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Abstract

In this thesis, we study the optimal constants in the Sobolev-type inequality (AB
inequality) on compact Cauchy-Riemann manifolds. We apply the results to give new
proof to special case of CR Yamabe problem. We also consider the AB inequality
for functions with constraints on CR manifolds. We show for those functions the
optimal value can be smaller and use the analytic results to touch Nirenberg problem
on CR sphere. In the last chapter, we discuss existence of positive solutions to some

nonlinear sub-elliptic equations involving critical Sobolev exponents on Heisenberg

group.
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Chapter 1

Introduction

In this chapter, we give brief description of contents of each chapter and each

section, and outline the main results.

Chapter [2| is about background knowledge, we introduce the previous results of
analysis on CR sphere, Heisenberg group or general CR manifolds and give relevant

reference sources.

Chapter (3] is about AB program on compact CR manifolds and its applications.

1
2n+27

For ¢ € (1,2n + 2) and ¢* to be the conjugate number defined by qi* = % —
we first give the two forms of AB inequality on a compact CR manifold M: there
exist positive constants A, B, A’, B’ such that for u € S{(M) where S{(M) is the

Sobolev-type space which will be defined later in Definition [2.0.17, we have:

1
=

(/ |u|q*dv01) " <A (/ |Vbu|qdv01) ‘4B (/ |u|qdv01) '
M M M
(/ |u]q*dvol)q < A’/ \Vbu]qdvol—i—B’/ |u|?dvol.
M M M

and



Then we outline the AB program on CR manifolds to find the infimum values of A,
B, A’, B’ such that the inequalities hold.
In Section we completely answer the questions in B and B program: we prove

if we denote the volume of the manifold by V(M) and the dimension is 2n + 1, then

q

inf B= (V(M)) 77 and inf B = (V(M)) 7%,

We also show that inf B is always attained. For the case ¢ € (1,2], inf B’ is attained,
while for ¢ € (2,2n + 2), inf B is not attained.

In Section we construct compatible coordinate charts on the CR manifold to
Heisenberg group which preserve the contact form and map the Hermitian frame close
enough to the standard one on Heisenberg group.(see Theorem and Theorem
for details)

In Section [3.3] we partially answer the questions in A program. We show for a

compact CR manifold of dimension 2n + 1,
inf A=(n,q) and inf A" =/ (n,q),

where o7 (n,q) is the optimal constant appears in the Sobolev-type embedding on
Heisenberg group H", as in Theorem [2.0.21]

In Section we give example of the CR sphere S?"*! and see the two optimal
constants we find are both attained in AB inequality on S***!.

In Section [3.5] we apply the results of AB inequality to give new proof to the
special case of CR Yamabe problem. We show that if we define y;, for a function h

as later in Definition [3.5.3] then we have the following theorem:

Theorem 1.0.1. Let M be a compact CR manifold with the contact form 0. If there

holds 0 < fonsr < m where R is the Webster scalar curvature function on

M, then there exists a positive smooth function u on M, such that under the CR

2



conformal change 0’ = u%e, the Webster scalar curvature R of (M, ') is constant on

M.

In Section [3.6] we continue to study the AB inequality for functions with con-

straints. In Theorem [3.6.1] and [3.6.2, we show for specific function u on CR sphere

S?"*1 or compact CR manifold M satisfying certain orthogonality condition, the op-
timal constant A" in the AB inequality can be even smaller. Then based on that, we
prove an estimate result uniformly in the power ¢, which is Theorem [3.6.3|

In Section |3.7], we first introduce the Nirenberg problem on a compact CR man-
ifold M with contact form #: to describe the set of functions which are Webster
scalar functions of contact forms CR conformal to #. We denote the set as S([6]).
We then apply the analytic results to touch Nirenberg problem on CR sphere S?"*+!
with the standard contact form 6; which we will define later in Example We
first observe that although the constant function 1 € S([#;]), for any non-trivial first
spherical harmonic £, (14&) € S([61]). Then we use the analytic estimates developed
in previous section to show Lemma [3.7.5] which gives us a sufficient condition for
a smooth function f on S*"*! such that there exists a first spherical harmonic &;
satisfying f — ¢ € S([f1]). Finally we apply Lemma to show two interesting

theorems:

Theorem 1.0.2. For a positive smooth function f on S*"*1, if we have
1
maz g1 f < 2nmin gent1 f,

then there exists a first spherical harmonic function & such that f — & € S([04]).

Theorem 1.0.3. Let f be a smooth function on S*** which is positive somewhere,
then there exists a first spherical harmonic & and a CR conformal transformation ¢

of S*" 1 such that f — (£ o ) € S([64]).



Chapter {4is about existence results of some nonlinear sub-elliptic PDE on Heisen-

berg group H". We consider the following PDE problem:

Ay = v+ du on
u>0 on 0 (1.1)
u=2~0 on 0f)

where €2 C H" is a bounded domain, 2* is the conjugate number of 2 and X is a real
number.

In Section 4.1 we show if either A > A{, where )\ is the first eigenvalue of A, with
zero Dirichlet condition, or A < 0 combined with 2 is a smooth d-starshaped domain
(which we will define later in Definition [2.0.23)), then has no solution.

In Section [4.2] using the same subsequence technique as in Section (3.5, we show
that if A € (0, A1), there exists a solution of (L.1).

In Section [£.3] we show if Q is a d-starshaped domain, p is a real number with

p>2r—1=122 X<\ R ’%, then there is no solution satisfying

Apu = uP + Au on
u >0 on

u=0 on 0f)

In Chapter [5| we outline several potential future problems related to the topic of

the thesis.



Chapter 2

Background

In this chapter, we introduce some background knowledge with reference.

Definition 2.0.1 (CR Structures and CR Manifolds). Let M be a C* manifold of
real dimension (2n + 1) for n > 1. Let CT(M) = T(M) ® C be the complexified
tangent bundle over M. We consider a complex subbundle Ty o(M) of complex rank
n. If

Tho(M) N To (M) = {0}

with Ty, (M) = Ty o(M) and for any open set U C M, there holds
[T(U, Tio(M)), T (U, T10(M))] € T*(U, Ty,o(M)),

then we say (M, Ty o(M)) is a Cauchy-Riemann (abbreviated as CR) manifold with

the CR structure, or simply denote as M.

Definition 2.0.2 (Levi Distribution). Let (M, T o(M)) be a CR manifold, the Levi

distribution is the real rank (2n) subbundle H(M) C T'(M) given by

H(M) = Re{T1o(M) & To1(M)}.



It naturally carries the complex structure J, - H(M) — H(M) given by

J(V+V)=i(V-V),

for any V € Ty o(M).

Definition 2.0.3 (Pseudo-Hermitian Structure and Levi Form). Now consider the
real line subbundle E — M of the cotangent bundle T*(M) — M such that E, =
H} C Tz, it follows that M is orentiable if and only if E has a global nonvanishing

section, which is referred to as a pseudo-Hermitian structure. We will always assume

this. Let 0 € I°(FE) be such a section, the Levi form Ly is defined by

Lo(Z,W) = —i(d0)(Z, W),

for any Z, W € Ty o(M). Note that we can also view Ty o(M) as 2n-dimensional real

vector space and will denote the real inner product induced by Ly by (Z, W), i.e.

(Z, W) == (Lo(Z,W) + Ly(W, Z)) .

N | —

Definition 2.0.4 (Strictly Pseudoconvex CR Manifolds). With the same notations
as above, we will always assume that Ly is nondegenerate (equivalently, 0 is a contact
form). If in addition Ly is positive definite for a suitable choice of 0, then M is said

to be strictly pseudoconver. Note that now the volume form on M is dvol = 6 A (dO)".

Definition 2.0.5 (Pseudo-Hermitian Frame). Consider a strictly pseudoconvexr CR
manifold (M,0), let {T;}7_, be a local orthonormal frame of Tyo(M) on an open

subset V-.C M. If we setT;.:Tj, for1 < j,k<n,



Such a frame {T;}7_, is referred to as a pseudo-Hermitian frame. For convenience,
we also let X; = Re(T};) and Y; = —Im(1}) for each 1 < j < n, so together they will
span H(M).

Theorem 2.0.6 (Characteristic Direction). Let (M, T} o(M)) be a CR manifold with
0 to be a fized pseudo-Hermitian structure on M, there is a unique globally defined

nowhere zero tangent vector field T on M such that
o(T) =1, T]do = 0.

T is transverse to H(M). Hence if we rewrite {X;}3%,, with Xo = T and X; = X,

Xjtn =Y; for 1 < j <mn, they will span T'(M).
Proof. We refer the readers to Chapter 1.1 of [23]. O

Definition 2.0.7 (Admissible Coframe). With the notations above, there exists
{67}5_, which forms a basis of Tyo(M) such that 6'(T) = 0 and 67(Ty) = 0;p
for 1. < j,k < n. We call {#/}_, an admissible coframe. With 07 = 0i, now

{6,6",...67,0%,...07} spans CT*(M).

Note that now we have df = 2i5]’~“¢9j A OF.

Definition 2.0.8 (Sub-Gradient). For any real C* function u on M, the sub-gradient

of u is then defined by Vyu = 37 (Tju)T;, which is in Ty o(M).

Definition 2.0.9 (Sub-Laplacian and Integration by Parts). With the definition of
sub-gradient, now we can define the operator sub-Laplacian A,. For a C? real function
u on M, Ayu is defined such that for any smooth compact-supported real function v

on M, we have
/ (Vyu, Vyv)dvol = / (Apu)v dvol.
M M

Definition 2.0.10 (Webster Curvature). The definition and properties of Webster

curvature on a CR manifold M can be easily found in [[§]. If the Webster scalar
7



curvature under the contact form 0 is the scalar function R, then with a CR conformal

transform 6 = u*™0 where u > 0, we have
~ n 2 1
n

Definition 2.0.11 (Hérmander Condition). Let (M, T o(M)) be a strictly pseudo-
conver CR manifold with the pseudo-Hermitian structure 6, we know for any x € M
and the local frame {X;}3", of the subbundle H(M) around x, the commutators of
X,’s at x span the tangent space T,,(M), which is often referred to as the Hérmander

condition for the Levi distribution H(M).

Definition 2.0.12 (Carnot-Carathéodory Distance on CR Manifolds). A piecewise
smooth path v : [0,T] — M is called horizontal if it is tangent to Ty o(M) almost

everywhere. The length of v is defined to be

o= [ N

Then for two points x,y € M, the Carnot-Carathéodory distance is defined as
dy(z,y) = inf{l(~y) : v is a horizontal path joining x and y}.

By the classical result of W.L.Chow, see [1] or [18], the Hormander condition implies

that such path always exists. Besides, it induces the same topology on M.

Example 2.0.13 (Heisenberg Group). The Heisenberg group H™ (or simply H) is
the basic model of CR manifolds.
Let us set H" = C" x R with the natural coordinate (z,t) = (z1,...,2n,t). Then the

group law is given by

(z,t) - (w,s) = (z+ w,t + s+ 2Im(z, w)),
8



where <z,w> = (5jl?zj@k.
On H", for each 1 < j < n, the complez vectors fields (actually the pseudo-Hermitian
frame) are given by

0 0

2= 2 iz
ST

Let us then define Ty o(H") as the space spanned by those Z;’s. Since
Z;,Zk] =0, 1<y k<n,

it follows that (H", T} o(H")) is a CR manifold.
So now

19 %) 10 %)

X. = Re(Z.) = ——— Y= I 7)) = —— .
j = Re(Z)) 20z, Yo mZ;) 20y, ot

for each 1 < j <n.

The standard pseudo-Hermitian structure 8q on H" is then given by

9() =dt+1 Z(z]dfj - Edej),

Jj=1

and hence

dfy =20y dz; A dz;.

Jj=1

Also the standard volume form now becomes

dvoly = 0y A (dBo)" = (20)"(n!)dt Ndzy Ndzy A -+~ Ndzp, A dZ,

=4"(n)dt ANdxy Ndyy A -+ Ndxy A dyy,.

Our choice of 0y ensures that (H", T o(H")) is a strictly pseudoconvex CR manifold.

It is also easy to check T = % is the characteristic direction of (H™, 0).



With the notation above, we have on H",
I, > -
Ay =—3 Y (2Z;+2;2;) == (X7 +Y}).
j=1

The Webster scalar curvature is 0 on H".

Definition 2.0.14 (Dilation and Heisenberg Norm). For § > 0, the dilation map
Ds : H* — H" s given by
Ds(z,t) = (6 -z,6% - 1).

It is easy to check that each dilation is a group homomorphism and a CR isomorphism.

The Heisenberg norm on H™ is given by

x| = (|z]* + )"

for each x = (z,t) € H".

Example 2.0.15 (Hypersurface and CR Sphere). Let p : C¥ — R be a real-valued
smooth function which does not vanish on the hypersurface defined by M = {z € CV :
p(z) = 0}. If we define the subbundle by Tyo(M) = Ty o(CN)CT (M), it follows
that (M, Ty o(M)) is a CR manifold.
The standard pesudo-Hermitian structure 6, on M is given by i(0 — 0)p.
Then we define CR Sphere as the (2n+ 1)-dimensional hypersurface S*"™' (or simply
S )in C"*1 with the corresponding subbundle and standard contact form given by

n+1

0y =i(@—0)CI> =i (¢dC; — C,d¢) -

Jj=1

10



The volume form

dvoly =6, A (d6;)" = 2" (zydyy — yrday + -+ + Tp1dYns1 — Ynp1dTns1)

A (dzy ANdyy + -+ + dag 1 A dyna)”

n+1
:22n+1 (n') Z (l’jdl’l N dyl VANEIEIAN de A dyj N A dl’n+1 A dyn+1
7j=1

—yjdxlAdy1A~~~Adxj/\cfy\j/\m/\dxnﬂ/\dynH).

