From the holdings of the Department of Special Collections , Princeton University Library,
Princeton, NJ

These documents are either in the public domain, or can only be used for educational and research
purposes (Fair use) as per U.S. Copyright law (text below). By accessing this file, all users agree that their
use falls in the public domain or within fair use as defined by the copyrightlaw. We do not charge any
permission or usage fees for the publication of images of material inour collections, including those provided
by Princeton University Library, via our website, catalog, or directly from staff.For more information
regarding copyright, credit, and citation please review the information onthe Copyright, Credit and Citation
Guidelines page of our website.
https://library.princeton.edu/special-collections/policies/copyright-credit-and-citation-guidelines. If you have
any questions, including how to order higher-quality images from the collection, contact Special Collections
Public Services via our Ask Us! Form. https://library.princeton.edu/special-collections/ask-us

Doctoral Dissertations, 2011-2026 Mathematics

2020

Polyfolds of Lagrangian Floer Theory
In All Genera

Jemison, Michael

Princeton, NJ : Princeton University

http://arks.princeton.edu/ark:/88435/dsp01h128nh661

U.S. Copyright law: The copyright law of the United States (Title 17, 8108, United States Code) governs the
making of photocopies or other reproductions of copyrighted material. Under certain conditions specified in the
law, libraries and archives are authorized to furnish a photocopy or other reproduction. One of these specified
conditions is that the photocopy or reproduction is not to be used for any purpose other than private study,
scholarship, or research. If a user makes a request for, or later uses, a photocopy or reproduction for purposes
in excess of fair use that user may be liable for copyright infringement. This institution reserves the right to
refuse to accept a copying order if, in its judgment, fulfillment of the order would involve a violation of copyright
law. https://www.copyright.gov/title17/title17.pdf



POLYFOLDS OF LAGRANGIAN FLOER THEORY IN ALL GENERA

Michael Louis Jemison, Jr.

A DISSERTATION

PRESENTED TO THE FACULTY

OF PRINCETON UNIVERSITY

IN CANDIDACY FOR THE DEGREE

OF DOCTOR OF PHILOSOPHY

RECOMMENDED FOR ACCEPTANCE BY

THE DEPARTMENT OF MATHEMATICS

Adviser: Helmut Hofer

January 2020



© Copyright by Michael Louis Jemison, Jr., 2019. All rights reserved.



Abstract

This dissertation describes a polyfold approach to the construction of an integration
theory on moduli spaces of pseudo-holomorphic curves with Lagrangian boundary con-
ditions. Polyfold theory was introduced by Hofer, Wysocki, and Zehnder in a series
of articles. Polyfolds have been employed to study closed Gromov-Witten theory and
Symplectic Field Theory. From its initial introduction, polyfold theory has seen general-
izations which have allowed for a recyclable and modular construction of moduli spaces

arising in symplectic geometry.

The present work sets the beginning of a geometric realization of the theory of Lagrangian
Floer theory in all genera, generalizing the work of Fukaya, Oh, Ohta, and Ono. Similarly
to the construction of Lagrangian Floer theory, construction of Lagrangian Floer theory

in all genera separates into two pieces:

1. The construction of an integration theory on the moduli spaces of pseudo-holomorphic

maps with Lagrangian boundary conditions
2. An ordered perturbation scheme on these moduli spaces which relates geometry (in
particular integration) along the boundary of a given moduli space in terms of geometry

of moduli spaces of lower order

The present article treats the first of these pieces. The second piece is left to subse-

quent work.
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1 Introduction

The present article describes a polyfold approach to the construction of an integration
theory on moduli spaces of pseudo-holomorphic curves with Lagrangian boundary con-
ditions. Polyfold theory was introduced by Hofer, Wysocki, and Zehnder in a series
of articles ([HWZ4], [HWZ5], [HWZ6]). Polyfolds have been employed to study closed
Gromov-Witten theory [HWZ1] and Symplectic Field Theory [FH6]. From its initial
introduction, polyfold theory has seen generalizations [HWZ2|, [FH7|, [FH8] which have
allowed for a recyclable and modular construction of moduli spaces arising in symplectic

geometry.

The problem of constructing invariants from moduli-spaces of pseudo-holomorphic curves
has also been approached by methods of finite-dimensional reduction (or Kuranishi meth-
ods), as introduced by Fukaya and Ono ([FO]). The case of pseudo-holomorphic curves
of arbitrary genera with Lagrangian boundary conditions was discussed in ([L]) by the
use of Kuranishi methods. The idea of finite dimensional reductions has been exploited

in other works, in particular [FOOO], [MWO0], [MW], [MW2], [P].

The present article sets the beginning of a geometric realization of the theory of La-
grangian Floer theory in all genera, as discussed in [CFL], generalizing the work of
Fukaya, Oh, Ohta, and Ono ([FOOO]). Similarly to the construction of Lagrangian Floer

theory, construction of Lagrangian Floer theory in all genera separates into two pieces:

1. The construction of an integration theory on the moduli spaces of pseudo-holomorphic

maps with Lagrangian boundary conditions



2. An ordered perturbation scheme on these moduli spaces which relates geometry (in
particular integration) along the boundary of a given moduli space in terms of geometry

of moduli spaces of lower order

The present article treats the first of these pieces. The second piece is left to subse-

quent work.

1.1 Overview of Stable Maps with Boundary

In this article we will consider stable maps satisfying certain regularity conditions. Let
u:O(S,z) = Q

denote a germ of a Riemann surface with boundary S around a point = € S.

Definition 1.1.1. Let m > 2 be an integer § > 0. A germ of a continuous map u :
O(S,z) — Q is of class (m, d) near the point z, if for a smooth chart ¢ : U(u(x)) — R*"
mapping u(z) to 0 and for a holomorphic polar coordinate o : [0,00) X J — S — {z}
around x, the map

v(s,t) =¢pouoa(s,t)

where J may be either I = [0,1] or S!, defined for s large, has weak partial derivatives
up to order m and satisfies

€% —— — |2 < o0
s
fork+1<m. R

Note that the definition is independent of the choice of smooth coordinates o. A germ

of a continuous map u : O(S,z) — @ is of class m near the point x if u is of class H],

2



near r.

Definition 1.1.2. A noded Riemann surface with boundary and marked points is a tuple
(S, 4, M;, My, D;, Dy) in which (S, j) is an oriented smooth surface with boundary S and

integrable complex structure j :

1. The subset M; C int S of S is the ordered set of interior marked points and M,

is the ordered subset of boundary marked points.

2. D; is a finite collection of un-ordered pairs {x,y} of points in int S so that = # y and

two pairs which intersect are identical.

3. Dy is a finite collection of un-ordered pairs {z’, ¢’} of points in 9S so that ' # 3’ and

two pairs which intersect are identical.

All the sets M;, M,, D;, D, are mutually disjoint. D; is the subset of interior nodal
points, and Dy is set of boundary nodal points. We also require the boundary compo-

nents of S to be ordered. B

We let M denote the union M; U M, and let D denote the union D; U D,. The Rie-
mann surface S may consist of several smooth connected components C'. The surface
(S, j, My, My, D;, Dy) is called connected if the topological space S, obtained by identify-

ing the points « and y in the nodal pairs {z,y} € D; U Dy, is connected.

Definition 1.1.3. The double of a Riemann surface (.S, j, M;, My, D;, Dy,) is defined by
the tuple (S, M; U o (M;), My, D; U a(D;), Dy) where S¢ is the complex double of S and



o S? — 5S¢ is the natural anti-biholomorphism. For shorthand, we set
M= M;Uo(M,;), M*= (M M,) (1.1.1)

D} =D;Uc(D;), D= (D, D) (1.1.2)

)

The arithmetic genus g, of a connected Riemann surface with boundary (., 7, M;, My, D;, Dy)

is the integer g, defined by

ga=1+#[D + > lg(C?) = 1]
C? a connected component of S¢
where |D?] is the set of nodal pairs and g(C?) is the genus of C?. Note that the genus
gao gives the genus of the Riemann surface obtained by identifying the points in each
nodal pair. In this article we will by shorthand refer to the marked points MU|D| as

special points, and we denote the special points contained in the domain component C

by ¥¢ :=C N (MU|D]).
Definition 1.1.4. Riemann surfaces (S, j, M;, My, D;, Dy) and (', j', M, M, D}, D;) are
equivalent if there exists a biholomorphic map ¢ : (S, 7) — (5, ') satisfying:
O(M;) = M ¢(My) = M,
and
¢(Di) =D ¢(Dy) = Dy,

In addition, we require that ¢ preserves the ordering of the marked points M and bound-

ary components of S. W



When ¢ is a self-equivalence of a Riemann surface (S, j, M;, My, D;, D,) we say that

it’s an automorphism, and the equivalence class of (.5, j, M;, My, D;, D) is denoted by

[(S, 7, M;, My, D;, Dy)]. We denote the automorphism group of a Riemann surface (.5, j, M;, My, D;, D)
by Aut(S,j, M, D).

Definition 1.1.5. We say (S, j, M;, My, D;, Dy) is stable if its automorphism group is
finite. W

Stability is equivalent to the condition that the inequality

29(C*)+[Sca| >3

holds for every connected component C' of S (see Section 3.2 [L]). Now we consider the

stability of maps:

Definition 1.1.6. Let @) be an even dimensional manfiold with L C @ a totally real sub-
manifold. Let (05")%°_, C (0,27), and (07")°_, C (0,7) be strictly increasing sequences.

The tuple o = (S, 5, M, D,u) is a stable map of class m if the following holds:

1. (S, j, M;, My, D;, Dy) is connected.

2. For some m > 0, the map u : S — @ is of class (3 + m,d]") at every interior nodal

point and of class (3+m, 0]") at every boundary nodal point and of class H, l?:jgm otherwise.

3. u(z) = u(y) at every nodal pair {x,y} € D.

4. fC u*w > 0 for every component C' of S.



5. If the underlying topological space of the component C' of S is not stable, that is

/u*w>0
c

29(C)+|Xca| < 2, then

6. u(0S) C L. [ |

Definition 1.1.7. Two stable maps a = (5,7, M, D,u) and o/ = (5',j', M', D", u') are

called equivalent if there exists an isomorphism of Riemann surfaces

¢ : (S7j7 M? D) —> (S/7j/7 MI? D/)

such that

wWop=u
An equivalence class of a curve « is denoted [o]. W

Definition 1.1.8. Let (67")5%_, C (0,27), and (67")>°_, C (0,7) be strictly increasing
sequences. The collection of equivalence classes [a] where « has class (3 +m, o, 67") will

be referred to as the space of stable curves with boundary in L of class (3 + m, dg", 67")

and denoted by Z or Z3+™9%""" (Q,w). A
In Section 4, we will establish a natural paracompact topology on Z:

Theorem 1.1.1. (compare Theorem 1.6 [HWZ1]) For a pair (67, 07") € (0,27) x
(0, 7) the space Z3T™% 91" (Q, w) has a natural second countable paracompact Hausdorff

topology. B

1.2 Brief Overview of Ep-Groupoids and Polyfolds

Recall that a groupoid is a small category in which all morphisms are invertible. Also

recall that a Lie groupoid is a groupoid in which the object set and morphism set have
6



a smooth structure. An ep-groupoid is similar to a Lie groupoid, except the objects
and morphisms are M-polyfolds, the associated maps are sc-smooth, and the source and
target maps admit an additional properness property. The notions of M-polyfold and

sc-smoothness are reviewed in Section 3.1.

Definition 1.2.1. Ep-Groupoid (compare Definition 2.28 [HWZ1]): An ep-groupoid
(T','T) is a groupoid T" such that the object set 7" and morphism set T have M-polyfold

structures. An ep-groupoid is equipped with the usual categorical maps:

a source (s):

s:T—=1T
a target (t):

t: T =T
an inverse (i):

1:T—=T

a composition map (m):

m: Ty x, T =T

a unit map (u):

u:T—T

These maps are required to be sc-smooth. We refer to these maps as structure maps. In

addition, the following properties hold:

1. (etale) The source and target maps s and ¢ are surjective local sc-diffeomorphisms.



2. (proper) For every point « € T, there exists an open neighborhood V' (x) so that the

map ¢ : s 1(V(z)) — T is a proper mapping.

The orbit space of the ep-groupoid (7, T) is the topological space obtained by quoti-

enting 7" by the relations imposed by T. We denote the orbit space by |T'|. B
In Section 7 we establish the following:

Theorem 1.2.1. Let (65*) C (0,27) and (67*) C (0,7) be strictly increasing sequences.
Then the space Z = Z3%91(Q, w) possesses a natural polyfold structure such that the
m' level consists of equivalence classes of stable maps (5,7, M, D,u) such that u has

class (m + 3,05, 67"). B

_>
The polyfold Z has various open subsets of interest. Let k = (ki,...,ks) be a tuple
of integers k; > 0 and let 5 € Hy(Q,L;Z) be a relative homology class. Denote by
Z

oM C Z the subset consisting of equivalence classes (o] = [(S, j, M;, My, D;, Dy, )]

of stable maps satisfying;:
1. If by, -+, by are the ordered set of boundary components of S then #[b; N M,| = k;
2. The map u : S — @ represents the relative homology class § € Hy(Q, L)

In particular, as an open subset, Zg b inherits a naturally induced polyfold structure

ME B

from Z.



1.3 Overview of Fredholm Theory

Fix a complex structure J on @ such that wo (id® J) is a Riemannian metric on Q). We

define a set E consisting of equivalence classes of tuples

a= (oz,ﬁ) = (S,j7M,D,U,€)

where a = (S,j, M, D) is a stable map and ¢ is a continuous section of the bundle of

anti-linear maps

QTS 5),w(TQ, J))

The section ¢ further satisfies the condition that away from nodal and marked points £

is of class H?_.. Near interior nodes £ is of class (2, dy) and near boundary nodes ¢ is of

loc*

class (2, 41).

Two tuples (5,7, M, D,u,§) and (5,7, M', D", v/, £') are equivalent if there exists an
equivalence

¢ : (57 j? M7 D? u) _> (S/’ j,7 Ml? D/7 u/)
of stable maps which satisfies
foTp=¢
We denote the equivalence class of @ = (5,7, M, D, u,£) as [@]. In Section 4, we prove
that F is a polyfold bundle over Z:

Theorem 1.3.1. The set E has a natural second countable paracompact Hausdorff

topology and the natural projection p : F — Z is continuous. Wl
The notion of a strong bundle ove an M-polyfold is recalled in Section 3.

Definition 1.3.1. Strong Bundles over Ep-groupoids (compare Definition 8.4
9



[HWZ3]): A strong bundle over the ep-groupoid (7T',T) is a pair (P, ) in which P :
W — T is a strong bundle over the object M-polyfold T"and p: Ty xp W — W a strong

bundle map covering the target map ¢ : T — T such that the diagram
T, Xp W L> %4
lﬂ lP
T —- 57T

commutes, i.e.

Pop(,w) = t(y)

In addition,
1. pis a surjective local sc-diffeomorphism and linear on the fibers W,
2. p(lz,w) =w for all z € T and w € W,

3. w( oy, w) = p(, u(y,w)) for all v,y € T and w € W satisfying
s(y) = Pw) and i(y) =s¥) = P(u(y,w)) ®
In Section 5, we consider the Cauchy-Riemann section 0 : Z — E -
95((8,5, M, D,w)] = (S, j, M, D,u,0,(u))]

0y,(u) = %[Tu—{—J(u) o Tu o j]

Suppose (X,X) is an ep-groupoid which realizes Z as a polyfold. We will study the
properties of the Cauchy-Riemann section lifted to the strong bundle (W, W) — (X, X).

10



As we will discuss in Section 5, the verification of the Fredholm properties of the functorial
lift 05 : (X,X) — (W, W) imply the applicability of the implicit function theorem. This
in turn will allow for a theory of integration over moduli spaces of pseudo-holomorphic

curves with Lagrangian boundary.

Theorem 1.3.2. The bundle p : W — Z is a strong polyfold bundle. The Cauchy-

Riemann section 0; is an sc-Fredholm section. W

Remark 1.3.1. Note that the compactness property of Theorem 1.3.2 is left to future

work.

1.4 Integration over the Moduli Space of Stable Maps

Although it has been shown in the classical context that the Cauchy-Riemann operator
on the space of stable maps from surfaces with boundary and Lagrangian boundary con-
ditions is orientable when L is rel. spin ([Ge]), we do not demonstrate an orientability
result in this article. Assuming the existence of an orientation for d; and compactness

for the solution set, the following is a consequence of Theorem 1.3.2:

Integration Let (Q,w) be a closed symplectic manifold of dimension 2n. Suppose 0

is orientable and 5;1(0) is a compact subset of Zg For a given homology class

MK B

B € Hy(Q, L) and a tuple (g, M, ?) (where M = (M;, M,)) there exists a map:

U : Q(L)®#|Mb\ ® Q(Q)®#|Mi\ SR

9.h, M, % 3

For a compatible complex structure J on () and a generic sct perturbation A we have, a

solution set consisting of a pair (S 07,A),v) where

g,h,M,?,ﬁ(

S

g’h’M7?7B(5J7 N ={z¢€ Zg

11

A(0y) > 0}

MK B



andv:Z , . 25— QT is given by

v(z) = \0,(2)) € QT

The pair (S

MT ﬁ(é J,A\),V) is an oriented, compact, weighted, branched suborbifold of

Z

G MR with a well-defined integration theory. W is given by the formula:

v y Wiy e, Wpm)) = ev*(x

RTR o IR _
Sg,h,M,?,B(aJ’A)’V)

where ev : Zg WM L#M| 5 Q#IMil ig the evaluation map. W

Acknowledgement 1.4.1. The author was able to use several papers by Fish-Hofer
and Fish-Hofer-Wysocki which will be merged into two books ”Polyfold Constructions:
Tools, Techniques, and Functors” and ” Construction of Symplectic Field Theory.” Also,
this material is based upon work supported by the National Science Foundation Graduate
Research Fellowship Program under Grant No. DGE-1656466. Any opinions, findings,
and conclusions or recommendations expressed in this material are those of the author

and do not necessarily reflect the views of the National Science Foundation.

Part 1

Construction of Ambient Polyfolds

In Part I, we will develop the ambient polyfolds suitable to conduct abstract perturbation
theory. More specifically, Section 2 introduces Deligne-Mumford theory in the boundary
setting. Section 3 defines procedures for gluing maps from a fixed Riemann surface into a

symplectic manifold with Lagrangian boundary conditions. Finally, Section 4 establishes

12



a polyfold structure on the space of stable maps.

2 Deligne-Mumford Space of Curves with Boundary

In this section we discuss the results we will need to construct the polyfold structure on
the space of stable maps with boundary. These are adaptations of the results presented in
[HWZ3] for the closed case. Self-contained proofs for these results are given in Appendix.

Alternatively, one can reduce the argumentation to the closed case.

2.1 Deligne-Mumford Spaces of Fixed Topological Type

In this section, we will describe orbifold charts on the Deligne-Mumford space of stable
curves with boundary. Classically, this space is known to be a real analytic orbifold
with boundary (see [DM], [KM], [Mu], and [RS2]). So in that sense, the material in this
section is classical. We will however take an ”ep-groupoid” point of view which will be

important for considerations of the space of stable maps, to be discussed later.

Definition 2.1.1. The elements of the Deligne-Mumford space DM, ar, v, are equiva-

lence classes of tuples (S, j, M, D) where:

1. S is a compact Riemann surface of genus g with boundary (see Definition 1.1.2)

and ordered boundary components by, - - - , by,.

2. j is a complex structure on S.

3. M = (M,;, M,) where M, is the set of ordered interior marked points and M, is

the set of ordered boundary marked points. We abbreviate the set of boundary marked

13



points on b; by ;. The ordering of the points in 712, is chosen to agree with the orien-

tation on b; induced from the complex orientation on S.

4. (S,j,M, D) is a stable curve (see Definition 1.1.4).

5. D = (D;, Dy), where D; of is the set of interior nodes and D, is the set of boundary

nodes.

6. Two tuples (5,7, M, D) and (5,5, M’', D') are considered equivalent if there exists a
biholomorphism ¢ : (S, 5, M, D) — (S', 5/, M', D') satisfying:

¢ : M — M’ is an order preserving bijection

and

o(b;) =b;, for 1<i<h A

We denote by [(S, 7, M, D)] the element of the Deligne-Mumford space represented by
the stable curve (S, j, M, D). The Deligne-Mumford space is stratified by sets consisting
of equivalence classes of surfaces of a fixed topological type. We formalize this notion in

the definition below:

Definition 2.1.2. Let (S, 7, M, D) be a Riemann surface with boundary. We denote the

set of complex structures of S' which induce the same orientation as j by J,. B

Definition 2.1.3. Topological Types (compare [HWZ3]| Section 1.1.3) Let a =
(S, j, M, D) represent the equivalence class of a stable connected element [a] € DM, p a1, 0, -

14



To « we associate an undirected graph 7', which we refer to as the structure graph. We

equip 1" with the following data:

1. To each of the connected components C' of S, we associate a vertex V. We in turn

equip the vertices with the following data:

L.a. A function g : {Vertices of S} — N, which is the value of the genus of the com-

ponent corresponding to the vertex.
1.b. A list of cyclically ordered list me = (M; N C).

% %
L.c. A list of cyclically ordered tuples k¢ = (M, Nby), -+, (MyN (2)), where by, -+, by,

are the boundary components of C'.

2. We associate to T" a set Ey of type 1 edges: If components C' and C” are connected by

an interior node, there is a unique type 1 edge in E; between Vi and V.

3. We also associate to T" a set Es of type 2 edges: If components C' and C” are connected

by a boundary node, there is a unique type 2 edge in Ey between Vi and V.

An isomorphism of structure graphs is an isomorphism of undirected graphs which pre-

serves the data associated to the edges and edge type. We denote by

(T, g,(mc)ces, (?)CES, V,Ey, Ey)

%
the isomorphism class of the graph (T, g, m;, k ¢, V, E1, E;). R

15



_>
Consider the graph 7 := (T, g,m;, k¢, V, Ey, Ey). Let DM, denote the collection of
equivalence classes in DM, j, ar, p, With structure graphs isomorphic to 7. We have a

natural topology on DM, :

Definition 2.1.4. Let [a] = [(S,7, M, D)] € DM, and let U be an open subset of J;
containing j. Consider the subset of DM, denoted by V(«,U), given by the set of

equivalence classes
[(S,k, M, D)], k € U, and the orientations induced by k and j agree

where U is an open subset containing j in the space of complex structures on S. Let V!

denote the set of such subsets. B

That V! forms a topology follows analogously to the result in the case of closed Riemann

surfaces proven in [HWZ3]:

Proposition 2.1.1. (compare Theorem 5.11 [HWZ3]) V! is a basis for a Hausdorff

topology on DM,.

Proof: First we show that V! defines a topology. It is enough to show that given
open subsets V(a,U), V(a/,U’) and an intersection V(«,U) N V(a/,U’) and a point
[@"] € V(a,U)NV(c/,U’), there exists an open subset V(a/,U”) such that V(a”,U") C

V(e,U)NV(a/,U"). By (1) there exists morphisms
¢ d" =«

¢ — o
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Observe that ¢*U and ¢*U’ are open C'*°-neighborhoods of j”. Set
U":=¢*Un¢™U
then
V(" U") cV(e,U)ynV (e, U")

Thus V! is a topology which we denote by ¥,. Furthermore, by observing that the space
of complex structures admits a metrizable topology (see Proposition 2.1.3) we see that

%, admits a countable neighborhood basis.

Now we establish the Hausdorff property. Suppose we have two equivalence classes rep-
resented by curves:

a:(s7j7M’D)7 a/:(S/?j/7D/7M,)

such that for any open neighborhoods V' containing [o] and V' containing [¢/] we have

V NV’ # (). This stipulates the existence of sequences

jk —>]andj,/€ _>j/7 ¢k : (SvjkaMaD) — (S/7jI/§7D/aM/)

such that the maps ¢y, are biholomorphisms. The stability of the surfaces o and o/ and

Gromov-Compactness imply that a subsequence of the maps ¢ converge to a morphism

O a— o

Thus [a] = [¢/] and it follows T, is Hausdorff. W

We will make use the notion of small disk structures to define a more convenient topology:
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Definition 2.1.5. (Small Disk Structure) (compare Definition 2.3 [HWZ1]): A
small disk structure associated to the Riemann surface o = (S, j, M, D), denoted by
D, assigns to every nodal point = €|D;| (z €|Dy|) a disk (half-disk) like neighborhood
D, C S (HD, C S) centered at x with smooth boundary. The disks and half-disks are
mutually disjoint and disjoint from the set M. We will occasionally denote the half disks
HD, by D,, for x €|D,|. Also the data of a small disk structure includes a choice of
holomorphic coordinates, discussed in greater detail in Section 2.2. We further assume

that the union

D:= |J D.uD,

{z,y}eD

is invariant under the action of Aut(c). W

Definition 2.1.6. Consider a Riemann surface o = (.5, j, M, D) with a small disk struc-
ture D. We denote by Jp; the set consisting of complex structures which agree with j
on D :

Jpj={key; : kD=jD} N

Definition 2.1.7. Let U be an open subset of Jp; which contains j. Given [a] =
[(S,j, M, D)] € DM,, consider the subset of DM, denoted by V(«, U, D), given by the

set of equivalence classes
{l(S,k,M,D)| € DM, : ke U}
Let V2 denote the collection of such subsets V(a, U, D). B

Proposition 2.1.2. (compare Theorem 5.12 [HWZ3]) V2 is a basis for a topology
on DM, . The topologies induced by V? and V! agree.
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Proof: Assume that V (o, U, D) is given and o’ represents an element in [o/] € V(a, U, D).

For definiteness, we set o = (S, 7, M, D) and o/ = (S, 5, M, D). Note that:

i'lp, = jlp,, for all x € D

To prove the claim it is enough to find U’ such that

V(d,U") € V(a,U,D)

Let {U},}22; be a monotonically decreasing sequence of open neighborhoods of j’ defining
a neighborhood basis for j'. Suppose for sake of contradiction, we have a sequence j/, — j
such that (S, j/, M, D) does not represent an element in V(a, U, D) for any n. For every
disk D, of the small disk structure we fix a point on the boundary. Then there exists for

every disk a unique biholomorphism

(Dfmj/) — (Dw7j7/1)

preserving the point and x. For each half-disk H D, we find a unique biholomorphism

preserving x. Observe that these diffeomorphisms converge in C* since j/ — 7' in C™°.
Fixing such maps for every disk D, and extending these maps smoothly to the entire

surface S, we produce a sequence ¢y, of diffecomorphisms preserving the points in |D| and
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converging in C* to the identity so that ¢jj;. coincides on |D| with j. Then:

(S, @ik, M, D)} = [(S, jy, M, D)]

and ¢ 7. belongs to U for k large. By construction ¢f|p, := j|p, for all x € D. Thus we

have the contradiction. W

We will parametrize open subsets of DM, by open subsets of finite dimensional vector
spaces. Towards this end, let a = (S, j, M, D) be a stable curve with boundary, and let

[o(cr) denote the vector space of smooth sections 7 of the bundle T'S — S satisfying:

n(DUM) =0

n(l) € T,0S, forl € 0S
Also denote by Q%!(«) the space of sections I'Hom(T'S,T'S) which are complex anti-

linear.

Consider the classical linear Cauchy-Riemann operator D : T'g(a) — Q%! (a) given by

Df .= %dﬁ

We will show that the quotient H'(a) = Q%! (a)/Im D parametrizes deformations of the

complex structure j.

The automorphism group G of « acts on H'(a) via the natural representation (com-
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pare Definition 2.9 [HWZ3])

Gx H' (o) = H' (), (g,7) = g*[r] :==[(Tg)r(Tg)""]

Let E be a finite dimensional smooth vector space and consider a smooth family of
complex structures j : V. — J,; on S defined on a small open neighborhood V' of the

origin in E. Associated to j is a family of Riemann surfaces:

UV — Oy = (S7j(U),M, D) € DnghJV[i,Mb

We call this family a deformation of « if j(0) = j. If V is a small open neighborhood
of a finite dimensional vector space E, the differential dv — Dj(v)dv gives a linear map

E — H'(«a,) which we write as

[Dj(v))6v = [Dj(v)dv]

where [Dj(v)dv] denotes the equivalence class of Dj(v)dv in H'(a,). We refer to the

linear map [Dj(v)] as the Kodaira differential.

Definition 2.1.8. Good Families (compare Definition 1.4 [HWZ3]) Fix a con-
nected and stable Riemann surface with boundary o = (5,4, M, D). Let E be a finite
dimensional vector space and let V' C E, be an open neighborhood of the origin. Con-
sider a smooth family v — j(v) of complex structures on S parametrized by V. Denote

by H'(a,) the quotient

H' () := Q%Ya,)/ Im D(To(a))

The family v — j(v) is effective if:
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(1) 5(0) =4

(2) [Djj(g *v)(g = ov)] = [(Tg)(Dj(v)ov)(Tg)™]

(3) [j- Dj(v)] : Eo — H'(c,) is a real linear isomorphism for all v € V.

We say E, is a good vector space for a and that V' is a good germ. W

Proposition 2.1.3. (compare Lemma 3.8 [HWZ3]) The map

{ve Q®N(T9) :|v| <1} = J;
1

v—jw)=j1+v)(1—v)"

is a homeomorphism onto ;. The map is equivariant in the following sense:

jlg*v)(z) = Tglg ' (2)) 0 j(v) (g7 (2)) o Ty '(2)

Proof: The argument follows identically to that presented in [HWZ3]. B

In [HWZ3], the authors demonstrate the following result when S is closed:

Lemma 3.9 [HWZ3] The derivative Dj(v) of the map v — j(v) is a linear map

Dj(v) : Q" (TS, ),(TS, ) = Q™ (TS, j(v)), (TS, j(v))

It satisfies

J(v) o Dj(v)[6v] = Dj(v)]j o 0]



Thus Dj(v) is complex linear. W

The proof of the boundary version follows identically to that of Lemma 3.9 [HWZ3]:
Lemma 2.1.1. (compare Lemma 3.9 [HWZ3]) Let (5, j, M, D) be a Riemann surface
with boundary. The derivative Dj(v) of the map v — j(v) is a linear map
Dj(v) : QXN ((T'S, 5), (TS, ) = QH(T'S, j(v)), (TS, j(v))
We have
j(v) o Dj(v)[dv] = Dj(v)j o dv]
Dj(v) is complex linear. W

We have the following from [HWZ3] in the closed case:

Theorem 3.10 [HWZ3] For every noded surface o = (.5, j, M, D) there exists a good
family v — j(v) which is complex. It is defined on a G-invariant open neighborhood V'
of 0 € E, where E C Q%'(a) is a complex G-invariant subspace with projection onto

H'(a) is an isomorphism. Explicitly,

jw)=j-0+v)1—-v) " ,veVCcE R

In the case of Riemann surfaces with boundary we have the following:

Proposition 2.1.4. (compare Theorem 3.10 [HWZ3]) For every Riemann surface
with boundary a = (5, j, M, D) there exists a good family v — j(v). It is defined on a

G-invariant open neighborhood V of 0 € E, where E C Q%!(a) is a complex G-invariant
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subspace with projection onto H!(«) is an isomorphism. Explicitly,

jw)=j-1+v)(l-v) " veVCE

Proof: By construction we have:

J - Dj0)(0v) = =2(6v) (1)

The operator D : To(a) — Q%!(a) is a Fredholm operator. So there exists a finite
dimensional vector space E C Q%!(a) such that the projection onto the quotient H(c)
is an isomorphism. We can assume F is G-invariant by employing an averaging argument
as in [HWZ3] Theorem 3.10. From (1) above, it follows that j(v)-Dj(v)- is an isomorphism

for v sufficiently close to 0.

The following is a consequence of Riemann-Roch (see Appendix C [MS]):

Theorem 2.1.1. (compare Proposition 3.3, 3.4, 3.5 [HWZ3], Theorem C.1.10
[MS]) Suppose [a| = [(S, j, M;, My, D;, Dy)| € DMy p s, 0m,- The Cauchy-Riemann oper-

ator

D :Ty(a) — Q%)

of

is Fredholm and

ind(D) := 3 x(a) = 2#M; — #My + 2#D; + #D,

=6 — 69 — 3h — 24 M; — #M,, + 24#D; + #D, N

Remark 2.1.1. Part (iii) of (see Theorem C.1.10 [MS]) implies that D is injective if
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and only if « is stable. l

2.2 Gluing Riemann Surfaces

[HWZ3] establishes the following in the case of closed Riemann surfaces:

Theorem 1.9 [HWZ3] Given a connected, closed stable nodal surface (S, j, M, D) and
mutually disjoint closed disk-like neighborhoods D, of the points x in |D| with union

such that

U o

z€|D|
is invariant under the G-action, there exists a good complex family v — j(v) € Jp, ; such

that j(0) = ;. A

From Theorem 1.9 [HWZ3] and a doubling argument we have:

Theorem 2.2.1. Given a connected stable nodal surface with boundary (S, j, M;, My, D)
and mutually disjoint closed disk like (half-disk like) neighborhoods D, of the points

x €|D;| (z €|Dy|) such that

U D

z€|D|
is invariant under the G-action, there exists a good complex family v — j(v) € Jp ; such

that j(0) =7. W
To study nodal degeneration we introduce the notion of a gluing profile:
Definition 2.2.1. A gluing profile is a diffeomorphism

¥ :(0,1] = [0,00) W
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Intuitively, the gluing profile will specify the rate of nodal degeneration specified by a
given finite dimensional parametrization of the Deligne-Mumford space. As discussed
in [HWZ3], the holomorphic Deligne-Mumford space is realized by the choice of profile
Drog(r) := F2log(r). The choice of profile we will need for polyfold theory, to ensure

smoothness of reparametrization actions in Section 3, is the exponential gluing profile
o(r) = er — e.

Definition 2.2.2. Given a Riemann surface with boundary a = (S, 7, M, D) we define

the vector space

N(D) := R#IPel o C#ID:l

We will draw the collection of gluing parameters from the partial quadrant:

1 ,
By = [0.)*" & BT

where B% is the open ball of radius % in C. By a = (agzyjep) € Bp or a € Bp we denote

a collection of gluing parameters for a.. W

First we examine the gluing of an interior node {z,y}. For each disk in the small disk

structure we choose holomorphic polar coordinates
Vo1 [0,00) x 8" = Do —{x}, thuls,1) =, (770

where ¢, : {z € C :|z] < 1} — D, is a biholomorphism satisfying 1, (0) = z. For y we

choose negative coordinates:
wy : (_O0,0] x St Dy — {y}7 1/Jy(8,t) _ @y(e%(sﬂt))

where ¢, : {z € C: 2| < 1} — D, is a biholomorphism satisfying ¥, (0) = y.
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Z{xvy} .

We use these coordinates construct the glued neck Zg":

Definition 2.2.3. Interior Neck Z\”) Suppose afzyy 7 0. Consider the subsets

{z,y}
Dm,a{z’y} = {Z €D,: z= ¢x(57t)> s < ¢(‘a{x,y}|)}

and

Dyaryyy = {z€Dy: z=9y(s,1), s> —d(lagzyy])}

We take the quotient

{zy} U
Z‘l{x,y} = Daag, Dyva{x,y}/ ~

where ~ is the relation which identifies
2z = hg(s,t)

with

2= hy(s',t)

if

s =5+ ¢(lagsyy]) and t =1+ 60, modl

where a3 :|a{x7y}|e_2m9{w}. If afyyy = 0 we define Zé{x’y} =D,uD,

z,y}

=y depends on the choice of

Remark 2.2.1. Observe that the complex structure on Zé
complex coordinate charts. Indeed, there is an S* family of possible choices coming from
the relative angle of rotation between the coordinate charts v, and v,. For a construction

of Zéfj’y}} which captures this choice intrinsically. B
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For the boundary nodal pairs, we similarly choose positive polar coordinates and

negative polar coordinates
Yy 1 [0,00) x [0,1] = HD, — {2z} and 4, :(—00,0] x [0,1] - HD, — {y}

The boundary neck is defined similarly:

Definition 2.2.4. Boundary Neck Zéffy}} Suppose agy 3 # 0. Consider the subsets

HDyap, ,, = {z € HD, : 2 = 1,(s,t), s < d(|agey])}
and

HDyop, =42 € HDy: 2 =9y(s,t), s > —d(laguyy|)}

We take the quotient

{m7 } ¢ —_ Y
HZ!"™ .= HDyy,, UHDy,a{zyy} /

A{z,y}

where ~ is the relation which identifies

z = 1(s,1)
with
Z/ — wy(sljt/)

if

s=s+d(agz,y) and t =1
If agy,y = 0 we define HZ{"*' = HD, UHD,. B
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Remark 2.2.2. We will also refer to HZ&Ev 45 Ziovt g

Afa,y} Afz,y}-

Remark 2.2.3. When ay, ,, # 0, the neck has two global coordinate systems given by

the positive coordinates inherited by D,:

{(s,0): 0 <'s < (lageyy])}

and the negative coordinates inherited by D,:

{(s,1) s =o(lagayy]) <" <0}

Given a point x € Zéfjfy}} we will refer to the positive coordinate representative of x by

[(s,t)] and the negative coordinate representative by [(s,t')]. By

Vagayy {(5,) : 0 < s < 9(lagey|)} — Zizy}

A{z,y}

we denote the positive coordinate chart on the glued neck.

Definition 2.2.5. The subset Z{"Y (—h) C Z% is defined by

Ay} Az,y}

280 (<h) = A{[s,t) € ZE¥) -s€[h,R—h]} W

A x,y}

Definition 2.2.6. (Core of a Riemann Surface) Consider a real tuple 7 € N (D).

Then we define Score 7 C S to be the complement:

Seorer =19 — U Vo ([P {ay1: 00) X Jiayy) Uthy (=00, =Tz 3] X Jiayy)

{z,y}eD

29



where Ji, 0 = [0,1] if {z,y} € Dy and Jg,y = S* if {2,y} € D;. When all entries of r

are identical we will refer to Scorer as Seore,r. We also abbreviate Score1 by Score. B

Definition 2.2.7. (Glued Surface) Given a Riemann surface with boundary (.S, j, M, D),
and a set of gluing parameters (a{rﬁy}){x,y}e p € Bp, we define the glued Riemann surface

(Sa, Jas Ma, Dy) as follows:

1. S, := S5/ ~ where ~ identifies:
[ (s, 2)] ~ [hy (", 2')]
if s — 5" = ¢(Jag,n]) and ¢ — ' = log_zi{|;+’{y}}‘ mod 1 for {x,y} € D; and identifies

[ha (s, )] ~ [hy (s, )]

if s — 5" = ¢(|agayy|) for {x,y} € D.

2. jq is the complex structure naturally induced by 7 on S,.

3. (M;), and (My), are identified with M; and M, as subsets of Score.

4. D, is identified with the nodes in D for which ag, ,, = 0. B

Definition 2.2.8. (compare Definition 2.11 [HWZ1]): Let a' = (af, )z y1ep be a
sequence of gluing parameters. A sequence of points (z;) C Sy is said to stay in finite
distance to the core if there exsists a real number h > 0 satisfying z, ¢ Z,(—h) for

sufficiently large. B
30



Definition 2.2.9. Let o be a Riemann surface with boundary equipped with a small

disk structure D. Let
Y, : RY x J = D, — {x}, Y, :R™ xJ = D, —{y}

be positive and negative holomorphic coordinates where J = St if {z,y} € D, and J = I

if {z,y} € Dy. Then we say that
Uw.({0} x ) s, Juw,({0} xJ)c S
T Yy

are the left and right boundaries, respectively. We continue to denote the images of
{0} x J under the coordinate charts v, and 1), in the glued surfaces S, as the left and

right boundaries, respectively.
Lemma 2.2.1. Consider a biholomorphism of Riemann surfaces:
(8,4, D) = (5,5, D)
Choose disk structures D! for (S, j, D) and D? for (', 7', D) such that
(D) = D?
Further fix holomorphic coordinates:
hy (R X Jpay, i) = Dy, hy 0 (RT X Jgpyy,1) — Dy

k‘w(x) : (R+ X J{Ly},i) — Dl/)(f)’ kw(y) : (R_ X J{x,y},i) — Dw(y)
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Then for gluing parameters ag, 1ep we have a family of biholomorphisms:

wa : (Schjaa Da) — (Slly(a)ajl/;(a)7D£)(a))

such that

—27i (0, —0y)

by (@) ()} =€ Az}

where 0, and 0, are defined as follows
k;(lz) ot ohy(s,t)= (s, t+46,), k;;(ly) oo hy(s ) = (st +0,)

Proof: The argument follows similarly to Proposition 2.11 [HWZ3]. We define the map

Yo 1 Sq — S} plecewise on the core:

Yo:=¢ onS— (D

z€|D)|

and on the neck:
dj@([z];{m’y}) = [@/J(z)]lbp{(i()x)vw(y)}

Here 2] denotes the equivalence class of z € D, in S, and [w(z)]z{(ﬂ)ﬂ’m)} denotes

the equivalence class of 1(z) € ZZ{(‘;()”)’M”)}. It suffices to show that if h,(s,t) and hy(s',t')

are equivalent in Z4*Y)

A{z,y}?
{(=), ¥ (y)}
waz),w(y)} :

then ky ) 0¥ o hy(s,t) and ky(y) o 1 o hy(s',t') are equivalent in

The former equivalence requires

s—s = Randt—t =0, where Afzyy = e 20
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while the latter equivalence requires
s—s =Rand (t+0,) — (' +0,) =0+0, —0,, whereag,,, = e >

It is clear these conditions are the same. W
Now we introduce the topology on DM, p, a1, w1, -

Definition 2.2.10. Consider [a] € DM, j a1, a1, and fix a representative (.S, j, M, D) for
a. Fix a small disk-structure D for «, a neighborhood U of j in Jp; and € € (0,1). We

define the set
V(e,U,D,€) :={[Sq, ka» My, Do) € DMy pas;nn, © k€U, a € Bp, |a] <€}
We denote the collection of such subsets by U. B

Proposition 2.2.1. (compare Theorem 5.13 [HWZ3]) The collection of sets U de-

fines a basis for a second countable Hausdorft topology T on DM, 1, ar, a, -

Proof: The proof follows analogously to Theorem 5.13 [HWZ3]. B

2.3 Good Uniformizing Families

For each interior nodal pair {z,y} € D;, there is a uniquely determined complex anti-

linear map ¢, : 7,8 — TS such that if ¢, , is its inverse, then the composition

T, (0)™" 0 ¢yp 0T, (0): C— C
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is complex conjugation (Proposition 2.5 [HWZ3]). The composition

Oaa}(9) = Pay © TYW) ™ © Bgiay o) © T9(x) : ToS — T1S
is unitary (see Proposition 2.6 [HWZ3]). Thus oy, 4;(g) € S*. Consider the G-action
0:G— GL(N) x GL(E)
given by

g * (ao,al, 6) = U<g)<a0’a17 e) = (UN(g)aoaalag * 6)

where a® € C#IPil ! € R#IP¢l and oy(g)a’ = b is given by

Dig(@) 9w} = T} (9) - Alayy

Now we use the above notions to define finite dimensional parametrizations of DMy 5, v, :

Definition 2.3.1. Good Uniformizing Family (compare Definition 2.12 [HWZ1])
Consider the stable Riemann surface with boundary o = (S, j, M, D) with automorphism
group G, and fix a disk structure D for a. Let V' C E be a neighborhood of 0 € £ and

consider a good deformation of j, v — j(v) parametrizd by V.

We define the family

(a,v) = o
(a,v) = (84, J(V)a, Ma, Da)

of Riemann surfaces deformed by both gluing and variation of j. We restrict the param-

eters (a,v) to vary in some open neighborhood (0,0) € O C N x E which is invariant
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under the action of G. The family (a,v) = () is called a good uniformizing family

with domain O if the following is satisfied:

(1) The set U = {[oqaw] : (a,v) € O} of equivalence classes of stable Riemann sur-

faces is open in the space DM, j, a1, 0, -

(2) The map p: O — U defined by

p(a,v) = [(a)]

induces a homeomorphism [p] : O/G — U.

(3) If ¢ © @y — Q) is an isomorphism of noded, bordered Riemann surfaces
where (a,v) € O and (d/,v") € O, then there exists an automorphism g € G satisfy-

ing (a’,v") = g * (a,v). Additionally, ¢ = g,.

(4)
[j-Dj(v)] : E — H'(a)is a real isomorphism for allv € V' R
The main result on the parametrization of Deligne-Mumford spaces is:

Theorem 2.3.1. Existence of Good Uniformizing Families For each stable noded

Riemann surface a = (S, j, M, D) there exists a good uniformizing family

(a,v) = o), (a,v) €0

Proof: The proof is given in Section 8. H

Theorem 2.3.1 follows from Theorem 2.19 [HWZ2] and a straightforward doubling argu-
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ment. We will present another argument using lego decompositions in Section 8.

