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Abstract

In this thesis, we study the optimal constants in the Sobolev-type inequality (AB

inequality) on compact Cauchy-Riemann manifolds. We apply the results to give new

proof to special case of CR Yamabe problem. We also consider the AB inequality

for functions with constraints on CR manifolds. We show for those functions the

optimal value can be smaller and use the analytic results to touch Nirenberg problem

on CR sphere. In the last chapter, we discuss existence of positive solutions to some

nonlinear sub-elliptic equations involving critical Sobolev exponents on Heisenberg

group.
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Chapter 1

Introduction

In this chapter, we give brief description of contents of each chapter and each

section, and outline the main results.

Chapter 2 is about background knowledge, we introduce the previous results of

analysis on CR sphere, Heisenberg group or general CR manifolds and give relevant

reference sources.

Chapter 3 is about AB program on compact CR manifolds and its applications.

For q ∈ (1, 2n + 2) and q∗ to be the conjugate number defined by 1
q∗

= 1
q
− 1

2n+2
,

we first give the two forms of AB inequality on a compact CR manifold M : there

exist positive constants A, B, A′, B′ such that for u ∈ Sq1(M) where Sq1(M) is the

Sobolev-type space which will be defined later in Definition 2.0.17, we have:

(∫
M

|u|q∗dvol

) 1
q∗

≤ A

(∫
M

|∇bu|qdvol

) 1
q

+B

(∫
M

|u|qdvol

) 1
q

and (∫
M

|u|q∗dvol

) q
q∗

≤ A′
∫
M

|∇bu|qdvol +B′
∫
M

|u|qdvol.
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Then we outline the AB program on CR manifolds to find the infimum values of A,

B, A′, B′ such that the inequalities hold.

In Section 3.1 we completely answer the questions in B and B̂ program: we prove

if we denote the volume of the manifold by V (M) and the dimension is 2n+ 1, then

inf B = (V (M))−
1

2n+2 and inf B′ = (V (M))−
q

2n+2 .

We also show that inf B is always attained. For the case q ∈ (1, 2], inf B′ is attained,

while for q ∈ (2, 2n+ 2), inf B′ is not attained.

In Section 3.2 we construct compatible coordinate charts on the CR manifold to

Heisenberg group which preserve the contact form and map the Hermitian frame close

enough to the standard one on Heisenberg group.(see Theorem 3.2.2 and Theorem

3.2.5 for details)

In Section 3.3 we partially answer the questions in A program. We show for a

compact CR manifold of dimension 2n+ 1,

inf A = A (n, q) and inf A′ = A (n, q)q,

where A (n, q) is the optimal constant appears in the Sobolev-type embedding on

Heisenberg group Hn, as in Theorem 2.0.21.

In Section 3.4 we give example of the CR sphere S2n+1 and see the two optimal

constants we find are both attained in AB inequality on S2n+1.

In Section 3.5 we apply the results of AB inequality to give new proof to the

special case of CR Yamabe problem. We show that if we define µh for a function h

as later in Definition 3.5.3, then we have the following theorem:

Theorem 1.0.1. Let M be a compact CR manifold with the contact form θ. If there

holds 0 < µ n
2n+2

R < 1
A (n,2)2

where R is the Webster scalar curvature function on

M , then there exists a positive smooth function u on M , such that under the CR

2



conformal change θ′ = u
2
n θ, the Webster scalar curvature R′ of (M, θ′) is constant on

M .

In Section 3.6, we continue to study the AB inequality for functions with con-

straints. In Theorem 3.6.1 and 3.6.2, we show for specific function u on CR sphere

S2n+1 or compact CR manifold M satisfying certain orthogonality condition, the op-

timal constant A′ in the AB inequality can be even smaller. Then based on that, we

prove an estimate result uniformly in the power q, which is Theorem 3.6.3.

In Section 3.7, we first introduce the Nirenberg problem on a compact CR man-

ifold M with contact form θ: to describe the set of functions which are Webster

scalar functions of contact forms CR conformal to θ. We denote the set as S([θ]).

We then apply the analytic results to touch Nirenberg problem on CR sphere S2n+1

with the standard contact form θ1 which we will define later in Example 2.0.15. We

first observe that although the constant function 1 ∈ S([θ1]), for any non-trivial first

spherical harmonic ξ, (1+ξ) 6∈ S([θ1]). Then we use the analytic estimates developed

in previous section to show Lemma 3.7.5, which gives us a sufficient condition for

a smooth function f on S2n+1 such that there exists a first spherical harmonic ξf

satisfying f − ξf ∈ S([θ1]). Finally we apply Lemma 3.7.5 to show two interesting

theorems:

Theorem 1.0.2. For a positive smooth function f on S2n+1, if we have

max S2n+1f < 2
1
nmin S2n+1f,

then there exists a first spherical harmonic function ξ such that f − ξ ∈ S([θ1]).

Theorem 1.0.3. Let f be a smooth function on S2n+1 which is positive somewhere,

then there exists a first spherical harmonic ξ and a CR conformal transformation ϕ

of S2n+1 such that f − (ξ ◦ ϕ) ∈ S([θ1]).

3



Chapter 4 is about existence results of some nonlinear sub-elliptic PDE on Heisen-

berg group Hn. We consider the following PDE problem:


∆bu = u2∗−1 + λu on Ω

u > 0 on Ω

u = 0 on ∂Ω

(1.1)

where Ω ⊂ Hn is a bounded domain, 2∗ is the conjugate number of 2 and λ is a real

number.

In Section 4.1, we show if either λ ≥ λ1, where λ1 is the first eigenvalue of ∆b with

zero Dirichlet condition, or λ ≤ 0 combined with Ω is a smooth δ-starshaped domain

(which we will define later in Definition 2.0.23), then (1.1) has no solution.

In Section 4.2, using the same subsequence technique as in Section 3.5, we show

that if λ ∈ (0, λ1), there exists a solution of (1.1).

In Section 4.3, we show if Ω is a δ-starshaped domain, p is a real number with

p > 2∗ − 1 = n+2
n

, λ < λ1 · n
n+1
· p−(n+2)/n

p−1
, then there is no solution satisfying


∆bu = up + λu on Ω

u > 0 on Ω

u = 0 on ∂Ω

In Chapter 5 we outline several potential future problems related to the topic of

the thesis.

4



Chapter 2

Background

In this chapter, we introduce some background knowledge with reference.

Definition 2.0.1 (CR Structures and CR Manifolds). Let M be a C∞ manifold of

real dimension (2n + 1) for n ≥ 1. Let CT (M) = T (M) ⊗ C be the complexified

tangent bundle over M . We consider a complex subbundle T1,0(M) of complex rank

n. If

T1,0(M) ∩ T0,1(M) = {0}

with T0,1(M) = T1,0(M) and for any open set U ⊂M , there holds

[
Γ∞(U, T1,0(M)),Γ∞(U, T1,0(M))

]
⊂ Γ∞(U, T1,0(M)),

then we say (M,T1,0(M)) is a Cauchy-Riemann (abbreviated as CR) manifold with

the CR structure, or simply denote as M .

Definition 2.0.2 (Levi Distribution). Let (M,T1,0(M)) be a CR manifold, the Levi

distribution is the real rank (2n) subbundle H(M) ⊂ T (M) given by

H(M) = Re{T1,0(M)⊕ T0,1(M)}.

5



It naturally carries the complex structure Jb : H(M)→ H(M) given by

Jb(V + V ) = i(V − V ),

for any V ∈ T1,0(M).

Definition 2.0.3 (Pseudo-Hermitian Structure and Levi Form). Now consider the

real line subbundle E → M of the cotangent bundle T ∗(M) → M such that Ex =

H⊥x ⊂ T ∗x , it follows that M is orentiable if and only if E has a global nonvanishing

section, which is referred to as a pseudo-Hermitian structure. We will always assume

this. Let θ ∈ Γ∞(E) be such a section, the Levi form Lθ is defined by

Lθ(Z,W ) = −i(dθ)(Z,W ),

for any Z,W ∈ T1,0(M). Note that we can also view T1,0(M) as 2n-dimensional real

vector space and will denote the real inner product induced by Lθ by 〈Z,W 〉, i.e.

〈
Z,W

〉
=

1

2

(
Lθ(Z,W ) + Lθ(W,Z)

)
.

Definition 2.0.4 (Strictly Pseudoconvex CR Manifolds). With the same notations

as above, we will always assume that Lθ is nondegenerate (equivalently, θ is a contact

form). If in addition Lθ is positive definite for a suitable choice of θ, then M is said

to be strictly pseudoconvex. Note that now the volume form on M is dvol = θ∧ (dθ)n.

Definition 2.0.5 (Pseudo-Hermitian Frame). Consider a strictly pseudoconvex CR

manifold (M, θ), let {Tj}nj=1 be a local orthonormal frame of T1,0(M) on an open

subset V ⊂M . If we set Tj = Tj, for 1 ≤ j, k ≤ n,

Lθ(Tj, Tk) = −i(dθ)(Tj, Tk) = δkj .

6



Such a frame {Tj}nj=1 is referred to as a pseudo-Hermitian frame. For convenience,

we also let Xj = Re(Tj) and Yj = −Im(Tj) for each 1 ≤ j ≤ n, so together they will

span H(M).

Theorem 2.0.6 (Characteristic Direction). Let (M,T1,0(M)) be a CR manifold with

θ to be a fixed pseudo-Hermitian structure on M , there is a unique globally defined

nowhere zero tangent vector field T on M such that

θ(T ) = 1, T cdθ = 0.

T is transverse to H(M). Hence if we rewrite {Xj}2n
j=0, with X0 = T and Xj = Xj,

Xj+n = Yj for 1 ≤ j ≤ n, they will span T (M).

Proof. We refer the readers to Chapter 1.1 of [23].

Definition 2.0.7 (Admissible Coframe). With the notations above, there exists

{θj}nj=1 which forms a basis of T ∗1,0(M) such that θj(T ) = 0 and θj(Tk) = δj,k

for 1 ≤ j, k ≤ n. We call {θj}nj=1 an admissible coframe. With θj = θj, now

{θ, θ1, . . . θn, θ1, . . . θn} spans CT ∗(M).

Note that now we have dθ = 2iδkj θ
j ∧ θk.

Definition 2.0.8 (Sub-Gradient). For any real C1 function u on M , the sub-gradient

of u is then defined by ∇bu =
∑n

j=1(Tju)Tj, which is in T1,0(M).

Definition 2.0.9 (Sub-Laplacian and Integration by Parts). With the definition of

sub-gradient, now we can define the operator sub-Laplacian ∆b. For a C2 real function

u on M , ∆bu is defined such that for any smooth compact-supported real function v

on M , we have ∫
M

〈
∇bu,∇bv

〉
dvol =

∫
M

(∆bu)v dvol.

Definition 2.0.10 (Webster Curvature). The definition and properties of Webster

curvature on a CR manifold M can be easily found in [48]. If the Webster scalar

7



curvature under the contact form θ is the scalar function R, then with a CR conformal

transform θ̃ = u2/nθ where u > 0, we have

R̃ = u−
n+2
n

(
2(n+ 1)

n
∆bu+Ru

)
.

Definition 2.0.11 (Hörmander Condition). Let (M,T1,0(M)) be a strictly pseudo-

convex CR manifold with the pseudo-Hermitian structure θ, we know for any x ∈M

and the local frame {Xj}2n
j=1 of the subbundle H(M) around x, the commutators of

Xj’s at x span the tangent space Tx(M), which is often referred to as the Hörmander

condition for the Levi distribution H(M).

Definition 2.0.12 (Carnot-Carathéodory Distance on CR Manifolds). A piecewise

smooth path γ : [0, T ] → M is called horizontal if it is tangent to T1,0(M) almost

everywhere. The length of γ is defined to be

`(γ) =

∫ T

0

√
Lθ(γ′, γ′)dt.

Then for two points x, y ∈M , the Carnot-Carathéodory distance is defined as

dM(x, y) = inf{`(γ) : γ is a horizontal path joining x and y}.

By the classical result of W.L.Chow, see [1] or [18], the Hörmander condition implies

that such path always exists. Besides, it induces the same topology on M .

Example 2.0.13 (Heisenberg Group). The Heisenberg group Hn (or simply H) is

the basic model of CR manifolds.

Let us set Hn = Cn × R with the natural coordinate (z, t) = (z1, . . . , zn, t). Then the

group law is given by

(z, t) · (w, s) = (z + w, t+ s+ 2Im
〈
z,w

〉
),

8



where
〈
z,w

〉
= δkj zjwk.

On Hn, for each 1 ≤ j ≤ n, the complex vectors fields (actually the pseudo-Hermitian

frame) are given by

Zj =
∂

∂zj
+ izj

∂

∂t
.

Let us then define T1,0(Hn) as the space spanned by those Zj’s. Since

[Zj, Zk] = 0, 1 ≤ j, k ≤ n,

it follows that (Hn, T1,0(Hn)) is a CR manifold.

So now

Xj = Re(Zj) =
1

2

∂

∂xj
+ yj

∂

∂t
, Yj = −Im(Zj) =

1

2

∂

∂yj
− xj

∂

∂t

for each 1 ≤ j ≤ n.

The standard pseudo-Hermitian structure θ0 on Hn is then given by

θ0 = dt+ i
n∑
j=1

(zjdzj − zjdzj),

and hence

dθ0 = 2i
n∑
j=1

dzj ∧ dzj.

Also the standard volume form now becomes

dvol0 = θ0 ∧ (dθ0)n = (2i)n(n!)dt ∧ dz1 ∧ dz1 ∧ · · · ∧ dzn ∧ dzn

= 4n(n!)dt ∧ dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn.

Our choice of θ0 ensures that (Hn, T1,0(Hn)) is a strictly pseudoconvex CR manifold.

It is also easy to check T = ∂
∂t

is the characteristic direction of (Hn, θ0).

9



With the notation above, we have on Hn,

∆b = −1

2

n∑
j=1

(
ZjZj + ZjZj

)
= −

n∑
j=1

(
X2
j + Y 2

j

)
.

The Webster scalar curvature is 0 on Hn.

Definition 2.0.14 (Dilation and Heisenberg Norm). For δ > 0, the dilation map

Dδ : Hn → Hn is given by

Dδ(z, t) = (δ · z, δ2 · t).

It is easy to check that each dilation is a group homomorphism and a CR isomorphism.

The Heisenberg norm on Hn is given by

|x| =
(
|z|4 + t2

)1/4

for each x = (z, t) ∈ Hn.

Example 2.0.15 (Hypersurface and CR Sphere). Let ρ : CN → R be a real-valued

smooth function which does not vanish on the hypersurface defined by M = {z ∈ CN :

ρ(z) = 0}. If we define the subbundle by T1,0(M) = T1,0(CN)
⋂
CT (M), it follows

that (M,T1,0(M)) is a CR manifold.

The standard pesudo-Hermitian structure θ1 on M is given by i(∂ − ∂)ρ.

Then we define CR Sphere as the (2n+ 1)-dimensional hypersurface S2n+1 (or simply

S)in Cn+1 with the corresponding subbundle and standard contact form given by

θ1 = i(∂ − ∂)|ζ|2 = i
n+1∑
j=1

(
ζjdζj − ζjdζj

)
.

10



The volume form

dvol1 =θ1 ∧ (dθ1)n = 22n+1(x1dy1 − y1dx1 + · · ·+ xn+1dyn+1 − yn+1dxn+1)

∧ (dx1 ∧ dy1 + · · ·+ dxn+1 ∧ dyn+1)n

=22n+1 (n!)
n+1∑
j=1

(
xjdx1 ∧ dy1 ∧ · · · ∧ d̂xj ∧ dyj ∧ · · · ∧ dxn+1 ∧ dyn+1

− yjdx1 ∧ dy1 ∧ · · · ∧ dxj ∧ d̂yj ∧ · · · ∧ dxn+1 ∧ dyn+1

)
.

Recall that the surface area form on Sn induced from the Euclidean volume form on

Rn+1 is

dσ =
n+1∑
j=1

(−1)j+1xjdx1 ∧ . . . d̂xj ∧ . . . dxn+1.

So we know the area of S2n+1 under the volume form dvol1 is

ω2n+1 = 22n+1 (n!)
2πn+1

Γ(n+ 1)
= 22n+2πn+1. (2.1)

Also for j = 1, . . . , n+ 1, if we define the operators on S2n+1

Tj =
∂

∂ζj
− ζj

n+1∑
k=1

ζk
∂

∂ζk
, T j =

∂

∂ζj
− ζj

n+1∑
k=1

ζk
∂

∂ζk
,

the sub-Laplacian on the CR sphere is then given by

∆b = −1

2

n+1∑
j=1

(
TjT j + T jTj

)
.

The Webster scalar curvature is 1
2
n(n+ 1) on S2n+1.

11



Definition 2.0.16 (Cayley Transformation). The Cayley transformation C : Hn →

S2n+1 and its inverse C−1 : S2n+1 → Hn are given by

C(z, t) =

(
2z

1 + |z|2 + it
,
1− |z|2 − it
1 + |z|2 + it

)
,

C−1(ζ) =

(
ζ1

1 + ζn+1

, . . . ,
ζn

1 + ζn+1

, Im
1− ζn+1

1 + ζn+1

)
.

We have that the Cayley transformation preserves the CR structure since it is restric-

tion of holomorphic transformation and the Jacobian of the transformation is given

by

JC(z, t) =
22n+1(

(1 + |z|2)2 + t2
)n+1 .

