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Abstract

This collection of essays investigates the effects of limited attention on economic
outcomes. Chapter 1 studies a random choice procedure which I call Focus, Then
Compare. First, the agent focuses on an option at random from the choice set. Then,
she compares the focal option to each other alternative in the set. Comparisons are
binary, random and independent of each other. The agent chooses the focal option
if and only if it passes all comparisons favorably. Otherwise, the agent draws a new
focal option with replacement. I characterize the revealed preference implications of
the procedure, and show that it can accommodate a range of experimental findings,
including the Attraction effect, Compromise effect and Choice overload. 1 then show
that the procedure can approximate some deterministic models used in the literature
to explain violations of utility maximization. Chapter 1 was presented at the “Decision
- Theory, Experiments, and Applications 2012” conference. Chapter 2 studies a one-
sided offers bargaining game in which a fully rational seller is making repeated offers
to a rationally inattentive buyer (Sims, 2003). The good’s quality is random and
is known to the seller. The buyer needs to pay attention to both the quality of
the good and the seller’s offers. I show that the buyer attains half of the uncertain
portion of the surplus as attention costs become negligible and offers are frequent.
With infrequent offers the equilibrium involves the buyer paying more for, but also
obtaining a higher surplus from, higher quality goods. Trade occurs with delay that
is decreasing with the quality of the good and persists even when offers are frequent.
Finally, I show that revealing the quality of the good to the buyer reduces both the

buyer’s surplus and overall efficiency.
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Chapter 1

Focus, Then Compare

The fundamental assumption of the classic theory of utility maximization is that
agents have well defined tastes. These tastes are inherent to the agent and do not
dependent on the particular set of options confronting her. Thus, the classical theory
provides a clear separation between objectives (utility) and constraints (choice set).
Despite its appeal, the utility maximization assumption is at odds with a large body
of experimental papers published in recent decades (e.g. Simonson and Tversky,
1992; see Camerer et al. (2011) for a recent survey of violations of classic utility
maximization). The current chapter suggests that much of the experimental evidence
can be accounted for by boundedly rational agents focusing only on two alternatives
at a time while making their choices.

In this chapter I use random choices as a tool for describing boundedly rational
behavior. Many studies of boundedly rational agents assume that the agent’s choices
are random (See for example Luce (1959), Matéjka and McKay (2013), Manzini and
Mariotti (2014), Gul et al. (2014), Woodford (2014) and Ke (2014)). The original
need for random choice models came from empirical studies. Such studies used ran-
dom choices in order to deal with choice variability (McFadden, 2001). To explain

this variability, the analyst usually assumes that choice is influenced by unobserved



variables. When fully rational, the decision maker is aware of these variables and
takes them into account when making her decisions. However, the decisions of a
boundedly rational agent may not be as well-informed. In particular, a boundedly
rational agent may be influenced by variables that she herself is unaware of. Thus,
the agent herself may see her decisions as random.

My procedure is that of an agent who can only focus on two alternatives at a
time. There are reasons why the agent may avoid considering all alternatives at
once. One reason is that alternatives can be difficult to compare. As emphasized by
psychologists, comparing alternatives requires trading off conflicting motivations, a
conflict which people wish to avoid (Tversky and Shafir, 1992; Janis and Mann, 1977;
Festinger, 1964; Knox and Inkster, 1968). In order to avoid such conflict, people
may attempt to compare only a small set of options at any given moment. A second
reason why agents would avoid considering all alternatives simultaneously is bounded
cognitive capacity. It is well known that people have a limited ability to process
information (e.g. Miller, 1956). As a result, at any given point people may focus only
on a subset of the available alternatives (see Roberts and Lattin (1997) for a survey
of the limited consideration literature).

This chapter analyzes the following random choice procedure which I call Focus,
then Compare (FTC). Before comparing alternatives, an agent applying the procedure
begins by selecting a focal option at random. The focal option is then compared
sequentially to each of the other alternatives in the set through a sequence of pair-
wise comparisons. The outcome of each comparison is random and independent of
the agent’s other comparisons. The agent chooses the focal option if and only if the
option compares favorably against each of the other available alternatives. Otherwise,
the agent restarts the process with replacement.

I analyze the procedure’s behavioral implications. My approach is similar to

the one employed by several recent papers on boundedly rational choice procedures



(e.g. Manzini and Mariotti (2007); Salant and Rubinstein (2008); Cherepanov et
al. (2010); Manzini and Mariotti (2014)). Thus, I look at several questions. First,
I ask how one could test whether an agent is using the FTC procedure using only
choice data. Second, I study how well does the FTC procedure address experimental
findings. Third, I explore in which way decisions made by FTC differ from choices
that originate from other procedures. Hence, this chapter centers around the behavior
of agents who follow FTC.

Agents that follow the FTC procedure can behave in a way that is consistent
with a wide range of experimental findings. These experimental findings include
choice overload (Iyengar and Lepper, 2000), the attraction effect (Huber, Payne and
Puto, 1982), the compromise effect (Simonson, 1989) and intransitive choice (Tversky,
1969). What is common to all these findings is that they suggest that agent’s tastes
depend on the choice set. While this dependency contradicts the theory of utility
maximization, it is consistent with FTC.

In addition to accommodating experimental findings, I show that FTC can ap-
proximate the behavior of seemingly unrelated procedures. Such procedures are usu-
ally motivated by the same experimental findings that motivate the current work.
In-transitivity, for example, can be explained by agents constructing a short list of
alternatives before making their choices (see Manzini and Mariotti, 2007). We show
that agents who choose by constructing a short list can be approximated by FTC
(Proposition 1.6). FTC can also approximate any agent who chooses by weighting
each option’s advantages and disadvantages relative to the other available alterna-
tives. Such a procedure was suggested by Tversky and Simonson (1993). We show,
however, that not every deterministic choice procedure can be approximated by FTC.
In particular I provide a necessary condition on a deterministic choice model to ensure
that it can be approximated by FTC and provide an example of one that cannot be

approximated (section 1.3.3).



I also characterize the revealed preference implications of the FTC procedure. In
particular, I show that the FTC procedure is completely characterized by a single,
yet simple, testable condition on choice probabilities. More precisely, an agent can be
represented as applying the FTC procedure if and only if introducing a new option
z to a choice set containing x and y always changes the choice likelihood ratio of x
compared to y by the same proportions, independent of the other alternatives in the
choice set (Proposition 1.1). This condition is a relaxation of Luce (1959)’s famous
Independence of Irrelevant Alternatives (ITA) axiom. Luce (1959)’s IIA states that
the likelihood ratio between z and y is does not depend on the choice set. Hence, to
test for the FTC procedure one need not go far beyond generalizing the tests for the
ITA axiom.

My last section connects the FTC procedure with other random models of choice. I
show that the famous Luce rule (1959) is a special case of FTC, as well as an extension
of the random consideration sets procedure studied in Manzini and Mariotti (2014).
While both of these models are special cases of the random utility maximization
procedure, random utility maximization is shown to be distinctively different from
FTC: neither procedure is a generalization of the other. FTC is, however, a special
case of a collection of models known as the binary advantage models (Marley, 1991).
Binary advantage models are described, however, in terms of the formula generating
their choice probabilities. It is unclear how these choice probabilities may arise from a
well defined procedure. I deal with the connection between our procedure and related

models in section 1.4.

1.1 The Procedure

Let X be a finite set of all possible alternatives. A choice set is a non-empty subset

of X. I take Q to denote the set of all possible choice sets. A random choice rule is



a function p : X x Q — R satisfying the following conditions for every A € Q:

1. p(z;A) >0 for all x, with the inequality being strict only if x € A.

2. Y eap (T A)=1

I assume random choice rules have full support. That is, z is in A only if p (z; A) > 0.

Given a full support random choice rule p and any A C X, I take

p(z; AU{z,y})

oy (T A) = AU, )

to denote the choice likelihood ratio between z and y when the environment is A.
py (z; A) measures the number of times the agent chooses x for each time she chooses
y. It seems natural to interpret the agent choosing x many times for each time she
chooses y as saying that = is more attractive to the agent than y is. Thus, I will often
interpret p, (z; A) as measuring the relative attractiveness of  compared to y in the
set A.

I will be centering my analysis around random choice rules consistent with the
FTC procedure. An agent following the FTC procedure chooses first by randomly
selecting a focal option. The focal option is then compared to each other alternative
in the choice set through a sequence of stochastic, independent, binary comparisons.
If all comparisons turn in favor of the focal option, the procedure terminates with
the agent choosing the focal option. Otherwise, the agent restarts the process with
replacement, meaning that the same option could be chosen as the focal option more
than once!.

Hence, given a choice set A € ), the agent chooses © € A if z is selected as the

first focal option and x compares favorably to each other alternative in A or that the

first focal option is not chosen, x is selected as the second focal option and compares

!Note that this process will end in finite time with probability 1 as long as there is at least one
option that passes all of the comparisons with positive probability.



favorably to each other alternative in A and so on. Assume the agent selects each
option as focal with equal probability, and define 7 (z,y) > 0 as the probability of
x passing the comparison against y when x is focal. Then the probability that the

agent chooses z € A when applying the FTC procedure can be written as:

paid) = o TIra+ <1—Z lnmy

yeA z€EA yeA

(s ] e

zEA yeA yGA

)|A|HW

yeA

or:

. ~ t—1

z€A LyeA

which, by applying the formula for geometric sums gives:

HyEA T (x, y)
ZzeA [HyEA (2, y)}

p(z;A) = (1.1.1)
I therefore characterize the FTC procedure via equation 1.1.1 above. This is formal-

ized in Definition 1.1 below.

Definition 1.1. A function 7 : X x X — (0, 1] satisfying 7 (x,z) = 1 for all z is a
FTC representation of p if p and 7 satisfy equation 1.1.1 for all (z, A). A random

choice rule p is a FT'C rule if it has a FTC representation.

It is useful to note that the FTC representation need not be symmetric. More
precisely, the sum of 7 (z,y) and 7 (y,z) can be different than 1. This potential
asymmetry is consistent with experimental evidence showing that evaluations often
vary with the direction of comparison. For example, in the study conducted by Mantel
and Kardes (1999) participants choices often depended on whether they were asked
if they prefer x over y or if they prefer y over x. While discussing such experiments

is beyond the scope of this chapter, they suggest that models that allow asymmetry
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in the primitive may be a desirable property that agrees with the way people usually

make decisions. The following are two examples of the FTC procedure.

Example 1.1. Let X be a subset of Ri. Thus, alternatives can be described by their
values on two attributes. For any two distinct alternatives x and y, set 7 (z,y) = 7
and 7 (y,x) = 1 —nif y; > x; and yo > x5, with at least one of the inequalities
being strict, and 7 (z,y) = % otherwise. Hence, if x is dominated by y the agent
has a probability of n of making a mistake and thinking that x compares favorably
to y (and that y compares unfavorably to x). However, if neither of the alternatives

dominates the other, the agent chooses between them in a random fashion.

Example 1.2. Alternatives are characterized by their values on k attributes, X C

]R’i. The agent compares x and y via the following formula:

m (,y) Iexp{— > e —Ik)}

k:yp >y

where ¢ is some strictly increasing function satisfying ¢ (0) = 0. Thus, if x; > yy for
all k, then x always compares favorably against y. Otherwise, the probability that x
is ranked as inferior to y when x is focal is decreasing with the difference between
and xp. Hence, the decision maker has a hard time choosing options that are inferior

on some dimensions to one of the other alternatives. As such:

p(x; A) owm{—Z( > so(yk—wk)>}

yeA \kwyr>wp
for example, if k =2, p(a) =a, z = (1,2) and y = (3,1) then:

(s {ny)) = — !
x" Qj = =
PATATLY e24+el  1+e




if z=(1,1), then:

(x5 {,y. 2}) :
1T z = =
P ) » Y, 672 + 671 + 673 1 + e+ 62

[ now turn to the question of what restrictions does the FTC procedure impose on
behavior. My analysis follows the lines of that first conducted by Luce (1959). Luce
(1959) studied a random choice model in which the probability that an alternative
is chosen is proportional to its value. Formally, p is a Luce Rule if there exists a

function v : X — R, such that:

v (x)

p(x; A) = ST

In his work, Luce showed that p is a Luce rule if and only if it satisfies the Independence
of Irrelevant Alternatives axiom (ITA). A random choice rule p satisfies IIA if and
only if:

py (x; A) = py (2; B)

for all z,y € X and A, B C X. If we think of choice likelihood ratios as measures of
relative attractiveness, the IIA implies that the revealed relative value of x against
y does not depend on the other alternatives in the choice set. Luce proved that a
random choice rule is a Luce rule if and only if it satisfies ITA.

In the next proposition we show that a relaxation of the IIA axiom, called Inde-
pendence of Shared Alternatives (ISA), completely characterizes the FTC procedure.
Hence, the FTC procedure can serve as an adequate description of an agent’s behav-
ior if and only if that agent satisfies ISA. Formally, ISA is satisfied by some random

choice rule p if and only if:

py (@, A) _ py(z, A\ B)

py(x,B)  p,(x,B\ A) (1.1.2)




for all z, y,A and B.? To understand ISA, it is useful to interpret the choice likelihood
ratio,p, (x; B), as measuring z’s value relative to y in the set B. With this interpre-
tation in mind, the ratio 2 ”EI 4 then measures the change in the x’s value relative to
y due replacing the set B with A. ISA says that this change is independent of the
alternatives shared by both A and B. The proposition below shows that requiring a

random choice rule to satisfy this condition is equivalent to the existence of a FTC

representation.

Proposition 1.1. A random choice rule p has a FTC representation w if and only if

it satisfies ISA.
Proof. See section. m

It is straightforward to show the manner in which ISA is implied by IIA. If p

satisfies ITA then:

py (7, A) 11— py (2, A\ B)
Py (-TaB) Py (LB \ A)

and therefore ISA is satisfied. We therefore have the following corollary:
Corollary 1.1. Every Luce rule has a FTC representation.

To further clarify the connection between the FTC and Luce rules, assume that
p is a Luce rule for some function v. Then we can use v to recover m by setting
7 (z,y) = 1/v(y) for all x # y and 1 whenever x = y. Applying the Luce rule

formula then gives:

pla:d) = zvig;)@)
(Hz ) B HyeAF<x7y)

( zeA Y Z)) yeA N ZyEA [HZEA m (Z7 y)}

Reversing the above derivation gives the following simple result.

2Remember that we assume that p has full support and that we defined: p, (z; 4) := %m.

9



Corollary 1.2. A FTC rule p is a Luce rule if and only if 7 (x,y) = 7 (2, y) whenever

y & {2}

Corollary 1.2 states that the difference between the FTC procedure and the Luce
rule is that the FTC procedure allows the result of the comparison between the focal
option and each alternative to depend on the identity of the focal option.

While Proposition 1.1 shows that satisfying the ISA axiom is tantamount to hav-
ing a F'TC representation, the FTC representation itself is not unique. In fact, if 7
is a FTC representation of some random choice rule p, then the function = satis-
fying 7 (z,y) = am (z,y) for all # # y and 7 (z,2) = 1 for all z is also an FTC

representation of p for every a € (0, 1). This is because:

HyeA am (l‘, y) alAl_l HyeA T (SL‘, y) HyeA T (I, y)

> sea HyeA am (2, y)] - alA=ty7 [HyEA 7 (z, y)] B > ea [HyGA ™ (2,9)

The following proposition shows that multiplication by a small enough constant is,

in fact, the only available degree of freedom in the FTC representation.

Proposition 1.2. The two FTC representations m and @ yield the same random

choice rule p if and only if there exists o > 0 such that 7 (x,y) = ax (z,y) whenever

T Fy.

1.2 Matching Experimental Findings

The past few decades have seen the emergence of a large body of experimental regu-
larities that cannot be explained by utility maximization. In this section, I explore the
connection between FTC and four well established regularities: Choice overload, at-
traction effect, compromise effect, and, finally, the in-transitive choice. I explain each

regularity in turn, and show how these can be accounted for by the FTC procedure.
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1.2.1 Choice Overload

In this section we show that the FTC procedure can match findings related to choice
overload. I begin by providing a very brief explanation of the effect and the conditions
that lead to it. I then provide behavioral definitions aimed at capturing these con-
ditions and show that an agent following the FTC procedure will exhibit behaviors
consistent with the choice overload whenever these conditions hold (Proposition 1.3).

Choice overload challenges the notion that adding more alternatives to the choice
set can only increase welfare. Perhaps the first to publish a study presenting a viola-
tion of this notion were Iyengar and Lepper (2000). The authors set a tasting booth
that displayed either 6 (limited selection) or 24 (extensive selection) different flavors
of jam at a local grocery store. Consumers who approached the booth received a
discount coupon for purchasing one of the jams on display. The authors found that
almost 30% of the approaching consumers in the limited selection condition used the
coupon. In contrast, the coupon was used by only 3% of the approaching consumers
in the extensive selection condition. Similar findings have been documented with re-
spect to a wide variety of objects, including chocolates (Chernev, 2004), pens (Shah
and Wolford, 2007) and participation in 401(k) plans (Iyengar, Jiang and Huberman,
2003). Findings of this kind are commonly referred to in the literature as choice
overload.

A central feature of experiments documenting choice overload is that they present
participants with choice sets consisting of very similar alternatives. This similarity
usually makes it hard to differentiate between the alternatives. Indeed, there is evi-
dence that this difficulty plays an important role in the over-choice effect (Chernev
(2004); White and Hoffrage (2009)). For example, Chernev (2004) replicated the
choice overload effect in an experiment involving different flavors of Godiva choco-
lates. The chocolates were used before the experiments to construct a list of attributes

that these chocolates contain. Chernev (2004) found that choice overload disappears
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when participants articulate their preferences about these attributes before the choice
task.

To capture the over-choice effect, fix some ¢ in X and interpret it as the default
option. For example, in the above-mentioned study by Iyengar and Lepper (2000), ¢
represents not using the coupon. Given ¢, fix another alternative x. I will analyze
what happens to the choice probability of ¢ as one adds more and more alterna-
tives indistinguishable from x. More precisely, define two alternatives x and y as

indistinguishable if:
1. p(x; A) = p(y; A) whenever A contains both = and y.
2. p(z; BU{x}) = p(z; BU{y}) for every z € B, where BN {z,y} = 2.

Thus, x and y are indistinguishable if they satisfy two conditions. First, the choice
probability of z and y in every choice set that contains both alternatives. Second,
replacing & with y in any choice set does not change the choice probabilities of any
of the other alternative in the set.

The key assumption is that it is easy to distinguish between the outside option,
¢, and x. Formally, I will say that ¢ is easy to distinguish from z if for every y
indistinguishable from x: py (z; {x, ¢}) > ps (z;{x,y,¢}). In other words, ¢ is easy
to distinguish from x if an alternative that is indistinguishable from z is more likely
to substitute for x than it is for ¢.

Proposition 1.3 below says that agents applying the FTC procedure exhibit choice

overload in choice sets that contain many indistinguishable alternatives.

Proposition 1.3. Suppose p has a FTC representation, and let (x,),-, be a sequence

of distinct alternatives such that there exists x and ¢ for which:
1. x and x, are indistinguishable for all n.
2. ¢ is easy to distinguish from x.

12



Then p (¢;{¢,x1,...,2,}) goes to 1 as n goes to co.

Proposition 1.3 shows that the FTC procedure is consistent with choice over-
load. In other words, an agent applying the FTC procedure will be choosing the null
option with a probability very close to 1 whenever the choice set contains enough

indistinguishable alternatives.

1.2.2 Attraction Effect

In this subsection I demonstrate how the FTC procedure matches findings related to
the attraction effect. I proceed by first providing an explanation of the effect itself
and the experimental conditions that generate it. Then I show in Proposition 1.4
that the FTC procedure not only matches the effect, but also parametrizes it in an
intuitive way.

The attraction effect is usually demonstrated by comparing participants choices
across two choice sets. The first choice set contains two options, neither of which is
obviously superior to the other. These two options are also available in the second
choice set. However, the second choice set also contains a third alternative that
is clearly dominated by one of first two options in the first choice set, but not by
the other. Surprisingly, the presence of the third alternative results in participants
choosing the option that dominates it more frequently.

To demonstrate the attraction effect, consider an experiment in which participants
need to choose which car to buy. The cars are known to be identical in all respects
except for their fuel consumption and acceleration speed. Acceleration speed is mea-
sured in the time it takes to accelerate from 0 to 60 mph, while fuel consumption is
measured in miles per gallon. To construct the first choice set one would use two cars,
one which is more fuel efficient, call it x, and one which accelerates better, denoted
by y. y will also accelerate better than the third option, z. While z will still be more

fuel efficient than y, it will be dominated by x on both attributes. Typically, x will

13



Time from
0 to 60mph

*y (55%) v (21%)

® X (45%) ® X (77.5%)
*Z (1.5%)

Miles per gallon
Figure 1.2.1: An example of a typical attraction effect experiment. Alternatives are
cars that differ only in miles per gallon and time from 0 to 60 mph. Each graph
represents a different experimental condition. Numbers in parenthesis next to each
alternative represent percentage of people who choose that option.

be chosen at a higher frequency in the second choice set, {z,y, z}, than in the set
{z,y}. This example is illustrated in figure 1.2.1.

The attraction effect has proven to be incredibly robust. The first studies to note
the attraction effect were conducted by Huber, Payne and Puto (1982) and Huber and
Puto (1983). These studies have inspired a large number of researchers to replicate
the effect using a wide variety of choice objects. Objects involved in attraction effect
experiments include cameras and computers (Simonson and Tversky, 1992), political
candidates (Pan, O’Curry and Pitts, 1995), medical decision making (Schwartz and
Chapman, 1999) and job candidates (Slaughter, Sinar and Highhouse, 1999). While
most of these studies involved questionnaires, the effect persists even when subjects
are given monetary incentives (Simonson and Tversky, 1992). Hence, it seems that
the effect is not particularly sensitive to the experimental setting.

Unlike with utility maximization, the attraction effect is consistent with the FTC
procedure. To see this, consider example 1.1 from section 1.1. Take p to be the implied
FTC rule, and consider three alternatives, x,y and =~ such that : z; > x| > vy,
Yz > X9 > x5 . Then for n small enough:

Y2(1—n) _ (1 —mn)

_ 1
pledena™ ) = e o e o2 P
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One can generalize example 1.1 by examining FTC representations that match
the experimental setup used to generate the attraction effect. Recall the attraction
effect is attained in experiments in which z clearly dominates x~, but neither the
comparison between x and y nor the comparison between x~ and y is obvious. I
interpret these conditions as suggesting first that 7 (z,2~) > 7 (y,2~) and second
that 7 (x~, ) is very small. The following proposition shows that these conditions
are both necessary and sufficient for the attraction effect to occur in agents following

the FTC procedure.

Proposition 1.4. Let p be a FTC rule with FTC representation w. Then

p (x; {x, y,af}) >p (1‘2 {I,y})

if and only if m(x,x7) > 7 (y,x~) and 7 (x~, x) is sufficiently small.

Proof. The inequality p (z;{z,y,27}) > p(x;{z,y}) holds if and only if:

7 (z,y) 7 (z,27) - 7 (2,9)
m(x,y)m (v, 27)+ 7w (y,z) 7 (y,a”) + 7 (x,2)w(x~,y)  7(x,y)+7(y,x)

which is equivalent to:

ree) > wla) o ) (L0

(y,2)

Define € as follows:

¢ — L’m)) (7 (z,27) =7 (y,27))

m(z7,y

and note that 7(z~, z) must be strictly less than e for the first inequality to hold. [

Proposition 1.4 characterizes the parametric restrictions required for an agent
following the FTC procedure to exhibit the attraction. As explained before, these

restrictions coincide with the experimental conditions leading to the effect in practice.
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1.2.3 Compromise Effect

Another experimental regularity that is often considered at odds with utility maxi-
mization is the compromise effect. The current subsection describes the experimental
setup that leads to the compromise effect and shows how the effect can be accom-
modated by the FTC representation. I conclude by presenting an example of a FTC
rule that exhibits the compromise effect.

The compromise effect, first documented by Simonson (1989), refers to people’s
tendency to choose the middle option. The typical experiment studying this tendency
compares the probability that the middle option is chosen in two different choice sets.
The first choice set contains the middle option and two additional, more extreme
alternatives. The second choice set contains only one of the two extreme alternatives
in addition to the middle option. Typically the likelihood ratio between the middle
option and any of the extreme alternatives is higher when both extreme alternatives
is present.

To illustrate, consider the setting used to demonstrate the attraction effect in sub-
section 1.2.2. Participants need to choose which car they prefer to purchase, knowing
that all the cars presented to them differ only in their fuel consumption and their
acceleration speed. One of the extreme options has a very good fuel consumption,
while the other extreme option has excellent acceleration. The middle option provides
a compromise between those two extremes and has average values in both attributes.
Denoting the extreme alternatives by y and z, and taking x to be the middle option,
the compromise effect will happen if p, (z;{z,y}) < p, (z; {z,y, 2}).

It is not difficult to see the conditions that may lead the FTC procedure to exhibit
the compromise effect. Let m be the FTC representation of the random choice rule p.
Then one can easily see that:

Az, y, 2 :W(m’z) v {w
py (3 {z,y,2}) 7T(yﬁ)py( H{zy})
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and therefore the compromise effect will occur if and only if 7 (z,2) > 7 (y, 2).
To illustrate when such a situation may arise, consider an agent that applies the
FTC rule presented in example 1.2 to choose between alternatives in R?. For every

three alternatives, z,y and z that satisfy y; > x1 > z; and y, < x5 < 29 we will have:

7 (z,2) = eP(z2—a2) o o—¢(z2—y2) — o (y, 2)

thereby giving rise to the compromise effect.

1.2.4 Intransitive Choice

In the current section I show that the FTC procedure can violate stochastic transi-
tivity. Stochastic transitivity is a generalization of the classic transitivity axiom that
allows for people to choose inconsistently across situations. Since the transitivity ax-
iom itself is very difficult to test in experimental settings, experimental studies often
focus on testing stochastic transitivity instead. A random choice rule p is said to

satisfy stochastic transitivity? if for every three distinct alternatives z, y and z:

p(z;{z,y}) > Y2 and p (y;{y, z}) > Y2 implies p (z;{z, 2}) > 1/2 (1.2.1)

A famous example due to L.J. Savage (see Luce and Suppes (1965), pp. 334-335)
shows a setting in which stochastic transitivity could be violated. Bob, who lives in
the united states, is considering whether he should go on a vacation to Rome, r, or
to Paris, p. For illustrative purposes assume that Bob is indifferent between the two,
and chooses either with equal probability, i.e. p(p,{r,p}) = p(r,{r,p}) = 1/2. When
Bob shared his thoughts with his friend, Ann, she mentioned that there is an online
coupon that Bob could use to get a free glass of cheap wine on his flight to Paris.

Since Bob enjoys wine, even if it is cheap, he would strictly prefer to go to Paris with

3In the literature the condition in 1.2.1 in is more commonly known as weak stochastic transitivity.
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the coupon, denoted by p, , than without, i.e. p(p.,{p,ps}) > /2. However, one
glass of cheap wine is one not enough to tilt Bob towards preferring Paris over Rome,
meaning that p (po, {p+,r}) = /2, thereby violating stochastic transitivity. Similar
violations have been documented in experiments based on this example (e.g. Tversky,
1969).

FTC rules can violate stochastic transitivity. To see how, assume that Bob is
using the FTC procedure to make his choices. Assume further that his choices use
a FTC representation satisfying « (p,r) = 7w (r,p) = Y2, 7w (py,r) = 7 (r,py) = Y2,
7 (py,p) = 1 and 7 (p, py) = Y/10. It is easy to see that such a random choice rule will

satisty p (p, {r,p}) = p (py, {r,p1}) = /2. In addition:

1 10 1

= = — >
1+ 11" 2

p (p+, {p+,p})

violating stochastic transitivity.
One question that may arise at this stage is whether imposing stochastic transi-
tivity implies anything on the FTC procedure. The following proposition shows that

stochastic transitivity is equivalent to a very natural restriction on the FTC rule.

Proposition 1.5. A FTC rule p satisfies stochastic transitivity if and only if every

FTC representation of p satisfies:

m(x,y) > 7 (y,z) and 7 (y,2) > 7w (z,y) implies w (x,z) > 7 (z,x) (1.2.2)

Proof. Suppose a FTC rule p satisfies stochastic transitivity. Then for every x, y and
z such that: 7 (z,y) > 7 (y,x) and 7 (y,2) > 7 (z,y) we have p(x;{z,y}) > /2 and
p (y;{y, z}) > /2. Therefore p (z;{x,z}) > 1/2. But this implies 7 (z,2) > 7 (z,x),
as required. Suppose now that equation 1.2.2 holds. Then p (z;{z,y}) > /2 and
p (y;{y, z}) > /2 implies both 7 (x,y) > 7 (y,x) and 7 (y,2) > 7 (2,y). Therefore

7 (x,z) > 7 (z,x), which implies p (z;{z, z}) > 1/2. 0
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Hence, proposition 1.5 shows that a FTC rule satisfies stochastic transitivity if
and only if each of its FTC representations is transitive in the sense of equation
1.2.2. Indeed, it is exactly this condition that is violated in the above example since
7 (p,r) > m(r,p) and 7 (r,py) > w(py,r) but 7 (p,py) < 7 (py,p). Thus, at least as
far as F'TC rules are concerned, violations of stochastic transitivity are equivalent to

non-transitivity of the FTC representation.

1.3 Approximating Other Choice Procedures

The experimental evidence contradicting utility maximization have served as mo-
tivation for studying a variety of alternative choice procedures. While many of the
algorithms in the literature may seem unrelated to the procedure studied in this chap-
ter, this section shows that they are actually very similar in the type of behaviors that
they generate. One issue that makes it difficult to relate the existing models to the
one studied in this chapter is that most of the literature has focused on deterministic
decision algorithms, while we have been exploring a random choice rule. To bridge
this gap, I focus my attention on the question of which deterministic choice models
can be approximated by my random choice rule. We show that the FTC procedure
can approximate every behavior generated by an acyclic rational short list method
(Manzini and Mariotti, 2007, Apesteguia and Ballester (2013)) and the componential
context model of Tversky and Simonson (1993).

A choice function is a mapping v : Q@ — X satisfying the condition: v (A) € A
for all A € Q2. We say that v can be approximated by the FTC procedure if there
exists a sequence of FTC procedures {pn}n21 that converges to some p satisfying
p(v(A);A) = 1 for all A. For simplicity assume that X is finite throughout this

section.
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1.3.1 The Rational Short List Method

Manzini and Mariotti (2007) were the first to study the deterministic choice procedure
known as the Rational Short List method (RSM). The RSM is characterized by two
binary relations which are applied in two stages. In the first stage an agent applying
the RSM procedure discards all the alternatives that do not maximize the first binary
relation. In the second stage the agent chooses the option that maximizes the second
binary relation among the alternatives that survived the first stage. Hence, in the
first stage the agent applies one relation to construct a short list, from which the
agent chooses in the second stage using a second relation.

