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Abstract

This dissertation describes a polyfold approach to the construction of an integration

theory on moduli spaces of pseudo-holomorphic curves with Lagrangian boundary con-

ditions. Polyfold theory was introduced by Hofer, Wysocki, and Zehnder in a series

of articles. Polyfolds have been employed to study closed Gromov-Witten theory and

Symplectic Field Theory. From its initial introduction, polyfold theory has seen general-

izations which have allowed for a recyclable and modular construction of moduli spaces

arising in symplectic geometry.

The present work sets the beginning of a geometric realization of the theory of Lagrangian

Floer theory in all genera, generalizing the work of Fukaya, Oh, Ohta, and Ono. Similarly

to the construction of Lagrangian Floer theory, construction of Lagrangian Floer theory

in all genera separates into two pieces:

1. The construction of an integration theory on the moduli spaces of pseudo-holomorphic

maps with Lagrangian boundary conditions

2. An ordered perturbation scheme on these moduli spaces which relates geometry (in

particular integration) along the boundary of a given moduli space in terms of geometry

of moduli spaces of lower order

The present article treats the first of these pieces. The second piece is left to subse-

quent work.
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1 Introduction

The present article describes a polyfold approach to the construction of an integration

theory on moduli spaces of pseudo-holomorphic curves with Lagrangian boundary con-

ditions. Polyfold theory was introduced by Hofer, Wysocki, and Zehnder in a series

of articles ([HWZ4], [HWZ5], [HWZ6]). Polyfolds have been employed to study closed

Gromov-Witten theory [HWZ1] and Symplectic Field Theory [FH6]. From its initial

introduction, polyfold theory has seen generalizations [HWZ2], [FH7], [FH8] which have

allowed for a recyclable and modular construction of moduli spaces arising in symplectic

geometry.

The problem of constructing invariants from moduli-spaces of pseudo-holomorphic curves

has also been approached by methods of finite-dimensional reduction (or Kuranishi meth-

ods), as introduced by Fukaya and Ono ([FO]). The case of pseudo-holomorphic curves

of arbitrary genera with Lagrangian boundary conditions was discussed in ([L]) by the

use of Kuranishi methods. The idea of finite dimensional reductions has been exploited

in other works, in particular [FOOO], [MW0], [MW], [MW2], [P].

The present article sets the beginning of a geometric realization of the theory of La-

grangian Floer theory in all genera, as discussed in [CFL], generalizing the work of

Fukaya, Oh, Ohta, and Ono ([FOOO]). Similarly to the construction of Lagrangian Floer

theory, construction of Lagrangian Floer theory in all genera separates into two pieces:

1. The construction of an integration theory on the moduli spaces of pseudo-holomorphic

maps with Lagrangian boundary conditions
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2. An ordered perturbation scheme on these moduli spaces which relates geometry (in

particular integration) along the boundary of a given moduli space in terms of geometry

of moduli spaces of lower order

The present article treats the first of these pieces. The second piece is left to subse-

quent work.

1.1 Overview of Stable Maps with Boundary

In this article we will consider stable maps satisfying certain regularity conditions. Let

u : O(S, x)→ Q

denote a germ of a Riemann surface with boundary S around a point x ∈ S.

Definition 1.1.1. Let m ≥ 2 be an integer δ > 0. A germ of a continuous map u :

O(S, x)→ Q is of class (m, δ) near the point x, if for a smooth chart φ : U(u(x))→ R2n

mapping u(x) to 0 and for a holomorphic polar coordinate σ : [0,∞) × J → S − {x}

around x, the map

v(s, t) = φ ◦ u ◦ σ(s, t)

where J may be either I = [0, 1] or S1, defined for s large, has weak partial derivatives

up to order m and satisfies

||eδs ∂

∂sk
∂

∂tl
v||L2 <∞

for k + l ≤ m. �

Note that the definition is independent of the choice of smooth coordinates σ. A germ

of a continuous map u : O(S, x) → Q is of class m near the point x if u is of class Hm
loc

2



near x.

Definition 1.1.2. A noded Riemann surface with boundary and marked points is a tuple

(S, j,Mi,Mb, Di, Db) in which (S, j) is an oriented smooth surface with boundary S and

integrable complex structure j :

1. The subset Mi ⊂ int S of S is the ordered set of interior marked points and Mb

is the ordered subset of boundary marked points.

2. Di is a finite collection of un-ordered pairs {x, y} of points in int S so that x 6= y and

two pairs which intersect are identical.

3. Db is a finite collection of un-ordered pairs {x′, y′} of points in ∂S so that x′ 6= y′ and

two pairs which intersect are identical.

All the sets Mi, Mb, Di, Db are mutually disjoint. Di is the subset of interior nodal

points, and Db is set of boundary nodal points. We also require the boundary compo-

nents of S to be ordered. �

We let M denote the union Mi ∪Mb and let D denote the union Di ∪ Db. The Rie-

mann surface S may consist of several smooth connected components C. The surface

(S, j,Mi,Mb, Di, Db) is called connected if the topological space S, obtained by identify-

ing the points x and y in the nodal pairs {x, y} ∈ Di ∪Db is connected.

Definition 1.1.3. The double of a Riemann surface (S, j,Mi,Mb, Di, Db) is defined by

the tuple (Sd,Mi ∪ σ(Mi),Mb, Di ∪ σ(Di), Db) where Sd is the complex double of S and

3



σ : Sd → Sd is the natural anti-biholomorphism. For shorthand, we set

Md
i = Mi ∪ σ(Mi), Md = (Md

i ,Mb) (1.1.1)

Dd
i = Di ∪ σ(Di), Dd = (Dd

i , Db) (1.1.2)

�

The arithmetic genus ga of a connected Riemann surface with boundary (S, j,Mi,Mb, Di, Db)

is the integer ga defined by

ga = 1 + #|Dd|+
∑

Cd a connected component of Sd

[g(Cd)− 1]

where |Dd| is the set of nodal pairs and g(Cd) is the genus of Cd. Note that the genus

ga gives the genus of the Riemann surface obtained by identifying the points in each

nodal pair. In this article we will by shorthand refer to the marked points M∪|D| as

special points, and we denote the special points contained in the domain component C

by ΣC := C ∩ (M∪|D|).

Definition 1.1.4. Riemann surfaces (S, j,Mi,Mb, Di, Db) and (S ′, j′,M ′
i ,M

′
b, D

′
i, D

′
b) are

equivalent if there exists a biholomorphic map φ : (S, j)→ (S ′, j′) satisfying:

φ(Mi) = M ′
i φ(Mb) = M ′

b

and

φ(Di) = D′i φ(Db) = D′b

In addition, we require that φ preserves the ordering of the marked points M and bound-

ary components of S. �
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When φ is a self-equivalence of a Riemann surface (S, j,Mi,Mb, Di, Db) we say that

it’s an automorphism, and the equivalence class of (S, j,Mi,Mb, Di, Db) is denoted by

[(S, j,Mi,Mb, Di, Db)].We denote the automorphism group of a Riemann surface (S, j,Mi,Mb, Di, Db)

by Aut(S, j,M,D).

Definition 1.1.5. We say (S, j,Mi,Mb, Di, Db) is stable if its automorphism group is

finite. �

Stability is equivalent to the condition that the inequality

2g(Cd)+|ΣCd | ≥ 3

holds for every connected component C of S (see Section 3.2 [L]). Now we consider the

stability of maps:

Definition 1.1.6. Let Q be an even dimensional manfiold with L ⊂ Q a totally real sub-

manifold. Let (δm0 )∞m=0 ⊂ (0, 2π), and (δm1 )∞m=0 ⊂ (0, π) be strictly increasing sequences.

The tuple α = (S, j,M,D, u) is a stable map of class m if the following holds:

1. (S, j,Mi,Mb, Di, Db) is connected.

2. For some m ≥ 0, the map u : S → Q is of class (3 + m, δm0 ) at every interior nodal

point and of class (3+m, δm1 ) at every boundary nodal point and of class H3+m
loc otherwise.

3. u(x) = u(y) at every nodal pair {x, y} ∈ D.

4.
∫
C
u∗ω ≥ 0 for every component C of S.

5



5. If the underlying topological space of the component C of S is not stable, that is

2g(Cd)+|ΣCd| ≤ 2, then ∫
C

u∗ω > 0

6. u(∂S) ⊂ L. �

Definition 1.1.7. Two stable maps α = (S, j,M,D, u) and α′ = (S ′, j′,M ′, D′, u′) are

called equivalent if there exists an isomorphism of Riemann surfaces

φ : (S, j,M,D)→ (S ′, j′,M ′, D′)

such that

u′ ◦ φ = u

An equivalence class of a curve α is denoted [α]. �

Definition 1.1.8. Let (δm0 )∞m=0 ⊂ (0, 2π), and (δm1 )∞m=0 ⊂ (0, π) be strictly increasing

sequences. The collection of equivalence classes [α] where α has class (3 +m, δm0 , δ
m
1 ) will

be referred to as the space of stable curves with boundary in L of class (3 + m, δm0 , δ
m
1 )

and denoted by Z or Z3+m,δm0 ,δ
m
1 (Q,ω). �

In Section 4, we will establish a natural paracompact topology on Z:

Theorem 1.1.1. (compare Theorem 1.6 [HWZ1]) For a pair (δm0 , δ
m
1 ) ∈ (0, 2π) ×

(0, π) the space Z3+m,δm0 ,δ
m
1 (Q,ω) has a natural second countable paracompact Hausdorff

topology. �

1.2 Brief Overview of Ep-Groupoids and Polyfolds

Recall that a groupoid is a small category in which all morphisms are invertible. Also

recall that a Lie groupoid is a groupoid in which the object set and morphism set have
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a smooth structure. An ep-groupoid is similar to a Lie groupoid, except the objects

and morphisms are M -polyfolds, the associated maps are sc-smooth, and the source and

target maps admit an additional properness property. The notions of M -polyfold and

sc-smoothness are reviewed in Section 3.1.

Definition 1.2.1. Ep-Groupoid (compare Definition 2.28 [HWZ1]): An ep-groupoid

(T,T) is a groupoid T such that the object set T and morphism set T have M -polyfold

structures. An ep-groupoid is equipped with the usual categorical maps:

a source (s):

s : T→ T

a target (t):

t : T→ T

an inverse (i):

i : T→ T

a composition map (m):

m : Ts ×t T→ T

a unit map (u):

u : T → T

These maps are required to be sc-smooth. We refer to these maps as structure maps. In

addition, the following properties hold:

1. (etale) The source and target maps s and t are surjective local sc-diffeomorphisms.
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2. (proper) For every point x ∈ T , there exists an open neighborhood V (x) so that the

map t : s−1(V (x))→ T is a proper mapping.

The orbit space of the ep-groupoid (T,T) is the topological space obtained by quoti-

enting T by the relations imposed by T. We denote the orbit space by |T |. �

In Section 7 we establish the following:

Theorem 1.2.1. Let (δm0 ) ⊂ (0, 2π) and (δm1 ) ⊂ (0, π) be strictly increasing sequences.

Then the space Z = Z3,δ0,δ1(Q,ω) possesses a natural polyfold structure such that the

mth level consists of equivalence classes of stable maps (S, j,M,D, u) such that u has

class (m+ 3, δm0 , δ
m
1 ). �

The polyfold Z has various open subsets of interest. Let
−→
k = (k1, ..., kh) be a tuple

of integers ki ≥ 0 and let β ∈ H2(Q,L;Z) be a relative homology class. Denote by

Z
g,h,M,

−→
k ,β
⊂ Z the subset consisting of equivalence classes [α] = [(S, j,Mi,Mb, Di, Db, u)]

of stable maps satisfying:

1. If b1, · · · , bh are the ordered set of boundary components of S then #|bi ∩Mb| = ki

2. The map u : S → Q represents the relative homology class β ∈ H2(Q,L)

In particular, as an open subset, Z
g,h,M,

−→
k ,β

inherits a naturally induced polyfold structure

from Z.

8



1.3 Overview of Fredholm Theory

Fix a complex structure J on Q such that ω ◦ (id⊕ J) is a Riemannian metric on Q. We

define a set E consisting of equivalence classes of tuples

α̂ = (α, ξ) = (S, j,M,D, u, ξ)

where α = (S, j,M,D) is a stable map and ξ is a continuous section of the bundle of

anti-linear maps

Ω0,1((TS, j), u∗(TQ, J))

The section ξ further satisfies the condition that away from nodal and marked points ξ

is of class H2
loc. Near interior nodes ξ is of class (2, δ0) and near boundary nodes ξ is of

class (2, δ1).

Two tuples (S, j,M,D, u, ξ) and (S ′, j′,M ′, D′, u′, ξ′) are equivalent if there exists an

equivalence

φ : (S, j,M,D, u)→ (S ′, j′,M ′, D′, u′)

of stable maps which satisfies

ξ′ ◦ Tφ = ξ

We denote the equivalence class of α̂ = (S, j,M,D, u, ξ) as [α̂]. In Section 4, we prove

that E is a polyfold bundle over Z:

Theorem 1.3.1. The set E has a natural second countable paracompact Hausdorff

topology and the natural projection p : E → Z is continuous. �

The notion of a strong bundle ove an M -polyfold is recalled in Section 3.

Definition 1.3.1. Strong Bundles over Ep-groupoids (compare Definition 8.4

9



[HWZ3]): A strong bundle over the ep-groupoid (T,T) is a pair (P, µ) in which P :

W → T is a strong bundle over the object M -polyfold T and µ : Ts×PW → W a strong

bundle map covering the target map t : T→ T such that the diagram

Ts ×P W W

T T

µ

π1 P

t

commutes, i.e.

P ◦ µ(ψ,w) = t(ψ)

In addition,

1. µ is a surjective local sc-diffeomorphism and linear on the fibers Wx

2. µ(1x, w) = w for all x ∈ T and w ∈ Wx

3. µ(ψ ◦ γ, w) = µ(ψ, µ(γ, w)) for all ψ, γ ∈ T and w ∈ W satisfying

s(γ) = P (w) and t(γ) = s(ψ) = P (µ(γ, w)) �

In Section 5, we consider the Cauchy-Riemann section ∂J : Z → E :

∂J [(S, j,M,D, u)] = [(S, j,M,D, u, ∂J,j(u))]

∂J,j(u) =
1

2
[Tu+ J(u) ◦ Tu ◦ j]

Suppose (X,X) is an ep-groupoid which realizes Z as a polyfold. We will study the

properties of the Cauchy-Riemann section lifted to the strong bundle (W,W)→ (X,X).

10



As we will discuss in Section 5, the verification of the Fredholm properties of the functorial

lift ∂J : (X,X)→ (W,W) imply the applicability of the implicit function theorem. This

in turn will allow for a theory of integration over moduli spaces of pseudo-holomorphic

curves with Lagrangian boundary.

Theorem 1.3.2. The bundle p : W → Z is a strong polyfold bundle. The Cauchy-

Riemann section ∂J is an sc-Fredholm section. �

Remark 1.3.1. Note that the compactness property of Theorem 1.3.2 is left to future

work.

1.4 Integration over the Moduli Space of Stable Maps

Although it has been shown in the classical context that the Cauchy-Riemann operator

on the space of stable maps from surfaces with boundary and Lagrangian boundary con-

ditions is orientable when L is rel. spin ([Ge]), we do not demonstrate an orientability

result in this article. Assuming the existence of an orientation for ∂J and compactness

for the solution set, the following is a consequence of Theorem 1.3.2:

Integration Let (Q,ω) be a closed symplectic manifold of dimension 2n. Suppose ∂J

is orientable and ∂
−1

J (0) is a compact subset of Z
g,h,M,

−→
k ,β

. For a given homology class

β ∈ H2(Q,L) and a tuple (g,M,
−→
k ) (where M = (Mi,Mb)) there exists a map:

Ψ
g,h,M,

−→
k ,β

: Ω(L)⊗#|Mb| ⊗ Ω(Q)⊗#|Mi| → R

For a compatible complex structure J on Q and a generic sc+ perturbation λ we have, a

solution set consisting of a pair (S
g,h,M,

−→
k ,β

(∂J , λ), ν) where

S
g,h,M,

−→
k ,β

(∂J , λ) = {z ∈ Z
g,h,M,

−→
k ,β

: λ(∂J) > 0}
11



and ν : Z
g,h,M,

−→
k ,β
→ Q+ is given by

ν(z) = λ(∂J(z)) ∈ Q+

The pair (S
g,M,

−→
k ,β

(∂J , λ), ν) is an oriented, compact, weighted, branched suborbifold of

Z
g,h,M,

−→
k ,β

with a well-defined integration theory. Ψ is given by the formula:

Ψ
g,h,M,

−→
k ,β

(ω̃1, · · · , ω̃i, · · · , ω̃#|M |) =

∫
(S
g,h,M,

−→
k ,β

(∂J ,λ),ν)

ev∗(×#|M |
i=1 ω̃i)

where ev : Z
g,h,M,

−→
k ,β
→ L#|Mb| ×Q#|Mi| is the evaluation map. �
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Part I

Construction of Ambient Polyfolds

In Part I, we will develop the ambient polyfolds suitable to conduct abstract perturbation

theory. More specifically, Section 2 introduces Deligne-Mumford theory in the boundary

setting. Section 3 defines procedures for gluing maps from a fixed Riemann surface into a

symplectic manifold with Lagrangian boundary conditions. Finally, Section 4 establishes
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a polyfold structure on the space of stable maps.

2 Deligne-Mumford Space of Curves with Boundary

In this section we discuss the results we will need to construct the polyfold structure on

the space of stable maps with boundary. These are adaptations of the results presented in

[HWZ3] for the closed case. Self-contained proofs for these results are given in Appendix.

Alternatively, one can reduce the argumentation to the closed case.

2.1 Deligne-Mumford Spaces of Fixed Topological Type

In this section, we will describe orbifold charts on the Deligne-Mumford space of stable

curves with boundary. Classically, this space is known to be a real analytic orbifold

with boundary (see [DM], [KM], [Mu], and [RS2]). So in that sense, the material in this

section is classical. We will however take an ”ep-groupoid” point of view which will be

important for considerations of the space of stable maps, to be discussed later.

Definition 2.1.1. The elements of the Deligne-Mumford space DMg,h,Mi,Mb
are equiva-

lence classes of tuples (S, j,M,D) where:

1. S is a compact Riemann surface of genus g with boundary (see Definition 1.1.2)

and ordered boundary components b1, · · · , bh.

2. j is a complex structure on S.

3. M = (Mi,Mb) where Mi is the set of ordered interior marked points and Mb is

the set of ordered boundary marked points. We abbreviate the set of boundary marked
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points on bi by −→mbi . The ordering of the points in −→mbi is chosen to agree with the orien-

tation on bi induced from the complex orientation on S.

4. (S, j,M,D) is a stable curve (see Definition 1.1.4).

5. D = (Di, Db), where Di of is the set of interior nodes and Db is the set of boundary

nodes.

6. Two tuples (S, j,M,D) and (S ′, j′,M ′, D′) are considered equivalent if there exists a

biholomorphism φ : (S, j,M,D)→ (S ′, j′,M ′, D′) satisfying:

φ(Mi) = M ′
i φ(D) = D′

φ : M →M ′ is an order preserving bijection

and

φ(bi) = bi, for 1 ≤ i ≤ h �

We denote by [(S, j,M,D)] the element of the Deligne-Mumford space represented by

the stable curve (S, j,M,D). The Deligne-Mumford space is stratified by sets consisting

of equivalence classes of surfaces of a fixed topological type. We formalize this notion in

the definition below:

Definition 2.1.2. Let (S, j,M,D) be a Riemann surface with boundary. We denote the

set of complex structures of S which induce the same orientation as j by Jj. �

Definition 2.1.3. Topological Types (compare [HWZ3] Section 1.1.3) Let α =

(S, j,M,D) represent the equivalence class of a stable connected element [α] ∈ DMg,h,Mi,Mb
.
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To α we associate an undirected graph T , which we refer to as the structure graph. We

equip T with the following data:

1. To each of the connected components C of S, we associate a vertex VC . We in turn

equip the vertices with the following data:

1.a. A function g : {Vertices of S} → N, which is the value of the genus of the com-

ponent corresponding to the vertex.

1.b. A list of cyclically ordered list mC = (Mi ∩ C).

1.c. A list of cyclically ordered tuples
−→
k C = ((

−−−−→
Mb ∩ b1), · · · , (

−−−−→
Mb ∩ C)), where b1, · · · , bh

are the boundary components of C.

2. We associate to T a set E1 of type 1 edges: If components C and C ′ are connected by

an interior node, there is a unique type 1 edge in E1 between VC and VC′ .

3. We also associate to T a set E2 of type 2 edges: If components C and C ′ are connected

by a boundary node, there is a unique type 2 edge in E2 between VC and VC′ .

An isomorphism of structure graphs is an isomorphism of undirected graphs which pre-

serves the data associated to the edges and edge type. We denote by

[(T, g, (mC)C∈S, (
−→
k )C∈S, V, E1, E2)]

the isomorphism class of the graph (T, g,mi,
−→
k C , V, E1, E2). �
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Consider the graph τ := (T, g,mi,
−→
k C , V, E1, E2). Let DMτ denote the collection of

equivalence classes in DMg,h,Mi,Mb
with structure graphs isomorphic to τ . We have a

natural topology on DMτ :

Definition 2.1.4. Let [α] = [(S, j,M,D)] ∈ DMτ and let U be an open subset of Jj

containing j. Consider the subset of DMτ , denoted by V (α, U), given by the set of

equivalence classes

[(S, k,M,D)], k ∈ U, and the orientations induced by k and j agree

where U is an open subset containing j in the space of complex structures on S. Let V 1
τ

denote the set of such subsets. �

That V 1
τ forms a topology follows analogously to the result in the case of closed Riemann

surfaces proven in [HWZ3]:

Proposition 2.1.1. (compare Theorem 5.11 [HWZ3]) V 1
τ is a basis for a Hausdorff

topology on DMτ .

Proof: First we show that V 1
τ defines a topology. It is enough to show that given

open subsets V (α, U), V (α′, U ′) and an intersection V (α, U) ∩ V (α′, U ′) and a point

[α′′] ∈ V (α, U)∩ V (α′, U ′), there exists an open subset V (α′′, U ′′) such that V (α′′, U ′′) ⊂

V (α, U) ∩ V (α′, U ′). By (1) there exists morphisms

φ : α′′ → α

φ′ : α′′ → α′
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Observe that φ∗U and φ′∗U ′ are open C∞-neighborhoods of j′′. Set

U ′′ := φ∗U ∩ φ′∗U ′

then

V (α′′, U ′′) ⊂ V (α, U) ∩ V (α′, U ′)

Thus V 1
τ is a topology which we denote by Tτ . Furthermore, by observing that the space

of complex structures admits a metrizable topology (see Proposition 2.1.3) we see that

Tτ admits a countable neighborhood basis.

Now we establish the Hausdorff property. Suppose we have two equivalence classes rep-

resented by curves:

α = (S, j,M,D), α′ = (S ′, j′, D′,M ′)

such that for any open neighborhoods V containing [α] and V ′ containing [α′] we have

V ∩ V ′ 6= ∅. This stipulates the existence of sequences

jk → j and j′k → j′, φk : (S, jk,M,D)→ (S ′, j′k, D
′,M ′)

such that the maps φk are biholomorphisms. The stability of the surfaces α and α′ and

Gromov-Compactness imply that a subsequence of the maps φk converge to a morphism

φ : α→ α′

Thus [α] = [α′] and it follows Tτ is Hausdorff. �

We will make use the notion of small disk structures to define a more convenient topology:
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Definition 2.1.5. (Small Disk Structure) (compare Definition 2.3 [HWZ1]): A

small disk structure associated to the Riemann surface α = (S, j,M,D), denoted by

D, assigns to every nodal point x ∈|Di| (x ∈|Db|) a disk (half-disk) like neighborhood

Dx ⊂ S (HDx ⊂ S) centered at x with smooth boundary. The disks and half-disks are

mutually disjoint and disjoint from the set M . We will occasionally denote the half disks

HDx by Dx, for x ∈|Db|. Also the data of a small disk structure includes a choice of

holomorphic coordinates, discussed in greater detail in Section 2.2. We further assume

that the union

D :=
⋃

{x,y}∈D

Dx ∪Dy

is invariant under the action of Aut(α). �

Definition 2.1.6. Consider a Riemann surface α = (S, j,M,D) with a small disk struc-

ture D. We denote by JD,j the set consisting of complex structures which agree with j

on D :

JD,j := {k ∈ Jj : k|D = j|D} �

Definition 2.1.7. Let U be an open subset of JD,j which contains j. Given [α] =

[(S, j,M,D)] ∈ DMτ , consider the subset of DMτ , denoted by V (α, U,D), given by the

set of equivalence classes

{[(S, k,M,D)] ∈ DMτ : k ∈ U}

Let V 2
τ denote the collection of such subsets V (α, U,D). �

Proposition 2.1.2. (compare Theorem 5.12 [HWZ3]) V 2
τ is a basis for a topology

on DMτ . The topologies induced by V 2
τ and V 1

τ agree.
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Proof: Assume that V (α, U,D) is given and α′ represents an element in [α′] ∈ V (α, U,D).

For definiteness, we set α = (S, j,M,D) and α′ = (S, j′,M,D). Note that:

j′|Dx = j|Dx , for all x ∈ D

To prove the claim it is enough to find U ′ such that

V (α′, U ′) ⊂ V (α, U,D)

Let {U ′n}∞n=1 be a monotonically decreasing sequence of open neighborhoods of j′ defining

a neighborhood basis for j′. Suppose for sake of contradiction, we have a sequence j′n → j′

such that (S, j′n,M,D) does not represent an element in V (α, U,D) for any n. For every

disk Dx of the small disk structure we fix a point on the boundary. Then there exists for

every disk a unique biholomorphism

(Dx, j
′)→ (Dx, j

′
n)

preserving the point and x. For each half-disk HDx we find a unique biholomorphism

(HDx, j
′)→ (HDx, j

′
n)

preserving x. Observe that these diffeomorphisms converge in C∞ since j′n → j′ in C∞.

Fixing such maps for every disk Dx and extending these maps smoothly to the entire

surface S, we produce a sequence φk of diffeomorphisms preserving the points in |D| and
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converging in C∞ to the identity so that φ∗kj
′
k coincides on |D| with j. Then:

[(S, φ∗kj
′
k,M,D)] = [(S, j′k,M,D)]

and φ∗kj
′
k belongs to U for k large. By construction φ∗k|Dx := j|Dx for all x ∈ D. Thus we

have the contradiction. �

We will parametrize open subsets of DMτ by open subsets of finite dimensional vector

spaces. Towards this end, let α = (S, j,M,D) be a stable curve with boundary, and let

Γ0(α) denote the vector space of smooth sections η of the bundle TS → S satisfying:

η(D ∪M) = 0

η(l) ∈ Tl∂S, for l ∈ ∂S

Also denote by Ω0,1(α) the space of sections ΓHom(TS, TS) which are complex anti-

linear.

Consider the classical linear Cauchy-Riemann operator D : Γ0(α)→ Ω0,1(α) given by

Df :=
∂f

∂z
dz

We will show that the quotient H1(α) = Ω0,1(α)/ImD parametrizes deformations of the

complex structure j.

The automorphism group G of α acts on H1(α) via the natural representation (com-
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pare Definition 2.9 [HWZ3])

G×H1(α)→ H1(α), (g, r)→ g ∗ [r] := [(Tg)r(Tg)−1]

Let E be a finite dimensional smooth vector space and consider a smooth family of

complex structures j : V → Jj on S defined on a small open neighborhood V of the

origin in E. Associated to j is a family of Riemann surfaces:

v → αv = (S, j(v),M,D) ∈ DMg,h,Mi,Mb

We call this family a deformation of α if j(0) = j. If V is a small open neighborhood

of a finite dimensional vector space E, the differential δv → Dj(v)δv gives a linear map

E → H1(αv) which we write as

[Dj(v)]δv := [Dj(v)δv]

where [Dj(v)δv] denotes the equivalence class of Dj(v)δv in H1(αv). We refer to the

linear map [Dj(v)] as the Kodaira differential.

Definition 2.1.8. Good Families (compare Definition 1.4 [HWZ3]) Fix a con-

nected and stable Riemann surface with boundary α = (S, j,M,D). Let E be a finite

dimensional vector space and let V ⊂ Eα be an open neighborhood of the origin. Con-

sider a smooth family v → j(v) of complex structures on S parametrized by V . Denote

by H1(αv) the quotient

H1(αv) := Ω0,1(αv)/ Im D(Γ0(αv))

The family v → j(v) is effective if:
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(1) j(0) = j

(2) [Dj(g ∗ v)(g ∗ δv)] = [(Tg)(Dj(v)δv)(Tg)−1]

(3) [j ·Dj(v)] : Eα → H1(αv) is a real linear isomorphism for all v ∈ V .

We say Eα is a good vector space for α and that V is a good germ. �

Proposition 2.1.3. (compare Lemma 3.8 [HWZ3]) The map

{v ∈ Ω0,1(TS) : |v| < 1} → Jj

v → j(v) := j(1 + v)(1− v)−1

is a homeomorphism onto Jj. The map is equivariant in the following sense:

j(g ∗ v)(z) = Tg(g−1(z)) ◦ j(v)(g−1(z)) ◦ Tg−1(z)

Proof: The argument follows identically to that presented in [HWZ3]. �

In [HWZ3], the authors demonstrate the following result when S is closed:

Lemma 3.9 [HWZ3] The derivative Dj(v) of the map v → j(v) is a linear map

Dj(v) : Ω0,1((TS, j), (TS, j))→ Ω0,1((TS, j(v)), (TS, j(v))

It satisfies

j(v) ◦Dj(v)[δv] = Dj(v)[j ◦ δv]
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Thus Dj(v) is complex linear. �

The proof of the boundary version follows identically to that of Lemma 3.9 [HWZ3]:

Lemma 2.1.1. (compare Lemma 3.9 [HWZ3]) Let (S, j,M,D) be a Riemann surface

with boundary. The derivative Dj(v) of the map v → j(v) is a linear map

Dj(v) : Ω0,1((TS, j), (TS, j))→ Ω0,1((TS, j(v)), (TS, j(v)))

We have

j(v) ◦Dj(v)[δv] = Dj(v)[j ◦ δv]

Dj(v) is complex linear. �

We have the following from [HWZ3] in the closed case:

Theorem 3.10 [HWZ3] For every noded surface α = (S, j,M,D) there exists a good

family v → j(v) which is complex. It is defined on a G-invariant open neighborhood V

of 0 ∈ E, where E ⊂ Ω0,1(α) is a complex G-invariant subspace with projection onto

H1(α) is an isomorphism. Explicitly,

j(v) = j · (1 + v)(1− v)−1, v ∈ V ⊂ E �

In the case of Riemann surfaces with boundary we have the following:

Proposition 2.1.4. (compare Theorem 3.10 [HWZ3]) For every Riemann surface

with boundary α = (S, j,M,D) there exists a good family v → j(v). It is defined on a

G-invariant open neighborhood V of 0 ∈ E, where E ⊂ Ω0,1(α) is a complex G-invariant
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subspace with projection onto H1(α) is an isomorphism. Explicitly,

j(v) = j · (1 + v)(1− v)−1, v ∈ V ⊂ E

Proof: By construction we have:

j ·Dj(0)(δv) = −2(δv) (1)

The operator D : Γ0(α) → Ω0,1(α) is a Fredholm operator. So there exists a finite

dimensional vector space E ⊂ Ω0,1(α) such that the projection onto the quotient H1(α)

is an isomorphism. We can assume E is G-invariant by employing an averaging argument

as in [HWZ3] Theorem 3.10. From (1) above, it follows that j(v)·Dj(v)· is an isomorphism

for v sufficiently close to 0. �

The following is a consequence of Riemann-Roch (see Appendix C [MS]):

Theorem 2.1.1. (compare Proposition 3.3, 3.4, 3.5 [HWZ3], Theorem C.1.10

[MS]) Suppose [α] = [(S, j,Mi,Mb, Di, Db)] ∈ DMg,h,Mi,Mb
. The Cauchy-Riemann oper-

ator

D : Γ0(α)→ Ω0,1(α)

f → ∂f

∂z
dz

is Fredholm and

ind(D) := 3 · χ(α)− 2#Mi −#Mb + 2#Di + #Db

= 6− 6g − 3h− 2#Mi −#Mb + 2#Di + #Db �

Remark 2.1.1. Part (iii) of (see Theorem C.1.10 [MS]) implies that D is injective if
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and only if α is stable. �

2.2 Gluing Riemann Surfaces

[HWZ3] establishes the following in the case of closed Riemann surfaces:

Theorem 1.9 [HWZ3] Given a connected, closed stable nodal surface (S, j,M,D) and

mutually disjoint closed disk-like neighborhoods Dx of the points x in |D| with union

such that ⋃
x∈|D|

Dx

is invariant under the G-action, there exists a good complex family v → j(v) ∈ JD,j such

that j(0) = j. �

From Theorem 1.9 [HWZ3] and a doubling argument we have:

Theorem 2.2.1. Given a connected stable nodal surface with boundary (S, j,Mi,Mb, D)

and mutually disjoint closed disk like (half-disk like) neighborhoods Dx of the points

x ∈|Di| (x ∈|Db|) such that ⋃
x∈|D|

Dx

is invariant under the G-action, there exists a good complex family v → j(v) ∈ JD,j such

that j(0) = j. �

To study nodal degeneration we introduce the notion of a gluing profile:

Definition 2.2.1. A gluing profile is a diffeomorphism

ψ : (0, 1]→ [0,∞) �
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Intuitively, the gluing profile will specify the rate of nodal degeneration specified by a

given finite dimensional parametrization of the Deligne-Mumford space. As discussed

in [HWZ3], the holomorphic Deligne-Mumford space is realized by the choice of profile

φlog(r) := −1
2π

log(r). The choice of profile we will need for polyfold theory, to ensure

smoothness of reparametrization actions in Section 3, is the exponential gluing profile

φ(r) = e
1
r − e.

Definition 2.2.2. Given a Riemann surface with boundary α = (S, j,M,D) we define

the vector space

N(D) := R#|Db| ⊕ C#|Di|

We will draw the collection of gluing parameters from the partial quadrant:

BD := [0,
1

2
)#|Db| ⊕B#|Di|

1
2

where B 1
2

is the open ball of radius 1
2

in C. By a = (a{x,y}∈D) ∈ BD or a ∈ BD we denote

a collection of gluing parameters for α. �

First we examine the gluing of an interior node {x, y}. For each disk in the small disk

structure we choose holomorphic polar coordinates

ψx : [0,∞)× S1 → Dx − {x}, ψx(s, t) = ψx(e
−2π(s+it))

where ψx : {z ∈ C :|z| ≤ 1} → Dx is a biholomorphism satisfying ψx(0) = x. For y we

choose negative coordinates:

ψy : (−∞, 0]× S1 → Dy − {y}, ψy(s, t) = ψy(e
2π(s+it))

where ψy : {z ∈ C : |z| ≤ 1} → Dy is a biholomorphism satisfying ψy(0) = y.
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We use these coordinates construct the glued neck Z
{x,y}
a{x,y} :

Definition 2.2.3. Interior Neck Z
{x,y}
a{x,y} Suppose a{x,y} 6= 0. Consider the subsets

Dx,a{x,y} := {z ∈ Dx : z = ψx(s, t), s ≤ φ(|a{x,y}|)}

and

Dy,a{x,y} := {z ∈ Dy : z = ψy(s, t), s ≥ −φ(|a{x,y}|)}

We take the quotient

Z{x,y}a{x,y}
:= Dx,a{x,y}

⋃
Dy,a{x,y}/ ∼

where ∼ is the relation which identifies

z = hx(s, t)

with

z′ = hy(s
′, t′)

if

s = s′ + φ(|a{x,y}|) and t = t′ + θ{x,y} mod 1

where a{x,y} =|a{x,y}|e−2πiθ{x,y} . If a{x,y} = 0 we define Z
{x,y}
0 = Dx ∪Dy �

Remark 2.2.1. Observe that the complex structure on Z
{x,y}
a{x,y} depends on the choice of

complex coordinate charts. Indeed, there is an S1 family of possible choices coming from

the relative angle of rotation between the coordinate charts ψx and ψy. For a construction

of Z
{x,y}
a{x,y} which captures this choice intrinsically. �
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For the boundary nodal pairs, we similarly choose positive polar coordinates and

negative polar coordinates

ψx : [0,∞)× [0, 1]→ HDx − {x} and ψy : (−∞, 0]× [0, 1]→ HDy − {y}

The boundary neck is defined similarly:

Definition 2.2.4. Boundary Neck Z
{x,y}
a{x,y} Suppose a{x,y} 6= 0. Consider the subsets

HDx,a{x,y} := {z ∈ HDx : z = ψx(s, t), s ≤ φ(|a{x,y}|)}

and

HDy,a{x,y} := {z ∈ HDy : z = ψy(s, t), s ≥ −φ(|a{x,y}|)}

We take the quotient

HZ{x,y}a{x,y}
:= HDx,a{x,y}

⋃
HDy,a{x,y}/ ∼

where ∼ is the relation which identifies

z = ψx(s, t)

with

z′ = ψy(s
′, t′)

if

s = s′ + φ(a{x,y}) and t = t′

If a{x,y} = 0 we define HZ
{x,y}
0 = HDx ∪HDy. �
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Remark 2.2.2. We will also refer to HZ
{x,y}
a{x,y} as Z

{x,y}
a{x,y} . �

Remark 2.2.3. When a{x,y} 6= 0, the neck has two global coordinate systems given by

the positive coordinates inherited by Dx:

{(s, t) : 0 ≤ s ≤ φ(|a{x,y}|)}

and the negative coordinates inherited by Dy:

{(s′, t′) : −φ(|a{x,y}|) ≤ s′ ≤ 0}

Given a point x ∈ Z{x,y}a{x,y} we will refer to the positive coordinate representative of x by

[(s, t)] and the negative coordinate representative by [(s′, t′)]. By

ψa{x,y} : {(s, t) : 0 ≤ s ≤ φ(|a{x,y}|)} → Z{x,y}a{x,y}

we denote the positive coordinate chart on the glued neck. �

Definition 2.2.5. The subset Z
{x,y}
a{x,y}(−h) ⊂ Z

{x,y}
a{x,y} is defined by

Z{x,y}a{x,y}
(−h) = {[s, t] ∈ Z{x,y}a{x,y}

: s ∈ [h,R− h]} �

Definition 2.2.6. (Core of a Riemann Surface) Consider a real tuple r ∈ N(D).

Then we define Score,r ⊂ S to be the complement:

Score,r := S −
⋃

{x,y}∈D

ψx([r{x,y},∞)× J{x,y}) ∪ ψy((−∞,−r{x,y}]× J{x,y})
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where J{x,y} = [0, 1] if {x, y} ∈ Db and J{x,y} = S1 if {x, y} ∈ Di. When all entries of r

are identical we will refer to Score,r as Score,r. We also abbreviate Score,1 by Score. �

Definition 2.2.7. (Glued Surface) Given a Riemann surface with boundary (S, j,M,D),

and a set of gluing parameters (a{x,y}){x,y}∈D ∈ BD, we define the glued Riemann surface

(Sa, ja,Ma, Da) as follows:

1. Sa := S/ ∼ where ∼ identifies:

[hx(s, t)] ∼ [hy(s
′, t′)]

if s− s′ = φ(|a{x,y}|) and t− t′ = log
a{x,y}

−2π|a{x,y}|
mod 1 for {x, y} ∈ Di and identifies

[hx(s, t)] ∼ [hy(s, t)]

if s− s′ = φ(|a{x,y}|) for {x, y} ∈ Db.

2. ja is the complex structure naturally induced by j on Sa.

3. (Mi)a and (Mb)a are identified with Mi and Mb as subsets of Score.

4. Da is identified with the nodes in D for which a{x,y} = 0. �

Definition 2.2.8. (compare Definition 2.11 [HWZ1]): Let al = (al{x,y}){x,y}∈D be a

sequence of gluing parameters. A sequence of points (zl) ⊂ Sal is said to stay in finite

distance to the core if there exsists a real number h > 0 satisfying zl /∈ Zal(−h) for l

sufficiently large. �
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Definition 2.2.9. Let α be a Riemann surface with boundary equipped with a small

disk structure D. Let

ψx : R+ × J → Dx − {x}, ψy : R− × J → Dy − {y}

be positive and negative holomorphic coordinates where J = S1 if {x, y} ∈ Di and J = I

if {x, y} ∈ Db. Then we say that

⋃
x

ψx({0} × J) ⊂ S,
⋃
y

ψy({0} × J) ⊂ S

are the left and right boundaries, respectively. We continue to denote the images of

{0} × J under the coordinate charts ψx and ψy in the glued surfaces Sa as the left and

right boundaries, respectively. �

Lemma 2.2.1. Consider a biholomorphism of Riemann surfaces:

ψ : (S, j,D)→ (S ′, j′, D′)

Choose disk structures D1 for (S, j,D) and D2 for (S ′, j′, D′) such that

ψ(D1) = D2

Further fix holomorphic coordinates:

hx : (R+ × J{x,y}, i)→ Dx, hy : (R− × J{x,y}, i)→ Dy

kψ(x) : (R+ × J{x,y}, i)→ Dψ(x), kψ(y) : (R− × J{x,y}, i)→ Dψ(y)

31



Then for gluing parameters a{x,y}∈D we have a family of biholomorphisms:

ψa : (Sa, ja, Da)→ (S ′b(a), j
′
b(a), D

′
b(a))

such that

b{ψ(x),ψ(y)} := e−2πi(θx−θy)a{x,y}

where θx and θy are defined as follows

k−1
ψ(x) ◦ ψ ◦ hx(s, t) = (s, t+ θx), k−1

ψ(y) ◦ ψ ◦ hy(s
′, t′) = (s′, t′ + θy)

Proof: The argument follows similarly to Proposition 2.11 [HWZ3]. We define the map

ψa : Sa → S ′b piecewise on the core:

ψa := ψ on S −
⋃
x∈|D|

D1

and on the neck:

ψa([z]
a{x,y}
x ) := [ψ(z)]

b{ψ(x),ψ(y)}
ψ(x)

Here [z]
a{x,y}
x denotes the equivalence class of z ∈ Dx in Sa and [ψ(z)]

b{ψ(x),ψ(y)}
ψ(x) denotes

the equivalence class of ψ(z) ∈ Zb{ψ(x),ψ(y)}
ψ(x) . It suffices to show that if hx(s, t) and hy(s

′, t′)

are equivalent in Z
{x,y}
a{x,y} , then kψ(x) ◦ψ ◦ hx(s, t) and kψ(y) ◦ψ ◦ hy(s′, t′) are equivalent in

Z
{ψ(x),ψ(y)}
b{ψ(x),ψ(y)}

. The former equivalence requires

s− s′ = R and t− t′ = θ, where a{x,y} = e−2πθ
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while the latter equivalence requires

s− s′ = R and (t+ θx)− (t′ + θy) = θ + θx − θy, where a{x,y} = e−2πθ

It is clear these conditions are the same. �

Now we introduce the topology on DMg,h,Mi,Mb
.

Definition 2.2.10. Consider [α] ∈ DMg,h,Mi,Mb
, and fix a representative (S, j,M,D) for

α. Fix a small disk-structure D for α, a neighborhood U of j in JD,j and ε ∈ (0, 1). We

define the set

V (α, U,D, ε) := {[Sa, ka,Ma, Da] ∈ DMg,h,Mi,Mb
: k ∈ U, a ∈ BD, |a| < ε}

We denote the collection of such subsets by V. �

Proposition 2.2.1. (compare Theorem 5.13 [HWZ3]) The collection of sets V de-

fines a basis for a second countable Hausdorff topology T on DMg,h,Mi,Mb
.

Proof: The proof follows analogously to Theorem 5.13 [HWZ3]. �

2.3 Good Uniformizing Families

For each interior nodal pair {x, y} ∈ Di, there is a uniquely determined complex anti-

linear map φx,y : TyS → TxS such that if φy,x is its inverse, then the composition

Tψy(0)−1 ◦ φy,x ◦ Tψx(0) : C→ C
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is complex conjugation (Proposition 2.5 [HWZ3]). The composition

σ{x,y}(g) := φx,y ◦ Tg(y)−1 ◦ φg(x),g(y) ◦ Tg(x) : TxS → TxS

is unitary (see Proposition 2.6 [HWZ3]). Thus σ{x,y}(g) ∈ S1. Consider the G-action

σ : G→ GL(N)×GL(E)

given by

g ∗ (a0, a1, e) = σ(g)(a0, a1, e) = (σN(g)a0, a1, g ∗ e)

where a0 ∈ C#|Di|, a1 ∈ R#|Db| and σN(g)a0 = b is given by

b{g(x),g(y)} = σ{x,y}(g) · a0
{x,y}

Now we use the above notions to define finite dimensional parametrizations ofDMg,h,Mi,Mb
:

Definition 2.3.1. Good Uniformizing Family (compare Definition 2.12 [HWZ1])

Consider the stable Riemann surface with boundary α = (S, j,M,D) with automorphism

group G, and fix a disk structure D for α. Let V ⊂ E be a neighborhood of 0 ∈ E and

consider a good deformation of j, v → j(v) parametrizd by V .

We define the family

(a, v)→ α(a,v)

(a, v)→ (Sa, j(v)a,Ma, Da)

of Riemann surfaces deformed by both gluing and variation of j. We restrict the param-

eters (a, v) to vary in some open neighborhood (0, 0) ∈ O ⊂ N × E which is invariant
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under the action of G. The family (a, v) → α(a,v) is called a good uniformizing family

with domain O if the following is satisfied:

(1) The set U = {[α(a,v)] : (a, v) ∈ O} of equivalence classes of stable Riemann sur-

faces is open in the space DMg,h,Mi,Mb
.

(2) The map p : O → U defined by

p(a, v) = [α(a,v)]

induces a homeomorphism [p] : O/G→ U .

(3) If φ : α(a,v) → α(a′,v′) is an isomorphism of noded, bordered Riemann surfaces

where (a, v) ∈ O and (a′, v′) ∈ O, then there exists an automorphism g ∈ G satisfy-

ing (a′, v′) = g ∗ (a, v). Additionally, φ = ga.

(4)

[j ·Dj(v)] : E → H1(α) is a real isomorphism for all v ∈ V �

The main result on the parametrization of Deligne-Mumford spaces is:

Theorem 2.3.1. Existence of Good Uniformizing Families For each stable noded

Riemann surface α = (S, j,M,D) there exists a good uniformizing family

(a, v)→ α(a,v), (a, v) ∈ O

Proof: The proof is given in Section 8. �

Theorem 2.3.1 follows from Theorem 2.19 [HWZ2] and a straightforward doubling argu-
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ment. We will present another argument using lego decompositions in Section 8.

Good uniformizing families will form our orbifold charts for DMg,h,Mi,Mb
: Let Oλ be

the parameter space parametrizing a good uniformizing family (a, v) → α(a,v). Let Gλ

be the graph of the uniformizing family

Gλ := {((a, v), α(a,v)) : (a, v) ∈ Oλ}

Let Λ be a set of indexing graphs Gλ such that the images of the projections p : Gλ →

DMg,h,Mi,Mb
cover DMg,h,Mi,Mb

. DMg,h,Mi,Mb
is the orbit space of a groupoid Tg,h,Mi,Mb

with objects given by:

Tg,h,Mi,Mb
:=
⊔
λ∈Λ

Gλ

The morphism sets M(Gλ, Gλ′) are triples

{((a, v), φ, (a′, v′)) : (a, v) ∈ Oλ, (a′, v′) ∈ Oλ′ , φ : αa,v → α′a′,v′ is an equivalence}

The collection of all morphism sets is given by:

Tg,h,Mi,Mb
:=

⊔
λ,λ′∈Λ

M(Gλ, Gλ′)

Theorem 2.3.2. With respect to the exponential gluing profile, the object set Tg,h,Mi,Mb

is a smooth manifold with boundary. The morphism sets M(Gλ, Gλ′) are also smooth

manifolds with boundary. The structure maps are sc-smooth, and (T,T) is an ep-

groupoid. These charts realize DMg,h,Mi,Mb
as a smooth orbifold.

Proof: Theorem 2.3.1 is a consequence of Section 8. �
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The identification of the objects T by the morphisms T realizes DMg,h,Mi,Mb
as the quo-

tient. We will make a similar identification of the space of stable maps Z as the orbit

space of an ep-groupoid X.

From Theorem 2.1.1 and Proposition 2.1.4 , we have:

Corollary 2.3.1. dimDMg,h,Mi,Mb
= 3(2g + h− 2) + 2#Mi + #Mb �

2.4 The Universal Property of Uniformizing Families

We recall the discussion preceding Theorem 2.19 [HWZ1]: Let β = (S ′, k,M ′, D′) be

a stable noded Riemann surface with boundary and small disk structure D′. For each

marked point z ∈ M ′ := M ′
i ∪ M ′

b, choose an open neighborhood V (z) such that the

neighborhoods V (z) are pairwise disjoint and such that they do not intersect |D′| but

may intersect D′. If M ′ = {z1, · · · , z#|M ′|} we consider the space

V (M ′) := V (z1)× · · · × V (z#|M ′|)

Let UD′ be a C∞ open neighborhood of complex structures in JD′,k. Given the tuple

(b, k, σ) ∈ ND′ × UD′ × V (M ′),

similarly to Definition 2.3.1, we associate the noded Riemann surface

β(b,k,σ) := (S ′b, k
′
b,M

′(σ)b, D
′
b)

for |b| sufficiently small, σ sufficiently close to σ0 where M ′(σ0) = M ′, and k′ sufficiently

close to k. For a family w → k(w) varying smoothly in a finite dimensional family, we
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refer to the association

(b, w, σ)→ β(b,k(w),σ) = (S ′b, k(w)b,M(σ)b, Db)

as a smooth family.

Definition 2.4.1. Core-Continuity and Core-Smoothness (compare Section 2.1

[HWZ1]) Let notation be as in the preceding discussion. Consider a finite dimensional

smooth manifold U ⊂ UD′ parametrized by a finite dimensional germ W ⊂ E ′. For each

point (b, w, σ) ∈ ND′ ⊕W × V (M ′) we associate an isomorphism:

φ(b, k(w), σ) : β(w,k(w),σ) → αµ(b,k(w),σ)

Fix (b0, w0, σ0) ∈ ND′⊕W×V (M ′), if z ∈ S ′b0 is non-nodal then the image φ(b0, k(w0), σ0)(z)

is also non-nodal in Sa0 . If z ∈ S ′core, we identify a neighborhood of z ∈ S ′b0 with a neigh-

borhood of z considered as a point in S ′. If z /∈ Score, there exists a nodal pair {x, y} ∈ D

such that z can be identified with a point in Dx − {x} or Dy − {y}. Similarly, we can

identify a neighborhood of the point φ(b0, j(v0), σ0)(z) as a subset of Score or D.

Using these identifications, we can say that the family (b, v, σ) → φ(b, k(w), σ) defines

a family of diffeomorphisms between a germ of z and a germ of φ(b0, k(w0), σ0)(z) for

(b0, w0) sufficiently small. Core-continuity, resp. core-smoothness, means that all of these

families of maps are continuous, resp. smooth, between the identified subsets of S ′ and

S. �

The following is proved in the Section 8 using the sc-implicit function theorem:

Theorem 2.4.1. (compare [HWZ1] Theorem 2.19) Fix a good family (a, v)→ α(a,v)
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1. Consider the family (b, k, σ) → β(b,k,σ) of noded Riemann surfaces with boundary,

where (b, k, σ) ∈ B 1
2
× UD′ × V (M ′) and suppose that we have an isomorphism:

ψ : β(0,j′,σ0) = (S ′, j′,M ′(σ0), D′)→ (Sa0 , j(a0, v0),Ma0 , Da0) = α(a0,v0)

for some parameter (a0, v0). Then there exists a uniquely determined core-continuous

germ

(b, k, σ)→ µ(b, k, σ) = (a(b, k, σ), w(b, k, σ))

defined for (b, k, σ) near (0, j′, σ0) which satisfies µ(0, j′, σ0) = (a0, v0) and a core-continuous

germ (b, k, σ)→ φ(b, k, σ) of isomorphisms

φ(b, k, σ) : β(b,k,σ) → αµ(b,k,σ)

between the noded Riemann surfaces with boundary satisfying φ(0, j′, σ0) = ψ.

2. Also if w → k(w) is a smooth family of complex structures on S ′, with k(0) = j′

then the family (b, w, σ)→ φ(b, k(w), σ) of isomorphisms

φ(b, k(w), σ) : β(b,k(w),σ) → αµ(b,k(w),σ)

is core-smooth. �

3 Gluing Maps

In Sections 3 and 4, we produce polyfold charts on the ep-groupoid of stable maps. These

charts parametrize the neighborhood a stable map by combining the deformations of the
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Riemann surface structure, described in Section 2, and continuous deformations of the

map on a fixed domain. Section 3 is concerned with parametrizing the deformation of a

map defined on a family of degenerating Riemann surfaces near the nodal degeneration

on the domain.

3.1 Overview of M-Polyfolds

In Gromov-Witten theory we consider continuous families of reparametrizations of sur-

faces. However, the continuous reparametrization is never naively classically smooth.

Using the notion of scaled smoothness, introduced by Hofer-Wysocki-Zehnder, we can

extend the notion of smoothness to this situation in a manner which allows for the

eventual construction of a Fredholm and integration theory on the moduli spaces of

pseudo-holomorphic curves.

