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Abstract

We construct a Tannakian category of perverse sheaves on the additive group over
the integers, with sheaf convolution as the tensor operation. A class of number-
theoretic equidistribution problems, including the equidistribution of Gauss sums
and Kloosterman sums and the equidistribution of roots of polynomial congruences,
can be viewed as problems about the equidistribution of conjugacy classes in the
Tannakian group of this category. Using this correspondence, we conjecture answers

to these equidistribution questions.
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Chapter 1

Introduction

A sequence x,, of points in a topological space X is equidistributed according to a

probability measure p on X if for each continuous bounded function f from X to C,

im ZZ:1 f(xn) _
lim =2=—— /X fu

n—oo

and a sequence z, € X indexed by the primes is equidistributed according to p if for

each continuous bounded function f from X to C

L Dp< ime J (Tp)
l p=n,pprime —
im /X fu

ave a(n)

where 7(n) is the number of primes less than or equal to n.

Given a sequence z, of arithmetic interest, we would like to know if it is equidis-
tributed, and if so, according to what measure.

We would also like to have a general framework in which to consider many equidis-
tribution questions. For instance, Dirichlet’s theorem on primes in arithmetic pro-
gressions, Chebotarev’s density theorem, Hecke’s equidistribution theorem, and the
Sato-Tate conjecture can all be viewed as statements about the equidistribution of

traces of Frobenius conjugacy classes in Galois representations. Extending all these



statements, the generalized Sato-Tate conjecture predicts the distribution of the con-
jugacy classes of Frobenius elements in an arbitrary pure Galois representation of
geometric origin [Serrel 2011, 8.2.2(As)]. This connection deepens our understand-
ing of these questions and the relationships between them. Because these problems
arise from Galois representations associated to motives, Serre called these problems
motivated.

In addition, there are many equidistribution questions that cannot be expressed in
terms of Frobenius conjugacy classes in Galois representations. Among these are the
distribution of the roots of a polynomial modulo primes, the distribution of Gauss and
Kummer sums, and the distribution of Kloosterman sums. Because these problems
do not come from motives, Serre called them unmotivated. In what follows, we will
propose a general framework that includes these cases, using ¢-adic étale sheaves:

Let ¢ be a prime and let us fix an isomorphism between Q, and C, allowing us to
use them interchangeably in algebraic equations. Let F be a constructible Q,-sheaf
on Aé[ ok For each prime p and each element = € F, let tr(Frob,, F,z) be the trace
of the geometric Frobenius element in the Galois group of F, acting on the stalk of
F at the point (p,z). Form the sequence {a,(F)}, of complex numbers indexed by
the primes:

p—1
a,(F) = Ztr(Frobp, F,x)e?mie/p
2=0

We can ask the general equidistribution question: Is the sequence {a,(F)}, once
normalized through division by an appropriate power of /p, equidistributed according
to some measure on C? If so, according to what measure?

The structure of our paper is as follows:

In Chapter 2, we describe the aforementioned equidistribution questions (Gauss

sums, Kloosterman sums, etc.) and show how to view them in terms of the distribu-

tion of the sequence a,(F) for appropriately chosen F.



In Chapter 3, for each finite set of primes S including ¢, we define a pro-algebraic
group Gg over C. The group Gy is an analogue of the Galois group of the maximal
extension of Q unramified outside of S. For each prime p not in S, we define a

conjugacy class Frob, in Gg(C). Then we prove the following theorem:

Theorem 1.0.1. Let F be a constructible Q,-sheaf on A%H. There is a finite set of
7

primes S and two representations V. and W of Gs such that for all primes p & S;
a,(F) = tr(Frob,, V') — tr(Frob,, W)

where tr(Frob,, V') is the trace of Frob, acting on V.

This allows us to view the distributions of these exponential sums as distributions
of traces of Frobenius conjugacy classes in a representation of a group analogous
to the Galois group. Hopefully this makes these problems a little more motivated.
(The groups Gg are all quotients of a single universal group, but this group does not
Frobenius conjugacy classes, just as Gal(Q|Q) does not contain Frobenius conjugacy
classes.)

We will construct the group Gg and the classes Frob, by constructing an appro-
priate Tannakian category.

In Chapter 4, we describe some useful properties of G and the associated Tan-
nakian category.

In Chapter 5, we use our description of exponential sums in terms of represen-
tations of Gg to conjecture a distribution of a,(F), following along the lines of the
generalized Sato-Tate conjecture.

In Chapter 6, we demonstrate that this conjecture agrees with the existing conjec-
ture in the cases discussed in Chapter 2 and, in the cases where the answer is known,

agrees with the known result.



In Chapter 7, we discuss further cases of the conjecture. We chose these cases to
demonstrate the variety of different distributions that (conjecturally) appear as the
distribution of a,(F).

In Chapter 8, we discuss the (seemingly grim) prospects for proving new cases of
this conjecture.

In Chapter 9, we present numerical evidence for some cases of the conjecture.

In Chapter 10, we attempt to predict the rate of convergence of the distribution
to its conjectural limit.

The technical arguments used in Chapter 2 to construct the Tannakian category
were adapted from those used by Gabber and Loeser|[1996] A3] to study multiplicative
convolution. The idea of using a Tannakian category to answer an equidistribution
question comes from |Katz [2012, Theorem 1.1], who applied the Tannakian construc-
tion of Gabber and Loeser [1996] to answer a question about multiplicative character
sums. The use of nearby cycles to specialize to characteristic p was suggested to me
by Pierre Deligne. It is similar to the technique of nearby cycles specialization used
by Kramer and Weissauer| [2013, Lemma 14.1] to study sheaf convolution.

I would like to thank Nick Katz, Peter Sarnak, J.P. Serre, and S.J. Patterson for

their helpful comments.



Chapter 2

Examples

In this chapter we will show how, knowing the distribution of a,(F) for appropri-
ately chosen F, one could determine the distribution of roots of a polynomial modulo
primes, the distribution of Gauss and Kummer sums, and the distribution of Kloost-
erman sums. We will also show how to determine the distribution of a generalization
of a, involving a sheaf on an arbitrary scheme and an exponential of an arbitrary
function, as well as answer a question about taking the roots of a polynomial modulo
one prime and looking at them modulo a different prime.

At times we will also use knowledge of the joint distribution of a,(Fy),. .., a,(F)

for multiple sheaves Fi, ... F, to answer these natural equidistribution questions.

Example 2.0.2. Let f(x) € Z[x] be a polynomial. The Chebotarev density theorem
tells us the distribution of the number of roots of f in F, as p varies, but it does not
tell us where those roots are located in F,. We can lift each root in I, to a unique
integer z in the interval [0, p), then divide z by p to get a point in the unit interval
[0,1). Alternatively, we can identify the ends of the interval to view z/p as a point
in the unit circle R/Z.

Are the roots of f in I, as p varies equidistributed in that interval according to

the uniform measure, or perhaps another measure? (To ask this question precisely,

5



we need to define an order on the set of pairs (p, z € F,) with f(z) = 0. Order them
lexicographically, with p first and = second.) This question was studied by Duke
et al. [1995, pp. 2], taking up a theme of Hooley [1963, pp. 113], and their result was
generalized by T6th/ [2000, Theorem 1.2]. Estimates for the rate of convergence were
obtained by Homma| [2008, pp. 502] and Duke et al.|[2012, Theorem 1.3].

We can fit this equidistribution question into our framework, by constructing a

sequence of sheaves F}, for each k € Z such that

a, (Fk> _ Z e27ril<:x/p

z€F,, f(x)=0

Viewing the unit circle R/Z as a group, Weyl’s equidistribution criterion says that

the sequence {x/p} ) indexed by pairs (p,z € F,) with f(z) = 0 is equidistributed

2mikax

according to a measure p if, for each character e of R/Z, the average value of

2mikx 2mikx

T e over the sequence is equal to [, 12.€ p(z). In other words, the sequence

{x/p}(p.e) is equidistributed if for each k € Z

. Zpgn ap(F) _ 2mikz /p
S e Bl =0)] /M e )

Let m be the number of irreducible factors of m. As lim, > o, [{z € Fy|f(z) =

0}|/m(n) = m by Chebotarev’s density theorem,

ZpSn ap(F) 1. Zpgn ap(Fk)

lim = — lim
S Ha e Flf@) =0}  masx ()

so this limit is determined by the distribution of a,(Fj). If we fix for each k a measure
. on C such that a,(Fy) is equidistributed according to puy, then {z/p} (.. is equidis-

tributed according to the unique measure f, if it exists, such that [, /2 ek /py (1) =

Jovre(y).



We now construct the Fj. Let d be the degree of f and let

Then the roots of f, are k times the roots of f, so for primes not dividing k it is

sufficient to find a sheaf F; such that

ap(Fk> _ Z e27rix/p

2€Fyp, f1. (z)=0

An Fj, satisfying the following will do:

1 if fy(x) =0 (mod p)
tr(Frob,, Fi, x) =

0 if fr(z) #0 (mod p)

This is easy to do. Let 4, be the inclusion from Spec (Z [%,x] /fk(x)) to
Spec (Z [%,x}) = A;H and let 7, = i1Q, . Then at each point (p,z) such
that fx(z) Z 0 mod p, the point (p,z) is not in the image of iy, so the stalk of Fy
is 0, for a trace of 0. For each point such that fx(z) = 0 mod p, (p,x) is in the
image of just one point, so the stalk is the 1-dimensional vector space Q, with trivial
Frobenius action, for a trace of 1. Thus F, has exactly the desired property, hence

the distribution of {a,(F%)}, for all k& determines the distribution of the roots of f.

Definition 2.0.3. Let n be a natural number. Let x : p, — @; be a faithful
character. The Kummer sheaf £, on A%[l Jnym) — 10} can be defined as follows:

The cover Al

2 npn — {0} — Al — {0} which sends z to z™ is finite étale

Z[1/npun]
Galois with automorphism group p,,. By the definition of the étale fundamental group,
any such cover determines a homomorphism 7 (A%1 Jngn] — 10}) = . Composing

with x gives a homomorphism m; (A%l Jrpn] — {0}) — @Z , which defines a rank 1 lisse

(-adic sheaf L, .



For any Z[1/n, p,)-algebra R, we define a Kummer sheaf on AL —{0} by pullback.

X

Let ¢ = 1 modulo n be a prime power. If R = F, then for z € F, the action of
Frob, on £, at z is determined by its action on the nth roots of z. The arithmetic

Frobenius sends {/x to

(Va)! == ¥z

Hence the action of the arithmetic Frobenius is multiplication by the nth root of unity

g—1

x 7 , and the geometric Frobenius, its inverse, acts as multiplication by the inverse
root of unity, thus

g—1

tr(L,y, Frob,, x) = x(«™ = )

The map = X(x’q%l) is a character of F* of order n. Every character of order n

can be expressed in this way; F is a cyclic group of order ¢ — 1 so every character of
order n is divisible by q%l.

Because F is cyclic, as x runs through all the faithful characters of fi,, then
X(x_q%l) runs through all the order n characters of Fy. For ¢ = p a prime these are

the order n Dirichlet characters mod p.

Example 2.0.4. Recall the Gauss sum:

where x is a character of the multiplicative group of F, and 1) is a character of
the additive group. We can consider the distribution as p varies and 1) remains the

o & . . .
™». However there is no obvious nice way

standard exponential character ¥ (z) = e
to chose . For simplicity we can just sum over all characters y of some exact order

n. These only exist when p = 1 modulo n, so the sum will be 0 for other p. We will

have ) X
p— p—
RN P
x z=1 =0 X

8



As Zg;é 2" /P jg 3P L <Zx\x”:1 X(:L‘)) e?™2/P by inclusion-exclusion we have (with

i the Mébius function)

p—1
wiy™/d
ap =3 ) S Bl
dln y=0

We need a sheaf F such that:

Zx x(z) ifp=1 (modn)

0 ifp#£1 (modn)

tr(F, Frob,, z) =

where the sum is over y of order exactly n.

This sheaf can be constructed from the étale cover of Gm,z[ 1] defined by adjoining
the nth roots of unity p, and the nth root {/x of the coordinate x. This cover
has automorphism group the semidirect product p, x (Z/n)*, with the action of
a € (Z/n)* on ¢ € u, sending ¢ to ¢*. The group acts on the cover where ((,a) €
n X (Z/n)* sends generators /x and (' of Z[x,x7 !, p,, /] to ({/x and (™.

This cover defines a surjective homomorphism (Gm’ Z[ﬂ) — i X (Z/n)*. By
composing with the induced representation from g, to p, x (Z/n)* of a faithful
character of u,, we obtain a lisse sheaf on sz[ 1, which we extend by zero to all of
A%[ﬂ’ obtaining F.

Thus F has the desired trace: Because the representation is induced from a normal
subgroup, the trace of any element not in this normal subgroup is 0. If p # 1 mod n,
then Frob, does not fix p,, thus it is not in that subgroup, so the trace is 0.

For p = 1 mod n, the cover of G,,r, defined by adjoining p, is trivial. Thus
the representation (Gmﬁp) — fp X (Z/n)* has image contained in p,. When
restricted to the p, subgroup, the induced representation is the sum of all the conju-

gates of a faithful one-dimensional representation of p,,, hence the sum of all faithful

1-dimensional representations of fi,,.



Hence F is the sum of the Kummer sheaves for each faithful 1-dimensional charac-
ter of p,,. Thus the trace of Frobenius is the sum of the traces of these 1-dimensional
sheaves, which is the sum of x(z) for each Dirichlet character x of order exactly n.

An important special case is when n = 3. For p = 1 mod 3, there are just two

characters of F; of order exactly 3, x and x, and our q,, is the Kummer sum
K(p) =G (x.7) + G (x.e77)

It is always real and lies in the interval [-2,/p,2,/p]. Kummer divided the sum by /p
and counted for how many primes congruent to 1 mod 3 it lies in the intervals [—2, —1],
[—1,1], and [1, 2]. He conjectured, based on numerical evidence, that the primes might
be distributed in the three intervals according to the ratio 1 : 2 : 3 [Kummer, |1846],
pp. 353]. This was disproved by [Heath-Brown and Patterson) 1979, Theorem 1],
who showed that the ratio was 1 : 1 : 1 by exactly computing the distribution of a,.
They also explained Kummer’s misleading evidence - this particular sum suffers from
small-number bias, which means the average of a, over p < n is significantly larger for
small n than in the limit as n tends to infinity. We will discuss this more in Chapter
10.

Rather than adding up all the Gauss sums corresponding to characters of order n,
we can take the set of all p(n) Gauss sums, divide each by /p, and view it as a set of
©(n) points on the unit circle. (Since a Gauss sum is a complex number of absolute
value /p, dividing it by ,/p produces a point in the unit circle.) Equivalently, a set
of (n) points on S* is a point x, € Sym*™(S*). The distribution of these , in that
space will also be a special case of our general equidistribution conjecture for suitable

sheaves F. This will be explained in Lemma [6.0.97]

10



Example 2.0.5. The Kloosterman sum is defined as

-1
Kl(a,b;p) = e

1

3

-1
o Y tby
p

Y

where y~!

is understood to be the inverse of y modulo p. The distribution of this
sum for fixed a,b and varying p translates in a straightforward way into this theory.

We can rewrite this sum as

2mi &

e P = ]{yeF;]ay—l—by*l:xHe »

To obtain these coefficients, we need a sheaf F on A;H whose trace of Frobenius at
£

a point (p, z) is equal to the number of solutions of the equation ay +by~! = z in Fy.
By the Lefschetz trace formula, the pushforward of the constant sheaf Q, along the
natural map from A}, — {0} to A} defined by x = ay + by~! has exactly the desired
trace.

Katz [1988, 13.5.3] computed the distribution of these sums as a or b varies and
p goes to oo, and raised the question of the distribution when a and b are fixed and
p varies. This question remains unanswered, but there has been partial progress on
the equidistribution of Kloosterman sums with varying composite modulus |Xi} 2015,

Theorem 1.1]

Example 2.0.6. Example is a special case of a general construction. Let X
be any scheme of finite type over Z [%], F any constructible Q,-sheaf on X, and

f € I'(X,Ox) any regular function on X. Define

ap(X, F, f) = Z tr(Frob,, F, y)ezm%

yeX (Fp)

11



Then we can rewrite the sum:

a,(X, F, f) = Z Z tr(Frob,, F,y) e™ip

z€F, \yeX(Fp),f(y)=2

Using the Lefschetz trace formula, this is:

2dim X ' 2dim X
> ( > (=1)" te(Frob,, R'f.F, ;1:)) My = Y (=1)'ay (R F)
z€F, \ =0 i=0
Therefore summing over an arbitrary scheme, and taking the exponential of an arbi-

trary function, does not make our equidistribution question more general - the new

sum can be computed from the old.

Example 2.0.7. One simple special case of Example|2.0.6|is summing the exponential
of a polynomial function on A'. Setting X = A!, F = Q,, and f(x) € Z[z] a

polynomial, we obtain the exponential sum:

S(f(z),p) = Z e%i%

zclF,

The distribution of this as p varies is closely related to the problem studied in [Pat-
terson), |2003], which is about the distribution of the analogous sum over Z/n as n

varies.

Example 2.0.8. Let D be an integer that is not a perfect square and let m be
a positive integer. For p a prime such that D is a square modulo p, let a be the
unique integer satisfying 0 < a < £ and a’> = D mod p. Rather than considering the
distribution of a/p in the interval (0,1/2), we could consider the distribution of the
congruence class of @ modulo m as p varies. (A version of this question was suggested
in a lecture by Serre| [2012].)

Perhaps surprisingly, this question fits into our framework as well.

12



Suppose that the sequence (%, p mod m) in S* x Z/m indexed by pairs of a prime
p and a root x of the equation (mxz)* — D = 0 mod p is equidistributed on S* x Z/m
according to the product of the uniform measure on S* and the uniform measure on
the set of invertible residue classes modulo m. Then the congruence classes of a mod
m is equidistributed according to the uniform measure on Z/m as p varies.

(We will then show, by an argument similar to Example , that this equidis-
tribution problem of pairs follows from equidistribution of suitable sheafs a,(F,, x).

To see this, let b be a root of (mb)> — D = 0 mod p between 0 and p and
suppose that p does not divide m. We claim that which of the 2m intervals
[0, %] , [%, 22—51} ey [W,p} contains b, combined with the residue class of p
modulo m, determines the residue class of ¢ modulo m:

To prove the claim, we use the fact that ¢ = +b mod p, so we can write a =

emb + kp for some sign € = +1 and integer k. To determine € and k, we use the fact

that 0 < a < £, and therefore:

—2k 1 -2k
_p < eb< Q
2m 2m
Thus if b is in an interval of the form [22%’;, W], then e =1 and k = —n, and if b
is in an interval of the form [W, %] then e = —1 and k =n + 1.

Because a = kp mod m, so a mod m is determined by k& mod m and by p mod
m. Because b/p is uniformly distributed, it is equally likely to be in any of the
intervals, hence k is equally likely to be any residue class mod m. (Each residue class
corresponds to exactly two intervals.) As b is independent of p mod m, this is true
for each fixed invertible residue class of p modulo m, thus for each invertible residue

class a is uniformly distributed in (Z/m), hence it is uniformly distributed overall.

13



Here it is crucial that the uniform measure on S' places zero measure on the
boundary of the interval, so we can conclude from equidistribution that the fraction
of b lying in the interval is equal to the measure of the interval.

Now observe that the equidistribution of this set of pairs follows from equidistri-
bution conjectures on a,(F,,) for suitably chosen n,x. Ignoring the finitely many
p dividing m, the sequence (%,p mod m) lies in S' x (Z/m)*, which is a compact
group. Hence by Weyl’s equidistribution theorem, the sequence is equidistributed if
for each nontrivial character of the group, the integral of the character vanishes. This

happens if for each k € Z and x(Z/m)* — C*

ok

lim 2 p<n, 2uwehy|may2=p X (D)7
nooo 3, {@ € Fyl(ma)? = D}

unless £ = 0 and x = 1. Let Fj, be the sheaf Fj, from Example such that

=0

- kx

ap(Fk) = D ser,|(ma)?=D ¢’™» tensored with the 1-dimensional Galois representation
sk

associated by the Dirichlet character x. Then a,(Fy,) = ZIGFPKWE)QZD x(p)e™ v .

Since we can estimate the denominator using Dirichlet’s theorem, the distribution of

our original sequence is determined by the distribution of a,(Fj,,).

We have claimed that these examples do not fall under the purview of the gen-
eralized Sato-Tate conjecture. Indeed, there is no obvious formula relating these
exponential sums and the traces of Frobenius of Galois representations. But might
there be a non-obvious formula? The answer is probably no. Any Galois representa-
tion arising from geometry should have its traces of Frobenius in a fixed number field,
but it is easy to check that these exponential sums a, do not lie in any fixed number
field. We will discuss this issue in more detail, as well as the issue of whether the a,

could be the Hecke eigenvalues of an automorphic form, in Chapter 8.
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Chapter 3

The Tannakian Category

In this section, we prove Theorem We will make free use of the standard
theorems about étale cohomology as in [Milnel 1980].

As a first step to Theorem we can indeed write our exponential sums in
terms of traces of Frobenius conjugacy classes. To do this, we need to define the

Artin-Schreier sheaf.

Definition 3.0.9. The Artin-Schreier cover of A is the map Aj — Ag defined by
x — x — zP. This is a finite étale Galois cover with automorphism group Z/p, so it
defines a homomorphism m(Ay ) — Z/p. By composing this with a character ¢ of
Z/p defined over Q,, we obtain a character of (Ag,), and hence a rank one lisse
Q-sheaf on AIIFP. This is called the Artin-Schreier sheaf, L.

If x € F, and y — y” = x, then the arithmetic Frobenius acts on y by
y=y-—x

so the geometric Frobenius, its inverse, sends y to y + x, so Frob, at z acts on the

covering by adding =, thus after composing with ¢ we get tr(Frob,, Ly, ) = ¢ (z).

15



Let ¢ be the character of Z/p that takes x to GQM%, using the isomorphism between
Q and C that we fixed in the introduction. Then tr(Froby,, Ly, x) = 627”%, so for any

constructible (-adic sheaf F on Ag

p—1 2
35 ta(Froby, F,x) = Y (—1)" tr(Frob,, Hi(AL | F ® L)) (3.1)
=0 =0

where H! is étale cohomology with compact supports. This is an immediate con-
sequence of the Lefschetz trace formula and the fact that the compactly supported
cohomology of any sheaf on A! vanishes outside of degrees 0,1, and 2.

However, given a sheaf F on A}, the Frobenius conjugacy classes we have just de-
fined for the restriction of F, A} are not obviously conjugacy classes in the same group
on all p. These conjugacy classes each act on the cohomology group Hé(A%p, ‘FA%p ®
L,). There is no obvious relationship between these groups, because there is usually
no a sheaf on Aj whose pullback to A is Fap ® L, for every prime p. (The only
exception is when F is supported on the zero section. Then F, Al ® Ly = F, Al )

We can construct such a group, though, through the machinery of Tannakian
categories. For a reference on Tannakian categories, see [Deligne and Milne| [1982].
If we can construct a Tannakian category of sheaves on A} such that for a given p,
pulling back to Alle7 tensoring with £, and taking cohomology is a fibre functor, then
Frobenius will be an automorphism of that functor, and hence will naturally give rise
to a conjugacy class in the Tannakian group. If we can do this for all but finitely
many primes p, then we will have Frobenius conjugacy classes for all those primes in
our Tannakian group.

For the tensor product in our Tannakian category, we will use sheaf convolution:

Definition 3.0.10. Let R be a Noetherian ring with ¢ invertible. Let D%(AL Q,)
be the bounded derived category of complexes of Q,-sheaves with constructible coho-

mology on Al.
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We will define two functors x,* : DY(AL Q,) x DY(AL, Q,) — DAL, Q).

Let A and B be two objects of D%(AL, Q).

There are three natural maps A! x A! — A! we will use. We have projection onto
the first factor pr; and projection onto the second factor pro. Viewing Al as G,, we

have the group operation sum : G, x G, — G,. Using these, we define convolution:

Ax B = Rsum,(priA ® pryB)

and convolution with compact supports:

A x B = Rsumy(priA ® pr3B)
We will write priA® priB as AX B.

Then we have the identity:
Hi(A}, (A B) & L,)

(by definition of )

= Hé(A%p, Rsum(AX B) ® Ly)

(by the Leray spectral sequence |Artin et al., 1972, XVII, Proposition 5.2.9])
= H(Af , (AKX B) @ sum*Ly)
(by the fact that sum*Ly = priLy ® pryL, |[Katz, (1988, Section 4.3 (3)])

= Hy(Af ,priA®pr;B @ prily @ priLy)
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(by the Kiinneth formula [Artin et al.| (1972, XVII, Theorem 5.4.3])

= Y HI(Ag,A®Ly) @ HY(A; B® Ly)
atb=i

By proper base change, performing %, over Z and then reducing modulo p is the
same as reducing modulo p and then performing %, so convolving our sheaves on A}
will indeed give us a good notion of tensor product.

To get a Tannakian category, we will need to make some technical modifications.
The objects of our category will not quite be sheaves on Al. Because convolution is
naturally a derived category operation, the convolution of two sheaves need not be a
sheaf. Instead we will use perverse sheaves on A}, impose some conditions of “good
reduction” at primes p not in S, and use localization to set certain negligible sheaves
to 0.

We will be able to show that this category is a Tannakian category, and that the
Tannakian group we get from it includes all the Frobenius elements of Equation (i3.1]).

To that end we will do the following:

1. First show that convolution makes the category of perverse sheaves on A},

modulo the negligible sheaves, into a rigid symmetric monoidal abelian category.

2. (a) Next define a notion of the specialization of the sheaf mod p via the nearby
cycles functor.

(b) Using this notion of specialization mod p, define the notion of “good re-

duction” at p.

3. Show that in the category of perverse sheaves with good reduction at p, special-
ization mod p followed by tensoring with £, and taking compact cohomology

is a fibre functor, making that subcategory into a neutral Tannakian category.
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4. Show that starting with a constructible sheaf on AL, taking the fiber on A},
and specializing mod p in this way agrees with the usual notion of specialization
at all but finitely many primes, so that the conjugacy classes of the Frobenius

elements in Equation (3.1)) correspond to conjugacy classes of the Tannakian

group.

These steps will culminate in a proof of Theorem [1.0.1}
Recall that a complex K of constructible Q,-sheaves on a curve over a field is
perverse if and only if its cohomology objects H'(K) vanish for i # —1,0, are punctual

of ¢ = 0, and have no nonzero punctual sections for i = —1 [Katz, 1995, 2.3.6].

Definition 3.0.11. Let Perv be the category of perverse sheaves on A}@ with coef-
ficients in Q,. Let Neg C Perv be the category of geometrically constant sheaves
placed in degree —1. Let D*(Neg) C D%(A},Q,) be the category of complexes of
sheaves with geometrically constant perverse cohomology sheaves, equivalently, geo-

metrically constant cohomology sheaves [Katz, (1995, Lemma 2.3.2.1].

We will construct a Tannakian category structure on an appropriate subcategory

of Perv/Neg.

Remark 3.0.12. We first describe a key technique we will use repeatedly when studying
convolution. Over any ring R, let d be the map G, x G, — G, given by the function

d(x,y) = x — y, i.e. subtraction under the group law. Then:

Ax B = Rsum,(priA® pr3B) = Rpri.(d*A ® pr3B)

Ax B = Rsum(priA® pryB) = Rpry(d*A ® priB)

This equivalence is simply a change of variables on A%. View A% as a plane with

coordinate x,y. Then the function pry is just x, pry is y, and sum is = + y. If we
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replace (z,y) with (2/,y') where 2/ = x + y and y' = y, then in the new coordinates
priis @ — 4y, pro is v/, and sum is 2. So the maps pri,pry and sum in the old
coordinates become d, pry, and pry in the new coordinates.

To compute compactly supported cohomology along pry, we use the most natural
compactification. Let u : Al x A’ — A! x P! be the open immersion given by taking
the product of the identity from A' to A! and the immersion j : A' — P! Let
7 Al x P! — Al be the projection onto the first factor. Then 7 is a compactifaction

of pri, and so we can write:

Ax B = Rmu(d*A® priB)

We will sometimes also use the compactification to compute the usual cohomology:

Ax B = Rn,Ru,(d*"A® priB)
We will work out a number of basic facts about sheaf convolution on A}@:

Lemma 3.0.13. Neg is a Serre subcategory of Perv and D*(Neg) is a thick subcat-
egory of DY(AL, Q). (The notion of a thick subcategory of a triangulated category is
defined in [Gabber and Loeser|, |1996, 3.6].)

Proof. By definition, Meg is a Serre subcategory if and only if for an exact sequence
0— A— B — C — 0 of elements of Perv, B € Neg if and only if A € Neg and
C € Neg.

To prove if, note that
Exthy (@ Q) = H' (A4, Q) =0
0

so any extension of constant sheaves on A}@ is constant, so any extension of geomet-

rically constant sheaves on A@ is geometrically constant.
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To prove only if, geometrically B is a sum of copies of Q,[1]. Because Q, is an
irreducible lisse sheaf, Q,[1] is an irreducible perverse sheaf, so because B is geomet-
rically semisimple in Perv, A and C are both geometrically sums of copies of Q, -
i.e. geometrically constant.

Since D2(AY, Q) = D*(Perv), D*(Neg) is a thick subcategory of D}(Ag, Q,), by
[Gabber and Loeser, |1996| Proposition 3.6.1]. O

Lemma 3.0.14. Let A and B be two perverse sheaves on A(l@. Then the natural forget

supports map A% B — Ax B is an isomorphism modulo D*(Neg).

Proof. We can fit the forget supports map Ax B — Ax B into a distinguished triangle
Ax B — Ax B — C using the mapping cone C. To show the map is an isomorphism
modulo D’(Neg), we must show that C' is in D*(Neg).

To compute this mapping cone, we use the compactification of Remark [3.0.12}
Ax B = Rsum(ANX B) = Rm,u)(d"A ® pryB)

Ax B = Rsum,(AX B) = Rr,Ru,(d"A ® priB)
The following commutative diagram should be helpful:

Al x oo —— A x P! «+— Al x Al —— A!

pra
I |
Al Al
Let V be the mapping cone that completes the distinguished triangle u(d*A ®
prsB) — Ru.(d*A®pri;B) — V. Then because R, preserves distinguished triangles,
C = Rn,V.
The map w(d*A ® pr;B) — Ru.(d*A ® priB) is an isomorphism on the image of
u, which is A x A! inside A! x P!, thus V' vanishes on A! x A!, so V is supported

on the complement, A x co. We will compute V étale-locally on the line A! x co by
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working over the étale local ring of a point (d, c0) on the line A' x oco. By definition
w (d* A®pri B) vanishes on that line, so this is the same as computing Ru.(d* A®pr; B)
on that line.

d*A ® pr3 B is lisse away from the inverse image along d of the singular points of
A and the inverse image along pro of the singular points of B. These are given by
lines with equations of the form 2z’ — 3’ =cor ¢y = c.

The key point is this: Let F be a sheaf on A x A! that is lisse away from a closed
set Z. Suppose that Z remains closed when viewed as a subset of A x P!. Then
Ru, F is locally constant on Al x oo in A x P!,

This is an étale-local question, so we may work over the étale-local ring R of some
point (d, 00) of A! x co. When pulled back to SpecR, F is lisse away from the inverse
image of the line A x oo.

Let = be the coordinate of the second Al. Let t = 271, Then ¢ is an element of R
and the vanishing set of ¢ is exactly the inverse image of A! x co. So F is a lisse sheaf
on Spec R[t™!] for R a strict Henselian local ring, and corresponds to a representation
of the fundamental group of that ring. By Abyankhar’s lemma |[Grothendieck and
Raynaud, 1960, Exposé XIII, Proposition 5.2], since all primes are invertible in R,
that fundamental group is Z(l) There is a map Spec R[t™'] — G,, given by the
coordinate ¢! The fundamental group of G,, is also Z(1), and we can see that this
map induces an isomorphism of fundamental groups because in each case the cover
corresponding to the unique index n subgroup is the cover defined by adjoining the
nth root of the coordinate, so the map induces an isomorphism mod n for each n.

Hence locally, F is isomorphic to a sheaf defined by pulling back a lisse sheaf on
G,, along the coordinate ¢t~1. Recall that t~! is just . Equivaently, F is locally

isomorphic to pr3G for some sheaf G on A', lisse on G,,. So it is sufficient to prove
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that Ru.pr3G is locally constant on A! x co. But by smooth base change,

Ru,pr3G = priRu.G,

which is constant on the fibers of pry, including A! x oo.

Having verified the key point, we can see that Ru,(d*A®pr;B) is locally constant
on A! x 0o, so V is locally constant on the divisor at oo, thus C = R,V is locally
constant. But locally constant sheaves on A}@ are geometrically constant, because the

geometric fundamental group of Aé is trivial, so C' is geometrically constant. O

When working modulo D°(Neg) in the future, we will use whichever of * or * is

most convenient.

Lemma 3.0.15. Let A, B be perverse sheaves on A}@. The convolution AxB = Ax B

lies in Perv/Neg C DY(AL,Q,)/D"(Neg).

Proof. Recall that D*(Perv) = Db%(A},Q,) [Beilinson, (1987, Main Theorem 1.3].
Hence we can write any element of Dg(A(b, Q,) as a complex in the category of perverse
sheaves. By definition PH’ refers to the ith cohomology object of this complex.

A % B is semiperverse [Katz, 1990, 8.1.9] and thus *H*(A * B) = 0 for i > 0. Let

D represent Verdier duality, then by [Katz, (1990, 8.1.9]:
D(Ax B)=DAxDB

Because DA and DB are perverse, DA x DB is semiperverse. Because the dual
of A% B is semiperverse, PH'(A % B) = 0 for i < 0. There is a map "H'(A % B) —
PH!(A x B) in each degree i. In each degree other than 0, either the source or target
is 0, and since the mapping cone is geometrically constant, the kernel or cokernel is
geometrically constant, so the source and target are geometrically constant. Hence

Ax B and A x B are each geometrically constant in each degree other than 0, and in
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degree 0 they are isomorphic up to geometrically constant sheaves. So:
Ax B2PH(Ax B)=2"H(AxB)~2 AxB

modulo D*(Neg). O

Lemma 3.0.16. Let A, B be elements of DIC’(A}@,@Z). If at least one of A or B is in
D*(Neg), then Ax B € D*(Neg).

Proof. Without loss of generality, A € D*(Neg). A sheaf is in D*(Neg) if and only
if, after base changing to Q, it is a complex of constant sheaves. So we will prove over
Q that if A is a complex of constant sheaves, then A % B is a complex of constant
sheaves. Since A is a sum of copies of the constant sheaf Q, placed in different degrees,
it is sufficient to deal with the case A = Q,.

Recall that:
Q,* B=Q, % B = Rsum(Q,X B) = Rpry,(d*Q, ® pr3B)
But d*Q, = Q,, and Q, ® pr B = pr3 B, so we have:
Q¢ * B = Rprpr;B

This is the base change of the compactly supported cohomology of B along the
morphism 7 : A}@ — SpecQ by the identical morphism 7’ : A}@ — Spec Q. By the
proper base change theorem, the cohomology of the base change is just the pullback

of the cohomology, hence is geometrically constant.