For a given binary relation R over X, define M (A|R) to be the set of all z in A
such that there is no y € A satistying y Rx. A choice function + is said to be an acyclic
RSM choice function if there are two acyclic and asymmetric* binary relations, P
and P, over X such that v (A) = M (M (A|Py) |P,). Thus, P, is employed in the first
stage to generate the short list, M (A|P;). Among the options in M (A|P;) the agent
chooses in the second stage the ones that maximize P,. While the RSM procedure
seems somewhat unrelated to FTC, the following proposition shows that any RSM

choice function can be approximated by FTC.

Proposition 1.6. Any acyclic RSM choice function v can be approximated by the
FTC procedure.

Proof. See section 1.6. [

1.3.2 Componential Context Maximization

The attraction and compromise effects have lead Tversky and Simonson (1993) to
suggest the Componential Context Mazximization (CCM) procedure. Agents follow-

ing the CCM procedure choose the option with the highest value, similar to agents

4Note that Manzini and Mariotti (2007) do not require P» to be acyclic. However, P; must be
acyclic for the RSM procedure to be well defined.
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applying utility maximization. However, unlike utility maximization, the composi-
tion of the choice set affects the value assigned to each option by agents applying the
CCM procedure. The connection between the composition of the choice set and each
option’s value can lead agents applying the CCM procedure to exhibit behaviors such
as the attraction and compromise effects.

Formally, a choice function v is a CCM choice function if there exist two functions,

u: X —Randv:X x X — R such that:

7(4) = argmax qu(2) + Y v(z.y)
yeA\{z}
Hence, the value of an option x is equal to its intrinsic value, represented by u (z),
plus a relative advantage component, > v (z,y). Turns out that the FTC procedure

can behave very similarly to CCM choice functions.

Proposition 1.7. Fvery CCM choice function v can be approximated by the FTC

procedure.

Proof. In the section 1.6. O

1.3.3 Necessary Condition for Approximation

Propositions 1.6 and 1.7 suggest that the FTC procedure can approximate a wide
range of deterministic choice behaviors. However, there are some deterministic be-
haviors that can not be approximated by the FTC procedure. In particular, one
can show that the FTC procedure cannot approximate some types of Limited Atten-
tion choice functions of Masatlioglu et al. (2012). Limited attention choice functions
can violate the following property, which can be shown to be necessary for a choice

function be approximated by FTC:
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Condition 1. If v (A) = x and v (AU {z}) = y for y # z, there is no B such that
v(B) =y and v (BU{z}) = 2.

The reason Condition 1 is necessary is tightly connected to ISA. ISA says that
Condition 1 says that if z makes y more attractive than x in one choice set A,

then z cannot make y more attractive than x in another.

Proposition 1.8. v can be approximated by the FTC procedure only if satisfies Con-

dition 1
Proof. See section 1.6. O

The following example is a limited attention choice function that violates Condi-

tion 1.

Example 1.3. Let X = {w,z,y, 2}, and define the strict preference relation > by
y>=x=w >z LetI': Q — Q be the consideration set mapping defined by I' {z, y} =
{z}, T{w,z,y,2} = {w,z,2}, and I' (A) = A whenever A ¢ {{z,y},{z,y,w,z}}.
Let 7 (A) = M (I'(A)| »). Note that I" is an attention filter as defined in Masatli-
oglu et al. (2012), and therefore v is a choice with limited attention in the sense of
Masatlioglu et al. (2012). However, Condition 1 is violated since v {z,y} = x and
v{z,y,z} =y, but v{x,y,w} = y and y{x,y,w,z} = x. Therefore, v does not

satisfy condition 1 and therefore cannot be approximated by the FTC procedure.

1.4 Relation to Other Random Choice Rules

In this section I explore the position of the FTC procedure compared to existing
random choice models. I've already shown in section 1.1 that the FTC procedure
nests the Luce model. In this section I show that another existing model, namely
random consideration sets of Manzini and Mariotti (2014) is also a special case of

the FTC procedure. The FTC procedure, in turn, is a special case of the Relative
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Advantage Model of Marley (1991), but is neither a special case nor a generalization
of the weighted attribute rule (Gul, Natenzon and Pesendorfer (2014)) and random

utility models.

1.4.1 Random Consideration Sets

The FTC procedure is only one way in which attention and focus can influence choice.
Another way attention can influence choice is through the agent’s consideration set,
i.e. the set of options that the agent takes into consideration. If the consideration
set is formed in a stochastic fashion, one can obtain a random choice rule even if the
agent’s underlying preferences are, in fact, deterministic. In this subsection we show
that a certain random consideration set rule studied by Manzini and Mariotti (2014)
is, in fact, a special case of the FTC procedure.

In the model studied by Manzini and Mariotti (2014), the agent maximizes a de-
terministic transitive and anti-symmetric binary relation, >=. However, unlike a classic
utility maximizer, the agent does not consider all of the available options. Instead,
the agent only considers options which appear in her consideration set. The proba-
bility that an option x is in the agent’s consideration set is o, € (0, 1), independently
of the other alternatives in the set. Thus, the probability that the agent chooses x
is the probability that: (1) she considers x; and (2) she does not consider any better
alternative.

In many cases one may expect the choice set to contain a default option, ¢, such as
walking out of the store, abstaining from a vote, etc. The idea is that if ¢ is available,
then the agent considers it with probability 1. That is, o, = 1. However, Manzini
and Mariotti (2014) assume that ¢ is ranked lower than any other alternatives, i.e.
x > ¢ whenever z is different than ¢, and restrict attention only to choice sets A that
contain ¢.

For sets that do not contain ¢ there is a probability of [] ., (1 —0,) that the
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agent’s consideration set is empty. To avoid this, Manzini and Mariotti (2014) suggest
to have the agent redraw the consideration set whenever it turns out empty (see
section 7.3 of their paper). More precisely, let A be any subset of X. Then the
probability that the agent considers x when the choice set is A is the probability
x is in the first consideration set drawn by the agent, plus the probability that the
first consideration set is empty and z is in the second consideration set drawn by the

agent, and so on. Thus, the agent considers x with probability:

UxZ(H(l—O-z)) :1_1—[ Oz

n=0 \z€A z€EA (1 - o'z)

As such, for any set A, the probability that the agent considers x and does not

consider any better alternative is equal to:

Oz HyeA:y>x (1—o0y)

A = T 0=

(1.4.1)
I will say that a random choice rule p is a Random Consideration Set (RCS) rule if
there exists a mapping: o : X — (0, 1] and a binary relation > over X such that:

1. 0, =1 if and only if z = ¢.

2. > is transitive, anti-symmetric and satisfies: x > ¢ for all x # ¢

3. p satisfies equation 1.4.1 for all z and A.
Given the definition of RCS rules, one can easily obtain the following corollary.

Corollary 1.3. A random choice rule p is a Random Consideration Set rule only if

it has a FTC representation.

Proof. Fix any x,y and z such that z,y # ¢, and fix any A such that z ¢ A. Moreover,
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assume without loss of generality that x > y. Then if z > x > y we have:

Py (ZL‘, A) Oz HweA:w>x (1 - 0“’) (1 - OZ) Oy HweA:w>y (1 - O_w)

Py (373 AU {Z}) _ (Uy HweA:w>-y (1 - Uw)) <(1 - Uz) Og HweA:ng (1 - Uw)) 1

if z > z > y then:

Py (SC;AU {Z}> _ (Uy HweA:w>-y (1 _Uw)) Oy HweA:w>x (1 —O’w)
Py (SE; A) Oz HweA:w>x (1 - Uw) (1 - JZ) Oy HwGA:w>y (1 - Uw)
1

1—o0,

and if x >y > z:

py (@ AULY) (ay [Teusy (1= 0w) ) - <ay [Tueanmsy (1= m)

py ($’ A) Oz HweA:w>x <1 - O‘w) Oz HweA:w>Jz (1 - Uw)

hence, Random Consideration Set rules satisfy ISA, and therefore admit to a FTC

representation. OJ

1.4.2 Random Utility Maximization

Perhaps the most well known and most widely used random choice rules are the
random utility maximization (RUM) procedures. In this subsection we briefly discuss
the connection RUM and the FTC procedure.

A random utility maximizing agent chooses the option with the highest utility, very
much like in the standard model of utility maximization. However, unlike in (deter-
ministic) utility maximization, the utility function of the random utility maximizing
agent is stochastic. More specifically, the utility of each alternative is drawn from
some fixed distribution before the agent gets to know the composition of the choice
set. The choice set is then observed by the agent, who chooses the option with the

highest realized utility value. Formally, a random choice rule p is a RUM rule if there
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exists some probability space (€2, F, 1) and a measurable function: U : X x 2 — R
such that:

p(z;A) = p{w: U, (z) = Us (y) Vy € A}

A famous example of a RUM model is the multinomial logit model. The multi-
nomial logit model is equivalent to the Luce rule discussed in subsection (see 1.1 for
more about the exact connection between the two models). As such, the multinomial
logit model serves as an example of a random choice rule that is both a RUM model
and a FTC rule.

While the multinomial logit serves as an example of both the RUM model and the
FTC procedure, not every FTC rule is also a RUM model. This is because every RUM
model must satisfy a condition known as regularity (Tversky and Simonson (1993)).
A random choice rule p is regular if the choice probability of existing options in the
choice set are monotonically decreasing with the addition of new alternatives. As
demonstrated in subsections 1.2.2, FTC rules often violate this condition. Therefore,
there are FTC rules that cannot be recast as RUM models.

The opposite is also true: There are RUM models that do not have a FTC repre-
sentation. One such example is the Weighted Attribute Rule studied by Gul, Natenzon
and Pesendorfer (2014). In their paper, Gul, Natenzon and Pesendorfer (2014) show,
among other things, that the weighted attribute rule can be represented as a RUM
model. Below is a specific example of a weighted attribute rule that does not have a

FTC representation.

Example 1.4. Consider an agent that needs to choose a means of commuting. Let
X = {by, by, b3, t}, where b; represent buses of different colors while ¢ represents a train.
We assume that the agent is indifferent to the bus’s color, and therefore p (b;; A) =
p (bj; A) whenever {b;,b;} C A. Moreover, the agent is generally indifferent between

going on a bus or a train, and therefore p (t; A) = % whenever ¢ € A and {t} # A.
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This RCR does not have a FTC representation since it does not satisfy ISA:

pr (b1 {b1, b3, t})
pe (br; {b1,t})

_ P (b1;{b1, ba, b3,1})

1
g Pt (bl7 {bla b2> t})

1
:5%

However, this example is a weighted attribute rule in the sense of Gul, Natenzon and
Pesendorfer (2014). The weighted attribute representation is achieved by setting the
attributes to S = {by,by,b3} (bus) and 7 = {t} and uniform attribute values and

intensities, i.e. w () = w (7), and the ngz (b;) =1 for all i and n, (t) = 1.

Thus, while the FTC and RUM procedures may coincide, neither procedure is
more general than the other, as there are behaviors that may be exhibited by an
agent following the FTC procedure that may not be exhibited by an agent using

RUM and vice versa.

1.4.3 Binary Advantage Rules

Marley (1991) studied a class of random choice rules called binary advantage mod-
els. In these models, choice probabilities depend on a measure of binary advantage.
Formally, the binary advantage measure is a function 3 (x,y) that maps each pair of
distinct alternatives to a positive number representing how attractive x is compared
to y. In addition to (3, the binary advantage rule depends on an aggregation func-
tion, 6 (A), which maps each non-empty choice set A to a strictly positive number.

Together, (5, 60) are a binary advantage representation of p if:

f(A
HyeA\{g;} B(z,y) “w

Seen (e 80)"™)

p(r;A) =

It is easy to see that every FTC rule has a binary advantage representation with
B =mand 0(A) = 1 for all A. Therefore, the FTC rule is a specialization of the

binary advantage rules developed by Marley. However, unlike binary advantage rules,
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the FTC procedure is connected to a precise cognitive procedure. Hence, the FTC
procedure can be seen as a cognitive foundation for a special class of binary advantage

rules.

1.5 Concluding Remarks

1.5.1 FTC as revealing a fuzzy preference

There is a large literature that attempts to model preferences as fuzzy relations. A
fuzzy relation is a mapping R : X x X — [0, 1], where R (z,y) represent the degree
to which x relates to y. Hence, a standard relation can be seen as a fuzzy relation in
which R (z,y) is equal either to 0 or to 1 for all z,y. The advantage of fuzzy relations
is that they incorporate vagueness and conflicting feelings into the agent’s preferences.
Allowing preferences to be vague has proven especially useful in the context of social
choice (see Barrett and Salles (2011) for a review of fuzzy preferences and of the usage
of the concept in social choice).

The FTC procedure can be seen as one way in which fuzzy preferences can be
translated into choice. Indeed, it is unclear how an agent is supposed to choose when
her underlying preferences are fuzzy. The FTC procedure provides one way of doing
so: simply use R as the FTC representation. Thus, one can use the FTC procedure

as a way of applying, and also revealing, a fuzzy preference relation.

1.5.2 The duplicates problem, FTC and the over-choice effect

In his critique of Luce (1959)’s classic RCR, Debreu (1960) brought attention to the
question of how a random choice rule should treat duplicates. It is often argued that
the choice probability of an option should not depend on the number of duplicates
available of the other alternatives. To illustrate, consider the random choice rule

presented in example 1.4. In this example, the probability that the agent chooses to
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travel by train rather than by bus is always one half, no matter how many different
colored buses are available in the choice set. Hence, the RCR presented in example
1.4 accommodates duplicates in a way that is consistent with the traditional view in
the literature.

However, there is a tension between the way agents should treat duplicates and the
way that participants treat duplicates in over-choice experiments. This is because the
over-choice effect is, in fact, an increase in the choice probability of a distinct option,
the default, resulting from an increase in the number of duplicates of an alternative
(jams, chocolates, pens, etc). In other words, duplicates mattering is one of the main
findings of over-choice experiments. This suggests that it would be difficult to come
up with a model that both generates the over-choice effect and responds to Debreu
(1960)’s critique.

Indeed, the over-choice effect is exactly the reason why FTC rules cannot possibly
represent a random choice rule as in example 1.4. To see this, let p be a FTC rule,
and assume that B, = {b1,ba,...,b,} is a set of duplicates (different colored buses)

in the sense that they satisfy the following for every ¢ and j:
1. p(bi; A) = p(b;; A) whenever A contains both b; and b;.
2. p(z; AU{b;}) = p(2; AU{b;}) for every z € A, where AN {b;,b;} = @.

Assume, further, that: p (¢;{t,b;}) = p (¢; {¢, b;,b;}) holds for all ¢ and j where option
t (a train), is not in B,,. Then one can apply exactly the same proof as in part 1 of

proposition 1.3 to obtain that:
lim p(t; B, U{t}) =1
n—oo

which cannot hold under Debreu (1960)’s approach to duplicates. Thus, the FTC
procedure stresses the tension between the rational treatment of duplicates and the

over-choice effect.
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1.5.3 Estimation

Random choice rules are often used in empirical applications. This is because con-
ducting empirical analysis requires having a flexible model that can account for the
variance seen in the data. Since the variance inherent in most data sets is very high,
it is hopeless to try to match it with a deterministic model. As such, it is helpful
to add a stochastic element to the model, thereby leading empiricists to use random
choice rules.

The FTC procedure should lend itself to easy estimation because of its simplicity.

2 — n — 1 parameters, where n

In its most general form, the procedure contains n
is the number of elements in X. Adding more structure can reduce the number of
parameters even further. Reducing the number of parameters can then allow one to
use the model even when the set of all possible alternatives is infinite, such as when
X =R~

A model that can be rephrased as a specific parametrization of the FTC procedure
has already been estimated by Kivetz, Netzer and Srinivasan (2004) from experimen-
tal data. Participants in their experiments were faced with alternatives which can be

seen as being elements in a subset X of R¥. Kivetz, Netzer and Srinivasan (2004)

tried to fit various random choice rules, among them was the following model:

exp 4 bV (x R (z;
) POV (@) + 04X eano B (wi9)} s
ZzeA exXp {bv (Z> + q ZyEA\{z} R (Z7 y)}

where b and ¢ are two positive real numbers, and V' : X - R, and R: X x X — R,
are real valued functions specified as V (z) = Zlev (xy) for some bounded real

function v : R, — R, and:

Zl:v(zl)>v(yl) (U (.Tl) —v <y1>>
S v (@) = 0 ()] + gyt A (v (20) = v (30))”

R(z;y) =
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where )\; and 1); are both strictly bigger than 0. Kivetz, Netzer and Srinivasan (2004)
refer to random choice rules satisfying equation 1.5.1 as relative advantage models.
The relative advantage model estimated by Kivetz, Netzer and Srinivasan (2004)

can be readily transformed into a FTC rule as long as:

sup {qR (z;y) — bV (y) [z # y} < o0 (1.5.2)

To see this, suppose that the above condition holds. Set:

B (x,y) = exp{qR (z;y) — bV (y)}

for every = # y. Taking 6 (A) = 1 for all A, one readily obtains that every relative
advantage model can be represented as a Binary Advantage rule (see section 1.4.3)
using the pair (4,6). When equation 1.5.2 holds, one can go further to obtain a FTC

representation by using the following formula:

_ B (z,y)
m(@.y) = sup {3 (z,y) : & # y}

(1.5.3)

for all x # y.

The study by Kivetz, Netzer and Srinivasan (2004) suggests that estimating spe-
cific parametrization of the FTC procedure is possible when using experimental data.
The use of experimental data, however, allows Kivetz, Netzer and Srinivasan (2004)
to avoid dealing with complicated issues that arise in other economic situations such
as endogeneity. It would be interesting to explore whether one can estimate the FTC

algorithm in such settings as well.
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1.6 Proofs for Chapter 1

1.6.1 Proposition 1.1

Assume first that p has a FTC representation 7. Then:

py(x,A) (HzeAu{y}W(xaz)/HzeAu{x}W(y,Z)

py (@, B) - <Hz€BU{y}7T (xvz)/HzeBU{x} n (y7z)>
[Leas™ (@, 2) [Lepam(y,2) _ py(x, A\ B)
(

HZEB\A @ (JI, Z) HzeA\B ™ (y7 Z) B Py \ T, B \ A)
hence, p satisfies ISA. Suppose now p satisfies ISA. We will now construct a FTC
representation for p. Choose two distinct elements: z*, y* € X and define the function

b:X x X — R, as following:

Py* (m;{x,y*,x*})
6 (.fE, y) _ Py* (z{z,y*})

Pz* (CE;{I,CC*,y}) 3 *
ety LYFT

ify=2xa*

In addition, define the function a: X — R, as:

= P+ (CL’; {x,x*})
B (x,z*)

a(z)

It is easy to verify that a and f satisfy the following properties: (1) (z*,z) = 1 for
all z; (2)5 (z,z) = lfor all z; (3) B (y*,2*) =1; and (4) a(2*) = 1.

Lemma 1.1. For every distinct x,y, z:

py (T {x,y,2}) B, 2)

py (T {z,y})  B(y,2)
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Proof. Suppose that z* ¢ {z,y, z}. By ISA:

py(wi{e,y, z}) py(wi{z,y, 2, 27})
py (z;{z,y}) py (3 {z,y,2*})
Py (ZL‘*; {IC, Y, <, LL'*}) Pz (l‘; {:L‘, Y, z, $*})
py (@5 {z,y, 7)) por (x5 {2, y,2%})
Py (x*;{%z’x*}) P (J}; {ZE,Z,J]*}) 6(I72)

py (@5 4y, }) - pae (i {w,2*}) By, 2)

Assume then that y = 2*. Then:

Py (ZL’; {:L‘,y, z}) _ P (JZ; {IL‘,CL’*,Z}) o B(x,z) _ ﬂ(x,z)

py (73 {2, y}) o (25 {w, 27})

where the last equality follows from g (z*,z) = 1. If x = z* then:

py (l‘; {ZL‘,y, Z}) _ py ($*;{l‘*,y,2}) _ P (y; {$*ay}) _ 1 _ p(l‘*,z)

py (73 {7, y}) py (@ {z*y})  pe (s {ony,2))  p(y,2)  p(y,2)

as required. Suppose finally that z = z*. Then by ISA:

py @iz y 27y)  _ py(@i{r g, 2 y'))
py (z;{7,y}) py (T3 {z,y,y*})

py (Y {z,y, 2%,y }) py (23 {z, 9,27, y"})
py (Vi {z,y, 97} pye ({7, y,9})

py (W {y, 2" y"}) pye (s {z, 2",y })
py (Y5 {y, v h)  py (s {x,y*})

B (z,z%)

B (y,x*)

as required. 0

Lemma 1.2. For every x € AU {z*}:

por (1 A) =a(z) [ Blay)
yeAU{z*}

Proof. The case of A = @ is obvious, while the case of A = {z,2*} follows di-
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rectly from definition of a and 8. Rest of the proof is by induction. Suppose the

lemma is true for all A with |A] < k. Let B be such that |[B| = k+ 1. By

ISA: pz-f ’(‘x(;\?;}) = pzi(a{fxxx%) = [ (x,y) for every distinct z,y € B. Therefore

po (x; B) = B(2,y) per (z; B\ {y}). The conclusion follows from the induction as-

sumption. ]

Lemma 1.3. For every A and x,y € X:

. _ Oé(&:) HZEAB(SCVZ)
P A) = O TLen B (5, 2)

Proof. Suppose z* € A. Then:

py (z; A) = per (w; AU, y}) _“ (@) [T.ea B (2, 2)

per (y; AU{z, y})  a(y)[LeaB (v, 2)

where the second equality follows from Lemma 1.2. A similar argument can be made

when z* € {x,y}. Suppose then that z* ¢ AU {xz,y}. Then by the above:

=

&
8

N
Q

(z) HzeA B(x,2)

Py(x?AU{x*}) - 5(y,x*)a(y)HZeA6(yaz)

But by ISA and Lemma 1.1:

py(w; AULz"}Y)  py (oi{z,y,2"})  B(z,27)

py (@A) py(z{x,y}) By, a*)

which along with the previous equation concludes the proof of the lemma. O

Lemma 1.4. For every A and x € A:

a (@) [eaB (@, 2)

N S e W e 0,9
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Proof. By Lemma 1.3 we have:

) [LeaB (v, 2)
a(z)[LeaB(z,2)

pe(y; A) =

for all x,y € A. Therefore:

o ) e@ILabE)
p(z;A) = <y€ZA Pz (Y; A)) ZyeA (a (y) HzeA B (y, z))

as required. N

Define 7* (z,y) = % whenever y # z, and 7* (z,z) = f(x,z) = 1 for all x.

Then for every non-empty A C X:

HW*(x,z):&HB(m,z)

2€A HZGA v <2) z€A

therefore by Lemma 1.4:

-1

([Leav(®) v@)ILeaBlz.2) TLeam (2,2)
(HZGA v (Z))_l ZyeA (U (y) HzeA B (y7 Z)) ZyeA (HzeA T <y7 Z))

p(;A) =

to conclude the proof of the proposition, simply set

™ (,y)
max,, , 7 (w, z)

T (z,y) =

whenever x # y and have 7 (z,x) = 1 otherwise.
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1.6.2 Proof of Proposition 1.2

Suppose 7 and 7 be two FTC representations of the same random choice rule p.

Note first that for every x # y:

m (z,y)
T (z,y) + 7 (y,z)

7 (z,y)
7 (z,y) + 7 (y,x

) =p(z;{z,y}) =

therefore 3o, > 0 such that 7 (z,y) = a7 (z,y). Moreover: «a,, = a,,. Note

that for every z ¢ {z,y}:

m(v,y)  po(vi{zr,y,2}) 7w (2,y)

T(zy)  pe({ ) 7 (2y)

7 (2.) _ 7 (2,y)
7(2,y) 7(z,y)

which implies: «,, = = Qpy = Qy,. Therefore for every distinct
T,Y, 2, Ww:

Qg oy = Qg z = Oz g = Oy

implying that 3o > 0 such that 7 (z,y) = an (z,y). a < [maxyux® (a:,y)rl

follows from 7 < 1 for all z,y. Sufficiency is obvious.

1.6.3 Proof of Proposition 1.3

Lemma 1.5. For every x,, and y ¢ {z,x,}: (r(x,y) = 7 (x,,y); (2) 7 (y,z) =
(Y, xn).

Proof. Since x and x,, are indistinguishable we have for every y ¢ {z,z,}:

T (z,2y) _ Py (z;{z, 70, y}) _ Py (i {2, 20, y}) _T (T, )
T (Y, Tn) py (z;{z,y}) Py (Tn; {ZTn, y}) ™ (y, )

but p(z;{z,z,}) = p(zn;{z,2,}) = 5 implies 7 (z,z,) = 7 (2,,z). Therefore
T (Y, xn) =7 (y,x). p(y:{z,y}) = p(y,{xn, y}) then implies 7 (z,y) = 7 (zn,y). [

Lemma 1.6. For every x,: w (¢, x,) > 7 (x,x,).
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Proof. Note that:

R T (e
W(¢,$)_p¢( ’{ 7¢})>p¢( 7{ ) n7¢}) 7T(¢,$)7T(¢,fl’)n)
therefore 7 (¢, z,,) > 7 (x, z,,). O

To prove the proposition, note that by lemma 6:

[7 (¢, 2)]"
T (¢,2)" +n (m (2, 0) [ (z,21)]" ")
1

n—1
(@) \ ( m(z.x1)
14mn <w<¢,x>> <w(¢,z1>>

By lemma 7: 7 (2, 21) /7 (¢, 1) < 1 and therefore n (7 (z, 1) /7 (¢, 21))" " — 0. The

p(¢a {¢,$1,...,l’n}) =

conclusion that p (¢; {¢, z1,...,2,}) — 0 follows.

1.6.4 Proof of Proposition 1.6

Let v be an acyclic RSM with corresponding relations P, and P». Since P; is acyclic,
there exists a complete and transitive relation = such that: x Py implies z > y. Let

p" be the FTC rule with the following representation:
o (2,y) = exp —n (0" Lypia) + Lya)

where 1p; is the indicator function. Suppose v (A) = x. Then for every y € A for

which there is a z € A such that zPy:

[Leam (y,2)
HZEA Tn (I7 Z)

o (y; A) = < exp-—n(n" —|X|) =0
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as n — 0o. Let y € M (A|P,) \ «. Note that v (A) = x implies x Pyy. Hence: z > y.

Therefore:

[Leamn (v:2)

Py (y; A) = Lo (,2)

=exp—n(1+[{zly Z z > =}|)

But by transitivity of 2=: {z|y 7= z = 2} = @. Therefore, lim, ., p¥ (y; A) = 0.

Together, these imply that:

1

— =1+ " y; A) = 1
pr (a; A) 2, A

yeA\z

as n — o0o. Thus, p" (z; A) — 1 as required.

1.6.5 Proof of Proposition 1.7

Lemma 1.7. v is a CCM choice function if and only if there exists a function R :

X x X — R such that:
7(4) = argmax ¢ > R(z,y)
yeA\{z}

Proof. Clearly if R exists then v is a CCM choice function. Suppose v is a CCM

choice function. Set:

R(z,y) =v(z,y) —u(y)

then note that for every A and z,y € A:

Z R(z,2z) > Z Ry, z)

zeA\{z} zeA\{y}
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is equivalent to:

Yo w2 —u)z Y (Wlyz) -ul2)

z€A\{x} z€A\{y}
or:
Soov@a) | —u) = | DY v.e) | —u(x)
z€A\{z} zeA\{y}
implying the lemma. O]

We now turn to proving the proposition. Suppose that v is a CCM. Define the

following sequence of FTC representations:

Tn (.T, y) = enR(x,y)

then for every A:

A A ezyGA\z R(ﬁ,y) "
Pn (7( ) ) ) = z oA eZyEA\Z R(z,y) — 1

as required.

1.6.6 Proof of Proposition 1.8

We first prove the following lemma.

Lemma 1.8. A random choice rule is FTC if and only if there exists a function
p: X xX = Ry and a collection of functions (q.),cx, ¢= : (X \ {z})? = R, such

that:

py(x;A) =p(x,y) [ (=) (1.6.1)

zeA\zy
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Proof. Let p be a FTC rule. Set:

(z,y)
P\, y) =
= )
for all x and y and:
7 (z, 2)
Q\r,Y) =
= )

Then p clearly satisfies the conditions of the lemma. Suppose now p satisfies equation

1.6.1 for some z. Note that for every A and B:

M _ HZGA\xy g (z,9y)

py(r,B) HzeB\zy - (z,9)
[Leaugey 4 (2. 9) _ py(x, A\ B)
HzEB\(AU{:cy}) g (x,y) py (x, B\ A)

applying Proposition 1.1 then concludes the proof. O

We now turn to proving Proposition 1.8. Proof by contradiction. Thus, suppose
~ can be approximated by FTC but does not satisfy Condition 1. Then there exists
A, B z, y, and z such that: y # z, v(A) = z, y(AU{z}) =y ,7(B) = y and
v(BU{z}) = z. Let (pu),>, be the sequence approximating . Let (ps,¢s) be the

sequence of FTC representations from lemma 1.8. Then 7 (A) = x implies:

pen W A) =0 () [ twn (v, 2) =0

weA\zy

and:

Py.n (x; A) = DPn (II?, y) H Qu,n <x7y) — 0
weA\zy

while v (AU {z}) = y implies:

pen (1 AULZY) =0 (,2) | ] twn 0:2) | @on (v, 2) = 0
weA\zy
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and:

pyn (@ AULY) =pn (2. 9) | [] wn (2.9) | gon (2,9) = 0

weA\zy
hence: ¢., (y,x) — oo while ¢.,, (x,y) — 0. A similar argument then establishes
that v (B) = y and v (B U {z}) = « implies ¢, , (y,x) — 0 while ¢, , (z,y) — o0, a

contradiction.

41



Chapter 2

Bargaining with Rational Inattention

Consider a seller who is making repeated offers to a buyer in an attempt to sell an
indivisible good. It is well known that if the buyer perfectly observes the good’s price
and quality the unique equilibrium involves immediate agreement with the seller
obtaining all of the gains from trade. This stark outcome stands in contrast with
our day to day experience. In most transactions, the buyer is much more likely to
be satisfied or disappointed with her purchase than indifferent about it. Similarly,
merchants rarely manage to instantly sell their merchandise to every potential buyer
that comes their way. This gap between the full information model and reality has
been the subject of much of the bargaining literature.