Definition 3.1.1. (compare Definition 1.1 [HWZ2]) An sc-structure on a Banach

space E is a filtration by a sequence of subspaces

· · · ⊂ Ei+1 ⊂ Ei ⊂ · · · ⊂ E0 = E

where each subspace has a Banach space structure and the inclusion Ei+1 → Ei is

compact. Lastly, we require that the intersection E∞ :=
⋂∞
i=0Ei is dense in every Ei. �

Given an sc-structure on E, we define a shifted sc-structure on Ej by the rule (Ej)i :=

Ei+j.

We say a Banach space with an sc-structure is a scaled Banach space. We can extend

a number of natural constructions on Banach spaces to scaled Banach spaces. Given E

and F scaled Banach spaces, the direct sum E ⊕ F admits an sc-structure defined by
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(E ⊕ F )n := En ⊕ Fn.

Let E and F be scaled Banach spaces, then a linear operator T : E → F is an sc-

operator if it preserves the filtration, i.e. T (Ei) ⊂ Fi and T : Ei → Fi is continuous.

Proposition 3.1.1. Suppose T : E → F is an sc-linear map of sc-Hilbert spaces. Then

ker T is an sc-Hilbert space.

Proof: ker T inherits an sc-filtration

ker Tm := ker T ∩ Em, m ≥ 0

from E. By hypothesis on E, the inclusions ker Tm+1 ↪→ ker Tm are compact. It is

enough to show that ker T ∩ E∞ is dense in each space ker T ∩ Em. By hypothesis on

E, given any e ∈ Em, there exists a sequence {en}∞n=0 ⊂ E∞ which limits to e in Em.

ker Tm = ker T|Em is closed in every Em, m ≥ 0, so there exists an orthogonal splitting

of Hilbert spaces (not necessarily of sc-Hilbert spaces)

Em = ker Tm ⊕ C

for some subspace C ⊂ Em such that T is injective on C. Let e1
n and e2

n denote the

projections of en onto ker Tm and C, respectively. Then T (en) = T (e1
n) + T (e2

n) →

T (e) = 0 as n→∞ implies that T (e2
n)→ 0 in Em. The injectivity of T implies that e2

n

converges to 0 in Em. In particular, this means that e1
n → e in Em. Therefore, ker T∞ is

dense in Em, for m ≥ 0. �

We say that a subset C ⊂ E in an sc-Banach space is a partial quadrant if there exists

an sc-linear isomorphism T : E → Rn ⊕W such that T (C) = [0,∞)n ⊕W.
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Now we come to the notion of sc-smoothness. Given sc-Banach spaces E and F , U ⊂ E

an open subset of a partial quadrant C ⊂ E, and f : U → F a map. If f(Ui) ⊂ Fi

and f : Ui → Fi is continuous for all i ≥ 0, then we say the map f is sc-continuous,

interchangeably we say f is sc0. Given an open subset U ⊂ E, we define the tangent

space of U to be U1 ⊕ E.

Definition 3.1.2. (compare Defintion 1.9 [HWZ2]) Consider scale Banach spaces

E, F , a partial quadrant C ⊂ E and an open subset U ⊂ C. A map f : U → F is sc1 if

the following holds:

1. f is sc0

2. For each x ∈ U1 there exists a bounded linear operator Df(x) : E0 → F0 such

that

lim|h|1→0, x+h∈U1

|f(x+ h)− f(x)−Df(x)h|0
|h|1

= 0

3. The map Tf : TU → TF given by Tf(x, h) := (f(x), Df(x)h) is sc0

The map Tf : TU → TF is the tangent map to f , if f is sc1. We say f is sci if

Tf is sci−1. We say f is sc-smooth or sc∞ if f is sci for all i ≥ 0. �

Note that we don’t require the map (x, h) → Tf(x, h) to be continuous in the operator

norm. Also, observe condition (2) is weaker than the classical condition on the difference

quotient. Further, observe that the differential of an sc1 map can only be evaluated at

points with regularity on level 1 or higher.

Theorem 3.1.1. Chain Rule (compare Theorem 1.1 [HWZ2]) Let U ⊂ C ⊂ E

and V ⊂ D ⊂ F and W ⊂ Q ⊂ G be relatively open subset of partial quadrants in

42



sc-Banach spaces and let f : U → V and g : V → W be sc1-maps. Then the composition

g ◦ f : U → W is also sc1- and

T (g ◦ f) = (Tg) ◦ (Tf) �

We can generalize the notion of a smooth atlas to an atlas based on scale smooth retrac-

tions. Towards this end we have the following definition

Definition 3.1.3. (compare Definition 2.1 [HWZ2]) An sc-smooth model is a triplet

(O,C,E), where E is an sc-Banach space, and C ⊂ E is a partial quadrant in E, and

O = r(U) where r : U → U where U ⊂ C is relatively open and O ⊂ U . �

Definition 3.1.4. (compare Definitions 2.6 and 2.8 [HWZ2]) Let X be a topolog-

ical space, then an M -polyfold chart around a point x ∈ X is a 4-tuple (U, φ, (O,C,E))

where (O,C,E) is an sc-smooth model, U an open neighborhood of x and φ : U → O is

a homeomorphism. We say that two charts (U, φ, (O,C,E)) and (U ′, φ′, (O′, C ′, E ′)) are

sc-smoothly comptaible provided φ′ ◦ φ−1 : φ(U ∩ U ′) → φ′(U ∩ U ′) and its inverse are

sc-smooth.

An M -polyfold is a Hausdorff paracompact topological space X, equipped with an equiv-

alence class of sc-smooth atlases. �

3.2 Interior Nodal Gluing

Recall the exponential gluing profile is given by:

φ : (0, 1]→ [0,∞), φ(r) = e
1
r − e
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Definition 3.2.1. Let a ∈ B 1
2
. If a = 0, we define the set Z0 to be the disjoint union

Z0 := (R+ × S1)
⊔

(R− × S1)

If a 6= 0 we write a in polar form a =|a| · e2πiθ. If a 6= 0, then

Za := [0, R]× S1
⊔

[−R, 0]× S1/(s−R, t− θ) ∼ (s′, t′)

where (s, t) gives the standard coordinates on R+ × S1 and (s′, t′) gives the standard

coordinates on R− × S1, where R := φ(|a|). �

Throughout this section, we fix an increasing sequence (δk0)∞k=1 ⊂ (0, 2π).

Definition 3.2.2. If a 6= 0 we define the infinite cylinder Ca :

Ca := R+ × S1
⊔

R− × S1/ ∼

where the equivalence relation ∼ identifies (s, t) ∈ [0, R] × S1 ⊂ R+ × S1 with points

(s′, t′) ∈ [−R, 0]× S1 ⊂ R− × S1 which satisfy

s− s′ = R and t− t′ = θ

For a = 0, set C0 = ∅. �

Definition 3.2.3. Let β : R → [0, 1] be the smooth function uniquely specified by the

conditions:

1. β(−s) + β(s) = 1
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2. β(s) = 1 for all s ≤ −1

3. β′(s) < 0 for s ∈ (−1, 1) �

For shorthand we use the notation R± × S1 to stand in for the disjoint union R+ × S1 t

R− × S1.

Definition 3.2.4. Fix an increasing sequence 0 < δ0
0 < · · · < δk0 < · · · < 2π. For each

k ≥ 0, we define the Sobolev space:

H3+k,δk0 (R± × S1,R2n) := {u ∈ H3+k(R± × S1,R2n) : u · eδk0 |s| ∈ H3+k(R± × S1,R2n)}

The norm on H3+k,δk0 (R± × S1,R2n) is defined by:

||u||2k,δk0 :=
∑
|α|≤3+k

∫
R+×S1

|Dαu+|2e2δk0 |s|ds dt+

∫
R−×S1

|Dαu−|2e2δk0v(s) ds dt

where v : R → R is a smooth map which is equal to the absolute value function away

from a compact neighborhood of 0. �

Lemma 3.2.1. The sequence of Hilbert spaces

· · · −→ H3+k,δk0 (R± × S1,R2n) −→ · · · −→ H3,δ00(R± × S1,R2n)

defines the filtration for an sc-Hilbert space which we denote H3,δ00(R± × S1,R2n).

Proof: It is enough to show that the inclusions above are compact. Let {un}∞n=0 ∈

H3+k,δk0 (R± × S1,R2n) be a bounded sequence. We will show this sequence is Cauchy

in H3+(k−1),δk−1
0 (R± × S1,R2n). The proposition would be trivial if instead of infinite
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cylinders, the domain spaces were cylinders of finite length. The intuition is that the

exponential weights concentrate the mass of the sequence away from ∞ and thus reduce

the situation to the case of finite length cylinders. Without loss of generality we may

assume

||un|| = 1 for all n ≥ 0 (3.2.1)

Claim Given ε > 0, there exists Rε > 0 such that

∫
[Rε,∞)×S1t(−∞,−Rε]×S1

|Dαun
±|2 · e2δk−1

0 |s|ds dt < ε for all n

Proof of the Claim: Suppose for sake of contradiction there exists a subsequence unm

and a sequence Rm →∞ such that

∫
[Rm,∞)×S1t(−∞,−Rm]×S1

|Dαu±nm|
2 · e2δk−1

0 |s|ds dt > ε for all m ≥ 0

Consider the inequalities:

∫
[Rm,∞)×S1t(−∞,−Rm]×S1

|Dαu±nm|
2 · e2δk0 |s|ds dt

=

∫
[Rm,∞)×S1t(−∞,−Rm]×S1

|Dαu±nm|
2 · e2(δk0−δ

k−1
0 )|s| · e2δk−1

0 |s|ds dt

>

∫
[Rm,∞)×S1t(−∞,−Rm]×S1

|Dαu±nm|
2 · e2δk−1

0 |s| · e2(δk0−δ
k−1
0 )Rm ds dt

> e2(δk0−δ
k−1
0 )Rmε

However, taking Rm →∞ contradicts (3.2.1). �
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Given the claim, for each natural number m ≥ 0, there exists an Rm ∈ R+ such that

∫
[Rm,∞)×S1t(−∞,−Rm]×S1

|Dαu±n |2 · e2δk−1
0 |s|ds dt <

1

m
for all n ≥ 0

For each m choose a cut-off function χm : R± × S1 → [0, 1] which is equal to 1 on

[0, Rm + 1] and equal to 0 on [Rm + 2,∞). Then for each m, consider the sequence

{umn }∞n=0 := {(χm(s) · u+
n , χm(−s) · u−n )}∞n=0. Set

H3+k([0,±(Rm+2)]×S1,R2n) := H3+k([0, Rm+2]×S1,R2n)⊕H3+k([−(Rm+2), 0]×S1,R2n)

Since the inclusions

H3+k([0,±(Rm + 2)]× S1,R2n) ↪→ H2+k([0,±(Rm + 2)]× S1,R2n)

are compact, considering each map umn as valued on [0,±(Rm + 2)]× S1, it follows that

each sequence {umn }∞m=0 is Cauchy in H2+k([0,±(Rm + 2)] × S1,R2n). Since the expo-

nential weight is bounded on each compact subset, it follows that {umn }∞m=0 is Cauchy in

H2+k,δk−1(R± × S1,R2n).

Given ε > 0, choose m ∈ N such that ε
3
< 1

m
and choose N is large enough such

that for all n, k ≥ N ,

||umn − umk ||2+k,δk−1
<
ε

3

Observe:

||un − uk||2+k,δk−1
=||un − umn + umn − uk||2+k,δk−1

≤||un − umn ||2+k,δk−1

+||umn − umk + umk − uk||2+k,δk−1
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≤||un − umn ||2+k,δk−1
+||umn − umk ||2+k,δk−1

+||umk − uk||2+k,δk−1
<
ε

3
+
ε

3
+
ε

3
= ε

The claim follows. �

By a much simpler argument one can prove:

Lemma 3.2.2. The sequence of Hilbert spaces

· · · −→ H3+k(Za,R2n) −→ · · · −→ H3(Za,R2n)

defines an sc-structure for H3(Za,R2n). �

Definition 3.2.5. We define the model space E(2n) by

E(2n) := R2n ⊕H3,δ00(R± × S1,R2n)

We label (h+, h−) ∈ E(2n) as

h+ = c+ u+ : R+ × S1 → R2n

h− = c+ u− : R− × S1 → R2n

where

u = (u+, u−) ∈ H3,δ00(R± × S1,R2n)

and c ∈ R2n. The mth level of E(2n), denoted E(2n)m, is defined by:

E(2n)m := R2n ⊕H3+m,δm0 (R+ × S1)⊕H3+m,δm0 (R− × S1)
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The norm on E(2n)m is given by

||h||3,δm0 =|c|2+||u+||
H3,δm0 (R+×S1,R2n)

+||u−||
H3,δm0 (R−×S1,R2n)

�

We define families of gluing and anti-gluing operators which extract the head and tail

behavior, respectively, of pairs (h+, h−) ∈ E(2n).

Definition 3.2.6. ⊕ Gluing: For a 6= 0 we define the gluing operator

⊕a : E(2n)→ H3(Za,R2n)

⊕a(h+, h−)([s, t]) = β(s− R

2
)h+(s, t) + (1− β(s− R

2
))h−(s−R, t− θ)

where R := φ(|a|). For a = 0, we define ⊕0 to be the identity. �

Definition 3.2.7. For each integer k ≥ 0 and a ∈ B 1
2
−{0}, we define the Sobolev space:

H3+k,δk0 (Ca,R2n) := {u ∈ H3+k(R× S1,R2n) : u · eδk0v(s−R
2

) ∈ H3+k(R× S1,R2n)}

where v : R → R is a smooth map which is equal to the absolute value function away

from a compact neighborhood of 0. The norm on H3+k,δk0 (Ca,R2n) is defined as:

||u||23+k,δk0
:=

∑
|α|≤3+k

∫
R×S1

|Dαu|2 · e2δk0v(s−R
2

)ds dt �

Lemma 3.2.3. The sequence of Hilbert spaces

· · · −→ H3+k,δk0 (Ca,R2n) −→ · · · −→ H3,δ00(Ca,R2n)

defines an sc-structure on H3,δ00(Ca,R2n).
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Proof: The proof follows similarly to Lemma 3.2.1. �

Definition 3.2.8. 	 Gluing For a 6= 0 define the minus gluing

	a : E(2n)→ H3,δ00(Ca,R2n)

	a(h+, h−)([s, t]) = −(1− β(s− R

2
))(h+(s, t)− ava(h+, h−))

+β(s− R

2
)(h−(s−R, t− θ)− ava(h+, h−))

where

ava(h
+, h−) =

1

2

∫
S1

h+(
R

2
, t) + h−(−R

2
, t) dt �

A linear algebra argument reveals the following:

Proposition 1.27 [HWZ0] For a ∈ B 1
2
− {0} we have an sc-direct sum decomposi-

tion

E(2n) = ker(	a)
⊕

ker(⊕a) �

Let πa : E → E be the projection onto ker(	a) along ker(⊕a) and consider the map

r : B 1
2
× E → B 1

2
× E

defined by

r(a, h+, h−) = (a, πa(h
+, h−))

Theorem 1.28 [HWZ0] The map r is sc-smooth. �
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The image O of r is then, by construction, in bijective correspondence with the set

X(2n) := {0} × E(2n)
⊔

0<|a|< 1
4

{a} ×H3(Za,R2n)

via the map

Im r → X(2n)

(a, πa(u
+, u−))→ (a,⊕aπa(u+, u−))

Corollary 3.2.1. X(2n) is an M -polyfold. �

3.3 Interior Nodal Gluing in the Bundle of Anti-Linear Sections

3.3.1 Strong Bundles Over M-Polyfolds

We present the basic definitions relevant to strong bundles over M -polyfolds which appear

in Section 2.5 of [HWZ2], for the convenience of the reader. We begin in local charts

U ⊂ C ⊂ E where U is a rel. open subset of a partial quadrant C in the sc-Banach space

E. Given another sc-Banach space F , we define the product

U C F

As a set U C F is the product U × F . We equip U C F with a double filtration (m, k)

for 0 ≤ k ≤ m+ 1 defined by

(U C F )m,k := Um ⊕ Fk
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For i = 0, 1 we consider the sc-manifolds (U C F )[i] defined by the filtrations

(U C F )[i]m := Um ⊕ Fm+i, m ≥ 0

Definition 3.3.1. (compare Definition 2.22 [HWZ2]) A strong bundle map Φ :

U C F → U ′ C F ′ is a map which preserves the double filtration and has the form

Φ(u, h) = (φ(u),Γ(u, h)) where Γ is linear in h, and for i = 0, 1 the maps

Φ : U C F [i]→ U ′ C F ′[i]

are sc-smooth. A strong bundle retraction is a strong bundle map R : U C F → U C F

which satisfies R ◦R = R of the form

R(u, h) = (r(u),Γ(u, h))

and r : U → U is an sc-smooth retraction. �

Definition 3.3.2. (compare Definition 2.23 [HWZ2]) A local strong bundle retract

is a tuple

(K,C C F,E C F )

where K ⊂ C C F is the image K = R(U C F ) of the strong bundle retraction R : U C

F → U C F of the form R(u, h) = (r(u),Γ(u, h)). We will abbreviate (K,C C F,E C F )

by p : K → O, where p is the natural projection. �

The retract K carries a double filtration Km,k for m ≥ 0, and 0 ≤ k ≤ m+ 1:

Km,k = K ∩ (Um ⊕ Fk) = {(u, h) ∈ Um ⊕ Fk : R(u, h) = (u, h)}
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= {(u, h) ∈ Om ⊕ Fk : Γ(u, h) = h}

Consider the spaces K[i] by K[i] = K0,i for i = 0, 1, equipped with the filtrations

K[i]m := Km,m+i for allm ≥ 0

The projections p : K[i] → O define sc-smooth bundles for i = 0, 1. The definitions

below formally state that a general strong bundle of M -polyfolds defined by a collection

of local strong bundles with sc-smooth transition functions.

Definition 3.3.3. (compare Definition 2.25 [HWZ2]): A strong bundle chart for

the bundle P : Y → X is a tuple

(Φ, P−1(V ), (K,C C F,E C F ))

such that (K,C C F,E C F ) is a strong bundle retract, say p : K → O. In addition,

V ⊂ X is an open subset of X, homeomorphic to the retract O by a homeomorphism

φ : V → O. In addition,

Φ : P−1(V )→ K

is a homeomorphism from P−1(V ) ⊂ Y onto the retract K covering the homeomorphism

φ : V → O, so that the diagram

P−1(V ) K

V O

Φ

P p

r

is commutative. The map Φ has the property that in the fibers x ∈ V , the map Φ :

P−1(x)→ p−1(φ(x)) is a bounded linear isomorphism between Banach spaces. �
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Definition 3.3.4. (compare Definition 2.26/2.25 [HWZ2]) Two strong bundle

charts Φ : P−1(V ) → K and Φ′ : P−1(V ′) → K ′ which satisfy V ∩ V ′ 6= ∅ are com-

patible if the transition maps

Φ′ ◦ Φ−1[i] : Φ(P−1(V ∩ V ′))[i]→ Φ′(P−1(V ∩ V ′))[i]

are sc-smooth diffeomorpisms for i = 0, 1. A strong bundle over the M -polyfold X is

a continuous surjection P : Y → X from a paracompact Hausdorff space Y onto the

M -polyfold X equipped with an equivalnce class of strong bundle atlases. �

3.3.2 Local Model for Anti-Linear Sections Near the Node

Now we consider the model space for the fiber. We will utilize so called ′′hat gluings′′

defined as follows:

Definition 3.3.5. We define the sc-Hilbert space F (2n) := H2+m,δm0 (R±×S1,R2n) with

filtration given by

Fm(2n) := H2+m,δm0 (R± × S1,R2n) �

Definition 3.3.6. For a 6= 0 we define the gluing operator

⊕̂a : F (2n)→ H2(Za,R2n)

⊕a(h+, h−)([s, t]) = β(s− R

2
)h+(s, t) + (1− β(s− R

2
))h−(s−R, t− θ)

for a = 0 we define ⊕̂0 to be the identity.
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For a 6= 0 define the minus gluing

	̂a : F (2n)→ H2,δ00(Ca,R2n)

	̂a(h+, h−)([s, t]) = −(1− β(s− R

2
))h+(s, t) + β(s− R

2
)h−(s−R, t− θ) �

Note that the averaging term which is present in the definition of 	a is no longer present

in the definition of 	̂a. This is because the averaging term may add a nontrivial contri-

bution to the asymptoptic limit of the map given πa(h
+, h−), while sections in the fiber

should decay exponentially to 0 at the node.

Proposition 1.27 [HWZ0] For a ∈ B 1
2
−{0}, we have an sc-direct sum decomposition

F (2n) = ker(	̂a)
⊕

ker(⊕̂a) �

Let π̂a : F (2n) → F (2n) be the projection onto ker(	̂a) along ker(⊕̂a) and consider the

map

r̂ : B 1
2
× F (2n)→ B 1

2
× F (2n)

defined by

r̂(a, h+, h−) = (a, π̂a(h
+, h−))

Theorem 1.28 [HWZ0] The map r̂ is sc-smooth. �

The image of r̂ is then, by construction, in bijective correspondence with the set

Y (2n) := {0} × F (2n)
⊔

0<|a|< 1
2

{a} ×H2(Za,R2n)
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via the correspondence

Im r̂ → Y (2n)

(a, π̂a(u
+, u−))→ (a, ⊕̂aπ̂a(u+, u−))

Corollary 3.3.1. Y (2n) as an M -polyfold �.

Consider the retraction

R : B 1
2
⊕ E(2n) C F (2n)→ B 1

2
⊕ E(2n) C F (2n)

given by

((a, (u+, u−)), (h+, h−))→ ((a, πa(u
+, u−)), π̂a(h

+, h−))

By Theorems 1.28 and 1.27 [HWZ0] R is a scC-smooth local strong bundle retraction. Let

K denote the image of R and recall that we denote by O the image of r. Let p : K → O

denote the local strong bundle.

Definition 3.3.7. (compare [HFWZ] Section 3.4) Define the set W (2n) consisting

of all pairs (u, h) where u : Za → R2n ∈ X(2n) and h : Za → R2n ∈ Y (2n). We define

the bijection (⊕×a ⊕̂) : K → W (2n) to be the map defined by

(a, (u+, u−), (h+, h−))→ (⊕a(u+, u−), ⊕̂a(h+, h−))

which is a bijection covering ⊕ : O → X(2n). We have a local strong bundle chart:

K W (2n)

O X(2n)

(⊕×a⊕̂)

p p

⊕

�
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3.4 Implantings into Manifolds

In this section, we will develop a gluing construction for maps valued in a symplectic

manifold (Q,ω). The idea is simply to choose a coordinate chart around the nodal point

in Q and perform the gluing in that chart.

Suppose S is a closed Riemann surface. Let Dx and Dy be small disks in the disk structure

corresponding to an interior node {x, y}. Fix a map u0 : S → Q, and φ : R(q)→ R2n be a

chart around the point u0(x) = u0(y) = q such that φ(q) = 0. The open sets Rr(q) ⊂R(q)

are the subsets φ−1(Br(0)) where Br(0) is the open ball of radius r centered at 0. We

assume that Q carries a Riemannian metric, g, over R4(q) which is induced by pull-back

of the Euclidean metric on R2n by the chart map φ. Consider the exponential map exp

under g. Then by hypothesis we have:

φ(exppV (p)) = expφ(p)(Tφ(p) · V (p)) = φ(p) + Tφ(p) · V (p)

for p ∈ R2(q) if V (p) ∈ TpQ satisfies |V (p)|g,p < 2. Assume further that u0(Dx ∪Dy) ⊂

R1(q) and denote by H a C0 neighborhood of the map u0 which consists of continuous

maps v : S → Q which satisfy the matching condition:

v(x) = v(y)

and

v(Dx ∪Dy) ⊂ R2(q)
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Take a smooth map u : S → Q in H and consider the positive and negative holomorphic

coordinates that come equipped with the small disk structure:

ψx : R+ × S1 → Dx and ψy : R− × S1 → Dy

Now consider the maps u± : R± × S1 → R2n given by

u+(s, t) = φ ◦ u ◦ ψx(s, t)

and

u−(s′, t′) = φ ◦ u ◦ ψy(s′, t′)

Let ⊕0
a denote the gluing given in Definition 3.2.6, when the target is R2n. The gluing is

defined by:

φ(⊕a(u) · ψa[s, t]) = ⊕0
a(u

+, u−)[s, t]

for [s, t] ∈ Za. The map ⊕a(u) : Za → Q is equal to u near the boundaries of Dx and Dy

so it extends to a map on all of Sa. Suppose η is a section of the pull-back bundle u∗TQ

satisfying the matching condition

η(x) = η(y) ∈ TpQ, p = u0(x) = u0(y)

The glued section ⊕a(η) is a section of the pull-back ⊕a(u)∗TQ defined by

Tφ(⊕a(u)[s, t]) · ⊕a(η) ◦ ψa[s, t] = ⊕0
a(Tφ(u ◦ ψx) · η ◦ ψx, Tφ(u ◦ ψy) · η ◦ ψy)[s, t]

The stipulation that g restricted to R4(q) is the pull-back of the Euclidean metric on R2n

implies the following:
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Proposition 2.51 [HWZ1] If η is a section of the pull-back bundle of u∗TQ satis-

fying η(x) = η(y) and expu(η) ∈ H, then

exp⊕a(u)(⊕a(η)) = ⊕a(expu(η)) �

Again suppose η is a section of the bundle u∗TQ satisfying η(x) = η(y) ∈ TpQ, where

p = u(x) = u(y), then the implanted anti-gluing 	a(η) : Ca → TpQ is given by:

Tφ(p) · 	a(η)[s, t] = 	0
a(Tφ(u ◦ ψx) · η ◦ ψx, Tφ(u ◦ ψy) · η ◦ ψy)[s, t]

3.4.1 Implanting Anti-Linear Sections

Consider a map u : Dx ∪ Dy → R1(q). Anti-linear sections of the bundle u∗TQ for

u : Dx ∪ Dy → R1(q) can be represented by two vector fields ξ+ : Dx → R2n and

ξ− : Dy → R2n defined by:

ξ+(s, t) = Tφ(u ◦ ψx(s, t)) · ξ(ψx(s, t)) ◦ ψx(s, t)
∂

∂s

ξ−(s′, t′) = Tφ(u ◦ ψy(s′, t′)) · ξ(ψy(s′, t′)) ◦ ψy(s′, t′)
∂

∂s′

for (s, t) ∈ R+ × S1 and (s′, t′) ∈ R− × S1. The hat gluing

⊕̂a(ξ) : (TzZa, ja(z))→ (T⊕au(z)Q, J(⊕a(u)(z)))

is described by the vector field ⊕̂0

a(ξ
+, ξ−)[s, t] defined by

Tφ(⊕a(u)ψa[s, t]) · ⊕̂a(ξ)(ψa[s, t]) · Tψa
∂

∂s
:= ⊕̂0

a(ξ
+, ξ−)[s, t]
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The anti-gluing 	̂a(ξ)([s, t]) : (TzCa, j)→ (TpQ, J(p)) is given by:

Tφ(p) · 	̂a(ξ)(z) · ∂
∂s

:= 	̂0

a(ξ
+, ξ−)[s, t]

3.5 Boundary Nodal Gluing

For shorthand we use the notation R±×I to stand in for the disjoint union R+×ItR−×I,

where I = [0, 1] ⊂ R. Throughout this section, we fix an increasing sequence (δk1)∞k=1 ⊂

(0, π).

Definition 3.5.1. Let r ∈ [0, 1
2
). We define the set Z0 to be the disjoint union

Z0 := (R+ × I)
⊔

(R− × I)

If r 6= 0, then we define

Zr := [0, R]× I t [−R, 0]× I/(s−R, t) ∼ (s′, t′)

where (s, t) gives the standard coordinates on R+ × I and (s′, t′) gives the standard

coordinates on R− × I, where R := φ(r). �

Definition 3.5.2. If r 6= 0 we define the infinite cylinder Cr :

Cr := R+ × I t R− × I/ ∼

where the equivalence relation ∼ identifies (s, t) ∈ [0, R]×I with points (s′, t′) ∈ [−R, 0]×

I if

s = s′ +R
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For r = 0, set C0 = ∅ �

Definition 3.5.3. Fix an increasing sequence 0 < δ0
1 < · · · < δk1 < · · · < π. Let

H
3+k,δk1
real (R±× [0, 1],R2n) denote the following weighted Sobolev space with real boundary

conditions:

H
3+k,δk1
real (R± × [0, 1],R2n) := {u ∈ H3+k(R± × [0, 1],R2n) : u · eδk1 |s| ∈ H3+k(R± × I,R2n),

u(R± × {0, 1}) ⊂ Rn × {0} }

The norm on H
3+k,δk1
real (R± × I,R2n) is defined as:

||u||2k,δk1 :=
∑
|α|≤3+k

∫
R±×[0,1]

|Dαu|2e2δk1v(s) ds dt

where v : R → R is a smooth map which is equal to the absolute value function away

from a compact neighborhood of 0. �

Lemma 3.5.1. The sequence of Hilbert spaces

· · · −→ H
3+k,δk1
real (R± × [0, 1],R2n) −→ · · · −→ H

3,δ01
real(R

± × [0, 1],R2n)

defines an sc-structure for H
3,δ01
real(R± × [0, 1],R2n).

Proof: The result follows similarly to Lemma 3.2.1. �

Definition 3.5.4. For each integer k ≥ 0 and r ∈ (0, 1
2
) we define the Sobolev space:

H3+k,δk1 (Cr,R2n) := {u ∈ H3+k
real (R× [0, 1],R2n) : u · eδk1 |s−

R
2
| ∈ H3+k(R× [0, 1],R2n)}
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The norm on H3+k,δk1 (Cr,R2n) is defined as:

||u||23+k,δk1
:=

∑
|α|≤3+k

∫
R×[0,1]

|Dαu|2 · e2δk1v(s−R
2

)ds dt

where v : R → R is a smooth map which is equal to the absolute value function away

from a compact neighborhood of 0. �

Lemma 3.5.2. The sequence of Hilbert spaces

· · · −→ H
3+k,δk1
real (Cr,R2n) −→ · · · −→ H

3,δ01
real(Cr,R

2n)

defines the filtration for an sc-Hilbert space which we denote H
3,δ01
real(Cr,R2n).

Proof: The proof follows similarly to Lemma 3.2.1. �

Definition 3.5.5. We define the Sobolev spaces

H3+m
real (Zr,R2n) := {u ∈ H3(Zr,R2n) : u([0, ϕ(r)]× {0, 1}) ⊂ Rn × {0} } �

We also have:

Lemma 3.5.3. The sequence of Hilbert spaces

· · · −→ H3+k(Zr,R2n) −→ · · · −→ H3(Zr,R2n)

defines an sc-structure for H3(Zr,R2n). �

Definition 3.5.6. We define the model space Ereal(2n) defined by

Ereal(2n) := Rn × {0} ⊕H3,δ01
real(R

± × [0, 1],R2n)
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where we write h ∈ Ereal(2n) as h = (h+, h−) with

h+ = c+ u+ : R+ × [0, 1]→ R2n

h− = c+ u− : R− × [0, 1]→ R2n

u = (u+, u−) ∈ H3,δ01
real(R

± × [0, 1],R2n)

The mth level of Ereal(2n), denoted Ereal(2n)m, is given by

Ereal(2n)m := Rn × {0} ⊕H3+m,δm1
real (R± × [0, 1],R2n)

The norm on the mth level is given by

||h||23,δm1 =|c|2+||u+||2
H

3,δm1
real (R+×[0,1],R2n)

+||u+||2
H

3,δm1
real (R−×[0,1],R2n)

�

The maps u+ and u− trend towards 0, as |s| → ∞. The constant c ∈ Rn × {0} is the

common asymptotic limit of h+ and h−.

Definition 3.5.7. For r 6= 0 we define the gluing operator

⊕r : Ereal → H3
real(Zr,R2n)

⊕r(h+, h−)([s, t]) = β(s− R

2
)h+(s, t) + (1− β(s− R

2
))h−(s−R, t− θ)

For r = 0 we define ⊕0 to be the identity.

For r 6= 0 define the minus gluing

	r : Ereal(2n)→ H
3,δ01
real(Cr,R

N)
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	r(h+, h−)([s, t]) = −(1− β(s− R

2
))(h+(s, t)− avr(h+, h−))

+β(s− R

2
)(h−(s−R, t− θ)− avr(h+, h−))

where

avr(h
+, h−) =

1

2

∫
[0,1]

Re h+(
R

2
, t) + Re h−(−R

2
, t) dt �

Proposition 3.5.1. For every real number r ∈ (0, 1
2
) we have an sc-direct sum decom-

position

Ereal = ker(	r)
⊕

ker(⊕r)

Proof: The argument follows similarly to that of Theorem 1.27 [HWZ0]. �

Definition 3.5.8. Let π̃r : Ereal(2n) → Ereal(2n) be the projection onto ker(	r) along

ker(⊕r) and consider the map

q : [0,
1

2
)× Ereal(2n)→ [0,

1

2
)× Ereal(2n)

defined by

q(r, h+, h−) = (r, π̃r(h
+, h−)) �

Lemma 3.5.4. The map q is sc-smooth. �

The image of q is then, by construction, in bijective correspondence with the set

Xreal(2n) := {0} × Ereal(2n)
⊔

r∈(0, 1
2

)

{r} ×H3
real(Zr,R2n)

via the correspondence

Im q → Xreal(2n)
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(r, π̃r(u
+, u−))→ (r,⊕rπ̃r(u+, u−))

Corollary 3.5.1. Xreal(2n) is an M -polyfold. �

3.5.1 Boundary Nodal Gluing in the Fiber

Definition 3.5.9. We define the Sobolev space H2+k,δk1 ([R± × [0, 1],R2n) by

H2+k,δk1 (R± × [0, 1],R2n) =: {u ∈ H2+k(R± × [0, 1],R2n) : u · e2δk|s| ∈ H2+k(R± × I,R2n)}

The norm on H2+k,δk1 is defined as:

||u||22+k,δk1
:=

∑
|α|≤3+k

∫
R±×[0,1]

u · e2δk1 |s|ds dt �

Definition 3.5.10. We define the model space Fbdry(2n) by

Fbdry(2n) := H2,δ01(R± × [0, 1],R2n)

The filtration is given by

Fbdry(2n)m := H2+m,δm1 (R± × I,R2n) �

Proposition 3.5.2. Fbdry(2n) is an sc-Hilbert space. �

We also have hat versions of the boundary gluings defined analogously to ⊕, 	 see

Definition 3.2.6 and 3.2.8.

Definition 3.5.11. For r ∈ (0, 1
2
), we define the gluing operator

⊕̂r : Ereal(2n)→ H3
real(Zr,R2n)
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⊕̂r(h+, h−)([s, t]) = ⊕r(h+, h−)

for r = 0 we define ⊕̂0 to be the identity.

For r ∈ (0, 1
2
) define the minus gluing

	̂r : Fbdry → H2,δ01(Cr,R2n)

	̂r(h+, h−)([s, t]) = −(1− β(s− R

2
))h+(s, t) + β(s− R

2
)h−(s−R, t) �

Proposition 3.5.3. For every real number r ∈ (0, 1
2
) we have an sc-direct sum decom-

position

Fbdry(2n) = ker(	r)
⊕

ker(⊕r) �

Let ̂̃πr : Fbdry(2n)→ Fbdry(2n) be the projection onto ker(	r) along ker(⊕r) and consider

the map

q̂ : [0,
1

2
)× Fbdry(2n)→ [0,

1

2
)× Fbdry(2n)

defined by

q̂(r, h+, h−) = (r, ̂̃πr(h+, h−))

Proposition 3.5.4. The map q̂ is sc-smooth.

Proof See Appendix 3. �

The image of q̂ is also, by construction, in bijective correspondence with the set

Ybdry(2n) := {0} × Fbdry(2n)
⊔

r∈(0, 1
2

)

{r} ×H2
bdry(Zr,R2n)
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via the correspondence

Im q̂ → Ybdry(2n)

(a, ̂̃πa(u+, u−))→ (a, ⊕̂ẫπa(u+, u−))

Corollary 3.5.2. Ybdry(2n) is an M -polyfold. �

Consider the retraction

Q : [0,
1

2
)⊕ Ereal(2n) C Fbdry(2n)→ [0,

1

2
)⊕ Ereal(2n) C Fbdry(2n)

given by

((r, (u+, u−)), ((h+, h−))→ ((r, π̃r(u
+, u−)), ̂̃πr(h+, h−))

Given Lemma 3.5.4 and Proposition 3.5.4, it follows that Q is a scC-smooth retraction.

Let K ′ denote the image of Q and denote by O′ the image of q. Thus, we have a strong

bundle p : K ′ → O′.

Definition 3.5.12. Define the set Wbdry(2n) consisting of all pairs (u, h) where u : Zr →

R2n ∈ Xreal(2n) and h : Zr → R2n ∈ Ybdry(2n). We define the bijection (⊕×r ⊕̂) : K ′ →

Wbdry(2n) to be the map defined by

(r, (u+, u−), (h+, h−))→ (⊕r(u+, u−), ⊕̂r(h+, h−))

which covers ⊕ : O′ → Xreal(2n). We have a local strong bundle isomorphism:

K ′ Wbdry(2n)

O′ Xreal(2n)

(⊕×r⊕̂)

p p

⊕

�

Lastly, we note that we can define implantings for gluings at boundry nodes with La-
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grangian boundary conditions in an analogous way to implantings for interior nodes. The

precise notions will be introduced as needed.

3.6 Smoothness For Reparametrization Actions

In this section we follow Section 2.6 [HWZ1], adapting the hypotheses, statements, and

proofs as appropriate to accomodate Lagrangian boundary conditions. Let HDx, HDy

and HDx′ , HDy′ denote half-disk like Riemann surfaces with smooth boundaries associ-

ated to boundary nodal pairs {x, y} and {x′, y′}, respectively. Consider the glued strips

HZa and HZ ′b defined in Section 2 and, for h ≥ 0 and a or b sufficiently small the sub-

strips HZa(−h), HZ ′b(−h) see Definitions 2.2.3, 2.2.4, 2.2.5.

Given ε > 0, let V be a germ around 0 in some Euclidean space and let Iε := [0, ε)

be an interval in R. We assume the following data are given:

1. A smooth map (a, v) → b(a, v) ∈ R defined for v ∈ V and a ∈ Iε for ε sufficiently

small, satisfying b(0, v) = 0 for v ∈ V .

2. For sufficiently large h > 0, a core-smooth family of holomorphic embeddings

φ(a,v) : Za(−h)→ Z ′b(a,v)

parametrized by (a, v) ∈ Iε ⊕ V .

3. There exists H > 0 such that

Z ′b(a,v)(−H) ⊂ φ(a,v)(Za(−h))
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for all (a, v) ∈ Iε ⊕ V .

As usual we use cut-off functions β and β′ to glue maps which are defined on finite

cylinders Za and Z ′b, respectively. We equip the half-disks with the following choices of

holomorphic coordinates:

ψx : R+ × [0, 1]→ HDx, ψy : R− × [0, 1]→ HDy

ψ′x′ : R+ × [0, 1]→ HD′x′ , ψ′y′ : R− × [0, 1]→ HD′y′

We define an sc-Hilbert space E ′ as follows:

E ′ := {(ξ+, ξ−) ∈ H3(HD′x′ ,R2n)⊕H3(HD′y′ ,R2n) : (ξ+◦ψ′x′ , ξ−◦ψ′y′) ∈ H
3,δ01
real(R

±×I,R2)}

We also define an sc-Hilbert space E[−h] for h ≥ 0:

E[−h] := {(η+, η−) ∈ H3(HDx(−h),R2n)⊕H3(HDy(−h),R2n) :

(η+ ◦ ψx, η− ◦ ψy) ∈ H
3,δ01
real([h,∞)× I,R2)⊕H3,δ01

real((−∞,−h]× I,R2) }

Fix h > 0. We will abbreviate E[−h] by E. Define the map:

Φ : Iε ⊕ V ⊕ E ′ → E

given by

(a, v, ξ)→ η
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where η is defined by

⊕a(η) = ⊕′b(a,v)(ξ) ◦ φ(a,v) and 	a (η) = 0

Theorem 3.6.1. (compare Theorem 2.57): Φ is sc-smooth.

Proof: We adapt the argument establishing the closed version of this result, Theo-

rem 2.57 [HWZ1]. We make an adjustment to the family φ(a,v) so that we may apply

Theorem 8.8.3. The family φ(a,v) is a core smooth family of holomorphic embeddings, so

the images ψx({0}×I), ψy({0}×I) under the maps φ(a,v) are smoothly varying curves in

Z ′b(a,v). By working in the local holomorphic coordinates, we can assume Za and Z ′b(a,v) are

both equipped with the standard complex structure. Assuming (a, v) is sufficiently close

to (0, v0), there exists a constant h0 such that these arcs do not intersect Za(−h − h0).

Fix a family of core-smoothly varying isotopies ιa,v : Z ′b(a,v) → Z ′b(a,v) such that:

1. ιa,v = Identity on φ(a,v)(Za(−h− h0 − 1))

2. ιa,v(φ(a,v)(Za) = Z ′b(a,v)(−H)

Consider the family of diffeomorphisms ψ(a,v) := ιa,v ◦ φ(a,v). Observe that

ψ(a,v) = φ(a,v) on Za(−h− h0 − 1)

By construction, for j(a,v) := ψ∗(a,v)i we have a family of biholomorphisms:

ψ(a,v) : (Za, j(a,v))→ (Zb(a,v)(−H), i)
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By construction j(a,v) = i on Za(−h − h0 − 1). Replace Zb(a,v)(−H) with Zb′(a,v) where

b′(a, v) is defined by the rule:

φ(b(a, v))− 2H = φ(b′(a, v))

Both tubes are equipped with the standard complex structure and are biholomorphic via

the identity map.

In view of Lemma 4.4 [HWZ0], the smoothness of b′(a, v) follows from that of b(a, v).

Since ψ(a,v) = φ(a,v) away from the core, Theorem 8.8.3 implies that we may replace φ(a,v)

with ψ(a,v) and study the map:

Φ : Iδ ⊕ V ⊕ E ′ → E, (a, v, ξ)→ η

where ξ is the unique solution of the equations, for a 6= 0 :

⊕a(η) = ⊕′b′(a,v)(ξ) ◦ ψ(a,v) and 	a (η) = 0

and for a = 0 Φ is defined by

Φ(0, v, ξ) = (ξ+ ◦ ψ+
(0,v), ξ

− ◦ ψ−(0,v))

Consider ξ± where ξ± = u±+c where c is the asymptotic constant and u± ∈ H3+m,δm1 (R±×

I,R2n). A linear algebra calculation reveals:

η+ = c+ (1− βa
γa

) · Re

∫ 1

0

⊕b(a,v)(u)(ψ(a,v)(
R

2
, t)) dt+

βa
γa
· βb(a,v)(ψ(a,v)) · u+(ψ(a,v))
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+
βa
γa
· (1− βb(a,v)(ψ(a,v))) · u−(· −R(b(a, v)), ·)(ψ(a,v))

There is a similar formula for η−. The proof of smoothness of the map (a, v, ξ) → η−

follows similarly to the proof of the smoothness of (a, v, ξ) → η+. Thus we present only

the latter. Consider the following maps:

(1) Iδ ⊕ V ⊕H
3,δ01
c,real(R× I,R2n)→ Rn × {0}

(a, v, ξ)→ c

(2) Iδ ⊕ V ⊕H
3,δ01
c,real(R+ × I,R2n)⊕H3,δ01

c,real(R− × I,R2n)→ H
3,δ01
c,real(R+ × I,R2n)

(a, v, u)→ (1− βa
γa

) · Re

∫ 1

0

⊕b(a,v)(u)(ψ(a,v)(
R

2
, t)) dt

(3) Iδ ⊕ V ⊕H
3,δ01
c,real(R+ × I,R2n)→ H

3,δ01
c,real(R+ × I,R2n)

(a, v, u+)→ βa
γa
· βb(a,v)(ψ(a,v)) · u+(ψ(a,v))

(4) Iδ ⊕ V ⊕H
3,δ01
c,real(R− × I,R2n)→ H

3,δ01
c,real(R+ × I,R2n)

(a, v, u−)→ βa
γa
· (1− βb(a,v)(ψ(a,v))) · u−(· −R(b(a, v)), ·)(ψ(a,v))

Map (1) is clearly sc-smooth. The other maps are clearly smooth away from a = 0. Thus

we will focus our analysis near (0, v0).
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Consider the space Dm,ε of diffeomorphisms u : R+ × I → R+ × I having the form

u(s, t) = (s, t) + d+ r(s, t)

where d = (d, 0) ∈ R2 and the map r has weak derivatives up to order m which weighted

by eεs belong to L2(R+ × I,R2).

Recall by Theorem 8.8.3 that given ∆ > 1, there exists a map

ψ̃ : Iδ ⊕ V →
⋂

m≥3,0<ε<π

Dm,ε,

defined in a neighborhood of (0, v0) ∈ Iδ ⊕ V such that:

For every m ≥ 3 and every 0 < ε < π, the map (a, v) → ψ̃(a,v) ∈ Dm,ε is smooth

and satisfies

ψ̃(a,v)(s, t) = ψ(a,v)(s, t) for (s, t) ∈ [0,
R(a)

2
+ ∆]× I

where R(a) := e
1
|a| − e. Thus we have:

ψ̃(a,v)(s, t) = (s, t) + d(a, v) + r(a, v)(s, t)

where the maps

Iδ ⊕ V → R2, (a, v)→ d(a, v)

r : Iδ ⊕ V → Hm,ε
real(R

+ × I,R2n), (a, v)→ r(a, v), m ≥ 3, 0 < ε < π

are smooth.
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Fix ∆ > 1. We may replace ψ(a,v) with ψ̃(a,v) in the definition of the maps (2) − (4)

since the support of βa is contained in [0, R(a)
2

+ ∆]. We make this substitution, but

retain the original notation throughout the remainder of the proof.

Proposition 3.6.1. (compare [HWZ1] Theorem 5.1): The composition

Ψ̃ : Iδ ⊕ V ⊕H
3,δ01
real(R

+ × I,R2n)→ H
3,δ01
real(R

+ × I,R2n)

defined by

Ψ̃(a, v, u) = u ◦ ψ(a,v)

is well-defined and sc-smooth.

Proof of Proposition 3.6.1: The argument follows similarly to that of Theorem 5.1

[HWZ1]. Alternatively, one may use a doubling argument. �

That each of the maps (2)− (4) are sc-smooth follows from straightforward applications

of Proposition 11.0.2 Theorem 2.8 [HWZ0] and Proposition 3.6.1. �

Set E := E[0]. Suppose that (ak) and (b′k) are small gluing parameters converging to 0

and φk : Zak → Z ′b′k
is a sequence of holomorphic embeddings having the properties:

1. supz∈Zak−|Dak |, k≥1||Tφk(z)|| <∞

2. There exists a sequence ξk in E ′ converging on level 0 to ξ0 = (ξ+, ξ−) ∈ E ′ and

define maps ηk ∈ E as the unique solutions of the two equations:

⊕ak(ηk) = (⊕′b′k(ξk)) ◦ φk and 	ak (ηk) = 0
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Proposition 3.6.2. (compare Proposition 2.59 [HWZ1]): Under the above as-

sumptions, the sequence (φk) converges in C∞loc in finite distance to the left and right

boundary to holomorphic embeddings φ+ : HDx → HD′x′ and φ− : HDy → HD′y′ sat-

isfying φ+(x) = x′ and φ−(y) = y′. The sequence (ηk) ⊂ E converges on level 0 to the

map η0 = (η+, η−) ∈ E given by

η+ = ξ+ ◦ φ+ and η− = ξ− ◦ φ−

Proof: The maps φk converge in finite distance to the core, so by careful choice of

isotopies with support near the core, we may assume φk = φk+N in a neighborhood of

the core for all N ≥ 0. Further, as in Theorem 3.6.1, we may equip Zak with a complex

structure jk such that

jk = i on Za(−h− h0 − 1)

and

φk : (Zak , jk)→ (Zbk , i)

We can express η+
k as follows:

η+
k = c+ (1− βa

γa
) · Re

∫
[0,1]

⊕′b′k(ξk)φk(
R(ak)

2
, t) dt+

βa
γa
· β′b′k(φk) · ξ

+
k (φk)

+
βa
γa
· (1− β′b′k(φk)) · ξ

−
k (· −R(b′k), 0)(φk)

By Theorem 8.8.3, we may extend the maps φk to maps

φ̃k : R+ × [0, 1]→ R+ × [0, 1]

φ̃k(s, t) = (s, t) + d(k) + r(k)(s, t)
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such that

φ̃k(s, t) = φk(s, t) for (s, t) ∈ [0,
R(ak)

2
+ ∆]× [0, 1]

By Condition (1) and Gromov-Compactness, the maps φk converge in C∞loc to a pair of

holomorphic maps:

(φ+, φ−) : (R+ × [0, 1],R− × [0, 1])→ (R+ × [0, 1],R− × [0, 1])

This means that the maps φ̃k converge to φ in C∞. We can re-write η+
k as follows:

η+
k = c+ (1− βa

γa
) · Re

∫
[0,1]

⊕′b(k)(ξk)(φ̃k(
R(ak)

2
, t)dt+

βa
γa
· β′b(k)(φ̃k) · ξ+

k (φ̃k)

+
βa
γa
· (1− β′b(k)(φ̃k)) · ξ−k (φ̃k − (R(b(k)), 0))

Since ξk → ξ on level 0, it follows that η+
k converges to a map η+ and we have

η+ = ξ+ ◦ φ

Arguing similarly, one may establish the claim for η−. �

4 Polyfold Structure on the Space of Stable Maps

with Lagrangian Boundary

Using the deformations studied in Sections 2 and 3, Section 4 constructs a compatible

collection of local uniformizers on the space of stable maps.
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4.1 Construction of Uniformizers

We will construct local charts on the polyfold Z
g,h,
−→
k ,m

by constructing open subsets

of sc-Hilbert retracts which locally parametrize the space of stable maps. The idea is

that in a neighborhood of a stable map (S, j,Mi,Mb, Di, Db, u) we may parametrize the

smooth part of the curve by a choice of complex structure, the nodal degeneration by

gluing parameters, and the map component by an appropriate subspace of Γ(u∗TQ).

This section follows the structure of [HWZ1] Section 3 and many of the definitions,

propositions, and arguments in this section are similar to those appearing in [HWZ1]

Section 3. We restrict ourselves to the situation where there is at least one marked

point on each boundary component. This is enough for the construction of Lagrangian

Floer theory in arbitrary genera as discussed in [CFL], for example. First we recall the

definition of a stable map:

Definition 4.1.1. We fix two sequences 0 < δ0
0 < · · · < δm0 < · · · < 2π, 0 < δ0

1 < · · · <

δm1 < · · · < π. Given a Riemann surface (S, j,M,D) which need not be stable, a stable

map is a tuple

(S, j,M,D, u)

where u : S → Q is of class (3, δ0
0, δ

0
1) and

1.
∫
C
u∗ω ≥ 0 for every component C of S

2. If a domain component C of S has genus g(C) and #ΣC special points, and sat-

isfies 2 · g(Cd) + #ΣCd ≤ 2, i.e. C is not stable, then

∫
C

u∗ω > 0 �
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We also recall the notion of equivalence between stable maps:

Definition 4.1.2. Two stable maps α = (S, j,M,D, u) and α′ = (S ′, j′,M ′, D′, u′) are

called equivalent if there exists an isomorphism φ : (S, j,M,D)→ (S ′, j′,M ′, D′) between

the noded Riemann surfaces satisfying:

1. φ : (S, j)→ (S ′, j′) is a biholomorphism

2. φ(M) = M ′ and φ preserves the order on the marked points

3. φ(D) = D′

4. u′ ◦ φ = u

We denote the set of stable maps by H3,δ00 ,δ
0
1(Q) and the set of equivalence classes by

Z3,δ00 ,δ
0
1(Q). �

Definition 4.1.3. Fix a Riemann surface with boundary S. Define

H3,δ00 ,δ
0
1(S, u∗TQ, u|∗∂STL)

to be the set of sections η of u∗TQ which decay at the rate δ0
0 at interior nodes and the

rate δ0
1 at boundary nodes. In addition, we impose the condition that η|∂S is a section

of u∗TL. �

The definition of stability for maps does not require the components of the underlying

Riemann surface to be stable as long as
∫
C
u∗ω > 0. It will be important to develop
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a stabilization procedure for unstable underlying curves. We adapt Definition 3.1 from

[HWZ1] to the case of Riemann surfaces with boundary:

Definition 4.1.4. Let S be a Riemann surface with boundary. A finite set Σ of points

in S is a stabilization of α = (S, j,M,D, u) with automorphism group G if it satisfies

the following:

(1) Σ is contained in the interior of C.

(2) Σ does not intersect M∪|D|.

(3) Σ is preserved by G, i.e. g(Σ) = Σ for all g ∈ G.

(4) If we consider Mi ∪ Σ as unordered marked points, the Riemann surface (S, j,Mi ∪

Σ,Mb, D) is stable.

(5) If u(z) = u(z′) for points z, z′ ∈ Σ, then there exists g ∈ G such that g(z) = z′.

(6) The image u(Σ) does not intersect u(|D| ∪M).

(7) At the points z ∈ Σ, the differential Tu(z) is injective. At these points u∗ω(z)

is non-degenerate and determines on TzC the same orientation as the almost complex

structure j. �

Observe that by definition the automorphism group G∗ of the nodal Riemann surface

(S, j,M ∪ Σ, D) is finite and contains the automorphism group G of α = (S, j,M,D).

Lemma 4.1.1. (compare Lemma 3.2 [HWZ1]) Every stable map α = (S, j,M,D, u)
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possesses a stabilization Σ.

