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Abstract

In this thesis, we settle an old question of William Allard’s thesis from 1969, on boundary
regularity of area-minimizing m-currents in arbitrary codimension, with higher boundary
multiplicity and a convexity assumption. This setting generalizes Allard’s celebrated theorem
from 1975 on boundary regularity of area-minimizing currents to a higher boundary multiplic-
ity minimizing setting. We develop a regularity theory that answers Allard’s 1969 question
by proving the (m — 3)-rectifiability of the singular set. We show this regularity theory to
be dimensionally sharp by constructing an example of an area-minimizing current with a
boundary singularity for m = 3. The starting point of the regularity theory is the uniqueness
of the tangent cone at minimum density points, which we also establish in this thesis. The
question of regularity for higher multiplicity boundaries, which we address in Allard’s original
form, was raised in a broader framework by Brian White in the Proceedings of the 1984 AMS
Summer Institute, a famous collection of open problems in Geometric Measure Theory. Part
of the regularity theory is in collaboration with Reinaldo Resende.

Additionally, in collaboration with Camillo de Lellis, we generalize a theorem of Besicovitch
from 1956 on classical rectifiability for curves in the two-dimensional plane to arbitrary
dimension of the set and of the ambient space. As an application, we simplify the setup
of the Naber-Valtorta technique, an extremely powerful and flexible tool for proving the
rectifiability of singular sets in geometric analysis, which has been used for a variety of
different problems. Together with Reinaldo Resende, we use this theorem to simplify part of

the boundary regularity theory we develop in this thesis.



Acknowledgements

What mattered most in writing this thesis was not only the result itself, but also my personal
growth during my time here—the way I kept coming back to work on myself, even when it
felt challenging.

I would like to thank everyone who accompanied me in different ways along this path.
These acknowledgments are certainly not exhaustive, but I am deeply grateful to everyone
who was there, whether in moments of joy or moments of struggle.

I am deeply grateful to my parents for their presence throughout my life—as mentors, as
friends, as caretakers—offering whatever I needed, whenever I needed it. I thank them for
the consistent phone calls that accompanied my walks through Princeton, and for loving me
every day. I thank my mother for sharing her culture of science and perseverance, and my
father for bringing the most dad humor possible into my life and for instilling in me a deep
appreciation for food. I also thank my grandparents Celia and Luis, and my great-aunt and
uncle Esther and Guillermo. Unfortunately Luis and Esther passed away while I was working
on my Ph.D. I am grateful to the rest of my family for their encouragement and care.

I thank Camillo de Lellis for his mentorship throughout my doctoral studies. I feel
privileged to have been his Ph.D. student. I am especially grateful that he welcomed me into
the field of regularity for area-minimizing currents—he proposed the problem of this thesis,
shared ideas that helped shape my thinking, and supported me as I developed and refined
my own ideas. Proving a sharp boundary regularity theory that extends Allard’s still feels a
bit surreal, and I am grateful not only for his guidance, but also for the connection we built
along the way.

I thank Xavier Tolsa and Michele Villa. It has been a privilege to work with both of them
in generalizing their work on the Carleson €2 conjecture to higher dimensions, which had long
been a dream of mine. I learned a lot, had a great time, and am grateful for the friendship I

found in working with them.



I also thank Reinaldo Resende, both as a collaborator and a friend. Our shared work
grew out of a deep mutual understanding, and I will always be grateful for the support he
offered along the way, both inside and outside the mathematics. I am also especially thankful
for the depth of feedback he gave me — on this work and on my talks.

I am grateful to Paul Minter and Annalisa Massaccesi for their helpful feedback on this
thesis, and to Aaron Naber and Fernando Coda Marques for serving on my Final Public Oral
committee.

I want to thank Anna Skorobogatova and Paul Minter for our friendship and for the
meaningful discussions relating the topics of this thesis.

[ am extremely grateful to Jill LeClair, who not only helped me navigate all the adminis-
trative logistics and made my academic life easier, but also made me feel welcome from the
open house. I have really valued our regular chats and the friendship that came with them.

I would like to thank Yvette Kupersmit for her help in reimbursements.

I thank Ezequiel Rela and Pablo Shmerkin for encouraging me early on and for introducing
me to the field of geometric measure theory, long before I could have imagined where it would
take me. Writing my Licenciate thesis with them was a genuinely meaningful and enjoyable
part of my journey.

I also thank the institutions that shaped my education: Escuela Scholem Aleijem, Escuela
Técnica ORT, Facultad de Ciencias Exactas y Naturales at the Universidad de Buenos Aires,
and Princeton University.

I am grateful for the friendships and mentors from my Olympiad days that have been
with me throughout my Ph.D. I also thank my friends from Facultad de Ciencias Exactas
y Naturales for making those years richer. I thank in particular: Alberto Acosta Reche,
Agustin Barreto, Agustin Marchionna, Bruno Ziger, Carla Crucianelli, Carlos Soto, Damiin
Yijilioff, JuliAan Masliah, Lautaro Rinaldo, Lisandro Acuna, Lucia Busolini, Lucas Andisco,
Lucas de Amorin, Matias Rinaldo, Matias Saucedo, and Nahuel Nostral Hatz. I am especially

grateful to Tomas Baril for his enduring friendship through many stages of life. I also thank



Patricia Fauring and Flora Gutierrez for opening the door to mathematical Olympiads and
supporting my early steps in mathematics.

To my Princeton buddies, spanning the many different moments of my time here: Alejandro
Bellati Barthes, Amadeus Harte, Angela Rodriguez-Izquierdo Gallardo, Anna Skorobogatova,
Bhishma Dedhia, Carla Crucianelli, Celeste Belknap, Filippo Ugolini, Georgios Kotsovolis,
Hezekiah Grayer II, Louise Comanescu, Nicolo Grometto, Paul Minter, Philip Decker, Stefan
Clarke, Valentin Tissot-Daguette, Warren Li.

To my friends whose research is close to mine: Alan Chang, Alex Rodriguez, Anna Sko-
robogatova, Antonio De Rosa, Bruno Poggi, Camillo Brena, Carmelo Puliatti, Cole Jeznach,
Damian Dabrowski, Douglas Stryker, Emily Casey, Federico Franceschini, Federico Glaudo,
Gianmarco Caldini, Hunter Stufflebeam, Ignasi Guillén-Mola, Josep M. Gallegos, Kevin Ren,
Lorenzo Sarnataro, Matthew Hyde, Max Goering, Michelle Villa, Mihalis Mourgoglou, Minki
Cho, Pablo Hidalgo Palencia, Paul Minter, Reinaldo Resende, Riccardo Canniato, Seung-Yeon
Ryoo , Simone Steinbriichel, Stefano Decio, Tin Yau Tsang, Vikram Giri, Yangyang Li, Zihui
Zhao.

To my Okinawa crew: Artur Andrade, Eric Kim, Thu Vu.

To my Graduate Improv comedy friends.

To my Awakening Yoga friends.

To other friends who were part of this journey: Allison Peart, Aurora Joblon, Colter
Brainard, Daniela Vita, Elisabeth Buvarp, Elliot Kauffman, Felix Hoefer, Fernando Trejos,
Isaac Christian, Ishita Chaturvedi, Jack Diao, Jacob Metcalfe, Joel Strothers, Julia Balch,
Katy Woo, Kevin Zhang, Maciej Wlodek, Marcus Greenwood, Matei Coiculescu, Myeonhu
Kim, Noah Kravitz, Owen Abad, Phoebe Pena, Sarah Kimmel, Satyen Dhamankar, Sophie
Skanchy, Trajan Hammonds.

To the Campus Dining staff at GC for all of the love and care I got regularly. To Campus

Rec and the Graduate School Student life events for receiving me in the most wonderful ways.



To the many professors in the field whose work I admire and with whom I have had
meaningful conversations—including Aaron Naber, Alessio Figalli, Annalisa Massaccesi,
Antonio De Rosa, Brian Krummel, Camillo De Lellis, Carlos Kenig, Christopher Bishop,
Eugenia Malinnikova, Gui-Qiang G. Chen, Guido De Philippis, Jonas Hirsch, José Maria
Martell, Luca Spolaor, Matthew Badger, Mihalis Mourgoglou, Neshan Wickramasekera, Pablo
Shmerkin, Ranaan Schul, Robin Neumayer, Steve Hofmann, Tatiana Toro, Tuomas Orponen,
Ugur Abdulla, Xavier Tolsa, Yannick Sire.

Along the way, I picked up practices and ideas that helped me stay present and
grounded—and quietly shaped the way I moved through both work and life. I am grateful
to Angela Quinn for bringing yoga into my life during my time in Princeton, and for our
friendship over the years. I thank Briohny Smyth, Patrick Beach, Carling Harps, Jules
Mitchell, and Michael James Wong for the trainings that helped deepen these practices. I also
thank Jadelyn Martinez, Sue Kim, and Iris Klein for helping me stay emotionally present.

I am grateful to everyone who showed up for me along the way. Thank you.

Finally, I thank myself for writing this thesis. It took a lot of effort, and I am proud of it.



Contents

Abstract . . . .

Acknowledgements . . . . .. ..o L

1 Introduction

1.1 Historical overview . . . . . . . . . . .
1.2 Contributions of this thesis . . . . . . . . .. . ... ... ... ...
1.2.1  Uniqueness of the tangent cone . . . . . . .. ... ... ... ....
1.2.2  Regularity theory . . . . . . . . . ..o
1.2.3  Singular example . . . . . ... Lo
1.2.4 A theorem in classical rectifiability . . . . . ... ... .. ... ...

2 An elementary rectifiability lemma

2.1 Imtroduction . . . . . . ..
2.1.1 Rectifiability questions in geometric analysis . . . . . . .. ... ...
2.1.2  Quantitative rectifiability . . . . .. ... ... . L.

2.2  Geometric preliminaries . . . . . . ...

2.3 Generalized Hausdorff measures . . . . . . .. .. ... ... L.

2.4 Proof of Theorem 2.1.2 . . . . . . . . . .. ...

3 Uniqueness of tangent cones at minimum density boundary points
3.1 Imtroduction . . . . . . . .. L

3.1.1 History . . . . . . oo

13
14
23
23
24
25
27

29
29
31
34
36
38
41



3.2

3.3

3.4

3.5

3.6

3.7
3.8

3.9

3.1.2 Results . . . . . . 48

3.1.3 Basic definitions . . . . . . ..o 52
3.1.4 Structure of the chapter . . . . . . . ... ... ... ... ... ... 55
Preliminaries . . . . . . . .. 56
3.2.1 A measure theoretic excess . . . . . . . . ... 56
3.2.2  Monotonicity formula . . . . . .. ..o 59
Classification of area minimizing cones of density (/2 with boundary . . .. 62
Convex barrier assumption . . . . . . . . . . .. o 65
3.4.1 The convex hull property . . . . . . . . ... ... L. 66
3.4.2 A local version of the convex barrier . . . . ... ... ... ..... 68
3.4.3 Convex barrier cones . . . . . . .. ... 69
Main reductions . . . . . . ... 80
3.5.1 Proof of small excess uniqueness of the tangent cone. . . . . . . . .. 80
3.5.2  Consequences of the excess decay lemma . . . . . .. ... ... ... 87
Lipschitz approximation . . . . . . . . .. ... 0L 94
3.6.1 Lipschitz approximation away from the spine . . . . . . . . ... ... 94
3.6.2  Whitney regions and dyadic cubes . . . . . . ... 97
3.6.3 Local lipschitz approximation and coherent outer approximation . . . 102
3.6.4 Technical estimates on measure theoretic excess . . . . . .. ... .. 104
Simon’s non-concentration estimates . . . . . . .. ... 0oL L. 107
The boundary linear problem . . . . . . . ... .. .. ... ... ...... 112
3.8.1 Preliminaries . . . . . . . ... 113
3.8.2  Blowup of Dir-minimizing @) valued functions . . . . . ... ... .. 117
3.8.3 Classification of 1 homogeneous Dir-minimizers . . . . .. ... ... 118
3.84 Adecaylemma . . . ... ... 120
3.8.5 Local Dir-minimizers away from the halfplane . . . . . ... ... .. 124
Proof of the excess decay lemma . . . . . . . ... ... ... ... ... 126



3.10 A further study of the linear problem . . . . . . . ... ... ... ... ... 135

On the regularity of area minimizing currents at boundaries with arbitrary

multiplicity 139
4.1 Introduction . . . . . . . .. 139
4.1.1 Description of the main results . . . . . . . ... ... ... ..... 142
4.1.2  Definition of area minimality and one- and two-sided regular points . 143
4.1.3 Main results of thiswork . . . . . . ... .. ... ... 146
4.2 Preliminaries . . . . . . .. L 149
4.2.1 Basic definitions and notation . . . . . ... ..o L 149
4.2.2  Outline of the proofs . . . . . . . ... ... ... ... ... ... 153
4.2.3 Convex barrier . . . . . . ... 156
4.2.4  Structural properties . . . . . ..o 157
4.3 Rectifiability for the linear problem . . . . . . . .. .. ... ... ... ... 160

4.3.1 @-valued Dir-minimizers with zero boundary data on a flat boundary 161
4.3.2 Rectifiability for the linear problem . . . . . . . ... ... ... ... 164
4.4  Reduction of main theorems to rectifiability of one-sided flat singular points 165

4.4.1 Excess decay and decomposition for two-sided points with trapped

density . . . . .. 165

4.4.2 Regularity of two-sided points with trapped density . . . . . . . . .. 169
4.4.3 Decomposition at one-sided points . . . . . . ... L. 170
4.4.4 Main reduction argument and proof of the main results . . . . . . . . 171

4.5 Universal frequency function I at one-sided flat points . . . . . . . .. .. .. 175
4.5.1 Center manifold and normal approximation at one-sided flat points . 175
4.5.2 Intervals of flattening and definitionof I . . . . . . ... .. ... .. 184
4.5.3 Radial derivatives in the realm of the frequency function . . . . . .. 188
4.5.4  Almost monotonicity of I at one-sided flat singular points . . . . . . . 192

4.6 Uniform lower bound and the frequency regimes . . . . . . . . ... ... .. 197

10



4.7
4.8

4.6.1 Uniform lower bound for I at one-sided flat singular points . . . . . . 197

4.6.2 High-frequency regime . . . . . . . ... ..o 203
4.6.3 Low-frequency regime . . . . . . . . .. ..o 206
Dimensional bound and countability of the singular set in 3d . . . . . . . .. 208
Rectifiability for the nonlinear problem . . . . . . . .. ... ... ... ... 212
4.8.1 Spatial variations . . . . . ... .. 212
4.8.2  Proof of the rectifiability result . . . . ... ... ... ... .. 216

An essential one sided boundary singularity for a 3-dimensional area mini-

mizing current in R° 223
5.1 Imtroduction . . . . . . ... 223
5.1.1 Historical overview . . . . . . . .. ... 224
5.1.2  Brief description of the example . . . . . . . .. .. ... 225
5.1.3 Sketch of the proof . . . . . . . .. .. ... ... . 227
5.1.4  Higher multiplicity Allard boundary regularity . . . . . . . . .. . .. 230
5.1.5  Main theorems of this chapter . . . . . ... ... ... ... ... .. 231
5.1.6 Basic definitions . . . . . . ... Lo 234
5.2 Monotonicity formula at corner points . . . . . .. ..o 0oL 238
5.2.1 Smooth boundary setup . . . . .. .. ... oL 238
5.2.2  Cornered boundary . . . . . .. ... 240
5.3 Classification of certain area minimizing cornered cones with density /4 . . 245
5.4 Soft uniqueness of tangent cones at corner points . . . . . .. ... .. ... 249
5.5 Linear problem . . . . . . . ..o 252
5.6 Lipschitz approximation . . . . . . . . . ... .. 256
5.7 Proof of main theorems at corner points . . . . . . . ... .. ... .. ... 263
5.8 Simon’s non concentration estimates . . . .. ... ..o 0oL 268
5.9 Proof of excessdecay . . . . . . . ... 271

5.10 Classification of certain cornered tangent cones under a convexity assumption 274

11



5.11 Construction . . . . . . . . ., 280

5.11.1 Concrete example in R> . . . . . ... ... ... ... ... 281

5.11.2 A class of general examples . . . . . . .. ... ... ... .. 282

5.12 Essential singularities for the linear problem . . . . . . . ... .. ... ... 287
Bibliography 289

12



Chapter 1

Introduction

An area minimizing integral current is an oriented generalized surface with boundary
which minimizes area amongst those with the same fixed smooth boundary. Integral currents,
rigorously introduced by Federer and Fleming, generalize classical smooth oriented surfaces,
enabling the study of possibly singular geometric objects while maintaining core geometric
concepts such as area, tangent planes, and orientation in a measure theoretic sense. The
orientation framework ensures the validity of Stokes’ theorem, aligning integral currents
closely with classical differential geometry. Specifically, for a current 7" with boundary I'; the
relation T'(dw) = @ [ w holds for a positive integer @ and any smooth differential form Q.
In this case, we say that the boundary of T"is I' with multiplicity Q).

Another important concept is the definition of a rectifiable set: a set £ C R" is k
rectifiable if there exist countably many lipschitz maps f; : R¥ — R” such that E \ U f;(R*)
has k-dimensional measure zero.

The appropriate class of surfaces T' comes from rectifiable sets taken with integer multi-
plicity and assigned an orientation.

We say that T is locally area minimizing at its boundary I', taken with multiplicity @, if
there is no competitor 7", with the same boundary, which agrees with T" outside of the ball

Bp, for some R and Area(7’,Bg) < Area(T,Bg).
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Density and Tangent Cones A key tool in the study of singularities is the density of a
current. Given an m-dimensional area-minimizing current 7', the density at a point p € spt(T")

and scale r > 0 is defined by

where w,, denotes the volume of the unit ball in R™, where |T'| denotes the measure associated
to the current. This quantity measures how the mass of the current accumulates near the
point p, normalized by the Euclidean volume growth.

The monotonicity formula ensures that for area minimizing currents © (7, p,r) is a non-
decreasing function of r. More precisely, for » > s > 0, one has
’2

OT.p.r) - O(Tp.s) = [ Iprg(a—p)P

d|T|(¢q) > 0,
B.w)\Bsp) |0 — P

where PF(g) (¢ — p) denotes the orthogonal projection of ¢ — p onto the normal complement of
the approximate tangent plane to 7" at ¢. This identity implies that the limit (T, p,0) :=
lim,_,o ©(T, p, ) exists and is finite.

A central consequence is that blow-up limits are cones: if one rescales T around a point p
by setting T} := (1)1 where 1, ,(r) = “£, then any sequential limit of 7. as r — 0 is an
area-minimizing cone. Since, if ©(T, p,r) is constant in r, then the current itself is conical

near p.

1.1 Historical overview

For a more detailed historical overview until 2021 see [18].

Interior regularity

An interior point is said to be regular if the current agrees with a smooth minimal surface

with multiplicity in a neighborhood of it.

14



In codimension 1, the sharp dimensional bound on the singular set was established in the
1970 through combined contributions of De Giorgi, Federer, Fleming, Almgren, Simons (for a
detailed survey see [18]). The rectifiability of the singular set was proven by Simon in 1993

[73] and later reproved by Naber-Valtorta [67] in 2015. The theorem is as follows:

Theorem 1.1.1 (Codimension 1). If T' is an area minimizing current in By C R™ without

boundary then:

o The Hausdorff dimension of the singular set is at most m—"7. In particular if 1 < m <6,

the singular set is empty and if m =7, it is discrete.

o The singular set is m — 7 rectifiable.

In arbitrary codimension, there is a theorem of Allard that gives under a density condition
regularity in any dimension and codimension. The theorem only needs a stationarity condition,

but we state it in the same minimizing framework of the rest of the discussion.

Theorem 1.1.2 (Allard’s Interior Regularity [2]). If T' is an area minimizing current in
B, C R™™ without boundary then points of density 1 are regular (i.e. at a point of the
surface where the associated measure has density 1, the surface agrees in a neighborhood with

a smooth classical minimal surface).

Allard’s Interior Regularity theorem is a consequence of an excess-decay type lemma
which shows that if a current is sufficiently flat (close to a plane of multiplicity one) at unit
scale, then at smaller scales it becomes progressively flatter, relative to a best-approximating
plane that may vary with scale. This decay is obtained by linearizing the area functional
and comparing the current to the graph of a harmonic function over that plane, allowing the

regularity theory of harmonic functions to be transferred back to the current.

Sketch of the Codimension One Interior Regularity Results

A central feature of codimension one area-minimizing currents is that every point with

a flat tangent cone (some blow-up limit is a plane with multiplicity), must be regular.

15



This is a consequence of Allard’s interior regularity combined by a decomposition theorem
into boundaries of sets of finite perimeter. The proof of the interior regularity theorem in
codimension 1 can be understood through a two-step strategy: first, using density estimates
and compactness to show that under some quantitative control on the density gaps the
current is regular at a ball, and second, applying a measure-theoretic approximation lemma
to bound the dimension of the singular set.

The mass-ratio monotonicity formula ensures that blow-up limits at any point are area-
minimizing cones. In particular, if the density O(7T', p, r) varies very little between two scales
at enough well-separated points, one can conclude that the current is quantitatively close to
an m-dimensional plane.

The key quantitative step is the following lemma:

Lemma 1.1.3. For everyn,e > 0, there exists § = 6(m,n,e) > 0 such that the following holds.
Suppose that po, . . ., pm—s € B1Nspt(T") are n-separated points (i.e. ming<;zj<m—s |Di—p;| > 1)
satisfying

O(T,p;,2) —O(T,p;, 1) < forall0 <i<m—6.

Then there exists an m-dimensional plane P such that

diSt(T|Bz,P) <eg,

and thus T is reqular in By by Allard’s interior reqularity theorem.

Sketch of the proof of Lemma 1.1.3. The proof proceeds by contradiction: if no such approx-
imating plane exists, blow-up limits at the points p; would yield an area-minimizing cone T4,
invariant under translations along an (m — 6)-dimensional plane. This would force T, to split
off a factor R™¢ and reduce to a 6-dimensional area-minimizing cone. By the classification

of such cones, T, must be flat, contradicting the assumed non-flatness. n

16



To pass from quantitative flatness to a dimension estimate, we use the following measure-

theoretic lemma:

Lemma 1.1.4 (Weak n-Approximation). There exists a continuous increasing function
f: R — R with f(0) =0 such that the following holds. Suppose E C By satisfies: for every

ball B, (p) C By, there ezists a k-dimensional plane L such that
ENB,(p) C an (nr)-neighborhood of L.

Then
dimy (E) <k + f(n).

In our setting, F is the singular set Sing(7T") and k = m — 7. If the weak approximation
condition fails at some scale, then there must exist a ball where the density drops by at
least & between scales r and 2r. However, the mass bound controls how often such failures
can occur: roughly, this can happen at most C(O(7,0,2)/J) times. An iterative covering

argument then yields that the singular set has Hausdorff dimension at most m — 7.

Quantitative Rectifiability and Rectifiability of the Singular Set in

Codimension one

A central development in the regularity theory for area-minimizing currents has been the

introduction of quantitative flatness measurements.

Definition 1.1.5 (Jones’ f-numbers). Given a measure y, the Jones’ f-numbers are defined

by

L m-plane 77

. 1 dist(y, L)\
Bl = inf ((y)) du(y)
B(z,r) r

capturing how far the measure is, on average, from being concentrated near an m-dimensional

plane at the given scale.

17



An essential theorem in rectifiability, due to Azzam-Tolsa and independently to
Naber—Valtorta and Edelen—-Naber—Valtorta, gives a general powerful quantitative rectifiabil-

ity criterion:

Theorem 1.1.6 (Azzam - Tolsa [9, 76]/ Edelen-Naber-Valtorta [40]). A measure is rectifiable
(i.e., it is obtained by integrating a non-negative function over a rectifiable set) if and only if

the B-numbers are square-integrable across scales:

1
dr

/ 5g,u(:1:,7’)2 — < oo for u-almost every x.
0 T

This provides a flexible and powerful criterion for rectifiability based purely on multi-scale
geometric information.

In the context of area-minimizing currents, Naber and Valtorta established a key estimate
linking the density of the density function to the behavior of the S-numbers. Precisely, for

measures u supported on the singular set Sing(T'), they proved

Bou(p,r)? < C’r_m/B " (O(T,x,8r) — O(T, z,7)) du(z), (1.1.1)

where ©(T, z,r) is the mass ratio at scale r. Since the monotonicity formula controls the

variation of ©, this estimate implies that

1 dr
/ ﬁQ,,u(pu T>2 — <0
0 r

for p-almost every p in Sing(T'), thus establishing the rectifiability of the singular set.
This connection between mass ratio decay, quantitative flatness, and rectifiability repre-
sents a conceptual turning point in the understanding of singularities for area-minimizing

currents and other geometric variational problems.
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Higher codimension

In higher codimension, Almgren [4] proved the sharp dimensional bound in 1983, with
his detailed proof reprinted in 2000, occupying over 1000 pages. De Lellis and Spadaro in
2015 [31, 33, 34] majorly simplified the proof of the dimensional bound. Additionally, in
1988 [14], Chang proved that 2-dimensional area minimizing integral currents have a discrete
interior singular set. Later, De Lellis, Spadaro, and Spolaor [35, 36, 38, 37] revisited Chang’s
work and completed the missing part of the proof regarding the existence of a branched
center manifold, which Chang had only briefly sketched. Recently, using the Naber-Valtorta
technique and Simon’s method for proving the uniqueness of the tangent cone, De Lellis,
Minter, and Skorobogatova [28, 29, 24] have proven the rectifiability of the singular set in a
series of works. In parallel, Krummel and Wickramasekera independently established the

rectifiability of the singular set, relying on Simon’s method.

Theorem 1.1.7 (Higher codimension). If T is an area minimizing current in By C R™"

without boundary then:

o The Hausdorff dimension of the singular set is at most m — 2. In particular if m = 2,

it is discrete.

o The singular set is m — 2 rectifiable.

A brief discussion on interior regularity in higher codimension

Almgren’s multivalued functions In higher codimension, the regularity theory is built on
Almgren’s framework of ()-valued functions. For a positive integer (), the space of unordered

Q-tuples of points in R™ is defined as

Ag(R") := (R")? /Sq,
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equipped with the metric

Q Q 2
d (;HPZ]LZ;[[%]]) = 1nf Z]pl oty

Within this setting, one considers Dirichlet minimizers u : Q@ C R™ — Ag(R") of the energy

JALER
Q

subject to prescribed boundary conditions. Dirichlet-minimizing Q-valued functions serve as
the appropriate linear model for analyzing singularities of area-minimizing currents in higher
codimension. They play a role analogous to that of harmonic functions in the codimension-one

setting.

Almgren’s frequency function A key monotone quantity in this theory is Almgren’s

frequency function, defined by
rf B | Du?

faBr ul?

I(r) =
which satisfies the identity

2
Ot — —I<T) U
r

In particular, I is monotone increasing in 7, and constant if and only if u is homogeneous.

The full interior regularity theory requires the following ingredients:

o Multivalued Approximations: Lipschitz Q)-valued approximations exist when the

current is close to a flat plane with multiplicity Q.

e Center Manifold: Singularities arise as higher-order perturbations of a smooth

average, known as the center manifold.

o Blowups: Limits of the multivalued approximations are energy minimizing.
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e Frequency function Control: Ensures blowups are nontrivial.

o Singular Set Bound: If dim of the singular set were > m—2, a minimizing multivalued

function would also satisfy this bound.

The rectifiability of the linear problem was established by De Lellis, Marchese, Spadaro,
and Valtorta [23] (and independently Krummel and Wickramasekera [56]) using a similar
estimate to (1.1.1)

This was further refined by De Lellis and Skorobogatova in [28, 29], who defined a
universal frequency I(7,p) at flat multiplicity-@) points p of a current 7" and showed that the
set {p : I(T,p) > 1} is rectifiable. Compared with [23], De Lellis and Skorobogatova have
to addres significant error terms arising from errors in the multivalued approximations and
changes in center manifolds.

In later work with Minter [24], they established uniqueness of the tangent cone at H™2-
almost every such point and the set where I = 1 has zero H™ 2 measure, completing the
interior rectifiability theory in higher codimension. They use Simon’s techniques on the
uniqueness of cylindrical tangent cones [72].

The uniqueness of tangent cones and rectifiability was also obtain by Krummel and
Wickramasekera, by an application of Simon’s techniques on the uniqueness of cylindrical

tangent cones in [57, 57] combined with a third upcoming paper.

Boundary regularity

The starting point for the boundary regularity theory for area minimizing currents was
Allard’s boundary regularity theorem, which gives under a density condition regularity at
the boundary in any dimension and codimension. The theorem only needs a stationarity

condition, but we state it in the same minimizing framework of the rest of the discussion.

Theorem 1.1.8 (Allard’s Boundary Regularity [3]). If T is an area minimizing current with

a smooth boundary T then points of density 1/2 are reqular (i.e. at a point of the current

21



where the associated measure has density 1/2, the surface agrees in a neighborhood with a
smooth classical minimal surface that attaches smoothly to the boundary). Moreover, this

holds at every point when I' C 0N lies at the boundary of a uniformly convez set.

In his PhD thesis in 1969, Allard [1] proved the above theorem in the convexity setting,
where he posed the same question in a higher multiplicity setting, where he highlights the
difficulty of the problem.

In codimension 1, the problem of boundary regularity was settled by Hardt and Simon in

1979.

Theorem 1.1.9 (Hardt-Simon [51]). If T is an m dimensional area minimizing current in
R™ L with a smooth boundary T, then every boundary point is a reqular point. In this setting,

reqular means one of two valid options:
o T is a smooth minimal surface which attaches smoothly at the boundary.

o T is a smooth minimal surface which is split in two by I', where it switches orientation.
In order to get the correct boundary multiplicity one side has multiplicity Q) + 1 the

other @) for some positive integer Q).

In arbitrary codimension, the closest analogue to Hardt-Simon, requiring Almgren’s

regularity techniques in a boundary setting, is the following theorem:

Theorem 1.1.10 (De Lellis- De Philipis - Hirsch - Massaccesi [21]). If T is an area minimizing
current with a smooth boundary I', then the set of reqular points is open and dense. Here the
definition of reqular is the same one of Hardt-Simon. This result is sharp, meaning that the

singular set can have a Hausdorff dimension equal to that of the full boundary.

The remaining question, which was asked by Brian White in 1984 in the famous list of
open questions [13], is what happens when there is an arbitrary boundary multiplicity.

In dimension 2, when the multiplicity is arbitrary there are two results:
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Theorem 1.1.11 (De Lellis- Steinbruchel - Nardulli [26, 27]). If T is a 2 dimensional area
minimizing current with a smooth boundary I' taken with multiplicity QQ, then every density
Q/2 point is a regular point: the surface consists of a union of smooth minimal surfaces

which multiplicity attaching smoothly to the boundary.

Theorem 1.1.12 (Nardulli - Resende [68]). If T is a 2 dimensional area minimizing current
with a smooth boundary 1" taken with multiplicity Q, then the reqular set is open and dense.

A regular point is again, defined to be one as those considered by Hardt and Simon.

1.2 Contributions of this thesis

In this thesis we extend Allard’s boundary regularity to a higher multiplicity setting.

1.2.1 Uniqueness of the tangent cone

As a result of the monotonicity formula for area, we know that blowup limits, which
are suitable rescalings of the surface along a sequence, converge to an area minimizing cone.
These sequential blowup limits are called tangent cones. However, the tangent cone may
depend on the specific sequence taken.

In 1993, Leon Simon [72] developed a method using the error term in the area monotonicity
formula to study the uniqueness of the tangent cone. His approach reduces this problem
to analyzing the decay rate of energy for the associated linear problem. This method
has been used by Wickramasekera [82], De Lellis-Minter-Skorobogatova [24] and Krummel-
Wickramesekera [57, 58] for the relevant settings at interior points.

The situation and techniques are rather different in the context of 2d area minimizing
currents, since in that setting there is an available epiperimetric inequality which is exclusive
of dimension 2. For relevant literature in 2 dimensions from White, Hirsch-Marini, De
Lellis-Nardulli-Steinbriichel see [79, 54, 26], where the latter is the uniqueness of the tangent

cone in the setting we are considering, but for 2-dimensional area minimizing currents.
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The theorem we obtain is the following:

Theorem A (Fleschler - Chapter 3). Let T be an area minimizing current with boundary I’
taken with multiplicity ). At points of density )/2, the tangent cone is unique. Moreover,
there exists a well-defined normal map, which is multivalued (taking () normal vectors that
define the tangent cone). This normal map is Hélder continuous as a multivalued function.
Additionally, if T" lies on the boundary of a uniformly convex set, then 7" has a unique tangent
cone at every point on I', and the multivalued normal derivative is well-defined and Hoélder

continuous along the entire boundary.

1.2.2 Regularity theory

Building on the uniqueness of the tangent cone we prove in Chapter 3 , we develop
a regularity theory for the boundary singular set of area minimizing currents with higher
boundary multiplicity. Building on the uniqueness of the tangent cone at density (/2 points,
we adapt the techniques of De Lellis and Skorobogatova [28, 29] to the boundary setting. Our
approach relies on quantitative rectifiability tools introduced by Naber and Valtorta, which
we discussed in the interior setting of this introduction, and necessitates a careful adaptation

of the multivalued approximation and error control framework to the boundary context.

Theorem B (Fleschler - Resende - Chapter 4). Let T' be an m-dimensional area minimizing
current with boundary T taken with multiplicity Q). The set of singular density QQ/2 points is
m — 3 rectifiable (countable when m = 3). Moreover, if T lies on the boundary of a uniformly
convex set, then the whole boundary singular set of T' is m — 3-rectifiable (countable when

m=3).

We also obtain the analogue of [21] in our setting. This provides the best possible extension
of the Hardt—Simon regularity theorem to the setting of higher boundary multiplicity. This

theorem, as [21], is sharp with respect to the Hausdorff dimension of the singular set.
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Theorem C (Fleschler - Resende - Chapter 4). Let T' be an m-dimensional area minimizing
current with a smooth boundary I taken with multiplicity @), then the reqular set is open and

dense. A regular point is again, defined to be one as those considered by Hardt and Simon.

Before our work, not a single boundary point in a higher boundary multiplicity setting
was known to be regular for m > 3 dimensional integral currents (with codimension at least

2), even under convexity assumptions.

Techincal considerations In order to run the regularity theory, we define the universal
frequency I(T,p) of De Lellis and Skorobogatova, at flat boundary singular points p. We
obtain I(T,p) > 1+ a(m,n) and prove rectifiability via the Naber—Valtorta technique getting
an estimate like (1.1.1).

We need to address the following:

o Multivalued Approximations: The approximations and center manifold that Alm-

gren constructs must be adapted to our boundary setting.
o Error Terms: We need to control new boundary error terms, not present in [28, 29].

« Dimensional Bound: Requires adaptations of the [28, 29] estimates on the frequency

function, highlighting a significant contrast with the interior case.

1.2.3 Singular example

The construction of singular examples of area minimizing currents presents substantial
challenges, typically requiring the construction of a calibration, which is a specific type of
differential form adapted to the surface whose existence implies the area minimizing property.

In codimension 1, the proof of the minimality of the Simons cone in 1969 [11] was a
turning point in the history of regularity of area minimizing currents since it provided the
first example of a singular area minimizing integral current in codimension 1. The proof

was later simplified in [39]. In higher codimension, a large family of examples is given by
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complex varieties due to Federer [41], since they are automatically calibrated and thus area
minimizing.

In the context of boundary regularity for area minimizing currents, White in 1997 showed
that in a parametric context there are no true boundary branch points for a 2-dimensional
area minimizing current with a real analytic boundary curve [80]. A true branch point is one
where the current cannot be separated into smooth minimal surfaces. In that work, he posed
the question of whether an area minimizing current with a real analytic boundary has finite
topology, which is equivalent to finiteness of the interior and boundary singular sets and
to the area minimizing current being a Douglas - Rado solution. In contrast, for a smooth
boundary, Gulliver in 1991 [50] provided an example of a true boundary branch point for a
minimal surface (not minimizing) in R3.

In [53], Hirsch shows an example of a holomorphic function vanishing to infinite order at
the boundary in the half-space. This example is used in [21] to show that if the boundary
curve is merely allowed to be smooth then the boundary singular set can have Hausdorff
dimension 1. Furthermore, in [19], De Lellis, De Philipis and Hirsch provide an example of
an area minimizing current in a Riemannian manifold whose boundary is a smooth curve and
the associated surface has infinite topology. These examples show that the behaviour when
the boundary is smooth but not real analytic can be quite singular - unlike the regularity

predicted by White’s conjecture in the real analytic case.

Theorem D (Fleschler - Chapter 5). There exists a 3-dimensional area minimizing current
T in By with a real analytic boundary taken with multiplicity 2, where every boundary point
is taken with density 1, and which has an essential singularity: a point where the surface

cannot be decomposed locally as two smooth minimal surfaces attaching to the boundary.