My main contribution in this chapter is to incorporate limited attention into
non-cooperative bargaining. Many studies show that the way people allocate their
attention can have a substantial economic impact. For instance, a study conducted
by Chetty et al. (2009) found that shoppers often overpay for products because they
fail to pay attention to sales tax. In the used cars market, Lacetera et al. (2012)
showed that buyers only pay attention to the left-most digit of the odometer. The
goal of this chapter is to evaluate the effects of partial inattention on the outcomes

one-on-one buyer-seller interactions.
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I do so by substituting the fully informed buyer with one who is rationally inat-
tentive (Sims, 2003). Such a buyer needs to pay attention to information in order
to take advantage of it. Paying attention to more information results in better deci-
sion making, but also involves more effort, which is costly. Being rational, the buyer
achieves the optimal balance, paying attention only to those pieces of information
that are worth the effort.

The rational inattention model serves as a natural way of extending utility maxi-
mization to include costly attention. The flexibility of the model, its focus on informa-
tion, and its emphasis on optimality make rational inattention especially suitable for
this purpose. Indeed, rational inattention abstracts from the specific process behind
attention just as utility maximization abstracts away from the agent’s optimization
procedure. Thus, we use the rational inattention model as a device for studying how
incentives shape the bargaining outcomes of a partially inattentive agent.

In my model, the rationally inattentive buyer bargains with a fully rational seller
over a good of random quality. The quality of the good, v, is observable to the seller
and is drawn once and for all at the beginning of game. Each period, the seller makes
an offer. The buyer then chooses which discrete signal structure to use; that is, how
much attention to pay to v, the seller’s past offers and the current proposal. The
signal structure, the buyer’s prior, and the seller’s possibly random offer together
determine the buyer’s attention cost. Once the buyer chooses her signal structure for
the period, nature draws a signal conditional on the seller’s current proposal, past
offers, and the good’s quality. Upon observing the signal, the buyer updates her prior
and chooses whether to accept or reject. If she accepts, trade occurs and the game
ends. Otherwise, the game proceeds to the next period.

I focus my analysis on equilibria that satisfy three conditions. The first condition
is that the buyer is attentive. That is, there are no periods in which the buyer auto-

matically rejects every offer regardless of the history. The second condition disciplines
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the buyer’s response to off-equilibrium offers. Specifically, for each off-equilibrium of-
fer, I require the buyer’s strategy to be a limit of best responses to some sequence
of perturbations that put positive probability on that offer. This condition is in the
spirit of the perfect equilibrium of Selten (1975), and is needed to avoid non-credible
attention threats. I motivate and explain these conditions in section 2.2. Theorem
2.1 shows that the set of equilibria that satisfies these conditions in the finite horizon
version of the game is non-empty. In the infinite horizon version, I focus on equilibria
to that also arise as limits of finite horizon equilibria. I prove that such a limit exists,
and is indeed an equilibrium of the infinite horizon game in Theorem 2.2.

I show that the equilibrium exhibits rip-offs at the bottom and bargains at the top
(Proposition 2.2). More precisely, the buyer overpays for the good when its quality
is low and underpays when its quality is high. These rip-offs and bargains are the
outcomes of a monotonicity condition that holds in all equilibria. Specifically, both the
seller’s offers and the buyer’s net benefit from accepting such offers are increasing with
the good’s quality. Intuitively this property comes from the equilibrium exhibiting
partial pooling. In a full pooling equilibruim, the seller’s price would have been equal
to the good’s expected value for the buyer. As such, there would be rip-offs at the
bottom, bargains at the top, and the buyer’s net benefit from accepting would increase
with the good’s quality. When there is no pooling, the price of the good always equals
to its quality. Therefore, prices would be increasing with quality, but the buyer’s net
benefit would always be zero. The equilibrium with a rationally inattentive buyer lies
between the full and the no pooling extremes.

My first major result establishes that in an environment with frequent offers,
the buyer obtains a significant portion of the surplus even when attention costs are
negligible. More precisely, let v be the realized quality of the good, and take v; to be
the lowest possible quality the good can attain. When offers are frequent, Theorem

2.4 in section 2.5 establishes that as the cost of attention go to zero, trade is efficient
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and the buyer’s expected surplus, F [U,], becomes

EU)] =5 (E[v] —u)

N | —

The intuition for Theorem 2.4 comes from the long run dynamics of rip-offs and
bargains. Being partially attentive, the likelihood that the buyer accepts good offers
is higher relative to the likelihood she accepted bad offers. Since the worse offers are
made when the seller has a low quality product, the buyer’s belief that the seller has
a bad product increases over time. Consequently, the passage of time makes it harder
for the seller to rip-off the buyer when he has a low quality product. Similarly, in
later periods a seller of a high quality product must offer the buyer a low price to
account for the buyer’s worse belief over the good’s quality. In the long run, this
dynamic results in substantial bargains at the top, while the rip-offs at the bottom
disappear completely. Theorem 2.4 shows that taking the cost of attention to zero
in an environment with frequent offers results in the parties immediately jumping to
the long run state. As a result, the buyer retains a significant portion of the surplus
even when the cost of attention is negligible.

My second major result is that with significant attention costs there is delay in
agreement even when offers are frequent (Proposition 2.3). Delay emerges due to the
seller’s equilibrium optimization problem. In the one-shot game, this problem is sim-
ilar to that of a monopolist facing a logit demand function (see Matéjka and McKay,
2012). As such, the seller’s offer will be the one that equates his marginal revenue to
his marginal cost. The seller’s dynamic problem has a similar structure, but with the
seller’s marginal cost being the opportunity cost of forgoing next period’s profits. It
turns out that these future profits in equilibrium do not depend on the seller’s current
offer. Because of this, future profits enter the seller’s current objective function as a

fixed cost. When offers are frequent, future profits loom larger, motivating the seller
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to increase his offer. However, in equilibrium, offers cannot be too high, or else the
buyer will not pay attention. Therefore, the seller’s marginal revenue must decrease.
The buyer’s costly attention, though, limits the change in the buyer’s demand with
respect to higher offers. As a result, the only way to lower the seller’s marginal rev-
enue is by decreasing the level of demand; that is, the probability of agreement. The
result is delay that persists even when offers are made arbitrarily frequently.

I conclude by exploring the effects of uncertain quality on bargaining outcomes. I
show that revealing the quality of the good to the buyer results in a unique equilibrium
(Proposition 2.4). This equilibrium preserves the delay that arises in the baseline
model, but leads to effortless attention on the equilibrium path and to the buyer
getting zero surplus. The reason the buyer’s attention is effortless is because the seller
uses a deterministic strategy. Since in equilibrium the buyer knows both the seller’s
strategy and v, the buyer’s knowledge includes all there is to know about the seller’s
offers. As such, the buyer’s signals carry no information in equilibrium, resulting in
zero attention costs. However, the fact that attention is effortless on the equilibrium
path does not mean that the buyer perfectly observes the seller’s offers. In particular,
my equilibrium refinement requires the buyer to take into account the marginal cost of
noticing any offer, including zero probability ones. As such, the buyer only partially
adjusts the probability of agreement in reaction to zero probability offers.

Proposition 2.5 asserts that revealing the quality of the product to the buyer
reduces both overall efficiency and the buyer’s surplus. From the buyer’s perspective,
being ignorant of v results in a variation in the value of the seller’s offers, which
generates positive attention costs. Since attention costs are strictly convex and the
buyer is attentive, she earns a strictly positive surplus. As for overall efficiency,
keeping the buyer ignorant of v reduces delay, but creates positive attention costs.
Still, Proposition 2.5 shows that the reduction in delay more than compensates for the

increase in the cost of attention. Hence, my analysis suggests that more information
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can be harmful in the presence of costly attention.

Related Literature

The current chapter sits in the intersection of rational inattention and bargaining. The
rational inattention literature finds its origins in Sims (1998). A large portion of this
literature is based on the linear-quadratic framework (e.g. Sims (2003), Mackowiak
and Wiederholt (2009), Van Nieuwerburgh and Veldkamp (2010) and Dessein et al.
(2013)). In these models, the rational inattentive agent optimizes over a continuous
variable, has a quadratic objective function and the exogenous uncertainty is normally
distributed. Under these assumptions, it is optimal for the agent to use a normally
distributed signal structure. My model differs from this literature in that the buyer
chooses a discrete action. Moreover, my buyer needs to pay attention to the seller’s
offers which are determined in equilibrium and therefore are not normally distributed.

A strand of the rational inattention literature that is more relevant to my analysis
is one that deals with agents whose action is discrete. One example is Woodford
(2009) who studies a rationally inattentive firm that chooses when to review its current
pricing strategy. Using a similar framework, Yang (2014) studies coordination games
with rationally inattentive players in a global games setup. Dasgupta and Mondria
(2014) apply the discrete action framework to analyze the decisions of importers. In
the context of individual behavior, the studies of Caplin and Dean (2013), Mat&jka
and McKay (2013), Oliveira et al. (2013) and Woodford (2014) analyze the observable
implications of rational inattention on choice among discrete alternatives.

As explained earlier, my main contribution is to consider a seller who is making
repeated offers to a rationally inattentive buyer. Yang (2013), Matéjka and McKay
(2012) and Martin (2012) also consider one or more rational sellers making offers to
one or more rationally inattentive buyers. However, unlike my model, the aforemen-

tioned papers study models in which the seller is making a single, take-it or leave-it,
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offer. Thus, theirs are static models.

A dynamic model is essential for my analysis. Without repeated offers, it would
be impossible to study inefficiencies that arise due to bargaining frictions, such as
delay. Moreover, the possibility of repeated offers is crucial for the buyer to obtain
a positive surplus when attention costs are negligible. To put it differently, one can
show that in the one period version of my model all of the surplus goes to the seller
as the cost of attention goes to zero. Hence, my model suggests that dynamics play
an important role in understanding the effect of rational inattention on bargaining.

In addition to being dynamic, my model differs from the models of Yang (2013),
Matéjka and McKay (2012) and Martin (2012) in other respects. While I focus on
bargaining, Matéjka and McKay (2012) focus on competition between multiple sellers.
In their model, each seller attempts to sell their good to a rationally inattentive buyer
with a unit demand by making simultaneous take-it or leave-it offers. The quality
of each seller’s good is random and known to all sellers. Similar to my model, the
buyer needs to simultaneously pay attention to each good’s price and quality. The
authors calculate an equilibrium and conduct comparative statics. Thus, while I
focus on a single seller who is making repeated offers, Maté&jka and McKay (2012)
study multiple sellers, each making a single offer. In other words, mine is a model of
dynamic bargaining while theirs is a model of static competition.

Martin (2012) studies a one-shot model in which a seller attempts to sell a single
good of random quality to a rationally inattentive buyer. The quality of the good is
either low or high, and the seller is restricted to one of two possible prices. My model,
therefore, differs from that of Martin (2012) in that I allow for repeated interactions,
a continuous range of offers and a more general distribution of qualities. Another
difference is that in Martin (2012) the buyer gets to observe the seller’s offer perfectly
at zero cost, and only needs to pay attention to the good’s quality. Letting the buyer

observe the good’s price before choosing her attention strategy results in multiple
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equilibria due to the buyer’s ability to threaten with beliefs. I avoid some of this
multiplicity thanks to my refinement and my assumption that the buyer also needs
to pay attention to the seller’s offer.

Yang (2013) considers a slightly different set-up to study security design. In his
model, the seller makes a take it or leave it offer in the form of an asset based security.
Both the seller and the buyer are uninformed about the asset’s future dividends when
the offer is made. The buyer gets to observe the seller’s offer, and may use her
attention to learn about the asset’s future dividends. Yang (2013) shows that the
seller will offer the buyer a debt contract to minimize attention costs. My model
differs from that of Yang (2013) not just by the virtue of being dynamic but also
in that I abstract from the structure of the seller’s offer. In my model, the seller’s
offers are one dimensional. However, this is without loss of generality as long as the
player’s utility is linear in money. Moreover, unlike in Yang (2013), my seller has
private information about the value of the good. Finally, I assume that the buyer
needs to pay attention also to the content of the seller’s offer, while in Yang (2013) the
buyer gets to observe that content for free. Thus, while I wish to study the outcomes
of bargaining, Yang (2013) is concerned with the structure of securities.

In the bargaining literature, the natural starting point are models that use the
one-sided repeated offers bargaining protocol. Most of the papers using this protocol
considered bargaining with one-sided incomplete information in a private values set
up (e.g. Fudenberg et al. (1985), Gul et al. (1986), Ausubel and Deneckere (1989)).
Unlike the model studied in this chapter, such models involve an informed buyer and
an uninformed seller. A classic result in this literature is the Coase conjecture. This
result states that there is no delay when offers are frequent and the gains from trade
are positive with probability 1. My model differs from this literature in that I assume
that it is the seller, not the buyer, that has private information. Moreover, my model

exhibits delay even when offers are frequent and gains from trade are known to be
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strictly positive.

A model more closely related to mine is the one due to Deneckere and Liang
(2006). They consider an uninformed buyer making repeated offers to an informed
seller. However, the information available to the seller is also relevant for the buyer.
Thus, their model is one of interdependent values. Deneckere and Liang (2006) show
that under certain conditions, the equilibrium involves bursts of trade followed by
periods of delay. In my model, trade occurs continuously rather than in bursts, and
it is the informed party that makes the offers. Moreover, I assume that the buyer is
rationally inattentive and that values are private.

Several studies looked at one-sided repeated offers bargaining models in which
both parties have private information about the gains from trade (Cramton, 1984;
Cho, 1990). When offers are frequent, such models often result in no trade or a large
multiplicity of equilibria with various predictions (Ausubel and Deneckere, 1992).
A similar multiplicity was first pointed out by Rubinstein (1985) who studied an
alternative offers model in which the discount rate of one of the players was private
information. He showed that one can support a large set of equilibrium outcomes by
constructing belief-based threats off the equilibrium path.

Another model in which the informed party gets to make offers is the one due
to Gul and Sonnenschein (1988). Theirs is an alternating offers bargaining model
between a buyer and a seller who is uncertain about the buyer’s valuation of the
good. They show that taking the time between offers to zero results in immediate
trade in all equilibria satisfying their refinement. As in Gul and Sonnenschein (1988),
my refinement does not identify a unique equilibrium. However, my model generates
delay and a potentially negative ex-post surplus to the buyer, outcomes that cannot
arise in the analysis of Gul and Sonnenschein (1988).

My work also relates to Abreu and Gul (2000). They study a bargaining model

with general two sided offers in which each player is uncertain about the rationality

50



of the other. In particular, players may be irrational and insist on receiving a fixed
portion of the surplus. Thus, their model is one of two-sided offers, no uncertainty
about gains from trade, and irrationality. In contrast, mine is a model of one-sided
offers in which one side is uncertain about the gains from trade, the seller is fully

rational and buyer is rationally inattentive.

2.1 The Cost of Attention

I study bargaining between a fully rational seller and a buyer with limited attention.
Each period, the seller makes an offer which the buyer either accepts or rejects; if she
accepts, the game ends, otherwise the period ends and the seller makes a new offer in
the next period. Unlike in standard bargaining models, in my model the buyer makes
her decision to accept or reject with less than perfect information about the seller’s
offers. How much information the buyer has depends on her attentiveness; that is,
on how much effort she devotes to understanding both the value of the object and
the seller’s offers. The buyer knows that attention is costly and therefore, allocates
her attention rationally, which I interpret to mean optimally. The model of rational
inattention that describes my buyer is due to Sims (1998). My contribution is the

application of the model to non-cooperative bargaining.

2.1.1 The Extensive Form

The extensive form game is as follows: before the seller makes his first offer, he
observes the quality of the good, v; a random variable that takes on values according
to the distribution po from a finite set V' = {v;,...,v,}, where v; < v < v, for all
v € V. The seller makes the buyer offers in periods m = 1,... . The number of

periods can be finite or infinite. An offer is a number, z,, € X = [0, z|!, where T > vy,.

'The upper bound, Z, plays no role in the equilibrium strategies, and is needed only to ensure
compactness of the seller’s strategy space.
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I interpret x as a reduced form of the seller’s offers. For example, a payment plan
offered by a car dealer to a potential buyer will be represented by its expected present
value. In other words, x serves as a summary of the monetary value that the offer
transfers from the buyer to the seller.

Each period, the buyer decides whether to accept or reject the current offer. If the
buyer accepts an offer at some period m, she gets the good, pays the seller x,, and
the game ends. Otherwise, the game continues to the next period. If no agreement
is reached, the game ends with no transaction taking place. The seller’s payoff when

the buyer accepts an offer x,,, in period m is:

Uy = e m8m=Ng (2.1.1)

where r > 0 is the (common) discount rate and A is the time difference between
offers. If no transaction takes place, the seller’s payoff is 0, independent of the good’s
quality.

Let h € X™:= X x---x X denote an m-period history of offers and for Y C R",
let A(Y) denote the set of all Borel probability measures on Y. Then, a behavioral
strategy, o, for the seller is a sequence of functions? o, : X™ 1 x V — A(X) for
m = 1,.... Thus, 0,,(h,v) is the random offer that the seller makes after history
h € X™ ! given that the value of the object is v € V.

The buyer is rationally inattentive and as such, neither observes the seller’s offers
nor the quality of the good. Instead, she chooses a period m signal structure, which is
a likelihood function: /,,, : S x X™ xV — [0, 1], where S = {0, 1,2, ...} is the discrete

set of possible signal realizations. The signal structure [,,, satisfies:

(1) > seglm (5, h,v) = 1 for every h,v, and

(2) Ly (s, -, ) is measurable for all s.

2Define X° := {2}.
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The first of these conditions ensures that [, (-, h,v) is a probability distribution
for all h,v; the second is a technical condition necessary for evaluating payoffs.
After the seller chooses x,, and the buyer chooses [,,,, nature draws the signal s with
probability ,, (s, ™, v). The buyer observes only the signal s, not the value of object
v nor the seller’s current or past offers. Based on s the buyer decides whether to
accept or reject the seller’s offer. I assume the seller observes neither [, nor s.

The signal structures represent the buyer’s choice to pay more or less attention
to the good’s quality and the seller’s offers. The flexibility of the signal structure
captures the possibility of focusing on some information that is easy to process but
is only a proxy of v and h. For instance, a buyer of a used car may pay attention
only to the left most digit of the odometer (Lacetera et al., 2012). Similarly, shoppers
may compare prices without checking which prices include sales tax and which do not
(Chetty et al., 2009).

The rational inattention modeling approach makes three implicit assumptions
about the way the buyer allocates her attention. First, it assumes the buyer has a
large collection of easily accessible data at her disposal which is related the good’s
quality and the seller’s offer. Second, her attention is selective in that she picks and
chooses which parts of the data to pay attention to and which to ignore. Third, the
buyer is aware of the stochastic relationship between the data, the good’s quality
and the seller’s offers, and uses this stochastic relationship to optimally allocate her
attention.

The buyer’s payoff depends on when she gets the the good, its value and the cost
of attention that she incurs. More precisely, the buyer’s payoff if she accepts an offer

T, in period m, and uses the signal structures [; in each period j < m is:

Uy =e ™m0 (v —2,) Ze rAUDET (1, 1) (2.1.2)
J=1

where k € (0,v;) is a constant, j,, is the buyer’s belief at the start of period m about
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the value of the object and the seller’s current and past offers. The term k1 is the
flow cost of attention; as I explain in the next subsection, I is the average decrease
in the entropy of the buyer’s beliefs. I interpret I as a measure of the buyer’s level of
attention and hence, k is the constant marginal cost of attention.

An outcome of the game is the period in which agreement is reached, m, the
accepted offer, x,,, the signal structures that the buyer has chosen in each period,
(l1,...,1lyn), and the buyer’s beliefs at the beginning of each period, (i1, ..., im).
The seller’s payoffs are simply his transaction payoffs, while the buyer’s payoff is her
transaction payoffs minus the discounted sum of attention costs in each period. In

the next subsection, I define 1.

2.1.2 Shannon’s measure of mutual information

Shannon (1948) was the first to suggest the use of entropy to measure information.
The idea is to measure the amount of information there is to learn about a random
variable by the entropy of its distribution. Learning the outcome of the variable,
therefore, corresponds to obtaining information equal to its distribution’s entropy.
Shannon (1948) also suggested a way of measuring how much one can learn about
a variable by observing a random signal. His answer was the expected difference
between the entropy of the variable’s unconditional and conditional distributions upon
observing the signal. This quantity is now known as Shannon’s measure of mutual
information (Cover and Thomas, 2006).

Formally, let u € A(Y') be a prior on Y’; that is, p is a Borel probability measure
onY C R*. In period m of my bargaining game, Y is X™ x V. Take [ : SxY — [0, 1]
to be a signal structure where S = {0,1,...}, [ is measurable in its second argument
and [(-,y) is a discrete probability. First, assume p has a finite support {y1,...,yn}

Then, H, the entropy of p is:
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H(p) = = pulys) In p(y:)

i=1

To ensure continuity, I let 0ln0 = 0, bln2 = oo if b > 0, and 0In2 = 0.3 In

ol

information theory, entropy is interpreted as a measure of the information one can
learn about a random variable. Here, I interpret it as the level of exertion needed to
understand or process the information in question. That is, it is the level of attention
that the buyer needs to fully understand the offer and the value of the good.

Let 7 be the prior distribution of the signal:

(s) = [ ts0)dn

Then, given the signal s € S, :={s € S|pu-Il(s) > 0}, the posterior on Y is:
p(E) =

for any Borel set F C Y. Then, Shannon’s measure of mutual information, I(l, u),
is the expected change in entropy between the prior p and the posterior given p and

the signal structure /. Hence,

L(l,pn) = 3 [H () — H(u)] (s) (2.1.3)

SESM

which is the average change in entropy between the prior and the posterior distribution
that results from seeing the signal structure [.

By assuming that the buyer’s information cost is proportional to Shannon’s mea-
sure of mutual information, I am assuming that the buyer already understands the

prior joint distribution of the offers and the value but can pay further attention to

3For analytical convenience, I measure entropy in nats; that is, I am using the natural logarithm
in the formula above rather than to more common log,.
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these variables and understand more. Thus, she incurs attention costs at the margin.
For the general case; that is, if x4 is not discrete, one can define Shannon’s measure

of mutual information as:

(=3 /l(s,y) In (lf(’;;)) du (2.1.4)

SESW

which becomes the same as equation 2.1.3 when p is discrete.

Note that the cost of attention depends on the buyer’s prior. To illustrate, suppose
the buyer only needs to pay attention to the seller’s offers, and that the value of the
good is 2. Let [ be the signal structure that sends 0 if the seller’s first offer is strictly
above 2, and 1 otherwise. If the buyer’s prior about the seller’s first offer is uniform
over [0,2], then [ will send 1 for sure. In this case, [ is completely uninformative
and therefore has a cost of 0. In contrast, I’s cost would have been positive had the
buyer’s prior been a uniform distribution over [1,3]. Hence, the informativeness, and
therefore the attention cost of every signal structure depends on the buyer’s prior
information.

The fact that prior information influences attention costs captures the idea that
one needs to pay less attention to familiar information. For example, it is easier to
understand papers that use more common methodologies than it is to understand
papers that employ innovative techniques. In the model, familiar information is one
that has already been absorbed into the buyer’s prior. Examining a familiar piece
of information is therefore equivalent to acquiring a signal that results in little to
no updating i.e. barely provides the buyer with any new information. Such signals
have very low attention costs, which expresses the ease with which the buyer can pay

attention to familiar information.
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2.1.3 Recommendation Strategies

My first goal is to show that an optimal strategy for the buyer can be found within
a class of simple strategies that I call recommendation strategies. A recommendation
strategy is defined by two properties: there are only two signals; call them 0 and 1,
and the buyer does not randomize; she accepts for sure if and only if she observes
1. Recommendation strategies can be described by a sequence of mappings: [ =
(Bim)ms1> Where B, (2, v) € [0, 1] is the probability that the buyer receives an accept
recommendation. Thus, for every m, /3, is some (measurable) mapping from X™ x V'
into [0, 1].

Equation 2.1.4 of subsection 2.1.2 implies that Shannon’s measure of mutual in-
formation between (3, and the prior distribution, p,, over X x V has the following

convenient form:

= [ - (5

The following proposition ensures that I can focus on recommendation strategies.

Proposition 2.1. For every strategy for the buyer there exists an outcome equivalent

recommendation strateqy B with weakly lower attention costs.

Proof. See section 1.6. [

For the one-period version of my game, Proposition 2.1 is easy to prove. One
can show that I(l,u) > I(I', ) whenever [ is more informative than [ in the sense
of Blackwell (1953) (see Cover and Thomas (2006), for example). Replacing any [
with the resulting distribution over actions induced by the buyer’s strategy creates
a new signal structure that is less informative than [, without changing the terms
or probability of agreement. Since a less informative signal costs less, Proposition 1

follows.
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The argument above is not enough for proving Proposition 1 for multi-period
bargaining games. With multiple periods, information gained in period 1 can be
useful in period 2. If, for some reason, the cost of processing information in period
2 were higher than in period 1, it might make sense to process that information in
period 1 rather than wait until period 2. To prove Proposition 1 for the general case,
I invoke the chain rule for mutual information which states that the expected sum
of information that is gained by observing two signals consecutively is equal to the
amount of information that results from observing both signals simultaneously. To use
this property, I view each signal structure as including two different signals: an action
recommendation and a residual. The chain rule then assures me that processing this
residual simultaneously with any future signal instead of processing it with today’s
recommendation does not increase the total cost of information. Therefore, one can
delay the processing of this residual to the time in which this residual is used.

I appeal to Proposition 2.1, and assume henceforth that the buyer only uses rec-

ommendation strategies*.

2.2 Recommendation Perfect Equilibria

In this section I define, characterize and prove existence of an equilibrium satisfying
a refinement which I call recommendation perfect equilibrium. This refinement’s pur-
pose is to address some of the unique issues that arise when the buyer is rationally
inattentive. Theorem 2.1 establishes that recommendation perfect equilibria exist in
the finite horizon game. Moreover, the theorem shows that in equilibrium players use
simple strategies; i.e. strategies that do not depend on the past. In the infinite hori-
zon game I focus on limits of finite horizon equilibria. Theorem 2.2 establishes that

such a limit exists, is an equilibrium of the infinite horizon game, and involves simple

4In fact, I will treat the buyer as if she is using a pure recommendation strategy. This is without
loss of generality since the buyer’s objective function is concave and the seller does not observe the
buyer’s signal structure.
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strategies. These simple strategies have a useful characterization which I present in

Lemma 2.1.

2.2.1 Attentive Strategies and Credible Best Responses

In this subsection I provide a formal definition of recommendation perfect equilibrium
and state the existence result for my finite horizon game. My refinement is composed
of two parts. First, I assume that the buyer is attentive, meaning that there are no
periods in which the buyer automatically rejects every offer regardless of the history.
Second, I impose a perfection requirement similar to that of Selten (1975). More
precisely, for each off-equilibrium offer, I require the buyer’s strategy to be a limit
of best responses to some sequence of perturbations that put positive probability on
that offer. This condition is needed to avoid non-credible attention threats that may
arise when the buyer is rationally inattentive.

The first issue I address in my refinement is the possibility of the buyer auto-
matically rejecting every offer. To illustrate what I mean by automatic rejections,
take any sequential equilibrium and adjust it in the following way. In period 1 have
the buyer reject every offer, regardless of its content. At the same time, have the
seller’s first offer always be equal to . From period 2 onward, let the players play
according to the original equilibrium as if period 1 never happened. Clearly, this is a
sequential equilibrium. In fact, I can extend this kind of logic to obtain the following

observation®:
Observation There is a sequential equilibrium without trade after any history.

I wish to avoid periods in which the buyer automatically rejects the seller’s offers
regardless of their content. Formally, I say that the buyer’s strategy [ is attentive

if for every period m there exists some price history and some quality of the good,

®One can actually show that for every set of periods A C {1,2,...} there exists an equilibrium
where trade occurs in period m if and only if m € A.
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(™, v), such that S, (z™,v) > 0. Assumptions of similar flavor are often made in
bargaining models. For example, Rubinstein (1985) assumes that the uninformed
player never makes irrelevant offers. Similarly, Gul and Sonnenschein (1988) assume
away the possibility of periods in which all offers rejected for sure and are only made
to allow one party to send a signal to the other.

There are reasons to want to avoid trade break downs based on the buyer being
inattentive. First, the model describes two parties that are engaged in active bar-
gaining. It is unreasonable to assume that one party can completely ignore the other
when the two are directly facing each other. Second, one of my goals is to show that
inattention can lead to delay. Clearly delay can be created by interspersing periods of
trade shut downs resulting from automatic rejections. What is more interesting is to
know whether inattention can cause delay even when the buyer is at least somewhat
attentive to the seller’s offers.

A second and more subtle issue that arises in my model is that a rationally inat-
tentive buyer can make non-credible attention threats. Such threats involve the buyer
committing to pay close attention to off-equilibrium offers. With suitably chosen off-
path beliefs, one can sustain a very large number of sequential equilibria. These
threats are possible because the rational inattention cost function does not depend
on off-path signals.

Non-credible attention threats matter in my model because the buyer is paying at-
tention to another player’s choice variable. In most of the current rational inattention
literature, agents are paying attention only to exogenous or aggregate variables. For
example, in Yang (2013) agents need to pay attention to the fundamental value of an
asset, while in Mackowiak and Wiederholt (2009) producers need to pay attention to
macroeconomic outcomes. Such variables are outside the control of any other agent.

As such, the variable’s equilibrium distribution is not influenced by possible attention
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threats®.

Consider the one-shot version of my model in which the seller makes the buyer a
take-it or leave-it offer. I will show that one can construct an extreme equilibrium in
which the buyer obtains a large surplus. Assume that V' = {2,4}, k = 1 and that both
qualities can occur with strictly positive probability. Suppose further that the seller
offers 2 for sure regardless of the realized quality of the good. Let u be the buyer’s
beliefs given the seller’s strategy, 0. One can show that a necessary and sufficient
condition for 5 to be optimal for the buyer in this setting is to have §(z,v) = 1
p-almost surely”. Therefore, the strategy defined by 3 (z,v) = 1 if x equals to 2 and
0 otherwise is optimal for the buyer. Clearly, it is also optimal for the seller to offer 2
for sure given 5. Thus, (i, 5,0) is a sequential equilibrium. Turns out that by using
a similar construction one can support the seller offering for sure any z in [2,2 + 4],
where 6 > 0 depends on the probability of v = 2.

