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Abstract

Let π be a polarizable, regular algebraic, cuspidal automorphic representation of GLn(AF ), where F is a

CM field.

We show that for n ≤ 6, there is a Dirichlet density 1 set L of rational primes, such that for all l ∈ L,

the l-adic Galois representations associated to π are irreducible.

We also show that for any integer n ≥ 1, in order to show the existence of the aforementioned set L,

it suffices to show that for all but finitely many finite primes λ in a number field determined by π, all

the irreducible constituents of the restriction of the corresponding Galois representation rπ,λ to the derived

subgroup of the identity component of the Zariski closure of the image, are conjugate self-dual.
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1 Introduction

It is conjectured that the Galois representations associated to an algebraic cuspidal automorphic representa-

tion of GLn(AF ) over a number field F are irreducible. The Fontaine-Mazur-Langlands conjecture suggests

that the reducibility of the l-adic representations associated to an automorphic representation π for some

rational prime l would show that π cannot be cuspidal.

Previous Works. So far, not much is known in the general case. The conjecture was first proved for

classical modular forms ([15]) and Hilbert modular forms ([22]). In [2], the author proved the result for

polarizable representations of GL3(AF ) with F totally real. In [23], the authors proved the irreducibility of

Galois representations considered in [6], under the assumption that the automorphic representation is square-

integrable at some finite prime. In [14], the author proved irreducibility of the l-adic Galois representations

associated to polarizable representations of GL4(AQ) for l large enough. The method also extends to the

case without the polarizable condition assuming the corresponding Galois representations exist.

Recent Works. In the past decade, good progress has been made in the case of F being a CM field and π

satisfies the additional assumptions of regularity and polarizability. In [1], by using potential automorphy

theorems (Section 4 of [1]) and an L-function argument (Section 5 of [1]), it was proved that if F is an

imaginary CM field and π a polarizable, regular algebraic, cuspidal automorphic representation of GLn(AF )

with extremely regular weights, then for a Dirichlet density 1 set of rational primes l, the l-adic Galois

representations associated to π are irreducible. Using results from [1] and combining one further idea from

[12] (which uses the CM nature of the field of coefficients of the Galois representations), the authors of [13]

were able to prove that if F is imaginary CM or totally real and π is a polarizable, regular algebraic, cuspidal

automorphic representation of GLn(AF ), then for a positive Dirichlet density set of rational primes l, the

l-adic Galois representations associated to π are irreducible. They were able to drop the assumption that π

is extremely regular, which is a condition that is rather restrictive, but the conclusion is also weakened to

give irreducibility only for a positive Dirichlet density set of rational primes. In [4], it was proven that if F

is totally real, and π a polarizable, regular algebraic, cuspidal automorphic representation of GLn(AF ) with

n ≤ 5, then for a Dirichlet density 1 set of rational primes l, the l-adic Galois representations associated to

π are irreducible.

Main Results. In this paper, we let F be a CM field (which includes the case of an imaginary CM field and the

case of a totally real field) and let π be a polarizable, regular algebraic, cuspidal automorphic representation
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of GLn(AF ). We will prove irreducibility of the associated Galois representations for a Dirichlet density 1

set of rational primes for π of dimension n ≤ 6.

Strategy. The strategy is to combine the potential automorphy results from [1] and the irreducibility result

for a positive Dirichlet density set of primes proved in [13]. The main challenge in applying the potential

automorphy theorems comes from showing that each irreducible constituent of the corresponding Galois rep-

resentation rπ,λ is polarizable and totally odd. We first reduce the problem to showing that each irreducible

constituent of rπ,λ restricted to the derived subgroup of the identity component of the Zariski closure of the

image is self-dual. We then show there exists a positive Dirichlet density set of primes λ such that rπ,λ is

irreducible when restricted to the derived subgroup of the identity component. These steps work for π of

any dimension.

We then use arguments similar to the ones in [11] and [8], by looking at the characteristic polynomials of

the Frobenius elements, to show that the formal character of rπ,λ restricted to the derived subgroup of the

identity component, and the restriction of rπ,λ to the conjugation-invariant subtorus of a maximal torus of

the derived subgroup of the identity component of the Zariski closure of the image, are independent of λ in

a weakly compatible system of Galois representations. We then list the possibilities for faithful, irreducible

and regular representations of small dimensions of semi-simple Lie algebras. Applying the irreducibility

result of [13] together with the aforementioned independence of λ results, we show irreducibility for π up to

dimension 6.

One might ask whether our methods can be used to prove irreducibility for π of dimension n ≥ 7. Our

method is insufficient for n = 7 and we explain the reason here.

The simple Lie group G2 has a standard representation of dimension 7, which is irreducible, faithful

and self-dual. Let l1, l2 be two rational primes. Consider two different 7-dimensional representations of the

absolute Galois group of Q. The first one is rl1 : GQ → GL7(Ql1), where the Zariski closure Gl1 of the

image is a reductive group of type G2 and rl1 induces the standard representation, and the second one is

rl2 : GQ → GL7(Ql2), where the Zariski closure Gl2 of the image is a reductive group of type SL3 and rl2

induces the representation std⊕ std∨⊕ I, with std denoting the standard representation of SL3. In this case,

the semi-simple ranks of the Zariski closures of the images are the same and so are the formal characters of

the two representations. Our techniques cannot rule out the existence of such a case, but rl2 has irreducible

constituents that are not self-dual. This renders the potential automorphy results from [1] inapplicable in

this case.
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2 Organization of the manuscript

The manuscript is organized as follows: in Section 3 we review some background material on automorphic

representations and Galois representations. In Section 4, we state our main theorem, and reduce the proof

to the case where F is the maximal CM subextension of the Galois extension of F+ given by the identity

component. In Section 5, we recall some potential automorphy results and an L-function argument that we

will use. In Section 6, we prove that in order to show the existence of a set of rational primes of Dirichlet

density 1, where rπ,λ is irreducible for all λ lying above the set, it suffices to show that for all but finitely

many primes λ, each irreducible constituent of the restriction of rπ,λ to the derived subgroup of identity

component of the Zariski closure of the image is conjugate self-dual. In Section 7, we show that there

exists a set of rational primes of positive Dirichlet density such that for primes λ lying above the set, rπ,λ

is irreducible when restricted to the derived subgroup of the identity component of the Zariski closure of

the image. In Section 8 we prove some independence of λ results for a weakly compatible system of Galois

representations. Finally, in Section 9, we show irreducibility of rπ,λ for π of dimension n ≤ 6, using results

from Section 7 and Section 8.
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3 Preliminaries

We follow the setup of [1] and [13]. We will review some definitions and results on automorphic represen-

tations, Galois representations and compatible systems of Galois representations. We will not include any

proofs in this section. We refer the reader to Section 2.1 of [1], Section 5.1 of [1] and Section 1 of [13] for the

proofs and for a more comprehensive review.

By a CM field we mean a number field admitting an automorphism c which coincides with complex

conjugation for every embedding of the number field into C. For a CM field F , we let F+ denote its maximal

totally real subfield.

3.1 Automorphic representations

Let F be a CM field. Fix a rational prime l.

Definition 3.1. By a regular algebraic, polarized, cuspidal automorphic representation of GLn(AF ) we mean

a pair (π, χ) where

• π is a cuspidal automorphic representation of GLn(AF ) where π∞ has the same infinitesimal character

as an irreducible algebraic representation of the restriction of scalars from F to Q of GLn,

• χ : A×F+/(F
+)× → C× is a continuous character such that χv(−1) is independent of v|∞,

• and πc ∼= π∨ ⊗ (χ ◦NF/F+ ◦ det), where πc denotes the composition of π with complex conjugation on

GLn(AF ).

Definition 3.2. We call a regular algebraic, cuspidal automorphic representation π of GLn(AF ) polarizable

if there is a character χ of F+ such that (π, χ) is polarized.

Definition 3.3. Let τ : F ↪→ Ql be a continuous embedding and fix an isomorphism ι : Ql
∼−→ C. We

write (Zn)Hom(F,C),+ for the set a = (aτ,i) ∈ (Zn)Hom(F,C) satisfying aτ,1 ≥ ... ≥ aτ,n. Let Ξa denote the

irreducible algebraic representation of GLHom(F,C)
n which is the tensor product over ι ◦ τ of the irreducible

representations of GLn with highest weight aτ = (aτ,i). We say a regular algebraic, polarized, cuspidal

automorphic representation (π, χ) of GLn(AF ) has weight a if π∞ has the same infinitesimal character as

Ξ∨a . In this case there must exist w ∈ Z such that aτ,i + ac◦τ,n+1−i = w for all τ, i.

3.2 Galois representations

Let εl be the l-adic cyclotomic character and V (m) be the Tate twist V (εml ). Let res(λ) denote the residue

characteristic of the prime λ. Let F be a CM field. Let r : GF → GLn(Ql) and µ : GF+ → Ql
×

be continuous
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homomorphisms. Let cv denote the complex conjugation in GF+ associated to a prime v in GF+ . Let δF/F+

denote the non-trivial character of A×F+/F
+NF/F+(A×F ).

Definition 3.4. We call (r, µ) polarized if for some infinite place v of F+ there is εv ∈ {±1} and a non-

degenerate pairing 〈 , 〉v on Ql
n

such that

〈x, y〉v = εv〈y, x〉v

and

〈r(σ)x, r(cvσcv)y〉v = µ(σ)〈x, y〉v

for all x, y ∈ Ql
n

and all σ ∈ GF . If F 6= F+, replacing µ by µδF/F+ if necessary, we further require

εv = −µ(cv).

Remark. If the conditions in Definition 3.4 are satisfied by one place v|∞, then they will be true for all v′|∞,

by taking εv′ = µ(cvcv′)εv and 〈x, y〉v′ = 〈x, r(cvcv′)y〉v.

Definition 3.5. We call a polarized l-adic representation (r, µ) totally odd if εv = 1 for all v|∞.

Definition 3.6. We call a polarized l-adic representation (r, µ) algebraic if r is unramified at all but finitely

many primes of F and de Rham at all primes above l.

Definition 3.7. For τ : F ↪→ Ql, let v(τ) be the prime of F induced by τ . We define a multi-set HTτ (r) of

integers by letting i have multiplicity

dimQl(V (i)⊗τ,Fv(τ) F̂v(τ))
GFv(τ) .

Definition 3.8. We call a polarized l-adic representation (r, µ) regular algebraic if it is algebraic and for all

τ : F ↪→ Ql, the multi-set HTτ (r) has n distinct elements.

3.3 Compatible systems of Galois representations

Let F be a number field, not necessarily CM.

Definition 3.9. By a rank n weakly compatible system of l-adic representations R of GF defined over M

we mean a 5-tuple

(M,V, {Qv(X)}, {rλ}, {Hτ}),

where
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• M is a number field,

• V is a finite set of primes of F ,

• for each prime v 6∈ V of F , Qv(X) is a monic degree n polynomial in M [X],

• for each prime λ of M , rλ : GF → GLn(Mλ) is a continuous, semi-simple representation such that

– if v 6∈ V and v - res(λ) is a prime of F , then rλ is unramified at v and rλ(Frobv) has characteristic

polynomial Qv(X),

– if v|res(λ), then rλ|GFv is de Rham, and crystalline in the case v 6∈ V ,

• for τ : F ↪→ M , Hτ is a multi-set of n integers such that for any ι : M ↪→ Mλ over M we have

HTι◦τ (rλ) = Hτ .

Let R = (M,V, {Qv(X)}, {rλ}, {Hτ}) be a weakly compatible system of l-adic representations of GF .

Definition 3.10. We call R pure of weight w if for each v 6∈ V , each root α of Qv(X) in M and each

embedding ι : M ↪→ C, we have |ι(α)|2 = (#k(v))w, where k(v) is the residue field at v.

Definition 3.11. We call R regular if for each τ : F ↪→M , every element of Hτ has multiplicity 1.

Lemma 3.12 (Lemma 1.2 in [13]). Suppose R is pure of weight w. Then

(1) if c is the restriction to M of any complex conjugation then cR ∼= R∨ ⊗ {ε−wl }.

(2) R can be defined over a CM field.

(3) if c ∈ Aut(M) denotes a complex conjugation then Hcτ = {w − h|h ∈ Hτ}.

(4) suppose that FCM is the maximal CM subfield of F . If τ |FCM
= τ ′|FCM

, then Hτ = Hτ ′ .

Lemma 3.13 (Lemma 5.3.1(1) in [1]). Let Hλ be the Zariski closure of rλ(GF ) in GLn/Mλ and let H0
λ

denote its identity component. Then there is a finite Galois extension F1/F such that for all λ the map

GF → Hλ(Mλ) induces an isomorphism Gal(F1/F )
∼−→ Hλ/H

0
λ.

Definition 3.14. Let R = (M,V, {Qv(X)}, {rλ}, {Hτ}) and R′ = (M,V ′, {Q′v(X)}, {r′λ}, {H ′τ}) be two

weakly compatible systems of l-adic representations of GF over M . We say they are equivalent if Qv(X) =

Qv′(X) for a set of v of Dirichlet density 1 in GF . In this case we write R ≡ R′.

Lemma 3.15 (Lemma 1.3 in [13]). Suppose F is CM, R is a weakly compatible system of l-adic represen-

tations of GF pure of weight w and M = (M,V µ, {X − αv}, {µλ}, {Hµ
τ }) is a weakly compatible system of

l-adic characters of GF+ with

Rc ≡M|GF ⊗R∨.

