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Abstract

Let T be a general Enriques surface and let f : S — T be its universal cover. Consider a smooth
curve C C T of genus g > 2, set D := f~1(C), and let C — |C| and D — f*|C| C |D| be the
universal family and the restriction of the universal family respectively. We construct the relative
Prym variety P = Prym(D,C) of D over C and show that it is a (possibly singular) symplectic
variety of dimension 2g — 2. There is a morphism P — |C|, which is a Lagrangian fibration and
whose smooth fibers are (g — 1)-dimensional Prym varieties. We also prove that the smooth locus
of P is simply connected. For any non zero integer x = d — g + 1 we consider the degree d relative
compactified Jacobian N = Jac (|C|) — |C|, with respect to a polarization A on T. If y is such
that the Mukai vector (0, [D],2x) is primitive in H*(S, Z), and A if is general, we prove that N is
smooth. Moreover, under some technical assumption that can be verified for low values of g and
that are expected to be true in general, we show that w1 (N) = Z/(2), that wy = Op, and that

hPO(N) =0 for p # 0,29 — 1.
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Introduction

Moduli spaces of sheaves on K3 surfaces are among the most studied objects in algebraic geometry.
Part of their interesting features is that they inherit the structure coming from the K3 surface
itself. For example, Mukai proved in [47] that the symplectic structure on the surface induces a
holomorphic symplectic structure on the smooth locus of the moduli space. When smooth and
projective, these moduli spaces provide examples of irreducible compact hyperkahler manifolds [9],

[29], [47], [55].

The geometry of irreducible compact hyperkéhler manifolds is rich, and very few examples are
known. One of the reasons why hyperkahler manifolds have attracted much attention is that they
are, together with Calabi-Yau manifolds and complex tori, the building blocks of K&hler manifolds
with trivial first Chern class [9]. Up to deformation equivalence, the only known examples of compact
irreducible hyperkéhler manifolds are the following: in every even complex dimension we have smooth
projective moduli spaces of sheaves on K3 surfaces and (fibers of the Albanese map of) smooth
projective moduli spaces of sheaves on abelian surfaces [9], [29], [47], [55]; in dimension 10 and
6 we find O’Grady’s exceptional examples, which are constructed as a symplectic resolution of the
singularities of some singular moduli spaces of sheaves on a K3 surface [56] and on an abelian surface
[67]. We should also remark that in [32], Kaledin, Lehn and Sorger proved that no new examples can
be obtained by resolving singular moduli spaces. Part of this thesis has grown out of the attempt

of finding new examples of irreducible holomorphic symplectic manifolds [6].

Given a compact irreducible holomorphic symplectic manifold M, a Lagrangian fibration on M is a
proper morphism p : M — B whose general fiber is a Lagrangian submanifold of M. By a theorem of
Matsushita [44], if p : M — B is any proper surjective morphism with connected fibers, and dim M >
dim B, any irreducible component of a fiber of p is a Lagrangian subvariety of M. In particular, p is

equidimensional. In all the known deformation classes there are examples of Lagrangian fibrations.



Given a linear system |L| on a K3 surface S and an integer d, the degree d relative compactified
Jacobian 7 : J4(|L|) — |L| of |L| is a moduli space of sheaves on S, and one can arrange things so
that it is smooth and projective. In this case, it is an irreducible projective holomorphic symplectic
manifold, called the Beauville-Mukai integrable system, and 7 is a Lagrangian fibration. Based on
Sawon’s work [64], it seems reasonable to expect that given a family C — P9 of genus g curves, if the
relative compactified Jacobian J(C) — P9 is an irreducible holomorphic symplectic manifold, then
it is a Beauville-Mukai integrable system. Because of this, to look for new examples it is natural
to try to produce examples of integrable systems whose fibers are not Jacobian of curves but, for
instance, Prym wvarieties or higher weight intermediate Jacobians. In [42] the authors construct
a 4-dimensional singular holomorphic symplectic manifold admitting a Lagrangian fibration whose

fibers are 2-dimensional Prym varieties, and which does not admit a symplectic resolution.

Generalizing [42], in [6] we give a systematic way of constructing Lagrangian fibrations of any even
complex dimension, whose fibers are Prym varieties which, in most cases of the construction, are
not Jacobians of curves. Let f : .S — T be a K3 surface covering an Enriques surface. Let C be a
smooth curve on T and set D = f~1(C). Let C — |C| and D — f*|C| C |D| be the universal family
and the restriction of the universal family respectively. We construct a (possibly singular) projective

variety Prym(D/C) that is equipped with a morphism
7: P =Prym(D/C) — |C| =PI, (1)

whose fiber over a smooth curve C is the Prym variety Prym(D/C) of D = f=(C) over C. The
main results are the following.

Theorem 1 ([6]). The smooth locus of the relative Prym variety carries a holomorphic symplectic
structure. With respect to this symplectic structure the Prym variety of a double cover D — C' is a
Lagrangian subvariety and the map (1) is a completely integrable system.

Theorem 2 ([6]). The relative Prym variety Prym(D/C) admits a symplectic resolution if and
only if |C| is a hyperelliptic linear system. When a symplectic resolution exists, it is deformation
equivalent to a moduli space of sheaves on a K38 surface.

Theorem 3 ([6]). Let P be any normalization of the relative Prym variety P. Then P is simply

connected.

Theorem 1 provides, in every large enough even dimension, new examples of Lagrangian fibrations

in principally polarized abelian varieties that are not Jacobians of curves.



On the other hand, not much work has been done on moduli spaces of sheaves on Enriques surfaces,
even though it is natural to expect that their geometry is tightly related to that of moduli spaces of
sheaves on the covering K3 surface. In [34] Kim studies the moduli space of stable vector bundles
on an Enriques surface and shows that it admits a double cover onto a Lagrangian subvariety of
some moduli space of sheaves on the covering K3 surface. This cover is unramified away from the
singularities. In [35] he analyzes in more detail the case of rank two vector bundles. Hauzer’s paper
[28] improves his results, and also deals with other higher rank cases. Recently, and independently
from this work, Zowislok [75] considers the pullback morphism of pure sheaves under finite unramified
quotients of K3 or abelian surfaces and as in [35] relates the construction to Lagrangian subvarieties
of hyperkahler manifolds. Lastly, in [58], Oguiso and Schréer prove that the Hilbert scheme of n
points on a given Enriques surface T has the property that the canonical bundle is not trivial, but

twice the canonical bundle is trivial.

The second part of this thesis studies the geometry of moduli spaces of pure sheaves of dimension
one on a general Enriques surface T'. If we consider pure dimension one sheaves whose first Chern
class is linearly equivalent to a given curve C, these moduli spaces may be described as the relative
compactified Jacobian of a linear system |C|. As in [34] and [75] we relate them to a Lagrangian
subvariety of some moduli space of sheaves on the covering K3 surface S. The main results are the
following

Theorem 4 ([62]). Let T be a general Enriques surface and let S be the covering K3. Let C C T be
a curve of genus g > 2, let x be a non zero integer and consider the Mukai vectors w = (0,[C], x) €
H*(T,Z)s and v = (0,[f~1(C)],2x) € H*(S,Z). If A is a general polarization on T and v is
primitive, then the moduli space My, A(T) of A-semistable sheaves on T with Mukai vector w is a
smooth projective variety of dimension 2g — 1, which admits an étale double cover onto a smooth

Lagrangian subvariety of M, ¢-a(S).

Using the same notation as above, and assuming some technical condition on |C| (concerning the
dimension of the fibers of the relative compactified Jacobian —see Assumption 4.1.5) that is verified
for low values of g and is excepted to hold in general, we have also

Theorem 5 ([62]). The canonical bundle of M, 4(T) is trivial, and the hodge numbers h?° (M, 4(T))

vanish for p # 0,29 — 1. Moreover,

71'1(1\4111,A(T)) = Z/(2)7 and Zf g >3, hz(Mw,A(T)) =11,



It is interesting to observe the different behavior of the canonical bundle of these odd dimensional
moduli spaces with that of the Hilbert scheme of points on T. Over the open subset U C |C| of
smooth curves, we can identify the universal cover Mm A(T) of My, 4(T) with the Stein factorization
of the relative Norm map

Mv,f"A(S)‘U — Mw,A(T)‘U.

Theorem 6 ([62]). If g =2, then M, A(T) and its universal cover ]’\\/[/w,A(T) are Calabi- Yau three-
folds with Hodge numbers h*' = hb! = 10.

The outline of the thesis is as follows

Chapter 1. We start by briefly recalling the notions of pure sheaves on a smooth projective
variety, of stability of such sheaves, and the basic properties of their moduli spaces. We focus on
pure dimension one sheaves on surfaces, giving criteria for stability and describing in detail examples
that will be relevant in the following chapters. The sections on the behavior of stability, with respect
to a given polarization, under the operation taking the dual or the pullback via cyclic covers are the

foundations for the following chapters.

Chapter 2. Let f: X — Y be an étale double cover of smooth projective surfaces, let C' C Y be
a curve of genus g > 2 and set D = f~1(C). Let {C'} and {D} be the components of the Hilbert
scheme containing C' and D respectively, and consider the induced double cover f : D — C, where
C — {C} and D — f*{C} C {D} are the universal family and the restriction of the universal family
respectively. We construct the relative Prym variety Prym(D, C) as the fixed locus of an involution
7 on some (possibly singular) moduli space M of sheaves on X. The singularities come from the fact
that, in order to ensure that the involution respects stability, we have to allow strictly semistable
sheaves. We then describe in full detail the fibers of the natural morphism Prym(D,C) — {C} over

points corresponding to a number of classes of mildly singular curves.

Chapter 3. After collecting some results about linear systems and curves on K3 and Enriques
surfaces, we specialize the results of Chapter 2 in the case of a K3 to Enriques cover f : S — T.
We prove Theorem 1 showing that in this case the involution 7 : M — M, whose fixed locus is
the relative Prym variety P, is a symplectic involution on a singular moduli space of sheaves on S.
Using the Kuranishi map we then analyze the local structure of M and of P at the most general
singular points. We prove that at these points P is locally isomorphic to its tangent cone. This
shows that P is Q-factorial and that it is terminal if and only if the linear system |C| is numerically

m-connected with m > 2 (non-hyperelliptic case). We then consider the case when the linear system



is hyperelliptic, and we show that the relative Prym variety admits a symplectic resolution. This
resolution is birational and hence, by [29], deformation equivalent to a moduli space of sheaves on
another K3 surface that can be explicitly described. The two-dimensional Prym variety is an elliptic
K3 surface, of which we describe the singular fibers using some of the results of Chapter 2. Finally,
using a theorem of Leibman [41] (as used also in [42]), the theory of Picard-Lefschetz, and the fact
that M has a resolution that is an irreducible holomorphic symplectic manifold, we show that the

smooth locus of P is simply connected.

Chapter 4. We use the results of Chapter 1 on cyclic covers to show that, under the assumptions of
Theorem 4, the pullback morphism ® : M, 4(T') — M, 1 (S) is an étale double cover of a Lagrangian
subvariety Y, g C M, g(S). To compute the invariants of M, 4(T) we assume that the dimension
of the fibers of the natural support morphism v : M, 4(T) — |C| does not jump too much (cf.
Assumption 4.1.5). The computation of 71 (M, 4(T')) uses the same techniques used for computing
the fundamental group of P. As for the canonical bundle, the main step consists in computing
the push-forward of the relative dualizing sheaf of v. Via relative Serre duality, this is done by
computing the higher direct images of the structure sheaf of My, 4(T) and comparing them with
the higher direct images of the structure sheaf of C — |C|. This comparison relies on the theory of
degeneration of Hodge bundles ([76], [37]). In the case of the second Betti number of M, 4(T") we
also use the universal family of curves, whose second cohomology group is easily calculated. A crucial
step is to show that there is an isomorphism of mixed Hodges structures H?(M,, 4(T)v) = H?(Cy),
which requires showing that the monodromy representation of m1(U) on the first cohomogy of a
smooth fiber is irreducible. We show this fact using some of the results proved for the computation
of m (M, a(T)). We end the chapter with a section containing a detailed description of the three

dimensional case.



Chapter 1

Pure sheaves and their moduli

1.1 Pure sheaves of dimension one on surfaces

1.1.1 First definitions

Following [30] and [39] we define the notion of pure sheaves, the notion of stability for such sheaves,
and we consider moduli spaces of pure sheaves of dimension one on surfaces and their first properties.
We give criteria for the stability of pure sheaves of dimension one on a smooth projective surface
and we describe in detail a few examples of moduli of sheaves supported on non integral curves.

Some of these examples will be of great importance in Chapter 3.

Let X be a smooth projective variety of dimension n. Associated to any coherent sheaf F' on X, is
the ideal sheaf

Tr = ker[Ox — End(F)],

This ideal sheaf is the kernel of the natural morphism Ox — End(F'), which defines the Ox-module

structure on F', and defines a scheme structure on the closed subset
{r € X |F, #0}.

Definition 1.1.1. The support of F
Supp(F) C X,



is the subscheme of X associated to the ideal sheaf T defined above.

The dimension (resp. codimension) of the sheaf F is defined to be the dimension (reps. codimension)

of Supp(F).
Definition 1.1.2. A sheaf F' on X is said to be pure of dimension d if

dim Supp(F’) =d,  for every subsheaf 0C F' C F.

Clearly, being pure is a local notation. If locally on an affine open subset U := Spec A C X the
sheaf F' is defined by an A-module M, then F' is pure of dimension d on U if and only if all the
associated primes of M are of dimension d. For sheaves on non integral schemes or sheaves for which
Supp(F') € X, being pure is the correct generalization of being torsion free.
Definition 1.1.3. [30] Let F be a d-dimensional sheaf on X. For any 0 < i < d, we define the sub
sheaf

Ti(F) C F,

as the maximal sub sheaf of F' of dimension < i.
Hence, a sheaf F' is pure of dimension d if and only if To(F) = --- = Ty—1(F) = 0.

We will now focus our attention on pure sheaves of codimension one on surfaces. In what follows, X
will be a smooth projective surface. It turns out that on a smooth projective surface, pure sheaves
of dimension one may have better properties than some torsion free sheaves. For example it is well

known that the ideal sheaf 7, of a point x on a surface X surfaces is not reflexive since

Hom(Hom(Z,,Ox),0x) = Ox.

On the other hand, if F' is a pure dimension one sheaf on X, then Hom(F,Ox) = 0. However,
setting I' = Supp(F’) we get

Eilftk(F, wX) = Homp(F, wp).

One can see this by tensoring the short exact sequence,

0— Ox 5 Ox(I) = Op(T),

by wx, applying Hom(F,-), and using the fact that ~ is locally defined by multiplication by a local



equation of I'. Following the notation of [30] we define,

FP .= gath (F wx). (1.1)

Proposition 1.1.4 ([30]). Let X be a smooth projective surface, and let F be a pure dimension one

sheaf on X.

1. F is reflexive, i.e., FPP = F;

2. F has homological dimension one, i.e., the least length of a locally free resolution of F is one.
In particular, for i > 1, Ext'(F,G) = 0 for any sheaf G on X.

Let F be a pure sheaf of dimension one on X, and let,

0—)L1i>L()—>F—>0,

be a length one locally free resolution of F', whose existence is guaranteed by the previous proposi-
tion. Following [39] we define the determinantal support as the subscheme supp(F') defined by the
equation

supp(F) := (deta = 0) C X. (1.2)

One can verify that the subscheme defined above is independent of the locally free resolution. More-

over, it defines the first Chern class of F, in the sense that

c1(F) = [deta = 0],

in H%(X,Z). The following examples show that the two notions of support defined above need not
agree.

Example 1.1.5. Let I' C X be an integral curve, let I C X be the non reduced scheme defined
by the ideal sheaf Ox (—2T"). If E is a vector bundle on T', then,

Supp(E) =T, and supp(E)=T".

On the other hand, if Supp(Or-) = supp(Or/) =T".

The definition of scheme theoretical support given in 1.1.2 is very natural, but has the disadvantage

of not behaving well in families. On the other hand, this is not the case for the determinantal



support defined in (1.2):
Lemma 1.1.6. Let F be a flat family of pure sheaves of dimension one on X parametrized by a

scheme S. There is a subscheme T' C X x S, flat over S, such that for every s € S, T's = supp(Fs)-

Proof. Let Ly — F — 0 be a surjective morphism from a locally free Oxxs module Ly, and let
A : L1 — Lo be its kernel. Since F' is flat, for every s € S the restriction of A to s induces a
resolution,

0—>£1|Xs ﬁﬁo‘xsﬁ]:s—)o. (13)

Notice that since for every s € S, Lo|x, is locally free and hd(F,) = 1, the sheaf Ly y_ is also locally

free. Set I' = (det A = 0). There is an exact sequence,
0—>detL; —>det Ly — Or ®det Lo — 0,

and since det L is flat over S, Or is flat if and only if for every s € S the restriction det £y x, —

det Lo|x, is injective. This, however, follows directly from (1.3). O

For later use, we now calculate some Ext-groups of certain pure sheaves of dimension one on X.
Lemma 1.1.7. Let F' and G be pure dimension one sheaves on X. Assume that F' and G are locally
free on their support and that T'y = Supp(F') and I's = Supp(G) and have no common components.
Then,

HO(X, Ext! (F,G)) = CHIHE) Tl

Proof. First of all, notice that since F' and G are pure of dimension one and since the intersection
of their support is zero dimensional,

Hom(F,G) = 0.

Since F' and G are locally free and the question is local, we can assume that F' = Or, and G = Or,.

Consider the standard resolution of Or,,
O%OX(—FQ)%O)(%OFQ — 0. (1.4)
Applying the functor Hom(Or,,-) we get

0— 5$t1(OF1,Ox(—F2)) — 5$t1(OF17OX) — &vtl((’)pl, Opz) — 0. (15)



which is just the exact sequence (1.4) tensored by Ext!(Or,, Ox) = Or, (I'1). Hence, we are reduced

to calculate HO of the skyscraper sheaf,
OF1 (F1> &® OF2 = Orl (9 sz'

From (1.5) it also follows that the higher Tor-modules Tor?x’“ (Or, 5, 0r, ) vanish so that using

Serre’s intersection formula [65] we may conclude that
H°(Or, ® Or,) = C" 12,

O

Corollary 1.1.8. Let F' and G be two pure dimension one sheaves on X, with support equal to I'y

and 'y respectively. Suppose that I'y and T's are reduced and meet transversally in smooth points.
Then
Ext}(F,G) = C**UK(@) Il - pai2(F Q) = 0.

Proof. Since dim Supp(Ext!(F,G)) = 0 for every i, the local to global spectral sequence degenerates,
so that

Ext!'(F,G) = H*(X, Ext! (F, G))

and the first statement follows from Lemma 1.1.7, while the the second statement follows from Serre

duality and the fact that Hom(F, G) = 0. O

1.1.2 Moduli spaces of pure sheaves of dimension one on surfaces

In order to construct a moduli space of sheaves with some fixed invariants on a smooth projective
variety X, one needs to restrict to bounded families. Boundedness is usually achieved by fixing a
polarization H on X and defining some notion of stability. For torsion free sheaves one can consider
u-stability or Gieseker-stability. Clearly, one cannot define slope-stability for torsion sheaves since
their rank is equal to zero. However, one can still consider, as in the case of Gieseker-stability, the

reduced Hilbert polynomial, and use this to define stability.

Fix a polarization H. Let F be a sheaf on X and let
P(F,m) = Py(F,m) = x(F(m)) = > a;(F)

10



be its Hilbert polynomial. It is well known (cf. for eg. [26], Thm 7.5) that

deg P(F, m) = dim Supp(F).

Let F be a pure sheaf of dimension d on X, the leading coefficient

aq(F),

is always positive, and is called the multiplicity of F'. Following [30] we define the rank of F as

ad(F)

rk(F) := 2a(On)’

Clearly, this is just the usual rank if " is integral. The reduced Hilbert polynomial is, by definition,

the polynomial with rational coefficients given by

P(F,m)

p(F,m) = pg(F,m) = “aalF)

Definition 1.1.9. Let F be d-dimensional sheaf on X, and let H be a polarization on X. The
sheaf F is (semi)-stable with respect to H if it is pure and if for every proper non-trivial sub-sheaf
0C F' C F we have!

p(F',m)(<)p(F,m),  for m> 0.

Equivalently, F is (semi)stable w.r.t. H if for every proper non trivial quotient F' — F" — 0, with
F" pure of dimension d,

p(F7 m)(g)p(F”am)a fO'f' m > 0.

A sheaf F is called H-polystable if it is isomorphic to a direct sum of H-stable sheaves with reduced

Hilbert polynomial equal to p(F,m).

Any H-semistable sheaf F' admits a filtration, called the Jordan-Hdélder filtration,

O=FCF C---CF,,=F,

that has the property that the quotients gr,(F) = F;/F;_; are H-stable with reduced Hilbert

IWe follow the Notation 1.2.5 of [30]. If F is a sheaf that is (semi)-stable with respect to H, we will sometimes
say that it is H-(semi)stable.
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polynomial equal to pg (F, m). Such a filtration is not necessarily unique, but the graded sheaf
gry(F) =@, gr,(F), (1.6)
is unique. Two pure sheaves F and F’ are said to be S-equivalent with respect to H if

gry(F) = ng(F/)'

We now come to the definition of Mukai vector.

Definition 1.1.10. Let F' be a sheaf on X. The Mukai vector of F is
o(F) = ch(F)y/td(X) € H* (X, Z)sy,

where H** (X, Z)¢¢ denotes the torsion free part of the even cohomology.

We denote by v; € H*(X,Z);s the i-th component of the Mukai vector.

Example 1.1.11. For example, if X = S is a K3 surface, then

c2
o(F) = (r,e1(F), H(F) — e2(F) + 1k(F)).

Example 1.1.12. If F' is pure of dimension one on a smooth projective surface X, then

v(F) = (0,c1(F), cha(F)) = (0,1 (F), x(F) — %Cl(X)Cl(F)),

where cho(F) is the degree two part of the Chern character of F.

In order to fix the numerical invariants of some class of sheaves, we will fix a Mukai vector v €

H?**(X,Z);s. Given a polarization H, we will denote by
Mv,H(X)a

the moduli space of H-(semi)stable sheaves with Mukai vector equal to v. The closed points of
M, g (X) parametrize S-equivalence classes of H-semi stable sheaves, i.e., isomorphism classes of

H-polystable sheaves with Mukai vector v.

Now let us specialize to the case where X is a smooth projective surface.
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If F is pure of dimension one by the Hirzebruch-Riemann-Roch Theorem,
P(F,m) = (er(F) - H) m + x(F),

so that F is H-(semi)stable if and only if for every proper non trivial sub sheaf F’ C F we have

X(F") ) X(F)
a(F)y-H e (F)-H'

The analogous condition holds for quotient sheaves. By abuse of notation, we set (cf. [39])

X(F)

pa(F) = (F)-H

Let H be a polarization on X, and consider F' a pure sheaf of dimension one that is H-stable. Set
v =v(F'), and consider the moduli space M, g (X) of H-semistable sheaves on X with Mukai vector
v. Let H, be the Hilbert scheme of subschemes of X whose class in cohomology equals the second
component vy € H?(X,Z):s of the Mukai vector. Following Le Potier [39] and using Lemma 1.1.6

we can define the support morphism,

T My g(X) — Ho,
(1.7)
F — supp(F)

associating to a pure sheaf of dimension one, its determinantal support. If I' C X is a curve with
[['] = v1, we denote by
{T'} C Ho,

the irreducible component of H, containing I, and by

My (X, {T}),

the pre-image under 7 of {I'}. Similarly, we denote by

My, 1 (X, |T)),
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the pre-image under 7 of |I'| C {T'}. If there is no risk of confusion, we simply write

M’U,H7 resp. MmH({F})an,H(IF')a

for M, g (X) (resp. My (X, {T}), My u(X,|T))).

We can also define the determinant morphism

det : My g — Pic(X),

F — det(F)

Clearly
det ™ (OT")) = My u(X,|T]) € My u(X).

In view of the following Lemma, we have a control on the fibers of 7, at least over integral
curves.

Lemma 1.1.13. Let F be a pure dimension one sheaf on X, let H be a polarization and set
I = Supp(F). IfT is integral, then H-(semi)stability of F' does not depend on H, and it is equivalent

to the usual slope stability? of F viewed as a sheaf on T.

Proof. Set r = rk(F) so that ¢, (F) = r[I'], and let F — F” be a proper non trivial quotient.
Then Supp(F") is also equal to I and if we set s = rk(F"), then ¢;(F") = s[I'], and the Lemma

follows. 0

Corollary 1.1.14. Let F be a pure sheaf of dimension one on X, suppose that T' = Supp(F) is
integral and that F, considered as a sheaf of I' has rank one. Then F' is stable w.r.t. any polarization

H on X.

In particular, if " is an integral curve of genus g with [T'] € H,, then
1 —d
7 ([T]) = Jac (I),

is the compactified Jacobian of rank one torsion free sheaves on I' with fixed Euler characteristic

X = x(v) =d — g + 1 determined by the last component vy € H*(X,Q) of the Mukai vector.

Because of this, we will sometimes refer to the moduli space M, g ({I'}) (or M, g (|T'])) as the degree

2The slope of a sheaf F on an integral curve I is the rational number ?;EEFF)" where deg F' := x(F) — x(T).
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d relative compactified Jacobian of the curves in {T'} (or in |T']).
Theorem 1.1.15 ([2]). Let I' be a reduced and irreducible curve with locally planar singularities.

For every d € Z, the compactified Jacobian ﬁd(F) is irreducible and of dimension g.

Notice that if U C H, denotes the locus of smooth curves, then
7N U) = U,

is the relative Jacobian variety of the universal family of curves over U.

More generally, the fiber over a curve I' is just the Simpson moduli space of H

F—stable sheaves on

T" with given Hilbert polynomial determined by v.

Suppose that v = (0, [I'], v2), where I is a curve of genus g and v = —g + 1 — 3¢1(X) - I'. Since the

structure sheaf of any integral curve is H-stable, the assignment

FHOF,

defines, on any component W C H, containing an integral curve, a rational section

s: W --» My g, (1.9)

of the support morphism (1.7).

As we will see, if I' = Supp(F) is not integral the situation can be more complicated and in this
case the polarization H will play a crucial role. Before stating the next propositions, dealing with
the case when I' is reduced but not irreducible, let us fix some notation. By a sub curve we mean

an effective divisor

I cT,

such that I' — I is also effective. For a sub curve I' C I" we let,

T=T-T'cCT,

be the complementary sub-curve.

Consider a sub curve I'' C I'. Since the restriction Fjpr := F ® Or is not necessarily pure, we
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set

Frr = Fir [To(Fir). (1.10)

so that Fy/ is pure of dimension one. The sheaf FT- is the maximal quotient of F' that is supported

on I If
r=>y"r;,

is the decomposition of I' into irreducible components, then we set

Fi = FF..

i

(1.11)

If

m: [T =T,

is the partial normalization that separates the irreducible components, the purity of F' shows that

F fits into a short exact sequence,
0—>F—a&F, —>Q—0, (1.12)

where @ is some skyscraper sheaf supported on U;;I'; N T';.

The following proposition is well known (cf. for eg. Alexeev [1])
Proposition 1.1.16. Let F' be a pure dimension one sheaf on X, let H be a polarization, suppose
that T = Supp(F) is reduced and that tk(F) = 1. Then F is H-(semi)stable if and only if for every

sub curve I" C T

por (F)(S)perr (Fro).

Proof. Let a : F — G be a quotient of F', with G pure of dimension one. Then I'" = Supp(G) is a
subcurve of I', and a factors via the quotient morphism F — Fr/. Since I is reduced, Fr» — G is
a surjective morphism of sheaves of rank one. It follows that Fr» & G it is an isomorphism and the

proposition is proved. O

In other words, to check stability it is enough to compare the slope of F' with the slope of the
maximal quotients of F' that are supported on the sub curves of T'.
Example 1.1.17. Consider a genus g curve I' C X that union of two integral curves I'; and I'y of

genus respectively equal to g1 and go. Set § =1I'y - I'y, so that we can write g = g1 + g2 + 6 — 1. Fix
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an integer d and set y = d — g + 1. The group Jac?(I') of line bundles L on T' with y(L) = x is a
disjoint union

Jac!(T) = H Jac®%2 (1), (1.13)
d=d1+d2

where

Jac%2(T) = {L € Jac’(T")| deg(L;) = d;, for i = 1,2}.

Each of these components is isomorphic to the identity component JacO’O(F), which fits into the

following exact sequence,
0 — G — Jac®O(T) ™5 Jac®(T'y) x Jac®(T') — 0. (1.14)

Here m : T :=T} [IT2 — T is the morphism that separates the two components, and the kernel of

m* can be expressed as (cf. EGA IV 21.5.8 [25])

G = (J[m.03)2/Or o) Im H(T, 0). (1.15)
zel

In this case the skyscraper sheaf @ of (1.12) has Euler characteristic x(@) = J. As mentioned
above, to have boundedness we need to fix a polarization H and consider only the sheaves that are
(semi)stable w.r.t. H. We let

Jact (T)

be the set of H-stable® degree d line bundles on I'. Set
kle'Fl, kQZH'FQ andk:H'F:k1+k2. (116)

Using Proposition 1.1.16 we see that L is H-(semi)stable if and only if
X X1
Ay AL
XX,
X<

X2
k<—)172'

3In this example we are only considering line bundles that are stable. Indeed, as we see in Remark 1.1.18, line
bundles that are strictly semi-stable are S-equivalent to sheaves that are not locally free, so that in order to consider
strictly semi-stable sheaves we need to compactify the generalized Jacobian and consider rank one torsion free sheaves
as well.

17



Equivalently, since x + d = x1 + x2, L is H-(semi)stable if and only if

k1

M)+ (1.17)

From the above formula we can immediately deduce the following facts:

1. Strictly semi-stable sheaves exist if and only if k—klx € Z;

2. if k—klx € Z, then Jac% (T') is the union of § — 1 g-dimensional components;
3. if &Ly ¢ Z, then Jac%(T) is the union of § components;

4. which among the components of (1.13) lie in Jac%; (') depends on the rational number Elie.,

they depend on H.

