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Abstract

We construct a Tannakian category of perverse sheaves on the additive group over

the integers, with sheaf convolution as the tensor operation. A class of number-

theoretic equidistribution problems, including the equidistribution of Gauss sums

and Kloosterman sums and the equidistribution of roots of polynomial congruences,

can be viewed as problems about the equidistribution of conjugacy classes in the

Tannakian group of this category. Using this correspondence, we conjecture answers

to these equidistribution questions.
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Chapter 1

Introduction

A sequence xn of points in a topological space X is equidistributed according to a

probability measure µ on X if for each continuous bounded function f from X to C,

lim
n→∞

∑n
k=1 f(xn)

n
=

∫
X

fµ

and a sequence xp ∈ X indexed by the primes is equidistributed according to µ if for

each continuous bounded function f from X to C

lim
n→∞

∑
p≤n,p prime f(xp)

π(n)
=

∫
X

fµ

where π(n) is the number of primes less than or equal to n.

Given a sequence xp of arithmetic interest, we would like to know if it is equidis-

tributed, and if so, according to what measure.

We would also like to have a general framework in which to consider many equidis-

tribution questions. For instance, Dirichlet’s theorem on primes in arithmetic pro-

gressions, Chebotarev’s density theorem, Hecke’s equidistribution theorem, and the

Sato-Tate conjecture can all be viewed as statements about the equidistribution of

traces of Frobenius conjugacy classes in Galois representations. Extending all these
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statements, the generalized Sato-Tate conjecture predicts the distribution of the con-

jugacy classes of Frobenius elements in an arbitrary pure Galois representation of

geometric origin [Serre, 2011, 8.2.2(A2)]. This connection deepens our understand-

ing of these questions and the relationships between them. Because these problems

arise from Galois representations associated to motives, Serre called these problems

motivated.

In addition, there are many equidistribution questions that cannot be expressed in

terms of Frobenius conjugacy classes in Galois representations. Among these are the

distribution of the roots of a polynomial modulo primes, the distribution of Gauss and

Kummer sums, and the distribution of Kloosterman sums. Because these problems

do not come from motives, Serre called them unmotivated. In what follows, we will

propose a general framework that includes these cases, using `-adic étale sheaves:

Let ` be a prime and let us fix an isomorphism between Q` and C, allowing us to

use them interchangeably in algebraic equations. Let F be a constructible Q`-sheaf

on A1
Z[ 1

` ]
. For each prime p and each element x ∈ Fp, let tr(Frobp,F , x) be the trace

of the geometric Frobenius element in the Galois group of Fp acting on the stalk of

F at the point (p, x). Form the sequence {ap(F)}p of complex numbers indexed by

the primes:

ap(F) =

p−1∑
x=0

tr(Frobp,F , x)e2πix/p

We can ask the general equidistribution question: Is the sequence {ap(F)}p once

normalized through division by an appropriate power of
√
p, equidistributed according

to some measure on C? If so, according to what measure?

The structure of our paper is as follows:

In Chapter 2, we describe the aforementioned equidistribution questions (Gauss

sums, Kloosterman sums, etc.) and show how to view them in terms of the distribu-

tion of the sequence ap(F) for appropriately chosen F .
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In Chapter 3, for each finite set of primes S including `, we define a pro-algebraic

group GS over C. The group GS is an analogue of the Galois group of the maximal

extension of Q unramified outside of S. For each prime p not in S, we define a

conjugacy class Frobp in GS(C). Then we prove the following theorem:

Theorem 1.0.1. Let F be a constructible Q`-sheaf on A1
Z[ 1

` ]
. There is a finite set of

primes S and two representations V and W of GS such that for all primes p 6∈ S;

ap(F) = tr(Frobp, V )− tr(Frobp,W )

where tr(Frobp, V ) is the trace of Frobp acting on V .

This allows us to view the distributions of these exponential sums as distributions

of traces of Frobenius conjugacy classes in a representation of a group analogous

to the Galois group. Hopefully this makes these problems a little more motivated.

(The groups GS are all quotients of a single universal group, but this group does not

Frobenius conjugacy classes, just as Gal(Q|Q) does not contain Frobenius conjugacy

classes.)

We will construct the group GS and the classes Frobp by constructing an appro-

priate Tannakian category.

In Chapter 4, we describe some useful properties of GS and the associated Tan-

nakian category.

In Chapter 5, we use our description of exponential sums in terms of represen-

tations of GS to conjecture a distribution of ap(F), following along the lines of the

generalized Sato-Tate conjecture.

In Chapter 6, we demonstrate that this conjecture agrees with the existing conjec-

ture in the cases discussed in Chapter 2 and, in the cases where the answer is known,

agrees with the known result.
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In Chapter 7, we discuss further cases of the conjecture. We chose these cases to

demonstrate the variety of different distributions that (conjecturally) appear as the

distribution of ap(F).

In Chapter 8, we discuss the (seemingly grim) prospects for proving new cases of

this conjecture.

In Chapter 9, we present numerical evidence for some cases of the conjecture.

In Chapter 10, we attempt to predict the rate of convergence of the distribution

to its conjectural limit.

The technical arguments used in Chapter 2 to construct the Tannakian category

were adapted from those used by Gabber and Loeser [1996, A3] to study multiplicative

convolution. The idea of using a Tannakian category to answer an equidistribution

question comes from Katz [2012, Theorem 1.1], who applied the Tannakian construc-

tion of Gabber and Loeser [1996] to answer a question about multiplicative character

sums. The use of nearby cycles to specialize to characteristic p was suggested to me

by Pierre Deligne. It is similar to the technique of nearby cycles specialization used

by Krämer and Weissauer [2013, Lemma 14.1] to study sheaf convolution.

I would like to thank Nick Katz, Peter Sarnak, J.P. Serre, and S.J. Patterson for

their helpful comments.

4



Chapter 2

Examples

In this chapter we will show how, knowing the distribution of ap(F) for appropri-

ately chosen F , one could determine the distribution of roots of a polynomial modulo

primes, the distribution of Gauss and Kummer sums, and the distribution of Kloost-

erman sums. We will also show how to determine the distribution of a generalization

of ap involving a sheaf on an arbitrary scheme and an exponential of an arbitrary

function, as well as answer a question about taking the roots of a polynomial modulo

one prime and looking at them modulo a different prime.

At times we will also use knowledge of the joint distribution of ap(F1), . . . , ap(Fn)

for multiple sheaves F1, . . .Fn to answer these natural equidistribution questions.

Example 2.0.2. Let f(x) ∈ Z[x] be a polynomial. The Chebotarev density theorem

tells us the distribution of the number of roots of f in Fp as p varies, but it does not

tell us where those roots are located in Fp. We can lift each root in Fp to a unique

integer x in the interval [0, p), then divide x by p to get a point in the unit interval

[0, 1). Alternatively, we can identify the ends of the interval to view x/p as a point

in the unit circle R/Z.

Are the roots of f in Fp as p varies equidistributed in that interval according to

the uniform measure, or perhaps another measure? (To ask this question precisely,

5



we need to define an order on the set of pairs (p, x ∈ Fp) with f(x) = 0. Order them

lexicographically, with p first and x second.) This question was studied by Duke

et al. [1995, pp. 2], taking up a theme of Hooley [1963, pp. 113], and their result was

generalized by Tóth [2000, Theorem 1.2]. Estimates for the rate of convergence were

obtained by Homma [2008, pp. 502] and Duke et al. [2012, Theorem 1.3].

We can fit this equidistribution question into our framework, by constructing a

sequence of sheaves Fk for each k ∈ Z such that

ap(Fk) =
∑

x∈Fp,f(x)=0

e2πikx/p

Viewing the unit circle R/Z as a group, Weyl’s equidistribution criterion says that

the sequence {x/p}(p,x) indexed by pairs (p, x ∈ Fp) with f(x) = 0 is equidistributed

according to a measure µ if, for each character e2πikx of R/Z, the average value of

x 7→ e2πikx over the sequence is equal to
∫
R/Z e

2πikxµ(x). In other words, the sequence

{x/p}(p,x) is equidistributed if for each k ∈ Z

lim
n→∞

∑
p≤n ap(Fk)∑

p≤n |{x ∈ Fp|f(x) = 0}|
=

∫
R/Z

e2πikx/pµ(x)

Let m be the number of irreducible factors of m. As limn→∞
∑

p≤n |{x ∈ Fp|f(x) =

0}|/π(n) = m by Chebotarev’s density theorem,

lim
n→∞

∑
p≤n ap(Fk)∑

p≤n |{x ∈ Fp|f(x) = 0}|
=

1

m
lim
n→∞

∑
p≤n ap(Fk)
π(n)

so this limit is determined by the distribution of ap(Fk). If we fix for each k a measure

µk on C such that ap(Fk) is equidistributed according to µk, then {x/p}(p,x) is equidis-

tributed according to the unique measure µ, if it exists, such that
∫
R/Z e

2πikx/pµ(x) =∫
C yµk(y).
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We now construct the Fk. Let d be the degree of f and let

fk(x) = f
(x
k

)
kd

Then the roots of fk are k times the roots of f , so for primes not dividing k it is

sufficient to find a sheaf Fk such that

ap(Fk) =
∑

x∈Fp,fk(x)=0

e2πix/p

An Fk satisfying the following will do:

tr(Frobp,Fk, x) =


1 if fk(x) ≡ 0 (mod p)

0 if fk(x) 6≡ 0 (mod p)

This is easy to do. Let ik be the inclusion from Spec
(
Z
[
1
`
, x
]
/fk(x)

)
to

Spec
(
Z
[
1
`
, x
])

= A1
Z[ 1

` ]
and let Fk = ik∗Q` . Then at each point (p, x) such

that fk(x) 6≡ 0 mod p, the point (p, x) is not in the image of ik, so the stalk of Fk

is 0, for a trace of 0. For each point such that fk(x) ≡ 0 mod p, (p, x) is in the

image of just one point, so the stalk is the 1-dimensional vector space Q` with trivial

Frobenius action, for a trace of 1. Thus Fk has exactly the desired property, hence

the distribution of {ap(Fk)}p for all k determines the distribution of the roots of f .

Definition 2.0.3. Let n be a natural number. Let χ : µn → Q×` be a faithful

character. The Kummer sheaf Lχ on A1
Z[1/n,µn] − {0} can be defined as follows:

The cover A1
Z[1/n,µn] − {0} → A1

Z[1/n,µn] − {0} which sends x to xn is finite étale

Galois with automorphism group µn. By the definition of the étale fundamental group,

any such cover determines a homomorphism π1(A1
Z[1/n,µn] − {0}) → µn. Composing

with χ gives a homomorphism π1(A1
Z[1/n,µn]−{0})→ Q×` , which defines a rank 1 lisse

`-adic sheaf Lχ.
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For any Z[1/n, µn]-algebra R, we define a Kummer sheaf on A1
R−{0} by pullback.

Let q ≡ 1 modulo n be a prime power. If R = Fq then for x ∈ F×q , the action of

Frobq on Lχ at x is determined by its action on the nth roots of x. The arithmetic

Frobenius sends n
√
x to (

n
√
x
)q

= x
q−1
n n
√
x

Hence the action of the arithmetic Frobenius is multiplication by the nth root of unity

x
q−1
n , and the geometric Frobenius, its inverse, acts as multiplication by the inverse

root of unity, thus

tr(Lχ,Frobq, x) = χ(x−
q−1
n )

The map x 7→ χ(x−
q−1
n ) is a character of F×q of order n. Every character of order n

can be expressed in this way; F×q is a cyclic group of order q− 1 so every character of

order n is divisible by q−1
n

.

Because F×q is cyclic, as χ runs through all the faithful characters of µn, then

χ(x−
q−1
n ) runs through all the order n characters of F×q . For q = p a prime these are

the order n Dirichlet characters mod p.

Example 2.0.4. Recall the Gauss sum:

G(χ, ψ) =

p−1∑
x=1

χ(x)ψ(x)

where χ is a character of the multiplicative group of Fp and ψ is a character of

the additive group. We can consider the distribution as p varies and ψ remains the

standard exponential character ψ(x) = e2πi
x
p . However there is no obvious nice way

to chose χ. For simplicity we can just sum over all characters χ of some exact order

n. These only exist when p ≡ 1 modulo n, so the sum will be 0 for other p. We will

have

ap =
∑
χ

p−1∑
x=1

χ(x)e2πix/p =

p−1∑
x=0

(∑
χ

χ(x)

)
e2πix/p

8



As
∑p−1

y=0 e
2πiyn/p is

∑p−1
x=0

(∑
χ|χn=1 χ(x)

)
e2πix/p, by inclusion-exclusion we have (with

µ the Möbius function)

ap =
∑
d|n

µ(d)

p−1∑
y=0

e2πiy
n/d/p

We need a sheaf F such that:

tr(F ,Frobp, x) =


∑

χ χ(x) if p ≡ 1 (mod n)

0 if p 6≡ 1 (mod n)

where the sum is over χ of order exactly n.

This sheaf can be constructed from the étale cover of Gm,Z[ 1
n ] defined by adjoining

the nth roots of unity µn and the nth root n
√
x of the coordinate x. This cover

has automorphism group the semidirect product µn o (Z/n)×, with the action of

a ∈ (Z/n)× on ζ ∈ µn sending ζ to ζa. The group acts on the cover where (ζ, a) ∈

µn o (Z/n)× sends generators n
√
x and ζ ′ of Z[x, x−1, µn, n

√
x] to ζ n

√
x and ζ ′a.

This cover defines a surjective homomorphism π1

(
Gm,Z[ 1

n ]

)
→ µn o (Z/n)×. By

composing with the induced representation from µn to µn o (Z/n)× of a faithful

character of µn, we obtain a lisse sheaf on Gm,Z[ 1
n ], which we extend by zero to all of

A1
Z[ 1

` ]
, obtaining F .

Thus F has the desired trace: Because the representation is induced from a normal

subgroup, the trace of any element not in this normal subgroup is 0. If p 6≡ 1 mod n,

then Frobp does not fix µn, thus it is not in that subgroup, so the trace is 0.

For p ≡ 1 mod n, the cover of Gm,Fp defined by adjoining µn is trivial. Thus

the representation π1
(
Gm,Fp

)
→ µn o (Z/n)× has image contained in µn. When

restricted to the µn subgroup, the induced representation is the sum of all the conju-

gates of a faithful one-dimensional representation of µn, hence the sum of all faithful

1-dimensional representations of µn.
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Hence F is the sum of the Kummer sheaves for each faithful 1-dimensional charac-

ter of µn. Thus the trace of Frobenius is the sum of the traces of these 1-dimensional

sheaves, which is the sum of χ(x) for each Dirichlet character χ of order exactly n.

An important special case is when n = 3. For p ≡ 1 mod 3, there are just two

characters of F×p of order exactly 3, χ and χ, and our ap is the Kummer sum

K(p) = G
(
χ, e2πi

x
p

)
+G

(
χ, e2πi

x
p

)

It is always real and lies in the interval [−2
√
p, 2
√
p]. Kummer divided the sum by

√
p

and counted for how many primes congruent to 1 mod 3 it lies in the intervals [−2,−1],

[−1, 1], and [1, 2]. He conjectured, based on numerical evidence, that the primes might

be distributed in the three intervals according to the ratio 1 : 2 : 3 [Kummer, 1846,

pp. 353]. This was disproved by [Heath-Brown and Patterson, 1979, Theorem 1],

who showed that the ratio was 1 : 1 : 1 by exactly computing the distribution of ap.

They also explained Kummer’s misleading evidence - this particular sum suffers from

small-number bias, which means the average of ap over p ≤ n is significantly larger for

small n than in the limit as n tends to infinity. We will discuss this more in Chapter

10.

Rather than adding up all the Gauss sums corresponding to characters of order n,

we can take the set of all ϕ(n) Gauss sums, divide each by
√
p, and view it as a set of

ϕ(n) points on the unit circle. (Since a Gauss sum is a complex number of absolute

value
√
p, dividing it by

√
p produces a point in the unit circle.) Equivalently, a set

of ϕ(n) points on S1 is a point xp ∈ Symϕ(n)(S1). The distribution of these xp in that

space will also be a special case of our general equidistribution conjecture for suitable

sheaves F . This will be explained in Lemma 6.0.97.
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Example 2.0.5. The Kloosterman sum is defined as

K`(a, b; p) =

p−1∑
y=1

e2πi
ay+by−1

p

where y−1 is understood to be the inverse of y modulo p. The distribution of this

sum for fixed a, b and varying p translates in a straightforward way into this theory.

We can rewrite this sum as

p−1∑
y=1

e2πi
ay+by−1

p =

p−1∑
x=0

|{y ∈ F×p |ay + by−1 = x}|e2πi
x
p

To obtain these coefficients, we need a sheaf F on A1
Z[ 1

` ]
whose trace of Frobenius at

a point (p, x) is equal to the number of solutions of the equation ay+ by−1 = x in F×p .

By the Lefschetz trace formula, the pushforward of the constant sheaf Q` along the

natural map from A1
Z − {0} to A1

Z defined by x = ay + by−1 has exactly the desired

trace.

Katz [1988, 13.5.3] computed the distribution of these sums as a or b varies and

p goes to ∞, and raised the question of the distribution when a and b are fixed and

p varies. This question remains unanswered, but there has been partial progress on

the equidistribution of Kloosterman sums with varying composite modulus [Xi, 2015,

Theorem 1.1]

Example 2.0.6. Example 2.0.5 is a special case of a general construction. Let X

be any scheme of finite type over Z
[
1
`

]
, F any constructible Q`-sheaf on X, and

f ∈ Γ(X,OX) any regular function on X. Define

ap(X,F , f) =
∑

y∈X(Fp)

tr(Frobp,F , y)e2πi
f(y)
p

11



Then we can rewrite the sum:

ap(X,F , f) =
∑
x∈Fp

 ∑
y∈X(Fp),f(y)=x

tr(Frobp,F , y)

 e2πi
x
p

Using the Lefschetz trace formula, this is:

∑
x∈Fp

(
2 dimX∑
i=0

(−1)i tr(Frobp, R
if!F , x)

)
e2πi

x
p =

2 dimX∑
i=0

(−1)iap(R
if!F)

Therefore summing over an arbitrary scheme, and taking the exponential of an arbi-

trary function, does not make our equidistribution question more general - the new

sum can be computed from the old.

Example 2.0.7. One simple special case of Example 2.0.6 is summing the exponential

of a polynomial function on A1. Setting X = A1, F = Q`, and f(x) ∈ Z[x] a

polynomial, we obtain the exponential sum:

S(f(x), p) =
∑
x∈Fp

e2πi
f(x)
p

The distribution of this as p varies is closely related to the problem studied in [Pat-

terson, 2003], which is about the distribution of the analogous sum over Z/n as n

varies.

Example 2.0.8. Let D be an integer that is not a perfect square and let m be

a positive integer. For p a prime such that D is a square modulo p, let a be the

unique integer satisfying 0 < a < p
2

and a2 ≡ D mod p. Rather than considering the

distribution of a/p in the interval (0, 1/2), we could consider the distribution of the

congruence class of a modulo m as p varies. (A version of this question was suggested

in a lecture by Serre [2012].)

Perhaps surprisingly, this question fits into our framework as well.
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Suppose that the sequence
(
x
p
, p mod m

)
in S1×Z/m indexed by pairs of a prime

p and a root x of the equation (mx)2−D ∼= 0 mod p is equidistributed on S1×Z/m

according to the product of the uniform measure on S1 and the uniform measure on

the set of invertible residue classes modulo m. Then the congruence classes of a mod

m is equidistributed according to the uniform measure on Z/m as p varies.

(We will then show, by an argument similar to Example 2.0.2, that this equidis-

tribution problem of pairs follows from equidistribution of suitable sheafs ap(Fn, χ).

To see this, let b be a root of (mb)2 − D ≡ 0 mod p between 0 and p and

suppose that p does not divide m. We claim that which of the 2m intervals[
0, p

2m

]
,
[
p
2m
, 2p
2m

]
, . . . ,

[
(2m−1)p

2m
, p
]

contains b, combined with the residue class of p

modulo m, determines the residue class of a modulo m:

To prove the claim, we use the fact that a ∼= ±b mod p, so we can write a =

εmb+ kp for some sign ε = ±1 and integer k. To determine ε and k, we use the fact

that 0 < a < p
2
, and therefore:

−2kp

2m
< εb <

(1− 2k)p

2m

Thus if b is in an interval of the form
[
2np
2m
, (2n+1)p

2m

]
, then ε = 1 and k = −n, and if b

is in an interval of the form
[
(2n+1)p

2m
, (2n+2)p

2m

]
then ε = −1 and k = n+ 1.

Because a ≡ kp mod m, so a mod m is determined by k mod m and by p mod

m. Because b/p is uniformly distributed, it is equally likely to be in any of the

intervals, hence k is equally likely to be any residue class mod m. (Each residue class

corresponds to exactly two intervals.) As b is independent of p mod m, this is true

for each fixed invertible residue class of p modulo m, thus for each invertible residue

class a is uniformly distributed in (Z/m), hence it is uniformly distributed overall.
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Here it is crucial that the uniform measure on S1 places zero measure on the

boundary of the interval, so we can conclude from equidistribution that the fraction

of b lying in the interval is equal to the measure of the interval.

Now observe that the equidistribution of this set of pairs follows from equidistri-

bution conjectures on ap(Fn,χ) for suitably chosen n, χ. Ignoring the finitely many

p dividing m, the sequence
(
x
p
, p mod m

)
lies in S1 × (Z/m)×, which is a compact

group. Hence by Weyl’s equidistribution theorem, the sequence is equidistributed if

for each nontrivial character of the group, the integral of the character vanishes. This

happens if for each k ∈ Z and χ(Z/m)× → C×

lim
n→∞

∑
p≤n,

∑
x∈Fp|(mx)2=D χ(p)e2πi

kx
p∑

p≤n |{x ∈ Fp|(mx)2 = D}|
= 0

unless k = 0 and χ = 1. Let Fk,χ be the sheaf Fk from Example 2.0.2 such that

ap(Fk) =
∑

x∈Fp|(mx)2=D e
2πi kx

p tensored with the 1-dimensional Galois representation

associated by the Dirichlet character χ. Then ap(Fk,χ) =
∑

x∈Fp|(mx)2=D χ(p)e2πi
kx
p .

Since we can estimate the denominator using Dirichlet’s theorem, the distribution of

our original sequence is determined by the distribution of ap(Fk,χ).

We have claimed that these examples do not fall under the purview of the gen-

eralized Sato-Tate conjecture. Indeed, there is no obvious formula relating these

exponential sums and the traces of Frobenius of Galois representations. But might

there be a non-obvious formula? The answer is probably no. Any Galois representa-

tion arising from geometry should have its traces of Frobenius in a fixed number field,

but it is easy to check that these exponential sums ap do not lie in any fixed number

field. We will discuss this issue in more detail, as well as the issue of whether the ap

could be the Hecke eigenvalues of an automorphic form, in Chapter 8.
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Chapter 3

The Tannakian Category

In this section, we prove Theorem 1.0.1. We will make free use of the standard

theorems about étale cohomology as in [Milne, 1980].

As a first step to Theorem 1.0.1, we can indeed write our exponential sums in

terms of traces of Frobenius conjugacy classes. To do this, we need to define the

Artin-Schreier sheaf.

Definition 3.0.9. The Artin-Schreier cover of A1
Fp is the map A1

Fp → A1
Fp defined by

x → x − xp. This is a finite étale Galois cover with automorphism group Z/p, so it

defines a homomorphism π1(A1
Fp) → Z/p. By composing this with a character ψ of

Z/p defined over Q`, we obtain a character of π1(A1
Fp), and hence a rank one lisse

Q`-sheaf on A1
Fp . This is called the Artin-Schreier sheaf, Lψ.

If x ∈ Fp and y − yp = x, then the arithmetic Frobenius acts on y by

yp = y − x

so the geometric Frobenius, its inverse, sends y to y + x, so Frobp at x acts on the

covering by adding x, thus after composing with ψ we get tr(Frobp,Lψ, x) = ψ(x).
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Let ψ be the character of Z/p that takes x to e2πi
x
p , using the isomorphism between

Q` and C that we fixed in the introduction. Then tr(Frobp,Lψ, x) = e2πi
x
p , so for any

constructible `-adic sheaf F on A1
Fp

p−1∑
x=0

e2πi
x
p tr(Frobp,F , x) =

2∑
i=0

(−1)i tr(Frobp, H
i
c(A1

Fp ,F ⊗ Lψ)) (3.1)

where H i
c is étale cohomology with compact supports. This is an immediate con-

sequence of the Lefschetz trace formula and the fact that the compactly supported

cohomology of any sheaf on A1 vanishes outside of degrees 0, 1, and 2.

However, given a sheaf F on A1
Z, the Frobenius conjugacy classes we have just de-

fined for the restriction of FA1
Fp

are not obviously conjugacy classes in the same group

on all p. These conjugacy classes each act on the cohomology group H i
c(A1

Fp
,FA1

Fp
⊗

Lψ). There is no obvious relationship between these groups, because there is usually

no a sheaf on A1
Z whose pullback to A1

Fp is FA1
Fp
⊗ Lψ for every prime p. (The only

exception is when F is supported on the zero section. Then FA1
Fp
⊗ Lψ = FA1

Fp
.)

We can construct such a group, though, through the machinery of Tannakian

categories. For a reference on Tannakian categories, see [Deligne and Milne, 1982].

If we can construct a Tannakian category of sheaves on A1
Z such that for a given p,

pulling back to A1
Fp , tensoring with Lψ, and taking cohomology is a fibre functor, then

Frobenius will be an automorphism of that functor, and hence will naturally give rise

to a conjugacy class in the Tannakian group. If we can do this for all but finitely

many primes p, then we will have Frobenius conjugacy classes for all those primes in

our Tannakian group.

For the tensor product in our Tannakian category, we will use sheaf convolution:

Definition 3.0.10. Let R be a Noetherian ring with ` invertible. Let Db
c(A1

R,Q`)

be the bounded derived category of complexes of Q`-sheaves with constructible coho-

mology on A1
R.
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We will define two functors ∗, ∗! : Db
c(A1

R,Q`)×Db
c(A1

R,Q`)→ Db
c(A1

R,Q`).

Let A and B be two objects of Db
c(A1

R,Q`).

There are three natural maps A1×A1 → A1 we will use. We have projection onto

the first factor pr1 and projection onto the second factor pr2. Viewing A1 as Ga, we

have the group operation sum : Ga ×Ga → Ga. Using these, we define convolution:

A ∗B = Rsum∗(pr
∗
1A⊗ pr∗2B)

and convolution with compact supports:

A ∗! B = Rsum!(pr
∗
1A⊗ pr∗2B)

We will write pr∗1A⊗ pr∗2B as A�B.

Then we have the identity:

H i
c(A1

Fp (A ∗! B)⊗ Lψ)

(by definition of ∗!)

= H i
c(A1

Fp , Rsum!(A�B)⊗ Lψ)

(by the Leray spectral sequence [Artin et al., 1972, XVII, Proposition 5.2.9])

= H i
c(A2

Fp , (A�B)⊗ sum∗Lψ)

(by the fact that sum∗Lψ = pr∗1Lψ ⊗ pr∗2Lψ [Katz, 1988, Section 4.3 (3)])

= H i
c(A2

Fp , pr
∗
1A⊗ pr∗2B ⊗ pr∗1Lψ ⊗ pr∗2Lψ)
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(by the Künneth formula [Artin et al., 1972, XVII, Theorem 5.4.3])

=
∑
a+b=i

Ha
c (A1

Fp , A⊗ Lψ)⊗Hb
c (A1

FpB ⊗ Lψ)

By proper base change, performing ∗! over Z and then reducing modulo p is the

same as reducing modulo p and then performing ∗!, so convolving our sheaves on A1
Z

will indeed give us a good notion of tensor product.

To get a Tannakian category, we will need to make some technical modifications.

The objects of our category will not quite be sheaves on A1
Z. Because convolution is

naturally a derived category operation, the convolution of two sheaves need not be a

sheaf. Instead we will use perverse sheaves on A1
Q, impose some conditions of “good

reduction” at primes p not in S, and use localization to set certain negligible sheaves

to 0.

We will be able to show that this category is a Tannakian category, and that the

Tannakian group we get from it includes all the Frobenius elements of Equation (3.1).

To that end we will do the following:

1. First show that convolution makes the category of perverse sheaves on A1
Q,

modulo the negligible sheaves, into a rigid symmetric monoidal abelian category.

2. (a) Next define a notion of the specialization of the sheaf mod p via the nearby

cycles functor.

(b) Using this notion of specialization mod p, define the notion of “good re-

duction” at p.

3. Show that in the category of perverse sheaves with good reduction at p, special-

ization mod p followed by tensoring with Lψ and taking compact cohomology

is a fibre functor, making that subcategory into a neutral Tannakian category.
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4. Show that starting with a constructible sheaf on A1
Z, taking the fiber on A1

Q,

and specializing mod p in this way agrees with the usual notion of specialization

at all but finitely many primes, so that the conjugacy classes of the Frobenius

elements in Equation (3.1) correspond to conjugacy classes of the Tannakian

group.

These steps will culminate in a proof of Theorem 1.0.1.

Recall that a complex K of constructible Q`-sheaves on a curve over a field is

perverse if and only if its cohomology objectsHi(K) vanish for i 6= −1, 0, are punctual

of i = 0, and have no nonzero punctual sections for i = −1 [Katz, 1995, 2.3.6].

Definition 3.0.11. Let Perv be the category of perverse sheaves on A1
Q with coef-

ficients in Q`. Let N eg ⊂ Perv be the category of geometrically constant sheaves

placed in degree −1. Let Db(N eg) ⊂ Db
c(A1

Q,Q`) be the category of complexes of

sheaves with geometrically constant perverse cohomology sheaves, equivalently, geo-

metrically constant cohomology sheaves [Katz, 1995, Lemma 2.3.2.1].

We will construct a Tannakian category structure on an appropriate subcategory

of Perv/N eg.

Remark 3.0.12. We first describe a key technique we will use repeatedly when studying

convolution. Over any ring R, let d be the map Ga×Ga → Ga given by the function

d(x, y) = x− y, i.e. subtraction under the group law. Then:

A ∗B = Rsum∗(pr
∗
1A⊗ pr∗2B) = Rpr1∗(d

∗A⊗ pr∗2B)

A ∗! B = Rsum!(pr
∗
1A⊗ pr∗2B) = Rpr1!(d

∗A⊗ pr∗2B)

This equivalence is simply a change of variables on A2
R. View A2

R as a plane with

coordinate x, y. Then the function pr1 is just x, pr2 is y, and sum is x + y. If we
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replace (x, y) with (x′, y′) where x′ = x + y and y′ = y, then in the new coordinates

pr1 is x′ − y′, pr2 is y′, and sum is x′. So the maps pr1, pr2 and sum in the old

coordinates become d, pr2, and pr1 in the new coordinates.

To compute compactly supported cohomology along pr1, we use the most natural

compactification. Let u : A1 ×A1 → A1 × P1 be the open immersion given by taking

the product of the identity from A1 to A1 and the immersion j : A1 → P1. Let

π : A1×P1 → A1 be the projection onto the first factor. Then π is a compactifaction

of pr1, and so we can write:

A ∗! B = Rπ∗u!(d
∗A⊗ pr∗2B)

We will sometimes also use the compactification to compute the usual cohomology:

A ∗B = Rπ∗Ru∗(d
∗A⊗ pr∗2B)

We will work out a number of basic facts about sheaf convolution on A1
Q:

Lemma 3.0.13. N eg is a Serre subcategory of Perv and Db(N eg) is a thick subcat-

egory of Db
c(A1

Q,Q`). (The notion of a thick subcategory of a triangulated category is

defined in [Gabber and Loeser, 1996, 3.6].)

Proof. By definition, N eg is a Serre subcategory if and only if for an exact sequence

0 → A → B → C → 0 of elements of Perv, B ∈ N eg if and only if A ∈ N eg and

C ∈ N eg.

To prove if, note that

Ext1A1
Q
(Q`,Q`) = H1

(
A1

Q,Q`

)
= 0

so any extension of constant sheaves on A1
Q is constant, so any extension of geomet-

rically constant sheaves on A1
Q is geometrically constant.
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To prove only if, geometrically B is a sum of copies of Q`[1]. Because Q` is an

irreducible lisse sheaf, Q`[1] is an irreducible perverse sheaf, so because B is geomet-

rically semisimple in Perv, A and C are both geometrically sums of copies of Q` -

i.e. geometrically constant.

Since Db
c(A1

Q,Q`) = Db(Perv), Db(N eg) is a thick subcategory of Db
c(A1

Q,Q`), by

[Gabber and Loeser, 1996, Proposition 3.6.1].

Lemma 3.0.14. Let A and B be two perverse sheaves on A1
Q. Then the natural forget

supports map A ∗! B → A ∗B is an isomorphism modulo Db(N eg).

Proof. We can fit the forget supports map A∗!B → A∗B into a distinguished triangle

A∗!B → A∗B → C using the mapping cone C. To show the map is an isomorphism

modulo Db(N eg), we must show that C is in Db(N eg).

To compute this mapping cone, we use the compactification of Remark 3.0.12:

A ∗! B = Rsum!(A�B) = Rπ∗u!(d
∗A⊗ pr∗2B)

A ∗B = Rsum∗(A�B) = Rπ∗Ru∗(d
∗A⊗ pr∗2B)

The following commutative diagram should be helpful:

A1 ×∞ −−−→
i

A1 × P1 ←−−−
u

A1 × A1 −−−→
pr2

A1yπ yd
A1 A1

Let V be the mapping cone that completes the distinguished triangle u!(d
∗A ⊗

pr∗2B)→ Ru∗(d
∗A⊗pr∗2B)→ V . Then because Rπ∗ preserves distinguished triangles,

C = Rπ∗V .

The map u!(d
∗A⊗ pr∗2B)→ Ru∗(d

∗A⊗ pr∗2B) is an isomorphism on the image of

u, which is A1 × A1 inside A1 × P1, thus V vanishes on A1 × A1, so V is supported

on the complement, A1×∞. We will compute V étale-locally on the line A1×∞ by
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working over the étale local ring of a point (d,∞) on the line A1 ×∞. By definition

u!(d
∗A⊗pr∗2B) vanishes on that line, so this is the same as computing Ru∗(d

∗A⊗pr∗2B)

on that line.

d∗A⊗ pr∗2B is lisse away from the inverse image along d of the singular points of

A and the inverse image along pr2 of the singular points of B. These are given by

lines with equations of the form x′ − y′ = c or y′ = c.

The key point is this: Let F be a sheaf on A1×A1 that is lisse away from a closed

set Z. Suppose that Z remains closed when viewed as a subset of A1 × P1. Then

Ru∗F is locally constant on A1 ×∞ in A1 × P1.

This is an étale-local question, so we may work over the étale-local ring R of some

point (d,∞) of A1×∞. When pulled back to SpecR, F is lisse away from the inverse

image of the line A1 ×∞.

Let x be the coordinate of the second A1. Let t = x−1. Then t is an element of R

and the vanishing set of t is exactly the inverse image of A1×∞. So F is a lisse sheaf

on SpecR[t−1] for R a strict Henselian local ring, and corresponds to a representation

of the fundamental group of that ring. By Abyankhar’s lemma [Grothendieck and

Raynaud, 1960, Exposé XIII, Proposition 5.2], since all primes are invertible in R,

that fundamental group is Ẑ(1). There is a map SpecR[t−1] → Gm given by the

coordinate t−1. The fundamental group of Gm is also Ẑ(1), and we can see that this

map induces an isomorphism of fundamental groups because in each case the cover

corresponding to the unique index n subgroup is the cover defined by adjoining the

nth root of the coordinate, so the map induces an isomorphism mod n for each n.

Hence locally, F is isomorphic to a sheaf defined by pulling back a lisse sheaf on

Gm along the coordinate t−1. Recall that t−1 is just x. Equivaently, F is locally

isomorphic to pr∗2G for some sheaf G on A1, lisse on Gm. So it is sufficient to prove
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that Ru∗pr
∗
2G is locally constant on A1 ×∞. But by smooth base change,

Ru∗pr
∗
2G = pr∗2Ru∗G,

which is constant on the fibers of pr2, including A1 ×∞.

Having verified the key point, we can see that Ru∗(d
∗A⊗pr∗2B) is locally constant

on A1 ×∞, so V is locally constant on the divisor at ∞, thus C = Rπ∗V is locally

constant. But locally constant sheaves on A1
Q are geometrically constant, because the

geometric fundamental group of A1
Q is trivial, so C is geometrically constant.

When working modulo Db(N eg) in the future, we will use whichever of ∗ or ∗! is

most convenient.

Lemma 3.0.15. Let A,B be perverse sheaves on A1
Q. The convolution A∗!B ∼= A∗B

lies in Perv/N eg ⊂ Db
c(A1

Q,Q`)/D
b(N eg).

Proof. Recall that Db(Perv) = Db
c(A1

Q,Q`) [Beilinson, 1987, Main Theorem 1.3].

Hence we can write any element of Db
c(A1

Q,Q`) as a complex in the category of perverse

sheaves. By definition pHi refers to the ith cohomology object of this complex.

A ∗ B is semiperverse [Katz, 1990, 8.1.9] and thus pHi(A ∗ B) = 0 for i > 0. Let

D represent Verdier duality, then by [Katz, 1990, 8.1.9]:

D(A ∗! B) = DA ∗DB

Because DA and DB are perverse, DA ∗ DB is semiperverse. Because the dual

of A ∗! B is semiperverse, pHi(A ∗! B) = 0 for i < 0. There is a map pHi(A ∗! B) →
pHi(A ∗B) in each degree i. In each degree other than 0, either the source or target

is 0, and since the mapping cone is geometrically constant, the kernel or cokernel is

geometrically constant, so the source and target are geometrically constant. Hence

A ∗!B and A ∗B are each geometrically constant in each degree other than 0, and in
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degree 0 they are isomorphic up to geometrically constant sheaves. So:

A ∗! B ∼= pH0(A ∗! B) ∼= pH0(A ∗B) ∼= A ∗B

modulo Db(N eg).

Lemma 3.0.16. Let A,B be elements of Db
c(A1

Q,Q`). If at least one of A or B is in

Db(N eg), then A ∗B ∈ Db(N eg).

Proof. Without loss of generality, A ∈ Db(N eg). A sheaf is in Db(N eg) if and only

if, after base changing to Q, it is a complex of constant sheaves. So we will prove over

Q that if A is a complex of constant sheaves, then A ∗! B is a complex of constant

sheaves. Since A is a sum of copies of the constant sheaf Q` placed in different degrees,

it is sufficient to deal with the case A = Q`.

Recall that:

Q` ∗B = Q` ∗! B = Rsum!(Q` �B) = Rpr1!(d
∗Q` ⊗ pr∗2B)

But d∗Q` = Q`, and Q` ⊗ pr∗2B = pr∗2B, so we have:

Q` ∗B = Rpr1!pr
∗
2B

This is the base change of the compactly supported cohomology of B along the

morphism π : A1
Q → SpecQ by the identical morphism π′ : A1

Q → SpecQ. By the

proper base change theorem, the cohomology of the base change is just the pullback

of the cohomology, hence is geometrically constant.

