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Abstract

We give a construction of a new p-adic Maass-Shimura operator defined on an affi-
noid subdomain of the preperfectoid p-adic universal cover ) of a modular curve Y.
We define a new notion of p-adic modular forms as sections of a certain sheaf Oa of
“nearly rigid functions” which transform under the action of subgroups of the Ga-
lois group Gal(Y/Y') by Ox-valued weight characters. This extends Katz’s notion of
p-adic modular forms as functions on the Igusa tower Y'® transforming under the ac-
tion of the Galois group Gal(Y'®/Y ), where Y°4 C Y denotes the ordinary locus,
by a certain weight character; indeed we may recover Katz’s theory by restricting
to a natural Z;-covering V& of Y8 viewing Y C ) as a sublocus. Our p-adic
Maass-Shimura operator sends p-adic modular forms of weight k& to forms of weight
k + 2. Tts construction comes from a relative Hodge decomposition with coefficients
in Ox defined using Hodge-Tate and Hodge-de Rham periods arising from Scholze’s
Hodge-Tate period map and the relative p-adic de Rham comparison theorem. In
particular, the Hodge-de Rham period gives rise to a coordinate gqg on a large affi-
noid subdomain of )/, and can be viewed as an extension of the Serre-Tate coordinate
on V8. By studying the effect of powers of the p-adic Maass-Shimura operator on
modular forms expressed in gqr-coordinates, we construct a p-adic continuous func-
tion which satisfies an “approximate interpolation property” with respect to the the
algebraic parts of central critical L-values of anticyclotomic Rankin-Selberg families
on GLy X GL; over imaginary quadratic fields K/Q, including the “supersingular”
case where p is not split in K. This gives a new one-variable anticyclotomic p-adic
L-function, resolving questions, dating back to work of Katz from the 70’s, regard-
ing the interpolation of such L-values, and extends work in the ordinary case done
by Katz, Bertolini-Darmon-Prasanna and Liu-Zhang-Zhang. Finally we establish a
new p-adic Waldspurger formula which, in the case of a newform, relates the formal

logarithm of a Heegner point to a special value of the p-adic L-function.
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Chapter 1

Introduction

1.1 A brief history of p-adic L-functions, and Katz’s
theory of p-adic analysis on the ordinary locus

The consideration of special values of L-values and their applications to questions
of arithmetic has long been a subject of study in number theory. Starting with
Kummer in the late 19" century, the consideration of varying arithmetic information
in p-adic families in order to better understand objects outside the reach of more
classical complex-analytic methods (for example, via congruences) led to the notion
of p-adic L-functions, which are p-adic continuous, or even analytic, functions which
interpolate classical L-values in a certain interpolation range. Later, Iwasawa shifted
the perspective on p-adic L-functions from being defined by interpolation properties
to being defined as p-adic measures on p-adic Lie groups generated by Z,, extensions of
number fields; in this optic, p-adic L-functions are viewed as elements of an Iwasawa
algebra A.

The precise nature in which p-adic L-functions are related to families of arithmetic
objects is addressed by Iwasawa theory. Let A = R[T'] be the Iwasawa algebra (with

coefficients in some extension R of Z,) associated to a compositum of Z,-extensions



and some finite abelian extension, and let A* = Hom(A, Q,/Z,) denote its Pon-
tryagin dual. Let V =V ® A* be the associated family of twists of a fixed Gal(Q/Q)-
representation V. Then V can be viewed as a family of Gal(Q/Q)-representations
defined over the rigid analytic polydisc X represented by A; i.e., the rigid space X
such that X (S) = Homes(A, S) for an R-algebra S.

One can associate a A-valued Selmer group S(V) to V; this Selmer group (which
should specialize to standard Selmer groups at various points on X corresponding
to Hodge-Tate characters of Hodge-Tate weights in a certain range) has a natural
sturcture as a A-module. Twasawa Main Conjectures, in general, posit that the Pon-
tryagin dual X (V) = Hom(S(V), Q,/Z,), viewed as a A-module, has a torsion part,
whose characteristic ideal as a A-module is generated by a p-adic L-function L£(V)
attached to V. In this way, one sees that special values of the p-adic L-function
govern the structure of the Selmer groups of all fibers of V. One powerful aspect of
this method is that it allows one to “genericize” arithmetic information and deform
it (along an appropriate sublocus of X) away from “degenerate” situations at points
x € X of keen interest (for example, the point = corresponding to the trivial character
x=1).

For example, the Hodge-Tate weights of V can lie in an unfavorable position near
X = 1, which could, for example, force vanishing of an L-value of interest (e.g. a value
at the center of the functional equation), or the associated (Bloch-Kato or Greenberg)
Selmer groups to have complicated local conditions at p. Then using the family V,
one could hope to discern arithmetic information about these more complicated cases
by moving V through a sublocus of X containing a dense set of points x whose fibers
V., have more manageable Selmer group, e.g. with trivial or strict local conditions
at p. Using the rigidity of the underlying p-adic L-function, one can then transfer
information on £(V) at these good points p-adically back to the points of interest.

The first p-adic L-functions were constructed in the early 20" century, due to



Kubota-Leopoldt, and were associated to twists of a Galois (Dirichlet) character
Gal(Q/Q) — C*, i.e. the Galois representation associated with an automorphic rep-
resentation of GL;(Ag). Here, the twists are parametrized by the unique Z,-extension
of Q, which is the unique Z,-extension Q(p,~)%(@1)/Q /Q. Later, Deligne-Ribet
constructed p-adic L-functions for characters over totally real fields, and then Katz
gave a construction for CM fields where a prime above p in the maximal totally real
subextension K totally splits in the CM extension K.

In Katz’s setting, one lets A = R[Gal(K(cp>)/K)], where K(cp™) is the ray
class field of conductor ¢p™ where p t ¢ € Z, R is some finite extension of the

Witt vectors W(F,), and ¢ : Gal(K/K) — Gal(K(cp®)/K) C A* is the universal

Gal(Q/Q)

G i) L 1S @ family of Gal(Q/Q)-representations over

character, and so V = Ind
X. On the algebraic side, the key reason for Katz’s splitting assumption is that it
puts an “ordinariness” condition on V. More precisely, V satisfies the Panchishkin
condition, namely that there is a subspace V¥ C V with dim V™ = dim V°=! (letting
o denote complex conjugation); the existence of V1 follows from the existence of a
subset of primes of K above p which is disjoint from its set of complex conjugate
primes and such that the union of these two sets is the set of all primes of K above
p. (Such a subset of primes is often called an ordinary CM type.) Then there is
a (rigid analytic) Zariski dense set ¥ C X of points corresponding to Hodge-Tate
characters (which is equivalent to being induced by locally algebraic characters) such
that V" has Hodge-Tate weights > 1 and V, /V has Hodge-Tate weights < 0 (or with
Hodge-Tate weights < —1,> 0, respectively, depending on one’s conventions). These
properties of the Hodge-Tate weights makes the central L-values associated with these
points x € ¥ critical and so algebraic up to some periods by work of Shimura and
Katz, which makes these L-values candidates for p-adic interpolation. Moreover, the

subspaces VT make it possible (in the Coates-Greenberg setting of the Iwasawa main

conjectures) to define a family of Greenberg Selmer groups S(V) C H'(K,V) with



local condition at p being governed by V', and there is a natural candidate for Selmer
group in the formulation of the main conjecture.

Bertolini-Darmon-Prasanna and Liu-Zhang-Zhang also study the case when V' is
the Gal(Q/Q)-representation associated with a weight k& > 2 newform f, and under
a similar splitting assumption to that of Katz described in the previous paragraph,
construct a p-adic L-function for f on the anticyclotomic Z,-extension over a CM
field K this is the unique Z,-extension of K with Galois group I'” on which complex
conjugation o acts as oyo~! = y7! for v € I'". (These are in fact specializations
of p-adic L-functions constructed by Hida as measures on the compositum of all Z,-
extensions over the CM field K.) Letting A be the Iwasawa algebra associated with
'~ (or a slightly larger group, the ring class group CL~(cp™) of conductor cp™), we
let V = Ind%(V!Gal(g/ x) ® A*). Again, the splitting hypothesis on the primes of
the maximal totally real field Kt above p is needed in order to formulate a main
conjecture in the sense of Coates-Greenberg, i.e. to define a Panchishkin locus X and
Panchichkin subspace VT which has associated Greenberg Selmer group S(V) and
main conjecture as predicted by the Coates-Greenberg formalism.

On the analytic side, the splitting assumption of Katz allows one to make use of
his theory of p-adic modular forms in order to construct his and Bertolini-Darmon-
Prasanna/Liui-Zhang-Zhang’s p-adic L-functions, now colloquially known as the Katz
and BDP/LZZ p-adic L-functions, respectively. Namely, the p-adic L-functions over
K which Katz, Bertolini-Darmon-Prasanna and Liu-Zhang-Zhang, construct is a lin-
ear functional on the space of (p-adic) modular forms, which is obtained by evaluating
p-adic differential operators applied to modular forms at ordinary CM points asso-
ciated with K. This means the CM points belong to the ordinary locus Y4 C Y,
which is the affinoid subdomain of (the rigid analytification of) Y obtained by remov-
ing all points which reduce to supersingular points on the special fiber (this latter

locus being isomorphic to a finite union of rigid analytic open unit discs). Here, the



ordinariness assumption is crucial in order to establish nice analytic properties of
the p-adic L-function, namely that (p-adic) modular forms have local coordinates in
neighborhoods of CM points with respect to which the differential operators alluded
to above have a nice, clearly analytic expression. In Katz’s setting, one views p-adic
modular forms as functions on a proétale cover Y& — Y°'d using an explicit trivial-
ization of the Hodge bundle. Then on Y'®, he defines a differential operator 6 called
the Atkin-Serre operator, which sends p-adic modular forms of weight k£ to forms of
weight k& + 2, and the nice coordinates are provided by Serre-Tate coordinates. One

can express

9:(1+T)diT

in terms of the Serre-Tate coordinate T', and using this expression one can show easily

that the family
{ejf}jezzo

for a given p-adic modular form f gives rise to a “nearly-analytic” function of j: after
applying a certain Hecke operator known as p-stabilization to f (which corresponds

to removing an Euler factor in the p-adic L-function), one can show that
67 f(p)’

where f®) denotes the p-stabilization, is an analytic function (valued in the space of
p-adic modular forms) of j € Z.

One could also use coordinates provided by ¢-expansions, if one compactifies all
modular curves under our consideration; we stick to the open modular curve in this
thesis in order to avoid boundary issues occurring at cusps, which present bigger
technical issues when defining the proétale topology later).

The key property of Y8 — Y°'d which allows one to construct the differential

operator 6 is the existence of the unit root splitting of the Hodge filtration on Y8,



Namely, one can find sections of the relative de Rham cohomology Hlg (A)|y1e which

are horizontal with respect to the algebraic Gauss-Manin connection

V : Hig(A) = Hig(A) ®o, QO

(here a section a being horizontal means that V(a) = 0), and which are also eigen-

vectors for the canonical (Frobenius-linear) Frobenius endomorphism

F:Y® 5 Yls

over W. (The reason for the terminology “unit root” is because one of the eigenval-
ues for the F' is a p-adic unit, since we restrict to a covering of the ordinary locus
Yord)) The unit root splitting is a functorial, F-equivariant splitting of the Hodge
filtration, which allows one to then define the differential operator . This uses a stan-
dard formalism of Katz which produces such a differential (weight-raising) operator,
whenever a splitting of the Hodge filtration with nice properties (e.g. Gal(Y'8/Y°rd)-
equivariance) exists.

Another key property of the unit root splitting is that for CM elliptic curves A,
which by the theory of complex multiplication always have models over Q, it is induced
by the splitting of Hl;(A) defined over Q given by the eigendecomposition under the
CM action. This CM splitting over Q also gives rise to the real-analytic Hodge
decomposition over C from classical Hodge theory, which in that setting gives rise
to the real-analytic Maass-Shimura operator 0 sending nearly holomorphic modular
forms of weight k£ to nearly holomorphic forms of weight k& + 2. The consequence
is that after normalizing by appropriate “canonical” periods €2, and €, one can
show that given an algebraic modular form w of weight k, the values of 67w(y)/€2+
and w(y)/QEF% at CM points y belong to Q and coincide. This observation of

Katz is essential to establishing interpolation properties of the Katz and BDP/LZZ



p-adic L-functions, i.e. to relate them to critical values of complex L-functions for
fibers V, where x € ¥ are algebraic points in the interpolation (Panchishkin) range.
This is because such critical L-values can be expressed as period integrals over the
CM torus (or finite sums over orbits of CM points) of ?/w, and hence by the above
discussion these can be related to such p-adic period sums of ’w over CM points,
which themselves give rise to the Katz and BDP/LZZ p-adic L-functions.

Let us elaborate on Serre-Tate coordinates and Katz’s notion of p-adic modular
forms, and expound on the above discussion. To fix ideas, suppose that a modular
curve Y represents a fine moduli space (for example, if its topological fundamental
group as an analytic space over C is neat in the sense that it has no torsion), and so

it admits a universal object

m: A—=Y.

The Hodge bundle is then defined as
w = .0 /Yy

and weight & modular forms can be identified with sections of w®*. Katz’s theory of
modular forms comes from viewing modular forms as functions on a certain covering of
a p-adic rigid analytic subdomain of Y, by trivializing w on that cover. Specifically,
the rigid analytic subdomain is the ordinary locus Y°'¢ of the modular curve Y, a
p-adic rigid space obtained from Y by removing all points which under the moduli
interpretation of Y correspond to supersingular elliptic curves, and the cover on which
we trivialize w is the Igusa tower Y'® — Y°'4 which is a Z,-cover or in other words,

Gal(Y'8/yord) = 7%

p

To obtain the trivialization of w, Katz uses the simple structure of the p-divisible



groups of ordinary elliptic curves, namely that they are isomorphic over W = W(F,)

to

fpee X Qp/Zp.

By the Weil pairing (or Cartier duality), such a trivialization for a given p-divisible

group A[p™] of an ordinary elliptic curve A is determined by fixing an isomorphism

A" = Qy/Z,.

In fact, Y4 is exactly the cover of Y°¢ defined over W parametrizing such trivial-
izations

a:Q,/Z, = A[poo]ét,

or equivalently (by the previous discussion), trivializations

a: pipe X Qp/Z, = Ap™]

of the entire p-divisible group.

Let Ay /Fp be an elliptic curve corresponding to a closed geometric point 1y on
the special fiber Y4 = Y4 @y F,, and let A/W denote any lift of it (i.e. with
A@w F, = Ay), corresponding to a point y on Y°'4. Formally completing Y along
yo hence gives the formal moduli space D(y,) of deformations of Ay (with some level

structure, which we will suppress for brevity). Since there is a canonical isomorphism

A[p™] = Ao [p™)(F,),

then a choice of trivialization

o : Qy/Z, = Ag[p™](Fp)



fixes A[p>°]* in the formal neighborhood D(g]o) of o = (Ao, ap) in Y8, Hence D(go)
is parametrized exactly by the connected component A[p>]° of A[p™], and so there

is an (in fact, canonical) isomorphism

The canonical coordinate 1" on the torus gives rise to the Serre-Tate coordinate, also
denoted by T', on D(j), and on the associated residue disc D(gj) @w W[1/p] (viewed
as the rigid analytic generic fiber).

Katz also uses the description of formal neighborhoods on Y8 around closed points
of the special fiber as being canonically isomorphic to G, to construct a global section
of the Hodge bundle on the Igusa tower, which is often called the canonical differential;
in terms of the Serre-Tate coordinate, the canonical differential is just given by d7'/T.
Using tensorial powers of the canonical differential, modular forms, viewed as sections
of powers w®* of the Hodge-bundle w restricted to Y°'¢, can be identified as functions

on Y'®. Since the canonical differential transforms by

for a € Z) = Gal(Y'8/Y*°"), the we can even identify a modular form of weight k,

i.e. a section of w € w®*(Y°d) as a function f of weight k on Y8, via

’w,ylg = f . wgitz’@)k,

where weight k € Z means that f transforms as

a'f=af (1.1)



for a € Z¥ = Gal(Y's/Y°!). Katz also uses this viewpoint to generalize modular

X

», which are functions on Y'¢ which

forms to p-adic modular forms of weight k € Z

have weight k € Z) in the same way as defined above.

1.2 Outline of the new theory of p-adic analysis on
the supersingular locus and results

The key question addressed by this thesis is that of developing a satisfactory theory
of p-adic analysis of modular forms on the supersingular locus of modular curves, and
subsequently to construct “supersingular” p-adic L-functions for Rankin-Selberg fam-
ilies V associated to automorphic representations BCf () X x ! for anticyclotomic
characters y over an imaginary quadratic field K/Q, where 7, is the automorphic
representation of GLy(Aq) attached to a normalized new eigenform w (i.e. a newform
or Eisenstein series), BCk(m,) denotes its base change to an automorphic represen-
tation of GLy(Ak), and x varies through a family of anticyclotomic Hecke characters
over K. Here, “supersingular” means that we assume that p is inert or ramified
in K. This is analogous, outside the splitting assumption on p, to the “ordinary”
setting in which Katz and Bertolini-Darmon-Prasanna/Liu-Zhang-Zhang construct
their one-variable p-adic L-functions. In fact our theory addresses the ordinary and
supersingular settings uniformly by working on an affinoid subdomain ), C ) of the
p-adic universal cover ) (defined below), where ), contains a natural cover V& of
Y'® and so we can recover the aforementioned one-variable p-adic L-functions in the
ordinary case.

One motivation for the construction of supersingular Rankin-Selberg p-adic L-
functions is to develop special value formulas in the same style as those of Katz and
BDP, where in the former case a special value of the Katz p-adic L-function is related

to the p-adic logarithm of elliptic units attached to K, and in the latter case the

10



special value formula is a “p-adic Waldspurger formula” involving the p-adic formal
logarithm of a Heegner point attached to K (when a Heegner hypothesis holds for K
and level N of w). Indeed, we succeed in proving such a formula in the case p { N
in Section 5.6 and either p > 2 or p is not ramified in K, though in future work
we expect to remove both p t N and extend to p = 2 and ramified in K (as well as
relax the Heegner hypothesis on N, which would necessitate considering more general
quaternionic Shimura curves than modular curves). Such formulas apply in cases not
accessible by the previous formulas of Katz and BDP/LZZ, and upon removing the
p 1 N assumption would apply for example to CM elliptic curves over Q where one
considers p as ramified in the CM field K and one studies Heegner points (or mock
Heegner points) attached to K. (These are often associated with interesting classical
problems, such as the congruent number problem and Sylvester’s conjecture on primes
expressible as the sum of two rational cubes.)

To develop a satisfactory theory of p-adic analysis on the supersingular locus,
namely a notion of p-adic modular forms on the supsersingular locus Y which be-
haves well with respect to some differential operator d (say, there is a notion of weight
which is raised by d, and given a p-adic modular form f, &’ f or some stabilization d’ f
gives rise to some p-adic analytically well-behaved family), there are several technical
difficulties which must be overcome. One of which is that there is no obvious canoni-
cal differential with which to trivialize w over a cover in order to view modular forms
as function on the cover (in the same way as w%® does so for w on Y& — Yyord),
It is also a difficulty that there is no “canonical line” in the p-divisible group of a
supersingular curve as there is for y1,.c C A[p™>°] when A is ordinary. Hence there is no
natural splitting of the Hodge filtration with which to define a differential operator d
analogous to the Atkin-Serre operator in the ordinary setting, and even if one were
to construct such an operator, there is no obvious analogue of the Serre-Tate coordi-

nate under which to locally express p-adic modular forms f and study the analytic

11



properties of d/ f.

To overcome these difficulties, we use two key ingredients which in some sense
generalize the strategy of Katz. The lack of unit root splitting, whose construction
comes from a horizontal basis for the Gauss-Manin connection defined as sections of
the relative étale cohomology H}, (A) over Y8 which are eigenvectors of the canonical

Frobenius. This unit root splitting gives a splitting of the Hodge filtratration

0 — W’Yord — H5R<A)|Yord — CL)71|Yord — 0

as an exact sequence of Oyoa-modules, where Oy denote the rigid-analytic structure
sheaf on Y. Note that unlike in the complex-analytic setting, we do not have to
extend the sheaf of rigid functions (the analogue of holomorphic functions) to a large
sheaf (of “real analytic functions”) in order to obtain the Hodge decomposition, as
long as we restrict to Y4 C Y.

As no unit root basis of exists outside of Y°'¢, we instead consider the moduli space
of all horizontal bases of étale cohomology. This moduli space is representable by the
p-adic universal cover ) (which we define more explicitly in the next paragraph), and
with universal object being given by (A, ) where a, is the universal full p>-level
structure. We then use a relative p-adic de Rham comparison theorem to view a., as
a universal horizontal basis for relative de Rham cohomology; unlike in the ordinary
case, this comparison involves extending the structure sheaf to a certain period sheaf
OB&LR’Y (where this is reall a sheaf on the proétale site Yj,.¢) first constructed by
Scholze in [28]. From this horizontal “framing” of the relative de-Rham cohomology
Hig(A), we get a “Hodge-de Rham period” measuring the position of the Hodge
filtration and the “Hodge-Tate period” measuring the position of the Hodge-Tate
filtration, as considered by Scholze in loc. cit., and use these periods to construct a

relative Hodge decomposition which we use as a substitute for the unit root splitting.
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This splitting is in fact defined over an “intermediate period sheaf”
Opy = O]BCTR,y/(tL
equipped with natural connection
V:0ay = Oay ®o, 2,
which is BJy ,,/(t)-linear, induced by the natural connection
V: OIB%IRQ, — (’)]B%(TRJ, R0y O

which is Bl y-linear. Moreover, there is a natural map

mod t

which is in fact an inclusion compatible with connections, and such that its compo-
sition with the natural map

QIOAyy—»éy

where @y is the p-adically completed structure sheaf on ) is the natural map
Oy — Oy,
Here 6 is induced by the natural relative analogue
0: OBl 5 — Oy

of Fontaine’s map 6 : Bj; — C,. Here, t is a global analogue of Fontaine’s “2mi”

and is a global section of a period sheaf IB%IRJ, on ), which is itself a relative version

13



of Fontaine’s ring of periods Bj;. We call Oay “intermediate” because it, in the
sense above, lies in between Oy and (’)B(}LRJ,. In analogy with having to extend from
holomorphic to real analytic functions on the complex universal cover H in order to
define the complex-analytic Hodge decomposition, we view Oy y as a sheaf of “p-adic
nearly holomorphic (or rigid) functions on the p-adic universal cover )”.

The aforementioned moduli space parametrizing elliptic curves with full p>-level
structure is represented by a G Ly(Z,)-profinite-étale cover Y of Y (viewing the latter

as an adic space over Spa(Q,,Z,)) called the (preperfectoid) p-adic universal cover
Y =limY(p),

as considered by Scholze in [28] and Scholze-Weinstein in [31]. Here Y (p') is the mod-
ular curve obtained by adding full p’-level structure to the moduli space represented
by Y, and Y is an adic space over Spa(Q,, Z,) which is an object in the proétale site
Yirost- Here, the full universal p>-level structure o is just a trivialization of the
Tate module of A

L7022
Qoo - Zpy — Tp.Ab;,

here Zpy is the “constant sheaf” on ) associated with Z,, except that sections are
continuous functions into Z, where the latter has the p-adic (and not discrete) topol-
ogy. Now let Oy denote the proétale structure sheaf on Y.¢. Using the Hodge-de

Rham comparison theorem of Scholze ([29]), we then have a natural inclusion
HéR(-A) Doy OBIR,Y & Hét(A) ®Zp7y OB:I_R,Y

on Ype compatible with filtrations (on the left, the convolution of the Hodge fil-
tration on Hjg(A) and the natural filtration on OIB%(J{R,Y, and on the right is just

the filtration on OBy ) and connections (on the left, the convolution of the Gauss-
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Manin connection on M} (A) and the natural connection on OBy - via the Leibniz
rule, and on the right is just the connection on OIB%;{RY). Pulling back to ), we then

have

LdR

a;} _
Har(A) @0, OBIR,Yb’ = He (A) Q7 v O]B%;;R,Y‘y — (OBXR,y T2 (1.2)

where the last isomorphism uses the universal p*-level structure a,, and the isomor-
phism
1 ~
Ha(A) = T,A(-1)

given by the Weil pairing. We also use the fact that there is a natural isomorphism

A

Zp,y(_l) = Zp,y ) tila

as t is a period for the cyclotomic character.
We note that there is a natural sublocus Y'® C ) which parametrizes unit root

splittings on ordinary elliptic curves, viewed as arithmetic p> level structures
a:Z,(1)®Z, = T,A,

together with a trivialization

and it is clear that these two data are equivalent to a full p*°-level structure
a:Z,®7Z, = T,A.

Thus, it is a natural Z-cover of the Igusa tower Y8, and a ZX x ZxX-cover of Y,
In fact, one can show that our theory restricts to Katz’s on V'8, that gqr-expansions

recover Serre-Tate expansions, and that the restriction of our canonical differential
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Katz

Wean|yte coincides with wea?.

Using (1.2), one sees that auy = aoo|zp’y®{0} and a2 = aoo|{0}®zp,y are hori-
zontal sections for the connection. Moreover, upon making the identification (via the
Weil pairing)

T, A % Hom(A[p™], ),

we get a natural map

dTl
HT,:T,A ®z, v Oy — w, o a*?

where dT'/T is the canonical invariant differential on pye~. (It is also sometimes
customary to denote HTy = dlog, as dlogT = dT'/T.) We then define the fake
Hasse invariant as

S = HTA(OéOOg),

and in fact we have that on the restriction to V'8,

5|yt = won [y

Consider the affinoid subdomain
Ve={s#0} C ).

We note that s € w()),) is a non-vanishing global section, i.e. a generator. Then
let 571 € w™1(Y,) the generator corresponding to s under Poincaré duality. The
trivialization

w | Yl = Oy[g

induced by 5|£§ = wXatz along with the universal unit root splitting on V'8 given by

Qoolyte, gives rise to a p-adic differential operator (the Atkin-Serre operator) fugs :
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Oy = Oy with nice p-adic analytic properties, seen using Serre-Tate coordinates.
The key to these nice p-adic properties is the identity

O_(wKatz,@Q) _ legT

can

where T is the Serre-Tate coordinate, and
0w SO (1.3)

is the Kodaira-Spencer isomorphism.

By the above discussion, s seems like a natural candidate to extend Katz’s idea of
viewing p-adic modular forms (sections of w) as functions to the (non-Galois) covering
Y, — Y. However, unlike in Katz’s situation on )'8, in our situation the splitting
of (a lift of) the Hodge filtration which we define and use will require extending
coefficients from Oy, to a larger sheaf Oa y, (which can be viewed as “the sheaf of
nearly rigid functions”, in analogy to extending the sheaf of holomorphic functions
in order to define the Hodge decomposition in the complex analytic situation), and
with respect to this splitting s will not be the most convenient choice for trivializing

w ®o, Oay,. Instead, we will trivialize using the generator

5
Wean ‘= — € (w ®Oy OA,yx)(yEC)
Ydr

where yqr € Oy, (V.)* is a certain p-adic period associated with s. Hence this
induces a trivialization

w Koy OAJ]I = OA,yz-

One can show that yqg = 1 on the sublocus V' C ), and so we have

atz

Wean| yts = Wegn [y (1.4)
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In analogy with (1.3), we also have
®’2) = dZdR (15)

where zqr = zqr (mod t) for the de Rham fundamental period zqr, which we describe
in more detail below. We note that the analogy between (1.3) and (1.5), along with
(1.4) suggests that zqr provides the correct analogue of log T'. Tt is this observation
which later leads to our notion of the gir = exp(zar — 0(zar))-coordinate as an
analogue (and extension) for the Serre-Tate coordinate 7', and ggr-expansions as
analogues (and extensions) of Serre-Tate T-expansions.

We can also use wea, to generalize Katz’s notion of p-adic modular forms. Let
U C Y, be a subadic space, let A : J — Y denote the natural projection, and let
A(U) = U. Then letting

['=GalU/U) C Gal(Y/Y) = GLy(Z,),
we have a natural map
* Wik
W (U) &5 W (U) < (@ R0y Oay. )™ (U) — Oa . ).

In fact, the image under this map consists of sections f € Oay, [/(U) such that

*

a b . L
f = (bc—ad) " (czqr +a)"f (1.6)
c d
a b
for any € I'. In this situation, we say that f has weight k for I' on U. We
c d
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note that when & = V' and so U = Y4, and
I'=(2,)% C GLsy(Z,)

the diagonal subgroup, and then (1.6) becomes

f=d™*f. (1.7)

In particular, f descends to a section in Oy (Y8) and we recover Katz’s notion (1.1) of
a p-adic modular form of weight k. Our main interest, which is defining a satisfactory
notion of p-adic modular form on the supersingular locus, will involve the case U =
Y=, U =YY% and I' = GLs(Z,).