Notice that this shows that the structure sheaf of I is not necessarily H-stable, i.e., that the identity
component Jac’(I") does not necessarily appear in Jac%(I'). Moreover, we see that if x = 0 there

are strictly semistable sheaves for every polarization.

The example above shows that the moduli space M, (X ) may depend strongly on H.
Remark 1.1.18. We should also remark that given a strictly H-semistable line bundle F' on T, the
graded sheaf gry; (F) (cf. 1.6) is necessarily the direct sum of a sheaf supported on I'; and of a sheaf

supported on I';. Hence, we see that the line bundle F' is S-equivalent to a non locally free sheaf.

If T is reduced, we will set

7 (1)) = Tacy(T).

Theorem 1.1.19 ([14]). Let T' C X be a connected reduced curve of genus g, and let d be any
integer. Then,

dim Jacy (T) = g.

Proof. This is Theorem 3.2 in [14], and the fact that the locus of H-polystable sheaves (that are not
simple) is a product of compactified Jacobians of curves of lower genus, and hence has dimension

strictly less than g. O

Corollary 1.1.20. Let T' be an integral curve and let W C {T'} be the locus of reduced curves. The
restriction,

My u({THw — W,
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is flat.

Other problems may arise when dealing with non reduced curves and, in general, there can exist
higher dimensional components of these moduli spaces.

Example 1.1.21. Consider a smooth curve IV of genus ' > 2, and denote by I" a non reduced
scheme obtained by considering a double structure on IV. We denote by 7 the genus of I'. It
was shown by Chen and Kass in [15], that all the components of the Simpson moduli space have
dimension +, except possibly a (4" — 3)-dimensional component, which exists when 49" —3 > v and
parametrizes rank 2 semi-stable sheaves on IV. Let us now suppose that I" and I'V are contained in
a smooth surface X, so that the scheme structure defining I" is the one induced by the ideal sheaf

O(—2T"). By the adjunction formula,

vy =4y =3 — degwx -

It follows that the dimension of the Simpson moduli space does not jump if,

degwx | < 0. (1.18)

In particular, as soon as the canonical bundle of X is numerically trivial (K3, abelian, Enriques and

bi-elliptic surfaces) then (1.18) is satisfied for any curve contained in X.

Something stronger is in fact true in the case of linear systems on K3 or abelian surfaces. Indeed,
if we let v = (0, D, x) be any primitive Mukai vector and if we choose a v-generic polarization H, it
follows by [43] that the relative compactified Jacobian M, g is flat over |D| (cf. Remark 3.2.3). The
proof, however, relies on the existence of a symplectic structure on these moduli spaces and cannot

therefore be applied to moduli spaces of sheaves on other surfaces.

As we showed above, the answer to the following question should depend on the numerical properties
of the canonical bundle of the surface.
Problem 1.1.22. When is the relative compactified Jacobian of a linear system on a smooth pro-

jective surface flat over the base?

We think that this should indeed be the case if the canonical bundle of the surface is numerically

trivial.

Following [74], [73], and [59] we make the following definitions.
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Definition 1.1.23. Let v € H?**(X,Z):s be a Mukai vector. A polarization H on X is called
v-generic if for every H-semistable sheaf F with v(F) = v and for every sub sheaf F' C F with
pu(F,m) =pg(F',m), we have

Zv(F'") = Zw.

An immediate consequence of this definition is the following Lemma
Lemma 1.1.24. Suppose that the Mukai vector v € H?* (X, Z)is is primitive. If H is a v-generic

polarization, then every H-semistable sheaf is H-stable.

Proof. Indeed, let F' be an H-semi stable sheaf on X with Mukai vector v, and let F’ C I be a sub
sheaf with py (F,m) = pg(F’',m). Since H is v-generic and v is primitive, v(F’) = v(F) which in

turn forces I’ = F. O

Proposition 1.1.25 (Section 1.4, [74]). Let v = (0, [I'],v2) be the Mukai vector of a pure dimension
one sheaf F' on X with x = x(F) # 0 and T2 > 0. The set of polarizations H € Amp(X) that are
not v-generic is the union of finitely many linear subspaces in Amp(X), called the walls of v.

Example 1.1.26. Let I' C X be a curve as in Example 1.1.17, and let H be a polarization such
that %X € Z. If weset v=(0,[T],x +T-wx/2), then H is not v-generic. Indeed, if Fy is a rank
one torsion free sheaf with x(F;) = &1 x and if F} is a rank one torsion free sheaf with y(F) = 2.

Then

F:F1®F23

is an H-polystable sheaf.
Definition 1.1.27. Denote by W, the union of all the walls of v. A connected component of
Amp(X) \ W, is called a chamber.

Let Hy € W, be a non v-generic polarization. A chamber C is said to be adjacent to Hy, if
Hy eC.

Lemma 1.1.28 ([75]). Let v € H**(X,Z):s be the Mukai vector of a pure sheaf of dimension one
on X. Let Hy and H be polarizations on X such that Hy is not v-generic, and H lies in a chamber

adjacent to Hy. There is a projective birational morphism
T Mv,H — Mv,H0~

that is an isomorphism on the open subset of sheaves with integral support.

20



Proof. The existence of the morphism follows form Lemma 4.1 of [75], and the fact that it is an

isomorphism on the open subset of sheaves with integral support follows from Corollary 1.1.14. [

Example 1.1.29. Let I' C X be an integral curve. Suppose that [I'] = [I'1 + I's] in Pic(X) and
such that, moreover, any sub curve of a reducible member of |T'| is linearly equivalent to 'y or to
I';. Fix a non zero integer x and set v = (0,[I'], x + I - wx/2). The equations in Amp(X) of the
walls of v are of the form,

(X't = xal) -2z =0,

where x; ranges in the finite set of integers defined by inequalities (1.17). Consider a wall W,,, C
W, and choose a polarization Hy € W,,. Let H* (resp. H~) be an ample divisor such that
(xT'1 — x1T) - H* > 0 (resp. < 0), and such that it lies on a chamber adjacent to W,,. By Lemma

1.1.28 there are proper morphism h* : M, g+ — M, g, and a commutative diagram

1.2 Local structure of the moduli spaces

In this section, we will briefly recall a few results on the local structure of moduli spaces, that will

be needed in the rest of this thesis.

1.2.1 First order deformations

Let X be a smooth projective surface, polarized by an ample line bundle H. Let F be an H-stable
sheaf, and let M be the irreducible component of the moduli space of H-(semi)stable sheaves on
X that contains the point [F]. The first result (Corollary 4.5.2 of [30]) is that the Zariski tangent
space of M at [F] is given by

TipM = Ext'(F, F). (1.19)

Recall that for any sheaf F' on X and for any ¢ > 0, there is a natural morphism

tr: Ext'(F, F) — H'(X, Ox), (1.20)
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called the trace morphism. The name comes from the fact that if F is locally free, then (1.20) is
just the morphism

Ext(F,F) = H(X,End(F, F)) — H' (X, Ox),

induced by taking the trace of an endomorphism of F'

tr: End(F, F) — Ox.

If F is not locally free, then one uses a locally free resolution of F to define (1.20). For every i > 0
we set

Ext’(F, F)o = ker[tr : Ext'(F, F) — H'(X, Ox)].

For e € Ext'(F, F) and f € Ext?(F, F), we let

eU f € Ext"™™ (F, F),

be the Yoneda product, which satisfies graded commutativity

tr(eU f) = (=1)7 tr(f Ue).

Both the trace maps and the Yoneda product are compatible with the natural conjugation action
of Aut(F'). By a result of Artamkin (Corollary in [7], or Theorem 4.5.3 in [30]) we know that the

obstruction theory for deforming on X a stable F' sheaf, has values in the kernel

Ext?(F, F)o,

of the trace map. It follows that in order to show that a moduli space M is smooth at a point F, it
is sufficient to show the vanishing of Ext?(F, F)g.

Theorem 1.2.1 ([47]). Let X be a surface with wx = Ox (i.e. a K3 or an abelian surface) and
let H be a polarization on X. Let F be a pure sheaf on X, and set v =v(F). If F is H-stable, the

moduli space M, g is smooth at the point [F.

Proof. We said above that the obstructions to deforming F' lie in ExtQ(F . F)o. However, if F is

simple and wy = Ox we know that Ext*(F, F) = Hom(F, F) is one dimensional and that the trace
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morphism

Ext*(F,F) — H*(X,0x) = C,

is an isomorphism. Hence the obstruction vanish and M, g is smooth at F' O

Corollary 1.2.2. Let X be a surface with wx = Ox, let F' be a pure sheaf on X whose Mukai vector
v =v(F) is primitive. Let Hy be a non v-generic polarization, and let H be a v-generic polarization

lying in a chamber that is adjacent to Hy. There is a projective birational morphism
r. MU,H — Mv,Hoa

that is a resolution of the singularities of M, m, .

Proof. By Lemma 1.1.28, r is projective and birational. Since v is primitive and H is v-generic,
the strictly semistable locus of M, y is empty and hence by Mukai’s theorem this moduli space is

smooth and projective. O

Another example of smooth moduli space is the following
Theorem 1.2.3. (/39]) Let X be a smooth projective surface polarized by line bundle H, and let
I' C X be a curve with

wx - I'<0.

Let F be a pure sheaf of dimension one on X with ¢1(F) = [I'] and set v=v(F). If F is H-stable,

then M, g is smooth at F'.

Proof. By Serre duality E:><‘52(F7 F)¥ = Hom(F,F ® wx). Suppose there is a non zero morphism

F - F®uwyx and let I C F @ wx be the image. Using the stability of ' we have

_ UJX'F wX~I‘
F) < I)= 1 hy == < )+ ———
and this gives a contradiction since wx - I' < 0. O

Let F' be a pure sheaf of dimension one on X, with supp(F) = I' and x(F) = x and v(F) = v.
Suppose that F'is H-stable. The tangent map of the determinant morphism det : M, g — Pic’(X)

at the point [F] is given by the first trace morphism

Ext'(F,F) — H (X, Ox), (1.21)
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so that the tangent space to the fiber M, g (|T|) over O(T) in [F] is equal to Ext'(F, F)o.

1.2.2 Kuranishi maps

In this subsection we will recall a few important results about the Kuranishi map, which is the main
technical tool to study local structure of a moduli space of sheaves. A good reference on this subject

is the appendix of [40].

Let X be a smooth projective surface with polarization H, and let ' be an H-semistable sheaf. Set
v =v(F) and M = M, . The local structure of M at [F], is governed by the deformation theory
of the unique polystable sheaf in the S-equivalence class of F. For this reason, we will assume for

the rest of the section that F' is H-polystable. Set,

G =P Aut(F).

The Kuranishi map is a formal map
K : Bxt'(F, F) — Ext*(F, F),
with zero differential
K=Ko+ K3+ .

that has the following properties
a) k is equivariant under the natural action of G on Ext'(F, F) and on Ext*(F, F)o.
b) k~1(0)/G is (isomorphic to) a formal neighborhood of [F] € M,

¢) The quadratic part ko of k, which is called the moment map, is given by the cup product

Ky Ext'(F,F) — Ext*(F, F)o
(1.22)
1

e kale) = ieUe

d) xk71(0) is locally isomorphic to a base for a Kuranishi family for F.

A pointed scheme (B, x) together with the sheaf F is a Kuranishi family for F if for any flat

deformation G — A x X of F parametrized by an pointed scheme (A4,0), and any identification
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¢ : F' — Gy, there is a morphism a : A — B and an isomorphism (a x id)*F = G inducing ¢ on the

central fiber.

We should remark that only the tangent map (da)o is uniquely determined, and but the morphism

a: A — B itself.

1.3 Stability, duality and finite pullbacks

It is well known that in the case of vector bundles, stability is preserved under standard operation
such as tensoring by a line bundle or taking the dual. This is not necessarily the case for pure
dimension one sheaves. In this section we tackle the question of when stability is preserved under
such operations, or under pulling back by a cyclic cover. These results will be used in Section 2.1

and Section 4.1.

Before starting, we should stress the fact that in order to check the stability of a sheaf, one needs to
examine the restriction of the sheaf itself to the sub curves of its support. In particular, the multi
degree of a sheaf F', i.e., the collection of the degrees of the restriction Fr, to each component plays

an important role in the stability, with respect to a given polarization H, of the sheaf itself.

The next few lemmas will be of use to check whether stability is preserved under the operation of
taking the dual.
Lemma 1.3.1. Let ' =T'1 + T’y be the union of two curves that have no common components. For

1 # j, there is an exact sequence
0— Or,(-I'y) = Or = Or, — 0. (1.23)
Proof. Tensoring 0 — Ox(—T';) = Ox — Or, — 0 by Or gives a short exact sequence
0—+K—Or— Or, =0.

Since Supp(K) = I';, the surjection Ox(—T;) — K factors via Ox(—TI';) = Or,(=I";). The proof
follows by noticing that since K — Or,(—I';) is a surjective and generically injective morphism of

pure sheaves it is an isomorphism. O

Let F be a pure sheaf of dimension one on a smooth surface X, and let I' = I'y +I'5 be a decomposition
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of the support of F' in two curves that have no common components. For i,7 = 1,2 and i # j we
set

F' =ker[Fr, — Fy,], (1.24)
When no confusion is possible we will use the shorthand notation

F; = Fr,, Fj=F' (1.25)

Lemma 1.3.2. Let F' be a pure sheaf of dimension one on a smooth surface X, and let ' =T1+4+T9
be a decomposition of the support of F in two reduced curves that have no common components.
Assume that T'y and I's meet transversally in smooth points. Let Ap be the subset of 'y N Ty where

F is locally free and set

Ap = Z . (1.26)

pEAFR
Then, for j =1,2
F' = Fr. @ Or,(—Ap),

Proof. For i,j =1,2, i # j, we may consider the short exact sequence
0— OFj(_Fi) — Or = O, — 0, (1,27)

of the previous Lemma.

Tensoring by F' we get the following exact sequence
Tory, (F,Or,) = Fir,(~Li) 5 F — Fir, =0,
where the sheaf Tor}oF (F, Or,) is supported on
Tr:=T1NT2\ Ap.

The map ¢ factors through a generically injective map Fr, (—T') > F. Since by definition Fr, (—T)

is pure, s is actually injective and hence the following sequence

0— Fp,(-Ty) > F — Fr, = 0,
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is exact. Consider the following commutative diagram

0 — Fp, (-TY) F Fr, 0
| /
0 — ker(a) F—"~F, 0

where o : F' — Fy, is the composition of the restriction F' — Fjp, with the natural morphism j.

For p € Ty the sheaf F' is not locally free at p and F}, = Or, , ® Or, . Thus, for p € TF,

FIFi,p =, @ va

so that

ker(8) = ®per.Cp.

Since v is injective it follows that Coker(y) = @Gper, Cp, and thus

ker(a) = Fr,(-T3) | Y p| = Fr,(-Ap).
PETF
If F'is a pure sheaf of dimension one on X, in (1.1) we defined the dual as
FP = gat'(F,wx).
More generally, for any line bundle N on X we can set
JN(F) = Ext'(F,N).

By Proposition 1.1.4,

For example, setting I' = Supp(F'), we have

FY =j_p(F) = Ext' (F,O0(-T)).

(1.28)

More generally, jy(F) = FY @ O(T) ® N. In order to study the problem of wether stability is
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preserved by taking the dual, it is convenient to consider the slight more general situation of wether
stability is preserved under the map F +— jy(F). To this aim, we start by computing the numerical
invariants of jy (F') for a pure sheaf F' of dimension one.

Lemma 1.3.3. Let F' be a pure sheaf of dimension one on X, and let N be a line bundle on X.

Then,

c1(F) = e1(in(F)).

Proof. Consider, a locally free resolution of F'
0L % Ly—F—0,

so that ¢ (F') is the class of the curve defined by the equation deta = 0. Dualizing we get: 0 —

a\/

LY == LY — Exty(F,Og) — 0. Since (deta = 0) and (deta” = 0) define the same subscheme of

S, the Lemma follows. O

As for the Hilbert polynomial with respect to a given polarization H, choosing m > 0, we can

write

Py (ry(m, H) =x(Exty(F,O(N +mH)) = dim H (Ext (F, O(N +mH))
=dimExt'(F ® O(-N — mH),Ox)
=dimH'(F ® O(—N) ® O(—mH) @ wx) (1.29)
=—X(F® O(-N)® O(—mH) ® wx)
= — Prgnvawy (—m, H).
In particular,
XUN(F)) = —Xx(F @ NY) = —x(F) + N - c1(F) — wx - e1(F), (1.30)

and

O AR U

N~61(F)—UJX~81(F)
H-Cl(F)

= —pu(F) +

(1.31)

Lemma 1.3.4. Let H be a line bundle on X. For any k € Z, set N = H* @wx. Then, jn respects
H -(semi)stability.

Proof. It H= N ® wx, equation (1.31) becomes

pa(N(F)) = —pu(F) + k. (1.32)
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Let G be a quotient of jy (F') and let K be its kernel. Applying Hom(-, Ox (N)) to the exact sequence

0— K — Ext'(F,0x(N)) = G — 0.

using the fact that K is pure of dimension one, and that j% = id, we obtain an injection

0 — Ext'(G,0x(N)) — F.

Since F' is H-(semi)stable, puy (ju(G))(<)pg(F) and the proof follows using (1.32). O

In general, j does not respect H stability. In order to decide when this is the case, it is useful to
be able to describe the restriction of jy(F') to the sub curves of Supp(F).

Lemma 1.3.5. Let N be a line bundle on X and consider a decomposition

F:F1+F2a

where I'y and T's are two reduced curves having no common components and meeting transversally.

Then, using the notation defined in (1.11) and in (1.26), we have

(Un(F)); = in(F; @ O(=Ar)), j=1,2,

Proof. Let i # j, and consider the short exact sequence

0= F - F—F,—0. (1.33)

From Lemma 1.3.2 it follows that

FI = F; @ O(-Ap).

Applying jn(-), since the lower and higher ext groups vanish for pure dimension one sheaves on a
surface, we get

0 — jn(F) — in(F) S jin(F; @ O(=AFf)) — 0.

Moreover, since jn(F; ® O(—Ap)) is torsion free and supported on I';, the morphism a factors

29



through a surjective morphism
(Un(F)); = jn(F; @ O(=Ap)).

However, this morphism is also injective because it is a generic isomorphism, and the Lemma is

proved. O

Remark 1.3.6. When F is locally free, the above lemma follows immediately from the fact that
restriction commutes with taking the dual. Indeed, in this case jn(F; @ O(—Ap)) = Ext*(F), —T;)®
OT)®@N=F/®0I)@N = (F'20()®N),.

The following example shows that duality does not necessarily preserve stability.
Example 1.3.7. Let I';y and I's be two smooth elliptic curves in X meeting in 2 points. Let I" be
the genus 3 curve that is the union of I'; and I's. A degree zero line bundle I is stable if and only if

k1 k1
—2—<dy < —2—+2.
A < dy A +

Let us choose H = HT so that —2 < —2% < —1. Then d; has to be equal to —1 (in which case
dy = 1) or to 0 (in which case ds = 0). If instead we choose H = H~ so that —1 < —2% < 0, then the
multi-degree of H-stable line bundles are (0,0) and (1,—1). It follows that the dual of a H"-stable
line bundle is always (H ~)-stable. Finally, if we let Hy be an ample line bundle with —2% = -1,
the only possible multi-degree is (0,0). For simplicity let us assume that the decomposition of I' in
Pic(X) is like in Example 1.1.29. With this notation, there is a commutative diagram

Jj-r
M,

v, H+ Mv,H*

h+l N lh

Mv,Ho < > v,Hg

The vertical morphism k™ contracts the degree (—1,1) component of Eﬁiﬁ (T'1 + T'2) (recall that
this component is a P'-bundle over Jac™*(T';) x Jac'(I's)) to the singular locus of E%O (T +T9),
which is isomorphic to Jac™!(I';) x Jac™*(I'y). Indeed, any line bundle with multi-degree equal to

(—1,1) is strictly Ho-semistable, and S-equivalent to a sheaf in Jac™*(I';) x Jac™(I's).

More generally, we have
Example 1.3.8. Let H and N be line bundles on X, with H ample. Consider a genus g curve

I' =Ty +T'5 that is the union of two integral curves I'; and I's of genus equal to g; and g respectively
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that meet transversally in  points. Let F' be a pure sheaf of rank one on I', and as usual set F; = Fr,,
i=1,2. Set

X =x(F), xi=x(F), fori=1,2 and ¢=x(Q),
where @ is the cokernel of the natural injection F' — F; & F3 so that
A = supp(Q),
is the locus of I'y N T'y where F' is locally free. As usual, set
ky=H -T1, ke=H Ty and k=H -T' =k + ko.
As in Example 1.1.17 we know that F' is H-stable if and only if
ey (1:34)

Now, using Lemma 1.3.5 and formula (1.30), setting n =T - N and n;, =T, - N, for i = 1,2, we see
that jy(F) is H-stable if and only if,

X n wx-T x1 m wx-I't ¢ X n wx-I' ¢
T TR S T R A S A Ny A N

The following Lemma ensures that taking the dual works well in families.

Lemma 1.3.9. Let F be a flat family of pure sheaves of dimension one on X parametrized by a
scheme B. If p: X x S — X denotes the natural projection, then Ext'(F,p*Ox) is a flat family of
pure dimension one sheaves on X parametrized by X, and for every s € S, there is an isomorphism

Emtl(}', OXXS)S = gl’tl(fs, Os)

Proof. The lemma follows from [3] in the following way. First, notice that for every b € B we
have Extl (Fy,Ox) = 0, for i = 0,2. Then point (ii) of Theorem (1.10) in loc. cit. implies
that Ext!(F,p*Ox) is flat and that the base change map Ext!(F,Oxxs)p — Ext!(Fs,Ox) is an

isomorphism. O

Let H be a polarization on X and let H be an H-stable sheaf. Set v = v(F) = (0, [I'], v2) and choose
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a line bundle N. The above Lemma guarantees that, setting

w = v(jn(F)) = (0, [T, cha(jn (F))),
we can define a birational involution

MU,H -2 Mw,H7 (1 35)

that is compatible with the fibration structures M, g — Hr) and My g — Hr). For example, we

could choose N so that
 N-T—-wx-T

X(F) 5 ,

in order to have v = w (cf. equation (1.30)), and get a birational involution
N My g --» My m,

which is defined on an open set containing the locus of sheaves with integral support. Notice that
if N = H® wY then this morphism is regular and it induces automorphisms of the fibers of the

support morphism.

We should stress the fact that when v = (0, [['],v2), with vy = —g(I') + 1 — 3¢1(X) - T and N = T,
then

j :j—F : M’U,H‘U — M’U,H‘U7

where U C {T'} is the open subset of smooth curves, is just the relative version of “—1” on the degree
zero Jacobians.

Example 1.3.10. Consider a genus g curve I' = I'y + I's as in Example 1.1.17, and suppose that
6 =T Ty = 2v, for some v > 2, and fix an integer x = d — g+ 1 with d # 0. Let N be a line

bundle on X such that
N T-wx-T

X 2

Assume that

H =N @uwy,
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is ample (or that it is anti-ample in which case we can set H = NV ® wx) and that

k1
M —iH.T ez,
pX Tt

so that H is not v-generic (for example, this is the case if x = —g+1 and N =T'). Then jy acts on
E?{ (T"), which by (2) of Example 1.1.17 has § — 1 = 2v — 1 irreducible components. Indeed, these

components are the connected components of Jac (T): in our setting (1.17) becomes

k1 k1
— < < — 2
) X1 9 + v,

and hence we see that the possible Euler characteristics of Fj are given by

k
Xl:?l—‘,-e, with e=1,...,2v — 1.

In other words, the irreducible components of Jac?{ (T") are parametrized by the pairs (x1, x2),

k k k k k k
(é+1,x+2uf5171),(31+2,x+2u75172),...,(31+21/71,X+21/7?1721/+1). (1.36)

By construction, jy preserves H-stability. We wish to study the action of the involution
. =—d —d
Jn  Jacy (T) = Jacy ().

on the irreducible components of Jac‘iI(F). Using Lemma 1.3.5 and the fact that F' is locally free,
we see that (jy(F))1 = jn(F1 @ O(-T'2)) = jn(F1) @ O(T'2). Using (1.30) we see the action of jy

on the components of Jacl(T) is given by
X1~ —x1+ ki +2v,

ie.,

k k k k
(?1+e,x+21/—51—6)H(?1+2V—e,x—?1—e).

In particular, we see that only the middle component (i.e., € = v) is preserved by jy.
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1.4 Stability and pullbacks via finite covers

In this subsection we will deal with how stability behaves under cyclic covers. Most of these results
are adaptations to the pure dimension one case of the corresponding results for vector bundles of
[69] or of [34]. It is surprising that in some sense, under pullback, stable pure dimension one sheaves

behave better than stable vector bundles. Let
f:Y =X,
be a cyclic cover of order 7, and let 1 be the line bundle inducing it, so that
fOy 2O0xang--an L

The first lemma guarantees that semi-stability is preserved if we choose an appropriate polariza-
tion.
Lemma 1.4.1. Let F be a pure dimension one sheaf on X. Let A be an ample line bundle on X.

If F' is A-semistable, then f*F is * A-semistable on Y .

Proof. First notice that since 7 is numerically trivial, tensoring a sheaf by n does not change the
numerical invariants of the sheaf itself. In particular, the operation of tensoring by 7 preserves not
only the slope, but also stability and semi-stability with respect to any line bundle.

Let G C f*F be a sub sheaf. Using the projection formula for f, we see that f.G is a sub sheaf of
the A-semi stable sheaf F @ (F@n) @ -+ @ (F@n""1). Clearly, x(G) = x(f+G). Moreover, since G
is pure of dimension one, f.c1(G) = c1(fG). Set H = f*A, then ¢1(G) - H = f.c1(G) - A, so that

wr(G) = pa(fG). Since pa(F) = pg(FO(F@n) @ -+ @ (F®@n"1)), the lemma is proved. [

Lemma 1.4.2. Let E and F' be two non isomorphic pure dimension one sheaves on S with the same

slope. Suppose they are both A-stable and that f*E = f*F. Then,
F=E®n, forsomej=1,...,r—1.

Proof. If f*E = f*F, then we also have an isomorphism F® f,Oy = f,f*E = f.f*F = F® f.Oy.
Since all maps from E to F are trivial, it follows that there is a j = 1,...,7 — 1 such that the

composition E — E® f.Oy — F ® 1’ is non zero. But E and F ® ) are stable of the same slope,
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and hence

ExFeny

It is then natural to ask wether stability, and not just semistability, is also preserved.
Lemma 1.4.3. [69] Let F be a sheaf on X. If F = F®n’ for some j # 0, then f*F is not simple.

In particular, it cannot be stable.

Proof. We have

Hom(f*F, f*E) = Hom(F, f.f*F) = (1.37)
1.37
= Hom(E, E) ® Hom(E,E®n) @ --- & Hom(E,E®@n" ') =

Thus Hom(E, E) & Hom(E, E @ n?) C Hom(f*E, f*E), and the Lemma is proved. O

From now on we assume that f: X — Y is an étale double cover.
Lemma 1.4.4. Let f : X = Y be an étale double cover, let v : X — X be the involution inducing
the cover, and let H be a polarization on X. Let D C X be a (*-invariant curve, X a non zero

integer and set v = (0, [D],x —wx - D/2). There is a birational involution

P Mv,H({D}) il v,H({D}),

F+—— 'F,

that is compatible with the support morphism m : M, g({D}) — {D} and the natural *-action on

{D}. If H is (*-invariant, then (* is a regular morphism.

Proof. It is clear that if F' is an H-semistable pure sheaf with v(F') = v, then +*(F) is +* H-semistable

with v(¢*F) = v. O

Corollary 1.4.5. Assume that H is t*-invariant, and set

Let Z be any component of Fix(¢*) C M. Then Z N (M \ Sing(M)) is smooth.
Lemma 1.4.6. Let B be a scheme, and let F on'Y x B be a flat family of pure dimension one

sheaves on Y. Then fg5F is a flat family of pure dimension one sheaves on X.
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Proof. Since f is a flat morphism, we only need to prove that for any pure dimension one sheaf F' on

Y, the pullback f*F is pure of dimension one. Let @ C f*F be a sub sheaf with zero-dimensional

support. Since f.QQ C F & F ® wy, it follows that f.Q, and thus @, is the zero sheaf.

O

As expected, the fixed locus of ¢*, if non empty, is related to some moduli space of sheaves on Y.

This Lemma, together with Lemma 1.4.1 above, guarantees that we can indeed define a pullback

morphism.

Let A be an ample line bundle on Y and let G be a pure sheaf of dimension one on Y. Let

(wy - C)

’U}:(O,C,X— 2 )7

be the Mukai vector of GG, suppose that x # 0, and set
N = My a(Y,{C}).

Set D = f~1(C),

H=f"A v=v(f"G)=(0,D,2x — (wy - C).

and

M = M, g(X,{D}).

With this notation we can define the pullback morphism

&: N =M, A(Y,{C}) — M = M, 5(X,{D},

[F) — [/ F]

which factors through the fixed locus,

®: N — Fix(L") C M,

(1.38)

and commutes with the support morphisms N — {C'} and M — {D}. If there is a sheaf G in N

such that G 2 G ® n, then ® is generically 2 : 1 and ramifies on the closed locus of sheaves such

that G~ G ® 1.

Recall that since n is numerically trivial, tensoring by 7 preserve stability. It follows that if there is
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a sheaf G in N such that G 2 G ® 7, then the assignment

G— G®mn,

defines an involution

e:N— N, (1.39)

such that

O(N) = N/(e).

To determine the image of ® we need the following
Lemma 1.4.7. [34] Let F' be a pure sheaf of dimension one on X and assume that it is .*-invariant.
If F is simple, then

F=fG),

for some sheaf G on'Y .