Corollary 3.0.17. The two sheaf convolution operations ∗ and ∗! are well-defined

functors Perv/N eg × Perv/N eg → Perv/N eg and these two are equivalent.
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Proof. By Lemma 3.0.15, both are functors Perv ×Perv → Perv/N eg. By Lemma

3.0.16, they send elements of N eg to the 0 object. Because they preserve distin-

guished triangles, they are exact, and hence factor through Perv/N eg, giving functors

Perv/N eg × Perv/N eg → Perv/N eg. These are equivalent by Lemma 3.0.14.

Proposition 3.0.18. (Perv/N eg, ∗) is a symmetric monoidal abelian category.

Proof. It is not too hard to write down the unit, symmetry, and associativity iso-

morphisms using the Künneth formula and the Leray spectral sequence. To prove

that the category is symmetrical monoidal, there are also several diagrams involving

these isomorphisms whose commutativity must be checked. These commutative di-

agrams can be deduced from the definitions of the isomorphisms, but the argument

to do so involve repeatedly manipulating complicated expressions. We give instead a

conceptual argument. However, this requires some unusual concepts.

First, note that it is sufficient to find a symmetric monoidal structure on the

derived category where ∗ is the tensor product, because if the isomorphisms exist

and diagrams commute in the derived category then the same isomorphisms exist

and diagrams commute in Perv/N eg because it is a quotient category of a full sub

category of Db
c(A1

Q,Q`).

Second, we will use a slightly unusual definition of symmetric monoidal category.

This is the balanced definition in which we define, not just A ⊗ B, but ⊗I(Ai)i∈I

for all finite sets I. A definition, including all the diagrams that must be shown to

commute, is given in [Deligne and Milne, 1982, Proposition 1.5] and later they note

that it is equivalent to the usual one. (We will mention later where we take advantage

of this definition in our argument.)

To define the convolution of an arbitrary number of sheaves first note that when

we take the exterior product of a finite set of sheaves �i∈IAi by applying � pairwise

in any order, it does not depend on the order we apply � because � is defined using

tensor product and the tensor product defines a symmetric monoidal structure on
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the category of sheaves. There is a Künneth formula for �i∈IAi, which is exactly like

the usual Künneth formula but involves tensoring an arbitrary finite set of sheaves,

and can be proved by iteratively applying the usual Künneth formula. The fact that

no matter which order we apply it in we get the same isomorphism follows from the

definition, but even ignoring that our argument will work equally well no matter what

order the Künneth formula is applied in.

Now we are ready to define the structure. For a finite set I, define πI to be the

map (A1)
I → A1 given by the equation (xi)i∈I 7→

∑
i∈I xi. Define ∗I : Db

c(A1
Q,Q`)

I →

Db
c(A1

Q) by (Ai)i∈I 7→ RπI∗ �i∈I Ai.

Then for any α : I → J , we have the isomorphism χ(α) : ∗I(Ai)i∈I →

∗J(∗α−1(j)(Ai)i∈α−1(j))j∈J defined by composing three isomorphisms:

RπJ∗ �j∈J
(
Rπα−1(j)∗ �i∈α−1(j) Ai

)
(by the Künneth formula)

= RπJ∗R

(∏
j∈J

πα−1(j)

)
∗

�j∈J
(
�i∈α−1(j)Ai

)

(by the Leray spectral sequence and the identity πJ ◦
∏

j∈J πα−1(j) = πI )

= RπI∗ �j∈J
(
�i∈α−1(j)Ai

)
(by the symmetric monoidality of �)

= RπI∗ �i∈I Ai

It remains to check two the conditions (a) and (b) Deligne and Milne. Condition

(a) is that when I is a single element then ∗I is the identity functor and that when α
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is the map from the one-element map to itself then χ(α) is the identity. The first part

holds because here (A1)
I

is A1, πI is the identity morphism, and � is the identity

functor, so ∗I is the identity functor. The second part holds because when there is

is only one factor in the tensor product and all morphisms we are pushing forward

along are identities, the Künneth, Leray, and symmetric monoidality isomorphisms

are the identity, so the composition of them is the identity.

Condition (b) is a commutative square. This is more difficult and we prove it

by a series of reductions. First, note that to prove a commutative square involv-

ing derived functors it is sufficient to prove the commutative square on the original

functors, because the derived functor is computed from the original functor using

an injective resolution. However, this reduction requires us to pass from the derived

category of constructible sheaves to the category of arbitrary sheaves as the injective

resolution may involve non-constructible sheaves. The Leray spectral sequence and

the symmetric monoidality of � are still identities for constructible sheaves, but the

Künneth formula becomes only a morphism - for the product of a pair, this morphism

is f1∗A1 � f2∗A2 → (f1 × f2)∗(A1 � A2) and for the product of an arbitrary set it is

�j∈J (fj∗Aj)→
(∏

j∈J fj

)
∗
�j∈J Aj. So we only obtain a morphism

πJ∗ �j∈J
(
πα−1(j)∗ �i∈α−1(j) Ai

)
→ πI∗ �i∈I Ai

and not an isomorphism. However, to check that a commutative square of isomor-

phisms commutes it is sufficient to check that the two ways of getting from any one

corner to any other corner agree. Because our arrows point the opposite way as the

arrows in Deligne and Milne’s diagram, the two ways of composing morphisms to get

from the bottom-right corner to the top-left corner still exist for arbitrary sheaves,

so to show that the square of isomorphism commutes it is sufficient to check that

27



those two compositions are equal, for which we can reduce to the case of non-derived

functors.

Next we handle the case of skyscraper sheaves (and then we will deduce the general

sheaf case from the skyscraper sheaf case). For skyscraper sheaves δxi , their exterior

tensor product �i∈Iδxi is the skyscraper sheaf δ(xi)i∈I , and the pushforward of that

πI∗δ(xi)i∈I is simply the skyscraper sheaf δ∑
i xi

. So the convolution of any number

of skyscraper sheaves is a skyscraper sheaf. Moreover all the intermediate steps in

the morphisms χ(α) are equal, by repeating those two isomorphisms, to the same

skyscraper sheaf. So to check that this square commutes it is sufficient to check that

each of the three morphisms that make up χ(α) is simply the identity map from

this skyscraper sheaf to itself. This is just saying that the Künneth isomorphism,

the Leray spectral sequence, and the symmetric monoidality of �, when applied in

a situation where the input sheaves are skyscraper sheaves with fixed generators,

preserve the canonical generators of the output skyscraper sheaves. This is obvious

in each case from the definition - we never multiply any section by a number in any

of these definitions, so the section giving the canonical generator is never sent to a

different section.

Now let (Ai)i∈I be a tuple of sheaves. For each tuple of skyscraper sheaves δxi and

maps fi : Ai → δxi , we know the diagram commutes for δxi , so the diagram commutes

modulo the kernel of the map induced by functoriality πI∗ �i∈I Ai → πI∗ �i∈I δxi .

Thus to show the diagram commutes it is sufficient to show that the intersection of

the kernels of all these maps for all possible tuples is empty. Take any nonzero section

of πI∗�i∈I AI over an open set. It comes from a section of �i∈IAI on the pullback of

that open set to (A1)
I
. That nonzero section must have a nonzero stalk at some point

(xi)i∈I , which is an element of the stalk ⊗i(Ai)xi of �i∈IAI at (xi)i∈I . Hence there

exists a tuple of linear maps (Ai)xi → Q` (or F` or Z/`n or any other coefficient ring)

that are nonzero on this nonzero element, giving a tuple of maps Ai → δxi . Then this
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section is sent to a nonzero section by the natural map �i∈IAI → �i∈IδxI , so so the

corresponding section of πI∗ �I∈I Ai is sent to a nonzero section of πI∗ �i∈I δxi and

we win.

It will sometimes be helpful to have a single concrete representative of each equiv-

alence class of Perv/N eg. For this we turn to a special case of a definition of Katz:

Definition 3.0.19. [Katz, 1995, 2.6.1] For A perverse sheaves on A1
Q, we say that A

has property P if, for all B ∈ Perv, both A ∗B and A ∗! B are perverse.

Lemma 3.0.20. For A a perverse sheaf on A1
Q, the following are equivalent:

1) A has property P.

2) A has no subobject or quotient that is a geometrically constant sheaf.

3) A, base changed to any algebraically closed field, has no subobject or quotient

that is a constant sheaf.

4) H1
c (A1

Q, A) and H−1(A1
Q, A) = 0

5) H i
c(A1

Q, A) and H i(A1
Q, A) = 0 for all i 6= 0.

Proof. 4) is equivalent to 5) because, for a perverse sheaf on an affine curve, the only

possible nonvanishing cohomology groups are H−1 and H0, and the only possible

nonvanishing compactly supported cohomology groups are H0 and H1.

3) is equivalent to 4) because:

HomA1
Q
(Q`[1], A) = H−1(A1

Q, A)

HomA1
Q
(A,Q`[1]) = H1

c (A1
Q, A)∨

The equivalence of 1) and 3) follows from [Katz, 1995, Lemmas 2.6.13, 2.6.14 and

2.6.15].
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Finally, 2) is equivalent to 3) because if A has a subobject over A1
Q that is con-

stant, then we can write HomA1
Q
(Q`[1], A) as a nontrivial Galois representation V ,

and Q`[1]⊗ V will be a geometrically constant subobject of A. The same argument,

dually, applies to quotient objects.

Lemma 3.0.21. 1. The functor from the full subcategory of Perv consisting of

elements with property P, to Perv/N eg, is an equivalence of categories. In

particular, every equivalence class in Perv/N eg has a unique-up-to-unique iso-

morphism representative in Perv with property P.

Call this the property P representative of this equivalence class.

2. If A is an element of Perv, then there is a negligible subobject N of A and a

negligible quotient object M of A/N such that the kernel of the quotient map

from A/N to M is the property P representative of the class of A.

Proof. Let A be an object of Perv. Let N be a maximal negligible subobject of A.

Then A/N has no negligible subobjects as if it had a negligible subobject N ′, the

kernel of the composition A → A/N → (A/N)/N ′ would be an extension of N by

N ′, hence negligible as N eg is a Serre subcategory. Let M be the maximal negligible

quotient of A/N . By an identical argument, the kernel of the natural map from A/N

to M has no negligible quotient objects. It also has no negligible subobjects because

any subobject of it is already a subobject of A/N . Hence it has property P , and

by construction it is equivalent to A in Perv/N eg. (These maximal subobjects and

quotient objects necessarily exist because Perv is an Artinian category [Beilinson

et al., 1982, Theorem 4.3.1(i)], so there are no infinite ascending chains of subobjects

and quotient objects.)

This shows that the functor from the full subcategory of Perv with property P

to Perv/N eg is essentially surjective, and that a property P representative of each

equivalence class is constructed as stated. It remains to check that this functor is
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fully faithful. This implies that there is a unique property P representative of each

equivalence class, up to isomorphism, and hence the unique property P representative

is produced by a suitable sequence. The formula for homomorphisms in a quotient

by a Serre subcategory is [Gabriel, 1962, pp. 365]:

HomPerv/N eg(X, Y ) = lim
→

HomPerv(X
′, Y/N)

where the limit is taken over subobjects X ′ ⊆ X,N ⊆ Y where X/X ′ and N are

in N eg. Hence if neither X nor Y has any quotients or subobjects in N eg, then

homomorphisms between the objects in the quotient category are just the usual ho-

momorphisms, and thus the map is faithful and full.

Proposition 3.0.22. Let [−1] : A1 → A1 be the map that sends x to −x. Let D be

Verdier duality.

(Perv/N eg, ∗) is a rigid category, and for a perverse sheaf A, the dual object is

given by the formula:

A∨ = [−1]∗DA

Proof. A category is rigid if every object has a dual. If A is perverse then [−1]∗DA

is perverse, so it is sufficient to prove that [−1]∗DA is actually a dual object.

Let A∨ = [−1]∗DA. By a criterion of Deligne [1990, 2.2], to show that A∨ is the

dual of A, it is sufficient to show that ⊗A and ⊗A∨ are adjoint functors.

This will follow from two simple identities:

Hom(A∨, B) = Hom(1, A ∗B)

(A ∗B)∨ = A∨ ∗B∨
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To prove the first identity, note that the unit object in our monoidal category is just

the skyscraper sheaf δ(0), so we compute:

Hom(δ(0), A ∗B) = Hom(δ(0), Rsum∗(A�B))

= Hom(sum∗δ(0), A�B)

Let i be the inclusion of the anti-diagonal x+ y = 0 into A2
R. Then we continue:

= Hom(i!Q`, A�B)

= Hom(Q`, Ri
!(A�B))

Let ∆ be the diagonal map, then:

= Hom
(
Q`, R∆! (([−1]∗A) �B)

)
and by [Grothendieck, 1977, Exp. III (3.1.1) and (3.2.1)]:

= Hom([−1]∗DA,B)

This gives the first identity in Db(Perv). To get the same identity in Perv/N eg,

we may assume that A and B have property P . In this case by Lemma 3.0.20(2),

[−1]∗DA has property P , so by Lemma 3.0.21:

HomPerv/N eg([−1]∗DA,B) = HomPerv([−1]∗DA,B)

To obtain

HomPerv/N eg(δ(0), A ∗B) = HomPerv(δ(0), A ∗B)
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we again use the formula for homomorphisms in a Serre subcategory[Gabriel, 1962,

pp. 365]:

HomPerv/N eg(X, Y ) = lim
→

HomPerv(X
′, Y/N)

where the limit is taken over subobjects X ′ ⊆ X,N ⊆ Y where X/X ′ and N are in

N eg. So it is sufficient to check that A∗B has no subobjects in N eg and δ(0) has no

quotient objects inN eg. Because A and B have property P , H i(A1, A) and H i(A1, B)

vanish for i < 0, so H i(A1, A ∗ B) vanishes for i < 0 by the Kunneth formula, thus

A∗B has no geometrically constant subobjects. On the other hand δ(0) has property

P and thus has no quotient objects in N eg, so we are done, verifying the first identity.

To check the second identity, observe that [−1]∗ commutes with convolution be-

cause [−1] is an automorphism of the group Ga. Duality does not usually commute

with convolution, as

D(A ∗B) = DA ∗! DB

[Katz, 1990, 8.1.9] but we know that usual and compactly supported convolution are

the same modulo Db(N eg), so this verifies the second identity. Then we have:

Hom(B ∗ A,C) = Hom(1, (B ∗ A)∨, C) = Hom(1, B∨ ∗ A∨ ⊗ C) = Hom(B,A∨ ∗ C)

so ∗A∨ is the right adjoint to ∗A. Then by [Deligne, 1990, 2.2] we are done. (This

argument was suggested by Johnson-Freyd [2015] on Mathoverflow.)

Let p 6= ` be a prime. Let RΨp be the nearby cycles functor [Deligne, 1977, Th.

Finitude, 3.1] relative to Zp that takes objects of Db
c(A1

Q,Q`) to objects of Db
c(A1

Fp
,Q`)

with an action of Gal(Qp|Qp) and is defined as:

Definition 3.0.23. Let Zurp be the integral closure of Zp in the maximal unramified

extension of Qp, and let Qp and Fp be the algebraic closures of Qp and Fp respectively.

For a scheme X over Zp (e.g. A1), let i be the map XFp → XZurp , let j be the map
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XQp → XZurp , and let k be the map XQp → XQp induced by the natural maps

Zurp → Fp, Zurp → Qp, Zp → Qp. Then for a complex of sheaves A on XQp , we define:

RΨpA = i∗Rj∗k
∗A

with the natural action of Gal(Qp|Qp) coming from k∗ and preserved by functoriality

of i∗ and Rj∗. Later, we will also use vanishing cycles. Let A be a sheaf on A1
Zp , and

let o : A1
Zurp →Zp be the natural map, then k

∗
AQp = j

∗
o∗A. By adjunction there is a

natural map:

i∗A→ i∗Rj∗j
∗A = RΨpAQp

and RΦpA is defined as the mapping cone of this map.

If A is perverse on A1
Qp , then the nearby cycles sheaf RΨpA is perverse on A1

Fp

[Illusie, 1994, Corollary 4.5].

Definition 3.0.24. Let F be a field in which ` is invertible, and let A be a perverse

sheaf on A1
F . We say that the generic rank of A, or rank(A), is the dimension of the

stalk of H−1(A) at the generic point of A1
F . (There is always a nonempty open set

over which A is lisse of this rank.)

The definition of good reduction is as follows:

Definition 3.0.25. A perverse sheaf on A1
Q has good reduction at p if it satisfies the

following three conditions:

1.

rank(RΨpA) = rank(A)

2. The singularities of A are p-adic integers. That is, when viewed as elements of

Qp, they in fact lie in Zp.
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3. The inertia group in Gal(Qp|Qp) acts trivially on RΨpA.

This definition is motivated as follows: These conditions, we will later see (Lemma

3.0.36), ensure that

RΨp(A ∗B) = RΨpA ∗RΨpB (3.2)

as long as A and B have good reduction.

The necessity of the first condition for the identity (3.2) is seen by taking A to be

the skyscraper sheaf supported at 1/p and B the skyscraper sheaf supported at −1/p.

Then RΨpA and RΨpB both vanish, but A ∗B is the skyscraper sheaf supported at

0, and thus RΨp(A ∗B) is also a skyscraper sheaf and is nontrivial.

The necessity of the second condition for the identity (3.2) is seen by taking A

to be the Kummer sheaf Lχ for χ a nontrivial character of µ2, and B to be Lχ−1 .

Then RΨ2A and RΨ2B again both vanish, but A ∗ B is equivalent mod N eg to a

Tate twist of a skyscraper sheaf at 0, hence RΨ2(A ∗ B) is again nontrivial. (This

phenomenon does not occur only at 2. Similar but more complicated examples can

be constructed for other primes using the pushforward of the constant sheaf along

the pth power map.)

The third condition may not be necessary to ensure RΨp(A∗B) = RΨpA∗RΨpB,

but we will want a well-defined action of Frobp on RΨpA, for which we need the

inertia group to act trivially.

The main goal of the remainder of this chapter will be to establish the identity

(3.2) and show that good reduction is stable under convolution. Then it will not be

too difficult to construct the Tannakian category.

We will need to control the behavior at ∞ of sheaves with good reduction at p.

For that reason we make the following definitions:

Definition 3.0.26. Let S be any base. A reduced closed subscheme of A1
S is bounded

if it remains closed when viewed as a closed subset of P1
S.
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Definition 3.0.27. Let S be a scheme over Zp. An element of Db
c(A1

SQp
,Q`) is

extensible if there is an open set U of A1
S and a complex of lisse sheaves L ∈ Db

c(U,Q`),

such that :

• The complement in A1
S of U is bounded

• Let u : UQp → A1
SQp

and v : UQp → U be the natural open immersions. Then:

u∗A ∼= v∗L

If A is extensible, then we may control the nearby cycles of A by comparing them

with the lisse sheaf L. In the next three lemmas we will show that sheaves with good

reduction are extensible. This will require some notation and concepts that are not

used in the remainder of the paper.

Let η0 be the geometric generic point of A1
Q. Let ηp be the geometric generic point

of A1
Fp

. We can also view them as geometric points of A1
Zp .

Let Ip be the inertia group of Qp at p. Let Iηp be the inertia group of Qp(x) for the

unique valuation which makes elements of Zp[x] that are nonzero mod p have order

0 and makes p have order 1. This valuation is what Dwork called the Gauss norm.

There is a natural map Iηp → Ip because Qp(x) is an extension of Qp, and this

valuation, restricted to Qp, is the standard valuation on Qp. This map is surjective as

both valuations are integer-valued, so any ramified extension of Qp remains ramified

as an extension of Qp(x). Let P be the kernel of this map. Then Ip = Iηp/P .

Lemma 3.0.28. Let A be a complex in Db
c(A1

Q,Q`). Then we have an isomorphism

of complexes of Ip-representations

(RΨpA)ηp = (Aη0)P
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Here Iηp acts on Aη0 because Iηp is a subgroup of the absolute Galois group of Q(x).

Thus P , a subgroup of Iηp, acts on Aη0, and Ip, the quotient by that subgroup, acts

on (Iη0)P .

Proof. To compute (RΨpA)ηp , when taking vanishing cycles in A1
Zp , we may work in

any étale neighborhood of ηp. So we may work in the limit of all étale neighborhoods

of ηp. Call this S ′. It is the spectrum of the strict Henselian local ring of A1
Zp at ηp.

That ring is a discrete valuation ring. The geometric generic point of S ′ is η0 and its

geometric special point is ηp.

We want to compute the nearby cycles of A on S ′ relative to the base SpecZp.

The nearby cycles of A on S ′ relative to the base S ′ are much easier, because S ′ is

zero-dimensional over S ′, and so

(RΨp,S′A)ηp = Aη0

By [Deligne, 1977, Th. finitude, Lemma 3.4], the vanishing cycles relative to Zp

are just the P -invariants of the vanishing cycles relative to S ′, and the isomorphism,

being functorial, is Ip-equivariant, so we obtain the stated formula.

Corollary 3.0.29. Let A be a perverse sheaf on A1
Q.

rank(RΨpA) ≤ rank(A)

with equality only if P acts trivially on Aη0.

Proof. By Lemma 3.0.28

rank(RΨpA) = dim(H−1(RΨpA))ηp = dim(H−1(A)η0)P ≤ dimH−1(A)η0 = rank(A)
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The middle inequality is an equality if and only if P acts trivially on H−1(A)η0 .

Because A is perverse, Aη0 is supported in degree −1, so P acts trivially on H−1(Aη0)

if and only if it acts trivially on Aη0 .

Lemma 3.0.30. Let A be a perverse sheaf on A1
Q. If A has good reduction at p then

A is extensible when pulled back to A1
Qp.

Moreover, we may take U to be the complement of the closure in A1
Zp of the set of

singularities of A in A1
Qp.

Proof. Because rank(A) = rank(RΨpA), Corollary 3.0.29 shows that P acts trivially

on Aη0 . Because Ip acts trivially on RΨpA, it acts trivially on (RΨpA)ηp , and so Iηp

acts trivially on Aη0 .

A is lisse away from some finite set of singularities. These singularities lie in Zp,

so their closure in A1
Zp is a bounded closed set. Let U be its complement. We will

construct a lisse sheaf on U which is equal to A when pulled back to UQp .

A pulled back to UQp is a lisse sheaf in degree −1, hence a representation ρ of

π1(UQp). The pullback of ρ to Gal
(
Qp(x)|Qp(x)

)
is just H−1(A)η0 , thus Iηp acts

trivially on this representation under the composition:

Iηp → Gal
(
Qp(x)|Qp(x)

)
→ π1(UQp)

We will show that the quotient of π1(UQp) by the minimal normal subgroup con-

taining Iηp is π1(U). Then the representation ρ will factor through π1(U), giving the

desired lisse sheaf on U , and we will be done.

To see this, we use the Galois correspondence. Consider a finite étale Galois cover

of UQp which, when extended by normalization to U , is unramified at the generic

point. By purity of ramification, it extends to a finite étale cover of U . Hence all

quotients of π1(UQp) on which IηP acts trivially factor through π1(U), as desired.
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To show that the conditions of good reduction are preserved by convolution, we

will need computations involving the rank and Euler characteristic:

Lemma 3.0.31. Let K be a separably closed field in which ` is invertible, and let A

be a perverse sheaf on A1
K.

χ(A1
K , A) = − rank(A)+swan(H−1(A),∞)+

∑
x∈A1(K)

(
drop(H−1(A), x) + dim(H0(A), x) + swan(H−1(A), x)

)

where drop(H−1(A), x) is the drop in the rank of H−1(A) at x, dim(H0(A, x)) is the

rank of the stalk of H0(A) at x, and swan(H−1(A), x) is the Swan conductor of the

local monodromy of H−1(A) at x.

Proof. This is almost a special case of the Euler-Poincare formula [Grothendieck,

1977, Theorem 7.1], which is stated for a complex of sheaves on a proper curve. A

perverse sheaf is a complex of sheaves, and the local terms in this formula are the

same as the local terms described in [Grothendieck, 1977], but A1 is not proper.

However we may extend the sheaf by 0 from A1 to P1, which does not affect the Euler

characteristic. Then the global term for a sheaf on a curve of Euler characteristic 2,

such as P1, is −2 rank(A), and the local contribution at ∞ is rank(A) + Swan(A),

giving exactly the stated formula.

Lemma 3.0.32. Let K be a separably closed field and let A and B be two perverse

sheaves on A1
K that are tamely ramified at ∞ and lisse away from the points x1, . . . xn

and y1, . . . , ym respectively. Then A ∗! B is lisse away from the points xi + yj.

Proof. We will show this by applying Deligne’s semicontinuity theorem [Laumon,

1981, Corollary 2.1.2] to Rπ∗j!((d
∗A)⊗ (pr∗2B)). Let U = A1−{xi+yj|1 ≤ i ≤ n, 1 ≤

j ≤ m}. We will show that on π−1(U), the sheaf j!((d
∗A) ⊗ (pr∗2B)) is lisse away

from a smooth divisor, with constant Swan conductor along each component of that
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divisor, and lisse when pulled back to that divisor. It will follow that the cohomology

is lisse.

Let D be the divisor where j!((d
∗A)⊗ (pr∗2B)) is not lisse. D consists of the lines

x = xi and y = yj, which after the change of variables become x′−y′ = xi and y′ = yj,

and the divisor at ∞ with equation y′ =∞. Thus D is a union of lines, and hence is

smooth away from the points where the lines intersect. In the original coordinates,

the points where the lines intersect are (x,i, yj). In the sheared coordinates, these

intersection points are (xi + yj, yj) and map under π to the points xi + yj. Hence the

intersection of D with π−1(U) is smooth.

d∗A is lisse away from the lines of the form x′−y′ = xi and pr∗2B is lisse away from

the lines of the form y′ = yj. Let us fix a line L with equation x′ − y′ = xi. Because

the lines don’t intersect, we can choose a neighborhood of L∩π−1(U) which does not

intersect any of the other lines, so that pr∗2B will be lisse on that neighborhood. We

will check that j!((d
∗A)⊗ (pr∗2B)) has constant Swan conductor around L ∩ π−1(U),

and is lisse when pulled back to L ∩ π−1(U), working locally in that neighborhood.

It is sufficient to show that d∗A has constant Swan conductor along L and is lisse

when pulled back to L, because tensoring with the lisse sheaf pr∗2B will multiply the

Swan conductor by a constant value and preserve lisseness, and because taking j! will

not change anything in a neighborhood of L. But this is clear: d∗A must have the

same Swan conductor at L in each fiber of π because d maps each fiber isomorphically

to A1
K , and d∗A must be lisse when pulled back to L because L is the inverse image

along d of a point of A1
K , so d∗A is constant along L.

By the same argument with A and B reversed, we can see that for L a line of the

form y′ = yj, j!((d
∗A) ⊗ (pr∗2B)) has constant Swan conductor around L ∩ π−1(U),

and is lisse when pulled back to L ∩ π−1(U)

Finally, j!((d
∗A)⊗ (pr∗2B)) is tamely ramified along the line at∞ because both A

and B are tamely ramified at ∞, and it is zero, hence lisse, on the line at ∞.
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So by Deligne’s semicontinuity theorem the cohomology complex Rπ∗j!((d
∗A) ⊗

(pr∗2B)) must be lisse [Laumon, 1981, Corollary 2.1.2]. The theorem states that

Rπ∗u!F is lisse for a lisse sheaf F on an open set U of a scheme X with a proper map

π : X → S, such that the complement Y of U is a smooth divisor over S and such that

F has constant Swan conductor along Y . Here we have a slightly different situation:

Taking S = A1
S −{xi + yj}, X = P1

S, and U the complement of the lines x′− y′ = xi,

y′ = yj, and y′ =∞, instead of u!F we have j!((d
∗A)⊗ (pr∗2B)), a complex of sheaves

lisse on U and lisse on the complement of U . But it follows that Rπ∗j!((d
∗A)⊗(pr∗2B))

is lisse in our case as well by a simple reduction. First, by the Leray spectral sequence,

it suffices to show Rπ∗Hi(j!((d
∗A) ⊗ (pr∗2B))) is lisse. Second, for i the inclusion of

Y there is an exact sequence u!u
∗(j!((d

∗A) ⊗ (pr∗2B))) → (j!((d
∗A) ⊗ (pr∗2B))) →

i∗i
∗(j!((d

∗A) ⊗ (pr∗2B))), so it suffices to show that Rπ∗u!u
∗(j!((d

∗A) ⊗ (pr∗2B))) →

(j!((d
∗A) ⊗ (pr∗2B))) and Rπ∗i∗i

∗(j!((d
∗A) ⊗ (pr∗2B))) are lisse. The first is lisse by

[Laumon, 1981, Corollary 2.1.2] and the second one is lisse because π ◦ i is finite étale

and so pushing forward along it preserves lisseness.

Lemma 3.0.33. Let K be a separably closed field, and let A and B be two perverse

sheaves on A1
K that are tamely ramified at ∞, one of which has property P. Let χ(A)

and χ(B) be the Euler characteristics of A and B on A1
K. Then:

rank(A ∗! B) = rank(A)χ(B) + χ(A) rank(B) + rank(A) rank(B)

Proof. Since convolution commutes with étale base change, we may base change to

the separable closure of K, and so without loss of generality we may assume that K

is separably closed.

Because one of A or B has property P , A ∗! B is perverse. Over an open set, it is

lisse of rank rank(A ∗! B) in degree −1, and so the Euler characteristic of its stalk at
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any point in this open set is − rank(A∗!B). We will compute the Euler characteristic

and hence compute the rank.

Let x1, . . . , xn be the coordinates of the non-lisse points of A, and let y1, . . . , ym

be the coordinates of the non-lisse points of B. Fix a point z such that z 6= xi + yj

for any 1 ≤ i ≤ n, 1 ≤ j ≤ m. By Lemma 3.0.32, A ∗! B sheaf is lisse at z.

Let r be the map A1
K → A1

K that sends x to z − x. By proper base change, we

see that (A ∗! B)z is just H∗c (A1
K , A⊗ r∗B).

Because x1, . . . xn, z − y1, . . . , z − ym are all distinct, in a neighborhood of each

point of A1 either A or r∗B is lisse in degree −1, which means that locally A⊗ r∗B is

a perverse sheaf shifted by one degree. Since perversity is a local condition, A⊗ r∗B

is a perverse sheaf shifted by one degree. We compute its Euler characteristic using

the Euler-Poincare formula, Lemma 3.0.31, with an additional minus sign.

Let:

ai = drop(H−1(A), xi) + dim(H0(A), xi) + swan(H−1(A), xi)

bj = drop(H−1(B), yj) + dim(H0(N), yj) + swan(H−1(B), yj)

Then ai is the local contribution to the Euler characteristic of A from the point

xi, and bj is the local contribution to the Euler characteristic of B from the point yj.

By Lemma 3.0.31,

χ(A) = − rank(A) +
n∑
i=1

ai

χ(B) = − rank(B) +
m∑
j=1

bj

Since r∗B is lisse at xi and its rank is rank(B), the local contribution to the Euler

characteristic of A ⊗ r∗B at xi is − rank(B)ai, and since A is lisse at z − yj and its
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rank is rank(A), the local contribution to the Euler characteristic of A⊗r∗B at z−yj

is − rank(A)bj. The generic rank of A⊗ r∗B is rank(A) rank(B). So we have:

χ(A1, A⊗ r∗B) = rank(A) rank(B)−
n∑
i=1

rank(B)ai −
m∑
j=1

rank(A)bj

= − rank(B)

(
− rank(A) +

n∑
i=1

ai

)
−rank(A)

(
− rank(B) +

m∑
j=1

bi

)
−rank(A) rank(B)

= − (χ(A) rank(B) + rank(A)χ(B) + rank(A) rank(B))

Because the Euler characteristic is− (χ(A) rank(B) + rank(A)χ(B) + rank(A) rank(B)),

and the sheaf is lisse in degree−1, its rank must be− (χ(A) rank(B) + rank(A)χ(B) + rank(A) rank(B)).

Lemma 3.0.34. Let S be a smooth scheme over Zp. Let j be the open immersion

A1
S → P1

S. Let A ∈ Db
c(A1

SQp
,Q`) be a complex. If A is extensible, then:

1.

RΨpj!A = j!RΨpA

2. RΨpA is tamely ramified at ∞.

Proof. Because nearby cycles are defined locally, the first statement is certainly true

everywhere on A1
Fp

. It remains to verify the statement on the divisor at ∞ of P1
SFp

.

Because both statements are local questions on the divisor at∞, we may work in the

neighborhood of a point on that divisor.

Let L be a complex of lisse sheaves on an open set U of A1
S, as described in the

definition of extensibility. Let Z be its bounded closed complement. Rather than

working with j!A on all of P1
S, we will work with j!L on P1

S − Z.
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j!L is lisse on P1
S − Z away from the divisor at ∞. Because the divisor at ∞ is

a smooth divisor which is generically in characteristic 0, L is tamely ramified at the

generic point of that divisor, and hence is tamely ramified around that divisor. Thus

the vanishing cycles RΦpj!L of j!L relative to Zp are 0 by [Deligne and Katz, 1973,

XIII Lemma 2.1.11].

Because RΦpj!L vanishes, RΨpj!LQp = j!LFp .

Away from Z, LQp is isomorphic to A, so RΨpj!A = j!LFp . Hence RΨpj!A is zero

at∞, verifying the first statement, and RΨpj!A = j!RΨpA is tamely ramified around

∞, verifying the second statement.

Lemma 3.0.35. If A ∈ Perv has good reduction at p, then:

χ(A1
Fp , RΨpA) = χ(A1

Q, A)

Proof. The Euler characteristic is preserved by extension by zero, so:

χ(A1
Q, A) = χ(P1

Q, j!A) = χ(P1
Fp , RΨpj!A) = χ(P1

Fp , j!RΨpA) = χ(A1
Fp , RΨpA)

The middle two equalities follow, respectively, from the fact that the cohomology of

the nearby cycles sheaf on the special fiber is the cohomology of the original sheaf on

the geometric generic fiber and from Lemma 3.0.34.

Lemma 3.0.36. If A and B have good reduction at p, then:

RΨpA ∗! RΨpB = RΨp(A ∗! B)

Proof. We apply the compactification of Remark 3.0.12 to compute RΨpA ∗! RΨpB:

(RΨpA) ∗! (RΨpB) = Rπ∗u!((d
∗RΨpA)⊗ (pr∗2RΨpB))
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We will verify the sequence of identities:

Rπ∗j!((d
∗RΨpA)⊗ (pr∗2RΨpB))

= Rπ∗j!RΨp((d
∗A)⊗ (pr∗2B))

= Rπ∗RΨpj!((d
∗A)⊗ (pr∗2B))

= RΨpRπ∗j!((d
∗A)⊗ (pr∗2B))

= RΨp(A ∗! B)

The first identity is valid because d∗A ⊗ pr∗2B is the external tensor product A � B

composed with a change of coordinates. Nearby cycles compute with external tensor

products by [Beilinson and Bernstein, 1993, Lemma 5.1.1], and they clearly commute

with change of coordinates.

The second identity will follow from Lemma 3.0.34 if we can show that d∗A⊗pr∗2B

is extensible as a complex on A2 = A1
A1 . The perverse sheaves A and B are both

extensible, hence isomorphic to lisse complexes on open sets U and V with bounded

complements Z1 and Z2. The tensor product d∗A ⊗ pr∗2B is isomorphic to a lisse

complex on d∗U ∩ pr∗2V , so it is sufficient to show that its complement d∗Z1 ∪ pr∗2Z2

is bounded. It is sufficient to show that the maps: d, pr2 : A1 × A1 → A1 can be

extended to maps A1×P1 → P1, so that the inverse image of a set in A1 closed in P1

will be a set in A1 × A1 closed in A1 × P1, hence bounded. For pr2, the extension is

still pr2, and for d it extends because the map that sends y to x− y is a well-defined

automorphism of P1 for each finite x.

The third identity follows because RΨp commutes with proper pushforward.

The fourth identity is a tautology.
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Lemma 3.0.37. Let A and B be two perverse sheaves, at least one of which has

property P. If A and B have good reduction at p, then A ∗! B has good reduction at

p.

Proof. For the first condition for good reduction, we can see, using Lemma 3.0.33,

that

rank(A ∗! B) = rank(A)χ(B) + χ(A) rank(B) + rank(A) rank(B).

(by definition and Lemma 3.0.35)

= rank(RΨpA)χ(RΨpB) + χ(RΨpA) rank(RΨpB) + rank(RΨpA) rank(RΨpB)

(by Lemma 3.0.33)

= rank(RΨpA ∗! RΨpB)

(by Lemma 3.0.36)

= rank(RΨp(A ∗! B))

For the second condition, observe that the singularities of A ∗! B are all sums of

the singularities of A and B by Lemma 3.0.32. Because sums of p-adic integers are

p-adic integers, the singularities of A ∗! B are p-adic integers.

For the third, note that if Ip acts trivially on RΨpA and RΨpB, it acts trivially on

RΨpA ∗! RΨpB by functoriality, which is the same thing as RΨp(A ∗! B) by Lemma

3.0.36.

Lemma 3.0.38. Let

0→ A→ B → C → 0

be an exact sequence of perverse sheaves. If B has good reduction at p, then A and C

do as well.
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In other words, subobjects and quotients of perverse sheaves with good reduction

have good reduction.

Proof. We check for A and C the three conditions of good reduction.

Observe that:

0→ RΨpA→ RΨpB → RΨpC → 0

is also a short exact sequence.

For generic rank, , we have:

rank(A)+rank(C) = rank(B) = rank(RΨpB) = rank(RΨpA)+rank(RΨpC) ≤ rank(A)+rank(C)

because rank is additive in exact sequences and because B has good reduction. Thus

the final inequality, due to Corollary 3.0.29, is an equality, so rank(RΨpA) = rank(A)

and rank(RΨpC) = rank(C).

The singularities of A and C must occur at the singularities of B, since a perverse

sheaf lisse at a point can never be decomposed into two perverse sheaves not lisse

at that point (Given a lisse perverse sheaf A, it is sufficient to check that, in some

neighborhood of that point, all the Jordan-Holder factors of A in the category of

perverse sheaves are lisse. But in a neighborhood of that point A is lisse, hence

a successive extension of irreducible lisse sheaves, and irreducible lisse sheaves are

irreducible perverse sheaves, so those are the Jordan-Holder factors of A.)

For the inertia action, subobjects and quotients of objects with trivial group action

have trivial group action, hence because Ip acts trivially on RΨpB, it must also also

act trivially on RΨpA and RΨpC.

Corollary 3.0.39. An equivalence class in Perv/N eg contains an element with good

reduction at p if and only if its property P representative has good reduction at p.
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Proof. By Lemma 3.0.21, the property P representative can be constructed from any

given element by repeated subobjects and quotients. By Lemma 3.0.38, subobjects

and quotients preserve good reduction. So if there is any element with good reduction,

by repeatedly taking subobjects and quotients, the property P representative has

good reduction. The converse is obvious.