Also the two standard contact forms θ0 and θ1 are connected by

C∗ (θ1) =
4

(1 + |z|2)2 + t2
θ0.

Definition 2.0.17 (Sobolev-type Norm). On a strongly pseudoconvex CR manifold

(M, θ), for C1 functions on M and a positive q, we first define the Sobolev-type norm

as follows:

‖u‖q
Sq1

=

∫
M

|u|qdvol +

∫
M

|∇bu|qdvol.

Then the Sobolev-type space Sq1(M) is defined to be the completion of C∞ functions

with finite norm. For convenience, we often write S2
1(M) as S1(M). Also we use

the notations Sq1,0(M), S1,0(M) to denote completion of compact-supported functions

in the corresponding function space.

Theorem 2.0.18 (Sobolev-type Embedding). For the compact strongly pseudoconvex

CR manifold (M, θ), q ∈ (1, 2n+ 2), if we define q∗ by the relation

1/q∗ = 1/q − 1/(2n+ 2),

12



then there exist positive constants A and B such that for u ∈ Sq1(M),

(∫
M

|u|q∗dvol

) 1
q∗

≤ A

(∫
M

|∇bu|qdvol

) 1
q

+B

(∫
M

|u|qdvol

) 1
q

,

or in other words,

Sq1(M) ⊂ Lq
∗
(M).

And if q < s < q∗, the embedding of Sq1(M) into Ls(M) is compact.

Proof. We refer the readers to Section 3.4 of [23], [27] and [39].

Theorem 2.0.19 (Poincaré-type Inequality). If we use u to denote the average value

of the function u on the manifold M , i.e.,

u =

∫
M
udvol∫

M
dvol

,

then for p ∈ (1,+∞), there exists a positive constant C such that for any u ∈ Sp1(M),

there holds ∫
M

|u− u|pdvol ≤ C

∫
M

|∇bu|pdvol.

Proof. We refer the readers to Section 3.5 of [23] and [38].

Theorem 2.0.20 (Sobolev-Poincaré-type Inequality). With the notations as above,

for q ∈ (1, 2n + 2), there exists a positive constant D such that for any u ∈ Sq1(M),

we have (∫
M

|u− u|q∗dvol

) 1
q∗

≤ D

(∫
M

|∇bu|qdvol

) 1
q

.

Proof. By Theorem 2.0.18, there exist positive constants A and B such that

(∫
M

|u− u|q∗dvol

) 1
q∗

≤ A

(∫
M

|∇bu|qdvol

) 1
q

+B

(∫
M

|u− u|qdvol

) 1
q

. (2.2)
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Then by Theorem 2.0.19,

(∫
M

|u− u|qdvol

) 1
q

≤ C

(∫
M

|∇bu|qdvol

) 1
q

. (2.3)

Combine (2.2) and (2.3) together, we obtain the result.

Theorem 2.0.21 (Optimal Constants and Extremal Functions in Heisenberg Group).

For q ∈ (1, 2n+ 2), there exists A (n, q) such that for any function u in D(Hn), there

holds (∫
H
|u|q∗dvol0

) 1
q∗

≤ A (n, q)

(∫
H
|∇bu|qdvol0

) 1
q

.

Here the constant A (n, q) is assumed to be optimal. Also note for the case q = 2,

A (n, 2) is computed to be
√

1
πn2 and the equality holds if and only if

u(z, t) =
C(

t2 + (1 + |z|2)2)n2
up to left group translations and dilations on Hn, here C is a constant.

Proof. We refer the readers to [29] and [40].

Theorem 2.0.22 (Maximum Principle). Let U be a relatively compact open subset of

a normal coordinate neighborhood of the CR manifold M . Let f, g ∈ C∞(U), u is a

nontrivial function such that u ∈ Lr(U) for some r ≥ 2n+2
n

and u ≥ 0 on U . Assume

that

∆bu+ gu = fuq−1

in the sense of distributions on U for some 2 ≤ q ≤ 2∗, then u ∈ C∞(U) and u > 0.

Proof. We refer the readers to Section 3.5 of [23] and [39].
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Definition 2.0.23 (δ-starshaped Domain in Hn). On the Heisenberg group Hn, we

define the vector field

X =
n∑
j=1

(
xj

∂

∂xj
+ yj

∂

∂yj

)
+ 2t

∂

∂t
.

A piecewise C1 bounded domain Ω ⊂ Hn is said to be δ-starshaped with respect to a

point ζ ∈ Ω, if denoting by N the outer unit normal to the boundary of τζ−1(Ω), where

τζ−1 is the left group action on Hn which maps ζ to 0, we have

X.N ≥ 0

at every point of ∂ (τζ−1(Ω)).

Theorem 2.0.24 (CR Pohozaev Identity). Let Ω be a bounded domain in Hn with

smooth boundary and the vector field X as defined above, we have for a C2 function

u on Ω, there holds

∫
∂Ω

|∇bu|2X.N dσ = −2

∫
Ω

(Xu)∆bu dvol0 − 2n

∫
Ω

|∇bu|2dvol0.

Hence if the domain Ω is δ-starshaped, RHS≥ 0.

Proof. We refer the readers to [30].
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Chapter 3

AB Program on Compact CR

Manifolds

Let (M, θ) be a compact strictly pseudoconvex CR manifold of real dimension

(2n + 1) with given pseudo-Hermitian structure θ, where n ≥ 1. We know the

volume form dvol is given by θ ∧ (dθ)n. The Sobolev-type embedding (Folland-Stein

embedding) is given in [27]:

(∫
M

|u|q∗dvol

) 1
q∗

≤ A

(∫
M

|∇bu|qdvol

) 1
q

+B

(∫
M

|u|qdvol

) 1
q

(3.1)

for 1 < q < 2n + 2, where 1
q∗

= 1
q
− 1

2n+2
and the function u is in the Sobolev-type

(Folland-Stein) space Sq1(M).

We remark that (3.1) is equivalent to existence of positive constants A and B (may

be different values) such that

(∫
M

|u|q∗dvol

) q
q∗

≤ A

∫
M

|∇bu|qdvol +B

∫
M

|u|qdvol. (3.2)
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Let q ∈ (1, 2n+ 2), q∗ be defined as before, we know for u ∈ C∞0 (Hn), there holds

(∫
H
|u|q∗dvol0

) 1
q∗

≤ A (n, q)

(∫
H
|∇bu|qdvol0

) 1
q

, (3.3)

here the constant A (n, q) is assumed to be optimal. In [29] and [40], the optimal

constant A (n, 2) is computed to be
√

1
πn2 . So we define

Aq(M) = {A ∈ R : there exists B such that (3.1) holds},

Âq(M) = {A ∈ R : there exists B such that (3.2) holds},

Bq(M) = {B ∈ R : there exists A such that (3.1) holds},

B̂q(M) = {B ∈ R : there exists A such that (3.2) holds}.

Clearly from the definition, we have if A ∈ Aq(M) and A′ > A, then A′ ∈ Aq(M);

if A ∈ Âq(M) and A′ > A, then A′ ∈ Âq(M); if B ∈ Bq(M) and B′ > B, then

B′ ∈ Bq(M); if B ∈ B̂q(M) and B′ > B, then B′ ∈ B̂q(M). We let

Aq(M) = inf{A : A ∈ Aq(M)},

Âq(M) = inf{A : A ∈ Âq(M)},

Bq(M) = inf{B : B ∈ Bq(M)},

B̂q(M) = inf{B : B ∈ B̂q(M)}.

Now we outline the AB program and the related ÂB̂ program in this setting:

(i)Questions in A program: what is Aq(M)? Is the set Aq(M) closed?

(ii)Questions in Â program: what is Âq(M)? Is the set Âq(M) closed?

(iii)Questions in B program: what is Bq(M)? Is the set Bq(M) closed?

(iv)Questions in B̂ program: what is B̂q(M)? Is the set B̂q(M) closed?

17



3.1 Answers to B Program

In this section, we completely answer the questions in B and B̂ program.

Theorem 3.1.1. For any compact strictly pseudoconvex CR manifold (M, θ) with

the pseudo-Hermitian structure θ and q ∈ (1, 2n+ 2), we denote the volume of M by

V (M), then there exists A such that for any u ∈ Sq1(M), there holds

(∫
M

|u|q∗dvol

) 1
q∗

≤ A

(∫
M

|∇bu|qdvol

) 1
q

+ (V (M))−
1

2n+2

(∫
M

|u|qdvol

) 1
q

.

Here the value (V (M))−
1

2n+2 is optimal.

Proof. By taking the constant function 1 on M , we obtain Bq(M) ≥ (V (M))−
1

2n+2 .

Then by Theorem 2.0.20, there exists D such that

(∫
M

|u− u|q∗dvol

) 1
q∗

≤ D

(∫
M

|∇bu|qdvol

) 1
q

.

By triangle inequality in Lq
∗
(M), we obtain

(∫
M

|u|q∗dvol

) 1
q∗

≤
(∫

M

|u− u|q∗dvol

) 1
q∗

+

(∫
M

|u|q∗dvol

) 1
q∗

≤ D

(∫
M

|∇bu|qdvol

) 1
q

+ (V (M))
1
q∗−1

∣∣∣∣∫
M

udvol

∣∣∣∣ .
(3.4)

Apply Hölder’s inequality,

∣∣∣∣∫
M

udvol

∣∣∣∣ ≤ ∫
M

|u|dvol ≤ (V (M))1− 1
q

(∫
M

|u|qdvol

) 1
q

. (3.5)

Combine (3.4) and (3.5), we obtain the result.

Theorem 3.1.2. For a compact strictly pseudoconvex CR manifold (M, θ) with the

pseudo-Hermitian structure θ and q ∈ (1, 2n + 2), we denote the volume of M by
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V (M). Then for any ε > 0, there exists A such that for any u ∈ Sq1(M), there holds

(∫
M

|u|q∗dvol

) q
q∗

≤ A

∫
M

|∇bu|qdvol +
(

(V (M))−
q

2n+2 + ε
)∫

M

|u|qdvol.

Proof. We first recall some basic result: for q ≥ 1 and any ε′ > 0, there exists constant

C such that for nonnegative x, y, there holds

(x+ y)q ≤ (1 + ε′)xq + Cyq.

Then by Theorem 3.1.1, there exists constant A such that

(∫
M

|u|q∗dvol

) q
q∗

≤
(

(V (M))−
q

2n+2 + ε
)∫

M

|u|qdvol + CAq
∫
M

|∇bu|qdvol,

which is exactly the result we want if we take CAq to be the new constant.

Lemma 3.1.3. Let (M, θ) be a compact strictly pseudoconvex CR manifold with the

pseudo-Hermitian structure θ and q ∈ (1, 2n + 2). We denote the volume of M by

V (M). If there exist A and B such that for any u ∈ Sq1(M), there holds

(∫
M

|u|q∗dvol

) q
q∗

≤ A

∫
M

|∇bu|qdvol +B

∫
M

|u|qdvol,

then B ≥ (V (M))−
q

2n+2 .

Proof. Similar to the proof to Theorem 3.1.1, we take the constant function 1 on M

to obtain B̂q(M) ≥ V (M)−
q

2n+2 .

Lemma 3.1.4. For any compact strictly pseudoconvex CR manifold (M, θ) with the

pseudo-Hermitian structure θ and q ∈ [2n+2
n+2

, 2], we denote the volume of M by V (M),

then there exists A such that for any u ∈ Sq1(M), there holds

(∫
M

|u|q∗dvol

) q
q∗

≤ A

∫
M

|∇bu|qdvol + (V (M))−
q

2n+2

∫
M

|u|qdvol.
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Proof. For any function v ∈ C0(M) satisfies
∫
M
vdvol = 0 and

∫
M
v2dvol = 1, take

ϕ(t) =

(∫
M

|1 + tv|q∗dvol

) 2
q∗

.

Then we have ϕ(0) = V (M)
2
q∗ and since

ϕ′(t) = 2

(∫
M

|1 + tv|q∗dvol

) 2
q∗−1(∫

M

|1 + tv|q∗−2(1 + tv)vdvol

)
,

there holds ϕ′(0) = 0. Then we compute ϕ′′(t) and obtain

ϕ′′(t) = 2q∗(
2

q∗
− 1)

(∫
M

|1 + tv|q∗−1vdvol

)2(∫
M

|1 + tv|q∗dvol

) 2
q∗−2

+ 2(q∗ − 1)

(∫
M

|1 + tv|q∗dvol

) 2
q∗−1(∫

M

|1 + tv|q∗−2v2dvol

)
.

For the choice of q, we have the first term is never positive. Then apply Hölder’s

inequality, there holds

∣∣∣∣∫
M

|1 + tv|q∗−2v2dvol

∣∣∣∣ ≤ (∫
M

|v|q∗dvol

) 2
q∗
(∫

M

|1 + tv|q∗dvol

)1− 2
q∗

.

So for t ≥ 0,

ϕ′′(t) ≤ 2(q∗ − 1)

(∫
M

|v|q∗dvol

) 2
q∗

,

and hence for any such v and t ≥ 0,

ϕ(t) =

(∫
M

|1 + tv|q∗dvol

) 2
q∗

≤ V (M)
2
q∗ + t2(q∗ − 1)

(∫
M

|v|q∗dvol

) 2
q∗

.

Consider now the function u = 1 + tv, such function v corresponds to function u ∈

C0(M) satisfying
∫
M
udvol = V (M). In other words, we obtain for any u ∈ C0(M)
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satisfying u = 1, there holds

(∫
M

|u|q∗dvol

) 2
q∗

≤V (M)−
2(q∗−1)
q∗

(∫
M

udvol

)2

+ (q∗ − 1)

(∫
M

|u− u|q∗dvol

) 2
q∗

.

(3.6)

By homogeneity and the fact that C0 functions are dense in Lq
∗
(M), we have (3.6)

holds for any u ∈ Lq
∗
(M). Applying Theorem 2.0.20 and Hölder’s inequality, we

obtain for any u ∈ Sq1(M),

(∫
M

|u|q∗dvol

) 2
q∗

≤ V (M)−
2

2n+2

(∫
M

|u|qdvol

) 2
q

+ C

(∫
M

|∇bu|qdvol

) 2
q

.

Since for q ∈ [2n+2
n+2

, 2] and nonnegative x, y, we have (x+ y)
q
2 ≤ x

q
2 + y

q
2 , hence

(∫
M

|u|q∗dvol

) q
q∗

≤ V (M)−
q

2n+2

∫
M

|u|qdvol + C

∫
M

|∇bu|qdvol,

which is just the result we want.

Lemma 3.1.5. For any compact strictly pseudoconvex CR manifold (M, θ) with the

pseudo-Hermitian structure θ and q ∈ (1, 2n+2
n+2

), we denote the volume of M by V (M),

then there exists A such that for any u ∈ Sq1(M), there holds

(∫
M

|u|q∗dvol

) q
q∗

≤ A

∫
M

|∇bu|qdvol + (V (M))−
q

2n+2

∫
M

|u|qdvol.

Proof. Consider a nontrivial function v ∈ C0(M) satisfying
∫
M
vdvol = 0, clearly we

have

∫
M

|1 + v|q∗dvol =

∫
{v≥0}

|1 + v|q∗dvol +

∫
{−1≤v<0}

|1 + v|q∗dvol +

∫
{v<−1}

|1 + v|q∗dvol.
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Since 2n+2
2n+1

< q∗ < 2, there holds

∫
M

|1 + v|q∗dvol ≤
∫
{v≥0}

(
1 + q∗v + vq

∗)
dvol +

∫
{−1≤v<0}

(
1 + q∗v + |v|q∗

)
dvol

+

∫
{v<−1}

|v|q∗dvol

≤
∫
{v≥0}

dvol +

∫
{v≥0}

q∗vdvol +

∫
{v≥0}

vq
∗
dvol +

∫
{−1≤v<0}

dvol

+

∫
{−1≤v<0}

q∗vdvol +

∫
{−1≤v<0}

|v|q∗dvol +

∫
{v<−1}

|v|q∗dvol

=

∫
{v≥−1}

dvol +

∫
M

|v|q∗dvol + q∗
∫
{v≥−1}

vdvol

=V ({v ≥ −1}) +

∫
M

|v|q∗dvol + q∗
∫
M

vdvol− q∗
∫
{v<−1}

vdvol

=V ({v ≥ −1}) +

∫
M

|v|q∗dvol + q∗
∫
{v<−1}

|v|dvol.

Hence by Hölder’s inequality, we obtain

∫
M

|1 + v|q∗dvol ≤V ({v ≥ −1}) +

∫
M

|v|q∗dvol

+ q∗ (V ({v < −1}))1− 1
q∗

(∫
M

|v|q∗dvol

) 1
q∗

.

Now for the real number t ∈ [0, V (M)), set

f(t) = t+ ‖v‖q
∗

Lq∗
+ q∗‖v‖Lq∗ (V (M)− t)

q∗−1
q∗ .

Simple computation shows that

f ′(t) = 1− (q∗ − 1)‖v‖Lq∗ (V (M)− t)
−1
q∗

and

f ′′(t) = −q
∗ − 1

q∗
‖v‖Lq∗ (V (M)− t)−

q∗+1
q∗ < 0,
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and hence

lim
t→V (M)

f ′(t) = −∞.

Then we discuss two cases. First we suppose that

f ′(0) = 1− (q∗ − 1)‖v‖Lq∗ (V (M))
−1
q∗ < 0,

also since f ′ is non-increasing, so if we set t0 = V ({v ≥ −1}), we have f(t0) ≤ f(0).