Proof. Since Y is a quotient of X by a Z/(2) action, the descent data translates into the existence

of a morphism ¢ : t*F — F', such that the following diagram is commutative

o @
VU —— " F ——= F

id

F

Since F' is simple this can always be achieved by multiplying any isomorphism +*F' — F' by a suitable

scalar. O
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Chapter 2

Relative Prym varieties

2.1 The relative Prym variety

Given an étale double cover f: X — Y of smooth projective surfaces, consider curves C' C Y and
D= f~Y(D) C X, and let f : D — C be the induced cover between two families of deformations of
C and of D. In this section we generalize the notion of Prym variety of D — C' and we construct
the relative Prym variety of D — C. We then describe in detail some example of Prym varieties for
singular curves. The case where X — Y is a K3 to Enriques double cover will be fully studied in

Chapter 3.

2.1.1 First definitions

We recall the classical definition of Prym variety. Let C' be a smooth genus g > 2 curve, and
let

f:D—=C,

be an étale double cover and let ¢ : D — D be the covering involution. Then D is a smooth curve
of genus h = 2¢g — 1. The involution +* acts on the Jacobian variety Jac(D), and the Prym variety

of D over C is defined by

Prym(D/C) := Fix°(—*) = ker(1 + ¢*)° C Jac®(D), (2.1)
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where the superscript © stands for the identity component. Following Mumford [49], one can also

define the Prym variety as the identity component of the kernel of norm map,

Nm : Jac’(D) — Jac’(D),

(2.2)
L=0p (Z aixi> — det(f.L) = O¢ (Z aif(a:i))
or, equivalently, as the image of (1 —¢*) : Jac’(D) — Jac’(C). From this it also follows that
Prym(D/C) = HY(D,0Op)~ /H (D, Z)". (2.3)

In [48] Mumford shows, among other things, that the decomposition in connected components of

ker(Nm) is given by
ker(Nm) = (1 —*)(Jac’(D)) [J(1 - ) (Jac' (D). (2.4)
One can show (cf. [49] §6) that
frNm(L)) = (1+)L,

and since ker(Nm) and ker f* both have two connected components, ker(1 + ¢*) has four connected

components. In other words,
ker(1 4 %) = Nm ™' (0) [ [ Nm™ (), (2.5)

where 7 € PicO(C) is the 2-torsion line bundle defining the double cover D — C'. Notice that in
formula (2.4) and for any d € Z we could put Jac?*¥(D) and Jac**™'(D) in place of Jac’(D) and
of Jac! (D), respectively. The Prym variety is a (¢ — 1)-dimensional principally polarized abelian

variety.

Our next aim is to give a relative version of this construction, whenever the curves C' and D move
in a family. The context in which we would like to carrie this out is the following. Consider an étale

double cover of smooth projective surface

f:X Y,
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let C C X be a smooth curve of genus g > 2, set D = f~1(C) and h = g(D) = 2g—1. We let,
t: X = X,

be the involution associated to the cover. Via the pullback f*, we view f*{C} as a subvariety of

{D} and by abuse of notation we will write
{C} c{D}.

Let C — {C} and D — f*{C} = {C} be the two universal families, and consider the relative

D ! c
NS
{C}

Let F be a rank one torsion free sheaf on D with x(F) = x = —h + 1, and set

cover

v =o(F) = (0,[D], x + %wx D).

Finally set
Hp = OX(D) Qwx,

and assume that it is ample!. By Lemmas 1.3.4, 1.3.9, and 1.4.4 and formula (1.30), the assign-
ment

F+— 7 p(F) = Ext' (" F,0(-D))

defines a regular involution

b My, ({D}) — My 11, ({D}), (2.6)

that commutes with the support morphism. We define the relative Prym variety of D over C as
Prym, g, (D,C) := Fix°(1) C My m,, (2.7)

where the superscript o indicates that we are considering the irreducible component of Fix°(7) that

Hf Ox (D) ® wx is anti-ample, then we can set Hp := (Ox (D) ® wx )V and everything works in the same way.

40



contains the image of the restriction of the rational section (1.9) to {C'}. We will also use the
notation

PU7HD = U,HD({O}) = Prymv,HD (D7C)

Summing up, we have

Proposition 2.1.1. The relative Prym variety P, g, ({C}) is an irreducible variety of dimension

dim{C}+g—1.

which comes with a surjective morphism,

n: P, ({C}) = {C},

whose general fiber is a principally polarized abelian variety of dimension g—1. The smooth locus of
P, m,, contains the open locus P, g, N M, ({C}), where M} ({C}) denotes the smooth locus

of the moduli space My rr,,({C}).

Proof. The morphism 7 is just the restriction of 7 : M, g, — {D} to P, m,. It is clear that this
restriction factors through the inclusion {C'} C {D}. Moreover, it is surjective since it is proper and
its image contains the dense open subset of smooth curves. It is clear that if [C] € {C} is a smooth
curve the fiber 71(C) is the Prym variety (2.1). Lastly, the statement about the smooth locus is
a consequence of the well known fact that the fixed locus of an automorphism of finite order on a

manifold is smooth. O

Notice that since Hp is not v-generic, the strictly semi-stable locus of the moduli space M, g, will
in general be non empty. If X is a K3 or an abelian surface or if D - wx < 0 then MZfI_gID contains

(and will in general be equal to) the stable locus.

Clearly, one can consider the linear systems |C| and |D| instead of the Hilbert schemes and define,

in the obvious way, the relative Prym variety

My 15, (IC1) D P,y (IC]) = |C.
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2.2 Prym varieties of singular curves
In this section we define and study the Prym varieties for an étale double cover
f:D—C,

in a few cases where C is a reduced but mildly singular curve of genus g. These results will be used
in Chapter 3 to describe the fibers of the relative Prym variety. Prym varieties of double covers
of singular curves have also been considered in [27]. Set h = g(D) = 2¢g — 1. To fix notation, let
m:C — C and n:D — D be the respective normalizations. Let f: D — C be the induced double

cover and let,

be the corresponding involution. With this notation there is a commutative diagram

D-—"-D
fi f

c—=2sC

If D is irreducible, then stability does not depend on the choice of a polarization and RO(D) is
irreducible. In particular, the locus J acO(D) of line bundles is a group, and hence “taking the dual”
is a well defined operation. On the other hand, if D is not irreducible, we need to use a polarization
H in order to select a finite number of components of JacO(D), the one parametrizing the stable
line bundles. As we saw in Examples 1.3.7 and 1.3.8, the dual of an H-stable line bundle is not
necessarily H-stable so that, Jac?{(D) is not necessarily a group. However, we also saw examples
where H-stability is preserved and Jac%(D) is indeed a group (for e.g. in Example 1.3.7 when
H=H,).

Let us then consider a polarization H on D that is ¢*-invariant and such that Jac (D) is a group.

Under these assumptions, the involution

7 : Jacl (D) — Jac% (D),

F+—— FY
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is well defined, and we can consider its fixed locus Fix(7) C Jac% (D). Clearly,
Fix(7) = ker(1 + ¢*) C Jacy (D).
The Prym variety of D over C' is defined by
Prymy;(D/C) = ker(1 +17)° C Jacy (D).

In other words, we consider the locus of T-invariant H-stable line bundles, we close it in the com-
pactified Jacobian of H-semi stable rank one torsion free sheaves and then we take the connected
component containing the identity. Notice that since there might be multiple components, it is
important that first we take the closure and then the connected component containing the iden-

tity.

If the f: X — Y is a double cover of smooth projective surfaces, and if C C Y and D C X, with
H = wx ® O(D) ample, then the Prym variety defined above is just the fiber over [C] € {C} of
Pv,HD — {C}

2.2.1 Irreducible nodal case

Here we consider the case where C is an irreducible curve with é nodes ¢y, ...,cs and no other

singularities. Under this assumption, let
p1,e(p1),-- - psst(ps), i=1,....6,
be the nodes of D, and finally for i =1,...,6 set
{zi, i} =n"'(pi), sothat {Tai,Ty;} = n~" (1pa).

Recall that for irreducible curves the polarization is irrelevant. With this notation we have the
following proposition

Proposition 2.2.1. Let C be as above and suppose that D = f~(C) is irreducible. Thenker(1 + t*) C
EO(D) has 4 connected components. Each of these components is isomorphic to a rank § degener-

ation of a principally polarized abelian variety.
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Proof. To prove the Proposition, we first consider the intersection
Fix(7) N Jac’(D) = ker(1 + ¢*)

and show that it has four connected components. Then we prove that these components stay
. . . =0
disconnected even after passing to the closure in Jac (D). For the first step we argue as follows.

Since D and C are irreducible and nodal there are natural short exact sequences,

5
0— HC; x Cy,, — Jac®(D) % Jac®(D) — 0,
i=1
6 * ~
0— H(C; — Jac’(C) ™ Jac®(C) — 0.

=1

Consider the following commutative diagram with exact rows:

0 ., c* ker(1+ %) — 2 > ker(1 + %) (2.8)
0—TII_, C;, x C, Jac’(D) v Jac’(D) 0

lv i(lﬂ*) iur*

0 —— ker(a) —— (1 + *) Jac® (D) —2> (1 4+ 7%) Jac®(D) —= 0

Since H;S:l C* is connected and since ker(1+2*) has four connected components (recall that D and
C are smooth), to prove that ker(1 + ¢*) has four connected components it is sufficient to prove
that 3 is surjective, i.e., that v is surjective. By Lemma 1.4.7, it follows that every +*-invariant line

bundle on D is the pull-back via f* of a line bundle on C. It follows that
(1 +¢*) Jac’(D) C f* Jac®(C),

so that we can consider the following commutative diagram

0 ker(cv) (14 %) Jac’(D) —2> (1 +7*) Jac®(D) —=0

| |

0—TI°_, C* —— f* Jac®(C) ——— f* Jac®(C)

Here, the fact that the kernel of the surjection f* Jac®(C') — f* Jac®(C) is equal to [, C* follows
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from the fact that the kernel of Jac®(C) — f* Jac®(C) and of Jac®(C) — f* Jac®(C) are both equal

to Z/(2). Notice, however, that Im~y & Hle C*, so that the series of inclusions

6

)
H(C* C ker(a) C H(C*,
i=1

i=1
is in fact a series of equalities. Thus -y is surjective and, as a consequence, 3 too is surjective.

To finish the proof, we just need to show that when we take the closure of ker(1+¢) in the compactified
Jacobian EO(D), the number of connected components does not change. It is well known (cf. for
example [54]) that, in order to compactify Jac®(D), one first compactifies the (Hf:1 C;, x C;,,)-

bundle over Jac’(D) to a (Hf:1 Pt x P) = (] )]P’i)—bundle over Jac’(D). In loc. cit.

s€Sing(D
Oda and Seshadri show that this bundle is the normalization of Jac (D). Let us denote by Z this
normalization. In order to obtain ﬁO(D) we identify, following Oda and Seshadri [54], the boundary

components of Z in the following way: for any 2d-uple,
= ={e1,€),...,65,65}, with g;,¢, € {1,-1}, i=1,...,9

we consider the section

sz : Jac’(D) — Z,

defined by taking the O-section of the j-th component of ]P’Il,1 X ]P’Llp1 X ~-~]P’}1,5 X ]P)}pg if the j-th
component of Z is equal to 1, and taking the co-section if it is equal to —1. The sections corresponding
to Z and to —Z (which are both identified to Jac®(D)) are then glued under a twist by the degree

zero line bundle,
L= :=0p (Z gili —yi) + ZEQZ(%‘ - yi)) .

Now observe that the map ¢ in diagram (2.8) sends (A1, ..., As) to (A1, % coAg, )\%) Sending the
Ai’s to zero, or infinity, it follows that the closure of ker(1 + ¢*) in the normalization of TJac’ (D) has

four connected components, each of which intersects the image of the section sz if and only if
g =—¢, fori=1,...,0.

In this case then, by (2.4), Lz belongs to the identity component of ker(1 4+ 7*). It follows that
tensoring by Lz preserves each connected component of ker(1 +7*) C Jaco(f))7 and hence we may

conclude that the fixed locus of 7 on %O(D) has four connected components. O

45



For later use we highlight the following Corollary.
Corollary 2.2.2. Let C be an irreducible curve with one node and no other singularity, and let
D = f~1(C) be the corresponding integral curve with two nodes. Then Prym(D/C) is a rank one

degeneration of an abelian variety.

2.2.2 Two reducible cases

The following example shows that the situation when C' and D are not irreducible is slightly dif-
ferent. In Section 3.4.1 we will give an alternative, and more hands on, proof of the main result of
this subsection in the case the curve C' is the union of two smooth elliptic curves meeting in one

point.

Let us consider the case where the curves C = C; UCy and D = Dy U D5 are union of two smooth
components intersecting transversally in ¢ (resp. 2§) points. For simplicity we assume § = 1 so that
Cl . CQ =1. Set

Dl sz = {p7l’p}7

and let {p1,tp1} and {p2, tp2} be the pair {p, p} viewed on D; and D, respectively. To fix ideas, we
assume that the curve D is contained in a surface and we consider the case where the polarization
is equal to?

Hp = O(D) R wx.

so that it is not v-generic and since § = 1, by Example 1.1.17, Jac%D (D) is connected and hence a
group. Also, for i =1,2 let
L2 Dy — Di,

be the involution corresponding to the double cover D; — C;, and let 7; be the line bundle defining

the cover itself. In this case diagram (2.8) becomes

0 Cc* ker(1+L*)—5>ker(1 +1%)
0 C* Jac’(D) —— > Jac®(D) ——= 0

iy_o L(H»L*) iut*

0 — ker(a) — (1 + ¢*) Jac’(D) —2> (1 4+ 7%) Jac’ (D) —= 0

2Without assuming that D is contained in a surface, we could just choose a t*-invariant polarization on D with
multi degree (k1,k2) = (2h1 — 2 + 2§, 2ho — 2 + 26), where for ¢ = 1,2 we have set h; = g(D;).
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and gives an exact sequence
0— C" — ker(1+4 %) LA ker(1+7™) — ker(a) — 0,

so that to determine the number of connected components of ker(1 + ¢*) C Jac’(D) we need to
compute ker(c). Since in the case at hand, Jac®(D) = Jac®(D; ) x Jac®(D,), the fixed locus ker(1+7*)
has 16 connected components. We claim that, ker(1 + ¢*) has 8 connected components. By what
we said, this is equivalent to showing that ker(a) = Z/(2). To this aim, consider the following
diagram

0 —— ker(a) —— (1 + %) Jac®(D) —2> (1 +7%) Jac®(D) ——= 0

0 — ker(p) 2 Z/(2) —— f* Jac®(C) 4 f* Jac®(C) 0
00— Jac’(0) = Jac®(C) 0
0 7)(2) 7)(2) x Z)(2) —=Z/(2).

Suppose for a moment that ker(a) = (0), then a would be an isomorphism and a~! would give a sec-

tion of the non trivial covering f* Jac®(C') — f* Jac®(C). This, however, is absurd and hence
ker(a) = ker(p) = 7/ (2),

and the claim is proved.

Finally we observe that the closure in R?{D (D) of ker(1+¢*) is the union of 4 connected components,
each of which is the union of two irreducible components. What we will show is that the closure
every connected component of ker(l + ¢*) intersects the closure of exactly one other connected
component. Indeed, R?{D (D) is obtained from the C*-bundle over Jac®(D) = Jac®(D;) x Jac®(Dy)
by first compactifying to a P!-bundle and then glueing the 0 and oo sections, (both identified with
Jac®(D)), via the twist by line bundle L := Op, (p1 — tp1) ® Op, (p2 — 1p2). However, by (2.4), the
class of Ly := Op, (p1 — tp1) does not lie in the the identity component of ker(1 + ¢7), even though
it lies Nm™'(0) C Jac®(D;). It follows that tensoring by L; preserves the two fibers Nm™'(0)

and Nm~'(n;) (cf. (2.5)), while interchanging the two components of each fiber. The analogous
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statement holds for Ly := Op,(p2 — tp2). We may conclude that tensoring by L®? preserves every
component of ker(147*) = ker(1 +¢7) x ker(14¢5). The action of tensoring by L thus divides these
components in pairs, and within each pair the zero and infinity sections of the two components are

identified.

A final remark can be made about the points at infinity of Fix(7). When the parameter A of the
C*-bundle ker(1 + ¢*) goes to zero or infinity the corresponding line bundle tends to a torsion free
sheaf which is S-equivalent to a polystable sheaf of the form F; @ Fy where, for each i = 1,2, the

sheaf F; is a stable sheaf supported on D; (cf. Remark 1.1.18)

The previous discussion can be repeated almost word by word in the case in which the two curves C
and Cy meet transversally in § > 1 points. The main difference in the case § > 2 is that E(I]{D (D)
is not irreducible any more. However, as shown in Example 1.3.10 we see that among the 26 — 1
components of Jac(}qD (D) only one them, the identity component, contains ker(1 4 ¢*).

Proposition 2.2.3. Let C = C; UCy (resp. f~1(C) = D = Dy U D3) be the union of two smooth
components intersecting transversally in & (resp. 28) points. Then ker(1 + 1*) C R?{D(D) has
4 connected components, each consisting in two irreducible components meeting at the boundary of

0

Jacy, (D). Moreover each connected component of Fix(7) contains points of the type [Fy & F] where

for each i = 1,2 the sheaf F; is a stable sheaf supported on D;.

Using Proposition 2.2.1, one can see that the analogous statement holds also if we assume that the

components of C' and of D are nodal and irreducible.

The last case we are going to describe is the case where C' is irreducible, but D it not.

Proposition 2.2.4. Let C' be an irreducible curve with one node, let C be the normalization of C,
and let f: D — C be an étale double cover such that D is the union of two smooth components D1
and Dy that meet transversally in two points and that are interchanged by the involution (and are
isomorphic to C). Then ker(1 + 1*) C E(;ID(D) has two connected components both of which are
isomorphic to the Jaco(é’), Moreover, if H is a generic polarization (in the sense that ’%X ¢ 7)

then ker(1 + ¢*) C Jach (D) has 4 connected components each of which is isomorphic to Jac®(C).
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Proof. Under our assumptions diagram (2.8) becomes

B

0 7)(2) ker(1+ ") ———— Jac®(D;) ———=0

0 C* Jac’ (D) —— = Jac®(Dy) x Jac®(Dy) — 0
‘/xQ i(l-s-ﬁ) iu‘[*

0 C* (1 +¢*) Jac’(D) —2—= Jac®(D;) ———= 0

So we see that ker(1 + ¢*) is equal to two copies of Jac’(D) = Jac®(C). Moreover, if we consider
a v-generic polarization H, then we should repeat the above diagram for the number of irreducible

components of E?LI(D) and we know from Example 1.1.17 that this number is equal to 2. O

The same result holds in the case that the components of D are not smooth (thus they are equal
to only a partial normalization of C) but still intersect transversally in smooth points. In this
case the components of the Prym varieties are equal to the compactified Jacobian of this partial
normalization. Analougsly, we can formulate the proposition in the case where D; and Ds intersect

in more than two points.

A corollary of the study of the Prym varieties of these singular curves is the following computation
of the number of maximal dimensional components of the fixed locus of 7.

Proposition 2.2.5. If the linear systems |C| and |D| are sufficiently positive, for e.g. if the locus
Z C |C| of curves whose double cover D — C' is not as in the statement of Proposition 2.2.1 or of
Proposition 2.2.3 is of codimension > 2, then Fix(1) C My u, (|C|) has four irreducible components

that dominate |C)|.

. . —0
Proof. Let U C |C| be the set of curves C whose cover D — C'is such that Fix(7) C Jacg, (D) has
four connected components. The assumption of the proposition implies that U is simply connected.
Now let

Py, = W5 C),

be the Stein factorization of 1, so that W — |C| is finite of degree 4. Since b=1(U) C W is
a disconnected union of 4 components it follows that W is the union of four distinct irreducible

components. O
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2.2.3 Remarks on choices of the polarization

There a few possible generalizations, which we now describe, for the definition of the relative Prym
variety we gave in (2.7). First of all, we can consider a non zero integer x = d —h+ 1 and the Mukai
vector

v=v(F)=(0,[D],x + %wx - D).

Let N be a (*-invariant line bundle on X such that

 N-T—wy-T

X 5 )

and let H be an ample divisor. We define a birational involution

™~ : My g - My m, 2.9)

F+— 75(F) := Ext' (1" F, N),

and the fixed locus Fix(ry) C M, g of 7n as the closure of fixed locus of the restriction of 7
on a dense open subset were it is biregular. The natural morphism Fix(ry) — |C| is generically
4:1,but if x # —h+1 or if Op(N) # Op(D) there is a priori no natural choice of an irreducible

component.

However, if x = —h + 1 and N = O(—D), even if H-stability is not preserved by 7_p, we can
set

PU,H = Prymv,HD (Da C) = FiXO(T—D)7

where by Fix°(7_p) we mean that we are considering the fixed locus the restriction of 7y to an open
subset where it is biregular, and then taking the closure of the irreducible component that contains

the (closure of) the image of the rational section (1.9).

The advantage of choosing Hp as polarization is that we know that 7_p is regular. This fact
guarantees a better control on the local structure of P, i. On the other hand, by choosing the
polarization H to be v-generic we may achieve a nicer structure of the moduli space (cf. for e.g.
Theorem 1.2.1 and Theorem 1.2.3) while loosing, in general, a control on wether 7_p is regular or
not. Indeed, in the next two propositions we are going to see that as soon as the linear system |C|
has a member that breaks into the union of two components meeting transversally, the options of a

v-generic polarization and of having 7_p respecting H-stability are mutually exclusive. We should
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point out that there in Section 3.4 we will see and example of when 7_p does not respect stability,
but the a priori birational map it defines is in fact a regular morphism.

Proposition 2.2.6. Let f : X — Y be an étale double cover of two smooth projective surface.
Let C C Y be an irreducible curve and set D = f~'C. Let x be a non zero integer and set
v =(0,[D],x + gwx - D). Suppose that there is a member of {C} that is the union of two integral
components Cy and Co that intersect transversally and whose inverse images D1 = f~1(Cy) and
Dy = f~Y(Cs) are also integral. Let N be a v*-invariant line bundle such that

 N-D-wx-D

X B )

(so that Ty, defined as in 2.9, preserves v and is involutive). If H is a v-generic polarization on X,

then T does not preserves H-stability.

Proof. Let H be a v-generic polarization and fix a ¢*-invariant line bundle N such that

 N-D-wx-D

X 9 )

so that 7y preserves the Mukai vector and is involutive. Set § = Dy - Dy and for i = 1,2 set
h; = g(D;), and k; = H - D;. As we saw in Example 1.1.17, the fact that H is v-generic translates
in the fact that

X
Xy ¢ 7.
kk”é

and the H-stability criterion for a line bundle F' on D; + Dy in terms of x; = x(F3) is

k1 ky
— — 4.
kX<X1< kX+

Setting, for i = 1,2, m; = N - D; —wx - D; and m = my + mso, and using our assumption on N, we
see that the line bundle 7 (F') is H-stable if and only if
k k
X < —x1464+my < x— +0.

k k

Let a be the round down of X%, so that we can write m = a+ s, with 0 < s < 1. If 7y (F) is

H-stable for every H-stable line bundle F', then
a+1<—xy1+m +d<a+/,
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has to hold for every x; that satisfies

a+1<x1<a+d,

It follows that asking 7 to preserve H-stability, forces

my = 2a + 1.

This leads us to a contradiction, since m; = N - D1 —wx - D1 has to be even as it is the intersection

number of two ¢*-invariant line bundles N ® wy, and Ox (D). O

Conversely, we have the following

Proposition 2.2.7. Consider the setting of Proposition 2.2.6. Let H be a polarization of X and
suppose that there exist a t*-invariant line bundle N such that Ty preserves v and H-stability. Then
H is not v-generic and there exists a H-polystable sheaf with Mukai vector v of the form Fy} & Fy
where for i = 1,2, supp(F;) = D; and F; is H-stable.

Proof. Indeed, using the notation of the proof of Proposition 2.2.6, one can see that if 7y preserves

H-stability, then
ma k1 mo ko
—_— = and — = —y,

2~ kY 2k

are integers. It follows that H is not v-generic and that, moreover, we can find H-stable sheaves F

and Fy supported on D; and Ds respectively and such that x(F;) = Xki — i O

Notice that for the statement of the Proposition to be true, we do not really need to require that
TN is a regular morphism, but only that it is regular on an open subset of M, x that intersects
7Dy + Ds].

Remark 2.2.8. Let v = (0,D,x) and v' = (0,D,x’) be two Mukai vectors, and let N and N’ be
two line bundle such that N -D =y and N'-D = x'. Assume that H= N Qwy and H = N'Quwx

are ample, and consider the moduli spaces

M:MU,H and M,:MT,/7H/,

with the involutions T =15 : M — M and 7" = 75 : M’ — M'. Suppose that N ® N'V is divisible
by two in Pic(X) and let L be such that L®? = N @ N'V. It is not hard to check that there is a
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commutive diagram,

M—"—=M

| e

M/ TH/ MI
In particular, tensoring by L defines an isomorphism of Fix(t) with Fix(r'). Even if N ® N"V is
not divisible by two in Pic(X), one can use the same argument to show that M and M’ (and Fix(7)

and Fix(1")) are fiberwise isomorphic.
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Chapter 3

The relative Prym variety of a
linear system on an Enriques

surface

3.1 Linear systems on Enriques and K3 surfaces

In this section we collect a number of results, mostly from [17] and from [16], about curves and
linear systems on Enriques and K3 surface and formulate them in view of our needs in the rest of

this Chapter and in Chapter 4.

A smooth projective surface T is called an Enriques surface if it is smooth, if H(T,07) = 0
and if the canonical bundle wr is a non trivial 2-torsion element of Pic(T), i.e. if wr # Or but

w%?2 == OT.

For the rest of this thesis T" will denote an Enriques surface, and
f:85—=T, (3.1)

will denote the universal cover of T'. It is well known that S is a K3 surface. The double cover f is
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just the cyclic double cover associated to wp. We denote by

t: 85— 85, (3.2)

the covering involution. Since there are no holomorphic two forms on 7', the involution ¢ acts as —1
on the space H°(S,wg) of global sections of the canonical bundle of S, i.e., ¢ is an anti-symplectic

involution.

By a result of Namikawa (Proposition (2.3) of [50]) the ¢(*-invariant of NS(S) is equal to f*(NS(T)).
Moreover, since the pullback

£ NS(T) — NS(S),

is injective, we deduce that f* NS(T) is a primitive rank 10 sub-lattice of NS(S). In particular, the

Picard number of S is greater or equal than 10. It is well known that!

NS(T) = Eg(—1) @ U, and that H?*(S,Z) = Eg(—2)®? @ U3,

where Ejg is the positive definite lattice associated to the Dynkin diagram of type Eg, and U is the
rank two unimodular hyperbolic lattice. Moreover, if T' is general in moduli (Proposition (5.6) of
[50]), then

NS(S) = f* NS(T). (3.3)

From now on, when we say that T is general, we mean that (3.3) holds. If T' is general, then

NS(S) = NS(T)(2).

Consequently, the square of any class in NS(S) is divisible by 4. In particular, S and T do not
contain any algebraic —2 classes. Since the arithmetic genus of an irreducible curve I' in 7" or in .5,
is

FZ

I)=—+1
g(T') 5+ L

this means if T is general neither surface contains a smooth rational curve. A surface that does not

contain any smooth rational curve is called unodal.

LGiven a lattice A and a non-zero integer m, we denote by A(m) the lattice obtained from A by multiplying its
non-degenerate integral bilinear form by m.
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For any sheaf F' on T, we set

F':= F @ wr. (3.4)

Notice that f*F = f*F’. If C C T is a curve with C? > 0, we usually denote by C’ a section of

o(Cy.

Let C' C T be an irreducible curve of genus g. If C? > 0, it follows from the Hodge index Theorem
that the induced double cover

D:=fYC) = C,

is non trivial and that the line

nec ‘= wr|c»

is also non trivial. Notice that in this case

Before recalling the results we will need on the geometry of the linear systems |C| and |D| we
mention a few important facts on the topology of a covering morphism of smooth curves. Let us

then consider an étale double cover of smooth curves,
f:D—=C,
which induces, at the level of the Picard groups a short exact sequence,
1= Z/(2) — Jac(C) L3 Fix(:Y)  Jac(D). (3.5)

For every d € Z one can show as in Lemma 1.4.7 that the fixed locus Fix(:*) C Jac?!(D) is exactly
the image f*(Jacgq(C)). For later use, we highlight the following
Remark 3.1.1. In [49] (Section 2, (vi)) it is shown that

Fix(+*) = Im[(1 + ¢*) : Pic’(D) — Pic®(D)].

Now, since

Pic’(D) = HY(D,0)/H"(D,7), Pic°(C) = H'(C,0)/H(C,Z),
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and

(14 )HY(D,0)=H"(D,0)",

it follows that
Fix(:*) = f*(H'(C,0))/f*(H'(C,0))n H" (D, Z)

(3.6)
=HYD,0)"/HY(D,Z)n H*(D,0)",
where H1(D,0)T denotes the t-invariant subspace of H*(D, O).
The following Lemma will be used in Section 4.1.
Lemma 3.1.2. Both inclusions
1+ (HY(D,Z)) C f*HY(C,Z), [*H'(C,Z)C H'(D,Z)" (3.7)

are index 2 sub lattices.

Proof. From the short exact sequence (3.5) and Remark 3.1.1, it immediately follows that

f*HY(C,Z) c H'(D,Z)"

is an index two sub lattice.

For the first inclusion, we argue as follows, identifying using Poincaré duality H'(C,Z) with H, (C,Z).
The cover f: D — C is induced by an index two sub lattice K C Hy(C,Z). Let a in H,(C,Z) be
a primitive element that is not sent to zero under the natural projection onto Hy(C,Z)/K = Z/(2).
Setting v := «, it is possible to complete « to a symplectic basis {a;, 5;}, such that the elements

oy, for every i # 1, and 3;, for every i, lie in K. By construction,

f*K C (1+)HY(D,Z).