Proof: The proof follows similarly to that of Lemma 3.2 [HWZ1]. �

Let α = (S, j,M,D, u) be a stable map equipped with the stabilization Σ. Label the

images of the points |D| and Σ under the map u as follows:

u(|Di|) = {w1, · · · , wk}

u(Σ) = {wk+1, · · · , wk+j}

u(|Db|) = {wk+j+1, · · ·wk+j+l}

Note that #u(|Di|) + #u(|Db|) may be less than k+ l due to the non-injectivity of u. By

definition we have u(|D|) ∩ u(Σ) = ∅. For i ∈ {1, · · · , k + j + l} we fix a neighborhood

R(wi) ⊂ Q of wi and a smooth bijective chart:

φi : (R(wi), wi)→ (R2n, 0)

We choose these maps so that the closures of the images of the φi for i ∈ {1, · · · , k+j+l}

are mutually disjoint. Denote by Rr(wi) the preimage of the r-ball Br(0) around 0 un-

der the chart map φi. Next we fix a small disk/half disk structure D, and in addition,

closed disks Dz with smooth boundaries centered at the points z ∈ Σ so that all disks

are mutually disjoint and so that the following holds:

(*) For every z ∈|D| ∪ Σ the image under u of the disks Dz is contained in R1(wi),

where wi = u(z). Moreover the union ∪z∈ΣDz is invariant under G∗.
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Choose a Riemannian metric g on the manifold Q, which restricts to the pull-back of

the standard metric on R2n under φi|R4(wi). Consider the stable noded Riemann surface

α = (S, j,M ∪ Σ, D) with finite automorphism group G∗. Also consider a good family

v → j(v), parametrized by a germ V in a vector space Eα, so that for a suitable G∗

invariant open neighborhood O of (0, 0) ∈ ND⊕E we have the good uniformizing family

(a, v)→ (Sa, j(a, v), (M ∪ Σ)a, Da)

We choose a C0-open neighborhood of the map u, denoted by U(u), in the space of C0

maps from S to Q which is chosen small enough that images of the disks Dz under the

maps in U(u) land in R2(wi) for wi = u(z). Given this setup, consider the family of

stable maps:

(a, v, u′)→ (Sa, j(a, v),Ma, Da,⊕a(u′))

where (a, v) belongs to the G∗ invariant open neighborhood O of (0, 0) ∈ N ⊕ E and

where the continuous map u′ : S → Q belongs to U(u).

For ever z ∈ Σ, we define subdisks SDz(−h) which are contained in the interior of

Dz. We further stipulate that SDz(−h) has smooth boundary so that the union is in-

variant under the action of G. We also assume the union of sub-disks centered at points

in the stabilization are invariant under G∗ and are concentric, i.e.

SDz = Dz(−h) = {ξ ∈ Dz : ξ = z or ξ = ψz(s, t) for s ≥ h} (4.1.1)

for some h > 0, where ψz are positive holomorphic polar coordinates on Dz centered at
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z. We also fix concentric subdisks/half subdisks

SDx = Dx(−h) = {ξ ∈ Dx : ξ = x or ξ = ψx(s, t) for s ≥ h}

SDy = Dy(−h) = {ξ ∈ Dy : ξ = y or ξ = ψy(s, t) for s ≤ −h}

SHDx′ = HDx′(−h) = {ξ ∈ Dx′ : ξ = x′ or ξ = ψx′(s, t) for s ≥ h}

SHDy′ = HDy′(−h) = {ξ ∈ Dy′ : ξ = y′ or ξ = ψy′(s, t) for s ≤ −h}

having the same invariance property under the action of G∗. For the gluing parameter

a = (a{x,y}){x,y}∈D consider the union

Za :=
⋃

{x,y}∈D

Z{x,y}a{x,y}

We also consider the union:

Za(−h) =
⋃

{x,y}∈D

Z{x,y}a{x,y}
(−h)

We have the following bordered analog of Proposition 3.3 from [HWZ1] which describes

the behavior of morphisms near the neck:

Proposition 4.1.1. Fix a stable map α = (S, j,M,D, u). Then given h > 0, there

exists a G∗-invariant open neighborhood O′ ⊂ O of (0, 0) ∈ N ⊕ E and a G-invariant

C0- neighborhood U ′(u) ⊂ U(u) of the map u so that we have following:

If u′, u′′ ∈ U ′(u) ∩ H3,δ00 ,δ
0
1(S,Q) are maps from S to Q and (a, v), (b, w) ∈ O′ and

if

φ : (Sa, j(a, v),Ma, Da,⊕a(u′))→ (Sb, j(b, w),Mb, Db,⊕b(u′′))
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is an isomorphism then there exists an automorphism g in the automorphism group G

of the original stable map α = (S, j,M,D, u) with the property that

φ(Z{x,y}a{x,y}
(−h)) ⊂ Z

{g(x),g(y)}
b{g(x),g(y)}

(4.1.2)

at all nodal pairs {x, y} ∈ D. In addition, if z ∈ Σ then

φ(Dz(−h)) ⊂ Dg(z) (4.1.3)

Proof : The intuition is that when (a, v), (b, w) are sufficiently small, any morphism

φ : (Sa, j(a, v),Ma, Da,⊕au)→ (Sb, j(b, w),Mb, Db,⊕bu′)

must be close to automorphism g ∈ Aut(α). Conditions (4.1.2) and (4.1.3) then holds for

φ because (4.1.2) and (4.1.3) are manifestly true for g and are both open conditions.

The proof is identical to [HWZ1] Proposition 3.3, except we substitute [HWZ1] Proposi-

tion 5.2 with the following version proved in Appendix 1:

Lemma 4.1.2. (compare Proposition 3.3 [HWZ1]) Consider the bordered stable

map (S, j,M,D, u) and two sequences uk, u
′
k ∈ H3,δ00 ,δ

0
1(S,Q) both converging to u in

C0. Let O ⊂ N(D) × E be an open subset. Assume that (ak, vk) → (0, 0) ∈ O and

(bk, wk)→ (0, 0) ∈ O and that

φk : (Sak , j(ak, vk),Mak , Dak ,⊕ak(uk))→ (Sbk , j(bk, wk),Mbk , Dbk ,⊕bk(u′k))

is a sequence of isomorphisms. Then there exists a subsequence of φk which converges in

C∞loc away from the nodes to an automorphism φ0 of (S, j,M,D, u). �
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Suppose for the sake of contradiction, that we have two sequences u′k, u
′′
k → u of maps

in U ′(u) ∩ H3,δ00 ,δ
1
0(S,Q) converging in C0, sequences (ak, vk) and (bk, wk) which both

converge to (0, 0), and a sequence of isomorphisms

φk : (Sak , j(ak, vk),Mak , Dak ,⊕ak(u′k))→ (Sbk , j(bk, wk),Mbk , Dbk ,⊕bk(u′′k))

which violate (4.1.2) and (4.1.3). By the Lemma, the maps φk converge to an isomorphism

φ0 : (S, j,M,D, u) → (S, j,M,D, u). Therefore φ0 = g ∈ G and by the invariance

properties of subdisks, we have

φ0(Dz(−h)) = Dg(z)(−h) ⊂ Dg(z)

for z ∈ Σ and

φ0(Dx(−h) ∪Dx(−h)) ⊂ Dg(x) ∪Dg(y)

for the nodal pairs {x, y}. After passing to a subsequence, it must hold that for k

sufficiently large

φk(Dz(−h)) ⊂ Dg(z)

and

φk(Dx(−h) ∪Dy(−h)) ⊂ Dg(x) ∪Dg(y),

Thus we’ve reached a contradiction. �

There is a similar proposition we will also need (compare with Proposition 3.5 [HWZ1])

which is also proved using the bordered analogue of Lemma 3.4 [HWZ1]:

Lemma 4.1.3. Given h > 0, there exists H > 0 and a G∗-invariant open neighborhood

O′′ ⊂ O′ of 0 and a C0-neighborhood U ′′(u) ⊂ U(u) of the map u so that the following
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is satisfied: If u′, u′′ ∈ U ′′(u), (a, v), (b, w) ∈ O′′ and if

φ : (Sa, j(a, v),Ma, Da,⊕a(u′))→ (Sb, j(b, w),Mb, Db,⊕b(u′′))

is an isomorphism, then there exists an automorphism g ∈ G satisfying

φ(Dz(−H)) ⊂ Dg(z)(−h)

for all z ∈ Σ, and

φ(Z{x,y}a{x,y}
(−H)) ⊂ Z

{g(x),g(y)}
b{g(x),g(y)}

(−h)

for every nodal pair {x, y} ∈ D. �

The notion of good data, which summarizes the choices described above, will be impor-

tant for constructing uniformizing families. Many of the conditions are similar to those

appearing Definition 3.6 [HWZ1]

Definition 4.1.5. (compare Definition 3.6 [HWZ1]) Let α = (S, j,M,D, u) be a

stable map and let G be the automorphism group of α. Good data centered at α consist

of the following data:

(1) A stabilization Σ and small disk structure D associated to α and a good uniformizing

family:

(a, v)→ (Sa, j(a, v), (M ∪ Σ)a, Da), (a, v) ∈ O

We fix disks Dz around every point in z ∈ Σ which are mutually disjoint and invariant

under G∗, where G∗ = Aut(S, j,M ∪ Σ, D).
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(2) Consider the set W = u(|D| ∪ Σ). We fix smooth charts around every point w ∈ W :

φw : (R(w), w)→ (R2n, 0)

so that the closures of R(w) are mutually disjoint. We set Rr(w) = φ−1(Br(0)) for r > 0.

We stipulate that for every z ∈|D| ∪Σ the image of u(Dz) of the disk Dz is contained in

R1(u(z)). In addition, we impose the condition

φw(L ∩R(w)) ⊂ Rn × {0}, for all w ∈ W

(3) The exponential map exp : TQ → Q on the manifold Q is defined with respect to a

Riemannian metric g such that

(φ−1
w )∗g|B4(0)

is the Euclidean metric. Fix an open neighborhood of the zero-section in TQ, denoted

by Õ, which is fiberwise convex. We further suppose that Õ is contained in Sε(α)T (Q),

where ε(α) > 0 is chosen so small that exp : Õq := Õ ∩ TqQ → Q is an embedding for

every q ∈ Q. Further restrictions on the size of ε(α) will be fixed later.

(4) Choose for every point w ∈ u(Σ) a 2n − 2 dimensional submanifold Mw ⊂ Q such

that φw(Mw) ⊂ R2n. Furthermore, if Hw := TwMw then

TwQ = Hw ⊕ Im Tu(z)

Note that if u(z) = u(z′) for z, z′ ∈ Σ then associate the same manifold Mw to both.

(5) We choose g such that L ⊂ Q is a totally geodesic submanifold. We also choose
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an open G-invariant neighborhood U of the zero-section 0 ∈ H3,δ0,δ1
c (S, u∗TQ, u|∗∂STL) so

that every section η ∈ U has its image in u∗Õ.

(6) Concentric subdisks SDz, as defined above (see Line 4.1.1), of Dz.

(7) The restriction u|Dz is an embedding which intersects Mu(z) uniquely at the point

u(z).

(8) We choose U sufficiently small such that if η ∈ U , then f := expu(η) : S → Q

satisfies f(Dz) ⊂ R2(u(z)) for every z ∈ Σ. In addition, the restriction f |Dz is an em-

bedding which intersects Mu(z) transversally at a single point f(z′), for some z′ ∈ SDz.

(9) If there exists an isomorphism

φ : αa,v,η → αa′,v′,η′

for (a, v, η), (a′, v′, η′) ∈ O ⊕ U where

α(a,v,η) := (Sa, j(a, v),Ma, Da,⊕a(expu(η))),

α(a′,v′,η′) := (Sa′ , j(a
′, v′),Ma′ , Da′ ,⊕a′(expu(η′)))

then there exists an automorphism g ∈ Aut(α) such that φ(SDz) ⊂ Dg(z) for all z ∈ Σ.

(10) If there exists an isomorphism

φ : (Sa, j(a, v), (M ∪ Σ)a, Da)→ (Sa′ , j(a
′, v′), (M ∪ Σ)a′ , Da′)
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which also satisfies the conditions of (9), then φ = ga for some g ∈ Aut(α) and (a′, v′) =

g ∗ (a, v). �

Remark 4.1.1. With regard to Condition (3) in Definition 4.1.5, we need to ensure that

we can find a metric on Q which is locally Euclidean near the nodes and such that L

is totally geodesic. We can construct such a metric as follows: Let χ : Q → [0, 1] be a

bump function such that

χ = 1 on
⋃
w∈Db

R5(w)

and

χ = 0 on the complement of
⋃
w∈Db

R6(w)

Let gEuclidean denote the Euclidean metric on R2n. Set g′′ :=
∑

w φ
∗
wgEuclidean and consider

the metric g′ = (1−χ) · h′+χ · g′′, where h′ is any metric satisfying all the conditions of

′good data′ except that L need not geodesic for h′. There exists a tubular neighborhood

of T ⊂ Q of L where the ′fiber′ over a point l ∈ L is contained in the set

{exp′(v) : v ∈ Nl(L)}

where N(L) is the normal bundle of L in TQ with respect to the metric g′ and exp′

is exponentiation with respect to g′. Denote by A : T → T the map which acts as the

antipodal map in the fibers. Then consider the metric h = 1
2
·(g′+A∗g′). By construction

L is totally geodesic for with respect to h. Since gEuclidean is invariant under the map

φw ◦ A ◦ φ−1
w : R2n → R2n, (x, v)→ (x,−v)

it follows that h|R5(w) = g′′|R5(w). Let β be a bump function supported in a neigh-

borhood of L contained in T with compact closure. Then we set g := (1 − β)h′ + βh.
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Remark 4.1.2. Consider good data centered at a smooth stable map α = (S, j,M,D, u).

For z ∈ Σ denote by Hu(z) the plane Hu(z) = Tu(z)Mu(z) ⊂ Tu(z)Q in the tangent space,

which we refer to as the linear constraint associated with the point z ∈ Σ. We note that

points z, z′ ∈ Σ satisfying u(z) = u(z′) are associated to the same constraint, Hu(z). �

Proposition 4.1.2. (compare Proposition 3.7 [HWZ1]) There exists good data

centered at a stable map α representing [α] ∈ Z.

Proof: The argument is similar to the closed case discussed in [HWZ1]. We include

the argument for completeness. The existence of a good uniformizing family is given by

Theorem 2.3.1. So up to the final property, (10), the proposition holds from Proposition

4.1.1 and Lemma 4.1.3. Assume the hypothesis of (10) holds, then we conclude that

φ = g∗a for an automorphism g∗ ∈ G∗. However, by Proposition 4.1.1 if we assume the

neighborhod U of the zero-section of u∗TQ in (5) and the neighborhood O of (0, 0) in

(1) are sufficiently small, then φ is necessarily C∞ close on the core to an automorphism

g ∈ G. Since G ⊂ G∗ is a finite group, it follows that φ = g ∈ G. �

Because our specifications of good data are stable under sufficiently small C1 perturba-

tions, without loss of generality we can assume our charts are centered at smooth families.

More precisely, for any choice of good data centered at an H3 map u we can find map

u′ = expuη, where η is sufficiently small, such that the original choice of stabilization,

small disk structure, etc defines a choice of good data centered at u′.

Lemma 4.1.4. (compare Theorem 3.8 [HWZ1]) For every stable map α = (S, j,M,D, u)

representing an element in Z there exists good data centered at a stable map α′ =

(S, j,M,D, u′) where u = expu′(η) and η is an arbitrarily small section in the open
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neighborhood U of the zero-section H
3,δ00 ,δ

0
1

c ((u′)∗TQ, (u′|∂S)∗TL). In addition, α and α′

have the same automorphism group. �

Define the sc-subspace of finite co-dimension, Eu, by:

Eu := {η ∈ H3,δ00 ,δ
0
1

c (u∗TQ, u|∗∂STL) : η(z) ∈ Hu(z) for z ∈ Σ}

Set q{x,y} = u(x) = u(y). For every nodal pair {x, y} ∈ D, we can implant the family of

retractions originally defined in Section 2:

r{x,y} : B 1
2
× Tq{x,y}L⊕H

3,δ01Γ(u|∗HDxTQ, u
∗|∂HDxTL))

⊕H3,δ01Γ(u|∗HDyTQ, u|
∗
∂HDyTL)

→ B 1
2
× Tq{x,y}L⊕H

3,δ01Γ(u|∗HDxTQ, u|
∗
∂HDxTL))⊕H3,δ01Γ(u|∗HDyTQ, u|

∗
∂HDyTL)

and for interior nodal pairs

q{x,y} : B 1
2
× Tq{x,y}Q⊕H

3,δ00Γ(u|∗DxTQ)⊕H3,δ00Γ(u|∗DyTQ)

→ B 1
2
× Tq{x,y}Q⊕H

3,δ00Γ(u|∗DxTQ)⊕H3,δ00Γ(u|∗DyTQ)

The retraction is the identity near the left and right boundaries of Dx, Dy, and HDx′ ,

HDy′ , respectively, and so we may extend it to a retraction on Eu. We denote the

extension by r{x,y} and observe that the retraction takes the form:

r{x,y}(a, η) = (a, π{x,y}a{x,y}
(η))

where π
{x,y}
a{x,y} is the projection onto the kernel of 	a{x,y} . The projections obtained for vari-
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ous nodal pairs {x, y} ∈ D commute with each other. Denote by πa for a = (a{x,y}){x,y}∈D

the product of all of the nodal projections.

We define the local retract K as follows:

K = {(a, v, η) ∈ BD × Eu : (a, v) ∈ O and πa(η) = η}

where O is specified in Definition 4.1.5. We shall abbreviate by O the open subset of K

given by:

O := {(a, v, η) ∈ K : (a, v) ∈ O, η ∈ Eu and η ∈ U ∩ Eu}

where U is the open neighborhood of the zero-section 0 ∈ H
3,δ00 ,δ

0
1

c (S, u∗TQ, u|∗∂STL)

considered in property (5) of Definition (Good Data).

Definition 4.1.6. (compare with Definition 3.9 [HWZ1]) Assume we have good

data, see Definition 4.1.5, centered at a stable map α = (S, j,M,D, u) with automorphism

group G, and consider the good uniformizing family:

(a, v)→ α(a,v) := (Sa, j(a, v), (M ∪ Σ)a, Da) with (a, v) ∈ O

Then the associated family of stable maps

(a, v, η)→ α(a,v,η) := (Sa, j(a, v),Ma, Da,⊕a(expu(η)))

for (a, v, η) ∈ O is called a good uniformizing family of stable maps centered at the

smooth stable map α = (S, j,M,D, u). �

From Lemma 4.1.4, we have:

Proposition 4.1.3. (compare Proposition 3.10 [HWZ1]) Given [α′] ∈ Z, there
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exists a good uniformizing family

(a, v, η)→ α(a,v,η), (a, v, η) ∈ O

such that α(0,0,0) is smooth and [α′] = [α(a0,v0,η0)] for some (a0, v0, η0) ∈ O. �

Definition 4.1.7. (compare Definition 3.11 [HWZ1]) The action ofG = Aut(S, j,M,D, u)

on O is given by

(a′, v′, η′) = g ∗ (a, v, η)

Here g ∈ G, and (a′, v′) = g ∗ (a, v) and η′ ◦ g = η. �

Proposition 4.1.4. (compare Proposition 3.12 [HWZ1]) Consider a good family

(a, v, η)→ α(a,v,η), (a, v, η) ∈ O. If

[α(a,v,η)] = [α(a′,v′,η′)]

for (a, v, η), (a′, v′, η′) in O, then there exists an automorphism g ∈ G such that

(a′, v′, η′) = g ∗ (a, v, η)

Furthermore, every isomorphism between α(a,v,η) and α(a′,v′,η′) is obtained by gluing an

automorphism in G:

ga : α(a,v,η) → α(a′,v′,η′)

Proof: By hypothesis, we’ve assumed the existence of an isomorphism

φ : α(a,v,η) = (Sa, j(a, v),Ma, Da,⊕a(expu(η)))→
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α(a′,v′,η′) = (Sa′ , j(a
′, v′),Ma′ , Da′ ,⊕a′(expu(η′)))

with the property that

⊕a(expu(η)) = ⊕a′(expu(η′)) ◦ φ

Any point z ∈ Σ is in the core of Sa, since z is not contained in |D|. On the core of Sa,

⊕a(expu(η)(z)) = expu(z)(η(z)) for z ∈ Sa, and in particular this is true for z ∈ Σ. And

by construction of the uniformizing family, η(z) ∈ Hu(z) = Tu(z)Mu(z) ⊂ Tu(z)Q for z ∈ Σ.

By definition of good data, expuη|Dz is an embedding, transverse to the manifold Mu(z),

and intersects Mu(z) precisely in the point z. By definition of good data, there exists an

automorphism g ∈ G such that

φ(SDz) ⊂ Dg(z)

By definition of the automorphism group, we have u(g(z)) = u(z). Therefore,

expu(η
′) ◦ φ(z) = expu(η)(z) ∈Mu(z) = Mu(g(z))

By hypothesis, expu(η
′)|Dg(z) is an embedding and intersects Mu(g(z)) in exactly the point

g(z). Since φ(z) ∈ Dg(z), we must have

φ(z) = g(z)

by Condition (7) of Definition 4.1.5. Σ is G invariant, so we can conclude that Σ is also

φ invariant. So φ is an isomorphism of bordered stable nodal Riemann surfaces:

(Sa, j(a, v), (M ∪ Σ)a, Da)→ (Sa′ , j(a
′, v′), (M ∪ Σ)a′ , Da′)
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Now, by definition of good data we have an automorphism g ∈ G such that (a′, v′) =

g ∗ (a, v) and φ = ga. On the core this means φ = ga = g. Since u ◦ g = u, we have

expu(η
′) ◦ g = expu(η

′ ◦ g) = expu(η)

Thus on the core we have η′ ◦ g = η. The isomorphism ga takes Z
{x,y}
a{x,y} to Z

{g(x),g(y)}
a{(g(x),g(y))} for

all nodal pairs {x, y} ∈ D via the assignment:

ga[z]
a{x,y}
x = [g(z)]

a{(g(x),g(y))}
g(x)

Using the hypotheses u ◦ g = u, 	aη = 0, we have the identities:

ua′ ◦ ga = ua

⊕a(η′ ◦ g) = η′a′ ◦ ga

	a(η′ ◦ g) = 0

Then we have the chain of equalities:

expuaηa = expu′aη
′
a′ ◦ ga = expua′◦gaη

′
a′ ◦ ga = expua(η

′ ◦ g)a (4.1.4)

Since πaη = η and πa(η
′ ◦ g) = η′ ◦ g, Equation (4.1.4) implies η = η′ ◦ g. The claim

follows. �

The following theorem describes the extension of an isomorphism between stable maps in

different uniformizing families to a germ of morphisms between stable maps parametrized

by different uniformizing families.

Theorem 4.1.1. (compare Theorem 3.13 [HWZ1]) Consider two good uniformizing
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families of stable maps q → αq parametrized by q ∈ O and q′ → α′q′ parametrized by

q′ ∈ O′. We assume that for two points q0 ∈ O and q′0 ∈ O′ there exists an isomorphism

φ0 : αq0 → α′q′0

between the associated stable maps. Then there exists a unique local germ of an sc-

diffeomorphism

f : (O, q0)→ (O′, q′0) q → q′ = f(q)

between the parameter spaces which satisfy f(q0) = q′0 and there exists a core-smooth

germ of a family q → φq of isomorphisms

φq : αq → α′f(q)

satisfying φq0 = φ0.

Proof: Consider q0 = (a0, v0, η0) ∈ O and q′0 = (a′0, v
′
0, η
′
0) ∈ O′. Suppose αq0 =

(Sa0 , j(a0, v0),Ma0 , Da0 ,⊕a0u) and α′q′0
= (S ′a′0

, j′(a′0, v
′
0),M ′

a′0
, D′a′0

,⊕a′0u
′). Further con-

sider the subset Σ′ ⊂ S ′ of stabilizing points. By definition we have

Σ′ ∩ (M ′ ∪ |D′|) = ∅

and

u′(Σ′) ∩ u′(M ′ ∪ |D′|) = ∅

We will denote the preimage of Σ′ under φ0 : Sa0 → S ′a′0
by

Θ0 = φ−1
0 (Σ′) ⊂ Sa0
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The subset Θ0 need not be contained in the core of Sa0 , though by definition of an isomor-

phism of stable surfaces, it is disjoint from Ma0∪|Da0|. Let Θ be a smooth deformation

of Θ0. We have the following, which follows from Theorem 2.4.1:

Lemma 4.1.5. Let U ⊂ S#|Σ| be an open subset containing Θ0. There exists a germ of

a smooth map

BD × V × U → BD′ × V ′

(a, v,Θ)→ (a′(a, v,Θ), v′(a, v,Θ))

which satisfies

(a′(a0, v0,Θ0), v′(a0, v0,Θ0)) = (a′0, v
′
0)

such that there exists an associated core-smooth germ of isomorphisms

φ(a,v,Θ) : (Sa, j(a, v),Ma ∪Θ, Da)→ (Sa′ , j
′(a′, v′), (M ′ ∪ Σ′)a′ , Da′),

where a′ = a′(a, v,Θ) and v′ = v′(a, v,Θ), and φ(a0,v0,Θ0) = φ0 �

The diffeomorphism φ0 : Sa0 → S ′a′0
has the property:

⊕a0expu(η0) = ⊕a′0(exp
′
u′(η

′
0)) ◦ φ0

If z ∈ Θ0, we have φ0(z) = z′ ∈ Σ′, so

⊕a0expu(η0)(z) = ⊕a′0exp
′
u′(η

′
0)(z′) ∈M ′

u′(z′)

For (a, v, η) close to (a0, v0, η0) on level 0 (in particular, the associated stable maps are

C1 close), it follows by Theorem 2.54 in [HWZ1] that ⊕aexpu(η) : Sa → Q intersects
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M ′
u′(z′) ⊂ Q transversally at unique points z(a, v, η) ∈ Sa so

⊕aexpu(η)(z(a, v, η)) ∈M ′
u′(z′)

and the map

(a, v, η)→ z(a, v, η) ∈ Sa

is core-smooth. By the chain rule, near (a0, v0, η0) an sc-smooth germ

q = (a, v, η)→ (a, v, z(a, v, η))→ (a′(a, v, z(a, v, η)), v′(a, v, z(a, v, η)))

of functions and a core-smooth family of morphisms

φq := φ(a,v,Θ(a,v,η)) : (Sa, j(a, v),Ma∪Θq, Da)→ (Sa′(q), j
′(a′(q), v′(q)), (M ′∪Σ′)a′(q), D

′
a′(q))

By construction we have

φq(z(q)) = z′ ∈ Σ′

for some z′ ∈ Σ′. By C1 closeness the maps

⊕aexpu(η) ◦ φ−1
(a,v,η) : S ′a′(a,v,η) → Q

are still transverse to M ′
u′(z′) at points z′ ∈ Σ′. To complete the proof of the proposition,

it is enough to prove the following:

Lemma 4.1.6. For q = (a, v, η) sufficiently close to q0 = (a0, v0, η0) there exists a section
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η′(q) of the bundle u′∗TQ near the section η′0 uniquely defined by the properties:

⊕a′(q)expu′(η′(q)) = ⊕aexpu(η) ◦ φ−1
q (4.1.5)

η′(q) satisfies the linear constraints at the points of the stabilization (4.1.6)

(a′(q), v′(q), η′(q)) ∈ O′ (4.1.7)

In addition,

q → η′(q)

is an sc-smooth map.

Proof : The argument follows similarly to Lemma 3.17 in [HWZ1], if one substitutes

Theorem 2.57 in [HWZ1] for Theorem 3.6.1. � �

4.2 Compatibility of Uniformizers

Consider two graphs of good uniformizing families:

q → αq

G = {(q, αq) : q ∈ O}

and

q′ → α′q′

G ′ = {(q′, α′q′) : q′ ∈ O′}
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We define the morphism set M(G,G ′) between objects G and G ′ as follows

M(G,G ′) := {((q, αq), φ, (q′, α′q′)) : (q, αq) ∈ G, (q′, α′q′) ∈ G ′, φ : αq → α′q′ is an equivalence}

Consider a subset Ô ⊂ O which is the domain of definition of a bijective map f : Ô→ O′

of the form specified in Theorem 4.1.1. We define the subset M(G,G ′)Ô ⊂ M(G,G ′) as

follows:

M(G,G ′)Ô := {((q, αq), φ, (q′, α′q′)) : (q, αq) ∈ Ô}

Let M denote the collection of subsets of M(G,G ′) of the form M(G,G ′)Ô.

Proposition 4.2.1. M is a basis for a Hausdorff topology on M(G,G ′).

Proof: The proof follows analogously to [HWZ1] Lemma 3.18, substituting Lemma

3.12 [HWZ1] with Proposition 4.1.4. �

Recall that the topology on G is induced from the projection map π : G → O. It is easy

to see that the source s and target t maps are continuous with respect to this topology.

Theorem 4.1.1 implies that given a morphism αq → α′q′ there exists an injective map

Γ : G→M(G,G ′), Γ(q, αq) = ((q, αq), φq, (q
′(q), α′q′(q)))

where q′(q) = f(q) where f : O → O′ is a local sc-diffeomorphism. By definition, we

have

s ◦ Γ = Id and t ◦ Γ(q, αq) = (q′(q), α′q′(q))

By Theorem 4.1.1 this means that t◦Γ is a local sc-diffeomorphism. It follows that Γ and

s are local homeomorphisms and that s induces an sc-structure on the morphism sets

M(G,G ′). In particular, Γ−1 = s and t = (t◦Γ)◦Γ−1 are also a local sc-diffeomorphisms.
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Thus we have:

Proposition 4.2.2. (compare Proposition 3.19 [HWZ1]): If G and G ′ are equipped

with their natural M -polyfold structures, then the set M(G,G ′) has a natural M -polyfold

structure for which the source map s and the target map t are local sc-diffeomorphisms.

�

Proposition 4.2.3. (compare Proposition 3.20) [HWZ1]): Consider G, G ′ and

M(G,G ′) equipped with the M -polyfold structures discussed above. Then:

1. The unit map

u : G →M(G,G), u(q, αq) = ((q, αq), Id, (q, αq))

is sc-smooth.

2. The inversion map

i : M(G,G ′)→M(G ′,G), i((q, αq), φ, (q
′, α′q′)) = ((q′, α′q′ , φ

−1, (q, αq))

is sc-smooth.

Proof: In local charts, the source map s is sc-smooth and defines the smooth struc-

ture on the morphism sets. Thus the equation s◦u = Id implies u is sc-smooth. Locally,

i = t−1 ◦ s, so sc-smoothness follows by the chain rule for sc-smooth maps. �

Lastly, consider the multiplication map

m : M(G ′,G ′′)s ×tM(G,G ′)→M(G,G ′′)
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defined by

m(((q′, α′q′), ψ, (q
′′, α′′q′′)), ((q, αq), φ, (q

′, α′q′))) = ((q′, α′q′ , ψ ◦ φ, (q′′, α′′q′′))

Proposition 4.2.4. (compare Proposition [HWZ1] 3.21): The multiplication map

is an sc-smooth map.

Proof: The argument follows identically as [HWZ1] Proposition 3.21 given the sub-

stitution of [HWZ1] Theorem 3.13 for Theorem 4.1.1. �

4.3 Compactness Properties of M(G,G ′)

We will need the following compactness result, which is the open version of Theorem 3.22

in [HWZ1]:

Proposition 4.3.1. (compare Theorem 3.22 [HWZ1]) Let G = {(q, αq) : q ∈ O}

be a graph where q → αq is a good uniformizing family of bordered stable maps. Let

π : G → O be the projection diffeomorphism. Then for every point q ∈ O there is an

open neighborhood UG(q) ⊂ O such that if G and G ′ are two graphs and q′ ∈ O′, then

every sequence Φk ∈M(G,G ′) of morphisms satisfying

π ◦ s(Φk) ∈ UG(q)

and

π′ ◦ t(Φk)→ q′

possesses a subsequence converging in M(G,G ′).

Remark 4.3.1. The above theorem will be used to show that the polyfold Z
g,h,
−→
k ,m

is
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Hausdorff. Indeed, this theorem reflects that objects in the orbit space cannot be too

close without being equal. �

The following discussion closely follows the material in [HWZ1] Section 3.3. Fix an M -

polyfold chart G = {(q, αq) : q ∈ O} and a point q0 ∈ O. We will construct a special

neighhborhood UG(q0) for which we will verify the proposition. Suppose the chart G is

centered at a stable map α = (S, j,M,D, u) and the good uniformizing family defining

G is given by

q → αq, q = (a, v, η) ∈ O

(0, 0, 0)→ α0 := α

Definition 4.3.1. We fix a family of metrics ga, parameterized by a ∈ BD, on each of

the punctured surfaces

Sa −
⋃

a{x,y}=0

{x, y}

satisfying:

1. If a{x,y} ∈ Di, and a{x,y} 6= 0, the cylinder Z
{x,y}
a{x,y} is isometric to the standard cylinder

[0, R{x,y}]× S1 equipped with the product metric.

2. If a{x,y} ∈ Di, and a{x,y} = 0 the metrics on the punctured disks Dx − {x} and

Dy − {y} are isometric to the half cylinders R+ × S1 and R− × S1 equipped with the

product metric, respectively.

3. If a{x,y} ∈ Db, and a{x,y} 6= 0, the strips HZ
{x,y}
a{x,y} are isometric to the standard

strip [0, R{x,y}]× [0, 1] equipped with the product metric.
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4. If a{x,y} ∈ Db, and a{x,y} = 0, the metrics on the punctured strips HDx − {x}

and HDy − {y} are isometric to the strips R+ × [0, 1] and R− × [0, 1] equipped with the

product metric, respectively.

5. On the core of Sa, which can be canonically identified for all a, we take the met-

rics to be the same. �

Now suppose q0 = (a0, v0, η0) ∈ O. We will construct UG(q0). Take a small open

neighborhood P of (a0, v0) ∈ O, which satisfies cl(P ) ⊂ O. Choose a Riemannian metric

g satisfying conditions Good Data (Definition 4.1.5) on the symplectic manifold (Q,ω).

Note that η0 converges asymptotically to 0 at the nodes. Thus with respect to the metric

ga0 , the differential Tu0 of u0 := ⊕a0expu(η0) : Sa0−|Da0| → Q is uniformly bounded.

For any map w ∈ H3,δ00 ,δ
0
1(Sa, Q) we introduce the notation:

||Tw|| = sup|h|=1, z∈Sa−|Da|||Tw(z)h||Q

where the sup is taken over all z ∈ Sa−|Da| and h ∈ S1(TzSa), where S1(TzSa) is

the sphere of radius 1 in TzSa. Lastly, choose a small open neighborhood U0 of η0 in

H
3,δ00 ,δ

0
1

c (u∗TQ, u|∗∂STL) satisfying conditions (1) and (2) below:

(cl(P )⊕ cl(U0)) ∩K ⊂ O (4.3.1)

There exists a constant C > 0 such that ||T ⊕a (expu(η)))|| ≤ C for every (a, v, η) ∈ P ⊕ U0.

(4.3.2)

We define UG(q0) by

UG(q0) = (P ⊕ U0) ∩K
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Proof of Proposition 4.3.1: Consider the M -polyfold

G ′ := {(q′, α′q′ : q′ = (a′, v′, η′) ∈ O′}

where q′ → α′q′ is a good family centered at the stable map (S ′, j′,M ′, D′, u′). By G′

we denote the automorphism group of (S ′, j′,M ′, D′, u′). Set q′0 := (a′0, v
′
0, η
′
0) ∈ O′.

Restricting to a subsequence, we assume that the sequence

qk := π ◦ s(Φk) := (ak, vk, ηk)

has the property that

(ak, vk)→ (a, v) ∈ cl(P )

By assumption we have the converging sequence:

q′k := π′ ◦ t(Φk) = (a′k, v
′
k, η
′
k)→ q′0 = (a′0, v

′
0, η
′
0)

Associated with the sequence Φk ∈M(G,G ′) we have the sequence

φk : (Sak , j(ak, vk),Mak , Dak)→ (S ′a′k , j
′(a′k, v

′
k),M

′
a′k
, D′a′k)

of biholomorphisms satisfying

⊕′a′k(exp
′
u′(η

′
k))) ◦ φk = ⊕ak(expu(ηk))

Lemma 4.3.1.

supz∈Sak−|Dak |,k≥1||Tφk(z)|| <∞
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Proof: The proof Lemma 4.3.1 is in Appendix 1. �

By Ascoli-Arezla, a subsequence of φk converges in C∞loc in finite distance to the core. By

Proposition 3.6.2 we have convergence φ0 = limk→∞φk in C∞loc. By hypothesis, we have

η′k → η′0. Thus by Theorem 3.6.1, we have that ηk converges in finite distance to the core

and in the neck by Proposition 3.6.2. We set η̂0 := limk→∞ηk.

Set q̂0 := (a0, v0, η̂0) and Φ0 := ((q̂0, αq0 , φ0, (q
′
0, α

′
q′0

)) ∈ M(G,G ′). It remains to show

that limk→∞Φk = Φ0 in M(G,G ′). It is enough to show that for any set V in the basis

of the topology for M(G,G ′) containing Φ0 that Φk ∈ V for k sufficiently large. By

construction of the topology on M(G,G ′) we may assume

V := {((q, αq), ψq, (f(q), α′f(q))) : q ∈ Ô ⊂ O}

where Ô ⊂ O is a small open neighborhood of q̂0 ∈ O and f is a map as in Theorem

4.1.1. We may assume that f(q̂0) = q′0 and ψq0 = φ0.

Since ψqk ◦ φ−1
k : α′q′k

→ α′f(qk) is an isomorphism of stable maps, there exists by Proposi-

tion 4.1.4, an isomorphism g′ ∈ G′ such that

f(qk) = g′ ∗ q′k and ψqk ◦ φ−1
k = (g′)a′k

The sequence ψqk ◦ φ−1
k converges in C∞ to the identity map on S ′a′0

. In particular, we

have g′ = Identity ∈ G′, and (g′)a′k = Identity on S ′a′k
. Thus ψqk = φk. This means

Φk = ((qk, αqk), φk, (q
′
k, α

′
q′k

)). �

105



4.4 The Topology on Z

The space O is equipped with a finite group action by sc-diffeomorphisms:

G×O→ O, (g, q)→ g ∗ q.

The quotient O/G inherits the second countability, paracompactness, and Hausdorff

properties from O. Additionally, the projection map π : O→ O/G is an open map. By

Theorem 2.3.1 the map O/G→ Z given by

[a, v, η]→ [Sa, j(a, v),Ma, Da, exp⊕au ⊕a (η)]

into the space of stable maps is injective. This inspires the following definition of the

topology on Z:

Definition 4.4.1. We denote by N the collection of subsets of Z consisting of sets U

such that for all z ∈ U there exists a good uniformizer q → αq, parametrized by O,

satisfying z = [αq0 ] for some q0 ∈ O, and an open neighborhood V (q0) ⊂ O such that

{[αq] ∈ Z : q ∈ V (q0)} ⊂ U �

We will follow the proof of Theorem 3.27 [HWZ1] in the proof of the following:

Theorem 4.4.1. (compare Theorem 3.27 [HWZ1]) The collection N of subsets of

the space Z of stable curves is a second countable, paracompact, Hausdorff topology

which also is completely regular. In particular, the topology is metrizable. The non-

singular elements in Z form a dense, open subset and Z is separable. �

Lemma 4.4.1. (compare Lemma 3.28 [HWZ1]) The collection N constitutes a

topology on Z.
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Proof: By construction ∅ ∈ N and Z ∈ N. In addition, it follows that N is closed

under union.

It is enough to show that if U1, U2 ∈ N, then U := U1 ∩ U2 ∈ N. Suppose z ∈ U , then

by construction we have good uniformizers q → αq, parametrized by O, and q′ → α′q′ ,

parametrized by O′ such that for q0 ∈ O, q′0 ∈ O′, we have

z = [αq0 ] = [α′q′0 ] (4.4.1)

By construction we also have open subsets V (q0) ⊂ O and V ′(q′0) ⊂ O′ such that

{[αq] : q ∈ V (q0)} ⊂ U1 and {[α′q′ ] : q′ ∈ V ′(q′0)} ⊂ U2

By Equation (4.4.1), there exists an isomorphism φ0 : αq0 → α′q′0
. Theorem 4.1.1, there

exists a germ of sc-diffeomorphisms f : (O, q0) → (O′, q′0) satisfying f(q0) = q′0 and a

core smooth family of biholomorphisms

φq : αq → α′f(q)

such that φ0 = φq0 . Consider a small open subset V1(q0) ⊂ O containing q0. It follows

that

{[αq] : q ∈ V1(q0)}

is open and that

{[αq] : q ∈ V1(q0)} = {[α′q′ ] : q′ ∈ V ′1(q′0) := f(V1(q0))} ⊂ U1 ∩ U2 = U �
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Lemma 4.4.2. (compare Lemma 3.29 [HWZ1]) Every point in the topological space

(Z,N) has a countable basis of open neighborhoods.

Proof: The proof follows similarly to Lemma 3.30, substituting [HWZ1] Theorem 3.13

for Theorem 4.1.1. �

Lemma 4.4.3. (compare Lemma 3.30 [HWZ1]) The topology N is Hausdorff.

Proof: The proof follows similarly to Lemma 3.30, substituting Theorem [HWZ1] 3.22

for Proposition 4.1.1. �

Lemma 4.4.4. (compare Lemma 3.31 [HWZ1]) The topology N is completely reg-

ular.

Proof: The proof follows similarly to that of Lemma 3.31 [HWZ1], substituting Theorem

3.22 for Proposition 4.1.1. �

Consider triples of the form (S,M,D) where S is an open Riemann surface, M is a finite

set of ordered boundary marked points and un-ordered interior marked points, and a

finite set of nodal pairs D, such that |D| ∩M = ∅. We say (S,M,D) and (S ′,M ′, D′) are

diffeomorphic if there exists a smooth orientation preserving diffeomorphism φ : S → S ′

such that

φ(M) = M ′, φ(D) = D;

and preserves the ordering of the boundary components and boundary marked points.

The diffeomorphism class of (S,M,D), denoted by [[S,M,D]] consists of the triples

diffeomorphic to (S,M,D). By ∆ we denote the collection of all such diffeomorphism
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types. Consider the map

type : Z → ∆ : [(S, j,M,D, u)]→ [[S,M,D]]

Suppose d ∈ ∆. Then by Zd we denote the subset of Z consisting of stable maps with

an underlying Riemann surface of type d. Zd inherits a Hausdorff topology induced from

(Z,N). Every element z ∈ Zd admits a representative of the form (S, j,M,D, u) where:

1. j is a smooth almost complex structure on S which induces the orientation on S

2. u ∈ H3,δ00 ,δ
0
1

c (S,Q, L), i.e. u ∈ H3
loc, obeys Lagrangian boundary conditions and decays

at the rate (3, δ) at the nodes.

H
3,δ00 ,δ

0
1

c (S,Q, L) is a smooth Hilbert manifold. There exists an embedding f : (Q,L) →

(R2N ,RN), for some N sufficiently large, which induces an embedding:

F : H3,δ00 ,δ
0
1

c (S,Q, L)→ H3,δ00 ,δ
0
1

c (S,R2N ,RN)

given by

u→ f ◦ u

The Hilbert space topology on H
3,δ00 ,δ

0
1

c (S,R2N ,RN) induces a topology on H
3,δ00 ,δ

0
1

c (S,Q, L)

via the map F . We denote the induced topology on H
3,δ00 ,δ

0
1

c (S,Q, L) by τ . As discussed

earlier, the space of almost complex structures on S is a complete metric space which we

denote by J. By Hd ⊂ H
3,δ00 ,δ

0
1

c (S,Q, L) we denote the open subset consisting of all stable

maps (S, j,M,D, u). Hd inherits a metric from τ by restriction, denoted τd. We set the
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map

Φd : Jd ×Hd → Zd

given by

(j, u)→ [(S, j,M,D, u)]

Lemma 4.4.5. (compare Lemma 3.32 [HWZ1]) For every type d ∈ ∆ the canonical

map Φd : Jd ×Hd → Zd is continuous, open, and surjective.

Proof: The argument follows similarly to [HWZ1] Lemma 3.32 with the modification

that we subsitute [HWZ1] Theorem 2.19 for Theorem 2.4.1. �

Lemma 4.4.6. (compare Lemma 3.33 [HWZ1]) For every type d ∈ ∆, the Hausdorff

topological space (Zd,N|Zd) admits a countable basis.

Proof: Using Lemma 4.4.5, the result follows arguing as in [HWZ1] Lemma 3.33. �

Lemma 4.4.7. (compare Lemma 3.34 [HWZ1]) The topology N is secound count-

able.

Proof: The claim follows by arguing identically as in [HWZ1] Lemma 3.34. �

Proof of Theorem 4.4.1 (compare Theorem 3.27 [HWZ1]) By Lemma 4.4.1,

Lemma 4.4.4, and Lemma 4.4.7 and Urysohn’s metrization theorem it follows that Z is

metrizable and therefore paracompact.

Denote the set of un-noded elements in Z by int Z. It follows by the construction of

basis elements by uniformizers that int Z is open and dense. The fact that each metric
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space Jd×Hd is separable and the maps Φd : Jd×Hd → Zd are open, continuous surjec-

tions, it follows that each Zd is separable. Since the set ∆ is countable, it follows that Z

is separable. �

4.5 The Polyfold Structure on the Space Z

Now we are able to construct the polyfold structure on the topological space Z of stable

curves. By Proposition 4.1.3 for any z ∈ Z, we may find a collection of good uniformizing

families centered at smooth maps which cover Z. Denote by Λ a family parametrizing

such a collection of good uniformizing families, individually denoted Gλ. In Section 7, we

will specify the size of Oλ by controlling the size of ε, which appears Section 4.1. We

set Vλ = p(Oλ) cover Z, and without loss of generality, we assume that Vλ is locally finite.

We denote by X the disjoint union of the graphs

Gλ = {(qλ, αqλ) : qλ ∈ Oλ}

such that

X =
⋃
λ∈Λ

Gλ

We refer to X as the object set of the ep-groupoid. The morphism set X is the disjoint

union

X =
⋃

λ,λ′∈Λ

M(Gλ,Gλ′)

Theorem 4.5.1. (compare Theorem 3.35 [HWZ1]) The M -polyfold X is the ob-

ject set and the M -polyfold X is the morphism set of a small category. The source and

target maps s, t : X → X are surjective local sc-diffeomorphisms. The structure maps

i : X → X, u : X → X, and m : Xs ×t X → X are sc-smooth. In addition, X satisfies
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the properness assumption, and X is an ep-groupoid.

Proof: The only thing to check is properness. This follows from the argument of The-

orem 3.35 in [HWZ1] substituting Proposition 4.3.1 on compactness for Theorem 3.22

[HWZ1]. �.

The orbit space |X| of the ep-groupoid X admits a homeomorphism |p| :|X| → Z induced

from the canonical map p : X → Z. Thus the pair (X, |p|) defines a polyfold structure

on Z. In summary,

Theorem 4.5.2. (compare Theorem 3.36 [HWZ1]): The M -polyfold groupoid X

is an ep-groupoid and the pair (X, |p|) defines a polyfold structure on Z. �

Any two such ep-groupoids constructed as above are equivalent (see Definition 10.1

[HWZ2] and the discussion preceding Theorem 3.37 [HWZ1]).

Theorem 4.5.3. (compare Theorem 3.37 [HWZ1]) Given strictly increasing se-

quences (δi0)i≥0 ⊂ (0, 2π) and (δi1)i≥0 ⊂ (0, π), the second countable topological space Z

of stable curves possesses a natural equivalence class of polyfold structures. �

4.6 The Polyfold Structure of the Bundle E → Z

Over each polyfold chart Gλ we will construct a strong M -polyfold bundle Wλ → Gλ. Our

strong bundle will be the disjoint union:

W :=
⋃
λ∈Λ

Wλ

Definition 4.6.1. Consider a good family q → αq, parameterized by a set Oλ and
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centered at a smooth stable map α = (S, j,M,D, u). Recall from Section 4.1,

Oλ = {(a, v, η) ∈ BD × Eu : (a, v) ∈ O and πa(η) = η, η ∈ U ∩ Eu}

Set

Fill Oλ = {(a, v, η) ∈ BD × Eu : (a, v) ∈ O, η ∈ U ∩ Eu}

Let Wλ be the sc-Hilbert space of maps z → ξ(z), z ∈ S−|D| where ξ(z) : (TzS, j) →

(Tu(z)Q, J(u(z))) is a complex anti-linear map. Moreover, the map z → ξ(z) is of Sobolev

class (2, δ0
0, δ

0
1). The level k of the sc-structure is given by anti-linear maps of regularity

(2 + k, δk0 , δ
k
1). Consider the strong bundle retraction diagram:

Fill Oλ C Wλ Fill Oλ C Wλ

Fill Oλ Fill Oλ

r×ρ

r

where r is given by implanting the retractions r{x,y}. We define the splicing core:

KR
λ := {(a, v, η, ξ) ∈ Fill Oλ C Wλ : ra(η) = η, ρa(ξ) = ξ}

where ρ is defined similarly as r, by implanting local retractions r̂{x,y}, q̂{x,y} on the space

of anti-linear sections. We have a local strong local bundle:

KR
λ → Oλ

with projection given by (a, v, η, ξ)→ (a, v, η). The automorphism groupG of (S, j,M,D, u)

acts on KR
λ by

g ∗ (a, v, η, ξ) = (g ∗ a, g ∗ v, η ◦ g−1, ξ ◦ Tg−1) for g ∈ G�
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Remark 4.6.1. We denote the nodal parameters fixed in Section 2 for the family Oλ by

Bλ and we denote the good germ of complex deformations by Vλ. �

For v ∈ Vλ, consider the complex linear bundle isomorphism

δ(v) : (TS, j(v))→ (TS, j)

given by

δ(v)h =
1

2
(id− j ◦ j(v))h

We have δ(v) ◦ j(v) = j ◦ δ(v) and by construction δ(v) depends smoothly on v ∈ Vλ.

Also, since j(v) = j, on the disks/half-disks defined by the small disk/half-disk structure

we have

δ(v)h = h for all h ∈ TxS, such that x ∈
⊔
z∈|D|

Dz

For varying topological families Sa we consider the complex linear map

δ(a, v) : (TSa, j(a, v))→ (TSa, j(a, 0))

given by

δ(a, v)h =
1

2
(id− j(a, 0) ◦ j(a, v))h

For any complex anti-linear map

ξ(z) : (TzS, j)→ (Tu(z)Q, J(u(z)))

we have a glued section along the glued map ⊕au defined by implanting the gluing ⊕̂a:

⊕̂a(ξ)(z) : (TzSa, j(a, 0))→ (T⊕au(z)Q, J(⊕au(z)))
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The composition ξ ◦ δ(v) is a complex anti-linear map

(TzS, j(v))→ (Tu(z)Q, J(u(z)))

and satisfies the identity

⊕̂a(ξ ◦ δ(v)) = ⊕̂a(ξ) ◦ δ(a, v)

Recall the exponential map Õ
exp→ Q defined in an open neighborhood of zero inH

3,δ00 ,δ
0
1

c (u∗TQ, u|∗∂STL),

where Õ was defined in the definition of ’Good Data.’ Let Pxy : TxQ→ TyQ be parallel

transport with respect to the Levi-Civita connection associated to the metric g along the

minimal geodesic joining x and y for x and y sufficiently close. Consider the map:

Γ : (TxQ, J(x))→ (TyQ, J(y))

given by

v → 1

2
· [Pxy − J(y) ◦ Pxy ◦ J(x)] · v

We assume Oλ is chosen so small that Γ(expp(η), p) : (TpQ, J(p))→ (Texpp(η)Q, J(expp(η)))

is well-defined for all (a, v, η) ∈ Oλ. As a result of this definition, we have that Γ is the

identity in the chosen coordinates near the image of the nodes under u, since g is the

pull-back of Euclidean metric in chosen coordinates near these points.

Given (a, v, η, ξ) ∈ KR, we define the complex anti-linear map

Ξ(a, v, η, ξ)(z) : (TzSa, j(a, v))→ (T⊕aexpu(η)(z)Q, J(⊕aexpu(η)(z)))
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at points z ∈ Sa −Da by

Ξ(a, v, η, ξ)(z) = Γ[⊕aexpu(η)(z),⊕au(z)] ◦ ⊕̂a(ξ)(z) ◦ δ(a, v)(z)

Given g ∈ G we have:

Ξ(a, v, η, ξ) ◦ Tg−1
a = Ξ(g ∗ a, g ∗ v, η ◦ g−1, ξ ◦ Tg−1)

Recall the good uniformizing family mentioned above, q → αq, which we write explicitly

by

(a, v, η)→ (Sa, j(a, v),Ma, Da,⊕aexpu(η)), (a, v, η) = q ∈ O

We define the graph of the uniformizing family of anti-linear sections q̂ → α̂q̂ by

(a, v, η, ξ)→ (Sa, j(a, v),Ma, Da,⊕aexpu(η),Ξ(a, v, η, ξ))

where (a, v, η, ξ) = q̂ ∈ KR. For each g ∈ G, we have an isomorphism

α̂q̂ → α̂g∗q̂

which is compatible with the action of g on Gλ and we have the identity:

Ξ(g ∗ (a, v, η, ξ)) ◦ Tga = Ξ(a, v, η, ξ)

Denote by Wλ the graph of the lifted family q̂ → α̂q̂. The collection of all lifted families

of anti-linear sections for each λ ∈ Λ produces a strong polyfold bundle

W =
⋃
λ∈Λ

Wλ
π−→ X =

⋃
λ∈Λ

Gλ
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We say (S, j,M,D, u, ξ) is equivalent to (S ′, j′,M ′, D′, u′, ξ′) if there exists an ismorphism

φ : (S, j,M,D, u) → (S ′, j′,M ′, D′, u′) between the maps in the base spaces satisfying

compatibility at the fiber

ξ′ ◦ Tφ = ξ

We denote by E the set of equivalence classes. By P : W → E we denote the quotient

map sending a tuple to its equivalence class. We have a commutative diagram:

W E

X Z

Γ

p

Proposition 4.6.1. (Compare Proposition 3.39 [HWZ1]) : There exists a strong

bundle map µ : Xs×µ̃W → W which covers the target map t :X→ X of the ep-groupoid

X satisfying

t ◦ π1(Φ, w) = p ◦ µ(Φ, w)

for all (Φ, w) ∈ Xs ×pW , so that the following diagram commutes:

Xs ×pW W

X X

µ

π1 p

t

Also µ has the following additional properties:

(1) µ is a surjective local sc-diffeomorphism and linear in the fibers Wx.