Now ∫
M

|1 + v|q∗dvol ≤ f(t0) ≤ ‖v‖q
∗

Lq∗
+ q∗‖v‖Lq∗ (V (M))

q∗−1
q∗

≤
(
1 + q∗(q∗ − 1)q

∗−1
)
‖v‖q

∗

Lq∗
.

The other case is that

f ′(0) = 1− (q∗ − 1)‖v‖Lq∗ (V (M))
−1
q∗ ≥ 0.

Take tm such that f ′(tm) = 0, we obtain

tm = V (M)− (q∗ − 1)q
∗‖v‖q

∗

Lq
∗ .

So in this case f(tm) ≥ f(t0). Direct computation leads to

∫
M

|1 + v|q∗dvol ≤ V (M) +
(
1 + (q∗ − 1)q

∗−1
)
‖v‖q

∗

Lq∗
.

In conclusion, in both cases there holds

∫
M

|1 + v|q∗dvol ≤ V (M) +
(
1 + q∗(q∗ − 1)q

∗−1
)
‖v‖q

∗

Lq∗
.
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Since (x+ y)
q
q∗ ≤ x

q
q∗ + y

q
q∗ for nonnegative x, y, we obtain

(∫
M

|1 + v|q∗dvol

) q
q∗

≤ V (M)
q
q∗ +

(
1 + q∗(q∗ − 1)q

∗−1
) q
q∗ ‖v‖q

Lq∗
.

Consider now the function u = 1 + v, such function v corresponds to function u ∈

C0(M) satisfying
∫
M
udvol = V (M). In other words, we obtain for any u ∈ C0(M)

satisfying u = 1, there holds

(∫
M

|u|q∗dvol

) q
q∗

≤V (M)
q
q∗−q

(∫
M

udvol

)q
+
(
1 + q∗(q∗ − 1)q

∗−1
) q
q∗

(∫
M

|u− u|q∗dvol

) q
q∗

.

(3.7)

By homogeneity and the fact that C0 functions are dense in Lq
∗
(M), we have (3.7)

holds for any u ∈ Lq
∗
(M). Applying Theorem 2.0.20 and Hölder’s inequality, we

obtain for any u ∈ Sq1(M),

(∫
M

|u|q∗dvol

) q
q∗

≤ (V (M))−
q

2n+2

∫
M

|u|qdvol + C

∫
M

|∇bu|qdvol,

which is exactly the inequality we want.

Theorem 3.1.6. For any compact strictly pseudoconvex CR manifold (M, θ) with the

pseudo-Hermitian structure θ and q ∈ (1, 2], we denote the volume of M by V (M),

then there exists A such that for any u ∈ Sq1(M), there holds

(∫
M

|u|q∗dvol

) q
q∗

≤ A

∫
M

|∇bu|qdvol + (V (M))−
q

2n+2

∫
M

|u|qdvol.

Here the value (V (M))−
q

2n+2 is optimal.

Proof. It is direct conclusion from Lemma 3.1.3, Lemma 3.1.4 and Lemma 3.1.5.

Theorem 3.1.7. For any compact strictly pseudoconvex CR manifold (M, θ) with

the pseudo-Hermitian structure θ and q ∈ (2, 2n+ 2), we denote the volume of M by
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V (M), then there doesn’t exist A such that for any u ∈ Sq1(M), there holds

(∫
M

|u|q∗dvol

) q
q∗

≤ A

∫
M

|∇bu|qdvol + (V (M))−
q

2n+2

∫
M

|u|qdvol.

Proof. Let u ∈ C∞(M) be a nonconstant function. For p > 2, let’s take

ϕp(t) =

∫
M

|1 + tu|pdvol.

Simple calculation leads to

ϕ′p(t) = p

∫
M

|1 + tu|p−2(1 + tu)udvol

and

ϕ′′p(t) = p(p− 1)

∫
M

|1 + tu|p−2u2dvol.

So we have

ϕ′p(0) = p

∫
M

udvol and ϕ′′p(0) = p(p− 1)

∫
M

u2dvol.

Hence

ϕp(t) = V (M) + p

(∫
M

udvol

)
t+

p(p− 1)

2

(∫
M

u2dvol

)
t2 + o(t2).

Substitute p = q and p = q∗, we obtain

∫
M

|1 + tu|qdvol = V (M) + q

(∫
M

udvol

)
t+

q(q − 1)

2

(∫
M

u2dvol

)
t2 + o(t2)

25



and

(∫
M

|1 + tu|q∗dvol

) q
q∗

= (V (M))
q
q∗ + q (V (M))

q
q∗−1

(∫
M

udvol

)
t

+
q(q − q∗)

2
(V (M))

q
q∗−2

(∫
M

udvol

)2

t2

+
q(q∗ − 1)

2
(V (M))

q
q∗−1

(∫
M

u2dvol

)
t2 + o(t2).

Now similar computation leads to

∫
M

|∇b(1 + tu)|qdvol = o(t2).

Let’s assume there exists such A, substitute 1 + tu into the inequality, we obtain

(V (M))
q
q∗ + q (V (M))

q
q∗−1

(∫
M

udvol

)
t+

q(q − q∗)
2

(V (M))
q
q∗−2

(∫
M

udvol

)2

t2

+
q(q∗ − 1)

2
(V (M))

q
q∗−1

(∫
M

u2dvol

)
t2 + o(t2) ≤

(V (M))
q
q∗ + q (V (M))

q
q∗−1

(∫
M

udvol

)
t+

q(q − 1)

2
(V (M))

q
q∗−1

(∫
M

u2dvol

)
t2.

Take t→ 0, there holds

V (M)

∫
M

u2dvol ≤
(∫

M

udvol

)2

.

By Hölder’s inequality, this is only possible when u is a constant function, so we

obtain contradiction.

3.2 Compatible Coordinate Charts

In this section, we construct compatible coordinate charts on the CR manifold.
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Lemma 3.2.1. Consider R3 = {(x, y, t) : x, y, t ∈ R} with the contact structure

θ = dt + 2xdy − 2ydx, the two vector fields X = 1
2
∂x + y∂t, Y = 1

2
∂y − x∂t will span

ker(θ) at each point. Suppose X̃, Ỹ are two linearly independent vector fields on R3

in ker(θ) at each point, and satisfies dθ(X̃|0, Ỹ |0) = dθ(X|0, Y |0). Then there exists a

neighborhood Ω of 0 = (0, 0, 0) with a coordinate chart function Φ = (ϕ, φ, τ) : Ω→ R3

such that Φ(0) = 0̂, Φ∗(θ̂) = θ and

dΦ(X̃) = (1 + o(1))X̂ + o(1)Ŷ , dΦ(Ỹ ) = o(1)X̂ + (1 + o(1))Ŷ .

Here note we use the symbol ̂ to denote concepts in the range space R3.

Proof. Suppose Φ is such a function on a neighborhood Ω and we will deduce the

conditions it needs to satisfy.

Let X̃ = AX + BY, Ỹ = CX + DY , where A,B,C,D are real functions on R3 with

AD −BC 6= 0 everywhere. Also let A(0) = a,B(0) = b, C(0) = c,D(0) = d and

 a b

c d


−1

=

 e f

g h

 .

Since dθ(X̃|0, Ỹ |0) = dθ(X|0, Y |0), we have ad− bc = 1. Since Φ∗(θ̂) = θ, there holds

Φ∗(θ̂)(∂x)

θ(∂x)
=

Φ∗(θ̂)(∂y)

θ(∂y)
=

Φ∗(θ̂)(∂t)

θ(∂t)
= 1.

Since 
dΦ(∂x) = ∂ϕ

∂x
∂x̂ + ∂φ

∂x
∂ŷ + ∂τ

∂x
∂t̂

dΦ(∂y) = ∂ϕ
∂y
∂x̂ + ∂φ

∂y
∂ŷ + ∂τ

∂y
∂t̂

dΦ(∂t) = ∂ϕ
∂t
∂x̂ + ∂φ

∂t
∂ŷ + ∂τ

∂t
∂t̂
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direct computation leads to

∂τ
∂x

+ 2ϕ∂φ
∂x
− 2φ∂ϕ

∂x

−2y
=

∂τ
∂y

+ 2ϕ∂φ
∂y
− 2φ∂ϕ

∂y

2x
=

∂τ
∂t

+ 2ϕ∂φ
∂t
− 2φ∂ϕ

∂t

1
= 1. (3.8)

We can also compute

dΦ(X̃|0) =a(dΦ)(X|0) + b(dΦ)(Y |0) =
1

2
a(dΦ)(∂x|0) +

1

2
b(dΦ)(∂y|0)

=
1

2

(
a
∂ϕ

∂x
|0 + b

∂ϕ

∂y
|0
)
∂x̂|0̂ +

1

2

(
a
∂φ

∂x
|0 + b

∂φ

∂y
|0
)
∂ŷ|0̂

+
1

2

(
a
∂τ

∂x
|0 + b

∂τ

∂y
|0
)
∂t̂|0̂.

Since Φ preserves the contact structure, now the condition

dΦ(X̃) = (1 + o(1))X̂ + o(1)Ŷ

is equivalent to

dΦ(X̃|0) =
1

2
∂x̂|0̂.

So we obtain 
a∂ϕ
∂x
|0 + b∂ϕ

∂y
|0 = 1

a∂φ
∂x
|0 + b∂φ

∂y
|0 = 0

a∂τ
∂x
|0 + b∂τ

∂y
|0 = 0

Similarly consider dΦ(Ỹ ), we have


c∂ϕ
∂x
|0 + d∂ϕ

∂y
|0 = 0

c∂φ
∂x
|0 + d∂φ

∂y
|0 = 1

c∂τ
∂x
|0 + d∂τ

∂y
|0 = 0
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Together with (3.8), we obtain


∂ϕ
∂x
|0 ∂ϕ

∂y
|0 ∂ϕ

∂t
|0

∂φ
∂x
|0 ∂φ

∂y
|0 ∂φ

∂t
|0

∂τ
∂x
|0 ∂τ

∂y
|0 ∂τ

∂t
|0

 =


e g ∗

f h ∗

0 0 1

 . (3.9)

Inspired by this, we simply let


ϕ = ex+ gy

φ = fx+ hy

τ = t

and check it satisfies (3.8) and (3.9). Hence we take a suitable neighborhood and

obtain the right coordinate chart.

Theorem 3.2.2. Let (M, θM) be a strictly pseudoconvex CR manifold (not necessarily

compact) of real dimension 3, with {TM1 } to be a pseudo-Hermitian frame. Denote

H1 = {(ẑ, t̂) : ẑ ∈ C, t̂ ∈ R}, with Ẑ1 = ∂ẑ + iẑ∂t̂, Ẑ1 = ∂ẑ − iẑ∂t̂ and X̂ = Re(Ẑ1),

Ŷ = −Im(Ẑ1) on H1. For any point m ∈ M , there exists a neighborhood Ω and a

coordinate chart function Φ : Ω→ H1 such that Φ(m) = 0, Φ∗(θH1) = θM and

dΦ(TM1 ) = (1 + o(1))Ẑ1 + o(1)Ẑ1,

dΦ(TM1 ) = o(1)Ẑ1 + (1 + o(1))Ẑ1.

Proof. Let’s now denote Re(TM1 ) = XM ,−Im(TM1 ) = Y M . By Darboux’s Theorem,

all contact structures are locally diffeomorphic. Hence we can take a smooth Φ1

which maps a neighborhood of m onto an open set in R3, such that Φ1(m) = 0,

Φ∗1(dt+ 2xdy−2ydx) = θM . Take dΦ1(XM), dΦ1(Y M) to be X̃, Ỹ as in Lemma 3.2.1,

we obtain a neighborhood of 0 in R3 and a coordinate chart function Φ2 onto an open

subset of H1 (now considered as the range space R3 as in Lemma 3.2.1) such that
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Φ2(0) = 0, Φ∗2(θH1) = dt+ 2xdy − 2ydx, and

dΦ2 ◦ dΦ1(XM) = (1 + o(1))X̂ + o(1)Ŷ ,

dΦ2 ◦ dΦ1(Y M) = o(1)X̂ + (1 + o(1))Ŷ .

Take Φ = Φ2 ◦ Φ1 and choose a suitable neighborhood of m, we get the result we

want.

Lemma 3.2.3. Consider now n ≥ 2, R2n+1 = {(xj, yj, t) : 1 ≤ j ≤ n, xj, yj, t ∈ R}

with the contact structure θ = dt+ 2xjdyj − 2yjdxj. The 2n vector fields are now

Xj =
1

2
∂xj + yj∂t , Yj =

1

2
∂yj − xj∂t.

Suppose there are also 2n linearly independent vector fields on R2n+1 given in the

matrix form



X̃1

X̃2

...

X̃n

Ỹ1

Ỹ2

...

Ỹn



=



A1
1 A2

1 · · · An1 B1
1 B2

1 · · · Bn
1

A1
2 A2

2 · · · An2 B1
2 B2

2 · · · Bn
2

...
...

. . .
...

...
...

. . .
...

A1
n A2

n · · · Ann B1
n B2

n · · · Bn
n

C1
1 C2

1 · · · Cn
1 D1

1 D2
1 · · · Dn

1

C1
2 C2

2 · · · Cn
2 D1

2 D2
2 · · · Dn

2

...
...

. . .
...

...
...

. . .
...

C1
n C2

n · · · Cn
n D1

n D2
n · · · Dn

n





X1

X2

...

Xn

Y1

Y2

...

Yn



,
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with Akj , B
k
j , C

k
j , D

k
j to be smooth functions on R2n+1. We assume



A1
1 · · · An1 B1

1 · · · Bn
1

...
. . .

...
...

. . .
...

A1
n · · · Ann B1

n · · · Bn
n

C1
1 · · · Cn

1 D1
1 · · · Dn

1

...
. . .

...
...

. . .
...

C1
n · · · Cn

n D1
n · · · Dn

n



−1

=



E1
1 · · · En

1 F 1
1 · · · F n

1

...
. . .

...
...

. . .
...

E1
n · · · En

n F 1
n · · · F n

n

G1
1 · · · Gn

1 H1
1 · · · Hn

1

...
. . .

...
...

. . .
...

G1
n · · · Gn

n H1
n · · · Hn

n


.

Let akj · · ·hkj be values of those functions at 0. If there holds for any j, k,



n∑̀
=1

(e`jf
`
k − e`kf `j ) = 0

n∑̀
=1

(g`jh
`
k − g`kh`j) = 0

n∑̀
=1

(e`jh
`
k − f `j g`k) = δjk

(3.10)

then there exists a neighborhood Ω of 0 in R2n+1 and a coordinate chart function

Φ = (ϕ1 · · ·ϕn, φ1 · · ·φn, τ) : R2n+1 → R2n+1 such that Φ(0) = 0̂, Φ∗(θ̂) = θ and for

any j,

 dΦ(X̃j) = o(1)X̂1 + · · ·+ (1 + o(1))X̂j + · · ·+ o(1)X̂n + o(1)Ŷ1 + · · ·+ o(1)Ŷn

dΦ(Ỹj) = o(1)X̂1 + · · ·+ o(1)X̂n + o(1)Ŷ1 + · · ·+ (1 + o(1))Ŷj + · · ·+ o(1)Ŷn

(3.11)

Here note we use the symbol ̂ to denote concepts in the range space R2n+1.

Proof. Inspired by Lemma 3.2.1, we define the function Φ as follows:


ϕj = ej`x

` + gj`y
`

φj = f j` x
` + hj`y

`

τ = t
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for any 1 ≤ j ≤ n. Then we check it satisfies all the requirements. First we notice

that if Φ∗(θ̂) = θ (which will be checked later), to show (3.11), it suffices to check

dΦ(X̃j|0) = 1
2
∂x̂j |0̂ and dΦ(Ỹj|0) = 1

2
∂ŷj |0̂. Since for each j,


dΦ(∂xj) = ∂ϕ`

∂xj
∂x̂` + ∂φ`

∂xj
∂ŷ` + ∂τ

∂xj
∂t̂

dΦ(∂yj) = ∂ϕ`

∂yj
∂x̂` + ∂φ`

∂yj
∂ŷ` + ∂τ

∂yj
∂t̂

dΦ(∂t) = ∂ϕ`

∂t
∂x̂` + ∂φ`

∂t
∂ŷ` + ∂τ

∂t
∂t̂

we obtain

dΦ(X̃j|0) =akjdΦ(Xk|0) + bkjdΦ(Yk|0) =
1

2
akjdΦ(∂xk |0) +

1

2
bkjdΦ(∂yk |0)

=
1

2

(
akj
∂ϕ`

∂xk
|0 + bkj

∂ϕ`

∂yk
|0
)
∂x̂` |0̂ +

1

2

(
akj
∂φ`

∂xk
|0 + bkj

∂φ`

∂yk
|0
)
∂ŷ` |0̂

+
1

2

(
akj
∂τ

∂xk
|0 + bkj

∂τ

∂yk
|0
)
∂t̂|0̂

=
1

2

(
akj e

`
k + bkj g

`
k

)
∂x̂` |0̂ +

1

2

(
akjf

`
k + bkjh

`
k

)
∂ŷ`|0̂ =

1

2
∂x̂j |0̂.

Similarly we can check dΦ(Ỹj|0) = 1
2
∂ŷj |0̂. Then it remains to check Φ∗(θ̂) = θ.

Actually for each j,

Φ∗(θ̂)(∂xj) = θ̂ (dΦ(∂xj)) =
∂τ

∂xj
+ 2

n∑
`=1

ϕ`
∂φ`

∂xj
− 2

n∑
`=1

φ`
∂ϕ`

∂xj

= 2
n∑

`,k=1

(e`kx
k + g`ky

k)f `j − 2
n∑

`,k=1

(f `kx
k + h`ky

k)e`j

= −2yj = θ(∂xj).