Good uniformizing families will form our orbifold charts for DM, p, ar,. 01,0 Let Oy be
the parameter space parametrizing a good uniformizing family (a,v) — o). Let G

be the graph of the uniformizing family

Gy = {((a,v),a()) : (a,v) € Oz}

Let A be a set of indexing graphs GG such that the images of the projections p : Gy —
DMg i v, cover DMy g, - D Mg o v, is the orbit space of a groupoid Ty 4 ar,, s,
with objects given by:

Tgvh,MivMb = U G
AEA

The morphism sets M (G, Gy) are triples
{((a,v),¢,(a’,v)) : (a,v) € Oy, (a',v") € Ox, @1 Qg — vy, is an equivalence}
The collection of all morphism sets is given by:

Tg7h7Mi7Mb = |_| M(GAaG)\’)
AN EA

Theorem 2.3.2. With respect to the exponential gluing profile, the object set T} j, ar, a1,
is a smooth manifold with boundary. The morphism sets M (G, Gy) are also smooth
manifolds with boundary. The structure maps are sc-smooth, and (7,T) is an ep-

groupoid. These charts realize DMy, as, 1, @s a smooth orbifold.

Proof: Theorem 2.3.1 is a consequence of Section 8. W
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The identification of the objects T by the morphisms T realizes DM, 5 ar, 1, @s the quo-
tient. We will make a similar identification of the space of stable maps Z as the orbit

space of an ep-groupoid X.

From Theorem 2.1.1 and Proposition 2.1.4 , we have:

Corollary 2.3.1. dim DM p, as, 0, = 3(29 + h — 2) + 2#M,; + #M, [ |

2.4 The Universal Property of Uniformizing Families

We recall the discussion preceding Theorem 2.19 [HWZ1]: Let g = (S, k, M', D’) be
a stable noded Riemann surface with boundary and small disk structure D’. For each
marked point z € M’ := M/ U M], choose an open neighborhood V(z) such that the
neighborhoods V' (z) are pairwise disjoint and such that they do not intersect |D’| but

may intersect D' If M’ = {z1,--- , 2z} we consider the space

V(M/) = V(Zl) X oo X V(Z#|M/|)

Let Up be a C* open neighborhood of complex structures in Jp/ ;. Given the tuple

(b, k,O') € ND’ X UD’ X V(M,),

similarly to Definition 2.3.1, we associate the noded Riemann surface

5(1),]6,0') = (Sl/)a kllya M/(U)ba D;;)

for || sufficiently small, o sufficiently close to oy where M’(0y) = M’, and k' sufficiently

close to k. For a family w — k(w) varying smoothly in a finite dimensional family, we
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refer to the association

<b7 w, U) — B(b,k(w),a) = (Sl/)7 k(w)bv M(U)bv Db)

as a smooth family.

Definition 2.4.1. Core-Continuity and Core-Smoothness (compare Section 2.1
[HWZ1]) Let notation be as in the preceding discussion. Consider a finite dimensional
smooth manifold U C Ups parametrized by a finite dimensional germ W C E’. For each

point (b,w,0) € Np @ W x V(M') we associate an isomorphism:

O, k(w), ) : B k(w)o) = Qubk(w).0)

Fix (bo, wo, 00) € Np@W xV(M'),if z € S is non-nodal then the image ¢(bo, k(wo), 00)(2)

is also non-nodal in S,,. If z € S

core’

we identify a neighborhood of z € Sj  with a neigh-
borhood of z considered as a point in S”. If z ¢ S, there exists a nodal pair {z,y} € D
such that z can be identified with a point in D, — {z} or D, — {y}. Similarly, we can

identify a neighborhood of the point ¢(by, j(vo), 00)(2) as a subset of Sy or D.

Using these identifications, we can say that the family (b,v,0) — ¢(b, k(w), o) defines
a family of diffecomorphisms between a germ of z and a germ of ¢(bg, k(wy), 0¢)(z) for
(bo, wy) sufficiently small. Core-continuity, resp. core-smoothness, means that all of these

families of maps are continuous, resp. smooth, between the identified subsets of S’ and

S.

The following is proved in the Section 8 using the sc-implicit function theorem:

Theorem 2.4.1. (compare [HWZ1] Theorem 2.19) Fix a good family (a,v) — o(q)
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1. Consider the family (b,k,0) = Bpre) of noded Riemann surfaces with boundary,

where (b, k,0) € Bi x Upr x V(M') and suppose that we have an isomorphism:

’QD : /8(0,]'/,00) = (S/aj/>M/(UO)7D/) — (Saoaj(a07vo>a Maoa Dao) = a(ao,vo)

for some parameter (ag,vp). Then there exists a uniquely determined core-continuous
germ

(b,k,0) = u(b,k,0) = (a(b, k,0),w(b, k,0))

defined for (b, k, o) near (0, j', 0¢) which satisfies (0, 5, 00) = (ag, v9) and a core-continuous

germ (b, k,0) — ¢(b, k, o) of isomorphisms
(b(ba ka U) : B(b,k,a) — au(b,k,o)
between the noded Riemann surfaces with boundary satisfying ¢(0, j', 0¢) = 9.

2. Also if w — k(w) is a smooth family of complex structures on S, with £(0) = 5

then the family (b, w, o) — ¢(b, k(w), o) of isomorphisms

¢, k(w), ) = B kw)o) = Vulbk(w).0)

is core-smooth. W

3 Gluing Maps

In Sections 3 and 4, we produce polyfold charts on the ep-groupoid of stable maps. These

charts parametrize the neighborhood a stable map by combining the deformations of the
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Riemann surface structure, described in Section 2, and continuous deformations of the
map on a fixed domain. Section 3 is concerned with parametrizing the deformation of a
map defined on a family of degenerating Riemann surfaces near the nodal degeneration

on the domain.

3.1 Overview of M-Polyfolds

In Gromov-Witten theory we consider continuous families of reparametrizations of sur-
faces. However, the continuous reparametrization is never naively classically smooth.
Using the notion of scaled smoothness, introduced by Hofer-Wysocki-Zehnder, we can
extend the notion of smoothness to this situation in a manner which allows for the
eventual construction of a Fredholm and integration theory on the moduli spaces of

pseudo-holomorphic curves.

Definition 3.1.1. (compare Definition 1.1 [HWZ2]) An sc-structure on a Banach

space F is a filtration by a sequence of subspaces

"'CE/L+1CEZC"'CE0:E

where each subspace has a Banach space structure and the inclusion F; ;1 — E; is

compact. Lastly, we require that the intersection Eo := (.2, E; is dense in every E;. B

Given an sc-structure on FE, we define a shifted sc-structure on EY by the rule (E7); :=

Ei+j .

We say a Banach space with an sc-structure is a scaled Banach space. We can extend
a number of natural constructions on Banach spaces to scaled Banach spaces. Given FE

and F' scaled Banach spaces, the direct sum E @ F admits an sc-structure defined by
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Let E and F be scaled Banach spaces, then a linear operator 1" : £ — F is an sc-

operator if it preserves the filtration, i.e. T(E;) C F; and T : E; — F; is continuous.

Proposition 3.1.1. Suppose T': F — F'is an sc-linear map of sc-Hilbert spaces. Then

ker T is an sc-Hilbert space.

Proof: ker T inherits an sc-filtration

ker T, :=ker TN E,,, m=>0

from E. By hypothesis on E, the inclusions ker T),,; < ker T}, are compact. It is
enough to show that ker T'N E, is dense in each space ker T'N E,,. By hypothesis on
E, given any e € E,,, there exists a sequence {e,}>°, C E, which limits to e in F,,.
ker T,,, = ker T|g,, is closed in every E,,, m > 0, so there exists an orthogonal splitting

of Hilbert spaces (not necessarily of sc-Hilbert spaces)

E, =ker T, &C

1

L and e? denote the

for some subspace C' C FE,, such that T is injective on C. Let e
projections of e, onto ker T;, and C, respectively. Then T(e,) = T(el) + T(e?) —
T(e) =0 as n — oo implies that T'(e2) — 0 in E,,. The injectivity of T implies that e?

converges to 0 in E,,. In particular, this means that el — e in E,,. Therefore, ker T, is

dense in E,,, for m > 0. R

We say that a subset C' C E in an sc-Banach space is a partial quadrant if there exists

an sc-linear isomorphism 7' : £ — R™ @ W such that T(C) = [0, 00)" & W.
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Now we come to the notion of sc-smoothness. Given sc-Banach spaces E and F', U C
an open subset of a partial quadrant C' C E, and f : U — F a map. If f(U;) C F;
and f : U; — F; is continuous for all ¢ > 0, then we say the map f is sc-continuous,

0

interchangeably we say f is sc’. Given an open subset U C F, we define the tangent

space of U to be Ut @ E.

Definition 3.1.2. (compare Defintion 1.9 [HWZ2]) Consider scale Banach spaces
E, F, a partial quadrant C' C FE and an open subset U C C. A map f: U — F is sc! if

the following holds:
1. fis sc®

2. For each x € U; there exists a bounded linear operator Df(z) : Ey — Fy such

that
|f(z+h) = f(z) — Df(x)hlo

liIn|/7u|1—>07 z+heU; |h’ =0
1

3. The map T'f : TU — TF given by Tf(z,h) := (f(z), Df(x)h) is sc°

The map Tf : TU — TF is the tangent map to f, if f is sct. We say f is sc® if

Tf is sc'™ 1. We say f is sc-smooth or sc™ if f is sc' for all i > 0. W

Note that we don’t require the map (x,h) — T f(x,h) to be continuous in the operator
norm. Also, observe condition (2) is weaker than the classical condition on the difference
quotient. Further, observe that the differential of an sc¢' map can only be evaluated at

points with regularity on level 1 or higher.

Theorem 3.1.1. Chain Rule (compare Theorem 1.1 [HWZ2]) Let U C C C E

and V C D C Fand W C @ C G be relatively open subset of partial quadrants in
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sc-Banach spaces and let f : U — V and g : V — W be sc'-maps. Then the composition

go f:U — W is also sc'- and

T(gof)=(Tg)o(Tf) W

We can generalize the notion of a smooth atlas to an atlas based on scale smooth retrac-

tions. Towards this end we have the following definition

Definition 3.1.3. (compare Definition 2.1 [HWZ2]) An sc-smooth model is a triplet
(O,C, E), where E is an sc-Banach space, and C' C F is a partial quadrant in E, and

O =1r(U) where r : U — U where U C C' is relatively open and O C U. B

Definition 3.1.4. (compare Definitions 2.6 and 2.8 [HWZ2]) Let X be a topolog-
ical space, then an M-polyfold chart around a point € X is a 4-tuple (U, ¢, (O, C, E))
where (O, C, F) is an sc-smooth model, U an open neighborhood of z and ¢ : U — O is
a homeomorphism. We say that two charts (U, ¢, (O, C, E)) and (U’, ¢/, (O’,C", E')) are
sc-smoothly comptaible provided ¢’ o ¢~ : ¢(U NU’') — ¢'(U NU’) and its inverse are

sc-smooth.

An M-polyfold is a Hausdorff paracompact topological space X, equipped with an equiv-

alence class of sc-smooth atlases. B

3.2 Interior Nodal Gluing

Recall the exponential gluing profile is given by:

1

¢:(0,1] = [0,00), ¢(r)=er —e
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Definition 3.2.1. Let a € B%. If a = 0, we define the set Z; to be the disjoint union
Zo:=R" xS | | R xS
If a # 0 we write a in polar form a =|a| - €™, If a # 0, then
Zy:=[0,R xS" | | [-R,0]x8"/(s = Rt —0) ~ (5,1

where (s,t) gives the standard coordinates on R x S and (s/,t') gives the standard

coordinates on R~ x S!, where R := ¢(Ja|). B
Throughout this section, we fix an increasing sequence (65)2°, C (0, 27).

Definition 3.2.2. If a # 0 we define the infinite cylinder Cj, :
Co=R"x 8" || R"xS"/ ~

where the equivalence relation ~ identifies (s,t) € [0, R] x S € R* x S! with points

(s',t') € [-R,0] x S* € R~ x S which satisfy
s—s =R and t—t' =40
For a=0,set Co=0. R

Definition 3.2.3. Let 5 : R — [0, 1] be the smooth function uniquely specified by the

conditions:

L f(=s)+p(s) =1
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2. B(s) =1forall s <—1

3. f'(s)<0forse(—1,1) A

For shorthand we use the notation R* x S! to stand in for the disjoint union R* x St L]

R~ x St

Definition 3.2.4. Fix an increasing sequence 0 < ) < -+ < §% < --- < 27. For each

k > 0, we define the Sobolev space:
H3+k,5(]§<Ri % Sl,RQn) — {u c H3+k(Ri % 51’R2n) - e5§|s| c H3+k’(Ri % 517R2n)}
The norm on H3t59% (R* x S1 R2") is defined by:

Hu||,2§756€ = Z /]R+ Sl|D°‘u+\2e26§|s|ds dt—l—/R | Du [2e*%65°0) ds dt
X

— x5l
|| <34k x§

where v : R — R is a smooth map which is equal to the absolute value function away

from a compact neighborhood of 0. H
Lemma 3.2.1. The sequence of Hilbert spaces
e H3+k,5’g(Ri X Sl’Rm) NN H3,58(Ri % 51’R2n)

defines the filtration for an sc-Hilbert space which we denote H3%(R* x S! R2").

Proof: It is enough to show that the inclusions above are compact. Let {u,}>2, €
H3R05 (R* % S1 R2") be a bounded sequence. We will show this sequence is Cauchy
in H3+-1D8 (RE x §1 R2M). The proposition would be trivial if instead of infinite
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cylinders, the domain spaces were cylinders of finite length. The intuition is that the
exponential weights concentrate the mass of the sequence away from oo and thus reduce
the situation to the case of finite length cylinders. Without loss of generality we may
assume

llup|| =1 foralln >0 (3.2.1)

Claim Given € > 0, there exists R, > 0 such that

/ |D%u, | - %0 'Sl ds dt < ¢ for all n
[Re,00) x S1LI(—00,— Re]x St

Proof of the Claim: Suppose for sake of contradiction there exists a subsequence u,,,

and a sequence R,, — oo such that

/ |Do‘ufm|2 620 el ds dt > ¢ for all m >0
[Rim,00) X SLU(—00,— Ry x 51

Consider the inequalities:

|D*u= |2 215l ds dt
[Rum,00) X S1LI(—00,— Rin] X 51 o

k_ sk—1 k—1
DeuE |2 205Dl 206 sl g gy

/[m,oo)xSllJ(oo,Rm]><S1
k—1 E_ sk—1
> / |Dau1:fm|2 . 6260 |s| . 62(50 50 )Rm ds dt
[Rim,00)x STU(—00,— Ry xSt
5(’;75{;*1)1%%

> e

However, taking R,, — oo contradicts (3.2.1). B
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Given the claim, for each natural number m > 0, there exists an R, € R* such that

- 1
/ | D= - 20 lslds dt < — for all n > 0
[Rm,00) x STU(—00,— R ] x ST m

For each m choose a cut-off function y,, : R* x S' — [0,1] which is equal to 1 on

0, R,, + 1] and equal to 0 on [R,, + 2,00). Then for each m, consider the sequence

{un' ozo = {(xm(s) - uy, Xm(=5) - uy ) }nlo. Set
H¥*(10, £(R,,+2)]x S, R*™) := H*™([0, R,,+2]xS*, R*) @ H*™* ([—(R,,+2),0]x S*, R?")
Since the inclusions

H3([0, £(Ry, + 2)] x ST, R*™) — H*™([0, (R, + 2)] x S*,R?™)

are compact, considering each map u™ as valued on [0, £(R,, + 2)] x S, it follows that
each sequence {um}_, is Cauchy in H2**([0, £(R,, + 2)] x S',R*"). Since the expo-
nential weight is bounded on each compact subset, it follows that {u]'}>°_, is Cauchy in
H2+F0k—1 (Ri X Sl, RZn)

Given € > 0, choose m € N such that § < % and choose N is large enough such

that for all n, k > N,
€

3

Hu;n - u;ﬂnHQ‘Hﬂy&k—l <

Observe:

[t — vk|log ks, =t —wy +uy — urllogrs,, <t —u) [l240.5,_,

Fluy — wg’ = ugllag ks,
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€ € €
<n — w24 ks n — w2 ks T up — urllorrs,_, < 3tztg=c¢

The claim follows. B

By a much simpler argument one can prove:

Lemma 3.2.2. The sequence of Hilbert spaces
oo B3R Z, R — o — H3(Z,,R*™)
defines an sc-structure for H3(Z,, R*"). B
Definition 3.2.5. We define the model space E(2n) by
E(2n) :=R* @ H>%(R* x §', R*")
We label (ht,h™) € E(2n) as
h=c+ut:RT x St - R*"

h-=c+u :R™ xS' = R*”™

where

u=(ut,u") € H*B(R* x §* R*)

and ¢ € R?™. The m'" level of E(2n), denoted E(2n),,, is defined by:

E(Qn)m — R2n D H3+m,56"(R+ % Sl) @ H3+m,66” (R_ % Sl)
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The norm on E(2n),, is given by
1llsap =lel*HIu ] gsop @ g gomy T s @ o1 geny B

We define families of gluing and anti-gluing operators which extract the head and tail

behavior, respectively, of pairs (™, h™) € E(2n).

Definition 3.2.6. & Gluing: For a # 0 we define the gluing operator
®o : B(2n) — H*(Z,,R*™)

Balht ) ([5.1) = Bls — T (5,1) + (L= B(s — S)h (s — Rt —0)

where R := ¢(|al]). For a = 0, we define & to be the identity. W
Definition 3.2.7. For each integer £ > 0 and a € B% —{0}, we define the Sobolev space:

H3+k,5§(c«a’R2n) — {U c H3+k(R % SI,R2n> U - eégv(s—g) c H3+k(R % SI,R2n)}

where v : R — R is a smooth map which is equal to the absolute value function away

from a compact neighborhood of 0. The norm on H*t%% (¢, R?") is defined as:

M= 3 [ 1o Bisa m
X

|| <3+k

Lemma 3.2.3. The sequence of Hilbert spaces
ee — H3+k»5§<C’a7 ]RQH) e H3,58 (Ca; ]R2n)

defines an sc-structure on H3%(C,, R?").
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Proof: The proof follows similarly to Lemma 3.2.1.
Definition 3.2.8. © Gluing For a # 0 define the minus gluing
Sa : B(2n) — H>%(C,, R*™)

@a(h+7 h_)([87t]) = _(1 - B(S - g))(fﬁ(s,t) - ava(h+7 h_))
+B(s — g)(h(s SRt —0) — ava(ht, b))

where

1
ava(h+,h):§/ h+(§,t)+h<—§,t>dt m
Sl

A linear algebra argument reveals the following:

Proposition 1.27 [HWZO0] For a € B — {0} we have an sc-direct sum decomposi-
tion

E(2n) = ker(6,) @ker(@a) |

Let 7, : E — E be the projection onto ker(S,) along ker(®,) and consider the map
T B% X B — B% X FE

defined by
r(a,h*,h™) = (a,m,(h*,h7))

Theorem 1.28 [HWZ0] The map r is sc-smooth. l

50



The image O of r is then, by construction, in bijective correspondence with the set

X(2n) = {0} x E@2n) | | {a} x H*(Z, R*")

O<|a|<i

via the map

Imr — X(2n)
(a,m(ut,u7)) = (a, Dema(u®,u™))

Corollary 3.2.1. X(2n) is an M-polyfold. B

3.3 Interior Nodal Gluing in the Bundle of Anti-Linear Sections
3.3.1 Strong Bundles Over M-Polyfolds

We present the basic definitions relevant to strong bundles over M-polyfolds which appear
in Section 2.5 of [HWZ2], for the convenience of the reader. We begin in local charts
U C C C FE where U is a rel. open subset of a partial quadrant C' in the sc-Banach space

E. Given another sc-Banach space F', we define the product
U« F

As a set U < F is the product U x F. We equip U < F with a double filtration (m, k)

for 0 < k < m + 1 defined by

(U < F)m,k =U,, ® F;
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For i = 0,1 we consider the sc-manifolds (U <1 F)[i] defined by the filtrations

(U <4 F)[i] = U, ® Fps, m >0

Definition 3.3.1. (compare Definition 2.22 [HWZ2]) A strong bundle map & :
U< F — U < F'is a map which preserves the double filtration and has the form

®(u, h) = (¢(u),I'(u, h)) where I' is linear in h, and for i = 0, 1 the maps

Q:U < Fli] > U < F'[i]

are sc-smooth. A strong bundle retraction is a strong bundle map R: U < F - U < F

which satisfies R o R = R of the form

R(u, h) = (r(u),(u, h))

and r : U — U is an sc-smooth retraction. W

Definition 3.3.2. (compare Definition 2.23 [HWZ2]) A local strong bundle retract
is a tuple

(K,C< F,E<F)

where K C C' < F is the image K = R(U < F') of the strong bundle retraction R : U <
F — U < F of the form R(u,h) = (r(u),I'(u, h)). We will abbreviate (K,C < F,E < F)

by p: K — O, where p is the natural projection. l

The retract K carries a double filtration K,,; for m >0, and 0 <k <m + 1:

Ko =K 0O (U ® Fy) = {(u,h) € Uy @ Fy : R(u, h) = (u, h)}
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— {(u,h) € Op ® Fy : T(u, h) = h}

Consider the spaces K[i] by K[i] = Ky; for i =0, 1, equipped with the filtrations

Kli]pm = Ky m+i for allm >0

The projections p : K[i] — O define sc-smooth bundles for ¢ = 0,1. The definitions
below formally state that a general strong bundle of M-polyfolds defined by a collection

of local strong bundles with sc-smooth transition functions.

Definition 3.3.3. (compare Definition 2.25 [HWZ2]): A strong bundle chart for
the bundle P : Y — X is a tuple

(@, P*(V),(K,C < F,E <QF))

such that (K,C < F,E < F) is a strong bundle retract, say p : K — O. In addition,
V C X is an open subset of X, homeomorphic to the retract O by a homeomorphism
¢ :V — O. In addition,

. P (V)= K

is a homeomorphism from P~!(V) C Y onto the retract K covering the homeomorphism

¢V — O, so that the diagram

PYV) 25 K
P lp
V —" 50

is commutative. The map ® has the property that in the fibers x € V', the map & :

P~Y(z) — p~Y(¢(x)) is a bounded linear isomorphism between Banach spaces. B
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Definition 3.3.4. (compare Definition 2.26/2.25 [HWZ2]) Two strong bundle
charts @ : P7}(V) — K and @ : P~Y(V') — K’ which satisfy VNV’ # ) are com-

patible if the transition maps
P od i : (P HVNV)Ni] = (P LV NV))[i]

are sc-smooth diffeomorpisms for ¢ = 0,1. A strong bundle over the M-polyfold X is
a continuous surjection P : Y — X from a paracompact Hausdorff space Y onto the

M-polyfold X equipped with an equivalnce class of strong bundle atlases. B

3.3.2 Local Model for Anti-Linear Sections Near the Node

Now we consider the model space for the fiber. We will utilize so called "hat gluings”

defined as follows:

Definition 3.3.5. We define the sc-Hilbert space F(2n) := H2t™%" (R x S, R?") with
filtration given by
F,(2n) == H*™%" (R x S R*™") W

Definition 3.3.6. For a # 0 we define the gluing operator
Do : F(2n) — H*(Z,,R™)

Balht, 1) ([5.1) = Bls — T (5,1) + (L= Bs — S (s — Rt —0)

for a = 0 we define @, to be the identity.
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For a # 0 define the minus gluing
Sa : F(2n) — H>%(C,, R*")

Ball 1) ([s,6) = —(1 = (s = I (s,0) + Bl — (s — Ryt —0)

Note that the averaging term which is present in the definition of &, is no longer present
in the definition of 8,. This is because the averaging term may add a nontrivial contri-
bution to the asymptoptic limit of the map given 7, (h*, h™), while sections in the fiber

should decay exponentially to 0 at the node.

Proposition 1.27 [HWZ0| Fora € B 1- {0}, we have an sc-direct sum decomposition
F(2n) = ker(S,) Pker(d,) W

Let 7, : F(2n) — F(2n) be the projection onto ker(8,) along ker(®,) and consider the
map

?:B% XF(Q?”L)—)B% XF(QTL)

defined by
ma,ht,h™) = (a,7,(h",h7))

Theorem 1.28 [HWZ0] The map 7 is sc-smooth. H

The image of 7 is then, by construction, in bijective correspondence with the set

Y(2n) = {0} x F2n) | | {a} x H*(Z, R*")

0<|a|<%

%)



via the correspondence

Im 7 — Y (2n)
(a, Ta(ut,u)) = (a, DaTalu™,u))
Corollary 3.3.1. Y(2n) as an M-polyfold .

Consider the retraction
R: By ® E(2n) <4 F(2n) — By @ E(2n) < F(2n)
given by
((a, (w® um)), (W7, h7)) = ((a, ma(u",u”)), Ta(hT, h7))

By Theorems 1.28 and 1.27 [HWZ0] R is a sco-smooth local strong bundle retraction. Let
K denote the image of R and recall that we denote by O the image of r. Let p: K — O

denote the local strong bundle.

Definition 3.3.7. (compare [HFWZ] Section 3.4) Define the set W (2n) consisting
of all pairs (u,h) where u : Z, — R* € X(2n) and h : Z, — R?" € Y(2n). We define

the bijection (@ x, @) : K — W(2n) to be the map defined by
(a, (u®,u), (W, 07)) = (@a(u™,u7), @a(h, h7))

which is a bijection covering @ : O — X (2n). We have a local strong bundle chart:



3.4 Implantings into Manifolds

In this section, we will develop a gluing construction for maps valued in a symplectic
manifold (Q,w). The idea is simply to choose a coordinate chart around the nodal point

in ) and perform the gluing in that chart.

Suppose S is a closed Riemann surface. Let D, and D, be small disks in the disk structure
corresponding to an interior node {z,y}. Fixamap ug : S — @, and ¢ : R(q) — R*" be a
chart around the point ug(x) = uo(y) = ¢ such that ¢(¢) = 0. The open sets R..(¢) CR(q)
are the subsets ¢~ !(B,(0)) where B,(0) is the open ball of radius r centered at 0. We
assume that ) carries a Riemannian metric, g, over Ry(q) which is induced by pull-back
of the Euclidean metric on R?" by the chart map ¢. Consider the exponential map exp

under g. Then by hypothesis we have:

d(exp,V (p)) = expy)(To(p) - V(p)) = é(p) +To(p) - V(p)

for p € Ro(q) if V(p) € T,Q satisfies |V (p)|gp < 2. Assume further that uy(D, U D,) C
R1(q) and denote by H a C° neighborhood of the map uy which consists of continuous

maps v : S — ) which satisfy the matching condition:

and

v(D, U D,) C Ra(q)
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Take a smooth map u : .S — @ in H and consider the positive and negative holomorphic

coordinates that come equipped with the small disk structure:

Y, :RYx S' - D, and 1, :R™ xS'— D,

Now consider the maps u* : R* x S' — R?" given by

ut(s,t) = dpouop,(s,t)
and
u (1) = pouoth (s )

Let ®° denote the gluing given in Definition 3.2.6, when the target is R**. The gluing is
defined by:

H(@a(u) - Yals, 1]) = S5 (u",u”)[s,4]

for [s,t] € Z,. The map ®,(u) : Z, — @ is equal to u near the boundaries of D, and D,
so it extends to a map on all of S,. Suppose 7 is a section of the pull-back bundle u«*T'Q)

satisfying the matching condition

n(x) =n(y) € T,Q, p=uo(zr)=uo(y)

The glued section @,(n) is a section of the pull-back @, (u)*T'Q defined by

Tp(@a(w)[s,t]) - @a(n) © Yals,t] = Ba(Td(uo1hs) oy, Te(uothy) - nothy)ls,1]

The stipulation that g restricted to Ry(q) is the pull-back of the Euclidean metric on R?"

implies the following:
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Proposition 2.51 [HWZ1] If  is a section of the pull-back bundle of ©*T'Q) satis-

fying n(z) = n(y) and exp,(n) € H, then

TP () (Pa(1)) = Da(expu(n)) W

Again suppose 7 is a section of the bundle w*T'Q satisfying n(z) = n(y) € T,Q, where

p = u(z) = u(y), then the implanted anti-gluing 6,(n) : C, — T,Q is given by:

Té(p) - Sa(n)s,t] = ©a(Th(uovs) - noths, To(uohy) -nowy)ls,1]

3.4.1 Implanting Anti-Linear Sections

Consider a map v : D, U D, — Ry(q). Anti-linear sections of the bundle v*7T'Q) for
u : D, UD, — Ri(q) can be represented by two vector fields £+ : D, — R** and
£ : D, — R*" defined by:

0

€+(87 t) - T¢(U © ¢x(57t)) ’ £<¢I(S7t)) o wr(&t)%

0
§7(s, 1) = Toluony(s', 1)) - £y (s, 1)) 0 9y (8', 1) 55

for (s,t) € RT x S' and (¢/,¢) € R~ x S'. The hat gluing
Dal€) : (ToZ0,Ja(2)) = (Touu(n @, I (@a(u)(2)))
is described by the vector field @92(5 t&7)[s, t] defined by

To(@a(u)tuls, 1) - Bal€)(Wals, 1) - T = BUE €. 1
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The anti-gluing S,(€)([s,t]) : (T.C4, j) — (T,Q, J(p)) is given by:

~

To(r) - Bul)(2) - o 1= BU(E, € s,

3.5 Boundary Nodal Gluing

For shorthand we use the notation R* x I to stand in for the disjoint union R* x TR~ x I,

where I = [0,1] C R. Throughout this section, we fix an increasing sequence (§7)%°, C

(0,7).

Definition 3.5.1. Let r € [0, %) We define the set Zj to be the disjoint union
Zy =R x )| |R™ x I)
If r # 0, then we define
Z, =[0,R] x IU[—R,0] X I/(s— R,t) ~ (s,t)

where (s,t) gives the standard coordinates on R™ x I and (s',t') gives the standard

coordinates on R~ x I, where R := ¢(r). B
Definition 3.5.2. If r # 0 we define the infinite cylinder C :
C., =RV XTUR x I/ ~
where the equivalence relation ~ identifies (s, t) € [0, R] x I with points (s',t') € [-R, 0] x

Iif

s=s+R
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Forr=0,set Co =0 1

Definition 3.5.3. Fix an increasing sequence 0 < &) < --- < 6% < ... < 7. Let

H3+k,5§

real

(R* x [0, 1], R?™) denote the following weighted Sobolev space with real boundary

conditions:

(R 5 (0,1, R2") == {u € HY*H(R* x 0,1, R>) : u- 1l € H3*(R* x [,R*"),

real

u(R* x {0,1}) C R" x {0} }

3+k,5F
The norm on H,__,

(R* x I,R?*™) is defined as:

2= 3 /R DU s

+
o <3+k Y BEX[01]

where v : R — R is a smooth map which is equal to the absolute value function away

from a compact neighborhood of 0. Il

Lemma 3.5.1. The sequence of Hilbert spaces

s HEF(RE X [0, 1), R2") — - — B

real real

(R* x [0, 1], R*™)

defines an se-structure for A" (R* x [0, 1], R?").

real
Proof: The result follows similarly to Lemma 3.2.1. B
Definition 3.5.4. For each integer k > 0 and 7 € (0,1) we define the Sobolev space:

H3* (O, R = {u € H>F(R x [0,1],R?) : - /11521 € H¥*F(R x [0,1],R*")}

real
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The norm on H3+%9% (C,, R?") is defined as:

alls = 3 / Douf? - ) s
Rx[0,1]

la|<3+k

where v : R — R is a smooth map which is equal to the absolute value function away

from a compact neighborhood of 0. B

Lemma 3.5.2. The sequence of Hilbert spaces

s BN Ry g

real real

(G R

defines the filtration for an sc-Hilbert space which we denote HTeal(C'r, R?™).

Proof: The proof follows similarly to Lemma 3.2.1. B

Definition 3.5.5. We define the Sobolev spaces

HYm(Z, R*™) = {u € H*(Z,,R*) : u([0,(r)] x {0,1}) CR"x {0} } W

real

We also have:

Lemma 3.5.3. The sequence of Hilbert spaces
c— H3M(Z,,R*™) — - — H*(Z,,R*™)

defines an sc-structure for H*(Z,,R*"). &

Definition 3.5.6. We define the model space E,ca(2n) defined by

Freal(2n) :=R" x {0} & H
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where we write h € F,.q(2n) as h = (b, h™) with
Rt =c+ut :RT x [0,1] = R*"

h™=c+u :R™x[0,1] = R>"
u=(ut,u") e ]-13’6?(1[%jE x [0, 1], R*")

real

The m'™ level of E,qq(2n), denoted E,eq(2n)m, is given by

Ereal(Qn)m = R" x {0} s> H3+m,6{” (Ri X [O, 1], RZn)

real

The norm on the m* level is given by

113 g =lel*+H[u I oy

real

)‘%"lﬂ+"i{3,5¥L

real

(Rt x[0,1],R2" (R—x[0,1],R2")

The maps ut and u~ trend towards 0, as |s| — oco. The constant ¢ € R™ x {0} is the

common asymptotic limit of A" and h™.

Definition 3.5.7. For r # 0 we define the gluing operator

@r : Ereal — HE (ZT’R2n)

eal

R R
Or (W 07)([s:8]) = Bls = F)AT(s,8) + (1= Bls = )" (s = R, = 0)
For r = 0 we define &g to be the identity.

For r # 0 define the minus gluing

O ¢ Breat(2n) — HYV (O, RY)
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(W, h7)([s,1]) = —(1 = B(s — g))("ﬁ(sj t) — av,(h*, h7))

+8(s — g)(h_(s —R,t—0)—av,(h™ h7))

where

1 R
av,(h™,h™) = —/ Re h+(§,t) + Re h_(—E,t) d 1
[0,1]

Proposition 3.5.1. For every real number r € (0, %) we have an sc-direct sum decom-

position

Ereal = ker(6,) @ ker(ep,.)
Proof: The argument follows similarly to that of Theorem 1.27 [HWZ0|. B

Definition 3.5.8. Let 7, : Fiea(2n) — Erea(2n) be the projection onto ker(©,) along

ker(®,) and consider the map

1 1
q: [0, 5) X Ereal(2n) — [0, 5) X Ereal(2n)

defined by
g(r,h" ") = (7 (h",h7)) W
Lemma 3.5.4. The map ¢ is sc-smooth. l

The image of ¢ is then, by construction, in bijective correspondence with the set

Xreal(2n) 1= {0} X Erea(2n) | | {r} x Hio(Z,,R")
TE(O,%)
via the correspondence

Im g — X,ea(2n)
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(r,mo(ut u™)) = (r, @7 (ut,u™))

Corollary 3.5.1. X,.,(2n) is an M-polyfold. B

3.5.1 Boundary Nodal Gluing in the Fiber

Definition 3.5.9. We define the Sobolev space H2Hh01 ([R* x [0, 1], R*") by
HP R (RE % [0, 1), R™) =: {u € H* (R* x [0,1],R™) : u- el € H*™(R* x I,R*™)}

k .
The norm on H2%97 is defined as:

lilByg = > [ s
X

o] <3+k [0.1]

Definition 3.5.10. We define the model space Fiay(2n) by
Foarg(2n) := H*%(R* x [0,1], R*")
The filtration is given by

dery<2n>m = H2+m,6{" (Ri X [,R2n) [ ]

Proposition 3.5.2. Fiqy(2n) is an sc-Hilbert space. W

We also have hat versions of the boundary gluings defined analogously to @, & see

Definition 3.2.6 and 3.2.8.
Definition 3.5.11. For r € (0, %), we define the gluing operator

@y : FBrea(2n) — H?

real(ZTJ RQH)
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®r(h*, h7)([s,1]) = @, (A", h7)

for 7 = 0 we define &y to be the identity.

For r € (0, %) define the minus gluing

~

ST dery — H276?(CT7R27L)

B ) (I, 1) = ~(1 = Bls = (5,0 + Bls = (s — Rot) M

Proposition 3.5.3. For every real number r € (0, %) we have an sc-direct sum decom-

position

Foary(2n) = ker(e,) GB ker(@,) W

Let %r : Foary(2n) = Foary(2n) be the projection onto ker(&,) along ker(@,) and consider
the map

. 1 1

q: [0, 5) X dery(Zn) — [0, 5) X dery(Zn)

defined by
Qr bt 1) = (n (W)

Proposition 3.5.4. The map ¢ is sc-smooth.

Proof See Appendix 3. B

The image of ¢ is also, by construction, in bijective correspondence with the set

Yoary(20) := {0} X Fhary(2n) | | {r} x Hiypy(Z0, R*")

TE(O,%)
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via the correspondence

Im ¢ — Yiary(2n)

~

(a, To(ut,u™)) = (a, Bama(ut, u))

Corollary 3.5.2. Yyq,y(2n) is an M-polyfold. B

Consider the retraction

Q:[0,2) @ Eput(20) <t Foarg(20) — [0

1
2 ) S Ereal(2n) < dery(2n)

)
given by

((r, ('t u)), (0, h7) = (T, u)), T (BF, 1))

Given Lemma 3.5.4 and Proposition 3.5.4, it follows that () is a sc4-smooth retraction.
Let K’ denote the image of () and denote by O’ the image of q. Thus, we have a strong
bundle p: K" — O'.

Definition 3.5.12. Define the set Wyq,y(2n) consisting of all pairs (u, h) where u : Z, —
R?" € X,ea1(2n) and h : Z, — R?" € Yiq,y(2n). We define the bijection (@ x, @) : K’ —

Whary(2n) to be the map defined by
(r, (u,u™), (W, h7)) = (&, (u™,u™), & (h", h7))
which covers @ : O — X,ea1(2n). We have a local strong bundle isomorphism:

K8 w0 (2n)

lp [

0 —2 5 X,em(2n)

Lastly, we note that we can define implantings for gluings at boundry nodes with La-
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grangian boundary conditions in an analogous way to implantings for interior nodes. The

precise notions will be introduced as needed.

3.6 Smoothness For Reparametrization Actions

In this section we follow Section 2.6 [HWZ1], adapting the hypotheses, statements, and
proofs as appropriate to accomodate Lagrangian boundary conditions. Let HD,, HD,
and HD,,, HD, denote half-disk like Riemann surfaces with smooth boundaries associ-
ated to boundary nodal pairs {z,y} and {2’,y'}, respectively. Consider the glued strips
HZ, and HZ; defined in Section 2 and, for h > 0 and a or b sufficiently small the sub-

strips HZ,(—h), HZ,(—h) see Definitions 2.2.3, 2.2.4, 2.2.5.

Given € > 0, let V be a germ around 0 in some Euclidean space and let I, := [0, ¢€)

be an interval in R. We assume the following data are given:

1. A smooth map (a,v) — b(a,v) € R defined for v € V and a € I, for e sufficiently

small, satisfying b(0,v) =0 for v € V.

2. For sufficiently large h > 0, a core-smooth family of holomorphic embeddings

¢(a,v) : Za(_h) - Zli(a,v)

parametrized by (a,v) € I, & V.

3. There exists H > 0 such that

Zl/;(a,v) <_H) C ¢(a,v) (Za(_h))
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for all (a,v) € [ B V.

As usual we use cut-off functions § and S’ to glue maps which are defined on finite
cylinders Z, and Z;, respectively. We equip the half-disks with the following choices of

holomorphic coordinates:
Y, Rt x[0,1] - HD,, ,:R™ x[0,1] — HD,

Y, R x[0,1] = HD,,, ¢, :R”x[0,1] = HD,
We define an sc-Hilbert space E’ as follows:
— mn n - ’6(1)
B ={(¢7,¢7) € H¥(HD,, ,R*™@H*(HD,, R*™) : (¢Toyl,, £ oy!,) € Hoo (RExI,R?)}
We also define an sc-Hilbert space E[—h] for h > 0:

E[=h] :={(n*,n") € H*(HDy(—h),R*") & H*(HD,(~h),R*") -

(0 0 thar 0 0,) € Homy([hy00) x I,R?) @ Hiot(—00, —h] x I,R?) }

eal

Fix h > 0. We will abbreviate E[—h] by E. Define the map:
O: [ DVOE - F

given by

(a,v,§) =1
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where 7 is defined by

@a<n) = EB;)(a,v) (5) © ¢(a,v) and Oa (77) =0

Theorem 3.6.1. (compare Theorem 2.57): & is sc-smooth.

Proof: We adapt the argument establishing the closed version of this result, Theo-
rem 2.57 [HWZ1]. We make an adjustment to the family ¢, so that we may apply
Theorem 8.8.3. The family ¢4, is a core smooth family of holomorphic embeddings, so
the images 1, ({0} x 1), ¢, ({0} x I) under the maps ¢, are smoothly varying curves in
Zl’)((w). By working in the local holomorphic coordinates, we can assume Z, and Z{)(M) are
both equipped with the standard complex structure. Assuming (a,v) is sufficiently close
to (0,vp), there exists a constant hy such that these arcs do not intersect Z,(—h — hy).

Fix a family of core-smoothly varying isotopies ta,v : Zy, ,) = Zj(,,,) Such that:

L. tqn = Identity on ¢(qv)(Zo(—h — ho — 1))

2. La,v(¢(a,v)<Za) = Zlg(a,v)(_H)

Consider the family of diffeomorphisms 9, ) 1= taw © @(an). Observe that

77D(a,v) - ¢(a,v) on Za(_h - hO - 1)

By construction, for jig.) := @DZ‘Q 'l we have a family of biholomorphisms:

¢(a,v) : (Zayj(a,v)) — (Zb(a,v)(_H)7i)
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By construction ju,.) = i on Z,(—h — hg — 1). Replace Zyq,)(—H) with Zy () where
b'(a,v) is defined by the rule:

¢(b(a> U)) —2H = ¢(b/(a> U))

Both tubes are equipped with the standard complex structure and are biholomorphic via

the identity map.

In view of Lemma 4.4 [HWZ0], the smoothness of ¥'(a,v) follows from that of b(a,v).
Since Y(q,p) = P(a,w) away from the core, Theorem 8.8.3 implies that we may replace ¢(q.)

with 1,y and study the map:
O: s VHE = E, (a,v,8) >0
where ¢ is the unique solution of the equations, for a # 0 :
Da(1) = Bty (4,0)(§) © Y(anw) and S, (1) =0
and for a = 0 ® is defined by
0(0,v,€) = (£ 0¥ & 0 Vo)

Consider £+ where ¢+ = u*+c where c is the asymptotic constant and u* € H3+m" (R*x

I,R?™). A linear algebra calculation reveals:

1
) R ]
77+ =c+ (1 - %) ‘Re /(; Di(a,v) (u) (w(a,v)(§7 t)) dt + % ’ 55’(“’”) <w(“’”)) cut (w(a,v))
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25 (1 B () = RO ). ) (W)

There is a similar formula for n~. The proof of smoothness of the map (a,v,£) — n~
follows similarly to the proof of the smoothness of (a,v,£) — n*. Thus we present only

the latter. Consider the following maps:
(1) Is @V @ HY (R x T,R*™) — R” x {0}

(a,v,§) — ¢

(2) ; &V @ Homby (R x L R™) & H20l (R™ x I,R*") = Hook (R x [, R*")
Ba ! R
(av v, u) — (1 - ’Y_) -Re @b(a,v)(u) (¢(a7v)(§’ t)) dt
a 0

(3) Iy &V @ HY (RY x R — H

c,real

(R* x I, R?")

(a,v,ut) — % * Br(aw) Waw)) - U (Wia)

a

(R™ x I,R>) — H> (R+ x I, R>")

c,real

@) oVe ™

,real

Pa

(a,v,u”) —
Ya

(1 - /Bb(a,v) (¢(a,v))) : u_(' - R(b(a’ U))? ')(¢(a7v)>

Map (1) is clearly sc-smooth. The other maps are clearly smooth away from a = 0. Thus

we will focus our analysis near (0, vp).
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Consider the space D™ of diffeomorphisms u : RT x I — R* x [ having the form
u(s,t) = (s,t) +d+r(s,t)

where d = (d,0) € R? and the map r has weak derivatives up to order m which weighted

by e belong to L*(R* x I,R?).

Recall by Theorem 8.8.3 that given A > 1, there exists a map

piolsev— () D"

m>3,0<e<m

defined in a neighborhood of (0,vy) € Is & V such that:

For every m > 3 and every 0 < € < m, the map (a,v) — J(a’v) c D™ is smooth
and satisfies

b R(a

w(a,v)(s,t) = lb(a,v)(s,t) for (S,t) € [O’ % + A] x|

where R(a) := el — e. Thus we have:

Y(aw) (s, 1) = (s,t) + d(a,v) + r(a,v)(s, 1)

where the maps
I; oV = R? (a,v) — d(a,v)
r:Is®V — HY(RT x I,R*™), (a,v) = r(a,v), m>3,0<e<T

real

are smooth.
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Fix A > 1. We may replace t(q,) with J(aﬂ,) in the definition of the maps (2) — (4)
since the support of §, is contained in |0, @ + A]. We make this substitution, but

retain the original notation throughout the remainder of the proof.

Proposition 3.6.1. (compare [HWZ1]| Theorem 5.1): The composition

(R x I,R*) — H>'(R* x [,R*")

real

UV:LaVaeH™

real

defined by

U(a,v,u) = uo g
is well-defined and sc-smooth.

Proof of Proposition 3.6.1: The argument follows similarly to that of Theorem 5.1

[HWZ1]. Alternatively, one may use a doubling argument.