Definition 3.0.40. We say that an equivalence class in Perv/N eg has good re-

duction at p if and only if its property P representative has good reduction at p.

(Equivalently, by Corollary 3.0.39, if any element of the class has good reduction at

p.)

Lemma 3.0.41. The full subcategory of Perv/N eg consisting of objects with good

reduction at p is closed under direct sums, kernels, cokernels, convolution, and duality.

Proof. A kernel or cokernel is defined for an arbitrary map between two elements

of the equivalence class. Using Lemma 3.0.21, we see that we can always take the

map to be between two elements with property P . The kernel and cokernel may not

have property P , but they certainly have good reduction by Lemma 3.0.38, so their

equivalence classes have good reduction.

Similarly for direct sum, we just need to check that the direct sum of perverse

sheaves with good reduction has good reduction. For all three of the conditions, this

is obvious. The singularities of A+B are the singularities of A and the singularities

of B, and RΨp(A+B) = RΨpA+RΨpB.

For convolution, we may assume A and B have property P , and then A ∗! B has

good reduction by Lemma 3.0.37.

For duality, we know that by Lemma 3.0.22, duals in the Perv/N eg are given by

A∨ = [−1]∗DA. Good reduction is clearly preserved by [−1]∗ so we focus on Verdier

duality. Verdier duality preserves generic rank, and commutes with nearby cycles

[Illusie, 1994, Theorem 4.2], so the condition about ranks is satisfied. Verdier duality
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preserves the singular set so the condition about singularities is satisfied. Duality is

functorial, so preserves the inertia action, so that condition is satisfied as well.

The following proposition is not needed for other results in this paper, but is

useful:

Proposition 3.0.42. Let A ∈ Perv have property P and good reduction at p. Then

RΨpA also has property P.

Proof. By [Katz, 1995, Lemmas 2.6.13, 2.6.14 and 2.6.15], RΨpA has property P if

and only if it has no subobjects or quotients that are Artin-Schreier sheaves. By

Lemma 3.0.34, RΨpA is tamely ramified at ∞, so the only Artin-Schreier sheaf that

can be a subobject or a quotient is the trivial sheaf. Just as in Lemma 3.0.20, we

have:

HomA1
Fp

(Q`[1], RΨpA) = H−1(A1
Fp , RΨpA)

HomA1
Fp

(RΨpA,Q`[1]) = H1
c (A1

Fp , RΨpA)∨

So it is sufficient to show that H−1(A1
Fp
, RΨpA) and H1

c (A1
Fp
, RΨpA) vanish. Let j be

the open immersion A1 → P1, then by Lemma 3.0.34 and Lemma 3.0.20

H1
c (A1

Fp , RΨpA) = H1(P1
Fp , j!RΨpA) = H1(P1

Fp , RΨpj!A) = H1(P1
Q, j!A) = H1

c (A1
Q, A) = 0

and because DA also has property P and good reduction at p (Lemma 3.0.41)

H−1(A1
Fp , A) = H1

c (A1
Fp , DRΨpA)∨ = H1

c (A1
Fp , RΨpDA)∨ = 0

Here we also use the fact that nearby cycles commute with duality [Illusie, 1994,

Theorem 4.2].
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Lemma 3.0.43. Let ψ be a nontrivial additive character of Fp. Let Lψ be the cor-

responding character sheaf. Let A be a perverse sheaf on A1
Q with good reduction at

p.

(1) H i(A1
Fp
, RΨpA⊗ Lψ) vanishes for i 6= 0.

(2) The natural forget supports map

H i
c(A1

Fp , RΨpA⊗ Lψ)→ H i(A1
Fp , RΨpA⊗ Lψ)

is an isomorphism.

Proof. Let u be the open immersion A1 → P1. We will show that the natural forget

supports map u!(RΨpA⊗ Lψ)→ Ru∗(RΨpA⊗ Lψ) is an isomorphism.

It is sufficient to show that all the stalks of Ru∗(RΨpA⊗ Lψ) at ∞ vanish. This

is true because A has good reduction, so by Lemma 3.0.34 RΨpA is tamely ramified

at ∞, so RΨpA ⊗ Lψ is totally wildly ramified at ∞, and in particular has no local

monodromy invariants or coinvariants. The stalk of Ru∗RΨp(A ⊗ Lψ) at ∞ can be

computed by a spectral sequence from the monodromy invariants and coinvariants

and so vanishes.

Hence the natural map

H i
c(A1

Fp , RΨpA⊗Lψ) = H i(P1
Fp , u!RΨpA⊗Lψ)→ H i(P1

Fp , Ru∗RΨpA⊗Lψ) = H i(A1
Fp , RΨpA⊗Lψ)

is an isomorphism.

To prove the first part, note that RΨpA is a perverse sheaf, so RΨpA ⊗ Lψ is as

well, and H i of an affine variety with coefficients in a perverse sheaf always vanishes

for i > 0. Similarly the compactly supported cohomology vanishes for i < 0. Because

they are equal, they both vanish away from 0.
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Lemma 3.0.44. A 7→ H0(A1
Fp
, RΨpA⊗ Lψ) is an exact tensor functor from the full

subcategory of Perv/N eg consisting of objects with good reduction at p to the category

of vector spaces.

Proof. First note that there is no ambiguity regarding elements of N eg: The functor

sends them to 0, because constant sheaves on A1
Qp

are sent to constant sheaves on

A1
Fp

by RΨp, which when tensored with Lψ have no cohomology.

The functors RΨp, ⊗Lψ, and cohomology all preserve distinguished triangles, and

by Lemma 3.0.43 the cohomology groups above and below 0 vanish, so the long exact

sequences become short exact sequences and hence the functor is exact.

Finally we check that this is a tensor functor.

H0(A1
Fp , RΨp(A ∗B)⊗ Lψ)

(by the dual of Lemma 3.0.36)

= H0
(
A1

Fp , (RΨpA ∗RΨpB)⊗ Lψ
)

(by definition of ∗)

= H0
(
A1

Fp , Rsum∗ (RΨpA�RΨpB)⊗ Lψ
)

(by the Leray spectral sequence)

= H0
(
A2

Fp , (RΨpA�RΨpB)⊗ sum∗Lψ
)

(by [Katz, 1988, Section 4.3 (3)])

= H0
(
A2

Fp , (RΨpA⊗ Lψ) � (RΨpB ⊗ Lψ)
)
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(because of the Künneth formula and Lemma 3.0.43)

= H0
(
A1

Fp , RΨpA⊗ Lψ
)
⊗H0

(
A1

Fp , RΨpB ⊗ Lψ
)

We also need to check that this tensor isomorphism satisfies all the necessary com-

mutative diagrams. As in Proposition 3.0.18 we will use a balanced definition to do

this. We define for any finite set I a morphism γI : H0
(
A1

Fp
, RΨp(∗IAi)⊗ Lψ

)
→

⊗IH0
(
A1

Fp
, RΨpAi ⊗ Lψ

)
by:

H0
(
A1

Fp , RΨp(∗IAi)⊗ Lψ
)

(by definition)

= H0
(
A1

Fp , Rψp(RπI∗ �I AI)⊗ Lψ
)

(by base change)

→ H0
(
A1

Fp , RπI∗Rψp �I AI)⊗ Lψ
)

([Beilinson and Bernstein, 1993, Lemma 5.1.1])

= H0
(
A1

Fp , RπI∗ �I RψpAI ⊗ Lψ
)

(by the Leray spectral sequence)

= H0
((

A1
)I
Fp
,�IRψpAI ⊗ π∗Lψ

)

(by iteratively applying [Katz, 1988, Section 4.3 (3)])

=
((

A1
)I
Fp
,�I(RψpAI ⊗ Lψ)

)

52



(by the Künneth formula and Lemma 3.0.43)

= ⊗IH0
(
A1

Fp , RΨpAi ⊗ Lψ
)

In order to check that A 7→ H0(A1
Fp
, RΨpA⊗Lψ) is a tensor functor, it suffices to

check that:

1) The map γI is an isomorphism.

2) γI agrees with the identity in the case where I has cardinality 0 or 1 and agrees

with the previously described isomorphism when I has cardinality 2.

3) For any map α : I → J of finite sets, the following diagram commutes:

H0
(
A1
Fp
, RΨp(∗IAi)⊗ Lψ

)
−−−−−−→

γI
−−−−−−→ ⊗IH0

(
A1
Fp
, RΨpAi ⊗ Lψ

)
yχ(α)

yχ(α)

H0
(
A1
Fp
, RΨp(∗J ∗α−1(j)

Ai)⊗ Lψ
)
−−−−−−→

γJ
⊗JH0

(
A1
Fp
, RΨp(∗

α−1(j)Ai)⊗ Lψ
)
−−−−−−−−−−→∏
j γα−1(J)

⊗J ⊗α−1(j)
H0

(
A1
Fp
, RΨpAi ⊗ Lψ

)

Indeed, because the associativity isomorphism is the composition of two uses of

χ(α), that the associativity isomorphism commutes with γ follows from combining

two copies of this diagram. The symmetry isomorphism and unit isomorphism follows

similarly.

Furthermore 1) follows inductively from 2) and 3). Part 2) establishes it for I of

cardinality at most 2. Suppose it is known for cardinality at most n and let I be a

set with cardinality at most n+ 1. Let α be a function from this set to a two-element

set that is not a constant function. Then in this commutative diagram, the γs on the

bottom row all are for sets of size at most n, so are isomorphisms, and the column

maps are isomorphisms, so the top row γI is an isomorphism.

2) is not too hard. In the |I| = 0 case, simply observe that all the objects in

the chain of morphisms defining γI are the same one-dimensional vector space and

all the arrows are the identity. Similarly, in the |I| = 1 case πI is the identity,
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� is trivial, and all the isomorphisms and the base change map are used in their

trivial cases where they are the identity. Comparing our definition of |I| = 2 with

the one we gave earlier specific to that case, we see the only difference is the first

two lines, where we use a base change map and the compatibility of RΨ and �

instead of using Proposition 3.0.36. However, examining Proposition 3.0.36, it uses

the compatibility of � and RΨ and takes a compactification π ◦ j of sum, then

uses the map Rπ∗j!RψpK → Rπ∗RΨpj!K = RΨpRπ∗j!K, whose dual is the map

RΨpRπ∗Rj∗DK = Rπ∗RΨpj∗DK → Rπ∗Rj∗RψpK coming from base change for π,

which since base change is defined locally is the same as the bas change map for π ◦ j,

which si the base change map of sum, matching our second morphism exactly.

3) is the interesting one. We divide it into two parts. The first part, more difficult,

handles just RΨp, and the second part handles the rest of the functor. The first part

is to check that the commutative diagram using fragments of γ for the horizontal

arrows

RΨp(∗IAi) ∗IRΨpAi

RΨp(∗J ∗α−1(j) Ai) ∗JRΨp(∗α−1(j)Ai)) ∗J ∗α−1(j) RΨpAi

χ(α) χ(α)

To prove this we must check that the base change and compatibility-with-� mor-

phisms for RΨ commute with the three isomorphisms we used to define χ(α) - the

Künneth formula, the Leray spectral sequence, and the monoidality of �. We need to

prove one smaller diagram commutative. For each of them we note only the arrows

that are valid for arbitrary sheaves so that we can remove the derived functor and

commute directly to verify that the diagram commutes.

Compatibility of RΨ and Künneth:

�IRΨpRfi∗Ai −−−→ �IRfi∗RΨpAi −−−→ (
∏

i∈I Rfi)∗ �I RΨpAiy y
RΨp �I Rfi∗Ai −−−→ RΨp(

∏
i∈I Rfi)∗ �I Ai −−−→ (

∏
i∈I Rfi)∗RΨp �I Ai
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Compatibility of RΨ and Leray:

RΨpRf∗Rg∗A −−−→ Rf∗RΨpRg∗A −−−→ Rf∗Rg∗RΨpA∥∥∥ ∥∥∥
RΨpR(f ◦ g)∗A −−−→ −−−→ R(f ◦ g)∗RΨpA

Compatibility of RΨ and monoidality of �:

RΨp �I Ai �IRΨpAi

RΨp �J �α−1(j)Ai �JRΨp �α−1(j) Ai �J �α−1(j) RΨpAi

For each diagram, we reduced to the analogous version for non-derived functors,

check that it holds for skyscraper sheaves, and then check the reduction to skyscraper

sheaves, following Lemma 3.0.18. The functors Rf∗ and � preserve skyscraper sheaves

and RΨp sends a skyscraper sheaf to either a skyscraper sheaf or the zero sheaf, so

all the objects in these diagrams are either skyscraper sheaves or the zero sheaf.

First we check that for each diagram, if any object is the zero sheaf, then enough

are that all maps are zero and the diagram commutes. This happens when RΨp

is supported at a skyscraper sheaf whose reduction modulo p is not in the variety.

But if this happens for Rf∗ of a sheaf, then it must already happen for that sheaf,

since if the reduction mod p of a point is in the variety then f of that reduction is

in the variety. Similarly if this happens for one sheaf then it happens for the � of

many sheaves, because if one point has bad reduction then its product must have bad

reduction. So if any object in the first diagram is zero, the bottom-right object is,

and if any object in the second diagram is zero, one on the right side is, and if any

object in the third diagram is zero, one on the left side is. In either case the diagram

is trivial.

Second we check, in the case that each object in each diagram is a skyscraper

sheaf, that each morphism is the identity, preserving the canonical section. The
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morphisms are base change for RΨ, the isomorphism RΨ(A � B) = RΨA � RΨB,

as well as Künneth, Leray, and monoidality of �. But none of these can possibly

affect the canonical generator of a skyscraper sheaf because at no point is the section

multiplied by anything.

Finally, we must check the case for a general sheaf. It is sufficient to show that,

for each section of one of the final objects of the diagram, there are some maps from

Ai to skyscraper sheaves that are nontrivial on that section. For each diagram, the

final object (bottom-right in the first and bottom-left in the last two) comes from

applying some combination of Ψp, �, and f∗. Each nontrivial section of one of these

functors applied to a sheaf comes from one or more nontrivial sections of the original

sheaf. Following it backwards, from a section of the final object we obtain a tuple

of sections of the Ais. For each Ai, we can find a map to a skyscraper sheaf which

sends that section to something nontrivial by taking a stalk. Applying functoriality

for each functor in the composition, we see that the section of the final object is sent

to a nontrivial section of the final object in the case where each Ai is replaced with

a skyscraper sheaf, and we win.

The remainder is much simpler. We can handle it all with a single commutative

diagram, where the horizontal arrows are the remainder of γI . The remainder of γI

is an isomorphism, but only the leftmost arrow is defined for an arbitrary sheaf.

H0
(
A1

Fp
, (∗IAi)⊗ Lψ

)
⊗IH0

(
A1

Fp
, Ai ⊗ Lψ

)

H0
(
A1

Fp
, (∗J ∗α−1(j) Ai)⊗ Lψ

)
⊗JH0

(
A1

Fp
, (∗α−1(j)Ai)⊗ Lψ

)
⊗J ⊗α−1(j) H

0
(
A1

Fp
, Ai ⊗ Lψ

)

To check this diagram commutes it is sufficient to do so for the non-derived func-

tors. First let us check this for sksycarper sheaves. Convolution, tensoring with Lψ,

and taking cohomology all send skyscraper sheaves to skyscraper sheaves, but ten-
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soring with Lψ does not fix the canonical generator. Instead choosing a generator

for δx ⊗ Lψ is the same as choosing a generator of Lψ(x). Similarly all the isomor-

phisms involved but [Katz, 1988, Section 4.3 (3)] already preserve generators. So it

remains to check that the action of the iterated isomorphism of [Katz, 1988, Section

4.3 (3)] on stalks does not depend on the order the isomorphism is used in. In other

words, the isomorpsim (x+y)∗Lψ = x∗Lψ⊗y∗Lψ allows us to write (x+y+ z)∗Lψ as

x∗Lψ⊗y∗Lψ⊗z∗Lψ in two different ways, the first passing through (x+y)∗Lψ⊗z∗Lψ

and the second passing through x∗Lψ ⊗ (y + z)∗Lψ. Are these two isomorphisms the

same? Yes. They are irreducible lisse sheaves on A3, so it is sufficient to check this on

the stalks at any given point. We choose the point (0, 0, 0) where the stalk of every

involved sheaf has a canonical generator and the map is the isomorphism.

To reduce from all sheaves to skyscraper sheaves it is sufficient to show that

every section of H0
(
A1

Fp
, (∗J ∗α−1(j) Ai)⊗ Lψ

)
maps nontrivially to a section of

H0
(
A1

Fp
, (∗J ∗α−1(j) δxi)⊗ Lψ

)
under some tuple of maps Ai → δxi . But such a

section is a global section of ∗J ∗α−1(j)Ai) tensored with Lψ , which comes from some

section of �J ∗α−1(j) Ai tensored with Lψ, which comes locally from a product of

sections of ∗α−1(j)Ai tensored with Lψ, each of which arises locally from a product of

sections of Ai, which must have nonzero stalks at some point. Then those stalks give

nontrivial maps to the skyscraper sheaf.

Theorem 3.0.45. Let S be a finite set of primes including `. Let CCS the full

subcategory of Perv/N eg consisting of objects with good reduction at all primes p not

in S with the sheaf convolution monoidal structure.

CCS is a neutral Tannakian category.

For any prime p not in S and ψ any nontrivial exponential character, a fibre

functor is A 7→ H0(A1
Fp
, RΨpA ⊗ Lψ). There is a natural action of Frobp as an

automorphism of this functor.
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Proof. We must check that CCS is a rigid symmetric monoidal abelian category with

an exact tensor functor to the category of vector spaces. Since CCS is defined as a full

subcategory of a rigid symmetric monoidal abelian category, it is sufficient to check

it is closed under direct sums, kernels, cokernels, duals, and tensors, and contains the

unit. This follows from Lemma 3.0.41, together with the fact that it contains the unit

object, the skyscraper sheaf of rank 1 at 0.

The fact that H0(A1
Fp
, RΨpA ⊗ Lψ) is an exact tensor functor is Lemma 3.0.44.

Thus CCS category is Tannakian.

To obtain the Frobp action, recall that Gal(Qp|Qp) acts on H0(A1
Fp
, RΨpA⊗Lψ).

The inertia subgroup acts trivially on RΨpA by the definition of good reduction,

hence trivially on H0(A1
Fp
, RΨpA ⊗ Lψ), so the quotient of the Galois group by the

inertia subgroup, which contains Frobp, has a well-defined action.

Proposition 3.0.46. Let N be a positive integer multiple of `. Let A be an element

of Db
c(A1

Z[ 1
N ]
,Q`). Then there is a finite set of primes S including all the primes

dividing N such that, for each p not in S, for each i, pHi(AQ) has good reduction at p

and H0(A1
Fp
, RΨp

pHi(AQ)⊗Lψ) is isomorphic to H i
c(A1

Fp
, AFp⊗Lψ) as a vector space

with an action of Frobp.

We can take S to be the set of primes p that either divide N or such that one of

the following conditions fails:

• A is lisse in a neighborhood of the generic point of A1
Fp

.

• The closed set Z ⊂ A1
Z[ 1
N ]

where A is not lisse is a finite étale cover of SpecZ
[
1
N

]
over a neighborhood of p.

• When pulled back to Z, A is lisse again.

Proof. Let p be a prime not in S. Because p satisfies the stated conditions, Deligne’s

semicontinuity theorem implies that the Swan conductor around Z is semicontinuous
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in a neighborhood of p [Laumon, 1981, Theorem 2.1.1(i)]. Since the Swan conductor

is generically 0 in characteristic 0 where the sheaf is tame, the Swan conductor around

Z is constant in that neighborhood.

Let U be the complement of Z, j the inclusion of U , and i the inclusion of Z. As

j∗A satisfies the conditions of [Laumon, 1981, Theorem 2.1.1(ii)] in a neighborhood

of p, RΦpj!j
∗A vanishes. Furthermore RΦpi

∗A vanishes because it is complex of lisse

sheaves on a smooth scheme, thus RΦpi∗i
∗A = i∗RΦpi

∗A vanishes because i, being

finite, commutes with RΦp, so by the distinguished triangle j!j
∗A → A → i∗i

∗A,

RΦpA = 0.

Therefore the natural map AFp → RΨpAQ is an isomorphism.

Using this isomorphism, we will show that pHi(AQ) has good reduction at p. The

key point is that because RΨp preserves perversity and distinguished triangles, it is

an exact functor from the category of perverse sheaves on A1
Qp to the category of

perverse sheaves on A1
Fp

and thus

pHi ◦RΨp = RΨp ◦ pHi

Note that A is lisse in a neighborhood of the generic point of A1
Fp

. On an open set

where it is lisse, pHi is the same as H i−1, shifted by 1 [Katz, 1995, Lemma 2.3.2.1(c)].

So rank(pHi(AQ)) is the rank of Hi−1(A) on the open set where it is lisse, which

includes the special fiber at p, so it is also rank(pHi(AFp)). Then:

pHi(AFp) = pHi(RΨpAQ) = RΨp
pHi(AQ)

hence

rank(pHi(AQ)) = rank
(
pHi(AFp)

)
= rank(RΨp

pHi(AQ))

so pHi(AQ) satisfies the first condition of good reduction at p.
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Since the set of singularities of A is finite étale at p, the singular points of AQ,

and thus of pHi(AQ), are located at p-adic integers, so pHi(AQ) satisfies the second

condition.

Finally, the inertia action on pHi(AFp) is trivial. Since this is equal to

RΨp
pHi(AQ), the inertia action on RΨp

pHi(AQ) is trivial as well, so pHi(AQ)

satisfies the third condition.

Hence pHi(AQ) has good reduction at p for all p not in S.

Tensoring with Lψ and taking cohomology, we have the Gal(Qp|Qp)-equivariant

isomorphism

H i
c(A1

Fp , AFp ⊗ Lψ) ∼= H i
c(A1

Fp , RΨpAQ ⊗ Lψ).

H i
c(A1

Fp
, RΨpAQ⊗Lψ) is given by a spectral sequence in terms ofHa

c (A1
Fp
, RΨp

pHb(AQ)⊗

Lψ). Because pHb(AQ) has good reduction at p, Ha
c (A1

Fp
, RΨp

pHb(AQ)⊗Lψ) vanishes

for a 6= 0 by Lemma 3.0.43, and so the spectral sequence degenerates and we have

the Gal(Fp|Fp)-equivariant isomorphism:

H i
c(A1

Fp , AFp ⊗ Lψ) = H0
c (A1

Fp , RΨp
pHi(AQ)⊗ Lψ)

which gives the desired equality of Frobenius actions. H0
c is the same as H0 here by

Lemma 3.0.43.

Definition 3.0.47. Let GS be the Tannakian fundamental group of CCS.

Definition 3.0.48. Let Frobp be the conjugacy class in GS given by the action of

Frobp on the fibre functor of CCS given by A 7→ H0(A1
Fp
, RΨpA ⊗ Lψ) for ψ the

standard additive character ψ(x) = e2πi
x
p .

We now prove Theorem 1.0.1.

Proof. Let F be a constructible sheaf on A1
Z[ 1

` ]
. We apply Proposition 3.0.46 to F ,

and let V be the sum of pHi(FQ) for i even and W be the sum for i odd. (Actually
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i = 0, 1 are the only ones that appear, but this is not needed for our argument.)

p−1∑
x=0

e2πi
x
p tr(F ,Frobp, x) = tr(V,Frobp)− tr(W,Frobp)

By Equation 3.1, the left side is equal to:

2∑
i=0

(−1)i tr(H i
c(A1

Fp ,FFp ⊗ Lψ),Frobp)

=
2∑
i=0

(−1)i tr(H i
c(A1

Fp , RΨp(
pHi(FQ)⊗ Lψ),Frobp)

=
2∑
i=0

(−1)i tr(pHi(FQ),Frobp)

= tr(V,Frobp)− tr(W,Frobp)

as desired.

Remark 3.0.49. It is necessary to use perverse sheaves for any study of sheaf convo-

lution because the category of usual `-adic sheaves is not Artinian and so can never

be given the structure of a Tannakian category. Because we do not know of any good

theory of perverse sheaves over a base other than a field, we need to use perverse

sheaves over Q. Specifically, the fact that perverse sheaves form an abelian category

is key. Nearby cycles are the best way to get from sheaves over Q to sheaves over

Fp, because they preserve information, such as the Euler characteristic, about the

original sheaf. This idea was suggested to me by Pierre Deligne.

As these theorems show, for most primes, specializing a sheaf with nearby cycles

is the same as taking the usual pullback, so at most primes the formalism of nearby

cycles is not required to specialize. However, to show that the set of bad primes does

not increase requires careful analysis of nearby and vanishing cycles.
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Chapter 4

Properties of the Tannakian

Category

Let S be a finite set of primes including `. In this chapter, we prove several useful

lemmas about GS and its category of representations CCS.

First we will check that some standard notions like irreducibility and weights

behave as expected in this category:

Lemma 4.0.50. The property P representative of an irreducible object of CCS is an

irreducible perverse sheaf.

Proof. Let A be the property P representative of an equivalence class in Perv/N eg

corresponding to an irreducible representation. We will show that A is irreducible.

Suppose there is an exact sequence 0→ B → A→ C → 0 in Perv. Then by Lemma

3.0.38, B and C also have good reduction away from S. This sequence remains exact

in Perv/N eg by construction of quotient categories and so remains exact in CCS.

However as A maps to an irreducible object in CCS, either B or C must map to the

0 object in CCS, and thus be in N eg. But A has Property P and cannot have any

nontrivial quotients or subobjects in N eg by Lemma 5.0.89, so B or C is trivial.
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Lemma 4.0.51. Let N be a natural number that is a multiple of `. Let A be an

element of Db
c(A1

Z[1/N ],Q`) which is perverse when pulled back to A1
Q.

If A is a pure complex of weight w then for all but finitely many primes p, we have

for all n, and for all nontrivial additive characters ψ of Fpn, H0(A1
Fp
, RΨpAQ ⊗ Lψ)

is pure of weight w.

Proof. Proposition 3.0.46 states that RΨpA is isomorphic to AFp at all but finitely

many primes p. We will prove the purity of H0(A1
Fp
, RΨpAQ ⊗ Lψ) at primes where

RΨpA is isomorphic AFp . Because AFp is pure of weight w, and Lψ is pure of weight

0, RΨpA ⊗ Lψ is pure of weight w. Thus by Deligne’s Weil II theorem [Deligne,

1980, Variant 6.2.3], H0
c (A1

Fp
, RΨpA ⊗ Lψ) is mixed of weight ≤ w. Furthermore

D(RΨpA ⊗ Lψ) is pure of weight −w, thus by Weil II H0
c (A1

Fp
, D(RΨpA ⊗ Lψ)) is

mixed of weight ≤ −w. We have

DH0
c (A1

Fp , D(RΨpA⊗ Lψ)) = H0(A1
Fp , RΨpA⊗ Lψ)

so H0(A1
Fp
, RΨpA⊗ Lψ) is mixed of weight ≥ w.

By Lemma 3.0.43 the “forget supports” mapH0
c (A1

Fp
, RΨpA⊗Lψ)→ H0(A1

Fp
, RΨpA⊗

Lψ) is an isomorphism. As the left side is mixed of weight ≤ w and the right is

mixed of weight ≥ w, both are pure of weight w.

Definition 4.0.52. We say that A ∈ Perv/N eg with good reduction outside S is

pure of weight w if, for all p 6∈ S, we have: for all prime powers pn, and all nontrivial

additive characters ψ of Fpn , H0(A1
Fp
, RΨpA⊗ Lψ) is pure of weight w.

Remark 4.0.53. We expect but are unable to prove to prove that Frobp is pure at

all the primes of good reduction and not just at these primes p where RΨpA agrees

with the usual specialization and at which the usual specialization is pure. This is

difficult already in the special case where A is a Galois representation H i(X,Q`) for

X a smooth proper algebraic variety, placed in degree 0 and at the point 0. Then we
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would need to prove, not only that Frobp is pure of weight i at primes of good reduction

of X but, that Frobp is pure of weight i at all unramified primes of H i(X,Q`). This

is a special case of Deligne’s weight-monodromy conjecture [Deligne, 1970, pp.430],

which is open. In Lemma 4.0.51 we avoided this difficulty by throwing away finitely

many primes.

We have an explicit formula for the dimension of the GS-representation associated

to an object:

Lemma 4.0.54. Let A be a perverse sheaf on A1
Q with good reduction at p.

The dimension of A viewed as a representation of GS is equal to

∑
x∈A1(Q)

(
drop(H−1(A), x) + dim(H0(A), x)

)

where drop(H−1(A), x) is the drop in the rank of H−1(A) at x and dim(H0(A, x)) is

the rank of the stalk of H0(A) at x.

Proof. The dimension of A viewed as a representation of GS is equal to the dimension

of H0(A1
Fp
, RΨpA⊗ Lψ) because H0(A1

Fp
RΨpA⊗ Lψ) is a fiber functor.

We compute the dimension of H0(A1
Fp
, RΨpA⊗Lψ) by computing the Euler char-

acteristic χ(A1
Fp
, RΨpA ⊗ Lψ). By Lemma 3.0.43, the cohomology groups in degrees

other than 0 vanish, so the dimension equals the Euler characteristic. To compute

the Euler characteristic we will first compute

χ(A1
Fp , RΨpA⊗ Lψ)− χ(A1

Fp , RΨpA)

By Lemma 3.0.31, each of these Euler characteristics is a sum of local terms minus the

rank of each sheaf. We will show that most of these terms cancel and the difference

is rank(A). Indeed, as Lψ is lisse of rank 1 on A1
Fp

, tensoring with it does not change
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the local invariants anywhere on A1
Fp

, so we have

rank(RΨpA⊗ Lψ) = rank(RΨpA)

and for all x ∈ A1
Fp

drop(H−1(RΨpA⊗ Lψ), x) = drop(H−1(RΨpA), x)

dim(H0(RΨpA⊗ Lψ), x) = dim(H0(RΨpA), x)

Swan(H−1(RΨpA⊗ Lψ), x) = Swan(H−1(RΨpA), x)

So all the local terms cancel except the Swan conductor at∞. To calculate that term,

observe that, by Lemma 3.0.34, RΨpA is tame at ∞ and so has a Swan conductor

of 0. Furthermore Lψ is wildly ramified with break 1 at ∞ , so tensoring it with a

tamely ramified sheaf RΨpA gives a sheaf that is wildly ramified with a break of 1.

The Swan conductor is the break times the dimension, which is rank(RΨpA), so the

Swan conductor at ∞ of RΨpA⊗ Lψ is rank(RΨpA). So we have

χ(A1
Fp , RΨpA⊗ Lψ)− χ(A1

Fp , RΨpA) = rank(RΨpA) = rank(A)

χ(A1
Fp , RΨpA⊗ Lψ) = χ(A1

Fp , RΨpA) + rank(A)

By Lemma 3.0.35, the Euler characteristic of RΨA is the Euler characteristic of A,

so

χ(A1
Fp , RΨpA⊗ Lψ) = χ(A1

Q, A) + rank(A)

Now we use Lemma 3.0.31 to compute the Euler characteristic of A. The − rank(A)

term from Lemma 3.0.31 cancels with the rank(A) term here, and the Swan conductors

in Lemma 3.0.31 all vanish as A is a sheaf over a field of characteristic zero and hence
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is tamely ramified. Removing those terms from the formula of Lemma 3.0.31, we get

χ(A1
Fp , RΨpA⊗ Lψ) =

∑
x∈A1(Q)

(
drop(H−1(A), x) + dim(H0(A), x)

)

Using this, we may classify the one-dimensional objects. These will be important

in Chapter 5 because we will pay special attention to abelian quotients of GS, and

irreducible representations of abelian quotients of GS are one-dimensional. The clas-

sification will be in terms of skyscraper sheaves and Kummer sheaves. First we will

prove some preliminary lemmas about these sheaves.

Definition 4.0.55. Let V be a representation of Gal(Q|Q) over Q`, and let r be a

rational number. Define δr to be the skyscraper sheaf with stalk Q` at the point r of

A1
Q.

Thus δr ⊗ V , where we view V as a lisse sheaf on A1, is the unique sheaf on A1
Q

supported at the point r whose stalk at r is V .

Lemma 4.0.56. Let A be an object of Db
c(A1

Q,Q`). Let V be a Galois representation,

r a rational number, and [+r] the map A1
Q → A1

Q that sends x to x+ r. Then:

A ∗ δr ⊗ V = A ∗! δr ⊗ V = ([+r]∗A)⊗ V

In particular in the special case r = 0 we have the identity A ∗ δ0 ⊗ V = A⊗ V , and

in the special case V = 1, we have the identity A ∗ δr = [+r]∗A.

Proof. A� δr⊗V is supported on A1×{r}, which is isomorphic to A1. On that copy

of A1, it is isomorphic to A⊗ V . Thus it is the pushforward of A⊗ V from A1 × {r}

to all of A1×A1. Then A ∗ δr⊗V is the pushforward along sum, which by the Leray

spectral sequence is the pushforward of A⊗ V along the composed map [+r]∗.
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For compactly supported convolution, the same argument using the Leray spectral

sequence with compact supports shows that A ∗ δr ⊗ V is R[+r]!A ⊗ V , but [+r] is

an isomorphism, hence proper, so [+r]! is the same as [+r]∗.

Lemma 4.0.57. Let χ be the nontrivial character of µ2. Then the Kummer sheaf

Lχ[1] has good reduction at p for all p 6∈ {2, `} but RΨ2Lχ[1] = 0 as long as ` 6= 2.

Proof. The first statement follows easily from the criterion of Proposition 3.0.46 de-

scribing primes of good reduction. For the second statement, let π be the squaring

map from A1 to A1. As π is finite, it commutes with formation of nearby cycles. Over

Z[1/2l], Rπ∗Q` = Q` ⊕Lχ, but π is radicial in characteristic 2, hence Rπ∗Q` = Q` in

characteristic 2.

RΨ2Q` ⊕RΨ2Lχ = RΨ2Rπ∗Q` = Rπ∗RΨ2Q` = Rπ∗Q` = Q`

As RΨ2Q` = Q` by local acyclicity, RΨ2Lχ vanishes.

Now we can show:

Lemma 4.0.58. Let N be the product of all primes in S. Every one-dimensional

representation of GS corresponds to a perverse sheaf that is of one of the following

two forms

• δr ⊗ V with V a 1-dimensional Galois representations Gal(Q|Q) → Gm(Q`)

unramified outside S and with r ∈ Z[1/N ] ⊂ Q.

• If 2 ∈ S, Lχ[1] ∗ δr ⊗ V with Lχ the Kummer sheaf corresponding to χ the non-

trivial character of µ2, V a 1-dimensional Galois representation Gal(Q|Q) →

Gm(Q`) unramified outside S, and r ∈ Z[1/N ] ⊂ Q.

Proof. Let A be the property P representative of the one-dimensional representation.

By Lemma 4.0.50, A is irreducible in the category of perverse sheaves over Q, hence
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a sum of Galois conjugate irreducible perverse sheaves over Q. Using the characteri-

zation of [Katz, 1995, Ch.2, pp. 11], each of these is either a middle extension sheaf

placed in degree −1 or a punctual sheaf in degree 0. Perverse sheaves of the two

different kinds cannot be conjugate, so A is either a middle extension sheaf placed in

degree −1 or a punctual sheaf in degree 0.

Observe that the dimension can be expressed using Lemma 4.0.54 as a sum of

local terms.

In the case where A is punctual in degree 0, the local term at a point of A1(Q) is

the rank at the point. Since the dimension is 1, A is supported at a single point, of

rank 1. Because A is defined over Q, this unique point must be a rational point. The

stalk at the point r is some one-dimensional Galois representation V , and we may

write

A = δr ⊗ V

This rational number r must be a p-adic integer for all p not in S, by the definition

of good reduction, so r ∈ Z[1/N ]. The representation V must be unramified at p

not in S because the Gal(Qp/Qp) action on the stalk on RΨpA at the point r is

just V restricted to Gal(Qp/Qp). By the definition of good reduction this action of

Gal(Qp/Qp) is unramified, so V is unramified at p.

In the case where A is an irreducible middle extension sheaf in degree −1, the

local term at a point of A1(Q) is the drop at that point. Thus there is exactly one

non-lisse point on the sheaf, with a drop of 1. As before, the point must be a rational

point r.

As A is an irreducible middle extension sheaf in degree −1, it is geometrically

semisimple, hence a sum of geometrically irreducible middle extension sheaves on

A1
Q − {r}. These are middle extensions of irreducible representations of π1(A1

Q −

{r}) = Ẑ(1). Because that group is abelian, the irreducible representations are 1-

dimensional characters. The trivial character corresponds to the trivial sheaf and the
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other characters correspond to translated Kummer sheaves r∗Lχ[1]. Because A has

property P , no trivial sheaves can appear as summands of A, hence A is geometrically

a sum of Kummer sheaves. Each Kummer sheaf has a drop of 1 so exactly one

Kummer sheaf appears in the sum and thus A is geometrically a Kummer sheaf.

There is a Galois action on the set of isomorphism classes of Kummer sheaves,

and as A is defined over Q it must be a fixed point. The only nontrivial Kummer

sheaf fixed by the Galois action corresponds to the only nontrivial character fixed

by the Galois action, which is the unique nontrivial quadratic character. Hence A is

geometrically isomorphic to Lχ(x−r)[1] for χ the nontrivial character of µ2. Therefore

A is isomorphic to Lχ(x−r)[1] tensored with a one-dimensional Galois representation

V . Then we have:

A = Lχ(x− r)[1]⊗ V = Lχ[1] ∗ δr ⊗ V

by Lemma 4.0.56

By the definition of good reduction, all the singularities of A must be p-adic

integers for p 6∈ S, so r is a p-adic integer for all p 6∈ S, and thus r ∈ Z[1/N ].

Next we show that 2 ∈ S if A = Lχ[1] ∗ δr ⊗ V has good reduction away from

S. First note that if ` = 2, then 2 ∈ S, so we may assume that ` 6= 2. By Lemma

4.0.57, RΨ2Lχ = 0. After shifting Lχ by 1, translating it by a 2-adic integer r,

and tensoring with a Galois representation V , the nearby cycles RΨ2 (Lχ[1] ∗ δr ⊗ V )

will still vanish. This contradicts good reduction at 2 as then rank(RΨ2A) = 0 but

rank(A) = 1, so 2 ∈ S.

Last we show V is unramified at p for all p 6∈ S. Observe that as 2 ∈ S and ` ∈ S,

Lχ[1] has good reduction at all primes not in S by Lemma ??. Thus (Lχ[1])∨ has

good reduction at all p 6∈ S by Lemma 4.0.57, so A ∗ (Lχ[1])∨ = δr ⊗ V has good

reduction, thus by passing to the previous case V is unramified outside S.
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We will find it very helpful to study the GS-representation associated to a sheaf

using the Fourier transform of the sheaf. This definition and lemma allow us to do

that:

Definition 4.0.59. Let j : A1
Fp
−{0} → A1

Fp
be the inclusion. Let ψ be the standard

exponential character ψ : Z/p→ C×, ψ(x) = e2πi
x
p .