]

Corollary 3.0.17. The two sheaf convolution operations x and %, are well-defined

functors Perv/Neg x Perv/Neg — Perv/Neg and these two are equivalent.
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Proof. By Lemma [3.0.15] both are functors Perv x Perv — Perv/Neg. By Lemma
3.0.16] they send elements of Neg to the 0 object. Because they preserve distin-

guished triangles, they are exact, and hence factor through Perv/Neg, giving functors

Perv/Neg x Perv/Neg — Perv/Neg. These are equivalent by Lemma [3.0.14. ]
Proposition 3.0.18. (Perv/Neg, x) is a symmetric monoidal abelian category.

Proof. 1t is not too hard to write down the unit, symmetry, and associativity iso-
morphisms using the Kiinneth formula and the Leray spectral sequence. To prove
that the category is symmetrical monoidal, there are also several diagrams involving
these isomorphisms whose commutativity must be checked. These commutative di-
agrams can be deduced from the definitions of the isomorphisms, but the argument
to do so involve repeatedly manipulating complicated expressions. We give instead a
conceptual argument. However, this requires some unusual concepts.

First, note that it is sufficient to find a symmetric monoidal structure on the
derived category where * is the tensor product, because if the isomorphisms exist
and diagrams commute in the derived category then the same isomorphisms exist
and diagrams commute in Perv/Neg because it is a quotient category of a full sub
category of D(Ag, Q).

Second, we will use a slightly unusual definition of symmetric monoidal category.
This is the balanced definition in which we define, not just A ® B, but ®;(A;)ics
for all finite sets I. A definition, including all the diagrams that must be shown to
commute, is given in [Deligne and Milne} 1982, Proposition 1.5] and later they note
that it is equivalent to the usual one. (We will mention later where we take advantage
of this definition in our argument.)

To define the convolution of an arbitrary number of sheaves first note that when
we take the exterior product of a finite set of sheaves X;-;A; by applying X pairwise
in any order, it does not depend on the order we apply X because X is defined using

tensor product and the tensor product defines a symmetric monoidal structure on
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the category of sheaves. There is a Kiinneth formula for X;-;A;, which is exactly like
the usual Kiinneth formula but involves tensoring an arbitrary finite set of sheaves,
and can be proved by iteratively applying the usual Kiinneth formula. The fact that
no matter which order we apply it in we get the same isomorphism follows from the
definition, but even ignoring that our argument will work equally well no matter what
order the Kiinneth formula is applied in.

Now we are ready to define the structure. For a finite set I, define m; to be the

map (A!)’ — A! given by the equation (z;)ic; — 3., ;. Define %; : Di(Ag, Q)" —

iel
Dy(Ag) by (Aiier = Ry, iy Ar
Then for any o : I — J, we have the isomorphism x(a) : *7(A4;)icr —

* 7 (*a-1(j)(Ai)ica—1(j))jes defined by composing three isomorphisms:
Ry, |X]jeJ (Rﬂcrl(j)* giGOé*l(j) Al)

(by the Kiinneth formula)

= Rm;.R <H 7Tcvl(j)) Ries (Mica-1(5)4i)

JjeJ

(by the Leray spectral sequence and the identity 7; o Hjej Ta-1(j) = 1 )
= R Mjey (Mica-1(j)Ai)
(by the symmetric monoidality of X)
= Rmp, Wier A;

It remains to check two the conditions (a) and (b) Deligne and Milne. Condition

(a) is that when [ is a single element then x; is the identity functor and that when «
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is the map from the one-element map to itself then x(«) is the identity. The first part
holds because here (A!)" is Al 7r; is the identity morphism, and X is the identity
functor, so *; is the identity functor. The second part holds because when there is
is only one factor in the tensor product and all morphisms we are pushing forward
along are identities, the Kiinneth, Leray, and symmetric monoidality isomorphisms
are the identity, so the composition of them is the identity.

Condition (b) is a commutative square. This is more difficult and we prove it
by a series of reductions. First, note that to prove a commutative square involv-
ing derived functors it is sufficient to prove the commutative square on the original
functors, because the derived functor is computed from the original functor using
an injective resolution. However, this reduction requires us to pass from the derived
category of constructible sheaves to the category of arbitrary sheaves as the injective
resolution may involve non-constructible sheaves. The Leray spectral sequence and
the symmetric monoidality of X are still identities for constructible sheaves, but the
Kiinneth formula becomes only a morphism - for the product of a pair, this morphism
is f1. A1 X fo,As — (fi X f2)«(A1 K Ay) and for the product of an arbitrary set it is
Nics (fix4;) = (Hjej fj)* XMjcs A;. So we only obtain a morphism

T I« ngJ (7'('&—1(]')* |zieoz_l(j) Az) — T« &iel A'L

and not an isomorphism. However, to check that a commutative square of isomor-
phisms commutes it is sufficient to check that the two ways of getting from any one
corner to any other corner agree. Because our arrows point the opposite way as the
arrows in Deligne and Milne’s diagram, the two ways of composing morphisms to get
from the bottom-right corner to the top-left corner still exist for arbitrary sheaves,

so to show that the square of isomorphism commutes it is sufficient to check that
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those two compositions are equal, for which we can reduce to the case of non-derived
functors.

Next we handle the case of skyscraper sheaves (and then we will deduce the general
sheaf case from the skyscraper sheaf case). For skyscraper sheaves d,,, their exterior

tensor product Mie;d,, is the skyscraper sheaf d,,) and the pushforward of that

i€l
T1+0(z;),c; 18 simply the skyscraper sheaf 0y~ ... So the convolution of any number
of skyscraper sheaves is a skyscraper sheaf. Moreover all the intermediate steps in
the morphisms y(«) are equal, by repeating those two isomorphisms, to the same
skyscraper sheaf. So to check that this square commutes it is sufficient to check that
each of the three morphisms that make up x(«) is simply the identity map from
this skyscraper sheaf to itself. This is just saying that the Kiinneth isomorphism,
the Leray spectral sequence, and the symmetric monoidality of X, when applied in
a situation where the input sheaves are skyscraper sheaves with fixed generators,
preserve the canonical generators of the output skyscraper sheaves. This is obvious
in each case from the definition - we never multiply any section by a number in any
of these definitions, so the section giving the canonical generator is never sent to a
different section.

Now let (A;)ier be a tuple of sheaves. For each tuple of skyscraper sheaves 6., and
maps f; : A; — 0, we know the diagram commutes for 4., so the diagram commutes
modulo the kernel of the map induced by functoriality 77, M;er A; — 77 Ries 0y,
Thus to show the diagram commutes it is sufficient to show that the intersection of
the kernels of all these maps for all possible tuples is empty. Take any nonzero section
of mr, ;e A over an open set. It comes from a section of X;c;A; on the pullback of
that open set to (Al)l. That nonzero section must have a nonzero stalk at some point
(x;)ier, which is an element of the stalk ®;(A;),, of M;c;Ar at (z;);cr. Hence there
exists a tuple of linear maps (4;),, — Q, (or F; or Z/{™ or any other coefficient ring)

that are nonzero on this nonzero element, giving a tuple of maps A; — ¢,,. Then this
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section is sent to a nonzero section by the natural map X;c;A;r — M;e1d,,, so so the
corresponding section of 7, M;c; A; is sent to a nonzero section of 7y, M7 d,, and

we win. O

It will sometimes be helpful to have a single concrete representative of each equiv-

alence class of Perv/Neg. For this we turn to a special case of a definition of Katz:

Definition 3.0.19. [Katz, 1995, 2.6.1] For A perverse sheaves on A}, we say that A

has property P if, for all B € Perv, both A x B and A % B are perverse.
Lemma 3.0.20. For A a perverse sheaf on A}, the following are equivalent:
1) A has property P.
2) A has no subobject or quotient that is a geometrically constant sheaf.

3) A, base changed to any algebraically closed field, has no subobject or quotient

that is a constant sheaf.
4) Hcl(A}@, A) and Hil(A}@, A)=0
5) Hi(A}@, A) and Hi(A}@, A) =0 foralli#0.

Proof. 4) is equivalent to 5) because, for a perverse sheaf on an affine curve, the only
possible nonvanishing cohomology groups are H~! and H°, and the only possible
nonvanishing compactly supported cohomology groups are H° and H*.

3) is equivalent to 4) because:
Hom%(@eDL A) = H_I(A}@a A)

Hom, (A, Q[1]) = H!(AL, A)"

The equivalence of 1) and 3) follows from [Katz, (1995, Lemmas 2.6.13, 2.6.14 and

2.6.15).
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Finally, 2) is equivalent to 3) because if A has a subobject over A}@ that is con-
stant, then we can write Hom%(@g[l],fl) as a nontrivial Galois representation V/,
and Q,[1] ® V will be a geometrically constant subobject of A. The same argument,

dually, applies to quotient objects. O

Lemma 3.0.21. 1. The functor from the full subcategory of Perv consisting of
elements with property P, to Perv/Neg, is an equivalence of categories. In
particular, every equivalence class in Perv/Neg has a unique-up-to-unique iso-

morphism representative in Perv with property P.

Call this the property P representative of this equivalence class.

2. If A is an element of Perv, then there is a negligible subobject N of A and a
negligible quotient object M of A/N such that the kernel of the quotient map

from A/N to M 1is the property P representative of the class of A.

Proof. Let A be an object of Perv. Let N be a maximal negligible subobject of A.
Then A/N has no negligible subobjects as if it had a negligible subobject N’ the
kernel of the composition A - A/N — (A/N)/N’ would be an extension of N by
N’, hence negligible as Neg is a Serre subcategory. Let M be the maximal negligible
quotient of A/N. By an identical argument, the kernel of the natural map from A/N
to M has no negligible quotient objects. It also has no negligible subobjects because
any subobject of it is already a subobject of A/N. Hence it has property P, and
by construction it is equivalent to A in Perv/Neg. (These maximal subobjects and
quotient objects necessarily exist because Perv is an Artinian category [Beilinson
et al., 1982, Theorem 4.3.1(i)], so there are no infinite ascending chains of subobjects
and quotient objects.)

This shows that the functor from the full subcategory of Perv with property P
to Perv/Neg is essentially surjective, and that a property P representative of each

equivalence class is constructed as stated. It remains to check that this functor is
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fully faithful. This implies that there is a unique property P representative of each
equivalence class, up to isomorphism, and hence the unique property P representative
is produced by a suitable sequence. The formula for homomorphisms in a quotient

by a Serre subcategory is |Gabriel, (1962, pp. 365]:
Hompe,y/neg(X,Y) = lim Homp,,, (X', Y/N)
ﬁ

where the limit is taken over subobjects X’ C X, N C Y where X/X" and N are
in NMeg. Hence if neither X nor Y has any quotients or subobjects in AMeg, then
homomorphisms between the objects in the quotient category are just the usual ho-

momorphisms, and thus the map is faithful and full. O]

Proposition 3.0.22. Let [—1] : A' — A be the map that sends x to —x. Let D be
Verdier duality.
(Perv/Neg, *) is a rigid category, and for a perverse sheaf A, the dual object is

given by the formula:

AY = [-1]*DA

Proof. A category is rigid if every object has a dual. If A is perverse then [—1]*DA
is perverse, so it is sufficient to prove that [—1]*DA is actually a dual object.

Let AY = [-1]*DA. By a criterion of Deligne| [1990} 2.2], to show that A" is the
dual of A, it is sufficient to show that ® A and ® AY are adjoint functors.

This will follow from two simple identities:
Hom(AY, B) = Hom(1, A * B)

(AxB)Y =AY« BY
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To prove the first identity, note that the unit object in our monoidal category is just

the skyscraper sheaf §(0), so we compute:
Hom(d(0), A x B) = Hom(d(0), Rsum.(A X B))

= Hom(sum™*§(0), AKX B)

Let i be the inclusion of the anti-diagonal z + y = 0 into A%. Then we continue:
= Hom(:,Q,, AX B)

= Hom(Q,, Ri'(AX B))

Let A be the diagonal map, then:
— Hom (@, RA' ([~1)°A) K B))
and by [Grothendieck| 1977, Exp. III (3.1.1) and (3.2.1)]:
= Hom([-1]*DA, B)

This gives the first identity in D°(Perv). To get the same identity in Perv/Neg,

we may assume that A and B have property P. In this case by Lemma [3.0.20(2),

[—1]*DA has property P, so by Lemma (3.0.21}
Hompeyo/neq([—1]" DA, B) = Hompe,, ([—1]"DA, B)

To obtain

Hompery/areq(0(0), A B) = Hompe,, (6(0), A * B)
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we again use the formula for homomorphisms in a Serre subcategory|Gabriel, |1962]
pp. 365]:
Hompe,y/neg(X,Y) = lim Hompe,, (X', Y/N)
_>

where the limit is taken over subobjects X’ C X, N C Y where X/X’ and N are in
Neg. So it is sufficient to check that A B has no subobjects in Neg and 6(0) has no
quotient objects in N'eg. Because A and B have property P, H/(A!, A) and H'(A', B)
vanish for i < 0, so H'(A', A x B) vanishes for i < 0 by the Kunneth formula, thus
Ax B has no geometrically constant subobjects. On the other hand 4(0) has property
P and thus has no quotient objects in Neg, so we are done, verifying the first identity.

To check the second identity, observe that [—1]* commutes with convolution be-
cause [—1] is an automorphism of the group G,. Duality does not usually commute

with convolution, as

D(A* B) = DA% DB

[Katz, (1990, 8.1.9] but we know that usual and compactly supported convolution are

the same modulo D?(Neg), so this verifies the second identity. Then we have:
Hom(B x A, C') = Hom(1, (B * A)",C) = Hom(1, BY * AY ® C) = Hom(B, A x C)

so xAY is the right adjoint to *A. Then by [Deligne, (1990, 2.2] we are done. (This

argument was suggested by [Johnson-Freyd| [2015] on Mathoverflow.) O]

Let p # ¢ be a prime. Let RV, be the nearby cycles functor [Deligne, 1977, Th.
Finitude, 3.1] relative to Z, that takes objects of D2(Ag, Q;) to objects of D2(AL , Q)

with an action of Gal(Q,|Q,) and is defined as:

Definition 3.0.23. Let Z;" be the integral closure of Z, in the maximal unramified

extension of Q,, and let @p and Fp be the algebraic closures of Q, and IF,, respectively.

For a scheme X over Z, (e.g. A'), let i be the map Xg, — Xgur, let j be the map
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X@p — XZ" . and let k be the map X@p — Xg, induced by the natural maps

p

Zy," — Fp, Zy" — @p, Ly — @p. Then for a complex of sheaves A on Xq,, we define:
RV, A =i"Rj,k*A

with the natural action of Gal(@pk@p) coming from k* and preserved by functoriality
of i* and Rj,. Later, we will also use vanishing cycles. Let A be a sheaf on A%p, and
let o : A%r _,z, be the natural map, then E*A@p = j0*A. By adjunction there is a
natural map:

*A — i*Rj,j*A = RV, Aq,
and R®,A is defined as the mapping cone of this map.

If A is perverse on Alp, then the nearby cycles sheaf RW¥,A is perverse on A%
p

[Mlusie, 1994, Corollary 4.5].

Definition 3.0.24. Let F' be a field in which ¢ is invertible, and let A be a perverse
sheaf on AL. We say that the generic rank of A, or rank(A), is the dimension of the
stalk of H~!(A) at the generic point of AL. (There is always a nonempty open set

over which A is lisse of this rank.)
The definition of good reduction is as follows:

Definition 3.0.25. A perverse sheaf on A(l@ has good reduction at p if it satisfies the

following three conditions:

rank(RW,A) = rank(A)

2. The singularities of A are p-adic integers. That is, when viewed as elements of

Q,, they in fact lie in Z,.
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3. The inertia group in Gal(@p\(@p) acts trivially on RV, A.

This definition is motivated as follows: These conditions, we will later see (Lemma

3.0.36|), ensure that
RV, (A% B) = RV,Ax RV,B (3.2)

as long as A and B have good reduction.

The necessity of the first condition for the identity is seen by taking A to be
the skyscraper sheaf supported at 1/p and B the skyscraper sheaf supported at —1/p.
Then RV,A and RV¥,B both vanish, but A * B is the skyscraper sheaf supported at
0, and thus RV, (A x B) is also a skyscraper sheaf and is nontrivial.

The necessity of the second condition for the identity is seen by taking A

to be the Kummer sheaf £, for x a nontrivial character of j, and B to be L, 1.

X
Then RU,A and R¥,B again both vanish, but A * B is equivalent mod Neg to a
Tate twist of a skyscraper sheaf at 0, hence RV5(A % B) is again nontrivial. (This
phenomenon does not occur only at 2. Similar but more complicated examples can
be constructed for other primes using the pushforward of the constant sheaf along
the pth power map.)

The third condition may not be necessary to ensure RV,(A*B) = RV,Ax RV, B,
but we will want a well-defined action of Frob, on R¥,A, for which we need the
inertia group to act trivially.

The main goal of the remainder of this chapter will be to establish the identity
(3.2) and show that good reduction is stable under convolution. Then it will not be
too difficult to construct the Tannakian category.

We will need to control the behavior at co of sheaves with good reduction at p.

For that reason we make the following definitions:

Definition 3.0.26. Let S be any base. A reduced closed subscheme of A}, is bounded

if it remains closed when viewed as a closed subset of P.

35



Definition 3.0.27. Let S be a scheme over Z,. An element of Dg(Ag@ , Q) is
extensible if there is an open set U of AL and a complex of lisse sheaves L € D%(U, Qy),

such that :

e The complement in A§ of U is bounded

e Let u:Ug, — Ag@ and v : Ug, — U be the natural open immersions. Then:
D
u'A=VL

If A is extensible, then we may control the nearby cycles of A by comparing them
with the lisse sheaf L. In the next three lemmas we will show that sheaves with good
reduction are extensible. This will require some notation and concepts that are not
used in the remainder of the paper.

Let ny be the geometric generic point of A}@. Let 1, be the geometric generic point
of A%p. We can also view them as geometric points of Aj .

Let I, be the inertia group of Q, at p. Let I, be the inertia group of Q,(x) for the
unique valuation which makes elements of Z,[z] that are nonzero mod p have order
0 and makes p have order 1. This valuation is what Dwork called the Gauss norm.

There is a natural map I, — I, because Q,(x) is an extension of Q,, and this
valuation, restricted to @, is the standard valuation on Q,. This map is surjective as
both valuations are integer-valued, so any ramified extension of @@, remains ramified

as an extension of Q,(x). Let P be the kernel of this map. Then I, = I, /P.

Lemma 3.0.28. Let A be a complex in Di’(A(b,@g). Then we have an isomorphism

of complexes of I,-representations

(R\IIPA)TI;) = (A )P

70

36



Here I, acts on Ay, because I, is a subgroup of the absolute Galois group of Q(x).
Thus P, a subgroup of I, , acts on A,,, and I,, the quotient by that subgroup, acts
on (Iy,)".

Proof. To compute (R¥,A),, , when taking vanishing cycles in A%p, we may work in
any étale neighborhood of 7,. So we may work in the limit of all étale neighborhoods
of n,. Call this S’. It is the spectrum of the strict Henselian local ring of A%p at 7.
That ring is a discrete valuation ring. The geometric generic point of S’ is 7y and its
geometric special point is 7,,.

We want to compute the nearby cycles of A on S’ relative to the base SpecZ,.
The nearby cycles of A on S’ relative to the base S’ are much easier, because S’ is
zero-dimensional over S’, and so

(R\ij“g/ A) - A

Np 10

By [Deligne, (1977, Th. finitude, Lemma 3.4], the vanishing cycles relative to Z,
are just the P-invariants of the vanishing cycles relative to S’, and the isomorphism,

being functorial, is [,-equivariant, so we obtain the stated formula.

Corollary 3.0.29. Let A be a perverse sheaf on Aé.
rank(RW¥,A) < rank(A)

with equality only if P acts trivially on A,,.

Proof. By Lemma [3.0.28
rank(RV,A) = dim(H ' (RV,A)),, = dim(H " (A4),,)" < dimH ' (A),, = rank(A)
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The middle inequality is an equality if and only if P acts trivially on H™*(A),,.
Because A is perverse, A, is supported in degree —1, so P acts trivially on H1(A,,)

if and only if it acts trivially on A,,. m

Lemma 3.0.30. Let A be a perverse sheaf on Ab. If A has good reduction at p then
A is extensible when pulled back to A}@p.
Moreover, we may take U to be the complement of the closure in A%p of the set of

singularities of A in A}@p.

Proof. Because rank(A) = rank(RW¥,A), Corollary shows that P acts trivially
on A,,. Because I, acts trivially on R¥,A, it acts trivially on (R¥,A), , and so I,
acts trivially on A, .

A is lisse away from some finite set of singularities. These singularities lie in Z,,
so their closure in A%p is a bounded closed set. Let U be its complement. We will
construct a lisse sheaf on U which is equal to A when pulled back to Ug,.

A pulled back to Ug, is a lisse sheaf in degree —1, hence a representation p of

m1(Ug,). The pullback of p to Gal <Qp(:1:)|@p(x)> is just H~'(A),,, thus I, acts

trivially on this representation under the composition:

I, = Gal (@)[Q(2)) = m(Ug,)

We will show that the quotient of 7 (Ug,) by the minimal normal subgroup con-
taining I, is 7 (U). Then the representation p will factor through 7 (U), giving the
desired lisse sheaf on U, and we will be done.

To see this, we use the Galois correspondence. Consider a finite étale Galois cover
of Ug, which, when extended by normalization to U, is unramified at the generic
point. By purity of ramification, it extends to a finite étale cover of U. Hence all

quotients of m (Ug,) on which I,,, acts trivially factor through 7 (U), as desired. [
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To show that the conditions of good reduction are preserved by convolution, we

will need computations involving the rank and Euler characteristic:

Lemma 3.0.31. Let K be a separably closed field in which € is invertible, and let A

1
be a perverse sheaf on Aj.

(AL, A) = —rank(A)+swan(H " (A), 00)+ Z (drop(H~'(A), z) + dim(H"(A), z) + swan(H
z€AL(K)

where drop(H~*(A),z) is the drop in the rank of H™'(A) at x, dim(H°(A, x)) is the

rank of the stalk of H°(A) at z, and swan(H1(A),z) is the Swan conductor of the

local monodromy of H™'(A) at x.

Proof. This is almost a special case of the Euler-Poincare formula [Grothendieck,
1977, Theorem 7.1}, which is stated for a complex of sheaves on a proper curve. A
perverse sheaf is a complex of sheaves, and the local terms in this formula are the
same as the local terms described in |Grothendieck, [1977], but A! is not proper.
However we may extend the sheaf by 0 from A® to P!, which does not affect the Euler
characteristic. Then the global term for a sheaf on a curve of Euler characteristic 2,
such as P!, is —2rank(A), and the local contribution at oo is rank(A) + Swan(A),

giving exactly the stated formula.

]

Lemma 3.0.32. Let K be a separably closed field and let A and B be two perverse
sheaves on AL that are tamely ramified at oo and lisse away from the points x1, ...z,

and Y1, . .., Ym respectively. Then A x B is lisse away from the points x; + y;.

Proof. We will show this by applying Deligne’s semicontinuity theorem |Laumon,
1981, Corollary 2.1.2] to Rm.ji((d*A)® (pr3B)). Let U = A' —{z;+y;]1 <i<n,1 <
j < m}. We will show that on 77}(U), the sheaf j((d*A) @ (pr3;B)) is lisse away

from a smooth divisor, with constant Swan conductor along each component of that
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divisor, and lisse when pulled back to that divisor. It will follow that the cohomology
is lisse.

Let D be the divisor where j((d*A) @ (priB)) is not lisse. D consists of the lines
x = x; and y = y;, which after the change of variables become 2’ —y' = x; and ' = v,
and the divisor at oo with equation 3’ = co. Thus D is a union of lines, and hence is
smooth away from the points where the lines intersect. In the original coordinates,
the points where the lines intersect are (z4,y;). In the sheared coordinates, these
intersection points are (z; + y;, y;) and map under 7 to the points z; + y;. Hence the
intersection of D with 7=!(U) is smooth.

d* A is lisse away from the lines of the form 2’ —y' = z; and pri B is lisse away from
the lines of the form y" = y;. Let us fix a line L with equation 2’ — 3’ = z,. Because
the lines don’t intersect, we can choose a neighborhood of L N7~!(U) which does not
intersect any of the other lines, so that prj; B will be lisse on that neighborhood. We
will check that ji((d*A) @ (pr3B)) has constant Swan conductor around L N7~ (U),
and is lisse when pulled back to L N 7~1(U), working locally in that neighborhood.

It is sufficient to show that d*A has constant Swan conductor along L and is lisse
when pulled back to L, because tensoring with the lisse sheaf prjB will multiply the
Swan conductor by a constant value and preserve lisseness, and because taking 7, will
not change anything in a neighborhood of L. But this is clear: d*A must have the
same Swan conductor at L in each fiber of m because d maps each fiber isomorphically
to A}, and d*A must be lisse when pulled back to L because L is the inverse image
along d of a point of AL so d*A is constant along L.

By the same argument with A and B reversed, we can see that for L a line of the
form y' = y;, 7i((d*A) ® (pr3B)) has constant Swan conductor around L N7~ (U),
and is lisse when pulled back to L N7~ (U)

Finally, ji((d*A) ® (pr3B)) is tamely ramified along the line at oo because both A

and B are tamely ramified at co, and it is zero, hence lisse, on the line at oco.
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So by Deligne’s semicontinuity theorem the cohomology complex Rm,.j((d*A) ®
(pr3B)) must be lisse [Laumon, |1981, Corollary 2.1.2]. The theorem states that
Rm,uF is lisse for a lisse sheaf F on an open set U of a scheme X with a proper map
m: X — 9, such that the complement Y of U is a smooth divisor over S and such that
F has constant Swan conductor along Y. Here we have a slightly different situation:
Taking S = Ay — {z; +y;}, X = P4, and U the complement of the lines 2’ —y' = x;,
y' =y;, and ¢y’ = oo, instead of wF we have 5 ((d*A) ® (pr3B)), a complex of sheaves
lisse on U and lisse on the complement of U. But it follows that Rm,j((d*A)® (priB))
is lisse in our case as well by a simple reduction. First, by the Leray spectral sequence,
it suffices to show Rm,H'(ji((d*A) ® (pr3B))) is lisse. Second, for i the inclusion of
Y there is an exact sequence wu*(5i((d*A) ® (priB))) — (i((d*A) ® (pr3B))) —
i3 (H((d*A) ® (pr5B))), so it suffices to show that Rm,uu*(ji((d*A) @ (priB))) —
(71((d*A) ® (priB))) and Rm,i.i*(j1((d*A) ® (pr3B))) are lisse. The first is lisse by
[Laumon, 1981}, Corollary 2.1.2] and the second one is lisse because 7 o7 is finite étale

and so pushing forward along it preserves lisseness.

]

Lemma 3.0.33. Let K be a separably closed field, and let A and B be two perverse
sheaves on Al that are tamely ramified at oo, one of which has property P. Let x(A)

and x(B) be the Euler characteristics of A and B on Ak.. Then:

rank(A % B) = rank(A)x(B) + x(A) rank(B) + rank(A) rank(B)

Proof. Since convolution commutes with étale base change, we may base change to
the separable closure of K, and so without loss of generality we may assume that K
is separably closed.

Because one of A or B has property P, A% B is perverse. Over an open set, it is

lisse of rank rank(A % B) in degree —1, and so the Euler characteristic of its stalk at
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any point in this open set is — rank(A % B). We will compute the Euler characteristic
and hence compute the rank.

Let z1,...,z, be the coordinates of the non-lisse points of A, and let y1,...,ym
be the coordinates of the non-lisse points of B. Fix a point z such that z # x; + y;
for any 1 <i<mn,1<j <m. By Lemma[3.0.32, A % B sheaf is lisse at z.

Let r be the map AL — Al that sends x to 2 — z. By proper base change, we
see that (A B), is just H:(AJ, A ®r*B).

Because x1,...2,,2 — y1,...,2 — Yy, are all distinct, in a neighborhood of each
point of A! either A or r*B is lisse in degree —1, which means that locally A®r*B is
a perverse sheaf shifted by one degree. Since perversity is a local condition, A ® r*B
is a perverse sheaf shifted by one degree. We compute its Euler characteristic using
the Euler-Poincare formula, Lemma [3.0.31] with an additional minus sign.

Let:

a; = drop(H ' (A), z;) + dim(H°(A), z;) + swan(H " (A), z;)

bj = drop(H(B), yj) + dim(H°(N), yj) + swan(H '(B), Yj)

Then a; is the local contribution to the Euler characteristic of A from the point
x;, and b; is the local contribution to the Euler characteristic of B from the point y;.
By Lemma [3.0.31]
X(A) = —rank(A) + Z a;
i=1

m

X(B) = —rank(B) + Z b;

j=1
Since r*B is lisse at x; and its rank is rank(B), the local contribution to the Euler

characteristic of A ® r*B at z; is —rank(B)a;, and since A is lisse at z — y; and its
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rank is rank(A), the local contribution to the Euler characteristic of A®r*B at z—y;

is —rank(A)b;. The generic rank of A ® r*B is rank(A) rank(B). So we have:

Y(A', A® r*B) = rank(A) rank(B) — i rank(B i rank(A
= —rank(B) <— rank(A) + i az-) —rank(A) (— rank(B) + i bl-) —rank(A) rank(B)

= — (x(A) rank(B) + rank(A)x(B) + rank(A) rank(B))

Because the Euler characteristic is — (x(A) rank(B) + rank(A)x(B) + rank(A) rank(B)),
and the sheaf is lisse in degree —1, its rank must be — (x(A) rank(B) + rank(A)x(B) + rank(A) rank(
[l

Lemma 3.0.34. Let S be a smooth scheme over Z,. Let j be the open immersion

AL - Py. Let A€ D’;(Ag@ , Q) be a complex. If A is extensible, then:

RU,jiA = jiRU,A

2. RV,A is tamely ramified at oo.

Proof. Because nearby cycles are defined locally, the first statement is certainly true
everywhere on A%p. It remains to verify the statement on the divisor at oo of IF’lst
Because both statements are local questions on the divisor at oo, we may work in the
neighborhood of a point on that divisor.

Let L be a complex of lisse sheaves on an open set U of A}, as described in the

definition of extensibility. Let Z be its bounded closed complement. Rather than

working with j1A on all of P, we will work with 5L on P — Z.
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J1L is lisse on Py — Z away from the divisor at co. Because the divisor at oo is
a smooth divisor which is generically in characteristic 0, L is tamely ramified at the
generic point of that divisor, and hence is tamely ramified around that divisor. Thus
the vanishing cycles R®,jiL of 5L relative to Z, are 0 by |Deligne and Katz, |1973|
XIIT Lemma 2.1.11].

Because R®,jL vanishes, RV, Lo, = j!LFp~

Away from Z, Lg, is isomorphic to A, so R¥,jiA = j!LFp. Hence R¥,jiA is zero
at oo, verifying the first statement, and R¥,51A = j1R¥,A is tamely ramified around

00, verifying the second statement. O]
Lemma 3.0.35. If A € Perv has good reduction at p, then:
x(AL  RU,A) = x(Ab, 4)
Proof. The Euler characteristic is preserved by extension by zero, so:
X(Ag, A) = x(Py, 1A) = X(P%pa RU,jA) = x(Ps , iRV, A) = X(A%pa RV, A)

Fy?

The middle two equalities follow, respectively, from the fact that the cohomology of
the nearby cycles sheaf on the special fiber is the cohomology of the original sheaf on

the geometric generic fiber and from Lemma (3.0.34}

Lemma 3.0.36. If A and B have good reduction at p, then:
RV,A % RV,B = RV,(A* B)
Proof. We apply the compactification of Remark [3.0.12| to compute RV, A x RV, B:

(RV,A) * (R¥Y,B) = Rm.u((d*RV,A) @ (pryRY,B))
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We will verify the sequence of identities:

Rm.j((d"RY,A) @ (pry RV, B))

= Rm.jiRV,((d"A) ® (pr3B))

— Rm RV, ji((d*A) @ (priB))

= RU,Rm.ji((d*A) @ (pr3B))
— RU,(Ax B)

The first identity is valid because d*A @ pr3B is the external tensor product A X B
composed with a change of coordinates. Nearby cycles compute with external tensor
products by [Beilinson and Bernstein, 1993, Lemma 5.1.1], and they clearly commute
with change of coordinates.

The second identity will follow from Lemma if we can show that d*A®priB
is extensible as a complex on A% = A}M. The perverse sheaves A and B are both
extensible, hence isomorphic to lisse complexes on open sets U and V' with bounded
complements Z; and Zs. The tensor product d*A ® priB is isomorphic to a lisse
complex on d*U N priV, so it is sufficient to show that its complement d*Z; U pr;Z,
is bounded. It is sufficient to show that the maps: d,pry : Al x A' — Al can be
extended to maps A! x P! — P!, so that the inverse image of a set in A! closed in P!
will be a set in A! x A! closed in A! x P!, hence bounded. For pry, the extension is
still pry, and for d it extends because the map that sends y to x — y is a well-defined
automorphism of P! for each finite .

The third identity follows because R¥, commutes with proper pushforward.

The fourth identity is a tautology. O
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Lemma 3.0.37. Let A and B be two perverse sheaves, at least one of which has

property P. If A and B have good reduction at p, then A *x B has good reduction at

p.

Proof. For the first condition for good reduction, we can see, using Lemma [3.0.33]
that

rank(A % B) = rank(A)x(B) + x(A) rank(B) + rank(A) rank(B).

(by definition and Lemma |3.0.35))

= rank(RV,A)x(RY,B) + x(RV,A) rank(RV,B) + rank(R¥V,A) rank(RY,B)

(by Lemma 3.0.33)
= rank(RV,A % RV, B)

(by Lemma 3.0.36])
= rank(RV,(A * B))

For the second condition, observe that the singularities of A %, B are all sums of
the singularities of A and B by Lemma [3.0.32] Because sums of p-adic integers are
p-adic integers, the singularities of A %) B are p-adic integers.

For the third, note that if I, acts trivially on R¥,A and RV, B, it acts trivially on
RWV,A % RV,B by functoriality, which is the same thing as RV,(A % B) by Lemma
3.0.36 O

Lemma 3.0.38. Let

0—-A—-B—->C—=0

be an exact sequence of perverse sheaves. If B has good reduction at p, then A and C

do as well.
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In other words, subobjects and quotients of perverse sheaves with good reduction

have good reduction.

Proof. We check for A and C' the three conditions of good reduction.
Observe that:

0— RV,A— RV,B— RV,C —0

is also a short exact sequence.

For generic rank, , we have:

rank(A)+rank(C) = rank(B) = rank(RV,B) = rank(RV,A)+rank(RV,C) < rank(A)+rank(C)

because rank is additive in exact sequences and because B has good reduction. Thus
the final inequality, due to Corollary [3.0.29] is an equality, so rank(R¥,A) = rank(A)
and rank(RW¥,C') = rank(C).

The singularities of A and C must occur at the singularities of B, since a perverse
sheaf lisse at a point can never be decomposed into two perverse sheaves not lisse
at that point (Given a lisse perverse sheaf A, it is sufficient to check that, in some
neighborhood of that point, all the Jordan-Holder factors of A in the category of
perverse sheaves are lisse. But in a neighborhood of that point A is lisse, hence
a successive extension of irreducible lisse sheaves, and irreducible lisse sheaves are
irreducible perverse sheaves, so those are the Jordan-Holder factors of A.)

