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Abstract

Questions about the existence of minimal submanifolds in compact Riemannian
manifolds occupy a prominent place in the theory of geometric variational problems,
and have been addressed using a variety of tools coming from topology, partial differ-
ential equations, and the calculus of variations. Geometric measure theory methods
have proved particularly successful in providing a weak formulation of this variational
problem, and proving the existence of weak solutions under very general assumptions.
Thanks to geometric measure theory techniques, a variety of regularity results have
also been obtained, showing that in many important situations these weak solutions
are indeed smooth minimal submanifolds.

In this thesis, we will discuss two regularity results with applications to the theory
of minimal hypersurfaces.

In Part I, which is based on joint work with Douglas Stryker, we develop a sharp
regularity theory for minimisers of the prescribed mean curvature functional in isotopy
classes of surfaces in 3-manifolds, which enables us to construct prescribed mean
curvature embedded spheres in S3. Minimisation over isotopies also plays a central
role in min-max constructions of minimal surfaces with prescribed (or controlled)
topology

In Part II, which is based on joint work with Martin Li and Davide Parise, we
describe a regularity theory for singular limits of solutions of the Allen—-Cahn equa-
tion with a homogeneous Neumann boundary condition on a compact manifold with
boundary. In particular, we show that these limit-interfaces are measure-theoretic
free boundary minimal hypersurfaces, opening up the possibility of developing a min-
max construction of free boundary minimal hypersurfaces based on the Allen-Cahn

equation.
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Chapter 1

Introduction

Minimal hypersurfaces are among the most natural and well-studied objects in Rie-
mannian geometry. Given a compact n-dimensional Riemannian manifold (M, g), a
hypersurface ¥ C M is said to be minimal if it is a critical point of the (n — 1)-area

functionall. More formally, we say ¥ is a minimal hypersurface in (M, g) if

4 Area (¢4(X)) =0 (1.0.1)

t=0

for all one-parameter families (¢¢)e(—c,) of diffeomorphisms, generated by compactly
supported vector fields X on M. By the well-known first variation formula, a smooth
hypersurface ¥ turns out to be minimal if and only if its mean curvature Hy, vanishes
identically. The equation Hy, = 0 can be thought of as an analogue of the Euler—
Lagrange equation for the variational problem (1.0.1).

Intuitively, minimal hypersurfaces generalise the classical notion of geodesics on
surfaces, and are characterised by the property of locally minimising area. Much like
the study of geodesics plays a central role in the classical theory of surfaces in Eu-

clidean space, minimal hypersurfaces turn out to be a powerful tool in studying the

!This can be defined, for example, by Area,(X) == H"1(X), where H"~! denotes the (n — 1)-
dimensional Hausdorff measure coming from the metric space structure induced by the Riemannian
metric g on M.



geometry and topology of the Riemannian manifold in which they live. More broadly,
they have applications in many areas of mathematics—from three-dimensional topol-
ogy to general relativity—but also in material science and engineering, and the study
of their properties remains an active field of research.

Another important class of hypersurfaces, which is intimately related to minimal
hypersurfaces and plays a central role in this thesis, is that of prescribed mean cur-
vature hypersurfaces. Given a smooth function h : M — R, a hypersurface ¥ C M
is said to be h-prescribed mean curvature if its (scalar) mean curvature is given by h,
ie.

HE = h|§;

Similarly to minimal hypersurfaces, h-prescribed mean curvature hypersurfaces can
also be described variationally as the critical points of a functional-—denoted by A"—
involving area and volume (see Chapter 2 for a precise definition of A"). Therefore,
variational methods play a central role in the study of both minimal and prescribed
mean curvature hypersurfaces.

A fundamental question one can ask about minimal and prescribed mean curvature
hypersurfaces in a compact Riemannian manifold (M, g) is whether they always exist.
This turns out to be a subtle problem, which has motivated the development of many
innovative techniques in geometric measure theory and the calculus of variations
throughout the last century.

As in many other variational problems, a very natural idea to prove existence
of solutions is that of devising a weak formulation?, which allows for a larger class
of admissible objects in such a way that this larger class enjoys better compactness
properties. Solutions of the weak formulation of the problem are called weak solu-

tions, and do not a priori enjoy strong regularity properties. In the specific case of

2Roughly, this corresponds to turning a differential equation into an integral equation, which
makes sense for less regular objects.



finding critical points of area and A", the appropriate classes in which to look for
weak solutions are the measure-theoretic generalisations of the notion of submanifold
studied by geometric measure theory (for example, those of sets of finite perimeter,
currents and varifolds).

However, in order for these solutions to be used as tools in geometry and topol-
ogy, one needs to be able to work with smooth objects—mnot just measure theoretic
generalisations—and this relies on the development of a successful regularity theory.
The goal of such a theory is to show that weak solutions of the variational problem
at hand are in fact genuine solutions of the original formulation of the problem, i.e.
smooth minimal or prescribed mean curvature hypersurfaces in M, away perhaps
from a small singular set.

The aim of this thesis is to describe two regularity results based on geometric
measure theory techniques, which can be applied to several questions about existence
of minimal hypersurfaces. The next section provides an overview of these results and

their main applications.

1.1 Main results and organisation

This thesis is divided into two parts, each dealing with a different regularity result.
The two parts are mostly independent, and have somewhat different flavours, the
unifying theme being that both results have applications in the existence theory of
minimal hypersurfaces.

The results in Part I are joint work with Douglas Stryker, and appeared in preprint
form in [SS23]. The results in Part II are joint work with Martin Li and Davide Parise,
and appeared in preprint form in [LPS23].

We shall now discuss the content of each part separately, and provide some context

for the main results and their applications.



1.1.1 Part I: Regularity of minimisers over isotopies

The simplest and most basic technique to produce critical points of a functional is
to minimise it over some nontrivial class. This approach produces a special type
of solutions, namely minimisers, which often enjoy stronger regularity properties
than generic critical points. However, since minimal and prescribed mean curvature
hypersurfaces are not, in general, global minimisers of the respective functionals,
the methods involved in proving their existence are often those of min-max theory,
which relates the number of general critical points of a functional to the topology
of the underlying space. When the functional is defined on a Hilbert or Banach
manifold, and satisfies certain well-known conditions (e.g. the so-called Palais—Smale
condition), this relation is well-understood. However, neither the area functional nor
A" satisfy these assumptions, so different ideas are required.

A very general min-max theory for the area functional, which makes heavy use
of the tools of geometric measure theory, was initiated almost 60 years ago by F.
Almgren and J. Pitts. In the past decade, starting with the work of F.C. Marques
and A. Neves, which extended and improved the Almgren-Pitts theory?, important
new results have been proved on the existence of minimal hypersurfaces thanks to
the joint efforts of a number of mathematicians, culminating in a proof of Yau’s
conjecture [Yau82, Problem 88] on the existence of infinitely many closed embedded
minimal hypersurfaces in closed Riemannian manifolds of dimension between 3 and
7 (see [Son23al).

However, due to the weak notions of convergence involved, this framework gives
very little control on the topology of the resulting critical points. So far, information
about the topological type of the Almgren—Pitts min-max hypersurfaces has only

been obtained indirectly, by first controlling the Morse index (via [MN16]), and then

3Very recently, X. Zhou and J.Zhu developed a similar min-max theory for the prescribed mean
curvature functional [ZZ19, ZZ20].



appealing to topological bounds in terms index upper bound (see [Son23b]), which
tend to be far from sharp. Thus, Almgren—Pitts min-max is generally unsuited to
proving the existence of minimal hypersurfaces of a prescribed topological type.

In the case where the ambient dimension is 3, a variant of the theory, called
Sitmon-Smith min-maz, was developed by F.R. Smith in the early 1980s, following
ideas of L. Simon (see also [CDL03] for a more modern treatment). Despite being
less flexible than Almgren—Pitts, and having the disadvantage of being restricted to
the case of 2-dimensional surfaces in 3-manifolds, Simon—Smith min-max allows for
more control on the topology of the resulting minimal surfaces. Roughly speaking,
while in the Almgren-Pitts approach one considers homotopy classes of sweepouts?® of
the manifold by flat hypercycles (a measure-theoretic generalisation of the notion of
closed hypersurface), Simon—-Smith theory uses smooth sweepouts and their images
under ambient isotopies.

The regularity theory for Almgren—Pitts has at its heart the regularity theory for
area minimisers over the very large class of integral currents (the smooth elements of
which can have arbitrarily complicated topology), whereas Simon—-Smith regularity
is based on minimisation in a much smaller class with controlled topology, and relies
on the regularity results of [AS79] and [MSY82] on area minimisers over isotopies.

As a first step towards a Simon—Smith min-max for the prescribed mean curvature
functional in closed 3-manifolds, in Part I of this thesis, which is based on joint work
with Douglas Stryker, we generalise the ideas of [AS79] and [MSY82] to the functional
Al

The main difference between isotopy minimisers of the area functional and of A"
is the regularity theory for the local minimisation problem. In the latter case, the
optimal regularity of minimisers is just C'*'. The following is a simplified statement

of the main regularity result in Part I (see Theorem 2.0.1 for a precise statement).

4i.e. topologically nontrivial families of generalised hypersurfaces that sweep out the manifold.



Theorem. Let B be a sufficiently small ball in (M?3,g), and U C B C M an open
set with C' boundary. If Qo C M is an open set such that g = 000N U is a smooth

embedded surface, and {¢p}ren an A" minimising sequence of isotopies supported in

U, i.e.

lim A"(éx(1,Q)) = inf{A"(#(1,Q)) | ¢ is an isotopy of M supported in U},

k—oo

then, there is a CY' almost embedding® of a surface v : ¥2 — M such that, up to

passing to a subsequence

O N U =5 — (X)°.

Moreover, around each point where v is an embedding, 1(X) is a smooth h-prescribed
mean curvature surface, and around each point in the interior of the set where ¥ fails

to be an embedding (%) is a smooth minimal surface (with multiplicity).

In particular, local minimisers need not be embedded and can have a self-touching
set of positive H2-measure, the interior of which is a smooth minimal surface. This
regularity is sharp and we provide examples where a large touching set does indeed
arise. As an application of our regularity theory, we develop a min-max approach with
genus bounds for the A" functional along the lines of Simon-Smith, which allows us

to prove the following existence result.

Theorem 2.1.3. There is an open dense set P C {h € C=(S?) | || < 0.547} so0
that there is an embedded sphere with prescribed mean curvature h with respect to the

round metric for any h € B. In particular, {h € C*(S?) | 0 < h < 0.547} C B.

After our work [SS23] was completed, Z. Wang and X. Zhou [WZ23] used the

theory developed here to prove the existence of at least 4 embedded minimal spheres

5 Almost embedding means that 1 is an immersion, and around each point where it fails to be an
embedding, it decomposes into finitely many connected embedded components which touch but do
not cross. See the statement of Theorem 2.0.1 for a more precise characterisation.

6in the sense of varifolds.



in S* with a generic metric, by proving a multiplicity one theorem for the Simon-—
Smith min-max. Their proof follows the strategy used by X. Zhou in his proof of
the Almgren—Pitts multiplicity one conjecture [Zho20], and uses the prescribed mean
curvature functional to approximate the area functional, thus relying on many of the

ideas developed in [SS23].

1.1.2 Part II: Boundary behaviour of Allen—Cahn solutions

As previously discussed, the min-max theory for the area functional is made sig-
nificantly more difficult by the lack of a Hilbert space structure or a Palais-Smale
condition. However, it turns out that it is possible to approximate area by a family
of functionals—the e-Allen—Cahn energies—on the Hilbert space H'(M), each sat-
isfying the Palais-Smale condition. In particular, M. Guaraco [Gual8| developed an
alternative min-max construction of closed minimal hypersurfaces based on sequences
of uniformly bounded critical points of the e-Allen—Cahn energy with a priori energy
and index bounds, and their singular limits as ¢ — 0, building on the regularity
theory developed by Padilla-Tonegawa [PT98|, Hutchinson—Tonegawa [HT00], Tone-
gawa [Ton05] and Tonegawa—Wickramasekera [TW12]. This approach to min-max has
been successful in recovering many of the results first established in the Almgren—
Pitts framework, but was also instrumental to some key recent advances in the theory,
such as O. Chodosh and C. Mantoulidis’s proof of the multiplicity one conjecture in
dimension 3 [CM20], and their computation of the p-widths of the 2-sphere [CM23].

In the context of a compact Riemannian manifold with boundary (M,0M), it is
natural to consider compact hypersurfaces with boundary (2, 9%) such that 0% C oM
which are critical points of the area functional with respect to variations that constrain
0% to OM. They are called free boundary minimal hypersurfaces.

Despite the additional difficulties posed by the presence of a boundary, both

the Almgren—Pitts and the Simon—Smith min-max schemes have been successfully



adapted to the free boundary setting. In particular, free boundary counterparts of
many of the spectacular results obtained via min-max methods in the closed hyper-
surface setting have been established using the Almgren—Pitts framework (see e.g.
[LZ21, Wan20, SWZ20]). It is therefore only natural to assume that there should
be an Allen—-Cahn min-max construction of free boundary minimal hypersurfaces in
compact manifolds with boundary.

In Part II of this thesis, which is based on joint work with Martin Li and Davide
Parise, we study the singular limits of sequences of uniformly bounded critical points
of the e-Allen—Cahn energy with Neumann boundary conditions, subject to an a
priori energy bound. In [MT15], M. Mizuno and Y. Tonegawa have studied a singular
limit problem for uniformly bounded solutions of the analogous parabolic problem in
convex domains of Euclidean space, with Neumann boundary conditions and initial
data of uniformly bounded energy. Using techniques adapted from [HT00], they have
managed to prove convergence of the limit energy measures to Brakke’s weak mean
curvature flow with a generalised orthogonality condition at the boundary (see also
[Kag19] for the non-convex case). This strongly suggests that, for the associated
elliptic problem, a Neumann boundary condition is the right condition to impose in
order to obtain free boundary minimal hypersurfaces in the singular limit.

In this thesis, we describe the necessary modifications of Hutchinson—Tonegawa’s
varifold convergence theory [HT00] in the presence of a boundary. The following is a
simplified statement of the main regularity result in Part II (see Theorem 7.3.3 for a

precise statement).

Theorem. Let (M™' g) be a closed smooth oriented Riemannian manifold with
boundary OM , and let (ux) be a sequence of smooth solutions of the ey-Allen—Cahn
equations with a homogeneous Neumann boundary condition and sup,; |ug|, E-, (ux)
are uniformly bounded. Then, as k — 0o, up to a subsequence, the level sets of uy con-

verge (in the varifold sense) to an integer rectifiable n-varifold V', which is stationary



with respect to variations which preserve OM .

Morally, this result shows that one can use the Allen—-Cahn equation with a ho-
mogeneous Neumann boundary condition to construct measure-theoretic (i.e. weak)
free boundary minimal hypersurfaces, and that these weak solutions are integer rec-
tifiable” (i.e. they have some degree of regularity). Although an integer rectifiable
varifold with free boundary can be a rather singular object, this result can be seen as
the first step of a long term project to develop a more sophisticated regularity theory,
which would allow for a min-max construction of free boundary minimal hypersurfaces

on compact manifolds with boundary based on the Allen—Cahn equation.

"See Section 7.2.4 for a definition of an integer rectifiable varifold with free boundary
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Chapter 2

Introduction

Given a Riemannian manifold (M", g) and a function h : M — R, a two-sided immer-
sion X"~! — M is said to have prescribed mean curvature h if the mean curvature of
the immersion satisfies Hy, = h|x-vs, where vy is a continuous unit normal vector field
along . The problem of the existence of prescribed mean curvature hypersurfaces
has been a rich source of motivation for work in geometric analysis.

An essential observation is that h-prescribed mean curvature hypersurfaces arise

as critical points of the h-prescribed mean curvature functional

AMQ) == H"H09) — / h dH",

where 2 C M is an open set with smooth boundary. As in the study of minimal
hypersurfaces and the area functional, this observation enables the utilization of vari-
ational techniques to produce h-prescribed mean curvature hypersurfaces.

The simplest variational technique to produce critical points of a functional is to
minimise the functional over some nontrivial class. In ambient dimensions 3 through
7, classical work of [FF60], [Fle62], [DG65], [Alm66], [Sim68], and [HS79] guarantees
that any minimiser of area in a Riemannian manifold over integral currents with a

fixed boundary is a smooth embedded minimal hypersurface. In the same dimen-

11



sions, these results have been adapted by [Mor03] (see [ZZ20, Theorem 2.2]) to the
prescribed mean curvature setting, where the minimisation of A" occurs over Cacciop-
poli sets that are allowed to differ from a fixed initial Caccioppoli set in a sufficiently
small region U C M. In this setting, the boundary of any minimiser in U is a smooth
embedded h-prescribed mean curvature hypersurface.

While this regularity theory is very powerful, it is important to remember that
the classes over which the minimisation occurs are very large. In particular, elements
in the same class can have arbitrarily complicated topology. Hence, we cannot draw
any general conclusions about the topology of minimisers, which would be a natural
hope for any geometric problem.

In the case of the area functional (i.e. h = 0) in 3-manifolds, there has been sig-
nificant work studying the regularity of minimisers of area over smaller classes with
controlled topology. A major breakthrough was the work of [AS79], where minimisers
of the area functional in R? over embedded discs with certain fixed boundaries are
shown to be smooth embedded minimal surfaces. By an ingenious procedure to sim-
plify the topology of elements in a minimising sequence, [MSY82] used the regularity
of [AS79] to show that minimisers of the area functional in a closed 3-manifold over
an isotopy class! are smooth embedded minimal surfaces.

Despite the successful application of the regularity theory of [AS79] and [MSY82]
in producing minimal surfaces with controlled topology in 3-manifolds (see for exam-
ple [Smi83], [CDLO03], [DLP10], [HK19], [Ket22]), there has been no generalization?
of these techniques to the functional A",

In this work, we generalise the ideas of [AS79] and [MSY82] to the A" functional.
For an open set U C M, we let Z(U) denote the set of isotopies ¢ : [0,1] x M — M

satisfying:

"'We emphasise that isotopies preserve the topology of any submanifold.
2A result along these lines is claimed in [Yau01]; see later in the introduction for a discussion of
this paper.

12



e o(t,:): M — M is a smooth diffeomorphism,
i ¢(07 ) - 1d7
e and ¢(t,x) =z for x ¢ U.

Our goal is to deduce the regularity of minimisers for the problem

inf A"(o(1,Q)).

»eZ(U)

We deduce the following regularity statement.

Theorem 2.0.1. Let h : M — R be a smooth function, and let ¢ := sup,, |h|. Let
U C M be a sufficiently small (see §4.3 for a precise definition) open set with C!
boundary, and let 2o C M be an open subset with smooth boundary having tranverse
intersection with OU. Let {¢g}reny CZ(U), Q. = dr(1,), and Xy := 0 NU be a
sequence satisfying

h : h
AN () < ¢€lg(fU)«4 (¢(1,90)) + ek

for e — 0. Then there is a varifold V', an open set Q C U, and a subsequence (not

relabeled) so that
1 *
1o, nv L5 1g, Dlg,~v — Dlqg, v(X;) —V.

V' is an integer rectifiable varifold with c-bounded first variation. For every x €
spt|| V||, we have ©*(|V||,x) = n, € N. If h(x) # 0, then n, € {1} U2N. For every

x € spt||V||, there is a neighbourhood W, of x so that the following hold.

o VLG(W,,2) = > v(N, 1), where Ny C W, is a C*' surface with c-bounded
first variation. Moreover, each Ny is on one side of Ny intersecting tangentially

at x for anyl, I € {1,... n,}.
e [fn, =1, then
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— IV|LW,, = |D1g| W,,

- VLG(W,,2) = v(N,1), where N C W, is a smooth stable surface with

prescribed mean curvature h with respect to the set Q N\ W,.

o If h(z) # 0 and ny, = 2n for all y € spt||V||NW. for an open set W, C W,
containing x, then VL.G(W., 2) = v(N,2n), where N C W/ is a smooth stable
minimal surface. Moreover, QNW,. =W.\ N if h(z) >0, and QN W, = @ if
h(xz) < 0.

o If h(z) # 0, n, = 2n, and there is a sequence x; — x with x; € spt||V] and
N, 7# 2n, thenn = 1 and the surfaces Ny, No C W, additionally satisfy that the
generalised mean curvature of Ny points towards No and vice versa. Moreover,
the set T = O(Ny N No) N W, is locally contained in a CY* curve and satisfies

HYT) < +o0.

Suppose additionally that U is a sufficiently small geodesic ball. Then there is a
neighbourhood Y of OU with VLG(Y,2) = v(N, 1), where N C Y is a smooth stable

surface of prescribed mean curvature h with respect to ) satisfying ON = 0.

In §2.6, we provide the details of examples that show that this regularity is sharp.
We note that an adaptation of [MSY82] to the constant mean curvature setting with
a stronger regularity conclusion than Theorem 2.0.1 was claimed in [Yau0Ol, Theorem
2.1], but without a detailed proof. It appears that the example in §2.6.2 supplies a
counterexample to this statement. In any case, this example illustrates an essential

obstruction to a proof along the lines of [AS79] and [MSY82].

Remark 2.0.2. In groundbreaking work, [WZ23] prove the existence of 4 embedded
minimal spheres in a generic metric on S3, which solves an important and longstanding
conjecture in the theory of minimal surfaces. The proof of [WZ23| uses extensively

Theorem 2.0.1 as well as the new ingredients of the proof we develop in this work.
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2.1 Application to existence in the 3-sphere

Before unpacking the ideas of our proof of Theorem 2.0.1, we present a modest ap-
plication of the theory to the existence of embedded h-prescribed mean curvature
2-spheres in some metrics on S?. Since any embedded 2-sphere in S? can be moved
by isotopies to a constant map, minimisation techniques fail to produce nontrivial
examples. Hence, we require a min-max variational approach.

To motivate our result, we recall the following question of Yau.

Question 2.1.1 ([Yau82, Problem 59]). For which smooth functions h : R* — R does
there exist an embedded sphere with prescribed mean curvature h (with respect to the

flat metric)?

For progress towards Question 2.1.1 (and related problems) relying more on PDE
techniques, we refer to [BK74], [TW83], [Ger98], [Ye91], [PX09], and [EFP23]. There
is also partial progress outside the min-max framework in [Yau97|. For progress
towards 2.1.1 without topological control, we refer to [Maz22].

Since noncompact ambient spaces present unique difficulties for min-max theory,

we consider the analogous question in S?.

Question 2.1.2. For which smooth functions h : S* — R does there exist an embedded

sphere with prescribed mean curvature h (with respect to the round metric)?

For the area functional, a min-max variational framework was developed by [Alm65],
[Pit81], and [SS81] to produce a closed embedded minimal hypersurface in any closed
Riemannian manifold of dimension between 3 and 7. These techniques have been re-
fined to produce an abundance of closed minimal hypersurfaces (see [MN17], [LMN18],
[IMN18], [MNS19], and [Son23a]). This approach was successfully adapted to the
functional A" in [ZZ19] and [ZZ20]. In these works, min-max is carried out over sim-

ilarly large classes of hypersurfaces without controlled topology, and the regularity
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theory relies on the classical regularity theory for minimisers discussed earlier in the
introduction. Hence, we cannot draw any general conclusions about the topology of
the resulting minimal hypersurfaces.

An alternative min-max approach in the minimal hypersurfaces case was devel-
oped by Guaraco ([Gual8]) and Gaspar—Guaraco ([GG16], [GG19]) using phase tran-
sitions for the Allen—-Cahn equation, building on the regularity theory of Hutchinson-
Tonegawa [HT00], Tonegawa [Ton05] and Tonegawa—Wickramasekera [TW12]. (We
refer the reader to [Dey22| for a comparison between the Almgren—Pitts theory and
the Allen—-Cahn theory.) Similarly, [BW20] developed an analogue of the Allen—-Cahn
min-max approach for prescribed mean curvature hypersurfaces, building on the reg-
ularity theory developed in [BW18] and [BW19]. We emphasise that [BW20] only
applies to nonnegative prescribing functions. As above, the topology of the produced
hypersurfaces from these techniques is uncontrolled.

A min-max approach for the area functional in closed 3-manifolds that controls the
genus of the produced minimal surface, called Simon—Smith min-max, was developed
by [Smi83] (see [CDL03] and [DLP10]), building on the regularity theory of [AS79]
and [MSY82]. In particular, it follows from these works that every metric on S3
admits an embedded minimal sphere. For progress towards the existence of more
embedded minimal spheres using this approach, we refer the reader to [HK19].

As an application of our regularity theory, we develop a min-max approach for the
A" functional along the lines of Simon-Smith. In particular, we give the following

partial answer to Question 2.1.2.

Theorem 2.1.3. There is an open dense set B C {h € C=(S?) | |h| < 0.547} so
that there is an embedded sphere with prescribed mean curvature h with respect to the

round metric for any h € B. In particular, {h € C>=(S?) | 0 < h < 0.547} C B.

The restriction to an open dense set is the same restriction from [ZZ20]. We recall

that unique continuation is an important ingredient in the regularity theory for min-
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max surfaces. It follows from [ZZ20, Proposition 3.8 and Corollary 3.18] that unique
continuation holds for an open dense set of prescribing functions that includes all
positive functions.

The restriction to functions with L> norm bounded by 0.547 is the more significant
assumption. This restriction is a consequence of the more delicate regularity theory for
minimisers of the functional (2) over isotopies, as compared to the cleaner regularity
conclusion for the area functional. We emphasise that our regularity theory is sharp,
so it is not clear how to extend the existence theory beyond this class of prescribing
functions using the techniques developed here. Moreover, we are not aware of any
counterexamples for large prescribing functions in this setting, so the question remains
open.

Outside the setting of the round metric on S?, it is natural to consider the following

related problem.

Question 2.1.4. For which metrics g on S and which constants ¢ € Rsq does there

exist an embedded sphere with constant mean curvature ¢ (with respect to the metric

9)?

Outside the min-max framework, there has been considerable progress on the
existence of constant mean curvature immersed spheres in homogeneous 3-manifolds
(see [DM13], [Meel3], [MMPR21], and [MMPR22]).

A min-max approach using the Dirichlet energy was developed in [SU81| to pro-
duce branched immersed minimal spheres. This approach was adapted to the constant
mean curvature setting by [CZ20], where they show that every metric on S* admits
a branched immersed sphere of constant mean curvature c¢ for almost every ¢ € R.
However, it is unclear if the branched immersions produced by these techniques are

genuine immersions, let alone embeddings.

3As a point of reference, it is conjectured in the introduction of [RS20] that there is a positive
answer to 2.1.4 for any ¢ and any metric g with positive sectional curvature.

17



Using our regularity theory, we provide the following partial answer to (2.1.4).

Theorem 2.1.5. There are explicit constants g > 0 and ¢y > 0 so that if (S3,g) is
the induced metric of a graph over the round 3-sphere S* C R* C RN with C? norm
bounded by eo* and 0 < ¢ < ¢y, then (S?,g) admits an embedded sphere with constant

mean curvature c.

We remark that a key feature of Theorems 2.1.3 and 2.1.5 is that the restrictions
on the prescription function and metric are explicit. Indeed, we expect that versions
of these theorems hold with inexplicit constants by an implicit function theorem ar-
gument, using only the well-established existence theory for minimal spheres. Unlike

such a result, our work provides actual testable criteria for existence.

2.2 Idea of the proof of regularity

The proof of 2.0.1 follows the same strategy as [AS79] and [MSY82|. For clarity, we
outline the approach of [AS79] and [MSY82], and then highlight the key differences.

1. Reduce the problem of minimising area in an isotopy class to the problem of
minimising area over discs. In [MSY82], a procedure called «-reduction is in-
troduced. In essence, v-reduction is used to delete small necks that either
generate nontrivial topology or separate large components. By applying the
~v-reduction procedure a maximal number of times to a minimising sequence
for area over isotopies (and checking that the limit surface does not change),
[IMSY82] use the 7-irreducibility property to show that the new sequence is a

minimising sequence for area over discs in any small ball.

2. Reduce the problem of minimising area over discs to the problem of minimising

area over “stacked discs” in a cylinder. By zooming in along a minimising

4By this, we mean that (S?, g) is the induced metric of {z+f(z) | 23 +23+22 =1, 24,...,25y = 0}
where N >3 and f:S® — R satisfies || f||c2 < eo.
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sequence for area over discs at a point where the limit has a tangent plane,
[AST79] use area comparison estimates to throw away components that are not
close to the tangent plane in a small ball, without changing the limit. Therefore,
it suffices to study a minimising sequence for area over disjoint unions of discs
with homotopically nontrivial boundary in a fixed cylinder. We call discs in

this arrangement “stacked discs”.

. Reduce the problem of minimising area over many stacked discs in a cylinder to
the problem of minimising area over one stacked disc in a cylinder. To isolate
one disc from many in the stacked discs arrangement, [AS79] develop a simple
procedure to disentangle intersecting discs without increasing area. It then
suffices to study a minimising sequence for area over stacked discs with only

one disc.

. Conclude by Allard’s reqularity. For a minimising sequence for area over stacked
discs with one disc, it is easy to obtain good lower and upper bounds for area.
These estimates allow [AS79] to deduce the smooth regularity of the limit using

the regularity theorem of [All72].

Steps (1) and (2) work for A" with only technical modifications. For example,

we make frequent use of the following basic idea. In the A" case, inequalities will

have an extra volume term as compared to the area functional case. We absorb the

volume term into the area terms using the isoperimetric inequality. The resulting

inequalities resemble the analogous inequalities in the case of the area functional,

only with slightly worse coefficients.

The essential difficulty is adapting steps (3) and (4). To highlight the key dif-

ference from the area functional, consider the case illustrated in Figure 2.1. In this

case, we have a stack of two discs in a cylinder which is the boundary of the dis-

joint union of the set above the top disc and the set below the bottom disc. If we
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Figure 2.1: The left image depicts the initial stack of two discs. The middle image
depicts a replacement for the bottom disc that intersects the top disc. The right
image depicts a possible disentanglement of the discs.

replace the bottom disc with a disc that passes through the top disc, the volume
between the two discs is now covered twice. So, no matter how we disentangle these
intersecting discs, the volume that was covered twice can now only be covered once.
Hence, any disentangling procedure will affect A" in a complicated way, unlike the
area functional.

In the course of our proof, we develop two weaker versions of steps (3) and (4).
Together, the weak versions of these steps can be used to deduce Theorem 2.0.1 with
sub-optimal C1* regularity.

First weak wversion. In this version of steps (3) and (4), we deduce the Ch®

regularity of the limit of each disc in the stacked disc arrangement.

(3") Each disc in a stacked disc arrangement minimising A" is itself minimising
for Al Using a delicate disentanglement procedure, we find that the limit of
each disc is minimising for Aﬁ, where h is a measurable function bounded by
sup |h| that depends on the limit. We emphasise that h cannot be chosen to be

continuous in general.

(47) Conclude by Allard’s reqularity. Using the same area estimates as step (4), we

can apply the theorem of [All72]. However, the first variation of the limit is
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only known to be L*> by step (3’), so the limit of each disc is C'°.

Second weak version. In this version of steps (3) and (4), we determine where the

limit is a smooth multiplicity one h-prescribed mean curvature surface and where is

it a smooth even multiplicity minimal surface, in the case where h is positive.

(37)

(47)

Reduce the problem of minimising A" over many stacked discs in a cylinder to
the problem of minimising A" over stacked discs with only one or two discs.
When h has a sign, it is easier to keep track of volumes under disentanglement.
Similar in spirit to step (3) from [AS79], we use this observation in combination
with our disentanglement procedure to decompose large stacks of discs into

units consisting of only one or two discs (depending on orientations).

Conclude by Allard’s reqularity. The case of only one stacked disc now follows
exactly as in step (4) from [AS79], where we find that the limit is a smooth
embedded h-prescribed mean curvature surface. In the two stack case, if the
limits of the two discs agree on some open set, we see that the limit is stationary.
We then follow step (4) from [AST79] to find that the limit is a smooth embedded

minimal surface with multiplicity two.

After deducing the C'® version of Theorem 2.0.1, we use some tools from the

theory of free boundary problems to upgrade the regularity of our minimisers to C'!.

Indeed, we can show that minimisers locally solve an n-membrane problem for a

quasilinear elliptic operator (see [VC74], [Sil05] and [SY19] for more background).

While the optimal regularity for the n-membrane problem for arbitrary n is known

in the linear case by [SY19], the optimal regularity in the quasilinear case is only

proved in the literature for n = 2 ([Sil05]). We fill this gap by finding the optimal

OY! regularity for the quasilinear n-membrane problem, allowing us to upgrade our

regularity theorem to C'. The essential idea of our extension to the n-membrane

problem is to rewrite the equation for the sum of the graph of the discs in the stack
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in a carefully chosen way that enables an induction on the number of discs. This
rearrangement is a somewhat nontrivial generalization of a similar idea in [Sil05] for

the 2-membrane problem.

2.3 Idea of the proof of existence in the 3-sphere

There are a few key difficulties in carrying over the min-max program of [CDL03] and
[DLP10] to our setting, though much remains unchanged. Unique continuation and
strong compactness are the two major obstacles.

In the classical min-max settings, unique continuation for surfaces with zero or
prescribed mean curvature is used in an essential way to patch together iterated
replacements to prove regularity. However, unique continuation does not hold for
surfaces with the regularity of Theorem 2.0.1 (e.g. a multiplicity two minimal surface
can suddenly split into two prescribed mean curvature surfaces).