Then for all τ we have Hµ
τ = {w}.
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Lemma 3.16 (Lemma 1.4 in [13]). Let R = (M,V, {Qv(X)}, {rλ}, {Hτ}) be a regular pure weakly compatible

system of l-adic representations. Then we may replace M by a CM field M ′ such that for all open subgroups

H of GF and all primes λ of M ′, all subrepresentations of rλ|H are defined over M ′λ. In this case we call

M ′ a full field of definition for R.

The following theorem states that when F is CM, we can associate l-adic Galois representations to regular

algebraic, polarized, cuspidal automorphic representations.

Theorem 3.17 (Theorem 2.1.1 in [1], Theorem 1.1 in [5] and Section 1 of [13]). Let F be CM. Let (π, χ) be a

regular algebraic, polarized, cuspidal automorphic representation of GLn(AF ) where π has weight a. We de-

fine Lπ to be the fixed field of the subgroup of Aut(C) consisting of elements σ ∈ Aut(C) such that σπ∞ ∼= π∞,

which a CM field [12]. We let Vπ denote the set of finite primes of F where π is ramified. For v 6∈ Vπ a finite

prime of F , we let Qπ,v(X) ∈ Lπ[X] denote the characteristic polynomial of recFv (πv|det|(1−n)/2
v )(Frobv). If

Lπ denotes the algebraic closure of Lπ in C, then for τ : F ↪→ Lπ we set

Hπ,τ = {aτ,1 + n− 1, aτ,2 + n− 2, ..., aτ,n}.

Then there exist a CM field Mπ/Lπ, an integer w, a finite set V χ of finite primes of F+, a scalar αv ∈Mπ

for each prime v 6∈ V χ, a finite multi-set Hχ
τ of integers, and for each finite prime λ of Mπ there exists a

continuous semi-simple representation

rπ,λ : GF → GLn(Mπ,λ)

and a continuous character

rχ,λ : GF+ →Mπ,λ
×

such that

Rπ := (Mπ, Vπ, {Qπ,v(X)}, {rπ,λ}, {Hπ,τ})

is a regular pure weakly compatible system of l-adic representations of weight w and

Rχ := (Mπ, V
χ, {X − αv}, {rχ,λ}, {Hχ

τ })

is a weakly compatible system of l-adic characters. Moreover, (rπ,λ, rχ,λ) is regular algebraic, totally odd and

polarized.

Remark. By enlarging Mπ if necessary, we will further assume that Mπ is a full field of definition of Rπ and

7



Rχ, that Mπ/Q is Galois, and it contains the images of all embeddings F ↪→Mπ.
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4 Reduction to the maximal CM subextension

Let us first define the compatible system of l-adic representations that we will be working with throughout

this manuscript. Let λ be a finite prime of Mπ. Define

ρλ = Ind
GF+

GF
rπ,λ ⊕ rχ,λ,

which gives us a system of l-adic representations of dimension 2n+ 1

Ind
GF+

GF
Rπ ⊕Rχ.

Let Gλ be the Zariski closure of the image of ρλ in GL2n+1/Mπ,λ, G0
λ be the identity component of Gλ and

G0,der
λ be the derived subgroup. Then by Lemma 3.13, there exists a finite Galois extension F1,π/F

+ such

that for all λ the map GF+ → Gλ(Mπ,λ) induces an isomorphism

Gλ/G
0
λ
∼= Gal(F1,π/F

+).

The goal of the manuscript is to prove the following theorem:

Theorem 4.1. Suppose F is a CM field and that π is a polarizable, regular algebraic, cuspidal automorphic

representation of GLn(AF ) where n ≤ 6. Then there is a set L of rational primes of Dirichlet density 1,

such that for all primes λ of Mπ dividing some l ∈ L, rπ,λ is irreducible.

In this section we will prove the following:

Proposition 4.2. Let n0 be an integer. Suppose for all CM fields F , all integers n ≤ n0, and all regular

algebraic, cuspidal automorphic representation π of GLn(AF ) such that F is the maximal CM subextension of

F1,π/F
+, we have rπ,λ is irreducible for all primes λ of Mπ lying above a Dirichlet density 1 set of rational

primes. Then for all CM fields F , all integers n ≤ n0, and all regular algebraic, cuspidal automorphic

representation π of GLn(AF ), rπ,λ is irreducible for all primes of Mπ lying above a Dirichlet density 1 set

of rational primes.

This will allow us to reduce the proof of Theorem 4.1 to the case where F is the maximal CM subextension

of F1,π/F
+. In order to prove the proposition, we need the following result of Patrikis and Taylor:

Theorem 4.3 (Theorem 1.7, Lemma 1.5 and Lemma 1.6 in [13]). Let F be a CM field and π be a polarizable,

regular algebraic, cuspidal automorphic representation of GLn(AF ). Then there is a set L of rational primes

9



of positive Dirichlet density, such that if a prime λ of Mπ divides some l ∈ L, then rπ,λ is irreducible. In

particular, up to finitely many primes, L contains the subset

L′ = {l a rational prime |[Frobl] = {c} ⊆ Gal(Mπ/Q), l unramified in Mπ}.

We will refer to the set of primes of Mπ lying above L the Patrikis-Taylor primes.

We also need the following potential automorphy result from [13]:

Theorem 4.4 (Theorem 2.1 in [13]). Suppose K/K0 is a finite Galois extension of CM fields, and that

Kavoid/K is a finite Galois extension. Suppose also for i = 1, ..., r that (Ri,Mi) is a totally odd, polarized

weakly compatible system of l-adic representations of GK with each Ri pure and regular. Then there is a

finite CM extension K ′/K such that K ′/K0 is Galois and K ′ is linearly disjoint from Kavoid over K, with

the following property: for each i we have a decomposition

Ri = Ri,1 ⊕ ...⊕Ri,si

into weakly compatible systems Ri,j with each (Ri,j ,Mi)|GK′ automorphic.

We will now prove Proposition 4.2.

Proof. Let π be a regular algebraic, cuspidal automorphic representation of GLn(AF ). Let F2/F
+ be the

maximal CM subextension of F1,π/F
+. We can apply Theorem 4.4 to our situation with K = F2,K0 =

F+,Kavoid = F1,π and i = 1 with (R1,M1) = (Rπ,Rχ)|GF2
. Then we obtain a finite CM extension

F3/F2 such that F3/F
+ is Galois and F3 is linearly disjoint from F1,π over F2, and moreover Rπ|GF2

has a

decomposition into weakly compatible systems

Rπ|GF2
= R1 ⊕ ...⊕Rs, (1)

with each (Ri,Rχ)|GF3
automorphic.

Let ω be a Patrikis-Taylor prime from Theorem 4.3. In particular, rπ,ω is irreducible. Since rπ,ω is

regular, the irreducible constituents of rπ,ω|GF2
are distinct. So we get that Gal(F2/F ) acts transitively on

the irreducible constituents of rπ,ω|GF2
. From Eq. 1, we have

rπ,ω|GF2
= r1,ω ⊕ ...⊕ rs,ω.

Since ri,ω and ri′,ω have no irreducible constituents in common, Gal(F2/F ) acts transitively on {ri,ω}si=1

10



as well. In particular, all {ri,ω}si=1 have the same dimension. Let H be the stabilizer of r1,ω in GF , which

contains GF2
. Then H = GF4

for some extension F2/F4/F and r1,ω extends to a representation of H. We

know HomH(rπ,ω|H , r1,ω) = HomGF (rπ,ω, IndGFH r1,ω) is non-trivial. A non-zero GF -equivariant homomor-

phism φ : rπ,ω → IndGFH r1,ω must be injective because rπ,ω is irreducible. We also have dim(IndGFH r1,ω) =

[GF : H] · dim(r1,ω) = s · dim(r1,ω) = dim(rπ,ω) by the orbit-stabilizer theorem. Thus we get φ is in fact an

isomorphism, which implies rπ,ω ∼= IndGFH r1,ω.

So far we only have rπ,ω ∼= IndGFH r1,ω at Patrikis-Taylor primes and we want to extend this to all finite

primes of Mπ. First, we need to show that r1,λ extends to a representation of H at all finite primes λ of Mπ.

Let Vπ be the finite set of bad finite primes of F given in the definition of the weakly compatible system Rπ

as in Definition 3.9. Then for σ ∈ H, for a prime v of F , v 6∈ Vπ and v - res(λ), we have

rσ1,λ(Frobv) ∼ rσ1,ω(Frobv) ∼ r1,ω(Frobv),

where ∼ denotes being in the same conjugacy class. Thus we get rσ1,λ
∼= r1,λ, which implies rσ1,λ = r1,λ

by regularity of rπ,λ. Since Ri|GF3
is automorphic, there exists a regular automorphic representation πi

of GLni(AF3) such that (Rπi ,Rχ|GF3
) ≡ (Ri,Rχ)|GF3

. Note that Gal(F3/F ) acts on {πi}si=1, where the

action is given by rγ(πi),λ = rγπi,λ for γ ∈ Gal(F3/F ) and λ a finite prime in Mπ (because Mπ is a full field of

definition of Rπ). We already saw that the action of Gal(F2/F ) is transitive on {ri,ω}si=1 at a Patrikis-Taylor

prime ω, so the action of GF on {πi}si=1 is transitive, and thus GF acts transitively on {ri,λ}si=1 for any

finite prime λ. Therefore, we get

rπ,λ ∼= IndGFH r1,λ

at all finite primes λ in Mπ.

For each i, we have F1,πi ⊆ F1,πF3. Thus we get F3 is the maximal CM subextension of F1,πi/F
+ based

on the way we chose F3. Let λ be any finite prime of Mπ. By the assumption in Proposition 4.2, after

removing a set of rational primes of Dirichlet density 0, we may assume r1,λ is irreducible. For such λ, we

have rπ,λ ∼= IndGFH r1,λ is irreducible because rπ,λ is regular.
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5 An L-function argument

From now on, we will assume F is the maximal CM subextension of F1,π/F
+.

In this section we give an overview of the strategy of proving Theorem 4.1, and review the L-function

argument in [1] used in the proof of the theorems.

Our approach to proving Theorem 4.1 is to apply the potential automorphy result Theorem 4.5.1 of [1]

to the irreducible constituents of rπ,λ. Let c be a complex conjugation in GF+ . The arguments in the proof

of Theorem 5.5.2 and Proposition 5.4.6 of [1] can be applied as long as we can show:

For all but finitely many primes λ of Mπ, and for each irreducible constituent r ⊆ rπ,λ, we have rc ∼=

r∨ ⊗ rχ,λ|GF .

We now state the analogues of Proposition 5.4.6 and Theorem 5.5.2 in [1] for our situation.

Proposition 5.1 (analogue of Proposition 5.4.6 of [1]). Suppose F is a CM field and that (R,M) is a

totally odd, polarized weakly compatible system of l-adic representations, with R regular and pure. Write

rλ = rλ,1 ⊕ · · · ⊕ rλ,jλ with each rλ,α irreducible. Suppose that for all but finitely many λ, the pair (rλ,α, µλ)

is totally odd, polarized for all α ∈ {1, ..., jλ}. Then there is a set of rational primes L of Dirichlet density

1 such that if λ is a prime of Mπ lying above l ∈ L, then there is a finite, CM, Galois extension F ′/F such

that each (rλ,α|GF ′ , µλ|G(F ′)+
) is irreducible and automorphic.

Proof. The proof is exactly the same as that of Proposition 5.4.6 in [1].

Theorem 5.2 (analogue of Theorem 5.5.2 of [1]). Suppose that F is a CM field and that (π, χ) is a regular

algebraic, polarized, cuspidal automorphic representation of GLn(AF ). Suppose also that for all but finitely

many primes λ of Mπ, and for each irreducible constituent r of rπ,λ, we have rc ∼= r∨⊗ rχ,λ|GF . Then there

is a set of rational primes L of Dirichlet density 1 such that if a prime λ of Mπ divides some l ∈ L, then

rπ,λ is irreducible.

Under the assumptions of Theorem 5.2, let v be an infinite place of F , l = res(λ) and 〈 , 〉v a pairing on Ql
n

as given in Definition 3.4. By regularity, there is only one irreducible constituent of rπ,λ ∼= (r∨π,λ)c ⊗ rχ,λ|GF

isomorphic to r. Therefore, 〈 , 〉v restricts to a perfect pairing on the underlying space of r. Then oddity

follows because (rπ,λ, rχ,λ) is totally odd. So we can conclude there is a set of rational primes L of Dirichlet

density 1 such that for all primes λ of Mπ dividing some l ∈ L, the irreducible constituents (r, rχ,λ) of

(rπ,λ, rχ,λ) are totally odd and polarized.

The rest of the proof of Theorem 5.2 is the same as the proof of Theorem 5.5.2 in [1], except we resort to

Proposition 5.1 above instead of Proposition 5.4.6 in [1]. We outline the proof of Theorem 5.2, which uses a

standard L-function argument. We refer the reader to Section 5.5 of [1] for the details.
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We first recall some group theory. Let F be a number field. Fix l a rational prime. Let GGF,l denote the

category of semi-simple, continuous representations ofGF on finite dimensional Ql-vector spaces which ramify

at only finitely many primes. Let RepF,l denote the Grothendieck group of GGF,l, which is a commutative

ring with 1. For an object V of GGF,l, we denote by [V ] its class in RepF,l. Elements in GGF,l satisfy a list

of functorialities, and we highlight some of the important ones below. The reader can see 5.5 of [1] for the

rest.