Let us now elaborate on the construction of our splitting of (a lift of) the Hodge
filtration alluded to above, which is crucial to the construction of the p-adic Maass-
Shimura operator and its algebraicity properties. Unlike in Katz’s theory, outside of
V'8 a1 and as o do not generate either the Hodge or Hodge-Tate filtrations, and

instead we are led to considering natural periods

Z4Rr, 7z € OB(erRy(yz),

where the Hodge-de Rham period zqr € OBl y(Y,) measures the position of the

Hodge filtration

LdR a;ol _
W‘yz = 5'0321 C HéR(A)@)Oy OBQ_R,JJI < Hét(A) ®Zp7y OBXR,JJI - (OBIR,% 't 1)692,

~

and the Hodge-Tate period z € Oy (Y,) C OBy y(Y,) measures the position of the
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Hodge-Tate filtration
-1 -1 1 + as + —1\®2
Wy, =85 - Oy, CHe(A) ®zp7y OIB%dR,yz - (OBdR,yx )

Using these periods, and recalling our notation Oay, = OBgg ,, /(t), one can con-

struct a Hodge decomposition
T,A®; , Oay, = (w®oy Oay,) ® (W' ®oy Oay, 1) (1.8)

where the projection onto the first factor is given by HT4 (i.e. the inclusion of the
first factor is a section of HT,), and so this gives a splitting of the Hodge-Tate
filtration. Unfortunately, the kernel of this splitting is not horizontal with respect to
the Gauss-Manin connection, which is a crucial property of the unit root splitting in
Katz’s theory. Indeed, restricting to V'® to recover Katz’s theory, we that z = oo on
V'® and so in particular is constant and hence annihilated by V. However, in general
we have

1
w! ®oy Oay, t = (Qoo1 — 20500,2>OA,)717 (1.9)

and the fact that V(z) # 0 on ), means that for any section w € (3 ®o, OX 5, )(Vz)

and f € Oay,(Ve),

Vw("%;; f) =V <<O‘oo,1 - %O‘w,2>f>
=Vau <<Oéoo71 — %O{OO,2>> f + <Ofoo,1 - %O‘oo,2>vw(f)
=-V (%) ooz + (o1 — %aw,2>vw(f) Z (oo — éaooQ)OA,yx

-1
=w ®OY OA»yz : t?

and so (1.9) (and hence the Hodge decomposition (1.8)) is not horizontal with respect
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to V. To remedy this, we instead replace (1.8) with another splitting
T,A®; , Oay, = (w®o0y Oay,) ® L, (1.10)

where L is a free Op y,-module of rank 1. Now the projection onto the first factor is

not given by HT, but instead its kernel is horizontal in the sense that
V(L) C L

for any section w of Q}, ®p, O y,. Moreover, (1.10) recovers the usual Hodge-Tate
decomposition upon applying the natural map 6 : Oy, — @yx where @yx denotes
the p-adically completed structure sheaf (and 6 is analogous to Fontaine’s universal

cover 0 : B;{R — C,)
T,A®; Oy, = (w ®o, Oy,) & (™! ®o, Oy, (1)). (1.11)

Now we can define a p-adic Maass-Shimura operator d with respect to the splitting
(1.10). Since (1.11) recovers the relative Hodge-Tate decomposition, it is induced at
CM points by the algebraic CM splitting, and so as in Katz’s theory one can show
(using the horizontalness of (1.10)) that for an algebraic modular form w € w®*(Y),

writing
w|y:c - f'wg]fn f S OA,)’::O%B% F- (27Tidz)®k’ Fe OhOI(%+>’

where O"! denotes the sheaf of (complex) holomorphic function and H* — Y the

complex universal cover (i.e. the complex upper half-plane), we have that the value

(0 od)f(y)/Qp(y)"+
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at a CM point y € ), is an algebraic number for an appropriate p-adic period §2,(y)

(depending on y), and in fact is equal (in Q) to the algebraic number

O F(y)/Qo(y)

at the same CM point y € ), for an appropriate complex period Q. (y) (only de-

pending on the image of y under the natural projection ) — Y):

(B0 d)f(y) /)™ = F(y)/Qu(y) . (1.12)

The key fact for proving this algebraicity is that the fiber Oa y, (y) contains a unique
copy of @p by Hensel’s lemma, and so the the composition @p C Oay,(y) 5 C, is the
natural inclusion; then since the specialization z(y) € @p, we have 0(z(y)) = z(y), and
so (lod’)f(y) =60(df(y)) = d f(y), and this latter value is equal (after normalizing
by periods) to ¥’ f(y) since both (1.10) and the complex analytic Hodge decomposition
are both induced by the CM splitting at y.

It is the algebraicity of 6 o @’ at CM points, and moreover the fact that it is
equal in value to complex Maass-Shimura derivatives, which makes it applicable to
questions regarding interpolation of critical L-values and hence construction of p-
adic L-functions. Ultimately, for the construction of the latter, it is necessary to
understand the analytic behavior of (6 o d’)f around CM points y, and here the
framework for understanding such analytic properties is provided by gqr-expansions

of modular forms, given by a gqr-expansion map

®k _ ®k
k Wcan k ddR—EXpP A Wcan k
w® ‘yz —>N ydROyz — Oyz [[qdR — 1]] C OA,yz N—> w® Koy OA,yI. (113)

A key fact is that on the supersingular locus Y* C ), (1.13) coincides with the
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natural inclusion

Wlyss > w B0y OBJn yue —05 w @0y Opye, (1.14)

which is induced by the natural inclusion Oy C OBg ,, _mod Oay. In fact,

recalling that Oy denotes the p-adic completion of the structure sheaf Oy, we have

a natural inclusion

Oylqar — 1] € Oay

which is compatible with the natural connections on each sheaf, and which is in fact
an equality on Y®:

@yss [[qdR — 1]] = OAvySS.

Hence we see that, at least on the supersingular locus )V*, qqr provides the correct

coordinate when viewing a rigid modular form

U-’S%I; SS
w € WwHY®) C (w0, Oays) (V) == Op yss (V™)

~

as a “nearly rigid function”. The coordinate qqr € Oa y, (V,) plays the role analogous
to that of the Serre-Tate coordinate, and in fact the gqr-expansion of a modular form
recovers the Serre-Tate expansion upon restricting to ).

In fact, one can write down an explicit formula for fod’ in terms of ggr-coordinates

Godjzic) <j+’;_1)z! (—@)lbo (zz—iz)j_i. (1.15)

1=0

On ', as we noted before, z = co and so we have

; qard\’ ; -
(0 (¢] d‘j>’ylg = 6 O (dq—dR> ’ylg = 6 o HJAS = HJAS
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where the last equality follows from the fact that

dqar
qdar

|y1g == dZdR‘ng == dT‘ylg

and that

2] ~
Oy, COay, = Oy,

is the natural completion map. Hence, again restricting to Y'® C ), we recover
Katz’s theory.

In order to construct the p-adic L-function, we consider the image of a modular
form w € w®*(Y) under the gqr-expansion map (1.13), and study the growth of the

coefficients of its gqr-expansion around supersingular CM points y:
qdr—€XpP_ A stalk at y A ~ 1/pb
W yes 2P A Tgar — 1] 222 Opeey[qar — 1] = Oyes ylaad — 1]

for any b € Q, where the last equality is just a formal change of variables. By the
remarks above involving (1.13) and (1.14), since y € Y*, we see that the above map

coincides with the natural map

stalk at y
E—

k k k
w® ‘yss — CL)® ®OY OAJ}SS (JJ® ®OY OAh’yss’y

and hence is compatible with the natural connections on all sheaves; in particular,
this compatibility shows that the formula (1.15) gives the action of the p-adic Maass-
Shimura operator 6 o d’. One of the main results of Section 4 is that for appropriate
b € Q (depending on y, but we later show that b is the same for all y in the same CM

orbit), one in fact has that the above map factors through

®k

A~ b
Wy = O lagi? — 11[1/p) (1.16)
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where (’j¢ C Oy denotes the p-adically completed integral structure structure sheaf.
Given w € w®(Y), we can construct the p-adic L-function associated with w by
considering sums of the images w(qdl/,f? )y of w under (1.16) for various orbits of CM
points y on Y**, and then applying the Maass-Shimura operators p*§ od’ (normalized
by p*) using the formula (1.15). By the formula, we see that as long as p-adic
valuations |yqr (v)|, |z(y)| of the specializations yqr(y), z(y) of the p-adic periods ygr, z

satisfy certain bounds, then images in the stalks
j 1
P60 dw(a ),

“converge” to some p-adic continuous function in j € Z/(p — 1) X Z,, in a sense we

now make more precise. Define the p-stabilization by

*B
,_.

1/p® 1/pb

(qdR )y = w(ggr )y — w

w(qudR )y-

'@l*—‘
<.

Il

o

One can show directly from (1.15) that

. . L
P00 d' )’ (aitl),
is a p-adic continuous function of j € Z/(p — 1) x Z,,. Then for any jy € Z>¢ we have

lim pb(jo+pm(p—1))(9 o dj‘)*pm(p_l))w(qcll{{’b)y _ pbjo(g o d]o) (qll/af )y_ (1_17)

m—r0o0

It is by summing p% (6 o d/)w (qdR ) against anticyclotomic Hecke characters y eval-
uated at y over appropriate orbits of the CM point y (associated with an order of
an imaginary quadratic field K') that we arrive at the construction of our p-adic con-
tinuous L-function. The expression (1.17) along with the algebraicity theorem (1.12)

gives rise to an “approximate interpolation property” which our p-adic L-function sat-
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isfies, namely that values of the p-adic L-function in a certain range are determined
by limits of algebraic normalizations of central critical L-values associated with the
Rankin-Selberg family (w, x).

In fact, we expect in forthcoming work to make the above approximate interpola-
tion property into an actual interpolation formula, see Remark (5.5.2).

We end this outline with a few remarks on how we obtain the p-adic Waldspurger
formula in Section 5.6 when k = 2. A key property of the p-adic Maass-Shimura
operator d’ is that it sends p-adic modular forms of weight & in the sense of (1.6) to
modular forms of weight k£ + 27. Hence the limit

lim pbpm(pfl)(g o dp’"(pfl))wb(qdR)y

m—0o0

converges to a p-adic modular form of weight 0 on some small affinoid neighborhood
of y, for some subgroup I' C GLy(Z,). Let K, denote the p-adic completion of K
(with respect to a fixed embedding Q — @p) In fact, one can show that for on some
affinoid & D Y% LU C, where C C Y is a locus of CM points associated with K such
that Gal(C/C) = O C GLy(Z,) (induced by some embedding K, < M>(Z,); the
subadic space C itself does not depend on this choice of embedding), the limit

G = lim p*" " V(@ o &)’ (qar)|u (1.18)

m—0o0

converges to a p-adic modular form of weight 0 on ¢ for some I with (ZX)®* C " C
GLy(Z,). In particular, by restriction it induces a rigid function on ' Ui, which is
of weight 0 for (Z )2 on V'8 and of weight 0 for I' on &. This means that G descends
to a section GG on an affinoid open U C Y’ for some finite cover Y’ — Y'; here we
use the fact that while '8 C Y is not affinoid open, its image on any finite cover is
isomorphic to a copy of the ordinary locus Y'Y C Y, which being the complement of

a finite union of residue discs, is an (admissible) affinoid open. In particular, G is rigid
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on U, and one can show using Coleman’s theory of integration that on U N Y’ it
is equal to the formal logarithm log,; |;jnyera for some p-stabilization of the newform
w. (Here p-stabilization denotes the image of w under some explicit Hecke operator
at p.) Then the rigidity of G on U implies that dG is a rigid 1-form on U, and so by
the theory of Coleman integration the rigid primitive G' on i is unique up constant,
which implies

G =log, |v. (1.19)

Since the relevant special value of our p-adic L-function corresponds to evaluating
(1.18) on an orbit of the CM point y, one sees that we arrive at our p-adic Waldspurger

formula by evaluating (1.19) at an appropriate Heegner point.

1.3 Main Results

We now finally state our main results. We adopt the notation of Section 5.4, and the
reader should refer to there for precise definitions and assumptions.

We let p denote a prime which is inert or ramified in K, suppose that either p is
inert or p > 2, and let w be a new eigenform (i.e. a newform or Eisenstein series)
of weight k for I'y(N) and nebentype €, where p{ N > 3. Let A be a fixed elliptic
curve with CM by an order O, C O of conductor p t ¢ also with (¢, Ndg) = 1,
let o : ZP* = T,A be a choice of full p>-level structure as in Choice 5.4.4, let

y = (4,0) € C(K,, O?p) and let Q,(y) and Q(y) be the associated periods as in

Definition 3.12.1, and also let
Wy = F - (27midz)®*.

Then for Hecke characters xy € X, in the notation of Section 5.4.2, we have that

the values L(F, x~',0) are central critical. Given an algebraic Hecke character, let
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denote its p-adic avatar, and let Ng : Az — C* denote the norm character, which

has infinity type (1,1). We collect our results into one Main Theorem.

Theorem 1.3.1 (Theorems 5.4.7, 5.5.1, 5.6.1). We have p-adic continuous functions

Lyo(w,-): X —C,
and its “holomorphic projection”
Lh (w,-): T = C,,

which are continuous functions, such that L, (w,-) satisfies the following interpola-
tion property. Suppose {x;} C Xy is a sequence of algebraic Hecke characters where
X; has infinity type (k + j, —j), such that x; — X in ) Moreover, when dg is odd,

we have the “approximate” interpolation property

Lpa(w, X)?

1

k+25 _

1 [ Clw, x5, 0)a(w, x;) -

1 3 J ) -1
xlylgx( A ta) ) oo ( O (A i) LG 0)

where C(w, xj,¢) and o(w,x;) are as in Theorem 5.4.3. Finally, when k = 2, we

(1.20)

have our “p-adic Waldspurger formula”: For any character x : CL(O.) — @;, we

have

T e L log,» Px(x) p isinert in K
. 1 w
Lpalw,Ngx) = L2 (w, Ngx) = ¢ 7Y

3(p ) log,» Px(x) p is ramified in K

where Pk (x) is the Heegner point as defined in Section 5.6.

In Proposition 5.4.6, we show that a different choice of a as in Choice 5.4.4 amounts

to multiplying £,,q(w, ) by a O -valued character. L2 (w, -) depends more crucially
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on the choice of o except at certain special values, see Remark 5.4.8.

Again, we stress that we expect to replace the “approximate” interpolation prop-
erty in the above theory with an exact one. This expectation is based on the following
heuristic argument: p-adic interpolation of L-values is usually achieved upon remov-
ing the Euler factors at p from the relevant L-values. In the case where p is inert or

ramified in K, the Euler factor at p of L(F,x™*,0) is constant:

1—a,(F)x M p) + e(p)p" "X (0*) = L —ap(F)e ' (p)p ™" +e M (pp™ 7,

where a,(F) denotes the p™ fourier coefficient of F' (i.e. the Hecke eigenvalue at p of
w), for any x € X. Hence, removing the Euler factor from the interpolated L-values
L(F,x',0) amounts to multiplying by a constant (independent of y € ¥), and so
any p-adic continuous function which interpolates the L-values with Euler factor at
p removed L@ (F, %!, 0) must also be equal to a constant times the limit of the
values L(F,x~',0), which implies that by the approximate interpolation property
that the p-adic continuous function interpolating the L® (F,x~',0) should be equal
to L,.(w,-) times a constant. This implies that £, ,(w,-) is already continuous
itself. We elaborate more on how we might actually prove this continuity in Remark
5.5.2. We also expect to remove the assumption “dx odd” assumption in the above
approximate interpolation formula; we only make it here in order to use Theorem
5.4.3.

The above p-adic Waldspurger formula has applications to the arithmetic of abelian
varieties of G Lo-type, in particular to elliptic curves and the Birch-and-Swinnerton
Dyer conjecture. See Remark 5.6.3.

Finally, we note that we do not address the algebraic side of the theory (namely,
Selmer groups or main conjectures) in this thesis, and do not make an attempt here

to formulate a main conjecture. One reason for this is that no Panchishkin condition
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is satisfied by the relevant Gal(Q/Q)-representations when p is inert or ramified in
K, and so the Coates-Greenberg formalism for predicting a main conjecture does not
apply. Moreover, the p-adic L-function we construct, £, ,(w, -), is only continuous and
likely not analytic, and hence likely does not arise from a p-adic measure. However,
the “holomorphic projection” E;fé(w,-) is an analytic function (at least on some
large open subdisc of the rigid analytic open disc), and so is a natural candidate for
being the p-adic Mazur-Mellin transform of a p-adic measure. See Remark 5.4.8. In
forthcoming work, we will examine on how to formulate and prove an appropriate
main conjecture for £ (w,-). We then expect to derive more precise statements

p7a

concerning the arithmetic of GG Lo-type abelian varieties from these main conjectures.
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Chapter 2

Preliminaries for the construction
of the p-adic Maass-Shimura

operator

2.1 The preperfectoid infinite level modular curve

Henceforth, fix an algebraic closure Q of @, and view all number fields (finite exten-

sions of Q) as embedded in Q. Henceforth, fix embeddings

ip: Q= Q,, i : Q= C (2.1)
Let C, denote the p-adic completion of @p. For every field L C @p, let L, denote
the p-adic completion of L in @p. Let | - | denote the unique p-adic valuation on C,

normalized with |p| = 1/p.

Let p be a prime. Fix a positive integer N > 3 which is coprime with p. Let
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Y1(N) denote the modular curve associated with I'y(N). Let

Y= lmY(Ty(N)NT(p"))

n

denote the infinite level modular curve with I'y (V) NI'(p>) level structure, which can
be viewed as an adic space defined over Spa(Q,,Z,). It is a preperfectoid space, in
the sense that upon base changing to a perfectoid field containing @@, and p-adically
completing the structure sheaf, one obtains the infinite level perfectoid modular curve
constructed by Scholze in [28]. One can view ) naturally as an adic space over
Spa(Qy, Z,) ([31]) which is an object (in fact a profinite étale object) of the proétale
site Yproer as defined in [29]. Given any extension K/Q,, we can form the base change
Vi =Y Xgpa(@,.z,) Spa(K, OF). Henceforth, given any separable extension K/Q,,

we can define an object also denoted by Yx € Y06 Via

Yk = @ Y.
QyCLCK, L/Q, finite
If K D Q, is a perfectoid field, Yy is a perfectoid object in Y},;¢t. There is a natural
equivalence of sites Yotk = Yproct/ Y, where the latter denotes Y04 localized at
Yik.

It is a somewhat subtle point that we work on ) instead of its associated “strong
completion” (in the sense of [31]) Y, which is a true perfectoid space after base
change to a perfectoid field (and also a perfectoid space over Spa(Q,,Z,) in the sense
of Kedlaya-Liu, [22]). The reason for this is that we need to work with differentials
in Q}, in order to define our differential operators (which arise from extensions of
the Gauss-Manin connection V : Hjp (A) = Har(A) ®o, Q3,), and it is a fact that
Q; = 0, and more generally that all perfectoid spaces X have Q% = 0 for all i > 1
(for example, see [5, Section 4.4]).

The adic space ) has the following moduli-theoretic interpretation: a (C,, Oc,)-
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point on Y corresponds to a triple (A,t,«) consisting of an elliptic curve A/C,, a
['1(N) level structure t € A[N], and a trivialization o : Z$? = T, A of its Tate module.
(This trivialization is equivalent to a I'(p°°) Drinfeld level structure on A.) Then Y
represents a (fine) moduli space with universal object given by A, := A Xy, (n) Y,
where A — Y7 (V) is the universal elliptic curve with I'y(/V)-level structure. We also

will write

As = (A, )

where a, denotes the universal I'(p>°) level structure, which is equivalent to a trivi-

alization

~

oo Zf?g) —T,A

of the universal Tate module 7,4 (where vay is the “p-adic constant sheaf corre-
sponding to Z,, to be defined in Section 2.2). From now on, we will often suppress
the I'; (IV)-level structure ¢ in our notation for simplicity (and also because it doesn’t

affect any of the following).

2.2 The proétale site, structure sheaves and period
sheaves

Let Yy denote the small étale site of the adic space Y over Spa(Q,,Z,). Hence,
objects of Y are étale maps U — Y, and coverings are étale coverings. The category
pro-Yg consists of functors F' : I — Yy from small cofiltered index categories I in

which morphisms are given by
HomPTO—Yét, (F7 G) = 1£l hg HomYét (F(Z)7 G(]))
J oI

Throughout this article, it will be necessary to work on the proétale site Yiroct
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as defined in [29], whose objects form a full subcategory of pro-Ys. Hence, objects
of Yjroet are pro-étale maps U — Y, which means that U can be written as ml Ui,
where U; are objects of pro-Yg such that each U; — Y is an étale map in pro-Yg
in the sense of loc. cit., and U; — Uj is a finite étale map in pro-Yg in the sense
of loc. cit. for all large ¢ > j. Coverings are given by proétale coverings. Given a
U € Ypost, a presentation U = lez U; as above is called a proétale presentation. It
is clear that there is hence a natural projection of sites v : Y06 — Ys. Given any
object U € Y4, let Yioer denote the localized site, consisting of objects V' € Yirost
with a map V' — U. It is shown in [29] that if Y} denotes the base change of Y to
Spa(K, Ok), then there is a natural equivalence of sites Y prost = Yprost/ Yk -

Let K denote a perfectoid field over Q,. An affinoid perfectoid is an object
U € Yot/ Yr with a proétale presentation l&nz U; where U; = Spa(R;, R}) is an
affinoid such that if Rt denotes the p-adic completion of lim, R} and R = R™[1/p),
then (R, R") is a perfectoid (K, Ok )-algebra. A perfectoid object is one with an open
covering by affinoid perfectoids. We recall the key fact that affinoid perfectoids form
a basis of Ypoer ([29]).

Given any sheaf F on Yj,.s and any object U € Yyost, we let Fyy := F|y denote
the induced sheaf on Yj.e/U. If the sheaf is written as Fy, we will often write
Fu = Fyly for brevity. We let Oy denote the structure sheaf on Yje (which is
defined to be the v*O, where O is the structure sheaf on Yy); similarly, let O denote
the interal structure sheaf. Let OFf := lim Oy /p" denote the integral p-adically
completed structure sheaf, and let Oy := @;5[1 /p] denote the p-adically completed
structure sheaf.

As they will be omnipresent throughout our discussion, we will recall construction
of the period sheaves and OBIRY and OBggy on Y, defined as in [29, Section 6],
as well as some of their key properties. Let K denote any perfectoid field containing

>~

Q,, and let Y denote the base change Y Xgpa(q,),spa(z,) SPa(K, Ok ). Since Yi proct
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Yioroet/ Yie, and affinoid perfectoids form a basis of Yk poet, then it suffices to define
the sections of the above period sheaves on affinoid perfectoid in Yk preer for any

perfectoid field K containing @,. Recall the tilted structure sheaf

C’);;{ = lim Of_/p= lim O

xr—xP TP

and the period sheaves
Ainty, = W(@;}() Bint v, := Aine[p™] OBintvie = Oyye @w(x) Bint, vy -

which are initially defined naturally on affinoid perfectoids (see [29, Section 6]). We
have the natural projection 0 : Biyry, — @yK; ker @ is locally generated by some

section £&. We let
Bir,v,e = Um Bing,yy / (ker 0)', Bar vie := Big v, [1/1]

where t is any generator of ker(Q)IB%Z{R Y The projection 0 : Binsy,, — @YK extends

Oy, -linearly to a projection 0 : OBy y,, — @YK' Then
OBy, = l%m OBty / (ker 6)" OBuar,y, == OBy, [t7'].
It is a fact that the composition
Oy, = OBny. — OBl /ker0 = Oy, (2.2)

is the natural inclusion Oy, — @yK. We recall that OB}, v, 1s equipped with a

canonical integrable B y-linear connection

V: OBy, — OBlry Qo O, (2.3)
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extending the trivial connection d : Oy, — Q%,K. Since the above connection is

Bx y.-linear, it extends to a connection
W ITK
: 1
V: OBdR,YK — OBdR,YK ®OYK QYK'

The sheaf OBary, has a natural filtration given by Fil' OB}y . = (ker 6)'OBgg .,
and OByry, has a filtration given by Fil' OBury,, = >, ;i ez t! FiV OBf, 5. .
By the previous discussion, we hence get all the analogous sheaves and maps on Ypo¢t-

Henceforth, given an adic space X with proétale site X0, let

Zyx = m(Z/p")x

be an inverse limit of the usual constant sheaves (Z/p™)x on Xy (which are equal
to those constant sheaves pulled back from the small étale site Xg); its sections
correspond to continuous maps from Xp..¢ into Z, where Z, is given the p-adic

topology (and not the discrete topology). We also define the Tate twist Zp7x(1) by

Zp,X(l) = l'&n(ﬂpn)x

n

where (p,n)x is the usual constant sheaf on X,.¢. For any non-negative integer n,
we let Z, x(n) = Z,x(1)®" (where ® is taken over Z, x), and we let Z, x(—n) =
Homzp’X(ZnX(n),Zp,X). Given any Z,x-module F and n € Z, we let F(n) :=

~

F ®Zp,X an (n) .
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2.3 Relative étale cohomology and the Weil pair-
ing
Henceforth, we will make free use of the canonical principal polarization

A

I

A

where A denotes the dual of an abelian variety A.
We have that

is a Zp,y—local system of rank 2 which gives the relative étale cohomology of the family

7: A—=Y. We denote
T,A = Homzpy (fH;t (A), ZILY)

which gives the relative Tate module of the same family. Recall the Weil pairings

given by, using the principal polarization A =2 Aon A

() = Alp"] X A" = (2.4)
which, taking the inverse limit over n, form a nondegenerate pairing

() Ty Ax T,A = Z,y(1) (2.5)
as an inverse limit of constant sheaves on Xp,0¢;. This induces a canonical isomorphism

T, A= HY (A)(L). (2.6)
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2.4 The GLy(Q,)-action on Y

Definition 2.4.1. Henceforth, we denote the canonical homogeneous coordinates on

P' =P(Q;) by z,y € Opi(1). Henceforth, let

Pl={z#0},  PBl={y#0}

be the standard affine cover of P!.

Recall the right G'Ly(Q,)-action on Y, which acts on (C,, Oc,)-points (A, «) in the
following way (as recalled in [6, Section 2.2]). Recall GLy(Q,) has a left action on C5*
in the standard way (viewing elements of the latter as column vectors), and thus if
we denote the contragredient by ¢¥ := g~ det(g), we get a right action L-g = g¥(L)
on Z¥. Fix n € Z such that p"g € My(Z,) but p"~'g ¢ My(Z,). Then for all
m € Z~q sufficiently large, the kernel of p"g¥ (mod p™) stabilizes to some subgroup

H of A[p™]. Then we put (A,«a) g := (A, '), where o is defined as the composition
" o (6+)7"
Z," 5 QS VA S Vo(AVH),

where p"g acts in the usual way on the left of Z;?Q (viewing elements of the latter space
as column vectors), where ¢ : A — A/H is natural isogeny given by projection and

¢ is the induced map T,A — T,(A/H) (extended by linearity to V,A — V,(A/H)).

a b
Note that if g = € GLy(Z,), then (A,a) - g = (A,a') where o/(e;) =
c d

ac(er) + cales) and o/ (ey) = ba(er) + da(es).

In fact, one can check that the following diagram is commutative:

79 —— T,A

lpngv l@ (2.7)

7% % T,(A/H)
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where in the arrow on the left p"g" acts on Z;GQ via left multiplication (viewing the
latter as column vectors).
One also has the standard right GLs(Q,)-action on P!, given by an element g
acting on lines £ (viewed as being spanned by column vectors) via £ - g = g¥L.
Finally, we remark that given a geometric point y of Y, the automorphism group of
the fiber of y under the natural profinite étale map Y — Y is GLy(Z,), since G Lo(Z,)

acts simply transitively on this geometric fiber by changing the basis « : ZI?Q = T,A.

2.5 The Hodge-Tate period and the Hodge-Tate
period map

In this section, we define the Hodge-Tate period and Hodge-Tate period map 7yt :
Y — P! following [28] and [4]. However, as those latter works define myr on the
perfectoid space ) associated with ) (i.e. the strong p-adic completion of ))) rather
than on ) itself, it will be necessary for us later to work on the preperfectoid space
Y € Yo (since we will need to consider Q%,), we must define g on Y as a map
of adic spaces over Spa(Q,,Z,). One can also recover our definition of 7yt from
the more general construction of period morphisms on (preperfectoid) moduli of p-
divisible groups given by Scholze-Weinstein [31].
Recall the Hodge bundle defined by

Now, we define the Hodge-Tate map
HTA : Tp.A — WA (28)

to be the following: the truncated Weil pairings (2.4) are compatible in the sense that
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the following diagram commutes

('7')‘”

Alp"] X Alp"] ——— fipn
4 j [ (2.9)
A x At P

and hence they can be put together (taking an inverse limit along the left first vertical

arrows, and a direct limit along the middle and right vertical arrows) to get a pairing
T, A x A[p™] = pipee. (2.10)

Hence, we have a natural identification 7),.,A = Hom,,_4;, (A[p™], ptpe) (where the Hom

is taken in the category of p-divisible groups over Z,). Using this identification, we

define

dT
HT (o) =« T € W*Qil[poo]/y = W*Qh/y =wy. (2.11)

By nondegeneracy of the Weil pairing, we know that HT 4 is not the zero map. Let
HO C T,A ®3, , Oy denote its kernel.
Pulling back 2.11 along the cover ) — Y, we get a section HT 4(q02) € wa(Y).

Let

Ve ={HT (o 2) # 0} C , Y, :={HT () # 0}.

Denote Oy := Oy|y. We now define the Hodge-Tate period z € Oy(),) via the
relation

HT j(a200) =2 - HT 4(01,00)- (2.12)

Since HT4 is not the zero map, we have that ), U}, = Y. Using the trivialization

al:T,Aly = fog,, we now see that the line
0,1 as 2
Hy C T,A®; 5 Oy — O (2.13)
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is the sub-Oy-module obtained by gluing together the sheaves H%!ly = (a1 —
L052)O0y and HOy, := (2 Qoo — Qs 2) Oy along Y, N Y, (on which affinoid sub-
domain the reader will easily check that the two sheaves coincide, by the definition

of z). The inclusion 2.13 defines a map of adic spaces over Spa(Q,, Z,)
THT - y — Pl

which we call the Hodge-Tate period map. 1t is straightforward to check that myr is
equivariant with respect to the GLy(Q))-actions defined in Section 2.4. Furthermore,
since ) has the same underlying topological space as its associated perfectoid space
(once base-changed to any perfectoid field), the map 7yt is étale on the supersingular

locus

V== lim Y (T (N) NT(p"))™

and maps to the Drinfeld upper half-plane Q = P!(C,) \ P*(Q,). (For the étaleness
of mgr @ Y* — Q C P! see also [31, Remark 7.1.2 and Theorem 7.2.3].) The

stratification Y = Y°' LU Y* is in fact given by
V* = (), Yo = mpp(PH(Qp))-

Finally, we note that pulling back the coordinate z = —z/y on P!, we also obtain
the Hodge-Tate period via

Z = Thr? (2.14)

on ). Moreover,

HTA(“OOJ) = THTT, HTA(O‘oo,2> = 7TI*{T<_1U)-
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By (2.9), z satisfies the transformation property

a b
g 2t0 (2.15)
d czZ+ a

Cc

for any € GLy(Qy).