Ignoring the full power of our regularity theory, we overcome the unique continua-
tion issue by finding situations in which min-max solutions and replacement varifolds
have density one everywhere. In this case, the regularity of Theorem 2.0.1 is the same
as in the Almgren—Pitts prescribed mean curvature setting (e.g. smooth stable sur-
faces with prescribed mean curvature). Unique continuation then applies (assuming
the prescribing function is sufficiently nice).

To achieve density one, we make two observations about varifolds in the round 3-
sphere. First, a varifold limit of a min-max sequence for the A" functional has a mass
upper bound (in terms of a bound on the prescribing functional) by comparing with
the optimal sweepout for the area functional. Second, a monotonicity formula for the
Willmore energy in Euclidean space due to [Sim93] and [Top98] (suitably modified
for the varifold setting) gives a lower bound for the mass of a varifold in §* C R?* with

a point of density at least two (in terms of a bound on the first variation). These
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two bounds contradict when the prescribing function is bounded in absolute value by
0.547.

Another essential ingredient in both the regularity theory and genus bounds is a
strong compactness theory for minimisers. In the more classical settings, this strong
compactness follows from curvature estimates for stable minimal surfaces. Since we
only expect O regularity in general, this approach requires special attention. In
fact, there is an important and subtle step in the standard point picking contradic-
tion argument for the curvature estimates of stable minimal surfaces that uses the
Schauder estimates to upgrade from C'® convergence to C? convergence. This ap-
proach manifestly fails in our setting, because minimisers are not even C?. Instead,
we sharpen the regularity improvement from the m-membrane problem to obtain a
OY! estimate that allows us to close the usual point picking argument. This approach
supplies a sufficiently strong compactness theorem for the rest of the regularity theory

and genus bounds.

2.4 Outline

In §2.5, we establish notations and conventions for the rest of Part I of this thesis. In
§2.6, we carry out the details of two illustrative examples. In chapter 5, we modify
the arguments of [AS79] (e.g. minimising area over discs) to the the prescribed mean
curvature setting. In chapter 4, we modify the arguments of [MSY82] (e.g. minimising
over isotopy classes) to the prescribed mean curvature setting, and prove Theorem
2.0.1. In chapter 5, we develop a strong compactness theory for minimisers with only
OY! regularity. In chapter 6, we apply the above regularity theory in the Simon—Smith

min-max program to prove Theorems 2.1.3 and 2.1.5.
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2.5 Notation and conventions

B denotes B¥’(0).

2

D denotes B, (0).
G(U,2) denotes the Grassmannian of tangent 2-planes over the set U C M.

Z(U) is the set of isotopies ¢ : [0,1] x M — M satisfying

H™ denotes the n-dimensional Hausdorff measure on (M, g).

A" denots the h-prescribed mean curvature functional; namely, for A : M — R

and a set of finite perimeter 2 C M, we define

AMQ) = H2(00) — / b dH,

Q

v(N, m) denotes the varifold associated to a C' surface N C M with multiplicity

m € N.

OV (X) is the first variation of a varifold V' with respect to the vector field X.

In the case V' has bounded first variation, we use the convention

(W(X):/ div. X dV(x,w):/ X -’y d|V].
G(M,2) M

where Hy is the generalised mean curvature vector of V. We note that with
this convention, the unit round sphere S?> C R? has mean curvature pointing

out of the unit ball with length 2.
Vi — V denotes convergence in the sense of varifolds.
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e 11 — p1 denotes weak star convergence in the sense of [Magl2, §4.3].
e [X] denotes the integer 2-current associated to an oriented surface X.

e [2] denotes the integer 3-current associated to a set of finite perimeter €2, ori-
ented so that 0[] is the integer 2-current associated to J2 with orientation

given by the outward pointing unit normal.
e M(T') denotes the mass of an integral current.
e dy denotes the distance function from U in M.
e U(0) denotes the set {z € M | dy(z) < 6}.

o U denotes the set {x € U | d(z,0U) > £}.

2.6 Examples

2.6.1 Failure of prescribed mean curvature

Here we supply a general class of examples where the limit of any minimising sequence
does not have prescribed mean curvature.

Let M? = S' x ¥ where X is a closed surface. Let g be any metric on M, and
h : M — R any positive function. Let €y := I x ¥ C M, where [ is an open interval
in the S! factor. Let 3; and X5 be the components of 9€)y, which are embedded
surfaces in the same isotopy class as {0} x ¥ C M. We define

R 2 _ 2
mo = ¢€1%1£W)H (0(1,%)) = ¢€1%1£W)H (p(1,3,)).

By treating the area and volume terms separately, we see that

inf Ah(QO)zsz—/ h.
PEL(M) M
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Moreover, this lower bound can be achieved by taking a sequence satisfying

Ll
14,000 — 1u

and

lim 7‘[2(%(1, 1)) = ]}LIEOHQ(%(L ¥)) = mo.

k—o0

By [MSY82], the varifold limit of the boundaries is a multiplicity 2 stable minimal

surface, and therefore does not have prescribed mean curvature h > 0.

2.6.2 Failure of smoothness

We give an example where the limit of any minimising sequence is not C?. This
example is a prototype of the “stacked disc” minimisation problem used to prove
regularity, which is outlined in the introduction. The failure of smoothness in this
example therefore illustrates the essential reason for the failure of smoothness in

general.

Let U := B¥(0) x (—1,1) C R®. Let
Oy := B¥(0) x (—=1,—¢) and Q := BX(0) x (¢, 1).
Proposition 2.6.1. The problem

inf A°(p(1,€))

¢€Z(U)

has a unique minimiser whose boundary in U is the upward curved spherical cap of

radius 2/c with boundary OU N {x3 = —¢}.

Proof. We use the calibration technique, see [CM11, Lemma 1.1.1].

Let ¥* denote the surface of the upward curved spherical cap of radius 2/c with
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boundary OU N {x3 = —e}. Let Qf C U be the set below ¥* in U. It is clear that
O = ¢*(1,) for some ¢* € Z(U).
Note that ¥* is the graph of a function u over B¥*(0). Moreover, u satisfies the

mean curvature equation

Let w be the 2-form given by
w(X,Y) =det(X,Y,v),

where
(_uzv Uy, 1)

VI+H|Vul?

By the computation from [CM11, Lemma 1.1.1], we have

dx N\ dy — uydy A\ dz — uydz N\ dx
W =

V14| Vul?

and

—U —u
dw = (—x )—i—(—y ) de Ndy Ndz =cdx Ndy N dz.
2 2
V1I+[Vul? ) V14| Vu| ,

Note that |w(X,Y)| <1 for any pair of orthogonal unit vectors, with equality if and
only if X,Y € T>*.
Now let ) = ¢(1,€) be any competitor with ¢ € Z(U). Let ¥ = 0Q2) N U.

27



Suppose ¥’ # ¥*. Then by Stokes’ theorem, we have

AS(Q) = HA(DY) — cH3(Q)
/*w—/ &
= Jo f

< HA(Y) — cHA(Q) = A°(Y).

The conclusion follows. O]

By vertical reflection, the analogous statement holds for {25. Fix ¢ < 1. Then for

¢ sufficiently small, we shall see that any minimiser for the problem

inf A%(o(1, 2 Uy))

$eZ(U)

must have a minimal interface, and therefore cannot be C?.

We give a more precise description of minimisers.

Proposition 2.6.2. Any minimiser for the problem

¢€1§1f )A (p(1,9 Uy)) (2.6.1)

1s graphical, symmetric under vertical reflection, and rotationally symmetric.

Proof. We first show that minimisers must be graphical. Let m denote the infimum for
the above problem (2.6.1). Let Q* C U and V* be the Caccioppoli limit and varifold
limit respectively of a minimising sequence. Let Q7 and €23 respectively be the limits
of 2, and €25 under the isotopies of the minimising sequence. Then 2* = QF U Q3,

and

m = [V*[[(U) = cH () = PO U) + P(Q3;U) — cH Q) — cHY (D).
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Suppose for contradiction that at least one of 9927 N U or 9% N U is not graphical
over B¥*(0). For x € BF(0), let Iy denote the vertical line {(x, z) | z € R}. Consider

new sets

Q) i=1{(x,2) | -1 <z<H (¥ NIl)/2 -1},

Oy i=1{(x,2) | 1 =H (¥ Nl)/2 < z< 1}
By Steiner symmetrization (see [Magl2, Theorem 14.4]), we have
HHQ UD) =HAQ) and P(Q);U) + P(Q;U) < P(Q1;U) + P(Q5:U),

where equality holds for the perimeters if and only if Qf N[ is connected for all x.

Hence, we have
P(Q;U) 4+ P(Qy;U) — cH () — cH* () < m.

Since 9, N U is graphical over B¥*(0) and 99 \ U = 9QF \ U by construction,
V= Q) U is in the closure of the isotopy class of €2 (e.g. use a smooth kernel to
approximate the boundary of €, by smooth discs with the same boundary), which
yields a contradiction.

The proofs of symmetry under reflection and rotation follow similarly by the
natural symmetrization procedures. Indeed, these steps are easier, as one can exploit
the fact that minimisers are graphical and use the convexity of the function /1 + |z[2.

0

In MATLAB, we programmed a discrete version of the A! functional for rota-
tionally and vertically symmetric graphs. Using MATLAB’s fmincon, we computed
minima for different values of £, and observed that the minimisers were robust under

random initial conditions for fmincon. In Figures 2.2, 2.3, and 2.4, we provide graph-
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ics of the solution for values of € where the two sheets are disjoint (¢ = 0.4), where
the two sheets touch at one point (¢ = 2 —1/3), and where a minimal interface forms

(e=0.1).

30



Chapter 3

Minimisation over discs

We follow the argument of [AST79], with appropriate modifications to the manifold
setting as in [MSY82].

3.1 Preliminaries

Let (M3, g) be a connected closed' Riemannian 3-manifold. Let h : M — R be a
smooth function with ¢ := sup,, |h|. Before we formulate the minimisation problem,
we need some preliminary facts about the prescribed mean curvature functional and

discs in manifolds.

3.1.1 Local control

Since M is compact, there are constants pg > 0, u > 0, and Sy > 1 so that the

following hold:

e For each x € M, the restriction of the domain and range of exp, gives a diffeo-

morphism
=T M

6, : B2 (0) = By (x).

1As in [MSY82], we only need to assume that M is homogeneously regular. In this case, we
should also assume that h is in L>°.
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For each £ € EZ;:M(O) and y € E%(az), we have

degall, lldyoz Il < 2. (3.1.1)

In geodesic normal coordinates ', 2%, 2% for B)!(x), we have

329@‘
oxkox!

sup
Bpy (0)

< /g

< p/po, _sup

9gi;
k
ox BT ()

For any p € (0,p) and € M, we have

dp,(z) = dist(B,(r), ) is convex

on B, (x)\ B, ().

For any p € (0, p¢) and x € M, we have

AdBp(z) Z C

on By, () \ By().

For any p € (0,p) and € M, we have

min{H2(E), H2(0B,(z)\ E)} < Bo(H (OE))?

for any set of finite perimeter £ C 0B,(z).

For any 0 < p; < p2 < pg and z € M, we have

H*(0B,,(z)) < H*(0B,,(7)).
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Remark 3.1.1. By rescaling the metric and prescribing function, we can assume

po = 1. We henceforth make this assumption for ease of notation.

3.1.2 Thin tube isoperimetric inequality
We make frequent use of the following Lemma from [MSY82].

Lemma 3.1.2 ([MSY82, Lemma 1]). There is a constant § € (0,1) independent of

M and g so that if ¥ is a smooth embedded surface in M and satisfies
H* (XN By(x)) < &
for all x € M, then there is a unique compact Ky, C M with 0Ky = % and
H*(Ks N By(z)) < 6°
for all x € M, and
H?)(KE) S ClHQ(E)S/Q,
where ¢, = ¢ (u). Moreover, if ¥ is diffeomorphic to S?, then K, is diffeomorphic to

B.2

3.1.3 Area comparison

The following lemma is the appropriate modification of [MSY82, Lemma 3] for our
setting. Essentially, we use the divergence theorem to show that moving pieces of a

set inside a c-mean convex domain decreases the A¢ functional.
Lemma 3.1.3. Let U C By2(x0) and 6 € (0,1/2) satisfy

o 1gc U,

2The exponent of § in (3.1.2) is written as 2 in the statement of [MSY82, Lemma 1], but a quick
examination of the proof reveals that it should be 3.
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e U is diffeomorphic to B,
e dy is conver on U(0) \ U,

e Ady >conU(0)\U.

Let 6> 1 be a constant so that, for each s € (0/2,0),

min{H>*(E), H*(0U(s)\ E)} < B(H(OF))?

whenever E is a surface in OU(s). Let

3 1/3
01 :min{é, i i H(M) 1},

(1+128¢1)B27 9B2(1/32 + cei)/? (dey)1/3 7

(where ¢ and § are as in Lemma 3.1.2). Let 3 be a smooth embedded disc intersecting

OU transversally with 0% C M\ U. Suppose
H2(OU) + HA(D\ U) < 62/32.

If A is any component of ¥\ U with 0¥ N A = @&, then there is a unique compact
Ky € M\ U so that
H3(K)) < 108, 0Ky =AUF,

where ' C OU s a surface with OF = O\ satisfying
HA(F) < HA(ANU(0)) — cH3(Ky).

Proof. Let Fy C 0U satisty 0F, = 0A, which exists because OU is diffeomorphic to a
2-sphere. Then by (3.1.3) and (3.1.3), we have

H?(Fy) + H*(A) < 62
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By Lemma 3.1.2, there is a compact set W C M with
HA(W) < 168, OW = Fy UA.

Let Ky = W\ U, in which case F'is either Fy (if WNU = @) or U \ Fy (if U C W).
Since K must satisfy H3(K,) < H3(M)/4 by the definition of d;, K, is unique.

Define F; = Ky NoU(t), By = ANU(t), and Ky = KA NU(t). We compute

CH3(Kt2 \Fh) S / AdU

Ktz \?tl

— H2(F,) - H2(F) + / (v, Vi)

Ei,\Et,

< Hz(th) - H2<Ft1) + H2<Et2) - /Hz(Eh)'

Equality in (3.1.3) requires F;, = E,, because the identity v(y) = Vdy(y) for almost
every y € By, \ B, implies E,, \ E;, C 0U(s) for some s.

By setting t; = 0 and to =t > 0 in (3.1.3), we get
H2(F) < H*(Fy) + H*(Ey) — cHP (Ky).

If Ky = K,, then we obtain (3.1.3) by setting t = 6. Henceforth, we assume Ky # Kj.

By the coarea formula, we have
0
/ H2(F,) ds < H*(Kp) < c163.
0

Hence,

H2(Ft) S 4610715?
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for a set of ¢ € [0,6] of measure at least 36. Since §; < (128¢;) 0, we have
H?(F,) < 67/32

on a set of measure at least 20. Then there is a ¢* € [26,6] so that (3.1.3) holds at

t*. Then (3.1.3) and (3.1.3) imply
H(Fy) < 67/32 4 67/32 = 67/16

for all ¢t < %9.
Since Byja(xo) C U(0/2) and U(0) C Bi(xg), (3.1.1) and the isoperimetric in-

equality in R? (since the R?® isoperimetric constant is ~ 4.8 > 4) imply
1
HAOU(1)) = 77 (96, (U(1)) = (H* (0 (Baya(0)))** > 62/8
for t € [6/2,0]. Since §; < 6, (3.1.3) implies

() < %’H2(8U(t))

for all ¢ € [0/2,360/4]. Then by (3.1.3) and the coarea formula, we have for almost
every t € [0/2,30/4]

2
HAE) < (0 (0F)? < (B )
Hence, (3.1.3) implies

HA(F) — HA(E,) + cH*(Ky) < B <%(’H2(F) —H*(E,) + cH3(KA))>
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for almost every t € [6/2,30/4]. By integration, we have

\/H2 — H2( E@/g) + cH3(Ky) \/7’[2 H2(E39/4> + cH3(Ky) > 571/29/8

provided H?(F) — H?*(Es9/4) + ¢cH3(Ky) > 0. By (3.1.3), (3.1.3), and (3.1.3), we have

VH2(F) + cH3(Ky) < 1/02/32 + cc,63
< (51\/ 1/32 + ccq

< p7%9/9,

so we reach a contradiction. Hence, we have

H2(F) < H*(Esppa) — cHP(Ka) < H2(Ep) — cHP(Ky),

as desired. O

3.2 Minimisation Problem

In this section, we rigorously formulate the problem of minimising the prescribed

mean curvature functional over discs in a manifold.

3.2.1 Setup

Let ¢; and 0 as in Lemma 3.1.2. As in the statement of Lemma 3.1.3, we define

5 nE 0 0 HOM)'E
= min s ) )
’ (1+128¢1)8y%" 9BY2(1/32 + cey)/2” (4er)/3

where [y is defined in (3.1.1).
Let U C Bya(zo) and 6 € (0,1/2) satisfy
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.T()EU,

U is diffeomorphic to B (denoted by U =~ B),

dy is convex on U(6) \ U,

Ady > con U(0)\ U,

o H2(OU) < 62/32.

Let 5 and d; as in Lemma 3.1.3. Note that by (3.1.1), there are valid sets U so that
dy < &y (e.g. we can take small geodesic balls).

We define the following notation.

e D is the set of oriented smooth embedded 2-discs ¥ C M with smooth boundary.
e [>] is the integral 2-current corresponding to ¥ € D.

e D[X] is the set of discs ¥’ € D with 0[¥'] = 0[X].

e D(U) is the set of discs X € D so that

- 0xNU =g,
— 3 has transverse (or empty) intersection with oU,

— there is an open set Q C U so that 0[Q U = [Z]LU.

D*(U) is the set of discs ¥ € D(U) so that

— H2(OU) + H*(Z\U) < 6%/32,

— 0¥\ 0U is not contained in K for any component A of ¥\ U with 0XNA =

&, where K, is as in Lemma 3.1.3.
e D(U)[X] is the set of X' € D(U) N D[X] satistying
- X\UCX\U,
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— if x € ¥\ U, then ¥ and ¥’ have the same orientation at z.

We note that if ¥ € D*(U) then D(U)[X] C D*(U).

3.2.2 Fill-ins

The prescribed mean curvature functional requires integration over a region. We

formulate these regions here.

Proposition 3.2.1. Let ¥ € D*(U) and ¥, ¥y € D(U)[X]. There is a unique

integral 3-current T'(Xq,%s) satisfying
OT(S1, %2) = [S] — [Sa] and spt(T(51, %)) C TU| K,
A

where A are the components of ¥\ U with AN OY¥ = &, and K is the corresponding

set from Lemma 3.1.35.

Proof. Let K = U U|J, Kx. Note that there is a 3-current S with spt(S) C K
obtained by adding +[K,] for each A C ¥; for some i with the appropriate sign so
that

spt([X1] — [X2] —0S) C U.

Since U is diffeomorphic to B and Hy(B,Z) = 0, there is a current 7" with support in
B so that

(1] = [Z2] = 0(S +T).

We take T'(X;, X9) := S+ 7. The uniqueness follows by the fact there are no nonzero

closed 3-currents in M with support in K. O]

Definition 3.2.2. We call T'(X;, ¥3) from Proposition 3.2.1 the fill-in of ¥; and %.

We let F : I3(M,Z) — L*(M,Z) denote the canonical isomorphism of normed linear
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spaces, and we define the fill-in integral as

(51, %) ::/ h F(T(S, %)) dH?

M

Proposition 3.2.3. Let ¥ € D*(U). For ¥y, ¥, X3 € D(U)[X], we have

T(31,%,) = —T(3s,%),

Th(31,59) = —Th(32, 1),
T(X1,382) +T(32,33) = T(X1, X3),
Th(X1,22) + Th(Xe, 33) = Th(34, Xs).

Proof. We compute
(=T (2, 21)) = —[a] + [E4].

By the uniqueness of T'(X;, ¥s), (3.2.3) follows.

We compute
AT (1, %2) + T(32,55)) = [E1] — [Eo] + [Ea] — [Bs] = [E1] — [Zs]-
By the uniqueness of T'(X;, X3), (3.2.3) follows.

3.2.3 Problem formulation

In this part of the thesis, we consider the following question.

Question 3.2.4. If {¥;}keny C D*(U) satisfies

H () < HA(E)) 4 Th(Sk, S) + e
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for all 3} € D(U)[Xy] with e, — 0, does (a subsequence of) ¥y converge to a regular

limit with prescribed mean curvature h?

3.3 Limits of minimising sequences

We apply the standard theory for sets of finite perimeter to deduce some basic pre-
liminary conclusions about the limit in Question 3.2.4. In later sections we upgrade

these basic observations to stronger regularity results.

Theorem 3.3.1. Suppose {Ey}ren C D*(U) satisfies
H2(Zg) < HA (L) + Th(Zk, 3F) + e
for all 3} € D(U)[Xy] with e, — 0. Let Q. C U be the open set satisfying
O[QLU = [Zg]LU.

If sup, H* (X, NU) < oo, then there is a subsequence (not relabeled), a set of finite

perimeter Q0 C U, and a varifold V in U so that
1Qk L—1> 1q, D]_Qk N D]_Q, V(Ek N U) -~ V.

Furthermore,

e () andV satisfy

WI@) - / b AP < 64 V() - /¢ e

for any diffeomorphism ¢ of U equal to the identity outside a compact subset of
U.
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e the first variation of V satisfies

SV(X)= | X -hvpgq dDlg
0*Q)

for any C wvector field X with spt(X) CcC U.

e V has c-bounded first variation, in the sense that
1SVII(B:(z)) < el|VII(Br(2))

for all B.(z) C U.
e The function

V(B (x))

mr?

e f(r)

18 monotone increasing in r, where f is a continuous function depending only

on ¢ and (M, g) satisfying f(r) = 1 asr — 0.

Proof. The subsequential convergence follows by the standard compactness theorems
(see [Magl2, Theorem 12.26] and [Sim83, chapter 1, Theorem 4.4]).
Let ¢ be a diffeomorphism of U equal to the identity outside a compact subset.

The assumption of transverse intersection implies
L lim, H*(Z, N U) = [V]|(V),
2. limy, [, hdH® = [ h dH?,
3. limy H?(¢(Zk) N U) = (¢4 VII(U),

4 limy, [y b dHP = [, b dHP.
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Let 6 > 0. Then there exists k sufficiently large so that

|VI[(U) —/Qh dH? < H* (X N U) —/Q h dH? + 26 (1) +(2)
< H* (¢(Zp) NU) — /qm | h dH? + 36 (3.3.1)
< |lpxVII(U) — /M h dH? + 56 (3) + (4).

Since § is arbitrary, (3.3.1) follows.
For a C' vector field X with spt(X) CcC U, (3.3.1) and [Mag12, Proposition 17.8]

imply

VX) = 2| @)

d / h dH?
t=0 ()

Tt
= | X hvgq d|D1g),
0*Q

where ¢, is the flow of X. Hence, (3.3.1) holds.
(3.3.1) follows from (3.3.1) and [Magl2, Proposition 4.30].
Finally, the monotonicity of (3.3.1) follows from (3.3.1) by [Sim83, chapter 8,

section 40]°. O

3.4 Resolution of overlaps

We prove the appropriate modification of [AS79, Lemma 2 and Corollary 1] in our
setting, to disentangle overlapping discs. The key difference is that we must keep

track of volumes in addition to area.

3We note that [Sim83] only finds a monotonicity formula for varifolds in RY. We can isometrically
embed (M, g) in some RY and use this monotonicity formula, in which case the function f will depend
on the norm of the second fundamental form of the embedding.
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3.4.1 Lipschitz discs

As in [AST79], we define a specific class of Lipschitz discs. Fix an open set U C M.

Definition 3.4.1. Consider n disjoint copies {F;}"; of D and define ) to be the

collection of Lipschitz maps x : | |, F; — U such that:

1. there are finitely many (or zero) pairwise disjoint C? Jordan curves I'y, ..., T, C

U such that for each £k =1,...,m,
X (Tk) =1 Ui,

where {7, : k' =1,...,m; | = 1,2} is a collection of 2m pairwise disjoint C?

Jordan curves in | [i_, (F; \ 0F}), and x| is a C? parametrization of T'y.
2. the restriction of x to (|-, F3) \ Uj—,(7; U~?) is a C? embedding into U.

3. for each k = 1,...,m, there exist disjoint tubular neighbourhoods W}, W2
of yi, 77 respectively, such that x(W}) N x(W?) = 'y and exactly one of the

following holds:

(3a) x(W}) lies on one side of x(W7),

(3b) x(W}) intersects x(W}?) transversely along T'j.

For future convenience, let us introduce the following notation. Foreach k =1,...,m
and [ = 1,2, let Wh" = (W} Nint(44)) \ 7L and W)™ = W)\ (W) UAL), so that
Wi=WrTusluwh.

Finally, define ), to be the collection of Lipschitz maps y € ) such that only (3a)
occurs for all kK =1,...,m. These are the “disentangled” discs, so our goal will be to

change a map in Y into a map in Y.
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Remark 3.4.2. Asin [AS79], notice that x (|_|"_; F; \ 0F;)\U;~, I'; is a 2-dimensional
open submanifold of M, each component of which has closure of the form y(R), where

R is a component of (||, Fi) \ U, (7 U~2)-

We will say a finite collection S of Lipschitz discs is in Y (or )p), and write S €

(or § € ), if it is the image of some map y € Y (or )y, respectively).

3.4.2 Resolution procedure

We develop a procedure to disentangle intersecting discs by swapping pieces without

changing the image of the union of the discs.

Lemma 3.4.3 (Resolution of Overlaps). Let U C M be a bounded connected open
set with C* boundary. Let S = {D;}_, € Y. Then there are Lipschitz discs S =

{Di}, € Yo with D; C U and dD; = 0D, satisfying

Og_ﬁm
=1 =1

Proof. We use notation as in Definition 3.4.1.
For each intersection curve 'y, exactly one of (3a) and (3b) in Definition 3.4.1
holds. Let
B(S) = {1 <k <m]| (3b) occurs}.

If B(S) = @, then S € ), and we are done. Hence, it suffices by induction to
furnish a procedure which replaces the collection S of discs with another collection

Se Y such that:
o U, Di=U,Di,
e 0D; = dD;,
o |B(S)| < IB(S)I.
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Let g € B(S). There are (without loss of generality) two cases to consider.

Case 1: inty, Ninty? = @. Fix a C* diffeomorphism
Y+ intyl — inty7

so that (x 0 1g)|,1 = X[,2. Then we define a bijection W, : | |; F; — ||, Fi by

(

by(€) € €intyf
Vo(§) = qu1(€) € €inty?

q

& otherwise.
\

Case 2: ~} C int(7,). Fix a C* diffeomorphism
Pg s inty) \ in’w; — intry, \int'yg

so that (x ©tg)|,; = x|,1+1 (where the superscripts are taken mod 2 for convenience).

Then we define a bijection ¥, : | |, F; = ||, F; by

Ye(§) €€ m\ intﬁ
\Ijq(g) =

£ otherwise.

We define x == x o ¥, : | |, F; = M. By the boundary assumption, in either
case, X is a Lipschitz map. Since ¥, is a bijection, x has the same image as Y.
Moreover, y agrees with x in a neighbourhood of the boundaries of the F;. Note that

the restriction

U, <|_|F> \ (g U2) — <|_|F> \ (75 U7
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is a C? diffeomorphism. We check each component of Definition 3.4.1:

1. Since ¥, is a bijection, we have y~'(I';) = 5} U7, where 4 = ¥ '(vf) are
disjoint sets. Since W, is a C? diffecomorphism away from ) U~2, 7, is a C?
Jordan curve for all k£ # ¢ and )Z|%z€ is a C? parametrization. Finally, it follows

from the construction that ’yf] = fyé“ and )Z]% is a C? parametrization.

2. Since W, is a C? diffeomorphism away from 4 U 47, the restriction of x to any

component of (||, Fi) \ (L, 7+ U72) is a C* embedding.

3. For k # q, the desired tubular neighbourhoods are W,i = ‘Ilq_l(W,i). Since
YW} = x(W}), (3a) (resp. (3b)) holds at k # ¢ for ¥ if and only if (3a) (resp.
(3b)) holds at k for x. We now define Wé, which differ in the above cases.

e In Case 1, we have

Wl — W—l(w{ﬁ,— U ’7l+1 U Wé-‘rlﬂ').

q q q

Then
XWp) = x(Wpm)uT,ux (W, )

q

e In Case 2, we have

W, =V (W UsZuwyi)

q q

W2 =U (W2t Uyl uw,h).
Then

X(Wy) = x(Wy ) UL Ux(Wg™)

XW2) = x(W2H) UL, Ux(W, ).
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Since (3b) holds at ¢ for x, we see that (3a) holds at ¢ for .
Hence, ¥ € ). Moreover, it follows from (3) above that |B(S)| < [B(S)|. O

Remark 3.4.4. The procedure described in the proof of Lemma 3.4.3 is not uniquely
determined by the initial collection S. However, we will see that this is not an issue

in our applications.

After applying the resolution procedure, we will make small perturbations to pro-
duce genuinely embedded surfaces. We collect the required statements in the following

lemma.

Lemma 3.4.5. Let U C M be an open set with U ~B. Let ¥ € D(U). Let {D;}1,
be a set of smooth embedded discs with D; C U, 0D; C OU, and

=1

Let {D;} € Yy satisfy D; € U and d[D;] = 9[D;]. Then there is an open set Q@ C U
satisfying

QLU = Z[Di]'

Moreover, for any € > 0 there is a ¥/ € D(U)[X] satisfying
LAY cU,

H(ENU) <Y H(Di) +e,

=1

and

M(T(E, %) = ([ - [Q])) <e.

Proof. The existence of Q follows from the existence of Q and the fact that the

boundary orientations of the discs agree.
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The remaining conclusions follow from making small perturbations along the in-

tersection curves of the discs {D;}. O

3.4.3 Application 1: Collapsing to the boundary

As a first application of the resolution procedure, we would like to ignore some com-
ponents of a minimising sequence in a ball by collapsing those components to the

boundary of the ball.

Lemma 3.4.6. Let U C M be an open set with U ~ B. Let . € D(U). Let S be a
set of smooth embedded discs D with D C U, 0D C 90U, and

YNU = UD.

Des

Let S C S. For D € Sy, let Fp C OU be the isoperimetric region for 0D, and let
Ap be the region in U bounded by D U Fp. For any € > 0, there is a ¥’ € D(U)[Y]
satisfying
LAY cU,
H(NU)< Y HA(Fp)+ Y HAD)+e,
DeSo DeS\So

and

M(T(S, X)) < )Y H¥(Ap) +&.

DeSy
Proof. To apply Lemma 3.4.3, we must first perturb the discs Fp. Let n > 0 so that
H3(B,(0U)) < €/2. We define discs F}, for D € Sy so that the following hold:

® FblﬂFbQZQforDl#DQESO,

e Fp, has transverse (or empty) intersection with Dy for any D; € Sy and Dy €

S\ S,
e F}, C U and dF}, = 0D,
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o [H*(Fp) — H*(Fpp)| < /(2|Sol),
e I, C B,(0U)N Ap.

We can then apply Lemma 3.4.3 to the discs
S = (8 \ SO) U {Fll)}DGSOa

producing a collection S.
By Lemma 3.4.5 and the choice of 7, it then suffices show (up to a set of H?
measure zero)

(QAQ)\ B, (0U) C ] Ap.

DeSy

Let 2 € (QAQ) \ B, (3U). Take a point

xoeé)U\(U FDUU3D>.

DeSp DeS

We also assume z is not in any D € S or D € S, which is a set of H3 measure
zero. Let v : (0,1] — U be a smooth path having transverse intersection with any
D e Sor D e S, satisfying lim,_,o ~(t) = x¢ and (1) = z. Since xy and z are in
the complement of B, (0U) N (Upes, Ap), which contains the discs F},, we conclude

that 7 intersects each Fy, for D € Sy an even number of times. Since z € QAQ and

xo & QAQ, we conclude that ~ intersects some D € Sy an odd number of times. Since

zo & Ap, we have x € Ap for some D € Sp. O

3.4.4 Application 2: Isolating one stacked disc

Our goal in this application is to isolate individual discs in a stacked disc minimisation
problem to deduce some (albeit weaker) regularity for each sheet of the limit varifold.

We first establish some notation.
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Let U ~ B satisfy OU = C' U D+ U D—, where C' is a smoothly embedded annulus
and DT and D~ are smoothly embedded discs. Let ¥ € D(U), in the sense that
YN oC = @. Moreover, assume > N U is a disjoint union of smooth embedded

oriented discs { Dy, ..., D,}, each of which has homotopically nontrivial boundary in
C.

For i € {1,...,n}, let B; C U be the open subset satisfying
D~ coB;\ D; C 0U.
If B; C Bj for i # j, we say D; < D;. Without loss of generality, we suppose
Di>Dy>...>D,,.
Let €2; C U be the open subset satisfying
O U = [Dy] U.

It B; = ();, we say D, is oriented up. Otherwise, we say D; is oriented down. By
the ordering of the D; and the fact that ¥ € D(U), D; is oriented up if and only if
D;_1 and D,y are oriented down (i.e. the orientation alternates with respect to the

ordering).