This is because the double cover is trivial when restricted to any cycle v representing a class in K,
so that

ffy =2+,

with  and 2 disjoint cycles. On the other hand, since & := f~!(«a) is connected and (&) = &, we
have

24 = (1 + 1)a.
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To conclude, it is sufficient to notice that & is not in (1 + ¢)H'(D,Z) since we can find a § in

HY(D,Z) such that o3 = 3, and (&, §) = 1.2 O
Corollary 3.1.3. H(D,Z)" /(1 +*)H'(D,Z) = Z/(2) x Z/(2).
Let us now get back to study the geometry of the linear systems |C| and |D|.

The two ¢*-invariant subspaces of |D| are

f¥|C|, and f*|C’|.

In the sequel, we will drop the symbol f* and consider |C| and |C’| as subspaces of | D|. The following
Lemma will be used in Section 2.1.
Lemma 3.1.4. Let T be a general Enriques surface, and let C C T be an irreducible curve. If C' is

not divisible by 2 in NS(T), then D is irreducible.

Proof. Since D — C has degree two and C' is irreducible, D can have at most 2 components D and
Dy, each mapping birationally onto C'. Since the two components are interchanged by the involution,
and 1* acts as the identity on NS(S), it follows that D ~ Dy + ¢t*D; ~ 2D; contradicting the fact
that C' (and thus D) is not divisible by 2 in NS(T'). O

Without the assumption that p(S) = 10, the above Lemma does not necessarily hold.

If L is a line bundle on X =T, S, and L? > 0, then

L2

and since x(Or) =1 and x(Og) = 2, it follows that either L or L™! ® wx is effective.

Suppose X = S. Since H}(X,Ox) = 0, if L = Ox (D) is effective then H'(X, L) = ker[H*(D, Op(D)) —
H?(Og)], so that if D is connected then H*(X, L) =0 and

2

L
dim|D| = Z- +1=h,

If L? = 0 then the dimension of the linear system |L| depends on the divisibility of the class of L

in NS(S). Indeed, we can write L = O(kE) with k£ > 1 and E C S a primitive elliptic curve. With

2We can choose for B one of the connected components of f~1(f).
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this notation

hY(S,05(kE)) =k + 1.

In other words,

|kE| = Sym” | E| = P*.

If X =T and L = Or(C) for some irreducible curve C C T, then H*(T,L) = H'(C,0c(C)) =

H°(C,n¢). In particular, this means that if L? > 0 then

2
dim|C| = % =g(C) -1

Now suppose that the class of L is primitive in NS(T') and that L? = 0. We can write L = O(e)
where e C T a curve of arithmetic genus one. If we set E = f~!(e) the class of the E is primitive

in NS(S), it is in particular connected. Hence 7. := O.(e) is non trivial and it follows that
Hl(T7 L) = Hl(Ta OT(e)) = 07

and that h°(T,L) = 1. The two invariant subspaces of the pencil |E| = P! are the two points

corresponding to the curves,
E:=f"Ye), and E' :=f1(¢).

On the other hand, if L = O(2¢) and C is a section of H(T,O(2¢)), f~1(C) is disconnected and
nc = Oc¢. Hence h!(T,L) =1 and
|2¢] = P!,

is an elliptic pencil. This pencil has exactly two half fibers e and e’ which, by Kodaira’s classification
of the singular fibers of an elliptic fibration, are either smooth, nodal rational curves, or a closed
chain of smooth rational curves. By primitive elliptic curve we mean a primitive curve of the types
above, i.e. a curve of arithmetic genus one that is either smooth, or is an irreducible nodal rational
curve, or is a closed chain of smooth rational curves. We should point out that if T" is general, then a
primitive elliptic curve is necessarily smooth. Indeed, we know that it has to be irreducible. Suppose
that there existed a irreducible nodal rational curve on a a general Enriques surface T'. Its double

cover in S would then have to be reducible, contradicting Lemma 3.1.4.
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Notice that

wr = Or(e—¢).

If L is isotropic but not primitive, then
|ke| = SymtgJ |2¢| x |e] = pls),

We should remark that since rk Eg(—1) @ U > 5, it always contained isotropic vectors and hence

every Enriques surface contains a genus one pencil.

Now let 'y and I's be two effective classes on T, or on S. By the Hodge index theorem it follows
that, if T3,T'3 > 0, then I'y - Ty > 0. Moreover, I'y - I'y = 0, if and only if, ZI'y = ZI'y in NS(T)
(or in NS(S)) and I'? = I'3 = 0. By the Nakai-Moishezon-Kleiman criterion and the Hodge index

theorem, it follows that if S and T are unodal, then
Amp(T) = QF, and Amp(S) = QF,

where Q; (and Q;) is a connected component of the cone of classes with positive self intersection in
NS(T) (and NS(S)) respectively. Moreover, for both surfaces the cone of effective curves is equal to
the closures of Q7 and Qg in NS(T') and NS(.S) respectively, which in turn equal the nef cone.

Proposition 3.1.5 ([17]). Let L be a line bundle on T with L?> > 0. If L is nef, then |L| has no
fixed component unless L = 2e + R, where e is a primitive curve of arithmetic genus 1 and R is
a smooth rational curve with e - R = 1. Moreover, if L has no fized component then the general

member is irreducible.

Proof. This is just Proposition 3.1.6 and Corollary 3.1.2 of [17]. O
Proposition 3.1.6 (Reducibility Lemma,[17]). Let L be an effective line bundle on T'. Then L is
linearly equivalent to an effective combination of curves of arithmetic genus one and zero.

Proof. [17] O

Before continuing, we make two definitions which will play an important role in Chapter 3.
Definition 3.1.7 ([12]). Let m be a positive integer. An effective divisor C C T is said to be
m-connected, if for every decomposition C' = C + Cy into the sum of two effective divisors we have

Cy - Cy > m. A linear system |L| is said to be m-connected if all its members are m-connected.
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Definition 3.1.8 ([63]). A linear system |L| on a K3 or an Enriques surface is said to be hyperelliptic
if L? = 2 or if the associated morphism @y, is of degree 2 onto a rational normal scroll of degree

n—11n P".

We now proceed to state a characterization of hyperelliptic linear systems on K3 or Enriques surfaces.
First of all we recall the following proposition (cf. Proposition 4.5.1 of [17]).
Proposition 3.1.9 ([17]). Let T be an Enriques surface, and let C C T be an irreducible curve with

C? > 2. The following are equivalent,
1. |C| is a hyperelliptic curve;
2. |C| has base points;
3. There exists a primitive elliptic curve e such that C - e = 1.

By Corollary 4.5.1 of [17] it follows that the general member of a hyperelliptic linear system is a
smooth hyperelliptic curve.
Proposition 3.1.10. Let S be a K3 surface and let D C S be an irreducible curve, with D? > 4.

The following are equivalent,
1. |D| is a hyperelliptic;
2. the general member of |D| is a smooth hyperelliptic curve;
3. there exists an elliptic pencil |E1| such that C - Ey = 2.

Suppose, moreover, that S is unodal. If one of the above conditions is satisfied, then there exist an

integer n > 1, and a primitive elliptic curve Ey such that

D:nE1+E2, U)ZthEl 'E2 = 2.

Moreover, the morphism

¢p: S — RcCP"H (3.8)

is of degree two and maps S onto a rational normal scroll R of degree 2n in P?"*t! and R is

isomorphic to a quadric surface whose two rulings are the images under pp of the elliptic pencils

|E1| and |Es|.

Proof. The equivalence of the three items above follows from Theorem 5.2 and Corollary 5.8 of Saint-

Donat’s paper [63]. As for the second part of the proposition, it follows from Proposition 5.7, from
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Section 5.9 in loc.cit. and from the fact that the images in R of F; and E5 are two lines. Indeed, the
two points of the intersection £ N Fy map to the same point under ¢p, since O(D)|p, = O(E2)g, -
Thus the image ¢ of E; in P?"*! has degree one and the map E; — ¢ has 4 ramification points.
Since the ramification curve meets D in 2h 4+ 2 = 4n + 4 points, it meets Es in 4 points. Hence,
the image o of Ey in R is smooth and rational. Since ¢-o = 1, and ¢2 = 02 = 0 the proposition is

proved. O]

Thus, if |C| is hyperelliptic, so is |D|. In particular, if T is general, the class of any hyperelliptic
curve C' on T is of the form

nep + e,

with n > 1 and e; - eo = 1. And hence we see that a hyperelliptic linear system is 1-connected. It
turns out that also the converse holds

Proposition 3.1.11. Let T be a general Enriques surface and let L be an effective line bundle
on T, with L?> > 0. Then |L| contains a member that is the union of two smooth curves meeting

transversally in v > 1 points. Moreover, if v =1 then |L| is hyperelliptic.

Proof. Before starting the proof, we should remark that the general member of a linear system
L’ with positive self intersection on a general T' is smooth. Indeed, since L’ is ample Proposition
3.1.5 guarantees that L has no fixed component. Hence, either |L’| is base point free so that its
general member is smooth by Bertini, or else |L’| there are two simple base points, in which it is is

hyperelliptic and the general member is smooth by the comment after Proposition 3.1.9.
By Proposition 3.1.6 we now that there is a member C in |L| such that C' = Cy + Cs.

Suppose that C; - Co = 1. By the Hodge Index theorem 1 = (C; - Cy)? > C?C2, forcing on of the
two curves, say C1, to be equal to e; for some primitive elliptic curve. Since C; - C' = C - Cs, we

may conclude that C' is hyperelliptic.

We are left to prove that we can choose the two curves C; and C so that they are smooth and that
they intersect transversally. In order to achieve this it is sufficient to show that we can choose Cy

and C5 to be either primitive elliptic curves, or to have positive self intersection number.

Suppose that C? = C2 = 0 so that there exist primitive elliptic curves e; and e, and positive integers
s and t such that C7 = se; and Cy = sey. If s = ¢ =1 we are done, if not, we can set C] = e; + ey
and C5 = (s — 1)er + (t — 1)ea. If C2 = 0 but C3 > 0 then as before we can set C; = se; and if

s> 1 we can set C] = ey and C) = Cy + (s — 1)e;.
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Corollary 3.1.12. Let T be a general Enriques surface and let L be a line bundle on T'. The linear
system |L| is hyperelliptic if and only if it is 1-connected.

Corollary 3.1.13. Let T be a general Enriques surface, and let C' C T be an irreducible curve. Set
D = f~Y(C). Then, there is a member of f*|C| C |D| that is a union of two smooth t-invariant
curves D1 and Dy meeting in 2v points. Moreover, we have v > 2, unless |D| is hyperelliptic, in

which case v = 1.

Proof. Keeping the notation in the proof of the previous proposition, it is enough to check that the
curves Dy = f~1(Cy) and Dy = f~1(Cy) are connected. This, however, follows from the fact that,

for i = 1,2, either C? > 0 or C; is a primitive elliptic curve. O

In Section 3.5 and Section 4.2 we will need the following proposition.
Proposition 3.1.14. Let X be a general Enriques surface or a K3 surface covering a general En-
riques surface, and let L be a line bundle on X with L? > 0. Then |L| has reducible members in

codimension one if and only if |L| is hyperelliptic.

Proof. We will prove the proposition when X is an Enriques surface, the proof for K3 surfaces is
analogous. Since the irregularity of the surface is zero, any component of the discriminant param-
eterizing reducible curve is birational to a product of linear systems. Consider a reducible member

C1 4 Cs, and set v = Cy - Cs. For i = 1,2, letting g; be the arithmetic genus of C;, we have

9= +g+v-1

First assume that if, for some i = 1,2, the genus g; is equal to one the corresponding curve Cj is a
primitive elliptic curve. Then dim |C;| = ¢; — 1, dim |C| = dim |C4 | + dim |C3| + v, and codim(|C | x
|Cs],|C|) = v. From Corollary 3.1.12 it follows that ¥ > 1 and that v = 1 if and only if C is

hyperelliptic.

Next, consider the case C; € [se;| = PL3) for some primitive elliptic curve e; and some integer

s > 2. Then dim |C| = g2 — 1 +v. Thus, if go > 2, we have dim |Cy| x [Cy| = [5] + g2 — 1, while
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dim |[Cy| x |Co| = | 5] + | 5], if Cp = tep with ¢ > 1. It follows that
v — §J, if go >2

codim(|C4| x |Cal, |C]) = ¢
v-lgl-lg) Hfe=1

In the first case, since v = sv/, with v/ > 1 we are done, unless s = 2 and v/ = 1. However if
s = 2 and v/ = 1, the curve Cy is hyperelliptic of the form ve; + ey, with e; - e3 = 1, and hence

L =07((v+ s)ey + ez) is hyperelliptic.

As for the second case, we can set v = stv’ and thus we are done unless v’/ = 1, s = 2 and ¢t = 1.

This means that Cy = e, with e1 - ea = 1 and, again, L = 2e; + e is hyperelliptic. O

Next, we study the discriminant locus of a hyperelliptic linear system on an Enriques surface.

Proposition 3.1.15. Let T be an Enriques surface, and let |C| = |ney + e2| be a genus g =
n+ 1 > 3 hyperelliptic linear system on T. The discriminant locus A C |C| is the union of
four irreducible components Ay, Ao, Az, Ay. The first two are hyperplanes and the gemeral point
parametrizes curves that are the union of two smooth curves meeting transversally in one point, the
third component, whose general point parametrizes curves that are union of two smooth components
meeting transversally in two points, is of degree m — 1, and the forth is of degree 4n + 12 and
generically it parametrizes singular but irreducible curves. Moreover, the general curve parametrized

by this component has only one node.

Proof. First of all, one can show with a classical Euler characteristic count shows that the degree of

A is equal to 6(n + 2).

It is clear that the two hyperplanes,
Ar:=ler] x|(n—1)e; +ea|, and Ag:=le}] x |[(n—1)e; + €], (3.9)

constitute two components of the discriminant locus, and also that they parametrizes curves of the
form e; UT with I € |(n — 1)eg + e (resp. €f UT with I" € |(n — 1)e; + e5]). Secondly, the natural
map

¢ :PLx P2 = |2¢;| x |(n — 2)e; X ea] = A C P™.

is just the composition of the Segre embedding P! x P*~2 — P23 with the surjection P?"~3 — P»
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induced by the natural map
H(T,0(2¢;)) ® H (T, O((n — 2)ey + e3)) — HY(T, O(ne;y + e3)).

It follows that,

P! x P72 = ¢(P' x P72, (3.10)

is finite and generically one to one, and that Az := ¢(P* x P?~2) is a degree n — 1 component of A
whose general point parametrizes curves as in the statement of the theorem. Notice that the above

map (3.10) is just the normalization of Aj.

We just need to prove that the remaining part A4 of the discriminant is irreducible. By definition
the rational map ¢|¢| associated to the linear system maps 7" generically 2 : 1 onto a degree n — 1
rational surface R C P", and contracts the curves e; and €j. A curve in |C] is singular in the
following three cases. If it covers a singular (hence reducible) hyperplane section of R, if it covers
a smooth curve that is tangent to the ramification curve, or else if its image contains one of the
two points P and @ to which either e; or e} is contracted. The ramification curve is described in
Theorem 4.5.2 of [17]. Tt consists of the union of two lines ¢; and ¢5 belonging the ruling that is the
image of |2e;] and of an irreducible curve B C R. The irreducible curve B has two tacnodes in P
and @ and is otherwise non singular (we are in the un-nodal case). The preimages, under ¢¢|, of
the lines through P and @ are the curves in A; and As, respectively. The set of hyperplane sections
of R passing through ¢; or /5 form a set of codimension 2, whereas the set of hyperplane sections
of R that are tangent to B form an irreducible divisor A4 C P™. Moreover, the general hyperplane
in this component is tangent to B in just one point and thus corresponds to curves in |C| with only

one node and no other singularity. O

3.2 The relative Prym variety associated to an Enriques sur-

face

In this section we will analyze in more detail the relative Prym variety associated to a linear system

on an Enriques surface.

We start with a definition.

Definition 3.2.1. A compact Kdahler manifold M is a hyperkdhler manifold, or holomorphic sym-
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plectic manifold, if it is simply connected and if it admits a homolorphic symplectic form. If, more-

over, the symplectic form is unique up to scalar M is said to be irreducible.

Let X be a K3 surface, let v € H*(X,Z) be a Mukai vector, and let H be a polarization. Assume
that v is such that the moduli space of H-semistable bundles M = M, g (X) is not empty. In the
fundamental paper [47], Mukai proved the following theorem

Theorem 3.2.2 (Mukai). The stable locus of M admits a symplectic form.

We won’t prove the theorem, but we will describe the symplectic form on the tangent space at a [F] €
M corresponding to a stable sheaf F'. Recall that the tangent space of M at F' is naturally isomorphic

to Ext*(F, F). The symplectic form at the point [F] is given by the following composition

o :Ext!(F, F) x Ext'(F,F) — Ext?(F,F) - H%(S,0g) 2 C,

(3.11)
(e, f) — eUf — tr(eUf)
where the identification H?(S, Og) = H?(S,wg) = C is Serre dual to the isomorphism
HY(S,ws) = Cog = C, (3.12)

defined by the choice of a, unique up to scalar, symplectic form o € H°(S,wg).

Let us now fix some notation. The arbitrary étale double cover f : X — Y of smooth projective

surfaces of Chapter 2 will be substituted with an étale double cover

f:85—=T,

where T is a general Enriques surface, and S is a K3 surface. We let C' C T be an irreducible curve
of genus g > 2, and we set D = f~}(C) and h = g(D) = 2g — 1. Finally, we choose a non zero
integer x =d — h + 1, set

v = (07 [D]7X)'

and for any polarization H on S, we consider the moduli space M, g = M, g(S). By Theorem
1.2.1, Lemma 1.1.24, and Theorem 3.2.2 and we know that if v is primitive and H is v-generic, then

M, g is a projective hyperkéahler.

We should point out that using the Hilbert-Chow morphism, Beauville has shown in [9] that the

Hilbert scheme of points on a K3 surface admits a symplectic form. He also shows that this form is
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unique up to scalar and that the Hilbert scheme is simply connected, i.e. that the Hilbert scheme of
points on a K3 surface is an irreducible holomorphic symplectic manifold. Moreover, by work of [29]
and [55], it turns out that any moduli space of sheaves on a K3 surface, if smooth and projective,
is an irreducible holomorphic symplectic manifold. In particular, M, g is simply connected and the

symplectic form is unique up to a scalar.

Let us consider the support morphism
T Mv,H — ‘D‘7

let V' C |D| be the smooth locus, and let ¢ € V be a point and let F' be a degree d line bundle
on D;. In [11] Beauville noticed that since the Yoneda product is compatible with the base change
morphism

Extp, (F, F) < Extg(F, F),

the restriction of the pairing (3.11) to Ext}jt (F, F) vanishes, and since the above injection is identified
with the tangent map Tip Jacd(Dt) — TipyMy u, it follows that Tip Jacd(Dt) C TNip My, is a
Lagrangian subspace.

Remark 3.2.3. By a theorem of Matsushita [43], if H is v-generic then the support morphism
M, i — |D] is actually equidimensional.

Lemma 3.2.4. Let X be a projective K3 surface, let D C X be an irreducible curve of genus h > 2,
and consider the Mukai vector v = (0, [D], x), where x = —h+1. Suppose that |D| contains a member

that is the union of two integral curves Dy and Dy with Dy - Dy € 27, then D is not v-generic.

Proof. As in Example 1.1.17, it is sufficient to notice that since D? = 2h — 2 and D; - D, is even,

is an integer. O

Keeping the notation of the Lemma, we should notice that even if M, p is not smooth, the support
morphism

w: M, p— |D|,

is still equidimensional and that its restriction to the smooth locus M;,eg — |D| where a symplectic

form is defined is a Lagrangian fibration. Indeed, it is sufficient to consider a resolution M, y —

67



M, p as in Corollary 1.2.2 and notice that the support morphism are compatible.

The following propositions shows the fact that in every S-equivalence class of sheaves there is a
unique polystable sheaf, can be used to describe the singular locus of a moduli space.

Proposition 3.2.5. Let S be a K3 surface, let v = (0,D,x) € H*(S,Z) be a Mukai vector and let
H any polarization. Set M = M, g(S), and let ¥ C M be the singular locus of M. There is a

stratification {X} of ¥ in smooth locally closed subsets such that each ¥, has a symplectic form.

Proof. By Theorem 1.2.1, we know that 3 is contained in the strictly semi-stable locus. Hence if
[F] € M is a singular point, we know that the sheaf F' is H-semistable. Let v; --- , v, be points in

the integral cohomology H*(S,Z) and let n; - -- ,ns be positive integers such that

E n;v; = .

We say that a H-semistable sheaf F' is of type (niv1,...,nv;s) if it is S-equivalent to a sheaf
@?leinia
such that for i = 1,--- s, the sheaf F; is H-stable with v; = v(F;). We set

Enivr,mavs) = 1F € M |F is of type Znivi}.

The stratum X, 4, ... .n,0,) 18 @ locally closed subset of M, which is isomorphic to an open subset of
the product,

le,H X+ X MvS,H

If non empty, this open subset is smooth, because we are assuming that all the F;’s are smooth.
Since the smooth locus of all the M,,, i has a symplectic form, it follows that the startum inherits
a symplectic form. Moreover, it is clear that the union of the X, 4, . n.o,) on all the possible

decompositions
v= E nivi,

is equal to ¥ and also that there is only a finite number of such decompositions for which X, 4, ... n.v.)

is non empty. O

Notice also that if for i = 1,...,s we set D; = c1(F}), the strata X, ;... n.o,) admits a morphism
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to |Dq| X -+ x | Dg| that is a Lagrangian fibration.
Let us now come to the relative Prym variety.

Set x = —h+1 and

Setting N = —D in (2.9) gives a birational involution

T=7-p:Myp— Myp
(3.13)
[F] ¥ [r-p(F)]

that is the composition of the following two birational involutions:

i My g --» My g,
F+—— 'F,
of Lemma 1.4.4 and
My g -+ My,
F+— j_p(F) = Ext' (F,O0(-D)).
defined in (1.35). Notice that on a smooth fiber, j_p is just the action by “—1”. Recall that we

have defined the relative Prym variety

P, g = Fix°(7),

as the irreducible component of Fix(7) that contains the image of the rational zero section.

We start with a Lemma
Lemma 3.2.6. Set M = M, . The involution * : M --» M is anti-symplectic, i.e. if o denotes
the symplectic form on the smooth locus of M, then ("0 = —o.

Moreover, the fibration ©: M — |D| is equivariant with respect to the involution * defined above.

Proof. Let F be an H-stable sheaf in M and consider two elements e, f € Ext'(F, F). We need to

prove that
O'(L*B, L*f) = _U(ev f)
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By functoriality of the cup product and of the trace map, the following diagram is commutative,

Ext!(F,F) x Ext'(F, F) — = Ext2(F, F) —% = H2(S, Og) (3.14)

‘| ‘| |-

Ext!(:*F,1*F) x Ext'(t*F,* F) . Ext?(.*F,*F) = H2(S, Og).

Hence, in order to prove the Lemma, we just need to prove that the identification H?(S,0g) = C
changes sign if we compose it with ¢*. This follows from the fact that identification H°(S,wg) =
Co = C changes sign once we compose it with ¢*.

As for the second statement, it is a consequence of the very definitions of t* and of . O

Proposition 3.2.7. The birational involution (3.13) T = T7_p 1is symplectic, i.e., if we let o denote

the smooth locus of M, g we have T*0 = 0.

Proof. To prove that 7_p is symplectic it is enough to prove that j_p is anti-symplectic. We argue
as follows. Set M = M, g, let Dy € |D| be a smooth curve, and set J = Jac’(Dg) = 7~ !(Dy). Since
7 is a Lagrangian fibration, the isomorphism Ty = Q}, induced by the symplectic form o, yields an

isormophism of short exact sequences,

0 Ty Ty ——= Ny —=0
0 Yt ., QL 0.

In particular for a point « € J we have the isomorphism

TDO‘D| = NJ/M,x = (TIJ)V (315)

Since the second isomorphism in (3.15) is given by o, and since j* j, acts as the identity on Tp,|D|

and as —1 on T, J, we conclude that j* (o) = —0o. O

We let

M C My, (3.16)

be the largest open subset set of the smooth locus of M, g on which 7 is biregular.

With this notation we have the following
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Corollary 3.2.8. The smooth locus of Fix(7) carries a holomorphic 2-form that is symplectic (i.e.

non degenerate) on an open subset containing

Fix(r) N M;i?[

Proposition 3.2.9. The dimension of the relative Prym variety P, g is equal to (29 — 2). The
smooth locus of P, g carries a holomorphic two form that is symplectic on a dense open subset.

With respect to this symplectic form the natural morphism
R),H — |C‘7

has a natural structure of Lagrangian fibration.

Proof. Since T respects the fibration 7 : M, g — |D|, there is a commutative diagram

P'U,H > Mv,H (317)

)

|C] ——|D|

where, as usual, we identify |C| with f*|C| C |D|. The general fiber of this fibration is a principally
polarized abelian variety of dimension g — 1 since given any smooth curve C in |C|, with double
cover D = f~1(C) — C, we have

n~H(C) = Prym(D/C).

Since dim |C| = g — 1 it follows that dim P, y = 2g — 2. Moreover, the general fibers of 7 are
Lagrangian, and since the symplectic form defined on an open subset of P, y is induced by that on

M, m, the general fibers of v are also Lagrangian. O

As we saw in Lemma 3.2.4, D is not v-generic. In particular, if we choose D as polarization the
involution 7 is biregular, but M, p is not smooth. On the other hand, we should remark that if H
lies in a chamber that is adjacent to a wall containing D then (cf. Corollary 1.2.2) there is a natural
morphism

Mv,H — MU,D»

that is compatible with the symplectic involutions 7 on the two moduli spaces. It follows that there
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is a projective morphism

PU,H — P’U,D7

which is birational since it is an isomorphism on a dense open subset. Since M, y has in general
better singularities than M, p (and is indeed smooth if v is primitive), it is natural to expect that
also P, i has better singularities than P, p. We will see in Example 3.3.7 and in Section 3.4 that
in some cases P, g — P, p is a resolution of the singularities.

Lemma 3.2.10. The fized locus Fix(7) has 4 irreducible components of dimension (2g — 2). All

other components have smaller dimension and are contained in the strictly semistable locus of M, g.

Proof. Indeed, if Z C Fix(7) is a component that intersects the stable locus then it also intersects
Mle}gl It follows that there is dense open subset of Z that has a symplectic form, and since the fibers
of the induced morphism Z — |C| are isotropic, their dimension is bounded by dim Z/2. It follows
that dim Z = 2¢g — 2 if and only if Z — |C] is dominant which happens if and only if Z intersect
the Jacobian JaCO(DO) of a smooth curve Dy covering a smooth curve Cy. If this is the case, then
ZnJac®(Dy) is isomorphic to Prym(Dy, Cy) and hence Z has to be one of the components that map
surjectively onto |C|. The fact that there are 4 of such components follows from Proposition 3.1.14
which implies that |C] is sufficiently positive in the sense of Proposition 2.2.5.

On the other hand, if Z is contained in the strictly semistable locus then Z — |C| is not dominant.
Moreover, by Proposition 3.2.5 the strata of the singular locus of M, y admit a the symplectic
form which in turn induces a symplectic form on a dense open subset of Z. Just as before we can
bound the dimension of Z using the fact that the general fiber of Z — |C| is isotropic and that
dimn(Z) < g—1. O

As a corollary of the proof of this lemma we see that the components of maximal dimension all maps

surjectively onto |C/.

The same argument as in the proof of the above Lemma, allows us to bound the dimension of the

singular locus of the (2g — 2)-dimensional components of Fix(7).

Proposition 3.2.11. Let P be a (29 —2)-dimensional component of Fix(7), and let Sing(P) C P be

its singular locus. Then codim(Sing(P), P) > 2 and equality holds if and only if |C| is hyperelliptic.

Proof. Let 3 C P be an irreducible component of Sing(P). Then, 7(X) is contained in the closed set
R C |C| parametrizing reducible curves and by Proposition 3.1.14 we know that codim(R, |C]) =1

if and only if |C| is hyperelliptic. By Proposition 3.2.5, we know that there is an open subset U C &
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that carries a symplectic form. In particular, 3 cannot be of codimension one. Since the general
fiber of U — R is isotropic, it follows using the same argument as in the proof of the Lemma 3.2.10
that codim(Sing(P), P) > 2codim(R, |C|). In the hyperelliptic case we can apply Proposition 2.2.3
to the curves of A; or As (notation as in Proposition 3.1.15 ) in order to produce a codimension 2

component of Sing(P). O

In Sections 3.3 and 3.4 we will analyze the singularities of the relative Prym varieties, and answer
the natural question of whether there are any that admit a symplectic resolution.

Remark 3.2.12. As in Subsection 2.2.3 we can put ourselves in the following slightly more general
setup: fix a non zero integer y, set v = (0, [D], x), and consider any +* invariant line bundle N on S
with

x =2N - D.

For any polarization H on S we can consider the birational involution

™ : My.g -+ My H,

F+— 75(F) := Ext' (W*F, N).

Then just as in the previous case, one can show that 7y is symplectic, that Fix(7x) has 4 maximal
dimensional irreducible components whose singular locus is as in Proposition 3.2.11. Hence, every
maximal dimensional component maps surjectively onto |C| and has a dense open subset that carries

a symplectic form with respect to which the support morphism is a lagrangian fibration.

3.3 Local structure of M and P

In this section we study, by studying the corresponding singularity of the moduli space the local
structure of the relative Prym variety at the simplest singularities that can occur. This detailed
analysis will reward us by allowing us to characterize the situations in which the relative Prym
variety admits a symplectic resolution. We first identify the tangent cones of the moduli space and
of the relative Prym variety at these singular points, then we show that the relative Prym variety
is actually locally isomorphic to its tangent cone and from this we easily see in which situations the

singularity of P admits or not a symplectic resolution.

