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Abstract

In this thesis, we settle an old question of William Allard’s thesis from 1969, on boundary

regularity of area-minimizing m-currents in arbitrary codimension, with higher boundary

multiplicity and a convexity assumption. This setting generalizes Allard’s celebrated theorem

from 1975 on boundary regularity of area-minimizing currents to a higher boundary multiplic-

ity minimizing setting. We develop a regularity theory that answers Allard’s 1969 question

by proving the (m− 3)-rectifiability of the singular set. We show this regularity theory to

be dimensionally sharp by constructing an example of an area-minimizing current with a

boundary singularity for m = 3. The starting point of the regularity theory is the uniqueness

of the tangent cone at minimum density points, which we also establish in this thesis. The

question of regularity for higher multiplicity boundaries, which we address in Allard’s original

form, was raised in a broader framework by Brian White in the Proceedings of the 1984 AMS

Summer Institute, a famous collection of open problems in Geometric Measure Theory. Part

of the regularity theory is in collaboration with Reinaldo Resende.

Additionally, in collaboration with Camillo de Lellis, we generalize a theorem of Besicovitch

from 1956 on classical rectifiability for curves in the two-dimensional plane to arbitrary

dimension of the set and of the ambient space. As an application, we simplify the setup

of the Naber-Valtorta technique, an extremely powerful and flexible tool for proving the

rectifiability of singular sets in geometric analysis, which has been used for a variety of

different problems. Together with Reinaldo Resende, we use this theorem to simplify part of

the boundary regularity theory we develop in this thesis.
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Chapter 1

Introduction

An area minimizing integral current is an oriented generalized surface with boundary

which minimizes area amongst those with the same fixed smooth boundary. Integral currents,

rigorously introduced by Federer and Fleming, generalize classical smooth oriented surfaces,

enabling the study of possibly singular geometric objects while maintaining core geometric

concepts such as area, tangent planes, and orientation in a measure theoretic sense. The

orientation framework ensures the validity of Stokes’ theorem, aligning integral currents

closely with classical differential geometry. Specifically, for a current T with boundary Γ, the

relation T (dω) = Q
´

Γ ω holds for a positive integer Q and any smooth differential form Ω.

In this case, we say that the boundary of T is Γ with multiplicity Q.

Another important concept is the definition of a rectifiable set: a set E ⊂ Rn is k

rectifiable if there exist countably many lipschitz maps fi : Rk → Rn such that E \ ⋃ fi(Rk)

has k-dimensional measure zero.

The appropriate class of surfaces T comes from rectifiable sets taken with integer multi-

plicity and assigned an orientation.

We say that T is locally area minimizing at its boundary Γ, taken with multiplicity Q, if

there is no competitor T ′, with the same boundary, which agrees with T outside of the ball

BR for some R and Area(T ′,BR) < Area(T,BR).
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Density and Tangent Cones A key tool in the study of singularities is the density of a

current. Given an m-dimensional area-minimizing current T , the density at a point p ∈ spt(T )

and scale r > 0 is defined by

Θ(T, p, r) := ||T ||(Br(p))
ωmrm

,

where ωm denotes the volume of the unit ball in Rm, where ||T || denotes the measure associated

to the current. This quantity measures how the mass of the current accumulates near the

point p, normalized by the Euclidean volume growth.

The monotonicity formula ensures that for area minimizing currents Θ(T, p, r) is a non-

decreasing function of r. More precisely, for r > s > 0, one has

Θ(T, p, r) − Θ(T, p, s) =
ˆ

Br(p)\Bs(p)

|pT⃗ (q)(q − p)|2

|q − p|m+2 d|T |(q) > 0,

where pT⃗ (q)(q − p) denotes the orthogonal projection of q − p onto the normal complement of

the approximate tangent plane to T at q. This identity implies that the limit Θ(T, p, 0) :=

limr→0 Θ(T, p, r) exists and is finite.

A central consequence is that blow-up limits are cones: if one rescales T around a point p

by setting Tr := (ηp,r)#T where ηp,r(x) = x−p
r

, then any sequential limit of Tr as r → 0 is an

area-minimizing cone. Since, if Θ(T, p, r) is constant in r, then the current itself is conical

near p.

1.1 Historical overview

For a more detailed historical overview until 2021 see [18].

Interior regularity

An interior point is said to be regular if the current agrees with a smooth minimal surface

with multiplicity in a neighborhood of it.

14



In codimension 1, the sharp dimensional bound on the singular set was established in the

1970 through combined contributions of De Giorgi, Federer, Fleming, Almgren, Simons (for a

detailed survey see [18]). The rectifiability of the singular set was proven by Simon in 1993

[73] and later reproved by Naber-Valtorta [67] in 2015. The theorem is as follows:

Theorem 1.1.1 (Codimension 1). If T is an area minimizing current in B1 ⊂ Rm+1 without

boundary then:

• The Hausdorff dimension of the singular set is at most m−7. In particular if 1 ≤ m ≤ 6,

the singular set is empty and if m = 7, it is discrete.

• The singular set is m− 7 rectifiable.

In arbitrary codimension, there is a theorem of Allard that gives under a density condition

regularity in any dimension and codimension. The theorem only needs a stationarity condition,

but we state it in the same minimizing framework of the rest of the discussion.

Theorem 1.1.2 (Allard’s Interior Regularity [2]). If T is an area minimizing current in

B1 ⊂ Rm+n without boundary then points of density 1 are regular (i.e. at a point of the

surface where the associated measure has density 1, the surface agrees in a neighborhood with

a smooth classical minimal surface).

Allard’s Interior Regularity theorem is a consequence of an excess-decay type lemma

which shows that if a current is sufficiently flat (close to a plane of multiplicity one) at unit

scale, then at smaller scales it becomes progressively flatter, relative to a best-approximating

plane that may vary with scale. This decay is obtained by linearizing the area functional

and comparing the current to the graph of a harmonic function over that plane, allowing the

regularity theory of harmonic functions to be transferred back to the current.

Sketch of the Codimension One Interior Regularity Results

A central feature of codimension one area-minimizing currents is that every point with

a flat tangent cone (some blow-up limit is a plane with multiplicity), must be regular.
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This is a consequence of Allard’s interior regularity combined by a decomposition theorem

into boundaries of sets of finite perimeter. The proof of the interior regularity theorem in

codimension 1 can be understood through a two-step strategy: first, using density estimates

and compactness to show that under some quantitative control on the density gaps the

current is regular at a ball, and second, applying a measure-theoretic approximation lemma

to bound the dimension of the singular set.

The mass-ratio monotonicity formula ensures that blow-up limits at any point are area-

minimizing cones. In particular, if the density Θ(T, p, r) varies very little between two scales

at enough well-separated points, one can conclude that the current is quantitatively close to

an m-dimensional plane.

The key quantitative step is the following lemma:

Lemma 1.1.3. For every η, ε > 0, there exists δ = δ(m, η, ε) > 0 such that the following holds.

Suppose that p0, . . . , pm−6 ∈ B1∩spt(T ) are η-separated points (i.e. min0≤i ̸=j≤m−6 |pi−pj| ≥ η)

satisfying

Θ(T, pi, 2) − Θ(T, pi, 1) < δ for all 0 ≤ i ≤ m− 6.

Then there exists an m-dimensional plane P such that

dist(T |B2 , P ) < ε,

and thus T is regular in B1 by Allard’s interior regularity theorem.

Sketch of the proof of Lemma 1.1.3. The proof proceeds by contradiction: if no such approx-

imating plane exists, blow-up limits at the points pi would yield an area-minimizing cone T∞

invariant under translations along an (m− 6)-dimensional plane. This would force T∞ to split

off a factor Rm−6 and reduce to a 6-dimensional area-minimizing cone. By the classification

of such cones, T∞ must be flat, contradicting the assumed non-flatness.
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To pass from quantitative flatness to a dimension estimate, we use the following measure-

theoretic lemma:

Lemma 1.1.4 (Weak η-Approximation). There exists a continuous increasing function

f : R → R with f(0) = 0 such that the following holds. Suppose E ⊂ B1 satisfies: for every

ball Br(p) ⊂ B1, there exists a k-dimensional plane L such that

E ∩ Br(p) ⊂ an (ηr)-neighborhood of L.

Then

dimH(E) ≤ k + f(η).

In our setting, E is the singular set Sing(T ) and k = m− 7. If the weak approximation

condition fails at some scale, then there must exist a ball where the density drops by at

least δ between scales r and 2r. However, the mass bound controls how often such failures

can occur: roughly, this can happen at most C(Θ(T, 0, 2)/δ) times. An iterative covering

argument then yields that the singular set has Hausdorff dimension at most m− 7.

Quantitative Rectifiability and Rectifiability of the Singular Set in

Codimension one

A central development in the regularity theory for area-minimizing currents has been the

introduction of quantitative flatness measurements.

Definition 1.1.5 (Jones’ β-numbers). Given a measure µ, the Jones’ β-numbers are defined

by

β2,µ(x, r)2 := inf
L m-plane

1
rm

ˆ
B(x,r)

(
dist(y, L)

r

)2

dµ(y),

capturing how far the measure is, on average, from being concentrated near an m-dimensional

plane at the given scale.
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An essential theorem in rectifiability, due to Azzam–Tolsa and independently to

Naber–Valtorta and Edelen–Naber–Valtorta, gives a general powerful quantitative rectifiabil-

ity criterion:

Theorem 1.1.6 (Azzam - Tolsa [9, 76]/ Edelen-Naber-Valtorta [40]). A measure is rectifiable

(i.e., it is obtained by integrating a non-negative function over a rectifiable set) if and only if

the β-numbers are square-integrable across scales:

ˆ 1

0
β2,µ(x, r)2 dr

r
< ∞ for µ-almost every x.

This provides a flexible and powerful criterion for rectifiability based purely on multi-scale

geometric information.

In the context of area-minimizing currents, Naber and Valtorta established a key estimate

linking the density of the density function to the behavior of the β-numbers. Precisely, for

measures µ supported on the singular set Sing(T ), they proved

β2,µ(p, r)2 ≤ Cr−m

ˆ
Br(p)

(Θ(T, x, 8r) − Θ(T, x, r)) dµ(x), (1.1.1)

where Θ(T, x, r) is the mass ratio at scale r. Since the monotonicity formula controls the

variation of Θ, this estimate implies that

ˆ 1

0
β2,µ(p, r)2 dr

r
< ∞

for µ-almost every p in Sing(T ), thus establishing the rectifiability of the singular set.

This connection between mass ratio decay, quantitative flatness, and rectifiability repre-

sents a conceptual turning point in the understanding of singularities for area-minimizing

currents and other geometric variational problems.
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Higher codimension

In higher codimension, Almgren [4] proved the sharp dimensional bound in 1983, with

his detailed proof reprinted in 2000, occupying over 1000 pages. De Lellis and Spadaro in

2015 [31, 33, 34] majorly simplified the proof of the dimensional bound. Additionally, in

1988 [14], Chang proved that 2-dimensional area minimizing integral currents have a discrete

interior singular set. Later, De Lellis, Spadaro, and Spolaor [35, 36, 38, 37] revisited Chang’s

work and completed the missing part of the proof regarding the existence of a branched

center manifold, which Chang had only briefly sketched. Recently, using the Naber-Valtorta

technique and Simon’s method for proving the uniqueness of the tangent cone, De Lellis,

Minter, and Skorobogatova [28, 29, 24] have proven the rectifiability of the singular set in a

series of works. In parallel, Krummel and Wickramasekera independently established the

rectifiability of the singular set, relying on Simon’s method.

Theorem 1.1.7 (Higher codimension). If T is an area minimizing current in B1 ⊂ Rm+n

without boundary then:

• The Hausdorff dimension of the singular set is at most m− 2. In particular if m = 2,

it is discrete.

• The singular set is m− 2 rectifiable.

A brief discussion on interior regularity in higher codimension

Almgren’s multivalued functions In higher codimension, the regularity theory is built on

Almgren’s framework of Q-valued functions. For a positive integer Q, the space of unordered

Q-tuples of points in Rn is defined as

AQ(Rn) := (Rn)Q /SQ,
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equipped with the metric

d

 Q∑
i=1

JpiK,
Q∑

i=1
JqiK

2

:= inf
σ∈SQ

Q∑
i=1

|pi − qσ(i)|2.

Within this setting, one considers Dirichlet minimizers u : Ω ⊂ Rm → AQ(Rn) of the energy

ˆ
Ω

|Du|2,

subject to prescribed boundary conditions. Dirichlet-minimizing Q-valued functions serve as

the appropriate linear model for analyzing singularities of area-minimizing currents in higher

codimension. They play a role analogous to that of harmonic functions in the codimension-one

setting.

Almgren’s frequency function A key monotone quantity in this theory is Almgren’s

frequency function, defined by

I(r) :=
r
´

Br
|Du|2´

∂Br
|u|2

,

which satisfies the identity

I ′(r) = I(r)
r

ˆ
∂Br

∣∣∣∣∣∂nu− I(r)
r
u

∣∣∣∣∣
2

.

In particular, I is monotone increasing in r, and constant if and only if u is homogeneous.

The full interior regularity theory requires the following ingredients:

• Multivalued Approximations: Lipschitz Q-valued approximations exist when the

current is close to a flat plane with multiplicity Q.

• Center Manifold: Singularities arise as higher-order perturbations of a smooth

average, known as the center manifold.

• Blowups: Limits of the multivalued approximations are energy minimizing.
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• Frequency function Control: Ensures blowups are nontrivial.

• Singular Set Bound: If dim of the singular set were > m−2, a minimizing multivalued

function would also satisfy this bound.

The rectifiability of the linear problem was established by De Lellis, Marchese, Spadaro,

and Valtorta [23] (and independently Krummel and Wickramasekera [56]) using a similar

estimate to (1.1.1)

This was further refined by De Lellis and Skorobogatova in [28, 29], who defined a

universal frequency I(T, p) at flat multiplicity-Q points p of a current T and showed that the

set {p : I(T, p) > 1} is rectifiable. Compared with [23], De Lellis and Skorobogatova have

to addres significant error terms arising from errors in the multivalued approximations and

changes in center manifolds.

In later work with Minter [24], they established uniqueness of the tangent cone at Hm−2-

almost every such point and the set where I = 1 has zero Hm−2 measure, completing the

interior rectifiability theory in higher codimension. They use Simon’s techniques on the

uniqueness of cylindrical tangent cones [72].

The uniqueness of tangent cones and rectifiability was also obtain by Krummel and

Wickramasekera, by an application of Simon’s techniques on the uniqueness of cylindrical

tangent cones in [57, 57] combined with a third upcoming paper.

Boundary regularity

The starting point for the boundary regularity theory for area minimizing currents was

Allard’s boundary regularity theorem, which gives under a density condition regularity at

the boundary in any dimension and codimension. The theorem only needs a stationarity

condition, but we state it in the same minimizing framework of the rest of the discussion.

Theorem 1.1.8 (Allard’s Boundary Regularity [3]). If T is an area minimizing current with

a smooth boundary Γ then points of density 1/2 are regular (i.e. at a point of the current
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where the associated measure has density 1/2, the surface agrees in a neighborhood with a

smooth classical minimal surface that attaches smoothly to the boundary). Moreover, this

holds at every point when Γ ⊂ ∂Ω lies at the boundary of a uniformly convex set.

In his PhD thesis in 1969, Allard [1] proved the above theorem in the convexity setting,

where he posed the same question in a higher multiplicity setting, where he highlights the

difficulty of the problem.

In codimension 1, the problem of boundary regularity was settled by Hardt and Simon in

1979.

Theorem 1.1.9 (Hardt-Simon [51]). If T is an m dimensional area minimizing current in

Rm+1 with a smooth boundary Γ, then every boundary point is a regular point. In this setting,

regular means one of two valid options:

• T is a smooth minimal surface which attaches smoothly at the boundary.

• T is a smooth minimal surface which is split in two by Γ, where it switches orientation.

In order to get the correct boundary multiplicity one side has multiplicity Q + 1 the

other Q for some positive integer Q.

In arbitrary codimension, the closest analogue to Hardt-Simon, requiring Almgren’s

regularity techniques in a boundary setting, is the following theorem:

Theorem 1.1.10 (De Lellis- De Philipis - Hirsch - Massaccesi [21]). If T is an area minimizing

current with a smooth boundary Γ, then the set of regular points is open and dense. Here the

definition of regular is the same one of Hardt-Simon. This result is sharp, meaning that the

singular set can have a Hausdorff dimension equal to that of the full boundary.

The remaining question, which was asked by Brian White in 1984 in the famous list of

open questions [13], is what happens when there is an arbitrary boundary multiplicity.

In dimension 2, when the multiplicity is arbitrary there are two results:
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Theorem 1.1.11 (De Lellis- Steinbruchel - Nardulli [26, 27]). If T is a 2 dimensional area

minimizing current with a smooth boundary Γ taken with multiplicity Q, then every density

Q/2 point is a regular point: the surface consists of a union of smooth minimal surfaces

which multiplicity attaching smoothly to the boundary.

Theorem 1.1.12 (Nardulli - Resende [68]). If T is a 2 dimensional area minimizing current

with a smooth boundary Γ taken with multiplicity Q, then the regular set is open and dense.

A regular point is again, defined to be one as those considered by Hardt and Simon.

1.2 Contributions of this thesis

In this thesis we extend Allard’s boundary regularity to a higher multiplicity setting.

1.2.1 Uniqueness of the tangent cone

As a result of the monotonicity formula for area, we know that blowup limits, which

are suitable rescalings of the surface along a sequence, converge to an area minimizing cone.

These sequential blowup limits are called tangent cones. However, the tangent cone may

depend on the specific sequence taken.

In 1993, Leon Simon [72] developed a method using the error term in the area monotonicity

formula to study the uniqueness of the tangent cone. His approach reduces this problem

to analyzing the decay rate of energy for the associated linear problem. This method

has been used by Wickramasekera [82], De Lellis-Minter-Skorobogatova [24] and Krummel-

Wickramesekera [57, 58] for the relevant settings at interior points.

The situation and techniques are rather different in the context of 2d area minimizing

currents, since in that setting there is an available epiperimetric inequality which is exclusive

of dimension 2. For relevant literature in 2 dimensions from White, Hirsch-Marini, De

Lellis-Nardulli-Steinbrüchel see [79, 54, 26], where the latter is the uniqueness of the tangent

cone in the setting we are considering, but for 2-dimensional area minimizing currents.

23



The theorem we obtain is the following:

Theorem A (Fleschler - Chapter 3). Let T be an area minimizing current with boundary Γ

taken with multiplicity Q. At points of density Q/2, the tangent cone is unique. Moreover,

there exists a well-defined normal map, which is multivalued (taking Q normal vectors that

define the tangent cone). This normal map is Hölder continuous as a multivalued function.

Additionally, if Γ lies on the boundary of a uniformly convex set, then T has a unique tangent

cone at every point on Γ, and the multivalued normal derivative is well-defined and Hölder

continuous along the entire boundary.

1.2.2 Regularity theory

Building on the uniqueness of the tangent cone we prove in Chapter 3 , we develop

a regularity theory for the boundary singular set of area minimizing currents with higher

boundary multiplicity. Building on the uniqueness of the tangent cone at density Q/2 points,

we adapt the techniques of De Lellis and Skorobogatova [28, 29] to the boundary setting. Our

approach relies on quantitative rectifiability tools introduced by Naber and Valtorta, which

we discussed in the interior setting of this introduction, and necessitates a careful adaptation

of the multivalued approximation and error control framework to the boundary context.

Theorem B (Fleschler - Resende - Chapter 4). Let T be an m-dimensional area minimizing

current with boundary Γ taken with multiplicity Q. The set of singular density Q/2 points is

m− 3 rectifiable (countable when m = 3). Moreover, if Γ lies on the boundary of a uniformly

convex set, then the whole boundary singular set of T is m − 3-rectifiable (countable when

m = 3).

We also obtain the analogue of [21] in our setting. This provides the best possible extension

of the Hardt–Simon regularity theorem to the setting of higher boundary multiplicity. This

theorem, as [21], is sharp with respect to the Hausdorff dimension of the singular set.
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Theorem C (Fleschler - Resende - Chapter 4). Let T be an m-dimensional area minimizing

current with a smooth boundary Γ taken with multiplicity Q, then the regular set is open and

dense. A regular point is again, defined to be one as those considered by Hardt and Simon.

Before our work, not a single boundary point in a higher boundary multiplicity setting

was known to be regular for m ≥ 3 dimensional integral currents (with codimension at least

2), even under convexity assumptions.

Techincal considerations In order to run the regularity theory, we define the universal

frequency I(T, p) of De Lellis and Skorobogatova, at flat boundary singular points p. We

obtain I(T, p) ≥ 1 +α(m,n) and prove rectifiability via the Naber–Valtorta technique getting

an estimate like (1.1.1).

We need to address the following:

• Multivalued Approximations: The approximations and center manifold that Alm-

gren constructs must be adapted to our boundary setting.

• Error Terms: We need to control new boundary error terms, not present in [28, 29].

• Dimensional Bound: Requires adaptations of the [28, 29] estimates on the frequency

function, highlighting a significant contrast with the interior case.

1.2.3 Singular example

The construction of singular examples of area minimizing currents presents substantial

challenges, typically requiring the construction of a calibration, which is a specific type of

differential form adapted to the surface whose existence implies the area minimizing property.

In codimension 1, the proof of the minimality of the Simons cone in 1969 [11] was a

turning point in the history of regularity of area minimizing currents since it provided the

first example of a singular area minimizing integral current in codimension 1. The proof

was later simplified in [39]. In higher codimension, a large family of examples is given by
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complex varieties due to Federer [41], since they are automatically calibrated and thus area

minimizing.

In the context of boundary regularity for area minimizing currents, White in 1997 showed

that in a parametric context there are no true boundary branch points for a 2-dimensional

area minimizing current with a real analytic boundary curve [80]. A true branch point is one

where the current cannot be separated into smooth minimal surfaces. In that work, he posed

the question of whether an area minimizing current with a real analytic boundary has finite

topology, which is equivalent to finiteness of the interior and boundary singular sets and

to the area minimizing current being a Douglas - Radò solution. In contrast, for a smooth

boundary, Gulliver in 1991 [50] provided an example of a true boundary branch point for a

minimal surface (not minimizing) in R3.

In [53], Hirsch shows an example of a holomorphic function vanishing to infinite order at

the boundary in the half-space. This example is used in [21] to show that if the boundary

curve is merely allowed to be smooth then the boundary singular set can have Hausdorff

dimension 1. Furthermore, in [19], De Lellis, De Philipis and Hirsch provide an example of

an area minimizing current in a Riemannian manifold whose boundary is a smooth curve and

the associated surface has infinite topology. These examples show that the behaviour when

the boundary is smooth but not real analytic can be quite singular - unlike the regularity

predicted by White’s conjecture in the real analytic case.

Theorem D (Fleschler - Chapter 5). There exists a 3-dimensional area minimizing current

T in B1 with a real analytic boundary taken with multiplicity 2, where every boundary point

is taken with density 1, and which has an essential singularity: a point where the surface

cannot be decomposed locally as two smooth minimal surfaces attaching to the boundary.

This theorem demonstrates the dimensional sharpness of the regularity theory we developed

4, in collaboration with Reinaldo Resende. The example we developed in Chapter 5 shows

that, even if the boundary is required to be real analytic, there are counterexamples of

essential singularities, analogous to the true branch points considered by White and Gulliver,
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but in the higher multiplicity setting corresponding to Allard’s PhD thesis [1] (multiplicity 2,

density 1).

Figure 1.1: Boundary of example

The example comes from a more general theorem,

which roughly speaking says that if for T a 3d area

minimizing current, ∂T looks like the picture on the

right then it has an essential boundary singularity. The

defining features of the picture are that ∂T consists of

two pieces, one which is topologically a disk Γ0 (taken

with multiplicity 2) and the other which is a Möbius

strip Γ1 which passes through ∂Γ0.

The theorem is a consequence of the Hölder continuity of the multivalued normal map,

which we show to hold on the spherical cap in the picture up to it’s boundary given by

the black wire. This relies in the multivalued Hölder estimate at smooth boundary points

established in Chapter 3 and employs at the corner points (the black wire), Simon’s method

for the uniqueness of tangent cones [72].

1.2.4 A theorem in classical rectifiability

The field of rectifiability started in the 1920’s by Besicovitch with his study of sets of finite

1 dimensional measure. He proved a decomposition of any 1 dimensional set of finite measure

into two pieces, a rectifiable part and a purely unrectifiable part. The rectifiable part, up

to a set of 1 dimensional zero, can be covered by a union of countably many dimensional

curves of finite length, the unrectifiable part intersects every curve of finite length in a set

of 1-dimensional measure zero. Rectifiability was later extended into higher dimensions

with significant contributions spanning from the 1920s to the 1990s by Besicovitch, Federer,

Marstrand, Mattila and Preiss. In higher dimensions, a set E ⊂ Rn is k rectifiable if there

exist countably many Lipschitz maps fi : Rk → Rn such that E \ ⋃ fi(Rk) has k-dimensional
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measure zero. A set is said to be k-purely unrectifiable, if its intersection with any rectifiable

set has k-dimensional measure zero.

In 1956, Besicovitch [10] showed, in more modern terms, that a set contained in the

two-dimensional plane with one-dimensional non σ-finite measure, meaning it cannot be

decomposed into countable sets of finite one-dimensional measure, has a purely unrectifiable

subset. This is equivalent to stating that a set with every subset of one-dimensional finite

measure being rectifiable must have σ-finite measure and be rectifiable in the classical sense.

In collaboration with Camillo de Lellis, we generalize Besicovitch’s theorem to a higher

dimension and codimension setting.

Theorem E (De Lellis - Fleschler - Chapter 2). A borel set with non σ-finite k-dimensional

measure contains a purely unrectifiable subset with positive and finite k-dimensional measure.

Equivalently, a set whose finite measure subsets are rectifiable, has σ-finite measure and is

rectifiable in the classical sense.

This generalization not only extends Besicovitch’s classical theorem, but also serves to

simplify the use of the Naber-Valtorta technique, a powerful tool widely used in geometric

analysis for proving the rectifiability of singular sets in various settings, as already discussed

in the context of regularity of area minimizing currents. We also utilize this result in the

thesis to develop the boundary regularity theory with Reinaldo Resende in Chaper 4.

Organization of the thesis

This thesis is structured as follows. Chapter 2, written in collaboration with Camillo de

Lellis, presents our rectifiability result and discusses its broader implications within geometric

measure theory. Chapter 3 establishes the uniqueness of boundary tangent cones in the higher

multiplicity Allard’s setting. Chapter 4, jointly authored with Reinaldo Resende, develops the

boundary regularity theory established in this thesis. Finally, Chapter 5 constructs examples

of boundary singularities, demonstrating the optimality and sharpness of our theory.
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Chapter 2

An elementary rectifiability lemma

This chapter is in collaboration with Camillo de Lellis and has been published in [22].

2.1 Introduction

The purpose of this chapter is to show two facts in geometric measure theory which have

a rather elementary flavor and can have several interesting applications, but nonetheless seem

to have gone unnoticed in the literature. As usual Hk denotes the Hausdorff k-dimensional

measure and when k is an integer, we will call a set R ⊂ Rn k-rectifiable if it is Hk measurable

and it can be covered by countably many Lipschitz k-dimensional graphs up to an Hk-null

set. Moreover, we will call a Radon measure µ k-rectifiable if there is a k-rectifiable set R

and a Borel function f such that µ = fHk R . We are then ready to state the first lemma.

Theorem 2.1.1. Let 1 ≤ k < n be two given integers. Assume E ⊂ Rn is a Borel subset

and consider the family F(E) of all Radon measures µ supported in E such that:

(a) µ is a Frostman measure, namely there is a constant C such that

µ(Br(x)) ≤ Crk for every x and every r. (2.1.1)
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(b) the upper k-dimensional density of µ is positive µ-almost everywhere, namely

lim sup
r↓0

r−kµ(Br(x)) > 0 for µ-a.e. x.

Then E is k-rectifiable if and only if every measure µ ∈ F(E) is k-rectifiable.

In the applications we have in mind E will typically be a closed set, in particular the

assumption that E is Borel is more than enough. However understanding what is the minimal

measurability assumption on E seems an interesting question. Given the relation with Radon

measures, we conjecture that the most natural assumption on E is “universal measurability”,

namely that for every Radon measure µ on Rn E is Borel up to some µ-null set. While we

do not wish to dwell on this question, the theory available in the literature combined with

our arguments give immediately the statements of Theorem 2.1.1 and Theorem 2.1.2 for an

intermediate class of sets, called Souslin or analytic, which are universally measurable and

contain the Borel sets. From now on we will therefore state our results for this more general

class of sets. Since however this is is not the main point of our note and rather a remark

of technical nature, we just refer to [42, Section 2.2.10] for the definition of Souslin sets.

Moreover, while we will point to the references in which one finds the necessary statements

about them needed in our proofs, we will not make any further comments: the reader who

is not familiar with the theory of Souslin sets and is not interested in fine measurability

questions can simply substitute the word Borel to Souslin, and then all our statements would

be covered by “classical” measure theory.

We are now ready to state the second lemma.

Theorem 2.1.2. Let 1 ≤ k < n be two given integers. Assume E ⊂ Rn is a Souslin set which

is not Hk σ-finite. Then E contains a closed subset F such that 0 < Hk(F ) < ∞ and which

is purely k-unrectifiable, namely Hk(F ∩ Γ) = 0 for every Lipschitz k-dimensional graph Γ.

Theorem 2.1.1 follows then from Theorem 2.1.2 rather quickly. First of all, if E is

k-rectifiable, then it is obvious that any measure µ ∈ F(E) is k-rectifiable, since condition (a)
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implies that µ ≪ Hk E. The converse is particularly simple to prove when E is Hk-σ-finite.

In this case if E were not k-rectifiable, then it is a classical fact that it contains a purely

k-unrectifiable closed set F with 0 < Hk(F ) < ∞. We can then appeal to the classical

Frostman lemma (cf. [62]) to find a nontrivial Frostman measure µ which is supported in F .

The Frostman condition also implies that µ << Hk F leading to the existence of a Borel

function f such that µ = fHk F . In particular µ ∈ F(E) and it is not k-rectifiable. The

latter makes also clear why Theorem 2.1.2 provides the general converse in Theorem 2.1.1: it

just guarantees the existence of a set F as above even when E is not Hk-σ-finite.

Remark 2.1.3. The theorem also holds when E ⊂ (X, d) is a Souslin subset of a σ-compact

doubling metric space, i.e. a metric space for which there exists M with the property that

every ball of radius r can be covered by at most M balls of radius r/2. Since our main

interest is in the Euclidean space we will only briefly sketch how to handle this more general

case.

Before coming to a discussion of the interesting applications that the theorems above

have, we point out that the case n = 2 and k = 1 of Theorem 2.1.2 is in fact contained in a

classical work of Besicovitch, cf. [10, Theorem 6]. However, in spite of its rather elementary

nature, we have not been able to find Theorem 2.1.2 in the literature, nor we have found any

work asking the fairly obvious question of whether Besicovitch’s theorem can be generalized

to arbitrary dimension and codimension.

2.1.1 Rectifiability questions in geometric analysis

Our interest has been partially spurred by the groundbreaking work of Naber and Valtorta

[67]. In several problems of geometric nature, for instance in the theory of minimal surfaces,

that of harmonic maps, or that of Ricci limits, one is naturally lead to study solutions of

PDEs, or minimal/critical points of variational problems, or generalized spaces, which are

not everywhere smooth, but for which a suitable regularity theory gives upper bounds on the
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dimension of the singular set (defined as the complement of all points at which the object of

interest is smooth). When the upper bound is optimal, namely it matches the dimension of

the singular set for some known examples, the next natural question is whether the singular

set has some more structure. In some of the examples mentioned above, i.e. in the case of

singularities of harmonic maps and of minimal surfaces, showing even just the rectifiability

of the singular set has been surprisingly hard. In some notable cases (minimizing harmonic

maps, area-minimizing hypersurfaces, and mod-2 minimizing surfaces in any dimension and

codimension) this was achieved in pioneering works of Leon Simon in the nineties. We refer to

chapter 15 of [63] for a more detailed overview of questions on the rectifiability of singularities

of solutions to geometric variational problems.

A few years ago Naber and Valtorta introduced in [67] a rather powerful and flexible

technique to recover and improve Simon’s rectifiability results. The approach of [67] has in

fact been extended to several other situations, especially due to its flexibility (cf. for instance

[5, 6, 15, 23, 29, 40, 47, 48, 49, 66, 65]): while Simon’s proof uses quite hard PDE techniques,

the approach of Naber and Valtorta uses very little of the problem at hand, the real key point

being the availability of a monotonicity formula with some suitable structure, a property

which is common to a variety of situations in geometric analysis.

Roughly speaking the approach of [67] can be subdivided into three steps. To fix ideas

we assume that the singular set we are interested in has Hausdorff dimension k.

(i) A first general theorem, which has been independently discovered by Azzam and Tolsa

in [8], ensures the k-rectifiability of a k-dimensional measure µ under a suitable sharp

control of what in the literature is called L2 β-number. For a particular case of the

statement see Theorem 2.1.4 below (the version of [40] is slightly stronger, the version

we refer to was already proved combining [8] and [77]).

(ii) The sharp control needed in (i) is then achieved for every Frostman k-dimensional

measure µ which is supported in the singular set using in a careful and clever way the

monotonicity formula available for the problem.

32



(iii) If one knew the σ-finiteness of the singular set with respect to the Hk measure, (i) and

(ii) would then immediately imply its rectifiability. However we only know a priori that

its Hausdorff dimension is k. To overcome this difficulty, Naber and Valtorta use quite

subtle covering arguments and an approximate version of (i)-(ii) for suitably discretized

measures. An alternative approach is given in [15] through what the authors call “neck

regions”.

The reason of our interest in Theorem 2.1.2 should now be obvious: with the latter at

hand, we can just completely bypass point (iii) in the Naber-Valtorta strategy, and conclude

immediately the σ-finiteness and rectifiability from (i) and (ii) at an “abstract level”. It must

be however noted that, while Theorem 2.1.2 is thus a useful general tool, which allows to

bypass a quite sizable and difficult argument in (iii), it does not have its exact same power. In

fact, under certain additional assumptions, Naber and Valtorta are able to use their arguments

in step (iii) to conclude also the local Hk-finiteness of the singular set. We do not exclude

the possibility that, once we know the rectifiability through Theorem 2.1.2, the argument of

Naber-Valtorta for proving Hk local finiteness could be simplified and streamlined: we have

simply not tried to do it.

For completeness we end this paragraph by stating the Azzam-Naber-Tolsa-Valtorta

Theorem referenced in point (i) above.

Theorem 2.1.4. Let S ⊂ Rn be an Hk-measurable set with 0 < Hk(S) < ∞ and consider

µ := Hk S. Then S is k-rectifiable if and only if

ˆ 1

0
βk

2,µ(x, s)2 ds

s
< ∞ for µ-a.e. x,

where

βk
2,µ(x, s) := inf

{r−k−2
ˆ

Br(x)
dist2(y, L) dµ(y)

)1/2

: L is a k-dim. affine space

 .
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2.1.2 Quantitative rectifiability

We are also interested in Theorem 2.1.2 in the broader context of quantitative rectifiability.

In quantitative rectifiability many questions (which a posteriori can have many fruitful

applications) can be phrased in the following form:

(Q) Consider a quantity αE(x, r) which measures “how close to k-rectifiable a set E is”

(such as some form of flatness or symmetry) at the scale r around the point x. Having

fixed E consider

AαE
:=
{
x ∈ E :

ˆ 1

0
αE(x, r)2 dr

r
< ∞

}
.

Is A rectifiable? More specifically, if we knew that AαE
= E, is E rectifiable?

The idea is then to use Theorem 2.1.2, in appropriate situations, to reduce the question above

to the much more favorable case where E has finite Hk measure and AαE
= E.

For concreteness we will give two examples. We define the β coefficient for the Hausdorff

content as:

β̃k
2,E(x, r) := inf


(
r−k−2

ˆ
Br(x)∩E

dist2(y, L) dHk
∞(y)

)1/2

: L is a k-dim. affine space

 .

The integral above is with respect to the Hausdorff content Hk
∞, which is not a measure. In

particular we define such integral as

ˆ
A

f(x)pdHk
∞(x) :=

ˆ ∞

0
Hk

∞ ({x ∈ A|f(x) > t}) tp−1dt.

Let E be a compact set. We first remark that A
β̃k

2,E
is Borel. The coefficient β̃2,E is upper

semicontinous on (x, r) and the integral can be equivalently taken as a discrete sum over

dyadic scales. This information is enough to verify that the set is Borel since the coefficient

is a Borel measurable function of x.
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Let µ be any Frostman (or k upper regular) measure supported on E. It is rather easy to

see then that:

βk
2,µ(x, r) ≲ β̃k

2,E(x, r).

This means that, if F ⊆ A
β̃k

2,E
is a Borel set such that µ = cHk F (for some constant c > 0)

is Frostman, then µ has finite βk
2,µ square function. In particular we can use Theorem 2.1.4

to say that every such subset is rectifiable. Fix now any F ⊂ A
β̃k

2,E
with finite Hausdorff

measure. A simple exercise shows that F can be written as a countable union Z ∪ ⋃
i Fi,

where the Borel sets Fi enjoy the above property and Z is Hk-null. We can apply Theorem

2.1.2 and conclude that the answer to (Q) is positive. The coefficients β̃k
2,E were introduced

by Azzam and Schul in their work [7] on the analyst’s traveling salesman theorem in the

context of lower content regular sets. The study of the set A
β̃k

2,E
has been done in the context

of tangent points to lower content regular sets by Villa in [78]. The argument above gives

that the latter set is rectifiable even when the lower content regularity is dropped.

The second author was also interested in Theorem 2.1.2 due to his work on the higher

dimensional Carleson ε2 conjecture, joint with Tolsa and Villa. Let Ω+,Ω− ⊂ Rn+1 be open

and disjoint and let B(x, r) ⊂ Rn+1 be a ball. Let H ⊂ Rn+1 be a halfspace such that x ∈ ∂H.

Denote S+
H = ∂B(x, r) ∩H and S−

H = ∂B(x, r) \H. Define

εn(x, r) = 1
rn

inf
H

∑
i=+,−

Hn
(
Si

H \ Ωi
)
.

Theorem 2.1.5. Let Ω+,Ω− ⊂ Rn+1 be open and disjoint and let

E :=
{
x ∈ Rn+1 :

ˆ 1

0
εn(x, r)2 dr

r
< ∞

}
.

Then E is n-rectifiable.

The strategy used in [46] is to prove that every subset of this set with finite measure

is rectifiable. In order to conclude that the whole set has σ-finite measure (and hence is
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n-rectifiable) [46] uses a specific argument which still relies on Lemma 2.3.4. Alternatively we

can now use Theorem 2.1.2 and Corollary 2.1.1. We only need to check that Aεn is Souslin,

but indeed it is Borel. This is already remarked in [46], but we include a brief discussion

here. Indeed the coefficients εn(x, r) are upper semicontinous on (x, r) and thus, for every

positive s, the map x 7→
´ 1

s
εn(x, r)2 dr

r
is upper semicontinous. This is enough to check that

the Aεn is Borel.

2.2 Geometric preliminaries

We denote by Qj the family of closed dyadic cubes of Rn with sidelength 2−j.

Definition 2.2.1. We say that a set E is sparse if there is a sequence of integers lj ↑ ∞ with

the following property. For every Q ∈ Qlj there is a subcube Q′ ⊂ Q with Q′ ∈ Qlj+j such

that

E ⊂
⋃

Q∈Qlj

Q′ . (2.2.1)

For the purpose of Theorem 2.1.2 the latter definition would be enough and we would

need the rather standard fact that any subset of a sparse set cannot be k-rectifiable for any

k ≥ 1. In order to handle the more general case of doubling metric spaces it is however useful

to consider a version of the sparsity defined above which uses balls in place of cubes.

Definition 2.2.2. We say that a set E is weakly sparse if there is a sequence of real numbers

rj ↓ 0 and a universal constant N with the following property. For every ball B of radius rj

there exist at most N balls {Bl}1≤l≤N of radius 2−jrj such that

E ∩B ⊂
⋃

1≤l≤N

Bl . (2.2.2)

Remark 2.2.3. Notice that if E is sparse then it is weakly sparse with N = 3n. This follows

from the fact that a ball of radius 2−j+1 can intersect 3n cubes of sidelength 2−j.

The main tool we need from this section towards Theorem 2.1.2 is the following proposition.

36



Proposition 2.2.4. Let k be a positive integer and (X, d) a metric space. If F ⊂ X is an

Hk-measurable set which is weakly sparse, then F is purely k-unrectifiable.

Proof of Proposition 2.2.4. We can reduce to the case where X is Banach space by embedding

the metric space X isometrically into some Banach space.

Suppose that F is not purely k-unrectifiable. This means there exists a Borel set B ⊂ Rk

and a Lipschitz function f : B → X such that Hk(f(B) ∩ F ) > 0. We will show that this

cannot happen. It will be enough to show this to be the case when f is a bi-Lipschitz map on

B. Indeed, a rectifiable subset of a Banach space can be covered, up to a set of Hk measure

zero, by a countable union of bi-Lipschitz images of Borel sets. We appeal to chapter 7 of

[63], page 56, for this particular characterization of rectifiable subsets of Banach spaces.

We will denote the bi-Lipschitz constant by L. We can further restrict B to an Hk-

measurable subset, such that its image via f is now contained in F . We claim that B must

be a weakly sparse subset of Rk. Let B̂ be any ball of radius (2L)−1rj.

Then f(B̂) ⊆ B where B is a ball of radius rj. This means that there exist {Bl}1≤l≤N

balls of radius 2−jrj such that

B ∩ B̂ ⊆
⋃

1≤l≤N

f−1(Bl).

There exists balls B̂l of radius L2−jrj that contain the ball f−1(Bl) ⊂ B̂l. This is indeed the

weakly sparse condition.

Now the weakly sparse condition will give us that for every x ∈ B, the lower Lebesgue

density is zero (i.e. Θk
∗(x,B) = 0). This implies that B has zero Lebesgue measure, and thus

f(B) has zero Hk measure. This completes the proof of the proposition.
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2.3 Generalized Hausdorff measures

In this section we collect the other tool which is needed to prove Theorem 2.1.2. We

follow [71] and introduce the following generalization of the Hausdorff measure Hk.

Definition 2.3.1. Given a continuous increasing function r 7→ h(r) with h(0) = 0 and a set

E we define

Hh
δ (E) = inf

{ ∞∑
i=1

h (diam(Ci))
∣∣∣∣∣ diam(Ci) ≤ δ,

∞⋃
i=1

Ci ⊇ E

}
.

We also define Hh(E) = limδ→0 Hh
δ (E).

In particular the usual Hausdorff measure Hk amounts to the choice of h(r) = ωk

(
r
2

)k
.

All the classical facts about “standard Hausdorff measures”, e.g. that they are an outer

measure, that they are Borel regular, and many of the tools available for them generalize to

the case above. Since it is not in our interest to review the general theory, which is indeed

extensively treated in [71], we will just limit ourselves to provide precise references to the

facts which are needed in our proof.

We will need three key lemmas. The following is a generalization of Frostman’s lemma.

Lemma 2.3.2. Let r 7→ h(r) be a continuous increasing function with h(0) = 0. Given an

analytic set E such that Hh(E) > 0 there is a Radon measure µ such that µ(E) > 0 and

µ(Q) ≤ h(diam(Q)) for every dyadic cube Q.

Proof. We can use [71, Corollary 2, Section 6.2] to find an Fσ set E ′ ⊂ E with Hh(E ′) =

Hh(E), which in turn reduces the lemma to the case of a compact E. We can then follow the

proof of [62, Theorem 8.8]. We report it here for the reader’s convenience to highlight that,

even though the proof in [62, Theorem 8.8] is written for the case h(r) = ωs

(
r
2

)s
, namely

that of classical Hausdorff measures, it works for general h.

Without loss of generality we assume that E ⊂ [0, 1]n. We fix a positive integer m and

define the measure µm,m as

• µm,m Q = h(diam(Q))2−nmL n Q for every Q ∈ Qm such that Q ∩ E ̸= ∅;
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• µm,m Q = 0 otherwise.

We then define µm,l inductively with l decreasing till µm,0. Assuming that µm,l has been

defined and l > 0, we define µm,l−1 on each cube Q ∈ Ql−1 as follows:

• µm,l−1 Q = µm,l Q if µm,l(Q) ≤ h(diam(Q));

• µm,l−1 Q = h(diam(Q))(µm,l(Q))−1µm,l Q otherwise.

We then set µm := µm,0 and observe that µm,0(Rn) ≤ h(diam([0, 1]n)) = h(
√
n). In particular

we can assume the existence of a subsequence, not relabeled, converging weakly∗ to some Radon

measure µ. Observe that µm(Q) ≤ h(diam(Q)) for every dyadic cube Q with diam(Q) ≥
√
n2−m. However, since Q is closed, we have the inequality µ(Q) ≥ lim supm↑∞ µm(Q), which

of course cannot be used to get an upper bound on µ(Q). Rather, for every fixed Q, consider

the 3n dyadic cubes Q1, . . . , Q3n with same diameter which have nonempty intersection with

it. If we let U be the interior of ⋃i Qi, then obviously µm(U) ≤ 3nh(diam(Q)) whenever
√
n2−m ≤ diam(Q). On the other hand U is open and contains Q, so we can conclude

µ(Q) ≤ µ(U) ≤ lim inf
m→∞

µm(Q) ≤ 3nh(diam(Q)) .

In particular, up to dividing by 3n, we achieve the inequality µ(Q) ≤ h(diam(Q)) for every

dyadic Q.

Next consider that µm is, by construction, supported in the union of cubes of diameter
√
n2−m which intersect E, and thus in the

√
n2−m-neighborhood of E. Since E is closed, µ

is therefore supported in E. Hence, as soon as we show that µ(Rn) > 0, we are done. On the

other hand µ is supported in [0, 1]n and therefore µ(Rn) = limm µm(Rn). It thus suffices to

find a lower bound for µm(Rn). Fix m and observe that each x ∈ E is contained in a cube

Q of diameter at least
√
n2−m such that µm(Q) = h(diam(Q)) and Q ⊂ [0, 1]n. Denote it

by Qx. {Qx}x∈E is then a finite collection of dyadic cubes. So, given two different x and y

in E, either Qx ⊂ Qy, or the intersection of Qx and Qy is contained in ∂Qx. In particular
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if we let C denote the family of those Qx which are maximal under inclusion, we find that

the elements of C have disjoint interiors, while they form a covering of E. Note that µm

is absolutely continuous with respect to the Lebesgue measure: though two distinct cubes

Q,Q′ ∈ C might have nonempty intersection, the latter has zero Lebesgue measure, and hence

zero µm measure. We therefore have

∑
Q∈C

h(diam(Q)) =
∑
Q∈C

µm(Q) ≤ µm(Rn) .

However, because C is a cover of E, we find

Hh
∞(E) ≤

∑
Q∈C

h(diam(Q)) ≤ µm(Rn) .

Now, since Hh(E) > 0, we must have Hh
∞(E) > 0 as well, in particular we have found the

desired positive lower bound for µm(Rn).

The second is a classical result for “usual” Hausdorff measures, which follows from

combining [62, Theorem 8.8] with [62, Theorem 8.13].

Lemma 2.3.3. Assume ν is a (nontrivial) Radon measure on Rn and s > 0 a real number such

that ν(Q) ≤ (diam(Q))s for every dyadic cube Q. Then there is a closed subset F ⊂ spt (ν)

such that 0 < Hs(F ) < ∞.

The third is perhaps the most critical ingredient. In the case of a closed set E it is a

theorem of Rogers in [70], generalizing a classical one by Besicovitch in the plane, cf. [10,

Theorem 3]. The case of an analytic set is achieved combining Roger’s Theorem with [75,

Theorem 6.6], which implies that any analytic set which is not Hh σ-finite contains a compact

set which is not Hh-σ-finite (the case h(r) = rs of the latter theorem is due to Davies in [16]).

Lemma 2.3.4. Let r 7→ h(r) be a continuous increasing function with h(0) = 0 and let

E ⊂ Rn be an analytic set which is not Hh-σ-finite. Then there is a continuous function
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r 7→ g(r) with g(0) = 0 such that E is still not Hg-σ-finite and

lim
r↓0

g(r)
h(r) = 0 . (2.3.1)

In the converse direction one has that if Hg(E) > 0 and g, h satisfy 2.3.1 then Hh(E)

is non σ-finite. This is easily seen to be true since if Hh(E) was σ finite we can cut it into

countable pieces with finite measure, each of those having zero Hg measure.

2.4 Proof of Theorem 2.1.2

We start with a set E as in Theorem 2.1.2 and we apply Lemma 2.3.4 to find a continuous

function h such that h(0) = 0, r 7→ h(r) is increasing,

lim
r↓0

h(r)
rk

= 0 , (2.4.1)

and E is not Hh σ-finite. We next apply Lemma 2.3.2 to find a corresponding measure µ.

We can, without loss of generality, assume µ(Rn \ E) = 0, since we can restrict µ to E (note

that, since E is analytic, E is also universally measurable, which in particular implies that it

is µ-measurable). Since µ is a Radon measure, we can find a compact subset E ′ such that

µ(E ′) > 0. Without loss of generality we assume that µ is in fact supported in E ′ (again, it

suffices to substitute µ with µ E ′). We next prove the following lemma.

Lemma 2.4.1. Let h be a continuous increasing function such that (2.4.1) holds (and thus

k < n) and µ a nontrivial Radon measure such that µ(Q) ≤ h(diam(Q)) for every dyadic

cube Q. There is a nontrivial Radon measure ν with the following properties:

(a) ν(Q) ≤ (diam(Q))k for every dyadic cube Q;

(b) the support of ν is contained in the support of µ;

(c) the support of ν is sparse.
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Having Lemma 2.4.1 at our disposal, we find a corresponding measure ν. We can then

apply Lemma 2.3.3 to find a set F in the support of ν such that 0 < Hk(F ) < ∞. It follows

from our discussion so far that F is contained in the set E given at the very beginning.

On the other hand such set F must be sparse and hence, by Proposition 2.2.4, it is purely

k-unrectifiable, thus completing the proof of Theorem 2.1.2. We are thus left with proving

Lemma 2.4.1.

Proof. We fix µ as in the statement and, without loss of generality, we assume that µ is

supported in [0, 1]n and that µ is a probability measure. We also assume, without loss of

generality, that

µ(∂Q) = 0 for every dyadic cube Q. (2.4.2)

In fact, if the condition (2.4.2) does not hold, it means that µ(F ) > 0 for some face F of

∂Q. We can then restrict µ to the latter face, and reduce the statement to the same one

in Rn−1. The measure µ is still a Frostman measure over F with the dimension function

h̃(r) := h(
√

n
n−1r). We then get that spt(µ) ∩ F has positive Hh̃ measure. Of course, h̃ still

satisfies 2.4.1, and thus spt(µ) ∩ F still has non σ-finite Hk measure. We iterate until (2.4.2)

holds and we observe that this must happen because, if we were to reach k = n− 1, given

that the dimension function h satisfies (2.4.1), any Hn−1-finite Borel set would be µ-null.

The measure ν will be constructed as weak∗ limit of an appropriate sequence νj of measures.

The latter, which will be constructed inductively from µ = ν0, will all be probability measures

satisfying the following properties.

(i) The support of νj is contained in the support of νj−1 and (2.4.2) holds with νj in place

of µ.

(ii) νj(Q) ≤ min{2j2nh(diam(Q)), C0(diam(Q))k} for all dyadic cubes Q, where the constant

C0 ≥ 1 is chosen so that h(r) ≤ C0r
k for every r ≤

√
n.

Moreover, there will be a sequence of integers lj satisfying lj+1 ≥ lj + j and l0 = 0, such that

νj satisfies the following additional properties:

42



(iii) νj(Q) = νj−1(Q) for all dyadic cubes Q ∈ Qlj .

(iv) For j ≥ 1 there is a family Fj ⊂ Qlj+j such that

(iv’) νj is supported in ⋃Q′∈Fj
Q′;

(iv”) For each cube Q ∈ Qlj there is at most one cube Q′ ∈ Fj such that Q′ ⊂ Q.

Observe that, combining (iii) and (i) we actually know that

(iii’) νj(Q) = νj−1(Q) for all dyadic cubes Q ∈ Ql with l ≤ lj.

Moreover ν0 = µ satisfies all the requirements.

Before coming to the inductive construction of νj , let us observe that νj converges weakly∗

to some measure ν (we could in fact appeal to the weak∗ compactness of probability measures

to conclude the existence of such a limit for an appropriate subsequence, but actually by

(iii’) there is no need for such an extraction) and that such ν satisfies the requirements of

the lemma. In fact spt (ν) ⊂ spt (νj) for every j by (i), which in particular implies that

spt (ν) ⊂ spt (ν0) = spt (µ). Moreover, because of (iv), we conclude that spt (ν) is sparse.

Observe that, because of (ii), νj([0, 1]n) = µ([0, 1]n) = 1 for every j, and in particular ν must

be a probability measure. Finally, from (ii) and (iii) we also conclude (a) after rescaling.

We now come to the construction of νj from νj−1. First we pick lj ≥ lj−1 + j so that

h(diam(Q))
(diam(Q))k

≤ 2−nj2 ∀Q ∈ Ql with l ≥ lj, (2.4.3)

which obviously is possible because of (2.4.1). Next, select all the cubes Q ∈ Qlj for which

νj−1(Q) > 0 and call this collection G . Secondly, subdivide each cube Q into 2nj cubes

belonging to Qlj+j and select one Q′ among them so that

νj−1(Q′) ≥ 2−njνj−1(Q) .
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We next define Fj to be the collection of such Q′ and and we define νj on each cube Q ∈ G as

νj Q = νj−1(Q)
νj−1(Q′)νj−1 Q′ . (2.4.4)

Note that the latter gives a well defined measure because we know νj−1(∂Q) = 0 for every

dyadic cube Q.

Observe that (i), (iii), and (iv) all hold by construction. As for (ii), because of (iii’), the

inequality holds for any cube Q ∈ Ql with l ≤ lj. We thus need to show it for any cube

Q ∈ Ql with l > lj . But by construction such a cube must be contained in an element Q̄ ∈ G .

If we denote by Q̄′ the element of Fj contained in Q̄, (2.4.4) yields the inequality

νj(Q) ≤ νj−1(Q̄)
νj−1(Q̄′)

νj−1(Q) ≤ 2njνj−1(Q) .

Next, observe that, since (iii) holds for νj−1, we have

νj(Q) ≤ 2nj min{2(j−1)2nh(diam(Q)), C0(diam(Q))k}

≤ 2j2nh(diam(Q)) = min{2j2nh(diam(Q)), C0(diam(Q))k} ,

where we have used (2.4.3), which we can apply because Q ∈ Ql and l > lj. In particular

this shows the estimate (ii) for any dyadic cube, and hence completes the proof.

Sketch of the proof of Remark 2.1.3. We provide a brief sketch of the modifications to be

made. The interested reader can fill the details.

First of all, any σ-compact metric space X can be written as the countable union of

compact subsets Xi of X, while if E ⊂ X is not σ-finite for the Hausdorff k-dimensional

measure, then for some i, E ∩ Xi must be non σ-finite for the Hausdorff k-dimensional

measure on Xi. This shows that our statement reduces to compact metric spaces.

Lemma 2.3.4 can be used in the same way as before, in particular in the paper [75] the

lemma is proved in compact metric spaces.
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The proofs of Lemma 2.4.1 and Lemma 2.3.2 rely on the dyadic cube structure of the

Euclidean space, which still exists on doubling metric spaces. Note that the constant N will

depend precisely on the doubling constant of the metric space.

The dyadic cube structure of doubling metric spaces has been frequently exploited in

harmonic analysis and there is much literature on the topic. The reader can consult for

instance [55].

We can then complete the proof using Proposition 2.2.4.
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Chapter 3

Uniqueness of tangent cones at

minimum density boundary points

This chapter has been published as a preprint in [43].

3.1 Introduction

In this chapter, we prove the uniqueness of the tangent cone to an area minimizing current

with smooth multiplicity Q boundary, at boundary points where the density is the lowest

possible, that is, Q/2. This is the first paper in a series of three where we extend Allard’s

Boundary Regularity theorem to a higher multiplicity boundary setting. In collaboration

with Reinaldo Resende, in Chapter 4, we show that for an m-dimensional area minimizing

current, the set of boundary singular points with density Q/2 is Hm−3 rectifiable. Moreover,

we show that the set of boundary regular points, without any density restriction, is both

open and dense. We show the regularity theory for density Q/2 points to be dimensionally

sharp in Chapter 5.

As a consequence of the uniqueness of the tangent cone, we show a decomposition theorem

that serves as the foundation for the regularity theory in Chapter 4.
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Additionally, under a convex barrier hypothesis - a setting previously considered by Allard

in the multiplicity 1 case - we show that all boundary points will have density Q/2. Thus,

our theorems also apply in this context.

In Chapter 5 we use the results and methods of this Chapter to prove an excess decay

type theorem at points of "corner type". The boundaries we consider in that setting consist

of smooth surfaces meeting at a smooth m− 2 dimensional common interface and we obtain

decay to the tangent cone at the common interface. This allows us to construct a very general

family of examples of essential boundary singularities of density 1 for a 3 dimensional area

minimizing current in R5 with a multiplicity 2 boundary that can be taken real analytic. This

family of examples shows dimensional sharpness of the regularity theory developed in [45].

3.1.1 History

In his 1993 paper [72], Simon investigated the uniqueness of tangent cones for a class of

stationary varifolds with multiplicity 1. In this work, he developed what are now referred to

as Simon’s estimates, using the remainder of the monotonicity formula under the presence of

points of suitable density, often called the "no holes" condition. These estimates show that

the L2 height of the varifold does not concentrate at the spine of the cone, thus reducing

the task of proving uniqueness of the tangent cone to studying the energy decay for the

associated linear problem.

Also in an interior regularity setting, Wickramasekera in [82] extended Simon’s work to a

higher multiplicity setting in codimension 1. He studied stationary varifolds that are stable

in the regular part and have no classical singularities. More recently, De Lellis, Minter, and

Skorobogatova [24], along with Krummel and Wickramasekera [57, 58], independently used

Simon’s techniques at the interior for area minimizing currents with higher multiplicity and

higher codimension.

The recent work [25] studies area minimizing currents mod p, where the tangent cones

under consideration include open books (composed of planes meeting at a common spine)
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and classical planes with multiplicity. In the present paper, we study, for the first time, the

case of area minimizing currents with boundary taken with integer multiplicity Q > 1 for an

integral current of arbitrary dimension and codimension. We mention that in this context,

the "no holes" condition is naturally satisfied at every point, allowing us to establish the

uniqueness of tangent cones at every boundary point of minimum density.

An important difference from [25] is that, while their work also considers tangent cones

that includes open books in the m−1 strata, the currents do not have boundary mod p. Their

results instead address, in a sense, an interior regularity problem for a class of stationary

varifolds. Furthermore, their cones satisfy a balancing condition: ∑Qiνi = 0, where νi are

the normals to the spine, and the multiplicities Qi fulfill Qi ≤ p/2 and ∑
Qi = p. For a

related uniqueness of tangent cones result concerning a subclass of open books in codimension

1, see [64].

The approaches to studying the uniqueness of the tangent cone differ substantially in

the context of 2d area minimizing currents since they rely on the epiperimetric inequality

which is only available in 2d. Indeed in [79], White showed the uniqueness of tangent cones

at interior points in this setting using an epiperimetric inequality. Hirsch and Marini later

adapted White’s result to the case of boundary uniqueness for 2d area minimizing currents

with boundary multiplicity 1 [54]. More recently, De Lellis, Nardulli, and Steinbrüchel [26]

extended these results to arbitrary boundary multiplicity.