Lemma 3.4.7. Fiz some 1 < j < n. Let D’ € D(U)[D;] so that D’ has transverse

intersections with each D; fori # j. For anye > 0, there is a X' € D(U)[X] satisfying
LAY CU,

HA(Z' NU) <HAD) + > HAD:) +e,
i#j
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and

M(T(Z,X) - [Q7]+ [27]) <e,

where Q% and Q™ are disjoint sets contained in QAL

Moreover, instead of (3.4.7), we can construct ' satisfying

M(T (%, %) = (] = []) = [\ Q) N+ G) <e.

where G is a nonnegative integral current, in the sense that [ F(G)f dH?* > 0 for all

nonnegative f.

Proof. Step 1: We apply Lemma 3.4.3 to the discs S’ := {D}} U {D;}iz;, producing
new discs S = {D;}7 ;.

We claim

[€2] = [ =[] — [25] + 2(25\ ) N Q = 2[(2 \ ) \ ],

which implies (3.4.7) by Lemma 3.4.5 and taking

OF = (A NQ, Q= (AQ)\ Q.

We first observe

Let
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To show (3.4.4), it suffices to show for H3-a.e. x € U that

;

2 ze(\Q)NQ
N'(z) = N(z) = 4 =2 e (Q;\ )\ Q

0 otherwise.

\

Let R be the component of U\ |J; D; containing z. Let 2o € CNR. Let v : (0,1] — U

be a path in R so that
e 7 avoids the intersection curves {I';},
e 7 has transverse intersection with D7,
e lim; ,oy(t) = g and (1) = x.

We have N’(xo) = N(z0). Along subsequent intersections of v with D!, each of N’
and N will increase and decrease by 1 in alternating order.

If v has an even number of intersections with D’, then we see N'(r) = N(x).
Hence, we only need to consider the case of an odd number of intersections, which
is equivalent to z € ;AQ%. In this case, N’ increases at the first intersection if and
only if z € . Note that N decreases at the first intersection if and only if R C Q.
Hence, (3.4.4) follows.

Step 2: We further modify the discs D; to D) so that (up to a current with

arbitrarily small mass)
Q] = 1] = [\ ) nQ -G,

where G is a nonnegative integral current, which implies (3.4.7) by (3.4.4) and Lemma
3.4.5.

Let R be a component of (£} \ ;) N €. We collect the following facts.
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1. RNQ = @: a direct consequence of (3.4.4).
2. ORNOU = @: follows from 9Q; N OU = 92, N AU.

3. R is a component of U \ |, D;: Let x, y € R. By definition, there is a path «
from x to y contained in both (2 and in €2, so a does not intersect any of the

discs {D;} nor D’;. Moreover, since D; N2\ ; = @, we have OR C |, D;.

Let x : Ui, Fi — M be the Lipschitz map corresponding to the resolved discs S.
Let {0;}; C {T'}x be the components of (Y ' (IR)). Choose some o € {o;} so that
o ¢ int(o;) for any [. By Definition 3.4.1, there is a unique distinct curve o’ € {I'; }«
so that x(¢) = x(0¢’). There are two cases.

Case 1: into Ninto’ = @. Since d; = x(into) and dy := Y(into’) are Lipschitz
discs with a common boundary and that do not cross through each other, there is a
unique open set R C U with OR' = d; U ds.

We claim that the discs {D;} do not intersect R'. Suppose otherwise for contra-
diction. Then for some i there is an x € F; \ (into U into’) satisfying ¥(z) € R'. Let
a be a path in F; \ (into Uinto’) from z to dF;. Then we have Y(a(0)) € R’ and
X(a(1)) ¢ R'. Since R’ = dy U dy, we conclude that D; crosses through one of dy or
ds, which contradicts y € ).

We claim that R C R’. We consider the local picture along x(o), where the 4 pieces
x(int(0)), x(ext(c)), x(int(¢’)), and x(ext(c’)) intersect with an X cross-section. We

have
e Y(int(c)) and x(ext(o)) are adjacent: follows from x € V.

e x(int(0)) and x(int(o’)) are adjacent: follows from the definition of R’ and the

fact that {D;} do not intersect R

R’ contains the component of U \ |J; D; contained between ¥(int(c)) and ¥ (int(c”))

along this intersection. Since R touches x(int(o)) and does not touch y(ext(o)), fact
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(3) above implies that R is the component of U \ |J, D; contained between ¥ (int (o))
and x(int(o’)) along this intersection. Hence, R C R'.

We claim that ' NQ = @. Since ¥ € YV, each component of R’ touches the same
side of each of d; and dy. By the definition of 2, we have either R’ ¢ Q or R'NQ) = @.
By fact (1) above, we have RN Q=0,s0 RN +@. Hence, R NQ = 2.

Collapse procedure: Relabel o and ¢’ as 07 and o3 so that

H?(¥(into)) > H2(¥(intoy)).

Fix a C? diffeomorphism

Y into; — intoy

so that (X © ¥)|s; = X|s,- Then we define the map

i X(W(€)) € € intoy
X'(§) =

X(€) otherwise.

We make an arbitrarily small perturbation of the map x’ on into; so that X' € ).

Case 2: o' C into. Since A = ¥(into \ into’) is a Lipschitz annulus with a
common boundary and that does not cross through itself, there is a unique open set
R' C U with OR' = A.

We claim that the discs {D;} do not intersection R’. Suppose otherwise for contra-
diction. By the argument from Case 1, we need only suppose that y(inte’) N R’ # &.
Since X € Yo, we must have y(inte’) C R’ in this case. Yet we observe that x(¢’) is
a nontrivial element in H,(R'), a contradiction.

We claim that R C R’. We consider the local picture along x (o), where the 4 pieces
X(int(0)), x(ext(0)), x(int(o’)), and y(ext(c’)) intersect with an X cross-section. We

have
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e \(int(o)) and x(ext(o)) are adjacent: follows from x € ).

e x(int(0)) and y(ext(c”)) are adjacent: follows from the definition of R’ and the

fact that {D;} do not intersect R

R’ contains the component of U \ |J, D; contained between ¥ (int(c)) and ¥ (ext(c"))
along this intersection. Since R touches x(int(o)) and does not touch y(ext(o)), fact
(3) above implies that R is the component of U \ |J, D; contained between ¥ (int (o))
and y(ext(o’)) along this intersection. Hence, R C R'.

We claim that R’ NQ = @. Since ¥ € YV, each component of R’ touches the same
side of A. By the definition of , we have either R’ € Q or R’ N Q = @. By fact (1)
above, we have RNQ = &, so R' NQ° # @. Hence, R’ NQ = @.

Collapse procedure: Fix a C? diffeomorphism
Y :into — into’
so that (x o ¥)|, = X|o»- Then we define the map

i X((€) €€ into
X(§) =

X(€) otherwise.

We make an arbitrarily small perturbation of the map x’ in a neighbourhood of o so
that )Z/ c y(].

Conclusion. In either case, we have
HP(imy') < H*(imy) + ¢

and

H((QUR)\ Q) < e.
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Let R be a different component of (92 \ ;) N Q. Then we claim ORNE = o.
Indeed, if not R would be on the opposite side of a disc in S from R’. Since R'NQ) = &
and (by fact (1) above) RN Q = @, we reach a contradiction. Hence, we can iterate

the above procedure and conclude by induction. O

3.4.5 Application 3: Decomposing stacks

In the case of positive prescribing function, we will decompose stacked disc minimi-
sation problems into small stacked disc minimisation problems each with 1 or 2 discs.

We first separate stacks consisting of 1 disc.

Lemma 3.4.8. Suppose Dy is oriented up. Let D} € D(U)[D4]| so that D] has

transverse intersections with each D;. For any ¢ > 0, there is a ¥’ € D(U)[X]

satisfying
LAY CU,
H (X' NU) <HADY) + Y HAD,) +e,
=2
and

M(T(S, ) — (] — [%]) + 202\ (QU)]) < =.

Proof. We apply Lemma 3.4.3 to {D}} U{D;},. The resulting discs satisfy (3.4.4)
as in the first step of the proof of Lemma 3.4.7. However, we have [(€]\ ;)N =0

because D is oriented up. Hence, the result follows from Lemma 3.4.5. O
Now we separate stacks consisting of 2 discs.

Lemma 3.4.9. Suppose D; is oriented down and Djyy is oriented up. Let D} €
D(U)[D;] and D%, € D(U)[Dj11] be mutually disjoint and have transverse intersec-

tions with each D;. For any € > 0, there is a ¥’ € D(U)[X] satisfying

LAY CU,

27



HN(Z'NU) < WD)+ H (D)) + >, HXD
i¢{5,+1}

and

M(T (2, ') = (%] + [24]) = (5] + [

j+1

1) +2[UQ; 1\ (QUQUQL, )] <e.

Proof. We apply Lemma 3.4.3 to the discs {D}, D}, } U{D;}izj 1, producing new
discs {D;}7,

We compute

= (%] + [Q]) — (5] = [©1.])

+<[Q’ Y+ [0 Z )

i#5,j+1 =1

Let

Ni=Y 15, N =1g +1g_ + > lq.

i=1 i#.j+1

To show (3.4.9), it suffices to show for = € U\ J_, D; that

. =2 7€ (U \ (QUQUQL,)
N'(z) = N(z) =

0 otherwise.

Let R be the component of U\ |J, D; containing z. Let zg € CNR. Let v : (0,1] = U

be a path in R so that
e 7 avoids ',
e 7 has transverse intersection with D’ and D7,
o lim; ,oy(t) =z and (1) = z.

o8



We have N'(z) = N(x). Along subsequent intersections of 7 with DU D}, each
of N” and N will increase and decrease by 1 in alternating order.

If v has an even number of intersections with D’UD’, |, then we see N'(z) = N(z).
Hence, we only need to consider the case of an odd number of intersections, which
is equivalent to x € (€ U Q1) A(Q; U Q). In this case, N’ increases at the
first intersection if and only if z € Q; U}, ;. Note that N decreases at the first
intersection if and only if R C €. We also note that if x ¢ Q; U, then x ¢ Q (by
the specification of the orientations of D; and D;;). Hence, (3.4.5) follows.

The result now follows from Lemma 3.4.5. OJ

3.5 Replacement

We adapt the replacement theorem [AS79, Theorem 1] to the prescribed mean cur-
vature setting. This lemma allows us to bring components of a minimising surface
outside a small ball into the ball.
To prove the replacement theorem, we first require an isoperimetric inequality.
Let 0 and ¢; be the constants from Lemma 3.1.2, and let

. [HA(M) 1 5
n::mm{ 5 ’8030%’616 .

Proposition 3.5.1. If Q C M is a set of finite perimeter with H3(Q2) < n, then
H3(Q) < ey H2(0Q)/?, (3.5.1)
and
1
AM(Q) > A(Q) > 57—[2(89).

Proof. Tf H?(09) > 62, then (3.5.1) holds trivially by the definition of . On the other
hand, if H?(092) < 62, Lemma 3.1.2 directly implies (3.5.1). Then (3.5.1) follows, as
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we have
A(Q) = 7—[2(89) - cH3(Q) > 7—[2(39)(1 - ccf/?’?—l?’(ﬂ)l/?’) > %7—[2(89).

The bound A"(2) > A¢(Q) holds because h < c. O

We are now equipped to prove the replacement theorem.

Lemma 3.5.2 (Replacement). Let & > 0. Suppose H3(U) < n. Let ¥ € D*(U).

Then there exists 3 € D(U)[X] and an open subset B C U with BN'Y = & such that
(XUdB)NU: =N,

HAD) 4+ Th(2,2) < HAE) + Th(B, ) + H2(OB) — cH3(B) < HA(X),

and there is a set of disjoint oriented discs S with

XlLU = [D].

DeS

Suppose additionally that
HA(E) < HAY) + Th(B, X)) + ¢

for all ¥ € D(U)[X]. Then

HA(E) < HAE) + Th(E, %) + ¢

for all ¥ € D(U)[X], and
HA((ZAX) N Ue) < 2e.

Let P C X NU be a union of components of X NU. Let Sp C S be the collection
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of discs D € S with DN U C P, and let P := Upes, D- Then
2! (ﬁ N aU) < HY(PNOU)

and

HA(P) < HA(P) + 2.

Proof. We use the same replacement procedure as in the proof of [AS79, Theorem 1].
However, we have to keep track of relative volumes, so we include the details of the
procedure before the smoothing, perturbation, and induction steps.

Let A be any component of ¥\ U such that ANJY = @. By Lemma 3.1.3, there is
a unique compact set K, C M\ U satisfying (3.1.3) and (3.1.3. Given any component
A of ¥\ U with A’ C K,, we have AN 0¥ = @ and Ky C K, (by the assumption
on U and ¥). Hence, we can select a component A of ¥\ U such that AN 09X = &
and int(Ky)NY = 2.

Let x be a diffeomorphism of I onto X, and consider the set H = y"'(A). H is
a compact connected subset of D bounded by a finite collection of pairwise disjoint
smooth Jordan curves 7,...,7,. Suppose without loss of generality that ~; is the

outermost of the curves. By the connectedness of H, we can write

H =inty; \ U inty;.

=2

Recall that FF = 0K, N OU. Define I} C F to be the component of F which
contains the Jordan curve x(v), and Fy = F\ F;. Define I := Uinty;, where the
union is over those j such that x(v;) C Fa. Let Ay = x(I). Then Ay == AU A, is
diffeomorphic to the connected subset HUI of D, and OA; = dF;. By [AS79, Lemma

1], we can construct a diffeomorphism « of A; onto F; such that « coincides with the
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identity on OA; = dF;. We define a Lipschitz map x : D — M by

(aox)(z) z€e HUI
X(x) =
x(x) otherwise.

We consider the following two cases:

Case 1: 0¥ N (F1\0F)) = @. Since int(K,)NYE = @, x is injective, and we define

¥ i=x(D) = (Z\A)UF.

Let Vo € U U, Ka be the unique open set bounded by A; U Fy. Note that
int(K,) C Vi, so Vi is on the outside of Fi. Let B :== VA NU, VP = V) \ U,
A=A NU, A=A \U, and G =V, NOU. Since V, is on the outside of I, we

have 9B = A} U G. Our goal is to show

H2(Z) + cH3 (V) + H2(OB) — cH3(B) < HA(D).

We have 0V = AU Fy UG, so (3.1.3) implies

HE(FY) + HA(G) < HA(AY) — cHA (VD).

By the definition of ¥, we have

HA(Z) = HAZ) — HE(A) + H2(FY).

Hence, we have

H2(Z) 4+ H3(Vy) + HAOB) — ¢H3 (B) = HA(X) — H2(A) + H2(F)) + cHA (V) + HA(G)

< H*(Y).
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Case 2: 0XN (Fy \ OFy) # . Since int(K,) NY = &, we have 90X C F; \ F) in
this case. Hence, Y~}(0%) = dD U ~y, where 7 is a smooth Jordan curve in D\ 9D.
We define

Y = x(inty) C Fy.

Let V) € U U, Ky be the unique open set bounded by ¥ and 3. Note that
int(Ky) C Vi, so Vi is on the outside of Y. Let B = V,NnU, Ve =V \ U,
Y i=YNU, ¥°:=%\U, and G := VA NAU. Since V, is on the outside of 3, we have

OB = YU G. Our goal is to show

H(X) + cH3 (V) + H2(OB) — cH*(B) < HA(X).

We have VY = £°U X U G, so (3.1.3) implies

H2(X) + HHG) < HE(X) — cH3 (V).

Hence, we have

H2(Z) + HE(Vy) + HEHOB) — ¢H3(B) = HA(D) + cH3 (V) + HAEY) + HA(G)

< HA(X).

The smoothing, slight perturbation, and induction steps now follow exactly as
in the proof of [AS79, Theorem 1] (with the additional observation that small per-
turbations make small changes to relative volumes). Taking B to be the union of
the perturbations of the sets B from each iteration applied to the perturbed ¥ from
the previous step, we obtain (3.5.2) and (3.5.2) immediately. Moreover, by (3.5) and
(3.5), we have

HA(Z) + T (2, )| + H2(OB) — ¢H3(B) < HA(D).
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Since

Ty(Z, %) < dT(Z, )],

the second inequality in (3.5.2) holds. The first inequality in (3.5.2) follows from
(3.5.1) and the fact that B C U.

(3.5.2) follows from (3.5.2), (3.5.2), Proposition 3.2.3, and the fact that D(U)[%] C
DU)[X]-

To prove (3.5.2), we note that

SAYNUe = 0B NUe.

By (3.5.2) and (3.5.2) with ¥/ = &, we have

H*(OB) — ¢H*(B) < e.

By (3.5.1), we have
H*(OB) < 2¢,

which implies (3.5.2).

(3.5.2) follows from the construction of ; namely, for each component of ¥ N U,
either (1) it is thrown away in 0B, or (2) each component of its intersection with oU
is either (a) kept unchanged, or (b) pushed away from OU in the perturbation step.

(3.5.2) follows from the construction of ¥ and (3.5.2); namely, each component of
Y. NU is either (1) thrown away in 0B, whose area is at most 2¢ by (3.5.2), or (2)

kept and given potentially larger area (by adding pieces of OU). O
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3.6 Filigree

We adapt the filigree lemma [AS79, Lemma 3] to the prescribed mean curvature
setting. This lemma allows us to ignore small area components of a minimising

sequence in small balls.

Lemma 3.6.1 (Filigree). Suppose H*(U(0)) <n. Let X € D*(U(0)) satisfy
H(OU(0)) + HA(X\ U) < 67/32

and

HI(E) S HA(D) + Th(5, X)) +e

for all ¥ € D(U)[X]. Let P be a union of some components of XN U(0). If

7!2 P <
( ) T 488
then

H*(PNU) < 6e.

Proof. For almost every o € [0, 6], we have ¥ € D*(U(0)). Choose any such o = t6
for t € [0,1]. We apply Lemma 3.5.2 to ¥ in U(o) with some small constant &,
yielding 3.

Let S be the set of discs composing 3 in U(c). Let Sp C S be the set of discs
D € S sothat DNU(o)e C P. Let P == Upes, D- Take a disc D € Sp. Let Fp
denote the isoperimetric region in OU (o) for dD. Let Ap denote the region in U(o)
bounded by D U Fp.

Consider the competitor ¥’ for & given by replacing each disc D € Sp with Fp,
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and then resolving the overlaps and perturbing using Lemma 3.4.6. Then
TW(Z, X)) <e Y HYAp) +¢e/2.
DeSp

By (3.5.1), we have
H3(Ap)?? < &Y (HA(D) + H3(Fp)).

Hence, we have

Th(2,5) < e (HU (o) Y (HA(D) + HA(Fp)) +¢/2

DeSp

<5 ) (HAD)+HA(Fp)) +e/2.
DeSp

DN =

By Lemma 3.5.2(3.5.2), we have

> HYD)=H*(SNU(0))

Des

<HAE NU0) +Th(2, %) +¢

< > HD)+ Y. %Q(FDH% > (H*(D) + H*(Fp)) + 2,

DES\SP DeSp DeSp

SO

H(P)= > H D) <3 Y H(Fp)+4e

DeSp DeSp

By the isoperimetric inequality on 0U (o), we have

H2(P) < 33(H(OP))? + 4e.
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By Lemma 3.5.2(3.5.2), we have

HY(OP) < HYP N AU (o).

By Lemma 3.5.2(3.5.2), we have

H*(PNU(0)) < HA(P) + 2e.

Hence, we have

H(PNU(t)) < 3B(H (P NOU(tY)))? + be.

Let f(t) == H*(PNU(tH)) — 6e. Then by the coarea formula we have

f<38072(f")

Suppose without loss of generality that f(1) > 0. Let

to =1inf{t € [0,1] | f(¢) > 0}.

Integrating (3.6) gives

0
23

(1—to) < V(1) =V ft) < VHA(P).

Then our area assumption gives

Hence, H2(PNU) < HX(PNU(6/2)) < 6e.
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3.7 Interior regularity

In this section we prove the interior regularity for A" minimising sequences of discs,
following the strategy of [AST79].

We first apply Lemma 3.6.1 to deduce rectifiability of the limit varifold.

Lemma 3.7.1 (Rectifiability). Let {3 }wen C D*(U) satisfy H*(Xy) < 63/64 and
H(Zy) < HA(ZL) + Tn(Bk, ) + &

for all X € D(U)[Eg] with e — 0. Let V' be the subsequential varifold limit of ¥y in

U provided by Theorem 3.3.1. Then

>0

1
2
>

for all x € spt||V||. Moreover, V is rectifiable.

Proof. Rectifiability follows from the positive density lower bound by [All72, Theorem
5.5].

Let z € spt]|V||. Choose ry < 1/2 small enough so that H3(B,,(z)) < n and
H2(OB,(z)) < 05/64 for all » < ry. Let r; — 0 with 7; < 7o, B,.(z) C U, and
Y € D*(B,,(z)) for all k£ and ¢, which is guaranteed by Sard’s theorem. By Lemma
3.6.1 with 6 = r;/2, if

2
.. T
hmkmf H* (X, N B, (z)) < 19253

then

IVI[(By,2(x)) < limkinf H2 (X, N By, a2(z)) < limkinf 6, = 0,
which contradicts x € spt||V||. Hence, by the assumption of transversality, we have

r?

V(B (2) = tim B2 (56 1 B () > 105
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By the monotonicity of (3.3.1) for V', we have

(VI ) > ———

as desired. O
We now have all the tools to use the stategy of [AS79] to deduce interior regularity.

Theorem 3.7.2. Let {3 }ren C D*(U) satisfy sup, H2(X, NU) < 63/64 and

HE(Zk) < HA(Z) 4+ Th(Zg, 20) + cx

for all ¥ € D(U)[Xx] with e, — 0. Let V' and § respectively be the subsequential
varifold limit of X N U and the subsequential Caccioppoli set limit of Q. provided by
Theorem 3.3.1. Let o € (0,1).

V' is an integer rectifiable varifold with c-bounded first variation. For every x €
spt|| V||, we have ©*(|V||,x) = n, € N. If h(x) # 0, then n, € {1} U2N. For every

x € spt||V||, there is a neighbourhood W, of x so that the following hold.

o VLG(W,,2) =31 v(N,, 1), where Ny C W, is a C** surface with c-bounded
first variation. Moreover, each Ny is on one side of Ny intersecting tangentially

at x for anyl, I € {1,... ,n,}.
e [fn, =1, then

— IV|LW,, = |D1g| W,,

- VLG(W,,2) = v(N,1), where N C W, is a smooth stable surface with

prescribed mean curvature h with respect to the set QN W,.

o If h(x) # 0 and n, = 2n for all y € spt||V|| N W, for an open set W, C W,
containing x, then VLG(W.,2) = v(N,2n), where N C W] is a smooth stable
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minimal surface. Moreover, QNW! =W!\ N if h(z) >0, and QNW, = & if
h(z) < 0.

e If h(xz) # 0, n, = 2n, and there is a sequence x; — x with x; € spt||V| and
Ny, # 2n, then n = 1 and the surfaces Ny, Ny C W, additionally satisfy that

the generalised mean curvature of N1 points towards No and vice versa.

Proof. By Lemma 3.7.1, V is rectifiable and has a uniform positive density lower
bound in its support. By Theorem 3.3.1(3.3.1), V' has c-bounded first variation.

Integer Density. We show that the density of V' is an integer at every = € spt||V||.
Since this result concerns the infinitesimal behavior of V' near x, we push objects to
T, M using the exponential map ¢,. In T, M, we use the standard Euclidean metric in
the geodesic normal coordinates, which is the C'*° limit of the pullback metric under
a blow up rescaling.

First, let « € spt||V]| be such that there is a tangent cone C' € VarTan(V, z) with
spt||C|| C Pe, where Pe is a 2-plane in T, M (by rectifiability, this holds ||V||-almost
everywhere).

Fix any £ > 0.

Without loss of generality, assume Po D spt||C|| is the z1x9-plane in T, M.

Let u; denote the transformation of T, M given by u(y) = ty. By the definition

of C, there is a sequence {r;} — oo so that
(ﬂrj o Cb;l)#v —~C

as j — oo. We always assume r; > 1.
By the lower density bound from Lemma 3.7.1 and the monotonicity of (3.3.1),

there is a sequence {o;} — 0 so that

(B (0) x (=2,2)) Nspt]| (ur, 0 63" VII € BY(0) x (=05/2,0,/2).

T
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We establish some notation. To distinguish objects in 7T, M from objects in M,

we use lower case letters here. Let
o v/ = (bt © ¢ )#V,

= (ptr; © ¢ ) (Zk),

[ ]
¥
ko
<

i bp = BZxM(0)7

® ¢, :=0b,N{x3 € [—0,0]},

dl, =0b,N{x3 >0},

d,,=0b,N{x3 < —0}.
By (3.7), we have

1imksup H2 (505 0 (B (0) x ([=1,1]\ (=0;/2,0;/2)))) = 0.

By (3.7) and the coarea formula, for almost every p < 1 we have

. 1 + - =
hmksup% (Sk,j N (dp,aj/Q U dp,oj‘/2)) =0

for every j. Fix some p; € (3/4,1) satisfying (3.7) so that s;; has transverse inter-
section with db,, for every k and j, which is guaranteed by Sard’s theorem.

Fix some { > 0. For k > k1(j,¢, p1), we have
Hl(sk,j n (d/:ﬂjﬂ U d;lao'j/2>) <G
For ¢ < (;1(M), the coarea formula gives

sk, N(@dt . Juod, . )=9a,

P1,0k,j P1,0k,j
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for a sequence oy ; € (0;/2,0;).
We apply Lemma 3.5.2 to s;,; € D*(b,,) with constant {. We obtain the replace-
ment 5 ; € D(b,, )[sk;] and a collection of discs Sy ; composing Sy ; in b, .
Let & € [, 2€] so that
107 11(9b,,-¢') = 0

for all j.
By Lemma 3.5.2(3.5.2) and (3.5.2) (also using (3.7)), we have

VLG (B¢, 2) = lim > v(dNby,_e).

(iGGBkJ

Step 1: We show that we can throw away discs d € & ; with boundary in the

caps d , . Let € be the set of all such discs in &y ;. For every d € € ;, let f; be

P1,0k,j
the isoperimetric region for dd in d; ,, ~Ud, . .. By (3.7) and Lemma 3.5.2(3.5.2),
we have

> HY(9d) < ¢

de@hj

for k > k1(j,¢, p1). By the isoperimetric inequality in the round sphere, we have
H?(fa) < 1M (0d)?

for all d € € ;. Hence, we have

2

Z H(fa) < B Z H(9d)? < By Z HY(0d) | < BiC?

deey dey ; dey,
for k > k1(j,(, p1). Consider the competitor given by replacing each d € € ; by fq
(and then resolving the overlaps without increasing area by more than g by [AST79,

Corollary 1]). By (3.7.2), Lemma 3.5.2(3.5.2), and the fact that |d¢$|‘BM ) <
p/Tj
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1+ 0;(1), we have
de6y,, deGy ;\C ; dely, ;

Rewriting, we have

S 1) < g+ 20

dECk,]' J

+ 2r ‘e +0;(1)

for k > ki(5,(,p1). Taking j > jo(M,€) and ¢ < (o(M,€), and then taking k& >

k2(4,¢C, p1,€), we can apply Lemma 3.6.1 to conclude that

lim d;m v(dNby, _¢) =0
for all j > jo(M,€).
Step 2: We show that we can throw away the discs with nullhomotopic boundary
in ¢y, 0, Let Ny ; be the set of all such discs in & ;. By the monotonicity of (3.3.1),
there is a uniform upper bound for the mass of v/ in b; for all j depending on V and
c.
Let 9, ; C My be the set of discs d € Ny, ; with H?(d) < %. By the uniform

mass upper bound, there is an m = m(V, ¢, ) € N such that

52
> M
dem,;] 48ﬂ1

for all j. By a standard counting argument, we can partition 91, ; into 2m disjoint

sets {1724 (some potentially empty) such that

Z H2(d 52
a 4851

deny,
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By Lemma 3.6.1, we have

hmz v(dNb,, ¢) = thz v(dNb,, ¢) = 0.

deny; =1 LSy

By the uniform mass

Let 9, denote the set of disc d € Ny, ; with H*(d) > 485

upper bound, we have #‘ﬁzj < m. Let f; denote the isoperimetric region in c,, o, .
for 0d. Consider the competitor given by replacing d with f; for all d € ‘)TZJ- (and
then resolving overlaps without increasing area by more than e, by [AS79, Corollary

1]). Asin step 1, (3.7.2) and Lemma 3.5.2(3.5.2) imply

i YD HAd) <0t Y WA+ Y HA(f) 20 HA (b, )+ 28k +o(r7 ).

de6y,; deSy ;\ N demfj
Rewriting, we have

2CH3(b1)

Ty

> HAd) < mH (epr0,) +

dem;j

+ 2rZe), + 0;(1).

Assuming j > js(c, p1, M, V, &) and then taking k > ks (j, p1, M, ), we have #9 =
0.
Step 3: We obtain lower and upper bounds for the area of the discs whose bound-

ary is homotopically nontrivial in ¢, 5, .. Let £4; denote the set of such discs in
Si,;-

Let d € £4;. Since dd is homotopically nontrivial in ¢, 4, ;, (3.7) implies

HAdNb,) > m(p— &)

for P € [/01 - 257P1L ] Z j4<p17Ma‘/a§)a and k Z k4(ja p17M7§)'

By the uniform mass bound on the limit, there is an m = m(c, V') so that #£; ; <
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m for all .] > j4<ca P1, MJ ‘/7 g) and k 2 kﬁl(ﬂ? ¢ P1, M7 V7 5)
For each d € £, let mq be the disc with dmg = dd so that m4\b,, C ¢, 0, , and

mq M by, is the flat disc dj, ; C b,, with boundary dd} , . Note that

01,0k, 5
H2(md) < H2<cp1,0k,j) + H2(dzvj)'

Consider the competitor given by replacing each d € £; ; with mg (and then resolving

overlaps using [AS79, Corollary 1]). As in steps 1 and 2, (3.7.2) implies

r? YD HAd) <t Y HEAd) 7 Y HE(mg)+2er HA (b, )+ 2e1+o(r) ).

deBy,; de6y ;\Lr,j dely ;

Rewriting, we have

2CH3(b1)

Ty

Z H2 #’gk])(Hz(d;;j) + HZ(CPI ‘7])) +

deLy o

+ 2r er +0j(1).

Assuming j > js(c, p1, M, V,€) and then taking k > k;5(7, ¢, p1, M, V, &), we have for
every d € £, (by (3.7))
H?(d) < m(p1 +€)*.

Step 4: We compute the density of V' at x. By (3.7) and the above work, we have

10711(bps-e) =lim D HA(dNby,-¢)-

dEQk,j

By (3.7) and (3.7), we have
(T sup #-L5.5)m(p1 = &) < 1y —er) < (liminf #L5)m(pr + €)°.

Assuming ¢ is sufficiently small (depending on universal quantities), we have limy, #£ ;

exists, so we have #£; ; = n; € Nforall j > j5(c, p1, M, V, &) and k > ke(j, ¢, pr, M, V., ).
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By the monotonicity of (3.3.1), n; is decreasing for j > js(c, p1, M, V,§). By Lemma
3.7.1, we have n; > 1. Hence, we have n; = n > 1 for all j > ji(c, p1, M, V., §).
Therefore, we have

n—og(1) < O*([V],x) < n+og(1).

Since € is arbitrary, we conclude that ©%(||[V||,z) = n € N, i.e. V has integer density
at all points x in its support such that some tangent cone C' € VarTan(V,z) is
supported in a 2-plane Po C T, M.

Flatness of Tangent Cones. We now show that for all x € spt||V]|, every tangent

cone C € VarTan(V, z) is supported in some 2-plane Po C T, M.

Lemma 3.7.3 (Flatness). Let U, X,V be as in the statement of Theorem 3.7.2. If

x € spt||V|| and C € VarTan(V, z), then spt||C|| C Pc for some 2-plane Pe.

Proof. Let x € spt||V||, and let C' € VarTan(V,z). There is a subsequence (not
relabeled) and radii r;, — oo so that v* := (u,, 0, 1) 4V — C. By selecting a further

subsequence (not relabeled), the surfaces si := (1, 0 ¢;1)(2) satisfy

v(sg) — C.

We can choose the subsequence so that rZe; — 0.

By Sard’s theorem, we can find a radius 7 > 0 so that b, := bI=M(0) satisfies
sk € D*(b,) for all k. Note that by (3.7.2) (and the same argument as step 1 above),
we have

H(s1) < H2(s},) + rk_lTh(sk, s) + riex + op(1)

for all s} € D(b,)[sk].
We apply Lemma 3.5.2 to s in b, with constant 6 < r/2, producing new discs §j
so that

Hz(gk) S H2(8;€> + ’l“k_lTh(gk, S;ﬁ) + ’I"l%a?k + Ok(l)
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for all s}, € D(b,)[5]. By (3.5.2), we have

lim V(gk N br/g) = CLG(bT/Q, 2)

k—o0

Since §yAs), C b, for all s} € D(b,)[5k] by Lemma 3.5.2, we have T}(3y, s).) <

¢H3(b.) < co. Hence,

e, =1 Th(sk, s5,) + ek + ox(1)

satisfies €, — 0, and

for all s} € D(b,)[5k].

Since we have shown the discs §;, are a minimising sequence for area with respect
to competitors s, in the class D(b,)[5x], we can now conclude by following the proof
strategy of [AS79].