2.6 The relative Hodge-Tate filtration

By definition, H"! is the kernel of the map
HT_A : TpA ®Zp,y Oy — WA ®OY Oy. (216)

and extending by linearity to ®o,, O]B(J{R’y, then H*! ®o,, OBgRyy is the kernel of the
map

HT 4 : T,A®; | OBjpy — wa ®o, OBy ), (2.17)

which reduces modulo ker 6 (i.e. after extending by linearity to ®0B:Ry’9@y) to the
map

HT 4 : T, A®; Oy = wa®o, Oy. (2.18)

Since the composition Oy C (’)B:R’y 4 @y is the natural p-adic completion map
Oy — Oy, the map (2.18) is just the ®o, Oy-linear extension of (2.16), and its

kernel is given by H%! ®0, @y; in particular

A

. @0072)(93;

N> | —

HO! X0y @y’)}z = (O‘m,l -

and

HOJ ®OY @yb;y = (i : aoo,l - O(OOQ)@)]b}y’
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where z € Oy(Y) is the image of z € Oy(Y) under the natural map Oy (V) — Oy ().
By construction, z is the (reciprocal of the) fundamental period as defined in |6,
Definition 1.2] (since it is also defined by the relation (2.12) for the extended Hodge-
Tate map (2.18)). When no confusion arises, we will also often conflate z and z, as
they are the same section under the natural p-adic completion map O — 0.

Caraiani and Scholze [4] define the relative Hodge filtration
0= wy' @o, Oy = Hiy(A) @; | Oy = wa®o, Oy(—1) =0, (2.19)

or after twisting by (1) and applying the isomorphism Hy (A)(1) = T,A given by

(2.6), equivalently as
0 — wi' @oy Oy(1) = T,A ®, Oy — wa Qo, Oy — 0. (2.20)

Taking the specialization of (2.20) at a geometric point Y = (A) € Y/(Q,, O@p) we

obtain the usual Hodge-Tate exact sequence

) (HT4)" (1) HTx

0 — Lie(A4)(1 T)A ®z, C, — QA/C — 0. (2.21)

We have the following result on the integral Hodge-Tate complex.

Theorem 2.6.1 ([15], Theorem II.1.1). Suppose p > 2. Taking an integral model

A/Oc,, we have a sequence

0 Lie(A)(1) P 1A s, Oc, 15 0l o, 0

which is in general not exact, but which is a complex with cohomology groups killed

by pl/(p_l)'
Proposition 2.6.2. The penultimate arrow in (2.19) is given by HT 4 from (2.17),
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and its kernel is given by the image of
(HT)'(1) : wy' @0, Oy(1) = T,A®;  O. (2.22)
In particular, since HO' ®o,, Oy is the kernel of (2.17), we have
(HT4)"(1)(wy' ®o, Oy(1)) = H"' ®0, Oy (2.23)

and

(HTA)V(l)(Wil Koy OB.;TRY(U) =H™ Xoy OB:{R,Y' (2-24)

Proof. By (2.21), the penultimate arrow in (2.19), which is a map of locally finite free
Oy-modules, specializes to HT'4 on geometric fibers. Hence by Nakayama’s lemma, it
specializes to HT4 on geometric stalks, and so the map must be HT4 since Y06 has
enough points given by profinite covers of geometric points. Since the kernel of HT 4
in (2.21) is given by the image of (HT4)" (1), the same stalk-wise argument works to
show that the kernel of (2.17) is given by the image of (H74)"(1). This immediately
implies (2.23). For the final claim, we again can check on stalks at profinite covers
of geometric points: since OB , /(ker ) = Oy, by (2.23) and Nakayama’s lemma

(since the image of ker § in the stalk is the maximal ideal of the stalk of OBy ) we

have (2.24).
0
2.7 The fake Hasse invariant
Henceforth, we define the fake Hasse invariant to be
§:= HT q(02) € (Y, wa), (2.25)
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which is a nonvanishing section in w4(Y,), and so trivializes w4 on Y,. It is equiva-
lently obtained by pulling back the global section y of Opi(1) along 7yt : Y — PL.
We will briefly address a formal model of ) corresponding to the compactification
X of Y. As per the results of [28], there is a proétale cover X — X extending
Y — Y, which also makes X" a preperfectoid space over Spa(Q,,Z,) (the fact that
the latter map is indeed defined over Spa(Q,, Z,) is explained in the ensuing remarks
after [6, Theorem 2.8]). Let X be the formal model corresponding to X by applying
28, Lemma I1.1.1] to the proper adic space X. Then there is a line bundle w}; on X

whose generic fiber is wy. In fact, by the same lemma in loc. cit., we have that
s e (X,w))

and in fact trivializes wj on the adic-theoretic closure of Y, in X.

2.8 Relative de Rham cohomology and the Hodge-

de Rham filtration

Recall the Poincaré sequence (of 7~ 'Oy-modules)
0040y =0 (2.26)

where d : Oy — QY Jy 18 the tensorial exterior differential. Taking the first higher

direct image under 7w : A — Y of this (2.26), we get the usual de Rham bundle

H5R<A) = RIWdR,*OA = Rlﬂ'*(o — OA — Qv14/Y — O)
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on Ypre, Which is a rank 2 vector bundle equipped with the usual Hodge-de Rham
filtration

0— wa— Hig(A)Y) = wi' = 0. (2.27)

and Gauss-Manin connection
V : Hig(A) = Hiz(A) @0, O (2.28)

which satisfies Griffiths transversality with respect to the Hodge-de Rham filtration.
We extend the filtration (2.27) to Hjp(A) @0, OBy , by taking the convolution
of the (decreasing) Hodge-de Rham filtration with the natural (decreasing) filtration

on (’)IB%(}LR’Y as defined in Section 2.2. That is, we define

Fil'(Hig(A) ®o, OBlry) = > Fil Hip(A) ®o, FitV OB, -

j+i'=i

Since the natural connection on OBJ; | extends d : Oy — Qf., we can extend

2.28) to Hln (A) by the Leibniz rule to get a connection
drR
V ”cllR(A) Xoy OB:{R,Y — ”31R<A) ®oy OBXR,Y Koy 52%/

of filtered locally free OBijy—modules with integrable connection satisfying Grif-
fiths transversality with respect to the convolution filtration on Hix (A) ®o, O]B;R’Y.
Here, recall that given a locally free O-module with decreasing filtration M and a

connection V : M — M ®@p Q!, for V to satisfy Griffiths transversality means that

V(Fil' M) C Fil' ' M ®0 Q.
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2.9 Relative p-adic de Rham comparison theorem

Scholze’s relative de Rham comparison theorem (29, Theorem 8.8]) says that we have

an isomorphism
Tp-’4 ®Zp,y OBdR,Y = /Hét (.A) ®Zp,y OBdR,y = H(liR(.A) ®OY OBdR,y (2.29)

of sheaves on Y06, compatible with filtrations and connections. The compatibility
with the connections implies that the horizontal sections (i.e. sections f with V(f) =

0) of the Gauss-Manin connection

V H(liR(.A) ®OY OBdR,Y = Tp.A ®Zp,y OBdR,Y — Tp.A ®ZP7Y OBdR,Y ®OY Q%/
= Hir(A) ®o, OBary ®oy Qy

(2.30)

are given by 7,4 ®3, Bar,y-

2.10 OBj;-modules and B;-local systems

Recall that by [29, Theorem 7.2], there is an equivalence between the category of BI,-
local systems and OB;-modules. By [4, Proposition 2.2.3] (see also [29, Proposition

7.9]), we have that the Bj;-local systems
M := (Hy(A) @5, OBy )V = Hy(A) @5 | Biry

and

M := (Har(A) Qoy OBXR,Y)VZO

satisfy
My CM (2.31)
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and thus, after tensoring with ®g ~ OBgg ., this induces an inclusion of OBy -

modules which we denote by tqgr:

HcliR(A)®Oy OBIR,Y - M0®Bj&y OB:{R,Y & M®BIR’Y OBIR,Y - Hét(‘A) 2,y OBIR,Y'

(2.32)
Using the isomorphism H}, (A) = T, A(—1) furnished by (2.6), this induces an inclu-
sion

Hir(A) ®oy OBy (1) = My Py, , OBiry (1) (2.33)

LdR
cM ®BIR’Y OBIR,Y(U =T,A Rz, v OBXR,Y)

A
Y

which, upon evaluating on Y — Y™ and using Z,y(1) = Z,.y - t, induces

H(liR(A) ®OY OBIR,)/ -t = MO ®B§R,Y O]B(J{R%y -t
LdR

-1
C Mgy OBl t=T,A®; OBl =y OBy

(2.34)
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Chapter 3

Construction of the p-adic

Maass-Shimura operator

3.1 A proétale local description of (’)IB%E;Q

Recall that for an affinoid &4 C Y* we have an étale morphism of adic spaces
mar : U — Q2 C P Using the p-adic exponential, this adic-locally defines an

étale morphism

U—-T= Spa(QP<T7 T71>7 Z;D<T7 T71>)’

and taking finite étale covers
TP — Spa(Qp(Tl/pm,T_l/pm>, Zp<T1/pm,T_1/pm>)

of T to extract p'-power roots of the p-adic exponential, we can extend to this to
étale morphisms & — T defined on larger étale neighborhoods. In this section, we
will deal with the more general situation where we have an arbitrary adic space U
over Spa(Q,,Z,) with a fixed étale-locally defined étale morphism 7 : & — T, and

specialize in Section 4.1 to the situation described above.
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Let K/Q, denote a perfectoid field, with ring of integers Of.
T = lim TY"" € Tpros. (3.1)

Letting Ty denote the base change to Spa(K, Ok), this is an affinoid perfectoid object

of Tx proct- Using our given étale-locally defined étale map & — T, let
Z;{ = Z/{ XT P]T € uproét'

Let Uy € Uk proet. denote the base change to Spa(K, Ok), so that Uy is an affinoid
perfectoid object in U Kk proct- 1'he following proposition and its proof are copied almost

verbatim from [29].

Proposition 3.1.1 ([29], Proposition 6.10). We have a natural isomorphism of

sheaves on the localized site Z/[pmét/l;{

+ ~ +
B dRU [[X ]] - OBdR,E{

sending X — T ® 1 —1® [T°]. In particular, we have

B o IX107 5 OBy

Proof. As in loc. cit., the key ingredient of the argument is:

Claim 3.1.2. There is a unique morphism

OE{ — B+ [[X]]

dR,U
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sending T+ [T°] + X and such that the resulting map

Oy = BY, 4[X]/ ker6 = Oy

is the natural inclusion.

Once we have shown this claim, we get a natural map
(Ou @wi) WO )l — Birgla[X]

which induces the inverse of the map in the statement upon passing to the (ker #)-adic
completion.

In order to show the claim, we recall the following lemmas from [29].

Lemma 3.1.3 ([29], Lemma 6.11). Let (R,R*") be a perfectoid affinoid (k,Ok)-

algebra, and let S be a finitely generated Ok -algebra. Then any morphism
f:S = BiL(R, RN[X]

such that 0(f(S)) C R™ extends to the p-adic completion of S.

Lemma 3.1.4 (cf. [29], Lemma 6.12). Let V = Spa(R, R") be an affinoid adic space
of finite type over Spa(W (k)[p~], W (k)) with an étale map V — T. Then there exists

a finitely generated W (k)[T)-algebra Ry, such that Ry = R§[p~!] is étale over
W (k) [p~][T]

and R™ is the p—adic completion of Ry .

Proof of Claim 3.1.2. We again follow the argument in loc. cit. Note that we have a
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map

W () [p™T] = Big gl [X] (3.2)

sending T" to [T b] + X. Now take any affinoid perfectoid V' € Upyoet /Z;{K writing it as
a union of inverse limits of affinoid V; € Uproer. Then Oy (V) = hgl Oy (V;). Applying
Lemma 3.1.4 to V; = Spa(R;, R}) — U — T, we have algebras R}, whose generic
fibers Ry are étale over W (x)[p~'|[T]. By Hensel’s lemma, the map (3.2) uniquely
lifts to a map Ry — Bjg,,(V)[X] and in particular we get a unique lifting of Rj.
This map in turn extends by Lemma 3.1.3 to the p-adic completion B = O}}(V;), and
hence we get a unique lifting Oy (V;) — By, [X]. Taking the direct limit, we get a
unique lifting Oy (V) — Bz, [X]. Since V was arbitrary and the affinoid perfectoids
form a basis of the proétale site, and invoking the fact that Oy is a sheaf on Upyes

(and so satisfies the gluing axiom), we have proven the claim. 0

O

3.2 The de Rham fundamental periods

Let
t :=log[e] € Fil' Bz (V) (3.3)

and

A

€ 1= ({2, ¥o0,1)0, {Qoo,2, Xoo,1)1, - - ) € Zp(1)(Y)

where (-,-) is the Weil pairing 2.5 (viewed as a pairing T,A x Ty A — Z, (1) via
the universal principal polarization A = A), and (-,-),, denotes its image under the

projection Z,y(1) — pi». Hence t is a generator (i.e. a non-vanishing global section)

of Fil' BI; (V) over B ().
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Note also that ¢ gives a natural isomorphism

Zpy(1) = Zyy-t v+ logl] (3.4)

of Zp,y—modules on Yyrost, and thus by the isomorphism (2.6) induced by the Weil

pairing, we have a natural isomorphism

1 ~ ~ -1 ~ 7 —1 ®2
HLUA) ZTACD T4t 5 (Zp,y-t ) . (3.5)

Ao

Using (3.4) and (2.31), we write the global section of w4 given by the fake Hasse

invariant
s:= HTy(az) € H(liR(A) ®oy, OBIR(:V) - Hét (A) ®Zp7y OBIR,y(y):)(OBIR,y 't_l)@2

as
§ = XqR0oo,1/t + YdrROoo,2/t (3.6)
where Xqr, yar € OB (D).

Definition 3.2.1. We call Xqr,yar € OIB%IR(JZ) the de Rham fundamental periods.

Remark 3.2.2. By the proof of Proposition 2.2.5 of [4], we see that the map
A HT
WAR0y OB(—;R,JJ — Hir(A)Qo, OB;{R,J) — He(A) Q7 v Oy —= wa(-1)®o, OBIR,Y

obtained from reducing the right hand side of (2.32) modulo ker 6 is just the 0 map.

Hence x4r, yar € ker 0 C OB, ().
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3.3 GLy(Q,)-transformation properties of the de Rham
fundamental periods

For any v € GL,(Q,), let
a b

n

b=
c d

where n € Z is such that p"y € My(Z,) but p"~! & My(Z,). Retain the same notation

as in Section 2.4, so that we have

a b . .

Qoo 1 - = a(d) N (Aoo1) + ¢(ds) H(Aoo2)
c d
a b . .

Qo2 p = b(p)~ 1(aoo 1) +d(¢.)” (O‘oo 2).

Note that when v € GLy(Z,), then (¢,)~" is just the identity. From the calculations

*

Y5 = HTA(0vo2) = HTA(b(d:)  (ctoo,1) + d(es) " (@0o0,2))

= bz + ) HT4((¢:) (0oo2))

= (b2 +d)(7")"s
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and

*

v t = lOg[(<Oéoo,27 am,l)Ou . ]

= log[({a(d+) ™ (oo,1) + c(ds) T (@002), b(04) ™ (A1) + dl(ds) ™ (002))0s - - )]
= (be — ad) log[({(¢) " (@o02), (64) " (o1))o, - - )]
= (bc — ad) log[({atec 2, oo 1)0s - - -)]

= (bc — ad)t,

(3.8)

where the last equality follows from the functoriality of the Weil pairing, as follows.
Given an isogeny ¢ : A — A’ with dual isogeny ¢ : A’ — A, and the Weil pairings

(-,-) and (-, -)" associated with A and A’, we have

(0u(x),y) = (, 0 ().

Now by the construction of our ¢ (using our definition of p™y), we see that either

(04) "M (As0,1) = Du(aso1) 01 (6:) ! (@oe2) = Gx(@0.2), and hence

() M (o0d)s (D) H(o03-1)) = (Do), (D)™ (too3—1))

= <Oéoo,i: Qb* (é*)il (0400,371'»

= <Oéoo,i> Oéoo,3f'i>

fori=1 or 2.

We have:

Proposition 3.3.1. Let v € GLy(Q,) and



where n € 7 1is such that p"y € My(Z,) but p"~' & My(Z,). Then Xqr/t and yar/t

satisfy the transformation laws

v (x4r/t) = (dxqr—byar)(bz~'+d)(bc—ad) " = (bzqr ' +d)(bz ' +d)(bc—ad) ' (xqr /1),
(3.9)

and

Y (yar/t) = (—cxqr+ayar)(bz ' +d)(bc—ad) " = (czag+a)(bz ' +d)(bc—ad) " (yar/t),
(3.10)

Proof. Let

X =7 Xqr, Y :=7"yar.

Then by definition,

5= HTA(oo2) = XqRWoo 1t " + YaRQooat

and so
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From (3.7), we have

(bz~' +d) (XdR(¢ - — + YdR(

o (alf) o) (B ) e

LY (b(é*)lt(a“’l) + d(qg*)lfaw)) (be — ad) ™!

1(04)H(@s)
t

1 (0) (@)

= (aX + bY)(bc — ad) ”

+ (X +dY)(bc — ad)

;17(10400, 1) and (¢4) ;17(;100,2)

which, by equating the coefficients of ($) , implies that

X = —(dxqr — bydR)(bZ_1 +d), Y = —(—cxgr + ayle)(bz_1 +d)

as desired. O

3.4 The p-adic Legendre relation

Proposition 3.4.1. The composition
HTp0 R wa Qo OBIR,)J = wa Roy OB(—;R,);-

1s the natural inclusion.

Remark 3.4.2. As has been pointed out to the author by F. Andreatta, the above
proposition is contained, at least implicitly, in Faltings’ proof of the p-adic de Rham
comparison isomorphism ([14]) as well as in his relative version applying to proper
rigid analytic varieties over affinoid algebras ([13]), of which Scholze’s comparison
theorem is a globalized version (i.e. it applies to proper families of rigid analytic

varieties).
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Proof. We are considering the composition

LdR

WA®0y OByt C Hin(A) @0y OBl -t 3 T A®; OB, = wa®o, OB 5.

(3.11)
Since Yj0et/) has enough points given by profinite covers of geometric points, it
suffices to check that the above map is the natural inclusion on stalks at profinite
covers of geometric points. For all sheaves appearing in (3.11), the stalk at a profinite
cover of a geometric point is just a profinite direct product of stalks at the base
geometric point, so we are reduced to checking that (3.11) is the natural inclusion on
stalks at geometric points. By Proposition 3.1.1, the stalk of OBy 3, (on Yireer/d)
at a geometric point is isomorphic to Bz [X] for some indeterminate X, where Bj;
is Fontaine’s de Rham period ring. Taking the stalk (in the proétale site) of (3.11)
at a geometric point y = (A, @) € Y(Q,) (which by Proposition 3.1.1 also gives the
data of a choice of embedding @p < B[ X] which modulo X is equal to the natural

embedding @p C Bjr), we get

Way Qoy, BIR[X] -t C Hi(A), @0y, Bir[X] -t < T,A ®z, Bip[X]

HT,
— Wy ®oy, BiIX]-

(3.12)

Taking stalks at y = (A, t) of the inclusion (2.31), we get that there is a Bjz-lattice
My C Hag(A)y ®o,., Bir[X] (3.13)
of rank 2 such that

Mo Opt i Bir[X] = H}iR(-A)y oy, Br[X], (3.14)
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where i : Biz C B[ X] is the natural inclusion, and also by (2.31) we have
M, C T,A @z, Bly. (3.15)
Colmez has shown ([8]) that the p-adic de Rham comparison theorem
Hig(A/Q,) ®g By -t = T,A®z, By (3.16)
is induced by the inclusion

HéR(A/@P) ®@p B(—ii_R C HomBjR (1A Oz, B;R’ B(:{_R) = Hc’lt(A7 L) Dz, B:er

~T,A®z, Bz -t

(where the last isomorphism is given by the Weil pairing (2.6)) induced by the non-

degenerate Big-bilinear “p-adic Poincaré pairing”
(2 )p  (Hap(A/Q,) ®g, Bip - t) x (T,A ®z, Bjp) — B -t (3.17)

defined as
(w,7)p = lim p”/ w
T

n—oo

where v = (v,,) € TyA ®z, Bi, and here by definition

Yn
/w::/ w
Tn Tn

where (z,), (y,) are any sequences “bornées” (see [8, ]) of elements of A(Bj) such
that 0(y, — x,) = ~, for all n.

We claim that tqr,, in (3.12) is given by the ®B$R7iB$R[[X]]—linear extension of the
Bp-linear map 1o in (3.16) restricted to Q) = ®g By t. The claim is verified easily

A/Q,
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after noting the following observations: The natural inclusion Z, C Biz[X] factors

through Z, C Bz, and so
TpA ®z, B;R[[X]] = TpA ®z, B;R ®Bj{R,i B;R[[X]L

and (3.15) is given by ¢y (since the relative comparison theorem specializes to the
absolute comparison theorem; in fact, by the description of gr’M in [29, p.45], taking
the stalk at y of gr’M, on Y, we have that My = Hl,(A/Q,) ®g, Bir)- Now the
claim follows from (4.27).

Using the description of t4r, given by our claim, we can now verify that (3.12) is
the natural inclusion. Let w € way ®o,, Bir[X] -t and tary(w) = za; +yas. Then

dr

AT .
HTA(tary(w)) = vof— + Yoo

L

Since the Hodge-Tate exact sequence (2.21) is self-dual under the Weil pairing (2.5)
(see [30, Proposition 4.10]), we have the following “pullback formula” : for any v =
(7n) € wily ®oy, BRIX] -t C T,A ®z, B[X], and any 8 = (8,) € T,A
Homg, (T,A,Z, - t) (using (2.6)), we have

dT o JAr dr
<ﬁ 7,’y> _7}5&1’/57_7}5&1’ /5( )7—<ﬁ,7>
P Tn n{(Yn

where the last equality holds since

12

. n LdT
t= lim p / %T = log[({az,1, a11)1, (@22, 1 2)2, - - )]
a1.n

n—oo

by the definition of ¢ (3.3).
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Now by direct calculation, we have

dT dT
(HTA(tary(w)), 7)p = <m17 + Yo v> = (za1 + yag,7) = (tary(w), )
p

= <’LU, 7>p
(3.18)

where the last equality again follows from the self-duality of (2.21) under the Weil
pairing (2.5). Hence by the nondegeneracy of (3.17) we have HT 4 (tqr, y(w)) = w, as
desired. 0J

We have the following “p-adic Legendre” relation of periods in OB, (),) associ-

ated with the fake Hasse invariant s.

Corollary 3.4.3. We have the following identity of sections of OBijy(yx):

XdR/Z +yar =1 (319)

where z is the Hodge-Tate period and X4r,yar,t € OB (V) are defined in Section
3.2.

Proof. Recall that by definition,

Lar(t - ) = XdrOoo,1 + YdRXoo 2-

Applying Proposition 3.4.1 to s-t € wa(Vs) -t = wy-t(Y:) (the last equality following

since t € Bj; () is a global section), we see that
t-s=HT4(tqr(t-5)) = Xqr/Z -5+ Yar - 5 = (Xar/Z + Yar) - §
and the desired identity follows. O
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Corollary 3.4.4. For any section w of w4|y and section v of T, Aly, we have

(w,7)p = (tar(w), 7).

Proof. By Proposition 3.4.1, we have HT 4 o tqr(w) = w, and so letting tqr(w) =

Ooo,1 Qoo,2
r=+ +y—7=, we have

<w77>17
(67 (07
= (HT4(tar(w)), 7)p = <HTA (m t71 ty t72>’7>
p
i [ () T e [ (22) T (3:20)
= lim = 1n e
n~>oop o t T yn%oop T t T
Qo Qoo Qoo Qoo
= () +u () = (e TR = Gl ).
O

Corollary 3.4.5. The map
(HT4)" 1wy ®o, OBgry = TpA®; | OByt
1s a section for the natural projection
T, A®; OBy t7 = (T,A®; OBl - t7)/tar(wa ®o, OBy ).
Proof. First note that we have

(T,A ®2p7y OBQ_R,JJ ) tfl)/LdR(WA Roy OB(—;R,JI)

-1
7 OBK%%/ ((XdR Qo1 /t + Yar - 040072/’5)0183&{,32) :

By the p-adic Legendre relation (3.19), the right-hand side isomorphic to the sub-
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(’)IBSijy—module

(Qoo1 — 1/z - aoojg)OIB%;{Ry

of O]B%zﬁ%% 22 T, A Rz, OIB%:{Ry on YV,, and is the sub—OIB%jR’y—module
(Z+ Qoo — aoo,g)OIB%j{R?y

on Y,. Hence it is isomorphic to H*'®o, OBy, 5, by the definition of H*' (see Section
2.5) and the Hodge-Tate period z, and now the Corollary follows from Proposition
(2.6.2). O

3.5 Relation to classical (Serre-Tate) theory on the
ordinary locus

Recall the ordinary locus Y C Y, with universal ordinary elliptic curve A4 —
Yord: here, A% can be thought of as the restriction Alyea of the universal elliptic
curve A — Y. In particular, since Y has a formal model }A//Zp with a moduli
interpretation, the universal elliptic curve A — Y and hence A% — Y°¢ spread out
to formal schemes A — Y and A4 — Yord gyer Lyp; let Agrd, Yo"rd denote the special

fibers. Now the adic reduction map A*¢ — A% allows us to make the identifications
A (F,) = A3 [p"](F,)

and so

(T,A™)* = T, A (F,).

The Igusa tower Y& — Y°od is a Z,-torsor which represents the moduli space

classifying isomorphism classes of triples (A, t, pp < A[p™]), where A is an ordinary

63



elliptic curve, t € A[N] is a generator, and e — A[p™] is an embedding of p-
divisible groups. By (2.10), an equivalent way to define Y'# is as the solution to the
moduli problem classifying isomorphism classes of triples (A, ¢, (T,A)® 2 Z,).

There is an adic étale section of the Z;-torsor Y'e — yord defined by choosing an
embedding piye C A”[p>] (or equivalently Z,y (1) C T,.A%), or in other words by

choosing a trivialization
Lyyora = (T, A0 (—1) C T, A% (1) (3.21)

of the canonical line (7,4°4)° C T, 4°9; here (7,,.4°4)? denotes the connected com-

ponent of the universal ordinary Tate module. From (2.10), we get the isomorphism

(TpAord)ét ~ HOHIZ (Aord[poo]07 /pr°°)7 (322)

p,yord

where (T, A = T, AS4(F,) is the étale quotient of T,.4° and A4 [p>] is the
connected component of the p-divisible group of the universal ordinary elliptic curve.

Hence to have a trivialization as in (3.21) is equivalent to having a trivialization
Zp7yord ; (TpAOI‘d)ét

We wish to find a natural cover V' — Y8 which is an affinoid subdomain of the
p-adic universal cover ). Let F' = W (F,)[1/p] so that Op = W(F,). Let Cean C A
denote the canonical subgroup, defined over Op. Base-changing A% to Spa(F, Or),

by properties of the canonical subgroup, the isogeny

T Aord N Aord/ccan
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over Spa(F, OF), is a lifting of the relative Frobenius morphism on the special fiber
Agrd N Agrdv(Z’)

where

ord, or Er
Ay ® = A d X Spec(F,),Frob Spec(FF,)

and Frob : Spec(F,) — Spec(TF,) is the absolute Frobenius (with Frob* f = 7). Then

let ¢ : Yo — Y°rd be the classifying morphism such that
Aord/ccan — Aord X yord g Yord — Aord,(¢).

The map ¢ : Y4 — Y4 ig often known as the canonical lifting of Frobenius or
canonical Frobenius endomorphism. Let ¢! : A7) — A4 denote the natural
projection. Recall that T, A0 C T,A°4 is the so-called canonical line is given by
the line 7,470 = (T,A°4)F(@=P defined over F on which F(¢) = ¢! o7 acts as
multiplication by p. The anti-canonical line is given by the line (7}, A4°)¥ (@)=1 defined

over F' on which F(¢) acts as the identity. A choice of
TpAord,ét o~ (TpAord)F(¢):1

induces an F'(¢)-equivariant splitting defined over F', often called a unit root splitting,

of the Hodge-Tate exact sequence
0 — T, A" — 1,4 — T, A7 — 0.