• (5.5 (4) in [1]) There exists a perfect symmetric Z-valued pairing ( , )F,l on RepF,l defined by ([U ], [V ])F,l =

dimQlHomGF (U, V ).

• (5.5 (7) and (8) in [1]) For F ′/F a finite extension, we have a ring homomorphism resF ′/F : RepF,l →

RepF ′,l defined by resF ′/F [V ] = [V |GF ′ ] and a Z-linear map indF ′/F : RepF ′,l → RepF,l defined by

indF ′/F [V ] = [IndGFGF ′V ].

• (5.5 (9) in [1]) Let S be a finite set of primes of F including the ones above l. Suppose A =
∑
i ni[Vi] ∈

RepF,l with each Vi unramified outside S. Then for each ι : Ql
∼−→ C, we can define

LS(ιA, s) =
∏
i

LS(ιVi, s)
ni ,

at least as a formal Euler product. If for each i the Weil-Deligne representation WD(Vi|GF,v ) is pure of

some weight wi for all but finitely many primes v 6∈ S of F , then the product converges in some right

half plane. We also have

LS(ι(A+B), s) = LS(ιA, s)LS(ιB, s)

and

LS(ιindF ′/FA, s) = LS
′
(ιA, s),

with S′ being the set of primes of F ′ above S.

• (5.5 (8) in [1])

Proposition 5.3 (Brauer’s Theorem). If F ′/F is a finite Galois extension then there is a finite

collection of intermediate fields F ′/F ′i/F with each F ′/F ′i soluble, together with characters

ψi : Gal(F ′/F ′i )→ C×

and integers ni such that 1 =
∑
i niindF ′i/F [ψi] in the Grothendieck group of finite dimensional repre-

sentation of Gal(F ′/F ) over C.

13



Remark. In particular, one can show this implies for A ∈ RepF,l and ι : Ql
∼−→ C,

A =
∑
i

niindF ′i/F ([ι−1ψi]resF ′i/FA).

• (Section 5.1 in [1]) For R = (M,V, {Qv(X)}, {rλ}, {Hτ}) a weakly compatible system of l-adic repre-

sentations of GF , that is pure of weight w, and ι : Mπ ↪→ C a continuous embedding, we can define

the partial L-function

LV (ιR, s) =
∏
v 6∈V

#k(v)(dimR)s

ιQv(#k(v)s)
,

which converges in some right half plane.

Lemma 5.4 (Lemma 2.2.2 of [1]). Suppose that M/K is a soluble Galois extension of fields and that M

is CM. Suppose that (r, µ) is a polarized l-adic representation of GK with r|GM irreducible. Then (r, µ) is

automorphic if and only if (r|GM , µ|GM+ ) is automorphic.

Now we let F be a CM field. Let (π, χ) and (π′, χ′) be regular algebraic, polarized, cuspidal automorphic

representation of GLn(AF ) and GLn′(AF ) respectively. Then Rπ is pure of some weight w and Rπ′ is pure

of some weight w′. We have (see [18] and [10]):

Theorem 5.5. Let S be a finite set of finite places of F . The partial L-function

LS(π × (π′)∨, s+ (w − w′ + n′ − n)/2) = LS((π||det||(w+1−n)/2
F )× (π′||det||(w

′+1−n′)/2
F )∨, s)

is meromorphic, and is holomorphic and non-zero at s = 1 unless

π ∼= π′||det||(w
′−w+n−n′)/2

F ,

in which case it has a simple pole at s = 1.

Now we sketch the proof of Theorem 5.2:

Sketch of Proof. Let L be the set of rational primes of Dirichlet density 1 provided by applying Proposition 5.1

to (Rπ,Rχ). Let λ|l for some l ∈ L and fix some ι : Mπ,λ
∼−→ C. Decompose rπ,λ into irreducible constituents

rπ,λ = r1 ⊕ · · · ⊕ rj .

14



Let F ′/F be as given in Proposition 5.1 for Rπ and λ. Let S be the finite set of primes of F which divide l

or above which either π or F ′ ramifies. By Theorem 5.5,

ords=1L
S(ι(Rπ ⊗R∨π ), s) = ords=1L

S(π × π∨, s) = −1.

We will also show

ords=1L
S(ι(Rπ ⊗R∨π ), s) = −j.

Then the result follows.

Applying Proposition 5.3 to F ′/F , we get a collection of items F ′/F ′i/F, ni and ψi. Then one can show

LS(ι(Rπ ⊗R∨π ), s) =
∏
i

LS(ι(rπ,λ|GF ′
i
⊗ rπ,λ|∨GF ′

i

)⊗ ψi, s)ni . (2)

Fix i. Since F ′/F ′i is soluble, Lemma 5.4 implies that for each α ∈ {1, ..., j}, there exists a regular algebraic,

polarizable, cuspidal automorphic representation πα of GLnα(AF ′i ) such that

rπα,λ
∼= rα|GF ′

i
,

and rα|GF ′
i

is irreducible. Note that since Mπ is a full field of definition of Rπ, rπα,λ is well-defined. Then

one can show

ords=1L
S(ι(rα|GF ′

i
⊗ rβ |∨GF ′

i

)⊗ ψi, s)

= ords=1L
S(πα × π∨β × (ψi ◦ArtF ′i ), s+ (nβ − nα)/2)

= −δα,βδψi,I, (3)

where δ is the Kronecker-delta function and ArtF ′i denotes the Artin character of F ′i .

Using regularity of rπ,λ, we get

(resF ′i/F [rα][ψi], resF ′i/F [rβ ])F ′i ,l = δα,βδψi,I. (4)
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Putting together Eq. 2, Eq. 3 and Eq. 4, we get

LS(ι(Rπ ⊗R∨π ), s) =
∏
i

LS(ι(rπ,λ|GF ′
i
⊗ rπ,λ|∨GFi )⊗ ψi, s)

ni

= −
∑
i

ni(resF ′i/F [rπ,λ][ψi], resF ′i/F [rπ,λ])F ′i ,l (5)

= −
∑
i

ni(indF ′i/F ([ψi]resF ′i/F [rπ,λ]), [rπ,λ])F,l (6)

= −([rπ,λ], [rπ,λ])F,l (7)

= −j,

where going from Eq. 5 to Eq. 6 uses Frobenius reciprocity and going from Eq. 6 to Eq. 7 follows from the

remark after Proposition 5.3. Now the theorem follows. �
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6 Reduction to the semi-simple case

In this section, we will prove that the following theorem:

Theorem 6.1. Suppose that F is a CM field and that (π, χ) is a regular algebraic, polarized, cuspidal

automorphic representation of GLn(AF ). Moreover, suppose that F1,π/F
+ has F as the maximal CM subex-

tension, and that for all but finitely many primes λ of Mπ, and for each irreducible constituent r of rπ,λ|G0,der
λ

,

rσ ∼= r∨ for every σ ∈ GF+ \ GF . Then there is a set of rational primes L of Dirichlet density 1 such that

if a prime λ of Mπ divides some l ∈ L, then rπ,λ is irreducible.

6.1 Reduction to being polarized with a character of GF1,π

Fix λ to be a finite prime of Mπ. Let c ∈ GF+ be a complex conjugation. Now we prove that to show

the irreducibility of rπ,λ, it suffices to show that each irreducible constituent of rπ,λ|GF1,π
is polarized with

respect to a character of GF1,π . Let

rπ,λ|GF1,π

∼= r1 ⊕ ...⊕ rs

be the decomposition of rπ,λ|GF1,π
into irreducible representations of GF1,π

.

Proposition 6.2. Let σ ∈ GF+ \GF . Suppose for all i, we have

rσi
∼= r∨i ⊗ δσ,i,

for some continuous character

δσ,i : GF1,π
→Mπ,λ.

Then

rσi
∼= r∨i ⊗ rχ,λ|GF1,π

. (8)

Moreover, if Eq. 8 is true for all σ ∈ GF+ \GF and all i, then we have

rc ∼= r∨ ⊗ rχ,λ|GF

for any irreducible constituent r of rπ,λ.

Remark. Note that since F1,π/F
+ is Galois, rσi is an irreducible representation of GF1,π

for all σ ∈ GF+ \GF .
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Proof. Fix a continuous embedding τ : F1,π ↪→ Mπ and σ ∈ GF+ \ GF . Since F is the maximal CM

subextension of F1,π/F
+, we can write

δσ,i = δ|GF1,π
µ,

where δ : GF → Mπ,λ is a continuous Hodge-Tate character and µ : GF1,π
→ Mπ,λ is a character of finite

order (cf. Lemma 2.3.4 in [12]). So we get

HTτ (δσσ,i) = HTτσ|−1
F1,π

(δσ,i)

= HTτσ|−1
F1,π

(δ|GF1,π
µ)

= HTτσ|−1
F1,π

(δ|GF1,π
)

= HTτ |Fσ|−1
F

(δ)

= HTτ |F c(δ)

= HTccτ |F c(δ)

= HTcτ |F (δ)

= 2w −HTτ |F (δ), (9)

where the last equality follows from Lemma 3.12(3), Lemma 3.15 and the fact that Rπ is pure of weight w.

For σ ∈ GF+ \GF , consider rσ
2

π,λ and rσ
2

i . We have σ = cσ′ for some σ′ ∈ GF . Since σ2 ∈ GF , we have

δσ
2 ∼= δ and rσ

2

π,λ
∼= rπ,λ. So we get

rσ
2

i ⊆ (rπ,λ|GF1,π
)σ

2 ∼= rσ
2

π,λ|GF1,π

∼= rπ,λ|GF1,π
,

where the first isomorphism follows from the fact that F1,π/F is Galois. Similarly, for any positive integer

m, we have rσ
2m

i ⊆ rσ2m

π,λ |GF1,π

∼= rπ,λ|GF1,π
.

By assumption, we have that

rσ
2

i
∼= (r∨i ⊗ δσ,i)∨ ⊗ δσσ,i

∼= ri ⊗ δ−1
σ,i ⊗ δ

σ
σ,i. (10)

By repeatedly applying the isomorphism in Eq. 10, we get that

rσ
2m

i
∼= ri ⊗ δσσ,i/δσ,i ⊗ δσ

3

σ,i/δ
σ2

σ,i ⊗ · · · ⊗ δσ
2m−1

σ,i /δσ
2m−2

σ,i

∼= ri ⊗ ((δσ/δ)|GF1,π
)m ⊗ µσ/µ⊗ µσ

3

/µσ
2

· · · ⊗ µσ
2m−1

/µσ
2m−2

.
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Since rσ
2m

i is an irreducible constituent of rπ,λ for every positive integer m and rπ,λ is a finite dimensional

representation, we see that (δσ/δ)|GF1,π
has Hodge-Tate weight equal to 0, and hence ψ := δσσ,i/δσ,i is a finite

order character of GF1,π
. So we have that

HTτ (δσσ,i) = HTτ (δσ,iψ)

= HTτ (δσ,i)

= HTτ |F (δ). (11)

Combining Eq. 9 with Eq. 11, we get HTτ (δσ,i) = HTτ |F (δ) = w. We therefore have

δσ,i = rχ,λ|GF1,π
⊗ ηi

for some finite order character ηi of GF1,π
.

Consider r∨i ⊗ rχ,λ|GF1,π
⊆ (r∨π,λ ⊗ rχ,λ|GF )|GF1,π

∼= rcπ,λ|GF1,π
. Since F1,π/F

+ is Galois, we have rσi ⊆

rπ,λ|σGF1,π

∼= rσπ,λ|GF1,π

∼= rcπ,λ|GF1,π
. Since we also know

rσi
∼= r∨i ⊗ δσ,i ∼= r∨i ⊗ rχ,λ|GF1,π

⊗ ηi,

we must have r∨i ⊗ rχ,λ|GF1,π
⊗ ηi ∼= r∨i ⊗ rχ,λ|GF1,π

by regularity, which implies rσi
∼= r∨i ⊗ rχ,λ|GF1,π

. This

concludes the first half of the proof of the proposition.

Now suppose that for each i and each σ ∈ GF+ \ GF , we have rσi
∼= r∨i ⊗ rχ,λ|GF1,π

. We will show

this implies rc ∼= r∨ ⊗ rχ,λ|GF for any irreducible constituent r of rπ,λ. Let σ ∈ [c] ⊆ Gal(F1,π/F
+). Let

r|GF1,π
= u1 ⊕ · · · ⊕ uk be the decomposition into irreducible constituents. Since F1,π/F

+ is Galois, we get

rc|GF1,π

∼= r|σGF1,π

∼= uσ1 ⊕ ...⊕ uσk

∼= u∨1 ⊗ rχ,λ|GF1,π
⊕ · · · ⊕ u∨k ⊗ rχ,λ|GF1,π

∼= r∨|GF1,π
⊗ rχ,λ|GF1,π

. (12)

So we have rc,∨|GF1,π
⊗ rχ,λ|GF1,π

∼= r|GF1,π
. By regularity of rπ,λ, we must have rc,∨ ⊗ rχ,λ|GF ∼= r.