3.1.2 Results

This chapter studies regularity properties at the boundary of an area-minimizing current

at points of minimum density. We assume the current has a C2 boundary and is area

minminimizing in a C2 manifold.

Assumption 3.1.1. Let m,n ≥ 2, n̄ ≥ 1, Q ≥ 1 be integers. Consider Σ an (m+ n̄)-manifold

of class C2 in Rm+n, Γ a C2 oriented (m−1)-submanifold of Σ without boundary, and assume
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0 ∈ Γ. Let T be an integral m-dimensional area minimizing current in Σ ∩ B1 with boundary

∂T B1 = Q JΓ ∩ B1K.

The convex barrier condition in Euclidean space is the following:

Assumption 3.1.2 (Convex Barrier). Let Ω ⊂ Rm+n be a domain such that ∂Ω is a C2

uniformly convex submanifold of Rm+n. We say that ∑N
i=1 Qi JΓiK has a convex barrier if Qi

are positive integers and Γi ⊂ ∂Ω are disjoint C2 closed oriented submanifolds of ∂Ω. In this

setting we consider T an area minimizing current with ∂T = ∑
i Qi JΓiK .

We will also consider Assumption 3.4.7, a more general version of the convex barrier

condition, later in the paper. This condition is local in nature and includes the possibility of

an ambient Riemannian manifold.

We start the program by obtaining a classification of the area minimizing cones. We

define open books as follows:

Definition 3.1.3. A cone C is an open book if it can be written as C = ∑N
i=1 Qi JHiK where

Hi are distinct half-planes with ∂ JHiK = JV K where V is an m− 1 dimensional plane, referred

to as the spine of the cone, and Qi are positive integers.

Theorem F (Classification of the tangent cones). Let C be an m-dimensional oriented area

minimizing cone in Rm+n with ∂ JCK = Q JRm−1 × {0}K. Then Θ(C, 0) ≥ Q/2. The equality

case holds if and only if C is an open book. Moreover, there is a density jump: if C is not an

open book then Θ(C, 0) ≥ Q/2 + ε(m,n) where ε(m,n) > 0.

Under Assumption 3.1.1, a monotonicity formula for the density holds at boundary points

(Theorem 3.2.4). As a consequence of the classification of Theorem F, the boundary density

must be at least Q/2 and equality only holds when every tangent cone is an open book. The

density jump mentioned is only obtained at the end of the program as a consequence of the

techniques for the main theorem rather than at the start.

49



Moreover, if T is an area minimizing current with ∂T = ∑N
i=1 Qi JΓiK which satisfies the

convex barrier Assumption 3.1.2, then for any p ∈ Γi, Θ(T, p) = Qi/2, and thus it belongs to

the class of minimum density points, which we are studying.

The main theorem of the work is the following:

Theorem G (Uniqueness of the tangent cone). Let T,Γ,Σ be as in Assumption 3.1.1. Further

assume that Θ(T, 0) = Q/2. Then, the tangent cone at 0 is an open book and it is unique,

meaning it does not depend on the blow up sequence. Moreover, the current T converges to

the unique tangent cone with a power rate.

The previous statement in dimension 2 was proved in [26]. We consider the convex

barrier assumption considered in [1, 3] and obtain the following structural consequence of the

uniqueness of the tangent cone:

Theorem H. Let T be as in either Assumption 3.1.2 (convex barrier) or Assumption 3.4.7

(Local convex barrier), then every tangent cone to T at a boundary point q is an open book.

Moreover, we have:

(a) if q ∈ Γi in the first case, then Θ(T, q) = Qi/2,

(b) if q ∈ Γ in the second case, then Θ(T, q) = Q/2.

Thus there is a unique tangent cone for T in both settings, convex barrier 3.1.2 and local

convex barrier 3.4.1, at every boundary point. Moreover, the current T has a power rate of

convergence to the unique tangent cone.

In order to reduce the above theorem to Theorem G, we need to classify tangent cones

with Allard’s convex barrier assumption. In 3.4.8, we classify those tangent cones relying on

Lemma 5.1 [3].

An essential consequence of the uniqueness of tangent cones, which will enable us to run

the regularity theory in [45], is a decomposition theorem. This decomposition theorem allows

us to reduce the study of boundary singularities to the study of flat boundary singularities.

In dimension 2, the decomposition was proved by [26, 27].
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Theorem I (Decomposition theorem). Let T,Γ,Σ be as in Assumption 3.1.1. Further assume

that Θ(T, 0) = Q/2. Let C = ∑N
i=1 Qi JHiK be the unique tangent cone to T at 0, where the

half-planes Hi in the representation are assumed to be distinct. Then there exists ρ > 0 and

area minimizing currents T1, T2, ..., TN in Bρ such that

T Bρ =
N∑

i=1
Ti

where the supports of Ti only intersect at Γ, ∂Ti Bρ = Qi JΓK, and the (unique) tangent

cone at 0 of Ti is Qi JHiK.

We will work with multivalued functions, understood as in [4] and [30]. Another conse-

quence of the uniqueness of tangent cones that plays a key role in constructing the example

is the Hölder continuity of the multivalued normal map.

Theorem J. Let T,Γ,Σ be as in Assumption 3.1.1. There is a well-defined multivalued

normal map induced by the tangent cone, which is defined in 3.5.11. The normal map is a

locally Hölder map in U := {x ∈ Γ : Θ(T, x) = Q/2}, which forms a relative open set of Γ.

The set U is relatively since there exists θ(Q,m, n) > 0 since there exists θ(Q,m, n) > 0 such

that Θ(T, x) < Q/2 + θ implies Θ(T, x) = Q/2.

We also comment that there are analogous theorems for the linear problem. The general

linear problem is defined as:

Assumption 3.1.4. Given a Dir-minimizing function u ∈ W 1,2(Ω,AQ(Rn)). The boundary

linear problem consists of understanding functions u such that u ∂Ω ∩ B1 = Q J0K.

We denote the frequency function by I in the theorem below using a suitably smoothened

distance function. For the precise definition of the frequency function we refer to Section 10.

Theorem K. Assume that Ω is a C2 domain and u as in Assumption 3.1.4.
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• For all q ∈ ∂Ω the frequency can be defined in a neighbourhood of q and is almost

monotone. This means,

eCA∂ΩrI(r)

is monotone in r for appropriate constant C, where A∂Ω denotes the C0 norm of the

second fundamental form of Ω.

• At the limit, the frequency is independent of the choice of a distance function and

∀q ∈ ∂Ω, I(q) ≥ 1.

• Either I(q) = 1 or I(q) ≥ 1 + α(Q,m, n) for a positive constant α(Q,m, n). If I(q) = 1

then the blowups at q are unique and linear, in the sense they are of the form

f(x) =
N∑

i=1
Qi Jvi(x · η∂Ω,q)K

with η∂Ω,q the normal to ∂Ω at q, and unique. The uniqueness is quantitative and thus

there is a well-defined multivalued normal derivative at the boundary which is Hölder

continuous.

3.1.3 Basic definitions

Throughout the paper, we use the notation ’≲’ to denote inequality up to a multiplicative

constant, which may depend only on m, n, n, and Q. We also use C(α1, ..., αk) to denote a

constant which depends on α1, ..., αk.

We define Br(p) := {x ∈ Rm+n : |x−p| < r} and typically use V := Rm−1×{0} ⊂ Rm+n as

the spine of our cones. For a plane π, let pπ denote the projection onto π. For any ε > 0, we use

Bε(V ) to represent the ε-neighborhood of V , that is, Bε(V ) = {x ∈ Rm+n : dist(x, V ) < ε}.

We assume each k-dimensional linear subspace π of Rm+n is oriented by a k-vector

π⃗ = v1 ∧ · · · ∧ vk, where (vi)k
i=1 forms an orthonormal basis for π. Additionally, we adopt the

notation |π2 − π1| for |π⃗2 − π⃗1|, where | · | represents the norm tied to the standard inner
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product of k-vectors. The k-dimensional Hausdorff measure on Rm+n is written as Hk. We

denote AQ(Rm+n) the Q-tuples in Rm+n for some integer Q ≥ 1. We denote by G(p1, p2), the

Wasserstein distance between a pair of points p1, p2 on the space AQ(Rm+n). For more on

multi-valued functions, see [30]. We denote by AM the C0-norm of the second fundamental

form of a smooth submanifold M of Rm+n.

For further basic definitions and standard notations, we refer to [42] and the survey [17].

We will use E to denote the L2 height excess, and local versions which we introduce later.

The L2 excess relative to an open book C is defined as

E(T,C,Br(p)) := 1
rm+2

ˆ
Br(p)

dist(x,C)2d|T |(x).

We will use E for a suitable measure-theoretic excess, which will be defined later in equation

(3.2.3). Finally, we introduce the circular projection π◦ : Rm+n → Rm, defined as π◦(x, y) =

(x, |y|) for (x, y) ∈ Rm−1 × Rn+1.

Definition 3.1.5. An m-dimensional integral current T in U with spt(T ) ⊂ Σ is area

minimizing in Σ ∩ U , if it holds that M(T ) ≤ M(T + ∂T̃ ), for all T̃ m + 1-dimensional

integral current in U with spt(T̃ ) ⊂ Σ ∩ U .

Cones

We remind the definition of an open book and introduce their angle:

Definition 3.1.6. A cone C is an open book if it can be written as C = ∑N
i=1 Qi JHiK where

Hi are distinct half-planes with ∂ JHiK = JV K where V is an m− 1 dimensional plane, referred

to as the spine of the cone. We define the minimum angle of an open book as

α(C) := min
i ̸=j

⟨Hi, Hj⟩

where α(C) := 1 if C = Q JHK for H a half-plane.
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Definition 3.1.7. A cone C is a two-sided flat cone if

C = (Q/2 +Q∗) JHK − (Q∗) J−HK

for Q and Q∗ integers and H a half plane.

We introduce a distance between open books with the same spine.

Definition 3.1.8 (Distance Open Books). Given a pair of open books Cj for j = 0, 1 which

are of the form

Cj :=
∑

i

Qj
i

q
Hj

i

y

where ∂
q
Hj

i

y
= JV K. We take ηj

i to be the unit normal to V that determines Hi. We define

ηj ∈ AQ(V ⊥) as ηj = ∑
Qi

q
ηj

i

y
. We define

G(C1, C2) := G(η1, η2). (3.1.1)

Tangent cones.

For x ∈ Rm+n and r > 0, define ιx,r(y) := y−x
r

. For any integral current T , we define the

rescaled current T at x at scale r as ιx,r♯T =: Tx,r and Tr =: ι0,r♯T . The current Tx is called a

blow-up of T at x, if there exists a sequence of radii rj → 0 such that Tx,rj
→ Tx in the weak

topology. By [12], it follows from the monotonicity formula that if T is area minimizing in Σ

and ∂T = Q JΓK for Γ ∈ C1,κ, every convergent subsequence of Tp,rj
converges to an oriented

cone about p for any p ∈ Γ and any rj ↓ 0. An oriented cone about p is understood as a

current C such that Cp,r = C for any r > 0. See Theorem 3.2.4 for the precise statements of

the monotonicity formula and first variation formula for an area minimizing current T in Σ

with ∂T = Q JΓK where Σ and Γ are C2 submanifolds.
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3.1.4 Structure of the chapter

• In Section 2, we define a measure-theoretic/stronger excess, which allows us to track

not only the closeness to an open book but also the multiplicity to which it is close.

We also prove the monotonicity formula with the corresponding error terms suitable for

our use in the later estimates.

• In Section 3, we show that cones of density Q/2 with a flat boundary with multiplicity

Q are open books. We provide two different arguments.

• In Section 4, we examine the convex barrier property and the local convex barrier

property. We show that they are boundary points of the type we consider, i.e., of

density Q/2, whose tangent cones are open books.

• In Section 5, we perform the main technical reductions of the theorems in this chapter,

reducing them to an excess decay lemma, which the remainder of the chapter focuses

on proving.

• In Section 6, we construct a Lipschitz approximation and show a reverse excess estimate,

which allows us to control the measure-theoretic excess introduced in Section 2 by the

L2 excess.

• In Section 7, we prove Simon’s non-concentration estimates and their corollaries in our

setting.

• In Section 8, we study the linear problem. We show that homogeneous frequency 1

Dir-minimizers are linear, and that local Dir-minimizers away from the boundary are

global Dir-minimizers. We provide a decay lemma to a linear average that is suitable

to run the excess decay lemma.

• In Section 9, we prove the excess decay lemma stated in Section 5, thus concluding the

uniqueness of the tangent cone.
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• In Section 10, we discuss important consequences of the theory developed in this chapter

for the linear problem, which mirror the properties we have discussed throughout the

chapter for the nonlinear problem.

3.2 Preliminaries

3.2.1 A measure theoretic excess

We introduce a stronger version of the L2-excess using a variant of the Wasserstein L2

distance, which we recall below.

Given two measures µ1 and µ2, an admissible transport plan σ is a measure on Rm+n×Rm+n

satisfying (π1)#σ = µ1 and (π2)#σ = µ2 where π1 and π2 are the projections in the first and

second component, respectively.

The Wasserstein L2 distance between two measures µ1 and µ2 is defined as

W2(µ1, µ2)2 := inf
{ˆ

d(x, y)2 dσ(x, y) : (π1)#σ = µ1 and (π2)#σ = µ2
}

(3.2.1)

where we set W2(µ1, µ2) = ∞ if µ1(Rm+n) ̸= µ2(Rm+n).

Given a fixed m− 1 dimensional plane V , we define the distance dV between two measures

µ1 and µ2 as follows:

dV (µ1, µ2) := inf
{
W2(µ1

1, µ
2
1)2 +

2∑
i=1

ˆ
dist(x, V )2 d|µi

2|
∣∣∣∣∣ µi

1 + µi
2 = µi, i = 1, 2.

}
. (3.2.2)

In this definition, µ1, µ2, µ1
1, and µ2

1 are Radon measures, while µ1
2 and µ2

2 are signed

measures. This allows us to add or remove a part of the measure µ1 to transport it to µ2,

with a cost proportional to the weighted total variation of the leftover measures.

In the rest of the chapter we will drop V from the notation and just use d, since it is more

convenient and the plane V will be clear from the context (and fixed in most arguments).
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If d(µ1, µ2) = 0 then spt(|µ1 − µ2|) ⊂ V . We remark that in the cases of interest the

measures π1 and π2 considered are always absolutely continuous with respect to Hm and thus

d(µ1, µ2) = 0 implies µ1 = µ2 in that case.

Let ϕ be a smooth, canonical bump function supported in B1(0), constantly equal to 1 in

B1/2(0), and satisfying ϕ(x) ≲ dist(x, ∂B1)2. We define ϕr := ϕ(·/r).

The stronger excess relative to an open book C = ∑N
i=1 Qi JHiK with ∂Hi = V as

E(T,C,Br) := r−(m+2)d(ϕrd|T |, ϕrd|C|). (3.2.3)

The bump function is introduced for technical reasons: even if the current were a classical

smooth graph over the cone, the map given by the graphical structure might extend beyond

the ball Br near the boundary.

Remark 3.2.1 (Strong excess versus classical L2 and reverse L2). The classical L2 excess and

the reverse L2 excess are both controlled by this stronger excess. This follows immediately

from the admissibility of the transport plan and Fubini’s theorem. Precisely we have:

1
rm+2

ˆ
ϕr(x)dist(x,C)2d||T ||(x) + 1

rm+2

ˆ
ϕr(x)dist(x, spt(T ))2d||C||(x) ≤ E(T,C,Br).

(3.2.4)

To motivate the definition of the excess, we show that it is bounded in terms of standard

quantities that we can control in practice. More precisely we have the following remark which

will give the desired motivation.

Remark 3.2.2 (Lipschitz Approximation and Strong Excess). Let C = ∑N
i=1 Qi JHiK and let

ui ∈ AQi
(Hi ∩B2) be multi-valued Lipschitz graphs over C of small enough Lipschitz constant.

Let Ki be a subset of Hi and Ti = Gr(ui Ki). Assume that spt(Ti) ∩ B1 ⊆ spt(T ) ∩ B2 and

that ∀x ∈ spt(Ti) ∩ B1 Θ(Ti, x) ≤ Θ(T, x).
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Then

E(T,C,B1) ≲max
i

|ui|3L∞(B1) +
N∑

i=1

ˆ
B1∩(Hi\Ki)

dist(x, V )2d||Hi||(x) (3.2.5)

+
ˆ

B1

dist(x, V )2d||T −
N∑

i=1
Ti||(x) +

N∑
i=1

ˆ
B1

dist(x,C)2d||Ti||(x) (3.2.6)

+
N∑

i=1

ˆ
Ki

dist(x, V )2|Dui|2. (3.2.7)

Proof. Let Ai be the subset of Ki such that |x+ f j
i (x)| > 1 for some 1 ≤ j ≤ Qi (i.e. the set

where the Lipschitz graph escapes the ball).

We must have that

E(T,C,B1) ≲
N∑

i=1

ˆ
B1∩((Hi\Ki)∪Ai)

dist(x, V )2d||Hi||(x) +
ˆ

B1

dist(x, V )2d||T −
k∑

i=1
Ti||(x)

(3.2.8)

+W2(||Ti||, (πHi
)#||Ti||)2 +

ˆ
Ki

dist(x, V )2 (d(πHi
)#(|Ti|) − d||Hi||(x)) (3.2.9)

This inequality comes from the pairing of ||Ti|| with (πHi
)#||Ti|| and getting as error terms the

measures ||T −∑
Ti||,

∑N
i=1 d||B1 \ (Ai ∪ (Hi \Ki)) || and (πHi

)#||Ti|| − d||Ki \ Ai||.

We must have that Ai is contained in an annulus whose outer boundary is ∂B1 and its

width is bounded by ∥ui∥L∞ , which gives us the bound ∥ui∥3
L∞ . The linear contribution comes

from the area of the region and the quadratic contribution comes from the bump function.

We observe that

W2(|Ti|, (πHi
)#|Ti|)2 ≤

ˆ
Ki

dist(x,C)2d|Ti|. (3.2.10)

Finally we notice that

ˆ
Ki

dist(x, V )2d(πHi
)#(Ti) − d|Hi| ≲

ˆ
Ki

dist(x, V )2|Dui|2. (3.2.11)
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Remark 3.2.3. The question whether we can control excess from one scale to a smaller one

is technically non trivial and requires the construction of the Lipschitz approximation and

the smallness of the excess. We will also need to be able to switch center.

These issues are subtle because the transport plan for a given scale might not be suitable

for a smaller scale. See Lemma 3.6.14.

3.2.2 Monotonicity formula

Given T,Γ,Σ as in Assumption 3.1.1. We define, for some C0(m,n, n) a suitable large

constant

Θi(T, p, r) := exp(C0A2
Σr

2) ||T ||(Br(p))
ωmrm

(3.2.12)

and

Θb(T, p, r) := exp(C0 (AΣ + AΓ) r) ||T ||(Br(p))
ωmrm

. (3.2.13)

Theorem 3.2.4 (Monotonicity formula). Let T,Γ,Σ be as in Assumption 3.1.1.

• If p ∈ B1\Γ then r → Θi(T, p, r) is monotone on the interval (0,min {dist(p,Γ), 1 − |p|}).

• If p ∈ B1 ∩ Γ, then r → Θb(T, p, r) is monotone on (0, 1 − |p|).

Thus the density exists at every point. Moreover, the restrictions of the map p → Θ(T, p) to

B1 ∩ Γ and B1 \ Γ are upper semicontinous.

Additionally, this implies that blowup limits are cones, both at the interior and at the

boundary.

If X ∈ C1
c (B1,Rn), then

δT (X) = −
ˆ

B1

X ·
−→
H T (x)d||T ||(x) +Q

ˆ
Γ∩B1

X · −→η (x)dHm−1(x) (3.2.14)
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where −→
H T = ∑m

i=1 AΣ(ei, ei) where −→
T = ∧m

i=1ei is an orthonormal basis of −→
T . The vector −→η

is defined Hm−1 almost everywhere as:

• For every tangent cone C at p ∈ Γ which is an open book C = ∑N
i=1 Qi JHiK,

−→η =
N∑

i=1

Qi
−→ηi

Q
(3.2.15)

where −→ηi is the normal to Tp(Γ) which determines the half plane Hi. The vector −→η is

independent of the open book C at p, but the open book might depend on the blowup

sequence.

• For every tangent cone C = (Q/2 +Q∗) JHK − (Q∗) J−HK at p ∈ Γ which is a two-sided

flat cone
−→η = ηH

where ηH is the normal to Tp(Γ) which determines the half plane H.

Corollary 3.2.5 (Monotonicity formula with error terms). Under the hypothesis of Theorem

3.2.4 for every p ∈ B1 and 0 < s < r < 1 − |p|,

r−m||T ||(Br(p)) − s−m||T ||(Bs(p)) =
ˆ

Br(p)\Bs(p)

| (x− p)⊥ |2

|x− p|m+2 d||T ||(x)

+
ˆ r

s

ρ−m−1
[ˆ

Bρ(p)
(x− p)⊥ ·

−→
H T (x)d||T ||(x) +Q

ˆ
Γ∩Bρ(p)

(x− p) · −→η dHm−1
]
dρ (3.2.16)

Proof of Theorem 3.2.4 and Corollary 3.2.5. The proof follows the same steps as Theorem

3.2 in [21]. However, the key difference is that we allow for arbitrary boundary multiplicity,

whereas [21] considers only boundaries with multiplicity 1. The first two statements are a

consequence of Allard interior and boundary monotonicity formulas for stationary varifolds.

The first variation formula is established in the same way as in [21], which we briefly

sketch. We first obtain the expression δT = −→
H T ||T || + δTs where δTs is a singular vector

60



valued measure supported in Γ. This leads to the identity

δT (x) = −
ˆ

B1

X ·
−→
H T (x)d||T ||(x) +Q

ˆ
Γ∩B1

X · −→η (x)d||δTs||. (3.2.17)

As a consequence of the monotonicity formula we get that ||δTs|| is an absolutely continuous

measure with respect to Hm−1. The density of the singular measure and vector −→η are

determined by the Hm−1 normal and density at the blowups.

In this setting, there exists a stratification of the tangent cones at the boundary analogous

to all other stratification theorems from [80]. See [21, Section 3.2] for more details. In

this setting, we obtain Hm−1-almost everywhere there exists a tangent cone with an m− 1

dimensional spine. By the classification of 1d area minimizing cones, we conclude that Hm−1

almost everywhere, there exists a tangent cone which is either an open book or a flat two

sided cone.

We consider the first variation formula in the case that C is an open book or C is two-sided

flat.

If C = ∑N
i=1 Qi JHiK where V is the common spine and −→ηi is the normal vector to the

spine that determines Hi, then

δC(X) =
N∑

i=1
Qi

ˆ
V

(X · −→ηi ) dHm−1. (3.2.18)

If C = (Q+Q∗) JHK −Q∗ JH−K then

δC(X) = Q

ˆ
V

(X · ηH) dHm−1. (3.2.19)

Where ηH is the normal to V which determines H.

In the first case, we define −→η = ∑N
i=1

Qiη
Q

. In the second case, −→η = ηH .
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By combining (3.2.17) with the absolute continuity of ||δTs|| with respect to Hm−1 we

obtain Hm−1 almost everywhere by Lebesgue differentiation theorem that −→η (p) agrees with

the vector −→η for the tangent cones C in the m− 1- strata.

From the above discussion, we conclude Theorem 3.2.4. The proof of Corollary 3.2.5 as a

consequence of Theorem 3.2.4 is analogous to [21].

3.3 Classification of area minimizing cones of density

Q/2 with boundary

In this section, we prove the following classification of area minimizing cones of density

Q/2 with boundary:

Theorem 3.3.1 (Classification of area minimizing cones with density Q/2). Let C be an

m-dimensional area minimizing cone in Rm+n. Assume that ∂C = Q JRm−1 × {0}K for some

positive integer Q. Then Θ(C, 0) ≥ Q/2. Moreover, equality holds if and only if C is an open

book.

The first proof follows an argument inspired by Federer’s dimension reduction, while

the second proof uses structural information gained from the projection π◦ : Rm+n−1 →

Rm−1 × [0,∞) defined as

π◦(x, y) = (x, |y|) where (x, y) ∈
(
Rm−1 × Rn+1

)
.

This projection is well adapted to the this boundary setting, π◦#C = Q JRm−1 × R+K for any

area minimizing cone C with ∂C = Q JRm−1 × {0}K.

Proof of Theorem 3.3.1. Let C be an area minimizing cone with ∂C = Q JRm−1 × {0}K. We

denote V = Rm−1 × {0}.

By Theorem 3.2.4, the classical monotonicity formula holds without error terms for any

area minimizing current T on Rm+n with ∂T = Q JV K. Indeed, in the formulas of Theorem
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3.2.4 we have AV = AΣ = 0. Alternatively, if we consider T as a varifold and reflect through

V we obtain a stationary varifold, which has twice the mass at every ball centered at V , for

which the classical monotonicity formula for stationary varifolds holds. Moreover we also

have, as usual, that if p ∈ V and

||T ||(Br(p)) = Θb(T, p) (3.3.1)

for all r ≤ r0, then T is a cone at p.

To establish Θ(C, 0) ≥ Q/2, assume by contradiction that Θ(C, 0) = Θ < Q/2. Since

C is a cone then Θ(C, p) = Θ(C, rp) for every p ∈ V such that p ̸= 0 and r > 0. By

upper semi-continuity of the density for every p ∈ V we must have that Θ(C, p) ≤ Θ(C, 0).

Consequently, any blowup at p results in another area minimizing cone C1 with density

strictly lower than Θ. However C1 must be a product of a cone C ′
1 × JLK where up to rotation

∂C ′
1 = JRm−2 × {0}K.

By repeating the argument, we are lowering the density but increasing the number of

symmetries. We obtain an area minimizing cone Cm−1 with

Cm−1 =
q
Rm−1y × C ′

m−1 (3.3.2)

where C ′
m−1 is a 1d area minimizing cone with boundary Q J0K.

The only options for such cones are a union of half-lines whose multiplicities sum up to Q.

The cone Cm−1 must have density equal to Q/2, which is a contradiction since the density is

at most Θ which is strictly lower than Q/2.

We note that if C is an open book then trivially Θ(C, 0) = Q/2. Thus it remains to show

that if Θ(C, 0) = Q/2 then C is an open book.

We know that for every p ∈ V

lim
r→∞

Θ(C, p, r) = lim
r→∞

|C|(Br(p))
ωmrm

≤ lim
r→∞

(r + |p|)m

rm

|C|(Br+|p|)
ωm(r + |p|)m

= Q/2. (3.3.3)
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This implies that we must have the equality in the monotonicity formula centered at every

p ∈ V , which implies that C is independent of the directions of V and thus C comes from a

1d area minimizing cone. As we have seen, this implies C is an open book.

Alternative Proof of Theorem 3.3.1. Define π◦ : Rm+n−1 → Rm−1 × [0,∞) as

π◦(x, y) = (x, |y|) where (x, y) ∈
(
Rm−1 × Rn+1

)
.

We observe that π◦ is 1-Lipschitz:

|π◦(x1, y1) − π◦(x2, y2)|2 = |(x1 − x2, |y1| − |y2|)|2 = |x1 − x2|2 + (|y1| − |y2|)2

≤|x1 − x2|2 + (|y1 − y2|)2 = |(x1 − x2, y1 − y2)|2 .

By the constancy theorem, π◦#C = Q0 JRm−1 × R+K where Q0 is a positive integer. Since

∂π◦#T = Q JRm−1 × {0}K, it follows that Q = Q0.

Since π◦ is 1-Lipschitz

Θ(C, 0) = |C|(B1)
ωm

≥
|π◦#C|(π(B1))

ωm

= Q

2 . (3.3.4)

This proves the desired inequality. The rest of this proof will be spent studying the equality

case. We note that if C is an open book then trivially Θ(C, 0) = Q/2. Thus it remains to

show that if Θ(C, 0) = Q/2 then C is an open book.

We consider the differential form

ω := dr ∧ de1 ∧ ... ∧ dem−1 (3.3.5)

where given (x, y) ∈ Rm−1 × Rn+1 we take r = |y|. By definition dω = 0 outside of V and

∥ω∥ ≤ 1. Let Ω be the volume form in Rm−1 × [0,∞). We notice that ω = π#
◦ Ω and ∥ω∥ = 1

outside of V .
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We have that

|C|(B1) = Qωm

2 =
ˆ

π◦(B1)
⟨
−→Ω ,

−−−−→
π◦#(C)⟩d|π◦#(C)| =

ˆ
B1

⟨ω,
−→
C ⟩d|C|. (3.3.6)

Given that ∥ω∥ = 1 and
∥∥∥−→C ∥∥∥ = 1 we must have that ⟨ω,

−→
C ⟩ ≤ 1. Since the equality holds

this implies that ⟨ω(p),−→C p⟩ = 1 for |C| almost every p and thus ω is a calibration for −→
C .

We see that this implies that

−→
C p =

(∑n
k=0 xm+kem+k

r

)
∧ e1 ∧ ... ∧ em−1

for almost every p. This is because both of them have norm 1 and their inner product is

equal to 1, by Cauchy Schwartz they must be a multiple of each other (which implies they

are equal up to a sign, but once we know this we conclude that they must have the same

orientation).

In order to conclude we consider a new map σ : Rm−1 × (Rn+1 \ {0}) → Rn+1 defined as

σ(x, y) = y

|y|
where (x, y) ∈

(
Rm−1 ×

(
Rn+1 \ {0}

))
.

We note that since Tp(C) = V ⊕ R+p for almost every p ∈ C we must have that the

tangential gradient of σ along C vanishes (i.e., DCσ ≡ 0). This implies that σ C is locally

constant and thus every connected component of C outside of V agrees with a half-plane

passing through V . We easily conclude from this that C is an open book. See the proof of

3.4.9.

3.4 Convex barrier assumption

In this section, we study the convex barrier assumption and we classify the tangent cones

we obtain in that setting.
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We recall the definition of the convex barrier in Euclidean space.

Assumption 3.4.1 (Convex Barrier). Let Ω ⊂ Rm+n be a domain such that ∂Ω is a C2

uniformly convex submanifold of Rm+n. We say that ∑N
i=1 Qi JΓiK has a convex barrier if Qi

are positive integers and Γi ⊂ ∂Ω are disjoint C2 closed oriented submanifolds of ∂Ω. In this

setting we consider T an area minimizing current with ∂T = ∑
i Qi JΓiK .

The main theorem of this section will be

Theorem 3.4.2. Let T be as in either Assumption 3.1.2 (convex barrier) or Assumption

3.4.7 (local convex barrier), then every tangent cone to T at a boundary point q is an open

book. Moreover, we have:

(a) if q ∈ Γi in the first case, then Θ(T, q) = Qi/2,

(b) if q ∈ Γ in the second case, then Θ(T, q) = Q/2.

3.4.1 The convex hull property

In Euclidean ambient space under 3.4.1 we must have

spt(T ) ⊂ ConvexHull(∪N
i=1Γ).

However, this property does not necessarily hold in arbitrary Riemannian manifolds. Indeed

some global conditions of the geometry are required to reach a conclusion of that nature.

The following lemma 3.4.3 illustrates a wider context, that of manifolds non-positive

sectional curvature, where the mentioned property holds. The argument does not rely on

the differentiable structure and thus it is also translatable to the context of metric spaces

with non-positive sectional curvature. For another relevant reference on the convex barrier

property see Chapter 4 [74] Lemma 6.1 and Theorem 6.2.
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Lemma 3.4.3 (Convex barrier with curvature conditions). Let Σ be a manifold with non-

positive sectional curvature. Let Γ be an integral current in Σ with ∂Γ = 0. Let T an area

minimizing current in Σ with ∂T = Γ. Then

spt(T ) ⊂ ConvexHull (spt(Γ)) .

Proof. Given a geodesic ball BΣ
r = {x : d(x, p) < r} we take the projection fr from Σ to

BΣ
r . This is well-defined since Σ is uniquely geodesic. Since the convex hull of a set is the

intersection of balls which contain it, it is enough to show for every geodesic ball BΣ
r , if

spt(Γ) ⊂ BΣ
r , then spt(T ) ⊂ BΣ

r .

We wish to show that for every ball Br we have

M((fr)#(T )) ≤ M(T )

with equality iff spt(T ) ⊂ BΣ
r .

We will show that fr is 1-Lipschitz and that if A ⊂ ∂BΣ
s then

Hm(fr(A)) ≤
(
r

s

)m

Hm(A).

Assume d(p, x) ≥ d(p, y). Let x′ be such that d(p, x′) = max {d(p, y), r}. We take a

comparison triangle p0, x0, y0 in Euclidean space and x′
0 is such that |x′

0 − p0| = d(x′, p0).

By basic Euclidean geometry, |x′
0 − y0| ≤ |x0 − y0|. By comparison d(x′, y) ≤ |x′

0 − y0| and

thus d(x′, y) ≤ d(x, y).

We reduce then to show the 1-Lipschitz property of fr to the case where d(p, x) = d(p, y).

Given two points x, y, we take the two geodesics parameterized by arclength α and β

connecting p to x and p to y. We must have fr(x) = α(r) and fr(y) = β(r).
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The non-positive sectional curvature condition implies that d(α(t), β(t)) is a convex

function and thus using d(α(0), β(0)) = 0 we get

d(fr(x), fr(y)) = d(α(r), β(r)) ≤
(
s− r

s

)
d(α(0), β(0)) +

(
r

s

)
d(α(s), β(s))

=
(
r

s

)
d(x, y).

This implies the desired mass bound.

Assume that

M((fr)#(T )) = M(T )

then we must have that for every s with r ≤ s

M((fr)#(T )) = M((fs)#(T ))

this can only happen if spt(T ) ⊂ BΣ
r .

3.4.2 A local version of the convex barrier

The condition in Assumption 3.4.1 is global and we will instead consider local versions of

this condition. We introduce some notation on wedges.

Definition 3.4.4. Given an (m − 1)-dimensional plane V ⊂ Rm+n we denote by pV the

orthogonal projection onto V . Given additionally a unit vector ν normal to V and an angle

ϑ ∈
(
0, π

2

)
we then define the wedge with spine V , axis ν and opening angle ϑ as the set

W (V, ν, ϑ) := {y : |y − pV (y) − (y · ν)ν| ≤ (tanϑ)y · ν} .

Lemma 2.3 of [27], which we cite below, gives us the desired local geometrical information.
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Lemma 3.4.5. Let T , ∑N
i=1 Qi JΓiK, Ω be as in 3.4.1. Then there is a 0 < ϑ < π

2 (which is

independent of the point in ∪N
i=1Γi) such that the convex hull of ∪N

i=1Γ satisfies

ConvexHull(∪N
i=1Γi) ⊂

⋂
q∈Γ

(q +W (TqΓ, ν(q), ϑ))

The former condition forces an additional property for area minimizing cones.

Definition 3.4.6 (Convex barrier cone). We say that an m-dimensional area minimizing cone

C in Rm+n satisfies the convex barrier condition if, up to rotation, ∂C = Q JRm−1 × {0}K

and ∃θ > 0:

spt(C) ⊆ {p = (x, y) ∈ Rm × Rn : |y| ≤ (tan θ)xm}.

Clearly if T satisfies assumption 3.4.1 then, by the conclusions of 3.4.5 we must have that

for every i, a tangent cone to T at Γi must satisfy 3.4.6 for Q = Qi.

We introduce an analogue of Assumption 2.4 in [27] for this setting:

Assumption 3.4.7. Let T,Γ,Σ be as in 3.1.1. Assume that there exists ν : Γ → Sn+1 ∩ TΣ

a map such that ν(q) ⊥ TqΓ and ν(q) ∈ TqΣ. We say T satisfies the local convex barrier

assumption if

spt(T ) ⊂
⋂
q∈Γ

(q +W (TqΓ, ν(q), ϑ)) ∩ Σ.

As seen by Lemma 3.4.5, convex barrier implies local convex barrier. Moreover, local

convex barrier still implies that every tangent cone is a convex barrier cone.

3.4.3 Convex barrier cones

We wish to classify the convex barrier cones defined in 3.4.6. We show this in the following

theorem:
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Theorem 3.4.8 (Classification of area minimizing cones with convex barrier). Assume that

C is an area minimizing cone in Rm+n with

∂C = Q
q
Rm−1 × {0}

y

and for some θ > 0

spt(C) ⊆ {p = (x, y) ∈ Rm × Rn : |y| ≤ (tan θ)xm} =: W.

Then C is an open book with each half-plane Hi satisfying Hi ⊂ W .

Notice that the set W plays the role of the convex barrier hypothesis at the level of the

tangent cone.

We notice that spt(C) ∩ {xm = 0} ∩W ⊂ Rm−1 and thus |C|({xm = 0}) = 0. Thus the

above theorem will be an immediate consequence of the following slightly more general

theorem:

Theorem 3.4.9. Assume that C is an area minimizing cone in Rm+n with

∂C = Q
q
Rm−1 × {0}

y

and

spt(C) ⊆ {xm ≥ 0} (3.4.1)

Then C {xm > 0} is an open book. This means, there exist half-planes H1, ..., HN and

positive integer multiplicities Qi such that ∂ JHiK = JV K and Hi ⊂ {xm > 0}, such that:

C {xm > 0} =
N∑

i=1
Qi JHiK . (3.4.2)

In particular, if |C|({xm = 0}) = 0, then C is an open book and ∑N
i=1 Qi = Q.

70



Allard shows a version of the classification of tangent cones with a convex barrier for the

multiplicity Q = 1 case in his boundary regularity paper [3]. We will show that his ideas

extend to higher multiplicities Q > 1.

We remind the notation used in the alternative proof of the classification of tangent cones

σ : Rm−1 × (Rn+1 \ {0}) → Rn+1 defined as

σ(x, y) = y

|y|
where (x, y) ∈

(
Rm−1 ×

(
Rn+1 \ {0}

))
. (3.4.3)

The following is a modification of a general result about varifolds from Allard in his

boundary regularity paper Section 5 [3].

Theorem 3.4.10. Fix a 2-dimensional plane π0 ⊂ Rm+n and assume that:

(i) V is an m-dimensional varifold which is stationary on Rm+n \ π⊥
0 .

(ii) Θ(V , x) ≥ c0 > 0 for some positive number c0 and for ||V||-almost every x ∈ spt(V) \π⊥
0 .

(iii) V is a cone (i.e. (λ0,r)# V = V).

(iv) The orthogonal projection of spt(V) onto π0 is contained on a half-space. This means

there is a vector e ∈ π0 ∩ Sm+n−1 such that

pπ0(spt(V)) ⊂ {x : 0 ≤ ⟨x, e⟩}. (3.4.4)

The following conclusions holds:

(a) There exist finitely many v1, ..., vk(ρ) ∈ π0 ∩ Sm+n−1 such that

(B1 ∩ spt(V)) \Bρ(π⊥
0 ) ⊆

k(ρ)⋃
i=1

π⊥
0 + R+vi (3.4.5)

for every ρ > 0.
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(b) We denote (x, y) = z, x⊥ = (−x2, x1) if x = pπ0(z). For V a.e. (z, π) where z ∈

Rm+n \ π⊥
0 we have pπ(x⊥) = 0.

We remind the notation used in the alternative proof of the classification of tangent cones

σ : Rm−1 × (Rn+1 \ {0}) → Rn+1 is defined as

σ(x, y) = y

|y|
where (x, y) ∈

(
Rm−1 ×

(
Rn+1 \ {0}

))
.

Corollary 3.4.11. Assume that

(i) V is an m-dimensional varifold which is stationary on Rm+n \ (Rm−1 × {0}).

(ii) Θ(V , x) ≥ c0 > 0 for some positive number c0 and for ||V||-almost every x ∈ spt(V) \

(Rm−1 × {0}).

(iii) V is a cone (i.e. (λ0,r)# V = V).

(iv) The varifold V is contained in a hemispace

spt(V) ⊂ {x : xm ≥ 0}.

Then for V a.e. (x, π) where x ∈ Rm+n \ {xm = 0}

Dπσ(x) = 0.

Proof of Corollary 3.4.11. The proof of this Corollary immediate by applying the Theorem

3.4.10 for the planes π0,k = Rem ⊕ Rem+k where 1 ≤ k ≤ n. Since π⊥
0,k ⊂ {xm = 0} we have

that for V a.e. (x, π) with xm > 0, pπ(−xm+kem + xmem+k) = 0 which implies Dπσ(x) = 0.

Proof of Theorem 3.4.8. We prove the decomposition of C {xm > 0} first with, not

necessarily positive, integer multiplicities:
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We apply Corollary 3.4.11. This implies that |C| almost everywhere in C {xm > 0} we

have

DCσ ≡ 0.

By Almgren [4], De Lellis - Spadaro [31, 33, 34], the area minimizing cone C is regular up

to a set of codimension 2. For every regular point p ∈ spt(C) ∩ {xm > 0} there is a unique

half-plane Hp which passes through p and Rm−1 × {0}. Since the tangential derivative of

σ along C is zero, by unique continuation C Hp = Qp JHpK where Qp ̸= 0. We choose the

orientations of Hp so that ∂ JHpK = JV K .

We choose distinct half-planes Hi which satisfy that property. Suppose there are at least

N of them. Then

|C|(B1) ≥ |C|({xm = 0} ∩ B1) +
N∑

i=1
|C|(Hi ∩ B1) ≥ Nωm

2 .

Since N needs to be bounded, there are only finitely many possible such planes and thus we

get

C {xm > 0} =
N∑

i=1
Qi JHiK .

We show that the multiplicities must be all positive and conclude

It remains to show all Qi have the same sign. If this was not the case assume without

loss of generality that Q1 > 0 and Q2 < 0.

We define S := JH1K − JH2K and T := (Q1 − 1) JH1K + (Q2 + 1) JH2K + ∑k
i=3 Qi JHiK +

C {xm = 0}. Since S + T = C and ||S|| + ||T || = ||C|| it must be that both S and T must be

area minimizing.

By definition ∂S = 0, since we oriented H1 and H2 so that ∂ JH1K = ∂ JH2K = JV K. We

know that S = JRm−1K × (JL1K − JL2K) where L1, L2 are half-lines in Rn+1. The only way

that S is an area minimizing cone is that JL1K − JL2K is an area minimizing cone with no

boundary Rn+1. This can only happen when L1 = −L2 (i.e. they form a full line), which is
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impossible in the setting we are considering because both lines have positive xm coordinate

with opposite orientations.

We can also see that Qi must be positive. If Qi are all negative, we study the tangent

cones at points in V . By the Almgren stratification, we can take a point in V such that the

tangent cone splits V . The tangent cone C ′ at a point p ∈ V must be

C ′ = Rm−1 × JSK

where S is a 1d area minimizing cone, which either has flat support or is a sum of half-lines

all with the same orientation. By assumption, since Qi are negative the orientation of the

half-lines is opposite that of V and thus the support would need to be flat. The flat case is

impossible since the support of C ′ must be on xm ≥ 0 and include a half-plane with positive

xm coordinate.

Thus, we obtain the desired decomposition. When |C|({xm = 0}) = 0, we must have∑N
i=1 Qi = Q so that it takes the right boundary data.

We will use the theory of general varifolds and the monotonicity formula for stationary

(not necessarily integral) varifolds. See Simon’s lecture notes [74] for a reference on the theory

of general varifolds.

Assume π0 = {(x1, x2, 0, ..., 0) ∈ Rm+n} and we denote z = (x, y) ∈ π0 ×π⊥
0 . The following

lemma implies 3.4.10:

Lemma 3.4.12. Assume V is a varifold which is stationary on Rm+n \ π⊥
0 and is a cone

(conditions (1) and (3) of Theorem 3.4.10). Consider the following Radon measure µ on

S1 := {x ∈ π0 : |x| = 1}

ˆ
φdµ =

ˆ
B1\π⊥

0

φ

(
x

|x|

)
|x|−2|pπ(x⊥)|2dV(z, π) (3.4.6)

where (x, y) = z, x⊥ = (−x2, x1). Then µ = cH1 for some c ∈ R.
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In addition, if µ = 0 and we have conditions (2) and (4) in Theorem 3.4.10 then:

1. pπ(x⊥) = 0 for V a.e. (z, π) where z ∈ Rm+n \ π⊥
0 .

2. The set pπ0(spt(V) \Bρ(π⊥
0 )) ∩ S1 is finite and it has at most 2mΘ(V,0)

ρmc0
points.

Proof of Theorem 3.4.10. The condition (3.4.4) implies that the support of µ must be con-

tained in the arc of S1 with positive e component. Thus µ ≡ 0 and we conclude Theorem

3.4.10.

In order to conclude we prove the remaining lemma for varifolds

Proof of Lemma 3.4.12. To prove that µ = cH1 we must show that if φ ∈ C(S1) and has

zero average, i.e.
´
S1 φdH1 = 0, then

ˆ
φdµ = 0.

We consider φ as a 2π periodic function on R and we take ψ(t) :=
´ t

0 φ(τ)dτ to be a primitive

of φ on R. Since φ has zero average, ψ is also 2π periodic and thus it induces a map

ψ : S1 → R. We extend ψ to a 0-homogeneous function on R2. We get then that

∇ψ(x) = φ

(
x

|x|

)
x⊥

|x|2
. (3.4.7)

We need to show that

ˆ
B1\π⊥

0

φ

(
x

|x|

) ∣∣∣∣∣pπ

(
x⊥

|x|

)∣∣∣∣∣
2

dV(z, π) = 0. (3.4.8)

We will deduce this from the fact that V is stationary (i.e.
´

divπX(z)dV(z, π) = 0 for every

vector field X ∈ C1(Rn)). We will want (3.4.8) to get the identity by using the first variation

formula over a specific vector field. The fact that the integral is computed on B1(0) \ π⊥
0 is a

technical issue that we will resolve by introducing a cutoff. In order to get the gradient of ψ,

it is reasonable to consider the vector field ψ(x)x⊥ (in fact this is what Allard does).
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We consider a vector field of the form

X(z) = α(|z|)β(|x|)ψ(x)x⊥.

Where α, β ∈ C∞(R) are defined with the following properties: α ≡ 1 for t ≤ 1 − δ, α ≡ 0 for

t ≥ 1 − δ/2, and it is decreasing. β ≡ 1 for t ≥ δ, β ≡ 0 for t < δ/2, and it is increasing with

∥β′∥C0 ≲ δ−1. Of course, for each δ we will have a different vector field, but we will abuse

notation and not write the δ dependence.

We will compute divπ(X). We fix an orthonormal basis v1, ...vm for π and compute in

this coordinates the following:

divπ(X) = (I) + (II) + (III) + (IV),

where

(I) :=
m∑

i=1
α′(|z|)

(
z

|z|
· vi

)
β(|x|)ψ(x)

(
x⊥ · vi

)
,

(II) :=
m∑

i=1
α(|z|)β′(|x|)

(
x

|x|
· vi

)
ψ(x)

(
x⊥ · vi

)
,

(III) :=
m∑

i=1
α(|z|)β(|x|) (∇ψ(x) · vi)

(
x⊥ · vi

)
,

(IV) := α(|z|)β(|x|)ψ(x)
m∑

i=1

(
Dvi

x⊥ · vi

)
.

We deal with every term separately.

As for the first term: Since V is a cone, z ∈ π for V a.e. (z, π). This means∑m
i=1(z · vi)vi = z and we can rewrite

(I) = α′(|z|)
|z|

β(|x|)ψ(x)(z · x⊥).
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But z · x⊥ = 0, so (I) = 0.

As for the second term: Here we just use |β′| ≲ δ−1, spt(β′) ⊆ {|x| < δ} and

|x⊥ · vi| ≤ δ to conclude:

ˆ
|(II)|dV ≲ ||V||

(
B1 ∩

(
Bδ(π⊥

0 ) \ π⊥
0

))
.

In particular, since ⋂
δ>0

Bδ(π⊥
0 ) = ∅.

We get limδ→0
´

|(II)|dV = 0.

As for the third term: We recall

∇ψ(x) = φ

(
x

|x|

)
x⊥

|x|2
.

Thus

(III) = 1
|x|2

α(|z|)β(|x|)φ
(
x

|x|

)
m∑

i=1

(
x⊥ · vi

)2
= 1

|x|2
α(|z|)β(|x|)φ

(
x

|x|

)
|pπ(x⊥)|2

=α(|z|)β(|x|)φ
(
x

|x|

) ∣∣∣∣∣pπ

(
x⊥

|x|

)∣∣∣∣∣
2

.

This implies that

lim
δ→0

ˆ
(III)dV =

ˆ
B1(0)\π⊥

0

φ

(
x

|x|

) ∣∣∣∣∣pπ

(
x⊥

|x|

)∣∣∣∣∣
2

dV(z, π).

As for the last term: We have

Dx⊥ = −e1 ⊗ e2 + e2 ⊗ e1 =


0 −1 0(m+n−2)×1

1 0 0(m+n−2)×1

01×(m+n−2) 01×(m+n−2) 0(m+n−2)×(m+n−2)

 (3.4.9)
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The former matrix is antisymmetric matrix. Notice

m∑
i=1

Dvi
X⊥ · vi =

〈
Dx⊥ :

(
m∑

i=1
vi ⊗ vi

)〉
.

Given that the matrix ∑m
i=1 vi ⊗vi is symmetric and the fact that the Hilbert-Schmidt product

of a symmetric matrix and an antisymmetric matrix vanishes, (IV) = 0.

Since V is a stationary varifold,

ˆ
divπX(z)dV(z, π) = 0.

We conclude taking δ → 0 that (3.4.8) holds.

We conclude the theorem studying the case µ ≡ 0. Notice that if µ = 0 then

pπ(x⊥) = 0 for V a.e. (z, π) where z ∈ B1 \ π⊥
0 and since V is a cone, pπ(x⊥) = 0 for V a.e.

(z, π) where z ∈ Rm+n \ π⊥
0 .

We need to bound the cardinality of the set

pπ0(spt(V) \Bρ(π⊥
0 )) ∩ S1 := F.

Pick k distinct points ξ1, ..., ξk ∈ F ⊆ S1. We consider k bump functions χ1, ..., χk ∈ C∞(S1),

identically 1 in a neighborhood of ξi and such that ∑i χi = 1.

We define the truncated varifolds Vi by

ˆ
φ(z, π)dVi(z, π) =

ˆ
φ(z, π)χi

(
x

|x|

)
dV(z, π).

We claim that each Vi is stationary on Rm+n \ π⊥
0 :
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Given a vector field X ∈ C∞
c (Rm+n \ π⊥

0 ) then

ˆ
divπX(z)dVi(z, π) =

ˆ
divπ

(
X(z)χi

(
x

|x|

))
dV(z, π)

−
ˆ ∑

j

(X(z) · vj)Dvj

(
χi

(
x

|x|

))
dV(z, π).

The first integral on the right hand side vanishes because V is stationary. For the second

integral on the right hand side we observe that

Dvj

(
χi

(
x

|x|

))
= φi

(
x

|x|

)
x⊥

|x|2

for an appropiate function φi ∈ C∞
c (S1). In particular, we have

∑
j

(X(z) · vj)Dvj

(
χi

(
x

|x|

))
=φi

(
x

|x|

)
1

|x|2
∑

j

(X(z) · vj)
(
x⊥ · vj

)

=φi

(
x

|x|

)
1

|x|2
(
pπ(x⊥) ·X(z)

)
.

This term must be zero since we already establish that pπ(x⊥) = 0 for V a.e. (z, π) where

z ∈ Rm+n \ π⊥
0 . This shows that Vi is stationary.

Now we consider ζi ∈ spt(V) ∩ B1 \Bρ(π⊥
0 ) such that

pπ(ζi)
|pπ(ζi)|

= ξi

Then Θ(Vi, ζi) = Θ(V , ζi) ≥ c0 and since Bρ(ζi) ⊆ Rm+n \ π⊥
0 , by the monotonicity formula

||Vi||(Bρ(ζi)) ≥ c0ωmρ
m.

Now

||V||(B2(0)) ≥
∑

i

||Vi||(B2(0)) ≥
∑

i

||Vi||(Bρ(ζi)) ≥ kωmc0ρ
m.
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Since ||V||(B2(0)) = ωm2mΘ(V , 0), the last inequality gives us the desired bound.

3.5 Main reductions

In this section we will reduce the proofs of the main theorems in this chapter to a proof of

an excess decay type lemma. We show the uniqueness of the tangent cone (Theorem 3.5.10),

the Hölder continuity of the multivalued normal (Corollary 3.5.12), and the decomposition

Theorem 3.5.13.

3.5.1 Proof of small excess uniqueness of the tangent cone

Definition 3.5.1. We say an open book C is admissible for Q JΓK at a point p ∈ Γ if

C = ∑
Qi JHiK where ∑Qi = Q and ∂Hi = Tp(Γ). Additionally, we require that for every i

Hi ⊂ Tp(Σ).

Assumption 3.5.2 (Main Reductions Assumption). Let T and Γ be as in 3.1.1 with

||T ||(B2) ≤ (2m−1Q+ 1)ωm, AΓ + AΣ ≤ 1. We assume furthermore that C is an admissible

open book.

Remark 3.5.3 (Choices of parameters). There will be Q versions of excess decay depending

the number of sheets of the cone. The four relevant parameters will be θN ∈ R+, ηN ∈ (0, 1/2),

εN ∈ R+, γ(Q,m, n, n). The parameter γ(Q,m, n, n) is purely dimensional and depends on

the comparison between excess and Dirichlet energy and not on N . The constant θN is chosen

so θN ≪ minN+1≤i≤Q εi and that θN ≪ γ(Q,m, n, n). The parameters ηN and εN are chosen

to ensure excess decay on a cone with N sheets with parameter θN . Additionally, we require

that εN ≪ γ(Q,m, n, n).

Lemma 3.5.4 (Nth excess decay with small angle and small second fundamental forms).

Let T and C be chosen as in Assumption 3.5.2. For every θN ∈ R+ there exist εN ∈ R+,
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ηN ∈ (0, 1/2) such that if

E(T,C,B1) ≤ εNα(C)2 and AΓ + A2
Σ ≤ εNE(T,C,B1)

(when N = 1 the first inequality becomes E(T,C,B1) ≤ ε1) there exist a radius r0 ∈ [ηN , 1/2]

and an admissible open book C ′ such that

G(C ′, C)2 ≤ γ(Q,m, n, n)E(T,C,B1) (3.5.1)

and

E(T,C ′,Br0) ≤ θN min
{
α(C ′)2,E(T,C,B1)

}
.

Remark 3.5.5. Under the hypothesis above, (3.5.1) remains valid up to modifying the

constant γ(Q,m, n, n), with the following

C ′ =
∑
i,j

Qi,j JHi,jK

has ∑j Qi,j = Qi and the angle condition

∠ (Hi, Hi,j) ≤ γ(Q,m, n, n)E(T,C,B1)1/2 (3.5.2)

In particular, we know that one of the following two statements holds:

1. C ′ has the same number of sheets than C and

α(C ′) ≥ α(C) − γ(Q,m, n, n)−1/2E(T,C,B1)1/2. (3.5.3)

2. C ′ has more sheets than C (this case will never happen when C consists of Q multiplicity

1 sheets).
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Our excess decay needs a control on the angle of the cone, which we require for our

graphical approximations to be valid later. We require a combinatorial argument that controls

the angle. If excess is large relative to the angle we will prune the cone by collapsing the two

closest sheets into one and adjusting the multiplicities appropriately. This is collected in the

following proposition:

Proposition 3.5.6. Let T,Γ, C be as in 3.5.2. Given positive parameters {εi}1≤i≤Q, there

exists ε > 0 such that if E(T,C,B1) < ε then we have the following:

• An integer 1 ≤ N ′ ≤ N and an admissible cone C ′ with N ′ sheets.

• A partition function h : {1, ..., N} → {A ⊆ {1, ..., N}} (i.e. h(i) are disjoint, possibly

empty sets and their union is {1, ..., N}).

• C ′ = ∑∑
j∈h(i) Qj JHiK. In particular, if N = N ′ then C ′ = C.

•

E(T,C ′,B1) ≤ C(m)
(

min
1≤k≤Q

εk

)−Q

E(T,C,B1).

• We have

E(T,C ′,B1) ≤ εN ′α(C ′)2

where we remind that if C ′ is a single half-plane then α(C ′) = 1.

•

G(C ′, C)2 ≤ C(m)
(

min
1≤k≤Q

εk

)−Q

E(T,C,B1).

Proof. We outline an iterative procedure. Let C0 = C. In step k if we have

E(T,Ck,B1) ≤ εN−kα(Ck)2

we take C ′ = Ck, N ′ = N − k and we stop.
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Otherwise assume that

E(T,Ck,B1) > εN−kα(Ck)2.

Then we select two half-planes of Ck, Hi and Hj , that form an angle of α(Ck). We remove

Hj and change the multiplicity of Hi to Qi +Qj. This cone is defined to be Ck+1. We must

have

E(T,Ck+1,B1) ≤ c(m) 1
δN−k

E(T,Ck,B1).

If the process never stops, we define C ′ = CN and N ′ = 1. We must have that

E(T,C ′,B1) ≤ c(m)
∏

N ′+1≤k≤N

1
εk

E(T,C,B1).

This implies that if ε is chosen small enough then in the case we didn’t stop we also have

E(T,C ′,B1) ≤ ε1α(C ′)2.

The last inequality of the proposition is a straightforward consequence of the procedure.

We are now ready to prove the uniqueness of the tangent cone.

Definition 3.5.7. We define the modified excess as

Ê(T,C,Br(p)) := max
{
E(T,C,Br(p)), κ−1AΓr, κ

−1A2
Σr

2
}

The dependence on κ is implicit in the notation; in Theorem ?? we will choose κ as κdecay.

Theorem 3.5.8 (Small Excess Uniqueness of the Tangent Cone). Let T and C be as in 3.5.2.

There exist εdecay > 0, κdecay > 0 such that if

Ê(T,C,B1(p)) < εdecay,
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then the tangent cone, Cp, at p is unique and is an admissible open book. Here, Ê is defined

using κ = κdecay. Moreover, there exists α(Q,m, n, n) > 0 such that for every ρ < 1/2,

Ê(T,Cp,Bρ(p)) ≤ ραÊ(T,C,B1(p)).

We also have

G(Cp, C)2 + distH(Cp, C)2 ≤ c(Q,m, n, n)Ê(T,C,B1(p)).

Proof. Before proceeding we apply, we apply the pruning proposition 3.5.6 to the cone C,

obtaining a cone Ĉ which satisfies

E(T, Ĉ,B1) ≤ C(m)
(

min
1≤k≤Q

εk

)−Q

E(T,C,B1).

Since G(Ĉ, C) ≲ E(T,C,B1)1/2, if we prove the theorem to hold for Ĉ then it will hold for

C. By choosing ε small enough, we may assume that the starting cone C is pruned (without

relabeling) and thus it satisfies the conclusions of Proposition 3.5.6.

We will start by proving the following iterative excess decay starting with a

pruned cone C. There exists a sequence of admissible open books Cl and radii rl+1r
−1
l ∈

[ηNl
, 1/2], where C0 := C and r0 := 1, such that

• The number of distinct sheets Nl of cone Cl is non-decreasing.

• For every l we have Ê(T,Cl,Brl
) ≤ εNl

α(Cl)2.

• If Ê(T,Cl,Brl
) > E(T,Cl,Brl

) then Cl+1 := Cl and rl+1 = 1
2rl.