In the above equilibrium the rejects for sure any offer that is above 2. In this strat-
egy the buyers reacts very differently to zero probability offers compared to positive
probability ones. Such an extreme change in behavior towards zero probability offers
is non-credible. In particular, the buyer never chooses to react in this way towards
offers that are made with strictly positive probability. I formalize this idea in my
definition of a credible best response for the buyer.

Let E,, [Up|ptm, B, 0] be the buyer’s expected utility conditional on arriving to
period m, the buyer’s beliefs over X™ x V' being u,,, and future play being conducted
according to (3, 0). I'll say that the beliefs 1 and strategies (3, o) are consistent if u
is updated according to Bayes rule whenever possible.

The following definition formalizes my requirement that the buyer’s strategy be

6One exception is Mat&jka and McKay (2012), who focus on an equilibrium with particular
assumptions on the buyer’s behavior towards zero probability prices. Their assumptions preclude
the possibility of non-credible attention threats.

"I solve for the buyer’s general optimal strategy in the dynamic game in section 2.8.3. To obtain
that 8 (z,v) = 1 p-almost surely is optimal here one can also use the results of Woodford (2008),
Yang (2014) and Maté&jka and McKay (2013).
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credible. In particular, for every (2™, v) I identify a belief perturbation p* that puts
positive probability on (2™, v). I then use u* to create a sequence of perturbations of
Im- To create this sequence one mixes p* into p,, by putting a diminishing weight on
u*. As written in the definition below, the buyer’s strategy is credible if it is a limit

of best responses to at least on such sequence of perturbations for every (z™,v).

Definition 2.1. For a consistent (u, 5,0), f is a credible best response to o given p

if:
1. B maximizes E, [Up|pm, B, 0] for all m.

2. For every (z™,v) there is a p* € A(X™ x V) with p*(2™,v) > 0 and a
{pr, B e} with p™ = €"u* + (1 — €") i, € } 0 and " — S, such that

B maximizes E,, [Uy|p", 8", o] for all n.

The first part of Definition 1 is standard. This part requires that the buyer’s
strategy maximizes her expected utility after every history. The second part of the
definition rules out non-credible attention threats. Similar to Selten (1975)’s perfect
equilibrium, I require the buyer’s strategy to be robust to mistakes. In my formula-
tion, the buyer is aware of possible mistakes in her beliefs. While I do so for analytical
convenience, the difference between mistakes in beliefs and mistakes in strategies is
insubstantial in my setup. This is because by the time the buyer chooses her period
m signal structure, the seller’s m-th offer has already been determined. Therefore
all that matters for the buyer is her beliefs over that offer, i.e. pu,,. As such, it does
not matter whether we use beliefs that are consistent with perturbed strategies, or
whether we perturb beliefs directly.

To understand how the above definition rules out non-credible attention threats,
consider my previous example. Suppose we perturb the buyer’s belief from the ex-
ample by adding a probability of € that the seller offers 6 whenever the quality of the

good is 4. Let p¢ denote the buyer’s perturbed beliefs. Assume further for concrete-
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ness that the probability of v =4 is % Calculating the buyer’s expected utility from

using 3 given u¢ (see equation 2.1.2 from section 2.1.1) gives®:

E 048, 1] :1—5—%111 (236) —%((1—6)111 (22—_266) +eln <§>)

where 1 — € is the buyer’s expected transaction payoffs, while the remainder is the

buyer’s attention costs.

Compare 3 to the following alternative strategy: (x,v) =1 for all z and v. That
is, the buyer accepts every x offered by any quality with probability 1. The buyer’s
expected transaction payoff under 8 is 1 — 2e. Moreover, since 5 is completely
uninformative, it has an attention cost of 0. Therefore the buyer’s expected utility
from B given pf is:

E [Ubw,,,ue} =1-—2¢

Therefore, 8 is strictly better for the buyer than § if and only if:

T (2 ) e b (222 (222 s (2 s
€ 2—¢ € 2—¢ 2—¢ €

As € goes to zero, an application of L’Hopital’s rule reveals that the left hand side

goes to infinity. Therefore, for all small enough €, the buyer prefers 5 over 5. One
can prove that this kind of logic will extend to all perturbations involving the buyer
offering 6.

I now present the definition of a perfect recommendation equilibrium. This defini-
tion is somewhat different than the more familiar notions of perfect equilibrium due
to Selten (1975) and proper equilibrium due to Myerson (1978). In perfect and proper

equilibria one needs to perturb all information sets simultaneously using a single set of

8In the one shot game p is sufficient for calculating the buyer’s expected utility. This is because
u is a distribution over both V' and the seller’s offer. In the multi-period version I need o to specify
the seller’s future play.
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full support trembles. In my definition, I perturb information sets one at a time and
allow different off-path histories to be evaluated using different trembles. Moreover,
in the definitions of Selten (1975) and Myerson (1978) one introduces perturbation to
both players. In my formulation, I introduce the perturbations only on buyer’s side,

since only she can make attention threats.
Definition 2.2. A consistent (i, 5,0) is a perfect recommendation equilibrium if:

1. B is a credible best response to o given pu.

2. o0 is a best response to [ after every history.

If, in addition, § is attentive, then I say that (i, 5,0) is an attentive perfect recom-

mendation equilibrium.

From now on I will reserve the term equilibrium to mean attentive perfect recom-
mendation equilibrium, unless specified otherwise. In the next subsection, I establish
that an equilibrium exists, and that it admits a recursive structure.

I now turn to state Theorem 2.1, which shows two things. First, there exists an
equilibrium in the finite horizon version of the game. Second, equilibrium strategies
are simple. For the seller, a strategy is simple if it prescribes a single deterministic
offer, z,, ., for every period m and every v. A v type seller makes this offer in period
m regardless of the seller’s realized offers in periods m’ < m. As for the buyer, her
strategy is simple if for every m, the probability that the buyer accepts an offer x,,

made by a v type seller is b, (z, v), regardless of the seller’s offers in previous periods.

Theorem 2.1. There exists an equilibrium of the finite horizon game, and every such

equilibrium is in simple strategies.
Proof. See section 2.8. O]

Given the theorem, I will often identify equilibrium strategies S and o by their

corresponding simple counterparts, b and z. To put it differently, I will often write
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b (T, v) instead of B, (z1,...,Tm,v), and say that the seller uses the strategy z
rather than o.

The proof of Theorem 2.1 is partially constructive and partially dependent on
a fixed point argument. The main difficulty is to ensure that b is attentive. The
observation made at the beginning of this section showed that the game admits a
fully inattentive equilibrium. Requiring # to be a credible best response to o is
insufficient to rule such an equilibrium out. As such, to prove the theorem I derive a
set of necessary and sufficient conditions for (u, 3, 0) to be an attentive equilibrium.
I then use a fixed point argument to show that there is some (u, 3,0) that satisfies
these conditions. To derive these conditions, I first prove that equilibrium strategies
must admit a specific recursive structure, which I present below.

At this stage the reader may wonder about uniqueness of equilibrium. The fol-

lowing corollary states that in the one-shot game the equilibrium is unique.
Corollary 2.1. There exists a unique equilibrium in the one-shot game.
Proof. See section 2.8. O

When there are more than two periods, one can obtain multiple equilibria. In-
tuitively, the multiplicity comes from the inter-dependency of current and future
periods. Future periods are influenced by the buyer’s posterior over the quality of the
good at the end of the current period. However, behavior at the current period, and
therefore the buyer’s posterior, depend on both player’s continuation values, which

depend on the future. Combined these can result in multiple equilibrium paths.

2.2.2 Infinite Horizon Bargaining

In the infinite horizon game I focus my analysis on equilibria which arise as a limit
of finite horizon equilibria. Such equilibria exist and are simple, just like finite hori-

zon equilibria (Theorem 2.2). These equilibria also satisfy some useful structural
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properties, which I present in Lemma 2.1.

Early papers in the bargaining literature also focused on limits of finite horizon
equilibria (e.g. Cramton (1984) and Sobel and Takahashi (1983)). I do so in my
analysis to exclude the players’ strategies from exhibiting complicated history depen-
dence. Other studies often avoid complicated dependencies on the past by focusing
on stationary equilibria (see for example Gul et al. (1986), Gul and Sonnenschein
(1988), Ausubel and Deneckere (1989) and Gul (2001)). Stationarity in its standard
form will not be possible under rational inattention. The fact that a rationally inat-
tentive buyer does not get to perfectly observe past offers creates a rigidity in the
buyer’s strategy that precludes stationary play. Focusing on equilibria that can be
approximated by finite horizon play allows us to recover some of the simplicity lost
by allowing for non-stationary strategies.

The following theorem establishes that finite horizon equilibria satisfy a form
of sequential compactness. Therefore one can attain a sequence of equilibria that
converges as the horizon becomes infinite. The theorem also states that any infinite
horizon limit of finite horizon equilibria is, in fact, an equilibrium of the infinite
horizon game. Finally, the theorem establishes that the strategies in the resulting

infinite horizon equilibrium are simple.

Theorem 2.2. For any sequence of finite horizon equilibria with the horizon going
to infinity, there exists a convergent sub-sequence. Moreover, every infinite horizon
limit of finite horizon equilibria is simple and is an equilibrium of the infinite horizon

game.
Proof. See section 2.8. O

The proof of Theorem 2.2 is rather technical. The equilibrium in the finite horizon
game satisfies properties similar to the ones stated in Lemma 2.1 below. Using these

properties, one can connect the convergence of b, (z,v) and z,,, to the convergence
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of zmi1,, and i1 (Z;my10,v). Since these are members of a countable product of
compact subsets of R, one can assure the existence of a converging subsequence.
Similar to Theorem 2.1, the tricky part of the proof is to ensure that the buyer’s limit
strategy is attentive. However, this ends up being ensured by the structure of the
finite horizon equilibria. Once attentiveness is established, I prove optimality of the
buyer’s limiting strategy via sufficient conditions derived in section 2.8.3. Optimality
of the seller’s strategy is then attained via standard continuity at infinity arguments.

The equilibrium in the infinite horizon game satisfies some structural properties,
which are used throughout the analysis. To present these properties, let (u,b,2) be
an equilibrium of the game with infinite periods. Denote the marginal of u,, over V'
by fip,. Given an equilibrium, (u, b, z), take b,,, to be the probability that the buyer
accepts the v-seller’s period m offer conditional on arriving to period m. That is, let
by = bm (Zmw,v). Define 7, as the prior probability that the buyer accepts the

m-th offer conditional on arriving to period m, i.e.

T =D fmabino (2.2.1)

and let w,,, be the seller’s expected profits in equilibrium conditional on v and on
arriving to m in period m terms. Note that, since the buyer’s strategy is simple, w, ,
is well-defined and does not depend on the seller’s past offers.

Lemma 2.1 does two things. First, it shows that the equilibrium involves ineffi-
ciency due to delay, which This delay is implied by 7, being strictly below 1 for all m.
Second, the lemma provides a characterization of the player’s equilibrium strategies

in the infinite horizon game.

Lemma 2.1. Let (u,b,z) be the equilibrium in the infinite horizon game. Then for
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every m = 1,... and every v:

0 <y <land Wy = Zmy — K (2.2.2)

moreover, for every m, x and v:

( b (T, 0) ) _ ( Tm >ei(vI+'€Z?§m+1em(jm)ln(w>> (2.2.3)

1—b, (z,v) 1 -7y
bm,v o Zmop — R A [ Pm+lp — R
(_1 b bm) _ (—K ) c ( : ) (2.2.4)

The derivation of the buyer’s optimal strategy is somewhat lengthy, and is dele-
gated to section 2.8.3. For a partial intuition, consider the following way of rewriting

equation 2.2.3 when x equals 2, ,:

b - : 1—b;
— Zpy — KIn [ 22 ) = — —rAUTm g (2 2.2.5
V= Z, mn(ﬂm> ﬁ;e n(l_ﬂj) ( )

The above equation comes from the buyer’s first order condition for b, ,. On the left
hand side there is the buyer’s marginal utility from accepting the m-th offer condi-
tional on (zp,.,v). Accepting conditional on (z,,,,v) gives the buyer a transaction
utility of v — z,,,. However, accepting involves seeing an accept signal, which has a
cost. When considering whether to increase or decrease the probability of accepting,
what matters is the cost of increasing the signal’s probability at the margin. Turns out
that the marginal attention costs conditional on v depend only on the change in the
probability the buyer assigns to v”. Following an accept signal, these beliefs change
from fipm t0 fimw (Dmw/mm), resulting in a marginal attention cost of & 1n (b, /Tp)-

On the right hand side of equation 2.2.5 is the marginal utility from rejecting

9In general, the buyer’s marginal attention costs depend on the change in the probability of the
entire history of offers and good quality, (z™,v). The reason it depends only on v is come from the
seller using a simple strategy.
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the current and all future offers conditional on (z,,,,v). Note that rejecting forever
gives the buyer a transaction utility of zero. Because of this, only the total present
value of the marginal attention costs from observing an infinite sequence of reject
signals influences the buyer’s marginal utility. As in the case of accept, the marginal
attention costs of rejecting forever conditional on (zy, ., v) depend only on the change
in the probability the buyer assigns to v. This leads to the expression on the right
hand side of equation 2.2.5.

Equation 2.2.5 therefore says that the buyer’s marginal utility from accepting
is equal to that of rejecting forever. Intuitively, the equality holds because every
period the buyer chooses to observe both an accept and a reject signal with positive
probability. As such, the marginal utility of accepting the m-th offer is equal to the
marginal utility of seeing reject in period m and moving to period m + 1. However,
upon arriving to period m + 1 the buyer is again indifferent at the margin between
an accept signal and a reject signal. Continuing along this sequence of indfferences
leads to equation 2.2.5.

The conditions that characterize the seller’s side are easier to derive. Since the
buyer’s strategy is simple, the value of the seller’s period m + 1 problem conditional
on v does not depend on the seller’s offer in period m. Therefore, the value of the

seller’s problem in period m is:
Wiy = MAX by (7,0) T 4 (1 — by, (2,0)) € Wi 1.0 (2.2.6)
using equation 2.2.3 one can derive this problem’s first order condition:

—rA K
] 1.0 - 2.2.7
X € Wm+1, 1 bm (l’,?)) ( )

This condition can be rearranged into wy, , = 2y, — K, Where z,,, is the solution to

the seller’s problem. One can then substitute wy,+1, = Zn+1,, — £ and rearrange to
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obtain equation 2.2.4.

2.3 Rip-offs and Bargains

In this section I highlight two features shared by all equilibria of the bargaining game
with rational inattention (Proposition 2.2). The first feature is that the buyer gets
what she pays for. In other words, the buyer both pays more for, and gets a higher
surplus from, higher quality products. The second feature is that the buyer gets
cheated on low quality products and gets good value when buying goods of high
quality. Thus, there are rip-offs at the bottom, and bargains at the top. These

features are captured in the following proposition.

Proposition 2.2. For every m, prices, acceptance probability, and the surplus re-
maining for the buyer are all strictly increasing in v. That is, Zmuy, bmy and vV — 2y,
are increasing in v. Moreover, the buyer makes a negative surplus on v; and a positive
surplus on vy, i.e.

V= Zmayy, < 0 < Up — Z;mu,

Proof. Full proof is in the section 2.8. Here we take as given that b,,, is increasing

in v for all m. Repeated substitution of equation 2.2.4 into itself gives:

Fmo TR Z o TAG—m) bjw
K £ 1 - bj,v

Since b;, is increasing in v for all j, the above implies that z,,, is increasing in v. To

obtain that v — z,,, is increasing in v, note that one can rewrite equation 2.2.3 as:

e%(v_zm,v) _ bm’v (1 - 7Tm> ezjo'ierl e~ TAG—m) ln(ll_;:i))
T (1 — byw)

U — Zn,» being increasing follows. O
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Proposition 2.2 stands in contrast with the classic full information model. When
the buyer is fully informed about the seller’s product and offers, the seller obtains all of
the surplus. Thus, in the full information model, the buyer is always indifferent about
the transaction. In contrast, Proposition 2.2 says that a rationally inattentive buyer
is much more likely to be disappointed or satisfied with her purchase than indifferent
about it. Moreover, a rationally inattentive buyer feels ripped off after buying cheap
products, and is satisfied with expensive ones. Thus, prices are representative not
only of a good’s quality but also the buyer’s satisfaction, features that are absent

from the classic full information bargaining game.

2.4 Frequent Offers and Delay

This section shows that introducing costly attention into bargaining results in delay
which is independent of the time between offers. Lemma 2.1 already implies that
delay occurs in equilibrium in an environment with infrequent offers. However, as
pointed out by Gul and Sonnenschein (1988), the delay that arises in an environment
with infrequent offers can be misleading. In particular, restricting the time between
offers to be positive may conflate the time of agreement with the number of offers
needed to reach it. I therefore study what happens in my model as the time between
offers goes to zero. Proposition 2.3 establishes that the model’s delay persists even
when offers are made infinitely frequently. Moreover, the proposition shows that this
delay is decreasing with the good’s quality. Thus, the more there is to lose from delay,
the smaller it is.

Let B (A, k) be the bargaining game with infinite horizon where the time between
offers is A > 0 and the marginal cost of attention is k. Given A > 0, take T (A) =
{A,2A,...} to be the set of calendar times of the periods of B (A, k). Thus, each

period m corresponds to a calendar time of Am. A sequence of time between offers,
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{A,}2 1, is a refining sequence if A, | 0 and T (A,) C T (Anyq) for all n. The
current section is concerned with the distribution of the calendar time of agreement,

defined below.

Definition 2.3. A function F' : R x V' — [0,1] a timing distribution function of
B (A, k) if there exists an equilibrium (p, b, z) of B (A, k) such that for every v, F, (t)
is the probability that trade occurred on or before calendar time ¢ conditional on the

quality being equal to v.

Theorem 2.3 establishes that the timing distribution functions of B (A, k) con-
verge as A goes to zero and k remains constant. I interpret a lower A as an increase
in the rate in which new information accumulates, but not necessarily as an increase
in the rate in which new information is absorbed. By fixing x I assume that absorbing
the same amount of information at any given moment results in the same cost of at-
tention, regardless of A. This assumption is inline with the chain rule of information,
which states that observing multiple consecutive signals costs the same as observing
all signals simultaneously (see section 2.1.3). Thus, what matters is the amount of

information the buyer absorbs, not the number of signals she uses to absorb it.

Theorem 2.3. Let {A,} 7 | be a refining sequence, and take {F"} 7| to be a sequence
of corresponding timing distribution functions. Then there is a sub-sequence {A,, }7-,
and a cumulative distribution function for every v, F,, such that FI* (t) — F, (t) for

all t and v.
Proof. See section 2.8. O

Given Theorem 2.3, I will say that a function F' : R x V' — [0,1] is a frequent
offers timing function of By (k) if there exists a refining sequence {A,} 7, and a
corresponding sequence of timing distribution functions {F"} ", of B(A,, k) such

that F' (t) — F, (t) for all v and t.
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The following proposition establishes that rational inattention leads to delay in
an environment with frequent offers. Moreover, it shows that delay is decreasing with
the quality of the good and that there is always some probability of trade occurring.
The proof of the proposition is rather involved, and is tightly connected to the proof
of Theorem 2.3. The key step in the proof of Theorem 2.3 is to approximate each
F™ by a distribution G™ that is absolutely continuous over time for every v. In
particular, G™ is chosen in a way that agrees with F™ for every t € T (A,,) and every
v. To construct G", I use b, , to create a time-dependent hazard rate for each v,
Atw. These hazard-rates can be shown to be uniformly bounded by a number that
remains finite as A goes to zero. Utilizing this bound I can embed the hazard rates
in an Ly space with the appropriate measure over R, . I then evoke the sequential
version of the Banach-Alaoglo theorem to generate a weakly convergent sub-sequence
of the said hazard rates. This results in an absolutely continuous limit F), for all v,

as stated in Proposition 2.3 below.
Proposition 2.3. Let F' be a frequent offers timing function of By (k). Then:

1. F, is an absolutely continuous for every v and satisfies F, (0) = 0.

2. F (t,v) is strictly increasing in v and in t for all t > 0.
Proof. See section 2.8. [

One can get an intuition for Proposition 2.3 by examining the game in which the
buyer knows v. For that, let B, (A) be the bargaining game in which the quality of
the good is equal to v with probability 1. Proposition 2.4 below characterizes and
proves uniqueness of the equilibrium of B, (A). The equilibrium in B, (A) involves
inefficient delay which persists even when offers are made infinitely frequently, just
like the equilibrium of B (A, k). Moreover, the proposition shows that as the time
between offers goes to zero, the distribution of agreement time in B, (A) converges

to the distribution of the first arrival from a Poisson process with a rate of r (%)
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Proposition 2.4. There exists a unique equilibrium in the game B, (A). In this

equilibrium:
1. The seller offers v every period with probability 1 regardless of the history.

2. The buyer accepts v with probability:

o (1 — e*”A) (v—K)
Av T (1—e ™) (v—kK)+ K

(2.4.1)

3. Let F, a to be the cdf of the time of agreement in equilibrium. Then as A, — 0:

Proof. Note that since the seller’s quality is known to the buyer one has fi,,, =
fim+1,0 = 1 and by, , = m, for all m. Equation 2.2.3 from lemma 2.1 then implies that
Zme = v for all m. Equation 2.2.4 from lemma 2.1 then establishes that b,,, equals

t/An

to 74 , for all A. Finally, note that 1 — F, A, (t) equals (1 — 73 )"~ ". Part 3 of the

proposition then follows from L’Hoptial’s rule. O]

Delay arises in B, in order to ensure that the seller’s offer remains equal to v.
Intuitively, if the seller were to make an offer strictly below v, then the buyer’s best
response is to accept the seller’s offer for sure. As suggested by the example in section
2.2.1, the only credible way the buyer can do so is to accept for sure every offer. But
if this were the case, the seller would surely make offers much higher than v. If the
seller’s price was strictly above v, then the buyer’s best response is to surely reject the
seller’s offer. Again, the only way the buyer can do so in a credible fashion is to reject
for sure every offer in period m. That, however, will mean that the buyer is inattentive
(section 2.2.1), which cannot happen in my equilibrium refinement. Therefore, the
seller must be charging v. The seller’s first order condition (see equation 2.2.7) then

implies that by, , must be equal to 7} ,, thereby leading to delay.
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When the quality of the good is unknown to the buyer, a seller of a v quality good
may set a price different than v. Still, if period m prices are either too high or too
low, the buyer will choose either to automatically reject (i.e. m,, = 0) or accept every
offer for sure (i.e. m, = 1). Since we focus on attentive equilibria, neither of these
can occur in equilibrium. Making sure that prices stay within an acceptable range

then generates delay similarly to how ensuring z,,, = v created delay in B,.

2.5 Negligible Attention Costs and Surplus Splitting

In many situations, it seems unreasonable that the cost of attention is large compared
to the size of the economic surplus. Such situations may appear especially likely in
an environment with frequent offers, which can be thought of as representing a face-
to-face interaction between the buyer and the seller. In these environments, one may
presume that the outcome would be very similar to that of the game with a fully
rational buyer. Theorem 2.4 below shows that this is not the case.

I will say that (US, Ub) are frequent offer utilities of By (k) if there exists a refining
sequence {A,} 7, with a corresponding sequence of equilibria {(x", b", 2")} 2 | such
that E [UP] converges to U; for i € {s,b}. Thus, U; is the expected utility of player i
in some frequent offers environment. To establish existence of frequent offer utilities,

I state the following corollary of Theorem 2.3.

Corollary 2.2. Let {A,} 7 | be a refining sequence, and take {(p",b", z2")}>° | to be a
sequence of corresponding equilibria. Then there exists a sub-sequence {(p"™, o™, 2™)}7° |

such that E[U]™] converges for all i € {s,b}.

7

Theorem 2.4 states that the buyer and the seller split the uncertain portion of
the surplus when offers are frequent and attention costs are negligible. The seller
still appropriates the sure portion of the surplus, which is v;. However, the rest of

the surplus is split evenly between the two players. In addition, in the zero x limit
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there is no inefficiency. Thus, no surplus is lost neither due to delay nor due to costly

attention.

Theorem 2.4. Let {(U:, Ub") }20:1 be a sequence of frequent offer utilities of By (k)

with K, — 0. Then:

- 1
Jim U = 5 (B[] +w)
. = 1
lm O = 5 (Bl =)

Proof. See section 2.8. O

While the proof of Theorem 2.4 is highly technical, the key intuition behind it lies
in the equilibrium’s long run state. In the long run, the probability that the buyer
attaches to the quality of the good being v; goes to one. The reason the buyer’s beliefs
converge comes from the v; seller consistently offering the buyer a lower surplus than
any other seller (Proposition 2.2). Being partially attentive, the buyer accepts the v,
seller’s offers less frequently, resulting in the v; seller being the only one remaining in
the long run. Thus, one can show that in the long run the strategies of the v; seller
and the buyer converge to those detailed in Proposition 2.4.

I now provide a heuristic derivation of the seller’s payoff in the long run state.
Suppose that, against all odds, a seller with good of quality v > v; reaches the long
run state. Just as before, the player’s strategies in this state must satisfy equations
2.2.3 and 2.2.4. However, since the buyer believes that the quality of the good is
v; with probability 1, m, is equal to 7, from Proposition 2.4 for all m. These
equations have a unique solution when m,, = 7, for all m. In this solution, both
by and z,, are fixed across periods at some level b*A’v and ZA 0 Take Aa, to be
such that:

*

_ —AAx,
A,U — 1 — € v
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and take Aa ,, to satisfy the same equation but with 73 ,, instead of b}, . Substituting

these quantities into equations 2.2.3 and 2.2.4 gives the following two conditions:

1 — e BAaw L(v—zh ,—r 2 (Aaw—Aa
<1 — e_AAA,vz> - e”( ™ I*E*TA( e l>> (251)
eAraw — ZAy — K
- = = 2.5.2
( 1 — e—'rA ) K ( )

For the sake of illustration, suppose that Aa, and Aa,, are well defined and contin-
uously differentiable with respect to A for all A € [0,00). Suppose further that the
derivative with respect to A of both Aa , and Aa ,, is equal to 1 at A = 0. Given these
assumptions, one can use L’Hopital’s rule to show that, as A goes to zero, equations

2.5.1 and 2.5.2 imply the following conditions:

LR Y P G S V)
)\O,Ul

*
ZO,U — K
/\077) = r\ —-
K

Note that by Proposition 2.4 we must have that \g,, = r (”’;“). Therefore, the above

two equations can be rearranged to give:

*
“op TR 6%(261)—/{) _ U — K e%(lﬂr’vl*ﬂ)
K K

As K goes to zero, the exponential term dominates, implying that z;, converges to

% (v+ ;). Since agreement is immediate, we obtained that the seller’s profit in the
long run state conditional on v converges to % (v+ ).

The above heuristic calculation shows that in the long run state the payoff of a
v quality seller converges to %(v +v;). As k goes to zero, one can show that this
long-run state arrives immediately after trade begins. To get an intuition for why

that is true, suppose for simplicity that the quality of the good can be either vy or v;.
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When « is close to zero, the buyer’s behavior is very similar to that of a fully rational
agent. Thus, as k — 0, the probability that a bad offer is accepted goes to zero,
while good offers are accepted with probability one. Using the standard bargaining
logic then implies that trade occurs immediately with the seller giving the buyer a
surplus equal to the buyer’s expected future payoff conditional on v. However, the
v; seller’s offer converges to the buyer’s continuation value from above, while the vy,
seller’s offer converges to its limit from below. Using this fact, one can show that the
buyer accepts the first few offers of the v, seller infinitely more frequently than she
accepts the offers made by a v; one. As a result, the long run state arrives instantly,

giving the buyer an ex-ante payoff of 3 (E [v] — v;).

2.6 More Information, Lower Surplus

The current section explores the efficiency implications of revealing the good’s quality
to the buyer. To do so, I compare the equilibrium payoffs in the standard game to the
payoffs when the buyer knows v. As shown in Proposition 2.4 in section 2.4, revealing
v to the buyer results in a unique equilibrium. Corollary 2.3 below establishes that
this equilibrium involves the seller appropriating all of the surplus. Moreover, the
corollary shows that revealing v to the buyer results in an inefficiency of size k. The

corollary follows from Proposition 2.4 and Lemma 2.1.

Corollary 2.3. The expected utilities of the buyer and the seller in the equilibrium

of By (A) are 0 and v — K, accordingly.

Proof. By Proposition , z,, = v for all v. Therefore, by equation 2.2.1 of Lemma
2.1, the seller’s expected utility is equal to v — k. To get that the buyer’s expected
utility is zero, note that we have both b,, , = m,, for all m and z,,, = v for all v. The
first implies that the buyer’s attention costs are zero, while the second means that

her expected transaction utility is also zero. Thus, the buyer’s surplus is zero. O
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Corollary 2.6 suggests that in B, attention is effortless in equilibrium. The reason
attention is effortless is because the seller uses a deterministic strategy. Since in
equilibrium the buyer knows both the seller’s strategy and v, the buyer’s knowledge
includes all there is to know about the seller’s offers, resulting in zero attention costs.

The fact that attention is effortless on the equilibrium path does not mean that
the buyer perfectly observes the seller’s offers. Indeed, perfectly observing the seller’s
offers would constitute a non-credible attention threat. Such threats are ruled out
by my equilibrium refinement. In particular, my refinement requires the buyer to
take into account the potential marginal cost of paying attention to off-equilibrium
offers. These marginal costs induce the buyer to only partially adjust her acceptance
probability in reaction to zero probability offers. The interaction between this par-
tial adjustment and the seller’s incentives that leads to delay in equilibrium, which
remains when the buyer knows the quality of the good.

Proposition 2.5 wishes to compare the welfare in the original game, B (A, k), to
the welfare obtained by revealing the good’s quality to the buyer. For this, consider
a hypothetical game in which both the buyer and the seller get to observe v before
the bargaining stage. By Corollary 2.3 this hypothetical game will give the seller
an expected utility of F [v] — xk while the buyer’s ex-ante surplus will be equal to
zero. Hence, the total surplus when the quality is revealed to the buyer is given by
the expected value of v minus k. Proposition 2.5 below shows that both the buyer’s
surplus and overall efficiency are strictly higher when the quality of the good is not
announced to the buyer. Therefore, revealing information in an environment with
rational inattention could have negative consequences on efficiency and the utility of

the inattentive individuals.

Proposition 2.5. There exists 6 > 0 and 7 > 0 such that for every equilibrium the
total expected surplus is larger than E [v] — k + 7 and the buyer’s expected utility is

strictly larger than 6.
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Proof. See section 2.8. [

Proposition 2.5 asserts that revealing the quality of the product to the buyer
results in reduced efficiency and lower surplus for the buyer across all equilibria. From
the buyer’s perspective, being ignorant of v results in a variation in the value of the
seller’s offers. This variation generates positive attention costs. Since attention costs
are strictly convex and the buyer is attentive, she earns a strictly positive surplus.