(2) µ(1x, wx) = wx for all x ∈ X and wx ∈ Wx.
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(3) µ(Φ ◦ Ψ, w) = µ(Φ, µ(Ψ, w)) for all morphisms Φ,Ψ ∈ X and w ∈ W satisfying

s(Ψ) = p(w) and t(Ψ) = s(Φ) = p(µ(Ψ, w)).

Proof: To define the map µ : Xs ×p W → W , we make the following notational short-

hands:

q = (a, v, η), q̂ = (a, v, η, ξ)

and

αq = (Sa, j(a, v),Ma, Da,⊕aexpu(η)), α̂q̂ = (Sa, j(a, v),Ma, Da,⊕aexpu(η),Ξ(a, v, η, ξ))

If Φ ∈ X gives the morphism

Φ := ((q, αq), φ, (q
′, α′q′)) : (q, αq)

φ→ (q′, α′q′)

then the morphism

φ : (Sa, j(a, v),Ma, Da)→ (S ′a′ , j
′(a′, v′),M ′

a′ , D
′
a′)

satisfies

⊕′a′exp′u′(η′) ◦ φ = ⊕aexpu(η)

If w = (q̂, α̂q̂) ∈ W , then p(w) = (q, αq) = s(Φ). Therefore, (Φ, w) ∈Xs ×p W and we

write

µ(Φ, (q̂, α̂q̂)) = (q̂′, α̂′q̂′)

where q′ = (a′, v′, η′) and q̂′ = (a′, v′, η′, ξ′) = (q′, ξ′). ξ′ is defined as the uniquely specified
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solution of the equations

Ξ(a, v, η, ξ) = Ξ′(a′, v′, η′, ξ′) ◦ Tφ

	̂′a′(ξ′) = 0

The rest of the argumentation follows formally as in Proposition 3.39 [HWZ1]. �

The functoriality properties imply that the natural map Ω : W → E given by

(a, v, η, ξ, α̂(a,v,η,ξ))→ [α̂(a,v,η,ξ)]

is a homeomorphism on orbit spaces |Ω| :|W | → E. We have a commutative diagram:

|W | E

|X| Z

|Ω|

|p|

It follows that (p : W → X, |Ω|, |p|) realizes E → Z as a strong polyfold bundle.

Part II

Pre-Fredholm Theory

In Part II we develop the Fredholm estimates necessary to establish Theorem 1.3.2. Sec-

tion 5 introduces general results on polyfold Fredholm theory as well as general analytic

results for the linearized Cauchy-Riemann operator. Section 6 produces an equivalent

polyfold structure on the ep-groupoid of stable maps to that which was originally estab-

lished in Section 4 which is more convenient for verification of the Fredholm estimates.
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Verification of these estimates takes place in Section 7.

5 Fredholm Sections and Integration

5.1 Filling the Cauchy-Riemann Operator

In this section we recall some of the basic definitions and results from the Fredholm

theory of polyfolds. For a fuller treatment see [HWZ2].

Definition 5.1.1. (compare Definition 3.1 [HWZ2]) An sc-germ of neighborhoods

around 0 ∈ C, denoted by O(C, 0) is a decreasing sequence

U0 ⊃ U1 ⊃ U2 ⊃ · · ·

where Um is a relatively open neighborhood of 0 in C ∩ Em. The tangent of O(C, 0)

denoted by TO(C, 0) is the decreasing sequence

U1 ⊕ E0 ⊃ U2 ⊕ E1 ⊃ · · · �

Definition 5.1.2. (compare Definition 3.3 [HWZ2]) An sc-smooth section germ

(f, x0) of the strong bundle P : Y → X is a continuous section f : V → P−1(V ) defined

on a (sufficiently small) open neighborhood V of the smooth point x0, for which the

following holds. There exists a strong bundle chart (Φ, P−1(V ), (K,C C F,E C F ))

P−1(V ) K

(V, x0) (O, 0)

Φ

P P

φ

satisfying φ(x0) = 0 ∈ O in which the principal part f̂ of the local continuous section
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f̂ = Φ ◦ f ◦ φ−1 : O → K has the property that the composition

f̂ ◦ r : O(C, 0)→ F

is an sc-smooth germ. �

So called sc+-operators serve as compact perturbations in the polyfold framework:

Definition 5.1.3. (compare Definition 1.3 [HWZ2]) A sc-operator S : E → F

between sc-Banach spaces is called an sc+-operator, ifS(Em) ⊂ Fm+1 and S : E → F 1 is

an sc-operator. �

Throughout this discussion on pre-Fredholm theory, we will concern ourselves with ’filled

sections’ of the Cauchy-Riemann section. Filling a section extends its domain to an open

subset of an sc-Hilbert space. The filling is constructed in such a way that its solution

set and Fredholm index agree with that of the original section. This replacement makes

the analysis more tractable.

Definition 5.1.4. (compare Definition 3.1.4 [HWZ2]) Consider a local strong bun-

dle K → O. We suppose K is realized by a strong bundle retraction R : U C F → U C F

of the form

R(u, f) = (r(u), ρ(r(u))f)

A smooth section germ (f, 0) of the bundle K → O possesses a filling if there exists

an sc∞ section germ (g, 0) of the bundle U C F → U extending f and satisfying the

following:

(1) f(x) = g(x) for x ∈ O close to 0.
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(2) If g(y) = ρ(r(y)) · g(y) for a point y ∈ U near 0, then y ∈ O.

(3) The linearization of the map

y → [1− ρ(r(y))] · g(y)

at the point 0, restricted to ker(Dr(0)) defines a topological linear isomorphism

ker(Dr(0))→ ker(ρ(0)) �

Remark 5.1.1. The definition of a filling has several useful consequences, as demon-

strated, for example, in [HWZ2] Pages 94-95. Here we briefly review the highlights.

Observe that we have two splittings:

F = ρ(0)F ⊕ (1− ρ(0))F, E = Dr(0)E ⊕ (1−Dr(0))E

With respect to these splittings we have the following relationship between the differen-

tials of g and f at 0:

Dg(0) ·

α
β

 =

Tf(0) ρ(0) ·Dg(0)(1−Dr(0))

0 (1− ρ(0)) ·Dg(0)(1−Dr(0))

 ·
α
β


Combined with property (3) of Definition 5.1.1, this implies:

kernelDg(0) = (kernel Tf(0))⊕ {0}

Additionally, by Proposition 3.1.5 [HWZ2]:

122



(1) The operator Tf(0) : Dr(0)E → ρ(0)F is surjective if and only if the operator

Dg(0) : E → F is surjective.

(2) Tf(0) is a Fredholm operator (in the classical sense) if and only if Dg(0) is a Fredholm

operator and ind Tf(0) = indDg(0). �

Definition 5.1.5. Consider the section ∂
λ

J : Oλ → Wλ given as follows

Γ(expuη(z), z) ◦ ⊕̂a∂
λ

J(a, v, η) ◦ δ(a, v)(z) = ∂J,j(v)expuη(z) (5.1.1)

	̂a{x,y}∂
λ

J(a, v, η) = 0 � (5.1.2)

By construction we have commutativity of the following diagram:

Wλ W

Gλ Z

P

p

∂
λ
J

∂J

Consider a nodal point {x, y} ∈ Di and its image under u, u(x) = u(y) := q{x,y}. Consider

the Cauchy-Riemann section ∂q{x,y} defined as follows:

∂q{x,y} : H3,δ0
c (Ca, Tq{x,y}Q)→ H2,δ0(Ca, Tq{x,y}Q)

η → ∂

∂s
η + J(q{x,y})

∂

∂t
η

We define ∂q{x,y} similarly if {x, y} ∈ Db:

∂q{x,y} : H3,δ0
c,real(Ca, Tq{x,y}Q)→ H2,δ0

bdry(Ca, Tq{x,y}Q)
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η → ∂

∂s
η + J(q{x,y})

∂

∂t
η

The following are key analytic estimates:

Proposition 5.1.1. The linear Cauchy-Riemann operator on the infinite cylinder

∂q{x,y} : H3,δ0
c (Ca, Tq{x,y}Q)→ H2,δ0(Ca, Tq{x,y}Q) (5.1.3)

is an isomorphism for δ0 ∈ (0, 2π) and

1

Cm
·
∣∣ξ∣∣

m
≤
∣∣∂q{x,y}ξ∣∣m−1

≤ Cm ·
∣∣ξ∣∣

m
, ξ ∈ H3+m,δm0

c (Ca, Tq{x,y}) (5.1.4)

Similarly, the linear Cauchy-Riemann operator on the infinite strip with real boundary

conditions

∂q{x,y} : H3,δ1
c, real(Ca, Tq{x,y}Q)→ H2,δ1

bdry(Ca, Tq{x,y}Q) (5.1.5)

is an isomorphism for δ1 ∈ (0, π) and

1

Cm
·
∣∣ξ∣∣

m
≤
∣∣∂q{x,y}ξ∣∣m−1

≤ Cm ·
∣∣ξ∣∣

m
, ξ ∈ H3+m,δm1

c,real (Ca, Tq{x,y}) � (5.1.6)

Remark 5.1.2. That (5.1.3) is an isomorphism follows from [LM]. That (5.1.4) is an

isomorphism is due to Floer [F]. Alternatively, one may prove (5.1.4) is an isomorphism

by a spectral flow argument [RS1]. �

Recall the M -polyfolds Fill Oλ and FillWλ established in Definition 4.6.1. Consider the

section Fill ∂
λ

J : Fill Oλ → Fill Wλ given by

Γ(expuη(z), z) ◦ ⊕̂aFill ∂
λ

J(a, v, η)(z) ◦ δ(a, v)(z) = ∂J,j(v)expuη(z) (5.1.7)
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	̂a{x,y}Fill ∂
λ

J(a, v, η) = ∂q{x,y} 	a{x,y} (ηx, ηy) (5.1.8)

Proposition 5.1.2. Fill ∂
λ

J is a filling for ∂
λ

J .

Proof: Recall the retraction in the base r : Fill Oλ → Fill Oλ and the retraction in

the fiber ρ : Fill Wλ → Fill Wλ are given by implanting retractions r{x,y}, q{x,y} and

r̂{x,y}, q̂{x,y} respectively for {x, y} ∈ D. Smoothness considerations follow from the dis-

cussion in Section 7.

Condition (1) in Definition 5.1.3 follows from inspection of the system (5.1.1)− (5.1.2).

Condition (2) in Definition 5.1.3 follows from Proposition 5.1.1.

Condition (3) in Definition 5.1.3 follows from the fact thatDr{x,y}(0) = Identity, Dq{x,y}(0) =

Identity and r̂{x,y}(0) = Identity, q̂{x,y}(0) = Identity. �

5.2 Fredholm Theory

Below we will discuss the sc-Fredholm properties which ensure the applicability of the

sc-Implicit function theorem. The classical implicit function theorem is proved by a

contraction argument. The sc-Fredholm property builds a contraction property into the

definition:

Definition 5.2.1. (compare Definition 3.6 [HWZ2]) Let W be an sc-Banach space

and C = [0,∞)k ⊕ Rn−k ⊕W a partial quadrant. Then a basic germ is an sc-smooth

germ

f : O(C, 0)→ RN ⊕W
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satisfying f(0) = 0 and having the following property: If P : RN ⊕W → W denotes the

projection, the germ P ◦ f : O(C, 0)→ W has the form

P ◦ f(a, w) = w −B(a, w)

for (a, w) ∈ [0,∞)k ⊕Rn−k ⊕W where B(0, 0) = 0. Moreover, for every ε > 0 and every

integer m ≥ 0, the estimate

|B(a, w)−B(a, w′)|m ≤ ε·|w − w′|m

holds, if (a, w) and (a, w′) are close enough to (0, 0) on level m. �

Definition 5.2.2. (compare Definition 3.7 [HWZ2]) Let f be an sc-smooth section

of the strong bundle P : Y → X over the M -polyfold X, and let x0 ∈ X be a smooth

point. Then (f, x0) is an sc-Fredholm germ provided it possesses a filled version

(g, 0) : O(U, 0)→ U C F

with the property that there exists a local sc+ section s : U → U C F satisfying

s(0) = g(0) and such that (g− s, 0) : O(U, 0)→ U C F is conjugated to a basic germ. �

Definition 5.2.3. (compare Definition 3.8 [HWZ2]) A section f of the strong bun-

dle P : Y → X over the M -polyfold X is an sc-Fredholm section, if it satisfies the

following:

1. f is sc-smooth.

2. f is regularizing.
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3. The germ (f, x) is sc-Fredholm for every x ∈ X∞. �

Definition 5.2.4. (compare Definition 12.1 [HWZ2]) Let f be an sc-smooth section

functor of a strong bundle over an ep-groupoid (P : W → X,µ). f is an sc-Fredholm

section functor if f is sc-Fredholm over the object M -polyfold X. �

In the case that our polyfold has boundary, we also require that our section lies in good

position to the boundary.

Definition 5.2.5. (compare Definition 3.9 [HWZ2]) Let C ⊂ E be a partial quad-

rant in the sc-Banach space E and N ⊂ E be a finite dimensional sc-subspace of E. The

subspace N is in good position to the partial quadrant C, if the interior of N ∩ C in N

is non-empty, and if N possesses a sc-complement P , so that

E = N ⊕ P

having the following property: There exists ε > 0, such that for pairs (n, p) ∈ N × P

satisfying |p|0 ≤ ε|n|0 the statements n ∈ C and n + p ∈ C are equivalent. We call such

an sc-complement P a good complement. �

An application of the sc-implicit function theorem results in the following:

Proposition 5.2.1. (compare Theorem 3.5 and Corollary 3.6 [HWZ2]) Let f be

an sc-Fredholm section of the strong bundle P : Y → X over the M -polyfold X and

suppose that x ∈ X satisfies f(x) = 0 and the following:

(a) The linearization f ′(x) : TxX → Yx is surjective.
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(b) The kernel N of f ′(x) is in good position to the boundary of X

Then there exists an open neighborhood U of x such that the following holds:

There exists a good complement Y of N in TxX so that K ⊕Y = TxS and there exists a

C1 map σ : V → Y1 defined on a relatively open neighborhood V of 0 in N ∩ CxX with

the following properties:

1. σ : O(N ∩ CxX, 0)→ (Y, 0)

2. σ(0) = 0 and Dσ(0) = 0.

3. S(f, U) := {x ∈ U : f(x) = 0} = {v + σ(v) : v ∈ V } after perhaps replacing

U by a smaller open neighborhood.

4. The map σ induces a tame sub M -polyfold structure on S(f, U) ⊂ X.

5. The tame sub-M -polyfold S(f, u) admits a uniquely determined sc-smooth equiv-

alent structure as a smooth manifold with boundary and corners.

6. For every z ∈ S(f, U) the linearization f ′(z) : TzX → Yz is surjective and ker(f ′(z)) =

TzS(f, U). �

The ultimate goal of studying the Fredholm properties of the Cauchy-Riemann section

∂J : Z → W , is to develop an integration theory over the solution set ∂
−1

J (0) of pseudo-

holomorphic curves. However, as discussed in the introduction, the Cauchy-Riemann
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section need not be transverse to the zero-section. To rectify this, we apply the general

machinery of polyfolds which establishes conditions under which we may perturb an sc-

Fredholm section by multi-valued functors to ensure transversality. Furthermore, general

polyfold theory establishes conditions under which the perturbed solution set may be

integrated over.

This means that to establish an integration theory, it is enough to check to check sc-

Fredholm condition, compactness, and orientability properties. The sc-Fredholm condi-

tion is verified in Section 7. The remaining conditions are left to subsequent work. Below

we give an overview of the theory of integration on polyfolds.

Consider a general strong bundle of ep-groupoids (P : W → X,µ) and an sc-Fredholm

section f : X → W . Perturbations of f are achieved via sc+-multisection functors:

Definition 5.2.6. (compare Definition 13.4 [HWZ2]) Let (P : W → X,µ) be a

strong bundle over the ep-groupoid X. Then an sc+-multisection is a functor

Λ : W → Q+

such that we have the following local representation:

Around every object x0 ∈ X, there exists an open neighborhood U(x0) on which the

isotropy group Gx0 acts by its natural representation, and finitely many sc+-sections

s1, · · · , sk : U(x0)→ W with associated positive rational numbers σ1, · · · , σk such that

1.
∑k

i=1 σi = 1
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2. Λ(w) =
∑

i∈{1,··· ,k: w=si(P (w))} σi for all w ∈ W |U(x0), where the empty sum is set

to 0. �

Functoriality implies that a multi-section Λ is invariant under equivalences in W. In

particular, Λ factors through a map |Λ| :|W | → Q+.

Now we describe the effect of perturbation by a multi-section on the linearization of

an sc-Fredholm section f :

Definition 5.2.7. (compare Section 15.1 [HWZ2]) Let (P : W → X,µ) be a strong

bundle over an ep-groupoid. Denote by GrF (x) the set consisting of all formal sums L

of the form

L :=
∑

σL · L

where all σL are non-negative and only a finite number are nonzero, and L : TxX → Wx

is an sc-Fredholm operator. We set

GrF (X) :=
⊔

x∈X∞

GrF (x)

Let π : GrF (X)→ X∞ denote the natural projection. The set GrF (X) admits a category

structure:

A morphism between objects L : TxX → Wx and φ∗L : TyX → Wy is realized by a

morphism φ ∈Mor(x, y) such that

φ∗L ◦ Tφ(η) = µ(φ, L(η)) η ∈ TxX, s(φ) = x, y = t(φ) �

Theorem 5.2.1. (compare Theorem 15.1 [HWZ2]) Given P , f , Λ as in Definition
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5.2.7, there exists a section functor

T(f,Λ) : X∞ → GrF (X)

such that

1. T(f,Λ)(x) = 0 for x ∈ X∞ − supp(Λ ◦ f).

2. For x ∈ supp(Λ ◦ f) and any local sc+ section structure (si)i∈I , (σi)i∈I describing

Λ locally near x we have:

T(f,Λ)(y) =
∑

{i∈I:f(y)=si(y)}

σi · (f − si)′(y) for smooth y near x �

In the strong ep-groupoid bundle W → X over an ep-groupoid of stable maps, we can

measure the size of smooth sections f : X → W by taking advantage of the natural

Hilbert space structure in the fibers. In a general strong bundle over an ep-groupoid we

have the notion of an auxiliary norm:

Definition 5.2.8. (compare Definition 12.2 [HWZ2]) Let (P : W → X,µ) be a

strong bundle over an ep-groupoid. Consider the topological space:

W0,1 := {h ∈ W : h has bi-regularity (0,1) }

and by P : W0,1 → X the projection onto the object space X. An auxiliary norm N is a

continuous map N : W0,1 → [0,∞) satisfying:

1. The restriction of N to each fiber P−1(x) is a complete norm.
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2. If (hk) is a sequence in W0,1 such that (P (hk)) converges in X to some x, and

N(hk)→ 0 then hk → 0x in W0,1.

3. If h = µ(φ, k) for φ ∈ X and k ∈ W0,1 satisfying s(φ) = P (k), then

N(h) = N(k) �

Definition 5.2.9. (compare Definition 13.5 and 13.6 [HWZ2]) Let (P : W →

X,µ) be a strong bundle and let Λ be an sc+ multi-section. Also let N be an auxiliary

norm. The support of Λ is the subset of supp(Λ) of W defined by

supp(Λ) = {w ∈ W : Λ(w) > 0}

Also, we define for x ∈ X,

N(Λ)(x) := max{N(w) : w ∈ supp(Λ) satisfying P (w) = x} �

We want to use multi-sections to perturb sc-Fredholm sections into position such that

their linearizations are surjective. This will guarantee that solutions in the interior of

polyfold locally admit a geometric structure suitable for integration (branched, weighted

orbifold structure). However, to ensure that points at the boundary admit a reasonable

geometric structure we need the following stronger condition:

Definition 5.2.10. (compare Definition 15.6 [HWZ2]) Let f be an sc-Fredholm

section of (P : W → X,µ) and that Λ : W → Q+ is an sc+-multisection. The pair (f,Λ)

is said to be in general position if for every x ∈ supp(Λ ◦ f) the linearization T(f,Λ)(x)
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restricted to the tangent space of the boundary at x is surjective. �

The space of multi-sections is broad enough to perturb a general sc-Fredholm section

into transverse position with good boundary geometry:

Theorem 5.2.2. (compare Theorem 15.4 [HWZ2]) Assume (P : W → X,µ) is a

strong bundle over a tame ep-groupoid admitting sc-smooth bump functions, and f a

sc-Fredholm section functor with compact solution set |Sf |. Let N be an auxiliary norm

and U be a saturated subset of X containing Sf so that (N,U) controls compactness.

Given any continuous functor h : X → (0, 1], there exists an sc+ multisection functor

Λ : W → Q+ with the following properties:

1. N(Λ)(x) < h(x) for all x ∈ X.

2. The domain support of Λ is contained in U .

3. T(f,Λ) is surjective on supp(Λ ◦ f).

4. For x ∈ supp(Λ ◦ f) the kernels of the operators from T(f,Λ)(x) are in general po-

sition to ∂X.

In particular Λ ◦ f : X → Q+ is a compact, tame branched ep+ subgroupoid. Also,

the pertubation Λ can be taken to be structurable. �

Here a branched ep+ subgroupoid is defined as follows:

Definition 5.2.11. (compare Definition 9.1 [HWZ2]) Let X be an ep-groupoid. A

branched ep+-subgroupoid is a functor Θ : X → Q+ which satisfies the following:
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1. If Θ(x) > 0 then x ∈ X∞.

In addition, for every x ∈ supp(Θ) the following holds:

2. There exists an open neighborhood U(x) and a finite family of submanifolds Mi ⊂

U(x), i ∈ I, with x ∈Mi such that the inclusion Mi → U(x) is proper.

3. There exists for every i ∈ I a positive rational number σi > 0

4. With the data in (ii) and (iii) we have an equality:

Θ(y) =
∑

{i∈I : y∈Mi}

σi for y ∈ U(x)

Θ is called n-dimensional if for every point x ∈ supp(Θ) the manifolds Mi are n-

dimensional. �

See Definitions 9.6 and 9.8 [HWZ2] for the notions of tangent space and orientation in

the context of branched ep+ subgroupoids. The integration theory is provided by the

following result:

Theorem 5.2.3. (compare Theorem 9.2 [HWZ2]) Set S :=|supp Θ|. Let X be an

ep-groupoid and Θ̂ = (Θ, T̂Θ) : X → Q+ be an oriented, tame, compact, branched

ep+-subgroupoid of dimension n. There exists a linear map:

ΦΘ̂ : Ωn
∞(X)→M(S, L(S)) : ω → µω

where M(S, L(S)) is the vector space of finite signed measures on the Lebesgue σ-algebra
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on S and Ωn
∞(X) is the space of de Rham n-forms on X. �

The above considerations have natural generalizations to the context of polyfolds, which

are equivalence classes of ep-groupoids.

Given the sc-Fredholm property, in order to produce an integration theory for ∂J , it

remains to show that:

1. ∂
−1

J (0) ⊂ Z
g,h,
−→
k ,m,β

is compact and

2. ∂J may be equipped with an orientation.

These points will not be discussed in detail in this article. We observe that although

point 1 is closely related to Gromov Compactness, it must be checked that the induced

topology on ∂
−1

J (0) agrees with the topology which appears in Gromov Compactness

arguments. In the closed case Point 2 is considered in [HWZ1], in the polyfold context.

Point 2 is also discussed in [Ge], in the context of Kuranishi structures.

6 A Lego Piece Construction on Spaces of Stable

Maps with Lagrangian Boundary Conditions

In Section 4, we constructed local uniformizing charts on the space of stable maps.

The purpose of this section is to construct alternative charts which allow for an easier

verification of the sc-Fredholm property for the Cauchy-Riemann section

∂ : Z → E
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[(S, j,M,D, u)]→ [(S, j,M,D, u,
1

2
· [Tu+ J ◦ Tu ◦ j])]

We will construct charts from fibered products of pieces which separately characterize

nodal and classical behavior.

Remark 6.0.1. Let Gλ be a chart for the ep-groupoid (X,X). Suppose Gλ is centered at

the point (S, j,M,D, u). Recall the coordinate charts φ{x,y} : (R(w), w) → R2n fixed in

Section 4 for every {x, y} ∈ Di ∪Db, where w = u(x) = u(y). We impose the additional

property:

Tφ{x,y} ◦ J ◦ Tφ−1
{x,y}(0) = i,

where

i :=

 0 Identityn×n

−Identityn×n 0

 ∈ Gl(2n)

We recall that Gλ is equipped with the data of a small disk structure such that for every

(a, v, η) ∈ Oλ we have

exp⊕a(u) ⊕a (η)(Dx ∪Dy) ⊂ U(u(x))

We also assume the exponential map is induced by a metric which near every node is the

pull-back of the Euclidean metric on R2n. We may occasionally shorten φ{x,y} to φx or

φy in what follows. �

Suppose {x, y} ∈ Di, and fix positive biholomorphic coordinates ψx : (R+ × S1, i) →

(Dx, j|Dx). We set D′x = ψx([1,∞)× S1).

Also, choose negative biholomorphic coordinates ψy : (R− × S1, i) → (Dy, j|Dy). We

set D′y = ψy((−∞,−1]× S1).
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Denote by Nx the collar Dx −D′x ⊂ S, and by Ny the collar Dy −D′y ⊂ S. Observe

that for a ∈ B 1
2

sufficiently small,

⊕a(u+, u−)|Nx∪Ny = u+ ∪ u−|Nx∪Ny

Now suppose {x, y} ∈ Db. Choose positive holomorphic coordinates ψx : (R+×[0, 1], i)→

HDx and set HD′x := ψx([1,∞)× [0, 1]). Set HNx = HDx −HD′x.

Also, choose negative biholomorphic coordinates ψy : (R− × [0, 1], i) → HDy and set

HD′y := ψy((−∞,−1]× [0, 1]). We define HNy = HDy −HD′y. We define the following

subsets of S:

Nx =
⋃

{x,y}∈Di

Nx, Ny =
⋃

{x,y}∈Di

Ny

HNx′ =
⋃

{x′,y′}∈Db

HNx′ , HNy′ =
⋃

{x′,y′}∈Db

HNy′

We also define the set

Ocore
λ := {(v, η) ∈ Vλ ×H3Γ(u|∗ScoreTQ) : ∃ (a, v, η̃) ∈ Oλ such that η̃|Score = η}

Also consider the sc-Hilbert space:

Ocoreλ := {η ∈ H3Γ(u|∗ScoreTQ) : η(z) ∈ Hu(z) for z ∈ Σ}

It follows from the definition of Ocore
λ that Ocore

λ is an open subset of Vλ × Ocoreλ . We

introduce the following shorthands:

Eλ :=
∏

{x,y}∈Di

B 1
2
× E(2n)×

∏
{x′,y′}∈Db

[0, 1/2)× Ereal(2n)
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E∗λ :=
∏

{x,y}∈Di

C× E(2n)×
∏

{x′,y′}∈Db

R× Ereal(2n)

Xλ :=
∏

{x,y}∈Di

{x, y} ×X(2n)×
∏

{x′,y′}∈Db

{x′, y′} ×Xreal(2n)

Fλ :=
∏

{x,y}∈Di

B 1
2
× F (2n)×

∏
{x′,y′}∈Db

R+ × Fbdry(2n)

Yλ :=
∏

{x,y}∈Di

{x, y} × Y (2n)×
∏

{x′,y′}∈Db

{x′, y′} × Ybdry(2n)

(Recall E(2n), Ereal(2n), X(2n), Xbdry(2n), F (2n), Fbdry(2n), Y (2n), Ybdry(2n) were

defined in Section 3.) We denote the points of Eλ by tuples:

(a{x,y}, η
+
{x,y}, η

−
{x,y}){x,y}∈D

or tuples

((a{x,y}, η
+
{x,y}, η

−
{x,y}){x,y}∈Di , (a{x′,y′}, η

+
{x′,y′}, η

−
{x′,y′}){x′,y′}∈Db)

or tuples

(a, η+, η−)

where (η+
{x,y}, η

−
{x,y}) ∈ E(2n), (η+

{x′,y′}, η
−
{x′,y′}) ∈ Ereal(2n). We employ a similar conven-

tion for labelling the points in Xλ, Fλ, Yλ. As discussed in Section 3, we will identify

X(2n) and Xbdry(2n) with the images of the retractions

r : B 1
2
× E(2n)→ B 1

2
× E(2n)

and

q : [0,
1

2
)× Ereal(2n)→ [0,

1

2
)× Ereal(2n)

respectively, and similarly for F (2n) and Fbdry(2n). We can collect the appropriate copies
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of r and q to define a retraction (r, q)λ : Eλ → Eλ, such that Im (r, q)λ is canonically

identified with Xλ. Similarly, we identify Yλ as a retract of Fλ.

We define the following sc-Hilbert spaces:

H :=
∏

{x,y}∈Di

H3(Nx,R2n)×H3(Ny,R2n)×
∏

{x′,y′}∈Db

H3(HNx′ ,R2n)×H3(HNy′ ,R2n)

Hi :=
∏

{x,y}∈Di

H3(Nx,R2n)×H3(Ny,R2n)

Hb :=
∏

{x′,y′}∈Db

H3(HNx′ ,R2n)×H3(HNy′ ,R2n)

Consider the fibered product

Õλ := Ocore
λ m ×fi×fb Xλ

where

fi : Xλ → Hi

is given by

fi(tx, ty){x,y}∈Di = (tx ◦ ψ−1
x |Nx , ty ◦ ψ−1

y |Ny){x,y}∈Di

and where

fb : Xλ → Hb

is given by

fb(tx′ , ty′){x′,y′}∈Db = (tx′ ◦ ψ−1
x′ |HNx′ , ty′ ◦ ψ

−1
y′ |HNy′ ){x′,y′}∈Db
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The map

m : Ocore
λ → Hi ×Hb

is given as follows

(v, η)→ ((Tφx ◦ η|Nx , Tφy ◦ η|Ny){x,y}∈Di , (Tφx′ ◦ η|HNx′ , Tφy′ ◦ η|HNy′ ){x′,y′}∈Db)

Proposition 6.0.1. Õλ is an M -polyfold.

Proof: Consider the fibered product

Fill Õλ := Ocore
λ m ×fi×fb Eλ

where

fi × fb : Eλ → H

is given by

(fi({tx}), fb({tx′})) = ((tx ◦ ψ−1
x |Nx , ty ◦ ψ−1

y |Ny){x,y}∈Di ,

(tx′ ◦ ψ−1
x′ |HNx′ , ty′ ◦ ψ

−1
y′ |HNy′ ){x′,y′}∈Db)

We claim that Fill Õλ is an open subset of a partial quadrant in an sc-Hilbert space: We

can extend the map m to Vλ ×Ocore
λ in the obvious way. We can also extend fi × fb to

E∗λ in the obvious way. The maps m and fi × fb extended to E∗λ and Ocoreλ are linear sc0

maps. The fibered product (Ocoreλ )m ×fi×fb E∗λ is the kernel of the map:

m× 0− 0× fi × fb : Ocoreλ × E∗λ → H

Therefore, (Ocoreλ )m ×fi×fb E∗λ is an sc-Hilbert space and (Ocoreλ )m ×fi×fb E∗∗λ is a partial
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quadrant in (Ocoreλ )m×fi×fbE∗λ, and by construction, FillÕλ is open in (Ocoreλ )m×fi×fbE∗∗λ .

Finally, consider the retraction:

R := IdentityOcoreλ
× (r, q)λ : (Ocoreλ )m ×fi×fb E∗∗λ → (Ocoreλ )m ×fi×fb E∗∗λ

By construction R is sc-smooth and a retraction such that R(Fill Õλ) = Õλ. �

Remark 6.0.2. Given z := (v, η, a, η+, η−) ∈ Fill Õλ there exists a unique section

η′(z) ∈ Γ(u∗TQ) such that (a, v, η′) ∈ Fill Oλ satisfies

η′(z)|Score = η

and

Tφx ◦ η′(z)|Dx = η+
{x,y} ◦ ψ

−1
x , Tφy ◦ η′(z)|Dy = η−{x,y} ◦ ψ

−1
y

Tφx′ ◦ η′(z)|HDx′ = η+
{x′,y′} ◦ ψ

−1
x′ , Tφy′ ◦ η′(z)|HDy′ = η−{x′,y′} ◦ ψ

−1
y′

Restricting to an open subset of FillOλ is necessary, we have a map gλ : FillOλ → FillÕλ

defined by

gλ(a, v, η) = ((v, η|Score), (a, (Tφx ◦ η ◦ ψx, Tφy ◦ η ◦ ψy){x,y}∈D))

and an inverse map fλ : Fill Õλ → Fill Oλ defined by

fλ(v, η, a, η
+, η−) = (a, v, η′(v, η, a, η+, η−))

From the proof of Proposition 6.0.1, it follows that the tangent bundle of Fill Õλ is

Fill Õλ ⊕ ((Ocoreλ )m ×fi×fb E∗λ)1 �
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For simplicity, we restrict Fill Õλ and Fill Oλ to open subsets on which fλ and gλ are

bijections.

Proposition 6.0.2. The map fλ is an sc-diffeomorphism.

Proof: The topology on Fill Õλ is induced by the norm:

||(v, η, a, η+, η−)||Fill Õλ
:=||a||B̂λ+||v||Vλ+||η||H3Γ(u∗|ScoreTQ)+||(η+, η−)||Eλ

That fλ is an open embedding follows from the inequalities:

||fλ(z)||Fill Oλ ≤ ||z||Fill Õλ
≤ 2·||fλ(z)||Fill Oλ �

Corollary 6.0.1. The map fλ : Õλ → Oλ is an open embedding. �

Definition 6.0.1. We define the set

G̃λ := {((v, η, a, η+, η−)), (Sa, j(a, v),Ma, Da, exp⊕au ⊕a η′(v, η, a, η+, η−)) :

(a, η+, η−) ∈ Xλ, (a, v, η′(v, η, (a, η+, η−)) ∈ Oλ} �

We define an ep-groupoid (X̃, X̃) as follows:

Definition 6.0.2. The object set is given by

X̃ :=
⋃
λ∈Λ

G̃λ

We define the morphism sets M(G̃λ, G̃λ′) to be the set of tuples:

{((v, η, a, η+, η−), φ, (v′, η′, a′, η′
+
, η′
−

)) : (fλ(v, η, a, η
+, η−), φ, fλ′(v

′, η′, a′, η′
+
, η′
−

)) ∈M(Gλ,Gλ′)}
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By X̃ we denote the union
⋃
λ,λ′M(G̃λ, G̃λ′). We have a bijection:

fλ,λ′ : M(G̃λ, G̃λ′)→M(Gλ,Gλ′)

((u, v), φ, (u′, v′))→ (fλ(v, η, a, η
+, η−), φ, fλ′(v

′, η′, a′, η′
+
, η′
−

))

Lastly, we define the sc-smooth diffeomorphisms

f :=
⋃
λ

fλ : X̃ → X

and

f :=
⋃
λ,λ′

fλ,λ′ : X̃→ X �

Proposition 6.0.3. (X̃, X̃) is an ep-groupoid. Furthermore, (X̃, X̃) is equivalent to

(X,X).

Proof: From the above discussion, it follows that X̃ and X̃ are M -polyfolds. We use

the maps f and f to reduce the verification of the following ep-groupoid properties to

Theorem 4.5.1:

1. The source and target maps s̃, t̃ : X̃→ X̃ are local diffeomorphisms.

Proof: Recall the sc∞ embeddings f : X̃ → X and f : X̃ → X. Then we factor s̃

as

s̃ := f−1 ◦ s ◦ f

and t̃ as

t̃ := f−1 ◦ t ◦ f �
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2. The unit map ũ and the inverse map ι̃ are sc∞.

Proof: We factor ũ as

ũ := f−1 ◦ u ◦ f

and ι as

ι̃ := f−1 ◦ ι ◦ f �

3. Every point x̃ ∈ X̃ possesses an open neighborhood V (x̃) of x̃ in X̃ such that the map

t̃ : s̃−1(clX̃(V (x̃)))→ X̃

is proper.

Proof: By Theorem 4.5.1, for any point x ∈ X, there exists an open neighborhood

V (x) of x in X such that the map

t : s−1(clX(V (x)))→ X (6.0.1)

is proper. Set x := f(x̃). Then there exists V (x) such that Equation (6.0.1) defines a

proper map. Then set V (x̃) := f−1(V (x)). Observe that we have the equality of sets

s̃−1(clX̃(V (x̃))) = f−1 ◦ s−1 ◦ f(clX̃(f−1V (x))) = f−1(s−1(clX(V (x))))

Thus we can factor t̃ as follows:

t̃|s̃−1(clX̃(V (x̃))) := f−1 ◦ t ◦ f |f−1(s−1(clX(V (x))))
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Since f , f are embeddings, and t is proper on clX(V (x)), the claim follows. �

4. By Claim 1., the fibered product X̃s̃ ×t̃ X̃ admits a natural M -polyfold structure.

The multiplication map m̃ : X̃s̃ ×t̃ X̃→ X̃ is sc∞.

Proof: By Theorem 4.5.1, the multiplication map

m : Xs ×t X→ X

is sc∞. Then we can factor m̃ as follows:

m̃ := f−1 ◦m ◦ (f × f)|X̃s̃ ×t̃ X̃

It follows that m̃ is sc∞. �

We have established that (X̃, X̃) is an ep-groupoid. Consider the sc-smooth functor:

F : (X̃, X̃)→ (X,X)

given by f on objects and f on morphisms. It is enough to check the following properties:

1. F is faithful and full.

Proof: These properties follow by Remark 6.0.2. �

2. The induced map |F | : |X̃| →|X| between orbit spaces is a homeomorphism.
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Proof: It is enough to show |F | is open. Recall that the topology on |X| is gener-

ated by subsets of the form

Uλ := {[q] : q ∈ Oλ} (6.0.2)

and the topology on |X̃| is generated by subsets of the form

Ũλ := {[q′] : q′ ∈ Õλ} (6.0.3)

(Note that the brackets [ ] used in lines (6.0.2) and (6.0.3) denote different equivalnce

relations.) By construction |F | takes Ũλ bijectively onto Uλ. �

3. F is a local sc-diffeomorphism on objects.

Proof: This follows from Remark 6.0.2. � �

Remark 6.0.3. In the proof of Proposition 6.0.3, we introduced a functor

F : X̃ → X

acting by f on objects and f on morphisms. Let p̃ : X̃ → Z be the quotient map. Note

that |p̃| factors as |p̃| = p◦|F |. �

Consider the bundle Wλ → Gλ defined in Section 4. Consider the sc-Hilbert space

F coreλ := H2Ω0,1((TS|Score , j), (u∗|ScoreTQ, J))
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We define the local strong bundle:

W core
λ := Ocore

λ C F coreλ

Ocore
λ

Recall the strong bundles defined in Section 3: P : W (2n)→ X(2n) and Q : Wbdry(2n)→

Xreal(2n).

Define the product strong bundle W neck
λ → Xλ as follows:

W neck
λ :=

∏
{x,y}∈Di{x, y} ×W (2n)×

∏
{x′,y′}∈Db{x

′, y′} ×Wbdry(2n)

Xλ

∏
Di
P×

∏
Db

Q

We also define the strong bundle FillW neck
λ → Eλ by

FillW neck
λ := Eλ C Fλ

Eλ

∏
Di
P×

∏
Db

Q

We define the set F̃λ to be the subset of F coreλ × Fλ consisting of the tuples

(ξ, ξ
+
, ξ
−

)

such that

Tφx(u) ◦ ξ · Tψx ·
∂

∂s
|[0,1]×S1 = ξ+

{x,y}|[0,1]×S1

Tφy(u) ◦ ξ · Tψy ·
∂

∂s
|[−1,0]×S1 = ξ−{x,y}|[−1,0]×S1
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and for {x′, y′} ∈ Db

Tφx′(u) ◦ ξ · Tψx′ ·
∂

∂s
|[0,1]×[0,1] = ξ+

{x′,y′}|[0,1]×[0,1]

Tφy′(u) ◦ ξ · Tψy′ ·
∂

∂s
|[−1,0]×[0,1] = ξ−{x′,y′}|[−1,0]×[0,1]

Proposition 6.0.4. F̃λ is an sc-Hilbert space.

Proof: We define the sc-Hilbert space:

Z :=
∏

{x,y}∈Di

H3([0, 1]× S1,R2n)×H3([−1, 0]× S1,R2n)

×
∏

{x′,y′}∈Db

H3([0, 1]× [0, 1],R2n)×H3([−1, 0]× [0, 1],R2n)

The sc-structure on Z is the obvious one. Consider the map:

υ : F coreλ × Fλ → Z

(ξ, ξ+
{x,y}, ξ

−
{x,y}){x,y}∈D)→ (Tφx(u)◦ξ ·Tψx ·

∂

∂s
−ξ+
{x,y}, Tφy(u)◦ξ ·Tψy ·

∂

∂s
−ξ−{x,y}){x,y}∈D

Then ker υ is an sc-Hilbert space by Proposition 3.1.1 and by construction ker υ = F̃λ.

�

We define the set Fill W̃λ to be the subset of W core
λ × FillW neck

λ consisting of tuples

((v, η, a, η+, η−), (ξ, ξ
+
, ξ
−

)) ∈ Fill W̃λ

which satisfy

(ξ
+
, ξ
−

) ∈ Yλ
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We also define the local strong bundle FillWλ := Fill O C Fλ.

Proposition 6.0.5. Fill W̃λ → Fill Õλ is a strong bundle, and Fill Wλ → Fill Oλ is

isomorphic to Fill W̃λ → Fill Õλ as strong bundles.

Proof: Fill W̃λ is isomorphic to the local strong bundle Fill Wλ → Fill Oλ via the

strong bundle isomorphism

FillWλ Fill W̃λ

Fill Oλ Fill Õλ

f̂λ

fλ

where map f̂λ is defined as follows:

f̂λ(a, v, η, ξ, α̂a,v,η,ξ) = (fλ(a, v, η), ξ′, (ξ+
{x,y}, ξ

−
{x,y}){x,y}∈D)

where: ξ′ is defined by

ξ|Score = ξ′

and (ξ+
{x,y}, ξ

−
{x,y}) is defined by

(ξ+
{x,y}, ξ

−
{x,y}) = (Tφx ◦ ξ · Tψx

∂

∂s
, Tφy ◦ ξ · Tψy

∂

∂s
) �

Remark 6.0.4. Consider the retraction

R̂ : W core
λ × FillW neck

λ → W core
λ × FillW neck

λ

given by

((v, η, a, η+, η−), (ξ, ξ
+
, ξ
−

))→ ((v, η, r(a, η+, η−)), (ξ, r̂(a, ξ
+
, ξ
−

)))
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The retraction R̂ produces a local strong bundle chart for W̃λ := Im R̂:

Fill Õλ C F̃λ W̃λ ⊂ Fill Õλ C F̃λ

Fill Õλ Õλ ⊂ Fill Õλ

R̂

r

By construction, W̃λ is isomorphic to the strong bundle Wλ → Oλ via the strong bundle

isomorphism

Wλ W̃λ

Oλ Õλ

f̂λ

fλ

�

In summary we have:

Proposition 6.0.6. W̃λ → Õλ is a strong bundle of M -polyfolds. Moreover, Wλ → Oλ

is isomorphic to W̃λ → Õλ as strong bundles. �

By W̃ we denote the strong bundle of M -polyfolds:

W̃ :=
⋃
λ∈Λ

W̃λ
π̃−→ X̃ =

⋃
λ∈Λ

G̃λ

Proposition 6.0.7. There exists a strong bundle map µ̃ : W̃ := X̃s̃ ×p W̃ → W̃ which

covers the target map t̃ : X̃→ X̃ of the ep-groupoid (X̃, X̃) satisfying:

t̃ ◦ π1(Φ, w) = π̃ ◦ µ̃(Φ, w)
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for all (Φ, w) ∈ X̃s̃ ×π̃ W̃ , so that the diagram

X̃s̃ ×p W̃ W̃

X̃ X̃

µ̃

π1 π̃

t̃

commutes. Moreover, µ̃ has the following additional properties:

1. µ̃ is a surjective local sc-diffeomeomorphism and linear in the fibers W̃x

2. µ̃(1x, wx) = wx for all x ∈ X̃ and wx ∈ W̃x.

3. µ̃(Φ ◦ Ψ, w) = µ̃(Φ, µ̃(Ψ, w)) for all morphisms Φ,Ψ ∈ X̃ and w ∈ W̃ satisfying

s̃(Ψ) = π̃(w) and t̃(Ψ) = s̃(Φ) = π̃(µ̃(Ψ, w)).

Proof: Define µ̃ as follows:

µ̃(Φ, w) := f̂−1
λ · µ(fλ(Φ), f̂λ(w)) (6.0.4)

for Φ∈M(Gλ,Gλ′) and w ∈ W̃λ such that s(Φ) = w. The claim follows from Proposition

4.6.1 and a straightforward diagram chase. �

Definition 6.0.3. (compare [HWZ2] Definition 8.5) Let (P : W → X,µ) and

(P ′ : W ′ → X ′, µ′) be two strong bundles over ep-groupoids. A strong bundle map

or strong bundle functor between strong bundles over ep-groupoids consists of a strong

bundle map Φ : W → W ′ covering the sc-smooth functor φ : X → X ′ between ep-
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groupoids having the property that

Φ(µ(γ, w)) = µ′(φ(γ),Φ(w)),

for all γ ∈ X and w ∈ W satisfying s(γ) = P (w). �

Proposition 6.0.8. W → X and W̃ → X̃ are isomorphic as strong bundles over ep-

groupoids.

Proof: The claim follows by Equation (6.0.4). �

We define the section

∂core,λ : Ocore
λ → W core

λ

by

Γ(expuη(z), z) ◦ ∂core,λ(v, η) ◦ δ(v) = ∂J,j(v)expuη(z)

We also define the linearized Cauchy-Riemann operators as follows:

1. If a{x,y} is an interior node ∂0 is the linear Cauchy-Riemann operator

∂

∂s
+ Ĵ(0)

∂

∂t
: H3,δ0

c (Ca,R2n)→ H2,δ0(Ca,R2n)

where Ca and

Ĵ := Tφx ◦ J ◦ Tφ−1
x

2. If a{x,y} is a boundary node, then ∂0 is the linear Cauchy-Riemann operator

∂

∂s
+ Ĵ(0)

∂

∂t
: H3,δ0

c,real(Ca,R
2n)→ H2,δ0

bdry(Ca,R2n)
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We also define the section

Fill ∂neck,λ : Eλ → Fλ

by

(a, η+, η−)→ (a, (ξ
+
, ξ
−

)

where

⊕̂a(ξ+
{x,y}, ξ

−
{x,y}) =

∂

∂s
(ua + ηa) + Ĵ(ua + ηa)

∂

∂t
(ua + ηa) (6.0.5)

	̂a(ξ+
{x,y}, ξ

−
{x,y}) = ∂0(	a(η+

{x,y}, η
−
{x,y})) (6.0.6)

where ua := ⊕a(φ ◦ u ◦ ψx, φ ◦ u ◦ ψy) and ηa := ⊕a(η+
{x,y}, η

−
{x,y}). We also define the

section

∂neck,λ : Xλ → Yλ

by

(a, η+, η−)→ (a, ξ
+
, ξ
−

)

where

⊕̂a(ξ+
{x,y}, ξ

−
{x,y}) =

∂

∂s
(ua + ηa) + Ĵ(ua + ηa)

∂

∂t
(ua + ηa) (6.0.7)

	̂a(ξ+
{x,y}, ξ

−
{x,y}) = 0 (6.0.8)

We define the fibered product Cauchy-Riemann section Fill ∂J,λ as follows

Fill ∂J,λ : Fill Õλ → F̃λ

Fill ∂J,λ := ∂core,λ × Fill ∂neck,λ
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Recall the Cauchy-Riemann section ∂J : Z → E

∂J([S, j,Mi,Mb, u]) = [S, j,Mi,Mb, u, ∂J,ju]

The commutativity of the diagrams below imply Corollary 6.0.2:

Wλ W

Oλ Z

|Ω|

|p|
∂J ∂J

Wλ W̃λ

Oλ Õλ

f̂λ

fλ

∂J ∂J

Corollary 6.0.2. Let αλ : Õλ → Z be the map given by p ◦ f−1
λ : Oλ → Z. Let

α̂λ : Õλ → W be the chart given by Ω ◦ f̂−1
λ . Then the following diagram commutes:

W̃λ W

Õλ Z

α̂λ

αλ

∂J ∂J
�

As a result of the corollary and the fact that the charts αλ cover, it is enough to check

that the section ∂J : Õλ → W̃λ is sc-Fredholm for every λ ∈ Λ in order to verify that

∂J : Z → W is a sc-Fredholm section. Now we verify that Fill Õλ is a filling for ∂J .

Proposition 6.0.9. The section Fill ∂J,λ : Fill Õλ → F̃λ is a filling for the section

∂J : Õλ → W̃λ.

Proof: Recall the retractions r and R̂ from Remark 6.0.4. Condition 1 follows from

observation of the systems (6.0.5)− (6.0.6) and (6.0.7)− (6.0.8).
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Now we consider Condition 2. Note that if

r̂ ◦ ∂J(a, v, η, η+, η−) = ∂J(a, v, η, η+, η−)

then

∂0(	a(η+
{x,y}, η

−
{x,y})) = 0

By Proposition 5.1.1, it follows that 	a(η+
{x,y}, η

−
{x,y}) = 0.

Condition 3 is trivial because it follows by Remark 11.0.1 kerDr(0) = ker r̂(0) = {0}. �

7 Pre-Fredholm Theory for Lagrangian Boundary Con-

ditions

In this section we verify the sc-Fredholm estimates for the Cauchy-Riemann operator.

We will use the following theorem to check sc-smoothness:

Theorem 7.0.1. (compare Theorem 3.7.1 [HWZ2]) Let U be a relatively open

neighbhorhood of 0 in the partial quadrant C of the sc-Hilbert space E, and let f : U → F

be an sc∞ map into the sc-Hilbert space F , which satisfies the following:

(1) At every smooth point x ∈ U, the linearization Df(x) : E → F is an sc-Fredholm

operator and the index does not depend on x.

(2) There is an sc-splitting E = B ⊕X in which B is a finite-dimensional subspace of E

containing the kernel of Df(0), and X ⊂ C such that the following holds for b ∈ B ∩ U
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small enough: If (bj) ⊂ B∩U is a sequence converging to b and if (ηj) ⊂ X is a sequence

which is bounded on level m and satisfying

Df(bj)ηj = yj + zj

where yj → 0 in Fm and where the sequence (zj) is bounded in Fm+1, then the sequence

(ηj) possesses a convergent subsequence in Xm.

(3) For every m ≥ 0 and ε > 0, the estimate

||[D2f(b, 0)−D2f(b, x)]h||m ≤ ε·||h||m

holds for all h ∈ Em and for b ∈ B small and for x ∈ Xm+1 sufficiently small on level m.

Then f is sc-Fredholm near 0. �

Remark 7.0.1. Going forward we will refer to hypothesis (2) as robustness and the

bound in hypothesis (3) as the quadratic estimate. �

We will choose a subtle but powerful coordinate change in order to simplify the verifica-

tion of the hypotheses of Theorem 7.0.1. The idea is encapsulated in the following:

Proposition 7.0.1. (compare Proposition 1.13 [FH7]) Let X be an M -polyfold,

and let Y be a set equipped with a map g : X → Y which is surjective. Suppose there

exists a map f : Y → X such that f ◦ g : X → X is sc-smooth and g ◦ f = IdY . Then

Y has a natural M -polyfold structure only depending on g but not on the choice of f

provided there exists a map f with the above properties. For this M -polyfold structure,

the following holds:
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(1) g : X → Y is sc-smooth.

(2) For every h : Y → X for which g ◦ h = IdY and h ◦ g is sc-smooth the map

h : Y → h(Y ) is an sc-diffeomorphism onto a sub-M -polyfold of X. �

This proposition asserts that any sc-smooth section of an M -polyfold retraction gives

another choice of coordinates on the M -polyfold. In particular, the set

X = {0} × E
⋃
a∈B 1

2

{a} ×H3(Za,R2n)

inherits a polyfold structure induced as the image of the sc-smooth retraction B 1
2
×E r→

B 1
2
× E. One can use the inverse of the � gluing map to produce section of the map

B 1
2
× E → X

(a, e)→ ⊕ae

Another section, which we will use in the next section, is described below:

Proposition 7.0.2. We define a map

f : X → B 1
2
× E

by

f(a, u) = (a, f+(a, u), f−(a, u))

where:

f+(a, u)(s, t) = β(s− R

2
− 2)u([s, t])
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f−(a, u)(s′, t′) = β(−s′ − R

2
− 2)u([s′, t′]′)

The map f satisfies:

I 1. ⊕ ◦ f(u) = u for u ∈ X by construction.