• If Ê(T,Cl,Brl
) = E(T,Cl,Brl

) we apply excess decay 3.5.4. Here rl+1r
−1
l ∈ [ηNl

, 1/2]

and

G(Cl+1,Cl) ≤ γ(Q,m, n, n)1/2E(T,C,Brl
)1/2.
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• For every non-negative integer l

Ê(T,Cl+1,Brl+1) ≤ 1
2Ê(T,Cl,Brl

).

We prove we can do the above. We chose κ ≪ min1≤k≤Q εk.

The case of large second fundamental forms: If

Ê(T,Cl,Brl
) > C(Q,m, n, n)E(T,Cl,Brl

)

we chose rl+1 := 1
2rl, Cl+1 := Cl, then

Ê(T,Cl+1,Brl+1) ≤ 1
2 Ê(T,Cl,Brl

).

In the last inequality we use Lemma 3.6.14.

The case of small second fundamental forms: We must have

E(T,Cl,Brl
) ≤ εNα(Cl)2 and AΓrl + A2

Σr
2
l ≤ εNE(T,C,Brl

).

We are in the hypothesis to apply Lemma 3.5.4. This gives us the cone Cl+1, which

satisfies

E(T,Cl+1,Brl+1) ≤ θNE(T,Cl,Brl
).

If Cl+1 has more sheets than Cl then

E(T,Cl+1,Brl+1) ≤ θNα(Cl+1)2 ≤ εNl+1α(Cl+1)2

the last step by our choice of parameters 3.5.3.
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In the case that Cl+1 and Cl have the same number of sheets we have that

α(Cl+1) ≥ α(Cl) − C(Q,m)G(Cl+1,Cl)

≥ α(Cl) − C(Q,m)γ(Q,m, n, n)E(T,Cl,Brl
)1/2

≥ (1 − εNγ(Q,m, n, n))α(Cl) ≥ 1√
2
α(Cl).

This implies that

E(T,Cl+1,Brl+1) ≤ 1
2E(T,Cl,Brl

) ≤ 1
2εNl

α(Cl)2 ≤ εNl+1α(Cl+1)2

since Nl = Nl+1. Additionally since rl+1r
−1
l < 1

2 the second fundamental form terms must

also shrink by a factor of 1/2 and thus we must have that

Ê(T,Cl+1,Brl+1) ≤ 1
2 Ê(T,Cl,Brl

).

Convergence of the cones Cl and uniqueness of the tangent cone:

We must have

G(Cl+1,Cl) ≤ AÊ(T,Cl,Brl
)1/2 ≤ A

1
2l
E(T,C,Br)1/2

for a for a universal parameter A depending on all the other parameters. This implies that

there exists a limit Cp in G of the sequence Cl and

G(Cp,Cl) ≤ 2A 1
2l
E(T,C,Br)1/2.

This implies

E(T,Cp,Brl
) ≤ C(Q,m, n, n, min

1≤k≤Q
εk) 1

2l
E(T,C,Br)1/2.
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Given ρ we can choose l such that ρ ∈ (rl+1, rl]. Let η := min1≤i≤Q ηi. Then

Ê(T,Cp,Bρ) ≤ C(m) 1
ηm+2 Ê(T,Cp,Brl

) ≤ C(η, ε1)
1
2l
Ê(T,C,Br)

We notice that if ρ < 1/2r then using that ηl+1r ≤ rl+1 < ρ and defining α := log(2)/log(η)

we get
1

2l+1 ≤
(
ρ

r

)α

.

This implies as desired

Ê(T,Cp,Bρ) ≤ C(Q,m, n, n, min
1≤k≤Q

εk, η)
(
ρ

r

)α

Ê(T,C,Br(p)).

In order to get the estimate on the intermediate scales see Proposition 3.6.14.

The last inequality implies the uniqueness of the tangent cone. Indeed, let rj → 0 a

sequence of scales such that (λrj
)#T ⇀ C ′. Then

E(C ′, Cp,B1) = lim
j→∞

E((λrj
)#T,Cp,B1) = 0.

This implies C ′ = Cp.

3.5.2 Consequences of the excess decay lemma

As an immediate consequence we get an upgrade on the classification of the tangent cones

and thus on the minimum density.

Theorem 3.5.9 (Density jump). Let C be an area minimizing cone with ∂C =

Q J{0} × Rn+1K. There exists θ(Q,m, n) > 0 such that if Θ(C, 0) < Q/2 + θ then

Θ(C, 0) = Q/2 (and thus C is an open book).
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Proof. Suppose by contradiction there exists a sequence of area minimizing cones Cj with

Θ(Cj, 0) → Q/2. Up to a subsequence we can assume Cj → C for C an area minimizing cone.

We must have then that Θ(C, 0) = Q/2 and thus C is an open book, by Theorem 3.3.1.

We must have that for j large enough E(Cj, C,B1) < ε for ε in 3.5.8. This implies that

the tangent cone to Cj at 0 for some j large enough must be unique and an open book. Thus

Cj must be an open book for j large enough.

Theorem 3.5.10 (Uniqueness of the tangent cone). Let T , Γ, Σ be as in Assumption 3.1.1

or the local convex barrier 3.4.7. Assume in the first case that Θ(T, 0) ≤ Q/2 + θ. Then

Θ(T, 0) = Q/2 and the tangent cone at is a unique open book.

Proof. In the first case, since Θ(T, 0) < Q/2 + θ then Θ(T, 0) = Q/2. Thus in this case, every

tangent cone must be an open book. Analogously, in the second case, by Theorem 3.4.2 every

tangent cone at 0 must be an open book. We take a tangent cone C. We must then have that

Ê(T,C,Brj
) → 0

which means that there exists j for which Ê(T,C,Brj
) < ε with ε as in 3.5.8. This implies

that T has a unique tangent cone at 0 by 3.5.8.

Let NΓ be the normal bundle of Γ.

Definition 3.5.11. Given p ∈ Γ let Cp = ∑N
i=1 Qi JHiK be the tangent cone at p. We define

the normal map η : Γ → AQ(NΓ) given by

η(p) =
N∑

i=1
Qi

q
pTp(Γ)⊥(Hi)

y
.

Corollary 3.5.12 (Multivalued Normal Map Hölder Estimate). There exists ε such that if

Ê(T,C,B1(p)) < ε
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then the following quantitative estimate holds ∀q1, q2 ∈ B(p, 1/16)

G(η(q1), η(q2))2 ≤ c(Q,m, n, n)Ê(T,C,B1)|q1 − q2|α.

Here, Ê is defined using κ = κdecay. Moreover, let U := {x ∈ Γ : Θ(x) < Q/2 + θ}, which

forms a relatively open set of Γ, and let K ⊂ U a compact subset of U . Then η ∈ Cα(K).

Proof. By 3.6.14, in combination with 3.5.6 if ε and κ are small enough then for every

q1 ∈ B1/4(p)

Ê(T,Cq1 ,B1/2(q1)) ≤ C(Q,m, n, n)Ê(T,C,B1).

The open book Cq1 is defined by translating C so that it passes through p and tilting it so its

spine is Tq1(Γ) and it is still contained on Tq1(Σ).

Up to taking ε smaller we must have that for Cq1 the tangent cone at q1, for every

0 < r1 < 1/4

Ê(T,Cq1 ,Br1) ≤ C(Q,m, n, n)rα
1 Ê(T,C,B1).

We define Cq2
q1 as the cone obtained by translating and tilting Cq1 so that it is centered at

q2 and has a spine tangent to Γ and it is still contained on Tq2(Σ). If q1 and q2 are in B1/16(p)

and r1 = 2|q1 − q2| then

Ê(T,Cq2
q1 ,Br1(q1)) ≤ C(Q,m, n, n)rα

1 Ê(T,C,B1).

Thus if ε is small enough then Ê(T,Cq2
q1 ,Br1(q1)) < εdecay where εdecay is the one needed to

run theorem 3.5.8. This allows us to apply the theorem and obtain the desired estimate

G(η(q1), η(q2))2 ≲ G(Cq2
q1 , Cq1)2 ≲ |q1 − q2|αÊ(T,C,B1)
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The qualitative conclusion follows by compactness and continuity. By the quantitative

statement we must have that the normal map is a continuous map of U . We must show that

G(η(p), η(q))
|p− q|α

is bounded in K ×K ⊂ Γ × Γ. It is clearly bounded away from the diagonal by continuity.

We can cover the diagonal by balls on which the quantitative result applies and conclude by

compactness.

Theorem 3.5.13 (Decomposition lemma). Let T and Γ be under Assumption 3.1.1 and

q ∈ Γ. Assume that C is a non- flat open book. There exists εdecomp > 0 such that the

following holds. If C = ∑N
i=1 Qi JHiK

Ê(T,C,B1(p)) < εdecompα(C)2. (3.5.4)

There exist T1, T2, .., TN area minimizing currents on B1/32 ∩ Σ with

• ∂Ti = Qi JΓK

•

T B1/32(p) =
N∑

i=1
Ti (3.5.5)

• The supports of Ti only intersect at Γ.

Theorem 3.5.14 (Qualitative decomposition theorem). Let T be an area minimizing current

as in Assumption 3.1.1. Further assume that Θ(T, 0) = Q/2. Let C = ∑N
i=1 Qi JHiK be the

unique tangent cone to T at 0 (where the representation of C is such that the half-planes are

distinct). Then there exists ρ > 0 and area minimizing currents T1, T2, ..., TN in Bρ such that

T Bρ =
N∑

i=1
Ti
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where the supports of Ti only intersect at Γ, ∂Ti Bρ = Qi JΓK, and the (unique) tangent cone

at 0 of Ti is Qi JHiK.

The proof of Theorem 3.5.14 follows immediately from Theorem 3.5.13 at some scale

small enough from Theorem 3.5.8.

Proof of Theorem 3.5.13. Let Cq be the tangent at q. If AΓ is small enough then the

projection pΓ is well-defined.

By assuming that Ê(T,C,B1) < εHolder. We start by coupling the estimates from the

proof of 3.5.12 with the L2-L∞ height bound of De Lellis-Minter-Skorobogatova (Theorem

3.2 [24]).

If q ∈ spt(T ) ∩ B1/16 we have

dist(q, CpΓ(q))
|q − π(q)| ≤ C(Q,m, n, n)|q − π(q)|α/2Ê(T,C,Br(p))1/2. (3.5.6)

We will also have that ∀q1, q2 ∈ B(p, 1/16)

G(η(q2), η(q1)) ≤ C(Q,m, n, n)ε1/2α(C).

We also have

G(Cp, C) ≤ C(Q,m, n, n)Ê(T,C,B1)1/2 ≤ εdecompα(C).

This implies that the tangent cones Cq have at least as many sheets as C.

We parameterize B1 as a subset of the normal bundle of Γ. We consider the function

d : B1 \ Γ → R

d(q) := dist(q, Cπ(q))
|q − π(q)| .

As a consequence of (3.5.6) we get d(q) ≪ α(Cp) on spt(T ) ∩ B1/16.
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This means that spt(T ) \ Γ is split into N disjoint open sets, each of which is non-empty.

If one of the sets was empty, one of the half-planes in the support of C could not be in the

support of the tangent cone to T at 0.

This allows us to decompose T into N currents as desired.

Theorem 3.5.15. Let T , Γ and Σ be as in 3.5.2. There exists ε such that if either

1.

max
{
E(T,C,B1), κ−1AΓ, κ

−1A2
Σ

}
< ε

2.

max
{

||T ||(B1)
ωm

−Q/2, κ−1AΓ, κ
−1A2

Σ

}
< ε

then there exists C ′ such that

Ê(T,C ′,B1/2) < εdecomp.

In the first case, we have spt(C ′) ⊂ C and if

ˆ
B1\B1/4

dist(x, spt(T ))2d|C| < ε

then we have spt(C ′) = C.

Proof. We argue in both cases by compactness, by taking a sequence of currents Tj which

satisfies the assumptions of the theorem with a vanishing sequence of parameters ε = εj.

We assume after rescaling the radius is 1 and up to rotation T0(Γ) = Rm−1 × {0}. Up to

subsequence, Tj → T , Γj → Rm−1 × {0}, Σj → Rm+n.

In the first case up to subsequence also Cj → C. We must have that E(T,C,B1) = 0.

This implies spt(T ) ⊂ spt(C) and thus there exists C ′ such that E(T,C ′,B1) = 0 which is a

contradiction since Ê(Tj, C
′,B1) < εdecay for j large enough.
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In the second case T must have density constantly equal to Q/2 which means that it must

be a cone by the monotonicity formula and it must be an open book by 3.3.1. We must then

have Ê(Tj, T,B1) < εdecay for j large enough which is a contradiction.

We consider for a plane π the tilt excess

E(T,Br(p), π) := 1
ωmrm

ˆ
Br(p)

|T⃗ (x) − π⃗|2

2 d∥T∥(x),

Theorem 3.5.16. Let T,Γ,Σ be as in Assumption 3.1.1 and assume Θ(T, p) = Q/2. Assume

that T has a flat one-sided tangent cone Q JπK at p. There exists ε(Q,m, n, n) > 0 such that

if

max
{
E(T,B1(p), π),AΓ,A2

Σ

}
< ε

then there exists C(Q,m, n, n) and α(Q,m, n, n) > 0 such that

E(T,Br(p), π) ≤ C(Q,m, n, n)rα, for every r ∈ (0, 1).

Proof. It is enough to show that there exists ε such that if

max
{
E(T,B1(p), π),AΓ,A2

Σ

}
< ε

then

Ê(T,B1/2(p), π) < εdecay.

This follows by compactness. Since Q JπK is a tangent cone, we obtain the decay towards

Q JπK.

We thus establish for r < 1/8 that

E(T,Br(p), π) ≲ E(T,B2r(p), π) + AΓ + A2
Σ ≲ Ê(T,B4r(p), Q JπK) ≲ rα.
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The first inequality is the classical L2- tilt excess bound. The second inequality is the strong

excess to L2 bound. The last inequality is the decay to the tangent cone from Theorem

3.5.10.

3.6 Lipschitz approximation

In this section, we construct the Lipschitz approximation and conclude with some technical

estimates regarding measure theoretic excess and its relationship to L2 excess.

We introduce an assumption that enables the construction of a suitable Lipschitz approxi-

mation defined on the ball B1.

Assumption 3.6.1. Let T , Γ and Σ be as in Assumption 3.1.1, but instead considered

within the ball B8. Suppose C is an admissible open book. We assume for a small constant

ε(Q,m, n, n) that

E(T,C,B8) + AΓ + A2
Σ ≤ εα(C)2.

Moreover, we assume that for every p ∈ Γ ∩ B2 and all 0 < r < 1/8

||T ||(Br(p)) ≤ (Q/2 + 1/8)ωmr
m.

The Lipschitz approximation will be defined on the ball B1.

3.6.1 Lipschitz approximation away from the spine

We cite the relevant results on the Lipschitz approximation from [24] and outline the

necessary modifications. The following result follows from the L2 − L∞ height bound with

respect to parallel planes (Theorem 3.2 of [24]).

Lemma 3.6.2 (Crude splitting). Let T and Σ be as in Assumption 3.1.1. Let C be an

open book with ∂C = Q JV K with 0 ∈ V . Assume that ∂T
(
B4 \B1/32(V )

)
= 0. There are
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constants δ(Q,m, n, n) > 0 and ρ(Q,m, n, n) > 0 with the following property. Assume that

ˆ
B4\B1/32(V )

dist(p, C)2 + A2
Σ < δ2α(C)2

Then

1. The sets Wi :=
(
B4 \B1/32(V )

)
∩ {dist(., Hi) < ρσ} are pairwise disjoint.

2.

spt(T ) ∩ B3 \B1/16(V ) ⊆ ∪iWi.

The proof of this lemma is the same as in Lemma 8.5 in [24] with the additional information

that the boundary does not appear at the desired scales.

We will also denote W ′
i := B5/2 \ B1/20(V ) ∩ {dist(., Hi) < 2ρσ}, Ω′

i = B5/2 \ B1/20(V )

and we suppose that ρ is such that W ′
i are also disjoint (by possibly taking δ smaller).

Proposition 3.6.3. Let T , C, Wi as in Lemma 3.6.2. Consider Ωi := B2 ∩Hi \B1/16(V )

and Ωi = B3 ∩ p−1
Hi

(Ωi). Set Ti := T (Wi ∩ Ωi) and

Ei :=
ˆ

B3\B1/32(V )
dist(p,Hi)2d||Ti||(p).

Assume that (π◦)# (T B4 \ B1/32(V )) = Q JB4 ∩ {xm > 1/32}K and ||T ||(B4) ≤

(Q/2 + 1/4) 4mωm.

Then, there exist non-negative integers Q′
1, ..., Q

′
k such that ∑Q′

i = Q and the following

properties hold:

1. ∂Ti Ωi = 0.;

2. (pHi
)# (Ti) = Q′

i JΩiK;

3. The following estimate holds

dist2(q,Hi) = |p⊥
Hi

(q)|2 ≲ Ei + A2
Σ ∀q ∈ spt(Ti) ∩ Ωi :
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4. For all i with Q′
i ≥ 1, there are Lipschitz multi-valued maps ui : Ωi → AQ′

i
(H⊥

i ) and

closed sets Ki ⊆ Ωi such that gr(ui) ⊆ Σ, Ti p−1
Hi

(Ki) = Gui
p−1

Hi
(Ki) and the following

estimates hold

∥ui∥2
∞ + ∥Dui∥2

L2 ≤ CEi + CA2
Σ

Lip(ui) ≤ C
(
Ei + A2

Σ

)γ

|Ωi \Ki| + ||T ||(Ωi \ p−1
Hi

(Ki)) ≤ C
(
Ei + A2

Σ

)1+γ

5. Q′
i = 0 if and only if Ti = 0;

6. Finally, if in addition

E(T,C,B8) < δ2α(C)2

then Q′
i = Qi for every i.

Proof. The proof of the common statements follows [24]. The additional properties we

establish are the bound ∑Q′
i ≥ Q and (6).

The bound ∑Q′
i ≥ Q is an immediate consequence (coupled with the information coming

from the same proposition in [24]) of the assumption on the circular projection

(π◦)# (T B4 \B1/32(V )) = Q JB4 ∩ {xm > 1/32}K .

It remains to show (6).

We know that

|Ti|(Ωi) −Qi|Ωi| ≲
(
Ei + A2

Σ

)1+γ
.

In particular

|Ti|(Ωi) −Qi|Ωi| << 1/2|Ωi|.

Assume that Q′
i > Qi for some i, then |T |(Ωi) − |C|(Ω′

i) ≥ c(m) if excess is small enough.
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Assume that |T | = |T |1 + |T |2 and |C| = |C|1 + |C|2 with a transport plan σ between |T |1

and |T |2. We recall that W ′
i is a fattening of Wi and Ω′

i is a fattening of Ωi and thus exiting

Ω′
i from Ωi means traveling a constant distance.

Since ˆ
dist(x, V )2d|T |2 +

ˆ
dist(x, V )2d|C|2 << 1

then we must have ||T |1 − |T ||(Ω′
i) << 1 and ||C|1 − |C||(Ω′

i) << 1. Thus

c(m) ≤ |T |(Ωi) − |C|(Ω′
i) ≲ |T |1(Ωi) − |C|1(Ω′

i) ≤ σ(Ωi ∩Wi, 4B \ Ωi
′ ∩W ′

i ).

Since |x− y| ≥ c(m)α(C) for x ∈ Ωi ∩Wi and y ∈ 4B \ Ωi
′ ∩W ′

i we have

c(m)α(C) ≤
ˆ

|x− y|2dσ(x, y) ≤ E(T,C,B4).

This is a contradiction to the assumption that Q′
i > Qi for some i which implies Q′

i = Qi and

thus we conclude (6).

Notice that we don’t separate between the case of a single and multiple planes (as in [24])

since we define α(C) := 1 when C is a single half-plane.

3.6.2 Whitney regions and dyadic cubes

To construct the Lipschitz Approximation, we define a suitable Whitney region. We

assume V = Rm−1 × {0}. We let L0 be a cube with side length 2√
m−1 centered at 0.

We define the regions as in [24]. Let R := {p : pV (p) ∈ L0 and 0 < |pV ⊥(p)| ≤ 1}. The

cubes Gl are cubes of sidelength 21−l
√

m−1 obtained by subdividing L0 into 2l(m−1) cubes. The

integer l, the generation of the cube, is denoted by l(L). If L ⊂ L′ and ℓ (L′) = ℓ(L) + 1, we

then call L′ the parent of L, and L a child of L′. When ℓ (L′) > ℓ(L), we say that L′ is an

ancestor of L and L is a descendant of L′.
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For every cube L we denote by yL it’s center and B(L) the ball B22−l(L)(yL) (in Rm+n)

and by Bh(L) the set B(L) \B2−5−l(L)(V ).

We define for L ∈ Gl

R(L) :=
{
p : pV (p) ∈ L and 2−l−1 ≤ |pV ⊥(p)| ≤ 2−l

}
.

We also define λL as the cube concentric with L with side length λ 21−l
√

m−1 and

λR(L) :=
{
p : pV (p) ∈ λL and λ−12−l−1 ≤ |pV ⊥(p)| ≤ λ2−l

}
.

We also define λLi := λR(L) ∩Hi. We define the circular projection π◦ : Rm+n → Rm−1 ×R+

as π◦(q) := (pV (q), |pV ⊥(q)|). We remind the basic properties of the regions.

Lemma 3.6.4. Consider the collection of cubes G introduced above and its elements L. Then

the following properties hold:

1. Given any pair of distinct L,L′ ∈ G the interiors of R(L) and R (L′) are pairwise

disjoint and R(L) ∩R (L′) ≠ ∅ if and only if L ∩ L′ ̸= ∅ and |ℓ(L) − ℓ (L′)| ≤ 1, while

the interiors of L and L′ are disjoint if ℓ(L) ≤ ℓ (L′) and L′ is not an ancestor of L.

2. The union of R(L) ranging over all L ∈ G is the whole set R.

3. The diameters of the sets L,R(L), λL, λR(L), Li, λLi, and Bh(L) are all comparable

to 2−ℓ(L) and, with the exception of L, λL, all comparable to the distance between an

arbitrarily element within them and V ; more precisely, any such diameter and distance

is bounded above by C2−ℓ(L) and bounded below by C−12−ℓ(L) for some constant C which

depends only on m and n.

4. There is a constant C = C(m,n) such that, if Bh(L)∩Bh (L′) ̸= ∅, then |ℓ(L) − ℓ (L′)| ≤

C and dist (L,L′) ≤ C2−ℓ(L). In particular, for every L ∈ G, the subset of L′ ∈ G for

which Bh(L) and Bh (L′) have nonempty intersection is bounded by a constant.
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5. ∑L∈Gℓ
Hm−1(L) = C(m) for any ℓ and therefore, for any κ > 0,

∑
L∈G

2−(m−1+κ)ℓ(L) ≤ C(κ,m).

We cite the Layer subdivision of [24], which will determine a sequence of subcones for a

given open book C.

Lemma 3.6.5 (Layer subdivision). For every integer N ≥ 2 and every 0 < δ ≤ 1, there is

η = η(δ,N) > 0 with the following properties. Let C be an open book. Then, there is κ ∈ N

and subcollections I(0) ⊋ I(1) ⊋ · · · ⊋ I(κ) of the integers {1, . . . , N}, each of cardinality at

least 2 and with I(0) = {1, . . . , N}, so that the numbers

m(s) := min
i<j∈I(s)

∠ (Hi, Hj)

d(s) := max
i∈I(0)

min
j∈I(s)

∠ (Hi, Hj)

M(s) := max
i<j∈I(s)

∠ (Hi, Hj)

satisfy the following requirements

1. M(κ) = M(0)

2. ηM(κ) ≤ m(κ)

3. d(s) ≤ δm(s) and ηd(s) ≤ m(s− 1) for every 1 ≤ s ≤ κ;

4. m(s− 1) ≤ δm(s) for every 1 ≤ s ≤ κ.

If M(κ) < δ, we extend the above by κ = κ+ 1 and I(κ) := min {I(κ)}. Otherwise κ := κ.
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Remark 3.6.6. We can assign multiplicities to the sequence of cones C0 ⊋ C1 ⊋ ... ⊋ Ck,

given by the layering procedure Lemma 3.6.5. We write

Ck =
∑

i∈I(k)
Qk

i JHiK .

We define inductively starting from assigning the multiplicities for I(0). We define for

i ∈ I(k + 1), the multiplicity Qk+1
i as the sum of Qk

j over j ∈ I(k) such that

∠ (Hj, Hi) = min
l∈I(k+1)

∠ (Hl, Hi) .

By construction, this minimum will only be achieved by a single sheet of the cone which

means that the multiplicity arrangement is well-defined.

The multiplicities in remark 3.6.6 are defined to be used for Lemma 3.6.13 but in the

other statements the cones are considered without having an assigned multiplicity.

Assumption 3.6.7 (Selection of parameters). We fix τ(m,n, n,Q) small enough. The pa-

rameter δ = δ(m,n, n,Q, τ ) must be chosen much smaller than τ . Finally ε = ε(Q,m, n, δ, τ)

in Assumption 3.6.1 will be smaller δ.

The parameters are chosen to satisfy lemma 8.3 of [24]. We define for the open books Ck

given by

E(L, k) := 2(m+2)l(L)
ˆ

Bh(L)
dist2(q, Ck)d||T ||(q).

Given an open book Ck we define

s(k) := min
i<j∈I(k)

dist(Hi ∩B1, Hj ∩B1)

and s(k) = δ if I(k) is a singleton. We will have a division into outer, central and inner cube

as in [24] with the addition the respective balls don’t intersect the boundary.

Definition 3.6.8. Let L ∈ G. We say that L
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1. L is an interior cube if Bh(L′) ∩ Γ = ∅ for every ancestor L′ of L (including L) and

|T |(B(L)) ≤ (Q/2 + 1/2)2m(2−l(L)). (3.6.1)

2. L is a boundary stopping cube if Bh(L) ∩ Γ ̸= ∅ or |T |(B(L)) > (Q/2 + 1/2)2m(2−l(L))

and it’s parent is an interior cube.

3. A cube L is a k-type cube if it is an interior cube and E(L′, 0)/s(k)2 ≤ τ 2 for every

ancestor L′ of L (including L), but it is not a (k − 1)-type cube (if k = 0 this condition

is not apply).

4. A cube L is an outer cube if it is a 0-type cube. We denote by Go the outer cubes. A

cube L is a central cube if it is k-type for some 1 ≤ k ≤ κ. We denote by Gc the central

cubes.

5. A cube L is a inner cube if it is an interior cube, it is neither an outer nor a central

cube, but its parent is an outer or a central cube.

We note that for every interior cube π◦#

(
T Bh(L′)

)
= Q

q
π◦(Bh(L′)))

y
. If the density

condition (3.6.1) fails then we must have dist(Γ, yL) ≤ C(m)ℓ(L) since otherwise (3.6.1)

would be obtained as a consequence of the monotonicity formula at a boundary point.

We define the following regions that will be useful for the non-concentration estimates.

• The boundary region denoted Rb which is the union of R(L) over all cubes which are

not interior cubes.

• The outer region denoted Ro, is the union of R(L) over all outer cubes.

• The central region denoted Rc, is the union of R(L) over all central cubes.

• The inner region denoted Ri, is the union of R(L) over all interior cubes which are not

outer or central cubes.
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3.6.3 Local lipschitz approximation and coherent outer approxi-

mation

We conclude this section with local Lipschitz approximations and a coherent outer

approximation defined on the outer region. The proofs are the same as in [24] since the

definition of these regions is such that they don’t encounter the boundary and satisfy the

appropriate upper density estimate.

We obtain the local approximations by 3.6.3 for the current TyL,2−ℓ(L) and the cone

Ck(L). The domains of definition will be Ω(L) :=
(
B21−ℓ(L)(yL) \B2−4ℓ(L)(V )

)
∩Ck(L). We also

denote Ωi(L) := Ω(L) ∩Hi, uL,i the corresponding multi-valued approximation (obtaining

by translating and rescaling to use the appropriate lemma) Ωi(L) the sets 2ℓ(L)Ωi + yL and

by Ki(L) the sets 2−ℓ(L)Ki + yL, where Ωi and Ki are given by proposition 3.6.3. When

QL,i = 0, the map uL,i does not exist and we will not change the notation to take that into

consideration.

Proposition 3.6.9. Let T,Σ,Γ, C as in Assumption 3.6.1. There exists 1 < λ = λ(m) ≤ 3
2

and C = C(Q,m, n, n) such that the local approximations satisfy the following properties.

1. QL,i = Qi for every L ∈ Go.

2. ∑N
i=1 QL,i = Q for every L ∈ Go ∪ Gc.

3. For every L ∈ Go ∪ Gc we have spt(T ) ∩ λR(L) ⊂ ⋃
i Ωi(L) and

22ℓ(L) |q − pHi
(q)|2 ≤ C̄

(
E(L) + 2−2ℓ(L)A2

Σ

)
∀q ∈ spt(T ) ∩ Ωi(L);

4. For L ∈ Go ∪ Gc, if we set

TL,i := T ⌞Ωi(L) ∩
{

dist (·, Hi) < C̄2−ℓ(L)
(
E(L) + 2−2ℓ(L)A2

Σ

)1/2
}
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(with C̄ larger than the constant in the previous estimate, then, for Ki(L) = 2−ℓ(L)Ki+

yL ⊂ Ωi(L) as above,

TL,i ⌞p−1
Hi

(Ki(L)) = GuL,i
⌞p−1

Hi
(Ki(L)) ,

gr (uL,i) ⊂ Σ, and the following estimates hold:

22ℓ(L) ∥uL,i∥2
∞ + 2mℓ(L) ∥DuL,i∥2

L2 ≤ C̄
(
E(L) + 2−2ℓ(L)A2

Σ

)
Lip (uL,i) ≤ C

(
E(L) + 2−2ℓ(L)A2

Σ

)γ

|Ωi(L)\Ki(L)| + ∥TL,i∥
(
Ωi(L)\p−1

Hi
(Ki(L))

)
≤ C̄2−mℓ(L)

(
E(L) + 2−2ℓ(L)A2

Σ

)1+γ
.

Definition 3.6.10. Let T,Σ,Γ, C be as in Proposition 3.6.9. Fix L ∈ Go. We define

E(L) := max {E (L′) : L′ ∈ Go withR(L) ∩R (L′) ̸= ∅}

Proposition 3.6.11 (Coherent outer approximation). Let T,Γ,Σ, C be as in Assumption

3.6.1. We define

Ro
i := ∪L∈GoLi ≡ Hi ∩ ∪L∈GoR(L).

Then, there exist Lipschitz multivalued maps ui : Ro
i → AQi

(H⊥
i ) and closed subsets Ki(L) ⊂

Li satisfying the following properties:

1. gr(ui) ⊂ Σ and TL,i p−1
Hi

(Ki(L)) = Gui
p−1

Hi
(Ki(L)) for every L ∈ Go, where TL,i is

defined as in the proposition above.

2.

22l(L) ∥ui∥2
L∞(Li) + 2ml(L) ∥Dui∥2

L2(Li) ≲ E(L) + 2−2l(L)A2
Σ

∥Dui∥L∞(Li) ≲
(
E(L) + A2

Σ

)γ

|Li \Ki(L)| + ||TL,i||(p−1
Hi

(Li \Ki(L)) ≲ 2−ml(L)
(
E(L) + 2−2l(L)A2

Σ

)1+γ
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Proposition 3.6.12 (Blowup). Let T,Σ,Γ, C satisfy Assumption 3.6.1. Then, for every

σ, ς > 0 there are constants C = C(m,n,Q, δ, τ) > 0 and ε = ε(m,n,Q, δ, τ, σ, ς) > 0 such

that the following holds:

1. R \Bσ(V ) ⊂ Ro

2. ui, Ri := (R \Bσ(V )) ∩Hi then

ˆ
Ri

|Dui|2 ≤ Cσ−2E(T,C,B4) + A2
Σ

3. If additionally A2
Σ ≤ ε2E(T,C,B4), then there is a map wi : Ri → AQi

(H⊥
i ) which is

Dir-minimizing and such that

dW 1,2(vi, wi) ≤ ς

where dW 1,2 is the W 1,2 distance defined in [30].

3.6.4 Technical estimates on measure theoretic excess

In the following lemma, we use the definitions of the different type of cubes as 3.6.8, but

do not require the global Assumption 3.6.1. We still consider the definition of types of cubes

as above with respect to the cone C and their associated Lipschitz approximation.

Lemma 3.6.13. Let T,Γ,Σ be as in Asumption 3.1.1, but instead within B4. Assume that

every cube that intersects B2−10 and their ancestors are outer cubes whose multiplicities of

their local Lipschitz approximations agree with those of C. Then

E(T,C,B1) ≤ C(Q,m, n, n, τ, δ)
(
E(T,C,B4) + A2

Σ + A2
Γ

)
(3.6.2)

Proof. Let φL be a partition of unity such that φL is supported in Bh(L). We can split into

cubes L

E(T,C,B1) ≤
∑

L interior
d(φL|T |, φLC) + CA2

Γ.
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In the boundary term we are also including the cubes such that the density

Now we further split by estimating

∑
L interior

d(φL|T |, φLC) ≤ (I) + (II) + (III) (3.6.3)

with

(I) =
∑

L inner cube
Cℓ(L)m+2, (II) =

∑
k

∑
L k−type

d(φL|T |, φLCL)

(III) =
∑

k

∑
L k−type

d(φLCL, φLC).

In the above equations we define the cone CL as the multiplicity arrangement of C given by

constructing the local Lipschitz approximations over C.

We consider the term (I):

The bound for (I) is an immediate consequence of the definition. Indeed for any interior

cube L we have

l(L)m+2 ≤ C2−(m+2)ℓ(L)E(L),

which implies

(I) ≤ CE(T,C,B4).

We consider the term (II) : We obtain, in a way similar to Remark 3.2.2, for L of

k-type the following inequality

d(φL|T |, φL|CL|) ≤ C2−(m+2)ℓ(L)
(
E(L) + 2−2ℓ(L)A2

Σ

)
. (3.6.4)

We can conclude

(II) ≤ CE(T,C,B4) + CA2
Σ.

We consider the term (III) : By definition of k-type, every ancestor to L must have a

bound on the excess E(L′, 0)/s(k)2 ≤ c(k)τ 2 and thus the L2 − L∞ height bound is valid
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with respect to Ck for L and every ancestor of L. This coupled with the fact that the regions

over which the Lipschitz approximations for L and it’s father overlap, implies that they can

all be modelled over the cone Ck with the same multiplicities given by

Qk
i =

∑
j∈J(i)

QL,j

where

J(i) :=
{
j ∈ I(0) : ⟨(Hj, Hi) = min

l∈I(k)
⟨(Hj, Hl)

}
.

Thus, we can bound the distance of the cones by the angle between them

d(φLCL, φLC) ≤ Cs(k)2ℓ(L)m+2

for any cube of k-type. We wish to bound then the contribution of all the cubes of k-type.

We call first k-type a central cube which doesn’t have an ancestor of k-type.

It is easy to see that

∑
L k−type

s(k)2ℓ(L)m+2 ≤
∑

L first k−type
s(k)2ℓ(L)m+2.

This is because the sum of ℓ(L)m+2 of the descendants of a fixed cube R is comparable to

ℓ(R)m+2.

Moreover for a first k-type cube L, by definition of the layer subdivision and being the

first of k-type (and thus having a father which has large excess relative to Ck−1) implies

s(k)2ℓ(L)m+2 ≤ Cs(k − 1)2ℓ(L)m+2 ≤ C2−(m+2)ℓ(L)E(L).

Now by packing the last estimate over all cubes, we get that

∑
L first k−type

s(k)2ℓ(L)m+2 ≤ CE(T,C,B4)
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and thus (II) ≤ CE(T,C,B4). The proof of the remaining estimate of (III) follows analogously

to the one of (II) by reducing the bound to summing over first k-type cubes and using the

stopping condition over those.

Lemma 3.6.14. Let T,Γ,Σ, C be as in Assumption 3.6.1 for the ball B1. Let η ∈ (0, 1/2)

and assume that ε is sufficiently small with respect to η. For every ρ ∈ [η, 1/2]:

E(T,C,Bρ) ≤ C(Q,m, n, n, η)
(
E(T,C,B1) + A2

Σ + A2
Γ

)
.

Moreover for every p ∈ B1/4(0) and ρ ∈ [η, 1/2]:

E(T,Cp,Bρ(p)) ≤ C(Q,m, n, n, η)
(
E(T,C,B1) + A2

Σ + A2
Γ

)
.

The open book Cp is obtained by a suitable translation and tilting so that the spine of Cp is

tangent to Γ at p and Cp ⊂ Tp(Σ).

Proof. The first part of the statement is a consequence of the previous lemma when ρ ∈ [η, 1/4].

In order to get it to go to [η, 1/2] we do need to take the constant of Assumption 3.6.1 smaller

(and to construct the Lipschitz approximations in regions that get closer to the boundary of

the ball).

The second part follows analogously as in Lemma 3.6.13 with some minor technical

modifications. When bounding excess relative to a ball centered at p ≠ 0, the bump function

used in the definition of the excess is taken to be centered at p so this requires us to take this

into consideration when estimating the transport plan.

3.7 Simon’s non-concentration estimates

In this section we prove Simon’s non-concentration estimates - the key technical machinery

we require in this chapter.
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Theorem 11.2 of [24] goes back to Leon Simon’s work on the uniqueness of cylindrical

tangent cones. The bound on the error term of the monotonicity formula implies, with

delicate technical work, the Simon non-concentration inequality. In our setting, we will also

have an error term coming from the fact that we have a boundary. This technique has also

been used in [57] within the same setting. We will follow [24] taking care of the additional

error terms. Throughout this section let r = 1
3
√

m−1 .

Theorem 3.7.1 (Simon’s Estimates). Let T,Γ,Σ and C as in assumption 3.6.1 for ε small

enough. For any r ≤ 1
3
√

m−1 we have

ˆ
Br

|q⊥|2

|q|m+2d||T || ≤ C(Q,m, n, n)
(
E(T,C,B4) + AΓ + A2

Σ

)
(3.7.1)

here q⊥ := q − p−→
T

(q) at Hm a.e. q ∈ spt(T ) (p−→
T

is the orthogonal projection to the span of
−→
T (q)). We also have

ˆ
Br

|pV ◦ p⊥
T |2d||T || ≤ C(Q,m, n, n)

(
E(T,C,B4) + AΓ + A2

Σ

)
. (3.7.2)

Corollary 3.7.2. Let T,Γ,Σ and C as in Assumption 3.6.1 for ε small enough. Then for

all κ ∈ (0,m+ 2),

ˆ
Br

dist(q, C)2

|q|m+2−κ
≤ Cκ

(
E(T,B4, C) + AΓ + A2

Σ

)
(3.7.3)

The proof of Corollary 3.7.2 is an immediate consequence of Theorem 3.7.1 and the

following Lemma 3.7.3.

Lemma 3.7.3. Let T,Γ,Σ and C as in assumption 3.6.1 for ε small enough. Then for every

κ > 0 we have

ˆ
B1

dist(q, C)2

|q|m+2−κ
d||T ||(q) ≤ Cκ

ˆ
B1

|q⊥|2

|q|m+2d||T ||(q) + CκE(T,C,B1) + AΓ + A2
Σ. (3.7.4)
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Proof of Theorem 3.7.1. By the monotonicity formula from Corollary 3.2.5

ˆ
Bρ

|q⊥|2

|q|m+2d||T ||(q) = ||T ||(Bρ(0))
ωmρm

−Q/2− 1
m

ˆ
Bρ

(q⊥ ·
−→
H T (q))

(
|q|−m − ρ−m

)
−Q

ˆ ρ

0
t−m−1

ˆ
Γ∩Bt

(q · −→η ) dHm−1(q)dt (3.7.5)

We let Hi be the half planes C and Qi their respective multiplicities. We have then that

Qωmr
m

2 =
∑

Qi|Hi ∩Br|.

We later use the following formula, which holds for any Radon measure µ and any

non-negative function f :

ˆ
f(|q|)dµ =

ˆ ∞

0
f(r) d

dr
(µ(Br)) dr.

We start fixing a smooth χ, monotone, non-increasing, such that 1[0,r] ≤ χ ≤ 1[0,2r).

Define Γ(t) := −
´∞

s
d
ds

(χ(s)2)smds. We take a weighted version of the identity (3.7.5) by

multiply both sides by ρm take the derivative on ρ and then integrate over χ(ρ)2. We can

then get estimate (11.10) in [24] with a boundary term. We explain carefully how to deal

with the boundary terms.

We bound

ˆ
Br

|q⊥|2

|q|m+2d||T ||(q) ≤ C

[ˆ
χ2(|q|)d||T ||(q) −

N∑
i=1

Qi

ˆ
Hi

χ2(|q|)d|Hi|
]

(3.7.6)

+C
ˆ

|Γ(|q|)q⊥ ·
−→
H T |

|q|m
d||T ||(q) (3.7.7)

+CQ
ˆ 4

0
χ2(|ρ|)ρ−1

ˆ
Γ∩Bρ

(q · −→η )dHm−1dρ (3.7.8)

+CQ
ˆ 4

0
χ2(|ρ|)ρm−1

ˆ ρ

0
t−m−1

ˆ
Γ∩Bt

(q · −→η ) dHm−1dtdρ (3.7.9)

109



The term (3.7.7) is dealt analogously. The terms (3.7.8), (3.7.9) are dealt by observing that

ˆ
Γ∩Bρ

|q · −→η |dHm−1 =
ˆ

Γ∩Bρ

|pTq(Γ)⊥(q) · −→η |dHm−1 ≲ ρm−1 sup
q∈Γ∩Bρ

|pTq(Γ)⊥(q)| ≲ ρm+1AΓ.

Thus the terms (3.7.8), (3.7.9) are bounded by AΓ. As for the term (3.7.6), we take the

vector field

X(q) = χ(|q|)p⊥
V (q).

The first variation formula gives us

ˆ
div−→

T
(X) = O(A2

Σ + AΓ).

This gives us

ˆ
χ2(|q|)d|T |(q) −

ˆ
χ2(|q|)d|C|(q) ≤ CA2

Σ + CAΓ + C

ˆ
B2r

|x⊥|2d||T ||(q)

+
ˆ
χ(|q|)x · ∇V ⊥χ(|q|)d||C||(q).

The proof then proceeds almost identically as in [24] since we have the same estimates for

inner, central and outer regions. The only term that remains are the boundary regions which

can be bounded by AΓ.

Proof of Lemma 3.7.3. See the proof of lemma 11.6 in [24]. It follows from a first variation

argument on the vector field

X(q) := dist2(q, C)
(
max(r, |q|)−m−2−κ − 1

)
+
q

where g+(q) := max(g(q), 0).
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The only required modification is controlling the boundary term

ˆ
div−→

T
(X)d||T || = Q

ˆ
Γ
(X · −→η )dHm−1 − (X ·HT )d||T ||.

We estimate as in the boundary error term in the proof of Theorem 3.7.1

ˆ
Γ
(X · −→η )dHm−1 ≤

ˆ
Γ∩B1

|q|−m−κ|pTq(Γ)⊥(q) · −→η |dHm−1 ≤ CκAΓ.

Theorem 3.7.4. Let T,Γ,Σ, C be as in Assumption 3.6.1. For every α > 0

1. For every cube L in the cubical decomposition from the previous section

E(L) ≲α 2−αℓ(L)
(
E(T,C,B4) + AΓ + A2

Σ

)

2. For every σ and r ≤ 1
6
√

m−1 :

1
rm+2

ˆ
Br∩Bσr(V )

dist(q, C)2d||T| ≤ Cασ
3−α

(
E(T,C,B4) + AΓ + A2

Σ

)
.

3. Moreover, if Br \Bσr(V ) ⊂ Rout then

1
rm+2

ˆ
Br

dist(q, C)2d|T| ≤ C(α,Q,m, n, n)
(
E(T,C,B4) + AΓ + A2

Σ

)
σ3−α

+ 1
rm+2

∑
i

ˆ
Br∩Hi\Bσr(V )

|ui|2

+C(Q,m, n, n)
(
E(T,C,B4) + r2A2

Σ

) (
E(T,C,B4)σ−m−2 + r2A2

Σ

)γ

Proof. The first inequality is a consequence of Theorem 3.7.1 Simon’s non-concentration

estimate at suitable boundary points.
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We prove the second inequality. We start covering Br∩Bσr(V ) with balls of size comparable

to σr. For every such ball we have

ˆ
Bi

dist(q, C)2 ≤ (σr)m+2−α
(
E(T,C,B4) + AΓ + A2

Σ

)
.

Part of the error, which is already accounted for corresponds to the fact that the earlier

non-concentration estimates require the cone to be admissible. We thus have to tilt and

translate the cone which introduces an error of A2
Γ + A2

Σ.

By taking a Besicovitch cover the balls will have bounded overlap. The number of balls

will be thus bounded by C(m)σ−m+1. This implies the second inequality in the lemma.

We estimate the remaining part of the integral in order to conclude the third inequality:

rm+2E(T,C,Br \Bσr(V )) ≤
∑

L:σ/2≤2−ℓ(L)≤4r

∑
i

ˆ
Ω(L)

dist(p,Hi)2d|Ti,L|

≤
∑

L:σ/2≤2−ℓ(L)≤4r

∑
i

ˆ
Ωi(L)2

|ui|2 + C2−(m+2)ℓ(L)
(
E(L) + 2−2ℓ(L)A2

Σ

)1+γ

≤
∑

i

ˆ
B4r∩Hi\Bσ(V )

|ui|2 + C
(
E(T,C,B4) + r2A2

Σ

) (
E(T,C,B4)σ−m−2 + r2A2

Σ

)γ
.

This type of estimate comes from Proposition 3.6.9. There is an additional issue we deal with

here which is that there is a slight mismatch between the current on the cylindrical region

R(L) and where the graphical approximation is defined. This issue does appear in the above

estimate and is addressed in Lemma 8.16 and Remark 8.17 of [24].

3.8 The boundary linear problem

In this section, we study the boundary linear problem of multi-valued Dirichlet minimizing

functions on the half-space. We show this problem to have similar properties to the interior

problem of Dirichlet minimizing functions treated in [30]. We show the 1-homogeneous
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Dir-minimizers to be linear and a suitable decay lemma. We conclude the section with a

technical result which will later allow us to conclude that blowups are Dir-minimizing up to

the boundary.

3.8.1 Preliminaries

We refer to [30] for the detailed set up for the linear problem.

Let Rm
+ = {(y, t) ∈ Rm−1 × R+}. Let H = {x : xm = 0} and if x ∈ H then B+

r (x) denote

the half ball Br(x) ∩ Rm
+ . We denote ∂B+

r (x) = ∂Br(x) ∩ {xm > 0}. Given Ω ⊂ Rm
+ be a

Lipschitz domain there is a well-defined continuous trace operator

◦|∂Ω : W 1,2(Ω,AQ(Rn)) → L2(∂Ω,AQ(Rn)).

Definition 3.8.1. Let Ω be a Lipschitz domain. We say u is Dir-minimizing in Ω if

u ∈ W 1,2(Ω,AQ(Rn))

and for every v ∈ W 1,2(Ω,AQ(Rn)), we have u ∂Ω = v ∂Ω

ˆ
Ω

|Du|2 ≤
ˆ

Ω
|Dv|2.

The boundary linear problem is the following:

Assumption 3.8.2 (Linear problem). Given a Dir-minimizing function u ∈ W 1,2(Ω,AQ(Rn)).

The boundary linear problem concerns functions u satisfying u ∂Ω ∩ B1 = Q J0K.

In this chapter it will be enough for us to consider the linear problem on the half space

(i.e., the following):
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Assumption 3.8.3 (Linear problem on the half space). Given a Dir-minimizing function

u ∈ W 1,2(B+
1 ,AQ(Rn)). The boundary linear problem on the half space consists of functions

u such that u H ∩ B1 = Q J0K.

In [52] Hirsch proved Hölder regularity for Dir minimizers with Hölder regular boundary

data on C1 domains. A relevant consequence of his work for us is:

Theorem 3.8.4. Let u be as in Assumption 3.8.2 for a C1 domain Ω. There exists

α(Q,m, n, n) > 0 such that every r ∈ (0, 1), u ∈ C0,α(Br ∩ Ω).

His work can handle any Hölder continuous boundary data over the boundary of a domain,

and even thought the main statement of [52] is written in a global way, the proof of it is

purely local and implies the above theorem.

We follow the main properties of the frequency function as in [30]

Definition 3.8.5. For x ∈ H ∩ B1, 0 < r < 1 − |x|, we define the Dirichlet energy, L2

spherical height and the boundary frequency function:

D(x, r) =
ˆ

B+
r (x)

|Du|2, H(x, r) =
ˆ

∂B+
r (x)

|u|2 and I(x, r) = rD(x, r)
H(x, r)

Proposition 3.8.6. Let u be as in Assumption 3.8.3. For every x ∈ H ∩ B1 and a.e.

r ∈ (0, 1 − |x|)

(m− 2)
ˆ

B+
r (x)

|Du|2 = r

ˆ
∂B+

r (x)
|Du|2 − 2r

ˆ
∂B+

r (x)

∑
i

|∂νui|2

ˆ
B+

r (x)
|Du|2 =

ˆ
∂B+

r (x)

∑
⟨∂vui, ui⟩

Proof. The proof is analogous to the corresponding version for classical Dir-minimizing

functions (see Proposition 3.2. [30]).
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For the first formula we use the same specific families of inner variations, which are diffeo-

morphisms that move H tangentially (and thus preserve the zero boundary data condition).

These families are of the form φ(x) = ϕ(|x|)x.

For the second formula we use the same specific families of outer variations. The competitors

are of the form

ψε(x) =
∑

Jui(x) + εϕ(|x|)ui(x)K ,

which preserve the zero boundary data condition along H and thus they are a valid 1-parameter

family of competitors.

We can prove with the above the monotonicity of the frequency.

Theorem 3.8.7. The frequency function for a function u satisfying Assumption 3.8.3 is

monotone. For any x ∈ H ∩ B1 either there exists ρ such that u|Bρ(x) ≡ 0 or I(x, r) is an

absolutely continous non decreasing positive function of r on (0, 1 − |x|).

Corollary 3.8.8. We have I(0, r) ≡ r for r ∈ (0, 1) if and only if u is α-homogeneous i.e.

there is f such that

u(y) = |y|αf
(
y

|y|

)

Similar statements at different centers and scales can be obtained by suitable rescaling.

Corollary 3.8.9. We set x = 0 and consider radii up to 1. The following estimates hold:

1. For almost every r ≤ s ≤ t,

d

dτ
|τ=s

[
ln
(
H(τ)
τm−1

)]
= 2I(s)

s

and (
r

t

)2I(t) H(t)
tm−1 ≤ H(τ)

rm−1 ≤
(
r

t

)2I(r) H(t)
tm−1 ;

2. if I(t) > 0, then
I(r)
I(t)

(
r

t

)2I(t) D(t)
tm−2 ≤ D(r)

rm−2 ≤
(
r

t

)2I(r) D(t)
tm−2 . (3.8.1)
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The proof of Theorem 3.8.7, Corollary 3.8.8 and Corollary 3.8.9 follow analogously doing

the same computations as in the interior setting in the Memoir [30]. For example for the

proof of Theorem 3.8.7 we analogously get

I ′(x, r) = (2 −m)D(x, r) + rD′(x, r)
H(x, r) − 2rD(x, r)2

H(x, r)2

for a.e. 0 < r < 1 − |x| by using identities 3.8.6, which allows us to conclude I ′(x, r) is

non-negative by Cauchy Schwartz.

Proposition 3.8.10. The frequency function

I : H ∩ B1 → R+ defined by I(x) := lim
r→0

I(x, r)

is an upper semicontinuous function on H ∩ B1.

Proof. We take a sequence xk → x and rk → r we further assume rk <
1
2 (1 − |x|). For k

large enough rk < 1 − |xk|, which makes the frequency well-defined.

We know that

I(xk, rk) → I(x, r).

By the monotonicity formula

I(x, r) ≥ lim sup
k→∞

I(xk)

for every r ∈ (0, 1 − |x|). By taking r → 0 we get the desired upper semicontinuity.

Proposition 3.8.11. If x ∈ H and I(x) = α then for every radius r < 1−|x|
2 we have that

ˆ
B+

r (x)
|Du|2 ≤ Cxr

m−2+2α.

Proof. We plug t = rx := 1−|x|
2 in (3.8.1) which gives us for r ≤ rx

ˆ
B+

r (x)
|Du|2 ≤ rm−2 ×

(
r

rx

)2Ix(r) ˆ
B+

rx (x)
|Du|2 ≤ Cxr

m−2+2α.
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In the last step we used the monotonicity formula.

3.8.2 Blowup of Dir-minimizing Q valued functions

Let y ∈ H ∩ B1 assume that Dir(f,Bρ(y)) > 0 for every ρ ≤ 1 − |y|. The blowups of f at

y are defined as:

fy,ρ(x) = ρ
m−2

2 f(ρx+ y)√
Dir(f,Bρ(y))

Theorem 3.8.12. Let f ∈ W 1,2(B+
1 ,AQ) be Dir-minimizing with zero boundary data and

Dir(f,Bρ) > 0 for every ρ ≤ 1. Then for any sequence ρk → 0 there exists a subsequence, not

relabeled, such that f0,ρ coverges locally uniformly and in weak W 1,2(Rm
+ ) to a Dir-minimizing

function g : Rm
+ → AQ(Rn) with the following properties:

1. Dir(g,B+
1 ) = 1 and g|Ω is Dir-Minimizing for any bounded Ω.

2. g(x) = |x|αg
(

x
|x|

)
, where α = I0,f (0) > 0 is the frequency of f at 0.

The proof is analogous to the one from [30].

Lemma 3.8.13. (Cylindrical Blowups)

Let g ∈ W 1,2(Rm+
,AQ(Rn)) be an α homogeneous and Dir-Minimizing function with zero

boundary value, Dir(g,B+
1 ) > 0 and β = Iz,g(0). Suppose z = e1

2 . Then, the tangent functions

h to g at z satisfy

h(x1, x2, ..., xm) = ĥ(x2, ..., xm)

where ĥ ∈ W 1,2(Rm−1
+ ,AQ(Rn)) is a Dir-Minimizing Q valued function with zero boundary

values on Rm−1
+

The proof is analogous to the interior version of this statement. We do require a small

modification for the construction of the competitor, which we will do as part of the next

lemma. We recall here the interpolation result that we will use to construct the competitor

in next section.
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Proposition 3.8.14. There is a constant C = C(m,n,Q) with the following property. For

every g ∈ W 1,2(∂B1,AQ), there is h ∈ W 1,2(B1,AQ) with h|∂B1 = g and

Dir(h,B1) ≤ CDir(g, ∂B1) + C

ˆ
∂B1

g(g,Q J0K)2.

This is Corollary 2.16 of [30].

3.8.3 Classification of 1 homogeneous Dir-minimizers

Lemma 3.8.15. Let h be a α homogeneous Dir-minimizing function on Rm
+ with zero boundary

value. Suppose that I(z) = α for z = e1/2. Then h(s, x) = ĥ(x) for a Dir-minimizing function

ĥ on Rm−1
+ .

Proof. We show that y → h(y − z) must be α homogeneous.

We know that for r ≤ t

I(z, r)
I(z, t)

(
r

t

)2I(z,t) D(z, t)
tm−2 ≤ D(z, r)

rm−2 .

Moreover by the α homogeneity

ˆ
Br(0)

|Dh|2 = rm−2+2α

ˆ
B1(0)

|Dh|2.

This implies that D(z, t) ≳ tm−2+2α for t ≥ 2. Moreover we also know that for r ≤ 1

D(z, r) ≲ rm−2+2α.

This implies (
t

r

)2I(z,t)−2α

≲
I(z, t)
I(z, r) ≲

I(z, t)
α

.

For this inequality to hold we must have I(z, t) ≡ α since when r → 0 the left hand side

blowsup otherwise.
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As for the interior we can get invariance of the function on the z direction. If x ∈ Rm−1
+

then for s > 0

h(se1 + x′) = (2s)αh

(
e1

2 + x′

2s

)
= h

(
e1

2 + x′
)

= ĥ(x′).

For s < 0 the equality is analogous. This gets us invariance in the direction of z.

We show that ĥ is Dir-minimizing. If it is not, there exists a competitor h′ on a

m− 1 dimensional half ball B+:

ˆ
B+

|Dh̃|2 <
ˆ

B+
|Dĥ|2 and h̃ ∂B+ = ĥ ∂B+.

where h′ also has zero boundary value along H.

We can as in the proof of lemma 3.24 in [30] use h̃ to construct a competitor for h in a

sufficiently large half cylinder. The proof is analogous but we still give a briefs sketch on the

construction of the competitor.

We assume B+ is centered at 0 and is of radius 1 (up to rescaling and translating). Given

L ∈ R we take a competitor
{
h̃ ̸= h′

}
⊂ [−L,L] × B+

1 . The competitor h′ is chosen so that

it agrees with h̃ in [−L+ 1, L− 1] × B1+.

The transition regions are two half-cylinders of the form [0, 1] × B+
1 . In order to get the

interpolating functions over the cylinders, which will be independent of L, we can use the

interpolation result 3.8.14 to get the desired interpolating function in the transition regions.

The fact that the unit ball and the half-cylinder are bi-lipschitz equivalent allows to use the

lemma despite it is stated originally for the unit ball.

When L is large enough the gain obtained by using a less energy competitor for the slices

dominates the loss of the interpolating function. The precise computation is the same as in

lemma 3.24 in [30].

Lemma 3.8.16. Let u ∈ W 1,2(Rm
+ ,AQ(Rn)) be Dir-minimizing with zero boundary value along

H. Assume u is α-homogeneous. Then α ≥ 1. If α = 1, then u is linear: ∃v1, ..., vQ ∈ Rn
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such that

u =
Q∑

i=1
JvixmK .

Proof. In order to prove α ≥ 1, we argue by contradiction. Suppose α < 1. Given z ̸= 0

by homogeneity I(rz) = I(z) for all r > 0. By upper semicontinuity of the frequency

I(z) < I(0) < 1. We take a blowup at z and get an I(z) homogeneous Dir mimizing function

on Rm−1
+ with zero boundary data. We can repeat this procedure to get a Dir-minimizing β

homogeneous function with β < 1 on R+ with zero boundary data. The only Dir minimizers

with zero boundary data in 1d are linear functions so β = 1 which reaches a contradiction.

We now show that if α = 1, then u must be linear. By upper semicontinuity of the

frequency I(z) ≤ I(0) = 1 for every z ∈ H. By the last proposition, I(z) ≥ 1 for every z ∈ H.

Thus I(z) = 1 for every z ∈ H.

By Lemma 3.8.15, the function u is invariant in all directions parallel to the boundary

by Lemma 3.8.15. Thus there exists u′ a 1 dimensional Dir-minimizing function on R+

u(y, t) = u′(t). Since all 1 dimensional Dir-minimizing functions are linear, u′ must be linear:

u′(t) =
Q∑

i=1
JvitK

w for vi ∈ Rn. Thus we get the desired expression for u.

3.8.4 A decay lemma

Proposition 3.8.17. If I(0) = α then

ˆ
B+

r

|u|2 ≤ 1
m+ 1r

m+2α

ˆ
∂B+

1

|u|2.

In particular, if I(0) > 1 then

lim
r→0

1
rm+2

ˆ
B+

r

|u|2 = 0.
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Proof. We have that ˆ
∂B+

r

|u|2 ≤ rm−1+2α

ˆ
∂B+

1

|u|2

from Corollary 3.8.9. We integrate over the radius and get since α ≥ 1

ˆ
B+

r

|u|2 ≤
(ˆ r

0
sm+1

ˆ
∂B+

1

|u|2
)
r2(α−1) = 1

m+ 1r
m+2α

ˆ
∂B+

1

|u|2.