6.2 Reduction to semi-simple image

In the rest of this section we will finish the proof of Theorem 6.1.
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For a finite prime λ in Mπ, We have (rπ,λ|G0,der
λ

)σ ∼= (rπ,λ|G0,der
λ

)∨ for σ ∈ GF+ \GF . By Schur’s lemma,

the elements in the center of G0
λ act as scalars, which implies for each irreducible constituent u ⊆ rπ,λ|GF1,π

,

u|G0,der
λ

remains irreducible.

We have the following lemma:

Lemma 6.3. If an irreducible constituent u ⊆ rπ,λ|GF1,π
satisfies (u|G0,der

λ
)σ ∼= (u|G0,der

λ
)∨ for some σ ∈

GF+ \GF , then there exists a continuous character δσ : GF1,π →Mπ,λ such that uσ ∼= u∨ ⊗ δσ.

Proof. Since G0,der
λ is a normal subgroup of G0

λ, HomG0,der
λ

((u|G0,der
λ

)σ, (u|G0,der
λ

)∨) is a non-trivial G0
λ/G

0,der
λ -

module. But since (u|G0,der
λ

)σ and (u|G0,der
λ

)∨ are irreducibleG0,der
λ -modules, we get HomG0,der

λ
((u|G0,der

λ
)σ, (u|G0,der

λ
)∨)

is 1-dimensional. Thus G0
λ/G

0,der
λ acts as scalars. So there exists a continuous character δσ : GF1,π →Mπ,λ

such that uσ ∼= u∨ ⊗ δσ.

Finally, we are ready to prove Theorem 6.1.

Proof. Let r ⊆ rπ,λ be an irreducible constituent. Consider the decomposition r|GF1,π
=

⊕k
i=1 ui of r|GF1,π

into irreducible representations of GF1,π
. Since ui|G0,der

λ
is irreducible for each i, the irreducible constituents

of r|G0,der
λ

are simply {ui|G0,der
λ
}ki=1, each of which satisfies (ui|G0,der

λ
)σ ∼= (ui|G0,der

λ
)∨ for all σ ∈ GF+ \GF by

assumption. By Lemma 6.3, we get there exists a continuous character δσ,i : GF1,π
→ Mπ,λ for each σ and

each i such that uσi
∼= u∨i ⊗ δσ,i. Since r is an arbitrary irreducible constituent of rπ,λ, by Proposition 6.2,

we get rc ∼= r∨ ⊗ rχ,λ|GF for each irreducible constituent r of rπ,λ.
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7 Irreducibility at a set of positive Dirichlet density

Keeping the assumptions in Theorem 6.1, in this section we prove there is a set of rational primes of positive

Dirichlet density such that for primes λ of Mπ lying above the set, rπ,λ|GF1,π
is irreducible. Recall that we

have the decomposition into irreducible constituents

rπ,λ|GF1,π
= r1 ⊕ · · · ⊕ rs.

Let N/Mπ be a finite extension containing all images of the embeddings F1,π ↪→ Mπ. Enlarging N if

necessary, we also assume N/Q is Galois. Let c ∈ Gal(N/Q) be a complex conjugation. Let L be the set

of rational primes defined in Theorem 4.3. We define a set of finite rational primes L′′, which is a set of

positive Dirichlet density, to be the following

L′′ = {l ∈ L|[Frobl] = [c] ⊆ Gal(N/Q), l unramified in N}.

Then by Theorem 4.3, removing finitely many rational primes if necessary, we may assume if λ of Mπ lies

above some prime in L′′, then rπ,λ is irreducible. Let � be the set of primes of Mπ lying above the rational

primes in L′′.

We will prove the following result:

Proposition 7.1. If λ ∈ �, then rσ ∼= r∨ ⊗ rχ,λ|GF1,π
for all σ ∈ [c] ⊆ Gal(F1,π/F

+) and all irreducible

constituents r ⊆ rπ,λ|GF1,π
.

Proof. Let l = res(λ), and let σ ∈ [c] ⊆ Gal(N/F+). There exists a unique permutation σ̃ of {1, ..., s} such

that

rσ̃(i)
∼= rσ,∨i ⊗ rχ,λ|GF1,π

.

Let η be a prime of F1,π lying above l such that Frobη = σ|F1,π
∈ Gal(F1,π/F

+). By our choice of λ, c|Mπ

extends to a unique automorphism of Mπ,λ, and is equal to Frobl|Mπ,λ
. Let c̃ ∈ Gal(Mπ,λ/Q) be a lift of

c|Mπ
. Let τ : F1,π ↪→Mπ,λ be a continuous embedding inducing the prime η.
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Then we have

HTτ (rσ̃(i)) = HTτ (rσ,∨i ⊗ rχ,λ|GF1,π
) (13)

= HTτ (c̃rσi ) (14)

= HTc̃τσ−1(ri)

= HTτFrobησ−1(ri)

= HTτ (ri),

where going from Eq. 13 to Eq. 14 follows from Lemma 3.12(1), Lemma 3.12(4) and Lemma 3.15. By

regularity of rπ,λ, we get ri = rσ̃(i) and thus σ̃ is the trivial permutation.

Corollary 7.2. If λ ∈ �, then rπ,λ|GF1,π
is irreducible.

Proof. Let σ1, σ2 ∈ [c] ⊆ Gal(F1,π/F
+). Then by Proposition 7.1, we have rσ1σ2

i
∼= ri for all i ∈ {1, ..., s}.

Since F is the maximal CM subextension of F1,π/F
+, we know the set {σ1σ2|σ1, σ2 ∈ [c] ⊆ Gal(F1,π/F

+)}

generates Gal(F1,π/F ). So Gal(F1,π/F ) acts trivially on {ri}si=1 and each ri extends to a representation of

GF . Since rπ,λ is irreducible as a representation of GF , we must have s = 1.

Remark. Let λ ∈ �. Then we know rπ,λ|GF1,π
is irreducible by Corollary 7.2. So G0

λ is a connected reductive

group with an irreducible faithful representation into GLn. By Schur’s lemma, the elements in the center of

G0
λ act as scalars. In particular, rπ,λ|G0,der

λ
is irreducible and regular.
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8 Independence of λ results

The rest of the manuscript will be dedicated to showing that the conditions of Theorem 6.1 are satisfied by

π of dimension less than or equal to 6:

Let F be a CM field and π be a polarizable, regular algebraic, cuspidal automorphic representation of

GLn(AF ), where n ≤ 6. Then for all but finitely many finite primes λ of Mπ, and for each irreducible

constituent r ⊆ rπ,λ|G0,der
λ

, rσ ∼= r∨ for every σ ∈ GF+ \GF .

In this section we collect some results along the lines of independence of λ in a weakly compatible system

of Galois representations, which will be useful in the proof of the statement above.

8.1 Independence of λ of characteristic varieties

8.1.1 Serre groups and abelian representations

To prove our independence of λ results, we first recall some results on Serre groups and abelian representations

from [17] and [7]. We will use ZC to denote Zariski closure, Ker to denote the kernel of a map and Im to

denote the image of a map.

Let K be a number field. We can associate to K a projective family {Sm}m of abelian algebraic groups

over Q called the Serre groups, as detailed in Chap. II 2.1 and 2.2 of [17].

Let S be a finite set of finite primes of K. By a modulus of support of S we mean m = (mv)v∈S where

each mv is a positive integer. Let Km = {u ∈ O×K |valv(1−u) ≥ mv for all v ∈ S}, where O×K is the group of

units in the ring of integers of K. Let Tm = ResKQ (Gm,K)/ZC(Km), which is a connected torus. The identity

component of Sm is Tm.

The Sm’s form a projective system. For moduli m1|m2 there exists a morphism Sm2
→ Sm1

, which has

finite kernel and finite cokernel. As a result, all Sm’s have the same dimension for all moduli m of K.

Let E be a number field. Let λ be a finite prime in E. We have the following:

Definition 8.1 (Chap. I 2.3 in [17] and Section II in [7]). Let α : GK → GLn(Eλ) be a λ-adic representation

of K (by which we mean α is a continuous homomorphism). We say α is rational over E if there exists

a finite set S of finite primes in K such that α is unramified outside S and if v 6∈ S, the characteristic

polynomial of α(Frobv) has coefficients in E.

Definition 8.2 (Chap. I 2.3 in [17] and Section III in [7]). For each finite prime λ of E, let αλ : GK →

GLn(Eλ) be a rational λ-adic representation of K. The collection {αλ}λ is said to form a strictly compatible

system if
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• there exists a finite set S of finite primes in K such that for any v 6∈ S and v - res(λ), αλ is unramified

at v and the characteristic polynomial of αλ(Frobv) has coefficients in E, and

• for any pair λ, λ′ of finite primes, the characteristic polynomials of αλ(Frobv) and αλ′(Frobv) are the

same for v 6∈ S and v - res(λ), res(λ′).

Remark. Note that the notion of ‘strictly compatible’ given by Serre in Definition 8.2 is weaker than the

definition of ‘weakly compatible’ given in Definition 3.9. In particular, there is no restriction at the ramified

primes in Definition 8.2.

Proposition 8.3 (Chap. I 2.3. in [17]). For each finite prime λ in E and each modulus m of K, there exists

a canonical abelian λ-adic representation with values in Sm:

κm,λ : Gab
K → Sm(Eλ).

Proposition 8.4 (Chap. I 2.5 in [17]). Let φ : Sm,E → GLb,E be a linear representation of Sm over E, and

let φλ be the corresponding linear representation of Sm,Eλ over Eλ. Then the representation

φλ ◦ κm,λ : Gab
K → GLb(Eλ)

is semi-simple and {φλ ◦ κm,λ}λ is a strictly compatible system in the sense of Definition 8.2.

Proposition 8.5 (Chap. III 2.3 Theorem 2 and Chap. III 2.4 in [17]). Let α : Gab
K → GLn(Eλ) be an

abelian λ-adic representation. If α is Hodge-Tate and semi-simple, then there exist a modulus m of K and

a morphism of algebraic groups φλ : Sm,Eλ → GLn,Eλ such that α = φλ ◦ κm,λ.

Remark.

• Note the original terminology in [17] was ‘locally algebraic’, which is replaced by ‘Hodge-Tate and

semi-simple’ in Proposition 8.5 for consistency in terminology throughout the manuscript.

• In the statement of Chap. III 2.3, Theorem 2 (together with the comments in 2.4) of [17], there was the

extra assumption of α being rational over E. However, that condition was only used in showing that

φλ is defined over E. Since we are not requiring φλ to be defined over E, we can drop the condition of

α being rational over E in the statement of Proposition 8.5.
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8.1.2 Notes on characteristic varieties

Now we review some results on the formal characters of representations of a reductive group. In this section

the field of definition of every algebraic variety or group is some field K of characteristic zero, unless specified

otherwise. We follow the notations in [11] and define ch : GLn → Gm × An−1 to be the morphism that

associates a matrix to the coefficients of its characteristic polynomial. We want to study the image of tori

under the morphism ch, and the extent to which the image determines the tori.

Let Gnm ⊆ GLn be a split maximal torus. The Weyl group of GLn for Gnm is the symmetric group Sn. The

restriction of ch to Gnm is a finite morphism which identifies Gm ×An−1 with the scheme-theoretic quotient

Gnm/Sn.

Let T ⊆ GLn be a torus and ρ : T ↪→ GLn be an inclusion map. For any element g ∈ GLn(K), we have

ch(ρ(T )) = ch(gρ(T )g−1). Conjugating by an element of GLn(K) if necessary, we may assume ρ(T ) ⊆ Gnm.

Since ch|Gnm is a finite morphism onto its quotient by Sn, we have that ch(ρ(T )) is Zariski-closed. Since T is

irreducible, so is ch(ρ(T )).

Let T1, T2 ⊆ GLn be tori, with inclusion maps ρ1 : T1 ↪→ GLn and ρ2 : T2 ↪→ GLn respectively. Suppose

ch(ρ1(T1)) = ch(ρ2(T2)). We claim there exists g ∈ GLn(K) such that gρ1(T1)g−1 = ρ2(T2). First replacing

T1, T2 by GLn(K)-conjugates if necessary, we may assume T1, T2 ⊆ Gnm. Then once again using the fact that

ch|Gnm : Gnm → Gm×An−1 is a finite Galois morphism with Galois group Sn, we get there exists σ ∈ Sn such

that σ(ρ1(T1)) = ρ2(T2).

8.1.3 A compatible system of λ-adic representations

We return to the assumptions of Section 5: F is a CM field and (π, χ) is a regular algebraic, polarized,

cuspidal automorphic representation of GLn(AF ).

We fix some modulus m of F1,π that is stabilized by elements of Gal(F1,π/F
+). Then by Proposition 8.3,

we have a family {κm,λ : Gab
F1,π
→ Sm(Mπ,λ)}λ of λ-adic representations with values in Sm(Mπ,λ). Choose

a faithful representation ι : Sm → GLm,Q over Q and write ιλ for the morphism Sm ×Q Mπ,λ → GLm,Mπ,λ
.

Let εm,λ = ιλ ◦κm,λ. So {εm,λ}λ is a m-dimensional strictly compatible system (as defined in Definition 8.2)

of λ-adic representations of F1,π that is semi-simple and abelian by Proposition 8.4. Let f := [F1,π : F+].