Indeed, we observe that [AS79, Theorem 3 and Corollary 2] hold for the area
minimisation problem restricted to D(b,)[5]. Case I and Case Il in the proof of [AS79,
Theorem 3] follow directly from the argument in [AS79]. As for Case III, note that
the relevant step in the proof only uses discs obtained from the replacement procedure
(which lie in our restricted set of competitors) and comparison to isoperimetric regions

(also in the restricted set of competitors). The rest of the proofs are unchanged. [

Lemma 3.7.3, together with the previous step of the proof, shows that V has
positive integer density at every point of its support.

Decomposition of V. To study the local regularity of V', we return to work in
M. We adapt the set up from the proof of integer density. Let x € spt||[V]|, £ > 0,

r; =00, 0; —0,( >0, 04, € (0;/2,0;) as above. We define

* BPJ = BM (33),

p/T;
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L Cp,o’,j = (:u'r‘j o (b;l)_l(Cp,o‘) - Bp,ja
i 'D/:)t,o',j = (/’LT]' o ¢;1)_1(d3:70') - pr.j‘

We apply Lemma 3.5.2 to £, € D*(B,, ;) with constant £, producing new discs Sy, ;.
By (3.5.2), we have

H?(Skj) < H*(Sh,) + Tu(Skjs Sis) + €

Let

for all S} ; € D(B,, ;)[Sk;].- Let Sk ; be the set of discs composing S ; in B, ;.

Ly; C Sk; be the discs with homotopically nontrivial boundary in C, We

1,0k,5,°
translate the estimates from the proof of integer density to M.

Henceforth we assume j > ji(c, p1, M, V, &) and k > ke(4, ¢, p1, M, V, &) as above.
Namely, we have #L; ; = n for all such j and k.

Label the discs D € Ly, as {Dgj1,..., Dy n}. There is a subsequence (not
relabeled, after shuffling the 1 through n labels) so that v(Dy ;) converges in the
varifold sense to a limit Vj; for i = 1,...,n as k — oo, satistying

1Viill(Boi—2¢;) = m(p1 — 4€)*r;? and ||Vi[(By, ;) < mwl(p1 + 26)%r; 2,

spt||Viall € (ur, 0 0, 1) "1 (B (0) N {—0; < 23 < 0;}),

and

V‘—G(Bm—%,jv 2) = Z Vit G(Bp—2¢ 5, 2).
=1

Reduction to Stacked disc minimisation. We now reduce the problem to a stacked
disc minimisation problem.
Let &; == Sk; \ Lrj. For D € & ; let Fp C 0B, ; be the isoperimetric region

P1,]

for 0D. Let Ap C B,, ; be the open set bounded by D U Fp.
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Steps 1 and 2 from the proof of integer density above imply

lim sup Z H2<D N Bl/g,j) =0.
k Degk,]'

In particular, (3.7) and (3.7) imply
HA(D) + H(Fp) < A(€, ¢, j, k)
with A(E, ¢, j,k) = 0 as (§,¢) — 0 and j,k — oo. By (3.5.1), we have
H(Ap) < el A6, ¢ 5. k).
Taking £ and ( small and j and k large, the coarea formula implies

. 1 1
hIHkSU_p HQ(AD N 8B,,,j) S ZH2(8B1/47j) S Z,HQ(@BPJ)

for p in a set of positive measure in (1/4,1/2). By the coarea formula and (3.7), we

have

lim sup Z H' (DNOB,;) =0

k DEgkﬂj
for almost every p € (1/4,1/2). Take p € (1/4,1/2) satistying (3.7) and (3.7). By

the coarea formula and (3.7), we have

lim sup Z H'(DNAC,,;)=0
k Deé&y, 5
for o in a set of positive measure in (0¢/4, 00/2).
For D € &, let Bp be the unique component of D\ B, ; containing dD. Note
that Bp is a punctured disc with boundary 0D U |J, oy, where oy are smooth Jordan

curves in OB, ;. Let Np be a smooth disc in B,, ; \ B, ; obtained by gluing F,, (the
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isoperimetric region in 0B, ; for y) to Bp and then smoothing. This procedure is
well-defined as long as Fy, is glued and perturbed before F,,, if F,, C F,,. Moreover,
the resulting surface is a disc by construction.

We construct a competitor Si, ; € D(B,, ;)[Sk,;] by replacing each D € & ; by Np.
Since the surfaces Bp are disjoint, we can choose the smoothing so that the surfaces
Np are also disjoint, so Sy, ; is well-defined.

We claim that we can replace S ; by Sk ; in (3.7) after replacing €5, by some ¢y
satisfying limy e, ; = 0. Note that Np is obtained from D by (a) applying Lemma
3.1.3 to each component of D\ B, ; except Bp, (b) deleting everything in B, ;, and (c)
turning Bp into Np as described above. By Lemma 3.1.3 and (3.7), the A" functional

does not increase after (a). Since we only delete portions of the surface in (b), the

area does not increase from (b). By (3.5.1), (3.1.1), and (3.7), we have (for k large)

H¥(Ap N By;) < cl(HA(D N Byy) +H*(Ap N B,,))**

< ci(HX(D N Byy) + foH' (D N 9B,,;)*)*?
Hence, we have

Z H}(Ap N B,;) < Z (H*(D N B,;) + BoH (DN OB, ,)?)*?
Deé&y j Deégy,
3/2
<o | Y (HHDNB,,)+ BH (DNIB,;)%)
Deé&y, 5

2y 3/2

<a | Y HADNB,) + 6| Y, H(DNOIB,)

Deé&y, 5 Deéy ;

and the right hand side goes to zero by (3.7) and (3.7). Therefore the volume change
from (b) vanishes as k — oo. Finally, by (3.7) and (3.1.1), we have lim; 3=, = H*(NpABp) =
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0, so the area added in (c) vanishes as k — oo. Hence, we have
H?(Sk,;) < H*(Sy;) + Tn(Sky, Sij) +eny

for all S} ; € D(B,, ;)[Sk,;], where lim e ; = 0.

Let Dy ;, € D(B,;)[Dy ;. be mutually disjoint for i = 1,...,n. Let Q4 ;; be the

open set in B, ; so that

O jile Byyj = [Drjile By, j-

),

Let €

r;i be the analogous open set for D, We claim that

kl’7j7i‘

3 (%Q(Dk,j,i) - /Q o dH3) <> (HZ(D;J-,» - /

)

h d?—[3> + €4
;ﬁ,j,i

for some limy, €} ; — 0.

Consider the competitor S} ; € D(B,, ;)[Sk;] given by replacing each Dy ;,; by

Dj, ;- This competitor is well-defined (i.e. there are no self-intersections) because
(Skj \U; Drj.i) N B, j = @ by definition, and D ;, \Em is a subset of Dy, ;;. Hence,

(3.7) follows directly from (3.7).

We conclude with some notation. Let By j; be the open set in B, ; so that

8Bk,j,i \ Dk,j,i C aBm’j and D j C 83;6’]-,1-.

P1,0k,5>

If Bk,j,i C BkJﬂ'/ for some i 7£ i/, then we say Dk,j,i < Dk,j,i’- If B’%jﬂ' = Qk,j,i (as
defined above), then we say Dy j; is oriented up; otherwise, it is oriented down. By

selecting a subsequence and relabeling, we can assume that

Dk,j,l > Dk,j,2 > ... > Dk,j,m
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and that Dy, ;; is oriented up if and only if Dy ;; is oriented up for all &' # k. By
the assumption that there is an open set A, with dA, NU = X, N U, we conclude
that Dy, ;; is oriented up if and only if Dy, ;;_1 and Dy ; ;11 are oriented down (i.e. the
orientation alternates with respect to the order of the discs).

Parity for Stacked discs. Let €2 and €) be defined as in Theorem 3.3.1 with respect

to the set U. Let x € spt||V]|. We claim that
O*(||V],z) =0 mod 2 = z ¢ 0*Q,

and

O%(|V|,z) =1 mod 2 = z € 9*Q.

Let W be any neighbourhood of x. Taking j large enough, we have B, ; C W.
Let € j; be defined as above for the stacked discs Dy, ;;. Let € ; be the open subset
of B, ; satisfying

n

Ol ;1. Bpyj = > _[Drjil-By -

i=1
Let Q7 and € be the limits of Qy, ;; and Q ; in k respectively, in the sense of Theorem
3.3.1.

We first show that H3((QAQ)) N B, ;) = 0. Indeed, we have

H((YAQ) N B, ;) = lm H (i, A0) N B, )

< lilgn H3(Br) + Z H3(Ap N B, ;) =0,

Deé&y 5

by Lemma 3.5.2(3.5.2) and (3.7) (where ) are the bubbles called “B” in Lemma
3.5.2). Hence, we have
QAN B,; =0 V¥ NB

K

so it suffices to work with .
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Let wi := (p,, 0 o3 1) (V). Let v;; := (pr, 0 ;1) V. By (3.7), we have

xT

E Uji

(2

spt Nb, Cb,N{—0; <x3 <o}

Let

bpg = by N {ws > 05} and b ;:=b,N{r3 < —0;}.

Since 0*w’ Nb, C spt|| >; vjall N by, we have either bt C w’ or b, Nw’ = @ (and
analogously for b;j). We see that Dy ;, is oriented down if and only if b:j’j C wi.
Similarly, Dy, is oriented up if and only if b, ; C w’. Note that b;j contain a
definite portion of b5 (the upper and lower half balls of radius 2 in T, M).

If n =1 mod 2, then w’ converges in L' as j — oo (without loss of generality)
to the upper half space H™ C T,,M. Hence, every sufficiently small neighbourhood
W of x satisfies

0<H}(QNW) < H3(W),

so we have z € 9*().

If n =0 mod 2, then w’ converges in L' as j — oo to T, M or @, so x & 9*Q
(i.e. we showed x is not in the essential boundary of €2, which contains the reduced
boundary (see [Magl2, Theorem 16.2]).

C™® Regularity. By Lemma 3.4.7(3.4.7) and (3.7), we have
H*(Dji) < H*(Djjq) + | T (Digi, Diogr)| + eng

for any Dllc,j,i € D(Bp,j)[Dk,j,i]-
We observe that everything we have proved thus far only requires that the function
h is measurable and satisfies |h| < c¢. We note that (3.7) implies that Dy ;; is a

minimising sequence for the problem with prescribing function —c + 2clq,,. Hence,

all of the above work applies to V;;. In particular, V;,; has c-bounded first variation
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and positive integer density in its support. By (3.7), there is a neighbourhood W of
x so that ©%*(Vj,;,y) = 1 for all y € W Nspt||V,.

By [All72, §8], we have V;; . G(W,2) = v(N,;,1) for a C** surface N;; C W. By
(3.7), we have N;; N W = §*Q7" N W. Hence, N;; is on one side of N;, for any ¢, 7/,
and each of these surfaces intersects tangentially at . We conclude by (3.7).

Decomposition into 1-Stacks and 2-Stacks. Take = so that h(z) # 0. Suppose
without loss of generality (by swapping orientations and taking j sufficiently large)
that h|p, , > 0. We now decompose the stacked disc minimisation problem (3.7) into
smaller units, which we call 1-stacks and 2-stacks.

We first separate the 1-stacks. If Dy, ;, is oriented up, then we show that

H?(Dyj1) —/ h dH® < H*(Dj ;1) —/ h dH* + e

Qk,jyl k,j,1

for all Dy, € D(B,;)[Dy 1], where €2 ., is defined as above. The analogous state-
ment holds if Dy, ;,, is oriented down by vertical reflection. The result follows imme-
diately from Lemma 3.4.8.

Now we separate the 2-stacks. If Dy, ;; is oriented down for some 1 <’ < n, then

we show that

i'+1

i'+1
Z <H2(Dk’j’i) N / h dH3> = Z <H2(D;€,j,i) - / h d?—[3> + &}
Qk,j,i /

=1’ 1=t k,j,i

for all mutually disjoint D} ;; € D(B,;)[Dy;,] for i =4', i + 1, where () ; ; is defined
as above. The result follows immediately from Lemma 3.4.9.
Regularity of 1-Stacks. Suppose (3.7) holds*. Recall that we showed ©2(V; 1,y) = 1

for all y € W Nspt||V; 1] and

spt|| Vil "W = Q2 n .

4We note that (3.7) holds at any point in V of density 1, as well as in the case Dy, ;.1 is oriented
up.
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Hence, we have

[Vial[W = [D1gjn | W.

Inserting this equality into Theorem 3.3.1(3.3.1), we conclude that

HVj,l ’W = hVa*Qj,l |W7

which is a Ch* vector field. Applying the regularity theorem of Allard [All72, §8]
iteratively, we conclude that N;; is a smooth surface with prescribed mean curvature
h in W with respect to the set Q1. Stability follows from smooth embeddedness and
(3.3.1).

Regularity of 2-Stacks. Suppose Dy ;s is oriented down for 1 < 4" < n, so (3.7)
holds. For ease of notation, let ¢/ = 1.

We show the mean convexity of V; ;. Let X be a smooth vector field with compact
support in B, ;, and let ®, be the flow of X. Without loss of generality, we suppose
that

d

=] I@)4Vill(B,) <.

(i.e. either the derivative is zero, or we can swap X — —X). By Lemma 3.4.7(3.4.7)

and (3.7), we have (using h > 0)

H*(Diji N Byj) < H(P4(Dija) N Byj) 4+ cH (Qpojn \ ©o(Qjn)) + €

Following the proof of Theorem 3.3.1, we have

Vil (B) < (@06 Vil (By) + cHH @\ @,(@31)).
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Hence, we have

d
0> —

d | |
2 N@)4Viall(Bo) = —e | H@\ @().

dt lt=0+
By [Magl2, Proposition 17.8], we have

d

dt

HA (P @,(Q71)) < / (X - vgeqin)— dH>.

t=0* 9%y

Hence, we observe that the first variation cannot be negative if X - vg«q;1 > 0, which
proves the desired weak mean convexity. By vertical reflection, the same holds for
Via.

Suppose spt||V;1]| N W’ = spt||V}2]| N W’ for some open set W' C W. As shown

above, ©%(Vj1 + Vjo,z) = 2 for all x € spt||V;1 + Vj2| N W’. By (3.7), we have

(WU NI = @, so in fact 9* (W1 U QF2)NTV' = &. Since we already showed
spt||Vjall N W' = 9*Q3* N W', we conclude that H?((Q9H U Q92) N W) = HA(W').
By Theorem 3.3.1(3.3.1), V;1 + V2 is stationary in W’. Then by Allard’s regularity
theorem [All72, §8],

(Via + Vi2) GV, 2) N v(N, 2),

where N C W' is a smooth minimal surface. Hence, N;; N W' = N,, N W' = N.
Stability follows from smooth embeddedness and Theorem 3.3.1(3.3.1).

Mazimum Principle. First, suppose ©*(||[V|,x) = 2n + 1. Then (without loss
of generality) Dy ;1 is oriented up. By the regularity of 1-stacks, V;; is the varifold
associated to a smooth surface N;; with mean curvature h > 0 pointing up. Suppose
for contradiction that n > 1. Then V], is the varifold associated to a COhe surface
N, o with generalised mean curvature pointing down. Moreover, Nj » is below N;; and
intersects N;; tangentially at x, which contradicts the strong maximum principle (see

Lemma 3.8.2). Hence, if Dy, ;; is oriented up, then n = 1 and V' is the varifold of a
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smooth surface of prescribed mean curvature h pointing up in a neighbourhood of x.

Second, suppose ©%(||V||, x) = 2n with n > 2. By the above paragraph, V' consists
of n 2-stacks intersecting tangentially and on one side at . Then N;o and Nja,—;
are O'1® surfaces on one side of each other, intersecting tangentially at z, and with
generalised mean curvature pointing away from each other. By the strong maximum
principle (see Lemma 3.8.2 in the next section) and the regularity of 2-stacks, there
is a neighbourhood W” of x and a minimal surface N C W” satistying N;,NW" = N

for all . Hence, ©*(||V||,y) = 2n for all y € W N spt||V]]. O

3.8 Maximum principle

A maximum principle is required to patch together the limits of decomposed stacked
disc minimisation problems. Since we obtain lower regularity than in the minimal
surface setting, we need a maximum principle in the setting of C** surfaces.

We adopt the following definition from [ZZ19].

Definition 3.8.1. Let N; (i = 1,2) be connected embedded two-sided C' surfaces
in a connected open subset W C M with ON; N W = &. Let v; be the unit normal
to N;. We say that Ny lies on one side of N if Ny divides W into two connected

components Wy U Wy = W \ Ny, where v points into W, and either:
e N, C W, which we write as Ny < N or
e N, C W,, which we write as Ny > No.

Lemma 3.8.2 (Maximum Principle). Let Ny and Ny be CY® surfaces in a connected
open set W so that Ny lies on one side of Ny, Ny > Ny, Ny > Ny, and Ny and N,
intersect tangentially at x € W. If each N; has nonnegative mean curvature in the
weak sense with respect to the normal v;, then N1 = Ny and each is a smooth minimal

surface.
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Proof. Since the unit normals point in opposite directions, being smooth and minimal
follows if we show N; = Ns.

Suppose for contradiction N; # Ny. Without loss of generality, there is a sequence
x; = x with ; € Ny \ Ny. Let P C T, M be the common tangent plane of N; and
Ny at z, and let v = v4(z) be a unit normal to P, so that v5(x) = —v. Let ry € (0,1)
be sufficiently small so that ¢ '(Ny N BM(x)) and ¢, (N> N BY () are C1 graphs
over B C P, given by C% functions u; > uy and let p € (0,79/2). Let B, denote
B¥(0).

We shall use the same setup as in the proof of Proposition 3.9.1. We let

e § be the rescaled pullback metric (¢, o 11,)*g, so that

Hg - gEuCHCw(ng[—l,l]) S (5(p),

where 0(p) — 0 as p — 0;

e U; : By — R be defined by @;(x) = p~'u;(pr) so that
tillcrs,) < 6(p);

e A(x,z,p) be such that with the rescaled metric g on R?, we have H?(graph u|p,) =
[ Az, u, Du) dz for all C' functions u : By — R and r € (0,2);

e () be the mean curvature operator for graphs over By with respect to g.

Then Q(u) <0 (resp. > 0) in the weak sense in B; is equivalent to (in our choice

of sign convention)
/ (Ay(x,u, Du) - Dp + A,(x,u, Du)p) <0 (resp. > 0)
B1

for all ¢ € W,?(By) with ¢ > 0.
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By assumption, we have Q(@;) > 0 and Q(u2) < 0 in the weak sense. If we let
v = Uy — Uy > 0, then v € C%* is a non-negative weak supersolution of a linear
elliptic equation with continuous coefficients (depending on u; and @) as in [GTO01,

Theorem 10.7], i.e.
/ (a” Djv + b'v)Dip — (—b'Dyv + cv)d > 0
B
for all non-negative ¢ € W,*(By), where ii; = tii, + (1 — t)iiy and

1
a' ::/ App; (2, 1y, Duty) dt
. 01
b ::/ A, .(z, 0y, D) dt
0

1
C = —/ Azz(ﬂ'}, ﬂt, Dﬂt) dt.
0

Since Ny and Ny intersect tangentially at z, v(0) = 0, and infp , v = 0. Hence, the
weak Harnack inequality for supersolutions [GT01, Theorem 8.18] implies |[v|[1(p, ,) =
0. As v is Ch, this means v|p, » = 0, contradicting the choice of the sequence

T; — T. O

3.9 Improvement from free boundary problems

We now use (and generalise) some results from the theory of free boundary problems
to improve our results on the regularity of the limit surfaces in Theorem 3.7.2.

For the remainder of this section, let V' be as in Theorem 3.7.2, and = € spt||V||.
Also, let W, be the open neighbourhood of x provided by the Theorem 3.7.2, and let
Ny, Ny, ..., N, be the corresponding C'1® surfaces meeting tangentially at .

The main result of this section is the following.

Proposition 3.9.1. The surfaces Ny, ..., N, are CY1 in the interior of W,.
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Proof. By Theorem 3.7.2, VLG(W,,2) = Y./, v(N;, 1), where N; are distinct C*
hypersurfaces with c-bounded generalised mean curvature, such that each N; is on
one side of Ny intersecting tangentially at x. Let then n :=n, and let P C T, M be
the common tangent plane of Ny, N,,... N, at x.

We shall represent the surfaces N; locally as graphs over their common tangent
plane P, which we shall for the rest of this proof identify with R2. For the rest of this
proof, let us set B, := B¥*(0).

First, let 7o € (0, 1) be sufficiently small so that for [ =1,...,n
¢, (NN B (x)) = graph

where u; : B,, — R is a C"* function such that u;(0) = 0 and Du;(0) = 0. Since the

surfaces lie on one side of each other, we have

U12UQZ"->U,n.

Let now p € (0,79/2) such that || < p on By, for all l = 1,...,n, and let us
rescale the metric g on T}, M, so that we can work over the unit ball in R? with respect
to the rescaled metric. To this end, let § be the pullback metric § := (¢,opu,)*g (where

e : R® — R3 is the dilation by ¢ > 0), which satisfies

Hg - gEucHCOO(BQx[_l,l]) S 5(p),

where §(p) — 0 as p — 0, since (M, g) is a smooth Riemannian manifold.
Finally, we define the rescaled functions «; : By — (—1,1) by @(y) = p " wi(py).

Note that we also have

N | —

[tullcre(s,) < d(p) <
for sufficiently small p > 0.
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For a C! function v : By — R, we can parametrise the graph of v by the standard
coordinates y = (y;,y2) on By and let A(y, z,p) be such that with respect to the
rescaled metric § on R?, we have #*(graph v|g,) = [; A(y,v, Dv) dy for 0 < r < 2.

Let U = ¢,(B, x (—p, p)) and consider the discs D; = N;NU = ¢, (graphu|p,(0))-
By the proof of Theorem 3.7.2, notice that, after identifying U with B, x (—p, p) and

rescaling, the n-tuple (4, ...,4;) is a critical point of the functional

I(vy, ..., 0,) = /B (Z A(y, v, Du) + Bi(y, Uﬂ) dy (3.9.1)

=1

among all n-tuples (vy,...,v,) such that v|op, = Wlop, and vi > ve > -+ > vy,

where
o A(y,z,p) is defined as above;

e Bi(y,z) is defined by

Bily2) = (-1 [ Hpt) d
-1
where H(y,t) = h(y,t)5(y,t), 5(y,t) is the volume density with respect to the
rescaled pullback metric §, and h(y,t) = h(¢q(py, pt)).

The ; satisfy the Euler-Lagrange equations for this functional in the weak sense,
l.e.

Q) + (=) H(y, @) = 0 in {@_1 > @ > 41}

and

Q) = Q1) = 0 in {ty = U1}

where () be the mean curvature operator for graphs over B; with respect to the

rescaled pullback metric g. By Theorem 3.7.2; if a point z( lies in spt||V|| and
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Ny, > 1 is odd, then h(zg) = 0. Thus, we see that the functions 4, satisfy

n

> Q) =) (—1)'H(y, ) (3.9.2)

=1

in the weak sense.

We can now combine the techniques in [Sil05] and [SY19] to prove the desired
CYl-regularity.

First, we notice that, as in [Sil05, Proposition 4.1], the difference between consec-
utive sheets w; == u; — @41 satisfies a linear elliptic equation with a right-hand side
which is uniformly bounded in L*°. Hence, by the Harnack inequality in [GTO01], if

0 € o{u; = 141}, then there is a constant C' such that
wi(y) < Clyl?

in B/, proving quadratic growth from contact points. We can then run the same
induction argument as in [SY19, Proposition 2.8| to prove boundedness of the second
derivatives, provided we show an L>-bound on the second derivative of ), % (as in
[SY19, Lemma 2.7]).

In order to prove this bound, we look at the equation satisfied by the sum ), uy,
as in section 5 of [Sil05]. Note that, in local coordinates, the mean curvature operator

() applied to a function u takes the form
(Dp, A (y, u, Du)D;ju+ (D.A")(y, u, Du)Diu + (Dy, A") (y, u, Du)
where A’ = D), A. Let a” .= D, A' = D,;, A. Then, we can rewrite (3.9.2) as

Z aij (y, &l, Dﬂl)Dij&l - R(y) (393)

=1
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where R(y) = > (=1)'H(y,w) — (D, A)(y, @, D) Dyt — (D, A")(y, 4, D) €
C%*. Let us also write L; for the linear operator L;(w) = a"(y,u, Diy)D;jw. We

can rewrite (3.9.3) as

L, (zn: al> = R(y) + HZ(LIC+1 — L) (Z al> (3.9.4)

k=1

Note that Ly = Lgy1 on the set {uy = 41}, and on the open set {uy > gy}, the
collections {1y, ..., u;} and {41, ..., Uy, } satisfy multiple membrane problems with
fewer sheets. We can then use an induction (on the maximum number of simulta-
neously touching membranes near a point, with the base case of 2 membranes being
treated in [Sil05]) argument similar to the proof of [SY19, Proposition 2.8], together
with the proofs of Lemma 4.2 and Lemma 4.4 in [Sil05] to conclude that the right-
hand side in (3.9.4) is in C%*. The standard Schauder estimates (see [GT01, chapter
6]) then imply that Y, 4; is in C** with C** norm controlled by the C%* norm of
the right-hand side, which in turn depends only on universal constants and on the

C'® norms of the ;. O
As a byproduct of the proof of Proposition 3.9.1, we get the following estimate.
Corollary 3.9.2. Let the n-tuple (uy,...,uy) C CY*(By) be a critical point of the

functional (3.9.1), with

||'al||C'1(B1) <1l Vi=1,...,n
Dpiij‘B1><(fl,1)><Bl : é’tgj 2 )\’5|2 vg E R2

HAHC3(le(—1,1)xBl) <A

and H € CY(B; x (=1,1)), as in the proof of Proposition 3.9.1. Then for all

l=1,....n, u € Cllo’Cl(Bl), and there is a constant C' depending on n,a, A\, A such
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that

D Naillcris,) <CY - (lallovas,) + 1 Hlloremx-11y)

=1 =1
Moreover, if h(z) # 0, we can prove a more precise regularity result. By Theorem

3.7.2, if h(x) # 0, then n, € {1} U2N and

e if n, = 1, then VLG(W,,2) = v(N,1), where N C W, is a smooth stable

surface with prescribed mean curvature h;

o if n, = 2n for all y € spt||V||NW, for an open set W, C W, containing z, then

VLG(W!,2) = v(N,2n), where N C W/ is a smooth stable minimal surface.

Hence, in both cases, the support of V' in a neighbourhood of = coincides with a
smooth surface.

We now deal with the case where n, = 2n, and there is a sequence z; — = with
x; € spt||V|| and n,; # 2n. By Theorem 3.7.2, then n = 1 and the surfaces Ny, Ny C
W, intersect tangentially at x. Let T" denote the touching set T'= Ny NNy C W, and

let I' be its boundary 0T N W, in W,.

Proposition 3.9.3. The boundary I' of the touching set T is locally contained in a

CYe curve and satisfies HY(T') < 400

Proof. This follows directly from the results in section 4 of [Sil05]. Indeed, the dif-
ference @, — 5 is a solution to an obstacle problem to which the results of Caffarelli

([Caf77], [Caf80] and [Caf98]) apply. O
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Chapter 4

Minimisation over isotopy classes

In this chapter we follow the arguments of [MSY82], [CDL03], and [DLP10], upgrading
from the regularity of minimisers of discs to the regularity of minimisers over isotopy

classes.

4.1 Minimisation problem

Let (M, g) be a smooth 3-dimensional Riemannian manifold. Let h : M — R be a
smooth real valued function, and let ¢ := sup,, |h/|.

As before, by rescaling M, we can assume that the conditions of §3.1.1 hold with
po = 1.

Let U C M be an open set with C'' boundary.

Let O(U) be the set of open sets @ C M with smooth boundary so that 02 has
transverse (or empty) intersection with U.

In this part, we consider the following question.

Question 4.1.1. Consider a sequence {Q tren C O(U) and Xy := 02 NU satisfying

supy, H%(3x) < 0o, supy, genus(Xy) < oo, and

Ah(Qk) S Ah(¢(1, Qk)) + &g
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for all ¢ € Z(U) with e — 0. Does (a subsequence of ) ¥y := 08; N U converge to a

reqular limit with prescribed mean curvature h?

We first observe that all of the conclusions of Theorem 3.3.1 hold, where v(¥;) —

V and Qp NU — Q, by following the same proof.

4.2 Gamma-reduction

The key insight of [MSY82] is the introduction of a procedure, called y-reduction,
to cut away small necks that either create genus or separate large components. This
procedure enables the reduction of the full isotopy minimisation problem to the disc

minimisation problem, solved in chapter 3 above.

4.2.1 Definition of gamma-reduction

Let 6 > 0 be the constant from Lemma 3.1.2, and let 0 < v < 62/9. Let U C M be an
open set, and let ¥ C U be a smooth embedded oriented surface with 02 C OU. Let

C(X,U) be the set of smooth embedded oriented surfaces ¥’ C U with J[¥'] = 9[X].

Definition 4.2.1. For ¥, ¥y € C(X,U), we write

(v.U)
Yo & 34

and say Y is a y-reduction of ¥ if the following hold:
1. 35 is obtained from >; by surgery in U; namely,

e ¥, \ ¥y =: A is diffeomorphic to the standard closed annulus,

e 3 \ Xy =: Dy U D, is diffeomorphic to the disjoint union of two standard

closed discs,
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e there is an open set Y C U homeomorphic to the standard 3-ball with
8Y:AUD1UD2 andYﬂ(Zlng) = .

2. H?*(A) + H*(Dy) + H3(Dy) < 27.

3. If T" is the connected component of ¥; containing A, then for each component

of '\ A we have either

e it is a disc of area at least §2/2,

e it is not simply connected.

Definition 4.2.2. For ¥, ¥, € C(X,U), we write

(1)
Y, <%,

and say Y, is a strong y-reduction of ¥y, if there is an isotopy ¢ € Z(U) satisfying
(v.0)
1% < (1, %),
2. H2(Y(1,3))A%)) < 7.

We say a surface is (v, U)-irreducible (resp. strongly (v, U)-irreducible) if it admits

no (v, U) reduction (resp. strong (7, U)-reduction).

4.2.2 Structure of gamma-irreducible surfaces

We adapt [MSY82, Theorem 2] to our setting, allowing us to decompose 7y-irreducible

surfaces in small balls into a disjoint union of discs.

Theorem 4.2.3. Suppose H3(U) < 1/8. Let U' CC U be an open set so that U is

diffeomorphic to B. Suppose Q C M satisfies

ANQ) — inf AN((1,9)) = E(Q) < 37/16.
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e X :=00NU is strongly (v, U)-irreducible,
e Y has transverse intersection with 0U’.

LetT'y,..., Iy be the components of ENOU’, and let F; denote the isoperimetric region

in OU" with boundary I';. Suppose further that

Z F;) <~/8.

Let ¥y denote the union of all closed components A of ¥ contained an an open set
Ky C U diffeomorphic to B so that 0K, NY = @.

Then H*(Xo) < 2E(R), and there are disjoint closed discs Dy, ..., D, satisfying
1. D; C £\ %,

2. 0D; C oU’,

(UD)mU’ (Z\ Zo)N T,

4. there is an isotopy ¢ € Z(U) such that ¢(t,x) = = for all (t,z) € [0,1] x W,
where W is a neighbourhood of (X \ Xo) \ Uj_,(D; \ 0D;), so that

U(qﬁ(l,Dj) \oD;) c U’
5.
> (H(Dy) — HHY)) <Z”H2 )+ E(9),

where Q9 C U is the region bounded by D; U Fop,, which exists by the existence

of the isotopy in (4).
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Remark 4.2.4. Let K;,..., K, C U be open 3-balls with ¥, C Uj.:l K; and 0K; N
Y=0.
For each e > 0, there is an open set | J;_, K; C W C U and an isotopy ¢ € Z(U)

satistying
e WN(X\X) =9,
o O(t,x) = for all (z,t) € (M\ W) x [0, 1],
o O(t,W)C W,
o H(4(1,%)) <&,

e the union of the regions bounded by each component of ¢(1,%,) (given by

Lemma 3.1.2) has volume bounded by ¢,
e and each component of ¢(1, %) has diameter less than e.

Let Q be the region given by deleting ¥y in ¥. Each component that we collapse

decreases A" by Proposition 3.5.1, and we have
H? (%) < 2E(Q)

and
AMQ) — inf AM$(1,Q)) < E(Q).
(@) = inf ' AN6(1,9)) < E(Q)
Hence, the general case of Theorem 4.2.3 follows from the special case where ¥y = @,

which we henceforth assume in the proof below.

Remark 4.2.5. Since O C U and H?*(U) < 7, we have by Proposition 3.5.1 that

HAY) < & 0 (H(Dy) + H (Fop, )
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By our choice of 1, we have

HA(Y) < Z(HA(D;) + H*(Fap,))-

| —

Then conclusion (5) of Theorem 4.2.3 implies
p
> M1 (D) < 32%2 )+ 2E(9).
j=1

Proof of Theorem 4.2.3. The proof follows exactly as in [MSY82, Theorem 2], with
the additional step of keeping track of volumes.
We induct on ¢, where the case ¢ = 0 is trivial.