This gives us the desired estimate. The conclusion at the end of the proposition is immediate

from the fact that α > 1 implies the exponent on r is greater than m+ 2.

The following lemma will allow us to get decay to either a sequence of linear functions or

to zero.

Lemma 3.8.18. Let u be as in Assumption 3.8.2. Then for every sequence of radii rj → 0,

there exists a subsequence, not relabeled, and linear maps Lj, each with zero boundary value,

such that the following properties hold. We require for every j

ˆ
B1

|DLj|2 ≤
ˆ

B1

|Du|2.

If Lj = ∑N
i=1 Jvi,jxnK, we define the angle

α(Lj) := min
i1,i2

vi1,j ̸=vi2,j

|vi1,j − vi2,j|

If Lj = Q
q
L′

j

y
, then α(Lj) := 1. One of the following cases holds:

1. lim infj→∞ α(Lj) > 0 and

lim
j→∞

1
rm+2

j

ˆ
Brj

G(u, Lj)2 = 0,

2. Lj = Q JL′K and
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lim
j→0

1
rm+2

j

ˆ
Brj

|u⊖Q JL′K|2 = 0.

Proof. We start by proving the lemma first for the case that u has zero average. If I(u) > 1

or u ≡ 0 we have by Proposition 3.8.17 that

lim
j→0

1
rm+2

j

ˆ
Brj

|u|2 = 0

so we conclude.

If I(u) = 1, given the sequence rj, we can choose a subsequence, not relabeled, so that

u0,rj
→ L

is linear average free and with zero boundary value. This follows from Lemma 3.8.16, since L

must be Dir minimizing 1-homogeneous with zero boundary value function and thus it is

linear. We have

ˆ
B1

G(u0,rj
, L)2 =

ˆ
B1

G

 r
m−2/2
j√

Dir(u,Brj
)
, u(rjx), L(x)

2

dx

= 1
rm+2

j

rm
j

Dir(u,Brj
)

ˆ
Brj

G

u,
√

Dir(u,Brj
)

r
m/2
j

L

2

.

We denote

cj :=

√
Dir(u,Brj

)

r
m/2
j

.

Thus

lim
j→0

1
rm+2

j

1
c2

j

ˆ
Brj

G(u, cjL)2 = 0.

We notice that √
Dir(u,Br)
rm/2 ≤

√
Dir(u,B1).
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since the left hand side is monotone for a Dir-minimizing function with frequency at least 1

(See Lemma 3.8.11). This implies cj ≤
√

Dir(u,B1) and thus if Lj = cjL, then
´

B1
|DLj|2 ≤

´
B1

|Du|2. We must have by definition that α(Lj) = cjα(L).

We must show that if

lim inf
j→∞

α(Lj) = 0

then up to a subsequence

lim
j→0

1
rm+2

j

ˆ
Brj

|u|2 = 0.

This comes from

lim
j→0

1
rm+2

j

ˆ
Brj

|u|2 ≤ C lim
j→0

1
rm+2

j

ˆ
Brj

G(u, cjL)2 + C lim
j→0

α(Lj)2 = 0.

This comes from the triangle inequality coupled with the fact that

1
rm+2

j

ˆ
Brj

|cjL|2 ≤ Cc2
jα(L)2 = α(Lj)2.

Thus we conclude with the proof of the lemma for the case of zero average.

We extend it for the case when u is not average free. We denote η ◦ u the average of u. In

the first case, we define

Lj = cjL⊕Q JD(η ◦ u)(0)K .

In the second case, we define

Lj = Q JD(η ◦ u)(0)K .

We obtain the same properties for the average

ˆ
B1

|D(η ◦ u)(0)|2 ≤
ˆ

B1

|D(η ◦ u)|2
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and

lim
j→∞

1
rm+2

j

ˆ
Brj

|η ◦ u(x) −D(η ◦ u)(0)x|2dx = 0.

We obtain the desired conclusion by summing the average free estimate with the estimate

with the average.

3.8.5 Local Dir-minimizers away from the halfplane

This subsection proves a useful result for later. Namely a function with zero boundary

data on B+
1 which is Dir-minimizing away from the spine is Dir-minimizing on B+

1 with zero

boundary value along H.

Theorem 3.8.19. Let u ∈ W 1,2(B+
1 ,AQ(Rn)) have zero boundary value along H. Assume

that u is Dir-minimizing on every subdomain of B+
1 with smooth boundary. Then u is

Dir-minimizing in B+
1 with zero boundary value along H.

Proof. Assume by contradiction u is not Dir-minimizing in B+
1 . Then there exists v with

u|∂B+
1

= v|∂B+
1

and ˆ
B+

1

|Dv|2 <
ˆ

B+
1

|Du|2.

We note that v must also have zero boundary data along H.

If ξ is the bi-Lipschitz embedding from [30] then the above inequality is equivalent to

ˆ
B+

1

|Dξ(v)|2 <
ˆ

B+
1

|Dξ(u)|2.

We interpolate between u and v so that they agree on a fattened neighborhood of the boundary.

We consider α be a bump function increasing and smooth with α(t) = 0,∀t ∈ [0, 1/2], α(t) = 1

for every t ∈ [1,∞). The bump function we care about will be ϕϵ(x) = α(dist(x, ∂B+
1 )/ϵ). It

is supported in

Uϵ :=
{
x : dist(x, ∂B+

1 ) > ϵ
}
.
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We define the embeddings v = ξ(v) and u = ξ(u). The consider thus

vϵ = (Φϵξ(v) + (1 − Φϵ)ξ(u)) .

We define the interpolations vϵ as vϵ = ρ(vϵ).

For every ϵ, vϵ agrees with u at B+
1 \Uϵ. We consider Vϵ a subdomain of B+

1 with smooth

boundary such that Uϵ ⊂ Vϵ.

By the Dir-minimizing property on Vϵ

ˆ
B+

1

|Du|2 ≤
ˆ

B+
1

|Dξ(vϵ)|2.

We will show that ˆ
|Dv|2 = lim

ϵ→0

ˆ
|Dvϵ|2.

This will allow us to conclude that u is Dir-minimizing in B+
1 .

We compute

Dξ(vϵ) = D(ξ ◦ ρ)(vϵ) · (ΦϵDξ(v) + (1 − Φϵ)Dξ(u) +DΦϵ(ξ(v) − ξ(u)).

We will show strong convergence in L2 of the above ϵ → 0 to

D(ξ ◦ ρ)(ξ(v)) ·Dξ(v).

It is enough to show that D(ξ ◦ ρ)(vϵ) converges strongly in L2 to D(ξ ◦ ρ)(ξ(v)) and

ΦϵDξ(v) + (1 − Φϵ)Dξ(u) +DΦϵ(ξ(v) − ξ(u)) converges weakly in L2 to Dξ(v).

For the first term we have

ˆ
B+

1

|D(ξ ◦ ρ)(vϵ) −D(ξ ◦ ρ)(v)|2 ≲ | {vϵ ̸= v} |
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.

In the above, we use that ξ◦ρ is bi-lipschitz. The L2 convergence follows from construction

since the right hand side of the inequality are neighborhoods of the boundary that converge

to zero.

As for the weak L2 convergence, it is an immediate consequence of the weak L2 convergence

of Φϵ to 1.

We conclude from the strong and weak convergence the Dir-minimizing property of u.

3.9 Proof of the excess decay lemma

In this section we prove the excess decay lemma, introduced in Section 5, from which we

deduced the main theorems in this chapter.

Lemma 3.9.1 (Nth excess decay with small angle and small second fundamental forms).

Let T and C be chosen as in Assumption 3.5.2. For every θN ∈ R+ there exists εN ∈ R+,

ηN ∈ (0, 1/2) such that if

E(T,C,B1) ≤ εNα(C)2 and AΓ + A2
Σ ≤ εNE(T,C,B1)

(when N = 1 the first inequality becomes E(T,C,B1) ≤ ε1) there exists a radius r0 ∈ [ηN , 1/2]

and an admissible open book C ′ such that

G(C ′, C)2 ≤ γ(Q,m, n, n)E(T,C,B1)

and

E(T,C ′,Br0) ≤ θN min
{
α(C ′)2,E(T,C,B1)

}
.
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We will prove the above lemma by contradiction. If the above lemma does not hold we

will have to study the properties of certain blowup sequences. We rescale the ball B1 to B8

and we consider the following definition of a blowup sequence:

Assumption 3.9.2 (Blowup Sequence). A sequence of currents Tk is said to be a blowup

sequence if Tk,Γk,Σk, Ck satisfy Assumption 3.1.1 with T0(Γk) = Rm−1 × {0}, and Ck =∑N
i=1 Qi JHi,kK being open books with the same number of sheets and labeling. Moreover, the

following limits hold:

E(Tk, Ck,B8)
α(Ck)2 → 0 and AΓ + A2

Σ
E(Tk, Ck,B8)

→ 0.

We wish to take a Dir-minimizing blowup out of a blowup sequence of currents. Up to

a subsequence Hi,k → Hi. Define C := ∑N
i=1 Qi JHiK then Ck → C. We also have Tk → C,

Σk → Rm+n, Γk → Rm−1 × {0}.

If k is large enough, Tk satisfy the hypothesis 3.6.1. The excess bound is obviously satisfied

so it only remains to check the mass bound. This is a consequence of the monotonicity

formula and the fact that Tk → C with C an open book of multiplicity Q.

We take the Lipschitz approximations uk
i defined on the outer regions, which are subdo-

mains of
(
B1 \B1/k(V )

)
∩Hi,k. We do need them to be defined on B1 \B1/k(V ) ∩Hi. This

is easy to achieve by applying a rotation we define for i, k a rotation σi,k on Rm+n that takes

Hi,k to Hi, while fixing Rm−1 × {0}. We choose σi,k to be the admissible rotation closest to

the identity. Clearly σi,k →k Id. We define

ūk
i :=

pH⊥
i

◦ σi,k ◦ uk
i ◦ σ−1

i,k√
E(Tk, Ck,B8)

.

Up to a subsequence uk
i converges weakly to a function ui. We will be able to estimate

the functions ui at the scale r = 1
12

√
m−1 since we have the non-concentration estimate at

scale 1
6
√

m−1 . The functions ui will be the Dir-minimizing blowup of the blowup sequence.
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Lemma 3.9.3 (Dir-minimizing blowup). Let r = 1
12

√
m−1 . The following properties hold for

the sequence uk
i and their weak limit ui:

• The functions uk
i have equibounded Dirichlet energy.

• uk
i converge strongly in W 1,2(B+

r ,AQi
(Rn)) (up to a subsequence) to a function ui in

W 1,2(B+
r ,AQi

(Rn)).

• The functions ui are Dir-minimizing on B+
r with zero boundary value along V .

Proof. We will show in order the following facts about the functions uk
i :

1. uk
i converge locally strongly in W 1,2(B+

r , AQi
(Rn)) (up to a subsequence) to a function

ui ∈ W 1,2(B+
r ,AQ(Rn)).

2. The function ui is Dir-minimizer on subdomains of B+
r with smooth boundary.

3. |ui| ∈ W 1,2(B+
r ,R) are sub-harmonic.

4. The functions uk
i have equi-bounded Dirichlet Energy, i.e.,

ˆ
|uk

i |2 ≲ 1.

5. The functions uk
i have zero boundary value at V in the classical sense.

6. uk
i converge strongly in W 1,2(B+

r , AQi
(Rn)) (up to a subsequence) to ui.

7. ui are Dir-minimizing in B+
r .

(1) By Lemma 3.6.12, the functions uk
i converge locally strongly in W 1,2(B+

r ,AQ(Rn)) to

a function which is locally Dir-minimizing in certain regions.

(2) Given a subdomain of Ω ⊂ B+
r with smooth boundary, the functions uk

i converge

strongly in W 1,2(B+
r ,AQi

(Rn)) to ui and ui is Dir-minimizer in Ω. This is a consequence of

the proof of Theorem 5.2 on the first harmonic approximation [31]. The theorem uses balls as
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domains but it can be easily modified to be any domain with smooth boundary. We remark

that at this stage we have not yet claimed the functions ui to be non trivial.

We also know by [31] that

ˆ
Li\Ki(L)

|Duk
i |2 →k→∞ 0. (3.9.1)

(3) Since Dir-Minimizers have sub-harmonic norm, the local Dir-Minimizer property

implies that |ui| are sub-harmonic functions.

(4)We have for every L ⊆ Rout that

22L(L)
∥∥∥uk

i

∥∥∥2

L∞(L)
+ 2ml(L)

ˆ
L

|Duk
i |2 ≲

E(Tk, Ck, L)
E(Tk, Ck,B8)

+ 2−2l(L) A2
Σk

E(Tk, Ck,B8)
.

By taking the limit as k → ∞, we get that for any α > 0 there exists Cα such that

|ui| ≤ Cα2−(1−α/2)ℓ(L). This implies that ui have zero boundary value along V (and in the

classical sense).

Given 0 < β < 1 we have the weighted estimate

ˆ
B+

r

dist(x, V )−β|Dui|2 ≤ C
∑
L

2ℓ(L)β lim sup
k→∞

ˆ
L

|Duk
i |2

≤ C(α,Q,m, n, n)
∞∑

l=0

1
2−l(m−1) 2−l(m−α+β) =

∞∑
l=0

2−l(1−α+β) ≲α,β 1.

The second inequality follows from 3.7.4 coupled with properties of the cubical decomposition.

By taking 1 − β < α < 1 we get the desired convergence.

(5) The strong convergence is a classical consequence of equiboundedness in energy.

(6) We proved in Theorem 3.8.19 that, in this context, we are able to obtain the Dir-

minimizing property of the function if the function is locally Dir-minimizing in smooth

subdomains.
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Proof of Excess Decay 3.5.4. We rescale the ball B1 to B8. If the excess decay lemma does

not hold there is sequence of currents as in the Assumption 3.5.2 that fails the conclusions of

the lemma. We can assume up to rotation that they satisfy Assumption 3.9.2. The sequence

of currents can be chosen such that

E(Tk, C
′
k,Br) ≥ θN

{
α(C ′)2,E(T,C,B1)

}
.

for every r ∈ [1/k, 4] and every cone C ′
k such that

G(C ′
k, Ck)2 ≤ γ(Q,m, n, n)E(Tk, C

′
k,B8).

We will show that either there exists a sequence of radii rj → 0 and a sequence of cones

C ′
k,j, which are obtained by adjusting the open books Ck satisfying the constraint

G(C ′
k,j, Ck)2 ≤ γ(Q,m, n, n)E(Tk, C

′
k,B8)

such that

lim
j→0

lim sup
k→0

E(Tk, C
′
k,j,Brj

)
E(Tk, Ck,B8)

= 0

and

lim
j→0

lim sup
k→0

E(Tk, C
′
k,j,Brj

)
α(C ′

k,j)2 = 0.

which will be a contradiction.

The construction of the cones C ′
k,j We take any sequence rj → 0 and choose Li,j as

in Lemma 3.8.18 so that

lim
j→0

1
min1≤i≤N α(Li,j)2

N∑
i=1

1
(4rj)m+2

ˆ
B4rj

G(ui, Li,j)2 = 0 (3.9.2)
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where if the second case of Lemma 3.8.18 holds we define Li,j := 0 in order to unify the

notation. We can apply Lemma 3.8.18 so that the same sequence subsequence of rj works

simultaneously for every i.

We define then the adjusted cone as

C ′
k,j :=

∑
i

q
σ−1

i,k (Hk ⊕ E(Tk, Ck,B8)1/2Li,j)
y
.

We have that

G(C ′
k,j, Ck)2 ≤ γ(Q,m, n, n)E(Tk, Ck,B8). (3.9.3)

The above equation follows from

ˆ
B1

|DLi,j|2 ≤
ˆ

B1

|Dui|2 ≤ C(Q,m, n, n).

There are two possible cases, the case where the cones C ′
k,j have all N collapsed sheets and

the case where C ′
k,j has more than N sheets (which happens when for some i the first case of

the conclusions of Lemma 3.8.18 hold).

In the second case we have that for k large enough

α(C ′
k,j) ≃ min

1≤i≤N
α(Li,j)E(Tk, Ck,B8)1/2. (3.9.4)

Bounding E(Tk, C
′
k,j,Br) and E(Tk, Ck,Br) with respect to E(Tk, Ck,B8):

We remind that E(Tk, Ck,B4) ≲ E(Tk, Ck,B8). This allows us to estimate everything in

terms of E(Tk, Ck,B8).
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We estimate for r ≤ 1
6
√

m−1 :

E(Tk, C
′
k,j,Br) ≤CE(Tk, Ck,Br ∩Bσ(V )) + CG(C ′

k,j, Ck)2σ2 + E(Tk, C
′
k,j,Br \Bσ(V ))

≤Cσ3−α
(
E(Tk, Ck,B4) + AΓ + A2

Σ

)
+ Cσ2E(Tk, Ck,B8)

+ E(Tk, C
′
k,j,Br \Bσ(V )).

The first inequality comes from using the triangle inequality on the L2 excess in the region

Br ∩Bσ(V ). In the second inequality the first term we used the non concentration estimate

Theorem 3.7.4, the second term we used equation (3.9.3).

We wish to bound the third term. It is possible to do so by a modification of the argument

on Theorem 3.7.4. In the same fashion we use that the current in each Whitney region is

agrees up to a superlinear error the graphical approximation. We get the following bound for

k large enough

E(Tk, C
′
k,j,B4r \Bσ(V )) ≤ 1

rm+2

∑
i

ˆ
B4r\Bσ(V )

G(uk
i ,E(Tk, Ck,B8)1/2Li,j)2

+ C
(
E(Tk, Ck,B4) + r2A2

Σ

) (
E(Tk, Ck,B4)σ−m−2 + r2A2

Σ

)γ

We take first lim sup over k and then σ → 0 to get

lim sup
k→∞

E(Tk, C
′
k,j,Br)

E(Tk, Ck,B8)
≤ C

N∑
i=1

1
rm+2

ˆ
Br

G(ui, Li,j)2.

The last term will disappear when taking k → ∞ since it is superlinear with respect to the

excess.

Moreover, by our choice of Li,j we have that

lim
j→0

lim sup
k→∞

E(Tk, C
′
k,j,B4rj

)
α(C ′

k,j)2 = 0 (3.9.5)
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and

lim
j→0

lim sup
k→∞

E(Tk, C
′
k,j,B4rj

)
E(Tk, Ck,B8)

= 0.

In the case that C ′
k,j has more sheets than Ck, (3.9.5) follows from (3.9.4) and (3.9.2).

In the case that C ′
k,j has the same number of sheets as Ck: we obtain

lim sup
k→∞

E(Tk, Ck,B8)
α(Ck)2 → 0,

|α(Ck) − α(C ′
k,j)| ≤ C(Q,m)G(C ′

k,j, Ck).

We can conclude from the above and (3.9.3) that for every j

lim
k→0

α(Ck)
α(C ′

k,j)
= 1.

This immediately implies (3.9.5).

Separation estimates in the first case at scales comparable to rj:

As a consequence of (3.9.5), for j large enough and k large enough depending on j we

must have that the L2 −L∞ height bound applies at scale 4rj and thus for some δ which can

be taken arbitrarily small

spt(Tk) ∩
(
B3rj

\ B10−10rj

)
⊂
{
x ∈ B3rj

\ B10−10rj
: dist(x,C ′

k,j) ≤ δα(C ′
k,j).

}

This must also hold at the level of the Dir-minimizers. Given δ > 0 there if j is large enough

1
rm+2

j

N∑
i=1

ˆ
B4rj

G(ui, Li,j)2 ≤ δ2 min
i
α(Li,j)2.

This implies that

sup
x∈B3rj

\B10−10rj

G(ui, Li,j) ≤ C(Q,m, n, n)δmin
i
α(Li,j)2.
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The graph ui must separate at scales comparable to rj if j is taken to be small enough.

This implies that for j large enough the graph of uk
i must separate into disjoint neighborhoods

of C ′
k,j at scales comparable to rj.

Bounding E(Tk, C
′
k,j,Brj

) with respect to E(Tk, C
′
k,j,B4rj

)

We wish to use Lemma 3.6.13 to prove the reverse excess bound. In order to do that we

must show that all large enough Whitney cubes with respect to C ′
k,j inside B4rj

are outer

cubes whose multiplicities are correct. We give a brief sketch of what is left to conclude that

from the separation we already obtained the outer cube property.

Let L be a cube of size comparable to rj inside B4rj
. For a bump function φL we must

have that

d(φL|Tk|, φL

∑
i,l

Guk
i
) ≤ C

(
E(Tk, Ck,B4) + r2

j A2
Σ

) (
E(Tk, Ck,B4)r−m−2

j + r2
j A2

Σ

)γ
.

Thus for k large enough, the separation estimates allow us to write uk
i as a graph over the cone

C ′
k,j. We must have that, up to reparameterization uk

i is a strong Lipschitz approximation of

Tk on top of the cone C ′
k,j with the correct multiplicity arrangement. This implies the outer

cube property and allows us to conclude.

This implies that

lim
j→∞

lim sup
k→∞

E(Tk, C
′
k,j,Brj

)
E(Tk, C ′

k,j,B4rj
) ≤ C(Q,m, n, n)

which concludes with the desired estimate on C ′
k,j and thus gives us the desired estimates:

lim
j→0

lim sup
k→0

E(Tk, C
′
k,j,Brj

)
E(Tk, Ck,B8)

= 0

and

lim
j→0

lim sup
k→0

E(Tk, C
′
k,j,Brj

)
α(C ′

k,j)2 = 0.
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3.10 A further study of the linear problem

In this section, we provide refined statements for theorems applicable to the linear problem.

We will omit the proof, as they follow the same strategy as the proofs already performed on

the nonlinear problem. In order to reduce the nonlinear problem to the decay of the linear

problem we only needed to study the Dir-minimizing functions u ∈ W 1,2(B+
1 ,AQ(Rn)) with

zero boundary value along B1 ∩ (Rm−1 × {0}).

The methods used before allow us to treat a more general version of the linear problem

which we remind.

Assumption 3.10.1. Given a Dir-minimizing function u ∈ W 1,2(Ω,AQ(Rn)). The boundary

linear problem consists of functions u such that u ∂Ω ∩ B1 = Q J0K.

This is equivalent to understanding the case in which a u ∂Ω ∩ B1 = Q JφK with suitable

smoothness assumptions on φ since removing the average for u makes it have zero boundary

value.

The frequency function must be defined in a different way since we have a curved boundary.

If d(x, q) is a good distance function like in [21] and

φ(t) :=


1, for 0 ≤ t ≤ 1

2 ,

2(1 − t), for 1
2 ≤ t ≤ 1,

0, for t ≥ 1.

We define

D(q, r) :=
ˆ
φ

(
d(q, x)
r

)
|Du(x)|2dx

and

H(q, r) := −
ˆ
φ

(
d(q, x)
r

)
|∇d(x, q)|2 |u(x)|2

d(x, q)dx.

We define

I(q, r) := rD(q, r)
H(q, r) .
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Theorem 3.10.2 (Almost monotonicity of the frequency function). Assume that A∂Ω is

small enough. Then, for every q ∈ ∂Ω ∩ B1/2 0 < s < r < 1/2

I(q, r) ≥ e−CA∂Ω(r/s)I(q, s). (3.10.1)

In particular

I(q) := lim
r→0

I(q, r)

exists.

In loose terms we get the following

Theorem 3.10.3. Assume that Ω is a C2 domain and u as in Assumption 3.8.2.

• For all q ∈ ∂Ω the frequency can be defined in a neighbourhood of q and is almost

monotone. This means,

eCA∂ΩrI(r)

is monotone in r for an appropriate constant C.

• The frequency at the limit is independent of the choice of a distance function and

∀q ∈ ∂Ω, I(q) ≥ 1.

• Either I(q) = 1 or I(q) ≥ 1 + α(Q,m, n) for a positive constant α(Q,m, n). If I(q) = 1

then the blowups at q are linear, of the form

f(x) =
N∑

i=1
Qi Jvi(x · η∂Ω,q)K (3.10.2)

with η∂Ω,q the normal to ∂Ω at q, and unique. The uniqueness is quantitative and

guarantees the existence of a well-defined multivalued normal derivative at the boundary,

which is Hölder continuous.

The theorem above is a consequence of an excess decay type theorem for the linear

problem. More precisely the excess decay theorem is the following
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Theorem 3.10.4. Given a constant M , assume that
´

B1
|Du|2 ≤ M . Further assume that

0 ∈ ∂Ω. There exists ε > 0 and κ > 0 such that if L : Rm → AQ(Rn) is linear with

L T0(∂Ω) = Q J0K and

max
{ˆ

B1

G(u(p), L(p))2dp, κ−1A∂Ω

}
< ε

then there exists a linear map L with L T0(∂Ω) = Q J0K such that

max
{

1
rm+2

ˆ
Br

G(u(p),L(p))2dp, κ−1A∂Ωr

}
≤ rα max

{ˆ
B1

G(u(p), L(p))2dp, κ−1A∂Ω

}
.

We are not going to give a detailed proof of these facts, since they are the direct analogue

of the existing results and the proofs are in fact even simpler.

We do a brief discussion of the structure of the proof in the particular case of the linear

problem on the half-space and comment on some of the simplifications that occur in this

setting.

1. As we observed already, the lower bound of the frequency by 1 gives monotonicity of

the normalized Dirichlet energy

1
rm

ˆ
Br(x)+

|Du|2.

This plays the role of the monotonicity formula for the area. If we considered a more

general domain instead, the same monotonicity formula holds up to an error.

2. In this setting we do also need to have a family of excess decay theorems depending on

the number of "sheets" of L, where with the number of sheets of L we mean N such

that

L =
N∑

i=1
Qi JxnviK

where vi ∈ Rn are distinct and Qi are positive integers with ∑Qi = Q.
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3. There is of course an L2 − L∞ height bound in this setting as in [24] (in fact the one

we used in the nonlinear setting is a consequence of the one for the linear problem).

Thus if L = ∑N
i=1 Qi JxnviK there exists εk such that if

ˆ
B4

G(u(p), L(p))2dp+ A∂Ω < εkα(L)2

then

max
p∈B+

2 \B1/32(V )
G(u(p), L(p)) << α(L).

This implies that the function u decomposes in B+
2 \ B1/32(V ) as a sum u =∑k

i=1 (ui + xnvi) with ui ∈ W 1,2(B2 \B1/32(V ),AQi
(Rn)).

The ui are Dir-minimizing and "parameterized" on top of JxnviK. We perform the same

Whitney decomposition into regions satisfying the same estimates established in Section

6.

4. The Simon’s non-concentration estimates still hold in this setting and allows us to get

energy convergence in a contradiction limit to the excess decay lemma. We consider a

contradiction sequence to the excess decay theorem and obtain, Dir-minimizing limits

ui ∈ W 1,2(B+
1 ,AQi

) with zero boundary value.

5. We can conclude by, if necessary, adjusting L at suitable scales (as in Lemma 3.8.18) so

Qi JxnviK is replaced by the linear function Qi JxnviK + E(uk, L)1/2Li,j where we denote

E(u, L) :=
´

B1
G(u(p), L(p))2dp.

The strategy described above was carried out for the interior in [56] to prove Hm−2 almost

everywhere uniqueness of the blowup. The advantage we have in this setting is that in the

same way that for the nonlinear problem we obtain a no holes condition since Θ(T, q) ≥ Q/2

for every q ∈ Γ, we have that I(q) ≥ 1 for every q ∈ ∂Ω.
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Chapter 4

On the regularity of area minimizing

currents at boundaries with arbitrary

multiplicity

This chapter is in collaboration with Reinaldo Resende and has been published as a

preprint in [45].

4.1 Introduction

This work concerns the boundary regularity of area minimizing integral m-currents T

within a (m + n̄)-submanifold Σ ∈ C3,κ of Rm+n, n ≥ n̄ ≥ 0, and m ≥ 2. The boundary

Γ ⊂ Σ is also of class C3,κ and T takes the boundary Γ with multiplicity Q ∈ N \ {0}. We

refer the reader to Section 4.2.1 for precise definitions.

Before providing a historical overview of the problem, it is important to note that the

regularity properties of higher multiplicity boundaries in arbitrary codimensions have been

a long-standing challenge, originating after Allard’s works [3, 1] for the case of Q = 1 and

density close to 1/2. In these works, the author emphasized the complexity of generalizing
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his results to the setting of higher multiplicity, where the above density assumption must be

replaced by closeness to Q/2 when Q ∈ N \ {0}.

These questions have since been revisited in various forms, for instance, in [13, Problem

4.19]. White posed a general question about regularity properties of area minimizing currents

at boundaries with arbitrary multiplicity. Subsequently, partial answers have been provided

in specific cases—see De Lellis-De Philippis-Hirsch-Massaccesi [21] for Q = 1, as well as De

Lellis-Nardulli-Steinbruechel [27] and Nardulli and Resende [68] for the case of m = 2. In De

Lellis’ ICM survey ([18, Section 16.6]), the author reviews these questions and developments,

highlighting how the particular cases addressed in these works still fall short of resolving the

problem in full generality.

This thesis provides a complete solution to the questions raised in [18, Section 16.6]. To

our knowledge, these results are the first to deal with arbitrary integer values of Q,m, and n,

thus addressing the previously mentioned issues for area minimizing currents highlighted by

Allard in [1], White in [13, Problem 4.19], and De Lellis in [18].

Historical overview. In the masterpiece [51], Hardt and Simon prove that there are no

boundary singular points in the context of codimension and multiplicity 1, i.e., n = Q = 1.

By a decomposition argument (which only works for n = 1), in [81], White shows that all

boundary points are regular in the setting of codimension 1 and arbitrary multiplicity, i.e.,

n = 1 and Q ≥ 1.

It is well known that the theory becomes significantly more involved when one takes a step

forward and considers the higher codimension setting, i.e., n > 1. In fact, in [21, Theorem 1.8

(b)], De Lellis, De Philippis, Hirsch, and Massaccesi, provide an example of a 2 dimensional

area-minimizing integral current T in R4 with a boundary Γ ∈ C∞ (consisting of two disjoint

closed curves) of multiplicity Q = 1, such that the Hausdorff dimension of the boundary

singular set Singb(T ) is 1. However, in this example the singular set has H1-measure zero,

leaving open the question of whether or not it is possible to prove that Hm−1(Singb(T )) = 0

in general.
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Assuming ∂T = Q JΓK, we define a point p ∈ Γ as one-sided if the density of T at p is

Q/2, and a point q ∈ Γ as two-sided if the density of T restricted to an open neighborhood

of q in Γ and intersected with Γ is constant equal to Q/2 +Q⋆ for some Q⋆ ∈ N \ {0}. We

refer the reader to Definition 4.1.2 and the accompanying pictures.

In the celebrated paper [3], Allard proves that if only points of density 1/2 are allowed

and Q = 1, i.e., one-sided points in the multiplicity 1 case, then all boundary points of T

are regular for any codimension n ≥ 1. In particular, when the boundary lies on a convex

barrier, defined as the boundary of a strictly convex open set, all boundary points are

regular. However, the situation becomes more intricate if other types of boundary points

are also allowed—for instance, two-sided points. Indeed, the example in [21] mentioned

above highlights how much less is expected (compared to [3] and the case n = 1) in terms

of describing the boundary regular set of T . Nonetheless, in the groundbreaking work [21],

the authors adapt all the machinery introduced in [4, 30, 32, 31, 33, 34] (see also [69] for

Σ ∈ C2,κ) to prove that the boundary regular set of T is open and dense in Γ, provided that

the boundary multiplicity is Q = 1 (cf. Theorem N). In light of the example in [21], this

result is close to the best one can hope for.

When studying the case of arbitrary boundary multiplicity Q ≥ 1 and arbitrary codi-

mension n ≥ 1, recent progress has been made in the context of 2-dimensional currents.

Specifically, in [27], for m = 2 and considering only one-sided points, De Lellis, Nardulli,

and Steinbrüchel, showed that all boundary points of T are regular (cf. Theorem M). Their

work relies fundamentally on two key results proven by them: (1) the uniqueness of tangent

cones in this dimension m = 2 setting, and (2) the regularity theory for Q-valued functions

minimizing the Dirichlet energy with a prescribed C3 boundary. Furthermore, in [68], Nar-

dulli and Resende allow two-sided points to exist in Γ and rely on a regularity theory for

(Q−Q⋆/2)-valued Dirichlet minimizers, along with the uniqueness of tangent cones in [26],

to prove that the boundary regular set of T is open and dense in the setting Q ≥ 1, n ≥ 1,

and m = 2.
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4.1.1 Description of the main results

This work aims at better understanding the general case, that is, Q,m, and n, all arbitrary.

One of the novelties here is that there is no boundary regularity theory developed for Q-

valued Dirichlet minimizers for m > 2 and also one-sided singular points of T may exist (see

Theorem 4.1.9). This differs dramatically from every other previous investigation due to the

fact that one-sided points are always regular in the settings described above (i.e., m = 2 or

Q = 1). Meanwhile, the uniqueness of tangent cones for m = 2 obtained in [27] is now known

for general dimensions m, as well as an excess decay-type estimate with exponential decay

rate, due to work in Chapter 3 (see Theorems 4.2.4 and 4.2.5). Such facts are crucial for the

present article and will be exhaustively used in this work.

Summarizing, for m,n,Q arbitrary, the following results are proved in this article:

(1) the set of regular boundary points is open and dense in Γ ∈ C3,κ, see Theorem N,

(2) the set of singular boundary points with density Q/2 of T is Hm−3-rectifiable, see

Theorem M,

(3) the set of boundary singular points of Q-valued Dirichlet minimizers is Hm−3-rectifiable,

see Theorem 4.3.6,

(4) if p is a density Q/2 flat point which has an open neighborhood in the boundary of

density Q/2 flat points, then p is regular, see Theorem L.

Item (1) is optimal in the sense that there are examples of boundary singular sets with

the same Hausdorff dimension as the boundary (see Theorem 4.1.12). The results (2) and (3)

are optimal with respect to the Hausdorff dimensional bound (see Theorem 4.1.9) and, in

addition to proving that the regular set has Hausdorff dimension bounded by m− 3, we also

establish a structural property (rectifiability) of the singular set. Item (4) is likewise optimal

in the sense that the assumption of an open neighborhood of flat one-sided points is essential

and cannot be removed (cf. Remark 4.6.2).
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The investigation of rectifiability of singular sets has been recently developed in the

context of higher codimensions n > 1 to tackle interior regularity in [28, 29, 24], see also

[57, 58]. The approach used in this work resembles that of [28, 29], which, while inspired by

the seminal work [67] by Naber and Valtorta, differs significantly from it.

For the first time, this machinery is applied to study boundary regularity and it introduces

significant conceptual differences compared to the interior setting.

The estimates derived through the Naber-Valtorta framework are identical for both

linear (Dirichlet minimizing) and non-linear (area minimizing) problems. In fact, the Hm−3-

rectifiability for the linear problem is also established in this article. However, we will not

provide an extensive treatment of the linear problem before presenting the proofs for the

non-linear case.

It must be remarked that the novelty of this work, which the authors find surprising, is

that in this framework proving the (m− 3)-Hausdorff dimensional bound for the one-sided

singular set does not seem significantly easier to prove than proving the Hm−3-rectifiability

of the boundary singular set.

The results, loosely stated in this Introduction, are described in a precise manner in what

follows.

4.1.2 Definition of area minimality and one- and two-sided regular

points

The following assumptions will always be in place: Σ and Γ are a (m+ n̄)-submanifold

and a (m− 1)-submanifold of Rm+n, respectively. They are both of class C3,κ, for some κ > 0,

and satisfy Γ ⊂ Σ and n̄ ≥ 1. The space of integral k-dimensional currents in Rm+n will be

denoted by Ik(U) for k ∈ {0, . . . ,m+ n}, the mass of a current T is denoted by M(T ), and

spt(T ) denote its support.
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Definition 4.1.1. Let A current T ∈ Im(U) with spt(T ) ⊂ Σ is area minimizing in Σ ∩U , if

it holds that M(T ) ≤ M(T + ∂T̃ ), for all T̃ ∈ Im+1(U) with spt(T̃ ) ⊂ Σ ∩ U .

The definitions of one-sided and two-sided points are provided below. Here, for a smooth

orientable k-manifold, we denote the naturally induced k-current by JMK, and Θm(T, p)

denotes the density of ∥T∥ (the total variation of T ) at p with respect to the m-dimensional

Hausdorff measure. For precise basic definitions, we refer the reader to Section 4.2.1.

Definition 4.1.2. Let T ∈ Im(U) with spt(T ) ⊂ Σ, ∂T = Q JΓK , Q ∈ N \ {0}, then p ∈ Γ is

called

(1) an one-sided point for T if Θm(T, p) = Q/2,

(2) a two-sided point for T if there exist Q⋆ ∈ N \ {0} and an open neighborhood Z of p

such that Θm(T, q) = Q/2 +Q⋆ for every q ∈ Γ ∩ Z.

(a) If T is given by JΣ1K + JΣ2K, then p ∈ Γ
is a one-sided.

(b) If T is given by 2
q
Ξ+y

+ JΞ−K,
then p ∈ Γ is two-sided and q is one-
sided.
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Figure 4.2: If T is given by JD1K + JD2K, then p is neither a one-sided nor a two-sided point.

Regular one-sided points have been studied in [3] for Q = 1 and in [27] for m = 2 and

regular two-sided points have been explored in [21] for Q = 1 and in [68]. The two notions of

regular boundary points in an arbitrary boundary multiplicity setting are defined below.

Definition 4.1.3 (Regular one-sided boundary points). Let T ∈ Im(U) with spt(T ) ⊂ Σ,

∂T = Q JΓK , Q ∈ N \ {0}. Then p ∈ Γ is called an one-sided regular boundary point if there

are:

(i) a finite number Σ1, . . . ,ΣJ of oriented embedded m-submanifolds of U ∩ Σ,

(ii) and a finite number of positive integers k1, . . . , kJ such that:

(a) ∂Σj ∩ U = Γ ∩ U = Γi ∩ U (in the sense of differential topology) for every j,

(b) Σj ∩ Σl = Γ ∩ U for every j ̸= l,

(c) for all j ̸= l and at each q ∈ Γ the tangent cones to Λj and Λl are distinct,

(d) T U = ∑
j kj JΣjK and ∑j kj = Q.

The set Reg1
b(T ) of one-sided regular boundary points is a relatively open subset of Γ and the

set of one-sided singular boundary points is defined as

Sing1
b(T ) := Singb(T ) ∩ {q ∈ Γ : Θm(T, q) = Q/2} .
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Definition 4.1.4 (Regular two-sided boundary points). Let T ∈ Im(U) with spt(T ) ⊂ Σ,

∂T = Q JΓK , Q ∈ N \ {0}. Then we say that p ∈ Γ is a two-sided regular boundary point

for T if there exist a neighborhood U ∋ p and a smooth manifold Ξ ⊂ U ∩ Σ such that

spt(T ) ∩ U = Ξ. The set of such points will be denoted by Reg2
b(T ).

Remark 4.1.5. We record the following consequence of the Constancy Lemma ([74, Theorem

2.34]) and the definition above (see also Picture (B) in Definition 4.1.2). Let p ∈ Reg2
b(T ) ⊂ Γ,

and let U and Ξ be as in the definition above. Then, there exists Q⋆ ∈ N \ {0} such that

Γ ∩ U divides Ξ into two disjoint regular submanifolds, Ξ+ and Ξ−, of Ξ with boundaries

(Q+Q⋆) JΓK and −Q⋆ JΓK, respectively. Moreover, we have

T U = (Q+Q⋆)
q
Ξ+y

+Q⋆
q
Ξ−y

.

We know collect all singular and regular points in the definition below.

Definition 4.1.6 (Singular points). Let T ∈ Im(U) with spt(T ) ⊂ Σ, ∂T = Q JΓK , Q ∈

N \ {0}. We denote the set of regular boundary points by Regb(T ) := Reg1
b(T )∪̊Reg2

b(T ) and

the set of singular boundary points by Singb(T ) := Γ \ (Reg1
b(T )∪̊Reg2

b(T )).

Remark 4.1.7. Notice that we only have Sing1
b(T ) ⊂ Singb(T ).

4.1.3 Main results of this work

Next, in this subsection, the central assumptions and main results of this work will be

stated.

Assumption 4.1.8. Let κ ∈ (0, 1] and integers m,n ≥ 2, n̄ ≥ 1, Q ≥ 1. Consider Σ an

embedded (m + n̄)-manifold of class C3,κ in Rm+n, Γ a C3,κ embedded oriented (m − 1)-

submanifold of Σ without boundary, and assume p ∈ Γ. Let T be an integral m-dimensional

area minimizing current in Σ ∩ BR (p) with boundary ∂T BR (p) = Q JΓ ∩ BR (p)K.
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We will prove a version of the boundary regularity theorem obtained in by Allard in [3]

(for Q = 1 and only allowing for one-sided points) on a higher multiplicity boundary, that is,

Q > 1. We call q ∈ Γ a flat boundary point if the tangent cone to T at q is supported in a

half m-plane (cf. Definition 4.2.3).

Theorem L. Under Assumption 4.1.8, assume that q ∈ Γ is a one-sided flat point of T and

there is a neighborhood of q in Γ ∩ Br (p) containing only one-sided flat points, then q is a

regular point.

Theorem L is close to the best one can hope for, i.e., it is not possible to get an entire

counterpart of [3] for Q > 1, since one-sided singular points may exist. In fact, in ?? we

provide an example of this behavior which is stated below.

In order to state it, define a point p ∈ Γ to be an essential one-sided singularity for T if

Θ(T, 0) = Q/2 and T cannot be written as T Bρ = ∑
Qi JΣiK, where Σi are smooth minimal

surfaces and ∂Σi = Γ ∩ Bρ, for any radius ρ > 0.

Theorem 4.1.9. There exists a 3d area minimizing current T in B1 ⊂ R5 (i.e., n = 2) with

T and Γ satisfying Assumption 4.1.8 with Γ analytic (i.e. Γ is a real-analytic submanifold of

R5), and Q = 2, such that Θ3(T, p) = Q/2 = 1 for every p ∈ Γ ∩ B1 and 0 is an essential

one-sided boundary singularity. Moreover, the tangent cone to T at 0 is flat.

Remark 4.1.10. As observed in Remark 4.4.5, the set of one-sided points is open. This

example then demonstrates that, in Theorem L, it is not possible to remove the assumption

that all points in the open neighborhood of q in Γ are flat.

In light of this example, the natural follow-up question to be asked is: What can we say

about the boundary singular set? In fact, this question is posed in [18] and is fully answered

in the subsequent theorems.

Theorem M. Under Assumption 4.1.8. If m ≥ 3, the following holds:

Sing1
b(T ) is Hm−3-rectifiable.
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In particular, if m = 3, we have that Sing1
b(T ) is countable. Moreover, if m = 2, we have

Sing1
b(T ) = ∅.

Remark 4.1.11. The fact that there are no one-sided singular points in the two dimensional

case is proved in [27].

Recalling that in the interior setting, the Hausdorff dimension of the singular set is bounded

by m− 2, we observe that in the first dimension where singularities appear, i.e., m = 2, the

singular set is discrete. As proved in the series of papers [35, 36, 38, 37], addressing this

problem is considerably more intricate, requiring the introduction of several new techniques.

In our boundary setting, singularities first appear for m = 3, as shown in Theorem 4.1.9,

and we establish the countability of the one-sided singular set in Theorem M. The problem

that Theorem M leaves open is the following.

Open question 1. Under Assumption 4.1.8. If m = 3, is Sing1
b(T ) a discrete set?

We do not pursue further details on this question here, but it is worth noting that even

in the linearized setting (i.e., for Q-valued Dirichlet minimizers with collapsed and regular

boundary data), the problem remains entirely open.

A consequence of Theorem M, along with streamlined versions of the theorems Nardulli

and Resende in [68], is that the whole regular boundary set is open and dense.

Theorem N. Under Assumption 4.1.8, it follows that

Regb(T ) is an open and dense subset of Γ ∩ BR (p) .

As mentioned in the introduction, the theorem above is optimal in the sense that there

cannot be a Hausdorff dimensional estimate for the singular set in this general context.

Indeed, as shown in [21, Theorem 1.8 (b)], we have the following example.
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Theorem 4.1.12. There exists a 2d area minimizing current T in B1 ⊂ R4 with a boundary

Γ (consisting of two disjoint closed C∞ curves) and ∂T = JΓK, i.e., Q = 1, such that the

Hausdorff dimension of the boundary singular set equals 1 and H1(Singb(T )) = 0.

Although this example has a “large" singular set, it remains an open problem to understand,

even when Q = 1, the following question.

Open question 2. Under Assumption 4.1.8, is it true that Singb(T ) is Hm−1-null?

This was originally conjectured in [21, Conjecture 2.8]; however, it remains a widely open

question, as Theorem 4.1.12 is known not to generalize in a way that produces a singular set

of positive measure. Even the counterpart of this question in the linearized problem (i.e., for

(Q−Q⋆/2)-valued Dirichlet minimizers with regular interface) remains completely open.

4.2 Preliminaries

4.2.1 Basic definitions and notation

Denote Br (p) := {x ∈ Rm+n : |x − p| < r}, fix π0 := Rm × {0} ⊂ Rm+n and p := pπ0 .

For any linear subspace π ⊂ Rm+n, π⊥ is its orthogonal complement in Rm+n, pπ is the

orthogonal projection on π. The tilted disk is defined as Br(p, π) := Br (p) ∩ (p+ π) and the

tilted cylinder as the set

Cr(p, π) :=
{
(x+ y) : x ∈ Br(p, π), y ∈ π⊥

}
.

Set Cr (p) := Cr(p, π0) and Br (p) := Br(p, π0). The half-ball will be defined as

B+
r (p) := Br (p) ∩ {x ∈ Rm : xm ≥ 0}.
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Moreover, Br := Br (0), B+
r := B+

r (0), and Cr := Cr(0). For any vector subspace of Rm+n,

define its ε-neighborhood by

Bε (V ) := {x ∈ Rm+n : dist(x, V ) < ε}.

It will always be assumed that each linear k-dimensional subspace π of Rm+n is oriented

by a k-vector π⃗ := v1 ∧ · · · ∧ vk, where (vi)i∈{1,...,k} is an orthonormal base of π and, with

abuse of notation, we write |π2 − π1| standing for |π⃗2 − π⃗1|, where | · | is the norm associated

with the canonical inner product of k-vectors.

Denote the k-dimensional Hausdorff measure in Rm+n by Hk. For notation and basic

results on multivalued functions, the reader is referred to [30], here AQ(Rm+n) denotes the

set of Q-points (i.e., the sum of Q Dirac masses) in Rm+n for Q ≥ 1.

Let us fix some notation that will be used throughout this Chapter regarding currents

and refer the reader to the treatise [42]. The space of k-dimensional integral currents in

U ⊂ Rm+n is denoted by Ik(U) for k ∈ {1, . . . ,m+ n}. Define the upper and lower d-density

of a nonnegative Borel measure at p ∈ Rm+n as follows:

Θd,∗(µ, p) := lim sup
r→0

µ(Br (p))
ωdrd

, and Θd
∗(µ, p) := lim inf

r→0

µ(Br (p))
ωdrd

.

Whenever the limit exists, the d-density of µ at p is Θd(µ, p) = Θd,∗(µ, p) = Θd
∗(µ, p), where

ωm := Hm(B1). If T ∈ Im(U), p ∈ U , and ∥ · ∥ denotes the mass of the current T , we denote

Θm(T, p) := Θm(∥T∥, p). A measure µ is said to be d- upper regular if for some universal

constant C, µ(Br (p)) ≤ Crd for every ball Br (p) .

Given a k-rectifiable set M ⊂ Rm+n, it naturally induces a k-current which is denoted by

JMK. The boundary of a m-current T is taken with multiplicity Q⋆ if T = Q⋆ JΓK for some

(m− 1)-rectifiable set Γ.

We denote by AM the C0-norm of the second fundamental form of a smooth submanifold

M of Rm+n.
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The classical definitions for the excess and height that will be throughly used in this work

are given below. Let T ∈ Im(U) with spt(T ) ⊂ Σ, Γ ⊂ Σ, ∂T = Q JΓK, π a m-dimensional

plane, p ∈ Rm+n, and r > 0. The cylindrical excess relative to the plane π is the quantity

E(T,Cr (p) , π) := 1
ωmrm

ˆ
Cr(p)

|T⃗ (x) − π⃗|2

2 d∥T∥(x),

and, for p ∈ Γ, the cylindrical excess the quantity

E♭(T,Cr (p)) := min{E(T,Cr (p) , π) : TpΓ ⊂ π ⊂ TpΣ}.

Define spherical excess relative to the plane π to be the quantity

E(T,Br (p) , π) := 1
ωmrm

ˆ
Br(p)

|T⃗ (x) − π⃗|2

2 d∥T∥(x),

and, for p ∈ Γ, the spherical excess to be the number

E♭(T,Br (p)) := min{E(T,Br (p) , π) : TpΓ ⊂ π ⊂ Rm+n}.

The height of T in a set G ⊂ Rm+n with respect to a plane π is defined as

h(T,G, π) := diam(p⊥
π (spt(T ) ∩G)) = sup

{∣∣∣p⊥
π (q − p)

∣∣∣ : q, p ∈ spt(T ) ∩G
}
,

where p⊥
π denotes the orthogonal projection onto π⊥.

Tangent cones.

For x ∈ Rm+n and r > 0, define ιx,r(y) := y−x
r

. For any current T ∈ Im(U), let us define

the rescaled current T at x at scale r as ιx,r♯T =: Tx,r and Tr =: ι0,r♯T . The current Tx is

called a blow-up of T at x, if there exists a sequence of radii rj → 0 such that Tx,rj
→ Tx in

the weak topology. A well-known consequence of the monotonicity formula tells us that if
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T is area minimizing in Σ and ∂T = Q JΓK for Γ ∈ C1,κ, then Tp,rj
converges to an oriented

cone about p for any rj ↓ 0. An oriented cone about p is understood as a current C such

that Cp,r = C for any r > 0.

Some classes of cones obtained by limits of area-minimizing currents will be of special

interest in what follows; essentially, they are: one-sided flat cones (half m-planes), two-sided

flat cones (m-planes), and open books (a union of half m-planes). Their precise definitions

are given below.

Definition 4.2.1 (Open books). We say that C is an open book with boundary JV K and

multiplicity Q, if ∂C = Q JV K and there exist N ∈ N \ {0}, Q1, . . . , QN ∈ N \ {0} and

π1, . . . , πN distinct m-dimensional half-planes such that

(a) ∂ JπiK = JV K ,∀i ∈ {1, . . . , N},

(b) T0 = ∑N
i=1 Qi JπiK with Q = ∑N

i=1 Qi.

If there exist i ̸= j such that πi ̸= πj, we say that C is a genuine open book with boundary

JV K and multiplicity Q.

One-sided boundary flat cones will also be called non-genuine open books.

Definition 4.2.2 (Flat cones). We say that C is a flat cone with boundary JV K and multiplicity

Q, if ∂C = Q JV K and there exist a m-dimensional closed plane π, Qint ∈ N and Q,Q⋆ ∈

N \ {0}, Q ≤ Q⋆, such that

(a) spt(C) = π is an m-dimensional subspace,

(b) ∂ Jπ+K = −∂ Jπ−K = JV K,

(c) C = Qint JπK +Q⋆ Jπ+K + (−1)k(Q⋆ −Q) Jπ−K, k ∈ {0, 1}.

If Qint = 0 and either Q = Q⋆ or k = 1, we call C an one-sided boundary flat cone with

multiplicity Q. If k = 0 and C is not a one-sided boundary flat cone, we say that C is a

two-sided boundary flat cone with multiplicity Q.

152



For x ∈ Rm+n and r > 0, define ιx,r(y) := y−x
r

and, for any T ∈ Im(U), the rescaling of T

at x at scale r as ιx,r♯T =: Tx,r and Tr =: ι0,r♯T .

Definition 4.2.3. Let T ∈ Im(Rm+n) with spt(T ) ⊂ Σ, ∂T = Q JΓK, and p ∈ Γ. Assume

that rj ↓ 0 and Tp,rj
weakly converge to an oriented cone C with ∂C = Q JTpΓK. We say that

(a) p is a boundary flat point of T provided C is a flat cone,

(b) p is a one-sided boundary flat point of T provided C is an open book which is non

genuine,

(c) p is a two-sided boundary flat point of T provided C is a two-sided boundary flat cone.

Jones’ β2 coefficients.

We define the Jones’ β2 coefficient that measures how close the support of µ is to a plane

in L2(µ) as follows.

Given a finite non-negative Radon measure µ ∈ Rm+n and k ∈ {1, ...,m+ n− 1}, we

define the k-dimensional Jones’ β2 coefficient of µ as

βk
2,µ(x, r) := inf

affine k-planes L

[
r−k−2

ˆ
Br(x)

dist(y, L)2dµ(y)
]1/2

.

We will often omit µ from the notation.

4.2.2 Outline of the proofs

The results established in Chapter 3 are pivotal for the development of this Chapter, and

they are presented here for completeness. Although these results were originally proven under

more general assumptions, we have opted to state them in a specific form that aligns with

our current application.

Theorem 4.2.4 (Uniqueness of the tangent cone). Assume Assumption 4.1.8 and, in addition,

Θ(T, p) = Q/2. The tangent cone at p is an open book and is unique, i.e. it does not depend
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on the blow-up sequence. Moreover, Tp,r converges (in flat distance, cf. [74, §7, Chapter 6])

as r → 0 to the unique open book faster than rα for some α ∈ (0, 1).

The following excess decay, whose proof is essentially contained in Chapter 3, will be

repeatedly used.

Theorem 4.2.5. Assume Assumption 4.1.8 and, in addition, Θ(T, p) = Q/2. Assume that

T has a flat one-sided tangent cone Q JπK at p. There exists ε(Q,m, n) > 0 such that if

max
{
E(T,BR(p), π),AΓ,A2

Σ

}
< ε

then there exists C(Q,m, n) and α(Q,m, n) > 0 such that

E(T,Br(p), π) ≤ C(Q,m, n)rα, for every r ∈ (0, R).

To investigate the Hm−3-rectifiability of the singular set and prove Theorem M, the first

step is to employ a suitable decomposition of T (see Theorem 4.4.6), which allows us to split

the current into different sheets. Each of these sheets has a boundary multiplicity smaller

than that of T and does not share the same tangent cone.

Using this decomposition, the problem of proving the Hm−3-rectifiability of the set of

one-sided singular points (those with density Q/2) is reduced, in Section 4.4.4, to establishing

the Hm−3-rectifiability of the subset of one-sided flat singular points (which possess at least

one tangent cone supported on a plane, cf. Definition 4.2.3). Relying on the result of Chapter

2, one can reduce the problem of proving rectifiability of a set to showing the rectifiability

of Frostman (upper-regular) measures supported on it. Then, an application of Azzam and

Tolsa’s main theorem of [8] (see Theorem 4.3.1) reduces the proof of Hm−3-rectifiability to

establishing a Dini-type condition for the Jones’ βm−3
2 coefficient for Frostman measures

supported on pieces of the set of one-sided flat singular points.
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To analyze one-sided flat singular boundary points, we utilize the standard machin-

ery to address regularity in this setting—namely, the study of Lipschitz approximations,

center manifolds, and normal approximation (cf. Proposition 4.5.1 and Theorems 4.5.6

and 4.5.10)—adapting the approach used for m = 2 in [27]. As observed in [28, 29, 24] (for

flat interior singular points), the “classical" estimates in [33, 34] are insufficient. The same

holds in the boundary case: the estimates in [27] are not sharp enough to yield the necessary

bounds. To address this, we provide finer estimates in Section 4.5.2 for quantities related to

the universal frequency function (Section 4.5.2), improving on those in [27, 21, 68].

When working with the universal frequency function, we must consider the intervals of

flattening, following the approach in [34, 27]. In contrast, in boundary settings considered

in [21] and in the work of Nardulli and Resende [68]—where they study collapsed two-sided

points—there is no need to introduce intervals of flattening, as prior results ensure an almost

quadratic excess decay rate. However, for one-sided points, the excess decay rate established

in Chapter 3 is certainly not almost quadratic, and there is no reason to expect such a rate

in general.

The analysis of the fine properties of the universal frequency function begins by establishing

the almost monotonicity of the frequency (see Theorem 4.5.19), with errors quantitatively

controlled by the excess and the norms of both the second fundamental form of the boundary

and the second fundamental form of the ambient manifold. In contrast to [28], by the work

of Chapter 3, we already know that every boundary one-sided point has a unique tangent

cone, which serves as the starting point for the regularity theory. The frequency values I(T, p)

are then established in Theorem 4.6.5 to be always bounded below by a universal geometric

constant 1 + α/2 > 1, where α is the exponent obtained from the excess decay result in 3.

Although the presence of the boundary introduces both technical and conceptual challenges,

we manage to follow the approach in [29] in an analogous way. Taking into account the lower

bound for the frequency values of 1+α/2 > 1, the procedure from [29] can be implemented to
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bound Jones’ coefficient βm−3
2 (for certain Frostman measures) in terms of frequency pinching,

up to an error (see Theorems 4.8.8 and 4.8.9).

The bounds for βm−3
2 mentioned above and established Theorems 4.8.8 and 4.8.9 are

a consequence of the classification of homogeneous 2-dimensional solutions for the linear

problem, proved in [27]. This classification asserts that every 2-dimensional homogeneous

multivalued Dirichlet minimizer with zero boundary data on a flat boundary must be linear

(see Theorem 4.3.3).

In fact, if the set of flat one-sided singular points is not sufficiently close to an (m− 3)-

dimensional plane (i.e., βm−3
2 is “large"), we can construct a solution to the linear problem

that depends only on two variables and has a frequency function at least 1 + α/2 > 1 (see

Theorem 4.8.8). This contradicts the aforementioned classification, which implies that the

frequency must be exactly 1 (Theorem 4.3.3). Consequently, we obtain the desired control

on the Jones’ βm−3
2 coefficient (up to an error) via the frequency pinching (Theorems 4.8.8

and 4.8.9).

Another key ingredient in obtaining the bound mentioned above in βm−3
2 is achieving a

precise understanding of the frequency values along different center manifolds—i.e., the fine

monotonicity formula for the universal frequency—and, moreover, being able to compare the

frequency values at different points at the same scale. These properties have been absent in

previous works that addressed boundary regularity, namely [21, 27, 68].

4.2.3 Convex barrier

The convex barrier condition in Euclidean spaces, defined in the following, ensures the

applicability of Theorem M (see Theorem 4.2.9) for the whole boundary singular set.

Assumption 4.2.6 (Convex barrier condition). Let Ω ⊂ Rm+n be a domain such that ∂Ω

is a C2 uniformly convex submanifold of Rm+n. The set ∂Ω is a convex barrier for T if

∂T = ∑N
i=1 Qi JΓiK, Qi are positive integers, and Γi ⊂ ∂Ω are disjoint C2 closed oriented

submanifolds of ∂Ω.
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The following notation for wedges will be used from now on.

Definition 4.2.7. Given an (m − 1)-dimensional plane V ⊂ Rm+n, we denote by pV the

orthogonal projection onto V . Given a unit vector ν normal to V and an angle ϑ ∈ (0, π/2),

the wedge with spine V , axis ν, and opening angle ϑ, is defined as the set

W (V, ν, ϑ) :=
{
y ∈ Rm+n : |y − pV (y) − ⟨y, ν⟩ν| ≤ (tanϑ)⟨y, ν⟩

}
.

A local version of the convex barrier condition is defined below and is actually implied by

the global version defined above in Assumption 4.2.6.