That each of the maps (2) — (4) are sc-smooth follows from straightforward applications

of Proposition 11.0.2 Theorem 2.8 [HWZ0] and Proposition 3.6.1. W

Set E := E[0]. Suppose that (ax) and (},) are small gluing parameters converging to 0

and ¢y, 1 Zg, — Zé; is a sequence of holomorphic embeddings having the properties:

L sup.cz, —|p,, | kz1l|TOk(2)|] < o0

2. There exists a sequence & in E’' converging on level 0 to & = (£7,£7) € E' and

define maps n, € E as the unique solutions of the two equations:

Day, (Uk) = (@g; (51@)) o ¢, and Oay (77k) =0

74



Proposition 3.6.2. (compare Proposition 2.59 [HWZ1]): Under the above as-

sumptions, the sequence (¢y) converges in C72,

in finite distance to the left and right
boundary to holomorphic embeddings ¢* : HD, — HD;, and ¢~ : HD, — HD,, sat-
isfying ¢ (z) = 2/ and ¢~ (y) = y/. The sequence (1) C E converges on level 0 to the

map 1o = (7", n~) € E given by
nt=§"0¢" and n =& og¢”

Proof: The maps ¢, converge in finite distance to the core, so by careful choice of
isotopies with support near the core, we may assume ¢, = ¢p,n in a neighborhood of
the core for all N > 0. Further, as in Theorem 3.6.1, we may equip Z,, with a complex
structure ji such that

Jrk =1 on Z,(—h—hg—1)

and

¢k : (Zak;jk) — (mez)

We can express 7; as follows:

o =e+ (1) Re /[ e

R(ak)
2

Ba

a

) dt+ = By () - & ()

001 By (00) - 6 — R(E),0)(én)

a

By Theorem 8.8.3, we may extend the maps ¢, to maps
or : RY % [0,1] = R* x [0, 1]

oi(s,t) = (s,t) + d(k) +r(k)(s, t)
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such that
R(ay,)
2

di(s, 1) = di(s, t) for (s,t) € [0, + A] x [0, 1]

By Condition (1) and Gromov-Compactness, the maps ¢, converge in C° to a pair of

loc

holomorphic maps:
(67, ¢7) : (RT x [0,1],R™ x [0,1]) — (RT x [0, 1], R™ x [0, 1])

This means that the maps sz converge to ¢ in C*. We can re-write 7, as follows:

¢:c+u—%»RgAMam@m@<

R(ax)
2

Ba

a

,t)dt + /le;(k)(ﬁgk) : 5;(@;)

+% (1= By (9r) - & (& — (R(b(K)), 0))

a

Since & — £ on level 0, it follows that 7 converges to a map n™ and we have
nt=¢"o¢

Arguing similarly, one may establish the claim for n~. l

4 Polyfold Structure on the Space of Stable Maps
with Lagrangian Boundary

Using the deformations studied in Sections 2 and 3, Section 4 constructs a compatible

collection of local uniformizers on the space of stable maps.
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4.1 Construction of Uniformizers

We will construct local charts on the polyfold Zg,h,?,m by constructing open subsets
of sc-Hilbert retracts which locally parametrize the space of stable maps. The idea is
that in a neighborhood of a stable map (S, j, M;, My, D;, Dy, u) we may parametrize the
smooth part of the curve by a choice of complex structure, the nodal degeneration by
gluing parameters, and the map component by an appropriate subspace of I'(u*T'Q).
This section follows the structure of [HWZ1] Section 3 and many of the definitions,
propositions, and arguments in this section are similar to those appearing in [HWZ1]
Section 3. We restrict ourselves to the situation where there is at least one marked
point on each boundary component. This is enough for the construction of Lagrangian
Floer theory in arbitrary genera as discussed in [CFL], for example. First we recall the

definition of a stable map:

Definition 4.1.1. We fix two sequences 0 < ) < --+ < §' < --- <2m, 0 < < - <
" < --- < 7. Given a Riemann surface (5, j, M, D) which need not be stable, a stable
map is a tuple

(5,5, M, D, u)

where u : S — @ is of class (3,4),0?) and
1. fC uw*w > 0 for every component C' of S

2. If a domain component C' of S has genus g(C') and #3¢ special points, and sat-

isfies 2 - g(C?) + #Xca < 2, ie. C is not stable, then

/u*w>0 [ |
c
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We also recall the notion of equivalence between stable maps:

Definition 4.1.2. Two stable maps a = (5,7, M, D,u) and o/ = (5, 5/, M', D", u’) are
called equivalent if there exists an isomorphism ¢ : (S, j, M, D) — (S’, 5/, M, D) between

the noded Riemann surfaces satisfying:

1. ¢:(S,7) — (5,7") is a biholomorphism

2. ¢(M) = M’ and ¢ preserves the order on the marked points

3. ¢(D) = D'

4. Wop=u

We denote the set of stable maps by H 3’58’5[1)(62) and the set of equivalence classes by
23’68’5?(62). ]

Definition 4.1.3. Fix a Riemann surface with boundary S. Define
H3% (S, TQ, ul54TL)

to be the set of sections 1 of w*T'Q which decay at the rate ) at interior nodes and the

rate 47 at boundary nodes. In addition, we impose the condition that 1|05 is a section

of w*TL. R

The definition of stability for maps does not require the components of the underlying

Riemann surface to be stable as long as fc uw*w > 0. It will be important to develop
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a stabilization procedure for unstable underlying curves. We adapt Definition 3.1 from

[HWZ1] to the case of Riemann surfaces with boundary:

Definition 4.1.4. Let S be a Riemann surface with boundary. A finite set X of points
in S is a stabilization of a = (S, j, M, D,u) with automorphism group G if it satisfies

the following:

(1) ¥ is contained in the interior of C.

(2) 3 does not intersect MU|D|.

(3) X is preserved by G, i.e. g(X) =X for all g € G.

(4) If we consider M; U X as unordered marked points, the Riemann surface (.5, j, M; U
¥, My, D) is stable.

(5) If u(z) = u(2') for points z, 2" € X, then there exists g € G such that g(z) = 2.

(6) The image u(X) does not intersect u(|D| U M).

(7) At the points z € 3, the differential Tu(z) is injective. At these points u*w(z)
is non-degenerate and determines on 7,C the same orientation as the almost complex

structure ;5. W

Observe that by definition the automorphism group G* of the nodal Riemann surface

(S,7, M UX, D) is finite and contains the automorphism group G of a = (S, 5, M, D).

Lemma 4.1.1. (compare Lemma 3.2 [HWZ1]) Every stable map a = (S, j, M, D, u)
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possesses a stabilization 3.

Proof: The proof follows similarly to that of Lemma 3.2 [HWZ1]. B

Let o« = (S,j, M, D,u) be a stable map equipped with the stabilization . Label the

images of the points |D| and X under the map u as follows:

u(|Dil) = {wi, -+ we}

w(E) = {wpt1, -+ wepy}
U(|Db|) = {wk+j+17 T wk+j+l}

Note that #u(|D;|) + #u(|D,|) may be less than k + 1 due to the non-injectivity of u. By
definition we have u(|D|) Nu(X) = 0. Fori € {1,--- ,k + j + [} we fix a neighborhood

R(w;) C @ of w; and a smooth bijective chart:

¢« (R(w;), w;) — (R*™,0)

We choose these maps so that the closures of the images of the ¢; for i € {1,--- [ k+j+1}
are mutually disjoint. Denote by R,.(w;) the preimage of the r-ball B,(0) around 0 un-
der the chart map ¢;. Next we fix a small disk/half disk structure D, and in addition,
closed disks D, with smooth boundaries centered at the points z € Y so that all disks

are mutually disjoint and so that the following holds:

(*) For every z €|D| U X the image under u of the disks D, is contained in Ry (w;),

where w; = u(z). Moreover the union U,ex D, is invariant under G*.
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Choose a Riemannian metric g on the manifold @), which restricts to the pull-back of
the standard metric on R?” under ®i|Ru(w;)- Consider the stable noded Riemann surface
a = (S,j,M UX, D) with finite automorphism group G*. Also consider a good family
v — j(v), parametrized by a germ V in a vector space FE,, so that for a suitable G*

invariant open neighborhood O of (0,0) € Np @ E we have the good uniformizing family

(a,v) = (Sa, j(a,v), (M UX)a, Da)

We choose a C°-open neighborhood of the map u, denoted by U(u), in the space of C°
maps from S to ) which is chosen small enough that images of the disks D, under the
maps in U(u) land in Ro(w;) for w; = u(z). Given this setup, consider the family of

stable maps:

(CL, Ua U’I) — (Sa7.j(a7 U)u Ma7 Da7 @a(u/))

where (a,v) belongs to the G* invariant open neighborhood O of (0,0) € N & E and

where the continuous map u' : S — @ belongs to U(u).

For ever z € ¥, we define subdisks SD,(—h) which are contained in the interior of
D,. We further stipulate that SD,(—h) has smooth boundary so that the union is in-
variant under the action of G. We also assume the union of sub-disks centered at points

in the stabilization are invariant under G* and are concentric, i.e.

SD,=D.,(—h)={(€D,:{=zo0r&=1,(s,t)fors > h} (4.1.1)

for some h > 0, where ¢, are positive holomorphic polar coordinates on D, centered at
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z. We also fix concentric subdisks/half subdisks
SD, =D,(—h)={(€D,:{=xor& =1,(s,t)fors > h}

SD, = D,(—h)={( €D, :{=yor =1,(s,t)fors < —h}
SHD, = HDy(—h) ={£ € Dy : £ =" or & = p(s,t) for s > h}
SHD, = HD,(—h) ={§ € Dy : £ =y or§ = 1,(s,t) for s < —h}

having the same invariance property under the action of G*. For the gluing parameter

a = ({zy}){zyrep consider the union

Za = U Zé{zl’yy}}

{z,y}eD

We also consider the union:

_p) — {zy} (_
{z,y}eD
We have the following bordered analog of Proposition 3.3 from [HWZ1] which describes

the behavior of morphisms near the neck:

Proposition 4.1.1. Fix a stable map o = (5,7, M, D,u). Then given h > 0, there
exists a G*-invariant open neighborhood O’ C O of (0,0) € N @& E and a G-invariant

C°- neighborhood U’(u) C U(u) of the map u so that we have following:

If o/, u" € U'(u) N H3965:97 (8, () are maps from S to @ and (a,v), (byw) € O’ and
if
¢ . (Saaj(aav)aMaaDaa@a<u/)) — (Slnj(bu ’LU),Mb,Db,EBb(UH))
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is an isomorphism then there exists an automorphism g in the automorphism group G

of the original stable map a = (S, j, M, D, u) with the property that

{ww} (_ {9(2),9()}
O(Za 0 (=h)) C 2y (4.1.2)

at all nodal pairs {z,y} € D. In addition, if z € ¥ then
¢(D.(—h)) C Dy (4.1.3)
Proof: The intuition is that when (a,v), (b, w) are sufficiently small, any morphism
¢ : (Sq,7(a,v), My, Dy, ®qu) — (S, (b, w), My, Dy, Spu’)

must be close to automorphism g € Aut(«). Conditions (4.1.2) and (4.1.3) then holds for

¢ because (4.1.2) and (4.1.3) are manifestly true for g and are both open conditions.

The proof is identical to [HWZ1] Proposition 3.3, except we substitute [HWZ1] Proposi-

tion 5.2 with the following version proved in Appendix 1:

Lemma 4.1.2. (compare Proposition 3.3 [HWZ1]) Consider the bordered stable
map (5,7, M, D,u) and two sequences uy,u) € H3758’5?(S,Q) both converging to u in
C° Let © C N(D) x E be an open subset. Assume that (ag,vz) — (0,0) € O and
(b, wi) = (0,0) € O and that

¢k : (Sakaj(akavk)vMamDak)@ak(uk)) — (Sbkyj(bk7wk)7Mbkanm@bk(u;))

is a sequence of isomorphisms. Then there exists a subsequence of ¢, which converges in

Cp away from the nodes to an automorphism ¢q of (5,7, M, D, u). R
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Suppose for the sake of contradiction, that we have two sequences uj,u; — u of maps
in U'(u) N H39%:9% (S, Q) converging in C°, sequences (ay,vy,) and (by,wy,) which both

converge to (0,0), and a sequence of isomorphisms

Okt (Say, J(ak, vi), Moy, Doy s @ay, (ug)) = (Sby, J (b, wi), My, , Dy, @, (uy))

which violate (4.1.2) and (4.1.3). By the Lemma, the maps ¢, converge to an isomorphism
oo 1 (S,4,M,D,u) — (S,7,M,D,u). Therefore ¢9 = g € G and by the invariance

properties of subdisks, we have

¢o(D:(—h)) = Dy(z)(—h) C Dy(z)
for z € ¥ and
¢0(Da:(_h) U Dz(_h)) - Dg(ar) U Dg(y)

for the nodal pairs {z,y}. After passing to a subsequence, it must hold that for k

sufficiently large

Or(D.(—h)) C Dy

and

¢r(Dz(—h) U Dy(—=h)) C Dy(zy U Dy(y),
Thus we’ve reached a contradiction. W

There is a similar proposition we will also need (compare with Proposition 3.5 [HWZ1])

which is also proved using the bordered analogue of Lemma 3.4 [HWZ1]:

Lemma 4.1.3. Given h > 0, there exists H > 0 and a G*-invariant open neighborhood

9" C O’ of 0 and a C%neighborhood U”(u) C U(u) of the map u so that the following
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is satisfied: If v/, u” € U"(u), (a,v), (b,w) € O" and if
¢+ (S, j(a,v), Ma, Do, ®a(u)) = (Sb, (b, w), My, Dy, @p(u”))
is an isomorphism, then there exists an automorphism g € G satisfying
¢(D.(=H)) C Dyz)(—h)

for all z € X, and

{zy} (_ {9(x),9()}/_
d)(Za{z,y}( H)) C Zb{g(m»g(m}( h)

for every nodal pair {z,y} € D. R

The notion of good data, which summarizes the choices described above, will be impor-
tant for constructing uniformizing families. Many of the conditions are similar to those

appearing Definition 3.6 [HWZ1]

Definition 4.1.5. (compare Definition 3.6 [HWZ1]) Let a = (5, j, M, D, u) be a
stable map and let G be the automorphism group of a. Good data centered at « consist

of the following data:

(1) A stabilization ¥ and small disk structure D associated to « and a good uniformizing
family:
(a,v) = (S4,j(a,v), (M UX),, D,), (a,v) €O

We fix disks D, around every point in z € > which are mutually disjoint and invariant

under G*, where G* = Aut(S,j, M UX, D).
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(2) Consider the set W = u(|D| U X). We fix smooth charts around every point w € W:
b+ (R(w),w) — (R*",0)

so that the closures of R(w) are mutually disjoint. We set R,.(w) = ¢~!(B,.(0)) for r > 0.
We stipulate that for every z €|D|U X the image of u(D,) of the disk D, is contained in

R;(u(z)). In addition, we impose the condition
du(LNR(w)) CR® x {0}, forallweW

(3) The exponential map exp : TQ) — @ on the manifold @ is defined with respect to a

Riemannian metric g such that

(¢')"91B4(0)

is the Euclidean metric. Fix an open neighborhood of the zero-section in T'Q), denoted
by 55, which is fiberwise convex. We further suppose that O is contained in Se)T(Q),
where e(a) > 0 is chosen so small that exp : 55q = 9N T,Q — @ is an embedding for

every q € . Further restrictions on the size of (a) will be fixed later.

(4) Choose for every point w € u(X) a 2n — 2 dimensional submanifold M, C @ such
that ¢, (M,) C R*". Furthermore, if H,, := T,,M,, then

T.,Q = H, & Im Tu(z)

Note that if u(z) = u(z') for z, 2’ € ¥ then associate the same manifold M, to both.

(5) We choose g such that L C @ is a totally geodesic submanifold. We also choose
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an open G-invariant neighborhood U of the zero-section 0 € H2%%1 (S, u*TQ, u|}gTL) so

that every section n € U has its image in u*9.

(6) Concentric subdisks SD,, as defined above (see Line 4.1.1), of D.,.

(7) The restriction u|D, is an embedding which intersects M,,.) uniquely at the point

(8) We choose U sufficiently small such that if n € U, then f := exp,(n) : S — Q
satisfies f(D,) C Ry(u(z)) for every z € . In addition, the restriction f|D, is an em-

bedding which intersects M,.) transversally at a single point f(z’), for some 2’ € SD..

(9) If there exists an isomorphism

Gt Qapy = Qo gy

for (a,v,n), (a’,v',n') € O @ U where

A(g,vm) = (Saa j(aa U)7 Maa Dm @a(expu(n)))7

Qo' ' ) = (Sa/y j(a’, U,), Ma’> Dy, @a’(expu(n/»)

then there exists an automorphism g € Aut(o) such that ¢(SD.) C Dy, for all z € X.

(10) If there exists an isomorphism

¢ : (Sa,7(a,v), (M UX)g, Dy) = (S, j(a’,0"), (M UX)y, D)
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which also satisfies the conditions of (9), then ¢ = g, for some g € Aut(«) and (a/,v") =
g*(a,v). B

Remark 4.1.1. With regard to Condition (3) in Definition 4.1.5, we need to ensure that
we can find a metric on ) which is locally Euclidean near the nodes and such that L
is totally geodesic. We can construct such a metric as follows: Let x : @ — [0,1] be a

bump function such that

we Dy
and
x = 0 on the complement of U Rg(w)
we Dy
Let gpuctidean denote the Euclidean metric on R*". Set ¢” := Y &% gpuclidean and consider

the metric ¢ = (1 —x) - W' 4+ x - ¢”, where h' is any metric satisfying all the conditions of
'good data’ except that L need not geodesic for h'. There exists a tubular neighborhood

of T C @ of L where the 'fiber’ over a point [ € L is contained in the set

{exp'(v) : v € Ni(L)}

where N(L) is the normal bundle of L in T'Q) with respect to the metric ¢’ and exp’
is exponentiation with respect to ¢’. Denote by A : T" — T the map which acts as the
antipodal map in the fibers. Then consider the metric h = 5 (¢'+ A*¢’). By construction

L is totally geodesic for with respect to h. Since ggycligean 18 invariant under the map

¢y o Ao ng;l :R*™ 5 R (x,v) = (z, —v)

it follows that h|Rs(w) = ¢”|Rs(w). Let B be a bump function supported in a neigh-

borhood of L contained in 7" with compact closure. Then we set g := (1 — 5)h’ + Sh.
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Remark 4.1.2. Consider good data centered at a smooth stable map oo = (S, j, M, D, u).
For z € ¥ denote by H,;) the plane H,) = T,:)My.) C Ty»)@Q in the tangent space,
which we refer to as the linear constraint associated with the point z € ¥. We note that

points z, 2’ € ¥ satisfying u(z) = u(z’) are associated to the same constraint, H, ). B

Proposition 4.1.2. (compare Proposition 3.7 [HWZ1]) There exists good data

centered at a stable map « representing [a] € Z.

Proof: The argument is similar to the closed case discussed in [HWZ1]. We include
the argument for completeness. The existence of a good uniformizing family is given by
Theorem 2.3.1. So up to the final property, (10), the proposition holds from Proposition
4.1.1 and Lemma 4.1.3. Assume the hypothesis of (10) holds, then we conclude that
¢ = g, for an automorphism ¢* € G*. However, by Proposition 4.1.1 if we assume the
neighborhod U of the zero-section of «*T'Q in (5) and the neighborhood O of (0,0) in
(1) are sufficiently small, then ¢ is necessarily C* close on the core to an automorphism

g € G. Since G C G* is a finite group, it follows that p = g€ G. B

Because our specifications of good data are stable under sufficiently small C! perturba-
tions, without loss of generality we can assume our charts are centered at smooth families.
More precisely, for any choice of good data centered at an H? map u we can find map
u' = exp,n, where 7 is sufficiently small, such that the original choice of stabilization,

small disk structure, etc defines a choice of good data centered at u’.

Lemma 4.1.4. (compare Theorem 3.8 [HWZ1]) For every stable map oo = (5, j, M, D, u)
representing an element in Z there exists good data centered at a stable map o/ =

(S,7,M,D,u') where u = exp,(n) and 7 is an arbitrarily small section in the open
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neighborhood U of the zero-section Hg’(sg’é?((u')*TQ, (u'|9s)*TL). In addition, o and o’

have the same automorphism group. W

Define the sc-subspace of finite co-dimension, F,, by:
E, = {n € H*N(w*TQ,ulssTL) : 9(2) € Hy) for z € B}

Set qrayy = u(x) = u(y). For every nodal pair {z,y} € D, we can implant the family of

retractions originally defined in Section 2:
Pyt By X Ty, L ® H¥T (ulfyp, TQ, u*|onp, TL))

@HB’J?F(U‘;IDIJTQ, u|<>§HDyTL)
— By x Ty, ,L® H3’6?F(u|}‘{D1TQ7 ulpyp,TL)) ® HS’E?P(U’EDZ,TQ’ ulp,TL)

and for interior nodal pairs
Gy By x Ty, ,Q ® HYST (ul},, TQ) & H T (uf}, TQ)

—>B%><T

9{x,y}

Q@ H*T (uf}, TQ) & H>ST (ul}, TQ)

The retraction is the identity near the left and right boundaries of D,, D,, and HD,,
HD,, respectively, and so we may extend it to a retraction on F,. We denote the

extension by 7,1 and observe that the retraction takes the form:

T{z,y} ((l, 77) = <a7 Wifjﬁ} (77))

{z,y}

where 7q,

is the projection onto the kernel of ©,, ,. The projections obtained for vari-
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ous nodal pairs {z,y} € D commute with each other. Denote by 7, for a = (a{%y}){x JyeD

the product of all of the nodal projections.

We define the local retract K as follows:

K ={(a,v,n) € Bp x E, : (a,v) € O and 7,(n) = n}

where O is specified in Definition 4.1.5. We shall abbreviate by £ the open subset of K
given by:
O :={(a,v,n) € K: (a,v) €O,n€ E,andn € UNE,}

where U is the open neighborhood of the zero-section 0 € Hg’ég’(s?(S, wTQ, ulTL)
considered in property (5) of Definition (Good Data).

Definition 4.1.6. (compare with Definition 3.9 [HWZ1]) Assume we have good
data, see Definition 4.1.5, centered at a stable map o = (., j, M, D, u) with automorphism

group G, and consider the good uniformizing family:

(a,v) = oo = (S, 7(a,v), (M UX),, D,) with (a,v) € O

Then the associated family of stable maps

(CL, v, 77) — a(a,v,n) = (Sa,j(a, U), Maa Daa @a(expuO?)))

for (a,v,n) € O is called a good uniformizing family of stable maps centered at the

smooth stable map a = (5,7, M, D,u). B
From Lemma 4.1.4, we have:

Proposition 4.1.3. (compare Proposition 3.10 [HWZ1]) Given [o/] € Z, there
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exists a good uniformizing family

(a, v, 77) — Aa,v,m); (CL, v, 77) € O

such that o o,0) is smooth and [a/] = [®(ag,v9,me)] fOr some (ag,vo,10) € O. W

Definition 4.1.7. (compare Definition 3.11 [HWZ1]) The action of G = Aut(S, j, M, D, u)
on 9 is given by

(a0, ") = g * (a,v,n)

Here g € G, and (a/,v') = g x (a,v) and o g=1n. B

Proposition 4.1.4. (compare Proposition 3.12 [HWZ1]) Consider a good family

(a,v,m) = Qaun), (a,v,n) € O. If

[O‘(a,v,n)] = [O‘(a’,v’w’)]

for (a,v,7n), (a’,v',n') in O, then there exists an automorphism g € G such that

(d,v'\1) = g*(a,v,n)

Furthermore, every isomorphism between a(q.) and o . ,y) is obtained by gluing an

automorphism in G:

Ja * Xawm) 7 Qv 1)

Proof: By hypothesis, we've assumed the existence of an isomorphism

¢ FQawm) = (Sa,j(a,v), Mzu Da7 @a(expu(n))) -

92



Qg W' ) = (Sa/aj<a/> U/), Ma/a Da’a @a/<€xp1L(n/>>>

with the property that

Da(expu(n)) = G (expu(n’)) o ¢

Any point z € ¥ is in the core of S, since z is not contained in |D|. On the core of S,
Balexpu(n)(2)) = expuy(n(2)) for z € S,, and in particular this is true for z € 3. And

by construction of the uniformizing family, n(z) € Hy) = Tue:)yMuyz) C Ty @ for z € X.

By definition of good data, exp,n|p, is an embedding, transverse to the manifold M,.),
and intersects M,y precisely in the point 2. By definition of good data, there exists an
automorphism ¢g € G such that

p(SD.) C Dy

By definition of the automorphism group, we have u(g(z)) = u(z). Therefore,

expy(n') 0 @(2) = expy(n)(2) € My = My

By hypothesis, exp,(1')|Dy(.) is an embedding and intersects M, (.)) in exactly the point

g(z). Since ¢(z) € Dy(.), we must have

by Condition (7) of Definition 4.1.5. ¥ is G invariant, so we can conclude that ¥ is also

¢ invariant. So ¢ is an isomorphism of bordered stable nodal Riemann surfaces:

(Saaj(a’av)u (M U E)(M Da) — (Sa/,j(a’,vl), (M U E)a’u Da’)

93



Now, by definition of good data we have an automorphism g € G such that (a’,v") =

g * (a,v) and ¢ = g,. On the core this means ¢ = g, = ¢g. Since u o g = u, we have

expy(n') o g = expu(n' o g) = expu(n)

Thus on the core we have ' o g = 1. The isomorphism g, takes Ziffy}} to Zéf&l’f 5?3)})} for

all nodal pairs {z,y} € D via the assignment:

ga[z]g{x’y} = [g(z)]z({;z;(wm(y))}

Using the hypotheses u o g = u, 6,1 = 0, we have the identities:

Uq! © Jq = Uq

®a(n' 09) =10 ga
Sa(n'0g) =0

Then we have the chain of equalities:

ETPu,Na = eacp%n;, 0 (g, = expua,ogan;, 0 gy = expu, (' ©9)a (4.1.4)

Since m,n = n and m,(n o g) = 1’ o g, Equation (4.1.4) implies n = 1’ o g. The claim
follows. W

The following theorem describes the extension of an isomorphism between stable maps in
different uniformizing families to a germ of morphisms between stable maps parametrized
by different uniformizing families.

Theorem 4.1.1. (compare Theorem 3.13 [HWZ1]) Consider two good uniformizing
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families of stable maps ¢ — «, parametrized by ¢ € © and ¢ — a;, parametrized by

¢ € O'. We assume that for two points ¢y € O and ¢, € O’ there exists an isomorphism
Go 1 gy — a;6

between the associated stable maps. Then there exists a unique local germ of an sc-

diffeomorphism

f(9,9) = (O q) q—q = f(q)

between the parameter spaces which satisfy f(qy) = ¢ and there exists a core-smooth

germ of a family ¢ — ¢, of isomorphisms
qu L Oy — CYIf(q)
satisfying ¢4, = ¢o.

Proof: Consider ¢y = (ag,vo,m0) € O and ¢, = (aj,v), 1)) € O'. Suppose o, =
(Sags d(ao,v0), May, Dag, Bagu) and a;() = (S{’zg)’j/(a{),v()),Méé,Déé,@%u/), Further con-

sider the subset ' C S’ of stabilizing points. By definition we have
(M U|D|)=0

and
o' (XN (MU D) =10
We will denote the preimage of ¥/ under ¢q : Sy, — S‘Il() by

60 = gbal(xl) - Sao
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The subset O need not be contained in the core of S,,, though by definition of an isomor-
phism of stable surfaces, it is disjoint from M, ,U|D,,|. Let © be a smooth deformation

of ©y. We have the following, which follows from Theorem 2.4.1:

Lemma 4.1.5. Let U C S#*I be an open subset containing ©y. There exists a germ of
a smooth map

BDXVXU%BD/XV/
(a,v,0) = (d'(a,v,0),v'(a,v,0))

which satisfies

(&/((Io, Vo, ®0)7 UI(&07 Vo, @0)) = (a67 U(/))

such that there exists an associated core-smooth germ of isomorphisms
(b(a,v,@) : (Saaj(a7 U)? Ma U @7 DCL) — (Sa'v.jl(a/7 U/)a (M/ U El)tl’? Da’)7

where a' = d/(a,v,0) and v = v'(a,v,0), and ¢ (qq,00,00) = ¢o B

The diffeomorphism ¢q : S,, — Ség) has the property:
Daperpu(o) = Dy (expl,(m5)) © do
If z € ©g, we have ¢y(z) =2/ € ¥, so
DaoPu(N0)(2) = Bayexp, () (2) € My ()

For (a,v,n) close to (ag,vo,no) on level 0 (in particular, the associated stable maps are

C* close), it follows by Theorem 2.54 in [HWZ1] that @.exp,(n) : S, — Q intersects
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M, C Q transversally at unique points z(a,v,n) € S, so

@aexpu(n) (Z(CL, v, 77)) < MIIJ/(Z/)

and the map

(a? U?U) - Z((I, v, 77) € Sa
is core-smooth. By the chain rule, near (ag, vy, 1) an sc-smooth germ
q¢ = (a,v,m) = (a,v,2(a,v,n)) = (d'(a,v, z(a,v,n)),v'(a,v, 2(a, v, 1))

of functions and a core-smooth family of morphisms

¢q = qb(a,v,@(a’vw)) : (Sa7j(a7 U)J Mau®q7 Da) — (Sa’(q)vj,(a/(Q)v ’U/(Q))7 (M/Uzl>a’(q)7 Dé’(q))

By construction we have

¢q(2(q)) =2 € ¥

for some 2’ € ¥'. By C! closeness the maps

@aexpu(ﬁ) © Qb(;{v,n) : S(/z/(a,v,n) —Q

are still transverse to M;,(Z,) at points 2/ € ¥'. To complete the proof of the proposition,

it is enough to prove the following:

Lemma 4.1.6. For ¢ = (a, v, n) sufficiently close to gy = (ag, v, o) there exists a section
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7'(q) of the bundle w*T'Q) near the section 7y uniquely defined by the properties:

D (g expw (1'(q)) = Saexpu(n) © ¢, (4.1.5)
n'(q) satisfies the linear constraints at the points of the stabilization (4.1.6)
(d'(q),v'(q), 7' (q)) € O (4.1.7)
In addition,
¢ —1n'(q)

is an sc-smooth map.

Proof: The argument follows similarly to Lemma 3.17 in [HWZ1], if one substitutes
Theorem 2.57 in [HWZ1] for Theorem 3.6.1. H W

4.2 Compatibility of Uniformizers

Consider two graphs of good uniformizing families:

q—>0éq

g:{(q,aq):qED}

and

q —>Oéq/

G ={(d,0y): ¢ €O}
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We define the morphism set M (G, G’) between objects G and G’ as follows
M(G,G") :={((q, ), 0. (¢, i) : (q,0) € G, (¢, ay) € G, d: ag = aryis an equivalence}

Consider a subset O C O which is the domain of definition of a bijective map f : O — O
of the form specified in Theorem 4.1.1. We define the subset M(G,G")s C M(G,G') as

follows:

M(gv g/)ﬁ = {<<Q7 atI)a ?, (qlv Oé:]/)) : <Q7 O‘Q) € ’5}
Let 9 denote the collection of subsets of M(G,G’) of the form M(G,G')g.

Proposition 4.2.1. 9 is a basis for a Hausdorff topology on M(G,G").

Proof: The proof follows analogously to [HWZ1] Lemma 3.18, substituting Lemma
3.12 [HWZ1] with Proposition 4.1.4. B

Recall that the topology on G is induced from the projection map 7 : G — O. It is easy
to see that the source s and target ¢ maps are continuous with respect to this topology.

Theorem 4.1.1 implies that given a morphism o, — oz;, there exists an injective map

I':6— MG.G), T(ga)=((q q),Pqg (QI(CD’a;’(Q)))

where ¢'(q) = f(q) where f : O — 9’ is a local sc-diffeomorphism. By definition, we
have

sol'=1Id and tol'(q,aq) = (¢'(q), af(y)

By Theorem 4.1.1 this means that tol is a local sc-diffeomorphism. It follows that I" and
s are local homeomorphisms and that s induces an sc-structure on the morphism sets

M(G,G"). In particular, I™!' = s and t = (toI')oI'"! are also a local sc-diffeomorphisms.
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Thus we have:

Proposition 4.2.2. (compare Proposition 3.19 [HWZ1]): If G and G’ are equipped
with their natural M-polyfold structures, then the set M (G, G’) has a natural M-polyfold
structure for which the source map s and the target map ¢ are local sc-diffeomorphisms.

Proposition 4.2.3. (compare Proposition 3.20) [HWZ1]): Consider G, G’ and

M(G,G'") equipped with the M-polyfold structures discussed above. Then:

1. The unit map

u: Q — M(g, g)7 u(q7 O‘q) = ((Q> Oéq)7 Idv (CJa QQ))

is sc-smooth.

2. The inversion map

it M(G,G) = M(G,G), ila.a0).0,(d,ay)) = ((d,ag, 07", (q,04))

is sc-smooth.

Proof: In local charts, the source map s is sc-smooth and defines the smooth struc-
ture on the morphism sets. Thus the equation sowu = Id implies u is sc-smooth. Locally,

i =1t"10s, so sc-smoothness follows by the chain rule for sc-smooth maps. W

Lastly, consider the multiplication map

m: M(Q/a g,/>s Xt M(g7 g/) - M(g7 g,/)
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defined by

m(((¢ o), ¥, (¢", agn), (4, @), 6, (¢, ) = (¢, gy b 0 @, (¢, o))

Proposition 4.2.4. (compare Proposition [HWZ1] 3.21): The multiplication map

is an sc-smooth map.

Proof: The argument follows identically as [HWZ1] Proposition 3.21 given the sub-
stitution of [HWZ1] Theorem 3.13 for Theorem 4.1.1. W

4.3 Compactness Properties of M(G,G)

We will need the following compactness result, which is the open version of Theorem 3.22

in [HWZ1]:

Proposition 4.3.1. (compare Theorem 3.22 [HWZ1]) Let G = {(¢,,) : ¢ € O}
be a graph where ¢ — «, is a good uniformizing family of bordered stable maps. Let
7 : G — O be the projection diffeomorphism. Then for every point ¢ € O there is an
open neighborhood U9%(q) C O such that if G and G’ are two graphs and ¢’ € O’, then

every sequence ¢ € M(G,G’) of morphisms satisfying
mos(®y) € U%(q)

and

' ot(Py) = ¢

possesses a subsequence converging in M (G, G’).

Remark 4.3.1. The above theorem will be used to show that the polyfold Zg R
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Hausdorff. Indeed, this theorem reflects that objects in the orbit space cannot be too

close without being equal. H

The following discussion closely follows the material in [HWZ1] Section 3.3. Fix an M-
polyfold chart G = {(¢,,) : ¢ € O} and a point ¢y € O. We will construct a special
neighhborhood UY(gp) for which we will verify the proposition. Suppose the chart G is
centered at a stable map o = (5,7, M, D, u) and the good uniformizing family defining
G is given by

¢ = ag q=(a,v,n) €0
(0,0,0) = o :=«

Definition 4.3.1. We fix a family of metrics g,, parameterized by a € Bp, on each of

the punctured surfaces

Sa_ U {x,y}

Wz} =0
satisfying:

1. If agyyy € Dy, and ag, 4y # 0, the cylinder Z{l{fj’y}} is isometric to the standard cylinder

[0, Ry 1] X ST equipped with the product metric.

2. If agayy € Dy, and ag,,y = 0 the metrics on the punctured disks D, — {z} and
D, — {y} are isometric to the half cylinders R* x S' and R~ x S! equipped with the

product metric, respectively.

3. If afwyy € Dy, and agy,y # 0, the strips H Zéfﬁ’y}} are isometric to the standard

strip [0, Rz, % [0, 1] equipped with the product metric.
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4. If agpyy € Dy, and agyyy = 0, the metrics on the punctured strips HD, — {z}
and HD, — {y} are isometric to the strips R™ x [0, 1] and R~ x [0, 1] equipped with the

product metric, respectively.

5. On the core of S,, which can be canonically identified for all a, we take the met-

rics to be the same. W

Now suppose qo = (ag,vo,m0) € . We will construct U%(qp). Take a small open
neighborhood P of (ag,vg) € O, which satisfies c/(P) C O. Choose a Riemannian metric
g satisfying conditions Good Data (Definition 4.1.5) on the symplectic manifold (Q,w).
Note that ny converges asymptotically to 0 at the nodes. Thus with respect to the metric
Jao, the differential Tug of ug := Gapexpu(no) : Say—|Day| — @ is uniformly bounded.

For any map w € H3"587‘5(1)(Sa, Q) we introduce the notation:

|[Tw|| = Sup|h|:1,zeSa—|Da|||Tw(z)h||Q

where the sup is taken over all z € S,—|D,| and h € S(T.S,), where Si(7.5,) is
the sphere of radius 1 in 7.S,. Lastly, choose a small open neighborhood Uy of 7y in

Hf7‘5875? (w*TQ, u|;sTL) satisfying conditions (1) and (2) below:

(d(P) @ d(Up))NEK C O (4.3.1)

There exists a constant C' > 0 such that ||T &, (exp,(n)))|| < C for every (a,v,n) € P & Uj.
(4.3.2)
We define U9(qq) by
U9(q) = (P Up) N K
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Proof of Proposition 4.3.1: Consider the M-polyfold
G ={(d,ay, ¢ = (dv',n) D}

where ¢ — a7, is a good family centered at the stable map (S', 5/, M', D',u'). By G’
we denote the automorphism group of (S, ', M', D' u'). Set ¢ = (ag,v5,1mp) € O

Restricting to a subsequence, we assume that the sequence

Q= o 8(Pr) == (ar, vk, M)

has the property that

(ag,vi) = (a,v) € cl(P)

By assumption we have the converging sequence:
gy, =7 0 t(Pr) = (ay, vi mk) = g0 = (ag, vo, )
Associated with the sequence &), € M(G,G’) we have the sequence
Ok (Sapsd(ar; vr), May, Da,) = (Sgr 5" (@, vi), Mgy, Dy )
of biholomorphisms satisfying
D (expry (n))) © B = Bay (expu(nn))

Lemma 4.3.1.

SUpzesak—|Dak|,k21||T¢k(z)|| < o0
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Proof: The proof Lemma 4.3.1 is in Appendix 1.

By Ascoli-Arezla, a subsequence of ¢, converges in C7%, in finite distance to the core. By
Proposition 3.6.2 we have convergence ¢y = limy_,, ¢y in Cp5.. By hypothesis, we have
n,. — 1. Thus by Theorem 3.6.1, we have that 7, converges in finite distance to the core

and in the neck by Proposition 3.6.2. We set 1)y := limg_oo M-

Set qo := (ag, vo, M) and Py := ((@),aqo,¢0,(q(),a;6)) € M(G,G’). It remains to show
that limg_,0o®r = $p in M(G,G’). It is enough to show that for any set U in the basis
of the topology for M(G,G’) containing ®q that &, € U for k sufficiently large. By

construction of the topology on M(G,G’) we may assume

Y= {((q7OéQ)7¢q7 (f(q>70/f(q))) tq € ;j - D}

where O C O is a small open neighborhood of ¢y € O and f is a map as in Theorem

4.1.1. We may assume that f(qo) = ¢ and ¢, = ¢o.

Since v, o (;5,;1 : a; = a,/f(Qk) is an isomorphism of stable maps, there exists by Proposi-

tion 4.1.4, an isomorphism ¢’ € G’ such that

flax) =g'*q, and Vg, © ¢I;1 = (g/)a§C

The sequence ), o ¢,:1 converges in C* to the identity map on S ,- In particular, we
have ¢g' = Identity € G, and (¢'),, = Identity on S‘Ilﬁc' Thus v, = ¢%. This means

q)k = <<Qk7aq19>7¢k7 (Q;@’?(X;;C)) u
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4.4 The Topology on Z

The space 9 is equipped with a finite group action by sc-diffeomorphisms:

Gx9O—9, (9,9 —gx*q.

The quotient /G inherits the second countability, paracompactness, and Hausdorff
properties from 9. Additionally, the projection map 7 : O — ©O/G is an open map. By
Theorem 2.3.1 the map 9/G — Z given by

[CL, Ua 77] — [Saa j(av U)7 Ma7 Da7 e‘rp@au @a (77)]

into the space of stable maps is injective. This inspires the following definition of the

topology on Z:

Definition 4.4.1. We denote by 91 the collection of subsets of Z consisting of sets U
such that for all z € U there exists a good uniformizer ¢ — «,, parametrized by O,

satisfying z = [ay,] for some ¢y € O, and an open neighborhood V(gp) C O such that

{lag] € Z:qeVi(g)}cU N

We will follow the proof of Theorem 3.27 [HWZ1] in the proof of the following:

Theorem 4.4.1. (compare Theorem 3.27 [HWZ1]) The collection 9 of subsets of
the space Z of stable curves is a second countable, paracompact, Hausdorff topology
which also is completely regular. In particular, the topology is metrizable. The non-

singular elements in Z form a dense, open subset and Z is separable. B

Lemma 4.4.1. (compare Lemma 3.28 [HWZ1]) The collection 91 constitutes a

topology on Z.
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Proof: By construction ) € 91 and Z € M. In addition, it follows that 9N is closed

under union.

It is enough to show that if U;,Us € N, then U := U; N Uy € N. Suppose z € U, then
by construction we have good uniformizers ¢ — «,, parametrized by O, and ¢’ — 04;/,

parametrized by O’ such that for ¢y € O, ¢ € O’, we have

2 =[] = o] (4.4.1)

By construction we also have open subsets V(go) C O and V'(¢)) C O’ such that
{lagl:a€V(g)} Uy and {[ay]: ¢ € V'(gy)} C Us

By Equation (4.4.1), there exists an isomorphism ¢q : oy, — 04; x Theorem 4.1.1, there
exists a germ of sc-diffeomorphisms f : (9,q)) — (9, ¢)) satisfying f(q) = ¢} and a

core smooth family of biholomorphisms

Oq 1 Qg — o/f(q)

such that ¢y = ¢¢,. Consider a small open subset Vi(g) C O containing go. It follows

that

{log) g € Vi(qo)}

is open and that

{[og] 1 q € Vilgo)} = {lag] : " € Vi(gp) = f(Vi(@))} CULNU=U W
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Lemma 4.4.2. (compare Lemma 3.29 [HWZ1]) Every point in the topological space

(Z,M) has a countable basis of open neighborhoods.

Proof: The proof follows similarly to Lemma 3.30, substituting [HWZ1] Theorem 3.13
for Theorem 4.1.1. W

Lemma 4.4.3. (compare Lemma 3.30 [HWZ1]) The topology 91 is Hausdorff.

Proof: The proof follows similarly to Lemma 3.30, substituting Theorem [HWZ1] 3.22

for Proposition 4.1.1. W

Lemma 4.4.4. (compare Lemma 3.31 [HWZ1]) The topology 91 is completely reg-

ular.

Proof: The proof follows similarly to that of Lemma 3.31 [HWZ1], substituting Theorem

3.22 for Proposition 4.1.1. W

Consider triples of the form (S, M, D) where S is an open Riemann surface, M is a finite
set of ordered boundary marked points and un-ordered interior marked points, and a
finite set of nodal pairs D, such that |[D|N M = (. We say (S, M, D) and (S’, M’, D') are
diffeomorphic if there exists a smooth orientation preserving diffeomorphism ¢ : S — 5’

such that

and preserves the ordering of the boundary components and boundary marked points.
The diffeomorphism class of (S, M, D), denoted by [[S, M, D]] consists of the triples

diffeomorphic to (S, M, D). By A we denote the collection of all such diffeomorphism
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types. Consider the map
type: Z = A : [(5,5,M, D, u)] = [[S, M, D]]

Suppose d € A. Then by Z; we denote the subset of Z consisting of stable maps with
an underlying Riemann surface of type d. Z; inherits a Hausdorff topology induced from

(Z,M). Every element z € Z; admits a representative of the form (.S, j, M, D, u) where:

1. 7 is a smooth almost complex structure on S which induces the orientation on S

0 §O
2. u € g (S,Q, L), i.e. u € H} ., obeys Lagrangian boundary conditions and decays

oc’

at the rate (3,9) at the nodes.
Hf’ég’ég(s, @, L) is a smooth Hilbert manifold. There exists an embedding f : (Q, L) —

(R RY), for some N sufficiently large, which induces an embedding:
F: HY%(S,Q, L) — HX0% (5, R*Y, RY)

given by

u— fou

The Hilbert space topology on HE20 (S, R?N RY) induces a topology on HE20 (S,Q,L)

0 50

via the map F'. We denote the induced topology on H; 90,07 (S,Q, L) by 7. As discussed

earlier, the space of almost complex structures on S is a complete metric space which we
0 <0

denote by J. By Hy C 2o (S,Q, L) we denote the open subset consisting of all stable

maps (5,7, M, D,u). Hy inherits a metric from 7 by restriction, denoted 7;. We set the
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map

(I)dZJdXHd%Zd

given by
(j? u) % [(57 j? M7 D7 u)}

Lemma 4.4.5. (compare Lemma 3.32 [HWZ1]) For every type d € A the canonical

map &, : Jy; x Hy — Z,; is continuous, open, and surjective.

Proof: The argument follows similarly to [HWZ1] Lemma 3.32 with the modification
that we subsitute [HWZ1] Theorem 2.19 for Theorem 2.4.1. B

Lemma 4.4.6. (compare Lemma 3.33 [HWZ1]) For every type d € A, the Hausdorff

topological space (Z4,M|Z;) admits a countable basis.