Now we can define the affinoid subdomain of the ordinary locus Y'® C Y°'4 defined
over Spa(F,Op) as the sublocus classifying isomorphism classes of triples (A, ¢, a :

ZY* = T,A) where A is ordinary with the additional condition on the p>-level

65



structure « : Z&* = T, A that a is a unit root splitting, or explicitly:
o Ly S (T,A)F@=P = (T, A)° c T,A (3.23)
Zp®{0} - &p p P P
and
aloyez, : Zp — (T,A)F 9=  T,A. (3.24)
This gives a Z,-torsor of Y8 To see this, suppose that we are given a trivialization
T,A% = Z,,. Then this induces

Z, = T,A* = Hom(A[p™]°, 1) (3.25)

via (2.10). Now for each choice of (3.23), there is a unique choice of (3.24) which

induces via (2.10), the identification (3.25). Since there are Z ways to choose (3.23),

this shows that V' — Y8 is a Zx-torsor, and Ve 5 yodiga L} x ZLX-torsor.
Again, choosing a trivialization

. 7®2 ~ ord
Qoo Zpyord —T,A

with
Qoo Zp’yord@{o} : Zpyord = (TpAOrd>F(¢):P — (TpAord)O
and

Oéoo|{0}®zpyyord . ZZLYord % (TpAOI‘d)ét

defines an adic étale section

Yord SN ylg

of the Z; X Z;—torsor Yl yord,
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Proposition 3.5.1. On V'8, we have
1/z = 0.
As a consequence, on Y'®, we have

YdR/t =1.

Proof. Since by definition a((1,0)) trivializes the first piece of the Hodge-Tate fil-
tration of 7,44, then a.((0,1)) spans the first piece of the Hodge-Tate filtration.
By definition of the Hodge-Tate period, the first piece of the Hodge-Tate filtration is

also spanned by
Oo,1 — 1/Z W02 = aOO((lv O)) - 1/Z ' aOO((O? 1))

on V'€ then we have 1/z = 0 on Y'®. Hence by the p-adic Legendre relation (3.19),

we have yqr =t on V'8, OJ

We now recall Serre-Tate coordinates, which are defined naturally on V'8, stated
for the proétale site Y24 . (One can check that all the isomorphisms defined below are

proét-

functorial for the proétale objects, and so induce isomorphisms of sheaves on Yp‘ﬁ%h.)

Theorem 3.5.2 (Corollary 4.1.5., Theorem 4.3.1. quat [20]). We have the following

; ; ord .
natural isomorphisms of sheaves on Y5

HTA . (TpAord)ét ®Z d Oyord :> CU_A yord

p,Y©
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(HT4)" ™ (T, A (-1) @

p,YOr

d Oyord = HomZp ((TpAord)ét, Znyord) ®Z Oyord

pyyord

1> w;l |Yord .

Moreover, there is a natural isomorphism of formal schemes over O (viewed as

functors of Op-algebras)

~

Yord(.) 2 Homg, (T, A (F,) @z, TpAo(Fp), Gn(-)) (3.26)

which on the adic generic fibers induces a natural isomorphism of adic spaces over

Spa(F, OF) (viewed as functors of (F,Or)-algebras)
Yr(-) & Homg, (L, A™)* @z, (T,A”)%, Gu() ®z, Q. (3.27)

This defines coordinates on the proétale Z; x Z;-cover V' in the following way:
let Qoo 1, Qoo e the basis of (T, A |y defined in (3.23) and (3.24). Then the

~

. -~ d\ ét . . . . .
O‘°°|{0}@Zp,y1g  Lpyie — (T A% yie induces, via (3.27), a canonical isomorphism

of adic spaces

V'(-) = Homyg, (T, A”) |y @z, (T,A%) |y, G () @2, @y
) (3.28)

{O}EBZP yig ~

— Homg, (Zp yre s Gm()) ®z, Qp

which is naturally a Z; x Z;-proétale cover of Yod  In fact, given a residue disc
D c Y4 and letting D = Y Xyoa D, since (T, A% p is constant on each
geometric connected component of D, then by (5.28) D is a trivial Z) x Z)-cover of

G () ®z, Qp, i.e. on each geometric component it is isomorphic to G () ®z, Qp.

Definition 3.5.3. The pullback of the natural coordinate T" on

T = Spa(Qu(T"), Z,(T*"))
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is called the Serre-Tate coordinate on ).

Definition 3.5.4. Let

@Ey - ZPQJ ®Zp OF

We call the map of Op-modules
T —exp : Oyis = Opy[T — 1] @2, Q,, (3.29)

induced by (3.28) the Serre-Tate expansion map. Now let y € V' be a geometric
point, and let D(A(y)) denote the residue disc in Y™ centered around A(y) (recalling
that A : Y& — Y4 is the natural projection), and let D(y) = D(A(y)) Xyora V.

Using the fact that dT is a generator of Q! , one can show that

T o) =Y (47 St -1y (3:30)

n=0

where for a section s of Oy, s(y) denotes the image of s in the residue field at y.

Henceforth, we adopt the shorthand

F(T) =T — exp(f).
Definition 3.5.5. We also have a natural section

HT (0o 2) = wiatz — S|y € wA(ng)

can

which is called Katz’s canonical differential. By [20, Main Theorem 4.4.1], we have

o(wia=®2) — qlogT.

can
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3.6 The Kodaira-Spencer isomorphism

Recall the Kodaira-Spencer map (known to be an isomorphism of locally free Oy-

modules in this setting) which is given by
o wi SOy, o(w1 ®@ we) = (w1, V(w2))poin (3.31)

where

(-, Ypoin : Hir(A) x Hiz(A) — Oy (3.32)

is the alternating, non-degenerate “Poincaré pairing”, for which wy4 is an isotropic
subspace, and which encodes the (Serre) duality between w4 := R'm, QY Jy and wyl =

R'1,0 4. We extend (3.31) OBy y-linearly to a map (hence an isomorphism)

o : w§2 ®OY OB:;R,Y 1) Q%/ ®(9Y OB:{R,Y (3 33)

0(w1 ®ws @ f) = (w1, V(w2 @ f))poin = (w1, V(w2) ® f)poin

(where the last equality follows because w4 is an isotropic space under the Poincaré

pairing). We note that we have the following commutative diagram

®2 ~ v Ol
Wy > >y

[ /

wﬁZ ®oy OBIR,Y —— Oy Qo, OBIR,Y (3.34)

I I

®2 2 ~ 1 2
Wi ®oy Oy ———— Qy ®o,, Oy

70



Proposition 3.6.1. We have the following commutative diagram

<'7'> oin
Hir(A) @0, OB;{R,JJ X Hir(A) @0, OB:{R,JJ — OB:fR,y

- - 1

A
T, A®; , OBjpy -t X T, A®; , OBjpy -t (EREN OB,y -2

(3.35)

Proof. Since both (-, -)poin and (-, -) are alternating on spaces of rank 2, and w4 ®p,
OBy, 5 is an isotropic subspace of g (A) ®o, OBgy 4, by Corollary 3.4.5 it suffices

to check that
<'7 '>1301n = <LdR('>7 (HTA>V()> Tt

/

where here (-, -)p,;, denotes the pairing induced by the actual Poincaré pairing (-, -) poin

(via the isotropicity of w4 ®o, OB ) on the quotient

WA Koy OBIR,JJ X (Hir(A) ®o, OB:R,)))/(WA Koy OBIR,)J))

= (w4 ®oy OB(TR,))) x (w3 ®oy OBXR,J/)'
By Corollary 3.4.4 we have that on the above subspace,
(- (HT4)" ()p = (tar (), (HT4)" (")),
and so to finish the proof of the Proposition we are reduced to showing
(s Vpoin = (- (HTA) () -t
Given any section w of wa ®o, OBY y, and W of wy! ®oy, OBy 5, we have

(w0, (HT)" (1)), = lim p" /( o T ) () .
HT )Y (@)n 3.36

—
=

D b(HT 4 (rar(w))) -t 2 w(w) - t = (w, By, - t.

Poin
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Here, the equality (1) follows by the “pullback formula” given in the proof of Propo-
sition 3.4.1, (2) follows since by definition (HT4)"(w) = w o HT4, and (3) follows
from Proposition 3.4.1.

O

Remark 3.6.2. Alternatively, one can use [30, Proposition 4.11] to prove Proposition

3.6.1.

Definition 3.6.3. We define the de Rham fundamental period as the ratio

X,
Z4Rr = Sl OBar(Vz).
Yar

The identities (3.9) and (3.10) imply that

Proposition 3.6.4.

a b _dZdR+b

z (3.37)
c d CZ4r + @

a b
for any € GLy(Q,).
c d

Remark 3.6.5. Note that zqg = —Xqr/Yydr specializes to values in QcC @p at CM
points, since the Hodge-de Rham filtration is canonically split over Q by the CM
action (and the fact that w4 and w;ll have complex conjugate complex structures).

Similarly, z specializes to values in @p by [17].

Definition 3.6.6. Given a section z € OBar(U) = OBL[1/t|(U) = OB, (U)[1/1]
where U € Yproct, we define the denominator i(x) to be the minimal ¢ € Z so that
t'z € OB (U). Note that i(zy) = i(x)+i(y), and that if i(z) > i(y), then i(z +y) =
i(z). Moreover, if i(x) < 0, then z € kerf. Hence, if z € O(U) C OB} (U) \ {0},

then i(z) = 0 since O C OB, Y O is the natural p-adic completion map.
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Proposition 3.6.7. Both Xqr,yar € t - OBl (Vs), and Xar,yar € 2 - OBR(Ve).

Hence

0(xar/t),0(yar/t) € O(Vy).

Defining the following affinoid subdomains

Vear = {2z # 0,0(xqr/t) # 0} Vyar =1z # 0,0(yar/t) # 0}

of V., we in fact have

Vydr = Vs

as well as

yx,dR = ym \ {YdR/t = 1}

Hence, xar € OBl: (Vear)™ and yar € OBla(V.)*. In particular,

Z4Rr € OB;’{R(:))Q;)

and

Z4r € OB:{R(J}m,dR)X-

Proof. Recall the Kodaira-Spencer isomorphism (3.31) and its extension (3.33) to
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OIBSijy—coeﬁicients. By the definition of ¢ and Proposition 3.6.1, on ), we have

0(5®2)
= <XdROé 1+ Yar Qoo ot ! LXdRa i+ LYdRCY 2t_1> ®d(1/z)
’ = Td(1/z) ’ d(1/z) ’ Poin

d 1 d -1 -1
ort” oot XuROeo it VRt L ) -t @ d(1
XqROoo 1t T+ YarQ 2 d(l/Z)XdRa at + d(l/Z)YdRa 2 > ®d(1/z)

-
(XdR jYar — ydaﬁxm) (Aot ™h, Qooot ™) -t @ d(1/2)
(x;md i YdR> _ Yar _ d ) <x§R>) ©d(1/2)

<}’dR

T> (1/ )
= () i () e

t d(1/z

Zar ® d(1/2)

(3.38)

;oll> -t~t = t=2 by our definition

Here the third-to-last equality holds since (a2t ™",
of t (3.3), and the last equality follows from the p-adic Legendre relation (3.19). Since
52 is a generator of w%> over Oy, , and d(1/z) is a generator of 3, over Oy, , the

commutativity of the diagram (3.34) implies that

_<@>2CKL 1<@>2 1 yar d <ydR

/ 1z) ™~ T2 Uy T t

20 T ) €O(V,)*. (3.39)

Note that since ¢ € Bj;()) is a horizontal section, then ¢ commutes with i /Z)

and so

( d(1/z )(ydR/ )> > i(yar/t)-

Hence on YV, N'Y, (where z # oo, and so z € O(Y, NY,)),

1 d
i (Govanft-+ o van/0)) = ityan0)
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If i > 0, then i ((yar/t)?) = 2i(yar/t) > i(yar/t), and so

(= pan 07+ /o) + g ) =24 (ovant) > 0

which contradicts (3.39) (by the remarks in Definition 3.6.6). So i(yar/t) < 0, and
now (3.19) implies that i(xqr/t) < 0 as well. If z = oo, i.e. 1/z =0, then ygr/t =1
again by (3.19). Thus we have the first claim.

For the second claim, note that from (3.39) above and the fact that O C OBy 4

O is the natural inclusion, we have

Ydr 2 d _ (yar\? d X
_9< / ) 0 (d(l/z)ZdR) - ( / ) a1z € OO%)"
Hence 6 ('YdTR) #0on)Y,.
For the third claim, by (3.19) on ), we have

zar = zZur(1l — t/y4R).

Since zpr # 0, z2gr = 0 <= ygr/t = 1.

For the final claim, we must show that i(x4r/t),i(yar/t) = 0. By the previous
paragraph, we know that i(xqr/t),i(yar/t) > 0, and so x4r/t,yar/t € OB}x()). By
Proposition 3.5.1, on V' C Y we have yqr/t = 1. (We know that Y'® # () because
it surjectively covers ) # Y°¢ C Y.) Hence i(yqr/t) = 0 (on V). Now by the p-adic

Legendre relation (3.19), we have
(Xar/t)/Z + yar/t =1
which, upon applying 6, implies

0(xar/t)/z + 0(yar/t) = 1.
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And so since i(1/z) = 0, we have i(xqr/t) = 0.
For the final statement, one notes that x4r/t, yqr/t are invertible in OIB%:{R if and

only if 8(xqr/t), #(yar/t) are invertible in O. O

Corollary 3.6.8. The affinoid subdomain

V=Y*N{0(zar) € Qp}

of Y* is preserved by the action of GLy(Z,). That is, V - GLy(Z,) = V.

Proof. From (3.10), we have

a
(yar/t) = (bc — ad) ' (czqr + a)(bz ™" + d)yqr/t
c d

a b .
for any € GLy(Z,). Applying 6 : OBf, — O, we get

c d

a b . .

(0(yar/t)) = (bc — ad)” " (ct(zar) + a)(bz"" + d)0(yar/?).
c d

Suppose that the above quantity specializes to 0 at some point. Then since z cannot
specialize to —d/b (as we are on the supersingular locus, and z can only be Q,-valued
at ordinary points), and 0(y4r/t) # 0 (since Yy ar = Y, C Y* and we are on Y* by
assumption), then we must have 0(zqgr) specializes to the value —a/c € Q, at some

point which contradicts our assumption. 0J
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3.7 The canonical differential

Definition 3.7.1. Henceforth, let
= OB, o= OB},
WdR = W4 Qoy dRY: WdRr ‘= WA Qoy dR,Y -
Note that

warly(n) = warly - ", wygly(n) = wgly - "

Definition 3.7.2. We define the canonical differential as

t
Wean .— —— 8§ € wdR(yx). (340)
Ydar

By (3.7) and (3.10), we have

*

a b
Wean = (bc — ad)(czqr + a) ™" - Wean (3.41)
c d
a b
for any € GLy(Z,).
c d
Note that
LdR(Wcan> = —ZqR * Qo1 T Qo2 (3.42)

and (using Corollary 3.6.1)

U(ng) - <wcana v(Wcam)>Poin = <LdR(Wcan)a V(LdR(wcan))> : t_l
(3.43)

= (—ZdR * Qo1 + Qoo2, V(—ZdR * Qoo 1 + Qo)) 1" = —d2zar.

Proposition 3.7.3. In fact, wean generates war(Y:), and dzgr generates Q%, ®o,

+
OBy, -
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Proof. The fake Hasse invariant s is a generator of w(),). By Proposition 3.6.7,
yar/t is invertible in OB}, (Y:), so the first claim of the Proposition follows. Now
the second claim follows from (3.7.3), and the fact that the Kodaira-Spencer map

(3.34) is an isomorphism. O
Proposition 3.7.4. On V'8 (see Section 3.5 for a definition), we have

wKatz — 5|ylg.

can

In other words, Wean € way(Y,) extends Katz’s canonical differential wia# (see Def-

inition 3.5.5) from Y'® C Y, to all of Y.

Proof. This follows from Proposition 3.5.1 and Definition 3.5.3. O

Proposition 3.7.5. The p-adic comparison injection tqr, restricted to the Hodge

filtration wary, C Hir(A) o, OB 5, i.e.
LdR

—1
war,y, = 1A Dz, v OBIR,)@ o

factors through

LdR
WAdR, Y — TpA ®Zp,Y OBIR,JJCN
which, reducing modulo t, induces
LdR
WAY, = Tp.A ®Zp,y OA,)JI-
Hence we have a natural map

LdR 0 ~ HT N
waly, Cway, € TpA®y |, Oay, » T, A®; | Oy, — wa®o, Oy,, (3.44)

and in fact this map is the natural inclusion.
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Proof. This follows from Proposition (3.6.7): since x4r/t,yar/t € OB (V.), then
for the generator s € wa y(),) we have tqr(s) € OBggr y(Y,), from which the first
statement follows. The second statement follows immediately from the first. For the

third statement, first note that
Qo HT, = HT 00

and so by Proposition 3.4.1, (3.44) is just the natural inclusion. O

Lemma 3.7.6. Consider the derivation

d
E . OB(J{R,)} — OBXR,‘)}'
We have

d
g ZAR S OB:{R,y(yx NY,)”

is invertible. (Note that we need to restrict to Y, N Yy C Y, in order to define %,

since dz is a reqular differential only on 3, |y.ny,-)

Proof. By Proposition 3.7.3, the line

OB (V:) = wan(Vs) € (HL(A) ®; OB ) (V)

~

=, (7 OBl ) (Vr)

Ao

is generated by

t
Wean = —— - &. (3.45)

Ydr

Then under the Kodaira-Spencer isomorphism 3.31, and using Theorem 3.6.1 and the
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equation (3.42), we have that

O_(wcan ®OB§RJ} wcan) = <Wcana v(Wcan»Poin = <LdR(Wcan)> V(Lwcan» : t_l

= (—ZarOoo1 + (oo 2, V(—ZdrOoo 1 + Qoo 2)) - t

d

1 d
= { —ZdqRMoo,1 + Qo 2, _EZdRaoo,l T ®dz = —EzdR ® dz

(3.46)
is a generator of (OB, y ®o, O5)(Ve NY,) as an OB (Y, N Y,)-module. Hence

d

d_ZZdR S OBIRO)J; NnY,)”

which is what we wanted to show.

Note that by the p-adic Legendre relation (3.19) and Proposition 3.6.7,

VoY, C Vo N{yar/t = 1} = Vo ar- (3.47)

3.8 The “horizontal” lifting of the Hodge-Tate fil-
tration

In this section, we construct a splitting

Let 57! € w;'().) denote the unigue section such that

Then s generates wjs|y,. Using the p-adic Legendre relation (3.19), we have the
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exact sequence
0— wgélyz -t — Tp.A ®Zp,Y OB;IFR,JQ %)1 (OB(J{R,)Q)@2 — wdR|yz —0 (348)

where the second arrow is defined by sending st Qooq — 1/2 - ap o and the
penultimate arrow is defined by sending a2 — 5 and ey — 1/z - 5.

By (3.19), we have the following relative OIB%:{R%—Hodge—Tate decomposition on
Vo

Wdar|y, © (Wgé‘yz 1) =s- OBjR,yz S5 't OBIR,JJI

LdR

—:—) ((XdR/t * Qo)1 + ydR/t . aoo,2)OBIR7yx) @D ((Oéoo,l — 1/Z . aoo,Q)OB(TR’yx) (349)

(3.19) +,02 Qoo +
o O]Bdeyx ~ TpA ®2p,Y OBdRyya:

Definition 3.8.1. Henceforth, let
Ldr -— XdR/t (mod t), Ydr ‘= ydR/t (IIlOd t), ZdR -— ZdR (mod t)

Definition 3.8.2. Henceforth, let

Oay = OBg /(1)

and
WAy ‘= Wy Qoy OA’y.

We will also let wea, denote the image of wea, from Definition 3.7.2 modulo (¢).

Reducing (3.49) modulo (¢), we get a relative Oa y|y,-Hodge-Tate decomposition
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on V,:

wayly, ®wirly - tly, =5 Oayly, @5 't Oayly,

LdR

= ((TdR - Qoo 1 T YdR * Ao0,2)Oay|y,) B ((Qooq — 1/2 - @ee2)Oayly,)  (3.50)

~

(3.55) oo

=" 0apl57 =2 T, A®; |, Oayly,

Definition 3.8.3. Henceforth, denote the projection to the first factor above the
above splitting by

Spllt . TpA ®Zp,Y OA7y|yx —» wA7y|ym. (351)

One can use split to define a p-adic Maass-Shimura operator; however, for the
purposes of defining a differential operator with satisfactory properties, such as co-
inciding in value at CM points with those of the complex Maass-Shimura operator,
it will be necessary to define a “horizontal” lifting of the relative Hodge-Tate filtra-
tion, i.e. such that the lifting is generated by an element contained in the horizontal
sections of the Gauss-Manin connection V. To be more precise, this means that we
will define a line £ C T,A®;  Oay, such that 6(L) coincides with the usual Hodge
filtration in (2.20), and that this line is horizontal means that V,(£) C £ for any
non-vanishing section w of Q, ®o,, Oay,. That our L lifts the Hodge filtration will
be immediate from its construction (see (3.54)), and we prove the horizontalness of £
in Proposition 3.9.3; in fact, we show that £ is the unique such line which has both
these properties (see Proposition 3.9.4).

Note that we have the natural map
j: Oy = Oy 2B, /(t) C OB, /(1) (3.52)
which is a section of 6 : OB ,, — Oy, ie.

foj=id, (3.53)
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o A .
since Oy C OBJ, ,, — Oy is the natural inclusion. This embeds Oy into the hori-

zontal sections of the Oy-linear connection

V: OBjp y/(t) = OBjp y/(t) @ Qy

which is induced by the B;{R’y—linear connection

V: OBy — OBl © Q)

since t € B} () is a horizontal section.

Definition 3.8.4. Let

z = j(z)
and note that
0(z) =z =0(z)
and in particular
7z — z € ker 6.

(3.54)

We may, at times, conflate the notations z and z, as they denote the same section

under the natural map O — 0.

3.9 The “horizontal” relative Hodge-Tate decom-

position

Proposition 3.9.1. We have

Tar/Z + Yar € Oay(Ve)™.
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Proof. By 3.19, we have

2
xdTR(—( —1)4—(5—1) —-")—F@-i-ycm
z z z

=2qr/(Z+ (2 — 2)) + Yar = Tar/Z + Yar = 1

N

and so

z z z

2
%""ydR:l"‘@ ((g—1> — (§—1> +) € Opy(Ve)”
since (§ — 1) € kerd. O

Henceforth, let

ﬁ = ((aoo,l — ]_/2 . O[oo,Q)OA,yb)x) . (356)

Now we have the following Oa y|y,-Hodge-Tate decomposition

wayly, ®L

LdR

= ((TdR - Qoo 1 T YdR * Ao0,2)Oay|y,) B ((Qooq — 1/Z - Aae2)Oayly,) (3.57)

~

(3.55) &2 oo
= Oaply, = T,A®y | Oayly,

where the first factor in the above decomposition is given by
LdR ' WAy — Tp.A ®Zp,y OA,yx.

Definition 3.9.2. Henceforth, denote the projection to the first factor above the
above splitting by

split : Tp.A ®Zp,y 0A7y|ym —» wA7y|yz. (358)

Proposition 3.9.3. Let U — Y, be any proétale cover. We have that Ly is hori-
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zontal for V. That is, for any nonvanishing w € Qi, ®o, Oay, (U), we have
Vw<£|U> - ﬁ’U

Proof. Note that the kernel £ of split is generated by the section a1 — 1/Z - Qoo 2

by definition, and so we can write any section of L|y as f - (@eoq — 1/Z - oo 2). Then

vw(f : (aoo,l - 1/2 : 0500,2)) - Vw(f) : (aoo,l - 1/Z : CYoo,Q) + f : V(Oéoo,l - 1/2 : CYoo,Q)

= Vw(f) ’ (a00,1 - 1/Z : am,Z)
which is a section of L. O

Proposition 3.9.4. L is the unique line in Tp.A®Zp L Oy, with0(L) = w3l ®o, @yz
(i.e. L lifts the Hodge-Tate filtration as in (2.20)), and which is horizontal in the sense

of Proposition 3.9.3.

Proof. For any line £ C T,A ®;,, Oay, with 0(L) = wy' o, Oy, = (01 —

1/20002) - Oy,, we must have £ = (oo1 — (1/Z + X) oo 2)Oa.y, Where
X eker(f: Opy, — Oy,). (3.59)

From the calculation in the proof of Proposition (3.9.3), we see that £ is horizontal
if and only if X is a horizontal section of V : Oay, = Oay, Qo,, ), (recall that
X being a horizontal section means V(X) = 0). However, the sheaf of horizontal
sections of V (by its construction) is simply the subsheaf j : Oy, < Oay, as defined
in (3.52), so if X is horizontal we have X € j(Oy,), say X = j(z). But from (3.53),
we see that 6(X) = 0(j(z)) = z, and so from (3.59) we have 0 = 6(X) = 2, which
implies X = j(z) =0. O
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By direct calculation, on ), we have

1

lit(eo 1) = - Wean 3.60
split(@eo 1) o w (3.60)
and
split 1
v(wcan) - V(LdR(Wcan)) - V(_ZdR * Qo)1 + aw,Z) = Q1 dZdR 'p—t> > > * Wean
dR —

(3.61)

where

dZdR = V(ZdR) .

Proposition 3.9.5. On the locus Y'% C Y,, we have that
dzqr = dlog T € Q'()'8)

where T' is the Serre-Tate coordinate defined in the statement of Theorem 3.5.2.

Proof. By (3.38) and Proposition 3.5.1, on V'8 we have that

2
o(s%?) = <¥> dzqr = dzqr (3.62)

and hence by the commutativity of the diagram (3.34)

dZdR c Ql (yx)

By the theorem cited in Definition (3.5.5) and (3.62), we must have dzqr = dlogT.
U

From the relative p-adic de Rham comparison theorem (2.29), by taking k'™ sym-
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metric powers of each side viewed as OB y-modules, one has the comparison

Symléy Har(A) Qoy OBy & Syml(gij{Ryy(H(liR(A) Koy OBIR,Y) (3.63)

LdR k

C Symeg: (ThA® OB y)

compatible with the inherited connections and filtrations. Here, the filtration on the
left hand side is given by the convolution of the filtration on Sym’éY Hlr (A) inherited

from the Hodge-de Rham filtration

wfik C w%k_l ®oy HéR(A) C wi’ik_Q Roy Syméy HéR(A) Cc...C Sym’éy HcllR(A)

(3.64)
with the filtration on OBjy . From (3.63), we have
Symp, Hin(A) @o, OBjry = Symgg.  (Hin(A) ®o, OBl y) .
LdR '
C Sym’(‘;BIR’Y (T,,A ®7, OIB%QFR’Y)

compatible with connections and filtrations. Reducing modulo (¢), the splitting (3.58)

induces a splitting on symmetric powers:

Definition 3.9.6. Henceforth, denote the map on symmetric powers induced by

(3.58) also by

®OA,yk

split : Sym’éA’y (TpA ®3, + OAJ;) ly. = (way) |y, = (3.66)

3.10 The p-adic Maass-Shimura operator

In this section, we define our p-adic Maass-Shimura operator using the horizontal

splitting (3.66).
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Definition 3.10.1. We define a map

Q0p k42

k
— (way) V.

®
Byt (way) |y, >

as the following composition:

LdR
)®OA,yk C Sym]éA’y (TpA ®Zp,y OA,y) |yz

v

- <Symlf9A7y (TpA ®3,.y OA,))) ®o,, Qi}) . (3.67)

o1 .

S <Sym]f9A’y (TpA ®z, v OA,))) ®oy WA|%2) |
®0, ,k+2

(way) yfA’y :

(way

I

St
R ((WA,y)%A’yk R0, WA|%2> |y,

3.11 The p-adic Maass-Shimura operator in coor-

dinates and generalized p-adic modular forms

Given any proétale Y — ), and

w € (way) 2> (U),

we write
I R0 k tar I Qop k
W = : (wcan) aY ? : ( ZdROCoo,l O400,2> dR,Y
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. . - . . Qop yk
where we,, is defined in Definition 3.7.2. For brevity, write WS = wen™> and

LaR (Wean ) &F = LdR(wcan)@)OAvl’k. Then 0k (w) is computed as the composition

W V(W) = V(arW)) =V (tar(F - wih))

can

k
d - y
= dz F- LdR(wcan)®k & dZdR + Z LdR(wcan)®l 1 X \V4 (LdR(wcan)) ® [/dR(wcan)®k +1
dR —
d k
- dZd £ LdR(Wcan>®k ' dZdR + Z LdR(wC&H)@Z_I ' (_aoo,l . dZdR) ® LdR<wcan)®k_Z+1
R i=1
d —
= F e 1gr (Wean) ®" - dzar — K - tar (Wean) ™" ™'+ oot + d2ar
ZdR
o—1,(3.43 mod ¢ d
: (3.43) ( )/ - F. LdR(Wcan>®k+2 k. bdR(Wcan>®k+1 Qoo
ZdR
’m/ ( d + i _)F-w?;]flﬂ
dZdR ZdR — R
where the third line uses the calculation
V(LdR(wCaﬂ)) = V(_ZdRaoo,l + aoo,2) = 0,1 " dZgR.

and the last arrow uses (3.60).

Now given F' € Oa y(U), we define

5k : OAJ;(U) — OAQ;(U)

8k (F . w®k) = (5kF) . w®k+2

can can ?

the above calculation (3.72) shows that

d k

dZdR ZdR — z )

O

(3.68)

Definition 3.11.1. Given an open subset Y C Y, k € Z, and a subgroup I' C
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GLy(Z,) with U - T' = U, we define a p-adic modular form F onU for I' of weight k
to be a F' € Oa y(U) such that

a b
F = (be — ad) ¥ (czagp + a)*F (3.69)

a b
for any € I'. We also make an analogous definition for k € Z/(p—1) x Z,,

c d
provided that (bc — ad)~*(czqr + a)* makes sense on U. (Note that we embed Z C

Z/(p—1) x Z, diagonally to make all notions of weight compatible.) Let M A(I')(U)

denote the space of p-adic modular forms on U for I' of weight k.
Recall the natural projection A : Y — Y.