As usual, we let T be a general Enriques surface, we let f : S — T be its universal cover, and we let
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C C T be a smooth curve of genus g > 2. We set D = f~1(C) so that h = g(D) = 2g — 1. We fix
a non zero integer x, consider a Mukai vector v = (0, [D], x) and a ¢*-invariant line bundle N such
that

2x =N -D.

Finally we choose a polarization H such that

TN Mv,H — Mv,H,

is a morphism (for e.g. H = O(D), since on an unodal K3 surface any curve with positive self
intersection is ample). Set

M=M,y, and 7=17pn.

By
PcC M,

we will denote a maximal i.e., (2g — 2)-dimensiona,l irreducible component of Fix (7).

The singularities that we are going to study are those given by the simplest polystable sheaves that
can occur, those that are the direct sum of two non isomorphic stable sheaves.

Proposition 3.3.1. Let P be a (2g — 2)-dimensional irreducible component of Fix(7n) C My g .
Then P contains an H-polystable sheaf F' = Fy ® Fy such that Fy and Fy are H-stable, T-invariant

and such that D1 = supp(F1) and Dy = supp(Fz) are reduced and have no common component.

Proof. By Proposition 3.1.11 there is a member of |C| that is the union of two smooth curves C
and Cy meeting transversally®. Set D; = f~1(C}) and Dy = f~1(Cy). Having observed this, we can
apply Proposition 2.2.7 and conclude that there is an H-polystable sheaf that is the direct sum of
two H-stable sheaves F} and F5 supported on D; and on Ds respectively. To show that P contains
sheaves of this type it is now sufficient to recall that P — |C| is surjective, to invoke Proposition

2.2.3 and to notice that, by Remark 2.2.8, ker(1 + ¢*) is isomorphic to Fix(rx) N7 ~1([D1+ Ds]). O

Let
F=FNokF,

be a sheaf as in the statement of the above proposition. We now proceed with the analysis of the local

3We don’t really need that C; and Co are smooth, but just that they are reduced, and that there is an H-stable
sheaf on Cy (resp. C2) with the same H-slope as F.

74



structure of M and of P at [F]. We start by fixing some notation and describing the setting.
Set

vy =v(Fy), vy =uv(Fy),

and, using the notation of the proof of Proposition 3.3.1, set

g1 =9(C1), 92 =9(Cs), h1 =g(D1) =291 — 1, ha = g(D3) =292 — 1, and v =C-Cs.

Recall that the sheaf F' belongs to a stratum of the singular locus of M that is isomorphic to an
open subset of the product
Ml X M27

where for ¢ = 1,2 we have set M; := M,,, . Set

G =P Aut(F) = C*.

By Serre duality the bilinear form

1 Ext!(Fy, Fy)x Ext!(Fy, Fy) — C
(3.18)

(f ) =l f)) =tx(fU )

is non degenerate, and we can identify Ext'(Fy, Fy) with the dual of Ext! (F}, F3). To make notation

less heavy we write

U, = Ext!(F,F1), U, =Ext'(F,, F),
(3.19)
W = Ext'(Fy, Fy), WY =Ext(Fy, F),

so that

Ext'(F,F)=U,aU, e W' & W.

Notice that,

Ui @ Us = T em) (M1 X Ma) = Tp, My © Tk, Mo,

is the tangent space to the singular locus of M. The action of C* on Extl(F, F) is trivial on the

first two summands, and we may set up things so that on W, C* acts by multiplication by A € C*
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(and hence on WV by multiplication by A~!). The obstruction space

Ext?(F, F)o

is one dimensional and, using the trace, we can identify it with Ext2(F1, Fy) = C. Using the notation

established in subsection 1.2.2, it follows that

x1(0) C Ext!(F, F),

is a hypersurface. Notice that, up to the constant factor %, the moment map (1.22) is given by

Ext'(F,F)=U, @U@ WY & W — Ext*(F,F)g =C )
(3.20

e=(a,b, f, f') — kale) = u(f, f).

We mentioned in Subsection 1.2.2 that, locally around [F], M is isomorphic to

x1(0)/C*.

Let us now use this fact to identify the tangent cone C(M) of M at F. First notice that the natural

map

WY & W = Hom(W, C)® Hom(C, W) — End(W)
(i, §) — ji
factors through the action of C* and exhibits the quotient of Hom(W, C) ® Hom(C, W) by C* as the

group End; (W) of endomorphisms of W of rank < 1. Moreover,

Ext!(F, F)/C* = (U, @ Uy & Hom(W, C) & Hom(C, W)) /C*
(3.21)

= U; x U % Endl(W)

Recall that End; (W) is isomorphic to the affine cone over the Segre embedding

sPWY x PW) Cc (WY @ W)

Let C'(M) be the tangent cone of M at the point [F]. Then C(M) C Q/C*, where

Q=ry'(0)={e € Ext'(F,F) | eUe =0}.
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is the tangent cone in 0 of k~1(0).

By choosing appropriate coordinates on Ext' (F, F) and looking at C*-invariant polynomial functions
on this vector space, one may deduce that the equation ky = 0 of Q/C* C Ext'(F,F)/C* is linear

in the invariant coordinates and is of the form,

A=0, where AeW@WY=EndW)". (3.22)

In particular, Q/C* is irreducible and of the same dimension as C(M) so that,

C(M) = Q/(C* = U1 X U2 X EIldLA(W)

where

Endy 4(W) = {a € Endy (W) | A(a) = 0}.

Let us now come to the local study of P at [F]. Fixing an isomorphism

induces, by universality, an automorphism of the base B of a Kuranishi family of F’

7'¢:B—>B7

whose first order term is uniquely defined. Since 74 is not unique, it is not necessarily an involution,

but it is so at the infinitesimal level and

dry = dr = 7. : Ext'(F, F) — Ext'(F, F). (3.23)

Sometimes, and when no confusion is possible, we will write 7 instead of 7. to indicate the homo-
morphism (3.23).

Remark 3.3.2. If F is a stable sheaf, the action of 7, on Ext?(F, F) is equal to —1. To see this
it suffices to prove that 7.(eU f) = —eU f for e, f € Extl(F, F). Interpreting the cup product in
terms of composition of short exact sequences, we see that 7. (e U f) = 7. (f) U Ti(e). The fact that
7 is symplectic tells us that: tr(eU f) = tr(r.(e) U (f)) = tr(7(f Ue)). Since 7.(f Ue) = Af Ue,

AeC* and tr(eU f) = —tr(f Ue), we get A = —1.
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Our aim is to describe the tangent cone

of P at [F]. In order to do so, we consider the action, induced by (3.23), of 7 on (Ext!(F, F)/C*.

We have a series of inclusions

C(P) = C(M") € C(M)" C (Ext!(F, F)/C")", (3.24)

where the superscript 7 indicates that we are taking the fixed locus of 7.

Proposition 3.3.3. Let P be a component of Fix(7) of mazimal dimensional, and let F = Fy®F» €
P be a polystable sheaf that is the direct sum of two T-invariant stable sheaves supported on two
smooth curves Dy and Dy of genus hy = 291 — 1 and hy = 2g» — 1 respectively that intersect

transversally in 2v points. Let C(P) be the tangent cone of P at [F]. Then

C(P) — C291+292—4 o VQ(Extl (F1,F2))

where Vo (Ext! (Fy, Fy)) is the affine cone over the degree two Veronese embedding of P(Ext! (Fy, Fy)).

Proof. Since the action of 7 on (Ext!(F, F)/C* preserves the product structure (3.21) we have

(Ext'(F, F)/C*)" = U] x U] x End,(W)".

Moreover, since T, interchanges the two summands W and WYV, the bilinear form on W defined by

q(v,w) =77 (v)(w)

is non degenerate and hence we can identify End; (W)™ with the subspace End; (W)* of rank one
endomorphisms that are symmetric with respect to ¢. Notice that this is compatible with the fact
that, by construction and the fact that since 7(eU f) = 7(f) U7 (e) the linear form A : End(W) — C
vanishes on the space of symmetric endomorphisms End(W)?. Since End; (W)?® is isomorphic to the

affine cone over the degree two Veronese embedding

PW < PS?W
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of PW, we have
dim End; (W)* = dim W = dim Ext'(Fy, Fy),

which, by Corollary 1.1.8 is equal to 2v. We claim that

dim U] x U; =2g1 + 2g2 — 4.

Assuming the claim for a moment, we have

dim(Extl(F, F)/C*) =291 +2g2 —4+2v=2(9g — 1) = dim C(P),

and since (Ext!(F, F)/C*)7 is irreducible, we may conclude that

C(P) = (Ext'(F, F)/C*)".

To prove the claim, recall that F' is a fixed point of the induced action of 7 on M7 x Ms. Since this
action preserves the product structure, it follows that U] and Uj are the tangent spaces to the fixed
loci of 7 on My and Ms respectively. Let P, C M; and P> C M be the components of the fixed loci
of 7 in My and M, containing F; and F5 respectively. Since F; and F5 are stable, they are smooth

points of P; and P,, and since dim P; = 2(g; — 2) and dim P> = 2(g2> — 2) the claim follows. O

The next proposition tells us that locally around F', P is actually isomorphic to its tangent cone.
Proposition 3.3.4. Let [F] € P C M be a polystable sheaf as in the statement of Proposition 3.3.1.
Setting D1 = supp(F1) and Dy = supp(Fz), suppose that 2v := Dy - Dy > 3. Then, locally around

[F], the relative Prym variety P is isomorphic to its tangent cone Cp)(P).

Proof. Let Z denote the irreducible component of the singular locus of M containing [F]. Then a
neighbourhood Z of [F} @ F3] in Z is isomorphic to My x My where, for i = 1,2, M; C M; is a
suitable analytic neighborhood of [F;]. As in Proposition 4.2 of [40], one can show that the Kuranishi
map vanishes identically on Ext!(Fy, F;) @ Ext! (Fy, F) so that under the identification (M, [F]) =
(k=1(0)//G, 0), the pointed space (Z, [F]) is identified with (Ext'(Fy, F}) @ Ext!(Fy, F»),0). Con-

sider the natural projection

Ext!(F, F) — Ext!'(F}, F1) ® Ext' (Fy, F).
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Since this projection is G-equivariant, and the action of G on k~1(0) is induced by the linear action

on Ext!(F, F), also the restriction

k1(0) = Ext!(Fy, Fi) ® Ext' (Fy, Fy),

is G-equivariant. It follows that there is an induced morphism (recall that the G-action on the pure

part of Ext!(F, F) is trivial),

p: (M, [F]) = (Z,[F]) = (Bxt' (Fy, F1) ® Ext' (Fy, F2),0).

The inclusion (Z, [F]) C (M, [F]) is a section of p, and that the fiber of p over [F] is identified with

(k~1(0) NExt (Fy, F») ® Ext' (F1, 2))//G.

Now let ¥ denote the irreducible component of the singular locus of P containing [F]. Then locally
around [F], ¥ is isomorphic to Py x P2 C M1 x Ma where, for i = 1,2, P; is a suitable neighborhood
of [F;] in the relative Prym variety P; C M;. From Proposition 3.3.3 we know that the tangent cone

of P in [F] is locally isomorphic to

P1 x Py x Endi(W) (325)

The projection M — M7 x My induces a morphism ¢ : P — M; x Ms, and since the morphism
induced by p at the level of tangent cones is equivariant with respect to the induced action of 7, the
image of ¢ in M; X My has the same dimension as, and therefore is equal to, P; X P3. Thus there
is a morphism,

qg:P — P xPa.

At the level of tangent cones, ¢ is just the projection onto the first two factors in (3.25). In particular,
the fibration is flat and is thus a deformation of the central fiber ¢=1(0). Since the tangent cone to
q~1(0) is isomorphic to End; (W), we can apply the theorem of Grauert (cf. [24] and [13], Theorem
4.4) and conclude that ¢~1(0) = End; (W). Moreover, since Endj (W) is isomorphic to the cone over
the degree two Veronese embedding of PW, it is rigid as soon as 2v = dim W > 3. It follows, as in

the previous case, that locally around [F],

2= Pl X 7)2 X EHdT(W)
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We wrap up the results of the section in following Theorem:

Theorem 3.3.5. Let T be a general Enriques surface and f : S — T its universal covering. Let |C|
be a non-hyperelliptic linear system of genus g > 2 on T. Set D = f~*(C), fiz a non zero integer
X, and set v = (0, [D],x —h+1) with h =29+ 1= g(D). Let N be a 1*-invariant line bundle on S
such that 2x = D - N, choose H so that Tn : My, g — M, g is a reqgular morphism, and let P be a

component of Fix(rn) of dimension 2g — 2. Then P does not admit a symplectic resolution.

Proof. By Proposition 3.3.1 we know that P contains an H-polystable sheaf F' = F; & F; such that
Fy and F; are H-stable, T-invariant and such that Dy = supp(F;) and Dy = supp(F3) are reduced
and have no common component. By Proposition 3.3.4 locally around [F], the P is isomorphic to its
tangent cone Cip)(P). Finally, using the notation of the last Proposition, we know from Proposition

3.3.3 that P is locally isomorphic to
Py x Py x End](W).

On the other hand, Endj (W) is isomorphic to the quotient of W by Z/27Z acting by multiplication
by —1 and thus is Q-factorial. What we need is contained in Example 1.5 (ii) of [61]. Following the
notation of Reid, we have

n=2v, and k=2,

so that b = v and a = 1. Also notice that the blow up En\di(W) of Endj(W) at the origin is
smooth. From Reid’s computation, it follows that the discrepancy of the exceptional divisor of the
blow up is v — 1. As Endj (W) is Q-factorial, any resolution factors via the blow up and therefore its
discrepancy is bounded from below by the discrepancy of the blow up. In conclusion, the singularity

is terminal if v > 1. Moreover, when v = 1 the singularity is canonical but not terminal.

O

Remark 3.3.6. It was proved by Kaledin [31] and by Namikawa [51], that if w : X — Y is a
birational projective morphism from a smooth projective symplectic n-fold X to a normal variety
Y, then w is a semi-small map, i.e. if ¥; denotes the set of points y € Y such that dimw~!(y) = 1,
then dimY; < n — 2i. This, in particular, implies that if Y is Q-factorial then codim Sing(Y") < 2.

From this observation it follows that if we knew by other means that P (notation as above) were
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normal and Q-factorial at a general singular point, then we could conclude again that P has no

symplectic resolution.

We finish this section with the following example of a situation where 77 does not extend to a
regular involution.
Example 3.3.7. Let e,/ C T be two primitive elliptic curves on a general Enriques surface with

e - e’ =2 (for the existence of such a pair of curves see for example [16]). Set,

C=c+¢é, E=f""e), E'=f""e), and D=FE+FE'.

Since g(C) = 3 and h = g(D) = 5, we have |C| = P? and |D| = P°. It is known (cf. [71]) that
the only reducible curves in |C| are the union of two primitive elliptic curves meeting in two points.
Set v = (0,[D], —4) and let H be a v-generic polarization that is adjacent to the wall containing
D. Since the only reducible curves in |C| are union of two primitive elliptic curves meeting in two

points, the singularities of P, p correspond to polystable sheaves of the form

P & P, (3.26)

with dim Ext*(Fy, Fy) = 4 and, for i = 1,2, 7(F;) = F;. Tt follows that, locally around [F], P, p is
isomorphic to the cone over the degree two Veronese embedding of P?. We already noticed that the
natural morphism

T M’U,H — MU,D

is a resolution of the singularities of M, p. This map induces a birational projective morphism

SI]DU,H—>P,U,D7

which we claim is a resolution of the singularities of P, p. Indeed, if F' € M,, p be a sheaf as in 3.26,

then the fiber

is canonically identified with the set of H-stable sheaves whose Jordan-Holder graded pieces with

respect to D are isomorphic to F, and is hence equal to PExt!(F;, F) or PExt!(Fy, F;) depending

82



on which chamber H belongs to. One can check that

It follows that s is just the blow up of P, p in [F] and that P, g is smooth. Since s is not crepant,
it follows that the holomorphic two form on P, g is degenerate along the exceptional divisors. In

particular, the birational the involution 7_p : M, g --» M, g is not a regular morphism.

3.4 The hyperelliptic case

In this section, we will prove that the degree zero relative Prym variety of a hyperelliptic linear
system is birational to a hyperkéhler manifold. Depending on the choices of the polarization, in
some case it turns out that it is actually a smooth compact hyperkédhler manifold and in others we
show that it admits a symplectic resolution. The hyperkahler manifolds arising from degree zero

relative Prym varieties are all of K3[" type.

As usual, we let f : S — T be a general K3-Enriques cover, and we let |C| = |ne; + ez] be a
hyperelliptic linear system on T of genus g = n+ 1 > 2 (cf. Section 3.1 for the notation and the
definitions). If we set D = f~1(C), then |D| is a hyperelliptic linear system of genus h = 2g — 1 =
2n + 1. Set

v=(0,[D],—h+1),

choose a polarization H on S, and consider the birational symplectic involution
T=7_p: Myg--> M,
defined in Section 2.1. Finally set,

1\422\41,,15(7 and P:PU,H-

The first result we want to prove is that, in the hyperelliptic case, the Prym involution 7 on M
comes from an actual involution on S.

Proposition 3.4.1. Let |C| = |nej +ea| be a hyperelliptic linear system on T and let |D| = |f*(C)|.
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Set v =(0,[D],—h+1), h=g(D) =2n+ 1. Then there exists a symplectic involution

k:S—=5,

such that, for any (*-invariant polarization H, the birational involution

T:M--+M

defined in Section 2.1 concides with the birational involution

E* M --» M

F— k*F.

The proof of this proposition consists in defining the involution k. The linear system |C| has two
simple base points (Prop 4.5.1 of [17]) and defines a degree two map of T onto a degree n — 1 surface

in P™. The two base points are

e1Neh, and €] Neq, if nisodd, (3.27)

or

e1Neg, and € Neb, if nis even. (3.28)

Following the notation in the Section 3.1 we have

E; = fﬁl(ei)a and E: = fﬁl(e/i)v i=1,2.

Set h = 2n + 1. The genus h linear system |D| = [nE; + E»| is also hyperelliptic, with the g3 cut

out by the elliptic pencil |F;|. Consider the rational map

0=¢p:S—=R--»P"

associated to the linear system |D|. It is a degree two rational map onto a rational normal scroll of
degree h — 1. Let us denote by
£:5 =85,
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the anti-symplectic involution defined by ¢. Notice that any curve in |D] is ¢-invariant, and that ¢

induces the hyperelliptic involution.

The following result is well known.
Lemma 3.4.2. Let D be a smooth hyperelliptic curve, and let £ : D — D be the hyperelliptic

involution. Then £* acts as —id on Pic’(D).

Proof. Consider a degree m effective divisor O(>_ d;) on D. Then O(> " d;)+5*O(>_ d;) ~ mL, where
L is the hyperelliptic pencil. Since any degree zero line bundle can be written as the difference of

two effective divisors of the same degree, the lemma follows. O

Finally, observe that the sub-linear system

W = f*|C| c |D| (3.29)

has 4 simple base points, that are the inverse image of (3.27) or of (3.28), By the same reasoning, the
sub-linear system W’ = f*|C’| C |D| has 4 simple base points that are the inverse image of (3.28)
or of (3.27). Denote by {w1,...,ws} the base points of W and by {w],...,w}} the base points of
w’.

Lemma 3.4.3. The two involutions £ and v commute and their composition

k=104, (3.30)

is a symplectic involution with eight fized points:

{wi, .. wg,wh, . wh ) (3.31)

Proof. Tt is sufficient to prove that for any smooth -invariant curve I' in | D|, the k- is an involution

on I'. But this is clear, since, £* = —id on Pic’(I') and hence (k?)* is the identity on Pic’(I).

Since k is the composition of two anti-symplectic involutions, it is symplectic. As such, k has
eight fixed points, which we readily describe. For simplicity, let us focus our attention on the two
points {p,q} = E} N E2. By construction, we know that «(p) = ¢q. Notice, however, that we can

choose a smooth curve D in the linear system [nE); + Es| passing through those two points so that
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DN E; = {p,q}. Since |E;| induces the g on D, it follows that £(p) = ¢ and thus

k(p) = p, and k(q) = gq.

We can now argue in the same way for the remaining points of (3.31). O

This Lemma and the fact that £* = —1 on Pic’(D) for a smooth D, show that 7 = k* on a dense
open subset of M, proving Proposition 3.4.1.
Remark 3.4.4. If we choose H = D, so that T is a morphism, then so is k*. In fact, in this case,

the linear system |D| is k*-invariant, and hence pulling back via k respects D-stability.

Recall from Section 2.1, Proposition 2.2.6 that it is not possible to choose H such that M = M, g
is smooth and the map F + Ext!(F, O(—D)) respects stability. It is therefore natural to ask wether
there are choices of H such that M, ;(S) is smooth and, at the same time, k* is, in fact, a regular
morphism. Equivalently, we ask whether there exists a k*-invariant ample class which is also v-
generic. This would mean that the a priori only birational map 7 can, in fact, be extended to a

regular morphism.

To describe the v-generic polarization, we need to identify the walls.
Lemma 3.4.5. The equations defining the walls relative to the Mukai vector v = (0,D,x), with

D =nFEy + Es, are of the form
sE1-x+eFy-x

= 3.32
nE1-x—|—E2~a:X ™ (3.32)

with m ranging in a finite sets of integers, e € {0,1} and s =0,...,n — 1.

Proof. The finiteness of the number of walls follows from [74]. Each sub-curve of |D| belongs to a
linear subsystem of type |sEy + eEs|, with s ranging from 0 to n, and € € {0,1}. Up to passing to
a residual series, we may assume that ¢ = 1. Clearly, equations (3.32) are satisfied by strictly semi-
stable sheaves F with [c;(F)] = [sE1 + E»] and x(F) = m. The above equations are also sufficient
for the existence of strictly semistable sheaves. Indeed, consider a smooth curve T' € |sE; + Es|
and a smooth curve T' € |E;|. If equation (3.32) holds for some ample H with [H] = z and some
integer m, then we can choose a torsion free H-stable sheaf Fr on I' with Euler characteristic equal
to m, and an H-semi-stable sheaf F of rank (n — s) on I such that x(FF) = x — m. The sheaf
F = Fr @ Fr is then strictly H-semistable. Since the above are all the possible sub curves of | D,

there are no other walls.
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We now turn to the question regarding the k*-invariance of the polarization. With this question in
mind, we describe the action of k* on NS(.S). Notice that since the involutions ¢, £ and k commute,
the induced actions on the Néron-Severi group are compatible. For a lattice A and an involution e
acting on A, we denote by A and by A~¢ the invariant and anti-invariant sub-lattices, respectively.

Note that A® and A™¢ are primitive in A.

Recall that NS(T) = U @ Eg(—1) and that f*NS(T) is a primitive sub-lattice of H?(S,Z). By
Proposition 3.1.10, it follows that NS(R) = U and that ¢*NS(R) = (E4, Es) is also primitive in
H?(S,7Z). For simplicity we will indicate by NS(T') and by NS(R) their respective pull-backs in
NS(S).

Lemma 3.4.6. NS(S)¥" = (Fy, Ey) @ (NS(T)")*", so that if T is a general Enriques surface then
NS(S)F" = (B, Ey).

Proof. Since NS(S)"" = NS(R) = (Fy, E2) C NS(T), we have (E;, E;) = NS(T)* = NS(S)*".
Moreover, by [52], [46], [70]

H?(S,Z)* = U®3 @ Eg(—2), and H%(S,Z)™*" =~ Eg(-2).
Since k* preserves the (2,0) part of the Hodge decomposition we have
H%(S,2)7*F < HY'(S) N H?(S,Z) = NS(S).

In particular, since (Ey, E;) = NS(T)*" = NS(T)*", we have

NS(S)¥" = (By, Ea) ® (NS(T)M)¥".
It follows that if the K3 surface satisfies NS(S) = NS(T'), then NS(S)*" is spanned by the classes of
E; and Es. This certainly happens if T is general (but if the Picard number of S is strictly greater
than 10, then there are k* invariant classes that do not come from T). O
Corollary 3.4.7. Let T be a general Enriques surface. Let W C Amp(S) be the union of all the
walls. Then

Amp(S) NNS(S)*" \ WNNS(S)*,

is non empty.

Proof. Since there are finitely many walls, it is sufficient to check that none of the equations (3.32)
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vanish identically on NS(S)*" = (Ej, Es). To this aim, consider H € Amp(S) N (Ey, E3). Then
H = aF; + bE, for some positive integers a and b, so that the restrictions of the equations to

Amp(S) NNS(R) are
bk + ea
bn+a X

=m, (3.33)

and these are not identically zero. O

Proposition 3.4.8. Keeping the notation of Theorem 3.4.1, we can always find an ample divisor H
which is k*-invariant and v-generic. In other words, there exists a polarization H such that M, g

is smooth and such that

k*: Mv,H — Mv,Ha

is a regular involution. In particular, if H € NS(R)\WNNS(R), the a priori birational involution T =
T_p: My g — M, g, extends to a regular morphism and the relative Prym variety Prym,, (D/C)

s smooth.

Proof. Tt is sufficient to consider H € Amp(S) NNS(S)*" \ WNNS(S)*" which is non empty by the

above Corollary. O

Since changing the polarization H does not change the birational class of the relative Prym variety
and the above proposition ensures the existence of smooth Prym varieties, we can sum up the results
we obtained so far in the following

Theorem 3.4.9. Let T be an Enriques surface and f : S — T the universal covering. Let |C| =

|ner + ea] be a hyperelliptic linear system on T and let |D| = |f*(C)|. Set v = (0,[D],—h + 1),

h = g(D). For any polarization H on S, the relative Prym variety P, g = Fix’(1) = Fix’(k*),
where T = T_p 1is birational to a projective hyperkdhler manifold.

Corollary 3.4.10. The singular symplectic variety P, p admits a symplectic resolution.

Proof. First, recall that D is not v-generic. In fact, since the genus h of D is odd, x = —h + 1 is

even, and hence D lies on the wall with equation

EQ'LC

_— = 2.
nki-x+ Ey-x X

It is possible to choose an ample H as in Proposition 3.4.8 and such that, moreover, it lies in a

v-chamber adjacent to the wall (or the intersection of walls) where D lies. Under these assumptions,
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there is a natural projective birational morphism
g Mv,H — Mv,Da

which is a resolution of the singularities of M, p. Since e commutes with both k* : M, g — M, i

and 7 : M, p = M, p, there is an induced proper morphism
(S PU,H — Pv,D-

which is still birational. Since P, g is smooth and symplectic, it is a symplectic resolution of the

singularities of P, p. O

The natural question is now to determine the deformation class of these smooth relative Pryms. As
one may expect they are birational, and thus by [29] deformation equivalent, to moduli spaces of

sheaves on the minimal resolution of the quotient of S by k.

To fix notation, let

p:S—8:=5/(k),

be the quotient morphism. Then S is a singular K3 surface with 8 rational double points and we
let

n:§—>§,

be its minimal resolution. It is well known that S is a K3. Observe that a divisor in |D| is k-invariant
if and only if it is t-invariant. In particular, any D in W is k-invariant so that if we set D = D/k
there is an obvious bijection W =2 |D|. The general curve D in W does not contain the points

{wh, ..., wi} so that for D € W, the double cover D — D ramifies only in {ws,...,ws} and

— h-1
gD)=—F—=9—-1L

2

Moreover, if D € W is smooth, then so is D. In this case, the proper transform

D:=n'(D)C S,
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is also smooth and isomorphic to D. Consider now the following commutative diagram,

where Z — S is the blow up of the surface at the 8 fixed points of the involution, and Z — S is the

double cover ramified along the eight exceptional curves of 7. We denote by

k722

the lift of k to Z so that k is an involution on Z whose fixed locus is the union of the exceptional

divisors. Let Ry,..., R4 be the exceptional divisors mapping to p(wi),...,p(ws), and R},..., R}

the exceptional divisors mapping to p(w}), ..., p(w}). Since the general curve in |D| does not pass
through w/, ..., w} and is smooth,

D-R; =1, (3.34)
and D - R, = 0.

The general curve I' in p*|D| is a smooth double cover of a curve in |D|, and, via 7, maps isomor-

phically to its image in S. Indeed, 77 induces an isomorphism
IT| > p*|D| =W C |D|. (3.35)

Theorem 3.4.11. Set w = (0, ﬁ, —g+2), and let H and H be two ample line bundles on S and S

respectively. There is a rational map

¥ M, 75(8) - M, u(S),

(3.36)
F s 7.p*F.

~

defined on the open set of M, 7(S) parametrizing sheaves supported on irreducible curves. This

map factors via the inclusion P, i C My, g (S), and the induced map
¢ : Mw,ﬁ(g) -=* Iy H, (337)

18 birational.
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Proof. For our purposes, it is enough to restrict our attention to the open subset of M, ﬁ(§)
parametrizing sheaves with smooth support. Let F a family of pure sheaves of dimension one on S
with Mukai vector w, supported on smooth curves, and parametrized by a scheme B. Then 7g.p5F
is a flat family of H-stable sheaves. Clearly, p;F is flat over B and by formula (3.34) the support
Ty of p*Fy is smooth. If £ is any flat family of pure dimension one sheaves on Z, with support on
smooth curves belonging to |I'|, parametrized by B, then 7jp.€ is a flat family of H-stable sheaves
with support in W. This defines the rational map (3.36). Since k is a lift of k, the two involutions
coincide where 7) is an isomorphism. Let [F] be a point in Mwﬁ(g), since p*F' is E*—invariant, it
follows that

75" F € Fix(k").

Hence 1 factors through the inclusion P, g C M, i (S). The last assertion to prove is that the
induced map ¢ : ng(g) --» P, g is birational. As above, we assume that supp(F) is smooth.
First, we show that ¢ is a local isomorphism at [F]. We claim that the induced map on tangent
space

dip : Extg(F, F) — Exty(p*F,p*F) = Extg(7.p" F,0.p*F). (3.38)

is injective. In fact, given a non trivial extension 0 - F' — G — F — 0, we can pull it back to Z

to obtain a short exact sequence
0= p*F —=p*G—p*F —0. (3.39)
If this sequence were split, the same would be true for
0= pup"F — pup™G — pup™F — 0.
However, this sequence is the direct sum of (3.39) and of
0—=-p'FR®L—-p*"GRL—p*"FRL—0,

where?
L:= %og(— > R =) R).