Proof: Using Lemma 4.4.5, the result follows arguing as in [HWZ1] Lemma 3.33. B

Lemma 4.4.7. (compare Lemma 3.34 [HWZ1]) The topology 1 is secound count-
able.

Proof: The claim follows by arguing identically as in [HWZ1] Lemma 3.34. B

Proof of Theorem 4.4.1 (compare Theorem 3.27 [HWZ1]) By Lemma 4.4.1,
Lemma 4.4.4, and Lemma 4.4.7 and Urysohn’s metrization theorem it follows that Z is

metrizable and therefore paracompact.

Denote the set of un-noded elements in Z by int Z. It follows by the construction of

basis elements by uniformizers that int Z is open and dense. The fact that each metric
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space Jg X Hy is separable and the maps ®, : J; x Hy — Z; are open, continuous surjec-
tions, it follows that each Z; is separable. Since the set A is countable, it follows that Z

is separable. W

4.5 The Polyfold Structure on the Space 7

Now we are able to construct the polyfold structure on the topological space Z of stable
curves. By Proposition 4.1.3 for any z € Z, we may find a collection of good uniformizing
families centered at smooth maps which cover Z. Denote by A a family parametrizing
such a collection of good uniformizing families, individually denoted G,. In Section 7, we
will specify the size of O, by controlling the size of e, which appears Section 4.1. We

set V) = p(9,) cover Z, and without loss of generality, we assume that V) is locally finite.

We denote by X the disjoint union of the graphs

Gx = {(an, ag,) = @ € Oy}

such that
X = U O

We refer to X as the object set of the ep-groupoid. The morphism set X is the disjoint

union

X =] M(G.6v)

AN EA
Theorem 4.5.1. (compare Theorem 3.35 [HWZ1]) The M-polyfold X is the ob-
ject set and the M-polyfold X is the morphism set of a small category. The source and
target maps s,t : X — X are surjective local sc-diffeomorphisms. The structure maps

1 X =X, u:X — X, and m: X, x; X = X are sc-smooth. In addition, X satisfies
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the properness assumption, and X is an ep-groupoid.

Proof: The only thing to check is properness. This follows from the argument of The-
orem 3.35 in [HWZ1] substituting Proposition 4.3.1 on compactness for Theorem 3.22
[HWZ1]. I

The orbit space | X| of the ep-groupoid X admits a homeomorphism |p| :| X | — Z induced
from the canonical map p : X — Z. Thus the pair (X, |p|) defines a polyfold structure

on Z. In summary,

Theorem 4.5.2. (compare Theorem 3.36 [HWZ1]): The M-polyfold groupoid X

is an ep-groupoid and the pair (X, |p|) defines a polyfold structure on Z. B

Any two such ep-groupoids constructed as above are equivalent (see Definition 10.1

[HWZ2] and the discussion preceding Theorem 3.37 [HWZ1]).

Theorem 4.5.3. (compare Theorem 3.37 [HWZ1]) Given strictly increasing se-
quences (64)i>0 C (0,27) and (8});>0 C (0,7), the second countable topological space Z

of stable curves possesses a natural equivalence class of polyfold structures. B

4.6 The Polyfold Structure of the Bundle £ — Z

Over each polyfold chart G\ we will construct a strong M-polyfold bundle W, — G,. Our

strong bundle will be the disjoint union:

W= W,
AEA

Definition 4.6.1. Consider a good family ¢ — «,, parameterized by a set O, and
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centered at a smooth stable map a = (.5, j, M, D, u). Recall from Section 4.1,
Oy ={(a,v,n) € Bp X B, : (a,v) € Oandm,(n) =n, n € UN E,}

Set

Fill O, ={(a,v,n) € Bp x E, : (a,v) €O, n e UNE,}

Let W) be the sc-Hilbert space of maps z — £(2), z € S—|D| where £(z) : (1.5,7) —
(Tw(»@Q, J(u(2))) is a complex anti-linear map. Moreover, the map z — £(2) is of Sobolev
class (2,03,0%). The level k of the sc-structure is given by anti-linear maps of regularity

(2 + k, 68, 6%). Consider the strong bundle retraction diagram:
Fill Oy < Wy, —% FillD, < W),

where 7 is given by implanting the retractions ry,,;. We define the splicing core:

K= {(a,v,n,€) € FilLOy < Wy : 74(n) =1, pa(€) = €}

where p is defined similarly as r, by implanting local retractions 7,1, {z,y} on the space

of anti-linear sections. We have a local strong local bundle:
Kf — D)\

with projection given by (a,v,n, &) — (a,v,n). The automorphism group G of (S, j, M, D, u)

acts on Kf by

g (a,v,m,8) = (gxa,gxv,nog ', éoTg ) forge GI
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Remark 4.6.1. We denote the nodal parameters fixed in Section 2 for the family O, by

B, and we denote the good germ of complex deformations by V). B

For v € V), consider the complex linear bundle isomorphism
6(v) : (TS, j(v)) = (T'S, j)

given by
S(w)h = g id — j o (o))

We have 6(v) o j(v) = j o d(v) and by construction d(v) depends smoothly on v € V).
Also, since j(v) = j, on the disks/half-disks defined by the small disk/half-disk structure
we have

d(v)h = h for all h € TS, such that = € |_| D,

z€|D|

For varying topological families S, we consider the complex linear map
d(a,v) : (T'Sq, j(a,v)) = (T'Sq, j(a,0))

given by
1
0a, v)h = o (id = j(a, 0) 0 j(a, v))h

For any complex anti-linear map

§(2) (125, 7) = (T @, J (u(2)))

we have a glued section along the glued map ®,u defined by implanting the gluing @,:

Ba(€)(2) : (T84, 4(a,0)) = (To,u(x)@, J (Bau(2)))
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The composition £ o 6(v) is a complex anti-linear map

(T.5,j(v)) = (Tux @, J(u(2)))

and satisfies the identity
Ba(€00(v)) = Bal§) 0 8(a,v)

Recall the exponential map O« @ defined in an open neighborhood of zero in H: 3501 (W TQ,u|fsTL),
where 9 was defined in the definition of 'Good Data.” Let P,, : T,(Q) — T,() be parallel
transport with respect to the Levi-Civita connection associated to the metric g along the

minimal geodesic joining z and y for x and y sufficiently close. Consider the map:

I (1Q, J(x) = (T,Q, J(y))

given by

'U—>%'[ny—J(y)OnyOJ(ZL‘)]'U

We assume O, is chosen so small that I'(exp,(n),p) : (1,Q, J(p)) = Teap, @, J(expy(n)))
is well-defined for all (a,v,n) € D). As a result of this definition, we have that I' is the
identity in the chosen coordinates near the image of the nodes under u, since g is the

pull-back of Euclidean metric in chosen coordinates near these points.

Given (a,v,n,&) € K we define the complex anti-linear map

Z(a,v,1,6)(2) : (1254, §(a,0)) = (Te,eapu(n) )@ T (Baczpu(n)(2)))
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at points z € S, — D, by
Z(a,v,7,€)(2) = [@aexpu(n)(2), Bau(2)] © Ba(€)(2) 0 (a, v)(2)
Given g € G we have:
=(a,v,m,€) 0Ty, =E(g*a,g*v.nog ' 0Ty ™)

Recall the good uniformizing family mentioned above, ¢ — «,, which we write explicitly
by

(a/7 v’ Tl) _) (Sa7j<a7 /U)7MQ7 Da? @aexpu(n))’ (a7 /U’ T]) = q E D

We define the graph of the uniformizing family of anti-linear sections ¢ — agz by
(@,v,7,€) = (Sa, (@, v), Ma, Do, ®aexpu(n), E(a,v,1,§))
where (a,v,n,&) = ¢ € K. For each g € G, we have an isomorphism
Qg — Ogig
which is compatible with the action of g on G, and we have the identity:
E(g * (a,v,1,€)) 0 Tga = Z(a,v,7,§)

Denote by W) the graph of the lifted family ¢ — a@5. The collection of all lifted families

of anti-linear sections for each A € A produces a strong polyfold bundle

W = UWA T X = UgA
AEA AEA
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We say (S, 7, M, D, u,§) is equivalent to (S’, 5/, M', D', v/, ') if there exists an ismorphism
¢ (S, 5, M,D,u) — (5,5, M', D', u") between the maps in the base spaces satisfying
compatibility at the fiber

foTp=¢

We denote by E the set of equivalence classes. By P : W — E we denote the quotient

map sending a tuple to its equivalence class. We have a commutative diagram:

w—L-E
|
X — 7

Proposition 4.6.1. (Compare Proposition 3.39 [HWZ1]) : There exists a strong
bundle map p : X xz W — W which covers the target map ¢ :X— X of the ep-groupoid
X satisfying

tom (P, w)=mpou(P,w)
for all (®,w) € X, x, W, so that the following diagram commutes:

X, x L w

S

p

iS]

1

X —t X

Also p has the following additional properties:

(1) p is a surjective local sc-diffeomorphism and linear in the fibers W,.

(2) p(1,,w,) = w, for all z € X and w, € W,.
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(3) w(® oV, w) = p(P, u(V,w)) for all morphisms ¢, ¥ € X and w € W satistying

s(V) = p(w) and ¢(¥) = () = p(u(¥,w)).

Proof: To define the map p : X, x, W — W, we make the following notational short-
hands:

q=(a,v,m), 7= (a,v,n,%)

and
ag = (Sa, j(a,v), Mo, Da, Baexpu(n)), 0= (Sa,j(a,v), Ma, D, Baexpu(n), Z(a, v,7,§))
If & € X gives the morphism
@ = ((q,04), 0. (¢, 0})) : (.00) (')
then the morphism
¢ (Sa, j(a,v), Mo, Da) = (S, j'(a’,v"), Mg, Dyy)

satisfies

@ expl () o ¢ = Baexpy(n)
If w=(q,a35) € W, then p(w) = (¢, ) = s(®). Therefore, (?,w) €X, x, W and we
write

where ¢/ = (a/,v',n) and ¢ = (d’,v', 1, &) = (¢, &'). & is defined as the uniquely specified
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solution of the equations
E(a7 U? n? €> = El(a/7 vl? /'7/7 gl) o T¢

@a/ (5/) =0
The rest of the argumentation follows formally as in Proposition 3.39 [HWZ1]. B

The functoriality properties imply that the natural map €2 : W — E given by

(0’7 /U7 777 57 &(aﬂ),n,ﬁ)) — [a(aﬂhﬁ,{)]

is a homeomorphism on orbit spaces || :|W| — E. We have a commutative diagram:

w2 g

o]

x| ", 2

It follows that (p: W — X, ||, |p|) realizes E — Z as a strong polyfold bundle.

Part 11

Pre-Fredholm Theory

In Part II we develop the Fredholm estimates necessary to establish Theorem 1.3.2. Sec-

tion 5 introduces general results on polyfold Fredholm theory as well as general analytic

results for the linearized Cauchy-Riemann operator. Section 6 produces an equivalent

polyfold structure on the ep-groupoid of stable maps to that which was originally estab-

lished in Section 4 which is more convenient for verification of the Fredholm estimates.
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Verification of these estimates takes place in Section 7.

5 Fredholm Sections and Integration

5.1 Filling the Cauchy-Riemann Operator

In this section we recall some of the basic definitions and results from the Fredholm

theory of polyfolds. For a fuller treatment see [HWZ2].

Definition 5.1.1. (compare Definition 3.1 [HWZ2]) An sc-germ of neighborhoods

around 0 € C, denoted by O(C,0) is a decreasing sequence
UyDU; DUy D -+

where U, is a relatively open neighborhood of 0 in C'N E,,. The tangent of O(C,0)

denoted by TO(C,0) is the decreasing sequence

Ui Ey DU, & EL D - [ |

Definition 5.1.2. (compare Definition 3.3 [HWZ2]) An sc-smooth section germ
(f,z0) of the strong bundle P : Y — X is a continuous section f : V — P~}(V) defined

on a (sufficiently small) open neighborhood V' of the smooth point z(, for which the
following holds. There exists a strong bundle chart (®, P~*(V),(K,C < F,E < F))

PLV) 25 K

ool

(V,20) —2— (0,0)

satisfying ¢(zg) = 0 € O in which the principal part f of the local continuous section
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f=do fo¢~!: 0O — K has the property that the composition
for: O(C,0) = F

is an sc-smooth germ. W
So called sc™-operators serve as compact perturbations in the polyfold framework:

Definition 5.1.3. (compare Definition 1.3 [HWZ2]) A sc-operator S : E — F
between sc-Banach spaces is called an sc*-operator, ifS(E,,) C Fj,y1 and S : E — F'is

an sc-operator. W

Throughout this discussion on pre-Fredholm theory, we will concern ourselves with ’filled
sections’ of the Cauchy-Riemann section. Filling a section extends its domain to an open
subset of an sc-Hilbert space. The filling is constructed in such a way that its solution
set and Fredholm index agree with that of the original section. This replacement makes

the analysis more tractable.

Definition 5.1.4. (compare Definition 3.1.4 [HWZ2]) Consider a local strong bun-
dle K — O. We suppose K is realized by a strong bundle retraction R : U < FF — U < F

of the form

A smooth section germ (f,0) of the bundle K — O possesses a filling if there exists
an sc™ section germ (g,0) of the bundle U <« F' — U extending f and satisfying the
following:

(1) f(z) = g(z) for x € O close to 0.
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(2) If g(y) = p(r(y)) - g(y) for a point y € U near 0, then y € O.

(3) The linearization of the map

y—= [ =plr@)]-9@y)
at the point 0, restricted to ker(Dr(0)) defines a topological linear isomorphism

ker(Dr(0)) — ker(p(0)) W

Remark 5.1.1. The definition of a filling has several useful consequences, as demon-
strated, for example, in [HWZ2| Pages 94-95. Here we briefly review the highlights.

Observe that we have two splittings:
F=p(0O)F®(1—p(0)F, E=Dr(0)E® (1—Dr(0)FE

With respect to these splittings we have the following relationship between the differen-

tials of g and f at 0:

poey- 7] |TFO 20 DgO D) | o

p 0 (1—=p(0))- Dg(0)(1 = Dr(0))| |5

Combined with property (3) of Definition 5.1.1, this implies:
kernel Dg(0) = (kernel Tf(0)) & {0}

Additionally, by Proposition 3.1.5 [HWZ2]:
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(1) The operator T'f(0) : Dr(0)E — p(0)F is surjective if and only if the operator

Dg(0) : E — F is surjective.

(2) T£(0) is a Fredholm operator (in the classical sense) if and only if Dg(0) is a Fredholm
operator and ind 7'f(0) = ind Dg(0). W

Definition 5.1.5. Consider the section 5; : D) — W, given as follows

I'(expun(z),z) o @agi(a, v,n) 0 8(a,v)(2) = d1jwerpun(z) (5.1.1)
éa{x,y}gi(aﬂ v, 77) = 0 . (512)

By construction we have commutativity of the following diagram:

Wy —L— W
g o]
05)\ L) A
Consider a nodal point {z,y} € D; and its image under u, u(x) = u(y) := qqa,y). Consider
the Cauchy-Riemann section 5%’“ defined as follows:
Oy, o HY(Co, T, Q) — HY(Co, Ty, Q)

4z,y} c @~ Ywz,y} @)~ Ywz,y}

0 0
=gt J(Q{x,y})an

We define 5q{ similarly if {z,y} € Dy:

x,y}

— ¥} 5
a : H3 : (Ca’ TQ{x,y} Q) — Hgdr(;/(oa7TQ{x,y}Q)

Uaz,y} * " Tcreal
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0 B)
N et J(Q{x,y})an

The following are key analytic estimates:

Proposition 5.1.1. The linear Cauchy-Riemann operator on the infinite cylinder

Oy H¥(C, T, Q) — H*(C,, T, Q) (5.1.3)

4z,y} c @~ Ywz,y} @)~ Qz,y}

is an isomorphism for dy € (0,27) and

1 _ e
el < By < Co- €l €€ HE™B(CT,) (504
Similarly, the linear Cauchy-Riemann operator on the infinite strip with real boundary

conditions

Dageyy  HIO(Ca Ty, Q) = HEDL(Ca Ty, Q) (5.1.5)

A{z,y} c, real @y =~ q{z,y}

is an isomorphism for 0; € (0,7) and

€l < Py &luy < O lel, €€ HLL (CoTy,,y) B (5.10)

1
Cn

Remark 5.1.2. That (5.1.3) is an isomorphism follows from [LM]. That (5.1.4) is an
isomorphism is due to Floer [F|. Alternatively, one may prove (5.1.4) is an isomorphism

by a spectral flow argument [RS1]. B

Recall the M-polyfolds Fill O, and Fill W) established in Definition 4.6.1. Consider the
section Fill ) : Fill O, — Fill Wy given by

L(expyn(z), z) o B Fill 5?(@, v,1)(2) 0 8(a,v)(2) = Djjwyexpun(2) (5.1.7)
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~ . —
Oagoy Fl 5 (a,v,m) = gy, Caryyy (123 1y) (5.1.8)

Proposition 5.1.2. Fill 5; is a filling for 5;

Proof: Recall the retraction in the base r : Fill O, — Fill O, and the retraction in
the fiber p : Fill Wy — Fill W) are given by implanting retractions 7y, .y, ¢z, and
Tz} Q) respectively for {x,y} € D. Smoothness considerations follow from the dis-

cussion in Section 7.
Condition (1) in Definition 5.1.3 follows from inspection of the system (5.1.1) — (5.1.2).
Condition (2) in Definition 5.1.3 follows from Proposition 5.1.1.

Condition (3) in Definition 5.1.3 follows from the fact that Dr, ,3(0) = Identity, Dq,,,(0) =

Identity and 7,43 (0) = Identity, gz, (0) = Identity. W

5.2 Fredholm Theory

Below we will discuss the sc-Fredholm properties which ensure the applicability of the
sc-Implicit function theorem. The classical implicit function theorem is proved by a
contraction argument. The sc-Fredholm property builds a contraction property into the

definition:

Definition 5.2.1. (compare Definition 3.6 [HWZ2]) Let W be an sc-Banach space
and C = [0,00)* @ R"* @ W a partial quadrant. Then a basic germ is an sc-smooth

germ

f:0(C,0) - RY oW
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satisfying f(0) = 0 and having the following property: If P : RY & W — W denotes the

projection, the germ Po f: O(C,0) — W has the form

Po f(a,w) =w — B(a,w)

for (a,w) € [0,00)* ® R"* @ W where B(0,0) = 0. Moreover, for every ¢ > 0 and every

integer m > 0, the estimate

|B(a,w) — B(a,w)|m < e|w—uw'|,

holds, if (a,w) and (a,w’) are close enough to (0,0) on level m. A

Definition 5.2.2. (compare Definition 3.7 [HWZ2]) Let f be an sc-smooth section
of the strong bundle P : Y — X over the M-polyfold X, and let 5 € X be a smooth

point. Then (f,z¢) is an sc-Fredholm germ provided it possesses a filled version

(9,0): OU,0) U 9 F

with the property that there exists a local sc™ section s : U — U < F satisfying

s(0) = ¢g(0) and such that (g —s,0) : O(U,0) — U < F is conjugated to a basic germ. W

Definition 5.2.3. (compare Definition 3.8 [HWZ2]) A section f of the strong bun-
dle P : Y — X over the M-polyfold X is an sc-Fredholm section, if it satisfies the

following;:

1. f is sc-smooth.

2. f is regularizing.
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3. The germ (f,z) is sc-Fredholm for every x € X,,. B

Definition 5.2.4. (compare Definition 12.1 [HWZ2]) Let f be an sc-smooth section
functor of a strong bundle over an ep-groupoid (P : W — X, u). f is an sc-Fredholm

section functor if f is sc-Fredholm over the object M-polyfold X. B

In the case that our polyfold has boundary, we also require that our section lies in good

position to the boundary.

Definition 5.2.5. (compare Definition 3.9 [HWZ2]) Let C C E be a partial quad-
rant in the sc-Banach space F and N C E be a finite dimensional sc-subspace of E. The
subspace N is in good position to the partial quadrant C', if the interior of NN C in N

is non-empty, and if N possesses a sc-complement P, so that

E=No@P

having the following property: There exists ¢ > 0, such that for pairs (n,p) € N x P
satisfying |plo < €|n|o the statements n € C' and n + p € C are equivalent. We call such

an sc-complement P a good complement. l
An application of the sc-implicit function theorem results in the following:

Proposition 5.2.1. (compare Theorem 3.5 and Corollary 3.6 [HWZ2]) Let f be
an sc-Fredholm section of the strong bundle P : Y — X over the M-polyfold X and

suppose that z € X satisfies f(z) = 0 and the following:

(a) The linearization f'(z):7T,X — Y, is surjective.

127



(b) The kernel N of f'(x) is in good position to the boundary of X

Then there exists an open neighborhood U of = such that the following holds:

There exists a good complement Y of N in T, X so that K @Y = T,.5 and there exists a
C' map o : V — Y] defined on a relatively open neighborhood V of 0 in N N C, X with

the following properties:

1. o:O(NNC,X,0) — (Y,0)

2. 0(0) =0 and Do (0) = 0.

3. S(fLU) :={x €U : f(x) =0} = {v+o(v) : v e V} after perhaps replacing

U by a smaller open neighborhood.

4. The map o induces a tame sub M-polyfold structure on S(f,U) C X.

5. The tame sub-M-polyfold S(f,u) admits a uniquely determined sc-smooth equiv-

alent structure as a smooth manifold with boundary and corners.

6. For every z € S(f,U) the linearization f'(z) : T.X — Y, is surjective and ker(f'(z)) =

T.5(f,U). &

The ultimate goal of studying the Fredholm properties of the Cauchy-Riemann section
0y : Z — W, is to develop an integration theory over the solution set 5;1(0) of pseudo-

holomorphic curves. However, as discussed in the introduction, the Cauchy-Riemann
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section need not be transverse to the zero-section. To rectify this, we apply the general
machinery of polyfolds which establishes conditions under which we may perturb an sc-
Fredholm section by multi-valued functors to ensure transversality. Furthermore, general
polyfold theory establishes conditions under which the perturbed solution set may be

integrated over.

This means that to establish an integration theory, it is enough to check to check sc-
Fredholm condition, compactness, and orientability properties. The sc-Fredholm condi-
tion is verified in Section 7. The remaining conditions are left to subsequent work. Below

we give an overview of the theory of integration on polyfolds.

Consider a general strong bundle of ep-groupoids (P : W — X, ) and an sc-Fredholm

section f: X — W. Perturbations of f are achieved via scT-multisection functors:

Definition 5.2.6. (compare Definition 13.4 [HWZ2]) Let (P: W — X, pu) be a

strong bundle over the ep-groupoid X. Then an sc™-multisection is a functor
AW —QF

such that we have the following local representation:

Around every object xg € X, there exists an open neighborhood U(zg) on which the
isotropy group G, acts by its natural representation, and finitely many sc'-sections

S1y-++ 8k U(zg) — W with associated positive rational numbers oy, - - - | oy such that

LYY o=1
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2. AMw) = Y icqi kwes;(P(wyy i for all w € WU(zo), where the empty sum is set
to 0. A

Functoriality implies that a multi-section A is invariant under equivalences in W. In

particular, A factors through a map |A| :|W| — Q™.

Now we describe the effect of perturbation by a multi-section on the linearization of

an sc-Fredholm section f:

Definition 5.2.7. (compare Section 15.1 [HWZ2]) Let (P : W — X, u) be a strong
bundle over an ep-groupoid. Denote by Grp(x) the set consisting of all formal sums L

of the form
L= ZUL - L

where all o7, are non-negative and only a finite number are nonzero, and L : T, X — W,

is an sc-Fredholm operator. We set

Let 7 : Grp(X) — Xo denote the natural projection. The set Grp(X) admits a category

structure:

A morphism between objects L : T, X — W, and ¢.L : T,X — W, is realized by a

morphism ¢ € Mor(x,y) such that

o LoTo(n) = pu(e, L(n) ne X, s(p) =z, y=t(¢p) M

Theorem 5.2.1. (compare Theorem 15.1 [HWZ2]) Given P, f, A as in Definition
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5.2.7, there exists a section functor
T(fJ\) : Xoo — GT’F(X)

such that
L. Tigay(x) =0 for € Xoo — supp(A o f).

2. For x € supp(A o f) and any local sct section structure (s;)ier, (0:)icr describing

A locally near x we have:

Tirm(y) = Z o; - (f — si)'(y) for smooth y near = M
{iel:f(y)=si(y)}

In the strong ep-groupoid bundle W — X over an ep-groupoid of stable maps, we can
measure the size of smooth sections f : X — W by taking advantage of the natural
Hilbert space structure in the fibers. In a general strong bundle over an ep-groupoid we

have the notion of an auxiliary norm:

Definition 5.2.8. (compare Definition 12.2 [HWZ2]) Let (P: W — X, pu) be a

strong bundle over an ep-groupoid. Consider the topological space:
Woa:={h € W : hhas bi-regularity (0,1) }

and by P : Wy, — X the projection onto the object space X. An auxiliary norm N is a

continuous map N : Wy — [0, 00) satisfying:

1. The restriction of N to each fiber P~!(z) is a complete norm.
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2. If (hg) is a sequence in Wy such that (P(hy)) converges in X to some z, and

N(hk) — 0 then hk — 0, in W(),l-

3. If h=p(¢, k) for ¢ € X and k € Wy, satisfying s(¢) = P(k), then

Definition 5.2.9. (compare Definition 13.5 and 13.6 [HWZ2]) Let (P : W —
X, 1) be a strong bundle and let A be an sc¢™ multi-section. Also let N be an auxiliary

norm. The support of A is the subset of supp(A) of W defined by

supp(A) ={w e W : A(w) > 0}

Also, we define for x € X,

N(A)(z) := max{N(w) : w € supp(A) satisfying P(w) =z} N

We want to use multi-sections to perturb sc-Fredholm sections into position such that
their linearizations are surjective. This will guarantee that solutions in the interior of
polyfold locally admit a geometric structure suitable for integration (branched, weighted
orbifold structure). However, to ensure that points at the boundary admit a reasonable

geometric structure we need the following stronger condition:

Definition 5.2.10. (compare Definition 15.6 [HWZ2]) Let f be an sc-Fredholm
section of (P : W — X, u) and that A : W — Q7 is an sc™-multisection. The pair (f, A)
is said to be in general position if for every = € supp(A o f) the linearization T{y a)(x)
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restricted to the tangent space of the boundary at x is surjective. B

The space of multi-sections is broad enough to perturb a general sc-Fredholm section

into transverse position with good boundary geometry:

Theorem 5.2.2. (compare Theorem 15.4 [HWZ2]) Assume (P : W — X, pu) is a
strong bundle over a tame ep-groupoid admitting sc-smooth bump functions, and f a
sc-Fredholm section functor with compact solution set |S¢|. Let N be an auxiliary norm
and U be a saturated subset of X containing Sy so that (N, U) controls compactness.
Given any continuous functor h : X — (0, 1], there exists an sc¢™ multisection functor

A: W — QF with the following properties:

1. N(A)(z) < h(z) for all x € X.

2. The domain support of A is contained in U.

3. T{,n) is surjective on supp(A o f).

4. For x € supp(A o f) the kernels of the operators from T{;x)(x) are in general po-

sition to 0.X.

In particular Ao f : X — Q7T is a compact, tame branched ep™ subgroupoid. Also,

the pertubation A can be taken to be structurable. H
Here a branched ep™ subgroupoid is defined as follows:

Definition 5.2.11. (compare Definition 9.1 [HWZ2]) Let X be an ep-groupoid. A

branched ep™-subgroupoid is a functor © : X — Q% which satisfies the following:
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1. If ©(z) > 0 then z € X..
In addition, for every x € supp(©) the following holds:

2. There exists an open neighborhood U(z) and a finite family of submanifolds M; C

U(z), i € I, with « € M; such that the inclusion M; — U(x) is proper.
3. There exists for every 7 € I a positive rational number o; > 0

4. With the data in (i) and (i74) we have an equality:

O(y) = Z o; fory e U(x)

{i€l : yeM;}

© is called n-dimensional if for every point z € supp(©) the manifolds M; are n-

dimensional. B

See Definitions 9.6 and 9.8 [HWZ2] for the notions of tangent space and orientation in
the context of branched ept subgroupoids. The integration theory is provided by the

following result:

Theorem 5.2.3. (compare Theorem 9.2 [HWZ2]) Set S :=|supp ©|. Let X be an
ep-groupoid and 0 = (@,f@) : X — Q7T be an oriented, tame, compact, branched

ept-subgroupoid of dimension n. There exists a linear map:
Qg : Q0 (X) = M(S,L(S)) : w— i

where M (S, L(.S)) is the vector space of finite signed measures on the Lebesgue o-algebra
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on S and Q7 (X) is the space of de Rham n-forms on X. W

The above considerations have natural generalizations to the context of polyfolds, which

are equivalence classes of ep-groupoids.

Given the sc-Fredholm property, in order to produce an integration theory for 9, it

remains to show that:

1.9, (0)cZ

G is compact and

2. 0y may be equipped with an orientation.

These points will not be discussed in detail in this article. We observe that although
point 1 is closely related to Gromov Compactness, it must be checked that the induced
topology on 5;1(0) agrees with the topology which appears in Gromov Compactness
arguments. In the closed case Point 2 is considered in [HWZ1], in the polyfold context.

Point 2 is also discussed in [Ge], in the context of Kuranishi structures.

6 A Lego Piece Construction on Spaces of Stable
Maps with Lagrangian Boundary Conditions

In Section 4, we constructed local uniformizing charts on the space of stable maps.
The purpose of this section is to construct alternative charts which allow for an easier

verification of the sc-Fredholm property for the Cauchy-Riemann section

J:7 — FE
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((5.3:M, D,w)] = (5,4, M, D,u, - [Tu+ J o Tuo j])]

We will construct charts from fibered products of pieces which separately characterize

nodal and classical behavior.

Remark 6.0.1. Let G, be a chart for the ep-groupoid (X, X). Suppose G, is centered at
the point (S, j, M, D,u). Recall the coordinate charts ¢,y : (R(w),w) — R*" fixed in

Section 4 for every {z,y} € D; U Dy, where w = u(z) = u(y). We impose the additional

property:
Tqb{x’y} © J o ngs{_ajl,y} (0) = i’
where
0 Identity,, .,
i= | e GI(2n)
—Identity,, ., 0

We recall that G, is equipped with the data of a small disk structure such that for every

(a,v,m) € O\ we have

CLPg,(u) Ga (1) (Dz U Dy) C Ulu(z))

We also assume the exponential map is induced by a metric which near every node is the
pull-back of the Euclidean metric on R*". We may occasionally shorten ¢y, .y to ¢, or

¢, in what follows. H

Suppose {z,y} € D;, and fix positive biholomorphic coordinates 1, : (Rt x S i) —
(D4, j|p,)- We set D!, = ,([1,00) x S).

Also, choose negative biholomorphic coordinates ¢, : (R~ x S',4) — (D,, j|p,). We
set D), = 1, ((—o0, —1] x S*).

136



Denote by N, the collar D, — D C S, and by N, the collar D, — D; C S. Observe

that for a € B% sufficiently small,
Ba(u™, u7)| o, = v Uu”|n,un,

Now suppose {z,y} € Dy. Choose positive holomorphic coordinates v, : (R™ x [0, 1],7) —
HD, and set HD!, :=,([1,00) x [0,1]). Set HN, = HD, — HD/,.

Also, choose negative biholomorphic coordinates v, : (R~ x [0,1],4) — HD, and set
HD, = ,((—00,—1] x [0,1]). We define HN, = HD, — HD,. We define the following

subsets of S:

Ne= |J N N= | W,

{z,y}eD; {z,y}eD;
HN,= |J HN,, HNy,= [|J HN,
{z',y'}€Dy {z',y'}eDy

We also define the set

Diore = {(Uﬂ?) e V,\ x HSF(U‘ECOTETQ) - g (a"U?ﬁ) & D)\ such that 77

SCD’V‘B = /’7}

Also consider the sc-Hilbert space:
O = {n € HT(ul},, TQ) : n(z) € Hy) for z € T}

It follows from the definition of O that O is an open subset of V) x O™, We

introduce the following shorthands:

Eyv= ]] B x E(2n) x [T [0.1/2) x Erear(2n)

{x7y}€Dl {xlvy/}eDb
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Ey:= ] CxE@n)x [ RXEe(2n)

{z,y}eD; {a’,y’'}eDy
Xy = H {z,y} x X (2n) x H {2/, 9"} X Xieat(2n)
{z,y}eD; {a’,y’'}eDy
Fy= ] BixF@n)x ][] R'x Fay(2n)
{z,y}eD; {z’,y’'}eDy
Y)\ = H {I" y} X Y(QTL) X H {xlv y/} X dery(2n)
{z,y}eD; {z',y'}eDy

(Recall E(2n), Eiea(2n), X(2n), Xpary(2n), F(2n), Foay(2n), Y (2n), Yoary(2n) were

defined in Section 3.) We denote the points of E) by tuples:

(a’{ar,y} ’ U?Ly} ) U@;,y} ) {z,y}eD

or tuples

((a{m,y}v Wa,y}, n{x’y}){m,y}eDi ) (a{x’,y’}a na/,y/}: 77{;/,7/} ) {:Jc’,y’}EDb)

or tuples

where (nf, v\ 15 0) € B(20), (0 4y M yy) € Breal(2n). We employ a similar conven-
tion for labelling the points in Xy, F\, Y). As discussed in Section 3, we will identify

X (2n) and Xpary(2n) with the images of the retractions
r:Bix E(2n) — B x E(2n)

and

1 1
q: [O, 5) X Ereal(2n) — [O, 5) X Ereal(Zn)

respectively, and similarly for F'(2n) and Fi,q,y(2n). We can collect the appropriate copies
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of r and ¢ to define a retraction (r,q)) : Ex — E), such that Im (r,¢), is canonically

identified with X,. Similarly, we identify Y as a retract of F).

We define the following sc-Hilbert spaces:

H:= [ HN.R™) xHN,R™) x [][ HHNyR™) x H(HN,,R™)

{z,y}eD; {2,y }eDy
Hi:= ][] H*N.,R™) x H*(N,,R*")
{x,y}EDi

Hy:= [] H(HN,,R™) x HHN,,R™)

{1/79/}€Db

Consider the fibered product

Oy 1= 05" X s, X

where
fi : X/\ — Hl
is given by
filte, ty) (zyyen: = (ta 0 Uy Nty 0 Uy [N, ) (wyes
and where
fb : X>\ — Hb
is given by

Jo(ter sty ) (o yyen, = (tor © ?ﬂ;’l’Hanty/ o wy_/l’HNy/){m’,y’}eDb
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The map

m: OV = H; x H,

is given as follows

(7)7 77) - ((T¢x o U\Nm T(by o nlNy){r,y}GDw (T¢x’ o anN$/7T¢y’ o n‘HNy/>{w’,y’}€Db>

Proposition 6.0.1. 55)\ is an M-polyfold.

Proof: Consider the fibered product
Fill 55>\ = Diorem X £:x fo E)\
where
fi X fb : E)\ — H

is given by
(fil{ta}), fol{tar D)) = ((ts 0¥z Ive by 0 ¥y I, ) wayenss

(tm/ (e} ¢;1 |HNa:/ s ty/ (o) qp;ll |HNy/ ){x’,y’}EDb>

We claim that Fill O A is an open subset of a partial quadrant in an sc-Hilbert space: We
can extend the map m to V) x O in the obvious way. We can also extend f; x f; to
E3 in the obvious way. The maps m and f; X f, extended to E5 and O™ are linear sc°

maps. The fibered product (O57¢),,, X f,x s, E% is the kernel of the map:
mx0—-0xfixfy: O“xE, — H

Therefore, (O$7¢),, X 1.« 1, EX is an sc-Hilbert space and (O$¢),, X1« EY* is a partial
A Jixfo = A fixfo X
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quadrant in (O5°7¢),, X f,x 5, £}, and by construction, FillO, is open in (O57¢),,, X fox o EXE

Finally, consider the retraction:
R := Identitypeore X (1,q)x 1 (O3 )im X fixp, EX" = (O )m Xy, EX”
By construction R is sc-smooth and a retraction such that R(Fill O \) = O, |

Remark 6.0.2. Given z := (v,n,a,77,777) € Fill 55,\ there exists a unique section

7' (z) € T'(w*T'Q) such that (a,v,n') € Fill O, satisfies

n'(2)

SCOTE = 7]

and

Toeon(2)lp, =nf,y0vs's Toyon' (2)lp, =ng,, 0v,"
T(bl./ o 7]/(2)‘HD33/ — n{t",y’} 1) waj}? T(by, o nl(z)lHDy’ — n&,’y,} o) wz;l

Restricting to an open subset of FillO, is necessary, we have a map g, : FillD, — FillO A

defined by

gaa, v,m) = (v, nlseore ), (@ (Tha 0 0 Yy, Ty 01 0 Yy )(ayyen))
and an inverse map f, : Fill O x» — Fill O, defined by
Aw,ma,7777) = (@, 0,7 (v,n,0,77,777))
From the proof of Proposition 6.0.1, it follows that the tangent bundle of Fill O, is

Fill 9, & (O )m X fixs, B3)' W
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For simplicity, we restrict Fill O » and Fill O, to open subsets on which f\ and g, are

bijections.

Proposition 6.0.2. The map f) is an sc-diffeomorphism.

Proof: The topology on Fill 9, is induced by the norm:

1w, m. 0,770 Ml s, =llallg, Hvllvs +Hnllzerw s, 7o+ 1075,

That fy is an open embedding follows from the inequalities:
A rmo, <llzllpns, < 2 [/G)lFno,

Corollary 6.0.1. The map f : 55A — 9, is an open embedding. W

Definition 6.0.1. We define the set

g)\ = {<<U7 777 a? ﬁ+7ﬁ7>>7 (Sa,j(&, ,0)7 Ma7 D(l’ exp@au ®a 77/(,07 777 a7 ﬁ+7ﬁ7>> :

(a,77,77) € X, (a,v,70(v,m,(a,77,77)) €0, W

We define an ep-groupoid ()N( , f() as follows:

Definition 6.0.2. The object set is given by

%= G

AEA

We define the morphism sets M(g,\, g,\/) to be the set of tuples:

{((U7n7a7ﬁ+7ﬁ_)7¢7 (U/7n/’a/7ﬁ+7ﬁf)) : (f)\(vanaa7ﬁ+7ﬁ_)7¢7 f)\’(vlanlva’ZWJr?Wi)) € M(g)\ag/\’)}
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By X we denote the union Uy M(Gy, Gy ). We have a bijection:
fin: M(g~,\, é,\/) — M(Gx,Gv)

((u7 /U)7 ¢7 (u/7 Ul)) % (fA(U, n’ a7ﬁ+7ﬁ7)7 ¢7 f)\’(vl7 77/7 al?WJr?Wi))

Lastly, we define the sc-smooth diffeomorphisms
f= U e X=X
A

and

f:=Jbr: XX W
AN

Proposition 6.0.3. ()? ,}N() is an ep-groupoid. Furthermore, (X, X) is equivalent to
(X, X).

Proof: From the above discussion, it follows that X and X are M -polyfolds. We use
the maps f and f to reduce the verification of the following ep-groupoid properties to
Theorem 4.5.1:

1. The source and target maps 3, ¢ : X — X are local diffeomorphisms.

Proof: Recall the s¢>* embeddings f : X — X and f : X — X. Then we factor 3

as

and f as



2. The unit map u and the inverse map © are sc™.

Proof: We factor u as

u:=flouof

and ¢ as

Ti=floiof W
3. Every point = € X possesses an opern neighborhood V() of 7 in X such that the map

t:s Hdg(V(@) = X

is proper.

Proof: By Theorem 4.5.1, for any point x € X, there exists an open neighborhood

V(z) of x in X such that the map
t:s Helx(V(2))) = X (6.0.1)

is proper. Set x := f(z). Then there exists V' (z) such that Equation (6.0.1) defines a

proper map. Then set V(¥) := f~}(V(x)). Observe that we have the equality of sets

ST cg (V@) =f"os o flcg(f V(@) =£(s (clx(V(2))))

Thus we can factor ¢ as follows:

5 (clg(V(@) i= [ ot o f[f (s (clx (V(2))))
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Since f, f are embeddings, and t is proper on clx(V(x)), the claim follows. B

4. By Claim 1., the fibered product }"ig x;}z admits a natural M-polyfold structure.

The multiplication map m : 5{; X;)N( — X is sc*.

Proof: By Theorem 4.5.1, the multiplication map

m: X Xy X — X

is s¢®. Then we can factor m as follows:

m=f"lomo (f x f)[Xs x; X

It follows that m is sc**. A

We have established that ()? , )N() is an ep-groupoid. Consider the sc-smooth functor:

F:(X,X) = (X,X)

given by f on objects and f on morphisms. It is enough to check the following properties:

1. F is faithful and full.

Proof: These properties follow by Remark 6.0.2. W

2. The induced map |F| : |X| —|X| between orbit spaces is a homeomorphism.
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Proof: It is enough to show |F| is open. Recall that the topology on |X| is gener-
ated by subsets of the form
Uy :={[q] : g€ 9D,\} (6.0.2)

and the topology on |)Z | is generated by subsets of the form
Uy:={[¢] : ¢ €O} (6.0.3)

(Note that the brackets | ] used in lines (6.0.2) and (6.0.3) denote different equivalnce

relations.) By construction |F| takes Uy bijectively onto Uy. B

3. F'is a local sc-diffeomorphism on objects.

Proof: This follows from Remark 6.0.2. Il W
Remark 6.0.3. In the proof of Proposition 6.0.3, we introduced a functor

F: X=X

acting by f on objects and f on morphisms. Let p : X — Z be the quotient map. Note

that |p| factors as |p| = po|F|. B

Consider the bundle W, — G, defined in Section 4. Consider the sc-Hilbert space

F5re = H*Q" (TS| 500000 4), (U] 50, TQ, )
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We define the local strong bundle:

core .__ core core
Wgere .= 95" < Fy

|

Dio’re
Recall the strong bundles defined in Section 3: P : W(2n) — X (2n) and @ : Whary(2n) —

Xreal(Zn).

Define the product strong bundle W — X, as follows:

ek = H{x,y}eDi{x’y} x W(2n) x H{x,,y,}EDb{x’,y/} X Whary(2n)
lHDi PXHDb Q
X\

We also define the strong bundle Fill W¢* — E, by

Fill Wieek .= By < Fy
lHDi PXHDb Q
Ey

We define the set F )\ to be the subset of F{°"® x F) consisting of the tuples

such that

0
Tép(u)o& - T, - %![O,Wy = fay}\[o,uxsl

0 _
T%(U) o0& T, - &\[71,0}%1 = £{$7y}|[71,0]><51
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and for {2’ v/} € D,

0
Thp(u) o0& - Tihy - %ho,l]x[o,l] = fal’y,}![o,ux[o,u

9 B
Ty (u) o & Ty - m-li-vojxion = & yyli-Loixo

Proposition 6.0.4. ﬁx is an sc-Hilbert space.

Proof: We define the sc-Hilbert space:

Z:= 1] H[0,1] x S"R™) x H*([~1,0] x S",R*")

< [ H*(0.1] x [0,1],R*) x H3([-1,0] x [0, 1], R*")

{xlvy,}EDb

The sc-structure on Z is the obvious one. Consider the map:
v XN —=>Z

0 0
(67 ga’y}a f{;’y}){z,y}eD) — (T¢x (u) 06 : T% ' % - ga,y}a T¢y (u) Og : T% : % - 6{733,?;}>{:B,y}€D

Then ker v is an sc-Hilbert space by Proposition 3.1.1 and by construction ker v = F).

We define the set Fill Wy to be the subset of Were x Fill Wpek consisting of tuples
= —+ = B
((’U, n,a, 77+7 n )7 (faf ) g )) € Fill W)\
which satisfy

€.€)e,
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We also define the local strong bundle Fill Wy := Fill O < F).

Proposition 6.0.5. Fill W,\ — Fill 55,\ is a strong bundle, and Fill W, — Fill O, is

isomorphic to Fill /I/I7,\ — Fill O A as strong bundles.

Proof: Fill W,\ is isomorphic to the local strong bundle Fill W, — Fill O, via the

strong bundle isomorphism

Fill Wy, —2s Fill W,

| |

Fill O, —2 Fill O,

where map f)\ is defined as follows:

f)\(aa v, n, 57 aa,v,n,{) = (f/\ (CL, v, 77)7 5/7 (f{t«,y}’ fé’y}){x,y}GD)

where: ¢ is defined by

SCDTE = 5,

§

and (55«&}, §(2yy) i defined by

_ 0 o
(ray €)= (T0206 Tthae T 0 Tehy o) W

Remark 6.0.4. Consider the retraction

R W§ore x Fill W{eek — Wore x Fill ek

given by

((0.n,a,777,77), (8,66 )) = ((von,r(@n 7)), (€70, &€ )))
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~

The retraction R produces a local strong bundle chart for WA =Im R:

Fill O, <1 B\ — W, C Fill 9, < Fy

| |

FilO, — " O, C FillD,

By construction, /Wv,\ is isomorphic to the strong bundle W) — 9, via the strong bundle

isomorphism

In summary we have:

Proposition 6.0.6. WA — 9O, isa strong bundle of M-polyfolds. Moreover, W — O,

is isomorphic to WA NS » as strong bundles.