For the inertia action, subobjects and quotients of objects with trivial group action
have trivial group action, hence because I, acts trivially on RW,B, it must also also
act trivially on RV,A and RY,C.

O

Corollary 3.0.39. An equivalence class in Perv/Neg contains an element with good

reduction at p if and only if its property P representative has good reduction at p.
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Proof. By Lemma [3.0.21], the property P representative can be constructed from any
given element by repeated subobjects and quotients. By Lemma [3.0.38 subobjects
and quotients preserve good reduction. So if there is any element with good reduction,
by repeatedly taking subobjects and quotients, the property P representative has

good reduction. The converse is obvious. O

Definition 3.0.40. We say that an equivalence class in Perv/Neg has good re-
duction at p if and only if its property P representative has good reduction at p.

(Equivalently, by Corollary [3.0.39] if any element of the class has good reduction at

p.)

Lemma 3.0.41. The full subcategory of Perv/Neg consisting of objects with good

reduction at p is closed under direct sums, kernels, cokernels, convolution, and duality.

Proof. A kernel or cokernel is defined for an arbitrary map between two elements
of the equivalence class. Using Lemma [3.0.21] we see that we can always take the
map to be between two elements with property P. The kernel and cokernel may not
have property P, but they certainly have good reduction by Lemma [3.0.38, so their
equivalence classes have good reduction.

Similarly for direct sum, we just need to check that the direct sum of perverse
sheaves with good reduction has good reduction. For all three of the conditions, this
is obvious. The singularities of A + B are the singularities of A and the singularities
of B, and RV,(A+ B) = RV,A+ RV, B.

For convolution, we may assume A and B have property P, and then A % B has
good reduction by Lemma [3.0.37]

For duality, we know that by Lemma , duals in the Perv/Neg are given by
AY = [-1]*DA. Good reduction is clearly preserved by [—1]* so we focus on Verdier
duality. Verdier duality preserves generic rank, and commutes with nearby cycles

[[lusie, 1994, Theorem 4.2], so the condition about ranks is satisfied. Verdier duality
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preserves the singular set so the condition about singularities is satisfied. Duality is

functorial, so preserves the inertia action, so that condition is satisfied as well. O

The following proposition is not needed for other results in this paper, but is

useful:

Proposition 3.0.42. Let A € Perv have property P and good reduction at p. Then

RV, A also has property P.

Proof. By [Katz, 1995, Lemmas 2.6.13, 2.6.14 and 2.6.15], RV, A has property P if
and only if it has no subobjects or quotients that are Artin-Schreier sheaves. By
Lemma RV, A is tamely ramified at oo, so the only Artin-Schreier sheaf that
can be a subobject or a quotient is the trivial sheaf. Just as in Lemma [3.0.20, we

have:

HOmA% (Q[1], RY,A) = H_I(A%p, RV,A)
Homy (RY,A,Q[1]) = H,(A; , RV,A)"

So it is sufficient to show that H~'(AL , R¥,A) and H} (AL , R¥,A) vanish. Let j be
the open immersion A — P!, then by Lemma [3.0.34] and Lemma |3.0.20

HI(AL  RU,A) = H'(BL jiRY,A) = H(P  RU,jiA) = H'(PL, jA) = H(AL, A) = 0
and because DA also has property P and good reduction at p (Lemma [3.0.41)

H‘l(A%p, A) = Hcl(A%p, DRVU,A)Y = H} (A%p, RV,DA)Y =0

Here we also use the fact that nearby cycles commute with duality [Illusie, {1994,

Theorem 4.2]. O
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Lemma 3.0.43. Let ¢ be a nontrivial additive character of F,. Let L, be the cor-

responding character sheaf. Let A be a perverse sheaf on Ab with good reduction at

P.
(1) H"(A%p, RV,A ® Ly) vanishes for i # 0.

(2) The natural forget supports map
Hi(AL RU,A® L)~ Hi(AL RU,A® L)

s an isomorphism.

Proof. Let u be the open immersion A — P!. We will show that the natural forget
supports map w(RV,A ® L) = Ru,(RV,A® L) is an isomorphism.

It is sufficient to show that all the stalks of Ru,(RV,A ® L,) at oo vanish. This
is true because A has good reduction, so by Lemma RV, A is tamely ramified
at 0o, so RV,A ® L, is totally wildly ramified at oo, and in particular has no local
monodromy invariants or coinvariants. The stalk of Ru,RV,(A® L,) at co can be
computed by a spectral sequence from the monodromy invariants and coinvariants
and so vanishes.

Hence the natural map
H(Ag , RV, AQLy) = H'(Pg ,wRY,A®Ly) — H'(Pg , Ru.RU,ARL,) = H'(Ag , RV, ADLy)

is an isomorphism.

To prove the first part, note that RW¥,A is a perverse sheaf, so RV,A ® L, is as
well, and H® of an affine variety with coefficients in a perverse sheaf always vanishes
for ¢+ > 0. Similarly the compactly supported cohomology vanishes for i < 0. Because

they are equal, they both vanish away from 0. O
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Lemma 3.0.44. A — HO(A% ,RU,A® Ly) is an exact tensor functor from the full
p
subcategory of Perv/Neg consisting of objects with good reduction at p to the category

of vector spaces.

Proof. First note that there is no ambiguity regarding elements of Neg: The functor

sends them to 0, because constant sheaves on AL are sent to constant sheaves on
P

A%p by RW¥,, which when tensored with £, have no cohomology.

The functors RV,, ®L,,, and cohomology all preserve distinguished triangles, and
by Lemma the cohomology groups above and below 0 vanish, so the long exact
sequences become short exact sequences and hence the functor is exact.

Finally we check that this is a tensor functor.
HO(A%I?, RV, (A% B)® Ly)
(by the dual of Lemma
= H (AL, (RY,A+ RU,B) & L,)
(by definition of )
— HO (AL, Rsum. (RU,AR RU,B) © L, )
(by the Leray spectral sequence)
— H° (A2, (RY, AR RU,B) @ sum'Ly )

(by [Katz, |1988|, Section 4.3 (3)])

— (A%p, (RU,A® L,) B (RU,B ® £¢)>
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(because of the Kiinneth formula and Lemma [3.0.43)
= H (A} RU,A® L,) @ H' (AL RU,B& L)

We also need to check that this tensor isomorphism satisfies all the necessary com-
mutative diagrams. As in Proposition [3.0.18 we will use a balanced definition to do
this. We define for any finite set I a morphism ~y; : H° (A%p, RV, (xA;) ® £¢> —
@ HO (AL RU,A; @ L) by:

HO (AL, RU,(5145) @ Ly)

(by definition)
= H° (A%p, R¢p(RW1* Xy A[) &® ﬁw)

(by base change)
oy <A%p, Rrr R, B; Af) @ £¢>

([Beilinson and Bernstein, |1993 Lemma 5.1.1])

= H° (A%,y Rrp. B Ry, Ar @ £¢>
(by the Leray spectral sequence)

= H (&), . B R, A @ 7Ly )
(by iteratively applying [Katz, |1988|, Section 4.3 (3)])

= ((aY)z, Bu(Ry 41 © L,)
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(by the Kiinneth formula and Lemma |3.0.43)
= @rH° (A%p, RU,A; © /:¢>

In order to check that A — H°(AL , RV,A® L,) is a tensor functor, it suffices to

check that:

1) The map ~; is an isomorphism.

2) ~s agrees with the identity in the case where [ has cardinality 0 or 1 and agrees

with the previously described isomorphism when [ has cardinality 2.

3) For any map « : I — J of finite sets, the following diagram commutes:

HO (A%p,R\I/p(*IAi) ® ﬁw) — _ ®rH® <A%py R¥pA; ® ﬂw)
lx(a) lx(a)
0 (51 ) 0 (a1 LA 0 (al ;
H (ATP’R\IIP(*J *o—1(j) Az)®£¢> T RsH (Aﬁp,Rq’p(*a,M])Az)@ﬁy)) m Qg ®a*1(j) H (A]FP’R\I’PA’L(@EU!)

Indeed, because the associativity isomorphism is the composition of two uses of
x(a), that the associativity isomorphism commutes with ~ follows from combining
two copies of this diagram. The symmetry isomorphism and unit isomorphism follows
similarly.

Furthermore 1) follows inductively from 2) and 3). Part 2) establishes it for I of
cardinality at most 2. Suppose it is known for cardinality at most n and let I be a
set with cardinality at most n+ 1. Let a be a function from this set to a two-element
set that is not a constant function. Then in this commutative diagram, the s on the
bottom row all are for sets of size at most n, so are isomorphisms, and the column
maps are isomorphisms, so the top row 7; is an isomorphism.

2) is not too hard. In the |I| = 0 case, simply observe that all the objects in
the chain of morphisms defining +; are the same one-dimensional vector space and
all the arrows are the identity. Similarly, in the |I| = 1 case m; is the identity,
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X is trivial, and all the isomorphisms and the base change map are used in their
trivial cases where they are the identity. Comparing our definition of |I| = 2 with
the one we gave earlier specific to that case, we see the only difference is the first
two lines, where we use a base change map and the compatibility of RV and X
instead of using Proposition [3.0.36, However, examining Proposition [3.0.36] it uses
the compatibility of X and RV and takes a compactification 7 o j of sum, then
uses the map Rm iRy, K — Rm,RY,jK = RV,Rm,. 51K, whose dual is the map
RV ,Rm,Rj,DK = Rm,RY,j,DK — Rm,Rj,R,K coming from base change for m,
which since base change is defined locally is the same as the bas change map for 7w o j,
which si the base change map of sum, matching our second morphism exactly.

3) is the interesting one. We divide it into two parts. The first part, more difficult,
handles just RY¥,, and the second part handles the rest of the functor. The first part
is to check that the commutative diagram using fragments of ~ for the horizontal

arrows

R\ij(*IAz) ” *]R\IIPA,L'

lx(a) lx(a)

R‘pr(*J *a—l(j) Az) e *JR\I/p(*afnj)Ai)) — XJ *a—l(j) R\I’pAz

To prove this we must check that the base change and compatibility-with-X mor-
phisms for R¥ commute with the three isomorphisms we used to define y(a) - the
Kiinneth formula, the Leray spectral sequence, and the monoidality of X. We need to
prove one smaller diagram commutative. For each of them we note only the arrows
that are valid for arbitrary sheaves so that we can remove the derived functor and
commute directly to verify that the diagram commutes.

Compatibility of RV and Kiinneth:

&[R\I/prz*Az e X’[sz*R\I/pAz — (Hiel sz)* X R\I/pAZ

! l

R\I/p X, sz*Az — R\PP(HiEI sz)* X; Az —_— (Hiel sz>*R\I/p X, Az
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Compatibility of R¥ and Leray:

RU,Rf,Rg,A —— Rf.RV,Rg,A — Rf.Rg,RU,A

RY,R(fog).A — —— R(fog).RV,A

Compatibility of R¥ and monoidality of X:
R\I[p X Az < &[R\IJPAZ

| l

R\I/p J gofl(j)Ai < E’JR‘I/I, &a—l(j) Al — &J xa—l(j) R\I/pAz

For each diagram, we reduced to the analogous version for non-derived functors,
check that it holds for skyscraper sheaves, and then check the reduction to skyscraper
sheaves, following Lemmal|3.0.18] The functors R f, and X preserve skyscraper sheaves
and RY¥, sends a skyscraper sheaf to either a skyscraper sheaf or the zero sheaf, so
all the objects in these diagrams are either skyscraper sheaves or the zero sheaf.

First we check that for each diagram, if any object is the zero sheaf, then enough
are that all maps are zero and the diagram commutes. This happens when RV,
is supported at a skyscraper sheaf whose reduction modulo p is not in the variety.
But if this happens for Rf, of a sheaf, then it must already happen for that sheaf,
since if the reduction mod p of a point is in the variety then f of that reduction is
in the variety. Similarly if this happens for one sheaf then it happens for the X of
many sheaves, because if one point has bad reduction then its product must have bad
reduction. So if any object in the first diagram is zero, the bottom-right object is,
and if any object in the second diagram is zero, one on the right side is, and if any
object in the third diagram is zero, one on the left side is. In either case the diagram
is trivial.

Second we check, in the case that each object in each diagram is a skyscraper

sheaf, that each morphism is the identity, preserving the canonical section. The
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morphisms are base change for RV, the isomorphism RV(AX B) = RVAX RV,
as well as Kiinneth, Leray, and monoidality of X. But none of these can possibly
affect the canonical generator of a skyscraper sheaf because at no point is the section
multiplied by anything.

Finally, we must check the case for a general sheaf. It is sufficient to show that,
for each section of one of the final objects of the diagram, there are some maps from
A; to skyscraper sheaves that are nontrivial on that section. For each diagram, the
final object (bottom-right in the first and bottom-left in the last two) comes from
applying some combination of ¥, X, and f.. Each nontrivial section of one of these
functors applied to a sheaf comes from one or more nontrivial sections of the original
sheaf. Following it backwards, from a section of the final object we obtain a tuple
of sections of the A;s. For each A;, we can find a map to a skyscraper sheaf which
sends that section to something nontrivial by taking a stalk. Applying functoriality
for each functor in the composition, we see that the section of the final object is sent
to a nontrivial section of the final object in the case where each A; is replaced with
a skyscraper sheaf, and we win.

The remainder is much simpler. We can handle it all with a single commutative
diagram, where the horizontal arrows are the remainder of v;. The remainder of v;

is an isomorphism, but only the leftmost arrow is defined for an arbitrary sheaf.

HO <A%p, (#14;) ® cw) < 0, HO <A%p, A ® ﬁw)

| |

H® (A%p7 (#7 *a-1j) Ai) @ ﬁw) —— @ H" (Al (tam10Ai) @ ﬁw) —— ® Qa1 H° (A%p’ A ® £w>

F,’

To check this diagram commutes it is sufficient to do so for the non-derived func-
tors. First let us check this for sksycarper sheaves. Convolution, tensoring with Ly,

and taking cohomology all send skyscraper sheaves to skyscraper sheaves, but ten-
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soring with £, does not fix the canonical generator. Instead choosing a generator
for 6, ® L, is the same as choosing a generator of L (). Similarly all the isomor-
phisms involved but [Katz, |1988] Section 4.3 (3)] already preserve generators. So it
remains to check that the action of the iterated isomorphism of [Katz, 1988, Section
4.3 (3)] on stalks does not depend on the order the isomorphism is used in. In other
words, the isomorpsim (z+y)*Ly = "Ly @y* Ly, allows us to write (x +y+2)* Ly as
Ly @Y Ly @ 2* Ly in two different ways, the first passing through (z+4y)* Ly ® 2*Ly,
and the second passing through "Ly ® (y + 2)*L,. Are these two isomorphisms the
same? Yes. They are irreducible lisse sheaves on A3, so it is sufficient to check this on
the stalks at any given point. We choose the point (0,0,0) where the stalk of every
involved sheaf has a canonical generator and the map is the isomorphism.

To reduce from all sheaves to skyscraper sheaves it is sufficient to show that
every section of H° (A%p, (x5 *a-1(j) Ai) ®£¢> maps nontrivially to a section of
H° (A%p, (%7 *a-1(5) Oz;) ®£¢) under some tuple of maps A; — 6,,. But such a
section is a global section of 7 *,-1(;) A;) tensored with £, , which comes from some
section of M *,-1(;) A; tensored with £y, which comes locally from a product of
sections of *,-1(;)A; tensored with Ly, each of which arises locally from a product of
sections of A;, which must have nonzero stalks at some point. Then those stalks give
nontrivial maps to the skyscraper sheaf.

]

Theorem 3.0.45. Let S be a finite set of primes including ¢. Let CCs the full
subcategory of Perv/Neg consisting of objects with good reduction at all primes p not
in S with the sheaf convolution monoidal structure.

CCg is a neutral Tannakian category.

For any prime p not in S and ¥ any nontrivial exponential character, a fibre
functor is A — HO(A%ZJ7R\I’Z,A ® Ly). There is a natural action of Frob, as an

automorphism of this functor.
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Proof. We must check that CCg is a rigid symmetric monoidal abelian category with
an exact tensor functor to the category of vector spaces. Since CCg is defined as a full
subcategory of a rigid symmetric monoidal abelian category, it is sufficient to check
it is closed under direct sums, kernels, cokernels, duals, and tensors, and contains the
unit. This follows from Lemma[3.0.41] together with the fact that it contains the unit

object, the skyscraper sheaf of rank 1 at 0.

The fact that H(AL , RV,A ® L,) is an exact tensor functor is Lemma [3.0.44]

Thus CCg category is Tannakian.

To obtain the Frob, action, recall that Gal(Q,|Q,) acts on H O(A%p, RU,A® Ly).
The inertia subgroup acts trivially on RV,A by the definition of good reduction,
hence trivially on H O(A%p, RV,A® Ly), so the quotient of the Galois group by the

inertia subgroup, which contains Frob,, has a well-defined action. O]

Proposition 3.0.46. Let N be a positive integer multiple of €. Let A be an element
of Dﬁ(Aé[ﬂ,@g). Then there is a finite set of primes S including all the primes
dividing N such that, for each p not in S, for each i, PH'(Ag) has good reduction at p
and HO(A%I), RY,PH (Ag) ® Ly) is isomorphic to Hé(A%p, Ap, ® Ly) as a vector space
with an action of Frob,.

We can take S to be the set of primes p that either divide N or such that one of

the following conditions fails:

o A is lisse in a neighborhood of the generic point of A% .
P

o The closed set Z C A;[ 1] where A is not lisse is a finite étale cover of Spec Z [%}

N

over a neighborhood of p.

o When pulled back to Z, A is lisse again.

Proof. Let p be a prime not in S. Because p satisfies the stated conditions, Deligne’s
semicontinuity theorem implies that the Swan conductor around Z is semicontinuous
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in a neighborhood of p [Laumon), 1981, Theorem 2.1.1(i)]. Since the Swan conductor
is generically 0 in characteristic 0 where the sheaf is tame, the Swan conductor around
Z is constant in that neighborhood.

Let U be the complement of Z, j the inclusion of U, and ¢ the inclusion of Z. As
J* A satisfies the conditions of [Laumon, |1981, Theorem 2.1.1(ii)] in a neighborhood
of p, R®,jij* A vanishes. Furthermore R®,:* A vanishes because it is complex of lisse
sheaves on a smooth scheme, thus R®,i.i*A = i, RP,i*A vanishes because ¢, being
finite, commutes with R®,, so by the distinguished triangle jij*A — A — 3" A,
R®,A = 0.

Therefore the natural map Az — RV, Ag is an isomorphism.

Using this isomorphism, we will show that PH’(Ag) has good reduction at p. The
key point is that because RV, preserves perversity and distinguished triangles, it is
an exact functor from the category of perverse sheaves on Abp to the category of

perverse sheaves on A% and thus
P
"H'o RV, = RU, o "H’

Note that A is lisse in a neighborhood of the generic point of A% . On an open set
where it is lisse, PH’ is the same as H'~!, shifted by 1 [Katz, |[1995, Lemma 2.3.2.1(c)].
So rank(*H'(Ag)) is the rank of H'"'(A) on the open set where it is lisse, which

includes the special fiber at p, so it is also rank("H'(Ag,)). Then:
"H'(Ag,) = "H'(RV,Aq) = RV, H'(Aq)

hence

rank(PH'(Ag)) = rank (pHi(AFp)> = rank(RV,*H'(Ag))
so PH!(Ag) satisfies the first condition of good reduction at p.
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Since the set of singularities of A is finite étale at p, the singular points of Ag,
and thus of PH(Ag), are located at p-adic integers, so PH'(Aq) satisfies the second
condition.

Finally, the inertia action on PH'(Ag,) is trivial. ~ Since this is equal to
RV,"H!(Ag), the inertia action on RWV,PH'(Ag) is trivial as well, so PH'(Ag)
satisfies the third condition.

Hence PH'(Ag) has good reduction at p for all p not in S.

Tensoring with £, and taking cohomology, we have the Gal(Q,|Q,)-equivariant
isomorphism

Hé(A%p, Ap, ® Ly) = Hi(A%P, RV,Aq ® Ly).

H(Ag , RV, Aq®Ly) is given by a spectral sequence in terms of H (Ag | RV PHb(Ag)®
Ly). Because PH’(Ag) has good reduction at p, Hg(A%p, RU,"H'(Ag) ® L) vanishes
for a # 0 by Lemma [3.0.43, and so the spectral sequence degenerates and we have

the Gal(F,|F,)-equivariant isomorphism:

Hi(AL  As, ® L,) = HY(AL | RUPH(Ag) ® L,)
which gives the desired equality of Frobenius actions. H? is the same as H® here by
Lemma [3.0.43] O

Definition 3.0.47. Let GGg be the Tannakian fundamental group of CCg.

Definition 3.0.48. Let Frob, be the conjugacy class in Gg given by the action of
Frob, on the fibre functor of CCg given by A — HO(A% ,RU,A ® L,) for ¢ the

standard additive character ¢(z) = ¢*™'».

We now prove Theorem [1.0.1]

Proof. Let F be a constructible sheaf on A%[ ; We apply Proposition (3.0.46| to F,

1
l

and let V' be the sum of PH‘(Fg) for i even and W be the sum for ¢ odd. (Actually
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i = 0,1 are the only ones that appear, but this is not needed for our argument.)
S 2% tr(F, Froby, @) = tr(V, Frob,) — tx(WW, Frob,)

By Equation [3.1] the left side is equal to:

2
> (-1) tr(Hi(Ag , Fr, @ Ly), Frob,)

1=0

2
=Y (=) tr(Hi(Ag , RV, (PH(Fg) @ Ly), Frob,)
=0

2

Z ) tr(PH' (Fo), Frob,)
= tr(V, Frob,) — tr(W, Frob,)

as desired.

O

Remark 3.0.49. It is necessary to use perverse sheaves for any study of sheaf convo-
lution because the category of usual /-adic sheaves is not Artinian and so can never
be given the structure of a Tannakian category. Because we do not know of any good
theory of perverse sheaves over a base other than a field, we need to use perverse
sheaves over Q. Specifically, the fact that perverse sheaves form an abelian category
is key. Nearby cycles are the best way to get from sheaves over Q to sheaves over
Fp, because they preserve information, such as the Euler characteristic, about the
original sheaf. This idea was suggested to me by Pierre Deligne.

As these theorems show, for most primes, specializing a sheaf with nearby cycles
is the same as taking the usual pullback, so at most primes the formalism of nearby
cycles is not required to specialize. However, to show that the set of bad primes does

not increase requires careful analysis of nearby and vanishing cycles.
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Chapter 4

Properties of the Tannakian

Category

Let S be a finite set of primes including ¢. In this chapter, we prove several useful
lemmas about Gg and its category of representations CCg.
First we will check that some standard notions like irreducibility and weights

behave as expected in this category:

Lemma 4.0.50. The property P representative of an irreducible object of CCg is an

irreducible perverse sheaf.

Proof. Let A be the property P representative of an equivalence class in Perv/Neg
corresponding to an irreducible representation. We will show that A is irreducible.
Suppose there is an exact sequence 0 - B —+ A — C' — 0 in Perv. Then by Lemma
[3.0.38, B and C' also have good reduction away from S. This sequence remains exact
in Perv/Neg by construction of quotient categories and so remains exact in CCg.
However as A maps to an irreducible object in CCg, either B or C' must map to the
0 object in CCg, and thus be in Neg. But A has Property P and cannot have any

nontrivial quotients or subobjects in AMeg by Lemma [5.0.89 so B or C'is trivial. [J
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Lemma 4.0.51. Let N be a natural number that is a multiple of {. Let A be an
element of Dﬁ(A%[l/N],@g) which s perverse when pulled back to A(b.

If A is a pure complex of weight w then for all but finitely many primes p, we have
for all n, and for all nontrivial additive characters v of Fpn, HO(A%]D, RV,Ag @ Ly)

18 pure of weight w.

Proof. Proposition states that RWU,A is isomorphic to Ag, at all but finitely
many primes p. We will prove the purity of H O(A%p, RVU,Aqg ® Ly) at primes where
RV, A is isomorphic Ap,. Because Ap, is pure of weight w, and Ly, is pure of weight
0, RV,A® L, is pure of weight w. Thus by Deligne’s Weil II theorem [Deligne,
1980, Variant 6.2.3], HS(A%P7R‘I’pA ® Ly) is mixed of weight < w. Furthermore
D(RY,A ® Ly) is pure of weight —w, thus by Weil II HB(A%Z), D(RVY,A ® Ly)) is

mixed of weight < —w. We have
DHS(A%p, D(RY,A® Ly)) = HO(A%p, RV, A® L)

SO HO(A%I], RV,A ® L) is mixed of weight > w.

By Lemma|3.0.43|the “forget supports” map HY(AL , RV,A®L,) — H°(AL , RV, A®

L) is an isomorphism. As the left side is mixed of weight < w and the right is

mixed of weight > w, both are pure of weight w. O]

Definition 4.0.52. We say that A € Perv/Neg with good reduction outside S is
pure of weight w if, for all p € S, we have: for all prime powers p", and all nontrivial

additive characters 1) of Fyn, H(AL , R¥,A® L,) is pure of weight w.

Remark 4.0.53. We expect but are unable to prove to prove that Frob, is pure at
all the primes of good reduction and not just at these primes p where R¥,A agrees
with the usual specialization and at which the usual specialization is pure. This is
difficult already in the special case where A is a Galois representation H*(X,Q,) for

X a smooth proper algebraic variety, placed in degree 0 and at the point 0. Then we
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would need to prove, not only that Frob, is pure of weight ¢ at primes of good reduction
of X but, that Frob, is pure of weight i at all unramified primes of H*(X,Q,). This
is a special case of Deligne’s weight-monodromy conjecture [Deligne} (1970, pp.430],
which is open. In Lemma [4.0.51| we avoided this difficulty by throwing away finitely

many primes.

We have an explicit formula for the dimension of the Gg-representation associated

to an object:

Lemma 4.0.54. Let A be a perverse sheaf on Ab with good reduction at p.

The dimension of A viewed as a representation of Gg is equal to

Z (drop(H~'(A), z) + dim(H"(A), z))

z€A(Q)

where drop(H 1 (A),x) is the drop in the rank of H™'(A) at x and dim(H°(A,x)) is
the rank of the stalk of H°(A) at z.

Proof. The dimension of A viewed as a representation of G is equal to the dimension
of HO(A%}), RY,A ® L) because HO(A%Z)R\IJPA ® Ly) is a fiber functor.

We compute the dimension of H(AL , R¥,A® L,) by computing the Euler char-

acteristic X(A% ,RV,A® Ly). By Lemma [3.0.43| the cohomology groups in degrees

other than 0 vanish, so the dimension equals the Euler characteristic. To compute

the Euler characteristic we will first compute
X(A%pa R\IIPA ® £¢) - X(A%p7 R\I[PA)

By Lemma|3.0.31] each of these Euler characteristics is a sum of local terms minus the
rank of each sheaf. We will show that most of these terms cancel and the difference

is rank(A). Indeed, as Ly, is lisse of rank 1 on A% , tensoring with it does not change
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the local invariants anywhere on A%p, so we have
rank(RV,A ® L) = rank(R¥,A)
and for all z € A%p
drop(H ' (RV,A® L), r) = drop(H*(RY,A), z)

dim(H°(RV,A ® L), ) = dim(H°(RV,A), x)
Swan(H ' (RV,A ® L), r) = Swan(H *(RY,A), x)

So all the local terms cancel except the Swan conductor at co. To calculate that term,
observe that, by Lemma , RV ,A is tame at oo and so has a Swan conductor
of 0. Furthermore L, is wildly ramified with break 1 at oo , so tensoring it with a
tamely ramified sheaf R¥,A gives a sheaf that is wildly ramified with a break of 1.
The Swan conductor is the break times the dimension, which is rank(RW,A), so the

Swan conductor at oo of RU,A ® L, is rank(RV,A). So we have
X(A%pv RV,A® Ly) — X(A%p> RU,A) = rank(RV,A) = rank(A)

X(A%p, RVY,A® Ly) = X(A%p, RV ,A) + rank(A)

By Lemma [3.0.35] the Euler characteristic of RV A is the Euler characteristic of A,
SO

X(A%p; RV, A® Ly) = X(A}@, A) + rank(A)

Now we use Lemma [3.0.31| to compute the Euler characteristic of A. The —rank(A)
term from Lemma|3.0.31|cancels with the rank(A) term here, and the Swan conductors

in Lemma [3.0.31] all vanish as A is a sheaf over a field of characteristic zero and hence
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is tamely ramified. Removing those terms from the formula of Lemma [3.0.31] we get

X(A%p, RV, A® Ly) = Zﬁ (drop(H~'(A), z) + dim(H"(A), z))

z€AL(Q)

]

Using this, we may classify the one-dimensional objects. These will be important
in Chapter 5 because we will pay special attention to abelian quotients of Gg, and
irreducible representations of abelian quotients of Gg are one-dimensional. The clas-
sification will be in terms of skyscraper sheaves and Kummer sheaves. First we will

prove some preliminary lemmas about these sheaves.

Definition 4.0.55. Let V be a representation of Gal(Q|Q) over Q,, and let r be a
rational number. Define §, to be the skyscraper sheaf with stalk Q, at the point 7 of
Ag.

Thus 6, ® V, where we view V as a lisse sheaf on A', is the unique sheaf on A

supported at the point r whose stalk at r is V.

Lemma 4.0.56. Let A be an object of DIC’(A}@,@Z). Let V' be a Galois representation,

7 a rational number, and [+r] the map Ay — Ag that sends x to x +r. Then:
Ax6, 0V =A%V = (+r.4A) eV

In particular in the special case r = 0 we have the identity AxdyQ@V = A®V, and

in the special case V- =1, we have the identity A x5, = [+r]. A.

Proof. AKJ, @V is supported on A! x {r}, which is isomorphic to A'. On that copy
of Al it is isomorphic to A ® V. Thus it is the pushforward of A® V from Al x {r}
to all of A! x Al. Then A x4, ®V is the pushforward along sum, which by the Leray

spectral sequence is the pushforward of A ® V' along the composed map [+7]..
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For compactly supported convolution, the same argument using the Leray spectral
sequence with compact supports shows that A * 4, ® V' is R[+r)/A® V, but [+r] is

an isomorphism, hence proper, so [+7], is the same as [+7].. ]

Lemma 4.0.57. Let x be the nontrivial character of pus. Then the Kummer sheaf
L, [1] has good reduction at p for all p & {2,¢} but RUsL,[1] =0 as long as { # 2.

Proof. The first statement follows easily from the criterion of Proposition de-
scribing primes of good reduction. For the second statement, let m be the squaring
map from A! to A'. As 7 is finite, it commutes with formation of nearby cycles. Over
Z[1/2l), Rm.Q, = Q, ® L,, but 7 is radicial in characteristic 2, hence Rm.Q, = Q, in

characteristic 2.

RU5Q, ® RU,L, = RV>R1.Q, = Rt .RV>Q, = Rm,Q, = Q,

As RU,Q, = Q, by local acyeclicity, RU5L, vanishes. O
Now we can show:

Lemma 4.0.58. Let N be the product of all primes in S. FEvery one-dimensional
representation of Gg corresponds to a perverse sheaf that is of one of the following

two forms

e 0, @V with V a 1-dimensional Galois representations Gal(Q|Q) — G,,,(Q,)
unramified outside S and with r € Z[1/N] C Q.

o If2€ S, L[1]*0, ®V with L, the Kummer sheaf corresponding to x the non-
trivial character of jz, V' a 1-dimensional Galois representation Gal(Q|Q) —

Gm(Qy) unramified outside S, and r € Z[1/N] C Q.

Proof. Let A be the property P representative of the one-dimensional representation.

By Lemma [4.0.50] A is irreducible in the category of perverse sheaves over Q, hence
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a sum of Galois conjugate irreducible perverse sheaves over Q. Using the characteri-
zation of [Katz, 1995, Ch.2, pp. 11}, each of these is either a middle extension sheaf
placed in degree —1 or a punctual sheaf in degree 0. Perverse sheaves of the two
different kinds cannot be conjugate, so A is either a middle extension sheaf placed in
degree —1 or a punctual sheaf in degree 0.

Observe that the dimension can be expressed using Lemma [4.0.54] as a sum of
local terms.

In the case where A is punctual in degree 0, the local term at a point of A'(Q) is
the rank at the point. Since the dimension is 1, A is supported at a single point, of
rank 1. Because A is defined over Q, this unique point must be a rational point. The
stalk at the point r is some one-dimensional Galois representation V', and we may
write

A=6,V

This rational number » must be a p-adic integer for all p not in S, by the definition
of good reduction, so r € Z[1/N]. The representation V' must be unramified at p
not in S because the Gal(Q,/Q,) action on the stalk on R¥,A at the point r is
just V restricted to Gal(Q,/Q,). By the definition of good reduction this action of
Gal(Q,/Q,) is unramified, so V is unramified at p.

In the case where A is an irreducible middle extension sheaf in degree —1, the
local term at a point of A'(Q) is the drop at that point. Thus there is exactly one
non-lisse point on the sheaf, with a drop of 1. As before, the point must be a rational
point 7.

As A is an irreducible middle extension sheaf in degree —1, it is geometrically
semisimple, hence a sum of geometrically irreducible middle extension sheaves on
A}@ — {r}. These are middle extensions of irreducible representations of m (A}@ —
{r}) = Z(1). Because that group is abelian, the irreducible representations are 1-

dimensional characters. The trivial character corresponds to the trivial sheaf and the
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other characters correspond to translated Kummer sheaves r,L,[1]. Because A has
property P, no trivial sheaves can appear as summands of A, hence A is geometrically
a sum of Kummer sheaves. Each Kummer sheaf has a drop of 1 so exactly one
Kummer sheaf appears in the sum and thus A is geometrically a Kummer sheaf.

There is a Galois action on the set of isomorphism classes of Kummer sheaves,
and as A is defined over QQ it must be a fixed point. The only nontrivial Kummer
sheaf fixed by the Galois action corresponds to the only nontrivial character fixed
by the Galois action, which is the unique nontrivial quadratic character. Hence A is
geometrically isomorphic to £, (z—7)[1] for x the nontrivial character of pi5. Therefore
A is isomorphic to L, (x —r)[1] tensored with a one-dimensional Galois representation
V. Then we have:

A=L (z—r)l]@V =LJ[1]*x0V

by Lemma

By the definition of good reduction, all the singularities of A must be p-adic
integers for p € S, so r is a p-adic integer for all p ¢ S, and thus r € Z[1/N].

Next we show that 2 € S if A = L,[1] * 6, ® V has good reduction away from
S. First note that if £ = 2, then 2 € S, so we may assume that ¢ # 2. By Lemma
M.0.57, R¥,L, = 0. After shifting £, by 1, translating it by a 2-adic integer r,
and tensoring with a Galois representation V', the nearby cycles Ry (£, [1] 6, ® V)
will still vanish. This contradicts good reduction at 2 as then rank(RW2A) = 0 but
rank(A) =1,s02 € S.

Last we show V' is unramified at p for all p € S. Observe that as2 € S and ¢ € S,
L, [1] has good reduction at all primes not in S by Lemma ??. Thus (£,[1])" has
good reduction at all p € S by Lemma , so A x (ﬁx[l])v = 9, ® V has good

reduction, thus by passing to the previous case V is unramified outside S.
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We will find it very helpful to study the Gg-representation associated to a sheaf
using the Fourier transform of the sheaf. This definition and lemma allow us to do

that:

Definition 4.0.59. Let j : A%p —{0} — A%p be the inclusion. Let ¢ be the standard
exponential character ¢ : Z/p — C*, ¢(z) = *™'».

