) = 0 and i∗ : H3(X̃) →

H3(π1(X), π1(X)) factors through H3(Ã), i∗ is the zero map. But X̃ ∼= R × M̂ and
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[π1(X), π1(X)] ∼= π1(M), so i∗ : H3(M) → H3(π1(M)) is the zero map. Therefore,

M ∼= #gS
1 × S2 for some g. Since π1(F ) ∼= π1(H), g is the genus of F and H is a

genus-g handlebody.

The following more restrictive version of Question 7.1 may be easier to answer.

Question 7.2. Let K be a fibered ribbon knot in S3. Does K bound a fibered ribbon

disk in B4?

In chapter 6, we gave an affirmative answer to Question 7.2 when K is prime with

fewer than 13 crossings.

Let K be a ribbon knot. Let S be a minimum-genus Seifert surface for K. Let D

be a ribbon disk for K, and project D to S3 to find an immersed ribbon disk D′ in

S3 bounded by K. Isotope S so that S agrees with one sheet of D′ near K. Without

K and the ribbon disk D obeying the hypotheses of Theorem 1.8, it is not true that

{D′ ∩ S} must contain g(S) linearly independent curves in H1(S;Z) (such a set of

curves is called a “ribbon derivative” for K on S). Cochran and Davis [6] constructed

genus-1 ribbon knots whose genus-1 Seifert surfaces do not admit ribbon derivatives.

Of course, these examples are not fibered (as the only genus-1 fibered knots are the

two trefoils and the figure eight, none of which are slice).

Question 7.3. If K is fibered (and hence S is a fiber), then must S∩D′ include g(S)

simple closed curves which are linearly independent in H1(S;Z)?

We used the transversality of bi to the fibration on S3 \ ν(K) to ensure the 1-

handles in the relative handlebody decomposition of H are all geometrically cancelled.

Without the transversality condition, we might amend the band movie to find a 3-

manifold bounded by D (although not a fibration of B4 \ ν(D)). However, we have

not shown that a general ribbon disk D bounds a handlebody in B4.
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Question 7.4. Let D ⊂ B4 be a ribbon disk for a knot K. What conditions on D

and K imply that D bounds a handlebody in B4?

In the case that ∂D is the unknot, proving that D bounds 3-ball as in Question 7.4

would positively answer the following conjecture1.

Suzuki’s unknotting conjecture [27]. Let G be a 2-knot in S4 with unknotted

equator. Then G is smoothly unknotted.

We remark that if a 2-knot G has unknotted equator, then π1(S4 \ G) ∼= Z, so

Suzuki’s unknotting conjecture is a subcase of the following more general conjecture.

Smooth 4-dimensional unknotting conjecture (see [14], Problem 1.55(a)). Let

G be a 2-knot in S4 with π1(S4 \G) ∼= Z. Then G is smoothly unknotted.

The 3-dimensional unknotting conjecture (Dehn’s lemma) was proved by Papakyr-

iakopoulos [23]. For n > 4, the n-dimensional unknotting conjecture was proved in

the topological case by Stallings [26] and later in the smooth case by Levine [17] [18].

By work of Freedman and Quinn [9], if π1(S4 \ G) ∼= Z, then G is topologically

unknotted (i.e. G bounds a 3-ball topologically embedded into S4). Whether G is

smoothly unknotted remains an open question.

1The author strongly recommends the reference [27] to anyone interested in 2-dimensional knot

theory.
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