Proposition 3.11.2. Let U C A(Y,) be an open subset, let U = \~Y(U), and let

k € Z>y. Then we have

* ~ . UJ?;I; -1
WFHU) X Wi U) = wRSU) D Mia(GLa(Z)U) w3 s My A(GL(Z,)) U).

can

Proof. The first arrow is obvious. Since s trivializes w4(U), we can write any w €

Wi U) as
w=[-5" = f(yar/t)" - w3
Then
a b
f=0/z+d"F (3.70)
c d

and combining this with (3.10), we see that f (yar/t)" is a p-adic modular form on
U for GLy(Z,) of weight k. The rest of the arrows are obvious after invoking (3.41)

and using the fact that we., generates wa y(U) (Proposition 3.7.3).
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Definition 3.11.3. We let

aﬁ = ak+2j72 © ak+2jf4 0+ 00100
and
5i = 5k+2j72 © (5k+2j74 O+ 0 0pqp O 0.
It is clear by its definition that & and &) are Oy = Bgg,y/ (t)-linear.

Definition 3.11.4. Given an open subset Y C )Y, k € 7Z, and a subgroup I' C
GLy(Z,) with U - T' = U, we define a p-adic modular form F on U for I' of weight k
to be a F € Oy(U) such that

a b
F = (bc — ad) *(czqr + a)*F (3.71)
c d
a b
for any € I'. Let My A(I')(U) denote the space of p-adic modular forms on
c d

U for T of weight k.

Proposition 3.11.5. We have

6+ My a(D)(U) = Miyoja(D)(U)

and

i Z () (@) &1

)

Proof. This is a direct calculation, using (2.15), (3.9) and (3.37). More precisely, one

uses induction: if F' € Oa y(U) has weight &', then by direct computation one verifies
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that

/
(Tt )
dzar ZdR — %

has weight &’ + 2 in the sense of (3.78). Another “coordinate free” proof is to observe

that each step in the construction of the assignment
[ 0w f

is I'-equivariant (and G Ly(Z,)-equivariant if U = ),). O

Proposition 3.11.6. We have
3% = split o V7 o 14
Proof. By definition, we have
(K)i = (splito V o 1ag ).

Since the p-adic de Rham comparison tqr (see (2.34)) is compatible with connections,

we have

LdRr © V=Vo LdR - (373)

By Proposition 3.9.3, we have
V o split = split o V. (3.74)
Hence, we have
8 = (5plit o V o tqr )’ *=” (5plit 0 V) 0 tar “= 5plit 0 V7 0 tap

which is what we wanted to show. O
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3.12 Comparison between the complex and p-adic
Maass-Shimura operators at CM points

Let K/Q be an imaginary quadratic field, with ring of integers Of.
Let i, : Q < C, denote our previously fixed embedding (2.1), and now fix an
embedding i, : Q < C. Let A/Q be an elliptic curve with CM by an order O C Ok.

In the complex counterpart of the Hodge-de Rham filtration, we have
H'(A/C) = Qe H™(A/C) = Lie(4/C),

and in fact these respectively correspond to the v and 7-eigenspaces for any v € O =

End(A/Q), acting as scalars on these eigenspaces under the above embedding .
Let 7 denote the standard coordinate on the complex upper half-plane H*. The

real-analytic Hodge splitting of the complex Hodge-de Rham filtration gives rise to

the complex Maass-Shimura operator

m (L4t
k_27r7j dr 17—-7)°

The real-analytic Hodge splitting is induced by complex conjugation acting on the

complex structure of de Rham cohomology, in particular interchanging the Hodge
pieces (i.e. HP4(A/C) = H?(A/C)) and giving rise to “opposing filtrations” in
Deligne’s sense. Thus, as for a CM curve A/Q we have

HY(A/C) = QYo = Q!

Lg ®5C = H'(A/Q) &5C,

the splitting of the Hodge-de Rham filtration induced by the eigendecomposition
under the Og-action coincides with the Hodge splitting. In fact, we have the following

coincidence of the values of our p-adic and complex Maass-Shimura operators at CM
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points (Theorem 3.12.7). Let

Jo_
03, = 0p42j—2 0 Ok 42540+ O Dpy2 0 0g.

Definition 3.12.1. Let A/Q be an elliptic curve with complex multiplication by
an order O C Ok, and let t be any I'1(V)-level structure, « : Z;‘)ﬂ = T,A be any
['(p>)-level structure. Fix any wy € Q) 1z and fix an isomorphism C/O = A which

defines a differential 2widz € Q! where z is the standard coordinate on C. Define

A/Q
Qoo(A,t) € C* and Q,(A,t, ) € (Big)* by

2midz(A,t) = Qo (A, 1) - wo, Wean (A, T, ) = Q,(A, t, @) - wo. (3.75)

Definition 3.12.2. We recall the Shimura reciprocity law on ). Fix an order O C
Ok. Let Il be the semigroup of ideals of O prime to a fixed ideal f C Of. Let

a € I®Y) with a ¢ @. With A as in Definition 3.12.1, define
axA:=A/A[a]

where A[a] denotes the a-torsion subgroup of A using the identification Endg(A) = O.
Then the natural projection 7, : A — a x A takes I'y(IV)-level structures to I';(N)-
level structure, and I'(p>)-level structures to I'(p°)-level structures, so that we have

a natural action
ax(At) = (ax A, ma(t)), ax (A t,a) = (A/Ala], ma(t), ma()).

Proposition 3.12.3. Now let wy, € Q}HA/KP be the unique differential such that

Trwoa = wo (viewing QL/Z C Qy ¢, using i), and define Qu(a x (4,t)) € C* and
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Qy(ax (A t,a) € (BiR)* by

2midz(ax (A, 1)) = Qoo(ax (A, 1)) - woa, Wean (A% (4,1, ) = Qy(ax (A, t,a)) - wo .
(3.76)
Then
Qo(A, 1) = Quo(ax (A, 1)), (At a) = Q,(ax (At a)).

Proof. This follows immediately from (3.75) and (3.76), after noting that by defini-
tions (in particular, the functoriality of the complex uniformization C/(Z + Z1) = A
which defines 27idz and the functoriality of the construction of we., as defined in

Definition 3.7.2), we have

m2midz(a* (A, t)) = 2midz(A,t), TaWean (0 % (A, t, @) = Wean (A, T, ).

Definition 3.12.4. Henceforth, let

008

=
I
o

and

i)t 6))

; (k E H) @ 0<zdfj!— e (diR)j_i (3.77)
j (k—prj) (‘7)@' <—M)ieo (diy‘—i

i=0 g v z Zdr

where the first line follows from (3.72) and the last equality follows from (3.19).

Definition 3.12.5. Given an open subset 4 C )Y, k € 7Z, and a subgroup I' C
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GLy(Z,) with U - T' = U, we define a p-adic modular form F onU for I' of weight k
to be a F' € Oy(U) such that

*

a b
F = (bc — ad) *(czqr + a)*F (3.78)

a b
for any € I'. We also make an analogous definition for k € Z/(p — 1) X Z,,

c d
provided that (bc — ad)™*(czqr + a)¥ makes sense on U. (Note that we embed Z C

Z/(p—1) x Z, diagonally to make all notions of weight compatible.) Let My A(I')(U)

denote the space of p-adic modular forms on U for I' of weight k.

Proposition 3.12.6. We have
0], : My(D)(U) = Myo;(0)(U).

Proof. This follows from applying 6 to Proposition 3.11.5. 0J

Theorem 3.12.7. Let A/Q be an elliptic curve with CM by an order O C Oy, and
let o : 5 = T,A be any p™-level structure, and t € A[N| any T'1(N)-level structure,

and fix wy € 9114/2 as in Definition 3.12.1. Let w € wa(U) for any U — Y, and write
w=F-(2midz)®*

and

k
w1y, = f - wi

on A1 U) N Y,. Suppose (A, t) € U and (A, t,a) € X" NY,. Then for any j € Z,
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we have the following coincidence of values (in Q):

i (O(Q (A, 1,0)) 052 L 6] (A1, 0)) = i) (R A, )52 0 P(A, £, 0)).

p

Proof. Let splite : Hig (A)@ona O denote the antiholomorphic splitting of complex

relative de Rham cohomology. Using 2midz, view 9] as an operator w3* — wﬁkw] ,

and using wean, view 5% as an opeartor w%k — wﬁ)k”j . Since the Gauss-Manin connec-
tion is holomorphically horizontal, i.e. for any holomorphic differential w, V,(w') =0

for any antiholomorphic w’, then we have
Di = splite o V7.
This is analogous with the horizontalness of our p-adic Maass-Shimura operator
02 = SpT oV’ o Ldr

as proven in Proposition 3.11.6.

The statement of the Theorem can hence be reformulated as
i, (0 ((splito V/ f) (A, 1,0))) =i ((splitc 0 V7 ) (A4,1)) (3.79)

for any section f € Sym* Hl, (A)(U) where U is as in the statement of the Theorem,
where (A,t,«) and (A,t) denote specialization to those points. First note that by

functoriality of 6, we have

9((sp_litovjf) (A,t,a)) = (HOSthOij) (A t,«)
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and so (3.79) is equivalent to
i, ((0osplito V7 [) (A, t,0)) =i ((splitc o V') (A4,1)) (3.80)
By the functoriality of § o split and splite, for any section f’ in
Symgh Y (Hin(A) ©o, Oay) A (U)NYV)NSymGE? (T,A 5, Oay) A (U)NY),
where the intersection is taken in
Sym{t+ (TpA ®; , Oay- t‘1> ALUYN )
using tqr, letting f/(A,t, ) denote its specialization to (A4, t, «), that

(6.0 SPIEE) (1)) (A,t,0) = (60 5PIY) (f'(A, t,))

and similarly for any section f of (Hiz(A) ®ona O™2™) (U), letting f(A,t) denote its

specialization to (A,t), that
(splitc(f')) (A, t) = split(f'(A, 1))
Thus taking f' = V7 f, can rewrite (3.80) as

i;l ((9 om) (At0) ((Vﬁf) (A, oz))) =i (SPT(Q(AJ) ((ij) (4, t))) (3.81)

where (9 o split) (Asto) and splitc (4 4 denote the specializations of the splittings split

and split¢ to the points (A, t, «) and (A, t), respectively. Now by (3.54), we have

6 o split = 0 o split
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where split is defined as in Definition 3.66. Hence (3.82) is in turn equivalent to

iyt (00 5D1it) 4y (V1) (A1) ) = it (splite ag) (V1) (A1) (3.82)

where again where (6 o Split)( Aty and Spmg( a4 denote the specializations of the
splittings split and splite to the points (4,t, a) and (A, t), respectively.

Since V7 f is a section defined over U — Y, then (V/f) (A, t) = (VI f) (4,1, a);
moreover, we have VIf(A,t) € Hi:(A/Q) since (A,t) € U(Q) by the theory of

complex multiplication. So now it suffices to show that

i ((9 o split), A,ta)) — i) (spliteag) - (3.83)
For this, we first note that the © = End(A/Q)-action induces a splitting

functorial in Q-algebras, where the first factor is the subspace on which O acts through
multiplication, and the second factor is the subspace on which O acts through the
complex conjugation of multiplication; by the compatibility of complex structures
with the CM action, (3.84) induces, upon tensoring with ®gC, the complex Hodge

decomposition
Hin(A) (A1) = Hip(A/C) = (H(A) @, C) & (H”'(A) ®2 C). (3.85)

Hence the projection onto the first factor in (3.84) is just splite 4, and projection

onto the first factor in (3.84) is just splitc (4 4 restricted to Hig (A/Q) C Hig(A)(A,1).
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The CM action also induces a splitting
(TP'A ®Zp,y OA,LV) (A7 t, Oé) = wﬁ,y<Aa t a) ® w;,ly(l)(A7 t a) (386>

where the first factor is the subspace on which O acts through multiplication, and the
second factor is the subspace on which O acts through the complex conjugation of
multiplication. Suppose that p is inert or ramified in K, so that complex conjugation
acts on O C Ok,. Then looking at the action of O on the tangent space of A, the

fact that the Hodge-Tate filtration
w&,ly(l)(A,t,a) C <TpA ®2,.y (’)A,y> (A, t, )

is the subspace on which End(A/Q) acts through the complex conjugation of mul-
tiplication implies that the projection onto the first factor in (3.86) is given by
split 444y, and the projection onto the first factor in (3.84) is just split 4, . re-
stricted to Hl(A/Q) C Hiz(A)(A,t). When p is split in K, the latter statement
follows from the well-known fact that the CM splitting induces the unit root splitting
upon base-change to C,, see [19, Lemma 5.1.27].

Hence in all, we have

iyt (split g s 0)) = ine (SPlitg (ay)) -

Now we claim that there is a unique embedding @p C Oay(A,t,a) such that its
composition with 6 : Oa (A, t, ) - Oy(A,t,a) = C, is the natural inclusion. For
this, note that the proétale stalk Oa y, by Proposition 3.1.1 (reduced modulo ?) is a
power series ring over the complete local ring Oy ,,, and so is Henselian. Let m C Oy,
be the maximal ideal of the local ring Oy,. Then Oxy(A,t,a) = Oay,y ®o,,

Oy ,/m is also a Henselian local ring, with maximal ideal given by ker # (generated
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by an indeterminate in the above power series description of Oay,) and residue
field C,. (Recall that the tensor ®o,, is given by the natural embedding Oy, C
OBlry, — Oayy We can thus describe the maximal ideal of Oay,, as the
ideal generated by the image of the maximal ideal of Oy, under this embedding, and
ker §.) Now since @p C C,, by Hensel’s lemma the inclusion Q, C Oa y(A4,t, o) lifts
uniquely to an inclusion Q, C Oa y(A,t, ) whose composition with 6 (the reduction
map to the residue field) is the natural inclusion @p c C,.

Since split( 4 4 is defined over @p and the the map
Q, C Oay(Ata) 5 C,
is just the natural inclusion, we have
0 (i, (sPlitaa))) =4, (SPlit(aa)
and so
i ((9 o split), AM)) =0 (i," (splitasay)) =4, (sPlit(asa)) = in (SPlite (ay) -

Now the rest of the Theorem follows from the definition of 2, and Q. (taken with

respect to the fixed wy € QY o)
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3.13 Relation of d‘,i to the ordinary Atkin-Serre op-
erator

Recall the Atkin-Serre operator

®k+2

dask : walym — walSr

which acts, with respect to the Serre-Tate coordinate 7', as

dAS,k(F . wKatz,@)k) — (QASF) . wKatz,®k+2

can can

where
Td

QAS - ﬁ

Note that the operator 0&5, defined in terms of the Serre-Tate coordinate T, does not
depend on the weight k, unlike Gi. Let dJAS,k = das g+2j—2 © - - - dj, denote the j-fold

composition, and similarly with 6.

Proposition 3.13.1. On V', we have
dgf = dixs,k

and

0 = 0.

Proof. From the p-adic Legendre relation (3.19), we have on Y8

0(1/(zar — 2)) = —0(yar)/0(z) = 0.
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Hence from (3.72), we have

4 . d \’
eizeoaize( > (3.87)

dzqr
By Proposition 3.9.5, we have

d d Td
dZdR B legT N dT’

(3.88)
and so combining (3.87) and (3.88), we have
di = Q(dﬂs,k) = d{xs,k

where the last equality follows from the fact that O C OB}, % O is the natural
inclusion.

O

Hence from now on, we can regard our theory of p-adic analysis on ), using dj,

. 5 . . 1 . ]
as an extension of Katz’s theory of p-adic analysis on )'¢ using deS,k'
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Chapter 4
p-adic Analysis of di

In this section, we analyze p-adic analytic properties of di and Gi, in particular how
0] F behaves as a function of j for elements F' € On y, in the stalk at a geometric
point y € V,(C,, Oc,) of the period ring On y, which we view as the space of “germs
at y of nearly holomorphic functions”. Crucial to this study will be the “gqgr-expansion

2

map

q—exp A

Oy — Oy[[qdR — 1]] C OAJ;,

which on the supersingular locus factors the natural inclusion Oyss C Oa yss (Propo-
sition 4.1.5). The gqr-expansion map can be viewed naturally as analogue (or an
extension) of the Serre-Tate T-expansion map, and similarly is injective and so sat-
isfies a “gqr-expansion principle”. Indeed, on the natural cover V' of Y°'d the
gar-e€xpansion map recovers the Serre-Tate T-expansion (Theorem 4.1.6). The coor-
dinate descriptions (3.72) and (3.77) allow us to compute the action of the p-adic
Maass-Shimura operators di and Qi on ggqr-expansions, and hence study their p-adic
analytic properties.

Understanding the analytic properties of HiF will be important in Chapter 5.4 for

constructing our p-adic L-function and establishing our p-adic Waldspurger formula.
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4.1 qqr-expansions

We retain the notation of the previous sections and let U denote an affinoid subdomain
of Y. Let F' be a complete nonarchimedean field with ring of integers Op. Recall

that the unit polydisc over Spa(F, Of) given by
Spa(F(z), Or(2))

and the rational subdomain the adic open punctured polydisc of radius r over Spa(F, Of)

given by

DY = U U Spa (F(r 'z, 7'z7"), Op(r 'z, 7'271)) .

wECy,|m|<r n'€Cyp,|n’|< ||

Also recall the adic torus
T = Spa (F(T*"), Op(T*"))

and the rational subdomain (in fact an open polydisc) consisting of “units of distance

less than r away from 17

= U U

TECy,|m|<r n'€Cyp, |’ |< ||

Spa (F(T*", 7 YT = 1),@'(T — 1)1, 0p(T*, 7 (T — 1), (T — 1) ")).
Hence by our above convention, we identify
DY =A'=P. cP!

where z = —z/y in terms of the canonical homogeneous coordinates on P! = P(F®?).
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The p-adic exponential gives an isomorphism of adic spaces over Spa(F, OF)
exp - fou(pm — Tgfl/@m (4.1)

which sends

2

z
Dgfl/wn Szrrexpz=1+2z+ 91 +... € Tf,fl/@fn,

with inverse given by the p-adic logarithm
log : T) 1/p-1y = Dy 1) (4.2)

which sends

(T-17  (T—1)
2 * 3

Tp—l/(p—l) 5T — logT = (T — 1) — — ... € Dp—l/(p—l).

Recall that for (F,Op) = (Q,, Z,), the Hodge-Tate period map is a smooth map

of adic spaces (over Spa(Q,,Z,))

0
TaT @ Vo — Do

which restricts to a proétale morphism on the open affinoid subdomain )5° := ), N Y™

Tt 2 VS — D2 N2

where we recall Q* C P! is Drinfeld’s upper half-plane (an open rational subdomain

of P1).
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Now define

U =map(D)),  UF =UNY™ =g (D) 0.

Note that the GL2(Q,) action induces isomorphisms

" U S Uy, (A ) — (A, a) -

of adic spaces over Spa(Q,,Z,). (This is an isomorphism since the matrix is invert-

ible.) We interpret [p*] as “contracting toward the origin by a factor of p*”. Now we
are supplied with a family of morphisms
Pk i= €Xp OTHT O [pk] P Upe—1/-1) = Tg,l/(p,w cT
which restrict to proétale morphisms
P Uy = Ty NQ2 C T, (4.3)

Let L be any algebraically closed perfectoid field containing Q, (for example, we
could take L = C,). Base-change everything to Spa(L,Op) and, for the rest of this
section suppress the subscript “L” for brevity.

Now let y € U;i_l /»—1) be any geometric point, which under the natural proétale
maps A\ : L{;i,l/(p,l) — Y and pg :U;i,l/(p,l) — T, induces geometric points A(y) € YV

and pi(y) € T. Since py is proétale, given any sheaf F on Yj0¢ and G on Tproc, We

have an identification of proétale stalks

Fy = -7:/\(11)7 gy = gﬂk(y)'
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If further F| b vy = P9 |y for any proétale neighborhood ¥V — T of pi(y), then
Fy = Faw) = Youlw)- (4.4)

Since pj is proétale (in fact profinite-étale), by the first fundamental exact se-

quence for Q' ([18, Proposition 1.6.3, 1.6.8]), we have

1 R TeY!
Quﬁfl/(pfn o kaTka(y) (4.5)
and so by (4.4), we have
1 1 1
Qyaw = Dy = Q) (4.6)

Let Yt /Z, denote the adicifation of the (localization at p { N of the) Katz-Mazur
integral model Y /Z[1/N] for Y, so that Of = Oy+, and the exterior differential
maps

d:Oy+ — Oy (4.7)

which induces a map on any stalk
d: Oyt — Qi (4.8)

Hence we have

Oviaw) = Oyy = O1p(9)

and

Ov+aw) = Oy = 03,y = Ox

T,px(y)

(4.9)
and by [29, Lemma 4.2 (ii)] and [9, Proposition 14.3.1], we have

Ov+ i) = Ovay) = Oy = OF , () = 1 € Oviagy) = Ovy = Or o ¢ |f(y)| < 1}
(4.10)
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where f(y) := f (mod p,), where p, is the prime ideal corresponding to the equiva-

lence class of valuations associated with y. Finally, we have by (4.6)
W+ am) © W) = By = W) (4.11)
Again, we have the description

Qs a)

={w € Qypyy =Y, =

Tty [0/ wo(y)| < 1 for any generator wy € Qg4 5}

(4.12)

where the generator wy exists above by the moduli interpretation of the Katz-Mazur
integral model Y™ of Y.

Note that for any s € Q, we have an isomorphism of adic spaces over Spa(L, Oy)
p° Dgr — Dgr,s

given by x +— p®z. Choose any b € Z such that s +b > 0. Now we define an étale
map

P Ugryy = T
given by the composition

pZ = exp Op8+b oTHT © [pk]

(the b is necessary in the above definition so that p®* oyt o [p¥] (Z/l;i,l Jp-1y) 18 in the

radius of convergence for exp). We denote

S

qp = (pi)*Tl/pb & Oy(upk—l/(p—l) XT Tl/pb) (413)
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where ¢'/?" € Op(TY/#") and
pb
TY? .= Spa(L(T*/P"y, O (T+/P")) 222, T

is the standard finite étale cover.

Recall that we have the canonical differential % € Qilr, ()" Now suppose that y €

Z/?pk—l /-1 (L, Op) is a geometric point, so that the valuation group of the equivalence
class of valuation associated wth y is Q, and let a € QQ be the smallest rational number
such that under the identification (4.11),

o dq
P € Dy am) € D) = Do) (4.14)

or in other words, such that p“% is a generator of Q. A such a exists by (4.12).

Now
.dg  dg*”
pr— = —
q q°

and so since ¢** = exp(p®logq) = exp(p®*™log¢'/?") (the last series is a convergent

power series in ¢'/P" — 1 for all large n € Z>y, and so belongs to the proétale stalk

since ¢'/7" € Oy+a@y)) is a unit in Oy+ ) = (’);A(y) = (9;4/ = O%pk(y) under the
identification (4.9), we have
dg” € Vv r) C Wiag) = W) (4.15)
is a generator. Hence by (4.7) and (4.15), we have
d
dqpa : O;’y = OY+,>\(y) — Oy+7)\(y) = Oy-&-’y. (4.16)

By standard theory, the completion (by maximal prime ideal corresponding to y) of

the étale stalk of Oy+ at y is isomorphic to the completion of the analytic stalk of
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Oy+ at y, which is isomorphic to Og, [¢*" — ¢”" (y)]. We can write the proétale stalk
Oy+, as a direct limit of étale stalks (which are henselizations of noetherian local
rings, in particular subrings of the completions), and so the proétale stalk maps to
the direct limit of the completions of étale stalks, each of which is isomorphic to the
power series ring Oc, [¢*" — ¢*" (y)]. Hence there is a natural inclusion of the proétale

stalk Oy+, into Oc, [¢*" — ¢”" (y)]. Writing any element f € Oy+ 5 as

F=>Y ad =" ()",  an€ O,
n=0

we see by the usual Taylor coefficient formula that

(%:1<é%)7ﬁ@ecm

n!

and so by (4.10), we have

1 d \"
] (dqpa) : O;y = Oy+’)\(y) — Oy+,)\(y) = O;y. (4.17)

Alternatively, to prove (4.17), we could have invoked [2, Chapter 2 Proposition
2.6, see also Remark 2.7].

Applying Proposition 3.1.1 with respect to pf : Ll;i,l/(p,l) — T, we get
Z;{;z—l/(p—l) = u;:—l/(p—l) X pg T T S Yi)roét

where T is defined in (3.1), on which we have an isomorphism of sheaves on the

localized site Ypm,et/u;z_l/(p_n

OBy =B ¢~ ]
dRUZ 1/ p-1) dRUZ 1/ (p-1)
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where

is as in (4.13), and
" = (a7, ()P, (7)) € OF( Nsi—l/@—n),
so the Teichmiiller lift
97" ]BCTR,Y(LN{;EA/@AQ C OBjg v ( ~;271/0071))-

Reducing modulo ¢, we have a natural local description of OX,y

Of 4 =0Of, " —0(q)”"
AUG 1 /1) “;2—1/@—1)[[(] (@]

where

a

qp = qp"‘ (HlOd t)a

and we note that

0(q)" =[9""’] (mod t).

Proposition 4.1.1. With the same notation as in the above discussion, let y denote
any point in Z;{;i,/l(p,l)(L, Op) lying above y € M;i,l/@,l) (L,Op). Then we have that

the natural inclusion

A

05, COf . =0f, g —0(9)” 4.18
Y A’Z’{15)7c—1/(z>—1)71” U;Z—u(p—mvyﬂq (Q) ]] ( )
factors through
o, _c Of g™ —0(q)™]. 4.19
Uk—1/p-1)¥ “51—1/@—1)4![[(1 (@] (4.19)

P P
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Moreover, (4.19) extends to the p-adic completion

Ot _c OF, g —6(q)™]. 4.20
M;Z—l/(p—l)’y M;z_l/(p_lyy[[q (q) ]] ( )

Proof. Given f € (’)iy, let

A

doanl )@ =0 aulf) €Oy

NSS 77
k=1/(p—1)"Y
n=0 P

denote its image under the map (4.18). We have a commutative diagram

v
OZ:{ss > Q;N{SS
pk—1/(p=1) pF—1/(p=1)

l J: (4.21)

v + 1

OBt _ —— OBT Qo Q-
dRUZ 1/ (p-1) ARUL /-1 Hh-1/-1) Dk-1/0-1)

which, reducing mod ¢, trivializing QL = Oppes _using the section dg””

pk—l/(p—l)’y pk—l/(p—l)’y

and extending to the p-adic completion, implies that

_d_
A dqpu‘ A

~ \ ~

U1/ (p—1) ¥ ’ U1/ (p—1) ¥

[ . [

A dgP® T d(¢P" —0(aP”)) A

On gl = 0(¢)] — O [ = 0(¢™)]

SS SS
pk—1/(p—1) pk—1/(p—1) 5

(4.22)

is commutative. Note that since O C OBz % O is the natural inclusion, then (4.22)

() :9(% <dj>>

implies that
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Now by (4.17), we in fact we have that

(L AN + _ ot
an{f) =" (m (W) ) €= Odsi—l/@—l)’g

p

by identifying proétale stalks.

Now (4.20) follows because

or _=1im O} _/p"
Uk—1/(p-1) % Uk—1/ (-1

Definition 4.1.2. Let y be as above. Henceforth, let

dhr =" /0(¢"") € Op g

k—1/(p-1) Y

so that 8(¢hyp) = 1. Also let

qar = exp(zar — 0(2ar)) € Oay(Vz)

where the fact that gar defines a section on all of ), follows from Proposition (3.6.7).

We also denote

dgar = V(qar)-

Note that

dgar = qardZaR-

Furthermore, for any b € Q (and a choice of an element p* € C, with p-adic

absolute value |p|® = (1/p)?), we can define

b ZdR — H(ZdR)
i = e (S ),
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Lemma 4.1.3. Let y be as above. We have

dz,
2 dR
Yar * gopm €0y, (4.23)
As a consequence, we have
O(yan)? - 0 %) ¢ o (4.24)
Yar)" U\ g ) € S :

Proof. By the calculation (3.46) and the diagram (3.34), we have

d g
o(s%2) = 42, - _dzc;fj ® dg”". (4.25)

Then since §°° trivializes waly, = Oy, and dg"" trivializes Q}, , = Oy, so we must
0 A
have that (4.23) holds. For the second statement, we have that Oy, C Oay, — Oy,

is the natural inclusion, and so

Now the statement follows by observing

dqar dzgr dzqr
0 =0 =0
( dg?* ) (qdR dgr” ) ( dg?* )

since 0(qqr) = 0(1 + (zar — 0(2ar)) + (Zar — 0(zar))?/2! +...) = 1. O

Definition 4.1.4. Let b € Q. We define the “qé/Pf’ b—expa,nsion map” as

b A~ b
0t — exp: Oy, = Oy, [qi — 1] (4.26)
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given by

£ o) : Z < ( l/p) f)(qil/{’b—l)"-

=0 dar

et exp is the natural inclusion

Note that qéé — exp is an injection, since 6 o g
Oyss C @yss, and in particular injective.

Note that we have a natural inclusion
Oy, [[ql/p — 1] C Oay, (4.27)

where Oy, C Oay, via (3.8.4), and qég’b — 1 is naturally an element of Oa y, (and
in fact is in ker #) by (4.1.2). Since dzqr generates (2 y, by Proposition 3.7.3.

One checks that by construction, the map (4.26) commutes with connections,
where the connection on Oy, is the natural one defined earlier, and the connection
on Oy, [[qclléf " 1] is induced by the connection on Oa y, via the inclusion (4.27).

When b = 0, so that qél/f "= qar, we abbreviate

qar — exp = g3 — exp, Flaar) = flait).