Let p; and py be the two coordinate projections A%p — A%p and let £, (zy) be the
Artin-Schrier sheaf £, pulled back along the map zy : A%p — A%p

Let FTy be the (-adic Fourier transform functor FT,(A) = Rpa(pjA ® Ly(xy).

Define F'T'S, as the composition of functors j* o F'T}, o RV, from perverse sheaves
on Ag, to complexes of sheaves on A%p —{0}. (We will see shortly that for A a perverse
sheaf good reduction at p, FTS;(A) is a sheaf in degree 0. This will be convenient,

which is why we have not shifted the Fourier transform by one degree, as is usually

done.

Lemma 4.0.60. Let p : Gs — GL,(Q,) be a representation, corresponding to a

perverse sheaf A on A(b. Let p be a prime not in S, then:

1. FTS,(A) is a lisse sheaf of rank n concentrated in degree 0.
2. FTS,(A) is tamely ramified at 0 and has all breaks <1 at co.

3. The geometric monodromy group of FTS,(A) is a subgroup of the image of p
inside GL,(Qy).

Moreover, F'T'S, is an exact symmetric monotidal functor from Gg-representations

to lisse sheaves on G, 5 .

Proof. The lisseness and the facts about the local monodromies follow from Laumon’s
theory of the local Fourier transform, which describes how the local monodromies of

the Fourier transform of a sheaf are determined by the local monodromies of the sheaf.
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By Lemma [3.0.34, RV, A has tame local monodromy at co. It follows that F'T, R¥,A
is lisse away from 0 and tamely ramified at 0 [Katz, 1990, Corollary 7.4.5]. We also
have that FT,RV,A is ramified with all breaks < 1 at oo [Katz, 1990, Theorem
7.4.1]. So FTS,(A) = j*FT,RV,A is lisse, tamely ramified at 0, and has all breaks
< 1 at co. Katz proves these only for middle extension sheaves, but they are obvious
for skyscraper sheaves, as the Fourier transform of a skyscraper sheaf is an Artin-
Schreier sheaf. As any perverse sheaf with tame local monodromy at infinity is an
iterated extension of middle sheaves with tame local monodromy at oo and skyscraper
sheaves, and Fourier transform preserves distinguished triangles, these facts hold also
for general perverse sheaves.

By proper base change, the stalk of FT,R¥,A at a point A is H:(A%p,R\Ilp ®
Lyoy). For XA # 0, 1 o X is a nontrivial additive character, and thus by Lemma
H:(A%p,R\I/p ® Lyox) is a complex concentrated in degree 0. The stalk has rank
n because HB(A%F, RV, ® Lyoy) is a fiber functor and so its dimension is exactly
equal to the Tannakian dimension, which is n. Hence FTS,(A) = j*FT,RV,A is
concentrated in degree 0, and because it is lisse, it is lisse of rank n.

Next we will show that FT'S, is an exact tensor functor from the category of
representations of Gg to the category of lisse sheaves on Gmf,; Afterwards we will
deduce the statement about monodromy groups.

First we will show that F'T'S,, is well-defined on Perv/Neg, i.e. that FT'S,(A) =0
if Aisin NMeg. Such an A is geometrically constant, and the first step in the definition
of nearby cycles is pullback to an algebraically closed field, so we may assume that
A is constant. Then RW¥,A is constant by the local acyclicity of smooth morphisms.
The Fourier transform of a constant sheaf is just a skyscraper sheaf supported at the

point 0, which becomes the zero sheaf when pulled back along j.
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Tensor product of Gg-reps corresponds to (compactly-supported) convolution of

sheaves A, and

FTS(Ax B)

(by definition)

(by Lemma (3.0.36))
= J FT,((RY,A)  (RV,B))

(because of the general fact that F'Ty,(C * D) = FT,(C)® FT,(D), [Brylinski, 1986)
Corollary 9.6]. Their F'T), differs from ours by a shift of 1, the dimension, so their

identity also differs from ours by a shift.)

= j*((FT,RY,A) ® (FT,RY,B))

(because pullback commutes with tensor product)

— (j*FT,RV,A) ® (j*FT,RY,B)

(by definition)
=FTS(A)® FTS(B)

with the first and last identity by definition, the second by Lemma [3.0.36, and the
third by [Brylinski, 1986, Corollary 9.6]. Thus FT'S is a tensor functor - the dia-
grams commute by the same argument with more sheaves. Note that F'T'S preserves
distinguished triangles as it is a composition of nearby cycles, Fourier transform, and
pullback, and nearby cycles and Fourier transform are compositions of pullbacks,
pushforwards, and tensor products, and pullback, pushforward, and tensor product

preserves distinguished triangles. Because it sends perverse sheaves to complexes sup-
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ported in degree 0 and preserves distinguished triangles, it is an exact functor from
perverse sheaves to lisse sheaves.

Finally, we need to prove that the monodromy group is contained in p(Gg). Let H
be the Tannakian fundamental group of the category of lisse sheaves on G,, 5 . This
is equivalent to the category of /-adic representations of m; (A%p —{0}). By Tannaka-
Krein duality, this exact tensor functor defines a homomorphism f : H — Gg, up to
conjugation, such that FT'S,(A) is the lisse sheaf corresponding to the representation
po f of H. By definition, the monodromy group of a lisse sheaf is the Zariski closure
of the image of m; in the associated representation. This is the same as the image of
H in that representation. Hence the monodromy group of FT'S,(A) is the image of

po f, which is a subgroup of the image of p. O

Using these facts about the Fourier transform, we can prove three results that
help us compute the determinant of a (Gg representation in terms of the sheaf.

There are a few intermediate steps. Let det”(A) be the determinant of A in the
Tannakian category (to distinguish from the determinant of A on the open subset
where it is lisse). Then det™(A) is always a one-dimensional object. Our strategy
is to compute some invariant of FT'S,(det”(A)), then compute the same invariant
of F'T'S, applied to the objects described in Lemma , and compare to identify

det™(A). First observe:

Lemma 4.0.61.
FTS, (det™(A)) = det(FTSp(A))

Proof. By Lemma [£.0.60, FT'S, is a tensor functor, hence it commutes with Tan-

nakian category constructions such as the determinant. O]

Lemma 4.0.62. Let x be the nontrivial quadratic character. Let W be the one-

dimensional (-adic Gal(F,|F,) representation on which Frob, acts by minus the Gauss

sum G(x,v).
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Let V' be a one-dimensional ¢-adic Galois representation and r a rational number.

If p 1s a prime of good reduction of 6, @V :

FTS, (6, ®@V)=V ® Ly(rz)

If p is a prime of good reduction of oy (r) * L [1]:
FTS, (0, @V L [1]) =V & Ly(rz) @ FTS,L[1] =V @ W ® Ly(rz) ® L,

Proof. By Lemma[4.0.58] V' is unramified at p, r is a p-adic integer, and in the second
case p # 2.

First observe that R¥,0, ® V' =4, ® V. This is because we may form a sheaf on
A%p that is the pushforward of the constant sheaf V' from SpecZ, to A%p along the
map that sends x to r. The general and special fibers of this sheaf are both equal
to 0, ® V, and it is locally acyclic because it is the pushforward of a locally acyclic
constant sheaf along a finite morphism. Hence RV, of the generic fiber is the special

fiber. It follows that
FTS,0, @V = j"FTy(RV,0, V) =" FT,(0, @ V) =V & FTy,(6,) =V ® Ly(rx)

Second note that RV,L, [1] = L,[1], as £,[1] is locally acyclic away from 2 by
[Deligne and Katz, |1973|, XIIT Lemma 2.1.11], so the nearby cycles of the generic fiber

is the special fiber. Hence

FTS,L\[1] = j*FT L1 = L, @ W
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as by Lemma [4.0.60| it is a lisse sheaf of rank 1 on G,,, hence determined by its trace

of Frobenius at each F,»-point, and the trace of Frob,. at € [F)» is

- > Xy (triﬁn xy) = —x(2) > x()¥ (triﬁn y) = x(z) (=G(x. ¥)"

yE]Fpn ye]Fpn

which is equal to the eigenvalue of Frob,. acting on W ® L, at z.

Finally by Lemma FTS, is a tensor functor hence
FTS, (0, @ V* L [1]) = FTS, (6, @ V)@ FTS,(L,1]) =V @ Ly(rz) @ L, @ W

]

Lemma 4.0.63. Let S be a smooth scheme over Z,. Let A be an object of
Db(AL

S@p,@g) that is extensible. Let U be an open subset of S and L a lisse sheaf

on U satisfying the conditions from the definition of extensibility. Then RY,A,

restricted to Ug , is isomorphic to L restricted to Ug,.

Proof. The proof is by a sequence of isomorphisms:

(RU,A)y,

(because nearby cycles commute with restriction to an open subset)

= R\prAUQp

(by the definition of extensibility)

— R\IlpLU@p

(by local acyclicty of smooth morphisms)
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]

Let A be a perverse sheaf on Ab with good reduction at a prime p. The next
lemma allows us to compute the local monodromy representation of R¥,A at oo,
which we will need to compute properties of FT'S,(A). Recall (Lemma that
RV, A is tamely ramified at co. Furthermore, recall that R¥,A has a natural action of
Gal(@p@p), so this local monodromy representation carries an action of Gal(@p@p).

That is, it is a representation of [, Z;(1) x Gal(Q,|Q,).

Lemma 4.0.64. Let A be a perverse sheaf on A}@ with good reduction at a prime p.
The local monodromy representation of RV,A at 0o, as a representation of Hl#p Zy X
Gal(@p|Qp), is obtained from the decomposition group representation of A at oo
by restricting from the decomposition group Gal(Q((z=1))|Q((z™))) = [I,Zi(1)
Gal(Q|Q) to the subgroup 111, Zi(1) Gal(Q,|Qy).

Furthermore the Z,(1) factor acts trivially in the decomposition group representa-

tion of A at cc.

Proof. By Lemma , there is an open set U of A%p whose complement is bounded
and a lisse sheaf L on U such that the restriction of L[1] to Ug, is isomorphic to the
restriction of A to Ug,. Hence the decomposition group representation of A at oo is
the pullback of L to Spec (Q,((z7'))). By Lemma the restriction of R¥,A to
Uy, is isomorphic to the restriction of L to Uy, so the local monodromy representation
of RU,A at oo is the pullback of L to Spec (F,((z71))).

Because the complement of U is bounded, it does not intersect the divisor at
co. Hence the map Spec(Z,((z7'))) — Spec(Zz]) = Aj factors through U.
As L remains lisse when pulled back to Spec (Z,((z™!))), it corresponds to a rep-

resentation of 7 (Spec (Z,((z7')))). The pullback of L to Spec (Q,((z™'))) corre-
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sponds to the restriction of this representation to Gal(Q,((z1))|Q,((z™"))). Simi-
larly, the pullback of L to Spec (F,((z™!))) is the restriction of this representation to
Gal(F, [ ) F (=)

By [Katz, 1980, pp. 121], m1(Spec (Z,((x™")))) = [1;, Zi(1) x m1(Spec Z,,).

Taking a representation of [[,,, Zi(1) x m(SpecZ,), pulling back to [[, Zi(1)
Gal(Q,|Q,) by the homomorphism that sends the Z, factor and the inertia group
in Gal(Q,|Q,) to 0, and then restricting to [z Za(1) % Gal(Q,|Q,) is the same
as pulling back directly to ], Zi(1)] Gal(Q,|Q,). This is precisely the desired
relationship between the decomposition group representation of A and the local mon-
odromy representation of RV,A.

Furthermore as the decomposition group representation of A at oo is obtained by
pullback from [, Z;(1) x 1 (SpecZ,) to [, Zi(1) % Gal(Q,|Qp), so the Z,(1) factor,
which is in the kernel of that homomorphism, acts trivially.

]

Lemma 4.0.65. Let p be a prime. Let A be a perverse sheaf on A(b that is a middle
extension sheaf placed in degree —1, with good reduction at p, and whose finite singu-
larities o, . . ., oy, viewed as elements of Zp, are distinct modulo the mazximal ideal
(i.e. their differences are all p-adic units).

Then RV, A is a middle extension sheaf placed in degree —1 whose finite singular-
ities are the reductions of a; mod the mazimal ideal onp, with the drop of RV, A at
the reduction of o; equal to the drop of A at oy. Moreover RV, A is tamely ramified

at each singularity.

Proof. By Lemma , there is an open set U on A%p and a lisse sheaf L on U with
Ly, [1] = Ay, . Furthermore we may take U to be the complement of the closure of
the singular locus of A, which is a smooth divisor because the reductions of the «;
are distinct. Around each component of this divisor, by Abyankhar’s lemma L has

tame ramification, so its local mondoromy representation is the same when restricted
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to A}@p or AJle- The first one is the local monodromy of A, and the second is the local
monodromy of RV,A by Lemma Moreover the drop of RV, A at a point is at
least the drop of its local monodromy representation, which is equal to the drop of
the local monodromy representation of A at the corresponding point, which is equal
to the drop of A at that point because A is middle extension. Hence the drop of
RV, A at the reduction of o; mod p is at least the drop of A at .

By Lemma [3.0.35, A and R¥,A have the same Euler characteristic. Observing
the formula from Lemma each term is either equal for A and R¥,A, or the

RV, A contribution is higher:
e rank(A) = rank(RV¥,A) because A has good reduction.

e The rank of H°(A) vanishes at each point because A is a middle extension sheaf,

and the rank of H°(R¥,A) is nonnegative.

e We have just shown that the drop of R¥,A at the reduction of each finite

singular point is at least the drop of A at that finite singular point.

e The Swan conductor of A vanishes at each point because it a sheaf in charac-

teristic 0, and the Swan conductor of R¥,A is nonnegative.

Because the Euler characteristics of A and RV¥,A are equal, this implies that each

individual term is equal.

e The rank of H°(RW¥,A) vanishes at each point, so it is concentrated in degree

—1.

e The drop of R¥,A at the reduction of each singular point equal the drop of
RV, A at that singular point, which we showed was equal to the drop of the
local monodromy representation of RW¥,A at that point, so R¥V,A is a middle

extension sheaf in degree —1.
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e The Swan conductor of R¥,A vanishes at each point, so it is tamely ramified.

These are all the desired statements.

O

Lemma 4.0.66. Write det”(A) as either 6, @V or 6, @V x L, [1], per Lemmal4.0.58,
The second case occurs if and only if the usual determinant of the local monodromy

representation of A at oo is nontrivial.

Proof. By Laumon’s local Fourier transform, the local monodromy at 0 of FT'S,(A)
can be obtained by applying a particular functor to the local monodromy at oo of
RU,A. For p a prime of good reduction, R¥,A is tamely ramified at oo (Lemma
3.0.30). The functor sends tamely ramified representations to their own dual repre-
sentation |[Katz, (1990, Theorem 7.4.4(2,3)]. So the determinant of F'T'S,(A) at 0 has
the same local monodromy representation as the dual of the determinant of R¥,A
at co. (Again, that only handles middle extension sheaves in degree —1, but the
Fourier transforms of skyscraper sheaves are Artin-Schreier sheave, which have trivial
local monodromy at 0 and thus do not contribute to the determinant.) Hence by
Lemma [4.0.64] the determinant of FT.S,(A) at 0 is also the same as the dual of the
determinant of the local monodromy representation of A at oc.

From the calculations of FT'S, (6, ® V) and FT'S, (0, ® V * L,[1]) in Lemma
we see that FT'S, (0, ® V) always has trivial local monodromy at 0 and
FTS, (6, ® V % L,[1]) one always has nontrivial local monodromy at 0. Hence if the
determinant of the local monodromy representation of A at oo is trivial, det” (A) has

the first form, and if nontrivial, the second. O

Lemma 4.0.67. Write det” (A) as either 6, @ V or §, @ V * L,[1], as per Lemma
4.0.58. Then (compare to Lemma|4.0.54)):

r= > @ (drop(H 7 (A),x) + dim(H(4), 1)
zeAL(Q)
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i.e. 7 1s the sum, with suitable multiplicity, of the singular points.

Proof. Let
s = Z - (drop(H™'(A), z) + dim(H"(A), z))

€A (Q)

We will show that, for sufficiently large p, the local monodromy representation of
det(F'TS,(A)) at oo restricted to the wild inertia group is isomorphic to the local
monodromy representation of £, (sz) at oo restricted to the wild inertia group. On
the other hand by Lemmathe wild inertia representation of F'T'S, (9, ® V') and
FTS, (6, ® V % L,) at oo is the same as that of L, (rx), and these are only isomorphic
if r =5 mod p. Since we have this congruence for all sufficiently large p, we obtain
r=Ss.

The function s is additive in extensions of sheaves, so we may assume A is irre-
ducible, hence either supported only in degree 0 or a middle extension sheaf in degree
—1. In the first case, we do not need to use local Fourier transform - geometrically
A is a sum of skyscraper sheaves supported at points a, ..., a,, so RU,A is a sum
of skyscraper sheaves supported at the reductions of the o; modulo p, and its Fourier
transform is geometrically a sum of Artin-Schreier sheaves L, (a;z), so its determinant
is £, (S0, 0) @),

In the case when A is a middle extension sheaf in degree —1, first observe that by
Lemma for all p sufficiently large, R¥,A is supported in degree —1, and the
singularities of R¥,A are reductions of the singularities of A, tamely ramified and
with the same drop. Hence the sum of the singularities «; of p with multiplicity their
drop is the reduction of s mod p. For these p, Laumon’s formula writes the local
monodromy at co as a sum of contributions from the singular points «;. Each one is
a tame representation tensored with L, (c;z). The rank of the tame representation

is exactly the drop. Thus the wild inertia representation of FT'S(RW,A) at oo it is a
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sum of Ly (a;z) with multiplicity the drop at a;. The determinant of this wild inertia

representation is L, (sz), as desired. O

Lemma 4.0.68. Let A and B be two perverse sheaves that are isomorphic when
pulled back to the local field Q((z~1)).

Write det™ (A) as either 6,, ® Vi or 6,, ® Va x L[1], per Lemma[4.0.58

Write det™ (B) as either 6,, @ Vg or §,, @ Vg * L,[1], per Lemma .

Note that by assumption and Lemma if det™(A) has the first form then
det™(B) does as well, and if det™(A) has the second form then det™ (B) does as well.

Then

Vi@ det H, (Ag, A) ® det H)(Ag, A)™" = Vg @ det H, (A, B) ® det H(Ag, B) ™

Proof. To show these two Galois representations are equal, it is sufficient to show the
actions of Frobenius are equal at all sufficiently large p. We will show it at all primes
of good reduction. Fix such a prime p.

Consider the exact sequence of |[Laumon, 1987, second equation on pp.160 | for
K' = the perverse sheaf FT,R¥V,A[l] (and K = RV,A, since Laumon defines K’ =
FTyK, which in our notation is FT),K[1]). The first and fourth terms are the stalks
of FT,RV,A in degree 0 and 1, which by proper base change are HS(A%F, RV, A)
and H! (A%p,R\I/pA). The second term is the local monodromy representation of
FTy(RY,)A at 0. The third term is, according to [Laumon, 1987, Proposition 2.3.2.1],
equal to R~'®,, (p*ay RV, A® L, (22") )00 0, which according to [Laumon, (1987, Lemma
2.4.2.1] is what in |Laumon) 1987, Definition 2.4.2.3] is defined to be ﬁf’O,(R\IJpA)%O.
The precise definition is not important - what matters for our purposes is that it comes

from applying some functor to the local monodromy representation of RV,A at oo.
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0 — H)(A} , RU,A) = FT,(RU,A),, — F" (RY,A), — Hl(Ap ,RU,A) =0

As RVU,A has an action of Gal(Q,|Q,), this whole exact sequence has an action of

Gal(Q,|Q,). So we obtain
o’ -1
det (%f’ (R\IJ,,A)%O> — det (FT,(RU,A),, )@det (Hcl (AL | R\prA)> @det <H§(A%p, R\prA))
By Lemma [4.0.61],
det (FT,(RU,A),,) = FTS,(det ™(A))(0)

Assume det”(A) has the form 4,, ® V4 (and det”(B) has a similar form). Then by

Lemma (4.0.62) FT'S,(det”(A))(0) is precisely Vj.
By Lemma |3.0.34] and proper base change,

Hi(AL R, A) = Hi(AL, 4)
Hence
det (ﬁf’OI(R\I/pA)%> = Vi ® det H} (AL, A) @ det H)(AL, A)™

By Lemma {4.0.64f and the assumption on A and B, (RV,A),

is isomorphic to

fo o}

(R¥,B),... Thus

Va ® det H} (AL, A) ® det H(AL, A)™' = Vi ® det HY (AL, B) ® det HY(AL, B)™
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If det™(A) has the form 6,, ® V4 * £,[1] (and det”(B) has a similar form). Then
the only thing that changes is that FT'S,(det™(A))(0) is now V4 @ W ® L,, and the
same form FTS,(det”(B))(0). We simply cancel the W ® L, from both sides and

obtain the same equation. O]

We can write the Galois group of the maximal extension of Q unramified outside
S as a quotient of Gg. In fact we can write a slightly larger group as a quotient of

Ggi

Definition 4.0.69. Let Hg be the Tannakian fundamental group of the category of
continuous representations Gal(Q|Q) — GL,(Q,) unramified outside S.

Let gs : Gg — Hg be the natural homomorphism defined using Tannaka-Krein
duality on the exact tensor functor that sends a representation V' to dy ®@ V.

Let GZ™ be the kernel of gg.
Lemma 4.0.70. The homomorphism gs s surjective.

Proof. By Tannaka-Krein duality, it is sufficient to show that the functor Inc that
sends V' to o @V is fully faithful, and that a subobject of Inc(V') is Inc of a subobject
of V. [Deligne and Milne| 1982, Proposition 2.21].

To show that Inc is fully faithful, we need to check that the group of homomor-
phisms between two sheaves supported at the point 0 is isomorphic to the group of
homomorphisms between their stalks. This follows from the definitions.

To show that subobjects of the image are in the image, first note that by Lemma
3.0.21] if A and B are the property P representatives of two equivalence classes with
A a subobject of B in CCy, then A maps to B. The kernel of this map is zero
in Perv/Neg, hence an element of Neg, but A has no negligible subobjects so the
kernel vanishes. Thus A is a subobject of B in Perv. Geometrically dg ® V' is a sum
of copies of dy, an irreducible perverse sheaf, hence any subobject is a sum of copies

of ¢y and thus of the form dy (0) for some representation W. The kernel of the map
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0o ®@W — dp®V is the kernel of the map W — V| and hence if o ® W is a subobject
of 6o ® V then W is a subobject of V. H

So Hg is the quotient of Gg by GE™.

We will sometimes need to work with perverse sheaves of geometric origin. We will
give an inductive argument that sheaves of geometric origin in the sense of |[Beilinson
et al.,[1982] also satisfy another condition, that we refer to as being of quasi-geometric
origin. First note the following lemma that allows us to upgrade an apparently weaker

geometric-origin-type condition to a stronger one:

Lemma 4.0.71. Let X be a scheme of finite type over a field k of characteristic 0
and let K be an irreducible perverse sheaf on X . Suppose K is a Jordan-Holder factor
of a perverse homology sheaf of RmQ, for a separated map of finite type 7 :Y — X.
Then K is a Jordan-Holder factor of a perverse homology sheaf of R Q, for a proper

map ™ Y' — X from a smooth scheme Y.

Proof. We prove this by induction on the dimension. Assume the statement holds for
all Y of dimension < d.

First we prove it when Y is a smooth scheme over k of dimension d. Take a
relative compactification of m, @ : Y — X and then take a resolution of singularities
Y of Y, possible over k by [Bierstone and Milman, 1991, Theorem and discussion on
pp-14]. Then Y is a relative compactification of Y over X. Let Z =Y — Y. There is
an excision long exact sequence relating the compactly supported cosmology relative
to X of Y, Y, and Z, so every Jordan-Holder factor of the cohomology of X must be
a Jordan-Holder factor of the cohomology of Y or Z. In the first case we may take
Y’ =Y, in the second case use the induction hypothesis.

For a general separated Y of finite type over k of dimension < d, let U be the
smooth locus of Y and Z its complement. There is an excision long exact sequence

relating the compactly supported cohomology relative to X of Y, Z, and U. Any
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Jordan-Holder factor of the relative compactly supported cohomology of ¥ must be
a factor of the cohomology of U or Z. If it is a factor of the cohomology of U , as U
smooth of dimension d, we reduce to the previous case. If it is a factor of Z, as Z is
separated, of finite type, and of dimension < d, we apply the induction hypothesis.

Then it holds for all Y of dimension < d, verifying the induction step. O

Definition 4.0.72. A perverse sheaf K is of quasigeometric origin if every Jordan-
Holder factor of K is also a Tate twist of a Jordan-Holder factor of Rm,Q, for a proper
map 7 : Y — X from a smooth scheme Y.

An element of D%(X,Q,) is of quasi-geometric origin if every perverse homology

sheaf is of geometric origin.

Proposition 4.0.73. Let k be a field of characteristic 0. Let X be a scheme of finite

type over k and let K be a complex of geometric origin on X.

1. The Verdier dual of X is of geometric origin.

2. Let f: X — Z be a separated morphism of finite type to a scheme Z of finite

type. Then Rf K is of geometric origin.

3. Let f : Z — X be a separated morphism of finite type. Then f*K is of geometric

oTigin.

4. Let Z be a scheme of finite type over k and let L be a complex of geometric

origin on Y. Then K X L is of geometric origin.

Proof. For each statement we may reduce to the case of an irreducible perverse sheaf:
An element K € D%(X,Q,) of quasi-geometric origin has a filtration whose associated
graded objects Ky, ..., K, are irreducible perverse sheaves of quasi-geometric origin,
so by applying R f; and taking the spectral sequence of a filtered complex we obtain

a spectral sequence computing RfiK from RfiK;,..., RfiK,, so any Jordan-Holder
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factor of RfiK must be a Jordan-Holder factor of Rf K, for some i. The same
argument works for D, f*, or XL.

Thus, after taking a Tate twist, we may assume that K is a Jordan-Holder factor
of Rm,Q, along a proper map 7 from a smooth scheme Y.

For part 1, because D sends perverse sheaves to perverse sheaves and acts as an
exact contravariant functor on perverse sheaves, it follows that DK is a Jordan-Holder
factor of DR7,Q, = RmDQ, = Rr,DQ, = Rm,Q,(d)[2d], hence is of geometric
origin.

For part 4, we may likewise assume that L is a Jordan-Holder factor of R’ Q,.
Then because X is an exact functor from pairs of perverse sheaves to perverse sheaves,
K X L is a Jordan-Holder factor of R(7 x 7'),Q,, hence of geometric origin.

Parts 2 and 3 are more subtle. Take a filtration of Rm,Q, whose associated graded
objects are irreducible perverse sheaves. By the decomposition theorem [Beilinson
et al., 1982, Theorem 6.2.5], this filtration splits when pulled back to the algebraic
closure of k. We obtain a filtration of Rf,Rr.Q, or f*Rm,Q, whose associated graded
objects are Rf* or Rf of the irreducible perverse sheaves. Because the previous
filtration splits when pulled back to k, this filtration splits when pulled back to k as
well, hence the spectral sequence of the filtration degenerates on the second page, thus
every Jordan-Holder factor of the associated graded objects remains a Jorden-Holder
factor of the whole complex.

For part 2, as RfiR7,Q, = R(f o 7),Q,, every Jordan-Holder factor of RfiK is a
Jordan-Holder factor of the compactly supported pushforward of the constant sheaf
along a separated morphism of finite type.

For part 3, as f*RmQ, is the compactly supported pushforward of Q, along the
base change of 7, every Jordan-Holder factor of f*K is a Jordan-Holder factor of the
compactly supported pushforward of the constant sheaf along a separated morphism

of finite type.
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In either case we conclude using Lemma [4.0.71] that RfiK or f*K is of quasi-
geometric origin.

]

Definition 4.0.74. Let k be the field. Define the set of complexes of geometric
origin on schemes of finite type over k to be the smallest set of isomorphism classes

of objects in D’(X,Q,) on schemes X of finite type over k that
e Contains the sheaf Q, on Spec k

e For every separated morphisms f : X — Y between schemes of finite type,
whenever it contains a complex A on X, contains Rf,A and RfA, and whenever

it contains a complex B on Y, contains f*B and f'B.

e Whenever it contains two complexes A and B on the same scheme, contains

A+ B, A® B and RHom(A, B)

e Whenever it contains a complex A, contains every subquotient of PH!(A) for all

integers 1.

Whenever it contains a complex A, contains every shift and Tate twist of A.

This definition is identical to the definition of |Beilinson et al., [1982] except our
base field is not necessarily C.

Every perverse sheaf we consider will have geometric origin in this sense, and the
proof that they do will follow from their construction. Note that Galois represen-
tations of finite image, viewed as sheaves on Spec k, have geometric origin: Every
representation of finite image factors through |Gal(L/k) for some finite extension L
of k, and then is a subrepresentation of the pushforward from Spec L to Spec k of the
constant sheaf.

Our use of similar terminology for these two definitions is justified by the following

result:
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Corollary 4.0.75. A perverse sheaf of geometric origin is also of quasi-geometric

origin.

Proof. The set of complexes of quasi-geometric origin contains the sheaf Q, on Spec k.
It is sufficient to check that it is closed under all the listed operations. It follows
immediately from the definition that the set of complexes of quasi-geometric origin is
closed under direct sums and taking perverse homology sheaves, subobjects, quotient
objects, and Tate twists. The fact that it is closed under Rf, and f* is part of
Proposition [3.0.36] For all other listed operations, it is a corollary of Proposition
3.0.36] as we may write the remaining operations in terms of the operations described

in Proposition [3.0.36| using standard identities among Grothendieck’s six operations:

Rf,=DoRfioD

f!:Dof*oD

For A: X — X x X the diagonal:

A®B=A*"(AR B)

RHom(A,B) = A(DAX B)
O

Corollary 4.0.76. Say that an element of Perv/Neg is of geometric origin if its
property P representative is. The full category of objects in CCs of geometric origin

15 a Tannakian subcategory.

Proof. We must show it contains the identity is closed under sums, kernels, cokernels,
convolution, and duals. It contains the identity because the skyscraper sheaf at the

origin is a pushforward of the constant sheaf from a point. It is closed under sums
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because perverse sheaves of geometric origin are closed under sums. It is closed under
kernels and cokernels because the set of perverse sheaves of geometric origin is closed
under subobjects and quotients. By definition, A x B = Rsum.,(priA ® priB) so if
A and B have geometric origin then A x B does as well, and by Lemma the
Tannakian dual AY is equal to [—1]*DA os if A has geometric origin then AY does as

well. O

Lemma 4.0.77. Let A be a complex of geometric origin on a scheme X of finite type
over k and let x be a k-point. The semisimplification of the stalk H'(A), of A at x is

a Hodge-Tate representation.

Proof. Because the set of complexes of geometric origin is preserved by pullback, we
may assume that X consists of a single point. Then sheaves on X are equivalent to
Galois representations. It is sufficient to prove that the irreducible components of
Galois representations of geometric origin are Hodge-Tate. By Corollary it is
sufficient to prove that irreducible components of H*(Y, Q,) for a smooth proper vari-
ety Y are Hodge-Tate. The cohomology of a smooth, proper variety Y is Hodge-Tate
by [Faltings| (1988 III, Theorem 4.1], and irreducible components remain Hodge-Tate
because subrepresentations and quotient representations of a Hodge-Tate representa-

tion remain Hodge-Tate [Brinon and Conrad}, 2009, Proposition 2.4.4]. O

We will prove a few results that help us characterize when finite groups occur as

quotients of Gg and GZT™ (the latter of which was definition in Definition [4.0.55)).

Lemma 4.0.78. Let A be a perverse sheaf with property P that corresponds to a
representation of p : Gs — GL,(C) such that p(GZT™) is finite. Then A is geomet-
rically isomorphic to a sum of Kummer sheaves and skyscraper sheaves supported at

the origin.

Proof. Recall from Lemma 4.0.60| that the geometric monodromy group of FT'S,(A)

is contained in the image of p. We will show that the geometric monodromy group
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is also contained in p(GZ*™). The exact tensor functor FT'S,(A) gives a map f :
T (A%p —{0}) — Gs. We will show that the image of f lies in G§°™ - equivalently,
that the composition of f with gg is trivial. This composition gg o f corresponds to
the exact tensor functor where we take a Galois representation V' unramified along S,
place it at 0, and then apply F'T'S,. We need to show that we always get a constant
sheaf. But for any sheaf B supported at 0, RV, B is supported at 0, so F'T,RV,B is
constant, as desired.

The representation associated to A has finite image and thus is semisimple. Be-
cause A is the property P representative of a semisimple representation, it is a
semisimple perverse sheaf (Lemma, thus it is geometrically semisimple, hence
a sum of a middle extension sheaf in degree —1 and a punctual sheaf in degree 0
[Katz, (1995, Ch.2, pp.11]. Because each summand of A has good reduction away
from S, and has nearby cycles lisse on the same open set that A does, we may reduce
to the case when A is either punctual or a middle extension sheaf.

Let N be the order of p(G%°™). Because the geometric monodromy of FT'S,(A)
is contained in p(G%°™), which has order N, the geometric monodromy of FT'S,(A)
has order dividing N. For any prime p > N with p ¢ S, this implies that FT'S,(A)
is tamely ramified, because its geometric monodromy group has order prime to p.
By Laumon’s local Fourier transform, if R¥,A had a nonzero finite singular point,
FTS,(A) would be wildly ramified at co. More precisely, the local monodromy repre-
sentation at oo would have a summand with break exactly 1 by [Katz, 1990, Theorem
7.4.1(3)] in the case where A is a middle extension sheaf, and because the Fourier
transform of a skyscraper sheaf is an Artin-Schreier sheaf otherwise. Thus RV, A is
lisse away from O for all p > N.

Using this, we will show that A is lisse away from 0 on A(b.

When A is punctual, its support must be a finite subset of Q. At a prime p at

which A has good reduction, the support must consist of p-adic integers in Zp. Then
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RV, A is a punctual sheaf supported at the reduction of these numbers modulo the
maximal ideal. As RW,A is lisse away from zero for p sufficiently large, the reductions
must be 0, hence the elements of the support are all contained in an ideal lying over
p for all sufficiently large p, and thus must all be 0. So A is lisse away from zero.

When A is middle extension, let «q,...,a, be the singularities of A. For all p
large enough the «; are distinct modulo p and A has good reduction at p, thus by
Lemma their reductions mod p are also singularities of R¥,A. Thus for all p
large enough the reductions of the a; mod p are 0, so they must be 0.

Every semisimple perverse sheaf on A}, lisse away from 0, is geometrically isomor-
phic to a direct sum of Kummer sheaves and skyscraper sheaves supported at 0. This
is because the geometric fundamental group of G,, g is Z(l) , SO semisimple repre-
sentations of the abelian group Z(1) are sums of one-dimensional characters of Z(1).
Each such character must have finite order because a character of infinite order would
have infinitely many Galois conjugates and hence the representation would have to be
infinite-dimensional to be defined over Q. The finite order characters factor through

1, and thus correspond to Kummer sheaves. O]

The strongest possible result about finite monodromy does not hold for all sheaves,

but it does hold for sheaves of geometric origin

Lemma 4.0.79. Let A be a perverse sheaf with property P that corresponds to a
representation p : Gg — GL,(C) such that p(Ggs) is finite.
Assume A is of geometric origin.