2. f is sc-smooth.

3. For each level m there exists a constant Cm independent of |a| < 1
2

such that

||f(⊕a(h+, h−))||m ≤ Cm||(h+, h−)||m for all (h+, h−) ∈ Em �

7.1 Pre-Fredholm Estimates at the Node

The verification of the sc-Fredholm properties, smoothness, regularizing, robustness and

the quadratic estimate for interior nodal behavior follows from the considerations of

[HWZ1]. The estimates on the core are classical. The most novel part of the verification

of the sc-Fredholm properties, the analysis of nodal boundary behavior, is presented in

this section. The estimates for cylindrical necks are established in [HWZ1]. Recall the

following model spaces:

Ereal(2n) := Rn × {0} ⊕H3,δ01
real(R

± × [0, 1],R2n)

and

Fbdry(2n) := H2,δ01(R± × [0, 1],R2n)
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Consider the map H : B 1
2
× Ereal(2n)→ Fbdry(2n), H(a, h+, h−) = (ξ+, ξ−) defined by:

⊕̂a(ξ+, ξ−) = ∂J(ua + ha) (7.1.1)

	̂a(ξ+, ξ−) = ∂0(	a(h+, h−)) (7.1.2)

Note it is sufficient to consider the case when (u+, u−) is smooth since we can cover Z

with charts centered at smooth maps and their images under the ⊕ gluing. We also

assume that

lims→∞u
+(s, t) = lims→−∞u

−(s, t) = 0

Below we will substitute ha for ⊕a(h+, h−) for shorthand.

Proposition 7.1.1. The map H is a filling for the Cauchy-Riemann equation. Moreover,

H is sc-smooth.

Proof: The pair (ξ+, ξ−) is defined by the set of equations (7.1.1) and (7.1.2). These

equations are equivalent to the following matrix equation:

ξ+

ξ−

 =
1

βR(s)2 + (1− βR(s))2

 βR −(1− βR)

(1− βR) βR

 ·
 ∂J(ua + ha)

∂0(	a(h+, h−))



=
1

βR(s)2 + (1− βR(s))2

βR∂J(ua + ha)− (1− βR)∂0(	a(h+, h−))

(1− βR)∂J(ua + ha) + βR∂0(	a(h+, h−))


It follows from Appendix 3 that the functions

(a, h+, h−)→ (1− βR)

βR(s)2 + (1− βR(s))2
· ∂0{	a(h+, h−)}
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(a, h+, h−)→ βR
βR(s)2 + (1− βR(s))2

· ∂0{	a(h+, h−)}

are sc-smooth. Observe the following equalities:

βR
βR(s)2 + (1− βR(s))2

· ∂J(ua + ha) =
βR

βR(s)2 + (1− βR(s))2
· ∂J{f+ ◦ (ua + ha)} (7.1.3)

(1− βR)

βR(s)2 + (1− βR(s))2
· ∂J(ua + ha) =

(1− βR)

βR(s)2 + (1− βR(s))2
· ∂J{f− ◦ (ua + ha)} (7.1.4)

From Proposition 7.0.2 and Proposition 11.0.2, it follows that the right hand sides of

(7.1.3) and (7.1.4) are sc-smooth functions of (a, h+, h−). Thus, so are the left hand

sides. It follows that the section (η+, η−) is sc-smooth as well. �

Lemma 7.1.1. H is regularizing away from the left and right boundaries. More precisely,

if H(a, h+, h−) = (ξ+, ξ−) ∈ (Fbdry)m, then

(h+, h−) ∈ H3+m,δm((ε,∞)× I × R2n), H3+m,δm((−∞,−ε)× I,R2n)

for all ε > 0.

Proof: Suppose (ξ+, ξ−) ∈ (Ereal)m. Observe that by Proposition 5.1.1:

1

Cm
·| 	a (h+, h−)|Ca,Em ≤|	̂a(ξ+, ξ−)|Ca,Fm ≤ Cm·| 	a (h+, h−)|Ca,Em (7.1.5)

In addition, we have

∂Jha = ⊕̂a(ξ+, ξ−)− ∂Jua (7.1.6)

Since ua is smooth, ∂Jha ∈ H2+m(Za). By classical non-linear elliptic estimates (see [A]),

it follows that ⊕a(h+, h−) ∈ H3+m
loc away from the left and right boundaries. Consider a

family of bump functions γε : R+ → [0, 1], for ε > 0, which satisfy:
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1. γε|[0, ε2 ] = 0

2. γε|[ε,∞] = 1

3. ∂
∂s
γε(s) ≥ 0

We suppose ε > 0 is given so small that

	a(γεh+, γε(−s)h−) = 	a(h+, h−)

Set γ := γε. Note that

∂J(⊕a(γh+, γ(−s)h−)) = ∂Jβγh
+ + ∂J(1− β)γ(−s)h−

= ⊕a(γ′ · h+, γ′(−s) · h−) + γ0 · ∂J ⊕a (h+, h−) (7.1.7)

where γ0 : [0, R]× I → [0, 1] is defined by

γ0 = γ on [0, ε]× I

and

γ0 = γ(−s+R) on [R− ε, R]× I

and

γ0 = 1 on [ε, R− ε]× I
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From (7.1.6) and (7.1.7) we have

∂J ⊕a (γh+, γ(−s)h−) ∈ H2+m(Za) (7.1.8)

From classical non-linear elliptic estimates [A], it follows that ⊕a(γh+, γ(−s)h−) ∈

H3+m(Za), since ⊕a(γh+, γ(−s)h−) vanishes near the boundary. By Proposition 12.0.1

and (7.1.5) and (7.1.8) it follows that (γh+, γ(−s)h−) ∈ Ereal
m . �

Proposition 7.1.2. Given ε > 0, on every level m we have the inequality

||(DHa(h
+, h−)−DHa(0, 0))(η+, η−)||m ≤ ε||(η+, η−)||m

for all (η+, η−) ∈ Em all |a| ≤ 1
2
, and all (h+, h−) ∈ Em sufficiently small on level m.

Proof : We closely follow the argument of Proposition 7.7 in [FH1]. Recall the pair

of equations which define H:

∂J(ua + ha) = ⊕̂a(Ha(h
+, h−))

∂0(	a(h+, h−)) = 	̂a(Ha(h
+, h−))

From the second equation we have:

∂0(	a(η+, η−)) = 	̂a(DHa(h
+, h−)(η+, η−))

The left hand side is independent of (h+, h−), so for all (η+, η−) ∈ Em and all (h+, h−) ∈

Em, we have

	̂a(DHa(h
+, h−)−DHa(0, 0))(η+, η−)) = 0
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Consider H+
a and H−a defined by Ha = (H+

a , H
−
a ). From the equations:

⊕̂a(DHa(h
+, h−)−DHa(0, 0))(η+, η−) = ⊕̂a(D∂J(ua + ha)−D∂J(ua))(η

+, η−) (7.1.9)

	̂a(DHa(h
+, h−)−DHa(0, 0))(η+, η−) = 0 (7.1.10)

we have

(DH+
a (h+, h−)−DH+

a (0, 0))(η+, η−)

= τ(s− R

2
) · (D∂J(f+ · ⊕a(u+ + h+, u− + h−)−D∂J(f+ · ⊕a(u+, u−))(η+, η−) (7.1.11)

where τ is defined by

τ(s) :=
β(s)

(β(s))2 + (1− β(s))2

Observe that by Theorem 2.26 [HWZ0] and (7.1.9) − (7.1.10), it suffices to show that

(7.1.11) is bounded in order to establish the following claim:

Claim Given ε > 0, on every level m we have the inequality

||(DH+
a (h+, h−)−DH+

a (0, 0))(η+, η−)||m ≤ ε||(η+, η−)||m

for all (η+, η−) ∈ Em all |a| ≤ 1
2
, and all (h+, h−) ∈ Em sufficiently small on level m.

The map τ is bounded, therefore by (7.1.11), it is enough to show that the operator

norm of

D∂J(f+ ◦ ⊕a(u+
0 + h+, u−0 + h−))−D∂J(f+ ◦ ⊕a(u+

0 , u
−
0 ))

is small for all |a| ≤ 1
2

for all (h+, h−) sufficiently small on level m.
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Since ∂J : Ereal → Fbdry is level-wise smooth, its derivative is smooth and therefore

locally Lipschitz. The set Σ := {f+ ◦ ⊕a(u+
0 , u

−
0 ) : a ∈ [0, 1

2
)} is compact on every level.

So for every level m we can find an open neighborhood Um ⊂ Em of Σ and a constant

Dm such that

||D∂J(w)−D∂J(w′)||L(Em,Fm) ≤ Dm·||w − w′||m, w, w′ ∈ Um (7.1.12)

Taking advantage of the compactness of Σ, we find for every level m a number σ > 0

such that Σ +Bm(0, σ) ⊂ Um. For every level m we have a constant Cm such that

||f+ ◦ ⊕(a, u+ + h+, u− + h−)− f+ ◦ ⊕(a, u+, u−)||m ≤ Cm·||(h+, h−)||m < Cmσ (7.1.13)

for all a ∈ [0, 1
2
) and (h+, h−) ∈ Bm(0, σ). Combining (7.1.12) and (7.1.13), the result

follows.

Arguing similarly for DH−a establishes the result. �

Fix a level m ≥ 0. Consider the family of operators Γa(k
+, k−) : Ereal → Fbdry

parametrized by (k+, k−) ∈ (Ereal)m defined by:

D∂J(⊕a(u+ + k+, u− + k−))(⊕a(η+, η−)) = ⊕̂a(Γa(k+, k−)(η+, η−)) (7.1.14)

∂0(	a(η+, η−)) = 	̂a(Γa(k+, k−)(η+, η−)) (7.1.15)

The operators in Γa(k
+, k−) are equal to the operators DHa(k

+, k−). We partially follow

Proposition 7.8 of [FH1]:

Proposition 7.1.3. (Robustness) Let {aj}∞j=0, aj ∈ [0, 1
2
), be a sequence of real num-

bers which converge to a ∈ [0, 1
2
). Consider a sequence of maps (x+

j , x
−
j ) ⊂ Fbdry which
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converges to 0 on level m. Also suppose (y+
j , y

−
j ) ⊂ Fbdry is a sequence of maps which is

bounded on level m+1 and (η+
j , η

−
j ) ⊂ Ereal is a sequence bounded on level m. Suppose a

sequence (k+
j , k

−
j ) ⊂ Ereal converges on level m to (k+, k−). There exists ε > 0 sufficiently

small such that if |(u+ − k+, u− − k−)|m ≤ ε, and

Γaj(k
+
j , k

−
j )(η+

j , η
−
j ) = (x+

j , x
−
j ) + (y+

j , y
−
j ) (7.1.16)

then (ηj) has a subsequence converging on level m on slightly restricted strips.

Proof: Let uj := ⊕aj(u+, u−), ej := ⊕aj(η+
j , η

−
j ), and kj := ⊕aj(k+

j , k
−
j ). Using these

abbreviations we can express (7.1.14)− (7.1.15), using (7.1.16), as follows:

∂ej
∂s

+ J(uj + kj)
∂ej
∂t

+ (DJ(uj + kj)ej)
∂(uj + kj)

∂t
= ⊕̂aj(x+

j , x
−
j ) + ⊕̂aj(y+

j , y
−
j ) (7.1.17)

∂0(	aj(η+
j , η

−
j )) = 	̂aj(x+

j , x
−
j ) + 	̂aj(y+

j , y
−
j ) (7.1.18)

Take a cut-off function τ : R → [0, 1] satisfying τ = 0 for s ≤ 1 and τ = 1 for s ≥

2. In addition, let γ+
2r(s) = τ(s − 2r) and γ−2r(s

′) = τ(−s′ − 2r). Replace (η+
j , η

−
j )

with (γ+
2rη

+
j , γ

−
2rη
−
j ). Further, define ej,r := ⊕aj(γ+

2rη
+
j , γ

−
2rη
−
j ). Then (7.1.17) can be

re-expressed:

∂ej,r
∂s

+ J(uj + kj)
∂ej,r
∂t

+ (DJ(uj + kj)ej)
∂(uj + kj)

∂t

= zj,r + ⊕̂aj(γ+
2rx

+
j , γ

−
2rx
−
j ) + ⊕̂aj(γ+

2ry
+
j , γ

−
2ry
−
j ) (7.1.19)

where

zj,r =
∂γ+

2r

∂s
(s)η+

j (s, t)− ∂γ−2r
∂s

η−j (s−Rj, t− θj)

After replacing uj with uj,r = τ(s − r)τ(−s + Rj − r)uj(s, t) and kj with kj,r = τ(s −
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r)τ(−s+Rj − r)kj(s, t), (7.1.19) becomes:

∂ej,r
∂s

+ J(uj,r + kj,r)
∂e

∂t
+ (DJ(uj,r + kj,r)ej,r)

∂(uj,r + kj,r)

∂t

= zj,r + ⊕̂aj(γ+
2rx

+
j , γ

−
2rx
−
j ) + ⊕̂aj(γ+

2ry
+
j , γ

−
2ry
−
j ) (7.1.20)

and equation (7.1.18) becomes:

∂0(	aj(η+
j , η

−
j )) = 	̂aj(γ+

2rx
+
j , γ

−
2rx
−
j ) + 	̂aj(γ+

2ry
+
j , γ

−
2ry
−
j ) (7.1.21)

We have the following critical analytic estimates, which follow from the considerations

in Proposition 5.1.1:

Proposition 7.1.4. Suppose (δm1 )∞m=0 ⊂ (0, π). The Cauchy-Riemann operator

∂0 : H
3,δm1
c,real(Ca,R

2n)→ H
2,δm1
bdry (Ca,R2n)

is an sc-isomorphism, and for every m ≥ 0 there exists a constant Cm > 0, which is

independent of a, such that

1

Cm

∣∣ξ∣∣
H3+m,δm
c, real

≤
∣∣∂0ξ

∣∣
H2+m,δm

bdry

≤ Cm
∣∣ξ∣∣

H3+m,δm
c, real

for all ξ ∈ H3+m,δm
c, real (Ca,R2n). �

Consider the space H
3+m,δm1
c,real (Ca,R2n)′ which as a set agrees with H

3+m,δm1
c,real (Ca,R2n), how-

ever we equip H
3+m,δm1
c,real (Ca,R2n)′ with a new norm given by

||u||′3+m,δm1
:=
( ∑
|α|≤m+3

∫
R×[0,1]

|Dαu|2 · e2δm1 |s|dsdt
) 1

2
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Also consider the space H
2+m,δm1
bdry (Ca,R2n)′ which as a set agrees with H

2+m,δm1
bdry (Ca,R2n),

however we equip H
2+m,δm1
c,real (Ca,R2n)′ with a new norm:

∣∣∣∣u∣∣∣∣′
2+m,δm1

:=
( ∑
|α|≤m+2

∫
R×[0,1]

|Dαu|2 · e2δm1 |s|dsdt
) 1

2

Proposition 7.1.5. For δm1 ∈ (0, π), the Cauchy-Riemann operator

∂0 : H
3,δm1
c,real(Ca,R

2n)′ → H
2,δm1
bdry (Ca,R2n)′ (7.1.22)

is an sc-isomorphism, and for every m ≥ 0 there exists a constant Cm > 0, which is

independent of a, such that

1

Cm

∣∣ξ∣∣
H

3+m,δm1
c,real (Ca,R2n)′

≤
∣∣∂0ξ

∣∣
H

2+m,δm1
bdry (Ca,R2n)′

≤ Cm
∣∣ξ∣∣

H
3+m,δm1
c,real (Ca,R2n)′

(7.1.23)

for all ξ ∈ H3+m,δm1
c,real (Ca,R2n)′.

Proof: As sets of maps, we have

H
3,δm1
c, real(Ca,R

2n) = H
3,δm1
c, real(Ca,R

2n)′

H
2,δm1
bdry (Ca,R2n) = H

2,δm1
bdry (Ca,R2n)′

Thus, isomorphism (7.1.22) follows from Proposition 7.1.4, however must verify equation

(7.1.23). Consider the map

ShiftR
2

: H3,δ0
c, real(Ca,R

2n)→ H3,δ0
c, real(Ca,R

2n)′

u(·)→ u(·+ R

2
)
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Observe: ∣∣∣∣u∣∣∣∣
3+m,δm1

:=
( ∑
|α|≤3+m

∫
R×[0,1]

∣∣∣Dαu(s, t)
∣∣∣2e2δm1

∣∣s−R
2

∣∣
ds dt

) 1
2

=
( ∑
|α|≤3+m

∫
R×[0,1]

∣∣∣Dα(u(s+
R

2
, t))
∣∣∣2e2δm1

∣∣s∣∣ds dt) 1
2

=
∣∣∣∣∣∣ShiftR

2
u
∣∣∣∣∣∣′

3+m,δm1

We have a similar calculation for H2,δ0
bdry(Ca,R2n) and H2,δ0

bdry(Ca,R2n)′. The inequalities

(7.1.23) follow from the fact that ShiftR
2

is an isometry and the identity

∂0 ◦ ShiftR
2

= ShiftR
2
◦ ∂0 �

Consider the function αj,r := τ(s− r+ 2) · τ(−s+Rj − r+ 2). Note that αj is identically

equal to 1 on the support of τ(s− r) · τ(−s+Rj − r).

Proposition 7.1.6. (compare Proposition 7.9 in [FHWZ])

(1) Given ε̃ > 0, there exists r > 0 such that for all large j the following holds:

∣∣∣∣αj,r · (J(uj,r + kj,r)− i) ·
∂

∂t
h
∣∣∣∣′
m+2

< ε̃
∣∣∣∣h∣∣∣∣′

m+3
for h ∈ (Ereal)m

(2) The sequence (v+
j , v

−
j ) ∈ Fm+1 defined by

	̂aj(v+
j , v

−
j ) = 0, ⊕̂aj(v+

j , v
−
j ) = −(DJ(uj,r + kj,r)ej,r)

∂(uj,r + kj,r)

∂t

is bounded in Fm+1.
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(3) The sequence (w+
j , w

−
j ) ∈ Fm+1 defined by

	̂aj(w+
j , w

−
j ) = 0, ⊕̂aj(w+

j , w
−
j ) = zj

is bounded on level m+ 1.

Proof: The sequence (k+
j , k

−
j ) limits to some (k+, k−) ∈ (Ereal)m. We will make use

of the abbreviations:

(m+
j ,m

−
j ) := (k+

j − kj,∞, k−j − kj,∞), mj := τ(s− r) · τ(−s+Rj − r)⊕aj (m+
j ,m

−
j )

and

(v+, v−) := (k+ − k∞, k− − k∞), vj := τ(s− r) · τ(−s+Rj − r)⊕aj (v+, v−)

Set Σk := [r− 2, Rj − r+ 2]× I. Given ε > 0, first we will show for r, j and 1
ε

sufficiently

large we have: ∣∣∣Dβ(J(uj,r + kj,r)− J(k∞))(z)
∣∣∣ < ε (7.1.24)

for indices β satisfying |β| ≤ 2 +m and z ∈ Σk. Observe:

∣∣∣uj,r + kj,r − k∞
∣∣∣
H3+m(Σk,R2n)

=
∣∣∣uj,r +mj,r + τ(s− r) · τ(−s+Rj − r)kj,∞ − k∞

∣∣∣
H3+m(Σk,R2n)

≤
∣∣∣uj,r +mj,r

∣∣∣
H3+m(Σk,R2n)

+
∣∣∣τ(s− r) · τ(−s+Rj − r)kj,∞ − k∞

∣∣∣
H3+m(Σk,R2n)

≤
∣∣∣uj,r + vj,r

∣∣∣
H3+m(Σk,R2n)

+
∣∣∣mj,r − vj,r

∣∣∣
H3+m(Σk,R2n)
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+
∣∣∣τ(s− r) · τ(−s+Rj − r)kj,∞ − k∞

∣∣∣
H3+m(Σk,R2n)

= I(r, j) + II(r, j) + III(r, j)

For any (ζ+, ζ−) ∈ (Ereal)m, since τ is bounded we have the inequality

(∣∣∣∣∣∣τ(s− r) · τ(−s+Rj − r)⊕aj (ζ+, ζ−)
∣∣∣∣∣∣′

3+m,δm1

)2

≤ C
( ∑
|α|≤3+m

∫
[r,∞)×[0,1]

|Dαζ+|2 · e2δm1 ·|s|ds dt +
∑

|α|≤3+m

∫
(−∞,−r]×[0,1]

|Dαζ−|2 · e2δm1 ·|s|ds dt
)

(7.1.25)

Given ε′ > 0, we can choose r > 0 sufficiently large such that the right hand side of

inequality (7.1.25) is less than ε′ for any fixed (ζ+, ζ−). In particular, this means we can

choose I(r, j) < ε′.

Since kj → k on level m, it follows that for j sufficiently large we have II(r, j) < ε′.

As j →∞,

III(r, j)→|τ(s− r) · τ(−s+Rj − r)k∞ − k∞|H3+m(Σk,R2n)

Observe that

|τ(s− r) · τ(−s+Rj − r)k∞ − k∞|H3+m(Σk,R2n) ≤ 4·|k∞|

By the Sobolev embedding theorem, it follows that we can choose ε > 0 sufficiently small

such that III(r, j) ≤ ε′.
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By the Sobolev embedding theorem, for any ξ ∈ H3+m(Σk,R2n), we have the follow-

ing inequality for fixed r:

|ξ|Cm+1(Σk,R2n) ≤ C|ξ|H3+m(Σk,R2n)

Having made such a choice of r for ε′ > 0, for |β| ≤ 2 +m, we have the following by the

mean-value theorem and the smoothness of J :

∣∣∣Dβ
(
J(uj,r + kj,r)−J(k∞)

)∣∣∣
C0(Σk)

≤M ·
∣∣∣uj,r + kj,r− k∞

∣∣∣
Cm+1(Σk)

≤ 3M ·C · ε′ (7.1.26)

We choose ε′ < ε
3M ·C . Given this choice of ε′, (7.1.26) implies (7.1.24). Observe that the

squared norm (∣∣∣∣∣∣(J(uj,r + (kj,r)− J(k∞)
) ∂
∂t
h
∣∣∣∣∣∣′

Σk

)2

is bounded above by integrals of the following type up to a multiplicative constant:

∫
Σk

∣∣∣Dβ
(
J(uj,r + (kj,r − J(k∞)

)∣∣∣2 · ∣∣∣Dγ
( ∂
∂t
u
)∣∣∣2 · e2δm1 |s|ds dt

where |β|+|γ| ≤ 2 +m. Since the functions αj are bounded, we can choose r > 0, j and

1
ε

sufficiently large such that

∣∣∣∣∣∣αj · (J(uj + kj)− J(k∞)) · ∂
∂t
h
∣∣∣∣∣∣′
m+2
≤ 1

2
· ε̃
∣∣∣∣∣∣h∣∣∣∣∣∣′

m+3
for h ∈ (Ereal)m (7.1.27)

Choosing ε sufficiently small, we may force the operator norm of J(k∞)− i small enough

such that we have

||(J(k∞)− i) · ∂
∂t
h||′Σk ≤

1

2
· ε̃ ||h||′m+3 (7.1.28)

Since the difference J(uj + kj) − i is supported on Σk, Claim (1) follows by combining
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(7.1.27) and (7.1.28).

Claims (2) and (3) follow from the estimates on the � gluing see Appendix 4. �

Proposition 7.1.6 parts (2)-(3) allows for re-expression of (7.1.20)-(7.1.21) as follows:

∂ej
∂s

+ J(uj + kj)
∂ej
∂t

= ⊕̂aj(q+
j , q

−
j ) + ⊕̂aj(p+

j , p
−
j ) (7.1.29)

∂0(	aj(γ+
2rη

+
j , γ

−
2rη
−
j )) = 	̂aj(q+

j , q
−
j ) + 	̂aj(p+

j , p
−
j ) (7.1.30)

where the sequence (q+
j , q

−
j ) converges to 0 in Fm and the sequence (p+

j , p
−
j ) is bounded

in Fm+1. We fix the abbreviations

∂j· :=
∂

∂s
·+J(uj + kj)

∂

∂t
· = ∂0 ·+(J(uj + kj)− i)

∂

∂t
·

∂
′
j· := ∂0 ·+αj ·

(
J(uj + kj)− i

) ∂
∂t
·

Observe that

∂jf = ∂
′
jf (7.1.31)

for maps f ∈ H3(R × [0, 1],R2n) supported on Σ′k := [r, Rj − r] × I. In particular, the

equality (7.1.31) holds for ej. We choose ε̃ < 1
2Cm

, where Cm is the constant appearing

in Proposition 5.1.1. Then by Proposition 7.1.6 (i), we have

1

2Cm
|ξ|′m ≤|∂

′
jξ|′m−1 ≤ 2Cm|ξ|′m, for all ξ ∈ Ereal

m (7.1.32)

for j sufficiently large. In particular ∂
′
j is an isomorphism. Now consider the system:

∂
′
jf

+ ◦ ej = ζ+
j + f+ ◦ ⊕̂aj(q+

j , q
−
j ) + f+ ◦ ⊕̂aj(p+

j , p
−
j ) (7.1.33)
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∂
′
jf
− ◦ ej = ζ−j + f− ◦ ⊕̂aj(q+

j , q
−
j ) + f− ◦ ⊕̂aj(p+

j , p
−
j ) (7.1.34)

∂0 	aj (γ+
2rη

+
j , γ2rη

−
j ) = 	̂aj(q+

j , q
−
j ) + 	̂aj(p+

j , p
−
j ) (7.1.35)

where

ζ+
j :=

∂β(s− R
2
− 2)

∂s
ej, ζ−j := −

∂β(s− R
2
− 2)

∂s
ej

Note that the sequence ζ±j is bounded in Fm+1 by Proposition 11.0.2. Also observe

that by construction, the first two equations are valued on R+ × [0, 1] and R− × [0, 1],

respectively. We re-write the system (7.1.33)-(7.1.35) as:

∂
′
jf

+ ◦ ej = q̃+
j + p̃+

j (7.1.36)

∂
′
jf
− ◦ ej = q̃−j + p̃−j (7.1.37)

∂0 	aj (γ+
2rη

+
j , γ

−
2rη
−
j ) = 	̂aj(q+

j , q
−
j ) + 	̂aj(p+

j , p
−
j ) (7.1.38)

where

q̃±j := ζ±j + f± ◦ ⊕̂aj(q+
j , q

−
j ), and p̃±j := f± ◦ ⊕̂aj(p+

j , p
−
j )

The terms (q̃+
j , q̃

−
j ), (p̃+

j , p̃
−
j ) vanish near the left and right boundaries. Therefore, we can

consider (7.1.36) and (7.1.37) as equations on R× [0, 1].

Now consider the pair of solutions (ξ+
j , ξ

−
j ) ∈ H3+m,δm1 (R × [0, 1],R2) ⊕ H3+m,δm1 (R ×

[0, 1],R2) satisfying:

∂
′
jξ

+
j = p̃+

j

∂
′
jξ
−
j = p̃−j
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By Equation (7.1.32), we have the chain of inequalities:

|(p+
j , p

−
j )|Fm ≥ C ′m|(f+ ◦ ⊕aj(p+

j , p
−
j ), f− ◦ ⊕aj(p+

j , p
−
j ))|Fm

= C ′m|(∂jξ+
j , ∂jξ

−
j )|Fm ≥ C ′m · Cm(|ξ+

j |′m+|ξ−j |′m)

where C ′m depends only onm. In particular, |ξ±j |′m → 0. Now consider the pair of solutions

(µ+
j , µ

−
j ) ∈ H3+(m+1),δm(R× [0, 1],R2)⊕H3+(m+1),δm(R× [0, 1],R2) which satisfy

∂
′
jµ

+
j = q̃+

j

∂
′
jµ
−
j = q̃−j

Then by Equation (7.1.32), we have the inequality

|(q̃+
j , q̃

−
j )|Fm+1 =|(∂′jµ+

j , ∂
′
jµ
−
j )|Fm+1 ≥ Cm+1 · (|µ+

j |′m+1+|µ−j |′m+1)

Thus the sequence |µ+
j |′m+1+|µ−j |′m+1 is bounded on levelm+1. Since ∂

′
j is an isomorphism

we have the equalities (of functions on half-strips)

ξ+
j + µ+

j = f+ ◦ ej

ξ−j + µ−j = f− ◦ ej

We make the replacement:

(ξ+
j , ξ

−
j )→ (γ+

2r−2(s) · ξ+
j , γ

−
2r−2(s′) · ξ−j )

(µ+
j , µ

−
j )→ (γ+

2r−2(s) · µ+
j , γ

−
2r−2(s′) · µ−j )
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Thus we have (ξ+
j , ξ

−
j ) ∈ Em+1 and (µ+

j , µ
−
j ) ∈ Em and

⊕aj(ξ+
j + µ+

j , ξ
−
j + µ−j ) = ⊕aj(f+ ◦ ej, f− ◦ ej) = ej

Now consider the solutions αj ∈ H3+m,δm
c (Ca,R2n), guaranteed to exist by Proposition

5.1.1 defined as follows:

∂0αj = 	̂aj(p+
j , p

−
j )

By Proposition 12.0.1, there exists a unique pair (α+
j , α

−
j ) ∈ Em such that

�aj(α
+
j , α

−
j ) = (0, αj)

By Equation (7.1.32) we have

C · C ′|(p+
j , p

−
j )|Fm ≥ C|(1− π̂aj)(p+

j , p
−
j )|Fm ≥|�aj {1− π̂aj(p+

j , p
−
j )}|Ĝm =|(0, ∂0αj)|Ĝm

≥ C ′′|(0, αj)|Gm = C ′′|� (α+
j , α

−
j )|Gm ≥

C ′′

C ′′′
|(α+

j , α
−
j )|Em (7.1.39)

where C,C ′, and C ′′ depend only on m. In particular, we have |(α+
j , α

−
j )|m → 0 on level

m. For shorthand, we set α̃j := (α+
j , α

−
j ). By Proposition 12.0.1, there exists a unique

pair (β+
j , β

−
j ) ∈ Em+1 such that

�aj(β
+
j , β

−
j ) = (0, βj)

For shorthand we set β̃j := (β+
j , β

−
j ). Similarly to Equation (7.1.39), we have an inequal-

ity:

|(q+
j , q

−
j )|Fm+1 ≥ Cm+1·|(β+

j , β
−
j )|Em+1
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where Cm+1 depends only on m+ 1. Since ∂0 is an isomorphism we have the equality:

αj + βj = 	̂aj(γ+
2rη

+
j , γ

−
2rη
−
j )

We introduce the new sequences:

ξ̃j := πaj(ξj)

µ̃j := πaj(µj)

Then we have:

⊕aj(ξ̃j + µ̃j + α̃j + β̃j) = ej = ⊕aj(γ+
2rµ

+
j , γ

−
2rµ
−
j )

	aj(ξ̃j + µ̃j + α̃j + β̃j) = 	aj(γ+
2rµ

+
j , γ

−
2rµ
−
j )

By Proposition 12.0.1, we have:

ξ̃j + µ̃j + α̃j + β̃j = (γ+
2rη

+
j , γ

−
2rη
−
j )

It follows that there exists a subsequence such that ξ̃j + µ̃j + α̃j + β̃j converges on level

m. The claim follows. �

Remark 7.1.1. Arguing similarly, we can verify that the Cauchy-Riemann operator

on cylindrical necks is sc-smooth, satisfies the quadratic estimate, is regularizing away

from the left and right boundaries and satisfies robustness away from the left and right

boundaries. �

Remark 7.1.2. Observe that we can control the size of domain on which the sequence

ηj converges by adjusting the value of r which appeared in Equation (7.1.19). �
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7.2 Classical Estimates

Recall the definition of Ocore
λ :

Ocore
λ := {(v, η) ∈ Vλ ×H3Γ(u|∗ScoreTQ) : ∃ (a, v, η̃) ∈ Oλ such that η̃|Score = η}

and of Ocoreλ :

Ocoreλ := {η ∈ H3Γ(u|∗ScoreTQ) : η(z) ∈ Hu(z) for z ∈ Σ}

Also, recall the section ∂core over Ocore
λ :

∂core : Ocore
λ → W core

λ

∂core(v, η) := Θ(u, expu(η)) ◦ ∂J,j(v)(expu(η)) ◦ τ(v)

where

Θ(z, z′) = Γ(z, z′)−1, and τ(v) = δ(v)−1

Proposition 7.2.1. The map ∂core is sc-smooth and regularizing away from the left and

right boundaries.

Proof: The claim with regards to smoothness follows by the smoothness of exponentia-

tion ([E]). The regularizing property follows by classical elliptic theory (see [A]). �

By the mean value theorem we have:

Proposition 7.2.2. Quadratic Estimate in the Classical Case with Boundary
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(compare Proposition 4.25 [HWZ2]) Fix a level m ≥ 0 and ε > 0. Then

||[D2∂core(v, η)−D2∂core(v, 0)]h||(Fcoreλ )m ≤ ε·||h||(Ocoreλ )m

for all h ∈ (Ocoreλ )m and for (v, η) ∈ (Vλ×Ocore
λ )m sufficiently close to (0, 0) ∈ (Vλ×Ocore

λ )m

and η ∈ (F coreλ )m. �

Proposition 7.2.3. Robustness in the Classical case with Boundary (compare

Proposition 4.23 [HWZ2]) Let K be a finite-dimensional sc-subspace of Ocoreλ and

consider (v0, η0) ∈ (Ocore
λ )∞ with η0 ∈ K. We consider a sequence (vj, ηj) ∈ (Oλ)

core
∞

with kj ∈ K and converging to (v0, η0). If (hj) ∈ (Ocoreλ )m is a bounded sequence satisfying

D2∂core(vj, ηj)hj = yj + zj (7.2.1)

where (yj) ⊂ (F coreλ )m converges to 0 and where the sequence (zj) is bounded in (F coreλ )m+1,

then hj converges in (Ocoreλ )m away from a small neighborhood of the neck.

Proof: The argument closely follows that of Proposition 4.23 [HWZ2]. Following the

argument of Proposition 4.23 [HWZ2] we may derive the following expression:

D2∂core(vj, ηj)hj = (∇(T expu(ηj)hj ,0)Θ)[expu(ηj), u] ◦ Γ(expu(ηj), u) ◦ ∂J,j(vj)(vj, ηj)

+ Θ(expu(ηj), u) ◦ (∇hj∂J,j(vj))(expu(ηj)) ◦ τ(v) (7.2.2)

Consider the sequence of linear operators

Lj : Em → Fm
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given by

h→ (∇(T expu(ηj)h,0)Θ)[expu(ηj), u] ◦ Γ(expu(ηj), u) ◦ ∂J,j(vj)(vj, ηj)

These operators are sc+ so we can re-write (7.2.1) as

(∇hj∂J,j(vj))(expu(ηj)) = Γ(expu(ηj), u)(yj + z∗j )τ(vj)(z) (7.2.3)

where yj → 0 in Hm+2 and z∗j := zj − Lj(hj) is bounded on Hm+3. Now we limit

our attention to a small neighborhood of a point z0 ∈ ∂S away from the neck. (The

case of z0 in the interior is handled in Proposition 4.23 [HWZ2].) Choose a half-disk

neighborhood HD of z0 so small that the images expu(ηj)(HD) are contained in a fixed

open neighborhood, U(u(z0)), of u(z0). We fix a chart ψ : U(u(z0)) ⊂ Q → R2n taking

u(z0) to 0. We make the following substitutions and abbreviations:

we denote Tψ(expu(ηj))hj(z) by h∗j(z)

we denote Tψ(expu(ηj)(z)) ◦ Γ(expu(ηj), u)yj ◦ τ(vj)(z) by y∗j (z)

we denote Tψ(expu(ηj)(z)) ◦ Γ(expu(ηj), u)z∗j ◦ τ(vj)(z) by z∗∗j (z)

we denote Tψ ◦ J(ψ−1(z)) ◦ Tψ−1(z) by J∗(z)

In local coordinates, (7.2.3) is given by

Dh∗j(z) + J∗(z) ◦Dh∗j(z) ◦ j(vj) + A(z)(h∗j(z), ·) = y∗j + z∗∗j (7.2.4)

where A is a compact bilinear operator. Fix an open neighborhood H of the point 1

in the disk, D, of radius 1 in C centered at the origin. Choose a smooth family of
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biholomorphisms φv : (H, i)→ (HD, j(v)) with the property

φv(1) = z0

parametrized for v ranging in a compact neighborhood, C, of 0, restricting H and HD if

necessary. We assume that φv factors as a composition:

(H, i)
φ|D−→ (H ′, i)

φ̃v−→ (HD, j(v))

where φ : D → H+ is a biholomorphism from the disk to the upper half-plane and

H ′ ⊂ H+ is a neighborhood of 0. We also stipulate that φ(1) = 0 and φ̃v(0) = z0 for all

v ∈ C. We make the following substitutions and abbreviations:

we denote h∗j ◦ φvj(x) by h∗∗j (x)

we denote y∗j ◦ Tφvj(x) by y∗∗j (x)

we denote z∗∗j ◦ Tφvj(x) by z∗∗∗j (x)

we denote J∗(φvj(x)) by Jj(x)

we denote A(φvj(x))(·, ·) by Aj(x)(·, ·)

The above substitutions and (7.2.4) imply the equality:

Dh∗∗j (z) + Jj(z) ◦Dh∗∗j (z) ◦ i+ Aj(z)(h∗∗j (z), ·) = y∗∗j (z) + z∗∗∗j (z) (7.2.5)

Also, choose a smooth monotonic map κ′ε : R+ → [0, 1] for every 1 > ε > 0 satisfying the
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following properties:

κ′ε(x) := x for 0 ≤ x ≤ 1− 2ε

3

κ′ε(x) := 1 for x ≥ 1

We define the map

κε : H+ → H+

given in polar coordinates by

(r, θ)→ (κ′ε(r), θ)

Choose a smooth cut-off kε : D → [0, 1] satisfying the following properties:

kε(x) = 1 for 0 ≤ x ≤ 1− ε, kε(x) = 0 for 1− 2ε

3
≤ x ≤ 1

For ε > 0 sufficiently small, we define the sequence of complex structures J εj on the trivial

bundle D × R2n → D on the disk as follows:

J εj (x) := J(φ̃vj ◦ kε · φ(x)), x ∈ D

We also consider the sequence of smooth maps:

Aεj : D → L(R2n,R2n)

defined by

Aεj(z) := Aj(z)(kε(z) · h∗∗j (z), ·)

Consider the alterations in (7.2.5) which result from the substitutions

h∗∗j → kε · h∗∗j , Jj → J εj , Aj → Aεj :
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D(kε(z) · h∗∗j (z)) + J εj (z) ◦D(kε(z) · h∗∗j (z)) ◦ i+ Aεj(z)(kε(z) · h∗∗j (z), ·) =

Dkε(z)·h∗∗j (z)+kε(z)·Dh∗∗j (z)+J εj (z)◦Dkε(z)·h∗∗j (z)+kε(z)·Dh∗∗j (z)◦i+Aεj(z)(kε(z)·h∗∗j (z), ·)

= kε(z)·(Dh∗∗j (z)+J εj (z)◦h∗∗j (z)◦i+Aεj(h∗∗j (z), ·))+Dkε(z)·h∗∗j (z)+J εj (z)◦Dkε(z)·h∗∗j (z)◦i

= kε · (y∗∗j + z∗∗∗j ) + xj (7.2.6)

where

xj = Dkε(z) · h∗∗j (z) + J εj (z) ◦Dkε(z) · h∗∗j (z) ◦ i

is bounded on Hm+3 so we can absorb it into the z∗∗∗j term. We can re-write (7.2.6) as

D(kε · hj(z)) + J εj (z) ◦D(kε · hj(z)) ◦ i+ Aεj(z)(kε · h∗∗j (z), ·) = y∗∗∗j + z∗∗∗∗j (7.2.7)

where

y∗∗∗j = kε · y∗∗j , z∗∗∗∗j = kε · z∗∗∗j

Then y∗∗∗j converges to 0 in Hm+2 and z∗∗∗∗j is bounded in Hm+3. Both terms y∗∗∗j and

z∗∗∗∗j extend to D. J εj and Aεj extend to D as does h∗∗∗j := kε · h∗∗j . Thus we can consider

(7.2.7) as an equation on D. Now we can simplify (7.2.7) to

Dh∗∗∗j (z) + J εj (z) ◦Dh∗∗∗j (z) ◦ i+ Aεj(z)(h∗∗∗j (z), ·) = y∗∗∗j + z∗∗∗∗j (7.2.8)

Consider the further abbreviations

we will denote y∗∗∗j ·
∂

∂s
by y′j

we will denote z∗∗∗∗j · ∂
∂s

by z′j
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Evaluating both sides of (7.2.8) at ∂
∂s

we have

∂

∂s
h∗∗∗j + J εj ◦

∂

∂t
h∗∗∗j + Aεj(z)(h∗∗∗j , Tφvj ·

∂

∂s
) = y′j + z′j (7.2.9)

The maps h∗∗∗j , y′j, z
′
j are compactly supported and h∗∗∗j , y′j, z

′
j ∈ Hm+3(D,R2n). Fix

a point z ∈ D, where all the maps h∗∗∗j vanish. Observe that the complex structures J εj

converge to a complex structure J ε0 (since the are smoothly parametrized by a germ of a

vector space) in C∞. The families of linear maps

Aεj(z)(h∗∗∗j , Tφvj ·
∂

∂s
) : D → L(R2n,R2n)

converge to a family

Aε0(z)(h∗∗j , Tφ0 ·
∂

∂s
) : D → L(R2n,R2n)

as vj → 0. As in [HWZ2] Proposition 5.4, consider the subspace W ⊂ Hm+3(D,R2n)

consisting of maps u ∈ Hm+3(D,R2n) satisfying

u(z) = 0

u(∂D) ∈ Rn × {0}

The linear operator

L : W → Hm+2(D,R2n), u→ ∂

∂s
u+ J ε0

∂

∂t
u+ Aε0

is a Fredholm operator of index 0 with spectrum a countable discrete set of points with
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no finite limit points. This is also true for the linear operators

Lj : W → Hm+2(D,R2n), u→ ∂

∂s
+ J εj

∂

∂t
+ Aεju

for large j. Since J εj → J ε0 and Aεj → Aε0, this means that there exists an α > 0 such

that for j sufficiently large the operators Lj + α are linear isomorphisms. We also have

a fixed constant C independent of j such that ||(Lj + α)−1|| < C for j sufficiently large.

For j sufficiently large, consider the unique wj ∈ W satisfying

(Lj + α)wj = y′j

Since y′j → 0 in Hm+2(D,R2n) we have

||wj||Hm+3(D,R2n) =||(Lj + α)−1y′j||Hm+3(D,R2n) ≤ C||y′j||Hm+2(D,R2n)

which means that wj → 0 in Hm+3(D,R2n). Consider the sequence ej := h∗∗∗j − wj and

observe that the sequence ej is bounded in W . We have:

Lj(ej) = z′j + αwj =: z
′′

j

Observe that z
′′
j is bounded in Hm+3(D,R2n). By classical elliptic regularity with bound-

ary conditions, it follows that ej is bounded in Hm+4(D,R2n) which implies ej converges

in H3+m(D,R2n). In particular, this means h∗∗∗j converges in a neighborhood of 1 ∈ D.

Unwinding the trail of substitutions, the claim follows. �
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7.3 Calculation of the Fredholm Index

We set the following abbreviation:

Eλ := (Ocore
λ )m ×(fi,fb) E

∗
λ

Proposition 7.3.1. Consider a chart O parametrizing a smooth family of stable maps

centered at a map u : S → Q. For a smooth point (a, v, η) ∈ O sufficiently close to

(0, 0, 0), D∂J(a0, v0, η0) is sc-Fredholm. Furthermore, for (a, v, η) sufficiently small, the

Fredholm index of D∂J(a, v, η)· is constant and given by the Riemann-Roch formula (see

[MS]):

ind(D∂J(a0, v0, η0)·) = µ+(n−3)(2−2g−h)+2#Mi+#Mb = µ+nχ(S)+dimDMg,h,Mi,Mb

where µ = µ(u∗TQ, u∗|∂STL) is the Maslov index and S has genus g, h boundary com-

ponents, #Mi interior marked points and boundary marked points described by Mb.

Lemma 7.3.1. The operator D3∂J(0, 0, 0) : Eu → Wλ is sc-Fredholm.

Proof: By direct calculation (see [HWZ1] Page 190) we have:

(∇(h,0)Γ)[u, u] ◦ f(0, 0, η0) +D3f(0, 0, 0) · h = ∇h∂J,ju

where∇ is the Levi-Civita connection. Since (∇(·,0)Γ)[u, u]◦(f(0, 0, η0) is sc+, it is enough

to show that ∇(·)∂J,ju is sc-Fredholm. By definition:

∇h∂J,ju :=
1

2
[∇h+ J(u) ◦ ∇h ◦ j ·+N(h, Tu·) + J(u) ◦N(h, Tu ◦ j·)]
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where N is torsion of ∇. In particular, we observe that ∇(·)∂J,ju is a real linear Cauchy-

Riemann operator.

In local coordinates near the positive node ∇h∂J,ju admits the form:

∂

∂s
h+ Ĵ(u+)

∂

∂t
h+ [DĴ(u+) · h] · ∂

∂t
u+ (7.3.1)

Near the negative node, the expression of ∇h∂J,ju admits an analogous form.

Proposition 7.3.2. We have the inequality:

|ξ|m,δm0 ,δm1 ≤|∇ξ∂J,ju|m−1,δm−1
0 ,δm−1

1
+|ξ|Hm−1(Score,Q)

for all ξ ∈ Hm−1,δm−1
0 ,δm−1

1 (S, T ∗Q). In particular, ∇(·)∂J,ju is semi-Fredholm.

Proof: The argument loosely follows Lemma 4.13 [W]. Consider a family of smooth

cut-off functions βr : S → [0, 1], parametrized by r ∈ [1,∞), such that βr = 1 on Score,r

and 0 on the complement of Score,r+1, considering Score,r and Score,r+1 as subsets of S. We

have for all r ∈ [1,∞),

|ξ|m,δm0 ,δm1 |βr · ξ + (1− βr) · ξ|m,δm0 ,δm1 =|βr · ξ|m,δm0 ,δm1 +|(1− βr)ξ|m,δm0 ,δm1

By classical elliptic theory (see [A])

|βrξ|m,δm0 ,δm1 ≤ Cr(|∇βrξ∂J,ju|Hm−1(Score,Q)+|βrξ|Hm−1(Score,Q))

≤ Cr(|βr∇ξ∂J,ju|Hm−1(Score,Q)+|(∂βr)ξ|Hm−1(Score,Q)+|βrξ|Hm−1(Score,Q))
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≤ C ′r(|∇ξ∂J,ju|m−1,δm−1
0 ,δm−1

1
+|ξ|Hm−1(Score,Q)) (7.3.2)

where Cr, C
′
r depend only on r and m. Note that we use the real linearity of ∇(·)∂J,ju

to establish the second inequality. For every {x, y} ∈ D, we define the linear operators

∂J,x : H3,δ0
real(R× [0, 1],R2n)→ H3,δ0

bdry(R× [0, 1],R2n)

h+ → ∂

∂s
h+ + Ĵ(u+)

∂

∂t
h+ + [DĴ(u+)h+]

∂

∂t
u+

and

∂J,y : H3,δ0
real(R× [0, 1],R2n)→ H3,δ0

bdry(R× [0, 1],R2n)

h− → ∂

∂s
h− + Ĵ(u−)

∂

∂t
h− + [DĴ(u−)h−]

∂

∂t
u−

We can re-write ∂J,x as follows:

∂J,xh
+ =

∂

∂s
h+ + Ĵ(u+(∞))

∂

∂t
h+ + (Ĵ(u+)− Ĵ(u+(∞)))

∂

∂t
h+ + [DĴ(u+)h+]

∂

∂t
u+

where u+(∞) = lims→∞u
+(s, t). Given ε > 0, there exists r > 0 sufficiently large such

that if h+ is supported in [r,∞) then, arguing as in Lemma 4.19 [HWZ1], we have that

|(Ĵ(u+)− Ĵ(u+(∞)))
∂

∂t
h+|m−1,δm−1

0 ,δm−1
1
≤ ε|h+|m,δm0 ,δm1

|[DĴ(u+)h+]
∂

∂t
u+|m−1,δm−1

0 ,δm−1
1
≤ ε|h+|m,δm0 ,δm1

Appealing to Proposition 5.1.1, for maps h+ ∈ H3,δ0
real(R+× [0, 1],R2n) supported on [r,∞)

for r sufficiently large, we have:

|∂J,xh+|m−1,δm−1
0 ,δm−1

1
≥ Cm|h+|m,δm0 ,δm1 (7.3.3)
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for some constant Cm > 0 depending only on m. Similarly, for ∂J,y we have:

|∂J,yh−|m−1,δm−1
0 ,δm−1

1
≥ Cm|h−|m,δm0 ,δm1 (7.3.4)

where h− ∈ H3,δ0(R−×[0, 1],R2n) is supported on (−∞,−r] for some r chosen sufficiently

large. Using (7.3.3) − (7.3.4) and the observation that the coordinate change maps are

smooth (hence bounded in C∞), it follows that there exists a constant C ′m independent

of ξ such that

|∇ξ∂J,ju|m−1,δm−1
0 ,δm−1

1
≥ C ′m|(1− βr)ξ|m,δm0 ,δm1 (7.3.5)

Combining (7.3.2) and (7.3.5), the claim follows. �

By (7.3.1), and applying estimates similar to Proposition 5.1.1 it follows that ∇(·)∂J,ju

is regularizing.

Consider the restriction of ∇ξ∂J,ju to a smooth connected component C of S. Then

∇(·)∂J,ju extends to a real Cauchy-Riemann operator on non-decaying spaces of sections

∇(·)∂J,ju|C : H3(C, u∗TQ, u∗|∂CTL)→ H2(C,Ω0,1T ∗C ⊗ u∗TQ)

Following [MS] Appendix C.1 we consider the subspace:

H3
L := {ξ ∈ H3(C, u∗TQ) : ξ(∂C) ⊂ u∗TL}

We consider the adjoint ∇(·)∂J,ju
∗ of ∇(·)∂J,ju,

∇(·)∂J,ju
∗ : H3

L → H2(C, u∗TQ)
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The adjoint of any real linear Cauchy-Riemann operator D,

D = ∂
∇0

+ A,

where A is of order 0 and ∂
∇0

is the complex linear Cauchy-Riemann operator induced

by a Hermitian connection ∇0, is given by the following expression:

D∗ = − ? J∂∇0 + A∗

where ? denoes the Hodge star and

∂∇0 :=
1

2
(∇0ξ − J∇0 ◦ j)

In local holomorphic coordinates s+ it ∈ H, if η = ξds− Jξdt, then

− ?J∂∇η =
1

λ2
(−∇0sξ + i∇0tξ) (7.3.6)

where the volume form is given by λ2ds ∧ dt. Using formula (7.3.6) we can directly

calculate

< D∗η, ξ > λ2ds ∧ dt− < η,Dξ > λ2ds ∧ dt = d < η, Jξ > (7.3.7)

for all ξ ∈ Γ∞(C, u∗TQ) and η ∈ Ω0,1,∞(C, u∗TQ) (see [MS] Appendix C for details).

(7.3.7) implies: ∫
C

< D∗η, ξ > − < η,Dξ >= 0 (7.3.8)

since J · TL = TL⊥. Consider the sc-Hilbert space:

H
3,δ00 ,δ

0
1

L := {ζ ∈
⊕

C is a component in S

H3
L(C) : ζ decays exponentially at the nodes D,
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ζ(x) = ζ(y), for {x, y} ∈ D}

From now on, we consider∇(·)∂J,ju
∗ as a real linear Cauchy-Riemann operator on H

3,δ00 ,δ
0
1

L .

On the positive neck ∇(·)∂J,ju
∗ is given by:

[DĴ(u+)∗ · ξ+] · ∂
∂t
u+ − ∂

∂s
ξ+ + Ĵ(u+)∗

∂

∂t
ξ+

It follows from Proposition 5.1.1 that the operators

−∂s + i∂t : H3,δ00
c (R× S1,R2n)→ H2,δ00(R× S1,R2n)

−∂s + i∂t : H
3,δ01
real(R× [0, 1],R2n)→ H2,δ01(R× [0, 1],R2n)

are sc-linear isomorphisms. Thus we can argue as in Lemma 7.1.1 to demonstrate that

∇(·)∂J,ju
∗ is regularizing. Arguing as in Proposition 7.3.2, it follows that ∇(·)∂J,ju

∗ is

semi-Fredholm. Below we set D := ∇(·)∂J,ju and D∗ := ∇(·)∂J,ju.

Lemma 7.3.2. (compare [MS] Theorem C.2.3)

(a) If η ∈ Hm−1,δm−1
0 ,δm−1

1 (S,Ω0,1T ∗S ⊗ u∗TQ) and ξ ∈ Hm−1,δm−1
0 ,δm−1

1 (S, u∗TQ) satisfy

∫
S

< η,Dζ >=

∫
S

< ξ, ζ >

for every ζ ∈ Hm,δm0 ,δ
m
1

L (S, u∗TQ), then η ∈ Hm,δm0 ,δ
m
1

L (S,Ω0,1T ∗S ⊗ u∗TQ) and D∗η = ξ.