Assumption 4.2.8 (Local convex barrier condition). Let T,Σ and Γ be as in Assumption 4.1.8.

Assume that there exists ν : Γ → Sn+1 ∩ TΣ a map such that ν(q) ⊥ TqΓ and ν(q) ∈ TqΣ.

Then T satisfies the local convex barrier assumption if

spt(T ) ⊂
⋂
q∈Γ

(q +W (TqΓ, ν(q), ϑ)) ∩ Σ.

A much more detailed discussion of both convex barrier conditions has been explored in

Section 3.4 where we prove Theorem 4.2.9, which shows that the theory in the present work

can be applied to the convex barrier setting.

Theorem 4.2.9. Let T be as in Assumption 4.2.6 (convex barrier) or Assumption 4.2.8

(local convex barrier), then every tangent cone to T at a boundary point q is an open book.

Moreover, it holds:

• if q ∈ Γi in the first case, then Θ(T, q) = Qi/2,

• if q ∈ Γ in the second case, then Θ(T, q) = Q/2.

4.2.4 Structural properties

Although, in general, the regular boundary set is only dense in Γ (Theorem N), certain

assumptions may allow us to derive additional information about boundary points. A question
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originally posed by Almgren and answered, for Q = 1 in [21, Theorem 1.9 and Corollary

1.10], is: is it possible for the set of density 1/2 points to be empty when Γ is connected?

Here, we present the counterpart of these results in the arbitrary boundary multiplicity

setting Q > 1, with proofs provided at the end of this subsection.

Proposition 4.2.10. Let T , Q, Σ, and Γ, be as in Assumption 4.1.8 and Γ′ ⊂ Γ be a

connected component of Γ. In addition, suppose that Γ and spt(T ) are compactly supported

in BR (p). If

there exists p ∈ Γ′ ∩ Regb(T ) with Θ(T, p) > Q

2 ,

then there is no one-sided point in Γ′ and dimH (Singb(T ) ∩ Γ′) ≤ m− 2. Moreover, if m = 2,

then Singb(T ) ∩ Γ′ consists of finitely many points.

Remark 4.2.11. In the case Σ = Rm+n, a portion of Γ is contained within the real

analytic minimal surface Regi(T ). This condition is quite rigid, and indeed, under reasonable

definitions for generic C∞ boundaries, a generic boundary data will not have any “two-sided"

regular point.

Next, we establish that the connectedness of the boundary Γ guarantees only the existence

of one-sided points.

Proposition 4.2.12. Let T , Q, Σ, and Γ, be as in Assumption 4.1.8. In addition, suppose

that

Γ is connected and both Γ and spt(T ) are compactly supported in BR (p) .

Then Γ only contains one-sided points and, in particular, Regb(T ) is contained in the set of

density Q
2 points.

Both of the above theorems will follow as consequences of the following structural

decomposition argument. This decomposition follows from the density of the boundary

regular set (cf. Theorem N) and provides a decomposition of the area-minimizing current T

into its irreducible components.
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Theorem 4.2.13 (Irreducible components of T ). Let T , Q, Σ, and Γ, be as in Assump-

tion 4.1.8. In addition, suppose that

Γ and spt(T ) are compactly supported in BR (p) .

Let Γ1, · · · ,ΓL0 be the connected components of Γ. Then there exist L ∈ N, Qj ∈ N \ {0},

and area minimizing integral m-currents Tj satisfying T = ∑L
j=1 QjTj where, for each j ∈

{1, . . . , L}, we have

(i) ∂Tj = ∑L0
i=1 σij JΓiK with σij ∈ {−1, 0, 1, · · · , Q},

(ii) Tj = JΛjK with Λ1, · · · ,ΛL being the connected components (accordingly oriented) of

Regi(T ).

Moreover, for each i ∈ {1, · · · , L0}, only one of the two following alternatives holds:

(iii) Γi is one-sided, i.e. there is Ji ⊂ {1, . . . , L} such that σij ≥ 1 for all j ∈ Ji, σij = 0 for

all j /∈ Ji, and ∑j∈Ji
σijQj = Q. Moreover, it holds

Γi ∩ Regb(T ) ⊂ Reg1
b(T ).

(iv) Γi is two-sided, i.e. there exist p(i), n(i) ∈ {1, · · · , L} such that σip(i) = −σin(i) = 1 and

σij = 0, for all j /∈ {p(i), n(i)}.

In this case, Qp(i) −Qn(i) = Q and Tp(i) + Tn(i) is area minimizing. Moreover, it holds

Γi ∩ Regb(T ) ⊂ Reg2
b(T ).

Proof of Theorem 4.2.13. We omit the proof of this theorem, as it follows [21, Theorem 2.1]

mutatis mutandis, but now relying on Theorem N.

Proof of Proposition 4.2.12. The proof follows [21, Corollary 1.10] with a minor modification

that we describe now. Since Γ is connected, we have L0 = 1 in Theorem 4.2.13 and, thus, the
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decomposition therein consists of exactly two currents Tp(i) and Tn(i) in case Γ is two-sided

(as in Theorem 4.2.13(iv)). However, in this case, S := (Qp(i) − Qn(i))Tp(i) would satisfy

∂S = Q JΓK and, by Theorem 4.2.13(ii), the mass of S would be strictly smaller than the

mass of T which contradicts the minimality of T . Hence, the only possibility is that Γ is

one-sided (as in Theorem 4.2.13(iii)).

Proof of Proposition 4.2.10. The proof is the same as in [21, Theorem 1.9]. By Theo-

rem 4.2.13(iv), Γ′ is necessarily two-sided, therefore S := Tp(1) + Tn(1) is area-minimizing.

Since all points of Γ′ are interior points of S, by the interior regularity theory, the interior

singular set of S has Hausdorff dimension at most m− 2 (and is discrete if m = 2, since Γ is

compactly supported, it has to be finite). The boundary regularity is then a straightforward

consequence of Definition 4.1.3 and Remark 4.1.5.

4.3 Rectifiability for the linear problem

The goal of this section is to present the rectifiability criteria based on the Jones’ β2

coefficients (Theorem 4.3.1), establish key results on the linear problem (i.e., Dirichlet

minimizers) that are fundamental for the development of the rest of the paper (Section 4.3.1),

and state the rectifiability of the boundary singular set of Dirichlet minimizers (Theorem 4.3.6).

The novelty in the Jones’ β2 coefficient (see Section 4.2.1 for the definition) lies in the

fact that its finiteness is equivalent to the rectifiability of the measure µ, this is a celebrated

result proved in [8].

Theorem 4.3.1 (Theorem 1.1 of [8]). Let µ be a finite Borel measure in Rm+n such that

0 < Θk,∗(µ, x) < ∞ for µ-a.e. x ∈ Rm+n. If

ˆ 1

0
βk

2,µ(x, r)2 dr
r
< ∞ for µ-a.e. x ∈ Rm+n,

then µ is d-rectifiable.
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Our main interest is to apply Theorem 4.3.1 for Frostman measures µ, as in [22, Theorem

1.1], supported on pieces of the boundary singular set of an area minimizing current T or a

Q-valued function.

Next, we define the frequency function as introduced in [21, Chapter 4] for boundary

points, see also [27] and [68]. Let u : Ω → AQ(Rn) and Γ := ∂Ω, then define Iu,p(r) is the

value of the smoothed frequency function of u at p ∈ Γ at scale r > 0, i.e.,

Iu,p(r) := rDu,p(r)
Hu,p(r) , Du,p(r) :=

ˆ
Ω

|Du(y)|2ϕ
(
d(y, p)
r

)
,

and Hu,p(r) := −
ˆ

Ω

|u(y)|2
d(y, p)ϕ

′
(
d(y, p)
r

)
|∇d(y, p)|2,

where the cut-off ϕ is chosen as before, i.e.,

ϕ(t) :=



1, t ∈ [0, 1/2],

2 − 2t, t ∈ [1/2, 1],

0, otherwise,

and the function d is a good distorted distance function with good asymptotics and such that

∇yd is tangent to Γ, as given in [21, Lemma 4.25]. Set Iu,p(0) := limr↓0 Iu,p(r) whenever the

limit exists.

4.3.1 Q-valued Dir-minimizers with zero boundary data on a flat

boundary

We develop a set of tools for the case where the Dirichlet minimizer has zero boundary

data on a flat boundary. These results will be utilized throughout the paper. In particular,

we establish the following counterpart (to the boundary setting) of [23, Lemma 5.4].

Lemma 4.3.2. Let u be a Dir minimizing function in B+
s with zero boundary data on

Bs ∩ {x ∈ Rm : xm = 0} and B+
r (p) ⊂ B+

s , p ∈ B+
s , s > r. If u|B+

r (p) is a function of only the
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two variables in span(v, xm) with v ∈ Rm−1, then u is a function of only span(v, xm) in the

whole ball B+
s .

Proof. We denote by Singi(u) the interior singular set of u. By interior regularity theory, see

[30], we know that dimH(Singi(u)) ≤ m− 2. Thus, B+
s \ Singi(u) is a path-wise connected

set. Let V = span(v, xm). By assumption, we deduce that ∇V ⊥u(x) = 0 for any x ∈ B+
r (p).

Since u is given by Q harmonic sheets on B+
s \ Singi(u), the gradient ∇V ⊥u(x) vanishes for

any x ∈ B+
s \ Singi(u). Since u ∈ W 1,2(B+

s ), we easily obtain that ∇V ⊥u ≡ 0 in B+
s which

ensures that u is a Q-valued function which only depends on the variables in V .

We will need to use that, in the 2-dimensional case, the only possible frequency value for

the linear problem is 1. We state this result in a slightly different form than [27, Theorem

5.9], assuming homogeneity in our formulation.

Theorem 4.3.3 (Theorem 5.9 of [27]). Let u be a nontrivial homogeneous Dirichlet minimizing

function on B+
s ⊂ R2 with zero boundary value on [−1, 1] × {0} and assume that η ◦ u ≡ 0.

Then Iu(r) ≡ 1 and u is linear, i.e., u = ∑
i Qi JLiK where each Li : R2 → Rn is linear,

Li|{x2=0} ≡ 0, ∑i Qi = Q, and Li ̸= Lj on R2 \ {x2 = 0}.

We use Theorem 4.3.3 to show a crucial lower bound for the derivatives of Dirichlet

minimizing functions with zero boundary data on a flat boundary that will play a crucial

role within our program to prove rectifiability.

Lemma 4.3.4. Let u be a nontrivial Dir minimizing function in B+
s . Let α > 0 and Λ > 0.

Assume that

Iu(s) < Λ,
ˆ

B+
s

|u|2 = 1, and Iu(0) ≥ 1 + α/2.

If {v1, ..., vm−1} is an orthonormal basis of Rm−1 and s > r > 0, we obtain that

m−2∑
i=1

ˆ
B+

s \B+
r

|∂vi
u|2 ≥ c(Λ) > 0.

162



Proof. We argue by contradiction, take a contradiction sequence uk as in the statement and

assume that
m−2∑
i=1

ˆ
B+

s \B+
r

|∂vi
uk|2 ≤ 1/k. (4.3.1)

Up to subsequences, {uk} converge in W 1,2 to u0 such that

ˆ
B+

s

|u0|2 = 1,
ˆ

B+
s

|Du0|2 ≤ CΛ, and Iu0(0) ≥ 1 + α/2.

Additionally, from (4.3.1), we also have

m−2∑
i=1

ˆ
B+

s \B+
r

|∂vi
u0|2 = 0,

which, in turn, implies that u0 is a function of only span(vm−1, xm) in B+
s \ B+

r . Noting that

the proof ofBy Lemma 4.3.2 goes through with B+
s \ B+

r in place of B+
r (p), we obtain that u0

must be a function of only two variables, namely span(vm−1, xm), on B+
s .

To conclude, we take h as a blow-up of u0 at 0. The function h is a homogeneous Dirichlet

minimizing function in B+
s that is still a function of only the two variables in span(vm−1, xm).

Thus, h is a homogeneous Dirichlet minimizer on span(vm−1, xm) with zero boundary value

on {xm = 0}. By Theorem 4.3.3, Ih(0) = 1. However, since Iu0(0) ≥ 1 + α/2, we obtain

Ih(0) ≥ 1 + α/2, which gives a contradiction.

We state a lemma that will be useful in some later arguments.

Lemma 4.3.5. Let u be a nontrivial Dirichlet minimizer in B+
1 with u ≡ Q J0K on B1 ∩

{xm = 0}. Suppose further that Iu(s) = Iu(t) for 0 < s < t < 1. Then, the function u is

Iu(s)-homogeneous in B+
1 .

Proof. Since Iu is monotone, it must be constant in [s, t]. As in [30, Corollary 3.16], we then

have, for almost every r ∈ [s, t] and almost every y, that

|y| = ui(y) = λr∂νui(y),
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with λr being a constant. We recall that the classical frequency I (that is, given the choice

ϕ ≡ 1) is monotone with a flat boundary as in the situation in Chapter 3. The above equality

implies I(s) = I(t), but as in [30, Corollary 3.16], we obtain that

I(r) =
r
´

∂Br

∑
i⟨∂νui, ui⟩´

∂Br

∑
i |ui|2

= rλ−1
r .

Thus, λr must be the same constant for almost every r in [s, t]. Set I0 := I(s). This in

turn leads to I0ui(y) = r∂νui(y). Defining σy := {ry : s ≤ y ≤ t}, we get

(ui|σy)′(r) = I0

r
ui|σy(r).

This implies that ui|σy is I0-homogeneous in [s, t]. By unique continuation in the interior

regular set of u (where it agrees with a classical harmonic function), the function u must be

I0-homogeneous in B+
1 .

4.3.2 Rectifiability for the linear problem

We now state the boundary rectifiability result for Dirichlet minimizers. The counterpart

of this result for the interior singular set is stated in [23] and in [56].

Theorem 4.3.6. Let u : Ω ⊂ Rm → AQ(Rn) be a Dirichlet minimizer, u|∂Ω = Q JgK, Ω ∈ C2,

and g ∈ C2. Then, the boundary singular set of u is Hm−3-rectifiable.

The proof of this result follows by repeating the arguments used to establish the recti-

fiability of the nonlinear problem (Theorem M), but with many of the error terms absent.

Since this proof represents a simpler case of the analysis we carry out later and proceeds in

an entirely analogous manner, we omit its details.
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4.4 Reduction of main theorems to rectifiability of one-

sided flat singular points

4.4.1 Excess decay and decomposition for two-sided points with

trapped density

For two-sided points, we establish an excess decay at an almost-quadratic rate and, as a

consequence, the uniqueness of tangent cones. This result holds under a density condition

(see (4.4.1)) that is satisfied in a relatively open neighborhood in Γ, which is, a priori, more

general than the condition assumed in [21, 68]. This refinement strengthens previously known

results in [68, Theorems 4.3 and 4.5] and, for Q = 1, in [21, Theorem 6.3].

Building on this, we derive a decomposition of the current at two-sided points under the

same density assumption; see Proposition 4.4.2.

Proposition 4.4.1 (Excess decay and uniqueness of tangent cones at two-sided points). Let

T,Σ, and Γ be as in Assumption 4.1.8, Q⋆ ∈ N \ {0}, and p0 ∈ Γ. For any ε > 0, there exists

a constant δ = δ(ε,Q,Q∗,m, n, n) > 0 with the following property. If, for some r0 > 0, the

following holds

∣∣∣∣∣∥T∥ (Bρ (q))
ωmρm

−
(
Q

2 +Q⋆
)∣∣∣∣∣ < δ, ∀q ∈ Γ ∩ Br0 (p0) ,∀ρ ∈ (0, r0), (4.4.1)

then, for any q ∈ Γ ∩ Br0 (p0) and any ρ ∈ (0, r0/2), the following is true:

(i) there exists a m-dimensional plane π(q) with TqΓ ⊂ π(q) ⊂ TqΣ and

E♭(T,Bρ (q) , π(q)) = E♭(T,Bρ (q)) ≤ C
(
ρ

r0

)2−2ε

E♭(T,Br0 (p0)) + Cρ2−2εr2εA2,
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(ii) Tq := (Q + Q⋆) Jπ(q)+K + Q⋆ Jπ(q)−K is the unique tangent cone to T at q where

π(q)+ and π(q)− are the two connected components of π(q) \ TqΓ oriented such that

∂ Jπ(q)+K = −∂ Jπ(q)−K = JTqΓK.

Proof. To prove [68, Lemma 4.2] the only property that is used is (4.4.1), the full strength

of the definition of collapsed points (i.e., lower bound for the density and existence of a flat

tangent cone) is not used. We state here the consequence of [68, Lemma 4.2]: for every ε > 0,

there exist ε0 = ε0(ε,Q,Q⋆,m, n) > 0 and M0 = M0(ε,Q,Q⋆,m, n) > 0 with the following

property. If we define the function θ as θ(σ) := max{E♭(T,Bσ (q)),M0A2σ2} for σ ∈ (0, r0),

we obtain

A2σ2 + E♭(T,B4σ (q)) < ε0 ⇒ θ(σ) ≤ max{2−4+4εθ(4σ), 2−2+2εθ(2σ)}, (4.4.2)

where A := max{A2
Γ,A2

Σ}.

We will show that (4.4.1) implies the smallness condition on the left-hand side of (4.4.2).

Assume by contradiction that there is a sequence of currents T ′
k such that (4.4.1) holds for

T ′
k with δ = 1/k, and for some σk ∈ (0, r0), and

A2
kσ

2
k + E♭(T ′

k,B4σk
(qk)) ≥ ε0 for some ε0 > 0 and qk ∈ Γk ∩ Br0 (p0) .

Define Tk = (T ′
k)0,4σk

and recall that E♭(Tk,B1(qk)) = E♭(T ′
k,B4σk

(qk)) ≥ ε0. Moreover,

by (4.4.1) with ρ = sσk and rescaling, we obtain

∣∣∣∣∣∥Tk∥ (Bs (q))
ωmsm

−
(
Q

2 +Q⋆
)∣∣∣∣∣ < 1

k
, ∀q ∈ Γ ∩ Br0 (p0) ,∀s ∈

(
0, 1

4

)
, (4.4.3)

We now take a limit of the sequence Tk, the boundaries Γk, and the ambient manifolds Σk.

The currents will converge to a current T∞ and the boundaries Γk converge to a flat boundary

L∞. Since we have (4.4.1), the mass ratio of T∞ will be constantly equal to Q/2 + Q∗ at

every point of L∞ and in every radius r < ρ. Thus, it must be a two-sided flat cone. Up to a
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subsequence, qk → q∞ and then E♭(T∞,B4r0 (q∞)) ≥ ε0, which is a contradiction since T∞ is

a flat two-sided cone, i.e., supported in a m-plane.

Hence, for any ε > 0, there is a choice of δ = δ(ε) such that the left-hand side of (4.4.2)

holds. Thus, for any ε > 0, there exists δ = δ(ε,Q,Q∗,m, n, n) > 0 such that (4.4.1) imply

θ(σ) ≤ max{2−4+4εθ(4σ), 2−2+2εθ(2σ)}.

From this, the very same proof of [68, Theorem 4.3] provides (i) and (ii).

We establish a decomposition for T at two-sided points as a direct consequence of the

uniqueness of tangent cones at such points (Proposition 4.4.1). Although this result is not

used elsewhere in this article, it is of independent interest. Notably, the significance of this

decomposition lies in its elementary nature. Indeed, it does not rely on the full regularity

theory at two-sided points with density close to Q/2 +Q⋆ (i.e., constructing center manifolds,

defining frequency functions, etc., see Proposition 4.4.3); rather, it follows directly from an

application of Proposition 4.4.1.

Proposition 4.4.2 (Decomposition at two-sided points). Let T,Σ, and Γ be as in Assump-

tion 4.1.8, Q⋆ ∈ N \ {0}, and p0 ∈ Γ. There exists δ > 0 with the following property. If, for

some r0 ∈ (0, r/4), the following holds

∣∣∣∣∣∥T∥ (Bρ (q))
ωmρm

−
(
Q

2 +Q⋆
)∣∣∣∣∣ < δ, ∀q ∈ Γ ∩ Br0 (p0) ,∀ρ ∈ (0, r0), (4.4.4)

then T Br0 (p0) = T1 +T2 where ∂T1 = (Q+Q∗) JΓK, ∂T2 = −Q∗ JΓK with spt(T1)∩spt(T2) =

Γ, and every q ∈ Γ ∩ Br0 (p0) is a one-sided flat boundary point for T1 and T2.

Proof. For θ1, θ2 ∈ R, θ2 > θ1, we define the wedge region:

W θ2
θ1 :=

{
x ∈ Br0 (p0) :

〈
x− pΓ(x)
|x− pΓ(x)| , NpΓ(x)Γ

〉
∈ [θ1, θ2]

}
,
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where, for any q ∈ Γ, NqΓ := (TpΓ)⊥. Since Γ is C1,1, we find that pΓ is well-defined and

dist(·,Γ) is differentiable provided that r0 is small enough. We will show that

(
W

π/4
−π/4 ∪W

3π/4
5π/4

)
∩ spt(T ) = ∅, (4.4.5)

which then allow us to conclude the proof since this means that

spt(T ) ∩ Br0 (p0) ⊂ W
3π/4
π/4 ∪W

7π/4
5π/4

and, hence, we can write T = T1 + T2 with

spt(T1) \ Γ ⊂ W
3π/4
π/4 and spt(T2) \ Γ ⊂ W

7π/4
5π/4 .

Additionally, we obtain that spt(∂T1) ⊂ Γ and spt(∂T2) ⊂ Γ and thus ∂T1 = (Q+Q∗) JΓK

and ∂T2 = −Q∗ JΓK.

To prove (4.4.5), we proceed by contradiction as follows. Assume the existence of

x ∈
(
W

π/4
−π/4 ∩W

3π/4
5π/4

)
∩ spt(T ).

We set p := pΓ(x), let ρ := |x − p| and denote π(p) the unique tangent cone to T at

p (given by Proposition 4.4.1). By the height bound in [68, Corollary 4.7], denoting the

projection onto π⊥ by p⊥
π for any m-plane π, we have that

∣∣∣p⊥
π(q)(x) − p

∣∣∣ ≤ C(r−1
0 E♭(T,B4r0 (p)) 1

2 + A) 1
2ρ3/2.

Since x ∈ W
π/4
−π/4 ∩W

3π/4
5π/4 , we know that

∣∣∣x− pπ(p)(x)
∣∣∣ ≤ C

∣∣∣x− p⊥
π(p)(x)

∣∣∣. This together

with the last displayed inequality imply that

ρ = |x− p| ≤ C
∣∣∣x− pπ(p)(x)

∣∣∣ ≤ C(r−1
0 E♭(T,B4r0 (p)) 1

2 + A) 1
2ρ3/2,
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which gives us a contradiction.

4.4.2 Regularity of two-sided points with trapped density

The following theorem builds on the theory developed in [68, 21], where the authors

study the notion of collapsed points and establish that such points are always regular for T .

However, we provide a refined version of this result. Specifically, the definition of collapsed

points in [68] requires two conditions: (1) the existence of a flat tangent cone at the given

point, say p0, and (2) p0 to attain the minimum density in some relatively open neighborhood

of Γ, with this density being Q
2 +Q⋆ for integers Q,Q⋆ ∈ N \ {0}. Instead of assuming both

(1) and (2), we only require that the density is δ-close to Q
2 +Q⋆ to establish regularity.

Proposition 4.4.3 (Regularity of two-sided points with density close to (Q
2 +Q⋆)). Let T,Σ,

and Γ be as in Assumption 4.1.8, Q⋆ ∈ N \ {0}, and p0 ∈ Γ. For any ε > 0, there exists a

constant δ = δ(ε) > 0 with the following property. If, for some r0 > 0, the following holds

∣∣∣∣∣∥T∥ (Bρ (q))
ωmρm

−
(
Q

2 +Q⋆
)∣∣∣∣∣ < δ, ∀q ∈ Γ ∩ Br0 (p0) ,∀ρ ∈ (0, r0),

then p0 must be a two-sided boundary regular point for T .

Proof. Appealing to Proposition 4.4.1, we can readily obtain that

Θm(T, p0) = min
{
Θm(T, q) : q ∈ Brp (p) ∩ Γ ∩ P∗

m−1

}
>
Q

2 ,

where we define P∗
m−1 to be only the points in the top (m− 1)-stratum of Γ with respect to

T , i.e.,

P∗
m−1 = Pm−1(T,Γ) \

m−2⋃
k=1

Pk(T,Γ), (4.4.6)
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we refer the reader to [68, Section 3]. Since p0 is two-sided and belongs to P∗
m−1, by [68,

Lemma 2.12], we see that Tp0,r blows up to a two-sided boundary flat cone. Hence,

Θm(T, p0) = Q

2 +Q⋆, for some Q⋆ ∈ N \ {0}.

We now prove that p0 is a collapsed point as described above, see also [68, Definition

2.17]. Given any x ∈ Γ ∩ Brp (p), we have Θm(T, x) ≥ Θm(T, p0) if x ∈ P∗
m−1, since p0 is

a minimum density point in P∗
m−1. If x /∈ P∗

m−1, we use [80, Theorem 3.2] (see also [68,

Section 3]) to obtain that Γ ∩ Brp0
(p0) and P∗

m−1 ∩ Brp0
(p0) are Hm−1-equivalent, then we

can take xk ∈ P∗
m−1 ∩ Brp0

(p0) to converge to x. Next, using the upper semicontinuity of

the density restricted to the boundary ([68, Proposition 1.8]), it holds that

Θm(T, x) ≥ lim sup
k→+∞

Θm(T, xk) ≥ Θm(T, p).

Therefore, p0 is a collapsed boundary point of T . We can now apply [68, Theorem 2.21] to

see that p0 is a regular boundary point for T and conclude the proof. Note that [68, Theorem

2.21] is stated for Σ = Rm+n, one can see (cf. [21]) that the proof works for any T minimizing

area in an arbitrary C3,κ-submanifold Σ of Rm+n.

4.4.3 Decomposition at one-sided points

In this section, we first develop the essential machinery for one-sided points, which will

enable us to carry out our main reduction argument. In Section 4.4.4, we then apply these

tools to reduce the proof of the main theorems to the study of one-sided flat points.

Decomposition theorem

We present the following result, which ensures that the density is forced to be equal to

Q/2, provided that it is sufficiently close to this value (with respect to a uniform constant).

This result is established in Chapter 3.
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Theorem 4.4.4 (Density jump). Under Assumption 4.1.8, we have Θm(T, p) ≥ Q/2. The

equality case holds if and only if the tangent cone to T at p is an open book and unique.

Moreover, there exists a constant ε = ε(m,n,Q) > 0 such that if Θm(T, p) > Q/2 then

Θm(T, p) > Q/2 + ε.

Remark 4.4.5. Notice that this result, together with the upper semicontinuity of the density

restricted to Γ ([68, Proposition 1.8]) implies that the set of one-sided boundary points is a

relatively open set in Γ.

The following decomposition result is stated in [27] for 2-dimensional area minimizing

integral currents and generalized in Chapter 3 to arbitrary dimensions.

Theorem 4.4.6 (Decomposition at one-sided points theorem). Let T be an area minimizing

current as in Assumption 4.1.8, assume that Θ(T, 0) = Q/2, and let C = ∑N
i=1 Qi JHiK be the

unique tangent cone to T at 0 (where the representation of C is such that the half-planes are

distinct). Then there exists ρ > 0 and area minimizing currents T1, T2, ..., TN in Bρ such that

T Bρ =
N∑

i=1
Ti, with ∂Ti Bρ = Qi JΓK ,

and where the supports of Ti only intersect at Γ. Moreover, the (unique) tangent cone at 0 of

Ti is Qi JHiK.

4.4.4 Main reduction argument and proof of the main results

We are now prepared to reduce the main results to establish the rectifiability of the set of

singular flat one-sided points. For the readers’ convenience, we restate the main results here.

Theorem (Theorem M). Under Assumption 4.1.8, we have that Sing1
b(T ) is Hm−3-rectifiable.

This theorem will be derived as a corollary of the following.
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Proposition 4.4.7 (Rectifiability of the set of one-sided flat singular points). Under As-

sumption 4.1.8, we have

Sing1
b(T ) ∩ {q ∈ Γ : q is flat} is Hm−3-rectifiable.

The proof of Proposition 4.4.7 will be the focus of the remaining sections of this article.

We now demonstrate how Theorem M follows from Proposition 4.4.7.

Proof of Theorem M. We argue by induction. The case Q = 1 is given by Allard’s boundary

regularity result, see [3]. Indeed, in this case, we do not have any singular boundary point.

Assume now that the result holds for Q′ ≥ 1 and take Q > Q′. We define

Ei := Singb(T ) ∩ {q ∈ Γ : Θm(T, q) = Q/2 and Tq has i sheets} ,

where Tq is the tangent cone to T at q. We can cover each Ei, i > 2, with a countable

family of open balls whose centers belong to Ei, namely {Bi
j}j∈N, each of which is given

by Theorem 4.4.6. Indeed, since i > 2, any q ∈ Ei is a one-sided singular point which is

not flat and, thus, we can apply Theorem 4.4.6. Notice that for every q ∈ Γ ∩Bi
j, we have

Θm(T, q) = Q/2. From this covering, we can write T locally in each of these balls as

T Bi
j = T j,i

1 + T j,i
2 , j ∈ N,

where T j,i
1 and T j,i

2 are area minimizing in Bi
j, Q

j,i
1 , Q

j,i
2 > 0 are two integers, ∂T j,i

1 =

Qj,i
1

q
Γ ∩Bi

j

y
, ∂T j,i

2 = Qj,i
2

q
Γ ∩Bi

j

y
, and Qj,i

1 +Qj,i
2 = Q. Now, we can apply our inductive

hypothesis to each T j,i
1 and T j,i

2 with i > 2 to get the Hm−3-rectifiability of the corresponding

set of singular one-sided points. Given that

Ei =
⋃
j≥1

(
Singb(T

j,i
1 ) ∪ Singb(T

j,i
2 )
)

∩Bi
j, and E =

Q⋃
i=1

Ei,
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to obtain the rectifiability of E, we are only left to prove rectifiability of E1 which is exactly

what we claim in Proposition 4.4.7. Thus, we conclude the proof.

As a consequence of Theorem M, we can establish an Allard-type regularity result, provided

there exists a relatively open neighborhood of Γ of flat one-sided points. Furthermore, given

the counterexample in Theorem 4.1.9, we know that this assumption cannot be eliminated.

Additionally, we recall that for m = 2, Allard’s theorem holds for any Q, meaning that

one-sided points are automatically regular, as shown in [27].

For the readers’ convenience, we restate Theorem L here.

Theorem (Theorem L). Under Assumption 4.1.8, assume that q ∈ Γ is a one-sided flat point

of T and there is a neighborhood of q in Γ containing only one-sided flat points, then q is a

regular point.

Proof. Let q be a one-sided flat point and r > 0 such that Br (q) ∩ Γ consists of one-sided

flat points. By Theorem M, there is a one-sided regular point x ∈ Br (q) ∩ Γ. Using the fact

that x is a flat and regular point, there exist ρ > 0 and a single smooth manifold M such

that T Bρ (x) = Q JMK (cf. Definition 4.1.3).

Next, we extend M to M̃ , a connected component of spt(T ) \ (Γ ∪ Singi(T )) outside

Bρ (x) where Singi(T ) denotes the interior singular set of T . Since dimH(Singi(T )) ≤ m− 2,

we have that spt(∂
q
M̃

y
) ⊂ Γ. By the Constancy Lemma, ∂

q
M̃

y
= JΓ ∩ Br (q)K .

We will show that T agrees with Q
q
M̃

y
on a neighborhood of q. It suffices to show that

Br (q) ∩ spt(T −Q
q
M̃

y
) = ∅.

Assume by contradiction that y belongs to such a set. Since T −Q
q
M̃

y
is area minimizing,

by the monotonicity formula, we have Θm(T − Q
q
M̃

y
, y) ≥ 1. Additionally, Θm(T, y) =

Θm(Q JMK , y) = Q, which follows by construction y ∈ spt(T ) ∩ M̃ and the Hausdorff

dimensional bound for the interior singular set. These two facts are in contradiction, and

hence we conclude the proof.
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We employ a reduction argument to demonstrate that it suffices to prove Theorem N by

assuming that every boundary point is a one-sided flat point for T within a small ball, and

then apply Proposition 4.4.7. For the readers’ convenience, we restate it here.

Theorem (Theorem N). Under Assumption 4.1.8, we have that Regb(T ) is an open and

dense subset of Γ ∩ BR (p).

Proof of Theorem N. Assume that there is a singular boundary point x for T and r > 0 such

that Br (x) ∩ Γ ⊂ Singb(T ). We choose p0 ∈ Br (x) ∩ Γ to have minimum density in the

(m− 1)-stratum (this is possible due to [68, Lemma 2.12]), i.e.,

Θm(T, p0) = min
{
Θm(T, q) : q ∈ Br (x) ∩ Γ ∩ P∗

m−1

}
, (4.4.7)

where P∗
m−1 is defined as above in (4.4.6).

We divide into two cases. If Θm(T, p0) = Q/2 + Q⋆, for some Q⋆ ∈ N \ {0}, then there

exists r1 > 0 such that

Θm(T, q) ≥ Q/2 +Q⋆ for any q ∈ Br1 (p0) ∩ Γ ⊂ Br (x) . (4.4.8)

In fact, if not, there is {xk}k ⊂ B1/k (p0) ∩ Γ ⊂ Br (x) such that Θm(T, xk) < Q/2 +Q⋆

and Θm(T, xk) → Q/2 +Q⋆. Recall that P∗
m−1 is Hm−1-equivalent to Γ, and take a sequence

{yk
j }j ⊂ P∗

m−1 ∩ Br (x) such that yk
j → xk as j grows. Therefore, we have

Q/2 +Q⋆ > Θm(T, xk) ≥ lim sup
j

Θm(T, yk
j ) ≥ Q/2 +Q⋆,

where the last inequality follows from yk
j ∈ P∗

m−1 ∩ Br (x) and that p0 is a minimum density

point within this set, cf. (4.4.7). The last displayed inequality provides the contradiction and

concludes the proof of (4.4.8).

By the upper semicontinuity of the density restricted to Γ and (4.4.8), given δ > 0, there

is an open neighborhood U of p0 such that Θm(T, q) is δ-close to Θm(T, p0) = Q/2 +Q⋆ for

174



any q ∈ U ∩ Γ and thus Proposition 4.4.3 implies that p0 is regular, which contradicts the

fact that Br (x) ∩ Γ only has singular points.

Next, assume Θm(T, p0) = Q/2. Recall that, by upper semicontinuity of the density

([68, Proposition 1.8]) and the density jump (Theorem 4.4.4), we obtain that the set of

one-sided boundary points is relatively open in Γ and, therefore, there exists r0 > 0 such that

Br0 (p0) ⊂ Br (x) and

Θm(T, q) = Q

2 , for every q ∈ Br0 (p0) ∩ Γ ⊂ Singb(T ).

Now, by Theorem M, the Hausdorff dimension of Singb(T ) ∩ {q ∈ Γ : Θm(T, q) = Q/2} is

capped at m− 3 which then gives us a contradiction since Br0 (p0) ∩ Γ is supposed to only

have flat singular points of T . Hence, we conclude the proof of Theorem N.

4.5 Universal frequency function I at one-sided flat

points

4.5.1 Center manifold and normal approximation at one-sided flat

points

In this subsection, we construct the center manifold (Theorem 4.5.6) and the normal

approximation (Theorem 4.5.10) around a flat one-sided singular point of an area-minimizing

current T . These constructions are well established and have previously been formulated in

different contexts.

Next, we introduce the intervals of flattening (Section 4.5.2), which identify the scales at

which T decays almost quadratically toward its tangent cone. Using these intervals, we define

the universal frequency function (Section 4.5.2), a fundamental tool for analyzing regularity

in this setting. Although most of the frequency function estimates in this section are well
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known in the two-dimensional case—see [27]—certain refinements are necessary to integrate

them into the framework used to address the rectifiability problem.

We begin by establishing the existence of a Lipschitz approximation for an area-minimizing

current in a neighborhood of a one-sided flat singular point.

We first recall and introduce the following notation. The function ϕ is defined on pπ0(Γ)

and it satisfies graph(ϕ) ∩ B2 = Γ ∩ B2. We define A := max{AΣ,AΓ} where AΓ and AΣ

are the C0-norms of the second fundamental forms of Γ and Σ.

Proposition 4.5.1. Let T,Σ, and Γ be as in Assumption 4.1.8 with p = 0 and R = 2, assume

in addition that

• T0Γ = Rm−1 × {0} ⊂ π0 ⊂ T0Σ,

• pπ0(Γ) splits B2 into two disjoint connected open sets, which we denote by B+
2 and B−

2 ,

• (pπ0)#T C2 = Q
q
B+

2
y
.

Then there are geometric constants γla > 0, εla > 0, and C > 0 with the following properties.

If E := E(T,C2, π0) < εla, there exist a set K ⊂ B+
3/2 and a function f defined on B+

3/2 taking

values in AQ(Rn) such that

f |∂B+
2

= Q JϕK and spt(Gf ) ⊂ Σ, (4.5.1)

Lip(f) ≤ C(E + r2A2)γla , (4.5.2)

osc(f) ≤ Ch(T,C2) + Cr(E + r2A2) 1
2 , (4.5.3)

Gf (K × Rn) = T (K × Rn), (4.5.4)

Hm(B1 \K) + eT (B1 \K) ≤ Crm(E + r2A2)1+γla , (4.5.5)∣∣∣∣∣∥T∥(A× Rn) −QHm(A \ B2) − 1
2

ˆ
A

|Df |2
∣∣∣∣∣ ≤ Crm(E + r2A2)1+γla . (4.5.6)

Proof. The theory in [27, Sections 6, 7, 8, and 9] is already developed in an arbitrary

dimension. Note also that [27, Lemma 7.6] (stated in 2d) can be replaced by its counterpart

in any dimension [26, Lemma 7.1].
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Before starting the construction of the center manifold and normal approximation at flat

one-sided points, we note that [27] will be frequently referenced throughout. Although the

authors consider Σ = Rm+n, it is straightforward to verify that all their results remain valid

for an arbitrary Σ ⊂ Rm+n of class C3,κ, introducing certain errors that we will explicitly

state below.

Assumption 4.5.2. Under Assumption 4.1.8 with p = 0 and R = 2, we assume that Σ∩B2 =

graph(Ψ) and Γ∩B2 (0) = graph(ϕ) where Ψ : B2∩Rm+n̄ → Rn−n̄ and ϕ : B2∩Rm−1 → Rn+1.

We assume that

(i) max
{
E♭(T,B2), ∥Ψ∥2

C3,κ , ∥ϕ∥2
C3,κ

}
=: m0 < εcm, where εcm = εcm(m,n, n̄, Q) > 0 is a

small constant,

(ii) Assume 0 is a one-sided flat boundary point for T and the tangent cone to T at 0 is

T0 = Q
q
π+

0
y
.

We begin by describing a Whitney-type decomposition of B+
3/2, which denotes the connected

component of B3/2 \ pπ0(Γ) with nonempty intersection with pπ0 ♯(T B3/2), with cubes whose

sides are parallel to the coordinate axes and have side length 2ℓ(L). The center of any such

cube L will be denoted by cL and its sidelength will be denoted by 2ℓ(L). We introduce a

family of dyadic cubes L ⊂ π0 in the following way: for j ≥ N0, where N0 is an integer whose

choice will be specified below, we introduce the families

Cj := {L : L is a dyadic cube of side ℓ(L) = 2−j and B+
3/2 ∩ L ̸= ∅},

For each L define a radius rL := M0
√
mℓ(L), with M0 ≥ 1 to be chosen later. We then

subdivide C := ∪jCj into, respectively, boundary cubes and non-boundary cubes

C ♭ := {L ∈ C : dist(cL,pπ0(Γ)) < 64rL}, C ♭
j = C ♭ ∩ Cj,

C ♮ := {L ∈ C : dist(cL,pπ0(Γ)) ≥ 64rL}, C ♮
j = C ♮ ∩ Cj.
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If H,L ∈ C we say that:

• H is a descendant of L and L is an ancestor of H, if H ⊂ L;

• H is a child of L and L is the parent of H, if H ⊂ L and ℓ(H) = 1
2ℓ(L);

• H and L are neighbors if 1
2ℓ(L) ≤ ℓ(H) ≤ ℓ(L) and H ∩ L ̸= ∅.

Lemma 4.5.3. Let H be a boundary cube. Then any ancestor L and any neighbor L

with ℓ(L) = 2ℓ(H) are necessarily a boundary cube. In particular: the descendant of a

non-boundary cube is a non-boundary cube.

• If L ∈ C ♮, then we define the non-boundary satellite ball BL = B64rL
(pL) where

pL ∈ spt(T ) such that pπ0(pL) = cL, such pL is a priori not unique, and πL is a plane

which minimizes the excess in BL, namely E(T,BL) = E(T,BL, πL) and πL ⊂ TpL
Σ,

• If L ∈ C ♭, then we define the boundary satellite ball B♭
L = B2764rL

(
p♭

L

)
where p♭

L ∈ Γ

is such that |pπ0(p♭
L) − cL| = dist(cL,pπ0(Γ)). Note that in this case, the point p♭

L

is uniquely determined because Γ is C3,κ and m0 is assumed to be sufficiently small.

Likewise πL is a plane that minimizes the excess E♭, that is, such that E♭(T,B♭
L) =

E(T,B♭
L, πL) and Tp♭

L
Γ ⊂ πL ⊂ Tp♭Σ.

Stopping conditions

We introduce the set up to decide whether or not a cube is such that T has good enough

properties around it. These properties are mainly based upon how small the excess or height

of T are with respect to the size of a given cube.

Let Ce, Ch be two large positive constants that will be specified later. We define

(i) W e
N0 := {L ∈ C ♮

N0 ∪ C ♭
N0 : E(T,BL) > Cem0ℓ(L)2−αe},

(ii) W h
N0 := {L ∈ C ♮

N0 ∪ C ♭
N0 : h(T,BL, πL) > Chm1/2m

0 ℓ(L)1+αh},

(iii) SN0 := CN0 \
(
W e

N0 ∪ W h
N0

)
.
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Assume inductively that for a certain step j ≥ N0 + 1, we have defined the families

Wj−1 := W e
j−1 ∪ W h

j−1 and Sj−1. We set the following stopping criteria:

(i) W e
j := {L child of K ∈ Sj−1 : E(T,BL) > Cem0ℓ(L)2−2αe},

(ii) W h
j := {L child of K ∈ Sj−1 : L ̸∈ W e

j and h(T,BL, πL) > Chm1/2m

0 ℓ(L)1+αh},

(iii) W n
j := {L child of K ∈ Sj−1 : L ̸∈ W e

j ∪ W h
j but ∃L′ ∈ Wj−1 with L ∩ L′ ̸= ∅}.

Thus, we define Sj := {L ∈ Cj child of K ∈ Sj−1} \ Wj. Furthermore, we set

W :=
⋃

j≥N0

Wj, S :=
⋃

j≥N0

Sj, S :=
⋂

j≥N0

( ⋃
L∈Sj

L
)

= B+
3/2 \

⋃
H∈W

H .

Remark 4.5.4. Unlike the two-sided case, as in [21, 68], we cannot state that every boundary

cube is nonstopping since we do not have an almost-quadratic excess decay (which is strongly

used in [21, 68] to prove this affirmation). Hence, we have to include boundary cubes in the

stopping conditions.

Since (W ,S) is a Whitney decomposition of [−3/2, 3/2]m, it is not hard to see that

sep(S, L) := inf {|x− y| : x ∈ L, y ∈ S} ≥ 2ℓ(L), for any L ∈ W . (4.5.7)

We now assume an order of hierarchy for all the parameters involved in the construction

of the center manifold that will follow.

Assumption 4.5.5. T and Γ are as in Assumptions 4.5.2 and we also assume that

(i) 0 < αh ≤ 1/2m and αe > 0 is positive but small, depending only on αh,

(ii) M0 is larger than a suitable constant, depending only upon αe,

(iii) 2N0 ≥ C(m,n,M0),

(iv) Ce is sufficiently large depending upon αe, αh, M0 and N0,
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(v) Ch is sufficiently large depending upon αe, αh,M0, N0 and Ce,

(vi) Item (i) of Assumption 4.5.2 holds with εpar sufficiently small depending upon all the

other parameters above.

Existence of the center manifold

In this subsection, we state the existence of the center manifold which acts as an “average"

of the sheets of the current T . Furthermore, the center manifold M is a classical submanifold

of Σ of regularity C3,κ which allows us to study further properties of the current T .

Theorem 4.5.6 (Theorem 10.16, [27]). Under Assumptions 4.5.2 and 4.5.5, there is a

κ := κ(αe, αh, Q,Q
⋆,m, n̄, n) > 0, such that

(i) φj ∈ C3,κ with ∥φj∥C3,κ(B+
3/2) ≤ Cm0

1/2, for some C := C(αe, αh,M0, Ce, Ch) > 0,

(ii) If i ≤ j, L ∈ Wi−1 and H is a cube concentric to L with ℓ(H) = 9
8ℓ(L), then φj = φi

on H,

(iii) φj converges in the C3-topology to a map φ : B+
3/2 → Rn, whose graph is a C3,κ-

submanifold M of Σ, which will be called the center manifold,

(iv) ∂(graph(φ)) = Γ, i.e., ∂M ∩ C3/2 = Γ ∩ C3/2,

(v) For any q ∈ ∂M ∩ C3/2, we have TqM = π+(q) where π(q) is the supporting m-plane

for the unique tangent cone to T at q.

Proof. We will omit the proof because it follows the same lines as in [27, Theorem 10.16].

In fact, the authors, in [68], do not use the fact that m = 2 to prove the existence of M as

above.
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Normal approximations

With the center manifold M in hand, our objective is to construct approximations of

T—akin to those in Proposition 4.5.1—by functions defined on M and taking values in its

normal bundle. These approximations, known as M-normal approximations, are formally

defined in Definition 4.5.9 and their existence is established in Theorem 4.5.10.

Let us define the graph parametrization map of M as Φ(x) := (x,φ(x)). We will call

contact set the subset Φ(S). For every cube L ∈ W we associate a Whitney region L on M

as follows:

• L := Φ(H ∩ B1) where H is the cube concentric to L such that ℓ(H) = 17
16ℓ(L).

Assumption 4.5.7. Under Assumptions 4.5.2 and 4.5.5. We possibly further reduce εcm,

call it εna, and assume m0 < εna, to be such that, if

U := {q ∈ Rm+n : ∃!q′ = p(q) ∈ M s.t. |q − q′| < 1 and q − q′ ∈ T⊥
q′ M}

where T⊥
q′ M := (Tq′M)⊥, then the map p extends to a Lipschitz map to the closure U which

is C2,κ on U \ p−1(Γ) and p−1(q′) = q′ + B1(0, (Tq′M)⊥) for all q′ ∈ M.

The following corollary states strong properties on the behavior of the current T whenever

we look at points on the contact set.

Corollary 4.5.8. Under Assumptions 4.5.2 and 4.5.5„ we have

(i) spt(∂(T U)) ⊂ ∂lU, spt♯(T [−7
2 ,

7
2 ] × Rn) ⊂ U, and p(T U) = Q JMK,

(ii) spt(⟨T,p,Φ(q)⟩) ⊂
{
y : |Φ(q) − y| ≤ Cm1/2m

0 ℓ(L)1+αh
}

for every q ∈ L ∈ W ,

(iii) ⟨T,p, p⟩ = Q JpK for every p ∈ Φ(S) ∪ (Γ ∩ ∂M).

Next, we define the M-normal approximations of T defined on M and taking values in

its normal bundle.
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Definition 4.5.9. Let M be the center manifold under Assumption 4.5.7. We say that

(K, F ) is an M-normal approximation of T , if

(i) there exists a Lipschitz function

N : M ∩ C1 → AQ(T⊥M)

x 7→ N (p) := ∑Q
i=1 JNi(p)K ,

where (Ni : M ∩ C1 → T⊥M)i∈{1,...,Q} are measurable sections of the normal bundle

satisfying p+ Ni(p) ∈ Σ. We then define the Lipschitz function given by

F : M ∩ C1 → AQ(T⊥Mk)

x 7→ (N ⊕ id) (x).

(ii) K ⊂ M is closed and TF p−1(K ∩ Mk) = T p−1(K ∩ Mk), where TF := (F )♯ JMK,

according to [32, Definition 1.3],

(iii) Φ(S) ∩ Γ ⊂ K, N |K ≡ Q J0K, and then F (p) = Q JpK on K.

We finally state the existence and local properties of a normal Lipschitz approximation of

T .

Theorem 4.5.10 (Local behavior of M-normal approximations. Theorem 10.21 of [27]).

Under Assumption 4.5.7, there is a constant αL = αL(m,n, n̄, Q) > 0 such that there exists

an M-normal approximation (K, F ) satisfying the following estimates on any Whitney region

L ⊂ M associated to a cube L ∈ W :

Lip(N |L) ≤ CmαL
0 ℓ(L)αL and ∥N |L∥0 ≤ Cm1/2m

0 ℓ(L)1+αh ,

Hm(L \ K) + ∥TF − T∥(p−1(L)) ≤ Cm1+αL
0 ℓ(L)m+2+αL ,ˆ

L
|DN |2 ≤ Cm0ℓ(L)m+2−2αe , (4.5.8)
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for a constant C = C(αe, αh,M0, N0, Ce, Ch) > 0. Moreover, for any a > 0 and any Borel

V ⊂ L,

ˆ
V

|η ◦ N | ≤ Cm0
(
ℓ(L)m+3+ αh

3 + aℓ(L)2+ αL
2 Hm(V)

)
+ C

a

ˆ
V

G(N , Q Jη ◦ N K)2+αL .

Next, we state global estimates that are derived from summing up all the local estimates

in the previous theorem over all cubes of the Whitney decomposition.

Corollary 4.5.11 (Global estimates for M-normal approximations on Whitney regions.

Corollary 10.22 of [27]). Under the same assumptions and notation of Theorem 4.5.10, and

setting M′ = Φ(B+
1 ∩ [−7/2, 7/2]m), we have:

Lip(N |M′) ≤ CmαL
0 and ∥N |M′∥0 ≤ Cm1/2m

0 ,

Hm(M′ \ K) + ∥TF − T∥(p−1(M′)) ≤ Cm1+αL
0 and

ˆ
M′

|DN |2 ≤ Cm0.

for a constant C = C(αe, αh,M0, N0, Ce, Ch) > 0. Moreover, N ≡ Q J0K on Φ(S) ∩ M′ and
´

M′ |N |2 ≤ Cm0.

We now state some properties on the normal Lipschitz approximations concerning their

“splitting" behavior on stopping cubes.

Proposition 4.5.12 (Splitting, Proposition 14.4 of [27]). Under the same assumptions

and notation as Theorem 4.5.10, there is a constant C = C(m,n, n̄,M0, δ1) > 0 with the

following property. If L ∈ W e, q ∈ π0 with dist(q, L) ≤ 4
√
mℓ(L), Bℓ(L)/4 (q) ⊂ B2, and

Ω := Φ(Bℓ(L)/4 (q)), then we have that

Cm0ℓ(L)m+2−2δ1 ≤ ℓ(L)mE(T,B♭
L) ≤ C

ˆ
Ω

|DN |2, (4.5.9)
ˆ

L
|DN |2 ≤ Cℓ(L)mE(T,B♭

L) ≤ Cℓ(L)−m

ˆ
Ω

|N |2. (4.5.10)
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4.5.2 Intervals of flattening and definition of I

We begin by defining the intervals of flattening, which allow us to transition between

center manifolds whenever they cease to be good approximations for the “average" of the

sheets of T . Before that, we make a few remarks that are important for comparison with

the interior setting and that also highlight the significance of the excess decay available for

one-sided points.

Remark 4.5.13. Our approach closely follows the strategy in [27], as they also do not have

an a priori almost-quadratic decay of the excess. In contrast, when dealing with two-sided

boundary points, the authors of [21] and [68] establish almost quadratic excess decay through

a blow-up argument combined with strong properties of the limiting two-sided Dir-minimizing

functions. The availability of such a decay allows them to bypass the need for intervals of

flattening.

Remark 4.5.14. In the interior case ([34]), analogous to the boundary setting, the center

manifold can only be constructed when the excess is below a certain threshold, namely εcm

given in Assumption 4.5.2; for the interior, see [34, Eq. 2.4]. This requirement explains

the gaps that may exist between the intervals of flattening in [28]: At scales within these

gaps, the excess may be too large to construct the center manifold. However, in our setting,

this issue does not arise, as we rely on an excess decay theorem (with exponent α ∈ (0, 1))

established in Chapter 3).

Remark 4.5.15. We note that [27] will be frequently referenced, where the setting assumes

Σ = Rm+n. Nevertheless, it is straightforward to verify that all the results remain valid for

an arbitrary Σ ⊂ Rm+n of class C3,κ, taking into account the errors we explicitly state below.
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Interval of flattening

Assume Assumption 4.5.2, Assumption 4.5.5, and Assumption 4.5.7, with p ∈ Γ in place

of 0, and fix

max
{
E♭(T,B2 (p)),A2

p,Σ,A2
p,Γ

}
=: mp < εcm.

We set t1 = 2, Mp,1 = Mp,1 and N p,1 = Np,1 to be the center manifold and the

Mp,1-normal approximation given by Theorem 4.5.6 and Theorem 4.5.10 when applied the

translation of T by p ∈ Γ, i.e., (ιp,1)♯T , respectively.

Denote by W p,1 the Whitney decomposition as described in Section 4.5.1. Notice that

the construction of the intervals of flattening below depend on p, we will however omit this

dependence for the sake of notation.

We now assume by induction that tj−1 > 0 is defined with ti−1 < ti, for any i ≤ j − 1 and

consider:

• Tp,j :=
((
ιp,tj

)
♯
T
)

B2, Σp,j := ιp,tj
(Σ) ∩ B2, Γp,j := ιp,tj

(Γ) ∩ B2, Mp,j and N p,j to

be the center manifold and the normal approximation given by Theorem 4.5.6 and

Theorem 4.5.10 now applied to the current Tp,j, the boundary Γp,j, and the ambient

manifold Σp,j. We also denote by W p,j the Whitney decomposition coupled with Mp,j

as described above.

Next, we inductively define:

tj = tj−1 max
({

64
√
mℓ(L) : L ∈ W p,j and 64

√
mℓ(L) ≥ dist(0, L)

}
∪ {0}

)
.

Observe that tj/tj−1 ≤ 2−5 which ensures that [tj−1, tj] is a nontrivial interval. If tj = 0,

we stop the induction; otherwise we keep going and end up with infinitely many intervals.

We also fix the following notations:

Mp,j := tjMp,j, Np,j(q) := tjN p,j

(
q

tj

)
, Γp,j := tjΓp,j, and Σp,j := tjΣp,j.
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Notice that Γp,j =
(
Γ ∩ Btj

(p)
)

− p and Σp,j =
(
Σ ∩ Btj

(p)
)

− p.

Lemma 4.5.16. Let L be a cube such that L ∈ W p,j and 64
√
mℓ(L) ≥ dist(0, L) and

64
√
mℓ(L) = max ({64

√
mℓ(L) : L ∈ W p,j and 64

√
mℓ(L) ≥ dist(0, L)} ∪ {0}). Then L ∈

(W p,j)e, i.e., it has to stop for the excess.

Proof. Observe that if L is in (W p,j)n, then there is a neighboring cube H of double side

length that also belongs to W p,j and it is straightforward to check that it satisfies H ∈

W p,j and 64
√
mℓ(H) ≥ dist(0, H) too, thus violating the maximility of L. Since L satisfies

64
√
mℓ(L) ≥ dist(0, L), L is a boundary cube and thus cannot belong to (W p,j)h, see [27,

Lemma 10.4].

Universal frequency function at one-sided flat points

Before defining the frequency function, we first introduce a well-suited distance function d

that accounts for the curvature of Γ in our calculations. Specifically, d serves as the direction

of the vector field used in the inner and outer variations, requiring ∇d to be tangent to Γ.

The function d is constructed in the following lemma.

Lemma 4.5.17 (Good distorted distance function). There exists a continuous function

d : B1 × B1 → R+ which we will call good distorted distance function satisfying, for any

q ∈ Γp,1, the following:

(i) x 7→ d(x, q) is C2 on B1 \ {q},

(ii) d(x, q) = |x− q| +O (m0|x− q|2),

(iii) ∇xd(x, q) = x−q
|x−q| +O(m0|x− q|),

(iv) D2
xd(x, q) = |x− q|−1 (Id − |x− q|−2(x− q) ⊗ (x− q)) +O(m0),

(v) ∇xd(x, q) is tangent to Γp,1 at x ∈ Γp,1.
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Proof. The proof is given in [21, Lemma 4.25]. Even though slightly worse estimates are

stated, i.e., there is no m0 in [21, Lemma 4.25], their proof is robust enough and immediately

gives the improvements that we claim in this lemma.

We first fix a cut-off function as follows:

ϕ(t) :=


1, for 0 ≤ t ≤ 1

2 ,

2(1 − t), for 1
2 ≤ t ≤ 1,

0, for t ≥ 1.

Having fixed a good distorted distance function d, a cut-off ϕ, and the intervals of

flattening, for any q ∈ Γp,j and r ∈ (tj+1, tj], we define the following three quantities:

Dp(q, r) = Dp(ϕ, d, q, r) :=
ˆ

Mp,j

ϕ

(
d(x, q)
r

)
|DNp,j|2(x) d Hm(x),

Hp(q, r) = Hp(ϕ, d, q, r) := −
ˆ

Mp,j

ϕ′
(
d(x, q)
r

)
|∇Mp,j

d(x, q)|2 |Np,j(x)|2
d(x, q) d Hm(x),

Sp(q, r) = Sp(ϕ, d, q, r) :=
ˆ

Mp,j

ϕ

(
d(x, q)
r

)
|Np,j(x)|2 d Hm(x).

Next, we finally define the universal frequency function as follows:

Ip(q, r) = Ip(ϕ, d, q, r) := rDp(q, r)
Hp(q, r) , for any r ∈ (0, 2], q ∈ B2.

We will also fix dj(x, q) := t−1
j d(tjx, tjq) and q ∈ B2 to define the rescaled functions:

Dp,j(q, r) = Dp,j(ϕ, d, q, r) :=
ˆ

Mp,j

ϕ

(
dj(x, q)

r

)
|DN p,j|2(x) d Hm(x),

Hp,j(q, r) = Hp,j(ϕ, d, q, r) := −
ˆ

Mp,j

ϕ′
(
dj(x, q)

r

)
|∇Mp,j

dj(x, q)|2
|N p,j(x)|2
dj(x, q)

d Hm(x),

Sp,j(q, r) = Sp,j(ϕ, d, q, r) :=
ˆ

Mp,j

ϕ

(
dj(x, q)

r

)
|N p,j(x)|2 d Hm(x).
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We can then straightforwardly check that:

Dp,j

(
t−1
j q, t−1

j r
)

= t−m
j Dp(q, r), ∂rDp,j

(
t−1
j q, t−1

j r
)

= t−m+1
j ∂rDp(q, r), (4.5.11)

Hp,j

(
t−1
j q, t−1

j r
)

= t−m−1
j Hp(q, r), ∂rHp,j

(
t−1
j q, t−j r

)
= t−m

j ∂rHp(q, r), (4.5.12)

Sp,j

(
t−1
j q, t−1

j r
)

= t−m−2
j Sp(q, r), ∂rSp,j

(
t−1
j q, t−j r

)
= t−m−1

j ∂rSp(q, r). (4.5.13)

We also define the following quantities:

Ep(q, r) := −1
r

´
Mj

ϕ′
(

d(x,q)
r

)∑
i⟨(Np,j)i(x), D(Np,j)i(x)∇Mp,j

d(x, q)⟩ d Hm(x),

Gp,j(q, r) := − 1
r2

´
Mp,j

ϕ
(

d(x,q)
r

)
d(x,q)

|∇Mp,j
d(x,q)|2 |DNp,j · ∇Mp,j

d(x, q)|2 d Hm(x),

Ep,j(q, r) := −1
r

´
Mp,j

ϕ′
(

dj(x,q)
r

)∑
i⟨(N p,j)i(x), D(N p,j)i(x) · ∇Mp,j

dj(x, q)⟩ d Hm(x),

Gp,j(q, r) := − 1
r2

´
Mp,j

ϕ
(

dj(x,q)
r

)
dj(x,q)

|∇Mp,j
d(x,q)|2 |DN p,j · ∇Mp,j

dj(x, q)|2 d Hm(x),

then, we also have the following rescalings:

Ep,j(t−1
j q, t−1

j r) = t−m
j Ep(q, r) and Gp,j(t−1

j q, t−1
j r) = t−m+1

j Gp(q, r). (4.5.14)

4.5.3 Radial derivatives in the realm of the frequency function

The main goal of this subsection is to derive a series of inequalities involving the radial

derivatives of the various quantities defined above. These inequalities will be central in

computing the radial derivative of I and in establishing further properties of I (such as its

almost monotonicity), which in turn encapsulates significant information about the current

T .