Similarly we can verify that Φ∗(θ̂)(∂yj) = θ(∂yj) and Φ∗(θ̂)(∂t) = θ(∂t). Hence we

conclude Φ∗(θ̂) = θ.

Lemma 3.2.4. Let (M, θM) be a strictly pseudoconvex CR manifold (not necessarily

compact) of real dimension (2n + 1), where n ≥ 2, with {TMj }nj=1 to be a pseudo-

Hermitian frame. We set XM
j = Re(TMj ) and Y M

j = −Im(TMj ) for each 1 ≤ j ≤ n.
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For a m ∈ M , suppose there is a coordinate chart function Φ from a neighborhood

Ω of m onto an open subset of R2n+1 such that Φ(m) = 0 and Φ∗(θ) = θM , where

θ = dt + 2xjdyj − 2yjdxj. If we denote X̃j = dΦ(XM
j ), Ỹj = dΦ(Y M

j ), write them as

linearly combinations of those Xj, Yj in R2n+1 and then take the inverse matrix as in

Lemma 3.2.3, then the values at 0 will satisfy (3.10) for any j, k.

Proof. We first rewrite

X̃j = AkjXk +Bk
j Yk , Ỹj = Ck

jXk +Dk
jYk

in the inverse way:

Xj = Ek
j X̃k + F k

j Ỹk , Yj = Gk
j X̃k +Hk

j Ỹk. (3.12)

Identify R2n+1 with Hn, now θ = θHn remains unchanged. We can take advantage

of the complex structure. Let Zj = Xj − iYj, Zj = Xj + iYj and Z̃j = X̃j − iỸj,

Z̃j = X̃j + iỸj. Since {TMj }nj=1 is a pseudo-Hermitian frame, and Φ∗(θ) = θM , we

obtain for any 1 ≤ j, k ≤ n,

δkj = −i(dθM)(TMj , TM
k

) = −i(dθ)(Z̃j, Z̃k),

0 = −i(dθM)(TMj , TMk ) = −i(dθ)(Z̃j, Z̃k),

0 = −i(dθM)(TM
j
, TM

k
) = −i(dθ)(Z̃j, Z̃k).

(3.13)

We also have for any 1 ≤ j, k ≤ n,

δkj = −i(dθ)(Zj, Zk) , 0 = −i(dθ)(Zj, Zk) , 0 = −i(dθ)(Zj, Zk).
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Substitute (3.12) and (3.13), there holds

δkj = −i(dθ)(Zj, Zk) = −i(dθ)(Xj − iYj, Xk + iYk)

= −i(dθ)
(
E`
jX̃` + F `

j Ỹ` − iG`
jX̃` − iH`

j Ỹ`, E
`
kX̃` + F `

k Ỹ` + iG`
kX̃` + iH`

kỸ`

)
= −i(dθ)

(
(E`

j − iG`
j + iF `

j +H`
j )Z̃` + (E`

j − iG`
j − iF `

j −H`
j )Z̃`

2
,

(E`
k + iG`

k + iF `
k −H`

k)Z̃` + (E`
k + iG`

k − iF `
k +H`

k)Z̃`
2

)
.

Take the values at 0, we obtain

n∑
`=1

(e`j − ig`j + if `j + h`j)(e
`
k + ig`k − if `k + h`k)−

n∑
`=1

(e`j − ig`j − if `j − h`j)(e`k + ig`k + if `k − h`k) = 4δkj .

Or equivalently,

n∑
`=1

(
e`jh

`
k + e`kh

`
j − f `j g`k − f `kg`j

)
= 2δkj ,

n∑
`=1

(
e`jf

`
k − e`kf `j + g`jh

`
k − g`kh`j

)
= 0.

(3.14)

Similarly, since −i(dθ)(Zj, Zk) = 0 for any j, k, we obtain

n∑
`=1

(
e`jh

`
k − e`kh`j − f `j g`k + f `kg

`
j

)
= 0 ,

n∑
`=1

(
e`jf

`
k − e`kf `j − g`jh`k + g`kh

`
j

)
= 0. (3.15)

From (3.14) and (3.15), it is easy to deduce (3.10).

Theorem 3.2.5. Let (M, θM) be a strictly pseudoconvex CR manifold (not necessarily

compact) of real dimension (2n + 1), where n ≥ 2, with {TMj }nj=1 to be a pseudo-

Hermitian frame. Denote Hn = {(ẑ1 · · · , ẑn, t̂) : ẑj ∈ C, t̂ ∈ R}, with Ẑj = ∂ẑj + iẑ
j
∂t̂,

Ẑj = ∂
ẑ
j − iẑj∂t̂, and X̂j = Re(Ẑj), Ŷj = −Im(Ẑj) on Hn. For any point m ∈ M ,
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there exists a neighborhood Ω and a coordinate chart function Φ : Ω→ Hn such that

Φ(m) = 0, Φ∗(θHn) = θM and for any 1 ≤ j ≤ n,

dΦ(TMj ) = o(1)Ẑ1 + · · ·+ (1 + o(1))Ẑj + · · ·+ o(1)Ẑn + o(1)Ẑ1 + · · ·+ o(1)Ẑn,

dΦ(TM
j

) = o(1)Ẑ1 + · · ·+ o(1)Ẑn + o(1)Ẑ1 + · · ·+ (1 + o(1))Ẑj + · · ·+ o(1)Ẑn.

Proof. Let’s now denote Re(TMj ) = XM
j , −Im(TMj ) = Y M

j . By Darboux’s Theorem,

all contact structures are locally diffeomorphic. Hence we can take a smooth Φ1

which maps a neighborhood of m onto an open set in R2n+1, such that Φ1(m) = 0,

Φ∗1(dt+ 2xjdyj − 2yjdxj) = θM . Take dΦ1(XM
j ), dΦ1(Y M

j ) to be X̃j, Ỹj as in Lemma

3.2.3, then by Lemma 3.2.3 and Lemma 3.2.4, we obtain a neighborhood of 0 in R2n+1

and a coordinate chart function Φ2 onto an open subset of Hn (now considered as the

range space R2n+1) such that Φ2(0) = 0, Φ∗2(θHn) = dt+ 2xjdyj − 2yjdxj, and for any

1 ≤ j ≤ n,

dΦ2 ◦ dΦ1(XM
j ) =o(1)X̂1 + · · ·+ (1 + o(1)) X̂j + · · ·+ o(1)X̂n

+ o(1)Ŷ1 + · · ·+ o(1)Ŷn,

dΦ2 ◦ dΦ1(Y M
j ) =o(1)X̂1 + · · ·+ o(1)X̂n+

o(1)Ŷ1 + · · ·+ (1 + o(1)) Ŷj + · · ·+ o(1)Ŷn.

Take Φ = Φ2 ◦ Φ1 and choose a suitable neighborhood of m, we get the result we

want.

3.3 Discussion on A Program

In this section, we prove Aq(M) = A (n, q) and Âq(M) = A (n, q)q for any com-

pact CR manifold M of dimension 2n+ 1.
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Lemma 3.3.1. Let (M, θ) be a strictly pseudoconvex CR manifold (not necessarily

compact) and let q ∈ (1, 2n+2) be a positive number with q∗ defined by 1
q∗

= 1
q
− 1

2n+2
.

Suppose there exist positive constants A and B such that for any u ∈ D(M), there

holds

(∫
M

|u|q∗dvol

) 1
q∗

≤ A

(∫
M

|∇bu|qdvol

) 1
q

+B

(∫
M

|u|qdvol

) 1
q

. (3.16)

Then A ≥ A (n, q).

Proof. We prove by contradiction. Suppose there exist A < A (n, q) and positive B

such that (3.16) holds for any u ∈ D(M). Take a x ∈M , for any ε > 0, we can take a

small neighborhood Ω with the coordinate chart function Φ constructed in Theorem

3.2.2 and Theorem 3.2.5 such that Φ(Ω) = Bδ(0) ⊂ Hn, Φ∗(θ0) = θ and

(1− ε)
∫
Bδ(0)

|∇bu|qdvol0 ≤
∫

Ω

|∇bu|qdvol ≤ (1 + ε)

∫
Bδ(0)

|∇bu|qdvol0.

Here dvol is the volume form on M and dvol0 is the standard volume form on Hn.

Taking ε small enough, we get there exist some A′ ∈ (A,A (n, q)) and B′ such that

for u ∈ D(Bδ(0)),

(∫
H
|u|q∗dvol0

) 1
q∗

≤ A′
(∫

H
|∇bu|qdvol0

) 1
q

+B′
(∫

H
|u|qdvol0

) 1
q

.

By Hölder’s inequality, we have

(∫
Bδ(0)

|u|qdvol0

) 1
q

≤ V (Bδ(0))
1

2n+2

(∫
Bδ(0)

|u|q∗dvol0

) 1
q∗

.
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Hence by choosing δ small enough, we obtain there exists A′′ < A (n, q) such that for

any u ∈ D (Bδ(0)), there holds

(∫
H
|u|q∗dvol0

) 1
q∗

≤ A′′
(∫

H
|∇bu|qdvol0

) 1
q

. (3.17)

Since (3.17) is invariant under dilation on Hn, we have actually for any u ∈ D (Hn),

(3.17) holds. This contradicts with the fact A (n, q) is the optimal constant, as we

stated in Theorem 2.0.21.

Lemma 3.3.2. Let (M, θ) be a strictly pseudoconvex compact CR manifold and let

q ∈ (1, 2n+ 2) be a positive number with q∗ defined by 1
q∗

= 1
q
− 1

2n+2
. For any ε > 0,

there exists positive number B such that for u ∈ Sq1(M),

(∫
M

|u|q∗dvol

) q
q∗

≤ (A (n, q)q + ε)

∫
M

|∇bu|qdvol +B

∫
M

|u|qdvol.

Proof. With the help of compatible coordinate charts, for any ε > 0, we can take a

finite partition of unity (Ωj, ηj)
N
j=1 of M such that if u ∈ D(Ωj) for any 1 ≤ j ≤ N ,

then we have

(∫
M

|u|q∗dvol

) q
q∗

≤
(
A (n, q)q +

ε

2

)∫
M

|∇bu|qdvol.

So with the property of Lp spaces, we obtain for u ∈ Sq1(M),

‖u‖q
Lq∗

= ‖uq‖Lq∗/q =

∥∥∥∥ N∑
j=1

ηju
q

∥∥∥∥
Lq
∗/q

≤
N∑
j=1

‖ηjuq‖Lq∗/q =
N∑
j=1

(∫
M

η
q∗
q

j |u|q
∗
dvol

) q
q∗

≤
(
A (n, q)q +

ε

2

) N∑
j=1

∫
M

|∇b(η
1
q

j u)|qdvol.

(3.18)
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We choose positive constants α and β such that for any t ≥ 0, there holds

(1 + t)q ≤ 1 + αt+ βtq.

Direct computation leads to

|∇b(η
1
q

j u)|q ≤
(
η

1
q

j |∇bu|+ |u||∇bη
1
q

j |
)q

≤ηj|∇bu|q + αη
q−1
q

j |∇bu|q−1|u||∇bη
1
q

j |+ β|u|q|∇bη
1
q

j |q.

Combined with (3.18), we have if we take positive constant H with H ≥ |∇bη
1
q

j | for

all j, there holds

(∫
M

|u|q∗
) q

q∗

≤
(
A (n, q)q +

ε

2

)
×∫

M

N∑
j=1

(
ηj|∇bu|q + αη

q−1
q

j |∇bu|q−1|u||∇bη
1
q

j |+ β|u|q|∇bη
1
q

j |q
)
dvol

≤
(
A (n, q)q +

ε

2

) (
‖∇bu‖qLq + αNH‖u‖Lq‖∇bu‖q−1

Lq + βNHq‖u‖qLq
)
.

Then we choose positive ε0 and constant C such that

(1 + ε0)
(
A (n, q)q +

ε

2

)
≤ A (n, q)q + ε.

and

αNH‖u‖Lq‖∇bu‖q−1
Lq ≤ ε0‖∇bu‖qLq + C‖u‖qLq .

Substitute, we obtain

(∫
M

|u|q∗
) q

q∗

≤ (A (n, q)q + ε)

∫
M

|∇bu|qdvol +B

∫
M

|u|qdvol
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with

B =
(
A (n, q)q +

ε

2

)
(C + βNHq) .

Lemma 3.3.3. Let (M, θ) be a strictly pseudoconvex CR manifold (not necessarily

compact) and let q ∈ (1, 2n+2) be a positive number with q∗ defined by 1
q∗

= 1
q
− 1

2n+2
.

Suppose there exist positive constants A and B such that for any u ∈ D(M), there

holds (∫
M

|u|q∗dvol

) q
q∗

≤ A

∫
M

|∇bu|qdvol +B

∫
M

|u|qdvol.

Then A ≥ A (n, q)q.

Proof. We can prove by contradiction, and it is simple result if we combine Lemma

3.3.1 and the fact that for any nonnegative x and y,

(x+ y)
1
q ≤ x

1
q + y

1
q .

Lemma 3.3.4. Let (M, θ) be a strictly pseudoconvex compact CR manifold and let

q ∈ (1, 2n+ 2) be a positive number with q∗ defined by 1
q∗

= 1
q
− 1

2n+2
. For any ε > 0,

there exists positive number B such that for u ∈ Sq1(M),

(∫
M

|u|q∗dvol

) 1
q∗

≤ (A (n, q) + ε)

(∫
M

|∇bu|qdvol

) 1
q

+B

(∫
M

|u|qdvol

) 1
q

.

Proof. It is conclusion from Lemma 3.3.2 and the simple fact that for any nonnegative

x and y,

(x+ y)
1
q ≤ x

1
q + y

1
q .
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Theorem 3.3.5. We have for any compact strictly pseudoconvex CR manifold (M, θ),

Aq(M) = A (n, q).

Proof. It is now obvious from the results of Lemma 3.3.1 and Lemma 3.3.4.

Theorem 3.3.6. We have for any compact strictly pseudoconvex CR manifold (M, θ),

Âq(M) = A (n, q)q.

Proof. It is now obvious from the results of Lemma 3.3.2 and Lemma 3.3.3.

3.4 Case of the CR Sphere

In this section, we give example of the two optimal constants in AB inequality on

the CR sphere S2n+1.

Example 3.4.1. As we can easily find in [29] or [40], on the CR sphere S2n+1, for the

case q = 2, for any u ∈ S2
1(S2n+1), the AB inequality admits exactly optimal values

of the two constants we find:

(∫
S
|u|2∗dvol1

) 2
2∗

≤ A (n, 2)2

∫
S
|∇bu|2dvol1 + ω

− 1
n+1

2n+1

∫
S
u2dvol1,

where A (n, 2) =
√

1
πn2 , ω2n+1 is the volume of the sphere S2n+1 in (2.1) and the two

constants are optimal. Here we use the volume form dvol1, but in [29] the volume

form is dσ induced from R2n+2, so the constants may be different. Also note that the

equality holds if and only if

u(ζ) =
c

|1− ξ · ζ|n

for some constant c and some ξ ∈ Cn+1 with |ξ| < 1.

Then the other form of AB inequality is also clear now. For any nonnegative numbers
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x and y,

(x+ y)
1
2 ≤ x

1
2 + y

1
2 (3.19)

and the equality holds if x = 0 or y = 0. We have for any u ∈ S2
1(S2n+1), there holds

(∫
S
|u|2∗dvol1

) 1
2∗

≤ A (n, 2)

(∫
S
|∇bu|2dvol1

) 1
2

+ ω
− 1

2n+2

2n+1

(∫
S
u2dvol1

) 1
2

,

here the two constants A (n, 2) and ω
− 1

2n+2

2n+1 are optimal and the equality holds if and

only if u ≡ c for some constant c. For if the equality holds, the equality in (3.19) also

holds, we must have either
∫
S u

2dvol1 = 0 or
∫
S |∇bu|2dvol1 = 0, any will imply that

u is constant on S2n+1.

3.5 Application to CR Yamabe Problem

In this section, we apply the analytic results to give new proof to special case of

CR Yamabe problem.

Definition 3.5.1. For some smooth function h on M , we define a functional Ih(u)

for each u ∈ S1(M):

Ih(u) =

∫
M

|∇bu|2dvol +

∫
M

hu2dvol.

Definition 3.5.2. For s ∈ (2, 2∗), we define

Λs = {u ∈ S1(M) :

∫
M

|u|sdvol = 1},

and also

Λ = {u ∈ S1(M) :

∫
M

|u|2∗dvol = 1}.
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Definition 3.5.3. For s ∈ (2, 2∗) and smooth h on M , we define

µs,h = inf
u∈Λs

Ih(u),

and also

µh = inf
u∈Λ

Ih(u).

Lemma 3.5.4. Let h be a smooth function on M , if µh > 0, then the operator ∆b+h

is coercive. Or precisely, there exists C > 0, such that for any u ∈ S1(M), we have

∫
M

(
|∇bu|2 + hu2

)
dvol ≥ C‖u‖2

S1
.

Proof. By definition of µh and Hölder’s inequality, there exist constants C1 and C2

such that for any u ∈ S1(M), there holds

∫
M

(
|∇bu|2 + hu2

)
dvol ≥ C1

(∫
M

|u|2∗dvol

) 2
2∗

≥ C2

∫
M

u2dvol.