(b) If ξ ∈ Hm−1,δm−1
0 ,δm−1

1 (S, u∗TQ) and η ∈ Hm−1,δm−1
0 ,δm−1

1 (S,Ω0,1T ∗S ⊗ u∗TQ) satisfy

∫
S

< D∗ζ, ξ >=

∫
S

< ζ, η >
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for every ζ ∈ Hm,δm0 ,δ
m
1

L (S,Ω0,1T ∗S ⊗ u∗TQ), then ξ ∈ Hm,δm0 ,δ
m
1

L (S, u∗TQ) and Dξ = η.

Proof: (a) Without the exponential decay condition, the result is proven in [MS] Theo-

rem C.2.3. However, the facts η ∈ Hm and D∗η = ξ are local and can be proven in local

coordinates. Thus, the claim follows by classical elliptic estimates as in [MS] Theorem

C.2.3. (b) Follows similarly. �

Lemma 7.3.3. (compare [MS] Theorem C.2.3)

(a) ImD ⊕ kerD∗ = Hm−1,δm−1
0 ,δm−1

1 Ω0,1((TS, j), (TS, j))

(b) Hm−1,δm−1
0 ,δm−1

1 (TS, u∗TQ) = ImD∗ ⊕ kerD.

Proof: (a) First we show the intersection Im D ∩ ker D∗ is trivial. Suppose η is in

the intersection. Then D∗η = 0, which means that η ∈ Im D⊥ by (7.3.8). But since

η ∈ ImD, this means η = 0.

Observe that Im D + ker D∗ is closed by Proposition 7.3.2. Suppose for sake of con-

tradiction that Im D + ker D∗ 6= H2,δ00 ,δ
0
1Ω0,1((TS, j), (TS, j)). Then there exists α ∈

H2,δ00 ,δ
0
1Ω0,1((TS, j), (TS, j)) such that

< Dη + λ, α >= 0 for all η ∈ H3,δ00 ,δ
0
1

L Γ(TS), λ ∈ kerD∗

Then α ∈ Im D⊥, which implies D∗α = 0 by (7.3.8). However, α ∈ ker(D∗)⊥ as well,

which means α = 0. This establishes (a). (b) follows similarly. �

Now it follows that D and D∗ are Fredholm. The splittings in Lemma 7.3.3 and the
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regularizing property, imply that D is sc-Fredholm. �

Proposition 7.3.3. The index of D∂J(a, v, η)· is independent of (a, v, η) for (a, v, η)

sufficiently close to (0, 0, 0).

Proof: Throughout the argument we assume that there is a single nodal parameter.

It is immaterial to the argument whether the node has boundary or not. We will assume

the single node is cylindrical. Recall by Proposition 6.0.9 that the section

Fill ∂J : Fill Õλ → F̃λ

is a filling for the section ∂J : Õλ → W̃λ and that the section Fill ∂J splits as

Fill ∂J := ∂J, core × Fill ∂J, neck

Also, recall that the section Fill ∂J, neck is defined as follows

Fill ∂J, neck(a, h
+, h−) : BD × E(2n)→ F (2n)

(a, h+, h−)→ (ξ+, ξ−)

We set the abbreviation Fill ∂J,neck(a, h
+, h−) := G(a, h+, h−). Recall that G is defined

by the system of equations:

⊕̂a(G(a, h+, h−)) =
[ ∂
∂s

(ua + ha) + Ĵ(ua + ha)
∂

∂t
(ua + ha)

]
(7.3.9)

	̂a(G(a, h+, h−)) = ∂0 	a (h+, h−) (7.3.10)

(Note that we suppressed the factor of 1
2
. We similarly suppress the factor of 1

2
in ∂0 ap-
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pearing the definition of ∂0 for sake of simplicity.) Consider the sc+-sectionG0(a, h+, h−) =

G(a, 0, 0). G0 satisfies the following system of equations:

⊕̂a(G0(a, h+, h−)) =
[ ∂
∂s
ua + Ĵ(ua)

∂

∂t
ua

]

	̂a(G0(a, h+, h−)) = 0

We have the following by direct computation:

	̂a(∂0h
+, ∂0h

−) =

	̂a
( ∂
∂s
h++Ĵ(u++h+)

∂

∂t
(u++h+)−Ĵ(u+)

∂

∂t
u+,

∂

∂s
h−+Ĵ(u−+h−)

∂

∂t
(u−+h−)−Ĵ(u−)

∂

∂t
u−
)

+	̂a
(
i
∂

∂t
h+−

(
Ĵ(u++h+)

∂

∂t
(u++h+)−Ĵ(u+)

∂

∂t
u+
)
, i
∂

∂t
h−−

(
Ĵ(u−+h−)

∂

∂t
(u−+h−)−Ĵ(u−)

∂

∂t
u−
))

By θ we denote:

−	̂a
(
i
∂

∂t
h+−

(
Ĵ(u++h+)

∂

∂t
(u++h+)−Ĵ(u+)

∂

∂t
u+
)
, i
∂

∂t
h−−

(
Ĵ(u−+h−)

∂

∂t
(u−+h−)−Ĵ(u−)

∂

∂t
u−
))

∈ H3,δ00(Ca,R2n)

By direct calculation we have:

⊕̂a(G−G0(a, h+, h−))

	̂a(G−G0(a, h+, h−))

 =

⊕̂a( ∂∂sh+ + Ĵ(u+ + h+) ∂
∂t

(u+ + h+)− Ĵ(u+) ∂
∂t
u+, ∂

∂s
h− + Ĵ(u− + h−) ∂

∂t
(u− + h−)− Ĵ(u−) ∂

∂t
u−)

	̂a( ∂∂sh
+ + Ĵ(u+ + h+) ∂

∂t
(u+ + h+)− Ĵ(u+) ∂

∂t
u+, ∂

∂s
h− + Ĵ(u− + h−) ∂

∂t
(u− + h−)− Ĵ(u−) ∂

∂t
u−)


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+

0

θ

+

 β′a(h
+ − h−) + A+B

β′a(h
+ + h− − 2ava(h

+, h−))

 (7.3.11)

where

A =
[
Ĵ(ua + ha)

∂

∂t
(ua + ha)− ⊕̂a(Ĵ(u+ + h+)

∂

∂t
(u+ + h+), Ĵ(u− + h−)

∂

∂t
(u− + h−))

]

and

B = −
[
Ĵ(ua)

∂

∂t
ua − ⊕̂a(Ĵ(u+)

∂

∂t
u+, Ĵ(u−)

∂

∂t
u−)
]

By further calculation we have:

(G−G0(a, h+, h−))+

(G−G0(a, h+, h−))−

 =

 ∂
∂s
h+ + Ĵ(u+ + h+) ∂

∂t
(u+ + h+)− Ĵ(u+) ∂

∂t
u+

∂
∂s
h− + Ĵ(u− + h−) ∂

∂t
(u− + h−)− Ĵ(u−) ∂

∂t
u−



+
1

γa

 βa βa − 1

1− βa βa

 ·
0

θ

+
1

γa

 βa βa − 1

1− βa βa

 ·
 β′a(h

+ − h−) +B + A

β′a(h
+ + h− − 2ava(h

+, h−))


Consider the section

∆ : B × E → F

Given by

∆(a, h+, h−) =
1

γa

 βa βa − 1

1− βa βa

 ·
0

θ


More explicitly,

∆(a, h+, h−) :=
1

γa

(βa − 1)
{

(βa − 1)
[(
Ĵ(u+ + h+)− i

)
∂
∂t
h+
]

+ βa

[(
Ĵ(u− + h−)− i

)
∂
∂t
h−
]}

βa

{
(βa − 1)

[(
Ĵ(u+ + h+)− i

)
∂
∂t
h+
]

+ βa

[(
Ĵ(u− + h−)− i

)
∂
∂t
h−
]}


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+
1

γa

(βa − 1)
{

(βa − 1)
[(
Ĵ(u+ + h+)− Ĵ(u+)

)
∂
∂t
u+
]

+ βa

[(
Ĵ(u− + h−)− Ĵ(u−)

)
∂
∂t
u−
]}

βa

{
(βa − 1)

[(
Ĵ(u+ + h+)− Ĵ(u+)

)
∂
∂t
u+
]

+ βa

[(
Ĵ(u− + h−)− Ĵ(u−)

)
∂
∂t
u−
]}


:= I(a, h+, h−) + II(a, h+, h−)

Given ε > 0, using Remark 11.0.1 and employing a similar argument to Proposition 7.1.6

(1), choosing a and (h+, h−) sufficiently small we can ensure:

||DI(a, h+, h−) · (δa, δη+, δη−)||Fm+1 ≤ ε · (|δa|+||(δη+, δη−)||Em+1)

We note that II is sc+. When a is sufficiently small, the support of ∆(a, h+, h−) is

contained in [R
2
− 1,∞) ∪ (−∞,−R

2
+ 1]. Since ∆ is supported away from the left and

right boundaries, the operator ∆ extends by 0 to a section on the fibered product:

0 ×∆ : Ocore
λ m ×fi Eλ → F̃λ

Now consider the section

∆′ : B × E → F

∆′(a, h+, h−) :=
1

γa

 βa βa − 1

1− βa βa

 ·
A

0



=
1

2γa

 βa([Ĵ(ua + ha)
∂
∂t

(ua + ha)− ⊕̂a(Ĵ(u+ + h+) ∂
∂t

(u+ + h+), Ĵ(u− + h−) ∂
∂t

(u− + h−))])

(1− βa)([Ĵ(ua + ha)
∂
∂t

(ua + ha)− ⊕̂a(Ĵ(u+ + h+) ∂
∂t

(u+ + h+), Ĵ(u− + h−) ∂
∂t

(u− + h−))])


Observe that the support of ∆′(a, h+, h−)(η+, η−) is contained in [R

2
− 1, R

2
+ 1]× [−R

2
−

1,−R
2

+ 1]. Given ε > 0, for (a, h+, h−) sufficiently small we have:

|D∆′(a, h+, h−)(δa, δη+, δη−)|(F̃λ)m
≤ ε·|Em·|(δa, δη+, δη−)|(Eλ)m
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Extension by 0 defines an operator on the fibered product

0 ×∆′ : Ocore
λ m ×fi Eλ → F̃λ

Consider the section:

∆′′ : B × E → F

∆′′(a, h+, h−) :=
1

γa

 βa βa − 1

1− βa βa

 ·
 β′a(h

+ − h−)

β′a(h
+ + h− − 2ava(h

+, h−))


By direct calculation, it follows that the operator D∆′′ is sc+ and is supported away

from the left and right boundaries. Extension by 0 produces an operator on the fibered

product

0 ×∆′′ : Ocore
λ m ×fi Eλ → F̃λ

Also consider the section:

∆′′′ : B × E → F

∆′′′(a, h+, h−) :=
1

γa

 βa βa − 1

1− βa βa

 ·
B

0


Observe that B is smooth and ∆′′′ is sc+ and supported away from the left and right

boundaries. Thus B extends by 0 to an sc+ section on the fibered product

0 ×B : Ocore
λ m ×fi Eλ → F̃λ

By construction we have:

G−G0(0, h+, h−) =

 ∂
∂s
h+ + Ĵ(u+ + h+) ∂

∂t
(u+ + h+)− Ĵ(u+) ∂

∂t
u+

∂
∂s
h− + Ĵ(u− + h−) ∂

∂t
(u− + h−)− Ĵ(u−) ∂

∂t
u−


196



Furthermore, by Remark 11.0.1

D(G−G0)(0, h+, h−)(δa, δh+, δh−) = D3(G)(0, h+, h−)(δh+, δh−)

In particular, the differential of G−G0 at 0 is independent of a. By (7.3.11), we have:

(G−G0)(a, h+, h−) := D(G−G0)(0, h+, h−)(δa, δh+, δh−)

+(∆ + ∆′ + ∆′′ + ∆′′′)(a, h+, h−)(δa, δh+, δh−)

I.e., G − G0(a, h+, h−) differs from G − G0(0, h+, h−) by a sum of operators which are

perturbation terms or sc+. By direct calculation, it follows that

D1,2∂core(v, η) · (δv, δη) = A(δv) +D2∂core(v, η) · (δη)

where A is a compact operator such that A(δv)|D∩Score = 0 since the variation δv of

complex structures on Score vanishes on the small disks D. Thus, A extends by 0 to an

sc+ operator on the fibered product:

A× 0 : Ocore
λ m ×fi Eλ → F̃λ

From the above, we have:

D∂core × Fill ∂neck(v, η, a, h
+, h−)(δv, δη, δa, δh+, δh−)

= D2,4∂core × Fill ∂neck(v, η, 0, h
+, h−)(δη, δh+, δh−) + A(δv)

+D(0×∆ + ∆′ + ∆′′ + ∆′′′)(a, h+, h−)(δa, δh+, δh−) (7.3.12)
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It follows (7.3.12), thatD(∂core×Fill∂neck)(v, η, 0, h
+, h−) differs fromD(∂core×Fill∂neck)(v, η, a, h

+, h−)

by operators which are either compact or perturbation terms. It follows by Lemma 7.3.1

that DFill∂core × ∂neck(v, η, 0, h+, h−) is sc-Fredholm, and in particular has finite Fred-

holm index. Thus

indD∂core × Fill ∂neck(v, η, 0, h
+, h−) = indD∂core × Fill ∂neck(v, η, a, h

+, h−)

for all (v, η, a) sufficiently small. �

Proposition 7.3.4. Let Oλ be a chart parametrizing a uniformizing family, as con-

structed in Section 6. D∂J(a, v, η)· is sc-Fredholm for all (a, v, η) ∈ (Õλ)∞.

Proof: It is enough to show that

D∂J,λ(a, v, gλ(a, v, η)) : Vλ ⊕ Eλ → F̃λ

is sc-smooth. Consider a chart

Õλ′ → Z

q′ → [q′]

where [0] = [x0] ∈ Z. It follows from Lemma 7.3.1 that the operator

D∂J,λ′(0, 0, 0, 0, 0) : Vλ′ ⊕ Eλ′ → F̃λ′

is sc-Fredholm. By Theorem 4.1.1 there exists a germ O′ ⊂ Õλ′ and a map:

f : O′ → Õλ
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which parametrizes a family of morphisms

φf(q′) : αq′ → α′f(q′)

such that

f(0) = (v0, η0, a0, η
+
0 , η

−
0 )

and

φf(0) = Identity

The family of morphisms φf(·) induces a natural fiberwise isomorphism

F̂ : F̃λ′ |O′ → F̃λ

(a, v, η, ξ)→ µ̃(φf(a,v,η), ξ)

By naturality (Proposition 6.0.7) we have:

F̃λ′|O′ F̃λ

O′ Õλ

F̂

f

By construction, the Cauchy-Riemann operators in local coordinates satisfy the commu-

tativity condition:

T F̃λ′ |O′ T F̃λ

T O′ T Õλ

T F̂

Tf

D∂J,λ′ D∂J,λ

D∂J,λ′(0, 0, 0) is sc-Fredholm by Lemma 7.3.1, so it follows that D∂J,λ(a0, v0, η0) is sc-

Fredholm. �
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Proof of Proposition 7.3.1 First assume Oλ is centered at a stable map for which the

underlying Riemann surface is stable. It remains to verify the index formula:

ind(D∂J(a0, v0, η0)·) = nχ(Sa0) + dimDMg,h,Mi,Mb
+ µ(u∗TQ, j, u∗|∂STL) (7.3.13)

By Proposition 7.3.3, we know that the index of D∂J(a, v, η) is constant for tuples (a, v, η)

close to (a0, v0, η0). In particular, it is enough to prove the index formula for triples (a, v, η)

such that all coordinates of a are non-zero. From the proof of Proposition 7.3.4, we can

assume that the set of nodes is empty. In particular, we can assume Gλ is centered at a

tuple ((0, 0), (S, j(0),M, u)), where α = (S, j,M) is a smooth Riemann surface. It then

follows from classical index calculations that

ind(D2Fill ∂J(0, 0))· = nχ(S) + µ((u∗TQ, j), (u∗|∂STL))

Here the first coordinate is valued in Vλ and the second in Eu. By the proof of Proposition

7.3.3, we know that the index of the full differential ind DFill ∂J(0, 0) is independent of

v. Thus

ind(D∂J(0, 0)·) = ind(D2Fill ∂J(0, 0)·) + dim Vλ

= nχ(S) + µ((u∗TQ, j), u∗|∂STL) + dim Vλ (7.3.14)

The claim follows since when α is non-singular, dim Vλ = dimDMg,h,Mi,Mb
.

If the underlying Riemann surface is unstable, then nontrivial stabilization conditions

are imposed on Eu. These conditions decrease the index in (7.3.14) by 2#Σ. However,

observe that

dimDMg,h,Mi∪Σ,Mb
= dimDMg,h,Mi,Mb

+ 2#Σ
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Thus the contribution to the index due to Σ is null, and (7.3.13) holds. �

Theorem 7.3.1. The Cauchy-Riemann section ∂J : Õλ → W̃λ is sc-Fredholm.

Proof: Smoothness of ∂J follows from Proposition 7.2.1, Proposition 7.1.1, and Lemma

7.1.1. It remains to verify hypotheses (1)−(3) in Theorem 7.0.1 near 0. Hypothesis (1) is

satisfied by Proposition 7.3.1. Hypothesis (2) follows from Proposition 7.2.3, Proposition

7.1.3, and Remark 7.1.3. Hypothesis (3) follows from Proposition 7.2.2 and Proposition

7.1.2. �

Theorem 1.3.2 from the introduction follows from Theorem 7.3.1 and Proposition 4.6.1.

Part III

Appendices

8 Appendix 1 : Lego Pieces and Deligne-Mumford

Spaces

In this section we provide the analytical details for the construction of the Deligne-

Mumford space for curves without boundary, in the polyfold framework. The corre-

sponding analysis in the case of closed curves was taken up in [HWZ3], however in this

article we approach the problem by using lego pieces. Our approach is similar to the ap-

proach taken in Section 2 of this article, in which we establish the sc-Fredholm property

for the Cauchy-Riemann operator on the space of stable maps. The novel difficulty is

that one must establish Fredholm properties on a family of maps with both degenerating

domains and targets.
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First, we develop the ambient space in which to apply the implicit function theorem.

In this section we work on a fixed Riemann surface (S, j,M,D) equipped with two

disk structures D1 and D2. Given a ∈ BD, we denote the surface (S, j,M,D) glued

with respect to D1 by (Sa, ja,Ma, Da) and the surface S glued with respect to D2 by

(Ŝa, ĵa, M̂a, D̂a).

Definition 8.0.0. Let S and S ′ be smooth Riemann surfaces. We say a continuous

map u : S → S ′ is an Hm+3 diffeomorphism, for m ≥ 0, if u maintains Hm+3 regularity

and admits an Hm+3 inverse. �

Definition 8.0.1. We define the set S of morphisms:

S :=
{
u : (Sa, ja,Ma, Da)→ (Ŝb, ĵb, M̂b, D̂b) :

u is an H3 diffeomorphism, and no coordinate of a or b is 0
}
�

We begin by establishing an M -polyfold structure on S. Let Sab denote the subset of

S consisting of maps from Sa to Ŝb. Choose N sufficiently large and an embedding

φ : Ŝb → RN , for b sufficiently small. We equip Sab with the M -polyfold structure it

inherits as a subspace of H3(Sa,RN), which is induced by retraction along a tubular

neighborhood.

Proposition 8.0.1. (compare Theorem 2.6 [HWZ0]) Let φv : Sa → Sa be a family

of diffeomorphisms parametrized by v ∈ V , an open neighborhood of the origin 0 ∈ Rn.

The reparametrization map defined by

Φ̃ : V ×Sab → Sab, (v, u)→ u ◦ φv
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is sc-smooth.

Proof: Let E denote the sc-Hilbert space E := H3(Sa,RN), for N sufficiently large.

The mth level of E is given by H3+m(Sa,RN). We closely follow Theorem 2.6 [HWZ0].

We proceed by induction. The inductive hypothesis is:

(Sk) The map

Φ : V ⊕ E → E

given by

(v, u)→ u ◦ φv

is sck and for every projection πj : T kE → Ej onto a factor of T kE, the composition

πj ◦ T kΦ is a finite linear combination of maps of the form

V ⊕ Em ⊕ (Rn)p → Ej

(v, h, a1, · · · , ap)→ Φ(v,Dαh) · f(v, a1, · · · , ap) (8.0.1)

where f : V ⊕ (Rn)p × Sa → R is a smooth function which is linear in the variables ai.

In addition, |α| ≤ m− j and p ≤ k.

(S0) First we show that Φ is continuous. Consider a fixed point (v0, u0) ∈ V ⊕ Em,

and for given r > 0 we choose a smooth map w0 : Sa → RN which satisfies |u0−w0| ≤ r.

We have the estimate:

|Φ(v, u)−Φ(v0, u0)|m ≤|Φ(v, u)−Φ(v, w0)|m+|Φ(v, w0)−Φ(v0, w0)|m+|Φ(v0, w0)−Φ(v0, u0)|m
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:= I + II + III

The proof that I, II, III, all go to 0 as v → v0, u → u0, and r → 0 follows identically

as in Theorem 1.26 [HWZ0].

(S1) The candidate for the linearizationDΦ(v, u) : V⊕E → E at the point (v, u) ∈ V⊕E1

is:

DΦ(v, u)(a, h) = Φ(v, h) + Φ(v,Du) ·Dφv · a, (a, h) ∈ V ⊕ E1 (8.0.2)

The function V × Sa → TSa defined by

(v, x)→ Dφv(x) · a

is smooth so it follows that the map:

T (V ⊕ E)→ TE, (v, u, a, h)→ (Φ(v, u), DΦ(v, u)(a, h))

is continuous where DΦ(v, u)(a, h) is defined by (8.0.2).

We will show that the right-hand side of (8.0.2) actually defines the linearization of

Φ. With (v, u, a, h) ∈ T (V ⊕ E), consider:

Φ(v + a, u+ h)− Φ(v, u)−DΦ(v, u)(a, h)

= Φ(v + a, h)− Φ(v, h) +

∫ 1

0

[Φ(v + τa,Du)Dφv · a− Φ(v,Du) ·Dφv · a]dτ

= I + II
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First consider the term I. Φ is linear with respect to the second variable so we have:

1

|a|+|h|1
·|Φ(v + a, h)− Φ(v, h)|0 =

|h|1
|a|+|h|1

·|Φ(v + a,
h

|h|1
)− Φ(v,

h

|h|1
)|0

for h 6= 0. Since the inclusion E1 → E0 is compact, by restricting to a subsequence we

may assume that h
|h|1 converges in E0 as h→ 0. Φ is continuous, so we have:

1

|a|+|h|1
·|Φ(v + a, h)− Φ(v, h)|0 → 0

as |a|+|h|1 → 0. Now we consider II. For a 6= 0,

1

|a|+|h|1
·|
∫ 1

0

[Φ(v + τa,Du) ·Dφv · a− Φ(v,Du) ·Dφv · a]dτ |0

≤ |a|
|a|+|h|1

·
∫ 1

0

|Φ(v + τa,Du)Dφv+τa ·
a

|a|
− Φ(v,Du)Dφv ·

a

|a|
|0dτ

We note that Φ is sc0 and (v, x) → Dφv(x) is smooth. Therefore, the above expression

limits to 0 as |a|+|h|1 → 0. This establishes (8.0.2).

We conclude the argument by assuming that the claim Sk holds and showing Sk+1 holds.

By induction, the composition π ◦ T kΦ is the linear combination of maps of the form

(8.0.1). Consider a map of the form appearing in (8.0.1):

Ψ : V ⊕ Em ⊕ (Rn)p → Ej, (v, h, a)→ Φ(v,Dαh) · f(v, a)

By arguing similarly to the verification of (S1), it follows that Ψ is sc1. It is enough show

that the compositions π ◦TΨ of the tangent map TΨ : T (V ⊕Em⊕ (Rn)p)→ T (Ej) with

projections onto factors of T (Ej) are linear combinations of maps of the form (8.0.1).
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The tangent map is given by

TΨ(v, h, a, δv, δh, δa) = (Ψ(v, h, a), DΨ(v, h, a)(δv, δh, δa))

where (v, h, a) ∈ V ⊕Em⊕ (Rn)p and (δv, δh, δa) ∈ Rn⊕Em+1⊕ (Rn)p. By the induction

hypothesis, the projection onto the first factor has the required form. Using the chain

rule and the explicit form of the linearization of Φ described in (8.0.2) it follows that DΨ

is a linear combination of maps of the required form as well. This completes the induction.

First suppose Ŝb is closed. Ŝb admits an embedding φ : Ŝb ↪→ RN for N sufficiently

large. There exists a tubular neighborhood U ⊂ RN , with a projection π : U → φ(Ŝb).

The subset H3(Sa, U) is an open subset of H3(Sa,RN) and so the map

Φ|V×H3(Sa,U) : V ×H3(Sa, U)→ H3(Sa, U)

is sc-smooth by the preceding argument. Consider the sc-smooth map

π̂ : V ×H3(Sa, U)→ V ×H3(Sa, φ(Ŝb))

(v, u)→ (v, π ◦ u)

and the sc-smooth maps

ι : V ×Sab → V ×H3(Sa, φ(Ŝb))

(v, u)→ (v, φ ◦ u)

φ̂ : V ×H3(Sa, φ(Ŝb))→ V ×H3(Sa, Ŝb)
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(v, u)→ (v, φ−1 ◦ u)

The composition

φ̂ ◦ π̂ ◦ Φ ◦ ι : V ×Sab → V ×Sab

is sc-smooth. Since Φ̃ := φ̂ ◦ π̂ ◦ Φ ◦ ι, the claim follows when Sa is closed.

Now suppose Sa has boundary. Consider the space:

S′ab := {u : Sa → Ŝb : u is an H3 embedding, and no coordinate of a or b is 0}

Note that maps in S′ab need not respect the boundary conditions. The argument for the

closed case above shows that the map

Φ̃ : V ×S′ab → S′ab

(v, u)→ u ◦ φv

is sc-smooth. The restriction Φ̃|V ×Sab is therefore sc-smooth. �

Lemma 8.0.1. (compare Lemma 3.10 [HWZ1]): Let w0 : (Sa0 ,Ma0 , Da0)→ (Ŝb0 , M̂b0 , D̂b0) ∈

S be an H3 diffeomorphism and let U(w0) be an open subset containing w0 in the space of

H3-diffeomorphisms Diff((Sa0 ,Ma0 , Da0), (Ŝb0 , M̂b0 , D̂b0)). (We assume Diff((Sa0 ,Ma0 , Da0), (Ŝb0 , M̂b0 , D̂b0))

is equipped with the topology induced by the exponential map.)

Let φa : Sa → Sa0 , ψb : Ŝb0 → Ŝb be core-smooth families of H3 diffeomorphisms of

triples parametrized by open subsets {a ∈ C : |a − a0| < ε0}, {b ∈ C : |b − b0| < ε0},

where ε0 > 0. Further, we require φa0 = Id and ψb0 = Id. Consider the set of maps

U(a0, b0, w0, U(w0), ε0) consisting of maps u ∈ S such that u = ψb ◦ w ◦ φa for some
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w ∈ U(w0), a such that |a− a0| < ε0, and b such that |b− b0| < ε0.

Then the subsets of the form U(a0, b0, w0, U(w0), ε0) ranging over the choices of (a0, b0, w0, U(w0), {φa}, {ψb})

generate a topology for S.

Proof: Let U0 := U(a0, b0, w0, U(w0), ε0) be the set of diffeomorphisms consisting of

points (a, b, u) satisfying |a− a0| < ε0, |b− b0| < ε0 and u = ψ0
b ◦ w ◦ φ0

a for a diffeomor-

phism w ∈ U(w0) and maps:

φ0
a : Sa → Sa0 , ψ0

b : Ŝb0 → Ŝb

Similarly define U1 = U(a1, b1, w1, U(w1), ε1) according to the data ε1, a1, b1, w1, U(w1), {φ1
a}, {ψ1

b}.

If

(a2, b2, w2) ∈ U0 ∩ U1

then

w2 = ψ0
b2
◦ v0 ◦ φ0

a2
= ψ1

b2
◦ v1 ◦ φ1

a2

for diffeomorphisms v0 ∈ U(w0) and v1 ∈ U(w1). By Proposition 8.0.1, we can find

neighborhoods V (v0) ⊂ U(w0), V (v1) ⊂ U(w1) and δ2 sufficiently small such that:

ψ0
b ◦ V (v0) ◦ φ0

a ⊂ ψ1
b ◦ V (v1) ◦ φ1

a (8.0.3)

for all |a − a2| < ε2 and |b − b2| < ε2. Consider the smooth families of diffeomorphisms

defined by

φ̃a : (φ0
a2

)−1 ◦ φ0
a : Sa → Sa2

ψ̃a = ψ0
b ◦ (ψ0

b2
)−1 : Ŝb2 → Ŝb
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for |a − a2|, |b − b2| < ε2 satisfying φ̃a2 = Id on Sa2 and ψ̃b2 = Id on Ŝb2 . Consider also

the H3 neighborhood of w2 : Sa2 → Ŝb2 in Diff(Sa2 , Ŝb2) given by

U(w2) := ψ0
b2
◦ V (v0) ◦ φ0

a2

We also introduce the set

U2 = U(a2, b2, w2, U(w2), ε2)

= {(a, b, w) :|a− a2| < ε2, |b− b2| < ε2 and w = ψ̃0
b ◦ u ◦ φ̃0

a for some u ∈ U(w2)}

If (a, b, w) ∈ U2 then w = ψ̃0
b ◦u◦ ψ̃0

a and u ∈ U(w2). By definition there exists v ∈ V (v0)

such that

u = ψ0
b2
◦ v ◦ φ0

a2

Therefore,

w = ψ̃0
b ◦ ψ0

b2
◦ v ◦ φ0

a2
◦ φ̃0

a = ψ0
b ◦ v ◦ φ0

a

By (8.0.3), it follows that we have:

w = ψ1
b ◦ v′ ◦ φ1

a

for v ∈ V (v1) ⊂ U(v1) so (a, b, w) ∈ U0 ∩ U1. It follows that U2 ⊂ U0 ∩ U1. �

Proposition 8.0.2. (compare [HWZ0] Theorem 1.42) With respect to the topology

defined in Lemma 8.0.1, S is second countable and paracompact. It is also an M -polyfold.

Proof: First suppose S is closed. Let (a0, b0, w0) ∈ S. Without loss of generality,

we may assume w0 is smooth. Consider an open neighborhood O of the zero-section in

H3Γ(w∗0T Ŝb0 , M̂b0 , D̂b0). Let Ba0,δ0 , Bb0,δ0 be the open disks of radius δ0 centered at a0,
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b0, respectively. For δ0, O sufficiently small, the map

exp : Ba0,δ0 ×Bb0,δ0 ×O → S

provides the inverse chart for S. Explicitly, this map is given by

(a, b, η)→ (a, b, ψb ◦ expw0(η) ◦ φa), (a, b, η) ∈ O

We can assume each of our charts are centered at smooth diffeomorphisms; thus we

assume w0 is smooth. Let another inverse chart be given by

(a′, b′, η′)→ (a′, b′, ψ′b′ ◦ expw′0η
′ ◦ φ′a′)

Where the images of the charts intersect we have:

ψb ◦ expw0η ◦ φa = ψ′b ◦ expw′0η
′ ◦ φ′a (8.0.4)

Consider the transition function

(a, b, η)→ (a, b, η′)

By (8.4), η′ is given by

η′(a, b, η) = exp−1
w′0
{(ψ′−1

b ◦ ψb ◦ expw0η ◦ φa ◦ φ′−1
a )}

By the smoothness of the exponential map on sections ([E] Lemma 4.1) and of reparametriza-

tion (Proposition 8.0.1) it follows that the transitions are sc-smooth.
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When S has boundary we may maintain the same considerations as above except in

place of O we consider an open neighborhood of the zero-section

O′ ⊂ Γ(w∗0T Ŝb0 , w0|∗∂Sa0T Ŝb0 , M̂b0 , D̂b0) �

Now we introduce nodal behavior:

Definition 8.0.2. We define the sc-Hilbert space Ecyl to be the set of pairs (h+, h−)

h+ ∈ H3,δ00
c ((

1

4
,∞)× S1,R2), h− ∈ H3,δ00

c ((−∞,−1

4
)× S1,R2)

for which there exist constants h±∞ ∈ R2 such that

h+ − h+
∞ ∈ H3,δ00((

1

4
,∞)× S1,R2), h− − h−∞ ∈ H3,δ00((−∞,−1

4
)× S1,R2)

We define the sc-Hilbert space Estrip to be the set of pairs (h+, h−)

h+ ∈ H3,δ01
c, real((

1

4
,∞)× I,R2), h− ∈ H3,δ01

c, real((−∞,−
1

4
)× I,R2)

for which there exist constants h±∞ ∈ R× {0} such that

h+ − h+
∞ ∈ H

3,δ01
real((

1

4
,∞)× I,R2), h− − h−∞ ∈ H

3,δ01
real((−∞,−

1

4
)× I,R2)

Lastly, we set

Eneck :=
∏

{x,y}∈Di

Ecyl ×
∏

{x′,y′}∈Db

Estrip �
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Definition 8.0.3. D
3,δ00 ,δ

0
1

neck consists of tuples of maps

(
(u+
{x,y}, u

−
{x,y}){x,y}∈Di , (u

+
{x′,y′}, u

−
{x′,y′}){x′,y′}∈Db

)

where

u+
{x,y} : (

1

4
,∞)× S1 → [0,∞)× S1, u−{x,y} : (−∞,−1

4
)× S1 → (−∞, 0]× S1

u+
{x′,y′} : (

1

4
,∞)× [0, 1]→ [0,∞)× [0, 1], u−{x′,y′} : (−∞,−1

4
)× [0, 1]→ (−∞, 0]× [0, 1]

are H3 embeddings.

Each of the maps in the tuple
(

(u+
{x,y}, u

−
{x,y}){x,y}∈Di , (u

+
{x′,y′}, u

−
{x′,y′}){x′,y′}∈Db

)
are lo-

cated in small neighborhood O of the natural inclusion, the precise size of which is to be

fixed later. However, O is chosen small enough such that

u+
{x,y}(s, t) = (s, t) + h+

{x,y}(s, t), u−{x,y}(s
′, t′) = (s′, t′) + h−{x,y}(s

′, t′)

u+
{x′,y′}(s, t) = (s, t) + h+

{x′,y′}(s, t), u−{x′,y′}(s
′, t′) = (s′, t′) + h−{x′,y′}(s

′, t′)

for some tuple

(
(h+
{x,y}, h

−
{x,y}){x,y}∈Di , (h

+
{x′,y′}, h

−
{x′,y′}){x′,y′}∈Db

)
∈ Eneck �

Proposition 8.0.3. D
3,δ00 ,δ

0
1

neck is an M -polyfold. �

Definition 8.0.4. (compare Section 4.1.3 [HWZ3]) Choose coordinates for every
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disk D1
z ∈ D1 and D2

z ∈ D2 for every z ∈|D|:

hx : R+ × J{x,y} → D1
x, hy : R− × J{x,y} → D1

y

kx : R+ × J{x,y} → D2
x, ky : R− × J{x,y} → D2

y

where J{x,y} = S1 if {x, y} ∈ Di and J{x,y} = [0, 1] if {x, y} ∈ Db. Denote by D3,δ00 ,δ
0
1 the

set consisting of maps u : S → S satisfying the following properties:

1. (a) u lies in a small neighborhood O of the identity, the precise size of which is

to be fixed later.

1. (b) In particular, O is chosen small enough such that:

u(D1(−h)) ⊂ D2

for all u ∈ O for some fixed h > 0. For concreteness we assume h := 1
4
.

2. u(p) = p for m ∈M , and u(z) = z for z ∈|D|.

3. In local coordinates

u+
{x,y} := k−1

x ◦ u ◦ hx, u−{x,y} = k−1
y ◦ u ◦ hy

we have:

(u+
{x,y}, u

−
{x,y}){x,y}∈D ∈ D

3,δ00 ,δ
0
1

neck �

Proposition 8.0.4. D3,δ00 ,δ
0
1 is an M -polyfold.
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Proof: Define the set D to be the set of maps u : S → S satisfying Criteria 1 (a),

2, 3, and 4 in Definition 8.0.4. We equip D with the H3,δ00 ,δ
0
1 topology. The set D3,δ00 ,δ

0
1 is

an open subset of the space of maps D. Thus to establish the claim, it suffices to show

that D is an M -polyfold.

Set (Tk−1
x · η ◦ hx, Tk−1

y · η ◦ hy) = (η+
{x,y}, η

−
{x,y}). Observe that D near the identity

is modelled on the sc-Hilbert space T, where T is defined as follows:

T :=
{
η ∈ H3

locΓ(TS, T∂S) :
(
η+
{x,y}, η

−
{x,y}

)
{x,y}∈D ∈ D

3,δ00 ,δ
0
1

neck

η(p) = 0, p ∈M∪|D|, ||η||3,δ00 ,δ01 <∞
}

(8.0.5)

Consider the open subsets of T defined by

T(ε) :=
{
η ∈ H3

locΓ(TS, T∂S) :
(
η+
{x,y}, η

−
{x,y}

)
{x,y}∈D ∈ D

3,δ00 ,δ
0
1

neck

η(p) = 0, p ∈M∪|D|, ||η||3,δ00 ,δ01 < ε
}

Fix ε > 0 sufficiently small so the exponential map

exp : T→ D

η → expId η

is a diffeomorphism. The exponential map provides the global chart on D. �
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8.1 Gluing Maps Between Riemann Surfaces

Consider (u+, u−) :=
(
u+
{x,y}, u

−
{x,y}

)
{x,y}∈D ∈ Dneck. For a ∈ BD, we define the tuple of

glued maps:

�a(u
+, u−) :=

(
�a{x,y} (u+

{x,y}, u
−
{x,y})

)
{x,y}∈D

where each map

�a{x,y}(u
+
{x,y}, u

−
{x,y}) : (

1

4
, R{x,y} −

1

4
)× J{x,y} → [0, R′{x,y}]× J{x,y},

J{x,y} = S1 if {x, y} ∈ Di, J{x,y} = I if {x, y} ∈ Db

is defined by the formula

�a{x,y}(u
+
{x,y}, u

−
{x,y})[(s, t)] := βR{x,y}(s)u

+
{x,y}(s, t)+(1−βR{x,y}(s))u

−
{x,y}(s

′+R′{x,y}, t
′+θ′{x,y})

(8.1.1)

and

s′ = s−R{x,y}

t′ = t− θ{x,y}

R′{x,y} = R{x,y} + d+
{x,y} − d

−
{x,y}

θ′{x,y} = θ{x,y} + θ+
{x,y} − θ

−
{x,y}

Re-arranging equation (8.1.1):

�a{x,y}
(
u+
{x,y}, u

−
{x,y}

)
(s, t) = (s, t)+(d+

{x,y}, θ
+
{x,y})+βR{x,y}(s)r

+(s, t)+(1−βR{x,y}(s))r
−
{x,y}(s

′, t′)
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We also define the anti-glued map

	a{x,y}(u
+
{x,y}, u

−
{x,y}) : R× J{x,y} → R× J{x,y}

	a{x,y}(u
+
{x,y}, u

−
{x,y})(s, t) := −[1− βR{x,y}(s)]r

+
{x,y}(s, t) + βR{x,y}(s)r

−
{x,y}(s

′, t′)

Choosing R{x,y} large enough and the norms of r+
{x,y} and r−{x,y} sufficiently small, we can

ensure that

�a(u
+, u−)([

1

4
, R− 1

4
]× S1) ⊂ [0, R′]× S1

and that �a(u+, u−) is an embedding.

Now consider a globally defined glued map �a(u) : Sa → Ŝb(a,u) defined by

k−1
b{x,y}

◦�a(u) ◦ ha{x,y}(s, t) := �a{x,y}(u
+
{x,y}, u

−
{x,y})(s, t)

if (s, t) ∈ [1
4
, R{x,y} − 1

4
]× J{x,y} and

�a(u)(z) := u(z) if z ∈ Score

The gluing parameters b = b(a, u) = (b{x,y}){x,y}∈D are determined as follows:

If

a{x,y} =|a{x,y}|e−2πiθ 6= 0

then

b{x,y} =|b{x,y}|e−2πiθ′
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where

φ(|b{x,y}|) = φ(|a{x,y}|) + d+
{x,y}(u)− d−{x,y}(u)

for

θ′{x,y} = θ{x,y} + θ+
{x,y}(u)− θ−{x,y}(u)

When a = 0, we set b = 0. In summary,

Theorem 8.1.1. (compare Proposition 4.3 [HWZ3]) Given a map u ∈ D3,δ00 ,δ
0
1 ,

there exists a canonical glued diffeomorphism

�a(u) : Sa → Ŝb(a,u)

for a small enough. The gluing parameters b(a, u) are determined by the formulas above.

Lastly, we define the set S as follows:

S := S
⊔

D3,δ00 ,δ
0
1 �

8.2 M-Polyfold Structure on S

Definition 8.2.1. We define the sc-Hilbert space E0
cyl to be the set of pairs (h+, h−) :

h+ ∈ H3,δ0((
1

4
,∞)× S1,R2), h− ∈ H3,δ0((−∞,−1

4
)× S1,R2)

We also define the map

ρ : B 1
2
× Ecyl → B 1

2
× Ecyl

(a, v+, v−)→ (a, ρa(v
+, v−))
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by the formula

ρa(v
+, v−) = (v+

∞, v
−
∞) + πa(v

+ − v+
∞, v

− − v−∞)

where πa is the projection defined by:

⊕aπa(r+, r−) = (r+, r−)

	aπa(r+, r−) = 0 �

Definition 8.2.2. We define E0
strip to be the sc-subspace of pairs Estrip consisting of

pairs (v+, v−) such that v+
∞ = v−∞. Also, we define the map

ρ̃ : [0,
1

2
)× Estrip → [0,

1

2
)× Estrip

(a, v+, v−)→ (a, ρ̃a(v
+, v−))

by the formula

ρ̃a(v
+, v−) = (v+

∞, v
−
∞) + π̃a(v

+ − v+
∞, v

− − v−∞)

where π̃a is the projection defined by:

⊕aπ̃a(r+, r−) = (r+, r−)

	aπ̃a(r+, r−) = 0 �

Proposition 8.2.1. (compare Lemma 3.1, Theorem 3.2, Lemma 3.3 [HWZ1])

The map ρ is an sc-smooth retraction. In addition, the projection ρa is the projection

onto the kernel of the map

Pa : Ecyl → H3,δ00
c (Ca)

218



given by

(h+, h−)
Pa−→ 	a(h+ − h+

∞, h
− − h−∞)

along the kernel of the map

P+
a : Ecyl → R2 ⊕H3(Za)

given by

(h+, h−)
P+
a−→ (h+

∞ − h−∞,⊕a(h+, h− + h+
∞ − h−∞))

Proof: The sc-smoothness of ρ follows from Section 1. Now we will show ρa is a retrac-

tion. The argument closely follows Lemma 3.1 [HWZ1]. Suppose (h+, h−) ∈ Ecyl and

write h± = h±∞ + r± and set πa(r
+, r−) = (η+, η−). Then

ρa(h
+, h−) = (h+

∞, h
−
∞) + πa(r

+, r−) = (h+
∞, h

−
∞) + (η+, η−)

We have the formula for the projection πa: η+(s, t)

η−(s′, t′)

 =
1

γa

 βa −(1− βa)

1− βa βa

 ·
 βar

+ + (1− βa)r−

(2βa − 1)ava(r
+, r−)


From this formula we can deduce

(η+, η−) = (c, c) + (ξ+, ξ−)

where c = ava(r
+, r−) is the asymptotic limit of η+ and η−. Then we have

ρa(h
+, h−) = (h+

∞ + c, h−∞ + c) + (ξ+, ξ−)
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Applying ρa to both sides:

ρa ◦ ρa(h+, h−) = (h+
∞ + c, h−∞ + c) + πa(ξ

+, ξ−)

= (h+
∞, h

−
∞) + πa(r

+, r−) = ρa(h
+, h−)

Part 2 follows similarly to Lemma 3.3 [HWZ1]. Also see the Proposition 8.2.2. �

We also have a boundary version:

Proposition 8.2.2. (compare Lemma 3.3 [HWZ1]) The map ρ̃ is an sc-smooth

retraction. In addition, the projection ρ̃a is the projection onto the kernel of the map

P̃a : Estrip → H
3,δ01
c, real(Ca)

given by

(h+, h−)
P̃a−→ 	a(h+ − h+

∞, h
− − h−∞)

along the kernel of the map

P̃+
a : Estrip → R⊕H3

real(Za)

given by

(h+, h−)
P̃+
a−→ (h+

∞ − h−∞,⊕a(h+, h− + h+
∞ − h−∞))

Proof: The sc-smoothness of ρ̃ follows from Section 1. Now we will show ρ̃a is a retrac-

tion. Suppose (h+, h−) ∈ Estrip and write h± = h±∞ + r± and set π̃a(r
+, r−) = (η+, η−).

Then

ρ̃a(h
+, h−) = (h+

∞, h
−
∞) + π̃a(r

+, r−) = (h+
∞, h

−
∞) + (η+, η−)
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We have the formula for the projection π̃a: η+(s, t)

η−(s′, t′)

 =
1

γa

 βa −(1− βa)

1− βa βa

 ·
 βar

+ + (1− βa)r−

(2βa − 1)ava, real(r
+, r−)

 (8.2.1)

From this formula we can deduce

(η+, η−) = (c, c) + (ξ+, ξ−)

where c = ava, real(r
+, r−) is the asymptotic limit of η+ and η−. Then we have:

ρ̃a(h
+, h−) = (h+

∞ + c, h−∞ + c) + (ξ+, ξ−)

Applying ρ̃a to both sides:

ρ̃a ◦ ρ̃a(h+, h−) = (h+
∞ + c, h−∞ + c) + π̃a(ξ

+, ξ−)

= (h+
∞, h

−
∞) + π̃a(r

+, r−) = ρ̃a(h
+, h−)

Now we establish Part 2. We first show that

Estrip = kerP+
a

⊕
kerP−a (8.2.2)

Consider the linear map

P : Estrip → R⊕H3
real(Za)⊕H

3,δ01
c, real(Ca)

(h+, h−)→ (h+
∞ − h−∞,⊕a(h+, h− + h+

∞ − h−∞),	a(h+ − h+
∞, h

− − h−∞)
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Observe that 8.2.2 is equivalent to showing that P is bijective. Suppose (h+, h−) ∈ kerP .

Then h+
∞ − h−∞ = 0 and

⊕a(h+, h−) = 0, 	a(h+, h−) = 0

By Proposition 12.0.1 we have h+ = 0 and h− = 0, and injectivity follows. Now suppose

(ξ, û, v̂) ∈ R ⊕ H3
real(Za) ⊕ H

3,δ01
c, real(Ca). By Proposition 12.0.1 there is a unique pair

(u+, u−) ∈ E0
strip solving the system

⊕a(u+, u−) = û, 	a(u+, u−) = v̂

We have a decmposition u± = c+ r± where (r+, r−) ∈ H3,δ10
real(R± × I) such that

	a(u+, u−) = 	a(r+, r−) = v̂

We define the maps (h+, h−) by

h+ = u+, h− = −ξ + u−

By direct calculation:

h+
∞ − h−∞ = ξ

⊕a(h+, h− + h+
∞ − h−∞) = ⊕a(u+, u−) = û

and

	a(h+ − h+
∞, h

− − h−∞) = 	a(r+, r−) = v̂

This establishes surjectivity and 8.2.2.
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Given (h+, h−) ∈ Estrip where h± = h±∞ + r± we have a decomposition:

(h+, h−) = (w+, w−) + (v+, v−)

such that

(w+, w−) := (h+
∞, h

−
∞) + π̃a(r

+, r−), (v+, v−) := (Id− π̃a)(r+, r−)

We will show (w+, w−) ∈ kerP̃−a and (v+, v−) ∈ kerP̃+
a . The projection Id− π̃a maps onto

ker⊕a so ⊕a(v+, v−) = 0. Using 8.2.1, it follows that v+ and v− share the asymptotic

limit c = −ava, real(r+, r−). By direct calculation:

P̃+
a (v+, v−) = (v+

∞ − v−∞,⊕a(v+, v− + v+
∞ − v−∞)

= (0,⊕a(v+, v−)) = (0, 0)

Thus (v+, v−) ∈ ker P̃+
a . Now observe w±∞ = h±∞ + c. By direct calculation:

π̃a(r
+ − c, r− − c) = (η+ − c, η− − c), where π̃a(r

+, r−) = (η+, η−)

Using this we calculate:

P̃−a (w+, w−) = 	a(w+ − w+
∞, w

− − w−∞) = 	a(w+ − h+
∞ − c, w− − h−∞ − c)

= 	a(η+ − c, η− − c) = 	a ◦ π̃a(r+ − c, r− − c) = 0

Thus (w+, w−) ∈ ker P̃−a . �
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Definition 8.2.3. We define the ED to be the following sc-Hilbert space

ED :=
∏

{x,y}∈Di

{x, y} × Ecyl ×
∏

{x′,y′}∈Db

{x′, y′} × Estrip

We also define the map

ρ : BD × ED → BD × ED

((a{x,y}, u
+
{x,y}, u

−
{x,y}){x,y}∈Di , (a{x′,y′}, u

+
{x′,y′}, u

−
{x′,y′}){x′,y′}∈Db)→

((a{x,y}, ρ(a{x,y}, (u
+
{x,y}, u

−
{x,y})), (a{x′,y′}, ρ̃(a{x′,y′}, (u

+
{x′,y′}, u

−
{x′,y′})){x′,y′}∈Db)

We also define the sc-Hilbert space

E0
D :=

∏
{x,y}∈Di

{x, y} × E0
cyl ×

∏
{x′,y′}∈Db

{x′, y′} × E0
strip �

8.3 Lego Pieces

Remark 8.3.1. There exist a pair of real numbers r > 0 and s > 0 such that the

identity map Id : S → S sends Score,r′ into Ŝcore,s′ for all r′ ≥ r and s′ ≥ s. Without loss

of generality, we assume r = 1
2

and s = 1. �

Definition 8.3.1. We define the unions of annuli:

A :=
⊔

{x,y}∈D

h−1
x ((

1

4
,
1

2
]× J{x,y}) ∩Dx ∪ h−1

y ([−1

2
,−1

4
)× J{x,y}) ∩Dy

B :=
⊔

{x,y}∈D

h−1
x ([0, 1]× J{x,y}) ∩Dx ∪ h−1

y ([−1, 0]× J{x,y}) ∩Dy

Let Score denote the subset of H3(Score, 1
2
, Score,1) consisting of a fixed open neighborhood

in the space of H3 morphisms of the natural inclusion Score, 1
2
→ Ŝcore,1. We choose Score
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small enough such that

u(A) ⊂ intB

for all u ∈ Score. �

Here we specify the size of Score with more precision:

Corollary 8.3.1. Score is an M -polyfold modelled on the following sc-Hilbert space:

V := H3Γ(TScore, 1
2
, T∂Score, 1

2
,M,D)

Given ε > 0, we consider the following open subset:

V(ε) :=
{
η ∈ V : ||η||3 <

ε

3

}

We fix ε sufficiently small as to guarantee

expIdentityη(A) ⊂ B, Im expIdentityη ⊂ Ŝcore,1

for all η ∈ V(ε). The chart on Score is given by:

exp : V(ε)→ Score

η → expIdentityη �

Definition 8.3.2. We define the open subset Eε
D of ED by

Eε
D :=

{
(a, h+

{x,y}, h
−
{x,y}){x,y}∈D ∈ ED :

∣∣(h+
{x,y}, h

−
{x,y}){x,y}∈D

∣∣
ED

<
ε

3

}
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Definition 8.3.3. We define the annuli:

Ax := A ∩Dx, Ay := A ∩Dy

for {x, y} ∈ D. We also define the sc-Hilbert space

H :=
∏

{x,y}∈Di

H3(Ax,R2)×H3(Ay,R2)×
∏

{x′,y′}∈Db

H3(Ax′ ,R2)×H3(Ay′ ,R2)

Consider the map:

T : V × ED → H

(η, ψ+
{x,y}, ψ

−
{x,y}){x,y}∈D → (Tk−1

x · η − ψ+
{x,y} ◦ h

−1
x |Ax , Tk−1

y · η − ψ−{x,y} ◦ h
−1
y |Ay){x,y}∈D

We define the sc-Hilbert space

T ′fiber := ker T

We define the open subset of T ′fiber:

Tfiber(ε) := ker T ∩ V(ε)× Eε
D �

Since ε > 0 is fixed, we will refer to Tfiber(ε) as Tfiber.