As for overall efficiency, keeping the buyer ignorant of v creates positive attention
costs but reduces the overall efficiency due to delay. The size of the overall inefficiency,
however, turns out to be convex in the seller’s expected profits conditional on wv.
When the buyer is uncertain about the quality of the good, the distribution of the
seller’s conditional expected profits becomes more concentrated, thereby reducing the
overall inefficiency. Thus, keeping the buyer in the dark with respect to the quality
of the good results in less delay that more than compensated for the buyer’s positive
attention costs. Thus, when attention is costly, improving the information of the

inattentive buyer

2.7 Concluding Remarks

In this chapter I showed that introducing rational inattention into one-sided repeated
offers bargaining gives rise to many features reminiscent of real-world transactions. A
rationally inattentive buyer earns a strictly positive surplus, even when attention costs
are negligible (Theorem 2.4). When attention costs are positive, trade occurs with
delay that is decreasing with the value of the good (Proposition 2.3). The resulting
delay is accompanied by the buyer being unhappy with cheap, low quality products,
and pleased with expensive products of higher quality (Proposition 2.2). Finally, I've
shown that in the presence of rational inattention, ignorance is bliss in the sense that

both the buyer’s and the total surplus are higher when the buyer does not know the
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good’s quality (Proposition 2.5).

My starting point was perhaps the simplest of dynamic bargaining models: One-
sided repeated offers with full information. It remains an open question how much of
my insights survive the transition to other, more complex bargaining environments.
Examples of such environments include the buyer having private information, two-
sided offers, existence of an the outside option, etc. In addition, there are some ques-
tions that remain open even with respect to the simple bargaining protocol studied in
this chapter. For example, in the infinite horizon model, I focused on an equilibrium
which was the limit of finite horizon equilibria. This refinement resulted in equilibria
that were completely forward looking and depended very little on past offers (Theo-
rem 2.2). It remains to be seen whether it is possible to obtain qualitatively different
results in more complicated equilibria .

In addition to exploring variations on the bargaining environment and solution
concept, it would be of interest to study the implications of more structured models of
attention on bargaining. As mentioned in the introduction, I view rational inattention
as extending utility maximization to include costly attention. Thus, just as people
study how deviation from utility maximization influence economic outcomes, so it
would be of interest to study the interaction of bargaining and other ways of modeling

limited attention.
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2.8 Proofs for Chapter 2

2.8.1 Information Theory Preliminaries

Lemma 2.2 (Log-Sum inequality). Let (a;);_, and (b;);_, be non-negative numbers.

Then:

Z a;ln — > Z ai> In &==1
i=1 bi <i1 2 i bi
with equality if and only if Z—Z 18 constant.

Proof. The function f (c) = cInc is strictly convex since f* (¢) =1 > 0. Set ¢; = &

and set a; = ani . Then by Jensen’s inequality:
=17

" Y a, (S a
;Z b, ln— Zaz Ci >f<20%01) _Enlbjln<znlbj)

7=1 7=1
the lemma follows. [
Lemma 2.3 (Chain rule for mutual information). Let (Z,F,p) be some probability

space, and let | : S? x Z — [0,1] be such that l(sy, s9;-) is measurable for all sy, so

and 2, o L (81,82;2) =1 for all z. Define pis, by setting:

Sz >, L(s1,80;2)dp (2)
fz 252 [ (s1,892;2)dp(2)

Pis, (E>

take:
517 Zl 51,822

and for every sy let ljs, : S x Z — [0, 1] be:

[ (s1,82;2)

>yl (s1,59;2)

12‘81 (82; Z) =
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then:

L(l;p) =1 (l;p +Z</ (5152 p>I(lzsl;pzsl)

Proof. Note that:

I(lysyipis) = /Zzlmsl (s252)1

< 12‘51 (SQ, Z) > dp
fl2|51 52, % )dplsl fo1

( 1(s1,82;2) )
2 sy U(s1,52;2)

PRt Y e o -
) [(s1,82;2)
— /nglsl (59;2) 1(£W§ dpis,
fz 51, %

l(Sl,SQ,Z) >dp
Isq

= logs, (8252)1
/Z2|1 e n(fl 317327

dpls1

and therefore,y ([, 11 (s1;2) dp) I (Iyjs,5 prs, ) is equal to

[ (s1, S2; z) ) dp,

- ([ ne) [ St 1“(17
(o) o)
(5175272) )dp

_ /ZZZ 515 2) lajsy (825 2) In (fl (51,8952

= I(p;l) —I(p;h)

thereby implying the desired equality.
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2.8.2 Sufficiency of recommendation strategies

This part of the appendix shows that it is sufficient to focus on recommendation
strategies. The section begins by introducing required notation and the definition
of general strategies for the buyer. Then, the section defines what it means for two
strategies to be outcome equivalent and when we call a strategy for the buyer as a
recommendation strategy. I then present the proof that recommendation strategies
are sufficient by showing that for each strategy we can construct a sequence of outcome
equivalent strategies with lower information costs that converge to a recommendation
strategy.

Let Y is some compact subspace of a finite dimensional Euclidean space. Defining
Zm—1 = X™ x Y, we take oy to be a borel probability measure over Z; = Y, and
(0m)M_, to be a sequence of probability transition kernels: oy, : Znm 1 — A(X)
that give the conditional probability over the m time fundamental X, given z,, 1 =
(™1 y). For n < m and z,, € Zy, we will take z,, (n) to denote the projection of z,,
on Z,. Throughout we will focus on the peirod 0 problem without loss of generality.

For M € NU {oo}, we let 0 € A (Y x X*) denote the probability measure derived

by repeatedly application of (O'm)M

m=

o- Similarly, we will write: o (-|2,) € A(Zy—n)
for the probability distribution over {z,} x X~ resulting from repeated application

of (o) For the sake of brevity, we write o (E,,) instead of o (E,, x XM~™)

m=n+1"

for any E,, € B(Z,,).

A strategy for the buyer consists of a pair (A, ), such that A = (Am)%zo and

B = (Bm)M_,, where Ay, : Zp x ™1 — A(S) and B, : S™ — [0,1]. Thus,

m—l)

Am (S| Zm, s is the probability of observing signal s,, conditional on past signals

I and the state up to time m being z,,, while 3,, (s™) is the probability of

being s"~
the buyer stopping at period m conditional on having observed the signals s™. Given
(A, B), we let py g (-|s™) be the posterior distribution over Z,; conditional on having

reached any period n > m and having observed signals s™ from .
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Definition 2.4. Two strategies (A, 5) and (X, B/) are outcome equivalent if for every

o and every m, the probability that the buyer stops at period m is the same under

both (A, 8) and (X, 3) .

Definition 2.5. A strategy (A, ) is a recommendation strategy if for every m:
A (sm]zm, smfl) >0

implies s,, € {0,1}, and G, (s™) =0 if s, = 0 and 5, (s™) = 1 otherwise.

We will prove here the following proposition:

Proposition 2.6. For every (A, B) there exists an outcome equivalent recommenda-

tion strateqy (X, B/) that is weakly better for the buyer than (A, ).

To prove the proposition fix some (A, §). We will construct the strategy (\*, 5*)
in the following way. Let Aj(0]z0) = >, Ao (s0l20) (1 — B0 (s0)) and Ag(1|z) =
> s, Mo (S0120) Bo (s0). Set 55 (0) = 0 and 55 (1) = 1. Define the period 0 likelihood g

by:
Ao (S0]20) (1 = Bo (50))
Ao (0]20)

lo (80‘20) =

and let A} (s1,80/21,0) = A1 (s1]21, 80) lo (S0|20). Note that we can let A\ send signals
in S x S since S is countably infinite and therefore there exists a bijection from

S to S x S. For every m > 1, let 8 (s™,0) = B, (s™) and for any m > 2 take

N (Smlzm, s™710) = A (S| 2m, s™71).

Lemma 2.4. (A, 3) and (\*, 5*) are outcome equivalent

Proof. Obviously the probability of stopping in period 0 is the same under both. As
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for stopping in period 1, the probability under (A\*, 5*) given some z; is:

A5 (0120) Y A (s1]21, 50) I (s0]20) (1 = B1 (50, 51)) =

50,51

Z A1 (51]21, 50) Ao (80]20) (1 = Bo (s0)) (1 = B (80, 51))

50,51

which is the same probability of stopping under (A, 3). It therefore follows that the
probability at any period m given any z,, is the same under both, hence the two are

outcome equivalent. O

Lemma 2.5. The expected present value of the cost of attention is lower under (\*, B*)

than under (X, B).

Proof. Clearly, iy« g« (-]s™,0) = g (+|s™) for every m > 1, and therefore

LA (8™ spap (o]s™7) =

LA (15™750) s pxe e (o577, 0))

We will now show that:

L(A5;0)

+e—’”A/A;; (0]20) do (2.8.1)
XL(AL(0), pux= = (-]0)) < T (Xos0)

> Ao (s0l20) (1= o (50))

—rA

+e do

XL (A1 ([s0) , pia s (+]50))

Let:

Bo (s) Ao (5]20)

s, Bo (50) Ao (50/20)

Bo () Ao (s20) _ sla
PTCTEY R

)\0 (S’ZO, )\8 = 1)
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and:

f o (L — 5o (s)) Ao (sl20)
)\0 (S|Zo,/\0 = 0) - Zso (1 . BO (30)) )\0 (80|Zo)
(1 —5o(s) Ao (slz0) sl
) b

then by the chain rule of mutual information (Lemma 2.3) and non-negativity of

mutual information:

T0oio) = I(\o) / SN (55120) T (I e - (153)) do

55=0,1

> 100+ [ X 0020) Ll paes (10)) do

while I (A} (+|0), a« g« (+]0)) is equal to:

= I(lo; e 5~ (-]0))
80|Zo)

+ Z / dpir- = (20(0)

(“Is0) ; HXx,B (150))
= I (lo; pure 3 ('|0))

) P

50 XTI (A1 (]50) ; e (+]50))

which is equal to:

= I(lp; pa= - (0))
> sy Mo (0]20) (1 = Bo (80)))
do

+/ ( J A% (0]2) do

XTI (A1 (+]50) 5 ias (+[50))
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therefore:

I(\o;0)
> Ao (s0l20) (1 = Fo (s0))
+6_TA 50 do
L (A1 ([s0) s pr6 (+[50))
is weakly larger than:
L(Ag; o)
+ [ % 0020) Lo s 0))dor
> Ao (sol20) (1= fo (50))
_|_6_TA/ 50 do

L (A1 (+[s0) s fas (+]s0))

which is weakly larger than:

> 1(Ag;0)
LA / X2 (0]20) T (lo: e o- (0)) dov

Z Ao (80l20) (1 = Bo (s0)) %

te A do

L(As (+[s0) 5 a6 (+]50))
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which is equal to:

= I(\50)+e ™ [ X (0]20) do x
L (lo; pa= = (+[0)) +
Zlo (80|Zo) X

80

L (A1 (+[s0) N OW;; (:s0))
= I(A\g;0)

dfix- g+ (20(0)

/ A5 (0]20) do

XL(AT (+]0) , pa= g+ (+]0))

_i_efTA

as required. N

Note that together, lemmas 2.4 and 2.5 imply that (\*, 8*) give the buyer a utility
at least as high as (A, 8) while achieving the same distribution over outcomes.

Construct now the following sequence: (\°, 3%) = (\*, *). For every n, construct
(A", 8™) by taking (A\"~!, 77!) and replacing the strategies starting at periods n and
n + 1 in a similar way that Aj, 85, A} and (37 replaced Ao, Bp, A1 and B;. It is
easy to verify that (A", 8") converges to some limit (A, 5°°), and that (A\*°, ) is a
recommendation strategy. Moreover, by 2.4 and 2.5 that (A, %) is both outcome

equivalent to, and is better for the buyer than,(\, 3).

2.8.3 Optimal stopping with rational inattention

In this section we characterize the optimal recommendation strategy for the buyer
under general settings. The generalization is modest in that we allow for a more
general space of outcomes and for a more general relation between these outcomes
and the buyer’s payoffs. Thus, the results provided here are given for a general

stopping problem under rational inattention in which the unknown evolves according
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to a sequence of probability transition kernels, and is not limited to the one-sided
bargaining setup studied in the paper. The specialization of the results to the setup
in the paper should be pretty straightforward. This is despite the notation in this
section being completely self contained. To make it as easy as possible to move from
this section to the paper, I have attempted to keep the notation of this section as

similar as possible to that of the paper.

2.8.3.1 Two formulations of the optimal stopping problem

Let Y is some compact subspace of a finite dimensional Euclidean space. Defining
Zm-1 = X™ x Y, we take oy to be a borel probability measure over Z; = Y, and
(Jm)ﬂ]\f:1 to be a sequence of probability transition kernels: o, : Z,-1 — A(X)
that give the conditional probability over the m time fundamental X, given z,, 1 =
(™1 y). For n < m and z,, € Zyr, we will take z,, (n) to denote the projection of z,,
on Z,. Throughout we will focus on the peirod 1 problem without loss of generality.
For M € NU {oo}, we let ¢ € A (Y x XM) denote the probability measure derived
by repeatedly application of (a,,)Y_,. Similarly, we will write: o (-]z,) € A (Zar_n)
for the probability distribution over {z,} x XM =" resulting from repeated application
of (O‘m)%[:n_i_l. For the sake of brevity, we write o (E,,) instead of o (E,, x X~™)
for any borel set F,, C Z,,.

A binary stopping strategy is characterized by a collection of mappings (Bm)f‘fzo
where 3, : Z,, — [0, 1] is measurable for each m. (3, (z,) represents the conditional
probability that the buyer decides to stop at period m given that m has been reached
and the fundamental is z,,. We take B to be the set of all such mappings defined up
to o-almost sure equality. For a fixed 3, let B0 = (B, Bint1, - - -, Bn) for n > m. We
will write [g,, as short hand for the m likelihood defined by l3,, (0; 2,,) =1 — By, (2)
and lg,, (1; z,) = B (2m), abuse notation by writing for every p € A (Zy): I(Bm;p)

instead of I(lg, ;p). Understanding that 3, is a function of z,, € Z);, we will often
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use B, (zp) instead of B, (zpr (m)). Moreover, when there is no risk of confusion
about z)r, we will sometimes write 3, instead of B, (zp)-

We now turn to defining the buyer’s objective function. As in the main paper,
for any sequence of constants ¢ € R*, we will let vazn c; = 1 whenever N < n.
Let v (z,) be the value of the buyer from stopping at perod m given fundamental
Zm- We assume that v is Borel measurable and takes value in [v,7] for —o0 < v <
0 < v < oo, thereby implying that v is integrable. For z);, € Zj;, we will take
Um (2p) = v (2 (m)), and again abuse notation and write v, instead of v, (zp)
whenever there is no risk of confusion.

Let ps,m be the buyer’s posterior over Zj, conditional on having used 5 and

reaching the beginning of period m. For any m > 0, define:

m—1

Uy (8:0) = /Z (1= B2) B — KL (B 15.m)) o

n=1
Taking:
M
U(Bio) =Y e 070U (B50)
j=1

We can then define the buyer’s time 1 problem as:

Igleaécu (B;0) (2.8.2)

To state our theorem, we need to introduce the concept of the buyer’s quasi-value.

Letting m,, = [ Bmdusm For a given z,, let:

U;m (5‘27?1) = BmUm — KfmIn (ﬁm/ﬂm)
=k (1= Bp)In((1 = Bn) /(1 = 7))
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It is not too difficult to see that we can rewrite the buyer’s objective function as:

uo) =3 [ (H (- @-)) AN, (82 do

This way of writing the buyer’s objective function suggests a useful way of thinking
of the buyer’s continuation values. In particular, we will define the quasi-value of the

buyer conditional on arriving to period n > m and knowing z,,:

Uy (Bi0lm) = [ (Z s T (1= 80 U W,v)) o (Mz)
j=n k=n

as the conditional value’ of the buyer conditional on z,, and arriving to period n.

With this notation in hand, we will turn to prove the following theorem:

Theorem 2.5. (3 solves the problem 2.8.2 only if:

Wmeé“m(z"l)

Bm (Zm) =

(2.8.3)

TmextmGm) 4 (1 — 7,,) exe " Ums1(Biolem)

Moreover, if 5 satisfies the above conditions with m,, € (0,1) for all m as well as:

lim <em(m”) In (1 - 67“)) do (zM]2,) =0 (2.8.4)

m— 00 — T

o-almost surely, then [B,, is optimal.

To solve this program, we will solve an equivalent program in which the buyer
chooses the ex-ante probability that she will stop in period m conditional on z,,.
More specifically, take H to be the set of all measurable mappings h : Zy; — [0, 1]M
defined up to c-almost sure equality that satisfy: (1) E%:o hm (zar) < 1 and (2)
za (m) = 23, (m) implies hp, (2a1) = hu (23;). Then we are interested in maximizing

a functional equivalent to the one in 2.8.2 defined over H instead of B. It is easy to

see that H is convex. We think of h,, (z5s) as the probability that the buyer stops at
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period m conditional on the fundamental up to and including period m being equal

mF1 ). When the choice of zy; € Zy is clear, we will sometime drop

to zy (m) = (x
zp and simply write h; instead of h; (zar).
Fixing some h € H and some m, we can define the corresponding conditional

stopping strategies:

h
h m
2 = —
Pnlean) = e,
1-3" h,
1— 80 (2n) = %
1 - Zn:O hn

whenever S7" ' h,, < 1 and have 8" (z3/) = 0 otherwise. Note that 3" € B, which

allows us to write: fipm = pign m and I(hy; ppm) =1 (ﬂ,"n; /Jblgh7m). Take:

U, (h;o) = /Z (hm (zm) v (2m) — K (1 — i Iy, (zm)> I (hm; uh,m)) do

and define the functional:
M
Z e rAmU )
m=0

then we will consider the following ex-ante program:

max (h; o) (2.8.5)

heH
To establish the equivalence of these two programs, for every 8 € B take h® to be
defined by:
m—1
hﬁ (ZM) = H (1 - ﬁn (ZM)) Bm (3M>

n=0

The the following facts are easy to verify and we therefore ommit their proof.
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Fact 2.1. For every h € H and 8 € B: (1)h%" = h; (2) For every zy, for which
[T (1= B (2a1) > 0: B (20a) = B (1) (9)U (B50) = U (W50); (4)U (h0) =
U (5h; 0).

Given the above equivalence, we will focus on finding a solution to the program
2.8.5 from which we will back out the solution to 2.8.2. The main advantage of

focusing on maximizing I rather than & will be that I/ is concave. We now turn to

proving this fact.

2.8.3.2 U is concave

Lemma 2.6. Let ¢ : Zyy — [0,1] be some measurable function. Then the function:

fors (9) = @ (20) In (%) is convex in @ for all zy.

Proof. Fix ¢ and ¢'. Then by the log sums inequality (2.2):

ap (za7) In (3}(;34(3) +(1—a)¢ (z)In ((j;zé”g))

> (0 (z3) + (1= ) (z) ) In (w f(aﬂi}: <(11 - j))j/(fjm)

as required. O

Lemma 2.7. U is concave in h.
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Proof. Note that we can write:

s,
- fon In (f @l%dﬂh,m)
Un(h;o0) = hpv, — kK m | g
! (1 - th) " (f i)

1— h; |1

Thus, letting:

- h
Ur (h;zy) = hpvy — Khy In (—m)

we can rewrite:

M
U(hyo) = / Z eTAMTE (b zpy) do (2.8.6)
ZM m=0
Concavity then follows from equation 2.8.6 and lemma 2.8.6. O

2.8.3.3 Necessary Conditions

Note that throughout this subsection we fix o. Therefore, we will simply write I/ (h)
instead of U (h; o).
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Lemma 2.8. Let f:[0,1] — R be concave. Then for all0 <~y <\ < 1:

FW-FO) _ f0) ()
1—A - 1—7

Proof. Set av = g By concavity: f(A\) > af (v)+ (1 —a) f (1). Therefore: f(\) >

f) =a(f (1) =f(), or:a(f(1)—=f(y) = f(1) = f(}). Dividing both sides by

1 — X gives the desired inequality. O

Lemma 2.9. Suppose h mazimizes U (h). Then both:

n(Fa s i)

and
Y .
Z e—rAj In 1 - Z?C:O hi
j=m f (1 - i:o hk) do

are o-integrable for all m.

Proof. We will begin by showing that ij‘im e " In (%) is integrable
T 2ug=0 "k )9O

for m = 0. Since Zj]\io e A (1 —37 hk> In (%) > 0 is integrable,

this implies that ij\io e A (Zi:o hk> In (%) is not.
1 )do

T ZLak=0

Take h° to be such that hY = 0 for all j. Then by optimality of & and lemma 2.8

we have that forall 0 <y < A < 1:

Uh) —U M+ (1 —\)RO) U(h) —U (vh+ (1 —~)h°)
1—A 1—7

Uh) —U (1°)

0<

IN
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where the last inequality comes from setting v = 0. Note that:

M J (1 — Zi:o hk)
/ZM z% Y (1 — ;0 hj | In (f (1 _ Zi;:o hk) do do

J (1_)‘Zi=0hk>
_ (1—)\th> In f(l—AZi:ohk) .

using the fact that for every a € [0, 1]:
0<—(alna+(l1—a)ln(l—-a)) <In2

and that In « is concave, we obtain:

h.
0<— [ hjln|—+—2—)d
- /jn<fhjd0> ’

- (/hjlnhjda— (/i@da) In </hjda>)
o[ (ot ([ e)a ([ 00) )0

< In2
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Thus, since v; is bounded, we can rewrite:

UR)—U N+ (1= N 1)
11—\

M
/ Ze‘mj (hjvj — kh;In <L>) do
VAY: =0 fth'

M .
Z 1 —e 1[3<M]) AJ><
7=0

<1— izohj>ln (1o hu)
=L U s e) ||

) _(1—Azizohk)ln (1-AThom)
I=A f<1—Azg;:0hk)da
Letting:
i 1—Zj h
(1 Y )ln f< 5 k>>da
G (25 A) =

(1—>\Z hk 1—A2kohk>
S (=A%) do

we obtain that the following inequality:

M
l/ Z —TAj (h v; — khjln <L>) do
Kz 5= fhjda

M
> / Z (1 - e””Al[j<M]) e”’AjCj (zar; A) do
z

M j=(
M

T R s )

holds for all A < 1. This inequality implies that there exists a sequence \; with \; — 1

and that fZ (1 —e ’"Al[j<M}) e "¢, (23 A) do converges to some limit L™ <
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0o. By the log sums inequality:

j 1- i:o hj
(1 — kZ:Ohg) In (1 — fZ{CZO hkdg>
j (1=l
T ( hj) ) ((1 NI hkdo—)

is weakly larger than:

(1 —Xa)ln 1_)\2220%
1= A [ hedo

which implies:

G (zars A) > (1 - i: hJ’) In (1 _ .io hk) (2.8.7)
k=0 f <1 - Zi:o hk) do

for every zp; and all A, and therefore:

Which is integrable. Hence by Fatou’s lemma:

M
. —rAj . S D —rAj
llg})lo/z E e "G (2 ) do = hggf/z E e "¢ (2 N) do

M j=0 M 5=0

v

/ hmlnf eI (zar; N) do
z

=00
1 §=0
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However:

| d j (1= 2o mn)
lhm Cj (ZM; )\l) = ﬁ 1—A hk In f ( - )
o0 = 1=AYY _ hy)do
k=0 k=0 "'
A=1

B J (1 - Zi:o hk)
- _ <k2; hk> In I (1 =y hk) — (2.8.8)
J (Zi:o hk) do i:o D, J
VIS A (-5n)

Since equation 2.8.7 holds for all A, it must also hold in the limit, i.e.

M M ' 1—-57 _h
Z Y hm <J 2 )\l Z Z —rAj (1 _ i h]> In < Z'k_o k)
j7=0 k=0

j=0 i (1 -3, hk> do

/ I(Z?;_9hk) D> (1—Xj:hk> 0
Ik (1 - > hk> do 1= 250/ —
for all j then suggests that:
M i (1 - i:o hk)
e TR hi | In , do
/; (1; k) I (1 S, hk> do

, Ry
is bounded, a contradiction. Therefore ij\io e " In (%
T 2ik=0 "k )97

But:

)da is inte-

grable.

: (1= ) :
We will now prove that In ( T(=5 iy o do and:

S <1 ~ Yoo hk)
jz%le o I (1 S, hk> do

do

are both integrable for all m. Suppose both are for all 7 < m — 1, but that one of
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them is not for j = m. Then both must not be integrable since:

(B ) () )
J;o 1(f<1—2iohk>d0 R I ( '

7=0 1= ko hk’) do
+ iwz e "™ In (1 ~ T hk)
j=m+1 J (1 ~ Yo hk) do

Le—rAm (f ((11_—52%)0 }Zk) )dg)

is integrable. Using equations 2.8.7 and 2.8.8 for every j we obtain that
J <1 — i:() hk>
—(> | ,
k=0 f (1 - i:o hk> do
J < Z;:o hk) do /
+ - 1— hk
(s T >

-(-%w)e; <( 3)%)

which, since

[(Sioh)do 5y ,m :
/(f<1 iohodg_l— iohk) (1—2_:@)010—:0

means that both:

/Z wm( (1_:}20}%) )daoo

Pl I (1 —S hk> do

and:

/ln <f ((11:Zé0£3)d0> do = oo
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a contradiction. O
The above lemma immediately leads to the following result:

Corollary 2.4. Assume h mazimizes U (h). Then o {ZTZO h; = 1} > 0 smplies

U{Z;.nzohj = 1} =1.

Lemma 2.10. Suppose h mazimizes U. Then the function In (%) is integrable

for all m.

Proof. Suppose, by contradiction, that m is such that In <ﬁ> is not integrable.

Since In (l.}?;”da> < —In(f hyndo), we must have [In </»:;jda> do = —00. Let h* be

such that h; = 0 for all 7 # m and h,, = 1 for all z);. Then by concavity of U and

optimality of h, we have for all 0 < A\ < 1:

o< U =UOh+(1=Nh) < i (b -8 (n*) _Z;,(m_emm/vmda
1— A
letting:
J 1— J h
(1—2@) In b 0E
= 15 h)d
G (2 N) = —— = f( k=0 k) 7

11— j

1_)‘21:0]%
—(1-=A hi | In :
( 2 ) I

1= AYoy /) do

and:

[ (h—m) (M 4 (1= N) x

J
1 M, + (1= N)
n (f()\hm+(1—/\))da)
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we have that:

L?(h)—ZZ(Ah+(1—A)h+)

—A
/Z e A hv;d a—/f/z e A h; ln( :d )da
J#m
—ﬁ/i(l—eT 1[3<M] < th) In 1_2?“:0 fix do
j=m f(l— izohk) do

m—1
_He—rAm/gm (zasA)do — K (1 —e™) / Z e "¢ (zar; A) do
=0

and therefore we obtain that there are L and L such that:

m—1
Lo (G uNdot (=) [ 3¢ o < L
=0

for all A. Thus, there exists a sequence \; — 1 such that:

m—1

/e—TAmé-m (ZM) /\l) + (1 . G—TA) Z @—Tﬁjgj (,2']\47 )\l) do — Loo

J=0

where L, € [L, E}. Using the log sum inequality (Lemma 2.2) we obtain:
J NV
(1 -3 hk> In ! Z,H u
k=0 f (1 — ;C:O hk) do
J (1= (Xhoo P
+(1=N) (th>ln ( 0 )

k=0 (1-=X /[ ( o hk> do

J _ j
> (1 - )\th> In L= A2 o
= S (1= Ao/ do
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implying that for all A:

Aj - Aj - Zi o
e (2 A e " hiy | In | —=—=———
i) 2 2 2 )\ T e

§=0 k=0

3

<.
Il
=)

while using the log-sum inequality (2.2):

o In (%)
(1=N1—=hn) )

+(1—A)(1—hm)1n<(1—A)f(l—hm)d"

is larger than:

(M + (1= 2))In <f Mo (1 =) )

(A + (1= X)) do
which gives:

Em (2a;A) > (1= hyy) In <f(1‘—hm)) (2.8.9)

we can therefore use Fatou’s lemma to obtain:

=0

/ e ™A (1 — hyy) In (%) o

m—1 J
_ —TA Ze—rAj/ ( hk) In ( Zkz 0 hi > do > —00
=0 k=0 ka o hwdo

L, > /lim inf (e‘mmfm (za; A) + (1 — e_m)

Vv

However, for every zy;:

Hm & (zars ) = ddA [(Ah +(1- (f AA: j(ll—_ A))) daﬂ

( —1 fl}hdadgl)

A=1

= (hm— l)ln
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and:

d 7 1-AYY_ h
llim Gz ) = EBY <1 - A 5 hk> In ] ( Z}k:o k)
e _ 1—=2> _hy)do
k=0 k=0 "'k

; 1—2‘;:0/7%
= =3 nl |
; o J (1= o he) do

k=0 f (1 - ?c:O hk) do - k=0 hk

By lemma 2.9,

d 1—2‘,7;:(]}114
hy 1 ,
,,; e f<1— ?C:Ohk) do

is integrable for every j. In addition, h,, In (%) is integrable,

B =1 [ hpdo — 1
h. _ do —
/ < h [ hmdo ) o=

and:

as required.

Lemma 2.10 immediately implies the corollary:
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Corollary 2.5. Suppose that h mazimizes U (h; o). Then o {h, =0} > 0 implies
o{hy =0} =1.

Definition 2.6. For any h € H, we say that the measurable function n: Zp; — R is
an h-feasible direction if there exists € > 0 such that for all 0 < e < € h+en € H.

We denote the set of h-feasible directions by Hy,.