Let p1 and p2 be the two coordinate projections A2
Fp
→ A1

Fp
and let Lψ(xy) be the

Artin-Schrier sheaf Lψ pulled back along the map xy : A2
Fp
→ A1

Fp

Let FTψ be the `-adic Fourier transform functor FTψ(A) = Rp2!(p
∗
1A⊗ Lψ(xy).

Define FTSp as the composition of functors j∗ ◦FTψ ◦RΨp from perverse sheaves

on A1
Q to complexes of sheaves on A1

Fp
−{0}. (We will see shortly that for A a perverse

sheaf good reduction at p, FTSψ(A) is a sheaf in degree 0. This will be convenient,

which is why we have not shifted the Fourier transform by one degree, as is usually

done.

Lemma 4.0.60. Let ρ : GS → GLn(Q`) be a representation, corresponding to a

perverse sheaf A on A1
Q. Let p be a prime not in S, then:

1. FTSp(A) is a lisse sheaf of rank n concentrated in degree 0.

2. FTSp(A) is tamely ramified at 0 and has all breaks ≤ 1 at ∞.

3. The geometric monodromy group of FTSp(A) is a subgroup of the image of ρ

inside GLn(Q`).

Moreover, FTSp is an exact symmetric monoidal functor from GS-representations

to lisse sheaves on Gm,Fp.

Proof. The lisseness and the facts about the local monodromies follow from Laumon’s

theory of the local Fourier transform, which describes how the local monodromies of

the Fourier transform of a sheaf are determined by the local monodromies of the sheaf.
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By Lemma 3.0.34, RΨpA has tame local monodromy at∞. It follows that FTψRΨpA

is lisse away from 0 and tamely ramified at 0 [Katz, 1990, Corollary 7.4.5]. We also

have that FTψRΨpA is ramified with all breaks ≤ 1 at ∞ [Katz, 1990, Theorem

7.4.1]. So FTSp(A) = j∗FTψRΨpA is lisse, tamely ramified at 0, and has all breaks

≤ 1 at ∞. Katz proves these only for middle extension sheaves, but they are obvious

for skyscraper sheaves, as the Fourier transform of a skyscraper sheaf is an Artin-

Schreier sheaf. As any perverse sheaf with tame local monodromy at infinity is an

iterated extension of middle sheaves with tame local monodromy at∞ and skyscraper

sheaves, and Fourier transform preserves distinguished triangles, these facts hold also

for general perverse sheaves.

By proper base change, the stalk of FTψRΨpA at a point λ is H∗c (A1
Fp
, RΨp ⊗

Lψ◦λ). For λ 6= 0, ψ ◦ λ is a nontrivial additive character, and thus by Lemma 3.0.43

H∗c (A1
Fp
, RΨp ⊗ Lψ◦λ) is a complex concentrated in degree 0. The stalk has rank

n because H0
c (A1

Fp
, RΨp ⊗ Lψ◦λ) is a fiber functor and so its dimension is exactly

equal to the Tannakian dimension, which is n. Hence FTSp(A) = j∗FTψRΨpA is

concentrated in degree 0, and because it is lisse, it is lisse of rank n.

Next we will show that FTSp is an exact tensor functor from the category of

representations of GS to the category of lisse sheaves on Gm,Fp . Afterwards we will

deduce the statement about monodromy groups.

First we will show that FTSp is well-defined on Perv/N eg, i.e. that FTSp(A) = 0

if A is in N eg. Such an A is geometrically constant, and the first step in the definition

of nearby cycles is pullback to an algebraically closed field, so we may assume that

A is constant. Then RΨpA is constant by the local acyclicity of smooth morphisms.

The Fourier transform of a constant sheaf is just a skyscraper sheaf supported at the

point 0, which becomes the zero sheaf when pulled back along j.
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Tensor product of GS-reps corresponds to (compactly-supported) convolution of

sheaves A, and

FTS(A ∗! B)

(by definition)

= j∗FTψRΨp(A ∗! B)

(by Lemma 3.0.36)

= j∗FTψ((RΨpA) ∗! (RΨpB))

(because of the general fact that FTψ(C ∗!D) = FTψ(C)⊗FTψ(D), [Brylinski, 1986,

Corollary 9.6]. Their FTψ differs from ours by a shift of 1, the dimension, so their

identity also differs from ours by a shift.)

= j∗((FTψRΨpA)⊗ (FTψRΨpB))

(because pullback commutes with tensor product)

= (j∗FTψRΨpA)⊗ (j∗FTψRΨpB)

(by definition)

= FTS(A)⊗ FTS(B)

with the first and last identity by definition, the second by Lemma 3.0.36, and the

third by [Brylinski, 1986, Corollary 9.6]. Thus FTS is a tensor functor - the dia-

grams commute by the same argument with more sheaves. Note that FTS preserves

distinguished triangles as it is a composition of nearby cycles, Fourier transform, and

pullback, and nearby cycles and Fourier transform are compositions of pullbacks,

pushforwards, and tensor products, and pullback, pushforward, and tensor product

preserves distinguished triangles. Because it sends perverse sheaves to complexes sup-
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ported in degree 0 and preserves distinguished triangles, it is an exact functor from

perverse sheaves to lisse sheaves.

Finally, we need to prove that the monodromy group is contained in ρ(GS). Let H

be the Tannakian fundamental group of the category of lisse sheaves on Gm,Fp . This

is equivalent to the category of `-adic representations of π1(A1
Fp
−{0}). By Tannaka-

Krein duality, this exact tensor functor defines a homomorphism f : H → GS, up to

conjugation, such that FTSp(A) is the lisse sheaf corresponding to the representation

ρ ◦ f of H. By definition, the monodromy group of a lisse sheaf is the Zariski closure

of the image of π1 in the associated representation. This is the same as the image of

H in that representation. Hence the monodromy group of FTSp(A) is the image of

ρ ◦ f , which is a subgroup of the image of ρ.

Using these facts about the Fourier transform, we can prove three results that

help us compute the determinant of a GS representation in terms of the sheaf.

There are a few intermediate steps. Let detτ (A) be the determinant of A in the

Tannakian category (to distinguish from the determinant of A on the open subset

where it is lisse). Then detτ (A) is always a one-dimensional object. Our strategy

is to compute some invariant of FTSp(detτ (A)), then compute the same invariant

of FTSp applied to the objects described in Lemma 4.0.58, and compare to identify

detτ (A). First observe:

Lemma 4.0.61.

FTSp (detτ (A)) = det(FTSp(A))

Proof. By Lemma 4.0.60, FTSp is a tensor functor, hence it commutes with Tan-

nakian category constructions such as the determinant.

Lemma 4.0.62. Let χ be the nontrivial quadratic character. Let W be the one-

dimensional `-adic Gal(Fp|Fp) representation on which Frobp acts by minus the Gauss

sum G(χ, ψ).
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Let V be a one-dimensional `-adic Galois representation and r a rational number.

If p is a prime of good reduction of δr ⊗ V :

FTSp (δr ⊗ V ) = V ⊗ Lψ(rx)

If p is a prime of good reduction of δV (r) ∗ Lχ[1]:

FTSp (δr ⊗ V ∗ Lχ[1]) = V ⊗ Lψ(rx)⊗ FTSpLχ[1] = V ⊗W ⊗ Lψ(rx)⊗ Lχ

Proof. By Lemma 4.0.58, V is unramified at p, r is a p-adic integer, and in the second

case p 6= 2.

First observe that RΨpδr ⊗ V = δr ⊗ V . This is because we may form a sheaf on

A1
Zp that is the pushforward of the constant sheaf V from SpecZp to A1

Zp along the

map that sends x to r. The general and special fibers of this sheaf are both equal

to δr ⊗ V , and it is locally acyclic because it is the pushforward of a locally acyclic

constant sheaf along a finite morphism. Hence RΨp of the generic fiber is the special

fiber. It follows that

FTSpδr ⊗ V = j∗FTψ(RΨpδr ⊗ V ) = j∗FTψ(δr ⊗ V ) = V ⊗ j∗FTψ(δr) = V ⊗Lψ(rx)

Second note that RΨpLχ[1] = Lχ[1], as Lχ[1] is locally acyclic away from 2 by

[Deligne and Katz, 1973, XIII Lemma 2.1.11], so the nearby cycles of the generic fiber

is the special fiber. Hence

FTSpLχ[1] = j∗FTψLχ[1] = Lχ ⊗W
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as by Lemma 4.0.60 it is a lisse sheaf of rank 1 on Gm, hence determined by its trace

of Frobenius at each Fpn-point, and the trace of Frobpn at x ∈ Fpn is

−
∑
y∈Fpn

χ(y)ψ
(

tr
Fp
Fpn xy

)
= −χ(x)

∑
y∈Fpn

χ(y)ψ
(

tr
Fp
Fpn y

)
= χ(x) (−G(χ, ψ))n

which is equal to the eigenvalue of Frobpn acting on W ⊗ Lχ at x.

Finally by Lemma 3.0.46 FTSp is a tensor functor hence

FTSp (δr ⊗ V ∗ Lχ[1]) = FTSp (δr ⊗ V )⊗ FTSp (Lχ[1]) = V ⊗ Lψ(rx)⊗ Lχ ⊗W

Lemma 4.0.63. Let S be a smooth scheme over Zp. Let A be an object of

Db
c(A1

SQp
,Q`) that is extensible. Let U be an open subset of S and L a lisse sheaf

on U satisfying the conditions from the definition of extensibility. Then RΨpA,

restricted to UFp, is isomorphic to L restricted to UFp.

Proof. The proof is by a sequence of isomorphisms:

(RΨpA)UFp

(because nearby cycles commute with restriction to an open subset)

= RΨpAUQp

(by the definition of extensibility)

= RΨpLUQp

(by local acyclicty of smooth morphisms)
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= LUFp

Let A be a perverse sheaf on A1
Q with good reduction at a prime p. The next

lemma allows us to compute the local monodromy representation of RΨpA at ∞,

which we will need to compute properties of FTSp(A). Recall (Lemma 3.0.34) that

RΨpA is tamely ramified at∞. Furthermore, recall that RΨpA has a natural action of

Gal(Qp|Qp), so this local monodromy representation carries an action of Gal(Qp|Qp).

That is, it is a representation of
∏

l 6=p Zl(1) o Gal(Qp|Qp).

Lemma 4.0.64. Let A be a perverse sheaf on A1
Q with good reduction at a prime p.

The local monodromy representation of RΨpA at ∞, as a representation of
∏

l 6=p Zlo

Gal(Qp|Qp), is obtained from the decomposition group representation of A at ∞

by restricting from the decomposition group Gal(Q((x−1))|Q((x−1))) =
∏

l Zl(1) o

Gal(Q|Q) to the subgroup
∏

l 6=p Zl(1) o Gal(Qp|Qp).

Furthermore the Zp(1) factor acts trivially in the decomposition group representa-

tion of A at ∞.

Proof. By Lemma 3.0.30, there is an open set U of A1
Zp whose complement is bounded

and a lisse sheaf L on U such that the restriction of L[1] to UQp is isomorphic to the

restriction of A to UQp . Hence the decomposition group representation of A at ∞ is

the pullback of L to Spec (Qp((x
−1))). By Lemma 4.0.63, the restriction of RΨpA to

UFp is isomorphic to the restriction of L to UFp , so the local monodromy representation

of RΨpA at ∞ is the pullback of L to Spec (Fp((x−1))).

Because the complement of U is bounded, it does not intersect the divisor at

∞. Hence the map Spec (Zp((x−1))) → Spec
(
Z[x]

)
= A1

Zp factors through U .

As L remains lisse when pulled back to Spec (Zp((x−1))), it corresponds to a rep-

resentation of π1(Spec (Zp((x−1)))). The pullback of L to Spec (Qp((x
−1))) corre-
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sponds to the restriction of this representation to Gal(Qp((x−1))|Qp((x
−1))). Simi-

larly, the pullback of L to Spec (Fp((x−1))) is the restriction of this representation to

Gal(Fp((x−1))|Fp((x−1))).

By [Katz, 1980, pp. 121], π1(Spec (Zp((x−1)))) =
∏

l 6=p Zl(1) o π1(SpecZp).

Taking a representation of
∏

l 6=p Zl(1) o π1(SpecZp), pulling back to
∏

l Zl(1) o

Gal(Qp|Qp) by the homomorphism that sends the Zp factor and the inertia group

in Gal(Qp|Qp) to 0, and then restricting to
∏

l 6=p Zl(1) o Gal(Qp|Qp) is the same

as pulling back directly to
∏

l 6=p Zl(1)| o Gal(Qp|Qp). This is precisely the desired

relationship between the decomposition group representation of A and the local mon-

odromy representation of RΨpA.

Furthermore as the decomposition group representation of A at ∞ is obtained by

pullback from
∏

l 6=p Zl(1)oπ1(SpecZp) to
∏

l Zl(1)oGal(Qp|Qp), so the Zp(1) factor,

which is in the kernel of that homomorphism, acts trivially.

Lemma 4.0.65. Let p be a prime. Let A be a perverse sheaf on A1
Q that is a middle

extension sheaf placed in degree −1, with good reduction at p, and whose finite singu-

larities α1, . . . , αn, viewed as elements of Zp, are distinct modulo the maximal ideal

(i.e. their differences are all p-adic units).

Then RΨpA is a middle extension sheaf placed in degree −1 whose finite singular-

ities are the reductions of αi mod the maximal ideal of Zp, with the drop of RΨpA at

the reduction of αi equal to the drop of A at αi. Moreover RΨpA is tamely ramified

at each singularity.

Proof. By Lemma 3.0.30, there is an open set U on A1
Zp and a lisse sheaf L on U with

LUQp
[1] ∼= AUQp

. Furthermore we may take U to be the complement of the closure of

the singular locus of A, which is a smooth divisor because the reductions of the αi

are distinct. Around each component of this divisor, by Abyankhar’s lemma L has

tame ramification, so its local mondoromy representation is the same when restricted
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to A1
Qp or A1

Fp . The first one is the local monodromy of A, and the second is the local

monodromy of RΨpA by Lemma 4.0.63. Moreover the drop of RΨpA at a point is at

least the drop of its local monodromy representation, which is equal to the drop of

the local monodromy representation of A at the corresponding point, which is equal

to the drop of A at that point because A is middle extension. Hence the drop of

RΨpA at the reduction of αi mod p is at least the drop of A at αi.

By Lemma 3.0.35, A and RΨpA have the same Euler characteristic. Observing

the formula from Lemma 3.0.31, each term is either equal for A and RΨpA, or the

RΨpA contribution is higher:

• rank(A) = rank(RΨpA) because A has good reduction.

• The rank ofH0(A) vanishes at each point because A is a middle extension sheaf,

and the rank of H0(RΨpA) is nonnegative.

• We have just shown that the drop of RΨpA at the reduction of each finite

singular point is at least the drop of A at that finite singular point.

• The Swan conductor of A vanishes at each point because it a sheaf in charac-

teristic 0, and the Swan conductor of RΨpA is nonnegative.

Because the Euler characteristics of A and RΨpA are equal, this implies that each

individual term is equal.

• The rank of H0(RΨpA) vanishes at each point, so it is concentrated in degree

−1.

• The drop of RΨpA at the reduction of each singular point equal the drop of

RΨpA at that singular point, which we showed was equal to the drop of the

local monodromy representation of RΨpA at that point, so RΨpA is a middle

extension sheaf in degree −1.
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• The Swan conductor of RΨpA vanishes at each point, so it is tamely ramified.

These are all the desired statements.

Lemma 4.0.66. Write detτ (A) as either δr⊗V or δr⊗V ∗Lχ[1], per Lemma 4.0.58.

The second case occurs if and only if the usual determinant of the local monodromy

representation of A at ∞ is nontrivial.

Proof. By Laumon’s local Fourier transform, the local monodromy at 0 of FTSp(A)

can be obtained by applying a particular functor to the local monodromy at ∞ of

RΨpA. For p a prime of good reduction, RΨpA is tamely ramified at ∞ (Lemma

3.0.30). The functor sends tamely ramified representations to their own dual repre-

sentation [Katz, 1990, Theorem 7.4.4(2,3)]. So the determinant of FTSp(A) at 0 has

the same local monodromy representation as the dual of the determinant of RΨpA

at ∞. (Again, that only handles middle extension sheaves in degree −1, but the

Fourier transforms of skyscraper sheaves are Artin-Schreier sheave, which have trivial

local monodromy at 0 and thus do not contribute to the determinant.) Hence by

Lemma 4.0.64, the determinant of FTSp(A) at 0 is also the same as the dual of the

determinant of the local monodromy representation of A at ∞.

From the calculations of FTSp (δr ⊗ V ) and FTSp (δr ⊗ V ∗ Lχ[1]) in Lemma

4.0.62 we see that FTSp (δr ⊗ V ) always has trivial local monodromy at 0 and

FTSp (δr ⊗ V ∗ Lχ[1]) one always has nontrivial local monodromy at 0. Hence if the

determinant of the local monodromy representation of A at ∞ is trivial, detτ (A) has

the first form, and if nontrivial, the second.

Lemma 4.0.67. Write detτ (A) as either δr ⊗ V or δr ⊗ V ∗ Lχ[1], as per Lemma

4.0.58. Then (compare to Lemma 4.0.54):

r =
∑

x∈A1(Q)

x ·
(
drop(H−1(A), x) + dim(H0(A), x)

)
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i.e. r is the sum, with suitable multiplicity, of the singular points.

Proof. Let

s =
∑

x∈A1(Q)

x ·
(
drop(H−1(A), x) + dim(H0(A), x)

)
We will show that, for sufficiently large p, the local monodromy representation of

det(FTSp(A)) at ∞ restricted to the wild inertia group is isomorphic to the local

monodromy representation of Lψ(sx) at ∞ restricted to the wild inertia group. On

the other hand by Lemma 4.0.62 the wild inertia representation of FTSp (δr ⊗ V ) and

FTSp (δr ⊗ V ∗ Lχ) at∞ is the same as that of Lψ(rx), and these are only isomorphic

if r ≡ s mod p. Since we have this congruence for all sufficiently large p, we obtain

r = s.

The function s is additive in extensions of sheaves, so we may assume A is irre-

ducible, hence either supported only in degree 0 or a middle extension sheaf in degree

−1. In the first case, we do not need to use local Fourier transform - geometrically

A is a sum of skyscraper sheaves supported at points α1, . . . , αn, so RΨpA is a sum

of skyscraper sheaves supported at the reductions of the αi modulo p, and its Fourier

transform is geometrically a sum of Artin-Schreier sheaves Lψ(αix), so its determinant

is Lψ ((
∑n

i=1 αi)x).

In the case when A is a middle extension sheaf in degree −1, first observe that by

Lemma 4.0.65 for all p sufficiently large, RΨpA is supported in degree −1, and the

singularities of RΨpA are reductions of the singularities of A, tamely ramified and

with the same drop. Hence the sum of the singularities αi of p with multiplicity their

drop is the reduction of s mod p. For these p, Laumon’s formula writes the local

monodromy at ∞ as a sum of contributions from the singular points αi. Each one is

a tame representation tensored with Lψ(αix). The rank of the tame representation

is exactly the drop. Thus the wild inertia representation of FTS(RΨpA) at ∞ it is a
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sum of Lψ(αix) with multiplicity the drop at αi. The determinant of this wild inertia

representation is Lψ(sx), as desired.

Lemma 4.0.68. Let A and B be two perverse sheaves that are isomorphic when

pulled back to the local field Q((x−1)).

Write detτ (A) as either δra ⊗ VA or δra ⊗ VA ∗ Lχ[1], per Lemma 4.0.58.

Write detτ (B) as either δrb ⊗ VB or δrb ⊗ VB ∗ Lχ[1], per Lemma 4.0.58.

Note that by assumption and Lemma 4.0.66, if detτ (A) has the first form then

detτ (B) does as well, and if detτ (A) has the second form then detτ (B) does as well.

Then

VA ⊗ detH1
c (A1

Q, A)⊗ detH0
c (A1

Q, A)−1 = VB ⊗ detH1
c (A1

Q, B)⊗ detH0
c (A1

Q, B)−1

Proof. To show these two Galois representations are equal, it is sufficient to show the

actions of Frobenius are equal at all sufficiently large p. We will show it at all primes

of good reduction. Fix such a prime p.

Consider the exact sequence of [Laumon, 1987, second equation on pp.160 ] for

K ′ = the perverse sheaf FTψRΨpA[1] (and K = RΨpA, since Laumon defines K ′ =

FTψK, which in our notation is FTψK[1]). The first and fourth terms are the stalks

of FTψRΨpA in degree 0 and 1, which by proper base change are H0
c (A1

Fp
, RΨpA)

and H1
c (A1

Fp
, RΨpA). The second term is the local monodromy representation of

FTψ(RΨp)A at 0. The third term is, according to [Laumon, 1987, Proposition 2.3.2.1],

equal to R−1Φη0(p∗α!RΨpA⊗Lψ(xx′))∞,0, which according to [Laumon, 1987, Lemma

2.4.2.1] is what in [Laumon, 1987, Definition 2.4.2.3] is defined to be F∞,0′
ψ (RΨpA)η∞ .

The precise definition is not important - what matters for our purposes is that it comes

from applying some functor to the local monodromy representation of RΨpA at ∞.
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0→ H0
c (A1

Fp , RΨpA)→ FTψ(RΨpA)η0 → F∞,0′
ψ (RΨpA)η∞ → H1

c (A1
Fp , RΨpA)→ 0

As RΨpA has an action of Gal(Qp|Qp), this whole exact sequence has an action of

Gal(Qp|Qp). So we obtain

det
(
F∞,0′
ψ (RΨpA)η∞

)
= det (FTψ(RΨpA)η0)⊗det

(
H1
c (A1

Fp , RΨpA)
)
⊗det

(
H0
c (A1

Fp , RΨpA)
)−1

By Lemma 4.0.61,

det (FTψ(RΨpA)η0) = FTSp(det τ (A))(0)

Assume detτ (A) has the form δrA ⊗ VA (and detτ (B) has a similar form). Then by

Lemma 4.0.62, FTSp(det τ (A))(0) is precisely VA.

By Lemma 3.0.34 and proper base change,

H i
c(A1

Fp , RΨpA) = H i
c(A1

Q
, A)

Hence

det
(
F∞,0′
ψ (RΨpA)η∞

)
= VA ⊗ detH1

c (A1
Q, A)⊗ detH0

c (A1
Q, A)−1

By Lemma 4.0.64 and the assumption on A and B, (RΨpA)η∞ is isomorphic to

(RΨpB)η∞ . Thus

VA ⊗ detH1
c (A1

Q, A)⊗ detH0
c (A1

Q, A)−1 = VB ⊗ detH1
c (A1

Q, B)⊗ detH0
c (A1

Q, B)−1
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If detτ (A) has the form δrA ⊗ VA ∗ Lχ[1] (and detτ (B) has a similar form). Then

the only thing that changes is that FTSp(detτ (A))(0) is now VA ⊗W ⊗ Lχ, and the

same form FTSp(detτ (B))(0). We simply cancel the W ⊗ Lχ from both sides and

obtain the same equation.

We can write the Galois group of the maximal extension of Q unramified outside

S as a quotient of GS. In fact we can write a slightly larger group as a quotient of

GS:

Definition 4.0.69. Let HS be the Tannakian fundamental group of the category of

continuous representations Gal(Q|Q)→ GLn(Q`) unramified outside S.

Let gS : GS → HS be the natural homomorphism defined using Tannaka-Krein

duality on the exact tensor functor that sends a representation V to δ0 ⊗ V .

Let Ggeom
S be the kernel of gS.

Lemma 4.0.70. The homomorphism gS is surjective.

Proof. By Tannaka-Krein duality, it is sufficient to show that the functor Inc that

sends V to δ0⊗V is fully faithful, and that a subobject of Inc(V ) is Inc of a subobject

of V . [Deligne and Milne, 1982, Proposition 2.21].

To show that Inc is fully faithful, we need to check that the group of homomor-

phisms between two sheaves supported at the point 0 is isomorphic to the group of

homomorphisms between their stalks. This follows from the definitions.

To show that subobjects of the image are in the image, first note that by Lemma

3.0.21, if A and B are the property P representatives of two equivalence classes with

A a subobject of B in CCS, then A maps to B. The kernel of this map is zero

in Perv/N eg, hence an element of N eg, but A has no negligible subobjects so the

kernel vanishes. Thus A is a subobject of B in Perv. Geometrically δ0 ⊗ V is a sum

of copies of δ0, an irreducible perverse sheaf, hence any subobject is a sum of copies

of δ0 and thus of the form δW (0) for some representation W . The kernel of the map
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δ0⊗W → δ0⊗V is the kernel of the map W → V , and hence if δ0⊗W is a subobject

of δ0 ⊗ V then W is a subobject of V .

So HS is the quotient of GS by Ggeom
S .

We will sometimes need to work with perverse sheaves of geometric origin. We will

give an inductive argument that sheaves of geometric origin in the sense of [Beilinson

et al., 1982] also satisfy another condition, that we refer to as being of quasi-geometric

origin. First note the following lemma that allows us to upgrade an apparently weaker

geometric-origin-type condition to a stronger one:

Lemma 4.0.71. Let X be a scheme of finite type over a field k of characteristic 0

and let K be an irreducible perverse sheaf on X. Suppose K is a Jordan-Holder factor

of a perverse homology sheaf of Rπ!Q` for a separated map of finite type π : Y → X.

Then K is a Jordan-Holder factor of a perverse homology sheaf of Rπ′∗Q` for a proper

map π′ : Y ′ → X from a smooth scheme Y ′.

Proof. We prove this by induction on the dimension. Assume the statement holds for

all Y of dimension < d.

First we prove it when Y is a smooth scheme over k of dimension d. Take a

relative compactification of π, π : Y → X and then take a resolution of singularities

Ỹ of Y , possible over k by [Bierstone and Milman, 1991, Theorem and discussion on

pp.14]. Then Ỹ is a relative compactification of Y over X. Let Z = Ỹ − Y . There is

an excision long exact sequence relating the compactly supported cosmology relative

to X of Y , Ỹ , and Z, so every Jordan-Holder factor of the cohomology of X must be

a Jordan-Holder factor of the cohomology of Ỹ or Z. In the first case we may take

Y ′ = Ỹ , in the second case use the induction hypothesis.

For a general separated Y of finite type over k of dimension ≤ d, let U be the

smooth locus of Y and Z its complement. There is an excision long exact sequence

relating the compactly supported cohomology relative to X of Y , Z, and U . Any
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Jordan-Holder factor of the relative compactly supported cohomology of Y must be

a factor of the cohomology of U or Z. If it is a factor of the cohomology of U , as U

smooth of dimension d, we reduce to the previous case. If it is a factor of Z, as Z is

separated, of finite type, and of dimension < d, we apply the induction hypothesis.

Then it holds for all Y of dimension ≤ d, verifying the induction step.

Definition 4.0.72. A perverse sheaf K is of quasigeometric origin if every Jordan-

Holder factor of K is also a Tate twist of a Jordan-Holder factor of Rπ∗Q` for a proper

map π : Y → X from a smooth scheme Y .

An element of Db
c(X,Q`) is of quasi-geometric origin if every perverse homology

sheaf is of geometric origin.

Proposition 4.0.73. Let k be a field of characteristic 0. Let X be a scheme of finite

type over k and let K be a complex of geometric origin on X.

1. The Verdier dual of X is of geometric origin.

2. Let f : X → Z be a separated morphism of finite type to a scheme Z of finite

type. Then Rf!K is of geometric origin.

3. Let f : Z → X be a separated morphism of finite type. Then f ∗K is of geometric

origin.

4. Let Z be a scheme of finite type over k and let L be a complex of geometric

origin on Y . Then K � L is of geometric origin.

Proof. For each statement we may reduce to the case of an irreducible perverse sheaf:

An element K ∈ Db
c(X,Q`) of quasi-geometric origin has a filtration whose associated

graded objects K1, . . . , Kn are irreducible perverse sheaves of quasi-geometric origin,

so by applying Rf! and taking the spectral sequence of a filtered complex we obtain

a spectral sequence computing Rf!K from Rf!K1, . . . , Rf!Kn, so any Jordan-Holder
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factor of Rf!K must be a Jordan-Holder factor of Rf!Ki for some i. The same

argument works for D, f ∗, or �L.

Thus, after taking a Tate twist, we may assume that K is a Jordan-Holder factor

of Rπ∗Q` along a proper map π from a smooth scheme Y .

For part 1, because D sends perverse sheaves to perverse sheaves and acts as an

exact contravariant functor on perverse sheaves, it follows that DK is a Jordan-Holder

factor of DRπ∗Q` = Rπ!DQ` = Rπ∗DQ` = Rπ∗Q`(d)[2d], hence is of geometric

origin.

For part 4, we may likewise assume that L is a Jordan-Holder factor of Rπ′∗Q`.

Then because � is an exact functor from pairs of perverse sheaves to perverse sheaves,

K � L is a Jordan-Holder factor of R(π × π′)∗Q`, hence of geometric origin.

Parts 2 and 3 are more subtle. Take a filtration of Rπ∗Q` whose associated graded

objects are irreducible perverse sheaves. By the decomposition theorem [Beilinson

et al., 1982, Theorem 6.2.5], this filtration splits when pulled back to the algebraic

closure of k. We obtain a filtration of Rf!Rπ∗Q` or f ∗Rπ∗Q` whose associated graded

objects are Rf ∗ or Rf! of the irreducible perverse sheaves. Because the previous

filtration splits when pulled back to k, this filtration splits when pulled back to k as

well, hence the spectral sequence of the filtration degenerates on the second page, thus

every Jordan-Holder factor of the associated graded objects remains a Jorden-Holder

factor of the whole complex.

For part 2, as Rf!Rπ∗Q` = R(f ◦ π)!Q`, every Jordan-Holder factor of Rf!K is a

Jordan-Holder factor of the compactly supported pushforward of the constant sheaf

along a separated morphism of finite type.

For part 3, as f ∗Rπ!Q` is the compactly supported pushforward of Q` along the

base change of π, every Jordan-Holder factor of f ∗K is a Jordan-Holder factor of the

compactly supported pushforward of the constant sheaf along a separated morphism

of finite type.

86



In either case we conclude using Lemma 4.0.71 that Rf!K or f ∗K is of quasi-

geometric origin.

Definition 4.0.74. Let k be the field. Define the set of complexes of geometric

origin on schemes of finite type over k to be the smallest set of isomorphism classes

of objects in Db
c(X,Q`) on schemes X of finite type over k that

• Contains the sheaf Q` on Spec k

• For every separated morphisms f : X → Y between schemes of finite type,

whenever it contains a complex A on X, contains Rf∗A and Rf!A, and whenever

it contains a complex B on Y , contains f ∗B and f !B.

• Whenever it contains two complexes A and B on the same scheme, contains

A+B, A⊗B and RHom(A,B)

• Whenever it contains a complex A, contains every subquotient of pHi(A) for all

integers i.

• Whenever it contains a complex A, contains every shift and Tate twist of A.

This definition is identical to the definition of [Beilinson et al., 1982] except our

base field is not necessarily C.

Every perverse sheaf we consider will have geometric origin in this sense, and the

proof that they do will follow from their construction. Note that Galois represen-

tations of finite image, viewed as sheaves on Spec k, have geometric origin: Every

representation of finite image factors through |Gal(L/k) for some finite extension L

of k, and then is a subrepresentation of the pushforward from SpecL to Spec k of the

constant sheaf.

Our use of similar terminology for these two definitions is justified by the following

result:
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Corollary 4.0.75. A perverse sheaf of geometric origin is also of quasi-geometric

origin.

Proof. The set of complexes of quasi-geometric origin contains the sheaf Q` on Spec k.

It is sufficient to check that it is closed under all the listed operations. It follows

immediately from the definition that the set of complexes of quasi-geometric origin is

closed under direct sums and taking perverse homology sheaves, subobjects, quotient

objects, and Tate twists. The fact that it is closed under Rf! and f ∗ is part of

Proposition 3.0.36. For all other listed operations, it is a corollary of Proposition

3.0.36, as we may write the remaining operations in terms of the operations described

in Proposition 3.0.36 using standard identities among Grothendieck’s six operations:

Rf∗ = D ◦Rf! ◦D

f ! = D ◦ f ∗ ◦D

For ∆ : X → X ×X the diagonal:

A⊗B = ∆∗(A�B)

RHom(A,B) = ∆!(DA�B)

Corollary 4.0.76. Say that an element of Perv/N eg is of geometric origin if its

property P representative is. The full category of objects in CCS of geometric origin

is a Tannakian subcategory.

Proof. We must show it contains the identity is closed under sums, kernels, cokernels,

convolution, and duals. It contains the identity because the skyscraper sheaf at the

origin is a pushforward of the constant sheaf from a point. It is closed under sums
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because perverse sheaves of geometric origin are closed under sums. It is closed under

kernels and cokernels because the set of perverse sheaves of geometric origin is closed

under subobjects and quotients. By definition, A ∗ B = Rsum∗(pr
∗
1A ⊗ pr∗2B) so if

A and B have geometric origin then A ∗ B does as well, and by Lemma 3.0.22 the

Tannakian dual A∨ is equal to [−1]∗DA os if A has geometric origin then A∨ does as

well.

Lemma 4.0.77. Let A be a complex of geometric origin on a scheme X of finite type

over k and let x be a k-point. The semisimplification of the stalk Hi(A)x of A at x is

a Hodge-Tate representation.

Proof. Because the set of complexes of geometric origin is preserved by pullback, we

may assume that X consists of a single point. Then sheaves on X are equivalent to

Galois representations. It is sufficient to prove that the irreducible components of

Galois representations of geometric origin are Hodge-Tate. By Corollary 4.0.75, it is

sufficient to prove that irreducible components of H i(Y,Q`) for a smooth proper vari-

ety Y are Hodge-Tate. The cohomology of a smooth, proper variety Y is Hodge-Tate

by [Faltings, 1988, III, Theorem 4.1], and irreducible components remain Hodge-Tate

because subrepresentations and quotient representations of a Hodge-Tate representa-

tion remain Hodge-Tate [Brinon and Conrad, 2009, Proposition 2.4.4].

We will prove a few results that help us characterize when finite groups occur as

quotients of GS and Ggeom
S (the latter of which was definition in Definition 4.0.55).

Lemma 4.0.78. Let A be a perverse sheaf with property P that corresponds to a

representation of ρ : GS → GLn(C) such that ρ(Ggeom
S ) is finite. Then A is geomet-

rically isomorphic to a sum of Kummer sheaves and skyscraper sheaves supported at

the origin.

Proof. Recall from Lemma 4.0.60 that the geometric monodromy group of FTSp(A)

is contained in the image of ρ. We will show that the geometric monodromy group
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is also contained in ρ(Ggeom
S ). The exact tensor functor FTSp(A) gives a map f :

π1(A1
Fp
− {0}) → GS. We will show that the image of f lies in Ggeom

S - equivalently,

that the composition of f with gS is trivial. This composition gS ◦ f corresponds to

the exact tensor functor where we take a Galois representation V unramified along S,

place it at 0, and then apply FTSp. We need to show that we always get a constant

sheaf. But for any sheaf B supported at 0, RΨpB is supported at 0, so FTψRΨpB is

constant, as desired.

The representation associated to A has finite image and thus is semisimple. Be-

cause A is the property P representative of a semisimple representation, it is a

semisimple perverse sheaf (Lemma 4.0.50), thus it is geometrically semisimple, hence

a sum of a middle extension sheaf in degree −1 and a punctual sheaf in degree 0

[Katz, 1995, Ch.2, pp.11]. Because each summand of A has good reduction away

from S, and has nearby cycles lisse on the same open set that A does, we may reduce

to the case when A is either punctual or a middle extension sheaf.

Let N be the order of ρ(Ggeom
S ). Because the geometric monodromy of FTSp(A)

is contained in ρ(Ggeom
S ), which has order N , the geometric monodromy of FTSp(A)

has order dividing N . For any prime p > N with p 6∈ S, this implies that FTSp(A)

is tamely ramified, because its geometric monodromy group has order prime to p.

By Laumon’s local Fourier transform, if RΨpA had a nonzero finite singular point,

FTSp(A) would be wildly ramified at∞. More precisely, the local monodromy repre-

sentation at∞ would have a summand with break exactly 1 by [Katz, 1990, Theorem

7.4.1(3)] in the case where A is a middle extension sheaf, and because the Fourier

transform of a skyscraper sheaf is an Artin-Schreier sheaf otherwise. Thus RΨpA is

lisse away from 0 for all p > N .

Using this, we will show that A is lisse away from 0 on A1
Q.

When A is punctual, its support must be a finite subset of Q. At a prime p at

which A has good reduction, the support must consist of p-adic integers in Zp. Then
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RΨpA is a punctual sheaf supported at the reduction of these numbers modulo the

maximal ideal. As RΨpA is lisse away from zero for p sufficiently large, the reductions

must be 0, hence the elements of the support are all contained in an ideal lying over

p for all sufficiently large p, and thus must all be 0. So A is lisse away from zero.

When A is middle extension, let α1, . . . , αn be the singularities of A. For all p

large enough the αi are distinct modulo p and A has good reduction at p, thus by

Lemma 4.0.65, their reductions mod p are also singularities of RΨpA. Thus for all p

large enough the reductions of the αi mod p are 0, so they must be 0.

Every semisimple perverse sheaf on A1
Q, lisse away from 0, is geometrically isomor-

phic to a direct sum of Kummer sheaves and skyscraper sheaves supported at 0. This

is because the geometric fundamental group of Gm,Q is Ẑ(1) , so semisimple repre-

sentations of the abelian group Ẑ(1) are sums of one-dimensional characters of Ẑ(1).

Each such character must have finite order because a character of infinite order would

have infinitely many Galois conjugates and hence the representation would have to be

infinite-dimensional to be defined over Q. The finite order characters factor through

µn and thus correspond to Kummer sheaves.

The strongest possible result about finite monodromy does not hold for all sheaves,

but it does hold for sheaves of geometric origin

Lemma 4.0.79. Let A be a perverse sheaf with property P that corresponds to a

representation ρ : GS → GLn(C) such that ρ(GS) is finite.

Assume A is of geometric origin.

Then A is a Galois representation with finite image placed at the origin.

Proof. As A has finite image, it is a sum of irreducible representations. It is sufficient

to prove this for irreducible representations. Using Lemma 4.0.78, we can take A

to be geometrically isomorphic to a sum of Kummer sheaves and skyscraper sheaves

supported at the origin. A sheaf geometrically isomorphic to a sum of skyscraper

91



sheaves supported at the origin is just a Galois representation supported at the origin.

In this case, because gS is surjective (Lemma 4.0.70), the Galois representation must

have finite image, and we are done.

So we may assume that A is geometrically isomorphic to a sum of Kummer sheaves.