Assume () satisfies

_ HA(Fy) </8,

E(Q) < 3y/8 = 5375, 1 (Fy),

¥ is strongly 7 irreducible for ¥ = /4 + 4 Z?:l HA(Fy) + %E(Q)

Assume as an inductive hypothesis that the conclusions of the theorem are true
for Q = ¢(1,Q) for some ¢ € Z(U) if it satisfies the above assumptions with ¢ — 1 in
space of ¢ and € in place of .

Without loss of generality (by relabeling), we have F,NI'; = @ for all j # ¢. Since
3 is strongly J-irreducible and H?(F,) < 7, there is a disc D C X so that 9D = T'; and
H?(D) < 6%/2. Then DUF, is homeomorphic to S? and H?*(DUF,) < 6%/2+462/2 = 62,
so Lemma 3.1.2 implies that D U F, = 0K for K C U an open 3-ball. Let A be the
component of ¥ containing D. Since ¥y = & by assumption, we have A\ D ¢ K.

Hence, we have (X \ D) N K = @ (because X \ D does not intersect Fy).
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Let ¥, = (¥ \ D) U F, and €2, the corresponding region. As in [MSY82, Theorem
2], for every € > 0, there is a continuous isotopy « taking ¥, to a smooth surface S,

and €2, to Q* satisfying

o O, = ¢(1,9) for some ¢ € Z(U),

£.noU" = LT,
o H2(L,AY) < H2(D) 4+ H2(F,) +«,
o H3(QLAQ) < HA(K) +¢/(2¢),

H2(S,) < HA(Z) 4+ HA(F,) — H2(D) +¢/2,

o M2, > HA(E,).

Using H*(U) < /8, Proposition 3.5.1 implies ¢H*(K) < 1(H*(F,) + H*(D)). We
assume & < H2(F,)/4. Observe that since Q and €, are in the same isotopy class, we

have

E(Q.) < E(Q) + cH}(K) + H*(F,) — H*(D) + ¢

< B + gHQ(Fq) - 2%2(1)).

By [MSY82, Remark 3.11], we have that 3, is strongly ~*-irreducible, where

v =/4+ 4zq:H2(F}) + %E(Q) —H(D) — 2MH*(F,)

j=1

= /4 + 4qz_: H(Fy) + éE(Q) + 2H*(F,) — H*(D)

3
q—1 4 .

> y/4+4> HE) + SB().
j=1
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Furthermore, we have

E(Q) < EQ)+ §H2(F)

<3W8——ZH2 )+ HQ( )

—3/8 - ;ZW(FJ)

N

Hence, 2, satisfies the inductive hypothesis. Then there are pairwise disjoint discs

A, ... ,Ap satisfying
[ Aj C XA]*,

OA; c oU,

(CJ )mU’ S, NU,

e there is an isotopy ¢ € Z(U) such that ¢(t,x) = x for all (t,z) € [0,1] x W,
where T is a neighbourhood of 3, \ U§:1(Aj \ DA;), so that

UmA \dA;) c U,

Z(%?(Aj) — HIY)) < ZHQ(FJ-) + E(Q,).

Letting A; := (a)(1,4A;) (i.e. the time-reversal of the smoothing isotopy « for ¥,),

and taking ¢ = ¢ * a (i.e. the concatenation of isotopies), we have that
o Aj C Xy,
e 0A; C OU,
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p
<U Aj> nU =%.nU",
j=1

e there is an isotopy ¢ € Z(U) such that ¢(t,z) = x for all (¢,z) € [0,1] x W,

where W' is a neighbourhood of X, \ Uj_,(A; \ 04;), so that

p
U@, a,)\04) cU,
7=1
[ J
Z (H2(A;) — H(Y)) < Z?ﬁ )+ B(Q,).
: ] 1

Let 8 be a continuous isotopy so that §(t,K) C K, Blyyxs\p = 1sm\p, and
B(1, D) = F,. Consider the following two cases:
Case 1: F, C |Jj_, A;. Select the discs Dy, ..., D, by taking Dj, = (A, \ Fy)UD

for the unique j, so that F, C A,,, and D; = A; for j # jo. Define an isotopy by

709

¢ = 1 * 8. By smoothing ¢, we obtain the desired isotopy ¢. We compute

M-

(H*(D;) — cH3(V)) < Z HA(A;) — HA(Y)) + HAD) — HA(F,) — H(K) + ¢

Jj=1 j=1

< qz HA(F,) 4+ BE(L) + HA(D) — HX(F,)) — HP(K) + ¢
< qi H?(F}) + E(Q) + 2¢

< Xq: H(F}) + E(Q) + 2.

Since € > 0 is arbitrary, the desired inequality holds.

Case 2: Fy ¢ \J;_, A;. Define the discs Dy, ..., Dyyy by Dj = Aj for j <p+1
and D,y1 = D. Define an isotopy b = %1 3, where 3 € Z(U) satisfies B(t, r)=1x
for all (x,t) € (X\ D) x [0,1] and 3(1,F,) is a disc D ¢ U’ with dD = D,
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DNoU' = 9D, and DN(t,%,) = I, for all t € [0,1]. We claim that in this case
there is a neighbourhood W of 0D = TI'; so that W N D C U’. Otherwise we would
have W with W D 9D and W N (¥ \ D) C U’, which would imply F, C [Ji_, 4;, a

contradiction. By smoothing (5, we obtain the required isotopy. We compute

p+1 p
D (HADy) = cHAY)) < D (HHA) = H (V) + HA(D) — HP(K) + ¢
j=1 j=1
qg—1
<Y H(F) + E(QL) + H(D) — cHYK) + ¢
j=1
q—1
<> CHHE) + BE(Q) + H(F,) + 2
j=1
q
=Y H(F)) + E(Q) + 2.
j=1
Since € > 0 is arbitrary, the desired inequality holds. O]

4.2.3 Gamma-reduction of minimising sequence

We now modify the initial minimising sequence {£;} to a new sequence {%;} with
lim v(2;) = limv(3;) = V so that each X, is strongly (7, U)-irreducible for some 7.

For ¢ € N and v € (0,02/9), let k,(v) be the largest integer such that there exist
29 e C(S,,U) for j =1,... k,(7) with

(nU) (V) (V)
kq 2 1) _
k) T <t T s =5,

We claim that k,(7) is bounded independent of ¢ and . Indeed, there is an upper

bound on the topology of 3, and H?*(%,) independent of ¢ and W by assumption.

Then the uniform bound on k,(7) follows from [MSY82, (3.9)].

We also note that k,(v) < k,(7') for v < 4/, which follows by definition.
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Let [(vy) be the nonnegative integer defined by

() = limsup k, (7).

q— o0

[ is an nondecreasing integer-valued function of 7, so there is vy € (0,62/9) so that

[(7) = U(70) for all v € (0, 7).
For each n > vy, there is a g, > n so that k,, (1/n) = 1(1/n) = I(yy). We set

5 N (/).

qn

Hence, %, is strongly (70, U)-irreducible for all sufficiently large n.
By [MSY82, (3.10)], we have

HA(E,A8,) < C/n

for some C' independent of n. Hence, limv(%,) = lim v(Xy).
Let Q,, C M be the open set corresponding to >, (which is obtained from €,
in the obvious way at each (v, U)-reduction). Moreover, since ¥,, can be recovered

from %, be deleting discs and adding thin tubes, we have

h(O) . h e /
ANO,) < inf AM(6(1,00) 42,

where ¢/, — 0 as n — oo.
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4.3 Interior regularity

We prove the interior regularity part of Theorem 2.0.1. To clarify, the “sufficiently

small” assumption on U is H3(U) < n/8, where 7 is defined in (3.5).

Proof of Theorem 2.0.1 Interior Regularity. By §4.2.3, it suffices to consider a min-
imising sequence {¥;} so that ¥ is strongly (v, U)-irreducible. By Remark 4.2.4, we
can suppose there are no closed components of ¥ in U contained in an open 3-ball
whose boundary does not intersect .

Let xo € spt||V]]. Let po(xg) = d(zo,0U). By the monotonicity of (3.3.1), there

is a constant ¢y so that
a2 [VI[(Bo(0)) < cap | V[[(By(0))

for any o < p < po(xo).

By the coarea formula,

p —_—
/ H 3k N OBy(w0)) ds < H* (3 N (By(w0) \ Byp—o(0)))
p—0o
for almost every p € (0, po(x¢)), o € (0, p). Taking o = p/2, (4.3) implies

p
p! H(Z, N OB, (x0)) ds < Cp
p/2

for all sufficiently large k, where C' depends on p, po(zo), and [|[V||(U). Then there is

a sequence py, € (3p/4, p) so that ¥j has transverse intersection with 0B, (z¢) and
H' (Sp N OB, (z0)) < Cp < Crprpo(wo)

for all sufficiently large &, provided p < 11 po(o) for some n; € (0, 1) to be determined.

For 7, sufficiently small and £ sufficiently large, we can apply Theorem 4.2.3 to 3, with
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U" = B,,(x0). Hence, there are discs D,(gl), e D](qu) C ¥ and isotopies ¢®) € Z(U)

so that for k sufficiently large, we have
e 9DV C OB, (x0),
o 5N By (wo) = (UL D) 1 By, (o),
e oM (1,D")\dDY C B, (x),
o S0 HA(DY) < Crpo(wo)? (see (4.2.5)).

For n; sufficiently small and k sufficiently large, we can apply Lemma 3.5.2 to
produce discs [),(Cl) with (9[?,53[) = 8D,(€l), [?,(gl) \8D,(€l) C B, (xg), and

1} (DY) < HA(DY) + Tu(DY, DY).

By taking a subsequence, we can assume that pp — po. Take an arbitrary a > 0
small. We can construct oriented smooth discs ), € D*(B,_. _a(x0)) so that (for all

k sufficiently large)
o 5N By a(w0) = U, DY N By —ala9),
¢ %N B, o)) = 2,
e %\ B, _o(20) is connected.

Indeed, we can inductively add bridges outside B, __,(zo) joining the discs D,E:l).

Then ¥, satisfies the hypotheses of Theorem 3.7.2 with the set B, _a(x0). Hence,

the interior regularity of Theorem 2.0.1 follows. m

4.4 Boundary regularity

We prove the boundary regularity part of Theorem 2.0.1. We follow the proof of
[DLP10].

107



4.4.1 Wedge property

Definition 4.4.1. Let U = B,(z) C M for p < 1 and let ¢ C U be a disjoint
union of finitely many smooth Jordan curves. An open set A C U meets OU in o

transversally if there is a positive angle 6, so that

e JANOIU C o,

e for every p € 0A N OU, if we choose coordinates so that 7,0U = {z = 0}
and T,o = {y = z = 0}, then every point ¢ = (q1,92,¢3) € A satisfies £ >
tan(1/2 — 6y).

Lemma 4.4.2 (Wedge Property). There is a rg < 1 so that the following holds for
p<rg. Let V and % := 0Qy NU as in Theorem 2.0.1. Then there exists an open set

A C U which meets OU in 0% transversally and satisfies spt||V|| C A.
We use the following result, see [DLP10, Lemma 5.3].

Proposition 4.4.3. If f C 0B;(0) C R3 is a disjoint union of finitely many C*

Jordan curves, then the convex hull of 5 meets 0B1(0) in § transversally.

Proof of Lemma 4.4.2. Consider the rescaled exponential coordinates induced by the
chart f,, : B,(z) — B1(0) given by f, ,(2) = (exp;'(2))/p. We apply Proposition
4.4.3 and let B be the convex hull of 5 = f(0X).

Fix £ € § and let m; and w5 be the halfplanes delimiting the wedge of B. We
assume without loss of generality that m; = {x3 < a} for some a € (0, 1).

Let C; = (0,0, —t), and let S; = By(Cy). Assuming p is sufficiently small, (3.3.1)
implies ||§(f4V)| < [|f4#V]. By [Whil0, Theorem 7], spt||V|| is contained is S,
where ¢y is such that 0S;, N dB1(0) C 7. The same argument applies to my and & is

arbitrary, so the conclusion follows. O
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4.4.2 Tangent cones at the boundary

Let z € OU. As in the previous section, consider the chart f, , : B,(x) — B1(0) given
by fr,(2) = (exp,'(2))/p. Fix coordinates in R? so that f,,(U N B,(x)) converges
to the half ball Bf"(0) = B;(0) N {z; > 0} as p — 0.

We first follow the ideas of [DLR18, Lemma 6.4].

Lemma 4.4.4. ||V||(0X) = 0.

Proof. Let V" = VLGy(U\ 9¥) and V=V — V™.
Let X be a compactly supported vector field on U that vanishes on 9%. Let
ps € C(U \ %) satisfy

e ¢; = 1 outside Bys(0X),
L] |V¢§| < Co L.

Since X vanishes on 0%, we have | X| < C§ in Bys(0%). Hence, |V(¢sX)| < C. Then
by dominated convergence and the fact that V has bounded first variation in U \ 9%,

we have

SVT(X) = /U div, X (p) dV" (p, )

~ tim /U div,(¢5X)(p) dV” (p, )
= lim ﬁdivﬂ(%X )(p) dV (p, )
~ lim / Hy - (¢5X)(p) dV (p, )

= %im Hy - X(p) dV(p,m) =0V (X).

%Oﬁ

Hence, 6V* = 0.
Let W be a small tubular neighbourhood of 9%. For each p € W\ 0%, let g be the

unique nearest point in 9X. Let X (p) be the tangent vector at p to the minimising
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geodesic joining p to ¢ parametrised on [0,1]. Set X(p) = 0 for p € 93. If ey, e, €3
is a smooth orthonormal frame over 0¥ with e; tangent to 0%, we have V., X = 0,

Ve, X = —eg, and V., X = —e3 along 0%. For any 2-plane 7, we have

2

div, X (p) = Z 9V X, fi)

=1

for {f;} an orthonormal basis for 7. Hence, div, X (p) < —1. Then

0= 6V*(X) = / div, X (p) dV*(p,m) < —[V¥I|(T) = —||V]|(95),

so ||[V||(0X) = 0. O

By Lemma 4.4.4, we can apply Allard’s boundary monotonicity formula [All75,
3.4(2)]. Then the varifolds V, , == (f,,,)4V have uniformly bounded mass with respect
to p. Hence, if we take a sequence p; — oo, there is a subsequence (not relabeled) so
that V,, — W. We note by [Sim83, Theorem 42.7] that W is stationary in B (0).

By Lemma 4.4.2, there is a positive angle 6, so that (after changing coordinates)
|W{| is supported in {|z2| < zitan(p)}. Then spt|W| N{x; =0} = {21 = 22 =
0} =:1.

By the same argument as Lemma 4.4.4, we have ||W||(I) = 0. Hence, by Allard’s

boundary monotonicity formula [All75, 3.4(2)], we have
IWI(B,(0)) = =0([V ], x)p*

By Allard’s reflection principle [All75, 3.2], we have W' :== W +r4 W is stationary.
By (4.4.2) and [All72, §5.1, Corollary 2], W’ is a cone, which implies W is a cone.

By Allard’s boundary regularity theorem (see [All75, §4]), it suffices to show that
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any such W is a half-disc of the form
Py = {y2 =y tan(0)} N By (0)

for some 0 € (—7/2,7/2).
By the classification of one dimensional stationary integral varifolds from [AAT76],

we have
N
W=> kb,
i=1

for 0; € [—0y,6y] and k; € N. It therefore remains to show N =1 and k; = 1.

4.4.3 Reduction to the area minimisation case

Consider a subsequence so that

Sn = f:vo,pn(zkn N BPn (l’o))

converges to W. We further suppose that p; 2, — 0. For any isotopy ¢ supported
in B (0), let ¢ be the isotopy of B, (xo) N U given by conjugating with the chart
fzo.pn- We have

H2 (S, 1 By, (o) — / h i
anmBPn(Io)ﬂU
< H(G(1, 5%, N By, (x0))) — / h dH? + e,
¢(1,Q%,,NBp,, (z0)NU)

Since

H*(S, N By, (20)) = ppH*(Sn) + 0lp}).
H2(6(1, S, N By, (20))) = pyH* (1, 50)) + o(p),

(B, (w0) NU) = p, H*(BY (0)) + o(py,) = olpp),
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we have

H?(Sn) < HA(9(1, 80)) + €,

where €/, — 0. Hence, S, is €/ -area minimising in its isotopy class, so the rest of
the proof follows exactly as in [DLP10, §8]. Therefore, the boundary regularity of
Theorem 2.0.1 follows.
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Chapter 5

Estimates and compactness for

minimisers

We develop a compactness theory to prove an analogue of the curvature estimates for

stable surfaces that works in our lower regularity setting.

5.1 C'! compactness

Let U C M be a precompact open set with C! boundary.

Let 32 be a compact orientable surface (possibly with boundary) and let f :
¥ — M?3 be 2-sided C*!' immersion such that f(X) € U and f(0%) C 9OU. Let
v : ¥ — TM denote a (Lipschitz) choice of unit normal vector field for the immersion.
We endow ¥ with the pullback metric f*g and for p € ¥, we denote by B¥(p) the
image f(BZ(p)) C M of the ball of radius 7 centred at p in X.

Note that, since f is a C! immersion, for any p € ¥ there is 0 < p(p) < po such

that if 33, is the component of f~(B}{ (f(p))) which contains p, then
e X, NOX =g,
e f isinjective on X,
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e and qb]?(;)( f(2,)) can be represented as the graph of a C''! function u, over an

open set B, C dfy,(Tp)X) C TypyM containing 0.

Then, for any p € ¥ we can define the pointwise Lipschitz constant Lip,v of v to

be the following quantity

0) —
Lipp v = lim sup |Vp( ) Vp(§)|
Bp3£—0 |§|

where

e v, : By, — Ty M is the unit normal to the graph of u, in Tj,) M = R?, given

by
- (_vupa 1)

V e
P 1r NE

in geodesic normal coordinates,

e gradients and distances are taken with respect to the pullback metric on R3.

Remark 5.1.1. It is easy to see that for every p € 3 there is 0 < r(p) < p(p) such

that for any &,1 € ¢, (B}, (p)) we have

|Vp(§) - Vp(n)| < 2LippV & —n).

To simplify the notation, we redefine p(p) to be the same as r(p).

We start by proving a simple technical fact, which plays the same role in the proof

of compactness as [CM11, Lemma 2.4].

Lemma 5.1.2. Let X% be a compact orientable surface (possibly with boundary) and
let f:X — M3 be 2-sided C*' immersion such that f(X) C U and f(0X) C 0U.
Let v : ¥ — TM be a (Lipschitz) choice of unit normal vector field for the im-
mersion such that sup,cs Lip,v < Co. Then, for any K CC U there is rg =

rx(po, distyr (K, 0U), Cy) > 0 such that if x = f(p) € f(X) N K, then
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1. B

5y (D) can be written as the graph of a C*' function u on an open neighbour-

hood of 0 in T, M, such that |Vu| <1 and Lip Vu < 2v/2C,,

2. the connected component of Bﬁ‘f{ (x)N f(X) containing x is contained in BQETK (p).

Proof. Since K CC U, then 6x = disty(K,0U) > 0. Hence distyx)(f(X) N
K, f(0%)) > 0k > 0. Let r = min{po/2,d0x/2} > 0 and let p € X be such that
r = f(p) € f(X)N K. Then B>(p) C BM(z) CC U stays a fixed positive distance
away from OU.

Now, let y = f(q) € BZ(p) and let 7 : [0,1] — ¥ be a curve from p to ¢ in ¥ such
that v = f o4 is a minimising constant speed geodesic from x to y in f(3).

By compactness, we can pick 0 = t) < t; < -+ < ty < tyy1 = 1 so that
the segment 7;7,71 = v([t;,t;11]) € BZ(p) (which is a minimising geodesic from
r; = f(pj) to xj41 = f(pj41)) lies in f(X,,) for j = 0,..., N. Hence, by (3.1.1) and
Remark 5.1.1,

|do, v (p;) — dey 'v(pj)| < 4ldo, v(p;) — dé, v(p)l

< 8 (Lip,, v) ds(x, y)[t; — tjl,

and, using the uniform pointwise Lipschitz bound,

N
e, v(p) — do, v(g)| < Y ldo, 'v(p;) — do, v(pa)|
j=0
N

< 8Cydses)(z,y) Z tj — tj4l

=0
= 8C) df(Z}) (557 ?/)

< 8007".

In particular, this proves that for any y = f(q) € B>(p), we have |d¢,'v(p) —
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do,;'v(q)| < 8Cyr. By taking r < 2rx == min{py/2, i /2 }, we have that

1
» 16Co

|do, ' v(p) — do, 'v(q)] <

N —

for all y = f(q) € BX(p), which implies that the whole of B>(p) can be written as the
graph of a C™! function u over an open subset of df,(T,)X) C T M.

Then it is immediate to see (as in [CM11, Lemma 2.4]) that u satisfies |Vu| <1
and Lip Vu < 2v/2C,.

The second statement follows from the first as in [CM11, Lemma 2.4]. O

The next lemma is essentially a geometric Arzela-Ascoli theorem, and it follows in-
deed from the usual Arzela-Ascoli compactness theorem. The argument is well-known
and varitions of it appear in several difference sources and contexts (see for example

[ACGL22, Theorem 11.8]). We shall now outline it for the sake of completeness.

Lemma 5.1.3. Let {¥;}ien be a sequence of compact orientable surfaces and let
fi : 3 — U be a sequence of 2-sided C*' immersions with unit normal vector field v;
in a precompact open set U C M with f(0%;) C OU. If the immersions have locally
bounded area, i.e. for every K CC U there is a finite cx such that sup; H*(f;(X:) N
K) < ¢k, and

Co := sup sup Lip, v; < o0,
i pEY;

then there is a subsequence (not relabeled) so that f; converges in Cllo’co‘ to a C™!

immersion f: % — U with sup,ex, Lip,v < Cp.

Sketch of proof. Let K CC U. Note that, by Lemma 5.1.2, there is a positive constant
ri such that for any i, if x € f;(¥;) N K, then for all r < rg, the component of
BM(z) N f(%;) € Byi(z) which contains z is the graph of a C'b! function satisfying
explicit C*'-bounds depending on Cj only.

We can cover the compact set K with finitely many balls { B, = BM /2<Zk)}]kV:1.
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For any ¢, if f;(3;) N By # &, then there is some z; € f;(X;) N By, and the component
of f;(%;) N By which contains x; lies in Bf,‘f{ (zx). This is the graph of a function w;
such that |Vu;| < 1, so, in particular, it has area bounded below by some uniform
constant xr%. By the uniform upper bound on H?(3;), we conclude that for any
k=1,...,NandieN,if ByN f;(%;) # @, then f;(3;) N B} (2;,) contains a union of
a finite number N, ; of C L1 oraphs, and N,i is bounded above by a universal constant
Ny depending on K and the upper bounds on area and the Lipschitz constant.

Finally, for any & € {1,..., N} such that f;(3;) N By # @ for infinitely many
1’s we can select points z; in the intersections and the corresponding tangent planes
T.,f(3;). Up to a subsequence, we may assume x; — = € By and T, f(%3;) — P,
a two-dimensional subspace of T, M. Note that the corresponding functions u; are
uniformly bounded and satisfy |Vu;| < 1, Lip Vu; < 2¢/2C), then, by Arzela-Ascoli,
up to a subsequence, they converge (in C* for any 0 < av < 1) to some C*! function
u defined on B N P with the same C"! bound.

We then repeat this argument for all £k = 1,..., N and take a diagonal subse-
quence. It is clear that the graphs we obtained match up on the overlaps between
balls (because the surfaces f;(3;) do), so we have produced our immersed limit surface
restricted to K CC U.

Lastly, we take an exhaustion of U by compact sets, repeat this procedure induc-

tively and check that the limit surfaces coincide on the overlaps. O]

5.2 Curvature estimates

We now use these compactness ideas to prove the curvature estimates.
For convenience, we denote by P the set of pairs (V,€2) where V' is a varifold and

(2 C M is a set of finite perimeter with the property that there is a sequence 2; C M
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with smooth boundary satisfying
1 *
].Qj L% 19, D].QJ — Dlg, V(aQ]) — V.

We let P, denote the pairs (V,€2) € P so that V' has c-bounded first variation.

For (V,Q) € P, we define
APV, Q) = V(M) — / h dH?.
0

Definition 5.2.1. A pair (V,Q) € P is a weakly stable h-surface in U if
e (V,Q) has the regularity of Theorem 2.0.1 in U,

e for any ¢ € Z(U), we have

Sl a4V 00) =0,
t=0
2
Gl A6 6,9) 2 0
t=0

We check that weakly stable h-surfaces satisfy the usual stability inequality.

Proposition 5.2.2. If (V,Q) is a weakly stable h-surface in U with corresponding
immersion [ : X — U, then for any ¢ € C°(X) which is the pullback by f of a

smooth function on U, we have

/ V|2 — (|A%]® + Ricy (v, v))* dH? > / (H*h + 0,h — |H**)* dH2.

b 0

Proof. This formula follows from the standard computation of the second variation
of area and potential energy (see [BACES88, Proposition 2.5]), combined with the ob-
servation that all the integrands are well defined measurable and integrable functions

since the immersion is C'11. OJ
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The next result is the C! analogue of the usual curvature estimates for stable

minimal (or prescribed mean curvature) surfaces (see e.g. [Z2Z20, Theorem 3.6]).

Theorem 5.2.3. Let U C M be an open set and ¢ > 0. Let (V,Q) € P. be a
weakly stable h-surface in U for a function with ||h||cr < ¢ and |V||(U) < mq. Let
f 3 — U be the CY' immersion inducing the varifold V in U. Then there is a

constant C' = C(U, ¢, mg) > 0 so that

sup min{1,ds(p, f~'(0U))} Lip,v < C.

peEY

Proof. We argue by contradiction, using a standard point-picking argument (cf. [Whil6,
Lecture 3]).

Suppose there is a sequence of such immersions f; : %; — M so that

sup min{1,ds, (p, f; '(0U))} Lip,v; = R; — oc.
peEY;

Let us denote the local Lipschitz constant Lip, v; by li(p).

Now pick p; € ¥; so that

min{1, dx, (p;, f; *(OU))} Li(p;) > = R;. (5.2.1)

DN | —

We shall rescale the metric on U by I;(p;) — oo and obtain a new metric §; = L;(p;i)g,
so that, with respect to the new metric, L(p,) = 1. By (5.2.1), the rescalings (U, g;)
converge locally smoothly to (R?, ggu), and, under the rescaling,
1 1
ds, (pi £ (0OU)) > S R
Assume, without loss of generality that f;(p;) — 0 € R3. For p,p; € %, if (under

the rescaling) ds, (p,p;) < §R;, then, since the quantity ds, (-, f; '(9U)) I;(+) is scale
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invariant, [;(p) < = 4. Thus,

R;
Ri/2—R; /4

sup  Li(p) < 4.
PEBR!,(p1)

In any compact set, the mass bound mg and the mononicity formula give a uniform
mass bound for the rescaled immersions. Recalling that R; — oo, we conclude that,
by Lemma 5.1.3, (up to a subsequence) the rescaled immersions converge in Cllo’f to a
complete, 2-sided C'! immersion f : ¥ — R? with Lipschitz unit normal vector field
v such that supy, Lip, v < 4.

Claim 1: f is a CY' immersion with locally ordered sheets. Indeed, the Cﬁ)’co‘
graphical convergence preserves the local ordering of sheets of the immersions f;.

Claim 2: The image of f is a smooth embedded minimal surface. Since each
sheet of the rescaled immersion in a small ball has ¢/R; bounded first variation, the
lower semicontinuity of the first variation (see [Sim83, Theorem 42.7]) implies that
each sheet of f in a small ball is stationary. By Allard’s regularity theorem [All72],
f is a smooth minimal immersion. Since the sheets are ordered locally, the strong
maximum principle for minimal surfaces implies that each component of the image
of f is a smoothly embedded minimal surface.

Claim 3: f is a stable minimal immersion. By claim 2, f is a covering of a
smooth minimal embedding, so we can assume without loss of generality that f is an
embedding. We consider the limit of (5.2.2), where we fix a function ¢ on ¥ with
compact support and transplant it to >; using the graphical identification. Since
the rescalings satisfy |H™| < ¢/R; and |Vh;| < ¢/R;, the right hand side of (5.2.2)
vanishes in the limit. Since the convergence is C’llo’g, every term on the right hand side

2 term. Since the ambient

converges to the corresponding term for ¥ except the | A%
space converges locally smoothly to Euclidean R3, [Lan85, Theorem 4.3] implies that

the term [, |A>

2u? dH? is lower semicontinuous (we have local weak convergence
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in W22 by the uniform C'! bounds). Hence, ¥ satisfies the stability inequality in
R3.

By the stable Bernstein theorem in R? due to [FCS80], [ACP79], and [Pog81], 2
is flat. By Corollary 3.9.2, 3J; converges in Cﬁ)’cl to the flat limit. However, we chose

points so that Lip, v; > 1 where p; — 0, which yields a contradiction. O]

As usual, this estimate directly implies C’llo’g pre-compactness for weakly stable

h-surfaces (cf. [2Z20, Theorem 3.6]).
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Chapter 6

Application to existence in the

3-sphere

6.1 Min-max setup

We set up an appropriate setting to carry out the min-max procedure of [CDLO3] for
the prescribed mean curvature functional.

Let v > 0, k > 0, and ¢ > 0 satisfy

8T
(1+k)2+c2/4

> 41 + ve.

Consider a smooth metric g on S* so that
e R,>6,
o VoI(S?,g) <,
e (S3, g) isometrically embeds in RY with |Ags| < 1+ k.

Note that the round metric satisfies these conditions with v = 272, k = 0, and

¢ = 0.547. Moreover, there is an explicit C? graphical neighbourhood of the standard
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embedding S? C R® ¢ RY and an explicit constant ¢ > 0 for which these conditions
are satisfied (by rescaling). Let h : S* — R be a smooth function with |h| < c.
Moreover, we assume that h satisfies the conditions (1) or (f) from [Z2Z20]. By [Z7Z20,
Proposition 3.8 and Corollary 3.18], the set of functions satisfying these conditions
is open and dense, all positive functions satisfy (1), and any such function h has the
unique continuation property for surfaces of prescribed mean curvature h.

Let go be the round metric on S*. Let x5 € S*. Let {Q; }1e0,1] be given by
Qt = Big (.’l}'o)

Note that we use the round metric in particular only to define the standard sweepout;
everything else uses the general metric g. Let M be the set of smooth maps ¥ :
[0,1] x [0,1] x M — M so that

e (s, t,-) is a diffeomorphism of S,
e (s,0,-) =id.

We define the min-max width wy(g, h) by

Wl(g, h) = inf sSup Ah(¢(17t7ﬂt))
YEM yefo,1]

We say {Qi =;(1,t, ) }jen for ¢; € M is a minimising sequence if

lim sup A"(Q)) = wi (g, h).

jA)OO t

Given a minimising sequence, we say {Q } is a min-maz sequence if
J

lim Ah(Q{j) =wi(g, h).

Jj—o0

By the standard compactness theory (see [Magl2, Theorem 12.26] and [Sim83,
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chapter 1, Theorem 4.4]), for any min-max sequence {Q{j}, there is a set Q C S? and

a varifold V satisfying
Ll * .
19{]- — 1gq, D]_Qg'j — Dl1g, V<8Qi7) -V,
and

IVIIS?) - / h A = (g, h).

We show the following theorem.

Theorem 6.1.1. Suppose (S°, g) and h satisfy the constraints (6.1) and [g h dH} >

0. Then there is an open set Q2 C S? satisfying
o AM(Q) =wi(g,h),

e 00) is a disjoint union of smooth embedded spheres with prescribed mean curva-

ture h with respect to 2.

Since reversing orientations corresponds to reversing the sign of A, Theorems 2.1.3

and 2.1.5 follow from Theorem 6.1.1.

6.2 Density estimates in the 3-sphere

We exhibit an upper and lower bound for the mass of a min-max varifold for the A"
functional with a point of density at least two. We show that these two bounds are
contradictory in the case of our chosen setup.

We first show an upper bound, using the upper bound for ¢, the upper bound for

the volume of (S?,g), and the lower bound for the scalar curvature of g.

Proposition 6.2.1. Suppose (S?, g) satisfies the hypotheses of §6.1. Suppose (V,) €
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P satisfies |V||(S?) — [, h dH? = wi(g,h). Then
IVII(S?) < 4r + ve.

Proof. By [MN12, Theorem 1.1], R, > 6 implies that wy(g,0) < 4m. Let hy =
min{0, h} and h_ := min{0, —h}. We compute

VIS - [ e a < VIS - [ 1 awe

= wl(gv h)

< wi(g,0) +/ h_ dH?
S3

< 4w+/ h_ dM3.
SS

Since |h| < ¢ and H3(S?, g) = v, the conclusion follows. O

To prove the lower bound, we recall a monotonicity formula for the Willmore

energy (modified for our setting).
Lemma 6.2.2 ([Sim93, (1.4)] and [Top98, §6]). If V' is an integer rectifiable 2-varifold
in RN with bounded first variation and finite mass, then

1
70(Vro) < 55 [ VP dIV]
16

for any xo € RY.

Proof. We note that the proof given in the first part of the proof of Lemma 1 from
[Top98] applies to varifolds (where our convention for mean curvature differs from
Topping’s by a factor of 2). The only point where the C' assumption is used is in

showing that the rightmost term in [Top98, (21)] vanishes as 0 — 0. Instead, we use
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the more trivial bound:

/B (0 = p )X - Hy d|V]| < (672 = p~*)ac) [V[|(B,)

< oo IVIIB)

o2

=0(o)

as 0 — 0 by the monotonicity formula and assumption of bounded support and finite

mass. OJ
We apply this monotonicity formula to obtain the mass lower bound.