Hence if we choose C small enough such that 0 < C < C2

2
and (1− C)C2 + Ch ≥ C2

2

everywhere, we will have

∫
M

(
|∇bu|2 + hu2

)
dvol ≥ C

∫
M

(
|∇bu|2 + hu2

)
dvol + (1− C)C2

∫
M

u2dvol

≥ C

∫
M

|∇bu|2dvol +
C2

2

∫
M

u2dvol

≥ C‖u‖2
S1
.

Lemma 3.5.5. If for some smooth function h on M , we have µh > 0, then for any

s ∈ (2, 2∗), there exists a positive function Φs,h ∈ C∞(M) ∩ Λs, such that

∆bΦs,h + hΦs,h = µs,hΦ
s−1
s,h . (3.20)
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In particular, µs,h > 0.

Proof. Let {Φj}∞j=1 be a minimizing sequence in Λs to obtain µs,h, i.e.

lim
j→+∞

Ih(Φj) = µs,h.

Without loss of generality, we may assume Φj ≥ 0 by replacing Φj by |Φj|. Since

(Φj) is bounded in S1(M), also by the fact that the embedding of S1(M) into Ls(M)

is compact, up to extraction of a subsequence, we have

Φj ⇀ Φs,h in S1(M)

Φj → Φs,h in Ls(M)

Φj → Φs,h a.e.

It is obvious Φs,h ≥ 0 a.e. Since Φj → Φs,h in Ls(M) and Φj ∈ Λs, we have ‖Φs,h‖Ls =

1. Hence Φs,h 6≡ 0. By weak convergence in S1(M), there holds

‖Φs,h‖S1 ≤ lim inf
j→+∞

‖Φj‖S1 .

Also since Ls(M) ⊂ L2(M), we obtain

Ih(Φs,h) ≤ lim inf
j→+∞

Ih(Φj) = µs,h.

As a result we have Ih(Φs,h) = µs,h. By variational method, the fact that Φs,h is

minimizer for Ih implies

∆bΦs,h + hΦs,h = µs,hΦ
s−1
s,h .

Then by Theorem 2.0.22, we obtain Φs,h is smooth and positive. Hence multiply Φs,h

on both sides and then take integral, it is easy to obtain µs,h > 0 by Lemma 3.5.4.
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Lemma 3.5.6. There holds

lim sup
s→2∗

µs,h ≤ µh.

Proof. For any ε > 0, we can take nonnegative v ∈ Λ such that

Ih(v) < µh + ε.

We now rescale v to obtain vs ∈ Λs:

vs =

(∫
M

vsdvol

)− 1
s

v.

By definition of µs,h, Ih(vs) ≥ µs,h. We also have

lim
s→2∗

Ih(vs) = Ih(v).

So we have

lim sup
s→2∗

µs,h ≤ Ih(v) ≤ µh + ε

for any ε > 0. Hence the claim is proved.

Lemma 3.5.7. Let Ω be a smooth bounded domain of Hn, let {uj}∞j=1 be a bounded

sequence of functions in S1,0(Ω). Assume divb(∇buj) is bounded in L1(Ω), then there

exists u ∈ S1,0(Ω) such that up to extraction of a subsequence,

uj → u a.e.

∇buj → ∇bu a.e.

uj → u in L2(Ω)

∇buj ⇀ ∇bu in L2(Ω).
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Proof. We have ∇buj is bounded in L2(Ω), also since the embedding of S1(Ω) into

Ls(Ω) is compact for s ∈ (2, 2∗), so up to extraction of a subsequence, we may assume

there exist u ∈ S1,0(Ω) and some Σ ∈ L2(Ω) such that

uj ⇀ u in S1,0(Ω)

uj → u in L2(Ω)

uj → u a.e.

∇buj ⇀ Σ in L2(Ω).

For δ > 0, now by Egoroff’s theorem, there exists Ωδ ⊂ Ω such that measure of Ω\Ωδ

is less than δ, and uj converges to u uniformly in Ωδ. So let ε > 0 be given, take j

large enough, we will have |uj(x)− u(x)| < ε for x ∈ Ωδ.

Then we define a truncation function ηε on R by

ηε(x) =

 x if |x| < ε

εx
|x| if |x| ≥ ε.

We have 〈
∇buj −∇bu,∇b (ηε ◦ (uj − u))

〉
≥ 0

a.e. in Ω. For j large enough, there holds

∇b (ηε ◦ (uj − u)) = ∇b(uj − u)

on Ωδ, we have

∫
Ωδ

|∇b(uj − u)|2dvol0 =

∫
Ωδ

〈
∇buj −∇bu,∇b (ηε ◦ (uj − u))

〉
dvol0

≤
∫

Ω

〈
∇buj −∇bu,∇b (ηε ◦ (uj − u))

〉
dvol0

= −
∫

Ω

divb(∇buj) (ηε ◦ (uj − u)) dvol0 −
∫

Ω

〈
∇bu,∇b (ηε ◦ (uj − u))

〉
dvol0.
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Since ηε ◦ (uj − u) converges weakly to 0 in S1,0(Ω), we obtain

lim
j→+∞

∫
Ω

〈
∇bu,∇b (ηε ◦ (uj − u))

〉
dvol0 = 0.

Since divb(∇buj) is bounded in L1(Ω), there exists a positive constant C such that

for any j,

∫
Ω

divb(∇buj) (ηε ◦ (uj − u)) dvol0 ≤ ε

∫
Ω

|divb(∇buj)|dvol0 ≤ Cε.

Hence

lim sup
j→+∞

∫
Ωδ

|∇b(uj − u)|2dvol0 ≤ Cε.

Since ε is arbitrarily chosen, there holds up to extraction of a subsequence, ∇b(uj−u)

converges a.e. to 0 in Ωδ as j → +∞. Since δ is also arbitrarily chosen, we have

∇buj converges to ∇bu a.e. in Ω. Since ∇buj is bounded in L2(Ω), so ∇buj converges

weakly to ∇bu, we conclude ∇bu = Σ.

Lemma 3.5.8. For s ∈ (2, 2∗) and some smooth function h on M , assume that

0 < µh <
1

A (n,2)2
. let Φs,h be as in Lemma 3.5.5, with the additional condition that

up to extraction of a subsequence, µs,h converges to some µ′h as s → 2∗. Then there

exists smooth function Φh ∈ C∞(M) ∩ S1(M) with Φh > 0, and

∆bΦh + hΦh = µ′hΦ
2∗−1
h . (3.21)

In particular, µ′h > 0.

Proof. For fixed function h and s ∈ (2, 2∗), Φs,h is bounded in S1(M). Since for

s ∈ (2, 2∗), the embedding of S1(M) into Ls(M) is compact, so up to extraction of a
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subsequence, we can assume as s→ 2∗,

Φs,h ⇀ Φh in S1(M)

Φs,h → Φh in L2(M)

Φs,h → Φh a.e.

So Φh is nonnegative. Since |∇bΦs,h| is bounded in L2(M), we may assume up to

extraction of a subsequence that as s→ 2∗,

∇bΦs,h ⇀ Σh in L
2∗

2∗−1 (M).

Here, note that we have used the fact that weak convergence in L2(M) implies weak

convergence in L
2∗

2∗−1 (M). Also, since Φs−1
s,h is bounded in L

2∗
s−1 (M) ⊂ L

2∗
2∗−1 (M) and

Φs−1
s,h → Φ2∗−1

h a.e., we may assume up to extraction of a subsequence,

Φs−1
s,h ⇀ Φ2∗−1

h in L
2∗

2∗−1 (M).

Since

∆bΦs,h = −hΦs,h + µs,hΦ
s−1
s,h ,

by Lemma 3.5.6, µs,h is bounded for fixed function h, so ∆bΦs,h is bounded in

L
2∗

2∗−1 (M) and hence bounded in L1(M). We may also take a subsequence such

that the limit of µs,h is µ′h. Now take s → 2∗ in (3.20), similar to Lemma 3.5.7, we

obtain in the weak sense,

∆bΦh + hΦh = µ′hΦ
2∗−1
h . (3.22)

By Theorem 2.0.22, Φh is positive smooth or identically 0. In the first case if we

multiply Φh on both sides of (3.22) and take integral, it is easy to obtain µ′h > 0. So

it suffices to show Φh 6≡ 0.
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By definition of µh,

µh = inf
u∈Λ

Ih(u) <
1

A (n, 2)2
.

Take ε > 0 such that (
A (n, 2)2 + ε

)
inf
u∈Λ

Ih(u) < 1. (3.23)

By the result of AB inequality, there exists positive B such that for any u ∈ S1(M),

(∫
M

|u|2∗dvol

) 2
2∗

≤
(
A (n, 2)2 + ε

) ∫
M

|∇bu|2dvol +B

∫
M

u2dvol.

Substitute u = Φs,h, there holds

(∫
M

Φ2∗

s,hdvol

) 2
2∗

≤
(
A (n, 2)2 + ε

) ∫
M

|∇bΦs,h|2dvol +B

∫
M

Φ2
s,hdvol.

Applying Hölder’s inequality, we obtain

∫
M

Φs
s,hdvol ≤

(∫
M

Φ2∗

s,hdvol

) s
2∗

V (M)1− s
2∗ ,

where V (M) represents volume of the manifold M . Since Φs,h ∈ Λs, we have

V (M)
2
2∗−

2
s ≤

(∫
M

Φ2∗

s,hdvol

) 2
2∗

.

Now we have

V (M)
2
2∗−

2
s ≤

(
A (n, 2)2 + ε

) ∫
M

|∇bΦs,h|2dvol +B

∫
M

Φ2
s,hdvol

≤
(
A (n, 2)2 + ε

)(
µs,h −

∫
M

hΦ2
s,hdvol

)
+B

∫
M

Φ2
s,hdvol

≤
(
A (n, 2)2 + ε

)
µs,h +B′

∫
M

Φ2
s,hdvol.

48



Then we take the limit, also since Lemma 3.5.6,

µ′h ≤ inf
u∈Λ

Ih(u) = µh,

we get

1 ≤
(
A (n, 2)2 + ε

)
inf
u∈Λ

Ih(u) +B′
∫
M

Φ2
hdvol.

By the choice of ε in (3.23), we have Φh 6≡ 0. This completes the proof.

Lemma 3.5.9. We have

Φh ∈ Λ and µ′h = µh = lim
s→2∗

µs,h.

Proof. Multiply Φh on both sides of (3.21), take integral, we obtain up to extraction

of a subsequence,

µ′h

∫
M

Φ2∗

h dvol =

∫
M

(
|∇bΦh|2 + hΦ2

h

)
dvol

≤ lim inf
s→2∗

∫
M

(
|∇bΦs,h|2 + hΦ2

s,h

)
dvol

= lim inf
s→2∗

µs,h ≤ µ′h.

Hence
∫
M

Φ2∗

h dvol ≤ 1. Take

v =
Φh(∫

M
Φ2∗
h dvol

) 1
2∗
,

clearly v ∈ Λ, hence we have

µh ≤ Ih(v) =
Ih(Φh)(∫

M
Φ2∗
h dvol

) 2
2∗

= µ′h

(∫
M

Φ2∗

h dvol

) 2∗−2
2∗

≤ µ′h.
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With the help of Lemma 3.5.6, we conclude µh = µ′h and
∫
M

Φ2∗

h dvol = 1. Also since

µ′h is the limit of any subsequence, we obtain the result.

Theorem 3.5.10. For some fixed smooth function h on M , if we have 0 < µh <

1
A (n,2)2

, then there exists a smooth function Φh ∈ C∞(M)∩Λ with Φh > 0, satisfying

∆bΦh + hΦh = µhΦ
2∗−1
h . (3.24)

Here note that Φh is just the minimizer of the functional Ih we defined in Definition

3.5.1.

Proof. It is obvious from the several previous lemmas.

Theorem 3.5.11. Let (M, θ) be a compact strictly pseudoconvex CR manifold with

the pseudo-Hermitian structure θ. We denote the Webster scalar curvature of (M, θ)

by R. If there holds 0 < µ n
2n+2

R <
1

A (n,2)2
, then there exists a CR conformal contact

form θ′, such that the Webster scalar curvature R′ of (M, θ′) is constant. Here by CR

conformal contact form, we mean θ′ = u
2
n θ, where u is a smooth positive function on

M .

Proof. It is well known that under the CR conformal change θ′ = u
2
n θ, the Webster

scalar curvature R′ of (M, θ′) is given by

R′ = u−
n+2
n (

2n+ 2

n
∆bu+Ru).

We denote µ n
2n+2

R by µ. Since 0 < µ < 1
A (n,2)2

, by Theorem 3.5.10, there exists a

positive smooth function u on M , such that

∆bu+
n

2n+ 2
Ru = µu2∗−1.
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The Webster scalar curvature R′ under the CR conformal transformation θ′ = u
2
n θ

now becomes

R′ = u1−2∗(
2n+ 2

n
∆bu+Ru) =

2n+ 2

n
µ,

which is a constant on M . Hence the CR Yamabe problem is solved in this setting.

3.6 AB Inequality with Constraints

In this section, we give proof to AB inequality for functions with constraints on

compact CR manifolds and CR sphere. Then we prove an analytic estimate based on

that.

Theorem 3.6.1. Let M be a compact CR manifold, with q ∈ (1, 2n + 2) and q∗

defined such that

1

q∗
=

1

q
− 1

2n+ 2
.

Let also ξj, j = 1, . . . , N be N changing sign C1 functions which satisfies
∑N

j=1 |ξj|q =

1. Then for any u ∈ Sq1(M) satisfying

∫
M

ξj|ξj|q
∗−1|u|q∗dvol = 0

for all j = 1, . . . , N , and for any ε > 0, there exists positive number B such that

(∫
M

|u|q∗dvol

)q/q∗
≤
(

A (n, q)q

2q/(2n+2)
+ ε

)∫
M

|∇bu|qdvol +B

∫
M

|u|qdvol.

Proof. For each j = 1, . . . , N , define ξj+ = max(ξj, 0) and ξj− = max(−ξj, 0). So we

have for all j, ∫
M

(ξj+)q
∗
|u|q∗dvol =

∫
M

(ξj−)q
∗
|u|q∗dvol.
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Clearly those ξj+u and ξj−u all belong to Sq1(M), so for ε > 0, there exists B such

that for any j, we have

(∫
M

|ξj±u|q
∗
dvol

)q/q∗
≤
(
A (n, q)q +

ε

2

)∫
M

|∇b(ξj±u)|qdvol +B

∫
M

|ξj±u|qdvol.

Without loss of generality, we may also assume that for each j,

∫
M

|∇b (ξj−u) |qdvol ≥
∫
M

|∇b (ξj+u) |qdvol.

Then since

|∇b(ξj+u)|q + |∇b(ξj−u)|q = |∇b(ξju)|q

almost everywhere, we obtain

‖ξju‖qLq∗ =

(∫
M

|ξju|q
∗
dvol

)q/q∗
= 2q/q

∗
(∫

M

|ξj+u|q
∗
dvol

)q/q∗
≤2q/q

∗
(
A (n, q)q +

ε

2

)∫
M

|∇b (ξj+u) |qdvol + 2q/q
∗
B

∫
M

|ξj+u|qdvol

≤2q/q
∗−1
(
A (n, q)q +

ε

2

)(∫
M

|∇b(ξj+u)|qdvol +

∫
M

|∇b(ξj−u)|qdvol

)
+ 2q/q

∗
B

∫
M

|ξju|qdvol

≤2−q/(2n+2)
(
A (n, q)q +

ε

2

)∫
M

|∇b(ξju)|qdvol + 2q/q
∗
B

∫
M

|ξju|qdvol.

Now we have shown that for any ε > 0, there exists constant B′ such that for any j

and u which satisfies the orthogonality condition, there holds

(∫
M

|ξju|q
∗
dvol

)q/q∗
≤
(

A (n, q)q

2q/(2n+2)
+
ε

2

)∫
M

|∇b(ξju)|qdvol +B′
∫
M

|ξju|qdvol.

(3.25)
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Also we have

‖u‖q
Lq∗

= ‖uq‖Lq∗/q =
∥∥∥ N∑
j=1

|ξj|quq
∥∥∥
Lq
∗/q
≤

N∑
j=1

∥∥∥|ξj|quq∥∥∥
Lq
∗/q

=
N∑
j=1

‖ξju‖qLq∗ .

Now come back to (3.25), there holds

(∫
M

|u|q∗dvol

)q/q∗
≤
(

A (n, q)q

2q/(2n+2)
+
ε

2

) N∑
j=1

∫
M

|∇b(ξju)|qdvol +B′
N∑
j=1

∫
M

|ξju|qdvol

≤
(

A (n, q)q

2q/(2n+2)
+
ε

2

) N∑
j=1

∫
M

(|ξj||∇bu|+ |∇bξj||u|)q dvol

+B′
∫
M

|u|qdvol

Now we choose positive numbers α, β and H such that for t ≥ 0

(1 + t)q ≤ 1 + αt+ βtq

and for all j

|∇bξj| ≤ H.

Then we have

‖u‖q
Lq∗

=

(∫
M

|u|q∗dvol

)q/q∗
≤
(

A (n, q)q

2q/(2n+2)
+
ε

2

)
×∫

M

N∑
j=1

(
|∇bu|q|ξj|q + α|∇bu|q−1|∇bξj||ξj|q−1|u|+ β|u|q|∇bξj|q

)
dvol

+B′
∫
M

|u|qdvol

≤
(

A (n, q)q

2q/(2n+2)
+
ε

2

)(
‖∇bu‖qLq + αNH‖∇bu‖q−1

Lq ‖u‖Lq + βNHq‖u‖qLq
)

+B′
∫
M

|u|qdvol.