Then A is a Galois representation with finite image placed at the origin.

Proof. As A has finite image, it is a sum of irreducible representations. It is sufficient
to prove this for irreducible representations. Using Lemma we can take A
to be geometrically isomorphic to a sum of Kummer sheaves and skyscraper sheaves

supported at the origin. A sheaf geometrically isomorphic to a sum of skyscraper
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sheaves supported at the origin is just a Galois representation supported at the origin.
In this case, because gg is surjective (Lemma , the Galois representation must
have finite image, and we are done.

So we may assume that A is geometrically isomorphic to a sum of Kummer sheaves.
We will then derive a contradiction. Over some number field K, A is isomorphic to
a sum of sheaves of the form V ® L, where V' is a Galois representation and £, is a
Kummer sheaf corresponding to a faithful character x of p,, C K. For p a prime of Q
that is split in K, HO(A%IJ, RY,(V®L,)®Ly) is a summand of HO(A%IJ, RY,A®Ly).
The action of Frob, on H O(A%p, RY,A ® L) factors through a finite group, so has
eigenvalues roots of unity of order < C' for some constant C, thus the action of Frob,
on H O(A%p, RUY(V ® L,) ® L) has eigenvalues roots of unity of order < C. This
action is —G(x, 1) times the action of Frob, on V.

Therefore we have a representation V of Gal(Q|K) such that for all p split in K,
Frob,, acting on V has eigenvalues G(x, 1) ™" times a root of unity of order < C. If V is
not semisimple we may take the semisimpification and it will still have this property.
As A is of geometric origin, its pullback to the point 1 is of geometric origin by
Proposition [4.0.73], so the semismiplification of its stalk at 1 is of geometric origin by
Lemma[£.0.77] Hence V, which is a semisimplification of a summand of that stalk, is
Hodge-Tate. Let a € Z be a Hodge-Tate weight of V', then an is a Hodge-Tate weight
of V®". We will construct a one-dimensional Galois representation W such that for
all p split in K, Frob, acts on W by G(x,v)". We will show that the Hodge-Tate
weight & of W is in the interval [1,n — 1]. Then V®" ® W is a Galois representation
such that for all split primes, Frob, has eigenvalues roots of unity of order < C,
hence a representation where all elements of the Galois group have eigenvalues roots
of unity of order < ', hence an Artin representation. So its Hodge-Tate weights are
all 0. But an + k is a Hodge-Tate weight of V®" @ W, which is a contradiction as

k € [1,n — 1] and cannot be a multiple of n.
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To construct this geometric Galois representation, use the Jacobi sums:

G(x1,¥)G (X2, ¥)
G(XL X2, 1/1)

J(X1,X2) = -

These are normally defined only for x1, x2, x1x2 trivial, but we extend them to all

characters using the convention that G(1,1) = —1. Hence we have the identity
n—1
(=GO v)" = ]I X))
i=0

If x1, x2, and x1x2 are all nontrivial than J(x1, x2) is the action of Frobenius on a
one-dimensional Galois representation appearing in the cohomology of the Fermat
curve with equation z™ + y™ = 2". Hence it has Hodge-Tate weight either 0 or 1. If
X1 Or X2 is trivial then J(x1,x2) is 1, so is the Frobenius action of a trivial Galois
representation, which has Hodge-Tate weight 0. Finally, if x; and y, are nontrivial
but x1x2 is trivial, then J(x1, x2) is p, so corresponds to the Frobenius action of the
cyclotomic character, with Hodge-Tate weight 1, as it appears in HYH(P!).
Tensoring for each i the Galois representation corresponding to J(x*, x), we get a
Galois representation where Frobenius acts by (—G(x,®))". Its Hodge-Tate weight
is the sum of weights Zf;ol w; where wyg = 0, w,—; = 1, and w; is either 0 or 1 for
all other values of 7, meaning it is somewhere between 1 and n — 1. This gives the

desired contradiction. O

Remark 4.0.80. There exist counterexamples if we do not have the condition about
the representations being Hodge-Tate, or another condition constraining the Galois
representations somehow. Let £ be an odd prime and consider the approximate square
root map s : Z; — 7, that sends any element congruent to 1 mod ¢ to its unique
square root in Z) and every element of 11,_; to itself. Let p : Gal(Q|Q) — Z) be the

cyclotomic character. Then the composition s o p defines a one-dimensional Galois
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representation V with V@ V' = Q(—1) tensor a Dirichlet character of order £ — 1. It
follows that £,[1] ® V! has finite Tannakian monodromy group, because its square

under the convolution operation is a Galois representation of finite order placed at 0.
These next lemmas let us establish that a representation is Lie-irreducible, a useful

property.

Definition 4.0.81. We say that a representation of an algebraic group or Lie group

is Lie-irreducible if it remains irreducible when restricted to the identity component.

Lemma 4.0.82. Let V' be an irreducible representation of an algebraic group G over

an algebraically closed field of characteristic 0. Assume that for each nontrivial irre-

ducible representation W of G that factors through a finite group, Hom(V@W, V') = 0.
Then V' is Lie-irreducible.

Proof. Let Gy be the identity component of G and consider Homg, (V, V). This is
naturally a representation of the component group G/Gy. The component group
is a finite group, and thus this representation decomposes into a sum of irreducible
representations. The multiplicity of the trivial representation is the dimension of
Homg (V, V'), which is 1 as V' is irreducible. Let W be a nontrivial irreducible repre-

sentation of G/Gy. The multiplicity of W in Homeg, (V, V') is the dimension of

Homg (W, Homg, (V, V) = Homg(W,V ® V) = Homg(V @ W, V)

and by assumption dimHomg(V @ W, V) is zero. Hence Homg,(V,V) is a one-
dimensional representation.

V' is irreducible, hence when restricted to Gy it is semisimple. Because
Homg, (V,V) is one-dimensional, the restriction of V to Gy is indecomposable.

Being also simple, the restriction is irreducible. O

Also note that if a representation of an algebraic group is Lie-irreducible, then

as the identity component has a faithful irreducible representation, it is reductive,
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hence equal to its (semisimple) commutator subgroup times its center. Because the
representation is irreducible, the center consists only of scalars, so the commutator
subgroup of the identity component acts irreducibly. This is very useful, because we
can often enumerate the semisimple groups with an irreducible representation of a

given dimension and handle them case by case.

Lemma 4.0.83. Let A be a perverse sheaf on A(b with property P and good reduction
away from S.

Suppose that A is a of geometric origin.

If A is geometrically irreducible, then A corresponds to a Lie-irreducible represen-

tation of Gg.

Proof. Since A is an irreducible perverse sheaf, it corresponds to an irreducible
representation of Gg. So by Lemma , if Hom(V ® W, V) = 0 for each irre-
ducible nontrivial Gg-representations W with finite image then A is Lie-irreducible.
Hom(V ® W, V) vanishes as long as W is not a subrepresentation of V@ V", so we
may assume that W is a subrepresentation of V ® VV. Then W corresponds to a
subobject of A x AY. As A is of geometric origin, A * A" is of geometric origin by
Corollary

So by Lemma , any (irreducible, nontrivial) finite representation of Gg that
appears in A x AV is of the form dy ® W for some irreducible, nontrivial finite Galois
representation W. As Ax§y @ W = A® W (Lemma [4.0.56), we must show that
Hom(A ® W, A) = 0. This follows from the fact that A is geometrically irreducible.
The dimension of Hom(A ® W, A) is the dimension of Homg,g)q) (W, HomA\}@(A, A))
which is the multiplicity of W in Homl% (A, A), which is one-dimensional by the
assumption that A is geometrically irreducible, and has a trivial action of Gal(Q|Q)
because it is generated by the identity element which is fixed by the Galois group.

Hence the dimension is 0. O
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In this theorem geometric irreducibility is certainly a necessary condition, but
unlike the previous lemma, we do not know if there exist counterexamples without

the hypothesis of geometric origin.
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Chapter 5

An Equidistribution Conjecture

In this chapter, we will state a conjecture about the equidistribution of the Frobenius
conjugacy classes in Gg. We begin by reviewing the generalized Sato-Tate conjecture

and using it as a model for our conjecture.

To state the generalized Sato-Tate conjecture, we first need to set up some nota-
tion.

We say that a representation of Gal(Q|Q) over Q; is of geometric origin if it arises
as a subquotient of an etale cohomology group of an algebraic variety over Q with
coeflicients in Q,.

Let p : Gal(Q|Q) — GL,(Q,) be a Galois representation that is of geometric
origin and pure of weight w. Because it has geometric origin, it is unramified away
form a finite set S of primes.

Let G be the Zariski closure of the image of p inside GL,(Q,). It is an algebraic
group over Q,, so using an embedding ¢ : Q, — C we can view it as an algebraic
group over C, and then its group G(C) of complex points form a Lie group. Let K
be a maximal compact subgroup of G(C). Let X be the space of conjugacy classes of

K.
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Let GGy be the intersection of the kernels of all homomorphisms G — G, such
that the composition Gal(Q|Q) — G — G,, is a power of the cyclotomic character.
Let Ky be a maximal compact subgroup of Gy.

For each prime p which is unramified for p, Frob, is a conjugacy class of G whose
eigenvalues are complex numbers of norm p»/2, so Frob,, / p*/? is a conjugacy class of
matrices whose eigenvalues have norm 1. We would like it to be a conjugacy class in
G, so we will show that if w # 0 then the scalar p*/? is in G.

We use an argument of Deligne that shows that if p is pure of weight w # 0 then
all scalar matrices are in G. This is because GG contains the Zariski closure of the
subgroup generated by (the semisimplification of) Frob,. Diagonalize Frob, so its
entries are the eigenvalues A;---\,. The Zariski closure of the subgroup generated
by Frob, is defined by all relations of the form A{*... A% = 1 that are satisfied by
AL, ..., A Taking absolute values, we get |A;[ ... |\ = [1], so pCoizie)xw/2 = 1,
so Y, e; = 0. Hence all scalar matrices satisfy this relation and therefore are in G.

Thus Frob, / p®/? is indeed a conjugacy class in G, whose eigenvalues have norm 1.

w/2 ig semisimple, it is contained in some compact torus, and hence

Assuming Frob,, /p
conjugate to an element of K. If not, we can semisimplify it and achieve the same
effect. Let 6, € X be the conjugacy class of the semisimplification of Frob, / p¥/? in
K.

We might guess this sequence is equidistributed according to the Haar measure
of K. But this is not so, because by dividing by p*/? we have ensured that Frob,
is contained in the smaller subgroup Gg: If we take a homomorphism x : G — G,
such that the composition Gal(Q|Q) — G — G,, is the nth power of the cyclotomic
character, then y(Frob,) is the action of Frob, on the nth power of the cyclotomic
character, which is p~". The weight of the nth power of the cyclotomic character is

—2n, so the element of G that acts on representations of weight w by p*/? acts on y

as p~" and thus y(Frob, /p*/?) = 1, hence 6, € G.
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So instead we guess that 6, is equidistributed according to the Haar measure of

Ky. Thus the generalized Sato-Tate conjecture is:

Generalized Sato-Tate Conjecture. For any Galois representation p of geometric
origin that is pure of weight w, 0, is equidistributed in Xaccording to the pushforward

of the Haar measure of K, from K to X.|I| [Serrel 2011} 8.2.2]

This provides our model for an equidistribution conjecture. Also helpful is
Deligne’s equidistribution theorem [Deligne, 1980, Theorem 3.5.3|, which is a similar
statement in a different context, but is a theorem and not a conjecture. We review a
slight variant of it, closely related to the version |[Katz and Sarnak, 1999, Theorem
9.2.6], that will provide a closer analogue to the conjecture we will soon make.

Let X be a smooth geometrically connected variety of dimension d over a finite
field F,, ¢ a prime number invertible in Fy, ¢ : Q, — C an embedding, and F a
lisse Q,-sheaf on X of rank » > 1 corresponding to an r-dimensional continuous
representation of 71(X). Denote by G .4, the Zariski closure of 71 (X) in GL, and by
Gyeom the Zariski closure of 77" (X). Assume that F is pure of weight 0. Let K be
a maximal compact subgroup of G4, and let Ky be a maximal compact subgroup
of G geom contained in K.

For each field extension F,» and point € X (F;»), we have a Frobenius conjugacy
class ¢(Frobgn ;) of Gurien(C). By assumption, all its eigenvalues have absolute value
1, so its semisimplification ¢(Frobg ;)% is conjugate to an element of K. Let §,» , be

the conjugacy class in K of this semisimplification.

'We have made a conjecure about the distribution of the conjugacy classes in K. We could have
instead made a conjecture about the distribution of the conjugacy classes in Ky, using again the
Haar measure on K. These conjectures are equivalent because the map from conjugacy classes
of K to conjugacy classes of K is injective: For each character x of G such that the composition
Gal(Q|Q) — G — G, is the nth power of the cyclotomic character for some n # 0, the scalar p*/?
in K acts by p~™ on x, which generates a dense subgroup of the image of x, so the center of K maps
surjectively to the image of x, so it maps surjectively to K/Kj, so the action of K/Kj on conjugacy
classes of Ky is trivial.
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Observe that the homomorphism 7(X) —  Gairtn/Ggeom factors through
Gal(F,|F,). Let o be the image of a generator Frob, of Gal(F,|F,) under this
homomorphism. Then ¢(0)** is conjugate to an element of the maximal compact
subgroup K/Kq of Garitn/Ggeom- Let o be a coset representative.

Let p be the Haar measure on K.

Theorem 5.0.84. Let f be a continuous, conjugacy-invariant function on K. Then

9€Ko

0
o - f (oz”g)dﬂ(g)) =0

ZIEX(]Fqn) f0gn o)
qnd

Proof. First note that | X (F,.)| = ¢ + o(¢™®). This implies that

(1+0(1)) sup | f|. Because the linear combinations of characters are dense in the space
of continuous, conjugacy-invariant functions in the sup-norm topology, it suffices to
prove that this limit vanishes when f is a linear combination of characters. By lin-
earity, it suffices to prove this when f is the character of an irreducible representation
V. Then

f(Ogn ) = tr(e(Frobgn ,)**, V') = t(tr(Frobgn -, V)

SO
Pveixin fOanz) 32 u(tr(Froby, Hi(Xg,, F))

qnd qnd

The next term

/g - tr(ga”,V)du(g) = tr (( /g . gu(g)> a”, V) :

fg Ko gdp is the projection onto the Ky-invariant subspace of V', which vanishes unless
V factors through K/Kj, in which case it is the trace of @ on V', equivalently, the
trace of ¢(Frobgn) on V.

But tr(Froby, H, fd(XE),}" ) vanishes unless V' is an irreducible representation of

Glarith/Ggeom, in which case it is exactly ¢"? times the trace of Frobg» on V' by Poincare
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duality. So

J(tx(Frob’, H¥(Xg , F)) = ¢ / flga™)du

geKo
and those terms cancel. It remains to show that
St u(tr(Froby, Hi(Xg , F))

li =0

but this follows immediately from Deligne’s Riemann hypothesis, as |¢(tr(Frobgn, HZ(XE7 F))| <
q"? dim(H (X5, F)) = o(q™) if i < 2d. O

This statement shows “equidistribution” according to the uniform measure on a
coset " K of K inside K. However, because this measure is a function of n, we have
modified the typical equidistribution statement by subtracting the integral against of
f this measure from the average of f over points before, not after, taking the limit.

In our equidistribution conjecture, the measure will not vary with n, but it will also
not be a Haar measure. Instead, our conjectural measure will be a linear combination
of uniform measures on cosets of subgroups. As in Deligne’s theorem, these will be
normal subgroups with abelian quotients.

We now begin to state our conjecture. Let S be a finite set of primes, and let
A € Perv be pure of weight w, of geometric origin, and have good reduction outside
S, corresponding to a representation p : G — GL,(C). Let G be the image of
p and let K be a maximal compact subgroup of G. Let 6, be the conjugacy class
of Frob)’ /p*/? in K. We would like to conjecture that Frob, is equidistributed,
based on the examples of the Sato-Tate conjecture and Deligne’s equidistribution
theorem, it will not be according to the Haar measure. These examples suggest that
we should apply special scrutiny to abelian quotients of K, equivalently, apply special
scrutiny to the one-dimensional sheaves of geometric origin. By Lemma [4.0.58, we
can completely characterize these. Each one-dimensional sheaf is a convolution of

objects of the following three forms:
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e A l-dimensional Gal(Q|Q)-representation V of geometric origin. Here a, is
the action of Frobenius on V. Any such Galois representation is Hodge-Tate
by Lemma [4.0.77, hence a power of the cyclotomic character tensored with
a 1-dimensional Artin representation [Serre, (1968, I1I-50 Corollary and III-11
Proposition 2]. The action of Frobenius on V' will then be a power of p times a
Dirichlet character. Once we normalize by dividing by the power of p, Dirich-
let’s theorem on primes in arithmetic progressions shows the sequence is equidis-
tributed according to the Haar measure of the nth roots of unity, where n is

the order of the Dirichlet character.

e A rank 1 skyscraper sheaf placed at the point r € Q in degree 0. Let r = a/b

for a,b € Z relatively prime. Then a,(da) = ¢>™» where br = a modulo

p. Because bxr = a modulo p, we have bx = a + kp for some integer k, so

- a k
a, = €2m(5+3). As p goes to oo, bip goes to 0, so a, has the same distribution
as €25, To compute the distribution of a,, we must compute k£ modulo b.

We know a + kp = bz, hence a + kp = 0 mod b, so k = —ap~! mod b. By
Dirichlet’s theorem on primes in arithmetic progressions, the sequence p — a,
is equidistributed according to a measure that assigns mass 1/p(b) to each of
the primitive bth roots of unity. This is not the Haar measure of any subgroup

of G,, unless b = 1.

e The sheaf £, [1] for x the nontrivial character of s, placed in degree —1. Here
a, = —g(x), where g(x) is the quadratic Gauss sum 37— e (%) The Gauss
sum g(x) is y/p or i,/p depending on whether p = 1 or 3 modulo 4. So a,/\/p =
—1 or —¢ depending on whether p = 1 or 3 modulo 4. So by Dirichlet’s theorem
on primes in arithmetic progressions, a,/,/p is equidistributed according to the
measure which assigns probability 1/2 to —1 and 1/2 to —i. This is not the

Haar measure of any subgroup of G,,.
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In each of the 3 cases just discussed, once a, is normalized, it is equal to a number
that depends only on the congruence class of p modulo some suitable modulus plus
an error term that is O(1/p).

We will make the minimal possible adjustment to the Haar measure that predicts
the correct outcome for abelian quotients. This means the measure should be uniform
with respect to the largest possible subgroup that maps trivially to every abelian
quotient of the group. That is, the measure should be uniform with respect to the
commutator subgroup.

Let S be a finite set of primes, and let A € Perv be pure of weight w, of geometric
origin, and have good reduction outside .S, corresponding to a representation p : Gg —

GL,(C). Let G = p(Gg) and let K be a maximal compact subgroup of G(C).

Definition 5.0.85. Let the Dirichlet measure on the abelianization K% = K/[K, K|
be the measure defined as follows: Choose a faithful set of characters xi, ..., xn of
G% = G/[G,G]. The abelianization of K is a maximal compact subgroup of the
abelianization of G, so each element of K is uniquely determined by its action on
X1,---,Xn- By composition, each y; gives a representation of Gg and hence a one-
dimensional sheaf of the form described by Lemma

Let m be the smallest natural number such that, for each character x;, the corre-
sponding one-dimensional sheaf is either of the form d,/, ® V or L, * g/, @ V for
a € 7Z, V a one-dimensional Galois representation with conductor dividing m, and
with £, appearing only if 4 divides m. Define a function d from the set of invertible

congruence classes mod m to K that sends r € (Z/m)* to the unique element of

K% that:

1. acts on a one-dimensional Galois representation corresponding to a Dirichlet

character y times any power of the cyclotomic character as x(r).
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2. acts on the skyscraper sheaf 0,/,, as e =, where r~! is the inverse modulo

m.
3. acts on £,[1] as —1 if » = 1 modulo 4 and —i if » = 3 modulo 4.

and acts on convolutions of these as a product of those numbers.
Then the Dirichlet measure is the pushforward of the uniform measure on the set

of invertible congruence class mod m to K along d.

In each of our three earlier computations, the conjugacy class of Frob, in K is
equidistributed according to the Dirichlet measure. So we adjust the Haar measure

on K to account for this:

Definition 5.0.86. Let the adjusted Haar measure on K be the unique measure that
is invariant under left translation by [K, K| and whose projection to K/[K, K| = K%

is the Dirichlet measure.

We conjecture that no further adjustment is needed for the non-abelian case, and

so the adjusted Haar measure is correct:

Conjecture 1. Let S be a finite set of primes, and let A € Perv be pure of weight w,
of geometric origin, and have good reduction outside .S, corresponding to a represen-
tation p : Gg — GL,(C). Let G be the image of p and let K be a maximal compact
subgroup of G. Let X be the space of conjugacy classes of K. For each prime p
not in S, Frob” /p®/? defines a conjugacy class in K, and hence a point 0, € X.
The sequence 0, is equidistributed according to the pushforward of the adjusted Haar

measure on K from K to X.

There are two things to check to make sure this conjecture is well-defined and

plausible:

Proposition 5.0.87. In the notation of Conjecture[d], 0, is in fact a conjugacy class

of G for any prime p not in S.
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Proof. Frob, is a conjugacy class of G by definition. Because G is an algebraic group,
Frob)” is in G. So it sufficient to show that p¥/? is in G. There is an automorphism
of the fiber functor of the category of representations of Gg that for each A acts on
the generalized eigenspace of Frob, with eigenvalue A by |A|. This corresponds by
Tannaka-Krien duality to a conjugacy class of Gs. Because p is pure of weight w,

w/2

each eigenvalue A of Frob, on p has |\| = p*/#, so this class is sent by p to the scalar

puMQ‘ [l

Proposition 5.0.88. The image of 0, in K® is equidistributed according to the

Dirichlet measure on K.

Proof. By Weyl?s equidistribution theorem and the definition of the Dirichlet mea-

sure, it is sufficient to prove that, for each character y of G,

Frob,
lim Zpgn >;(w(x)/2) B Zre(z/m)x x(d(r))
n—00 ﬂ(?l) (ﬁ(Tn)

X gives by composition a one-dimensional representation of G, which we know has
the form 84/, ® V or Ly[1] %04/ ® V, where V has conductor dividing m and where,
in the second case, m is multiple of 4. Our three earlier computations about the
action of Frob, on dy ® V', and 6,/m, and L, imply that, for a prime p not dividing
m, Frob,, /p®/? and d(p) have the same eigenvalue acting on dy ® V, their eigenvalues
acting on &,/ differ by O(1/p), and they have the same eigenvalue acting on L.

Hence by convolving objects of those types to obtain y, we get:

M) — x(aw) + 00/
Hence
po S 0y L Sa(d@) +O0/p) S X)) Eem X))
oo m(n) n—00 m(n) n—00 m(n) o(m)



by Dirichlet’s theorems on primes in arithmetic progressions, as desired. O]
An alternate form of the conjecture is:

Conjecture 2. Let S be a finite set of primes, and let A € Perv be irreducible, pure
of weight w, of geometric origin, with good reduction outside S, and corresponding

to a representation of G'g of dimension > 1. Let a, be the trace of Frob, acting on

HO(A%I), RUVA® Ly). Then:

lim Zpgn,pprime p’(lf)z;Z .
oo 7(n)

Proposition 5.0.89. Conjecture[1] and Conjecture |3 are equivalent.

Proof. 1 be the adjusted Haar measure. By Weyl’s equidistribution criterion, the
sequence of conjugacy classes 0, is equidistributed according to p if and only if, for
each irreducible representation V' of Gg, as n goes to oo the average over p < n of
the trace of 6, converges to [, tr(g, V)du(g).

If V is a one-dimensional representation, then K = K% and the adjusted Haar
measure is the Dirichlet measure by definition. The average of tr(6,, V') over primes
converges to the integral of tr(g,V) against the Dirichlet measure by Proposition
5.0.88, So the condition that the average over p < n of the trace of 0, converges to
Ji tr(g, V)du(g) is automatically satisfied for one-dimensional representations.

To check that the two conjectures are equivalent for higher-dimensional represen-
tations, it is sufficient to show that [, tr(V)du = 0 for all irreducible representations
V' of dimension greater than 1. The adjusted Haar measure p is a finite sum of Haar
measures on cosets of [K, K], so it is sufficient to check this statement for the Haar
measure of a coset of [K, K]. Let p;, be the Haar measure of [K, K] and let y[K, K|

be a coset. We must check that

/ tr(vg, V)dun(g) =0
K, K]
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By linearity;,

/ tr(vg, V)dpn(g) = tr (v / gduh(g),V)
[K,K] [K,K]

f[K’K] gdun(g) is the projection onto the [K, K]-invariant subspace of V. Since [K, K]
is a normal subgroup of K and V' is an irreducible representation of K, that subspace is
either 0 or V. Because V is an irreducible representation of dimension > 1, the action
of K on V doesn’t factor through an abelian quotient, so [K, K] acts nontrivially on

V', thus the invariant subspace must be 0, hence

/ gdpn(g) =0
[KK]

and

/ tr(yg, V)dun(g) = 0
[K,K]
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Chapter 6

Complete Analysis of the Examples

This chapter finishes the analysis of the examples from Chapter 2. In Chapter 2,
we showed how some number-theoretic problems could be interpreted as questions
about the distribution of our exponential sums a,(F). In Chapter 3, we interpreted
those exponential sums as the traces of Frobenius elements in representations of the
Tannakian group Gs. We developed some tools to help compute the action of Gg in
Chapter 4. We conjectured a distribution for the conjugacy classes of these Frobenius
elements in terms of the action of Gg in Chapter 5.

Now we will see which GGg-representations correspond to the exponential sums of
Chapter 2 and which distributions are implied by Conjecture [I In all the problems
we study, our conjecture agrees with the previously existenting conjecture or, when
there was no previous conjecture, with a natural guess. Furthermore, two cases of
our conjecture are already theorems, which have been proved using techniques from
analytic number theory (sieve methods and metaplectic automorphic forms).

In Chapter 7, we will look at some special cases of Conjecture [1| that have not
been previously studied by number theorists. In those cases we instead justify our

conjecture with numerical evidence, which we discuss in Chapter 9.
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In our analysis of each example, the first step will be to compute the image of Gg

in the representation corresponding to the sheaf we are studying.

Definition 6.0.90. Let C be a Tannakian category with a fiber functor. The Tan-
nakian monodromy group of an object in C., corresponding to a representation V' of

the Tannakian group, is the image of the Tannakian group in GL(V).

The first example concerns the distribution of roots of polynomials, as in Example

2.0.2]

Proposition 6.0.91. Let f(z) € Z[z] be a separable polynomial with no rational
roots. Then assuming Conjecture the sequence (z/p) € S' parameterized by ordered
pairs of a prime p and a root x of f modulo p are equidistributed in the circle according

to the uniform measure, as in Ezample

Proof. Let f, be the polynomial whose roots are k times the roots of f, let i; be
the inclusion from Spec (Q[z]/(fx(7))) into A}, and let Fj = i1,Q,. Then by Weyl’s

equidistribution criterion, the roots of f are equidistributed if, for all k£ # 0.

2mikx /p
2 pen DreFy.fi()=0

lim =0
Note that > cx 4 (10 ermike/p = q,(F;) and the denominator is m(n) times the

number of irreducible factors of f times 1+ o(1), so this limit is zero as long as:

lim Zpgn ap(Fr)

)

=0

By Proposition [5.0.89, Conjecture [1] is equivalent to Conjecture 2 The limit of
Zpgn (lp(]:k)

o) is zero as long as JFj is a sum of irreducible perverse sheaves of geometric

origin, each pure of weight 0, each with Tannakian dimension greater than 1. (By
Proposition [3.0.46] being of geometric origin, they automatically have good reduction

outside a finite set of primes.)
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Fi. is punctual in degree 0, hence perverse, and is the pushforward of the constant
sheaf from the smooth scheme Spec (Qx]/(fx(x))) along the proper morphism fy,
hence of geometric origin and pure of weight 0. So it is sufficient to show that it is a
sum of irreducible perverse sheaves of Tannakian dimension greater than 1.

As Spec (Q[z]/(fr(x))) is the disjoint union of Spec (Q[z]/(g;(z)) over irreducible
factors g; of fy, it is sufficient to show that the pushforward from Spec (Q[z]/(g:(z))
to A(b of the constant sheaf is an irreducible perverse sheaves of Tannakian dimension
greater than 1.

This sheaf is irreducible as geometrically it is the sum of the skyscraper sheaves at
the roots of g;, so any nontrivial proper subsheaf is the sum of the skyscraper sheaves
at some nontrivial proper subset of the roots, and hence cannot be defined over QQ as
no such subset is defined over Q.

The dimension is, by Lemma [£.0.54] the number of roots of g;, which is equal to
the degree of g;. As f has no rational roots, f; has no rational roots, so f; has no

factors of degree 1 , hence the degree of g; is greater than 1. ]

Proposition is known unconditionally when f is quadratic and irreducible.
Duke et al.| [1995, Theorem on pp. 2] handled the case where f(z) = az® + bz + ¢ is
quadratic, b is even, and the discriminant b* — 4ac is negative. T6th| [2000, Theorem
1.2] extended the result to all quadratic polynomials.

The case when the degree of f is greater than 2 has not been proven. Duke et al.

[1995, pp. 1] guessed that uniform equidistribution is still obtained.

Next we can study the problem of Example[2.0.8, about the congruence class mod

m of small roots of 22 — D = 0 mod p.

Proposition 6.0.92. Let D be an integer that is not a perfect square and m a natural
number such that the conductor of the quadratic character Q(v/D) does not divide m.

For a prime p modulo which D is a perfect square, let x,, be the smallest integer root
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of x> — D =0 mod p. Assuming Conjecture |1|, the congruence class of x, modulo m

is equidistributed in Z/m according to the uniform measure.

Proof. We will continue to use the notation of Example [2.0.8] In that example, we
showed that to prove equidistribution, it is sufficient to show that for each k € Z and

X : (Z/m)* — CX

sk

lim Zpﬁ”, Ezer\(mx)2=D X(p)e e
oo D, {2 € Byl (ma)? = D}

=0

unless £ = 0 and x = 1. Since the denominator is (1 + o(1))m(n) by Dirichlet’s

theorem, it is sufficient to show that

omikz

lim Zpgn, EzeFM(rnxﬁ:D X(p)e P

=0
n—00 ﬂ(n)

First assume k& # 0. In Example [2.0.2] we constructed an object Fj such that

- kx
75 . By tensoring with the Galois representation V. asso-

aP(‘Fk’) = ZxEFp|(mx)2:D €
ciated to x, we have an object Fj, ® V, with a,(Fr ® Vi) = X_ 1 (may2=p X(p)e%ik?z,
Hence it is sufficient to show that:

Zpgn ap(fk ® VX)

I =
n00 ©(n)

By Lemma , as Ji ® V) is geometrically a sum of skyscraper sheaves at two
points, it is a two-dimensional object in the Tannakian category. To be reducible it
would have to be an extension of two sheaves, each supported at one of the points,
which is impossible because the points are not defined over Q. Thus it is an irreducible
two-dimensional representation.

Furthermore F;,®V, is a summand of the pushforward from Spec Q (., )[z]/((max)*—

Yop<n W (FE®Vy)

Dk?) to A}, so it is of geometric origin and pure of weight 0. Thus lim,, . o)

is 0 assuming Conjecture 2] which is equivalent to Conjecture[l] by Proposition [5.0.89]
111



If £ = 0 and x # 1, then ignoring the finitely many p dividing m, the limit reduces

to

T S X0 Doz (14 (8)) 1)

n—co m(n) n—0o m(n)

By Dirichlet’s theorem, this converges to 0 as long as x is not equal to the Dirichlet
character p +— <%>. As that character is the quadratic character of Q(\/E), by
assumption its conductor does not divide m, y does not equal (%), so the sum
indeed converges to 0.

O

In fact, this is a theorem without assuming Conjecture 1. [T'6th| [2000, Theorem
1.2] proves that for each modulus m and each invertible residue class » mod m, the

sequence % indexed by pairs of a prime p congruent to r mod m and a root z € [F,, of

2? — D = 0 is equidistributed according to the Haar measure on R/Z. This implies

the formula

2rikz

lim Zpén erFmex)?:D X(p)e™™»

e ()

=0

omikz .
» into sums over each

for k # 0, by breaking up the sum > _, ZmerKmm)Q:D x(p)e
residue class. Then we can show that the limit also is zero for £ = 0 and y nontrivial
by the same argument as in the proof of Proposition [6.0.92] As discussed in Example
[2.0.8] this sufficients to prove equidistribution of the residue class of the root mod m.
(The assumption that the conductor of Q(v/D) does not divide m is inessential, and

is just used to avoid a small technical difficulty.)
Next we study the distribution of Kloosterman sums:

Lemma 6.0.93. Let a, b be nonzero integers. Let w be the map from G,z to A}
defined by x = ay + by~ . Let F = 7. Q.
Then F[1], pulled back to A}y, is perverse, of geometric origin, and pure of weight

1. It has good reduction away from the set S of primes dividing 2¢ab, and corresponds
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to a 2-dimensional representation of Gg with image group GLs. The determinant is

do ® Qy(—1).

Proof. F is the pushforward of a lisse sheaf along a dominant map of smooth curves,
which is a middle extension sheaf by [Katz, 1990, Lemma 7.3.2|, and a middle exten-
sion sheaf on a curve is perverse when placed in degree —1. By definition F is the
pushforward of a sheaf pure of weight 0 along a finite cover, hence is pure of weight
0, so placing it in degree —1 makes it pure of weight 1. Because it is the pushforward
of the constant sheaf along 7, it is of geometric origin.

To show F[1] has good reduction, we observe that F is lisse of rank 2 away from
the critical values of ay + by~!, which are the roots of 22 — 4ab, and lisse of rank
1 restricted to the locus where 22 = 4ab. Thus by Proposition , it has good
reduction at primes other than ¢ where the curve 22 — 4ab is finite étale, which are
exactly the primes not dividing 2¢ab.

By [Katz, 1988, Theorem 11.1], the Fourier transform of the reduction of the sheaf
mod p for p not dividing a or b has geometric monodromy group SLs, so by Lemma
the Tannakian monodromy group of F contains SL,.

The determinant is some 1-dimensional object in our Tannakian category. As f
can be extended to a map P* — P! that is finite étale over oo, the local monodromy of
F is 0, so by Lemma the determinant has the form 6, ® V. As the singularities
are +2v/ab, each with drop 1, we know from Lemma that » = 0. Hence the
determinant is of the form dy ® V' for some Galois representation V.

To show that V' is the cyclotomic character, it is sufficient to show that Frob, acts
on it by multiplication by p for all but finitely many p. As A — H, S(A%p, RY,A® Ly)
is a fiber functor, the eigenvalue of Frob, on det H? (A%p, RY,F[1] ® Ly) is the same

as the action of Frob, on

HS(A%p, RVU,50 @V @ Ly) = HB(A%F, VL) =V
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The fact that the determinant of the action of Frob, on H} (A%p, F @ Ly) is p follows
from the fact that the two-dimensional representation H! (A%p, F ® Ly) is symplecti-
cally self-dual up to a Tate twist, which is proved in [Katz, 1988, Proposition 5.5.1].
Then because by Lemma [3.0.46] the usual specialization agrees with the nearby cy-
cles specialization at all but finitely many primes, it follows that Frob, acts on V' by
multiplication by p at all but finitely many primes, and hence V' is the cyclotomic
character.