Proposition 6.2.3. Suppose (S3, g) satisfies the hypotheses of §6.1. If V is a varifold

in (S%, g) with c-bounded first variation and ©*(V,x) > 2 for some x € S®, then

81

IVIE) > e e

Proof. Using the isometric embedding of (S?,g) into RY, we view V as a 2-varifold

in RY. By the bound on the second fundamental form of S* C RY, we have
HY P <4(1 4 5)° + ¢

By Lemma 6.2.2 and the assumption of a point of density at least 2, we have

1 N 4(1 + I€)2 + 2
or < - / R v < AR ),
16 Jen 16

which yields the desired inequality. O]

Combining the mass upper and lower bounds, we deduce the desired conclusion

about the density of special varifolds appearing in the min-max construction.

Corollary 6.2.4. Suppose (S?, g) satisfies the hypotheses of §6.1. Suppose (V,Q) € P

satisfies |V||(S*) — [ h dH? = wi(g,h). Further suppose that the varifold V has
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integer density everywhere and c-bounded first variation in (S, g). Then ©2(V,z) = 1

for all x € spt||V]|.

Proof. Suppose otherwise for contradiction. Then by Proposition 6.2.3 and Proposi-

tion 6.2.1, we must have

8T
(1+ k)24 /4

47 +ve >

This inequality contradicts (6.1). O

6.3 Min-max proof

We show that each step in [CDLO03] and [DLP10] can be modified to work in our

setting.

6.3.1 Nontrivial width

The fact that wi(g,h) > 0 follows immediately from the isoperimetric inequality.
By the assumption fs3 h dH? > 0, wi(g,h) cannot be achieved by a trivial solution

(meaning a min-max sequence whose limit satisfies V' =0 and Q € {S* &}).

6.3.2 Pull-tight

The pull-tight argument of [ZZ19, §4] and [Z720, §5] applies to our setting, as the
modification to an arbitrary minimising sequence uses ambient isotopies. Hence,
there is a minimising sequence {Qi} with the property that every min-max sequence
{Qij} satisfies V(@Q{j) — V, where V is a varifold with c-bounded first variation and

bounded mass.

127



6.3.3 Almost-minimising

We say Q C S? is e-almost minimising in U C S? if there is no isotopy ¢ € Z(U)
satisfying
A" (g(t,9)) < AMQ) +¢/8,

A (p(1,Q)) < A"(Q) —e.

We say a sequence {7} is almost minimising in U if € is £; almost minimising in U
with €; — 0.

With this definition, we see that the argument of [CDL03, §5] is general and does
not depend on the specific choice of functional. Hence, there is a function r : S* — R
and a min-max sequence {2/} satisfying the conclusions of (2) so that {2/} is almost
minimising in any annulus centred at any = € S* with outer radius at most 7(x).

To allow application of our regularity theory, we assume (without loss of general-

ity) that H?(B,(x(z)) < n/8 for all x € M.

6.3.4 Regularity of weak replacements
Definition 6.3.1. Let (V,Q) € P.. A pair (V') € P. is a weak replacement for
(V,Q) in U C S if

e VILG(M\U,2)=VLG(M\U,2) and Q\U = Q' \ U,

o [IVII(S®) = V'II(S%)] < HP(U),

o (V. €V)isin the C L2 oraphical closure of the set of weakly stable h-surfaces in

loc
U.
Lemma 6.3.2. If there is a function r : S* — R so that (V,Q) € P. has a weak
replacement in any annulus centred at any x € S* with outer radius at most r(z),
then V' is integer rectifiable and any tangent cone to V at any x € spt||V|| is an

integer multiple of a plane.
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Proof. We observe that the same proof as [CDL03, Lemma 6.4] works in our setting.
Density lower bound. The monotonicity formula implies there is a constant ¢y so

that
VI[(Bo(z)) _ el VII(By(x))

o2 - P2

for any varifold V with c-bounded first variation, x € S?, and ¢ < p < 1. Let
r < r(z) sufficiently small. Let (V' €) be a replacement for (V,Q) in A(z,r,2r).
By the maximum principle of [Whil0], V' is not identically 0 on A(x,r,2r). Since
V'LG(A(z,r,2r),2) is the varifold of a C™! immersion, there is a y € A(z,r,2r) with

©%*(V',y) > 1. Then we have

IVI[(Bar(z)) o [V'][(Bar(z))

V' ||(Bar(y)) Ca
07 M=2r\d)) > 2 _ Oy
1602 = 16172 cr cr

—Or >
T =

Hence, we have a uniform positive lower bound for the density by taking r sufficiently
small. By [All72, Theorem 5.5], V' is rectifiable.
Tangent cones. Let x € spt||V]|. Let C' be a tangent cone to V at z, and let

pn — 0 satisfy
(fm,pn)#v - C.

Let (V,.,€2)) be a replacement for (V,Q) in A(z, p,/4,3p,/4). Let W), = (fo )4V,
Up to a subsequence (not relabeled), we have W/ — (' where C’ is a stationary

varifold. By the definition of the replacement, we have

C'LG(B1(0)\ A(0,1/4,3/4),2) = CLG(B1(0) \ A(0,1/4,3/4),2),

IC71(Bo(0)) = [IC11(B,(0)) ¥ p e (0,1/4)U(3/4,1).
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Since C'is a cone, (6.3.4) implies

IC(Bo(0)) _ IC"I(B,(0))

o2 P2

for all p € (0,1/4) U (3/4,1). By stationarity and monotonoicity, we conclude that
C" is a cone. Since C' and C” agree on Bj4(0), we have C' = C. By Theorem
5.2.3, the convergence in A(0,1/4,3/4) is C2* graphical. By the same argument as
in the proof of Claims 1 and 2 in Theorem 5.2.3 (i.e. the mean curvature of each
sheet vanishes in the limit, and the ordering of sheets is preserved so we can apply
the strong maximum principle), C” is the varifold of a smooth embedded minimal
surface with integer multiplicity on the annulus A(0,1/4,3/4). Then C" is (an integer
multiple of) a smooth embedded minimal cone in R?, and hence a plane with integer

multiplicity. [

6.3.5 Regularity of replacements

Definition 6.3.3. Let (V,2) € P.. A pair (V',)) € P. is a replacement for (V,)
inU CS?if

e VILG(IM\U,2)=V.G(M\U,2),
o [IVIES®) = IVI(S°)| < er?(U),
e V'LG(U,2) is an embedded smooth stable surface with prescribed mean curva-
ture h with respect to .
Remark 6.3.4. Observe that any replacement is also a weak replacement.
Definition 6.3.5. The pair (V, Q) € P. has the good replacement property if

1. there is a positive function r : U — R* such that there is a replacement (V’, ')
for (V,Q) in any annulus centred at x with outer radius at most r(x) for all

reU,
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2. there is a positive function " : U — R* such that there is a replacement
(V" Q") for the replacement (V') from (1) in any annulus centred at z with
outer radius at most r(z) and any annulus centred at y with outer radius at

most 7’(y) for any y € U,

3. there is a positive function r” : U — R* such that there is a replacement
(V" Q") for the replacement (V" Q") from (2) in any annulus centred at z

with outer radius at most r”(z) for any z € U.

Lemma 6.3.6. If (V,Q)) € P. has the good replacement property, then V is an em-

bedded smooth surface with prescribed mean curvature h with respect to ).

Proof. Since unique continuation and curvature estimates hold, the proof is the same
as the proof of [CDL03, Proposition 6.3]. The only exception is the argument showing
¥ C spt||V|| on B,(z)\{z}, which in [CDLO03] uses that ||[V[|(S*) = ||[V"'||(S*). Instead,
we follow the argument from [ZZ19, Theorem 6.1 Claim 5] and [ZZ20, Theorem 7.1

Claim 5], which applies to our setting. O

6.3.6 Construction of replacements

The construction in [CDLO03, §7] is general and applies to our setting (see also [ZZ20,
§6]). We need only make two observations.

First, to go from the regularity of minimisers in isotopy classes to the regularity
of minimisers in constrained isotopy classes, we need a squeezing lemma like [CDLO03,
Lemma 7.4]. We note that the same proof applies in our setting, as volume changes
after squeezing will be arbitrarily small.

Second, we observe that the replacements constructed in this way are a priori only
weak replacements. However, Lemma 6.3.2 and Corollary 6.2.4 imply that the weak

replacements we construct are in fact strong replacements under the assumptions of

Theorem 6.1.1.
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6.3.7 Genus bound

We follow the argument of [DLP10].

The analogue of [DLP10, Proposition 3.2], i.e. regularity of the constrained iso-
topy minimisation problem, follows from the above interior and boundary regularity
theorems, combined with the observation that the squeezing argument at the bound-
ary from [DLP10, Lemma 6.1] works in our setting (after squeezing, volume changes
will be arbitrarily small).

The proof of [DLP10, Proposition 2.1] in [DLP10, §4] follows the same argument
combined with the following observations. First, the min-max limit V' is a smooth
embedded surface of prescribed mean curvature and satisfies unique continuation.
Hence, when we solve local constrained minimisation problems and take limits using
the compactness theory developed in chapter 5, the apriori C*! local minimisers con-
verge in C’ﬁ)’f‘ to the smooth limit V. Since local minimisers are smooth where they
have density 1, we can always take the local constrained minimisers to be smooth sta-
ble embedded surfaces of prescribed mean curvature. Second, the estimate [DLP10,
Lemma 4.2] holds for smooth surfaces with bounded mean curvature, where the con-
stant C' depends on the mean curvature bound. The proof follows by keeping track
of the nonvanishing left hand side in the first variation formula [DLP10, (A.2)].

Equipped with Simon’s Lifting Lemma [DLP10, Proposition 2.1], the rest of the

proof is identical.
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Part 11

Boundary behaviour of

Allen—Cahn solutions
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Chapter 7

The Allen—Cahn equation with
Neumann boundary conditions and

limit-interfaces

7.1 Introduction

Let Q C R", n > 2, be a bounded domain with smooth boundary 0f2. For each
small ¢ > 0, consider the Allen—Cahn energy functional arising from the van der

Waals—Cahn—Hilliard theory of phase transition [CH58]:

E.(u) ;:/QW;' +W€(“) (7.1.1)

where u :  — R belongs to the Sobolev space H*(Q) = {u € L*(Q) : Vu € L*(Q)}.
Here, W : R — R is a nonnegative double-well potential with strict minima at +1,

where W(+1) = 0. If u € H'(Q) is a critical point of E., then by standard elliptic
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theory u € C3(Q) and it satisfies the Euler-Lagrange equation:

—2Au+W'(u) =0 inQ
(7.1.2)
O,u=0 on 0f)

where v is the outward (with respect to 2) unit normal of 9Q. In the literature,
(7.1.2) is often known as the Allen—Cahn equation. This equation and its parabolic
counterpart (see e.g. [RSK89]) play an important role in the theory of phase transi-
tions.

There is an extensive literature on the semi-linear elliptic equation (7.1.2). Much of
the development was centred around a celebrated conjecture of De Giorgi concerning
entire (i.e. © = R") solutions. For past results and recent developments on this
important problem, we refer the interested reader to the survey [CW18].

The Allen—Cahn equation is closely related to the theory of minimal hypersurfaces.
This connection arises when one considers the asymptotic behaviour of solutions to
the Allen—Cahn equation as ¢ — 07. Heuristically, the nodal sets of solutions u, to
the Allen—Cahn equation will converge in some sense to a sharp limit interface which
is an embedded minimal hypersurface (up to—at worst—a small singular set). For
minimising solutions, this was made precise by Modica [Mod87] and Kohn—Sternberg
[KS89] using De Giorgi’s theory of I'-convergence. Minimisation techniques were
further used to show the existence of stable solutions of (7.1.2) in two-dimensional non-
convex domains. Furthermore, the existence of unstable solutions in two-dimensions
was later studied by Kowalczyk [Kow05]. Finally, Sternberg and Zumbrun in [SZ9§]
studied the connectivity properties of phase boundaries in strictly convex domains.

For the case of general critical points, the interior regularity theory of (7.1.2)
has been developed in a series of papers by Padilla-Tonegawa [PT98|, Hutchinson—
Tonegawa [HT00], Tonegawa [Ton05] and Tonegawa—Wickramasekera [TW12]. Build-

ing on this regularity theory, in his PhD thesis, Guaraco [Gual8| developed a min-
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max theory for minimal hypersurfaces in closed Riemannian manifolds based on the
Allen—Cahn equation. This approach has proved to be particularly successful when
the ambient space is of dimension two and three, as seen, for example, in the work of
Chodosh and Mantoulidis [Man21, CM23, CM20).

Although we have by now a rather satisfactory interior theory, much less is known
about the boundary behaviour of solutions of (7.1.2) in the singular limit as ¢ — 0.
One major obstacle is represented by the phenomenon of boundary concentration.
When (2 is the unit ball, Malchiodi, Ni and Wei [MNWO07] constructed radially sym-
metric solutions u. to (7.1.2) whose nodal sets cluster towards 0€2. Malchiodi and
Wei [MWO07] later removed the symmetry assumption and showed that such boundary
clustering can occur for any mean-convex domain {2 C R". These results show that
the limit-interface can collapse to the boundary even when €2 is convex.

Our goal in this part of this thesis and in subsequent forthcoming work is to
fill in this gap in the literature and to generalise the Allen-Cahn min-max theory
to the free boundary setting. More precisely, in this thesis we study the boundary
behaviour of the limit-interface arising from general critical points of the Allen—-Cahn
energy functional E. in (7.1.1), i.e. solutions satisfying (7.1.2), subject only to a
uniform energy bound. In particular, we do not assume that u. is minimising or
stable, and we show that the limit-interface is integer rectifiable up to the boundary
(when regarded as an (n — 1)-varifold in R™). Moreover, we show that the limit
varifold is stationary with free boundary, i.e. a critical point of the area functional
with respect to variations which preserve the boundary 0f2 as a set (we note that a
different Dirichlet boundary value problem, related to Plateau’s problem, was recently
studied by Guaraco and Lynch [GL23]) This provides the optimal regularity of the
limit-interface under our assumptions, thus extending the interior regularity result of
Hutchinson—Tonegawa [HT00] to the free boundary setting.

We now explain in more details what the key difficulties in extending the interior
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regularity theory to the boundary are, and how we overcome these new difficulties.
One of the main ingredients in the interior regularity theory for general critical points
is the almost monotonicity formula obtained in [HT00, Proposition 3.4]. Using a
maximum principle argument and a reflection process modelled on [GJ86], Tonegawa
[Ton03, Theorem 3.7] proved a global monotonicity formula holding up to the bound-
ary, under the assumption that €2 is convexr. One of our main results in this chapter is
a boundary monotonicity-type formula (Proposition 7.4.16), which differs from that
of [Ton03] in two respects. First, our result does not require the convexity of 9f.
Second, whereas the monotonicity formula in [Ton03] contains terms integrated on
balls reflected across the boundary as in [GJ86], our monotonicity formula does not
involve any reflection and is thus of simpler application. Note that a similar mono-
tonicity formula for free boundary stationary varifolds was obtained by Martin Li in
joint work with Guang and Zhou in [GLZ20]. We note that it would be possible—
though we chose not to pursue it here—to use a reflection technique similar to the one
adopted in [GJ86] and [Ton03], and obtain a global monotonicity formula involving
the energy density on balls reflected across the boundary, resembling that of [Ton03].

Since we chose not to consider reflected balls, a technical difficulty we have to
overcome is the fact that our monotonicity-type formula only applies to balls that are
either disjoint from the boundary or centred exactly at the boundary. This makes
some arguments in the boundary setting more delicate than the corresponding ones
in the interior regularity theory. For example, in contrast to the interior regularity
theory of [HT00], we can only establish a uniform density ratio upper bound up
to the boundary, but not a uniform lower bound (c.f. Proposition 7.5.2). This is
again related to the aforementioned boundary clustering phenomenon, which is a
major obstacle in our setting. Nonetheless, as in the interior setting, we can prove
the vanishing of the discrepancy measure (c.f. Theorem 7.5.4) which allows us to

obtain control on the first variation of the limit interface, and to establish the integer-
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rectifiability of the limit varifold, as in [HT00].

The chapter is organised as follows. In section 7.2, we introduce the notations and
some preliminary results that will be used throughout the rest of the chapter. We
then state our assumptions and the main result of this chapter (Theorem 7.3.3) in
section 7.3. In section 7.4, we derive our key monotonicity-type formula and several
of its consequences. Much of the work is then devoted to proving pointwise and
integral estimates on the discrepancy function. Using our monotonicity formula, we
then derive at the diffuse level (i.e. & > 0) uniform bounds on the energy density
ratio for balls that are either centred at a boundary point or completely disjoint
from the boundary. In section 7.5, we establish bounds on the density ratio for the
limit measure and prove the vanishing of discrepancy measure, which implies the
rectifiability of the limit interface. The last section, section 7.6, shows further that

the limit interface is in fact an integral varifold up to the boundary.

7.2 Notation and preliminaries

In this section, we introduce our notation and some preliminary concepts that will be

used throughout the rest of this chapter.

7.2.1 Ambient space

Let (M, g) be a smooth complete n-dimensional Riemannian manifold without bound-
ary. We use dist, and V to denote the intrinsic distance and Levi-Civita connection
on M induced by ¢g. For any x € M , we denote by exp, the exponential map and
inj,(z) the injectivity radius of (M, g) at . We use B,(z) to denote the open geodesic
ball of radius r centred at x € M. For a given subset A C M , we denote by 1,4 its
indicator function; by A and A° respectively the closure and interior of A with re-

spect to the topology on (ZTJ, g). Moreover, we set inj,(A) := infcqinj,(z) and
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Ur(A) := UgeaB,(x). For any linear transformations A, B : TJ\Z — Txﬂ, we define

the Frobenius (or Hilbert—Schmidt) inner product and norm by

n
(A,B)g:=>_ AyBy and |Al,:=/(A, A)
ij=1

where A;;, B;; are matrix components of A, B under an orthonormal basis of T; x]\7
with respect to g. Moreover, ||A||, denotes the operator norm. We shall sometimes
use - to denote the inner product g on the tangent spaces of M or omit the subscript
g when there is no ambiguity. Vectors and co-vectors are identified via the metric g
wherever necessary.

Throughout this chapter, we shall assume (M ,g) has positive injectivity radius
injg(ﬂ ) = do > 0 and bounded sectional curvature, ie. [secs; | < ko, for some

constant kg > 0. The classical Hessian comparison theorem implies (see [CM11,

Lemma 7.1]) that the distance function r(-) = dist,(-, z) from any = € M satisfies

1
‘Hess r(X,X) — ;|X — (X -Vr)Vr[?

< Vko (7.2.1)

provided that |X| = 1 and r < min{io,ﬁ}. Taking the trace of (7.2.1) along

directions orthogonal to Vr yields

‘Ar Iz 1' < (n - 1)vko. (7.2.2)

r

Moreover, the standard Bochner formula [CM11, Proposition 1.47] implies that for

any smooth function f on subsets of M ,
1
SAIVIE — [Hess P - V79O < (- DRIV (123

On the other hand, by the Rauch Comparison Theorem, there exists a constant o > 0
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depending only on n and kg such that for all r < min{ro,io}, we have
1
§wn7’” < Vol(B,(x)) < 2w,r", (7.2.4)

1
§nwnrn_1 < Area(0B,(r)) < 2nw,r" (7.2.5)

where wy, is the volume of the k-dimensional unit ball in R¥ with respect to the
Euclidean metric.

Let G,(n,k) denote the space of unoriented k-dimensional subspaces of T, M.
The orthogonal complement of S € G,(n, k) is denoted by St € G,(n,n — k). For
a € TJ;M, we denote by a ® a : TxM — Txﬁ the matrix with components a;a; with
respect to an orthonormal basis. Finally, for S € G.(n, k), we identify S with the
corresponding orthogonal projection of TxM onto S. In the case of kK = n—1, we also
identify S € G,(n,n — 1) with the unit vector =N € TIM which is perpendicular to
S. Note that we may express this relation by S =1 — N ® N where [ is the identity
map on Ta;M . The correspondence is a homeomorphism with respect to the naturally

endowed topologies on G,(n,n — 1) and S*~*/{+1}.

7.2.2 Boundary geometry

Let Q C M be an open and connected domain with smooth non-empty boundary
092, whose outward unit normal is denoted by v. As in [Brel6], we define the local

interior ball curvature at x € 02 by

Zols) = up B (_2 exp; (y) V(ﬂ?)) '
inj, (M)

: 2
y€dN,0<disty(z,y) <3 disty(z,y)

The local exterior ball curvature Z,(x) can similarly be defined by considering the
infimum instead. When (]T] ,g) is Euclidean space, this agrees with the notion of

(global) interior and exterior ball curvature as given in [ALM13] (c.f. [HL23]). By
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letting y approach z, it is clear that Zq(z) < Aj(z) < -+ < \_1(2) < Zg(z) where
Ai(z) are the principal curvatures of 92 at = with respect to the normal v. Note that
Zo = Zg =0 when Q is a half space in R™.

We will always assume that 2 has bounded ball curvatures, i.e. max{|Zq|,|Zq|} <
Ko for some constant kg > 0. Therefore, the signed distance function d(-) = dist,(-, 9€2),
with d > 0 in 2, is smooth in the tubular neighbourhood U 1 (92) and satisfies the

2rK(

following bounds!:
|IVd| =1, Hessd(Vd,-)=0 and | Hessd| <} (7.2.6)

where C; > 01is a constant depending only on n, kg and ko. Moreover, for any x € 052,

the radial distance function r(-) = dist,(-, z) restricted to 0f) satisfies

V- v| < %«2 (7.2.7)

provided that r < %inj Q(M ). This follows from the definition and the observation
that exp; !y is the parallel transport of rVr from y to z along a radial geodesic. It
is also easily seen from the definition that there exists a constant r; > 0 depending

only on n, ky and kg such that for any x € 99, r < min{ry, iy}, we have
1 2
gwnr” < Vol(B,(z) N Q) < gwnr”, (7.2.8)
1 n—1 2 n—1
37wt < Area(0B,(z) N Q) < Nt

7.2.3 Functions, vector fields and measures

Let U C M be an open subset. We use C.(U) to denote the space of real-valued

continuous functions on U with compact support, and LP(U) to denote the space of

!See [GTO1, Appendix 14.6] for the calculations in R™. The Riemannian case follows from
standard Jacobi field estimates.
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functions on U which are in p-integrable with respect to the volume measure dv, on
(]T/f ,g). For any subset A C M , we let C%(A) be the space of all functions defined
on A which can be extended to a C* function on an open subset U C M containing
A. We will use f* := max{f,0} and f~ := max{—f,0} to denote respectively the
positive and negative part of a real-valued function f.

Let X.(U) be the space of smooth, compactly supported vector fields on U; and
Xtan(U) be the subspace consisting of all X € X.(U) such that X (x) € T,00 for all
z € 90NU. Note that X1 (U) = X.(U) if 92N U = (. A function u € L*(U) is said
be in BV (U) (see [EG15], and also [MPPP07] in the Riemannian setting) if

sup{/uding dvy, - X € X.(U), |X| < 1} < +o00
U

where div, is the divergence operator with respect to g. For any u € BV (U), we use
Du to denote its distributional derivative which is a vector-valued Radon measure
on U. The corresponding variation measure is then denoted by |Du||. A subset
A C U is said to have finite perimeter in U if 14 € BV(U). For a set A of finite
perimeter we call ||0A|| := || D14]| the perimeter measure and ||0A||(U) := ||D14l|(U)
the perimeter of A in U. We shall use 0* A to denote the reduced boundary and vgs 4
the generalised outward normal (c.f. [EG15, section 5.7]). These concepts can be
defined locally, as in [EG15, Definition 5.2].

For any 0 < k < n, the k-dimensional Hausdorff measure on (]/\\/[/ ,g) is denoted by
H*. Note that H" agrees with the volume measure dv, on (M ,g). Given a subset
A C U and a measure p on U, the restriction of p to A is denoted by pl_ A. For any
Radon measure p on U and ¢ € C.(U) we often write u(¢) for [ ¢du. A sequence
{1i}ien of Radon measures on U is said to converge (in the weak-* topology) to a
Radon measure p on U if p;(¢) — u(¢) for all ¢ € C.(U). We will denote this weak

convergence by p; — . We omit dp if p1 is the volume measure dv,. We write spt p
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for the support of u, which is the smallest relatively closed subset V' C U such that
w(U\ V) =0. Thus, z € sptp if and only if u(B,(x)) > 0 for all » > 0. For any
x € U, we denote the k-dimensional density of p at x by
B,
O%(u, r) := lim B () (kx))
r—=0  WgT

provided that the limit exists. Clearly ©%(u,z) = 0 for all z ¢ spt u. Therefore, we

often regard ©F(y,-) as a function defined on spt y.

7.2.4 Varifolds

We recall some definitions from geometric measure theory and refer the readers to the
standard references [All72; Sim83] for more details. A nice description of varifolds in
Riemannian manifolds without using isometric embedding can be found in [Sch22].
We shall only consider codimension one varifolds in this chapter.

For any open set U C M, let G(U) := UperGp(n,n — 1). A general varifold in
U is a Radon measure on G(U). We denote the set of all general varifolds in U by
V,—1(U), equipped with the weak topology. For V€ V,,_;(U), let |V|| be the weight

measure of V', which is the Radon measure on U defined by

IVii(6) == /G LR VS, e )

We say V € V,,_1(U) is rectifiable if there exists an H" '-measurable, countably
(n — 1)-rectifiable subset 3 C U and a locally H"!-integrable function © defined on

Y such that

V(p) = / (x, T, X)) O(z)dH™ () Vo € C.(G(U)),
b
where T, € G,(n,n — 1) is the unique approximate tangent space of ¥ at x which
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exists H" '-a.e. on ¥. Note that ©"71(||V]|,z) = ©(z) for any such x. A rectifiable
varifold V' is uniquely determined by its weight [|[V|| = ©H" 1LY through the above
formula. For this reason, we naturally say a Radon measure o on U is rectifiable
when one can associate a rectifiable varifold V' such that ||V|| = p. If ©(z) € N for
Hrlae x € X, we say V is integer rectifiable or an integral varifold. The set of
all integral varifolds in U is denoted by IV,,_;(U). We say that V' is a unit-density
varifold if ©(z) =1 for ||V||-a.e. x.
For Ve V,,_1(U) let 6V be the first variation of V' given by

SV(X) /G (X)), V() VX € X0,

We shall denote the total variation of 6V by [|[6V]]. If ||0V]| is a Radon measure on U
(i.e. V has locally bounded first variation on U), we may apply the Radon-Nikodym
theorem to 0V with respect to ||V/||. Writing the singular part of ||§V|| with respect
to [|[V]| as oy, we have a ||V||-measurable vector field H, a |0V ||-measurable vector

field n with |n| =1 ||0V||-a.e., and a Borel set Z C U such that |V||(Z) = 0 and

/X ) d|[V]|(z /X 2) dov () (7.2.9)

forall X € X.(U). We call H the generalised mean curvature vector, n the generalised
outward co-normal, oy the generalised boundary measure, and Z the generalised
boundary of V.

To study the boundary behaviour, we shall also need the notion of free-boundary
varifolds introduced in [Ede20, section 3] (see also [DM21, Definition 2.4]). Given
a smoothly embedded hypersurface S C U oriented by the normal vg, a varifold
V € V,,_1(U) is said to have free boundary in S if there exists a ||V||-measurable

vector field H” which is locally integrable with respect to ||V|| and H” (z)-vg(z) =0
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for [|[V]|-a.e. x € S, satisfying
5V (X) = / X(z) - H(z) d|V|(x)

for all X € X.(U) with X - vg = 0 on S. Note that we use the notation H” to
distinguish it from the generalised mean curvature vector H defined in (7.2.9). In fact,
if H exists, then H is the tangential part of H along S (see [Ede20, Definition 3.0.3)).
It was shown in [DM21, Corollary 4.7]> that any such free-boundary varifold with

HT € L}, with respect to ||V has locally bounded first variation in U. Moreover, by

loc

[Ede20, Proposition 3.2], an integral varifold V' € IV,,_;(U) has free boundary in S if
and only if V' has locally bounded first variation in U, and the generalised boundary
measure oy is supported in S, and n = vg at oy-a.e. x € Z. For the case at hand,

we will mostly take S = 0€).

7.2.5 Double-well potential

Throughout this chapter, we fix a double-well potential W : R — R which is a

non-negative smooth function satisfying the following properties:

o W(£l)=W'(£1) =0,

e I has a unique local non-degenerate maximum at v € (—1, 1),

e there exist some «a € (0,1) and x € (0,1) such that W”(t) > & for all |t| > a.
We also define the energy constant:

hozz/ll\/mcis.

2Although the statement was presented for varifolds in Euclidean space, the arguments there are
local and hence the proof carries over to the Riemannian setting.
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Remark 7.2.1. A common choice of the double-well potential is given by W(s) =

1(1 — s%)? with the unique local maxima at v = 0. Note that our definition of the

constant hy differs from [HT00, Gual8] (denoted by o there) by a factor of 2 but
agrees with that in [KT18]. Some of our results established in this chapter actually

hold for more general potentials with multiple wells, such as those treated in [Ton03].

7.2.6 Constants and cutoffs

We shall use the convention that C'(a, 3,7, ...) denotes a positive constant (which
may change from line to line) that depends only on the parameters «,f,7,....
Throughout this chapter, we fix a smooth cutoff function x : [0,00) — [0, 00) such

that
e x(s) =sforsel0,1],
e x(s)=2for s >4,
e 0<y(s)<land0<—x"(s) <1/2for alls.

For any constant a > 0, we denote y, : [0,00) — [0,00) to be the rescaled cutoff

function x,(s) := ax(a~'s). Note that 0 < x/, <1 and 0 < —x” < a~'/2 everywhere.

7.3 Assumptions and main results

7.3.1 Assumptions

From now on, we will assume the following, unless we explicitly state otherwise. Let

(M, g) be a smooth complete Riemannian manifold with

e injectivity radius lower bound inj,(M) >4 > 0 and

e sectional curvature bound |sec 7 | < Ko;
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and Q C M be an open domain with smooth non-empty boundary 92 such that
e  has bounded ball curvatures max{|Zgq|, |Zq|} < ro.

The outward unit normal of 92 is denoted by v.
We also fix a bounded open set U C M with Lipschitz boundary. Suppose we

have
e a sequence {g;}22, of positive real numbers ¢; — 0;
e a sequence {\;}°, of real numbers such that |\;| < Ay for all ;

e asequence {u;}2°, of smooth functions on QNU with ||u; ||~ < Cp and E., (u;) <

Ey satisfying the (volume-constrained) Allen-Cahn equation

W' (u;)

€

together with the homogeneous Neumann boundary condition

0ui
ov

=0 ondQNU. (7.3.2)

Remark 7.3.1. We can relax the a-priori regularity of u; to lie only inside certain
Sobolev spaces. The interior regularity for weak solutions to (7.3.1) follows from
standard elliptic PDE theory [GTO01] while the boundary regularity along 02 for

weak solutions to (7.3.1) and (7.3.2) follows from [ADN59].

As in [HT00], after passing to a subsequence, the u; converge a.e. and in L' to
some u € BV (2N U) such that u = £1 a.e.. Hence, {u = 1} and {u = —1} are sets
of finite perimeter in U N Q and we write M := 0*{u = 1} for the reduced boundary

of {u = 1} in Q with outward-pointing unit normal vy, (see [EG15, section 5.7]).
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Moreover, we have

167w = 1} (N U) = 1/ Dul < 20 (7.3.3)
2 QNU hO

For each i, we define a Radon measure p; on U by

L ho ( 5 + - Vg NnU (7.3.4)
and the associated varifold V; € V,,_1(U) by

Vu, Vu,
Vi(o :=/ qzﬁ(x,l— L ® ) dpi; 7.3.5
( ) {|Vu;|#0} |VUz| |VUz| ( )

for ¢ € C.(G(U)). Note that as measures on U, both y; and V; are supported in UNQ

and ||Vi|| = pi - {|Vu;| # 0}. Moreover, the uniform energy bound E., (u;) < Ey im-
plies the uniform bound ||V;||(U) < Ey/h¢ and hence (after passing to a subsequence)
the V; converge as varifolds to some V € V,,_1(U). The first variation of V; is given

by (see [PT98])

Vu; Vu;
oVi(X :/ <VX,I— L ® . > dp; 7.3.6
o {IVu; |0} Vuil [Vl /, (7:5.6)

for every X € X.(U).

7.3.2 Boundary behaviour

As in [KT18], we can also consider the behaviour of u;|gony. First of all, we prove a
useful lemma which gives a local bound for the Allen—Cahn energy restricted to the

boundary. This can be viewed as a localised version of [KT18, Lemma 4.2].