(3.26)
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We can then choose constants ε0 and C such that

(
A (n, q)q

2q/(2n+2)
+
ε

2

)
(1 + ε0) ≤ A (n, q)q

2q/(2n+2)
+ ε,

and also

αNH‖∇bu‖q−1
Lq ‖u‖Lq ≤ ε0‖∇bu‖qLq + C‖u‖qLq .

Substitute into (3.26), we obtain the result we want.

Theorem 3.6.2. Let S2n+1 be the CR sphere, with q ∈ (1, 2n + 2) and q∗ defined

as above. Also consider ξj, j = 1, . . . , 2n + 2 be the (2n + 2) coordinate functions of

R2n+2 restricted to S2n+1. Then for any u ∈ Sq1(S2n+1) satisfying

∫
S
ξj|u|q

∗
dvol1 = 0

for all j = 1, . . . , 2n+ 2, and for any ε > 0, there exists positive number B such that

(∫
S
|u|q∗dvol1

)q/q∗
≤
(

A (n, q)q

2q/(2n+2)
+ ε

)∫
S
|∇bu|qdvol1 +B

∫
S
|u|qdvol1.

Proof. Let Λ be the vector space of first spherical harmonics spanned by those ξj.

Then for any point P on S2n+1, if we use rP to denote the distance to P on the

sphere measured by the metric induced from Euclidean metric on R2n+2. Then clearly

ξP = cos(rP ) belongs to Λ and it is easy to check

∫
S
|ξP |q/q

∗
dvol1 = const

which is independent of the point P chosen.

From above facts, we can see for η ∈ (0, 1
2
) which will be chosen later, there exists a
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family of functions (fj)j=1,...,k ∈ Λ such that |fj| < 2−q
∗

for all j, and

1 + η <

k∑
j=1

|fj|q/q
∗
< 1 + 2η.

Then we let (hj)j=1,...,k be a family of C1 functions such that hjfj ≥ 0 everywhere

and

max
(∣∣∣|hj|q − |fj|q/q∗∣∣∣, ∣∣∣|hj|q∗ − |fj|∣∣∣) < (η

k

)q∗
.

Hence we have

1 <
k∑
j=1

|hj|q < 1 + 3η.

By the result of AB inequality, there exists Bη such that for u ∈ Sq1(S2n+1), there

holds

(∫
S
|u|q∗dvol1

)q/q∗
≤ A (n, q)q(1 + η)

∫
S
|∇bu|qdvol1 +Bη

∫
S
|u|qdvol1.

Then for nonnegative u ∈ Sq1(S2n+1), we have

‖u‖q
Lq∗

= ‖uq‖Lq∗/q ≤
∥∥∥ k∑
j=1

|hj|quq
∥∥∥
Lq
∗/q
≤

k∑
j=1

∥∥∥|hj|quq∥∥∥
Lq
∗/q

=
k∑
j=1

‖hju‖qLq∗ .

Now we consider those nonnegative u such that for any ξ ∈ Λ, we have

∫
S
ξuq

∗
dvol1 = 0.

Then if we let fj+ = max(fj, 0) and fj− = max(−fj, 0), (similarly for hj)we have for

all j, ∫
S
fj+u

q∗dvol1 =

∫
S
fj−u

q∗dvol1.
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So if we let ε0 = η
k
, there holds

(∫
S
|hj|q

∗
uq
∗
dvol1

)q/q∗
=

(∫
S
(hj+)q

∗
uq
∗
dvol1 +

∫
S
(hj−)q

∗
uq
∗
dvol1

)q/q∗
≤
(∫

S
fj+u

q∗dvol1 + εq
∗

0

∫
S
uq
∗
dvol1 +

∫
S
(hj−)q

∗
uq
∗
dvol1

)q/q∗
≤2q/q

∗
(∫

S

(
(hj−)q

∗
+ εq

∗

0

)
uq
∗
dvol1

)q/q∗
≤2q/q

∗
(∫

S
(hj− + ε0)q

∗
uq
∗
dvol1

)q/q∗
≤2q/q

∗
A (n, q)q(1 + η)

∫
S

∣∣∣∇b ((hj− + ε0)u)
∣∣∣qdvol1

+B′η

∫
S
(hj− + ε0)quqdvol1.

Similarly, we have

(∫
S
|hj|q

∗
uq
∗
dvol1

)q/q∗
≤2q/q

∗
A (n, q)q(1 + η)

∫
S

∣∣∣∇b ((hj+ + ε0)u)
∣∣∣qdvol1

+B′η

∫
S
(hj+ + ε0)quqdvol1.

As in the proof of previous Theorem on arbitrary CR manifolds, we choose same

positive numbers α, β and H such that for all j,

|∇bhj| ≤ H,

and for any t ≥ 0

(1 + t)q ≤ 1 + αt+ βtq.

Then similarly to the previous proof, we obtain for all j,

∣∣∣∇b ((hj± + ε0)u)
∣∣∣q ≤α|∇bu|q−1

∣∣∣∇b(hj± + ε0)
∣∣∣(hj± + ε0)q−1|u|

+ |∇bu|q(hj± + ε0)q + β|u|q
∣∣∣∇b(hj± + ε0)

∣∣∣q.
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Then choose Cη such that for any positive x and y, we have

xq−1y ≤ η

α
xq + Cηy

q.

Then there holds∫
S

∣∣∣∇b ((hj± + ε0)u)
∣∣∣qdvol1 ≤(1 + η)

∫
S
|∇bu|q(hj± + ε0)qdvol1

+ (β + αCη)H
q

∫
S
|u|qdvol1.

Note that for η small enough, hj± + ε0 ≤ 1, it is easy to check

(hj± + ε0)q ≤ hqj± + q(hj± + ε0)q−1ε0 ≤ hqj± + qε0.
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So now we have

(∫
S
uq
∗
dvol1

)q/q∗
≤

k∑
j=1

(∫
S
|hj|q

∗
uq
∗
dvol1

)q/q∗

≤
k∑
j=1

[
2q/q

∗−1A (n, q)q(1 + η)

∫
S

∣∣∣∇b ((hj+ + ε0)u)
∣∣∣qdvol1

+ 2q/q
∗−1A (n, q)q(1 + η)

∫
S

∣∣∣∇b ((hj− + ε0)u)
∣∣∣qdvol1

+
1

2
B′η

∫
S
(hj+ + ε0)quqdvol1 +

1

2
B′η

∫
S
(hj− + ε0)quqdvol1

]
≤2q/q

∗−1A (n, q)q (1 + η)2
k∑
j=1

[ ∫
S
|∇bu|q(hj+ + ε0)qdvol1

+

∫
S
|∇bu|q(hj− + ε0)qdvol1

]
+ C ′

∫
S
|u|qdvol1

≤2q/q
∗−1A (n, q)q (1 + η)2 (1 + 3η + 2kqε0)

∫
S
|∇bu|qdvol1

+ C ′
∫
S
|u|qdvol1

=2q/q
∗−1A (n, q)q (1 + η)2 (1 + 3η + 2qη)

∫
S
|∇bu|qdvol1

+ C ′
∫
S
|u|qdvol1.

Finally we can see for any ε in the statement, just choose η small is enough to show

the result for such non-negative function u. For general u it is easy to see by simply

replacing by |u|.

Theorem 3.6.3. Let 2∗ = 2n+2
n

, for any ε > 0, there exists positive Bε and qε ∈

(1, 2∗), such that for any q ∈ (qε, 2
∗] and u ∈ S2

1(S2n+1) satisfying
∫
S ξ|u|

qdvol1 = 0

for all ξ ∈ Λ, we have

(∫
S
|u|qdvol1

) 2n+2
2n+2+q

≤
(

A (n, 2)2

21/(n+1)
+ ε

)(∫
S
|∇bu|2dvol1

) q(n+1)
2n+2+q

+Bε

(∫
S
u2dvol1

) q(n+1)
2n+2+q

.
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Proof. For s ∈ [1, 2n+ 2), let s∗ be such that

1

s∗
=

1

s
− 1

2n+ 2
.

So s∗ increases from 2n+2
2n+1

to +∞. Also for q < 2∗ close to 2∗, let sq be such that

(sq)
∗ = q, i.e.

1

sq
=

1

q
+

1

2n+ 2
.

Given q0 < 2∗ close to 2∗, for ε > 0, there existsB0 > 0 such that for any u ∈ S2
1(S2n+1)

satisfying
∫
S ξ|u|

q0dvol1 = 0 for any ξ ∈ Λ, we have

(∫
S
|u|q0dvol1

) 1
q0

≤
(

A (n, sq0)
sq0

2sq0/(2n+2)
+
ε

2

) 1
sq0

(∫
S
|∇bu|sq0dvol1

) 1
sq0

+B0

(∫
S
|u|sq0dvol1

) 1
sq0

.

Then consider q ∈ (q0, 2
∗], for u ∈ S2

1(S2n+1) satisfying
∫
S ξ|u|

qdvol1 = 0 for all ξ ∈ Λ,

we set ϕ = |u|q/q0 . Now the orthogonality condition becomes
∫
S ξϕ

q0dvol1 = 0 for all
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ξ ∈ Λ. So there holds

‖u‖q/q0Lq =

(∫
S
|u|qdvol1

) 1
q0

=

(∫
S
ϕq0dvol1

) 1
q0

≤
(

A (n, sq0)
sq0

2sq0/(2n+2)
+
ε

2

) 1
sq0

(∫
S
|∇bϕ|sq0dvol1

) 1
sq0

+B0

(∫
S
|ϕ|sq0dvol1

) 1
sq0

=

(
A (n, sq0)

sq0

2sq0/(2n+2)
+
ε

2

) 1
sq0

(
q

q0

)(∫
S
|u|(

q
q0
−1)sq0 |∇bu|sq0dvol1

) 1
sq0

+B0

(∫
S
|u|(

q
q0
−1)sq0 |u|sq0dvol1

) 1
sq0

≤
(

A (n, sq0)
sq0

2sq0/(2n+2)
+
ε

2

) 1
sq0

(
q

q0

)
×(∫

S
|u|(

q
q0
−1)sq0sq/(sq−sq0 )

dvol1

) sq−sq0
sqsq0

(∫
S
|∇bu|sqdvol1

) 1
sq

+B0

(∫
S
|u|(

q
q0
−1)sq0sq/(sq−sq0 )

dvol1

) sq−sq0
sqsq0

(∫
S
|u|sqdvol1

) 1
sq

.

By definition of sq, it is easy to check

( q
q0
− 1)sq0sq

sq − sq0
= q and

sq − sq0
sqsq0

=
1

q0

− 1

q
.

So we get for u ∈ S2
1(S2n+1) satisfying

∫
S ξ|u|

qdvol1 = 0 for all ξ ∈ Λ and for any

q ∈ (q0, 2
∗], there holds

(∫
S
|u|qdvol1

) 1
q

≤
(

A (n, sq0)
sq0

2sq0/(2n+2)
+
ε

2

) 1
sq0

(
q

q0

)(∫
S
|∇bu|sqdvol1

) 1
sq

+B0

(∫
S
|u|sqdvol1

) 1
sq

.

(3.27)

Applying Hölder’s inequality, we have

∫
S
|∇bu|sqdvol1 ≤ ω

2−sq
2

2n+1

(∫
S
|∇bu|2dvol1

) sq
2
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and ∫
S
|u|sqdvol1 ≤ ω

2−sq
2

2n+1

(∫
S
u2dvol1

) sq
2

.

Substitute into (3.27) we obtain for any q ∈ (q0, 2
∗], u ∈ S2

1(S2n+1) satisfying∫
S ξ|u|

qdvol1 = 0 for any ξ ∈ Λ, there holds

(∫
S
|u|qdvol1

) 1
q

≤ω
2−sq
2sq

2n+1

(
A (n, sq0)

sq0

2sq0/(2n+2)
+
ε

2

) 1
sq0

(
q

q0

)(∫
S
|∇bu|2dvol1

) 1
2

+B0ω
2−sq
2sq

2n+1

(∫
S
u2dvol1

) 1
2

.

We choose q0 < 2∗ but close to 2∗ such that for any q ∈ (q0, 2
∗], there holds

q

q0

ω
2−sq
2sq

2n+1

(
A (n, sq0)

sq0

2
sq0
2n+2

+
ε

2

) 1
sq0

≤
(

A (n, 2)2

2
1

n+1

+
3ε

4

) 1
sq

and

B0ω
2−sq
2sq

2n+1 ≤ 2B0.

Then for u ∈ S2
1(S2n+1) satisfying

∫
S ξ|u|

qdvol1 = 0 for all ξ ∈ Λ, we have

(∫
S
|u|qdvol1

) 1
q

≤
(

A (n, 2)2

2
1

n+1

+
3ε

4

) 1
sq
(∫

S
|∇bu|2dvol1

) 1
2

+ 2B0

(∫
S
|u|2dvol1

) 1
2

.

Finally we choose η > 0 such that

(
A (n, 2)2

2
1

n+1

+
3ε

4

)
(1 + η) ≤ A (n, 2)2

2
1

n+1

+ ε.

For this specific η, there exists Cη > 0 such that for any q ∈ [q0, 2
∗] and non-negative

x, y, we have

(x+ y)sq ≤ (1 + η)xsq + Cηy
sq .
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So for q ∈ (q0, 2
∗], u ∈ S2

1(S2n+1) satisfying
∫
S ξ|u|

qdvol1 = 0 for all ξ ∈ Λ, we have

(∫
S
|u|qdvol1

) sq
q

≤
(

A (n, 2)2

2
1

n+1

+ ε

)(∫
S
|∇bu|2dvol1

) sq
2

+ (2B0)sqCη

(∫
S
u2dvol1

) sq
2

≤
(

A (n, 2)2

2
1

n+1

+ ε

)(∫
S
|∇bu|2dvol1

) sq
2

+ (1 + 2B0)2Cη

(∫
S
u2dvol1

) sq
2

.

We are done.

3.7 Application to Nirenberg Problem on CR

Sphere

In this section, we apply the analytic results of AB inequality for functions with

constraints to touch Nirenberg problem on CR sphere.

Let M be a compact CR manifold with the contact form θ on it. The CR conformal

class of θ, denoted by [θ], is

[θ] = {θ̃ = u2/nθ, u ∈ C∞(M), u > 0}.

As we mentioned before, the transformation formula for Webster scalar curvature

function is

R̃ = u−
n+2
n

(
2(n+ 1)

n
∆bu+Ru

)
. (3.28)

Now we set

S ([θ]) = {f ∈ C∞(M) s.t. f is the Webster scalar curvature

of some contact form CR conformal to θ}.

62



The CR version of Nirenberg problem, also called the Kazdan-Warner problem, is to

describe the set S([θ]) of Webster scalar curvature functions of CR conformal contact

forms to θ.

Then we restrict our interest to the CR sphere S2n+1. We know there is a standard

contact form

θ1 = i(∂ − ∂)|ζ|2 = i

n+1∑
j=1

(
ζjdζj − ζjdζj

)
and the Webster scalar curvature is constant 1

2
n(n + 1). So up to some harmless

constant, now the Nirenberg problem is equivalent to finding conditions on f for the

existence of positive u ∈ C∞(S2n+1), satisfying

∆bu+
n2

4
u = fu

n+2
n . (3.29)

As we multiply u to (3.29) and apply integration by parts, it is easy to see a simple

necessary condition for f belongs to S([θ1]) is that maxS2n+1f > 0.

Theorem 3.7.1. Although it is clear that the constant function 1 ∈ S([θ1]), for any

non-trivial first spherical harmonic ξ ∈ Λ, no matter how close ξ is to 0, (1 + ξ) 6∈

S([θ1]).

Proof. Suppose R̃ is a function satisfies (3.28) with u smooth positive and R =

1
2
n(n + 1) which is the Webster curvature function on S2n+1 under the standard

contact form θ1. Fix any first spherical harmonic ξ ∈ Λ. Note that the integral

∫
S
R̃u

2n+2
n dvol1

is unchanged if we replace the function u by ut where

u
2
n
t dθ1 = d(Tt)

∗u
2
ndθ1
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with Tt to be the 1-parameter group of CR conformal transformations which generate

the vector field ∇bξ. Then

d

dt

∫
S
R̃tu

2n+2
n

t dvol1 = 0,

which leads to ∫
S

〈
∇bR̃,∇bξ

〉
dvol1 = 0.

The above result holds for arbitrary ξ ∈ Λ. So we know R̃ can never take the form

of 1 + ξ where ξ is a non-trivial first spherical harmonic.

Definition 3.7.2. Let Λ be the space of first spherical harmonics on S2n+1, and for

f ∈ C∞(S2n+1) and q ∈ (1, 2n+2
n

], we define

Af,q = {u ∈ S2
1(S2n+1), u ≥ 0,

∫
S
fuqdvol1 = 1,∫

S
ξuqdvol1 = 0 for any ξ ∈ Λ}.

Also define the functional I on S2
1(S2n+1) by

I(u) =

∫
S
|∇bu|2dvol1 +

n2

4

∫
S
u2dvol1.

Now with the two notations above, for such f and q, we define

λf,q = inf
u∈Af,q

I(u).

Lemma 3.7.3. Let f ∈ C∞(S2n+1) and q ∈ (1, 2n+2
n

). Assume that either
∫
S fdvol1 >

0 or f is positive at any two antipodal points of S2n+1, then λf,q is attained. In

particular, there exists smooth positive function uq ∈ Af,q such that I(uq) = λf,q and
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uq satisfies the Euler-Lagrange equation of I

∆buq +
n2

4
uq = λf,q(f − ξf,q)uq−1

q (3.30)

for some ξf,q ∈ Λ.