We will then derive a contradiction. Over some number field K, A is isomorphic to

a sum of sheaves of the form V ⊗ Lχ where V is a Galois representation and Lχ is a

Kummer sheaf corresponding to a faithful character χ of µn ⊂ K. For p a prime of Q

that is split in K, H0(A1
Fp
, RΨp(V ⊗Lχ)⊗Lψ) is a summand of H0(A1

Fp
, RΨpA⊗Lψ).

The action of Frobp on H0(A1
Fp
, RΨpA ⊗ Lψ) factors through a finite group, so has

eigenvalues roots of unity of order ≤ C for some constant C, thus the action of Frobp

on H0(A1
Fp
, RΨ(V ⊗ Lχ) ⊗ Lψ) has eigenvalues roots of unity of order ≤ C. This

action is −G(χ, ψ) times the action of Frobp on V .

Therefore we have a representation V of Gal(Q|K) such that for all p split in K,

Frobp acting on V has eigenvalues G(χ, ψ)−1 times a root of unity of order ≤ C. If V is

not semisimple we may take the semisimpification and it will still have this property.

As A is of geometric origin, its pullback to the point 1 is of geometric origin by

Proposition 4.0.73, so the semismiplification of its stalk at 1 is of geometric origin by

Lemma 4.0.77. Hence V , which is a semisimplification of a summand of that stalk, is

Hodge-Tate. Let a ∈ Z be a Hodge-Tate weight of V , then an is a Hodge-Tate weight

of V ⊗n. We will construct a one-dimensional Galois representation W such that for

all p split in K, Frobp acts on W by G(χ, ψ)n. We will show that the Hodge-Tate

weight k of W is in the interval [1, n− 1]. Then V ⊗n ⊗W is a Galois representation

such that for all split primes, Frobp has eigenvalues roots of unity of order ≤ C,

hence a representation where all elements of the Galois group have eigenvalues roots

of unity of order ≤ C, hence an Artin representation. So its Hodge-Tate weights are

all 0. But an + k is a Hodge-Tate weight of V ⊗n ⊗W , which is a contradiction as

k ∈ [1, n− 1] and cannot be a multiple of n.
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To construct this geometric Galois representation, use the Jacobi sums:

J(χ1, χ2) = −G(χ1, ψ)G(χ2, ψ)

G(χ1, χ2, ψ)

These are normally defined only for χ1, χ2, χ1χ2 trivial, but we extend them to all

characters using the convention that G(1, ψ) = −1. Hence we have the identity

(−G(χ, ψ))n =
n−1∏
i=0

(J(χi, χ))

If χ1, χ2, and χ1χ2 are all nontrivial than J(χ1, χ2) is the action of Frobenius on a

one-dimensional Galois representation appearing in the cohomology of the Fermat

curve with equation xn + yn = zn. Hence it has Hodge-Tate weight either 0 or 1. If

χ1 or χ2 is trivial then J(χ1, χ2) is 1, so is the Frobenius action of a trivial Galois

representation, which has Hodge-Tate weight 0. Finally, if χ1 and χ2 are nontrivial

but χ1χ2 is trivial, then J(χ1, χ2) is p, so corresponds to the Frobenius action of the

cyclotomic character, with Hodge-Tate weight 1, as it appears in H1,1(P1).

Tensoring for each i the Galois representation corresponding to J(χi, χ), we get a

Galois representation where Frobenius acts by (−G(χ, ψ))n. Its Hodge-Tate weight

is the sum of weights
∑n−1

i=0 wi where w0 = 0, wn−1 = 1, and wi is either 0 or 1 for

all other values of i, meaning it is somewhere between 1 and n − 1. This gives the

desired contradiction.

Remark 4.0.80. There exist counterexamples if we do not have the condition about

the representations being Hodge-Tate, or another condition constraining the Galois

representations somehow. Let ` be an odd prime and consider the approximate square

root map s : Z×` → Z×` that sends any element congruent to 1 mod ` to its unique

square root in Z×` and every element of µ`−1 to itself. Let ρ : Gal(Q|Q)→ Z×` be the

cyclotomic character. Then the composition s ◦ ρ defines a one-dimensional Galois
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representation V with V ⊗V = Q`(−1) tensor a Dirichlet character of order `− 1. It

follows that Lχ[1]⊗ V −1 has finite Tannakian monodromy group, because its square

under the convolution operation is a Galois representation of finite order placed at 0.

These next lemmas let us establish that a representation is Lie-irreducible, a useful

property.

Definition 4.0.81. We say that a representation of an algebraic group or Lie group

is Lie-irreducible if it remains irreducible when restricted to the identity component.

Lemma 4.0.82. Let V be an irreducible representation of an algebraic group G over

an algebraically closed field of characteristic 0. Assume that for each nontrivial irre-

ducible representation W of G that factors through a finite group, Hom(V ⊗W,V ) = 0.

Then V is Lie-irreducible.

Proof. Let G0 be the identity component of G and consider HomG0(V, V ). This is

naturally a representation of the component group G/G0. The component group

is a finite group, and thus this representation decomposes into a sum of irreducible

representations. The multiplicity of the trivial representation is the dimension of

HomG(V, V ), which is 1 as V is irreducible. Let W be a nontrivial irreducible repre-

sentation of G/G0. The multiplicity of W in HomG0(V, V ) is the dimension of

HomG(W,HomG0(V, V )) = HomG(W,V ⊗ V ∨) = HomG(V ⊗W,V )

and by assumption dim HomG(V ⊗ W,V ) is zero. Hence HomG0(V, V ) is a one-

dimensional representation.

V is irreducible, hence when restricted to G0 it is semisimple. Because

HomG0(V, V ) is one-dimensional, the restriction of V to G0 is indecomposable.

Being also simple, the restriction is irreducible.

Also note that if a representation of an algebraic group is Lie-irreducible, then

as the identity component has a faithful irreducible representation, it is reductive,
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hence equal to its (semisimple) commutator subgroup times its center. Because the

representation is irreducible, the center consists only of scalars, so the commutator

subgroup of the identity component acts irreducibly. This is very useful, because we

can often enumerate the semisimple groups with an irreducible representation of a

given dimension and handle them case by case.

Lemma 4.0.83. Let A be a perverse sheaf on A1
Q with property P and good reduction

away from S.

Suppose that A is a of geometric origin.

If A is geometrically irreducible, then A corresponds to a Lie-irreducible represen-

tation of GS.

Proof. Since A is an irreducible perverse sheaf, it corresponds to an irreducible

representation of GS. So by Lemma 4.0.82, if Hom(V ⊗ W,V ) = 0 for each irre-

ducible nontrivial GS-representations W with finite image then A is Lie-irreducible.

Hom(V ⊗W,V ) vanishes as long as W is not a subrepresentation of V ⊗ V ∨, so we

may assume that W is a subrepresentation of V ⊗ V ∨. Then W corresponds to a

subobject of A ∗ A∨. As A is of geometric origin, A ∗ A∨ is of geometric origin by

Corollary 4.0.76.

So by Lemma 4.0.79, any (irreducible, nontrivial) finite representation of GS that

appears in A ∗A∨ is of the form δ0 ⊗W for some irreducible, nontrivial finite Galois

representation W . As A ∗ δ0 ⊗ W = A ⊗ W (Lemma 4.0.56), we must show that

Hom(A ⊗W,A) = 0. This follows from the fact that A is geometrically irreducible.

The dimension of Hom(A⊗W,A) is the dimension of HomGal(Q|Q)(W,HomA1
Q
(A,A))

which is the multiplicity of W in HomA1
Q
(A,A), which is one-dimensional by the

assumption that A is geometrically irreducible, and has a trivial action of Gal(Q|Q)

because it is generated by the identity element which is fixed by the Galois group.

Hence the dimension is 0.
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In this theorem geometric irreducibility is certainly a necessary condition, but

unlike the previous lemma, we do not know if there exist counterexamples without

the hypothesis of geometric origin.

96



Chapter 5

An Equidistribution Conjecture

In this chapter, we will state a conjecture about the equidistribution of the Frobenius

conjugacy classes in GS. We begin by reviewing the generalized Sato-Tate conjecture

and using it as a model for our conjecture.

To state the generalized Sato-Tate conjecture, we first need to set up some nota-

tion.

We say that a representation of Gal(Q|Q) over Q` is of geometric origin if it arises

as a subquotient of an etale cohomology group of an algebraic variety over Q with

coefficients in Q`.

Let ρ : Gal(Q|Q) → GLn(Q`) be a Galois representation that is of geometric

origin and pure of weight w. Because it has geometric origin, it is unramified away

form a finite set S of primes.

Let G be the Zariski closure of the image of ρ inside GLn(Q`). It is an algebraic

group over Q`, so using an embedding ι : Q` → C we can view it as an algebraic

group over C, and then its group G(C) of complex points form a Lie group. Let K

be a maximal compact subgroup of G(C). Let X be the space of conjugacy classes of

K.
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Let G0 be the intersection of the kernels of all homomorphisms G → Gm such

that the composition Gal(Q|Q) → G → Gm is a power of the cyclotomic character.

Let K0 be a maximal compact subgroup of G0.

For each prime p which is unramified for ρ, Frobp is a conjugacy class of G whose

eigenvalues are complex numbers of norm pw/2, so Frobp /p
w/2 is a conjugacy class of

matrices whose eigenvalues have norm 1. We would like it to be a conjugacy class in

G, so we will show that if w 6= 0 then the scalar pw/2 is in G.

We use an argument of Deligne that shows that if ρ is pure of weight w 6= 0 then

all scalar matrices are in G. This is because G contains the Zariski closure of the

subgroup generated by (the semisimplification of) Frobp. Diagonalize Frobp so its

entries are the eigenvalues λ1 · · ·λn. The Zariski closure of the subgroup generated

by Frobp is defined by all relations of the form λe11 . . . λenn = 1 that are satisfied by

λ1, . . . , λn. Taking absolute values, we get |λ1|e1 . . . |λn|en = |1|, so p(
∑n
i=1 ei)×w/2 = 1,

so
∑n

i=1 ei = 0. Hence all scalar matrices satisfy this relation and therefore are in G.

Thus Frobp /p
w/2 is indeed a conjugacy class in G, whose eigenvalues have norm 1.

Assuming Frobp /p
w/2 is semisimple, it is contained in some compact torus, and hence

conjugate to an element of K. If not, we can semisimplify it and achieve the same

effect. Let θp ∈ X be the conjugacy class of the semisimplification of Frobp /p
w/2 in

K.

We might guess this sequence is equidistributed according to the Haar measure

of K. But this is not so, because by dividing by pw/2 we have ensured that Frobp

is contained in the smaller subgroup G0: If we take a homomorphism χ : G → Gm

such that the composition Gal(Q|Q)→ G→ Gm is the nth power of the cyclotomic

character, then χ(Frobp) is the action of Frobp on the nth power of the cyclotomic

character, which is p−n. The weight of the nth power of the cyclotomic character is

−2n, so the element of G that acts on representations of weight w by pw/2 acts on χ

as p−n and thus χ(Frobp /p
w/2) = 1, hence θp ∈ G0.

98



So instead we guess that θp is equidistributed according to the Haar measure of

K0. Thus the generalized Sato-Tate conjecture is:

Generalized Sato-Tate Conjecture. For any Galois representation ρ of geometric

origin that is pure of weight w, θp is equidistributed in Xaccording to the pushforward

of the Haar measure of K0 from K0 to X.1 [Serre, 2011, 8.2.2]

This provides our model for an equidistribution conjecture. Also helpful is

Deligne’s equidistribution theorem [Deligne, 1980, Theorem 3.5.3], which is a similar

statement in a different context, but is a theorem and not a conjecture. We review a

slight variant of it, closely related to the version [Katz and Sarnak, 1999, Theorem

9.2.6], that will provide a closer analogue to the conjecture we will soon make.

Let X be a smooth geometrically connected variety of dimension d over a finite

field Fq, ` a prime number invertible in Fq, ι : Q` → C an embedding, and F a

lisse Q`-sheaf on X of rank r ≥ 1 corresponding to an r-dimensional continuous

representation of π1(X). Denote by Garith the Zariski closure of π1(X) in GLr and by

Ggeom the Zariski closure of πgeom1 (X). Assume that F is pure of weight 0. Let K be

a maximal compact subgroup of Garith, and let K0 be a maximal compact subgroup

of Ggeom contained in K.

For each field extension Fqn and point x ∈ X(Fqn), we have a Frobenius conjugacy

class ι(Frobqn,x) of Garith(C). By assumption, all its eigenvalues have absolute value

1, so its semisimplification ι(Frobqn,x)
ss is conjugate to an element of K. Let θqn,x be

the conjugacy class in K of this semisimplification.

1We have made a conjecure about the distribution of the conjugacy classes in K. We could have
instead made a conjecture about the distribution of the conjugacy classes in K0, using again the
Haar measure on K0. These conjectures are equivalent because the map from conjugacy classes
of K0 to conjugacy classes of K is injective: For each character χ of G such that the composition
Gal(Q|Q)→ G→ Gm is the nth power of the cyclotomic character for some n 6= 0, the scalar pw/2

in K acts by p−n on χ, which generates a dense subgroup of the image of χ, so the center of K maps
surjectively to the image of χ, so it maps surjectively to K/K0, so the action of K/K0 on conjugacy
classes of K0 is trivial.
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Observe that the homomorphism π1(X) → Gairth/Ggeom factors through

Gal(Fq|Fq). Let σ be the image of a generator Frobq of Gal(Fq|Fq) under this

homomorphism. Then ι(σ)ss is conjugate to an element of the maximal compact

subgroup K/K0 of Garith/Ggeom. Let α be a coset representative.

Let µ be the Haar measure on K0.

Theorem 5.0.84. Let f be a continuous, conjugacy-invariant function on K. Then

lim
n→∞

(∑
x∈X(Fqn ) f(θqn,x)

qnd
−
∫
g∈K0

f(αng)dµ(g)

)
= 0

Proof. First note that |X(Fqn)| = qnd + o(qnd). This implies that

∣∣∣∣∑x∈X(Fqn ) f(θqn,x)

qnd

∣∣∣∣ ≤
(1+o(1)) sup |f |. Because the linear combinations of characters are dense in the space

of continuous, conjugacy-invariant functions in the sup-norm topology, it suffices to

prove that this limit vanishes when f is a linear combination of characters. By lin-

earity, it suffices to prove this when f is the character of an irreducible representation

V . Then

f(θqn,x) = tr(ι(Frobqn,x)
ss, V ) = ι(tr(Frobqn,x, V ))

so ∑
x∈(XFqn ) f(θqn,x)

qnd
=

∑2d
i=0 ι(tr(Frobnq , H

i
c(XFq ,F))

qnd
.

The next term

∫
g∈K0

tr(gαn, V )dµ(g) = tr

((∫
g∈K0

gµ(g)

)
αn, V

)
.

∫
g∈K0

gdµ is the projection onto the K0-invariant subspace of V , which vanishes unless

V factors through K/K0, in which case it is the trace of αn on V , equivalently, the

trace of ι(Frobqn) on V .

But tr(Frobnq , H
2d
c (XFq),F) vanishes unless V is an irreducible representation of

Garith/Ggeom, in which case it is exactly qnd times the trace of Frobqn on V by Poincare
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duality. So

ι(tr(Frobnq , H
2d
c (XFq ,F)) = qnd

∫
g∈K0

f(gαn)dµ

and those terms cancel. It remains to show that

lim
n→∞

∑2d−1
i=0 ι(tr(Frobnq , H

i
c(XFq ,F))

qnd
= 0

but this follows immediately from Deligne’s Riemann hypothesis, as
∣∣∣ι(tr(Frobqn , H

i
c(XFq ,F))

∣∣∣ ≤
qin/2 dim(H i

c(XFq ,F)) = o(qnd) if i < 2d.

This statement shows “equidistribution” according to the uniform measure on a

coset αnK0 of K0 inside K. However, because this measure is a function of n, we have

modified the typical equidistribution statement by subtracting the integral against of

f this measure from the average of f over points before, not after, taking the limit.

In our equidistribution conjecture, the measure will not vary with n, but it will also

not be a Haar measure. Instead, our conjectural measure will be a linear combination

of uniform measures on cosets of subgroups. As in Deligne’s theorem, these will be

normal subgroups with abelian quotients.

We now begin to state our conjecture. Let S be a finite set of primes, and let

A ∈ Perv be pure of weight w, of geometric origin, and have good reduction outside

S, corresponding to a representation ρ : GS → GLn(C). Let G be the image of

ρ and let K be a maximal compact subgroup of G. Let θp be the conjugacy class

of Frobssp /p
w/2 in K. We would like to conjecture that Frobp is equidistributed,

based on the examples of the Sato-Tate conjecture and Deligne’s equidistribution

theorem, it will not be according to the Haar measure. These examples suggest that

we should apply special scrutiny to abelian quotients of K, equivalently, apply special

scrutiny to the one-dimensional sheaves of geometric origin. By Lemma 4.0.58, we

can completely characterize these. Each one-dimensional sheaf is a convolution of

objects of the following three forms:
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• A 1-dimensional Gal(Q|Q)-representation V of geometric origin. Here ap is

the action of Frobenius on V . Any such Galois representation is Hodge-Tate

by Lemma 4.0.77, hence a power of the cyclotomic character tensored with

a 1-dimensional Artin representation [Serre, 1968, III-50 Corollary and III-11

Proposition 2]. The action of Frobenius on V will then be a power of p times a

Dirichlet character. Once we normalize by dividing by the power of p, Dirich-

let’s theorem on primes in arithmetic progressions shows the sequence is equidis-

tributed according to the Haar measure of the nth roots of unity, where n is

the order of the Dirichlet character.

• A rank 1 skyscraper sheaf placed at the point r ∈ Q in degree 0. Let r = a/b

for a, b ∈ Z relatively prime. Then ap(δa/b) = e2πi
x
p , where bx ≡ a modulo

p. Because bx ≡ a modulo p, we have bx = a + kp for some integer k, so

ap = e2πi(
a
bp

+ k
b ). As p goes to ∞, a

bp
goes to 0, so ap has the same distribution

as e2πi
k
b . To compute the distribution of ap, we must compute k modulo b.

We know a + kp = bx, hence a + kp ≡ 0 mod b, so k ≡ −ap−1 mod b. By

Dirichlet’s theorem on primes in arithmetic progressions, the sequence p 7→ ap

is equidistributed according to a measure that assigns mass 1/ϕ(b) to each of

the primitive bth roots of unity. This is not the Haar measure of any subgroup

of Gm unless b = 1.

• The sheaf Lχ[1] for χ the nontrivial character of µ2, placed in degree −1. Here

ap = −g(χ), where g(χ) is the quadratic Gauss sum
∑p−1

x=1 e
2πix

p

(
x
p

)
. The Gauss

sum g(χ) is
√
p or i

√
p depending on whether p ≡ 1 or 3 modulo 4. So ap/

√
p =

−1 or −i depending on whether p ≡ 1 or 3 modulo 4. So by Dirichlet’s theorem

on primes in arithmetic progressions, ap/
√
p is equidistributed according to the

measure which assigns probability 1/2 to −1 and 1/2 to −i. This is not the

Haar measure of any subgroup of Gm.
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In each of the 3 cases just discussed, once ap is normalized, it is equal to a number

that depends only on the congruence class of p modulo some suitable modulus plus

an error term that is O(1/p).

We will make the minimal possible adjustment to the Haar measure that predicts

the correct outcome for abelian quotients. This means the measure should be uniform

with respect to the largest possible subgroup that maps trivially to every abelian

quotient of the group. That is, the measure should be uniform with respect to the

commutator subgroup.

Let S be a finite set of primes, and let A ∈ Perv be pure of weight w, of geometric

origin, and have good reduction outside S, corresponding to a representation ρ : GS →

GLn(C). Let G = ρ(GS) and let K be a maximal compact subgroup of G(C).

Definition 5.0.85. Let the Dirichlet measure on the abelianization Kab = K/[K,K]

be the measure defined as follows: Choose a faithful set of characters χ1, . . . , χn of

Gab = G/[G,G]. The abelianization of K is a maximal compact subgroup of the

abelianization of G, so each element of K is uniquely determined by its action on

χ1, . . . , χn. By composition, each χi gives a representation of GS and hence a one-

dimensional sheaf of the form described by Lemma 4.0.58

Let m be the smallest natural number such that, for each character χi, the corre-

sponding one-dimensional sheaf is either of the form δa/m ⊗ V or Lχ ∗ δa/m ⊗ V for

a ∈ Z, V a one-dimensional Galois representation with conductor dividing m, and

with Lχ appearing only if 4 divides m. Define a function d from the set of invertible

congruence classes mod m to Kab that sends r ∈ (Z/m)× to the unique element of

Kab that:

1. acts on a one-dimensional Galois representation corresponding to a Dirichlet

character χ times any power of the cyclotomic character as χ(r).
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2. acts on the skyscraper sheaf δa/m as e−2πi
ar−1

m , where r−1 is the inverse modulo

m.

3. acts on Lχ[1] as −1 if r ≡ 1 modulo 4 and −i if r ≡ 3 modulo 4.

and acts on convolutions of these as a product of those numbers.

Then the Dirichlet measure is the pushforward of the uniform measure on the set

of invertible congruence class mod m to Kab along d.

In each of our three earlier computations, the conjugacy class of Frobp in Kab is

equidistributed according to the Dirichlet measure. So we adjust the Haar measure

on K to account for this:

Definition 5.0.86. Let the adjusted Haar measure on K be the unique measure that

is invariant under left translation by [K,K] and whose projection to K/[K,K] = Kab

is the Dirichlet measure.

We conjecture that no further adjustment is needed for the non-abelian case, and

so the adjusted Haar measure is correct:

Conjecture 1. Let S be a finite set of primes, and let A ∈ Perv be pure of weight w,

of geometric origin, and have good reduction outside S, corresponding to a represen-

tation ρ : GS → GLn(C). Let G be the image of ρ and let K be a maximal compact

subgroup of G. Let X be the space of conjugacy classes of K. For each prime p

not in S, Frobssp /p
w/2 defines a conjugacy class in K, and hence a point θp ∈ X.

The sequence θp is equidistributed according to the pushforward of the adjusted Haar

measure on K from K to X.

There are two things to check to make sure this conjecture is well-defined and

plausible:

Proposition 5.0.87. In the notation of Conjecture 1, θp is in fact a conjugacy class

of G for any prime p not in S.
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Proof. Frobp is a conjugacy class of G by definition. Because G is an algebraic group,

Frobssp is in G. So it sufficient to show that pw/2 is in G. There is an automorphism

of the fiber functor of the category of representations of GS that for each λ acts on

the generalized eigenspace of Frobp with eigenvalue λ by |λ|. This corresponds by

Tannaka-Krien duality to a conjugacy class of GS. Because ρ is pure of weight w,

each eigenvalue λ of Frobp on ρ has |λ| = pw/2, so this class is sent by ρ to the scalar

pw/2.

Proposition 5.0.88. The image of θp in Kab is equidistributed according to the

Dirichlet measure on Kab.

Proof. By Weyl?s equidistribution theorem and the definition of the Dirichlet mea-

sure, it is sufficient to prove that, for each character χ of Gab,

lim
n→∞

∑
p≤n

χ(Frobp)

pw(χ)/2

π(n)
=

∑
r∈(Z/m)× χ(d(r))

φ(m)

χ gives by composition a one-dimensional representation of GS, which we know has

the form δa/m⊗V or Lχ[1] ∗ δa/m⊗V , where V has conductor dividing m and where,

in the second case, m is multiple of 4. Our three earlier computations about the

action of Frobp on δ0 ⊗ V , and δa/m, and Lχ imply that, for a prime p not dividing

m, Frobp /p
w/2 and d(p) have the same eigenvalue acting on δ0⊗ V , their eigenvalues

acting on δa/m differ by O(1/p), and they have the same eigenvalue acting on Lχ.

Hence by convolving objects of those types to obtain χ, we get:

χ(Frobp)

pw(χ)/2
= χ(d(p)) +O(1/p)

Hence

lim
n→∞

∑
p<n

χ(Frobp)

pw(χ)/2

π(n)
= lim

n→∞

∑
p<n(χ(d(p)) +O(1/p))

π(n)
= lim

n→∞

∑
p<n χ(d(p))

π(n)
=

∑
r∈(Z/m)× χ(d(r))

φ(m)
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by Dirichlet’s theorems on primes in arithmetic progressions, as desired.

An alternate form of the conjecture is:

Conjecture 2. Let S be a finite set of primes, and let A ∈ Perv be irreducible, pure

of weight w, of geometric origin, with good reduction outside S, and corresponding

to a representation of GS of dimension > 1. Let ap be the trace of Frobp acting on

H0(A1
Fp
, RΨA⊗ Lψ). Then:

lim
n→∞

∑
p≤n,p prime

ap
pw/2

π(n)
= 0

Proposition 5.0.89. Conjecture 1 and Conjecture 2 are equivalent.

Proof. µ be the adjusted Haar measure. By Weyl’s equidistribution criterion, the

sequence of conjugacy classes θp is equidistributed according to µ if and only if, for

each irreducible representation V of GS, as n goes to ∞ the average over p ≤ n of

the trace of θp converges to
∫
K

tr(g, V )dµ(g).

If V is a one-dimensional representation, then K = Kab and the adjusted Haar

measure is the Dirichlet measure by definition. The average of tr(θp, V ) over primes

converges to the integral of tr(g, V ) against the Dirichlet measure by Proposition

5.0.88. So the condition that the average over p ≤ n of the trace of θp converges to∫
K

tr(g, V )dµ(g) is automatically satisfied for one-dimensional representations.

To check that the two conjectures are equivalent for higher-dimensional represen-

tations, it is sufficient to show that
∫
K

tr(V )dµ = 0 for all irreducible representations

V of dimension greater than 1. The adjusted Haar measure µ is a finite sum of Haar

measures on cosets of [K,K], so it is sufficient to check this statement for the Haar

measure of a coset of [K,K]. Let µh be the Haar measure of [K,K] and let γ[K,K]

be a coset. We must check that

∫
[K,K]

tr(γg, V )dµh(g) = 0
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By linearity, ∫
[K,K]

tr(γg, V )dµh(g) = tr

(
γ

∫
[K,K]

gdµh(g), V

)
∫
[K,K]

gdµh(g) is the projection onto the [K,K]-invariant subspace of V . Since [K,K]

is a normal subgroup ofK and V is an irreducible representation ofK, that subspace is

either 0 or V . Because V is an irreducible representation of dimension > 1, the action

of K on V doesn’t factor through an abelian quotient, so [K,K] acts nontrivially on

V , thus the invariant subspace must be 0, hence

∫
[K,K]

gdµh(g) = 0

and ∫
[K,K]

tr(γg, V )dµh(g) = 0
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Chapter 6

Complete Analysis of the Examples

This chapter finishes the analysis of the examples from Chapter 2. In Chapter 2,

we showed how some number-theoretic problems could be interpreted as questions

about the distribution of our exponential sums ap(F). In Chapter 3, we interpreted

those exponential sums as the traces of Frobenius elements in representations of the

Tannakian group GS. We developed some tools to help compute the action of GS in

Chapter 4. We conjectured a distribution for the conjugacy classes of these Frobenius

elements in terms of the action of GS in Chapter 5.

Now we will see which GS-representations correspond to the exponential sums of

Chapter 2 and which distributions are implied by Conjecture 1. In all the problems

we study, our conjecture agrees with the previously existenting conjecture or, when

there was no previous conjecture, with a natural guess. Furthermore, two cases of

our conjecture are already theorems, which have been proved using techniques from

analytic number theory (sieve methods and metaplectic automorphic forms).

In Chapter 7, we will look at some special cases of Conjecture 1 that have not

been previously studied by number theorists. In those cases we instead justify our

conjecture with numerical evidence, which we discuss in Chapter 9.
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In our analysis of each example, the first step will be to compute the image of GS

in the representation corresponding to the sheaf we are studying.

Definition 6.0.90. Let C be a Tannakian category with a fiber functor. The Tan-

nakian monodromy group of an object in C., corresponding to a representation V of

the Tannakian group, is the image of the Tannakian group in GL(V ).

The first example concerns the distribution of roots of polynomials, as in Example

2.0.2.

Proposition 6.0.91. Let f(x) ∈ Z[x] be a separable polynomial with no rational

roots. Then assuming Conjecture 1, the sequence (x/p) ∈ S1 parameterized by ordered

pairs of a prime p and a root x of f modulo p are equidistributed in the circle according

to the uniform measure, as in Example 2.0.2

Proof. Let fk be the polynomial whose roots are k times the roots of f , let ik be

the inclusion from Spec (Q[x]/(fk(x))) into A1
Q, and let Fk = ik∗Q`.Then by Weyl’s

equidistribution criterion, the roots of f are equidistributed if, for all k 6= 0.

lim
n→∞

∑
p≤n
∑

x∈Fp,fk(x)=0 e
2πikx/p∑

p≤n |{x ∈ Fp|f(x) = 0}|
= 0

Note that
∑

x∈Fp,fk(x)=0 e
2πikx/p = ap(Fk) and the denominator is π(n) times the

number of irreducible factors of f times 1 + o(1), so this limit is zero as long as:

lim
n→∞

∑
p≤n ap(Fk)
π(n)

= 0

By Proposition 5.0.89, Conjecture 1 is equivalent to Conjecture 2. The limit of∑
p≤n ap(Fk)
π(n)

is zero as long as Fk is a sum of irreducible perverse sheaves of geometric

origin, each pure of weight 0, each with Tannakian dimension greater than 1. (By

Proposition 3.0.46, being of geometric origin, they automatically have good reduction

outside a finite set of primes.)
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Fk is punctual in degree 0, hence perverse, and is the pushforward of the constant

sheaf from the smooth scheme Spec (Q[x]/(fk(x))) along the proper morphism fk,

hence of geometric origin and pure of weight 0. So it is sufficient to show that it is a

sum of irreducible perverse sheaves of Tannakian dimension greater than 1.

As Spec (Q[x]/(fk(x))) is the disjoint union of Spec (Q[x]/(gi(x)) over irreducible

factors gi of fk, it is sufficient to show that the pushforward from Spec (Q[x]/(gi(x))

to A1
Q of the constant sheaf is an irreducible perverse sheaves of Tannakian dimension

greater than 1.

This sheaf is irreducible as geometrically it is the sum of the skyscraper sheaves at

the roots of gi, so any nontrivial proper subsheaf is the sum of the skyscraper sheaves

at some nontrivial proper subset of the roots, and hence cannot be defined over Q as

no such subset is defined over Q.

The dimension is, by Lemma 4.0.54, the number of roots of gi, which is equal to

the degree of gi. As f has no rational roots, fk has no rational roots, so fk has no

factors of degree 1 , hence the degree of gi is greater than 1.

Proposition 6.0.91 is known unconditionally when f is quadratic and irreducible.

Duke et al. [1995, Theorem on pp. 2] handled the case where f(x) = ax2 + bx+ c is

quadratic, b is even, and the discriminant b2 − 4ac is negative. Tóth [2000, Theorem

1.2] extended the result to all quadratic polynomials.

The case when the degree of f is greater than 2 has not been proven. Duke et al.

[1995, pp. 1] guessed that uniform equidistribution is still obtained.

Next we can study the problem of Example 2.0.8, about the congruence class mod

m of small roots of x2 −D ≡ 0 mod p.

Proposition 6.0.92. Let D be an integer that is not a perfect square and m a natural

number such that the conductor of the quadratic character Q(
√
D) does not divide m.

For a prime p modulo which D is a perfect square, let xp be the smallest integer root
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of x2 −D ≡ 0 mod p. Assuming Conjecture 1, the congruence class of xp modulo m

is equidistributed in Z/m according to the uniform measure.

Proof. We will continue to use the notation of Example 2.0.8. In that example, we

showed that to prove equidistribution, it is sufficient to show that for each k ∈ Z and

χ : (Z/m)× → C×

lim
n→∞

∑
p≤n,

∑
x∈Fp|(mx)2=D χ(p)e2πi

kx
p∑

p≤n |{x ∈ Fp|(mx)2 = D}|
= 0

unless k = 0 and χ = 1. Since the denominator is (1 + o(1))π(n) by Dirichlet’s

theorem, it is sufficient to show that

lim
n→∞

∑
p≤n,

∑
x∈Fp|(mx)2=D χ(p)e2πi

kx
p

π(n)
= 0

First assume k 6= 0. In Example 2.0.2 we constructed an object Fk such that

ap(Fk) =
∑

x∈Fp|(mx)2=D e
2πi kx

p . By tensoring with the Galois representation Vχ asso-

ciated to χ, we have an object Fk ⊗ Vχ with ap(Fk ⊗ Vχ) =
∑

x∈Fp|(mx)2=D χ(p)e2πi
kx
p .

Hence it is sufficient to show that:

lim
n→∞

∑
p≤n ap(Fk ⊗ Vχ)

π(n)
= 0

By Lemma 4.0.54, as Fk ⊗ Vχ is geometrically a sum of skyscraper sheaves at two

points, it is a two-dimensional object in the Tannakian category. To be reducible it

would have to be an extension of two sheaves, each supported at one of the points,

which is impossible because the points are not defined over Q. Thus it is an irreducible

two-dimensional representation.

Furthermore Fk⊗Vχ is a summand of the pushforward from SpecQ(µm)[x]/((mx)2−

Dk2) to A1
Q, so it is of geometric origin and pure of weight 0. Thus limn→∞

∑
p≤n ap(Fk⊗Vχ)

π(n)

is 0 assuming Conjecture 2, which is equivalent to Conjecture 1 by Proposition 5.0.89.
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If k = 0 and χ 6= 1, then ignoring the finitely many p dividing m, the limit reduces

to

lim
n→∞

∑
p≤n
∑

x∈Fp|(mx)2=D χ(p)

π(n)
= lim

n→∞

∑
p≤n,

(
1 +

(
D
p

))
χ(p)

π(n)

By Dirichlet’s theorem, this converges to 0 as long as χ is not equal to the Dirichlet

character p 7→
(
D
p

)
. As that character is the quadratic character of Q(

√
D), by

assumption its conductor does not divide m, χ does not equal
(
D
p

)
, so the sum

indeed converges to 0.

In fact, this is a theorem without assuming Conjecture 1. Tóth [2000, Theorem

1.2] proves that for each modulus m and each invertible residue class r mod m, the

sequence x
p

indexed by pairs of a prime p congruent to r mod m and a root x ∈ Fp of

x2 −D = 0 is equidistributed according to the Haar measure on R/Z. This implies

the formula

lim
n→∞

∑
p≤n
∑

x∈Fp|(mx)2=D χ(p)e2πi
kx
p

π(n)
= 0

for k 6= 0, by breaking up the sum
∑

p≤n
∑

x∈Fp|(mx)2=D χ(p)e2πi
kx
p into sums over each

residue class. Then we can show that the limit also is zero for k = 0 and χ nontrivial

by the same argument as in the proof of Proposition 6.0.92. As discussed in Example

2.0.8, this sufficients to prove equidistribution of the residue class of the root mod m.

(The assumption that the conductor of Q(
√
D) does not divide m is inessential, and

is just used to avoid a small technical difficulty.)

Next we study the distribution of Kloosterman sums:

Lemma 6.0.93. Let a, b be nonzero integers. Let π be the map from Gm,Z to A1
Z

defined by x = ay + by−1. Let F = π∗Ql.

Then F [1], pulled back to A1
Q, is perverse, of geometric origin, and pure of weight

1. It has good reduction away from the set S of primes dividing 2`ab, and corresponds
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to a 2-dimensional representation of GS with image group GL2. The determinant is

δ0 ⊗Q`(−1).

Proof. F is the pushforward of a lisse sheaf along a dominant map of smooth curves,

which is a middle extension sheaf by [Katz, 1990, Lemma 7.3.2], and a middle exten-

sion sheaf on a curve is perverse when placed in degree −1. By definition F is the

pushforward of a sheaf pure of weight 0 along a finite cover, hence is pure of weight

0, so placing it in degree −1 makes it pure of weight 1. Because it is the pushforward

of the constant sheaf along π, it is of geometric origin.

To show F [1] has good reduction, we observe that F is lisse of rank 2 away from

the critical values of ay + by−1, which are the roots of x2 − 4ab, and lisse of rank

1 restricted to the locus where x2 = 4ab. Thus by Proposition 3.0.46, it has good

reduction at primes other than ` where the curve x2 − 4ab is finite étale, which are

exactly the primes not dividing 2`ab.

By [Katz, 1988, Theorem 11.1], the Fourier transform of the reduction of the sheaf

mod p for p not dividing a or b has geometric monodromy group SL2, so by Lemma

4.0.60 the Tannakian monodromy group of F contains SL2.

The determinant is some 1-dimensional object in our Tannakian category. As f

can be extended to a map P1 → P1 that is finite étale over∞, the local monodromy of

F is 0, so by Lemma 4.0.66 the determinant has the form δr⊗V . As the singularities

are ±2
√
ab, each with drop 1, we know from Lemma 4.0.67 that r = 0. Hence the

determinant is of the form δ0 ⊗ V for some Galois representation V .

To show that V is the cyclotomic character, it is sufficient to show that Frobp acts

on it by multiplication by p for all but finitely many p. As A 7→ H0
c (A1

Fp
, RΨpA⊗Lψ)

is a fiber functor, the eigenvalue of Frobp on detH0
c (A1

Fp
, RΨpF [1]⊗ Lψ) is the same

as the action of Frobp on

H0
c (A1

Fp , RΨpδ0 ⊗ V ⊗ Lψ) = H0
c (A1

Fp , δ0 ⊗ V ⊗ Lψ) = V

113



The fact that the determinant of the action of Frobp on H1
c (A1

Fp
,F ⊗Lψ) is p follows

from the fact that the two-dimensional representation H1
c (A1

Fp
,F ⊗Lψ) is symplecti-

cally self-dual up to a Tate twist, which is proved in [Katz, 1988, Proposition 5.5.1].

Then because by Lemma 3.0.46, the usual specialization agrees with the nearby cy-

cles specialization at all but finitely many primes, it follows that Frobp acts on V by

multiplication by p at all but finitely many primes, and hence V is the cyclotomic

character.

Since the determinant is the cyclotomic character, and the Tannakian monodromy

group of the cyclotomic character is Gm, the Tannakian monodromy group of F

maps surjectively onto Gm under the determinant map. Because we already know

the Tannakian monodromy group of F contains SL2, we can conclude that it is GL2.

Remark 6.0.94. In fact if `, a, and b are all odd then F actually has good reduction at

2, though this is not stated in Lemma 6.0.93. One can see this by bypassing Lemma

3.0.46 and computing RΨ2F directly.

Proposition 6.0.95. If Conjecture 1 holds, then the normalized Kloosterman sum

K`(a, b; p)/√p is equidistributed according to the Sato-Tate measure.

Proof. By the Lefschetz trace formula, the Kloosterman sum K`(a, b; p) is minus the

trace of Frobp acting on F [1] ∈ Perv/N eg, where F = π∗Q` is the sheaf described

in Lemma 6.0.93. So it is sufficient to estimate the distribution of the Frobenius

conjugacy classes of this sheaf.