Since the determinant is the cyclotomic character, and the Tannakian monodromy
group of the cyclotomic character is G,,, the Tannakian monodromy group of F
maps surjectively onto (G, under the determinant map. Because we already know

the Tannakian monodromy group of F contains S Ly, we can conclude that it is GLs.

]

Remark 6.0.94. In fact if ¢, a, and b are all odd then F actually has good reduction at
2, though this is not stated in Lemma[6.0.93] One can see this by bypassing Lemma
3.0.46| and computing RWyF directly.

Proposition 6.0.95. If Conjecture [1] holds, then the normalized Kloosterman sum

Kl(a,b;p)/\/p is equidistributed according to the Sato-Tate measure.

Proof. By the Lefschetz trace formula, the Kloosterman sum K/(a, b; p) is minus the
trace of Frob, acting on F[1] € Perv/Neg, where F = m,Q, is the sheaf described
in Lemma [6.0.93 So it is sufficient to estimate the distribution of the Frobenius
conjugacy classes of this sheaf.

In the notation of Conjecture (I} G = GLy so K = U(2). The commutator
[K,K] = SU(2) and K® = U(1). To compute the adjusted Haar measure on K,
we must compute the Dirichlet measure on K. Because K is generated by just
one character, which is the cyclotomic character, the Dirichlet measure is supported

entirely at the identity. Thus the adjusted Haar measure is exactly the Haar measure
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on SU(2). To find the distribution of the normalized Kloosterman sum, assuming
Conjecture [T we push forward on the trace map. The pushforward of the Haar
measure of SU(2) along the trace map is, by definition, the Sato-Tate measure. Since
this measure is unchanged by switching x and —z, the Kloosterman sum is also

distributed according to the Sato-Tate measure. O]

Next we study sums of the form, for a € Q, a # 0:

p_l 27m~ax3+x
> &
=0
This corresponds to the sheaf f,Q,, where f is the map A' — A! with equation
az®+z. The distribution of this was studied by [Livné and Patterson! [2002], and they

predicted distribution according to the Sato-Tate measure |[Livné and Patterson, 2002,

pp- 2]. This is what Conjecture [I| predicts as well:

Lemma 6.0.96. Let a € Q, a # 0, and let f : A@ — Ab be defined by the equation
f(z) = az® +x. Then f.Q,[1] is a perverse sheaf, of geometric origin, and pure of
weight 0 which has good reduction away from some finite set S of primes, and is a
two-dimensional Gg-representation, whose image is the full GLy. The determinant

character is 5y @ Q,(—1).

Proof. f.Q, is a pushforward of a lisse sheaf along a finite morphism, hence by [Katz,
1990, Lemma 7.4.2] is a middle extension sheaf, so when placed in degree —1 it is
perverse. Also f.Qy is the pushforward of the constant sheaf along a proper morphism
from a smooth scheme, hence is of geometric origin an pure of weight 0, and thus
£.Q,[1] is pure of weight 1. Since f,Q, extends to a sheaf over Aé[l /N for N the
denominator of a, by Propositon [3.0.46]it has good reduction at all but finitely many

primes.
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f+Q, is lisse away from the branch points of f, which are f(z) for = solutions
of f'(z) = 0. These solutions are the roots of 3az? + 1, so x = i\/% and f(z) =
i% \/% . There are two such points. Since the derivative vanishes to first order at each
point, they are points of ramification order 2, so the drop is 1 at both points. Thus by
Lemmal[4.0.54] this is a two-dimensional object in our Tannakian category. Since f has
(geometric) monodromy group Ss, as a sheaf f,Q, factors through the permutation
representation of S3, which splits into a sum of a trivial representation and a nontrivial
(geometrically) irreducible representation. Removing the trivial summand, as it is an
element of Meg, we obtain a perverse sheaf which is geometrically irreducible on an
open subset of A(b. Since it is a pushforward of a lisse sheaf along a finite morphism,
it’s a middle extension sheaf by [Katz, 1990, Lemma 7.3.2] (and still is a middle
extension after removing the trivial summand), hence a geometrically irreducible
perverse sheaf. Then by Lemma [£.0.83]it is a Lie-irreducible Gg represenation. Every
Lie-irreducible subgroup of G Ly contains SLsy, so the Tannakian monodromy group
contains SL,.

We will compute the determinant by showing that the sheaf is self-dual up to a
Tate twist. We can compute the dual using Lemma [3.0.22] Because f is finite, push-
forward along f commutes with Verdier duality, and because f is odd, it commutes

with [—1], so:

(f:Q1])" = [-1"D(£.Q1]) = [-1]" £(DQy)

I
|
=
*
)
(&)
~
=
—~
-
S~—
I
T
|
=
*
(&)
~
=
—~
—_
N—
|

Hence there is a perfect pairing:

F Q1] % f.Qe[1] — 6o @ Qy(—1)
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This pairing is either symplectic or orthogonal. Were it orthogonal, the Tannakian
group would be contained in GO,, which it is not, so the pairing is symplectic. Then
the determinant is equal to the symplectic similitude character, which is 6, ® Q,(—1).

The determinant of f.Q, is the cyclotomic character, so the Tannakian mon-
odromy group of the determinant is G,,, hence the Tannakian monodromy group
of f.Q, maps surjectively onto G,, under the determinant map. Since we already

know the Tannakian monodromy group of Q, contains SL,, we can conclude that it

is GLQ ]

As in Proposition [6.0.95 this means the adjusted Haar measure is the Haar mea-
sure of SU,. So assuming Conjecture [1} the sum is equidistributed according to the

Sato-Tate measure.

Now we study the distribution of Gauss and Kummer sums:

Lemma 6.0.97. Let F be the sheaf described in Example[2.0.4). Let ) be a fized addi-
twe character. Then for p = 1 modulo n, the eigenvalues of Frob,, on Hl(A% , RV, F®
Ly) are minus the Gauss sums G(x,v) for x varying over multiplicative characters

of order n.

Proof. Recall that F is constructed using a representation of the automorphism group
of the cover defined by adjoining the nth roots of unity and the nth roots of the
coordinate z. Since p = 1 modulo n, QQ, contains the nth roots of unity, so the
cover pulled back to A(bp just involves adjoining the nth roots of x. This cover has
automorphism group pu,, which is the u, subgroup of the original automorphism
group i, X (Z/n)*. So the representation is the original representation restricted to
Z/n, which is the sum of all the faithful characters of p,.

Thus F, pulled back to Alp, is the direct sum of sheaves fo generic rank 1 cor-
responding to faithful characters of the automorphism group of the cover defined by

adjoining the nth roots of x. By Definition [2.0.3] these are the Kummer sheaves,
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which correspond to order n Dirichlet characters, and all order n Dirichlet characters
arise this way.

Hence Fg, is a sum of 1-dimensional Kummer sheaves £, for each order n Dirichlet
character y. By construction, the trace of Frobenius on the stalk of the Kummer sheaf
at a point is given by the formula tr(Frob,, £, z) = x(z).

The Kummer sheaf on A%p is locally acylic by [Deligne and Katz, 1973, XIII
Lemma 2.1.11}, so Ry,(Ly)q, = (Ly)F,)- Thus RV, L, ® Ly, = L, ® Ly. This sheaf
is lisse of rank 1 away from 0 and oo with a drop of 1 at 0 and oo, with a Swan
conductor of 0 at 0 and 1 at oo, so its Euler characteristic is —1 +1+1 = 1 by
Lemma [3.0.31} Thus its étale cohomology has a single eigenvalue of Frobenius. This
eigenvalue is equal to the trace of Frobenius on that cohomology group, which by
the Lefschetz fixed point formula is minus the sum over all the points of the trace of

Frobenius on £, ® L, which is

= dx(@) = ~Gx.v)
z€F,
Thus H(RV,F[1]) is a sum of 1-dimensional étale cohomology groups, each of
which has an eigenvalue of Frobenius equal to minus a Gauss sum corresponding to
a different character. Therefore the eigenvalues of Frobenius on the whole group are

minus the asserted Gauss sums. O

Lemma 6.0.98. Let F be the sheaf described in Frample for n = 3. Placed
in degree —1, it is a perverse sheaf with good reduction away from 3 and {. The
Tannakian monodromy group is the wreath product G,, 1 {£1}, with its standard two-
dimensional representation in which each copy of G,, acts on a one-dimensional sub-
space.

The determinant of this representation is the cyclotomic character and the natural

projection to {£1} is the quadratic character of Q(v/—3).
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It is of geometric origin and pure of weight 1.

Proof. At primes other than 3 and /¢, the sheaf is lisse away from 0 and vanishes at 0,
so by Proposition [3.0.46|it has good reduction. Lemma |4.0.54{ immediately implies it
is two-dimensional.

The usual monodromy of F factors through the two-dimensional irreducible rep-
resentation of S3. Tensoring this representation with the sign representation gives
the same representation again. Thus tensoring F with the quadratic character y of
Q(u3) = Q(v/=3) gives the same sheaf. Tensoring with y is the same as convolving
with dy ® x by Lemma . Moreover ¢y ® x is a quadratic character of Gz
because

X *¥Ip@YX=0pR@ XY =0 =1

Hence tensoring our Gz s3-representation with a quadratic character yields the same
representation.

Let V is a two-dimensional representation such that tensoring it with the quadratic
character x yields the same representation. Let £ be the matrix that gives the iso-
morphism V = V ® y. Then by assumption for g in the monodromy group of V,
tg = gx(g)t, so g~'tg = x(g)t . Since x(g) attains the values 41, ¢ is conjugate to
—t. Because t is invertible, it has some nonzero eigenvalue A, and thus —\ is also an

eigenvalue of t. Because these are distinct, they are all the eigenvalues, and after a

A0
change of basis we may write ¢ = . Then if x(g) = 1, we have tg = gt, so
0 —A
x 0
g has the form g = and if y(g) = —1, we have tg = —gt, so g has the form
0 =
0 =
g =
x 0

The group of all matrices of these two forms is the wreath product G,, ¢ {£1},

acting by its monomial representation. Indeed, it is the semidirect product of the
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*
identity component consisting of matrices of the form , which is isomorphic
0 =

0 1
to G,, x G,,, with the group generated by the matrix , which is isomorphic to

10

+1, where the conjugation action of =1 on G,, X G,, is by switching the two factors.
This is precisely the definition of the wreath product G,, ! {=1}. Furthermore, the
identity component of this group consists of matrices with x(g) = 1, and the other
component consist of matrices with x(g) = —1.

Therefore the Tannakian monodromy group is a subgroup of G,,1{£1}. Since the
quadratic character Jy ® y is nontrivial, the Tannakian monodromy group contains
elements of both components. To check that the Tannakian monodromy group is all
of G,,, 1 {£1}, we must check that it contains the identity component. It is sufficient
to check that any Frobenius element generates a rank two torus, or in other words
that the eigenvalues of Frobenius satisfy no multiplicative relations.

If p = 1 mod 3, the eigenvalues of Frobenius are minus the two Gauss sums G(x, ¥)
and G(X,v). We must check that they satisfy no multiplicative relations. Both
G(x,v) and G(X, ) are complex numbers of absolute value ,/p. Thus any relation
between them would have to have the form G(x,¢)" = G(X,¥)". As G(x,%) and
G(X, ) are both elements of the field Q(us, 11,), this would imply that G(x,1) and
G(X, 1) have the same valuation at each prime of that field. Because p is split in Q(u3)
and totally ramified in Q(y,,), there are two primes lying over p. We will compute the
p-adic valuations of G(x,®) and G(X, ) at one of these primes using Stickelberger’s
congruence and observe that they are not equal. To compute the valuations, we may
view the characters xy and v as taking values in @p. Each character x : ) — @; can
be written as x, : « +— [z]* where [z] is the Teichmuller lift for some a € {0,...,p—1},

and each character ¢ : F, — @; can be written as ¢ : x — (% for some pth root of
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unity (. Stickelberger’s congruence [Stickelberger, (1890} 6.15a]

G(Xa; ¢c) = (C ;‘1)(1 mod (C . 1)a+1

implies that
a

p—1

UP(G(XCU W)) =

The only two values of a that give characters of order 3 are (p — 1)/3 and 2(p —
1)/3. Hence x is either x(,—1)/3 Or X2(p—1)/3 and X is the other character. Thus
the p-adic valuation of G(x,%) is 5 or 2 and the p-adic valuation of G(X,) is the
other fraction. Because those two valuations are distinct, there are no multiplicative
relations between G(x, 1) and G(, ).

Now we compute the determinant. Observe that f,Q, for f : A' — A! the
map that sends x to 2% is the sum of a rank 1 constant sheaf and a rank 2 sheaf
corresponding to the standard 2-dimensional representation of the monodromy group
S5 of the cover defined by adjoining u3 and the 3rd roots of x. Because F is also the
sheaf corresponding to that representation of that cover, we have f,Q, = Q, + F. So
it is sufficient to compute the determinant of f,Q,.

Its local monodromy at oo is the sum of all characters of order 3, so the deter-
minant of the local monodromy at oo is the product of all these characters, which is
trivial. Hence by Lemma the Tannakian determinant has the form 6, ® V. By
Lemma [4.0.67], as the only singular point is 0, we have r = 0. Finally we will show
that V' = Q(—1) by applying Lema and comparing to ¢,Q, for g = 23+ . As

f and g are finite maps from Al,
HY(Ag, f.Q[1]) = H)(Ag, 0.Q,[1]) = H (A5, Q,[1]) = 0

H,; (Ag, £Q,[1)) = H, (Ag, .Qu[1]) = H: (A, Q[1]) = Qu(-1)
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so the other terms in Lemma [£.0.68 cancel and these sheaves have the same determi-
nant. In Lemma we saw that the determinant of ¢,Q,[1] was dy ® Qu(—1), so
the determinant of F[1] is also dy ® Q(—1).

Finially, because F is a summand of f,Q,, it is of geometric origin and pure of

weight 0, hence pure of weight 1 when placed in degree 0 O]

Proposition 6.0.99. If C’onjecture holds, the normalized Kummer sum K(1;p)/\/p

for primes = 1 mod 3 is distributed as 2cos @ for 6 uniformly distributed on St.

Proof. The abelianization of G,, ¢ {£1} is G,,, x {1}, with the isomorphism given
by the determinant character and the natural projection to {£1}. The determinant
character is the cyclotomic character and the projection is the quadratic character of
Q(+v/—3). Hence the Dirichlet measure on the abelianization puts mass 1/2 on the
identity and mass 1/2 on (1,1). The first corresponds to primes 1 mod 3 and the
second to primes 2 mod 3. Since we are interested in primes that are 1 mod 3, we
are concerned with the conditional probability measure that is conditioned on lying
over the identity. This is the Haar measure of the maximal compact subgroup of the
derived subgroup [G,, 1 Z/2,G,, 1 Z/2] = G,,. The maximal compact subgroup of
G,y is the circle group S, and the Haar measure on the circle group is the uniform
measure. This G,, acts by the standard character on one one-dimensional subspace
and the inverse character on the other subspace. The standard and inverse characters

of St are e and e, hence the trace is 2 cos 8, for  uniformly distributed. O

This distribution is obtained, by [Heath-Brown and Patterson) 1979, Theorem
2]. However Patterson conjectured that the empirical distribution converges very
slowly to this limit [Patterson, (1978, Conjecture on pp. 2]. The average over primes
< n of a function of the Kummer sum has not just the main term coming from
the average against the limiting measure and the error term but a secondary term.

This secondary term declines at the rate n=1/6t°() not at the rate n=1/2t°M that
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occurs when the distribution is controlled by an L-function satisfying the Riemann
hypothesis. This bias was still substantial in the range Kummer looked at, explaining
his misleading numerical data. We will discuss how this behavior might generalize to

other exponential sums of this type in Chapter 10.
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Chapter 7

Further Examples

This chapter discusses some further cases of Conjecture[l] In most of these cases, the
distribution of a, is a problem we do not believe has been considered in the literature
before. In some of these cases, our conjecture coincides with a naive guess at the
distribution of a,. In other cases we were unable to guess the distribution before
computing the Tannakian monodromy group. In each case the results of numerical
tests of our predictions are reported in Chapters 9 and 10.

First consider a question about about the joint distributions of two different ex-
ponential sums. If there is not a clear relationship between the sums, one might
reasonably expect independence between the distributions. In one very simple case,

Conjecture 1| agrees with this guess:

Proposition 7.0.100. Let f be a polynomial in Z[x] with no rational roots, let K be
the number field generated by the roots of f, and let L/Q be a Galois field extension
disjoint with K. For each pair p,x € F,, such that f(z) = 0 mod p and p is unramified
in L, consider the ratio x/p € R/Z and the conjugacy class Frob, of Gal(L/Q).

If Conjecture holds, the sequence of pairs (%,Frobp), parameterized by the se-
quence of pairs (p,x € F,) with f(x) = 0 mod p and p unramified in L, is equidis-

tributed according to the Haar measure on R/Z x Gal(L/Q).
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Proof. By Weyl’s equidistribution theorem, it is sufficient to show that for k € Z and

V' an irreducible representation of Gal(L/Q)

. D p<n 2uwer,|(f(x)—0) T (Froby, Ve iy

B S Fr Ay e

unless £ = 0 and V is the trivial representation. By Chebotaerev’s density theorem,

lim,, o 2p<n Hf’ff(ﬂ;g\f(w) =01 is equal to the number of irreducible factors of f. Hence is

sufficient to show that

Zp<n ZxGIFpKf tr(FIObp7 V) 27”7

lim =
n300 W(n) 0
because this will imply that:
ﬂz— i B
- Zp<n ZxGFpl(f tr(Frobp, V)e? i Zpgn erJFp\(f(z):O) tr(Frob,, V)™ v m(n)
n—+o0 2 p<n {7 € ]Fplf( ) = 0} n—oo > _pen {2 € Fplf(2) = 0}|/7(n)

is 0 divided by the number of irreducible factors of f and thus is 0. We will show

that
27r2—
. D p<n Dazek, |(f(x)=0) E(Froby, Ve

e R ) = 0]

First assume k # 0. In Example [2.0.2) we constructed an object Fj such that

ap(fk) _ Z 627rik?z

2€F, | f(x)=0

We may view V as a lisse geometrically constant sheaf on A!, so that the trace of
Frobenius acting on V' at every point is tr(Frob,, V). Then the tensor product F, @V

satisfies

ap(Fr®@V) = Z tr(Frob,, V)eQﬂk?z

z€Fp| f(x=0)
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The sheaf Fr ® V' is perverse because it is punctual, is pure of weight 0, and is of
geometric origin because Fj and V' are. The sheaf F, ® V' has good reduction away
from ¢, the ramified primes of L, the primes dividing the leading term of f, the primes
dividing the discriminant of f, and the primes dividing k& by Proposition |3.0.46| Thus
by Conjecture [2| this limit is 0 as long as Fj ® V' has no one-dimensional Jordan-
Holder factors. But any one-dimensional factor would, by Lemma [4.0.58, have to
be supported on all of A or a single rational point. The sheaf F; and hence the
tensor product Fj, ® V, are punctual, so a one-dimensional factor would have to be
supported on a single rational point. Both Fj, and Fj, ® V are supported on k times
the roots of f, and no rational number is k times a root at f as k is nonzero and f
has no rational roots. Hence there are no one-dimensional Jordan-Holder factors of
Fr@V.

It remains to treat the case when k = 0 and V is irreducible and nontrivial. The

limit simplifies to

_ Dpen tT(Froby, VI{z € Fy[f(z) = 0}
lim =

e ()

The cardinality |[{z € F,|f(x) = 0}| is, for all but finitely many primes, equal to
the trace of Frob, acting on a Gal(K/Q)-representation W, the linearization of the

permutation representation acting on the roots of f.

o Zpgn tr(Frob,, V)|{z € F,|f(z) = 0} . Zpgn tr(Frob,, V@ W)

o (n) e (n)

2 p<n tr(Froby, VW)

=) is the dimension of

By Chebotarev’s density theorem, lim,,
the Gal(K L|Q)-invariant subspace of V@ W. Since V' is a representation of Gal(L/Q)
and W is a representation of Gal(K/Q), and L and K are disjoint number fields so
that Gal(K L|Q) = Gal(K|Q) x Gal(L|Q), this is the tensor product of the Gal(L/Q)-
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invariant subspace of V' and the Gal(K/Q)-invariant subspace of W. The represen-
tation V' is irreducible and nontrivial, so this invariant subspace of V' vanishes and

the limit is zero. O

Rather than starting with an equidistribution question and finding an appropriate
F to study it with, we may start with a sheaf and find the corresponding equidis-
tribution question. For instance, let f(z) be a polynomial with rational coefficients
and let £, be the Kummer sheaf of the quadratic character. Then for 7 = f*L,, the

exponential sum a,(F) is the following Jacobi symbol sum:

=0

For f(r) = x this is a quadratic Gauss sum, and for f(x) = x? — 4ab this is the
Kloosterman sum. In this chapter we will study this question for f(x) of degree at

least 3. One simple special case is the “twisted elliptic curve” sum:

-1
- s 4’ — 92T — g3\ omiz
a, = E p e'p

=0
Lemma 7.0.101. Let f € Q[z] be a polynomial of degree n without repeated roots.
Then f*L, is a middle extension sheaf. Moreover, f*L\[1] is a perverse sheaf of
geometric origin and pure of weight 1, with good reduction outside some finite set S

of primes, that corresponds to an n-dimensional representation of Gg.

Proof. Consider the smooth hyperelliptic curve y? = f(z) with projection 7 to A!
along the x coordinate. Then 7,.Q, = Q, + f*£,. As 7 is a dominant map from a
smooth curve, 7,Q, is a middle extension sheaf, hence f*L, is a middle extension
sheaf and f*L,[1] is perverse. As 7 is a proper map from a smooth curve, 7,Qy is of
geometric origin and pure of weight 0, and so f*L, is of geometric origin and pure of

weight 0 as well. Because f*L, is pure of weight 0, f*£,[1] is pure of weight 1.
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Since f*L,[1] has rank 1 away from the roots of f and rank 0 at the roots of f,
the drop is 1 at each root. There are n distinct roots, so by Lemma [4.0.54) f*£, [1]

is an n-dimensional object in CCg. O

Lemma 7.0.102. Let f be a polynomial with no repeated roots. Then f*L,[1] corre-

sponds to a Lie-irreducible representation of Gg.

Proof. Since f*L,[1] is lisse of rank 1, it is geometrically irreducible on the open
set where it is lisse, which is the set where f # 0. By Lemma fL 1] is
a middle extension sheaf. Any geometrically irreducible middle extension sheaf is a
geometrically irreducible perverse sheaf. Thus by Lemma , f*L,[1] corresponds

to a Lie-irreducible Gg-representation. O

Definition 7.0.103. For D € Q, let xp be the quadratic character of D: the 1-
dimensional Galois representation that sends every element of Gal(Q|Q) that fixes

VD to 1 and every element that does not fix v/D to —1.

Lemma 7.0.104. Let f be a polynomial with no repeated roots.

If f(x) = f(a—x) for some a € Q, then there is a perfect pairing of G s-representations

FAL1) % f L 1] — 61(—1)

If f(x) = —f(a — x) for some a € Q, then there is a perfect pairing of Gg-

representations:

JL] # fTLA[L = 0a(—1) ® Xa

Otheruwise, there is no perfect pairing f*L,[1]* f*L,[1] = V for any one-dimensional

G representation V.

Proof. First assume that one of these two functional equations holds. Because f*L,

is an irreducible middle extension sheaf, f*£,[1] has property P , and hence f*L, [1]*
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f*L,[1] is perverse. Let us compute the stalk of HO(f*L,[1] % f*L,[1]) at a. By the

proper base change theorem, the stalk is
HY(Ag, [ L1 @ 5" f*Ly[1)) = HF (Ag, [*Ly ® 5" 'L)

where s(z) = a — x.

In the case f(x) = f(a — z), we have f o s = f, hence this is is the same as
HE(AL 7L, @ f°Ly)

By Poincare duality, H? (A}@, L, ® f*L,) is the Tate twist of the geometric mon-
odromy coinvariants of f*L, ® f*L,. Because f*L, ® f*L, has trivial arithmetic
monodromy, its top cohomology group is precisely @g(—l). So the stalk at a is
Q,(—1) and hence we have a nontrivial map f*L,[1] * f*£,[-1] — d.(—=1). By
Lemma , f*L,[1] it is an irreducible representation of G'g, and hence this map
is a perfect pairing - otherwise the kernel would give a nontrivial subrepresentation.

In the case f(x) = — f(a—x), the argument is almost the same. Now fos = [—1]of

where [—1] is the map x — —x. So we have
H2(AL, 'L, @ 5" fLy) = HA(AL, 'Ly @ f—1°C,)
(as [-1]"Ly = x-1 ® £Ly)

— H2(AL, X1 ® F'L, ® f'Ly)

The geometric monodromy of x_1 ® f*L, ® f*L, is trivial. The geometric mon-
odromy invariants of x_; ® f*L, ® f*L,, viewed as a Galois representation, equal

X—1. Thus the top cohomology group of that sheaf is Q,(—1) ® x_1. As before, this
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gives a nontrivial map f*L,[1] % f*L,[1] = 0,(—1) ® x_1, which must be a perfect
pairing as f*£,[1] is irreducible.

Now assume that there exists a perfect pairing f*£,[1] % f*£,[1] — V for a one-
dimensional Gg-representation V. It follows that f*L,[1] = V = (f*£,[1])Y. By

Proposition [3.0.22

FLA] = Vo (fFL 1) =V D (=1 fLy[1])

Let ay,...,a, be the singularities of f*L,: equivalently, the roots of f. The
singularities of D([—1]* f*L£,[1]) are the same as the singularities of [—1]* f*L,, as by
double-duality a sheaf is lisse at a point if and only if its Verdier dual is lisse at that
point. So the singularities of D ([—1]* f*£,[1]) are —av, ..., —a,. By Lemma [4.0.58,
V' has a unique singular point. Let a be the singular point of V. Then by Lemma
the only possible singularities of V' % D([—1]*f*L,[1]) are a — ay,...,a — o,
By assumption, V « D([—1]*f*L,[1]) is isomorphic to f*L,[1] whose singularities are
ai, ..., Q,, hence

{ag,...;a,} C{a—ay,...,a— a,}.

Because both these sets have n elements and thus

{ag,...,an} ={a—aq,...,a — a,}.

Therefore f(z) and f(a — x) have the same roots. Since f(z) and f(a — ) have no
repeated roots, they must be equal up to scalar multiplication, say f(x) = ef(a — z).
Because the leading coefficient of f(a — x) is (—1)" times the leading coefficient of

f(z), e = (—1)" = £1, hence either f(z) =a —z or f(z) = —f(a — x). O
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Lemma 7.0.105. Let f be a polynomial of degree n with no repeated roots, f(x) =

az"+bx" ' +.... Then the determinant of f*L, as a Gg-representation is: (n even)

e

(n odd)

Lo (<15 o

Proof. By Lemma , L, appears in the determinant of f*£,[1] if and only if the
determinant of the local monodromy representation of f*£, at oo is nontrivial. The
local monodromy representation is one-dimensional, so its determinant is nontrivial
if and only if it is is nontrivial. The local monodromy comes from the cover defined
by adjoining a square root of ax™ 4+ ..., which is trivial for n even and nontrivial for
n odd.

f*L, is a middle extension sheaf and each singular point appears with a drop of 1.
So by Lemma , the translation factor appearing in the determinant of f*L£,[1]
is the sum of the singular points of f*L£,[1]. The singular points are the roots of f,

and their sum is —g.

Finally, we apply Lemma {4.0.68| and compare f*£, with another sheaf with the

same decomposition representation at oo. Split into two cases, n even or n odd:

n even: We have already seen that the determinant of f*£,[1] is of the form ¢ b QV
for some one-dimensional Galois representation V. The sheaf f*L, is unramified at
0o, and the underlying Galois representation is y,. So it has the same decomposition
group representation at oo as the constant sheaf Q, ® x,. The constant sheaf Q, ® x4

is a has Tannakian dimension 0, so its determinant in the Tannakian category is 1.

By Lemma [4.0.68}

V@ det HY (AL, f'£,[1]) @ det HY (AL, £*£,01]) h
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— det 1} (A%, @ ® xal1]) @ det H? (A%, Q) @ xal1]) -1

We will compute all the cohomology groups appearing in the above formula.

H;(Ag, [*Ly[1]) vanishes since f*L, has nontrivial local monodromy at the roots
of f, hence nontrivial global monodromy.

H(Ag, [*Ly[1]) = H:(Ag, f*Ly) can be computed by taking the middle extension
of j.f*L, along the inclusion j : A' — P'. The middle extension has stalk x, at oo,
so H! (A}@, f*L,) is the extension of H} (IP’}@, J«f*Ly) by Xa. Furthermore j.f*L, is
orthogonally self-dual so H! (]P’}@, J«f*L,) is symplectically self-dual up to a Tate twist.
Its dimension is n — 2 so its determinant is Q, (—252), and det HS(A}@, AL (1)) =
Qe (—32) ® Xa-

HCI<A}@7 @5 ® Xa[1]> = Hf(A}@) Q@ ® Xa) = Q@(_l) @ Xa-

HE(A}@, Q@ x4[1]) = HCI(A}@, Q¢ ® X,) vanishes.

Multiplying it all together, we see the Galois representation appearing in the

determinant satisfies

Ve (@e (—" o) 2) ® xa>1 = Qu(-1) ® Xa

The unique solution is V' = Qu(—n), as desired.

n odd: f(z) = az" + ..., and n is odd, so in the local field Q((z™1)), f(x) is
equal to ax times a perfect square. Hence the decomposition group representation of
f*L, is the same as the decomposition group representation of £, (azx) = L, ® X,-
Let A= f*Ly[1] and B = L, ® X,. As in Lemma[4.0.68, let V4 and V5 be the Galois
representations appearing in the Tannakian determinants of A and B. Then B is a

rank 1 object in the Tannakian category, so the Tannakian determinant of B is B
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and Vp = x,. By Lemma 4.0.68

-1

Vi ® det H! (A}@, f*LX[l]) ® det H° (A}@, f*EX[1]>

— o @ det H (AI L [1 ]®Xa) ® det H? <A}@,£X[1] ®Xa,>_1

H! (A}@, f*L,[1]) vanishes as f*L, has nontrivial local monodromy at the roots of f,
hence nontrivial global monodromy.

Let j be the inclusion Al — PL. Then HJ(Ag, f*Ly[1]) = H (Ag, f*Ly) =
Hl(IP’l ,f*Ly). Observe that jif*L, is a middle extension sheaf, because f*L, is a
middle extension on A and f*L£, has no local monodromy invariants at co. As f*L,
is an orthogonally self-dual middle extension sheaf, its cohomology is symplectically
self-dual up to a Tate twist. As the rank of the cohomology of f*L, is n — 1, the
determinant is Q (—"T_l)

HI(AL, £,[1]® xa) = HA(AL, £, 8 x,) and HYAL, £,[1]® xa[1]) = HA(AL, £, ®
Xa) both vanish, the first because £, has nontrivial monodromy and the second
because the Euler characteristic vanishes.

Hence the equation becomes V3 ® Qy (—"T’l) = xq or V4 = Qy ("T’l) ® Xa as

desired.

]

Proposition 7.0.106. Let f(x) = 42® — gox — g3 be a cubic polynomial with no
repeated roots. Then f*L,[1] has Tannakian monodromy group GLj3 unless g5 = 0,
in which case it has Tannakian monodromy group GOs. Let V = L, [1] ® x_1. Then
Tannakian monodromy group of f*L,[1] x V1 is SLs unless g3 = 0, in which case it

1s SOs. Thus, assuming Conjecture |1, the exponential sum:

1

- <4$ —gﬂ—g;;) 2miZ
0

xT
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divided by /p for p = 1 modulo 4 and —i\/p for p = 3 mod 4, is equidistributed

according to the trace of the Haar measure on SUs or SOz respectively.

Proof. By Lemma , f*L,[1] is a 3-dimensional representation of Gg. By
Lemma this representation is Lie-irreducible. Any Lie-irreducible subgroup
of G L3 contains as a maximal semisimple subgroup either SO3 or SLj3. If the max-
imal semisimple subgroup is SOs3 then the representation is self-dual, possibly with
a similitude character, and if the maximal semisimple subgroup is SLs then it is not
self-dual with any similitude character.

By Lemma , [ L, [1] is self-dual up to a twist if and only if f satisfies an
identity of the form f(z) = +f(a — ). Since f(x) = 423 — gow — g3, fla — x) =
—423 +12az? + - - -, so such an identity can only occur if @ = 0 and the identity takes
the form f(z) = —f(—z). We have f(z) = —f(—=z) if and only if g3 = 0. If g3 =0
then f*L£,[1] is self-dual after twisting by dp(—1) ® ®x_1 by Lemma

By Lemma7.0.105] the determinant character of f*£,[1] is £,[1](1) and thus the
determinant has Tannakian monodromy group G,,.

In the case g3 # 0, the Tannakian monodromy group contains SLs. As the
determinant has Tannakian monodromy group G,,, f*£,[1] has monodromy group
GLs.

Because the action of Gg on V = £, [1]® x_; factors through the abelianization of
(s, the Tannakian monodromy group of f*£,[1]*V ! contains SLjz and is contained
in GL3. We will show that the Tannakian monodromy group of f*£,[1] x V™! is
actually SLs. It is sufficient to show that the determinant of f*£,[1] x V! is trivial

As the determinant character of f*£,[1] is do(—1) * £, [1],
det (f*LX[l] * vil) =0(—1)« L[« VI x VsVt

VeV = L1 % £,[1] = 6(—1) ® y_1
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VaVsxV =0(—1)@x_ 1%V =08(—1)®x_1 % L[1] %6 ®x_1 = (1) % L,[1]

Thus det(f*L,[1] * V1) is indeed trivial.

In the case g3 = 0, SOj3 is contained in the monodromy group and the monodromy
group is contained in GO3. Because the determinant character is not finite, the
monodromy group is GOs.

Because the action of Gg on V' = L, [1] % x_; factors through the abelianization of
(s, the Tannakian monodromy group of f*£, [1]*V ! contains SO;3 and is contained
in GO3. We will show that the Tannakian monodromy group of f*£,[1] * V7! is
actually SOj.

To do this it is sufficient to show that the determinant and similitude characters of
[ L, [1]* V™! are both trivial. We have already shown that the determinant character
is trivial. The similitude character of f*£,[1] is do(—1) ® x_1 by Lemma and
therefore the similitude character of f*£,[1]* V1 is do(—=1) @ x(=1)« V1« V1 As

Vs Vo= L [1] % Ly[1] = do(=1) @ x(=1)

this is trivial.

Hence the monodromy group of f*£, [1]* V™! is either SL3 or SOs, the first when
g3 # 0 and the second when g3 = 0.

The trace of Frob, acting on f*£,[1] * V! is the exponential sum a, divided by
the eigenvalue of Frob, acting on V, which is —/pif p=1 mod 4 and ¢,/pif p=3
mod 4.