Lemma 4.5.18 (Radial variations and list of bounds). Let T,Γ, and Σ, satisfy Assumptions

4.5.2, 4.5.5, and 4.5.7, with p in place of 0. Then either T = Q Jp+ Mp,jK in a neighborhood

of p, for some j ∈ N, or Hp(p, s) > 0 and Dp(p, s) > 0, for every s ∈ (0, 2]. In the latter

case, there exist C > 0 and τ > 0 (which are not dependant on p, j, T , nor εna) such that,
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for all r > 0, we have

Hp(p, r) ≤ CrDp(p, r), Ip(p, r) ≥ C−1,

∂rSp(p, r) ≤ CrDp(p, r), and Sp(p, r) ≤ Cr2Dp(p, r),
(4.5.15)

Additionally, we obtain that

Dp(p, r) ≤ Crm+2κ. (4.5.16)

We also have the following formulas for any r ∈ (tj+1, tj):

∂rDp(p, r) = −
ˆ
ϕ′
(
d(x, p)
r

)
d(x, p)
r2 |DNp,j(x)|2 d Hm(x), (4.5.17)∣∣∣∣∂rHp(p, r) − m− 1

r
Hp(p, r) + 2Ep(p, r)

∣∣∣∣ ≤ Cmp,jHp(p, r). (4.5.18)

Moreover, for any r ∈ (tj+1, tj), we have:

|∂rDp(p, r)| ≤ Cr−1Dp(p, r), (4.5.19)

|Dp(p, r) − Ep(p, r)| ≤ Cmτ
pDp(p, r)1+τ + Cmpt

−2+2κ
j Sp(p, r), (4.5.20)

|∂rDp(p, r) − m− 2
r

Dp(p, r) − 2Gp(p, r)| ≤ Cmτ
pDτ

p(p, r)
(

Dp(p, r)
r

+ ∂rDp(p, r)
)

+ Cmpt
2κ−1
j Dp(p, r), (4.5.21)∣∣∣∣∣ 1

Dp(p, r) − 1
Ep(p, r)

∣∣∣∣∣ ≤ Cmτ
pDp(p, r)τ−1 + Cmpt

−2+2κ
j

Sp(p, r)
Dp(p, r)2 .

(4.5.22)

Proof. These estimates depend on the outer variation and an inner variation on specific

vector fields as is well-known. We denote by pj the projection onto the center manifold Mp,j .

The vector fields are the following:

Xj
o(q) := ϕ

(
dj(pj(q))

r

)
(q − pj(q)), Xj

i (q) := −Yj(pj(q)) with Yj := 1
2ϕ

(
dj

r

)
∇dj

|∇dj|2
,

189



where in the formula above, ∇ denotes the tangent gradient to Mp,j. The vector field Xj
o

vanishes at Γ and the vector field Xj
i is tangent to Mp,j and to Γp,j by properties of d. Let us

drop the dependence on p in the notation and assume without loss of generality that p = 0.

The proof of (4.5.15) for the rescaled quantities is given in [21, Proposition 9.4] from which,

together with the rescalings above, i.e., (4.5.11), (4.5.13), and (4.5.12), we get (4.5.15). In

order to prove (4.5.16), we note that [27, Eq. (16.29)] gives Dj(r) ≤ C0t
2κ
j r

m+2−2αe , thus

D(r) (4.5.11)= tmj Dj(t−1
j r) ≤ C0t

m+2κ
j (t−1

j r)m+2−2αe
r<tj

< C0r
m+2κ.

The proof of (4.5.17) is a direct computation. For (4.5.18), we can mimic the proof of

[27, Proposition 16.2] using the slightly improved estimates for d given by Lemma 4.5.17.

Inequality (4.5.19) is a consequence of the definition of D and (4.5.17). To prove (4.5.20) we

will do as in [21, Section 9]. Indeed,

|Dj(r) − Ej(r)| ≤
5∑

j=1
|Erro

j |,

where Erro
k are as in [21, Section 9] and

|D′
j(r) −O(tτ1

j )Dj(r) − 2Gj(r)| ≤ 2
r

5∑
k=1

|Erri
k|,

where Erri
k are as in [21, Section 9]. Now, revisiting the argument of [21, Proposition 9.14],

one can easily keep track that m0 can be carried throughout the proof to ensure

|Dj(r) − Ej(r)| ≤ Cmτ1
0 Dj(r)1+τ1 + Cm0t

2κ
j Sj(r), and (4.5.23)

|D′
j(r) − m− 2

r
Dj(r) − 2Gj(r)| ≤ Cmτ1

0 Dj(r)τ1

(
Dj(r)
r

+ D′
j(r)

)
+Cm0t

2κ
j Dj(r). (4.5.24)
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We use now the rescalings (4.5.11), (4.5.13), and (4.5.14), in (4.5.23) to get

t−m
j |D(r) − E(r)| = |Dj(t−1

j r) − Ej(t−1
j r)| ≤ Cmτ1

0 Dj(t−1
j r)1+τ1 + Cm0t

2κ
j Sj(t−1

j r)

= Cmτ1
0 t

−m(1+τ1)
j D(r)1+τ1 + Cm0t

−m−2+2κ
j S(r).

Using (4.5.16) and r ≤ tj, we get t−m
j D(r) ≤ Ct−m

j rmD(r)1− m
m+2κ ≤ CD(r)1− m

m+2κ which

together with the last displayed inequality provide

|D(r) − E(r)| ≤ Cmτ1
0 t

−mτ1
j D(r)1+τ1 + Cm0t

−2+2κ
j S(r)

= Cmτ1
0

(
t−m
j D(r)

)τ1 D(r) + Cm0t
−2+2κ
j S(r)

≤ Cmτ1
0 D(r)1+τ1(1− m

m+2κ) + Cm0t
−2+2κ
j S(r).

(4.5.25)

We can choose choose τ1 slightly smaller accordingly with the exponent τ1
(
1 − m

m+2κ

)
to

verify (4.5.20). We argue analogously to get (4.5.21) from (4.5.24), we use (4.5.24) and the

rescalings (4.5.11), (4.5.14) to obtain that

t−m+1
j |D′(r) − m− 2

r
D(r) − 2G(r)| = |D′

j(t−1
j r) −

(m− 2)t2κ
j

r
Dj(t−1

j r) − 2Gj(t−1
j r)|

≤ Cmτ1
0 D(t−1

j r)τ1

(
D(t−1

j r)
t−1
j r

+ D′(t−1
j r)

)
+ Cm0t

2κ
j D(t−1

j r)

= t−m+1
j

(
Cmτ1

0 t
−mτ
j D(r)τ1

(
D(r)
r

+ D′(r)
)

+ Cm0t
2κ−1
j D(r)

)
.

We argue as in (4.5.25) to obtain (4.5.21), for a possibly smaller τ1 > 0. To prove (4.5.22),

we apply (4.5.15) and the fact that r ≤ tj to achieve, for any σ ∈ (0, 1), that

t2σ−2
j S(r) ≤ t2σ−2

j Cr2D(r) ≤ Cr2σD(r).
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The last displayed inequality guarantees

|D(r) − E(r)|
(4.5.25)

≤ Cmτ
0D(r)1+τ + Cm0t

−2+2κ
j S(r)

≤ Cmτ
0D(r)1+τ + Cm0r

τ D(r)
(4.5.16)

≤ Cmτ
0r

τ(m+2κ)D(r) + Cm0r
τ D(r)

≤ Cmτ
0r

τ D(r),

which in turn ensure that D(r)/2 ≤ E(r) ≤ 2D(r) provided r is small enough. Hence, we get

that (4.5.25) can be turned into

∣∣∣∣∣ 1
D(r) − 1

E(r)

∣∣∣∣∣ ≤ Cmτ
0D(r)τ−1 + Cm0t

−2+2κ
j

S(r)
D(r)2 .

4.5.4 Almost monotonicity of I at one-sided flat singular points

We are now in a position to prove the almost monotonicity of the universal frequency

function I, with improved bounds compared to [27] and in arbitrary dimensions.

Theorem 4.5.19 (Almost monotonicity and jumps of I). Let T,Γ, and Σ, satisfy Assumptions

4.5.2, 4.5.5, and 4.5.7, with p in place of 0. Then either T = Q Jp+ Mp,jK in a neighborhood

of q, for some j ∈ N, or Hp(p, r) > 0 and Dp(p, r) > 0, for every r > 0. In the latter case, I

is absolutely continuous on each (tj+1, tj) and there exist C, τ > 0 (not depending on p, j, T ,

nor εna) such that for a.e. r ∈ (tj+1, tj) it holds

d
dr

(
log Ip(p, r) + Cmτ

pDp(p, r)τ − Cmpt
−2+2κ
j

Sp(p, r)
Dp(p, r)

)
≥ −Cmτ

pr
−1+τ . (4.5.26)
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Morever, we have a bound on the jumps of I given by

∣∣∣∣∣lims↓tj

Ip(p, s)− lim
s↑tj

Ip(p, s)
∣∣∣∣∣ ≤ Cmτ

pt
τ
j ,

∑
j

∣∣∣∣∣lims↓tj

Ip(p, s) − lim
s↑tj

Ip(p, s)
∣∣∣∣∣ ≤ Cmτ

p, (4.5.27)

and Ip(p, r) ≥ e−Cmτ
ptτ

j Ip(p, a), (4.5.28)

where the last inequality holds for r ∈ (tj+1, tj] and any a ∈ (0, r).

Remark 4.5.20. Due to the excess decay in Chapter 3 at one-sided points, we obtain

excellent estimates for the jumps of I, as stated in (4.5.27), which mitigate several difficulties

compared to the interior case. In the interior setting, where the uniqueness of tangent cones

and excess decay are not known a priori, the authors must establish a significantly more

delicate and labor-intensive BV-estimate for log(I + 1), ensuring similar bounds on the jumps

of I (cf. [28, Proposition 6.2]).

Proof. We drop the dependences on p and reduce to p = 0 as in Lemma 4.5.18. Applying

now (4.5.18), we get

d
dr log I(r) = 1

r
+ D′(r)

D(r) − H′(r)
H(r) = m− 2

r

D′(r)
D(r) − 2E(r)

H(r) − Cm0.
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Plugging the displayed equality above to (4.5.22) and (4.5.21), we get

d
dr log I(r)

(4.5.22)
≥ D′(r)

E(r) − Cmτ
0D(r)τ−1D′(r) − Cm0t

−2+2κ
j

S(r)D′(r)
D(r)2

− 2E(r)
H(r) − Cm0

(4.5.21)
≥

2G(r) − Cmτ
0D(r)τ

(
D(r)

r
+ D′(r)

)
− Cm0t

2κ−1
j D(r)

E(r)

− Cmτ
0D(r)τ−1D′(r) − Cm0t

−2+2κ
j

S(r)D′(r)
D(r)2

− 2E(r)
H(r) −O(m0)

≥
−Cmτ

0D(r)τ
(

D(r)
r

+ D′(r)
)

− Cm0t
2κ−1
j D(r)

E(r)

− Cmτ
0D(r)τ−1D′(r) − Cm0t

−2+2κ
j

S(r)D′(r)
D(r)2 − Cm0,

where in the last inequality we applied Cauchy-Schwarz to have G(r)H(r) ≥ E(r)2, and

hence 2G(r)/E(r) − 2E(r)/H(r) ≥ 0. By (4.5.20), we have D(r)/E(r) ≤ C0 which ensures,

by the last displayed inequality, that

d
dr log I(r) ≥ −Cmτ

0

(
D(r)τ

r
+ D′(r)

D(r)1−τ

)
− Cm0t

2κ−1
j − Cmτ

0
D′(r)

D(r)1−τ

− Cm0t
−2+2κ
j

S(r)D′(r)
D(r)2 − Cm0.

We absorb the Cm0 term in the m0t
2κ−1
j term, −S(r)D′(r)

D(r)2 = d
dr

S(r)
D(r) − S′(r)

D(r) and d
dr

D(r)τ =

τ D′(r)
D(r)1−τ , we derive

d
dr

(
log I(r) + Cmτ

0D(r)τ − Cm0t
−2+2κ
j

S(r)
D(r)

)
≥ −Cmτ

0
D(r)τ

r
− Cm0t

−2+2κ
j

S′(r)
D(r)

− Cm0t
2κ−1
j .
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Using (4.5.16) and (4.5.15), possibly taking τ smaller, we get

d
dr

(
log I(r) + Cmτ

0D(r)τ − Cm0t
−2+2κ
j

S(r)
D(r)

)
≥ −Cmτ

0r
−1+τ − Cm0t

2κ−1
j

− Cm0t
−2+2κ
j r

tj>r

≥ −Cmτ
0r

−1+τ .

This finishes the proof of (4.5.26). The proof of the first estimate in (4.5.27) is given in

[27, Theorem 15.5, Part II], where the authors do not use m = 2 in their proof. More precisely

the desired estimate is [27, Equation 17.7], which is a consequence of [27, Proposition 17.1]

and [27, Proposition 17.2]. The only difference in our case is that we have the additional term

coming from Σ, precisely |I(t+j ) − I(t−j )| is controlled by E(T, 6tj)τ + A2τ
Σ which is bounded

by mτ
0t

τα
j due to the excess decay in Chapter 3. Here, the superscripts + and − denote the

right- and left-hand side limits, respectively. The second estimate of the jumps in (4.5.27)

follows immediately from tj+1/tj ≤ 1
2 .

We now prove (4.5.28) using (4.5.27). Fix r ∈ (tjr+1, tjr ], a ∈ (tja+1, tja ], r > a, and

integrate (4.5.27) as follows

ˆ r

a

d
ds

(
log I(s) + Cmτ

0D(s)τ − Cm0t
−2+2κ
i(s)

S(s)
D(s)

)
ds ≥ −Cmτ

0(rτ − aτ ), (4.5.29)

where i(s) denote the index for which s ∈ (tj(s)+1, tj(s)). We now notice that

ˆ r

a

d
ds

(
−t−2+2κ

i(s)
S(s)
D(s)

)
ds = −

ja−1∑
i=jr

(
−t−2+2κ

i

S(t−i )
D(t−i ) + t−2+2κ

i+1
S(t+i+1)
D(t+i+1)

)

− t−2+2κ
jr

S(r)
D(r) + t−2+2κ

jr

S(t+jr
)

D(t+jr
)

− t−2+2κ
ja

S(t−ja
)

D(t−ja
) + t−2+2κ

ja

S(a)
D(a) .
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We discard the negative terms and we use (4.5.15) to turn the last displayed equation into

ˆ r

a

d
ds

(
−Cm0t

−2+2κ
i(s)

S(s)
D(s)

)
ds ≤ Cm0

ja−1∑
i=jr

t2κ
i + t2κ

jr
+ t2κ

ja

 ≤ Cm0t
2κ
jr
, (4.5.30)

where we used that tja ≤ ti < r ≤ tjr , i ∈ {jr + 1, . . . , ja} and ti+1/ti < 2−5 (by construction

of the intervals of flattening). We argue analogously, this time using (4.5.16), to obtain

ˆ r

a

d
ds (Cmτ

0D(s)τ ) ds = Cmτ
0

D(r)τ −
(
D(t+jr

)τ
)

+
ja−1∑
i=jr

(D(t−i )τ ) − (D(t+i+1)τ )

(D(t−ja
)τ ) − D(a)τ

)

≤ Cmτ
0

rm+2κ +
ja∑

i=jr

tm+2κ
i

 ≤ Cmτ
0t

m+2κ
jr

.

(4.5.31)

We plug (4.5.30) and (4.5.31) into (4.5.29) to obtain (possibly reducing τ > 0) that

ˆ r

a

d
ds (log I(s)) ds ≥ −Cmτ

0(rτ − aτ ) − Cmτ
0t

2κ
jr

≥ −Cmτ
0t

τ
jr
.

Finally, we have that

log I(r) − log I(a) =
ˆ r

a

d
ds (log I(s)) ds+

ja∑
i=jr

(
log I(t+i ) − log I(t−i )

)
.

Since | log(x) − log(y)| ≤ C |x−y|
min{|x|,|y|} and, by (4.5.15), I(s) ≥ C−1, we derive that

ja∑
i=jr

log I(t+i ) − log I(t−i ) ≥ −C
ja∑

i=jr

|I(t+i ) − I(t−i )|

(4.5.27)
≥ −Cmτ

0

ja∑
i=jr

tτi ≥ −Cmτ
0t

τ
jr
.

Putting the last three displayed inequalities together, we guarantee that log I(r)−log I(a) ≥

−Cmτ
0t

τ
j which in turn ensures (4.5.28).
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4.6 Uniform lower bound and the frequency regimes

4.6.1 Uniform lower bound for I at one-sided flat singular points

In this section, the main result is Theorem 4.6.5, which, among other implications, estab-

lishes a uniform lower bound of 1+α/2 for the frequency values, where α = α(m,n, n̄, Q) > 0

is the constant from the excess decay result in Chapter 3. This lower bound marks a signifi-

cant distinction between the interior setting studied in [28, 29, 24] and the boundary setting

considered here.

We now lay the groundwork for the proof of this crucial lower bound. For a small constant

ε̄ > 0 (to be specified later) satisfying ε̄ > max{AΣ,AΓ}, and adopting the notation from

Section 4.5.2, we set

mp,j := max
{
E♭(Tp,j,B2), ε̄t2−2αe

j

}
.

Assumption 4.6.1. Let T,Σ and Γ be as in Assumption 4.1.8 and p be a flat one-sided

singular point for T .

Remark 4.6.2. Due to Chapter 3, we can guarantee for a sufficiently small scale r̄ all

Assumptions 4.5.2, 4.5.5, and 4.5.7 are satisfies for r ≤ r̄. We can also ensure that ε̄r̄2−2αe <

εna.

Definition of fine blowups

Let T be as in Assumption 4.6.1 and let {tj}k∈N be the endpoints of the intervals of

flattening as constructed in Section 4.5.2. Now, assume that rk ≤ r̄, rk ∈ [tj(k)+1, tj(k)]. We

will also use all notation for the rescaled objects of Section 4.5.2.

Next, we define the following sequence of Q-valued functions:

uk :=
Nk ◦ exp0,Mk

hk

, where hk :=
∥∥∥Nk

∥∥∥
L2
(

exp0,Mk
(B3/2∩π+

k )
) ,

where exp0,Mk
is the exponential map and πk is the optimal m-plane for E♭(Tp,j(k),B2).
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Under these conditions, there exists a subsequence of {rk}k and a Dirichlet minimizing

map u ∈ W 1,2(B+
3/2) with η ◦ u = 0 and ∥u∥L2(B+

3/2) = 1 satisfying, up to rotation, that

uk → ustrongly on W 1,2
loc

(
B+

3/2,AQ(Rn)
)

∩ L2
(
B+

3/2,AQ(Rn)
)
.

Here, convergence is understood after applying a suitable rotation that maps the domains

of uk into π0.

We also have that Γk converges to a flat boundary and the function u vanishes on

that flat boundary (indeed, this is a direct consequence of the convergence of Γk and

Definition 4.5.9(iii)).

Definition 4.6.3 (Fine blowups). Any function u generated by the procedure above applied

to Tp,rk
will be called a fine blowup with respect to rk ↓ 0 at p. Moreover, we define the

singularity degree of T at the flat singular point p as

I(T, p) := inf {Iu(0) : u is a fine blowup at p w.r.t. to some rk ↓ 0} .

In the definition above, Iu(0) := limr↓0 Iu(r) and Iu(r) is the value of the smoothed

frequency function of u at 0, i.e.,

Iu(r) := rDu(r)
Hu(r) , Du(r) :=

ˆ
|Du(y)|2ϕ

(
d(y)
r

)
,

and Hu(r) := −
ˆ

|u(y)|2
d(y) ϕ′

(
d(y)
r

)
|∇d(y)|2,

where the cut-off ϕ is chosen as before, i.e.,

ϕ(t) :=



1, t ∈ [0, 1/2],

2 − 2t, t ∈ [1/2, 1],

0, otherwise.
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Remark 4.6.4. We also consider a sequence of currents Tk that does not consist solely of

rescalings of the same current, as required in some compactness arguments in [29]. For our

purposes (and also for [29]), it suffices that the limit u is a solution to the corresponding

linear problem and satisfies the following properties: it is Dirichlet minimizer, average-free

(i.e., η ◦ u ≡ 0), nontrivial, and has a flat boundary with zero boundary data.

Main lower bound for the universal frequency function

We now provide a necessary and sufficient condition for having finitely many intervals of

flattening, based on the frequency value. We also prove the uniform lower bound for I(T, p)

and demonstrate how to derive the decay rate of the excess, depending on I(T, p).

Theorem 4.6.5 (Universal lower bound for the frequency function). Let T,Γ,Σ, and p,

satisfy Assumption 4.6.1. Then, the following holds:

(i) for any fine blowup u at p, u is I(T, p)-homogeneous and limr↓0 Ip(p, r) = I(T, p) = Iu(0),

(ii) if I(T, p) > 2 − αe, then tJ+1 = 0 for some J ∈ N. Conversely, if tJ+1 = 0 for some

J ∈ N, then I(T, p) ≥ 2 − αe.

(iii) I(T, p) ≥ 1 + α/2, where α = α(m,n, n̄, Q) > 0 is the excess decay exponent in Chapter

3, and infj
tj+1

tj
> 0 unless {tj}j is finite.

In order to prove the above theorem, we first establish an improved excess decay estimate

and an intermediate lower bound (by 1) for the frequency values.

Lemma 4.6.6. Let T,Γ,Σ, and p, satisfy Assumption 4.6.1. For any fine blow-up u at p,

we have limr→0 Ip(p, r) = Iu(0) = I(T, p) ≥ 1 and u being I(T, p)-homogeneous. Moreover, if

I(T, p) > 1, then

E(T,Br) ≤ Ctβj , for any β < min{2(I(T, p) − 1), 2 − 2αe} and r ∈ (tj+1, tj).
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Remark 4.6.7. The moreover part of Lemma 4.6.6 is not used to prove ((iii)) in Theorem 4.6.5,

we only use the work of Chapter 3 instead. Hence, a fortiori, using ((iii)) in Theorem 4.6.5,

we are always under the assumption I(T, p) > 1.

Proof. Assume p = 0. Due to Lemma 3.8.16, for any fine blow-up u, we have Iu(0) ≥ 1, thus

I(T, 0) ≥ 1. Notice that I0 := limr→0 Ip(p, r) exists due to (4.5.28) in Theorem 4.5.19. We

take any sequence sk ∈ ( tj(k)+1
rk

,
tj(k)
rk

], if sk → s, we must have Ip(p, skrk) → Iu(s) and thus,

since skrk → 0, we have Iu(s) = I0. This implies that if

s+ := lim sup
k→∞

tj(k)

rk

, s− := lim inf
k→∞

tj(k)+1

rk

.

then Iu(s) = I0 for any s ∈ [s−, s+]. By construction of the intervals of flattening, we have

that s−

s+ ≤ 1
2 . By Lemma 4.3.5, we must have that u is I0-homogeneous, since its frequency is

constant on the radii in [s−, s+]. For the moreover part, we fix 0 < β < min{2(I0−1), 2−2αe}.

We show that it is enough to prove

E(T,B2tj+κ
) ≤

(
tj+κ

tj

)β

m0,j. (4.6.1)

Indeed, if m0,j = ε̄2t2−2αe
j , since 2 − 2αe > β, we obtain

m0,j+κ = max{E(T,B2tj+κ
), ε̄2t2−2αe

j+κ }
(4.6.1)

≤
(
tj+κ

tj

)β

ε̄2t2−2αe
j =

(
tj+κ

tj

)β

m0,j.

If m0,j = E(T,B2tj
), then E(T,B2tj

) ≥ ε̄2t2−2αe
j and, since 2 − 2αe > β, thus

ε̄2t2−2αe
j+κ = ε̄2

(
tj+κ

tj

)β (
tj+κ

tj

)2−2αe−β

t2−2αe
j ≤

(
tj+κ

tj

)β

E(T,B2tj
) =

(
tj+κ

tj

)β

m0,j.

The proof of (4.6.1) goes along the same lines as the proof of [28, Equation (88)].

We now state the following inequality that will be crucial to prove Theorem 4.6.5 and is a

consequence of a compactness argument demonstrated below.
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Lemma 4.6.8. Let T,Γ,Σ, and p, satisfy Assumption 4.6.1. For any β > I(T, p), we have,

for j sufficiently large and any ρ, r ∈ (tj+1, tj] with ρ < r, that

(
ρ

r

)m+2(β−1) ˆ
Mp,j∩Br

|DNp,j|2 ≤
ˆ

Mp,j∩Bρ

|DNp,j|2. (4.6.2)

Proof. Assume p = 0. It is enough to show that this inequality holds for r small enough with

tj+1 < ρ = r/2 < r ≤ tj. Assume by contradiction that there exists β0 > I(T, 0) such that

for every k ∈ N, there exists j(k) ≥ k and rj(k) ∈ (tj(k)+1, tj(k)] such that

(1
2

)m+2(β0−1) ˆ
Mj(k)∩Brj(k)

|DNj(k)|2 >
ˆ

Mj(k)∩Brj(k)/2

|DNj(k)|2.

Take the fine blowup u0 with respect to rj(k), by Lemma 4.6.6, we obtain that u0 is

Iu0(0)-homogeneous and Iu0(0) = I(T, 0). By the natural rescaling of the Dirichlet energy,

see [30] and Section 3.8 of this thesis, and taking the limit in the last displayed inequality, we

would force that m+ 2(β0 − 1) ≤ m+ 2(Iu0(0) − 1) which gives β0 ≤ Iu0(0) = I(T, 0) < β0

which gives the contradiction.

We are now ready to apply the estimates from the construction of the center manifolds

and normal approximations in Section 4.5.1, and combine them with the estimates from the

previous lemma to prove the main theorem of this subsection (Theorem 4.6.5).

Proof of Theorem 4.6.5. Assume p = 0. The item ((i)) is settled in Lemma 4.6.6. We first

prove ((ii)) assuming that the intervals of flattening are finitely many. So, take J ∈ N such

that tJ+1 = 0. We argue as in [34, Remark 3.4] (using Theorem 4.5.10) to obtain that

ˆ
Bρ∩MJ

|DNJ |2 ≤ Cρm+2−2αem0,J , for every ρ ∈ (0, tJ ] .

By Lemma 4.6.8, we get 2 − 2αe < 2(β − 1), for any β > I(T, 0). This then gives

I(T, 0) ≥ 2 − αe. We prove the opposite implication to conclude the proof of ((ii)). We
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assume I(T, 0) > 2 − αe and that the intervals of flattening are infinitely many. By (4.5.9),

we obtain ˆ
Btj+1 ∩Mj

|DNj|2 ≥ Cm0,j

(
tj+1

tj

)m+2−2αe

. (4.6.3)

By Lemma 4.6.6, we have E(T,Br) ≤ Crβ and, since I(T, 0) > 2 − αe, we can choose

β > 2 − 2αe. This in turn guarantees that, for a sufficiently large j, m0,j = ε̄2t2−2αe
j . Then,

we derive

E(T,Br) ≤ Crβ−(2−2αe) r2−αe

(ε̄2tj)2−2αe
m0,j ≤ Crβ−(2−2αe)

(
tj+1

tj

)2−2αe

m0,j,∀r ∈ (tj+1, tj].

Additionally, the last displayed inequality implies

ˆ
Mj∩Btj+1

|DNj|2
(4.5.10)

≤ C̃

(
tj+1

tj

)m

E(Tj,BL) ≤ Ct
β−(2−2αe)
j+1

(
tj+1

tj

)m+2−2αe

m0,j.

By the last displayed inequality and (4.6.3), we get that

Cm0,j

(
tj+1

tj

)m+2−2αe

≤
ˆ

Btj+1 ∩Mj

|DNj|2 ≤ Crβ−(2−2αe)
(
tj+1

tj

)m+2−2αe

m0,j,

for any r ∈ (tj+1, tj]. Due to the choice of β, which ensures β − (2 − 2αe) > 0, we obtain a

contradiction from the last displayed inequality for j sufficiently large. Thus, {tj}j has to be

finite, and this concludes the proof of ((ii)).

Let us prove ((iii)), note that if we have finitely many intervals of flattening, ((ii)) implies

((iii)). Assume then that tj ≠ 0 for all j. We apply (4.5.9) and the results of Chapter 3 to get

ˆ
Mj∩Btj+1

|DNj|2 ≤
ˆ

Mj∩B tj+1
tj

|DN |2 ≤ C

(
tj+1

tj

)m

E(T,B♭
L) ≤ C̃m0,j

(
tj+1

tj

)m+α

.
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We apply (4.5.10) and Lemma 4.6.8 to obtain, for any ρ ∈ (tj+1, tj] and any β > I(T, 0),

that

Cm0,j ≤
ˆ

Mj∩Btj

|DN |2 ≤
(
ρ

tj

)−m−2(β−1) ˆ
Mj∩Bρ

|DN |2. (4.6.4)

Combining the last two displayed inequalities, we arrive at

Cm0,j

(
ρ

tj

)m+2(β−1)

≤ C̃m0,j

(
tj+1

tj

)m+α

, for any ρ ∈ (tj+1, tj] and any β > I(T, 0),

which, for j large enough, guarantees that β ≥ 1 + α/2 for any β > I(T, 0). Thus, I(T, 0) ≥

1 + α/2. We now need to show infj
tj+1

tj
> 0 assuming that {tj}j is infinite. In light of

((ii)) and the first part of ((iii)), we have 1 + α/2 ≤ I(T, 0) < 2 − αe. Let us assume by

contradiction that infj
tj+1

tj
= 0. Arguing as in (4.6.4) and [34, Remark 3.4] (same argument

performed above), we obtain that

Cm0,j

(
tj+1

tj

)m+2(β−1)

≤
ˆ

Btj+1 ∩Mj

|DNj|2 ≤ C̃m0,j

(
tj+1

tj

)m+2−2αe

,

for any β > I(T, 0), hence I(T, 0) ≥ 2 − αe. This is a contradiction for j sufficiently large,

since infj
tj+1

tj
= 0 and I(T, 0) < 2 − αe. Thus, we conclude the proof of ((iii)).

4.6.2 High-frequency regime

This subsection addresses the high-frequency regime, where the frequency is at least almost

quadratic and, by Lemma 4.6.6, an almost-quadratic excess decay holds. In this regime, we

define the frequency pinching and prove the main lemma of this subsection (Lemma 4.6.14).

To this end, we introduce a new exponent, denoted by δe (which corresponds to δ3 in the

notation of [29]), and require that 2 − 2δe < 2 − 2αe. This exponent δe will replace αe in the

“stopping by the excess condition" (see Section 4.5.1), while αh in the “stopping by the height

condition" remains unchanged.
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The exponent δe will then be used to construct the center manifold and the normal

approximation of Section 4.5.1, namely Mδe
p,J and N δe

p,J . For convenience, we will drop the

dependence on δe in the notation.

Assumption 4.6.9. Let T,Γ,Σ, and p, satisfy Assumption 4.6.1, I(T, p) > 2 − δe, and let

J + 1 be the index of Theorem 4.6.5 ((ii)) for which tJ+1 = 0. Assume also that q ∈ Γp,J .

In the high-frequency regime, given the quasi-quadratic excess decay in Lemma 4.6.6,

there are no boundary-stopping cubes. In other words, the contact set contains the boundary,

as stated below.

Lemma 4.6.10 (Boundary cubes never stop in the high-frequency regime). C ♭
j ∩ Wi = ∅ for

every i, j ≥ N0 and, in particular, Γp,J ⊂ Φp,J(Sp,J).

Proof. This proof is entirely analogous to [68, Lemma 6.5] using I(T, p) > 2 − δe and the

almost quadratic excess decay provided by Lemma 4.6.6.

Lemma 4.6.11 (Radial variations). Under Assumption 4.6.9, all the consequences stated in

Lemma 4.5.18 are valid for p, q, and every radius r ∈ (0, tJ).

Proof. The proof will be omitted here, since it consists of a mere repetition of the arguments

in Lemma 4.5.18, Theorem 4.5.19, and [27], taking into consideration that they only depend

on the following property: every cube L ∈ W such that L ∩ Br (p(q)) ≠ ∅ cannot have

side length larger than c0r for a dimensional constant c0 > 0. This property in turn follows

directly from Lemma 4.6.10 and (4.5.7).

We define frequency pinching, which estimates the error in the frequency when measured

at two different scales at the same boundary point q.

Definition 4.6.12 (Frequency pinching). Under Assumption 4.6.9. Let ρ, r be two radii

which satisfy the inequalities 0 < ρ ⩽ r ≤ tJ . We then define the frequency pinching W r
ρ (p, q)

around q between the scales ρ and r to be the following quantity

W r
ρ (p, q) := |Ip (q, r) − Ip (q, ρ)| , for any q ∈ Γp,J .
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With the very same argument of [29, Lemma 4.1], we can ensure the existence of Λ

depending on T such that

C−1 ≤ Ip(q, r) ≤ Λ, ∀q ∈ Γp,J , ∀r ∈ (0, tJ ]. (4.6.5)

We will now prove a lemma that will be useful in establishing the dimensional bound

for the set of one-sided flat singular boundary points in Section 4.7 and also for proving the

rectifiability results in Section 4.8. To do this, we define the following.

Definition 4.6.13. We say that a set S = {x0, x1, . . . , xk} ⊂ Br (x) is ρr-linearly independent

if

d (xi, span ({x0, . . . , xi−1})) ⩾ ρr, for all i = 1, . . . , k.

We say that a set F ⊂ Br (x) ρr-spans an k-dimensional affine subspace V if there is a

ρr-linearly independent set of points S = {xi}k
i=0 ⊂ F such that V = span(S).

We now demonstrate that it is not possible to havem−1 quantitatively linearly independent

points that exhibit small pinching simultaneously.

Lemma 4.6.14. Assume Assumption 4.6.9 and ρ ∈ (0, 1]. There exists a suitable threshold

δ1 = δ1(m,n,Q, ρ) > 0, with the following property. Take r ∈ (0, r̄) (where r̄ is from

Remark 4.6.2) and an ρr-linearly independent set

S = {xi}m−2
i=0 ⊂ Br (p) ∩ Singb(T ) ∩ {q : Θm(T, q) = Q/2 and q flat} .

Then, there exist i ∈ {0, . . . ,m − 2} and ri ∈ (0, r) such that, for any y ∈ Bri
(xi) ∩

Singb(T ) ∩ {q : Θm(T, q) = Q/2 and q flat}, we have

W 2ri
ri

(p, y) ≥ δ1.
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Proof. The proof of the lemma follows the same lines as the contradiction argument in [29,

Lemma 6.2]. The main difference being that the authors contradict the interior regularity

for the linear problem (in [30, 23]) with their argument, we instead run the very same

contradiction argument in order to get a fine blow-up u that is I0-homogeneous with respect

to every point in S and I0 ≥ 1 + α/2. Then Lemma 4.3.2 gives us a function f which is

I0-homogeneous 2d Dirichlet minimizer with zero boundary data on a flat boundary and

I0 ≥ 1 + α/2. This contradicts Theorem 4.3.3, which says that the frequency of f should be

exactly 1.

4.6.3 Low-frequency regime

We now address the case of low-frequency, where we do not have an almost-quadratic

decay. The proofs in the low-frequency regime follow a similar approach to those in the

high-frequency regime from the previous section. However, one of the main challenges in this

regime is that the intervals of flattening are infinitely many (Theorem 4.6.5((ii))). Although

this introduces several technical difficulties, which will be explained and addressed in the

following, it does not fundamentally alter the conceptual approach for proving rectifiability.

Setting up uniform bounds in a suitable partition

We define the following sets for K ∈ N \ {0}:

GK := Singb(T ) ∩
{
q : Θm(T, q) = Q/2, q is flat, and Iq(T, q) ≤ 2 − αe − 1

2K

}
∩ B2 (p) .

Since the main goal of this work is to prove the rectifiability of the set of one-sided flat

singular boundary points (Proposition 4.8.6), which is equivalent to proving the rectifiability

of ∪1≤K∈NGK , we will begin by studying each GK individually.

Assumption 4.6.15. Let T,Γ, and Σ satisfy Assumption 4.1.8, p ∈ GK , and η be a given

small number to be specified later.
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We take γ ∈ (0, 1/2] to be a geometric constant, depending on m,n,Q, as in [29,

Section 10.1], and denote by Mp,γj and Np,γj the center manifold and normal approximation,

respectively, with respect to Tp,γj ,Γp,γj , and the intervals (γj+1, γj ] (which replace the intervals

of flattening; see also [29, Section 10.1]).

This constant γ ensures the uniformity of certain estimates used below. For example, an

important feature now is that infj
γj+1

γj = γ > 0, as opposed to Theorem 4.6.5((iii)), which

only guarantees that infj
sj+1

sj
> 0 with no uniform lower bound.

Lemma 4.6.16 (Radial variations). Under Assumption 4.6.15. All assertions stated in

Lemma 4.5.18 are valid for p, q, and

4ηγj+1 < ρ ≤ r ≤ 2γj and q ∈ Γp,γj .

Proof. The proof will be omitted here, since it consists of a mere repetition of the arguments

in Lemma 4.5.18, Theorem 4.5.19, and [27], taking into consideration that they only depend

on the following property: every cube L ∈ W such that L ∩ Br (p(q)) ≠ ∅ cannot have

side length larger than c0r for a dimensional constant c0 > 0. This property in turn follows

directly from the assumption that r > 4ηγj+1 and (4.5.7).

We state here the counterpart, for the low-frequency regime, of Lemma 4.6.14. In order

to do this, we need to define the frequency pinching in this regime.

Definition 4.6.17 (Frequency pinching). Under Assumption 4.6.15. Let ρ, r be two radii

which satisfy the inequalities 4ηγj+1 < ρ ⩽ r ≤ γj. We then define the frequency pinching

W r
ρ (p, j, q) around q between the scales ρ and r to be the following quantity

W r
ρ (p, j, q) := |Ip (q, r) − Ip (q, ρ)| , for any q ∈ Γp,γj .

The proof of the following lemma is entirely analogous to Lemma 4.6.14, this time following

the contradiction argument in [29, Lemma 12.2].
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Lemma 4.6.18. Assume Assumption 4.6.9 and ρ ∈ (0, 1]. There exists a suitable threshold

δ2 = δ2(m,n,Q, γ,K, ρ) > 0, with the following property. Take r ∈ (γj+1, γj) and an ρr-

linearly independent set S = {xi}m−2
i=0 ⊂ Br (p) ∩ GK. Then, there exist i ∈ {0, . . . ,m − 2}

and ri ∈ (0, r) such that, for any y ∈ Bri
(xi) ∩ GK, we have

W 2ri
ri

(p, y) ≥ δ1.

4.7 Dimensional bound and countability of the singular

set in 3d

In this section, we show how to obtain a Hausdorff dimensional bound for the set of

one-sided singular boundary points, i.e., with density Q/2. We will split the proof into two

cases: m > 3 (Theorem 4.7.2) and m = 3 (Theorem 4.7.3). Additionally, we note that when

proving the rectifiability of the set of one-sided singular points for m > 3 in Section 4.8, the

Hausdorff dimensional bound follows as a by-product of the finer analysis conducted therein,

which is entirely independent of this section.

We first recall a standard lemma in geometric measure theory regarding the weak ϵ-

approximation property, for which we provide a proof for the sake of completeness.

Lemma 4.7.1 (Weak ϵ-approximation property). Let 0 ∈ S ⊂ Rm+n, k ∈ {1, . . . ,m+n− 1},

and ϵ ∈ (0, 1/4). Assume that S satisfies the weak ϵ-approximation property in B1, meaning

that for each r ∈ (0, 1] and each x ∈ S ∩ B1, there exists a k-plane L = L(r, x) containing x

and satisfying

S ∩ Br (x) ⊂ (ϵr)-neighborhood of L ∩ Br (x) . (4.7.1)

Then, there exists a function g : (0, 1) → (0,+∞) with lims→0 g(s) = 0 such that

Hk+g(ϵ) (S ∩ B1) = 0.
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Proof. Given a ball Br (x), by (4.7.1), we can cover the set S ∩ Br (x) with at most C(k)ϵ−k

balls of radius ϵr. We fix the cover C0 = B1. The cover Cj+1 is then obtained by replacing

each ball B in Cj with C(k)ϵ−k balls of radius ϵr(B).

For any α > 0, we observe that

Hα
∞(S ∩ B1) ≤

∑
B∈Cj+1

ωαr(B)α ≤
∑

B∈Cj

ωαC(k)ϵ−k(ϵr(B))α = C(k)ϵα−k
∑

B∈Cj

ωαr(B)α.

By iterating on j, we obtain Hα(S ∩ B1) ≤ (C(k)ϵα−k)jωα. If C(k)ϵα−k < 1, it follows

that Hα(S ∩ B1) = 0.

We define g for any s > 0 by setting C(k)sg(s) = 2−1. It is straightforward to verify that

g is continuous, satisfies lims→0 g(s) = 0, and ensures Hk+g(ϵ) (S ∩ B1) = 0.

We now assume that m > 3 to prove the following dimensional bound.

Theorem 4.7.2. Let T,Σ, and Γ, be as in Assumption 4.1.8. Suppose m > 3, then

dimH
(
Sing1

b(T )
)

≤ m− 3.

Proof. In the proof of Theorem M (see Section 4.4.4), we constructed a decomposition of the

singular set into countable pieces, each consisting of flat boundary singularities for T . By

applying the same induction argument as in that proof, we readily reduce the problem to

proving Theorem 4.7.2 for flat boundary singularities.

For the remainder of the proof, we consider the set S (which will be a Borel set) to consist

of either the one-sided flat singularities of high frequency or the one-sided flat singularities of

low frequency, i.e.,

S := GK or S :=
(
Sing1

b(T ) ∩ {q ∈ Γ : q is flat}
)

\ GK .

Assume, for the sake of contradiction, that dimH(S) =: M > m − 3. Let ϵ0 > 0

be sufficiently small so that if a set satisfies the weak ϵ0-approximation property, then
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HM(S) = 0. Removing a set of HM -measure zero if necessary, we may assume that, for all

q ∈ S, ΘM(S, q) > 0. Consequently, for every q ∈ S and r > 0, the set S fails to satisfy the

weak ϵ0-approximation property in Br (q). This, in turn, implies the existence of a point

x0 ∈ S ∩ Br (q) and a radius r0 > 0 such that no (m− 3)-plane L satisfies (4.7.1), i.e.,

S ∩ Br0 (x0) ̸⊂ (ϵ0r0)-neighborhood of L, for any (m− 3) − plane L.

We now aim to construct a set of m− 1 points in S that are (r0ϵ0)-linearly independent.

Beginning with x0, we proceed inductively: suppose we have already found an (r0ϵ0)-linearly

independent set {x0, . . . , xk} ⊂ S. Then, we define xk+1 ∈ S as a point satisfying

dist (xk+1, span(x0, x1, .., xk)) > ϵ0r0.

If this process terminates before reaching k + 1 = m − 2, i.e., we fail to find such an

xj+1 ∈ S ∩ Br0 (x0) for some j < m− 2, then every x ∈ S ∩ Br0 (x0) must satisfy

dist (x, span(x0, x1, .., xj)) ≤ ϵ0r0.

Since Lj := span(x0, x1, .., xj) has dimension j < m − 2, this contradicts our earlier

assumption about x0 and r0, as S ∩ Br0 (x0) would then satisfy (4.7.1).

Thus, we obtain an (r0ϵ0)-linearly independent set {x0, . . . , xm−2} ⊂ S ∩ Br0 (x0). To

derive a contradiction, we proceed as follows. Since ΘM(S, xi) > 0 for each index i given by

Lemma 4.6.14 (for S = GK) or Lemma 4.6.18 (otherwise), we can repeat the above process in

Bri
(xi) to find another set {x(1)

0 , . . . , x
(1)
m−2} ⊂ S ∩ Bri

(xi) that is (riϵ0)-linearly independent.

Applying Lemma 4.6.14 (if S = GK) or Lemma 4.6.18 (otherwise) with ρ = ϵ0, we obtain an

index i1 ∈ 0, . . . ,m− 2 and a radius ri1 > 0 such that

W
2ri1
ri1 /2(p, y) ≥ δ(ϵ0) > 0, ∀y ∈ S ∩ Bri1

(
x

(1)
i1

)
. (4.7.2)
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Since the frequency function is uniformly bounded above (see (4.6.5)) and non-negative,

the iterative process must terminate after finitely many steps, contradicting the assumption

that ΘM(S, x) > 0 for all x ∈ S up to a HM -null set. This contradiction implies that

M ≤ m− 3, completing the proof.

In the case m = 3, we establish the countability of the one-sided singular set. The

argument used in Theorem 4.7.2 must be replaced with a different approach, as there exist

uncountable sets with Hausdorff dimension equal to zero.

Theorem 4.7.3. Let T,Σ, and Γ, be as in Assumption 4.1.8. Suppose m = 3, then

Sing1
b(T ) is a countable set.

Proof. In the proof of Theorem M (see Section 4.4.4), we provide a decomposition of the

boundary singular set into countable pieces, each consisting of flat boundary singularities

for T . By applying the same induction argument used therein, we can reduce the proof of

Theorem 4.7.3 to establishing countability for flat boundary singularities. Specifically, by

demonstrating that each piece in the decomposition is countable, we conclude Theorem 4.7.3.

For the remainder of the proof, we consider the set S to be either the one-sided flat

singularities of high frequency or those of low frequency, i.e.,

S := GK or S :=
(
Sing1

b(T ) ∩ {q ∈ Γ : q is flat}
)

\ GK .

If the set of one-sided flat singularities were uncountable, then either the high-frequency

or the low-frequency points would form an uncountable set. Without loss of generality, we

may assume that every point in S is an accumulation point of S. Indeed, the set of isolated

points in S is at most countable, and removing them does not affect our argument.

Next, take two points x0, x1 ∈ S and set |x0 − x1| =: ϵ0 > 0. We can now apply either

Lemma 4.6.14 (S = GK) or Lemma 4.6.18 (otherwise) with ρ = ϵ0, to obtain that, without
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loss of generality,

W 2r0
r0 (p, y) ≥ δ1(ϵ0) > 0, ∀y ∈ S ∩ Br0 (x0) , for some r0 ∈ (0, ϵ0/4).

Since x0 is an accumulation point of S, we can now reapply this procedure to obtain two

points x(1)
0 , x

(1)
1 ∈ S ∩ Br0 (x0) with |x(1)

0 − x
(1)
1 | =: ϵ0ρ1 > 0. Again, without loss of generality,

we have

W 2r1
r1 (p, y) ≥ δ(ϵ0) > 0, ∀y ∈ S ∩ Br1 (x0) , for some r1 ∈ (0, ρ1/4). (4.7.3)

Since the frequency function is uniformly bounded from above (see (4.6.5)) and is non-

negative, this process can only be iterated finitely many times. However, this contradicts

(4.7.3), as the assumption that all points in S are accumulation points would allow us to

repeat the procedure indefinitely. Hence, S must be countable.

4.8 Rectifiability for the nonlinear problem

We are now aiming at proving the main rectifiability results of this paper. We mention

that the results in this section are independent of the dimensional bound in Section 4.7 when

m > 3. In the case that m = 3, the problem is already settled in Theorem 4.7.3.

4.8.1 Spatial variations

In previous sections, we computed several different quantities related to I in which

estimates for their radial derivatives were achieved, see Lemma 4.5.18. These estimates give

us the almost monotonicity of the frequency. However, in order to compare the frequency

amongst different points, we will need a better understanding of spatial derivatives.

Spatial variations in the high-frequency regime

The relevant quantities and their properties are stated in the following lemma.
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Lemma 4.8.1 (Spatial variations). Under Assumption 4.6.9. Then either Tp,J = Q JMp,JK

in a neighborhood of q, or

Hp(q, r) > 0 and Dp(q, r) > 0, for every r ∈ (0, tJ ].

In the latter case, there exists a constant γ1 = γ1(m, δe, αh, κ, τ) > 0 with the following

property. Let v be a vector field on Mp,J that is tangent to Γp,J . We obtain

∂vDp(q, r) = 2tJ
r

ˆ
Mp,J

ϕ′
(
d(q, z)
r

)∑
i

∂∇zd(q,z) (Nq,J)i (z) · ∂v (Nq,J)i (z)dz

+O
(
mγ1

p,J

)
rγ1tγ1−1

J Dp(q, r),

∂vHp(q, r) = −2
∑

i

ˆ
Mp,J

|∇d(q, z)|2
d(q, z) ϕ′

(
d(q, z)
r

)〈
∂v (Np,J)i (z), (Np,J)i (z)

〉
dz,

for any r ∈ (0, tJ ].

Proof. The proof is analogous to [29, Lemma 5.5] using that v is tangent to the boundary

and the machinery from [27] which is in turn based upon [21]. We briefly sketch it here to

show the main differences. To prove the first claimed equality, we take r ∈ (0, 2) and define

v̄(z) := t−1
J v(tJz) on Mp,J which is tangent to Γp,J and

Y (z) := ϕ

(
dJ(q, z)

r

)
v̄(z), for z ∈ Mp,J , where v is tangent to Γp,J .

We then have that

divMp,J
Y (z) = 1

r
ϕ′
(
dJ(q, z)

r

)
⟨∇dJ(q, z), v̄(z)⟩ − ⟨Y (z), HMp,J

⟩,

DMp,J
Y (z) = 1

r
ϕ′
(
dJ(q, z)

r

)
v̄(z) ⊗ ∇dJ(q, z) − ϕ

(
dJ(q, z)

r

)∑
k

AMp,J
(ek, v̄(z)) ⊗ ek,
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where {ek}k is an orthonormal frame of Mp,J with e1 = v̄. By a direct computation, we also

obtain that

∂v̄Dp(q, r) = 1
r

ˆ
Mp,J

ϕ′
(
dJ(q, z)

r

)
⟨∇dJ(q, z), v̄(z)⟩ |DN p,J(z)|2dz.

Arguing as in [29, Lemma 5.5], we plug the vector field Y into the inner variation formulas

in [27, Proposition 16.4] and using their notation for Erri
k, k ∈ {1, . . . , 4}, we obtain that

∂v̄Dp(q, r) − 2
r

ˆ
Mp,J

ϕ′
(
dJ(q, z)

r

)∑
i

〈
∂∇dJ (q,z)(N p,J)i(z), ∂v̄(z)(N p,J)i(z)

〉
dz

= O(m1/2
p,J )r

1−δe
2 Dp(q, r) +

4∑
k=1

Erri
k.

Now, as in [27, Proposition 16.7], we control the error terms as follows:

4∑
k=1

|Erri
k| ≤ Cmτ

p,JDp,J(q, r)τ
(
Dp,J(q, r) + r∂rDp,J(q, r)

)
+ Cmp,Jt

2κ
J rDp,J(q, r).

We now use the rescaling (4.5.11) to obtain

4∑
k=1

|Erri
k| ≤ Cmτ

p,Jt
−m(1+τ)
J Dp(tJq, tJr)τ (Dp(tJq, tJr) + rtJ∂rDp(tJq, tJr))

+ Cmp,Jt
−m+2κ
J rDp(tJq, tJr).

The last displayed inequalities together with ∂v̄(z)Dp(q, r) = t−m
J ∂v(tJ z)Dp(tJq, tJr) gives

our claimed inequality. Indeed:

∂v(z′)Dp(q′, s) − 2tm+1
J

s

ˆ
Mp,J

ϕ′
(
dJ(q, z)

s

)∑
i

〈
∂∇dJ (q,z)(N p,J)i(z), ∂v̄(z)(N p,J)i(z)

〉
dz

≤ O(m1/2
p,J )

(
s

tJ

) 1−δe
2

Dp(q′, s) + Cmp,Jt
2κ−1
J sDp(q′, s)

+ Cmτ
p,Jt

−(1+τ)
J Dp(q′, s)τ (Dp(q′, s) + ∂rDp(q′, s))

(4.5.16), (4.5.19), s<tJ

≤ O

(
mmin{1/2,τ}

p,J

)
smin{ 1−δe

2 ,τ(m−2+2κ)}tmin{−1+τ,2κ−1,− 1−δe
2 }

J Dp(q′, s),
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for any q′ ∈ Γp,J , z
′ ∈ Mp,J , and s ∈ (0, tJ). Rescaling the integrand above and choosing γ1

appropriately, we conclude the proof. The spatial derivative of H is a direct computation, as

performed in [23, Proposition 3.1].

It is possible to measure how much the normal approximation Np,J deviates from being

homogeneous in terms of the frequency pinching. This is stated in the following lemma. We

omit the proof of the lemma since it follows exactly the same argument as in [29, Proposition

5.2].

Lemma 4.8.2 (Deviation from homogeneity of Np,J). Under Assumption 4.6.9. There exist

C = C(m,n,Q,Λ) > 0 and γ2 = γ2(m,n,Q,Λ) > 0 such that the following estimate holds

for every pair ρ, r with 0 < ρ ≤ r ≤ tJ . We define the annuli

A2r
ρ/4(q) :=

(
B2r (q) \ Bρ/4 (q)

)
∩ Mp,J ,

then

ˆ
A2r

ρ/4(q)

∑
i

∣∣∣∣∣D(Np,J)i(z)
d(q, z)∇d(q, z)

|∇d(q, z)| − Ip (q, d(q, z)) (Np,J)i(z)|∇d(q, z)|
∣∣∣∣∣
2 dz
d(q, z)

≤ CHp (q, 2r)
(
W 2r

ρ/4 (p, q) + mγ2
p,Jr

γ2 log
(

4r
ρ

))
.

We now show how to estimate the frequency function I evaluated at two possibly different

boundary points, p and q, in terms of the frequency pinching. We omit the proof of the

following lemma since it follows entirely analogously to [29, Lemma 5.4] using Lemma 4.8.1.

Lemma 4.8.3. Under Assumption 4.6.9. Let q1, q2 ∈ Γp,J with d(q1, q2) ≤ r/8, where

r ∈ (0, tJ ]. There exist C = C(m,n,Q,Λ) > 0 and γ3 = γ3(m,n,Q,Λ) > 0 such that for any

z, w ∈ [q1, q2] we have

|Ip(w, r) − Ip(z, r)| ≤ C
[(
W 4r

r/8(p, q1)
)1/2

+
(
W 4r

r/8(p, q2)
)1/2

+ mγ3
p,Jr

γ3

]
d(z, w)
r

.
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Spatial variations in the low-frequency regime

We record here the counterpart for the low-frequency regime of the results in the high-

frequency regime.

Lemma 4.8.4. Under Assumption 4.6.15, all the conclusions of Lemma 4.8.1, Lemma 4.8.2

and Lemma 4.8.3 are valid for

4ηγj+1 ≤ ρ ≤ r < 2γj and q, q1, q2 ∈ Γp,γj .

We omit the proof of this lemma here, as it is a repetition of the arguments for the

high-frequency regime, along with the observations made in [29, Section 10.1].

4.8.2 Proof of the rectifiability result

In this section, we prove Proposition 4.4.7, which states the Hm−3-rectifiability of the

set of one-sided flat singular points. We divide the proof into the high and low-frequency

regimes.

Proposition 4.8.5 (Rectifiability of high-frequency points). Let T,Σ, and Γ, be as in

Assumption 4.1.8. Then

Singb(T ) ∩ {q ∈ Γ : Θm(T, q) = Q/2, q is flat, and I(T, q) ≥ 2 − αe}

is Hm−3-rectifiable.

Proposition 4.8.6 (Rectifiability of low-frequency points). Let T,Σ, and Γ, be as in

Assumption 4.1.8. Then

Singb(T ) ∩ {q ∈ Γ : Θm(T, q) = Q/2, q is flat, and I(T, q) < 2 − αe}

is Hm−3-rectifiable.
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Remark 4.8.7. We note that the Hausdorff dimensional bound obtained in Section 4.7 is not

needed to prove either of the two theorems above. In fact, it can be derived as a consequence

of the proof.

Paralleling the setting of interior points from [29], we encounter a crucial difference.

Singular points for the boundary linear problem are not necessarily points where the multi-

valued function vanishes. In contrast, in the interior setting, after applying an argument

involving the average of the multi-valued function, we reduce the problem to studying points

where the function vanishes.

Instead, we focus on the set of points with frequency greater than 1 + α/2. To prove the

bound on β2, we must be able to preserve a frequency bound of 1 + α/2 in the limit. While

this is straightforward in the high-frequency regime, as the almost monotonicity formula

for the frequency holds without changing the center manifold, it is more challenging in the

low-frequency regime. In contrast, in the low-frequency regime in [29], the authors only need

to preserve the existence of Q points without controlling their frequency.

Bound on the Jones’ β2 coefficient in the high-frequency regime

We now prove Theorem 4.8.8 which gives an upper bound for the (m− 3)-dimensional

Jones’ β2 coefficient in terms of the frequency pinching.

Theorem 4.8.8 (Frequency pinching controls the Jones’ β2 coefficient). Assume m > 3.

There exist constants η0 = η0(m) > 0, ϵ0 = ϵ0(m,n,Q, η0,Λ) > 0, γ4 = γ4(m,n,Q,Λ) > 0,

and C = C(m,n,Q,Λ) > 0, such that the following holds. Under Assumption 4.6.9, and

assume further that η < η0 and mp,J < ε2
0. If µ is a finite non-negative Radon measure with

spt(µ) ⊂ Γp,J . Then for all r ∈ (0, tJ ] and every q ∈ Br/8 ∩ Γp,J we have

[
βm−3

2,µ (q, r/8)
]2

≤ C

rm−3

ˆ
Br/8(q)

W 4r
r/8(p, z)dµ(z) + Cmγ4

p,J

µ(Br/8 (q))
rm−3−γ4

.
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With this control, we are in a position to apply Theorem 4.3.1 for Frostman measures, as

done in [29], to conclude the proof of the Hm−3-rectifiability in the high-frequency regime,

i.e., Proposition 4.8.5. We are now left with proving Theorem 4.8.8.

Proof of Theorem 4.8.8. We assume without loss of generality that µ
(
Br/8 (q)

)
> 0, oth-

erwise the inequality is trivial. As in [29, Proposition 7.2], denote the barycenter of µ in

Br/8 (q) ∩ TqMJ by

q̄r := 1
µ
(
Br/8 (q)

) ˆ
Br/8(q)

zdµ(z),

where pq is the orthogonal projection of Rm+n onto TqMJ . Next, define the symmetric

bilinear form bq,r : TqMJ × TqMJ → R as

bq,r(v, w) :=
ˆ

Br/8(q)
((z − q̄r) · v) ((z − q̄r) · w) dµ(z).