This theorem demonstrates the dimensional sharpness of the regularity theory we developed
4, in collaboration with Reinaldo Resende. The example we developed in Chapter 5 shows
that, even if the boundary is required to be real analytic, there are counterexamples of

essential singularities, analogous to the true branch points considered by White and Gulliver,
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but in the higher multiplicity setting corresponding to Allard’s PhD thesis [1] (multiplicity 2,
density 1).

The example comes from a more general theorem,
which roughly speaking says that if for 7" a 3d area
minimizing current, 97 looks like the picture on the

right then it has an essential boundary singularity. The

defining features of the picture are that 97" consists of
two pieces, one which is topologically a disk 'Y (taken )
Figure 1.1: Boundary of example

with multiplicity 2) and the other which is a Mébius
strip ' which passes through OI°.

The theorem is a consequence of the Holder continuity of the multivalued normal map,
which we show to hold on the spherical cap in the picture up to it’s boundary given by
the black wire. This relies in the multivalued Holder estimate at smooth boundary points

established in Chapter 3 and employs at the corner points (the black wire), Simon’s method

for the uniqueness of tangent cones [72].

1.2.4 A theorem in classical rectifiability

The field of rectifiability started in the 1920’s by Besicovitch with his study of sets of finite
1 dimensional measure. He proved a decomposition of any 1 dimensional set of finite measure
into two pieces, a rectifiable part and a purely unrectifiable part. The rectifiable part, up
to a set of 1 dimensional zero, can be covered by a union of countably many dimensional
curves of finite length, the unrectifiable part intersects every curve of finite length in a set
of 1-dimensional measure zero. Rectifiability was later extended into higher dimensions
with significant contributions spanning from the 1920s to the 1990s by Besicovitch, Federer,
Marstrand, Mattila and Preiss. In higher dimensions, a set £ C R" is k rectifiable if there

exist countably many Lipschitz maps f; : R¥ — R" such that E \ U f;(R*) has k-dimensional
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measure zero. A set is said to be k-purely unrectifiable, if its intersection with any rectifiable
set has k-dimensional measure zero.

In 1956, Besicovitch [10] showed, in more modern terms, that a set contained in the
two-dimensional plane with one-dimensional non o-finite measure, meaning it cannot be
decomposed into countable sets of finite one-dimensional measure, has a purely unrectifiable
subset. This is equivalent to stating that a set with every subset of one-dimensional finite
measure being rectifiable must have o-finite measure and be rectifiable in the classical sense.
In collaboration with Camillo de Lellis, we generalize Besicovitch’s theorem to a higher

dimension and codimension setting.

Theorem E (De Lellis - Fleschler - Chapter 2). A borel set with non o-finite k-dimensional
measure contains a purely unrectifiable subset with positive and finite k-dimensional measure.
Equivalently, a set whose finite measure subsets are rectifiable, has o-finite measure and is

rectifiable in the classical sense.

This generalization not only extends Besicovitch’s classical theorem, but also serves to
simplify the use of the Naber-Valtorta technique, a powerful tool widely used in geometric
analysis for proving the rectifiability of singular sets in various settings, as already discussed
in the context of regularity of area minimizing currents. We also utilize this result in the

thesis to develop the boundary regularity theory with Reinaldo Resende in Chaper 4.

Organization of the thesis

This thesis is structured as follows. Chapter 2, written in collaboration with Camillo de
Lellis, presents our rectifiability result and discusses its broader implications within geometric
measure theory. Chapter 3 establishes the uniqueness of boundary tangent cones in the higher
multiplicity Allard’s setting. Chapter 4, jointly authored with Reinaldo Resende, develops the
boundary regularity theory established in this thesis. Finally, Chapter 5 constructs examples

of boundary singularities, demonstrating the optimality and sharpness of our theory.
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Chapter 2

An elementary rectifiability lemma

This chapter is in collaboration with Camillo de Lellis and has been published in [22].

2.1 Introduction

The purpose of this chapter is to show two facts in geometric measure theory which have
a rather elementary flavor and can have several interesting applications, but nonetheless seem
to have gone unnoticed in the literature. As usual H* denotes the Hausdorff k-dimensional
measure and when k is an integer, we will call a set R C R" k-rectifiable if it is H* measurable
and it can be covered by countably many Lipschitz k-dimensional graphs up to an H*-null
set. Moreover, we will call a Radon measure p k-rectifiable if there is a k-rectifiable set R

and a Borel function f such that u = fH¥L R . We are then ready to state the first lemma.

Theorem 2.1.1. Let 1 < k < n be two given integers. Assume E C R" is a Borel subset

and consider the family F(FE) of all Radon measures ju supported in E such that:

(a) p is a Frostman measure, namely there is a constant C' such that

w(B,(z)) < CrF for every x and every r. (2.1.1)
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(b) the upper k-dimensional density of p is positive p-almost everywhere, namely

limsup 7 *u(B,.(x)) >0 for u-a.e. x.
rl0

Then E is k-rectifiable if and only if every measure p € F(E) is k-rectifiable.

In the applications we have in mind E will typically be a closed set, in particular the
assumption that F is Borel is more than enough. However understanding what is the minimal
measurability assumption on E seems an interesting question. Given the relation with Radon
measures, we conjecture that the most natural assumption on E' is “universal measurability”,
namely that for every Radon measure g on R™ E' is Borel up to some p-null set. While we
do not wish to dwell on this question, the theory available in the literature combined with
our arguments give immediately the statements of Theorem 2.1.1 and Theorem 2.1.2 for an
intermediate class of sets, called Souslin or analytic, which are universally measurable and
contain the Borel sets. From now on we will therefore state our results for this more general
class of sets. Since however this is is not the main point of our note and rather a remark
of technical nature, we just refer to [42, Section 2.2.10] for the definition of Souslin sets.
Moreover, while we will point to the references in which one finds the necessary statements
about them needed in our proofs, we will not make any further comments: the reader who
is not familiar with the theory of Souslin sets and is not interested in fine measurability
questions can simply substitute the word Borel to Souslin, and then all our statements would
be covered by “classical” measure theory.

We are now ready to state the second lemma.

Theorem 2.1.2. Let 1 < k < n be two given integers. Assume E C R™ is a Souslin set which
is not H¥ o-finite. Then E contains a closed subset F' such that 0 < H*(F) < oo and which

is purely k-unrectifiable, namely H*(F NT) = 0 for every Lipschitz k-dimensional graph T.

Theorem 2.1.1 follows then from Theorem 2.1.2 rather quickly. First of all, if £ is

k-rectifiable, then it is obvious that any measure u € F(F) is k-rectifiable, since condition (a)
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implies that 4 < H¥L_ E. The converse is particularly simple to prove when E is H*-o-finite.
In this case if E were not k-rectifiable, then it is a classical fact that it contains a purely
k-unrectifiable closed set F' with 0 < H¥(F) < oo. We can then appeal to the classical
Frostman lemma (cf. [62]) to find a nontrivial Frostman measure p which is supported in F.
The Frostman condition also implies that p << H*L F leading to the existence of a Borel
function f such that u = fH*L F. In particular 4 € F(FE) and it is not k-rectifiable. The
latter makes also clear why Theorem 2.1.2 provides the general converse in Theorem 2.1.1: it

just guarantees the existence of a set F' as above even when F is not H*-o-finite.

Remark 2.1.3. The theorem also holds when £ C (X, d) is a Souslin subset of a o-compact
doubling metric space, i.e. a metric space for which there exists M with the property that
every ball of radius 7 can be covered by at most M balls of radius /2. Since our main
interest is in the Euclidean space we will only briefly sketch how to handle this more general

case.

Before coming to a discussion of the interesting applications that the theorems above
have, we point out that the case n =2 and k& = 1 of Theorem 2.1.2 is in fact contained in a
classical work of Besicovitch, cf. [10, Theorem 6]. However, in spite of its rather elementary
nature, we have not been able to find Theorem 2.1.2 in the literature, nor we have found any
work asking the fairly obvious question of whether Besicovitch’s theorem can be generalized

to arbitrary dimension and codimension.

2.1.1 Rectifiability questions in geometric analysis

Our interest has been partially spurred by the groundbreaking work of Naber and Valtorta
[67]. In several problems of geometric nature, for instance in the theory of minimal surfaces,
that of harmonic maps, or that of Ricci limits, one is naturally lead to study solutions of
PDEs, or minimal/critical points of variational problems, or generalized spaces, which are

not everywhere smooth, but for which a suitable regularity theory gives upper bounds on the
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dimension of the singular set (defined as the complement of all points at which the object of
interest is smooth). When the upper bound is optimal, namely it matches the dimension of
the singular set for some known examples, the next natural question is whether the singular
set has some more structure. In some of the examples mentioned above, i.e. in the case of
singularities of harmonic maps and of minimal surfaces, showing even just the rectifiability
of the singular set has been surprisingly hard. In some notable cases (minimizing harmonic
maps, area-minimizing hypersurfaces, and mod-2 minimizing surfaces in any dimension and
codimension) this was achieved in pioneering works of Leon Simon in the nineties. We refer to
chapter 15 of [63] for a more detailed overview of questions on the rectifiability of singularities
of solutions to geometric variational problems.

A few years ago Naber and Valtorta introduced in [67] a rather powerful and flexible
technique to recover and improve Simon’s rectifiability results. The approach of [67] has in
fact been extended to several other situations, especially due to its flexibility (cf. for instance
5, 6, 15, 23, 29, 40, 47, 48, 49, 66, 65]): while Simon’s proof uses quite hard PDE techniques,
the approach of Naber and Valtorta uses very little of the problem at hand, the real key point
being the availability of a monotonicity formula with some suitable structure, a property
which is common to a variety of situations in geometric analysis.

Roughly speaking the approach of [67] can be subdivided into three steps. To fix ideas

we assume that the singular set we are interested in has Hausdorff dimension k.

(i) A first general theorem, which has been independently discovered by Azzam and Tolsa
in [8], ensures the k-rectifiability of a k-dimensional measure p under a suitable sharp
control of what in the literature is called L? B-number. For a particular case of the
statement see Theorem 2.1.4 below (the version of [40] is slightly stronger, the version

we refer to was already proved combining [8] and [77]).

(ii) The sharp control needed in (i) is then achieved for every Frostman k-dimensional
measure ;4 which is supported in the singular set using in a careful and clever way the

monotonicity formula available for the problem.
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(iii) If one knew the o-finiteness of the singular set with respect to the H* measure, (i) and
(ii) would then immediately imply its rectifiability. However we only know a priori that
its Hausdorff dimension is k. To overcome this difficulty, Naber and Valtorta use quite
subtle covering arguments and an approximate version of (i)-(ii) for suitably discretized
measures. An alternative approach is given in [15] through what the authors call “neck

regions”.

The reason of our interest in Theorem 2.1.2 should now be obvious: with the latter at
hand, we can just completely bypass point (iii) in the Naber-Valtorta strategy, and conclude
immediately the o-finiteness and rectifiability from (i) and (ii) at an “abstract level”. It must
be however noted that, while Theorem 2.1.2 is thus a useful general tool, which allows to
bypass a quite sizable and difficult argument in (iii), it does not have its exact same power. In
fact, under certain additional assumptions, Naber and Valtorta are able to use their arguments
in step (iii) to conclude also the local H*-finiteness of the singular set. We do not exclude
the possibility that, once we know the rectifiability through Theorem 2.1.2, the argument of
Naber-Valtorta for proving H* local finiteness could be simplified and streamlined: we have
simply not tried to do it.

For completeness we end this paragraph by stating the Azzam-Naber-Tolsa-Valtorta

Theorem referenced in point (i) above.

Theorem 2.1.4. Let S C R™ be an H*-measurable set with 0 < H*(S) < oo and consider

pi=HFLS. Then S is k-rectifiable if and only if

g o ds
/ Bs,(x,8)° — <oo  forp-a.e. x,
0o S

where

1/2
55#(1-, s) := inf ({er/ dist*(y, L) d,u(y)) : L is a k-dim. affine space} :
B, (z)
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2.1.2 Quantitative rectifiability

We are also interested in Theorem 2.1.2 in the broader context of quantitative rectifiability.
In quantitative rectifiability many questions (which a posteriori can have many fruitful

applications) can be phrased in the following form:

(Q) Consider a quantity ag(z,r) which measures “how close to k-rectifiable a set E is”

(such as some form of flatness or symmetry) at the scale r around the point x. Having

! d
Ay = {xEE:/ aE(x,r)2r<oo}.
0 r

Is A rectifiable? More specifically, if we knew that A,, = E, is E rectifiable?

fixed E consider

The idea is then to use Theorem 2.1.2, in appropriate situations, to reduce the question above
to the much more favorable case where E has finite {* measure and A, =L
For concreteness we will give two examples. We define the  coefficient for the Hausdorff

content as:

1/2
B35 p(x,r) := inf { <r_k_2/ dist?(y, L) d’Hﬁo(y)) : Lis a k-dim. affine space} :
By (z)NE

The integral above is with respect to the Hausdorff content H% | which is not a measure. In

particular we define such integral as

/Af(x)pd,}‘[];o(l') = /OOO H’;o ({QE S A|f(gj) > t}) =14t

Let E be a compact set. We first remark that A, is Borel. The coefficient 32, g is upper
2,E

semicontinous on (z,7) and the integral can be equivalently taken as a discrete sum over

dyadic scales. This information is enough to verify that the set is Borel since the coefficient

is a Borel measurable function of z.
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Let 1 be any Frostman (or k upper regular) measure supported on E. It is rather easy to

see then that:

ﬁg,u(xﬂ T) 5 Bg,E(xﬂ T)‘

This means that, if ¥ C A%, is a Borel set such that u = ¢H*¥_ F (for some constant ¢ > 0)

BY e
is Frostman, then p has finite 55’ ., square function. In particular we can use Theorem 2.1.4

to say that every such subset is rectifiable. Fix now any F' C Az, with finite Hausdorff

e
measure. A simple exercise shows that F' can be written as a countable union Z U J; F;,
where the Borel sets F; enjoy the above property and Z is H*-null. We can apply Theorem
2.1.2 and conclude that the answer to (Q) is positive. The coefficients Bg g were introduced
by Azzam and Schul in their work [7] on the analyst’s traveling salesman theorem in the
context of lower content regular sets. The study of the set AEQ‘,E has been done in the context
of tangent points to lower content regular sets by Villa in [78]. The argument above gives
that the latter set is rectifiable even when the lower content regularity is dropped.

The second author was also interested in Theorem 2.1.2 due to his work on the higher
dimensional Carleson €2 conjecture, joint with Tolsa and Villa. Let O+, Q- Cc R"*! be open
and disjoint and let B(x,7) C R"™! be a ball. Let H C R"™! be a halfspace such that z € OH.
Denote Sjf; = 0B(x,r) N H and Sy = 0B(z,r) \ H. Define
1

en(z,7) = p

inf > H"(Sy \ ).

i=+,—

Theorem 2.1.5. Let Q7, Q™ C R be open and disjoint and let

! d
E .= {:c € R / €n(:v,r)2—r < oo} .
0 r

Then E is n-rectifiable.

The strategy used in [46] is to prove that every subset of this set with finite measure

is rectifiable. In order to conclude that the whole set has o-finite measure (and hence is

35



n-rectifiable) [46] uses a specific argument which still relies on Lemma 2.3.4. Alternatively we
can now use Theorem 2.1.2 and Corollary 2.1.1. We only need to check that A., is Souslin,
but indeed it is Borel. This is already remarked in [46], but we include a brief discussion
here. Indeed the coefficients ¢, (x,r) are upper semicontinous on (z,r) and thus, for every

positive s, the map x — fsl en(m,7)? d—: is upper semicontinous. This is enough to check that

the A, is Borel.

2.2 Geometric preliminaries

We denote by Q; the family of closed dyadic cubes of R™ with sidelength 277.

Definition 2.2.1. We say that a set E is sparse if there is a sequence of integers [; 1 oo with
the following property. For every @ € Q;; there is a subcube Q' C Q with Q" € Q;,,; such

that
Ec | @. (2.2.1)

Qe
For the purpose of Theorem 2.1.2 the latter definition would be enough and we would
need the rather standard fact that any subset of a sparse set cannot be k-rectifiable for any
k > 1. In order to handle the more general case of doubling metric spaces it is however useful

to consider a version of the sparsity defined above which uses balls in place of cubes.

Definition 2.2.2. We say that a set E is weakly sparse if there is a sequence of real numbers
r; . 0 and a universal constant N with the following property. For every ball B of radius r;

there exist at most N balls {B;}1<;<y of radius 277r; such that

EnBc |J B. (2.2.2)
1<IKN

Remark 2.2.3. Notice that if E' is sparse then it is weakly sparse with N = 3". This follows

from the fact that a ball of radius 277! can intersect 3" cubes of sidelength 277.

The main tool we need from this section towards Theorem 2.1.2 is the following proposition.
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Proposition 2.2.4. Let k be a positive integer and (X, d) a metric space. If ' C X is an

HF-measurable set which is weakly sparse, then F is purely k-unrectifiable.

Proof of Proposition 2.2./. We can reduce to the case where X is Banach space by embedding
the metric space X isometrically into some Banach space.

Suppose that F' is not purely k-unrectifiable. This means there exists a Borel set B C R*
and a Lipschitz function f: B — X such that H*(f(B) N F) > 0. We will show that this
cannot happen. It will be enough to show this to be the case when f is a bi-Lipschitz map on
B. Indeed, a rectifiable subset of a Banach space can be covered, up to a set of H* measure
zero, by a countable union of bi-Lipschitz images of Borel sets. We appeal to chapter 7 of
[63], page 56, for this particular characterization of rectifiable subsets of Banach spaces.

We will denote the bi-Lipschitz constant by L. We can further restrict B to an H*-
measurable subset, such that its image via f is now contained in F'. We claim that B must
be a weakly sparse subset of R*. Let B be any ball of radius (2L)'r;.

Then f(B) C B where B is a ball of radius r;. This means that there exist {B;}1<j<y

balls of radius 277r; such that

BNBC fYBY).
1<ISN
There exists balls B; of radius L279r; that contain the ball f~(B;) C B,. This is indeed the
weakly sparse condition.
Now the weakly sparse condition will give us that for every x € B, the lower Lebesgue
density is zero (i.e. ©F(x,B) = 0). This implies that B has zero Lebesgue measure, and thus

f(B) has zero H* measure. This completes the proof of the proposition. ]
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2.3 Generalized Hausdorff measures

In this section we collect the other tool which is needed to prove Theorem 2.1.2. We

follow [71] and introduce the following generalization of the Hausdorff measure H*.

Definition 2.3.1. Given a continuous increasing function r — h(r) with A(0) = 0 and a set
E we define
HE(E) = inf { Sh (diam(C’i))| diam(C;) <6, J Ci 2 E} :

=1
We also define H"(E) = lims_,o H}(E).

k
In particular the usual Hausdorff measure H* amounts to the choice of h(r) = w, (g) .

All the classical facts about “standard Hausdorff measures”, e.g. that they are an outer
measure, that they are Borel regular, and many of the tools available for them generalize to
the case above. Since it is not in our interest to review the general theory, which is indeed
extensively treated in [71], we will just limit ourselves to provide precise references to the
facts which are needed in our proof.

We will need three key lemmas. The following is a generalization of Frostman’s lemma.

Lemma 2.3.2. Let r +— h(r) be a continuous increasing function with h(0) = 0. Given an
analytic set E such that H"(E) > 0 there is a Radon measure p such that u(E) > 0 and
w(Q) < h(diam(Q)) for every dyadic cube Q.

Proof. We can use [71, Corollary 2, Section 6.2] to find an F, set £/ C E with H"(E') =
H"(E), which in turn reduces the lemma to the case of a compact E. We can then follow the
proof of [62, Theorem 8.8]. We report it here for the reader’s convenience to highlight that,
even though the proof in [62, Theorem 8.8] is written for the case h(r) = w; (g)s, namely
that of classical Hausdorff measures, it works for general h.

Without loss of generality we assume that F C [0, 1]". We fix a positive integer m and

define the measure fi,, ., as

o lmml @ = h(diam(Q))2 "™ L Q for every Q) € Q,, such that Q N E # (J;
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o [mmL @ = 0 otherwise.

We then define ,,; inductively with [ decreasing till ji,,, 0. Assuming that j,,; has been

defined and [ > 0, we define p,,;—1 on each cube ) € Q;_; as follows:
* HUm,i-1 LQ = Hm, LQ if Nm,l(@) < h<dlam(Q))>

* Hmi-1 LQ = h(diam(Q))(Mm,l(@))_lum,lLQ otherwise.

We then set fim, := im0 and observe that p, o(R™) < h(diam([0, 1]™)) = h(y/n). In particular
we can assume the existence of a subsequence, not relabeled, converging weakly* to some Radon
measure p. Observe that p,,(Q) < h(diam(Q)) for every dyadic cube @ with diam(Q) >
v/n27™. However, since @ is closed, we have the inequality £(Q) > lim sup, 1., im (@), which
of course cannot be used to get an upper bound on p(Q). Rather, for every fixed @), consider
the 3" dyadic cubes ()1, ..., @3~ with same diameter which have nonempty intersection with
it. If we let U be the interior of U; Q;, then obviously pu,,(U) < 3"h(diam(Q)) whenever

v/n27" < diam(@Q). On the other hand U is open and contains @, so we can conclude

#(Q) < p(U) < liminf p,(Q) < 3"h(diam(Q))

In particular, up to dividing by 3", we achieve the inequality u(Q) < h(diam(Q)) for every
dyadic Q.

Next consider that pu,, is, by construction, supported in the union of cubes of diameter
v/n27" which intersect E, and thus in the y/n2~™-neighborhood of E. Since F is closed, u
is therefore supported in E. Hence, as soon as we show that p(R™) > 0, we are done. On the
other hand p is supported in [0, 1]™ and therefore p(R™) = lim,, p,,(R™). It thus suffices to
find a lower bound for p,,(R™). Fix m and observe that each = € E is contained in a cube
Q of diameter at least /n2~™ such that u,,(Q) = h(diam(Q)) and @ C [0,1]". Denote it
by Q.. {Q.}sck is then a finite collection of dyadic cubes. So, given two different x and y

in E, either @), C @,, or the intersection of ), and @), is contained in 0Q),. In particular
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if we let C denote the family of those (), which are maximal under inclusion, we find that
the elements of C have disjoint interiors, while they form a covering of E. Note that p,,
is absolutely continuous with respect to the Lebesgue measure: though two distinct cubes
@, Q" € C might have nonempty intersection, the latter has zero Lebesgue measure, and hence

zero i, measure. We therefore have

Z h(diam(Q)) = Z i (Q) < pim (R™).

QeC QeC

However, because C is a cover of F, we find

Hi(B) < ngjh(diam(Q)) < i (R™).

Now, since H"(E) > 0, we must have H" (E) > 0 as well, in particular we have found the

desired positive lower bound for g, (R™). O

The second is a classical result for “usual” Hausdorff measures, which follows from

combining [62, Theorem 8.8] with [62, Theorem 8.13].

Lemma 2.3.3. Assume v is a (nontrivial) Radon measure on R™ and s > 0 a real number such
that v(Q) < (diam(Q))* for every dyadic cube Q. Then there is a closed subset F C spt (v)

such that 0 < H*(F) < oc.

The third is perhaps the most critical ingredient. In the case of a closed set E it is a
theorem of Rogers in [70], generalizing a classical one by Besicovitch in the plane, cf. [10,
Theorem 3]. The case of an analytic set is achieved combining Roger’s Theorem with [75,
Theorem 6.6], which implies that any analytic set which is not #" o-finite contains a compact

set which is not H"-o-finite (the case h(r) = r® of the latter theorem is due to Davies in [16]).

Lemma 2.3.4. Let r — h(r) be a continuous increasing function with h(0) = 0 and let

E C R" be an analytic set which is not H"-o-finite. Then there is a continuous function
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r+— g(r) with g(0) = 0 such that E is still not H9-o-finite and

lim 98 =0. (2.3.1)

In the converse direction one has that if H9(E) > 0 and g, h satisfy 2.3.1 then H"(E)
is non o-finite. This is easily seen to be true since if H"(E) was o finite we can cut it into

countable pieces with finite measure, each of those having zero HY measure.

2.4 Proof of Theorem 2.1.2

We start with a set E as in Theorem 2.1.2 and we apply Lemma 2.3.4 to find a continuous

function h such that h(0) = 0, r — h(r) is increasing,
lim —~ =0, (2.4.1)

and E is not H" o-finite. We next apply Lemma 2.3.2 to find a corresponding measure .
We can, without loss of generality, assume p(R™\ E) = 0, since we can restrict u to E (note
that, since F is analytic, E is also universally measurable, which in particular implies that it
is u-measurable). Since u is a Radon measure, we can find a compact subset E’ such that
w(E") > 0. Without loss of generality we assume that p is in fact supported in E’ (again, it

suffices to substitute p with pl E’). We next prove the following lemma.

Lemma 2.4.1. Let h be a continuous increasing function such that (2.4.1) holds (and thus
k < n) and p a nontrivial Radon measure such that u(Q) < h(diam(Q)) for every dyadic

cube Q). There is a nontrivial Radon measure v with the following properties:
(a) v(Q) < (diam(Q))* for every dyadic cube Q;
(b) the support of v is contained in the support of ;

(c) the support of v is sparse.
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Having Lemma 2.4.1 at our disposal, we find a corresponding measure v. We can then
apply Lemma 2.3.3 to find a set F' in the support of v such that 0 < H*(F') < co. It follows
from our discussion so far that F' is contained in the set E given at the very beginning.
On the other hand such set F' must be sparse and hence, by Proposition 2.2.4, it is purely
k-unrectifiable, thus completing the proof of Theorem 2.1.2. We are thus left with proving
Lemma 2.4.1.

Proof. We fix p as in the statement and, without loss of generality, we assume that pu is
supported in [0, 1]" and that p is a probability measure. We also assume, without loss of
generality, that

n(0Q) =0 for every dyadic cube Q. (2.4.2)

In fact, if the condition (2.4.2) does not hold, it means that u(F) > 0 for some face F' of
0@). We can then restrict u to the latter face, and reduce the statement to the same one
in R"~1. The measure p is still a Frostman measure over I’ with the dimension function
h(r) := h(\/gr) We then get that spt(p) N F has positive " measure. Of course, h still
satisfies 2.4.1, and thus spt(u) N F still has non o-finite H* measure. We iterate until (2.4.2)
holds and we observe that this must happen because, if we were to reach k =n — 1, given

that the dimension function h satisfies (2.4.1), any H"~!-finite Borel set would be p-null.

The measure v will be constructed as weak™ limit of an appropriate sequence v; of measures.
The latter, which will be constructed inductively from p = vq, will all be probability measures

satisfying the following properties.
(i) The support of v; is contained in the support of v;_; and (2.4.2) holds with v; in place
of p.
(ii) v;(Q) < min{27""h(diam(Q)), Co(diam(Q))*} for all dyadic cubes @, where the constant
Co > 1 is chosen so that h(r) < Cor* for every r < /n.

Moreover, there will be a sequence of integers [; satisfying l;11 > [; 4+ j and Iy = 0, such that

v; satisfies the following additional properties:
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(iii) v;(Q) = v;—1(Q) for all dyadic cubes Q € Q.
(iv) For j > 1 there is a family F; C Qy,4; such that

(iv’) v; is supported in Ugrer, @'

(iv”) For each cube @ € Q;; there is at most one cube Q" € F; such that Q' C Q.
Observe that, combining (iii) and (i) we actually know that
(iii") v;(Q) = v;—1(Q) for all dyadic cubes @ € Q; with [ < ;.

Moreover vy = u satisfies all the requirements.

Before coming to the inductive construction of v;, let us observe that v; converges weakly*
to some measure v (we could in fact appeal to the weak* compactness of probability measures
to conclude the existence of such a limit for an appropriate subsequence, but actually by
(iii’) there is no need for such an extraction) and that such v satisfies the requirements of
the lemma. In fact spt(v) C spt(v;) for every j by (i), which in particular implies that
spt () C spt (1) = spt (u). Moreover, because of (iv), we conclude that spt (v) is sparse.
Observe that, because of (ii), v;([0,1]") = u([0,1]") = 1 for every j, and in particular v must

be a probability measure. Finally, from (ii) and (iii) we also conclude (a) after rescaling.

We now come to the construction of v; from v;_;. First we pick {; > [;_; 4 j so that

h(diam(Q) g2 ' |
(diam(Q))* <2 VQ € Q; with [ > 1, (2.4.3)

which obviously is possible because of (2.4.1). Next, select all the cubes @ € Q;; for which
v;—1(Q) > 0 and call this collection ¢. Secondly, subdivide each cube @ into 2" cubes

belonging to Q;;1; and select one Q" among them so that

vi1(Q) > 27, 1(Q) .
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We next define F; to be the collection of such )" and and we define v; on each cube @) € ¥ as
vj LQ = %ijl LQI. (244)

Note that the latter gives a well defined measure because we know v;_1(9Q) = 0 for every
dyadic cube Q.

Observe that (i), (iii), and (iv) all hold by construction. As for (ii), because of (iii’), the
inequality holds for any cube @ € Q; with [ < [;. We thus need to show it for any cube
Q € Q; with [ > [;. But by construction such a cube must be contained in an element QeY.

If we denote by @’ the element of F; contained in Q, (2.4.4) yields the inequality

Q) < 218 (@) £ 2754(Q).

Next, observe that, since (iii) holds for v;_;, we have

vi(Q) < 2 min{2U~ V" h(diam(Q)), Co(diam(Q))"}

< 27" h(diam(Q)) = min{2""h(diam(Q)), Co(diam(Q))"},

where we have used (2.4.3), which we can apply because Q € Q; and [ > [;. In particular

this shows the estimate (ii) for any dyadic cube, and hence completes the proof. O

Sketch of the proof of Remark 2.1.3. We provide a brief sketch of the modifications to be
made. The interested reader can fill the details.

First of all, any o-compact metric space X can be written as the countable union of
compact subsets X; of X, while if £ C X is not o-finite for the Hausdorff £-dimensional
measure, then for some 7, £ N X; must be non o-finite for the Hausdorff k-dimensional
measure on X;. This shows that our statement reduces to compact metric spaces.

Lemma 2.3.4 can be used in the same way as before, in particular in the paper [75] the

lemma is proved in compact metric spaces.

44



The proofs of Lemma 2.4.1 and Lemma 2.3.2 rely on the dyadic cube structure of the
Euclidean space, which still exists on doubling metric spaces. Note that the constant N will
depend precisely on the doubling constant of the metric space.

The dyadic cube structure of doubling metric spaces has been frequently exploited in
harmonic analysis and there is much literature on the topic. The reader can consult for
instance [55].

We can then complete the proof using Proposition 2.2.4. O]
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Chapter 3

Uniqueness of tangent cones at

minimum density boundary points

This chapter has been published as a preprint in [43].

3.1 Introduction

In this chapter, we prove the uniqueness of the tangent cone to an area minimizing current
with smooth multiplicity ) boundary, at boundary points where the density is the lowest
possible, that is, )/2. This is the first paper in a series of three where we extend Allard’s
Boundary Regularity theorem to a higher multiplicity boundary setting. In collaboration
with Reinaldo Resende, in Chapter 4, we show that for an m-dimensional area minimizing
current, the set of boundary singular points with density @ /2 is H™ 3 rectifiable. Moreover,
we show that the set of boundary regular points, without any density restriction, is both
open and dense. We show the regularity theory for density /2 points to be dimensionally
sharp in Chapter 5.

As a consequence of the uniqueness of the tangent cone, we show a decomposition theorem

that serves as the foundation for the regularity theory in Chapter 4.
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Additionally, under a convex barrier hypothesis - a setting previously considered by Allard
in the multiplicity 1 case - we show that all boundary points will have density )/2. Thus,
our theorems also apply in this context.

In Chapter 5 we use the results and methods of this Chapter to prove an excess decay
type theorem at points of "corner type"'. The boundaries we consider in that setting consist
of smooth surfaces meeting at a smooth m — 2 dimensional common interface and we obtain
decay to the tangent cone at the common interface. This allows us to construct a very general
family of examples of essential boundary singularities of density 1 for a 3 dimensional area
minimizing current in R® with a multiplicity 2 boundary that can be taken real analytic. This

family of examples shows dimensional sharpness of the regularity theory developed in [45].

3.1.1 History

In his 1993 paper [72], Simon investigated the uniqueness of tangent cones for a class of
stationary varifolds with multiplicity 1. In this work, he developed what are now referred to
as Simon’s estimates, using the remainder of the monotonicity formula under the presence of
points of suitable density, often called the "no holes" condition. These estimates show that
the L? height of the varifold does not concentrate at the spine of the cone, thus reducing
the task of proving uniqueness of the tangent cone to studying the energy decay for the
associated linear problem.

Also in an interior regularity setting, Wickramasekera in [82] extended Simon’s work to a
higher multiplicity setting in codimension 1. He studied stationary varifolds that are stable
in the regular part and have no classical singularities. More recently, De Lellis, Minter, and
Skorobogatova [24], along with Krummel and Wickramasekera [57, 58], independently used
Simon’s techniques at the interior for area minimizing currents with higher multiplicity and
higher codimension.

The recent work [25] studies area minimizing currents mod p, where the tangent cones

under consideration include open books (composed of planes meeting at a common spine)
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and classical planes with multiplicity. In the present paper, we study, for the first time, the
case of area minimizing currents with boundary taken with integer multiplicity @ > 1 for an
integral current of arbitrary dimension and codimension. We mention that in this context,
the "no holes" condition is naturally satisfied at every point, allowing us to establish the
uniqueness of tangent cones at every boundary point of minimum density.

An important difference from [25] is that, while their work also considers tangent cones
that includes open books in the m — 1 strata, the currents do not have boundary mod p. Their
results instead address, in a sense, an interior regularity problem for a class of stationary
varifolds. Furthermore, their cones satisfy a balancing condition: " Q;v; = 0, where v; are
the normals to the spine, and the multiplicities @; fulfill @; < p/2 and > Q; = p. For a
related uniqueness of tangent cones result concerning a subclass of open books in codimension
1, see [64].

The approaches to studying the uniqueness of the tangent cone differ substantially in
the context of 2d area minimizing currents since they rely on the epiperimetric inequality
which is only available in 2d. Indeed in [79], White showed the uniqueness of tangent cones
at interior points in this setting using an epiperimetric inequality. Hirsch and Marini later
adapted White’s result to the case of boundary uniqueness for 2d area minimizing currents
with boundary multiplicity 1 [54]. More recently, De Lellis, Nardulli, and Steinbriichel [26]

extended these results to arbitrary boundary multiplicity.

3.1.2 Results

This chapter studies regularity properties at the boundary of an area-minimizing current
at points of minimum density. We assume the current has a C? boundary and is area

minminimizing in a C? manifold.

Assumption 3.1.1. Let m,n > 2,7 > 1, Q > 1 be integers. Consider ¥ an (m + n)-manifold

of class C? in R™*", " a C? oriented (m — 1)-submanifold of 3 without boundary, and assume
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0 € I'. Let T be an integral m-dimensional area minimizing current in ¥ N By with boundary

The convex barrier condition in Euclidean space is the following:

Assumption 3.1.2 (Convex Barrier). Let 2 C R™™ be a domain such that 9 is a C?
uniformly convex submanifold of R™*". We say that >V, Q; [I';] has a convex barrier if Q;
are positive integers and I'; C 9Q are disjoint C? closed oriented submanifolds of OQ. In this

setting we consider 7" an area minimizing current with 07 = >, Q; [I';] -

We will also consider Assumption 3.4.7, a more general version of the convex barrier
condition, later in the paper. This condition is local in nature and includes the possibility of
an ambient Riemannian manifold.

We start the program by obtaining a classification of the area minimizing cones. We

define open books as follows:

Definition 3.1.3. A cone C is an open book if it can be written as C' = SN | Q; [H;] where
H; are distinct half-planes with 0 [H;] = [V] where V' is an m — 1 dimensional plane, referred

to as the spine of the cone, and (); are positive integers.

Theorem F (Classification of the tangent cones). Let C' be an m-dimensional oriented area
minimizing cone in R™*" with 9 [C] = Q [R™"! x {0}]. Then ©(C,0) > Q/2. The equality
case holds if and only if C' is an open book. Moreover, there is a density jump: if C' is not an

open book then ©(C,0) > Q/2 + £(m,n) where e(m,n) > 0.

Under Assumption 3.1.1, a monotonicity formula for the density holds at boundary points
(Theorem 3.2.4). As a consequence of the classification of Theorem F, the boundary density
must be at least ()/2 and equality only holds when every tangent cone is an open book. The
density jump mentioned is only obtained at the end of the program as a consequence of the

techniques for the main theorem rather than at the start.
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Moreover, if T is an area minimizing current with 97 = % | Q; [T';] which satisfies the
convex barrier Assumption 3.1.2, then for any p € T';, ©(T, p) = Q;/2, and thus it belongs to
the class of minimum density points, which we are studying.

The main theorem of the work is the following:

Theorem G (Uniqueness of the tangent cone). Let T, I', ¥ be as in Assumption 3.1.1. Further
assume that ©(7,0) = (/2. Then, the tangent cone at 0 is an open book and it is unique,
meaning it does not depend on the blow up sequence. Moreover, the current 7' converges to

the unique tangent cone with a power rate.