Recall that the surface area form on S™ induced from the Euclidean volume form on

Rn—i—l s
n+1 o
j=1

So we know the area of S**1 under the volume form dvol, is

27"t _ 92n+2
I'(n+1)

Wang1 = 22T (n!) vt (2.1)

Also for j =1,...,n+ 1, if we define the operators on S+

a _ n+1 a B a n+1 _ a
T = — — E —_— T, = — — E —
RS “ k=1 o I ! 9¢; CJ k=1 2 ACy,

the sub-Laplacian on the CR sphere is then given by

The Webster scalar curvature is in(n + 1) on S**1.

11



Definition 2.0.16 (Cayley Transformation). The Cayley transformation C : H* —

St and its inverse C71 0 S2PHL — H™ are given by

Clat) 2z, 1—|z|* —it
VA =
’ 14|z +it’ 1+ |22+t )’
1—
c—l(g):( SN S g"“).
1+ Gura L+ G 1+ Gny1

We have that the Cayley transformation preserves the CR structure since it is restric-

tion of holomorphic transformation and the Jacobian of the transformation is given

by
22n+1

Je(z,t) = ((1 N |Z|2)2 L

)n+1'

Also the two standard contact forms 6y and 0, are connected by

4

C*(04) = 0.
O = T app s e®

Definition 2.0.17 (Sobolev-type Norm). On a strongly pseudoconvex CR manifold
(M, 0), for C* functions on M and a positive q, we first define the Sobolev-type norm

as follows:

I T Ry A
M M

Then the Sobolev-type space S{(M) is defined to be the completion of C™ functions
with finite norm. For convenience, we often write S?(M) as Sy(M). Also we use
the notations S{ (M), S1,0(M) to denote completion of compact-supported functions

in the corresponding function space.

Theorem 2.0.18 (Sobolev-type Embedding). For the compact strongly pseudoconvex
CR manifold (M,0), q € (1,2n + 2), if we define ¢* by the relation

1/¢"=1/q—1/(2n+2),

12



then there exist positive constants A and B such that for u € ST(M),

1 1 1
(/ ]u‘Q*dvol) "< (/ yvbuyqdvoz> "+B (/ yu|qdvol) "
M M M

or in other words,

S{(M) c LT (M).
And if ¢ < s < ¢*, the embedding of S{(M) into L*(M) is compact.
Proof. We refer the readers to Section 3.4 of [23], [27] and [39]. O

Theorem 2.0.19 (Poincaré-type Inequality). If we use @ to denote the average value

of the function u on the manifold M, i.e.,

[, udvol

p=2M "

M
fM dvol’

then for p € (1,+00), there exists a positive constant C' such that for any u € S7(M),
there holds

/ |u — ulPdvol < C/ |VyulPdvol.
M M

Proof. We refer the readers to Section 3.5 of [23] and [3§]. O

Theorem 2.0.20 (Sobolev-Poincaré-type Inequality). With the notations as above,

for q € (1,2n 4+ 2), there exists a positive constant D such that for any u € ST(M),

1 1
</ lu — E|Q*dvol> ' <D (/ \Vbu]qdvol) "
M M

Proof. By Theorem [2.0.18] there exist positive constants A and B such that

we have

1 1 1
*

(/ |u—a|q*dv01)q gA(/ |Vbu|qdv01)q+B(/ |u—ﬂ|‘1dvol>q. (2.2)
M M M

13



Then by Theorem [2.0.19]

</ lu — E|qdvol> ' <C (/ |Vbu|qdvol> " (2.3)
M M

Combine ([2.2) and (2.3)) together, we obtain the result. ]

Theorem 2.0.21 (Optimal Constants and Extremal Functions in Heisenberg Group).
For q € (1,2n+2), there exists </ (n,q) such that for any function u in D(H"), there

holds

1

(/ \u|4*dvolo>q* < 4 (n,q) (/ \Vbu]qdvol())q .
H H

Here the constant </ (n,q) is assumed to be optimal. Also note for the case ¢ = 2,

o (n,2) is computed to be \/ = and the equality holds if and only if

C
(2 + (1+ |z2)%)

u(z, t) =

0|3

up to left group translations and dilations on H", here C' is a constant.
Proof. We refer the readers to [29] and [40]. O

Theorem 2.0.22 (Maximum Principle). Let U be a relatively compact open subset of
a normal coordinate neighborhood of the CR manifold M. Let f,g € C*(U), u is a
nontrivial function such that w € L™(U) for some r > % andu >0 on U. Assume
that

Ayu + gu = ful™
in the sense of distributions on U for some 2 < q < 2*, then uw € C*(U) and u > 0.

Proof. We refer the readers to Section 3.5 of [23] and [39]. O

14



Definition 2.0.23 (d-starshaped Domain in H"). On the Heisenberg group H", we
define the vector field

98 9
X = 0y )yl
. (%axj +yﬂayj> T

A piecewise C' bounded domain @ C H" is said to be §-starshaped with respect to a
point ¢ € Q, if denoting by N the outer unit normal to the boundary of 7.-1(2), where

Tc-1 48 the left group action on H"™ which maps ¢ to 0, we have
X.N >0

at every point of 0 (1.-1(Q2)).

Theorem 2.0.24 (CR Pohozaev Identity). Let 2 be a bounded domain in H" with
smooth boundary and the vector field X as defined above, we have for a C? function

u on 2, there holds

/ \Voyu|*’X.N do = —2/(Xu)Abu dvoly — Qn/ |V yul*dvoly.
B 0 0

Hence if the domain ) is 0-starshaped, RHS> 0.

Proof. We refer the readers to [30]. O

15



Chapter 3

AB Program on Compact CR
Manifolds

Let (M,0) be a compact strictly pseudoconvex CR manifold of real dimension
(2n 4 1) with given pseudo-Hermitian structure 6, where n > 1. We know the
volume form dvol is given by 6 A (df)™. The Sobolev-type embedding (Folland-Stein

embedding) is given in [27]:

(/ |uyq*dv01)q gA(/ \Vbu]qdvol)q—l—B(/ |u|de01)q (3.1)
M M M

1 1 1 . . .
for 1 < ¢ < 2n + 2, where =3 I and the function w is in the Sobolev-type

(Folland-Stein) space S{(M).
We remark that (3.1]) is equivalent to existence of positive constants A and B (may

be different values) such that

a4
*

(/ |u|q*dvol)q <A |Vbu|qdv01+B/ lu|dvol. (3.2)
M M

M

16



Let g € (1,2n 4 2), ¢* be defined as before, we know for u € C§°(H"), there holds

1
3

(/H!u|q*dvolo>q < (n,q) (/HIVbu]qdvolo)q, (3.3)

here the constant <7 (n,q) is assumed to be optimal. In [29] and [40], the optimal
constant & (n, 2) is computed to be y/ 1. So we define

>

M) ={AeR: there exists B such that (3.1]) holds},

2>)

«M)={AeR: there exists B such that (3.2)) holds},

&

(M) ={B eR: there exists A such that (3.1 holds},

&)

(M) ={B eR: there exists A such that (3.2) holds}.

Clearly from the definition, we have if A € A,(M) and A" > A, then A’ € A, (M);
if A e Ay (M) and A’ > A, then A’ € A (M); if B € B,(M) and B' > B, then
B' € B,(M); if B € B,(M) and B' > B, then B’ € B,(M). We let

A (M) = inf{A: A e A (M)},

-~

A, (M) =inf{A: A e A, (M)},
B,(M) = inf{B: B € B,(M)},

B,(M) =inf{B: B € B,(M)}.

Now we outline the AB program and the related AB program in this setting:

(1)Questions in A program: what is A,(M)? Is the set A (M) closed?
(ii)Questions in A program: what is ﬁq(M )7 Is the set .&Z(M ) closed?
(iii)Questions in B program: what is B,(M)? Is the set B, (M) closed?
(

iv)Questions in B program: what is gq(M )7 Is the set ]@q(M ) closed?

17



3.1 Answers to B Program

In this section, we completely answer the questions in B and B program.

Theorem 3.1.1. For any compact strictly pseudoconver CR manifold (M,0) with
the pseudo-Hermitian structure 0 and q € (1,2n + 2), we denote the volume of M by
V(M), then there exists A such that for any u € ST(M), there holds

</ ]u|fI*dv0l)q gA(/ \Vbu]qdvol>q+(V(M))‘znl+z (/ |u’qdvol>q.
M M M

Here the value (V(M))_inﬁ is optimal.

1

Proof. By taking the constant function 1 on M, we obtain B,(M) > (V(M)) .
Then by Theorem [2.0.20} there exists D such that

(/ lu —ﬂ|‘1*dvol> ' <D (/ |Vbu|qdvol) "
M M

By triangle inequality in L? (M), we obtain
q*dvol) "y (/ |ﬂ|q*dvol) !
M

(/ |u|<1*dvol)q §(/ lu—1
M M
1
/udvol
M

<D (/M |Vbu|qdvol> L))

1 1
* E3

(3.4)

Apply Holder’s inequality,

‘/Mudvol g/M|u|dv01§(V(M))1; (/M |U|qdvol)(11. 55)

Combine (3.4 and (3.5]), we obtain the result. ]

Theorem 3.1.2. For a compact strictly pseudoconvex CR manifold (M,0) with the

pseudo-Hermitian structure 6 and g € (1,2n + 2), we denote the volume of M by

18



V(M). Then for any € > 0, there exists A such that for any u € S{(M), there holds

</ ]u‘q*dvol)q gA/ IVul?dvol + ((V(M))—ﬁ —|—e>/ lul?duvol.
M M M

Proof. We first recall some basic result: for ¢ > 1 and any € > 0, there exists constant

C such that for nonnegative x, y, there holds
(z+y)? < (1+€)2?+ Cyl.

Then by Theorem [3.1.1} there exists constant A such that

q

(/ \u,q*dvol)q g((V(M))—QniQH)/ |u|qdvol+C’Aq/ IV ,u]*dvol,
M M M

which is exactly the result we want if we take C'A? to be the new constant. O

Lemma 3.1.3. Let (M, 0) be a compact strictly pseudoconver CR manifold with the
pseudo-Hermitian structure 6 and q € (1,2n + 2). We denote the volume of M by
V(M). If there exist A and B such that for any u € ST(M), there holds

a4
£

</ ]u‘Q*dvol)q < A/ \Vbu]qdfuol—i—B/ lu|?dwvol,
M M M

then B > (V(M)) @2,

Proof. Similar to the proof to Theorem [3.1.1] we take the constant function 1 on M

to obtain gq(M) > V(M) =7, O

Lemma 3.1.4. For any compact strictly pseudoconver CR manifold (M,0) with the

pseudo-Hermitian structure 0 and q € [%ﬁ;, |, we denote the volume of M by V (M),

then there exists A such that for any u € S{(M), there holds

g
E3

(/ \u|q*dvol)q §A/ |Vbu]qdfuol—|—(V(M))z¢f+2/ |u|?dwvol.
M M M
19



Proof. For any function v € C°(M) satisfies [, vdvol = 0 and [, v*dvol = 1, take

o(t) = (/M|1+tv|q*dvol>q .