Diagonalizing bq,r yields an orthonormal basis {vi}m
i=1 of eigenvectors and a corresponding

family of eigenvalues 0 ⩽ λm ⩽ · · · ⩽ λ1 for the linear map

L(v) :=
ˆ

Br/8(q)
((z − q̄r) · v) pq(z)dµ(z),

which diagonalize bq,r, i.e., L (vi) = λivi and bq,r (vi, vi) = λi. This gives the following

characterization:

inf
affine (m-3)-planes π

π⊂TqMj

(r
8

)−m+1 ˆ
Br/8(q)

dist(y, L)2dµ(y)
1/2

=
(
r

8

)−m+1
(λm−2 + λm−1 + λm).

We now have the following simplification of our claimed inequality:

[
βm−3

2,µ (q, r/8)
]2

≤ 3
(8
r

)m−1
λm−2.
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The argument differs from [29, Proposition 4.2] for two reasons. Firstly, ∇d needs to be

tangent to Γp,J , which we ensure through Lemma 4.5.17. Once this is established, we can

apply Lemma 4.8.1 with any compactly supported vector field pointing in the same direction

as ∇d, following the approach in [29, Proposition 4.2]. Secondly, we need to prove that:

ˆ
A2r

r/4(q)

m−2∑
h=1

|DN (z) · ℓz(vh)|2dz ≥ c(Λ)Hp(q, 2r)
r

for some c(Λ) > 0. (4.8.1)

Note that we are using the (m − 3)-dimensional Jones’ β2 coefficient. The sum in the

expression above is taken over the m − 2 vectors derived from the bilinear form bq,r. We

proceed by contradiction to prove (4.8.1). We rescale and translate the current such that we

have q = 0 and r = 1. If (4.8.1) fails, we construct a contradiction sequence of currents Tk

with mp,k ≤ εk → 0. From (4.5.15) and (4.5.16), the right-hand side of (4.8.1) is bounded

above by a constant C. Thus, we obtain the inequality:

ˆ
A2r

r/4(0)

m−2∑
h=1

|DNk(z) · ℓk
z(vk

h)|2dz < 1
k
. (4.8.2)

For the contradiction sequence, we have the corresponding center manifolds, boundaries,

and normalized normal approximations, denoted by Mk, Γk, and Nk, respectively. Addition-

ally, we have sequences ℓk
z and {vk

h}k that converge to Id and, for each h ∈ {1, . . . ,m− 2}, to

vh, respectively. Moreover, Mk converges to some m-dimensional half-plane π+
∞, Γk converges

to ∂π∞π
+
∞, and η ◦ Nk → 0.

From this, we can extract a weak limit of Nk in W 1,2, denoted by u0 : B2 ∩ xm ≥ 0 →

AQ(Rn), which is a Dirichlet minimizer with Dirichlet energy equal to 1, η ◦ u0 = 0, and u0

vanishes identically at its boundary (note that u0 is not necessarily a fine blow-up). The

same arguments as in [21, Section 10.3] (see also [27, Section 18.1]) allow us to upgrade, up

to a subsequence, the weak convergence of Nk to u0 to strong convergence in W 1,2(B2).
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Such strong convergence ensures that ITk
p (0, s) converges to Iu0(s) for any s ∈ (0, tJ ],

which implies:

Iu0(0) ≥ 2 − δe ≥ 1 + α/2.

We also obtain using (4.8.2) that

ˆ
(B2\B1/4)∩{xm≥0}

m−2∑
h=1

|∇vh
u0|2 = 0.

We reach a contradiction in the same manner as in the argument in Lemma 4.3.4.

Specifically, we can apply Lemma 4.3.2 to obtain a nontrivial Iu0(0)-homogeneous Dirichlet

minimizer in 2 dimensions, with zero boundary value along a straight line. This, however,

contradicts Theorem 4.3.3, since we have Iu0(0) ≥ 1 + α/2.

Bound on the Jones’ β2 coefficient in the low-frequency regime

We now establish the same control in the low-frequency regime as given in Theorem 4.8.8.

With this control (Theorem 4.8.9), we are able to apply Theorem 4.3.1 for Frostman measures,

as done in [29], to conclude the proof of the Hm−3-rectifiability in the low-frequency regime,

i.e., Proposition 4.8.6. This, in turn, completes the proof of Proposition 4.4.7, as explained

above.

Theorem 4.8.9 (Frequency pinching controls the Jones’ β2 coefficient). Assume m > 3.

There exist η1 = η1(m) > 0, ϵ1 = ϵ1(m,n,Q, η1, K) > 0, γ5 = γ5(m,n,Q,Λ) > 0, and

C = C(m,n,Q,Λ, γ) > 0, such that the following holds.

Under Assumption 4.6.15, and assume further that η < η0 and mp,j < ϵ2
1. If µ is a

finite non-negative upper (m − 3)-regular Radon measure with spt(µ) ⊂ GK. Then for all

r ∈ (8ηγj+1, γj] and every q ∈ GK we have

[
βm−3

2,µ (q, r/8)
]2

≤ C

rm−3

ˆ
Br/8(q)

W 4r
r/8(p, j, z)dµ(z) + Cmγ5

p,j

µ(Br/8 (q))
rm−3−γ5

.
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Proof. Since the measure µ is upper (m− 3)- regular, the coefficient βm−3
2,µ (q, r/8) is always

bounded. Therefore, it is sufficient to prove the theorem under the assumption that

1
rm−3

ˆ
Br/8(q)

W 4r
r/8(p, j, z)dµ(z) ≤ Cδ3.

This proof follows the same structure as [29, Proposition 13.3], with the main difference

being the proof of the following inequality:

ˆ
A2r

r/4(q)

m−2∑
h=1

|DNj(z) · ℓz(vh)|2dz ≥ c(Λ)Hp(q, 2r)
r

for some c(Λ) > 0. (4.8.3)

We prove this estimate by contradiction, following the same approach as in Proposi-

tion 4.8.5, but in this case, we deal with infinitely many center manifolds and intervals of

flattening. By rescaling and translating, we assume q = 0 and r = 1. If the inequality fails, it

must fail for every ϵ1 > 0 and δ > 0. We can thus take a contradiction sequence of currents

Tk such that m(k)
p → 0, where m(k)

p is defined with respect to Tk.

Up to rotation, we can assume that T0Γk = Rm−1 × {0} and πk = Rm × {0}, and that

ˆ
B1/8

W 2
1/4(p, j(k), z)dµk(z) ≤ 1

k
.

This allows us to select points xk ∈ Γp,1 ∩ B1/8 such that W 2
1/4(p, j(k), xk) ≤ k−1. Up to

subsequences, µk ⇀ µ with spt(µ) being a finite non-negative Radon measure supported in

Rm−1 × {0}, and xk → x ∈ spt(µ).

We let θk = γj(k) ∈ [1, 1
8ηγ

) be such that the modified interval of flattening given by

(γj(k)+1, γj(k)] becomes (8ηγθk, θk]. Up to a subsequence, we assume θk → θ.

For each Tk, we construct the corresponding center manifold Mk and normal approxima-

tions Nk. Arguing as in Theorem 4.8.8, we obtain a limiting function u0 : (Bθ \B8ηγθ)∩{xm ≥

0} → AQ(Rn) that is a Dirichlet minimizer with Dirichlet energy equal to 1, η ◦ u0 = 0, and

u0 is identically zero at its boundary (note that u0 is not necessarily a fine blow-up).
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Moreover, as in Theorem 4.8.8, the convergence of Nk to u0 is strong in W 1,2(Bθ \ B8ηγθ)

up to subsequences. This strong convergence furnishes

ITk
p (xk, θk) → Iu0(x, θ), ITk

p (xk, 8ηγθk) → Iu0(x, 8ηγθ), and Iu0(x, θ) ≥ 1 + α/2,

where ITk denotes the frequency defined with respect to Tk.

Since W 2
1/4(p, j(k), xk) → 0, we have that Iu0(x, 8ηγθ) = Iu0(x, θ). Hence, Lemma 4.3.5

implies that u0 is I0-homogeneous on Bθ ∩{xm ≥ 0} with I0 ≥ 1+α/2. Since the contradiction

sequence is violating (4.8.3), we arrive again at the identity

ˆ
(B2\B1/4)∩{xm≥0}

m−2∑
h=1

|∇vh
u0|2 = 0.

Again, by the same argument given in Lemma 4.3.4, we conclude, using Lemma 4.3.2,

that we obtain an I0-homogeneous Dirichlet minimizer u in 2d with zero boundary value

along a straight line and I0 ≥ 1 + α/2, which violates Theorem 4.3.3. This concludes the

proof of the inequality (4.8.3), and, arguing as in [29, Proposition 13.3], we conclude the

proof of the proposition.
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Chapter 5

An essential one sided boundary

singularity for a 3-dimensional area

minimizing current in R5

This chapter has been published as a preprint in [44].

5.1 Introduction

In this thesis we address the question: ”To what extent does Allard’s boundary regularity

theory hold in a higher multiplicity setting?”. In this chapter, we give an example that shows

the dimensional sharpness of the theory we developed in Chapter 4.

We prescribe a boundary surface that has non-trivial topology and will induce an essential

singularity at the boundary of an area minimizing current for topological reasons. These

methods are extremely flexible to construct essential boundary singularities and do not rely

on constructing a calibration.

In order to show the construction of the family of examples we prove an excess decay type

theorem at points of ”corner type”. The boundaries we consider in that setting consist of

smooth surfaces with multiplicity meeting at a smooth m− 2 dimensional common interface
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and we get decay to the tangent cone at the points in the common interface. Under a suitable

”multiplicity 1” assumption, every corner point is regular.

We will give a statement of the example provided in this chapter. In order to do this, we

must first define the notion of essential singularity.

Definition 5.1.1. Let T,Γ in B1 ⊂ Rm+n such that T is an m-dimensional area minimizing

integral current, Γ an m − 1-dimensional submanifold of Rm+n with ∂T B1 = Q JΓK. We

say that 0 is an essential one-sided singularity if Θ(T, 0) = Q/2 and there is no radius ρ > 0

such that

T Bρ =
∑

Qi JΣiK (5.1.1)

where Σi are smooth minimal surfaces in Bρ and ∂Σi = Γ ∩ Bρ (but they are not required to

be disjoint outside of the boundary or meet transversal at the boundary).

Theorem O. There exist a 3-dimensional area minimizing current T in B1 ⊂ R5 and a

real analytic surface Γ such that ∂T = 2 JΓK, Θ(T, p) = 1 for every p ∈ Γ ∩ B1, and 0 is an

essential one-sided boundary singularity.

5.1.1 Historical overview

The construction of singular examples of area minimizing currents presents substantial

challenges, typically requiring the construction of a calibration.

In codimension 1, the proof of the minimality of the Simons cone in 1969 [11] was a

turning point in the history of regularity of area minimizing currents since it provided the

first example of a singular area minimizing integral current in codimension 1. The proof

was later simplified in [39]. In higher codimension, a large family of examples is given by

complex varieties due to Federer [41], since they are automatically calibrated and thus area

minimizing.
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It is worth mentioning that recently Liu, in a series of papers, constructed examples of

interior singularities of area minimizing currents, of fractal type, of non-smoothable type,

and examples of non-calibtrated area minimizing currents, in [59, 60, 61].

In the context of boundary regularity of area minimizing currents, White in 1997 showed

that in a parametric context there are no true boundary branch points for a 2-dimensional

area minimizing current with a real analytic boundary curve [80]. A true branch point is one

where the current cannot be separated into smooth minimal surfaces. In that work, he posed

the question of whether an area minimizing current with a real analytic boundary has finite

topology, which is equivalent to finiteness of the interior and boundary singular sets and

to the area minimizing current being a Douglas - Radò solution. In contrast, for a smooth

boundary, Gulliver in 1991 [50] provided an example of a true boundary branch point for a

minimal surface (not minimizing) in R3.

In [53], Hirsch shows an example of a holomorphic function vanishing to infinite order at

the boundary in the half-space. This example is used in [21] to show that if the boundary

curve is merely allowed to be smooth then the boundary singular set can have Hausdorff

dimension 1. Furthermore, in [19], De Lellis, De Phillipis and Hirsch provide an example of

an area minimizing current in a Riemannian manifold whose boundary is a smooth curve and

the associated surface has infinite topology. These examples show that the behaviour when

the boundary is smooth but not real analytic can be quite singular - unlike the regularity

predicted by White’s conjecture in the real analytic case.

5.1.2 Brief description of the example

Theorem O demonstrates the dimensional sharpness of the regularity theory that we

developed in Chapter 4. This example shows that, even if the boundary is required to be real

analytic, there are counterexamples of essential singularities, analogous to the true branch

points considered by White and Gulliver, but in the higher multiplicity setting corresponding

to density 1, multiplicity 2 points.
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The example comes from a more general theorem, which roughly speaking says that if for

T an area minimizing current and ∂T looks like Figure 5.1, then it has an essential boundary

singularity. The defining features of the picture are that ∂T consists of two pieces, one which

is topologically a disk Γ0 (taken with multiplicity 2) and the other which is a Möbius strip Γ1

which contains ∂Γ0 and twists around it. There are additional, technical requirements which

can be seen in Theorem R.

The theorem is a consequence of the Hölder continuity of the multivalued normal map,

which we show to hold on the spherical cap in the picture up to its boundary given by

the black wire. This relies on the multivalued Hölder estimate at smooth boundary points

established in Chapter 3 and employs, at the corner points (the black wire), Simon’s method

for the uniqueness of tangent cones. The Hölder continuity of the multivalued normal map in

the spherical cap up to the boundary forces the map to agree at the black wire to the normal

map induced by the Möbius strip. The non-trivial topology induced by the boundary data of

this multivalued map generates an essential boundary singularity for the spherical cap away

from the black wire.

Figure 5.1: Boundary of example
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See the following sketch of the proof for a more detailed discussion of the argument in the

simplified setting of the linear problem.

5.1.3 Sketch of the proof

We explain the procedure we use to construct the example in the particular case of the

linear problem. The linear problem consists of multi-valued functions u which vanish at the

boundary of a certain domain. We will work with multivalued functions, understood as in [4]

and [30].

Assumption 5.1.2 (Linear Problem). Given a Dir-minimizing function u ∈ W 1,2(Ω, AQ(Rn))

for an open set Ω ⊂ Rm. The boundary linear problem consists of functions u such that

u ∂Ω ∩ B1 = Q J0K.

In the interior setting, a simple example of an essential singularity is the two-valued

square root u ∈ W 1,2(R2,A2(R2))

u(z) =
∑

w2=z

JwK

where we identify C with R2.

A natural singular candidate for the boundary linear problem that we would be interested

whether it is energy minimizing is f ∈ W 1,2(R2 × R+,A2(R2)) defined by

f(z, t) =
∑

w2=z

JwtK

where we identify R2 with C both in the domain and in the image.

This function can be shown to be stationary and it is unclear whether it is energy

minimizing. Moreover, even if one were able to demonstrate, in a complicated way, that f is

energy minimizing, there seems to be no reason to expect that such a strategy would translate
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directly into the construction of boundary singularities for an area minimizing current of the

desired type.

Construction of the singular Dir-minimizer

We consider the cylinder C := {z ∈ R2 : |z| ≤ 1} × [0, 1]. We can just take u a solution

for the linear problem with boundary data f as above. This is

u ∈ W 1,2(C,A2(R2)) Dir-minimizing with u ∂C = f ∂C.

We might have u = f if the function f were energy minimizing. We can show that

regardless of what u is, it will have an essential boundary singularity at some non-corner

boundary point (i.e., in {|z| < 1} × {0}).

As we mentioned earlier, showing that u = f or that f is energy minimizing is a technically

challenging question which would likely (if true) have a very rigid proof. On the other hand,

the proof we provide of the singular behaviour is very flexible.

The normal derivative as a multivalued map

By Theorem 3.10.3, we know that there is a unique blowup for the linear problem. This

implies that there exists a 2-valued "normal derivative" map that is well defined at the

boundary {|z| < 1, t = 0}. The map η : {|z| < 1, t = 0} → A2(R2) turns out to locally be a

Hölder continuous map in {|z| < 1, t = 0}, by the theory developed in Chapter 3.

The theory that we develop in this chapter allows us to extend the Hölder continuity to

the boundary of the domain where the multivalued normal derivative is defined. We show

an excess decay type theorem at points in corners, which for the linear setting corresponds

to understanding the rate of decay of u at S1 × {0}. Moreover, those points can shown to

be regular points. This is, the function u decouples in a neighborhood of S1 × {0} as two

classical harmonic functions whose graphs do not intersect in the interior.

This allows us to extend the definition of η to {|z| ≤ 1, t = 0} in a Hölder continuous way.
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By definition, u agrees with f in ∂C. Furthermore, since u is regular at S1 × {0}

η(z) =
∑

w2=z

JwK .

Topological existence of an essential singularity We concluded that η is a continuous

2-valued function on the unit disk {|z| ≤ 1, t = 0}, which at the boundary {|z| = 1, t = 0}

must take the complex square root. This implies that η must have at least one essential

singularity p ∈ {|z| < 1, t = 0}. The argument goes as follows: if all the points where either

regular or non-essentially singular, then in a neighborhood of every point η splits as two

smooth functions. Since {|z| ≤ 1, t = 0} is simply connected, we must thus have that η splits

globally on {|z| ≤ 1, t = 0} as two smooth graphs. This gives a contradiction to the fact that

η({|z| = 1, t = 0}), as a subset of R5, is a smooth connected curve with no-self intersections

which is taken with multiplicity 1. See Proposition 5.11.12.

A point p at which η has an essential singularity must be an essential boundary singularity

for u. Indeed, if p was not an essential singularity for u then there exists ρ such that

u Bρ(p) = Ju1K + Ju2K

where u1 and u2 are two classical harmonic functions. This would imply that the normal

derivative at the flat piece of the boundary of C (i.e., {(z, t) ∈ C × R : |z| ≤ 1, t = 0}) can

be written as

η Bρ(p) =
s
∂

∂t
|t=0u1

{
+

s
∂

∂t
|t=0u2

{
.

This contradicts the fact that p is an essential singularity for η.

As we have seen, we only require topological information and this construction does not

rely on a calibration. Indeed, these methods work on any sufficiently smooth boundary data

which induces non-trivial topology.
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5.1.4 Higher multiplicity Allard boundary regularity

We remind the general type of assumption we considered in Chapter 3 and Chapter 4.

Assumption 5.1.3 (Assumption Ck,α). Let integers m,n ≥ 2, Q ≥ 1, k ∈ Z≥0 ∪ {∞, ω}

and α ∈ [0, 1]. Consider Γ a Ck,α oriented (m− 1)-submanifold of Rm+n without boundary,

and assume 0 ∈ Γ (when k = ω, Γ is a real-analytic submanifold of Rm+n). Let T be an

integral m-dimensional area minimizing current in B1 with boundary ∂T B1 = Q JΓ ∩ B1K.

The convex barrier assumption is the following:

Assumption 5.1.4 (Convex Barrier). Let Ω ⊂ Rm+n be a domain such that ∂Ω is a C2

uniformly convex submanifold of Rm+n. We say that ∑N
i=1 Qi JΓiK has a convex barrier if Qi

are positive integers and Γi ⊂ ∂Ω are disjoint C2 closed oriented submanifolds of ∂Ω. In this

setting we consider T an area minimizing current with ∂T = ∑
i Qi JΓiK .

Theorem O shows that our regularity theory is dimensionally sharp and moreover that in

this setting (i.e., density Q/2) the situation is not dimensionally better if we wish to study

only essential singularities. Moreover, the situation does not get better with the assumption

of a real analytic boundary. The theorem we obtained in Chapter 4 is the following:

Theorem 5.1.5 (Rectifiability of the one-sided singular set - Chapter 4). Let T be an area

minimizing current which satisfies Assumption 5.1.3 with k = 3, α > 0 and m ≥ 3. Further

assume that Θ(T, p) = Q/2 for every p ∈ B1 ∩ Γ. The boundary singular set (the set of points

on B1 ∩ Γ which are not one-sided regular points) is Hm−3 rectifiable (countable if m = 3).

Furthermore, if ∂T = ∑N
i=1 Qi JΓiK has a convex barrier (i.e. it satisfies Assumption 5.1.4),

the boundary singular set is Hm−3 rectifiable (countable if m = 3).

In the context of Q = 1 and dimension m = 2, based on known examples of [21], the

situation with essential boundary singularities seems to be different with that of general

boundary singularities. The general boundary singular set can be of Hausdorff dimension 1,
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but those singularities are of removable type, in their context it means there exists ρ > 0

such that

T Bρ = JΣ1K + JΣ2K

with Σ1 and Σ2 two smooth minimal surfaces with ∂ JΣ1K = JΓK and ∂ JΣ2K = 0. There is no

known example in the literature of a smooth embedded loop Γ ⊂ R2+n and a 2-dimensional

area-minimizing current T with ∂T = JΓK such that T has infinitely many essential boundary

singularities.

5.1.5 Main theorems of this chapter

In order to construct the example we develop a regularity theory for currents whose

boundaries have corners.

Assumption 5.1.6. Consider the following:

(i) Let j ∈ {0, 1}, N j be two positive integers. Let Σ be a C2 ambient manifold in Rm+n.

(ii) Let Γj
i , 1 ≤ i ≤ N j be m − 1 dimensional C2 submanifolds of Σ such that ∂

q
Γj

i

y
=

(−1)j JMK for M a m− 2 dimensional C2 submanifold of Σ with 0 ∈ M . We further

assume that Γj
i are transversal to each other at M . We also denote Γ := ∪i,jΓj

i .

(iii) Let Qj
i be positive integer multiplicities with ∑(−1)jQj

i = 0. We also denote Q =∑
i Q

0
i = ∑

i Q
1
i .

(iv) Every point in M is a good corner point, as defined in later in Definition 5.2.4. This is

a technical condition that ensures a bound on the mass.

The current T is area minimizing in B1 ∩ Σ with cornered boundaries Γj
i if

∂T =
∑

0≤j≤1

∑
1≤i≤Nj

Qj
i

q
Γj

i

y
.
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The boundary pieces Γ0
i are those with positive orientation with respect to the orientation

of M . The boundary pieces Γ1
i are those with negative orientation with respect to M .

We provide an example of a current taking the boundary data.

We consider T = H1 +H2,

where H1 and H2 are quarter

pieces of a plane which are

oriented such that:

∂[[H1]] = [[Γ0
1]] − [[Γ1

1]]

∂[[H2]] = [[Γ0
1]] − [[Γ1

2]]

The boundary pieces Γ1
0, Γ1

1,

and Γ1
2 are half-planes.

N0 = 1, N1 = 2, Q0
1 = 2,

Q1
1 = Q1

2 = 1.

M

2[[Γ0
1]]

[[Γ1
1]] [[Γ1

2]]

H1 H2

Figure 5.2: Example of Corner

We simplify the notation of the main theorem for cornered boundaries. For the precise

statements see Assumption 5.4.1 and Theorem 5.7.2

Theorem P (Excess decay). We consider T,Γi,j,M,Σ as in Assumption 5.1.6.

• Assume for every 1 ≤ i0 ≤ N0, 1 ≤ i1 ≤ N1 we have Γ0
i0 and Γ1

i1 meet perpendicularly

at M .

• Assume, in addition, that for any pair of surfaces with the same orientation j = 0, 1,

Γj
i0 and Γj

i1 , meet at M with an angle which is uniformly bounded.

Then there is a unique tangent cone at every point of M at which T decays with a power

rate.
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Theorem Q (Regularity in the multiplicity 1 case). Assume that we are in the hypothesis of

Theorem P. Additionally assume that there is only one classical boundary piece with positive

orientation and all the sheets with negative orientation have multiplicity 1 (i.e., N0 = 1,

N1 = N , Q0
1 = N , Q1

1 = Q1
2 = ... = 1).

Then T is regular along M : for every p ∈ M there exists ρ such that

T Bρ(p) =
N∑

i=1
JΣiK

where Σi are minimal surfaces, which intersect only at M and ∂ JΣiK = JΓ0
0K − JΓ1

i K. The

minimal surface Σi is smooth away from M and attaches smoothly to Γ0
0 and Γ1

i .

These assumptions are not restrictive, as the theorems above suffice for our applications.

Given that we have a decomposition theorem, the regularity theory with higher multiplicity

is equivalent to the case when N0 = 1, N1 = 1, Q0 = Q1 = Q. It would be reasonable to

expect the same type of regularity theory we developed in Chapter 4 to apply for this setting,

using the same methods. Assuming the same boundary and ambient manifold smoothness

which allows us to run the regularity theory in Chapter 4, one would expect the singular set

of T along M to be Hm−3 rectifiable.

As a corollary, we get the following theorem which holds for a flexible family of boundaries

Theorem R. Let Ω be a C2 uniformly convex open set.

• Let M ⊂ ∂Ω be a C2 simple closed curve.

• Let Γ0 be a C2 surface with ∂ JΓ0K = M diffeomorphic to a 2 dimensional disk.

• Let Γ1 ⊂ ∂Ω be an integral 2 dimensional current. We assume that M ⊂ spt(Γ1) and

in a neighborhood U of M , U ∩ spt(Γ1) is a C2 surface diffeomorphic to a Möbius strip

which twists once around M . Indeed, U ∩ spt(Γ1) \M will be connected. We assign

multiplicity 1 to spt(Γ1) in U . We suppose that Γ1 is oriented such that ∂ JΓ1K = −2 JMK.

The surface U ∩ Γ1 is a smooth surface whose orientation switches across M .
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Let T be an area minimizing current with ∂T = 2 JΓ0K + JΓ1K. Then T is regular in a

neighborhood of M and has an essential boundary singularity at some point of Γ0 \M .

We show that, at the disk Γ0, we can define a 2-valued normal map, induced by the

unique tangent cone to T . The normal map, defined at Γ0, is Hölder all the way to the

boundary M . At the boundary M , the normal map is given by the tangent to Γ1 at M ,

which is topologically non-trivial since spt(Γ1) is a Möbius strip in a neighborhood of M . The

topological non-triviality implies, as we saw in the linear problem, that there is an essential

singularity at some interior point of Γ0.

We note that Γ0 and Γ1 are required to lie on a convex barrier in order to be able to apply

the theorems of Chapter 3 as well as the corresponding analogues at points of M established

in this chapter.

5.1.6 Basic definitions

Throughout the chapter, we use the notation ’≲’ to denote inequality up to a multiplicative

constant, which may depend only on m, n, n, and Q. We also use C(α1, ..., αk) to denote a

constant which depends on α1, ..., αk.

We define Br(p) := {x ∈ Rm+n : |x− p| < r}. We typically use V for m− 1 dimensional

planes. We use L := Rm−2 × {0} ⊂ Rm+n as the spine of our cones. For a plane π, let pπ

denote the projection onto π. For any ε > 0, we use Bε(L) to represent the ε-neighborhood

of L, that is, Bε(l) = {x ∈ Rm+n : dist(x, L) < ε}.

We assume each k-dimensional linear subspace π of Rm+n is oriented by a k-vector

π⃗ = v1 ∧ · · · ∧ vk, where (vi)k
i=1 forms an orthonormal basis for π. Additionally, we adopt

the notation |π2 − π1| for |π⃗2 − π⃗1|, where | · | represents the norm tied to the standard

inner product of k-vectors. The k-dimensional Hausdorff measure on Rm+n is written as

Hk. We denote AQ(Rm+n) the Q-tuples in Rm+n for some integer Q ≥ 1. We denote by

G(p1, p2), the Wasserstein distance between a pair of points p1, p2 on the space AQ(Rm+n).

For more on multi-valued functions, see [30]. We denote by AM the C0-norm of the second
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fundamental form of a smooth submanifold M of Rm+n. We also denote under Assumption

5.1.6, AΓ := maxi,j AΓj
i
.

For further basic definitions and standard notations, we refer to [42] and the survey [17].

We will use E to denote the L2 excess, and local versions which we introduce later. The

L2 excess relative to an open book C or cornered open book is defined as

E(T,C,Br(p)) := 1
rm+2

ˆ
Br(p)

dist(x,C)2d||T ||(x). (5.1.2)

We will use E for a suitable measure-theoretic excess, which will be defined later in equation

(5.4). Finally, we introduce the circular projection π◦ : Rm+n → Rm, defined as π◦(x, y) =

(x, |y|) for (x, y) ∈ Rm−1 × Rn+1.

Definition 5.1.7. An m-dimensional integral current T in U with spt(T ) ⊂ Σ is area

minimizing in Σ ∩ U , if it holds that M(T ) ≤ M(T + ∂T̃ ), for all T̃ (m + 1)-dimensional

integral current in U with spt(T̃ ) ⊂ Σ ∩ U .

Cones

We recall the definition of an open book and introduce their angle:

Definition 5.1.8. A cone C is an open book if it can be written as C = ∑N
i=1 Qi JHiK where

Hi are distinct half-planes with ∂ JHiK = JV K where V is an m− 1 dimensional plane, referred

to as the spine of the cone. We define the minimum angle of an open book as

α(C) := min
i ̸=j

⟨Hi, Hj⟩

where α(C) := 1 if C = Q JHK for H a half-plane.

Definition 5.1.9. A cone C is a two-sided flat cone if

C = (Q/2 +Q∗) JHK − (Q∗) J−HK
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for Q and Q∗ integers and H a half plane with ∂H = V where −H denotes the reflection of

H along V .

We introduce a distance between open books with the same spine.

Definition 5.1.10 (Distance Open Books). Given a pair of open books Cj for j = 0, 1 which

are of the form

Cj :=
∑

i

Qj
i

q
Hj

i

y

where ∂
q
Hj

i

y
= JV K. We take ηj

i to be the unit normal to V that determines Hi. We define

ηj ∈ AQ(V ⊥) as ηj
i = ∑

i Qi

q
ηj

i

y
. We define

G(C1, C2) := G(η1, η2). (5.1.3)

Definition 5.1.11. A cornered area minimizing cone C with spine L (of dimension m− 2)

is one that satisfies

∂C =
1∑

j=0

∑
1≤i≤Nj

Qj
i

q
V j

i

y
(5.1.4)

where V j
i are m − 1 dimensional half-planes with ∂

q
V j

i

y
= (−1)j JLK and Qj

i are positive

integers with ∑i Q
0
i = ∑

i Q
1
i .

Definition 5.1.12 (Quadrant). We define H to be an m-quadrant (or just quadrant if

the dimension is easily understood) if H ⊂ Rm+n is an orthonormal transformation of the

set {(x, y) ∈ R2 : x ≥ 0, y ≥ 0} × Rm−2. We define Ĥ to be the full m-dimensional plane

containing H.

Definition 5.1.13. A cornered open book with spine L (of dimension m− 2) is

C =
∑

1≤i≤N

Qi JHiK

where Hi is a quadrant with ∂ JHiK = JV 0
i K−JV 1

i K where V 0
i and V 1

i are orthogonal half-planes

of dimension m− 1 with ∂
q
V j

i

y
= (−1)j JLK. We denote Q = ∑

1≤i≤N Qi.

236



Remark 5.1.14. Cornered open books as we consider will automatically have, if C is centered

at 0, Θ(C, 0) = Q/4. This setting is appropriate for the desired applications. More general

settings could be considered, such as not requiring Hi to be quadrants and just be pieces of

planes.

The simplest cornered open book is a single quadrant with multiplicity. The main example

for the construction of the example later is the one given by Figure 5.2.

We define C as the set of cornered open books which have the right boundary data.

Definition 5.1.15. Let Γj
i , M as in 5.1.6. We define C : M → {Cornered open books}. For

each p ∈ M we will denote Cp the set of generalized cornered open books with the following

conditions.

Given the cornered open book

C =
∑

1≤i≤N

Q′
i JHiK

it belongs to Cp if

• L = Tp(M).

• There exists an index selection k(, 0) : {1, ..., N} → {1, ..., N0}, k(, 1) : {1, ..., N} →

{1, ..., N1}.

•

V j
i = Tp

(
Γj

k(i,j)

)
.

• For every j ∈ {0, 1}, 1 ≤ k ≤ N j

Qj
k =

∑
k(i,j)=k

Q′
i.
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Tangent cones

For x ∈ Rm+n and r > 0, define ιx,r(y) := y−x
r

. For any integral current T , we define the

rescaled current T at x at scale r as ιx,r♯T =: Tx,r and Tr =: ι0,r♯T . The current Tx is called a

blow-up of T at x, if there exists a sequence of radii rj → 0 such that Tx,rj
→ Tx in the weak

topology. By [12], it follows from the monotonicity formula that if T is area minimizing in Σ

and ∂T = Q JΓK for Γ ∈ C1,κ, every convergent subsequence of Tp,rj
converges to an oriented

cone about p for any p ∈ Γ and any rj ↓ 0. An oriented cone about p is understood as a

current C such that Cp,r = C for any r > 0. See Theorem 5.2.2 for the precise statements

of the monotonicity formula and first variation formula for an area minimizing current T in

Σ with ∂T = Q JΓK where Σ and Γ are C2 submanifolds. In this chapter, we will also need

to consider a type boundaries which consist of smooth (m − 1)-dimensional submanifolds

meeting at a smooth (m− 2)-dimensional smooth submanifold. In Theorem 5.2.7 we show

the first variation formula to hold at the (m − 2)-dimensional smooth submanifold, and a

monotonicity formula with error terms Corollary 5.2.8. This implies existence of tangent

cones at corner points.

Part 1: The study of corner points

5.2 Monotonicity formula at corner points

In this section, we show the validity of the first variation formula in this context and the

monotononicity formula with error terms under appropriate assumptions.

5.2.1 Smooth boundary setup

We remind the setup for the monotonicity formula used in Chapter 3.

Assumption 5.2.1. Let m,n ≥ 2, n̄ ≥ 1, Q ≥ 1 be integers. Consider Σ an (m+ n̄)-manifold

of class C2 in Rm+n, Γ a C2 oriented (m−1)-submanifold of Σ without boundary, and assume
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0 ∈ Γ. Let T be an integral m-dimensional area minimizing current in Σ ∩ B1 with boundary

∂T B1 = Q JΓ ∩ B1K.

Given T,Γ,Σ as in 5.2.1. We define

Θi(T, p, r) := exp(C0A2
Σr

2) ||T ||(Br(p))
ωmrm

and

Θb(T, p, r) := exp(C0 (AΣ + AΓ) r) ||T ||(Br(p))
ωmrm

where AΣ and AΓ denote the C0 norm of the second fundamental form.

Theorem 5.2.2 (Monotonicity formula - Theorem 3.2.4). Let T,Γ,Σ be as in Assumption

5.1.3.

• If p ∈ B1 \ Γ then r → Θi(T, p, r) is monotone on the interval

(0,min {dist(p,Γ), 1 − |p|}).

• If p ∈ B1 ∩ Γ, then r → Θb(T, p, r) is monotone on (0, 1 − |p|).

Thus the density exists at every point. Moreover, the restrictions of the map p → Θ(T, p) to

B1 ∩ Γ and B1 \ Γ are upper semi-continuous.

Additionally, this implies that blowup limits are cones, both at the interior and at the

boundary.

If X ∈ C1
c (B1,Rn), then

δT (X) = −
ˆ

B1

X ·
−→
H T (x)d||T ||(x) +Q

ˆ
Γ∩B1

X · −→η (x)dHm−1(x) (5.2.1)

where −→
H T = ∑m

i=1 AΣ(ei, ei) where −→
T = ∧m

i=1ei is an orthonormal basis of −→
T . The vector −→η

is defined Hm−1 almost everywhere as:
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• For every tangent cone C at p ∈ Γ which is an open book C = ∑N
i=1 Qi JHiK,

−→η =
N∑

i=1

Qi
−→ηi

Q
(5.2.2)

where −→ηi is the normal to Tp(Γ) which determines the half plane Hi. The vector −→η is

independent of the open book C at p, but the open book might depend on the blowup

sequence.

• For every tangent cone C = (Q/2 +Q∗) JHK − (Q∗) J−HK at p ∈ Γ which is a two-sided

flat cone
−→η = ηH (5.2.3)

where ηH is the normal to Tp(Γ) which determines the half plane H.

Corollary 5.2.3 (Monotonicity formula with error terms). Under the hypothesis of the above

theorem

r−m||T ||(Br(p)) − s−m||T ||(Bs(p)) =
ˆ

Br(p)\Bs(p)

| (x− p)⊥ |2

|x− p|m+2 d||T ||(x)

+
ˆ r

s

ρ−m−1
[ˆ

Bρ(p)
(x− p)⊥ ·

−→
H T (x)d||T ||(x) +Q

ˆ
Γ∩Bρ(p)

(x− p) · −→η dHm−1
]
dρ

5.2.2 Cornered boundary

We introduce the notion of a good corner point, which is responsible for a mass bound at

corner points, and allows us to obtain the first variation formula and monotonicity formula.

Definition 5.2.4 (Good corner point). Under Assumption 5.1.6[(i-ii-iii)], a point q ∈ M is a

good corner point if there exists rq > 0 such that for every p ∈ Brq/2(q) ∩M , there exists a

diffeomorphism Φp ∈ C2(Brq(p),Rm+n) such that

• Φp(p) = p and DΦp(p) = I
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• Φp(Γj
i ) ⊂ Tp(Γj

i ) (abusing notation and considering the full m− 1 dimensional plane)

and Φp(M) = Tp(M).

• DΦp maps normal vectors to M into normal vectors to Tp(M). DΦp maps normal

vectors to Γj
i into normal vectors to Tp(Γj

i ).

• We have the following uniform C2 bound

sup
p∈Brq/2(q)∩M

∥Φp∥C2(Brq (p)) < ∞.

The following lemma is an appropriate modification of [21, Lemma 4.25] and thus we

omit its proof.

Lemma 5.2.5. Under Assumption 5.1.6, we define dp(x) := |Φp(x)|. There exists r0 > 0

such that the following holds:

• For every p ∈ B1/2 ∩ M , dp is in C2(Br0 \ {0}) and for x ∈ Br0/2(p) \ {0} Djd(x) =

Dj|x− p| +O(|x− p|2−j) for j = 0, 1, 2 with uniform constants on p in B1/2(0).

• ∇dp is tangent to M at points of M ∩ Br0(p) and tangent to Γj
i ∩ Br0(p) at points of

Γj
i ∩ Br0(p).

We will also need sufficient conditions for M to form a good corner.

Lemma 5.2.6. Let Ni be C2 surfaces in Rm+n with a common boundary 0 ∈ M . Assume

that any pair of surfaces Ni and Nj their normal vectors to M are orthogonal. Then there

exists a neighborhood of M such that the analogous properties of Definition 5.2.4 hold.

Proof. We will construct a diffeomorphism Φp with the desired properties by using the

Whitney extension theorem.

Since the construction is similar for p in a neighborhood of M with a uniform C2 norm,

we assume without loss of generality that p = 0.
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We start defining Φ on M . We consider a fM : M ∩ Br → T0(M) which is a C2

diffeomorphism with fM(0) = 0 and DfM = Id.

We wish to extend the diffeomorphism fM to diffeomorphisms fNi
of Ni. We consider

extensions of the diffeomorfisms fNi
: Ni ∩ Br → T0(Ni) which extend fM (possibly reducing

r). The extensions will be C2 and satisfy DfNi
= Id. The extensions can be constructed for

instance by using the Whitney extension theorem.

We wish to extend the maps fNi
to a map Φ with the desired properties which is defined on

a ball. In order to construct the desired extension we use the Whitney extension theorem. The

condition of the orthogonal intersection between Ni and Nj ensures that the first derivatives

and second derivatives are compatible with being derivatives of a C2 function in the ball.

In order to make Φ map normal vectors to Ni, to normal vectors to T0(Ni) it is enough

to prescribe, as part of the data to use the Whitney extension theorem, the derivatives of Φ

along normal vectors to Ni appropriately. Since Ni are C2 manifolds, the appropriate normal

derivatives can be taken C1 and chosen to satisfy the compatibility conditions.

Since the C2 norm is bounded in a neighborhood then up to shrinking the radius we

obtain that Φ is a diffeomorphism.

Theorem 5.2.7. Let T,Γi,j,M,Σ be as in Assumption 5.1.6. If X ∈ C1
c (B1,Rm+n), then

δT (X) = −
ˆ

B1

X ·
−→
H T (x)d||T ||(x) +

∑
i,j

Qj
i

ˆ
Γj

i ∩B1

X · −→ηi,j(x)dHm−1(x) (5.2.4)

where −→
H T = ∑m

i=1 AΣ(ei, ei) where −→
T = ∧m

i=1ei is an orthonormal basis of −→
T . The vectors

−→ηi,j satisfy −→ηi,j ≤ 1 and are chosen according to equations (5.2.2) and (5.2.3).
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Corollary 5.2.8 (Monotonicity formula with error terms). Under the hypothesis of the above

theorem for every p ∈ M ∩ B1 and 0 < s < r < 1 − |p|,

r−m||T ||(Br(p)) − s−m||T ||(Bs(p)) =
ˆ

Br(p)\Bs(p)

| (x− p)⊥ |2

|x− p|m+2 d||T ||(x)

(5.2.5)

+
ˆ r

s

ρ−m−1

ˆ
Bρ(p)

(x− p)⊥ ·
−→
H T (x)d||T ||(x) +

∑
i,j

Qj
i

ˆ
Γj

i ∩Bρ(p)
(x− p) · −→ηi,jdHm−1

 dρ
(5.2.6)

As a consequence, for every p ∈ M ∩ B1 there exist tangent cones. This means every sequence

of radii ri → 0 such that Tp,ri
→ Tp in the weak topology, must have Tp is an area minimizing

cone whose boundary is an union of half-planes with multiplicities.

Proof of Theorem 5.2.7 and Corollary 5.2.8. We start by proving Theorem 5.2.7. We wish

to show that for a vector field X ∈ C1
c (B1,Rm+n) the identity (5.2.4) holds.

Since we have the first variation formula at smooth boundaries with multiplicities (Theorem

5.2.2, equation (5.2.1)), equation (5.2.4) holds for any X ∈ C1
c (B1,Rm+n) such that spt(X) ∩

M = ∅. We can reach that conclusion by using local versions of the first variation formula at

interior points and smooth boundary points and patching them with a partition of unity.

Given h > 0, we consider a bump function φh supported in an h-neighborhood of M . We

get the following

δT (Xφh) + δT (X(1 − φh)) =
ˆ

B1

X · ∇−→
T
φhd||T ||(x) +

ˆ
B1

div−→
T

(X)φhd||T ||(x)

−
ˆ

B1

X(1 − φh) ·
−→
H T (x)d||T ||(x) +

∑
i,j

Qj
i

ˆ
Γj

i ∩B1

X · −→η i,j(x)(1 − φh)dHm−1(x).

In the former equation, we expanded the divergence of the vector field Xφh and used the

first variation identity for the vector field X(1 − φh), for which equation (5.2.4) holds as

spt(X(1 − φh)) ∩M = ∅.

243



In order to conclude equation (5.2.4) for the vector field X, we take a limit of h to zero.

The second term is easily seen to converge to zero. The third and fourth converge to the

desired quantities of the right hand side of equation (5.2.4).

To conclude, it remains to control the first term involving ∇−→
T
φh. It is enough to show

that for every ε > 0

lim
h→0

1
h

||T ||({x ∈ B1−ε : dist(x,M) < h}) = 0. (5.2.7)

This requires a control of the mass along the points on M .

We can use similar arguments to [20, Theorem 4.4] to show that there is a constant C

such that for every p ∈ M ∩ B1/2 the functions

s → eCs ||T ||({dp < s})
sm

(5.2.8)

are monotone in some interval [0, r0]. This follows from using the first variation formula for

the vector field ∇dp, which has the right regularity to use the first variation formula and

maps the corner M onto itself and Γj
i onto themselves.

The monotonicity formula (5.2.8) gives us a uniform mass bound at balls centered at M .

Thus we can split the sets

{x ∈ B1−ε : dist(x,M) < h}

into C 1
hm−2 balls of size comparable with h, each of them, for small enough h, with mass

bounded by Chm by the monotonicity formula (5.2.8). This implies that for small enough h

1
h

||T ||({x ∈ B1−ε : dist(x,M) < h}) ≤ Ch

which allows us to conclude (5.2.7).

The monotonicity formula with error term follows from the first variation formula as in

[21, Theorem 3.2].
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The existence of tangent cones follows from the usual argument, which we sketch below.

If p ∈ M , ri → 0 and Tp,ri
→ Tp in the weak topology. We must have ∂Tp = ∑

i,j Q
j
i

q
V j

i

y

where V j
i = Tp(Γj

i ). For the current Tp, we obtain as a consequence of the monotonicity of

(5.2.8) that Θ(Tp, r) = limr→0 Θ(T, p, r). In the limit, for the current Tp, the contribution

from the second fundamental form vanishes, and the boundary term disappears since each
−→η i,j becomes a constant vector orthogonal to V j

i .

This implies that ˆ
B1(p)

|x⊥|2

|x|m+2d||Tp||(x) = 0

which shows that Tp is a cone.

5.3 Classification of certain area minimizing cornered

cones with density Q/4

In this section, we classify area minimizing cones with density Q/4 and cornered boundary.

In general, we also obtain a lower on the density of Q/4 which ensures a no-holes condition

when applying Leon Simon’s uniqueness of cylindrical tangent cones strategy [72].

We refer to Definitions 5.1.11 and 5.1.13 for cornered cones and cornered open books,

respectively.

Lemma 5.3.1. Let C be a cornered area minimizing cone as in Definition 5.1.11. Assume

that for every i0, i1,

V 0
i0 ⊥ V 1

i1 . (5.3.1)

Then Θ(C, 0) ≥ Q/4 with equality if and only if C is a cornered open book.

We will need the following technical proposition.

Proposition 5.3.2. Let C be a 2 dimensional area minimizing cornered cone as in Lemma

5.3.1. Then Θ(C, 0) ≥ Q/4 with equality if and only if C is a cornered open book.
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Proof of Proposition 5.3.2. Assume that Θ(C, 0) is the minimum possible among all cones

with the same boundary data. We will show that this is Q/4 and the equality case only holds

when C is a cornered open book.

By interior regularity for area minimizing currents due to Almgren [4] and De Lellis-

Spadaro [31, 33, 34] , C being a 2d area minimizing cone, must be fully regular in the

interior.

The link of C (i.e., its restriction to the sphere Sn+1) must be stationary outside of

Sn+1 ∩
(⋃

i,j V
j

i

)
. This implies that C in Sn+1 outside of the boundary must consist of

geodesic segments. The geodesic segments can either be a full geodesic or a geodesic joining

two boundary points of C.

We must then have that

spt(C) ⊂ ∪kPk

where Pk are planes passing through {0}.

By the constancy theorem applied to the planes Pk, C can be decomposed as a sum of

finitely many Qk JHkK where Hk are parts of planes and Qk > 0 are positive integers. If the

orientations and multiplicities are the ones assigned by the constancy theorem we obtain

C =
∑

k

Qk JHkK , ||C||(B1) =
∑

k

Qk|Hk|(B1).

We classify the pieces of planes we obtain in types - interior and 3 different types of planar

pieces:

1. Interior - Hk is a full plane: ∂ JHkK = 0.

2. Piece of Type 1 - Hk is a piece of a plane (an open subset of an m-dimensional plane)

which respects the orientation: There exist i0k and i1k such that ∂ JHkK =
r
V 0

i1
k

z
−

r
V 1

i1
k

z
.

3. Piece of Type 2 - Hk is a piece of a plane (an open subset of an m-dimensional plane)

which reverses the orientation: There exist i0k and i1k such that ∂ JHkK = −
r
V 0

i1
k

z
+

r
V 1

i1
k

z
.
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4. Piece of Type 3 - Hk is a piece of a plane (an open subset of an m-dimensional plane)

which connects two pieces of the same orientation: There exist i0k, i1k and jk such that

∂ JHkK =
r
V jk

i0
k

z
−

r
V jk

i1
k

z
.

There can’t be interior pieces with non-zero multiplicity. Removing such pieces keeps the

boundary of C but reduces Θ(C, 0) and this would contradict the minimality of Θ(C, 0).

We argue in what remains by induction. Let K be the number of planar pieces Hk in the

decomposition above and Q as usual is the total multiplicity of the boundary. Assume we

have shown that for every cone with K − 1 sheets in the decomposition and any multiplicity

Q we must have Θ(C, 0) ≥ Q/4 and equality on the cornered open book case. Then the same

holds for a cone with K sheets. The base case is K = 1, which is trivial since it is a single

quarter plane.

If C has a piece of type 1 HK , then removing the piece changes Q to Q − Qk and K

to K − 1. We can conclude this case by the inductive step, since Θ(HK , 0) ≥ 1/4 and the

equality holds when HK is a quadrant.

If C has a piece of type 3, then we can remove it obtaining a cone C ′ with total multiplicity

Q and K − 1 sheets. This implies that Θ(C ′, 0) ≥ Q/4 and thus Θ(C, 0) > Q/4.

If C has a piece of type 2 and no piece of type 3, then there must be two pieces H1 and

H2 with ∂ JH1K + ∂ JH2K = 0, but this implies that JH1K + JH2K is area minimizing without

boundary which gives us the same contradiction as in the interior case.

Proof of Lemma 5.3.1. In the context of higher multiplicity boundaries, the analogous to

this lemma in Chapter 3 is Theorem 3.3.1.

We wish to use monotonicity formula without error terms at points of L. If T is any area

minimizing current with boundary ∂T = ∑
i,j(−1)jQj

i

q
V j

i

y
then the monotonicity formula

will have no error terms: indeed, if we take in the monotonicity formula with the error term

(5.2.8) for the case V j
i = Γj

i then ni,j ⊥ Vi,j. Thus the boundary term vanishes. We denote
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for p ∈ L

Θ(T, p) = lim
r→0

||T ||(Br)
ωmrm

.

Since the monotonicity formula holds without error terms at such points, this limit exists

and defines the density.

As usual, if ||T ||(Br)
ωmrm = Θ(T, p) for all r0 > r > 0 (for some r0) and p ∈ L then T is a cone

at p. We obtain ˆ
B1(p)

|x⊥|2

|x|m+2d||T || = 0,

which implies that T is a cone. This argument was carried out already as part of the proof of

Corollary 5.2.8 to show existence of tangent cones, but we include it here for completeness.

Suppose that Θ(C, 0) < Q/4. Let Θ(C, 0) = Θ < Q/4. Since C is a cone then Θ(C, p) =

Θ(C, rp) for every p ∈ L such that p ̸= 0 and r > 0. Since the density is upper semi-

continuous, then Θ(C, p) ≤ Θ for every p ∈ L. By taking iterative blowups at points of L we

obtain an area minimizing cone Ĉ which is of the form

Ĉ = Rm−2 × C ′

where C ′ is a 2d area-minimizing cone with

∂C ′ =
1∑

j=0

∑
1≤i≤Nj

Qj
i

q
pL⊥(V j

i )
y

We conclude by the inequality of Proposition 5.3.2.

Now we wish to study the equality case. As a consequence of the following inequality for

every p ∈ L

lim
r→∞

Θ(C, p, r) = lim
r→∞

||C||(Br(p))
ωmrm

≤ lim
r→∞

(r + |p|)m

rm

||C||(Br+|p|)
ωm(r + |p|)m

= Q/4.
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We must have that the equality in the monotonicity formula holds for every point. Then it

must be a cone with respect to every point in L.

Thus

C =
q
Rm−2y × C ′

where C ′ is a 2d area minimizing cone in Rn+2 with cornered boundary

∂C ′ =
∑
i,j

(−1)jQj
i

q
pL⊥(V j

i )
y
.

We conclude from the equality case of Proposition 5.3.2.

5.4 Soft uniqueness of tangent cones at corner points

In this section, we show uniqueness of tangent cones to hold at corner points with soft

arguments. This will not be enough for the desired applications. The uniqueness of tangent

cones will be made quantitative in the rest of the chapter.

We will define a measure theoretic version of excess as in Subsection 3.2.1, with respect

to cones C = ∑
1≤i≤N JHiK with ∂ JHiK = JV 0

i K − JV 1
i K where V 0

i and V 1
i are halfplanes with

∂V j
i = (−1)j JLK (and L is a common m− 2 dimensional plane).

The Wasserstein-2 distance between two measures µ1 and µ2 is defined as

W2(µ1, µ2)2 := inf
{ˆ

d(x, y)2 dσ(x, y) : (π1)#σ = µ1 and (π2)#σ = µ2
}
,

where σ is a transport plan between µ1 and µ2, meaning that σ is a measure on Rm+n ×

Rm+n such that (π1)#σ = µ1 and (π2)#σ = µ2.

Given two measures µ1 and µ2, we define the following distance between them:

d(µ1, µ2) := inf

W2(µ1
1, µ

2
1)2 +

2∑
l=1

ˆ
dist

x,⋃
i,j

Vi,j

2

d|µl
2|

∣∣∣∣∣∣∣ µl
1 + µl

2 = µl, l = 1, 2.

 .
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Let ϕ be a smooth, canonical bump function supported in B1(0), constantly equal to 1 in

B1/2(0), and satisfying ϕ(x) ≲ dist(x, ∂B1)2. We define ϕr := ϕ(·/r).

We define the stronger excess as

E(T,C,Br) := r−(m+2)d(ϕrd||T ||, ϕrd||C||).

We are going to restrict ourselves to a narrower setup which will be more than enough to

produce an example of an essential boundary singularity.

Assumption 5.4.1. Suppose we are under the Assumptions of 5.1.6. Let NΓj
i
(p) denote the

vector in Tp(Γj
i ) which is normal M .

• We assume that for every p ∈ M ∩ B1, ∀1 ≤ i0 ≤ N0 and ∀1 ≤ i1 ≤ N1

NΓ0
i0

(p) ⊥ NΓ1
i1

(p).

• We also assume that there is a universal constant α0 such that for every (i0, j0) ̸= (i1, j1)

and 1 ≤ i0 ≤ N j0 , 1 ≤ i1 ≤ N j1 , 0 ≤ j0 ≤ j1

21000α0 ≤
〈
NΓj0

i0
(p), NΓj1

i1
(p)
〉
.

The angle condition is a reasonable assumption since Γj
i are assumed to be smooth and

transversal. In practice this only will mean that we will not track the fine dependence of the

angle in the Lipschitz approximations and decay, which is irrelevant for the applications we

prove in this chapter. This setting is different than the one we consider in Chapter 3, since

the tangent cone is automatically unique by soft arguments since the boundary data does

not give any degree of freedom. The interesting question in this setting instead is the rate of

decay which we do need for the application in mind.

Assumption 5.4.1 provides a good setup for this problem because of the following lemma.
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Lemma 5.4.2. Let T , Γj
i , M , Σ, be as in Assumption 5.4.1. Then Θ(T, p) ≥ Q/4, in the

equality case there is a unique tangent cone at T which is a cornered open book.

The importance of obtaining the lower density bound is that we will use Leon Simon’s

uniqueness of cylindrical tangent cones strategy [72] and this provides us a no good density

gaps condition.

Remark 5.4.3. A slightly more general version of Lemma 5.4.2 holds with no modification.

Under Assumption 5.1.6, if every tangent cone at p is of the form

C =
Q∑

i=1
JHiK

where each Hi is an open subset of a plane, then the tangent cone is unique.

Proof of Lemma 5.4.2. We refer to Definition 5.1.15 of cornered open books with the right

boundary data.

Given C ∈ Cp, it is easy to see that E(T,C,Br) is continuous on r. We know that

Cp is a finite set, since there are finitely many possibilities for choosing Q quadrants

with the right boundary data. Each of them corresponds to a function l : {1, ..., Q} →

{1, ..., N0} × {1, ..., N1} which associates a quadrant Hi with it’s boundary Tp(Γ0
l(i)0

) with

positive orientation and Tp(Γ1
l(i)1

) with negative orientation (where l(i)0,l(i)1 are the coordi-

nates of l(i)). The function uniquely determines the cornered open book. This implies that

Cp is a finite set and thus it must be disconnected in the Wasserstein distance.

We consider the function f : (0, 1) → R#C given by

f(r) := (E(T,C,Br))C∈Cp .

We consider all the possible limits of the function f(r) along a sequence of radius going

to zero. This must be a connected subset of R#Cp because f is a continuous function of r

and the limit set of a continuous function is connected.

251



We know that there are #Cp possible values the limit of f can take which is

(E(C,C ′,B1))C∈Cp .

This is a disconnected set of R#Cp and thus the only option is for it to have a single

element and thus a single tangent cone.

5.5 Linear problem

In this section, we introduce an appropriate linear model for the nonlinear problem with

singular boundaries of the type considered in this chapter. We refer to [30] for the detailed

setup for the linear problem in the interior and 3.8 of this thesis for the boundary setting.

Given Ω ⊂ Rm
+ a Lipschitz domain there is a well defined continuous trace operator

◦|∂Ω : W 1,2(Ω,AQ(Rn)) → L2(∂Ω,AQ(Rn)).

Definition 5.5.1. Let Ω be a Lipschitz domain. We say u is Dir-minimizing in Ω if

u ∈ W 1,2(Ω,AQ(Rn))

and for every v ∈ W 1,2(Ω,AQ(Rn)) : u ∂Ω = v ∂Ω

ˆ
Ω

|Du|2 ≤
ˆ

Ω
|Dv|2.

We define the quarter balls

B1/4
r := Br ∩

(
R+ × R+ × Rm−2

)
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In order to keep the notation consistent with the rest of this work, we define the quarter

plane H := R+ × R+ × Rm−2. We denote the boundary as V 0 = {0} × R+ × Rm−2 and

V 1 := R+ × {0} × Rm−2. We denote the corner as L := {0} × {0} × Rm−2.

In this chapter it will be enough for us to consider the linear problem on the quarter

space. More precisely we consider the following setup.

Assumption 5.5.2 (Linear problem on the quarter space). Given a Dir-minimizing function

u ∈ W 1,2(B1/4
1 ,AQ(Rn)). The boundary linear problem on the quarter space consists of

functions u such that u (V 0 ∪ V 1) ∩ B1 = Q J0K.

We adapt the classical Almgren frequency function to this quarter-domain setting at

points in the corner L.

Definition 5.5.3. For x ∈ L ∩ B1, 0 < r < 1 − |x|, we define the Dirichlet energy, L2

spherical height and the frequency function:

D(x, r) =
ˆ

B1/4
r (x)

|Du|2, H(x, r) =
ˆ

∂B1/4
r (x)

|u|2 and I(x, r) = rD(x, r)
H(x, r)

The arguments here follow those of Section 3.8, which studies the higher multiplicity

boundary linear problem.

Theorem 5.5.4. The frequency function for a function u satisfying Assumption 5.5.2 is

monotone. For any x ∈ L ∩ B1 either there exists ρ such that u|Bρ(x) ≡ 0 or I(x, r) is an

absolutely continous non decreasing positive function of r on (0, 1 − |x|).

Observe a minor change here with Chapter 3 and [30]. In this setting, we don’t claim

uniform convergence, since have not proved Hölder continuity of u before this. We are not

going to address the Hölder continuity for functions u satisfying Assumption 5.5.2 since we

won’t need it.

Theorem 5.5.5. Let f ∈ W 1,2(B1/4
1 ,AQ) be Dir-minimizing with zero boundary data and

Dir(f,Bρ) > 0 for every ρ ≤ 1. Then for any sequence ρk → 0 there exists a subsequence, not
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relabeled, such that f0,ρ coverges locally strongly in W 1,2(H) to a Dir-minimizing function

g : H → AQ(Rn) with the following properties:

1. Dir(g,B1/4
1 ) = 1 and g|Ω is Dir-Minimizing for any bounded Ω.

2. g(x) = |x|αg
(

x
|x|

)
, where α = I0,f (0) is the frequency of f at 0.