The previous statement in dimension 2 was proved in [26]. We consider the convex
barrier assumption considered in [1, 3] and obtain the following structural consequence of the

uniqueness of the tangent cone:

Theorem H. Let T be as in either Assumption 3.1.2 (convex barrier) or Assumption 3.4.7
(Local convex barrier), then every tangent cone to 7" at a boundary point ¢ is an open book.

Moreover, we have:
(a) if ¢ € T'; in the first case, then (T, q) = Q,/2,

(b) if ¢ € I in the second case, then O(T, q) = Q/2.

Thus there is a unique tangent cone for 7' in both settings, convex barrier 3.1.2 and local
convex barrier 3.4.1, at every boundary point. Moreover, the current 7" has a power rate of

convergence to the unique tangent cone.

In order to reduce the above theorem to Theorem G, we need to classify tangent cones
with Allard’s convex barrier assumption. In 3.4.8, we classify those tangent cones relying on
Lemma 5.1 [3].

An essential consequence of the uniqueness of tangent cones, which will enable us to run
the regularity theory in [45], is a decomposition theorem. This decomposition theorem allows
us to reduce the study of boundary singularities to the study of flat boundary singularities.

In dimension 2, the decomposition was proved by [26, 27].
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Theorem I (Decomposition theorem). Let T, T", ¥ be as in Assumption 3.1.1. Further assume
that O(T,0) = Q/2. Let C = N, Q; [H;] be the unique tangent cone to T" at 0, where the
half-planes H; in the representation are assumed to be distinct. Then there exists p > 0 and

area minimizing currents 73,75, ..., Ty in B, such that

N
TIB, =T,

i=1

where the supports of T; only intersect at I', 0T;L. B, = @, [I'], and the (unique) tangent
cone at 0 of T; is Q; [H;].

We will work with multivalued functions, understood as in [4] and [30]. Another conse-
quence of the uniqueness of tangent cones that plays a key role in constructing the example

is the Holder continuity of the multivalued normal map.

Theorem J. Let T, 1", % be as in Assumption 3.1.1. There is a well-defined multivalued
normal map induced by the tangent cone, which is defined in 3.5.11. The normal map is a
locally Holder map in U := {z € I' : ©(T,x) = Q/2}, which forms a relative open set of T'.

The set U is relatively since there exists 6(Q,m,n) > 0 since there exists 0(Q, m,n) > 0 such

that (T, z) < Q/2+ 6 implies O(T,z) = Q/2.

We also comment that there are analogous theorems for the linear problem. The general

linear problem is defined as:

Assumption 3.1.4. Given a Dir-minimizing function v € W%(Q, Ag(R™)). The boundary

linear problem consists of understanding functions u such that ul. 92 N B; = @ [0].

We denote the frequency function by I in the theorem below using a suitably smoothened

distance function. For the precise definition of the frequency function we refer to Section 10.

Theorem K. Assume that  is a C? domain and u as in Assumption 3.1.4.
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o For all ¢ € 0f) the frequency can be defined in a neighbourhood of ¢ and is almost

monotone. This means,

eChoar [ (r)

is monotone in r for appropriate constant C', where Asq denotes the C° norm of the

second fundamental form of €2.

o At the limit, the frequency is independent of the choice of a distance function and

Vg € 09, I(q) > 1.

o Either I(q) =1or I(q) > 1+ a(Q,m,n) for a positive constant o(Q, m,n). If I(q) =1

then the blowups at ¢ are unique and linear, in the sense they are of the form

f(x) = Z:Qi [vi(z - Man.q)]

with mpq,, the normal to 0 at ¢, and unique. The uniqueness is quantitative and thus
there is a well-defined multivalued normal derivative at the boundary which is Holder

continuous.

3.1.3 Basic definitions

Throughout the paper, we use the notation ’<’ to denote inequality up to a multiplicative
constant, which may depend only on m, n, @, and Q). We also use C(ay, ..., ay) to denote a
constant which depends on aq, ..., ay.

We define B,.(p) := {x € R™™ : |[x—p| < r} and typically use V := R™ "1 x {0} C R™™ as
the spine of our cones. For a plane 7, let p, denote the projection onto 7. For any € > 0, we use
B.(V) to represent the e-neighborhood of V', that is, B.(V) = {x € R™™ : dist(z, V) < &}.

We assume each k-dimensional linear subspace m of R™*" is oriented by a k-vector
T =wv A+ Avg, where (v;)%; forms an orthonormal basis for . Additionally, we adopt the

notation |my — m| for | — 71|, where | - | represents the norm tied to the standard inner
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product of k-vectors. The k-dimensional Hausdorff measure on R is written as H*. We
denote Ag(R™") the @Q-tuples in R™™" for some integer ) > 1. We denote by G(p1, p2), the
Wasserstein distance between a pair of points pq, ps on the space Ag(R™*"). For more on
multi-valued functions, see [30]. We denote by Aj; the C%-norm of the second fundamental
form of a smooth submanifold M of R™*",
For further basic definitions and standard notations, we refer to [42] and the survey [17].
We will use E to denote the L? height excess, and local versions which we introduce later.

The L? excess relative to an open book C' is defined as

E(T,C,B.(p)) :== ! /]3()dist(x,0)2d|T|(x).

Tm—i—?

We will use E for a suitable measure-theoretic excess, which will be defined later in equation
(3.2.3). Finally, we introduce the circular projection 7, : R™*" — R™, defined as 7, (z,y) =

(z,|y]) for (z,y) € R™~! x R*+L

Definition 3.1.5. An m-dimensional integral current 7' in U with spt(T) C X is area

minimizing in ¥ N U, if it holds that M(T) < M(T + 9T), for all T m + 1-dimensional

integral current in U with spt(7) C ¥ NU.

Cones

We remind the definition of an open book and introduce their angle:

Definition 3.1.6. A cone C is an open book if it can be written as C = SN | Q; [H;] where
H; are distinct half-planes with 0 [H;] = [V'] where V is an m — 1 dimensional plane, referred

to as the spine of the cone. We define the minimum angle of an open book as

a(C) :=min(H;, H;)

i#]

where a(C) :=1if C = Q[H] for H a half-plane.
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Definition 3.1.7. A cone C' is a two-sided flat cone if

C=(Q/2+Q")[H] - (@) [-H]

for () and @* integers and H a half plane.
We introduce a distance between open books with the same spine.

Definition 3.1.8 (Distance Open Books). Given a pair of open books C? for j = 0,1 which

are of the form
Cl = ZQ{ [[Hf]]

where 0 [[Hf ]] = [V]. We take 7/ to be the unit normal to V that determines H;. We define
e Ag(VH) asf =3 Q; [[nf]] We define

G(C', C% = G(n',n%). (3.1.1)

Tangent cones.

For z € R™*" and r > 0, define ¢,,(y) := *=*. For any integral current T', we define the
rescaled current 1" at x at scale r as Lx,rﬂT = T,,and T, =: Lo’rﬁT. The current 7T, is called a
blow-up of T" at =, if there exists a sequence of radii r; — 0 such that T}, — T, in the weak
topology. By [12], it follows from the monotonicity formula that if T is area minimizing in X
and 9T = Q [[] for T' € C''*, every convergent subsequence of T, converges to an oriented
cone about p for any p € I' and any 7; | 0. An oriented cone about p is understood as a
current C' such that C,,, = C for any r > 0. See Theorem 3.2.4 for the precise statements of
the monotonicity formula and first variation formula for an area minimizing current 7" in >

with 9T = @ [I'] where 3 and ' are C? submanifolds.
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3.1.4 Structure of the chapter

 In Section 2, we define a measure-theoretic/stronger excess, which allows us to track
not only the closeness to an open book but also the multiplicity to which it is close.
We also prove the monotonicity formula with the corresponding error terms suitable for

our use in the later estimates.

o In Section 3, we show that cones of density (/2 with a flat boundary with multiplicity

() are open books. We provide two different arguments.

e In Section 4, we examine the convex barrier property and the local convex barrier
property. We show that they are boundary points of the type we consider, i.e., of

density )/2, whose tangent cones are open books.

e In Section 5, we perform the main technical reductions of the theorems in this chapter,
reducing them to an excess decay lemma, which the remainder of the chapter focuses

on proving.

e In Section 6, we construct a Lipschitz approximation and show a reverse excess estimate,
which allows us to control the measure-theoretic excess introduced in Section 2 by the

L? excess.

e In Section 7, we prove Simon’s non-concentration estimates and their corollaries in our

setting.

e In Section 8, we study the linear problem. We show that homogeneous frequency 1
Dir-minimizers are linear, and that local Dir-minimizers away from the boundary are
global Dir-minimizers. We provide a decay lemma to a linear average that is suitable

to run the excess decay lemma.

o In Section 9, we prove the excess decay lemma stated in Section 5, thus concluding the

uniqueness of the tangent cone.
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o In Section 10, we discuss important consequences of the theory developed in this chapter
for the linear problem, which mirror the properties we have discussed throughout the

chapter for the nonlinear problem.

3.2 Preliminaries

3.2.1 A measure theoretic excess

We introduce a stronger version of the L2-excess using a variant of the Wasserstein L?
distance, which we recall below.

Given two measures p' and p2, an admissible transport plan o is a measure on R™*7 x R™+n
satisfying (m)go = u' and (m2)40 = p? where m; and my are the projections in the first and
second component, respectively.

The Wasserstein L? distance between two measures p! and p? is defined as

Wa(u', p?)? = inf {/d(.ﬁt, y) do(z,y) : (m)go = p' and (mp) g0 = p?} (3.2.1)

where we set Wy (u!, p?) = oo if p! (R™) #£ p?(R™).
Given a fixed m — 1 dimensional plane V', we define the distance dy between two measures

pt and p? as follows:

2
) =t { Wt + 3 [ s Vi

i=1

ph o =t i = 1,2.} . (322

In this definition, p', p?, i, and p? are Radon measures, while pd and u3 are signed
measures. This allows us to add or remove a part of the measure u' to transport it to u?,
with a cost proportional to the weighted total variation of the leftover measures.

In the rest of the chapter we will drop V' from the notation and just use d, since it is more

convenient and the plane V' will be clear from the context (and fixed in most arguments).
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If d(put, %) = 0 then spt(|u' — p?|) € V. We remark that in the cases of interest the
measures m; and my considered are always absolutely continuous with respect to H™ and thus
d(pt, 4?) = 0 implies p* = p? in that case.

Let ¢ be a smooth, canonical bump function supported in B;(0), constantly equal to 1 in
B /5(0), and satisfying ¢(z) < dist(z,0B;)*. We define ¢, := ¢(-/r).

The stronger excess relative to an open book C' = >N | Q; [H;] with 0H; =V as

E(T,C,B,) := r~™2d(4.d|T), ¢.d|C|). (3.2.3)

The bump function is introduced for technical reasons: even if the current were a classical
smooth graph over the cone, the map given by the graphical structure might extend beyond

the ball B, near the boundary.

Remark 3.2.1 (Strong excess versus classical L? and reverse L?). The classical L? excess and
the reverse L? excess are both controlled by this stronger excess. This follows immediately
from the admissibility of the transport plan and Fubini’s theorem. Precisely we have:

1

Tm+2

/qﬁT(x)dist(x,C)QdHTH(x) + rml+2 /¢r(x)dist(x,spt(T))ZdHCH(:U) < E(T,C,B,).

(3.2.4)

To motivate the definition of the excess, we show that it is bounded in terms of standard
quantities that we can control in practice. More precisely we have the following remark which

will give the desired motivation.

Remark 3.2.2 (Lipschitz Approximation and Strong Excess). Let C = >N, Q; [H;] and let
w; € Ag,(H;NBy) be multi-valued Lipschitz graphs over C' of small enough Lipschitz constant.
Let K; be a subset of H; and T; = Gr(u; L K;). Assume that spt(7;) N B; C spt(7) N By and
that Vo € spt(7;) N B, ©(T;,z) < O(T, x).
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Then

E(T,C,By) < max |l oo (myy + Z dist(z, V)2d| Hy| () (3.2.5)

=1 Blﬂ(Hi\K )

+/B dist(z, V)?d|T = _Ti|(z +Z dlst (z,C)*d|T;|| () (3.2.6)

=1

—1—2 dlst (z,V)?| Duy)?. (3.2.7)

Proof. Let A; be the subset of K; such that |z + f/(z)| > 1 for some 1 < j < Q; (i.e. the set
where the Lipschitz graph escapes the ball).

We must have that

N k
E(T,C,B,) SZ dist(z, V))2d| Hy| () —|—/ dist(z, V)?d|T — ZEH(:E)
B:

=1 B1N((H:\K;)UA;) 1=1

(3.2.8)

+Wz(||Tz-Ha(7THi)#HT¢H)2+/ dist(z, V)* (d(mn,) (| T3]) — dl Hill (2))  (3.2.9)

%

This inequality comes from the pairing of |T;| with (7p,)x|7;| and getting as error terms the
measures |7 — Y T;f, X, d|B1 \ (A U (H; \ K))) | and (7m,) 4] T] — d|K; \ Al

We must have that A; is contained in an annulus whose outer boundary is 0B; and its
width is bounded by |||, which gives us the bound ||u,]|3 ... The linear contribution comes
from the area of the region and the quadratic contribution comes from the bump function.

We observe that

Wall T, (r ) T < [ distla, Ol (3.2.10)
K;

Finally we notice that

/ dist(z, V)?d(mw,)4(T;) — d|H;| 5/ dist(x, V)?| D, |*. (3.2.11)
Ki Ki
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Remark 3.2.3. The question whether we can control excess from one scale to a smaller one
is technically non trivial and requires the construction of the Lipschitz approximation and
the smallness of the excess. We will also need to be able to switch center.

These issues are subtle because the transport plan for a given scale might not be suitable

for a smaller scale. See Lemma 3.6.14.

3.2.2 Monotonicity formula

Given T,I', ¥ as in Assumption 3.1.1. We define, for some Cy(m,n,n) a suitable large

constant
0,(T, p,r) := exp(CoA%r?) ”TH(B’"”SP)) (3.2.12)
WnT
and
T|(B,
@b(T,p, T‘) = eXp(Co (AE + AF> T)W (3213)

Theorem 3.2.4 (Monotonicity formula). Let T,T',% be as in Assumption 3.1.1.
o Ifp e By\I' thenr — O,(T, p,r) is monotone on the interval (0, min {dist(p,I"), 1 — |p|}).
e Ifpe B NT, thenr — Ou(T, p,r) is monotone on (0,1 — |p|).

Thus the density exists at every point. Moreover, the restrictions of the map p — O(T,p) to
B, NT and By \ I are upper semicontinous.
Additionally, this implies that blowup limits are cones, both at the interior and at the

boundary.

If X € C}(By,R"), then

5T(X):—/ X - Ho(2)d|T| (2 X -7 (2)dH™ Nz (3.2.14)

I'mB;
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where ﬁT =>", Asl(e;, e;) where ? = A" e; is an orthonormal basis of ? The vector 1]

is defined H™ ' almost everywhere as:

o For every tangent cone C at p € T which is an open book C = XN | Q; [Hi],

—
i

%%

(3.2.15)

where E) is the normal to T,(I') which determines the half plane H;. The vector 7 is
independent of the open book C' at p, but the open book might depend on the blowup

sequence.

o For every tangent cone C' = (Q/2+ Q*) [H] — (Q*) [-H] at p € I which is a two-sided

flat cone

7=
where ng is the normal to T,(I") which determines the half plane H.

Corollary 3.2.5 (Monotonicity formula with error terms). Under the hypothesis of Theorem
3.2.4 for everyp € By and 0 < s <r <1—|p|,
1 |2

TR ) s T B) = [ TP

B, (p)\B.(p) [T —p[""?

d|T| ()

w [ [/ c—p)t Be@dll@)+Q [ (c—p)- T dp (3:216)
s B, (p)

'nB,(p)

Proof of Theorem 3.2.4 and Corollary 3.2.5. The proof follows the same steps as Theorem
3.2 in [21]. However, the key difference is that we allow for arbitrary boundary multiplicity,
whereas [21] considers only boundaries with multiplicity 1. The first two statements are a
consequence of Allard interior and boundary monotonicity formulas for stationary varifolds.

The first variation formula is established in the same way as in [21], which we briefly

sketch. We first obtain the expression 67" = ﬁTHT | + 6T where 07T is a singular vector
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valued measure supported in I'. This leads to the identity

6T(x):—/ X - Ho(2)d|T] (2 X - 77 (2)d||oTs]. (3.2.17)

I'nB;

As a consequence of the monotonicity formula we get that |§7%| is an absolutely continuous
measure with respect to H™ !. The density of the singular measure and vector 7 are
determined by the H™ ! normal and density at the blowups.

In this setting, there exists a stratification of the tangent cones at the boundary analogous
to all other stratification theorems from [80]. See [21, Section 3.2] for more details. In
this setting, we obtain H™ !-almost everywhere there exists a tangent cone with an m — 1
dimensional spine. By the classification of 1d area minimizing cones, we conclude that H™*
almost everywhere, there exists a tangent cone which is either an open book or a flat two
sided cone.

We consider the first variation formula in the case that C'is an open book or C'is two-sided
flat.

If C = YN, Q;[H;] where V is the common spine and 7; is the normal vector to the

spine that determines H;, then
N
IC(X)=>Q; / (X -70) dH™ L. (3.2.18)
i=1 Vv
IfC=(Q+Q")[H] —Q*[H] then
= Q/ (X -ng)dH™ . (3.2.19)
v

Where ny is the normal to V' which determines H.

In the first case, we define 7 >N Q”] In the second case, 7 =ny.
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By combining (3.2.17) with the absolute continuity of |07}| with respect to H™! we
obtain H™ ! almost everywhere by Lebesgue differentiation theorem that ﬁ(p) agrees with
the vector 7 for the tangent cones C' in the m — 1- strata.

From the above discussion, we conclude Theorem 3.2.4. The proof of Corollary 3.2.5 as a

consequence of Theorem 3.2.4 is analogous to [21]. O]

3.3 Classification of area minimizing cones of density

()/2 with boundary

In this section, we prove the following classification of area minimizing cones of density

(/2 with boundary:

Theorem 3.3.1 (Classification of area minimizing cones with density @/2). Let C' be an
m-dimensional area minimizing cone in R™™. Assume that 0C = Q [R™! x {0}] for some
positive integer Q. Then ©(C,0) > @Q/2. Moreover, equality holds if and only if C' is an open

book.

The first proof follows an argument inspired by Federer’s dimension reduction, while
the second proof uses structural information gained from the projection m, : R™+"~1 —

R™1 x [0, 00) defined as
mo(z,y) = (x, lyl) where (z,y) € (R""" x R™).

This projection is well adapted to the this boundary setting, mo,C = Q [R™ x R*] for any

area minimizing cone C' with 9C' = Q [R™! x {0}].

Proof of Theorem 3.3.1. Let C be an area minimizing cone with 0C' = Q [R™! x {0}]. We
denote V = R™! x {0}.
By Theorem 3.2.4, the classical monotonicity formula holds without error terms for any

area minimizing current 7" on R™™ with 97 = @ [V]. Indeed, in the formulas of Theorem
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3.2.4 we have Ay = Ay = 0. Alternatively, if we consider T" as a varifold and reflect through
V' we obtain a stationary varifold, which has twice the mass at every ball centered at V', for
which the classical monotonicity formula for stationary varifolds holds. Moreover we also

have, as usual, that if p € V and

IT1(Br(p)) = 64(T' p) (3.3.1)

for all r < rg, then T is a cone at p.

To establish ©(C,0) > /2, assume by contradiction that ©(C,0) = © < (/2. Since
C' is a cone then O(C,p) = O(C,rp) for every p € V such that p # 0 and r > 0. By
upper semi-continuity of the density for every p € V' we must have that ©(C,p) < 6(C,0).
Consequently, any blowup at p results in another area minimizing cone C with density
strictly lower than ©. However C} must be a product of a cone C x [L] where up to rotation
oCT = [R™2 x {0}].

By repeating the argument, we are lowering the density but increasing the number of

symmetries. We obtain an area minimizing cone C,,_; with
Cr1 = [R™] x C),_y (3.3.2)

where C/,_, is a 1d area minimizing cone with boundary @ [0].

The only options for such cones are a union of half-lines whose multiplicities sum up to Q).
The cone C,,_; must have density equal to )/2, which is a contradiction since the density is
at most © which is strictly lower than @) /2.

We note that if C' is an open book then trivially ©(C,0) = /2. Thus it remains to show
that if ©(C,0) = /2 then C' is an open book.

We know that for every p € V'

lim ©(C.p.r) = tim \C1BrP) oy T+ D™ [C1(Brip)

7—00 7—00 wmrm - r—oo rm wm</]ﬂ + ‘p’)m

—Q/2. (3.3.3)
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This implies that we must have the equality in the monotonicity formula centered at every
p € V, which implies that C' is independent of the directions of V' and thus C' comes from a

1d area minimizing cone. As we have seen, this implies C' is an open book. O

Alternative Proof of Theorem 3.3.1. Define m, : R™t"~1 — R™~1 x [0, 00) as
mo(x,y) = (2, y]) where (z,y) € (R™' x R™*!).
We observe that m, is 1-Lipschitz:

Iwo(xl,yl) - 7To(l“2ay2)|2 = |($1 — L2, |y1| - |y2|)|2 = | — $2|2 + (|?Jl’ - |y2|)2

2
= |

<|zy — 22> 4 (Jyr — wo2|) (I1—$2,yl—y2)|2~

By the constancy theorem, m,,C' = Qo [R™! x R*] where Q) is a positive integer. Since
OmoyT = Q[R™ ' x {0}], it follows that @ = Qo.
Since 7, is 1-Lipschitz
B 0 Cl(m(B

Wm Wm,

This proves the desired inequality. The rest of this proof will be spent studying the equality
case. We note that if C' is an open book then trivially ©(C,0) = @/2. Thus it remains to
show that if ©(C,0) = /2 then C' is an open book.

We consider the differential form

wi=dr ANde; A\ ... Ndey,_1 (3.3.5)

where given (z,y) € R™! x R"™! we take r = |y|. By definition dw = 0 outside of V' and
|w|| < 1. Let Q be the volume form in R™™! x [0, 00). We notice that w = 7#Q and ||w| =1

outside of V.
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We have that

i =G = [ o (T i) = | w@ac s

B

Given that |w| = 1 and H8H = 1 we must have that (w, 8) < 1. Since the equality holds
this implies that (w(p), 8p> =1 for |C| almost every p and thus w is a calibration for .

We see that this implies that

n
8 - (Zk,:o Tm+kCmtk
.

) Nep A ... /\Gm_l
r

for almost every p. This is because both of them have norm 1 and their inner product is
equal to 1, by Cauchy Schwartz they must be a multiple of each other (which implies they
are equal up to a sign, but once we know this we conclude that they must have the same
orientation).

In order to conclude we consider a new map o : R™™! x (R*\ {0}) — R""! defined as

o(z,y) = |z| where (z,y) € (]Rm’l X <]R”+1 \ {0})) :

We note that since T,(C') = V @ R*p for almost every p € C' we must have that the
tangential gradient of o along C' vanishes (i.e., Doo = 0). This implies that oL C' is locally
constant and thus every connected component of C' outside of V' agrees with a half-plane
passing through V. We easily conclude from this that C' is an open book. See the proof of
3.4.9. 0

3.4 Convex barrier assumption

In this section, we study the convex barrier assumption and we classify the tangent cones

we obtain in that setting.
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We recall the definition of the convex barrier in Euclidean space.

Assumption 3.4.1 (Convex Barrier). Let 2 C R™™ be a domain such that 9 is a C?
uniformly convex submanifold of R™*". We say that >V, Q; [I';] has a convex barrier if Q;
are positive integers and I'; C 9 are disjoint C? closed oriented submanifolds of 9. In this

setting we consider 7" an area minimizing current with 07 = >, @, [I';] -
The main theorem of this section will be

Theorem 3.4.2. Let T' be as in either Assumption 3.1.2 (convex barrier) or Assumption
3.4.7 (local convez barrier), then every tangent cone to T at a boundary point q is an open

book. Moreover, we have:
(a) if g € I'; in the first case, then ©(T,q) = Q,;/2,

(b) if g € T in the second case, then O(T, q) = Q/2.

3.4.1 The convex hull property

In Euclidean ambient space under 3.4.1 we must have

spt(T) C ConvexHull(UX,T).

However, this property does not necessarily hold in arbitrary Riemannian manifolds. Indeed
some global conditions of the geometry are required to reach a conclusion of that nature.
The following lemma 3.4.3 illustrates a wider context, that of manifolds non-positive
sectional curvature, where the mentioned property holds. The argument does not rely on
the differentiable structure and thus it is also translatable to the context of metric spaces
with non-positive sectional curvature. For another relevant reference on the convex barrier

property see Chapter 4 [74] Lemma 6.1 and Theorem 6.2.
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Lemma 3.4.3 (Convex barrier with curvature conditions). Let ¥ be a manifold with non-
positive sectional curvature. Let I' be an integral current in X with OI' = 0. Let T an area

minimizing current in > with 0T =T". Then
spt(T") C ConvexHull (spt(I")) .

Proof. Given a geodesic ball BX = {z : d(z,p) < r} we take the projection f, from 3 to
BZ. This is well-defined since ¥ is uniquely geodesic. Since the convex hull of a set is the
intersection of balls which contain it, it is enough to show for every geodesic ball B, if
spt(I') € BZ, then spt(T) C BZ.

We wish to show that for every ball B, we have

M((fr)#(T)) < M(T)

with equality iff spt(T) C B>.
We will show that f, is 1-Lipschitz and that if A C 9B® then

r

H () < () Hma)

S

Assume d(p,z) > d(p,y). Let 2’ be such that d(p,z’) = max {d(p,y),r}. We take a
comparison triangle pg, xo, yo in Euclidean space and zy, is such that |z{, — po| = d(2', py).
By basic Euclidean geometry, |z{, — yo| < |zo — yo|- By comparison d(z’,y) < |y — yo| and
thus d(2',y) < d(z,vy).

We reduce then to show the 1-Lipschitz property of f, to the case where d(p,x) = d(p,y).

Given two points z,y, we take the two geodesics parameterized by arclength o and

connecting p to x and p to y. We must have f,.(z) = a(r) and f,.(y) = B(r).
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The non-positive sectional curvature condition implies that d(a(t),5(t)) is a convex

function and thus using d(«/(0), 5(0)) = 0 we get

A(S@) 1) = d(a(r), B) < (*T) d(a(0), 8(0)) + (£ ) d(a(s). B(s)

This implies the desired mass bound.

Assume that

M((fr)#(T)) = M(T)

then we must have that for every s with r <'s

M((fr)#(T)) = M((fs)#(T))

this can only happen if spt(7) C BZ. O

3.4.2 A local version of the convex barrier

The condition in Assumption 3.4.1 is global and we will instead consider local versions of

this condition. We introduce some notation on wedges.

Definition 3.4.4. Given an (m — 1)-dimensional plane V' C R™*" we denote by py the
orthogonal projection onto V. Given additionally a unit vector v normal to V' and an angle
VRS (O, g) we then define the wedge with spine V', axis v and opening angle ¢ as the set

W(V,v,0) :={y:|ly—pv(y) — (y-v)v| < (tand)y - v}.

Lemma 2.3 of [27], which we cite below, gives us the desired local geometrical information.
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Lemma 3.4.5. Let T, >, Q; [I;], Q be as in 3.4.1. Then there is a 0 < 9 < % (which is

independent of the point in UY. T;) such that the convex hull of UN T satisfies

ConvexHull(UY Ty) € () (¢ + W (T,I, v(q), 9))

qel

The former condition forces an additional property for area minimizing cones.

Definition 3.4.6 (Convex barrier cone). We say that an m-dimensional area minimizing cone
C in R™"" satisfies the convex barrier condition if, up to rotation, 9C = Q [R™! x {0}]
and 30 > 0:

spt(C) C {p = (z,y) € R x R" : |y| < (tanb) x,,}.

Clearly if T satisfies assumption 3.4.1 then, by the conclusions of 3.4.5 we must have that
for every i, a tangent cone to T" at I'; must satisfy 3.4.6 for Q = Q;.

We introduce an analogue of Assumption 2.4 in [27] for this setting:

Assumption 3.4.7. Let T, T",3 be as in 3.1.1. Assume that there exists v : ' — S""1 NTY
a map such that v(q) L T,I" and v(q) € T,X. We say T satisfies the local convex barrier

assumption if

pU(T) € () g+ W (T v(q).9)) N 5.

qel
As seen by Lemma 3.4.5, convex barrier implies local convex barrier. Moreover, local

convex barrier still implies that every tangent cone is a convex barrier cone.

3.4.3 Convex barrier cones

We wish to classify the convex barrier cones defined in 3.4.6. We show this in the following

theorem:
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Theorem 3.4.8 (Classification of area minimizing cones with convex barrier). Assume that

C is an area minimizing cone in R™™™ with
oC =Q [[Rm_l x {0}]
and for some 6 > 0
spt(C) C{p = (z,y) € R x R" : |y| < (tanb) x,,} = W.

Then C' is an open book with each half-plane H; satisfying H; C W.

Notice that the set W plays the role of the convex barrier hypothesis at the level of the
tangent cone.

We notice that spt(C) N {z,, =0} NW C R™! and thus |C|({z,, = 0}) = 0. Thus the
above theorem will be an immediate consequence of the following slightly more general

theorem:

Theorem 3.4.9. Assume that C' is an area minimizing cone in R™™ with
oC =Q [[]Rm_l X {O}]]

and

spt(C) C {x,, > 0} (3.4.1)

Then C'L{x,, > 0} is an open book. This means, there exist half-planes Hy,...,Hy and

positive integer multiplicities QQ; such that 0 [H;] = [V] and H; C {x,, > 0}, such that:
N
i=1

In particular, if |C|({z,m = 0}) = 0, then C is an open book and SN, Q; = Q.
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Allard shows a version of the classification of tangent cones with a convex barrier for the
multiplicity @ = 1 case in his boundary regularity paper [3]. We will show that his ideas
extend to higher multiplicities @@ > 1.

We remind the notation used in the alternative proof of the classification of tangent cones

o:R™ 1 x (R™1\ {0}) — R""! defined as
o(x,y) = ‘y where (z,y) € (Rm_l X (R"+1 \ {0})) : (3.4.3)
yl
The following is a modification of a general result about varifolds from Allard in his
boundary regularity paper Section 5 [3].
Theorem 3.4.10. Fiz a 2-dimensional plane 7y C R™™ and assume that:
(i) V is an m-dimensional varifold which is stationary on R™\ 7.
(i) ©(V,x) > co > 0 for some positive number cy and for |V|-almost every x € spt(V) \ 7y
(iii) V is a cone (i.e. (Moy)yuV =V).

(iv) The orthogonal projection of spt(V) onto my is contained on a half-space. This means

there is a vector e € my N S™ "1 such that
Pro(spt(V)) C{z:0 < (z,¢)}. (3.4.4)

The following conclusions holds:
(a) There exist finitely many vy, ..., gy € mo N S™ 1 such that

k(p)
(B1Nspt(V)) \ B,(my) € |J 75 + Rty (3.4.5)

=1

for every p > 0.
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(b) We denote (z,y) = 2z, vt = (=29, 11) if T = Pry(2). ForV a.e. (z,7) where z €

R™ "\ 75~ we have p,(zt) = 0.
We remind the notation used in the alternative proof of the classification of tangent cones

o:R™ 1 x (R™™1\ {0}) — R""! is defined as

o(z,y) = ‘Z’ where (z,y) € (Rm_l X (R"“ \ {0})) :

Corollary 3.4.11. Assume that
(i) V is an m-dimensional varifold which is stationary on R™™\ (R™~! x {0}).

(ii) ©(V,z) > ¢y > 0 for some positive number ¢y and for |V|-almost every x € spt(V) \

(R™=1 % {0}).
(ili) V is a cone (i.e. (Noy),V =V).

(iv) The varifold V is contained in a hemispace

spt(V) C {z : z,,, > 0}.

Then forV a.e. (x,7) where x € R™\ {z,, =0}
Dro(z) = 0.

Proof of Corollary 3.4.11. The proof of this Corollary immediate by applying the Theorem
3.4.10 for the planes 7y, = Re,, ® Re,,4 where 1 < k <n. Since ’ﬂ'd:k C {z,,, = 0} we have
that for V a.e. (z,7) with x,, > 0, px(—Zmirm + Tmemixr) = 0 which implies D,o(x) = 0.

]

Proof of Theorem 3./.8. We prove the decomposition of C' {z,, > 0} first with, not

necessarily positive, integer multiplicities:
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We apply Corollary 3.4.11. This implies that |C| almost everywhere in C'{z,, > 0} we
have

DcO' =0.

By Almgren [4], De Lellis - Spadaro [31, 33, 34], the area minimizing cone C' is regular up
to a set of codimension 2. For every regular point p € spt(C) N {x,, > 0} there is a unique
half-plane H,, which passes through p and R™™* x {0}. Since the tangential derivative of
o along C is zero, by unique continuation C'L H, = @, [H,] where @, # 0. We choose the
orientations of H, so that d[H,] = [V].

We choose distinct half-planes H; which satisfy that property. Suppose there are at least
N of them. Then

Nw,,

|C|(By) > |C|({xm, = 0} NBy) + Y |C|(H; NBy) > 5

i=1

Since N needs to be bounded, there are only finitely many possible such planes and thus we
get

N

i=1

We show that the multiplicities must be all positive and conclude

It remains to show all ); have the same sign. If this was not the case assume without
loss of generality that ); > 0 and Q> < 0.

We define S := [H,] — [Ha] and T := (Q, — 1) [Hi] + (Qo + 1) [Ho] + SF 5 Qi [Hi] +
ClLA{z, =0}. Since S+T = C and |S| + |T| = |C| it must be that both S and 7" must be
area minimizing.

By definition 95 = 0, since we oriented H; and Hy so that 0 [H;] = 0[Hy] = [V]. We
know that S = [R™ '] x ([Li] — [L2]) where L;, Ly are half-lines in R™*!. The only way
that S is an area minimizing cone is that [L;] — [L2] is an area minimizing cone with no

boundary R™"!. This can only happen when L; = —L, (i.e. they form a full line), which is
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impossible in the setting we are considering because both lines have positive x,, coordinate
with opposite orientations.

We can also see that (); must be positive. If @); are all negative, we study the tangent
cones at points in V. By the Almgren stratification, we can take a point in V' such that the

tangent cone splits V. The tangent cone C’ at a point p € V must be
C'=R"'x [9]

where S is a 1d area minimizing cone, which either has flat support or is a sum of half-lines
all with the same orientation. By assumption, since (); are negative the orientation of the
half-lines is opposite that of V' and thus the support would need to be flat. The flat case is
impossible since the support of C’ must be on z,, > 0 and include a half-plane with positive
., coordinate.

Thus, we obtain the desired decomposition. When |C|({z,, = 0}) = 0, we must have

N Qi = @Q so that it takes the right boundary data. ]

We will use the theory of general varifolds and the monotonicity formula for stationary
(not necessarily integral) varifolds. See Simon’s lecture notes [74] for a reference on the theory
of general varifolds.

Assume 1y = {(z1, 72,0, ...,0) € R™™} and we denote z = (z,y) € mo x 75. The following

lemma implies 3.4.10:

Lemma 3.4.12. Assume V is a varifold which is stationary on R™™\ 73 and is a cone
(conditions (1) and (3) of Theorem 3.4.10). Consider the following Radon measure j1 on
St:i={xem:|z|=1}

[om=[ e (g) o] |2V (=, ) (3.46)

where (x,y) = z, x+ = (—x9,11). Then p = cH' for some c € R.
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In addition, if u = 0 and we have conditions (2) and (4) in Theorem 3.4.10 then:

1. pr(zt) =0 for V a.e. (z,m) where z € R™™\ 7.
2. The set pr, (spt(V) \ B,(ry)) NSt is finite and it has at most w points.

Proof of Theorem 3.4.10. The condition (3.4.4) implies that the support of ;1 must be con-
tained in the arc of S! with positive e component. Thus x = 0 and we conclude Theorem

3.4.10. O
In order to conclude we prove the remaining lemma for varifolds

Proof of Lemma 3.4.12. To prove that p = ¢H' we must show that if p € C'(S') and has

zero average, i.e. fsl odH' =0, then

/gpd,u:O.

We consider ¢ as a 27 periodic function on R and we take 1(t) fo T)dT to be a primitive
of ¢ on R. Since ¢ has zero average, ¥ is also 27 periodic and thus it induces a map

Y St — R. We extend 1) to a 0-homogeneous function on R2. We get then that

1

T\ x

Vi(z) = () —. (3.4.7)
2] ) |z[?