Since these two exact sequence are non split by assumption, we get a contradiction. Hence, the

4Recall that 3" R; + Y R} is divisible by two in NS(S).

91



induced map (3.38) is injective and ¢ is a local isomorphism. To end the proof of the theorem, we
just need to prove that the degree of ¢ is one. It is enough to prove that if F; and F; are two sheaves

on S with Mukai vector w, then

prFy 2 p*F,, if and only if Fy & Fb.

This follows from the projection formula. In fact, if p*Fy = p* Fy, then

FiLeo(FQL)2pp"Fi2pp Fa 2o (F,®L).

Since, for ¢ = 1,2, both F; and F; ® L are stable and since deg F; ® L # deg Fj, i,j = 1,2 we must

have an isomorphism F; = F5.
O

Corollary 3.4.12. Let D = f*C andv = (0,[D],—h+1). If |C| is a hyperelliptic linear system, and
H is v-generic and k*-invariant, the symplectic variety P, m s an irreducible holomorphic symplectic
manifold of K3 " -type.

Corollary 3.4.13. Let D = f*C, v = (0,[D],—h + 1) and let H be a non v-generic polarization.
If |C| is a hyperelliptic linear system, then any resolution of P, i is an irreducible holomorphic

symplectic manifold that is of of K3 " -type.

3.4.1 The surface case

Let us now describe in more detail the relative Prym variety associated to a genus 2 linear system
|C| = |e1 + e2| on an Enriques surface T. Recall that |C] = P!, and that the linear system has two
simple base points. If we assume the pair (T, C) to be general (cf. [62]) the linear system |C| = P!
has exactly 16 irreducible curves with one single node, and 2 reducible curves e; + e5 and €} + €}

that are the union of two smooth elliptic curves meeting transversally in one point.

As usual we look at the 2-sheeted K3 cover f : S — T and we set |D| = |f*C|, and v = (0, [D], —2).
We also choose a v-generic polarization H. We consider the involution 7 = 7_p : My g — My, g
and our goal is to describe P, . More precisely, we will prove the following theorem.

Theorem 3.4.14. The relative Prym variety P, g is an elliptic K3 surface whose singular fibers
consist in 16 irreducible curves with one node, and two fibers of type 14 (i.e. a closed chain of 4

rational curves Ry,..., Ry with R;- Riy1=1,i=1,...,3 and Ry - R1 =1 ).
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Proof. First of all, one can check that the set of v-generic polarizations is the union of two chambers
Ct={z-FE >z -Ey}, C ={x-E <x-E}. Since the isomorphism class of P, g does not
change as H varies within a chamber, and since both chambers have non zero intersection with
the NS(S)*", we can assume that the v-generic polarization H is also k*-invariant. Under this
assumption, the symplectic involution k* is regular and hence P, y = Fix°(k*) is an elliptic K3
surface (cf. Proposition 3.4.8). The fact that the fibration P, i — |C| = P! has 16 irreducible nodal
fibers follows from the fact that there are exactly 16 curves in |C| with one single node, from the
fact that the induced double cover of these curves is irreducible, and from Corollary 2.2.2. What is
left to prove is that the two fibers of vy : P, g — |C| over the curve classes [e1 + eq] and [e] + eb]
consist each in a closed chain of four rational curves (as in the statement of the theorem). The proof
of this fact involves three steps. First we show that the fibers I'1 and I's of vp : P, p — |C| over
[e1 + e2] and [e] + €5] consist each in the union of two rational curves meeting transversely in two
points. Secondly, we show that for each one of these two fibers the points where the two rational

curves meet are singular points for the surface P, p. Finally we show that under the resolution
T Pv,H — Pv,Da (340)

the preimage of both I'y and I's consists in a closed chain of four rational curves. Once we prove the
first and the second statement, the last one follows from the analysis carried out in Section 1.2.2, in

particular from the fact that the singularities of P, p at the points in question are of type A;.

We will prove the steps above for the fiber over [e; + es] € |C|, and for H € C*. For the first
statement, we look at the Lagrangian fibration mp : M, p — |D| and we consider the restriction of
the regular involution 7 : M, p — M, p to the fiber WBI([El + E»]), which is just E?D(El + Es),
i.e. the moduli space of D-semi stable, rank one, degree zero torsion free sheaves . By the choice
of polarization, this moduli space is irreducible (cf. Example 1.1.17) and the open locus of D-stable
sheaves is the degree-(0, 0) generalized Jacobian, i.e. the C*-bundle over Jac’(E;) x Jac” (Es) defined

by the exact sequence
0— C* = Jac®O(B, + E,) LN Jac?(Ey) x Jac (Ey) — 0, (3.41)

where n : By [[ E; — Eq + Es is the normalization morphism separating the two components. To
compactify the locus of D-stable sheaves one needs to add the set of S-equivalence classes of D-semi

stable sheaves, i.e., the set of isomorphism classes of D-polystable sheaves. This is exactly the set
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of isomorphism classes of sheaves of the form F = Fy @ F, with supp(F;) = F; and up(F;) = —1/2,
i = 1,2, which this is just a copy of Jac ' (E}) x Jac™'(E3). From another viewpoint, the complete
moduli space is obtained by compactifying the C*-bundle to a P'-bundle and then glueing the 0 and
oo sections by twisting with the 2-torsion point Og, (r1 — tx1) ® O, (x2 — tx2), where z; and x5
denote points on E; and E, (respectively) that are identified via n (cf. [54]). We need the following

proposition.

Proposition 3.4.15. With the assumptions made at the beginning of 3.4.1, the fized locus of the
restriction of T to the fiber

_ —2a0
75 ([ + Es)) = Jacp (B + Es)

is the union of 4 one-dimensional components and of 8 isolated points. The one-dimensional com-

ponents are the union of two rational curves meeting transversally in two points (an analogous

statement holds for m5' ([E'1 + E's))).

Assuming this proposition we conclude the proof of Theorem 3.4.14. Notice that the sheaves in
Sing(ﬁ%(El + Ey)) = Jac ! (Ey) x Jac™ ! (FE,) correspond to S-equivalence classes of D-semi stable
sheaves and are singular points of M, p. Since for sheaf [F = F} @ Fy] € Jac™'(Ey) x Jac ' (Ey),
we have dim Ext!(F|, Fy) = E; - E; = 2, from the proof of Theorem 3.3.5 we see that the singularity

of P, p at each of these points is a surface singularity of type A;.

To end the proof of the theorem, we just need to prove that the resolution P, gy — P, p is minimal.
To see this, first observe that E(I){(El + E3) has two irreducible components, which are the closure
of the generalized Jacobians of multi-degree (0,0) and (1,—1) respectively (cf. [54]). The natural

morphism (which is just the restriction of the natural morphism M, g — M, p to this fiber),
T RC}[(EI + EQ) — EOD(EI + EQ),

contracts the (1, —1)-component to the singular locus, because the sheaves of multi-degree (1, —1)
are D-semi-stable and are S-equivalent to a D-polystable sheaf of multi-degree (—1,—1). Hence, for
any point (L1, Ly) € Jac™*(Ey) x Jac™ ' (Ey), the fiber r—'((Ly, Ly)) is just a fiber of the C*-bundle
Jac(l’_l)(El + Es) — Jacl(El) X Jac_l(Ez)7 so that the exceptional divisor of P, ;g — P, p over a

T-invariant polystable point L; @ Lo is just the P!-compactification of C* =2 r~1((Ly, Lo)). O

We now turn to the proof of Proposition 3.4.15.
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Proof. First, we analyze the restriction of the fixed locus of 7 to the open subset Jac®? (Ey + Ey).
The action of 7 on Jac’(E}) x Jac’(FE,) preserves the fibration structure of (3.41), and the induced

action on the base of that fibration is given by

Jac’(Ey) x Jac®(Ey) — Jac®(Ep) x Jac®(Ey).

(F1, Fy) = (VU FY 0 FY)

By abuse of notation we denote this involution again by the symbol 7. The action of ¢* on JacO(El) X
Jac?(Es) is trivial, so that 7 = —id and hence the fixed locus of 7 on Jac’(FE;) x Jac®(Ey) is exactly
equal to the locus of 2-torsion points. In particular, if L is a 7-invariant, degree zero, line bundle on
E1+Es its restrictions L1 and Lo to E7 and s, respectively, are 2-torsion points of the corresponding

Jacobians, i.e., n* Fix(1) C Jac”(E;)[2] x Jac®(F»)[2]. Set
E1NEy={z,ww}, EyNEy={p,wp}, and E;NE,={q,q}.

To each one of the points above, we append a subscript ¢ = 1 or 2 if we consider it as a point of E;

or Fs. The sets of two-torsion points is given as follows
Jac®(E1)[2] = {0k, Op, (x1 — p1), Op, (11 — p1), Op, (1a1 — 21)}

Jac’(E2)[2] = {Ok,, Op, (22 — ¢2), Op, (1x2 — ¢2), Op, (w2 — 22)}

We look at the fibration (3.41). For each of the 16 two-torsion points of Jac’(F;)[2] x Jac?(FE»)[2]
we want to find which points in the corresponding fiber is fixed by 7. We start by recalling that a

degree zero line bundle L on E; + F5 fits into an exact sequence
0->L—>L1&®L,—~C,pC,, =0,
which induces homomorphisms
(L@ Lo “N Coy (L1 @ Lo)ye 2% Coas (3.42)
where a,b,a’,V are all isomorphisms. We then get identifications

ab—l a'b'71

(L1)|zl — (L2)\x2a (L1)|Lx1 — (L2)|LI27 (343)
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Conversely, given L; and Ly and identifications like in (3.43) we get a line bundle whose restriction
to Ey and Es are equal to Ly and Lo, respectively. In other words, the fiber of n* over (Li, L)
can be identified with C* = {(ab™!,a’b' ") € C* x C*}/ ~, where ~ denotes equivalence under the

action of C* = P(Aut(L;) x Aut(Lz)).

Given a 7-invariant point (L1, L) € Jac®(FE;)[2] x Jac®(FE,)[2], we wish to determine the action of

7 on the fiber C* = (n*)~1(Ly, Ls). To this aim, choose isomorphisms
F1 ZL1:>7'(.[/1)7 F21L2:>T(L2).

These choices are well defined up to the action of the automorphism groups of the line bundles and
will not be relevant for our purposes. Given L with n*(L) = (L1, La), the line bundle 7(L) fits into

an exact sequence,

(Fy,F2) .
0—=7(L) = Li®Ly = 7(L)®71(L2) = Cp®Cpp —0.

Here the epimorphism e is induced by

Fi(x
L)y ) (7Ly),,, L5 €,

Fs(x
(L2)|x2 i;) (TLQ)lIZ — (Cw

Fi(x
(L1)|wc1 1—;) (TLl)\L:cl — Cyp

Fz(ftz)
(L2)|Lx2 — (TL2)\L12 — (CLI'
where we are viewing F} and F5 as non zero sections of the one dimensional spaces

Vi :=Hom(L1,7(L1)) and Vi:=Hom(Ly,7(L2))

respectively. In other words, and with a slight abuse of notation, the action of 7 on

o (e .o
C_{<b,b,)e(C><(C}/

(Z Z) ~ (Flt(fl) FQI();Q)’ Fl(;xl) F2(€x2)> ’

is given by,
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so that 7(L) = L if and only if there exists k € C* such that

«_ R
b Fy(xs) d .. o Fi(z) - Fi(a)

i.e., if and only if = .
o _ Fi(u)b YR Fo(z)  Falizs)
Vo () a’

We may then conclude that L is 7-invariant if and only if ¢ acts on V; and V5 with the same
scalar. When L1 = Og, or L1 = Og, (tx1 — 1), ¢ acts on V; as +1. When L; = Op, (1 — p1) or

Ly = Og, (tx1 — p1), L acts on V] as —1. The analogous statement holds for Ly and V5.

We may thus conclude that the fixed locus of 7 over the 8 points

(OF,,OR,), (OF,,Og,(tx2 — 12)), (OF, (tz1 — 1), OF,), (Op, (tx1 — 1), OF, (122 — 72))
(OE1 (‘Tl *p1)7 OE2 (-T2 - q2))a (OEl (‘Tl *pl)a OE2 (LIQ - qQ))v (0E1 (L‘Tl *p1)7 OE2 (‘T2 - QQ)),

(OE, (tx1 — p1), OF, (12 — q2))

is equal to the whole fiber, whereas in the other cases it is empty. Since the compactification
E()D(El + Es) is the result of identifying the 0 and oco-sections of the C*-bundle with a twist by
Op, (x1 — 1) ® O, (x2 — 1x3), it follows that the closure of these 8 copies of C* in the complete
moduli space is the union of 4 connected components each of which is the union of two P'’s meeting

transversally in two points belonging to the singular locus of R?D (E1 + Es).

To conclude the proof of the Proposition, we remark that 7 preserves the singular locus of E?) (E1+
E5) which is isomorphic to Jac™'(FE;) x Jac™'(Fy). Here 7 acts in the usual way, and it has 16
isolated fixed points; we have just seen that 8 of these points lie in a one-dimensional component,

so we are left with 8 isolated points. O

A consequence of the proposition we just proved is the following.
Corollary 3.4.16. With the assumptions made at the beginning of §3.4.1, there are four 2-dimensional

components of Fix(T) C My, g, which are pairwise isomorphic.

Proof. Consider the fibration v : P, g — |C|. From Proposition 2.2.1 that for every irreducible curve
C, the restriction Fix(7)|,-1]¢) has exactly four 2-dimensional connected components. However,
using the above Proposition 3.4.15 we may conclude that the closure of these four 2-dimensional
components cannot come together over [e; + e3] and [e] + €}]. Letting V' C |C| be the locus of

irreducible curves, we conclude that the Stein factorization of Fix(7) = Fix(7)|,-1(v) — |C| is a 4 to
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1 unramified cover of |C| = P! and hence is trivial. Just as in the proof of the previous proposition

we can see that each of these components is an elliptic K3 surface.

Recall that |C| has two simple base points, and that f*|C| C |D| has 4 simple base points. Let
D — P! be the universal family of curves, let s : P! — D be one of the sections defined by the base
points of f*|C|, and let us fix smooth curves D — C. Then tensoring by Op(s — ts) is a birational
automorphism of Fix(7) C M, g, that interchanges the two components intersecting Nm™1(0)
Jac’(D) and the two components intersecting Nm_l(wT‘C) c Jac’(D). The proof is concluded

remarking that a birational automorphism of a K3 surface is, in fact, a regular automorphism. [

3.5 Fundamental group of the relative Prym variety

This section is devoted to showing that any resolution of the singularities of the degree zero relative
Prym variety constructed in Section 3.2 is simply connected. We do this by showing that this is
indeed the case for the smooth locus of the relative Prym variety. We will assume that |C| is non

hyperelliptic, since otherwise the result follows readily from Corollary 3.4.13.

The set-up is, as usual, the following. We let C' C T be a smooth, primitive, curve of genus
g > 2 on a general Enriques surface T', and we set D = f~1(C). Considering the Mukai vector

v=(0,[D],—h+1), with h = g(D) = 29 — 1, we set

M=DM,Hq, P=P,u (3.44)

The main result of this section is
Theorem 3.5.1. Let |C| be a non-hyperelliptic system, on a general Enriques surface T. Suppose
that the general pencil P C |C| contains only reduced and nodal curves. Let P be as in (3.44) the

degree zero relative Prym variety associated to |C|. Then any resolution P of P is simply connected.

Consider the support morphism

m:J=M—|D| (3.45)

and look at its restriction to P

n:P—|C| =Pt
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Let U’ be the locus of irreducible curves in |C|, Z = |C| \ U’, and set

P =y 1(U).

We claim that to prove the theorem it is enough to prove the following Proposition.

Proposition 3.5.2. w1 (P’') = {1}.

Indeed, let v : P — Pbe any resolution of singularities. Since P’ is contained in the smooth locus of

P, by [23] 0.7.B (cf. also [38] Proposition 2.10), the natural morphism 71 (P’) — 71 (P) is surjective

and the Proposition above would imply that
m(P) = {1}.

The main ingredients in the proof are the following theorem of Leibman, as used in [42], and the
theory of Picard-Lefschetz (cf. [5], Chapter XI).

Theorem 3.5.3 (Leibman, [41]). Let p: E — B be a surjective morphism of smooth connected
manifolds. Assume that p has a section s. Let W C B be a union of locally closed submanifolds of
real codimension at least two. Set U = B\ W and Ey = p~Y(U) and assume that Ey — U is a

locally trivial fibration with fiber F'. Consider the exact sequence

1= m(F) 3 m(By) S m(U) — 1. (3.46)

Px

Set H = ker(m1(U) — m1(B)) and view it, via s., as a subgroup of m1(Ey). Let R = [m1(F), H]| be

the commutator subgroup of m1(F') and H in m (Ey). Then there is a split exact sequence

Sx

1> R—m(F)—m(F) S m(B)— 1 (3.47)

Notice that, by definition, R is generated by elements of type
cIaTlel, (3.48)

where ¢ € 71 (F) and A = s.()\) is a lifting of A\ € 71(U) to m (Ey).

Let
V,V' c|D|,
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be the open loci of smooth and irreducible curves respectively, and let

X C |D],

be the discriminant locus of the family. We will first apply Leibman’s theorem to

M = My — V/,

equipped with the restriction of the rational section (1.9) to V'’ where it is regular. Notice that

7T1(MV/) = {1}

Indeed, let r : My — M be any resolution of the singularities of M as in Corollory 1.2.2. By Remark
3.2.3 and Proposition 3.1.14 it follows, identifying as we may My, C M with its preimage in My,
that codim(My, Mpy) > 2.

Then, we will apply the same theorem to

P U,

and, using the simply connectedness of My, we will be able to deduce Theorem 3.5.1. Let us fix a
base point o € U and denote by M, and P, the fibers of v and 7 over o. Since m (V') and m1(U’)

are trivial, the exact sequence (3.47) for My, — V' and P’ — U’ becomes respectively

1—-R—-m(M,) »m(M)—1 and

1 >R — m(P,) = m(P)—1,

where

R:=[m(M,),m(V)], and R :=[r(P,),m(U)].

Notice that since 71 (M') = 1,

The strategy to prove the theorem is to use R to calculate R’ and show that the inclusion R’ C m(P,)

is in fact an equality.

Before starting we need some preparation and some notation.
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Remark 3.5.4. Let X — P! is a Lefschetz pencil of curves, with discriminant locus z1, ..., Zy.
Generators for 7 (P \ {z;}) can be given by choosing a point 0 € P!\ {x;}, and joining = with
the boundry of small disjoints discs Ay, ..., A, centered around x1,...,%,. The family of curves
parametrized by one of these disks is a family of smooth curves acquiring a simple node. Let o), be
the vanishing cycle of this family. It is a classical result that the Picard-Lefschetz homomorphism
of the family (i.e., the monodromy operator associated to the generator of the fundamental group

of the disc) is given by (see, for instance, [5, Section X.9])

PLy(c) =c+ (c- ax)ax. (3.49)

Recall that by a theorem of Zariski, the fundamental group of the complement of a hypersurface in
a projective space is generated by the fundamental group of the complement of the intersection of
the hypersurface with a general line.

Lemma 3.5.5. Suppose that E — P is the family of degree zero relative Jacobian varieties of a
family X — P" of curves. Suppose that E — P has a rational section defined outside a closed subset
Z C |C| of codimension 2. Suppose furthermore that codim(Ez, E) > 2, and that P" contains a

Lefshetz pencil. Let R be as in Theorem 3.5.3. Then R is generated by vanishing cycles.

Proof. Consider a general line ¢ C P" and use this to define a set of generators for the fundamental
group of the smooth locus of the family, and hence a set of vanishing cycles. By unravelling the
definition of Picard-Lefschetz transformation and of the commutator R of the theorem, one can

check (cf. [6]) that, passing as we may to the additive notation, we have

¢IA el = —c+ PLy(c). (3.50)

It follows that R is generated by

—c+c+ (c,an)ay = (¢, an)ay,

with a;, vanishing cycle. O

Notice that in the above Lemma we could consider instead of the family over P", its restriction to

a simply connected open subset of P”.

We should also point out that we don’t really need that E — P contains a Lefschetz pencil, but
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just that the fibers of a general pencil P! C P are reduced and nodal. In this more general setting,
the vanishing cycles will not necessarily be simple closed loops, but positive linear combinations of
them.

Proposition 3.5.6. Consider a point o € V C |D|, and let D, be the corresponding curve. Recall
that M, = HY(D,,0)/H*(D,,Z). Under the isomorphism m1(M,) = Hy(M,,Z) = H'(D,,Z), the

first cohomology group of M, is generated by vanishing cycles.

Proof. Applying Theorem 3.5.3 to M’ — V' yields
1= R— m(M,) - m(E) =1,

so that 71 (M;) = R. To conclude the proof it is sufficient to use Lemma 3.5.5 and conclude that R

is generated by vanishing cycles. O

Now we apply Theorem 3.5.3 to P’ — U’ and consider the following commutative diagram of abelian
groups,
l——=R——m(M,) ——

]

11— R ——m(P,) ——=m(P)——1

(3.51)

)

where the first two vertical maps are injections.

Since R = [m(M,), 71 (V)] and R' = [r1(P,), 71 (U)], the inclusion R' C R is determined by the
inclusion

7T1(PO) C 71'1(]\40)7 (352)

and by the pushforward
g m(U) = m(V), (3.53)

induced by the inclusion j : U < V. By (2.3), the inclusion (3.52) is just

HY(D,,Z)” = (1 —)H"(D,,Z) c H'(D,,7Z), (3.54)

i.e. m1(P,) is just the t-antinvariant sublattice of 71 (M,).

As for j.: m(U) — m1(V), we will choose a set of generators for m1(V) and for 71 (U) that is
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convenient to our purposes. Set

0 =deg A, so that deg = 26.

Consider a general line ¢ C |C| and let t1,...,ts be the points of the intersection A, = £ N A. Since
we are assuming that ¢ is a Lefschetz pencil, the curve Dy, has two simple nodes and the two nodes
are interchanged by the involution. In other words, £ meets ¥ in its double locus. More specifically,
we have the following

Lemma 3.5.7. At each point t; of Ay such that Dy, is irreducible, there are two branches of ¥ that
meet transversally. Deforming the curve along either branch results in smoothing out one of the two

nodes of Dy,. Moreover, the two branches are interchanged by the involution.

Proof. Recall that by Lemma 3.1.4, the curve Dy, is irreducible if and only if Cy, is irreducible.
Observe that it is enough to check that one can smooth out only one of the two nodes of D;, at a
time. Indeed, since ¢ interchanges the two nodes the involution has to send a family that smoothes
out one of the two nodes to a family that smoothes out the other node. It follows that if we can
smooth out one node at a time, there have to be two distinct components of the discriminant meeting
in t;. The Lemma follows by noticing that since we are assuming that the surfaces are undoal, and
the linear systems are not hyperelliptic, | D| is actually very ample (see [63] Thm 6.1). In particular,
the discriminant locus X is irreducible, and the general point parametrizes curves with just one node.

Hence, we can deform Dy, so that only one of the two nodes is smoothed out. O

Keeping the notation as above, one can show that even if the curve Dy, is not irreducible but the
general point of the component ¥’ C ¥ containing D has fewer nodes than D,,, then there are two

branches of ¥ meeting in ¢; and that the two branches are interchanged by the involution.

For simplicity, we assume that ¢ C |C| is a Lefschetz pencil. Choose a set of generators A1, ..., \s of
m(€\ {t1,...,ts}) as in Remark 3.5.4 and let a1, ..., a5 be the corresponding vanishing cycles for
cl,

Then consider a small deformation ¢’ of £ in |D|, and assume that it is transverse to the discriminant

3. Notice that ¢ C |D] is a Lefschetz pencil, and that by the above lemma we can set,

NN = {s1,8],...,85, 85}
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where s; and s} are the intersections of ¢/ with the two branches of ¥ that meet in ¢;. as in Remark

3.5.4 , we can choose, for every 4, cycles n; and 7, in V' so that the set

{ni,mi}, (3.55)

generates 71 (¢' \ X¢), and thus 71 (V). Moreover, we can set things up in such a way that c.n; = n}

and that,
JeXi = 1; 0 0. (3.56)
For more details we refer to [6].
Moreover, if for i = 1,...,d, we let 8; and B] be the vanishing cycles associated to n; and 7},
then
uBi) =i, and f*(a;) =i+ B (3.57)

By Lemma 3.5.5, R is generated by elements of the form (¢, 8;)8; and (¢, 8})5;, where ¢ ranges in a

set of generators of H'(D,7Z).

The following Lemma, together with (4.7) ends the proof of the theorem.
Lemma 3.5.8. R' = HY(D,,Z)” = (1 —)HY(D,,Z).

Proof. Using (3.50), (3.52) and (3.53) we can see that R’ is generated by elements of the form,
CilpL)\i.L)\i(C).

where c is in HY(D,Z)~.

On the other hand, since ; and ¢3; have trivial intersection number,

¢ 'PLy, .5, (c) = ¢ *PLAPL,x(c).

and hence R’ is generated by elements of the form

¢ 'PLAPL,\(c) = (¢, an)ax + (¢, ax)eay + (¢, an)(ay, tay )
(3.58)

= (¢, an)(ay — tay).
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It is now sufficient to find, for each i, a ¢; € H*(D,Z)~ such that

(CZ', Oéi) =1.

To this aim, notice that both «; and to; are vanishing cycles and by construction there is a curve
C; € |C|, having exactly two nodes, resulting from the vanishing of «; and te;, and no other
singularities than the two nodes. But C; is irreducible and therefore C'\ {a, tv;} is connected and

¢; can be readily constructed. O
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Chapter 4

The relative compactified Jacobian
of a linear system on an Enriques

surface

4.1 Smoothness and first properties

In this Chapter we study the relative compactified Jacobian of a linear system on a general Enriques
surface. We will first look at the smoothness properties, then we will compute some topological

invariants and then show that the canonical bundle is trivial.
We start by applying the results of Section 1.4 to the following setting.

Let T be a general Enriques surface and let C' C T be an irreducible curve of genus g > 2. As usual
f S — T will be the universal cover of T', and D will denote the preimage of C' in S. Let x be a

non zero integer and set

w=(0,[C],x), and v=(0,[D],2x).

If A denotes a polarization on T, we set H = f*A. Finally, set

N = My a(T,|C|), and M = M, (S, |D]). (4.1)
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and consider the pullback morphism (1.38)

®: N — Fix(t") C M.

Let
Y =Y, g C Fix(1"), (4.2)
be the connected component of Fix(¢*) containing Im ®.

From now on let us assume that v is a primitive vector in H*(S,Z). This can be achieved for example
if C' (and thus D) is primitive, or at least not divisible by 2, in NS(T') (resp. NS(95)).
Proposition 4.1.1. Let v be primitive and choose A such that H = f*A is v-generic. Then'Y and

N are smooth.

Proof. The smoothness of Y follows from Theorem 1.2.1, and Corollary 1.4.5. As for the smoothness

of N it follows from the fact that if F' is an A-stable sheaf on T' with Mukai vector w, then

Ext?(F, F) =0,

so that the obstruction space is trivial. Indeed, by Serre duality it is sufficient to show that
Hom(F, F ® wr) = 0. This vanishing follows from from Lemma 1.4.3, since the assumptions of
the Proposition imply that f*G is H-stable, and thus simple, for every A-semistable sheaf G on T
This proves that stable locus of N is smooth. Moreover, the fact that the strictly semistable locus of

M is empty implies that the strictly semistable locus of N is also empty and hence we are done. [

Proposition 4.1.2. Let v be primitive and choose A such that H = f*A is v-generic. Then,

d:N Y,

18 étale.

Proof. By Lemma 1.4.7 ®(N) =Y, as one can check that if FF = f*G is H-semistable, then G is
A-semistable. The fact that it is unramified follows directly from the proof of the above proposition,

where we showed that if G is an A-stable sheaf corresponding to a point in N, then G 2 GQuwy. O

We should point out that one could prove that ® is unramified directly showing that the tangent
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map is injective. Indeed, the natural morphism

dd : Exth(G,G) — Exts(f*G, f*G),

is injective. This follows again from the fact that G is not isomorphic to G ® wp.!

Lastly we have

Corollary 4.1.3. Every component of Fix(¢*) is Lagrangian.

Proof. By the choice of w we know that Fix(:*) is non empty. By Lemma 1.4.7 every component is
the image, under a finite pullback map, of some moduli space of A-stable sheaves on T" with Mukai
vector w = (0,[C], %). By Proposition 4.1.1 this moduli space is smooth of dimension equal to
dim Exth(G, G). Since for every dim Exth(G, G) = —x(G,G) +1 = C? 41 = dim M /2, we now just
need to show that every component is isotropic. This follows immediately by Lemma 3.2.6 which

proves that the involution ¢* is anti-sympectic. O

By abuse of notation, let us denote by

7Y = |C],

the restriction of the support morphism M — |D|, and by
v:N—=|C|,

the support morphism for the moduli space of sheaves on T'. There is a commutative diagram,

N—2% .Yy (4.3)

NA

Cl

which shows that the double cover ® restricts to a double cover between the fibers of m and of v.

For later use, let us define the following torsion line bundle on Y, by setting

3,0y = Oy @ L. (4.4)

TAs usual, set G’ = G®wr, and let 0 = G — X — G — 0 be a non trivial extension of G by G. Notice that since G
is stable and not isomorphic to G/, we can deduce that Hom (X, G’) = 0. If the pullback 0 — f*G — f*X — f*G — 0
splits, so does the sequence 0 — f« f*G — fo«f*X — f«f*G — 0. However, since Hom(X, ') = Hom(X’,G) = 0, it
follows that any morphism X & X’ — G @& G’ is diagonal. Hence, any morphism splitting 0 — f.« f*G — fif*X —
f«[*G — 0 induces a splitting of 0 - G — X — G — 0 as well.
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Notice that L®? = Oy, and that L generates the kernel of ®* : Pic(X) — Pic(N).
Let

Uw c|C|,

be the open loci of smooth and reduced curves respectively. For any t € U, the double cover N; — Y;

is induced by the sequence
1 Z/(2) — Jac(C) & Fix(w) € Jac(D),

and by Theorem 1.1.19, the restriction
Ny — W,

of v to W is equidimensional and thus flat. However (cf. Example 1.1.21 and Problem 1.1.22),
N — |C| might not be flat in general (see Assumption 4.1.5 below).