Lemma 7.3.2. For any U € U, there exists a constant Cy > 0 depending only on n,
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ko, Ko, distg(U,aU) such that

/ ~ &l Vg |® . W (u;) prT SCQ/ &i Vg |® . W (u;)
oQNU )

2 g QNU 2 i

+ Aoco(CQdUg(Q N U) + 7—[”71(89 N U))

Proof. Let X € X.(U). By the calculations in [KT18, Lemma 4.1], we have

. ‘ 1T |2 ,
hodVi(X) :/ ox. ( Vui Vuz) (ezlvm - W(uz)>
QN {|Vu; 40} (V| [Vl

2 E;
W (u; .
—/ (VX . [)M —|—>\i/ u; divy X (7.3.7)
QN{|Vu;|=0} €i Q
) |2 )
+/ <€Z|Vuz| + W (ui) — )\iui> (X - V)d?—lnfl.
o0 2 Ei

We choose a vector field X = —(V(x,od) where d(-) := dist,(-,09), a = (8x¢) ! and
¢ € C.(U) is a smooth cutoff function such that ¢ =1 on U; 0 < ¢ < 1 and |V(¢| <
m. Note that X = (v along d2NU and ||VX||p~ < C(n, ko, ko, dist, (U, dU))
by (7.2.6). Moreover, by (7.3.6), it is easily seen that

. 12 .
hodVi(X)] < VX1 / sl Vul” | W)
QNU 2 )

By examining each of the terms on the right-hand side of (7.3.7), we then obtain the

desired inequality, using the assumptions that ||u;||z~ < Cy and |N;| < Ay. O

By the same arguments as in [HT00] (c.f. [KT18, Theorem 3.1]), using Lemma
7.3.2, after passing to a subsequence, u; L 9Q N U converges a.e. and in L}  with
respect to H"! to some @ € BV,.(0Q2 N U) such that @ = +1 H" '-a.e.. Hence,
{u = 1} and {@ = —1} are sets of locally finite perimeter in 92 N U. However, we

note that @ may not coincide with the trace of u on Q2 N U (see [KT18] and the

discussions therein).
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7.3.3 Main result
We are now ready to state the main result of this chapter.

Theorem 7.3.3. Under the assumptions of section 7.3.1, after possibly passing to a

subsequence, we have
o\, — /\,
o u; = u ae. and in LY(QNU) with respect to dv,,

o u,LINNU — 1 a.e. and in L} (0QNU) with respect to H" 1,

loc

o V;, — V as varifolds in U,

where A € R, u e BV(QNU), 4 € BVjoe(0Q2NU) and V € V,,_1(U). Moreover, the

following statements are true:
(1) (Equipartition of energy) For each ¢ € C.(U),

1 .1 &V [? .1 W (u;
L) =i L [ NVl L W)
2 1— 00 hg QNU 2 11— 00 hO QNU Ei

(2) (Uniform convergence away from limit interface) M = 0*{u = 1} C spt ||V ] NQ
and w; — £1 locally uniformly on (2N U) \ spt||V| as i — oo. For each
b e (0,1), the subsets {|u;| <1 — b} locally converge in the Hausdorff sense to

spt ||V]] inside QN U as i — oo.

(3) (Regularity of limit interface) V € IV, _1(U) with density

odd for H" *-a.e. z € M,
O(z) =
even for H" 1-a.e. x € (spt||V||NQ)\ M.

In other words, V' is integer rectifiable up to the boundary 02 even when ||V||(02) >

0.
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(4) (Variational property of limit interface) V' has free boundary in 02N U with

HT(z) = _hog(x)’/M(fc) for H" '-a.e. z € M,
0 for H" l-a.e. x € spt 1V]|\ M.
Moreover, sptoy C QN U and n(x) = v(z) for oy-a.e. x on the generalised

boundary of V.

Remark 7.3.4. When U C 2, Theorem 7.3.3 reduces to the interior regularity result

in [HT00] (see also [Gual8, Man21] for the adaption to the Riemannian setting).

Remark 7.3.5. One key conclusion of Theorem 7.3.3 is that the limit interface V' is
integer-rectifiable up to the boundary 0S). To the best of the author’s knowledge, in
the existing literature, boundary behaviour is only partially treated and under addi-
tional restrictive assumptions. For example, the first three conclusions in Theorem
7.3.3 were obtained in [Ton03] in the case of convex Euclidean domains. In their recent
work [KT18], Kagaya—Tonegawa considered the more general Allen-Cahn functional
with boundary contact energy and studied the boundary behaviour of the limit inter-
face under the assumption of vanishing discrepancy measure. In this thesis, we prove,
in the case of zero boundary contact energy, the vanishing of the discrepancy measure
without any convexity assumption on 02, even when boundary concentration of ||V||

occurs.

Remark 7.3.6. As in [Ton02, Ton05], one can consider variable chemical potentials

lying in suitable Sobolev spaces instead of constants on the right hand side of (7.3.1).

Remark 7.3.7. By [DM21, Theorem 1.3}, we can conclude that the (n—2)-dimensional
part of the generalised measure oy L {z|0" ?(oy,z) > 0} is (n — 2)-rectifiable. It
would be interesting to study more refined regularity and singular structure of the
full generalised measure oy, which is highly non-trivial due to the lack of a suitable

monotonicity formula (c.f. [Ton03, section 4]). We will address this in future work.
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7.4 Monotonicity formula and consequences

Let (M ,g) and QU C M be as given in section 7.3.1. Throughout this section, we

assume u € C®(Q N U) is a solution to

—eAu%—WT(u):)\ in QNU, (7.4.1)
ou
Ev 0 ond2NU, (7.4.2)

where € € (0,1), |A| < Ao, ||u]lr~ < Cpand E.(u) < Ey. We define the energy density

e.(u) and discrepancy function & (u) respectively by

e (u) = 5’2’“’2 + Wi“) (7.4.3)
and
Ee(u) == €|v2u| - Wg(u). (7.4.4)

Our first goal is to prove an almost-monotonicity inequality (c.f. [Gual8, Ap-

pendix B]) of the form:

d
- ecpp—(n—l) / e(u) | > GCpP_(n_l) / —(&(u)"
dp By(2)n2 Bp(@)n

for some ¢ > 0 and all sufficiently small p. Next, we establish up-to-the-boundary
estimates, in both pointwise and integral forms, for v and & (u). Together with the
almost-monotonicity inequality, these estimates allow us to control the energy density

ratio

1
Lao(rz) = ——— /B . eelw) (7.4.5)
r(z)N

Wy 7"
which will be instrumental in deriving the regularity of the limit interface in later

sections.
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7.4.1 Almost monotonicity formula

Recall that the monotonicity formula for minimal surfaces is obtained by applying
the first variation formula for the area functional to (suitably truncated) radial test
vector fields. In the Allen—Cahn setting, the almost monotonicity formula (which can
be viewed as an e-version of the monotonicity formula for minimal surfaces) can be
obtained by similar arguments. The following Pohozaev identity plays the role of the

first variation formula in this setting.

Lemma 7.4.1 (Pohozaev identity). Let u € C*(QNU) be a solution to the semilinear
equation Au = F(u) in QN U where F = G’ for some smooth function G : R — R.

For any X € X.(U), we have

2

— /mU [(@ - G(u)) (X -v)— (Vu-X)%} -t

/Q y [(WUP + G(u)) div, X — VX (Vu, vu)] dv, .

Proof. Multiply both sides of the equation Au = F(u) by X - Vu and then integrate

by parts twice (see [Xiol8, Lemma 9] for a similar calculation). O]

For the Allen-Cahn equation (7.4.1), we choose G(t) = 5*2W(t) where
W(t) = W(t) — et + SA()C().

Note that the role of the constant term e A¢Cy is simply to ensure that W(u) > 0 under
our assumptions. For this choice of G and using the Neumann boundary condition

(7.4.2), the Pohozaev identity (7.4.6) reads

.
/ [(5’v“| + W<“>> div, X — VX (Vu, Va)
QNU 2

dv
- g

:/aw <5|V2“| + Wg“”) (X -v) dH"
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We define ¢.(u), &(u) and I, (r,x) as in (7.4.3), (7.4.4) and (7.4.5) with W
replaced by W. We will first establish the almost monotonicity formula for Z;u from
which the corresponding almost monotonicity formula for I, , follows.

For the purpose of making the test vector fields compactly supported, we let
¢ : R — R be any smooth decreasing cutoff function such that ¢(t) =1 for t < % and
o(t) =0 for t > 1. For any = € M and 0 < p < inj,(x), the function ¢ (dlStgffm)) is
a smooth function which is compactly supported inside B,(x).

From now on, we fix x € U N Q and denote r(-) := disty(x,-). For any 0 < p <

min{dist,(z,0U), i}, we consider the test vector field X € X.(U) defined by

X =y <i) rVr
p

which is a truncated radial vector field centred at = supported inside B,(x). When

p < ﬁ, a direct computation together with (7.2.1) and (7.2.2) gives

< (n— D)Vkory

div, X (x) — (ngp + %gp’)

and

'VX(VU, Vu) — <|Vu|2<,0 + g(vu : V?“)ng') < Vkor|Vul?p

where ¢ and ¢’ are both evaluated at %' Observing the relation

ool ()] == ()

and plugging the above estimates into the left hand side of the Pohozaev identity
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(7.4.7), we obtain the inequality

d ~ ~n-1) 4 o 3
= [p—(n—l)/ es(u)go] —p N [/ e(Vu - VT)%} +p E(u)p
d QU dp |Janu e

0
>~ (n+ 1)k {p*”—” / 'eé(uw}—p_("_” [ awive vlpane
QNU oaNU
(7.4.8)

Note that we have used the fact that 7 < p in the support of ¢ and £|Vu|? < 2e_(u).

We now consider two separate cases:

o Case 1: v € QNU and B,(zr) € QN U,

o Case 2. 2 € 0NNU B,(x) € U.

In the first case, since there is no boundary term because B,(z) N 9Q = (), we
obtain the following interior almost-monotonicity inequality (c.f. [Gual8, Appendix

B]), which reduces to [HT00, Lemma 3.1] when ky = 0.

Lemma 7.4.2 (Interior almost-monotonicity inequality). For any x € QN U and

0 < p < min{io, ﬁ} such that B,(x) € QN U, we have

d . ~
= [e(nﬂ)\/@p—(n—l)/ ea(u)] > e(n+1)~/@p—n/ —&(u). (7.4.9)
dp By(x) By()

Proof. 1t follows directly from (7.4.8) by dropping the non-negative term and the

boundary term, after letting ¢ — 1(_ ). O

For the second case, we need to handle the extra boundary term in (7.4.8). The
following lemma allows us to rewrite the boundary term in terms of an interior integral

(and its derivative).

Lemma 7.4.3. For any x € 02N U and 0 < p < min{io, ﬁ} such that B,(z) € U,

we have

/ e(u) dH" < (n+ 1)02/ ee(u) + 6— / ee(u)| .
20N B, (x) QNB,(2) dp | JanB,(x)
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Proof. Let ¢ be the radial cutoff function centred at x as defined before. For any

0 < p < min{dist,(z,0U), ﬁ}, we can consider the test vector field X € X.(U)

X=—p <f) Vd
p

where d is the signed distance function from 0€) as defined in section 7.2.2. Note that

defined by

X is smooth and compactly supported in B,(z) with X - v = ¢ along 9. By (7.2.6),

we have the following estimates:

1
divy X < (n—1)Crp — =¢'
p

and
1
—eVX (Vu, Vu) < <Clg0 — ;go’) e|Vul?.

By using these bounds in the Pohozaev identity (7.4.7), and noting that » > £ in
the support of ' and &|Vu|? < 2¢.(u), we obtain the desired inequality after letting

© — 1(70071). ]

We are now ready to establish the almost-monotonicity inequality centred at a

boundary point x € 0€).

Lemma 7.4.4 (Boundary almost-monotonicity inequality). There ezists a constant
c1 = c1(n, ko, ko) > 0

so that the following holds: for any x € 002 NU and 0 < p < %min{z‘o, %0} such that

B,(z) € U, we have

d eC1p ~
o eclpp(nl)/ g& u > —pn/ —,56 u). 7.4.10
dp [ QNB,(x) (u) 1+ 3kop QNB,(x) (u) ( )

Proof. First of all, note that by (7.2.7), we have the following estimate on the bound-
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ary term of (7.4.8) for any p < %2’0,

p("l)/ e (u)|Vr v dH" ! < @p(”Q)/ e (u) dH" .
90NB, (z) 2 20N B, (z)

On the other hand, Lemma 7.4.3 implies that when p < min{i, ﬁ}, we have the

inequality

d - ~
6p— p_("_l)/ e:(u) 2,0_("_2)/ e-(u) dH"
dp QNB,(z) OQNB, ()

[+ DO+ 6= [ Z )

QNB,(x)

1

Putting it back to (7.4.8), using prg < 3,

after letting ¢ — 1(_s,1) and rearranging

terms, we get the desired inequality with ¢; = ”T“Cl + 3(n — 1)kKo. ]

Remark 7.4.5. As noted in section 7.1, it would be possible to mimic the approach
of [GJ86] and [Ton03], by reflecting across the boundary 0f2, and prove an almost-
monotonicity inequality for the sum of the energy density ratio on a ball centred in
Q and its reflection. We chose, for the sake of simplicity, to avoid reflection across
the boundary entirely, and consider balls that are either disjoint from 02, or centred

at points lying on 09, as in [GLZ20].

7.4.2 Auxiliary estimates

We first derive some a-priori estimates for solutions to (7.4.1) and (7.4.2). These
estimates hold locally uniformly in space up to the boundary 02 and uniformly in e.
We fix throughout this subsection an open subset U € U.

We begin with the C%estimate. Our proof uses a maximum principle argument
similar to that in [HT00, Proposition 3.2], except that we have to include an extra

barrier term in order to prevent the extrema from occurring along the boundary.
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Lemma 7.4.6 (Uniform C° estimate). There exist constants
E9 = EQ(A(), Co, W, n, ’io, k’o, Ko, diStg(U, 8U)) > 0,

Co = 02<A07 COv Wn7i07k07K07diStg<[77aU)) > 1

such that for all 0 < & < 9, we have
[ull congy < 1+ coe <2

Proof. Let z € QN U and p < & min{ip, ﬁ, %O, disty(z,0U)}, and r(-) := disty(z, -).

Inside the ball Bs,(z) € U, we fix a smooth radial function ¢ = ((r) such that
o ( =1+ % inside B,(z);
e ( =1+ Cp on the annulus Bs,(z) \ Bs,(x); and

e inside the ball B;,(x), we have by (7.2.2)

L+ 2SS 146y, VG <2007, A < Cn)Cop™

where ¢, will be chosen later and then ¢ is sufficiently small so that coe < min{1, Cy}.
We first claim that u < 14 c¢ on B,(x) N for all sufficiently small p by a
contradiction argument. Suppose Suppg (;)no 4 > 1+ ce. We divide into two cases as

before:
e Case 1: 1 € QN U and Bs,(z) € QN U;
o Case 2: . € 90 NU and Bs,(z) € U.

For the first case, we consider as in [HT00, Proposition 3.2] the auxiliary function

f = u — ¢ which is smooth inside Bs,(z). One can verify
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e f < —1 along the boundary 0Bs,(z), and

[ SupBBP(x) f > % > 0.

Therefore, f(xo) = supp, ) [ > %

2 at an interior maxima xzy € Bj,(z). By the

maximum principle, at zy we have

0> eAf ='W (u) — \— Al
=V W (tu+ (1 —1)C)|iZg + e TW(C) — A — eAC

1

25_1f/ W"(tu+ (1 —t)¢) dt — X\ — eAC

0
202_1% — A= 5AC7
2

where we used that v > ( > 1 at xy and the properties of W in section 7.2.5. If
co > 1 is sufficiently large, depending only on Agy, Cy, W, n, iy, ko, distg(U, oU) and
dist,(z, 052), we arrive at a contradiction.

For the second case, we consider another auxiliary function
4C
f::u_<+70Xaod

where d(-) = dist,(-,00) and x is the cutoff function defined in section 7.2.6 with

ep
16Cp °

a= One can again verify
o f<—14% < —3 along the boundary dBs,(z) N Q;
® supg, nef > % > 0; and

o % < —2Cop~! < 0 along Bs,(z) N Q.

Hence, supg, (;)nq [ Is again achieved at an interior maxima xo € Bs,(x) N2 After

applying the maximum principle at xg, a similar calculation as before (note that we
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still have v > 1 and ¢ > 1 by our choice of a) gives

_ 4800

% <A+ eAC+ L nax W"(t) A(Xq 0 d).

2 te[1,1+Co)

By the definition of y, in section 7.2.6 and (7.2.6), we will again obtain a contradiction
for ¢y sufficiently large, depending only on Ay, Cy, W, n, ig, ko, ko and distg(U, ou).

This proves the desired upper bound for u. The lower bound can be obtained similarly
4Cy
P
for Case 2. 0

by considering the auxiliary function f = u+ ¢ for Case 1 and f =u+( — =2y, 0d

Using the C%estimate in Lemma 7.4.6, one obtains boundary gradient estimates

by standard PDE theory of semi-linear elliptic equations.

Lemma 7.4.7 (Uniform gradient estimates). There exists a constant
c3 = c3(Ao, Co, W/,n,ig,ko,lio,distg((j,aU)) >1
such that for all 0 < ¢ < €9, we have the gradient estimate
||6Vu||co(§mﬁ) < 3. (7.4.11)

Proof. The interior gradient estimate can be found e.g. in [HL11, Proposition 2.19].
The boundary gradient estimates along 02 follows e.g. from [Xul7, Theorem 1.1]

(c.f. [XZ17] for the extension to the Riemannian setting). O

We can actually obtain better estimates away from the transition region {|u| < a}

which imply that @ is of order O(e*"~1) for any n € (0, 1).

Lemma 7.4.8 (Refined uniform C estimates away from the transition region). For
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any n € (0,1), there exist constants
= 54(77, A(), Co, W, n, ’io, ko, Ko, diStg(U, 8U)) >0

Cqy = C4<A07 COv Wn7i07k07K07diStg<[77aU)) > 1

such that for all0 < e < ey, x € QNU and '™ < r < %min{io, ,— dist,(z,0U)},

we have
(1) if u>a on Bs.(x) NQ, then 1 — ¢4 < u <14 ¢4 on B.(x) NQ;
(11) if u < —a on Bs.(x) NQ, then —1 — cue < u < —14 ¢4 on B.(x) NAQ.

Proof. We only prove (i) as the arguments are the same for (ii). Let z € QN U and
r< %min{io, T Hl ,disty(x,0U)}. Suppose u > « on Bs,.(x) N . By Lemma 7.4.6,
we have u < 1 + coe provided that € < g5. It remains to prove that u > 1 — c4€” on
B,(x) N Q for some suitable choice of ¢4, an appropriate range of r and sufficiently
small €.

We will argue by contradiction as in the proof of Lemma 7.4.6. Suppose, on the
contrary, that a < infp )nou < 1 — c4e”. We fix a smooth radial function ¢ such

that
o (=1— 95" inside B, (z);
o ( =a+ %< on the annulus Bs,(z) \ By (z); and

e inside the ball Bs.(z), we have by (7.2.2)

CyRE" CyRE"

<(<1-— < opt < -2
- <e<1-S VG <aT (Al < Clr

o+

where C' = C(W) = max{l, max,c[q |W"(s)|}, ca will be chosen later and ¢ is

sufficiently small that ¢, < min{1, M}
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We now consider the auxiliary function

4
f::u—C—i—;Xaod

where d(-) = dist,(-,00) and x is the cutoff function defined in section 7.2.6 with

a= %. One can verify (note that C' > k)

o f>—3ar > _3¢.e” along the boundary 9B, (z) N Q;

° instr(z)me < —%048"; and
o L > 2> 0 along B (x) N 09, if non-empty.

Hence, no matter whether z € 2 or x € 042, infp, (;)no f is achieved at an interior
minimum xy € Bs,.(z)N. After applying the maximum principle at z, by our choice
of a and a similar calculation as before (note that we still have a@ < u(zg) < 2 and
a < ((xg) < 1) gives

3CaK

4
e S A —eAC - éA(Xa od).

By the definition of x, in section 7.2.6 and (7.2.6), this implies

3 32C
£C4 < A"+ C(n)e* M2 4 4(n — 1)Coe® It 4 =27 212,
CyR

For r > &'77, this yields a contradiction when ¢, is sufficiently large, depending only

on Ay, W, n, ig, ko, ko and distg(U,aU). ]

Remark 7.4.9. In case Bs,.(z) € 2, we do not need to include the term involving
Xq in the auxiliary function f and we have the stronger conclusion that u > 1 — ¢4e
(i.e. with n = 1), c.f. [HT00, Proposition 4.1]. With a different choice of auxiliary

function ¢, we can also establish the same estimates with n = 1. However, unlike in
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[HTO00] (see the remark after Proposition 3.2), apparently one cannot obtain better

estimates even when A\ = 0 by iterating the arguments above.

7.4.3 Estimates for the discrepancy function

Note that in order for the almost-monotonicity formula in Lemma 7.4.2 and 7.4.4 to
be effective, we need some control on the right hand side of the inequalities involving
the discrepancy function £, defined in (7.4.4).

In this subsection, we obtain a crude pointwise upper bound for the discrepancy
function. We want to point out that our bound is weaker than the interior bound
obtained in [HT00, Proposition 3.3] but holds up to the boundary 0f2. Note that we
have chosen to work at the original scale, rather than rescaling by ¢ as in [HT00].
This does not affect our subsequent analysis, but certain expressions will change by

appropriate powers of e.

Proposition 7.4.10 (Pointwise upper bound on discrepancy function). There exists
a constant

€y = 85(A0, C(), W, n, ’io, k’o, Ko, diStg(U, 8U)) > 0,
such that for all 0 < ¢ < €5, we have
sup & (u) < e/, (7.4.12)
QnU
Proof. We consider as in [HT00] the following auxiliary function

o= §|Vu|2 — e W(w) — e 'G(u)

where G € C*(R) is to be chosen later. By the Bochner formula (7.2.3) and a similar

computation as in [HT00, Lemma 3.5], we have the following differential inequality
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at points where |Vu| > 0:

oW + G')Vu
[Vul?

2AEq — Ve +2(G" + (n — 1)koe®)a

(7.4.13)
2871<G/)2 4 EflG/W/ o 25—1(G// 4 (n o 1)/{7082)(W 4 G) + )\(W’ + G/>

where the functions G and W and their derivatives are evaluated at wu.

Let 6 € (0,1) be fixed later and define (recall Lemma 7.4.6)

Noting that % is a smooth function which vanishes at +1, one easily verifies that

the following holds on r € [—1 — ¢ag9, 1 + co83],
o 0 <G <56,
o 12 <G <9,

e 0<-G"=¢

F/’(T)Ha <C

|
2(W(r)+0) =

for some constant C' = C(W) > 1. By Lemma 7.4.6, we have (the functions G' and

W and their derivatives are evaluated at u)

(W'| 46

//_2 1! :/ !
G'W' —2G" (W + G) G<W+W+5

(W + G)) > 56" (7.4.14)

provided that € < &s.

Let 2 € QNU and R = £ min{4o, \/%’ L disty(z,0U),1}. We fix a smooth radial

ko'’

cutoff function ( centred at x such that
e ( =1on Bgp(z)
e ( = 0 outside Br4(x),

¢ 0<(<1,|V¢ <8RV |ACI < C(n)R™?
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where C'(n) > 0 is a constant depending only on n. Let d(-) := dist, (-, 02) and x be
the cutoff function defined in section 7.2.6 with a = (8C)~'e'/R where C' > 0 is a

constant to be fixed later. Define a new auxiliary function
fi=Ca+e 'R Cxaod.
We claim that for sufficiently small ¢, we have
L s
sup f < —e /7. (7.4.15)
Q 2

If the supremum is non-positive, then we must have £ < 0 and by our choice of G
that

e=Ca+e'Gu) <5t

and thus & (z) < e=%/° provided that § < {e'/®. So, without loss of generality, we
assume that supg, f > 0 and is achieved at some point zo € Bgys(z) N Q (note that
f < 175 outside Bpy4(x) by our choice of a). First, we claim that z ¢ 9Q. By the

Neumann boundary condition (7.4.2) and [Ton03, Lemma 3.1], along 02 we have

% = %5(; —&(B(Vu,Vu) = 'R7'C

where B is the second fundamental form of 02 with respect to v (i.e. B(7,7) :=
(V,v,7)). Since kg bounds the maximum absolute value of the principal curvatures
of 092, by Lemma 7.4.7 and our choice of (, we have % < 0 along 0f) by taking
C = 10c¢2. Hence, we can assume without loss of generality that zq ¢ 9. Suppose
(7.4.15) does not hold, then at an interior maximum z, we have by our choice of a

that

1 1 - 1
§EC|VU|2 > (&g > 55_4/5 —2aCe 'R = 15_4/5.
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From this and (7.4.11), we have at x,

2
fo< Dt and (P2 (7.4.16)

Since zg is an interior maximum point of f, we have Vf =0 and Af <0 at xy. The
first order condition gives (V&g = —£qV( — e 'R1C\,Vd, which, together with
(7.4.16), implies

(P|Véa| <4cge™ R 4 V2Cese MV ORT < Ceg)e MORTY
On the other hand, the second order condition at x says
(A& < —EGAC —2VC - VEg — e 'RTICY,Ad — e 'R OV d)>.

Using the first order condition, our choice of ¢, together with (7.2.6) and (7.4.16), we

have

Ate < (= & AC+ 266C V) + 20 2T RION (V- VO)
— e 'RTICCTIN A — e T RTIOCTY! V)
< C(n,c3)e PR™2 4+ C(cg)e 13/1OR2
+ C(Cy,e5,n)e PR 4+ Cleg)e P R72
< C(Cy,c3,n)e PR

Combining the estimates above, for sufficiently small ¢ depending only on Cf, n,

C and c3, we have at xg

(LHS) of (7.4.13) < C(Cy, ¢3,n)e**R™2 + C(W, e3)e V°R™ 4 C(n, ko, c3)e
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On the other hand, by our choice of G, together with (7.4.14)

(RHS) of (7.4.13) > e H(G")?* + £716G" — C(n, ko, W)e — C(W)Ag
> e N0+ C7163) — C(n, ko, W)e — C(W)Ag

> 2072716 — O(n, ko, W)e — C(W)A,.

Combining these we arrive at the inequality
54 <" 54/5

for some constant C” > 0 depending only on Ag, Co, W, n, ig, ko, ko and distg((j, ou).
Therefore, we arrive at a contradiction by taking § = (20")Y/4¢'/®> < 1 for sufficiently

small e, and (7.4.15) holds. Proposition 7.4.10 then follows immediately. ]

Remark 7.4.11. With a different choice of the auxiliary function GG, resembling the

3

one in [Kag19], it is possible to obtain a better estimate of order e=*/® in Proposition

7.4.10.

7.4.4 Consequences of the almost monotonicity formula

We now combine the results obtained in the previous subsections to derive some
consequences of the almost monotonicity formula (Lemma 7.4.2 and 7.4.4). We first
establish a uniform lower bound of the energy density ratio (7.4.5) on balls of radius

e <1 < O(e*%) centred at a boundary point in the transition region {|u| < 1 — b}.

Lemma 7.4.12 (Energy density ratio lower bound I). For any b € (0,1 — «), there

exist constants

g — 56(1), Ao, Cg,mn,io, ]{70, Ko,distg([j,aU» > O,

Cg = Cﬁ(b, Ao, C(],VV,TL,Zb, ko, Ko,distg([j,aU» > O
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such that for all 0 < e < &4, x € I N U with |u(x)] <1 —b, and ¢ < r < cge*®, we
have

I u(r,z) > c.
In fact, the same holds for € QN U provided furthermore that r < dist,(z, 0€2).

Proof. We first assume z € 0. Since |u(z)| < 1 —b, we have Ju| < 1—2 on

B (z) N Q by (7.4.11) provided that € < 9. As a result, by (7.2.8) and (7.4.5) we

2c3

have for sufficiently small ¢ that

~ 1 W(u
L(e,2) > I u(e,2) > ﬁ/ (v) > 4cg (7.4.17)
Wn-1€ By (pnQ €
2c3
/ 1 b "
. Wn ]
where cg 1= 7557 <£> min <, W(s) > 0.

Let c§ := “"=tc;. Assuming ¢ < &5 is sufficiently small such that cpetls <

%min{dist(f] ,0U), 1o, H—lo}, we can apply the boundary almost monotonicity formula
(7.4.10) and the upper bound on discrepancy function (7.4.12) to see that for any

e <r < cle¥/? (note that & (u) < & (u) by definition)

/ -4/5

for e sufficiently small such that (7.4.17) holds and e %" > 3. Setting c¢g :=

min{cy, ¢ }, the asserted lower bound for I ,(r, z) follows from the estimate

~ 4 w,

Ieo(r, o) < Iy(r, o) + 3 AoCor (7.4.18)

Wn—1

which holds for all sufficiently small  depending only on ky and ko. The case of inte-
rior points x € ) can be obtained similarly, using the interior monotonicity formula

(7.4.9). 0
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In order to prove a uniform lower bound of the energy density ratio on balls of
radius » > O(¢*/?), the pointwise upper bound in Proposition 7.4.10 will not be
sufficient for our purpose. We need a more refined integral upper bound for the
discrepancy function. It is important to note that the centre x in the proposition
below may or may not lie in 0€2, and does not need to be inside the transition region

{lul <1 -0}

Proposition 7.4.13 (Integral upper bound for discrepancy function). For any b €

(0,1 — «), there exist constants
o = TQ(TL, io, ]ﬂo, Ko, diStg(U, 8U)) € (0, 1),

Er = 87(b, Ao, CO, I/V,n,io, ]i]o, Ko,distg(U,aU>> > O,
Cr = C7<b, Ao, C(],VV,TL,Zb, ko, Ko,distg(ﬁ7aU>) > 1
such that for any 0 < e < ey, x € QNU and cee*® <1 <'ry, we have

1 Cr
— & (u) € == (Lu(r,z) +1). (7.4.19)
" J B, (2)nQ r7/8

Proof. Let b € (0,1 —a). Fix € QN U and ¢/ < r < ry where 7, is sufficiently
small with ry < ${ro, r1, dist,(z, 8U)}. We divide the domain of integration B, (z)NQ

into a union of three disjoint subsets as follow:
A= ((Br(:r;) A D)\ B,_y.0/m0 (x)) U ((BT@) Q)N ngm(am),

B:={y € (B(x) N\ A : Bopo(y) N{lu| <10} # 0},
={ye (B(x) N\ A : Bopol(y) N{lu] <1-0b} =0}.

Note that r > cge?/® > 2¢%/10 for all sufficiently small ¢ (depending on cg). We will
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estimate the (LHS) of (7.4.19) over each of the three subsets defined above.
We begin with the estimate on A. By (7.2.5) and the bound on ball curvatures,
for ro small enough (depending only on n, ky and kg) we have the following volume

estimate

dvy(A) < C(n)r"=1e9/10,

Combining this estimate with (7.4.12) and r > cse?/®, we have
1 _
L[ et < oot < e
rm A

which is clearly bounded by the (RHS) of (7.4.19) provided that ¢; > C’(n)cgl/B.
We now proceed with the estimate on B. We first need to an estimate of the
volume dv,(B) by considering a covering of B by balls {B.s/10(2)} with centres z €
{lul <1 =0} N (QN B, _.oy0(z) \ Uo10(9Q)). By the Vitali covering lemma, we can
extract a finite disjoint family of such balls {B.o/10(2;)}Y; so that B C UY | Bso/10(2;).

Hence, we have from (7.2.4) that the volume estimate
dvy(B) < N - C(n)e”/10 (7.4.20)

holds for all sufficiently small € depending on ry. It remains to bound N from above.
Applying Lemma 7.4.12 (with z = z), since ¢ < %10 < ¢ge?/? and dist(z;, 0Q) >
910 we have I, (%1% 2;) > c5. Summing over all i, noting that {B.o/10(2;)} Y, are

disjoint balls contained in B,.(x) N ), we have

Nwy_1cge’mD/10 < / ec(u) = wp 17" L (r, 7).
B (z)N2

This gives an upper estimate on N. By substituting back into (7.4.20), we obtain the
volume estimate

dvy(B) < C(n, cg)e”r" I, (r, ).
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Using this estimate together with (7.4.12) and r > ce*/®, we have
1
— / eH(u) < C(n,ce)e Or L (r,x) < Cn,ce)r™ 81, o (r, )
rn B

which is clearly bounded by the (RHS) of (7.4.19) with ¢; sufficiently large depending

only on n and cg.

Finally, it remains to prove the estimate on C. Consider the Lipschitz function

é(y) := min {1,5—9/10 dist, (y O\ (Bo(z) N Q) U {Ju| <1— b})}

which clearly satisfies
e 6=0o0n (U1 (By(x) N Q) U{Jul <1 b},
e »=1o0nC,
e 0<¢<1and|Ve¢| <e 19 everywhere.

Taking gradient on both sides of (7.4.1) and then multiplying by ¢*Vu, we have by

Bochner formula (7.2.3) that

W// (u)

1
e¢? <§A\Vu|2 — | Hessu|® + (n — 1)kg]Vu|2) > e¢*(VAu, Vu) = T¢2’Vu’2-

Integrating the above on B,(x) N ) and using integration by parts (note that ¢ =0

on B,.(z) N o), we obtain

W//
/ (5¢2|Hessu|2 + ﬂ¢2|Vu|2>
B (z)NQ €

< /B g VO VIV £ Cln ke / 62| Vu?