Now we define a new compatible system {βλ}λ, where

βλ = ρλ ⊕ Ind
GF+

GF1,π
εm,λ : GF+ → GL2n+1+mf (Mπ,λ),

with ρλ defined in Section 5. The Zariski closure of its image is a reductive group, which we call Bλ,

with identity component B0
λ and derived subgroup B0,der

λ . Let Oλ denote the Zariski closure of the image
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of (Ind
GF+

GF1,π
εm,λ)(GF+) and let O0

λ be the identity component. Let O1
λ be the kernel of the surjection

Oλ � Gal(F1,π/F
+). Since m is stabilized by elements in Gal(F1,π/F

+), we get a morphism Sm,Mπ,λ
→ O1

λ.

Moreover, since Sm,Mπ,λ
is the Zariski closure of εm,λ(GF1,π

), we in fact have a surjection Sm,Mπ,λ
� O1

λ,

which induces the surjection on the identity component S0
m,Mπ,λ

� O0
λ. So we get O0

λ = S0
m,Mπ,λ

, which is a

connected torus.

Let cλ = βλ(c) be the image of a complex conjugation under βλ. We first recall some results about

semi-simple automorphisms of a linear algebraic group from Chap. 7 of [21].

Definition 8.6. We call an automorphism σ of a linear algebraic group G semi-simple if it can be realized

by conjugation by a semi-simple element of some algebraic group containing G.

In particular, if σ can be realized as conjugation by a finite order element (which is automatically a

semi-simple element) in some algebraic group containing G, then σ is a semi-simple automorphism of G.

Proposition 8.7 (Theorem 7.5 in [21]). Every semi-simple automorphism σ of an algebraic group G stabi-

lizes some Borel subgroup and some maximal torus thereof.

We include some results on the density of the twisted conjugacy classes of a semi-simple element in a

connected reductive group in the appendix. Since cλ acts as a semi-simple automorphism of B0
λ, we have

the following results, which follow from Proposition 8.7 and Lemma A.6 respectively:

Proposition 8.8. There exist a Borel Nλ ⊆ B0
λ and a maximal torus Sλ ⊆ Nλ of B0

λ that are stabilized by

cλ.

Proposition 8.9. There exists an open dense subset Xλ ⊆ B0
λ such that for each s ∈ Xλ, there exist g ∈ B0

λ

and t ∈ Sλ satisfying t = gs(cλg)−1, where cλg denotes cλgc
−1
λ .

We fix some notations that we will use throughout this section. For each finite prime λ of Mπ, we have

the embedding Bλ ↪→ Gλ × Oλ, and Bλ surjects onto both factors with projections p1 and p2. We have

the surjection p1|B0
λ

: B0
λ � G0

λ and Tλ := p1(Sλ) is a maximal torus of G0
λ. Note that cλ restricts to

an automorphism of G0
λ that stabilizes Tλ. Let Dλ := p1(Xλ), which is an open dense subset of G0

λ such

that for each s ∈ Dλ, there exist g ∈ G0
λ and t ∈ Tλ satisfying t = gs(cλg)−1. We also have the surjection

p2|B0
λ

: B0
λ � O0

λ = S0
m,Mπ,λ

and p2(Sλ) = S0
m,Mπ,λ

because S0
m,Mπ,λ

is a torus.

Let hG,λ : G0
λ → GLn be the natural representation induced by rπ,λ|GF1,π

, µG,λ : G0
λ → Gm be the natural

representation induced by rχ,λ|GF1,π
and lS,λ : Sm,Mπ,λ

→ GLm be the natural representation induced by

εm,λ. Let hλ := hG,λ ◦ p1|B0
λ

: B0
λ → GLn, µλ := µG,λ ◦ p1|B0

λ
: B0

λ → Gm and lλ := lS,λ ◦ p2|B0
λ

: B0
λ → GLm.

Let Wλ ⊆ X×(Sλ) be the multi-set of weights of hλ. Let Uλ ⊆ X×(Sλ) be the multi-set of weights of lλ.

Then {µλ} qWλ q Uλ spans X×(Sλ).
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Define 1+cλSλ := {tcλt|t ∈ Sλ}, which is a subtorus of Sλ. We have the inclusion 1+cλSλ ↪→ Sλ, which

induces the surjection X×(Sλ) � X×(1+cλSλ) given by w 7→ w|1+cλSλ .

We define the following characteristic varieties:

Xλ = ZC{(ch(µλ(g)), ch(hλ(g)), ch(lλ(g)))|g ∈ B0
λ} ⊆ G3

m × An+m−2/Mπ,λ

and

Ycλ = ZC{(ch(µλ(gcλgcλ)), ch(hλ(gcλgcλ)), ch(lλ(gcλgcλ)))|g ∈ B0
λ} ⊆ G3

m × An+m−2/Mπ,λ.

For g ∈ B0
λ, we know cλgcλ ∈ B0

λ, so gcλgcλ ∈ B0
λ and hλ(gcλgcλ) is well-defined.

We will show the varieties Xλ and Ycλ are determined by the restrictions of the representation βλ to the

maximal torus Sλ and the cλ-invariant subtorus 1+cλSλ of Sλ respectively.

Lemma 8.10. The variety Ycλ is equal to

ZC{(ch(µλ(gcλgcλ)), ch(hλ(gcλgcλ)), ch(lλ(gcλgcλ)))|g ∈ Xλ}.

Proof. The statement follows from the knowledge that the set Xλ is Zariski dense in B0
λ and the general fact

that for a continuous map f : X → Y between two topological spaces X and Y , we have f(A) = f(A) for a

subspace A ⊆ X.

Lemma 8.11. The variety Ycλ is equal to

ZC{(ch(µλ(tcλtcλ)), ch(hλ(tcλtcλ)), ch(lλ(tcλtcλ)))|t ∈ Sλ}.

Proof. Let s ∈ Xλ. We may assume Sλ ⊆ Xλ after replacing Xλ by Sλ ∪ Xλ. We have gs(cλg)−1 = t for

some g ∈ B0
λ and t ∈ Sλ. So we get

tcλtcλ = gs(cλg)−1cλgs(
cλg)−1cλ

= gs(cλgc
−1
λ )−1cλgs(cλgc

−1
λ )−1cλ

= gscλscλg
−1.

Thus we get ch(hλ(tcλtcλ)) = ch(hλ(scλscλ)), ch(µλ(tcλtcλ)) = ch(µλ(scλscλ)) and ch(lλ(tcλtcλ)) = ch(lλ(scλscλ)).
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Thus by Lemma 8.10, we have

Ycλ = ZC{(ch(µλ(tcλtcλ)), ch(hλ(tcλtcλ)), ch(lλ(tcλtcλ)))|t ∈ Sλ}.

Proposition 8.12. We have

Xλ = ZC{(ch(µλ(t)), ch(hλ(t)), ch(lλ(t)))|t ∈ Sλ}

and

Ycλ = ZC{(ch(µλ(s)), ch(hλ(s)), ch(lλ(s)))|s ∈ 1+cλSλ}.

Proof. For all g ∈ B0
λ, there exists h ∈ B0

λ such that hgssh−1 ∈ Sλ, where gss denotes the semi-simple part

of g. So we get

Xλ = ZC{(ch(µλ(t)), ch(hλ(t)), ch(lλ(t)))|t ∈ Sλ}.

By Lemma 8.11, we get

Ycλ = ZC{(ch(µλ(tcλtcλ)), ch(hλ(tcλtcλ)), ch(lλ(tcλtcλ)))|t ∈ Sλ}

= ZC{(ch(µλ(s)), ch(hλ(s)), ch(lλ(s)))|s ∈ 1+cλSλ}.

Traditionally, it was observed by Serre that the variety Xλ is independent of λ (cf. Section 3 in [16]). We

will prove an analogous result for both of the varieties Xλ and Ycλ .

Proposition 8.13. The varieties Xλ and Ycλ are defined over Mπ and are independent of λ, by which we

mean there exist varieties Y ⊆ X defined over Mπ such that X×Mπ Mπ,λ = Xλ and Y×Mπ Mπ,λ = Ycλ for

all finite primes λ of Mπ.

Proof. Let V χ be the finite set of finite primes of F+ in the definition of the weakly compatible system

Rχ and Vπ be the finite set of finite primes of F in the definition of Rπ as given in Theorem 3.17. Let

Vε be the finite set of finite primes of F1,π in the definition of the strictly compatible system {εm,λ}λ as in

Definition 8.2. For a non-empty finite set K of rational primes, define the sets

RK := {Frobv ∈ GF1,π
|v a prime of F1,π, v 6∈ Vε, v|F 6∈ Vπ, v|F+ 6∈ V χ and v - l for l ∈ K}

RK,c := {Frobv ∈ GF+ ∩ cGF1,π
|v a prime of F+, v 6∈ V χ, v′ 6∈ Vπ for any v′|v in F,

v′′ 6∈ Vε for any v′′|v in F1,π, and v - l for l ∈ K}.
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For λ a finite prime of Mπ such that res(λ) ∈ K, we define

XK,λ = ZC{(ch(rχ,λ(g)), ch(rπ,λ(g)), ch(εm,λ(g)))|g ∈ RK} ⊆ G3
m × An+m−2/Mπ,λ

and

YK,λ = ZC{(ch(rχ,λ(g2)), ch(rπ,λ(g2)), ch(εm,λ(g2)))|g ∈ RK,c} ⊆ G3
m × An+m−2/Mπ,λ.

Then in fact XK,λ is defined over Mπ and is independent of λ. So we can drop the λ on the subscript and

write XK instead. For Frobv ∈ RK,c, there exists a prime v′|v of F1,π such that Frob2
v = Frobv′ ∈ RK. So as

in the case of XK,λ, if res(λ) ∈ K, we know YK,λ is defined over Mπ and is independent of λ. Thus we drop

the λ on the subscript and write YK instead.

Since RK is dense in GF1,π (resp. RK,c is dense in cGF1,π ), and the Zariski topology is coarser than the

l-adic topology, we get for λ a finite prime of Mπ lying above some rational prime in K

XK ×Mπ
Mπ,λ = Xλ (15)

(resp. YK ×Mπ
Mπ,λ = Ycλ). (16)

Consider any two non-empty finite sets of rational primes K and K′. We have RK∪K′ = RK ∩ RK′(resp.

RK∪K′,c = RK,c ∩RK′,c). For λ such that res(λ) ∈ K∪K′, we have XK∪K′ ×Mπ Mπ,λ = Xλ (resp. YK∪K′ ×Mπ

Mπ,λ = Ycλ). But we also have either XK×Mπ
Mπ,λ = Xλ (resp. YK×Mπ

Mπ,λ = Ycλ) or XK′×Mπ
Mπ,λ = Xλ

(resp. YK′ ×Mπ Mπ,λ = Ycλ), depending on whether res(λ) ∈ K or res(λ) ∈ K′. Since K,K′ are non-empty,

we must have XK = XK∪K′ = XK′ (resp. YK = YK∪K′ = YK′ ).

Let K be any non-empty finite set of rational primes. Let X := XK and Y := YK. Then Y ⊆ X are

defined over Mπ and satisfy X×Mπ Mπ,λ = Xλ,Y×Mπ Mπ,λ = Ycλ for all finite primes λ of Mπ.

8.1.4 Characteristic varieties and weights of a representation

We will explore to what extent are the weights of the representations βλ determined by X and Y. In

this section the field of definition of every algebraic group or variety is Mπ unless otherwise specified. For

simplicity of notation, we let ch denote the restriction of ch : GL1+n+m → Gm×An+m to Gm×GLn×GLm,

where m,n are integers in the definition of the representation βλ. In other words, ch is the morphism

ch : Gm ×GLn ×GLm → G3
m × An+m−2 that sends a matrix in Gm ×GLn ×GLm to the coefficients of its

characteristic polynomial.

For a torus S, we write X×(S) for the character group of S. Now we apply the results in Section 8.1.2
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to our situation. Let fj : G1+n+m
m → Gm be the projection onto the j-th factor. Let S be a subtorus

of G1+n+m
m and ρ : S ↪→ GL1+n+m be the inclusion map. Define µρ := f1 ◦ ρ ∈ X×(S), the multi-sets

Wρ,1 := {fj ◦ ρ|2 ≤ j ≤ 1 + n} ⊆ X×(S) and Wρ,2 := {fj ◦ ρ|n+ 1 < j ≤ 1 + n+m} ⊆ X×(S).

We give the following definition:

Definition 8.14. Consider tuples (X,h, Z1, Z2) where X is a finite-rank free abelian group, h ∈ X, and

Z1, Z2 ⊆ X are finite multi-sets such that {h}qZ1qZ2 spans X. Then we say two such tuples (X,h, Z1, Z2)

and (X ′, h′, Z ′1, Z
′
2) are isomorphic if there exists an isomorphism f : X

∼−→ X ′ of free abelian groups such

that f(h) = h′, f(Z1) = Z ′1 and f(Z2) = Z ′2.

It turns out the weights of βλ and the restriction of the weights to the cλ-invariant subtorus are determined

up to isomorphisms by X and Y respectively.

Proposition 8.15. There exists a torus S of G1+n+m
m /Q such that ch(ρ(S)) = X, where ρ : S ↪→ GL1+n+m

is the natural inclusion map. Moreover, the tuple (X×(S), µρ,Wρ,1,Wρ,2) is determined by X up to isomor-

phism.