In the notation of Conjecture 1, G = GL2 so K = U(2). The commutator

[K,K] = SU(2) and Kab = U(1). To compute the adjusted Haar measure on K,

we must compute the Dirichlet measure on Kab. Because Kab is generated by just

one character, which is the cyclotomic character, the Dirichlet measure is supported

entirely at the identity. Thus the adjusted Haar measure is exactly the Haar measure
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on SU(2). To find the distribution of the normalized Kloosterman sum, assuming

Conjecture 1, we push forward on the trace map. The pushforward of the Haar

measure of SU(2) along the trace map is, by definition, the Sato-Tate measure. Since

this measure is unchanged by switching x and −x, the Kloosterman sum is also

distributed according to the Sato-Tate measure.

Next we study sums of the form, for a ∈ Q, a 6= 0:

p−1∑
x=0

e2πi
ax3+x
p

This corresponds to the sheaf f∗Q`, where f is the map A1 → A1 with equation

ax3 +x. The distribution of this was studied by Livné and Patterson [2002], and they

predicted distribution according to the Sato-Tate measure [Livné and Patterson, 2002,

pp. 2]. This is what Conjecture 1 predicts as well:

Lemma 6.0.96. Let a ∈ Q, a 6= 0, and let f : A1
Q → A1

Q be defined by the equation

f(x) = ax3 + x. Then f∗Q`[1] is a perverse sheaf, of geometric origin, and pure of

weight 0 which has good reduction away from some finite set S of primes, and is a

two-dimensional GS-representation, whose image is the full GL2. The determinant

character is δ0 ⊗Q`(−1).

Proof. f∗Q` is a pushforward of a lisse sheaf along a finite morphism, hence by [Katz,

1990, Lemma 7.4.2] is a middle extension sheaf, so when placed in degree −1 it is

perverse. Also f∗Q` is the pushforward of the constant sheaf along a proper morphism

from a smooth scheme, hence is of geometric origin an pure of weight 0, and thus

f∗Q`[1] is pure of weight 1. Since f∗Q` extends to a sheaf over A1
Z[1/N ] for N the

denominator of a, by Propositon 3.0.46 it has good reduction at all but finitely many

primes.
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f∗Q` is lisse away from the branch points of f , which are f(x) for x solutions

of f ′(x) = 0. These solutions are the roots of 3ax2 + 1, so x = ±
√
−1
3a

and f(x) =

±2
3

√
−1
3a

. There are two such points. Since the derivative vanishes to first order at each

point, they are points of ramification order 2, so the drop is 1 at both points. Thus by

Lemma 4.0.54, this is a two-dimensional object in our Tannakian category. Since f has

(geometric) monodromy group S3, as a sheaf f∗Q` factors through the permutation

representation of S3, which splits into a sum of a trivial representation and a nontrivial

(geometrically) irreducible representation. Removing the trivial summand, as it is an

element of N eg, we obtain a perverse sheaf which is geometrically irreducible on an

open subset of A1
Q. Since it is a pushforward of a lisse sheaf along a finite morphism,

it’s a middle extension sheaf by [Katz, 1990, Lemma 7.3.2] (and still is a middle

extension after removing the trivial summand), hence a geometrically irreducible

perverse sheaf. Then by Lemma 4.0.83 it is a Lie-irreducible GS represenation. Every

Lie-irreducible subgroup of GL2 contains SL2, so the Tannakian monodromy group

contains SL2.

We will compute the determinant by showing that the sheaf is self-dual up to a

Tate twist. We can compute the dual using Lemma 3.0.22. Because f is finite, push-

forward along f commutes with Verdier duality, and because f is odd, it commutes

with [−1], so:

(f∗Q`[1])∨ = [−1]∗D(f∗Q`[1]) = [−1]∗f∗(DQ`) = [−1]∗f∗Q`[1](1) = f∗[−1]∗Q`[1](1) = f∗Q`[1](1)

Hence there is a perfect pairing:

f∗Q`[1] ∗ f∗Q`[1]→ δ0 ⊗Q`(−1)
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This pairing is either symplectic or orthogonal. Were it orthogonal, the Tannakian

group would be contained in GO2, which it is not, so the pairing is symplectic. Then

the determinant is equal to the symplectic similitude character, which is δ0⊗Q`(−1).

The determinant of f∗Q` is the cyclotomic character, so the Tannakian mon-

odromy group of the determinant is Gm, hence the Tannakian monodromy group

of f∗Q` maps surjectively onto Gm under the determinant map. Since we already

know the Tannakian monodromy group of Q` contains SL2, we can conclude that it

is GL2.

As in Proposition 6.0.95, this means the adjusted Haar measure is the Haar mea-

sure of SU2. So assuming Conjecture 1, the sum is equidistributed according to the

Sato-Tate measure.

Now we study the distribution of Gauss and Kummer sums:

Lemma 6.0.97. Let F be the sheaf described in Example 2.0.4. Let ψ be a fixed addi-

tive character. Then for p ≡ 1 modulo n, the eigenvalues of Frobp on H1(A1
Fp
, RΨpF⊗

Lψ) are minus the Gauss sums G(χ, ψ) for χ varying over multiplicative characters

of order n.

Proof. Recall that F is constructed using a representation of the automorphism group

of the cover defined by adjoining the nth roots of unity and the nth roots of the

coordinate x. Since p ≡ 1 modulo n, Qp contains the nth roots of unity, so the

cover pulled back to A1
Qp just involves adjoining the nth roots of x. This cover has

automorphism group µn, which is the µn subgroup of the original automorphism

group µn o (Z/n)×. So the representation is the original representation restricted to

Z/n, which is the sum of all the faithful characters of µn.

Thus F , pulled back to A1
Qp , is the direct sum of sheaves fo generic rank 1 cor-

responding to faithful characters of the automorphism group of the cover defined by

adjoining the nth roots of x. By Definition 2.0.3, these are the Kummer sheaves,
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which correspond to order n Dirichlet characters, and all order n Dirichlet characters

arise this way.

Hence FQp is a sum of 1-dimensional Kummer sheaves Lχ for each order n Dirichlet

character χ. By construction, the trace of Frobenius on the stalk of the Kummer sheaf

at a point is given by the formula tr(Frobp,Lχ, x) = χ(x).

The Kummer sheaf on A1
Zp is locally acylic by [Deligne and Katz, 1973, XIII

Lemma 2.1.11], so Rψp(Lχ)Qp = (Lχ)Fp). Thus RΨpLχ ⊗ Lψ = Lχ ⊗ Lψ. This sheaf

is lisse of rank 1 away from 0 and ∞ with a drop of 1 at 0 and ∞, with a Swan

conductor of 0 at 0 and 1 at ∞, so its Euler characteristic is −1 + 1 + 1 = 1 by

Lemma 3.0.31. Thus its étale cohomology has a single eigenvalue of Frobenius. This

eigenvalue is equal to the trace of Frobenius on that cohomology group, which by

the Lefschetz fixed point formula is minus the sum over all the points of the trace of

Frobenius on Lχ ⊗ Lψ, which is

−
∑
x∈Fp

ψ(x)χ(x) = −G(χ, ψ)

Thus H0
c (RΨpF [1]) is a sum of 1-dimensional étale cohomology groups, each of

which has an eigenvalue of Frobenius equal to minus a Gauss sum corresponding to

a different character. Therefore the eigenvalues of Frobenius on the whole group are

minus the asserted Gauss sums.

Lemma 6.0.98. Let F be the sheaf described in Example 2.0.4 for n = 3. Placed

in degree −1, it is a perverse sheaf with good reduction away from 3 and `. The

Tannakian monodromy group is the wreath product Gm o {±1}, with its standard two-

dimensional representation in which each copy of Gm acts on a one-dimensional sub-

space.

The determinant of this representation is the cyclotomic character and the natural

projection to {±1} is the quadratic character of Q(
√
−3).
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It is of geometric origin and pure of weight 1.

Proof. At primes other than 3 and `, the sheaf is lisse away from 0 and vanishes at 0,

so by Proposition 3.0.46 it has good reduction. Lemma 4.0.54 immediately implies it

is two-dimensional.

The usual monodromy of F factors through the two-dimensional irreducible rep-

resentation of S3. Tensoring this representation with the sign representation gives

the same representation again. Thus tensoring F with the quadratic character χ of

Q(µ3) = Q(
√
−3) gives the same sheaf. Tensoring with χ is the same as convolving

with δ0 ⊗ χ by Lemma 4.0.56. Moreover δ0 ⊗ χ is a quadratic character of G{3,`}

because

δ0 ⊗ χ ∗ δ0 ⊗ χ = δ0 ⊗ χ⊗ χ = δ0 = 1

Hence tensoring our G{3,`}-representation with a quadratic character yields the same

representation.

Let V is a two-dimensional representation such that tensoring it with the quadratic

character χ yields the same representation. Let t be the matrix that gives the iso-

morphism V ∼= V ⊗ χ. Then by assumption for g in the monodromy group of V ,

tg = gχ(g)t, so g−1tg = χ(g)t . Since χ(g) attains the values ±1, t is conjugate to

−t. Because t is invertible, it has some nonzero eigenvalue λ, and thus −λ is also an

eigenvalue of t. Because these are distinct, they are all the eigenvalues, and after a

change of basis we may write t =

λ 0

0 −λ

. Then if χ(g) = 1, we have tg = gt, so

g has the form g =

∗ 0

0 ∗

 and if χ(g) = −1, we have tg = −gt, so g has the form

g =

0 ∗

∗ 0

.

The group of all matrices of these two forms is the wreath product Gm o {±1},

acting by its monomial representation. Indeed, it is the semidirect product of the
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identity component consisting of matrices of the form

∗ 0

0 ∗

, which is isomorphic

to Gm×Gm, with the group generated by the matrix

0 1

1 0

, which is isomorphic to

±1, where the conjugation action of ±1 on Gm×Gm is by switching the two factors.

This is precisely the definition of the wreath product Gm o {±1}. Furthermore, the

identity component of this group consists of matrices with χ(g) = 1, and the other

component consist of matrices with χ(g) = −1.

Therefore the Tannakian monodromy group is a subgroup of Gm o {±1}. Since the

quadratic character δ0 ⊗ χ is nontrivial, the Tannakian monodromy group contains

elements of both components. To check that the Tannakian monodromy group is all

of Gm o {±1}, we must check that it contains the identity component. It is sufficient

to check that any Frobenius element generates a rank two torus, or in other words

that the eigenvalues of Frobenius satisfy no multiplicative relations.

If p ≡ 1 mod 3, the eigenvalues of Frobenius are minus the two Gauss sums G(χ, ψ)

and G(χ, ψ). We must check that they satisfy no multiplicative relations. Both

G(χ, ψ) and G(χ, ψ) are complex numbers of absolute value
√
p. Thus any relation

between them would have to have the form G(χ, ψ)n = G(χ, ψ)n. As G(χ, ψ) and

G(χ, ψ) are both elements of the field Q(µ3, µp), this would imply that G(χ, ψ) and

G(χ, ψ) have the same valuation at each prime of that field. Because p is split in Q(µ3)

and totally ramified in Q(µp), there are two primes lying over p. We will compute the

p-adic valuations of G(χ, ψ) and G(χ, ψ) at one of these primes using Stickelberger’s

congruence and observe that they are not equal. To compute the valuations, we may

view the characters χ and ψ as taking values in Qp. Each character χ : F×p → Q×p can

be written as χa : x 7→ [x]a where [x] is the Teichmuller lift for some a ∈ {0, . . . , p−1},

and each character ψ : Fp → Q×p can be written as ψζ : x 7→ ζx for some pth root of
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unity ζ. Stickelberger’s congruence [Stickelberger, 1890, 6.15a]

G(χa, ψζ) ≡
(ζ − 1)a

a!
mod (ζ − 1)a+1

implies that

vp(G(χa, ψζ)) =
a

p− 1

The only two values of a that give characters of order 3 are (p − 1)/3 and 2(p −

1)/3. Hence χ is either χ(p−1)/3 or χ2(p−1)/3 and χ is the other character. Thus

the p-adic valuation of G(χ, ψ) is 1
3

or 2
3

and the p-adic valuation of G(χ, ψ) is the

other fraction. Because those two valuations are distinct, there are no multiplicative

relations between G(χ, ψ) and G(χ, ψ).

Now we compute the determinant. Observe that f∗Q` for f : A1 → A1 the

map that sends x to x3 is the sum of a rank 1 constant sheaf and a rank 2 sheaf

corresponding to the standard 2-dimensional representation of the monodromy group

S3 of the cover defined by adjoining µ3 and the 3rd roots of x. Because F is also the

sheaf corresponding to that representation of that cover, we have f∗Q` = Q` +F . So

it is sufficient to compute the determinant of f∗Q`.

Its local monodromy at ∞ is the sum of all characters of order 3, so the deter-

minant of the local monodromy at ∞ is the product of all these characters, which is

trivial. Hence by Lemma 4.0.66 the Tannakian determinant has the form δr ⊗ V . By

Lemma 4.0.67, as the only singular point is 0, we have r = 0. Finally we will show

that V = Q`(−1) by applying Lema 4.0.68 and comparing to g∗Q` for g = x3 +x. As

f and g are finite maps from A1,

H0
c (A1

Q, f∗Q`[1]) = H0
c (A1

Q, g∗Q`[1]) = H0
c (A1

Q,Q`[1]) = 0

H1
c (A1

Q, f∗Q`[1]) = H1
c (A1

Q, g∗Q`[1]) = H1
c (A1

Q,Q`[1]) = Q`(−1)
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so the other terms in Lemma 4.0.68 cancel and these sheaves have the same determi-

nant. In Lemma 6.0.96 we saw that the determinant of g∗Q`[1] was δ0 ⊗ Q`(−1), so

the determinant of F [1] is also δ0 ⊗Q`(−1).

Finially, because F is a summand of f∗Q`, it is of geometric origin and pure of

weight 0, hence pure of weight 1 when placed in degree 0

Proposition 6.0.99. If Conjecture 1 holds, the normalized Kummer sum K(1; p)/
√
p

for primes ≡ 1 mod 3 is distributed as 2 cos θ for θ uniformly distributed on S1.

Proof. The abelianization of Gm o {±1} is Gm × {±1}, with the isomorphism given

by the determinant character and the natural projection to {±1}. The determinant

character is the cyclotomic character and the projection is the quadratic character of

Q(
√
−3). Hence the Dirichlet measure on the abelianization puts mass 1/2 on the

identity and mass 1/2 on (1, 1). The first corresponds to primes 1 mod 3 and the

second to primes 2 mod 3. Since we are interested in primes that are 1 mod 3, we

are concerned with the conditional probability measure that is conditioned on lying

over the identity. This is the Haar measure of the maximal compact subgroup of the

derived subgroup [Gm o Z/2,Gm o Z/2] = Gm. The maximal compact subgroup of

Gm is the circle group S1, and the Haar measure on the circle group is the uniform

measure. This Gm acts by the standard character on one one-dimensional subspace

and the inverse character on the other subspace. The standard and inverse characters

of S1 are eiθ and e−iθ, hence the trace is 2 cos θ, for θ uniformly distributed.

This distribution is obtained, by [Heath-Brown and Patterson, 1979, Theorem

2]. However Patterson conjectured that the empirical distribution converges very

slowly to this limit [Patterson, 1978, Conjecture on pp. 2]. The average over primes

< n of a function of the Kummer sum has not just the main term coming from

the average against the limiting measure and the error term but a secondary term.

This secondary term declines at the rate n−1/6+o(1), not at the rate n−1/2+o(1) that
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occurs when the distribution is controlled by an L-function satisfying the Riemann

hypothesis. This bias was still substantial in the range Kummer looked at, explaining

his misleading numerical data. We will discuss how this behavior might generalize to

other exponential sums of this type in Chapter 10.
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Chapter 7

Further Examples

This chapter discusses some further cases of Conjecture 1. In most of these cases, the

distribution of ap is a problem we do not believe has been considered in the literature

before. In some of these cases, our conjecture coincides with a näıve guess at the

distribution of ap. In other cases we were unable to guess the distribution before

computing the Tannakian monodromy group. In each case the results of numerical

tests of our predictions are reported in Chapters 9 and 10.

First consider a question about about the joint distributions of two different ex-

ponential sums. If there is not a clear relationship between the sums, one might

reasonably expect independence between the distributions. In one very simple case,

Conjecture 1 agrees with this guess:

Proposition 7.0.100. Let f be a polynomial in Z[x] with no rational roots, let K be

the number field generated by the roots of f , and let L/Q be a Galois field extension

disjoint with K. For each pair p, x ∈ Fp such that f(x) = 0 mod p and p is unramified

in L, consider the ratio x/p ∈ R/Z and the conjugacy class Frobp of Gal(L/Q).

If Conjecture 1 holds, the sequence of pairs (x
p
,Frobp), parameterized by the se-

quence of pairs (p, x ∈ Fp) with f(x) = 0 mod p and p unramified in L, is equidis-

tributed according to the Haar measure on R/Z×Gal(L/Q).
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Proof. By Weyl’s equidistribution theorem, it is sufficient to show that for k ∈ Z and

V an irreducible representation of Gal(L/Q)

lim
n→∞

∑
p≤n
∑

x∈Fp|(f(x)=0) tr(Frobp, V )e2πi
kx
p∑

p≤n |{x ∈ Fp|f(x) = 0}|
= 0

unless k = 0 and V is the trivial representation. By Chebotaerev’s density theorem,

limn→∞

∑
p≤n |{x∈Fp|f(x)=0}|

π(n)
is equal to the number of irreducible factors of f . Hence is

sufficient to show that

lim
n→∞

∑
p≤n
∑

x∈Fp|(f(x)=0) tr(Frobp, V )e2πi
kx
p

π(n)
= 0

because this will imply that:

lim
n→∞

∑
p≤n
∑

x∈Fp|(f(x)=0) tr(Frobp, V )e2πi
kx
p∑

p≤n |{x ∈ Fp|f(x) = 0}|
= lim

n→∞

∑
p≤n
∑

x∈Fp|(f(x)=0) tr(Frobp, V )e2πi
kx
p π(n)∑

p≤n |{x ∈ Fp|f(x) = 0}|/π(n)

is 0 divided by the number of irreducible factors of f and thus is 0. We will show

that

lim
n→∞

∑
p≤n
∑

x∈Fp|(f(x)=0) tr(Frobp, V )e2πi
kx
p∑

p≤n |{x ∈ Fp|f(x) = 0}|

First assume k 6= 0. In Example 2.0.2 we constructed an object Fk such that

ap(Fk) =
∑

x∈Fp|f(x)=0

e2πi
kx
p

We may view V as a lisse geometrically constant sheaf on A1, so that the trace of

Frobenius acting on V at every point is tr(Frobp, V ). Then the tensor product Fk⊗V

satisfies

ap(Fk ⊗ V ) =
∑

x∈Fp|f(x=0)

tr(Frobp, V )e2πi
kx
p
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The sheaf Fk ⊗ V is perverse because it is punctual, is pure of weight 0, and is of

geometric origin because Fk and V are. The sheaf Fk ⊗ V has good reduction away

from `, the ramified primes of L, the primes dividing the leading term of f , the primes

dividing the discriminant of f , and the primes dividing k by Proposition 3.0.46. Thus

by Conjecture 2, this limit is 0 as long as Fk ⊗ V has no one-dimensional Jordan-

Holder factors. But any one-dimensional factor would, by Lemma 4.0.58, have to

be supported on all of A1 or a single rational point. The sheaf Fk and hence the

tensor product Fk ⊗ V , are punctual, so a one-dimensional factor would have to be

supported on a single rational point. Both Fk and Fk ⊗ V are supported on k times

the roots of f , and no rational number is k times a root at f as k is nonzero and f

has no rational roots. Hence there are no one-dimensional Jordan-Holder factors of

Fk ⊗ V .

It remains to treat the case when k = 0 and V is irreducible and nontrivial. The

limit simplifies to

lim
n→∞

∑
p≤n tr(Frobp, V )|{x ∈ Fp|f(x) = 0}|

π(n)

The cardinality |{x ∈ Fp|f(x) = 0}| is, for all but finitely many primes, equal to

the trace of Frobp acting on a Gal(K/Q)-representation W , the linearization of the

permutation representation acting on the roots of f .

lim
n→∞

∑
p≤n tr(Frobp, V )|{x ∈ Fp|f(x) = 0}|

π(n)
= lim

n→∞

∑
p≤n tr(Frobp, V ⊗W )

π(n)

By Chebotarev’s density theorem, limn→∞

∑
p≤n tr(Frobp,V⊗W )

π(n)
is the dimension of

the Gal(KL|Q)-invariant subspace of V ⊗W . Since V is a representation of Gal(L/Q)

and W is a representation of Gal(K/Q), and L and K are disjoint number fields so

that Gal(KL|Q) = Gal(K|Q)×Gal(L|Q), this is the tensor product of the Gal(L/Q)-
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invariant subspace of V and the Gal(K/Q)-invariant subspace of W . The represen-

tation V is irreducible and nontrivial, so this invariant subspace of V vanishes and

the limit is zero.

Rather than starting with an equidistribution question and finding an appropriate

F to study it with, we may start with a sheaf and find the corresponding equidis-

tribution question. For instance, let f(x) be a polynomial with rational coefficients

and let Lχ be the Kummer sheaf of the quadratic character. Then for F = f ∗Lχ, the

exponential sum ap(F) is the following Jacobi symbol sum:

ap(F) =

p−1∑
x=0

(
f(x)

p

)
e2πi

x
p

For f(x) = x this is a quadratic Gauss sum, and for f(x) = x2 − 4ab this is the

Kloosterman sum. In this chapter we will study this question for f(x) of degree at

least 3. One simple special case is the “twisted elliptic curve” sum:

ap =

p−1∑
x=0

(
4x3 − g2x− g3

p

)
e2πi

x
p

Lemma 7.0.101. Let f ∈ Q[x] be a polynomial of degree n without repeated roots.

Then f ∗Lχ is a middle extension sheaf. Moreover, f ∗Lχ[1] is a perverse sheaf of

geometric origin and pure of weight 1, with good reduction outside some finite set S

of primes, that corresponds to an n-dimensional representation of GS.

Proof. Consider the smooth hyperelliptic curve y2 = f(x) with projection π to A1

along the x coordinate. Then π∗Q` = Q` + f ∗Lχ. As π is a dominant map from a

smooth curve, π∗Q` is a middle extension sheaf, hence f ∗Lχ is a middle extension

sheaf and f ∗Lχ[1] is perverse. As π is a proper map from a smooth curve, π∗Q` is of

geometric origin and pure of weight 0, and so f ∗Lχ is of geometric origin and pure of

weight 0 as well. Because f ∗Lχ is pure of weight 0, f ∗Lχ[1] is pure of weight 1.

127



Since f ∗Lχ[1] has rank 1 away from the roots of f and rank 0 at the roots of f ,

the drop is 1 at each root. There are n distinct roots, so by Lemma 4.0.54, f ∗Lχ[1]

is an n-dimensional object in CCS.

Lemma 7.0.102. Let f be a polynomial with no repeated roots. Then f ∗Lχ[1] corre-

sponds to a Lie-irreducible representation of GS.

Proof. Since f ∗Lχ[1] is lisse of rank 1, it is geometrically irreducible on the open

set where it is lisse, which is the set where f 6= 0. By Lemma 7.0.101 f ∗Lχ[1] is

a middle extension sheaf. Any geometrically irreducible middle extension sheaf is a

geometrically irreducible perverse sheaf. Thus by Lemma 4.0.83, f ∗Lχ[1] corresponds

to a Lie-irreducible GS-representation.

Definition 7.0.103. For D ∈ Q, let χD be the quadratic character of D: the 1-

dimensional Galois representation that sends every element of Gal(Q|Q) that fixes
√
D to 1 and every element that does not fix

√
D to −1.

Lemma 7.0.104. Let f be a polynomial with no repeated roots.

If f(x) = f(a−x) for some a ∈ Q, then there is a perfect pairing of GS-representations

f ∗Lχ[1] ∗ f ∗Lχ[1]→ δ1(−1)

If f(x) = −f(a − x) for some a ∈ Q, then there is a perfect pairing of GS-

representations:

f ∗Lχ[1] ∗ f ∗Lχ[1]→ δa(−1)⊗ χa

Otherwise, there is no perfect pairing f ∗Lχ[1]∗f ∗Lχ[1]→ V for any one-dimensional

GS representation V .

Proof. First assume that one of these two functional equations holds. Because f ∗Lχ

is an irreducible middle extension sheaf, f ∗Lχ[1] has property P , and hence f ∗Lχ[1]∗!
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f ∗Lχ[1] is perverse. Let us compute the stalk of H0(f ∗Lχ[1] ∗! f ∗Lχ[1]) at a. By the

proper base change theorem, the stalk is

H0
c (A1

Q, f
∗Lχ[1]⊗ s∗f ∗Lχ[1]) = H2

c (A1
Q, f

∗Lχ ⊗ s∗f ∗Lχ)

where s(x) = a− x.

In the case f(x) = f(a− x), we have f ◦ s = f , hence this is is the same as

H2
c (A1

Q, f
∗Lχ ⊗ f ∗Lχ)

By Poincare duality, H2
c (A1

Q, f
∗Lχ ⊗ f ∗Lχ) is the Tate twist of the geometric mon-

odromy coinvariants of f ∗Lχ ⊗ f ∗Lχ. Because f ∗Lχ ⊗ f ∗Lχ has trivial arithmetic

monodromy, its top cohomology group is precisely Q`(−1). So the stalk at a is

Q`(−1) and hence we have a nontrivial map f ∗Lχ[1] ∗ f ∗Lχ[−1] → δa(−1). By

Lemma 7.0.102, f ∗Lχ[1] it is an irreducible representation of GS, and hence this map

is a perfect pairing - otherwise the kernel would give a nontrivial subrepresentation.

In the case f(x) = −f(a−x), the argument is almost the same. Now f◦s = [−1]◦f

where [−1] is the map x→ −x. So we have

H2
c (A1

Q, f
∗Lχ ⊗ s∗f ∗Lχ) = H2

c (A1
Q, f

∗Lχ ⊗ f ∗[−1]∗Lχ)

(as [−1]∗Lχ = χ−1 ⊗ Lχ)

= H2
c (A1

Q, χ−1 ⊗ f
∗Lχ ⊗ f ∗Lχ)

The geometric monodromy of χ−1 ⊗ f ∗Lχ ⊗ f ∗Lχ is trivial. The geometric mon-

odromy invariants of χ−1 ⊗ f ∗Lχ ⊗ f ∗Lχ, viewed as a Galois representation, equal

χ−1. Thus the top cohomology group of that sheaf is Q`(−1)⊗ χ−1. As before, this
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gives a nontrivial map f ∗Lχ[1] ∗ f ∗Lχ[1] → δa(−1) ⊗ χ−1, which must be a perfect

pairing as f ∗Lχ[1] is irreducible.

Now assume that there exists a perfect pairing f ∗Lχ[1] ∗ f ∗Lχ[1] → V for a one-

dimensional GS-representation V . It follows that f ∗Lχ[1] = V ∗ (f ∗Lχ[1])∨. By

Proposition 3.0.22,

f ∗Lχ[1] = V ∗ (f ∗Lχ[1])∨ = V ∗D ([−1]∗f ∗Lχ[1]) ,

Let α1, . . . , αn be the singularities of f ∗Lχ: equivalently, the roots of f . The

singularities of D([−1]∗f ∗Lχ[1]) are the same as the singularities of [−1]∗f ∗Lχ, as by

double-duality a sheaf is lisse at a point if and only if its Verdier dual is lisse at that

point. So the singularities of D ([−1]∗f ∗Lχ[1]) are −α1, . . . ,−αn. By Lemma 4.0.58,

V has a unique singular point. Let a be the singular point of V . Then by Lemma

3.0.32 the only possible singularities of V ∗ D([−1]∗f ∗Lχ[1]) are a − α1, . . . , a − αn.

By assumption, V ∗D([−1]∗f ∗Lχ[1]) is isomorphic to f ∗Lχ[1] whose singularities are

α1, . . . , αn, hence

{α1, . . . , αn} ⊆ {a− α1, . . . , a− αn}.

Because both these sets have n elements and thus

{α1, . . . , αn} = {a− α1, . . . , a− αn}.

Therefore f(x) and f(a − x) have the same roots. Since f(x) and f(a − x) have no

repeated roots, they must be equal up to scalar multiplication, say f(x) = εf(a− x).

Because the leading coefficient of f(a − x) is (−1)n times the leading coefficient of

f(x), ε = (−1)n = ±1, hence either f(x) = a− x or f(x) = −f(a− x).
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Lemma 7.0.105. Let f be a polynomial of degree n with no repeated roots, f(x) =

axn+ bxn−1 + . . . . Then the determinant of f ∗Lχ as a GS-representation is: (n even)

δ−b/a

(
−n

2

)

(n odd)

Lχ[1] ∗ δ−b/a
(
−n− 1

2

)
⊗ χa

Proof. By Lemma 4.0.66, Lχ appears in the determinant of f ∗Lχ[1] if and only if the

determinant of the local monodromy representation of f ∗Lχ at ∞ is nontrivial. The

local monodromy representation is one-dimensional, so its determinant is nontrivial

if and only if it is is nontrivial. The local monodromy comes from the cover defined

by adjoining a square root of axn + . . . , which is trivial for n even and nontrivial for

n odd.

f ∗Lχ is a middle extension sheaf and each singular point appears with a drop of 1.

So by Lemma 4.0.67, the translation factor appearing in the determinant of f ∗Lχ[1]

is the sum of the singular points of f ∗Lχ[1]. The singular points are the roots of f ,

and their sum is − b
a
.

Finally, we apply Lemma 4.0.68 and compare f ∗Lχ with another sheaf with the

same decomposition representation at ∞. Split into two cases, n even or n odd:

n even: We have already seen that the determinant of f ∗Lχ[1] is of the form δ− b
a
⊗V

for some one-dimensional Galois representation V . The sheaf f ∗Lχ is unramified at

∞, and the underlying Galois representation is χa. So it has the same decomposition

group representation at∞ as the constant sheaf Q`⊗χa. The constant sheaf Q`⊗χa

is a has Tannakian dimension 0, so its determinant in the Tannakian category is 1.

By Lemma 4.0.68:

V ⊗ detH1
c

(
A1

Q, f
∗Lχ[1]

)
⊗ detH0

c

(
A1

Q, f
∗Lχ[1]

)−1
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= detH1
c

(
A1

Q,Q` ⊗ χa[1]
)
⊗ detH0

c

(
A1

Q,Q` ⊗ χa[1]
)−1

We will compute all the cohomology groups appearing in the above formula.

H1
c (A1

Q, f
∗Lχ[1]) vanishes since f ∗Lχ has nontrivial local monodromy at the roots

of f , hence nontrivial global monodromy.

H0
c (A1

Q, f
∗Lχ[1]) = H1

c (A1
Q, f

∗Lχ) can be computed by taking the middle extension

of j∗f
∗Lχ along the inclusion j : A1 → P1. The middle extension has stalk χa at ∞,

so H1
c (A1

Q, f
∗Lχ) is the extension of H1

c (P1
Q, j∗f

∗Lχ) by χa. Furthermore j∗f
∗Lχ is

orthogonally self-dual so H1
c (P1

Q, j∗f
∗Lχ) is symplectically self-dual up to a Tate twist.

Its dimension is n − 2 so its determinant is Q`

(
−n−2

2

)
, and detH0

c (A1
Q, f

∗Lχ[1]) =

Q`

(
−n−2

2

)
⊗ χa.

H1
c (A1

Q,Q` ⊗ χa[1]) = H2
c (A1

Q,Q` ⊗ χa) = Q`(−1)⊗ χa.

H0
c (A1

Q,Q` ⊗ χa[1]) = H1
c (A1

Q,Q` ⊗ χa) vanishes.

Multiplying it all together, we see the Galois representation appearing in the

determinant satisfies

V ⊗
(
Q`

(
−n− 2

2

)
⊗ χa

)−1
= Q`(−1)⊗ χa

The unique solution is V = Q`(−n), as desired.

n odd: f(x) = axn + . . . , and n is odd, so in the local field Q((x−1)), f(x) is

equal to ax times a perfect square. Hence the decomposition group representation of

f ∗Lχ is the same as the decomposition group representation of Lχ(ax) = Lχ ⊗ χa.

Let A = f ∗Lχ[1] and B = Lχ⊗χa. As in Lemma 4.0.68, let VA and VB be the Galois

representations appearing in the Tannakian determinants of A and B. Then B is a

rank 1 object in the Tannakian category, so the Tannakian determinant of B is B
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and VB = χa. By Lemma 4.0.68:

VA ⊗ detH1
c

(
A1

Q, f
∗Lχ[1]

)
⊗ detH0

c

(
A1

Q, f
∗Lχ[1]

)−1
= χa ⊗ detH1

c

(
A1

Q,Lχ[1]⊗ χa
)
⊗ detH0

c

(
A1

Q,Lχ[1]⊗ χa
)−1

H1
c (A1

Q, f
∗Lχ[1]) vanishes as f ∗Lχ has nontrivial local monodromy at the roots of f ,

hence nontrivial global monodromy.

Let j be the inclusion A1 → P1. Then H0
c (A1

Q, f
∗Lχ[1]) = H1

c (A1
Q, f

∗Lχ) =

H1
c (P1

Q, j!f
∗Lχ). Observe that j!f

∗Lχ is a middle extension sheaf, because f ∗Lχ is a

middle extension on A1 and f ∗Lχ has no local monodromy invariants at∞. As f ∗Lχ

is an orthogonally self-dual middle extension sheaf, its cohomology is symplectically

self-dual up to a Tate twist. As the rank of the cohomology of f ∗Lχ is n − 1, the

determinant is Q`

(
−n−1

2

)
.

H1
c (A1

Q,Lχ[1]⊗χa) = H2
c (A1

Q,Lχ⊗χa) and H0
c (A1

Q,Lχ[1]⊗χa[1]) = H1
c (A1

Q,Lχ⊗

χa) both vanish, the first because Lχ has nontrivial monodromy and the second

because the Euler characteristic vanishes.

Hence the equation becomes VA ⊗ Q`

(
−n−1

2

)
= χa or VA = Q`

(
n−1
2

)
⊗ χa as

desired.

Proposition 7.0.106. Let f(x) = 4x3 − g2x − g3 be a cubic polynomial with no

repeated roots. Then f ∗Lχ[1] has Tannakian monodromy group GL3 unless g3 = 0,

in which case it has Tannakian monodromy group GO3. Let V = Lχ[1]⊗ χ−1. Then

Tannakian monodromy group of f ∗Lχ[1] ∗ V −1 is SL3 unless g3 = 0, in which case it

is SO3. Thus, assuming Conjecture 1, the exponential sum:

ap =

p−1∑
x=0

(
4x3 − g2x− g3

p

)
e2πi

x
p
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divided by
√
p for p ≡ 1 modulo 4 and −i√p for p ≡ 3 mod 4, is equidistributed

according to the trace of the Haar measure on SU3 or SO3 respectively.

Proof. By Lemma 7.0.101, f ∗Lχ[1] is a 3-dimensional representation of GS. By

Lemma 7.0.102, this representation is Lie-irreducible. Any Lie-irreducible subgroup

of GL3 contains as a maximal semisimple subgroup either SO3 or SL3. If the max-

imal semisimple subgroup is SO3 then the representation is self-dual, possibly with

a similitude character, and if the maximal semisimple subgroup is SL3 then it is not

self-dual with any similitude character.

By Lemma 7.0.104, f ∗Lχ[1] is self-dual up to a twist if and only if f satisfies an

identity of the form f(x) = ±f(a − x). Since f(x) = 4x3 − g2x − g3, f(a − x) =

−4x3 + 12ax2 + · · · , so such an identity can only occur if a = 0 and the identity takes

the form f(x) = −f(−x). We have f(x) = −f(−x) if and only if g3 = 0. If g3 = 0

then f ∗Lχ[1] is self-dual after twisting by δ0(−1)⊗⊗χ−1 by Lemma 7.0.104.

By Lemma 7.0.105, the determinant character of f ∗Lχ[1] is Lχ[1](1) and thus the

determinant has Tannakian monodromy group Gm.

In the case g3 6= 0, the Tannakian monodromy group contains SL3. As the

determinant has Tannakian monodromy group Gm, f ∗Lχ[1] has monodromy group

GL3.

Because the action of GS on V = Lχ[1]⊗χ−1 factors through the abelianization of

GS, the Tannakian monodromy group of f ∗Lχ[1]∗V −1 contains SL3 and is contained

in GL3. We will show that the Tannakian monodromy group of f ∗Lχ[1] ∗ V −1 is

actually SL3. It is sufficient to show that the determinant of f ∗Lχ[1] ∗ V −1 is trivial

As the determinant character of f ∗Lχ[1] is δ0(−1) ∗ Lχ[1],

det
(
f ∗Lχ[1] ∗ V −1

)
= δ0(−1) ∗ Lχ[1] ∗ V −1 ∗ V −1 ∗ V −1

V ∗ V = Lχ[1] ∗ Lχ[1] = δ0(−1)⊗ χ−1
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V ∗ V ∗ V = δ0(−1)⊗ χ−1 ∗ V = δ0(−1)⊗ χ−1 ∗ Lχ[1] ∗ δ0 ⊗ χ−1 = δ0(−1) ∗ Lχ[1]

Thus det(f ∗Lχ[1] ∗ V −1) is indeed trivial.

In the case g3 = 0, SO3 is contained in the monodromy group and the monodromy

group is contained in GO3. Because the determinant character is not finite, the

monodromy group is GO3.

Because the action of GS on V = Lχ[1]∗χ−1 factors through the abelianization of

GS, the Tannakian monodromy group of f ∗Lχ[1]∗V −1 contains SO3 and is contained

in GO3. We will show that the Tannakian monodromy group of f ∗Lχ[1] ∗ V −1 is

actually SO3.

To do this it is sufficient to show that the determinant and similitude characters of

f ∗Lχ[1]∗V −1 are both trivial. We have already shown that the determinant character

is trivial. The similitude character of f ∗Lχ[1] is δ0(−1)⊗χ−1 by Lemma 7.0.104, and

therefore the similitude character of f ∗Lχ[1] ∗V −1 is δ0(−1)⊗χ(−1) ∗V −1 ∗V −1. As

V ∗ V = Lχ[1] ∗ Lχ[1] = δ0(−1)⊗ χ(−1)

this is trivial.

Hence the monodromy group of f ∗Lχ[1]∗V −1 is either SL3 or SO3, the first when

g3 6= 0 and the second when g3 = 0.

The trace of Frobp acting on f ∗Lχ[1] ∗ V −1 is the exponential sum ap divided by

the eigenvalue of Frobp acting on V , which is −√p if p ≡ 1 mod 4 and i
√
p if p ≡ 3

mod 4.