Definition 2.7. We say that U is Gateaux diffrentiable at & € H if there exists a

bounded linear functionaldZf, : H;, — R such that for every n € Hy:

1<zz<h+en>—d<h)_dgh<n>>’ 0

€

lim
e—0

Lemma 2.11. Suppose h mazimizes U. Let:

A (20r) = e ANy, — ke TR In (%)

M 1-SY_p
+K e A (1 — eirAl[-<M}) In 'k:O k
j:zm ’ S (1= Sy ) do

and define AUy, (n) = fZI\l Z%ZO Apmtimdo. Then for every h-feasible n, diy, (n) is

bounded and satisfies:

lim % (u (h+en) —U (h) — dihy, (n)) ’ =0 (2.8.10)

Proof. Fix some h-feasible direction 1. Assume without loss of generality that h+n €

H, and let A, = 1 — ¢, while defining h* = h + (1 — \) 7. Then:

0> % (d(men) —L?(h)) - 1_1A6 (z:f (™) —L?(h))
_ / ie—fﬁm <U;; (R 2ar) = U, (h;zM)> "
Zn ST L — A
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since U}, is concave (2.6), we have by 2.8:

1—A 1—A

— (U:n (h, ZM> — U; (hl; ZM))

(U;; (W*; 20) = Uz, (h; ZM)> - (U;‘;L (h; 2a1) — UZ, (B zM))

v

and therefore:

(U;z (W 201) = U, (h; 200)

(Y ) + (U, (hy za0) = Uy, (WY 200)) 20

for all zy;. Moreover, lemma 2.8 implies that (1 — \)~" (U (B 20) = U, (R zar)) s

increasing with \. Therefore, by the monotone convergence theorem:

M
U* h)\. —U* (h:
lim Z e TAM m ( ’ZM) m (i 201) do
A—1 Zn 0 1-— )\
M
U* (h: —U* (h;
_ / S e gy (O (W5 2a) = Up, (hs 201) &
Zn — A—1 1 — /\

note that: <m’1‘#) = UpTm- In addition:

lim (1= XA)"" ( Ay In Mo\ A i
A=l " [ hndo " [ h)do
3 o (7|
=— |h,In L
dA [h)do )],

Bom I [ Thmdo
— —pn 1 Dm J mTY )
i (f hmda) i ( J hmdo ) o

107



and:

" - b
(1 2 hj) ) (f ((1 - sz hj)>da) i
- [(1 _jéh?> ) (f (1122::) d)]
i} (i "j) " (f (11—_ ZZ:::) da)

- (1 — 2% hj) > nido
0 / (1 — 2% hj) do

hp, | nndo
J (i) - im0

Y (1 ~ it hj) > nido
/]Zonj_ f<1‘22”:ohj)da

we obtain that equation 2.8.10 holds. Boundedness of dify, (n) for all feasible 7 follows

A=1

thus, since:

and:

c=20

from concavity of I and lemma 2.8 which imply:

N
0 > i (U (W) -t 0)
~ In 2
1
> U -Uh)>v-— (1_6—7~A> v
thereby concluding the proof. O]
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Define:

o (m) = / B dpinm
fhmda
I (1 -y hj) do

For the next proof, it is useful to note that one can rewrite:

Apm (2m) = e A — ke A n (h—m)

fhmda
M 1-SY h
+KZ —rAd (1—e Ml[j<M]) In k=0 "k
Jj=m f (1 - 22:0 hk> do
1-S" h,
= e TAMYy,, — keTTAM ln( hmd ) + ke TA™In 20
[ hmdo (1= hs) do
M R Y]
+K Z e "M n ! A=0 fix
j=m+1 f <1 - ?c:O hk> do

M i—
—K Z e "M 1n L= Z?“:é hk
j=m+1 f <1 — Z]:l hk> do

—rAj 1_Bh
)—FRZ 1n<1_7rh(j)>

Lemma 2.12. Suppose h mazimizes U. Then:

— e—rAmvm o K,G_TAm In (

Th (m) €xXp %Um (Zm)

T (M) exp v, (2) + (1 — 7, (m)) exp e 211 (h]2)

B (2m) =

for all m.

Proof. First note that by corollaries 2.4 and 2.5 the theorem holds whenever either

o {hy, =0} or o {h,, = 1} are strictly positive. Suppose then that ¢ {0 < h,,, < 1} =
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1. Fix any z,, in the support of o, and define A*™ as following: h* = h; if j < m or
j=mand zp (m) # zp, K2 (z) = 1 — Z;:Ol hj (2m), 3™ (2m) = 0 if zp (M) = 2,

and j > m. Let h* = Ah + (1 — \) h*™. Then obviously the following:
™ =h*—h=(1-X) (h* —h)

is a feasible direction for all A € [0,1]. Note that n = n' satisfies n; = 0 if j < m
or 2y (M) # Zm, N (2m) = 1= 37" hy (), while n; (2a1) = —h; (2ar) whenever
both j > m and zy (m) = z,. Since 7 is feasible and h is optimal, we must have
that dU, (7) < 0. Note that the pertubation —7 is also feasible, and therefore 0 >

did, (—n) = —dihy, (). Hence, we must have diy, () = 0. Therefore:

/ Ao (2m) (1 -3 (zm)> =S Aughydo (2arlzm) = 0

j=m+1

which can be rewritten as:

(1 - i h; (zm)) (emmvm — ke n (wh (i; )>>

Jj=0 m -
rAm = 1 — B;zn
+re <1 - j;o h] (Zm)> In (1 — T (m))
- - —rAj j
K (1 ;h] (Zm) /j:mzﬂe 1 (1 — do (zar]2m)
M M ) ,
—rAk k
+“/];1;hg‘€ ! (1 — T, (k‘)> do (2a]2m)
S : h
+ /J_Zm;_l h] e*TAJUJ ke A n <7rh (Jm) )) do (ZM|Zm)
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But:

and therefore we obtain:

(1 — jf;hj (zm)> (e‘mmvm — ke ™A™ In (%))

e AT (1 — Zm: h; (zm)> In (%)
—R/Z (1—Zh ) e ™ n (1_75:])) do (zar]2m)
/ Z h; ( Ay — ke ™A In (%)) do (zar]2m)

j=m+1
/ Z (1 —th> 7"AJ’U ZM,h)d
Jj=m+1

dividing both sides by e~"A™ <1 =D o hi( m)> gives:

— kln fn kIn i — e_TA~ z
o=t (S ) o (T ) = e

dividing both sides by x, exponentiating and solving for 3" gives the desired result.

]
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2.8.3.4 Sufficient Conditions

Suppose [ satisfies: (3, € (0, 1) for all m and equations 2.8.3 and 2.8.4. We will show

that § must be optimal. Note that:

—rA7y B
exp (6 M’”J:Ol |Zm)>

kIn (ﬂ) = kln N
1 —mp,, (1 —7mp)exp (e_,: Ut (h5|zm)> + T €Xp (v?m)

—-rA
—Unia (hﬂ|zm))

(1 — ) exp (6

e AUt (hﬂ|zm) — kln

U,

+7, €Xp —

K

= ¢ " Uni (hﬁ\zm) — Uy, + k10 (exp (U—m>)
K

e*T’A - ﬁ fUm
—kIn | (1 —m,)exp Uit (h |zm) + T €Xp —
K K

= e Upir (h°|2) — (vm — kln (6—”"”)) (2.8.11)

Tm

and therefore:

U;L(ZM;hB) = BmUm — KBy In W—m)—/{(l—ﬁm)ln(ll_ﬂm)

m — Tm
= B, (e"’AL{mH (h |zm) — kln (11 — fm ))
_ﬁ(l—ﬂm)ln(ll_fm)
= —xkln (11:7?:7> —|—5me_7"Aum+1 (hB|Zm)

which implies that:

Uy, (h°)2,) = / (e—mdmﬂ (h’|2n) — k1In (i _f’” )> do (za1)2)
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Using the fact that equation 2.8.4 holds we can use iterative substitution to obtain:

U, (hP|2,) = —K/ (Z e TAU-m) (1_ﬁj>) do (zar]2n) (2.8.12)

1—7Tj

o-almost surely. Rewriting
hB
Aps (zm) = e Ay, — ke "A™ n (+>
L= i
[ hEdo
J (1=, hf) do
17 hy
In =t — =7
M 1— Z” hy
+K e A
j;—l f (1 - k:O h‘f) o
J(1-Simm) do

+reTTA™ n

—In

TTm, 1_7Tm
M
- (1-8
—rAjl J
+K Z e n(l_ﬂj)
j=m+1

Using equations 2.8.11 and 2.8.12 we can obtain that the following holds for o-almost

every Zpy:

/Ahﬂ,m (2a1) dor (2]2m) = €727 (U e (f:> el (1 - f:))

_ﬁ/ Z ¢ ln< L >da (2arl2m)

j=m+1

— —TA(m+1u (h |Z )

_e—TA(m+1)Um+1 (hﬂlzm) =0

Since U is concave this concludes the proof.
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2.8.3.5 Quasi-Value Equivalence Lemma

In this section we prove the following lemma:

Lemma 2.13. Suppose (3 is optimal for the buyer given o, ans satisfies m,, € (0,1)

for all m and equations , as well as equations 2.8.3 and 2.8.4. Then:

Uy (h)2) = / <Um ~ kn (f-:)) do (2ar]20)
_ / <e—mz/?m+1 (WP|2m) — kln (11 - f:)) do (2a]20)

M
— _,ﬁ/ (Z o—TAG=m) | (1 :ij)) do (zar]2m)
j=m
(1 —mp)exp ( -
= /mln
Um

“ (hﬁ\zm))
+7,, exp <?>

do (zp|2n)

Proof. Note that:

Um — K 1n (B—m> = kln ((1 — M) €XP (e:AZ;[mH (h6|zm)> + 7T,y €Xp (%ﬂ))

Tom
- 1—8,
= e Ui (hﬁ\zm) — kln (1 b >

J— 7Tm,

which, using equation 2.8.12 implies:

(6771) . (1_6m>
U —kIn| — ] = —kln
7Tm 1_7Tm7

M 1—5;
—/{e_TA/( Z e~ A= (m+1) 1n (1_—7Tj>) do (zar]2m)

j=m+1

— _ﬁ/ (i e AU Iy G:fj)) do (2ar]2m) = U (h°)2)

Jj=m

where the last equality follows from equation 2.8.11. The conclusion then follows

from U,, (hP)z,) = fl;{m (h?|2m) do (2ar|2) for all n < m. O
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2.8.4 Equilibrium in finite horizon model

The goal of this section is to prove a characterization theorem for all equilibria of
the finite horizon game. It will eventually turn out that an equilibrium exists if and
only if an object, which we call an equilibrium average-ratio path exists. Moreover,
the equilibrium will turn out to be completely characterized by that object. The
first subsection, defines, establishes the existence, and proves some properties of this
object. We then move to proving that equilibrium strategies are simple. In the
next subsection we prove lemma 2.1, which shows that the equilibria in the finite
horizon model admits a recursive structure. In the following subsection we connect
the recursive representation back to equilibrium average-ratio paths, which establishes
the existence of a finite horizon equilibrium. Finally, we prove some useful properties
of a finite horizon equilibrium which are used later in the analysis of equilibria in the

infinite horizon.

2.8.4.1 Equilibrium Average Ratio Paths

We take W : R, — R, to be Lambert’s W function, defined by: W (ze*) = z, or,

equivalently, as: W (z) V().

V—K

Let ¢, = e( =) and define the functions:

2" (d,v,q) =

W (2" (v,d,q))
d(1+ W (2*(v,d,q)))

R(d,v,q) =

and:

R.(dv,q)=(1—d)~ (1+W (" (v.d,q)))""

It will eventually turn out that an equilibrium exists if and only if the following object,

called equilibrium average-ratio path exists. We now define this object:
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Definition 2.8. A collection of numbers a,, € (0,1), m = 1,..., M, p,, € R4,
m=1,....M+ 1, v € V, and distributions, 9,, € A(V), m = 1,..., M are an

equilibrium average-ratio path in By (1) if:
L. prrsre = exp (£5)
2. Forevery m=1,..., M and v: pyp = R(am, v, Pmi10)

3. Y1 (v) = po (v) and for every m = 2,..., M and v:

O () (A = am1pm)
> U1 (V) (1= @11,

U (V)

4. For every m=1,...,M: Y U, (V) pmo = 1.

Preliminary facts about Lambert’s W function In this section we prove a few
facts about the positive part of Lambert’s W function, i.e. the function: W : R, —

R, defined by: W (ze*) = z, or, equivalently, as: W (z) V().
Lemma 2.14. dW (z) /dz = (& (1+ W (2)))_1 =W (2)(z(1+W (2)))"

Proof. By definition: W (z)e"V?) — 2 = 0. The first equality is then implied by the

implicit function theorem. Substituting W (z) = z/e"® into ("' (1 + W (z)))f1

gives the second equality. O
Lemma 2.15. W s concave.

Proof. Calculating the second derivative of W gives:

EW () (1 W) - W) (L4 W () + 2 ()
dz2 22 (1 —|—W(z))2
W (2) (W (2) + 2 (%))

= - EERVARR
22(14+W(2))

as required. N
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Existence of M-Equilibrium Average-Ratio Path Here we prove the following

theorem:

Theorem 2.6. For every g and every M there exists an equilibrium average-ratio

path of Bus (ko).

Lemma 2.16. For every v and q, the function f (d) = R (d;v,q) is strictly conve.

Proof. Rewrite R (d;v,q):

W <dc%elmdqem>
R(d;v,q) = p (1 W (dc%_eflT_Adqe—rA)>

-1

d
= +d

|74 (50567mq6_m )

1-d

so a sufficient condition for R to be convex is for:

d
_e—TA _pA
dcl e e—T
W( v q >

¢ (d) =

1-d

to be concave. Note that the second derivative of ¢ is:

—r —r 1—e T —r 2
-t (e (5 ) ) - (e (=)
d2¢ 1—-d 1—d

@ 2 dclllfe*"“A e—TA dcll)—e*TA e—TA 3
a(t—dpPw () (1w ()

so a necessary and sufficient condition for ¢ to being concave is for:

2
) dazlj_e—rAqe—rA da}}_e—rAqe—rA
(1—d) <1+2W< — 1+ W — <0
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for all d in the range. However:

(1—d)?|1+2W M
1—d
2
da/lll_ef'rAqef'rA da’Ll}_efrAqefrA
2
B W dall)ief'rAqefrA
1—d

which is strictly negative for all d € (0,1). Therefore ¢ is strictly concave, implying
O

the desired result.

Lemma 2.17. For a fixed v and q, then the unique solution to the equation:

R(d;v,q) =1

in [0,1) is:
In (exp (%)l_e_rA qeiw>

d* (v,q) = =
1+1In <exp (=)' qe‘m>

moreover, R (d;v,q) <1 if and only if d € (d* (v,q),1).
Proof. Set k = 1n (ci*efmqefm), one obtains that:

w (k:ek)
d* (v,7) (1 + W (ker))
- (1) @ @y =1

1+k

R(d" (v,q);v,q)

Note that: R (1;v,q) =1 since R is continuous and:

W (el (5 )

R<]-7U7 q) = éli.;l% d (1 + W <%le(1_6,rA)(U;n)q67rA)) — ].

Suppose then there exist d < d < 1 such that R (d;v,q) = R (d/; v, q) = 1. Let a be
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such that d = ad + (1 — ). Then by strict convexity of R:
R<d';v,q) =R(ad+ (1 —a);v,q) <aR(d;v,q)+ (1 —a)R(1;v,q) =1

a contradiction. This also proves that R (d;v,q) < 1 if and only if d € (d* (v,q),1).

]
Lemma 2.18. For every d,v and q: R(d,v,q) < max {qefmci_efm, 1}
Proof. Note that R (1;v,q) = 1 for all v,q and that R (0;v,q) = qefmci*efm. The
lemma then follows from convexity of R in d. ]

Lemma 2.19. For every ¢ and v such that ¢}~ “¢¢ ™" > 1/2 we have: R(d,v,q) >

(2

rA -

1/2. If ¢l 7"%¢¢ "% < 1/2, then R(0,v,r) < R(d,v,q) for alld > 0.

Proof. Note that R (0,v,q) = ¢-=¢"%¢¢™® > 1/2, while R(1,v,¢) = 1. Suppose the

minimizer of R is in the interior. Since d — R (d,v,q) is convex, a necessary and

sufficient condition for d to be a minimizer of R is % = 0. Taking derivative of R:
orR 1 W +182*( w B W2 )
od —  d1+W dod \(1+W)? z(1+W)

B _E N z* 44

d = d?(1—d)z(14+W)>
_ R R_R
N d d(1+W)

since:
oz* 1 l_e—TA —TA z*
= c r =

od — (1—d)?" d(1—d)

Hence:

R R R _
d d1+w)




or: R¢/(14+ W) =1. Hence R°= (1+ W), or W = (1 —d)~"/*> — 1 this means that,

at the minimum:

P (1—d)? =1
d(1—d)™/?
1= (1—ad)

d

let f(d) = (1 —(1- d)l/2> /d. Then:

df Ta—a)?d-1+01—-a)'?
dd &2
1—(1—ad)"?

242 (1 — d)*/*

which is never 0 in [0, 1]. Then the minimum of f is either f(0) or f(1). f(1) =1

while:

JO =
ta-a”
= lim =
d—0 1 2

thus, min f = 1/2. Hence, if R(0,v,q) > 1/2, we must have R (d,v,q) > 1/2 for
all d. Moreover, if R(0,v,q) = c},_e_mqe_rA < 1/2, then R(0,v,q) < R(1,v,q) and

R(0,v,q) < R(d,v,q) for all d > 0, as required. ]

Lemma 2.20. Suppose that there exists a non-decreasing function g : V — [%,th}
such that for every v: g(v) < ¢,. Then for every d € [0,1) the function f(v) =
R (d;v, g (v)) is strictly increasing and also satisfies f (v) < ¢, for all v.

—r —rA —r —rA
Proof. For every v; > v note that ¢, * Sg) T > o © “g (1) " and therefore

f(v1) > f(v2). f(v) <c, follows from lemma 2.18. O

Let G de the set of all v € [%, cvh]v that are weakly increasing in v and satisfy
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Yo < ¢, for all v. For any 8 € A(V) and v € G define the correspondance: & :
G x A(V) =[0,1] dy taking ® (,0) to be the set of all d € [0, 1] that solve:

> 0w R(d;v,7) =1

Lemma 2.21. For all v and 0:1 € ® (v, 0).

Proof. By definition:

W (1Lale" fm)
R(L;v,%) =1 —x ey = L
( U, ) l_r}% d(l —|—W (fddaﬁljie TATS TA))
therefore >~ 0 (v) R(1;v,7,) =>_, 0 (v) = 1. -

Lemma 2.22. Suppose ® (v,0)N[0,1) # @. Then there exists a unique d in @ (v,6)N
[0,1).

Proof. Assume wlog that there exists d < d < 1 such that {d,d'} C ®(v,6)N[0,1).
By lemma 2.21 we have 3. 6 (v) R(1;v,7,) = 1. Let a de s.t. d = ad+ (1 —a)l.

Then:

1 = a) 0@ R(dv,7)+1—a)> 0@ R(1;0,%)

= ZQ (v) (R (d;v,v) + (1 —a) R(1;v,7,))

> ZG(U)R(ad+(1—a)1;v,’Yv)

= ZG (v) R (dl;v,%)

where the inequality follows from lemma 2.16 and Jensen’s inequality. Thus, d ¢

® (v, 0), a contradiction. O

—rA —rA

Lemma 2.23. ®(7,0) N [0,1) # & if and only if >, 0 (v)ci™¢ "7 > 1, with

O (v,0)N[0,1) # {0} whenever the inequality is strict.
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Proof. Note that:

exp (¢y,) - _ 1+exp(cy,,) W ey, exp(cy,))
R<1+exp(cvh)’ " Uh) exp () (1+ W (cy, exp(cy,)))

- () (Freten) <

since e” > x for all > 0. Since R (d;v, q) is increasing in v and in ¢ this implies:

exp (¢y,,)
R === vn/ . " 1 2.8.13
(1+exp(cvh)’v”y) < ( )

for all v and r,. Moreover, if 3>, 6 (v) ¢}~ ™4™ > 1 then:

E 9() - TA757TA - l—e—TA o—rA
2RO = oy ey - e =

implies dy the intermediate value theorem that ® (v, 0)N[0,1) # &, and that ® (v, 0)N
[0,1) # {0} whenever 3,6 (v) ¢}~ "4 > 1. Suppose now that ® (7,0)N[0,1) #
. Take d € ®(v,0) N [0,1). Then dy d — R(d;v,~,) being strictly convex and

equation 2.8.13 we have that

g< P (@y,)
1 + exp (ay,)

and therefore >° 0 (v) 2% (d;v,v,) < 0 dy convexity of d — Y, 6 (v) R (d;v,7,) and
>, 0 () R(1;v,7,) = 1. But convexity of d — > 6 (v) R (d;v,v,) will then imply

that > 0 (v) R(d;v,,) is decreasing in the range [0, d], meaning that:

1§Z€( (0;v,7) ZQ —eTR e

as required. O

—rA —rA

Let G be the set of all (v,6) pairs that satisfy, >, 0 (v)c;™® ¢~ > 1, and
let ¢ (v, 60) be the unique element in ® (v,0) N [0,1) for all (y,0) € G. Note that G
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is closed, and that ¢ is continuous since it is a fixed point of a continuous func-

M
tion!?. For every dM ¢ [O, ”’;};”} , define v}, (d™) = R(dy;v,c,), and 7}, =
R (din; 0, i1 (dM)) for all m < M. Note that ~;, € G dy lemma 2.20. Then

for every m, let 65, (d™):

0 T (1= dyyy (dM
Q;(v;dM)— :“()1_)[ ( 7( ))

Yo ()T (1= dyy; ()

M M
Finally, define the function ¥ : [O, %] — [0 u} dy setting: W, (dM) =

? U

10) (c, 03 (dM)) and letting V,, (dM) =¢ (ﬁ\/[ (dM) .0 (dM)).
Lemma 2.24. V is well defined and Vg (m) > 0 for all m.
Proof. The first stage is clearly well defined. The second stage is well defined since:

AV (M) = din R (din; v, Vg1 (@)

_efrA * EirA
W (1?37” aqu fym+1,'u (dM) )
= i < 1
1+ W < Te-al =y, (dM) )

for all m and therefore 67, (d™) is well defined. It remains to be shown that
(05 (@) 75 (d¥)) € G

and 6 (05, (") 75, (a¥) € [0, 222]. (6, () 73 (™)) € G follows from ¢, > 1
for all v. W (M) < *2== follows from:

— Yh—k Yh—k
R (vh K/;'Uhac’uh) = <vh—f{>W ( il ( )) =1

z (1+ W (35 xp (52)))

19An easy argument is to set ¢ = argmin(d—_ 6 (v)R(0; 0,7%))° sudject to d <
exp (¢y, ) / (1 + exp (¢, )) and use Berge’s theorem of the maximum.
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and R (%, v, cv) being strictly increasing in v. This implies that

Z@&(U)R(vh_ﬁ;v,cv> <1
Uh,

since 03, (v) < 0(0;v,) < 1 from monotonicity of ~;, , in v. Note further that
Yo (M) < ¢, for every v since ¢, = R(0;v,¢,), ¥ (M) > 0 (since ) 0O,c, =
>, 0uR(0;v,¢,) > 1 for all § € A(V)) and R(d;v,c,) is strictly decreasing for

all d < *2*. Suppose now ., < ¢, for all v, and ¥ (j) is well defined and satisfies

U (j) >0 for all j > m + 1. We will show that ¥ (m) is well defined, is in [0, “};;”},

and v, ,, < ¢, for all v. Note that:

—rA

Z O (U? dM) ai_fm (7;;14-1,1;)67% = Z o, (U; dM) Ay (—7m+1’”)

Ay
> Z 0, (v; dM) Uy (—ymail’v)

- Z 9:1 (U? dM) ,Y;H-l,v

where the inequality follows from ~;, ., , < ¢, and 2" > g forall A>0and z €
(0,1). But since 7j, was monotone for all j, 7 first order stochastically dominates
07,11, meaning that > 0% (v;d™) 5., > >, 00 (v;dM) ~%,,, which is equal
to 1. This proves that (0;“” (dM ) Yo (dM )) € G . Moreover, since the inequality
52 O (03 ™) € (V)"

10) (an (dM) Vo (dM)) > 0. Finally ~,,, < ¢, follows from v, , < ¢, and ¥4(m) >

-

A *
> 3,0 (v;dM) ¢, (7’“0%) > 1, we obtain that

0. [l

Lemma 2.25. VU is continuous, and therefore has a fixed point a* € [O, Uh;”}M that

satisfies: ay, > 0 for all m.

Proof. Continuity of ¥ follows from ¥ being a composition of continuous functions.

We can therefore use Brouwer’s fixed point theorem to odtain a fixed point, and

124



a;, > 0 follows from lemma 2.24. ]
Lemma 2.26. There exists an M -equilibrium average-ratio path.

Proof. By lemma 2.25, there exists a fixed point a* € [O, %]M of U which satisfies

as, > 0 for all m. Set pX | = 4, (a*) for all m < M and p}],, , = exp (“=). Letting

K

a¥ = a* and 9M = 07, (aM ) for all m then gives a triplet (aM . pM, 9M ) which is an

M-equilibrium average-ratio path. O

Additional Properties of M-equilibrium average-ratio paths

Lemma 2.27. Suppose v € G, § € A(V) and d € (0,1] are such that 6 (v,) < 1,
6(v;) >0 and ), 0(v)R(d;v,v)=1. Then: (1) dR(d;v,v,) < (v, — k) vy for all
v; (2) R(d;vn,Y,) > 1; (3) R(d;ur,7v) < 1.

Proof. (1): R ((vy, — K) Jvn;vn, ¢y, ) = 1. Since R (d;v,,) is strictly increasing in +,

and v and 7, < ¢, for all v this implies that

R(<Uh - '%) /Uh;vaﬂyv) < R((vh - /ﬁ) /Uh;vhvcvh) =1

By lemma 2.16, one must have Y~ 6 (v) R (d;v,7,) < 1for all d € ((vj, — k) /v, 1).
Therefore, d < (v, — &) /vp. But the function f (d) = d R (d;v,y,) is strictly

increasing in d. Therefore:

dR (d;v,7,) < (Uh — Fu) R ((Uh — ﬁ) ;v,%) < <Uh - H)
Uh Up, Uh

as required. (2) and (3) follow from lemma 2.20 and 0 (v,) < 1 and 6 (v;) > 0. O

Lemma 2.28. Let (a,p,¥) be an equilibrium average-ratio path of By (10). Then

DPm,v 5 Strictly increasing in v for every m and satisfies: Py, < 1 < Py, -
Proof. The first part follows from lemma 2.20 while the second from lemma 2.27. [J
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History Independence in Finite Periods Here we will prove the following

lemma, which implies that equilibrium strategies are simple.

Lemma 2.29. Let (i, 3,0) be an equilibrium of the finite horizon game. Then for

every m there exists two functions: zp, : V — X and by, : X x V' — (0,1) such that:
1. For everym and v: oy (2m|2™ 1 0) =1 for all ™.
2. For everym, v and x € X, By, (x, 2™ 1, 0) = by, (z,v) for all z™ 1.
We will prove Lemma 2.29 in steps, many of which will be useful later.

Lemma 2.30. Fora € (0,1), c € R, d € Ry, and consider the function:

’U*;*I 1 _
H (l‘|a’ C? d’ U) = 1 v—c—x x + ( av—c—:c ) d
l—a+ae = l—a—+ae =

then H — d 1is strictly log-concave over x € R,. Therefore, the problem:

rrngécH(ﬂa,c, d,v)

has a unique solution for every a, ¢ and d.

Proof. Note that:
1 v—xr—cC
ln(H—d):ln(x—d)+lna—|——(v—c—x)—ln(l—a+ae 2 )
K

the second derivative of which with respect to x is:

for all x € R, concluding the proof. O
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Lemma 2.31. Consider the mazimization problem: maxger, H (z|a,c,d,v). This

problem has a unique solution. This solution satisfies x* = d + (%) K,
which s equivalent to:
. a v—c—K—d
¥ =r+d+ W exp (| — (2.8.14)
1l—a K
and satisfies the following two equations:
e . l1—-a .
—— | " + < — ) d=x"—k (2.8.15)
1—a+ae = 1l—a+ae =
and:
’U*C;.’IJ * o d .
L (”” : “) (2.8.16)
l—a+ae = x*—d

Proof. By lemma 2.30, H — d is log-concave. Clearly, any solution of max H is also
a solution to maxIn (H — d). Since In (H — d) is strictly concave, the following first

order condition is both necessary and sufficient for a solution:

I (1—a) _0

r—d /4,(1 —a—i—ae%ifc)

which can be rearranged to obtain equation 2.8.15 and 2.8.16. This can also be

rearranged as:

or:




which can be easily rearranged to give the desired equality. O]

Definition 2.9. Suppose (3, 0, i) are consistent. We say that a sequence {u", 5", "}
is a (2™, v) perturbation sequence for some (x™, v) if there exists a p* € A (X™ x V)

with p* (z™,v) > 0 such that:
Lop" =€ +(1—€") pup
2.¢€">0,¢"—=0and g" — f
3. ™ maximizes E,, [Us|u", 8", o] for all n.
Given some (2™, v)-pertubation sequence, {u™, 8", €"}.7 |, let 7w, = [ Brdu™.

Lemma 2.32. For all (zM,v):

WMB%(UixM)

By (xM,v) =

B 1— 7y + WMe%(”_‘”M)
Proof. Let {u", ", "}~ be a (mM,v)-pertubation sequence. By Lebesgue’s dom-

inated convergence theorem: [ 83 dpa — [ Budpar, which implies [ 83, dp” —

[ Baudpns. Using theorem 2.5:

M _ : n M
Bur (z¥,v) = lim By (z,v)
1
™ ef(v—a:M)
= lim ME -
n—0o0 1 —_ 7-(-]7\'/4 + 71-]’(\7,46;('[1—1‘]\4)

WMG%(foM)

1 — g + e om)
as required. O
Lemma 2.33. [ Sydun € (0,1).

Proof. By lemma 2.32, if [ Sydpas = 0 then Sy ($M,’U) = 0 for all (:EM,U) contra-

dicting 3y being attentive, while [ Byrduy = 1 implies By (zM,v) = 1 for all (z™,v)
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which cannot possibly be in equilibrium since then the seller must be charging z for

sure in period M, contradicting [ being a best reseponse to ¢ in period M. O]

Note that we can now write the seller’s expected value conditional on arriving to

period M, the history being (:val, v) and offering x:

+(v—zn)
Ul,M (lexMil,'U) _ ( TameE )) T

1
1 — 7y + myenv—om

which by lemma 2.31 has a unique maximizer in X for every v. Let zp, be that

maximizer.

Lemma 2.34. 0 (za,; 2", v) =1 for all (71, v). Moreover, Uy y (zp]2z™ 1, v)

is independent of xM~1.