Proposition 8.3.1. Consider the morphism:

glue : Tfiber → T

(α, β)→ glue(α, β)
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(see line (8.0.5) for the definition of T) defined on the core by

glue(α, β)|S
core, 12

:= α

and on the neck by

glue(α, β)|hx(( 1
4
,∞)×J{x,y}) := Tkx ◦ β ◦ h−1

x , glue(α, β)|hy((−∞,− 1
4

)×J{x,y}) := Tky ◦ β ◦ h−1
y

The map glue is sc-smooth and a homeomorphism onto its image, which we denote by

T (S) or T . The inverse of glue, which we denote by separate, is given as follows:

separate : T → Tfiber

v → (v|S
core, 12

, (Tk−1
x ◦ v ◦ hx, Tk−1

y ◦ v ◦ hy){x,y}∈|D|)

Proof: Consider the sc-linear embedding:

ι : H3Γ(TS, T∂S,M,D)→ V × ED

given as follows:

η → (η|Score,1 , (Tk−1
x ◦ η ◦ hx, Tk−1

y ◦ η ◦ hy){x,y}∈|D|)

Observe that the image of ι is contained in the kernel of the map

T : V × ED → H
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Now consider the map

glue : Tfiber → H3Γ((S, TS, T∂S),M,D)

is given by

(α, β)→ glue(α, β)

where glue(α, β) defined on the core by

glue(α, β)|S
core, 12

:= α

and on the neck by

glue(α, β)|h−1
x (( 1

4
,∞)×J{x,y}) := Tk−1

x ◦β ◦hx, glue(α, β)|h−1
y ((−∞,− 1

4
)×J{x,y}) := Tk−1

y ◦β ◦hy

Since ι is smooth it follows that the restriction of ι to T is smooth. We set:

separate := ι|T �

We define the local sc-retracts:

Xcyl := {(a, u+, u−) ∈ B 1
2
× Ecyl : ρ(a, u+, u−) = (a, u+, u−)}

Xstrip := {(a, u+, u−) ∈ [0,
1

2
)× Estrip : ρ̃(a, u+, u−) = (a, u+, u−)}

Xneck := {(a, (u+, u−)) ∈ BD × ED : ρ(a, (u+, u−)) = (a, (u+, u−))}
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Consider the sc-smooth retraction:

Identity× ρ : BD × Tfiber → BD × Tfiber

(a, η, , η+, η−) −→ (a, η, ρ(a, η+, η−))

By construction, Im (Identity× ρ) ⊂ Tfiber ×Xneck is an M -polyfold.

Consider the map R : B × T → B × T defined on the core as follows:

R(a, η)|S
core, 12

:= η

and on the cylindrical neck as follows:

Tk−1
x ·R(a, η) ◦ hx|[ 1

4
,∞)×S1 = ρ+

a (Tk−1
x · η ◦ hx|[ 1

4
,∞)×S1 , Tk−1

y · η ◦ hy|(−∞,− 1
4

]×S1)

Tk−1
y ·R(a, η) ◦ hy|(−∞,− 1

4
]×S1) = ρ−a (Tk−1

x · η ◦ hx|[ 1
4
,∞)×S1 , Tk−1

y ◦ u ◦ hy|(−∞,− 1
4

]×S1)

and on the strip like neck as follows:

Tk−1
x′ ·R(a, η) ◦ hx′|[ 1

4
,∞)×I = ρ̃+

a (Tk−1
x′ · u ◦ hx′|[ 14 ,∞)×I , Tk

−1
y′ · η ◦ hy′|(−∞,− 1

4
]×I)

Tk−1
y′ ·R(a, η) ◦ hy′|(−∞,− 1

4
]×I) = ρ̃−a (Tk−1

x′ · η ◦ hx′ |[ 14 ,∞)×I , Tk
−1
y′ ◦ η ◦ hy′ |(−∞,− 1

4
]×I)

By construction we have a commutative diagram:

BD × Tfiber BD × T

BD × Tfiber BD × T

glue

Identity×ρ R

glue
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As a direct corollary of the above diagram and Proposition 8.3.1 and the sc-smoothness

of ρ, we have:

Corollary 8.3.2. The map R : BD × T → BD × T is an sc-smooth retraction. In

particular, R(B × T ) is an M -polyfold. �

8.4 Construction of Chart maps

Definition 8.4.1. Let Û be an open neighborhood of 0 ∈ T . If Û is chosen sufficiently

small, there exists a constant σ0 > 0 such that �a(expIdentityη) : Sa → Ŝb is a diffeo-

morphism for η ∈ Û for 0 <|a| < σ0 and b = b(a, expIdentityη). When a = 0 we set

�0(expIdentityη) = expIdentityη and b(0, u+, u−) = 0.

For 0 < σ < σ0, we define the set Uσ :

Uσ =
{(
a, b(a, expIdentityη

)
,�a(expIdentityη)) : 0 ≤|a| < σ, η ∈ Û

}
(8.4.1)

When σ = 0, we set U0 = Û . �

Proposition 8.4.1. (compare [HWZ3] Propositions 3.13 and 3.24) Let Uσ be as

defined in (8.4.1). The set S ∩ Uσ is open in S. Given two open sets Uσ and Vσ of the

form (8.4.1) and a point (0, 0, expIdentityη0) ∈ S which belongs to Uσ ∩ Vσ, there exists a

third set W of the form (8.4.1) centered at (0, 0, expIdentityη) such that

(0, 0, expIdentityη) ∈ W ⊂ U ∩ V

In addition, near the identity S admits a unique topology such that the open sets of S

and those of the form (8.4.1) are a basis.
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Proof: Consider the set Uσ ⊂ S

Uσ = {(a, b(a, expIdentityη),�a(expIdentityη)) : 0 ≤|a| < σ, η ∈ Û} (8.4.2)

To show Uσ ∩S is open, it is enough to show for any point

(a0, b0, w0) = (a0, b(a0, expIdentityη0),�a0(expIdentityη0)) ∈ Uσ ∩S

that Uσ contains an open set O of the form

O = {(a, b, ψb ◦ w ◦ φa) ∈ S :|a− a0| < ε, |b− b0| < ε and w ∈ U(w0)}

where ε > 0 and U(w0) is a small openH3-neighborhood of w0 : Sa0 → Ŝb0 in Diff((Sa0 ,Ma0 , Da0), (Ŝb0 , M̂b0 , D̂b0)).

It is enough to show that for any point (a, b, ψb ◦ w ◦ φa) ∈ O we have a solution ξ ∈ T

such that

�a (expIdentityξ) = ψb ◦ w ◦ φa, b := b(a, expIdentityξ) (8.4.3)

where (a, b(a, expIdentityξ),�a(expIdentityξ)) ∈ Uσ. By definition, on the neck we have:

[k−1
b ◦�a(expIdentityη) ◦ ha(s, t)]

= [(s, t)+⊕a(Tk−1
x ·η◦hx, Tk−1

y ·η◦hy+(Tk−1
x ·η◦hx)∞−(Tk−1

y ·η◦hy)∞))(s, t)] (8.4.4)

We can re-write (8.4.4) as:

[⊕a(Tk−1
x · η ◦ hx, Tk−1

y · η ◦ hy + (Tk−1
x · η ◦ hx)∞ − (Tk−1

y · η ◦ hy)∞))(s, t)]
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= [k−1
b ◦ ψb ◦ u ◦ φa ◦ ha(s, t)− (s, t)]

It is enough to solve for (q+, q−) ∈ E0
D satisfying:

⊕a{x,y}(q
+
{x,y}, q

−
{x,y})(s, t) = k−1

b{x,y}
◦ ψb{x,y} ◦ u ◦ φa{x,y} ◦ ha{x,y}(s, t)− (s, t)

as the solution (Tk−1
x ·η◦hx, Tk−1

y ·η◦hy){x,y}∈D ∈ ÊD can be recovered from (q+
{x,y}, q

−
{x,y})

via the relation

(Tk−1
x · η ◦ hx, Tk−1

y · η ◦ hy) = (q+
{x,y}, q

−
{x,y} + (Tk−1

y · η ◦ hy)∞ − (Tk−1
x · η ◦ hx)∞)

Setting

g{x,y}(s, t) = k−1
b{x,y}

◦ expIdentityη ◦ ha{x,y}(s, t)− (s, t)

we observe that the pair of equations below admit a unique solution:

⊕a{x,y}(q
+
{x,y}, q

−
{x,y}) = g{x,y}

	a{x,y}(q
+
{x,y}, q

−
{x,y}) = 0

When {x, y} ∈ Di the solution is given by:

q+
{x,y}(s, t) =

∫
[0,1]

g{x,y}(
R

2
, t)dt+

βa(s)

γa(s)
· (g{x,y}(s, t)−

∫
[0,1]

g{x,y}(
R

2
, t)dt)

q−{x,y}(s
′, t′) =

∫
[0,1]

g{x,y}(
R

2
, t)dt+

1− βa(s)
γa(s)

· (g{x,y}(s, t)−
∫

[0,1]

g{x,y}(
R

2
, t)dt)

and when {x, y} ∈ Db

q+
{x,y}(s, t) =

∫
[0,1]

Re g{x,y}(
R

2
, t)dt+

βa(s)

γa(s)
· (g{x,y}(s, t)−

∫
[0,1]

Re g{x,y}(
R

2
, t)dt)
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q−{x,y}(s
′, t′) =

∫
[0,1]

Re g{x,y}(
R

2
, t)dt+

1− βa(s)
γa(s)

· (g{x,y}(s, t)−
∫

[0,1]

Re g{x,y}(
R

2
, t)dt)

On Score, 1
4
, ξ is determined by

ξ|S
core, 14

= exp−1
Identityψb ◦ w ◦ φa

Observe that if a = a0, b = b0 and η = η0, then g = 0 and so Tk−1
x · η ◦ hx = 0 and

Tk−1
y · η ◦ hy = 0. It is easy to see that (a{x,y}, Tk

−1
x · η ◦ hx, Tk−1

y · η ◦ hy) depends con-

tinuously on (b{x,y}, g{x,y}). Thus, if ε is sufficiently small and U(η0) is sufficiently small,

then O ⊂ Uσ.

Consider now an intersection of two sets Uσ1 , Uσ2 and a point (0, 0, expIdentityη0) ∈ S ∈

Uσ1 ∩ Uσ2 . Explicitly, we have:

Uσ1 := {(a, b(a, η),�aexpIdentityη) : 0 ≤|a| < σ1, η ∈ U(η1)}

Uσ2 := {(a, b(a, η),�aexpIdentityη) : 0 ≤|a| < σ2, η ∈ U(η2)}

By construction, η0 ∈ U(η1) ∩ U(η2). If we set σ0 < min(σ1, σ2), then

Uσ0 := {(a, b(a, η),�aexpIdentityη) : 0 ≤|a| < σ0, η ∈ U(η0)}

satisfies

(0, 0, expIdentityη0) ∈ Uσ0 ∈ Uσ1 ∩ Uσ2

and Uσ0 ⊂ Uσ1 ∩ Uσ2 . �

Inspection of the proof Proposition 8.4.1 reveals that the map � ◦ glue is a bijection on
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Im (Identity)× ρ. In particular, we have a chart map:

φ : {(a, ν) ∈ BD × Tfiber : ρ(a, ν) = (a, ν) , |a| < σ} → S

given by

(a, ν)→ �a(glue(ν))

8.5 Construction of the Strong Bundle

Definition 8.5.1. We define the set E of anti-linear sections to be the set consisting of

pairs (u, ξ) where u : Sa → Ŝb ∈ S and ξ ∈ H2,δ00 ,δ
0
1Ω0,1(TSa, u

∗T Ŝb,M,D). �

Let V and W denote two open neighborhoods of 0 in finite dimensional vector spaces E

and E ′, respectively, and let

j : V → JD1,j

and

k : W → JD2,j

denote smooth parametrizations of complex structures on S such that k(0) = j = j(0).

Further suppose that v → j(v) is a good family.

Definition 8.5.2. We define the sc-Hilbert space Fcyl as follows:

Fcyl := H2,δ00((
1

4
,∞)× S1,R2)⊕H2,δ00((−∞,−1

4
)× S1,R2)

The sc-filtration is the obvious one.

We define the retraction

π̂ : B 1
2
× Fcyl → B 1

2
× Fcyl
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given by

(a, η+, η−)→ (a, π̂a(η
+, η−))

where π̂a(η
+, η−) is defined by

⊕̂aπ̂a(η+, η−) = ⊕̂a(η+, η−)

	̂aπ̂a(η+, η−) = 0 �

Definition 8.5.3. We define the space of maps Fstrip as follows:

Fstrip := H
2,δ01
bdry((

1

4
,∞)× I,R2)⊕H2,δ01

bdry((−∞,−1

4
)× I,R2)

Also, we define the retraction

̂̃π : [0,
1

2
)× Fstrip → [0,

1

2
)× Fstrip

given by

(a, η+, η−)→ (a, ̂̃πa(η+, η−))

where ̂̃πa(η+, η−) is defined by

⊕̂ẫπa(η+, η−) = ⊕̂a(η+, η−)

	̂ẫπa(η+, η−) = 0 �

Definition 8.5.4. We define the set of maps:

FD :=
∏

{x,y}∈Di

{x, y} × Fcyl ×
∏

{x′,y′}∈Db

{x′, y′} × Fstrip
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We denote points of FD by (a{x,y}, η
+
{x,y}, η

−
{x,y}){x,y}∈D or by (a, η+, η−). In addition, we

define the product retraction:

π̂ : BD × FD → BD × FD

by

π̂((a{x,y}, η
+
{x,y}, η

−
{x,y}){x,y}∈Di , (a{x′,y′}, η

+
{x′,y′}, η

−
{x′,y′}){x′,y′}∈Db)

= ((a{x,y}, π̂a{x,y}(η
+
{x,y}, η

−
{x,y}){x,y}∈Di , (a{x′,y′},

̂̃πa{x′,y′}(η+
{x′,y′}, η

−
{x′,y′}){x′,y′}∈Db)) �

Consider the subset:

Kcyl := {(a, η+, η−) ∈ B 1
2
× Fcyl : π̂(a, u+, u−) = (a, u+, u−)}

Kstrip := {(a, η+, η−) ∈ B 1
2
× Fstrip : ̂̃π(a, u+, u−) = (a, u+, u−)}

K := {(a, (η+, η−)) ∈ BD × FD : π̂(a, (η+, η−)) = (a, (η+, η−))}

Also consider the map of strong bundles:

ρ× π̂ : BD × ED C FD → BD × ED C FD

given by:

(a, (u+, u−), (η+, η−)) = (a, ρ(a, (u+, u−)), π̂(a, (η+, η−)))

Observe that the diagram below provides a local strong bundle chart for the local strong
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bundle retract Im (ρ× π̂)→ X

BD × ED C FD ρ× π̂(BD × ED C FD)

BD × ED ρ(BD × ED) = X

ρ×π̂

p

ρ

Consider two families of complex linear isomorphisms (compare Section 4.3 [HWZ3]).

The first of which is

I2(w, z, z′) : (TzS, j)→ (Tz′S, k(w))

which is defined for w close to 0 and z′ sufficiently close to z. The second is

I1(v, z) : (TzS, j(v))→ (TzS, j)

which is defined for all z ∈ S. The family I2 is defined as follows:

Let Pz′z be parallel transport along the minimal geodesic from z and z′, then we set

I2(w, z, z′) :=
1

2
· [Pz′z − k(w)(z′) ◦ Pz′z ◦ j(z)]

Observe that I2 satisfies

I2(0, z, z) = Identity

We define the family I1 by

I1(v, z) :=
1

2
[Id− j(z) ◦ j(v)(z)]

Observe that I1 satisfies

I1(v, z) := Identity if z ∈ D
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I1(0, z) := Identity

We choose the parallel transport via a connection which is the product connection on

the neck. In particular, in local coordinates I2 is the identity.

Definition 8.5.5. Consider the sc-Hilbert space:

H ′ :=
∏

{x,y}∈Di

H2(Ax,R2)×H2(Ay,R2)×
∏

{x′,y′}∈Db

H2(Ax′ ,R2)×H2(Ay′ ,R2)

Consider the map of sc-Hilbert spaces:

X : H2Ω0,1((TS|core, 1
2
, j), (TS|core, 1

2
, j))× FD → H ′

(
ξ, (a, ξ+

{x,y}, ξ
−
{x,y}){x,y}∈D

)
→
(
Tk−1

x ·ξ◦Thx ·
∂

∂s
−ξ+
{x,y}, Tk

−1
y ·ξ◦Thy ·

∂

∂s
−ξ−{x,y}

)
{x,y}∈D

Then Ffiber := kerX is an sc-Hilbert space. Set the abbreviation:

Tfiber := V ×W × ρ(BD × Tfiber)

The bundle V ×W × ρ × π̂(BD × Tfiber C Ffiber) → Tfiber is a local sc-strong bundle

retract as realized by the strong bundle retraction diagram:

V ×W ×BD × Tfiber C Ffiber V ×W ×BD × Tfiber C Ffiber

V ×W ×BD × Tfiber V ×W ×BD × Tfiber

Identity×ρ×π̂

Identity×ρ

�
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Proposition 8.5.1. The diagram below is a local strong bundle chart:

V ×W × ρ× π̂(BD × Tfiber C Ffiber) E

V ×W × Tfiber V ×W ×S

Θ

p

�◦glue

where the map

Θ : V ×W × Tfiber C Kfiber → E

is given by

((v, w, η), (a, (η+, η−)), (ξ, (ξ
+
, ξ
−

)))→ (v, w,�(a, glue(η, η+, η−)), θ)

where θ ∈ Ω0,1(TSa,�(a, glue(η, η+, η−))∗TSb) is defined by

θ|S
core, 12

:= I2(w, z, expIdentityη(z)) ◦ ξ ◦ I1(v, z)

and in local (positive) coordinates by

Tk−1
b{x,y}

◦ θ ◦ Tha{x,y} ·
∂

∂s
|Za{x,y} (s, t) := ⊕a{x,y}(ξ

+
{x,y}, ξ

−
{x,y}))(s, t) for {x, y} ∈ D

Proof: Commutativity of the diagram is clear by construction. It is enough to show

that Θ is a fiberwise bijection. Towards this end, suppose that u : Sa → Sb ∈ Im glue ◦

exp(Tfiber). Below we show that we can uniquely solve for any θ ∈ H3+m,δm0 ,δ
m
1 (TSa, u

∗TSb).

By hypothesis, there exist maps (h
+
, h
−

) ∈ ED and η ∈ H3Ω0,1((TScore, 1
2
, j), (TScore, 1

2
, j))

such that

glue(expIdentityη,�(a, ((s, t) + h+
{x,y}, (s

′, t′) + h−{x,y}))) = u
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Over TScore, 1
2
, we set

ξ = I2(w, expIdentityη(z), z) ◦ θ ◦ I1(v, z)−1

Consider the anti-linear section θ in coordinates:

Tk−1
b{x,y}

◦ θ ◦ Tha{x,y} ∈ H
δm0 ,δ

m
1 Ω0,1((TZax,y , i), ((h

−1
b{x,y}

◦ u ◦ ha{x,y})
∗TZb{x,y} , i))

We set the abbreviation θ{x,y} := Tk−1
b{x,y}

◦ θ ◦Tha{x,y} ·
∂
∂s

and identify the tangent spaces

of TZa{x,y} and TZb{x,y} with R2. Consider the system of equations

⊕̂a{x,y}(ξ
+
{x,y}, ξ

−
{x,y})(s, t) = θ{x,y} ·

∂

∂s

	̂a{x,y}(ξ
+
{x,y}, ξ

−
{x,y}) = 0

The unique is given by

ξ+
{x,y} =

βa{x,y}
γa{x,y}

· θa{x,y} ·
∂

∂s
(8.5.1)

ξ−{x,y} =
1− βa{x,y}
γa{x,y}

· θa{x,y} ·
∂

∂s
(8.5.2)

The (8.5.1)-(8.5.2) implies that β = (a, ξ, ξ
+
, ξ
−

) ∈ Kfiber, and by construction β is

mapped onto θ by Θ. �

Corollary 8.5.1. p : E→ V ×W ×S|Im� ◦glue is a strong bundle. �
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8.6 Cauchy-Riemann Section

Consider the Cauchy-Riemann section

∂ : V ×W ×S→ E

(v, a, b, u)→ ∂k(b,w),j(a,v)u :=
1

2
· (Tu+ k(b, w) ◦ Tu ◦ j(a, v)))

Our goal is to find a change of coordinates such that in a germ near the identity S0 :=

S → Ŝ0 := S, ∂ is expressed as an sc-Fredholm operator over a fixed domain. Consider

the section

∂cyl : Xcyl → Kcyl

given by:

(a, (h+, h−))→ ξ

where ξ is uniquely defined by the pair of equations

⊕̂aξ =
1

2
(T �a ((s, t) + h+, (s′, t′) + h−) + i ·�a((s, t) + h+, (s′, t′) + h−) · i) ∂

∂s
(8.6.1)

	̂aξ = 0 (8.6.2)

Also consider the filling of ∂cyl :

Fill ∂cyl : B × Ecyl → Fcyl

given by

(a, h+, h−)→ ξ
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where ξ is uniquely defined by the pair of equations

⊕̂aξ =
1

2
(T �a ((s, t) + h+, (s′, t′) + h−) + i ·�a((s, t) + h+, (s′, t′) + h−) · i) ∂

∂s
(8.6.3)

	̂aξ =
1

2
(T 	a (h+ − h+

∞, h
− − h−∞) + i · T 	a (h+ − h+

∞, h
− − h−∞) · i) ∂

∂ s
(8.6.4)

Set h+− h+
∞ = r+ and h−− h−∞ = r−. Then by direct calculation and the fact that (s, t)

is holomorphic, we can simplify the above equations to the system:

⊕̂aξ(z) = ∂0ra (8.6.5)

	̂aξ = ∂0 	a (r+, r−) (8.6.6)

where ra := ⊕a(r+, r−)

Proposition 8.6.1. (compare Section 3.7 [FH1]) Fill ∂cyl is sc-smooth.

Proof: The result follows similarly to Proposition 7.1.1. �

Proposition 8.6.2. Fill ∂cyl is regularizing away from the left and right boundaries.

Proof: The result follows nearly identically to Lemma 7.1.1. �

Proposition 8.6.3. (compare Lemma 3.29) Fill ∂cyl is a filling for ∂cyl.

Proof: We need to verify the 3 properties listed in Definition 5.1.1. With regards

to the first property, note that for (h+, h−) ∈ Xcyl, we have ρa(h
+, h−) = (h+, h−) which

is equivalent to

	a(h+ − h+
∞, h

− − h−∞) = 0
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by Proposition 8.2.1. Thus the systems (8.6.1) − (8.6.2) and (8.6.3)-(8.6.4) coincide for

(h+, h−) ∈ Xcyl.

With regards to the second property, suppose that

(a, ξ+(a, h+, h−), ξ−(a, h+, h−)) = π̂(a, ξ+(a, h+, h−), ξ−(a, h+, h−)),

for a point (a, h+, h−) close to 0. Then

	̂a(ξ+, ξ−) = 0 = ∂0 	a (h+ − h+
∞, h

− − h−∞)

Since ∂0 is an isomorphism, this means 	a(h+−h+
∞, h

−−h−∞) = 0. By Proposition 8.2.1

this is equivalent to ρa(h
+, h−) = 0, so (a, h+, h−) ∈ Xcyl.

The third property follows because Dρ(0) = Identity and π̂0 = Identity, see Appendix 4.

�

For shorthand, we will refer to the filled section by H(a, h+, h−) := (ξ+, ξ−). We begin

by verifying the quadratic estimate:

Lemma 8.6.1. Given ε > 0, the following holds for every level m:

||(DHa(h
+, h−)−DHa(0, 0)(η+, η−)||m ≤ ε||(η+, η−)||m

for all (η+, η−) ∈ (Ecyl)m, all a ∈ B 1
2
, and all (h+, h−) ∈ (Ecyl)m sufficiently small on

level m.

Proof: The claim follows from the observation that DHa(h
+, h−) = DHa(0, 0) for all
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(h+, h−) ∈ (Ecyl)m. �

We introduce the shorthand DHa(k
+
j , k

−
j ) := Γa(k

+
j , k

−
j ). The operators Γa(k

+
j , k

−
j ) sat-

isfy:

∂0(⊕a(η+ − η+
∞, η

− − η−∞)) = ⊕̂a(Γa(k+
j , k

−
j )(η+ − η+

∞, η
− − η−∞)) (8.6.7)

∂0(	a(η+ − η+
∞, η

− − η−∞)) = 	̂a(Γa(k+
j , k

−
j )(η+ − η+

∞, η
− − η−∞)) (8.6.8)

where (η+, η−) ∈ (Ecyl)m. The argument below follows similarly to Proposition 7.1.3, but

is much simpler due to the fact that the complex structure on the target is eveywhere

standard.

Proposition 8.6.4. Let {aj}∞j=0, aj ∈ B 1
2
, be a sequence of real numbers which converge

to a ∈ B 1
2
. Consider a sequence of maps (x+

j , x
−
j ) ⊂ Fcyl which converges to 0 on level m.

Also suppose (y+
j , y

−
j ) ⊂ Fcyl is a sequence of maps which is bounded on level m+ 1 and

(η+
j , η

−
j ) ⊂ Ecyl is a sequence bounded on level m. Suppose a sequence (k+

j , k
−
j ) ⊂ Ecyl

converges on level m to (k+, k−). If we have the relation:

Γaj(k
+
j , k

−
j )(η+

j , η
−
j ) = (x+

j , x
−
j ) + (y+

j , y
−
j ) (8.6.9)

then (ηj) has a subsequence converging on level m on slightly restricted cylinders.

Proof: It is easy to see that the asymptoptic limits of any subsequence of (ηj) has

itself a convergent subsequence. Thus it is enough to assume that (ηj)∞ = 0 for all j.

Let uj := ⊕aj(u+, u−) and ej := ⊕aj(η+
j , η

−
j ). Using these abbreviations we can express

(8.6.9) as follows:

∂ej
∂s

+ i
∂ej
∂t

= ⊕̂aj(x+
j , x

−
j ) + ⊕̂aj(y+

j , y
−
j ) (8.6.10)

∂0(	a(η+
j , η

−
j )) = 	̂aj(x+

j , x
−
j ) + 	̂aj(y+

j , y
−
j ) (8.6.11)
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Take a cut-off function τ : R → [0, 1] satisfying τ = 0 for s ≤ 1 and τ = 1 for s ≥ 2.

In addition, let γ+
2r(s) = τ(s − 2r) and γ−2r(s

′) = τ(−s′ − 2r). Replace (η+
j , η

−
j ) with

(γ+
2rη

+
j , γ

−
2rη
−
j ). Further, define ej := ⊕aj(γ+

2rη
+
j , γ

−
2rη
−
j ). The first equation can be re-

expressed:

∂ej
∂s

+ i
∂ej
∂t

= zj + ⊕̂aj(γ+
2rx

+
j , γ

−
2rx
−
j ) + ⊕̂aj(γ+

2ry
+
j , γ

−
2ry
−
j )

where

zj =
∂γ+

2r

∂s
(s)η+

j (s, t) +
∂γ−2r
∂s

η−j (s−Rj, t− θj)

The second equation becomes:

∂0(	aj(η+
j , η

−
j )) = 	̂aj(γ+

2rx
+
j , γ

−
2rx
−
j ) + 	̂aj(γ+

2ry
+
j , γ

−
2ry
−
j )

Using Proposition 7.1.6 part (3) we can re-express the system of equations (8.6.10) −

(8.6.11) as:

∂ej
∂s

+ i
∂ej
∂t

= ⊕̂aj(q+
j , q

−
j ) + ⊕̂aj(p+

j , p
−
j ) (8.6.12)

∂0(	aj(γ+
2rη

+
j , γ2rη

−
j )) = 	̂aj(q+

j , q
−
j ) + 	̂aj(p+

j , p
−
j ) (8.6.13)

where the sequence (q+
j , q

−
j ) converges to 0 in Fm and the sequence (p+

j , p
−
j ) is bounded

in Fm+1.

Now consider the system:

∂0f
+ ◦ ej = k+

j + f+ ◦ ⊕̂aj(q+
j , q

−
j ) + f+ ◦ ⊕̂aj(p+

j , p
−
j ) (8.6.14)

∂0f
− ◦ ej = k−j + f− ◦ ⊕̂aj(q+

j , q
−
j ) + f− ◦ ⊕̂aj(p+

j , p
−
j ) (8.6.15)

∂0 	aj (γ+
2rη

+
j , γ2rη

−
j ) = 	̂aj(q+

j , q
−
j ) + 	̂aj(p+

j , p
−
j ) (8.6.16)
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where

k+
j :=

∂β(s− R
2
− 2)

∂s
ej, k−j := −

∂β(s− R
2
− 2)

∂s
ej

Note that k±j is bounded in Em = Fm+1 and by Proposition we can absorb it into the

⊕̂aj(q+
j , q

−
j ) term. So we can re-write (8.6.14)-(8.6.16) as:

∂0f
+ ◦ ej = f+ ◦ ⊕̂aj(q+

j , q
−
j ) + f+ ◦ ⊕̂aj(p+

j , p
−
j ) (8.6.17)

∂0f
− ◦ ej = f− ◦ ⊕̂aj(q+

j , q
−
j ) + f− ◦ ⊕̂aj(p+

j , p
−
j ) (8.6.18)

∂0 	aj (γ+
2rη

+
j , γ

−
2rη
−
j ) = 	̂aj(q+

j , q
−
j ) + 	̂aj(p+

j , p
−
j ) (8.6.19)

Consider f+ ◦ ⊕̂aj(p+
j , p

−
j ) and f− ◦ ⊕̂aj(p+

j , p
−
j ) as equations on R×S1. Now consider the

pair of solutions (ξ+
j , ξ

−
j ) ∈ H3+m,δm(R× S1,R2)⊕H3+m,δm(R× S1,R2) satisfying:

∂0ξ
+
j = f+ ◦ ⊕̂aj(p+

j , p
−
j )

∂0ξ
−
j = f− ◦ ⊕̂aj(p+

j , p
−
j )

By Proposition 5.1.1 and Proposition 7.0.2, we have the chain of inequalities:

|(p+
j , p

−
j )|Fm ≥ C|(f+ ◦ ⊕aj(p+

j , p
−
j ), f− ◦ ⊕aj(p+

j , p
−
j ))|Fm

= C|(∂0ξ
+
j , ∂0ξ

−
j )|Fm ≥ C · C ′|ξ+

j |′m+|ξ−j |′m

where C, C ′ depend only on m. In particular, |ξ±j |′m → 0. Now consider the pair of

solutions (µ+
j , µ

−
j ) ∈ H3+(m+1),δm(R× S1,R2)⊕H3+(m+1),δm(R× S1,R2) which satisfy

∂0µ
+
j = f+ ◦ ⊕̂aj(q+

j , q
−
j )
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∂0µ
−
j = f− ◦ ⊕̂aj(q+

j , q
−
j )

Then by Proposition 5.1.1 and Proposition 7.0.2, we have the inequality

|(q+
j , q

−
j )|Fm+1 ≥ Cm+1|(f+ ◦ ⊕aj(q+

j , q
−
j ), f− ◦ ⊕aj(q+

j , q
−
j ))|Fm+1

= Cm+1|(∂0µ
+
j , ∂0µ

−
j )|Fm+1 ≥ Cm+1C

′
m+1(|µ+

j |′m+1+|µ−j |′m+1)

Thus the sequence (|µ+
j |′m+1+|µ−j |′m+1) is bounded on level m+ 1. Since ∂0 is an isomor-

phism, we have that

ξ+
j + µ+

j = f+ ◦ ej

ξ−j + µ−j = f− ◦ ej

We make the replacement:

(ξ+
j , ξ

−
j )→ (γ+

2r−2(s) · ξ+
j , γ

−
2r−2(s′) · ξ−j )

(µ−j , µ
−
j )→ (γ+

2r−2(s) · µ+
j , γ

−
2r−2(s′) · µ−j )

Then we can assume (ξ+
j , ξ

−
j ) ∈ Em and (µ+

j , µ
−
j ) ∈ Em+1. This means that

⊕aj(ξ+
j + µ+

j , ξ
−
j + µ−j ) = ⊕aj(f+ ◦ ej, f− ◦ ej) = ej

Now consider the solutions αj ∈ H3+m,δm
c (Ca,R2), guaranteed to exist by Proposition

5.1.1

∂0αj = 	̂aj(p+
j , p

−
j )
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By Theorem 1.27 [HWZ0], there exists a unique pair (α+
j , α

−
j ) ∈ Em such that

�aj(α
+
j , α

−
j ) = (0, αj)

By Proposition 5.1.1 we have

C · C ′|(p+
j , p

−
j )|Fm ≥ C|(1− π̂aj)(p+

j , p
−
j )|Fm ≥|�aj {1− π̂aj(p+

j , p
−
j )}|Ĝm =|(0, ∂0αj)|Ĝm

≥ C ′′|(0, αj)|Gm = C ′′|� (α+
j , α

−
j )|Gm ≥

C ′′

C ′′′
|(α+

j , α
−
j )|Em (8.6.20)

In particular, we have |(α+
j , α

−
j )|m → 0 on level m. For shorthand, we set α̃j := (α+

j , α
−
j ).

Now consider the solutions βj, guaranteed to exist by Theorem 1.27 [HWZ0]

∂0βj = 	̂aj(q+
j , q

−
j )

Since ∂0 is an isomorphism we have the equality:

αj + βj = 	̂aj(γ+
2rη

+
j , γ

−
2rη
−
j )

By Theorem 1.27 [HWZ0], there exists a unique pair (β+
j , β

−
j ) ∈ Em+1 such that

�aj(β
+
j , β

−
j ) = (0, βj)

For shorthand we set β̃j := (β+
j , β

−
j ). By a similar sequence of inequalities as in (8.6.20),

it follows that β̃j is bounded in Em+1. We introduce the new sequences:

ξ̃j := πaj(ξj)
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µ̃j := πaj(µj)

Then we have:

⊕aj(ξ̃j + µ̃j + α̃j + β̃j) = ej := ⊕aj(γ+
2rη

+
j , γ

−
2rη
−
j )

	aj(ξ̃j + µ̃j + α̃j + β̃j) = 	aj(γ+
2rη

+
j , γ

−
2rη
−
j )

By Theorem 1.27 [HWZ0], we have:

ξ̃j + µ̃j + α̃j + β̃j = (γ+
2rη

+
j , γ

−
2rη
−
j )

From the above, there exists a subsequence such that ξ̃j + µ̃j + α̃j + β̃j converges on level

m. The claim follows. �

Now consider the section ∂strip : Xstrip → Kstrip given by:

(a, (h+, h−))→ ξ

where ξ is uniquely defined by the pair of equations

⊕̂aξ =
1

2
(T �a ((s, t) + h+, (s′, t′) + h−) + i ·�a((s, t) + h+, (s′, t′) + h−) · i) ∂

∂s
(8.6.21)

	̂aξ = 0 (8.6.22)

Also consider the proposed filling of ∂strip,

Fill ∂strip : [0,
1

2
)× Estrip → Fstrip

given by

(a, h+, h−)→ ξ
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where ξ is uniquely defined by the pair of equations

⊕̂aξ =
1

2
(T �a ((s, t) + h+, (s′, t′) + h−) + i ·�a((s, t) + h+, (s′, t′) + h−) · i) ∂

∂s
(8.6.23)

	̂aξ =
1

2
(T 	a (h+ − h+

∞, h
− − h−∞) + i · T 	a (h+ − h+

∞, h
− − h−∞) · i) ∂

∂ s
(8.6.24)

Set h+− h+
∞ = r+ and h−− h−∞ = r−. Then by direct calculation and the fact that (s, t)

is holomorphic, we can simplify the above equations to the system:

⊕̂aξ(z) = ∂0ra

	̂aξ = ∂0 	a (r+, r−)

We have the following results, arguing similarly to Propositions (8.6.1)-(8.6.3) and Lemma

8.6.1:

Proposition 8.6.5. Fill ∂strip is sc-smooth. �

Proposition 8.6.6. Fill∂strip is regularizing away from the left and right boundaries. �

Proposition 8.6.7. Fill ∂strip is a filling for ∂strip. �

Lemma 8.6.2. Given ε > 0, the following holds for every level m:

||(DHa(h
+, h−)−DHa(0, 0))(η+, η−)||m ≤ ε||(η+, η−)||m

for all (η+, η−) ∈ Em, all a ∈ B 1
2
, and all (h+, h−) ∈ Em sufficiently small on level m. �

We introduce the shorthand DHa(k
+
j , k

−
j ) := Γa(k

+
j , k

−
j ). Arguing similarly to Proposi-

tion 8.6.4 we have:
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Proposition 8.6.8. Let {aj}∞j=0, aj ∈ [0, 1
2
), be a sequence of real numbers which con-

verge to a ∈ [0, 1
2
). Consider a sequence of maps (x+

j , x
−
j ) ⊂ Fbdry which converges to 0

on level m. Also suppose (y+
j , y

−
j ) ⊂ Fbdry is a sequence of maps which is bounded on

level m+ 1 and (η+
j , η

−
j ) ⊂ Ebdry is a sequence bounded on level m. Suppose a sequence

(k+
j , k

−
j ) ⊂ Ebdry converges on level m to (k+, k−). If we have the relation:

Γaj(k
+
j , k

−
j )(η+

j , η
−
j ) = (x+

j , x
−
j ) + (y+

j , y
−
j ) (8.6.25)

then (ηj) has a subsequence converging on level m on slightly restricted strips. �

Now consider ∂neck : Xneck → Kneck given by

(a{x,y}, h
+
{x,y}, h

−
{x,y}){x,y}∈D → (a{x,y}, h

+
{x,y}, h

−
{x,y}, ξ

+
{x,y}, ξ

−
{x,y}){x,y}∈D

where (ξ+
{x,y}, ξ

−
{x,y}) is defined by the pair of equations:

⊕̂a{x,y}ξ{x,y} ·
∂

∂s
=

1

2
· (T �a{x,y} ((s, t) + h+

{x,y}, (s
′, t′) + h−{x,y})

+i · T �a{x,y} ((s, t) + h+
{x,y}, (s

′, t′) + h−{x,y}) · i) ·
∂

∂s

	̂a{x,y}ξ = 0

We have the following by Propositions (8.6.1)-(8.6.8) and Lemmas (8.6.1)-(8.6.2):

Corollary 8.6.1. The filling of ∂neck, Fill ∂neck : BD × Eneck → Fneck is given by

(a{x,y}, h
+
{x,y}, h

−
{x,y}){x,y}∈D → (ξ+

{x,y}, ξ
−
{x,y}){x,y}∈D
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where ξ±{x,y} is uniquely defined by the pair of equations:

⊕̂a{x,y}ξ
±
{x,y}(z) =

1

2
(T �a{x,y} ((s, t) + h+

{x,y}, (s
′, t′) + h−{x,y})

+i · T �a{x,y} ((s, t) + h+
{x,y}, (s

′, t′) + h−{x,y}) · i) ·
∂

∂s

	̂a{x,y}ξ
±
{x,y}(z) =

1

2
(T 	a{x,y} (h+

{x,y} − h
+
{x,y},∞, h

−
{x,y} − h

−
{x,y},∞)

+i · T �a{x,y} (h+
{x,y} − h

+
{x,y},∞, h

−
{x,y} − h

−
{x,y},∞) · i) · ∂

∂s
�

Proposition 8.6.9. Fill∂neck is smooth, regularizing away from left and right boundaries,

satisfies the quadratic estimate, and satisfies robustness away from the left and right

boundaries. �

Now consider the section

∂core : V ×W ×V→ H2Ω0,1((TS|S
core, 12

, j), (TS|S
core, 12

, j))

given by

(v, w, η)→ 1

2
·I2(w, expIdentityη(z), z)·

{
TexpIdentityη+k(w)·TexpIdentityη ·j(v)

}
·I1(v, z)−1

Proposition 8.6.10. ∂core is smooth, and regularizing away from the left and right

boundaries.

Proof: Smoothness follows since J is smooth, I2 is smooth, and I1 is smooth. The

regularizing property follows as a result of classical elliptic theory. �

Proposition 8.6.11. ∂core satisfies the quadratic estimate and the robustness property.
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Proof: The quadratic estimate property follows from the mean value theorem as in

Proposition 7.2.2. The robustness property follows similarly to Proposition 7.2.3. �

Consider the fiber product section

∂core × ∂neck : V ×W × Tfiber → Kfiber

and its proposed filling, the fiber product of ∂core and the filling for ∂neck:

∂core × Fill ∂neck : B × V ×W × Tfiber → Ffiber

The following is a consequence of Corollary 8.6.1:

Lemma 8.6.3. ∂core × Fill ∂neck is a filling for ∂core × ∂neck. �

Definition 8.6.1. Let U denote an open subset of the space of complex structures in

JD2,j containing j. Let V be a neighborhood of 0 in a finite dimensional vector space

parametrizing a good family of complex structues in JD1,j. Recall T(ε) from the proof of

Proposition 8.0.4. For fixed ε > 0 sufficiently small we set:

T (S) := T(ε)

Bm,δm0 ,δ
m
1 (S) := U × V × T (S)

Em−1,δm−1
0 ,δm−1

1 (S) := Bm,δm0 ,δ
m
1 (S)×Hm−1,δm−1

0 ,δm−1
1 Ω0,1((TS, j), (TS, j)) �

Proposition 8.6.12. (compare Lemma 10.1 [HWZ3]) For every pair (δm0 , δ
m
1 ), 0 <
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δm0 < 2π, 0 < δm1 < π, and m ≥ 3, the map T : Bm,δm0 ,δ
m
1 (S)→ Em−1,δm0 ,δ

m
1 (S),

(v, k, η(·))→ (v, k, η(·), I2(k, expIdentityη(·), ·) ◦ ∂k,j(v)expIdentityη(·) ◦ I1(v, ·)−1)

defines a smooth Fredholm section. The linearization of the map

(v, η)→ T (v, j, η)

at the solution (0, 0) is an isomorphism.

Proof: We follow the proof of [HWZ3] Lemma 10.1. We introduce the following ab-

breviations:

L := D3T (0, j, 0) : T→ Hm−1,δm−1
0 ,δm−1

1

S := D1T (0, j, 0) : E → Hm−1,δm−1
0 ,δm−1

1

F := D1,3T (0, j, 0) : T× E → Hm−1,δm−1
0 ,δm−1

1

which is defined by F (e, η) = Se+ Lη. Here L acts as

f → ∂f

∂z
dz

and S acts as

e→ j ·Dj(0)e = −2e

For each z ∈|Di|, choose holomorphic coordinates:

τz,1 : B1 → D1
z , τz,2 : B1 → D2

z
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For each z ∈|Db|, choose holomorphic coordinates:

κz,1 : B1 ∩H→ D1
z , κz,2 : B1 ∩H→ D2

z

Consider the maps

γ : R+ × S1 → B1, γ(s, t) = e−2π(s+it)

δ : R+ × [0, 1]→ B1 ∩H, δ(s, t) = e−π(s+it)

We also define the following compositions:

τ polarz,1 := τz,1 ◦ γ, τ polarz,2 := τz,2 ◦ γ

κpolarz,1 := κz,1 ◦ δ, κpolarz,2 := κz,2 ◦ δ

The section η : S → TS is given in local holomorphic coordinates by:

x→ η̂(x) = Tτ−1
z,2 (τz,1(x))η(τz,1(x)), x ∈ B1

x→ η̂(x) = Tκ−1
z,2(κz,1(x))η(κz,1(x)), x ∈ B1 ∩H

and in polar coordinates:

(s, t)→ η̃(s, t) = Tτ polarz,2

−1
(τ polarz,1 (s, t))η(τ polarz,1 (s, t)), (s, t) ∈ R+ × S1

(s, t)→ η̃(s, t) = Tκpolarz,2

−1
(κpolarz,1 (s, t))η(κpolarz,1 (s, t)), (s, t) ∈ R+ × [0, 1]

Consider the transition map:

α1(s, t) = (τ polarz,2 )−1 ◦ τ polarz,1 = (s, t) + (r0, r1)(s, t) + c
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where c = (c0, c1) ∈ R+ × S1, (r0, r1) : R × S1 → R2 is periodic in t. Also consider the

transition map

α2(s, t) = (κpolarz,2 )−1 ◦ κpolarz,1 = (s, t) + (w(s, t), 0) + b

where b = (b0, 0) ∈ R× [0, 1] and w : R+× [0, 1]→ R+ is smooth. It is important to note

that r0 decays like e−2πs and w decays like e−πs. By construction we have the relations:

η̃(s, t) = Tγ−1(γ ◦ α1(s, t))η̂(γ(s, t)) (8.6.26)

η̃(s, t) = Tδ−1(δ ◦ α2(s, t))η̂(δ(s, t)) (8.6.27)

where

Tγ−1(γ ◦ α1(s, t)) =
−1

2π
e2π[(s+r0(s,t)+c0)+i(t+r1(s,t)+c1)] (8.6.28)

Tδ−1(δ ◦ α2(s, t)) =
−1

π
eπ[(s+w(s,t)+b)+it] (8.6.29)

Suppose (e, η) ∈ E ×T is in the kernel of F . Then since η ∈ T, in local coordinates near

z ∈|D| we have:

η̃(s, t) = h(s, t) + d

where h : R+ × S1 → R2 and d ∈ R × R/Z. It follows from (8.6.26) and (8.6.28) that

η̂ converges to 0 as z → 0. By Riemann’s removable singularity theorem, η̂ extends by

0 to a holomorphic section satisfying η̂(0) = 0. Thus, η extends over every node z ∈|D|

and satisfies η(0) = 0.

In local coordinates near x ∈|HD| we have:

η̃(s, t) = g(s, t) + c
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where g : R+ × [0, 1] → R2 and c ∈ R × {0}. By (8.6.27) and (8.6.29), it follows that η̂

converges to 0 as z → 0. By Riemann’s removable singularity theorem, η̂ extends by 0 to

a holomorphic satisfying η̂(0) = 0. Thus, η extends over every node z ∈|HD| and satisfies

η(0) = 0. This means that η ∈ H3+mΓ0(S,M,D). In summary, we have F (e, η) = 0 and

we know that E ⊕ Im L(Γ0(TS,M,D) = H2+mΩ0,1(TS, j), by hypothesis on E. Thus,

we conclude that (e, η) = 0.

Now we consider the surjectivity of F . Towards this end, consider a section ξ ∈ Hm−1,δm−1
0 ,δm−1

1

compactly supported outside of the points |D|∪|HD|. By Definition 2.1.8 there exists a

pair (e, η) ∈ E ×H3+mΓ0(TS,M,D) such that

j ·Dj(0)e+ L(η) = ξ

Now we show η ∈ Hm,δm0 ,δ
m
0 . Towards this end, we observe that near the points in

|D|∪|HD|, ξ is 0 so η is holomorphic near these double points. From the discussion

on injectivity, we can use this to show η̂(0) = 0. Near z ∈|D|, we have

η̂(x) =
∑
k≥1

akx
k = x[a1 + g(x)]

where g(x) is a holomorphic function g(x) =
∑

k≥2 akx
k−1. Set

β1(s, t) = 2πe2π[r0(s,t)+ir1(s,t)]

Then in polar coordinates we have:

η̃(s, t) =
−1

2π
e−2π[c0+ic1][a1 + [β1(s, t)− 1]a1 + β1(s, t)g(e−2π(s+it))]
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From the decay property of r0, it follows that

|∂α[β1(s, t)− 1]| ≥ C · e2−πs| |∂αβ1(s, t)g(e−2π(s+it))| ≤ Ce−2πs

for |α| ≤ m and some fixed C sufficiently large. In particular this means that η̃ de-

composes as η̃ = h(s, t) + d where h ∈ Hm,δm0 and d ∈ R × S1. Thus, it follows in a

neighborhood of x, η̃ ∈ Hm,δm0 . Similarly, near x ∈|HD|, we have:

η̂(x) =
∑
k≥1

bkx
k = x[b1 + f(x)]

where f(x) is the holomorphic function f(x) =
∑

k≥2 bkx
k−1. Set

β2(s, t) = e−πb[b1 + [β2(s, t)− 1] + β2(s, t)f(e−π(s+it))]

On R+ × [0, 1] we have:

η̃(s, t) = π[b1 + f(e−π(s+it)]

From the decay property of w it follows that

|∂α[β2(s, t)− 1]| ≤ C · e−πs, |∂α[β2(s, t)f(e−π(s+it))]| ≤ C · e−πs

for |α| ≤ m. In particular this means that η̃ decomposes as η̃ = k(s, t)+c where k ∈ Hm,δm1
real

and c ∈ R. Thus in a neighborhood of x, η̃ ∈ H
m,δm1
c, real. We see that η ∈ Γm,δ

m
0 ,δ

m
1 and

F (e, η) = ξ. Observe F is semi-Fredholm, following Proposition 7.3.2. In particular, the

image of F is closed. The surjectivity of F follows from the fact that the set of sections

ξ having compact support outside of |D|∪|HD| is dense in Hm−1,δm−1
0 ,δm−1

1 . �

We have the following by the classical Banach space implicit function theorem:
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Corollary 8.6.2. There exists an open subset K ⊂ JD2,j and a uniquely defined contin-

uous map

g : K → V ×B3,δ00 ,δ
0
1(S)

k → (g1(k), g2(k))

which satisfies:

∂k,g1(k)expIdentityg2(k) = 0 �

Proposition 8.6.13. The section ∂core × ∂neck is sc-Fredholm.

Proof: Smoothness of ∂core × ∂neck follows from Proposition Propositions 8.6.9 and

8.6.10. It suffices to check the conditions of Theorem 7.0.1. To verify Condition (1) we

can proceed as in Section 7.3, with Proposition 8.6.12 taking the place of Lemma 7.3.1

and directly calculate that the Fredholm index is constant for parameters near 0 as in

Proposition 7.3.3.

Condition (2) follows from Proposition 8.6.9 and Proposition 8.6.11.

Condition (3) follows from Proposition 8.6.9 and Proposition 8.6.11. �

Proposition 8.6.14. The diagram below is commutative:

V ×W × Im (Id ×ρ× π̂) E

V ×W × Tfiber V ×W ×S

Θ

�◦glue

∂core×∂neck ∂

259



Proof: First we consider ∂ ◦� ◦ glue :

(v, w, a, η, (h+, h−))
glue−→ (v, w,�(a, glue(η, h+, h−))

�−→ (v, w,� ◦ glue(a, η, h+, h−)))

∂−→ (v, w,�(a, glue(η, h+, h−)), ∂k(w),j(v) � (a, glue(η, h+, h−)))

Going the other way around the diagram, we consider the principal part of Θ ◦ ∂core ×

∂neck :

(v, w, a, η, (h+, h−))
∂core×∂neck−→

(I2(w, expIdentityη(z), z) ◦ ∂k(w),j(v)expIdentityη ◦ I1(v, z)−1, ξ+, ξ−)
Θ−→ θ

where (ξ
+
, ξ
−

) is defined by:

⊕
a{x,y}

(ξ+
{x,y}, ξ

−
{x,y}) =

1

2
·(T�a((s, t)+h+, (s′, t′)+h−)+i◦T�a((s, t)+h+, (s′, t′)+h−)◦i)· ∂

∂s

	̂a(ξ+
{x,y}, ξ

−
{x,y}) = 0

and θ is defined on the core by:

θ|S
core, 12

:= I2(w, z, expIdentityη(z))

◦I2(w, expIdentityη(z), z) ◦ ∂k(w),j(v)expIdentityη(z) ◦ I1(v, z)−1 ◦ I1(v, z)

= ∂k(w),j(v)expIdentityη(z)

and on the neck (in positive coordinates) by

Tk−1
b{x,y}

◦ θ ◦ Tha{x,y} ·
∂

∂s
|Za{x,y} (s, t) :=

⊕
a{x,y}

(ξ+
{x,y}, ξ

−
{x,y})(s, t)
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=
1

2
· (T �a ((s, t) + h+, (s′, t′) + h−) + i ◦ T �a ((s, t) + h+, (s′, t′) + h−) ◦ i) · ∂

∂s

= Tk−1
b{x,y}

◦ ∂k(b,w),j(a,v) � (a, glue(η, h+, h−)) ◦ Tha{x,y}

The claim follows. �

Corollary 8.6.3. The section ∂ : V ×W ×S|Im � ◦glue→ E is sc-Fredholm. �

By Propositions 8.6.12, 13.0.1 (which is proved in Appendix 6), and Corollary 8.6.3:

Corollary 8.6.4. Suppose j : V → JD1,j is a germ around the origin parametrizing a

good family such that j(0) = j and k : W → JD2,j is a finite-dimensional smooth family

such that k(0) = j. Then there exists a unique sc-smooth map

F : O ⊂ V ×BD → V ×W ×S

F (a, v) = (f(a, v), v, a, b(a, v), φ(a,v))

φ(a,v) : (Sa, k(a, v),Ma, Da)→ (Ŝb(a,v), j(b(a, v), f(a, v)),Mb(a,v), Db(a,v))

defined on a small open neighborhood O of (0, 0) and satisfying F (0, 0) = (0, 0, 0, 0, Identity)

and

∂j(b(a,v),f(a,v)),k(a,v)φ(a,v) = 0 �

8.7 Corollaries of the sc-Fredholm Property

We finally present the proof of Theorem 2.4.1:

Theorem 2.4.1 (compare Theorem 2.19 [HWZ1]) Fix a good family (a, v)→ α(a,v)
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1. Consider the family (b, k, σ) → β(b,k,σ) of noded Riemann surfaces with boundary,

where (b, k, σ) ∈ B 1
2
× UD′ × V (M ′) and suppose that we have an isomorphism:

ψ : β(0,j′,σ0) = (S ′, j′,M ′(σ0), D′)→ (Sa0 , j(a0, v0),Ma0 , Da0) = α(a0,v0)

for some parameter (a0, v0). Then there exists a uniquely determined core-continuous

germ

(b, k, σ)→ µ(b, k, σ) = (a(b, k, σ), w(b, k, σ))

defined for (b, k, σ) near (0, j′, σ0) which satisfies µ(0, j′, σ0) = (a0, v0) and a core-continuous

germ (b, k, σ)→ φ(b, k, σ) of isomorphisms

φ(b, k, σ) : β(b,k,σ) → αµ(b,k,σ)

between the noded Riemann surfaces with boundary satisfying φ(0, j′, σ0) = ψ.

2. Also if w → k(w) is a smooth family of complex structures on S ′, with k(0) = j′

then the family (b, w, σ)→ φ(b, k(w), σ) of isomorphisms

φ(b, k(w), σ) : β(b,k(w),σ) → αµ(b,k(w),σ)

is core-smooth.