Proof. The two conditions in the statement guarantee that the set Af,q is not empty.

Actually, if
∫
S fdvol1 > 0 implies that there is some positive constant function in Af,q.

If f is positive at two antipodal points, then we can construct symmetric function

u ∈ Af,q, i.e., u satisfies u(x) = u(−x) for any x on S2n+1.

Now let (uj) be a minimizing sequence for λf,q. Since for q ∈ (1, 2n+2
n

), the embedding

of S2
1(S2n+1) ⊂ Lq(S2n+1) is compact, we can take a subsequence, which we also denote

by uj, such that

uj ⇀ uq in S2
1(S2n+1)

uj → uq in L2(S2n+1)

uj → uq in Lq(S2n+1)

uj → uq a.e.

The convergence a.e. and strong convergence in Lq(S2n+1) will guarantee uq ∈ Af,q.

Also since the weak convergence in S2
1(S2n+1) and strong convergence in L2(S2n+1),

we have

I(uq) =

∫
S
|∇buq|2dvol1 +

n2

4

∫
S
u2
qdvol1 = ‖uq‖S2

1
+ (

n2

4
− 1)‖uq‖L2

≤ lim inf
j→∞

‖uj‖S2
1

+ (
n2

4
− 1) lim

j→∞
‖uj‖L2 = lim

j→∞
I(uj) = λf,q.

Then by the definition of λf,q, we have uq actually achieves λf,q. Then by variational

method, uq must satisfies the Euler-Lagrange equation. Maximum principles and

regularity results then finish the proof.
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Lemma 3.7.4. Let 2∗ = 2n+2
n

, f ∈ C∞(S2n+1), we have

lim sup
q→2∗

λf,q ≤ λf,2∗ .

Proof. For any ε > 0, take u ∈ Af,2∗ , such that I(u) ≤ λf,2∗ + ε. We set vq = u2∗/q

for q close to 2∗. It is then easy to check that vq ∈ Af,q. So by definition of λf,q, we

know λf,q ≤ I(vq). But

lim
q→2∗

I(vq) = I(u).

So we have for any ε > 0, there holds

lim sup
q→2∗

λf,q ≤ λf,2∗ + ε.

That completes the proof.

Lemma 3.7.5. Let f ∈ C∞(S2n+1), assume that that either
∫
S fdvol1 > 0 or f is

positive at two antipodal points on S2n+1, also let 2∗ = 2n+2
n

, then if

λf,2∗ <
2

1
n+1

A (n, 2)2 (maxS2n+1 f)n/(n+1)
,

then there exists ξf ∈ Λ such that f − ξf ∈ S([θ1]).

Proof. For q ∈ (1, 2n+2
n

), let uq be as in Lemma 3.7.3. Since (λf,q) is bounded, multiply

uq to (3.30) and apply integration by parts, it is not difficult to check (uq) is bounded

in S2
1(S2n+1). So we can choose a subsequence such that

uq ⇀ u in S2
1(S2n+1)

uq → u in L2(S2n+1)

uq → u a.e.

uq−1
q ⇀ u

n+2
n in L

2n+2
n+2 (S2n+1)
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Note that the last line is because (uq) is L2∗-bounded and hence (uq−1
q ) is L

2∗
2∗−1 -

bounded, then there exists a weakly convergent subsequence. Combined with the

fact we construct in such a way that uq convergences to u a.e. will guarantee the

weak limit is just u
n+2
n .

Then since (λf,q) is bounded, we can choose a subsequence uq such that

lim
q→2∗

λf,q = λ.

By Theorem 3.6.3, for q close to 2∗, there exists constant Bε which is independent of

q, such that

1 =

(∫
S
fuqqdvol1

) 2n+2
2n+2+q

≤ (maxS2n+1f)
2n+2

2n+2+q

(∫
S
uqqdvol1

) 2n+2
2n+2+q

≤ (maxS2n+1f)
2n+2

2n+2+q

(
A (n, 2)2

21/(n+1)
+ ε

)
λ

(n+1)q
2n+2+q

f,q

+ (maxS2n+1f)
2n+2

2n+2+q Bε

(∫
S
u2
qdvol1

) q(n+1)
2n+2+q

.

(3.31)

By Lemma 3.7.4, we have

lim
q→2∗

(maxS2n+1f)
2n+2

2n+2+q

(
A (n, 2)2

21/(n+1)
+ ε

)
λ

(n+1)q
2n+2+q

f,q

≤ (maxS2n+1f)
n
n+1

(
A (n, 2)2

21/(n+1)
+ ε

)
λf,2∗ .

Under the assumption of the Lemma, we take ε > 0 such that

(maxS2n+1f)
n
n+1

(
A (n, 2)2

21/(n+1)
+ ε

)
λf,2∗ < 1.

Combined with (3.31), there exists C > 0 such that for q close to 2∗,

∫
S
u2
q dvol1 ≥ C. (3.32)
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In particular, λ > 0. Since if λ = 0, then weak convergence in S2
1(S2n+1) will imply

uq → 0 in S2
1(S2n+1), which contradicts with uq → u in L2(S2n+1) and (3.32).

Then we write ξf,q = µqξq with ‖ξq‖L∞ = 1. Since Λ is finite dimensional, we may

assume ξq → ξ in L∞(S2n+1) for some ξ ∈ Λ with ‖ξ‖L∞ = 1.

Again multiply ξquq to (3.30) and apply integration, we obtain

∫
S
ξquq (∆buq) dvol1 +

n2

4

∫
S
ξqu

2
qdvol1 = λf,q

∫
S
fξqu

q
qdvol1 − λf,qµq

∫
S
ξ2
qu

q
qdvol1.

Apply integration by parts and note that ∆bξ = n
2
ξ for any ξ ∈ Λ, there holds

∫
S
ξquq (∆buq) dvol1 =

∫
S

〈
∇b(ξquq),∇buq

〉
dvol1

=

∫
S
ξq|∇buq|2dvol1 +

1

2

∫
S

〈
∇bξq,∇b

(
u2
q

) 〉
dvol1

=

∫
S
ξq|∇buq|2dvol1 +

1

2

∫
S
u2
q (∆bξq) dvol1

=

∫
S
ξq|∇buq|2dvol1 +

n

4

∫
S
ξqu

2
q dvol1.

Substitute we get

µqλf,q

∫
S
ξ2
qu

q
qdvol1 =λf,q

∫
S
fξqu

q
qdvol1 −

∫
S
ξq|∇buq|2dvol1

− n(n+ 1)

4

∫
S
ξqu

2
q dvol1.

Since f ∈ C∞(S2n+1), ‖ξq‖L∞ = 1, (uq) is bounded in S2
1(S2n+1), it is not difficult to

check every term on the right hand side is bounded. Then apply Hölder’s inequality

we will get

µqλf,q

(
ω
− q−2

q

2n+1

∫
S
|ξq|4/qu2

qdvol1

)q/2
≤ µqλf,q

∫
S
ξ2
qu

q
qdvol1.
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So there exists positive C ′ such that

µqλf,q

(
ω
− q−2

q

2n+1

∫
S
|ξq|4/qu2

qdvol1

)q/2
≤ C ′.

We claim that will imply

lim sup
q→2∗

µq < +∞,

for otherwise we will have ∫
S
|ξ|

2n
n+1u2 dvol1 = 0.

This is impossible for non-trivial ξ ∈ Λ attains 0 only on a set of measure 0. So we

may now take a subsequence such that µq → µ for some µ < +∞ as q → 2∗. Then

we have u is a weak solution of

∆bu+
n2

4
u = λ(f − µξ)u

n+2
n .

Actually for any φ ∈ C∞(S2n+1), it is not difficult to see from those convergence and

weak convergence properties of uq. Finally the result follows by maximum princi-

ple, regularity results and transformation rule of Webster scalar curvature under CR

conformal transformation.

Theorem 3.7.6. For f ∈ C∞(S2n+1) and positive on S2n+1, if

max S2n+1f < 2
1
nmin S2n+1f,

then there exists ξ ∈ Λ such that f − ξ ∈ S([θ1]).

69



Proof. Let the constant function u0 be u0 ≡
(∫

S fdvol1
)− n

2n+2 . It is not difficult to

check u0 ∈ Af,2∗ . Then by definition of λf,2∗ , we have

λf,2∗ ≤I(u0) =
n2

4
ω2n+1

(∫
S
fdvol1

)− n
n+1

≤ n2

4
ω

1
n+1

2n+1 (minS2n+1f)−
n
n+1

<2
1

n+1πn2 (maxS2n+1f)−
n
n+1 =

2
1

n+1

A (n, 2)2
(maxS2n+1f)−

n
n+1 .

The result follows immediately by Lemma 3.7.5.

Theorem 3.7.7. Let f ∈ C∞(S2n+1) which satisfies max S2n+1f > 0, then there exists

a first spherical harmonic ξ and a CR conformal transformation ϕ of S2n+1 such that

f − (ξ ◦ ϕ) ∈ S([θ1]).

Proof. With the help of Cayley transformation and left group action on Heisenberg

group, we may assume f attains its maximum at the south pole, i.e. the point

P0 ∈ S2n+1 with ζ0 = · · · = ζn = 0 and ζn+1 = −1. Then for t ∈ (−∞,+∞), define a

one-parameter subgroup {ϕt} of the CR conformal transformations on S2n+1:

ϕt = C ◦Det ◦ C−1,

where Dδ is the dilation on Hn and C : Hn → S2n+1 is the Cayley transformation.

Since the Cayley transformation C maps 0 ∈ Hn to the north pole, i.e. −P0 ∈ S2n+1.

For any P ∈ S2n+1 satisfying P 6= ±P0,

lim
t→+∞

ϕt(P ) = P0 and lim
t→−∞

ϕt(P ) = −P0.

Set ft = f ◦ ϕt. Then we have as t → +∞, ft → f(P0) uniformly on any compact

subset of S2n+1\{−P0} and in Ls(S2n+1) for any s ∈ [1,+∞). So we have

lim
t→+∞

1

ω2n+1

∫
S
ft dvol1 = maxS2n+1f.
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In particular, we know for large enough t, there holds

∫
S
ftdvol1 > 0 and

ω2n+1

21/n
maxS2n+1ft <

∫
S
ftdvol1.

Clearly maxS2n+1ft = maxS2n+1f for any t. Also the constant function u0 defined by

u0 ≡
(∫

S ftdvol1
)− n

2n+2 belongs to Aft,2∗ . By definition of λft,2∗ , we have

λft,2∗ ≤ I(u0) =
n2

4
ω2n+1

(∫
S
ftdvol1

)− n
n+1

<
2

1
n+1

A (n, 2)2
(maxS2n+1ft)

− n
n+1 .

By Lemma 3.7.5, there exists ξ ∈ Λ such that ft−ξ ∈ S([θ1]). Hence by CR conformal

invariance, f − (ξ ◦ ϕ−t) ∈ S([θ1]).
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Chapter 4

Nonlinear Sub-elliptic PDE on

Heisenberg Group

Let Ω ⊂ Hn be a bounded domain. We consider the problem of existence of a

function u satisfying:


∆bu = u2∗−1 + λu on Ω

u > 0 on Ω

u = 0 on ∂Ω

(4.1)

where 2∗ = (2n + 2)/n and λ is a real number. We also denote by λ1 the first

eigenvalue of ∆b with zero Dirichlet condition on Ω. There holds

λ1 = inf
u∈S1,0(Ω),u6=0

∫
Ω
|∇bu|2dvol0∫
Ω
u2dvol0

.

4.1 Non-existence Results: Part 1

In this section, we prove some non-existence results to (4.1).

Theorem 4.1.1. Assume λ ≥ λ1, there exists no solution on Ω such that (4.1) holds.

72



Proof. Suppose there exists such solution u of (4.1) for some real number λ. Let φ1

be the eigenfunction of ∆b corresponding to λ1 with φ1 > 0 on Ω. Then there holds

λ1

∫
Ω

uφ1 dvol0 =

∫
Ω

(∆bφ1)u dvol0 =

∫
Ω

(∆bu)φ1 dvol0

=

∫
Ω

u2∗−1φ1 dvol0 + λ

∫
Ω

uφ1 dvol0.

Since both u and φ1 are positive, we have λ < λ1 and hence obtain the result.

Theorem 4.1.2. Assume λ ≤ 0 and Ω is a smooth δ-starshaped domain, there exists

no solution on Ω such that (4.1) holds.

Proof. Suppose there exists such solution u of (4.1) on the δ-starshaped domain Ω for

some real number λ ≤ 0 and we will get contradiction. By the CR Pohozaev identity

in [30] (Theorem 2.0.24) we have

∫
Ω

(Xu) ∆bu dvol0 + n

∫
Ω

|∇bu|2dvol0 = −1

2

∫
∂Ω

|∇bu|2〈X,N〉dσ,

where N is the normal vector of ∂Ω and X is the vector field defined by X =∑n
j=1

(
xj

∂
∂xj

+ yj
∂
∂yj

)
+ 2t ∂

∂t
. Since Ω is a δ-starshaped domain, we have 〈X,N〉 ≥ 0

on ∂Ω and hence if we substitute (4.1), we obtain

∫
Ω

(Xu)u2∗−1dvol0 + λ

∫
Ω

(Xu)udvol0 + n

∫
Ω

u∆budvol0

=

∫
Ω

(Xu)u2∗−1dvol0 + λ

∫
Ω

(Xu)udvol0 + n

∫
Ω

u2∗dvol0 + nλ

∫
Ω

u2dvol0

≤0.

Since u = 0 on ∂Ω, applying integration by parts, we have

∫
Ω

θ
∂u

∂θ
u dvol0 = −1

2

∫
Ω

u2dvol0
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and ∫
Ω

θ
∂u

∂θ
u2∗−1dvol0 = − 1

2∗

∫
Ω

u2∗dvol0,

where θ can be any variable xj, yj or t. Take summation we get

∫
Ω

(Xu)u dvol0 = −(n+ 1)

∫
Ω

u2dvol0

and ∫
Ω

(Xu)u2∗−1dvol0 = −n
∫

Ω

u2∗dvol0.

Substitute we now obtain

λ

∫
Ω

u2dvol0 ≥ 0,

which contradicts with λ ≤ 0. Hence we prove the result.

4.2 Existence Results

In this section, we prove some existence results to (4.1).

Definition 4.2.1. For λ ∈ R, We define

Sλ = inf
u∈S1,0(Ω), ‖u‖

L2∗=1

(
‖∇bu‖2

L2 − λ‖u‖2
L2

)
. (4.2)

It is not difficult to check that the definition is equivalent to

Sλ = inf
u∈S1,0(Ω), u 6=0

(
‖∇bu‖2

L2 − λ‖u‖2
L2

‖u‖2
L2∗

)
.

In particular, we denote

S = S0 = inf
u∈S1,0(Ω), ‖u‖

L2∗=1

(
‖∇bu‖2

L2

)
, (4.3)
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which is just 1
A (n,2)2

, related to the optimal constant for Sobolev-type embedding

S1,0(Ω) ⊂ L2∗(Ω).

Remark 4.2.2. Since the infimum of the quotient is invariant under dilation on

Hn, S is independent of Ω and depends only on n. By results of [29] and [40], when

Ω = Hn, the infimum of (4.3), up to left group translation, is achieved by the function

u = C
(
t2 +

(
|z|2 + 1

)2
)−n/2

,

or scaling of the function

uε = Cε

(
t2 +

(
|z|2 + ε

)2
)−n/2

,

where C and Cε are just normalization constants. Note that here by z, we actually

mean complex variables in the vector form, i.e. (z1, z2, . . . zn), where zj = xj + iyj.

So by |z|2, we actually mean
∑n

j=1 |zj|2, or
∑n

j=1(x2
j + y2

j ). For convenience, we also

denote

U =
(
t2 +

(
|z|2 + 1

)2
)−n/2

and

Uε =
(
t2 +

(
|z|2 + ε

)2
)−n/2

.

Actually we have

Uε (z, t) = ε−nU
(
D1/

√
ε (z, t)

)
where D1/

√
ε is the dilation on Hn.

Definition 4.2.3. Define

fε = φUε =
φ(

t2 + (|z|2 + ε)2)n/2 ,
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where φ is a fixed function on Hn with support in Ω such that 0 ≤ φ(z, t) ≤ 1

pointwisely and φ ≡ 1 in some small neighborhood Br(0) of 0 defined by the Heisenberg

norm.

Lemma 4.2.4. There holds

‖∇bfε‖2
L2 = ε−nK1 +O(1) (4.4)

where K1 = ‖∇bU‖2
L2 is a positive constant.

Proof. We start with some basic computations of the functions U and Uε.

U =
(
t2 +

(
|z|2 + 1

)2
)−n/2

=

t2 +

(
1 +

n∑
j=1

(
x2
j + y2

j

))2
−n/2 .