We need to show that

2

dV(z,7) = 0. (3.4.8)

/Bmoi ' <||> <| |>

We will deduce this from the fact that V is stationary (i.e. [div,X(z)dV(z,7) =0 for every

vector field X € C'(R™)). We will want (3.4.8) to get the identity by using the first variation
formula over a specific vector field. The fact that the integral is computed on B;(0) \ 7 is a
technical issue that we will resolve by introducing a cutoff. In order to get the gradient of 1,

it is reasonable to consider the vector field 1 (z)zt (in fact this is what Allard does).

I6)



We consider a vector field of the form

X(2) = a(l=])B(lz ] (z)z™.

Where «, 5 € C*°(R) are defined with the following properties: « =1 fort <1—4, « =0 for
t >1—4/2, and it is decreasing. S =1fort > §, =0 for t < d/2, and it is increasing with
15 lco < 071, Of course, for each § we will have a different vector field, but we will abuse
notation and not write the 0 dependence.

We will compute div,(X). We fix an orthonormal basis vy, ...v,, for 7 and compute in

this coordinates the following:

div,(X) = (1) + (IT) + (I1T) + (IV),

where

(1) = i@uz\wxn (Vib(a) - vi) (205,

(V) = (2826 (@) 3 (Dot - v7)

i=1
We deal with every term separately.
As for the first term: Since V is a cone, z € 7w for V a.e. (z,7). This means

>, (2 v;)v; = z and we can rewrite

o/(lz])
||

(D) = B(lal)p(a)(z - ab).
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But z -2t =0, so (I) = 0.
As for the second term: Here we just use || < 671, spt(8) C {|z| < 6} and

|zt - v;] < 6 to conclude:

[ iy < v (B0 (Bs(ri) \ 7))

In particular, since

ﬂ Bg(ﬂ'é‘) = .

5>0
We get lims_o [ |(II)]dV = 0.
As for the third term: We recall

Thus

! v - J_"U' QILQ z Xz i SUJ_ 2
(1m0 =z (Dol o () 3 (o4 0)” = i allehatiel o () ipete

—a(|2))B(jz]) ¢ <|z|>

This implies that

x e\ 2
lim/(HI)dV :/ ® <> Pr () dV(z,m).
00 By (O\rt  \|7] |z]
As for the last term: We have
0 -1 O(m+n—2)x1
Dt =—e;Qes+e Qe = 1 0 O(m-n—2)x1 (3.4.9)

O1x (m+n—2) O1x (m+n—2) 0(m+n72) X (m+n—2)
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The former matrix is antisymmetric matrix. Notice
m m
Z:DUZ.XL C; = <D:1:L : (Zvl ®vi>> )
i=1 =1

Given that the matrix >7/"; v; ® v; is symmetric and the fact that the Hilbert-Schmidt product
of a symmetric matrix and an antisymmetric matrix vanishes, (IV) = 0.

Since V is a stationary varifold,
/diVﬂX(z)dV(z, ) =0.

We conclude taking 6 — 0 that (3.4.8) holds.

We conclude the theorem studying the case p = 0. Notice that if g = 0 then
p-(zt) =0 for V a.e. (2,7) where z € B, \ 7y and since V is a cone, p.(z+) =0 for V a.e.
(z,7) where z € R™™™\ 7 .

We need to bound the cardinality of the set
Py (spt(V) \ By(my)) NS' := F.

Pick k distinct points &y, ..., & € F C S'. We consider k& bump functions xi, ..., x € C*(S!),
identically 1 in a neighborhood of ¢; and such that Y, x; = 1.

We define the truncated varifolds V; by

/ oz, m)dVi(z, ) = / oz, )X (3“") V(= 7).

]

We claim that each V) is stationary on R™"™ \ mg-:
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Given a vector field X € C®(R™™ \ my) then

L/dWWX@ﬁﬂKZJ?:i/dW%<XK@X Qi&)dv@’ﬂ
- [z ey (x () v

The first integral on the right hand side vanishes because V is stationary. For the second

integral on the right hand side we observe that

() o )

for an appropiate function ¢; € C°(S!). In particular, we have

2. (X)) Dy (i) == (i) o 2 (X)) )
=%<x> 1(m(in@».

jz] ) [ ]?

This term must be zero since we already establish that p,(zt) = 0 for V a.e. (z,7) where
z € R™™\ w. This shows that V) is stationary.

Now we consider ¢; € spt(V) N By \ B,(my) such that

pﬂ((i)
’pTr<Cz)‘

=&

Then O(V;, ¢;) = O(V, (;) > ¢p and since B,(¢;) € R™™ \ 75, by the monotonicity formula

Vil (B,(&i)) > cowmp™.

Now

[VI(B2(0)) = ZHV [(B2(0)) = ZHVH ) = kwmcop™.
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Since |V|(B2(0)) = w,,2™O(V,0), the last inequality gives us the desired bound. O

3.5 Main reductions

In this section we will reduce the proofs of the main theorems in this chapter to a proof of
an excess decay type lemma. We show the uniqueness of the tangent cone (Theorem 3.5.10),
the Holder continuity of the multivalued normal (Corollary 3.5.12), and the decomposition

Theorem 3.5.13.

3.5.1 Proof of small excess uniqueness of the tangent cone

Definition 3.5.1. We say an open book C' is admissible for @ [I'] at a point p € T if
C =% Qi [H;] where > Q; = Q and 0H; = T,(I"). Additionally, we require that for every i
H; C T,(%).

Assumption 3.5.2 (Main Reductions Assumption). Let 7" and I" be as in 3.1.1 with
IT)(B2) < (2™ 'Q + 1) w, Ar + Ag < 1. We assume furthermore that C' is an admissible

open book.

Remark 3.5.3 (Choices of parameters). There will be @) versions of excess decay depending
the number of sheets of the cone. The four relevant parameters will be Oy € R*, ny € (0,1/2),
ey € RY, (@, m,n,m). The parameter v(Q, m,n,m) is purely dimensional and depends on
the comparison between excess and Dirichlet energy and not on N. The constant 6 is chosen
80 Oy < minyii1<i<g € and that Oy < y(Q, m,n, ). The parameters ny and ey are chosen
to ensure excess decay on a cone with N sheets with parameter 6. Additionally, we require

that ey < v(Q, m,n, 7).

Lemma 3.5.4 (Nth excess decay with small angle and small second fundamental forms).

Let T and C be chosen as in Assumption 3.5.2. For every Oy € RT there exist ey € R+,
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ny € (0,1/2) such that if
E(T,C,B;) < eya(C)? and Ar + A% < enE(T, O, B))

(when N =1 the first inequality becomes E(T,C,By) < €;) there exist a radius ro € [y, 1/2]

and an admissible open book C" such that
G(C',0)* <~(Q,m,n,n)E(T,C,By) (3.5.1)

and

E(T,C",B,,) < Oy min {a(C')*,E(T,C,B))}.

Remark 3.5.5. Under the hypothesis above, (3.5.1) remains valid up to modifying the

constant v(Q, m,n,n), with the following
C'=3_ Qi;[Hil
Z7j

has >°; Q;; = Q; and the angle condition

A(HiaHi,j) S "Y(Qﬂ?”b,ﬂ,ﬁ)E(T, C7B1)1/2 (352)
In particular, we know that one of the following two statements holds:

1. C' has the same number of sheets than C and

a(C") > a(C) — 4(Q,m,n, ) V2E(T, C, By) 2. (3.5.3)

2. C" has more sheets than C' (this case will never happen when C' consists of ) multiplicity

1 sheets).
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Our excess decay needs a control on the angle of the cone, which we require for our
graphical approximations to be valid later. We require a combinatorial argument that controls
the angle. If excess is large relative to the angle we will prune the cone by collapsing the two
closest sheets into one and adjusting the multiplicities appropriately. This is collected in the

following proposition:

Proposition 3.5.6. Let T,I',C be as in 3.5.2. Given positive parameters {5i}1§ng’ there

exists € > 0 such that if E(T,C,By) < € then we have the following:

o An integer 1 < N' < N and an admissible cone C' with N’ sheets.

A partition function h: {1,... N} = {A C{1,....,N}} (i.e. h(i) are disjoint, possibly

empty sets and their union is {1,..., N}).

o C'=Y Y enw Qi [Hi]. In particular, if N = N' then C' = C.

-Q
E(T,C",B,) < C(m) ( min gk) E(T,C,B)).

1<k<Q

e We have
E(T,C', B;) < enra(C')?

where we remind that if C" is a single half-plane then a(C") = 1.

-Q
G(C',C)?* < C(m) ( min gk> E(T,C,B,).

1<k<Q

Proof. We outline an iterative procedure. Let Cy = C. In step k if we have
E(T, Ck, Bl) S 5N—ka(0kz)2

we take C' = C), N' = N — k and we stop.
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Otherwise assume that

E(T, Cy, B1) > en_ra(Cy)%

Then we select two half-planes of C, H; and Hj, that form an angle of a(C}). We remove
H; and change the multiplicity of H; to Q; + @);. This cone is defined to be Cjy;. We must
have

E(T, Cry1,B1) < e(m)

E(T,Cy,By).
ON—k

If the process never stops, we define C’ = Cy and N’ = 1. We must have that

E(T.C".By) < c(m) [[ ~—E(T,C,B)).

N'+1<k<N Sk

This implies that if € is chosen small enough then in the case we didn’t stop we also have
E(T, C/, Bl) < 8104(0/)2.

The last inequality of the proposition is a straightforward consequence of the procedure. [
We are now ready to prove the uniqueness of the tangent cone.

Definition 3.5.7. We define the modified excess as
E(T,C,B,(p)) := max {E(T, C,B.(p)), x *Arr, H_IA%T2}

The dependence on « is implicit in the notation; in Theorem ?7 we will choose K as Kgecay-

Theorem 3.5.8 (Small Excess Uniqueness of the Tangent Cone). Let T' and C' be as in 3.5.2.

There exist €qecay > 0, Kdecay > 0 such that if

A

E(T, O, B1(p)) < Edecay;
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then the tangent cone, C,, at p is unique and is an admissible open book. Here, E 4s defined

USING K = Kdecay- Moreover, there exists a(Q, m,n,m) > 0 such that for every p < 1/2,
E(T7 Cpa Bp(p)) S pafE<T? Ca Bl(p))
We also have
G(Cy, C)? + disty(Cp, C)? < ¢(Q,m,n,m)E(T, C, B1(p)).

Proof. Before proceeding we apply, we apply the pruning proposition 3.5.6 to the cone C,

obtaining a cone C' which satisfies

~ -Q
E(T,C,By) < C(m) ( min gk> E(T,C,By).

1<k<@

Since Q(C', C) <E(T,C,B,)"Y2, if we prove the theorem to hold for C then it will hold for
C'. By choosing € small enough, we may assume that the starting cone C'is pruned (without
relabeling) and thus it satisfies the conclusions of Proposition 3.5.6.

We will start by proving the following iterative excess decay starting with a
pruned cone C. There exists a sequence of admissible open books C! and radii ry, 7, €

[N, 1/2], where Cy := C and 1 := 1, such that
« The number of distinct sheets IN; of cone C' is non-decreasing.
« For every [ we have B(T,Cy,B,,) < ey,a(C))2.
. If E(T,C,,B,,) > E(T,C,;,B,,) then C*! := C' and 1,41 = in.

« If E(T,C;,B,,) = E(T,C;,B,,) we apply excess decay 3.5.4. Here ri 1t € [ny,,1/2]
and

G(CHL CY < v(Q,m,n,m)Y*E(T, C, B,,)"/%.
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o For every non-negative integer [

A

E(T,Ci1,B,,,,) < -E(T,C;,B,,).

N —

We prove we can do the above. We chose x < min;<x<q €.

The case of large second fundamental forms: If
E(T,C;,B,,) > C(Q,m,n,n)E(T, Cy, B,,)
we chose ;41 = %Tl, Ci11 := Cy, then

E(T,Ci41,B,,,,) < -E(T,C,, B,,).

DO | —

In the last inequality we use Lemma 3.6.14.

The case of small second fundamental forms: We must have

E(T,C;,B,,) <ena(C))? and Arr + ALri < enxE(T,C, B,,).

We are in the hypothesis to apply Lemma 3.5.4. This gives us the cone C;,1, which
satisfies

E(T,Cypi1,B,,,,) < ONE(T, C;, B,,).

Ti+1

If C;1 has more sheets than C; then

E(T’ Cl+17 BTz+1) S eNa(Cl+l)2 S 8]\fz.t,.1Oé(Cl—|-1)2

the last step by our choice of parameters 3.5.3.
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In the case that C;.; and C; have the same number of sheets we have that

a(Cii1) = a(Cy) — C(Q,m)G(Cii1, Cy)
a(C)) — C(Q,m)y(Q, m,n,n)E(T, C,, Brl)l/2
1

> (1 —eny(Q,m,n,m)a(Cy) > (Ch).

ﬁ&

This implies that

1
E(T, Cl+17B7’z+1) < E(T, ClaBn) < 58]\[1()[(01)2 < 5Nz+1a(cl+1)2

N —

since N; = Njy1. Additionally since 7417, < % the second fundamental form terms must

also shrink by a factor of 1/2 and thus we must have that

A

E(T,Ci1,B,,,,) < -E(T,C;,B,,).

N | —

Convergence of the cones C; and uniqueness of the tangent cone:

We must have
~ 1
G(Cuir, C) < AR(T,C,, B,,)"? < AZE(T,C,B,)"

for a for a universal parameter A depending on all the other parameters. This implies that

there exists a limit C}, in G of the sequence C; and
1
G(C,,C) < 2A§IE(T, C,B,)Y%
This implies

= 1/2
. 71 /
E(T,CYP,BTZ) < C’(Q,m,n, n, lgllcl? Sk) ZE(T’ C, BT) .
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Given p we can choose [ such that p € (41, 7). Let n:= minj<;<gn;. Then

N 1 -

E(Ta OP7 BP) S O(m) nm+2E(T7 CP? BTL) S 0(77, 61) E(Tv O, BT‘)

1
2
We notice that if p < 1/2r then using that n'™'r <7, < p and defining a := log(2) /log(n)

we get

This implies as desired
~ . . p @
E(T7 Cp7 Bp) S C(Q7 m,n,n, 1I§I}€1£Q €k, 7]) (7’) E(T7 C7 BT (p))

In order to get the estimate on the intermediate scales see Proposition 3.6.14.
The last inequality implies the uniqueness of the tangent cone. Indeed, let r; — 0 a

sequence of scales such that (A.)x7 — C’. Then

E(C',C,,By) = lim E((A,,)4T, C,, By) = 0.

J—00

This implies C' = C,,. O

3.5.2 Consequences of the excess decay lemma

As an immediate consequence we get an upgrade on the classification of the tangent cones

and thus on the minimum density.

Theorem 3.5.9 (Density jump). Let C' be an area minimizing cone with 0C =
Q[{0} x R"™].  There exists 0(Q,m,n) > 0 such that if ©(C,0) < Q/2 + 0 then
O(C,0) = Q/2 (and thus C' is an open book).
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Proof. Suppose by contradiction there exists a sequence of area minimizing cones C; with
©(C;,0) — /2. Up to a subsequence we can assume C; — C for C' an area minimizing cone.
We must have then that ©(C,0) = (/2 and thus C is an open book, by Theorem 3.3.1.
We must have that for j large enough E(C;, C,B,) < ¢ for ¢ in 3.5.8. This implies that
the tangent cone to C; at 0 for some j large enough must be unique and an open book. Thus

C; must be an open book for j large enough. O

Theorem 3.5.10 (Uniqueness of the tangent cone). Let T, I', ¥ be as in Assumption 3.1.1
or the local convex barrier 3.4.7. Assume in the first case that O(T,0) < Q/2+ 0. Then

O(T,0) = Q/2 and the tangent cone at is a unique open book.

Proof. In the first case, since O(7T,0) < @/2+ 0 then O(T,0) = (/2. Thus in this case, every
tangent cone must be an open book. Analogously, in the second case, by Theorem 3.4.2 every

tangent cone at 0 must be an open book. We take a tangent cone C. We must then have that
E(T,C,B,,) =0

which means that there exists j for which I@(T, C,B,,) < e with ¢ as in 3.5.8. This implies

that T has a unique tangent cone at 0 by 3.5.8. O
Let NT be the normal bundle of T'.

Definition 3.5.11. Given p € T' let C, = >, Q; [H;] be the tangent cone at p. We define

the normal map 7 : I' = Ag(NT') given by

N
n(p) = > Qi [prymy- (H:)] -
i=1
Corollary 3.5.12 (Multivalued Normal Map Hélder Estimate). There exists € such that if

E(T,C,By(p)) < &
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then the following quantitative estimate holds ¥qi,q2 € B(p,1/16)

g("?(‘h)? 77(‘12))2 < C<Q7 m, n7ﬁ)fE(T7 07 B1>|q1 - QQ‘Q'

Here, B is defined using k = Faecay. Moreover, let U = {z € T : ©(x) < Q/2 + 0}, which

forms a relatively open set of I', and let K C U a compact subset of U. Then n € C*(K).

Proof. By 3.6.14, in combination with 3.5.6 if ¢ and s are small enough then for every

¢ € Bi(p)
E<T7 qu ) BI/Q(QI)) < C(Qv m,mn, ﬁ)fE(T, C7 Bl)

The open book Cy, is defined by translating C' so that it passes through p and tilting it so its
spine is T;, (I') and it is still contained on T}, (3).
Up to taking ¢ smaller we must have that for C, the tangent cone at ¢, for every
0<r<1/4
E(T,C,,,B,,) < C(Q,m,n,m)riE(T,C,B;).

We define C#? as the cone obtained by translating and tilting C,, so that it is centered at
2 and has a spine tangent to I' and it is still contained on T, (). If ¢; and g, are in By /14(p)

and r; = 2|q; — ¢2| then

E(T,C2,B,,(q1)) < C(Q,m,n,m)r{E(T, C,By).

q1”’

Thus if € is small enough then IE(T, C#, By, (q1)) < Edecay Where Eqecay is the one needed to

run theorem 3.5.8. This allows us to apply the theorem and obtain the desired estimate

Gn(q).n(g))* S G(C2,Cp)? < |l — @] *E(T, C, By)
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The qualitative conclusion follows by compactness and continuity. By the quantitative

statement we must have that the normal map is a continuous map of U. We must show that
G(n(p),n(q))

lp—gq|*

is bounded in K x K C I' x I'. Tt is clearly bounded away from the diagonal by continuity.
We can cover the diagonal by balls on which the quantitative result applies and conclude by

compactness. O

Theorem 3.5.13 (Decomposition lemma). Let T and T" be under Assumption 3.1.1 and
q € I'. Assume that C is a non- flat open book. There exists €jecomp > 0 such that the

following holds. If C = >N, Q; [H]
E(T, C,B1(p)) < Edecomp(C)?. (3.5.4)

There exist 11, Ty, .., T area minimizing currents on By N'YX with

. OT; = Q;[T]

=1

o The supports of T; only intersect at I'.

Theorem 3.5.14 (Qualitative decomposition theorem). Let T' be an area minimizing current
as in Assumption 3.1.1. Further assume that O(T,0) = Q/2. Let C = >N, Q;[H;,] be the
unique tangent cone to T at 0 (where the representation of C' is such that the half-planes are

distinct). Then there exists p > 0 and area minimizing currents T1, Ty, ..., Ty in B, such that

N
TIB,=>.T,

=1
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where the supports of T; only intersect at I', 0T;L_B, = Q; [I'], and the (unique) tangent cone
at 0 of T; is Q; [Hi]-

The proof of Theorem 3.5.14 follows immediately from Theorem 3.5.13 at some scale

small enough from Theorem 3.5.8.

Proof of Theorem 3.5.13. Let C, be the tangent at ¢. If Ar is small enough then the
projection pr is well-defined.

By assuming that IE(T, C,B1) < €goger- We start by coupling the estimates from the
proof of 3.5.12 with the L?-L> height bound of De Lellis-Minter-Skorobogatova (Theorem
3.2 [24]).

If ¢ € spt(T) N By,16 we have

dist(q, Cp.(q))
lqg —7(q)

< C(Q.m,nm)lq — w(q)|**E(T, C, B, (p))""* (3:56)
We will also have that V¢, ¢, € B(p,1/16)

G(n(g2), n(qr)) < C(Q, m,n,m)e"a(C).

We also have

G(C,,C) < C(Q, m,n,m)E(T, C, B1)"? < Caecompar(C).

This implies that the tangent cones C; have at least as many sheets as C'.
We parameterize B; as a subset of the normal bundle of I'. We consider the function

d:B,\I >R
dist(q, Cw(q))
d(q) := ———————-.
O

As a consequence of (3.5.6) we get d(q) < a(C,) on spt(T) N By 16.
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This means that spt(7") \ I' is split into N disjoint open sets, each of which is non-empty.
If one of the sets was empty, one of the half-planes in the support of C' could not be in the
support of the tangent cone to T" at 0.

This allows us to decompose T" into N currents as desired. O

Theorem 3.5.15. Let T', I' and ¥ be as in 3.5.2. There exists € such that if either

max {E(T, C,B,),s "Ar, K,_lA%} <e€
T|(B
max {" I(By) Q/2,k *Ar, Ii_lA%} <e

then there exists C' such that
E(Ta C/a Bl/2) < 5decomp-

In the first case, we have spt(C") C C' and if

/ dist(x,spt(T))%d|C| < ¢
B1\By4

then we have spt(C') = C.

Proof. We argue in both cases by compactness, by taking a sequence of currents 7; which
satisfies the assumptions of the theorem with a vanishing sequence of parameters € = ¢;.
We assume after rescaling the radius is 1 and up to rotation Tp(T') = R™! x {0}. Up to
subsequence, T; — T, T'; = R™ 1 x {0}, ¥; — R™™.

In the first case up to subsequence also C; — C. We must have that E(7,C,B;) = 0.
This implies spt(7") C spt(C') and thus there exists C” such that E(7,C’,B;) = 0 which is a

contradiction since IAE(TJ, C',B1) < €decay for j large enough.
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In the second case T' must have density constantly equal to ¢)/2 which means that it must
be a cone by the monotonicity formula and it must be an open book by 3.3.1. We must then

have IAE(T], T,B1) < €decay for j large enough which is a contradiction. O

We consider for a plane 7 the tilt excess

W™ 2

BB = [ ()deTn(x),

Theorem 3.5.16. Let T, T, ¥ be as in Assumption 3.1.1 and assume O(T,p) = Q/2. Assume

that T has a flat one-sided tangent cone Q 7] at p. There exists e(Q,m,n,m) > 0 such that
if
max {E(T,Bl(p),ﬂ),Ap,A%} <e

then there ezists C'(Q, m,n,m) and a(Q, m,n, ) > 0 such that

E(T,B.(p), ) < C(Q,m,n,m)r?, for every r € (0,1).
Proof. 1t is enough to show that there exists € such that if
max {E(T, Bi(p), ), Ar, AZE} <e

then

A

E(Tv B1/2<p)7 7T) < Edecay -

This follows by compactness. Since @ [r] is a tangent cone, we obtain the decay towards

Q [].
We thus establish for » < 1/8 that

E(T,B,(p),m) S E(T,Bo,(p), 7) + Ar + AL S E(T, By, (p), Q[n]) S 7
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The first inequality is the classical L2- tilt excess bound. The second inequality is the strong
excess to L? bound. The last inequality is the decay to the tangent cone from Theorem

3.5.10. 0

3.6 Lipschitz approximation

In this section, we construct the Lipschitz approximation and conclude with some technical
estimates regarding measure theoretic excess and its relationship to L? excess.
We introduce an assumption that enables the construction of a suitable Lipschitz approxi-

mation defined on the ball B;.

Assumption 3.6.1. Let 7', I' and ¥ be as in Assumption 3.1.1, but instead considered
within the ball Bg. Suppose C' is an admissible open book. We assume for a small constant
e(Q, m,n,m) that

E(T,C,Bs) + Ap + A% < ca(C)?.

Moreover, we assume that for every p € 'NMBg and all 0 < r < 1/8

[T1(Br(p)) < (Q/2+ 1/8) wynr™.

The Lipschitz approximation will be defined on the ball B;.

3.6.1 Lipschitz approximation away from the spine

We cite the relevant results on the Lipschitz approximation from [24] and outline the
necessary modifications. The following result follows from the L? — L height bound with

respect to parallel planes (Theorem 3.2 of [24]).

Lemma 3.6.2 (Crude splitting). Let T' and ¥ be as in Assumption 3.1.1. Let C' be an
open book with 0C = Q [V] with 0 € V. Assume that 0T L (B4 \ Bl/32(V)) = 0. There are
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constants 6(Q, m,n,n) > 0 and p(Q, m,n,m) > 0 with the following property. Assume that

/ dist(p, C)* + A% < §8*a(C)?
B4\By/32(V)

Then
1. The sets W; := <B4 \ 31/32(V)) N {dist(., H;) < po} are pairwise disjoint.
2.

The proof of this lemma is the same as in Lemma 8.5 in [24] with the additional information
that the boundary does not appear at the desired scales.
We will also denote W/ := Bjss \ By/20(V) N {dist(., H;) < 2pc}, & = Bsjs \ Biyo(V)

and we suppose that p is such that W/ are also disjoint (by possibly taking ¢ smaller).

Proposition 3.6.3. Let T, C, W; as in Lemma 3.6.2. Consider Q; := By N H; \ By16(V)
and ; = B3 N py (). Set T; := TL(W; N ) and

E, = / dist(p, H:)?d|T|(p).
Bs\By/32(V)

Assume that (7o), (TLBy \ Bis(V)) = Q[Ban{z, >1/32}] and |T[(Bs) <
(Q/2+1/4)4™w,,.
Then, there exist non-negative integers @, ..., Q). such that > Q. = Q and the following

properties hold:

2. (pu,)y (Th) = Q [€u];

3. The following estimate holds

distz(q, H;) = |p§i(q)|2 S B+ AL Vg cspt(T) Ny :
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4. For all i with Q; > 1, there are Lipschitz multi-valued maps u; : ; — AQ;(HZ-L) and
closed sets K; C Q; such that gr(u;) C ¥, T;Lpy (K;) = Gy, Lpg (K;) and the following
estimates hold

luille + I1Duillz. < CE; + CA
Lip(u;) < C (Ez + A22)7

14

[\ K| + [T)(4\ pr, (K3) < C (Ez + A%)

5. Q=0 if and only if T; = 0;

6. Finally, if in addition
E(T, C,Bg) < 6*a(C)?

then Q) = Q; for every 1.

Proof. The proof of the common statements follows [24]. The additional properties we
establish are the bound Y- @} > @ and (6).
The bound Y Q) > @ is an immediate consequence (coupled with the information coming

from the same proposition in [24]) of the assumption on the circular projection
(7'('0)# (TLB4 \ Bl/gg(V)) = Q [[B4 N {I‘m > 1/32}]] .

It remains to show (6).
We know that
1+
T3] (€2) — Q%] S (Ez +A%) i

In particular

T51(€2;) — Qi|€%] << 1/2|€].

Assume that Q) > Q; for some i, then |T'(Q;) — |C](Q) > ¢(m) if excess is small enough.
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Assume that |T'| = |T|' +|T'|? and |C| = |C]* +|C|* with a transport plan o between |T'|*
and |T)?. We recall that W/ is a fattening of W; and 2} is a fattening of ; and thus exiting
Q. from €2; means traveling a constant distance.

Since

/dist(m,\/)Qd|T|2 —I—/dist(x, V)2d|C)? << 1

then we must have ||T|' — |T|(Q) << 1 and ||C]* — |C||(€2}) << 1. Thus

c(m) < |T|(Q:) = 1C1(Q) < |TI' (%) — |C]N(%) < o(uNW;, 4B\ Q' N W),
Since |z — y| > ¢(m)a(C) for z € Q;NW; and y € 4B\ Q' N W/ we have
cm)a(C) < [ [o = yPdo(z,y) < B(T.C.By).

This is a contradiction to the assumption that @} > @, for some ¢ which implies Q; = Q; and

thus we conclude (6). O

Notice that we don’t separate between the case of a single and multiple planes (as in [24])

since we define a(C') := 1 when C' is a single half-plane.

3.6.2 Whitney regions and dyadic cubes

To construct the Lipschitz Approximation, we define a suitable Whitney region. We

assume V = R™1 x {0}. We let Ly be a cube with side length \/W% centered at 0.

We define the regions as in [24]. Let R := {p: pv(p) € Loand 0 < |py+(p)| < 1}. The

cubes G, are cubes of sidelength \/2% obtained by subdividing Ly into 2!~ cubes. The
integer [, the generation of the cube, is denoted by ((L). If L C L' and ¢ (L") = ¢(L) + 1, we
then call L' the parent of L, and L a child of L'. When ¢ (L") > ¢(L), we say that L’ is an

ancestor of L and L is a descendant of L'.
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For every cube L we denote by vy, it’s center and B(L) the ball By 1) (yz) (in R™™)
and by B"(L) the set B(L) \ By-s-11)(V).
We define for L € G,

R(L) := {p :pv(p) € Land 277! < [pyi(p)| < 2_1}.

We also define AL as the cube concentric with L with side length )\\/2% and

AR(L) = {p :pv(p) € ALand A71277 < pyi(p)| < AZ_Z}.

We also define AL; := AR(L) N H;. We define the circular projection m, : R™*" — R™! x R

as m5(q) := (pv(q), |py1(q)|). We remind the basic properties of the regions.

Lemma 3.6.4. Consider the collection of cubes G introduced above and its elements L. Then

the following properties hold:

1. Given any pair of distinct L, L' € G the interiors of R(L) and R(L') are pairwise
disjoint and R(L) N R (L") # 0 if and only if LN L' # 0 and [((L) — ¢ (L)| < 1, while

the interiors of L and L' are disjoint if ¢(L) < ¢(L') and L' is not an ancestor of L.
2. The union of R(L) ranging over all L € G is the whole set R.

3. The diameters of the sets L, R(L),\L,\R(L), L;; \L;, and B"(L) are all comparable
to 2745 and, with the exception of L, \L, all comparable to the distance between an
arbitrarily element within them and V' ; more precisely, any such diameter and distance
is bounded above by C2~L) and bounded below by C~'274L) for some constant C which

depends only on m and n.

4. There is a constant C = C(m,n) such that, if B"(L)NB" (L") # 0, then [{(L) — ¢ (L)| <
C and dist (L, L') < C27%5) . In particular, for every L € G, the subset of L' € G for

which BM(L) and B" (L') have nonempty intersection is bounded by a constant.
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5. Yreg, H" H(L) = C(m) for any € and therefore, for any k> 0,

Z 27(m71+n)Z(L) < C(/i, m)
Leg

We cite the Layer subdivision of [24], which will determine a sequence of subcones for a

given open book C'.

Lemma 3.6.5 (Layer subdivision). For every integer N > 2 and every 0 < 0 < 1, there is
n =n(d,N) > 0 with the following properties. Let C' be an open book. Then, there is k € N
and subcollections I1(0) 2 I(1) 2 --- 2 I(k) of the integers {1,..., N}, each of cardinality at

least 2 and with 1(0) = {1,..., N}, so that the numbers

m(s) := min Z(H;, H;)

1<jel(s)

d = i AHZ,H
(5) 1€1(0) je1(s) ( s)

M(s):= max Z(H; H;)

i<jeI(s)

satisfy the following requirements

2. nM (k) < m(k)
3. d(s) < om(s) and nd(s) < m(s—1) for every 1 < s < k;
4. m(s—1) < dm(s) for every 1 < s < k.

If M(k) < 0, we extend the above by K = k + 1 and I(R) := min{I(k)}. Otherwise & := k.
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Remark 3.6.6. We can assign multiplicities to the sequence of cones Cy 2 C 2 ... 2 Cx,

=

given by the layering procedure Lemma 3.6.5. We write
Co= > Qi [H].
iel(k)

We define inductively starting from assigning the multiplicities for 71(0). We define for

i € I(k 4 1), the multiplicity Q;™" as the sum of Q¥ over j € I(k) such that

Z (Hj, Hz) = leI[T(l]iI_&l) Z (H[, Hz) .

By construction, this minimum will only be achieved by a single sheet of the cone which
means that the multiplicity arrangement is well-defined.

The multiplicities in remark 3.6.6 are defined to be used for Lemma 3.6.13 but in the

other statements the cones are considered without having an assigned multiplicity.

Assumption 3.6.7 (Selection of parameters). We fix 7(m,n, 7, Q) small enough. The pa-
rameter § = 6(m, n,m, Q,7) must be chosen much smaller than 7. Finally ¢ = ¢(Q,m,n,d,7)

in Assumption 3.6.1 will be smaller 4.

The parameters are chosen to satisfy lemma 8.3 of [24]. We define for the open books Cj,
given by
E(L, k) = 20m2)®) / dist2(g, C)d|T] (q).
B"(L)

Given an open book C} we define

and s(k) = § if I(k) is a singleton. We will have a division into outer, central and inner cube

as in [24] with the addition the respective balls don’t intersect the boundary.

Definition 3.6.8. Let L € G. We say that L
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1. L is an interior cube if B"(L') NT' = & for every ancestor L’ of L (including L) and

IT|(B(L)) < (Q/2 + 1/2)2mE-1L), (3.6.1)

2. L is a boundary stopping cube if B®(L)NT # @ or |T|(B(L)) > (Q/2 + 1/2)2m2-L)

and it’s parent is an interior cube.

3. A cube L is a k-type cube if it is an interior cube and E(L’,0)/s(k)? < 72 for every
ancestor L’ of L (including L), but it is not a (k — 1)-type cube (if £ = 0 this condition

is not apply).

4. A cube L is an outer cube if it is a O-type cube. We denote by G° the outer cubes. A
cube L is a central cube if it is k-type for some 1 < k < &. We denote by G° the central

cubes.

5. A cube L is a inner cube if it is an interior cube, it is neither an outer nor a central

cube, but its parent is an outer or a central cube.

We note that for every interior cube 7oy (T LB L,)) = Q [7-(B"(L')))]. If the density
condition (3.6.1) fails then we must have dist(I',y;) < C(m)l(L) since otherwise (3.6.1)
would be obtained as a consequence of the monotonicity formula at a boundary point.

We define the following regions that will be useful for the non-concentration estimates.

o The boundary region denoted R’ which is the union of R(L) over all cubes which are

not interior cubes.
« The outer region denoted R°, is the union of R(L) over all outer cubes.
o The central region denoted R°, is the union of R(L) over all central cubes.

« The inner region denoted R', is the union of R(L) over all interior cubes which are not

outer or central cubes.
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3.6.3 Local lipschitz approximation and coherent outer approxi-

mation

We conclude this section with local Lipschitz approximations and a coherent outer
approximation defined on the outer region. The proofs are the same as in [24] since the
definition of these regions is such that they don’t encounter the boundary and satisfy the
appropriate upper density estimate.

We obtain the local approximations by 3.6.3 for the current T, ,-«xz) and the cone
Ch(r)- The domains of definition will be Q(L) := (BQI—Z(L) (yz) \ By-aer) (V)) N Ciry- We also
denote Q;(L) := Q(L) N H;, ur; the corresponding multi-valued approximation (obtaining
by translating and rescaling to use the appropriate lemma) €;(L) the sets 2/X)Q; + y;, and
by K;(L) the sets 27D K; + y;, where €; and K; are given by proposition 3.6.3. When
Qr; =0, the map uy; does not exist and we will not change the notation to take that into

consideration.

Proposition 3.6.9. Let T, X, ', C' as in Assumption 3.6.1. There exists 1 < A = A(m) < %

and C = C(Q, m,n,n) such that the local approximations satisfy the following properties.
1. Qi = Q; for every L € G°.
2. SN Qri=Q for every L € G° U G°.

3. For every L € G°U G° we have spt(T) N AR(L) C U; (L) and

2 g —p(g)f < C(B(L)+27MAY) Vg espt(T) NQu(L);

4. For L € G°UG°, if we set

Tpi =T Q(L)N {dist (-, H;) < C2740) (E( L)+ 2720 Ag)m}
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(with C larger than the constant in the previous estimate, then, for K;(L) = 270 K;+

yr C (L) as above,
Tpipp; (Ki(L) = G, wpy, (Ki(L)),
gr (ur;) C X, and the following estimates hold:

220 Jlugq |2, + 27" | Dupl. < O (B(L) + 27 AL)

C
Lip (ur;) < C (E(L) + 27" A2)’

1+~

ULNKL)| + [Tl (DB (L)) < C270) (B(L) + 272 Az) .

Definition 3.6.10. Let 7, X, T", C be as in Proposition 3.6.9. Fix L € G°. We define

E(L) :=max{E(L): L' € g°with R(L)N R (L") # 0}

Proposition 3.6.11 (Coherent outer approximation). Let T,T', %, C be as in Assumption
3.6.1. We define
R? = ULGQOLi = Hz N ULEgoR(L).

Then, there exist Lipschitz multivalued maps u; : RS — Ag,(H;-) and closed subsets K;(L) C

L; satisfying the following properties:

1. gr(u;) C L and Tp;Lpy (Ki(L)) = Gy, Lpy (Ki(L)) for every L € G°, where Ty; is

defined as in the proposition above.