Proof: We begin with Claim 1. We will first assume M(σ) = M(σ0) for all σ ∈ V (M)

and treat the general case afterwards. Consider the map:

ψ : (S ′, j′,M ′(σ0), D′)→ (S, j,M,D)
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Choose a finite dimensional good family w → k(w) of complex structures on S ′ such that

k(0) = ψ∗j = j′ and satisfies k(w)|ψ−1D = j′|D. Further, consider the family of glued

surfaces

(b, w)→ (S ′b, j
′(b, w),M ′(σ0)b, D

′
b), for b ∈ N(D′), w ∈ W

By Corollary 8.6.4 we have a uniquely defined sc-smooth map

F : O ⊂ BD ×W → V ×W ×O

F (a, w) = (f(a, w), w, a, b(a, w), φ(a,w))

defined on a small open neighborhood O of the origin and satisfying F (0, 0) = (0, 0, 0, 0, Identity)

and

∂k(b(a,w),w),j(a,f(a,w))φ(a,w) = 0

where

φ(a,w) : (S ′a, j
′(a, w),M ′(σ0), D′a)→ (Ŝ ′b(a,w), k(b(a, w), f(a, w)),M ′(σ0), ψ−1Db(a,w))

For (b, w) ∈ N(D′)×W we have biholomorphisms

ψb : (Ŝ ′b, j
′(b, w),M ′(σ0)b, φ

−1Db)→ (Sb, j(b, w),M(σ0)b, Db)

We set φ(c, k, σ0) := ψb(c,w) ◦ φc,w. For fixed σ0, the continuity and uniqueness properties

follow from Corollary 8.6.4.

Now consider a general triplet (a, v, σ) ∈ BD′ × U|D′| × V (M). Choose a smooth family
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of isotopies

φM(σ)→M(σ0) : (S ′,M(σ0))→ (S ′,M(σ))

for σ ∈ V (M ′) such that φM(σ)→M(σ0)(M(σ0)) = M(σ). Consider the open subset O′ ⊂

U|D′| × V (M) consisting of pairs (k, σ) such that φ∗M(σ)→M(σ0)k ∈ O and φM(σ)→M(σ0) is

supported away from D′. By construction, we have a biholomorphism:

φ−1
M(σ)→M(σ0) : (S ′, k,M(σ), D′)→ (S ′, φ∗M(σ)→M(σ0)k,M(σ0), D′)

Finally set φ(b, k, σ) := φ(b, k, σ0) ◦ φ−1
M(σ)→M(σ0).

Claim 2 follows similarly. �

Corollaries 8.7.1 and 8.7.2 below follow from Theorem 2.4.1:

Corollary 8.7.1. Let O be as in Definition 2.3.1. Consider the map

Ψ : O→ DMg,h,Mi,Mb

given by:

(a, v)→ [(Sa, j(a, v),Ma, Da)]

Then Ψ is an open map. �

Corollary 8.7.2. (compare Theorem 3.15 [HWZ3]) Let α = (S, j,M,D) be a sta-

ble noded surface with automorphism group G and let v → j(v), v ∈ V ⊂ E be a good

family. Then there exists:

a. A C∞ open neighborhood U of JD,j, and
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b. An open G-invariant neighborhood V ′ of 0 ∈ E, with V ′ ⊂ V

c. A small open subset BD(ε) ⊂ BD

such that:

1. For every g ∈ G there exists a smooth map

Φg : BD(ε)× U → V ′ ×S

(a, k)→ (Φ1
g(a, k),Φ2

g(a, k))

determined by the requirement

Φg(0, j) = (0, g) and ∂j(Φ1
g(a,k)),kΦ

2
g(a, k) = 0

2. For every solution (k, v, u) of

∂j(v),ku = 0

with (a, k) ∈ BD(ε)× U, v ∈ V, and u ∈ S there exists a unique g ∈ G such that

Φg(a, k) = (v, u) �

Theorem 2.3.1 Existence of Good Uniformizing Families For each stable noded

Riemann surface α = (S, j,M,D) there exists a good uniformizing family

(a, v)→ α(a,v), (a, v) ∈ O
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Proof: Let V parametrize a good family. Its existence is guaranteed by Proposition

2.1.4. Let BD(ε) ⊂ BD and V ′ ⊂ V be sufficiently small open neighborhoods of BD and

V , respectively. Consider the associated family

(a, v)→ α(a,v), (a, v) ∈ BD(ε)× V ′

Property 4 holds by construction. The verification of properties 1− 3 is given below:

Proof Property 1 (compare Lemma 3.17 [HWZ3]) Recall that the topology on

DMg,h,Mi,Mb
is generated by subsets of the form:

V (α, U,D, ε) := {[Sa, ka,Ma, Da] | k ∈ U, k = j on |D|, |a| < ε}

Thus to show

U = {[α(a,v)] : (a, v) ∈ O}

is open, it is enough to show the existence of a C∞ neighborhood U ⊂ JD,j of j(v0) such

that for every pair (a, k) ∈ BD(ε)× U there exists a pair (a′, v) ∈ BD × V ′ such that

[Sa′ , j(a
′, v),Ma′,Da′ ] = [Sa, ka,Ma, Da]

The existence of (a′, v) follows directly from Theorem 2.4.1. �

Proof of Property 2 The argument establishing Property 1 shows that [p] is an open

map. Surjectivity follows from Theorem 2.4.1. Thus it is enough to show that [p] is

injective. This follows from Property 3.
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Proof of Property 3 By Corollary 8.7.2, there is a unique morphism α(a,v) → α(a′,v′)

in a neighborhood of g : α(0,0) → α(0,0). By Lemma 2.2.1 the unique morphism is ga.���

Theorem 2.3.2 With respect to the exponential gluing profile, the object set Tg,h,Mi,Mb
is

a smooth manifold with boundary. The morphism sets M(Gλ, Gλ′) are also smooth man-

ifolds with boundary. The structure maps are sc-smooth, and (T,T) is an ep-groupoid.

These charts realize DMg,h,Mi,Mb
as a smooth orbifold.

Proof of Theorem 2.3.2 Recall the morphism sets M(Gλ, Gλ′):

M(Gλ, Gλ′) := {((a, v), φ, (a′, v′)) : (a, v) ∈ Oλ, (a
′, v′) ∈ Oλ′ , φ : Sa,v → S ′a′,v′ is an equivalence }

By Corollary 8.6.4, we know that the source and target maps:

s : M(Gλ, Gλ′)→ Oλ ((a, v), φ, (a′, v′))→ (a, v)

t : M(Gλ, Gλ′)→ Oλ′ ((a, v), φ, (a′, v′))→ (a′, v′)

are smoothly compatible local bijections. Thus, M(Gλ, Gλ′) is a manifold with boundary,

with smooth structure inherited from the source and target maps. The verification of

the smoothness of the inverse, unit, and multiplication maps follow in a straightforward

manner. The properness property follows from Gromov-Compactness. �

8.8 Technical Results on Families of Holomorphic Maps

We summarize the set up of Theorem 1.46 [HWZ0], detailed in [HWZ0] pages 42-45:

Denote by Γ the collection of pairs (a, b) of complex numbers such that a · b 6= 0 and

|a|, |b| < 1
2
. Denote by X the set consisting of all tuples (a, b, w) such that (a, b) ∈ Γ and
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w : Za → Zb is an H3 diffeomorphism of cylinders satisfying w(p±a ) = p±b . Here the points

p±a are specified by the rule that p+
a = [(0, 0)] and p−a = [(0′, 0′)], and p±b are defined

similarly.

Proposition 8.8.1. (compare Proposition 1.42 [HWZ0]) The space X admits a

natural second countable paracompact topology. X also admits a natural M -polyfold

structure where the mth level consists of H3+m diffeomorphisms. �

Consider the set of maps D
3,δ00
cyl which consists of the pairs (u+, u−) of C1 diffeomorphisms

u± : R± × S1 → R± × S1 such that:

1. The maps u± admit H3
loc regularity

2. There exist constants (d±, θ±) ∈ R×S1 and a map r± ∈ H3,δ00(R±×S1,R2) such that

u±(s, t) = (s+ d±, t+ θ±) + r±(s, t)

3. u±(0, 0) = (0, 0)

Consider also the completion:

X := X
⊔

D
3,δ00
cyl

Theorem 8.8.1. (compare Theorem 1.43 [HWZ0])X admits a natural paracompact

topology, extending that of X. �

Consider the circle S1
2 of radius 2. We can carry out the argument for Theorem 1.46

[HWZ0] adapted to the situation in which R× S1, R±× S1
2 , and [0, R]× S1 are replaced

with R × S1
2 , R± × S1

2 , and [0, R] × S1
2 , respectively. The following result is a slight

modification of Theorem 1.46 [HWZ0]:
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Theorem 8.8.2. (compare Theorem 1.46 [HWZ0]) Consider a family of complex

structures (R+×S1, j(v)(s, t)), v ∈ V such that j(v)(s, t) = i for s ≥ s0, for some s0 > 0.

Let (v0, 0) ∈ V ⊕ C be fixed and let

(a, v)→ b(a, v) and (a, v)→ w(a, v)

be a family of holomorphic maps defined on some small open neighborhood O(v0, 0) ⊂

V ⊕ C, containing (v0, 0), such that

w(a, v) : (Za, j(a, v), p+
a , p

−
a )→ (Zb(a,v), i, p

+
b(a,v), p

−
b(a,v))

is a biholomorphic map between cylinders if a 6= 0.

Then given a constant ∆ > 0, on a possibly restricted neighborhood O(v0, 0), there

exists a map

(a, v)→ w̃(a, v) ∈
⋂

m≥3,0<ε<π

Dm,ε

such that for every m ≥ 3 and every 0 < ε < π the map

(a, v)→ w̃(a, v) ∈ Dm,ε

is smooth and satisfies

w̃(a, v)(s, t) = w(a, v)(s, t)

for all (s, t) ∈ [0, 1
2
φ(|a|) + ∆]× S1

2 . In addition,

w̃(a, v)(s, t) = (s+ d(a,v), t+ t(a,v))
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for s ≥ s(a), that is, for large s where large depends on the gluing parameter a. �

Note that ε in the statement of the modified version of Theorem 1.46 [HWZ0], is con-

strained 0 < ε < π since the diameter of the cylindrical ends has been adjusted from 1

to 2.

Theorem 8.8.3. (compare Theorem 1.46 [HWZ0]) Consider a family of complex

structures (R+ × [0, 1], j(v)(s, t)), v ∈ V such that j(v)(s, t) = i for s ≥ s0, for some

s0 > 0. Let (v0, 0) ∈ V ⊕ R+ be fixed and let

(v, a)→ b(v, a) and (v, a)→ w(v, a)

be a family of maps defined on some small open neighborhood O(v0, 0) and where

w(v, a) : (HZa, j(a, v))→ (HZb(v,a), i)

is the associated biholomorphic map between the strips if a 6= 0.

Then given a constant ∆ > 0, on a possibly restricted neighborhood O(v0, 0), there

exists a map

(a, v)→ w̃(a, v) ∈
⋂

m≥3,0<ε<π

Dm,ε

such that for every m ≥ 3 and every 0 < ε < π the map

(a, v)→ w̃(a, v) ∈ Dm,ε

is smooth and satisfies

w̃(a, v)(s, t) = w(a, v)(s, t)
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for all (s, t) ∈ [0, 1
2
φ(|a|) + ∆]× I. In addition,

w̃(a, v)(s, t) = (s+ d(a,v), t)

for s ≥ s(a), that is for large s where large depends on the gluing parameter a.

Proof of the Theorem: Consider the complex doubles of the maps w(a, v)

w(a, v)D : (ZD
a , j(a, v)D)→ (ZD

b(a,v), i)

defined between cylinders of radius 2. By construction w(a, v)(p±a ) = p±b . The claim

follows from Theorem 8.8.2 �

9 Appendix 2: Bubbling-Off Analysis

Lemma 9.0.1. (compare Lemma 3.4 [HWZ1]) We consider the bordered stable

map (S, j,M,D, u) and two sequences of maps, uk, u
′
k ∈ H3,δ0,δ1(S,Q), from the noded

Riemann surface with boundary S into the symplectic manifold Q converging to u in C0.

We assume that (ak, vk)→ (0, 0) ∈ O and (bk, wk)→ (0, 0) ∈ O and that

φk : (Sak , j(ak, vk),Mak , Dak ,⊕ak(uk))→ (Sbk , j(bk, wk),Mbk , Dbk ,⊕bk(u′k))

is a sequence of isomorphisms. Then there is a subsequence of φk which converges in C∞loc

away from the nodes to an automorphism φ0 of (S, j,M,D, u).
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Proof Assume for sake of contradiction that there exists a subset zk ∈ Sk satisfying

Rk = |∇φk(zk)| → ∞

First we consider the case that the sequence zk stays at a finite distance to the core of

the sequence Sak . There are 3 cases to consider:

(1) The sequence of images (φk(zk)) is contained in a strip-like neck N ′k of Sbk asso-

ciated with a nodal pair {x′, y′} ∈ Db and dist(φk(zk), ∂N
′
k)→∞.

(2) The sequence of images (φk(zk)) is contained in the cylindrical neck Nk of Sbk asso-

ciated with the nodal pair {x, y} ∈ Di and dist(φk(zk), ∂Nk)→∞.

(3) The sequence of images (φk(zk)) lies at a finite distance to the core region of the

sequence Sbk .

Let’s consider case (3) first. Since zk stays at a finite distance to the core, there ex-

ists k′ sufficiently large such that we can assume zk ∈ Sak0 for some fixed k0, for all

k ≥ k′. For simplicity, will refer to Sak0 by S. If zk converges to a point in the interior,

the analysis in Lemma 3.4 [HWZ1] is sufficient to derive a contradiction. Let’s suppose

that zk converges to a point z∗ ∈ ∂S. By Hofer’s Lemma [H] there exist sequences (εk)

and (zk) satisfying:

εk → 0, Rkεk →∞

|∇φk(z)| ≤ 2Rk if |z − zk| ≤ εk

Choose a coordinate chart ψ : B1∩H+ → S, satisfying ψ(0) = z∗. We identify the points
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zk ∈ S with their preimages under the coordinate chart ψ and work in local coordinates

induced by ψ. There are two subcases to consider:

(3a)

Im zkRk →∞

(3b)

Im zkRk → l ∈ [0,∞)

Let’s consider (3b) first. Consider the reparametrizations

φ̃k(z) = φk(Re zk +
z

Rk

)

defined for |z| ≤ εkRk. Observe that φ̃k satisfies

|∇φ̃k(Im zk ·Rk)| = 1 (9.0.1)

|∇φ̃k(z)| ≤ 2 (9.0.2)

for all z ∈ BεkRk ∩H+. Let K ⊂ H+ be a compact subset of H+. For k sufficiently large,

K is contained in BεkRk(0) ∩ H+. Since φ̃k(0) = φk(Re zk) → φk(zk) = z∗ as k → ∞,

and we have uniform Ck bounds for every k ≥ 1 ([A]). By the Ascoli-Arzela theorem,

there exists a subsequence converging to a map φ : H+ → S in C∞loc. The map φ is

holomorphic and non-constant by (9.0.1). By removal of singularities, φ extends to a

map φ : H+ ∪ {∞} ∼= B1 → S.

Note also that φ(∂B1) ⊂ ∂S. By Schwarz reflection, we can double φ to a map φd :

S2 → Sd, where Sd is the double of S. The image of the map φd lands in a connected,
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compact component Cd of Sd. Non-constant holomorphic maps are open, and the image

of φd is closed (since the domain is compact) so the image of φd is all of Cd. By Riemann-

Hurwitz, this means Cd is a sphere. Therefore, the original map φ itself surjects onto a

disk component. The maps φk map special points to special points. The image of the

map φd can contain two marked points if z∗ is a boundary marked point and only one

if z∗ is not a boundary marked point. In either case, this implies that C is not a stable

component of S.

Thus, the stability hypothesis implies that
∫
C
u∗ω > 0. This means that we may find two

points, p and q inB such that φ(p) and φ(q) are distinct and satisfy dist(u′(φ(p)), u′(φ(q))) >

0. By assumption, the maps φk satisfy ⊕bk(u′k) ◦ φk = ⊕ak(uk). At finite distance to the

core, for sufficiently large k, ⊕bk(u′k) = u′k and similiarly for (uk) so we have u′k ◦φk = uk

at finite distance to the core, for sufficiently large k. We set the reparametrization maps

τk : BεkRk ∩H+ → B1, given by τk(z) = Re zk + z
Rk
. We consider the calculation:

0 < dist(u′ ◦ φ(p), u′ ◦ φ(q))

= limk dist(u′k ◦ φk ◦ τk(p), u′k ◦ φk ◦ τk(q))

= limk dist(uk ◦ τk(p), uk ◦ τk(q))

= dist(u(Re zk), u(Re zk)) = 0

This is, of course, a contradiction.

Now we examine case (3a). Again, we employ Hofer’s Lemma to find a sequence εk

274



and a replacement sequence for the (zk) which satisfies:

εk → 0, Rkεk →∞

|∇φk(z)| ≤ 2Rk if |z − zk| ≤ εk

Consider the reparametrized maps

φ̃k(z) = φk(zk +
z

Rk

)

which we consider to be defined on

Ωk := {z ∈ C : Im z ≥ − Im zkRk}

Observe

|∇φ̃k(z)| = 1

|Rk|
|∇φk(zk +

z

Rk

)|

So we have

|∇φ̃k(0)| = 1

and

|∇φ̃k(z)| ≤ 2

for z ∈ BεkRk(0) ∩ Ωk and

φ̃k(0) = φk(zk)→ z∗∗

as k → ∞. For any compact subset K ⊂ C, for some k′ sufficiently large, we have

K ⊂ Ωk, for all k ≥ k′. We also have C0 and C1 bounds, as before. Thus we have

C∞loc bounds, and by Ascoli-Arzela we have a C∞loc convergent subsequence converging to
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a map φ̃ : C→ S. By removal of singularities, we have a map φ : S2 → S. By a similar

but simpler argument using Riemann-Hurwitz and so on, we derive a contradiction as in

case (3b).

Now we move to case (1). We recall that this means that we suppose that:

The sequence of images (φk(zk)) is contained in the strip-like neck N ′k of Sak associ-

ated with the nodal pair {x′, y′} ∈ D and dist(φk(zk), ∂N
′
k)→∞.

First we suppose z ∈ ∂S. We have the following subcases:

(1a)

Im zkRk →∞

(1b)

Im zkRk → l ∈ [0,∞)

Consider case (1a). Note that since (φk(zk), ∂N
′
k)→∞, we can identify the target of φk

with R× [0, 1] for k sufficiently large. Thus we can represent the functions φk as a tuple

φk(z) = (ak(z), θk(z)) ∈ R× [0, 1]

Assume we’ve made the appropriate replacements coming from Hofer’s Lemma. We

define the reparametrizations as follows:

φ̃k(z) = (ak(zk +
z

Rk

)− ak(zk), θk(zk +
z

Rk

))
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We take the domain of φ̃k to be

Ωk := {z ∈ BεkRk : Im z ≥ −zkRk}

The reparametrizations φ̃k satisfy

|∇φ̃k(0)| = 1

and

|∇φ̃k(z)| ≤ 2

if |z| ≤ εkRk. We have φ̃k(0) = (0, θk(zk)) which converges on a subsequence since [0, 1] is

compact. This fact and the gradient bounds imply we have C∞loc bounds and by the Arzela-

Ascoli theorem a C∞loc convergent subsequence, converging to a limit φ̃ : C → R × [0, 1]

satisfying

|∇φ̃(0)| = 1

By removal of singularities we can extend φ̃ : S2 → R1 × [0, 1] ∼= H+ ⊂ C. However,

there are no non-constant holomorphic maps into C, so we have reached a contradiction.

Now let’s consider case (1b). Consider the reparametrizations:

φ̃k(z) = φk(Re zk +
z

Rk

)− φk(Re zk)

with domain

Ωk := {z ∈ BεkRk(Im zkRk) ∩H+}
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These reparametrizations satisfy:

|∇φ̃k(0)| = 1

|∇φ̃k(z)| ≤ 2

for z ∈ BεkRk(Im zkRk) ∩ H+. By the standard arguments, these conditions imply the

existence of a subsequence which converges in C∞loc to φ̃ : H+ → R1×[0, 1] ∼= H+ satisfying

|∇φ̃k(0)| = 1

In particular, φ̃ is non-constant and respects the real boundary conditions. Doubling φ̃,

we get a map φ̃d : C → C. By removal of singularities, we can extend φ̃d : S2 → C.

However, this contradicts the non-existence of non-constant holomorphic maps from S2

to C.

The analysis in the case zk converges to a point in intS, follows similarly to the case (1a)

but simpler.

Case (2) follows similarly to case 1, but is simpler.

We have shown that zk cannot stay in finite distance to the core. Therefore, we have

dist(zk, ∂Nk)→∞

Again there are several cases to consider depending on the limiting behavior of the

sequence φ(zk). The analysis ruling each of these cases out follows similarly to what was
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presented above. It follows that bubbling does not occur in the sequence φk, and by

Gromov-Convergence the claim follows. �

Lemma 9.0.2. A morphism Φk ∈M(G,G ′) corresponds to a morphism

φk : (Sak , j(ak, vk),Mak , Dak)→ (S ′a′k , j
′(a′k, v

′
k),M

′
a′k
, D′a′k)

Given the hypothesis of the theorem we have:

supz∈Sak−|Dak |,k≥1||Tφk(z)|| <∞

Proof: Suppose for sake of contradiction that there is a subsequence of points ck ∈

Sak−|Dak | such that

||Tφk(ck)|| → ∞

We consider three cases:

(1) The sequence of images (φk(zk)) is contained in the boundary neck N ′k of S ′k asso-

ciated with the nodal pair {x′, y′} ∈ Db and dist(φk(zk), ∂N
′
k)→∞.

(2) The sequence of images (φk(zk)) is contained in the interior neck N ′k of S ′k as-

sociated with the nodal pair {x′, y′} ∈ Di and dist(φk(zk), ∂N
′
k)→∞.

(3) The sequence of images (φk(zk)) lies at a finite distance to the core region of S ′k.

Consider Case (3) first. There are two subcases:

3a. The points ck also lie in finite distance to the core.
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3b. The points ck do not lie in finite distance to the core.

Consider case (3a) first. If this case holds, observe that ck converges to the bound-

ary or to an interior point. Suppose ck converges to a point on the boundary. Then there

are two cases to consider:

(3a.1)

Im ckRk →∞

(3a.2)

Im ckRk → l ∈ [0,∞)

As in Lemma 9.0.1, bubbling off analysis of Case (3a.1) results in a non-constant injective

holomorphic map ψ : S2 → S ′a′k
which has as its image a spherical component S of S ′a′0

.

The component S contains at most one interior marked point from M ′
a′0

and no nodal

points. Thus S is an unstable component, and must contain a stabilization point z′0 ∈ Σ′.

The following discussion occurs in finite distance to the core so we may canonically

identify the maps in question below as defined on fixed surfaces which are independent of

k. By definition of stabilization point, there exists a disk-like neighborhood D′a′0
centered

at z′0 with smooth boundary ∂D′a′0
such that the maps u′k : D′a′0

→ Q are embeddings. By

hypothesis we know u′k → u′0 and ||Tφk(ck)|| → ∞. Set z1′

k := φk(z
1
k) and z2′

k := φk(z
2
k).

Then we can find two sequences (z1
k) and (z2

k) on the same component of Sak , with the

properties:

(∗) dak(z
1
k, z

2
k)→ 0 as k →∞

(∗∗) z1′

k = z′0 and z2′

k ∈ ∂D′a′0
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The maps u′k are embeddings when restricted to the embedded disks D′a′0
= D′a′k

. Thus

by (∗∗), the distances dQ(u′k(z
′
0), u′k(z

2′

k )) are bounded away from 0 as k approaches ∞.

However, by (∗) assumption 2.2 in Section 1.5, the distances dQ(uk(z
1
k), uk(z

2
k)) approach

0 as k →∞. But of course this is impossible since u′k ◦ φk = uk implies

dQ(u′k(z
′
0), u′k(z

2′

k ) = dQ(uk(z
1
k, uk(z

2
k))

When we are in case (3a.2), we have a disk bubbling off. A similar analysis in this im-

plies that it’s image must be unstable, must contain a stabilization point, and we derive

a contradiction similarly to case (3a.1).

Now consider case 3b. In this case, the ck do not lie in finite distance to the core. Fix

k ≥ 0 sufficiently large. Then a bubbling off analysis produces either a map ψ : S2 → Sak

or a φ : H+ → Sak depending on whether ck limits to an interior point or boundary point.

Furthermore, if ck limits to a boundary point, the nature of the bubbling depends on the

rate at which Im zkRk grows. I.e,

Im ckRk →∞ implies sphere bubbling

Im ckRk → l ∈ [0,∞) implies disk bubbling

We reach a contradiction in all cases, arguing similarly as in (3a).

Now consider Case 1. Further, suppose the points ck lie in finite distance to the core.

Then bubbling off analysis results in, depending on the limiting behavior of ck, we get

281



one of two injective, non-constant maps

ψ : C→ R× [0, 1] ∼= H+ ↪→ C

where H+ is the upper-half plane or a map

φ : H+ → R× [0, 1] ∼= H+

The map ψ leads to a contradiction since by removal of singularities we can extend ψ

to a map a non-constant map ψ : S2 → C, which is impossible. The map φ leads to

a contradiction since we can double it to a map φd : C → C. The map φd admits an

extension to S2, which again leads to a contradiction.

Now suppose ck does not lie in finite distance to the core. If ck belongs to an interior neck

for sufficiently large k, bubbling off analysis results in a non-constant holomorphic map

C→ R× [0, 1] ∼= H+. However, this is impossible. Thus we may assume ck belongs to a

boundary neck for all k. Then the bubbling off analysis results in either a non-constant

injective holomorphic C → H+ or a non-constant holomorphic map H+ → H+. These

lead to contradictions as before.

Case 2 follows similarly to [HWZ1]. �

10 Appendix 3: Extension Operator

We establish properties of an extension operator for functions on R+ × I:

Lemma 10.0.1. Let S1
2 denote the circle of radius 2 with principal coordinates θ ∈ [0, 2).
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There exists an sc-linear extension operator E : H3,δ(R+ × [0, 1],RN) → H3,δ(R+ ×

S1
2 ,RN) such that E(u)(s, θ)|R+×I = u(s, θ) for θ ∈ [0, 1], is sc-linear.

The following lemma is necessary:

Lemma 10.0.2. There exists a sequence of real numbers {ak}∞k=0 such that for every

nonnegative integer n we have

∞∑
k=0

2nkak = (−1)n (10.0.1)

and
∞∑
k=0

2nk|ak| <∞ (10.0.2)

Proof: See [Ad] Lemma 4.27. �

We define the constant K(n) for each natural number n by

K(n) :=
∞∑
k=0

2nk|ak| <∞

Proof of Lemma 10.0.1: We modify the proof in Lemma 4.28 [Ad] to include expo-

nential weights. Let {ak}∞k=0 be the sequence from Lemma 10.0.2, and let f : R→ R be

a smooth function such that f(t) = 1 on −1
8
≤ t ≤ 1

8
and f(t) = 0 if |t| ≥ 1

4
.

Fix δ > 0. First we show how to extend φ ∈ H3+m,δ(R+ × [0, 1],RN) to a map

E ′φ ∈ H3+m,δ(R+ × [−1
2
, 1],RN) defined by

E ′φ(s, t) = φ(s, t) if (s, t) ∈ R+ × [0, 1] (10.0.3)

E ′φ(s, t) =
∞∑
k=0

akf(−2kt)φ(s,−2kt) if (s, t) ∈ R+ × [−1

2
, 0] (10.0.4)

283



The conditions on the support of f ensure that E ′φ is a well-defined everywhere and a

priori smooth away from points in R+ × {0}. By Lemma 10.0.2 we have:

∞∑
k=0

ak = 1

Therefore, expressions 10.0.3 and 10.0.4 agree along their domain of intersection. We

will use Line (10.0.2) to verify that the higher derivatives calculated according to the

expressions 10.0.3 and 10.0.4 agree along R+ × {0}. Let α = (α1, α2) ∈ N × N and let

Dα denote the derivative ( ∂
∂s

)α1 · ( ∂
∂t

)α2 . Assume φ is smooth. By direct calculation, we

have for (s, t) ∈ R+ × [−1
2
, 0] :

DαE ′φ(s, t) =
∞∑
k=0

ak

α2∑
j=0

(
α2

j

)
(−2k)α2f (α2−j)(−2kt)D(0,j)D(α1,0)φ(s,−2kt) =

∞∑
k=0

ψk,α(s, t)

where

ψk,α(s, t) = ak

α2∑
j=0

(
α2

j

)
(−2k)α2f (α2−j)(−2kt)D(0,j)D(α1,0)φ(s,−2kt)

Note that since f is constant near 0, for t in a sufficiently small open neighborhoodo of

0 (the quantification of ’sufficiently small’ depends on k) we have

ψk,α(s, t) = ak(−2k)α2D(0,α2)D(α1,0)φ(s,−2kt)

Adding all ψk,α(s, t) as k ranges 0 to ∞ we have by Lemma 10.0.2:

DαE ′φ(s, 0) =
∞∑
k=0

ψk,α(s, 0) =
∞∑
k=0

ak(−2k)α2D(0,α2)D(α1,0)φ(s, 0) = Dαφ(s, 0)

Thus DαEφ|R+×{0} = Dαφ|R+×{0} so the extension is smooth.
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Now we show that E is sc0. If |α| ≤ 3 +m then

|ψk,α(s, t)|2e2δ|s| ≤ K(m, f)2|ak|222(3+m)k
∑

|β|≤3+m

|Dβφ(s,−2kt)|2e2δ|s|

where

K(m, f) = 2m+4·|f |C3+m

Observe:

|ψk|H3+m,δ(R+×[−1,0],RN ) ≤
∑

(k,α):|α|≤3+m

|ψk,α|H3+m,δ(R+×[− 1

4∗2k
,0],RN )

≤ K(m, f)|ak|2(3+m)k{
∑

|β|≤3+m

∫
R+×[− 1

4∗2k
,0]

|Dβφ(s,−2kt)|2e2δ|s|ds dt}
1
2

≤ K(m, f)|ak|2(3+m)k{2−k
∑

|β|≤3+m

∫
R+×[− 1

4
,0]

|Dβφ(s,−yk)|2e2δ|s|ds dyk}
1
2

Here yk := 2kt. We have the inequality:

∞∑
k=0

√
2
−k
{
∑

|β|≤3+m

∫
R×[− 1

4
,0]

|Dβφ(s,−yk)|2e2δ|s|ds dyk}
1
2 ≤ 1√

2− 1
·|φ|H3+m,δ(R+×[0,1],RN )

Thus, we have:

∞∑
k=0

|ψk|H3+m,δ(R+×[0,1],RN ) ≤
K(m, f) ·K(3 +m)√

2− 1
·|φ|H3+m,δ(R+×[0,1],RN )

This implies:

||E ′φ||H3+m,δ(R+×[0,1],RN ) ≤ K(m)||φ||H3+m,δ(R+×[0,1],RN )

for K(m) dependent only on m (and f which is fixed). In the preceding analysis we

supposed φ was smooth, however the result extends to arbitrary maps ψ ∈ H3+m,δ(R+×
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[0, 1],RN) by a density argument. Similarly, we can extend E ′φ across the boundary

R+ × {1} to produce a map Eφ ∈ H3+m,δ(R+ × (−1
2
, 1 + 1

2
),RN). We consider Eφ as a

map valued on R+ × [0, 2]/ ∼ := R+ × S1
2 by extension by 0. �

Corollary 10.0.1. Let S1
2 denote the circle of radius 2 with principal coordinates θ ∈

[0, 2). There exists an sc-linear extension operator E : H3,δ(R−× [0, 1],RN)→ H3,δ(R−×

S1
2 ,RN) such that E(u)(s, θ)|R−×I = u(s, θ) for θ ∈ [0, 1], is sc-linear. �

The following extension results are straightforward:

Proposition 10.0.1. (a) There exists an sc-linear extension operator

E1 : H3,δ(R+ × S1,RN)⊕H3,δ(R− × S1,RN)→ H3,δ(R× S1,RN)⊕H3,δ(R× S1,RN)

(b) There exists an sc-linear extension operator

E2 : H3,δ(R+×[0, 1],RN)⊕H3,δ(R−×[0, 1],RN)→ H3,δ(R×[0, 1],RN)⊕H3,δ(R×[0, 1],RN)�

We also have restriction maps:

Proposition 10.0.2. There exists an sc-linear retraction operatorR : H3,δ(R+×S1
2 ,RN)⊕

H3,δ(R− × S1
2 ,RN) → H3,δ(R+ × [0, 1],RN) ⊕ H3,δ(R− × [0, 1],RN) such that R ◦ E =

Identity. �

Consider the sc-linear mutually inverse reparameterization operators:

reparam : H3,δ(R+×S1
2 ,RN)⊕H3,δ(R−×S1

2 ,RN)→ H3,δ(R+×S1,RN)⊕H3,δ(R−×S1,RN)

(u+(·, ·), u−(·, ·))→ (u+(2·, ·), u−(2·, ·))

reparam−1 : H3,δ(R+×S1,RN)⊕H3,δ(R−×S1,RN)→ H3,δ(R+×S1
2 ,RN)⊕H3,δ(R−×S1

2 ,RN)
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(u+(·, ·), u−(·, ·))→ (u+(
1

2
·, ·), u−(

1

2
·, ·))

We define the sc-linear operators:

Ê := reparam ◦ E

R̂ := R ◦ reparam−1

Lastly, we can consider similar extension and restriction operators on the infinite strip

R× [0, 1] and infinite cylinder R× S1, respectively, which are defined similarly to Ê and

R̂:

Ê ′ : H3,δ(R× [0, 1],RN)→ H3,δ(R× S1,RN)

R̂′ : H3,δ(R× S1,RN)→ H3,δ(R× [0, 1],RN)

11 Appendix 4: Basic Analytical Proposition

In this section we discuss the boundary analogue of the following result:

Theorem 1.28 [HWZ0], Theorem 1.29, Lemma 2.14 If πa : E → E denotes

the linear projection of E onto ker	a along ker⊕a, then the map

r : B 1
2
⊕ E → B 1

2
⊕ E

(a, u+, u−)→ (a, πa(u
+, u−))

is an sc-smooth retraction and Dr(0) = Identity. In addition, the map

r̂ : B 1
2
⊕ F → B 1

2
⊕ F
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(a, u+, u−)→ (a, π̂a(u
+, u−))

is an sc-smooth retraction and Dr̂(0) = Identity. �

Consider the spaces

L := L2,δ0(R× S1,RN)

F := H2,δ0(R× S1,RN)

E := H3,δ0(R× S1,RN)

The key technical lemma in proving Theorems 1.28 and 1.29 in [HWZ0] is the following:

Proposition 11.0.1. (compare [HWZ0] Proposition 2.8) The following four maps

Γi : B 1
2
⊕G→ G, i = 1, · · · , 4

where G = L, G = F or G = E are sc-smooth.

(1) Let f1 : R → R be a smooth function which is constant outside of a compact in-

terval so that f1(+∞) = 0. Define

Γ1(a, h)(s, t) = f1(s− R

2
) · h(s, t)

if a 6= 0 and Γ1(0, h) = f(−∞)h if a = 0.

(2) Let f2 : R→ R be a compactly supported smooth function. Define

Γ2(a, h)(s, t) = f2(s− R

2
)h(s−R, t− θ)
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if a 6= 0 and Γ2(0, h) = 0 if a = 0.

(3) Let f3 : R → R be a smooth function which is constant outside of a compact in-

terval and satisfying f3(∞) = 0. Define

Γ3(a, h)(s′, t′) = f3(−s− R

2
)h(s′, t′)

if a 6= 0 and Γ3(0, h) = f3(−∞)h if a = 0.

(4) Let f4 : R→ R be a smooth function of compact support and define

Γ4(a, h)(s′, t′) = f4(−s′ − R

2
)h(s′ +R, t′ + θ)

if a 6= 0 and Γ4(0, h) = 0 if a = 0. �

Consider the spaces:

L′ := L2,δ0(R× S1,RN)

F ′ := H2,δ0(R× S1,RN)

E ′ := H3,δ0(R× S1,RN)

We need the following open version of [HWZ0] Proposition 2.8:

Proposition 11.0.2. (compare [HWZ0] Proposition 2.8) The following four maps

Γ′i : B 1
2
⊕G′ → G′, i = 1, · · · , 4

where G′ = L′, G′ = F ′ or G′ = E ′ are sc-smooth.
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(1) Let f1 : R → R be a smooth function which is constant outside of a compact in-

terval so that f1(+∞) = 0. Define

Γ′1(a, h)(s, t) = f1(s− R

2
) · h(s, t)

if a 6= 0 and Γ′1(0, h) = f(−∞)h if a = 0.

(2) Let f2 : R→ R be a compactly supported smooth function. Define

Γ′2(a, h)(s, t) = f2(s− R

2
)h(s−R, t− θ)

if a 6= 0 and Γ′2(0, h) = 0 if a = 0.

(3) Let f3 : R → R be a smooth function which is constant outside of a compact in-

terval and satisfying f3(∞) = 0. Define

Γ′3(a, h)(s′, t′) = f3(−s− R

2
)h(s′, t′)

if a 6= 0 and Γ′3(0, h) = f3(−∞)h if a = 0.

(4) Let f4 : R→ R be a smooth function of compact support and define

Γ′4(a, h)(s′, t′) = f4(−s′ − R

2
)h(s′ +R, t′ + θ)

if a 6= 0 and Γ′4(0, h) = 0 if a = 0.
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Proof: Consider the commutative diagrams for i = 1, 2, 3, 4 :

B ×G′ G′

B ×G G

Γ′i

Identity×Ê
Γi

R̂

Since all maps in the diagram besides Γ′i are known to be sc-smooth by Proposition

11.0.1, it follows that Γ′i is sc-smooth. �

The following bound is established in [HWZ0] and is used in the proof of [HWZ0] Propo-

sition 2.8:

[HWZ0] Lemma 2.12 Consider the map a → R(a) := e
1
|a| − e, where a =|a| · e−2πiθ.

For every multi-index α = (α1, α2), there exists a constant C such that

|DαR(a)| ≤ C ·R(a) · [ln(R(a))]2|α|

for 0 <|a| < 1
2
. �

Proposition 11.0.3. (compare 1.28 [HWZ0]) Consider the map

Φreal : B 1
2
⊕H3,δ01

c, real(R
+×I,R2n)⊕H2,δ1

c, real(R
−×I,R2n)→ H2,δ1

real(R
+×I,R2n)⊕H2,δ1

c, real(R
−×I,R2n)

given by

(a, ξ+, ξ−)→ π̃(a, ξ+, ξ−)

Φreal is smooth since it is the restriction of Φ′ to the space of maps with real boundary

conditions. It also follows that DΦreal(0) = Identity.
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Proof: Consider the equation:

π̃a(ξ
+, ξ−) = (η+, η−)

Then by direct calculation:

η+(s, t) =
1

2
·(1−βa

γa
(s))·([ξ+]R, real+[ξ−]−R, real)+

β2
a

γa
(s)·ξ+(s, t)+

βa(1− βa)
γa

(s)·ξ−(s−R, t)

where

[ξ+]R,real =

∫
[0,1]

Re ξ+(
R

2
, t) dt, and [ξ−]−R,real =

∫
[0,1]

Re ξ−(−R
2
, t) dt

We prove the sc-smoothness of (a, ξ+, ξ−)→ η+. The sc-smoothness of (a, ξ+, ξ−)→ η−

follows similarly. Set ξ± = c+ r± then:

η+(s, t) = c+
1

2
(1− βa

γa
(s)) · ([r+]R,real + [r−]−R,real)

+
β2
a

γa
(s)r+(s, t) +

βa(1− βa)
γa

(s)r−(s−R, t)

Thus it suffices to show the smoothness of the following maps:

1. Φ1 : H3,δ0
c, real(R+ × I,R2n)→ R2n

ξ+ → c

2. Φ2 : B 1
2
×H3,δ0

c, real(R+ × I,R2n)→ R2n

(a, r+)→ [r+]R,real
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3. Φ3 : B 1
2
⊕ (H3,δ0

c, real(R+ × I,R2n)×H3,δ0
c, real(R− × I,R2n))→ H3,δ0

c, real(R+ × I,R2n)

(a, r+, r−)→ (1− βa
γa

) · ([r+]R,real + [r−]−R,real)

4. Φ4 : B 1
2
⊕H3,δ0

c, real(R+ × I,R2n)→ H3,δ0
c, real(R+ × I,R2n)

(a, r+)→ β2
a

γa
· r+

5. Φ5 : B 1
2
⊕H3,δ0

c, real(R− × I,R2n)→ H3,δ0
c, real(R+ × I,R2n)

(a, r−)→ βa(1− βa)
γa

r−(· −R, ·)

Lemma 11.0.1. (compare [HWZ0] Lemma 2.18) The map Φ1 : H3,δ0
c, real(R+ ×

I,R2n)→ R2n

ξ+ → c

is sc-smooth.

Proof: The map ξ+ → c is sc-linear, thus sc-smooth. �

Lemma 11.0.2. (compare [HWZ0] Lemmas 2.19, 2.20) The map Φ2 : B 1
2
⊕

H
3,δ01
c, real(R+ × I,R2n)→ R2n defined by

Φ2(a, h) =

∫
[0,1]

Re h(
R

2
, t) dt = [h]R,real

for a 6= 0 and Φ(0, h) = 0 for a = 0 is sc-smooth.

In addition, the map Φ3 : B 1
2
⊕(H

3,δ01
c, real(R+×I,R2n)×H3,δ01

c, real(R−×I,R2n))→ H
3,δ01
c, real(R+×
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I,R2n) defined by

Φ3(a, r+, r−) = (1− βa
γa

) · ([r+]R,real + [r−]−R,real)

for a 6= 0 and Ψ(0, r+, r−) = 0 for a = 0 is sc-smooth.

Proof: The argument follows identically to Lemma 2.19 [HWZ0]. The key estimate

used in the argument is

|[∂js(v)]R| ≤ Ce−δm+1
R
2 |v|m+1 (11.0.1)

for j ≤ m, which follows from the Sobolev embedding

|eδm+1·∂js(v)|C0((R
2
−1,R

2
+1)×S1) ≤ C|eδm+1·∂jsv|Hm+3((R

2
−1,R

2
+1)×S1

where C depends only on m. This type of Sobolev estimate continues to hold when S1

is replaced by [0, 1], so we derive the bound:

|[∂jsv]R,real| ≤ C ′e−δm+1
R
2 |v|m+1 (11.0.2)

Using (11.0.2) instead of (11.0.1), the rest of the argument goes through as in Lemma

2.19 [HWZ0].

The key analytic bound with regards to verifying the smoothness of Φ3 is again (11.0.2).

The claim follows by substituting (11.0.1) for (11.0.2) and arguing as in Lemma 2.20

[HWZ0]. �

Lemma 11.0.3. (compare Lemma 2.21 [HWZ0]) The map Φ4 : B 1
2
⊕H3,δ01

c, real(R+ ×
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I,R2n)→ H
3,δ01
c, real(R+ × I,R2n), defined by

Φ4(a, r) =
β2
a

γa
· r

if a 6= 0 and Φ4(0, r) = r if a = 0 is sc-smooth.

Proof: Consider the map Φ : B 1
2
⊕ H

3,δ00
c (R+ × S1,R2n) → H

3,δ00
c (R+ × S1,R2n), de-

fined by

Φ(a, r) =
β2
a

γa
· r

if a 6= 0 and Φ(0, r) = r if a = 0. Consider the commutative diagram:

B ×G′ G′

B ×G G

Φ4

Ê

Φ

R̂

Φ is sc-smooth by Lemma 2.21 [HWZ0], and E and R are sc-smooth by Propositions

10.0.1 and 10.0.2. The claim follows. �

Lemma 11.0.4. (compare Lemma 2.22 [HWZ0]) The map Φ5 : B 1
2
⊕H3,δ01

c, real(R− ×

I,R2n)→ H
3,δ01
c, real(R+ × I,R2n), defined by

Φ5(a, r) =
βa(1− βa)

γa
· r(· −R, ·)

if a 6= 0 and by Φ5(0, r) = 0 if a = 0 is sc-smooth.

Proof: Consider the map Φ : B 1
2
⊕ H

3,δ00
c (R− × S1,R2n) → H

3,δ00
c (R+ × S1,R2n), de-

fined by

Φ(a, r) =
βa(1− βa)

γa
· r(· −R, ·)
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if a 6= 0 and by Φ(0, r) = 0 is a = 0. Consider the commutative diagram:

B ×H3,δ01
c, real(R− × I,R2n) H

3,δ01
c, real(R+ × I,R2n)

B ×H3,δ00
c (R− × S1,R2n) H

3,δ00
c (R+ × S1,R2n)

Φ5

Ê

Φ

R̂

Φ is sc-smooth by Lemma 2.22 [HWZ0], and E and R are sc-smooth by Propositions

10.0.1 and 10.0.2. The claim follows. �

Remark 11.0.1. Observe that:

1. DΦ1(0)ξ+ = c, where ξ± = c+ r±.

2. DΦ2(0)r+ = 0, by the proof of Lemma 11.0.2 and Lemma 2.19 [HWZ0].

3. DΦ3(0)r+ = 0, by the proof of Lemma 11.0.2 and Lemma 2.20 [HWZ0].

4. DΦ4(0)r+ = r+ by the proof of Lemma 11.0.3 and the proof of Lemma 2.21 [HWZ0].

5. DΦ5(0)r− = 0 by the proof of Lemma 11.0.4 and the proof of Lemma 2.22 [HWZ0].

Thus, if we set Φ′(a, ξ+, ξ−) = η+, then DΦ′(0)ξ+ = ξ+. The same holds for the map

(a, ξ+, ξ−)→ η−. In particular Dπ̃(0) = Identity. �

Remark 11.0.2. The discussion above suffices to prove the smoothness of

Φ̂ : B 1
2
⊕H2,δ1(R+×I,R2n)⊕H2,δ1(R−×I,R2n)→ H2,δ1(R+×I,R2n)⊕H2,δ1(R−×I,R2n)
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given by

(a, ξ+, ξ−)→ ̂̃π(a, ξ+, ξ−)

and to establish that DΦ̂(0) = Identity. �

12 Appendix 5: � Gluing

We briefly recall the definition of � in the closed case, following [HWZ0] Section 2.5. For

every a ∈ B 1
2

we define a space Ga as follows:

G0 = E ⊕ {0}

When a 6= 0,

Ga = H3(Za)⊕H3,δ0
c (Ca)

For shorthand, we set Qa = H3(Za) and P a = H3,δ0
c (Ca). The sc-structure filtrations are

the obvious ones. By linear algebra, it follows that the map

�a : (⊕a,	a) : E → Ga

is an sc-linear isomorphism (see Theorem 1.27 [HWZ0]).

Definition 12.0.1. Given a pair (k, δ) ∈ N0 ×R and a map q : Za → R2n we define the

norm ||q||k,δ by

||q||2k,δ :=
∑
|α|≤k

∫
[0,R]×S1

|Dαq([s, t])|2 · e2δ|s−R
2
| ds dt
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We also define the averaging term:

[q]a =

∫
S1

q(
R

2
, t) dt

When Za has boundary we define:

||q||2k,δ :=
∑
|α|≤k

∫
[0,R]×[0,1]

|Dαq([s, t])|2 · e2δ|s−R
2
| ds dt

and the averaging term:

[q]a,real =

∫
[0,1]

Re q(
R

2
, t) dt �

Definition 12.0.2. Given a pair (m, δ) ∈ N0×R and a map p : Ca → R2n with vanishing

asymptotic constants we define:

||p||2m,δ :=
∑
|α|≤m

∫
R×S1

|(Dαp)[s, t])|2 · e2δm|s−R2 | ds dt

In the case Ca has boundary we set:

||p||2m,δ :=
∑
|α|≤m

∫
R×[0,1]

|(Dαp)[s, t])|2 · e2δm|s−R2 | ds dt �

Definition 12.0.3. Given a pair (q, p) ∈ Ga we define the norm:

|(q, p)|Gam :=|[q]a − p∞|2 + eδmR · (|q − [q]a + p∞|23+m−δm+|p̂|23+m,δm)

where p∞ = lims→∞p(s, t) and p̂([s, t]) = p([s, t])− (1− 2βa) · p∞. �
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Remark 12.0.1. If �(η+, η−) = (q, p), then direct calculation reveals:

|(q, p)|2Gam =|c|2 + eδmR · (|⊕̂a(r+, r−)|23+m,−δm+|	̂a(r+, r−)|23+m,δm)

Here [q]a − p∞ = c, η± = c+ r±. �

[HWZ0] Theorem 2.23 For every level m there exists a constant Cm > 0 independent

of |a| < 1
2

so that the total gluing map �a : E → Ga defined by

(η+, η−)→ �a(η+, η−) := (⊕a(η+, η−),	a(η+, η−))

is an sc-isomorphism and satisfies the estimate

1

Cm
·|η|Em ≤|�a (η)|Gam ≤ Cm·|η|Em �

We establish the open analogue of Theorem 2.23 [HWZ0]:

Proposition 12.0.1. For every level m there exists a constant C ′m > 0 independent of

a ∈ [0, 1
2
) so that the total gluing map �a : Ereal → Ga defined by

(η+, η−)→ �a(η+, η−) := (⊕a(η+, η−),	a(η+, η−))

is an sc-isomorphism and satisfies the estimate

1

C ′m
·|η|(Ereal)m ≤|�a (η)|Gam ≤ C ′m·|η|(Ereal)m (12.0.1)

Proof: That �a is an isomorphism follows by linear algebra. We consider the verification
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of (12.0.1): Recall the extension operators

Ê : Ereal → E

Ê ′ : H3,δ
c, real(R× [0, 1],R2n)→ H3,δ

c (R× S1,R2n)

considered in Section 10. We have the chain of inequalities:

1

Km

|Êη|(Ereal)m ≤|η|Em ≤ Km|Êη|(Ereal)m

Suppose for sake of contradiction that for any K > 0 there exists an η ∈ Em with

|η|Em = 1 such that

|�a (η)|(Ereal)m ≥ K·|η|Em

Observe:

Km|�a Êη|Em ≥|�a η|Erealm ≥ K|η| ≥ K

Km

|Eη|Em

Taking K →∞, we contradict [HWZ0] Theorem 2.23. Thus there exists a C ′m > 0 such

that

|� η|Gam ≤ C ′m|η|Em

for all η ∈ Em for which |η|Em = 1. Now suppose for sake of contradiction that for any

K > 0 there exists an η ∈ Em with |η|Em = 1 such that

|η|Em ≥ K|�a (η)|Gam

Observe:

Km|Êη|Em ≥|η|Erealm ≥ K|�a (η)|Gam ≥
K

Km

|�a Êη|Gam
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Again taking K →∞ we reach a contradiction. �

13 Appendix 6: Good Position

The following result is utilized in Appendix 1, as a necessary ingredient for Corollary

8.6.4.

Proposition 13.0.1. The kernel N of DFill ∂core × ∂neck(0) is in good position to the

boundary of T0(V ×W ×BD × Tfiber).

Proof: The good position condition requires the existence of a subspace

P ⊂ T0(V ×W ×BD × Tfiber) = E × E ′ ×N(D)× T ∗fiber

such that

E × E ′ ×N(D)× Tfiber = N ⊕ P

and the existence of ε > 0 such that for n ∈ N, p ∈ P, |p| ≤ ε|n|,

n+ p ∈ C0(E × E ′ ×N(D)× Tfiber) if and only if n ∈ C0(E × E ′ ×N(D)× Tfiber)

Observe:

C0(E × E ′ ×N(D)× Tfiber) = E × E ′ × R+#|Db| × C#|Di| × Tfiber

Now we analyze the kernelN . For the sake of simplicity assume #|Db| = 1 and #|Di| = 0.
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The general case will be clear from what follows. Recall that the operator ∂core × ∂neck

is given by

∂core×∂neck(v, w, a, η, h+, h−) = (I2(w, expIdentityη, z)◦∂k(w),j(v)expIdentityη◦I1(v, z), (ξ+, ξ−))

where (ξ+, ξ−) is specified by:

⊕a(ξ+, ξ−) =
1

2
(T �a ((s, t) + h+, (s′, t′) + h−) + i ◦ T �a ((s, t) + h+, (s′, t′) + h−) ◦ i) · ∂

∂s

	̂a(ξ+, ξ−) =
1

2
(T 	a (h+ − h+

∞, h
− − h−∞) + i ◦ T 	a (h+ − h+

∞, h
− − h−∞) ◦ i) · ∂

∂s

The pair (ξ+, ξ−) is explicitly defined by:

ξ+

ξ−

 =

∂0h
+

∂0h
−

+
β′a
γa
·

 βa βa − 1

1− βa βa

 ·
 h+ − h− − h+

∞ + h−∞

h+ + h− − 2ava(h
+, h−)


when a > 0 and, using Proposition 11.0.2

ξ+

ξ−

 =

∂0h
+

∂0h
−


when a = 0. From the Remark 11.0.1, it follows that the differential of ∂neck is indepen-

dent of a at (a, h+, h−):

D ∂neck(0, 0, 0) · (δa, (δh+, δh−)) = D1 ∂neck(0, 0, 0)(δa, (0, 0))

+D2∂neck(0, 0, 0)(0, (δh+, δh−))
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= (0) +

∂0δh
+

∂0δh
−


In particular, for any (δv, δw, δa, δη, δh+, δh−) ∈ N, we also have (δv, δw, δa′, δη, δh+, δh−) ∈

N, for every δa′ ∈ R#|Db|×C#|Di|. This means that the good position condition is satisfied

for any sc-complement P of N and ε > 0 for which P projects trivially onto N(D). �
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