Because f ∗Lχ[1] is of pure of weight 1, and V is pure of weight 1, f ∗Lχ[1] ∗ V −1

is pure of weight 0. Because f ∗Lχ[1] is of geometric origin, and V is of geometric

origin, by Corollary 4.0.76, f ∗Lχ[1] ∗ V −1 is of geometric origin. Hence assuming

Conjecture 1, the trace of Frobp on f ∗Lχ[1] ∗ V −1 is equidistributed according to the

adjusted Haar measure on SL3 or SO3 respectively. Because those groups are perfect,
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the adjusted Haar measure is equal to the Haar measure, and we have the desired

equidistribution statement.

Another natural sum of this type has the form

S(f(x), p) =
∑
x∈Fp

e2πi
f(x)
p

For f(x) linear, this sum is 0. For f(x) quadratic, this is a quadratic Gauss sum.

For cubics and beyond, the distribution is not so simple. As we discussed in Lemma

6.0.96, for f(x) cubic and normalized to take the form ax3 + x we expect Sato-Tate

equidistribution. Now consider the quartic and higher degree cases. Recall from

Example 2.0.7 that this exponential sum corresponds to the sheaf F = f∗Q`, so the

first step is to compute the Tannakian monodromy group of F [1].

Lemma 7.0.107. Let f(x) ∈ Q[x] be a polynomial of degree n, and thus a map

f : A1
Q → A1

Q. Let F = f∗Q`. Then F [1] is a perverse sheaf of geometric origin, pure

of weight 1 with good reduction away from some finite set S of primes. The perverse

sheaf F [1] corresponds to an n− 1-dimensional representation of GS.

Proof. By [Katz, 1990, Lemma 7.3.2], F is a middle extension sheaf, so F [1] is per-

verse. The sheaf F is the restriction to A1
Q of a sheaf on A1

Z[1/N ] , so by Proposition

3.0.46 F [1] has good reduction away from finitely many primes. Thus F [1] is a repre-

sentation of GS for some S. The sheaf F [1] is of geometric origin and pure of weight

0 as f is a proper morphism from a smooth variety. Hence F [1] is pure of weight 1.

The Euler characteristic of this sheaf is χ(A1, f∗Q`[1]) = χ(A1,Q`[1]) = −1. Con-

sider the equation of Lemma 3.0.31. The left, side, the Euler characteristic, is −1,

so the right side must sum to −1. As F [1] is a tamely ramified sheaf concentrated

in degree −1, the Swan conductor and H0(A) terms in the formula vanish. The only

remaining terms are minus the rank of F and the sum over all singular points of the
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drop of F [1] at that point. The rank of F is n so the sum over all singular points

of the drop at that point must be n − 1. Hence by Lemma 4.0.54, the Tannakian

dimension of F [1] is n− 1.

To compute the arithmetic part of the determinant of F [1], we have the following

lemma computing the action of Frobenius on this determinant:

Lemma 7.0.108. Let f(x) ∈ Fq[x] be a polynomial of degree n and thus a map

f : A1
Fq → A1

Fq . Assume that the characteristic of Fq does not divide n. Let a be the

leading coefficient of f and let r be the sum of f(αi) over αi the roots of df
dx

, with

multiplicity.

Then if n is odd:

det(Frobq, H
1
c (A1

Fp , f
∗Lψ)) = ψ(r)q(n−1)/2

If n is even:

det(Frobq, H
1
c (A1

Fp , f
∗Lψ)) = −ψ(r)q(n−2)/2G(χ2, ψ)χ2

(an
2

)

where χ2 is the quadratic character of F×q .

Proof. We apply the Hasse-Davenport method (compare e.g. [Katz, 2012, Theorem

21.1]. The L-function of the Galois representation f ∗Lψ over the field Fq(t) is a

polynomial det(1−T Frobq, H
1(A1

Fp
, f ∗Lψ)). SinceH1(A1

Fp
, f ∗Lψ) has dimension n−1,

its determinant is (−1)n−1 times the degree n−1 term of that L-function. The degree

n − 1 term of that L function can be written as the sum over monic polynomials g

of degree n − 1 of ψ of the sum of f(α) over the roots α of g. The sum of f(α)

over the roots α of g can be expressed, using Newton’s identities, as a polynomial in

the coefficients of g. Let s1, . . . , sn−1 be the coefficients of g, equal to the elementary

symmetric polynomials of the roots of g. Then the degree n−1 term of the L-function
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is ∑
s1,...,sn−1∈Fq

ψ(P (s1, . . . , sn−1))

for a suitable polynomial P . In the usual grading on the ring of symmetric functions,

si has degree i. In this grading P is of degree ≤ n. Hence if i > n
2
, P is a linear

function of the variable si, with coefficient of degree ≤ n− i. Thus the sum over just

the variable si, is zero unless ∂P/∂si = 0, in which case it is p times the value at any

fixed value of si. Applying this to si for all i > n
2

gives the identity

∑
s1,...,sn−1∈Fq

ψ(P (s1, . . . , sn−1)) =
∑

s1,...,sbn2 c
| ∂P
∂sbn2 c+1

=0,..., ∂P
∂sn−1

=0

qb
n−1

2 cψ
(
P (s1, . . . , sbn2 c, ∗, . . . , ∗)

)

where ∗ denotes that we may plug any element of Fq into the formula and get the

same result.

This is a sum over the solutions of the system of polynomial equations(
∂P
∂sn−i

= 0
)
i>n

2

in the variables s1, . . . , sbn−1
2
c, with an additional sum in the

variable sn
2

if n is even. As we mentioned, ∂P
∂si

is of degree ≤ n − i. Hence ∂P
∂si

is a

polynomial in s1, . . . , sn−i−1 plus a constant times sn−i. If these constants are nonzero

for i ∈ {
⌊
n
2

⌋
+ 1, . . . , n} then these equations have a unique solution, as inductively

sn−i is uniquely determined by sn−j for j > i and the condition that ∂P
∂si

= 0.

In that case our sum reduces to a single value of ψ
(
P (s1, . . . , sbn2 c, ∗, . . . , ∗)

)
(n

odd) or a sum in one variable (n even).

Indeed, we will show that the coefficient of sn−i in ∂P
∂si

is nonzero. The constant

is equal to ∂2P
∂si∂sn−i

as no other terms of the polynomial contribute to that partial

derivative, so it is sufficient to show that partial derivative is nonzero.

P is a linear combination of the first n power sum symmetric functions. The

kth power sum symmetric function is homogenous of degree k, hence its derivative

vanishes unless k = n. The coefficient of the nth power sum symmetric function is
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the leading term a, which is nonzero. So it is sufficient to show, for Nk the kth power

sum symmetric function, that ∂2Nn
∂si∂sn−i

6= 0.

By Newton’s identities (e.g. [Mead, 1992, pp. 749])

Nn =
n−1∑
k=1

(−1)n−1−ksn−kNk + (−1)n−1nsn

we have:

∂2Nn

∂si∂sn−i
=
∂2
∑n−1

k=1(−1)n−1−ksn−kNk

∂si∂sn−i

=
n−1∑
k=1

(−1)n−1−k
∂2sn−kNk

∂si∂sn−i
=

∑
k=i,n−i

(−1)n−1−k
∂2sn−kNk

∂si∂sn−i

= (−1)n−1−i
∂Ni

∂si
+(−1)i−1

∂Nn−i

∂sn−i
= (−1)n−1−i(−1)i−1i+(−1)i−1(−1)n−i−1(n−i) = (−1)nn 6= 0

For n odd, the degree n − 1 coefficient of the L-function has been reduced to a

sum over a single point. For n even, it has been reduced to a sum in one variable

sn/2.

In the odd case, that point is a solution of the equations ∂P
∂si

= 0 for i > n/2. In

fact, we will take it to be a point that solves that equation for all i. The normalized

derivative g0 = 1
an

df(x)
dx

is such a solution. To prove this, first assume that df(x)
dx

is

squarefree. Let α1, αn−1 be the roots of g. We may write s1, . . . , sn−1 as polynomials

in α1, . . . , αn−1. Then by the chain rule

∂P (s1, . . . , sn−1)

∂αj
=

n−1∑
i=1

∂si
∂αj

∂P (s1, . . . , sn−1)

∂si

but

∂P (s1, . . . , sn−1)

∂αj
=
∂
∑n−1

i=1 f(αi)

∂αj
=
df(x)

dx
(αi) = 0

when the αi are roots of g0, and the Jacobian matrix Mij = ∂si
∂αj

is invertible at g0

because its determinant is the discriminant of g0, which by assumption is nonzero.
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So ∂P (s1,...,sn−1)
∂si

= 0 at g0 for all i. This handles the case when df(x)
dx

is squarefree. For

arbitrary f , the derivatives ∂P
∂si

( 1
an

df
dx

) = 0 must vanish because they are polynomials

in the coefficients of f that we have just seen vanish generically.

At this point the value of P (s1, . . . , sn−1) is ψ(r), so our original sum is q
n−1

2 ψ(r),

as claimed.

In the even case, P is a quadratic function of the remaining variable sn/2. So the

sum
∑

s1,...,sbn2 c
| ∂P
∂sbn2 c+1

=0,..., ∂P
∂sn−1

=0 ψ
(
P (s1, . . . , sbn2 c, ∗, . . . , ∗)

)
is a Gauss sum. We

can choose the ∗s so as to set xn−1+
∑n−1

i=1 (−1)isix
n−1−i = 1

an
df
dx

+txn/2 for a parameter

t, because as we saw in the previous case 1
an

df
dx

satisfies the equations ∂P
∂si

= 0 . Hence

P is a quadratic function in t, whose value at 0 is r, and whose derivative at 0 is 0,

so

P = r +
∂2P

∂s2n
2

t2

2
= r + ant2/2

by our earlier calculations of the derivative ∂2P
∂s2n

2

. The Gauss sum
∑

t∈Fq ψ(r+ant2/2)

is equal to G(χ, ψ)ψ(r)χ2

(
an
2

)
and hence the total sum is q

n−2
2 G(χ, ψ)ψ(r)χ2

(
an
2

)
.

Adding the minus sign from converting between the L-function and the determinant

gives the stated formula.

Lemma 7.0.109. Let f(x) ∈ Z[x] be a polynomial of degree n, and thus a map

f : A1
Q → A1

Q. Let a be the leading coefficient of f and let r be the sum of f(αi) over

αi the roots, with multiplicity of df
dx

. Let F = f∗Q`. Then the Tannakian determinant

of F [1] is:

δr

(
n− 1

2

)
)

(n odd)

δr

(
n− 2

2

)
⊗ χan

2
∗ Lχ

(n even)
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Proof. By [Katz, 1990, Lemma 7.3.2], F is a middle extension sheaf, so F [1] is per-

verse. The sheaf F is the restriction to A1
Q of a sheaf on A1

Z, so by Proposition 3.0.46,

F [1] has good reduction away from finitely many primes. Thus F [1] is a representa-

tion of GS for some S. Furthermore F [1] is of geometric origin and pure of weight 0

as f is a proper morphism from a smooth variety. Thus F [1] is pure of weight 1.

As a representation of the local monodromy group at∞, f∗Q` is the linearization

of the monodromy representation of the fibers of f . There is a single branch point

of f lying over ∞, so the local monodromy at ∞ is an n-cycle, so the determinant of

the local monodromy is the sign of an n-cycle, which is 1, trivial, for n odd and, −1,

nontrivial, for n even. Hence by Lemma 4.0.66, Lχ appears in the determinant for n

even but not n odd.

The sheaf has singularities at the critical values of f(αi). Let y be a critical value.

The drop at y is the degree of f minus the number of roots of f(x) − y. Hence the

drop at y is equal to the sum over the roots α of f(x) − y of the multiplicity of α

in f(x) − y minus 1. Hence the drop at y equal to the sum over α satisfying both

f(α) − y = 0 and df
dx

(α) = 0 of the multiplicity of α in df
dx

. Hence the sum over y of

y times the drop at y is equal to the sum, with multiplicity, of f(α) over the roots α

of df
dx

, which is r. Therefore by Lemma 4.0.67 the skyscraper sheaf appearing in the

determinant is δr.

So the determinant of F [1] is of the form δr ⊗ V (n odd) or δr ⊗ V ∗ Lχ[1]

(n even) for some 1-dimensional Galois representation V . Thus it is of the form

δr
(
n−1
2

)
⊗W (n odd) or δr

(
n−2
2

)
⊗ χan

2
⊗W ∗ Lχ[1] (n even) for some 1-dimensional

Galois representation W . It remains to show that W is trivial.

We will do this by directly finding the action of Frobp,ψ on detF [1], which is equal

to the eigenvalue of Frobenius acting on detH0(A1
Fp
, RΨpF [1]⊗ Lψ).

H0
c (A1

Fp , RΨpF [1]⊗ Lψ) = H0
c (A1

Fp , RΨpf∗Q`[1]⊗ Lψ)
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(as RΨp commutes with finite pushforward)

= H0
c (A1

Fp , f∗RΨpQ`[1]⊗ Lψ)

(by local acyclicity of smooth morphisms)

= H0
c (A1

Fp , f∗Q`[1]⊗ Lψ) = H1
c (A1

Fp , f∗Q` ⊗ Lψ)

(by the Leray spectral sequence)

= H1
c (A1

Fp , f
∗Lψ)

The eigenvalue of Frobenius acting on det
(
H1
c (A1

Fp
, f ∗Lψ)

)
is computed in Lemma

7.0.108 as Then if n is odd:

det(Frobp, H
1
c (A1

Fp , f
∗Lψ)) = ψ(r)p(n−1)/2

If n is even:

det(Frobq, H
1
c (A1

Fp , f
∗Lψ)) = −ψ(r)p(n−2)/2G(χ2, ψ)χ2

(an
2

)

If n is odd this determinant is equal to the eigenvalue of Frobp,ψ acting on δr
(
n−1
2

)
and if n is even the determinate is equal to the eigenvalue of Frobp acting on δr

(
n−2
2

)
⊗

χan
2
∗ Lχ[1], because the terms match up perfectly - Tate twists with powers of p, δr

with ψ(r), Lχ with minus the Gauss sum, and χ .
an

2 with χ2

(
an
2

)
.

Since the eigenvalue is the same before and after tensoring with W , it follows that

the eigenvalue of Frobp acting on W is 1. Because this is true for all sufficiently large

primes, W is trivial, and our claimed determinant is correct.
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For a sufficiently generic polynomial, the Tannakian monodromy group is GLn−1:

Lemma 7.0.110. Let f(x) ∈ Z[x] be a polynomial of degree n, and thus a map

f : A1
Q → A1

Q. Assume that f satisfies the following two conditions:

1. df
dx

has no multiple roots in Q.

2. Let α1, α2, α3, α4 be four roots of df
dx

in Q, not necessarily distinct. If f(α1) +

f(α2) = f(α3) + f(α4), then {α1, α2} = {α3, α4}.

Then f∗Q` corresponds to a GS-representation with Tannakian monodromy group

GLn−1.

Proof. Observe that if α1 and α2 have no distinct roots, then f(α1) + f(α1) 6=

f(α2)+f(α2), so f(α1) 6= f(α2). For p sufficiently large, df
dx

will still have no multiple

roots mod p and f(α1) will still not equal f(α2) for distinct roots α1, α2, so f will

be a supermorse function in the sense of [Katz, 1990, 7.10.2.2]. Thus by [Katz, 1990,

Lemma 7.10.2.3], f∗Q`/Q` is an irreducible tame reflection sheaf. The singularities of

f∗Q`/Q` are exactly the f(αi) for αi roots of df
dx

. For p sufficiently large, no relations

of the form f(α1) + f(α2) = f(α3) + f(α4) among these singular points hold mod-

ulo p that do not hold in characteristic 0. Hence f∗Q`/Q` satisfies the conditions of

[Katz, 1990, Theorem 7.9.6] for p sufficiently large, so its Fourier transform has geo-

metric monodromy group containing SLn−1. Hence by Lemma 4.0.60 the Tannakian

monodromy group contains SLn−1. Finally, by Lemma 7.0.109 the the determinant of

this representation has Tannakian monodromy group Gm, so the whole representation

must have Tannakian monodromy group GLn−1.

Both of these conditions are satisfied when the coefficients of f lie in some open

subset of An+1, so this implies, assuming Conjecture 1, that S(f(x), p) for a generic

polynomial p has a distribution given by the Haar measure on SUn−1 twisted by the

143



determinant character of Lemma 7.0.109. However, special polynomials that fail to

satisfy one of these conditions can have wildly different distributions.

One simple case of this is when n = 4 and f is the composition of two quadratic

polynomials but is not equal to a fourth power plus a constant.

Lemma 7.0.111. Let f = g ◦ h be the composition of two quadratic polynomials but

not be of the form a(x + b)4 + c. Then f∗Q` is a sum of 3 geometrically irreducible

middle extension sheaves: the constant sheaf Q`, g∗Q`/Q`, and f∗Q`/g∗Q`. When

placed in degree −1, these sheaves have good reduction outside a set of primes S and

they correspond to 0, 1, and 2-dimensional representations of GS respectively.

Proof. The geometric and arithmetic monodromy groups of the cover f : A1 → A1

are subgroups of S4, have order a power of 2 because f is a composition of degree

2 covers, and contain a 4-cycle because the local monodromy of ∞ of the cover is a

4-cycle. Hence both monodromy groups are either D4 or the cyclic group of order 4.

But the geometric monodromy group cannot be the cyclic group of order 4 as then

f would have the form a(x + b)4 + c, so the geometric and arithmetic monodromy

groups are both D4.

f∗Q` is a middle extension sheaf [Katz, 1990, Lemma 7.3.2] and has finite mon-

odromy, so it is a sum of irreducible middle extension sheaves. Hence f∗Q` splits

as a sum f∗Q`/g∗Q` + g∗Q`/Q` + Q`. Because the 4-dimensional permutation rep-

resentation of D4 has three irreducible components, these three summands are all

geometrically irreducible. By Proposition 3.0.46, these sheaves have good reduction

away from some finite set of primes.

By Lemma 7.0.109, f∗Q` is a three-dimensional GS-representation and g∗Q` is one-

dimensional, so f∗Q`/g∗Q` is two-dimensional as a representation of GS. Furthermore

Q` is a 0-dimensional representation of GS as it is negligible, so g∗Q`/Q` is a one-

dimensional representation of GS.
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Lemma 7.0.112. Let f = g ◦ h be the composition of two quadratic polynomials but

not of the form a(x+b)4+c. Let a be the leading coefficient of g. Let r1 be the critical

value of g and let r2 be g applied to the critical value of h.

Then the Tannakian monodromy group of f∗Q`[1] is contained in GL1 × GL2,

acting by sum of the standard representations of GL1 and GL2, and contains 1×SL2.

The determinant character of the one-dimensional subrepresentation is δr1(χa) ∗

Lχ[1] and the determinant character of the two-dimensional subrepresentation is

δr1+r2(−1)⊗ χ2a.

Proof. The object f∗Q`[1] is a sum of a one-dimensional representation and a two-

dimensional representation, so its monodromy group is contained in GL1 × GL2.

Because f∗Q`/g∗Q` is geometrically irreducible, the two-dimensional representation

is Lie-irreducible by Lemma 4.0.83, so its Tannakian monodromy group contains SL2.

Hence the Tannakian monodromy group contains a subgroup of GL1×GL2 that maps

subjectively onto SL2 under the second projection, whose commutator subgroup must

be 1× SL2.

We can compute the determinants using Lemma 7.0.109. By the chain rule, df
dx

=

dh
dx

(x) dg
dx

(h(x)). So the three roots of df
dx

are the root of dh/dx and the inverse images

under h of the root of dg/dx. After applying f = g ◦ h, the first is sent to r2 and the

last two are sent to r1. Let b be the leading coefficient of h, then ab2 is the leading

coefficient of f . Hence by Lemma 7.0.109:

det τ (f∗Q`[1]) = δ2r1+r2(−1)⊗ χ2ab2 ∗ Lχ[1] = δ2r1+r2(−1)⊗ χ2a ∗ Lχ[1]

det τ (g∗Q`[1]) = δr1 ⊗ χa ∗ Lχ[1]

Therefore:
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det τ (f∗Q`[1]/g∗Q`[1]) = δr1+r2(−1)⊗ χ2a

Because g∗Q`[1] and f∗Q`[1]/g∗Q`[1] are the summands of f∗Q` corresponding to

the one- and two-dimensional representations respectively, these last two equations

give the formula for the determinants of those two representations.

Lemma 7.0.112 allows one to compute the conjectural distribution of ap(f∗Q`)√
p

by following the definition of the adjusted Haar measure. First compute the map

d described in the definition of the Dirichlet measure, choosing det(g∗Q`[1]) and

det(f∗Q`[1]/g∗Q`[1]) as the generating set of characters. The map d is a map from con-

gruence classes mod m for a suitable m to U(1)×U(1). Write d(r) = (d1(r), d2(r)) ∈

U(1)× U(1). For each r, take the distribution of the sum of the traces of a random

pair of matrices in U(1) × U(2) conditional on the determinant of the first matrix

being d1(r) and the determinant of the second matrix being d2(r). Since the first

matrix is precisely d1(r) and the second matrix is
√
d2(r) times a matrix in SU(2),

this distribution of the trace is the Sato-Tate measure rotated in the complex plane

by
√
d2(r) and translated by d1(r). Then sum over all invertible r mod m and divide

by ϕ(m).

For instance, take g(x) = x2 + x, h(x) = x2, f(x) = x4 + x2. Then a = 1, r1 =

−1/4, r2 = 0. Then the determinant objects of g∗Q` and f∗Q`/g∗Q` are δ−1/4 ∗ Lχ[1]

and δ−1/4(−1)⊗Q(2). Hence we may take m = 8. By the definition of d:

• r ≡ 1 mod 8: d(r) acts on Lχ as −1, on δ−1/4 as i, and on χ2 as 1, so d1 = −i,

d2 = i.

• r ≡ 3 mod 8: d(r) acts on Lχ as −i, on δ−1/4 as −i, and on χ2 as −1, so

d1 = −1, d2 = i.
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• r ≡ 5 mod 8: d(r) acts on Lχ as −1, on δ−1/4 as i, and on χ2 as −1, so d1 = −i,

d2 = −i.

• r ≡ 7 mod 8: d(r) acts on Lχ as −i, on δ−1/4 as −i, and on χ2) as 1, so d1 = −1,

d2 = −i.

So we expect the distribution of the trace of Frobenius to be equal to the distribu-

tion of x+ yz where x ∈ {−1,−i}, y ∈ {
√
i,
√
−i}, and z ∈ [−2, 2] are independently

distributed: x and y uniformly distributed and z according to the Sato-Tate measure.

The exponential sum is minus that.

Or take g(x) = 2x2 + 4x + 1, h(x) = x2 + x, f(x) = x4 + (x + 1)4. Here

a = 2, r1 = −1, r2 = 1/8. Now the determinant objects are δ−1 ⊗ χ2 ∗ Lχ[1] and

δ−7/8(−1)⊗Q(2)), so we may again take m = 8. Recall that d(r) always acts trivially

on δ−1, so:

• r ≡ 1 mod 8: d(r) acts on Lχ as −1, on δ−7/8 as 1−i√
2

, and on χ2 as 1, so d1 = −1,

d2 = 1−i√
2

.

• r ≡ 3 mod 8: d(r) acts on Lχ as −i, on δ−7/8 as −1−i√
2

, and on χ2 as −1, so

d1 = i, d2 = 1+i√
2

.

• r ≡ 5 mod 8: d(r) acts on Lχ as −1, on δ−7/8 as −1+i√
2

, and on χ2 as −1, so

d1 = 1, d2 = 1−i√
2

.

• r ≡ 7 mod 8: d(r) acts on Lχ as −i, on δ−7/8 as 1+i√
2

, and on χ2 as 1, so d1 = −i,

d2 = 1+i√
2

.

Thus the distribution is a superposition of four translated and rotated copies of

the Sato-Tate distribution - we do not see a simpler description.

These two examples, as well as another case with D4 monodromy that we do

not repeat here, occur in [Patterson, 2003, pp. 141], which is concerned with the
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distribution of exponential sums over Z/nZ rather than just Z/pZ. Patterson finds

empirically that the sums
∑

n<N

∑
x∈Z/n e

2πif(x)/n associated to these three polyno-

mials with D4 monodromy show no more cancellation than that implied by the Weil

bound |
∑

x∈Z/n e
2πif(x)/n| = O(n1/2+ε). This makes sense, as sums of this type do not

always cancel when averaged over the primes either. It is a consequence of Conjecture

2 that the average of the normalized exponential sum over the primes is equal to the

average value of d1, which can be nonzero -for the first sum it is −1−i
2

- though it can

also be zero, as in our second case. On the other hand, for general polynomials of

degree 4, Patterson expects the average over composites to be 0, and Conjecture 2

predicts that the average over the primes is 0. So there seems to be some relationship

between the average over primes and the average over composites, though not a direct

one - e.g. the averages need not always be equal.

As a final example of an interesting sheaf, consider a sheaf defined by an elliptic

surface. Let π : E → A1 be an elliptic surface. Then we will consider the sheaf

R1π∗Q`(1). When we put the surface in Weierstrauss form y2 = 4x3 − g2(t)x− g3(t),

this corresponds to the Legendre symbol sum:

ap =
1

p

p−1∑
t=0

(
p−1∑
x=0

(
4x3 − g2(t)x− g3(t)

p

))
e2πi

t
p

We compute the Tannakian monodromy group in one instance. Let π : E → A1

be the “squared Dwork family” elliptic surface in P2
A1
Z[1/3`]

defined by the equation

3xyz = t2(x3 + y3 + z3) in projective coordinates (x : y : z) with parameter t. Let

F = R1π∗Q`(1) be a sheaf on A1
Z[1/3`].

Lemma 7.0.113. For a prime p 6∈ {3, `}, FFp is geometrically isomorphic to the

middle extension from Gm to A1 of the pullback along the map [6] : t 7→ t6 of the

hypergeometric sheaf H(ψ; 1, 1;χ3, χ3) (in the notation of [Katz, 2007, pp. 3], where

χ3 and χ3 are the two nontrivial cubic characters).
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Furthermore, FQ[1] is perverse of geometric origin and for each p 6∈ {3, `}, FFp is

pure of weight 1.

Proof. E is the pullback along the map t 7→ t−2 of the elliptic surface with equation

(x3 + y3 + z3) = 3λxyz

(using the new parameter λ = t2). This surface is the variety Xλ described in [Katz,

2009, pp. 2] in the special case n = 3, d = 3,W = (1, 1, 1). Our sheaf R1π∗Q` is the

same as what Katz refers to as Primn−2. He decomposes Primn−2 into summands

Primn−2
V/W indexed by classes in (Z/dZ)n0/W . Here (Z/dZ)n0 is the group of triples of

elements of Z/3 that sum to 0, and (Z/dZ)n0/W is a cyclic group of three elements.

The only elements of (Z/dZ)n0 whose entries are all nonzero are (1, 1, 1) and (2, 2, 2),

which both lie in the identity class in (Z/dZ)n0/W , so by [Katz, 2009, Lemma 3.1]

only Primn−2
0/W is nonzero.

To compute Primn−2
0/W , note the following (in the notation of [Katz, 2009, pp. 12]):

Because V = 0 is trivial and all the w are 1, List(V,W ) = {1, 1, 1}. Furthermore

List(all d)= {1, χ3, χ3}. Thus HV,W = H(χ3, χ3; 1, 1). Then by [Katz, 2009, Theorem

5.3], Primn−2
0/W is geometrically isomorphic over the open subset where it is lisse to

[3]∗H(χ3, χ3; 1, 1). Pulling back along the map t 7→ t−2 is equivalent to inverting the

coordinate of the hypergeometric sheaf, which is the same as switching the two sets

of characters, and then pulling back along [2], resulting in [6]∗H(1, 1;χ3, χ3).

It remains to check that F is actually a middle extension sheaf, so that it is

isomorphic to the middle extension of [6]∗H(1, 1;χ3, χ3) everywhere, not just on the

open set where it is lisse. At each singular point of E , the special fiber of E is the union

of three lines intersecting transversely, and hence by proper base change the stalk of

F has rank 1. By the description of F as a hypergeometric sheaf, at each singular

points its local monodromy is unipotent of rank 2, so the local monodromy invariants
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of F have rank 1. Thus it is sufficient to show that the map from stalks to local

monodromy invariants is injective. By the vanishing cycles long exact sequence, the

kernel of the map from the stalk of R1π∗Q` at the special point to the stalk of R1π∗Q`

at the general point is a quotient of H0(Es, RΦsQ`). But H0(Es, RΦsQ`) vanishes as

RΦsQ` vanishes at smooth points and is supported in degree 1 at singular points by

the Picard-Lefschetz formula [Deligne and Katz, 1973, XV, Proposition 3.1.2(i)]

Now the other two claims:

FQ is a middle extension sheaf and is irreducible on the open set where it is

lisse because its j invariant is nonconstant. Hence FQ[1] is an irreducible perverse

sheaf. Thus it appears in the Jordan-Holder decomposition of pH2(Rπ∗Q`) and so is

of geometric origin.

The stalks of FFp on the open set where it is lisse are Tate modules, hence pure

of weight −1, so FFp [1] is pure of weight 0 on the open set where it is lisse. Because

FFp is a middle extension sheaf, FFp [1] is pure of weight 0 everywhere.

Lemma 7.0.114. Let p 6= 3, ` be a prime. The Fourier transform of FFp has geo-

metric monodromy group G2 and the Tannakian monodromy group of FQ[1] contains

G2.

Proof. By Lemma 7.0.113, FFp = [6]∗H(ψ; 1, 1;χ3, χ3). Let (1, χ2, χ3, χ3, χ6, χ6) be

the characters of µ6. Then by [Katz, 1990, Theorem 9.3.2] the Fourier transform of

[6]∗H(ψ; 1, 1;χ3, χ3) is

[6]∗Cancel (H(ψ;χ3, χ3, 1, χ2, χ3, χ3, χ6, χ6; 1, 1))

(canceling duplicate characters)

= [6]∗H(ψ;χ3, χ3, χ2, χ3, χ3, χ6, χ6; 1)
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(tensoring with Lχ2 does not change the pullback, and is equivalent to multiplying

each involved character by χ2 [Katz, 1990, (8.3.3)])

= [6]∗H(ψ;χ6, χ6, 1, χ6, χ6, χ3, χ3;χ2)

Let α = β = χ6. Then

H(ψ;χ6, χ6, 1, χ6, χ6, χ3, χ3;χ2) = H(ψ; 1, α, β, αβ, α, β, αβ;χ2)

Hence by [Katz, 2007, Theorem 3.1], this hypergeometric sheaf has geometric

monodromy group G2, so its pullback by [6] also has geometric monodromy group

G2. Thus by Lemma 4.0.60 the Tannakian monodromy group contains G2.

The computations in Lemma 7.0.114 were shown to me by Nick Katz.

Lemma 7.0.115. The Tannakian monodromy group of FQ[1] is contained in Gm×G2.

Proof. Consider the complex F [1] ∗! F [1] ∗! F [1] on A1
Z[1/3`].

The Fourier transform of its restriction to A1
Fp , FTψ((F [1]∗!F [1]∗!F [1])Fp) is equal

to
(
FTψ(FFp [1])

)⊗3
[Brylinski, 1986, Corollary 9.6]. As the Fourier transform of F

has geometric monodromy group G2 on Gm, its third tensor power has a constant

summand when restricted to the open set Gm.

The stalk of at the point 0 of FTψ((F [1]∗!F [1]∗!F [1])Fp) is equal to H∗c (A1
Fp
,F [1]∗!

F [1]∗!F [1]) = H∗c (A1
Fp
,F [1])⊗3 which is concentrated in degree 0 because H i

c(A1
Fp
,F)

vanishes for i 6= 1. Hence FTψ((F [1] ∗! F [1] ∗! F [1])Fp) is concentrated in degree 0.

We have just seen that FTψ((F [1] ∗! F [1] ∗! F [1])Fp) has a nontrivial map to the

constant sheaf Q` on the open set Gm, hence it has a nontrivial map to the constant

sheaf Q` everywhere by the adjunction HomA1(FTψ((F [1] ∗! F [1] ∗! F [1])Fp), j∗Q`) =

HomGm , (j
∗FTψ((F [1] ∗!F [1] ∗!F [1])Fp),Q`) because j∗Q` = Q`. Thus (F [1] ∗!F [1] ∗!

F [1])Fp has a nontrivial map to the skyscraper sheaf at 0.
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Because FQ[1] is irreducible and nonconstant, by Lemma 3.0.20 it has property

P , hence FQ[1] ∗! FQ[1] ∗! FQ[1] a perverse sheaf on A1
Q. So the generic fiber of

F [1] ∗! F [1] ∗! F [1] is perverse. Therefore the fiber over all but finitely many primes

is perverse. At these primes p, FFp [1] ∗! FFp [1] ∗! FFp [1] is a perverse sheaf with a

nontrivial map to the skyscraper sheaf at 0, hence has a nonzero stalk in degree 0

at the point 0. Since this occurs for infinitely many primes, F [1] ∗! F [1] ∗! F [1] has

a nonzero stalk in degree 0 at the point 0 over Q, hence maps nontrivially to the

skyscraper sheaf δ0 ⊗ V at 0, where V is the stalk of F [1] ∗! F [1] ∗! F [1] at 0, viewed

as a Galois representation.

Thus the geometric Tannakian monodromy group of F fixes some trilinear form,

so since the geometric monodromy group contains G2 it must fix up to scaling the

unique form fixed by G2, which means the geometric monodromy group is G2, and

the arithmetic monodromy group is contained in the normalizer of G2, which is Gm×

G2.

The argument in Lemma 7.0.115 is adapted from [Katz, 1990, Theorem 14.6].

Lemma 7.0.116. The Tannakian dual of FQ[1] is equal to FQ[1].

Proof. By Proposition 3.0.22, (FQ[1])∨ = [1]∗DFQ[1]. By the Weil pairing, DFQ[1] =

FQ[1]. By the symmetry of E , [−1]∗FQ[1] = FQ[1].

Lemma 7.0.117. Let j : A1 → P1 be the open immersion. The determinant of the

Galois representation H1
c (P1

Q, j∗F) is trivial.

Proof. It is sufficient to show that, for p sufficiently large, the determinant of the

action of Frobp on H1
c (P1

Q, j∗F) is 1. The characteristic polynomial of Frobp is the

L-function of the elliptic curve E over Fp(t). The dimension of H1
c (P1

Q, j∗F) is minus

the Euler characteristic of j∗F . Because j∗F is a sheaf of rank 2 on P1 with a drop of

1 at 7 singular points, its Euler characteristic is 2× 2− 7× 1 = −3, so H1
c (P1

Q, j∗F)
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has dimension 3 and the L-function of E has degree 3. Therefore the determinant of

the action of Frobp on H1
c (P1

Q, j∗F) is minus the epsilon factor of this elliptic curve.

So it is sufficient to show that for large p, the epsilon factor is −1.

The epsilon factor is a product of the local epsilon factors over the singular fibers,

where fibers over closed points, not geometric points, are considered. For a semistable

fiber, the epsilon factor is −1 for split curves and +1 for non-split curves [Kramer

and Tunnel, 1982, 2.1.7], as the Weil-Deligne representation has the form sp(2) ⊗ χ

for χ trivial if the fiber is split and χ unramified quadratic if the fiber is non-split.

All the singular fibers are semistable. There is an involution t → −t of the elliptic

surface. This involution sends split fibers to split and non-split to non-split, so all the

epsilon factors of fibers not fixed by this involution cancel. The only closed singular

point fixed by the involution is 0, as no 6th root of unity is Galois conjugate to its

own negation. The fiber at 0, which is a curve with equation xyz = 0, is split, so the

local epsilon factor is −1, and the global factor is −1 as desired.

Lemma 7.0.118. The Tannakian determinant of FQ[1] is δ0.

Proof. First, because E has good reduction at∞, the local monodromy of FQ at∞ is

trivial, so by Lemma 4.0.66 the Tannakian determinant of FQ[1] has the form δr⊗V .

Second, E has semistable reduction at the 6th roots of unity and 0, so F has drop 1

at those 7 points. Their sum is 0, so by Lemma 4.0.67, r is 0.

Finally, we show that V is trivial using Lemma 4.0.68. Let A = F [1]. Let W be

the Tate module of the elliptic curve with equation x3 + y3 + z3 = 0, and let B be the

constant sheaf W [1]. Then A and B have the same, trivial, local monodromy at ∞

and the same Galois action on that local monodromy representation. Hence we can

apply Lemma 4.0.68. Observe that H2
c (A1

Q,F) = 0, H1
c (A1

Q,W ) = 0, and detτ (B) = 1

so VB = 1. This Lemma 4.0.68 simplifies to the formula

VA = det
(
H1
c (A1

Q,F)
)
⊗
(
H2
c (A1

Q,W )
)
.
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Observe that H2
c (A1

Q,W ) = W (−1) and its determinant, by the Weil pairing, is

Q`(−1). Observe also that for the inclusion j : A1 → P1, H1
c (A1

Q,F) is the extension

of H1
c (P1

Q, j∗F) by W and so its determinant is the determinant of H1
c (P1

Q, j∗F) times

the determinant of W . By Lemma 7.0.117 the determinant of H1
c (P1

Q, j∗F) is trivial

and the determinant of W is Q`(1). Hence V = VA is trivial.

Lemma 7.0.119. The Tannakian monodromy group of FQ[1] is equal to G2.

Proof. The Tannkian monodromy group is a subgroup of Gm×G2 (Lemma 7.0.115),

containing G2 (Lemma 7.0.114), whose standard representation is self-dual (Lemma

7.0.116) and whose determinant is trivial (Lemma 7.0.118). Because the standard

representation is self-dual, it must fix the unique G2-invariant bilinear form, and hence

lie in ±1 × G2. As the determinant of elements in −1 × G2 is −1, the Tannakian

monodromy group must be G2.
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Chapter 8

Automorphic Forms and

L-functions

In this chapter we discuss a few broad questions related to our main conjecture.

What strategies are available for proving new cases of our conjecture? Can suitable

L-functions be used to attack it? Might some cases of Conjecture 1 actually follow

trivially from cases of the generalized Sato-Tate conjecture? Might cases of Conjecture

1 follow from equidistribution conjectures on automorphic forms?

It is known that the generalized Sato-Tate conjecture would follow from the ex-

istence of analytic continuations of the L-functions of all Galois representations of

geometric origin, which itself would follow from the Langlands program. The Sato-

Tate conjecture for non-CM elliptic curves over totally real fields was proved in [Harris

et al., 2011, Corollary 8.9] by proving potential automorphy, and thus meromorphic

continuation, for the necessary Galois representations, and further advances in the

Langlands program might resolve more cases of the generalized Sato-Tate conjecture.