By W we denote the strong bundle of M-polyfolds:

iv:ﬁz LJ iV; —iﬁ'j?:: LJ é}

AEA AEA

Proposition 6.0.7. There exists a strong bundle map  : W = Xg Xp W — W which

covers the target map ¢ : X — X of the ep-groupoid ()? , )2) satisfying:

tom (®,w) =7 o fi(®,w)
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for all (®,w) € X5 xz W, so that the diagram

XgprW/L) W

b

commutes. Moreover, i has the following additional properties:
1. p is a surjective local sc-diffeomeomorphism and linear in the fibers Wx
2. p(1z,w,) = w, for all x € X and w, € Wz

3. w(® oV w) = p(P,n(V,w)) for all morphisms ¢, ¥ € X and w € W satisfying

$(U) =7(w) and t(¥) = 5(P) = 7(u(¥, w)).
Proof: Define p as follows:

(@, w) == f" - (@), fi(w)) (6.0.4)

for € M(G,,Gy) and w € W, such that s(®) = w. The claim follows from Proposition

4.6.1 and a straightforward diagram chase. Bl

Definition 6.0.3. (compare [HWZ2] Definition 8.5) Let (P : W — X, u) and
(P W' — X' i) be two strong bundles over ep-groupoids. A strong bundle map
or strong bundle functor between strong bundles over ep-groupoids consists of a strong

bundle map ® : W — W’ covering the sc-smooth functor ¢ : X — X’ between ep-
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groupoids having the property that

for all v € X and w € W satisfying s(y) = P(w). B

Proposition 6.0.8. W — X and W — X are isomorphic as strong bundles over ep-

groupoids.

Proof: The claim follows by Equation (6.0.4). W

We define the section

. core core
acore’)\ . D)\ — W)\

F(expun<z)7 Z) o 5core,)\<va 77) © 5(”) = 5J7j(v)6xpun(z)

We also define the linearized Cauchy-Riemann operators as follows:

1. If agy ) is an interior node 0 is the linear Cauchy-Riemann operator

o ~ .0
— —  H¥%(C,, R*™™) — H>*(C,,R™
s + (O) ot c (C ; ) - ( ) )

where C, and

J = ToyoJoTo,!
2. If ags,y is a boundary node, then 0y is the linear Cauchy-Riemann operator

g -~ 0
o (0) 5+ L (Co R = HER (o )
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We also define the section

Fill gneck,)\ : E)\ — FA

by
@7 7) = @ € F)
where
S (et - 0 ~ 0
@a(g{x,y}7 S{xyy}) = %(U@ + na) + J(Ua + T]a)a(ua + na) (605)
Cal€anyr Emay) = 90(Calnyyys My) (6.0.6)

where 1, 1= @u(p 0o uo ), ¢ ouoy) and 7, := EBa(”E:,y}”Em,yQ' We also define the

section
5neck,)\ : X)\ — Y)\
by
o =4 =
(a”nJr’n ) — (CL,& 75 )
where
D - -~ 0
By Cmay) = g (ta+ 1) + T (U +10) 5 (ta + 1a) (6.0.7)
Sal&ayy Eany) =0 (6.0.8)

We define the fibered product Cauchy-Riemann section Fill d;, as follows
Fill 3, : Fill Oy — F),

Fill 5J7A = 5007»57)\ x Fill gneck)\
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Recall the Cauchy-Riemann section 9, : Z — E
5]([5,j, Mi7 th u]) = [S,j, Mi; Mb7 ung,ju]

The commutativity of the diagrams below imply Corollary 6.0.2:

Corollary 6.0.2. Let «) : O, — Z be the map given by po fi' : Oy — Z. Let

Qy : O A — W be the chart given by 2 o ]'“:\’l. Then the following diagram commutes:

V[A/;LW

EJT aJT u

55>\L>Z

As a result of the corollary and the fact that the charts «ay cover, it is enough to check
that the section 9y : O, — W,\ is sc-Fredholm for every A € A in order to verify that

0y : Z — W is a sc-Fredholm section. Now we verify that Fill O » is a filling for 0.

Proposition 6.0.9. The section Fill 5J7,\ : Fill 55>\ — ]5,\ is a filling for the section

5]255)\—)W)\.

Proof: Recall the retractions r and ﬁ from Remark 6.0.4. Condition 1 follows from

observation of the systems (6.0.5) — (6.0.6) and (6.0.7) — (6.0.8).
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Now we consider Condition 2. Note that if
?O 5](0’7 v, 1, ﬁJr’ ﬁ7> = 5](0’7 v, 7]7ﬁ+7ﬁ7)

then

50(6‘1(77?90,11}’ 77{_%74})) =0

By Proposition 5.1.1, it follows that @a(ﬁa,y}, ﬂ{x’y}) =0.

Condition 3 is trivial because it follows by Remark 11.0.1 ker Dr(0) = ker7(0) = {0}. H

7 Pre-Fredholm Theory for Lagrangian Boundary Con-
ditions

In this section we verify the sc-Fredholm estimates for the Cauchy-Riemann operator.

We will use the following theorem to check sc-smoothness:

Theorem 7.0.1. (compare Theorem 3.7.1 [HWZ2]) Let U be a relatively open
neighbhorhood of 0 in the partial quadrant C' of the sc-Hilbert space £/, and let f : U — F

be an sc¢* map into the sc-Hilbert space F', which satisfies the following:

(1) At every smooth point z € U, the linearization Df(x) : E — F is an sc-Fredholm

operator and the index does not depend on .

(2) There is an sc-splitting £ = B @® X in which B is a finite-dimensional subspace of E
containing the kernel of Df(0), and X C C such that the following holds for b € BNU
155



small enough: If (b;) C BNU is a sequence converging to b and if (n;) C X is a sequence

which is bounded on level m and satisfying

DEf(bj)n; = y; + z;

where y; — 0 in F,, and where the sequence (z;) is bounded in F,, .1, then the sequence

(nj) possesses a convergent subsequence in X,,.

(3) For every m > 0 and € > 0, the estimate

|[D2£ (b, 0) = Dof (b, )] h[m < €|[h]]m

holds for all h € E,, and for b € B small and for x € X,,,,; sufficiently small on level m.

Then f is sc-Fredholm near 0. B

Remark 7.0.1. Going forward we will refer to hypothesis (2) as robustness and the

bound in hypothesis (3) as the quadratic estimate. W

We will choose a subtle but powerful coordinate change in order to simplify the verifica-

tion of the hypotheses of Theorem 7.0.1. The idea is encapsulated in the following:

Proposition 7.0.1. (compare Proposition 1.13 [FH7]) Let X be an M-polyfold,
and let Y be a set equipped with a map ¢ : X — Y which is surjective. Suppose there
exists a map f:Y — X such that fog: X — X is sc-smooth and go f = Idy. Then
Y has a natural M-polyfold structure only depending on g but not on the choice of f
provided there exists a map f with the above properties. For this M-polyfold structure,

the following holds:
156



(1) g: X = Y is sc-smooth.

(2) For every h : Y — X for which goh = Idy and h o g is sc-smooth the map
h:Y — h(Y) is an sc-diffeomorphism onto a sub-M-polyfold of X. B

This proposition asserts that any sc-smooth section of an M-polyfold retraction gives

another choice of coordinates on the M-polyfold. In particular, the set

X = {0} x B | {a} x H*(Z, R*")

a€B1
2

inherits a polyfold structure induced as the image of the sc-smooth retraction B 11X E5

B% x E. One can use the inverse of the [J gluing map to produce section of the map
B % xFE—X

(a,e) = Dqe
Another section, which we will use in the next section, is described below:

Proposition 7.0.2. We define a map

f:X > BixE

fa,u) = (a,f"(a,w), ] (a,u))

where:

()5, 1) = B(s — 5 — 2u(ls, )
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SRy

frla,u)(s', 1) = B(=s" = 5 = 2Ju([s",t])

The map f satisfies:
[1. ®of(u) =ufor u € X by construction.
2. f is sc-smooth.

3. For each level m there exists a constant C,, independent of |a| < % such that

1H(@a (BT h7)lm < Conl[(BF, 17) || for all (A7, h7) € E,, W

7.1 Pre-Fredholm Estimates at the Node

The verification of the sc-Fredholm properties, smoothness, regularizing, robustness and
the quadratic estimate for interior nodal behavior follows from the considerations of
[HWZ1]. The estimates on the core are classical. The most novel part of the verification
of the sc-Fredholm properties, the analysis of nodal boundary behavior, is presented in
this section. The estimates for cylindrical necks are established in [HWZ1]. Recall the
following model spaces:

Erea(20) 1= R x {0} & Hoot (R* x [0, 1], R?")

real

and

Foar (2n) := H>*1(R* x [0, 1], R*")
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Consider the map H : By X Epea(2n) = Foary(2n), H(a, ht,h™) = (£7,£7) defined by:
Ba(6,67) = 0(ua + ha) (7.1.1)

éa(£+7£7) :50<6a(h+7h7)> (712>

Note it is sufficient to consider the case when (u™,u ™) is smooth since we can cover Z
with charts centered at smooth maps and their images under the @& gluing. We also
assume that

limg oou® (s, t) = limg s _ou (s,¢) =0
Below we will substitute h, for @&,(h*, h™) for shorthand.

Proposition 7.1.1. The map H is a filling for the Cauchy-Riemann equation. Moreover,

H is sc-smooth.

Proof: The pair ((1,£7) is defined by the set of equations (7.1.1) and (7.1.2). These

equations are equivalent to the following matrix equation:

&t - 1 Br —(1—Br) ‘ 0y(tg + ha)
I Br(s)? + (1 — Br(s))? (1— Bg) Br Do(6a(h*,h7))
1 ﬂRgJ(ua + ha) - (1 - 5R)50(@a<h+7 h’_))

Pris)* + (= Br()* | (1 — 52)8 5 (ua + ha) + BrBo(@a(h*, 1)

It follows from Appendix 3 that the functions

(1—Br)
Br(s)* + (1 — Br(s))

(a, it h7) = 5 Oofea(h™ 1)}
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Br

a,ht,h~
(@ 00) = S T (= Bals))

2 '50{@a(h+>h_)}
are sc-smooth. Observe the following equalities:

Br B (u _ Br
Bl (L Bae))e e ) = B T (1 Bae)

5 0u{F" o (ua+ha)} (7.1.3)

(1—Br) = _ (1-Br)
Bl 1+ (0 Ba(e))e e ) = BT T Bats)

From Proposition 7.0.2 and Proposition 11.0.2, it follows that the right hand sides of

5+ 0,{F 0 (ua+ha)} (7.1.4)

(7.1.3) and (7.1.4) are sc-smooth functions of (a,ht,h™). Thus, so are the left hand

sides. Tt follows that the section (n™,7n7) is sc-smooth as well. B
Lemma 7.1.1. H is regularizing away from the left and right boundaries. More precisely,
if H(a,h",h™) = (£",€7) € (Fhdry)m. then

(R*,h7) € H¥ ™0 ((¢,00) x T x R*™), H¥™% ((—00, —€) x I, R*")

for all € > 0.

Proof: Suppose (§7,£7) € (Erea)m- Observe that by Proposition 5.1.1:
1 _ ~ _ _
C_.| ea (h+7 h )‘Ca, m §|@0«(§+7€ )|Ca,Fm S Cm“ ea (h+7 h’ )|Ca:Em (715>

In addition, we have

gjha = @a(f+,€_) —afua (716)

Since u, is smooth, d;h, € H**™(Z,). By classical non-linear elliptic estimates (see [A]),

it follows that @,(h*,h~) € H™ away from the left and right boundaries. Consider a

loc

family of bump functions ~, : R™ — [0, 1], for € > 0, which satisfy:
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L. 7[0,5] =0

2. Yelle, 00l =1

3. Zr.(s) >0

We suppose € > 0 is given so small that

Oa(eh ™ Ye(=8)h7) = Sa(hT, h7)

Set v := .. Note that

5 @a(Yh™ A (=8)h7)) = DByh* + 95(1 — B)y(=s)h~
= ®a(y - DT, (=8) - h7) + 70 - 05 ©a (BT, 17) (7.1.7)
where 7 : [0, R] x I — [0, 1] is defined by

Yo ="yon[0,¢ x I

and

Yo=7(-s+R)on[R—¢ R x I

and

Yo=1lone,R—¢€ xI
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From (7.1.6) and (7.1.7) we have

95 ®a (YT, y(=s)h7) € H*™(Z,) (7.1.8)

From classical non-linear elliptic estimates [A], it follows that @®,(yh™,v(—s)h™) €
H3t™(Z,), since @,(yh*,v(—s)h™) vanishes near the boundary. By Proposition 12.0.1
and (7.1.5) and (7.1.8) it follows that (yh™,y(—s)h™) € Er**. &

Proposition 7.1.2. Given € > 0, on every level m we have the inequality

[(DHo(R", h7) = DH,a(0,0)) (0™ 07 m < €ll(n™,07)l[m

for all (n™,n~) € By, all |a| < %, and all (h",h™) € E,, sufficiently small on level m.

Proof : We closely follow the argument of Proposition 7.7 in [FH1]. Recall the pair

of equations which define H:
0s(tq + he) = Ba(Ha(h*,h7))
Do(6a(h*,h7)) = Sa(Hy(hF, k7))
From the second equation we have:
Fo(Saln™,n7)) = Sa(DHL (W B7) (", 07))

The left hand side is independent of (h™, h™), so for all (n*,n~) € E,, and all (h*,h™) €
E,,, we have
Sa(DH,(h™,h™) — DH,(0,0))(n*,n7)) =0
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Consider H; and H, defined by H, = (H;, H, ). From the equations:

@a(DH,(h*,h™) = DHL(0,0)) (1", 17) = ®a(D3s(ug + ha) — DDy (ua))(n™,77) (7.1.9)

So(DH, (T h™) — DH,(0,0))(n",n7) =0 (7.1.10)
we have
(DH.S(h*,h™) = DHS(0,0))(n", 1)
= 7(s — §> (DO, (7" @a(ut + BT u” + h7) = DI, (- @a(u®,w?)) (", n7) (T.1.11)

where 7 is defined by

Observe that by Theorem 2.26 [HWZ0] and (7.1.9) — (7.1.10), it suffices to show that

(7.1.11) is bounded in order to establish the following claim:

Claim Given ¢ > 0, on every level m we have the inequality

I(DH; (W™, h™) = DH;(0,0)) (77,17 lm < el 07)fm

for all (n*,n7) € B, all |a| < 3, and all (h",h™) € E,, sufficiently small on level m.

The map 7 is bounded, therefore by (7.1.11), it is enough to show that the operator

norm of

DO;(§F o @u(ug +hT ug +h7)) — DI o Dulud, uy))

is small for all |a| <  for all (h*, h™) sufficiently small on level m.
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Since 0 : Erea — Fyary is level-wise smooth, its derivative is smooth and therefore
locally Lipschitz. The set ¥ := {§* o @, (uf,uy) : a € [0,3)} is compact on every level.
So for every level m we can find an open neighborhood U, C E,, of ¥ and a constant

D,, such that
1D3;(w) — DAy (W (B F) < Dinel|w — ']y w0’ € Uy, (7.1.12)

Taking advantage of the compactness of 3, we find for every level m a number ¢ > 0

such that X + B,,(0,0) C U,,. For every level m we have a constant C,, such that
[f" o ®(a,u” +h*,u” +h7) = o ®(a,u™, u”)||m < Co||(RT, 7)) || < Crpo (7.1.13)

for all @ € [0,3) and (h*,h™) € B,,(0,0). Combining (7.1.12) and (7.1.13), the result

follows.

Arguing similarly for DH_ establishes the result. l

Fix a level m > 0. Consider the family of operators I'o(k*, k™) : Erewr — Fhary

parametrized by (k7,k7) € (E,cq)m defined by:
DOy(@a(u” + Kk u” + k7)) (@a(n™,n7)) = Sa(Tal(k, E7) (07, 07)) (7.1.14)

00(0a(n™,m7)) = Su(Lu(kt, k™) (0", m7)) (7.1.15)

The operators in I',(k*, k™) are equal to the operators DH,(k™, k™). We partially follow

Proposition 7.8 of [FH1]:

Proposition 7.1.3. (Robustness) Let {a;}52, a; € [0, 3), be a sequence of real num-

bers which converge to a € [0, 5). Consider a sequence of maps (7,2} ) C Fyary which
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converges to 0 on level m. Also suppose (y;-r, y;) C Fhary is a sequence of maps which is
bounded on level m+1 and (n}L, nj_) C FE,eq is a sequence bounded on level m. Suppose a
sequence (k7 k) C Eycq converges on level m to (k™, k™). There exists ¢ > 0 sufficiently

small such that if |(u™ — kT, u™ — k7)|,, < ¢, and
Loy (k5 k) () my) = (a7 7) + (95, 7)) (7.1.16)
then (n;) has a subsequence converging on level m on slightly restricted strips.

Proof: Let u; := @, (ut,u”), €; := o, (0}, 7)), and kj := @, (k] , k;). Using these

J7)

abbreviations we can express (7.1.14) — (7.1.15), using (7.1.16), as follows:

Je; de; O(uj +kj)  ~
0 Ty + )2+ (DI (g y)eg) S = 8 (o 07) + By ) (7117)
0(Sa,(n},17) = Sa, (&, 27 ) + S0, (y) 1 y;) (7.1.18)

Take a cut-off function 7 : R — [0, 1] satisfying 7 = 0 for s < 1 and 7 = 1 for s >
2. In addition, let y5,.(s) = 7(s — 2r) and v,,.(s') = 7(—s" — 2r). Replace (1", n;)
with (v5,1m;,75,m; ). Further, define €, := @q, (5,1 727, ). Then (7.1.17) can be
re-expressed:

0e; e, _ . O0(u; + k)
a] + J(U] + k; ) Gt (DJ(U] + kj)@j)#

= 2Zjp + ®a, (V2] 1225 ) + ®a, (VYT V20U ) (7.1.19)

where

3y oy _
Zj,rza—j(S)nf(s,t) 32 n; (s — Ryt —0;)

After replacing u; with @;, = 7(s — r)7(—s + R; — r)u;(s,t) and k; with k;, = 7(s —
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r)T(—=s + R; — r)k;(s,t), (7.1.19) becomes:

gej, . - 0@ B, + R
5o T Wi+ ki) 5o+ (DI (@ + Ky )er) =5 —=
= Zjr + Ba, (V5] V27 ) + B, (VY] V2085 ) (7.1.20)

and equation (7.1.18) becomes:

90(Sa,(nf 7)) = Ba, (V) , v2r; ) + Bu; (Vhy  Vary; ) (7.1.21)

We have the following critical analytic estimates, which follow from the considerations

in Proposition 5.1.1:

Proposition 7.1.4. Suppose (07")5°_, C (0, 7). The Cauchy-Riemann operator

—_ 375'7%
80 H!

c,real

(Cy, R?™) — Hﬁ’diTy"(ca,RZ")

is an sc-isomorphism, and for every m > 0 there exists a constant C,, > 0, which is

independent of a, such that

1 _
—— €] simim < [00€] y2smim < C|€] ysims
(:zn/ 5 ch,rz;lyn 05-}{bd;; m m g H™

c, real

for all £ € H*'™0(C, R*"). A

¢, real

ider th SO (o R2%) which ith 727" (0, R?"), h
Consider the space H_,.,; ' (Co, R*")" which as a set agrees with H_ ;" (Cy, R*"), how-
H3+m,5{"

vreal | (Co, R?™) with a new norm given by

ever we equip

1
| D%ul? - 6251n|3|d3dt> ’

lallose = (Y [
R

o] <m+3 Y Rx[01]
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Also consider the space HE(;?,&;H(CM R?")" which as a set agrees with Hﬁ:;;’éin(Ca, R27),

. 2m e .
however we equip H. "' (C,, R?")" with a new norm:

c,real

1
il = (30 [ e s

|| <m+-2

Proposition 7.1.5. For 67" € (0, 7), the Cauchy-Riemann operator

Bo - HoOU (Coy R2MY — HEWE (C, RPY (7.1.22)

is an sc-isomorphism, and for every m > 0 there exists a constant C,, > 0, which is

independent of a, such that

1 _
G Lzt oy < 1908l st gy € Ol st gy (7129
3 o
for all £ € H, """ (Cy, R2M',

Proof: As sets of maps, we have

(CQ,R2n) — H3751n (Ca,R2n),

c, real

e

c, real

2,57

276777, mn n
Hbdrly(Oa,RQ ) = Hbdry((Ja,RQ )

Thus, isomorphism (7.1.22) follows from Proposition 7.1.4, however must verify equation

(7.1.23). Consider the map

Shiftr : HZ, (Ca R™) = HZ0,(Co, RO

c, real c, real

u(-) = u(-+ g
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Observe:

2 om 1
‘Do‘u(s,t)’ 2 |54 4 dt)2

lellyose = (3

|a|<34+m

:< Z /RX[OJ]

|| <3+m

x[0,1]

2 y5m 3
D*(u(s + g,t))‘ 27 |5/ g dt)

_ HShlftRu

2

3+m, 07"

We have a similar calculation for Hbdry(Ca,R2") and Hs(’ﬁ(’y(Ca,R%)’ . The inequalities

(7.1.23) follow from the fact that Shift R is an isometry and the identity
Jy o Shiftx = Shiftr 0Jy M

Consider the function o, := 7(s —r+2)-7(—s+ R; —r+2). Note that «; is identically

equal to 1 on the support of 7(s —r) - 7(—s+ R; —r).

Proposition 7.1.6. (compare Proposition 7.9 in [FHWZ])

(1) Given € > 0, there exists r > 0 such that for all large j the following holds:

0

e - (J (W0 + k) — ) - ahH <z HhH , for h € (Erea)m

m+2

(2) The sequence (v}, v;) € Fyy1 defined by

o(u,, + k)

is bounded in F, ;1.
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(3) The sequence (w),w; ) € Fj,41 defined by

Ou; (W], w;) =0,  Bu(w),wy) =z

is bounded on level m + 1.

Proof: The sequence (k;,k; ) limits to some (K™, k™) € (Ercat)m. We will make use

of the abbreviations:

—
<

.t
Q\

N~—
Il

(k" — koo, k™ —koo), U5 :i=7(s—71) -7(=s+Rj—1) By, (vF,07)

Set Xy :=[r—2,R; —r+2] x I. Given € > 0, first we will show for r, j and é sufficiently

large we have:

‘DB(J(EN + k) — J(k:oo))(z)‘ <e (7.1.24)

for indices [ satisfying |3| < 24 m and z € X;. Observe:

Ujr + Kjp — koo
HoH—m(Ek’RQn)

= U, +Mj, +7(s—71) - T(=5+ Rj —1)kjoc — ko

H3+m (5, R2n)

<

Ujy + M0y + ‘T(S — 1) T(=s+ R; —1)kjoo — ko

H3+m (5, R27) H3+m (%, ,R2n)

+ ‘mj,r — Ujr
H3+m (g R21)



+7(s—71) - T(=s+ Rj —1)kj 00 —

(o.9]
H3+m (S, Rm)

= I(r,5) + 1I(r,j) + ITI(r, j)

For any ((*,(7) € (Ereal)m, since 7 is bounded we have the inequality

([rts=n-rt=s+R=-nan @O, )

|DeCT)? - P18l g dt>

gc( > / DX s dt + ) /
[r,00)x[0,1]

|a|§3+m ‘a|§3+m (700777']><[071]
(7.1.25)

Given ¢ > 0, we can choose r > 0 sufficiently large such that the right hand side of
inequality (7.1.25) is less than ¢ for any fixed (¢*, (7). In particular, this means we can

choose I(r,j) < €.
Since k; — k on level m, it follows that for j sufficiently large we have 11(r,j) < €.
As j — oo,
III(r,j) =|m(s = 7) - 7(=s + Rj — 1)koc — koo| ma+m (s, r2n)
Observe that
IT(s = 1) - T(=5 + Rj — 1)koo — koo| +m(s, r2n) < 4|koo

By the Sobolev embedding theorem, it follows that we can choose £ > 0 sufficiently small

such that IT1(r,j) <¢€.
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By the Sobolev embedding theorem, for any ¢ € H3T™ (%, R*"), we have the follow-

ing inequality for fixed r:
(lemii(s, rony < CLE|maem s, ren

Having made such a choice of r for € > 0, for |5| < 2 + m, we have the following by the
mean-value theorem and the smoothness of J:

< MU, +kjr — koo <3M-C-€¢ (7.1.26)
CO(Zk) CmF1(Xg)

‘Dﬁ <J(ﬂj7r +Ej,r) - J(kOO)>

We choose ¢ < ==5—=. Given this choice of ¢, (7.1.26) implies (7.1.24). Observe that the

3M-C
/ )2
Xk

is bounded above by integrals of the following type up to a multiplicative constant:

J.

where |5|+|v| <2+ m. Since the functions «; are bounded, we can choose r > 0, j and

squared norm

(HU (@ + (k) — J(’%))%h

2 2
. ‘D” (2u> ‘ 21 sl g g qt
ot

D? (J(ﬂj,r + (kjr — J<k700))

% sufficiently large such that

|

Choosing ¢ sufficiently small, we may force the operator norm of J(k,) — i small enough

/ /

oy (I Fy) = T(kn)) - b

h
ot

<

1
- for h € (Freal)m (7.1.27)
m—+2 2

m—+3

such that we have

N P B
(T (koo) = 3) - 5ol < 5 - €Al (7.1.28)

Since the difference J(%; + k;) — i is supported on Y, Claim (1) follows by combining
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(7.1.27) and (7.1.28).

Claims (2) and (3) follow from the estimates on the [J gluing see Appendix 4. B

Proposition 7.1.6 parts (2)-(3) allows for re-expression of (7.1.20)-(7.1.21) as follows:

aé _ - aé ~ _ o~ _

e + J<uj + k])_j = @a]’<q]—'~_7 q]‘ ) + @aj (pj_7p] ) (7129)
ds ot

00(Sa, (Vg V27 ) = Ba, () a;) + Sa,(0F . 1) (7.1.30)

where the sequence (q;-r, q; ) converges to 0 in [, and the sequence (pj, p; ) is bounded

in F,,+1. We fix the abbreviations

_ 0 .0 — E— L0
6j- = % . +J(’LLJ + k])a = 80 . ‘I’(J(U] + kj) — Z)E
— — I N O
8 =8y +a - (J(uj +E) - Z)&'
Observe that
;f=0.f (7.1.31)

for maps f € H*(R x [0,1], R*") supported on X} := [r, R; — r] X I. In particular, the

equality (7.1.31) holds for &;. We choose € < ﬁ, where C, is the constant appearing

in Proposition 5.1.1. Then by Proposition 7.1.6 (i), we have

1

s €lm <ITE, 1 < 2Cnlel,,,  forall € € By (7.1.32)

for j sufficiently large. In particular 5; is an isomorphism. Now consider the system:

Tift o = ¢ +§ 00, (qf q5) +F 0 B, (0], 7;) (7.1.33)
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Fif ot =C +1 084, (g q7) +1 08, (v}, p7) (7.1.34)

90 Sa; (V310725 ) = Sa, (@] 45) + S, (9], ) (7.1.35)
where
b _0Bs-F-2 0B §-2)
G = Os G T Os €

Note that the sequence C]i is bounded in F,,.; by Proposition 11.0.2. Also observe
that by construction, the first two equations are valued on Rt x [0,1] and R~ x [0, 1],

respectively. We re-write the system (7.1.33)-(7.1.35) as:

o
9, oe; =q +p; (7.1.36)
o
0 oe;=q +b; (7.1.37)

90 Sa; (V37925 ) = Sy (4] 45) + Sa; (0], ) (7.1.38)

where

&;k = Cji—kfio@aj(q;-r,q;), and i);t = fioéaj(pjup;)

The terms (g, ,q; ), (P}, p; ) vanish near the left and right boundaries. Therefore, we can

consider (7.1.36) and (7.1.37) as equations on R x [0, 1].

Now consider the pair of solutions (£,&7) € H3+H™T (R x [0,1], R?) @ H3F™ (R x

VIRAY]

[0, 1], R?) satisfying:

et _ &F
065 =P

95 = by
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By Equation (7.1.32), we have the chain of inequalities:
(0} 05 )| Ew = CLI(F 0 @a; ()05 ), 5 0 @a,; (07 05)| 7o

= 106, 0,6 ) mn = Coy - o€ 10 +1E 1)

where C! depends only on m. In particular, |§jE — 0. Now consider the pair of solutions

’ /
m

(), p; ) € H3F o (R x [0,1], R?) @ H3HmHD0m(R x [0, 1], R?) which satisfy

o —
Iy =g

Ty =
i q;

Then by Equation (7.1.32), we have the inequality

~ = = _
(G G P =105, 035 ) s = Comer = (1185 g5 1)

Thus the sequence |17 |}, =45 |, is bounded on level m+1. Since 5; is an isomorphism

we have the equalities (of functions on half-strips)

§ g =7 0

We make the replacement:
(&7,67) = (13-2(8) - &, 120-2(8) - &)

(s 17) = (Va(8) - 1 Yoo (8) - 11)
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Thus we have (£, &) € Epyr and (u], 41 ) € E,, and
B, (& + 11,6 +117) = 80, 085, ] 07)) =7

Now consider the solutions a; € H3™%m(C, R?*"), guaranteed to exist by Proposition

5.1.1 defined as follows:

5005]' = éaj (p;_7p]_>

By Proposition 12.0.1, there exists a unique pair (Oé;_, ;) € By, such that
Daj (Oﬁ_ O‘]_) = (O’aj)

77

By Equation (7.1.32) we have

C-C'(pfp)p, = Ol = 7o) (), 05| F, 21 Do, {1 = 7o, (0] 25 ) g, =1(0, 9003,

_ c”
Z C”‘(Oaaj)’Gm = C//’ E’ (Oéj,Oéj )’Gm 2 W ( ;r’ j )|E‘m (7139)
where C,C’, and C"” depend only on m. In particular, we have |(« ;r, 7 )lm — 0 on level

m. For shorthand, we set a; := (aj, Oéj_). By Proposition 12.0.1, there exists a unique

pair (3, 8;) € Epya such that

o, (B, 857) = (0,8))

For shorthand we set BJ = (67, B;). Similarly to Equation (7.1.39), we have an inequal-
ity:

| i Frt1 = m—+1° i i Epmt1
(4 )| P = Congr (B3, 87
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where C,,+1 depends only on m + 1. Since 9, is an isomorphism we have the equality:

aj+ B3 = éaj (e > Y2 ;)
We introduce the new sequences:
fj ‘= Ty (fj)
ﬁj ‘= Ty (M])

Then we have:

@a, (&5 + 115 +aj + ;) = € = Dy, (’thlﬁ;r, Yarky )
O, (& + 11; + & + B;) = Sa, (Vortt) , Vartt;)

By Proposition 12.0.1, we have:
&+ iy + & + By = (v Vel )

It follows that there exists a subsequence such that EJ + i+ o + E] converges on level

m. The claim follows. B

Remark 7.1.1. Arguing similarly, we can verify that the Cauchy-Riemann operator
on cylindrical necks is sc-smooth, satisfies the quadratic estimate, is regularizing away
from the left and right boundaries and satisfies robustness away from the left and right

boundaries. B

Remark 7.1.2. Observe that we can control the size of domain on which the sequence

n; converges by adjusting the value of  which appeared in Equation (7.1.19). B
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7.2 Classical Estimates

Recall the definition of O :

Diore — {(Uﬂ?) e V)\ % HSF(u‘gcoreTQ> - g (a”U7ﬁ) & D)\ such that 77

SCOTE = /)7}

and of O :

O .= {n € HT'(u

5. TQ) : n(z) € Hy for z € ¥}

SCO’V‘E

Also, recall the section Ogpe Over D7 :

. core core
Ocore : O — W

acore(va 77) = @(U,, expu(ﬁ)) © 5(],]'(7)) (expu(lr]» © T(U>

where

O(z,2)=T(z,2)", and 7(v)=4d(v)"!

Proposition 7.2.1. The map 0o is sc-smooth and regularizing away from the left and

right boundaries.

Proof: The claim with regards to smoothness follows by the smoothness of exponentia-

tion ([E]). The regularizing property follows by classical elliptic theory (see [A]). B
By the mean value theorem we have:

Proposition 7.2.2. Quadratic Estimate in the Classical Case with Boundary
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(compare Proposition 4.25 [HWZ2]) Fix a level m > 0 and € > 0. Then

’|[D25007‘6(U7 7)) - DQECore(U7 0)]h’ |(.7:§°Te)m < 6'|’h”((9§\07“€)m

for all h € (O5°7¢),, and for (v,n) € (VAx0O5"¢),, sufficiently close to (0,0) € (VA xO"),,

and n € (F),. B

Proposition 7.2.3. Robustness in the Classical case with Boundary (compare

Proposition 4.23 [HWZ2]) Let K be a finite-dimensional sc-subspace of O™ and

core
[e.9]

consider (vg,np) € (D7) with 9 € K. We consider a sequence (v;,n;) € (9Ox)

with k; € K and converging to (vg, mo). If (h;) € (O5"¢),, is a bounded sequence satisfying

D2acore(vj7 T]j)hj =UY; + Zj (721)

where (y;) C (F5°"¢), converges to 0 and where the sequence (z;) is bounded in (F57¢),11,

then h; converges in (O5”°),, away from a small neighborhood of the neck.

Proof: The argument closely follows that of Proposition 4.23 [HWZ2]. Following the

argument of Proposition 4.23 [HWZ2] we may derive the following expression:

D2gcore(vj7 ﬁj)hj = (V(Texpu(m)hj,O)@)[eXpu(m‘ ),u] o F(eXpu(Ua‘ ),u) o 5J,j(vj)(vja 77j)

+ O(exp, (n)), 1) © (Vi,01j(u)) (expy (1)) © 7(v) (7.2.2)

Consider the sequence of linear operators
L;:E, —F,
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given by

h = (Y (Texp, (n)1,0)©) [€xDy, (1), 1] © T(exp, (1), w) © D1 j(uy) (v, 1;)

These operators are sct so we can re-write (7.2.1) as

(Vi,01500,)) (expy, (1)) = T(exp,, (n;), u)(y; + 27)7(v;)(2) (7.2.3)

where y; — 0 in H™** and 2} := z; — L;(h;) is bounded on H™**. Now we limit
our attention to a small neighborhood of a point zyg € 9S away from the neck. (The
case of zp in the interior is handled in Proposition 4.23 [HWZ2].) Choose a half-disk
neighborhood HID of z; so small that the images exp,,(n;)(HD) are contained in a fixed
open neighborhood, U(u(zp)), of u(z). We fix a chart ¢ : U(u(zp)) C Q — R*" taking

u(zo) to 0. We make the following substitutions and abbreviations:
we denote T (exp, (n;))h;(z) by hj(z)

we denote T4 (exp,(1;)(2)) o I'(exp, (n;), u)y; © 7(v;)(2) by y;(2)
we denote T (exp,(1;)(2)) o I'(exp, (n;), u)zj o 7(v;)(2) by 257 (2)
we denote T o J(1p~1(z)) o Ty~ (2) by J*(2)

In local coordinates, (7.2.3) is given by
Dhj(z) + J*(2) o Dhj(2) o j(v;) + A(2)(R}(2),") = yj + 2} (7.2.4)

where A is a compact bilinear operator. Fix an open neighborhood H of the point 1

in the disk, D, of radius 1 in C centered at the origin. Choose a smooth family of
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biholomorphisms ¢, : (H,i) — (HD, j(v)) with the property

va(l) =20

parametrized for v ranging in a compact neighborhood, C', of 0, restricting H and HD if

necessary. We assume that ¢, factors as a composition:
. d)‘D ! - 511 .
(H,Z) — (H 72) — (HD7](U))

where ¢ : D — HT is a biholomorphism from the disk to the upper half-plane and
H' € H" is a neighborhood of 0. We also stipulate that ¢(1) = 0 and ¢,(0) = z, for all

v € C'. We make the following substitutions and abbreviations:
we denote R} o ¢y, () by hi*(x)

we denote y; o T, (v) by y;™(z)
we denote 27" o T'o, (z) by ;™ (z)
we denote J* (¢, (7)) by J;(z)
we denote Ay, (2))(,-) by A;()(-, )

The above substitutions and (7.2.4) imply the equality:

Dhj*(2) + Jj(2) 0 DR (2) 0 + As(2) (057 (2), ) = 5" (2) + 57(2) (7.2:5)

J

Also, choose a smooth monotonic map &, : Rt — [0, 1] for every 1 > e > 0 satisfying the
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following properties:

2
K(x) =z forngvgl—g6

ki(z):=1 forz>1

We define the map

ke : HT — HY

given in polar coordinates by

(r,0) = (5c(r), 0)

Choose a smooth cut-off k. : D — [0, 1] satisfying the following properties:
2€
k(x)=1 for0<z<1-—¢, k(z)=0 forl—ggq:gl

For € > 0 sufficiently small, we define the sequence of complex structures J5 on the trivial

bundle D x R?® — D on the disk as follows:

JS(2) := J(py, 0 ke - $(2)), x €D

J

We also consider the sequence of smooth maps:
€ . 2n 2n
A5 D — LR, R™)

defined by
A5(z) = Aj(2)(ke(2) - B3 (2), )

Consider the alterations in (7.2.5) which result from the substitutions

WY s ke B, T IS, Ay A
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D(ke(2) - hj*(2)) + Jj(2) © D(ke(2) - hj"(2)) 0 i 4+ A5(2) (ke(2) - h5"(2), -)

Dk(2)-h"(2)+ke(2)-Dhi*(2)+J;(2)o Dke(2)-hi*(2)+ke(2)-Dh}™ (2)0i+Aj(2) (k(2)-h™ (2), )

ko(2)- (DR (2) 4+ J5 (2) o b (2) 0+ AS (R (2), -)) 4 Dke(2)-1* (2) + J5 (2)0 Dk (2)-hi*(2) o

=ke- (yi" +277) + 5 (7.2.6)

where
xj = Dk(2) - hi"(2) + J5(2) 0 Dkc(2) - hi"(2) o'i

is bounded on H™"3 so we can absorb it into the 27** term. We can re-write (7.2.6) as

D(ke - hyj(2)) + Jj(2) o Dlke - hj(2)) 0 i + A5(2) (ke - hj"(2), -)

kokok

=y (7.2.7)
where

kkk *k kkkk kkk
yi = kerys 2 = ke z
Then y*** converges to 0 in H™*2 and z**** is bounded in H™"3. Both terms 1***
J j

y;™ and
2 extend to D. J5 and A;- extend to D as does h;** =k, - h;*. Thus we can consider

(7.2.7) as an equation on D. Now we can simplify (7.2.7) to

Dby () 4+ J5(2) 0 D™ (2) 01+ AS(2) (037 (=), ) = 5 + 557 (723)

Consider the further abbreviations

we will denote y;™ - 55 by ¥/

we will denote 23*** .

/
J Os by Zj
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Evaluating both sides of (7.2.8) at £ we have

0 Kook € 0 *kok € Hokk 0 ! /

*kok *okk 3 2 :
The maps h™, yi, 2; are compactly supported and hi*™, yi, 27 € H™(D,R*"). Fix

a point z € D, where all the maps 7" vanish. Observe that the complex structures J5
converge to a complex structure J§ (since the are smoothly parametrized by a germ of a

vector space) in C'*. The families of linear maps

€ *okok 9 n n
Aj(z)(hj 7T¢Uj : %) D — L<R2 7R2 )

converge to a family

0
A(2)(h", T o - a) : D — L(R*™ R*™")

as v; — 0. As in [HWZ2] Proposition 5.4, consider the subspace W C H™"3(D,R?*")

consisting of maps u € H™3(D, R*") satisfying
u(z) =0

w(@D) € R x {0}

The linear operator

0 0
. m+2 2n € €
L:W — H™™(D,R*), u—>—asu—|—J0—atu+A0

is a Fredholm operator of index 0 with spectrum a countable discrete set of points with
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no finite limit points. This is also true for the linear operators

m n 0 59
LjiW—>H +2<D,R2 ), u%%—ij&—i—AJu

for large j. Since J; — J§ and A; — Af, this means that there exists an o > 0 such
that for j sufficiently large the operators L; + a are linear isomorphisms. We also have
a fixed constant C' independent of j such that ||(L; + a) || < C for j sufficiently large.

For j sufficiently large, consider the unique w; € W satisfying
(Lj + a)w; =y}
Since y; — 0 in H™"(D,R*") we have
|w;l] mes(pgemy =[|(Lj + @) " Y| mes o reny < ClYj Eme2 0 romy

which means that w; — 0 in H™**(D,R*"). Consider the sequence e; := h%** — w; and

observe that the sequence e; is bounded in W. We have:
Ly(eg) = 2 + aw; = 2

Observe that z;-/ is bounded in H™3(D,R?"). By classical elliptic regularity with bound-
ary conditions, it follows that e; is bounded in H™*(D,R?*") which implies e; converges
in H>*™(D,R*"). In particular, this means h}** converges in a neighborhood of 1 € D.

Unwinding the trail of substitutions, the claim follows. Bl
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7.3 Calculation of the Fredholm Index

We set the following abbreviation:
Ex = (Df\om)m X (firfo) E;

Proposition 7.3.1. Consider a chart O parametrizing a smooth family of stable maps
centered at a map u : S — (. For a smooth point (a,v,n) € O sufficiently close to
(0,0,0), DA;s(ag,vo,m) is sc-Fredholm. Furthermore, for (a,v,n) sufficiently small, the
Fredholm index of D3 ;(a,v,n)- is constant and given by the Riemann-Roch formula (see

[MS]):
ind(D3;(ag, vo,m)-) = pt(n—3)(2—2g—h)+2# M;+#M, = p+nx(S)+dim DM, j s, i,

where p = p(u*T'Q, u*|ssTL) is the Maslov index and S has genus g, h boundary com-

ponents, # M; interior marked points and boundary marked points described by M,.

Lemma 7.3.1. The operator D35J(O, 0,0) : B, — W) is sc-Fredholm.

Proof: By direct calculation (see [HWZ1] Page 190) we have:
(Vo D)[u, u] o £(0,0,m0) + Ds£(0,0,0) - b = V3,05

where V is the Levi-Civita connection. Since (V. I')[u, u]o(£(0,0,79) is sc*, it is enough

to show that V(.)g 7w is sc-Fredholm. By definition:
— 1
Vi0ju = §[Vh + J(u) o Vhoj-+N(h,Tu) + J(u)o N(h,Tuo j-)]
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where N is torsion of V. In particular, we observe that V(.)5 7,;u is a real linear Cauchy-

Riemann operator.

In local coordinates near the positive node \%3] 7,4 admits the form:

o~ L0 ..

9 4

o7t (7.3.1)

Near the negative node, the expression of V0 7,4 admits an analogous form.
Proposition 7.3.2. We have the inequality:
[Elmgg oy <IVeDsjuly,_y st g1 €l Hm1(S00re,0)

for all € € Hm_l"str)nfl"slnfl(s, T*Q). In particular, V(,9,,u is semi-Fredholm.

Proof: The argument loosely follows Lemma 4.13 [W]. Consider a family of smooth
cut-off functions g, : S — [0, 1], parametrized by r € [1,00), such that 8, = 1 on Seope
and 0 on the complement of S¢ope r+1, considering Seore» and Seope r41 as subsets of S. We

have for all r € [1, 00),

€ lmsm om|Br - &+ (1 = Bp) - Elmsmrom =6r - €

mom sm (1= Br)E | m s o7
By classical elliptic theory (see [A])
1Brlm.gp s < Crl1V 5,605t 11 (000,00 HBr 11 (Se0re.@))

S C'f'(|/67’v£5c]7ju|Hm71(ScoreaQ)+| (5/87‘)5|Hm71(Score,Q)+|/8T§|Hm71(5corer))
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S C;(‘V£5J7ju‘m_17§6n—1’51n—1 +’£‘Hm_1(scoreyQ)> (732>

where C,., C! depend only on r and m. Note that we use the real linearity of V(.)5 75U

to establish the second inequality. For every {z,y} € D, we define the linear operators

D0 H¥9(R x [0,1],R*") — Hg’é‘i‘;(R x [0, 1], R?")

real

0 ~ 0 ~ B
+ ., 994+ 9+ HpH 9+
h" — aSh + J(u >8th + [DJ(u")h ]8tu

and

91y H2®(R x [0,1], R?") — Hlf’(’iff;(R x [0, 1], R?")

real

_ o, _ =~ _. 0, _ ~ .0 _

We can re-write 0, as follows:

_ 0 -~ 0 ~ ~ 0 ~ 0
+_ 9.4 + 9.4 + + 9.4 19+
Dy.h™ = aSh + J(u (OO))ath + (J(u™) = J(u <OO)))8th + [DJ(u")h ]atu

where ut(00) = limg_,ou™(s,t). Given € > 0, there exists r > 0 sufficiently large such

that if A" is supported in [r,c0) then, arguing as in Lemma 4.19 [HWZ1], we have that

~ ~ 0
(T (™) = T (00)) 5 h ™ |y g1 st < €lRT [mspop
ot 0 1
= 9y +
[DJ(u™)h ]a“ 1,571 5=t < €A o ape

Appealing to Proposition 5.1.1, for maps ht € H>% (RT x [0, 1], R*") supported on [r, c0)

real

for r sufficiently large, we have:

|5J,mh+’m_1,56n*175;ﬂ*1 2 Cm|h+|m,§6”,§i” (7.3.3)
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for some constant C,, > 0 depending only on m. Similarly, for 0 Jy We have:
|8J7yh7|m_1766n—175§n—1 Z Cm|h’7’m,56”,51” (734)

where h™ € H*% (R~ x [0, 1], R?") is supported on (—oo, —r] for some r chosen sufficiently
large. Using (7.3.3) — (7.3.4) and the observation that the coordinate change maps are
smooth (hence bounded in C'*), it follows that there exists a constant C/, independent

of ¢ such that

|V£5J,ju|m71,5glfl,5r*1 > G| (1= Br)Elm. sy o (7.3.5)
Combining (7.3.2) and (7.3.5), the claim follows. H

By (7.3.1), and applying estimates similar to Proposition 5.1.1 it follows that V0 u

is regularizing.