Proposition 4.1.5. On Y*, we have that the natural inclusion (4.27) is in fact an

equality
b

Oay=giff — 1] = Opye. (4.28)

Then natural inclusion
Oyss C OA,))SS (429)
factors as
gl —ex 1/pb (4.28)
Oybs (_> Oybs Hq 1]] OA ysa

Proof. We want to show (4.28). First, note that as subsheafs of O y= (using (3.8.4)),
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we have

Oyes[z — 2] = Oyma]zar — 0(zar)] = Oy [gal? —1]. (4.30)

The first equality follows from Proposition 3.7.6, since Y* C ), N ),. The second

equality is a completely formal, given by a “change of variables”

ZdR — H(ZdR)> ‘

zar — 0(zar) — exp ( pC

Under (4.30), (4.27) is given by

A

Oyss [[Z - 2]] C OA7:)]SS (431)
where Oy C Op ys through (3.8.4), and z — Z — z — Z.

To construct the inverse of (4.31), we again follow the argument of (29, 1.6.10]).

We claim it suffices to show that there is a unique map
Oyss — @yss [[Z — Z]] (432)

sending z — Z 4 (z — z) which is compatible with connections, and such that the
composition with the map 6 : @yss [z —z] — @yss is the natural inclusion. Given

(4.32), we have a natural map
Oyss ®W(H) @yss — @yss [[Z — 2]]

by extending @y (x) @yss—linearly, which is easily checked to be the inverse of (4.31).

To prove the existence of (4.32), note that the Hodge-Tate period map gives a
proétale map Y* — Q C P, = A' = (J,.,Spa(L(p™"2),Or(p™"2)). Now note that
we have a map

(YW (R)[L/pl(p~"2) = Oyslz — 7]

r>0

117



given by z — zZ+ (z—2). Now by the same argument as in Claim 3.1.2 using Hensel’s

lemma (mutatis mutandis), this extends uniquely to a homomorphism
Oyss — @yss [[Z — 2]]

whose composition with 0 : Oys[z — 2] = Oy is the natural inclusion (which also
shows that it is an injection). So we have shown (4.32), and so we are done.

Now to prove the factoring statement, we recall that
A~ 1 b
Oyss C OA7ySS = Oyss [[qd{:én — 1]] (433)

(4.29) commutes with connections, and that it composed with 6 : Op yss — @yss is
the natural inclusion, hence given a section f of Oyss, each coefficient of its image

under (4.33) is given by Taylor’s formula, and so its image is just f (q(liép b). O

We have the following proposition relating gqr — exp to the Serre-Tate expansion.
Given a ggr-expansion f(qqr) = (qar — exp)(f) or T-expansion f(T) = (T —exp)(f),

let f(qar)(y) = (gar — exp)(f)(y) and (T') = (T — exp)(f) denote the corresponding

power series obtained by evaluating each coefficient in the fiber at y (i.e. reducing

modulo p,, the prime ideal corresponding to y).

Theorem 4.1.6. For a point y = (A, «) € Y& where A is an ordinary elliptic curve

with complex multiplication, we have

qar — exp(-)(y) =T — exp|py) (-)(y)

where T'—exp is the Serre-Tate expansion map (see Definition 3.5.4), and D(y) is the
preimage in V' of the ordinary residue disc in Y'Y centered around the geometric

point of Y corresponding to A(y). (Recall that A Y — Y is the natural projection.)
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Proof. First, note that by a strictly formal computation, for a formal variable Y, we

T e

for some easily computable polynomial P,(X) € Q[X]. On Y', by Theorem 3.9.5,

have that

we then have

1 d \" 1 d \" 1 d
’ (ﬁ (dQJE) f) - HPH (9 ((dZdR) f)) - EP” <dlogThogT:0f(y))

1 d\"
= (d_T) lr=1f (),

where for a section s of Olyie, s(y) denotes evaluation at y (i.e. the image of s in the

residue field y). Now we are done by (3.30). O

Let
Yo, = Y/(I'1(N) N To(p"))

and recall that Y = Y1(IN) = Y. Recall the U, operator which can be viewed as
a correspondence Yy, < Yy, — Y and and V), viewed as a correspondence Y, <
Yo, — Y. Hence they can be viewed as Hecke operators which act on modular forms
w € wZ*(Yor) by considering the pullback wly, ,,, so that U (wly,,,), V; (wly,.,) €

wi?k(YOrH). Given a modular form w € wfik(Y), we can define the p-stabilization

(UV2)" = (VoUp))w € wi (Vo). (4.34)

We can find lifts of them in terms of the GLy(Q,) acting on the infinite level modular
curve ); in other words, we can find correspondences Up, ‘71, on ) defined in terms of

the GL4(Q,)-action such that
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In fact, one such choice of Up, ‘7}, is given by

We recall here that GLy(Q,) acts on functions f by v*f(z) = f(x).
Again, given a T-expansion f(71') and a geometric point y € Y(C,, Oc,), let

f(T)(y) denote the specialization of f(T') at (i.e. image in the fiber at) y.

Theorem 4.1.7 ([3] Lemma 8.2, [26] Proposition A.0.1). Suppose that y € V' is an
ordinary CM point. Letw € w§*(Y), so that (U,V,)* — (V,Up) )w € wF(Yoe). Write

wlyre = f - (wKatZ)®k in w3"(V'®). Then

can

Furthermore, when k = 2, letting log,, denote the p-adic logarithm'Y — C, associated

with w, and writing

Fly =log, |y,

we have

—1+p™(p—1)
lim (Td) (U — (VyU)*) F)lie (T))

m—00 d_T
= (Jim ™" () = (VGUp) ) ) Iyne(D)
o s (4.35)
= (W) = (U )F) e (T) = (V)" = (V)" Fly ) (T)
= Flye(T) = 2 3 Flye(GT)

The last goal of this section is to prove our “Key Lemma”, which will be essential
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for our p-adic analytic computations, in particular for showing the convergence of
the sequence of p-adic Maass-Shimura derivatives of a rigid function in stalks at
supersingular CM points. First, let b € Q, and choose an element p* € C, (of

absolute value |p|® = (1/p)®) such that

o (S5) )] = (436)

qu;IT

Then recalling

1/pb Zar — 0(zar
i o (250),

1/p®
0 (dq&) (y)‘ = 1. (4.37)

dqrr

we have by (4.36)

First, let

U* = {lz| > a}.

Lemma 4.1.8 (Key Lemma). Suppose thaty € Y(L,Or) mup”“”2‘1’ where we recall
that L was the algebraically closed perfectoid field containing Q, fized at the beginning

of this section. We have that

¢ € OF ot —11. (4.38)
As a consequence, we have

03, C O0F oy —1] (4.39)
and this extends to the p-adic completion

~ ~ 1 b
05, € 035 lag¥ —1]. (4.40)
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The argument essentially comes down to an application of the Dieudonné-Dwork
lemma. We recall a result of Chojecki-Hansen-Johansson that in particular implies
that the subgroup

(1 (mod p))

called the pseudo-canonical subgroup in by Chojecki-Hansen-Johansson, coincides

2_
with the canonical subgroup on ur’"

Lemma 4.1.9 ([6], Lemma 2.14). Assume that |z(A, o)| > p?/®*~V_ Then the pseu-

docanonical subgroup («; (mod p)) C Alp] is in fact the canonical subgroup of A.

View ) as an adic space over Spa(W (F,)[1/p], W(F,)). By Lemma 4.1.9, the

isogeny

10 10
Ay — Ao - = | A/(aw1 (mod p)), e - ,

defined over Spa(F, Op), gives rise via the universal property of (A, as) to a classi-
fying map ¢ : YV, = U° — U° = Y, such that

10
Aoo : = .Aoo XU, Z/{O.

0 p

The restriction

¢ upp/<p2—1> - upp/<p2—1)—1

gives a lifting of the p-power Frobenius morphism on the special fiber (this being

Frobenius-linear). Hence, by Lemma 4.1.9, the induced map

: O(upp/(zﬁfl)*l) s O(upp/(zﬂ*l)) (4'41)
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is a lifting of the p-power Frobenius morphism.

Proof of Lemma 4.1.8. Note that by (3.37) and (2.15), and that by definition zqgr =

zqr (mod t), then for any integer r > 0 we have

* *

Zdr = P ZaR, (z—2)=p"(2—2) (4.42)

and from Definition 4.1.2 we see that

* *

1 0 o 1 0 o
qdr = 94R>» qgaT = qu7- (4-43)

We now need the following modified version of the Dieudonné-Dwork lemma,
which addresses certain non-standard liftings of Frobenius (specifically, liftings of

Frobenius to power series rings in one variable X which do not send X — X7).

Lemma 4.1.10 (Dieudonné-Dwork). Let F' be a complete nonarchimedean field, and

let p denote the maximal ideal of Op. Suppose we have a lifting
¢ : Op[X] — Or[X]
of the Frobenius morphism, in the sense that ¢ (mod p) is equal to the composition
(Or/p0r)[X] = F,[X] == F,[X] = (Or/pOr)[X],
and also suppose that ¢(X) € XOp[X]. Note that this extends to a morphism
¢: F[X] — F[X]
on generic fibers.
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Let Q(X) =" ja, X" € 1 + XF[X], and assume that

a; € Op. (4.44)

Then Q(X) € 1+ XF[X] is in 1 + XOp[X] with constant term in 1 + pOp if and

only if we have

P(Q(X))
———cl XOp|X]. 4.45

ooy € LT PXOrIX] (4.45)
Remark 4.1.11. We note that there is no analogue of the assumption (4.44) on a
made in the original Dieudonné-Dwork lemma [12, Lemma 1]. It is made here because

we address a slightly modified version of the Frobenius lifting considered in loc. cit.

Namely, instead of specifiying that ¢(X) = XP, we consider a more general ¢ where

P(X) € XOr[X].

Proof of Lemma 4.1.10. We adapt the proof of [12, Lemma 1]. Let Q(X) = >~ ja, X"

Suppose that Q(X) € 1 + XOp[X]. Then since ¢ is a lifting of Frobenius, we have

QXP=) ahX™=¢ (Z anX"> = ¢(Q(X))  (mod pOr[X])

which gives one direction of the statement.

Now suppose that (4.45) is satisfied. Then we have

(i anX”> = <i ¢(an)¢(X)”> <1 + ian”> (4.46)

where b, € pOp for all n > 0. We show that a, € Op for all n > 0, proceed-
ing by induction on n. By assumption, ag = 1 and a; € Op. Now assume that
ag,a,...,a,_1 € Op and n > 1. Note that since ¢(X) € XOp[X], then we can

write ¢(X) = X(XP~! + g(X)) where g(X) € pOr[X]. Now comparing terms of
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degree at most n on both sides of (4.46), we have

pa, X" + i X7 =3 ¢(a) X (XP 4 g(X)) (mod (p, X™H)OR[X]). (4.47)

=0 j=0

Since a; ERforOngn—l, we have
¢(a;) X7 (XP™! 4+ g(X)) = aP X7 (mod pOr[X])

for 0 < j < n — 1. Hence we can clear all terms indexed by 0 < 7 <n — 1 from both

sides of (4.48), and we get

P, X" = ¢(a,) X" (X7 4 g(X))" = 6(a,)g(0)" X" (mod (p, X"*)O[X]).
(4.48)

Since ¢g(0)" € p"Op, say ¢(0) = p™u, (4.48) implies
an — ¢(a,)p" 'u € Op. (4.49)

Note that since ¢ : Op — Op, then |¢(a,)| > |a,|. Now since n > 1, we

have |¢(a,)p" 'u| < |a,|, and so (4.49) implies that a, € Op. This completes the

induction.
O
Now we return to our proof of Lemma (4.1.8). Consider
qHT—Zan g — 1" € Oy, laitt —11.
By (4.10), we have
03, ={f € Oyy: |fly) <1}, (4.50)
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So now to check that

A b
i = Zan qéétp - 1" €0y, q(lné{p —1], (4.51)

it suffices to show that the element

o0

e (mod p,) = au() (g —1)" € (Oyy/p)las — 1] = Llag — 1]

n=0

is actually in the subring of integral power series, i.e.

dhr (mod p,) =Y au(w) (g — 1" € Orair — 1],

n=0

where p, is the prime ideal associated with (the equivalence class of valuations cor-
responding to) y, since then we would have |a,(y)| < 1 for all n > 0 and so by (4.50)
we have a,, € @;y for all n > 0.

Now we apply Lemma 4.1.10 to

*

¢ = L X=qff -1, QX)=dyr (modp,)

-1

10 N .
so that letting v = y - , ¢ : Oy, — Oy, induces a lifing of Frobenius on

0 p
residue fields ¢ : L — L, and since ¢*(¢fyp — 1) = (¢%p)? — 1 we have

P(X)=X(X+1)P '+ (X +1)P 2+ +1)
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and by Definition (4.36) and (4.10), the assumption (4.44) on

dqur dzur
a) = 0 W =0 d—pb
dqgr y ZdR Yy
is satisfied. (Here, the subscript y denotes the image in the proétale stalk at y.)

Hence, we have (4.51). Now (4.39) follows from (4.20) and (4.51), after making the

identification

A

O =05
U1/ (-1 Y Yy

Finally, (4.40) follows because @;y = lim 03,/p", so reducing (4.39) modulo p"

for every n € Z>q, one sees that (4.39) extends to the p-adic completion. O

Corollary 4.1.12. In the situation of Lemma 4.1.8, we have

Y2 € 0% lag — 1011/p] = O3, lag” — 1]11/p).

Proof. By (4.23), we have

a

dq? 1 dg”” 3) 1pe dg?” 1
Yar € 7" Oyy = G 7 O [1/8) C a7 - Oy lad {7 —110/p)
~dR dqdR dqqp

= Oy, Loy — 1001/p).

Here the last equality follows because clearly

G =1+ (@ —1) € Oyl — 1]

and
dqpa
1 € Oyylai 1]
d4r
by (4.51). 0
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4.2 The p-adic Maass-Shimura operator 9‘,1 in gqgr-
coordinates

Now we can rewrite (3.72) as

(k=1 (i 1 1P\
=Y S T) it (= far T (4.52)
p i i) (zar —2) \ P° dq(lﬂ/:g’

and (3.77) as

J . + k 1 . 1 1 l/pbd I
=y () () 7\ ap
R AV A e e v
‘ . . ; - b\ J—i
. (j + k‘ — 1) <j)2, (_Q(QdR)) (i)] . aa ‘Z (4.53)
7 7 z PP dqclléin

o0 i j—i b\ I
— ’ z pb dq(lﬂ/:g’b

(2

=0

where the second equality follows from the p-adic Legendre relation (3.19), and

SRLILNEY
ci(j) == : (4.54)
0 1>7
Note that ¢;(j) extends to a p-adic continuous function in j € Z/(p — 1) X Z, — Z,.

Here

ZCZL/(p—1) X Zy,

is embedded diagonally and is dense with respect to the p-adic topology (by the

Chinese remainder theorem).
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1/b
Note that ZdR has the following simple action on power series
qdR

1/p® 00
qr ¢ 1/p® l/p 1/p® n—1
R (Z n( G — > Znanq (g —1)
dar n=0
where a,, € (’A);y In particular, on polynomials, we can write
d b d b\ T
1 n 1
Z (qdéip -1 = Zb (ng )
n=0 n=0

for appropriate b,,, and hence

(8) (S ) - (S2) (S0 () - v (o)

Now endow @My [[qclu/)f 1] with the p-adic uniform convergence topology, i.e. the

metric topology induced by the “p-adic Gauss norm”

1
Zan i~ 1"

= sup |ay|.
n

Note that this induces a stronger p-adic topology on the image of (93; Y e C (9 ég’ —
1][1/p], since the weakest topology on O;yy[[qdrf — 1][1/p] into which the p-adic
topology on @%y embeds is just the weakest topology which makes 6 : @ [[ql/ P
1][1/p| — (’A)yy continuous, and open sets in this latter topology consists of sets which
induce open sets on the constant term (recall 6 takes a power series F(qdl/;f ) to its
constant term). Hence in order to show p-adic analytic properties of an element of

F € Opy,y where y € Y*, it suffices to show such properties for I (qééf ).

Lemma 4.2.1. Suppose [ € @My = @;y[l/p]. Then under the inclusion (4.40), we

have
yirtS € O+,y[[q1/p —1][1/p] (4.55)
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for any even integer k > 0. The same conclusion also holds if p > 2 for any k € Z>.

Proof. By (4.40), we have

feoy [1/p c O lar —110/p]

and by Corollary 4.1.12, we have

A 1 b
vir € 03 Lot — 11[1/7).

If p > 2, then we can use the Taylor series expansion of y3; to see that

N b
van € O3 laa” — 1[1/p)
The conclusion now immediately follows. 0

From this lemma, we see that integral properties of modular forms from finite level
are somewhat preserved upon passing to finite level. Suppose now that w € wffk (Y1)
(where we recall Y /Z[1/n] is the Katz-Mazur model of Y/Q) is a normalized eigen-
form. Then since YV, — Y and wean = 5/yar and s trivializes wa y(Y,), we can

write

_ .k Rk
w|yac - yde " Wean

where f € Oy(Y,). Recall b € Q as in (4.36). Let

(yarf)" (g € Oy, las? 1]
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denote the p-stabilization of yks f, which is

124
r 1 T 1 7 1
p@&n@£>:p@&n@§>5 P (e )G
=0 (4.56)
[e'e) ) 1 p—1 oo 1/
- Zan ng) - - Zan quZ) )n
n=0 p 7=0 n=0
Let r € Q be minimal such that
r( k 1/p O+ 1/1’ -1 4 57
P (yde) (2ar ) € Oy, laar [, (4.57)

where the subscript y, as usual, denotes the image in the stalk at y. The fact that
such r € Q exists follows from Lemma 4.2.1 and the definition of the stabilization
(4.56). (One can in fact use Theorem 2.6.1 in order to get upper and lower bounds

on r in terms of f and k.) Now let

1 1
(yde qd{vf) Z@n qdl/:{p -

where a,, € @; ”

Theorem 4.2.2. Let f,y,yqr be as above satisfying the assumptions of Lemma 4.2.1,

and

10(yar) ()P’ /2(y)| < p"/7~" (4.58)

fory.
Then the function Z — @;y defined by

J = (000 (Wha ) (@),

where the subscript y denotes the image in the stalk at y, extends to a continuous
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function in j € Z/(p — 1) X Z, — @%y by defining

W0V (k) g )) = lim (p06)7™ ((yhe ), (qar) (4.59)

where writing j = Y -, a,p” uniquely with 0 < a,, < p — 1, then j, = > " a,p™.
(In particular, this limit exists.)

Moreover, for any jo € Z>o, we have

lim (p°0,)7° 07" (yhe P)y(asi)) = "0k (Wl f) (@il ). (4.60)

m—r0o0

Proof. By (4.52), we have

—7)t 1/pb
=0 R — ) dqqr

00 b\i 1/p® J—i
(0"86) (heef)’ (al?” >>—Zc,~<j>( vy (qdR d) (W) ))  (4.61)

for j € Z>(, where again the subscript y denotes the image in the stalk at y.
By (4.53), we have

' L o by ¢ 1/p d g )
POV ) = 3 e (1) eo(f;?/pb) (e GH)
i=0 Yy q4R (4 62)

1/p

for j € Z>o. Note that since the ¢, -expansion map (4.26) is injective and commutes

with derivations, it suffices to prove all statements on ngp -expansions.

First, note that for any polynomial

d
1 1 A 1 A 1
g = Y b (aitl”)" € OF,lal) = O3, il 11,
n=0,pin

we have

1/p° \ 7 d
ar @ 1/pby ' 1/p
<dq1/p> o) = 2, b <qdR)

dR n=0,ptn

which, by Fermat’s little theorem, is a continuous function in j € Z/(p — 1) X Z, —
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@§7y[qcll/Rp b] = @;7y[qcll/R}’ g 1], where (’A);y[qcll/Rp g 1] has the p-adic uniform convergence
topology. (Note that it is important that b, € @$y for all 0 < n < d for this last

assertion.) In particular, writing

1/p° N\ 7 d
G ) gy = 3 cnslallt 1
d 1/pb 9\44r n,5 \4dR )
dar n=0,ptn

by the above discussion we see that each coefficient ¢, ; is a continuous function in
JEZ/p—1)xZ,— OF,.

Moreover, note that for a more general polynomial

d
1 b 1 b\ 1 A 1 b A~ 1 b
h(qdéip )= Z bn (qcu/%p ) S O;;,y [‘]d/Rp | = O;,y[%é{p — 1],

n=0

we have

q(liénbd ’ 1/pb d 1/p2\ "
dql/pb h(QdRp )= Zon]bn (CJdRp) :

dR

Letting j = jo + (p — 1)p™ for any jy € Z, we thus clearly see that

l/pbd Jo+p™(p—1) d
. b\ T
lim <qdR ) = > 0P, (qcln/ap ) : (4.63)

1/pb
e dng) n=0,pin

We now need the following lemma.

Lemma 4.2.3. Let p" be as in (4.57) for (y’ng)Z(qééfb). FEach coefficient of

1/p® J 00

i d , 1/ 1/ b n

(dﬂ}/pb> (0" (i )y aatd (i) = D aomslaay — 1", (4.64)
q(jR n=0

where ag, ; € (;);y, is a continuous function in j € Z/(p — 1) X Z, — @§y

133



Moreover, for any jo € Z, we have

ql/pbd Jotp™ (p=1) 7 d s
ml<ﬂb> wﬂﬂ<w»—(;m) (ke Y). (4.65)

m o0 1
- dqdﬁp dar

Proof of Lemma 4.2.3. Note that since ag, ; can be expressed recursively in terms of
ao,n,j—1 and agpni1,5-1, then ag, ; can be expressed entirely in terms of the coefficients

01,0, G0,n+1,05 - - - Go.n+j,0- Hence for any N > 0, there exists a polynomial truncation

O WM @) = anlg —1)" € 05 ot — 1]

of (17 (yke f)) (g5") such that letting

1/p J
G 4 1 N) /1 n
(ddl:l{/p ) ( (yde) qdl/%p Za(() n),j qd]/{p 1) 5 (466)
d4r
we have
(N)

Ao,n,j = Qo

for all n4+j < N. By the previous paragraph, we know that each a((){\;)’ ; Is a continuous
function j € Z/(p — 1) X Z,, — @;y In particular, all the a((){??j’s patch together and
show that aq,, ; is continuous function in j € Z/(p — 1) X Z,, — @;y Moreover, by
the uniform convergence of the coefficients from the previous paragraph, we have that

1/pb

4.66) is a continuous function in j, giving O qqr — 1] the uniform convergence
Yy

topology.

Now write for any j € Zxg

awld : 1/p?
Jo7 (yde (¢ar) ZbOn,J qdRp - "

dqr

Then (4.65) follows by the same argument as above, expressing by, ; in terms of
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the coefficients b .0, 00n+1,0, - - - bo.n+j,0, then considering truncations b0 gy and using
(4.63).
O
Fix any jo € Z>o. By (4.61), we have
l/pb .7
q d 1 r
( d?/pb> (50" () (@)
dqar
L/p d I [ = ( b)‘ L/p d do—t (467)
dar : p) dar "ok 1/p?
= ¢i(Jo) — (P (virS)y (g )
-(85) (Seoma () womm
Note that for all large i > 0, we have
q(lﬂ/{) d (pb)z' L d <pb>i+1 L ,L'(pb)i-l—l
C(J) 1/p 3\ _CZ(])d Y - C’L(]) _ z\i+1
dqgr (zar Z)y Zdr (2dr Z)y (zar Z)y (4.68)

0 . H(ydR>pb s A
4o (M)

where the last inclusion follows since

ci() (——e(ydR)p b) €03, (4.69)

VA

for all large ¢ > 0; this follows from our assumption (4.58), the fact that i!|c;(j) for all
j € Zo, |i!| becomes arbitrarily close to p/P~! as i — oo, and (4.10). In particular,

one can see from Lemma 4.2.3, (4.67) and (4.68) that

1/p J

q d 10 AT

" (ddfli/p ) ()0 (Wl 1)) (it ) = @y, (4.70)
dar

is a continuous function in j € Z/(p — 1) x Z, — @Jty Now we can rewrite (4.62) as

[ee) b\ ?
o Ydr )P
0] 4o, (08107 (0 (i ) (i) Zcz < d;ﬂ)) (jo,0,5—i (4.71)
Yy

=
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where we see by the previous paragraph that each a;, o j_; is a continuous function in
JEL/(p—1) XZP%@y,y'

Now we show that the extension of j — (p"0y)’ (p’”(y’ng)Z(qégb)) toj €Z/(p—
1) X Z, is well-defined (i.e. the limit in (4.59) exists).

For this, given j = > 7 ja,p" € Z/(p — 1) X Z,, where 0 < o, < p — 1, let

Jm = yom_oanp™. Given any € > 0, choose N > 0 such that [p"| < € and such that

<e (4.72)

|a.]N T T a/jNan7y

for any z,y € Z/(p—1) X Z, with |zt —y| < p" and for all n € Zx,. For each individual
n, we can do this since Z/(p — 1) X Z, is compact and Z/(p —1) X Z, 3 &+ ajy. 0. €
@;,y as in (4.70) are analytic and hence continuous, and hence uniformly continuous.
The fact that such N exists for all n € Z>( simultaneously follows from the statement
that (4.66) is a continuous function in j giving @;y [[qél/f g 1] the uniform convergence
topology, which we proved above.

Note that for all m > N, we have for any |z| < [p"],

i) < [p™], lei(1 =k + ) < [p"] (4.73)
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if i > 0, by Definition (4.54). Then we have for all m, m’ > N, since

("0 (0 (W £ (0 )) = (000 (07 (ol ) (al?)))

= 160757 o (06 (0 (Yl ) () — B © (26007 (0" (Wi )’y (ait? )]

B = e _e(ydR) ' Qél/apbd e bs NN (T {0k p\bY (1P
= Zcz(Jm’ JN) —, 0o ((p”0k)"™ (0" (yarS)")(aar )

1/pb
Y dqdéip

oo i 1/pb )\ JmIn—i \
=3l =) (-7 0 (M) (P3P 0 W ) 02 )

1/pb
=0 Y dq(jé{p
lim =g |<Ipl™ (4.73) AN o U
< max | [p"], |6 o (ddlf/pb (("00)™ (0" (Yl )] (gt )
dar

ql/pbd Jm—iN ‘ 1/nb
0o < dhb) ((P0)™ (0" Yk )2 (i)
dqar

(4.72)
=" max (\pN\, ‘ajN,O,jm/ - ajN,O,J'm‘) <€

(4.74)

So we have shown that

{ (p°0k)' (pr(ngf)zb/(qfll{’fb)) }m€Z>0

is a Cauchy sequence in the p-adic topology. Now the statement that (4.59) exists
follows from the fact that @y’y is p-adically complete.
We now show that the function defined by (4.59) is continuous in j € Z/(p — 1) x

Ly — (’A)yyy. Consider the sequence of truncations

V4

O kN = S (-

each of which is a continuous function in j € Z/(p—1) X Z, — @;}y, since the ag j_;

as in (4.70) are continuous.
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We claim that the sequence (p ka)j(p’“(yﬁRf) (qclu/f NN for N € Zsq converges
uniformly to (p°0x )7 (p" (y4r f)}) (qdR )) as a function in j € Z/(p—1) x Z, — Oy, and
hence (p"6)’ (p" (yke 1)) (qcllé{p )) is a continuous function in j € Z/(p — 1) x Z, — Oy,
by the standard argument from analysis.

Let us now show the uniform convergence. Given j € Z/(p — 1) x Z,, suppose we

are given any € > 0. Choose ¢ € Zs( so that |p'| < e. Note that for all 7 > p
o) €7, (1.76)

forall j € Z/(p — 1) x Z, (since one sees from the definition of ¢;(j) that for every
residue class Z,/(p'), ¢i(j) is divisible by some representative of that residue class).

Then for all N > p', we have

(00 (0" (Wi 1) (@l ) — 00k (0 (e ), (asl )™
() q )pb 7
Z Cz ( y—R) Q0,0,5—1

0 b (4.69),(4.70),(4.76),
< max <0i<j) (—M) a0,0,ji) < Ip'| < e.
y

N<i<oo V4

This gives the desired uniform convergence.

Now (4.60) follows from (4.65) in Lemma 4.2.3 and the calculation (4.68).
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Chapter 5

The p-adic L-function and p-adic

Waldspurger formula

In this section, let K be an imaginary quadratic field. We construct a one-variable
p-adic L-function for Rankin-Selberg families (w, x™'), where f is an eigenform of
weight & for 'y (V) and x runs through central anticyclotomic characters of K. This
will be done by applying Theorem (4.2.2) in the case where y is a supersingular CM
point. We hence construct a p-adic L-function, which is a continuous function on a
space of p-adic Hecke characters (the closure of p-adic central critical characters for f
inside the space of functions Af(’(p =) Oc,, where A[X(’(p *) is the group of ideles prime
to poo, with the uniform convergence topology). We use Theorem 3.12.7 to show that
our p-adic L-function satisfies an “approximate interpolation property”, namely that
special values of our p-adic L-function are limits of algebraic normalizations of central
L-values L(w,x™*,0) as y varies through a sequence of central critical characters in
the interpolation range.

We conclude by showing that in the case k = 2, a special value of our p-adic L-
function is equal to the evaluation at a certain Heegner point of the formal logarithm

of a certain differential in the same Hecke isotypic component away from p as that
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of f. We show that if this special value is nonzero, then the Heegner point descends
to a point of infinite order in Af(K) for a GLo-type abelian variety A attached to
f. In particular, combined with the approximate interpolation property described
in the previous paragraph, this gives a new criterion to produce a point of infinite
order in A;(K), namely showing that a sequence of central critical L-values has a
non-zero limit. We make a few remarks on how this criterion can be combined with
a method (and some results) of Rubin in the case when f is congruent modulo p
with an Eisenstein series in order give new congruence criteria for producing points

of infinite order in A;(K).

5.1 Periods of supersingular CM points

Now fix an imaginary quadratic field K = Q(v/—d), where d is squarefree, and with
fundamental discriminant dg. Let O C Ok be a fixed suborder. Let H denote the
ring class field over K associated with O.