Then we have ¢(0) = V(M)ql and since

21
Q' (t) =2 (/ 11+ tu\q*dwﬂ) (/ 11+ tv|T 721 + tv)vdvol) :
M M

there holds ¢’(0) = 0. Then we compute ¢”(t) and obtain

22

2 " 2 . g
¢"(t) =2¢"(= — 1) (/ |1+ tv|? 1vdvol) (/ |1+ tv|? dVOl)
q M M
Z-1
+2(¢" — 1) (/ 11+ tv|q*dvol) (/ 11+ tv|q*_202dvol) .
M M

For the choice of ¢, we have the first term is never positive. Then apply Holder’s

inequality, there holds

2
=

1-Z
< (/ \vlq*dvol) (/ \1+tv|Q*dvol)
M M

2
q*

o0 <26 -0 ([ foravat)”

and hence for any such v and ¢ > 0,

’/ |1+ tv]? 2v?dvol
M

So for t > 0,

2 2

p(t) = (/ I1 —|—tv]‘1*dvol) ' < V(M)q% +t2(q* —1) ( ‘U|q*dvol) q |
M M

Consider now the function v = 1 + tv, such function v corresponds to function u €

C°(M) satisfying [, udvol = V(M). In other words, we obtain for any v € C°(M)

20



satisfying w = 1, there holds

l* 2(q* -1 2
(/ |uyq*dvol) <v(M) T </ udvol)
M M N (3.6)
+(¢* = 1) (/ |u—a|q*dvol) "
M

By homogeneity and the fact that C° functions are dense in L4 (M), we have ({3.6))
holds for any u € L9 (M). Applying Theorem [2.0.20[ and Holder’s inequality, we

obtain for any u € S{(M),

(/ ]u\q*dvol) L < v(M) (/ ]u\qdvol> "o (/ yvbu|qczvol) "
M M M

Since for ¢ € [2:_4227 2] and nonnegative x, y, we have (z +y)% < x2 + y2, hence
i*
* a q
</ lul? dvol) < V(M) 2ni2 / |u|?dvol + C’/ |Vyu|?dvol,
M M M
which is just the result we want. O

Lemma 3.1.5. For any compact strictly pseudoconver CR manifold (M,0) with the

pseudo-Hermitian structure 0 and q € (1, 25:22), we denote the volume of M by V (M),

then there exists A such that for any u € S{(M), there holds

9
3

(/ \u|q*dvol)q SA/ |Vbu]‘1dv0l—|—(V(M))_zrﬁ+z/ |u|?dwvol.
M M M

Proof. Consider a nontrivial function v € C°(M) satisfying |’ ap vdvol = 0, clearly we

have

/ |1—|—U|q*dV01:/ |1+U|‘1*dvol+/ |1+v|q*dvol+/ 114 v|? dvol.
M {v>0} {—1<v<0} {v<—1}
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Since g::ﬁ < ¢* < 2, there holds

/ \1—|—v|q*dvol§/ (14 ¢ v+v7) dv01+/ (14 ¢* v+ [v]”) dvol
M {v>0}

{—1<v<0}
+ / [v|4" dvol
{v<—1}

< / dvol + / q*vdvol + / v dvol + / dvol
{v>0} {v>0} {v>0} {~1<v<0}
—|—/ q*vdvol—l—/ \U\Q*dvol—i—/ [v|7" dvol
{—1<v<0} {—1<v<0} {v<—1}

:/ dv01+/ |U|Q*dvol—|—q*/ vdvol
w1} M w21}

=V({v>-1}) +/ [v|7" dvol + q*/ vdvol — q*/ vdvol
M M {v<—1}

=V({v>-1}) +/ |v|q*dvol+q*/ |v|dvol.
M {

v<—1}
Hence by Holder’s inequality, we obtain

/ 11+ 0|7 dvol SV({vZ—l})—l—/ [v|7" dvol
M M

1
q*

b (V({o < —1})* (/M |v|q*dvo1>

Now for the real number ¢ € [0,V (M)), set

*

* * q :1
f@) =t+ ol + ¢ llvllpa (V(M) =) =

Simple computation shows that
Ft) =1~ (" =Dl (V(M) —t)7

and
¢ -1 Spes
fr(t) =~ - vl pax (V (M) — )" <0,
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and hence

lim f'(t) = —oc.
te%/r?M)f(t) >

Then we discuss two cases. First we suppose that
F1(0) = 1= (¢" = Doll e (V(M))T <0,

also since f’ is non-increasing, so if we set to = V({v > —1}), we have f(to) < f(0).
Now

*

q

* * * =
/ 1+ | dvol < f(to) < ||vl|7e + @ [[vllza (V(M))
M

<1+ (@ =D o2,

The other case is that
/ * =
f0) =1 =(¢" = Dlfvllpa (V(M))* = 0.
Take t,, such that f'(¢,,) = 0, we obtain

tw = V(M) = (¢ = )" |lv

q*
Lq* .

So in this case f(t,,) > f(to). Direct computation leads to

q*
L

/ 1+ 0| dvol < V(M) + (1+(¢" = 1)7 ") [l
M

In conclusion, in both cases there holds

*

q
La*-

/ 1+ 0" dvol < V(M) + (1+¢*(¢" — )7 1) [|v
M
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Since (z 4+ y)1* < xa* +ya* for nonnegative z, y, we obtain

a4
3

</ 11+ v|q*dvol) ' <V(M)© + (14 ¢ (¢r =17 )
M

]|

Consider now the function u = 1 + v, such function v corresponds to function u €
C°(M) satisfying [,, udvol = V(M). In other words, we obtain for any v € C°(M)

satisfying w = 1, there holds
i*

(/M ]u\q*dvol>q <V(M)# (/Mudvol)q

+ (1 +q*(¢" = 1)(1**1)% (/ lu — ﬂyq*dvol)
M

(3.7)

q
a*

By homogeneity and the fact that C° functions are dense in L9 (M), we have (3.7))
holds for any u € L% (M). Applying Theorem [2.0.20] and Hélder’s inequality, we

obtain for any u € S}(M),

a4
3

(/ |u|‘I*dV01>q S(V(M))Q*ﬁ”/ |u|qdvol+C'/ |Vyu|?dvol,
M M M

which is exactly the inequality we want. O

Theorem 3.1.6. For any compact strictly pseudoconvex CR manifold (M, 0) with the
pseudo-Hermitian structure 6 and q € (1,2], we denote the volume of M by V (M),

then there exists A such that for any u € S{(M), there holds

a4
*

(/ \u|CI*dvol)q < A/ |Vbu|qdvol+(V(M))_zf+z/ |u|dvol.
M M M
Here the value (V(M))_ﬁ is optimal.

Proof. 1t is direct conclusion from Lemma [3.1.3 Lemma and Lemma [3.1.5] [

Theorem 3.1.7. For any compact strictly pseudoconvex CR manifold (M,0) with

the pseudo-Hermitian structure 6 and q € (2,2n 4+ 2), we denote the volume of M by
24



V(M), then there doesn’t exist A such that for any u € S{(M), there holds

a
*

(/ \u|‘l*dvol)q SA/ |Vbu|qdvol+(V(M))_2f+z/ |u|dvol.
M M M

Proof. Let u € C°°(M) be a nonconstant function. For p > 2, let’s take

oo(t) = / 11+ tuldvol
M

Simple calculation leads to

©(t) = p/ 11+ tulP~2(1 + tu)udvol
M

and
wy(t) =plp—1) / |1 4 tuP~*u*dvol.
M
So we have
©,(0) = p/ udvol and ¢(0) = p(p — 1)/ u*dvol.
M M
Hence

op(t) = V(M) +p (/M udvol) t+p(p2_ D) (/M u2dv01) 2+ o(t?).

Substitute p = ¢ and p = ¢*, we obtain

1
/ 11+ tuldvol = V(M) + ¢ (/ udvol) (Gl (/ u2dvol> 2 + o(12)
M M 2 M
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and

Q‘Q

P wany ([ udvol)2t2

L=t (V(M))a~! (/M u2dvol) £2 4+ o(t?).

Now similar computation leads to

/ V(1 + tu)|?dvol = o(t?).
M
Let’s assume there exists such A, substitute 1 + tu into the inequality, we obtain

(V(M))& + q(V(M))a (/M udvol) t+ @ (V(M))i 2 (/M udvol>2 £
q(¢- — 1)

+ = (V(M))& ! (/M u2dvol> 2+ o(t?) <
(V(M))# +q (V(M))# ( /M udvol) e D i ( /M uam) 2

Take t — 0, there holds

V(M) /M u?dvol < ( /M udvol)Q.

By Holder’s inequality, this is only possible when wu is a constant function, so we

obtain contradiction. O

3.2 Compatible Coordinate Charts

In this section, we construct compatible coordinate charts on the CR manifold.
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Lemma 3.2.1. Consider R® = {(z,y,t) : x,y,t € R} with the contact structure
0 = dt + 2xdy — 2ydzx, the two vector fields X = %&C + 90, Y = %Gy — x0; will span
ker(6) at each point. Suppose )?, Y are two linearly independent vector fields on R?
in ker() at each point, and satisfies dO(X o, Y |o) = d0(X|o,Y|o). Then there exists a
neighborhood Q of 0 = (0,0,0) with a coordinate chart function ® = (¢, ¢,7) : Q — R?
such that ®(0) =0, @*(5) =0 and

~ ~ ~

dD(X) = (1+o(1)X +o(1)Y , d®(Y) = o(1)X + (1 + o(1))Y.

Here note we use the symbol ~ to denote concepts in the range space R3.

Proof. Suppose @ is such a function on a neighborhood {2 and we will deduce the
conditions it needs to satisfy.

Let X = AX + BY, Y =CX + DY, where A, B,C, D are real functions on R3 with
AD — BC # 0 everywhere. Also let A(0) = a, B(0) =b,C(0) = ¢,D(0) = d and

-1

a b e f
c d g h

Since d(X|o, Y]o) = d6(X|o, Y]o), we have ad — bc = 1. Since ®*(f) = 6, there holds

0)(0:) _ 2(0)©0,) _ 2 O)@) _,
0(0,) 6(9,) 60)

Since
d®(9,) = 205 + %205 + 920;

d®(9,) = 520; + 3205+ 500;

A () = %20; + 2205 + 0>
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direct computation leads to

oT 0 13) or 99 9 T 0 0
205 —2052 5t 205, — 205 T +205 —20%

1. .
—2y 2z 1 (38)

We can also compute

AB(X]o) =a(d®)(X|o) + b(dB)(Y |o) = Sa(d®)(2,]o) + SH(AB)(D,]0)

1 0y dp N, [ 1( 99 90\ o

1 or or
+ 5 (a%b + ba—y|0> a{|6

Since ® preserves the contact structure, now the condition

dD(X) = (1+o(1))X +o(1)Y

is equivalent to
~ 1
dd(X|o) = §8§|6.
So we obtain
Op Op| _
a%‘o + ba—y‘g =1
a%b + bg—?ﬂo =0

(I%‘O‘i‘bg—zyo =0

Similarly consider d®(Y'), we have

0 0
Cgf|0+d5(5‘0 =0
0 le]
cGelo +dgelo =1

0 0 —
ca—;|o—|—da—;|o =0
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Together with (3.8]), we obtain

d d d

oo 55‘0 S lo e g *

9 9 9 —

a—ﬁ|o a—§|0 a—f|0 =1 hox ] (3.9)
Zl, &, &, 00 1

Inspired by this, we simply let

Y =exr+ gy
o= fx+hy
T=1

and check it satisfies (3.8]) and (3.9). Hence we take a suitable neighborhood and

obtain the right coordinate chart. O]

Theorem 3.2.2. Let (M, 0y;) be a strictly pseudoconvex CR manifold (not necessarily
compact) of real dimension 3, with {TM} to be a pseudo-Hermitian frame. Denote
H' = {(3,1) : 2 € C,T € R}, with Zy = 0s + 20y, Zy = 05 — i20; and X = Re(Z,),
Y = —[m(Zl) on H'. For any point m € M, there exists a neighborhood Q0 and a

coordinate chart function ® : Q — H' such that ®(m) =0, ®*(61) = Oy and

~

dD(TM) = (14 o(1))Z; + o(1)Zs,

dd(TM) = 0o(1)Zy + (1 + o(1)) Z1.

Proof. Let’s now denote Re(TM) = XM —Im(TM) = YM. By Darboux’s Theorem,
all contact structures are locally diffeomorphic. Hence we can take a smooth &
which maps a neighborhood of m onto an open set in R3, such that ®;(m) = 0,
&% (dt + 2xdy — 2ydz) = 0y;. Take dP;(XM),dP,(YM) to be X,V as in Lemma m,
we obtain a neighborhood of 0 in R? and a coordinate chart function ®, onto an open

subset of H!' (now considered as the range space R® as in Lemma [3.2.1)) such that
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D,5(0) = 0, D3(01) = dt + 2zdy — 2ydz, and

A~

ddy 0 dby(XM) = (1+ 0o(1)X + o(1)Y,

dDy o d®, (YM) = o(1)X + (14 0(1))Y.

Take ® = &, o &; and choose a suitable neighborhood of m, we get the result we

want. [
Lemma 3.2.3. Consider now n > 2, R** = {(27,y7,t) : 1 < j < n,2?,y,t € R}

with the contact structure 6 = dt + 2x7dy’ — 2y’dz?. The 2n vector fields are now

1 . 1 ,
Xj = 5 2 + yjﬁt 5 Y] = §@yj — x”é)t.

Suppose there are also 2n linearly independent vector fields on R?*"™ given in the

matriz form

X Al A2 Ar B! B? B X,
X Al A2 Ar B! B2 B} X
X, AL 42 A" B! B2 B X,
Y; Ct CF Ct Di Di Dy Yy
Y, Cy C3 Cy D3 Dj Dy Yy
Y, cloC2 Cn DX D2 Dr Y,
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with A%, BY, C¥, D to be smooth functions on R***'. We assume

-1

A AY Bj By Ej EY K Fy
Al Ar B! Br E! E" F! jol
Ci Y Dy Dy Gi Gy Hi Hy
CL cr D} D G! G H} Hr

k; k. . .
Let af - - - hi be values of those functions at 0. If there holds for any j, k,

(

NgE

(e5fx —ekf) =0

(957 — gih5) =0 (3.10)

o~ o~
Tt

M=

(e5hi, — fig) = &

~
I
—

\

then there exists a neighborhood Q of 0 in R®**! and a coordinate chart function
D= (@l - Pt 7) s R 5 R2HL sueh that ©(0) = 0, @*(5) = 0 and for
any j,

dD(X;) = ()X, + -+ (1 4+ 0o(1)X; + - - 4+ o(1) Xy, + o(1)Y; + - - - + 0(1)Y,,

~ ~

dD(Y;) = o(1) X1 4 -+ o(1) X, + o(1)Yy 4 -+ (1 + 0o(1))Y; + - - - + 0(1)Y,,
(3.11)

Here note we use the symbol ~ to denote concepts in the range space R*" 1,
Proof. Inspired by Lemma [3.2.1 we define the function ® as follows:
ol = ezt + gy’

¢ = flat + byt

T=t
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for any 1 < 7 < n. Then we check it satisfies all the requirements. First we notice
that if ®*(6) = 6 (which will be checked later), to show (3.11)), it suffices to check
dD(X|o) = 105 and d®(Y;|o) = 10415. Since for each j,

d0(9,5) = 22050 + 22050 + 220,

oxi 83:7 Yy
0 Bl
d®(9,) = a«; Dzt + aj; O + Wé}

d0(;) = 2205 + 20,0 + 200,
we obtain

~ 1 1
d®(X;o) = (Xlo) + bEdD(Yelo) = éa"?d@(axq )+ 5b’?dcb(a ko)

d
1 L 09° folon
_5(38 k°+bk |O)aﬂ|6 _(38 k‘0+bk wlo ) 95l
1
2

p OT T
+ ( _]8 k|0 ayk‘()) a?‘/ﬁ

1 1 1
9 (a ek bk ) Dzelg + ( kfk "’bkhg) ylg = rﬂ|0

Similarly we can check d@(?ﬂo) = %8@' 5. Then it remains to check q’*(é\) = 0.
Actually for each 7,

7 . OT | n= ,08' R 08
Y (0)(0) = 0 (d2(0)) = 55 +2D 915~ 2D ¢S
/=1

oxJ p—y
n
=2 Z ertt + ghy) fE =2 ) (flab + hiyh)e!
k=1 k=1

= —Qyj =0(0,9).