We sum up the results obtained so far in the following theorem
Theorem 4.1.4. Let C be an irreducible curve of genus g > 2 on an Enriques surface T. Let x be
a non zero integer, set w = (0,[C],x) and v = (0,[D],2x), where D = f~1(C). Assume that v is

primitive, let A be an ample line bundle on T such that H = f*A is v-generic. The moduli space
N’w,Aa

is a smooth projective variety of dimension 2g—1 that admits a double cover to a smooth Lagrangian
subvariety

YU,H C Mv,H-

Let
A C|C,

be the discriminant locus, and set Na = v~ 1(A).

For the main theorems of Section 4.4.4 and Section 4.2, we need the following assumption
Assumption 4.1.5. Let W C |C| be the open locus of reduced curves, and let Ny — W be the

restriction of v to W. The linear system |C| is such that

codim(N \ Ny, N) > 2.
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This assumption is certainly satisfied if N — |C| is flat. Since codim(W, |C|) > 2 this assumption
is equivalent to asking that there are no irreducible components of Na which map to codimension

> 2 subsets of A.

As mentioned in Section 1.3, after Problem 1.1.22, we expect that under the assumptions of the
Theorem above, the support morphism

N = [C],

is indeed flat.

Notice that in some cases of low genus, where the curves of the linear system do not degenerate too
much, one can show that the relative compactified Jacobian is equidimensional. Examples of linear

systems that satisfy equidimensionality (and thus the above assumption) are

e1 +ez|, with e;-ex =1, g = 4, din =9,
ith 1 C)=2, dimN =3
le+ f| with e- f =2, ¢(C) =3, dimN = 5, (4.5)

ler +e2 +es| with e;-e; =1fori#j, g¢g(C)=4, dimN =7.

where ey, es, ez, e and f are primitive elliptic curves. These linear systems do not contain non-
reduced curves and hence, by Theorem 1.1.19, N — |C| is flat.

Lemma 4.1.6. Let T be a general Enriques surface and let |C| be a linear system on T. Suppose
that |C| satisfies Assumption 4.1.5. If |C| is not hyperelliptic, then for every irreducible component
A; of the discriminant locus, the divisor Na, is irreducible. If |C| is hyperelliptic of genus g > 3
then, using the notation of Proposition 3.1.15, for i =1,...,3, Na, s trreducible, whereas N, is

the union of two irreducible components.

Proof. Under the generality assumption on T, if |C| is not hyperelliptic by Proposition 3.1.14 the
general point of every component of the discriminant locus parameterizes irreducible curves. By
Theorem 1.1.15 it follows that the general fiber of Na, is irreducible and, since Assumption 4.1.5
implies that every component of Na maps to a component of A, that Na, itself is irreducible. To
show that N, is reduced, we can use the rational section if d = 0, or we can restrict to a general
pencil since the relative compactified Jacobian of a general pencil is independent of the degree. If
|C| is hyperelliptic, then the statement is clear for Ay, Ay where the general fiber of N is actually
smooth and for Az. For Ay we use the fact that there is a simply connected open subset of Ay that

parametrizes curves that are the union of two smooth components meet transversally in 2 points
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and then Example 1.1.17. O

Remark 4.1.7. If we let k denote the number of irreducible components of A, the above Lemma
shows that in the non hyperelliptic case, k is also the number of irreducible components of Na,
whereas in the hyperelliptic case, the number of irreducible components of Na is equal to k + 1.

Notice also that if |C| is very ample, then k = 1.

4.2 The fundamental group of the relative compactified Ja-

cobian of a linear system on an Enriques surface

This section is devoted to calculating the fundamental group of the relative compactified Jacobian
variety N constructed in Section 4.1. For simplicity will do it in the case of degree zero Jacobian
varieties, even though the arguments work whenever there is a rational section, defined on an open

subset of |C'| whose complement has codimension > 2.

First we will prove the main theorem of this section assuming that |C| is a non-hyperelliptic linear
system with the property that the generic line P* C |C| has only reduced and nodal members. Then
we will show how to adapt the proof to the hyperelliptic case. In both cases, we will need Assumption
4.1.5. Notice that the linear systems described in (4.5) can be chosen general in moduli, in order to

ensure the existence of Lefschetz pencils.

Let v be the Mukai vector (0, D, ), where D = f~}(C) and x = —h + 1. Let n : N — |C| and
m:Y — |C] be as in (4.1) and (4.2).

We first compute the fundamental group of Y, using the strategy and the techniques of Section 3.5,
and adapting the proof to the present case. Recall that since the degree is zero, 7 : Y — |C| admits
a rational section which is defined on an open subset containing the open subset, whose complement
has codimension two, of reduced curves (this is clear if |C| is not hyperelliptic since the locus of
integral curve has codimension > 2; if |C] is hyperelliptic, one can check that the structure sheaf
of the curve parametrized by the general point of every component of the discriminant is always

stable).

Then we study the geometry of the double cover N — Y and prove some results on the induced
covering map of some singular fibers. These results will be used to calculate in Section 4.3 the second

Betti numbers of N and of Y.
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The first result is
Theorem 4.2.1. Let |C| be a genus g > 2 linear system on a general Enriques surface T and
suppose that it satisfies Assumption 4.1.5 and that the general pencil contains only nodal curves. Let
Y be as in (4.2). Then,

m(Y) 2 7Z/27 x 7./ 27.

Proof. We use the notation of Section 3.5, and we apply Theorem 3.5.3 to the morphism
m:Y' =Yy = U.

First of all, notice that by Theorem 1.1.19 7 is flat. Moreover, Assumption 4.1.5 tells us that there
is an isomorphism

7T1(Y) = 7T1(Y,).

As in Section 3.5 we get a commutative diagram,

1——=R——>m(M,) —

B

1 R m1(Y5) m(Y) ——1,

where the first two vertical maps are injections. To prove the theorem, it is sufficient to show that

m(Ye)/R' = 7/(2) x Z/(2).

Since R = [m(M,, 71 (V)] and R” = [m1(Y,), 71 (U)], the inclusion R” C R is determined by the
inclusion

7'&'1(Y0) (@ 7T1(M0),

and by the pushforward
g m(U) = m(V),

induced by the inclusion j : U < V. Recall that by (3.6) the inclusion (3.52) is

HY(D,,0)* nHY(D,,Z) = H'(D,,2)* ¢ HY(D,,7Z), (4.7)

i.e. that m1(Y,) is just the t-equivariant sublattice of mq (M,).
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Now assume that |C| is not hyperelliptic, so that the members of a general pencil are irreducible.
In this case, we can choose a set of generators of 71 (U) and of w1 (V) as in Section 3.5, and see that

R’ is generated by elements of the form
¢ YPLAPL,\(c) = (¢, ) + (¢, 1oy + (¢, ) (s, Lo vex
= (¢, a4) (0 + ta;).
As in Lemma 3.5.8 one can show that for every i there exist a ¢; € H'(D,,Z)" such that (c, ;) = 1,

and hence we can conclude that

R' = (1+)HY(D,,Z).

Since m1(Y,) = H*(D,,Z)" using Corollary 3.1.3 we see that

m(Y') = m(Y,)/R" 2 Z)(2) x Z/(2).

Now let us assume that |C| is hyperelliptic. From Proposition 3.1.15 we know that the discriminant

locus is the union of four components Ay, ..., Ay. Let £ C |C| be a general pencil, set

t1,...,ts =LNA,

and let \; be a simple closed loop around ¢;. By deforming ¢ in |D| in order to make it transversal

to the discriminant locus ¥ of |D|, we can describe, for every 4, the image

Jx(Ni) € m(V),

and see how the monodromy representation along j.(\;) acts on the invariant cycles H!(D,,Z)*.

There are four cases:

1. If t; € Ay, then C;, and Dy, are irreducible and the analogue of formula (3.56) holds and
hence ¢t PLy, PL,x,(c) = (c,a;)(; + 1), where o is a vanishing cycle for D, as in the non
hyperelliptic case.

Moreover, as in Lemma 3.5.8 we can show that there exist a ¢; € H'(D,,Z)" such that

(Ca Oéi) = 17

2. If t; € AyUAg3, then (Y, is the union of a smooth elliptic curve and a smooth hyperellptic curve

meeting in one point and Dy, is the union of a smooth elliptic curve and a smooth hyperellptic
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curve meeting in two points.

Let o; be the simple closed loop in C, whose vanishing generates the node of C,. Since oy; =0
in HY(C,,7Z), f*(ci) = €; + 1e; = 0, where ¢; is the class of a simple closed loop in D,. Since
the component of A(|D|) containing Dy, is birational to |E1| X |(n — 1)E; + E2| and hence it
parametrizes curves that are the union of a smooth elliptic curve and a smooth hyperellptic

curve meeting in two points, there is only one branch of A(]D]) in t; and we can write

where the local monodromy along d; is ¢ — ¢+ 2(c, €;)¢;. Since ¢; is anti-invariant, it follows

that if ¢ is invariant we have,

C—lpLéi (¢) =2(c,€;)e; = 0.

This is in accordance with the fact that Y;, is smooth and so there is no monodromy around

ti;

. If t; € Ay, then (Y, is the union of a smooth elliptic curve and a smooth hyperellptic curve
meeting in two points and Dy, is the union of a smooth hyperellptic curve I' and two disjoint
elliptic curves F and E' = ((FE), each meeting I in two points. Let a7 and as be the two simple
closed loops in C, that vanish as we degenerate the curve to Ct,. We choose the orientation so
that a1 +ap =0, and for j = 1,2, we set f*(a;) = ; + ¢f;. Up to relabeling, we can assume
that the vanishing of 5, and (85 generate the nodes of ENT', and that the vanishing of ¢8; and
B2 generate the nodes of «(E) NT. Consider the point ¢; in |D|. There are two components of
Y = A(]D]) that meet in ¢;: one that smoothes out the nodes of ENT and one that smoothes

out the nodes of «(E) NT'. It follows that we can write

where ¢; and 1£§; each go around the two local branches of ¥. The local monodromy around
n; is defined by

c—c+2(c,51)81 = c+2(c, $2) 3,
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and analogously for ¢n;. Hence, if c is invariant, we have

c_lPngPngj (¢) =2(c, 81)(B1 + tf1) = (¢, f1)(1 + ¢)20;.

Moreover, we can find a ¢ € H'(D,,,Z)* such that (c, 81) = 1.

Notice that the union of the {n;,t;} as in point (1), the {§;} as in point (2), and the {&;, (£} as in
point (3) generate 71 (V). By our description of the local monodromy along this set of generators of

m1(V), it follows that

is generated by the cycles of the form
Qg LOG, 26’i7 2617

and hence that

R = [m(Y,), m(U)] = (1+)H'(D,, Z),
as desired. 0

Let us now come to the double cover

d:N Y,

and recall that we have denoted by L the 2-torsion line bundle on Y associated to this cover.

Proposition 4.2.2. The double dover N — 'Y is induced by the index two subgroup
FEY(C,Z2))(1+)H (D,Z) Cc m(Y) = HYD,Z)* /(1 + ) H (D, Z. (4.8)

Proof. Let u: J — Y be the double cover induce by (4.8), and let L’ be the associated two-torsion
line bundle. We will prove that L and L’ are isomorphic. First of all, we prove that for every ¢t € U,

the induced coverings N; — Y; and J; — Y; are isomorphic, so that we find an isomorphism
L,~L, Vtel.
Indeed, N; — Y; is induced by the surjection of the exact sequence

0 HY(C,2) 1y H\(D,, 2)" = 2/(2) — 0.
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whereas, by definition, J; — Y is induced by the composition of 71 (Y;) — 1 (Y') with the projection

1 (Y) = m(Y)/(f*H (C,Z)/(1 4+ )H (D, Z)). But this is exactly
HY(Dy,Z)" — HY(D:,Z)* ) f*H*(C, 7).

Now let Ly and Lb, be the restrictions of the two line bundles to the locus of sheaves with irreducible

support Yy, Since Ly and Ly;, agree on every fiber, we can write
Ly ® L/U/ =

for some Z in Pic(U’') = Z. However, since the rational section s : |C] --» Y is defined on U’
and since U’ is simply connected, the restrictions Ly and LTS(U,) to s(U’) are trivial, so that

s*(Lyr ® Ly, ) = Opys and hence Z = Opv. Using Assumption 4.1.5 we may conclude that

As consequence of this proposition, we find that
m(N) = f*HY(C,2)/(1 + )H\(D, Z) = H\(C,Z)/ f H: (D, Z). (4.9)

Now let
U:N— N,
be the universal covering space.

Using the so called Norm map, we can get a geometric interpretation of the covering J\~/U — Ny, at
least in the case of degree zero Jacobians.Let [Cy] € |C| be a smooth curve, and set D; = f~1(C}).
The Norm map (cf. (2.2)) is a morphism of abelian varieties Norm : Pic’(D;) — Pic’(C;) defined
by

Normy : L +— det(f.L) ® det(f.Op)".

Let My be the restriction of M = M, g (S) to U. We can consider a relative norm map

NOI‘HIU : MU — NU,
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which is surjective. Over each curve [C;] € U the kernel of Norm; has two connected components
(cf. [49] and (2.4)). It follows that Norm; does not have connected fibers, and we can consider the
Stein factorization,

MU—>QU—)NU.

We claim that the double cover Qy — Ny is isomorphic to the double cover NU — Ny. Indeed, the
covering @; — N; corresponds to the inclusion f.H1(Dy,Z) C H1(Cy,Z), so that we can conclude

with an argument just like that in the proof of Proposition 4.8.

We conclude this section by describing the induced covering space of the general singular fiber.
Proposition 4.2.3. Let Cy € |C| be an irreducible curve with one single node and no other singu-

larity, and let Ny be its compactified Jacobian. Then,
NO = \Ilil(No),

1s irreducible.

Proof. Recall from [53] that if 0 € |C| is a point corresponding to an irreducible curve with a single
node, then the Jacobian Ny of Cj is l.c.i and has the following properties. The normalization No
of Ny is smooth and isomorphic to a P'-bundle over the Jacobian of the normalization 50 of Cp.
This P'-bundle is obtained by compactifiying a natural C*-bundle on J aco(a) and the normalization
morphism

n:]’\?0—>N07

identifies, up to a twist on the base, the zero and infinity sections of the P'-bundle. We claim that

in order to prove that Ng is irreducible it is sufficient to prove that the covering
U~ (Sing(No)) — Sing(No),

is non trivial. Let us assume this. Since Sing(Ng) = ¥~1(Sing(Ng)), it then follows that Sing(No)
is connected and isogenous to Jac(g'o). To prove that, under this hypothesis, 1\70 is irreducible we
proceed by contradiction and suppose that J\~fo is the union Z; U Zs of two irreducible components.
We then have Z1 N Zy = Sing(ﬁo). Moreover, since the morphism Z; U Zs = No — Ny is étale,
the two branches meeting in Sing(ﬁo) are smooth. Hence both Z; and Zy are smooth and thus the

induced finite birational morphism Z; — Ny, ¢ = 1,2, factors through the normalization of Ny via
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a lifting Z; — Kfo. Under this last morphism the image of the connected set Z; N Zs should be the

disjoint union of two sections of the P*-bundle No, which is absurd.

Let us now prove that the induced covering of Sing(Np) = Jac(Cy) C Ny is non trivial. There is an
Abel-Jacobi morphism

ioZCQ —)No,

that this an embedding and is such that the node of Cj is exactly the intersection of Cy with the
singular locus of Ny (cf. for eg. [22]). Moreover, one can see that n~!(Cj) C Ny is the normalization
Cy of Cy.

Notice that the image of m (Sing(Np)) in m1(Ng) coincides with
n.(m1(No)) C 1 (No).

Notice that there are isomorphisms Hy(No, Z) = Hy (Jac(Cy, Z),Z) = Hy(Co, Z) that are compatible
with the normalization morphisms 1\70 — Ny and CN'O — (Cp and with the inclusion Cy — Np. It
follows that to prove that the covering of Sing(Np) is non trivial it is sufficient to prove that the
composition

H1(Co,Z) 22 Hy(Co,Z) -2 H{(N,Z) = Z,/(2),

is non trivial, where ¢ is the embedding Cy — N.
Choose a base point ¢t € U in a neighborhood of 0, and let C; and D; be the corresponding curves.

We have seen (cf. (4.9)) that
HI(N’ Z) = Hl(ct7Z)/f*H1(Dt7Z)a

where the isomorphism is induced by the embeddings C; C Ny C N.

First, we claim that i, can be identified with the surjection
p: Hl(CO,Z) — Hl(Co,Z)/f*(Do,Z)

In fact, if ¢ is close enough to 0, we can consider retractions r : Cy — Cy and s : Dy — Dy. These

retractions induce the following commutative diagram
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7.& 7 — Hy(Dy,Z) —> Hy(Dy, Z) — 0 (4.10)

T

Z Hy(Cy, Z) —> H,(Co, Z) —0

o

H\(N,Z) ——=7/(2) ——= 0

where the kernels of s, and of r, are generated by the vanishing cycles of Dy and Cy respectively.

Thus p and i* are identified and we have proved the claim.

The last thing that we need to prove is that
H1(Co,Z) ™ Hy(Co,Z) — H1(Co,Z)/ foHi1 (Do, Z) (4.11)

is non zero. Let m : 50 — Dy be the normalization of Dy, and let f: l~)0 — 6’0 be the induced
double cover. Since Dy and INDO are irreducible, it is not hard to see that there is a commutative
diagram

Hy(Do, Z) —L > H,(Co, Z) — Z/(2)

-

Hi(Do,Z) —L = H\(Co,Z) ——=7)(2).

Since Coker f, = Coker f,, it follows that n,H;(Cp,Z) is not contained in f, Hy(Dy,Z), and thus

(4.11) is non zero, and the proof is complete. O

Corollary 4.2.4. Set (¢ =voW. Then
£:N = |C,

is a fibration in abelian varieties and the restriction NAi of N to the each component A; of the

discriminant locus parametrizing irreducible curves is irreducible and isomorphic to the pullback

A,

4.3 The second Betti number

This section is devoted to computing the second Betti number of the relative compactified Jacobian

N, constructed in Section 4.1 of a linear system |C| on a general Enriques surface. The strategy is
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to compare this cohomogy group with that of the universal family of curves over the linear system
and, in fact, we will prove that the two groups have the same rank. In the whole section, unless

otherwise stated, cohomology should be understood with complex coefficients.

Let C C T be a smooth curve of genus g > 2. We will assume that |C| satisfies Assumption

4.1.5.

Let x be a non zero integer, consider the Mukai vector

w = (0,[C],x),

assume that v = (0, D, 2) is primitive, and let A be an ample line bundle on T as in the statement

of Proposition 4.1.1. As in Section 4.1, we set
N=Nya, andY =&(N)CM=DM,Hn,

where H = f*A. Finally we let
& N = N,

be the universal cover of N. We will prove the following theorem
Theorem 4.3.1. Let |C| be a base point free linear system on a general Enriques surface T, and
let N be as above. Then

R3(N) = 11.

The same techniques will show the surprising fact that
h*(N) = h*(N) = H*(Y).
We will see that this is a consequence of the fact that the covering maps
N =N, and N =Y,

induce non trivial double covers of the fibers of v : N — |C| and of 7 : Y — |C| (cf. diagram (4.3),

Proposition 4.2.2, and (4.9) and the discussion thereafter), and of Corollary 4.2.4.

Let C C T x |C| be the universal family of curves. Since the linear system |C| is base point free, the
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first projection

qg:C—>T (4.12)

is a fibration in (g — 2)-dimensional projective spaces, the Leray spectral sequence degenerates and

there is an isomorphism

H*(C) = H*(T) @ H*(P9~?) = C'". (4.13)
In the same way we see that
H'(C)=0.
As usual, let
Uclcl,

be the locus of smooth curves, and let Cy and Ny be the restrictions of v and of ¢ to U. As in
Remark 4.1.7, we let k be the number of irreducible components of A and of Na. We start with the
following Lemma,

Lemma 4.3.2. H'(Cy) = H(Ny) = HY(U) = C+1L.

Proof. The last equality is just Proposition 1.3 of [21] and the fact that A has k irreducible compo-

nents. Since ¢ : Cy — U is a smooth morphism, we have
H'(Cy) = H°(U, R ¢.C) ® H'(U),

and we just need to show that H°(U, R'q,C) = 0. This follows from the invariant cycle theorem

[20], which in our setting asserts that
H°(U,R'q.C) = H*(C})™ = Im[H(C) — H'(Cv)],

where H!(C;)™" denotes the monodromy invariants of the first cohomology of a smooth curve C.
Since H'(C) = 0, we are done. To finish the proof we just need to notice that there is a natural
isomorphism of local systems

R'q.Cc| = RlV*CN‘U

v

O

Let us now consider the long exact sequences in cohomology for the pairs (N, Ny) and (C,Cy). We
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have the following Lemma

Lemma 4.3.3. If |C| is not hyperelliptic, there are exact sequences

0— C— H*(N) = H*(Nv),
(4.14)
0— C— H?*(C) — H*(Cp),

and the inclusions C C H?(N) and C C H?(C) are identified with the pullbacks

V' H2(P9Y) — H*(N), and ¢* : H*(P9™') — H?(C).

Proof. By the previous Lemma, and the fact that H'(N) = H(C) = 0, we just have to show that
H?(N, Ny) and H?(C,Cyr) are both of dimension k. By Poincaré-Lefschetz duality (cf. [66] Chapter
6, Section §2 Thm 17 or also [60] Thm B.28),

H;(N, Ny) = H*™ " (Na). (4.15)

Let S(Na) be the singular locus of Na. Taking i = 2, since the real codimension of S(Na) in Na

is greater or equal to 2, we have

H?""2(Na) 2 H*"7*(Na, S(Na)) = Ho(Na \ S(Na)) = C¥, (4.16)

where the second to last isomorphism is again given by Poincaré-Lefschetz duality? and the last
isomorphism holds because by assumption Na has k irreducible components. The same argument

applies to show that H?(C,Cy) = C*. O

Remark 4.3.4. The Lemma above holds also for (Y,Yy) and for (N, Ny). Indeed, we only have to
check that YA and Z\~7A have k irreducible components. For Ya this is clear, and for JVA this follows

from Corollary 4.2.4 above and the fact that |C| is not hyperelliptic.

Recall that the cohomology groups of a smooth quasi-projective variety are endowed with a canonical
mixed Hodge structure (MHS) [20]. In order to prove the Theorem, we claim that it is sufficient to

prove that there is an isomorphism of mixed Hodge structures (MHS for short)

H*(Ny) = H*(Cy). (4.17)

2cit. Spanier, Thm 19 plus the fact the the pair (Na, S(Na)) is taut in N.
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Indeed, if this is the case, there is also an isomorphism
Wy (H?(Ny)) = Wa(H?(Cy),

where Wy (H?(Ny)) and Wo(H?(Cpy) denote the lowest weight pieces of the MHSs. However, by Cor
3.2.17 of [20], we know that

Wo(H?(Ny)) = Im[H?*(N) — H*(Ny)],

Wa(H?(Cy) = Im[H?(C) — H?*(Cy)].

Hence, if we assume (4.17), then (4.14) proves the theorem. Before proving (4.17) we need to prove
the following proposition.

Proposition 4.3.5. Let |C| be a fized component free linear system on a general Enriques surface
T, and let t € U be a point. Suppose that the general pencil of |C| contains only nodal curves. Then
monodromy representation

p:m(U) — Aut(Hl(Ct, C)), (4.18)
18 irreducible.

Proof. Let NV be the degree zero relative compactified Jacobian of |C|. Using Lemma 3.5.5 we know

that the kernel R of the natural morphism
71 (Ny) = HY(Cy) — 7 (N%) — 1,

is generated by vanishing cycles. Since 71 (N?) 22 Z/(2), we may conclude that H*(Cy, C) is generated

by vanish cycles. Let

{Oéi}»

be the set of vanishing cycles associated to a set of generators {A;} of 71 (U) as in Remark 3.5.4.

For simplicity assume that C ‘ ) ¢ is a Lefschetz pencil.

If the discriminant locus A C |C| is irreducible, Theorem 3.4 in [72] shows that the restriction of the
monodromy representation to the subspace generated by the vanishing cycles is irreducible. Hence,

if A is irreducible we are done. If this is not the case, to prove that there are no invariant subspaces,
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we argue by contradiction. Suppose, therefore, that there is a non trivial invariant subspace

F C Hy(C},C). (4.19)

First of all, we check that F' is a symplectic subspace of H;(C},C) equipped with the intersection
pairing (-,-). Since the {«;} generate H;(Cy,C) and the intersection pairing is non degenerate, for
every non zero § € F' there exist an ¢ such that (5,;) # 0. Since F is a p-invariant subspace, it

follows that PLy,(8) = —8 + (8, a;)a lies in F', and thus that

a; € F, (4.20)

i.e. F is a symplectic subspace. Since the monodromy action preserves the symplectic pairing the

orthogonal complement F* is also invariant and, by the same argument as above, symplectic. Set

o2n=dimF, 2m = dimF> .

The above argument also shows that every vanishing cycle «; lies either in F or in F*. In particular,
we can decompose

R:RF@RFL,

where Rr and Rp. are the sublattices generated by the vanishing cycles that lie in F' and F*
respectively. Since R C H'(Cy,Z) has index two and (,-) is unimodular, it follows that the deter-
minant of the intersection matrix for R is 4. Since Rr and Rp. are orthogonal with respect to the

symplectic pairing we can, up to switching F' and F*, assume that

Rp C HY(C,7),

is primitive. Set F, = Rp, Ez = (Fz)* and E = F+. By Corollary (1.2.6) of [8] we have

HY(Cy,7) = Fy & Ey. (4.21)
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Consider now the following commutative diagram,

HY(C,, 2)—~ HY(C,, Oc,)

b~

Hjp(Ch,C) —— Hy''(Cy)

where the left hand side vertical arrow is the composition of the base change inclusion H'(C;,Z) C
HY(C;,C), and the De Rham isomorphism. The top horizontal arrow is given by the exponential
sequence, the right hand side vertical arrow is the Dolbeaut isomorphism, and the bottom arrow is
the projection onto the Dolbeaut group. The two spaces F' := D~ !p(F) and E' := D~ !p(E) contain
the lattices j(Fz) and j(Ez), of rank respectively equal to 2n and 2m and are thus of dimension

equal to n and m respectively. It follows that
Fy:=F'/j(Fz), and E;:=E'/j(Ez),

are two smooth abelian varieties of dimensions equal to n and m respectively, that are principally

polarized since Fy and Ez are unimodular. We can thus write
Jac’(Cy) = F, x E,. (4.22)

However, since the intersection product on H!(C}, Z) can be viewed via the isomorphism A2HY(C}, Z) =
H?(Jac’(Cy),Z) as the theta divisor of Jac’(C}), it follows that (4.22) is actually a decomposition
as principally polarized abelian varieties. We have thus reached a contradiction since the Jacobian

variety of a smooth curve is irreducible as principally polarized abelian variety. O

Proposition 4.3.6. There are isomorphism of MHS
H*(Ny,C) = H(Cy, ©). (4.23)

Proof. By Theorem 5.1 of [4], there is a functorial MHS on the cohomology of local systems that
arise from families of smooth projective varieties. These MHS are compatible with the MHS on the
cohomology of the total space of the family, in the sense (cf. point (3) of Theorem 5.1 of cit.) that

they are subquotients of the canonical MHS on the cohomology of the total space.

On the other hand, consider a smooth projective morphism of smooth quasi-projective manifolds

125



j:Y — Z. By the decomposition theorem (see for e.g.. Theorem 5.2.2 of [18]), it follows that

5:Qy = @ R'.Qy [—i].
i>0
Taking cohomologies on both sides, it follows that the cohomology of Y is actually split, i.e. it is
equal as MHS to the direct sum of the MHS on the cohomologies of the local systems. Applying
these facts to

Ny - U, andto Cy — U,

it follows that it is sufficient to prove that for every ,j > 0 with i + j = 2, there are isomorphism
of MHS
H'(U,Riv,Cy) = H(U, R7q.Ce). (4.24)

Since clearly,

Rlu*(CNU = Rlp*(CcU,

we only need to prove (4.24) for (i,7) = (0,2) and we will do this by showing that they are both
one dimensional. For t € U, it is clear that the monodromy acts trivially on the top cohomology
H?(Cy) of the smooth curve C;, and hence the space H°(U, R?>p.C¢) is one dimensional. As for

H°(U, R?v,Cy) the situation is slightly more involved. Notice that
H°(U, R*v.Cy) = H?(N;,C)'™ = (A2H(Cy, C))™. (4.25)

Now let

p:m(U) = Aut(H(Cy, C))

be the monodromy representation. Since p preserves the symplectic pairing (-, -), the isomorphism
w: HY(C;,C) = Hy(Cy,C) induced by (-,-) is p-equivariant. By composing with w, it follows that

any p-invariant element of A2H!(Cy, C) can be thought of as a p-invariant morphism
¢: HY(C,,C) — HY(C,,C). (4.26)

By Proposition 4.3.5 above, p is an irreducible representation. It follows then by Schur’s Lemma
that

¢ = Aid, (4.27)
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for some A in C, and hence that

(A2HY(Cy, €)™ = C. (4.28)
O

Notice that the invariants are actually defined over Z. In fact, the theta divisor of Jac(C}) is always
invariant under the monodromy, since it can be identified with the isomorphism w : H(Cy,Z) =
H1(Cy,Z). Since the group H?(Ny,Z)™" is one dimensional, it is generated by the theta divisor of
Cy.