Suppose that A/H is an elliptic curve with CM by O. For any field extension

F/H, there is a canonical algebraic splitting
Hyp(A/F) = HY(A/F) @ H*(A/F) = Q) )p & (Qyp)" (5.1)
of the Hodge-de Rham sequence

0= H"(A/F) = Qp — Hig(A/F) = H*(A/F) = Q)" = 0

given by the action of O: for v € O = End(A/F), v* acts on Hiz(A/F) as multipli-

cation by v on H'"Y(A/F) and as multiplication by 7 on H*'(A/F). In fact, for any

140



integral model A/OF the O-action also induces an algebraic splitting
Hag(A/F) = HY(A/Op) & H*'(A/OF) = Qy /0, © (Ua/0,)" (5:2)
of the Hodge filtration:
0— HY(A/Or) = Q0, — Hig(A/Or) = H*' (A/OF) = (24,0,)" = 0. (5.3)

By virtue of it splitting the Hodge filtration, this splitting is also compatible with
Poincaré duality, that is, under the specialization of the Poincaré pairing (i.e. the de
Rham cup product)

Hp(A/Op) x Hp(A/Op) — Or

we have that H0(A/Or) = Q) ,, and H*'(A/OF) are dual.

Moreover, recall the integral Hodge-Tate complex as recalled in Theorem 2.6.1

0 = Lie(4/0¢,)1) T T Ag, 0c, T H(A/OF) 0, Oc, )
= Qh/o@p — O

Consider (A, @) € Y(C,, Oc,) for any p>-level structure a : Z$* = T,A. Special-

izing Proposition 3.7.5 to to (A, ), we have an injective map

tar (A,

) 0
Q}4/F C Q,l4/F XRp OA,))(A7 Oé) C TpA ®Zp OAJ)(A, (l/) —» TpA ®Zp Cp (55)

whose composition with the natural map 7,4 ®z, C, RKEN QY /c, is the natural
inclusion QY , C sc,- The next proposition gives more information on (5.5) in the

case where A has complex multiplication.

Proposition 5.1.1. For an elliptic curve A with CM by some O C Ok, the map
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(5.5) factors through an injective map
9}4/01? — TpA ®Zp O(Cp.

As a result, the map

HTy : T,A ®z, Oc, = Q0.

from (5.4) is surjective. Furthermore, if |z(A, «)| > 1, then
5(14, O{) c Qh/o@p

18 a generator.

Proof. Recall our map
0:O0ay(A ) 5 Oy(A,a) = C,.

Let
OAJ;(A, Oé)+ = 971(0(@17).

Then the first part of the statement follows if we can show that
LdR(A, Oé) (Qil/(?p) C TpA Xz, OAQ;(A, Oé>+.

From (5.2), we have a subspace H"'(A/Op) C Hjz(A/Or) with orthogonal com-
plement 0} , under the de Rham cup product on Hg(A/OF). For brevity, for the
rest of the proof of the Proposition, denote the specialization of t(A, @) of t € BI;())
simply by ¢t = t(A, ). Recall that by Proposition 3.6.1, we have that the de Rham cup

product composed with tqr (4, @) coincides with ¢~! times the Weil pairing (-,-) - ¢~
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Hence

Ho’l(A/OF)(l) Pop OA,)/(Av Oé),

being the ¢ times the Poincaré dual of Q} 10y OO Oay(A, a), viewed naturally via

tar(A, o) as a subspace of T,A @z, Opy(A, @), is identified with the dual of

LdR(Aa O‘)(Q}LX/OF Qop OA,)’(Aa CY))

under the twisted Weil pairing (-,-) - t~!. By the p-adic Legendre relation (3.19) and

Proposition 2.6.2, this dual subspace is the Hodge-Tate filtration

(HT4)Y (1)

HO’I(A) ®()Y OAJ;(A, a) — TpA ®Zp OAQ)(A, Oé).

In summary, we have a natural identification

HTA)V(

HOY(AJOR)(1)®0, Oay(A, a) = KO Ao, Osy(A a) Y T A, 0ay(A,a)

(5.6)
which identifies this subspace with the dual of (qr (A4, @) (Q}L‘/OF ®0rO0a (A, a)) under
the twisted Weil pairing (-, -) - t~". Tensoring with ®o, ,(4a) (Oay(A, a)/(kerd)) =

@0 y(4,0)Cp, We get the natural inclusion

HO A/Op)(1) = H*Y(AJOR)(1) @0, C, = Lie(A/C)(1) &Y T 4w, C,.

(5.7)

On the other hand, we have from the second arrow in (5.4) that

(HTa)Y

Lie(4/0¢,)(1) "V 1 A g, o0
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and so (5.7) factors as

HY(AJOR)(1) € Lie(4/0c ) (1) "V 1A g, o
Hence, in turn we see that (5.6) factors through
HOY A0 (1) Y T A, Oay(A, )t (5.8)
By the above discussion, the Weil pairing gives a duality

<'a > : t_l : (TPA ®Zp OAQ)(Av Oé>+)<—1) X (TPA ®Zp OA,J’(A7 Oé)+) — OA,)’(‘A’ Oé>+

compatible under tqr(A, &) with Poincaré duality. Hence we see from (5.8) that the

Poincaré dual Q} 10p of the subspace
(HT4)¥(1)

HYY(A/Op) S T,A®z, Oay(A, a)*

is mapped into

TpA ®Zp OAQ;(A, O./)+

by tar (A4, @); in other words,
LdR(A, a)(Qh/OF) C TpA ®Zp OA}y(A, a)+

which is what we wanted to show.

For the second part of the Proposition, recall that

HT4 o0 (5.5) = id,
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and so from the first part of the Proposition, we have that
o, = TA 8z, Oc, = Oy o,

is the natural inclusion. Extending by ®¢,Oc,-linearity, we see that
o, = TA®z, Oc, =25 Qo

is the identity. In particular, the second arrow is surjective.
For the final claim, suppose that |z(A, «)| > 1. Recall that s(A,a) = HT4(ag) €

Qi‘/ocp, and that
HTa(a1) = HTa(2)/z(A, ) = 1/z(A, ) - s(A,a) € 9}4/0@1,-
Since 1/z(A, ) € Oc,, we see that s(A, o) generates the image of
HTy: T,A®z, Oc, = 0, .

But by the previous part of the Proposition, HT, is surjective, and so s(A,a) €
Q Jo., 18 a generator.
P

O

Corollary 5.1.2. Let y = (A,a) € Y(C,,Oc,) be a CM point (i.e. A is an elliptic
curve with CM by some order O C Ok ). In the notation of Definition 3.12.1 and
(4.36) fory, we have

PO (A, )] = 1.

Proof. Let wy € Qi‘/% be an integral generator as in Definition 3.12.1. From (4.23),
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we have

®2
wO . ®R2 5(A7 Oé)
Ay e

1
o b
— .—be

dqar o
yar(A,a2 P ( )(A,a)®dq (4, ).

dgP*
(5.9)

By (4.14), we have that dg*’ (A, a) € 9,14/0(5 is an integral generator, and by (4.36),

1, (dgar B
0 (dqpa) (4, a)] _,

we have that

and so

1. * o %4dr .
wy = pbe (dqf”“) (A ) -dg” (A, ) € QA/OC,,

is also an integral generator. Hence from (5.9), we have
wo = PPO(,(A, ))? - wy.
Since wy and wy, are integral generators, we have that
P"0( (A, 0))| =1

as desired. 0

Using Proposition 5.1.1, we now analyze the Hodge-Tate, de Rham and €2, periods

of points in C(O). We first deal with the case where p is ramified in K.

Proposition 5.1.3. Suppose p is ramified in K. Then suppose A is an elliptic curve
with CM by O C Ok, say O = Z + cOg with ¢ € Z~y. Then there is a p™-level

structure o : Z2* = T,A such that z(A, o), zar (A, o) € K, and
Z<A7 Oé) = _1/<C \ _d)7 ZdR(A7 Oé) = 1/<C \ _d)a ‘9<ydR)(A7 Oé) = _1/2

Furthermore, if p > 2, we have that b = 0 as defined in (4.56) for y = (A,a) €
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Y(C,,Oc,), and
10(%(A, )| =1

for Q,(A, ) as defined in Definition 3.12.1.

Proof. Consider the element ¢v/—d € O, and let [cv/—d] € End(A/H) denote the

corresponding endomorphism. Note that the composition

AL g v,

is simply multiplication by —c?d. Hence the composition of the induced maps on Tate
modules

Y ANy G N

is also multiplication by —c*d. We can thus choose a level structure o : Z%? = T, A

such that (eq,e) is a rational canonical basis for [cy/—d] and the induced linear map

« [C\/Td} ot
Ly = TyA —— T,A ~—— L,"

is the matrix

w=d=| " ' eam)
—c2d 0

For this choice of «, we have by (2.15) and (3.37)

[V —=d)*z(A,a) = —1/(c*d - z(A, @), [V =d)*zqr(A, @) = —1/(d - zqr(A, @)).
(5.10)

On the other hand, by the discussion at the beginning of the section, we have

[ev/—d*z(A, o) = z(A, o), [eV/=d]*zqr (A, @) = zqr(A, a). (5.11)
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Hence from (5.10) and (5.11), we have

z(A, a) = +1/(cv/—d), —Xar (4, @) /yar(A, @) = zar (4, ) = +1/(cvV/—d).
(5.12)

Now from the p-adic Legendre relation (3.19) and (3.6), we have

+tyar(4, @) + yar(A4, @) = £x4r (A4, @) - cvV—d + yar (A4, a) (513)

=x4r(4, a)/z(A4, o) + yar(4, o) = t(A, o)

and where the precise sign in & in (5.13) is the same sign for which
z(A, o) = £zqr(A, )
holds. Since t(A, @) # 0 (since t(A, a) generates Fil' BI;), we thus have
z(A, ) = —z4g (A, o) = £1/(cV/—d)

and

xqr (A, @) /t(A, o) = £1/(2ev/—d), var(A4, a)/t(A, o) = £1/2.

Now the first part of the statement follows upon noting that 6(yqr/t) = 6(yar)-
Now suppose that p > 2. Since by the first part of the Proposition we have
|z(A, @)| = [1/(ev/=d)| > 1, then by Propositon (5.1.1) we have that 5(A4, ) € Qa/0,,

is a generator. Hence by (4.25), we have

tuan(a,0)? - [p (52 ) (4,00 =1
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Since we have shown |6(yar(A, )| = |1/2| = 1, then this implies that

() ae]

and so b = 0 as in Definition (4.36). Now that |0(£2,(A,«))] = 1 follows from

Definition 3.12.1, since wean(4, @) = 5(A4, @) /yar(4, a)?, lyar(4, )| = |1/2| = 1.
U

To deal with the p inert in K case, we need to recall another result on canonical
subgroups. For an abelian variety A over Oc,, let Ha(A) denote the Hasse invariant,

truncated so that |Ha(A)| € [1/p, 1].

Proposition 5.1.4 (Theorem 4.2.5 of [11], see also p. 2 of [10]). Suppose A is
an elliptic curve. Then A admits a canonical subgroup (of order p™) if and only if

[Ha(A)| > p /Pt

Proposition 5.1.5. Suppose p is inert in K. Then suppose A is an elliptic curve with
CM by Og. Then for any p*>-level structure o : Zi‘fz = T,A, we have z(A, o), zqr (A, a) €

K

p, and

’Z(A,Oé)| =1, |ZdR(A7a)| =1, |0(ydR(A=a))| = |9(ydR(A7a>>| =L

In fact z2(A, o), zar(A, @) € O]X(p. Furthermore we have b =0 as defined in (4.36) for
Y= (A? O‘) € y<(cp> O(Cp)7 and

6(2(A, )] =1

for Q,(A, ) as defined in Definition 3.12.1. Moreover, for any two choices (A, a), (A, &)
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of points of Y(C,, Oc,) above (A) € Y (F,Or), we have that
0(2,)(A, a)/0(2,)(A, o) € O,

Proof. Since pisinert in K, by Deuring’s theorem A is supersingular and so |[Ha(A)| <
1. Since Ha(A) € K, its p-adic valuation is an integral power of p, and so |Ha(A)| =
1/p. Now by Proposition 5.1.4, we have that A does not have a canonical subgroup.
Hence, by Lemma 4.1.9, |2(A4, a)| < pP/®*=1) for any p>-level structure o on A.

By the discussion at the beginning of this section, the Hodge-Tate sequence splits

over K. Hence, for any a, we have
a1+ 1/2(A, a)ay = 571 (A,0) € QY o, C TyA®z, Ok, “— OF.
Hence z(A, o) € K,,. In fact, by [17, Theorem 1.2 (2)], we have
K, = Qy(a(A, ). (5.14)

In particular |z(A, «)| is an integral power of p, and so the previous paragraph implies

that |z(A,«)] < 1. Since this holds for all (A, «), repeating the argument with
0 1

(A, «) - and using the fact that
10

1
z| (A «)- =1/z(A, ),

we also obtain |z(A, )| < 1, so in all we have |z(A4, a)| = 1.
Recall that for any field extension F'//H, complex conjugation switches the H'9(A/F')

and H*'(A/F) pieces of Hiz(A/F). Let a¢: Z&* = T,A denote the p-level struc-

ture obtained from applying ¢ to a (note that a¢ is well-defined since all the p-power
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torsion points of A/F are defined over Q), and let

Y= c GL2 (Zp>

such that «-v = a°. By the above discussion ¢ switches the lines given by the Hodge

and Hodge-Tate filtrations, and hence we have

R e (5.15)
which implies
zar(A, a) € K,. (5.16)
From (5.15), we have
an(4,0)] = 2 (5.17)

From (5.14), since |z(A, )] = 1 we see that z(A, ) (mod p) generates the residue

field F)2 of O, over F,, and hence the same is true for z(A, a)°. Hence,
dz(A, )¢+ b,cz(A,a)°+a#0 (mod p)

and thus (5.17) implies that |zar(A, )| = 1. Hence in all, z(4, ), zar (4, @) € OF .
Note that since |z(A, )| = 1, then (A, «) € V.. By the p-adic Legendre relation

(3.19), we have
z(A, a)
A, O{) — ZdR(A, Oé) '

yar(4, o) = 0 (5.18)

Since on the special fiber A R0, Ok, /pOk,, the £1 eigenspaces of the CM action
O = End(A/H) are linearly independent (i.e. the lines on which O acts through

multiplication and the complex conjugation of multiplication, respectively, are linearly
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independent), then we must have
z(A, ) # zqr(A,a) (mod pOk,)
and so
z(A, o) — zar(A, o) € O .

Hence, by (5.18), we have

yar(4,a) € OF . (5.19)

Now since z4r(A, @) € O , then

—xar (4, @) /yar(A, @) = z4r(A, @) € O .

Hence, by (5.19), we have;

xar(4, @) € OF . (5.20)

For the second part of the Proposition, note that since |z(A, )| = 1 from the first
part of the Proposition, then by Proposition 5.1.1, s(A, «) € QA/O(CP is a generator.
Hence by (4.25), we have that

(A, 00?1 o (52 ) (4.0 =1

Since we have shown |0(yar(A, )| = 1, then this implies

(5]

and so b = 0 as in Definition (4.36). Now that [#(£2,(A4,«))| = 1 follows from

Definition 3.12.1 since wean (A, @) = (A, @) /yar(4, @)%, [yar(A, )| = 1 and 5(A, a) €

1 .
0y JOg, 18 2 generator.
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Finally, we show that given any two choices «, o’ of p™-level structure, we have

0(2)(A, @) /0(S2)(A, ) € OF . (5.21)
We can write
a b
(Av a,) =
c d
for some
a b
€ GLy(Zy).
c d

Recall from 3.7.2 that
wean((4, @) = (be — ad)(czar((A, @) + a) ™" - wean((4, @),
whereas for wy € ) ;> as in Definition 3.12.1,
wo = wo((A4,a)) = wo((A,a)).
So now from Definition 3.12.1, we see that
Q,((4,0')) = (be — ad) ™ (czar((A, @) + a) - Q,((4, @)
which implies
0p(0) (A, o)) = (be — ad) ™ (cb(zar) (4, @) + a) - 0() (A, ).

From (5.16) we see that zqr((A, ) € K, and so 0(zqr)((4,«)) € K, (since K, C
Bi: i C, is the natural inclusion). Hence 6(€,)((A,@))/0(2,)((4,a/)) € K,. Now
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from Corollary 5.1.2 and (5.21) we have

10(€2)((A, @) = [0(2,)((A, a))].

This, combined with 0(¢2,)(y)/0(2,)(y') € K, implies 6($2,)(y)/0(2)(v') € Ok, .

Now we are done.

5.2 The supersingular CM torus

In this section, we study the geometry of the supersingular CM torus at infinite level,
as well as properties of its periods in order to show that Corollary (4.2.2) applies to
y in this locus.

Consider orders Oy = Z + fOg C Og C K, where K = Q(v/—d) with d > 0
squarefree is an imaginary quadratic field in which p is inert or ramified, let dx denote
the fundamental discriminant of K/Q, and let p C Ok denote the prime ideal above
p. Suppose that conductor c of O, is prime to p. Let K, denote the p-adic completion
of K (under the embedding i, : Q = Q, from (2.1)). Let C{(O,) denote the class
group of K.

For the rest of this section, assume the Heegner hypothesis for N, namely
for each prime £|N, we have ¢ is split or ramified in K, and if /*| N then ¢ is split in K.

Let

0 pinertin K
€= (5.22)
1 p ramified in K.

Then Np* also satisfies the Heegner hypothesis. (Recall that we assumed p{ N.)

154



Let 7 := [Irco0 Ze. Let K, (Np®) C M,(Z) be the order

a b . .
K,(Np°) = € My(Z):b=0 (mod p"Z),
c d
¢c=0 (mod p"**NZ),d=1 (mod p"Z)} :
Let a, B € Z such that a® — 4Np°3 = c2dk. Fix an embedding

i Ag < My(Ag) (5.23)

given at a place v of K for x, + va € K,, where x,,y, € Q, and ¢ is the

prime below v, by

Adig+a
z, 0 24 + o/dr cdg+ta -1
xv '_> , va '_> yv . 2

0 =z, 2 Np*p i —a
so that K N Ko(Np®) = 0. =0, @y Z, and more generally
KN K (Np) =0, x (14 p"p°Ok,).
Note that (5.23) also gives rise to an embedding of algebraic groups over Q,
Resk/oGm — GLy/Q.

Let Y, ;== Y(I''(N) N To(p°) NT'(p")), and let us briefly once more consider Y,, as an
algebraic scheme (and not its associated adic space). In particular, Yy = Y (Io(pf)).
Let

K, (Np)* := (K,(Np°) N GLy(Ag)) C GLa(Ag)
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denote the open compact subgroup corresponding to I'1 (V) N I['(p™). Recall the uni-
formization

Ya(C) = GLy(Q\H" x GLy(Aqs)/Kn(Np©)”

with Hecke action G'Ly(Ag f) given by right multiplication. Let C,(O,) denote the
scheme consisting of points with CM by an order O. C O and p"p°-level structure,

so that as a complex space we have
Cu(0)(C) = KX\AY 1/ (O x (14 p"°0x,)) .

Then C,,(O,) is a scheme defined over Q, where the right action A ; C GL2(Aqgy)
is given by the Hecke action. For simplicity, denote Cy(O.) = C(O,).

Then the embedding (5.23) induces an embedding
OKP — M2 (ZP)

and hence

Ok, = GLy(Zy)

so that we may view C,(O.) C Y,, as a subscheme. Recall that the main theorem
of complex multiplication says that every point of C,(O.)(K) is defined over the
maximal abelian extension K* of K, and that the Galois action Gal(K?®"/K) is given
by the action of A} < GLs(Ag) under the reciprocity law. Now viewing C,,(O.) and

Y,, once more as adic spaces over Spa(Q,, Z,), define an object C(O,.) € C(O,)proct by

so that the Galois group of any geometric fiber of C(O,) — C(O.) is (’)Iﬁp if p is inert

in K, and is 1 + pOk, if p is ramified in K, viewed naturally inside the Galois group
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Gal(Y/Y) = GLs(Z,) via the embedding (5.23) above. By construction, we see that

C(O,) C Y is a closed adic subspace.

Proposition 5.2.1. The Hodge-Tate, Hodge-de Rham, and 0(yqr) periods of all
points y € C(O,)(K,, Og,) all have the same p-adic valuation.

In other words, given any y,y' € C(O.)(K,, Og,) as above, we have

z(y)/2(y), zar (y) /2ar (¥'), 0 (yar ) () /0 (yar) (¥) € O,

and so in particular

2(y)| = 12(y)], [2ar ()] = |2ar (¥')], 10(var) ()] = 10(yar) (¥)]

In fact, we have z(y),z4r(y) € K, for ally € C(O.)(K,, O?p), as well as

1 p wert in K 1 p wnert in K
|2(y)| = | Zar (y)| = :
|1/(c/—=d)| p ramified in K 11/(c/—=d)| p ramified in K
1 p wnert in K

16(yar) (y)] = :
[1/2| p ramified in K

(5.24)

Moreover, we have that the numbers a,b € Q defined as in (4.14) and (4.36), as
well as the p-adic absolute value |0(€,)(y)|, are the same for anyy € C(O.)(K,, Ox,)-
In fact, for any y,y' € C(O.)(K,, O,) we have

0(2)(y)/0(2)(y) € Ok,

If p > 2 or p is inert, we further have b = 0 and |0(,)(y)| = 1 for any y €
C(O)(K, O, ).
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Proof. Note that the GLy(Q),)-action on ) than the action of the local Hecke algebra
GLy(Q,) C GLy(Ag). As discussed in the beginning of this section, using the embed-
ding i : A§ < GLy(Ag) from (5.23), the Aj-action on C(O.) acts through the Hecke
action, and by the main theorem of complex multiplication this coincides with the
Artin reciprocity map. This action of A% hence factors through the ray class group

(over K of conductor p™)

E\Ag/( T] ox, -©9), (5.25)
v<o0,vlp
which acts simply transitively on C(O,), and Of = acts simply transitively on any
geometric fiber of C(O.) — C(O.) (and can be identified as the Galois group of any
geometric fiber in C(O,) — C(O,)).
Now we can view (5.25) as

CUO)O;.

and through the Hecke (i.e. GL3(Q,))-action this acts simply transitively on the
sublocus C(O.)(K,, Og,). Now the representatives of C{(O,) can be chosen to be
units at p, and so these representatives act trivially through the G Ly(Q,)-action and
hence do not affect Hodge-Tate periods. So now to prove the Lemma, it suffices to

show that for any single y € C(O,)(K,, Og,) and any g € O c GLsy(Z,), that

z(y - 7)| = |2(y)|, |2ar (v - V)| = |2ar V)], 10(War (v - 7)| = 10(yar) (y)]-

For this, when p is inert in K fix any point y = (4,a) € C(K,, ng). When p
is ramified, let y = (A, ) be as in Proposition 5.1.3; the projection of y along ) —
Y (T1(N) NTo(N)) gives rise to a point (A, ¢, Alp]) (i.e. a point in C(O.)(K,, Ox,))
because a was chosen to be a rational canonical basis for the endomorphism c¢v/—d €

O, = End(A/F) = End(A/F), the kernel of which is A[p]. Then by Propositons 5.1.3
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and 5.1.5, we have

1 p inert in K 1 p inert in K
|2(y)| =  Zar(y)| = ,
|1/(cv/—d)| p ramified in K |1/(cv/—d)| p ramified in K

1 p inert in K
10(yar(y))| = :
|1/2| p ramified in K

(5.26)

If p is inert in K, then y - v for any v € (’)Ix(p also falls under the purview of
Proposition 5.1.5, and so we have that y - 7 satisfies the same equations (5.26) as y
and the ratios of all the relevant periods associated with y and y - v are in le(p and
so we are done with the first part of the Proposition in this case.

If p is ramified in K, then since v € (Og NTo(p)) = 1+ pOk, C GLx(Zy) is
induced by (5.23), we have

’y:
c d

for some a, b, ¢,d € Z, necessarily with a € Z; (in order for 7 to have determinant in

Z)) and c € pZ,. Hence by (2.15), (3.37) and (3.10) we have

dz(y) +b
cz(y) +a

dzdR(y) + b
ctan(y) + 521)

0(yar)(y - 7) = (cf(zar) (y) + a)(b0(2) " (y) + d)(be — ad) " 0(yar) (y)-

z(y-v) = : zar(y - ) =

Moreover, since a € Z, and ¢ € pZ, we have

|dz(y) + bl = |z(y)], |cz(y) +al =1, |dzar(y) + b = [2ar(¥)], [czar(y) +al =1

|cf(zar(y) +al =1, [¥0(z)"'(y) +d| =1, |(bc—ad)| = 1.
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) . dz(y) +0 — |z z ) _ dzdR(y) +0b _
’Z(y 7)‘ - CZ(y) +a | (y>’7 | dR(y 7)‘ 7 R(:y) +a dR(y)‘a
10(yar) (y - )| = [(cO(zar) (y) + a)(b0(2) " (y) + d)(be — ad) "' 0(yar) ()| = |0(yar (v))].

(5.28)

Recall from Proposition 5.1.3 that we have z(y), zar (), 0(yar)(y) € K. From (5.27)
we see that z(y - v), zar (¥ - ), 0(var)(y - 7) € K, and furthermore from (5.28) we see

that

z(y)/2(y - ), 2ar(y) /Zar (Y - 7), O(yar)(y)/0(yar) (y - 7) € Ok,

and so we have proven the first part of the Proposition in the ramified case.
Now we prove the second part of the Proposition. Letting ' = (A, «) as be-

fore, we have by the above that |zur(y')| = [2(y)], [2ar(y/)] = |2ar(¥)], 0(yar)(¥')| =
10(yar) (y)| for all y' € C(O.)(KEP, O'}‘}”p). Now applying the same arguments as in the
proofs of the last parts of Propositions 5.1.3 and 5.1.5, we have proven the statement
on a,b.

Now we address the periods 6(2,)(y). Letting y' = y - as above, from Definition

3.7.2, we see that

Wean(y') = (be — ad)(czar(y) + a)_l * Wean (),

whereas for wy € Q}A/F as in Definition 3.12.1,

So now from Definition 3.12.1, we see that

Q,(y') = (be — ad) ™ (czar(y) + a) - L (y)
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which implies

0p() (1) = (be — ad) ™ (cB(zar) (y) + @) - 0(2)(y).

Again, from (the proofs of) Propositions 5.1.3 and 5.1.5 we see that zqr(y) € K,
0

and so 0(zqr)(y) € K, (since K, C Biz — C, is the natural inclusion). Hence

0(€2,)(v)/0(2,)(y') € K,. Now from Corollary 5.1.2 and the previous paragraph we

have

This, combined with 6(¢,)(y)/0(€2,)(y') € K, implies 6($2,)(y)/0(2)(v') € Ok, .

Now we are done. O

5.3 Weights

In this section, we slightly refine our study of the notion of weights for the operator
(p°0x)7 f (for b as in (4.36)), and apply it restrictions of sections to the closed adic
subspaces V C )Y, of the open affinoid subdomain ), of ). Recall our fixed embedding
K — M>(Q) from (5.23), which induces an embedding O, < Ms(Z,) and O —
GLy(Z,) in the case when p > 2 or p is not inert in K. In particular, one sees by the

proof of Proposition 5.2.1 that for such embeddings, we have
|czar(y) +al =1 (5.29)

for any

a b
e ' Cc GLy(Z,)

c d

with I' = 1 + pOg, when p is ramified in K, and I = (’)Ix(p when p is inert in K.
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Given a closed immersion of adic spaces
1:V = V.,

let Oy, denote the proétale structure sheaf on the adic space V, with p-adic completion
@v- Henceforth, denote

Oy, v =i 'Oy

the restriction of Oy, to V.
Note that since Y C Y is an open affinoid subdomain, then V' C ) is a closed

adic subspace, and so J};’rd =), NYod C Y, is a closed adic subspace of ).

Definition 5.3.1. Let I' C GL(Ok,) = O, C GLy(Z,), where V C Y, is an
affinoid open or closed adic subspace, be a subgroup such that V-I' =T". A section
FeOy|yif V C Y, is closed and Oy, (V) if V is open is said to have weight k for T

on V if

F = (ad — bc) ¥ (cO(zqr) |y + a)"F

a b
for all eT.

c d
Remark 5.3.2. Note that if ' € Oa y(Y,) is of weight k in the sense of Definition
3.11.4 for any subgroup I' C GLy(Z,), so that Y* - T' = Y=, then 0(F) € O(Y*) is
of weight k on )* for I' in the sense of Definition 5.3.1. Moreover, if V- I' =V then

0(F)|y has weight k for I on V.

Proposition 5.3.3. Suppose F' € Oay(Y,) has weight k for I' C GLy(Z,) in the
sense of Definition 3.11.4, and suppose V -I' = V. Then for any j € Z>o, GiF\V has
weight k + 275 for I' on V.

Proof. This follows immediately from Remark 5.3.2 and by Proposition 3.12.6.
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O

Proposition 5.3.4. Suppose that F' has weight k on Y, for a subgroup I' C GLy(Z,)
as defined in Definition 3.11.4, and let V C Y be an open affinoid subdomain or closed

adic subspace V - I' =V. Then the limit

Tim P

exists for jo € Z, then it has weight k + 2jo for I on V.