Similarly we can verify that ®*(8)(d,;) = 0(d,;) and ®*(8)(8,) = 0(d,). Hence we
conclude @*(«/9\) =4. O

Lemma 3.2.4. Let (M, 0y) be a strictly pseudoconvex CR manifold (not necessarily
compact) of real dimension (2n + 1), where n > 2, with {T}}7_, to be a pseudo-

Hermitian frame. We set X' = Re(TM) and Y = —Im(T}) for each 1 < j < n.
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For a m € M, suppose there is a coordinate chart function ® from a neighborhood
Q of m onto an open subset of R*"™ such that ®(m) = 0 and ®*(0) = 0y, where
0 = dt + 2x7dy? — 2y’da?. If we denote )}j = dCD(XJM),}N/j = dO(Y}M), write them as
linearly combinations of those X;,Y; in R**! and then take the inverse matriz as in

Lemma/[3.2.5, then the values at 0 will satisfy (3.10) for any j, k.

Proof. We first rewrite
X, = A'X, + BY,, Y, = Ci X, + DY,
in the inverse way:
X; = E¥ Xy + FYY,, | Y; = GEXy, + HEY. (3.12)

Identify R***! with H", now § = 0y remains unchanged. We can take advantage
of the complex structure. Let Z; = X; —1Y;, Z; = X; +4Y; and Ej = )?j — i}z,

Z7 = )’Ej + ZSN/J Since {T;}7_, is a pseudo-Hermitian frame, and ®*(0) = 6, we

obtain for any 1 < 7,k < n,

0 = —i(don) (T, T = —i(do)(Z;, Zy),

J

0 = —i(dor)(TM, TM) = —i(d0)(Z;, Zy), (3.13)

0 = —i(dOy) (T, T = —i(d6)(Z;, Z).

We also have for any 1 < j,k <n,

58 = —i(d6)(Z;, Zg) , 0 = —i(d0)(Z;, Z) , 0 = —i(d6)(Zs, Z).

J
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Substitute (3.12]) and (3.13)), there holds

§F = —i(d0)(Z;, Z) = —i(dO) (X, — iY;, Xi +iY})

= —i(df) (Ef)@ + FIY, —iGEX, — iH{Y,, Ef X, + F{Y, +iGi X, + z’H,ff/g)

, (E —ZGZ—FZFE—FHZ)Z[—F( Ef —iGS —iF) — Hf)Zz
i(do) :
2
(BL +iGY +iF!f — H)Z, + (EL +iGY — iF! + H£)2K>

2

Take the values at 0, we obtain

n

> (e —igh +if] + hE) ey + igy — iff + hi)—
/=1

S (kg — iff = W) (el + gk + iff — hf) = 4%,
=1
Or equivalently,

S (ebhf+chht — figh — figf) =208,

/=1

- (3.14)
(€jfk — erfi + gihi, — gihj) = 0.
=1
Similarly, since —i(d6)(Z;, Z),) = 0 for any j, k, we obtain
> (e5hi = eih — figh+ figh) =0 D (ffl — ebff — gihic + gihf) = 0. (3.15)
=1 =1
From (3.14)) and ({3.15)), it is easy to deduce (3.10)). ]

Theorem 3.2.5. Let (M, 0y) be a strictly pseudoconvex CR manifold (not necessarily
compact) of real dimension (2n + 1), where n > 2, with {T}}7_, to be a pseudo-
Hermitian frame. Denote H" = {(Z* - - ,/z\”,t) 3 eC,te R}, with Zj =05 +iz E%t,
2; = 0y — 270, and )A(j — Re(Z;), Y; = —Im(Z;) on H". For any point m € M,
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there exists a neighborhood ) and a coordinate chart function ® : Q — H" such that

D(m) =0, &*(Ogn) = Oy and for any 1 < j <mn,

~ ~ ~

do(TM) = o) Zy+ -+ (1+ o()Z;+ -+ 0(1)Zy + o(1) Z;

~ ~ ~

dO(TM) = o(1)Zy + -+ + 0(1) Zy + 0(1) Z1 + -+ + (1 + 0(1)) Z;

Proof. Let’s now denote Re(T}) = XM, —Im(T}') = Y. By Darboux’s Theorem,

all contact structures are locally diffeomorphic. Hence we can take a smooth &,
which maps a neighborhood of m onto an open set in R*"*1 such that ®;(m) = 0,
i (dt + 227dy’ — 2y7da’) = Oy Take d®y (X)), dP1(Y;M) to be )A(/j,f/j as in Lemma

3.2.3}, then by Lemma and Lemma we obtain a neighborhood of 0 in R?**!

and a coordinate chart function ®, onto an open subset of H" (now considered as the
range space R?" 1) such that ®5(0) = 0, ®5(0gn) = dt + 227 dy’ — 2y’ dz?, and for any

1 <5 <n,

d®y 0 d® (XM) =o()X; + -+ (1 +0(1)) X; + -+ o(1) X,
+ 0(1)5}1 +-- 4+ 0(1)177“
d®y 0 d® (VM) =0(1) X, + -+ + o(1) X, +

oY+ -+ (1 +0(1)Y;+ - +0(1)Y,.

Take & = &, o ; and choose a suitable neighborhood of m, we get the result we

want. O

3.3 Discussion on A Program

In this section, we prove A, (M) = 7 (n,q) and .,Zl\q(M) = 4/ (n,q)? for any com-

pact CR manifold M of dimension 2n + 1.
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Lemma 3.3.1. Let (M, 0) be a strictly pseudoconvex CR manifold (not necessarily

compact) and let q € (1,2n+2) be a positive number with ¢* defined by qi* = %— ﬁ

Suppose there exist positive constants A and B such that for any u € D(M), there
holds

1 1 1
(/ ]u\q*dvol) ' <A (/ \Vbu]qdv0l> "+B (/ ]u\qdvol) " (3.16)
M M M

Then A > o (n,q).

Proof. We prove by contradiction. Suppose there exist A < o7(n,q) and positive B
such that (3.16|) holds for any uw € D(M). Take a x € M, for any € > 0, we can take a

small neighborhood €2 with the coordinate chart function ® constructed in Theorem

and Theorem such that ®(2) = Bs(0) C H", ®*(6y) = 6 and

(1_6)/ |vbuyqdvolog/|vbu|qczvo1g <1+e)/ IV uldvol,.
Bs(0) Q Bs(0)

Here dvol is the volume form on M and dvoly is the standard volume form on H".
Taking e small enough, we get there exist some A" € (A, .o/ (n,q)) and B’ such that
for u € D(Bj5(0)),

1 1 1
(/ \u|q*dvolo)q < A (/ |Vbu|qdvolo)q—|—B’ (/ \u|qclvolo)q.
H H H

By Holder’s inequality, we have

(/ |u|qdvolo) " <V (By(0))F (/ |u|q*dv010)
Bs(0) Bs(0)

1
q
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Hence by choosing § small enough, we obtain there exists A” < @7 (n, ¢) such that for

any u € D (Bs(0)), there holds

1

(/ |u|‘I*dvolo> ' < A" (/ |Vbu|qdvolo) " (3.17)
H H

Since (3.17)) is invariant under dilation on H", we have actually for any v € D (H"),
(3.17) holds. This contradicts with the fact <7 (n,q) is the optimal constant, as we
stated in Theorem 2.0.21] O

Lemma 3.3.2. Let (M,0) be a strictly pseudoconver compact CR manifold and let

_1

- For any € >0,

q € (1,2n + 2) be a positive number with ¢* defined by qi* = % —

there exists positive number B such that for u € S{(M),

</ ]u|q*dvol)q < (sz(n,q)q—i-e)/ ]Vbu|qdvol+B/ |ul?dwvol.
M M M

Proof. With the help of compatible coordinate charts, for any ¢ > 0, we can take a
finite partition of unity (Qj,nj)é\’:l of M such that if u € D(€);) for any 1 < j < N,

then we have

a4
3

(/ |u|‘J*dvol> ’ < (W(n)q)q + E)/ |Vyul?dvol.
M 2 M

So with the property of LP spaces, we obtain for u € S7(M),

N
full? o = lull o = || Y myul
j=1 La*/a
N N o -
j=1 j=1 M

N
o "
< (tnar+5) | 193t vl
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We choose positive constants o and g such that for any ¢ > 0, there holds
(1+6)? <14 at+ pti.

Direct computation leads to

Vi (nu)|? < (nj.q;v,,u\ + |u’|vb77]‘?‘)
a—1 ) 1 1
<oy Vol + ;™ [Vl ul |V | + Blul? | Von] |

1
Combined with (3.18)), we have if we take positive constant H with H > [Vyn/| for

all j, there holds

(L

a9
P

") s ()
J

(o

N 1 1
> (m|vbu|q o™ Vyult | Van? | + Blult| Vi |Q) dvol

Jj=1

E

3

,q) ) (IVeulfe + aNHlfull Lol Vyulfs" + BNH)|ullg,) .

Then we choose positive ¢y and constant C' such that

(1+€) (%(n, q)7 + E) < (n,q)?+e.

5) =
and

aNH||ull o[ Voulfa" < eol Vyullg, + Cllullf

Substitute, we obtain

(o

a4

q*>q < (sz’(n,q)q—i—e)/M|Vbu|qdv01—|—B/M|u|qdvol
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with

B= (g/(n, q)" + g) (C'+ BNHY).
O

Lemma 3.3.3. Let (M,0) be a strictly pseudoconvex CR manifold (not necessarily

compact) and let g € (1,2n+2) be a positive number with ¢* defined by qi* = é— ﬁ

Suppose there exist positive constants A and B such that for any u € D(M), there
holds

a4
*

(/ |u|‘J*dvol)q §A/ |Vbu|qdvol—|—B/ |u|?dwvol.
M M M

Then A > o/ (n,q)!.

Proof. We can prove by contradiction, and it is simple result if we combine Lemma

and the fact that for any nonnegative x and v,

Q=
Q=

(m+w%§m + ya.

[]

Lemma 3.3.4. Let (M,0) be a strictly pseudoconver compact CR manifold and let
q € (1,2n + 2) be a positive number with ¢* defined by qi* = % — ﬁ For any e > 0,

there exists positive number B such that for v € S{(M),

(/ \u|q*dvol) ' < ((n,q) +¢€) (/ |Vbu\qdvol) "B (/ \u|4dvol> '
M M M

Proof. 1t is conclusion from Lemma and the simple fact that for any nonnegative

x and v,

Q=
Q=

(a:+y)%§a: + ya.
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Theorem 3.3.5. We have for any compact strictly pseudoconvex CR manifold (M, 0),

Proof. Tt is now obvious from the results of Lemma [3.3.1] and Lemma [3.3.4 m

Theorem 3.3.6. We have for any compact strictly pseudoconvex CR manifold (M, 6),

~

Ay(M) = o (n,q)".

Proof. 1t is now obvious from the results of Lemma [3.3.2| and Lemma [3.3.3 ]

3.4 Case of the CR Sphere

In this section, we give example of the two optimal constants in AB inequality on

the CR sphere S?"*!,

Example 3.4.1. As we can easily find in [29] or [£0], on the CR sphere S*"*1, for the
case q = 2, for any u € S(S**1), the AB inequality admits ezactly optimal values

of the two constants we find:

2
(/\u|2*dvoll) < %(n,2)2/|vbu\2dvoh + Wo, /quvoll,
S S S

where </ (n,2) = ,/#, Want1 18 the volume of the sphere S*"*1 in (2.1)) and the two
constants are optimal. Here we use the volume form dvoly, but in [29] the volume
form is do induced from R*"*2_ so the constants may be different. Also note that the

equality holds if and only if
c

IR

for some constant ¢ and some & € C" with |€| < 1.

u(¢)

Then the other form of AB inequality is also clear now. For any nonnegative numbers
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x and vy,

N
N

(x+y)F <at+y (3.19)

and the equality holds if x =0 or y = 0. We have for any u € S?(S***), there holds

(/|u|2*dvoll> < . (n,2) (/|Vbu|2dvoll) + Wy iT? (/quvoll) :
S S S

1
here the two constants o/ (n,2) and w,,’ 77 are optimal and the equality holds if and

only if u = ¢ for some constant c. For if the equality holds, the equality in (3.19) also
holds, we must have either [;u*dvoly = 0 or [(|Vyu|*dvoly =0, any will imply that

w is constant on St

3.5 Application to CR Yamabe Problem

In this section, we apply the analytic results to give new proof to special case of

CR Yamabe problem.