By (z)NQ

= —28/ ¢ Hessu(Vu, Vo) + C(n, ko)a/ ®*|Vul?
By (z)NQ B

(z)NQ2
1
< -/ 5¢2|Hessu|2+2/ 5|Vu|2|ng|2+C(n,ko)e/ &Vl
2 JB.(x)ne By (2)N02 Br(2)N0
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where we have used Cauchy-Schwarz and Young’s inequalities in the last inequality.
Since spt ¢ C {|u| > 1 — b}, we have W”(u) > k on spt ¢. Absorbing the first term
on right to the left hand side and combining this with |V¢| < e7%/10 we obtain for ¢

sufficiently small (depending on n, ko and k)

" P*|Vul* < 254/5/ [Vul?,

2¢ JB,x)na B, (2)NQ

Since ¢ =1 on C and 0 < ¢ < 1, together with r > c4e?/®, we have

1 n 41 1/5,.—1 —3/4

— [ & (u) < ——er L u(r,x) < C(ny,Wee)r ™I (1, )

™ Je K
which is clearly bounded by the (RHS) of (7.4.19) with ¢; sufficiently large depending
only on n, W and c¢g (note that r—3/4 < r=7/8), O

Using Proposition 7.4.13, we can extend Lemma 7.4.12 beyond the scale of O(/?).

Proposition 7.4.14 (Energy density ratio lower bound II). For any b € (0,1 — «),

there exist constants
rs = Tg(b, AQ, Co, W, n, io, k?(), Ko, diStg(U, 0U)) € (O, 1),

g = 88(5, Ao, C(),W?”L,io, k’(), Ko,distg(ﬁ,aU)) > O,
cg = Cg(b, Ao, Co, W, n, 19, ko, /‘io,distg(U,aU» >0

such that for all 0 < & < e, x € IQNTU with |u(z)] < 1—b, and e < r < 3, we have
I .(r,z) > cs.

In fact, the same holds for € QN U provided furthermore that r < disty(z, 0€2).

Proof. By Lemma 7.4.12, the proposition holds for ¢ < r < ¢ge/® with ¢g = ¢¢ and
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gg = €¢. The point is to use the almost monotonicity formula in Lemma 7.4.2 and
7.4.4 together with Proposition 7.4.13 to show that I. ,(r, z) cannot further decrease

4/5 to some definite radius 73 to be

too much as r increases beyond the scale cge
determined.

We first deal with the case z € 992. By the boundary almost monotonicity for-
mula Lemma 7.4.4 together with (7.4.19), for ¢ < &; we obtain for cge?® < p <
% min{rs, i, %0, dist, (z, 8(7)},

d - cr
cip _ cip
i (wn,le I .(p, x)) > p7/se (Lew(p,x) +1). (7.4.21)

We define r3 as the supremum of all »' € [0654/5, %min{rg, 10, Kio, dist,(z, 8&)} such

that

- 1
eI u(p, ) > 5066010654/5 for all p € [cee*/®, 7).

Note that the left-hand side is a continuous function of p. By Lemma 7.4.12, we

have r3 > cge®. If r3 = %min{rg,io, %O,distg(:v,éﬁ)}, then we are done by taking

1

1Ce€ 1" (we further reduce r3 depending on kg, ko, Cy

eg = min{eg, &7} and cg =

and Ay according to the estimate (7.4.18)). Otherwise, by continuity we must have

c1 0654/5

~ 1
e (rs, ) = 5C6¢ (7.4.22)

By the definition of 73 and (7.4.21), we have for p € [cse®/®, 73]

d ~
7 log (ec”’fs,u(p, x)) > —C(n,cg, cr,m2)p” "%,
J)

Integrating p over [cge®/?, 73], using (7.4.22) and Lemma 7.4.12,

eI (13, 1)

4/5 T
eC1C6E IE,M(CG€4/5; .ZU)

1
IOg 5 Z 1Og ( ) Z _8C(n’ Ce, C7)r2)r?1>/8'
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This gives the desired positive lower bound for r3 independent of € and x. The proof

for the interior case x € Q is similar where we use Lemma 7.4.2 instead. ]

We now proceed to establish an upper bound for the energy density ratio in terms
of the uniform energy bound FEj, within the same range of radii as in Proposition
7.4.14. Note that we do not require the centre point x to lie inside the transition

region {|u| <1 — b}.

Proposition 7.4.15 (Energy density ratio upper bound). For any b € (0,1 — «),

there exist constants
€9 = €9<b, Ao, C(), VV, n, i(), k’o, Ko, diStg(U, aU)) > O,

Cg = Cg(b, Ao,CQ,Wn,io,kfo,/io,diStg(U, aU)) >1

such that for all0 < e < g9, x € ONNU, and £ < r < ry, we have
I u(r,z) < cg(Eo+1).

In fact, the same holds for x € QN U provided furthermore that r < dist,(z, 092).

Proof. We only give the proof for z € 02, as the interior case is similar. We first

treat the case when cge?/® < r < rs. Let 0y := max{1, eclT3TE,u(r3, z)} > 0. Note that
5(] < C(Cl, n)r;("fl)Eg + C(Cl, n)Aoco < C(Cl, n,rs, AQ, Co)<E0 + 1) (7423)

Note that 6017"75,u(r, x) < Jo clearly implies the desired upper bound of I.,(r,z).
We can assume without loss of generality that eclpl,u(@ x) > 9§ for all p € [r,rs].

Integrating (7.4.21) over [r, 3], we obtain as in Proposition 7.4.14 that

C17‘3,[V
log <M> > _0(077n7clvr3)'

eClrfavu(r, x)
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This implies

I, (r,x) < C(eq,m, c1,73)00

which is the desired upper bound by (7.4.23).
It remains to treat the case ¢ < r < ¢ge*/°. Integrating the almost monotonicity

formula (7.4.10) over [r, cge*/°] and using the pointwise bound (7.4.12), we obtain
€CITZ-:,U(T7 ./L') S C(nu C1, 73, 06) + 6610664/5};,11,(0664/57 I‘)

which yields the desire result as I, (cee®, ) < co(Eo + 1). O

We conclude this section with the following proposition which says that the energy
density ratio is almost monotone modulo a term of order /8 for the range of radii

in [cge?/®, 73).
Proposition 7.4.16 (Almost monotonicity of energy density ratio). For any b €

(0,1 — «), there exist constants
£10 = 810([?, Ao, Co, W, n, ’io, ko, Ko, diStg(U, 8U)) > O,

Clg = Clo(b, Eo,A(),Co, W,n,?:(), ]{70, Iﬂ?o,diStg(U,aU)) >1

such that for any 0 < & < 19, € 9NN U and cee?® < s <r <rs, we have
Lu(r,z) > e—cm(r—s)]m(& T) — cror'/®; (7.4.24)

In fact, the same holds for z € QN U provided furthermore that r < dist(z, 092).

Proof. We again just provide the proof for the case x € 9€). Using Proposition 7.4.15

and (7.4.21), for € < min{e7, g9}, we have for p € [cse?/®, 73] that

d -
- (eclp[w(p, x)) > —C(cl,C7,cg,E0)p’7/8.
D
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Integrating p over [s,r| gives

L—:,u(r; I’) Z eicl(ris)fs,u<57 LU) - C(Clu C7, Cy, EO)T1/87

from which (7.4.24) easily follows by (7.4.18) (since r < r!/%). O

7.5 Density ratio bounds and rectifiability of the
limit varifold

In this section, we assume u;, €; and \; are sequences as in section 7.3.1. Recall that
the associated Radon measures y; on U and the associated varifolds V; € V,,_1(U) are
defined in (7.3.4) and (7.3.5) respectively. By the compactness of Radon measures,
after possibly passing to a subsequence, there exists a Radon measure p on U and a

varifold V' € V,,_;(U) such that
i —> b and Vi=>V

in the sense of measures. Note that ||V;|| = u; L {|Vu;| # 0} from the definition and
observe that the support (as measures on U) of both y and ||V|| is contained in QNU.
The main result of this section is to show that V' is rectifiable in U and that ||V|| = p.
Note that the rectifiability of V' in the interior of €2 was established in [HT00, Gualg].

Our main point here is to prove that the same continues to hold up to the boundary

of.

7.5.1 Density ratio bound

We first begin with a lemma which says that any point in spt ;1 can be approximated

by a sequence of points x; in the transition region {|u| < a}.
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Lemma 7.5.1. For each x € sptu, there exists (after possibly passing to a subse-

quence) a sequence x; € (AN U) N {|u;| < a} such that x; — x.

Proof. We argue by contradiction as in the proof of Proposition 4.1 in [HT00]. Let
x € spt u. We first assume x € 0€). Suppose, on the contrary, that there exists 7 > 0
such that Br(z) € U and |u;] > a on By(z) N for all large i. By shrinking 7 such
that Bx(z) N Q is connected and passing to a subsequence, we can assume u; > .
By Lemma 7.4.8 (shrinking 7 further if necessary) with a fixed n € (3, 1), we have for
all large i that |u; — 1] < ¢4e and hence ;7 'W(u;) = O(e;"") on Byj3(z) N Q. The

Bochner formula (7.2.3) then implies that for all large i (such that (n — 1)ky < 32)
INELLIR IS V)
2 )7

Multiplying the above by any nonnegative ¢ € C?(Bx(x) N ) and integrating by

parts, we obtain

&; Vu@ 2
/ 5 | ’ |

g2 gi|Vu;|? & 0¢ i Vu,|?
<L Ag¢ + = / (5i¢B Vu, V) — — ) dH"
K Bﬁz)ﬂQ( ) 2 K J Br(z)non ( ) ov 2

14 2k n—
T / 6. () dH™
K Br(x)N0Q

E
<0
TR

&;ll¢llce +

where B is the second fundamental form of 9€). By the proof of Lemma 7.3.2 together
with the estimates e; "W (u;) = O(?""!) with n > 1/2 and letting i — 0o, we have
p(Brs(x)) = 0, contradicting that « € spt u. The case x ¢ 02 is simpler, and the

proof is in [HT00, Proposition 4.1]. H

As a key step towards proving the rectifiability of the limit varifold V', we now
establish a locally uniform density ratio upper bound for the limit measure p, which
holds globally up to the boundary 0f2. Note that compared to [HT00, Proposition

4.1]), we do not claim at this stage that there is a uniform lower bound for the
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density ratio centred at a boundary point. This is due to the possible complication
that the x;’s in Lemma 7.5.1 could be a sequence of interior points approaching a
boundary point x € spt u N 0€2. This poses new difficulties when we want to apply
our monotonicity formulas, which hold for balls that are either centred at a boundary

point (Lemma 7.4.4) or stay away from the boundary (Lemma 7.4.2) entirely.

Proposition 7.5.2 (Density ratio bounds for the limit measure). There exist con-

stants

91 = 91<A0,Co, W, n, ’io, ko, Ko,distg(U,aU)) > 0,
0y = 02(E07A0, O(), Wﬂ,ig,ko,ﬁo,distgaj,a(])) >0

such that for any x € (spt N U) NN, we have for all 0 < r < 2,

(B, (7))

wy—17" !

< 0,. (7.5.1)
Moreover, for any x € (spt uNU)NQ, we have for all0 < r < %min{rg, dist,(z,0Q)},

o, < LB g (75.2)

wn,lr"*1 -

Here, r3 is the constant appearing in Proposition 7.4.14 with b = 1_70‘

Proof. Let x € (sptun U) N OS2 Fix any 0 <r < 3. Since ju; — p as measures, we
will have for all large 7
pB(x) _ 2p(By(x) _ 2

= —1, (rx).
Wy T 7wy g

Hence, the desired assertion follows from Proposition 7.4.15 with 0y := %Cg(Eo +1).
For x € (spt unN U) N Q. By Lemma 7.5.1, after passing to a subsequence, we have
a sequence of interior points z; € QN U such that |u;(x;)| < a for all i and z; — x.

Fix any 0 < r < %min{rg, dist,(z,02)}. The upper bound 6, is obtained exactly as
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before. For the lower bound, we observe for all large ¢

B () o p(Br(@) o pilBrp(i)) 1
Wh1r™ L 7 2w, rl T 2w, _qrnl 2" hy

IEi,ui (7’/2, xl)

Hence, the desired assertion follows from Proposition 7.4.14 with 6, := 2,?;10. O]

Exactly the same argument as in the proof of Lemma 7.5.1 and Proposition 7.5.2

yields the following result.

Proposition 7.5.3 (Uniform convergence away from limit interface). Either u; — 1

or u; — —1 locally uniformly on (QNU) \ spt||V]|. In particular, we have M :=

O{u =1} Cspt||V||N(QNU). Moreover, EiWQ“”Q and Wﬁ”) both converges locally

k3

uniformly to 0 on (QNU) \ spt ||[V]].

7.5.2 Vanishing of discrepancy measure

Let e; := e, (u;) and & := &, (u;) denote the energy density and discrepancy function
as defined in (7.4.3) and (7.4.4). By compactness of Radon measures (on U), after
possibly passing to a subsequence, we can assume that there exists a Radon measure
|£] on U such that

&i|dvg LQANTU — [¢]

in the sense of measures. We call || the discrepancy measure. Since |§;| < e;, we

clearly have spt |¢| Csptu C QNU.

Theorem 7.5.4 (Vanishing of discrepancy measure). The discrepancy measure €|
vanishes on U, i.e. |£| = 0. In other words, the discrepancy functions & converge to

0 in L

loc

QnuU).

Proof. We first claim that for all x € spt || N 02, we have

B
timinf 1ED) _ (7.5.3)
r=0 Wy
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We argue by contradiction as in [HT00, Proposition 4.3]. Suppose on the contrary
that (7.5.3) does not hold, i.e. there exist §yo > 0, Ry > 0 and xy € spt|£| N O such
that

1€)(By(0)) > Sown_17" " for all 0 <7 < Ry. (7.5.4)

By the density ratio upper bound (7.5.1), there exists 6 > 0 such that

(B (20))

wn—lrn_l

<6, forall0<r< % (7.5.5)

Fix 0 <t < min{ Ry, &, 71,72, %0} to be chosen later. Since |§;|dv,LQNU — |£] and

Wi — p, by (7.5.4) and (7.5.5), for any fixed N € N, there exists some ¢ > N such

that
o / = % forallre 2, 1] (7.5.6)
i = 5 r ) Y
wn—lrn_l B (z0)N2 2
and
11i(Bi(20))
< 20,. 5.
o L S b (7.5.7)

Note that & = &+ & By (7.5.6) and Proposition 7.4.13, for all i large enough (so

that ; < e7 and 065;1/5 < t?), we have

el AN L G-~ @
(1+ 3K0p)P™ J B, (o) P J By P™ I By(ao)ne
oo 1 2¢7
> gp B ﬁ(l%ui (p7 xO) + 1)

for all p € [t?,t]. Since zo € spt u, by Proposition 7.4.15, for all i large enough (so

that &; < min{eg, t*}), we have

1 50 -1

S — &> 251 Cler, o Bo)p T
(1 + 3kop)p" /B,,(xom 8 (ex. ¢, Eo)
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for all p € [t2,t]. By the almost monotonicity formula (7.4.10) (note that & < &),

d ~ 0
d_ (wnfleqp]—&‘,ui (p7 xO)) Z §0601pp*1 - C(C77 Co, E0)661pp77/87
1%

for all p € [t?,t]. Integrating over [t?,t] and using (7.4.18), (7.5.7), we obtain

h 0 1
C(TL, 1, A07 CO) < 0 262 + t) Z _0 1Og ; - C<C77 Cy, E07 Cl)t1/87

Wn—1 8

which gives a contradiction for ¢ sufficiently small. Hence, we have proved (7.5.3).
By the differentiation theory for Radon measures (applied to |[¢] and dH" 1L 9O9Q),
c.f. [Sim83, P.26], we conclude from (7.5.3) that |£[(02) = 0, i.e. |¢] vanishes on 0fQ.
By a similar argument using the interior monotonicity formula (7.4.9), we can show
that (7.5.3) also holds for interior points z € spt || N 2. Combining this with the

density lower bound in (7.5.2), we have

1€1(B; (x))

liminf =———2- =0,
(B, ()

which implies |£| = 0 inside Q N U as well. [

7.5.3 Rectifiability of limit varifold

Let V; be the varifold associated with u; as in (7.3.5). After passing to a subsequence,
we can also assume that there exist u € BV (Q2NU), A € Rand V € V,,_;(U) such
that

ANi = A, u; > uae., V;— Vin the varifold sense.

Recall that M := 0*{u = 1} is the reduced boundary of {u = 1} in QNU with outward
normal vy;. Our goal in this subsection is to show that V' is in fact rectifiable up to

the boundary 0f2.
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Lemma 7.5.5 (First variation of limit varifold). There exists a constant

C11 = Cll(E07 Ao, C(), VV, n, io, ko, Ko, diStg<U, (9U), d'Ug(Q N U), "H”fl(@Q N U)) > 1

such that for any X € %.(U) with spt X C U, we have

hodV (X) + A X - Du| < c¢qp sup | X -v). (7.5.8)
onU 20NU
In particular, for any X € X1**(U), we have
2/\ n—1
SV(X) = —2 [ X gy dH (7.5.9)
ho Jur

Remark 7.5.6. If A = 0, then (7.5.9) implies that V' is a free boundary stationary

varifold (c.f. [GLZ20, Definition 3.1]).

Proof. Let X € X,(U) with spt X € U. Note that 6V;(X) — dV(X) as i — co. On

the other hand, by the calculations in [KT18, Lemma 4.1}, we have

hom(X):/ ox. ( Vi Vu )&_/ wx . )
QN{|Vu;|£0} (V| [V QN{|Vu;|=0} €i

. |2 .
-+ Az/v U; dngX +/ €Z|VUZ| —+ W(u’b) — )\Z'Z,LZ (X . V)dHnil.
Q o0 2 €

Note that the first and second term of the (RHS) above are both bounded by C'(n)[|X||c1 [0 1l
which converges to 0 as i — oo by Theorem 7.5.4. For the third term, since \; — A

and u; — u € BV (QNU) a.e., by the Dominated Convergence Theorem, we have

lim /\i/uiding: /\/uding: —)\/X-Du—i—/\/ Tu(X -v)dH" !
oo Q Q Q i)

where Tu € L'(0Q) is the trace of w on 9Q (c.f. [EG15, Theorem 5.6]). Moreover,
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by the boundednesss of the trace operator T', we have
1 Tul| 1 o0ny < C (0o, ko, ko) l[ull Bv@nvy < C(n, i, ko, ko, Eo, W, dug (2N T)).

Combining all the above and applying Lemma 7.3.2 for the last term gives (7.5.8). [
Finally, we can show the main result of this subsection.

Theorem 7.5.7 (Rectifiability of limit varifold). The limit varifold V- € V,_1(U)

satisfies |V|| = p and is rectifiable.

Proof. Recall that ||V;|| = p; L {|Vu;| # 0} and since hop,; L {|Vu;| = 0} < [&]dv,
QN U which converges to 0 by Theorem 7.5.4, we have ||V;|| — p and thus ||[V]| = p.
From (7.5.8), we know that V' has locally bounded first variation in U. By Allard’s
Rectifiability Theorem [Sim83, Theorem 42.4], it remains to show that ||V|| = u has
a locally uniform density lower bound on spt ||[V]].

We claim that V' has free boundary in 0Q2NU as described in section 7.2.4. Recall
M = 0"{u =1} C QN U. By the structure theorem for sets of finite perimeter
(c.f. [EG15, Theorem 5.15], ||0{u = 1}|| = H" 'L M which is a Radon measure
on U by (7.3.3). Consider the Radon measures p = [|[V| and o := H" 'L M on
U, the density ratio lower bound (7.5.2) implies (c.f. [EG15, section 1.6]) that o is
absolutely continuous with respect to p. Together with Lemma 7.5.5, the Radon—

Nikodym Theorem implies that

2\ 2\
WV (X) = 7 ) UX cvydo = 7 ) U(X -vm)Dyodp
N n

for any X € X'"(U). Therefore, V has free boundary in 9QNU with ||V ||-measurable

vector field

2)
H(2) = —3(Dyo)vy for x € M,

0 otherwise.
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Note the the density lower bound in Proposition 7.5.2 implies that HT € L.

To finish the proof, note that ||V'|| has a locally uniform density lower bound on
spt |V NQNU by (7.5.2). As V has free boundary in 9Q N U with H? € L*, the
“reflected” density of V' is upper semi-continuous (c.f. [GJ86, Corollary 3.2]) and
hence ||V has a locally uniform density lower bound up to the boundary 92. This

completes the proof. n

We now give the proof of our main result, Theorem 7.3.3, modulo the integrality

of the limit varifold V' which will be presented in the next section.

Proof of Theorem 7.3.5. (1) follows directly from Theorem 7.5.4 and 7.5.7. (2) follows
from Lemma 7.5.1, Proposition 7.5.2 and 7.5.3. The proof of (3) will be given in
section 7.6.Finally, (4) follows from the proof of Theorem 7.5.7 and that O(z) =

(Dyo(x))~t. The rest then follows from [Ede20, Proposition 3.2]. O

7.6 Integrality of the limit varifold

We will establish in this section that the limit varifold V is integral in U, i.e. V €
IV, 1(U). Since V is rectifiable in U by Theorem 7.5.7, V has a unique approximate
tangent space T at H" '-a.e. = € spt ||[V]|. In other words, for any such z € spt ||V||

and any sequence of positive real numbers r; — 0, we have
(®r,)V — O(2)|T|

as varifolds®, where (®,,);V is the pushforward of the varifold V' by the map ®,, :
(M, g) — (M, r;2g), ©(x) is the (n — 1)-dimensional density of V at z and |T'| is the

unit density varifold associated to the hyperplane T' C TIJ\A/[/ = R™

3To be more precise, one can first locally isometrically embed (M , g) into some Euclidean space R”
and then do rescalings in R” (c.f. [All72]). Alternatively, one can also do the rescalings intrinsically
using the exponential map (c.f. [Sch22]). Both are equivalent and thus we will be using either
formulation.
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We shall assume x € 92 N U, as the argument for interior points is similar and
follows from a minor adaptation of [HT00] (at least in the Euclidean setting). Fix
any sequence of positive r; — 0. We use §; := r; 2g to denote the rescaled metric on
M. Note that (QNU,z,g)— (R?,0,gr) smoothly in the sense of pointed Cheeger-
Gromov convergence, where R = {(z1,---,2,) € R* : x, > 0} is the upper
half-space equipped with the standard Euclidean metric gg. Since V; — V| after
passing to a subsequence, we can further assume as i — oo

(®,,)3Vi = O(x)|T| and egr; ' — 0.

7

Let V;, = (®,,)Vi, & = gt and X\ = r;\;. Then u; satisfies, with respect to the

rescaled metric g;,

W (u; T
—éiAgiUi + é(u ) = /\z in QN U, (761)
Oyu; =0 ondQ2NU. (7.6.2)

Note that we have ||u;|z~ < Co, |X\i| < riAg — 0. Moreover, by Proposition 7.4.15,

for any fixed R > 0, we have for all sufficiently large ¢
(Egi L (BR(I), gl))(uz) == wn_an_1[5i7ui<TiR, ZE) S wn_an_ICQ(EO + ].)

for all sufficiently large i, so that all the results obtained in previous sections can be
applied (with slight modifications for a convergent sequence of varying metrics), after
observing that V; is the associated varifold of u; with respect to the rescaled metric
gi and V; — V := ©(z)|T|. Since \; — 0, by Lemma 7.5.5, V; = V := O(z)|T| is a
stationary varifold with free boundary in R"~* := 9R". As V is supported in R? and
T is a hyperplane, we must have T' = {x,, = 0}.

For simplicity, by a suitable choice of coordinates, we can assume without loss of

generality that Q = R? is equipped with a metric g; converging locally smoothly to
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the Euclidean metric g and U = By4(0) is the Euclidean ball of radius 4 centred at
the origin. From now on, all balls and distances will be taken with respect to gg. As
in section 7.4, we denote u;, :\i, i, gi by u, 5\, £,g. Weuse T : R* — R"! to denote
the orthogonal projection T'(zy,--- ,x,) = (21, -+ ,2,-1) with respect to gr and
T+ :R"™ — R to denote the map TH(xy, -+ ,2,) = z,. We also let v = (v, , 1)
be the unit normal to the level sets of u

\g_uul when |Vu| # 0,

0 when |Vu| =0,

and
EIVul?  W(u) ElVul2  W(u)
+ ~ ) 55 = - = .
2 15 2 g

€z 1=

We first establish a proposition which shows that the smallness of the discrepancy
and tilt excess imply the solution u is close in é-scale to the one-dimensional hete-
roclinic solution near the transition region which must be rather far away from the

boundary.

Proposition 7.6.1 (Sheet separation). For any given s,b € (0,1), there exist con-

stants

m =m(s,b,W) € (0,1),
L=1L(s,b,W)>1
such that the following holds: for any 0 < n < ny, suppose
(i) y € R} with T'(y) =0 and |u(y)| <1 —b;

(ii) u satisfies (7.6.1) on Baer,(y) NRY and (7.6.2) along Buer(y) N ORY with & €

(0,1), IN <0, 1§ — gellc2(Baenwy < and €] <ne™t on Bz (y) NRY;
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(iii)
/ &+ (1= (m)P)EVul < n(aeLy™,
Buer(y)NRY

then Bszr(y) NORY =0, T71(0) N {z € Bszr(y) : u(z) = u(y)} = {y} and

|1z u(EL,y) — ho| < s.

I is sufficient as

Proof. Exactly the same proof (the weaker hypothesis |{:| < né~
pointed out in [Ton02, Proposition 4.8]) of [HT00, Proposition 5.6] goes through
using the boundary C?-estimates in [ADN59] and shows that w is in é-scale C'-
close to the unique one-dimensional finite-energy heteroclinic solution ¢(x,,) satisfying
q(ly]) = u(y). In particular, this implies 5971; # 0 on Bss(y) NR} from which the

assertion follows by (7.6.2). O

The second proposition deals with decomposing the limit varifold V' into stacked
single-layered interfaces. Note that by Proposition 7.6.1, we only need to consider the
case where the transition regions stay sufficiently away from the boundary and hence

the interior arguments in [HT00, Ton02, Ton05] go through with trivial modifications.
Proposition 7.6.2 (Stacking argument). For any given R, Ey > 0, s € (0,1), N € N,
there exists a constant

e = 772(R7 C(),Eo,S,N,TL, W) >0

such that the following holds: for any 0 < n < ny, suppose

(i) Y C RY has no more than N + 1 elements, T(y) = 0 for all y € Y, diam
Y < nR and there exists a > 0 such that |y — z| > 3a for ally,z € Y ; moreover,
Uga(Y) N aR:L_ = @;

(ii) u satisfies (7.6.1) on Ur(Y)NRY and (7.6.2) along Ug(Y') NORY} with ||ul|z~ <
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Co, € <, 19 — gBllc2wpeyy < 0 and ]5\| < n; moreover, for each y € Y, we

R
/ d—z / & <nR;
a T - (y)NRY

(iii) for each y € Y and r € |a, R], we have

have

/ &+ (1= (w)P)EVul® <,
By (y)NR™

/ E|Vu|? < Egr™!;
Br(y)NR%

then we must have

1 < 1+s
> o a1 CeS S+ e
ey Wn-1 Ba(y) n—1 Ur(Y)

Proof. The proof of Proposition 7.6.2 requires a technical lemma similar to [HT00,
Lemma 5.4] except that we have a weaker hypothesis on the upper bound of the
discrepancy function (c.f. [Ton02, Proposition 4.7]). We then argue in exactly the
same way by plugging in the suitably cut off radial vector field centred at a point in Y
(c.f. the proof of [HT00, Lemma 5.4]), and control the error terms in the monotonicity

formula as in Lemma 7.4.12 and Proposition 7.4.14. O

The third proposition says that the energy is uniformly small in € outside the

transition region (c.f. [HT00, Proposition 5.1] and [Ton05, Proposition 4.5]).

Proposition 7.6.3 (Uniform smallness of energy outside transition region). Suppose

that ||g — grllc2Bso)rry) < 1 and I\l < 1. Given s > 0, there exist positive constants
12 = €12(s, Co, n, W) > 0,

b= b(S, CO,TL, VV, Eo) € (0, 1)
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such that for any 0 < € < €19, we have

/ W (u)
By(O)REN{ful>1-0) €

<s.

The proof of Proposition 7.6.3 requires two lemma as in [HT00]. Define

1
Zy = {xEBAO)ﬂR’}r o u(x)] < ;a}.

Lemma 7.6.4. Suppose that ||§ — grllc2(pi)rry) < 1 and Al < 1. There exist
positive constants

€13 = 613(W) > 0,
c13 = ci3(n, W) > 0,

such that for any 0 < & < e13, * € B3(0) N R with |u(z)] < 1 — &7 for some f3

1 2 1
ez <o<mn {3 — 1,

57 613§| 10g§|

satisfying

then we have

dist(z, Z,) < c136¢€] log .

Proof. We argue exactly in the same way as in [HT00, Lemma 5.2], except that we
have to suitably modify the function . By a translation, we can assume without
loss of generality 2 = 0, and denote Q = £1(Q — z). By the Fredholm alternative,
for any 0 < R < &', there exists a unique solution ¢ = g to the following mixed

boundary value problem:

Ap = %o on Bp(0)NQ,
g—f = along Br(0) N 09,

¢ =1 along dBR(0) N Q.
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Note that @z is continuous on Br(0) N Q up to the corner dBr(0) N Q. Moreover,
wr > 0 by the strong maximum principle and unique continuation property (see e.g.

[Liel3, section 1.8]). We can then define ¥z = (©r(0)) 1o which satisfies

A?/}R = %wR on BR(O) N Q?
‘95/’_111% - along Bg(0) N g,

Yr(0) = 1.

Using the Harnack inequality and standard Schauder estimates [ADN59], there exists
a constant ci3 > 0 depending only on n and & such that g (z) > el*l/es for all || > 1.
Using vg in place of 1, the rest of the proof follows from the arguments in [HT00,
Lemma 5.2]. O

Lemma 7.6.5. Suppose that ||§ — grllc2(,)rry) < 1 and Al < 1. There exist
positive constants

e14 = €14(Co, W, n) > 0,
Clqg = C14(CY07 VV) n, EO) > 07

such that for any 0 < € < e14 and € < r < rsz, we have
L ({z € B3(0) NRY : dist(z, Zs) < 1}) < cuar

Proof. The proof follows from the same covering arguments as in [HT00, Lemma 5.3],
using Proposition 7.4.14 (with b = 1_70“) and the arguments in the proof of Proposition

7.4.13. ]

Proof of Proposition 7.6.3. Tt follows exactly as in [HT00, Proposition 5.1] using
Lemma 7.6.4 and 7.6.5. O]

Proof of Theorem 7.3.3 (continued). We now finish the proof of Theorem 7.3.3 by

showing that V' € IV,,_1(U). We use the same notation as in the beginning of this
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section with z = 0 € 9Q N U. Recall that

Vi:=(®,,);Vi = 60|T| and & :=¢er;' —0. (7.6.3)

Our goal here is to prove that ©y € N.
First of all, by Theorem 7.5.4 and (7.6.3), we have

lim &,| = lim (1 —v2)&|Vu;|* = 0. (7.6.4)

=00/ By(0)nR? =0/ By(0)nR"

Let N € N be the smallest positive integer such that N > ©,. Note that ||g; —
9ellc2(Bronry) — 0 and I\il = 0 as i — oco. Fix an arbitrary small s > 0. By
Proposition 7.6.3 and (7.6.4), we can choose some b > 0 such that for all sufficiently

large 7, we have

5V ? o Wy,
/ (5 |V, N Eu )) <s.
B3 (0)NR7 N{|ug|>1—b} 2 &

With these choices of s and b, we choose 0 < 7 < min{n;, 72} and L > 1 as in
Proposition 7.6.1 and 7.6.2 (with R = 1 and Ey = co(Eo + 1)). Following [HT00], we

define the good set G; consisting of all z € B,(0) "R} N {|u;| <1 — b} such that

/ |£€z
By (z)NR™

By the Besicovitch covering theorem and (7.6.4), we have

+ (1 = 2)&|Vu)* <mr™™t for all r € [4§;,L, 1].

lim [|V;[(B2(0) NRY N {fug] <1 —b}\ Gi) =0

and

lim H" (T (By(0) "R N {Jus] < 1—b}\ Gy)) =0.

1—00
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On the other hand, by (7.6.3) and Proposition 7.4.14, we obtain

lim dist(G;, T) = 0. (7.6.5)

1—00

Now, for any « € B1(0) NOR" and [t| <1 —b, we let
Y =T Y2)n Gy {u; =t} and a:= Lég;.

We would like to apply Proposition 7.6.2 to this Y for all sufficiently large i. Note
that ||g; — gu|| — 0 and \; — 0 as i — co. By Proposition 7.6.1 and (7.6.5), all
assumptions in (i) of Proposition 7.6.2 are satisfied (except perhaps the cardinality
of V) for large i. Noting how the constants in section 7.4 scale with respect to the
blow-up radii 7; — 0 (especially Proposition 7.4.10 and 7.4.13), (ii) is also satisfied for
large i. Condition (iii) is essentially the definition of G;, together with Proposition
7.4.15. Note that Y cannot contain more than N — 1 elements since otherwise we will

obtain by Proposition 7.6.1 and 7.6.2 that

N<(N+1)s+(1+5)(0g+9)

which is a contradiction for s sufficiently small (depending only on N'). The rest of the

argument is the same as [HT00, Theorem 1], and we must have ©g = N -1 € N. [
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