Proof. Note first that |cf(zqr) + a| = 1 by (5.29), and so

lim (CQ(ZdR) + a)jo+2(jo+(p—1)pm) _ (c@(zdR) + a)k-‘,—QjO.

m—r0o0

For any € I', we compute, using Proposition 5.3.3, that

a b . -
11_1;11 9204'(17_1)17 F|V
c d m—oo
a/ b . T
:n]l'l_]:)réo 6)%04'(17_1)]7 F|V
c d

= lim (ad — bc)k”(ﬁ)*(p*l)pm)(cé(zdR) + a)jo+2(jo+(p71)pm)giﬁ(?*l)pmF‘v

m—0o0

= lim (ad — bc)’“+2(j0+(1’*1)1’m) lim (cf(zqr) + a)jow(jﬁ(p*l)pm) lim 0i0+(p71)me’V
m—00 m—00 m—0o0

= (ad — be)* " (cB(zqr) + @)% lim ¢TI Ry,

m—00
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5.4 Construction of the p-adic L-function

In this section, we construct our 1-variable anticyclotomic p-adic L-function attached
to a given normalized eigenform (i.e. newform or normalized Eisenstein series). Again
let w € w3*(Y) correspond to a normalized new eigenform of level I';(N) and weight
k (where k > 0 is an integer) and of nebentype €, as in the statement of Theorem

3.12.7. Note then that letting V. denote the conductor of €, we have N|N.

5.4.1 Preliminaries for the construction

Retaining the notation of the previous section, let K/Q denote an imaginary quadratic
field with K = Q(v/—d) and d > 0 squarefree. Henceforth let dx denote the fun-
damental discriminant of K. We will make the following Heegner hypothesis for N,

namely
for each prime ¢|N, we have /£ is split or ramified in K, and if ¢*| N then ¢ is split in K.

We make the Heegner hypothesis primarily for convenience in this document, and plan
to remove or weaken this assumption in forthcoming work. The Heegner hypothesis

guarantees the existence of an integral ideal 91 C Ok such that
Ox/M=7Z/N.

We henceforth fix a choice of such an 9. Since NN, this determines an ideal 9|
such that

O /M. = Z/N..

Recall the fixed embedding 7, : Q— @p (from (2.1), which determines a p-adic

completion K, — @p of K. Let ¢ denote the order of the residue field of Ok, .
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Definition 5.4.1. Henceforth, given a complex-valued Hecke character x : K*\Aj —
C* (which we henceforth assume arises from an algebraic Hecke character of “type
Ap” in Weil’s sense), we let y denote its p-adic avatar. We let f(x) denote the con-
ductor of x.

We call a Hecke character x over K central critical with respect to w if it is of
infinity type (k + j,—j) for j € Z and if it satisfies the following compatibility of

central characters:

X|A6 =c .

Let Ng : A — C* denote the norm character normalized to have infinity type

(1,1).

Let 7, denote the unitary automorphic representation of GLs(Ag) generated by
w, and w1 the unitary automorphic representation of GLy(Ag) generated by 6, -1.
Central criticality forces the automorphic representation m, x m,-1 to be self-dual,
and the center of L(m, X m,-1, s) the functional equation to be s = 1/2. The Heegner

hypothesis implies that the local root number

eo(my X m-1,1/2) = e((m)x @ x5 1/2) = [ [ eol(mu)x @ x71,1/2) = +1
ol
for all rational primes ¢ and primes v of K, where here (m,)x denotes the base-
change of m, to K. Hence we satisfy the Saito-Tunnell local conditions so that the
period integrals, whose squares we eventually relate to L-values via a calculation of
Waldspurger, which we interpolate are not a priori 0. More precisely, we can view
these period integrals as functionals on the (unitary) automorphic representation

(mw)x X X! over A attached to the pair (w,x™!), or in other words as elements of
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the restricted tensor product

&) Homg (mu)x © x, ©).

By the well-known theorem of Saito and Tunnell (see, for example, [33, Chapter 1,
Theorem 1.3]), this space is of dimension less than or equal to 1, and is of dimension
1 if and only if the local root numbers €,(w, x~*,1/2) = +1 for all finite places v of

K, and ex(w, x7%,1/2) = —1. In particular, the global root number satisfies

e(w, x,1/2) = —1.
Example 5.4.2. As an example a family of central critical characters {x;} with
e = 1, we can take the character defined on ideals by

wt

a
X—k/2+tht(a) = NK(a)k/2 <5>

where a € K* is a generator of a"s where hx = #Cl(O) and w = #0% /2. (One
can check that the value x;(a) does not depend on the choice of a.) Then letting
Jj = —k/2+ hxwt, x; gives rise to a Hecke character which is unramified at all finite

places, and which has infinity type (k + j, —j).

Let

O.:=7Z+ cOk C Ok, @CX - H(Oc ®oy Ok,)", @IX< - HOXU’

vfoo vfoo

N.=NNO.,  Ne=NNO..

Henceforth, as in [1, Section 4] and [3, Section 8.2], we say a Hecke character
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¢ KX\Ag — C* has finite type (¢, M, €) if we have c|f(x)|cIN. and

X‘@ x :we

c

where here, 1), is the composition

~

0% = (0o (Nee0.))* = (Ox /M) = (Z/N.Z)* 5 C*.

C

One can check that each member of the family of examples in Example 5.4.2 has

finite type (¢,91,1) (in fact each member has finite type (1,1,1)).

5.4.2 Construction of the continuous p-adic L-function

Let ¥ denote the set of central critical characters y of infinity type (k+ 7, —j), where
Jj € Z, and of finite type (c,M, ¢€), and which satisfy the following conditions on the

local signs of the functional equation:
eo(w,x™1) = +1 for all finite primes /.
Under our assumptions, this holds automatically except for ¢ in the set
Sw:={l:l|(N,dk),l 1 N.}.

Let 3, C X denote the subset of such x with j > 0 and X_ = ¥\ ¥,. Then
given y € X, x¢ is central critical with respect to w. Using Waldspurger’s calculation
involving the Rankin-Selberg formula, we will interpolate (square roots of) central
values L(m, X T(y4)-1,1/2) when x € £. Let ¥ C Homs(I'™, Oc,) denote the set of
p-adic avatars of elements of ¥, and similarly with ¥, and ¥_. We consider ¥ as a

subspace of the space E(A;(’(p Oo), Oc,) of functions A;(’(p ) Oc, equipped with the
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uniform convergence topology. We let 3 denote the closure of 3 in E(A;(’(p OO), Oc,).

One can in fact show, using Example 5.4.2, that ¥, C Y and ¥_ C ¥ are dense.
Henceforth, let h, = #C¢(O,) and let {a} be a fixed full set of representatives of
Cl(O.) which are prime to Mcp. Recall the Shimura action of the ideals 1P of O,

which are prime to pt on the set of elliptic curves A with CM by O.:
ax A= A/Ala], Ta: A—>axA

as in Definition 3.12.2. Then 7, sends I'1 (N )-level structures to I'; (V)-level structures
and ['(p>)-level structures to I'(p™)-level structures, and so gives an action of 1P on

pairs (A, t) and triples (A, t, «)
ax (A1) = (ax A, m(t)), ax (A, 1, a) = (ax A, (1), Te(a)).

Given a differential w € QY sc,» let wq € Q%u* 4y/c, be the unique differential such that

TiWe = W.

Now fix a CM elliptic curve A/H, a T';(N)-level structure ¢ : Z/N = A[MN] C
A[N], and a ['(p™)-level structure o : Z&? = T,A for any (A,a) = (A,t,a) €
V(C,,Oc,) above the point (A4,t) € Y(C,,Oc,). Now write the pullback of the

normalized eigenform w to ), as

k k
w|yz = YirJ - W?;na

where f € O(),). Let (y%xf)"(qar) be as in (4.56).
Recall the complex-analytic universal cover H* — Y, where H* denotes the

complex upper half-plane, and write

Wy = F - (2midz)®*
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where dz is induced by the standard holomorphic differential on C via the uniformiza-
tion of the universal elliptic curve C/(Z + Zr).

Let x € X, be a central critical character for w of infinity type (k + j, —j) where
J > 0 and of finite type (¢, I, €). We recall the classical result of Waldspurger relating

the algebraic part of the central critical value
L(F,x,0) = L((my)x x x*,1/2)

to the toric period, as explicitly calculated in our situation by Bertolini-Darmon-

Prasanna.

Theorem 5.4.3 ([1] Theorem 5.4). Let x € ¥ be as above, and suppose that ¢ and

dr are odd, and let w = #O%. Then we have

2

Clw,x,¢)-L(F,x,0) =o(w,x)- | Y (. Npx)  (@ppFax (4,1) | . (5.30)
[a]eC(Oc)

where the representatives a of classes of CL(QO,) are chosen to be prime to N., and

C(w, x; c)
L yoioipy - 1/2 —(k+25)  o#S {—ex(l) x
=1 T+ DOk + j)wk|dg| ™= - ¢ - vol(O,) )21 ——1 € C

L

and

o(w,x) € C%, |o(w, x)| =1,

are constants depending on w,x and c. (For a precise definition of o(w,x), see
(5.1.11) of loc. cit. and the discussion preceding it.) Here, we note that the sum
(5.30) is well-defined (i.e., independent of the choice of representatives a of elements

of CL(O,)) by the central-criticality and (c, R, €)-finite typeness of x.
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Assumption 5.4.4. Now let y = (A,a) = (A, t,a) € C((’))(Fp,(?fp) for C(O) as
defined in Section 5.2. Hence (a; (mod p)) = A[p] if p is ramified in K. (Recall that

p C Ok is the prime above p.)

Then Theorem 3.12.7 along with Proposition 3.12.3, Proposition 5.2.1 and Proposi-

ton 5.1.5 (in the case when p = 2 is inert) establishes the equality of algebraic numbers

1 (Clw, x, c)o(w, x)™ -
Zool ( Qg(k+2j) ’ L(F7 X 17 0)

2

1 ) )
—1 A J
id | e DL (w.Nex) (@) F(ax (A1)
QI (A1) \ yéoron

— !

P (prQ (114 n a)2> ’ Z (Nj[‘()z)_l(a)(pbei)(yﬁRf)(a*(A,t,a))
PR [alece(Ok)

(5.31)

We note that

|prp(A,t,oz)2| =1

by Corollary 5.1.2.

Again the sum in the last line of (5.31) is well-defined, which is seen as follows.
For any a € K* which is prime to pc, if we change all representatives a to aa, then
using our previously fixed embeddings K* — GL(Q) o, GL2(Q,) and invoking

Proposition 3.11.5, we have

(pbek)j(ngf)(aa * <A7 2 a)) = (pbek)j (ngf)(Cl * (A7 ta- a))

= a""e(a)(0"00) (yarS) (@ (A, ¢, ).

(5.32)

We also have

(Njx) ™! (a) = a~ ") (a) (Njex) ! (a),

since x has infinity type (k + 7, —j) and finite type (¢,M,¢€). This with (5.32) gives
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the desired invariance.

Definition 5.4.5. Recall that A/F is a fixed elliptic curve with CM by O. C Ok,
and (A, a) = (A,t,«) is chosen to be as in Assumptions (5.4.4). For this choice, we

define the anticyclotomic p-adic L-function attached to w as a function
Lya(w,-): X —=C,
given by

NGX) ™ (@) (0°00) (yar f) (aar)) (a % (A, 1, @)

D
2
kS
=
Il
(]

if Xlog (wp) = 23T,

We also define the holomorphic projection of L, as a function
Lyo(w,:):X—C,

given by

L%w,x) =Y (Nx

~—

1pb \ ST =1
“Ha) (qdR d) ((yhrS) (gar)) (a % (A, 1, @)

1/pb
[a)eCl(Ok) dng
_ N7 )1 pqard \ /TP kb A
= ) (N a) i ((Yarf) (qar))(a* (A, 1, ).
[a]eCE(OK)

if )v(|0§p (xp) = xlziﬂx_p_j‘

Proposition 5.4.6. The p-adic L-function L, .(w,-) depends on the choice of v in
the fized point (A,t,a) € Y(C,,Oc,) as in Assumption 5.4.4 up to a continuous

character 5 — (’)[X(p.
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Proof. Let (A t,a), (A, t,a’) be as in Assumption 5.4.4. Then we can write

a b
(A t,a) = (A, t,«) -
c d
a b
for some v = € GLy(Z,). By Theorem 4.2.2 and Proposition 5.3.4, we see
c d

that

(yarS) (qar))(ax (A, t,@) - 7)

= (be — ad)” ") (czan(A, y, @) + @) ((yirf) (qar)) (0 * (A, 1, @)).

Now by Propositions 5.1.5 and 5.2.1, we see that
(be — ad)" ") (czqr (A, y, @) + a)* ™ € OF

and hence we have that

is a character given by
5( = (bC - a’d)i(kJer) (CZdR(A7 Y, Oé) + a)k+2j
. - . k; g
if X|OIX<p (l'p) = xp+]q;p J. O

Theorem 5.4.7.

and



are continuous functions.

Proof. Let X1, X2 € ¥ with )22-|le(p(xp) = ahtiig, 9 for i = 1,2 and which satisfy
X1(a) = Xz(a)  (mod p™Og,)

for a € AP Then evaluating on ideles congruent with 1 (mod 91),, we see that
j1=J2 (mod (p—1)p™ ).

Now the continuity of £, ,(w, ) follows from the continuity statements in Theorem
4.2.2.
The continuity of ng’olé(w, -) follows also immediately from Theorem 4.2.2 and the

above discussion. O

Remark 5.4.8. We note that £%(w, -) does depend on the choice of a as in Assump-
tion 5.4.4. As a consequence of our next section, we will show that when p > 2 or p is
inert in K, a certain special value it does not depend on the choice of a. On the other
hand, from the argument of 4.2.2 one can show that £)% (w, -) is in fact analytic on a
large subdomain of the rigid analytic open unit disc Home(I'", C)’), while we are not
sure if it is analytic on the entire open unit disc. We expect that applying the inverse
of the p-adic Mazur-Mellin transform to E;ﬂ (w, ) gives rise to a well-behaved distri-
bution which is the image under a certain Coleman (or Perrin-Riou) big logarithm
map.

On the other hand, £, ,(w, -), while more canonical than its holomorphic projec-
tion, we expect is only continuous and does not have any nicer analytic behavior.
This is because the terms ¢;(j) in its definition (see (4.54) and (4.62)) do not tend to

0 as ¢ — oo when j € Z/(p — 1) x Z,, and in fact grow very rapidly.
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5.5 Interpolation

We have the following “approximate interpolation property” for £, ,(w,-). Here we
make the assumption that dx is odd in order to use Theorem 5.4.3, though we expect

to remove this assumption in the future.

Theorem 5.5.1. Suppose that the fundamental discriminant dg is odd, and suppose
{x;} C X1 is a sequence of algebraic Hecke characters where x; has infinity type

(k+4,—7), such that x; — X in Y. Then we have

ﬁp,a(waX)Q
; _ 5.33
= lim ! Y (Gl ol xy) - L(F,xj",0) o
G \PO(E,)(A, 1, ) > Qoo (A, £)20k+23) Xi P )

Proof. This follows immediately from (5.31) and Theorem 4.2.2 (in particular, from
(4.60)). O

Remark 5.5.2. One can show that the Euler factor at p which one usually re-
moves from the L-value in a p-adic interpolation formula is constant for the L-values
L(F, Xj_l, 0). Hence it is possible that the terms in the right-hand side of the limit
in (5.33) form a p-adically continuous function. One strategy to address this, which
is part of forthcoming work, is to base-change to a degree 4 CM extension where the
unique prime above p in the maximal totally real field (a real quadratic field) splits in
the CM extension. In this case one can construct an analytic anticyclotomic p-adic L-
function with the usual p-adic interpolation property, using Serre-Tate coordinates.
In particular, it interpolates L-values and their quadratic twists whose limits give
rise, as in (5.33), to a product of our anticyclotomic p-adic L-function times some
constant Euler factors. Hence values of the product of our p-adic L-function and a
quadratic twist are specializations of an analytic function, from which one may draw

conclusions regarding the continuity questions raised above.
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5.6 The p-adic Waldspurger formula

Retain the notation and setting of the earlier part of this chapter. In particular p t Ne,
(¢, N) =1, N satisfies the Heegner hypothesis with respect to K which determined an
ideal M| N, and A was a fixed elliptic curve with CM by O, and I'y (N)-level structure
t determined by the cyclic ideal 1. We have the following special value formula
(Theorem 5.6.1) in the case when k = 2. We view this as analogous to the p-adic
Waldspurger formulas of [1] and [26] in the case where p is inert or ramified in K.
For the Eisenstein case, we view this formula as an analogue of the “p-adic Kronecker
limit formula” in [21, Chapter X]. In fact our approach can be used to recover these
special value formulas, using the fact that the gqr-expansion recovers the Serre-Tate
expansion (Theorem 3.9.5) on the cover ' — Y4 and Theorem 3.13.1.

As before, let w be a weight & = 2 normalized I'1 (N )-new eigenform with neben-
type €. In this section, we will briefly consider compactified modular curves X (I") =
Y'(T), where we recall that Y (I') is the modular curve associated with a finite-index

subgroup I' C SLy(Z). Recall € as defined in (5.22), and let
X(N,p" e) = X(T1(N)NT(p") NTy(p"+e)), J(N,p",e) = Jac(X (N, p", €)).

Then let
hyp: X(N,p", &) = J(N,p",¢)

denote the (analytification of the usual algebraic) Abel-Jacobi map over Q, sending
the cusp at infinity (co0) — 0. Thus w = hfw where w = g(q)dq/q € Q}](N’pn’E))/Q and
g(q) = >°° , anq" is the g-expansion of w. Then the p-stabilization w’ as in (4.34)
satisfies hjw’ = w” where «’ = ¢°(q)dq/q € Q},(N’pn’e)/(@ and ¢’(q) = D me0.pin @nq" 18
the g-expansion of w’, viewed as a form of level 'y (N) N T'(p?); it is an old eigenform.
Let

log, : J(N,p*¢)(C,,Oc,) — C,
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be the formal logarithm attached to w’, obtained by integrating the g-expansion
¢’(q)dq/q in the residue disc containing the origin, specifying that it takes the value
0 at the origin, and then extending linearly. From its g-expansion, we see that log,
is rigid on the residue disc containing the origin and hence extends uniquely via
linearity to a locally analytic function on all of J(N,p? ). Pulling back by A}, we

have a locally analytic function
log,» = hjlog,s : X(N,p*,€)(C,, Oc,) — C,.

We know from [26, Proposition A.0.1] that log,, is a Coleman primitive of w’.
Let H. denote the ring class field attached to O., and for 1 < r < oo let H.(p")
denote the compositum of H, and the ray class field K(p") of conductor p”, viewed

as an extension of H. (recall pt¢). Then
Gal(H(p']/ K) = CUO,) x <<9;(p /(1 + pT(’)Kp)> .

Then let K,/ K denote the abelian extension corresponding to the quotient of Galois
groups

Gal(Hc(p")/K)/ Gal(Hc(p")/K(p")) = O, /(1 4+ p"Ok,).

Now fix (A,t,«a) € C(K,, O%,) as in Assumption 5.4.4 (note that by Proposition
5.1.5 and Theorem 4.2.2 that b = 0 for all (A,t,«a) € C(EP,OFP)). Given a point
P e X(N,p")(C,,Oc,), let [P] denote its associated divisor. Let x : C/(O.) — Q"
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be a character. In the notation of Definition 3.12.2, define a Heegner point

PK,a(X)

= > X H(a)(ax (At (ar (mod p**9), az(mod p*))] — [(c0)])
[a]eCl(Oc)

€ J(N,p* ) (H[p’])X

where J(N, p? ¢)(H,.[p?])X denotes the y-isotypic component of the action of the group
Gal(H, [p?]/K|[p*]) = Gal(H./K). Note that the trace of the above Heegner point

PK(X) = Z PI%,& S J<N7p27€)(HC)X
o€Gal(K 2 /K)
where J(N,p?, €)(H.)X denotes the y-isotypic component of the action Gal(H./K).
We note that when xy = 1, we have Pk (1) € J(N,p? e)(K,2) and also Px(1) €

J(N,p?,&)(K).

Theorem 5.6.1 (“p-adic Waldspurger formula”). Assume that p > 2 or p is inert
in K. Let (A,t,a) € C(K,, Og,) = C(K3, Okaw) (we recall the last equality follows
from the theory of CM). We have, for any ring class character x : CL(O,) — Q"

———log,» Px(x) p isinert in K
. o . 2(n2_1 wb TKAX p
Lo, Nicx) = Lyia(w, Nix) = § 7

,Q

p3(_p1—1) log,» Px(x) p is ramified in K

In particular, if £, (w,Ngx) # 0, then Px(x) projects via a modular parametriza-
tion to a non-torsion point in A, (H.)X, where A,/Q is the G Ly-type abelian variety

associated uniquely up to isogeny with w.

Proof. We need to slightly refine the statement of Theorem 4.2.2. Recall the qgr-
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expansion map from Definition 4.1.4.
Oy, = Oy, [aar — 1] (5.34)

which is an injective map of proétale sheaves. Letting y = (A, ¢, ) as in the statement,
and recall that we have b = 0 in this situation, by Proposition 5.1.5 and Theorem

4.2.2. From Lemma (4.2.1), we have

W3 f)y € 0%, laar — 1][1/p). (5.35)

Localizing (5.34), we have

(YarS)y € Oy, y = limg Oy, (V)[gar — 1]

V—U3dy

where V — U > y runs over proétale open neighborhoods of y, where U C ), is a
rational open set. In particular, by (5.35) there is some proétale open neighborhood

of y V —U >y, where U C ), is a rational open set, such that

(arf)lv € OF(V)[aar — 1](1/p)- (5.36)

In fact, since Y35 f € Oay,, and in particular is a section defined on )., we have that

(5.36) descends down to U C Y, i.e.

(3RS € OF ) [aar — 1][1/p). (5.37)

Now consider U*® := U N Y*°, which is affinoid since it is the intersection of two
affinoids (recall Y, = {z # 0}, which is evidently affinoid, and U is a rational open

and so is affinoid); note that y € U*(C,, Oc,) still, since y € Y*(C,,Oc¢,). Now
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consider the open subdomain
U = U N {|0(yar) /2| < p/77'}

and we note that y € U’ since p > 2 by Proposition 5.2.1. Then we can take the

restriction

(WarS) o € O3 U [gar — 1][1/p)

from (5.37). In fact, we will show
O in e € O3 U [aan — 11[1/2]
for any j € Z>(, and moreover
O (in ) (am) e € OWU')
for any j € Z/(p — 1) x Z,, as follows. Let r € Q such that
P (YarS)lr € 05U laar — 11-

Clearly

q d 7 r A /
(dq—R) 0Dl € O3 [aar — 1]

by a easy computation. Moreover, on U’ we have

¢i(j) (ﬂyz‘m))i

for all i > 0, since i|c;(j) and |i!| — p~/®~Y as i — oo in Zsg. In particular, from

<1
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(4.53) (recalling b = 0 in our situation) we see that for some s € Q we have
O yin f e € O3 U) (5.38)
for all j € Z>(. Moreover, one sees that

; ] ™ (p—1 45 j r4s
lim eiﬁp v )(p * yflRf)|u’ — 0 (p * yin)b(QdRﬂuf

m— 00

in @3,’ (U"), which in particular implies that
0% (0" yan ) (dar) | € O3 U') (5.39)

forall j€e Z/(p— 1) X Z,,.

Now we examine the GLy(Z,) action on the above sections. Let
Lo(p") == € GLy(Zy) :c=0 (mod p")

consider the open subdomain of ),

Uyp) =t Tolp) = |J U
)

v€To(p
We claim that 65(y3g )l extends to Uj(p) for all j € Z/(p — 1) x Z,, which we see

a b
as follows. For any € I'y(p), by Proposition 3.12.6, we have

c d

7 (02Yarrn) = (be — ad)™ 2 (ch(zar) + a)* 0 (yian ) e
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and so

| ((be — ad)” ) (cf(zar) + a)* ) |

=1 (5.40)

for all j € Z/(p—1) X Z, by the definition of «" above. Hence, from (5.38) and (5.39),

we have that

0L yin )l € O3 U )

for all j € Z>q and

010"yt ) (dar) ey € OFU" )
for all j € Z>o. In fact from (5.40), we see that
0L yir ) (qar) e € O U -7)

for all j € Z, x Z/(p — 1). This implies that
0L yan g € O3 Up(p)

has weight 2425 for I'g(p) on U (p) (in the sense of Definition 3.12.5) for any j € Z>o,

and

01 (0" Y3 f) (qar) |y ) € O3 (U (P))

has weight 2 + 25 for I'y(p) on Uj(p) for any j € Z/(p — 1) X Z,.
Now we consider the closed subspace Y& C )., recall that Y& — Y4 is a
7y x Zy-proétale covering, and on this subspace the restrictions 05 (y3n f)|ye and

Og(yﬁRf)b(qdR)\yxg as defined in Section 5.3. By Proposition 5.3.3, we have that

9% (deRf ) |Jﬂg

has weight 2425 for ZX x ZX on Y'& (in the sense of Definition 5.3.1) for all j € Zxq,
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and

0% (yanf)’ (qar)|ye

has weight 2 + 2j for Z; x Z) on Ve forall j€Z/(p—1) X Z,.
Now consider the adic subspace V' LU (p) (where this is a disjoint union by the

construction of U’). Then we have the section

eizl(PHSngf)b(QdR)|ylguu5(p) = @;Ig(ylg) X @;Ig(ylg)

which is of weight 0 for ZX x ZX on V'€, and of weight 0 for Io(p) on Uj(p). Recall
the projection Ary) : Y — Y (To(p)), and let Uj(p) = Ay (Us(p)), and let Yy %(p) =
Aro(p)(V'8); we note that we have a natural section Y — Y (Ty(p)) for the natural
projection p : Y(I'o(p)) — Y(GLy(Z,)) =Y, which is moreover an open immersion,
given by the canonical subgroup, which gives a canonical rigid-analytic (and hence
adic) identification Y4 = Y8(p). Moreover, the Galois group of V' — Y 8(p) =
vordis (1 + pZy) x Z). Now by piecewise descent along (1 4 pZ,) X ZX on Y'& —

Yy8(p) = Y4 and along T'g(p) on U (p) — Uj(p), we have a (rigid analytic) section

G =0, (0 Y3 ) (aar) lyreceg ) € Oy (Yo (p) U Ug ()

on the affinoid open Y,&(p) U Uj(p)) C Y (To(p)). (We see that this latter domain is
affinoid open because U/(p) is the image of the open U (p) under A, and YOIg (p) 2 Yord,
which is affinoid open.)

We know that

Glygegy = 108w lyie (5.41)
by Theorems 3.13.1, 4.1.7 and 4.2.2. Hence applying the exterior differential

A A

. 1
d: Oy(rom) = Ov(rom) ®0ywym) By o))
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we hence see that

A A I
dG € OY(FO(P)) - OY(FO(P)) ®Oy(ro(p)) Q%’(I‘o(ﬁ)) <}/E)g<p) L U(/](p))

is rigid, and that

b
dG|YoIg(p) =w ’Yolg(p)

which implies by rigidity, since Y;8(p) C Y (I'o(p)) is open (admissible) affinoid, that
dG = w’.

Now by uniqueness of Coleman integration (|26, Proposition A.0.1], or more specifi-

cally [7, Corollary 2.1c]), by (5.41) we have

G = logw» ‘Y()Ig(p)uU(/)(p). (5.42)

Now we apply the entire above argument to y = ax (A4, t, «), for any a C O, prime

to pMN. Now by Definition 5.4.5, we have

Lpo(w, Ngx) = £ (w, Nx) *2 logs Pica(X)- (5.43)

e’

Now we claim that for any v € Ok C GLs(Z,), letting (A, ') = (4,a) -7, we
have

Lpo(w,Nix) = Ly (w, Ngx). (5.44)

But this follows directly from Proposition 5.4.6 and Theorem 5.33 for j = —1.

Gal(K 5 /K
Applying this to a set of o such that {¢/ (mod p2)}i1a( /5 _ {a”}oecal(r o /K)s

183



where one observes

p2(p> —1) pisinert in K
#Gal(K [ K) = |

p’(p—1) pisramified in K
then from (5.43) and (5.44) we have

(5.44) 1
 #Gal(Kpe/K

Y. ~ 5.42
Lpo(w, Ngx) = £ (w, Ngx) ®2 log,s Pica(x)

Yo’

) log,» Px(x)
(5.45)
which is what we wanted to show.
Now for the final statement of the Theorem, we note that w”, viewed as a form
on Y (Ty(p? ¢)) is in the same Hecke isotypic component as that of w, which is a
new eigenform on Y, outside of the prime p. Hence Px(x) € J(N,p? e)(H,.)X is
non-trivial in the old part of the Eichler-Shimura decomposition corresponding to
the new eigenform w from level I'y(N). This latter component is isomorphic to the
direct product of some number of copies of A, (H.)X. Hence, given the nonvanishing
of (5.45), we see that Pk (x) projects to a non-trivial point in this latter group, and

hence projects non-trivially into some copy of A, (H,)X. O

Remark 5.6.2. It seems fairly straightforward to generalize Theorem 5.6.1 to higher

weights k£ > 2.

Remark 5.6.3. In the case that w is an Eisenstein series, log,, can be interpreted as
a p-adic logarithm of Siegel units, so Theorem 5.6.1 says that a special value of our
p-adic L-functions is equal to a p-adic logarithm of elliptic units. We view £, ,(w’, -)
as analogous to the one-variable (anticyclotomic) Katz p-adic L-function, in the case
where p is inert or ramified in K. Then the arguments of Rubin in [27] (extending
that of Gross in [16]) should be able to yield a formula for this special value in terms

of Bernoulli numbers.
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When w is a newform which is congruent (as a form on Y (To(p?, ¢)) to an Eisen-
stein series w’ modulo a prime v, then one can show, using the (approximate) inter-
polation property, or just from the definitions, that £, ,(w, ) = L, .(w',-) (mod v)
using a similar method as to that in [23]. (See also [24] and [25].) This, combined
with the special value formula for £, . (v, N i) alluded to in the previous paragraph,
should give new congruence criteria to check the non-torsion of Heegner points on
A, and in particular on elliptic curves. This should yield new results toward BSD

for such abelian varieties.
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