Definition 3.5.1. For some smooth function h on M, we define a functional Iy(u)

for each u € Sy (M):
In(u) = / |Vbu|2dvol+/ hu*dvol.
M M
Definition 3.5.2. For s € (2,2%), we define

_M:{UG&Mﬂ:/|MthﬂL
M

and also

A:{ue&m@:/ﬂﬁfmmz1}
M
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Definition 3.5.3. For s € (2,2%) and smooth h on M, we define
pss = f I (u),

and also

pp, = inf Ip,(u).

ueN

Lemma 3.5.4. Let h be a smooth function on M, if u, > 0, then the operator Ay +h

is coercive. Or precisely, there exists C' > 0, such that for any u € S1(M), we have
/ (IVoul® + hu?) dvol > C|lull?, .
M

Proof. By definition of u;, and Holder’s inequality, there exist constants C; and Cs

such that for any u € S;(M), there holds

2
=

2
/ (|Vbu\2 + huz) dvol > (/ |u\2*dvol> > 02/ u?dvol.
M M M

Hence if we choose C' small enough such that 0 < C' < 2 and (1 — C)Cy + Ch > £

everywhere, we will have

/ (IVoul* + hu?) dvol > C/ (IVoul|* + hu?) dvol + (1 — C’)Cg/ u*dvol
M M M

> C’/ \VbuIdeol—l—%/ u*dvol
M 2 Ju

> Cllull,
[l

Lemma 3.5.5. If for some smooth function h on M, we have u, > 0, then for any

s € (2,2%), there exists a positive function @,j € C®°(M) N As, such that

Ay + Py = p1s 1 5, (3.20)
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In particular, psp > 0.

Proof. Let {®;}32, be a minimizing sequence in A, to obtain jp, i.e.

lim ]h(q)]) = Us,h-

Jj—+oo

Without loss of generality, we may assume ®; > 0 by replacing ®; by |®;|. Since
(®;) is bounded in Sy (M), also by the fact that the embedding of Sy (M) into L*(M)

is compact, up to extraction of a subsequence, we have

(I)j — (1357}1 n Sl(M)
®; — ®,, in L(M)

O, — D,y ae.

It is obvious ®;, > 0 a.e. Since ®; — @, in L*(M) and ®; € A, we have || Dy 4|

Ls —

1. Hence @, # 0. By weak convergence in Sy (M), there holds
1Psplls, < lim inf|©;]]s,.
Also since L*(M) C L*(M), we obtain

Ih(q)s,h> S lim inf ]h(q)j> = Us,h-

Jj——+oo

As a result we have [),(®s5) = psp. By variational method, the fact that @, is
minimizer for I, implies

Ap®@sp + hdg )y, = Ms,hq);_hl-

Then by Theorem [2.0.22] we obtain ®, j is smooth and positive. Hence multiply @,
on both sides and then take integral, it is easy to obtain ji,; > 0 by Lemma[3.5.4 O
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Lemma 3.5.6. There holds

lim sup s < pip.

S—2*

Proof. For any € > 0, we can take nonnegative v € A such that
[h(’l)) < Up, + €.

We now rescale v to obtain v, € A,:

1

Vs = </ v%lvol) | v.
M

By definition of ps p, In(vs) > psn. We also have

lim I (vs) = Ip(v).

S—»2*

So we have
limsup psp < In(v) < p, + €
S—»2*
for any € > 0. Hence the claim is proved. m

Lemma 3.5.7. Let Q be a smooth bounded domain of H", let {u;}32, be a bounded
sequence of functions in Sy (). Assume divy,(Vyu;) is bounded in L*(Q2), then there

exists u € S10(§2) such that up to extraction of a subsequence,

uj — U a.e.

Vbuj — Vyu a.e.
T2

u; — u in L*(Q)

Vb’LLj — Vyu in L2(Q)
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Proof. We have Vyu; is bounded in L?*(2), also since the embedding of S1(§2) into
L#(€2) is compact for s € (2,2%), so up to extraction of a subsequence, we may assume

there exist u € 51 o(Q) and some ¥ € L*(Q) such that

Uj — U in 8170(9)
u; — u in L*(Q)
u; — u a.e.

Vyu; — % in L*(€).

For 6 > 0, now by Egoroff’s theorem, there exists {25 C ) such that measure of 2\
is less than ¢, and u; converges to u uniformly in €25. So let € > 0 be given, take j
large enough, we will have |u;(z) — u(z)| < € for x € .

Then we define a truncation function 7. on R by

() = x if |z] <e

o of |z| > €.

We have
<Vij — VbU, Vb (775 o (uj - U)) > Z 0

a.e. in ). For j large enough, there holds
Vi (1 © (uj — u)) = Vy(u; — u)

on (5, we have

IVi(uj — u)dvoly = [ (Viu; — Viu, Vi (1 o (u; — u)) )dvolg
Qs Qs

< / <Vij — Vo, Vi (e o (uj —u)) >dv010
Q

=— / divy(Vyu;) (ne o (uj —u)) dvoly — / (Vyu, Vi (e o (u; — u)) Ydvoly.
Q Q
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Since 7 o (u; — u) converges weakly to 0 in S} (£2), we obtain

lim / (Vu, Vi (1 o (u; — u)) Ydvoly = 0.
0

Jj—+o0

Since divy(Vyu;) is bounded in L*(), there exists a positive constant C such that

for any 7,

/ divy(Vpu;) (ne o (u; — u)) dvoly < 6/ |divy(Vpu;)|dvoly < Ce.
Q Q

Hence

lim sup/ |V (uj — u)|*dvoly < Ce.
Jj—+oo JQs

Since € is arbitrarily chosen, there holds up to extraction of a subsequence, Vj(u; —u)

converges a.e. to 0 in {25 as j — +o0o. Since ¢ is also arbitrarily chosen, we have

Vyu; converges to Vyu a.e. in . Since Vyu, is bounded in L%(Q), so Vyu; converges
j j ’ j

weakly to Vyu, we conclude Vyu = 3. O

Lemma 3.5.8. For s € (2,2*) and some smooth function h on M, assume that

0 < pup < m let s, be as in Lemma (3.5.5, with the additional condition that

up to extraction of a subsequence, jis) converges to some py as s — 2*. Then there

exists smooth function ®, € C°(M) N Sy (M) with @, > 0, and

Ay, + hdy, = ) @2 L (3.21)

In particular, ), > 0.

Proof. For fixed function h and s € (2,2%), @, is bounded in S;(M). Since for

s € (2,2%), the embedding of S;(M) into L*(M) is compact, so up to extraction of a
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subsequence, we can assume as s — 2%,

(I)&h — (I)h n Sl(M)
(I)s,h — (I)h n LZ(M)

q)s,h — (I)h a.e.

So ®;, is nonnegative. Since |V, ®, | is bounded in L?(M), we may assume up to

extraction of a subsequence that as s — 2%,
Vy®, — S in L71 (M),

Here, note that we have used the fact that weak convergence in L?(M) implies weak
convergence in L%(M) Also, since Cbz;ll is bounded in L%(M) C L%(M) and

<I>§’hl — q)i ~!a.e., we may assume up to extraction of a subsequence,
s—1 21 . g2t
@7, — &), 7 in LTF1(M).

Since

Ay @y, = —hD,p + ﬂs,hcbz,_hl,

by Lemma s, is bounded for fixed function h, so Ay®,; is bounded in
L227—1(M ) and hence bounded in L'(M). We may also take a subsequence such
that the limit of p,, is pj,. Now take s — 2* in (3.20]), similar to Lemma [3.5.7] we
obtain in the weak sense,

Ay, + hdy, = ) @2 L (3.22)

By Theorem [2.0.22] &, is positive smooth or identically 0. In the first case if we
multiply ®, on both sides of (3.22)) and take integral, it is easy to obtain uj, > 0. So

it suffices to show ®; # 0.
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By definition of puy,

1
= inf [ _—
Hin = en n(u) < o/ (n,2)?
Take € > 0 such that
(7 (n,2)” +) in/f\ In(u) < 1. (3.23)
ue

By the result of AB inequality, there exists positive B such that for any u € S;(M),

7
(/ |u|2*dvol> < ((n, 2)2+6)/ |Vbu|2dv01+B/ u?dvol.
M M M
Substitute u = ®, 5, there holds
2%
( / @z*hdvd) < ((n,2)* +¢) / V@, 4[> dvol + B / P2, dvol.

Mo M M

Applying Holder’s inequality, we obtain

/ ®* , dvol < ( / @i*hdvol) V(M)
Mo Mo

where V(M) represents volume of the manifold M. Since &), € A;, we have

Now we have

2
=

V(M)3

@ [ho

< (#(n,2)* +e)/ |Vb¢5,h|2dV01+B/ P2, dvol
M M

A

< (,Qf(n, 2)2 + e) (M&h — / h(Pg’thOl) + B/ CbithOl
M M

< (' (n,2)* +€) psp+ B /M ®2 , dvol.
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Then we take the limit, also since Lemma |3.5.6],

I _
p < Inf I (u) = pn,

we get
1< ((n,2)* +¢) inf 7 (u) + B / 7 dvol.
ue M
By the choice of € in (3.23]), we have &, # 0. This completes the proof. ]

Lemma 3.5.9. We have
P, €A and Wy, = pn = lim g p.
s—2%*

Proof. Multiply ®; on both sides of (3.21]), take integral, we obtain up to extraction

of a subsequence,

u%/ ®¥ dvol :/ (|Vo®p|* 4+ h®}) dvol
M M

<liminf [ (|V,®@,,]* + hP2,) dvol

S—»2* M

= lim inf < .
5—2% Hsh = Hn

Hence [,, 7 dvol < 1. Take

Dy,
v = -,
([, @2 dvol)*
clearly v € A, hence we have
I,(®
i < Iy(v) = )
(Joy 85 dvol)

2*—2

2*
= ), (/ @%:dvol) < uj,.
M
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With the help of Lemma we conclude py, =y, and | I 2" dvol = 1. Also since

wy, is the limit of any subsequence, we obtain the result. O

Theorem 3.5.10. For some fixed smooth function h on M, if we have 0 < pu <

m, then there exists a smooth function ®, € C°(M) N A with ®, > 0, satisfying

Ay®y, + hdy, = p,h@i*_l. (324)

Here note that @y, is just the minimizer of the functional I, we defined in Definition

[Z5.1l

Proof. 1t is obvious from the several previous lemmas. O]

Theorem 3.5.11. Let (M,0) be a compact strictly pseudoconvex CR manifold with
the pseudo-Hermitian structure 0. We denote the Webster scalar curvature of (M, )
by R. If there holds 0 < pi_n_p < ——==, then there exists a CR conformal contact

2n+2 ,d(n,2)2 )

form @', such that the Webster scalar curvature R’ of (M, 0") is constant. Here by CR

2 . L. .
conformal contact form, we mean 8" = un6, where u is a smooth positive function on

M.

Proof. 1t is well known that under the CR conformal change 6’ = u%ﬁ, the Webster

scalar curvature R of (M,#') is given by

nt2 2 2
R/:u_%Q( nt

Abu + RU) .

We denote HymsR by . Since 0 < pu < m, by Theorem [3.5.10, there exists a

positive smooth function v on M, such that

n
2n+ 2

1

Apu + Ru = pu* 1.

50



The Webster scalar curvature R’ under the CR conformal transformation 8/ = w6

now becomes

2n + 2 2n + 2

R =u%( Apu+ Ru) =

K
n

which is a constant on M. Hence the CR Yamabe problem is solved in this setting. []

3.6 AB Inequality with Constraints

In this section, we give proof to AB inequality for functions with constraints on
compact CR manifolds and CR sphere. Then we prove an analytic estimate based on

that.

Theorem 3.6.1. Let M be a compact CR manifold, with ¢ € (1,2n + 2) and ¢*

defined such that
1 1 1

¢ q 2n+2

Let also &, j =1,...,N be N changing sign C* functions which satisfies Zjvzl €519 =

1. Then for any u € S{(M) satisfying

/ ST
M

forall j =1,...,N, and for any € > 0, there exists positive number B such that

a/9" o q
(/ |u|q*dvol) < (%H)/ |Vbu|qdvol—|—B/ lu|?dol.
M M M

Proof. For each j =1,..., N, define §;; = max(¢;,0) and §;— = max(—¢;,0). So we

T dyol = 0

have for all j,

[ @07 i dvol = [ (&) fult dvol
M M
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Clearly those &;1u and &;_u all belong to S{(M), so for € > 0, there exists B such

that for any j, we have

a/qa*
( / |gjiuyq*dvol) < (o (nq+5) / V(&) “dvol + B / €ul“dvol.
M 2 M M

Without loss of generality, we may also assume that for each j,

/ |V (&—u) |“dvol 2/ |V (&4+u) |“dvol.
M M
Then since

IVo(&iru)|? + [V (§—u)|? = [V (&u)|?

almost everywhere, we obtain

q/q* q/q*
H@-uu‘zq*:( / \fju|q*dvol) o ( / \gﬂuwdml)

<2/T (xzf(n,Q)quE)/ [V (&+u) quvol+2q/q*B/ |§j4+ul?dvol
2 M M
<91/4"~1 <%(n,q)q—l—i> / |Vb(§j+u)|qdv01+/ [V(&j-u)|"dvol
2 M M
+29/9°B / |&;ul?dvol
M
<974/ (2n+2) <,Qf’(n,q)q—|—£>/ |Vb(§ju)|qdv01—|—2‘J/q*B/ |&ul|?dvol.
2 M M

Now we have shown that for any € > 0, there exists constant B’ such that for any j

and u which satisfies the orthogonality condition, there holds

. v o (n,q)? €
( /M [&ul’ dvol) < (W*E) /M |Vy(&5u)|*dvol + B’ /M |&;ul|dvol.
(3.25)
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Also we have

&3] u?