Proof. Fix λ a finite prime of Mπ. In Proposition 8.12 and Proposition 8.13, we showed there exist a torus

Sλ ⊆ Gm×GLn×GLm/Mπ,λ and an inclusion map iλ : Sλ ↪→ Gm×GLn×GLm such that ch(iλ(Sλ)) = X.

After conjugating by an element of Gm×GLn×GLm(Mπ,λ), we may assume iλ(Sλ) ⊆ G1+n+m
m /Mπ,λ. Since

every split torus defined over Mπ,λ is obtained from a split torus over Q via extension of scalars (cf. 4.3 of

[11]), there exists a torus S ⊆ G1+n+m
m /Q with the natural inclusion map ρ : S ↪→ GL1+n+m/Q such that

ch(ρ(S)×Q Mπ) = ch(iλ(Sλ)) = X.

Suppose there exists another torus S′ ⊆ Gm × GLn × GLm such that ch(ρ′(S′)) = X, where ρ′ : S′ ↪→

GL1+n+m is the natural inclusion. Conjugating by an element of Gm × GLn × GLm, we may assume

ρ′(S′) ⊆ G1+n+m
m . Since ch|G1+n+m

m
: G1+n+m

m � G3
m×An+m−2 is a finite Galois morphism with Galois group

{1} × Sn × Sm, and since ρ(S) ×Q Mπ and ρ′(S′) are both irreducible components of ch−1(X) ∩ G1+n+m
m ,

there exists some σ ∈ {1} × Sn × Sm such that σ(ρ(S)) = ρ′(S′). In particular, σ induces an isomorphism

between (X×(S), µρ,Wρ,1,Wρ,2) and (X×(S′), µρ′ ,Wρ′,1,Wρ′,2) in the sense of Definition 8.14.

Proposition 8.16. There exists a subtorus Sc of G1+n+m
m /Q such that ch(ρc(Sc)) = Y where ρc : Sc ↪→

GL1+n+m is the natural inclusion map. Moreover, the tuple (X×(Sc), µρc ,Wρc,1,Wρc,2) is determined by Y

up to isomorphism.

Proof. The proof is the same as that of Proposition 8.15, except we replace S by Sc, ρ by ρc, Sλ by 1+cλSλ

and X by Y.
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Recall the definitions of Wλ, Uλ and µλ from the paragraphs after Proposition 8.9. Proposition 8.15 and

Proposition 8.16 immediately imply the following corollaries:

Corollary 8.17. For each pair λ, λ′ of finite primes of Mπ, there exists an isomorphism iλ,λ′ : X×(Sλ)
∼−→

X×(Sλ′) of free abelian groups such that iλ,λ′(Wλ) = Wλ′ , iλ,λ′(µλ) = µλ′ , and iλ,λ′(Uλ) = Uλ′ .

Corollary 8.18. For each pair λ, λ′ of finite primes of Mπ, there exists an isomorphism rλ,λ′ : X×(1+cλSλ)
∼−→

X×(1+cλ′Sλ′) of free abelian groups such that

rλ,λ′(Wλ|1+cλSλ) = Wλ′ |1+cλ′ Sλ′ ,

rλ,λ′(Uλ|1+cλSλ) = Uλ′ |1+cλ′ Sλ′ ,

rλ,λ′(µλ|1+cλSλ) = µλ′ |1+cλ′ Sλ′ .

8.2 Semi-simple formal characters and actions by cλ

Keep the definitions in Section 8.1.3. Let Sder
λ := (Sλ∩B0,der

λ )0 and T der
λ := (Tλ∩G0,der

λ )0. Let (1+cλSλ)der :=

(1+cλSλ ∩ B0,der
λ )0 and (1+cλTλ)der := (1+cλTλ ∩ G0,der

λ )0. Let W ss
λ be the multi-set of weights of hλ|B0,der

λ

in X×(Sder
λ ), and let (Wλ|1+cλSλ)ss ⊆ X×((1+cλSλ)der) be the multi-set of weights of hλ restricted to

(1+cλSλ)der. Note that cλ restricts to automorphisms on Sder
λ and on T der

λ , so we can also define 1+cλ(Sder
λ )

and 1+cλ(T der
λ ) correspondingly.

We will prove the following result:

Proposition 8.19. For each pair λ, λ′ of finite primes of Mπ, there exist an isomorphism iλ,λ′ : X×(Sder
λ )

∼−→

X×(Sder
λ′ ) such that iλ,λ′(W

ss
λ ) = W ss

λ′ , and an isomorphism rλ,λ′ : X×((1+cλSλ)der)
∼−→ X×((1+cλ′Sλ′)

der)

such that rλ,λ′((Wλ|1+cλSλ)ss) = (Wλ′ |1+cλ′ Sλ′ )
ss.

The method we employ in this section is inspired by Section 3 of [8]. The following result, which was

originally proved in [8] (cf. Theorem 3.19 in [8]), now becomes a simple corollary of Proposition 8.19.

Corollary 8.20. The rank of B0,der
λ is independent of λ.

Proof. This follows directly from Proposition 8.19 since the rank of B0,der
λ is just the rank of Sder

λ as an

abelian group.

We need the following two results in the proof of Proposition 8.19:

Proposition 8.21. Let r : GK → GLd be a semi-simple and Hodge-Tate Galois representation of some

number field K and let G be the Zariski closure of the image. Suppose G is connected and let C := G/Gder.
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Then there exists a semi-simple representation z : C → GLs for some integer s with finite kernel, and

moreover z ◦ r is Hodge-Tate.

Proof. First note that G is a connected reductive group and C is a torus. Let r = r1 ⊕ ... ⊕ rs be the

decomposition into absolutely irreducible constituents, where ri has dimension di. Let zi := det ◦ ri. Then

since r is Hodge-Tate, so is zi for each i. Let z := (z1, ..., zs)|C : C → GLs, which is a Hodge-Tate and

semi-simple representation of the abelian group C.

We now show that Ker(z) is finite. Let Z be the center of G. Then we have a surjection π : Z � C. Let

z′ := (z1, ..., zs)|Z : Z → GLs. Since each ri is irreducible, the action of Z on ri is given by a continuous

character χi : Z → Gm. Since r induces a faithful representation of G, we get
⋂
i Ker(χi) = {1}. We also

have

Ker(z′) =
⋂
i

Ker(zi|Z) =
⋂
i

Ker(χdii ),

which implies Ker(z′) ⊆
∏
iUdi ⊆ Gsm, where Udi denotes the multiplicative group of di-th roots of unity.

So we have Ker(z) = π(Ker(z′)) is finite.

For simplicity of notation, we write Mλ for Mπ,λ and κmλ for κmλ,λ in the proofs of the next two

propositions.

Proposition 8.22. We have G0,der
λ = B0,der

λ ⊆ Ker(B0
λ → S0

m,Mλ
) is a subgroup of finite index.

Proof. Let [ , ] be the map that sends two elements to their commutator. Since we have B0
λ ↪→ G0

λ×S0
m,Mλ

and

S0
m,Mλ

is abelian, we get [B0
λ, B

0
λ] ⊆ [G0

λ, G
0
λ], and thus B0,der

λ ⊆ G0,der
λ . But since we also have the surjection

B0
λ � G0

λ, which implies [B0
λ, B

0
λ] � [G0

λ, G
0
λ], we can conclude that G0,der

λ = B0,der
λ ⊆ Ker(B0

λ → S0
m,Mλ

).

We know Cλ := G0
λ/G

0,der
λ is a torus. By Proposition 8.21, we can find an integer n′ and a morphism

zλ = (z1, ..., zn′) : Cλ → GLn′,Mλ
of finite kernel such that zλ◦ρλ|GF1,π

: GF1,π
→ GLn′,Mλ

is an abelian, semi-

simple and Hodge-Tate representation. Then {z1, ..., zn′} spans X×(Cλ)Q and G0,der
λ ⊆ Ker(zλ) has finite

index. By Proposition 8.5, there exist a modulus mλ of F1,π and a linear representation φλ : Smλ ×Q Mλ →

GLn′,Mλ
such that φλ ◦ κmλ = zλ ◦ ρλ|GF1,π

. Furthermore, by enlarging mλ, we may assume m|mλ, where m

is the modulus of F1,π in the definition of the representation βλ.

By Lemma 3.13, there exists a finite Galois extension F ′1,π/F
+ such that for any finite prime λ of Mπ

we have Bλ/B
0
λ
∼= Gal(F ′1,π/F

+). Let F ′′1,π/F
′
1,π/F

+ be a finite Galois extension such that κmλ(GF ′′1,π ) ⊆

S0
mλ,Mλ

.

We have the homomorphisms

tλ := (κm,λ, κmλ) : GF ′′1,π → S0
m,Mλ

× S0
mλ,Mλ
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αλ := (κm,λ, φλ ◦ κmλ) : GF ′′1,π → S0
m,Mλ

× zλ(Cλ).

Since zλ : G0
λ/G

0,der
λ → GLn′,Mλ

has finite kernel, we get B0,der
λ = G0,der

λ embeds in Ker(B0
λ → S0

m,Mλ
×

zλ(Cλ)) with finite index. We also have

Ker(B0
λ → S0

m,Mλ
× zλ(Cλ)) ⊆ Ker(B0

λ → S0
m,Mλ

). (17)

We want to show the inclusion in Eq. 17 is of finite index. Then we could conclude that B0,der
λ ⊆ Ker(B0

λ →

S0
m,Mλ

) is a subgroup of finite index.

We have ZC(αλ(GF ′′1,π ))0 = Im(B0
λ → S0

m,Mλ
× zλ(Cλ)) and we have the surjection Im(B0

λ → S0
m,Mλ

×

zλ(Cλ)) � S0
m,Mλ

. We also know ZC(tλ(GF ′′1,π ))0 � ZC(αλ(GF ′′1,π ))0. Putting it all together, we get

ZC(κmλ(GF ′′1,π ))0 � ZC(tλ(GF ′′1,π ))0 � ZC(αλ(GF ′′1,π ))0 = Im(B0
λ → S0

m,Mλ
× zλ(Cλ)) � S0

m,Mλ
. (18)

Since Smλ → Sm has a finite kernel, so does the induced map

ZC(κmλ(GF ′′1,π ))0 � ZC(κm,λ(GF ′′1,π ))0 = S0
m,Mλ

.

Thus the composed map in Eq. 18 has finite kernel, which implies Im(B0
λ → S0

m,Mλ
× zλ(Cλ)) � S0

m,Mλ
has

finite kernel. So we get Ker(B0
λ → S0

m,Mλ
× zλ(Cλ)) ⊆ Ker(B0

λ → S0
m,Mλ

) has finite index as desired.

We now turn to proving Proposition 8.19.

Proof. By Proposition 8.22, B0,der
λ ⊆ Ker(B0

λ → S0
m,Mλ

) is a subgroup of finite index. This implies Sder
λ ⊆

Jλ := Ker(Sλ → S0
m,Mλ

) and (1+cλSλ)der ⊆ 1+cλJλ = Ker(1+cλSλ → S0
m,Mλ

) are also subgroups with finite

indices.

We have the exact sequences

0→ Jλ → Sλ → S0
m,Mλ

→ 0

0→ 1+cλJλ → 1+cλSλ → 1+cλS0
m,Mλ

→ 0,

which give the dual exact sequences of the character groups

0→ X×(S0
m,Mλ

)→ X×(Sλ)→ X×(Jλ)→ 0

0→ X×(1+cλS0
m,Mλ

)→ X×(1+cλSλ)→ X×(1+cλJλ)→ 0.
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Since Sder
λ ⊆ Jλ and (1+cλSλ)der ⊆ 1+cλJλ have finite indices, there exist finite abelian groups A1, A2 such

that the following sequences are exact:

0→ Sder
λ → Jλ → A1 → 0

0→ X×(A1)→ X×(Jλ)→ X×(Sder
λ )→ 0

0→ (1+cλSλ)der → 1+cλJλ → A2 → 0

0→ X×(A2)→ X×(1+cλJλ)→ X×((1+cλSλ)der)→ 0.

So we get X×(A1) and X×(A2) are the torsion subgroups of X×(Jλ) and X×(1+cλJλ) respectively, and

X×(Sder
λ ) and X×((1+cλSλ)der) are the corresponding torsion free parts. In other words,

X×(Sder
λ ) = X×(Sλ)/(X×(S0

m,Mλ
)Q ∩X×(Sλ))

= X×(Sλ)/(span〈Uλ〉Q ∩X×(Sλ)) (19)

X×((1+cλSλ)der) = X×(1+cλSλ)/(X×(1+cλS0
m,Mλ

)Q ∩X×(1+cλSλ))

= X×(1+cλSλ)/(span〈Uλ|1+cλSλ〉Q ∩X
×(1+cλSλ)). (20)

So we get that the isomorphism iλ,λ′ : X×(Sλ)
∼−→ X×(Sλ′) defined in Corollary 8.17 induces an isomorphism

between X×(Sder
λ ) and X×(Sder

λ′ ) which we again call iλ,λ′ :

iλ,λ′ : X×(Sder
λ )

∼−→ X×(Sder
λ′ )

such that

iλ,λ′(W
ss
λ ) = W ss

λ′ .

Similarly, the isomorphism rλ,λ′ in Corollary 8.18 induces an isomorphism

rλ,λ′ : X×((1+cλSλ)der)
∼−→ X×((1+cλ′Sλ′)

der)

such that

rλ,λ′((Wλ|1+cλSλ)ss) = (Wλ′ |1+cλ′ Sλ′ )
ss.