Consider the restriction of V0 7,;u to a smooth connected component C' of S. Then

V(‘)g 7w extends to a real Cauchy-Riemann operator on non-decaying spaces of sections
V05;ulC: H(Cu'TQ,u*lscTL) — H*(C,Q"'T*C @ u*'TQ)
Following [MS] Appendix C.1 we consider the subspace:
H} = {¢ € H*(C,u'TQ) : £(0C) C w*TL}
We consider the adjoint V(,0;u* of V(10 u,

V(.)glju* : Hz — H2(C, uTQ)
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The adjoint of any real linear Cauchy-Riemann operator D,
D=9"1+ A,

. =Vo . . . :
where A is of order 0 and 0" is the complex linear Cauchy-Riemann operator induced

by a Hermitian connection Vg, is given by the following expression:
D* = — % JOV° + A*
where x denoes the Hodge star and
Vo = %(vog — JVgo3j)

In local holomorphic coordinates s + it € H, if n = £ds — J&dt, then

1

—%xJOVn = 2

(=Vos& +iVos) (7.3.6)

where the volume form is given by A\2ds A dt. Using formula (7.3.6) we can directly

calculate

<D0, & > NdsANdt— <n,DE> NdsANdt =d < n, JE > (7.3.7)

for all £ € T°(C,u*TQ) and n € Q"°(C,u*TQ) (see [MS] Appendix C for details).
(7.3.7) implies:

/ <D'n¢>—<nDE>=0 (7.3.8)
C

since J - TL = TL*. Consider the sc-Hilbert space:

3,60,69

H; ={Ce @ H3(C) : ¢ decays exponentially at the nodes D,

C'is a component in S

189



((x) = ((y), for {z,y} € D}

. = . . 3,869,069
From now on, we consider V()0 ;u” as a real linear Cauchy-Riemann operator on H; °"".

On the positive neck V(.)a;,ju* is given by:

2 +_2+ 7 +*2 +
5s¢ TIW) 58

DI €] S

It follows from Proposition 5.1.1 that the operators
—, +i0y, - H¥O(R x S' R*") — H>%(R x S', R>")

—, + 10, : H*I(R x [0,1], R?™") — H>®(R x [0, 1], R*")

real

are sc-linear isomorphisms. Thus we can argue as in Lemma 7.1.1 to demonstrate that
V(.)a],ju* is regularizing. Arguing as in Proposition 7.3.2, it follows that V(.)EJJU* is

semi-Fredholm. Below we set D := V(,3,,u and D* := V(,9,,u.

Lemma 7.3.2. (compare [MS] Theorem C.2.3)

(a) If p € H™1% 6" (S Q0TS @ w*TQ) and € € H™ 150" (S 4*T'Q) satisfy

/S<n,D(>:/S<£,(>

m,60",07" m, 6", 07"

for every ¢ € H, (S,u*TQ), then n € H, (S, Q9 T*S @ u*TQ) and D*n = €.

(b) If £ € H™ 1967 (S *TQ) and n € H™ 1997 (5, QOIT*S @ w*TQ) satisfy

/S<D*C,§>:/S<C,n>
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m, 64" ,07" m, 60,07

for every ¢ € H; (S, Q0TS @ u*T'Q), then £ € H, (S,u*TQ) and DE = .

Proof: (a) Without the exponential decay condition, the result is proven in [MS] Theo-
rem C.2.3. However, the facts n € H™ and D*n = £ are local and can be proven in local
coordinates. Thus, the claim follows by classical elliptic estimates as in [MS] Theorem

C.2.3. (b) Follows similarly. W

Lemma 7.3.3. (compare [MS]| Theorem C.2.3)

(a) Im D @ ker D* = H™=195" 1" ' Q0L(TS, §), (TS, 7))

(b) H™ 18" (TS, u*TQ) = Im D* & ker D.

Proof: (a) First we show the intersection Im D N ker D* is trivial. Suppose 7 is in
the intersection. Then D*n = 0, which means that n € Im D+ by (7.3.8). But since

n € Im D, this means n = 0.

Observe that Im D + ker D* is closed by Proposition 7.3.2. Suppose for sake of con-
tradiction that Im D + ker D* # H>%MQ00% (TS, 5),(TS,5)). Then there exists a €
H2%:9Q0N (TS, ), (TS, j)) such that

<Dp+Ma>=0 forall ne HD(TS), A € ker D*

Then o € Im D+, which implies D*a = 0 by (7.3.8). However, a € ker(D*)* as well,
which means o = 0. This establishes (a). (b) follows similarly. B

Now it follows that D and D* are Fredholm. The splittings in Lemma 7.3.3 and the
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regularizing property, imply that D is sc-Fredholm. B

Proposition 7.3.3. The index of Dd;(a,v,n)- is independent of (a,v,n) for (a,v,n)

sufficiently close to (0,0,0).

Proof: Throughout the argument we assume that there is a single nodal parameter.
It is immaterial to the argument whether the node has boundary or not. We will assume

the single node is cylindrical. Recall by Proposition 6.0.9 that the section
Fill 3, : Fill Oy — F)
is a filling for the section 0 : O N — /VI7,\ and that the section Fill 9, splits as
Fill 0 := 0 core X Fill 7 peck
Also, recall that the section Fill 9 J.neck 1s defined as follows
Fill 0 neer(a, kT, h7) : Bp x E(2n) — F(2n)

(a,h™, h7) = (€7,67)

We set the abbreviation Fill 0 eer(a, ™, h™) := G(a, h*, h™). Recall that G is defined

by the system of equations:

Bu(Gla, b, 1)) = [%ma + hg) + J(uq + ha)%(ua + ha)] (7.3.9)
Sa(Gla,h™,h7)) = 8y Sa (T, A7) (7.3.10)

(Note that we suppressed the factor of % We similarly suppress the factor of % in dy ap-
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pearing the definition of  for sake of simplicity.) Consider the sc*-section Go(a, h™, h™)

G(a,0,0). Gy satisfies the following system of equations:
~ 0 ~ 0
+ - pr— —_— —
GBCL<G(0(G'7h ah )) - asua+J(ua)8tua
éa(GO(aa h+> h’_)) =0

We have the following by direct computation:

éa(50h+, gohi) -

A (9 4+ b9t — T Lt 2 9 ) — T 2
Bu( 4T+ ) o () =Tt oo, b+ T (0 +h ) o +h ) =T () o)
5 (i 2t — (Gt 41 2wt =G Lt i 2 — L =G L
+@a(zath (J(u ) (i) =T () )@mh (J(u +h7) o (0 +h ) =T () ))

By 6 we denote:

@a(z%fﬁ <J(u++h+)%(u++h+)—j(u+)§t )z%h_ (J(u-+h-)— u_—i—h_)—j(u_)%u_))

c H3,58 (Caa R2n)
By direct calculation we have:

Bu(G — Gola, h*,h7))
Su(G — Gola, k™, k7))

Ba(Zht + T(ut + W)L (ut + 1) — T 2ut, 2h™ + T(u™ + )2 (u™ +h7) — T(uw ) Zu)

9
B
Tt 2ut, Zh= 4+ J(u= + h~ )2 (u”+h7) = J(u)gu

@a(ash++J(“++h+>g(”++h+) ol o Bs
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H { By(h™ —=h")+A+B ]
+ + (7.3.11)
0 Bi(hT +h™ = 2av,(hT,h7))

where

A= [Jua+ ha)%(

U + Do) — Bo(J(u" + W) o (t + ), J(u~ + h)%(u + h’))]

and

B=— [j(ua)%ua - é\aa(A(qu)%qu, j\(u_)gu_)}

By further calculation we have:

_(G — Go(a,ht,h™))"
(G — Gola,h™,h™))~

1 Ba  Pa—1 0 1
Ta 1 - 6a ﬁa 9 Ta

Counsider the section

r ht o+ J(u+ +hH) 2 (ut + ht) — j@ﬁ)%ﬁ]

Ba Ba—1 Ba(h™ =h7)+B+ A
1— 5& 6a ﬁcll(h+ + h_ - 2ava(h+7 h_))

A:BxE—F

A(a,iﬁ,h)i[ e 5“1]-H
Ta 1 =By fBa 0

(Ba = D (B = D[ (Tt + %) = i) G0t | + 8| (T +07) i) 0|}
560 = D[ (Tt + %) = ) ] + [ (T + ) = 1) 4]}

Given by

More explicitly,

Ala,h™ h™) = 1 {

Ya
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o[ 0{ = (Tt ) = ) ]+ (T +0) = ) ]}
Ya ﬁa{(ﬁa_1)[<J(u++h+) J(U,+)>atu+:|+/6a|:( (u™+h7) - J(“ﬁ)%“f]}

= I(a,h" h™) + II(a, k", 1)

Given € > 0, using Remark 11.0.1 and employing a similar argument to Proposition 7.1.6

(1), choosing a and (h*, h™) sufficiently small we can ensure:
HD[(CL, h+> h_) : (5@, 577+7 677_>’|Fm+1 <e- (’5a’+H(577+7 577_)|‘Em+1)

We note that 17 is sc™. When a is sufficiently small, the support of A(a,h™,h7) is

contained in [% —1,00) U (—o0, —% + 1]. Since A is supported away from the left and

right boundaries, the operator A extends by 0 to a section on the fibered product:
0 x AIDf\orem X ¢ E\ — ﬁ)\

Now consider the section

A':BxE—F

a a 1 A
Nant oy L] P P

a 1_5a 5{1 0

1 Ba([J (ta + ha) 5 (tta + o) = Ba(T(w™ + W) G (wt + 1%), T(u™ +h7) & (u™ +h7))))

T2 (1= B) ([T (g + ha )& (tq + ha) — Bl (u++h+)%(u++h+),J(u‘+h‘)%(u‘+h‘))])

Observe that the support of A’(a, k™, h™)(n",n7) is contained in [g — 1,841 x [_g _

1, —% + 1]. Given € > 0, for (a,h™, h™) sufficiently small we have:

|DA(a, b, h™)(0a, 00, 6n7)| &), < €lp.:|(0a, 00, 6n7)e,)

>\
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Extension by 0 defines an operator on the fibered product
0 xA: Diorem X #; E,\ — F;

Consider the section:

A":BxE—F

. B (it — b
Aty = L T T ol )

a 1- 5a ﬁa ﬁ:;(h+ + h™ — zava(h+7 h_>>

By direct calculation, it follows that the operator DA is sc¢™ and is supported away
from the left and right boundaries. Extension by 0 produces an operator on the fibered
product

0 x A”ZDiorem Xt E)\—>ﬁ)\

Also consider the section:

A" :BxE—F

1 a a 1 B
A///(a’ h+, h_) — 6 B .

a 1_511 Ba 0

Observe that B is smooth and A" is sct and supported away from the left and right

boundaries. Thus B extends by 0 to an sc¢™ section on the fibered product
0 x Bigimem X E)\—>ﬁ)\
By construction we have:

Dpt 4 J(ut + b2 (ut + ht) = J(ut) Zut

9
G — Go(0,h*, h™) = R o ~
%h_ + J(u™ + h‘)%(u‘ +h7)— J(u‘)%u_
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Furthermore, by Remark 11.0.1
D(G — Go)(0,h™, h™)(6a,5h,6h™) = Ds(G)(0,h*, ™) (AT, 6h7)
In particular, the differential of G — Gy at 0 is independent of a. By (7.3.11), we have:
(G — Go)(a,h*,h™) :== D(G — Go)(0,h", k™) (6a,6h™, 6h7)

+(A+ A+ A"+ A"Y(a,hT,h7)(da, 5T, 6h7)

Le., G — Go(a, h™, h™) differs from G — Go(0,h*,h™) by a sum of operators which are

perturbation terms or sct. By direct calculation, it follows that
D1,2500re<va 77) : (51}7 57}) = A<5v) + DQECOT&(”? 77) ’ (577)

where A is a compact operator such that A(6v)|pns,.,. = 0 since the variation dv of
complex structures on S.,.. vanishes on the small disks D. Thus, A extends by 0 to an

sct operator on the fibered product:
Ax0:08 xg Ey— F)
From the above, we have:
DOecore X Fill Opeer(v, 1, a, BT, h7) (0w, 61, da, Sh™, 6h™)

= D940core X Fill Oee (v, 1,0, AT h7)(6n, Sh™, 5h™) + A(6v)

+D(0x A+ AN + A"+ A")(a, b, h™)(0a, 5h*, 5h™) (7.3.12)
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It follows (7.3.12), that D(0.ope X FillOpeer ) (v, 0, 0, hF, h™) differs from D(0eore X FillOpeer ) (v, 0, @, K, h™)
by operators which are either compact or perturbation terms. It follows by Lemma 7.3.1
that DFill0.pre X Oneck(v,1,0, T, h™) is sc-Fredholm, and in particular has finite Fred-

holm index. Thus
ind D0 ore X Fill Opeer(v,1,0, Rt A7) = indDeore X Fill Opeer (v, 1, @, KT, h7)
for all (v,n,a) sufficiently small. B

Proposition 7.3.4. Let 9, be a chart parametrizing a uniformizing family, as con-

structed in Section 6. D3, (a,v,n)- is sc-Fredholm for all (a,v,7) € (D))e.

Proof: It is enough to show that
DIja(a, v, gala,v,n)) : VA @ Ex — Fy

is sc-smooth. Consider a chart

where [0] = [zo] € Z. It follows from Lemma 7.3.1 that the operator
DEJ,)\/(O, 0,0,0, O) Vv ®Ev — ﬁ)\/
is sc-Fredholm. By Theorem 4.1.1 there exists a germ 9’ C Oy and a map:

f:D/—>55)\
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which parametrizes a family of morphisms

(bf(q’) . Oéq/ — Oé;c(q/)

such that
f(O) = (UO7 To, aD?ﬁgﬂﬁ(;)
and

¢f(0) = Identity

The family of morphisms ¢y induces a natural fiberwise isomorphism
ﬁ : ﬁ)\/‘ o — ﬁ)\

(a7 v, 1, 6) — /j(¢f(a,v,n)a 5)

By naturality (Proposition 6.0.7) we have:

ﬁ)\/|9/ —ﬁ> f)\

|

D,;);j)\

By construction, the Cauchy-Riemann operators in local coordinates satisfy the commu-

tativity condition:

TFy| O 5 T,

DaJYA/T DEJ,)\T

To 19,
D5J7)\/(O,0,0) is sc-Fredholm by Lemma 7.3.1, so it follows that Da],,\(ao,vo,no) is sc-
Fredholm. W
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Proof of Proposition 7.3.1 First assume £, is centered at a stable map for which the

underlying Riemann surface is stable. It remains to verify the index formula:

ind(D3d;(ag, vo,m0):) = nX(Say) + dim DMy p . ar, + p(uw*TQ, §,u*|osTL)  (7.3.13)

By Proposition 7.3.3, we know that the index of Dd(a, v, ) is constant for tuples (a,v,7)
close to (ag, vg, o). In particular, it is enough to prove the index formula for triples (a, v, n)
such that all coordinates of a are non-zero. From the proof of Proposition 7.3.4, we can
assume that the set of nodes is empty. In particular, we can assume G, is centered at a
tuple ((0,0), (S,4(0), M,u)), where o = (S, j, M) is a smooth Riemann surface. It then

follows from classical index calculations that

ind(DyFill 94(0,0))- = nx(S) + u((w*TQ, §), (u*|asTL))

Here the first coordinate is valued in V), and the second in E,,. By the proof of Proposition
7.3.3, we know that the index of the full differential ind DFill 3;(0,0) is independent of
v. Thus

ind(D3d;(0,0)-) = ind(D,Fill 9,(0,0)-) + dim Vy,

= nx(9) + p((u'TQ, j),u"[osrr) + dim Vy (7.3.14)

The claim follows since when « is non-singular, dim V = dim DM, ar, a, -

If the underlying Riemann surface is unstable, then nontrivial stabilization conditions
are imposed on F,. These conditions decrease the index in (7.3.14) by 2#%. However,
observe that

dim DMg,h,MiUZ,Mb = dim DMg,h,Mi,Mb + 2#2

200



Thus the contribution to the index due to 3 is null, and (7.3.13) holds. B

Theorem 7.3.1. The Cauchy-Riemann section 0 : I5) A — W,\ is sc-Fredholm.

Proof: Smoothness of 9, follows from Proposition 7.2.1, Proposition 7.1.1, and Lemma
7.1.1. It remains to verify hypotheses (1) — (3) in Theorem 7.0.1 near 0. Hypothesis (1) is
satisfied by Proposition 7.3.1. Hypothesis (2) follows from Proposition 7.2.3, Proposition
7.1.3, and Remark 7.1.3. Hypothesis (3) follows from Proposition 7.2.2 and Proposition
7.1.2. 1

Theorem 1.3.2 from the introduction follows from Theorem 7.3.1 and Proposition 4.6.1.

Part 111

Appendices

8 Appendix 1 : Lego Pieces and Deligne-Mumford
Spaces

In this section we provide the analytical details for the construction of the Deligne-
Mumford space for curves without boundary, in the polyfold framework. The corre-
sponding analysis in the case of closed curves was taken up in [HWZ3], however in this
article we approach the problem by using lego pieces. Our approach is similar to the ap-
proach taken in Section 2 of this article, in which we establish the sc-Fredholm property
for the Cauchy-Riemann operator on the space of stable maps. The novel difficulty is
that one must establish Fredholm properties on a family of maps with both degenerating

domains and targets.
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First, we develop the ambient space in which to apply the implicit function theorem.
In this section we work on a fixed Riemann surface (S, 7, M, D) equipped with two
disk structures D! and D?%. Given a € Bp, we denote the surface (S, j, M, D) glued
with respect to D! by (S,, ju, Ma, D,) and the surface S glued with respect to D? by

(S, Jus My, Do)

Definition 8.0.0. Let S and S’ be smooth Riemann surfaces. We say a continuous
map v : S — S is an H™*3 diffeomorphism, for m > 0, if u maintains H™? regularity

and admits an H™3 inverse. B

Definition 8.0.1. We define the set & of morphisms:
& = {u: (Susjor Mo Do) = (53, My, D)

w is an H? diffeomorphism, and no coordinate of a or b is 0} |

We begin by establishing an M-polyfold structure on &. Let &,, denote the subset of
S consisting of maps from S, to §b. Choose N sufficiently large and an embedding
o : §b — RY, for b sufficiently small. We equip &, with the M-polyfold structure it
inherits as a subspace of H?(S,, RY), which is induced by retraction along a tubular

neighborhood.

Proposition 8.0.1. (compare Theorem 2.6 [HWZO0]) Let ¢, : S, — S, be a family
of diffeomorphisms parametrized by v € V', an open neighborhood of the origin 0 € R".

The reparametrization map defined by

EI;:VXGab%Gab; (U7u)_>uo¢v
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is sc-smooth.

Proof: Let E denote the sc-Hilbert space E := H3(S,,RY), for N sufficiently large.
The m'™ level of E is given by H3™™(S,,RY). We closely follow Theorem 2.6 [HWZ0].

We proceed by induction. The inductive hypothesis is:
(Sk) The map
Ve E—-FE

given by

(v,u) = uo g,

is sc® and for every projection m; : T¥E — EJ onto a factor of T*E, the composition

7; o T*® is a finite linear combination of maps of the form

VOE,®R") — E

(v,h, a1, ,a,) = ®(v, D*h) - f(v,a1,--- ,ap) (8.0.1)

where f: V & (R")? x S, — R is a smooth function which is linear in the variables a;.

In addition, |a] <m — j and p < k.
(So) First we show that ® is continuous. Consider a fixed point (vg,ug) € V @ E,p,

and for given r > 0 we choose a smooth map wy : S, — RY which satisfies |ug — wo| < r.

We have the estimate:

| P (v, u) =@ (v, o) lm <[P (v, 1) =P(0, wo)|m+|P (v, wo) =P(vo, wo) |m+|P(vo, wo) =P (vo, Uo)|m
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=14+ 11+111

The proof that I, I1, I, all go to 0 as v — vy, u — ug, and r — 0 follows identically
as in Theorem 1.26 [HWZ0].

(S1) The candidate for the linearization D®(v,u) : V@FE — E at the point (v,u) € VB E,
is:

D®(v,u)(a,h) = ®(v,h) + ®(v, Du) - Dd, - a, (a,h) €V & E; (8.0.2)

The function V' x S, — T'S, defined by
(v,2) = Doy(z) - a
is smooth so it follows that the map:
T(Ve®FE)—TE, (v,u,a,h)— (®(v,u), DP(v,u)(a,h))

is continuous where D® (v, u)(a, h) is defined by (8.0.2).

We will show that the right-hand side of (8.0.2) actually defines the linearization of

®. With (v,u,a,h) € T(V @& E), consider:
O(v+a,u+h) — P(v,u) — DP(v,u)(a, h)

1
=®(v+a,h) — P(v,h) +/ [®(v + Ta, Du)De, - a — (v, Du) - Do, - aldT
0

=I1+1I
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First consider the term I. ® is linear with respect to the second variable so we have:

1 I h h
B+ ah)— B0, B = — D0+ 4, ) — D, ——

for h # 0. Since the inclusion F; — Ej is compact, by restricting to a subsequence we

_h

Al converges in Fy as h — 0. ® is continuous, so we have:

may assume that

1

W‘(I)(U + a, h) — (I)('U,h)’() — 0

as |a|+|h|; — 0. Now we consider 1. For a # 0,
1 1
_ ®(v+Ta,Du) - Do, - a — ®(v, Du) - D¢, - aldt

lal
~ la[+lhly

a a

Tl ®(v, Du)Do, - — |odr
a

lal
We note that ® is s and (v,z) — D¢, (x) is smooth. Therefore, the above expression

1
. / ®(0 + 70, Du) Dby srg -
0

limits to 0 as |a|+]|h|; — 0. This establishes (8.0.2).

We conclude the argument by assuming that the claim Sy holds and showing Si.1 holds.
By induction, the composition 7 o T*® is the linear combination of maps of the form

(8.0.1). Consider a map of the form appearing in (8.0.1):
UV: VO E,®[R"Y - E, (v,ha)— ®v,D*h)- f(v,a)

By arguing similarly to the verification of (S;), it follows that W is sc'. Tt is enough show
that the compositions o T'W of the tangent map TV : T(V & E,, ® (R")?) — T(E?) with

projections onto factors of T(E7) are linear combinations of maps of the form (8.0.1).
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The tangent map is given by
TV (v, h,a,dv,6h,da) = (¥(v, h,a), DY(v, h,a)(év,dh,da))

where (v, h,a) € V& E,, ® (R")? and (dv, 0h,da) € R"@® E,,+1 @ (R")P. By the induction
hypothesis, the projection onto the first factor has the required form. Using the chain
rule and the explicit form of the linearization of ® described in (8.0.2) it follows that DW

is a linear combination of maps of the required form as well. This completes the induction.

First suppose §b is closed. §b admits an embedding ¢ : §b — RN for N sufficiently
large. There exists a tubular neighborhood U C RY, with a projection 7 : U — ¢(§b).

The subset H3(S,,U) is an open subset of H3(S,, RY) and so the map
Dy s,y 0 V X H (S, U) = H*(S,,U)
is sc-smooth by the preceding argument. Consider the sc-smooth map
TV x HY(S,,U) > V x H¥(S,, ¢(Sy))

(v,u) = (v, 7o u)

and the sc-smooth maps
LV X Gay = V x H¥(S,, ¢(5)))

(v,u) = (v, ¢ ou)

&V x H(S,, ¢(5,)) = V x H*(S,, 5)
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(v,u) = (v, ¢t ou)

The composition

ao%OQ)OL:VXGGb%VXGQb

is sc-smooth. Since ® := (E omo® oy, the claim follows when S, is closed.

Now suppose S, has boundary. Consider the space:
S, ={u:S,— Sy wis an H® embedding, and no coordinate of a or b is 0}

Note that maps in &/, need not respect the boundary conditions. The argument for the

closed case above shows that the map
P:Vx6&,—6,

(v,u) = uo g,
is sc-smooth. The restriction 5|V X G, is therefore sc-smooth. W

Lemma 8.0.1. (compare Lemma 3.10 [HWZ1]): Let w : (Sag, Mag, Dag) = (Ssys My, Dy, ) €
S be an H? diffeomorphism and let U (wg) be an open subset containing wy in the space of
H3-diffeomorphisms Diff((S,,, M,,, Da,), (gbo, ]\/Zbo, lA)bO)). (We assume Diff((S,,, Ma,, Da, ), (§b0, ]\/4\170, 1/5;

is equipped with the topology induced by the exponential map.)

Let ¢, : So = Say, Up : §b0 — §b be core-smooth families of H? diffeomorphisms of
triples parametrized by open subsets {a € C :|a — ao| < €}, {b € C :|b—bo| < €},
where ¢y > 0. Further, we require ¢,, = Id and vy, = Id. Consider the set of maps

U (ag, by, wo, U(wy), €y) consisting of maps v € & such that u = ¢, o w o ¢, for some
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w € U(wy), a such that |a — ag| < €, and b such that |b — by| < eo.

Then the subsets of the form U (ag, by, wo, U(wy), €9) ranging over the choices of (ag, by, wo, U(wy), {¢a}, {

generate a topology for &.

Proof: Let Uy := U(ag, by, wo, U(wy), €9) be the set of diffeomorphisms consisting of
points (a, b, u) satisfying |a — ag| < €q, |b — bo| < €9 and u = 1)) o w o #° for a diffeomor-

phism w € U(wp) and maps:
#0 2 Sy =+ Sugy U Shy — Sy

Similarly define U; = U(ay, by, wy, U(wy), €1) according to the data ey, ay, by, wy, U(wy), {oL}, {vi }.
If

(CLQ, bg, QUQ) & Uo N U1

then
0 0 1 1
w2:¢b201}00¢a2:,¢}b20010¢a2

for diffeomorphisms vy € U(wp) and v; € U(w;). By Proposition 8.0.1, we can find

neighborhoods V' (vg) C U(wy), V(v1) C U(w;) and Jy sufficiently small such that:
Uy o V(vg) o ¢y C 1y o V(vr) 0 gy (8.0.3)

for all |a — as| < €2 and |b — be| < €. Consider the smooth families of diffeomorphisms
defined by
(Ea:( 0y 1og?: S, — Sa

a2

Ga =)0 (Y2) " G, = S,
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for |a — as|, |b — bs| < € satisfying ¢, = Id on S,, and b, = Id on S,,. Consider also

the H? neighborhood of ws : Sy, — S, in Diff(S,,, §b2) given by

U(wsa) == 1y, o V(vg) 0 ¢

az

We also introduce the set

U2 - U(a27b27w2) U(wQ); 62)
={(a,b,w) :la — as| < €9, |b —by| < g and w = J,? ouo 52 for some u € U(ws)}

If (a,b,w) € Uy then w = zzl? ouot? and u € U(w,). By definition there exists v € V (vg)
such that

0 0
u:d}bgovogﬁag

Therefore,

w =1y oup, 0vody, 0d) =yjovod)
By (8.0.3), it follows that we have:
W=t} orf 0g]
for v € V(vy) C U(vy) so (a,b,w) € UyNU;. It follows that Uy C UyNU;. A

Proposition 8.0.2. (compare [HWZ0] Theorem 1.42) With respect to the topology

defined in Lemma 8.0.1, & is second countable and paracompact. It is also an M-polyfold.

Proof: First suppose S is closed. Let (ag, by, wy) € &. Without loss of generality,
we may assume wy is smooth. Consider an open neighborhood O of the zero-section in

H SF(wSTgbo, ]\/Zbo, Dy,). Let By, 505 Bry.s, be the open disks of radius ¢y centered at ay,
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bg, respectively. For §y, O sufficiently small, the map
exp : Bay.sy X Bpysy X O = &
provides the inverse chart for &. Explicitly, this map is given by
(a,b,m) = (a,b, ¢ 0 expuy (1) © ¢a), (a,b,m) € O

We can assume each of our charts are centered at smooth diffeomorphisms; thus we

assume wy is smooth. Let another inverse chart be given by

(@', 0", 1') = (', U,y o expuyn’ o ¢r)
Where the images of the charts intersect we have:

Uy © €XPuyT) © P = U}y © TPy 1) © P, (8.0.4)
Consider the transition function

(a,0,n) = (a,b,77)
By (8.4), 1 is given by
0 (a,b,m) = exp {5 0 vy 0 ecxpuyin o ¢a 0 ¢y ')}

By the smoothness of the exponential map on sections ([E] Lemma 4.1) and of reparametriza-

tion (Proposition 8.0.1) it follows that the transitions are sc-smooth.
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When S has boundary we may maintain the same considerations as above except in

place of O we consider an open neighborhood of the zero-section
O c F(?,USTS\I)O, w0|35a0 Tgbm MbO, ﬁbo) [ |
Now we introduce nodal behavior:
Definition 8.0.2. We define the sc-Hilbert space E,y,; to be the set of pairs (h*, h7)
+ 3,001 1 2 - 3,60 1 1 2
h* e H? 0((1,00) x STR%), h™ € HY 0((—oo,—1) x ST R?)
for which there exist constants hX € R? such that

Wt —hi e H3’58((i, 00) x S R?), h™ —hg € H*%((—o0, —i) x ST, R?)

We define the sc-Hilbert space Eg.; to be the set of pairs (™, h7)

3,69

1 1
ht e Hc, real((17 OO) x I, Rz)? h™ e Hj’iial((_oo7 _Z) X I7]R2>
for which there exist constants hZ € R x {0} such that

1 1
Wt —ht € H*((5,00) x I,LR?), h™ —hZ € H((—oo, - x LR

real 4 ) real
Lastly, we set

Eneck = H Ecyl X H Estm'p |

{zyteD; {a"y'yeDy
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0 5O
Definition 8.0.3. @i’fgéél consists of tuples of maps

<(“{+x,y}7 Uy e mrens (Ui 4y “{_x',y/}){x’vy/}d’b>

where

1 _ 1
u?—x,y} : (1700) x St — [0,00) x S, Uy (—o0, _Z) x St — (—00,0] x S*

1 _ 1
ua,’y,} : (Z’OO) x [0,1] = [0,00) x [0, 1], Ul oy (—o0, _Z_l) x [0,1] = (—o0,0] x [0,1]
are H? embeddings.
Each of the maps in the tuple <(Ua,y}>U{_Ly}){x,y}eDw (uz—x/7y’}7u{_x’,y/}){ivl,y/}EDb) are lo-

cated in small neighborhood £ of the natural inclusion, the precise size of which is to be

fixed later. However, O is chosen small enough such that
uay}(s,t) = (s,t) + h&y}(s,t), Uy (851) = (s 8) + b, 0 (81,1

ufm,’y,}(s, t) = (s,t) + hzrz,ﬁy,}(s,t), u{;,’y,}(sfjl) = (s, ) + h{;/,y/}(s',t/)

for some tuple
((h?—w,y}’ h{_x,y}){l‘,y}EDiv (h:{i_x/7y/}7 h{_x’7y’}){x/7y'}€Db> S Eneck [ |

3,69,89
neck

Proposition 8.0.3. © is an M-polyfold. B
Definition 8.0.4. (compare Section 4.1.3 [HWZ3]) Choose coordinates for every
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disk D! € D' and D? € D? for every z €|D]:
hy : RT x J{x,y} — Di, hy R x J{a:,y} — D;

ky: RT x Jiay — Di; ky : R™ X Jigy — D??

where Jy, 3 = St if {z,y} € D; and J, 3 = [0,1] if {z,y} € Ds. Denote by D339 the

set consisting of maps u : .S — S satisfying the following properties:

1. (a) u lies in a small neighborhood O of the identity, the precise size of which is

to be fixed later.

1. (b) In particular, O is chosen small enough such that:
u(D'(—h)) c D

for all u € O for some fixed h > 0. For concreteness we assume h := %.

2. u(p) = p for m € M, and u(z) = z for z €|D|.

3. In local coordinates
u?x,y} =k, ouoh,, Ugy 3 = k:y_l ouoh,

we have:

+ — 3,69,69
(u{x,y}’ u{x,y}>{x7y}eD = gnecok .

Proposition 8.0.4. ©3%-% is an M-polyfold.
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Proof: Define the set © to be the set of maps u : S — S satisfying Criteria 1 (a),
2, 3, and 4 in Definition 8.0.4. We equip ® with the H3>%%1 topology. The set 3% ig
an open subset of the space of maps ©. Thus to establish the claim, it suffices to show

that ® is an M-polyfold.

Set (Tk;'-no hx,Tky_l -noh,) = (”E:,y}”?{},y})- Observe that ® near the identity

is modelled on the sc-Hilbert space T, where ¥ is defined as follows:

_ 3,89,69
T = {n € Hp L(TS,TOS) + (], M) € Dineck '

{z,y}eD neck

n(p) = 0, p € MUIDL, |Inlls959 < o0} (8.0.5)

Consider the open subsets of T defined by
3,69,69

T(e) = {77 € Hi, D(TS,TOS) : (0f, 2 Miwy) toyen € Dok

1(p) = 0. p € MUIDL, |Inllysp09 < € |

Fix € > 0 sufficiently small so the exponential map
exp: T — 9

1 — €xpi 1

is a diffeomorphism. The exponential map provides the global chart on ©. W
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8.1 Gluing Maps Between Riemann Surfaces

Consider (ut,u”) := (u?x y},u{_z y}){x neD € Dpeer. For a € Bp, we define the tuple of

glued maps:

T + -
B, ") = (Hag,,, (u{m,y}’u{m,y})){x,y}eD
where each map

_ 1 1
EBa{z,y} (U?x7y},u{x7y}) : (Z7R{x,y} - Z) X J{x,y} — [OvR{{x,y}] X J{x,y}a

Jiwyy = ST if {z,y} € Dy, Jipyy = I if {z,y} € Dy

is defined by the formula

Bz‘a{ac,y} (ur[‘rx,y}v u{_x,y}) [<$7 t)] = 5R{z,y} (S)u?z,y} <$7 t)+(1_/BR{z,y} (S))u{_x,y}(sl—FR:{x,y}’ t/—i_ef{cc,y})
(8.1.1)

and

' = 5= Rizy)

=1t — 0y
Rf{w,y} = Ry + d{tc,y} B dfw,y}
Ocar = Otawy + 000y = Oy

Re-arranging equation (8.1.1):

Bagey (U gy Way) (5:1) = (8, 0)+H(d, 1y, 00 )+ Br , (5)77 (5, 0)+(1=Bry, ) ()7, 3 (81 1)
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We also define the anti-glued map
6a{z,y} (u?$’y}, u{;’y}) ‘R x J{%y} — R x J{%y}

ea{m’y} <u{+$7y}7 ungy}>(87 t) = _[1 - /BR{xvy} (8)]7’?;;71/}(8, t> + BR{xvy} (S)T€m7y}<8/, tl)

Choosing Ry, ,; large enough and the norms of rz’x o) and T} sufficiently small, we can

ensure that

HEIa(uJ”,u_)([i,R - }1] « SY) C [0,R] x §'

and that B, (u",u”) is an embedding.

Now consider a globally defined glued map H,(u) : S, — :S’\b(a,u) defined by
kl;{iy} oH,(u) o ha{w}(s, t):= Elﬂa{xﬂy}(u{fw}, u{*xyy})(s, t)
if (8, t) € [i, R{%y} — %] X J{Ly} and
o (u)(2) :=u(2)if 2 € Seore

The gluing parameters b = b(a, u) = (b{zy}){zyep are determined as follows:

If

Uy} =lagegyle”™ #0

then

—2mif’

biuyy =|bayrle
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where

O(lbesy]) = O|agepyl) +df, ,, (w) = di,,  (w)

for

Olowy = Otayy + Q?x,y} () = 0y (1)
When a = 0, we set b = 0. In summary,
Theorem 8.1.1. (compare Proposition 4.3 [HWZ3]) Civen a map u € D3%7,
there exists a canonical glued diffeomorphism

Eﬂa(u) : Sa — §b(a,u)

for a small enough. The gluing parameters b(a, u) are determined by the formulas above.

Lastly, we define the set & as follows:

&:=6| | D397 m

8.2 M-Polyfold Structure on &

Definition 8.2.1. We define the sc-Hilbert space Egyl to be the set of pairs (h™,h7) :
+ 3501 1 2 - 3,0 1 1 2
h EH’O((Z,OO)XS,R), h EH’O((—oo,—Z—l)xS,]R)

We also define the map

p:B% XEcyl—>B% XECyl

+ - + -

(a,v",v7) = (a, pa(v7,v7))
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by the formula

where 7, is the projection defined by:
SaTa(r™,r7) = (r",r7)
Ouma(rt,r)=0 N

Definition 8.2.2. We define E°

strip 00 be the sc-subspace of pairs gy, consisting of

pairs (v*,v7) such that v, = v_. Also, we define the map

1

1
75) X Estrip — [07 _) X Estrip

210
P 5

(a,v",07) = (a, pa(vF,v7))

by the formula

Pa(v 7)) = (v, v0) + Ta(vT — v, 07 —uy)

[o.op]

where 7, is the projection defined by:
@a%a(r-"_»T_) = (T+>T_)
OuTa(rt,r)=0 M

Proposition 8.2.1. (compare Lemma 3.1, Theorem 3.2, Lemma 3.3 [HWZ1])
The map p is an sc-smooth retraction. In addition, the projection p, is the projection

onto the kernel of the map

P, : B,y — H>%(C,)
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given by
(ht,h™) L% e, (bt — ht, b~ — hZ)

along the kernel of the map
Pt :E., —R*® HZ,)

given by
(W 1) 2 (bt — b, @a(BY, ™ + R — b))

Proof: The sc-smoothness of p follows from Section 1. Now we will show p, is a retrac-
tion. The argument closely follows Lemma 3.1 [HWZ1]. Suppose (h*,h™) € E.,; and

write h*t = hE + r* and set 7, (r*,77) = (n*,n7). Then
pa(h™ h7) = (h, hog) + ma(r,r7) = (hig hoy) + (07 m7)
We have the formula for the projection 7,:

77+<S7t) 1 6a _(1 - Bzz) ) 6ar+ + (1 - ﬁa)r_

n=(s,t) Ta |1 -3, Ba (28, — Davg(rt,r7)

From this formula we can deduce
(n"n7) =(c.0)+(£7,€7)
where ¢ = av,(r™,r7) is the asymptotic limit of n* and ~. Then we have
pallh™ 1) = (hog + ¢;hog +¢) + (€7,67)
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Applying p, to both sides:
pa o palh™ h7) = (hi + ¢ ho +¢) +ma(§F,67)

= (h,h) +m(rt,r7) = pa(hT,h7)
Part 2 follows similarly to Lemma 3.3 [HWZ1]. Also see the Proposition 8.2.2. B
We also have a boundary version:
Proposition 8.2.2. (compare Lemma 3.3 [HWZ1]|) The map p is an sc-smooth
retraction. In addition, the projection p, is the projection onto the kernel of the map
3 3,69
Pt Estrip = H. 1 (Ca)
given by
(B, h™) 25 o(h* — hi, h™ — hy)
along the kernel of the map
ﬁ;_ : EStTiP - R® H?eal(Ztl)
given by
pt+
(W, h7) 5 (bl = hy @a(h T h™ 4 B — hey)

Proof: The sc-smoothness of p follows from Section 1. Now we will show p, is a retrac-
tion. Suppose (h*,h™) € Egpp and write h* = hE +r* and set 7, (rT,77) = (n™,n7).
Then

Pa(hT h7) = (L, hyy) + Ta(r™,r™) = (R, h) + (nF,n7)
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We have the formula for the projection 7,:

n+(57 t) 1 ﬁa _<1 - 5a> 5ar+ + (1 - ﬁa)r_

—— : (8.2.1)
CRCHD) B S (280 — Dava, rea(r*,77)

From this formula we can deduce

(n*.n7) =(c.0)+(£7,€7)
where ¢ = avg, req(r™,r”) is the asymptotic limit of ™ and n~. Then we have:

pa(RT h7) = (bl +e,hy + )+ (£7,€7)
Applying p, to both sides:
pa© Pl 1) = (hog + ¢, hog +¢) + Ta(§7,€7)
= (haer hoo) + Ta(r™,r7) = pu(hT,h7)

Now we establish Part 2. We first show that

FEgrip = ker P EB ker P~ (8.2.2)

Consider the linear map
P Estrip —-+R D eral(Za> & Hiyizal(ca)
(KT h™) = (ht, —h, ®o(ht h™ +hEt —h),0u(hT —hZ , h™ —h2)
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Observe that 8.2.2 is equivalent to showing that P is bijective. Suppose (h*,h™) € kerP.
Then bt — h =0 and

Ga(h,h7) =0, 6u(ht,h7)=0

By Proposition 12.0.1 we have h* = 0 and h~ = 0, and injectivity follows. Now suppose

(& u,0) e Re H2,,(Z,) & Hf”ig;al(Ca). By Proposition 12.0.1 there is a unique pair

real

(ut,u™) € EY

strip SOlVing the system

G utuT) =1, S.(ut,uT)=7
We have a decmposition u* = ¢ + 7% where (r*,r7) € Hféifli (R* x I) such that
Sa(ut,u) =6,(rt,r7) =7
We define the maps (h*,h™) by

ht =ut, h™=—-¢{+u™

By direct calculation:

and

Oa(ht —ht b~ —h ) =06, r)=2

o0

This establishes surjectivity and 8.2.2.
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Given (h™,h™) € Egyp where h™ = hE + r* we have a decomposition:
(W™, h7) = (w*,w™) + (vF,07)
such that

(whw™) == (b, h ) +Ta(rt,r7),  (vho7) = (Id—7,)(r",r")

[oop) [e.e]

We will show (w*,w™) € kerP; and (vF,v™) € ker ;. The projection Id — 7, maps onto
ker®, so ®,(vT,v7) = 0. Using 8.2.1, it follows that v* and v~ share the asymptotic

limit ¢ = —avg, rea(rt, 7). By direct calculation:

P (", 07) = (v — v, @a(vh, 07 + 05 —03)

= (0,@,(v7,v7)) = (0,0)

Thus (vF,v7) € ker P, Now observe w: = hE + c. By direct calculation:

%a<7a+ — ¢ roo— C) = (77+ — G 777 - C)a Where %a(rJra 7“7) = (77+7777)
Using this we calculate:
Pr(whw™) = 0u(wh —wh,w —wy) = Sa(w™ — bl —c,w” —hy —c)

:6a<n+_cyni_c) :@ao%a<7’+—c,7”i—c) :0

Thus (w*,w™) € ker P~. A

223



Definition 8.2.3. We define the Ep to be the following sc-Hilbert space

Ep = H {z,y} X Eey % H {2y} X Egtrip

{zy}reD; {=".y' ey

We also define the map

pZBDXED%BDXED

((a‘{.r,y}? u?m7y}7 u{;’y}){x,y}EDia (a{z’,y’}7 u{t:/,y/}y U{;/’y/ﬂ{x’,y’}eDb) —
((ageyys POy} (u?—q;,y}ﬁ u{_x,y}»a (agaryys Py (U:{;gy/}v u{_z/,y/})){z’,y’}eDb)

We also define the sc-Hilbert space

H {xy}XEle H {QZ’ y}XEstrzp u

{zyreD; {a'y'}eDy
8.3 Lego Pieces

Remark 8.3.1. There exist a pair of real numbers r > 0 and s > 0 such that the
identity map Id : S — S sends Score, into §cm«e,s/ for all ¥ > r and s’ > s. Without loss

of generality, we assume r = % and s=1. 1
Definition 8.3.1. We define the unions of annuli:

1 1
U h -z xj{xy})ﬂD Uh, = > Z)Xj{r,y}>mDy
{z,y}eD

= || 20,1 x Jgyy) N Dy Uy ([=1,0] X Jiayy) N D,

{z,y}eD

Let Seore denote the subset of H3(S

core,1> Score,1) consisting of a fixed open neighborhood

in the space of H® morphisms of the natural inclusion S, 1= Score 1. We choose S.ore

core,

224



small enough such that

u(A) C int B
for all u € S,.,.. B
Here we specify the size of S with more precision:

Corollary 8.3.1. S, is an M-polyfold modelled on the following sc-Hilbert space:
V.= HI(TS,,,. 1,T0S 1, M, D)

core,5? core,

Given € > 0, we consider the following open subset:

Ve = {nev:inl <3 |
We fix e sufficiently small as to guarantee
eXPidentity(A) C B,  Im exPidentityn C §co7"e,1
for all n € V(e). The chart on Sy is given by:
exp : V(€) = Score
1 = €XPrdentity’) W

Definition 8.3.2. We define the open subset Ef, of Ep by

€ .__ - . - €
Ep = {(m Wy Moy Hoaren € Ep + [(hf, 3 Py ) eyen] g, < g}
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Definition 8.3.3. We define the annuli:
A, =AND,, A,=AND,
for {x,y} € D. We also define the sc-Hilbert space

He= [ HA.R)xHYA,R)x [ H*(AsR?) x H (A, R?)