N N
Jullr = Welawsn = | Sl < 3]
Jj=1 j=1

N
= SNl
j=1

Now come back to (3.25)), there holds

*

* a/a JZ{(n7Q)q € al / al
/ |u|? dvol <\ @i T3 Z/ |V,(&u)|%dvol + B Z/ |€;u|%dvol

A (n,q) €\ v g
= (m + 5) Z;/M (l1Vs + 1Vadlul)” dvol
j:
+B// lu[9dvol
M

Now we choose positive numbers «, 8 and H such that for t > 0
(1+6)? <14 at+ pt?

and for all 5
|V < H.

Then we have

ol = ([ 1o
M

N
/ > Vsl + ol Voul ™ [Vag €1 ul + Blul’|Vig;|?) dvol
M5

+B// |u|?dvol
M

M(”aQ)q € .
< (L0 £ (Il + aN IVl ol + BNl

a/a* q
q*dvol) < (M + E) %

— 2q/(2n+2) 2
(3.26)

+B'/ |u|?dvol.
M
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We can then choose constants ¢y and C' such that

o (n,q)? | e o (n,q)?
<2q/<2n+2> 5 ) (It+e) < Sy te

and also
aNH || Vyu|fa" ullze < el Voulf, + Cllull .
Substitute into (3.26]), we obtain the result we want. ]

Theorem 3.6.2. Let S*™! be the CR sphere, with q € (1,2n + 2) and q* defined
as above. Also consider §;,5 = 1,...,2n + 2 be the (2n + 2) coordinate functions of

R2"*2 restricted to S*™*1. Then for any u € S7(S*" 1) satisfying

/§j|u|Q*dvol1 =0
S

forallj=1,...,2n+ 2, and for any € > 0, there exists positive number B such that

a/q" q
(/|u|q*dmll) < (%*FE) /|Vbu|‘1dvoll +B/|u|qd1}0ll.
S S S

Proof. Let A be the vector space of first spherical harmonics spanned by those &;.
Then for any point P on S**!, if we use rp to denote the distance to P on the
sphere measured by the metric induced from Euclidean metric on R?"*2. Then clearly

&p = cos(rp) belongs to A and it is easy to check

/|§p|q/q*dV011 = const
S

which is independent of the point P chosen.

From above facts, we can see for n € (0, %) which will be chosen later, there exists a

o4



.....

k
L4+n <Y |77 <142,

j=1

.....

and

max <‘|hj|q _ |fj|¢1/q* @ |f]| ) < <g)q*

|h;

)

Hence we have

k
1<) |hyl? < 1+ 3n.

j=1
By the result of AB inequality, there exists B, such that for u € S7(S***!), there

holds

a/q”
</|u|q*dv011> < o (n, q)q(1+77)/|Vbu|qu011+Bn/]u|qdvoll.
S s S

Then for nonnegative u € S7(S?*"*!), we have

k k k
el = el < || 2 st o< 37 il = D sl
Jj=1 7j=1 7j=1

Now we consider those nonnegative u such that for any & € A, we have

/ Eu? dvoly, = 0.
S

Then if we let f;+ = max(f;,0) and f;_ = max(—f;,0), (similarly for h;)we have for

all g,

/ fisu? dvol; = / fi—u? dvol,.
S S
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So if we let ¢g = , there holds

. o 9/ . . a/q"
(/S ’hj’q u? dV011> = (\/S<hj+)q u? dVOll -+ L(h])q ul dVOll)
* * . . a/q
< (/ firu? dvoly + € /uq dvol; + /(h]’_)q u? dvoll)
S S S
* * * * q/q*
<21/ (/ ((hj—)q + €} )uq dvoll)
S
, . a/q
<91/1 (/(hj_ +¢e0)? u? dvoll)
S

<7 ot (n, )1+ 1) [ [V (s + o)) [ dvols
S

*

' B /S (hy + eo)"uldvol;.
Similarly, we have
a/q* q
( /S yhj|q*uq*dvoh) <297 7 (m, )7(1 + ) /S 94 (s + o)) [“avols
+ B/ /S(hj+ + €)?uldvol;.

As in the proof of previous Theorem on arbitrary CR manifolds, we choose same

positive numbers «, § and H such that for all j,
\Vyh;i| < H,

and for any ¢ > 0

(1+6)? <14 at+ pti.
Then similarly to the previous proof, we obtain for all j,

q
Vi (hjx +co)u) | <ol Voul ™™ | V(R + 50)‘(hjﬂ: +€0)"u

q
+ |Vbu|q(hji + Eo)q + B\u|q Vb<hj:|: + 60)
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Then choose C, such that for any positive  and y, we have
q—1 N q q
2y < =2+ Oyt
o
Then there holds

q
/ ’Vb ((hjx +€o)u) | dvoly <(1+mn) / |Vyul?(hjx + €)?dvoly
S

+ (B + aCy) /\u!qdvoll

Note that for n small enough, h;. + ¢y < 1, it is easy to check

(hji + Eo)q S h;l:t + q<hji + 60)(17160 S hg:ﬁ: -+ qep.
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So now we have

. a/q* k q/q*
(/Uq dVOll) SZ </ ’h |q u? dVOh)
S

Jj=1

i {Qq/q et (n,q)*(1+n) /S ‘Vb((hjur + €0)u) ’qdvoll

Jj=1

2 1,14 1) [ [0 ((hy + o) [dvol
S

1 1
+ §B;7 /S(hj+ + GO)ququOh + §B7/7 /S(hj_ + EO)QUQdVOh}
k

<2 (n, ) (1+0)* ) {/ [Voul(hjy + €)?dvoly
S

J=1

+/|Vbu|q(hj_+eo)qdvoh} +C”/|u|qdvoll
S S
<297z (n, ) (1 +)* (1 + 3y + 2kgeo) / Vul“dvol,
S
+C"/|u]qdv011
S

=29/ o7 (n, q)7 (1 + 1) (1 + 3n + 2qn) / | Vul|*dvoly
S

C’/|u!qdvoll.
s

Finally we can see for any € in the statement, just choose 7 small is enough to show
the result for such non-negative function u. For general u it is easy to see by simply

replacing by |u]. O

Theorem 3.6.3. Let 2* = 2"+2 , for any € > 0, there exists positive B, and q. €
(1,2%), such that for any q € (g, 2*] and u € SF(S*") satisfying [ &|u|?dvoly = 0

for all & € A, we have

q(n+1)

2n+2
2n+2+q o (n, 2)2 ) 2nt2+q
(\/S' |U|qdv0ll> S (W + €> (/S' |VbU,| d’UOll

q(n+1)

2n+2+q
+ B, (/ u2d11011> .
S
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Proof. For s € [1,2n + 2), let s* be such that

So s* increases from gﬁf to +o00. Also for ¢ < 2* close to 2%, let s, be such that

(5)" =g, i.e.
1 1 1

Sq q+2n+2'

Given qo < 2* close to 2%, for € > 0, there exists By > 0 such that for any v € S%(S?"1)

satisfying [ &|u|®dvol; = 0 for any & € A, we have

1 1 1
a0 © A (11, Sq,)*0 €y Sq o
(/S]u| dvoll) g( Swranin T3 S]Vbu| odvoly
+ By (/|u|5q0dv011) S
s

Then consider g € (go, 2], for u € SF(S***!) satisfying [ &|u|?dvol; = 0 for all £ € A,

we set ¢ = |u|?”%. Now the orthogonality condition becomes [, £p%®dvol; = 0 for all
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¢ € A. So there holds

1 1
a/q0 _ 4vol v 9 dvol "
Julze = [ fultdvol, )™ = ( [ omdvoly
S S
I (n,84,)%0 € " W
» 2490 Sq
= (ﬁ + 5) (/S Vi °dvoh)
1
80 ([ lomavon,) ™
S
T 1
_ ,527(71, sqo) 40 4 €\ (q |u’(%—1)5qo|vbu’3qodvoll "
2540/ (2n+2) 2 do S
1
+ B, (/|u|(q%_1)5q0|u|5q0dvol1> "
S
1
< JZ{(”’ Sqo)sqo + E #90 2 X
— 2Sag/(2n+2) 2 qo
sq—sqqg 1
</|U|(q%I)SQOSq/(Squo)dmll) o (/|Vbu|squ011) '
S S
$q¢—%qg

1
+ By (/|u|(q(i)I)SqOSq/(Squo)dV011> e (/ |u|8‘1dvoll) "
S S

By definition of s,, it is easy to check

9 _
(qo 1)$405q —¢ and S¢ ~ Sq _ 1
S¢Sqo 9 49

Sq — Sqo

So we get for u € SF(S**!) satisfying [ &|u|%dvoly = 0 for all £ € A and for any

q € (qo,2*], there holds

% of Sq % i
(o) (522223 (2) o)
q0/(2n
S N 4 S (3.27)
+ By (/\u|sqdvoll>
S

Applying Holder’s inequality, we have

2—sq %1
/|Vbu|5qdv011 < Wy 2iq (/|Vbu|2dvoll)
8 S
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and

5q
2—sq 2
/|U|Squ011 < wy iy (/Udeoh) .
s s

Substitute into (3.27) we obtain for any ¢ € (qo,2], v € SF(S*"*1) satisfying

Js €lul?dvoly = 0 for any £ € A, there holds

1 . 1 1
a (o (N, 8g,)%0 €\ [ q 2

q 2sq < q0 - kS 2
()" <oy (S )™ () ([ wostaen)

2—sq %
+ Bowarty (/ u2dv011)
s

We choose gy < 2* but close to 2* such that for any ¢ € (qo, 2*], there holds

2—s 1 1
q QSqq (d—(n’ ng)sm_ + E) h S (d—(n7 2)2. + §> Sq

—Wont1 5 1
qo 2 2an2 2 Dn+i 4

and
2—5q

2s

Then for u € S3(S***!) satisfying [ &|u|?dvol; = 0 for all £ € A, we have

1 1 1 1
a o (n,2)? q 2 2
</ |u\qdvoll> < (L + ﬁ) (/ |Vbu|2dvoll> + 2B, (/ |u|2dvoll> :
S 2n+1 4 S S

Finally we choose 1 > 0 such that

o/ (n,2)? 3¢ o (n,
(L 30y A0
97T 4
For this specific 7, there exists C,, > 0 such that for any g € [go, 2*] and non-negative

x, Yy, we have

(z +y)*r < (T+n)a™ + Cypy*.
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So for g € (o, 2*], u € ST(S*"*1) satisfying [, &|ul?dvol; = 0 for all £ € A, we have

T (d(n,2)
(/ ]u|qdvoll) < (M + 6) </ |Vbu|2dv011)
S 2n+T S
+(2By)*C, (/ u2dvoll)
S
2
< (M + e) (/ ]Vbu|2dvoll)
2n+1 S

+ (14 2B,)*C, (/ u2dv011) :
S

[
vl

3q
2

We are done. O

3.7 Application to Nirenberg Problem on CR
Sphere

In this section, we apply the analytic results of AB inequality for functions with
constraints to touch Nirenberg problem on CR sphere.
Let M be a compact CR manifold with the contact form 6 on it. The CR conformal

class of 0, denoted by [6], is
0] = {6 = u*/"0,u € C=(M),u > 0}.

As we mentioned before, the transformation formula for Webster scalar curvature

function is

R=u"" (@Abu + Ru> . (3.28)

Now we set

S ([0]) ={f € C(M) s.t. f is the Webster scalar curvature

of some contact form CR conformal to 6}.
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The CR version of Nirenberg problem, also called the Kazdan-Warner problem, is to
describe the set S([#]) of Webster scalar curvature functions of CR conformal contact
forms to 6.

Then we restrict our interest to the CR sphere S?"*!. We know there is a standard

contact form
n+1

Or = i(0 = )ICI* =) (GG, — ()
j=1
and the Webster scalar curvature is constant %n(n + 1). So up to some harmless

constant, now the Nirenberg problem is equivalent to finding conditions on f for the

existence of positive u € C*°(S*"1), satisfying

n2 nt2
Ayu + Tu= fu . (3.29)

As we multiply u to (3.29) and apply integration by parts, it is easy to see a simple

necessary condition for f belongs to S([61]) is that maxgza+1f > 0.