34



Define W ss
cλ
⊆ X×(T der

λ )cλ=1
Q to be the multi-set:

W ss
cλ

= {(w + wcλ)|Tder
λ
|w ∈Wλ}.

Then we have the following proposition:

Proposition 8.23. For each pair λ, λ′ of finite primes of Mπ, there exist an isomorphism iλ,λ′ : X×(T der
λ )

∼−→

X×(T der
λ′ ) such that iλ,λ′(W

ss
λ ) = W ss

λ′ , and an isomorphism rλ,λ′ : X×(T der
λ )cλ=1

Q
∼−→ X×(T der

λ′ )
cλ′=1
Q such

that rλ,λ′(W
ss
cλ

) = W ss
cλ′

.

Proof. By identifying T der
λ with Sder

λ , we can view iλ,λ′ as an isomorphism between X×(T der
λ ) and X×(T der

λ′ )

that satisfies iλ,λ′(W
ss
λ ) = W ss

λ′ .

We have X×(1+cλ(Sder
λ )) = X×(1+cλ(T der

λ )). To prove the second part of the proposition, we first show

that (1+cλSλ)der = 1+cλ(Sder
λ ).

Since we have the embeddings 1+cλ(Sder
λ ) ↪→ B0,der

λ , 1+cλ(Sder
λ ) ↪→ 1+cλSλ and that 1+cλ(Sder

λ ) is con-

nected, we get 1+cλ(Sder
λ ) ⊆ (1+cλSλ)der. Now we show the containment in the other direction. Let

s ∈ (1+cλSλ)der, then s = tcλt for some t ∈ Sλ. Then t = za, for some z ∈ Z(B0,der
λ ), the center of

B0,der
λ , and a ∈ Sder

λ . Thus we have

s = tcλt = zcλzacλa.

Since s ∈ B0,der
λ and a ∈ B0,der

λ , we get zcλz ∈ B0,der
λ and thus zcλz ∈ Z(B0,der

λ ). As a result, there

exists an integer j not depending on s such that sj = (acλa)j ∈ 1+cλ(Sder
λ ). So we have ((1+cλSλ)der)j =

1+cλ(Sder
λ ). Since both (1+cλSλ)der and 1+cλ(Sder

λ ) are tori, we get 1+cλ(Sder
λ ) = (1+cλSλ)der. Thus we have

X×((1+cλSλ)der) = X×(1+cλ(Sder
λ )) = X×(1+cλ(T der

λ )).

We have the surjection T der
λ � 1+cλ(T der

λ ), which induces the inclusion X×(1+cλ(T der
λ )) ↪→ X×(T der

λ ),

and it factors through ι : X×(1+cλ(T der
λ )) ↪→ X×(T der

λ )cλ=1, defined by ι(w|1+cλ (Tder
λ )) = w + wcλ |Tder

λ
for

w ∈ X×(Tλ). Then by identifying X×(T der
λ )cλ=1

Q with X×(1+cλ(T der
λ ))Q and thus with X×((1+cλSλ)der)Q,

and using the isomorphism rλ,λ′ from Proposition 8.19, we can view rλ,λ′ as an isomorphism rλ,λ′ :

X×(T der
λ )cλ=1

Q
∼−→ X×(T der

λ′ )
cλ′=1
Q such that rλ,λ′(W

ss
cλ

) = W ss
cλ′

.
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9 Irreducibility of automorphic representations of GLn, n ≤ 6

Recall we need to show the following proposition:

Proposition 9.1. Let F be a CM field and π be a polarizable, regular algebraic, cuspidal automorphic

representation of GLn(AF ), where n ≤ 6. Then for all but finitely many finite primes λ of Mπ, and for each

irreducible constituent r ⊆ rπ,λ|G0,der
λ

, rσ ∼= r∨ for every σ ∈ GF+ \GF .

Recall the set � of finite primes of Mπ from Section 7. By the remark after Corollary 7.2, we know

rπ,ω|G0,der
ω

is regular for ω ∈ �. So rπ,λ|G0,der
λ

is regular for all primes λ.

Let gλ be the Lie algebra of G0,der
λ and let qλ : gλ → gln be the Lie algebra representation induced by

rπ,λ. Then qλ is a faithful regular representation of a semi-simple Lie algebra. We also use cλ to denote the

Lie algebra automorphism of gλ induced by cλ on G0,der
λ . So we have qcλλ

∼= q∨λ for every finite prime λ of

Mπ.

For ω ∈ �, we know qω is irreducible by Corollary 7.2. The following proposition (adapted from Proposition

4.5 and the erratum in [4]) lists the possibilities for gω and qω when the dimension n ≤ 6.

Proposition 9.2. Let g be a semi-simple Lie algebra with an irreducible and faithful representation q of

dimension 2 ≤ n ≤ 6. Then (g, q) is one of following. In each case, we also include whether q is self-dual.

We use std to denote the standard representation of the given Lie algebra.

• n = 2

sl2 : std (self-dual)

• n = 3

sl2 : Sym2(std) (self-dual)

sl3 : std, std∨

• n = 4

sl2 : Sym3(std) (self-dual)

so4 : std (self-dual)

sp4 : std (self-dual)

sl4 : std, std∨

• n = 5

sl2 : Sym4(std) (self-dual)

so5 : std (self-dual)

sl5 : std, std∨
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• n = 6

sl2 : Sym5(std) (self-dual)

sl2 × sl2 : std⊗ Sym2(std) (self-dual)

sl3 : Sym2(std),Sym2(std∨)

sl2 × sl3 : std⊗ std, std⊗ std∨

sp6 : std (self-dual)

sl4 : ∧2(std)

sl6 : std, std∨

Remark. Note that in the n = 6 case, we use the Lie algebra isomorphism D3
∼= A3 to identify the standard

representation of so6 with ∧2(std) of sl4.

We will prove the Lie algebra version of Proposition 9.1:

Proposition 9.3. For 2 ≤ n ≤ 6, if qλ : gλ → gln is reducible and r ⊆ qλ is an irreducible constituent, then

rcλ ∼= r∨.

In the proof, we will combine Proposition 9.2 with the independence of λ results that we have proved in

Proposition 8.23: the tuples (X×(T der
λ ),W ss

λ ) and (X×(T der
λ )cλ=1

Q ,W ss
cλ

) are independent of λ, and with the

knowledge that qω is faithful and irreducible for ω ∈ �. In our arguments, we will consider all possibilities

for (gλ, qλ), and reduce the number of cases we need to consider by using the following observations:

• Since gλ is semi-simple, the only continuous character of gλ is the trivial one I. It must have multiplicity

no more than one as an irreducible constituent of qλ by regularity. So we can rule out any representation

with multiple 1-dimensional irreducible constituents.

• Suppose at some prime λ, gλ = sl2. Then by Corollary 8.20, we must have hλ = sl2 at all primes.

Since sl2 does not have non-trivial exterior automorphisms, cλ must act as an inner automorphism. So

rcλ ∼= r ∼= r∨ for each irreducible constituent r ⊆ qλ. Thus we will exclude this case in the discussion

below and discuss only cases where gλ is not sl2.

• If qλ has a unique irreducible constituent r of dimension d for some d ≥ 0, then the same holds true for

qcλλ and q∨λ . We have rcλ ⊆ qcλλ and r∨ ⊆ q∨λ . So we must have r∨ ∼= rcλ since q∨λ
∼= qcλλ . In particular,

if dim(r) > n/2 for some irreducible constituent r, then rcλ ∼= r∨. We also do not need to analyze the

cases where all irreducible constituents have distinct dimensions, since then it must be the case that

all the irreducible constituents satisfy rcλ ∼= r∨.

• Recall that cλ is a semi-simple automorphism of G0,der
λ and it stabilizes a maximal torus T der

λ and a
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Borel Nder
λ . If cλ acts as a trivial exterior automorphism (see Definition A.1), then the action of cλ is

given by conjugation by some element b ∈ G0,der
λ . We have the following result from [9]:

Proposition 9.4. Let G be a connected reductive group, T a maximal torus of G and B a Borel

containing T . Let NG(B) be the normalizer of B in G and NG(T ) be the normalizer of T in G. Then

NG(T ) ∩NG(B) = NG(T ) ∩B = T .

Then we get cλ ∈ T der
λ by Proposition 9.4. So cλ = 1 ∈ Aut(X×(T der

λ )Q) and thus acts trivially on

W ss
λ .

Now we fix some notations. We write Wλ for W ss
λ , Vλ for X×(T der

λ )Q, and Wcλ for W ss
cλ

. Without loss

of generality, we may assume cλ stabilizes the Cartan subalgebra of diagonal matrices for each of the semi-

simple Lie algebra. Let Ei,i denote the matrix that takes the basis vector ei to itself and sends ej to 0 for

j 6= i. We denote by Li the weight defined by Li(Ej,j) = δi,j . For a Lie algebra of the form sl2 × ... × sl2,

we use Lj to indicate the weight that comes from L1 on the j-th copy of sl2. For a direct product of simple

Lie algebras, we use pj to denote the projection onto the j-th factor.

Now we proceed to prove Proposition 9.3.

Proof. We analyze the possibilities for each dimension n.

• n = 2

We must have gλ = sl2 at all primes. So there is no need to analyze this case.

• n = 3

Let ω ∈ �. We must have a standard representation of sl3 at ω. By Corollary 8.20, at another prime

λ, we have gλ = sl2 × sl2 or sl3. If gλ = sl3, then ρλ is either a sum of three trivial characters, which

is not regular, or it is the standard representation, which is irreducible. If gλ = sl2 × sl2, then qλ is

not faithful, because the smallest dimension of a faithful representation of sl2 × sl2 is 4 (cf. 2.2 and

Proposition 2.9 in [3]).

• n = 4

Let ω ∈ �. One possibility is gω = sl4 with the standard representation or its dual. By Corollary 8.20,

at another prime λ, gλ must be one of sl4, sl2 × sl3, sl2 × sl2 × sl2, sp6, so6 and so7. None but sl4 has

faithful representations of dimension ≤ 4 (cf. 2.2 and Proposition 2.9 in [3]). So the only possibilities

are the standard representation of sl4 or its dual, which are irreducible.

If gω is not sl4 and cω 6= 1 ∈ Aut(Vω) then gω = so4
∼= sl2 × sl2 with the standard representation,

and cω exchanges the two normal copies of sl2. The weights Wω of qω are {L1 + L2, L1 − L2,−L1 +

L2,−L1 − L2}, and Wcω = {2(L1 + L2),−2(L1 + L2), 0, 0}.
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By Corollary 8.20, if qλ is not irreducible, then it is one of the following: a direct sum of a trivial

character and a 3-d irreducible representation, or a direct sum of two 2-d irreducible representations

(where gλ = sl2, sl2 × sl2). After excluding cases where gλ is sl2 or where the irreducible constituents

have distinct dimensions, we only need to analyze the case where qλ = std◦p1⊕std◦p2 : sl2×sl2 → gl4.

If we have cλ = 1 ∈ Aut(Vλ), then we have (std ◦ pi)cλ ∼= std ◦ pi ∼= (std ◦ pi)∨ for each i. So

we may assume cλ 6= 1 ∈ Aut(Vλ). Thus cω 6= 1 ∈ Aut(Vω) by Proposition 8.23. At λ, we have

Wλ = {L1,−L1, L2,−L2} and Wcλ = {L1 +L2, L1 +L2,−(L1 +L2),−(L1 +L2)}. Note that 0 ∈Wcω

while 0 /∈Wcλ . Thus by Proposition 8.23, this case cannot happen.

• n = 5

At a prime λ, if qλ is reducible, then the possible dimensions of the irreducible constituents are 1+4,

2+3, 1+2+2 (where gλ = sl2, sl2× sl2). We only need to analyze the last case, since we do not need to

consider the cases where gλ = sl2 or the case where the dimensions of the irreducible constituents are

distinct. Let ω ∈ �. By Corollary 8.20, the only possible situation is to have gω = so5 with qω = std

and gλ = sl2× sl2 with qλ = I⊕ std ◦ p1⊕ std ◦ p2. Since so5 has no non-trivial exterior automorphism,

we have cω = 1 ∈ Aut(Vω). So we must have cλ = 1 ∈ Aut(Vλ) by Proposition 8.23. Therefore we

have (std ◦ pi)cλ ∼= std ◦ pi ∼= (std ◦ pi)∨ for i ∈ {1, 2} and Icλ ∼= I.

• n = 6

Let λ be a prime where qλ is reducible. The possible dimensions of the irreducible constituents are 1+5,

3+3 (where gλ = sl2, sl3, sl2×sl2, sl2×sl3, sl3×sl3), 2+2+2 (where gλ = sl2, sl2×sl2, sl2×sl2×sl2), 2+4

and 1+2+3. We do not need to consider any of the cases where gλ is sl2, or where all the irreducible

constituents have distinct dimensions. By Corollary 8.20, we also do not need to consider the case

where hλ = sl3 × sl3 since hω cannot have rank 4 for ω ∈ � . In the 2+2+2 case, if gλ = sl2 × sl2,

then qλ must have duplicate weights, which contradicts regularity. So the possibilities left are gλ = sl3

with qλ = std ⊕ std∨, gλ = sl2 × sl2 with qλ = Sym2(std) ◦ p1 ⊕ Sym2(std) ◦ p2, gλ = sl2 × sl3 with

qλ = Sym2(std) ◦ p1 ⊕ std ◦ p2 or qλ = Sym2(std) ◦ p1 ⊕ std∨ ◦ p2 and gλ = sl2 × sl2 × sl2 with

qλ = std ◦ p1 ⊕ std ◦ p2 ⊕ std ◦ p3.