{Izy}eDl {$/7y'}€Db

Consider the map:

T:VxFEp—H

(777 ¢Erx’y}7 ¢{$7y}){m,y}€D — (Tk:;I /A w{ly} © h;1|Az7 Tkgjl “n—= ?/f{;,y} © h;1|Ay){x,y}€D

We define the sc-Hilbert space

Tiiver = ker T

We define the open subset of T/,
Ttiver(€) :=ker TNV(e) x Ef, A
Since € > 0 is fixed, we will refer to Triper(€) as Triper-
Proposition 8.3.1. Consider the morphism:
glue : Triper — X

(a, B) — glue(a, B)
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(see line (8.0.5) for the definition of ¥) defined on the core by

glue(a, 5)|s =«

core,%

and on the neck by

glue(e, B, (1 coyxipn,y) = ThaoBo h',  glue(a, O hy((—s0r-Yyxie,y) = Thyo Bo h,'

The map glue is sc-smooth and a homeomorphism onto its image, which we denote by

T(S) or T. The inverse of glue, which we denote by sepatate, is given as follows:
sepavate : T — Triper

v —= (U‘S 17(Tk;1O'UOh:vaTk;lOUOhy){Ly}GIDD

core, 5

Proof: Consider the sc-linear embedding;:
v H3T(TS, ToS,M,D) =V x Ep

given as follows:

T] — (T] Sco're,l’ (Tk;:;l © 77 © hl’? Tky_l © TI o hy){xvy}elDO

Observe that the image of ¢ is contained in the kernel of the map

T:VxEp—H
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Now consider the map
glue : Triper — HPT((S,TS,TOS), M, D)

is given by
(o, B) = glue(a, B)

where glue(a, 5) defined on the core by

glue(a, 5)|s =«

and on the neck by
glue(q, ﬁ)|h;1((i7oo)x(f{m,y}) =Tk ' oBohg, glue(a, B)lhgl((_%_%)w{z’y}) = T/’{;y_1 ofoh,
Since ¢ is smooth it follows that the restriction of ¢ to T is smooth. We set:
sepavate ;== (| W
We define the local sc-retracts:
Xy = {(a,u",u") € By X Eoy : pla,u™ u”) = (a,u”,u")}
1

Xst'rip = {(a,u+,u_) € [Oa 5) X Estrip : ﬁ(a,u+,u_) = (CL, U+7U_)}

Xoeet :={(a,(@",u")) € Bp x Ep : pa,(u",u")) = (a,(u",u))}
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Consider the sc-smooth retraction:

Identity x p: Bp X Tfiper — Bp X Tfiver

(67 m, 7ﬁ+7ﬁ7) — (aa n, IO(67 ﬁ+77_]7))

By construction, Im (Identity x p) C Triper X Xpeer is an M-polyfold.

Consider the map R: B x T — B x T defined on the core as follows:

and on the cylindrical neck as follows:
Tk R(a,n) o holiz soyxst = pa (Thy ' -1 0 hal1 sysn, Thy ' 110 Tyl o _1150)

Thy " - R(a,n) 0 by (oo —2u51) = pa (Thy" =10 halps

Y 7:00) X

s1: Thy b owo by oo~ 1]x51)

and on the strip like neck as follows:
Thy' - R(a,n) o hur|n soyxr = Pa (Thip' - wo hurln ooyrs Thiy' =00 by | Co —1155)

Tk,'- R(a,n)o oyl (—so=21x1) = pa (Thy' -no h$'|[i,oo)><I7Tk s omohy| o 1yxs)

By construction we have a commutative diagram:

[
Bp x 7}iber 2 Bp xT

lIdentity Xp lR

Bp x 7}iber gue Bp xT
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As a direct corollary of the above diagram and Proposition 8.3.1 and the sc-smoothness

of p, we have:

Corollary 8.3.2. The map R : Bp x T — Bp x T is an sc-smooth retraction. In
particular, R(B x 7)) is an M-polyfold. B

8.4 Construction of Chart maps

Definition 8.4.1. Let U be an open neighborhood of 0 € T. If U is chosen sufficiently
small, there exists a constant g > 0 such that H,(expientityn) @ Sa — §b is a diffeo-
morphism for n € U for 0 <la| < o9 and b = b(a, expidentityn). When a = 0 we set

EEO(%pldentity??) = €TPidentity’] and b(O, U+7 Ui) = 0.

For 0 < 0 < 0y, we define the set U, :

Ua = {((L b(a7 6'Z'pldentityn)? Baa(ewpldentityn)) : 0 S’a‘ <o, n € (7} (841)

~

When 0 =0, weset Uy =U. R

Proposition 8.4.1. (compare [HWZ3]| Propositions 3.13 and 3.24) Let U, be as
defined in (8.4.1). The set & N U, is open in &. Given two open sets U, and V, of the
form (8.4.1) and a point (0,0, exPidentityTo) € & which belongs to U, NV, there exists a

third set W of the form (8.4.1) centered at (0,0, expidentity?) such that
(07 0, expldentityn) eWwcunvV

In addition, near the identity & admits a unique topology such that the open sets of &

and those of the form (8.4.1) are a basis.
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Proof: Consider the set U, C &
U, = {(a, b(a, expraentityn) , Ba(eXD1dentityn)) = 0 <|a| < o,n € (7} (8.4.2)
To show U, NG is open, it is enough to show for any point
(ag, by, wo) = (@0, b(ao, €xPrdentityno), Bag (ETP1dentity0)) € Uy N S
that U, contains an open set O of the form
O ={(a,b,powo¢p,) €S :la—ay| <e|b—by| <eandw € U(wy)}

where ¢ > 0 and U (wy) is a small open H3-neighborhood of wg : Say — Sy in Diff((Say, Mag, Dag)s (Shy »

It is enough to show that for any point (a,b, 1, o w o ¢,) € O we have a solution £ € T

such that

EHa (expldentityg) - wb oSw o ¢a7 b= b(a’v empldentityg) (843)

where (a, b(a, exPrdentity€), Ba(eXPrdentityé)) € Us. By definition, on the neck we have:
[kb_l o EEa(eprdentityn) o ha(sa t)]

= [(s, 1)+ ®a(Th; " noha, Thy " -nohy+(Thky " nohs)s—(Thy " nohy)x))(s,t)] (8.4.4)

We can re-write (8.4.4) as:

[@a(Tk," - nohy, Tk -nohy+ Tk, -nohg)ee — (T, -1n0hy)))(s, t)]
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— [k 0y 0 w0 6 0 ha(5,) — (5,1)]
It is enough to solve for (g7,57) € EY satisfying:
@a{f’y}(q?x,y}’ q{_z’y})(s, t) = kb_{i,y} o @Z)b{x,y} ouo gba{m} o ha{x’y}(s, t) — (s,t)

as the solution (Tk,!-noh,, Tk;l ‘Nohy)zyrep € Ep can be recovered from (qajy}, q{_%y})

via the relation
(Thy "m0 he, Thy" - n0hy) = (0 Uy + (Thy " 10 hy)oo = (Th" 110 ha)oo)

Setting

Yayy(s:1) = kb_{iy} O €T P1dentity”] © Nag, ,, (8,1) — (5,1)

we observe that the pair of equations below admit a unique solution:

Dagey (q{ly}’ q{izﬁy}> = You}

+ - _
Oaga (Q{m7y}7 Q{x,y}) =0

When {z,y} € D; the solution is given by:

R Ba(s) R
+ a
qx@ﬁz/ gy (2 1)t + -@@@w—/ gren (2 1)t
{o} o 705 ra(s) Wien oy %! (5 t)dt)

— R 1— Ba(s)
G540 = [ gt (Gt =
{z.y} 0.1] RN

R
: g x, S7t _/ g x, _,t dt
05 (9{z03 (55 1) ot y}(2 )dt)

and when {z,y} € D,

Ba(s)
Ya($)
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— lz 1 ﬁa(s) lz
q S, _/ egz, 9 : ga:, S, / egz, )

On S 1, & is determined by

C

-1
£|S 1 expldentity,l?bb cwo Cba

core, 3

Observe that if @ = ag, b = by and 7 = 1y, then g = 0 and so Tk, ' -noh, = 0 and
Tk,'-noh, =0. It is easy to see that (a(sy}, Tk, - 1o he, Tk, ' -1 0 hy) depends con-
tinuously on (bgz 4y, 9{zyy)- Thus, if € is sufficiently small and U(nq) is sufficiently small,
then © C U,.

Consider now an intersection of two sets U,,, U,, and a point (0,0, expidentity?o) € S €

Uy, NU,,. Explicitly, we have:
UUl = {(aab(avn)7 EEaempIdentityU) : 0 S|a| <o, ne U(nl)}

U02 = {(a7 b(av 77)7 EEaeprdentityn) 20 S|a| <02, M€ U(UQ)}

By construction, ny € U(n;) N U(n). If we set 0y < min(oy, 03), then
UO'O = {(aab(aan)a Baaeprdentityn> 0 0 §|CL‘ < 09, N € U(UO)}

satisfies

(07 07 expldentitynO) € Uo'o S Uo'l N Uvg2
and U,, C Uy, NU,,. A

Inspection of the proof Proposition 8.4.1 reveals that the map H o glue is a bijection on
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Im (Identity) x p. In particular, we have a chart map:
¢ :{(a,v) € Bp X Triper : pla,v) = (a,v),|a| <o} - &

given by
(a,v) — B, (ghue(v))

8.5 Construction of the Strong Bundle

Definition 8.5.1. We define the set & of anti-linear sections to be the set consisting of

pairs (u, ) where u : S, — S, € & and £ € H¥6NQONTS, w*TS,, M, D). B

Let V and W denote two open neighborhoods of 0 in finite dimensional vector spaces F

and E’, respectively, and let
and

denote smooth parametrizations of complex structures on S such that k(0) = 5 = j(0).

Further suppose that v — j(v) is a good family.

Definition 8.5.2. We define the sc-Hilbert space [y, as follows:
2,60 1 1 o2 2,60 1 1 o2
F.=H~> 0((1,00) x ST R*) @ H” 0((—00,—1) x S, R?)
The sc-filtration is the obvious one.

We define the retraction

WIB;XFCyl—)BlXFcyl
2 2
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given by

(a,n™ 7)) = (a,Ta(n™,n7))

where 7, (n",n7) is defined by

Definition 8.5.3. We define the space of maps Fl,; as follows:

o 1 0
Fstrip = Hk%;iigl((_7 OO) X Ia RQ) D Hi?él

1 2
4 dry((_007 _Z) X ]7R )

Also, we define the retraction

given by

(a0 n7) = (a,Fa(n™,n))
where %a(nﬂ n~) is defined by

é\aa%a(n—i_a n_) - é\aa(n+v 77_)

@a%a(n—i_,n_) =0 u

Definition 8.5.4. We define the set of maps:

Fp = H {7, y} X Foy ¥ H {2',y'} x Fltrip
{z,y}eD; {z/,y'}eDy
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We denote points of Fp by (a3, nf; o e y}){x,y}eD or by (a,7,77). In addition, we

define the product retraction:

%ZBDXFD—)BDXFD

%\((a{x,yb WESW}, niv,y}){w,y}eDia (a{x’,y’}a Ua/,y,}, n{x/7y/}){x’,y’}eDb>
- ((a{x,y}a /ﬁa{z’y} (nj{tt’yp n‘{_xvy}){z,y}eDm (a{x’,y’}a %a{zl,y/} (n?x’,y’}’ n{_x/jy/}){:p’,y’}eDb)) |

Consider the subset:
Ko == {(a,n",n") € By X Foy 1 W(a,u”,u”) = (a,u’,u”)}

Krip = {(a,nt,n7) € B X Frip : Fla,ut,u) = (a,ut,u)}
K:={(@ @"7")) € Bp x Fp : 7@, (7",n)) = @ 0" 7))}
Also consider the map of strong bundles:

pX/ﬂ\'IBDXEDQFD—)BDXEDQFD

given by:
(@ (), (7°7) = (o plo, (7)), 7@ (77, 7)

Observe that the diagram below provides a local strong bundle chart for the local strong
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bundle retract Im (p x 7) — X
Bp x Ep < Fp ﬂpx%(BDxEDQFD)
| P

Bpx Ep —L—— p(Bp x Ep) =X

Consider two families of complex linear isomorphisms (compare Section 4.3 [HWZ3]).
The first of which is
L(w, 2,2") : (1,8, 5) = (TS, k(w))

which is defined for w close to 0 and 2’ sufficiently close to z. The second is
Li(v,2): (T.S,j(v)) = (T.S,))

which is defined for all z € S. The family I, is defined as follows:

Let P, be parallel transport along the minimal geodesic from z and z’, then we set

[Py — k(w)(2') 0 P 0 (2)]

N | —

L(w,z, 2 =

Observe that I5 satisfies

15(0, z, z) = Identity

We define the family I; by

[(0,2) = 14 = j(2) 0 j(0)(2)]

Observe that I; satisfies
I (v, z) := Identity if z € D
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I,(0, z) := Identity

We choose the parallel transport via a connection which is the product connection on

the neck. In particular, in local coordinates 5 is the identity.

Definition 8.5.5. Consider the sc-Hilbert space:
H:= [] HA.R’)x H A, R)x [] H(ArR®) x H*(A,,R?)
{z,y}€D; {z',y' YDy

Consider the map of sc-Hilbert spaces:

X H290’1<<Ts|core,%7j)7 (TS’core,%hj)) X FD — H/

0

0
— et - —1 + -1 -
(6@ €y Ee)immen) = (Th €oThe o6l ) Th €0Thy 2oy )

Then Fiper := ker X is an sc-Hilbert space. Set the abbreviation:
Tfiber =V xWx p(BD X ﬂib@f)

The bundle V- x W x p x T(Bp X Tfiver < Friver) = Tpiver is a local sc-strong bundle

retract as realized by the strong bundle retraction diagram:

de

I tit, T
V xW x BD X 7}iber < Ff’iber mxff x W x BD X 7}iber < Ff’iber

| | -

Identi
V xW x BD X 7}iber entityxp V xW x BD X 7}iber
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Proposition 8.5.1. The diagram below is a local strong bundle chart:

VX W xpX7(Bp X Tgiver < Frier) ——— ¢
l b
Hoglue sV x W x @

VxW x Tfibe’r

where the map

O :V X W X Thiper < Kpiper — €
is given by

— =

((v,w,m), (a, @ 77)), (€ (§,€ ) = (v,w,B(a, glue(n, 7", 77)),0)

where 0 € Q%Y(TS,, B(a, glue(n,77,77))*TSy) is defined by

G‘S = [2(w7276xp1dentity77(z)) 05011(1},2)

core,%

and in local (positive) coordinates by

_ 0 _
Tk;b{l L0 0oTha,,, - %’Za{z,y} (5,1) = Day,, (fa’y},f{w}))(s,t) for {z,y} € D

z,Y

Proof: Commutativity of the diagram is clear by construction. It is enough to show
that © is a fiberwise bijection. Towards this end, suppose that v : S, — S, € Im glue o

exp(Tyiver). Below we show that we can uniquely solve for any 6 € H3+™9%" 91" (T'S,,, u*T'Sy).

By hypothesis, there exist maps (EJF, h )€ Epandn ¢ H3QO’1((TScor€7%,j), (TSCO,,eé,j))
such that

g[ue<€$p1dentity777 EE‘(CL7 ((Sa t) + hz—zjyp (5/7 t/) + h{_x,y}))) =u
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core,

Over T'S 1, we set
& = L(w, exprdentityn(2), 2) 0 6 o I1(v, z)!
Consider the anti-linear section 6 in coordinates:
kaf{i’y} ofloThy, , € H‘sng‘S{nQO’l((TZaI’y, i), ((hbf{i‘y} ouo ha{xﬁy})*TZb{xﬁy} ,1))

We set the abbreviation 0y, := ka_{ 1 s ° GoTh 9 and identify the tangent spaces

Azy}  Bs

of TZ,, ,, and TZ, . with R2. Consider the system of equations

~ 0
+ — _
@a{z,y} <£{r,y}7 f{m,y})(s? t) - Q{x’y} ’ %

~ I _ .
6‘l{fv,y} (€{r,y}’ 5{%9]’) =0

The unique is given by

Ba )

+ _ {z.y}
5{27:[/} - ag y} ) ea{z,y} ’ & (851)

z,y

I Ba . 0
- — {z,y}

S{x’y} - ag }y ’ A{z,y} ' % (852)

z,y

The (8.5.1)-(8.5.2) implies that § = (6,§,E+,E_) € Kyiper, and by construction f is

mapped onto § by ©. R

Corollary 8.5.1. p: € — V x W x &|Im H oglue is a strong bundle. W
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8.6 Cauchy-Riemann Section

Consider the Cauchy-Riemann section

O:VxWx6 — ¢

(v,a,b,u) = iy jamyt = 5 - (Tu+ k(bw) o Tuo j(a,v)))

N | —

Our goal is to find a change of coordinates such that in a germ near the identity Sy :=
S — §0 =S, 0 is expressed as an sc-Fredholm operator over a fixed domain. Consider

the section

acyl : chl — Kcyl

given by:
(a, (R, h7)) = &

where ¢ is uniquely defined by the pair of equations

Dol = %(T Mo ((s,8) + BF, (S, 8) + h™) + i Bal(s,t) + T, (s, ) + h7) - i)% (8.6.1)

Sul =0 (8.6.2)
Also consider the filling of gcyl .
Fill Opy : B X Eeyy — Fuy
given by

(a,h*,h™) =&
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where ¢ is uniquely defined by the pair of equations

~ 1 0
@ag = §<T EEIa ((Svt) + h+7 (SIJ t/> + hi) +i- Bﬂa((su t) + h+7 (Slvt/) + hi) ’ Z)% (863>
N 1 I NN,
@agzg(T@a (Wt —hE b~ —h)+i-T o, (kY —hi,h —hoo)-z)a— (8.6.4)
S

Set h™ —ht =r* and h~ —h = r~. Then by direct calculation and the fact that (s, )

is holomorphic, we can simplify the above equations to the system:

Dol (2) = Dora (8.6.5)

el =09 Oq (rt,r7) (8.6.6)
where r, := @, (rt,r7)

Proposition 8.6.1. (compare Section 3.7 [FH1]) Fill d,,; is sc-smooth.

Proof: The result follows similarly to Proposition 7.1.1. B

Proposition 8.6.2. Fill gcyl is regularizing away from the left and right boundaries.

Proof: The result follows nearly identically to Lemma 7.1.1. H

Proposition 8.6.3. (compare Lemma 3.29) Fill Ecyl is a filling for Ecyl.

Proof: We need to verify the 3 properties listed in Definition 5.1.1. With regards
to the first property, note that for (h*,h™) € X, we have p,(h*,h™) = (R, h~) which
is equivalent to

Salht —=ht h~ —h)=0
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by Proposition 8.2.1. Thus the systems (8.6.1) — (8.6.2) and (8.6.3)-(8.6.4) coincide for
(h+, hi) c chl~

With regards to the second property, suppose that
(a,&"(a, k™, h7), & (a,h", b)) = 7(a, £ (a, ™ h7), & (a, T, h7)),
for a point (a, h*, h™) close to 0. Then
Sal€",67) =0=0y Sa (K" = hi,h™ = h)

Since Jy is an isomorphism, this means ©,(h*t — k%, h~ —hZ) = 0. By Proposition 8.2.1

this is equivalent to p,(h*,h™) =0, so (a,hT,h™) € Xy
The third property follows because Dp(0) = Identity and 7y = Identity, see Appendix 4.
|

For shorthand, we will refer to the filled section by H(a,ht h™) := (£7,£7). We begin

by verifying the quadratic estimate:

Lemma 8.6.1. Given € > 0, the following holds for every level m:
[(DHo (W™, h™) — DHoa(0,0) (", 07 )lm < €ll(n™07)llm

for all (n*,n7) € (Eey)m, all a € By, and all (ht,h™) € (Eey)m sufficiently small on

level m.

Proof: The claim follows from the observation that DH,(h*,h~) = DH,(0,0) for all
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W+, 1) € (Buy)rn. W

We introduce the shorthand DH, (kT ,k;) := [o(k{, k7). The operators I', (ki k; ) sat-

VEREY 777 70"y
isfy:
Do(@aln™ —nl,n™ = 1)) = Ba(Lalk) k) (" =0t —n3)) (8.6.7)
Fo(©a(r™ = mn™ =) = Sa(Lalk k) (1" = 0™ = n3)) (86.8)

where (n7,77) € (Eeyt)m- The argument below follows similarly to Proposition 7.1.3, but
is much simpler due to the fact that the complex structure on the target is eveywhere

standard.

Proposition 8.6.4. Let {a;}52,

a; € B 1 be a sequence of real numbers which converge
toa € B%. Consider a sequence of maps (x;r, x;) C Fey which converges to 0 on level m.
Also suppose (y;r, y; ) C Fep is a sequence of maps which is bounded on level m + 1 and
(1,,m;) C Eey is a sequence bounded on level m. Suppose a sequence (k" ,k;) C Egy

converges on level m to (K™, k7). If we have the relation:

Lo, (K5 k) () ;) = (o), 27) + (v, u;) (8.6.9)

then (n;) has a subsequence converging on level m on slightly restricted cylinders.

Proof: It is easy to see that the asymptoptic limits of any subsequence of (7;) has
itself a convergent subsequence. Thus it is enough to assume that (7;)e = 0 for all j.
Let u; := @q, (ut,u”) and e; := @, (1], n; ). Using these abbreviations we can express

(8.6.9) as follows:

de; .Ode; ~
s T a] = 8, 2;) + 8o, (v, y;) (8.6.10)
do(Sa(nf ;) = S, (2], 27) + S0, (y) . y7) (8.6.11)
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Take a cut-off function 7 : R — [0, 1] satisfying 7 = 0 for s < 1 and 7 = 1 for s > 2.
In addition, let 75,(s) = 7(s — 2r) and 75,(s') = 7(—s" — 2r). Replace (1], 7;) with
(var11; > Y215 )- Further, define €; := @4, (73,1, ,72,m; ). The first equation can be re-
expressed:

aé aé ~ _ _ ~ _
8_5? + Za_t] = Zj + @a]’ (’7;;‘1';—, ’727‘1']' ) + @Gj (7;;‘y]+7 IYQTyj )

where

3, Mar
zj = 6—§(s)nj(s,t) + 62 n; (s — Ryt —0;)

The second equation becomes:

90(Sa, (0, 17)) = Ba, (vaht], 25 ) + B, (Vi YY)

Using Proposition 7.1.6 part (3) we can re-express the system of equations (8.6.10) —

(8.6.11) as:
de; 0e;  ~ A -
a_sj + 'la_tj = @aj (q;r, qj ) + EBaj (p;rup] ) (8612)
0(Sa, (V3] 20} ) = Sy (455 45) + Oa, (0, 15) (8.6.13)

where the sequence (q;-L, q; ) converges to 0 in F,, and the sequence (p;“, p; ) is bounded

in Fm—{-l‘

Now consider the system:

Dof "oy =k +1" 0@, (¢ q;) +F 0@, (). p;) (8.6.14)
Dof oe;=k; +f 0@ (gl q;)+F 0@, (p).p;) (8.6.15)
00 ©a, (V3 7205 ) = O, (4 a7) + B, 07, 17) (8.6.16)
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where

k‘;r =

€, ki =-— €;

Note that kji is bounded in F,, = F,,.1 and by Proposition we can absorb it into the

@aj(q;’,qj_) term. So we can re-write (8.6.14)-(8.6.16) as:

Doftoe; =" 0@, (qf,q;) + " 0@, (0], 1) (8.6.17)
Dof 08 =F 0@, (q],q;) +F ° &, (p],p;) (8.6.18)
90 Sa; (v 25 ) =S4, (a5 45) + Sy (0,07 (8.6.19)

Consider f* o @aj (p;,p;) and §~ o @aj (py,p;) as equations on R x S*. Now consider the

pair of solutions (£, &) € H¥ ™o (R x ST, R?) @ H¥* ™o (R x S, R?) satisfying:
D& =" 0@, (], py)

&y =F 0 Bu, (0], 05)

By Proposition 5.1.1 and Proposition 7.0.2, we have the chain of inequalities:
(pF 23 )E = Ol 0 @, (0], 97) 57 0 @, (0, 97)) |

= C(00&] 00 )|p,, = C - C'IEF L +1E |

where C, C’ depend only on m. In particular, |§;E|;n — 0. Now consider the pair of

solutions (uf, pu;) € H¥HmHOm(R x ST R?) @ H3H(mHD0m (R x ST R?) which satisfy

Aol =11 0 @y, (al . q;)
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don; =F o By,(af . q;)

Then by Proposition 5.1.1 and Proposition 7.0.2, we have the inequality
|(q;_7 qj_)|Fm+1 = Cm+1|(f+ ° @aj(q;_a qj_)7 foo @aj(q;_v qj_))|Fm+1

= m+1|(50H;ra50/~L;)|Fm+1 > Cm+IC;n+1(IM;_|;71+1+|:uj_|;n+1)

Thus the sequence (|} [}, .1+ [1,11) is bounded on level m + 1. Since 0y is an isomor-

phism, we have that

+ +_t o
§ +uy =f og
§ =1 0
We make the replacement:

(§7,67) = (13-2(8) - &, 120-2(8) - &)

(455 17) = (Veoa(8) - 1 Voo (8) - 115)

Then we can assume (§;,£;) € Ep, and (p;, p; ) € Epq1. This means that
Gaaj (g;r + Iu;r’&-; + M;) - @aj(er O Ej, fﬁ OEJ) = Ej

Now consider the solutions «a; € H2 ™ (C,,R?), guaranteed to exist by Proposition

5.1.1

Docr; = B (p),07)
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By Theorem 1.27 [HWZ0], there exists a unique pair (a;r, ;) € B, such that

[a, (), 05 ) = (0, o)

J

By Proposition 5.1.1 we have

C-C'lpy 05 )F = Cl(L = 7o) (0] 27 ) pw 21 B, {1 = 7o, (0,95 e, =1(0,9005)],,

"

C
> C"[(0,a5)la,, = C"| B (o], a7 )|a,, > ol (o, o), (8.6.20)

+
70

+

In particular, we have |(a", a; )|m — 0 on level m. For shorthand, we set a; := (], ;).

Now consider the solutions f3;, guaranteed to exist by Theorem 1.27 [HWZ0]
0B = S, (af ;)
Since 0y is an isomorphism we have the equality:
a; + B = Oa, (e} 12015
By Theorem 1.27 [HWZ0], there exists a unique pair (8], 3;) € Ep11 such that

o, (B, 87) = (0,8))

For shorthand we set EJ = (67", B;). By a similar sequence of inequalities as in (8.6.20),

it follows that E,- is bounded in F,, ;. We introduce the new sequences:

& = 7a, (&)
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ﬁj ‘= Ty (Mj)

Then we have:

Da, (& + 11 + O + B;) = & = Do, (V2,1 V20 )
O, (& + 1 + & + B;) = Sa; (V3,17 s 12015 )

By Theorem 1.27 [HWZ0], we have:
&+ iy + & + By = (v Vel )

From the above, there exists a subsequence such that g‘; + i+ o+ E] converges on level

m. The claim follows. B

Now consider the section gsm-p : Xstrip — Kgrip given by:
(a, (h" 1)) = ¢
where ¢ is uniquely defined by the pair of equations

Bl = %(T B ((s,8) + T, (8 ¢) +h7) +i-Ba((s,t) + ht, (s )+ h7) - i)% (8.6.21)

Sl =0 (8.6.22)

Also consider the proposed filling of gstm'py

— 1
Fill astm‘p . [O, 5) X Estrip — Fstrip
given by
(a,h",h7) = ¢
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where ¢ is uniquely defined by the pair of equations

(8.6.23)

S

Dol = %(T B, ((s,t) +ht, (8, t) +h7) +i-B,((s,t) +hT, (s, )+ h7) - z’)aa

~ 1
@a£ = §(T Oa (th - h;, h™ — hgo) +i-T Oq (h+ - h;rov h™ — h;o) ’ Z); (8624>
S

Set h™ —ht =r* and h~ —h = r~. Then by direct calculation and the fact that (s, )

is holomorphic, we can simplify the above equations to the system:
Dol (2) = Dora

éa& = 50 Ca (TJF, 717)

We have the following results, arguing similarly to Propositions (8.6.1)-(8.6.3) and Lemma
8.6.1:

Proposition 8.6.5. Fill gsmp is sc-smooth. W
Proposition 8.6.6. Fill gsmp is regularizing away from the left and right boundaries. B
Proposition 8.6.7. Fill gstrip is a filling for gsmp. |
Lemma 8.6.2. Given € > 0, the following holds for every level m:
[(DHa(h, h™) = DH,(0,0)) (", 07 )|l < €ll(n™17)m

for all (n™,n~) € B, alla € Bi, and all (h*t,h™) € E,, sufficiently small on level m. B
We introduce the shorthand DH, (kS k}) := Tu(k], k;). Arguing similarly to Proposi-
tion 8.6.4 we have:
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Proposition 8.6.8. Let {a;}72, a; € [0,3), be a sequence of real numbers which con-

+

verge to a € [0, ). Consider a sequence of maps (z1,2;) C Fyqr, which converges to 0
2 R y

on level m. Also suppose (y;’, yj_) C Fyary 1s a sequence of maps which is bounded on
level m + 1 and (n;-r, 77;) C Ejary 1s a sequence bounded on level m. Suppose a sequence

kT, k7)) C Eygr, converges on level m to (k*, k™). If we have the relation:
3o y

P, (K k) () ymy) = (o) o)) + (v yy) (8.6.25)

then (7;) has a subsequence converging on level m on slightly restricted strips. B

Now consider 0ok : Xneck — Kpeck given by

(o) e gy oy tewren = (@ Wiy P gy € gy € empen

where (f&y}, 5{;&}) is defined by the pair of equations:

- o 1 .
Baparblont 55 = 5" (T Bagyy ((5:8) By ) (858) + i )

0

+i-THBa,,, ((5,8) B 00 (85 8) + g, 0) - 8) o

éa{x,y}g =0
We have the following by Propositions (8.6.1)-(8.6.8) and Lemmas (8.6.1)-(8.6.2):

Corollary 8.6.1. The filling of Oeer, Fill Oneck : Bp X Epecii — Fhec is given by

(@as W gy gy twmrer = (€ yy €y Homren
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where £{iz g 18 uniquely defined by the pair of equations:

—~ 1 _
@a{z,y}gi,y}('z) = Q(T By, s ((s,t) + h?w}’ (s, 1) + h{l,’y})

: _ N,
+i-TH,,,, ((5,t) +h, b (s',t") + W) 1) 55

{zy S
R 1
+ _ + _ ht - e
Oaem St (8) = 5 (T Caany (oyy — Mayo0r My — Mgy .o0)
0

i h — N

i T Ba,y (s gy = Mo gpoor Mgy = Do) 1) 5

Proposition 8.6.9. Fill0,,.., is smooth, regularizing away from left and right boundaries,
satisfies the quadratic estimate, and satisfies robustness away from the left and right

boundaries. B

Now consider the section
Ocore : VX W XU — H2Q°’1((TS|SCW7%,]'), (TSls,,,. ;7))
given by
(Ua w, 77) — % ']2(10, expldentityn(z)u Z) ’ {Teﬂﬁpldentityﬁ‘f‘k’(w) 'Texpldentityn'j(v)} 1y (U7 Z)_l

Proposition 8.6.10. 0., is smooth, and regularizing away from the left and right

boundaries.

Proof: Smoothness follows since J is smooth, I is smooth, and I; is smooth. The

regularizing property follows as a result of classical elliptic theory. Il

Proposition 8.6.11. 0., satisfies the quadratic estimate and the robustness property.
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Proof: The quadratic estimate property follows from the mean value theorem as in

Proposition 7.2.2. The robustness property follows similarly to Proposition 7.2.3.

Consider the fiber product section
Ocore X Opeck = V X W X Triper — K piver
and its proposed filling, the fiber product of d.. and the filling for Opecs:
Ocore X Fill Opecs : B XV X W X Tiper — Fiper

The following is a consequence of Corollary 8.6.1:

Lemma 8.6.3. 0.re X Fill 0,00 is a filling for Ouore X Onec. M

Definition 8.6.1. Let U denote an open subset of the space of complex structures in
Jp2,; containing j. Let V' be a neighborhood of 0 in a finite dimensional vector space
parametrizing a good family of complex structues in Jp1 ;. Recall T(¢) from the proof of

Proposition 8.0.4. For fixed € > 0 sufficiently small we set:

B™%OT(S) = U x V x T(9)

BTN (G) = BT () HLT T OO (TS, §), (TS, )
Proposition 8.6.12. (compare Lemma 10.1 [HWZ3]) For every pair (05", 07"), 0 <
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om < 2w, 0 < 0™ < 7, and m > 3, the map T : B™% 91" (S) — Em~19"91"(§),

(Uv k7 77()) - (’U, k? 7]()7 12(k7 eprdentityn(‘% ) © 51437]'(71)expldentityn(') © [1(U7 ')71)

defines a smooth Fredholm section. The linearization of the map

(v,n) = T(v,5,m)

at the solution (0,0) is an isomorphism.

Proof: We follow the proof of [HWZ3] Lemma 10.1. We introduce the following ab-
breviations:

L:= D3T(0,5,0) : T — 2 i L A
S = DyT(0,5,0) : E — H™ 1% 8
F =D 5T(0,5,0): T x E — H™ % 00
which is defined by F'(e,n) = Se 4+ Ln. Here L acts as

of

and S acts as

e—j-Dj(0)e=—2e

For each z €]D;|, choose holomorphic coordinates:

1 2
Tz,liBl_>Dz7 Tz,giBl—)Dz
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For each z €|Dy|, choose holomorphic coordinates:

Koq:BiNH = D! k.o BiNH— D?

Consider the maps
v:RY x S' = By, (s, t) = e 2EF

§:RY % [0,1] = BiNH, §(s,t) =e ™6HD

We also define the following compositions:

polar | __ polar | __

Tya = T2107, Tpo = Tz207
polar | __ polar | _

KLp = HKz;100, Kig =Fk,200

The section n : S — T'S is given in local holomorphic coordinates by:
v = 7j(w) = T15(ra(2)n(r0(2)), € B

x = () = Tr_y(k.1(x))n(ksp(2)), =€ B NH

and in polar coordinates:
(5,8) = (s, £) = P9 (225 (5, 0))n(725" (s,1)),  (5,1) € R¥ x S

(5,8) = ii(s,1) = TR (529 (s, )m(529 (5,1)),  (s.t) € R* x [0,1]

z,1 z,1

Consider the transition map:

an(s,t) = (T29"") " ot = (s,8) + (ro,m1)(s, 1) + ¢
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where ¢ = (cy,c1) € RT x S, (rg,71) : R x St — R? is periodic in t. Also consider the

transition map
as(s, 1) = (KI5"") " o KEAY = (s,1) + (w(s, 1),0) + b

where b = (bp,0) € Rx [0,1] and w : R x [0,1] — R* is smooth. It is important to note

—27s

that rog decays like e and w decays like e™™. By construction we have the relations:

(s, t) =Ty~ (v o an(s,1)i(v(s,1)) (8.6.26)
n(s,t) = T5_1(5 o (s, t))n(d(s,t)) (8.6.27)
where
1 .
T —1 t - _ 27r[(8+7“0(5,t)+co)+2(t+7‘1(S,t)-‘rcl)] ) 2

v (yoay(s,t)) 271-6 (8.6.28)

1 ,
To71(8 0 ay(s, t)) = —erlstwlsHFbiti] (8.6.29)

T

Suppose (e,n) € E x T is in the kernel of F. Then since € T, in local coordinates near

z €|D| we have:

n(s,t) = h(s,t)+d

where h : Rt x S — R? and d € R x R/Z. Tt follows from (8.6.26) and (8.6.28) that
1 converges to 0 as z — 0. By Riemann’s removable singularity theorem, 7) extends by
0 to a holomorphic section satisfying 77(0) = 0. Thus, n extends over every node z €|D)|

and satisfies 1(0) = 0.

In local coordinates near x €|H D| we have:

(s, t) = g(s,t) + ¢
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where g : RT x [0,1] — R? and ¢ € R x {0}. By (8.6.27) and (8.6.29), it follows that 7
converges to 0 as z — 0. By Riemann’s removable singularity theorem, 7 extends by 0 to
a holomorphic satisfying 7(0) = 0. Thus, n extends over every node z €|H D| and satisfies
n(0) = 0. This means that n € H3™™T'4(S, M, D). In summary, we have F'(e,n) = 0 and
we know that £ @ Im L(To(T'S, M, D) = H**™Q% (TS, j), by hypothesis on E. Thus,

we conclude that (e,n) = 0.

Now we consider the surjectivity of F'. Towards this end, consider a section & € H™=195 61"
compactly supported outside of the points |D|U|H D|. By Definition 2.1.8 there exists a
pair (e,n) € E x H¥*™Ty(TS, M, D) such that

J-Dj(0)e+ L(n) =€

Now we show 1 € H™?%" %" Towards this end, we observe that near the points in
|D|U|HD|, € is 0 so n is holomorphic near these double points. From the discussion

on injectivity, we can use this to show 77(0) = 0. Near z €|D|, we have

n(x) = Zakﬂﬂk = zlar + g()]

k>1

where g(z) is a holomorphic function g(z) = Y7, -, axz"". Set
/81 (S, t) — 27T€27r[r0(s,t)+ir1 (s,t)]
Then in polar coordinates we have:

~ —1 . .
7](371&) = §6_2W[Co+wl][a1 + [61(37 t) — 1]a1 + 61(S7t)g(e—2w(s+zt))]
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From the decay property of ry, it follows that
0 (Ba(s,0) = 11| > C -] [0 Bi(s.t)gle )| < Ce

for |a| < m and some fixed C' sufficiently large. In particular this means that 77 de-
composes as 7] = h(s,t) +d where h € H™%" and d € R x S'. Thus, it follows in a

neighborhood of z, 7 € H™0%". Similarly, near z €|H D|, we have:

H(x) = ba® =zlby + f(2)]

k>1

where f(z) is the holomorphic function f(x) =3, ., bpz"'. Set

Ba(s,t) = by + [Ba(s,t) — 1 + Ba(s, 1) f (7™ T)]

On R x [0,1] we have:

(s, t) = m[by + fle ™)

From the decay property of w it follows that
(0°[Ba(s, 1) = 1| S C -7, [0%[Bals, ) f(e T < C e

for |a| < m. In particular this means that 77 decomposes as 17 = k(s, t)+c where k € H:Zﬁ{n

and ¢ € R. Thus in a neighborhood of z, 77 € Hzlﬁ;. We see that n € ™99 and
F(e,n) =&. Observe F' is semi-Fredholm, following Proposition 7.3.2. In particular, the
image of F is closed. The surjectivity of F' follows from the fact that the set of sections

¢ having compact support outside of | D|U|H D| is dense in H™ 1% 4" @

We have the following by the classical Banach space implicit function theorem:
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Corollary 8.6.2. There exists an open subset K C Jp2 ; and a uniquely defined contin-

uous map

g: K =V x B89 (9)

k— (91(k), g2(k))

which satisfies:

5k791(k)6xpldentity92(k) =0 N

Proposition 8.6.13. The section Opre X Oneck 18 sc-Fredholm.

Proof: Smoothness of Ouppe X Opeci follows from Proposition Propositions 8.6.9 and
8.6.10. It suffices to check the conditions of Theorem 7.0.1. To verify Condition (1) we
can proceed as in Section 7.3, with Proposition 8.6.12 taking the place of Lemma 7.3.1
and directly calculate that the Fredholm index is constant for parameters near 0 as in

Proposition 7.3.3.
Condition (2) follows from Proposition 8.6.9 and Proposition 8.6.11.

Condition (3) follows from Proposition 8.6.9 and Proposition 8.6.11. W

Proposition 8.6.14. The diagram below is commutative:

VxWxIm (Id xpx7) —2—— €

5007'6 Xaneck]\ a]\

VX W X Tiper Hoglue VxWx6&
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Proof: First we consider 0 o B o glue :

glue

(v,w,a,, (B, 1)) 25 (v, w, B(a, glue(n, bt h™)) — (v, w, B o glue(a, n, h*, h7)))

25 (v, w, B(a, ghue(n, k™, 1)), Bnuyio) B (a, glue(, BT, b))

Going the other way around the diagram, we consider the principal part of © o Ouope X

aneck: :

— gcore 571,56
(U7w7a7n7(h+’h )) 4 *

= _ _ (€]
(12 (wa empldentityn('z% Z) © alc(w),j(v)‘937pldentityn © [1 (Ua Z) 1? £+7£ ) — 0

where (EJF,E_) is defined by:

1 0
+ -y o N\ + .
D (€. o) = 5 TBal (s R, (1, )Hh) T, (s, 1)+, (1, 1)+ o)+
Az,y}

A (et -y _
Sal€iayy Eany) =0

and @ is defined on the core by:

0 s L = ]Q(UJ, Z, expldentityn(z))

core,5

OIQ(wv empldentityn(z)y Z) o 8k(w),j(v)empldentityn(z) o ]1(U7 Z)_l o ]1 (Ua Z)
= 5k(w),j(v) eprdentityn(z)
and on the neck (in positive coordinates) by

0
1 I o
} (@] 9 O Th/a{x7y} ° % |Za‘{:(,‘,y} (57 t) L @ (£a7y}7 g{gjjy}) (87 t)

Afx,y}

ka’{

z,y
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A(TH, (s,t) +ht, (8, )+ h7)+ioT B, ((s,t) +h™, (s, t')+h")oi)- aé
s

DN | —

=Tk,

oy © Ok j(aw) B (@, glue(n, h*, h7)) 0 Thy

z,y}

The claim follows. B

Corollary 8.6.3. The section 0 : V x W x &|Im B oglue — € is sc-Fredholm. W
By Propositions 8.6.12, 13.0.1 (which is proved in Appendix 6), and Corollary 8.6.3:

Corollary 8.6.4. Suppose j : V — Jp1; is a germ around the origin parametrizing a
good family such that j(0) = j and k : W — Jpz; is a finite-dimensional smooth family

such that k(0) = j. Then there exists a unique sc-smooth map

F:OCVXxBp=3VxWx6

F(av U) = (f(a7 U)? v, a, b(a7 U), ¢(a,v))
gb(aﬂ)) : (SCH k:(a, U)’ Ma’ Da) — (§b(a,v)aj(b(aa U)v f(aa U)), Mb(a,v)a Db(a,v))

defined on a small open neighborhood O of (0, 0) and satisfying F'(0,0) = (0,0, 0, 0, Identity)

and

Dj(b(a,0),f(a,0)) k(@) Paw) =0 W

8.7 Corollaries of the sc-Fredholm Property

We finally present the proof of Theorem 2.4.1:

Theorem 2.4.1 (compare Theorem 2.19 [HWZ1]) Fix a good family (a,v) = oq)
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1. Consider the family (b,k,0) = Bpre) of noded Riemann surfaces with boundary,

where (b, k,0) € Bi x Upr x V(M') and suppose that we have an isomorphism:

’QD : /8(0,]'/,00) = (S/aj/>M/(UO)7D/) — (Saoaj(a07vo>a Maoa Dao) = a(ao,vo)

for some parameter (ag,vp). Then there exists a uniquely determined core-continuous
germ

(b,k,0) = u(b,k,0) = (a(b, k,0),w(b, k,0))

defined for (b, k, o) near (0, j', 0¢) which satisfies (0, 5, 00) = (ag, v9) and a core-continuous

germ (b, k,0) — ¢(b, k, o) of isomorphisms
(b(ba ka U) : B(b,k,a) — au(b,k,o)
between the noded Riemann surfaces with boundary satisfying ¢(0, j', 0¢) = 9.

2. Also if w — k(w) is a smooth family of complex structures on S, with £(0) = 5

then the family (b, w, o) — ¢(b, k(w), o) of isomorphisms
¢, (W), 0) 2 Blok(w).o) = Uu(b.k(w).0)

is core-smooth.

Proof: We begin with Claim 1. We will first assume M (o) = M (o) for all o € V(M)

and treat the general case afterwards. Consider the map:

v (S5, M (00), D) — (S, 4, M, D)
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Choose a finite dimensional good family w — k(w) of complex structures on S” such that
k(0) = ¢*j = j' and satisfies k(w)[1)"'D = j'|D. Further, consider the family of glued
surfaces

(b, w) — (Sy, 5" (b,w), M'(0¢)y, Dy), forbe N(D'), weW

By Corollary 8.6.4 we have a uniquely defined sc-smooth map
F:OCBpxWSVxWx9O

F((l, U)) - (f(a’v w)v w,a, b(a7 w)7 ¢(a,w))

defined on a small open neighborhood O of the origin and satisfying F'(0,0) = (0,0, 0, 0, Identity)

and

he(b(a,w),w) (0, f (a,0)) Plaw) = 0

where
D) * (S0, 7' (,0), M'(00), D3) = (Syauy, K (b(a, w), f(a,w), M'(00), 4 Dyto.)
For (b,w) € N(D') x W we have biholomorphisms
U < (Sh ' (b, w), M'(00)5, 67" Dy) = (Sh, j(b,w), M (0)s, Dy)

We set ¢(c, k, 00) := Yp(ew) © Peqw- For fixed op, the continuity and uniqueness properties

follow from Corollary 8.6.4.