Proof. Follows directly from lemma 2.32 and lemma 2.31. [
In what follows, let:

B (2™, 0)
0= J Bt

m

pm (2
for all (™, v).
Lemma 2.35. The following conditions must hold in equilibrium for all m:

1. There ezists a function b, : X x V. — (0,1) such that for every (z™,v),

B (™, 0) = by, (4, v). Moreover, by, satisfies:

Wme%(”_xm)

bm (me U) - 1 e—TA m
ﬂ—me;(”*xm) + (1 —_ 7Tm) eT(”*Zm-H,v*'{lnPm+1(ZM+1,vva v))

2. Ty € (0,1) for all m.

3. For every m and v there exists a unique 2y, , € X such that o, (2 |2™ 1 v) =1

for all x™ 1.
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4. For every m and v, Uy, (x|2™ 1 v) is independent of ™ .

Proof. Note that we’ve shown that the lemma holds for period M. Suppose it holds
for all periods m + 1,...,M. We will show that it holds for m. Let pp11, =
Pm+1 (Zmt10, 2™, v), which is well defined and independent of ™ by part (1) of the
lemma. For some (2™, v), let {u™, 5", €"} 7| be a (™, v)-pertubation sequence. Since

B (x7,v) — B (27, v) for all (z/,v), we have by Lebesgue’s dominated convergence

n

theorem that: ), 4

— T+, for all relevant j > 0. Moreover,

n P M
lim o, (Zmt1,0,2™,0) = lim ﬁm+1( males T, V)

n— 00 n—00 f ﬁgLJrldﬂn N pm+1,v

since 7,41 > 0. By theorem 2.5:

Brm (xm> U) = nh_{{.lo 521 (xm7 U)

1
aneE(”_JCT”)

= lim —
n—00 " e%(v—xm) + (1 — ) ecT(U*Zm.t,.l,vfnlnp%+1(zm+17v,xm,v))
m m

ﬂme%(”_wm)

1 e—TA |
ﬂmeg(vfxm) + (1 — ﬂ'm) GT('Uf‘zm+1,U*“’C H,Dm+1,u)

thereby proving (1). To prove (2), note that 7, = 0 contradicts § being attentive,

1

and 7, = 1 will imply o, (z,2™ ', v) = 1 for all v which contradicts § being optimal

for the buyer. Part (3) then follows from part (4) holding for m + 1 and lemma 2.31,

which then also imply part (4). O

Note that Lemma 1 follows from Lemma 2.35.

2.8.4.2 Recursive Representation in Finite Horizon

Statement of Proposition Given Lemma 2.29, it is clear that the only relevant
belief for the buyer at period m is the marginal of y,, over V. Denote the marginal of

i over V by fi,,. Let By (fi1) be the bargaining game with a horizon of M periods
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with a prior distribution of iy = po over V. We will use Lemma 1 to represent
equilibria of By, (ji1) as a strategy for period 1 and an equilibrium of By;_; (fi). For

that, we introduce the following definition of an equilibrium representation:

Definition 2.10. For every m, let 6, € A(V), by, : X xV — (0,1) and 2, : V — X.
We say that (6,b,2) = {(B, b, 2m) Yo, is an equilibrium representation of By (o)
if there exists an equilibrium (u, 3, 0) of By (1) such that for all m, v, z € X and

xmil € melz em = ﬂm; Om <2m7v|xmilvv) =1 and Bm (xvxmilvv) = bm (ZL‘,'U).

Given an equilibrium representation (6,b,x) of Bas (110), let by = by (20, ),
and take m,, to be the prior probability that the buyer accepts the m-th offer condi-

tional on arriving to period m, i.e.

T 3= O (V) by (2.8.17)

and take:

EM+1p = K
Ty = 1
e V—K)/K
bM—i—l,v = 6( )/

for all v. These quantities will be useful in the following Proposition, which establishes

that the equilibrium can be represented in a recursive manner.
Proposition 2.7. (0,b, 2) is an equilibrium representation of By (po) if and only if:
1. { (B b, 2m) Yo, s an equilibrium representation of Bay_1 ().

2. For every v and m, z,,, solves:

bmv
“mw e_TAZm+1,U =K (]— - e—rA + (1—7)) (2818)

- bm,v
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3. For every v, m and x € X, by, (z,v) solves:

—rA

V=1 —e (V= Zni1,) = kln (bm (z,v) (1 = ﬂm)) — kIn (bm+1’”>

T (1 — by (,0)) a1

(2.8.19)

The subject matter of the rest of this section is to prove the above proposition.
Note that one can combine equation 2.8.18 and equation 2.8.19 for x = z,, , to obtain

the condition:

—rA

b < b?’v ) Tm, bm—i—l v ‘ < v=r ) l—e 2
P 1-bmw ) — 2 K 2820
() )= () () o)

Preliminary facts We will begin by proving the following preliminary fact, which

will help us establish that the seller’s strategy is an interior solution.

Lemma 2.36. Suppose (0,b, z) satisfies equations 2.2.4 and 2.2.3 of Proposition 2.7.

Then for every m:
1. 2y, s strictly increasing in v.

2. by = by (2w, v) is strictly increasing in v.

bm,vh

™ > < Vp.

bm,vl

3. vy <y —kln <7r_> < Zmay < Zmw, < U —/{lﬂ(

Proof. We will prove by induction. Suppose (0, b, z) satisfy equations 2.2.4 and 2.2.3

of Proposition 2.7. Then they must satisfy equation 2.8.20, which implies:

bM,v . T M v—k
1—bM7v_W(<1—7TM)6 >

which, since mys € (0,1), implies that by, is strictly increasing in v. Since:

b
ZM’U:,i—i_,i(l—LM)
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we obtain that zjs, is strictly increasing in v. Finally, note that that equation 2.8.19

1 — by basv
My =V + KIn (—M’ ) — kln (—M’ )
1—7TM M

which implies part (3) since baro, > Tar > basy,- Suppose now (1)-(3) hold for

implies:

m+1,..., M. We will show they hold for m. First note that by equation 2.8.20, b
is strictly increasing in v since by, is strictly increasing in v. To obtain that z,,, is

strictly increasing in v, note that:

bmv
enfime () e

which is strictly increasing in v. Using equation 2.2.3 we obtain that for every m and

v

bm'u — 1 _bmv — bm v
Zmp+rIn (—) = (1 —e ”A) v+kKlIn (—) +e A (Zm+1v + kln (;1>)
T 1—m, ' M1

and therefore, through repeated substitution:
M
b : 1—0b,
e+ I [ 22 ) =04 kY e TR [ 20
cren(Gr) =z e (7
Therefore:
M
bmyvh 77"A(]7m) 1 — ijvh bm’vh
meh:?)h—lﬂlln(H)—Flij:Zme In ﬁ <wv, —kln H < Up
where the inequality follows from b,,, being strictly increasing for m,m +1,..., M.

]

Proof of Proposition 2.7 We will prove by induction. Suppose first that 6, €

AV), by X xV — (0,1) and zy : V — X satisfy the conditions of Proposition
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2.7. Then note that:

TpME K

bM(.T,'U)I v—x
1—7TM+7TM€T

for all z. Therefore, by Lemma 2.31, 2z, is a best response to by;. Take ji; to be the
distribution over X x V defined by v being distributed v an o (zpr,|v) = 1 for all v.
By Theorem 2.5, B3y = by is a best response for the buyer conditional on the seller
offering zj;. To show that by is a credible best response, fix any (z,v). Suppose wlog
that © < zp7,. By lemma 2.36 we have zy, < vy, for all v. Pick & such that 2 = v,

and take « to be such that:
aby (Z,v) + (1 — a) by (x,v) = by

then define u° to be such that for every v' # v: p° (ZMW/,’UI) = Lo (ZM’v/,’U/). For
v, set 1 (z,v) = (1 — ) fm (2a10,v) and p (F,v) = apg (2a0,v). Then clearly
by satisfies the conditions of Theorem 2.5 for every u¢ = eu® + (1 —€) pg. This
establishes that by, is a credible best response. Thus, (0, by, zp) is an equilibrium
representation of By (p).

Suppose now that (u,3,z) is an equilibrium of Bj (u). By Lemma 2.29 the

equilibrium can be represented by some (6,7, by, 2pr). By Lemma 2.35:

v—T
TpME <

bM(xJU>: v—=x
1—7TM+7TM€T

Then conditional on v the seller solves max,cx H (z|my,0,0,v). By Lemma 2.31 this
has a unique solution in R, . Let s, be that solution. By Lemma 2.31, x5, > & for
all M. Suppose xyr, > T for some v. Note that, from Lemma 2.31, xy, is strictly

increasing in v. Therefore, xys,, > z. However, x);,, satisfies:

T\ Vp—K _
e = )2x>vh

TMp, =K+ W (1
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but for xs,, > vy one must have:

W (I ) 5 B ey B

which will, in turn, imply that z;, > v for all v. But this means that zp;, > v
for all v. But then the best response for the buyer must satisfy my;, = 0, which
will contradict 8 being attentive. Therefore, z;, < z for all v, which implies that
M = Tmp- Proposition 2.7 then follows from Lemma 2.31.

Suppose now the proposition holds for Bys_1 (uo) for all py. We will show that it
also holds for By (p0). Suppose first { (6, b, zm)}%zl satisfies the equations 2.8.18
and 2.8.19 of Proposition 2.7. We will show that {(6,,, b, 2m)} o, is an equilibrium

representation of By (po). Note that equation 2.8.19 implies:

T 6% (v—e*rA (v—zm+1,u—m1n(bm+1,v/ﬂm+1))_xm)
m

b, (T, V) =
m ( m ) 1—m, + Wmeé(U—e’m(’v—zmﬂ,v—ﬁln(bm+1,v/ﬂm+1))—wm)

Define o by o, (2m|2™ 1 v) = 1 for all (2™, v), take B, (2™, v) = by, (¥, v) for all
v, and let p be the beliefs implied by the seller using o, the buyer using 8 and p being
updated using Bayesian updating (which is always possible since b, (z,,,v) € (0,1)
for all (z,,v)).

Step 1: o is a best response to [ after every history.

Proof. In period M, conditional on v, the seller solves max,cx H (x|my,0,0,v). By
Lemma 2.31 27, is the unique solution to this problem. Moreover, the expected
value for the seller conditional on arriving to period M and having good of quality
v is zar, — K. Suppose now that the seller’s value conditional on arriving to period
m + 1 and on v iS z,41, — K regardless of ™. Then the seller will choose z,, to
maximize:

max b (T, 0) Ty + (1 = by (T4, v)) e A (Zmt10 — K)
Tm€E
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which is equivalent to maximizing:

H (Ilﬂ-mv e_TA (U — Emt+lu K In (bm-l—l,v/ﬂ-m—l—l)) ) e_TA (Zm+1,v - I{) ,U)

the unique solution in R, by Lemma 2.31, equation 2.8.16 is equal to:

T =K+ €™ (Zmi1o — K) + K (

bm (Xm0, V) )

1 - bm (mm,m U)

Which, by Lemma 2.36 implies that z,,, € [v,v,] C X. Thus, 2,,, = y,,», meaning

that z,,, solves the v type seller’s period m problem, as required. O
Step 2: [ is a credible best response to o after every history given pu.

Proof. Note that (3 is a best response by Theorem 2.5. Fix any (2™, v). Suppose wlog
that x,, < zy,. By lemma 2.36: z,,, < v, for all v. Pick 2™ such that z,, = v;, and

take o to be such that:

aﬁm ('%m> U) + (1 - a) 5771 (l,m’ U) = 5m (Zm,va U)

then define 1° to be such that for every v' # v:

S AN ,
M (Zl,v/""’zm,vl’v>_um<21,v'7"'7zm,v'>v>

For v, set i (x™,v) = (1 — @) fim (Z1.05 - - - » Zmuw, v) and

,uS (.f' ,U) = Ol (Zl,va ey Bmyuy U)

Note that by construction the buyer’s posterior over V' after using /3,, and reaching
period m + 1 is the same under p,, and p°. The same holds for every p¢ = eu® +

(1 —¢€) py, for € € (0,1). Hence, it is straightforward to show that (B, ..., Su)
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satisfies the conditions of theorem 2.5 when the distribution over X™ x V is u =
en® + (1 — €) p for € € (0,1) and future offers are drawn from o. The fact that 3 is

a credible best response follows. O

We have therefore established that {(6,,, by, zm)}ﬁ\r{:l is an equilibrium representation

of BM (,uo)

Suppose now that {(60,,, by, zm)}%:1 is an equilibrium representation of By (1)-

By Lemma 2.35, by, satisfies:

v—T
TpmE &

bM (x’ U) = v—x
1 — 7y + e =

therefore, the seller’s problem conditional on arriving to period M and having a good
of quality v is max,ex H (z|mp,0,0,v). By Lemma 2.31 this has a unique solution
in R;. Let x5, be that solution. By Lemma 2.31, x5, > & for all M. Suppose
Ty > T for some v. Note that, from Lemma 2.31, xy, is strictly increasing in v.

Therefore, x5/, > . However, x,,, satisfies:

M, Ifi—'—liW(l T

but for zs,, > v, one must have:

™M Vp—K Vhb — K UV — R
wW e r > = Ty >
1—my K Up

which will, in turn, imply that z,;, > v for all v. But this means that z;, > v for
all v. However, this means that the best response for the buyer must satisfy 7y, = 0,
which will contradict 8 being attentive. Therefore, x5, < Z for all v, which implies
that zp7, = . Note that this implies that z,,, satisfies equation 2.8.18. Moreover,
the seller’s expected utility conditional on ariving to period M and having a good of

quality v is zy, — £ (Lemma 2.31, equation 2.8.15). Suppose now that the seller’s
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value conditional on arriving to period m 41 and on v is 2,41, — K regardless of z™.

Then the seller will choose x,, to maximize:

ma})(( b (T, V) T + (1 = b (T, 0)) e e (Zmt1,0 — K)
Tm€

Note that by Lemma 2.35 b, must satisfy:

T 6% (’Ufe_TA (vfz'rn#»l,'ufnln(b7n+1,v/7r’m+1))7a7m)
m

by (T, v) =
m ( m ) 1— T + Wmei(”*B_TA(U*ZWH—LU*Nln(bm-kl,v/ﬂm-ﬁ-l))*xm)

and therefore the seller’s problem is equivalent to to maximizing:

H (x|7Tm7 e_TA (U — Amtle T K In (bm+1,v/7rm+1)) ) e—rA (zm+1,v - /{) 7”)

the unique solution in R, by Lemma 2.31, equation 2.8.16 is equal to:

b (L0, V) )

o —rA —
Ty = K +e (Zm+1,v H) + K <1 — bm ($m,v7 U)

which, by Lemma 2.36 implies that z,,, € [v,v,] C X. Thus, 2, = Ty, Mmeaning
that z,,, solves the v type seller’s period m problem. Therefore we obtain that z
satisfies equation 2.8.18. Simple algebra reveals that Lemma 2.31 implies that b,
must satisfy equation 2.8.19. To obtain that {(6, bm, zm) o, is an equilibrium
representation of By, (fiz), note that the strategies induced by { (b, zm )}, in the
game By (fiz) satisfy equations 2.8.18 and 2.8.19. Then {(Qm,bm,zm)}%zz being

an equilibrium representation of Bj,_; (fiz) follows from the induction assumption.

2.8.4.3 Proof of Theorem 2.1

Lemma 2.37. (6,0, 2) is an equilibrium representation of By (o) if and only if there

exists an equilibrium average-ratio path of By (po), (a,p, ), such that:
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1. For all m: 0,, = U,, and a,, = mp,.
2. For every m and v:ppm .y = by /T -

3. For all m and v:

am V—K 6*7‘
v e_’”AzmH,v = (1 — €_TA) k+ kW (1 . <€ g ) pm—i—iv)

4. For allm, v and x € X, b, (x,v) solves equation:

—rA

by (z,0) (1 — ap,)
A (1 — by, (2, 0))

) — ln (P
(2.8.22)

V=2 —e (V= Zmi1o) = K10 (

Proof. Suppose first that (6, b, z) is an equilibrium representation of By (uo) . Define
V=10, an = T and ppy = by /mTm. Part (4) holds due to Proposition 2.7. By

equation: 2.8.20:

176_7‘A

—rA
Tm rk bm+1,v ¢
W () ()
= — l—e—TA b e—TA
Tm, P m+1,v
W (e (o) (fmee)

The fact that (a,p,?) is an equilibrium average-ratio path follows. Suppose (a,p, )

bm,v

is an equilibrium average ratio path. Define z,, , by equation 2.8.21 and take b, (z,v)

to be the solution to the equation 2.8.22 for every z. Note that for every m:

l_e—rA

() (52) ™ g et (O oo 20n)
—Qm )
b (zm,vvv) = 1_e—TA )

—Qm )

substituting in equation 2.8.21 for (1 - e‘m) K— (zmw - e‘mzmHﬂ,) and noting that
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(y/e"®) =W (y) gives:
—rA

Ck 1—e 7T
w (<1agm> <QT> p%—i—?v)

—e—TA

N = OmPm
vew () () )

Therefore, m = > pob1n = a1. Clearly, 6, = ¥, describes the evolution of

bm (Zm,m U) =

the buyer’s beliefs over V' given the strategy b. Moreover, for every m: m,, =
Y 0 Om (V) by = @, and by, /T, = P It is straightforward now to show that z,,

solves equation 2.8.18 and b,, (x, v) solves equation 2.8.19. The Lemma follows. [

Given the above Lemma, Theorem 1 is implied by Theorem 2.6.

2.8.4.4 Properties of equilibrium in finite horizon

Boundedness of b,,, and 7, In the following subsection, assume that (6,0, z) is
an equilibrium representation in By, (1) and let (a, p,v) be the equilibrium average

ratio path of By (1) from lemma 2.37

Clatm 2.1. Then %ﬂm < by < ew T

Proof. By Lemma 2.20, p,,, € [1/2,¢,] for all m and v. The claim follows from

bin.w/Tm = Pmw for all m and v. O

Lemma 2.38. For every m,
Zmw — e A (Zms1o — K) < (1 - e‘m) v+ e K

if and only if:

pe*rA < R (ama Uaperl,v)
mAhe = Re (am7 vam+1,v)
1—a,,

= W (2" (s v, Pmsi,0))

m
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Proof. Note that the inequality is equivalent to:

(pm-l—l,fu)e S w (Z* (ama prm+1,v))

which is equivalent to:

a/m —rA

(pm-l-l,v)e S (1 — G_TA> In Ay

1—a,

or:
. 1—eTA 1—eTA
2 (A3 Vs Prgi) < €y Inc,

which is true if and only if W (2* (am; v, pmt10)) < (1 =€) Ine, = (1 — e 2) (=£).

The conclusion then follows from:

Zmw — e A (Zmt1o — K) = K+ KW (2" (@m; 0, Pms1w))

Vp—K

Claim 2.2. For every m and v: b, , <

Proof. Follows from Lemma 2.27 and Lemma 2.37. O

Lemma 2.39. For every m, there exists a v such that

Zmp — € (Zm1p — k) < (1 - e‘m) v+ e K

Proof. Suppose otherwise. Then by the previous lemma:

e~ TA R (amv U7pm+1,v)
pm+1,v > c .
R (a'm7 Uapm-ﬁ-l,v)
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for all v. Therefore:

77"A
pm+1 vRC (am; v, pm-l—l,v) >R (am; U7pm+1,’v)

As such:

Zﬂm (U) ke (CLm,U Pm+1 U)pm_;?v > 1

v

however:

c e~ TA 1 — (Impm’v e~ TA
Z U R ama U, Pm+1, v) pm+1 v Z U (U) Tpm—l-l,v
" m

< (Z 79 1 iZZZT Uprn,v)
e—TA
= (Z 79m+1 ampm v> =1

a contradiction.

Claim 2.3. For every m, there exists a v such that:

(1 - e_m) (v—kK)
—e ™) (v—K)+ kK

bm v <
o— (1
Proof. By Lemma 2.39 for every m there is a v such that:

Zmp — e A (Zms10 — K) < (1 — e”"A) v+ e Pk

but by Proposition 2.7, part 2:

(zm,v — e ™ (Zmy1w — Ii)) — K
(Zmp — €7 (Zmi10 — K))
(1—eT) (v—k)

(1—e")(v—kK)+k

bm,v =
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as required. O

2.8.5 Infinite Horizon Equilibrium

In this section we provide an analysis of the infinite horizon equilibria of our game.
We begin by proving that an equilibrium exists via Theorem 2.2. The fact that the
equilibrium satisfies equations 2.2.3 and 2.2.4 from Lemma 2.1 will follow directly
from Lemma 2.29 and Proposition 2.7. We then move to establishing some properties
shared by all equilibria of the finite horizon game. With these properties at hand, we

turn to proving Propositions 2.2 and 2.5.

2.8.5.1 Proof of Theorem 2.2

Preliminary Lemma Let (am,bn),,—, and (ap,, b))

be such that b} ,0b,, €

(0,1), ¢, ¢ >0 and (b, ) = (bm, ¢m) for every m. Define J : X — R, by:

me

= et (T (- b))

J (xoo) — e—rA(]—l) : .
; T (1 — b + bkeE(”_wk_ck)) ’
J* =maxJ,
n A b GH(U zj—c ) (1—[ (1 . bn)>
Joe) =3 ersun 2 y

N (R )
and J; = max J,.

Lemma 2.40. J; — J*. Moreover, if x> ¢ argmax J, for every n is such that

o) _y oo for some x> € X*°, then x> € argmax J.

Proof. Since (b}, cr) — (bm,cm) for every m, for every N and € > 0, there is an

m’m
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N, > N such that n > N, implies:

et (o) (Tt 1 )

al . i;:l( b”+b”en VTR )
j=1 b-eé(”’xj’cj) ( (1 —bg) )

<1 —bk —I—bke»: VTR ck))

Since z € X, this implies that for every n > N and every z*°: |J () — J, ()] <
€+ f_j—iﬁf. This is also true for any > € argmaxJ, implying that: |J* — J*| <
€+ f__;%i’ Since this is true for all N, we have that J: — J*. If 2> € argmax J,
for every n is such that 2 — 2> for some > € X*°. Fix an N and € > 0. Then
since (b7, ) — (b, ¢m) and 7, — x,, for all m, there exists an N, > N such that

m7m

for all n > N.:

biexv (T 1—bk)
N j_ ( bk—l—bkeﬁ TR ck))

. k=1
Z e AU > <€

j=1 bjeﬁ(v K ) (H ( — by

9
1y (1 b+ pper(vied)

since x> € X°°, this implies that for every n > N: |J(93°°) —J, (:BOO("))‘ < €+

%i‘, thereby implyng that J; = J, (z°) — J (). Therefore:

[T (@) = T < [T (@) = Ty (220)] + [T, (z) = T

= |J(@®) = J (™M) +[Jr = T =0
as required. O

Proof of Theorem 2.2 By Proposition 2.7, we can represent every sequence of

equilibria {(p™, 5", 0™)}.~, of Bu, (1) by their equilibrium representations, { (6", ", z")}.
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Note that for every m { (9” ) Urs 2 U) } is an element of a compact subset of R3V
Therefore, by Cantor’s diagonal method there exists a subsequence { (6", b", 2" )},
such that {(07, (v), b2, 25 ) }v converges t0 {(0, (V) , bm,vs Zmw) }oey for all m. As
a consequence, the prior probability that the buyer accepts conditional on arriving
to period m, m]},, converges to 7, := > O (V) bp,. By Proposition 2.7 we have for
every r € X:

—rA

n e
ﬂ_;rybl (6%)1_677‘A ezm-’tl,v b'rnn+1,v 6_%
1—m], Tl

by (JZ,U) = A

m 1 A 2N pn e
vyl—e™" m+l,v m+1,0 _z
1+<1 ”n> (e&) (6 ) (“fnﬂ €

which implies that b7, (z,v) — by, (x,v) where:

—rA

l—e™™& [ Zmi1, ¢
) (ex) 0 (e (mtte ek
b o 1—7m Tm+1
m (:I/'y /U) - 1 A Zmal b e—TA
Tm, A —-e mTo,v m+1,v —z
1+ (1_7T ) (en) (e " e e =

m
b
e (e (o () o)
m

b
l—m +x e%(vfxfe—TA <vfn1n(7;”r:i’1v)fzm+1,v>>
m m

x|

and therefore, 5™ (z™,v) — B (2™,v) = by (Tm,v). Note that by Claim 2.1: b}, | <
(vp, — k) Jop, for all v and m and therefore 7" < (vy, — K) Jvp, 1e. Ty, < (v — K) Jop.
We will now show that 7, > 0. Suppose otherwise, i.e. there is some m such that

m — 0. Then this implies that fi,, = fiy+1. Let:

W (g
D= e w ()

then using W (2) = z/e"*) we obtain:

] 1
f (k1) = (1 - k) exp (W (s2:0)) (1 + W (£50))
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and therefore f (0,l) = [. Hence, using the mean value theorem, for every M there is

a k* € [0,al,] such that:

. o—TA
n l—e=" [ e—TA f (azw 011}76 ° (p:Ln-i-l v) )
Pmw — Gy (perl,v) - _f <O Cl—e*TA ( n )e*rA>
(] pm-l—lfu
0 o o—TA
< | (ke ) ) |

but:

of _ (1= =k (W (E0)T £k
Ok (L= k) (L+ W (1))’

1-k
2

( 1— (1+W (£50) >f(k>l)+f(k,l)
( )’

1—k)(1—|—W ﬁ

which, since k* < 1 we have that f(k,l) /(1 — k) is bounded in the range (k,l) €
[0, (v, — k) /vp] X [0, ¢y, ] In addition:

)"\ (kD . (1= (14 W ()
52> ko (}Ji%f(k’l)>hm< k >

=) (15 W (50)) =

k—0

hm( 1— (14+W (£:0)

assuming the limit limy_,o k~* (1 — (1 + W (ﬁl)f) exists. Using L’Hopital’s rule:

o BV . 2(14+ W (£:0))!1
¢ (1 <1+W(1—kl>)> B IIHOexp(W(ﬁz)) 1+ W (1) (1 - k)?
2 l
= e (7 (5) (<1—k>2) -

thus, g—f: is bounded, implying that |py, , — c}]_e_m (p?n +1,U)e — 0 and therefore
Py = cll)_“?frA (pmﬂ,,,)eﬁA for all v. But:

D () Py = Jim i (v) P, =1
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and therefore we’ve obtained:

v
> Z ﬂm ('U) pm-i—l,v

= Zlaerl (U) Pm41v = 1

where the inequality follows ¢, > py, 41, for all v and ¢,, > 1 > P41, a contradic-
tion. Hence, we have 7, > 0 for all m.

Thus, by Lemma 2.40, offering z,, , for sure in period m conditional on the quality
of the good being v regardless of the history is a best response for the seller conditional
on the buyer using .

We will now show that /3 is a best response to o defined by the seller offering z,, ,

for sure in period m conditional on the quality of the good is v. Note that:

1_bmv — bm v

kln [ —22 ) =™ [0 — 20010 — KIn —mtly
1 T

— T Tm+1

therefore, for every n < m, consider the buyer’s quasi-value, U, (3, o|z™,v), is equal

bj.
j—1 bj,v (U — Zjv K 1n (;—’J))

: 1—bj,
J=m k=m — (1 — bj,’l)) Kk 1n (1_—7?])

bjv
V—Zzj, — KIn [ ==
T

to:

Thereby implying, by Theorem 2.5, that [ is a best response to ¢. We will now
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prove that [ is a credible best response to o. Note that Lemma 2.36 implies that
for every m and n: 2, € [v,vs] and therefore z,,, € [v;,vs]. As such, for every

(x™,v) € X x V, there is a ™ and « € (0, 1) such that:
aby, (2™, 0) + (1 — ) by, (T, 0) = by
define 11° to be such that for every v’ # v:

S A ’
/"I/ <Zl,v/""’zm,vl’v>_Mm<21,v'7"'7zm,v’>v>

For v, set

p® (@™, 0) = (1= @) i (21,0, s Zm0, V)

and

,uS (™, v) = apm (Z10, - - - s Zmws V)

Note that by construction the buyer’s posterior over V after using /3, and reaching
period m + 1 is the same under p,, and ©°. The same holds for every u¢ = eu® +
(1 —€) p, for e € (0,1). Hence, it is straightforward to show that (5,,, . . .) satisfies the
conditions of theorem 2.5 when the distribution over X™ x V is u¢ = e + (1 — €) i
for e € (0,1) and future offers are drawn from o. The fact that 3 is a credible best
response follows.

Note that we’ve shown that every sequence of equilibria {(x", 3", 0™)}, -, in
B, (po) with M,, — 0 has a convergent subsequence {(u™, 3", 0" )} | whose limit
(i, B,0) is an attentive recommendation perfect equilibrium. As such, if a sequence
of equilibria {(x", 8", 0™)} >~ converges then the limit must be an equilibrium of the

infinite horizon game.
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2.8.5.2 Proof of equations 2.2.3 and 2.2.4

Follows from Lemma 2.29 and Proposition 2.7.

2.8.5.3 Additional Properties of Infinite Horizon Equilibria

Monotonicpity of b,,, in infinite horizon We now prove the following lemma.
Lemma 2.41. For every m, by, , is strictly increasing in v.

Proof. Consider any M-horizon equilibrium (6, b, z). By equation 2.8.20 we have that:

batw e<12{1‘2“) _ ™ o
1 _'bALv 1 — Tapm

and therefore by, is strictly increasing in v. An inductive argument using equation

2.8.20 then establishes that b,,, is strictly increasing in v for all m in the finite

00
m,v

equilibrium. Clearly, this implies that for any limit (6,56, 2%), b2, is weakly

increasing in v. Using equation 2.8.20 again implies that by, , is strictly increasing. [

Boundedness of b,,, and 7, In the following subsection, assume that (u,b,2)
is an equilibrium in the infinite horizon game. The following three claims follow
immediately from (u, b, z) being the limit of finite horizon equilibria and Claims 2.1,

2.2 and 2.3. We therefore give them without proof.

Claim 2.4. Then %ﬂ'm < by < e T

Vp—K

Claim 2.5. For every m and v: by, , < -

Claim 2.6. For every m, there exists a v such that:

(1 — e_m) (v— k)
—e ™) (v—K)+ K

<
bm,v — (1

Calculating values in infinite horizon equilibriap
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Lemma 2.42. Let (u,b,z) be an equilibrium of B (A, k) and take (F,u,w) be its

corresponding equilibrium collection. Then:
1—m;
_ (j—m) J
Uy = ;,uo (/ﬁZe In (1_bj,v)>
T — K i G_TA(J_m) bj”u
m,v = 1 — bj,q;

Proof. By Lemma 2.13, we know that in equilibrium the buyer’s quasi-value in period

m conditional on 2™ = (21,,...,2m_1,) and on v is:
> 1—m
m—1 —rA(j—m) Ny
Z/{m (ﬁ7 O-|Zv U § G-
1—0bj,
:m ’

the buyer’s expected value conditional on arriving to period m is:

Um = /um (ﬁ?a‘xmilav) dlum

St ) e (S (22

For profits, in any finite equilibrium we have by Lemma 2.31 that the seller’s expected
utility conditional on arriving to period m and having a good of quality v is 2, , — k.