Theorem 3.7.1. Although it is clear that the constant function 1 € S([61]), for any
non-trivial first spherical harmonic & € A, no matter how close £ is to 0, (14 &) &

S([04])-

Proof. Suppose R is a function satisfies (3.28) with u smooth positive and R =
%n(n + 1) which is the Webster curvature function on S?"*! under the standard

contact form 6;. Fix any first spherical harmonic ¢ € A. Note that the integral

/Ru e dvoly
S
is unchanged if we replace the function u by u; where
2 2
Utn d¢91 = d(Tt)*U;del
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with T; to be the 1-parameter group of CR conformal transformations which generate

the vector field Vi€, Then

d . 2nd2
Ezué;ﬁkut7l dVOh ::0,

which leads to

/ (VyR, V& )dvol, = 0.
S

The above result holds for arbitrary ¢ € A. So we know R can never take the form

of 1+ & where £ is a non-trivial first spherical harmonic. O]

Definition 3.7.2. Let A be the space of first spherical harmonics on S****, and for

f e C=(S*™1) and q € (1,2E2]) we define

n

Ara = {we SHE™),u >0, [ utdvoh =1,
S

/fuqdvoll =0 for any £ € A}.
S
Also define the functional I on S?(S*"™1) by
n2
I(u) = /\VbUIdeoll + —/u2dvoll.
S 4 Js
Now with the two notations above, for such f and q, we define

Apg = inf I(u).

u€Ayq

Lemma 3.7.3. Let f € C*(S*™*!) and q € (1,222). Assume that either [ fdvol, >
0 or f is positive at any two antipodal points of S**', then A\;, is attained. In

particular, there ezists smooth positive function u, € Ays, such that I(u,) = As, and

64



u, satisfies the Euler-Lagrange equation of I

2

n _
Apugy + Zuq = )‘f,q(f - 5}2(1)“3 ! (3.30)

for some &54 € A.

Proof. The two conditions in the statement guarantee that the set Ay, is not empty.
Actually, if fs fdvol; > 0 implies that there is some positive constant function in Ay .
If f is positive at two antipodal points, then we can construct symmetric function
u € Ay, Le., u satisfies u(z) = u(—x) for any x on S*"*1,

Now let (u;) be a minimizing sequence for Ay . Since for ¢ € (1, 222), the embedding
of S7(S*t1) C L9(S?*™ 1) is compact, we can take a subsequence, which we also denote

by u;, such that

uj — u, in S7(S*)
uj — u, in L*(S*)
uj — u, in LY(S*T)

Uj — Uqg a.C.

The convergence a.e. and strong convergence in L(S?*"*1) will guarantee u, € Ay,.
Also since the weak convergence in S7(S?*"*!) and strong convergence in L?(S*"1),

we have

TL2

== Dl

2
I(uy) :/S\Vbuq|2dvoll + nz /Sugdvoll = [Jugl sz + (

2
<liminfllugllse + (7 = 1) lim Jlu;]lz2 = lim T(uj) = Azq.
Then by the definition of Af,, we have u, actually achieves A;,. Then by variational

method, u, must satisfies the Euler-Lagrange equation. Maximum principles and

regularity results then finish the proof. m
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Lemma 3.7.4. Let 2* = 2282 f € C*°(S**1), we have

limsup Afq < Ago-.

q—2*

Proof. For any € > 0, take u € Afy«, such that I(u) < Ajo- + €. We set v, = u?'/
for g close to 2*. It is then easy to check that v, € A;,. So by definition of A;,, we
know As, < I(v,). But

lim I(v,) = I(u).

q—2*

So we have for any e > 0, there holds

limsup A¢q < Apoe + €.

q—2*
That completes the proof. O

Lemma 3.7.5. Let f € C™(S*"*!), assume that that either [, fdvoly > 0 or f is

positive at two antipodal points on S*™ ™, also let 2* = 22 then if

1
2n+1

o (n,2)? (maxgeas: f)"/ "D

)\f?g* <

then there exists {y € A such that f — & € S([01]).

Proof. For q € (1,2:£2) let u, be as in Lemma(3.7.3] Since (\z,) is bounded, multiply

n

ug to (3.30) and apply integration by parts, it is not difficult to check (u,) is bounded

in S7(S*"*1). So we can choose a subsequence such that

u, — u in S§(S**H)

u, — uin L*(S*"*1)

Uy —> u a.e.
_ n+2 2n+2
ug D~y e in Lwrez (871
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Note that the last line is because (u4) is L? -bounded and hence (ul™') is LF=i
bounded, then there exists a weakly convergent subsequence. Combined with the
fact we construct in such a way that u, convergences to u a.e. will guarantee the
weak limit is just u'se

Then since (As,) is bounded, we can choose a subsequence u, such that

lim Mg, = A

q—2*

By Theorem |3.6.3| for ¢ close to 2%, there exists constant B, which is independent of

q, such that
2n+42 2n+42
2n+2+q 2n+2 2n+2+q
1= (/S fugdvoll> < (maxgznt1 f)2nt2+a (/S ugdvoll>
2n+2 sz(n, 2)2 (:Zﬂ)q
S (maXS2n+1 f)2n+2+q (W + € A;7q+2+q <33].)
a(n+1)
2n+2+4q

+ (maxgzn+1 f) T B, (/S uZdV011>

By Lemma [3.7.4] we have

qllgl* (maXSzn+1 f) 2n+2+q W + o

2n+2 (JZ%(TL, 2)2 > )\2(:::21-)&-(1(1
€

_n_ &/(n, 2)2
< (maX§2n+1f) ntl (W +e€ )\f,2*-

Under the assumption of the Lemma, we take ¢ > 0 such that

o (o n,2 2
(maxgzn+1 f)n+T (% + 6) Apar < 1.

Combined with (3.31)), there exists C' > 0 such that for ¢ close to 2,

/ ug dvoly > C. (3.32)

S
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In particular, A > 0. Since if A = 0, then weak convergence in S%(S?"!) will imply
ug — 0 in SF(S*1), which contradicts with u, — u in L*(S*"*!) and (3.32).

Then we write &f, = p,&, with ||&;||z = 1. Since A is finite dimensional, we may
assume &, — & in L>®(S?") for some & € A with ||¢||p~ = 1.

Again multiply {,u, to (3.30) and apply integration, we obtain

n2
/quuq (Apuy) dvoly + vy /quugdvoll = )\f7q/Sf§qugdvoll — Afqllq /Sggugdvoll.

Apply integration by parts and note that Ay = ¢ for any § € A, there holds

/gquq (Apug) dvoly :/<Vb(fquq),vbuq>dvoll
S S
1
:/S§q|Vbuq|2dvoll + §/S<Vb§q,vb (“2) >dv011
1
:/qu|vbuq|2dvoll + 3 /Sug (Ap€,) dvoly

:/§q|vbuq|2dvoh + E/Squg dvoly.
S 4 S

Substitute we get

uq)\ﬁq/gfgugdvoll —)xfg/sfﬁqugdvoll — /S§q|Vbuq|2dvoll

n(n+1)
= /quug dvoly.

Since f € C°(S*" ), ||&,llz= = 1, (uy,) is bounded in S?(S***1), it is not difficult to
check every term on the right hand side is bounded. Then apply Hoélder’s inequality

we will get

_a=2 /2
HqAfq (Wznfl /|§q’4/qU2dV011> < uq)\f,q/ﬁqzugdvoll.
S S
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So there exists positive C’ such that

_a-2 a/2
KAt <W2nf1 /|£q|4/qU2dV011) <.
S

We claim that will imply

lim sup pq < 400,

q—2*
for otherwise we will have

/|§|f+"1u2 dvol, = 0.
S

This is impossible for non-trivial £ € A attains 0 only on a set of measure 0. So we
may now take a subsequence such that p, — p for some p < 400 as ¢ — 2*. Then

we have u is a weak solution of

2

Apu + %u =Af— ,ug)unTH.

Actually for any ¢ € C°°(S**1), it is not difficult to see from those convergence and
weak convergence properties of u,. Finally the result follows by maximum princi-
ple, regularity results and transformation rule of Webster scalar curvature under CR

conformal transformation. O]

Theorem 3.7.6. For f € C°°(S*"™!) and positive on S*" 1, if
L
max sen+1 f < 27 min gzt f,

then there exists & € A such that f — & € S([04]).
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Proof. Let the constant function ug be ug = ( fS fdvoll)fﬁ. It is not difficult to

check uy € Afo«. Then by definition of s+, we have

n2 TR p2 L _n
/\f72* SI(U(]) = ZWQTL_H (/ deOll) S Zw;{il (ming2n+lf) n+1
S

1

1 n Qﬁ n
<2nrin? (maxgens1 f) 71 = m (maxgen+1 f) ™1 .
The result follows immediately by Lemma [3.7.5 O

Theorem 3.7.7. Let f € C™°(S*™ 1) which satisfies max szns1 f > 0, then there exists

a first spherical harmonic & and a CR conformal transformation ¢ of S*"** such that

f—(§op) e S([01]).

Proof. With the help of Cayley transformation and left group action on Heisenberg
group, we may assume [ attains its maximum at the south pole, i.e. the point
Py e §*" with (== ¢, =0 and (.41 = —1. Then for t € (=00, +00), define a

one-parameter subgroup {¢;} of the CR conformal transformations on S?**:
Pt = C o Det oc_la

where D; is the dilation on H" and C : H® — S?"*! is the Cayley transformation.

Since the Cayley transformation C maps 0 € H" to the north pole, i.e. —P, € S+,

For any P € S**! satisfying P # £+ P,

lim ¢, (P)=F and tlim oi(P) = —PF.
——00

t——4o00

Set f; = f o ;. Then we have as t — +oo, f; — f(FP) uniformly on any compact

subset of S?"™1\{—Py} and in L*(S*"*!) for any s € [1,+00). So we have

1
lim
t—=+00 Wop 11

/ft dVOll = maX§2n+1f,
S
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In particular, we know for large enough ¢, there holds

/fthOll >0 and %maXSQnﬁ—lft < /fthOh.
S S

Clearly maxgen+1 f; = maxgzn+1 f for any t. Also the constant function uy defined by

Uy = (fs ftalvoll)fﬁ belongs to Ay, o«. By definition of Ay, -, we have

1

n
n+1 2n+1 n

n? - _
)‘ft,Q* < I(uo) = Zw2n+1 (/S‘ fthOll) < W (maszn+1ft) ntl

By Lemma 3.7.5], there exists & € A such that f;—¢& € S([¢1]). Hence by CR conformal
invariance, f — (£ o p_¢) € S([h]). O
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Chapter 4

Nonlinear Sub-elliptic PDE on

Heisenberg Group

Let @ C H™ be a bounded domain. We consider the problem of existence of a

function u satisfying:

Ayu = v "1+ du on
u>0 on € (4.1)

u=0 on 0f)

where 2* = (2n + 2)/n and A is a real number. We also denote by A; the first

eigenvalue of A, with zero Dirichlet condition on €. There holds

Vpu|>dvol
M= g dalVeuldvl
uES 0(),uz£0 fQ u2dvol

4.1 Non-existence Results: Part 1

In this section, we prove some non-existence results to (4.1)).

Theorem 4.1.1. Assume X\ > Ay, there exists no solution on 2 such that (4.1)) holds.

72



Proof. Suppose there exists such solution u of (4.1)) for some real number \. Let ¢,

be the eigenfunction of A, corresponding to A; with ¢; > 0 on 2. Then there holds

)\1/%@51 dVOlO = /(Ab¢1)u dVOl() = /(Abu)¢1 dVOlO
Q Q Q
— / u? "py dvoly + A / ugy dvoly.
Q

Q

Since both u and ¢; are positive, we have A < A; and hence obtain the result. O

Theorem 4.1.2. Assume A < 0 and 2 is a smooth d-starshaped domain, there exists

no solution on ) such that (4.1) holds.

Proof. Suppose there exists such solution u of (4.1)) on the d-starshaped domain €2 for

some real number A < 0 and we will get contradiction. By the CR Pohozaev identity

in [30] (Theorem [2.0.24)) we have
1
/ (Xu) Apu dvoly + n/ |Vyul?dvoly = — = \Vyul*(X, N)do,
Q Q 2 Joa

where N is the normal vector of 92 and X is the vector field defined by X =

> i1 <xj£ + yja%_) +2t2.. Since  is a -starshaped domain, we have (X, N) >0
J J

on 0f2 and hence if we substitute (4.1]), we obtain

/ (Xu)u? "tdvoly + A | (Xu)udvoly +n [ ulyudvoly
Q

Q

S~

:/ (Xu) u? ~tdvoly + A (Xu) udvolo+n/uz*dvolo+n)\/u2dvolo
Q Q Q Q

<0.

Since u = 0 on Jf), applying integration by parts, we have

1
/9—u dvoly = ——/u2dvolo
2 Ja
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and

ou oy 1 o
= g = —— ]
/9089u dvolg 2*/Qu dvoly,

where 6 can be any variable z;, y; or t. Take summation we get

/ (Xu)u dvolg = —(n+ 1) / u*dvoly
Q

9]
and

/(Xu) u* “dvoly = —n/uQ*dvolo.
Q

Q

Substitute we now obtain

)\/ u?dvoly > 0,
Q

which contradicts with A < 0. Hence we prove the result. O

4.2 Existence Results

In this section, we prove some existence results to (4.1)).

Definition 4.2.1. For A € R, We define

Sy = inf (IVoull72 = Alull72) - (4.2)

ueS1,0(9), [lull 2 =1

It is not difficult to check that the definition is equivalent to

. IVl Ml

1 ( 3
u€S1,0(R), u0 ]| o

In particular, we denote

S =Sy = inf (IVoull72) , (4.3)

u€S1,0(), [lull 2+ =1
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which 1s just m, related to the optimal constant for Sobolev-type embedding

5170(Q) C LZ* (Q) .