Because f*L,[1] is of pure of weight 1, and V' is pure of weight 1, f*£,[1] « V!
is pure of weight 0. Because f*L,[1] is of geometric origin, and V is of geometric
origin, by Corollary , L, [1] * V1 is of geometric origin. Hence assuming
Conjecture , the trace of Frob, on f*£,[1] x V™! is equidistributed according to the

adjusted Haar measure on S L3 or SO3 respectively. Because those groups are perfect,
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the adjusted Haar measure is equal to the Haar measure, and we have the desired

equidistribution statement. O

Another natural sum of this type has the form

S(f(x),p) = Z 627”'%

z€F,

For f(zx) linear, this sum is 0. For f(z) quadratic, this is a quadratic Gauss sum.
For cubics and beyond, the distribution is not so simple. As we discussed in Lemma,
, for f(x) cubic and normalized to take the form az® + x we expect Sato-Tate
equidistribution. Now consider the quartic and higher degree cases. Recall from
Example that this exponential sum corresponds to the sheaf F = f.Q,, so the

first step is to compute the Tannakian monodromy group of F[1].

Lemma 7.0.107. Let f(z) € Q[z] be a polynomial of degree n, and thus a map
f: Ab — A(b. Let F = £,Q,. Then F[1] is a perverse sheaf of geometric origin, pure
of weight 1 with good reduction away from some finite set S of primes. The perverse

sheaf F[1] corresponds to an n — 1-dimensional representation of G.

Proof. By [Katz, 1990, Lemma 7.3.2], F is a middle extension sheaf, so F|[1] is per-
verse. The sheaf F is the restriction to A(b of a sheaf on Aéu /] » SO by Proposition
F[1] has good reduction away from finitely many primes. Thus F|[1] is a repre-
sentation of Gg for some S. The sheaf F[1] is of geometric origin and pure of weight
0 as f is a proper morphism from a smooth variety. Hence F[1] is pure of weight 1.

The Euler characteristic of this sheaf is x(A', £.Q,[1]) = x(A', Q,[1]) = —1. Con-
sider the equation of Lemma [3.0.31] The left, side, the Euler characteristic, is —1,
so the right side must sum to —1. As F[1] is a tamely ramified sheaf concentrated
in degree —1, the Swan conductor and H°(A) terms in the formula vanish. The only

remaining terms are minus the rank of F and the sum over all singular points of the
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drop of F[1] at that point. The rank of F is n so the sum over all singular points
of the drop at that point must be n — 1. Hence by Lemma [£.0.54] the Tannakian

dimension of F[1] is n — 1. O

To compute the arithmetic part of the determinant of F[1], we have the following

lemma computing the action of Frobenius on this determinant:

Lemma 7.0.108. Let f(xz) € F,[z] be a polynomial of degree n and thus a map
f: A%Fq — A]}q. Assume that the characteristic of Iy does not divide n. Let a be the
leading coefficient of f and let r be the sum of f(«;) over oy the roots of %, with
multiplicity.

Then if n 1s odd:

det(Frob,, Hi(A%p) FLy)) = ¢(T)q(n—1)/2

If n is even:

an

det(Erob,, H! (A} , *L,)) = =(r)q" Gl v)va ()

where X2 is the quadratic character of Fy.

Proof. We apply the Hasse-Davenport method (compare e.g. |Katz, 2012, Theorem
21.1]. The L-function of the Galois representation f*L, over the field F () is a
polynomial det(1—T Frob,, Hl(A%p, f*Ly)). Since Hl(A%p, f*L,) has dimension n—1,
its determinant is (—1)"~! times the degree n—1 term of that L-function. The degree
n — 1 term of that L function can be written as the sum over monic polynomials g
of degree n — 1 of ¢ of the sum of f(a) over the roots o of g. The sum of f(«a)
over the roots a of g can be expressed, using Newton’s identities, as a polynomial in
the coefficients of g. Let sq,...,s,_1 be the coefficients of g, equal to the elementary

symmetric polynomials of the roots of g. Then the degree n—1 term of the L-function
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18

Z W(P(s1,.- -y Sn_1))

51y0y5n—1€Fg
for a suitable polynomial P. In the usual grading on the ring of symmetric functions,
s; has degree i. In this grading P is of degree < n. Hence if © > %, P is a linear
function of the variable s;, with coefficient of degree < n —i. Thus the sum over just
the variable s;, is zero unless OP/0s; = 0, in which case it is p times the value at any

fixed value of s;. Applying this to s; for all i > 7 gives the identity

n—1

Z W(P(s1,- -y 8n-1)) = Z qL 2 Jz/J(P(sl,...,sL%J,*,...,*»

opP opP =0

51,..,8n—1€Fq =0,..., 55 =
n n—1
iRa!

Slv'wsL%J | BSL

where * denotes that we may plug any element of I, into the formula and get the
same result.
This is a sum over the solutions of the system of polynomial equations

<% :0) in the variables si,....s 1), with an additional sum in the
ot i>5

variable sn if n is even. As we mentioned, % is of degree < n —i. Hence % is a
k3 k3

polynomial in sy, ...,s,_;_1 plus a constant times s,,_;. If these constants are nonzero

for ¢ € {L%J +1,...,n} then these equations have a unique solution, as inductively

Sp—i is uniquely determined by s,,_; for 7 > 7 and the condition that gf = 0.
In that case our sum reduces to a single value of v (P(sl, S E *)) (n
2

odd) or a sum in one variable (n even).

Indeed, we will show that the coefficient of s,,_; in % is nonzero. The constant
is equal to 35%25 — as no other terms of the polynomial contribute to that partial

derivative, so it is sufficient to show that partial derivative is nonzero.
P is a linear combination of the first n power sum symmetric functions. The
kth power sum symmetric function is homogenous of degree k, hence its derivative

vanishes unless £ = n. The coefficient of the nth power sum symmetric function is
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the leading term a, which is nonzero. So it is sufficient to show, for N, the kth power

sum symmetric function, that 5 as 7é 0.

By Newton’s identities (e.g. [Mead, 1992, pp. 749])

S
—

N, =Y (=1)" s, o Np+ (=1)""'ns,
k=1
we have:
82Nn - 82 Z;ll(—l)niliksn_ka
851-(98”,1- N 881'85”,1‘
n—1
0?%s _1 Nk D%s Ay
= )ik TR R _ 1)1k Y Sn-k Nk
( ) c%‘iasn i Z ( ) 8si83n_i
k=1 k=i,n—1
. ON; ON,,_; s e . e ,
= (S (1) (1 1) (1) 1) i) = (1) £ 0

For n odd, the degree n — 1 coefficient of the L-function has been reduced to a
sum over a single point. For n even, it has been reduced to a sum in one variable
Sp/2-

In the odd case, that point is a solution of the equations g—i =0 fori>n/2. In

fact, we will take it to be a point that solves that equation for all . The normalized

derivative gg = %% is such a solution. To prove this, first assume that d’;(f) is
squarefree. Let aq, ay,—1 be the roots of g. We may write sy, ..., S,_1 as polynomials
in ay,...,a, 1. Then by the chain rule
8P(31,.. ySn_1) Z 0s; OP( 31,.. y Sn—1)
8043 S;
but
OP(s1,..., sn,l) O3 flew) _ df (z) (o) = 0
Oa; 304] doe "
when the a; are roots of gy, and the Jacobian matrix M;; = g;? is invertible at gq
J

because its determinant is the discriminant of gy, which by assumption is nonzero.
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90 OP(s1,...,8n—1)

= = 0 at gp for all 2. This handles the case when ( ) is squarefree. For

8P( 1 df

arbitrary f, the derivatives 0s; \an dz

) = 0 must vanish because they are polynomials
in the coefficients of f that we have just seen vanish generically.
At this point the value of P(sy,...,s,_1) is ¥(r), so our original sum is q%w(r),

as claimed.

In the even case, P is a quadratic function of the remaining variable s, /5. So the
sum Sty...ySnly*,...,%) ] is a Gauss sum. We
ZSI’ LE J‘asl 241 =0 785(?1P1_0w< (51, LEJ’ ’ >>

can choose the *s 5o as to set " 14+ 37 (=1)is;a" 1= = L4 4 pym/2 for a parameter

an dxr

1)'s;
id—f satisfies the equations 22 = 0 . Hence

t, because as we saw in the previous case 55

P is a quadratic function in ¢, whose value at 0 is r, and whose derivative at 0 is 0,
SO

=7+ ant?/2

O*Pt?
Pertgay -
2

3221;_ The Gauss sum >, ¥(r+ ant?/2)
is equal to G(x,¥)¥(r)xe (an) and hence the total sum is q%G(X7¢)¢(T)X2 (%)
Adding the minus sign from converting between the L-function and the determinant

gives the stated formula. m

Lemma 7.0.109. Let f(z) € Z[x] be a polynomial of degree n, and thus a map
f: A(b — A(b. Let a be the leading coefficient of f and let r be the sum of f(«a;) over

a; the roots, with multiplicity of %. Let F = £.Q,. Then the Tannakian determinant

of FI1] is
5 (” 5 1))
(n odd)
5, (n;2) ® yon % L
(n even)
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Proof. By [Katz, 1990, Lemma 7.3.2], F is a middle extension sheaf, so F[1] is per-
verse. The sheaf F is the restriction to A(b of a sheaf on A}, so by Proposition ,
F[1] has good reduction away from finitely many primes. Thus F[1] is a representa-
tion of Gg for some S. Furthermore F[1] is of geometric origin and pure of weight 0
as f is a proper morphism from a smooth variety. Thus F[1] is pure of weight 1.

As a representation of the local monodromy group at oo, f,Q, is the linearization
of the monodromy representation of the fibers of f. There is a single branch point
of f lying over oo, so the local monodromy at co is an n-cycle, so the determinant of
the local monodromy is the sign of an n-cycle, which is 1, trivial, for n odd and, —1,
nontrivial, for n even. Hence by Lemma , L, appears in the determinant for n
even but not n odd.

The sheaf has singularities at the critical values of f(«a;). Let y be a critical value.
The drop at y is the degree of f minus the number of roots of f(x) —y. Hence the
drop at y is equal to the sum over the roots « of f(z) — y of the multiplicity of «
in f(zr) — y minus 1. Hence the drop at y equal to the sum over « satisfying both
f(a) —y =0 and j—’;(a) = 0 of the multiplicity of a in %. Hence the sum over y of
y times the drop at y is equal to the sum, with multiplicity, of f(a) over the roots «
of %, which is r. Therefore by Lemma the skyscraper sheaf appearing in the
determinant is 6,.

So the determinant of F[1] is of the form 6, ® V (n odd) or §, @ V x L,[1]
(n even) for some l-dimensional Galois representation V. Thus it is of the form
o, (%51) ® W (n odd) or 6, (%52) ® Xen @ Wk L, [1] (n even) for some 1-dimensional
Galois representation W. It remains to show that W is trivial.

We will do this by directly finding the action of Frob, , on det F[1], which is equal

to the eigenvalue of Frobenius acting on det H(AL , R, F[1] ® Ly).

HOAL RV, FI1] © £,) = HYAL RV, £Q,[1]® £,)
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(as R¥, commutes with finite pushforward)
= H(Ag , [.RU,Qu[1] ® Ly)
(by local acyclicity of smooth morphisms)
= H,(A; , LQ[1] ® Ly) = Ho (A , £.Q ® Ly)
(by the Leray spectral sequence)
_ (AL, L)

The eigenvalue of Frobenius acting on det <H c(AL, f*£¢)> is computed in Lemma
[.0.108 as Then if n is odd:

det(Frob,, Hcl(A%p, FLy)) = w(r)p(nq)/z

If n is even:

an

det(Froby, H} (A}, f'Ly)) = —(rp" Gl ¥)x: (5

If n is odd this determinant is equal to the eigenvalue of Frob,, ,, acting on 9, (”T’l)
and if n is even the determinate is equal to the eigenvalue of Frob, acting on o, ( ”T_Q) ®
Xan * L, [1], because the terms match up perfectly - Tate twists with powers of p, d,
with ¢(r), £, with minus the Gauss sum, and x5 with x (%)

Since the eigenvalue is the same before and after tensoring with W, it follows that
the eigenvalue of Frob, acting on W is 1. Because this is true for all sufficiently large

primes, W is trivial, and our claimed determinant is correct.
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For a sufficiently generic polynomial, the Tannakian monodromy group is GL,,_1:

Lemma 7.0.110. Let f(z) € Z[x] be a polynomial of degree n, and thus a map

f Ay = Ay Assume that f satisfies the following two conditions:

1. % has no multiple roots in Q.

2. Let oy, g, a3, g be four roots of % in Q, not necessarily distinct. If f(ay) +

flag) = f(az) + f(ay), then {aq, s} = {as, as}.

Then f.Q, corresponds to a Gg-representation with Tannakian monodromy group

GL, 4.

Proof. Observe that if a; and as have no distinct roots, then f(ay) + f(a1) #
flas)+ f(az), so f(ar) # f(as). For p sufficiently large, & will still have no multiple
roots mod p and f(«aq) will still not equal f(ay) for distinct roots ay, am, so f will
be a supermorse function in the sense of [Katz, (1990, 7.10.2.2]. Thus by [Katz, 1990,
Lemma 7.10.2.3], f,Q,/Q, is an irreducible tame reflection sheaf. The singularities of
£+Q,/Q, are exactly the f(«;) for a; roots of %. For p sufficiently large, no relations
of the form f(ay) + f(aa) = f(as) + f(ou) among these singular points hold mod-
ulo p that do not hold in characteristic 0. Hence f,Q,/Q, satisfies the conditions of
[Katz, (1990, Theorem 7.9.6] for p sufficiently large, so its Fourier transform has geo-
metric monodromy group containing SL,_;. Hence by Lemma the Tannakian
monodromy group contains SL,_;. Finally, by Lemma[7.0.109| the the determinant of
this representation has Tannakian monodromy group G,,, so the whole representation

must have Tannakian monodromy group GL,,_;. O]

Both of these conditions are satisfied when the coefficients of f lie in some open
subset of A" so this implies, assuming Conjecture , that S(f(z),p) for a generic

polynomial p has a distribution given by the Haar measure on SU,,_; twisted by the
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determinant character of Lemma [7.0.109. However, special polynomials that fail to
satisfy one of these conditions can have wildly different distributions.
One simple case of this is when n = 4 and f is the composition of two quadratic

polynomials but is not equal to a fourth power plus a constant.

Lemma 7.0.111. Let f = g o h be the composition of two quadratic polynomials but
not be of the form a(x + b)* + c. Then f,Q, is a sum of 3 geometrically irreducible
middle extension sheaves: the constant sheaf Q,, 9.Q,/Q,, and f.Q,/g.Q,. When
placed in degree —1, these sheaves have good reduction outside a set of primes S and

they correspond to 0, 1, and 2-dimensional representations of Gg respectively.

Proof. The geometric and arithmetic monodromy groups of the cover f : Al — A!
are subgroups of Sy, have order a power of 2 because f is a composition of degree
2 covers, and contain a 4-cycle because the local monodromy of oo of the cover is a
4-cycle. Hence both monodromy groups are either Dy or the cyclic group of order 4.
But the geometric monodromy group cannot be the cyclic group of order 4 as then
f would have the form a(z + b)* + ¢, so the geometric and arithmetic monodromy
groups are both Djy.

f.Q, is a middle extension sheaf [Katz, 1990, Lemma 7.3.2] and has finite mon-
odromy, so it is a sum of irreducible middle extension sheaves. Hence f.Q, splits
as a sum f,Q,/9.Q, + ¢.Q,/Q, + Q,. Because the 4-dimensional permutation rep-
resentation of D4 has three irreducible components, these three summands are all
geometrically irreducible. By Proposition [3.0.46] these sheaves have good reduction
away from some finite set of primes.

By Lemma f.Q, is a three-dimensional Gg-representation and g,Q, is one-
dimensional, so f.Q,/g.Q, is two-dimensional as a representation of Gg. Furthermore
Q, is a 0-dimensional representation of Gg as it is negligible, so ¢,Q,/Q, is a one-

dimensional representation of Gg. [
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Lemma 7.0.112. Let f = g o h be the composition of two quadratic polynomials but
not of the form a(xz+b)*+c. Let a be the leading coefficient of g. Let r1 be the critical
value of g and let ro be g applied to the critical value of h.
Then the Tannakian monodromy group of f.Qy[1] is contained in GL, x GLs,
acting by sum of the standard representations of GLy and G Lo, and contains 1 X .SLs.
The determinant character of the one-dimensional subrepresentation is d,,(xa) *

L, [1] and the determinant character of the two-dimensional subrepresentation is

5T1+T2(_1) & X2a-

Proof. The object f.Q,[1] is a sum of a one-dimensional representation and a two-
dimensional representation, so its monodromy group is contained in GL; x GLs.
Because f,Q,/9.Q, is geometrically irreducible, the two-dimensional representation
is Lie-irreducible by Lemma[4.0.83] so its Tannakian monodromy group contains S Ls.
Hence the Tannakian monodromy group contains a subgroup of GL; X G Ly that maps
subjectively onto S'Ls under the second projection, whose commutator subgroup must
be 1 x SL,.

We can compute the determinants using Lemma . By the chain rule, % =
%(w)fl—i(h(x)). So the three roots of % are the root of dh/dz and the inverse images

under A of the root of dg/dz. After applying f = g o h, the first is sent to 5 and the

last two are sent to 7. Let b be the leading coefficient of h, then ab? is the leading

coefficient of f. Hence by Lemma [7.0.109;

detT(f*@z[l]) = 52r1+r2(_1) @ X2ab2 * Ex[l] = 52r1+r2(_1) & X2q * ﬁx[l]

det T(g.Q,[1]) = 6, @ xa ¥ Ly[1]

Therefore:
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det " (£ Q[1]/9:Qe[1]) = Grpqry(—1) ® X24

Because ¢,Q,[1] and f.Q,[1]/¢.Q,[1] are the summands of f,Q, corresponding to
the one- and two-dimensional representations respectively, these last two equations

give the formula for the determinants of those two representations. m

Lemma [7.0.112] allows one to compute the conjectural distribution of 2p(/-Q¢)

VP
by following the definition of the adjusted Haar measure. First compute the map

d described in the definition of the Dirichlet measure, choosing det(g.Q,[1]) and
det(£.Q,[1]/9.Q,[1]) as the generating set of characters. The map d is a map from con-
gruence classes mod m for a suitable m to U(1) x U(1). Write d(r) = (dy(r),d2(1)) €
U(1) x U(1). For each r, take the distribution of the sum of the traces of a random
pair of matrices in U(1) x U(2) conditional on the determinant of the first matrix
being d;(r) and the determinant of the second matrix being dy(r). Since the first
matrix is precisely d;(r) and the second matrix is \/da(r) times a matrix in SU(2),
this distribution of the trace is the Sato-Tate measure rotated in the complex plane
by \/ds(r) and translated by d;(r). Then sum over all invertible r mod m and divide
by ¢(m).

For instance, take g(z) = 22 + x, h(z) = 22, f(z) = 2* + 2% Thena =1, r, =
—1/4, ro = 0. Then the determinant objects of ¢,Q, and f.Q,/g.Q, are d_y/4 * £, [1]

and 6_1/4(—1) ® Q(2). Hence we may take m = 8. By the definition of d:

e r=1mod 8 d(r) acts on L, as —1, on 0_y/4 as i, and on x, as 1, so dy = —i,

dgzi.

e r = 3 mod 8 d(r) acts on £, as —i, on d_j;4 as —i, and on X, as —1, so

dl = —1, dQZZ
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e r=5mod & d(r) acts on £, as —1, on d_y/4 as 4, and on x5 as —1, so d; = —i,

dy = —1.
e r=7mod8: d(r) actson L, as —i, on 6_1/4 as —i, and on x2) as 1, so d; = —1,
dy = —1.

So we expect the distribution of the trace of Frobenius to be equal to the distribu-
tion of z +yz where v € {—1,—i}, y € {V/i,v/—i}, and z € [~2,2] are independently
distributed: x and y uniformly distributed and z according to the Sato-Tate measure.
The exponential sum is minus that.

Or take g(z) = 222 +4x + 1, h(z) = 2> + z, f(x) = 2* + (z + 1)*. Here
a=2,r =—1,7 =1/8 Now the determinant objects are d_; ® x2 * £,[1] and

d_7/8(=1)®Q(2)), so we may again take m = 8. Recall that d(r) always acts trivially

on d_1, so:
e r=1mod8: d(r) actson L, as —1, on d_7/g as %, and on o as 1, so d; = —1,
1
dy = 4.

e r = 3 mod 8 d(r) acts on L, as —i, on d_7g as %, and on yy as —1, so

dlzi,dQZ%.

e r =5 mod 8 d(r) acts on L, as —1, on d_7/3 as _\1;;, and on ys as —1, so

dlzl,dgzﬂ.

V2
e r=7mod 8: d(r) acts on L, as —i, on d_7/g as 1—\%", and on xp as 1, so d; = —i,
_ 14
dy = 5.

Thus the distribution is a superposition of four translated and rotated copies of
the Sato-Tate distribution - we do not see a simpler description.
These two examples, as well as another case with D; monodromy that we do

not repeat here, occur in [Patterson, 2003, pp. 141], which is concerned with the
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distribution of exponential sums over Z/nZ rather than just Z/pZ. Patterson finds
empirically that the sums > > -, In e2mil @)/ associated to these three polyno-
mials with Dy monodromy show no more cancellation than that implied by the Weil
bound | Y, ., ,, 2™/ = O(n'/?*¢). This makes sense, as sums of this type do not
always cancel when averaged over the primes either. It is a consequence of Conjecture
that the average of the normalized exponential sum over the primes is equal to the

—1-i _

5 - though it can

average value of d;, which can be nonzero -for the first sum it is
also be zero, as in our second case. On the other hand, for general polynomials of
degree 4, Patterson expects the average over composites to be 0, and Conjecture
predicts that the average over the primes is 0. So there seems to be some relationship

between the average over primes and the average over composites, though not a direct

one - e.g. the averages need not always be equal.

As a final example of an interesting sheaf, consider a sheaf defined by an elliptic
surface. Let m : & — A! be an elliptic surface. Then we will consider the sheaf
R'7,Q,(1). When we put the surface in Weierstrauss form y? = 4% — go(t)x — g3(t),

this corresponds to the Legendre symbol sum:

(Z (41;3 ot~ gg<t>>>

x=0

1%~

Wets

P

We compute the Tannakian monodromy group in one instance. Let 7 : & — Al

2

be the “squared Dwork family” elliptic surface in P%, defined by the equation
Z

[1/3¢)
3ryz = t*(23 + y* + 23) in projective coordinates (z : y : 2) with parameter ¢. Let

F = R'7,Q,(1) be a sheaf on A%[l/i’)é]'

Lemma 7.0.113. For a prime p € {3,{}, Fr, is geometrically isomorphic to the
middle extension from G,, to Al of the pullback along the map [6] : t — t° of the
hypergeometric sheaf H(1;1,1; x3,X3) (in the notation of [Katz, |2007, pp. 3], where
X3 and Y5 are the two nontrivial cubic characters).
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Furthermore, Fo[l] is perverse of geometric origin and for each p & {3,(}, Fg, is

pure of weight 1.

Proof. £ is the pullback along the map t — t=2 of the elliptic surface with equation
(2° +y* + 2°) = 3\ayz

(using the new parameter A = ?). This surface is the variety X described in [Katz,
2009, pp. 2| in the special case n = 3,d = 3, W = (1,1,1). Our sheaf R'm,Q, is the

=2 into summands

same as what Katz refers to as Prim™ 2. He decomposes Prim
Prim’f,;vzv indexed by classes in (Z/dZ)y /W . Here (Z/dZ)g is the group of triples of
elements of Z/3 that sum to 0, and (Z/dZ)§/W is a cyclic group of three elements.
The only elements of (Z/dZ){ whose entries are all nonzero are (1,1,1) and (2,2, 2),
which both lie in the identity class in (Z/dZ)3 /W, so by [Katz, 2009, Lemma 3.1]
only Primg/}f, is nonzero.

To compute Primg/_m%, note the following (in the notation of [Katz, 2009, pp. 12]):
Because V' = 0 is trivial and all the w are 1, List(V,W) = {1,1,1}. Furthermore
List(all d)= {1, x3,X3}. Thus Hyw = H(xs, X3; 1, 1). Then by [Katz, 2009, Theorem
5.3], Pm’mg/_v%, is geometrically isomorphic over the open subset where it is lisse to
[3]*H(x3,X3; 1, 1). Pulling back along the map ¢ — ¢2 is equivalent to inverting the
coordinate of the hypergeometric sheaf, which is the same as switching the two sets
of characters, and then pulling back along [2], resulting in [6]*H (1, 1; x3, X3)-

It remains to check that F is actually a middle extension sheaf, so that it is
isomorphic to the middle extension of [6]*H (1, 1; x3,X3) everywhere, not just on the
open set where it is lisse. At each singular point of £, the special fiber of £ is the union
of three lines intersecting transversely, and hence by proper base change the stalk of

F has rank 1. By the description of F as a hypergeometric sheaf, at each singular

points its local monodromy is unipotent of rank 2, so the local monodromy invariants
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of F have rank 1. Thus it is sufficient to show that the map from stalks to local
monodromy invariants is injective. By the vanishing cycles long exact sequence, the
kernel of the map from the stalk of R'm,Q, at the special point to the stalk of R'7,Q,
at the general point is a quotient of H°(&,, R®,Q,). But H°(&,, R®,Q,) vanishes as
R®,Q, vanishes at smooth points and is supported in degree 1 at singular points by
the Picard-Lefschetz formula [Deligne and Katz, 1973, XV, Proposition 3.1.2(i)]

Now the other two claims:

Fo is a middle extension sheaf and is irreducible on the open set where it is
lisse because its j invariant is nonconstant. Hence Fg[l] is an irreducible perverse
sheaf. Thus it appears in the Jordan-Holder decomposition of PH?(Rm,Q,) and so is
of geometric origin.

The stalks of Fr, on the open set where it is lisse are Tate modules, hence pure
of weight —1, so F, [1] is pure of weight 0 on the open set where it is lisse. Because

Fr, is a middle extension sheaf, Fg, [1] is pure of weight 0 everywhere. O

Lemma 7.0.114. Let p # 3,{ be a prime. The Fourier transform of Fg, has geo-

metric monodromy group Go and the Tannakian monodromy group of Fg[l] contains

Ga.

Proof. By Lemma [7.0.113| F5 = [6]"H(¢; 1,15 x3,X3)- Let (1, X2, X3, X3, Xo: Xo) De
the characters of pg. Then by [Katz, (1990, Theorem 9.3.2] the Fourier transform of

[6]*%(7% 17 17 X37y3) is

[6]* Cancel (H(wa X3>Y3> 1a X2, X37y37 X67Y6; 17 1))

(canceling duplicate characters)
= [6]*H(¢, X37Y37 X25 X35 y37 X6, YG; 1)
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(tensoring with £,, does not change the pullback, and is equivalent to multiplying

each involved character by xo [Katz, |1990, (8.3.3)])

= [6]*%(wﬂ X67Y67 1a XG)YG) XS?Y?,; X2)

Let a = 8 = xg. Then

H(wa X67y6) 17 XG:YG? X37X3; X?) = H(¢7 ]-7 Q, /8) aﬁaau Ea @7 XQ)

Hence by [Katz, 2007, Theorem 3.1], this hypergeometric sheaf has geometric
monodromy group Gsg, so its pullback by [6] also has geometric monodromy group

G5. Thus by Lemma 4.0.60| the Tannakian monodromy group contains Gj. O]

The computations in Lemma [7.0.114] were shown to me by Nick Katz.
Lemma 7.0.115. The Tannakian monodromy group of Fo[l] is contained in G,, x G.

Proof. Consider the complex F[1] % F[1] % F[1] on A%u/ge]‘

The Fourier transform of its restriction to A}FP, FTy((F[1]* F[1]% F[1])g,) is equal
to (F T¢(]-']Fp[1]))®3 [Brylinski, |1986, Corollary 9.6]. As the Fourier transform of F
has geometric monodromy group Gy on G,,, its third tensor power has a constant
summand when restricted to the open set G,,.

The stalk of at the point 0 of F'T;((F[1]+ F[1]* F[1])r,) is equal to H:(A%p, F1]*
F[1]* F[1]) = Hj(A%p, F[1])®3 which is concentrated in degree 0 because Hé(A%p, F)
vanishes for ¢ # 1. Hence FT,((F[1] * F[1] %, F[1])g,) is concentrated in degree 0.

We have just seen that FT,((F[1] * F[1] %) F[1])r,) has a nontrivial map to the
constant sheaf Q, on the open set G,,, hence it has a nontrivial map to the constant
sheaf Q, everywhere by the adjunction Homp: (F Ty ((F[1] % F[1] * F[1])r,), j:Q,) =
Homg,,, (j* FTy((F[1] % F[1] 1 F[1])r, ), Q;) because j.Q, = Q. Thus (F[1]+ F[1] %

F [H)Fp has a nontrivial map to the skyscraper sheaf at 0.
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Because Fgll] is irreducible and nonconstant, by Lemma it has property
P, hence Fo[l] # Fo[l] # Fo[l] a perverse sheaf on Ag. So the generic fiber of
F (1] % F[1] %, F[1] is perverse. Therefore the fiber over all but finitely many primes
is perverse. At these primes p, Fg [1] x Fg [1] * F5 [1] is a perverse sheaf with a
nontrivial map to the skyscraper sheaf at 0, hence has a nonzero stalk in degree 0
at the point 0. Since this occurs for infinitely many primes, F[1] % F[1] % F[1] has
a nonzero stalk in degree 0 at the point 0 over @, hence maps nontrivially to the
skyscraper sheaf o ® V' at 0, where V' is the stalk of F[1] % F[1] % F[1] at 0, viewed
as a Galois representation.

Thus the geometric Tannakian monodromy group of F fixes some trilinear form,
so since the geometric monodromy group contains G5 it must fix up to scaling the
unique form fixed by G5, which means the geometric monodromy group is G5, and

the arithmetic monodromy group is contained in the normalizer of G5, which is G,,, X

Gs. m
The argument in Lemma {7.0.115|is adapted from [Katz, 1990, Theorem 14.6].
Lemma 7.0.116. The Tannakian dual of Fg[l] is equal to Fol[l].

Proof. By Proposition [3.0.22] (Fo[1])” = [1]* DFg[1]. By the Weil pairing, DFg[1] =
Fo[l]. By the symmetry of £, [—-1]*Fp[l] = Fg[l].
O

Lemma 7.0.117. Let j : A' — P! be the open immersion. The determinant of the

Galois representation H} (]P’}@, J«F) s trivial.

Proof. Tt is sufficient to show that, for p sufficiently large, the determinant of the
action of Frob, on H} (IE%, J«F) is 1. The characteristic polynomial of Frob, is the
L-function of the elliptic curve &€ over F,(¢). The dimension of H} (P}@, J«F) is minus
the Euler characteristic of j,F. Because j*F is a sheaf of rank 2 on P! with a drop of

1 at 7 singular points, its Euler characteristic is 2x 2 —7 x 1 = —3, so H! (IP’}@, J«F)
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has dimension 3 and the L-function of £ has degree 3. Therefore the determinant of
the action of Frob, on H} (IP’}@, J«F) is minus the epsilon factor of this elliptic curve.
So it is sufficient to show that for large p, the epsilon factor is —1.

The epsilon factor is a product of the local epsilon factors over the singular fibers,
where fibers over closed points, not geometric points, are considered. For a semistable
fiber, the epsilon factor is —1 for split curves and +1 for non-split curves [Kramer
and Tunnel, 1982, 2.1.7], as the Weil-Deligne representation has the form sp(2) ® x
for y trivial if the fiber is split and y unramified quadratic if the fiber is non-split.
All the singular fibers are semistable. There is an involution ¢ — —t of the elliptic
surface. This involution sends split fibers to split and non-split to non-split, so all the
epsilon factors of fibers not fixed by this involution cancel. The only closed singular
point fixed by the involution is 0, as no 6th root of unity is Galois conjugate to its

own negation. The fiber at 0, which is a curve with equation xyz = 0, is split, so the

local epsilon factor is —1, and the global factor is —1 as desired. O]
Lemma 7.0.118. The Tannakian determinant of Fgll] is 0.

Proof. First, because £ has good reduction at oo, the local monodromy of Fg at oo is
trivial, so by Lemma the Tannakian determinant of Fg[1] has the form 6, @ V.
Second, £ has semistable reduction at the 6th roots of unity and 0, so F has drop 1
at those 7 points. Their sum is 0, so by Lemma r is 0.

Finally, we show that V is trivial using Lemma [4.0.68] Let A = F[1]. Let W be
the Tate module of the elliptic curve with equation x® 4+ + 23 = 0, and let B be the
constant sheaf W[1]. Then A and B have the same, trivial, local monodromy at oo
and the same Galois action on that local monodromy representation. Hence we can
apply Lemma . Observe that HZ(Ag, F) = 0, H,(Ag, W) = 0, and det”(B) = 1
so Vg = 1. This Lemma simplifies to the formula

V= det (Hg (AL, ]-")) ® (HE(A}@, W)) .
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Observe that H, CZ(A}@, W) = W(—1) and its determinant, by the Weil pairing, is
Q¢(—1). Observe also that for the inclusion j : A' — P!, H! (A}@, F) is the extension
of H! (IP’}@, J«F) by W and so its determinant is the determinant of H1; (P, j.F) times
the determinant of W. By Lemma [7.0.117| the determinant of H; (Pg, j..F) is trivial

and the determinant of W is Q,(1). Hence V = V, is trivial. O
Lemma 7.0.119. The Tannakian monodromy group of Fo[l] is equal to Gs.

Proof. The Tannkian monodromy group is a subgroup of G,, X G2 (Lemma ,
containing G (Lemma [7.0.114)), whose standard representation is self-dual (Lemma
and whose determinant is trivial (Lemma [7.0.118). Because the standard
representation is self-dual, it must fix the unique G-invariant bilinear form, and hence
lie in £1 X G5. As the determinant of elements in —1 x G5 is —1, the Tannakian

monodromy group must be Gs.
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Chapter 8

Automorphic Forms and

L-functions

In this chapter we discuss a few broad questions related to our main conjecture.
What strategies are available for proving new cases of our conjecture? Can suitable
L-functions be used to attack it? Might some cases of Conjecture 1 actually follow
trivially from cases of the generalized Sato-Tate conjecture? Might cases of Conjecture
1 follow from equidistribution conjectures on automorphic forms?

It is known that the generalized Sato-Tate conjecture would follow from the ex-
istence of analytic continuations of the L-functions of all Galois representations of
geometric origin, which itself would follow from the Langlands program. The Sato-
Tate conjecture for non-CM elliptic curves over totally real fields was proved in [Harris
et al, 2011, Corollary 8.9] by proving potential automorphy, and thus meromorphic
continuation, for the necessary Galois representations, and further advances in the
Langlands program might resolve more cases of the generalized Sato-Tate conjecture.