Now consider a general triplet (a,v,0) € Bpr x Ujp x V(M). Choose a smooth family
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of isotopies

Pri(o)+M(a0) (S, M(00)) = (5", M(0))

for o € V(M) such that ¢rs(o)—m (o) (M(00)) = M (o). Consider the open subset O’ C
Uip| x V(M) consisting of pairs (k,o) such that gb}‘w(U)HM(UO)k € O and Prr(o)—M(oy) 18

supported away from D’. By construction, we have a biholomorphism:
¢]T41(0')—)M(00) : (5,7 k; M(O'), D,) — (S/J ¢7\/[(U)~>M(Uo)k7 M(UO)a -D/)

Finally set ¢(b, k,0) := ¢(b, k, 0¢) o QS]T;(U)ﬁM(Uo)'
Claim 2 follows similarly. B

Corollaries 8.7.1 and 8.7.2 below follow from Theorem 2.4.1:

Corollary 8.7.1. Let O be as in Definition 2.3.1. Consider the map
U:9O — DMg,h,Mi,Mb

given by:
(a,v) = [(Sa; j(a,v), Mo, Dy

Then ¥ is an open map. W

Corollary 8.7.2. (compare Theorem 3.15 [HWZ3]) Let o = (S, j, M, D) be a sta-
ble noded surface with automorphism group G and let v — j(v), v € V C E be a good

family. Then there exists:

a. A C* open neighborhood U of Jp ;, and
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b. An open G-invariant neighborhood V' of 0 € E, with V' C V

c. A small open subset Bp(e) C Bp

such that:

1. For every g € G there exists a smooth map
®,:Bp(e) x U —=V'x6&
(a, k) = (Py(a, k), Py(a, k))
determined by the requirement

(1)9(073) = (Oag) and gj(Qé(a,k)),kq)?](a? k) =0

2. For every solution (k,v,u) of

3]'(1,)7]{;16 =0
with (a, k) € Bp(e) x U, v € V, and u € & there exists a unique g € G such that

Q,(a,k) = (v,u) W

Theorem 2.3.1 Existence of Good Uniformizing Families For each stable noded

Riemann surface a = (S, j, M, D) there exists a good uniformizing family

(a,v) = @, (a,v) €O
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Proof: Let V parametrize a good family. Its existence is guaranteed by Proposition
2.1.4. Let Bp(e) C Bp and V' C V be sufficiently small open neighborhoods of Bp and

V', respectively. Consider the associated family

(a,v) = (), (a,v) € Bp(e) x V'

Property 4 holds by construction. The verification of properties 1 — 3 is given below:

Proof Property 1 (compare Lemma 3.17 [HWZ3]) Recall that the topology on

DMy 1, 1,0, 1s generated by subsets of the form:

V(e,U,Dy€) := {[Sa, ko, Mo, D] | k € U, k= jon|D|, |a] <€}

Thus to show

U= {lo@w] : (a,v) € O}

is open, it is enough to show the existence of a C* neighborhood U C Jp ; of j(vg) such

that for every pair (a,k) € Bp(€) x U there exists a pair (a’,v) € Bp x V' such that

[Sa’aj(a,: U)a Ma’,Da/] = [Saa kaa Mm Da]

The existence of (a/,v) follows directly from Theorem 2.4.1. B
Proof of Property 2 The argument establishing Property 1 shows that [p] is an open

map. Surjectivity follows from Theorem 2.4.1. Thus it is enough to show that [p] is

injective. This follows from Property 3.
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Proof of Property 3 By Corollary 8.7.2, there is a unique morphism a(q.) — (a0

in a neighborhood of g : 9,0y — (0,0)- By Lemma 2.2.1 the unique morphism is g,. Il ll

Theorem 2.3.2 With respect to the exponential gluing profile, the object set Ty j, ar, a1, 18
a smooth manifold with boundary. The morphism sets M (G, Gy/) are also smooth man-
ifolds with boundary. The structure maps are sc-smooth, and (7, T) is an ep-groupoid.

These charts realize DM, j, v, 11, as a smooth orbifold.

Proof of Theorem 2.3.2 Recall the morphism sets M (G, Gy ):

M(Gy,Gy) = {((a,v),0,(d',v")) : (a,v) € Oy, (d',v") € Ox, ¢ : Soy — Sy, is an equivalence }

By Corollary 8.6.4, we know that the source and target maps:

S M(G)\,G)\/> — O)\ (((Z, U)v(b? (a’/7vl>> — (CL,U)

t: M(Gy,Gyx) — Ox ((a,v),6,(d’,v")) —= (a',v)

are smoothly compatible local bijections. Thus, M (G, Gy/) is a manifold with boundary,
with smooth structure inherited from the source and target maps. The verification of
the smoothness of the inverse, unit, and multiplication maps follow in a straightforward

manner. The properness property follows from Gromov-Compactness. B

8.8 Technical Results on Families of Holomorphic Maps

We summarize the set up of Theorem 1.46 [HWZ0], detailed in [HWZ0] pages 42-45:
Denote by I' the collection of pairs (a,b) of complex numbers such that a - b # 0 and

la|, |b] < 1. Denote by X the set consisting of all tuples (a, b, w) such that (a,b) € ' and
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w: Z, — Zyis an H? diffeomorphism of cylinders satisfying w(p¥) = pi°. Here the points
pE are specified by the rule that pt = [(0,0)] and p; = [(0/,0')], and pi are defined

similarly.

Proposition 8.8.1. (compare Proposition 1.42 [HWZ0]) The space X admits a
natural second countable paracompact topology. X also admits a natural M-polyfold

structure where the m!” level consists of H>™™ diffeomorphisms. W

0
Consider the set of maps DZ’;;O which consists of the pairs (v, u™) of C* diffeomorphisms

u® : RT x ST — R* x St such that:
1. The maps u* admit H}  regularity

2. There exist constants (d*,#*) € R x S! and a map r* € H>%(R* x S',R?) such that
uF(s,t) = (s 4+ d¥, t + 0F) +r¥(s,t)

3. u*(0,0) = (0,0)

Consider also the completion:

3,69
cyl

Y:XUD

Theorem 8.8.1. (compare Theorem 1.43 [HWZ0]) X admits a natural paracompact

topology, extending that of X. W

Consider the circle S; of radius 2. We can carry out the argument for Theorem 1.46
[HWZ0] adapted to the situation in which R x S, R* x S, and [0, R] x St are replaced
with R x S}, R* x S, and [0, R] x Si, respectively. The following result is a slight

modification of Theorem 1.46 [HWZ0]:
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Theorem 8.8.2. (compare Theorem 1.46 [HWZ0]) Consider a family of complex
structures (R x S, j(v)(s,t)), v € V such that j(v)(s,t) =i for s > s, for some s > 0.

Let (v9,0) € V @ C be fixed and let
(a,v) = b(a,v) and (a,v) = w(a,v)

be a family of holomorphic maps defined on some small open neighborhood O(vg,0) C

V @ C, containing (v, 0), such that

U}(CL,’U) : (ij(avv)apzj’p;) — (Zb(a,v)a Z-7le7r(a,”u)7pl;(a,,'u))

is a biholomorphic map between cylinders if a # 0.

Then given a constant A > 0, on a possibly restricted neighborhood O(wy,0), there

exists a map

(a,v) - w(a,v) € ﬂ D™

m>3,0<e<m

such that for every m > 3 and every 0 < € < 7w the map
(a,v) = w(a,v) € D™

is smooth and satisfies

w(a,v)(s,t) = w(a,v)(s,t)

for all (s,t) € [0, 2¢(|a]) + A] x S3. In addition,

’lfi\;((l, U)(S, t) = (3 + d(a,v)u t+ t(avv))
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for s > s(a), that is, for large s where large depends on the gluing parameter a. B

Note that € in the statement of the modified version of Theorem 1.46 [HWZ0], is con-
strained 0 < € < 7 since the diameter of the cylindrical ends has been adjusted from 1

to 2.

Theorem 8.8.3. (compare Theorem 1.46 [HWZ0]) Consider a family of complex
structures (R x [0, 1], j(v)(s,t)), v € V such that j(v)(s,t) = i for s > s¢, for some

sop > 0. Let (vg,0) € V@ RT be fixed and let
(v,a) = b(v,a) and (v,a) = w(v,a)
be a family of maps defined on some small open neighborhood O(vg, 0) and where
w(v,a) : (HZq, j(a,v)) = (H Zyw,a), )

is the associated biholomorphic map between the strips if a # 0.

Then given a constant A > 0, on a possibly restricted neighborhood O(vy,0), there
exists a map

(a,v) = w(a,v) € ﬂ D™e

m>3,0<e<m

such that for every m > 3 and every 0 < € < 7w the map
(a,v) = w(a,v) € D™

is smooth and satisfies

w(a,v)(s,t) = w(a,v)(s,t)
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for all (s,t) € [0, 36(|a]) + A] x I. In addition,
w(a,v)(s,t) = (s + dw), t)

for s > s(a), that is for large s where large depends on the gluing parameter a.

Proof of the Theorem: Consider the complex doubles of the maps w(a, v)

w(a,v)D : (ZD,j(a,v)D) — (Zlf) i)

a (a,v)>

defined between cylinders of radius 2. By construction w(a,v)(p¥) = pif. The claim

follows from Theorem &.8.2 W

9 Appendix 2: Bubbling-Off Analysis

Lemma 9.0.1. (compare Lemma 3.4 [HWZ1]) We consider the bordered stable
map (5,7, M, D,u) and two sequences of maps, uy,u), € H>%°1(S Q), from the noded
Riemann surface with boundary S into the symplectic manifold @) converging to u in C°.

We assume that (ag,vx) — (0,0) € O and (bg, wy) — (0,0) € O and that

(bk : (Sak7j(ak7vk)7Mak7Dak7@ak(uk)) - (Sbkhj(bk?wk)’Mbk"Dbk?@bk(u;@))

is a sequence of isomorphisms. Then there is a subsequence of ¢, which converges in C}%,

away from the nodes to an automorphism ¢q of (S, j, M, D, u).
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Proof Assume for sake of contradiction that there exists a subset z € Sy satisfying

First we consider the case that the sequence z; stays at a finite distance to the core of

the sequence S,,. There are 3 cases to consider:

(1) The sequence of images (¢x(2x)) is contained in a strip-like neck N} of S, asso-

ciated with a nodal pair {z/,y'} € D, and dist(¢x(2x), ON},) — oc.

(2) The sequence of images (¢x(2;)) is contained in the cylindrical neck Ny of S, asso-

ciated with the nodal pair {z,y} € D; and dist(¢x(2x), ONy) — 00.

(3) The sequence of images (¢x(2x)) lies at a finite distance to the core region of the

sequence Sy, .

Let’s consider case (3) first. Since zj stays at a finite distance to the core, there ex-
ists k" sufficiently large such that we can assume z, € S, for some fixed ko, for all
k > k'. For simplicity, will refer to Say, by S. If zj, converges to a point in the interior,
the analysis in Lemma 3.4 [HWZ1] is sufficient to derive a contradiction. Let’s suppose
that z, converges to a point z* € 9S. By Hofer’s Lemma [H] there exist sequences (¢)
and (z) satisfying:

€ — 0, Rkék — OO
|Vor(2)] < 2R if |2 — zx| < e

Choose a coordinate chart ¢ : BiNH'T — S, satisfying ¢ (0) = z*. We identify the points
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zr € S with their preimages under the coordinate chart ¢ and work in local coordinates

induced by . There are two subcases to consider:
(3a)
Im 2z, R, — oo

(3b)

Im 2z Ry — 1 € [0,00)

Let’s consider (3b) first. Consider the reparametrizations

i(2) = dr(Re 2 + —)

Ry,
defined for |z| < €, Ry. Observe that qgk satisfies
IVor(z)| < 2 (9.0.2)

for all z € B, g, NH*. Let K C H' be a compact subset of H*. For k sufficiently large,
K is contained in B, g, (0) NHT. Since 516(0) = ¢r(Re zx) — or(zr) = 2 as k — oo,
and we have uniform C* bounds for every k > 1 ([A]). By the Ascoli-Arzela theorem,

there exists a subsequence converging to a map ¢ : H" — S in C2.

The map ¢ is
holomorphic and non-constant by (9.0.1). By removal of singularities, ¢ extends to a

map ¢ : Ht U {oo} = B; — S.

Note also that ¢(0B;) C 9S. By Schwarz reflection, we can double ¢ to a map ¢¢ :

S? — S where S¢ is the double of S. The image of the map ¢? lands in a connected,
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compact component C? of S¢. Non-constant holomorphic maps are open, and the image
of ¢? is closed (since the domain is compact) so the image of ¢¢ is all of C?. By Riemann-
Hurwitz, this means C? is a sphere. Therefore, the original map ¢ itself surjects onto a
disk component. The maps ¢, map special points to special points. The image of the
map ¢? can contain two marked points if z* is a boundary marked point and only one
if z* is not a boundary marked point. In either case, this implies that C' is not a stable

component of S.

Thus, the stability hypothesis implies that |, o Ww > 0. This means that we may find two
points, p and ¢ in B such that ¢(p) and ¢(q) are distinct and satisfy dist(u'(¢(p)), v’ (¢(q)))
0. By assumption, the maps ¢y, satisfy @y, (u},) o ¢ = Bq, (ug). At finite distance to the
core, for sufficiently large k, @y, (u},) = uj, and similiarly for (uy) so we have wuj, o ¢y, =
at finite distance to the core, for sufficiently large k. We set the reparametrization maps

Tk : Be,r, NHT — By, given by 74(z) = Re 2z, + Rik. We consider the calculation:

0 < dist(u’ o ¢(p),u’ o ¢(q))

= limy, dist(uj, o ¢r, © Tk (p), uy, © Px © Th(q))
= limy, dist(uy o 7x(p), up © 7 (q))
= dist(u(Re 2;), u(Re z;)) = 0

This is, of course, a contradiction.

Now we examine case (3a). Again, we employ Hofer’s Lemma to find a sequence ¢
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and a replacement sequence for the (z;) which satisfies:
€ — O, RkEk — OO

|Vor(2)] < 2Ry if |z — zx| < e

Consider the reparametrized maps

On(2) = dulzp + Rik)

which we consider to be defined on
Qe :={2€C:Im 2z > — Im 2z, Ry}

Observe
z

=)l

Va(2)| = ﬁwk(zk +

So we have

Vér(0)] = 1

and

Vou(z)] <2

for z € B, g, (0) Ny and

D (0) = i) = 2

as k — oo. For any compact subset K C C, for some k' sufficiently large, we have
K C Q, for all k > k'. We also have C° and C' bounds, as before. Thus we have
COO

. bounds, and by Ascoli-Arzela we have a C}, convergent subsequence converging to

275



a map 5 : C — S. By removal of singularities, we have a map ¢ : S? — S. By a similar
but simpler argument using Riemann-Hurwitz and so on, we derive a contradiction as in

case (3b).
Now we move to case (1). We recall that this means that we suppose that:

The sequence of images (¢y(zy)) is contained in the strip-like neck N} of S,, associ-

ated with the nodal pair {2’,3'} € D and dist(¢x(2x), ON},) — 0.

First we suppose z € 0S. We have the following subcases:
(1a)
Im 2z, R, — o0

(1b)

Im zx Ry — 1 € [0,00)

Consider case (1a). Note that since (¢x(2x), ON]) — oo, we can identify the target of ¢y

with R x [0, 1] for & sufficiently large. Thus we can represent the functions ¢, as a tuple
O(2) = (ar(2),0k(z)) € R x [0,1]

Assume we’ve made the appropriate replacements coming from Hofer’'s Lemma. We

define the reparametrizations as follows:

Gi(2) = (anzn + R%) — ar(z), Oz + Rik»
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We take the domain of ggk to be
Q. :={z € By, : Im 2z > —z, Ry}
The reparametrizations @ satisfy
Vér(0)] =1

and

Vou(z)] <2

if | 2| < e Ry,. We have ¢,(0) = (0, 6;(2)) which converges on a subsequence since [0, 1] is

compact. This fact and the gradient bounds imply we have C7° bounds and by the Arzela-

loc

Ascoli theorem a C7°, convergent subsequence, converging to a limit 5 :C — R x[0,1]

loc
satisfying
V6(0)] =1

By removal of singularities we can extend ¢ : S — R! x [0,1] = H* C C. However,

there are no non-constant holomorphic maps into C, so we have reached a contradiction.

Now let’s consider case (1b). Consider the reparametrizations:

on(2) = dn(Re 2 + Ri) — ¢r(Re )
k

with domain

Q= {Z S B€kRk (Im ZkRk) N H+}
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These reparametrizations satisfy:
[Vi(0)] =1

|V<gk(2)| <2

for z € B g, (Im zR;) N HT. By the standard arguments, these conditions imply the

existence of a subsequence which converges in C}%. to gg : HT — R'x[0,1] 2 HT satisfying
[Vér(0)] =1

In particular, (Z is non-constant and respects the real boundary conditions. Doubling gg,
we get a map (E‘l : C — C. By removal of singularities, we can extend gd : 8?2 = C.
However, this contradicts the non-existence of non-constant holomorphic maps from S?

to C.

The analysis in the case z;, converges to a point in int .S, follows similarly to the case (1a)

but simpler.

Case (2) follows similarly to case 1, but is simpler.

We have shown that z; cannot stay in finite distance to the core. Therefore, we have
dist(zk,ﬁNk) — 0

Again there are several cases to consider depending on the limiting behavior of the

sequence ¢(z). The analysis ruling each of these cases out follows similarly to what was
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presented above. It follows that bubbling does not occur in the sequence ¢, and by

Gromov-Convergence the claim follows. ll

Lemma 9.0.2. A morphism &, € M(G,G’) corresponds to a morphism
Okt (Says 7 (ar, vr), Moy, Day) = (Sgr, ' (@l vi), My, Dy )
Given the hypothesis of the theorem we have:
SUP€Sa, —|Day | E21||TOR(2)]| < 00

Proof: Suppose for sake of contradiction that there is a subsequence of points ¢, €
Sap—|Da, | such that

T (cr)l| — o0

We consider three cases:

1) The sequence of images (¢r(2x)) is contained in the boundary neck N of S; asso-
k k

ciated with the nodal pair {z/,y'} € D, and dist(¢x(2x), ON},) — oc.

(2) The sequence of images (¢g(zx)) is contained in the interior neck N of S as-

sociated with the nodal pair {2/, y'} € D; and dist(¢x(zx), ON]) — 0.

(3) The sequence of images (¢x(2x)) lies at a finite distance to the core region of S;.

Consider Case (3) first. There are two subcases:

3a. The points ¢ also lie in finite distance to the core.
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3b. The points ¢, do not lie in finite distance to the core.

Consider case (3a) first. If this case holds, observe that ¢; converges to the bound-
ary or to an interior point. Suppose ¢, converges to a point on the boundary. Then there

are two cases to consider:

(3a.1)

Im CkRk — 00

(3a.2)

Imce,R, — 1 € [0, OO)

As in Lemma 9.0.1, bubbling off analysis of Case (3a.1) results in a non-constant injective
holomorphic map ¢ : 5 — S/ / which has as its image a spherical component S of S/, /-
The component S contains at most one interior marked point from A/ : and no nodal
points. Thus S is an unstable component, and must contain a stabilization point z{ € 3.
The following discussion occurs in finite distance to the core so we may canonically
identify the maps in question below as defined on fixed surfaces which are independent of
k. By definition of stabilization point, there exists a disk-like neighborhood D/, : centered
at z{, with smooth boundary E)D;E) such that the maps u} : D;a — (@ are embeddings. By
hypothesis we know ), — uf and ||T'¢p(ck)|| — oo. Set 2z} = ¢p(2t) and 27 := dp(27).
Then we can find two sequences (z;) and (27) on the same component of S,,, with the
properties:

(%) do, (24, 27) = 0ask — oo
1 _ 2/ /
(#x) 2z, = 2zpand z; € 0Dy
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The maps ), are embeddings when restricted to the embedded disks D/, ;= D! .- Thus
by (¥x), the distances dg(uj(zp),u},(27)) are bounded away from 0 as k approaches oco.
However, by (*) assumption 2.2 in Section 1.5, the distances dg(ux(z}), u(z2)) approach

0 as k — oo. But of course this is impossible since u), o ¢ = wy, implies

do (ui(#), i (21 ) = do(ur(zi, un(24))

When we are in case (3a.2), we have a disk bubbling off. A similar analysis in this im-
plies that it’s image must be unstable, must contain a stabilization point, and we derive

a contradiction similarly to case (3a.1).

Now consider case 3b. In this case, the ¢, do not lie in finite distance to the core. Fix
k > 0 sufficiently large. Then a bubbling off analysis produces either a map ¢ : S* — S,
ora¢:H" — S, depending on whether ¢ limits to an interior point or boundary point.
Furthermore, if ¢; limits to a boundary point, the nature of the bubbling depends on the

rate at which Im 2, Ry grows. lL.e,
Im ¢, R — oo implies sphere bubbling

Im ¢y Ry — [ € [0,00) implies disk bubbling

We reach a contradiction in all cases, arguing similarly as in (3a).

Now consider Case 1. Further, suppose the points ¢ lie in finite distance to the core.

Then bubbling off analysis results in, depending on the limiting behavior of ¢, we get
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one of two injective, non-constant maps
Yp:C—Rx[0,1]]2H" — C
where H' is the upper-half plane or a map
¢:HT - Rx[0,1] =HT

The map v leads to a contradiction since by removal of singularities we can extend
to a map a non-constant map 1 : S? — C, which is impossible. The map ¢ leads to
a contradiction since we can double it to a map ¢? : C — C. The map ¢¢ admits an

extension to S?, which again leads to a contradiction.

Now suppose ¢ does not lie in finite distance to the core. If ¢, belongs to an interior neck
for sufficiently large k, bubbling off analysis results in a non-constant holomorphic map
C — R x [0,1] 2 H*. However, this is impossible. Thus we may assume ¢, belongs to a
boundary neck for all k. Then the bubbling off analysis results in either a non-constant
injective holomorphic C — H* or a non-constant holomorphic map H* — H*. These

lead to contradictions as before.

Case 2 follows similarly to [HWZ1]|. B

10 Appendix 3: Extension Operator

We establish properties of an extension operator for functions on R x I:

Lemma 10.0.1. Let S5 denote the circle of radius 2 with principal coordinates 6 € [0, 2).
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There exists an sc-linear extension operator E : H3(R* x [0,1],RY) — H3(R* x

S RN) such that E(u)(s, 0)|r+x; = u(s,8) for 0 € [0, 1], is sc-linear.
The following lemma is necessary:

Lemma 10.0.2. There exists a sequence of real numbers {ay}?2, such that for every

nonnegative integer n we have

> 2y = (—1)" (10.0.1)
k=0
and
> 2"ay| < oo (10.0.2)
k=0

Proof: See [Ad] Lemma 4.27. B

We define the constant K (n) for each natural number n by

K(n):= 22nk|ak| < 00
k=0

Proof of Lemma 10.0.1: We modify the proof in Lemma 4.28 [Ad] to include expo-
nential weights. Let {a;}72, be the sequence from Lemma 10.0.2, and let f : R — R be

a smooth function such that f(t) =1 on —g <t < g and f(t) =0 if [t| > 1.

Fix § > 0. First we show how to extend ¢ € H**™°(R* x [0,1],RY) to a map

E'¢ € H¥m3(R¥ x [—1 1], RY) defined by

E'd(s,t) = ¢(s,t) if (s,t) € RT x [0,1] (10.0.3)
E'¢(s,t) = iakf(—th)gzﬁ(s, —2Ft) if (s,t) € RT x [—%, 0] (10.0.4)
k=0

283



The conditions on the support of f ensure that E'¢ is a well-defined everywhere and a

priori smooth away from points in R™ x {0}. By Lemma 10.0.2 we have:

iak =1
k=0

Therefore, expressions 10.0.3 and 10.0.4 agree along their domain of intersection. We
will use Line (10.0.2) to verify that the higher derivatives calculated according to the
expressions 10.0.3 and 10.0.4 agree along R™ x {0}. Let @ = (a1, a2) € N x N and let
D* denote the derivative (%)O‘1 . (%)0‘2. Assume ¢ is smooth. By direct calculation, we

B)
have for (s,t) € RT x [—1,0] :

a2

DQE, i ag

k=0 J

( ) (—2kye2 flaz=i)(_ 2kt)D(0’j)D(0‘1’0)ng(s,—2kt):iwk,a(s,t)
k=0

0

where

Vrals,1) —akz< ) (—2kye2 flae=d)(_gk) pOI) DD g5 —2k)

Note that since f is constant near 0, for ¢ in a sufficiently small open neighborhoodo of

0 (the quantification of ’sufficiently small’ depends on k) we have
77Z)k,a(8’ t) = ak:(_Qk)QQD(O’O@)D(ahmgb(su _Zkt)

Adding all ¢y (s,t) as k ranges 0 to co we have by Lemma 10.0.2:

DE'( Zwa (5,0) = > a(~25)72 D) D1 (5,0) = D(s,0)

k=0

Thus D*E¢|r+x 0y = D*¢|r+x {0} 50 the extension is smooth.
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Now we show that F is sc®. If |a] < 3 + m then

[rals, P < K(m, f|apP22CFF Y 7 | D(s, —2¢1) P

|B|<3+m

where

K(m, f) = 2m+4"f|03+m

Observe:

|[Vk| prs+m.s R+ x[1,0,RN) < Z Ukl rasm. 8 (R* x [~ L5 0L RN)
(k,)ilal<3+m

K(m, flap2&mE 3 / |D5gb(s,—2kt)|2625|5|ds ity

|B]<3+m ka

Klm a2 [ D6, ) e du )

18|<3+m ¢ BT X[=3,0]

Here v, := 2Ft. We have the inequality:

1 1
Z\/_ { Z /X[_ D% yk)yge%'s‘d‘gdyk}QS\/5_1"¢|H3+m’5(R+x[0,1},RN)

|B|<3+m
Thus, we have:

Z’wk’HH SR+ x[0,1],RN) < Km, /) K(3+m).|¢’H3+ §(R+x[0,1],RY)
m, x[0,1], ~ m, x[0,1],
k=0 \/5_ 1

This implies:

||El¢| |H3+m’5(]R+><[0,1},]RN) < K(m) | |¢| |H3+mv5(R+><[D,1],]RN)

for K(m) dependent only on m (and f which is fixed). In the preceding analysis we
supposed ¢ was smooth, however the result extends to arbitrary maps ¢ € H3T™9(R* x
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[0,1], RY) by a density argument. Similarly, we can extend E’¢ across the boundary
RT x {1} to produce a map E¢ € H¥*™(R* x (—1,1+ 1),RY). We consider E¢ as a

map valued on R* x [0,2]/ ~:=R* x SI by extension by 0. B

Corollary 10.0.1. Let S5 denote the circle of radius 2 with principal coordinates 6 €
[0,2). There exists an sc-linear extension operator £ : H3°(R™ x [0, 1], RY) — H3*(R~ x

S RN) such that E(u)(s,0)|r-x; = u(s,0) for 6 € [0, 1], is sc-linear. W
The following extension results are straightforward:

Proposition 10.0.1. (a) There exists an sc-linear extension operator

By H¥(RT x SY,RY) @ H¥(R™ x SL,RY) — H*(R x SY,RY) @ H*(R x ST, RY)

(b) There exists an sc-linear extension operator

Ey: H¥(R*x[0,1], RM@H* (R™x[0,1],RY) — H**(Rx[0, 1], RM)eH>**(Rx[0,1], R )N

We also have restriction maps:

Proposition 10.0.2. There exists an sc-linear retraction operator R : H*°(R*x S3, RV)®
H39(R™ x S RY) — H3(R* x [0,1],RY) @ H3(R~ x [0,1],RY) such that Ro E =

Identity.

Consider the sc-linear mutually inverse reparameterization operators:

tepatam : H*O(RT xSy, RV H* (R™x S5, RY) — H*(RT xS, RV)@H* (R™ xS, RY)

(W), u () = (uh(2),u (2 4))

vepatam ™' : 3 (RTx ST RM@H*(R™xS", RY) — H*(R* x S5, RV )@ H>(R™ xS, RY)
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(0 () = (0 (e, ) ()

We define the sc-linear operators:

E = teparamo F

R := Rotepatam ™

Lastly, we can consider similar extension and restriction operators on the infinite strip
R x [0, 1] and infinite cylinder R x S, respectively, which are defined similarly to E and
R:

E': H*R x [0,1],RY) — H*(R x S', R")

R : H¥(R x ', RY) — H*(R x [0,1],RY)

11 Appendix 4: Basic Analytical Proposition

In this section we discuss the boundary analogue of the following result:

Theorem 1.28 [HWZ0], Theorem 1.29, Lemma 2.14 If 7, : E — FE denotes

the linear projection of E onto ker ©, along ker &,, then the map
T B% o F — B% o FE

(a,ut,u”) = (a,m(ut,u™))

is an sc-smooth retraction and Dr(0) = Identity. In addition, the map

?:B%@F—)B%@F
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(a,ut,u”) = (a, 7 (ut,u™))

is an sc-smooth retraction and D7(0) = Identity. W

Consider the spaces

L:= L**(R x S*, RY)
F = H**(R x S*,RY)
E = H>*(R x S, RY)
The key technical lemma in proving Theorems 1.28 and 1.29 in [HWZ0] is the following:

Proposition 11.0.1. (compare [HWZ0] Proposition 2.8) The following four maps
LB ®G—G, i=1- 4

where G = L, G = F or G = F are sc-smooth.

(1) Let f; : R — R be a smooth function which is constant outside of a compact in-

terval so that fi(4o00) = 0. Define

By his)

Lifa,h)(s,1) = fls = 5

if a # 0 and I'y(0,h) = f(—oo)h if a = 0.

(2) Let fo: R — R be a compactly supported smooth function. Define

Lo(a, h)(s,t) = faols — g)h(s —R,t—0)
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if a # 0 and I'y(0,h) = 0 if a = 0.

(3) Let f3 : R — R be a smooth function which is constant outside of a compact in-

terval and satisfying f3(oco) = 0. Define

(s )

afa, (s #) = fol-s = 5

if a # 0 and I'3(0,h) = f3(—o0)h if a = 0.

(4) Let f; : R — R be a smooth function of compact support and define
/ / !/ R / /
Cy(a,h)(s',t) = fa(—s — E)h(s + R,t' +0)

ifa#0and I'y(0,h) =0ifa=0. B

Consider the spaces:

L= L* (R x S, RY)
F' = H*(R x S*, RY)
E' = H* (R x S',RY)
We need the following open version of [HWZ0] Proposition 2.8:

Proposition 11.0.2. (compare [HWZ0] Proposition 2.8) The following four maps
M:B oG — G, i=1 4
where G' = L', G' = F' or G’ = E’ are sc-smooth.
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(1) Let f; : R — R be a smooth function which is constant outside of a compact in-

terval so that fi(+00) = 0. Define
, R
Fl(aa h)(S,t) = fl(s - E) ’ h(S,t)
if a # 0 and I} (0, h) = f(—o0)h if a = 0.
(2) Let f5: R — R be a compactly supported smooth function. Define

Bohs— Rt —0)

FIQ(av h>(57t) = f2(3 - 5

if a # 0 and I'y(0,h) = 0 if a = 0.

(3) Let f3 : R — R be a smooth function which is constant outside of a compact in-

terval and satisfying f3(oco) = 0. Define
/ / / R / /
F3(a7 h)(S 7t) = f3(_5 - §>h(8 7t)
if a # 0 and I'5(0, h) = f3(—o0)h if a = 0.
(4) Let f; : R — R be a smooth function of compact support and define
/ / / / R / /
F4(0’7 h)(S 7t) = f4<_8 - §>h(8 + Rt + 0)

if a # 0 and I'}(0,h) =0 if a = 0.
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Proof: Consider the commutative diagrams for ¢ = 1,2,3,4 :

BxG’LG’

lldentity x B ﬁ]\

BXGLG

Since all maps in the diagram besides ', are known to be sc-smooth by Proposition

11.0.1, it follows that I is sc-smooth. W

The following bound is established in [HWZ0] and is used in the proof of [HWZ0] Propo-

sition 2.8:

1

[HWZ0] Lemma 2.12 Consider the map a — R(a) := el“l — e, where a =|a| - 727,

For every multi-index oo = (a1, a), there exists a constant C' such that
|D*R(a)| < C- R(a) - [In(R(a))"

for 0 <la] < 3. M

Proposition 11.0.3. (compare 1.28 [HWZO0]) Consider the map

Dyear - B%@Hz’iial(R+ xI,R*™@H>" (R™xI,R*™) — H>(R*xI, R*)@H>" (R™xI,R*)

c, real real ¢, real

given by
(a,7,€7) = 7(a,£7,€7)

D, 1s smooth since it is the restriction of ®' to the space of maps with real boundary

conditions. It also follows that D®,.,(0) = Identity.
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Proof: Consider the equation:

Tl 6) =" ")

Then by direct calculation:

7 650) = 5022 € et )+ 261 s, 004 2P ) (o
where

€ Rrent = /[0 71]Re§+(§,t)dt, and (€] freat = / Ref‘(—g,t)dt

[0,1]

We prove the sc-smoothness of (a,£1,£7) — nt. The sc-smoothness of (a,£7,£7) — n~

follows similarly. Set ¥ = ¢ + r* then:

n'(s,t) =c+ %(1 B %(5» ’ ([rﬂRﬂ"eal + [r7]-Roreal)
5—237’+s —5a(1_ﬁa)sr_s—
+%() (s,t) + - (s)r=(s — R, 1)

Thus it suffices to show the smoothness of the following maps:

1. &, : H*® (Rt x I,R2") — R

¢, real

e

2. &y : By x HJ%, (R x [,R™) — R*"

c, real

(CL, T+) — [rJr]R,Teal
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3. ®3: By @ (Hp0, (R x I,R™) x HZX (R™ x I,R™)) — H0 (RY x [,R*)

¢, real ¢, real c, real

T _ P ([rt r
<a7r ) ) — (1 ’Ya) ([ ]R,real + [ ]7R,real)

¢, real c, real

4. ®4: By @ HYY (RY x [R™) — HP (RT x [,R?™)

2
(a,rt) — & ot
Ya

5. @5 : By @ HY (R™ x [,R™) — HZY (RT x [,R?™)

¢, real c, real

ﬁa(l - Ba) _

(a,77) — Tr (-—R,)

Lemma 11.0.1. (compare [HWZ0| Lemma 2.18) The map ®; : Hj’i@al(R+ X

I,R2") — R

e

is sc-smooth.

Proof: The map £ — ¢ is sc-linear, thus sc-smooth.

Lemma 11.0.2. (compare [HWZ0] Lemmas 2.19, 2.20) The map ¢, : B
H3,6‘1J

c, real

(RT x I,R*) — R?" defined by

R
<I>2(a, h) = / Re h(_, t) dt = [h]R,real
0.1 2

for a # 0 and ®(0,h) = 0 for a = 0 is sc-smooth.

(R™xI,R>")) — H>

¢, real

(R x I, R2) x {9

In addition, the map ®j : Bé@(Hs’é? ¢, real
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I,R*™) defined by

Tor) = _Pay. rt r-
@3(@,7’ ) ) (1 'Yg,) ([ ]R,real+[ ]fR,real)

for a # 0 and ¥(0,7",77) =0 for a = 0 is sc-smooth.

Proof: The argument follows identically to Lemma 2.19 [HWZ0]. The key estimate
used in the argument is

109 ()] k| < Ce™ 1% o]y (11.0.1)

for 5 < m, which follows from the Sobolev embedding
|66m+1'8£(v)]Co((§,17§+1)xsl) < C‘€6m+1.agv‘Hm+3((§fl,%+l)><Sl

where C' depends only on m. This type of Sobolev estimate continues to hold when S*

is replaced by [0, 1], so we derive the bound:

[070] pyreat] < Cle™0m 412 0]y (11.0.2)

Using (11.0.2) instead of (11.0.1), the rest of the argument goes through as in Lemma
2.19 [HWZ0).

The key analytic bound with regards to verifying the smoothness of ®3 is again (11.0.2).
The claim follows by substituting (11.0.1) for (11.0.2) and arguing as in Lemma 2.20
[HWZ0]. &

Lemma 11.0.3. (compare Lemma 2.21 [HWZ0]) The map @, : B & H>

¢, real

(Rt x
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I,R27) — H

c, real

(RT x I,R*"), defined by

2
Sy(a,r)=""2"-71
Ya

if a # 0 and ®4(0,7) = r if a = 0 is sc-smooth.

Proof: Consider the map ® : By & Hf’ég(R“L x ST R™) — 1'1T§’58(RJr x ST R?™), de-

fined by
_ B

d(a,r
(@)=

if a # 0 and ®(0,r) = r if a = 0. Consider the commutative diagram:

Bx G -2, ¢

e A

BxG -2, @

® is sc-smooth by Lemma 2.21 [HWZ0], and E and R are sc-smooth by Propositions

10.0.1 and 10.0.2. The claim follows. B

Lemma 11.0.4. (compare Lemma 2.22 [HWZO0]) The map ¢ : B; & o (R~ x

¢, real

IR — {1

c, real

(RT x I,R*"), defined by

Dofa,r) = 2L =B) gy

Ya

if a # 0 and by ®5(0,7) = 0 if @ = 0 is se-smooth.

Proof: Consider the map & : B% D Hg’ég(R_ x ST R™) — H’S”ég(RJr x ST R?™). de-

fined by
®(a,r) = M r(-—R,")
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if a # 0 and by ®(0,7) = 0 is a = 0. Consider the commutative diagram:

Bx H* (R-x I,R¥) 22,

H3759 (R+ < T R2n>
¢, real ¢, real ’

£ g

B x HX(R- x S, R>) —2 H2%(R* x §1, R

® is sc-smooth by Lemma 2.22 [HWZ0], and E and R are sc-smooth by Propositions
10.0.1 and 10.0.2. The claim follows. B

Remark 11.0.1. Observe that:

1. D®,(0)¢T = ¢, where £ = ¢+ r¥.

2. DP,(0)r™ =0, by the proof of Lemma 11.0.2 and Lemma 2.19 [HWZO0].

3. D®3(0)r™ = 0, by the proof of Lemma 11.0.2 and Lemma 2.20 [HWZ0].

4. D®4(0)r™ = r* by the proof of Lemma 11.0.3 and the proof of Lemma 2.21 [HWZ0].
5. D®5(0)r~ = 0 by the proof of Lemma 11.0.4 and the proof of Lemma 2.22 [HWZ0].

Thus, if we set ®'(a,&T,£7) = nt, then D®'(0)(T = €. The same holds for the map

(a,&7,67) — n~. In particular D7(0) = Identity. W
Remark 11.0.2. The discussion above suffices to prove the smoothness of

- Bio H* (R x [, R*™)@ H** (R™ x [,R*") — H**(R* x [, R*™) @ H>* (R™ x [, R*")
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given by
(a,%,67) = 7(a, £5,€7)

and to establish that D®(0) = Identity. W

12 Appendix 5: [ Gluing

We briefly recall the definition of [J in the closed case, following [HWZ0] Section 2.5. For

every a € B 1 we define a space G as follows:
G’ = FE {0}

When a # 0,
G = H3(Za) D H?’% (Ca)

For shorthand, we set Q* = H3(Z,) and P* = H>%(C,). The sc-structure filtrations are

the obvious ones. By linear algebra, it follows that the map
o (Bg,64) : E— G°

is an sc-linear isomorphism (see Theorem 1.27 [HWZ0)).

Definition 12.0.1. Given a pair (k,d) € Ny x R and a map ¢ : Z, — R*" we define the

norm ||q||xs by

(0% S—E
llallks = Z [D2q([s, 1)) - e*1°== 1 ds dt
‘<k OR]XSI
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We also define the averaging term:

When Z, has boundary we define:

s_R
lallis == Z ([s, D[ - P21 ds dt

and the averaging term:

R
[Q]a,real = / Re q<§, t) dt [ ]
[0,1]

Definition 12.0.2. Given a pair (m,d) € Ny xR and a map p : C;, — R*" with vanishing

asymptotic constants we define:

19I5 = Z/ [(Dp)ls, I - o2 ds dt
Rx St

|a| <m

In the case C, has boundary we set:

Iolis = 3 [ A0l e Hasar
R

la|<m %0, 1]
Definition 12.0.3. Given a pair (¢,p) € G* we define the norm:

(¢, 9)lcg, =llala = Pool* + ™ (lg = [qla + Poslym—s,, TIP3 1ms,.)

where poo = limy,oop(s, ¢) and p([s, t]) = p([s, t]) = (1 = 2fa) - pc. B
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Remark 12.0.1. If (n™,n~) = (¢, p), then direct calculation reveals:

(@) (&, =lel? + - (1Ba(r 1) 3 -5, HEalr ™t 77) B ms,n)

Here [qls — poo = ¢, n- =c+rE. W

[HWZ0] Theorem 2.23 For every level m there exists a constant C,, > 0 independent

of |a| < % so that the total gluing map [J, : E — G* defined by

(n*n7) = (™, n7) = (@™ n7), Saln™n7))

is an sc-isomorphism and satisfies the estimate

1
C_'|77|Em <[Ea (M)lae, < Crn|e, N

We establish the open analogue of Theorem 2.23 [HWZ0]:

Proposition 12.0.1. For every level m there exists a constant C! > 0 independent of

a € [0, %) so that the total gluing map [, : E,eq — G defined by

(") = Ean™n7) = (@aln™n7), Saln™n7))

is an sc-isomorphism and satisfies the estimate

1

Cl |77|(Ereal)m S| Da (7]>’G%1 S C’I’?’L'|n’(Ereal)m (1201>

Proof: That H, is an isomorphism follows by linear algebra. We consider the verification

299



of (12.0.1): Recall the extension operators
E:Epew— E

E - H>

¢, real

(R x [0,1],R*) — H>*(R x S* R>)

considered in Section 10. We have the chain of inequalities:

1 -~ ~
K—lEnkEreal)m <IN Ew < Kl ENl(E,u)m

Suppose for sake of contradiction that for any K > 0 there exists an n € E,, with

In|g,, = 1 such that

| B (D2, carym = K11l 2

Observe:

. K
K| Oa Enlg,, >| o nlg,...,, > Kn| > K—IEn|Em

realm

Taking K — oo, we contradict [HWZ0] Theorem 2.23. Thus there exists a C;, > 0 such

that

| B nles, < CLlnle,,

for all n € E,, for which |n|g,, = 1. Now suppose for sake of contradiction that for any

K > 0 there exists an n € E,, with |n|g, = 1 such that

e, > K|Ea (0)|aa,

Observe:

~ K -
Kol BNl 210 Epeary, 2 K| Ba (Mag, 2 77— Ba Enle,

realm —
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Again taking K — oo we reach a contradiction.

13 Appendix 6: Good Position

The following result is utilized in Appendix 1, as a necessary ingredient for Corollary

8.6.4.

Proposition 13.0.1. The kernel N of DFill Ocore X Onecr(0) is in good position to the
boundary of To(V x W x Bp X Ttiper).

Proof: The good position condition requires the existence of a subspace
P CTy(VxW X Bp X Tpiper) = E x E' x N(D) x Tfiver

such that

E X E'"X N(D) X Tgiper = N ® P

and the existence of € > 0 such that for n € N, p € P, |p| < €|n|,
n+p € Co(E X E' x N(D) X Tpiper) if and only if n € Co(E x E' x N(D) X Tiper)
Observe:
Co(E x E' x N(D) X Tpiper) = E x E' x R¥FPL s c#IPi s 700

Now we analyze the kernel N. For the sake of simplicity assume #|D,| = 1 and #|D;| = 0.
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The general case will be clear from what follows. Recall that the operator Oeore X Onec

is given by

gcorexgneck (Ua w,a,n, h'+7 h_) = ([2 (’LU, €XPldentity?], Z)oak(w),j(v)expldentitynOIl (U7 Z)a (5+7 5_))

where (£7,£7) is specified by:

Ba(ET,67) = %(T B, ((s,t)+h*, (8 t)+h7)+ioTH, ((s,t) +ht, (s, t')+h7)oi)- %

~ 1
Sal67,67) = 5T Ca (W =i, ™ = ho) 0T Sa (KT = heg, h™ = heg) 0 d) - %

The pair (£7,£7) is explicitly defined by:

£t Ooht +5_; Ba  Bu.—1 ht —h™ —ht +hZ

£ Ooh=| e |[1-08, B ht +h™ — 2av,(h*,h7)
when a > 0 and, using Proposition 11.0.2

€+ 50h+

5_ goh_

when @ = 0. From the Remark 11.0.1, it follows that the differential of 0, is indepen-

dent of a at (a, ™, h™):
D Opeer(0,0,0) - (da, (6hF, 6h7)) = Dy Opeer (0, 0,0)(da, (0,0))

4+D20 e (0,0,0)(0, (6hT, 5h7))
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Dooht
=0)+ |_
805h7

In particular, for any (dv, dw, da, on, Sh*,0h™) € N, we also have (dv, dw, da’, dn, 6h™,5h™) €
N, for every da’ € R#1Pel x C#IPil This means that the good position condition is satisfied

for any sc-complement P of N and € > 0 for which P projects trivially onto N (D). B
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