220 (i3 .y + 27 | D3,y S B(L) + 272 P AL
— Y
1Dl e,y S (E(L) + A3)

_ —m = _ 1+~
L\ Ki(L)| + | Toal (Pt (Li \ KoL) S 273 (B(L) +27*(H AY)
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Proposition 3.6.12 (Blowup). Let T, %, T, C' satisfy Assumption 3.6.1. Then, for every
o,¢ > 0 there are constants C = C(m,n,Q,0,7) > 0 and ¢ = ¢(m,n,Q,d,7,0,5) > 0 such

that the following holds:
1. R\ B,(V)CR°

2. Uy, Rl = (R\BU(V)) N Hz then

|Du;|* < Co™?E(T, C,By) + A%,

R;

3. 1If additionally A% < ?E(T, C,By), then there is a map w; : R; — Ag,(H;") which is
Dir-minimizing and such that

dyr2 (v, w;) < ¢

where dy2 is the WY distance defined in [30].

3.6.4 Technical estimates on measure theoretic excess

In the following lemma, we use the definitions of the different type of cubes as 3.6.8, but
do not require the global Assumption 3.6.1. We still consider the definition of types of cubes

as above with respect to the cone C' and their associated Lipschitz approximation.

Lemma 3.6.13. Let T, 1", Y be as in Asumption 3.1.1, but instead within B4. Assume that
every cube that intersects Bo-10 and their ancestors are outer cubes whose multiplicities of

their local Lipschitz approximations agree with those of C'. Then
E(T,C,By) < C(Q,m,n,7,7,0) (E(T,C,By) + A} + A}) (3.6.2)

Proof. Let ¢, be a partition of unity such that oy, is supported in B"(L). We can split into
cubes L
E(Tv C? Bl) < Z d(SDL|T|7 QOLC) + CA%‘

L interior
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In the boundary term we are also including the cubes such that the density

Now we further split by estimating

S dlpr|T], ¢rC) < (1) + (II) + (III) (3.6.3)

L interior

with

(I) = Z CE(L)WH-Q? (H) - Z Z d(QpL|T|7§0LCL)

L inner cube k L k—type

I =3, > dlecCr,eL0).

k L k—type

In the above equations we define the cone C}, as the multiplicity arrangement of C' given by
constructing the local Lipschitz approximations over C'.

We consider the term (I):

The bound for (I) is an immediate consequence of the definition. Indeed for any interior

cube L we have

l<L)m+2 < C2f(m+2)€(L)E(L>7

which implies

(I) < CE(T, C, By).

We consider the term (II) : We obtain, in a way similar to Remark 3.2.2, for L of

k-type the following inequality
d(pr|T), r|Crl) < C27 M) (B(L) + 27 AY). (3.6.4)

We can conclude

(I) < CE(T, C, B,) + CA%.

We consider the term (III) : By definition of k-type, every ancestor to L must have a

bound on the excess E(L’,0)/s(k)? < ¢(k)7® and thus the L? — L*> height bound is valid
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with respect to C}, for L and every ancestor of L. This coupled with the fact that the regions
over which the Lipschitz approximations for L and it’s father overlap, implies that they can

all be modelled over the cone ('} with the same multiplicities given by
Qi = > Quy
JeJ (@)
where

0= {3 € 100): (5,10 = i (01, ).

Thus, we can bound the distance of the cones by the angle between them
d(prCr, pr.C) < Cs(k)*(L)™*?

for any cube of k-type. We wish to bound then the contribution of all the cubes of k-type.

We call first k-type a central cube which doesn’t have an ancestor of k-type.

It is easy to see that

S os(k)PeL)vr < > s(k)*e(L)™t.

L k—type L first k—type

This is because the sum of ¢(L)™2 of the descendants of a fixed cube R is comparable to

((R)™2.

Moreover for a first k-type cube L, by definition of the layer subdivision and being the

first of k-type (and thus having a father which has large excess relative to C_;) implies
s(k)20(L)™? < Cs(k — 1)20(L)™? < 2~ m+ULE(L).
Now by packing the last estimate over all cubes, we get that

S s(k)X(L)™? < CE(T,C,By)

L first k—type
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and thus (II) < CE(T, C,By). The proof of the remaining estimate of (III) follows analogously
to the one of (II) by reducing the bound to summing over first k-type cubes and using the

stopping condition over those. O

Lemma 3.6.14. Let T, ', %, C be as in Assumption 3.6.1 for the ball By. Let n € (0,1/2)

and assume that € is sufficiently small with respect to n. For every p € [n,1/2]:
E(T,C,B,) < C(Q,m,n,7,n) (E(T,C,By) + AL + A}).
Moreover for every p € By4(0) and p € [n,1/2]:
E(T, Cp, B,(p) < C(Q,m,n,7,n) (E(T,C,By) + AL + A}).

The open book C,, is obtained by a suitable translation and tilting so that the spine of C, is

tangent to I' at p and C, C T,(X).

Proof. The first part of the statement is a consequence of the previous lemma when p € [, 1/4].
In order to get it to go to [, 1/2] we do need to take the constant of Assumption 3.6.1 smaller
(and to construct the Lipschitz approximations in regions that get closer to the boundary of
the ball).

The second part follows analogously as in Lemma 3.6.13 with some minor technical
modifications. When bounding excess relative to a ball centered at p # 0, the bump function
used in the definition of the excess is taken to be centered at p so this requires us to take this

into consideration when estimating the transport plan. O

3.7 Simon’s non-concentration estimates

In this section we prove Simon’s non-concentration estimates - the key technical machinery

we require in this chapter.
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Theorem 11.2 of [24] goes back to Leon Simon’s work on the uniqueness of cylindrical
tangent cones. The bound on the error term of the monotonicity formula implies, with
delicate technical work, the Simon non-concentration inequality. In our setting, we will also
have an error term coming from the fact that we have a boundary. This technique has also

been used in [57] within the same setting. We will follow [24] taking care of the additional

1

error terms. Throughout this section let r = T

Theorem 3.7.1 (Simon’s Estimates). Let T,T,% and C as in assumption 3.6.1 for e small

enough. For any r < 3\/% we have

gt _
/B | ‘q|m+2d|]TH < C(Q,m,n,n) (E(T,C,By) + Ar + A}) (3.7.1)

here ¢- == q — pz(q) at H™ a.e. q € spt(T) (pz is the orthogonal projection to the span of
?(q)) We also have

T

Corollary 3.7.2. Let T, T, X and C as in Assumption 3.6.1 for € small enough. Then for

all k € (0,m + 2),

. 2
/ distg, O _ (E(T.B4,C) + Ar + A2) (3.7.3)
B

. |q|m+2—f$ —

The proof of Corollary 3.7.2 is an immediate consequence of Theorem 3.7.1 and the

following Lemma 3.7.3.

Lemma 3.7.3. Let T, T, ¥ and C as in assumption 3.6.1 for € small enough. Then for every

k > 0 we have

dist C 2 112
[ B i@ <. [ ATLamie + CBreB) A AL (37
B B:

) |q’m+2—n ’q|m+2
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Proof of Theorem 3.7.1. By the monotonicity formula from Corollary 3.2.5

12 T|(B,(0 1 N - .
/13,, ||C]q|mLL2d’|T‘|(Q) = w — Q/Q—m/Bp(q ﬁT(q)) (|q‘ > )

=7 et | @ ihae @ 61

We let H; be the half planes C' and @); their respective multiplicities. We have then that

mer

=Y QilH:inB,|.

We later use the following formula, which holds for any Radon measure p and any

non-negative function f:

/f(IQI)dﬂz/Ooo f(T);i(,u(B,«))dr.

We start fixing a smooth y, monotone, non-increasing, such that Ly} < x < Ljga2y).

Define I'(t) := — [ 4L( )s™ds. We take a weighted version of the identity (3.7.5) by
multiply both sides by p™ take the derivative on p and then integrate over x(p)?. We can
then get estimate (11.10) in [24] with a boundary term. We explain carefully how to deal
with the boundary terms.

We bound

g ]?
. d|T|(q) < C

/ *(laDdIT(q ZQ@/ (lal) d\H]] (3.7.6)
co [ Trlgryy
+0Q [ ohe™ | <q-7>amm-1dp (3.78)

p

+(JQ/ (lp])p / tm 1/ (q- 7)) dH™ tdtdp (3.7.9)
I'nB¢
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The term (3.7.7) is dealt analogously. The terms (3.7.8), (3.7.9) are dealt by observing that

/ \q-ﬁ\dﬂm_lz/ P,y (@) - TAH™ ™ < p™ ! sup [praye(9)] < o Ar
rnB, rnB,

qel'NB,

Thus the terms (3.7.8), (3.7.9) are bounded by Ar. As for the term (3.7.6), we take the
vector field

X(q) = x(lahpy (q)-

The first variation formula gives us
/ diva:(X) = O(AZ + Ap).
This gives us

/ 2 (la)dIT|(q) - / V(la)d|C] (@) < CAZ + CArp + C / 2| T (g)

BQ‘!‘

n / gDz - Vo x(la)dIC] ().

The proof then proceeds almost identically as in [24] since we have the same estimates for
inner, central and outer regions. The only term that remains are the boundary regions which

can be bounded by Ar. O

Proof of Lemma 3.7.3. See the proof of lemma 11.6 in [24]. It follows from a first variation

argument on the vector field

X(q) = dist*(¢,C) (max(r, ) 1)+ q

where g (¢) := max(g(q),0).

110



The only required modification is controlling the boundary term

[ diva (Tl = Q [ (T - (X iz,

We estimate as in the boundary error term in the proof of Theorem 3.7.1

/ (X - T)dHm < / " pr s () - TR < C, A
N I'mB1

Theorem 3.7.4. Let T, 1", %, C be as in Assumption 3.6.1. For every o > 0

1. For every cube L in the cubical decomposition from the previous section
E(L) So 277 (E(T,C,By) + Ar + A)

1
2. For every o and r < ;o—:

1
,,am+2

/ dist(q, C)*d|T] < Coo® ™ (E(T,C, By) + Ar + A3) .
B, NBsr(V)

3. Moreover, if B, \ By.(V) C R then

1
rm+2

/ dist(q, C)2d[I] < C(ev, Q,m,n, ) (E(T, C,By) + Ar + A%) gd

1 / 9
+ |wi
e zz: B,NH;\Bor (V)

+C(Q,m,n,7) (E(T,C,By) + r*A%) (E(T,C,By)o "2 +1?A)’

Proof. The first inequality is a consequence of Theorem 3.7.1 Simon’s non-concentration

estimate at suitable boundary points.
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We prove the second inequality. We start covering B, N B,,.(V') with balls of size comparable

to or. For every such ball we have

/ dist(g,C)? < (o7)" "7 (E(T,C,Ba) + Ar + A}).
B,

(3

Part of the error, which is already accounted for corresponds to the fact that the earlier
non-concentration estimates require the cone to be admissible. We thus have to tilt and
translate the cone which introduces an error of A + A%,

By taking a Besicovitch cover the balls will have bounded overlap. The number of balls
will be thus bounded by C(m)e~™". This implies the second inequality in the lemma.

We estimate the remaining part of the integral in order to conclude the third inequality:

" PE(T,C, B, \ B,(V)) < > > / dist(p, H;)*d|T; 1|
Q(L)

Lio/2<2- L) <4r @

S Z Z |uz|2 4 OQ—(W—{-Q)Z(L) (E(L) + 2_2£(L)A%)1+'y

Lioj2<2— @ <4r i JQu(L)

<y / jui? + C (E(T, C,By) + r*A%) (B(T,C,By)o" 2+ 1?A%)".
7 B47«OHZ'\BU (V)

This type of estimate comes from Proposition 3.6.9. There is an additional issue we deal with
here which is that there is a slight mismatch between the current on the cylindrical region
R(L) and where the graphical approximation is defined. This issue does appear in the above

estimate and is addressed in Lemma 8.16 and Remark 8.17 of [24]. O

3.8 The boundary linear problem

In this section, we study the boundary linear problem of multi-valued Dirichlet minimizing
functions on the half-space. We show this problem to have similar properties to the interior

problem of Dirichlet minimizing functions treated in [30]. We show the 1-homogeneous
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Dir-minimizers to be linear and a suitable decay lemma. We conclude the section with a
technical result which will later allow us to conclude that blowups are Dir-minimizing up to

the boundary.

3.8.1 Preliminaries

We refer to [30] for the detailed set up for the linear problem.
Let RT = {(y,t) € R™ ' x R*}. Let H = {x : &, = 0} and if € H then B} (z) denote
the half ball B, () NR?’. We denote 0B} (z) = 0B,(x) N {x,, > 0}. Given Q C R} be a

Lipschitz domain there is a well-defined continuous trace operator
olan : W28, Ag(R™)) — L*(092, Ag(R™)).
Definition 3.8.1. Let €2 be a Lipschitz domain. We say w is Dir-minimizing in €2 if
u € WH(Q, Ag(R™))
and for every v € W2(Q, Ag(R")), we have ul 9Q = vl_9Q

/|Du|2§/|Dv|2.
Q Q

The boundary linear problem is the following;:

Assumption 3.8.2 (Linear problem). Given a Dir-minimizing function u € W?(Q, Ag(R")).

The boundary linear problem concerns functions u satisfying ul-9Q N By = @ [0].

In this chapter it will be enough for us to consider the linear problem on the half space

(i.e., the following):
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Assumption 3.8.3 (Linear problem on the half space). Given a Dir-minimizing function
u € WH3(BY, Ag(R")). The boundary linear problem on the half space consists of functions
u such that ul. H N By = Q [0].

In [52] Hirsch proved Holder regularity for Dir minimizers with Holder regular boundary

data on C' domains. A relevant consequence of his work for us is:

Theorem 3.8.4. Let u be as in Assumption 3.8.2 for a C' domain Q. There exists

a(Q,m,n,m) > 0 such that every r € (0,1), u € C**(B, N Q).

His work can handle any Holder continuous boundary data over the boundary of a domain,
and even thought the main statement of [52] is written in a global way, the proof of it is
purely local and implies the above theorem.

We follow the main properties of the frequency function as in [30]

Definition 3.8.5. For x € H N By, 0 < r < 1 — ||, we define the Dirichlet energy, L?

spherical height and the boundary frequency function:

D
D(z,r) = / |Du|2, H(x,r)= / |u|2 and I(z,7) = M
B (x) 9B7 (x) H(z,7)

Proposition 3.8.6. Let u be as in Assumption 3.8.3. For every x € H N By and a.e.
r€(0,1—|z])

(m — 2)/ Duf? = 7‘/ Dul? — 2r S [0, uif?
B} (x) OB () OB (2)

7

/ |DU’2 = Z<avuiaui>
B/ (x) OB ()

Proof. The proof is analogous to the corresponding version for classical Dir-minimizing

functions (see Proposition 3.2. [30]).
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For the first formula we use the same specific families of inner variations, which are diffeo-
morphisms that move H tangentially (and thus preserve the zero boundary data condition).
These families are of the form ¢(z) = ¢(|z|)z.

For the second formula we use the same specific families of outer variations. The competitors

are of the form

Ve(z) = ) [ui(z) +ed(lz)ui(2)],

which preserve the zero boundary data condition along H and thus they are a valid 1-parameter

family of competitors. O]
We can prove with the above the monotonicity of the frequency.

Theorem 3.8.7. The frequency function for a function u satisfying Assumption 3.8.3 is
monotone. For any v € H N By either there exists p such that u|p,) =0 or I(x,r) is an

absolutely continous non decreasing positive function of r on (0,1 — |z|).

Corollary 3.8.8. We have I(0,7) =r forr € (0,1) if and only if u is a-homogeneous i.e.

there is f such that

u(y) = lyl°f (y)

Y|

Similar statements at different centers and scales can be obtained by suitable rescaling.
Corollary 3.8.9. We set x = 0 and consider radii up to 1. The following estimates hold:

1. For almost everyr < s <'t,

and

2. if I(t) > 0, then

%; (1) D0 < Py ()" D), (3.8.1)



The proof of Theorem 3.8.7, Corollary 3.8.8 and Corollary 3.8.9 follow analogously doing
the same computations as in the interior setting in the Memoir [30]. For example for the

proof of Theorem 3.8.7 we analogously get

, (2—m)D(z,r) +rD'(z,7) D(x,7)?
Flar) = H(z,r) B 2TH(x, r)?

for a.e. 0 < r < 1 — |z| by using identities 3.8.6, which allows us to conclude I'(z,r) is

non-negative by Cauchy Schwartz.

Proposition 3.8.10. The frequency function
I: HNB; — R" defined by I(z) := lim I(z,r)
r—r

is an upper semicontinuous function on H N By.

Proof. We take a sequence 2 — x and 1, — 7 we further assume r, < 1 (1 —|z|). For k
large enough ry < 1 — |x|, which makes the frequency well-defined.
We know that

I(zy, ) — I(z,7).

By the monotonicity formula

I(x,r) > limsup I (zy)

k—o0

for every r € (0,1 — |z|). By taking r — 0 we get the desired upper semicontinuity. O

1—|x|

Proposition 3.8.11. Ifz € H and I(z) = « then for every radius r < 5= we have that

/ |D’U,|2 < erm72+2a.
B ()

Proof. We plug t =r, := I—le\ in (3.8.1) which gives us for r <r,
2 2 2 2 242
/ |Dul* < r™7% x () / |Du|? < Cpr™ =242,
B/ () e B/, (z)
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In the last step we used the monotonicity formula. O

3.8.2 Blowup of Dir-minimizing () valued functions

Let y € H N B, assume that Dir(f, B,(y)) > 0 for every p < 1 — |y|. The blowups of f at

y are defined as:
m—2

p 2 flpr+y)
Dir(f, B,(y))

Theorem 3.8.12. Let f € WY(BT, Ag) be Dir-minimizing with zero boundary data and

fy,p(m) =

Dir(f, B,) > 0 for every p < 1. Then for any sequence py — 0 there exists a subsequence, not
relabeled, such that fo, coverges locally uniformly and in weak W2(R™") to a Dir-minimizing

function g : R — Ao(R™) with the following properties:
1. Dir(g,BY) = 1 and g|Q is Dir-Minimizing for any bounded ).

2. g(x) = |x|*g (i), where a = 1y (0) > 0 is the frequency of f at 0.

|z

The proof is analogous to the one from [30].

Lemma 3.8.13. (Cylindrical Blowups)

Let g € WH2(R™ | Ag(R™)) be an o homogeneous and Dir-Minimizing function with zero
boundary value, Dir(g,Bf) > 0 and 3 = I, 4(0). Suppose z = -. Then, the tangent functions
h to g at z satisfy

M1, 9, .oy Ty) = fz(x% ey T

where h € WY2(R™™Y, Ao(R™)) is a Dir-Minimizing Q valued function with zero boundary

values on R

The proof is analogous to the interior version of this statement. We do require a small
modification for the construction of the competitor, which we will do as part of the next
lemma. We recall here the interpolation result that we will use to construct the competitor

in next section.
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Proposition 3.8.14. There is a constant C = C(m,n, Q) with the following property. For
every g € WH2(0By, Ag), there is h € W12(By, Ag) with h|ss, = g and

Dir(h, B;) < CDir(g, 9B;) + c/ a(g, Q [0])2.

0B

This is Corollary 2.16 of [30].

3.8.3 Classification of 1 homogeneous Dir-minimizers

Lemma 3.8.15. Let h be a o homogeneous Dir-minimizing function on R with zero boundary

value. Suppose that 1(z) = a for z = e1/2. Then h(s,z) = h(zx) for a Dir-minimizing function

7 m—1
h on R,

Proof. We show that y — h(y — z) must be a homogeneous.

We know that for r <t

I(z,7) (r)”(z’t) D(z,1) < D(z,r)

tm—2 - pm—2 ’

Moreover by the o« homogeneity

/ |Dh|2 _ Tm—2+204/ |Dh|2

This implies that D(z,t) = ™ 272 for ¢t > 2. Moreover we also know that for r < 1
D(z,r) < pmo2t2e

~

This implies

21(z,t)—2«
<t> < I(z,1) < ](z,t)‘
r ~Izr) Y o«

For this inequality to hold we must have I(z,t) = « since when r — 0 the left hand side

blowsup otherwise.
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As for the interior we can get invariance of the function on the z direction. If x € R
then for s > 0

no_ ! ﬂ il _ ﬂ 1 (!
h(sel+x)—(2$)h<2+28> h<2+x) B,

For s < 0 the equality is analogous. This gets us invariance in the direction of z.
We show that h is Dir-minimizing. If it is not, there exists a competitor A’ on a

m — 1 dimensional half ball BT:

/ DI < / DA and 7L OB* = hi 9B*.
Bt Bt

where h’ also has zero boundary value along H.

We can as in the proof of lemma 3.24 in [30] use A to construct a competitor for h in a
sufficiently large half cylinder. The proof is analogous but we still give a briefs sketch on the
construction of the competitor.

We assume BT is centered at 0 and is of radius 1 (up to rescaling and translating). Given
L € R we take a competitor {iL + h’} C [~L, L] x Bf. The competitor &’ is chosen so that
it agrees with A in [~L +1,L — 1] x By +.

The transition regions are two half-cylinders of the form [0, 1] x Bf. In order to get the
interpolating functions over the cylinders, which will be independent of L, we can use the
interpolation result 3.8.14 to get the desired interpolating function in the transition regions.
The fact that the unit ball and the half-cylinder are bi-lipschitz equivalent allows to use the
lemma despite it is stated originally for the unit ball.

When L is large enough the gain obtained by using a less energy competitor for the slices
dominates the loss of the interpolating function. The precise computation is the same as in

lemma 3.24 in [30]. O

Lemma 3.8.16. Let u € WH3(R'?, Ag(R™)) be Dir-minimizing with zero boundary value along

H. Assume u is a-homogeneous. Then o > 1. If « = 1, then u is linear: Jvy,...,vg € R"
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such that

Q
U= ; [vizm] -

Proof. In order to prove @ > 1, we argue by contradiction. Suppose a < 1. Given z # 0
by homogeneity I(rz) = I(z) for all » > 0. By upper semicontinuity of the frequency
I(z) < I(0) < 1. We take a blowup at z and get an I(z) homogeneous Dir mimizing function
on R7! with zero boundary data. We can repeat this procedure to get a Dir-minimizing 3
homogeneous function with 5 < 1 on R* with zero boundary data. The only Dir minimizers
with zero boundary data in 1d are linear functions so 5 = 1 which reaches a contradiction.

We now show that if & = 1, then v must be linear. By upper semicontinuity of the
frequency I(z) < I(0) = 1 for every z € H. By the last proposition, I(z) > 1 for every z € H.
Thus I(z) =1 for every z € H.

By Lemma 3.8.15, the function w is invariant in all directions parallel to the boundary
by Lemma 3.8.15. Thus there exists u’ a 1 dimensional Dir-minimizing function on R*

u(y,t) = u'(t). Since all 1 dimensional Dir-minimizing functions are linear, v’ must be linear:

Q

u'(t) =) [vit]

i=1

w for v; € R™. Thus we get the desired expression for u. n

3.8.4 A decay lemma

Proposition 3.8.17. If I(0) = « then

/ ’u‘2 S 1 rm+2a/ ’u‘2
B m—i—l 8B1+

In particular, if I(0) > 1 then

1
lim lul? = 0.
r—0 Tm+2 B+

T
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Proof. We have that

/ |U|2 S rm—1+2a/ |U|2
OB} OB

1

from Corollary 3.8.9. We integrate over the radius and get since o > 1

/ ‘u|2 < (/r strl/ ‘u|2> 7,.2(0571) — 1rm+2a/ |u’2
B/ 0 OB} m+1 oB}

This gives us the desired estimate. The conclusion at the end of the proposition is immediate

from the fact that o > 1 implies the exponent on r is greater than m + 2. O

The following lemma will allow us to get decay to either a sequence of linear functions or

to zero.

Lemma 3.8.18. Let u be as in Assumption 3.8.2. Then for every sequence of radii rj — 0,
there exists a subsequence, not relabeled, and linear maps L;, each with zero boundary value,

such that the following properties hold. We require for every j
/ |IDL;|* < / | Dul?.
Bl Bl
If Ly = SN [vi 0], we define the angle

a(L;) == min |v;,; — vy
11,22
Vi, Vig,j

If L; =@ [[L;]], then o(L;) := 1. One of the following cases holds:

1. liminf; ,o a(L;) > 0 and

1
lim —— [ G(u. L)’ =0,

2. L; =Q[L] and
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1
lim —2 / we QLI =o0.
i /By

Proof. We start by proving the lemma first for the case that u has zero average. If I(u) > 1

or u = 0 we have by Proposition 3.8.17 that
1
lm =2y / ul> =0
j—0 T B,,
so we conclude.
If I(u) = 1, given the sequence r;, we can choose a subsequence, not relabeled, so that

Uo,r; — L

is linear average free and with zero boundary value. This follows from Lemma 3.8.16, since L
must be Dir minimizing 1-homogeneous with zero boundary value function and thus it is

linear. We have

=22 2
g(uoﬁ.,L)?:/ G| ——=t——=,u(rjz),L(x) | dx
Bi B, Dir(u, B,,) ’
2
1 rm Dir(u, B,,))
= T / Gl\w-——Fpm—L
i Dir(u, B,,) B,, "
We denote
Dir(u, B,,)
Cji=
Thus
11 ,
}‘I—I%r]mntz 2 B,, G(u,c;L)" = 0.

We notice that

Dir(u, B,) :
e < y/Dir(u, By).
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since the left hand side is monotone for a Dir-minimizing function with frequency at least 1
(See Lemma 3.8.11). This implies ¢; < y/Dir(u, By) and thus if L; = ¢;L, then fBl |IDL;|? <
Jg, 1Dul?*. We must have by definition that a(L;) = c;a(L).

We must show that if

liminf a(L;) =0

Jj—o0
then up to a subsequence
1
lim —— lu|? =
: m—+2
]HO ’I“] Brj

This comes from

1 1
lim / lul* < Clim —— G(u,c;L)* + Clima(L;)? = 0.
B

0 g2 —0 " j—0
=0 7] ; =07} B, j

This comes from the triangle inequality coupled with the fact that

1
i /B \ch\Z < Cc?a(L)2 = a(Lj)z.

J T4

Thus we conclude with the proof of the lemma for the case of zero average.
We extend it for the case when u is not average free. We denote 1o u the average of u. In

the first case, we define

Li=c;L®Q[D(nou)0)].

In the second case, we define

Ly =Q[Dmou)(0)].

We obtain the same properties for the average

/| Do w0 < [ 1Dt

B:
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and

1
lim —— - D 0)z|*dz = 0.
Jim s [, Inoute) = Dloe w(O)aPas

We obtain the desired conclusion by summing the average free estimate with the estimate

with the average. O

3.8.5 Local Dir-minimizers away from the halfplane

This subsection proves a useful result for later. Namely a function with zero boundary
data on Bf which is Dir-minimizing away from the spine is Dir-minimizing on B} with zero

boundary value along H.

Theorem 3.8.19. Let u € WH(BY, Ag(R™)) have zero boundary value along H. Assume
that u is Dir-minimizing on every subdomain of BY with smooth boundary. Then u is

Dir-minimizing in BT with zero boundary value along H .

Proof. Assume by contradiction u is not Dir-minimizing in Bf. Then there exists v with

/|Dv|2</ | Dul?,
B B

We note that v must also have zero boundary data along H.

U’aBj = U‘an and

If £ is the bi-Lipschitz embedding from [30] then the above inequality is equivalent to

/ g < / 1De(

We interpolate between u and v so that they agree on a fattened neighborhood of the boundary.
We consider « be a bump function increasing and smooth with a(t) = 0,V¢ € [0,1/2], a(t) = 1
for every t € [1,00). The bump function we care about will be ¢.(x) = a(dist(x, 0B )/e). Tt
is supported in

U := {x : dist(z,0B]) > e} .

124



We define the embeddings 7 = £(v) and u@ = {(u). The consider thus

Ve = ((I)eé(v> + (1 - (I)e)g(u)) :

We define the interpolations v, as v, = p(Te).
For every ¢, v, agrees with u at B \ U.. We consider V, a subdomain of B} with smooth
boundary such that U, C V..

By the Dir-minimizing property on V,

/| IDuf < /| e

/\DUF zli_r>%/|Dve\2.

This will allow us to conclude that u is Dir-minimizing in B{.

We will show that

We compute

DE(ve) = D(€ 0 p)(ve) - (PDE(v) + (1 = @) DE(u) + DO(E(v) — E(u)).

We will show strong convergence in L? of the above ¢ — 0 to

D(§ o p)(§(v)) - DE(v).

It is enough to show that D(£ o p)(v.) converges strongly in L? to D(£ o p)(£(v)) and
O DE(W) + (1 — D) DE(u) + DP(E(v) — £(u)) converges weakly in L? to DE(v).

For the first term we have

| 1D p)E) = Dgo P S {7 £ 7}

1
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In the above, we use that £ op is bi-lipschitz. The L? convergence follows from construction
since the right hand side of the inequality are neighborhoods of the boundary that converge
to zero.

As for the weak L? convergence, it is an immediate consequence of the weak L? convergence
of ®, to 1.

We conclude from the strong and weak convergence the Dir-minimizing property of u. [

3.9 Proof of the excess decay lemma

In this section we prove the excess decay lemma, introduced in Section 5, from which we

deduced the main theorems in this chapter.

Lemma 3.9.1 (Nth excess decay with small angle and small second fundamental forms).
Let T and C be chosen as in Assumption 3.5.2. For every Oy € RT there exists en € R+,

ny € (0,1/2) such that if
E(T,C,B;) < eya(C)? and Ar + A% < enE(T,C,B))

(when N =1 the first inequality becomes E(T', C,B1) < 1) there exists a radius ro € [Ny, 1/2]

and an admissible open book C" such that
G(C',C)? < 4(Q,m,n,mE(T,C,By)

and

E(T,C",B,,) < Oy min {a(C")*,E(T,C,B))}.
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We will prove the above lemma by contradiction. If the above lemma does not hold we
will have to study the properties of certain blowup sequences. We rescale the ball By to Bg

and we consider the following definition of a blowup sequence:

Assumption 3.9.2 (Blowup Sequence). A sequence of currents T}, is said to be a blowup
sequence if Ty, T'y, X, C), satisfy Assumption 3.1.1 with Ty(T'x) = R™! x {0}, and C} =
SN Qi [H; ] being open books with the same number of sheets and labeling. Moreover, the

following limits hold:

E(T}, Ck, Bs) 0 and Ar + A%

_Arr s,
a(Cy)? E(T}, Ck, Bs)

We wish to take a Dir-minimizing blowup out of a blowup sequence of currents. Up to
a subsequence H;, — H;. Define C := N, Q; [H;] then C, — C. We also have T}, — C,
Y — R™7 Ty — R x {0},

If k is large enough, Ty, satisfy the hypothesis 3.6.1. The excess bound is obviously satisfied
so it only remains to check the mass bound. This is a consequence of the monotonicity
formula and the fact that T, — C' with C' an open book of multiplicity Q.

We take the Lipschitz approximations u defined on the outer regions, which are subdo-
mains of (Bl \ Bl/k(V)> N H; ;. We do need them to be defined on By \ By (V) N H;. This
is easy to achieve by applying a rotation we define for i, k a rotation o;; on R™*" that takes
H; to H;, while fixing R™~! x {0}. We choose 0, to be the admissible rotation closest to

the identity. Clearly o, — Id. We define

k -1
B pHZJ_ 00k OU; Oai,k

E(T%, Cy, Bs)

_k.
UZ .

k

Up to a subsequence %; converges weakly to a function ;. We will be able to estimate

the functions w; at the scale r = 12\/% since we have the non-concentration estimate at

scale & \/T% The functions w; will be the Dir-minimizing blowup of the blowup sequence.
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Lemma 3.9.3 (Dir-minimizing blowup). Let r = 12\/% The following properties hold for

the sequence u¥ and their weak limit U, :
o The functions uf have equibounded Dirichlet energy.

k

o uf converge strongly in WY2(B), Ag,(R")) (up to a subsequence) to a function u; in

W2(BY, Ag, (R)).
o The functions u; are Dir-minimizing on B with zero boundary value along V.

Proof. We will show in order the following facts about the functions u?:

1. @¥ converge locally strongly in W12?(B;, Ag,(R™)) (up to a subsequence) to a function

u; € W2 (B}, Ag(R™)).
2. The function %; is Dir-minimizer on subdomains of B;" with smooth boundary.
3. |u;] € WH3(B, R) are sub-harmonic.

4. The functions ¥ have equi-bounded Dirichlet Energy, i.e.,

[mest

5. The functions u¥ have zero boundary value at V' in the classical sense.

6. u} converge strongly in W12(B}, Ag,(R")) (up to a subsequence) to ;.

i
7. u; are Dir-minimizing in B

1) By Lemma 3.6.12, the functions @* converge locally strongly in W2(BF, Ao(R")) to
r Q

(3

a function which is locally Dir-minimizing in certain regions.
(2) Given a subdomain of Q C B with smooth boundary, the functions ¥ converge
strongly in W'%(B;", Ag,(R™)) to u; and w; is Dir-minimizer in . This is a consequence of

the proof of Theorem 5.2 on the first harmonic approximation [31]. The theorem uses balls as
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domains but it can be easily modified to be any domain with smooth boundary. We remark
that at this stage we have not yet claimed the functions u; to be non trivial.

We also know by [31] that

/ |DTF|> =400 0. (3.9.1)
LAK(L)

(3) Since Dir-Minimizers have sub-harmonic norm, the local Dir-Minimizer property
implies that |@;| are sub-harmonic functions.

(4)We have for every L C R that

2
+ gmi(L / |D—k|2 < (Tk> Ch, ) + 9—2(L) Aﬁk )
(L) ]E(Tk7ck7B8) E(TkaC]mBS)

By taking the limit as £ — oo, we get that for any a > 0 there exists C,, such that
a;| < C,2-(1=2/2D4L) This implies that @; have zero boundary value along V (and in the
classical sense).

Given 0 < 8 < 1 we have the weighted estimate

/ dist(x, V) 7P| Dw;|* < C’ZQZ 5hmsup/ | Dk |?
B+

k—o0

1

< C(a,@,m,n,ﬁ)zm o—l(m—a+) 22 —ath) < o1,
1=0 1=0

The second inequality follows from 3.7.4 coupled with properties of the cubical decomposition.
By taking 1 — 8 < a < 1 we get the desired convergence.

(5) The strong convergence is a classical consequence of equiboundedness in energy.

(6) We proved in Theorem 3.8.19 that, in this context, we are able to obtain the Dir-
minimizing property of the function if the function is locally Dir-minimizing in smooth

subdomains. O
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Proof of Excess Decay 3.5.4. We rescale the ball By to Bg. If the excess decay lemma does
not hold there is sequence of currents as in the Assumption 3.5.2 that fails the conclusions of
the lemma. We can assume up to rotation that they satisfy Assumption 3.9.2. The sequence

of currents can be chosen such that

E(T%, Cy, By) > Oy {a(C')% E(T,C, By)} .
for every r € [1/k, 4] and every cone CY}, such that

G(Cr, Cr)* < 4(Q,m,n,7)E(Ty, C}, Bg).

We will show that either there exists a sequence of radii 7; — 0 and a sequence of cones

C}.j» which are obtained by adjusting the open books Cj satisfying the constraint

g<Cli:,j? Ck)2 S 7(@7 m,n, ﬁ)E(Tkv Cllm BS)

such that
lim li ]E(Tkacl/c,ijT’j) 0
im lim su =
j—=0 k—>0p E(T%, Cy, Bs)

and

E(T.,C; ., B,.

lim lim sup (T ]f’] 5 ) =0.
770 k0 a(Ck,j)

which will be a contradiction.
The construction of the cones Cj ; We take any sequence r; — 0 and choose L;; as

in Lemma 3.8.18 so that

1 N 1
lim, - G(u;, L;j)> =0 3.9.2
520 miny i<y a(Li)? ; (4r;)™ " /Bm o ) 392)
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where if the second case of Lemma 3.8.18 holds we define L; ; := 0 in order to unify the
notation. We can apply Lemma 3.8.18 so that the same sequence subsequence of r; works
simultaneously for every i.

We define then the adjusted cone as
Cry = [oii (Hy ® E(Ty,, Gy, Bg) 2Ly )] -

We have that
g(Cl;,j’Ck)Q < ’Y(Q,m,n,ﬁ)E(Tk,Ck,Bg). (393)

The above equation follows from

/ DL < / Dwf? < C(Q.m,n,m).
B1 Bl

There are two possible cases, the case where the cones Cj ; have all N collapsed sheets and
the case where Ci/w‘ has more than NV sheets (which happens when for some 7 the first case of
the conclusions of Lemma 3.8.18 hold).

In the second case we have that for £ large enough

a(Chy) = min a(Li)E(T, Cy, Bg)'/2. (3.9.4)

1<i<N

Bounding E(7}, C} ;,B,) and E(T}, Cy, B,) with respect to E(T}, C, Bs):
We remind that E(Ty, Ck, By) < E(Tk, Ck, Bg). This allows us to estimate everything in

terms of E(7}, Ck, Bg).
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. 1 .
We estimate for r < 67T

E(T}, Cy, ;. B,) <CE(Ty, Cr, B, N B,(V)) + CG(Cy 5, Cr)?0* + E(T}, Cy ;, B, \ By (V)
<Co* ™ (E(T},Ck, Bu) + Ar + A}) + Co®E(T}, Ci, Bs)

E(T%, C};, B, \ B,(V)).