Two nontrivial, unmotivated cases of Conjecture |1/ have been resolved - the distri-
bution of Kummer sums by Heath-Brown and Patterson| [1979, Theorem 2], and the

distribution of roots of a quadratic congruence by |Duke et al|[1995, Theorem on pp.
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2]. Both proofs rely critically on viewing the exponential sum over F,, as a special case
of a more general sum over Z/n - this is noted g(c) in [Heath-Brown and Patterson),
1979] and pp(n) in [Duke et al. [1995]. One then evaluates the sum of this function
where n varies in an arithmetic progression, and more intricate sums involving bi-
linear or trilinear forms [Heath-Brown and Patterson, 1979, pp. 117] [Duke et al.|
1995 pp. 425]. These are combined with Vaughan’s identity in [Heath-Brown and
Patterson, 1979] and a combinatorial identity in [Duke et al., [1995] to sieve out the
primes and get the desired equidistribution statement. In both cases, the sums g(c)
and pp(n) are the Fourier coefficients of metaplectic automorphic forms [Heath-Brown
and Patterson, |1979, pp. 125].

One might try to apply a similar strategy to more general cases of Conjecture [I]
There are natural ways to extend many of the functions p — a,(F) from primes to
general natural numbers, but as far as we know, there is no reason to expect general

exponential sums a,(F) to be connected to automorphic forms.

Next we will consider the following question:

For which sheaves F does there exist a Galois representation V' such that a,(F) =
tr(Frob,, V) for all but finitely many primes p?

For such sheaves our equidistribution question was really a motivated equidistri-
bution question all along, and the distinctions we have drawn between that question
and the generalized Sato-Tate conjecture would disappear.

When F is a skyscraper sheaf 6o ® V', or is equivalent to a skyscraper sheaf modulo
constant sheaves, we have a,(F) = tr(Frob,, V) for all p. We suspect that these are
the only examples of F with a,(F) = tr(Frob,, V).

We will provide some evidence for this. Our strategy will be to show that for a
Galois representation V/, the function p — tr(Frob,, V) has a certain property that
p > ay(F) does not have for more general F. We will show this property, namely

that there exists a single number field containing tr(Frob,, V') for all p, only assuming
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V' is a Galois representation of geometric origin and conditional on standard number-

theoretic conjectures.

Lemma 8.0.120. Let V be a (-adic Galois representation of geometric origin over
Q. Assume the Tate conjecture and the semisimplicity conjecture for -adic cohomol-
ogy. Then there is a number field K such that for all but finitely many primes p,

tr(Frob,, V') is contained in K.

Proof. By the definition of geometric origin, V' is a subquotient of H*(Xg, Q,) for
some smooth projective variety X over Q. Assuming the semisimplicity conjec-
ture, V is in fact a summand of H*(X,Q,). So there is some Galois-equivariant
endomorphism e of H*(Xg, Q,) that projects idempotently onto V. Assuming
the Tate conjecture, that projector is a Q,-linear combination of the classes in
Hom(H*(Xg, Q,), H*(Xg, Q,)) of algebraic cycles on X x X of dimension dim X.
Let R be the subalgebra of Hom(H*(X¢,Q), H*(X¢,Q)) generated by algebraic
cycle classes. Then because (-adic etale cohomology is isomorphic to singular coho-
mology tensored with Q,, R ® Q, is the subalgebra of Hom(H*(Xg, Q,), H* (X Q)
generated by algebraic cycle classes. By the Tate conjecture, R ® Q, is the algebra
of Galois-equivariant endomorphisms of H*(Xg, Q,) which by the semisimplicity con-
jecture is a semisimple algebra. The algebra R is also finite-dimensional over @, and
hence a finite-dimensional semisimple algebra. Thus R®Q), is isomorphic to a product
of matrix algebras [], M, and this isomorphism sends the idempotent projector e to
a tuple of idempotent matrices (e;). Any element e’ of [ [, M,, whose ith component
e, is idempotent of the same rank as e; for all 7 is a projector onto an isomorphic rep-
resentation: Since all idempotent matrices of the same rank are conjugate, for each
i there is a matrix that conjugates e, to e;, hence there is a tuple of matrices that
conjugates ¢’ to e, and this automorphism of H*(X,Q,) restricts to an isomorphism

between the image of ¢’ and the image of e.

157



Let K be a number field such that R ® K is a product of matrix algebras. Then
there is an element ¢’ of R ® K whose ith component has the same rank as e; for all
1. Thus €' is a K-linear combination of algebraic cycle classes such that ¢ forms an
idempotent projector onto a representation isomorphic to V.

Thus tr(Frob,, V') = tr(e’ Frob,, H*(X,Q,))). For all primes p where X has good
reduction, this is equal to the trace of the same operator on H* (XE),@@). Over XFP,
Frob, is an algebraic cycle class so e’ Frob, is a K-linear combination of algebraic
cycle classes and thus tr(e’ Frob,, H* (XFpa@e)) is a K-linear combination of traces of
algebraic cycles on cohomology. The trace of an algebraic cycle on cohomology is an

intersection number, hence an integer. Therefore the trace of Frobenius lies in K. [J

We can show under mild assumptions on F that there is no fixed number field
containing a,(F) for all primes p. For such an F, this suggests that a,(F) is not the

trace of a Galois representation of geometric origin:

Proposition 8.0.121. Let F be a constructible ¢-adic sheaf on AE[I/M such that Fg
1s a middle extension sheaf. Suppose that there is a number field K such that for all
primes p not dividing N and all points © € F,, tr(Frob,, F,z) € K. Suppose also
that Fg on Ag is not the middle extension of a lisse sheaf on Gy, with unipotent
local monodromy at 0.

Then there is no number field L such that the sum a,(F) is contained in L for all

but finitely many primes p.

Proof. Assume that the a,(F) are contained in some number field L for all but finitely
many p. By increasing N if necessary, we may assume that a,(F) is contained in
L for all p not dividing N. Take p, not dividing N, large enough that Q(u,) is
disjoint from KL, e.g. if p is unramified in K'L. The Galois group Gal(Q(u,)|Q) =
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Gal(K L(p,)| K L) is isomorphic to (Z/p)*. An element o € (Z/p)* acts on

3

e*™v tr(Frob,, F, )

-1
a, =

x=0
by fixing tr(Frob,, F, z) and replacing ™5 by e*™% . Because a, € L, a, is fixed by

this action, so for all o € F,
p—1
a, = Z ¢*™% tr(Frob,, F, x)
=0

In other words the finite Fourier transform of the function = +— tr(Frob,, F,x) is
constant away from 0. It follows by applying the inverse Fourier transform that
x +— tr(Frob,, F,x) is constant away from 0.

Let x and y be two nonzero algebraic numbers. For all but finitely many of the
primes p that split in Q(z,y), tr(Frob,, Fr,, x) = tr(Frob,, Fg,,y). Let F, and F, be
the stalks of Fg at z and y. Because F is a constructible sheaf, for all but finitely
many p that split in Q(z,y), F, and F, are unramified at p and tr(Frob,, F,) =
tr(Frob,, F,). Apply this to a sequence of p such that their conjugacy classes of
Frobenius acting on the stalks F, and F, converge (-adically to the identity, so that
their traces converge f-adically to the rank. It follows that rank(F,) = rank(F,).
Hence F has constant rank away from 0.

Because Fg is a middle extension sheaf, it is lisse away from 0.

Therefore, after base change to some cyclotomic field, F is the middle extension
from G, to A! of an iterated extension of Kummer sheaves £,, tensored with Galois

representations V;. So for p sufficiently large and split in that cyclotomic field:

tr(Frob,, F,z) = Ztr(Frobp, V;) tr(Froby,, £,,, z) = Z tr(Frob,, Vi)xi(x)

i=1 =1
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In this formula we may assume that no x; appears twice by combining those terms and
summing the representations V;. For p sufficiently large, tr(Frob,, F,x) is constant
away form 0. By linear independences of characters, this implies that tr(Frob,, V;) =0
whenever y; is nontrivial. Because this holds for all sufficiently large p split in the
cyclotomic field, V; must be zero whenever x; is nontrivial. So the only £, that
appears in the decomposition of F is the trivial sheaf.

Hence F is a middle extension from G,,, to A' of an iterated extension of constant
sheaves tensored with Galois representations, thus a middle extension of a sheaf with

unipotent geometric monodromy. [

The two hypotheses on F this theorem can be easily checked in practice. For
instance the sheaf f*£, for f a nonconstant polynomial with no repeated roots and
x the standard quadratic character has its trace function contained in Q and does

not have unipotent geometric monodromy.

Instead of asking whether a,(F) are traces of Frobenius of a Galois representation,
we could ask whether they are the Hecke eigenvalues of an automorphic form on GL,,
so that a,(F) would have an automorphic L-function. For Kloosterman sums, this
question was asked by Katz |1980, Question 1.2.5.3].

One reason to hope that the a,(F) are Hecke eigenvalues is that it might allow
one to find a connection between our group Gg and the conjectural group Lg whose
representations should classify automorphic forms over QQ, as described by |Arthur
[2002]. Most optimistically, Gg would be a quotient of Lg. However, we do not
expect that a,(F) are the Hecke eigenvalues of an automorphic form (except when
they are equal to the Frobenius traces of a Galois representation), and so we do not
see any relationship between the two groups.

We can’t completely rule out the possibility of describing a,(F) in this way, but we

can prove some results that make it seem unlikely. First, observe that any automor-
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phic form that contributes to the cohomology of a locally symmetric space must have
its Hecke eigenvalues all contained in some fixed number field as each Hecke eigen-
vector is an eigenvector of an algebra acting on a finite-dimensional QQ-vector space
and so is defined over a finite extension of QQ . So whenever F satisfies the hypotheses
of Proposition , a,(F) cannot be Hecke eigenvalues of an automorphic form
appearing in cohomology.

We do not know any method to definitely rule out the existence of a non-
cohomological automorphic form having a,(F) as its eigenvalues. However, the
methods of Booker| [2000, Section 3| can rule out the existence of automorphic forms
on a given group with Hecke eigenvalues a,(F) if one imposes an upper bound on
both the level and the eigenvalue of the Laplacian. For instance, Booker| [2000),
Theorem 1.1] showed that the Kloosterman sum K/(1,1; p) does not equal the Hecke
eigenvalues of a Maass form of level N and eigenvalue A unless N(A+3) > 18.3 x 10°.
One could perform the same computation on any other exponential sum and hope to

get a similar bound, but never actually rule out automorphy.
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Chapter 9

Numerical Experiments

In this chapter we collect some experimental data on cases of Conjecture [I|that, as far
as we know, have not been considered or tested before. The goal is to demonstrate the
plausibility of the conjecture beyond the previously-studied cases of it. In particular,
we would like to find evidence to support the predictions of Chapter 7.

For each class of sheaves discussed in Chapter 7, we took some of the simplest
nontrivial cases of it, computed the value of a, for the first several primes, and
compared those values to the predicted distribution. The comparison we used was a
Kolmogorov-Smirnov test |[Gnedenko, 1967, pp. 450-451] [Press et al., (1988, pp. 490-
492]. This statistical test measures the difference between the predicted and observed
distribution of a real-valued random variable by computing the supremum of the
distance of the cumulative distribution functions of the two distribution. Because this
test only allows for a single real variable, when studying a complex-valued distribution
we perform the test on the real and imaginary parts separately.

We can describe the output of the Kolmogorov-Smirnov test in at least three ways.
First, we can simply state the “discrepancy”, the supremum of the difference between
the cumulative distribution functions. Second, we can take the Kolmogorov-Smirnov

statistic, which is the product of the discrepancy and the square root of the number
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of data points. This square root was chosen because the expected discrepancy were
the data actually a random sample from the distribution would be proportional to
the inverse of the square root of the number of data points. This product is called
the Kolmogorov-Smirnov statistic. Third, we can compute the p-value, which is
the probability that a larger Kolmogorov-Smirnov statistic would occur in a random
sample. When the discrepancy and Kolmogorov-Smirnov statistic are small and the
p-value is large, the data closely matches the distribution.

We also include some histograms to give a picture of how close the predicted and
actual distributions are, but this does not represent the best statistical test because
it involves arbitrarily splitting the data into bins.

If the Kolmogorov-Smirnov statistic is large this does not necessarily imply that
the data is not converging to the distribution. It only means that the discrepancy
between the observed data and the predicted distribution is greater than what one
would expect for random data. The data arising from a number-theoretic computation
is not random, and the error could converge to zero at some rate slower than the
rate at which the error of random data converges to zero. This would represent a
sequence with a substantial small-number bias: The distribution of a, for a random
large prime p would be similar to the predicted distribution, but the distribution of a,
for a random small prime is biased away from it. An example of this is the Kummer
sum, which is believed to have small-number bias [Patterson, 1978, Conjecture on pp.
2]. This (conjectural) bias was very significant in the numerical data computed by
Kummer |[Kummer, 1846, pp. 353], causing him to make an inaccurate conjecture on
the distribution of his sum. In most of the cases we studied, we observed no small-
number bias. However, in a few of the cases, we expected and observed substantial

small-number bias. These sums were of the form:

3
L

e2mif(x)/p

8
Il
=)
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. . .. -1 ;3
for a quartic polynomial f, and hence are similar to the Kummer sum ) "_ e*™* /.

We will describe the heuristic we used to estimate the size of this bias, and the more
forgiving numerical tests we used to test the conjecture in those cases, in Chapter 10.

In this chapter, we will describe all the better-behaved numerical tests:

First, we considered Proposition We checked whether the locations of
the roots of a monic irreducible polynomial mod p are independent of the splitting
behavior of p in a number field. For a quadratic polynomial and a number field
abelian over Q, this was already known by [T6th, 2000, Theorem 1.2]. Thus we
chose to study the case of a quadratic polynomial and a cubic number field, and we
used the quadratic polynomials and cubic number fields with the smallest possible
discriminants: polynomials 2%+ 1, 22 + 2+ 1, 2% — 2 — 1 and number fields Q(x)/(z* +
22 —1), Qx)/(z® +2—1), Qx)/(z3 —2? + x + 1).

For each of these three cubic fields and for each conjugacy class in S3, we found
all the primes among the first 50,000 primes whose Frobenius element was in that
conjugacy class. For each prime, we found the smallest positive integer root modulo p
of each of these three quadratic polynomials that has a root modulo p and divided it
by p. The predicted distribution from Proposition |7.0.100]is that, for each cubic field,
each conjugacy class, and each quadratic polynomial, the normalized first root of that
polynomial modulo primes in that conjugacy class should be distributed according
to the uniform distribution on [0,1/2]. For each triple we performed a Kolmogorov-
Smirnov test of the data against the distribution, so that there were 27 tests in total.
Each test used a subset of the primes - between 4,098 and 12,575 primes. The
lowest p-value we obtained was .09. Since we performed 27 different tests, this is
clear evidence that our conjecture fits the data, at least in this range. The largest
normalized Kolmogorv-Smirnov statistic was 1.243 and the largest discrepancy was

.018494.
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Figure 9.1:
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Next we considered the “twisted elliptic curve” sum:
1

- (4$ —92$—g3) 27rz%
=0

xT

The distribution of this sum, suitably normalized, was predicted in Proposition
to follow the Haar measure on SO3 or SUs, depending on whether g3 = 0.
We sought examples of both distributions. For g3 = 0, we chose the elliptic curve
y? = 2® — x, computed this sum for the first 50,000 primes, divided it by the nor-
malizing factor (y/p if p = 1 modulo 4 and —i,/p if p = 3 modulo 4), and compared
it to the Haar measure on SOj3. The Kolmogorv-Smirnov statistic gave a p-value of
.38, well within the range of random variation. In terms of histograms, once can see
that this represents an almost perfect match:

The distribution function of the image of the Haar measure of SO(3) under the

1 [3—z

trace map is 5-/5=7, which has a pole at x = —1, explaining why the distribution

is so lopsided.
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Figure 9.2:
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For g3 # 0, we chose 9 simple curves. The method for determining which elliptic
curves are simple was somewhat arbitrary - we chose curves with the smallest coeffi-
3

cients from the isogeny classes of the smallest conductor. These were 3? —y = 2° — 22,

3 2

y2—y = x3+x, yQ—xy—x = —xQ, yQ—xy—y = x3+x2+x, y2—y =13 -2 -,
V=2 —a? 4yt —ay =23 —x,y* = 2*+2°—x, and y? —zy—y = 23. We then per-
formed the standard change of variables to put them in the form y? = 423 — gox — g3,
and computed the sum a, for the first 10,000 primes. For each curve, we compared
the distribution of the real and imaginary parts of the normalized sum against the dis-
tribution of the real and imaginary parts of a random element of SU;. Since no exact
formula is available, we used a Monte Carlo method to estimate these distributions
[Mezzadri, 2007, pp. 597]. Thus there were 18 Kolmogorov-Smirnov tests in total.
The lowest two p-values were .024, for the imaginary part of the y*—zy—y = 2*+22+x

3 _ 22 — £ sum. This number of false

sum, and .027, for the real part of the y> —y = x
positives is reasonable for 18 tests. By the definition of p-value, were the a, totally
random, the probability that we would get a p-value less than .05 is .05. With 18

tests, we expect .9 p-values less than .5, and getting 2 instead is not a large deviation.
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The next-smallest were a p-value of .059 for the real part of y> —y = 2® + x and a
p-value of .105 for the real part of y? —y = 23 — 22, All of these reflect a discrepancy
of at most .015 and a Kolmogorov-Smirnov statistic of at most 1.5.

We also studied a sum related to an elliptic surface that conjecturally gives G,
equidistribution (Lemma. The relevant sum is easier to compute if the surface

is in Weierstrass form. One Weierstrass form is:

3y? = 2 — (34 24t%)z + 2 — 40t° — 16¢"

(One can check that this is the same elliptic surface easily by comparing the singular
fibers, and then observing that this elliptic surface is determined by its singular fibers
up to a quadratic twist, and comparing the fibers at 0 to check that the quadratic
twist is trivial.) We computed the sum for the first 1000 primes and compared it
to the Haar measure on (G5, which we estimated by using a Monte Carlo method
to approximate the Weyl integration formula. The p-value obtained was .85 - the
data fit the distribution almost exactly, given the small amount of data. In terms of
histograms, compare the data for the first 1000 primes and a Monte Carlo sample of

100,000 random matrices:
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Chapter 10

Small-Number Bias

Let F be a constructible ¢-adic sheaf on A;[ ] that is pure of weight w. Suppose

1
N

that Conjecture [2] implies that

ooy 2}
. p<N w/2

=0
N—oo 71'(N)

and suppose that we believe Conjecture 2. How quickly do we expect this fraction goes

to 0 as a function of N7 The most ambitious guess would be that it satisfies square-

2 p<N ap(F)/p/? _ O(N—1/2+e)

root. cancellation, so that we have a bound of the form )

for each € > 0. If for some F the sum converges to 0, but does not satisfy a bound of
that form, then we say that F has small-number bias.

The question of which sheaves have square-root cancellation and which have small-
number bias is interesting not just for reasons of curiosity, but because it tells us how
to properly interpret a Kolmogorov-Smirnov test. Let F be a sheaf, pure of weight
w, and of Tannakian dimension n. Furthermore assume for simplicity that a,(F) is
always real. Then a,(F)/p®/? is a real number in the interval [-n,n]. Let u be a

measure on [—n,n]. Consider the discrepancy dy of the uniform measure on the set
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{a,(F)/p*“/?|p < N} and the measure p. Then by integration by parts:

()i ([ o i s

Applying the same formula to the measure that puts weight ﬁ on a,(F) for each

p < N, we obtain

" (Help < N, ay(F)/p*"? < a}| T = DpeN a,(F)/p*/? n

—-n

Therefore:

>pen @p(F) /P
)

n
</
-n

Let Ky = /m(N)dy be the Kolmogorov-Smirnov statistic. Then we have

yd,uy W(N)

—n

_ ‘/" (I{plp< N, ay(F)/p""? < a}| _/“” du) I

{plp < N, ap(F)/p** <a} /:” ”

(V) dr < / dydzr < 2ndy

—n

< 2" gy
m(N)

Zp<N ap(f>/pw/2
7T(N) _/ydﬂy

Hence if the left side is not bounded by N~'/2*¢ the Kolmogorv-Smirnov statistic
must grow faster than N¢. Hence the sheaf will fail the Kolmogorov-Smirnov test by
an arbitrarily large amount, even if a,(F) is equidistributed according to p.

For most of the sums we considered, there is no reason to expect small number
bias, and indeed our predictions for those sheaves passed the Kolmogorov-Smirnov
test. However there is one family of sums for which we have good reason to expect
significant bias.

The exponential sums in question are the sums Zmer e?™/ @)/ for polynomials

f(z), corresponding to the sheaves f,Q,. For the same sum over Z/n instead of over
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F,, [Patterson, 2003, Conjecture 4.1] gave a conjectural formula for the average of
Y sez /n e?™ @)/ over n < N. The cubic and quartic cases of this conjecture are not
known, but a modified version where the sum is taken over Ok /c for Ok the ring of
integers of a fixed number field K and ¢ an element of Ok - by [Livné and Patterson,
2002, Theorem 1.2] for cubic polynomials with K = Q(u3) and by |[Herman| 2013,
Theorem 1.3] for quartic polynomials with K = Q(us).

A heuristic argument suggests that an analogue of Patterson’s conjecture holds in
our situation. Patterson predicts that, for f a polynomial of degree d, not satisfying

the equation f(x) = f(a — z) for any rational a, there is a constant C; such that:

D oceN erZ/c emiftel/e
N

= CyNY* +o(NYY)

and gives a formula for the constant C}.
The heuristic implies that f a polynomial of degree d, there is a constant C'y such

that
S wcF e2mif(x)/p
z€Fp
Zp<N \/ﬁ

_ O, NVd-1/2 N1/d=1/2
7T(N) f + O( )

These formulas are very similar except that our exponent is reduced by 1/2 because
we have divided our sum by ,/p. Also, our heuristic suggests that the same formula
holds for all polynomials - we will use additional information to restrict its application.
As a simple test of this heuristic, note that, in the case d = 2 this heuristic suggests

that the average over all primes

Syer, €7@/
_=<pr @

m Zp<N N
N—o0 W(N)

:Cf

may be nonzero. This suggestion is correct: For f a quadratic polynomial, e/ (®)/p

is a Gauss sum, and the average over primes of normalized Gauss sums is nonzero.
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We do not conjecture that this heuristic is precisely correct, and certainly not for
all polynomials. After we derive the heuristic we will describe why it is incomplete.

Now we explain the heuristic. Recall that we are estimating the sum

; ()
25;1 27 P
D open ==
m(N)

The heuristic is based on the idea that we can divide the inner sum ) |
into sums over two regions. We can evaluate the sum over the first region explicitly
and show that it does not cancel when summed over p. We do not have a simple
formula for the sum over the second region and so we optimistically predict that the
sum on that region behaves randomly and cancels when summed over p. Under that
assumption, the contribution from the first region will be larger than the second and
so will dominate the size of the sum.

The first region consist of all z in the interval [—p'/¥* p!/a+9] for any § with

0 < § < 1/d?, and the second region is the remainder.

Lemma 10.0.122. Let f(x) = agz® + aq_12% "t + - + ag. Assume that for all i,

la;| < A. Then for any positive real C,

o L) 1/d “ 2miagr? d
Z e —p e ™ dy| < 2+ 8TAC
-C

€L, |x|<Cpl/d

Proof. If |z| < Cp'/?® then

flx)  agx? e a;x? G a;x® C— oy J J
== <> < ACH/r < dACtpY
p p i— P i | P i=0
hence
omi £@) 9ri 22

er —e P SQWdACd_lp_l/d
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SO

M .admd
Z 627m i Z 6271'1 > < 47TdACd

©€Z,|x|<Cpt/d 2€ZL,|x|<Cpl/d

Moreover if |z| < Cp'/? then

. dadxd_l 27mi adacd
————¢€

21
p

< 2ndACd1p=1/d

d Qm‘“d”d '
—e f—

dz !

‘ dagr®1!

p

Hence by the bound for the error term in Riemann integration:

cpt/t
N da| < 2420V (2rd ACT YY) = 244700 A

d
.ade
z : 627”73’ _/

_Opl/d
z€Z,|z|<Cpl/d Cr

By change of variables

Cpl/d agad C .,

o .

/ ey dr = pl/d/ e2miaaT’ qy.
—Cpl/d —C

SO:

2mi £2) 1/d ¢ 2miagz? d
Z e —p e“mMat dy| < 2+ 8w AC
-C

2€Z,|z|<Cpl/d

Lemma 10.0.123. Let C, D be real numbers with D > C' > 0.

¢ d b d
‘/ 627Tzad;t dl’-/ €2mad:c dax
—-C —D

Proof. This difference is equal to fé) e2miaar? go. 4 f:g e2miaar’ gy Because the two

«_ 2
~ mdagCd1

terms are conjugate to each other, it suffices to prove the bound

D ) 1
2miagx
e de| < ————
/C ‘ ~ wdagCd1
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2miagz?d 2miagr?

By integration by parts with u = v=e , we have udv = e

1
2midagxd—1"

SO

2miagrd
e d

Xz

/D —(d _ 1)627riadmd

c 2midagr?

D
/ 627riadxddaz
C

_ L S /D d—1 1 1 1 1
_27rdadC’d—1 27TdadDd_1

2midagrd—! o

o 2mdagr? v 27TdadC'd—1+27rdadC’d—1 " 9ndagDit T wdagCit

as desired. O

It immediately follows that the limit limec_ s LCC e2miaar? o exists. Let M, be

this limit, we taking D to oo we have

© a 2
2miagx
e de — M, 4 < ———
‘/;C wd) = WdadC’d_l

Corollary 10.0.124. Let § satisfy 0 < 6 < 1/d?. Then we have

(@)
Z 627r7,T :pl/dMa,d —f-O(pl/d)

TEZL,|z|<pl/d+s

Proof. By Lemma [10.0.122f

)

2mi £2) va 7 amicar? ds
E e —p e dr| <2+ 87Ap
,pé

€L, |x|<pl/dts

By Lemma [10.0.123

pd 1/d—(d—1)8
pl/d/ p2miaqz? g, pl/dMa,d < 2p
,pé

s dad

By assumption § < 1/d2 so 2 + 67 Ap® = o(p'/?) and § > 0 so 2L 00 — o(pl/d).

wdag

The claim follows. O

Now we can split our sum:
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§ :6271'1 y — § : e?m P4 2 : 627m »

z=0 TEZL,|x|<pl/d+o x€Z,pt/d+o<g<p—pl/d+s
The first term is what we have an asymptotic for, from Corollary [10.0.124] For
the second term we only have a bound - it is of size O(,/p), because the complete sum
is O(/p) by the Weil bound and the first part is o(,/p), so their difference remains
O(y/p). The second term, however, appears to behave randomly. Our heuristic is
that, summing over p < N, the second term has square root cancellation. This

implies:

1) mi L&) 2mi L&)
p p

Z Zm;o (& P B Z erz7|$|<p1/d+6 € i Z x€Z7pl/d+5§x§p_p1/d+6 e
p<N \/ﬁ p<N \/ﬁ p<N \/2_9

(by Corollary [10.0.124] and by heuristic assumption)

_ Z (pl/d_l/QMa,d +o <p1/d—1/2)) +0 (N1/2+5)

p<N

= M, Zpl/d 1/2+Z l/d 1/2 +O(N1/2+€)

p<N p<N

1/d—1/2 . 7.l.(]\])]vl/d—l/Z

(using the prime number theorem to show that 3 = T

o(m(N)N/4=1/2)

p<Np

7.‘.(]\f)j\jfl/d—l/Z e 3
., NN /d—1/2 N Nl/d 1/2 N1/2+e
,d(—l/d+1/2 + o (m(N) ) ) +o(m(N) ) +0( )
(taking € < 1/d, we may group the error terms)

M, q

= a1z WV o (n(N)NHE)
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So our heuristic estimate is:
(@)
Zs;l 627” D
Zp<N 0\/13 _ Ma,d
m(N) 1/d+1/2

NVa=1/2 ¢, (N1/d—1/2)

This gives a simple picture of the decline rate we might expect for these sums. How-
ever, there are some additional complexities that this picture does not account for,
which suggest ways the heuristic could be changed.

First, we could modify the heuristic so that the first term is not just the sum
over the interval |z| < p'/4+% but is the sum over a disjoint union of intervals of the
form |z — ab™'| < pY/4t1/% for all pairs of integers (a,b), satisfying 0 < a < b < p°
(analogous to the major arcs in the circle method). This short sum can be estimated
as an adelic integral, and by evaluating it we would obtain a more refined heuristic
formula for the constant in the leading term. The leading term would again be a
constant times N'/?1/2 but the constant would be an oscillatory adelic integral,
similar to the formula of [Patterson, 2005, Conjecture 2.2, connected to integral on
pp. 93]. Because the exact constant term is not important here, we will not go into
detail about this more difficult argument.

Second, the heuristic does not tell us what to do when f,Q, splits into a direct
sum of sheaves. For instance, suppose f is equal to a composition f = g o h. Then
9:Qy is a summand of f,Q,. Because the degree of ¢ is less than the degree of f, the
heuristic predicts that the average of a,(g.Q,) over primes p < N will be much larger
than the average of a,(f.Q,). This is only possible if the average of a,(f.Q/g.Q,)
over primes p < N is almost exactly the same size as the average of a,( 1.Q,), but of
the opposite sign, so that the two contributions cancel. If this seems unlikely then
we might doubt the heuristic for these f.

Finally, the heuristic does not tell us anything about sheaves not of the form f,Q,

for some polynomial f. The empirical evidence from the previous chapter seems to
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suggest that many sheaves satisfy full square-root cancellation, but we don’t know
why or which ones don’t. It would be very interesting to expand the heuristic into a

plausible conjecture that describes the order of cancellation associated to each sheaf.

Remark 10.0.125. Perhaps the heuristic applies to some f but not others. We might
guess, by analogy to Patterson’s conjecture [Pattersonl 2003, Conjecture 4.1], that

the estimate
S ep, €27 @)/p
z p

2p<N NG
m(N)

_ Cle/dfl/Q + O(N1/df1/2)

coming from our heuristic holds whenever f(x) # f(a — x) for any a.

Were this true, it would contradict Conjecture [2]

To see this, take f(z) = g(z)* where g is a cubic polynomial that does not sat-
isfy g(z) = —g(a — x) for any a. Then f(z) # f(a — x) for any a. Let a, =
S, emf@ipy v/P- Then this heuristic predicts that the average value of a, over the
first N primes is asymptotic to N'/6=1/2 and in particular converges to 0. However,
f-Q, contains as a summand [2],Q, where [2] is the squaring map and contains no
other subobjects that are I-dimensional in CCg. The sum associated to [2].Q, is the
Gauss sum Y. >/ which is VP if p is congruent to 1 mod 4 and i,/p if p is

congruent to 3 mod 4. Therefore the average of 3. e*™*/?/, /b over the prime < N

converges to % Conjecture [2| predicts the averages of the other terms converge to 0
which implies that

e, €7@/

. Zp<N NG 1+
lim =
N—o0 m(N) 2
and does not converge to 0..
Numerical experiments suggest that for f(z) = (z* + x + 1)?, Conjecture

is accurate. =~ We computed the empirical average of the exponential sum
erlﬁp 627ri(z3+x+1)2/17/\/z_9 over the first 50,0000 primes, and it was .523 + .502i,

which is not far from %

. We also computed the average over the first N primes

for N < 50,000, and the error seemed to decrease as a function of N and not
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oscillate wildly. In particular, the average of the exponential sum showed no signs of
converging to 0. Hence this bold version of our heuristic, analogous to Patterson’s
conjecture appears to be inaccurate. We stress that at no point did Patterson

actually conjecture this analogue.

Regardless of these details, we may still use the heuristic for one key purpose -
it tells us what tests to perform on the sums a,(F) to see if their distributions are
converging. If the average of the sum converges to 0 at a rate similar to N'/41/2,
then we could also expect the discrepancy between the distribution of the sum and
the limiting distribution to converge to 0 at a rate similar to N'/=1/2 By plotting
the discrepancy as a function of N, if it appears to be converging to 0 at that rate,
we could hope it continues to converge at that rate as N goes to co. We did this for

sums of the form

for f(z) a quartic polynomial. The quartic polynomials were selected so that we could
observe the distinction between the exponential sum associated to a generic quartic
polynomial, which we expect from Lemma is equidistributed according to
SUsj after suitable normalization, and sums associated to special quartic polynomials,
which we expect from Lemma[7.0.112| will follow a different distribution. We looked at
three of the polynomials mentioned in [Patterson| [2003]: f(z) = z*+x, f(x) = x*+22,
and f(z) = 2% + (x + 1)*. The first one satisfies the conditions of Lemma
while the last two satisfy the conditions of Lemma

For f(z) = 2* 4+ 2% or z* + (z 4+ 1)*, we have computed in Chapter 7 the expected
distribution as a convex combination of four rotated and translated copies of the
Sato-Tate measure. This can be visualized using four line segments in the complex
plane such that the sum, divided by ,/p, is expected to fall on each line segment with
equal probability, and on each line segment it is expected to follow the Sato-Tate

measure. The fact that the sum lies on the line segment follows from Proposition
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5.0.88| so our numerical experiments focused on the position of the sum on the line
segment. We subtracted the translation and rotation factors from a, and compared
against the Sato-Tate measure. We considered each of the congruence classes of p
modulo 8 separately, because for each congruence class we have two choices about
how to project onto the line segment, but as long as we consider them separately, this
only represents a global change of sign for the random variable, which does not affect
the discrepancy.

We performed a dyadic discrepancy test. For each polynomial and each congru-
ence class mod 8, we divided the first 2! primes in that congruence class into a
sequence of disjoint intervals, with the nth interval containing exactly 2" primes. For
each such interval, we computed the discrepancy between the observed and predicted
distribution, as in the Kolmogorov-Smirnov test. We then took these logs and plotted
them as a function of n. If the discrepancy is a constant times N~V* a~ 274 we
should expect this log plot to be approximately linear of slope —(log2)/4. If the plot
does not appear linear, but instead appears to decrease for a time and then stabilize,
that would be evidence against Conjecture [ The plots all appeared roughly linear,
although the slope was not always clearly equal to —(log2)/4 - sometimes it was
larger. So this give some evidence in favor of Conjecture [l Here are two of these
plots, with both polynomials summed over the first 2'° primes congruent to 1 modulo
8:

For f(z) = z*+x, we apply Lemmato compute the Tannakian monodromy
group. We check the conditions: The derivative of f(x) is 42> —1 and has three district
roots. The critical values of f(x) are of the form (23 + 1)x for 23 = —1/4, so they are
all of the form (3/4) - (—1/4)Y/®. These three numbers satisfy no nontrivial relations
of the form f(ay) + f(ae) = f(as) + f(ay). So its Tannakian monodromy group is
GLs. Using Lemma[7.0.109} we compute that its determinant is £, [1](1) ® x2. So we

can divide by a third root of the determinant, such as £,[1] ® x_2, to obtain a sum
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Figure 10.3:

x* +x

log, (Discrepancy)
0ol
i —— Observed Discrepancy (Real)

—— Observed Discrepancy (Imaginary)

2L

5[

log, (N)

whose conjectural distribution is the Haar measure of SUs. We performed dyadic
discrepancy tests to test the conjecture that this ratio is equidistributed according to
the image under the trace of the Haar measure of SU;. Because the discrepancy is
only defined for real random variables, we considered the real and imaginary parts
separately. We computed a, for the first 2'7 primes, and divided it by the Gauss sum
and the quadratic character. We estimated the Haar measure of SUj3 using Weyl’s
integration formula and Monte Carlo integration. The graph appears linear, so again
Conjecture [1| seems to hold up, although the slope appears somewhat larger than the

predicted slope of 1/4.
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