The conclusion then follows for the infinite horizon equilibrium by Lemma 2.40. [

Trade occurs for sure

Lemma 2.43. Let (p,b,2) be an equilibrium. Then for every v:
dm 110
]:

Proof. Suppose otherwise. Note that by Claim 2.4, b,,,/m, > 1/2. Thus, we must

have 7, — 0 as m — oo. By Claim 2.4, b, , /7, is bounded both from above and
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from below, we must have:
lim & i e TAUTm) b]—v =0
m—o0 j=m 1 — bj,'U

for all v. But equation 2.2.4 then implies that z,,, — &, contradicting Proposition

2.2 which implies 2z, , > 2o, > U1 > K. ]

2.8.5.4 Proof of Proposition 2.2

By Lemma 2.41, b,, ,, is strictly increasing for all v. Monotonicity of z,,, then follows
from equation 2.2.4 from lemma 2.1. To prove that v — z,, , is strictly increasing, take

natural log of both sides of equation 2.2.3 and rearrange to obtain:

bmv 1_bm1] — bm v
zmv+mln< : )z?}—i—/@lﬂ(—’)—i—e A (zmﬂv—l—nln(;l’))
' T, 1—m, ’ T+l

which, through repeated substitution implies:

b > , 1—b;
mo +1In [ ) = rAG=m )y (22 92.8.23
z’+n(7fm) UJH{ZB n(l—ﬂj) ( )

j=m

b - 1—b,;
Yy = 1 m,v E : —rA(j—m)l J,v
U—Zm,—lﬁ<n(—>— (& Il(—l ]))

j=m

or:

which implies from b, , being strictly increasing in v for all m. Finally, note that the

above equation implies:

bm,v - —rA 1- bj,v
(ﬂ-m>:eXp<U—zm,v+ﬁZ€ ln(l_—ﬂ_])>
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for all m and v. However, by definition of m,,: >, fim (V) (bimo/Tm) = 1. Since by,

is strictly increasing, by, /7, must be strictly increasing as well, which implies:
- 1—b; - 1—b,
—rA 7,01 —rA JVh
’Ul—Zm’vl—‘—KJZ(E 1n<1_—%><0<vh—2m’yh+/€ze ln(l——ﬂ'J)
J=m j=m
But b;, being strictly increasing for all j implies:
b 1—b;
—rA JsVh —rA 7,01
K In <0<k In | ———
Y] coeyeen (i)

thereby concluding the proof.

2.8.5.5 Proof of Proposition 2.5

We begin by proving for every equilibrium we have u; > 0 and:

U1+ZM0( w1v>ZMo (v — k)

veV

Let (u,b,z) be an equilibrium of B (A, k) and take (F,u,w) to be its correspond-
ing equilibrium collection. Repeated substitution of Equation 2.2.4 from lemma 2.1

implies:
00 4 b'v
210 =K+ K,Z e TAUTD (#) = Wiy + K
j=1 e

where the second equality follows from Lemma 2.42. Thus, using equation 2.8.23 we

obtain that:

bl,v = —rA(j—1) 1 - T
1:;,@(%1):;uoexp<v—/ﬁz—w1,v—/<;e 77 In —b,,
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Note that by , is strictly increasing, and therefore by Jensen’s inequality and Lemma

2.42:
A, (LT
1 —bj,

1 > exp(Z,uo(v) (U—Fa—wm—ﬁze
exp (ZMO(U vV —K) <U1U+ZM0 wl,v))

Therefore implying that the total expected surplus in (u, b, z) is strictly higher than
We will now prove that the buyer’s expected surplus is strictly

>y o (V) (v —K).
larger than zero. Since by, , is strictly increasing, for every v > v
fim+1 (V) _ (1 = bimw) fim (v) < fim (V)
(]_ — bm,v/) ﬁm (U/) ﬁm (UI)

ﬁm+1 (UI)

thus, po first order stochastically dominates ji,, for all m > 2. Using Lemma 2.42

again implies:
1—0b, )

_ —;uo (U)ie_mj_l)m (ﬁ
e
S AU n(Zij<v)(1_bj’v)):0

1—71']'

where the first inequality follows from Jensen’s inequality and the second follows from

to first order stochastically dominating fi;
Suppose now that there is no 7 for which uy + E [wy,] > v — k + 7 for all equilib-

ria. then there exists a sequence of equilibria (u",b", 2™) with corresponding values
(u™, w™) such that

veV

u?—i-z,uo( wlv—>z,u0 (v—K)
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Note that for every n, m and v (ﬂm (), by, 00 2, 7J) is in a compact set of R ;. Therefore
there exists a convergent subsequence. Let that subsequence be the sequence itself.
Let py, , = by, /Ty, Note that ), < *2== for all m and n by claim 2.5 and therefore
T = liMy oo T, < % < 1. We will show that for all m: =,, > 0. Suppose

otherwise, i.e. there is some m such that 7], — 0. Then this implies that i, = fim+1.

Let:

then using W (2) = z/e"*) we obtain:

l 1
J (k1) = <1 — k> exp (W (ﬁl)) (1 +W (ﬁl))

and therefore f (0,1) = (. Hence, using the mean value theorem, for every M there is

a k* € [0, 7] ] such that:

R A f (Wﬁl,ci_efﬂ (pnm+1v)eim>
n l—e™ 7" n e . ’
P ~ Co (Phs10) B g (0 e )e’TA)
» Sy Pr+ip
a . e~ TA
< [ (ke ()| 7

but:

of (1—(1—k>(1+W( i)’ )

ok (1—k)(1+W

B 1—(14+ W (£50) k;l)
(= k) (LW (£210) —k

k

which, since k£* < 1 we have that f (k,l) /(1 — k) is bounded in the range (k,[) €

154



[0, (v, — k) Jvp] X [0, ¢y, ]. In addition:

nm< 1- (1+W(1’“—kl))2)2> f(:,l)

R0\ (1 —k) (1+ W (££0)

= (o) oy (LIS

assuming the limit limj_,o k™! (1 — (1 + W (ﬁl)f) exists. Using L’Hopital’s rule:

2
, k 2(
Ilmk > |(1—-(14+W | —— = lim
k—0 1—k k=0 exp (W (ﬁl

thus, % is bounded, implying that |py, , — C}J_e*m (p;‘l +17U)e — 0 and therefore
Pmw = C}fe_m (107,1“,1,)84A for all v. But:

My, —o00

> i (V) Py = lim Y pn (0)p, =1

and therefore we’ve obtained:

_ _efrA e—rA
1 = Z Hom ('U) qu) (pm-i-l,v)

= Zﬂerl (U) Pmyiw = 1

where the inequality follows ¢, > py, 41, for all v and ¢,, > 1 > P41, a contradic-
tion. Hence, we have 7, > 0 for all m.
Note that:

Pmoy = R <7Tm7 v, pm+1,'u)

for all m and v. Since p! is weakly increasing and m,, > 0, we have by Lemma
m+1,v Yy g

2.20 that py,, is strictly increasing and therefore b, , is strictly increasing. We can
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now use the same argument as in the single equilibrium case to establish that

lim uf =u; >0
n—oo

and:

T g 3 0 (0) wy > 30 (0) (0= )

a contradiction.

2.8.6 Frequent Offers Environment

In this section of the appendix we prove the results of sections 2.4 and 2.5. We begin
by stating some preliminary definitions and results used in the proof of Theorem 2.3.
We then prove an omnibus theorem that includes Theorem 2.3, Proposition 2.3 and

Corollary 2.2.

2.8.6.1 Preliminaries

In what follows, let ¢ be the unique o-additive measure over {2 = (R+, Br +), where

B, is the Borel o-algebra, satisfying ¢ ([t,t + s]) = (e™ — e7"(")) for all ¢, s > 0.

+
As usual, let L? (Q,dyp) be the set of all equivalence classes of measurable functions
satisfying: f : © — R, f is p-measurable and: fm |f|*de < oo, equipped with
the norm: ||f], = (fR+ ]f|2dgo) 1/2. A map L from L?(,dyp) to the real numbers
is a linear functional if: L(afi +0bf) = aL(f1) + bL(f2). A linear functional is
continuous if L (f") — L(f) whenever f" — f (according to the ||-||,), and it is
bounded if |L(f)| < K| f||, for some finite number K. It is well known that a
functional is continuous if and only if it is bounded. We let L? (€2,dg)" be the set
of continuous linear funtionals, also known as the dual of L? (2, dp). A sequence of

functions (f™) € L? (2, dy) is said to converge weakly to f € L* (€, dyp), denoted by
fm—= fif: L(f") — L(f) for every L € L*(Q,dp)". Below is a statement of a
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few famous theorems from functional analysis, specialized to the current setting. The

next theorem is often seen as a consequence of the Hahn-Banach theorem.

Theorem 2.7. Suppose f € L*(Q,dp) satisfies L(f) = 0 for all L € L*(Q,dp)".
Then f =0, and therefore if f* — g and f™ — h then g =h

Proof. (Lieb and Loss, 2010), pages 56 to 57. ]

Theorem 2.8. Let (f"),5, be a sequence of functions in L?(Q,dy) such that for
every L € L*(Q,dy)*, the sequence L (f™) is bounded. Then there exists a finite
C > 0 such that ||f"||, < C for all n.

Proof. (Lieb and Loss, 2010), pages 58 to 59. ]

The theorem below is a specialization of the Riesz representation theorem specific

for our purposes.

Theorem 2.9. For every L € L? (Q,dp)" there exists a unique g € L*(Q,dy) such

that: L(f) = fR+g(x)f(x)g0(d3:). Moreover, for every g € L*(Q,dp), L, (f) =

fR+ g (x) f(x) @ (dx) is a bounded linear functional.
Proof. (Lieb and Loss, 2010), pages 61 to 63. O]
The following is a version of the Banach-Alaoglu theorem.

Theorem 2.10. Let (f"),-, be a sequence of functions bounded in L* (Q,dy). Then

there exists a subsequence (f™), -, and an f € L? (Q,dyp) such that f™ — f.
Proof. (Lieb and Loss, 2010), pages 68 to 69. ]

Lemma 2.44. Let (f"),~0,(9")=o be two sequences in L? (2, dg). Suppose f" —
f and g — g for some [ and g in L*(Q,dyp). Then: fR+ M (z)g" (x)dp —
Jo, [ (@) g(z)de.
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Proof. Note that: f"¢g" — fg = f"(¢" — g) + (f" — f) g. Then:

g f' () (g" (2) — g (@) deo| < [If"lIo llg"™ — gl < Cllg™ = gll, = 0

Since g € L*(Q,dy), we have that L(h) = fR+h(x)g(x) dp € L*(Q,dp)" and
therefore fR+ (f"(x) = f () g (x)dp — 0. The conclusion follows. O

2.8.6.2 Preliminary Definitions

Definition 2.11. An extended equilibrium collection of B (A, k) is a collection,

(F, F,w, ﬂ) such that there exists an equilibrium (y, 5, 0) for which:

1. F:R —[0,1] is a cdf satisfying; F' (t) = >, po (v) F (t,v), i.e. it is the cdf of

the time of trade, unconditional on v.

2. 4: T (A) x V — R is the buyer’s quasi-value conditional on arriving to period

t/A and on v, i.e.

- 1
Uty = Z/{t/A <B7U’ZvA ;U>

where 2]" = (214 ..., Zmy) is the history of offers that is made on equilibrium

by a v type seller up to and including period m.
3. F is a timing distribution function.

4. w: T (A) x V — Ry is the seller’s expected utility conditional on arriving to

period t/Aand on v in period ¢/A terms.

Note that one can find an extended equilibrium collection for every equilibrium

collection.

Definition 2.12. An potential extended continuous limit is a collection (F, F,w, ﬂ),

where:

1. F: R, —[0,1] is an absolutely continuous cdf.
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2. F:Ry xV —[0,1] is such that ¢ — F (¢,v) is an absolutely continuous cdf.

3. w: Ry xV — Ry and @ : Ry x V — R are both continuous in their first

variable.

We say that (F,F,w,ﬂ) is an extended continuous limit of B (0,k) if there ex-

ists a refining sequence of extended equilibrium collections, {(F " F ”,w”,ﬂ”)}zo:l

of B(A,, k) such that:

L. wp, = wpy and 47, — ug, for all (t,v) € U, T (Ay).

2. F"(t) — F (t) and F" (t,v) — F (t,v) for all t and v.

We then say that {(F’”, Fow™, ﬁ”) }:;1 converges to (F, F,w, u)

2.8.6.3 Proof of theorem 2.3 and proposition 2.3

In the following section, we prove the following result that combines Theorem 2.3 and

Proposition 2.3.

Theorem 2.11. Let {A,} 7, be a refining sequence, and take {(F", Frowm, 11”) }70;1
to be a sequence of extended equilibrium collections of B (A, k). Then there exists a
subsequence {(F”k, Fme ™ ﬂ”’“) }Zozl that converges to an extended continuous limit
of By (k), (F,F,w,ﬂ). Moreover, there exists two functions: A : R — R, and

ARy xV = Ry such that:

1. N is the time dependent hazard rate of F, i.e. F (1) = 1 — e~ lo Asds gnd
< 3 (82).
2. Aty is the time dependent hazard rate of F, i.e. F (t,v)=1—e" Jo Asiwds

Moreover, (w, U, A, )\) satisfy:

3. Wiy =K ftoo e (7D, ds
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4. Uy = /iftoo e (s=t) (/\571, — 5\8) ds

5. Miw/ A = exp % (V=K — Wiy — Ury) € [%, ev;m} )
6. For every t:

At = ;uo (v) (—11__Fp(t<;;})) At
7. A\ > 0 and Atw > 0 for almost all t.

8. A s strictly increasing in v for almost all t.

Proof of Theorem

Proof of parts 1 and 2 Let A, be a refining sequence, (F”,F",w",ﬂ”) be
an extended collection of B (A,, k) for every n. Let (", 5", ¢") be the sequence of
corresponding equilibria, and let b, := 8} (= ( tm,v) and 77 = > fiya (v) b}, for
every t € T (A,).

By Helly’s selection theorem, there exists a subsequence of (F_' (N L w”k,ﬁ"k)
and a finite collection of increasing, right-continuous functions F, and F such that
Fr (t) — F (t) for all ¢ for which F (¢) is continuous, and for every v: F™ (t,v) —
F (t,v) := F, (t) for all ¢ for which F, (¢) is continuous. Let (F™, F™,w", ") denote

this subsequence. For every n, t and v € V' define:

N = —Ainln(uw?m)
1 (%J A
=\ )

F(£]
Y- m( )

and define for every t: G" (t) =1 —e~ Js A3ds and G (t,v)=1—e" Js X045 Note that

)
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for every t € Ta,:

/Ot/\’;ds = > A, (-Ailnu—w;))

and therefore:

and similarly G7 (t) = F" (t) for all t € Ta,. Define:

(1—e) (vp — k)
1—e 7)) (v, —K)+ K

WAn:(

and note that by Claim 2.5, 7' < 27, for all n. Therefore:

/\? < ——hl(l — QﬁAn)

note that:

(1 — e_m“) (vp, — K) )

1 =27, = 1-2 ((1—6’”A’L)(Ufz—/<3)+"6
k—2(1—e) (v — k)
=) (on — )+ 5

and therefore:

(1 27,) =
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vy — K

Similarly, Claim 2.4 implies that by, , < 26( K )ﬁAn for all n. Therefore:

Aoy < —Ainln(l—%( x )dAn>

for all v. Thus, for every ¢ > 0, there exists an N, such that for all n > N

vy — K

0<5\g§3r(%)+eand0<)\g,v < (1—1-26( 5 Ur(%)%—eforallsandv.

This implies that:

1Az

-

= (o) (M) )

and therefore, by the sequential Banach-Alaoglu theorem (theorem 2.10), there exists

a subsequence in which A™ — X\ and A" — ),. Note that ¢ is absolutely continuous

T3

b Letting g; (s) = —1[s< %,

with respect to Lebesgue measure, with density —re™"

note that the linear functional defined by:

() = /Mgt(s)f(s)dso'
< |5||[ rwag] < | S in

therefore: [ g, (s) A™dy — [ g, (s) Asdy for all t. However:

[awsae= [ e

and therefore we've obtain that G™ (t) — 1 — e~ Jo %4t = G (¢) for all . Clearly, G is

continuous everywhere. Since F™ (t) = G"* (t) for all t € TA.,, » this implies that for
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all t € U074, : Fm (1) — G (t), and therefore G (t) = F (t) for all t € Uk>0TA,, -
For every t ¢ Ug>074,, , there exists a sequence (t}),-, in Up>07a,, such that ¢, | ¢.
Since F is right-continuous, we have that F' (/) — F (t). But F (t) = G (t!) — G (t).
Therefore: G (t) = F (t) for all t. A similar argument establishes that F™ (t,v) —

F(t,v) =1— ¢ h2wds for all ¢,

Proof of parts 3 and 4: Note that for every ¢ € Ta,, :

1 —nF _

/A n n

In (1 Iy > =A (At/kA,v - /\t/kA)
t/Aw

and therefore:

oo

~ng —r(jAy,, —t nk Nk
Uy = K g e (38 )A(AjAnk,v )\jAnk)

]:t/Ank

let: ga, (t) = —%er<t_Ank [ﬁJ) Then:

n

= /@e”/ 9an, (s) (AZe — A2 dg
t
" ( [ oo [Con, Xi;kdso)
t t

however, for every A > A, : (gAnk (t))2 < T%eQTA, and therefore by the dominated

—Lin L* (R4, dy). Hence, by lemma 2.44:

convergence theorem: ga, —

Uy = ke ( / 9, (8) Ahde — / 9an, () /_\?kdw)
t t
rt

L ofe / (M — A) dp = & / 7D (A0 — X) ds
t t

r
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for all t € U074, - Similarly, for every ¢ € Ta,, :

% b'A
n —r(jAn, — JRny v
wii =0 3 el ><W>

]—t/Ank, ng ,U
o ny,
— K E e_T(JAnk t) ( AnkA]Ank v o 1)
J*t/Ank

using the mean value theorem, there exists a Ay € (0,4A,,) such that:

e}
N
ng rt —rjAn Nk Ang A
W,y = ke E e kAnk)\jAWe Y

j:t/Ank

8} n
_ rt A:Lk)‘jﬁnk,v )\nk d
= Ke e 9An, (s) A, 0 AP
t

2 o 2
since we have (A?an’v) < ((1 + Qe(hT)> r(e) + e) , we can again use the
* nk

. . AL AR .
dominated convergence theorem to obtain that e™ "+ 747 9An, — —% in L? (R, dy),

thereby implying: wi — k [~ e "D\, ,ds. For every n; and t ¢ Ta,, set

gy o=

o=

v” Ay, [t/ A0, |0
Nk — ng

Wiy

) - wAnk [t/Ank-I,’U

Clearly, these converge to the obvious extensions of 4, and w, to all t: u;, =

k[T e —r(s=t) (Asw — As) ds and wy, = & [ eI\, ,ds which are continuous.

Proof of parts 5 and 6: For every ny and t (not necessarily in 7a, ), set:
prt = exp+ (v — Kk —wik —a%). Since @t — am and wy's — wy,, we have that
Diy = Dro = exp% (v — Kk — Wy, — Uyy). Morevoer, 5 < pit < e’ = for all v and t
by claim 2.4, meaning that (pzv) <e 2(*5). Hence, by the dominated convergence
theorem, p/¥ — py, in L? (Ry,dyp). But this means that for every g € L* (R4, dyp),

GiPry = Gebro i L? (R, dy). Thus, by Lemma 2.44 and Riesz representation thoerem
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(theorem 2.9) we have that p{*A\j* — p, ,A;. Note, however, that every ¢:

n
1 — e Amtid

Pt = 1_ e_Ankj\:%

and therefore by the mean-value theorem, there exists A}, ;A2 € (0,A,,) such that:

ng?

1 \"k

)\nk e_A"k )\m}

i t,v
t,v NG

Ao SR

and therefore:

’Uh*l{
“An 1+2e(“))r hs +6> et
e k(( (5%) Nk < Ay < Ahelne (95 +)

therefore, for every bounded linear operator L € L? (R, dyp):

Vp—kK

L) < et )L () - L)

()\?kptv) N G—Ank <<1+28(Uhﬂ_n)>r(vhﬁﬁ>+5>[/ (") = L(\)

and therefore p™ \" — ),. Hence, by theorem 2.7, pt,vj\t = A in L? (R4, dy).

_ R . . i
Therefore: A,/ A = exp%(v — K — Wy, — Usy). Moreover, since p;f € [%,e " ]

(Claim 2.4) for all t € T (A,,) we have p;,, € [%,e%] for all t € U,T (4A,,) which
implies p;, € [%, e%TK] by continuity of p;, in ¢. Note that for every k and every

t€Ta,:

Z L—F™(t— A, v)\ o,
/’LO Fnk (t o Ank) pt,v

S,
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which extends to all ¢ by continuity in ¢ of F (¢,v), F (t) and p;,. This implies:
— F(t,v)
S S e 1 W
=200 () >
for all ¢.

Proof of part 7: To see that A\, > 0 for almost all ¢, assume there is an open

ball, (t,t+ €) such that s € (¢, + €) implies Ay = 0. Then:

3\ 1 —7re ~
)\t,v/)‘t = €eXp E (U — k=€ (wt—I—e,v + ut-i—s,v))

—T€
V—K

1—e _ e—Te _
= (6 g ) ()\t+e,v/>\t+e) > Mtew/ Mg

for all v with a strict inequality for v; since ()‘tﬂ)z/ Xt) <l<e = for all ¢ (since

pry, < 1forallt € UpT (Ay,)). Therefore:

ZMO _ Ot+6 As,o— s ()\tv) ZMO g+e s,v_j\s)dS (AtJre,v)

>\t+5

but A\, = 0 for all s € (¢,t + €) implies:

t+6 As v_j\s)ds )\t,'U _ j As v—j\s)ds )\tﬂ-}
0 ) _ — 0 ) _
S0 (3) = Twe x

= 1

_ }jﬂo - i wrkws(%ﬂw)

)\tJre

a contradiction. Therefore \; > 0 for almost all ¢.

Proof of Part 8: Suppose there is an open ball (¢, 4 ¢) for € > 0 and v < v’

such that A\, = A, for all s € (t,t+¢), and A\, = A by continuity of Ay, /N
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Therefore:

1/,
= exp (v == (W + ) = (w0 + ) )

1/ o
= exp— (v —v— 2,%/ e (N — As) ds)
H t ’

+e€

implying that: x [ e (N, = Asp) ds =2 (v'—v) > 0. But:

1 < M
)\t+e,v
1 ! re = —r(s—t)
= exp—|v —v—2"K e (Asr = Aso) ds
K t+e ’
1/ <
< exp-— (v —v— 2%/ e~ (AN = Asw) ds) =1
K t+e 7

since € > 1, a contradiction. Therefore ), is strictly increasing almost everywhere.

Proof that I’ and F (-,v) are cdfs: Suppose otherwise. Then (A;,/X\¢) > 1/2
for all ¢ and v implies that A\, — 0. But, since )\, is bounded, we can use the dominated

convergence theorem to obtain that:

K

(A /Ae) = exp% (vz — K=K / e (20, — M) ds) et s
t

a contradiction.

2.8.6.4 A few additional properties of extended continuous limits

Let (F’, F w, il) be a continuous time limit of B (0, k) and take (5\, )\) be the hazard

rates from Theorem 2.11.

Lemma 2.45. For almost all t: wy,, + U, < Up — K.
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Proof. By part 5 of Theorem 2.11:
_ 1 .
(/\uvh//\t) = exXp n (Oh — K — Wy, — Ut )

Part 6 of Theorem 2.11 along with \; , being strictly increasing in v (part 8 of Theorem

2.11) implies the desired conclusion. O

2.8.7 Proof of Theorem 2.4
2.8.7.1 Proof of Corollary 2.2

Let {A,} 7, be a refining sequence, and take {(u", 0", 2")} ~, to be a sequence of
corresponding equilibria. Let {(F noFT w™, &”) }zozl be a corresponding sequence of
extended equilibrium collections. Then by Theorem 2.11 there exists a subsequence
{(pre, b, 212 such that {(F”k,F”k,w”k,ﬂ”k)};o:l converges to a continuous

limit (F, F,w,ﬂ). But:

E[U7] = ZMO (V) wy 1)a,) = ZMO (v) wyo = Uy
EU;] = ZMO (v) ag,u/an) - ZMO (v) Uy = U,

as required.

2.8.7.2 Proof of Theorem 2.4

Note that Theorem 2.11, for every U; and U, of B (0, k) there exists an extended

continuous limit (F, F,w, ﬂ) of B (0, k) such that:

U1 = ZMO(U)UJU,O
Uy = ZMO(U)%,O
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Thus, for every {k,} -, such that x, — 0 and corresponding sequence of frequent
offer utilities , let (F noF", w”,ﬁ") be the corresponding sequence of extended con-
tinuous limits of B (0, x,). Let (A", A") be the hazard rates from Theorem 2.11 for

(F™, F",w",@"). Note that for every t: (A7, /A?) € [, 1], implying that

t,v

1
n ~n
E (Ul — R T Wiy, — utﬂ)z)

must remain finite. As such, wf’, + @, — v;. Since this is true for all ¢, and:
t+e
n ~n —r(s—t) n __3n —re n ~n
Wiy Uiy = '{n/ € (2/\&@1 /\8) ds +e (wt+e,vz + ut+e,vz)
t

we obtain that:

S,U1

t+e
Iin/ e st (2)\” — 5\2) ds — (1 — e_”) U
t

for all t and every ¢ > 0. Note this implies that \? — oo for almost all ¢, since

AT > Ay, for all s and therefore:

t+e _ t+e B B
/ Afds = / (2} — A}) ds
' ' t+e B
> / (227, — A7) ds
t
U

t+e
> / e T (27, = A2)ds = lim (1—e ™) — =00
t

n—o0 Kn,

Suppose that there exists a subsequence (F k FF wk,ﬂk), an interval [ty, o], and a
Borel measurable function f : R, — R satisfying f > 0 almost everywhere in [ty 5]

such that v, — k — wf, —af, > f(t) almost everywhere in [t1, 5] for all k larger
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than some K. Then for £ > K:

to
k ~k —r(s—t1) k. Yk
Wy, gy T U, > /t e K (2>‘t,vh )\t)ds
1

2 £(s) <1
/ e ") [(2e e — 1) Kk AkFds
t1

RN £(s) <1
> / e T liminf ( 2e ™ — 1) kpAFds
ty

k—o0

Vv

where the second inequality follows from Fatou’s lemma. By Theorem 2.11, part 1:
Kn A € [0, 37 (v, — ky)] for all t. However, for almost every ¢ we have both f(t) > 0
and, from before:

to _
lim inf Hk/ )\fds > (1 _ e*T(t27t1)) v,

k—o0 t

£(s)
*r ds — oo. Thus, wfmh + ﬁfl,vh — o00. But by lemma

. . ta y
implying that: 2k ftf e
2.45: wf . +uy , < vy, a contradiction. Therefore v, — k — w}, —af, — 0 for

almost all £. Since Af,

is stricly increasing in v, the difference v — k — w}, — a7, is
also strictly increasing in v. Thus: v — K — w}, — 4y, — 0 for all v for almost all ¢.

But this implies that for almost all ¢:
wi, + g, = (W, +ig,,) = v =

: : ~n __ ~n Oofr(sft)<n_n) R N R L
which, since 4y, —ay, = [ e ALy — Ady,) ds = wi, —wy, implies:

for almost all ¢ and all v. Therefore, for every ¢, s > 0:

(wgv - wzvz) —e (w?—&-s,v - w?-i-&vz)
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converges to (1

t
| o,
0

—\"

S,V

)ds

which implies that:

for almost all ¢ and for all

1— F"(t)

1—F”(t,vl)

And therefore:

IN

po (v) (1= F" (£, v))

— e 7% (%) Note that for every n, and almost every ¢t > ¢ > 0:

—\"

$,U1

)ds

t
- [ o
et
Ny
1

—\"

S,U1

)ds

pio (v) (1 = F" (t,v))
pro (vr) (1 = F™ (¢, vp))

v > v;. Therefore:

1—F"(t,v)
1—F”(t,vl)

= S (

v

)

~ 1

(=

1—F"(t)

~n
) ut,v) - ut,vl

1— Fn(t)

(
(o)
+<1_

1—

1—F”(t,1}l)
1— Fn(t)

E3 (1)

>
)i
J=(

V>

po (v) (1 = F" <t,v>>) .
1—Fn (t,?}l)
1—Fp(t)

n
Ly

po (v) (1 — F (t))
1—Fn(t)

Fm (t)
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by Theorem 2.11 parts 4, 6 and 8:

Bty = Fin / e (A — Ay) ds < 0
t

and:
o) ()

is equal to:

1—F"(t,v
o) Z Ko (U) ( 1 Fn( )) )\s,v
/{n/ e—r(s—t) v - (t) ds
¢ Y
1—F"(s,v
= S0 () M
> /in/ e Y v ds
t Y

= 0

and therefore:

. po @) 0= FE ) )
V= T S (Z () “) e

for all n. But this implies: lim, g up,, — 0 for almost all ¢. This means that:

v+v;

5+ for all v. To extend to time 0,

wy',, — v for almost all ¢, and therefore wy, —

note first that Y, po (v) (A,/Ag) = 1 for all n and (A§,/A5) > 3 for all v implies
that exp £ (v — Kk — wf, — 4f,) converges to a strictly positive but finite number, and

n ~n . n n 1
therefore v — k,, — wg, — g, — 0. As such, we have: wg, —wg,, — 5 (v —v;) for all
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v. Note that for every ¢ > 0:

t
~n _ —rs n N —rt, n
0>aq, = /{n/ e (AL, — AY) ds + e "y,
0

t
—rs n n n —rt, n
> mn/ e (As,vl — )\vah) Avds +e "y,
0

o n —rt n n —rt._ n
- ((wO:’Uh - wO,vz) —¢€ (wtﬂ)h - wt,vz)) te g,

L (e (“h;”)

taking ¢ — 0 then gives ug, — 0. But this implies wg, — v, and therefore

n v+ : : ~n V=V 3 n ~n
wy, = 5t for all v, which imples ug, — 5+ since wg, + Ug, — v. The Theorem

then follows from:

T
3

s Z Ho ('U) wg,v
UI? = Z Ko (U) ag,v

for all n.
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