Remark 4.3.7. The morphisms N — N and N — Y induce non trivial covers of the fibers of v

and of w, and hence for every i there are isomorphisms of local systems
i ~ o~ % ~ 7
R @(CN‘U =R I/*CN‘U =R T*Cy‘U.

Corollary 4.3.8. If |C| is not hyperelliptic, h2(N) = h2(N) = h2(Y).

Lastly, we consider the hyperelliptic case

Theorem 4.3.9. Let |C| be a hyperelliptic linear system of genus g > 3. Then
R (N) =11

Proof. First of all, we compute H?(C). Since |C| has two simple base points, the projection C — T
factor via the blow up T — T of the surface at the two base points. The induced morphism C — T is
a fibration in (g — 2)-dimensional projective spaces, and hence H?(C) = C'3. By Proposition 3.1.15

A has 4 irreducible components so that
H'(Cy) = H'(Ny) = H'(U) = C°.
As in Lemma 4.3.3 we compute

h2(N,Ny) = h*(Y,Yy) = h2(N, Ny) = # of irreducible components of U; Na, = 5,

h*(C,Cy) = # of irreducible components of U; Ca, = 7,

127



so that (4.14) becomes

0 —— C? —— H*(N) —'= H?(Nyp)

T

0 ——C* ——= H?(C) —>= H?(Cy).
The second vertical arrow is the pullback via the Abel-Jacobi map j : Cy C Ny. Since the linear
system has base points, the morphism Cy — U admits a section and the relative compactified
Jacobian of Cyy is independent of the degree. Hence we can assume that the Abel-Jacobi map sends
the family of curves into the degree zero relative Jacobian. By Proposition 4.3.6 5* is an isomorphism

and the theorem is proved. O

4.4 The canonical bundle

To prove the main Theorem of this section, we are going to use Assumption 4.1.5 and also that the
general line P! C |C] is such that all the singular members are reduced and nodal so that the local

monodromy is unipotent.

Before starting, let us emphasize that
Lemma 4.4.1. The canonical bundle of Y is trivial if and only if the canonical bundle of N is

trivial.

Proof. The only if part is clear, since ® : N — Y is étale, so we only need to address the if part.
Recall the definition of L from formula (4.4). If wy = Oy, then ®*wy = Oy, implying either
that wy is trivial, or that it is isomorphic to L. To conclude the proof, we make the following two
claims. Consider a point ¢ € U and denote as usual by Y; the fiber over t. The first claim is that
Ly,

. is not trivial, which follows immediately from (3.5). Whilst the second claim is that (wy )y, is

trivial, which follows immediately from the fact that wy, and Ny, |y are trivial. Hence, wy cannot

be isomorphic to L, and the Lemma is proved. O

Remark 4.4.2. The same argument applies to show that the canonical bundle of the universal
cover N is trivial if and only if the canonical bundle of NV is trivial. In fact, the only thing that we
use here is that on each fiber the double cover Y; — N, is non trivial, which is a consequence of
formula (4.9).

Remark 4.4.3. The fact that the universal cover of N induces a non trivial cover of each fiber,

establishes a difference with Enriques surfaces: any Enriques surface T' admits an elliptic fibration
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T — P! which has exactly two multiple fibers. The canonical bundle is the difference of the two half
fibers; moreover, the universal cover S — T induces a trivial cover of every reduced fiber; indeed, if
e is a primitive elliptic curve in T, then for any reduced curve I' € |2e¢]|, f~!(e) is the disjoint union
of two curve in the linear system |f*e|. In fact, the covering S — T is induced by base change via a
degree two morphism P' — P! ramified at the two points corresponding to the non reduced fibers;
as we have already mention, in the case of v : N — |C|, the restriction of the universal cover to the

fibers of v is non trivial.
The rest of the section is devoted to prove that wy is trivial.

Consider the morphism v : N — P9~ = |C| of smooth projective varieties. We can write,

Wy = Vwps-1 @ wy, = 1 Opg-1(—g) @ wy, (4.29)

where w, is the relative dualizing sheaf of v. Clearly, for every ¢t € U, we have w, |y, & wn, = Ox,,
which implies that

wy|n, = On,, forevery t €W,

where W denotes the locus of reduced curves. Since Ny — W is flat, it follows that viw, |, is

locally free, and the natural morphism,

Wy — V' Vpy, (4.30)

is an isomorphism. Moreover, since codim(W, |C|) > 2, we have
b b )

(vaws)jw = Ow (K),

for some k € Z to be determined. Assumption 4.1.5 now guarantees that

Pic(N) = Pic(Nw ),

and thus that

wy 2 V" Opg-1(k). (4.31)

The rest of this Section is devoted to show, under the assumption that the singular fibers of the
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general pencil in |C] are reduced and nodal, that
k=g, (4.32)

which, by (4.29) proves the following Theorem
Theorem 4.4.4. Under Assumption 4.1.5 and the assumption that the general pencil in |C| has

reduced and nodal members, the canonical bundle of N is trivial, i.e.,
Corollary 4.4.5. With the same assumptions as in the Theorem,

X(Oy) = x(On) =0.

Proof. Tt is enough to prove that x(Oy) = 0. This follows from a calculation of Beauville [10] on
the A-genus of the fixed locus of an anti-symplectic involution on a Hyperkihler manifold which

implies, in the case dim M, ;7(S) = 2 (mod 4), that

/Y Todd(Y) = 0.

O

The main ingredients in the proof of (4.32) are the following. First of all, the simple observation
that to compute k we can restrict the family IV to a general line in P9~!. Second, the theory of
degeneration of Hodge bundles, as explained in [76] and Section 2 of [37], to understand the direct

image of the relative canonical sheaf of N — P91,

Let P! C P9~! be a general line, set
vV N =v Y(PY — P. (4.34)

We can choose the P! so that N’ is smooth and so that the local monodromy around the singular
fibers is unipotent. We let t1,...,ts be the points of the discriminent A’ := ANP! of v. Notice that

v’ is flat.
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Lemma 4.4.6. With the above notation, we have
Wy Zwy iy, e wy = V" Op1 (k). (4.35)

Proof. Notice that v*Npips—1 = Ny 3. Since det Npijpo—1 = Opi (g — 2), it follows by adjunction
that

wr' 2 (W, ® V* Opo-1(—g)) v @ V" Opi (g — 2), (4.36)

and comparing this to wys = v/ Op1 (—2) ® w,, we get,
wV‘N’ = Wy’ (437)

O

This allows us to restrict our attention to N’ — P!, where the situation is simpler. Indeed, by our
choice of P! C |C], the restriction p’ : C' — P! of the universal family C — P9~! to the line is just

the blow up of the surface S at the 2¢g — 2 simple base points of the pencil.

We have now the following proposition whose proof will be given at the end of the Section, after a
brief detour on degeneration of Hodge bundles.

Proposition 4.4.7. With the above notation. Then

viw, 2 (det R'p,Ocr)Y. (4.38)

The right hand side of (4.38) is readily calculated: by Theorem 2.11 of [68] the sheaf Rlp,O¢: is

locally free of rank g. Hence, there exist g integers aq,..., a4, such that
g
R'p.Oc¢r = @) Op1 (ay). (4.39)
i=1

Since the base is one dimensional, the Leray spectral sequence degenerates and we can use the Hodge
numbers of C’ to calculate the a;’s. From
0=HYC,0)= g (P',O)® H (P', R p.Oc/), and

(4.40)
0= H?(C' 0)= H*P,O)® H (P!, R p.Oc/) @ H°(P', R*p.Oc),

3The natural surjective base change map between the conormal bundles V’*N]ll,vl [po—1 — NI\\/I’lN is an isomorphism

because the two bundles have the same rank.
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we deduce that

a; <0, and a; > —2.

We conclude that a; = —1 for every 4, so that
Viwy, = Opi(g). (4.41)
By relative Serre duality applied to v/ : N’ — P!, we get an isomorphism
Viw, = (RIV.On)Y. (4.42)

Moreover, if we let

vV c Pl

be the locus where v/ is smooth, we have

Rll/;Oerv = Rlp;(’)c/‘v, and RV, Onry = /\gRll/;Oerv. (4.43)

To prove the Proposition we wish to extend these isomorphisms to the whole P! in order to get an
isomorphism

RIV.On: & /\gRlp;Oc/.

Before talking about variation of Hodge structure and Hodge bundles, we wish to make the following
remark.

Remark 4.4.8. From our assumption on the existence of Lefschetz pencils and classical results of
Oda and Seshadri [53] the fiber of v/ and of p’ over a point ¢; in A’ is a reduced divisor with normal

crossings. Moreover, the local monodromy of each family around a point ¢; is unipotent.

4.4.1 Degeneration of Hodge bundles

Following [76], [33], and [37] we start by briefly recalling some facts about variations of Hodge

structures and Hodge bundles.

Let B be a smooth curve, and consider the degree ¢ variation of Hodge structures (VHS for short)

induced by a smooth projective morphism f : Z — B. The local system underlying this VHS is
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R'f.C. By [19], Prop. 1.2.28, the locally free sheaf
H =R f.C®0Op (4.44)
is isomorphic to the hypercohomology sheaf
R'£.Q% 5, (4.45)
where Q’Z‘ g is the complex of relative differentials of the family. Let
V:H - H 204 (4.46)

be the Gauss-Manin connection of the family Z — B.

Consider the so called filtration béte

FPQy s = Q52 (4.47)

of the complex of the relative differentials. The spectral sequence in hypercohomology associated to
this filtration has E7’? term equal to

RIfY, 5, (4.48)

and abuts to (the associated graded pieces of)
R'f.Q% 5 =H'. (4.49)

Since f is smooth these sheaves are locally free, the spectral sequence degenerates at E; and the
maps

R £.Q%E = ROy (4.50)

are injective. In particular, the filtration induced on H? is
FPH' = R' .5 C M, (4.51)
and the associated graded pieces of (H?, FP(H')) are the sheaves

RUfQY . with p+g=i. (4.52)
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The filtration (4.51) is precisely the filtration of the variation of Hodge structures of the family

Z — B.

Now consider a smooth projective compactification
f:Z—B

and suppose that W := f~}(B\ B) is a reduced divisor with normal crossing. We let Q%‘E(log W)
be the complex of relative logarithmic differentials.

By a classical theorem (Thm 7.9 of [19]), it is known that (H!, V) is an algebraic differential equation
with regular singular points, in the sense that V has logarithmic poles at every point b in B\ B.
That is to say, there exists a vector bundle extension ﬂi of H' to all of B, such that the connection
V extends to a morphism

V. H > H o0k

Z|§(10g W). (4.53)

By definition, the residue Res;(V) of V at a point b in B\ B is the endomorphism of ﬂz induced
by taking the residue in b. In other words, if we fix a local trivialization of H' around b and if = is

a local coordinate on B, the residue is defined by V = dz ® (Resp(V)1/z +...).

By [68], Thm 2.11, (cf. also the exposition in [76]) the sheaves

R £ 5(log W)

and

qu*Q%lg(IOg w), p+a=i,

are locally free extensions of (4.49) and (4.48) respectively. Moreover, Katz proved in [33] that there

is a morphism

V: R .05 5(log W) = R'f.Q% z(log W) @ Qlylg(log W), (4.54)
which extends the Gauss-Manin connection. It follows that we can set
H = R f.QY 5 (log W), (4.55)
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On the other hand, the filtration (4.47) extends to a filtration

FrOs

YElogW) = Q=L (log W), (4.56)

B
which gives a spectral sequence whose E}"? terms are

Rif, Q%lg(log w). (4.57)

Since these sheaves are locally free and the differential is generically zero, the differential is identically
zero. Hence the spectral sequence degenerates at F; and abuts to the associated graded pieces
of

R'£.Q% 5 (log W). (4.58)

Since the graded pieces R4 f*Q%‘E(log W) are locally free, the extensions

FPH') = R 1020 (log W) (4.59)

of the sheaves FP(H!) are actually extensions as vector sub-bundles of H'. This is a particular case
of Schmid’s Nilpotent Orbit Theorem.

The last ingredient is the following classical theorem
Theorem 4.4.9 (Manin, [19], Prop. 5.4). Let (H,V) be an algebraic differential equation with
regular singular points on the pointed disc A*. Then (H,V) admits a unique locally free extension

(H,V) to the disc A, which satisfies that following two properties
1.V H-H® ng(log 0) has logarithmic poles;
2. The eigenvalues X of Reso(V) satisfy 0 < Re()\) < 1.

An extension of an algebraic differential equation H as in the Theorem is called the canonical

extension.

Recall that we are assuming that W C Z is a reduced divisor with normal crossing. By the regularity
theorem of Katz [33] (see [67] for the case of normal crossing and not just simple normal crossing;

(5.1) for the notation and (5.3) for the result), it follows that

Rif*Q.Z|B(10g W),
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satisfies the assumptions of Theorem 4.4.9 with the eigenvalues of the residue Res, (V) of the Gauss-
Manin connection equal to zero for every b € B\ B.

Under this circumstance we say, by abuse of notation, that R’ f, Q%’E(log W) and R?f, Q%E(log W)
are the canonical extensions of R f*Q}?g and RY f*QZ‘ 5 respectively.

Notice that we can say “canonical extension” also for F? (ﬁl) and for Gr?(H?) because they are
unique. In fact, let j : B — B be the open immersion, let H be a vector bundle on B and let E C H
be a sub-bundle. Suppose we are given a vector bundle extension H of H on the whole of B. Any
extension of E to B as a sub-bundle of H is always contained in the saturation of # N j.E in H,

and thus has to be isomorphic to the saturation itself. In particular, since the extension of E as a

vector sub-bundle of  is unique, so is the extension of the quotient H/E.

We now go back to our situation applying these remarks to the families C’ — P! and N’ — P!.

Proof of Proposition 4.4.7. Recall that our aim is to prove that there is an isomorphism RIv, Oy &
NI RYp. Oc: extending that of (4.43). As should be clear by now, we want to prove this isomorphism
by showing that the sheaves in question are both isomorphic to canonical extensions.
Recall that by the choice of the pencil P* C |C|, the families ' — P! and N’ — P! have singular
fibers that are reduced and have normal crossing. The sheaves

—1

HN/ = RIV*Q;V/‘]Pl (log(N/A/))

X (4.60)

Her = R'pu Qg pa (log(Chv))

both extend R'v,C ® Ony = R'p.C® Oc'|v7 and are isomorphic to the canonical extension.

Hence, there is an isomorphism

Hy = Her, (4.61)

which extends the isomorphism over V. As a consequence, we get an isomorphism of the canonical

extension of F'(HL,) = FL(H}), ie.,
17t \ ~ Lt
F (HN’) =F (HC’)a
which in turn implies that there is an isomorphism of the first graded pieces

Gr°(Hy,) = Gr°(Hp), (4.62)
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i.e., an isomorphism

R'v,On = R'p,Op:. (4.63)

We now want to prove that

RIv,Opn: & /\gRlp*Ocu

From the general theory, the exterior powers A/H of an algebraic differential equation (H, V) with
regular singular points is naturally an algebraic differential equation with regular singular points.
Moreover, if the residues of V4 have real part equal to zero, then the same is true for the residues
of the induced connection on AJH. In other words, the sheaf A7 is the canonical extension of AJH.
We deduce that for any i,

N o = N H,. (4.64)

Moreover, since N/, is a family of abelian varieties, we have an isomorphism of VHS AVHY, = HY,..

Using again the result of Katz, we known that
Hys = RIV, Q% 51 (log N'ar) (4.65)

is also the canonical extension. It follows that,
NFHy = HY,. (4.66)

This induces an isomorphism of the canonical extension of the respective filtrations, and thus of the

respective graded pieces. Since Gr'(AIHE,) = A9 GrP(H}) we conclude
RIT On = N RYW. O, (4.67)

and the proposition is proved. O

Remark 4.4.10. We want to highlight a difference in behavior between other type of moduli spaces
of sheaves on Enriques surfaces. In [58], Oguiso and Schréer prove that the Hilbert scheme of n
points on a given Enriques surface T has the property that the canonical bundle is not trivial, but
twice the canonical bundle is trivial. It would be interesting to know if this is a general phenomenon,
that is to say if there is a different behavior of the canonical bundle of odd and even dimensional

moduli spaces of sheaves on Enriques surfaces.
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For example, given a genus g linear system |C|, it would be interesting to study the geometry of the

rational Abel-Jacobi maps

T -5 N97' and N9 --» T,

where we have denoted by N¢ the degree d relative compactified Jacobian of |C|.

We end the section with the following theorem.
Theorem 4.4.11. Under the same assumptions as Theorem 4./4.4, the relative compactified Jacobian
N is an irreducible Calabi-Yau manifold, in the sense that

C if p=0,29—1,
HP(N,On)

1%

0 otherwise.

The main step in proving the theorem is the following proposition which generalizes what was prove
over a general Lefshetz pencil, and uses Matsushita’s theorem [45] on the higher direct images of
the morphism M — |D| (cf. 3.2.3).

Proposition 4.4.12.

R'v,.On 2 N @9, Opy-1(—1), (4.68)

Using this proposition, the spectral sequence to calculate HP?(N, Oy) degenerates since

b g1 C  (kp)=(0,0) or (kp)=(9—129-1)
HY(PI!, Opgs (—p + k) =

0 otherwise.

and the theorem easily follows.

Proof of Proposition 4.4.12. Since the canonical bundle of N and of Y is trivial, by Theorem 2.1 in
[36] the sheaves R'v,Oy and Rim,Oy are torsion free and by Corollary 3.9 in [37] they are reflexive.
Since ® is a finite morphism, the composition of functors spectral sequence yields an isomorphism

(recall the definition (4.4) of L)

R, On = Rirr,Oy & Rim, L.

However, Rir,L is a supported on the discriminant locus of |C| and since R'v, Oy is torsion free, it
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is identically zero and hence R'v,On = R, Oy.

We claim that there is open subset W C P9~!, whose complement has codimension greater or equal

to two, that has the property that
(RZV*ON)WV = (/\iRll/*ON)|W.

Indeed, the such an isomorphism exist on the smooth locus U is clear. However, by what we proved
in the last subsection it extends to an isomorphism over a slightly bigger open subset containg the
lines P! C |C| with properties as in the previous subsection, whose complement has codimension
greater or equal to two. Since the sheaves in question are reflexive, these isomorphisms extends to

global isomorphisms on the whole P9~!. We are thus reduced to prove that
R'7,.0Oy =2 &7 Ops-1(-1).

To see this, we argue as follows. Let Z denote the ideal sheaf of |C| in |D|. The following exact
sequence,

0—=Z/T% = (Qp, = Qi = 0.

)‘|C|

is split, and the involution ¢* acts on it. The sheaf Z7/Z? = &Y_,Opys-1(—1) is the (*-anti invariant
part of (QIIDI)‘\CV whereas the sheaf Q|lc\ is the invariant part. By Theorem 1.3 of [45], there is an
isomorphism

Ol & R'm.O, (4.69)

which is induced by the symplectic form ¢ of M. On W, the restriction morphism

(Rlﬂ*OM)‘W — (Rlﬁ*Oy)‘W,

is surjective, and (R'm.Oy)| is exactly the /*-invariant part of (R'm.Ou)],,,. Since 'w = —w,
isomorphism (4.69) interchanges the (*-invariant and the ¢*-anti invariant parts of Q|1D\ and of

R'7,.0;. We deduce that there is an isomorphism

(R'm.0v)|,, =Z/1%,,,
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which, using the fact that these sheaves are reflexive, extends to an isomorphism
R'm,Oy 2 T)T* = @ Ops-1(-1).

O

Remark 4.4.13. In the same way we can show that the higher direct images of On and of O are
isomorphic. Hence,

C ifp=0,2g—-1,

o~

0 otherwise,

and N is an irreducible Calabi-Yau manifold.

4.5 An example: the three-fold case

In this section we describe in more detail the relative compactified Jacobian of a genus 2 linear
system on a general Enriques. Where the arguments of Section 4.2 and 4.3 do not work, we give ad
hoc arguments to compute the fundamental group and the second Betti number. Finally we show

that the Hodge diamond is

1 10 10 1

We start with describing into detail the well known and beautiful construction ([16], [17] ) of a
non-special genus two pencils. We will use the construction to show that by putting ourselves in a

general setting we can assume that |C| is a Lefschetz pencil.

Let T be a general Enriques surface and let e;,es C T be two primitive elliptic curves such that
e1 - ez = 1. By [16] the general curve

CG |€1+€2|

is a smooth genus 2 curve. Recall from Section 3.4 that linear system |e; + es| is a pencil with two
simple base points, p = e; Neh and ¢ = €} N ez, where the curves e} (notation as in (3.4)) are also

smooth and elliptic. A genus two pencil is called non special, if it can be written as |e; 4 ea| for two
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primitive elliptic curves meeting in one point. Following Cossec, we let

= (picpeicr): T --» P x P,

be the map associated to the linear systems |C| and |C’|. It is a rational, generically 2: 1, map
which is defined on the complement of the four base points. The four elliptic curves are contracted
by .

Lemma 4.5.1 ([16]). The ramification divisor of ¢ : T --» P x P! consists in four lines r1,7}, 79,75
forming a square and a curve I’ of bidegree (4,4) having simple nodes at the corners of the square.
The branches of the nodes are not tangent to the sides of the square. If T is a general Enriques

surface, then T' is smooth outside the four nodes.

Proof. Let ¢ : T — T be the blow up of T" at the four base points, and let ¢ : T — P! x P! the
induced morphism. Then ¢ contracts the proper transforms of the elliptic curves, and is ramified
along the four exceptional divisors. The images of the exceptional divisors form a square in P! x P!,
The curves in either of the linear systems double cover the lines of either of the two rulings. Since
the generic curve is a smooth genus two curve, the intersection number of the lines in each pencil
with the ramification curve has to be equal to six. We already know that the map ¢ ramifies along

the sides of the square, so the remaining part X of the ramification divisor has to be of type (4,4).

Now let P be the blow up of P' x P! at the corners of the square, let I1, ..., 14 be the four exceptional
divisors, let Ry, R}, Ro, R} be the proper transforms of the sides of the square, and finally let T be
the proper transform of A. Since @ contracts the four elliptic curves to the four corners of the square,
the induced rational map v : T Bisa generically 2: 1 morphism, ramified over the disjoint union
of I" and Ry, R}, R2, Rj. Hence 9 induces a double cover of the proper transform of the four elliptic
curves onto the exceptional divisors. Notice also that such double covers are ramified at four distinct
points, which are the intersection points of the exceptional divisor with the ramification curve. Since
all of the exceptional divisor meets transversally two sides of the square, it follows that I' has to
meet each exceptional divisor in two distinct points, and thus 3 has a simple node at each corner of
the square and that the branches of the nodes are not tangent to the sides of the square.

If we suppose that the only reducible members of the linear system |C| are the curves e; + e and

e} + e} (property that is achieved, for example, for a general T') then the morphism

v:T — P,
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is finite, and since it is a degree two cover between two smooth surfaces, the ramification curve has
to be a disconnected union of smooth curves. It follows that in the general case I' is smooth, and

the four nodes of ¥ are its only singularities. O

The following Lemma reverses the construction.
Lemma 4.5.2. The general non special genus two pencil on an Enriques surface is obtained by
reversing the construction of Lemma 4.5.1. Moreover, one can choose the ramification curve so that

the singular curves in the linear system have exactly one node.

Proof. Consider a square of lines rq, 7,72, 75 in P! x P!, where for i = 1,2 the lines 7; and r} belong
to the same ruling. In the linear system |Op1 p1(4,4)| consider the dimension 12 linear subspace W
of curves having a node at the four corners of the square. The general curve in W is smooth outside
the four nodes and, moreover, the branches of the nodes are not tangent to the sides of the square.
Let

b: P — P! x P

be the blowup of P! x P! at the four nodes of the square, let

L, .. g,

be the four exceptional divisors, let

/ /
R17R15R2a oy

be the proper transforms of the sides of the square, and finally let I' be the proper transform of a

curve IV € W that is smooth outside the four nodes. Now consider the double cover

z:Z — B,

ramified along

IT'UR; UR{ URyU RS.

Then

)

2K; = 2"(2Kp+T'+ Ry + Ry + Ry + R)). (4.70)

Since

Kp=0"0(-2,-2)+ 1l +1{ + 1o+ 15, (4.71)
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and

L=b"0(4,4) = 2(ly + 1} + 12+ 1), (4.72)

we have

2Kz = 2"(R1 + R{ + R2 + RY). (4.73)

For ¢ = 1,...,4, there are smooth rational (—1)-curves S;, S, , and have the property that 25; =
z*(R;), 25, = z*(R.). Let € : Z — T’ be the contraction of these four rational curves. Then

Kz = €*wr + S1 + 57 + S2 + S5, implies

26*OJT/ = Oz. (474)

Thus 2wy = Ops and then it is readily checked that T’ is an Enriques surface.

Let ¢ : T' — P! x P! be the induced rational morphism. Then C' = ¢*O(1,0) is a linear system of
genus two, and the generic curve is a smooth hyperelliptic curve because it is a double cover of a
line, ramified at 4 distinct points. Moreover, notice that we can choose the curve I' so that the lines
in O(1,0) are neither bitangent nor flex lines to I itself (this can be achieved because one can easily
find degenerate curves with this property and, since it is an open condition, one can also find a curve
satisfying this requirement and such that the only nodes are at the four corners of the square). If
we choose such a curve I, then the curves in the linear system |C| have at most one simple node.
Since the automorphism group of P! x P! fixing a square of lines is two dimensional and acts on the

12-dimensional sublinear system W, it follows that this construction depends on 10 parameters. []

Corollary 4.5.3. Let q: C — P! be the universal family of a general genus two pencil on a general
Enriques surface T. Then q has exactly 18 singular fibers, 16 of which are irreducible with one node,

and 2 of which are reducible, and consist of two elliptic curve meeting tranversely at one point.
Proof. Tt is sufficient to apply a classical cut and paste Euler characteristic argument. O

For the rest of the section |C| will be a general non special genus two pencil on a general Enriques

surface T, and we will denote C — P! be the universal curve. Let

to,t1,. .., t17,
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be the points in P! parameterizing the irreducible fibers, with

tO;tla

be the points corresponding to the curves ey Ueg and e} U e}. Finally set

U= |C| \ {to,tl, N 71517}, and V = |C| \ {tg,. .. ,t17}.

Notice that the Lefschetz pencil C — P! has 2 sections, twisting by one of them defines an isomor-
phism the relative compactified Jacobians of different degrees are all birational. For simplicity, we
describe the degree zero case. Let us then set w = (0,[C], —1), v = (0, [D], —2), where D = f~1(C)
and let N and Y be as in (4.1) and (4.2).

Proposition 4.5.4. Let N and Y be as above. Thenv: N — P! and 7 :Y — P! have ezactly 16
singular fibers, each of which is a rank one degeneration of an abelian surface. Moreover, v and 7

have a section and hence there are no multiple fibers.

Proof. This follows from the fact that the Jacobian variety of a union of two smooth curves meeting
transversally in one point is smooth and compact, and from Oda and Seshadri’s description of the

compactified Jacobian of an irreducible nodal curve. O

Corollary 4.5.5. The Euler characteristics of N and of X are trivial.

Proof. This follows from the above Lemma, since a rank one degeneration of an n > 2 abelian variety

has trivial Euler number. By cutting and pasting, it follows that

Xtop(X) = 0. (4.75)

O

Theorem 4.5.6. Let |C| be a general non special genus 2 pencil on T. Let N and Y be as above.
Then
mY)=2Z/(2)xZ/(2), and m(N)=1Z/(2).

Proof. Fix a base point o € U C |C] and let C, be the curve that it parametrizes. For each of the

points t;, let \; be a generator of m (|C|\ t;,0).
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The proof is the same as for Theorem 4.2.1. The only modification is due to the presence of the
reducible curves above the points tg,t; € |C|. For i = 0,1 let «; be the simple closed loop in C,
whose vanishing generates the node of Cy,. Since o; = 0 in HY(C,,Z), f*(cvi) = Bi + 1B; = 0,
where ; is the class of a simple closed loop in D,. Notice that D, belongs to a component of the
discriminant ¥ C |D| that parametrizes curves that are the union of two smooth elliptic curves

meeting in two points. It follows that there is only one branch of ¥ in s; and that we can write

where the local monodromy around 7; is ¢ — ¢ + 2(¢,8)8. Hence, if ¢ is invariant we have
¢ tPLy,.(c) = 2(c, B)(B + tB8) = 0, which is in accordance with the fact that Y;, is smooth

and so there is no monodromy around ¢;. It follows, using the notation of Section 4.2, that

R = [mi(Yo), m(V)] = [m(Yo), m(U)] = (1 + ) H' (Do, Z),

and hence that

m(Y) =m(Y,)/R" = HY(D,,Z)* /(1 + 1 )HY(D,,Z) = Z/(2) x Z/(2).

Next, we have the computation of the second cohomology group.

Theorem 4.5.7. H*(Y,C) = H?(N,C) = C'°.

Proof. First of all notice that since C is the blow up of T at the two simple base points, it follows
that
H?(C) = C'2,

The strategy is the same as in the general case that is to say that we compare the long exact sequence

in cohomology associated to the pairs (C,Cy) and (N, Ny). Using Lemma 4.3.2 we see that

H'(Cy)= H'(Ny) = H'(U) = C'7.
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As in Lemma 4.3.3 we compute that

h2(N,Ny) = h2(Y,Yy) = h3(N, Ny) = # of irreducible components of Na = 18,
h*(C,Cy) = # of irreducible components of Ca = 20,

so that (4.14) becomes
0 —— C——= H*(N) —= H?*(Np)

N

0 ——C? —— H?(C) —>= H?*(Cp).
The second vertical arrow is induced by the Abel-Jacobi map j : Cy C Ny which in turn is induced

by a section C — P! of the family of curves. By Proposition 4.3.6 j* is an isomorphism and the

theorem is proved. O

Corollary 4.5.8. The Hodge diamond of Y, N and N is

1 10 10 1
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