Two nontrivial, unmotivated cases of Conjecture 1 have been resolved - the distri-

bution of Kummer sums by Heath-Brown and Patterson [1979, Theorem 2], and the

distribution of roots of a quadratic congruence by Duke et al. [1995, Theorem on pp.
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2]. Both proofs rely critically on viewing the exponential sum over Fp as a special case

of a more general sum over Z/n - this is noted g(c) in [Heath-Brown and Patterson,

1979] and ρh(n) in [Duke et al., 1995]. One then evaluates the sum of this function

where n varies in an arithmetic progression, and more intricate sums involving bi-

linear or trilinear forms [Heath-Brown and Patterson, 1979, pp. 117] [Duke et al.,

1995, pp. 425]. These are combined with Vaughan’s identity in [Heath-Brown and

Patterson, 1979] and a combinatorial identity in [Duke et al., 1995] to sieve out the

primes and get the desired equidistribution statement. In both cases, the sums g(c)

and ρh(n) are the Fourier coefficients of metaplectic automorphic forms [Heath-Brown

and Patterson, 1979, pp. 125].

One might try to apply a similar strategy to more general cases of Conjecture 1.

There are natural ways to extend many of the functions p 7→ ap(F) from primes to

general natural numbers, but as far as we know, there is no reason to expect general

exponential sums ap(F) to be connected to automorphic forms.

Next we will consider the following question:

For which sheaves F does there exist a Galois representation V such that ap(F) =

tr(Frobp, V ) for all but finitely many primes p?

For such sheaves our equidistribution question was really a motivated equidistri-

bution question all along, and the distinctions we have drawn between that question

and the generalized Sato-Tate conjecture would disappear.

When F is a skyscraper sheaf δ0⊗V , or is equivalent to a skyscraper sheaf modulo

constant sheaves, we have ap(F) = tr(Frobp, V ) for all p. We suspect that these are

the only examples of F with ap(F) = tr(Frobp, V ).

We will provide some evidence for this. Our strategy will be to show that for a

Galois representation V , the function p 7→ tr(Frobp, V ) has a certain property that

p 7→ ap(F) does not have for more general F . We will show this property, namely

that there exists a single number field containing tr(Frobp, V ) for all p, only assuming
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V is a Galois representation of geometric origin and conditional on standard number-

theoretic conjectures.

Lemma 8.0.120. Let V be a `-adic Galois representation of geometric origin over

Q. Assume the Tate conjecture and the semisimplicity conjecture for `-adic cohomol-

ogy. Then there is a number field K such that for all but finitely many primes p,

tr(Frobp, V ) is contained in K.

Proof. By the definition of geometric origin, V is a subquotient of H∗(XQ,Q`) for

some smooth projective variety X over Q. Assuming the semisimplicity conjec-

ture, V is in fact a summand of H∗(X,Q`). So there is some Galois-equivariant

endomorphism e of H∗(XQ,Q`) that projects idempotently onto V . Assuming

the Tate conjecture, that projector is a Q`-linear combination of the classes in

Hom(H∗(XQ,Q`), H
∗(XQ,Q`)) of algebraic cycles on X ×X of dimension dimX.

Let R be the subalgebra of Hom(H∗(XC,Q), H∗(XC,Q)) generated by algebraic

cycle classes. Then because `-adic etale cohomology is isomorphic to singular coho-

mology tensored with Q`, R⊗Q` is the subalgebra of Hom(H∗(XQ,Q`), H
∗(XQ,Q`))

generated by algebraic cycle classes. By the Tate conjecture, R ⊗ Q` is the algebra

of Galois-equivariant endomorphisms of H∗(XQ,Q`) which by the semisimplicity con-

jecture is a semisimple algebra. The algebra R is also finite-dimensional over Q, and

hence a finite-dimensional semisimple algebra. Thus R⊗Q` is isomorphic to a product

of matrix algebras
∏

iMni and this isomorphism sends the idempotent projector e to

a tuple of idempotent matrices (ei). Any element e′ of
∏

iMni whose ith component

e′i is idempotent of the same rank as ei for all i is a projector onto an isomorphic rep-

resentation: Since all idempotent matrices of the same rank are conjugate, for each

i there is a matrix that conjugates e′i to ei, hence there is a tuple of matrices that

conjugates e′ to e, and this automorphism of H∗(X,Q`) restricts to an isomorphism

between the image of e′ and the image of e.
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Let K be a number field such that R ⊗K is a product of matrix algebras. Then

there is an element e′ of R⊗K whose ith component has the same rank as ei for all

i. Thus e′ is a K-linear combination of algebraic cycle classes such that e′ forms an

idempotent projector onto a representation isomorphic to V .

Thus tr(Frobp, V ) = tr(e′ Frobp, H
∗(X,Q`))). For all primes p where X has good

reduction, this is equal to the trace of the same operator on H∗(XFp ,Q`). Over XFp ,

Frobp is an algebraic cycle class so e′ Frobp is a K-linear combination of algebraic

cycle classes and thus tr(e′ Frobp, H
∗(XFp ,Q`)) is a K-linear combination of traces of

algebraic cycles on cohomology. The trace of an algebraic cycle on cohomology is an

intersection number, hence an integer. Therefore the trace of Frobenius lies in K.

We can show under mild assumptions on F that there is no fixed number field

containing ap(F) for all primes p. For such an F , this suggests that ap(F) is not the

trace of a Galois representation of geometric origin:

Proposition 8.0.121. Let F be a constructible `-adic sheaf on A1
Z[1/N ] such that FQ

is a middle extension sheaf. Suppose that there is a number field K such that for all

primes p not dividing N and all points x ∈ Fp, tr(Frobp,F , x) ∈ K. Suppose also

that FQ on A1
Q is not the middle extension of a lisse sheaf on Gm,Q with unipotent

local monodromy at 0.

Then there is no number field L such that the sum ap(F) is contained in L for all

but finitely many primes p.

Proof. Assume that the ap(F) are contained in some number field L for all but finitely

many p. By increasing N if necessary, we may assume that ap(F) is contained in

L for all p not dividing N . Take p, not dividing N , large enough that Q(µp) is

disjoint from KL, e.g. if p is unramified in KL. The Galois group Gal(Q(µp)|Q) =
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Gal(KL(µp)|KL) is isomorphic to (Z/p)×. An element σ ∈ (Z/p)× acts on

ap =

p−1∑
x=0

e2πi
x
p tr(Frobp,F , x)

by fixing tr(Frobp,F , x) and replacing e2πi
x
p by e2πi

σx
p . Because ap ∈ L, ap is fixed by

this action, so for all σ ∈ F×p ,

ap =

p−1∑
x=0

e2πi
σx
p tr(Frobp,F , x)

In other words the finite Fourier transform of the function x 7→ tr(Frobp,F , x) is

constant away from 0. It follows by applying the inverse Fourier transform that

x 7→ tr(Frobp,F , x) is constant away from 0.

Let x and y be two nonzero algebraic numbers. For all but finitely many of the

primes p that split in Q(x, y), tr(Frobp,FFp , x) = tr(Frobp,FFp , y). Let Fx and Fy be

the stalks of FQ at x and y. Because F is a constructible sheaf, for all but finitely

many p that split in Q(x, y), Fx and Fy are unramified at p and tr(Frobp,Fx) =

tr(Frobp,Fy). Apply this to a sequence of p such that their conjugacy classes of

Frobenius acting on the stalks Fx and Fy converge `-adically to the identity, so that

their traces converge `-adically to the rank. It follows that rank(Fx) = rank(Fy).

Hence F has constant rank away from 0.

Because FQ is a middle extension sheaf, it is lisse away from 0.

Therefore, after base change to some cyclotomic field, F is the middle extension

from Gm to A1 of an iterated extension of Kummer sheaves Lχi tensored with Galois

representations Vi. So for p sufficiently large and split in that cyclotomic field:

tr(Frobp,F , x) =
n∑
i=1

tr(Frobp, Vi) tr(Frobp,Lχi , x) =
n∑
i=1

tr(Frobp, Vi)χi(x)
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In this formula we may assume that no χi appears twice by combining those terms and

summing the representations Vi. For p sufficiently large, tr(Frobp,F , x) is constant

away form 0. By linear independences of characters, this implies that tr(Frobp, Vi) = 0

whenever χi is nontrivial. Because this holds for all sufficiently large p split in the

cyclotomic field, Vi must be zero whenever χi is nontrivial. So the only Lχ that

appears in the decomposition of F is the trivial sheaf.

Hence F is a middle extension from Gm to A1 of an iterated extension of constant

sheaves tensored with Galois representations, thus a middle extension of a sheaf with

unipotent geometric monodromy.

The two hypotheses on F this theorem can be easily checked in practice. For

instance the sheaf f ∗Lχ for f a nonconstant polynomial with no repeated roots and

χ the standard quadratic character has its trace function contained in Q and does

not have unipotent geometric monodromy.

Instead of asking whether ap(F) are traces of Frobenius of a Galois representation,

we could ask whether they are the Hecke eigenvalues of an automorphic form on GLn,

so that ap(F) would have an automorphic L-function. For Kloosterman sums, this

question was asked by Katz [1980, Question 1.2.5.3].

One reason to hope that the ap(F) are Hecke eigenvalues is that it might allow

one to find a connection between our group GS and the conjectural group LQ whose

representations should classify automorphic forms over Q, as described by Arthur

[2002]. Most optimistically, GS would be a quotient of LQ. However, we do not

expect that ap(F) are the Hecke eigenvalues of an automorphic form (except when

they are equal to the Frobenius traces of a Galois representation), and so we do not

see any relationship between the two groups.

We can’t completely rule out the possibility of describing ap(F) in this way, but we

can prove some results that make it seem unlikely. First, observe that any automor-
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phic form that contributes to the cohomology of a locally symmetric space must have

its Hecke eigenvalues all contained in some fixed number field as each Hecke eigen-

vector is an eigenvector of an algebra acting on a finite-dimensional Q-vector space

and so is defined over a finite extension of Q . So whenever F satisfies the hypotheses

of Proposition 8.0.121, ap(F) cannot be Hecke eigenvalues of an automorphic form

appearing in cohomology.

We do not know any method to definitely rule out the existence of a non-

cohomological automorphic form having ap(F) as its eigenvalues. However, the

methods of Booker [2000, Section 3] can rule out the existence of automorphic forms

on a given group with Hecke eigenvalues ap(F) if one imposes an upper bound on

both the level and the eigenvalue of the Laplacian. For instance, Booker [2000,

Theorem 1.1] showed that the Kloosterman sum K`(1, 1; p) does not equal the Hecke

eigenvalues of a Maass form of level N and eigenvalue λ unless N(λ+3) > 18.3×106.

One could perform the same computation on any other exponential sum and hope to

get a similar bound, but never actually rule out automorphy.
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Chapter 9

Numerical Experiments

In this chapter we collect some experimental data on cases of Conjecture 1 that, as far

as we know, have not been considered or tested before. The goal is to demonstrate the

plausibility of the conjecture beyond the previously-studied cases of it. In particular,

we would like to find evidence to support the predictions of Chapter 7.

For each class of sheaves discussed in Chapter 7, we took some of the simplest

nontrivial cases of it, computed the value of ap for the first several primes, and

compared those values to the predicted distribution. The comparison we used was a

Kolmogorov-Smirnov test [Gnedenko, 1967, pp. 450-451] [Press et al., 1988, pp. 490-

492]. This statistical test measures the difference between the predicted and observed

distribution of a real-valued random variable by computing the supremum of the

distance of the cumulative distribution functions of the two distribution. Because this

test only allows for a single real variable, when studying a complex-valued distribution

we perform the test on the real and imaginary parts separately.

We can describe the output of the Kolmogorov-Smirnov test in at least three ways.

First, we can simply state the “discrepancy”, the supremum of the difference between

the cumulative distribution functions. Second, we can take the Kolmogorov-Smirnov

statistic, which is the product of the discrepancy and the square root of the number
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of data points. This square root was chosen because the expected discrepancy were

the data actually a random sample from the distribution would be proportional to

the inverse of the square root of the number of data points. This product is called

the Kolmogorov-Smirnov statistic. Third, we can compute the p-value, which is

the probability that a larger Kolmogorov-Smirnov statistic would occur in a random

sample. When the discrepancy and Kolmogorov-Smirnov statistic are small and the

p-value is large, the data closely matches the distribution.

We also include some histograms to give a picture of how close the predicted and

actual distributions are, but this does not represent the best statistical test because

it involves arbitrarily splitting the data into bins.

If the Kolmogorov-Smirnov statistic is large this does not necessarily imply that

the data is not converging to the distribution. It only means that the discrepancy

between the observed data and the predicted distribution is greater than what one

would expect for random data. The data arising from a number-theoretic computation

is not random, and the error could converge to zero at some rate slower than the

rate at which the error of random data converges to zero. This would represent a

sequence with a substantial small-number bias: The distribution of ap for a random

large prime p would be similar to the predicted distribution, but the distribution of ap

for a random small prime is biased away from it. An example of this is the Kummer

sum, which is believed to have small-number bias [Patterson, 1978, Conjecture on pp.

2]. This (conjectural) bias was very significant in the numerical data computed by

Kummer [Kummer, 1846, pp. 353], causing him to make an inaccurate conjecture on

the distribution of his sum. In most of the cases we studied, we observed no small-

number bias. However, in a few of the cases, we expected and observed substantial

small-number bias. These sums were of the form:

p−1∑
x=0

e2πif(x)/p
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for a quartic polynomial f , and hence are similar to the Kummer sum
∑p−1

x=0 e
2πix3/p.

We will describe the heuristic we used to estimate the size of this bias, and the more

forgiving numerical tests we used to test the conjecture in those cases, in Chapter 10.

In this chapter, we will describe all the better-behaved numerical tests:

First, we considered Proposition 7.0.100. We checked whether the locations of

the roots of a monic irreducible polynomial mod p are independent of the splitting

behavior of p in a number field. For a quadratic polynomial and a number field

abelian over Q, this was already known by [Tóth, 2000, Theorem 1.2]. Thus we

chose to study the case of a quadratic polynomial and a cubic number field, and we

used the quadratic polynomials and cubic number fields with the smallest possible

discriminants: polynomials x2 +1, x2 +x+1, x2−x−1 and number fields Q(x)/(x3 +

x2 − 1), Q(x)/(x3 + x− 1), Q(x)/(x3 − x2 + x+ 1).

For each of these three cubic fields and for each conjugacy class in S3, we found

all the primes among the first 50, 000 primes whose Frobenius element was in that

conjugacy class. For each prime, we found the smallest positive integer root modulo p

of each of these three quadratic polynomials that has a root modulo p and divided it

by p. The predicted distribution from Proposition 7.0.100 is that, for each cubic field,

each conjugacy class, and each quadratic polynomial, the normalized first root of that

polynomial modulo primes in that conjugacy class should be distributed according

to the uniform distribution on [0, 1/2]. For each triple we performed a Kolmogorov-

Smirnov test of the data against the distribution, so that there were 27 tests in total.

Each test used a subset of the primes - between 4, 098 and 12, 575 primes. The

lowest p-value we obtained was .09. Since we performed 27 different tests, this is

clear evidence that our conjecture fits the data, at least in this range. The largest

normalized Kolmogorv-Smirnov statistic was 1.243 and the largest discrepancy was

.018494.
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Next we considered the “twisted elliptic curve” sum:

p−1∑
x=0

(
4x3 − g2x− g3

p

)
e2πi

x
p

The distribution of this sum, suitably normalized, was predicted in Proposition

7.0.106 to follow the Haar measure on SO3 or SU3, depending on whether g3 = 0.

We sought examples of both distributions. For g3 = 0, we chose the elliptic curve

y2 = x3 − x, computed this sum for the first 50, 000 primes, divided it by the nor-

malizing factor (
√
p if p ≡ 1 modulo 4 and −i√p if p ≡ 3 modulo 4), and compared

it to the Haar measure on SO3. The Kolmogorv-Smirnov statistic gave a p-value of

.38, well within the range of random variation. In terms of histograms, once can see

that this represents an almost perfect match:

The distribution function of the image of the Haar measure of SO(3) under the

trace map is 1
2π

√
3−x
x+1

, which has a pole at x = −1, explaining why the distribution

is so lopsided.
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Figure 9.2:

0

2000

4000

6000

8000

10 000

For g3 6= 0, we chose 9 simple curves. The method for determining which elliptic

curves are simple was somewhat arbitrary - we chose curves with the smallest coeffi-

cients from the isogeny classes of the smallest conductor. These were y2−y = x3−x2,

y2−y = x3 +x, y2−xy−x = x3−x2, y2−xy−y = x3 +x2 +x, y2−y = x3−x2−x,

y2 = x3−x2+x, y2−xy = x3−x, y2 = x3+x2−x, and y2−xy−y = x3. We then per-

formed the standard change of variables to put them in the form y2 = 4x3− g2x− g3,

and computed the sum ap for the first 10, 000 primes. For each curve, we compared

the distribution of the real and imaginary parts of the normalized sum against the dis-

tribution of the real and imaginary parts of a random element of SU3. Since no exact

formula is available, we used a Monte Carlo method to estimate these distributions

[Mezzadri, 2007, pp. 597]. Thus there were 18 Kolmogorov-Smirnov tests in total.

The lowest two p-values were .024, for the imaginary part of the y2−xy−y = x3+x2+x

sum, and .027, for the real part of the y2− y = x3−x2−x sum. This number of false

positives is reasonable for 18 tests. By the definition of p-value, were the ap totally

random, the probability that we would get a p-value less than .05 is .05. With 18

tests, we expect .9 p-values less than .5, and getting 2 instead is not a large deviation.
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The next-smallest were a p-value of .059 for the real part of y2 − y = x3 + x and a

p-value of .105 for the real part of y2− y = x3− x2. All of these reflect a discrepancy

of at most .015 and a Kolmogorov-Smirnov statistic of at most 1.5.

We also studied a sum related to an elliptic surface that conjecturally gives G2

equidistribution (Lemma 7.0.119). The relevant sum is easier to compute if the surface

is in Weierstrass form. One Weierstrass form is:

3y2 = x3 − (3 + 24t6)x+ 2− 40t6 − 16t12

(One can check that this is the same elliptic surface easily by comparing the singular

fibers, and then observing that this elliptic surface is determined by its singular fibers

up to a quadratic twist, and comparing the fibers at 0 to check that the quadratic

twist is trivial.) We computed the sum for the first 1000 primes and compared it

to the Haar measure on G2, which we estimated by using a Monte Carlo method

to approximate the Weyl integration formula. The p-value obtained was .85 - the

data fit the distribution almost exactly, given the small amount of data. In terms of

histograms, compare the data for the first 1000 primes and a Monte Carlo sample of

100,000 random matrices:
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Chapter 10

Small-Number Bias

Let F be a constructible `-adic sheaf on A1
Z[ 1
N ]

that is pure of weight w. Suppose

that Conjecture 2 implies that

lim
N→∞

∑
p<N

ap(F)
pw/2

π(N)
= 0

and suppose that we believe Conjecture 2. How quickly do we expect this fraction goes

to 0 as a function of N? The most ambitious guess would be that it satisfies square-

root cancellation, so that we have a bound of the form
∑
p<N ap(F)/pw/2

π(N)
= O(N−1/2+ε)

for each ε > 0. If for some F the sum converges to 0, but does not satisfy a bound of

that form, then we say that F has small-number bias.

The question of which sheaves have square-root cancellation and which have small-

number bias is interesting not just for reasons of curiosity, but because it tells us how

to properly interpret a Kolmogorov-Smirnov test. Let F be a sheaf, pure of weight

w, and of Tannakian dimension n. Furthermore assume for simplicity that ap(F) is

always real. Then ap(F)/pw/2 is a real number in the interval [−n, n]. Let µ be a

measure on [−n, n]. Consider the discrepancy dN of the uniform measure on the set
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{ap(F)/pw/2|p < N} and the measure µ. Then by integration by parts:

∫ n

−n

(∫ n

x

dµ

)
dx =

∫ n

−n

(∫ y

−n
dx

)
dµy =

∫ n

−n
(y + n)dµy =

∫ n

−n
ydµy + n

Applying the same formula to the measure that puts weight 1
π(N)

on ap(F) for each

p < N , we obtain

∫ n

−n

(
|{p|p < N, ap(F)/pw/2 < x}|

π(N)

)
dx =

∑
p<N ap(F)/pw/2

π(N)
+ n

Therefore:

∣∣∣∣∣
∑

p<N ap(F)/pw/2

π(N)
−
∫ n

−n
ydµy

∣∣∣∣∣ =

∣∣∣∣∫ n

−n

(
|{p|p < N, ap(F)/pw/2 < x}|

π(N)
−
∫ x

−n
dµ

)
dx

∣∣∣∣
≤
∫ n

−n

∣∣∣∣ |{p|p < N, ap(F)/pw/2 < x}
π(N)

−
∫ x

−n
dµ

∣∣∣∣ dx ≤ ∫ n

−n
dNdx ≤ 2ndN

Let KN =
√
π(N)dN be the Kolmogorov-Smirnov statistic. Then we have

∣∣∣∣∣
∑

p<N ap(F)/pw/2

π(N)
−
∫
y

dµy

∣∣∣∣∣ ≤ 2n√
π(N)

KN

Hence if the left side is not bounded by N−1/2+ε, the Kolmogorv-Smirnov statistic

must grow faster than N ε. Hence the sheaf will fail the Kolmogorov-Smirnov test by

an arbitrarily large amount, even if ap(F) is equidistributed according to µ.

For most of the sums we considered, there is no reason to expect small number

bias, and indeed our predictions for those sheaves passed the Kolmogorov-Smirnov

test. However there is one family of sums for which we have good reason to expect

significant bias.

The exponential sums in question are the sums
∑

x∈Fp e
2πif(x)/p for polynomials

f(x), corresponding to the sheaves f∗Q`. For the same sum over Z/n instead of over
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Fp, [Patterson, 2003, Conjecture 4.1] gave a conjectural formula for the average of∑
x∈Z/n e

2πif(x)/n over n < N . The cubic and quartic cases of this conjecture are not

known, but a modified version where the sum is taken over OK/c for OK the ring of

integers of a fixed number field K and c an element of OK - by [Livné and Patterson,

2002, Theorem 1.2] for cubic polynomials with K = Q(µ3) and by [Herman, 2013,

Theorem 1.3] for quartic polynomials with K = Q(µ8).

A heuristic argument suggests that an analogue of Patterson’s conjecture holds in

our situation. Patterson predicts that, for f a polynomial of degree d, not satisfying

the equation f(x) = f(a− x) for any rational a, there is a constant Cf such that:

∑
c<N

∑
x∈Z/c e

2πif(x)/c

N
= CfN

1/d + o(N1/d)

and gives a formula for the constant Cf .

The heuristic implies that f a polynomial of degree d, there is a constant Cf such

that ∑
p<N

∑
x∈Fp e

2πif(x)/p

√
p

π(N)
= CfN

1/d−1/2 + o(N1/d−1/2)

These formulas are very similar except that our exponent is reduced by 1/2 because

we have divided our sum by
√
p. Also, our heuristic suggests that the same formula

holds for all polynomials - we will use additional information to restrict its application.

As a simple test of this heuristic, note that, in the case d = 2 this heuristic suggests

that the average over all primes

lim
N→∞

∑
p<N

∑
x∈Fp e

2πif(x)/p

√
p

π(N)
= Cf

may be nonzero. This suggestion is correct: For f a quadratic polynomial, e2πif(x)/p

is a Gauss sum, and the average over primes of normalized Gauss sums is nonzero.
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We do not conjecture that this heuristic is precisely correct, and certainly not for

all polynomials. After we derive the heuristic we will describe why it is incomplete.

Now we explain the heuristic. Recall that we are estimating the sum

∑
p<N

∑p−1
x=0 e

2πi
f(x)
p

√
p

π(N)

The heuristic is based on the idea that we can divide the inner sum
∑p−1

x=0 e
2πi

f(x)
p

into sums over two regions. We can evaluate the sum over the first region explicitly

and show that it does not cancel when summed over p. We do not have a simple

formula for the sum over the second region and so we optimistically predict that the

sum on that region behaves randomly and cancels when summed over p. Under that

assumption, the contribution from the first region will be larger than the second and

so will dominate the size of the sum.

The first region consist of all x in the interval [−p1/d+δ, p1/d+δ] for any δ with

0 < δ < 1/d2, and the second region is the remainder.

Lemma 10.0.122. Let f(x) = adx
d + ad−1x

d−1 + · · · + a0. Assume that for all i,

|ai| < A. Then for any positive real C,

∣∣∣∣∣∣
∑

x∈Z,|x|<Cp1/d

e2πi
f(x)
p − p1/d

∫ C

−C
e2πiadx

d

dx

∣∣∣∣∣∣ ≤ 2 + 8πACd

Proof. If |x| < Cp1/d then

∣∣∣∣f(x)

p
− adx

d

p

∣∣∣∣ =

∣∣∣∣∣
d−1∑
i=0

aix
d

p

∣∣∣∣∣ ≤
d−1∑
i=0

∣∣∣∣aixdp
∣∣∣∣ ≤ d−1∑

i=0

ACipi/d−p ≤ dACd−1p−1/d

hence ∣∣∣∣e2πi f(x)
p − e2πi

adx
d

p

∣∣∣∣ ≤ 2πdACd−1p−1/d
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so ∣∣∣∣∣∣
∑

x∈Z,|x|<Cp1/d

e2πi
f(x)
p −

∑
x∈Z,|x|<Cp1/d

e2πi
adx

d

p

∣∣∣∣∣∣ ≤ 4πdACd

Moreover if |x| < Cp1/d then

∣∣∣∣ ddxe2πiadxdp
∣∣∣∣ =

∣∣∣∣2πidadxd−1p
e2πi

adx
d

p

∣∣∣∣ =

∣∣∣∣dadxd−1p

∣∣∣∣ < 2πdACd−1p−1/d

Hence by the bound for the error term in Riemann integration:

∣∣∣∣∣∣
∑

x∈Z,|x|<Cp1/d

e2πi
adx

d

p −
∫ Cp1/d

−Cp1/d

e2πi
adx

d

p dx

∣∣∣∣∣∣ ≤ 2+2Cp1/d
(
2πdACd−1p−1/d

)
= 2+4πCdA

By change of variables

∫ Cp1/d

−Cp1/d

e2πi
adx

d

p dx = p1/d
∫ C

−C
e2πiadx

d

dx

so: ∣∣∣∣∣∣
∑

x∈Z,|x|<Cp1/d

e2πi
f(x)
p − p1/d

∫ C

−C
e2πiadx

d

dx

∣∣∣∣∣∣ ≤ 2 + 8πACd

Lemma 10.0.123. Let C,D be real numbers with D > C > 0.

∣∣∣∣∫ C

−C
e2πiadx

d

dx−
∫ D

−D
e2πiadx

d

dx

∣∣∣∣ ≤ 2

πdadCd−1

Proof. This difference is equal to
∫ D
C
e2πiadx

d
dx +

∫ −C
−D e2πiadx

d
dx. Because the two

terms are conjugate to each other, it suffices to prove the bound

∣∣∣∣∫ D

C

e2πiadx
d

dx

∣∣∣∣ ≤ 1

πdadCd−1
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By integration by parts with u = 1
2πidadxd−1 , v = e2πiadx

d
, we have udv = e2πiadx

d

so

∣∣∣∣∫ D

C

e2πiadx
ddx

∣∣∣∣ =

∣∣∣∣∣∣ e2πiadx
d

2πidadxd−1

∣∣∣∣∣
D

C

−
∫ D

C

−(d− 1)e2πiadx
d

2πidadxd
dx

∣∣∣∣∣∣
≤ 1

2πdadCd−1+
1

2πdadDd−1+

∫ D

C

d− 1

2πdadxd
dx =

1

2πdadCd−1+
1

2πdadCd−1−
1

2πdadDd−1 =
1

πdadCd−1

as desired.

It immediately follows that the limit limC→∞
∫ C
−C e

2πiadx
d
dx exists. Let Ma,d be

this limit, we taking D to ∞ we have

∣∣∣∣∫ C

−C
e2πiadx

d

dx−Ma,d

∣∣∣∣ ≤ 2

πdadCd−1

Corollary 10.0.124. Let δ satisfy 0 < δ < 1/d2. Then we have

∑
x∈Z,|x|<p1/d+δ

e2πi
f(x)
p = p1/dMa,d + o(p1/d)

Proof. By Lemma 10.0.122:

∣∣∣∣∣∣
∑

x∈Z,|x|<p1/d+δ

e2πi
f(x)
p − p1/d

∫ pδ

−pδ
e2πi

adx
d

p dx

∣∣∣∣∣∣ ≤ 2 + 8πApdδ

By Lemma 10.0.123:

∣∣∣∣∣p1/d
∫ pδ

−pδ
e2πiadx

d

dx− p1/dMa,d

∣∣∣∣∣ ≤ 2p1/d−(d−1)δ

πdad

By assumption δ < 1/d2 so 2 + 6πApdδ = o(p1/d) and δ > 0 so 2p1/d−(d−1)δ

πdad
= o(p1/d).

The claim follows.

Now we can split our sum:
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p−1∑
x=0

e2πi
f(x)
p =

∑
x∈Z,|x|<p1/d+δ

e2πi
f(x)
p +

∑
x∈Z,p1/d+δ≤x≤p−p1/d+δ

e2πi
f(x)
p

The first term is what we have an asymptotic for, from Corollary 10.0.124. For

the second term we only have a bound - it is of size O(
√
p), because the complete sum

is O(
√
p) by the Weil bound and the first part is o(

√
p), so their difference remains

O(
√
p). The second term, however, appears to behave randomly. Our heuristic is

that, summing over p < N , the second term has square root cancellation. This

implies:

∑
p<N

∑p−1
x=0 e

2πi
f(x)
p

√
p

=
∑
p<N

∑
x∈Z,|x|<p1/d+δ e

2πi
f(x)
p

√
p

+
∑
p<N

∑
x∈Z,p1/d+δ≤x≤p−p1/d+δ e

2πi
f(x)
p

√
p

(by Corollary 10.0.124 and by heuristic assumption)

=
∑
p<N

(
p1/d−1/2Ma,d + o

(
p1/d−1/2

))
+O

(
N1/2+ε

)

= Ma,d

∑
p<N

p1/d−1/2 +
∑
p<N

o
(
p1/d−1/2

)
+O

(
N1/2+ε

)
(using the prime number theorem to show that

∑
p<N p

1/d−1/2 = π(N)N1/d−1/2

1/d+1/2
+

o(π(N)N1/d−1/2)

= Ma,d

(
π(N)N1/d−1/2

1/d+ 1/2
+ o

(
π(N)N1/d−1/2))+ o

(
π(N)N1/d−1/2)+O

(
N1/2+ε

)
(taking ε < 1/d, we may group the error terms)

=
Ma,d

1/d+ 1/2
π(N)N1/d−1/2 + o

(
π(N)N1/d−1/2)
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So our heuristic estimate is:

∑
p<N

∑p−1
x=0 e

2πi
f(x)
p

√
p

π(N)
=

Ma,d

1/d+ 1/2
N1/d−1/2 + o

(
N1/d−1/2)

This gives a simple picture of the decline rate we might expect for these sums. How-

ever, there are some additional complexities that this picture does not account for,

which suggest ways the heuristic could be changed.

First, we could modify the heuristic so that the first term is not just the sum

over the interval |x| < p1/d+δ, but is the sum over a disjoint union of intervals of the

form |x − ab−1| < p1/d+1/δ for all pairs of integers (a, b), satisfying 0 ≤ a < b < pδ

(analogous to the major arcs in the circle method). This short sum can be estimated

as an adelic integral, and by evaluating it we would obtain a more refined heuristic

formula for the constant in the leading term. The leading term would again be a

constant times N1/d−1/2, but the constant would be an oscillatory adelic integral,

similar to the formula of [Patterson, 2005, Conjecture 2.2, connected to integral on

pp. 93]. Because the exact constant term is not important here, we will not go into

detail about this more difficult argument.

Second, the heuristic does not tell us what to do when f∗Q` splits into a direct

sum of sheaves. For instance, suppose f is equal to a composition f = g ◦ h. Then

g∗Q` is a summand of f∗Q`. Because the degree of g is less than the degree of f , the

heuristic predicts that the average of ap(g∗Q`) over primes p < N will be much larger

than the average of ap(f∗Q`). This is only possible if the average of ap(f∗Q`/g∗Q`)

over primes p < N is almost exactly the same size as the average of ap(f∗Q`), but of

the opposite sign, so that the two contributions cancel. If this seems unlikely then

we might doubt the heuristic for these f .

Finally, the heuristic does not tell us anything about sheaves not of the form f∗Q`

for some polynomial f . The empirical evidence from the previous chapter seems to
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suggest that many sheaves satisfy full square-root cancellation, but we don’t know

why or which ones don’t. It would be very interesting to expand the heuristic into a

plausible conjecture that describes the order of cancellation associated to each sheaf.

Remark 10.0.125. Perhaps the heuristic applies to some f but not others. We might

guess, by analogy to Patterson’s conjecture [Patterson, 2003, Conjecture 4.1], that

the estimate ∑
p<N

∑
x∈Fp e

2πif(x)/p

√
p

π(N)
= CfN

1/d−1/2 + o(N1/d−1/2)

coming from our heuristic holds whenever f(x) 6= f(a− x) for any a.

Were this true, it would contradict Conjecture 2.

To see this, take f(x) = g(x)2 where g is a cubic polynomial that does not sat-

isfy g(x) = −g(a − x) for any a. Then f(x) 6= f(a − x) for any a. Let ap =∑
x e

2πif(x)/p/
√
p. Then this heuristic predicts that the average value of ap over the

first N primes is asymptotic to N1/6−1/2, and in particular converges to 0. However,

f∗Q` contains as a summand [2]∗Q` where [2] is the squaring map and contains no

other subobjects that are 1-dimensional in CCS. The sum associated to [2]∗Q` is the

Gauss sum
∑

x e
2πix2/p which is

√
p if p is congruent to 1 mod 4 and i

√
p if p is

congruent to 3 mod 4. Therefore the average of
∑

x e
2πix2/p/

√
p over the prime < N

converges to 1+i
2

. Conjecture 2 predicts the averages of the other terms converge to 0

which implies that

lim
N→∞

∑
p<N

∑
x∈Fp e

2πif(x)/p

√
p

π(N)
=

1 + i

2

and does not converge to 0..

Numerical experiments suggest that for f(x) = (x3 + x + 1)2, Conjecture

2 is accurate. We computed the empirical average of the exponential sum∑
x∈Fp e

2πi(x3+x+1)2/p/
√
p over the first 50, 0000 primes, and it was .523 + .502i,

which is not far from 1+i
2

. We also computed the average over the first N primes

for N < 50, 000, and the error seemed to decrease as a function of N and not
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oscillate wildly. In particular, the average of the exponential sum showed no signs of

converging to 0. Hence this bold version of our heuristic, analogous to Patterson’s

conjecture appears to be inaccurate. We stress that at no point did Patterson

actually conjecture this analogue.

Regardless of these details, we may still use the heuristic for one key purpose -

it tells us what tests to perform on the sums ap(F) to see if their distributions are

converging. If the average of the sum converges to 0 at a rate similar to N1/d−1/2,

then we could also expect the discrepancy between the distribution of the sum and

the limiting distribution to converge to 0 at a rate similar to N1/d−1/2. By plotting

the discrepancy as a function of N , if it appears to be converging to 0 at that rate,

we could hope it continues to converge at that rate as N goes to ∞. We did this for

sums of the form
p−1∑
x=0

e2πi
f(x)
p

for f(x) a quartic polynomial. The quartic polynomials were selected so that we could

observe the distinction between the exponential sum associated to a generic quartic

polynomial, which we expect from Lemma 7.0.110 is equidistributed according to

SU3 after suitable normalization, and sums associated to special quartic polynomials,

which we expect from Lemma 7.0.112 will follow a different distribution. We looked at

three of the polynomials mentioned in Patterson [2003]: f(x) = x4+x, f(x) = x4+x2,

and f(x) = x4 + (x + 1)4. The first one satisfies the conditions of Lemma 7.0.110

while the last two satisfy the conditions of Lemma 7.0.112.

For f(x) = x4 + x2 or x4 + (x+ 1)4, we have computed in Chapter 7 the expected

distribution as a convex combination of four rotated and translated copies of the

Sato-Tate measure. This can be visualized using four line segments in the complex

plane such that the sum, divided by
√
p, is expected to fall on each line segment with

equal probability, and on each line segment it is expected to follow the Sato-Tate

measure. The fact that the sum lies on the line segment follows from Proposition
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5.0.88 so our numerical experiments focused on the position of the sum on the line

segment. We subtracted the translation and rotation factors from ap and compared

against the Sato-Tate measure. We considered each of the congruence classes of p

modulo 8 separately, because for each congruence class we have two choices about

how to project onto the line segment, but as long as we consider them separately, this

only represents a global change of sign for the random variable, which does not affect

the discrepancy.

We performed a dyadic discrepancy test. For each polynomial and each congru-

ence class mod 8, we divided the first 215 primes in that congruence class into a

sequence of disjoint intervals, with the nth interval containing exactly 2n primes. For

each such interval, we computed the discrepancy between the observed and predicted

distribution, as in the Kolmogorov-Smirnov test. We then took these logs and plotted

them as a function of n. If the discrepancy is a constant times N−1/4 ≈ 2−n/4, we

should expect this log plot to be approximately linear of slope −(log 2)/4. If the plot

does not appear linear, but instead appears to decrease for a time and then stabilize,

that would be evidence against Conjecture 1. The plots all appeared roughly linear,

although the slope was not always clearly equal to −(log 2)/4 - sometimes it was

larger. So this give some evidence in favor of Conjecture 1. Here are two of these

plots, with both polynomials summed over the first 215 primes congruent to 1 modulo

8:

For f(x) = x4+x, we apply Lemma 7.0.110 to compute the Tannakian monodromy

group. We check the conditions: The derivative of f(x) is 4x3−1 and has three district

roots. The critical values of f(x) are of the form (x3 + 1)x for x3 = −1/4, so they are

all of the form (3/4) · (−1/4)1/3. These three numbers satisfy no nontrivial relations

of the form f(α1) + f(α2) = f(α3) + f(α4). So its Tannakian monodromy group is

GL3. Using Lemma 7.0.109, we compute that its determinant is Lχ[1](1)⊗χ2. So we

can divide by a third root of the determinant, such as Lχ[1] ⊗ χ−2, to obtain a sum
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Figure 10.1:
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Figure 10.2:
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Figure 10.3:
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whose conjectural distribution is the Haar measure of SU3. We performed dyadic

discrepancy tests to test the conjecture that this ratio is equidistributed according to

the image under the trace of the Haar measure of SU3. Because the discrepancy is

only defined for real random variables, we considered the real and imaginary parts

separately. We computed ap for the first 217 primes, and divided it by the Gauss sum

and the quadratic character. We estimated the Haar measure of SU3 using Weyl’s

integration formula and Monte Carlo integration. The graph appears linear, so again

Conjecture 1 seems to hold up, although the slope appears somewhat larger than the

predicted slope of 1/4.
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Deligne, P. (1970). Théorie de Hodge 1. Actes Congrés intern. math, 1:425–430.

Deligne, P. (1977). SGA4 1/2 Cohomologie étale, volume 569 of Lecture Notes in
Mathematics. Springer.

182



Deligne, P. (1980). La conjecture de Weil. II. Publications mathématiques de
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