Suppose we have gλ = sl3 with qλ = std⊕std∨. ThenWλ = {L1, L2,−(L1+L2),−L1,−L2, L1+L2}.

Thus we must also have Wω = −Wω for ω ∈ �. By Corollary 8.20, the only possibility is gω = sl2 × sl2

with qω = std ⊗ Sym2(std). Note we have L1 + L2 ∈ Wλ at λ. However, for gω = sl2 × sl2, we have

Wω = {L1 + 2L2,−(L1 + 2L2), L1,−L1, L1 − 2L2,−(L1 − 2L2)}, and no two elements in Wω add to

another element in Wω. This contradicts Proposition 8.23.

Suppose we have gλ = sl2 × sl2 with qλ = Sym2(std) ◦ p1 ⊕ Sym2(std) ◦ p2. Then Wλ =
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{2L1, 0,−2L1, 2L2, 0,−2L2}. In particular, qλ is not regular, which rules out the existence of this case.

Suppose we have gλ = sl2 × sl3 with qλ = Sym2(std) ◦ p1 ⊕ std ◦ p2 or qλ = Sym2(std) ◦ p1 ⊕ std∨ ◦ p2.

Since qcλλ
∼= q∨λ , and since Sym2(std) ◦ p1 is self-dual while std ◦ p2 or std∨ ◦ p2 is not, we must have cλ

stabilizes each constituent. So this case is okay.

We are left with the case where gλ = sl2× sl2× sl2 with qλ = std ◦ p1⊕ std ◦ p2⊕ std ◦ p3. If cλ acts

as an inner automorphism, then each constituent satisfies rcλ ∼= r ∼= r∨. Otherwise cλ interchanges two

of the three copies of sl2. Without loss of generality, we may assume cλ exchanges the first two copies

of sl2. Thus Wλ = {L1,−L1, L2,−L2, L3,−L3} and Wcλ = {L1 + L2, L1 + L2,−(L1 + L2),−(L1 +

L2), 2L3,−2L3}. By Corollary 8.20, the possibilities for ω ∈ � are gω = sp6, sl2 × sl3 or sl4. In the

first case, we must have cω act as an inner automorphism, and thus cω = 1 ∈ Aut(Vω). In the second

case, we have Wω 6= −Wω. So we can rule out the first two cases by Proposition 8.23. The last case

left is hω = sl4 with qω = ∧2(std). If we denote the weights of the standard representation of sl4 by

{L1, L2, L3,−(L1 + L2 + L3)}. Then we have Wω = {L1 + L2, L1 + L3,−(L2 + L3), L2 + L3,−(L1 +

L3),−(L1 + L2)}. Since cω 6= 1 ∈ Aut(Vω) stabilizes the diagonal torus and a Borel containing it, cω

has to be of the form

cω(A) =


1

1

1

1

 tA−1


1

1

1

1

 .
Thus we have cω(L1) = L1 + L2 + L3, cω(L2) = −L3 and cω(L3) = −L2. So we get Wcω = {L1 +

L2,−(L1 +L2), L1 +L3,−(L1 +L3), L2 +L3,−(L2 +L3)}, which spans a subspace of Vω of dimension 3.

But Wcλ spans a 2-dimensional subspace of Vλ. Again by Proposition 8.23, this case cannot happen.
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A Density of cλ-semi-simple elements

We generalize the result in [20] to prove there is an open dense subset of elements in G0
λ that is cλ-semi-simple

(see Definition A.3). Even though the result in Lemma 4 in [20] does not directly apply to our situation

because the assumptions are not met, we can generalize the argument in the proof to make it apply to our

case.

We first recall the assumptions made in [20]: G is a semi-simple and simply connected algebraic group

and δ is an exterior automorphism of G, which in particular implies it fixes a pinning (see Definition A.1

for definition). The author of [20] shows in that case there exists an open dense subset of G that consists of

δ-semi-simple elements (see Definition A.3). We will generalize the result to the case where G is a connected

reductive group, and δ is a semi-simple automorphism, which are weaker assumptions than in [20].

We first recall the definition of an exterior automorphism:

Definition A.1. Let G be a connected reductive group, T a maximal torus and B a Borel subgroup containing

it. For each root α ∈ X×(T ) in the root system of G with respect to T , let Tα be the identity component of

the kernel of α. Let Gα be the derived subgroup of the centralizer of Tα in G. Then we can associate to α a

homomorphism of algebraic groups xα : Ga → Gα such that Inn(t) ◦ xα(u) = xα(α(t)u) for all t ∈ T , where

Inn(t) is the inner automorphism defined by conjugating by t. Let Uα = Im(xα). Order the roots so that B

is generated by T and {Uα}α>0. Let D be the set of simple roots. For each β ∈ D, fix uβ 6= 0 ∈ Uβ.

Let γ be an automorphism of G. If there exist T ⊆ B, {uβ}β∈D such that

γ(T,B, {uβ}β∈D)γ−1 = (T,B, {uβ}β∈D),

then γ is called an exterior automorphism of G.

From now on we fix a reductive group G over an algebraically closed field and a semi-simple automorphism

δ of G. Then it will stabilize a maximal torus T and a Borel B containing it by Proposition 8.7. Following

the construction in Definition A.1 for T and B, we obtain the tuple (T,B, {uβ}β∈D). We have the following

well-known result [19]:

Proposition A.2. There exists s ∈ T such that σ := δ ◦ Inn(s−1) is an exterior automorphisms of G

stabilizing (T,B, {uβ}β∈D).

The following definitions are from [20].

Definition A.3. We define the δ-twisted conjugation action of G on itself by g?x = gx(δg)−1. Two elements

in the same orbit are said to be δ-conjugate. We say an element g ∈ G is δ-semi-simple if it is δ-conjugate
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to an element of T .

Definition A.4. The δ-centralizer of g ∈ G is Zδ(g) = {x ∈ G|xg(δx)−1 = g}.

Definition A.5. We further assume G is semi-simple and simply connected. Let T δ be the elements in T

that is fixed by δ, which is a connected torus (see 8.2 in [21]). Let δ−1T ⊆ T be the subtorus of the elements

of the form t−1(δt) where t ∈ T . Let Γδ = δ−1T ∩ T δ, which we view as a (possibly non-reduced) subgroup

scheme of T . We let Γred denote the reduced scheme.

Remark. We have the short exact sequence

0→ T δ → T → δ−1T → 0.

Since T = δ−1T · T δ, we get Γδ is finite group scheme.

Note that the action of δ on G induces an action on the Weyl group W of G with respect to T . We let

W δ denote the fixed points. We have an action of Γred oW δ on T δ given by

(γ,w) · t = w · (γt).

We will prove the following:

Lemma A.6. Let G be a connected reductive group and δ a semi-simple automorphism of G. Then the set

of δ-semi-simple elements contains an open dense subset of G.

We first generalize Lemma 3 and Lemma 4 in [20]. For the convenience of the reader, we include the

statements of the two lemmas below:

Lemma A.7 (Lemma 3 in [20]). Let H be a simply connected semi-simple group over an algebraically closed

field and γ be an exterior automorphism of H. Thus γ stabilizes a maximal torus T of H. Then

(1) t, t′ ∈ T γ lie in the same γ-orbit if and only if t, t′ lie in the same Γred oW γ-orbit in T γ ,

(2) there exists an open dense subset A of T γ such that for t ∈ A, we have Zγ(t) = T γ .

Lemma A.8 (Lemma 4 in [20]). Keep the assumptions of Lemma A.7. The set of γ-semi-simple elements

contains an open dense subset of H.

Let G,T and δ be as given in the paragraph preceding Proposition A.2. Let s ∈ T be the element

given in Proposition A.2 so that σ := δ ◦ Inn(s−1) is an exterior automorphism of G. First we will prove a

generalization of Lemma A.7.
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Lemma A.9. We further assume G is semi-simple and simply connected. Let a denote (σs)−1. Then

(1) t, t′ ∈ Tσa lie in the same δ-orbit if and only if ta−1, t′a−1 lie in the same Γred oW δ-orbit in Tσ,

(2) there exists an open dense subset I of Tσa such that for t ∈ I, we have Zδ(t) = Tσ.

Proof. Since G is semi-simple simply connected and σ is an exterior automorphism, Lemma A.7 and

Lemma A.8 apply to σ.

1. By Lemma A.7. (1), elements in Tσ lie in the same σ-orbit in G if and only if they lie in the same

Γred oWσ-orbit in Tσ. We also have the actions of σ and δ are the same on T , so we have Tσ =

T δ,Wσ = W δ and Γσ = Γδ. Suppose there exist g ∈ G such that

t′ = gt(δg)−1 = gtσ(sgs−1)−1 = gt(σs)(σg)−1(σs)−1,

then t′a−1 = t′σs = gt(σs)(σg)−1 = g(ta−1)(σg)−1. Note that ta−1, t′a−1 ∈ Tσ. So ta−1, t′a−1 lie in

the same σ-orbit in G. Similarly, if t′a−1 = g(ta−1)(σg)−1 for some g ∈ G. Then

t′ = g(ta−1)(σg)−1a = gt(σs)(σg)−1(σs)−1 = gtσ(sgs−1)−1 = gt(δg)−1.

Thus by applying Lemma A.7. (1) to σ, we get ta−1, t′a−1 lie in the same Γred oW δ-orbit in Tσ.

2. Let A be the set given by Lemma A.7. (2) when applied to σ. Then we have for t ∈ A

Zδ(ta) = {x ∈ G|xta(δx)−1 = ta} = {x ∈ G|xta(σ(sxs−1))−1 = ta}

= {x ∈ G|xta(σs)σx−1a = ta} = {x ∈ G|xt(σx)−1 = t} = Zσ(t) = Tσ.

Thus we can let I = Aa.

Now we prove the following lemma generalizing Lemma A.8:

Lemma A.10. Let G be a semi-simple simply connected group and δ a semi-simple automorphism of G.

Then the set of δ-semi-simple elements contains an open dense subset of G.

Proof. Let φ : G × Tσa → G be the morphism that sends (g, t) to gt(δg)−1. Let Z be the closure of the

image. Let dg be the dimension of the generic fiber of φ. Then we have dimZ ≥ dimG + dimTσa − dg.

Let t ∈ I, and let o ∈ G be δ-conjugate to t. Then there exists e ∈ G such that o = et(δe)−1. For each
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w ∈ Γred oW δ, there exists ew ∈ G such that w(ta−1)a = ewt(
δew)−1. We have

φ−1(o) = φ−1(et(δe)−1)

= {(h, u) ∈ G× Tσa|hu(δh)−1 = et(δe)−1}

= {(h, u) ∈ G× Tσa|(h−1e)t(δ(h−1e))−1 = u} (21)

=
⋃

w∈ΓredoW δ

{(h,w(ta−1)a) ∈ G× Tσa|e−1
w h−1e ∈ Zδ(t)}, (22)

where going from Eq. 21 to Eq. 22 follows from the fact that u and t lie in the same (finite) δ-orbit in Tσa

and from Lemma A.9. (1). Thus by Lemma A.9. (2), we have dim(φ−1(o)) ≤ dimZδ(t) + dim(Γred oW δ) =

dimZδ(t) = dimTσ. Since this is true for any element that is δ-conjugate to an element in I, we get dg equals

dimTσ. Thus we get dimZ ≥ dimG+ dimTσa− dimTσ = dimG. Therefore we can conclude Z = G.

Lemma A.11. Let G be a semi-simple group and δ a semi-simple automorphism. Then the set of δ-semi-

simple elements contains an open dense subset of G.

Proof. Let G̃ be the simply connected cover of G. Then we have a (central) isogeny η : G̃→ G and δ lifts to

a semi-simple automorphism δ̃ on G̃. Moreover, there exists a maximal torus T̃ of G̃ that is stabilized by δ̃

(cf 2.4 in [19]). Let S̃ be the open dense subset of G̃ we get by applying Lemma A.10 to δ̃ and T̃ . Let s̃ ∈ S̃,

then there exist g̃ ∈ G̃ and t̃ ∈ T̃ such that s̃ = g̃t̃(δ̃ g̃)−1. We have η(s̃) = η(g̃t̃(δ̃ g̃)−1) = gtδg−1. Let K be

the set of δ-semi-simple elements in G. We have η(S̃) ⊆ K is an open subset of G, and η(S̃) ⊇ η(S̃) = G.

We can now prove Lemma A.6:

Proof. Let G′ be the derived subgroup of G and Z(G)0 be the identity component of the center of G. Then

we have an isogeny p : G′ × Z(G)0 → G, and δ restricts to a semi-simple automorphism of G′ stabilizing a

maximal torus T ′ ⊂ G′. Note that T := T ′ ·Z(G)0 is a maximal torus G stabilized by δ. Let S′ be the open

dense subset of G′ we get by applying Lemma A.11 to δ|G′ . Then we get p(S′ × Z(G)0) ⊆ G is an open

dense subset consisting of δ-semi-simple elements and moreover p(S′ × Z(G)0) ⊇ p(S′ × Z(G)0) = G.
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