Then by direct computation

∂

∂xj
U = −2nα−n/2−1βxj

∂

∂yj
U = −2nα−n/2−1βyj

∂

∂t
U = −nα−n/2−1t,

where β = 1 +
∑n

j=1(x2
j + y2

j ) and α = t2 + β2. Because Xj = 1
2
∂
∂xj

+ yj
∂
∂t

and

Yj = 1
2
∂
∂yj
− xj ∂∂t . Now

|∇bU |2 =
n∑
j=1

(
(XjU)2 + (YjU)2)

=
n∑
j=1

(
−nα−n/2−1βxj − nyjα−n/2−1t

)2
+
(
−nα−n/2−1βyj + nxjα

−n/2−1t
)2

= n2α−n−1(β − 1) =
n2|z|2(

t2 + (1 + |z|2)2)n+1

≤ n2(
t2 + (1 + |z|2)2)n+1/2

≤ n2

ρ4n+2(z, t)
,
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where ρ is the Heisenberg norm. Since Uε(z, t) = ε−nU
(
D1/

√
ε (z, t)

)
, easy computa-

tion leads to

∇bUε(z, t) = ε−n−1/2 (∇bU)
(
D1/

√
ε (z, t)

)
.

Substitute, we obtain

|∇bUε|2 =
n2|z|2(

t2 + (ε+ |z|2)2)n+1 ≤
n2(

t2 + (ε+ |z|2)2)n+1/2
≤ n2

ρ4n+2(z, t)
.

Then we come back to the problem itself. We have

∇bfε = (∇bφ)Uε + φ(∇bUε).

Hence

|∇bfε|2 = |∇bφ|2U2
ε + φ2|∇bUε|2 + 2φUε〈∇bφ,∇bUε〉

Take integral there holds

‖∇bfε‖2
L2 =

∫
Ω

|∇bφ|2U2
ε dvol0 +

∫
Ω

φ2|∇bUε|2dvol0 +2

∫
Ω

φUε〈∇bφ,∇bUε〉dvol0. (4.5)

Then we estimate each term in (4.5). For the first term, there exist positive numbers

0 < r < R such that∫
Ω

|∇bφ|2U2
ε dvol0 ≤ C

∫
r≤ρ≤R

U2
ε dvol0 ≤ C

∫
r≤ρ≤R

ρ−4n(z, t)dvol0

= Cω0

∫ R

r

ρ−2n+1dρ = O(1),
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where ω0 is the area of the Heisenberg sphere.

For the third term, by previous estimate of |∇bUε|, for the same r and R there holds

∣∣∣∣∫
Ω

φUε〈∇bφ,∇bUε〉dvol0

∣∣∣∣ ≤ ∫
r≤ρ≤R

φUε|∇bφ||∇bUε|dvol0

≤ C

∫
r≤ρ≤R

Uε|∇bUε|dvol0

≤ C

∫
r≤ρ≤R

n

ρ4n+1(z, t)
dvol0

≤ Cnω0

∫ R

r

ρ−2ndρ = O(1).

For the last step, we consider the second term, actually

∫
Ω

φ2|∇bUε|2dvol0 =

∫
H
φ2|∇bUε|2dvol0

=

∫
ρ≤r
|∇bUε|2dvol0 +

∫
ρ>r

φ2|∇bUε|2dvol0

=

∫
H
|∇bUε|2dvol0 +

∫
ρ>r

(
φ2 − 1

)
|∇bUε|2dvol0.

By the property of dilation in Hn and change of variable, we have

∫
H
|∇bUε|2dvol0 = ε−n

∫
H
|∇bU |2dvol0 = ε−n‖∇bU‖2

L2 .

While there also holds∣∣∣∣∫
ρ>r

(
φ2 − 1

)
|∇bUε|2dvol0

∣∣∣∣ ≤ ∫
ρ>r

|∇bUε|2dvol0 ≤
∫
ρ>r

n2

ρ4n+2(z, t)
dvol0

= n2

∫ ∞
r

ρ−(2n+1)dρ = O(1).

Combining together, we obtain the result.

Lemma 4.2.5. There holds

‖fε‖2
L2∗ = ε−nK2 +O(ε), (4.6)

78



where K2 = ‖U‖2
L2∗ is a positive constant.

Proof. Since the support of φ is subset of Ω, we have

‖fε‖2∗

L2∗ =

∫
Ω

φ2∗(
t2 + (ε+ |z|2)2)n+1dvol0 =

∫
H

φ2∗(
t2 + (ε+ |z|2)2)n+1dvol0

=

∫
H

1(
t2 + (ε+ |z|2)2)n+1dvol0 −

∫
H

1− φ2∗(
t2 + (ε+ |z|2)2)n+1dvol0.

By the property of dilation on Hn and change of variable, the first term is just

‖Uε‖2∗

L2∗ = ‖ε−nU ◦D1/
√
ε‖2∗

L2∗ = ε−(n+1)‖U‖2∗

L2∗ .

Then we estimate the absolute value of second term, actually it can be controlled by

∫
ρ>r

U2∗

ε dvol0 ≤
∫
ρ>r

ρ−4(n+1)(z, t)dvol0 = ω0

∫ ∞
r

ρ−(2n+3)dρ = O(1).

Combining the two terms we obtain ‖fε‖2∗

L2∗ = ε−(n+1)‖U‖2∗

L2∗ + O(1). Take power of

2/2∗, it is not difficult to see the result.

Lemma 4.2.6. There holds

‖fε‖2
L2 = ε−(n−1)K3 +O(1) (4.7)

where K3 = ‖U‖2
L2 if the dimension n ≥ 2 is a positive constant. Note here K1

K2
= S.

While for the case n = 1, there exist positive constants 0 < C1 < C2 such that

C1|log(ε)| ≤ ‖fε‖2
L2 ≤ C2|log(ε)| (4.8)

if ε is small enough.
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Proof. First we discuss the case n ≥ 2. Since the support of φ is subset of Ω, we have

‖fε‖2
L2 =

∫
Ω

φ2(
t2 + (ε+ |z|2)2)ndvol0 =

∫
H

φ2(
t2 + (ε+ |z|2)2)ndvol0

=

∫
H

1(
t2 + (ε+ |z|2)2)ndvol0 −

∫
H

1− φ2(
t2 + (ε+ |z|2)2)ndvol0.

By the property of dilation on Hn and change of variable, the first term is just

‖Uε‖2
L2 = ‖ε−nU ◦D1/

√
ε‖2
L2 = ε−(n−1)‖U‖2

L2 .

Then we estimate the absolute value of second term, actually it can be controlled by

∫
ρ>r

U2
ε dvol0 ≤

∫
ρ>r

ρ−4n(z, t)dvol0 = ω0

∫ ∞
r

ρ−(2n−1)dρ = O(1).

Combining together, we obtain the result for n ≥ 2.

Then we discuss the case n = 1. There exist positive numbers 0 < r < R such that

∫
ρ≤r

1

t2 + (|z|2 + ε)2dvol0 ≤
∫

Ω

φ2

t2 + (|z|2 + ε)2dvol0 ≤
∫
ρ≤R

1

t2 + (|z|2 + ε)2dvol0.

Then we consider

1

2

∫
ρ≤R

1

ε2 + t2 + |z|4
dvol0 ≤

∫
ρ≤R

1

t2 + (|z|2 + ε)2dvol0 ≤
∫
ρ≤R

1

ε2 + t2 + |z|4
dvol0.

While for ε < 1, there holds

∫
ρ≤R

1

ε2 + t2 + |z|4
dvol0 = ω0

∫ R

0

ρ3

ε2 + ρ4
dρ =

1

4
ω0log(ε2 + ρ4)|ρ=R

ρ=0

= O(1) +
1

2
ω0|log(ε)|.

Same result holds for the ρ ≤ r part. Hence we can take suitable C1 and C2 such

that when ε is small enough the result holds.
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Lemma 4.2.7. We have

Sλ < S for all λ > 0.

Proof. By definition of Sλ,

Sλ ≤
‖∇bfε‖2

L2 − λ‖fε‖2
L2

‖fε‖2
L2∗

for any ε > 0. Then we discuss two cases. If n ≥ 2, by Lemma 4.2.4, 4.2.5, 4.2.6, we

have

‖∇bfε‖2
L2 − λ‖fε‖2

L2

‖fε‖2
L2∗

=
ε−nK1 +O(1)− λ

(
ε−(n−1)K3 +O (1)

)
ε−nK2 +O(ε)

=
K1 − λK3ε+O(εn)

K2 +O(εn+1)

= (K1 − λK3ε+O (εn))

(
1

K2

+O
(
εn+1

))
=
K1

K2

− λK3

K2

ε+O(εn) < S

if we take ε small enough. So we have proven the Lemma in this case.

Then we discuss the case n = 1. Also by Lemma 4.2.4, 4.2.5, 4.2.6, we have

‖∇bfε‖2
L2 − λ‖fε‖2

L2

‖fε‖2
L2∗

=
ε−1K1 +O(1)− λ‖fε‖2

L2

ε−1K2 +O(ε)
=
K1 +O(ε)− λε‖fε‖2

L2

K2 +O(ε2)

≤ (K1 +O (ε)− C1λε|log(ε)|)
(

1

K2

+O(ε2)

)
=
K1

K2

− C1λ

K2

ε|log(ε)|+O(ε) < S

if we take ε small enough. So we have also shown the Lemma in the second case.

Lemma 4.2.8. If Sλ < S, then the infimum in (4.2) is achieved.
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Proof. Let {uj}∞j=1 be a minimizing sequence for (4.2), i.e,

‖uj‖L2∗ = 1,

‖∇buj‖2
L2 − λ‖uj‖2

L2 = Sλ + o(1) as j →∞.
(4.9)

(uj) is bounded in S1,0(Ω), there exists a weakly convergent subsequence. We also

know that for 2 < s < 2∗ the embedding of S1,0(Ω) into Ls(Ω) is compact and

convergence in Ls(Ω) will imply convergence in L2(Ω). Combined with the fact that

convergence in L2(Ω) implies existence of subsequence which converges to the limit

function a.e, we get a subsequence–still denoted by uj, such that

uj ⇀ u weakly in S1,0(Ω),

uj → u strongly in L2(Ω),

uj → u a.e. on Ω.

By Fatou’s lemma, we can assume that ‖u‖L2∗ ≤ 1. Set vj = uj − u, we have

vj ⇀ 0 weakly in S1,0(Ω),

vj → 0 strongly in L2(Ω),

vj → 0 a.e. on Ω.

By the definition of S, we have ‖∇buj‖2
L2 ≥ S. Combined with (4.9), there holds

λ‖u‖2
L2 = λ lim

j→∞
‖uj‖2

L2 = lim
j→∞

(
‖∇buj‖2

L2 − Sλ
)
≥ S − Sλ > 0.

Therefore it is not possible that u ≡ 0. Again by (4.9) and the fact that vj ⇀ 0

weakly in S1,0(Ω), we obtain

‖∇bu‖2
L2 + ‖∇bvj‖2

L2 − λ‖u‖2
L2 = Sλ + o(1). (4.10)
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By the famous result of Brezis and Lieb [9], since uj are bounded in L2∗(Ω) and

uj → u a.e., we have

‖u+ vj‖2∗

L2∗ = ‖u‖2∗

L2∗ + ‖vj‖2∗

L2∗ + o(1),

and since 2∗ > 2,

1 ≤ ‖u‖2
L2∗ + ‖vj‖2

L2∗ + o(1).

Since ‖vj‖2
L2∗ ≤ 1

S
‖∇bvj‖2

L2 , which leads to

1 ≤ ‖u‖2
L2∗ +

1

S
‖∇bvj‖2

L2 + o(1). (4.11)

Now we claim that now we can show

‖∇bu‖2
L2 − λ‖u‖2

L2 ≤ Sλ‖u‖2
L2∗ , (4.12)

and since Sλ is the infimum by definition, the infimum is achieved by normalization

of the function u.

Then we look at the proof of (4.12). We discuss by two cases. First case, if 0 < λ < λ1,

then Sλ > 0, we have by (4.11),

Sλ ≤ Sλ‖u‖2
L2∗ +

Sλ
S
‖∇bvj‖2

L2 + o(1).

Combining (4.10) and the assumption Sλ < S, we obtain (4.12).

Second case, if λ ≥ λ1, then Sλ ≤ 0, now since ‖u‖L2∗ ≤ 1, we have Sλ ≤ Sλ‖u‖2
L2∗ .

Then we can deduce (4.12) directly from (4.10).

Theorem 4.2.9. Assume λ ∈ (0, λ1), then there exists a solution of (4.1).
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Proof. Let u ∈ S1,0(Ω) be as in Lemma 4.2.8, there holds

‖u‖L2∗ = 1 and ‖∇bu‖2
L2 − λ‖u‖2

L2 = Sλ. (4.13)

Note that we may assume that u ≥ 0 everywhere on Ω for otherwise we may replace

u by |u|. Since u is minimizer for (4.2), by variational method we have there exists

µ ∈ R such that

∆bu− λu = µu2∗−1 on Ω.

Substitute into (4.13), we get µ = Sλ, and hence µ > 0 since λ < λ1. So multiply by

a positive constant we have solutions to (4.1), which we still denote by u. We also

note that u > 0 everywhere on Ω by the strong maximum principle.

4.3 Non-existence Results: Part 2

In this section, we continue to prove some non-existence results to some related

PDE.

Let Ω ⊂ Hn be a bounded domain. Now we consider the problem of existence of a

function u satisfying: 
∆bu = up + λu on Ω

u > 0 on Ω

u = 0 on ∂Ω

(4.14)

where p > 2∗− 1 = (n+ 2)/n and λ is a real number. As before, we denote by λ1 the

first eigenvalue of ∆b with zero Dirichlet condition on Ω.

Theorem 4.3.1. If Ω is a δ-starshaped domain, problem (4.14) has no solution if

λ < λ∗, where λ∗ is a positive constant depending on the domain Ω and p, which is

defined by

λ∗ = λ1 ·
n

n+ 1
· p− (n+ 2)/n

p− 1
.

84



Proof. Suppose there exists such solution u to the problem (4.14). Since the domain

Ω is δ-starshaped, applying the CR Pohozaev identity and integration by parts again,

we obtain (
n− 2n+ 2

p+ 1

)∫
Ω

up+1dvol0 ≤ λ

∫
Ω

u2dvol0.

Since λ1 is the first eigenvalue of ∆b on Ω, there holds

λ1

∫
Ω

u2dvol0 ≤
∫

Ω

|∇bu|2dvol0 =

∫
Ω

(∆bu)udvol0

=

∫
Ω

up+1dvol0 + λ

∫
Ω

u2dvol0

≤
(
n− 2n+ 2

p+ 1

)−1

λ

∫
Ω

u2dvol0 + λ

∫
Ω

u2dvol0.

Hence λ ≥ λ∗ as desired and we have proven the result.
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Chapter 5

Future Problems

In this chapter, we outline several potential future problems.

(i)As we mentioned in Theorem 2.0.21, for the Sobolev-type embedding on Heisenberg

group Hn, if q 6= 2, what is the value of optimal constant A (n, q)? Is the optimal

constant attained? If attained, what are the extremal functions?

(ii)For the Riemannian case, E. Hebey and M. Vaugon showed that for any compact

Riemannian manifold M , in AB inequality, the set Â2(M) is closed using blow-up

analysis ([34], [35] or [36]). Is it the same thing in the CR case?
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tures on Probability Theory. Springer, Berlin, 1994.

[7] A. Bellaiche and J. J. Risler. Sub-Riemannian Geometry. Progress in Mathe-
matics. Birkhauser, Boston, 1996.

[8] T. P. Branson, L. Fontana, and C. Morpurgo. Moser-Trudinger and Beckner-
Onofris inequalities on the CR sphere. Ann. of Math., 177:1–52, 2013.

[9] H. Brezis and E. H. Lieb. A relation between pointwise convergence of functions
and convergence of functionals. Proc. Amer. Math. Soc., 88:486–490, 1983.

[10] H. Brezis and L. Nirenberg. Positive solutions of nonlinear elliptic equations
involving critical Sobolev exponents. Comm. Pure Appl. Math., 36:437–477,
1983.

[11] L. Capogna, D. Danielli, S. D. Pauls, and J. T. Tyson. An introduction to the
Heisenberg Group and the Sub-Riemannian Isoperimetric Problem. Progress in
Mathematics. Birkhauser, Basel, 2007.

[12] S. Y. A. Chang. The Moser-Trudinger Inequality and Applications to Some
Problems in Conformal Geometry. Nonlinear Partial Differential Equations in
Differential Geometry, Mathematics Series. Amer. Math. Soc., Providence, 1996.

87



[13] S. Y. A. Chang, M. J. Gursky, and P. C. Yang. The scalar curvature equation
on 2- and 3-spheres. Calculus of Variations and Partial Differential Equations,
1:205–229, 1993.

[14] S. Y. A. Chang and P. C. Yang. Prescribing Gaussian curvature on S2. Acta.
Math., 159:215–259, 1987.

[15] S. Y. A. Chang and P. C. Yang. A perturbation result in prescribing scalar
curvature on Sn. Duke Math. J., 64:27–69, 1991.

[16] S. C. Chen and M. C. Shaw. Partial Differential Equations in Several Complex
Variables. Studies in Advanced Mathematics. Amer. Math. Soc., Boston, 2001.

[17] S. S. Chern and J. K. Moser. Real hypersurfaces in complex manifolds. Acta.
Math., 133:219–271, 1974.

[18] W. L. Chow. über systeme von linearen partiellen differentialgleichungen erster
ordnung. Math. Ann., 117:98–105, 1939.

[19] W. S. Cohn and G. Lu. Best constants for Moser-Trudinger inequalities on the
Heisenberg group. Indiana Univ. Math. J., 50:1567–1591, 2001.

[20] W. S. Cohn and G. Lu. Sharp constants for Moser-Trudinger inequalities on
spheres in complex space Cn. Comm. Pure Appl. Math., 57:1458–1493, 2004.
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