The first inequality comes from using the triangle inequality on the L? excess in the region
B, N B, (V). In the second inequality the first term we used the non concentration estimate
Theorem 3.7.4, the second term we used equation (3.9.3).

We wish to bound the third term. It is possible to do so by a modification of the argument
on Theorem 3.7.4. In the same fashion we use that the current in each Whitney region is
agrees up to a superlinear error the graphical approximation. We get the following bound for

k large enough

E(T}, Cy, j, Bay \ Bo( " Z/ uf, B(Tx, Ci, Bs)' /Ly 5)?
7‘ B \Bo(

+ C (E(Tk, Ck, B4> + TQA%) (E(Tk, Ck, B4>O’7m72 + 7"%&%)7

We take first lim sup over k£ and then o — 0 to get

(Tk7 Ck 7
lim su J <C / (w;,
k—>oop (Tk, Ok, BS Z m+2 g ? ZJ
The last term will disappear when taking k& — oo since it is superlinear with respect to the
excess.

Moreover, by our choice of L; ; we have that

lim lim sup BTk, Cjo Bar,)
770 koo O‘(C;@,j)2

=0 (3.9.5)
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and

=0.

lim lim su (T3, Crjr Bar,)
3—0 lHoop E(T%, Ck, Bs)

In the case that Cj, ; has more sheets than Cy, (3.9.5) follows from (3.9.4) and (3.9.2).

In the case that Cj ; has the same number of sheets as Cj: we obtain

lim sup E<Tk7 Ck> BS)
k—o0 a(C)?

— 0,
|a(Cy) — O‘(CI:;,]‘M < O(Q»”’L)Q(O/;,ja Ch).

We can conclude from the above and (3.9.3) that for every j

11m a(Ck)
k—0 a(C,;’j)

= 1.

This immediately implies (3.9.5).

Separation estimates in the first case at scales comparable to 7;:

As a consequence of (3.9.5), for j large enough and k large enough depending on j we
must have that the L? — L™ height bound applies at scale 4r; and thus for some § which can

be taken arbitrarily small
spt(Tk) N (Bs, \ Big-roy, ) € {o € By, \ Bigroy, : dist(x, C ;) < 6a(Cy ). |
This must also hold at the level of the Dir-minimizers. Given d > 0 there if j is large enough
1 I _ 2 _ 52 . 2
THZ g(uiaLi,j) < d m;na(Li,j) :
i i=17/Buy, ‘
This implies that

sup G (T, Li ;) < C(Q, m,n,m)d min a(L; ;).

IGBgT]. \Blo_lorj
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The graph %; must separate at scales comparable to r; if j is taken to be small enough.
This implies that for j large enough the graph of u¥ must separate into disjoint neighborhoods
of Cj; at scales comparable to r;.

Bounding E(T}, C} ;, B,,) with respect to E(7},C} ;, By,,)

We wish to use Lemma 3.6.13 to prove the reverse excess bound. In order to do that we
must show that all large enough Whitney cubes with respect to Cj ; inside By,; are outer
cubes whose multiplicities are correct. We give a brief sketch of what is left to conclude that
from the separation we already obtained the outer cube property.

Let L be a cube of size comparable to r; inside B,,,. For a bump function ¢y we must

have that

d(gOL|Tk|, @L Z Guf) S C (E(Tk, Ck, B4) + ’I“JQA%) (E(Tk, Ck, B4)’I“j_m_2 + 7“?1&%)7 .

il

Thus for k large enough, the separation estimates allow us to write uf as a graph over the cone

C,’g’j. We must have that, up to reparameterization u is a strong Lipschitz approximation of
T}, on top of the cone Cj ; with the correct multiplicity arrangement. This implies the outer
cube property and allows us to conclude.

This implies that

. . E<Tk7cllg '7Br-)
lim lim sup A

<C(Q,m,n,m
J70 koo E<T]€7C];7j7B47'j> N (Q )

which concludes with the desired estimate on Cj ; and thus gives us the desired estimates:

E(T.Cy . By,)

lim lim su =0
50 e E(T}, Ck, Bs)
and
E(Ty, C; .. B,.
lim lim sup (T ]f’]’Q ]):O.
30 k=0 Oé(Ck,j>
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3.10 A further study of the linear problem

In this section, we provide refined statements for theorems applicable to the linear problem.
We will omit the proof, as they follow the same strategy as the proofs already performed on
the nonlinear problem. In order to reduce the nonlinear problem to the decay of the linear
problem we only needed to study the Dir-minimizing functions u € W'?(B{, Ag(R")) with
zero boundary value along By N (R™! x {0}).

The methods used before allow us to treat a more general version of the linear problem

which we remind.

Assumption 3.10.1. Given a Dir-minimizing function u € W2(Q, Ag(R")). The boundary

linear problem consists of functions u such that ul 92 N By = Q [0].

This is equivalent to understanding the case in which a ul. Q2N B; = Q [] with suitable
smoothness assumptions on ¢ since removing the average for u makes it have zero boundary
value.

The frequency function must be defined in a different way since we have a curved boundary.

If d(x,q) is a good distance function like in [21] and

1, for 0 <t <3,
p(t) =4 21 —1), for L <t<1,
0, fort > 1
We define
d(q,x
Dg.r) = | go< ( >) | Du(a)dz
and
d(q, ) o |u(z)?
H = — d dx.
e i b L
We define
rD(q,r)
I(g,7r):= .
(@)= g
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Theorem 3.10.2 (Almost monotonicity of the frequency function). Assume that Ayq is

small enough. Then, for every ¢ € 002N By 0 < s <r <1/2
I(q,r) > e Aoalr/ (4 ). (3.10.1)

In particular
I(q) := lim I (g, )
erists.
In loose terms we get the following
Theorem 3.10.3. Assume that ) is a C? domain and u as in Assumption 3.8.2.

o For all g € 09 the frequency can be defined in a neighbourhood of q and is almost

monotone. This means,

eChoar | (r)
is monotone in v for an appropriate constant C.

o The frequency at the limit is independent of the choice of a distance function and

Vg € 09, I(q) > 1.

o Bither I(q) =1 or I(q) > 1+ a(Q, m,n) for a positive constant a(Q, m,n). If I(q) =1

then the blowups at q are linear, of the form

flz) =3 Qi[vile - mony)] (3.10.2)

with Maq,q the normal to 0 at q, and unique. The uniqueness is quantitative and
guarantees the existence of a well-defined multivalued normal derivative at the boundary,

which is Holder continuous.

The theorem above is a consequence of an excess decay type theorem for the linear

problem. More precisely the excess decay theorem is the following
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Theorem 3.10.4. Given a constant M, assume that fBl |Du|*> < M. Further assume that
0 € 09. There exists € > 0 and k > 0 such that if L : R™ — Ag(R") is linear with
LI T(02) = Q0] and

max{ . G(u(p), L(p))*dp, Ii_lAag} <e

then there ezists a linear map L with L1 Ty(0Q) = Q [0] such that

max { ! G(u(p), L(p))*dp, m_lAaQT} < r® max {

2
rmt2 g

G(u(p), L(p))dp, A}

B,

We are not going to give a detailed proof of these facts, since they are the direct analogue
of the existing results and the proofs are in fact even simpler.

We do a brief discussion of the structure of the proof in the particular case of the linear
problem on the half-space and comment on some of the simplifications that occur in this

setting.

1. As we observed already, the lower bound of the frequency by 1 gives monotonicity of

the normalized Dirichlet energy

1
r B, ()"

This plays the role of the monotonicity formula for the area. If we considered a more

general domain instead, the same monotonicity formula holds up to an error.

2. In this setting we do also need to have a family of excess decay theorems depending on
the number of "sheets" of L, where with the number of sheets of L we mean N such

that
N
L= Z Qi lenvi]]
i=1

where v; € R™ are distinct and @); are positive integers with } Q; = Q.
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3. There is of course an L? — L* height bound in this setting as in [24] (in fact the one

we used in the nonlinear setting is a consequence of the one for the linear problem).

Thus if L = SN, Q; [7,v;] there exists ¢, such that if

. G(u(p), L(p))*dp + Agpa < era(L)?

then

max  G(u(p), L(p)) << a(L).
pEB;\Bl/sz(V)

This implies that the function uw decomposes in B3 \ Bis(V) as a sum u =

Z?:l (uz + l'nvi) with u; € W172(B2 \ 81/32(V)7 'AQi (Rn))

The u; are Dir-minimizing and "parameterized" on top of [z,v;]. We perform the same
Whitney decomposition into regions satisfying the same estimates established in Section

6.

4. The Simon’s non-concentration estimates still hold in this setting and allows us to get
energy convergence in a contradiction limit to the excess decay lemma. We consider a
contradiction sequence to the excess decay theorem and obtain, Dir-minimizing limits

u; € WH3(BY, Ag,) with zero boundary value.

5. We can conclude by, if necessary, adjusting L at suitable scales (as in Lemma 3.8.18) so
Qi [znvi] is replaced by the linear function Q; [z,v;] + E(ug, L)/2L; ; where we denote

E(u’ L) = fBl g(“(p)v L(p))2dp.

The strategy described above was carried out for the interior in [56] to prove H™ ™2 almost
everywhere uniqueness of the blowup. The advantage we have in this setting is that in the
same way that for the nonlinear problem we obtain a no holes condition since O(T, q) > @Q/2

for every q € ', we have that I(q) > 1 for every ¢ € 0S.
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Chapter 4

On the regularity of area minimizing
currents at boundaries with arbitrary

multiplicity

This chapter is in collaboration with Reinaldo Resende and has been published as a

preprint in [45].

4.1 Introduction

This work concerns the boundary regularity of area minimizing integral m-currents T'
within a (m + 71)-submanifold ¥ € C3* of R™* n > n > 0, and m > 2. The boundary
[ C X is also of class C** and T takes the boundary I' with multiplicity @ € N\ {0}. We
refer the reader to Section 4.2.1 for precise definitions.

Before providing a historical overview of the problem, it is important to note that the
regularity properties of higher multiplicity boundaries in arbitrary codimensions have been
a long-standing challenge, originating after Allard’s works [3, 1] for the case of @ =1 and

density close to 1/2. In these works, the author emphasized the complexity of generalizing
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his results to the setting of higher multiplicity, where the above density assumption must be
replaced by closeness to /2 when @ € N\ {0}.

These questions have since been revisited in various forms, for instance, in [13, Problem
4.19]. White posed a general question about regularity properties of area minimizing currents
at boundaries with arbitrary multiplicity. Subsequently, partial answers have been provided
in specific cases—see De Lellis-De Philippis-Hirsch-Massaccesi [21] for @) = 1, as well as De
Lellis-Nardulli-Steinbruechel [27] and Nardulli and Resende [68] for the case of m = 2. In De
Lellis’ ICM survey ([18, Section 16.6]), the author reviews these questions and developments,
highlighting how the particular cases addressed in these works still fall short of resolving the
problem in full generality.

This thesis provides a complete solution to the questions raised in [18, Section 16.6]. To
our knowledge, these results are the first to deal with arbitrary integer values of @), m, and n,

thus addressing the previously mentioned issues for area minimizing currents highlighted by

Allard in [1], White in [13, Problem 4.19], and De Lellis in [18].

Historical overview. In the masterpiece [51], Hardt and Simon prove that there are no
boundary singular points in the context of codimension and multiplicity 1, i.e., n = Q = 1.
By a decomposition argument (which only works for n = 1), in [81], White shows that all
boundary points are regular in the setting of codimension 1 and arbitrary multiplicity, i.e.,
n=1and Q > 1.

It is well known that the theory becomes significantly more involved when one takes a step
forward and considers the higher codimension setting, i.e., n > 1. In fact, in [21, Theorem 1.8
(b)], De Lellis, De Philippis, Hirsch, and Massaccesi, provide an example of a 2 dimensional
area-minimizing integral current 7" in R* with a boundary I' € C*° (consisting of two disjoint
closed curves) of multiplicity ) = 1, such that the Hausdorff dimension of the boundary
singular set Sing,(T") is 1. However, in this example the singular set has H!'-measure zero,
leaving open the question of whether or not it is possible to prove that H™ !(Sing, (7)) = 0

in general.
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Assuming 0T = Q [I'], we define a point p € I" as one-sided if the density of T at p is
/2, and a point g € I' as two-sided if the density of T restricted to an open neighborhood
of ¢ in I and intersected with I' is constant equal to /2 + Q* for some Q* € N\ {0}. We
refer the reader to Definition 4.1.2 and the accompanying pictures.

In the celebrated paper [3], Allard proves that if only points of density 1/2 are allowed
and ) = 1, i.e., one-sided points in the multiplicity 1 case, then all boundary points of T’
are regular for any codimension n > 1. In particular, when the boundary lies on a convex
barrier, defined as the boundary of a strictly convex open set, all boundary points are
regular. However, the situation becomes more intricate if other types of boundary points
are also allowed—for instance, two-sided points. Indeed, the example in [21] mentioned
above highlights how much less is expected (compared to [3] and the case n = 1) in terms
of describing the boundary regular set of 7. Nonetheless, in the groundbreaking work [21],
the authors adapt all the machinery introduced in [4, 30, 32, 31, 33, 34] (see also [69] for
¥ € C**) to prove that the boundary regular set of T" is open and dense in T, provided that
the boundary multiplicity is @ = 1 (cf. Theorem N). In light of the example in [21], this
result is close to the best one can hope for.

When studying the case of arbitrary boundary multiplicity ¢ > 1 and arbitrary codi-
mension n > 1, recent progress has been made in the context of 2-dimensional currents.
Specifically, in [27], for m = 2 and considering only one-sided points, De Lellis, Nardulli,
and Steinbriichel, showed that all boundary points of T" are regular (cf. Theorem M). Their
work relies fundamentally on two key results proven by them: (1) the uniqueness of tangent
cones in this dimension m = 2 setting, and (2) the regularity theory for @-valued functions
minimizing the Dirichlet energy with a prescribed C* boundary. Furthermore, in [68], Nar-
dulli and Resende allow two-sided points to exist in I' and rely on a regularity theory for
(Q — @Q*/2)-valued Dirichlet minimizers, along with the uniqueness of tangent cones in [26],
to prove that the boundary regular set of T is open and dense in the setting Q > 1, n > 1,

and m = 2.
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4.1.1 Description of the main results

This work aims at better understanding the general case, that is, (), m, and n, all arbitrary.
One of the novelties here is that there is no boundary regularity theory developed for Q-
valued Dirichlet minimizers for m > 2 and also one-sided singular points of T' may exist (see
Theorem 4.1.9). This differs dramatically from every other previous investigation due to the
fact that one-sided points are always regular in the settings described above (i.e., m = 2 or
@ = 1). Meanwhile, the uniqueness of tangent cones for m = 2 obtained in [27] is now known
for general dimensions m, as well as an excess decay-type estimate with exponential decay
rate, due to work in Chapter 3 (see Theorems 4.2.4 and 4.2.5). Such facts are crucial for the
present article and will be exhaustively used in this work.

Summarizing, for m,n, Q) arbitrary, the following results are proved in this article:

(1) the set of regular boundary points is open and dense in I' € C®*, see Theorem N,

(2) the set of singular boundary points with density Q/2 of T is H™ 3-rectifiable, see
Theorem M,

(3) the set of boundary singular points of Q-valued Dirichlet minimizers is H™ 3-rectifiable,

see Theorem 4.3.6,

(4) if p is a density /2 flat point which has an open neighborhood in the boundary of

density )/2 flat points, then p is regular, see Theorem L.

Item (1) is optimal in the sense that there are examples of boundary singular sets with
the same Hausdorff dimension as the boundary (see Theorem 4.1.12). The results (2) and (3)
are optimal with respect to the Hausdorff dimensional bound (see Theorem 4.1.9) and, in
addition to proving that the regular set has Hausdorff dimension bounded by m — 3, we also
establish a structural property (rectifiability) of the singular set. Item (4) is likewise optimal
in the sense that the assumption of an open neighborhood of flat one-sided points is essential

and cannot be removed (cf. Remark 4.6.2).
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The investigation of rectifiability of singular sets has been recently developed in the
context of higher codimensions n > 1 to tackle interior regularity in [28, 29, 24], see also
[57, 58]. The approach used in this work resembles that of [28, 29], which, while inspired by
the seminal work [67] by Naber and Valtorta, differs significantly from it.

For the first time, this machinery is applied to study boundary regularity and it introduces
significant conceptual differences compared to the interior setting.

The estimates derived through the Naber-Valtorta framework are identical for both
linear (Dirichlet minimizing) and non-linear (area minimizing) problems. In fact, the H™3-
rectifiability for the linear problem is also established in this article. However, we will not
provide an extensive treatment of the linear problem before presenting the proofs for the
non-linear case.

It must be remarked that the novelty of this work, which the authors find surprising, is
that in this framework proving the (m — 3)-Hausdorff dimensional bound for the one-sided
singular set does not seem significantly easier to prove than proving the H™ 3-rectifiability
of the boundary singular set.

The results, loosely stated in this Introduction, are described in a precise manner in what

follows.

4.1.2 Definition of area minimality and one- and two-sided regular
points

The following assumptions will always be in place: ¥ and I' are a (m + n)-submanifold
and a (m — 1)-submanifold of R™*", respectively. They are both of class C3*, for some k > 0,
and satisfy I' C ¥ and n > 1. The space of integral k-dimensional currents in R™" will be
denoted by Ix(U) for k € {0,...,m + n}, the mass of a current 7" is denoted by M(T'), and

spt(T') denote its support.
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Definition 4.1.1. Let A current 7' € I,,(U) with spt(T) C X is area minimizing in XN U, if

it holds that M(T) < M(T 4 9T), for all T' € 1,1 (U) with spt(T) Cc XN U.

The definitions of one-sided and two-sided points are provided below. Here, for a smooth
orientable k-manifold, we denote the naturally induced k-current by [M], and ©™(T,p)
denotes the density of ||T']| (the total variation of T') at p with respect to the m-dimensional

Hausdorff measure. For precise basic definitions, we refer the reader to Section 4.2.1.

Definition 4.1.2. Let T' € I,,(U) with spt(T) C X, 0T = Q[I'] ,@Q € N\ {0}, then p € I is
called

(1) an one-sided point for T if ©™(T,p) = Q/2,

(2) a two-sided point for T if there exist @* € N\ {0} and an open neighborhood Z of p
such that ©™(T,q) = Q/2 + Q* for every ¢ € I'N Z.

(b) If T is given by 2 [EF] + [E7],
(a) If T is given by [£1] + [X2], thenp € T then p € I' is two-sided and q is one-
is a one-sided. sided.
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D,

Figure 4.2: If T is given by [D1] + [D2], then p is neither a one-sided nor a two-sided point.

Regular one-sided points have been studied in [3] for @ = 1 and in [27] for m = 2 and
regular two-sided points have been explored in [21] for @) = 1 and in [68]. The two notions of

regular boundary points in an arbitrary boundary multiplicity setting are defined below.

Definition 4.1.3 (Regular one-sided boundary points). Let T' € L,,(U) with spt(T") C X,
O =Q[I'],Q € N\ {0}. Then p € T is called an one-sided reqular boundary point if there

are:
(i) a finite number X, ..., %  of oriented embedded m-submanifolds of U N Y,
(ii) and a finite number of positive integers ky, ..., k; such that:

(a) 05, NU=TNU=T;NU (in the sense of differential topology) for every j,
(b) ¥;,NE, =T'NU for every j # 1,
(c) for all j # [ and at each ¢ € I" the tangent cones to A; and A; are distinct,

(A) TLU = ¥k [5] and S5 k5 = Q.

The set Reg (T') of one-sided reqular boundary points is a relatively open subset of I' and the

set of one-sided singular boundary points is defined as

Sing; (T) := Sing,(T) N {g €T : ©™(T,q) = Q/2} .
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Definition 4.1.4 (Regular two-sided boundary points). Let 7' € L,,(U) with spt(T") C X,
T = Q[I'],Q € N\ {0}. Then we say that p € I' is a two-sided regular boundary point
for T if there exist a neighborhood U > p and a smooth manifold Z C U N X such that

spt(T) N U = Z. The set of such points will be denoted by Reg? (7).

Remark 4.1.5. We record the following consequence of the Constancy Lemma ([74, Theorem
2.34]) and the definition above (see also Picture (B) in Definition 4.1.2). Let p € Regi(T) C T,
and let U and Z be as in the definition above. Then, there exists @* € N\ {0} such that
I' N U divides Z into two disjoint regular submanifolds, =+ and Z~, of = with boundaries

(Q + Q") [I'] and —@Q* [I'], respectively. Moreover, we have

TLU =(Q+Q")[E]+Q [E7].

We know collect all singular and regular points in the definition below.

Definition 4.1.6 (Singular points). Let T € I,,(U) with spt(T) C X, 0T = Q[I'],Q €
N\ {0}. We denote the set of regular boundary points by Reg,(T) := Regi(T)UReg; (T) and

the set of singular boundary points by Sing,(T') :=I' \ (Reg;,(T)UReg (T)).

Remark 4.1.7. Notice that we only have Sing; (T') C Sing, (7).

4.1.3 Main results of this work

Next, in this subsection, the central assumptions and main results of this work will be

stated.

Assumption 4.1.8. Let £ € (0, 1] and integers m,n > 2, n > 1, @ > 1. Consider ¥ an
embedded (m + n)-manifold of class C** in R™" T' a C** embedded oriented (m — 1)-
submanifold of ¥ without boundary, and assume p € I'. Let T be an integral m-dimensional

area minimizing current in ¥ N By (p) with boundary 0T Bg (p) = Q [I' N Bg (p)].
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We will prove a version of the boundary regularity theorem obtained in by Allard in [3]
(for @ = 1 and only allowing for one-sided points) on a higher multiplicity boundary, that is,
Q > 1. We call ¢ € I' a flat boundary point if the tangent cone to T" at ¢ is supported in a
half m-plane (cf. Definition 4.2.3).

Theorem L. Under Assumption 4.1.8, assume that ¢ € I' is a one-sided flat point of T" and
there is a neighborhood of ¢ in I' N B, (p) containing only one-sided flat points, then ¢ is a

regular point.

Theorem L is close to the best one can hope for, i.e., it is not possible to get an entire
counterpart of [3] for @) > 1, since one-sided singular points may exist. In fact, in 7?7 we
provide an example of this behavior which is stated below.

In order to state it, define a point p € I" to be an essential one-sided singularity for T if
O(T,0) = Q/2 and T cannot be written as T'LB, = > Q; [X;], where ¥; are smooth minimal

surfaces and 0%; = I' N B, for any radius p > 0.

Theorem 4.1.9. There exists a 3d area minimizing current T in By C R® (i.e., n = 2) with
T and T satisfying Assumption 4.1.8 with T' analytic (i.e. T is a real-analytic submanifold of
R®), and Q = 2, such that ©3(T,p) = Q/2 =1 for every p € T N By and 0 is an essential

one-sided boundary singularity. Moreover, the tangent cone to T" at 0 is flat.

Remark 4.1.10. As observed in Remark 4.4.5, the set of one-sided points is open. This
example then demonstrates that, in Theorem L, it is not possible to remove the assumption

that all points in the open neighborhood of ¢ in I' are flat.

In light of this example, the natural follow-up question to be asked is: What can we say
about the boundary singular set? In fact, this question is posed in [18] and is fully answered

in the subsequent theorems.

Theorem M. Under Assumption 4.1.8. If m > 3, the following holds:

Sing, (T) is H™ 3-rectifiable.
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In particular, if m = 3, we have that Sing; (T') is countable. Moreover, if m = 2, we have

Sing, (T) = @.

Remark 4.1.11. The fact that there are no one-sided singular points in the two dimensional

case is proved in [27].

Recalling that in the interior setting, the Hausdorff dimension of the singular set is bounded
by m — 2, we observe that in the first dimension where singularities appear, i.e., m = 2, the
singular set is discrete. As proved in the series of papers [35, 36, 38, 37|, addressing this
problem is considerably more intricate, requiring the introduction of several new techniques.

In our boundary setting, singularities first appear for m = 3, as shown in Theorem 4.1.9,
and we establish the countability of the one-sided singular set in Theorem M. The problem

that Theorem M leaves open is the following.
Open question 1. Under Assumption 4.1.8. If m = 3, is Sing} (T') a discrete set?

We do not pursue further details on this question here, but it is worth noting that even
in the linearized setting (i.e., for @-valued Dirichlet minimizers with collapsed and regular
boundary data), the problem remains entirely open.

A consequence of Theorem M, along with streamlined versions of the theorems Nardulli

and Resende in [68], is that the whole regular boundary set is open and dense.

Theorem N. Under Assumption 4.1.8, it follows that

Reg,(T') is an open and dense subset of ' N Bg (p) .

As mentioned in the introduction, the theorem above is optimal in the sense that there
cannot be a Hausdorff dimensional estimate for the singular set in this general context.

Indeed, as shown in [21, Theorem 1.8 (b)], we have the following example.
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Theorem 4.1.12. There exists a 2d area minimizing current T in By C R* with a boundary
I' (consisting of two disjoint closed C* curves) and 0T = [I']), i.e., @ = 1, such that the

Hausdorff dimension of the boundary singular set equals 1 and H*(Sing,(T)) = 0.

Although this example has a “large" singular set, it remains an open problem to understand,

even when () = 1, the following question.
Open question 2. Under Assumption 4.1.8, is it true that Sing,(T) is H™ '-null?

This was originally conjectured in [21, Conjecture 2.8]; however, it remains a widely open
question, as Theorem 4.1.12 is known not to generalize in a way that produces a singular set
of positive measure. Even the counterpart of this question in the linearized problem (i.e., for

(Q — Q*/2)-valued Dirichlet minimizers with regular interface) remains completely open.

4.2 Preliminaries

4.2.1 Basic definitions and notation

Denote B, (p) := {x € R™"™" : |z — p| < r}, fix mp := R™ x {0} C R™™™ and p := pg,.

1

For any linear subspace 7 C R™*" 7+ is its orthogonal complement in R™*", p, is the

orthogonal projection on 7. The tilted disk is defined as B, (p, 7) := B, (p) N (p + 7) and the

tilted cylinder as the set
C,(p,m) = {(x +vy):z€B,(p,m),y€ 7TJ'}.
Set C, (p) := C,(p,m) and B, (p) := B,(p, m). The half-ball will be defined as

Bl (p) =B, (p)n{x e R" : z,, > 0}.
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Moreover, B, := B, (0), B} := B (0), and C, := C,.(0). For any vector subspace of R™*"

define its e-neighborhood by
B. (V) :={z e R™"™ : dist(z,V) < €}.

It will always be assumed that each linear k-dimensional subspace m of R™*" is oriented
abuse of notation, we write |1y — 7| standing for |7y — 71|, where | - | is the norm associated
with the canonical inner product of k-vectors.

Denote the k-dimensional Hausdorff measure in R™™ by H*. For notation and basic
results on multivalued functions, the reader is referred to [30], here Ag(R™™) denotes the
set of @-points (i.e., the sum of @) Dirac masses) in R™*" for ) > 1.

Let us fix some notation that will be used throughout this Chapter regarding currents
and refer the reader to the treatise [42]. The space of k-dimensional integral currents in
U C R™™ is denoted by I (U) for k € {1,...,m + n}. Define the upper and lower d-density

of a nonnegative Borel measure at p € R™™" as follows:

N . Br P . . Br b
O (, p) = limsup W and O (u, p) = h{glglfW-

Whenever the limit exists, the d-density of p at p is ©%(u, p) = O4*(u, p) = O%(u, p), where
W = H™(By). f T €1,(U), pe U, and || - || denotes the mass of the current 7', we denote
O™(T,p) := O"(||T||,p). A measure u is said to be d- upper regular if for some universal
constant C, u(B, (p)) < Cr? for every ball B, (p).

Given a k-rectifiable set M C R™*™ it naturally induces a k-current which is denoted by
[M]. The boundary of a m-current T' is taken with multiplicity @Q* if 7' = Q* [I'] for some
(m — 1)-rectifiable set I

We denote by A, the C%norm of the second fundamental form of a smooth submanifold

M of R™n,
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The classical definitions for the excess and height that will be throughly used in this work
are given below. Let T' € 1,,(U) with spt(7) C X, ' C X, 9T = Q [I'], © a m-dimensional

plane, p € R™*" and r > 0. The cylindrical excess relative to the plane 7 is the quantity

B(T.C, (). m) = —— | )WduTn(x),

W™ 2

and, for p € I', the cylindrical excess the quantity
E’(T,C, (p)) := min{E(T,C, (p),7) : T,I C = C T,X}.

Define spherical excess relative to the plane m to be the quantity

BB, ) 7) = o [ T,

W™
and, for p € I', the spherical excess to be the number
E’(T,B, (p)) := min{E(T, B, (p),n) : T,[ C 7 € R™™"}.
The height of T in a set G C R™™ with respect to a plane 7 is defined as
h(7, G, ) = diam(py (spt(T) N G)) = sup {|py (g~ p)| - ¢.p € spU(T) N G}
L

where p denotes the orthogonal projection onto 7.

Tangent cones.

For x € R™* and r > 0, define ¢,,(y) := *-*. For any current T' € L,,(U), let us define
the rescaled current 7" at x at scale r as LwﬁT =:T,, and T, =: Lo’rﬁT. The current T, is
called a blow-up of T" at x, if there exists a sequence of radii r; — 0 such that T, , — T, in

the weak topology. A well-known consequence of the monotonicity formula tells us that if
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T is area minimizing in ¥ and 97 = Q [I'] for I' € C'*, then T}, converges to an oriented
cone about p for any r; | 0. An oriented cone about p is understood as a current C' such
that C,, = C for any r > 0.

Some classes of cones obtained by limits of area-minimizing currents will be of special
interest in what follows; essentially, they are: one-sided flat cones (half m-planes), two-sided
flat cones (m-planes), and open books (a union of half m-planes). Their precise definitions

are given below.

Definition 4.2.1 (Open books). We say that C' is an open book with boundary [V] and
multiplicity @, if 0C = Q[V] and there exist N € N\ {0}, Q1,...,Qn € N\ {0} and

m, ...,y distinct m-dimensional half-planes such that
(a) dm] = [V],¥i€ {1,...,N},
(b) To =%, Qi [m] with Q = 3%, Q.

If there exist ¢ # j such that m; # m;, we say that C is a genuine open book with boundary

V] and multiplicity Q.
One-sided boundary flat cones will also be called non-genuine open books.

Definition 4.2.2 (Flat cones). We say that C'is a flat cone with boundary [V'] and multiplicity
Q, if 90C = Q[V] and there exist a m-dimensional closed plane 7, Q™ € N and Q,Q* €
N\ {0}, @ < Q*, such that

(a) spt(C) = 7 is an m-dimensional subspace,
(b) O] = -0~ =1VI,
(c) C=Q"[n] + Q" [v"]+ (-1)"Q" = Q) [r], k € {0, 1}.

If Q™ = 0 and either Q = Q* or k = 1, we call C an one-sided boundary flat cone with
multiplicity Q. If kK = 0 and C' is not a one-sided boundary flat cone, we say that C' is a

two-sided boundary flat cone with multiplicity Q).
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For z € R™*" and r > 0, define ¢, ,(y) := *-* and, for any T' € L,,(U), the rescaling of T'

at x at scale r as LwﬁT =T,,and T, =: L07TﬁT.

Definition 4.2.3. Let T' € I,,(R™"") with spt(T) C £, 0T = Q[I'], and p € I'. Assume

that r; | 0 and T),,, weakly converge to an oriented cone C' with 9C = Q [T,I']. We say that

(a) pis a boundary flat point of T provided C' is a flat cone,

(b) p is a one-sided boundary flat point of T provided C' is an open book which is non

genuine,

(c) pis a two-sided boundary flat point of T provided C' is a two-sided boundary flat cone.

Jones’ [, coefficients.

We define the Jones’ 35 coefficient that measures how close the support of u is to a plane
in L?(p) as follows.
Given a finite non-negative Radon measure p € R™™™ and k € {1,....m+n — 1}, we

define the k-dimensional Jones’ By coefficient of i as

1/2
ﬂgvu(m,r) = inf lr‘k_z/ ( )dist(y, L)2du(y)
B (x

affine k-planes L

We will often omit p from the notation.

4.2.2 Outline of the proofs

The results established in Chapter 3 are pivotal for the development of this Chapter, and
they are presented here for completeness. Although these results were originally proven under
more general assumptions, we have opted to state them in a specific form that aligns with

our current application.

Theorem 4.2.4 (Uniqueness of the tangent cone). Assume Assumption 4.1.8 and, in addition,

O(T,p) = Q/2. The tangent cone at p is an open book and is unique, i.e. it does not depend
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on the blow-up sequence. Moreover, T,, converges (in flat distance, cf. [74, §7, Chapter 6])

as r — 0 to the unique open book faster than r* for some a € (0,1).

The following excess decay, whose proof is essentially contained in Chapter 3, will be

repeatedly used.

Theorem 4.2.5. Assume Assumption 4.1.8 and, in addition, ©(T,p) = Q/2. Assume that

T has a flat one-sided tangent cone Q [r] at p. There exists (Q, m,n) > 0 such that if
max {E(T, Br(p), ), Ar, A}} < ¢
then there ezists C(Q,m,n) and o(Q, m,n) > 0 such that
E(T,B.(p),7) < C(Q,m,n)r®, for everyr € (0, R).

To investigate the H™ 3-rectifiability of the singular set and prove Theorem M, the first
step is to employ a suitable decomposition of 7" (see Theorem 4.4.6), which allows us to split
the current into different sheets. Each of these sheets has a boundary multiplicity smaller
than that of 7" and does not share the same tangent cone.

Using this decomposition, the problem of proving the H™ 3-rectifiability of the set of
one-sided singular points (those with density ()/2) is reduced, in Section 4.4.4, to establishing
the H™3-rectifiability of the subset of one-sided flat singular points (which possess at least
one tangent cone supported on a plane, cf. Definition 4.2.3). Relying on the result of Chapter
2, one can reduce the problem of proving rectifiability of a set to showing the rectifiability
of Frostman (upper-regular) measures supported on it. Then, an application of Azzam and
Tolsa’s main theorem of [8] (see Theorem 4.3.1) reduces the proof of H™ 3-rectifiability to
establishing a Dini-type condition for the Jones’ 85"~ coefficient for Frostman measures

supported on pieces of the set of one-sided flat singular points.
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To analyze one-sided flat singular boundary points, we utilize the standard machin-
ery to address regularity in this setting—mnamely, the study of Lipschitz approximations,
center manifolds, and normal approximation (cf. Proposition 4.5.1 and Theorems 4.5.6
and 4.5.10)—adapting the approach used for m = 2 in [27]. As observed in [28, 29, 24] (for
flat interior singular points), the “classical" estimates in [33, 34] are insufficient. The same
holds in the boundary case: the estimates in [27] are not sharp enough to yield the necessary
bounds. To address this, we provide finer estimates in Section 4.5.2 for quantities related to
the universal frequency function (Section 4.5.2), improving on those in [27, 21, 68].

When working with the universal frequency function, we must consider the intervals of
flattening, following the approach in [34, 27]. In contrast, in boundary settings considered
in [21] and in the work of Nardulli and Resende [68]—where they study collapsed two-sided
points—there is no need to introduce intervals of flattening, as prior results ensure an almost
quadratic excess decay rate. However, for one-sided points, the excess decay rate established
in Chapter 3 is certainly not almost quadratic, and there is no reason to expect such a rate
in general.

The analysis of the fine properties of the universal frequency function begins by establishing
the almost monotonicity of the frequency (see Theorem 4.5.19), with errors quantitatively
controlled by the excess and the norms of both the second fundamental form of the boundary
and the second fundamental form of the ambient manifold. In contrast to [28], by the work
of Chapter 3, we already know that every boundary one-sided point has a unique tangent
cone, which serves as the starting point for the regularity theory. The frequency values I(T, p)
are then established in Theorem 4.6.5 to be always bounded below by a universal geometric
constant 1 + a/2 > 1, where « is the exponent obtained from the excess decay result in 3.

Although the presence of the boundary introduces both technical and conceptual challenges,
we manage to follow the approach in [29] in an analogous way. Taking into account the lower

bound for the frequency values of 1+ «/2 > 1, the procedure from [29] can be implemented to
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bound Jones’ coefficient 55"~ (for certain Frostman measures) in terms of frequency pinching,
up to an error (see Theorems 4.8.8 and 4.8.9).

The bounds for 85"~ mentioned above and established Theorems 4.8.8 and 4.8.9 are
a consequence of the classification of homogeneous 2-dimensional solutions for the linear
problem, proved in [27]. This classification asserts that every 2-dimensional homogeneous
multivalued Dirichlet minimizer with zero boundary data on a flat boundary must be linear
(see Theorem 4.3.3).