The following two lemmas have analogous proofs to those in Section 3.8, which considers

the boundary linear problem in the half-space. We will use them to lower bound the frequency

in Lemma 5.5.8.

Lemma 5.5.6. (Cylindrical Blowups) Assume that m ≥ 3. Let g ∈ W 1,2(H,AQ(Rn))

be an α homogeneous and Dir-Minimizing function with zero boundary value at V 0 ∪ V 1,

Dir(g,B1/4
1 ) > 0 and β = Iz,g(0). Suppose z = em

2 (z ∈ L). Then, the tangent functions h to

g at z satisfy

h(x1, ..., xm−1, xm) = ĥ(x1, ..., xm−1)

where ĥ ∈ W 1,2(H ∩ Rm−1 × {0} ,AQ(Rn)) is a Dir-Minimizing Q valued function with zero

boundary values on Rm−1
+

Lemma 5.5.7. Let h be a α homogeneous Dir-minimizing function as in Assumption 5.5.2.

Suppose that I(z) = α for z = em/2. Then h(x, s) = ĥ(x) for a Dir-minimizing function ĥ

on H ∩ Rm−1 × {0} with zero boundary data at (V 0 ∪ V 1) ∩ (Rm−1 × {0}).

Lemma 5.5.8. Let u be as in Assumptions of the linear problem on the quarter space 5.5.2.

Assume u is α-homogeneous. Then α ≥ 2. Furthermore if u is 2-homogeneous then if θ

denotes the angle on the quarter-plane (in the first two components)

u(x) =
k∑

i=1

q
vi cos(2θ)|x|2

y
.

Proof. Assume by contradiction there exists u an α homogeneous Dir-minimizing function

with α < 2.
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Let z ∈ L. By homogeneity, if z ≠ 0 then for all r > 0, I(rz) = I(z). Thus by

upper-semi-continuity α ≥ I(z). We take a blowup at z which gives us an I(z) ≤ α < 2

homogeneous Dir-minimizer on H ∩ Rm−1. By iterating and applying Lemma 5.5.6, we

obtain a β homogeneous Dir-minimizing function u on R+ × R+ with zero boundary data on

{0} × R ∪ R × {0}.

By the interior regularity for Dir-minimizing functions u [30] in 2d the function u needs

to be smooth outside of its boundary. Thus it must decouple as classical harmonic function

that has zero boundary value along {0} × R ∪ R × {0}. A classical harmonic function which

vanishes on the boundary of the quarter 2d plane must have frequency at least 2. This is

because it’s restriction to S1 must solve

f ′′(θ) + λ2f(θ) = 0

with f(0) = f(π/2) = 0. We can extend periodically, which makes it a classical homogeneous

harmonic function in the plane. Since f constant or f linear are not options for f to be

non-trivial, the homogeneity for f must be at least 2. Moreover we must have that λ = k is

an even integer and

f(θ) =
Q∑

i=1
Jvi cos(kθ)K .

If k ̸= 2 then f has interior singularities where cos vanishes and thus f must be 2-homogeneous

and in this case for vi ∈ Rn

f(θ) =
Q∑

i=1
Jvi cos(2θ)K .

When u is 2-homogeneous, an argument analogous to the one at the end of the proof of

Lemma 5.3.1 shows that u arises from a two-dimensional solution in a quarter space.

We have an analogue of 3.8.19 in this setting. We omit the proof since it is analogous.
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Theorem 5.5.9 (Local Dir-minimizers). Let u ∈ W 1,2(B1/4
1 ,AQ(Rn)) have zero boundary

value along V0 ∪V1. Assume that u is Dir-minimizing on every subdomain of B1/4
1 with smooth

boundary. Then u is Dir-minimizing in B1/4
1 with zero boundary value along V0 ∪ V1.

Proposition 5.5.10. If I(0) = α then

ˆ
B1/4

r

|u|2 ≤ 1
m+ 1r

m−1+2α

ˆ
∂B1/4

1

|u|2.

In particular since I(0) ≥ 2 then

lim sup
r→0

1
rm+4

ˆ
B1/4

r

|u|2 < ∞.

Proof. The proof is analogous to Proposition 3.8.11. It follows from the estimates on the

spherical height which are a consequence of the monotonicity of the frequency. See Chapter

3.4 of [30].

5.6 Lipschitz approximation

In this section, we construct the Lipschitz approximation and conclude with some technical

estimates regarding measure theoretic excess and its relationship to L2 excess.

The general assumption for the Lipschitz approximation is the following:

Assumption 5.6.1. Suppose that T , Γj
i , Σ, M are as in Assumption 5.4.1, but now defined

in the ball B8. Let C be the unique tangent cone at 0. For a small constant ε(Q,m, n, n) we

assume

E(T,C,B8) + AΓ + A2
Σ ≤ εα(C)2.

Moreover we assume that for every p ∈ M ∩ B2 and all 0 < r < 1/8

||T ||(Br(p)) ≤ (Q/4 + 1/16)ωmr
m.
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We consider a parameter δ > 0 which will be taken small enough depending on Qj
i , m,

n, α0. In order to construct the Lipschitz approximation we will need to define a suitable

Whitney region. Let L = Rm−2 × {0}. Let P0 be a cube with side length 2√
m−2 centered at 0.

We define the regions as in [24]. The set R := {p : pL(p) ∈ P0 and 0 < |pV ⊥(p)| ≤ 1}.

The cubes Gl are cubes of sidelength 21−l
√

m−2 obtained by subdividing P0 into 2l(m−2) cubes.

The integer l, the generation of the cube, is denoted by l(P ). If P ⊂ P ′ and ℓ (P ′) = ℓ(P ) + 1,

we then call P ′ the parent of P , and P a child of P ′. When ℓ (P ′) > ℓ(P ), we say that P ′ is

an ancestor of P and P is a descendant of P ′.

For every cube P we denote by yP its center and B(P ) the ball B22−l(P )(yP ) (in Rm+n)

and by Bh(P ) the set B(P ) \B2−5−l(P )(L).

We define for P ∈ Gl

R(P ) :=
{
p : pL(p) ∈ P and 2−l−1 ≤ |pL⊥(p)| ≤ 2−l

}
.

We also define λP as the cube concentric with P with side length λ 21−l
√

m−2 and

λR(P ) :=
{
p : pL(p) ∈ λP and λ−12−l−1 ≤ |pL⊥(p)| ≤ λ2−l

}
.

We also define λPi := λR(P ) ∩Hi. We notice that pĤi
(Γ0

l(i)) and pĤi
(Γ1

l(i)) delimit a domain

in Ĥi. When AΓ is small, we must have that this domain must be close to Hi, a quarter of

the plane Ĥi. We denote Di the described domain.

Lemma 5.6.2 (Splitting). There exists a constant δ(Q,m, n, α0) with the following property.

Assume that ˆ
B4\B1/32(L)

dist(x,C)2d||T || + AΓ + A2
Σ ≤ δ2.

There exist T1, T2, ..., TN such that

T
(
B3.5 \B3/64(L)

)
=

N∑
i=1

Ti and ∀i : ∂Ti = Q′
i

q
Γ0

l(i)
y

−Q′
i

q
Γ1

l(i)
y
.
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The multiplicity of Q′
i is the one obtained by constancy over the projection on (pHi

)# Ti.

Furthermore, if instead we assume

E(T,C,B8) + AΓ + A2
Σ < δ2

then Q′
i = Qi.

Proof. We will show that if δ is small enough there exist disjoint open sets Ui ⊂ B3.5 \B3/64(L)

that satisfy

∂Ui ∩ ∂Uj ⊂ Γ ∩
(
B3 \B1/32(L)

)
and

spt(T ) ∩ B3.5 \B3/64(L) ⊂ ∪1≤i≤NUi.

We start by taking a cover of Γ ∩ B3.5 \B3/64(L) by balls B2−12α0(pk), which we assume

to be a Besicovitch covering. By the choice of the radii, if AΓ is small enough no ball will

intersect two different boundary pieces.

We consider

A :=
(
spt(T ) ∩

(
B3.5 \B3/64(V )

))
\B2−20α0(Γ).

We must have assuming that AΓ is small enough, by the height bound that

sup
x∈A

dist(x,C) ≤ Cδ2.

If δ is small enough with respect to α0 and m,n then A is split into disjoint neighborhoods

Ui,0 of Hi. The neighborhoods Ui,0 serve to decompose spt(T ) away from Γ.

By the bounded overlap property, we know that

∑
l

ˆ
B2−12α0

(pk)
dist(x,C)2d||T || ≤ C(α0)

ˆ
B4\B1/32(L)

dist(x,C)2d||T || ≤ δ2. (5.6.1)
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At the boundary Γ in B3 \ B3/64(V ), we use the following Theorem which we state

combining two results:

Theorem 5.6.3 (Decomposition: Theorem 3.5.13 + Theorem 3.5.15). Let T and Γ be under

5.2.1. Assume that C is a non-flat open book whose spine is T0(Γ) There exists ε > 0 such

that if

max
{
E(T,C,B1(0)), ε−1AΓ, ε

−1A2
Σ

}
≤ εα(C)2.

There there exist T1, T2, .., TN area minimizing currents and Qi integers on B1/64 ∩ Σ with

• ∂Ti = Qi JΓK

•

T B1/64(0) =
N∑

i=1
Ti (5.6.2)

• The supports of Ti only intersect at Γ.

In our setting, we will apply it to a modification of C the starting cornered open book.

All cornered open books with the right boundary data C ′ (recall Definition 5.1.15) under

Assumption 5.4.1 satisfy α(C ′) ≳ α0. We need to translate and adjust the cone C so that it

passes through the center where we apply this result, but that only introduces errors that

are controlled by AΓ and keeps α(C) ≳ α0.

If δ is small enough then we will be able to apply the theorem above and get such

decomposition at scale B2−18(pk). This means that T B2−18(pk) = ∑
1≤i≤N Ti and we can

choose Ui,l disjoint neighborhoods of B2−18(pk) each of which containing (Hi ∪ spt(Ti)) ∩

B2−18(pk).

We define

Ui = Ui,0
⋃
l

Ui,l

which satisfy the desired properties.
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The last two remarks follow are a consequence of the construction of the strong Lipschitz

approximation in the interior and of the definition of the excess. See Proposition 3.6.3 and

Lemma 8.5 [24].

Lemma 5.6.4 (Lipschitz Approximation). Let T and C as in the above Lemma 5.6.2. Let

Ei :=
ˆ

B3\B1/32(L)
dist(p,Hi)2d||Ti||(p).

Let Ωi := Di ∩ B2 \B1/16(L) and Ωi := B3 ∩ p−1
Ĥi

(Ωi).

1. We have
(
pĤi

)
#

(Ti) = Q′
i JDiK.

2. Then there exist Lipschitz multivalued functions ui : Ωi → AQ′
i
(Ĥ⊥

i ) and a closed set

Ki ⊂ Ωi such that gr(ui) ⊆ Σ, Ti p−1
Hi

(Ki) = Gui
p−1

Hi
(Ki) and the following estimates

hold

ui

(
pĤi

(Γj
l(i)) ∩ B2 \B1/16(L)

)
= Q′

i

r
p

Ĥ⊥
i

(Γj
l(i))

z
j = 0, 1.

∥ui∥2
∞ + ∥Dui∥2

L2 ≤ CEi + CAΓ + CA2
Σ

Lip(ui) ≤ C
(
Ei + AΓ + A2

Σ

)γ

|Ωi \Ki| + ||T ||(Ωi \ p−1
Hi

(Ki)) ≤ C
(
Ei + AΓ + A2

Σ

)1+γ
.

3. If additionally E(T,C,B8) < δ2 then Qi = Q′
i for all i.

Proof. The proof is standard so we will just give some basic considerations. The new element

in this context is that we do take the boundary data. The proof follows as in Proposition 8.6

[24], but we need to incorporate the boundary and for that we use Proposition 4.1 4.5.1.The

Lipschitz approximation gets defined in balls which overlap and then patched together. Given

a point p ∈ Γ ∩ B3.5 \B3/64(L) in order to use Proposition 4.5.1 we need to slightly tilt the

plane to a new plane Ĥi,p so that for the appropriate l, j, Tp(Γj
l ) ⊂ Ĥi,p ⊂ Tp(Σ).
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The analogous statement holds locally over Whitney regions associated to a cube P . We

define

E(P ) := 2(m+2)ℓ(P )
ˆ

Bh(P )
dist(x,C)2d||T ||.

Lemma 5.6.5 (Local Splitting). There exists a constant δ such that if

E(P ) + AΓ + A2
Σ ≤ δ2.

Then there exist T1,P , ..., TN,P such that

T (B3·2−ℓ(P )(yp) \B2−4−ℓ(P )(L)) =
N∑

i=1
Ti and ∀i : ∂Ti = Q′

i

q
Γ0

1
y

−Q′
i

q
Γ1

i

y
.

The multiplicity of Q′
i is the one obtained by constancy over the projection on (pHi

)# Ti.

Furthermore, if we assume

E(T,C,B8) + AΓ + A2
Σ < δ2

then Q′
i = Qi for every P with ℓ(P ) ∼ 1.

Definition 5.6.6. Let δ0 = δ(Q,m, n, n) be so that Lemma 5.6.4 and 5.6.5 hold.

Definition 5.6.7. Let P ∈ G. We say that

1. A cube P is a classical boundary cube if Bh(P ′) ∩ M = ∅ for every ancestor L′ of L

(including L) and

||T ||(B(L)) ≤ (Q/4 + 1/4)2m(2−l(P )). (5.6.3)

2. A cube P is a corner stopping cube if Bh(P ) ∩ M ≠ ∅ or ||T ||(B(P )) > (Q/4 +

1/4)2m(2−l(P )) and it’s parent is a classical boundary cube.

3. A cube P is an outer cube if it is of classical boundary type and E(P ′) ≤ δ2
0 for every

ancestor P ′ of P (including P ). We denote Go the outer cubes.

4. A cube P is a inner cube if it is a classical boundary cube, but it an outer cube.
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It is convenient to define the following regions

• The corner region region denoted Rcorner which is the union of R(P ) over all cubes

which are not classical boundary cubes.

• The outer region denoted Ro, is the union of R(P ) over all outer cubes.

• The inner region denoted Ri, is the union of R(P ) over all classical boundary cubes

which are not outer cubes.

Definition 5.6.8. Let T,Γj
i ,Σ,M,C be as in Assumption 5.6.1. Fix P ∈ Go. We denote

E(P ) := max {E (P ′) : P ′ ∈ Go withR(P ) ∩R (P ′) ̸= ∅}

We use Lipschitz approximation locally and then patch the pieces as in [24] to get a

coherent outer approximation.

Proposition 5.6.9 (Coherent outer approximation). Let T,Γ,Σ, C as in Assumption 5.6.1.

We define

Ro
i := ∪L∈GoLi ≡ Hi ∩ ∪L∈GoR(L).

Then, there are Lipschitz multivalued maps ui : Ro
i → AQi

(Ĥ⊥
i ) and closed subsets Ki(P ) ⊂ Pi

satisfying the following properties:

1.

ui

(
pĤi

(Γj
l(i)) ∩Ro

i

)
= Qi

r
p

Ĥ⊥
i

(Γj
l(i))

z
j = 0, 1.

2. gr(ui) ⊂ Σ and TP,i p−1
Hi

(Ki(P )) = Gui
p−1

Hi
(Ki(P )) for every L ∈ Go, where TP,i is

defined as in the proposition above.

3.

22l(P ) ∥ui∥2
L∞(Li) + 2ml(P ) ∥Dui∥2

L2(Li) ≲ E(L) + 2l(P )AΓ + 2−2l(P )A2
Σ

∥Dui∥L∞(Li) ≲
(
E(L) + A2

Σ

)γ
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|Li \Ki(L)| + ||TL,i||(p−1
Hi

(Li \Ki(L)) ≲ 2−ml(P )
(
E(L) + 2−2l(P )A2

Σ

)1+γ

Proof. The proof is the same as Proposition 8.19 in [24]. The coincidence set is taken to be

Ki(P ) := ∩P ′:R(P ′)∩R(P )̸=∅Ki(P ′). The Lipschitz function ui is obtained by extending the

function from ∪P ∈RoKi.

In the following lemma we consider the definitions of the different type of cubes as above,

but we do not require the global Assumption 5.6.1. We still consider the definition of types

of cubes as above with respect to the cone C and their associated Lipschitz approximation.

Lemma 5.6.10. Let T,Γ,Σ be as in Asumption 5.4.1 in B4. Assume that every cube that

intersects B2−10 and their ancestors are outer cubes whose multiplicities of their local Lipschitz

approximations agree with those of C.

E(T,C,B1) ≤ C(Q,m, n, n, δ0)
(
E(T,C,B4) + A2

Σ + AΓ
2
)

5.7 Proof of main theorems at corner points

In this section, we will show a decomposition theorem, excess decay and Hölder Continuity

of the normal map. We will define what we mean by a regular point at M .

Definition 5.7.1. Let T,Γj
i ,Σ, Qj

i be as in Assumption 5.4.1. A point p ∈ M is regular if

T Bρ(p) =
N∑

i=1
Qi JΞiK

where ∑N
i=1 Qi = Q and

• Ξi is an area minimizing surface in Bρ(p) with

∂Ξi =
q
Γ0

l(i)
y

−
q
Γ1

l(i)
y
.
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Moreover, Ξi in Bρ(p) is smooth outside of M and attaches smoothly to both Γ0
l(i) and

Γ1
l(i).

• For i1 ̸= i2 we have that

spt(Ξi1) ∩ spt(Ξi2) ⊂

 ⋃
j∈{0,1}

Γj
l(i1) ∩ Γj

l(i2) ∩ Bρ(p)


where if Γj
l(i1) = Γj

l(i2) then Γj
l(i1) ∩ Γj

l(i2) = Γj
l(i1) = Γj

l(i2), otherwise Γj
l(i1) = Γj

l(i2) = M .

Theorem 5.7.2. Let T,Γj
i ,Σ, Qj

i be as in Assumption 5.4.1. Assume that Θ(T, 0) = Q/4.

By Lemma 5.4.2 there is a unique tangent cone, which is a cornered open book C ∈ C0. Then

there is a neighborhood Bρ of 0 such that T Bρ = ∑
1≤i≤N Ti, each Ti with corresponding flat

tangent cone Qi JHiK (each Hi a single quadrant from the cornered open book), with

∂Ti = Q′
i

q
Γ0

k(i,0)
y

−Q′
i

q
Γ1

k(i,1)
y
.

In the case N0 = 1, N1 = N , Q0
1 = N , Q1

1 = Q1
2 = ... = 1, 0 must be a regular point for T .

Lemma 5.7.3 (Excess decay with small second fundamental forms). Let T,Γj
i ,Σ, Qj

i be as

in Assumption 5.4.1. There ε and ρ < 1/2 such that if E(T,C,B1) < ε,

A2
Σ + AΓ < εE(T,C,B1)

for C a cornered open book then

E(T,C,Bρ) ≤ 1
2E(T,C,B1).

Lemma 5.7.4 (Rate of convergence to the the tangent cone). Let T,Γj
i ,Σ, Qj

i be as in

Assumption 5.4.1. There is ε > 0, α > 0 and κ > 0 such that if

max
{
E(T,Cp,B4(p)), κ−1AΓ, κ

−1A2
Σ

}
< ε
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then, for any q ∈ B1(p) ∩M and r < 1/4

max
{
E(T,Cq,Br), κ−1AΓr, κ

−1A2
Σr

2
}

≤ Crα max
{
E(T,Cp,B4), κ−1AΓ, κ

−1A2
Σ

}
,

where Cq denotes the unique tangent cone to T at q.

Corollary 5.7.5 (Hölder estimate at the corner). Let T,Γj
i ,Σ, Qj

i be as in Assumption 5.4.1.

Then the function p → Cp which assigns at points in M ∩ B1 the tangent cone of T at p

is locally Hölder continuous in the Hausdorff distance. This is, for every ε > 0 and every

p, q ∈ M ∩ B1−ε

distH(Cp, Cq) ≤ C|p− q|α.

Remark 5.7.6. The Hölder continuity of Cp as a function of p in B1 ∩M serves to locally

determine the cornered open book when there are multiple admissible cornered open books.

This is interesting outside of the multiplicity 1 case in which there is a unique cornered open

book which takes the right boundary data.

Proof of Lemma 5.7.4 and Corollary 5.7.5. If q is required to be p then we need to extend

the small second fundamental forms case to the general case as in Theorem 3.5.8.

The error of replacing p to q is the error of changing the cornered open book, which we

did in detail in Corollary 3.5.12.

The proof of Corollary 5.7.5 holds analogously to Corollary 5.12 3.5.12.

Now we can prove Theorem 5.7.2.

Proof of Theorem 5.7.2. We assume p = 0. Since Cp is the tangent cone, there is a radius

r > 0 such that Br is in the hypothesis of the above Lemma 5.7.4. This is

max
{
E(T,C0,B4), κ−1AΓ, κ

−1A2
Σ

}
< ε
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Moreover, possibly shrinking the radius, we assume that M is parameterized by bi-

lipschitz map whose bi-lipschitz constant is close to 1. That is, since L = Tp(M), there exists

ψ : L ∩ Br → Rm+n such that

M ∩ B2r = ψ(L ∩ B2r) ∩ B2r.

We need to construct a cubical decomposition. We use a variation of the notation

introduced for the Lipschitz approximation at the beginning of Section 6.

We define GM
l to consist of ”cubes” P = φ(P̂ ), where P̂ is a dyadic cube of size 1√

m−22−l

in L. We define λP as ψ(λP̂ ).

We recall the notation

2R(P ) :=
{
p : pM(p) ∈ P and 2−l−2 ≤ dist(x,M) ≤ 2−l+1

}
.

Let yP be the center of the cube (i.e. ψ(yP̂ ) where yP̂ is the center of the original cube).

We notice that there exists a universal constant λ such that given P ∈ Gl then region is

contained in some ball

2R(P ) ⊂ Bλ2−l(yP ).

Thus if λ2−ℓ(P ) ≤ r/4 then Bλ2−l(yP ) ⊂ Br/4(yP ) ⊂ Br which implies

max

 1
2−l(m+2)

ˆ
B4λ2−l (yp)

dist(x,Cpl
)2d|T |, κ−12−l+1λAΓ, κ

−1λ22−2l+2AΣ

 ≤ C(λ,m, n)2−lαε.

(5.7.1)

By the separation Lemma 5.6.2, we obtain that in the region 2R(P ) the current T

decomposes as ∑N
i=1 Ti, whose supports only intersect at the boundary Γj

i . The regions 2R(P )

for varying cubes P are chosen to have overlap and additionally they cover Br0 for some

r0 < r. This implies that in Br0 the current T can be decomposed as T = ∑N
i=1 Ti whose

supports only intersect at ∪i,jΓj
i ∪M .
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To conclude, we must show the regularity of Ti when the multiplicities are 1. We can

cover 2R(P ) with balls of size comparable to 2−l some centered at the boundary, some at the

interior, having some overlap. If ε is small enough, we can apply Allard’s interior regularity

[2] for the interior balls and Allard’s boundary regularity [3] for the balls centered at the

boundary (here we are using that the number of balls is a dimensional constant).

Assume that N0 = 1, N1 = N , Q0
1 = N , Q1

1 = Q1
2 = ... = 1.

Definition 5.7.7. Given p ∈ Γ0
1 let Cp = ∑N

l=1 Qi JHiK be the tangent cone at p. We denote

NΓ0
1 the normal bundle of Γ0

1. We define the normal map η : Γ0
1 → AQ0

1
(NΓ0

1) as

η(p) =
N∑

i=1
Qi

q
pTp(Γ)⊥(Hi)

y
. (5.7.2)

We define it analogously at points of M (where it is required to take the value of the

unique cornered open book).

Theorem 5.7.8. Let T,Γj
i ,Σ,M be as Assumption 5.4.1. Assume that N0 = 1, N1 = N ,

Q0
1 = N , Q1

1 = Q1
2 = ... = 1. Let p ∈ Br. Then there exists a radius r > 0 such that η is

Hölder in Br(p) ∩ Γ0
1 up to the boundary M .

Proof. We give a sketch of the argument, which is a modification of the proof of Corollary

3.5.12. By the Theorem 5.7.2, p is a regular point and thus it is equivalent to show it for the

case that N0 = 1, N1 = 1, Q0
1 = Q1

1 = 1 (i.e., two boundary pieces of multiplicity 1).

We assume that we are on a neighborhood such that we have the setup of Theorem 5.7.2.

Let Hq be the tangent cone at q which is a single quarter plane of multiplicity 1. By

Lemma 5.7.4 by restricting to a suitable neighborhood of p we have

Ê(T,Hq,Br(q)) ≤ Crα.

We use the same cubical decomposition as before. For x ∈ 2R(P ) ∩ Γ0
0 we have that if we

translate and tilt Hq to a new quadrant Hx
q such that ∂

q
Hx

q

y
= JTx(Γ0

0)K and Hx
q ⊂ Tx(Σ)
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then

E(T,Hx
q ,B2−l−4) + AΓ2−l + A2

Σ2−2l ≤ CÊ(T,Hq,Bλ2−l(yp)) ≤ Cλα2−lαε.

As a consequence of Allard Boundary regularity [3] we have excess decay and thus if Hx is

the tangent cone at x

∠(Hx, H
x
q ) ≤ Cλα2−lαε. (5.7.3)

Moreover, our control of the excess we have also implies, up to changing the exponent α, the

Hölder estimate

∥η∥Cα(2R(P )) ≤ Cε. (5.7.4)

By patching together (5.7.3) and (5.7.4) we obtain the desired conclusion.

Corollary 5.7.9. Let T ,Γj
i , Σ, M be as in Theorem 5.7.8. Then η is Hölder continuous in

Γ0
0 ∪M .

Proof. By the Theorem 5.7.8, we have the Hölder continuity locally at M . This fact, coupled

with the Hölder continuity at a single boundary piece Corollary 3.5.12 implies the Hölder

continuity estimate.

5.8 Simon’s non concentration estimates

In this section, we prove Simon’s non-concentration estimates - the key technical machinery

we require to prove the excess decay theorem.

We can then show

Lemma 5.8.1. Let T,Γj
i ,Σ,M be as Assumption 5.6.1 for ε small enough. Let r = 1

3
√

m−2

ˆ
Br

|q⊥|2

|q|m+2d||T ||(q) ≤ CE(T,C,B4) + CA2
Σ + CAΓ (5.8.1)

where q⊥ is the projection of q into the tangent plane determined by −→
T q.
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Proof. The proof is done in the same way as in Theorem 3.7.1, in that proof we explain how

to take care of the boundary terms which are the same that we have here. The error terms

appear when using the monotonicity formula with errors Corollary 5.2.8 and the more general

first variation formula from Theorem 5.2.7. In order to take care of the interior terms we use

Theorem 11.2 [24].

This involves a careful application of the first variation formula of 5.2.2 and the mono-

tonicity formula (5.2.8). For any χ, monotone, non-increasing, such that 1[0,r] ≤ χ ≤ 1[0,2r).

We also define Γ(t) := −
´∞

t
d
ds

(χ(s)2)smds.

We bound

ˆ
Br

|q⊥|2

|q|m+2d||T ||(q) ≤ C

[ˆ
χ2(|q|)d||T ||(q) −

∑
i

Qi

ˆ
Hi

χ2(|q|)d|Hi|
]

(5.8.2)

+C
ˆ

|Γ(|q|)q⊥ ·
−→
H T |

|q|m
d||T ||(q) (5.8.3)

+C
∑
i,j

Qj
i

[ˆ 4

0
χ(|ρ|)2ρ−1

ˆ
Γj

i ∩Bρ

(q · −→ηi,j)dHm−1dρ

]
(5.8.4)

+C
∑
i,j

Qj
i

[ˆ 4

0
χ(|ρ|)2ρm−1

ˆ ρ

0
t−m−1

ˆ
Γi,j∩Bt

(q · −→ηi,j) dHm−1dtdρ

]
(5.8.5)

The term (5.8.3) is dealt analogously to [24]. The terms (5.8.4), (5.8.5) are dealt by observing

that

ˆ
Γj

i ∩Bρ

|q · −→ηi,j|dHm−1 =
ˆ

Γj
i ∩Bρ

|p⊥
Tq(Γj

i )(q) · −→ηi,j|dHm−1 ≲ ρm−1 sup
q∈Γ∩Bρ

|p⊥
Tq(Γj

i )(q)| ≲ ρm+1AΓ.

In order to bound the first term we can proceed again as in [24], but when we use the

first variation formula a boundary term gets introduced.

The vector field that we have to test with is the vector field

X(q) = χ(|q|)p⊥
L(q).
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The first variation formula gives us

ˆ
div−→

T
(X) = O(A2

Σ + AΓ).

The remaining estimates follow as in [24], using quantities under control relating the

Lipschitz approximation.

Lemma 5.8.2. Let T,Γj
i ,Σ,M be as Assumption 5.6.1 for ε small enough. For every κ > 0

ˆ
B1

dist(q, C)2

|q|m+2−κ
d||T || ≤ Cκ

ˆ
B1

|q⊥|2

|q|m+2d||T || + Cκ(E(T,C,B4) + A2
Σ + AΓ). (5.8.6)

Proof. This follows again exactly as in Lemma 3.7.3. For completeness, we again include

the boundary term estimates, reducing the rest of the proof to an adaptation of the proof

Lemma 11.6 in [24].

This lemma follows from a first variation argument on the vector field

X(q) := dist2(q, C)
(
max(r, |q|)−m−2−κ − 1

)
+
q

where g+(q) := max(g(q), 0).

The only required modification is the control of the boundary term.

ˆ
div−→

T
(X)d||T || =

∑
i,j

Qj
i

ˆ
Γj

i

(X · −→ηi,j)dHm−1 −
ˆ

(X ·HT )d||T ||.

We estimate as in the boundary error term in the proof of Lemma 5.8.1

ˆ
Γj

i

(X · η)dHm−1 ≤
ˆ

Γj
i ∩B1

|q|−m−κ|pTq(Γj
i )⊥(q) · ηi,j|dHm−1 ≤ CκAΓ.

Theorem 5.8.3. Let T,Γ,Σ, C be as in Assumption 5.6.1. For every α > 0
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1. For every cube L in the cubical decomposition from the previous chapter

E(P ) ≲α ℓ(P )−α
(
E(T,C,B4) + AΓ + A2

Σ

)

2. For every σ and r ≤ 1
6
√

m−2 :

1
rm+2

ˆ
Br∩Bσr(L)

dist(q, C)2d||T || ≤ Cδσ
4−α

(
E(T,C,B4) + AΓ + A2

Σ

)
.

3. Moreover, if Br \Bσr(L) ⊂ Rout then

1
rm+2

ˆ
Br

dist(q, C)2d|T || ≤ C(δ,Q,m, n, n)
(
E(T,C,B4) + AΓ + A2

Σ

)
σ4−α

+ 1
rm+2

∑
i

ˆ
Br∩Hi\Bσr(L)

|ui|2

+C(Q,m, n, n)
(
E(T,C,B4) + rAΓ + r2A2

Σ

) (
E(T,C,B4)σ−m−2 + rAΓ + r2A2

Σ

)γ

Proof. The proof is the same as Theorem 3.7.4.

5.9 Proof of excess decay

In this section we prove the excess decay lemma, introduced in Section 7, from which we

deduce the Hölder continuity of the multivalued normal and the regularity at multiplicity 1

corner points.

Assumption 5.9.1 (Blowup Sequence). A sequence of currents Tk is said to be a blowup

sequence if they satisfy Assumption 5.1.3, T0(L) = Rm−2 × {0}, Ck = ∑N
i=1 Qi JHi,kK cornered

open books (with the same number of sheets and labeling) and:

E(Tk, Ck,B8) ≤ 1
k

and AΓ
2 + A2

Σ ≤ 1
k
E(Tk, Ck,B8).
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We wish to take a Dir-minimizing blowup out of a blowup sequence of currents. Up to

a subsequence, Hi,k → Hi. If C := ∑
Qi JHiK with ∂ JHiK =

r
V 0

l(i)

z
−

r
V 1

l(i)

z
then Ck → C.

We also have Tk → C, Σk → Rm+n, Γj
i,k → V j

i . The cornered boundaries satisfy Mk → L.

If k is large enough, Tk satisfy the Assumption 5.6.1. The excess bound is obviously

satisfied so it only remains to check the mass bound. This is a consequence of the monotonicity

formula and the fact that Tk → C with C an open book of multiplicity Q.

We take the Lipschitz approximations uk
i whose domains of definition are the outer

region which are subdomains of
(
B1 \B1/k(L)

)
∩ Di,k. We need them to be defined on

B1 \B1/k(L) ∩Di,k. This is easy to achieve by applying a rotation we define for i, k a rotation

σi,k on Rm+n that takes Hi,k to Hi, while fixing Rm−1 × {0}. Clearly, σi,k →k Id. We define

ūk
i :=

pH⊥
i

◦ σi,k ◦ uk
i ◦ σ−1

i,k√
E(Tk, Ck,B8)

.

Up to a subsequence uk
i converges weakly to a function ui. We will be able to estimate

the functions ui at the scale r = 1
12

√
m−1 since we have the non-concentration estimate at

scale 1
6
√

m−1 . The functions ui will be the Dir-minimizing blowup of the blowup sequence.

Lemma 5.9.2 (Dir-minimizing blowup). Let r = 1
12

√
m−1 . We list properties of the sequence

uk
i and their weak limit ui:

• The functions uk
i have equibounded Dirichlet energy.

• uk
i converge strongly in W 1,2(B+

r , AQi
(Rn)) (up to a subsequence) to a function ui in

W 1,2(B+
r , AQi

(Rn)).

• The functions ui are Dir-minimizing on B+
r with zero boundary value along V 0

l(i) ∪ V 1
l(i).

Proof. The proof is the same as Lemma 3.9.3. The only new aspect is that the zero

boundary data holds through the classical boundary parts, which follows from the fact that
AΓ

E(Tk,Ck,B8) → 0.
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Proof of Lemma 5.7.3. We rescale the ball B1 to B8 and get a sequence of currents as in

Assumption 5.9.1.

We prove the lemma by contradiction. We claim it suffices to show that

lim sup
r→0

lim sup
k→∞

E(Tk, Ck,Br)
E(Tk, Ck,B8)

= 0. (5.9.1)

If the lemma was false there exists θ and a sequence of radii rkl
→ 0 such that

E(Tkl
, Ckl

,Brkl
)

E(Tkl
, Ckl

,B8)
> θ.

This would contradict equation (5.9.1) and conclude the proof of the lemma.

It remains to prove (5.9.1).

We have that

E(Tk, Ck,B4) ≤ CE(Tk, Ck,B8).

By the non-concentration estimate for every σ if r ≤ 1
6
√

m−2 then

1
rm+2

ˆ
Br

dist(q, Ck)2d|Tk| ≤ C(δ,Q,m, n, n)
(
E(Tk, Ck,B4) + AΓ + A2

Σ

)
σ4−δ

+ 1
rm+2

∑
i

ˆ
Br∩Hi\Bσr(L)

|ui,k|2

+C(Q,m, n, n)
(
E(Tk, Ck,B4) + rAΓ + r2A2

Σ

) (
E(Tk, Ck,B4)σ−m−2 + rAΓ + r2A2

Σ

)γ

We divide by E(Tk, Ck,B8). We take lim sup k → 0. Then, as σ → 0, the last term vanishes

since it is superlinear with respect to the excess and the first term will disappear because we

took σ to zero. Therefore, for r ≤ 1
12

√
m−2

lim sup
k→∞

E(Tk, Ck,Br)
E(Tk, Ck,B8)

≤ 1
rm+2

∑
i

ˆ
Br

|ui|2.
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We conclude that

lim
r→0

lim sup
k→0

E(Tk, Ck,Br)
E(Tk, Ck,B8)

= 0.

Thus, by the reverse excess Lemma 5.6.10, we conclude

lim
r→0

lim sup
k→0

E(Tk, Ck,Br)
E(Tk, Ck,B8)

= 0

which gives a contradiction and proves the excess decay lemma.

Part 2: Construction of the example

5.10 Classification of certain cornered tangent cones

under a convexity assumption

In this section, we will classify some cornered tangent cones which are necessary to provide

our example. The tangent cones we classify are those we will obtain in corners under a convex

barrier hypothesis similar to Assumption 5.1.4.

Theorem 5.10.1. Let C satisfy the following hypothesis in R3+n:

1. We consider the half-planes V 0 = Re3 ⊕ R+e2, V 1
i = Re3 ⊕ R+(−1)ie1 which we orient

so that ∂ JV 0K = −∂ JV 1
i K.

2. Assume that C is an area minimizing cone such that ∂C = 2 JV 0K +∑2
i=1 JV 1

i K.

3. Assume that the support of the cone satisfies

spt(C) ⊂ W :=
{
p = (x1, x2, x3, x4, y) ∈ (R)4 × Rn−1 : |x−

2 | + |y| ≤ C0x4
}

(5.10.1)

where x−
2 = − max {0, x2} and C0 is a positive constant.
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Then the cone C is a cornered open book of the form shown Figure 5.2:

C =
q
R+e1 ⊕ R+e2 ⊕ Re3

y
+

q
R+(−e1) ⊕ R+e2 ⊕ Re3

y

when the orientations of the quarter spaces match appropriately the orientation of the boundary

data.

We depict the boundary of the cone we consider in the following picture:

Figure 5.3: Boundary of the Cone

The half-plane V 0 is depicted in black, the half-planes V 1
i are depicted in red and blue

respectively. The theorem says that a cone C with the boundary as in Figure 5.3 is a cornered

open book of the type depicted in Figure 5.2.

We remind of the following theorem originally due to Allard in [3] which we expanded on

in Subsection 3.4.3 and applied it to a higher multiplicity setting.

Theorem 5.10.2. Fix a 2-dimensional plane π0 ⊂ Rm+n and assume that:

1. V is an m-dimensional varifold which is stationary on Rm+n \ π⊥
0 .

2. Θ(V , x) ≥ c0 > 0 for some positive numbers c0 and for ||V||-almost every x ∈ spt(V )\π⊥
0 .
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3. V is a cone (i.e. (λ0,r)# V = V).

4. The orthogonal projection of spt(V) onto π0 is contained on a half-space). This means

there is a vector e ∈ π0 ∩ Sm+n−1 such that

pπ0(spt(V)) ⊂ {x : 0 ≤ ⟨x, e⟩}.

• Then ∃ finitely many v1, ..., vk ∈ π0 ∩ Sm+n−1 such that

(B1 ∩ spt(V)) \Bρ(π⊥
0 ) ⊆

k(ρ)⋃
i=1

π⊥
0 + R+vi

for every ρ > 0.

• We denote (x, y) = z, x⊥ = (−x2, x1) if x = pπ0(z). For V a.e. (z, π) where z ∈

Rm+n \ π⊥
0 we have pπ(x⊥) = 0.

Assume π0 = {(x1, x2, 0, ..., 0) ∈ Rm+n} and we denote z = (x, y) ∈ π0 ×π⊥
0 . The following

lemma implies Theorem 5.10.2:

Lemma 5.10.3. Assume V is a varifold which is stationary on Rm+n \ π⊥
0 and is a cone

(conditions (1) and (3) of Theorem 5.10.2). Consider the following Radon measure µ on

S1 := {x ∈ π0 : |x| = 1}

ˆ
φdµ =

ˆ
B1\π⊥

0

φ

(
x

|x|

)
|x|−2|pπ(x⊥)|2dV(z, π) (5.10.2)

where (x, y) = z, x⊥ = (−x2, x1). Then µ = cH1 for some c ∈ R.

In addition, if µ = 0 and we have conditions (2) and (4) in Theorem 5.10.2 then:

1. pπ(x⊥) = 0 for V a.e. (z, π) where z ∈ Rm+n \ π⊥
0 .

2. The set pπ0(spt(V) \Bρ(π⊥
0 )) ∩ S1 is finite and it has at most 2mΘ(V,0)

ρmc0
points.

The theorem above is a direct consequence of this lemma and we reproved it in Chapter 3.
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Proof of Theorem 5.10.1. We denote V 1 := V 1
0 ∪ V 1

1 = Re1 ⊕ Re3. We can apply n− 1 times

the above Lemma 5.10.3, each time taking π0 as Re4 ⊕ Re4+k , for every 1 ≤ k ≤ n− 1.

We define the vector fields vk := −x4e4+k + x4+ke4. Thus we get that for ||C||- almost

every p ∈ spt(C) ∩ {x4 > 0} we have

p−→
C

(vk) = 0 ∀1 ≤ k ≤ n− 1.

We will show in Lemma 5.10.4 that a variant of Lemma 5.10.3 holds for π0 = Re2 ⊕ Re4..

This implies v0 := x2e4 − x4e2 then

p−→
C

(v0) = 0 for ||C|| − a.e. (5.10.3)

This allows us to conclude that if we define σ : R3+n \ V 1 → V 1⊥ as

σ(x) := pV 1⊥(x)
|pV 1⊥(x)| (5.10.4)

then ||C|| almost everywhere DC(σ) ≡ 0.

We conclude assuming Lemma 5.10.4 and thus its consequence, that ||C|| almost everywhere

DC(σ) ≡ 0. By interior regularity theory due to Almgren [4] and De Lellis - Spadaro [31, 33, 34],

C is regular in the interior up to a set of codimension 2. If q is an interior regular point for

C and Pq := σ−1(σ(q)) is independent of the spine L, and moreover by constancy

|C|(Pq ∩ B1) ≥ ωm

4 .

Given such a plane Pq, it must part of it must lie in {x4 ≥ 0} since C assigns mass to it.

There are two options: either Pq ⊂ {x4 = 0} holds or it doesn’t.

We define H0 = Re1 ⊕ R+e2 ⊕ Re3. We split H0 into H+
0 = H0 ∩ {x1 ≥ 0} and H−

0 =

H0 ∩ {x1 ≤ 0}.
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• If |Pq|({x4 = 0}) = 0 then we consider Hp := Pq ∩ {x4 ≥ 0} must be a half-plane with

boundary JRe1 ⊕ Re3K. We have that |C|(Pq \Hp) = 0 and |C|(Hp ∩ B1) ≥ ωm

2 .

• If Pq ⊂ {x4 = 0} (which is equivalent to |Pq|({x4 > 0}) = 0 since V 1 ⊂ Pq), we must

have that q ∈ Re1 ⊕ R+e2 ⊕ Re3. In this case we must have by constancy that the

multiplicity is constantly nonzero either in H+
0 or in H−

0 and thus |C|(Pq ∩ B1) ≥ ωm

4 .

We orient
q
H±

0
y

such that ∂
q
H+

0
y

= JV 0K + JV 1
2 K and ∂

q
H−

0
y

= JV −K + JV 1
1 K.

Assume that there are at least N distinct planes Pi containing a regular point. Then

|C|(B1) ≥
N∑

i=1
|C|(Pi ∩ B1) ≥ Nωm

4

this implies there are only finitely many such planes.

We must have that for Qi integers

C {x4 > 0} =
N∑

i=1
Qi JHkK .

Since spt(C) ∩ {x4 = 0} ⊂ H0, by constancy we obtain for Q± integers

C =
∑
±
Q± q

H±
0

y
+

N∑
i=1

Qi JHkK .

Up to reversing the orientations of JHiK we can assume that Qi > 0 for every 1 ≤ i ≤ N .

Given that spt(∂ JHiK) ⊂ V 1, we will show that ∂ JHiK = ∂ JHjK for all 1 ≤ i < j ≤ N .

Assume that instead for some 1 ≤ i < j ≤ N , we have ∂ JHiK + ∂ JHjK = 0.

By taking S = JHiK + JHjK, we can write C as C = S + T where ||C|| = ||S|| + ||T ||. This

implies that S is area minimizing without boundary. The only option for this to hold in this

setting given that the planes have a codimension 1 spine is if H∪Hj is a full plane. This is

impossible since both of them are contained in {x4 ≥ 0} .

In order to take the boundary data the following three equations must be satisfied

278



1. Q+ +Q− = 2

2. Q+ +∑N
i=1 Qi = 1

3. Q− +∑N
i=1 Qi = 1.

It follows that Q+ = Q− = 1 and ∑Qi = 0. Since all Qi have the same sign, they must be

zero.

Allard’s lemma for the plane Re2 ⊕ Re4

In order to conclude we must show that we can apply a variation of Lemma 5.10.3 to the

present case with the plane π0 = ⟨e2, e4⟩. We will show that an appropriate version of the

lemma holds in the hypothesis that we have. Inside the proofs of these lemmas we will adopt

the notation z = (x, y) ∈ π0 and x⊥ = (−x4, x2).

Lemma 5.10.4. We consider π0 = ⟨e2, e4⟩ and V the varifold induced by C. Then the

measure µ defined by (5.10.2) satisfies µ = cH1, which implies in the present context µ ≡ 0.

Thus, pπ(x⊥) = 0 for V a.e. (z, π) where z ∈ Rm+n \
(
π⊥

0 ∪ spt(∂C)
)
.

Proof. To prove that µ = cH1 we must show that if φ ∈ C(S1) and has zero average, i.e.
´
S1 φdH1 = 0, then ˆ

φdµ = 0.

We consider φ as a 2π periodic function on R and we take ψ(t) :=
´ t

0 φ(τ)dτ a primitive

of φ on R.

We consider a vector field of the form

X(z) = α(|z|)β(|x|)ψ(x)x⊥.

Where α, β ∈ C∞(R) are defined with the following properties: α ≡ 1 for t ≤ 1 − δ, α ≡ 0

for t ≥ 1 − δ/2, and it is decreasing. β ≡ 1 for t ≥ δ, β ≡ 0 for t < δ/2, and it is increasing

with ∥β′∥C0 ≲ δ−1.
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We will have that

ˆ
divπX(z)dV(z, π) = 2

ˆ
V 0

ˆ
X · η0dH2.

We take δ → 0 which implies by the arguments in Lemma 3.4.12 that

ˆ
φdµ = lim

δ→0

ˆ
divπXdV(z, π) = ψ(0, 1)2

ˆ
V 0∩B1(0)

(
x⊥ · η0

)
dH2.

Since the left hand side of the equality is independent of the choice of ψ, the primitive of φ,

then the right hand side must be independent of the choice ψ. This implies that the right

hand side equals zero.

Alternatively, the vanishing of the right-hand side can be seen directly by testing with

the vector field

Y (z) = α(|z|)β(|x|)x⊥

with α and β as above and taking the limit δ → 0.

Since

spt(µ) ⊂
{
|x−

2 | ≤ Cx4
}

then µ ≡ 0 and thus pπ(x⊥) = 0 for V a.e. (z, π) ∈ Rm+n \ π⊥
0 .

Lemma 5.10.4 implies 5.10.3, which in turn implies DC(σ) ≡ 0 ||C||-almost everywhere,

allowing us to conclude.

5.11 Construction

In this section, we construct a general family of examples of area minimizing currents

with essential one-sided boundary singularities. We start the section by providing an example

of a specific boundary which is real analytic to which the theorems will apply, which allows

us to conclude Theorem O from Theorem 5.11.5.
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5.11.1 Concrete example in R5

The lower part of the boundary Γ0 is defined to be the 2-dimensional lower hemisphere

Γ0 :=
{
(x1, x2, x3, 0, 0) ∈ S4 : x3 < 0

}
.

The upper part of the boundary Γ1, is described by a two-valued map Φ1 : S1 × [0, 1] →

A2(S4) ⊂ A2(R5).

We consider S1 ⊂ C so that the complex multiplication and thus the 2-valued square root

makes sense.

Let

Φ1(z, t) :=
∑

w2=z

r(√
1 − t2 − t4z, t2, tw)

)z
.

We define

Γ1 :=
(
Φ1
)

#
(S1 × [0, 1]).

Let M := {(z, 0, 0) ∈ C × R × C : |z| = 1}. We orient Γ0, Γ1 and M so that 2∂ JΓ0K =

2 JMK = −∂ JΓ1K .

Theorem 5.11.1. Let T be a 3-dimensional area minimizing current such that ∂T =

2 JΓ0K + JΓ1K with Γ0 and Γ1, being the 2d integral currents defined as above. Then T has an

essential boundary one-sided singularity at some interior point of the boundary surface Γ0.

By localizing to a small ball centered at an essential singular point, we obtain the following

Theorem:

Theorem 5.11.2. There exist a 3-dimensional area minimizing current T in B1 ⊂ R5 and a

real analytic surface Γ such that ∂T = 2 JΓK, Θ(T, p) = 1 for every p ∈ Γ ∩ B1, and 0 is an

essential one-sided boundary singularity.
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5.11.2 A class of general examples

Assumption 5.11.3 (Density hypothesis). We say that two m ≥ 3 dimensional integral

currents satisfy Γ0 and Γ1 with ∂ JΓ0K = JMK, ∂ JΓ1K = −2 JMK and spt(Γ0) ∩ spt(Γ1) = M

satisfy the density hypothesis if:

• There is a C2 open set Ω which has uniformly convex boundary and M ⊂ ∂Ω is a

smooth closed m− 2 dimensional submanifold.

• spt(Γ0) ⊂ ∂Ω is a C2 surface with boundary M .

• spt(Γ1) is a smooth surface in a tubular neighborhood U of M .

• spt(Γ0) and spt(Γ1) only intersect at M and they have orthogonal normals along M .

An area minimizing current T with ∂T = 2 JΓ0K+JΓ1K is said to satisfy the density hypothesis

if Γ0,Γ1 satisfy the density hypothesis.

The convexity implies that spt(T ) ⊂ Ω. The convexity allows us to say that if p ∈ Γ0 \M

then Θ(T, p) = 1, if p ∈ U ∩ spt(Γ1)\M then Θ(T, p) = 1/2 and if p ∈ M then Θ(T, p) = 1/2.

This allows us to use the developed regularity theory.

Assumption 5.11.4 (Additional Topological hypothesis). We say that Γ0 and Γ1, two 2

dimensional integral currents, satisfy the additional topological hypothesis if it satisfies the

density hypothesis 5.11.3 for m = 3 and

• Γ0 is diffeomorphic to a disk with boundary M (which is a closed simple curve).

• In a tubular neighborhood U of M , the surface spt(Γ1) is non-orientable: U∩spt(Γ1) is a

C2 surface diffeomorphic to a Möbius strip twisting once around M , and its orientation

reverses across M .

A 3 dimensional area minimizing current T with ∂T = 2 JΓ0K + JΓ1K is said to satisfy the

additional topological hypothesis if Γ0,Γ1 satisfy the additional topological hypothesis.
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We show the following theorem, which provides a large family of examples of essential

one-sided boundary singularities, by splitting it into two parts.

Theorem 5.11.5. Let Ω be a C2 uniformly convex open set.

• Let M ⊂ ∂Ω be a C2 simple closed curve.

• Let Γ0 be a C2 surface with ∂ JΓ0K = M diffeomorphic to a 2 dimensional disk.

• Let Γ1 ⊂ ∂Ω be an integral 2 dimensional current. We assume that M ⊂ spt(Γ1) and

in a neighborhood U of M , U ∩ spt(Γ1) is a C2 surface diffeomorphic to a Möbius strip

which twists once around M . Indeed, U ∩ spt(Γ1) \ M will be connected. We assign

multiplicity 1 to spt(Γ1) in U . We suppose that Γ1 is oriented such that ∂ JΓ1K = −2 JMK.

The surface U ∩ Γ1 is a smooth surface whose orientation switches across M .

• Further assume Γ0 and Γ1 meet perpendicularly at M and Γ0 ∩ Γ1 = M.

Let T be an area minimizing current with ∂T = 2 JΓ0K + JΓ1K. Then T is regular in a

neighborhood of M and has an essential boundary singularity at some point of Γ0 \M .

The first part is the control on the density and the regularity theory:

Theorem 5.11.6. Let T,Ω,Γ0,Γ1 be as in the density hypothesis Assumption 5.11.3. Then

1. ∀p ∈ Γ0 \M, Θ(T, p) = 1.

2. ∀p ∈ Γ1 ∩ U \M, Θ(T, p) = 1/2.

3. ∀p ∈ M, Θ(T, p) = 1/2 and thus T is regular at M .

The tangent cone is unique at all the above points, and the multivalued normal map at Γ0

is Hölder continuous up to the boundary M (where it agrees with the cornered open book).

Moreover, T is regular in a neighborhood of M .
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Remark 5.11.7. The density Θ(T, p) is defined differently at interior points p, at classical

boundary points p ∈ Γ0 \ M or p ∈ Γ1 ∩ U \ M and at the corner points M . It is upper

semi-continuous in each of these pieces.

We start with a quick discussion of why we consider the convex barrier property. The

convex barrier property that we considered in Chapter 3 and was considered in [27] is the

following:

Assumption 5.11.8 (Convex Barrier). Let Ω ⊂ Rm+n be a domain such that ∂Ω is a C2

uniformly convex submanifold of Rm+n. We say that ∑N
i=1 Qi JΓiK has a convex barrier if Qi

are positive integers and Γi ⊂ ∂Ω are disjoint C2 closed oriented submanifolds of ∂Ω. In this

setting we consider T an area minimizing current with ∂T = ∑
i Qi JΓiK .

In order to get to the local information we define the wedge regions

Definition 5.11.9. Given an (m − 1)-dimensional plane V ⊂ Rm+n we denote by pV the

orthogonal projection onto V . Given additionally a unit vector ν normal to V and an angle

ϑ ∈
(
0, π

2

)
we then define the wedge with spine V , axis ν and opening angle ϑ as the set

W (V, ν, ϑ) := {y : |y − pV (y) − (y · ν)ν| ≤ (tanϑ)y · ν} .

Lemma 2.3 of [27], which we cite below, gives us the desired local geometrical information.

Lemma 5.11.10. Let T , ∑N
i=1 Qi JΓiK, Ω be as in 5.1.4. Then there is a 0 < ϑ < π

2 (which

is independent of the point in ∪N
i=1Γi) such that the convex hull of ∪N

i=1Γ satisfies

ConvexHull(∪N
i=1Γi) ⊂

⋂
q∈Γ

(q +W (TqΓ, ν(q), ϑ))

Proof of Theorem 5.11.6. At points of Γ0 \M or Γ1 ∩ U \M , we apply a version of Lemma

2.3 of [27], which we just cited above Lemma 5.11.10 obtaining: At a point p of Γ0 \M the

tangent cone Cp must satisfy

∂Cp = 2
q
Tp(Γ0)

y

284



and

Cp ⊂
{
W (TpΓ0, ν(p), ϑ)

}
.

At a point p of Γ1 ∩ U \M the tangent cone must satisfy

∂Cp =
q
Tp(Γ1)

y

and

Cp ⊂
{
W (TpΓ0, ν(p), ϑ)

}
.

Thus for every point p ∈ Γ0 \M or p ∈ Γ1 ∩ U \M we must have that the tangent cone

must be of the convex barrier type. These are the convex barrier cones that we classified in

Theorem 3.4.8 for arbitrary multiplicity, and Allard classified them for multiplicity 1. In the

first cases it is an open book and thus Θ(T, p) = 1, in the second case it is a single half-plane

and thus Θ(T, p) = 1/2.

Let p ∈ M , v0, v1 be the normal vectors to Γ0 and Γ1 respectively. At M the arguments

from Lemma 2.3 [27], imply that

Cp ⊂
{
y : |y − pTp(M)(y) − (y · v0)+v0 − (y · ν(p))| ≤ tan(θ)(y · ν(p))

}
.

This implies that Cp is of the type of cones we classified in Theorem 5.10.1 and thus Cp is

a cornered open book. Thus Cp is as in Figure 5.2 and Θ(T, p) = 1. The regularity at M

follows from 5.7.2 and the Hölder continuity of the normal follows from Corollary 5.7.9.

We now turn to the second part: the conclusion.

Theorem 5.11.11. Let T,Γ0,Γ1 satisfy the topological Assumption 5.11.4. Then T has an

essential boundary singularity at some point of Γ0.

Proof of 5.11.1. Since Γ0 is diffeomorphic to a disk with boundary M then there exist

φ : {z ∈ R2 : |z| ≤ 1} → Rm+n which is a smooth parameterization of Γ0 and φ(S1) = M.
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Then we can define the normal as a function of the disk as

η ◦ φ :
{
z ∈ R2 : |z| ≤ 1

}
→ A2(NΓ0).

We must have that at M , η(p) = Jvp
1K + J−vp

1K where vp
1 is one of the normals of Γ1 at M .

Since Γ1 is a Möbius strip then the graph of η ◦ φ S1 induces a single continuous connected

curve.

Since the normal bundle of Γ0 is trivial, up to a diffeomorphism it agrees with the normal

bundle of {
(x, y) ∈ R2 × Rn : |x| ≤ 1, y = 0

}
⊂ R2+n.

After changing the image space by a diffeomorphism we conclude the proof with a classical

elementary observation, which we collect in the following proposition:

Proposition 5.11.12. Let f : {z ∈ C : |z| ≤ 1} → A2(Rn) be a continuous multivalued

function such that f S1 is a continuous connected curve of multiplicity 1. Then f has an

essential singularity.

Proof. This is a fairly classical consequence of the theory of covers in algebraic topology and

that the boundary loop is non trivial.

For the reader’s convenience, we sketch the argument. Suppose, for contradiction, that f

has no interior essential singularities. Then, at every point p, f admits a continuous local

selection into two single-valued branches f1 and f2. This remains true at boundary points by

continuity, since there are no double points at the boundary. By compactness, we can cover

the closed disk with finitely many open sets over which such selections exist. If a continuous

selection exists for two overlapping open sets U and V then they must agree on U ∩ V , and

thus we can extend the selection to U ∪ V . Iterating this, we obtain a global continuous

selection on the whole disk. But this leads to a contradiction: the trace of f on the boundary
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is a connected loop of multiplicity 1, which cannot be written as the disjoint union of two

continuous branches. Therefore, f must have at least one interior essential singularity.

The above proposition implies that f must have an essential singularity, which in turn

forces T to have an essential boundary singularity at some interior point of Γ0. Otherwise, f

would have no interior essential singularities, which contradicts the proposition.

5.12 Essential singularities for the linear problem

In the introduction, we sketched the validity of a general result for Dir-minimizing

functions. We point their validity in this section without giving a proof, since the main

interest of this chapter is the area minimizing setting and the proof of the result for the linear

problem is analogous to those for the nonlinear case.

Theorem 5.12.1. Let Ω be a compact domain in R3 which is C2-diffeomorphic to a cylinder.

Thus ∂Ω consists of three two dimensional surfaces, D0, D1, C, where D0 and D1 are disks

and C is a cylinder which connects ∂D0 with ∂D1. Let u ∈ W 1,2(Ω, A2(Rn)). Assume that:

• C meets D0 orthogonally.

• The function u C is C2 in a neighborhood of ∂D0, and it is constantly equal to 2 J0K

on D0.

• Assume that the normal derivative of u C to ∂D0 is a continuous connected curve of

multiplicity 1.

Then u has an essential boundary singularity at an interior point of the 2-disk D0.

Corollary 5.12.2. There exists u : W 1,2(R2 × R+) → A2(R2) which is I > 1 homogeneous

Dir-minimizer.

Proof of Corollary 5.12.2. We consider u as in the introduction or u as above with Ω the

unit cylinder. Then, there exists a point p with an essential boundary singularity of u. If
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the frequency at p is 1, then, by Theorem 3.10.3 there is a unique linear blowup and thus

a neighborhood of p, u can be separated as two classical harmonic functions. This is a

contradiction since at p, u has an essential singularity.

Thus, the tangent map at p is an I > 1 homogeneous Dir-minimizer in the half-space

which allows us to conclude.
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