Remark 4.2.2. Since the infimum of the quotient is invariant under dilation on
H", S is independent of Q and depends only on n. By results of [29] and [{0], when

Q =H", the infimum of (4.3)), up to left group translation, is achieved by the function

—n/2

w=_C <t2 + (12 + 1)2> ,

or scaling of the function

—n/2

ue = C, <t2—|— (|Z|2+€)2) :
where C' and C. are just normalization constants. Note that here by z, we actually
mean complex variables in the vector form, i.e. (21, 22,...2,), where z; = x; + iy;.
So by |z|*, we actually mean Y77_, |2;|?, or 30, (7 +y7). For convenience, we also

denote

U= (24 (o +1)°) "

and
—n/2

Ue = (8 + (Iaf* + )

Actually we have

Uc(2,t) = €U (Dy) e (2,1))
where Dy, je is the dilation on H".

Definition 4.2.3. Define

(t2+(|z‘2+6)2)n/27

I6)



where ¢ is a fized function on H™ with support in Q such that 0 < ¢(z,t) < 1

pointwisely and ¢ = 1 in some small neighborhood B,.(0) of 0 defined by the Heisenberg

norm.

Lemma 4.2.4. There holds

IVofellz> = €Ki+ O(1)

(4.4)

where Ky = ||V,U||%, is a positive constant.

Proof. We start with some basic computations of the functions U and U..

2
—n/2 n
U= <t2+(|z|2+1)2> = |2+ (1+;(x§+y§)>

Then by direct computation

where = 1+ 377 (27 +y7) and a = t* + §°. Because X; =

_ 1.9
v, =1

)
f ay; — Tive Now

n

—n/2

0 /o
a—a:]U = —2TLCY /2 IB.ZCJ'
0
—U = —2na ¥ 13y,
ayj J
0
@U = —na N,

1.0 el
537j+yjat and

VU =) ((X50)° + (Y;U)?)

j=1

n

- Z (—na™"/*"'Ba; — "?Jja_n/2_1t)2 + (—na™"* By, + anOé_n/Q_lt)Q
=1

. n?|z|?
:TLZOé l(ﬂ—l): | | N
(£ + (1 + |z?)7)
n? n?
= nnt+1/2 = pAnt2(z )’
(12 + (1 + |22)%) p2(z, )
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where p is the Heisenberg norm. Since U(z,t) = e "U (Dl/ﬁ (z,t)), easy computa-

tion leads to

ViUe(z,t) = e "V2(VyU) (D) e (2,1)) -
Substitute, we obtain

n?|z|? n2

n2

2 __
IVoUe|” = 1= n+1/2

(4 e+ 12" (24 (e+zP)°)

Then we come back to the problem itself. We have
bee = (qub)Ue + ¢(vae>

Hence

- p4n+2 (Z, t) ’

IVofe|? = |Vod|U? + ¢*|VoUe|* + 20UV, Vo Ue)

Take integral there holds

IVofllZ2 = /Q |Vyp|* U2 dvoly + /Q *| VU |2dvoly +2 /Q PU ANy, VU )dvoly. (4.5)

Then we estimate each term in (4.5)). For the first term, there exist positive numbers

0 < r < R such that

/ V0| UZdvoly < C / UZdvoly < C / p~ " (z,t)dvolg
Q r<p<R

r<p<R

R
= Cwo/ p " dp = O(1),

7



where wy is the area of the Heisenberg sphere.

For the third term, by previous estimate of |V,U,|, for the same r and R there holds

/ ¢U€ (Vb¢, VbU€>dV010
Q

< / U V3| VsUe|dvol,
r<p<R

< C/ U|VyUc|dvoly
r<p<R

n
<C / " _dvol
r<p<R p4n+1 (Za t) °

R
< ano/ p~*dp = O(1).

For the last step, we consider the second term, actually

/ G |V,U.?dvoly = / G|V, U ?dvolo
Q H
- / IV, 0. 2dvoly + / 2|V, U [2dvol
p<r p>r

:/ \vafdvoloJr/ (¢° — 1) [V,Uc*dvoly.
H p>r

By the property of dilation in H" and change of variable, we have
/ |VyUe|?dvoly = e—"/ (VU |2 dvoly = ¢ ||V, U 2.
H H

While there also holds

2

n
< VU, |*dvoly < / ——dvoly
/p>r ° p>r p4n+2(z’ t)

= n2/ p~ @t dp = O(1).

/ (¢° — 1) VU [*dvoly
p>r

Combining together, we obtain the result. O

Lemma 4.2.5. There holds

Ifell72 = € Ka + Oe), (4.6)
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where Ky = ||U||%,. is a positive constant.

Proof. Since the support of ¢ is subset of €2, we have

e

, ¢’ ¢
%2* :/ SNES) dvoly :/ NS dvoly
o (124 (e + |2z?)) H (124 (e + |2[?)7)

1 1—o¢%
= NS dVOlO — N dVOlQ.
H (£2 4 (e +[2]?)") H (12 4 (e+ |2]*)7)

By the property of dilation on H" and change of variable, the first term is just

1Ue

7o = €U 0 Dy el for = € “HV|U | 7o
Then we estimate the absolute value of second term, actually it can be controlled by

/ U? dvoly §/ p~ 4+ (7 t)dvoly = wo/ p~ I dp = O(1).
p>r p>r r

2, = )|y

Combining the two terms we obtain || f. 25 + O(1). Take power of

2/2* it is not difficult to see the result. [

Lemma 4.2.6. There holds

Ifellfz = e Vi +0(1) (4.7)

where K3 = ||U||2, if the dimension n > 2 is a positive constant. Note here % =5.

While for the case n = 1, there exist positive constants 0 < C7 < Cy such that

Cillog(e)l < || fellz> < Callog(e)] (4.8)

if € is small enough.
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Proof. First we discuss the case n > 2. Since the support of ¢ is subset of {2, we have

) _ ¢’ dvoly = i
MM—A@u@Hﬁﬁ"WWAWM&HWﬁn

1 1 — ¢?
= 3 ndVOlo — 3 ndVOlo.
B (24 (e +2z[?)%) (124 (e + [z?)7)

By the property of dilation on H" and change of variable, the first term is just
U7z = [le U o Dy el 72 = " V|UI7.
Then we estimate the absolute value of second term, actually it can be controlled by

/ UZdvolg g/ p~ " (z, t)dvoly = wo/ p~ @ Ydp = O(1).
p>r p>T

r

Combining together, we obtain the result for n > 2.

Then we discuss the case n = 1. There exist positive numbers 0 < r < R such that

1 2 1
/ 2dV010 S / (b 2dVOlo S / 2dV010.
p<r 2+ (|22 +€) o+ (2> +¢) p<r 1+ (|2° +€)

Then we consider

1 1 1 1
- ﬁdVOlo S 2dVOlO S = 2. 4dVOlo.
2 Jocr €+ 12+ 2| p<i 12+ (|2]2 + ¢) <i €+ 12 + 2]

While for € < 1, there holds
1 B3 1 _
——————dvol, = ————dp = ~wolog(e® + p*)|/=5
/pgR e + 2+ |z|* o wo/o St T o9+ )=o

= 0(1) + guliog(e)|.

Same result holds for the p < r part. Hence we can take suitable C; and Cy such
that when e is small enough the result holds. O]
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Lemma 4.2.7. We have

Sy< S forall X\>0.

Proof. By definition of S},

< IV fellze = AllllZ

Sy <
I fellZ2-

for any € > 0. Then we discuss two cases. If n > 2, by Lemma {4.2.4] 4.2.5| 4.2.6, we

have

IVofelliz = Alfellfz _ €Ki+ 0@1) = A (e " VK3 +0(1))

LfellZz- €Ky + O(e)

. Kl — /\K3€ + O(En)

a KQ _|_O<€n+1)
1

= (K1 — AK3e + O (€")) <— +0 (e”“))
Ko

K K .

e /\K26+O(€ )< S

if we take € small enough. So we have proven the Lemma in this case.

Then we discuss the case n = 1. Also by Lemma [£.2.4] [4.2.5] 1.2.6] we have

IVofellze = Allfelle _ €Ki+ O(1) = AllfellZ: _ K1+ O(e) — Aeflfel[7

1 fell? o - 1K, + O(e) Ky + O(e2)
1
< (K714 O (e) — CiA€|log(e)]) <? + 0(62))
2
Ky GiA

if we take € small enough. So we have also shown the Lemma in the second case. [J

Lemma 4.2.8. If S, < S, then the infimum in (4.2) is achieved.
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Proof. Let {u;}52, be a minimizing sequence for (4.2)), i.e,

[l 2 =1,

(4.9)
IVyuill72 — Mlujll72 = Sx+o(1) as j — oc.

(u;) is bounded in S;(€2), there exists a weakly convergent subsequence. We also
know that for 2 < s < 2* the embedding of 5;0(f2) into L*(£2) is compact and
convergence in L*(§2) will imply convergence in L?(2). Combined with the fact that
convergence in L?(£2) implies existence of subsequence which converges to the limit

function a.e, we get a subsequence-still denoted by u;, such that

u; —u weakly in Sy 0(92),
uj — u strongly in  L*(€2),

uj —u ae. on S

By Fatou’s lemma, we can assume that ||u|/;2+ < 1. Set v; = u; — u, we have

v; =0 weakly in S1(9),
v; — 0 strongly in  L*((),

v; -0 a.e. on Q.

By the definition of S, we have ||Vyu;||2, > S. Combined with (4.9), there holds
)\Hu”%z = A hm ||u]||%2 = hm (HVbujH%z — S)\) Z S — S)\ > 0.
j—00 j—o00

Therefore it is not possible that v = 0. Again by (4.9) and the fact that v; — 0

weakly in S 0(£2), we obtain

IVoullZ: + [VyvilZ2 — Allullz2 = Sx +o(1). (4.10)
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By the famous result of Brezis and Lieb [9], since u; are bounded in L? () and

u; — u a.e., we have

Tor + llvjll72e + 0(1),

|u+ v,

and since 2* > 2,

1< JullZa + llosll 72 +o(1).

Since [|v;]12, < £[|Vyv;]/22, which leads to
2 1 2
1< flullzer + SlIVovsllza + o(1). (4.11)
Now we claim that now we can show
IVoul[Z: = Mull72 < Sxllull?.-, (4.12)

and since Sy is the infimum by definition, the infimum is achieved by normalization
of the function u.

Then we look at the proof of (4.12)). We discuss by two cases. First case, if 0 < A < Ay,
then Sy > 0, we have by (4.11)),

S
Sx < Sxllullze + G Vavsllzz + o1).

Combining (4.10) and the assumption Sy < S, we obtain (4.12)).

Second case, if A > Ay, then Sy < 0, now since ||ul[z2+ < 1, we have Sy < Sy[|ul|3,-.

Then we can deduce (4.12)) directly from (4.10)). O

Theorem 4.2.9. Assume X € (0,\1), then there exists a solution of (4.1)).
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Proof. Let u € S10(Q2) be as in Lemma [4.2.8] there holds

lull - =1 and  [[Veul7> — Allull72 = Sh. (4.13)

Note that we may assume that u > 0 everywhere on €2 for otherwise we may replace
u by |ul. Since u is minimizer for (4.2)), by variational method we have there exists
1 € R such that

A — = pu® ™t on Q.

Substitute into (4.13)), we get = S\, and hence p > 0 since A < A\;. So multiply by
a positive constant we have solutions to (4.1)), which we still denote by u. We also

note that u > 0 everywhere on 2 by the strong maximum principle. O

4.3 Non-existence Results: Part 2

In this section, we continue to prove some non-existence results to some related
PDE.
Let 2 C H" be a bounded domain. Now we consider the problem of existence of a

function wu satisfying:

Apu = uP + Au on )
u >0 on € (4.14)
u=20 on 0f2

where p > 2* —1 = (n+2)/n and A is a real number. As before, we denote by A; the

first eigenvalue of A, with zero Dirichlet condition on 2.

Theorem 4.3.1. If Q is a d-starshaped domain, problem (4.14) has no solution if
A < X, where \* is a positive constant depending on the domain 2 and p, which is

defined by

- n_ p—(n+2)/n
n+1 p—1 '
84
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Proof. Suppose there exists such solution u to the problem (4.14]). Since the domain

Q) is -starshaped, applying the CR Pohozaev identity and integration by parts again,

2 2
(n _ant ) / uPTdvoly < )\/ u?dvoly.
p+1 Q Q

Since A is the first eigenvalue of A, on 2, there holds

we obtain

)xl/UQdVOlO < / |Vyul*dvoly :/(Abu)udvolo
Q Q Q

= / uPTdvoly + A / u?dvol
Q Q

on+2\ "
< (n— nt ) )\/ u2dvolo+)\/ u?dvoly.
p+1 Q Q

Hence A > \* as desired and we have proven the result. O
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Chapter 5

Future Problems

In this chapter, we outline several potential future problems.
(1)As we mentioned in Theorem [2.0.21] for the Sobolev-type embedding on Heisenberg
group H", if ¢ # 2, what is the value of optimal constant <7 (n,q)? Is the optimal
constant attained? If attained, what are the extremal functions?
(ii)For the Riemannian case, E. Hebey and M. Vaugon showed that for any compact
Riemannian manifold M, in AB inequality, the set AQ(M ) is closed using blow-up

analysis ([34], [35] or [36]). Is it the same thing in the CR case?
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