In fact, if the set of flat one-sided singular points is not sufficiently close to an (m — 3)-
dimensional plane (i.e., 43 is “large"), we can construct a solution to the linear problem
that depends only on two variables and has a frequency function at least 14+ «/2 > 1 (see
Theorem 4.8.8). This contradicts the aforementioned classification, which implies that the
frequency must be exactly 1 (Theorem 4.3.3). Consequently, we obtain the desired control
on the Jones’ 352 coefficient (up to an error) via the frequency pinching (Theorems 4.8.8
and 4.8.9).

Another key ingredient in obtaining the bound mentioned above in 57"~ is achieving a
precise understanding of the frequency values along different center manifolds—i.e., the fine
monotonicity formula for the universal frequency—and, moreover, being able to compare the
frequency values at different points at the same scale. These properties have been absent in

previous works that addressed boundary regularity, namely [21, 27, 68].

4.2.3 Convex barrier

The convex barrier condition in Euclidean spaces, defined in the following, ensures the

applicability of Theorem M (see Theorem 4.2.9) for the whole boundary singular set.

Assumption 4.2.6 (Convex barrier condition). Let  C R™*™ be a domain such that 09
is a C? uniformly convex submanifold of R™*". The set 9 is a convexr barrier for T if
oT = YN, Q; '], Q: are positive integers, and T'; C 99 are disjoint C? closed oriented

submanifolds of 0f).
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The following notation for wedges will be used from now on.

Definition 4.2.7. Given an (m — 1)-dimensional plane V' C R™*" we denote by py the
orthogonal projection onto V. Given a unit vector ¥ normal to V' and an angle 9 € (0, 7/2),

the wedge with spine V', axis v, and opening angle 9, is defined as the set

W(V,v,9) == {y € R™™" : |y — py(y) — (y, )| < (tan ) (y,v)} .

A local version of the convex barrier condition is defined below and is actually implied by

the global version defined above in Assumption 4.2.6.

Assumption 4.2.8 (Local convex barrier condition). Let T, ¥ and I' be as in Assumption 4.1.8.
Assume that there exists v : I' = S"™ N TS a map such that v(¢) L T,I" and v(q) € T,X.

Then T satisfies the local convex barrier assumption if

SpU(T) C () g+ W (T v(q).9)) N 5.

qel

A much more detailed discussion of both convex barrier conditions has been explored in
Section 3.4 where we prove Theorem 4.2.9, which shows that the theory in the present work

can be applied to the convex barrier setting.

Theorem 4.2.9. Let T be as in Assumption 4.2.6 (convex barrier) or Assumption 4.2.8
(local convex barrier), then every tangent cone to T at a boundary point q is an open book.

Moreover, it holds:

o if g € Iy in the first case, then (T, q) = Q;/2,

e if g € I in the second case, then O(T,q) = Q/2.

4.2.4 Structural properties

Although, in general, the regular boundary set is only dense in I' (Theorem N), certain

assumptions may allow us to derive additional information about boundary points. A question
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originally posed by Almgren and answered, for Q = 1 in [21, Theorem 1.9 and Corollary
1.10], is: is it possible for the set of density 1/2 points to be empty when I' is connected?
Here, we present the counterpart of these results in the arbitrary boundary multiplicity

setting ) > 1, with proofs provided at the end of this subsection.

Proposition 4.2.10. Let T, Q, %, and T", be as in Assumption 4.1.8 and I C T" be a
connected component of I'. In addition, suppose that I' and spt(T) are compactly supported

there exists p € I' N Reg,(T) with (T, p) > C;

then there is no one-sided point in I and dimgy (Sing,(T) NT") < m — 2. Moreover, if m = 2,

then Sing,(T) NI consists of finitely many points.

Remark 4.2.11. In the case ¥ = R™" a portion of I' is contained within the real
analytic minimal surface Reg;(7T"). This condition is quite rigid, and indeed, under reasonable
definitions for generic C'™ boundaries, a generic boundary data will not have any “two-sided"

regular point.

Next, we establish that the connectedness of the boundary I' guarantees only the existence

of one-sided points.

Proposition 4.2.12. Let T, Q, X, and I, be as in Assumption 4.1.8. In addition, suppose
that

[ is connected and both I and spt(T') are compactly supported in Bg (p) .

Then T only contains one-sided points and, in particular, Reg,(T) is contained in the set of

density % points.

Both of the above theorems will follow as consequences of the following structural
decomposition argument. This decomposition follows from the density of the boundary
regular set (cf. Theorem N) and provides a decomposition of the area-minimizing current 7T

into its irreducible components.
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Theorem 4.2.13 (Irreducible components of T'). Let T, Q, 3, and ', be as in Assump-

tion 4.1.8. In addition, suppose that
I' and spt(T) are compactly supported in By (p) .

Let I'y,--- ,T'r, be the connected components of I'. Then there exist L € N, Q; € N\ {0},
and area minimizing integral m-currents T} satisfying T = ZJL:1 Q;T; where, for each j €

{1,..., L}, we have

(1) 87} = ZzL:Ol Oij [[Pz]] with Oij € {_17()’ 17 T 7@}}

(i) T; = [A;] with Ay, --- , AL being the connected components (accordingly oriented) of
Reg(T).
Moreover, for each i € {1,--- , Lo}, only one of the two following alternatives holds:

(iii) I'; is one-sided, i.e. there is J; C {1,..., L} such that o;; > 1 for all j € J;, 0,5 =0 for

all j & Ji, and Y- ;c 5, 04;Q; = Q. Moreover, it holds

[ N Reg,(T) C Reg(T).

iv) I'; 1s two-sided, i.e. there exist p(1),n(z) € {1,---, such that o) = — 0 = 1 an
iv) I’ ded h ' ] 1 L h th (4 @ =1 and
oij =0, for all j ¢ {p(i),n(i)}.

In this case, Qpu) — Qnu) = Q and Ty + Ty is area minimizing. Moreover, it holds

[ N Reg,(T) C Regy(T).

Proof of Theorem /.2.15. We omit the proof of this theorem, as it follows [21, Theorem 2.1]

mutatis mutandis, but now relying on Theorem N. O]

Proof of Proposition 4.2.12. The proof follows [21, Corollary 1.10] with a minor modification

that we describe now. Since I' is connected, we have Ly = 1 in Theorem 4.2.13 and, thus, the
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decomposition therein consists of ezactly two currents T),;) and T,,;) in case I' is two-sided
(as in Theorem 4.2.13(iv)). However, in this case, S := (Qpu) — Qn))Tpe) would satisfy
0S = Q[I'] and, by Theorem 4.2.13(ii), the mass of S would be strictly smaller than the
mass of T" which contradicts the minimality of 7. Hence, the only possibility is that I is
one-sided (as in Theorem 4.2.13(iii)). O

Proof of Proposition 4.2.10. The proof is the same as in [21, Theorem 1.9]. By Theo-
rem 4.2.13(iv), I'" is necessarily two-sided, therefore S := T}y + T),(1) is area-minimizing.
Since all points of IV are interior points of .S, by the interior regularity theory, the interior
singular set of S has Hausdorff dimension at most m — 2 (and is discrete if m = 2, since I" is
compactly supported, it has to be finite). The boundary regularity is then a straightforward

consequence of Definition 4.1.3 and Remark 4.1.5. O]

4.3 Rectifiability for the linear problem

The goal of this section is to present the rectifiability criteria based on the Jones’ (3,
coefficients (Theorem 4.3.1), establish key results on the linear problem (i.e., Dirichlet
minimizers) that are fundamental for the development of the rest of the paper (Section 4.3.1),
and state the rectifiability of the boundary singular set of Dirichlet minimizers (Theorem 4.3.6).

The novelty in the Jones’ 5y coefficient (see Section 4.2.1 for the definition) lies in the
fact that its finiteness is equivalent to the rectifiability of the measure p, this is a celebrated

result proved in [§].

Theorem 4.3.1 (Theorem 1.1 of [8]). Let u be a finite Borel measure in R™" such that

0 < O%*(u,x) < 0o for p-a.e. v € R™+" [f

1
dr

/ By (x,r)*— <oo  forp-a.e. x € R™™,
o r

then w is d-rectifiable.
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Our main interest is to apply Theorem 4.3.1 for Frostman measures p, as in [22, Theorem
1.1], supported on pieces of the boundary singular set of an area minimizing current 7" or a
(Q-valued function.

Next, we define the frequency function as introduced in [21, Chapter 4] for boundary
points, see also [27] and [68]. Let u : Q@ — Ag(R") and I" := 012, then define I, ,(r) is the

value of the smoothed frequency function of u at p € I" at scale r > 0, i.e.,

Luplr) = 20, p, / D w( sl
and H,,(r) : /'“ ( g )>|Vd(y,p)!27

where the cut-off ¢ is chosen as before, i.e.,

1, te0,1/2],

o(t) :=92—2t, tel1/21],

0, otherwise,

and the function d is a good distorted distance function with good asymptotics and such that
V,d is tangent to I', as given in [21, Lemma 4.25]. Set I,,,(0) := lim, o 1, ,() whenever the

limit exists.

4.3.1 (@-valued Dir-minimizers with zero boundary data on a flat

boundary

We develop a set of tools for the case where the Dirichlet minimizer has zero boundary
data on a flat boundary. These results will be utilized throughout the paper. In particular,

we establish the following counterpart (to the boundary setting) of [23, Lemma 5.4].

Lemma 4.3.2. Let u be a Dir minimizing function in Bf with zero boundary data on

BsN{z e R": x,, =0} and B (p) C Bf, p € BY

s 7

s>r. If u|Bj(p) is a function of only the
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two variables in span(v, z,,) with v € R™™L then u is a function of only span(v, x,,) in the

whole ball BY.

Proof. We denote by Sing;(u) the interior singular set of u. By interior regularity theory, see
[30], we know that dimy(Sing;(u)) < m — 2. Thus, Bf \ Sing;(u) is a path-wise connected
set. Let V = span(v, z,,,). By assumption, we deduce that Vy i u(x) =0 for any x € Bl (p).
Since u is given by @ harmonic sheets on B \ Sing,(u), the gradient V-1 u(z) vanishes for
any x € B} \ Sing;(u). Since u € W?(B}), we easily obtain that Vyiu = 0 in B which

ensures that u is a (Q-valued function which only depends on the variables in V. O

We will need to use that, in the 2-dimensional case, the only possible frequency value for
the linear problem is 1. We state this result in a slightly different form than [27, Theorem

5.9], assuming homogeneity in our formulation.

Theorem 4.3.3 (Theorem 5.9 of [27]). Let u be a nontrivial homogeneous Dirichlet minimizing
function on BY C R? with zero boundary value on [—1,1] x {0} and assume that mou = 0.
Then I,(r) = 1 and u is linear, i.e., u = >.; Q; [L;] where each L; : R* — R" is linear,

Lil{zo=y =0, 3, Q; = Q, and L; # L; on R* \ {xy = 0}.

We use Theorem 4.3.3 to show a crucial lower bound for the derivatives of Dirichlet
minimizing functions with zero boundary data on a flat boundary that will play a crucial

role within our program to prove rectifiability.

Lemma 4.3.4. Let u be a nontrivial Dir minimizing function in Bf. Let o > 0 and A > 0.

Assume that

I,(s) < A, / lul* =1, and 1,(0) > 1+ a/2.
B

If {v1,...;vm_1} is an orthonormal basis of R™™' and s > r > 0, we obtain that

m—2
> / _|0,ul® > c(A) > 0.

i=1 JBI\B;S
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Proof. We argue by contradiction, take a contradiction sequence uy as in the statement and

assume that

m—2
Z/ 0l < 1k (4.3.1)
B

i=1 /BB

Up to subsequences, {uy} converge in W12 to ug such that

/ |uol® = 1,/ |Dug|* < CA, and I,,(0) > 1+ a/2.
B B

s

Additionally, from (4.3.1), we also have

m—2
Z / — |a'Uiu0’2 =0,
i=1 JBI\B;

which, in turn, implies that ug is a function of only span(v,,_1,,,) in Bf \ B}. Noting that
the proof of By Lemma 4.3.2 goes through with B \ B in place of B (p), we obtain that u
must be a function of only two variables, namely span(v,,_1, ), on Bf.

To conclude, we take h as a blow-up of uy at 0. The function A is a homogeneous Dirichlet
minimizing function in B} that is still a function of only the two variables in span(vy, 1, Zm).
Thus, h is a homogeneous Dirichlet minimizer on span(v,,_1, ;) with zero boundary value
on {z,, = 0}. By Theorem 4.3.3, I,(0) = 1. However, since I,,(0) > 1 + a/2, we obtain

I,(0) > 1+ a/2, which gives a contradiction. O
We state a lemma that will be useful in some later arguments.

Lemma 4.3.5. Let u be a nontrivial Dirichlet minimizer in BY with u = Q[0] on By N
{z;, = 0}. Suppose further that I,(s) = I,(t) for 0 < s <t < 1. Then, the function u is

I,(s)-homogeneous in BY.

Proof. Since I, is monotone, it must be constant in [s,¢]. As in [30, Corollary 3.16], we then

have, for almost every r € [s,t] and almost every y, that

ly| = wi(y) = \Oyus(y),
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with A, being a constant. We recall that the classical frequency I (that is, given the choice
¢ = 1) is monotone with a flat boundary as in the situation in Chapter 3. The above equality
implies I(s) = I(t), but as in [30, Corollary 3.16], we obtain that

R G

S
Jom, i luil? "

Thus, A\, must be the same constant for almost every r in [s,t]. Set Iy := I(s). This in

turn leads to Iou;(y) = rd,u;(y). Defining o, := {ry: s <y < t}, we get

Iy
(uiler, ) (r) = ~Zttilo, (1)-
This implies that w;|,, is Jo-homogeneous in [s,¢]. By unique continuation in the interior
regular set of u (where it agrees with a classical harmonic function), the function u must be

Ip-homogeneous in B . O

4.3.2 Rectifiability for the linear problem

We now state the boundary rectifiability result for Dirichlet minimizers. The counterpart

of this result for the interior singular set is stated in [23] and in [56].

Theorem 4.3.6. Let u: Q C R™ — Ag(R") be a Dirichlet minimizer, ulaq = Q [g], Q € C?,

and g € C?. Then, the boundary singular set of u is H™ 3-rectifiable.

The proof of this result follows by repeating the arguments used to establish the recti-
fiability of the nonlinear problem (Theorem M), but with many of the error terms absent.
Since this proof represents a simpler case of the analysis we carry out later and proceeds in

an entirely analogous manner, we omit its details.
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4.4 Reduction of main theorems to rectifiability of one-

sided flat singular points

4.4.1 Excess decay and decomposition for two-sided points with

trapped density

For two-sided points, we establish an excess decay at an almost-quadratic rate and, as a
consequence, the uniqueness of tangent cones. This result holds under a density condition
(see (4.4.1)) that is satisfied in a relatively open neighborhood in I', which is; a priori, more
general than the condition assumed in [21, 68]. This refinement strengthens previously known
results in [68, Theorems 4.3 and 4.5] and, for @ = 1, in [21, Theorem 6.3].

Building on this, we derive a decomposition of the current at two-sided points under the

same density assumption; see Proposition 4.4.2.

Proposition 4.4.1 (Excess decay and uniqueness of tangent cones at two-sided points). Let
T,%, and T be as in Assumption 4.1.8, Q* € N\ {0}, and py € I'. For any e > 0, there exists
a constant 0 = 0(e,Q, Q*, m,n,w) > 0 with the following property. If, for some rq > 0, the

following holds

’W!u(w — <Q < 5, Vq el'n Bro (pO) ,Vp S (07T0)7 (441)

pm 2 * Q*>

then, for any ¢ € T NB,, (po) and any p € (0,79/2), the following is true:

(i) there exists a m-dimensional plane w(q) with T,I' C n(q) C T, and

E'(T,B,(q) . 7(q)) = E'(T.B,(q) < C ('0)“5 E'(T,B,, (po)) + Cp* > 1A%,

To
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(i) T, == (Q + Q") [r(¢)"] + Q*[r(q)"] is the unique tangent cone to T at q where
7(q)" and w(q)~ are the two connected components of w(q) \ T,I' oriented such that

O r(q)"] = —0[r(q)"] = [TIT.

Proof. To prove [68, Lemma 4.2] the only property that is used is (4.4.1), the full strength
of the definition of collapsed points (i.e., lower bound for the density and existence of a flat
tangent cone) is not used. We state here the consequence of [68, Lemma 4.2]: for every ¢ > 0,
there exist g9 = go(g, Q, Q*,m,n) > 0 and My = My(e, Q,Q*, m,n) > 0 with the following
property. If we define the function 6 as (o) := max{E’(T, B, (q)), MyA25?} for o € (0, o),

we obtain
A2 + E(T,By (¢)) < g0 = 6(0) <max{27*0(40),272t%0(20)}, (4.4.2)

where A := max{A%, A%}
We will show that (4.4.1) implies the smallness condition on the left-hand side of (4.4.2).
Assume by contradiction that there is a sequence of currents 7}, such that (4.4.1) holds for

T, with 6 = 1/k, and for some o, € (0,70), and
Azo? + Eb(T,;, By, (qr)) > €o for some gy > 0 and ¢ € I'y N B, (po) -

Define T, = (T})o .40, and recall that E* (T}, B1(q1)) = E’(T}, Bus, (qx)) > 0. Moreover,

by (4.4.1) with p = soy, and rescaling, we obtain

1 1
<—, YqgeT'nB, (p),Vse€ (O, 4) , (4.4.3)

I B 0) (9, o) !

Wi, 8™ 2

We now take a limit of the sequence T}, the boundaries I'j, and the ambient manifolds 3.
The currents will converge to a current T, and the boundaries I'y, converge to a flat boundary
L. Since we have (4.4.1), the mass ratio of T, will be constantly equal to Q/2 + Q* at

every point of L, and in every radius r < p. Thus, it must be a two-sided flat cone. Up to a
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subsequence, q; — oo and then E’(Th, By, (¢oo)) > €0, Which is a contradiction since T, is
a flat two-sided cone, i.e., supported in a m-plane.
Hence, for any € > 0, there is a choice of 6 = d(¢) such that the left-hand side of (4.4.2)

holds. Thus, for any £ > 0, there exists 6 = (¢, Q, @*, m,n, ) > 0 such that (4.4.1) imply
0(c) < max{2*"*0(40),2727*0(20)}.

From this, the very same proof of [68, Theorem 4.3] provides (i) and (ii). O

We establish a decomposition for T" at two-sided points as a direct consequence of the
uniqueness of tangent cones at such points (Proposition 4.4.1). Although this result is not
used elsewhere in this article, it is of independent interest. Notably, the significance of this
decomposition lies in its elementary nature. Indeed, it does not rely on the full regularity
theory at two-sided points with density close to /2 + Q* (i.e., constructing center manifolds,
defining frequency functions, etc., see Proposition 4.4.3); rather, it follows directly from an

application of Proposition 4.4.1.

Proposition 4.4.2 (Decomposition at two-sided points). Let T, 3, and I' be as in Assump-
tion 4.1.8, Q* € N\ {0}, and pg € T'. There exists § > 0 with the following property. If, for

some ro € (0,7/4), the following holds

‘Hfruj(lgp(q)) — (Q < 5, Vq el'n Bm (p()) 7vp S (07T0)7 (444)

pm 2 * Q*>

then TLB,, (po) = Th + 1% where 0Ty = (Q+Q*) [I'], 0Ty = —Q* [I'] with spt(11)Nspt(T3) =

I, and every g € ' N B,, (po) s a one-sided flat boundary point for Ty and T.

Proof. For 01,0, € R, 05 > 0, we define the wedge region:

Wﬁ%:{xeBm@Q:Qi:iingmmF>€Wh%@a
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where, for any ¢ € ', N,I" := (T,I')*. Since I" is C*!', we find that pr is well-defined and

dist(-, I') is differentiable provided that rq is small enough. We will show that
(WD, U W) Nspt(T) = 2, (4.4.5)
which then allow us to conclude the proof since this means that
spt(T) N B,, (po) C Wgﬂ/4 U W;://f
and, hence, we can write 1" =T} + T, with
spt(T1) \T C I/V?’ﬂ/4 and spt(Ty) \ T C Wg://f

Additionally, we obtain that spt(977) C I" and spt(97») C I" and thus 077 = (Q + Q*) [I']
and 0T, = —Q* [I].

To prove (4.4.5), we proceed by contradiction as follows. Assume the existence of
v e (W, nWrE) nspt(T),

We set p := pr(x), let p := |z — p| and denote 7(p) the unique tangent cone to T at
p (given by Proposition 4.4.1). By the height bound in [68, Corollary 4.7], denoting the

projection onto 7 by pt for any m-plane 7, we have that

’Pfr(q)(l") —p’ < C(rg"E’(T, By, (p))z + A) 3/2.

Since z € W”ﬁ% N ng//f, we know that ’x — Prip) (T ’ < C’ — Py (@ )’ This together

with the last displayed inequality imply that

— 1 1
p=lr =7l < Clo—pep(@)] < OOy "B (T, Bay, () + A) 2%
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which gives us a contradiction. O]

4.4.2 Regularity of two-sided points with trapped density

The following theorem builds on the theory developed in [68, 21], where the authors
study the notion of collapsed points and establish that such points are always regular for T'.
However, we provide a refined version of this result. Specifically, the definition of collapsed
points in [68] requires two conditions: (1) the existence of a flat tangent cone at the given
point, say pg, and (2) po to attain the minimum density in some relatively open neighborhood
of I', with this density being % + Q* for integers Q, @* € N\ {0}. Instead of assuming both

(1) and (2), we only require that the density is d-close to % + Q* to establish regularity.

Proposition 4.4.3 (Regularity of two-sided points with density close to (% +Q*)). Let T, %,
and ' be as in Assumption 4.1.8, Q* € N\ {0}, and py € I'. For any € > 0, there ezists a
constant 6 = §(e) > 0 with the following property. If, for some ro > 0, the following holds

+Q')

’”TUU(BP(Q»_ (Q <4, VgeI'nB,, (po),Vp e (0,79),

pr 2

then py must be a two-sided boundary regular point for T.

Proof. Appealing to Proposition 4.4.1, we can readily obtain that

O™ (T, po) = min {©"(T,q) : g € B, ()) NN, ,} >

Slte

9

where we define 2%, | to be only the points in the top (m — 1)-stratum of I' with respect to

T, ie.,
m—2
P = Pma(T,T)\ U P (T, 1), (4.4.6)
k=1
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we refer the reader to [68, Section 3|. Since pg is two-sided and belongs to &7, by [68,

Lemma 2.12], we see that T}, , blows up to a two-sided boundary flat cone. Hence,
m _ Q * *
O™(T,py) = §+Q , for some Q* € N\ {0}.

We now prove that pg is a collapsed point as described above, see also [68, Definition
2.17]. Given any x € I'N B,, (p), we have ©™(T,z) > ©™(T,p) if x € &;;,_,, since py is
a minimum density point in &% . If « ¢ 22% | we use [80, Theorem 3.2] (see also [68,
Section 3]) to obtain that I' VB, (po) and &, NB,, (po) are H™ '-equivalent, then we
can take 7, € ;| N B,, (po) to converge to x. Next, using the upper semicontinuity of

the density restricted to the boundary ([68, Proposition 1.8]), it holds that

O™(T,x) > limsup @™ (T, zx) > O™(T, p).

k—4o00

Therefore, py is a collapsed boundary point of 7. We can now apply [68, Theorem 2.21] to
see that pg is a regular boundary point for 7" and conclude the proof. Note that [68, Theorem
2.21] is stated for ¥ = R™*" one can see (cf. [21]) that the proof works for any 7' minimizing

area in an arbitrary C**-submanifold ¥ of R™*", O

4.4.3 Decomposition at one-sided points

In this section, we first develop the essential machinery for one-sided points, which will
enable us to carry out our main reduction argument. In Section 4.4.4, we then apply these

tools to reduce the proof of the main theorems to the study of one-sided flat points.

Decomposition theorem

We present the following result, which ensures that the density is forced to be equal to
@/2, provided that it is sufficiently close to this value (with respect to a uniform constant).

This result is established in Chapter 3.
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Theorem 4.4.4 (Density jump). Under Assumption 4.1.8, we have ©™(T,p) > Q/2. The
equality case holds if and only if the tangent cone to T at p is an open book and unique.
Moreover, there exists a constant € = e(m,n,Q) > 0 such that if ©™(T,p) > Q/2 then

O™(T,p) > Q/2+e¢.

Remark 4.4.5. Notice that this result, together with the upper semicontinuity of the density
restricted to I' ([68, Proposition 1.8]) implies that the set of one-sided boundary points is a

relatively open set in I'.

The following decomposition result is stated in [27] for 2-dimensional area minimizing

integral currents and generalized in Chapter 3 to arbitrary dimensions.

Theorem 4.4.6 (Decomposition at one-sided points theorem). Let T be an area minimizing
current as in Assumption 4.1.8, assume that ©(T,0) = Q/2, and let C = SN, Q; [H;,] be the
unique tangent cone to T at O (where the representation of C' is such that the half-planes are

distinct). Then there exists p > 0 and area minimizing currents Ty, T, ..., Ty in B, such that

N
TLB, =) T, withdT;LB,=Q;[I],

i=1
and where the supports of T; only intersect at T'. Moreover, the (unique) tangent cone at 0 of

4.4.4 Main reduction argument and proof of the main results

We are now prepared to reduce the main results to establish the rectifiability of the set of

singular flat one-sided points. For the readers’ convenience, we restate the main results here.
Theorem (Theorem M). Under Assumption 4.1.8, we have that Sing,(T) is H™ 3-rectifiable.

This theorem will be derived as a corollary of the following.
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Proposition 4.4.7 (Rectifiability of the set of one-sided flat singular points). Under As-

sumption 4.1.8, we have
Sing,(T) N {q € T : q is flat} is H™ 3-rectifiable.

The proof of Proposition 4.4.7 will be the focus of the remaining sections of this article.

We now demonstrate how Theorem M follows from Proposition 4.4.7.

Proof of Theorem M. We argue by induction. The case () = 1 is given by Allard’s boundary
regularity result, see [3]. Indeed, in this case, we do not have any singular boundary point.

Assume now that the result holds for @' > 1 and take QQ > @Q’. We define
E; :=Sing,(T)N{q el :0™(T,q) = /2 and T, has i sheets},

where T, is the tangent cone to T" at g. We can cover each E;,i > 2, with a countable
family of open balls whose centers belong to E;, namely {B;}jeN, each of which is given
by Theorem 4.4.6. Indeed, since ¢ > 2, any ¢ € F; is a one-sided singular point which is
not flat and, thus, we can apply Theorem 4.4.6. Notice that for every ¢ € I' N B;, we have

©™(T,q) = /2. From this covering, we can write T" locally in each of these balls as
TLB =TV + T4, jeN,

where TV and TJ" are area minimizing in B}, QY > 0 are two integers, 0TV =
Q' [[F N B;]], oY = QY [[F N B;']], and Q" + Q4" = Q. Now, we can apply our inductive
hypothesis to each le *and T, 2] * with ¢ > 2 to get the H™ 3-rectifiability of the corresponding

set of singular one-sided points. Given that

g , Q
= (Smgb (TV"y U Singb(TQJ’z)) NB;, and E = | E;,
j>1

=1
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to obtain the rectifiability of £, we are only left to prove rectifiability of £; which is exactly

what we claim in Proposition 4.4.7. Thus, we conclude the proof. O

As a consequence of Theorem M, we can establish an Allard-type regularity result, provided
there exists a relatively open neighborhood of I" of flat one-sided points. Furthermore, given
the counterexample in Theorem 4.1.9, we know that this assumption cannot be eliminated.

Additionally, we recall that for m = 2, Allard’s theorem holds for any (), meaning that
one-sided points are automatically regular, as shown in [27].

For the readers’ convenience, we restate Theorem L here.

Theorem (Theorem L). Under Assumption 4.1.8, assume that ¢ € " is a one-sided flat point
of T and there is a neighborhood of q in I' containing only one-sided flat points, then q is a

reqular point.

Proof. Let q be a one-sided flat point and r > 0 such that B, (¢) N " consists of one-sided
flat points. By Theorem M, there is a one-sided regular point = € B, (¢) NT". Using the fact
that x is a flat and regular point, there exist p > 0 and a single smooth manifold M such
that TLB, (v) = Q [M] (cf. Definition 4.1.3).

Next, we extend M to M, a connected component of spt(T') \ (I'U Sing; (7)) outside
B, (x) where Sing;(T") denotes the interior singular set of T". Since dim(Sing;(T")) < m — 2,
we have that spt(0 [M]) € T'. By the Constancy Lemma, 0 [M] = [[' N B, (¢)].

We will show that T" agrees with ) [[M ]] on a neighborhood of ¢. It suffices to show that

B, (q) Nspt(T — Q [M]) = @.

Assume by contradiction that y belongs to such a set. Since T'— Q) [[M ]] is area minimizing,
by the monotonicity formula, we have ©™(T — @ [[]\Zl ].y) > 1. Additionally, ©™(T,y) =
O™(Q[M],y) = Q, which follows by construction y € spt(T) N M and the Hausdorff
dimensional bound for the interior singular set. These two facts are in contradiction, and

hence we conclude the proof. n
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We employ a reduction argument to demonstrate that it suffices to prove Theorem N by
assuming that every boundary point is a one-sided flat point for T" within a small ball, and

then apply Proposition 4.4.7. For the readers’ convenience, we restate it here.

Theorem (Theorem N). Under Assumption 4.1.8, we have that Reg,(T') is an open and
dense subset of I' N By (p).

Proof of Theorem N. Assume that there is a singular boundary point x for 7" and r > 0 such
that B, (x) N T" C Sing, (7). We choose py € B, (z) N T" to have minimum density in the

(m — 1)-stratum (this is possible due to [68, Lemma 2.12]), i.e.,
O™ (T, py) = min {©™(T,q) : ¢ € B, (x) NT'N P}, }, (4.4.7)

where &%, is defined as above in (4.4.6).
We divide into two cases. If ©™(T,py) = Q/2 + Q*, for some Q* € N\ {0}, then there

exists 1 > 0 such that
O™ (T,q) > Q/2+ Q" for any g € B, (pg) NT' C B, (). (4.4.8)

In fact, if not, there is {zy}r C By (po) NI' C B, (x) such that 0™ (T, x;) < Q/2 + Q*
and ©™(T, x;,) — Q/2+ Q*. Recall that 2% | is H™ !-equivalent to ', and take a sequence

{yF}; € 27 N B, () such that y} — ) as j grows. Therefore, we have
Q/2+ Q" > O™(T,xy) > limsup O"(T, y}) > Q/2 + Q*,
J

where the last inequality follows from yf € 2% N B, (x) and that py is a minimum density
point within this set, cf. (4.4.7). The last displayed inequality provides the contradiction and
concludes the proof of (4.4.8).

By the upper semicontinuity of the density restricted to I' and (4.4.8), given § > 0, there
is an open neighborhood U of py such that ©™(T, q) is d-close to ©™(T, py) = Q/2 + Q* for
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any ¢ € U NI and thus Proposition 4.4.3 implies that pq is regular, which contradicts the
fact that B, (z) N T" only has singular points.

Next, assume O™ (T,py) = /2. Recall that, by upper semicontinuity of the density
([68, Proposition 1.8]) and the density jump (Theorem 4.4.4), we obtain that the set of
one-sided boundary points is relatively open in I' and, therefore, there exists o > 0 such that

B,, (po) C B, () and
o™(T,q) = 22, for every q € B,, (po) N T" C Sing, (7).

Now, by Theorem M, the Hausdorff dimension of Sing,(T)N{q € T': ©™(T,q) = Q/2} is
capped at m — 3 which then gives us a contradiction since B, (po) N T" is supposed to only

have flat singular points of 1. Hence, we conclude the proof of Theorem N. O]

4.5 Universal frequency function I at one-sided flat

points

4.5.1 Center manifold and normal approximation at one-sided flat
points

In this subsection, we construct the center manifold (Theorem 4.5.6) and the normal
approximation (Theorem 4.5.10) around a flat one-sided singular point of an area-minimizing
current T'. These constructions are well established and have previously been formulated in
different contexts.

Next, we introduce the intervals of flattening (Section 4.5.2), which identify the scales at
which 7" decays almost quadratically toward its tangent cone. Using these intervals, we define
the universal frequency function (Section 4.5.2), a fundamental tool for analyzing regularity

in this setting. Although most of the frequency function estimates in this section are well
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known in the two-dimensional case—see [27]—certain refinements are necessary to integrate
them into the framework used to address the rectifiability problem.

We begin by establishing the existence of a Lipschitz approximation for an area-minimizing
current in a neighborhood of a one-sided flat singular point.

We first recall and introduce the following notation. The function ¢ is defined on p,,(I")
and it satisfies graph(¢) N By = ' N B,. We define A := max{Agy, Ar} where Ar and Ay,

are the C%-norms of the second fundamental forms of T and X.

Proposition 4.5.1. Let T, Y, and I be as in Assumption 4.1.8 with p = 0 and R = 2, assume

in addition that

o ToI' =R™ 1 x {0} C my C THY,
e Pn (D) splits By into two disjoint connected open sets, which we denote by By and By,

¢ (pWo)#TLC2 =Q [[B;]]
Then there are geometric constants vy, > 0, €1 > 0, and C' > 0 with the following properties.
If E = E(T,Cq,m) < €14, there exist a set K C B?{/Q and a function f defined on B;{/z taking

values in Ag(R™) such that

flopr = Q[¢] and spt(Gy) C X, (4.5.1)
Lip(f) < C(E + r*A?)e, (4.5.2)

osc(f) < Ch(T,Cs) + Cr(E + 1A%z, (4.5.3)

G;L(K xR") = TL(K x R"), (4.5.4)

H™(By \ K) +er(By \ K) < Cr"™(E + r*A?)! e (4.5.5)

IT(A X BY) = QU (A\Bo) = 5 [ |DFP| < Com(E + 2 A7), (15
A

Proof. The theory in [27, Sections 6, 7, 8, and 9] is already developed in an arbitrary
dimension. Note also that [27, Lemma 7.6] (stated in 2d) can be replaced by its counterpart

in any dimension [26, Lemma 7.1]. O
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Before starting the construction of the center manifold and normal approximation at flat
one-sided points, we note that [27] will be frequently referenced throughout. Although the
authors consider ¥ = R™*" it is straightforward to verify that all their results remain valid
for an arbitrary ¥ C R™" of class C**, introducing certain errors that we will explicitly

state below.

Assumption 4.5.2. Under Assumption 4.1.8 with p = 0 and R = 2, we assume that XNB, =
graph(¥) and ’'NBy (0) = graph(¢) where ¥ : BoNR™ — R" ™ and ¢ : BoNR™™1 — R™H1

We assume that

(i) max {E*(T, By), || W] 2o, [|8]|25. } =: Mo < Eem, Where eom = om(m, n,7,Q) > 0is a

small constant,

(ii) Assume 0 is a one-sided flat boundary point for 7" and the tangent cone to 7" at 0 is

T():QH:TFS_:H

We begin by describing a Whitney-type decomposition of B;)L/Q, which denotes the connected
component of By/s \ pr, (I') with nonempty intersection with pr,,(T'Bg/2), with cubes whose
sides are parallel to the coordinate axes and have side length 2¢(L). The center of any such
cube L will be denoted by ¢, and its sidelength will be denoted by 2¢(L). We introduce a
family of dyadic cubes L C g in the following way: for j > Ng, where N; is an integer whose

choice will be specified below, we introduce the families
%; = {L: L is a dyadic cube of side /(L) =277 and B;{/Q NL# o},

For each L define a radius ry := Myy/ml(L), with My > 1 to be chosen later. We then

subdivide ¢ := U;%; into, respectively, boundary cubes and non-boundary cubes

¢ ={L e dist(c,pn(I)) < 64r.}, € =%"NE,

¢ = {L €€ : dist(cy,pr,(T)) > 6411}, %jh =€" NG,
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If H, L € ¥ we say that:
e H is a descendant of L and L is an ancestor of H, if H C L;

« Hisa child of L and L is the parent of H, if H C L and {(H) = 3((L);

« H and L are neighbors if 10(L) < {(H) < ¢(L) and HN L # @.

Lemma 4.5.3. Let H be a boundary cube. Then any ancestor L and any neighbor L
with ¢(L) = 20(H) are necessarily a boundary cube. In particular: the descendant of a

non-boundary cube is a non-boundary cube.

o If L € %% then we define the non-boundary satellite ball By, = Beyy, (pr) where
pr € spt(T') such that p,(pr) = cr, such py is a priori not unique, and 7y, is a plane

which minimizes the excess in By, namely E(T,B;) = E(T,B,7) and 7, C T),, %,

o If L € 4", then we define the boundary satellite ball B, = Borsar, (pr) where p}, € T
is such that |px,(p}) — cz| = dist(cr, px(I')). Note that in this case, the point p
is uniquely determined because I' is C** and m, is assumed to be sufficiently small.
Likewise 7, is a plane that minimizes the excess E’, that is, such that E*(T,B) =

E(T,B}, ) and T, T C mp, C Ty X,

Stopping conditions

We introduce the set up to decide whether or not a cube is such that 7" has good enough
properties around it. These properties are mainly based upon how small the excess or height
of T are with respect to the size of a given cube.

Let C,, C, be two large positive constants that will be specified later. We define
<1> W]\?O = {L = %1370 U %1{70 : E(T7 BL) > CemOE(L)Q_%},
(11) W]\lfl() = {L = cg]h\fo U cgkfo : h(Tv B, 7TL) > Chmé/27n€(L)1+ah},

(i) Sy =G \ (35, UL
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Assume inductively that for a certain step 7 > Ny + 1, we have defined the families

Wi =W U 7/]-}11 and .7;_1. We set the following stopping criteria:
(i) #; :={L child of K € #;_; : E(T,B) > Comyl(L)*> %%},
(i) #? = {L child of K € #_1: L & #¢ and h(T, By, ;) > Chmy " 0(L)For 1,
(iii) #* :={Lchildof K € &y : L& #UW» but AL’ € #;_, with LN L' # @}.

Thus, we define . := {L € €, child of K € .%;_1} \ #;. Furthermore, we set

v=U# 7= s=N(UL) =B\ UH

7>No 7>No j>No LGKV]' Hew

Remark 4.5.4. Unlike the two-sided case, as in [21, 68], we cannot state that every boundary
cube is nonstopping since we do not have an almost-quadratic excess decay (which is strongly
used in [21, 68] to prove this affirmation). Hence, we have to include boundary cubes in the

stopping conditions.
Since (#,S) is a Whitney decomposition of [—3/2,3/2]™, it is not hard to see that
sep(S,L) :=inf{|x —y|:x € L,y € S} > 2((L), forany L € #'. (4.5.7)
We now assume an order of hierarchy for all the parameters involved in the construction
of the center manifold that will follow.
Assumption 4.5.5. T and I" are as in Assumptions 4.5.2 and we also assume that
(i) 0 < ap < Y2m and ae > 0 is positive but small, depending only on ay,,
(ii) M, is larger than a suitable constant, depending only upon a,
(iii) 2N > C(m,n, My),

(iv) Ce is sufficiently large depending upon «., ayn, My and Ny,
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(v) Cy is sufficiently large depending upon ae, an, My, No and Ce,
(vi) Item (i) of Assumption 4.5.2 holds with ¢,,, sufficiently small depending upon all the
other parameters above.

Existence of the center manifold

In this subsection, we state the existence of the center manifold which acts as an “average"
of the sheets of the current T'. Furthermore, the center manifold M is a classical submanifold

of ¥ of regularity C®* which allows us to study further properties of the current 7.

Theorem 4.5.6 (Theorem 10.16, [27]). Under Assumptions 4.5.2 and 4.5.5, there is a

K= K(Qe, an, Q, Q*,m,n,n) > 0, such that
(i) ¢; € C** with ||‘Pj||c3m(]3;/2) < Cmy'”, for some C 1= C(ae, an, My, Ce, Cy) > 0,

(i) Ifi < j, L € #iy and H is a cube concentric to L with ((H) = 2((L), then ¢; = ¢;

on H,

(iii) ¢; converges in the C3-topology to a map ¢ : B;ﬂ — R", whose graph is a C>"-

submanifold M of X2, which will be called the center manifold,
(1V> 8(graph(cp)) = F, z'.e., oMnN C3/2 =I'n 03/2,

(v) For any ¢ € OM N Cyjs, we have TyM = 7t (q) where w(q) is the supporting m-plane

for the unique tangent cone to T at q.

Proof. We will omit the proof because it follows the same lines as in [27, Theorem 10.16].
In fact, the authors, in [68], do not use the fact that m = 2 to prove the existence of M as

above. 0
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Normal approximations

With the center manifold M in hand, our objective is to construct approximations of
T—akin to those in Proposition 4.5.1—by functions defined on M and taking values in its
normal bundle. These approximations, known as M-normal approximations, are formally
defined in Definition 4.5.9 and their existence is established in Theorem 4.5.10.

Let us define the graph parametrization map of M as ®(z) := (z, ¢(x)). We will call
contact set the subset ®(S). For every cube L € # we associate a Whitney region £ on M

as follows:

« L:=®(H NB;) where H is the cube concentric to L such that ¢(H) = 1T¢(L).

16

Assumption 4.5.7. Under Assumptions 4.5.2 and 4.5.5. We possibly further reduce e.,,,

call it €,,4, and assume mgy < &,,, to be such that, if
U:={¢geR™™": 3¢ =p(qg) e Mst. |[g—¢|<land q—q €T M}

where Tj/\/l := (Ty M)™, then the map p extends to a Lipschitz map to the closure U which

is C%% on U\ p (") and p~(¢') = ¢’ + By (0, (T, M)1) for all ¢ € M.

The following corollary states strong properties on the behavior of the current 7" whenever

we look at points on the contact set.
Corollary 4.5.8. Under Assumptions 4.5.2 and 4.5.5, we have
(i) spt(A(TLU)) C QU, spty(TL[—1, 1] x R") C U, and p(TLU) = Q [M],
(if) spt((T, p, ®(q)) C {y: |®(q) — y| < Cmy*" (L)1 "} for every g€ LW/,
(iii) (T, p,p) = Q[p] for every p € ®(S) U (I' NOM).

Next, we define the M-normal approximations of 7" defined on M and taking values in

its normal bundle.
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Definition 4.5.9. Let M be the center manifold under Assumption 4.5.7. We say that

(K, F) is an M-normal approzimation of T', if

(i) there exists a Lipschitz function

N: MNC, — AQ(TLM)
r = Np) =32 N®],

.....

satisfying p + N;(p) € X. We then define the Lipschitz function given by

F: MnCy — AQ(TJ‘M]C)
r — (Naid) (x).

(i) £ € M is closed and TrLp ' (KN M) =TLp (KN M), where T := (F); [M],
according to [32, Definition 1.3/,

(iii) ®(S)NT C K, Nl = Q[0], and then F(p) = Q [p] on K.

We finally state the existence and local properties of a normal Lipschitz approximation of

T.

Theorem 4.5.10 (Local behavior of M-normal approximations. Theorem 10.21 of [27]).
Under Assumption 4.5.7, there is a constant oy, = ag,(m,n,n,Q) > 0 such that there exists
an M-normal approzimation (K, F) satisfying the following estimates on any Whitney region

L C M associated to a cube L € W :

Lip(N|z) < Cmg (L)% and |N]z|o < Cm(l)/Qmé(L)Hah,
H™ML\K) + || Tp — T|(p~H(£)) < Cmgtore(L)y™+ror,

/ IDA? < Chml(L)™ 220 (4.5.8)
L
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for a constant C' = C(te, an, My, Ny, Ce, C) > 0. Moreover, for any a > 0 and any Borel
VCL,

/ no N < Cmo (L)% 4 at(L) 1)) + < / G Q [0 NT)*°*.
% %

Next, we state global estimates that are derived from summing up all the local estimates

in the previous theorem over all cubes of the Whitney decomposition.

Corollary 4.5.11 (Global estimates for M-normal approximations on Whitney regions.
Corollary 10.22 of [27]). Under the same assumptions and notation of Theorem 4.5.10, and

setting M' = ®(Bf N [=7/2,7/2]™), we have:

Lip(N|pe) < Cm&* and [N e llo < Cmy™",

H™ M\ K) + | Tr — T||(p~ (M) < Cmi+r and / IDN|2 < Cmy.

’

for a constant C' = C(ae, an, My, Ny, Co, C) > 0. Moreover, N = Q[0] on ®(S) N M’ and
f/\/l’ |N|2 S Cm().

We now state some properties on the normal Lipschitz approximations concerning their

“splitting" behavior on stopping cubes.

Proposition 4.5.12 (Splitting, Proposition 14.4 of [27]). Under the same assumptions
and notation as Theorem 4.5.10, there is a constant C = C(m,n,n, My, d1) > 0 with the
following property. If L € W°, q € my with dist(q, L) < 4y/ml(L), Bywry/a(q) C B, and

Q= ®(Byr)/4(q)), then we have that

Cmol(L)™ 2729 < ¢(L)"E(T,B}) < C / |IDN?, (4.5.9)
Q

/ |IDN|? < C{(L)"E(T,B%) < CE(L)‘"L/ N2 (4.5.10)
L Q
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4.5.2 Intervals of flattening and definition of I

We begin by defining the intervals of flattening, which allow us to transition between
center manifolds whenever they cease to be good approximations for the “average' of the
sheets of T'. Before that, we make a few remarks that are important for comparison with
the interior setting and that also highlight the significance of the excess decay available for

one-sided points.

Remark 4.5.13. Our approach closely follows the strategy in [27], as they also do not have
an a priori almost-quadratic decay of the excess. In contrast, when dealing with two-sided
boundary points, the authors of [21] and [68] establish almost quadratic excess decay through
a blow-up argument combined with strong properties of the limiting two-sided Dir-minimizing
functions. The availability of such a decay allows them to bypass the need for intervals of

flattening.

Remark 4.5.14. In the interior case ([34]), analogous to the boundary setting, the center
manifold can only be constructed when the excess is below a certain threshold, namely e,
given in Assumption 4.5.2; for the interior, see [34, Eq. 2.4]. This requirement explains
the gaps that may exist between the intervals of flattening in [28]: At scales within these
gaps, the excess may be too large to construct the center manifold. However, in our setting,
this issue does not arise, as we rely on an excess decay theorem (with exponent a € (0,1))

established in Chapter 3).

Remark 4.5.15. We note that [27] will be frequently referenced, where the setting assumes
¥ = R™*™", Nevertheless, it is straightforward to verify that all the results remain valid for

an arbitrary ¥ C R™" of class C**, taking into account the errors we explicitly state below.
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Interval of flattening

Assume Assumption 4.5.2, Assumption 4.5.5, and Assumption 4.5.7, with p € I' in place
of 0, and fix
max {Eb(T, B, (p)), Aly, A;F} =my < .

We set t; = 2, Mp,l = M, and Np,l = ./\fp,1 to be the center manifold and the
M, 1-normal approximation given by Theorem 4.5.6 and Theorem 4.5.10 when applied the
translation of 7" by p € I, i.e., (11)4T, respectively.

Denote by #7! the Whitney decomposition as described in Section 4.5.1. Notice that
the construction of the intervals of flattening below depend on p, we will however omit this
dependence for the sake of notation.

We now assume by induction that ¢;_; > 0 is defined with ¢;_; < t;, for any i < j —1 and

consider:

° Tp,j = <(Lp’tj>ﬁ T> LBQ, ipJ = prtj (Z) N BQ, fpyj = Lp,tj (F) N BQ, mm and NPJ to

be the center manifold and the normal approximation given by Theorem 4.5.6 and

Theorem 4.5.10 now applied to the current 7, ;, the boundary I', ;, and the ambient

’j’
manifold %, ;. We also denote by #7J the Whitney decomposition coupled with M, ;

as described above.

Next, we inductively define:
tj =t max<{64\/%€([/) : L € #P7 and 64y/ml(L) > dist(0, L)} U {O})

Observe that ti/;,_, < 27° which ensures that [t;_1,;] is a nontrivial interval. If ¢; = 0,
we stop the induction; otherwise we keep going and end up with infinitely many intervals.

We also fix the following notations:
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Notice that I', ; = (F N By, (p)) —pand X,; = (Z N By, (p)) —D.

Lemma 4.5.16. Let L be a cube such that L € #7PJ and 64/ml(L) > dist(0,L) and
64/ml(L) = max ({64/ml(L) : L € #PI and 64/ml(L) > dist(0,L)} U{0}). Then L €

(#P3)e i.e., it has to stop for the excess.

Proof. Observe that if L is in (#77)", then there is a neighboring cube H of double side
length that also belongs to #77 and it is straightforward to check that it satisfies H €
WPI and 64\/ml(H) > dist(0, H) too, thus violating the maximility of L. Since L satisfies
64y/ml(L) > dist(0, L), L is a boundary cube and thus cannot belong to (#77)? see [27,
Lemma 10.4]. O

Universal frequency function at one-sided flat points

Before defining the frequency function, we first introduce a well-suited distance function d
that accounts for the curvature of I' in our calculations. Specifically, d serves as the direction
of the vector field used in the inner and outer variations, requiring Vd to be tangent to I'.

The function d is constructed in the following lemma.

Lemma 4.5.17 (Good distorted distance function). There exists a continuous function
d: By x By = R* which we will call good distorted distance function satisfying, for any

q € I'y1, the following:
(i) z > d(z,q) is C* on By \ {q},
(it) d(z,q) = |z — ¢| + O (mo|z — q]?),

(ili) V.d(z,q) = =% + O(me|z — q|),

|z—q|

(iv) Did(z,q) = |z —q|7 (Id — |z — ¢|7*(z — q) @ (x — q)) + O(my),

(v) V.d(z,q) is tangent to T'py at v € T'py.
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Proof. The proof is given in [21, Lemma 4.25]. Even though slightly worse estimates are
stated, i.e., there is no my in [21, Lemma 4.25], their proof is robust enough and immediately

gives the improvements that we claim in this lemma. O]

We first fix a cut-off function as follows:

1, forOStS%,
o(t) :=q 2(1—1t), for i <t<1,
0, fort > 1

Having fixed a good distorted distance function d, a cut-off ¢, and the intervals of

flattening, for any ¢ € I',; and r € (t;41, t;], we define the following three quantities:

D,(0.r) = Dyodar) = [ [ o (M) 10w, b anenio),
(o) = i) == [ o (B0 19 a0 o),

r

S,(0.1) = Sy(0dgr) o= [ o (d ’”’)) N ()P A M ().

Next, we finally define the universal frequency function as follows:

TDP(Qa T)

IP(Q7 T) = Ip(¢> d7 q,?”) = W?

for any r € (0,2],q € Ba.

We will also fix dj(z,q) := tj’ld(tjx, t;q) and ¢ € By to define the rescaled functions:

Do) =Dys(odar) = [ o(B2D) 10N, Po)anre)

My,
Hyo(0:0) = By == [ o (YD) v a2 O ann)
dj(x7Q)

S00(0.0) =Sy dar) = [ o(PEL) P anr o)
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We can then straightforwardly check that:

D,; (t;'q.t;'r) =t;™"Dy(q,r),  0,Dy; (t;'q.t;'r) =t;™ 0, Dylq,r),  (4.5.11)
H,; (t;lq, t;lr) = t;mlep(q, ), 0.H,, ; <t;1q, t;r) =t;"0,Hp(q,7), (4.5.12)

S, (tj_lq, t;1r> = tj_m_QSp(q,r), 0:S, (tj_lq,tj_r) = tj—m—larsp(q, r). (4.5.13)
We also define the following quantities:

E’p(Qa T) =1 fMJ ¢I (d(x q)) Z”L«N ) ( ) (N;)yj)i('r)vMp,jd(x7 Q)> de(CC),

G (7)== [, & (*52) ot .2|DNW Vat, d, )P AH" (),
B i(qr) = =1 [ ¢ (YE0) SN, )i(2), DN, )i(3) - Vg, ds (@, ) dH™ (),
Gpile.7) = _72 fﬂp,j ( ) \vﬂdj d(a, q)|2|DNpJ VM dj(z, q)I? dH™(2),

then, we also have the following rescalings:

Ep’j(tj_lq,tj_lr) = tj_mEp(q7 r) and ép’j(tj_lq, tj_lr) = tj_mHGp(q, T). (4.5.14)

4.5.3 Radial derivatives in the realm of the frequency function

The main goal of this subsection is to derive a series of inequalities involving the radial
derivatives of the various quantities defined above. These inequalities will be central in
computing the radial derivative of I and in establishing further properties of I (such as its

almost monotonicity), which in turn encapsulates significant information about the current

T.

Lemma 4.5.18 (Radial variations and list of bounds). Let T, T, and X, satisfy Assumptions
4.5.2, 4.5.5, and 4.5.7, with p in place of 0. Then either T = Q [p + M, ;] in a neighborhood
of p, for some j € N, or H,(p,s) > 0 and D,(p,s) > 0, for every s € (0,2]. In the latter

case, there exist C' > 0 and T > 0 (which are not dependant on p,j, T, nor €,,) such that,
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for all r > 0, we have

H,(p,r) < CrD,(p,7), L(p,r)>C"",

(4.5.15)
9,S,(p,7) < CrD,(p,7), and Sy(p,7) < Cr*D,(p, 1),
Additionally, we obtain that
D,(p,r) < Crm+s, (4.5.16)
We also have the following formulas for any r € (tj41,t;):
d(z,p)\ d(z,p m
oD, =~ [ (M) Mg pane, s
m—1
o.H,(p,r) — in(p, r)+2E,(p,r)| < Cm, ;H,(p, ). (4.5.18)
Moreover, for any r € (tj41,t;), we have:
10,D,(p, )| < Cr™'Dy(p,7), (4.5.19)

ID,(p, ) — Ey(p,7)| < CmI D, (p, 7)™ 4+ Cmyt; >27S,(p, r), (4.5.20)
Dp<pa T)
T

m— 2
0. 7) = 2D, 5.1) - 26,5 < oy ) (P4 00,1

+ Cm,t>* "D, (p,7), (4.5.21)

Sp<p7 T)

Dp(p7 T)Z
(4.5.22)

1 1

D,(p,7)  Eu(p,7)

< Cm]D,(p,r)"" " + Cmyt; >

Proof. These estimates depend on the outer variation and an inner variation on specific
vector fields as is well-known. We denote by p; the projection onto the center manifold M, ;.

The vector fields are the following:

3@ = (P2 (- (0, X200) = o) witn V= o (2) S8
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where in the formula above, V denotes the tangent gradient to M, ;. The vector field X7
vanishes at I" and the vector field Xf is tangent to M, ; and to I';, ; by properties of d. Let us
drop the dependence on p in the notation and assume without loss of generality that p = 0.
The proof of (4.5.15) for the rescaled quantities is given in [21, Proposition 9.4] from which,
together with the rescalings above, i.e., (4.5.11), (4.5.13), and (4.5.12), we get (4.5.15). In

order to prove (4.5.16), we note that [27, Eq. (16.29)] gives Dj(r) < Cot3*r™ 27 thus

r<t;

(4'5'11) miTy — m—+2Kk (41— m—+2—2ae m—+2k
= Uyt ) < Cot (e )RR < Cor™ R

D(r)

The proof of (4.5.17) is a direct computation. For (4.5.18), we can mimic the proof of
[27, Proposition 16.2] using the slightly improved estimates for d given by Lemma 4.5.17.
Inequality (4.5.19) is a consequence of the definition of D and (4.5.17). To prove (4.5.20) we

will do as in [21, Section 9]. Indeed,
- B 5
D;(r) = E;(r)] < >_ [Enf],
=1
where Err] are as in [21, Section 9] and
— _ _ 20 .
[D;(r) = O(t7)D;(r) = 2G;(r)] < — > [Ermy,
k=1

where Err, are as in [21, Section 9]. Now, revisiting the argument of [21, Proposition 9.14],

one can easily keep track that mg can be carried throughout the proof to ensure

D;(r) — E;(r)] < Cm@*D;(r)"*™ + Cmot3"S;(r), and (4.5.23)

() 2D, (r) — 2G,(r)| < Crg D, ()" (D“ 4D <r>> + gD, (7). (45.24)

- T
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We use now the rescalings (4.5.11), (4.5.13), and (4.5.14), in (4.5.23) to get

7" D(r) — E(r)| = [D;(¢;'r) — E;(t7'r)| < Cmg'Dy(t;'r) ™ + Cmot3*S;(t;'r)

= Cmjt; "D () 4 Cmgt; ™S (1),

Using (4.5.16) and r < t;, we get ¢;"D(r) < C’tj_mrmD(r)l_% < OD(r)'" 7% which

together with the last displayed inequality provide

|D(T> - E(T>| S Cmglt;mTlD(r)l+Tl + Cmot;2+2HS(T‘)
= Cm{l (;D(r)) " D(r) + Cmot; *8 (1) (4.5.25)

< CmyD(r)n(-785) 4 Cmgt; 2728 (r).

We can choose choose 7; slightly smaller accordingly with the exponent 7 (1 — mf’:%) to

verify (4.5.20). We argue analogously to get (4.5.21) from (4.5.24), we use (4.5.24) and the

rescalings (4.5.11), (4.5.14) to obtain that

D) D) — 26| = Byt~ " 2D ) - 9051

r

_ D(t;? — _
< CmyD(t; )™ ( (& ) +D (t;%)) + Cmgt>*D(t; 'r)

7 —1
tj r

J

— pomH (Cmgltj"”D(r)“ <D£T) + D'O“)) + CmotimD(rO :

We argue as in (4.5.25) to obtain (4.5.21), for a possibly smaller 71 > 0. To prove (4.5.22),

we apply (4.5.15) and the fact that » <¢; to achieve, for any o € (0, 1), that

27728 (r) < £5°72Cr*D(r) < Cr*D(r).
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The last displayed inequality guarantees

(4.5.25)
ID(r) —E(r)] < CmiD(r)""" + Cmot;Hz“S(T)

< Cm{D(r)'*7 + Cmyr™D(r)
(4.5.16)

< C’mng(m+2”)D(r) + C'myr™D(r)

< Cmjr™D(r),

which in turn ensure that D(r)/2 < E(r) < 2D(r) provided r is small enough. Hence, we get

that (4.5.25) can be turned into

4.5.4 Almost monotonicity of I at one-sided flat singular points

We are now in a position to prove the almost monotonicity of the universal frequency

function I, with improved bounds compared to [27] and in arbitrary dimensions.

Theorem 4.5.19 (Almost monotonicity and jumps of I). Let T, T, and X3, satisfy Assumptions
4.5.2, 4.5.5, and 4.5.7, with p in place of 0. Then either T = Q [p + M, ;] in a neighborhood
of q, for some j € N, or H,(p,r) > 0 and D,(p,r) > 0, for every r > 0. In the latter case, 1
is absolutely continuous on each (tji1,t;) and there exist C,7 > 0 (not depending on p,j,T,
nor €nq) such that for a.e. r € (tj41,t;) it holds

d T T — HS (p’ 7”) T, .— T
T <10g L(p,r) + Cm]D,(p,r)” — Cm,t; >+ D’;(M> > —Cm]r~ 7. (4.5.26)
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Morever, we have a bound on the jumps of I given by

lim L,(p, s)—lsi%frj_llp(p, s)| < Cmt7, >

st j

lslftrjl L(p,s) — %r]l L(p,s)| < Cmy, (4.5.27)

and T,(p,r) > e~ ™51, (p, a), (4.5.28)

where the last inequality holds for r € (tj11,t;] and any a € (0,7).

Remark 4.5.20. Due to the excess decay in Chapter 3 at one-sided points, we obtain
excellent estimates for the jumps of I, as stated in (4.5.27), which mitigate several difficulties
compared to the interior case. In the interior setting, where the uniqueness of tangent cones
and excess decay are not known a priori, the authors must establish a significantly more
delicate and labor-intensive BV-estimate for log(I+ 1), ensuring similar bounds on the jumps

of I (cf. [28, Proposition 6.2]).

Proof. We drop the dependences on p and reduce to p = 0 as in Lemma 4.5.18. Applying

now (4.5.18), we get

d |
oo =T 5 T HY T Do) HY)
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Plugging the displayed equality above to (4.5.22) and (4.5.21), we get

d (45.22) D'(r) - S —242,5(r)D'(r)
5 log I(r) > E(?") — CmOD(T) D (7") — Cmotj W
_2E(r) m
Hi) O™
(1521) 2G(r) — CmiD(r)" (P2 4 D'(r)) — Cmyt?* ' D(r)
>
- E(r)
. 1y 242+ 5(r)D' (1)
— CmgD(r)"'D’(r) — Cmyt; * W
B 2E(r)  O(m
H(r) Omo)
—CmiD(r)" (B2 + D'(r)) — Cmgt2*'D(r)
= E(r)
T =11/ —2+2HS(T)D/(T)
— Om0D<T) D (7’) - Cmgtj W - Cm07

where in the last inequality we applied Cauchy-Schwarz to have G(r)H(r) > E(r)?, and
hence 2G(r)/E(r) — 2E(r)/H(r) > 0. By (4.5.20), we have D(r)/E(r) < Cy which ensures,

by the last displayed inequality, that

d D(r)” D'(r) o1 D'(r)
—logI(r) > —Cmy — Cmyty" " — Cm) ————
T ogI(r) > m0< . + D(r)i- mot; mOD(T)l_T
_ S(r)D’(r
242K
— Cmyt; D(r)? — Cmy,.
We absorb the C'myg term in the mgt?“_l term, —S(Q(]T?)/Q(T) = %]SD((:)) — SD/((Q and %D(’F)T —
7%, we derive

S'(r)
D(r)

d - T — 242k S<T) TD<T)T —2+2kK
+ _ : ) > — ,
o (log I(r) + CmgD(r)" — Cmyt; D(r) Cm] . Cmyt;

- Cmotiﬁ_l .
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Using (4.5.16) and (4.5.15), possibly taking 7 smaller, we get
d — K S r T T K—
. (log I(r) + CmgD(r)" — Cmygt; 2+2 D((r))> > —Cmir 7 — Cmot? !

— Cmyt; >

t]; —Cmjr .

This finishes the proof of (4.5.26). The proof of the first estimate in (4.5.27) is given in
27, Theorem 15.5, Part I1], where the authors do not use m = 2 in their proof. More precisely
the desired estimate is [27, Equation 17.7], which is a consequence of [27, Proposition 17.1]
and [27, Proposition 17.2]. The only difference in our case is that we have the additional term
coming from X, precisely |I(t]) — I(t;)| is controlled by E(T,6t;)” + A3 which is bounded
by mgt7® due to the excess decay in Chapter 3. Here, the superscripts + and — denote the
right- and left-hand side limits, respectively. The second estimate of the jumps in (4.5.27)
follows immediately from ¢;,1/t; < %

We now prove (4.5.28) using (4.5.27). Fix r € (¢;,41,t;.], a € (tjo41,t5.], 7 > a, and
integrate (4.5.27) as follows

" d - - —9242k S(S) o -
/a = <log1(8) + CmgD(s)" — Cmygt ) D(s) ds > —Cmj(r™ —a"), (4.5.29)

where i(s) denote the index for which s € (¢;(5)11,%;(s)). We now notice that

" d —242K S(‘S) ol —242K S(tz_) —242K S(t;:—l)
/a ds ( Fic D(s) o 2\ D(t;) D(t{1)

1=Jjr

242k S(r) 447242
Jr

—24+2k S
Ja D(t;)
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We discard the negative terms and we use (4.5.15) to turn the last displayed equation into

"d Coyak S(8) Tl 2% 2% 2% 2
/ ds <_Cm°ti(s)+ D(s) ds < Cmg | > 67 + 157+ 157 | < Cmytr, (4.5.30)
a 1=]r

where we used that ¢;, <t; <r <t;,i€{j.+1,...,7q.} and t;41/t; < 27° (by construction

of the intervals of flattening). We argue analogously, this time using (4.5.16), to obtain

/a L (CmpD () ds = Oy (Dw (Dt )+i§ (D))
(D(t)) - D) (4531)

Ja
S Cmg (rm-‘rQn + Z t;n—&-Qn) S Cmgt;72+2”.

=jr
We plug (4.5.30) and (4.5.31) into (4.5.29) to obtain (possibly reducing 7 > 0) that
"d T (T 2K T4T
e (logI(s))ds > =Cmg(r"™ — a”) — Cmgt;" > —Cmygt; .
. ds
Finally, we have that
T d Ja
logI(r) —logI(a) = / o (logI(s))ds+ > (log I(t}) —log I(t;)) .
s —
a 1=)r

Since |log(z) — log(y)| < C—L=4__ and, by (4.5.15), I(s) > C*, we derive that

min{|z|,y|}

Ja Ja
> logI(th) —logI(t;) = —C > [I(t) — I(t;)]
i:jr Z'er
(4.5.27) Ja
> —Cm| Z t; > —Cmygt] .

1=Jr

Putting the last three displayed inequalities together, we guarantee that log I(r)—log I(a) >

—Cmgt] which in turn ensures (4.5.28). O
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4.6 Uniform lower bound and the frequency regimes

4.6.1 TUniform lower bound for I at one-sided flat singular points

In this section, the main result is Theorem 4.6.5, which, among other implications, estab-
lishes a uniform lower bound of 1+ «/2 for the frequency values, where o = a(m,n,n, Q) > 0
is the constant from the excess decay result in Chapter 3. This lower bound marks a signifi-
cant distinction between the interior setting studied in [28, 29, 24] and the boundary setting
considered here.

We now lay the groundwork for the proof of this crucial lower bound. For a small constant
£ > 0 (to be specified later) satisfying € > max{Agy, Ar}, and adopting the notation from
Section 4.5.2, we set

m, ; := max {E(T,;, By), &) 2%}

Assumption 4.6.1. Let T,X and I' be as in Assumption 4.1.8 and p be a flat one-sided

singular point for 7.

Remark 4.6.2. Due to Chapter 3, we can guarantee for a sufficiently small scale 7 all

Assumptions 4.5.2, 4.5.5, and 4.5.7 are satisfies for r < 7. We can also ensure that &72~2% <

Ena-

Definition of fine blowups

Let T be as in Assumption 4.6.1 and let {¢;}ren be the endpoints of the intervals of
flattening as constructed in Section 4.5.2. Now, assume that r, < 7, r, € [tj(k)+17 tj(k)]. We
will also use all notation for the rescaled objects of Section 4.5.2.

Next, we define the following sequence of ()-valued functions:

U = w, where hy, := HN’“Hm( ,

hy,

expam(BwQ ﬁﬂ; ))

where expy 37~ is the exponential map and 7 is the optimal m-plane for Eb(Tp,j(k), B,).
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Under these conditions, there exists a subsequence of {7y}, and a Dirichlet minimizing

map u € WH*(By,) with nou =0 and ||u||L2(B;/2) = 1 satisfying, up to rotation, that
wuy, — ustrongly on W2 (B:}f/Q, AQ(R")) N L (B;;/z, .AQ(R”)) .

Here, convergence is understood after applying a suitable rotation that maps the domains
of uy, into .

We also have that I', converges to a flat boundary and the function u vanishes on
that flat boundary (indeed, this is a direct consequence of the convergence of I'y and

Definition 4.5.9(iii)).

Definition 4.6.3 (Fine blowups). Any function u generated by the procedure above applied
to T}, will be called a fine blowup with respect to v, | 0 at p. Moreover, we define the

singularity degree of T' at the flat singular point p as
I(T,p) :=inf {1,(0) : u is a fine blowup at p w.r.t. to some r; | 0}.

In the definition above, I,(0) := lim, | [, () and I,(r) is the value of the smoothed

frequency function of u at 0, i.e.,

L) = 24 = [10atype ().
ond 1,(r) = [ 15080 (00 ) v,
where the cut-off ¢ is chosen as before, i.e.,
1, te|0,1/2],

o(t) =922t tel1/21],

0, otherwise.
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Remark 4.6.4. We also consider a sequence of currents T}, that does not consist solely of
rescalings of the same current, as required in some compactness arguments in [29]. For our
purposes (and also for [29]), it suffices that the limit u is a solution to the corresponding
linear problem and satisfies the following properties: it is Dirichlet minimizer, average-free

(i.e., n ou = 0), nontrivial, and has a flat boundary with zero boundary data.

Main lower bound for the universal frequency function

We now provide a necessary and sufficient condition for having finitely many intervals of
flattening, based on the frequency value. We also prove the uniform lower bound for I(T, p)

and demonstrate how to derive the decay rate of the excess, depending on I(T, p).

Theorem 4.6.5 (Universal lower bound for the frequency function). Let T,T", %, and p,

satisfy Assumption 4.6.1. Then, the following holds:
(i) for any fine blowup u at p, w is I(T, p)-homogeneous and lim, o 1,(p, ) = I(T, p) = 1,(0),

(ii) if I(T,p) > 2 — e, then ty41 = 0 for some J € N. Conversely, if t;41 = 0 for some
J €N, then I(T,p) > 2 — a.

(iii) I(7,p) > 14+ /2, where a = a(m,n,n,Q) > 0 is the excess decay exponent in Chapter

3, and inf; tﬁl > 0 unless {t;}; is finite.
J

In order to prove the above theorem, we first establish an improved excess decay estimate

and an intermediate lower bound (by 1) for the frequency values.

Lemma 4.6.6. Let T, 1,3, and p, satisfy Assumption 4.6.1. For any fine blow-up u at p,
we have lim, o L,(p,r) = 1,(0) = I(T,p) > 1 and u being I(T, p)-homogeneous. Moreover, if
I(T,p) > 1, then

E(T,B,) < C’tf, for any f < min{2(I(T,p) — 1),2 — 2} and r € (t;41,1;).
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Remark 4.6.7. The moreover part of Lemma 4.6.6 is not used to prove ((iii)) in Theorem 4.6.5,
we only use the work of Chapter 3 instead. Hence, a fortiori, using ((iii)) in Theorem 4.6.5,

we are always under the assumption I(7,p) > 1.

Proof. Assume p = 0. Due to Lemma 3.8.16, for any fine blow-up u, we have I,,(0) > 1, thus

I(T,0) > 1. Notice that Iy := lim,_,o I,(p,r) exists due to (4.5.28) in Theorem 4.5.19. We

titk)+1 (k)
Tk ) Tk

take any sequence s € ( |, if sx — s, we must have L,(p, sir) — I,(s) and thus,

since sgrr — 0, we have I,,(s) = Iy. This implies that if
t; t;
* ik = = liminf 20

sT = limsup ——=,
k—oo Tk k—oo Ty

then I,(s) = I for any s € [s~, sT]. By construction of the intervals of flattening, we have
that & < % By Lemma 4.3.5, we must have that u is Ip-homogeneous, since its frequency is
constant on the radii in [s7, s7]. For the moreover part, we fix 0 < § < min{2(lp—1),2—2ae}.

We show that it is enough to prove

B
tivn
E(T,By,, ) < (J; ) my . (4.6.1)

J

~242-205

Indeed, if mg; = £%¢; , since 2 — 2a, > 3, we obtain

=222 (4.6.1) tj+fi o =2,2—-2 tj-h% ’
mo jirx = maX{E(T, B2tj+,.€)> 9 tj_i_mae} S T 9 tj e — . my ;.
J J

If my; = E(T,By,), then E(T,By;) > 5225?_2% and, since 2 — 2a, > 3, thus

2,2-2 2 [ i+ ’ i+ a0l 2-2 tit ’ tj+ ’

2,2-20e __ =2 [ lj+r jtk —206 Jtk _ [ bitw

£ tj_f_ﬁ =£ ( ‘ > ( ‘ > tj S ( L ) E(T>B2tj) - ( n > my;.
j j

J J

The proof of (4.6.1) goes along the same lines as the proof of [28, Equation (88)]. O

We now state the following inequality that will be crucial to prove Theorem 4.6.5 and is a

consequence of a compactness argument demonstrated below.

200



Lemma 4.6.8. Let T, 1", %, and p, satisfy Assumption 4.6.1. For any § > I(T,p), we have,

for j sufficiently large and any p,r € (tj11,t;] with p <r, that

P m+2(8—1) ) )
(4) AT A (46.2)
r Mp,iNBr My iNBp

Proof. Assume p = 0. It is enough to show that this inequality holds for r small enough with
tiy1 < p=r/2 <r <t;. Assume by contradiction that there exists 5y > I(7,0) such that

for every k € N, there exists j(k) > k and ;) € (tj()+1, L)) such that

1 m+2(Bo—1) ) )
(2> / | DNjj(s)| >/ | DN | ™.
MiwmNB M NB

i (k) Tj(k)/2

Take the fine blowup uo with respect to 74, by Lemma 4.6.6, we obtain that wug is
I,,,(0)-homogeneous and 1,,(0) = I(7,0). By the natural rescaling of the Dirichlet energy,
see [30] and Section 3.8 of this thesis, and taking the limit in the last displayed inequality, we
would force that m + 2(8y — 1) < m + 2(1,,(0) — 1) which gives py < I,,,(0) = I(T,0) < 5o

which gives the contradiction. O]

We are now ready to apply the estimates from the construction of the center manifolds
and normal approximations in Section 4.5.1, and combine them with the estimates from the

previous lemma to prove the main theorem of this subsection (Theorem 4.6.5).

Proof of Theorem 4.6.5. Assume p = 0. The item ((i)) is settled in Lemma 4.6.6. We first
prove ((ii)) assuming that the intervals of flattening are finitely many. So, take J € N such

that t;,1 = 0. We argue as in [34, Remark 3.4] (using Theorem 4.5.10) to obtain that
/ |DN;|> < Cp™ 2 2%my 5, for every p € (0,,].
B,NM

By Lemma 4.6.8, we get 2 — 2ae < 2(8 — 1), for any 5 > I(7T,0). This then gives

I(T,0) > 2 — ae. We prove the opposite implication to conclude the proof of ((ii)). We
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assume I(7T',0) > 2 — a, and that the intervals of flattening are infinitely many. By (4.5.9),

we obtain

m-+2—2ae
t.
B:. ,  NM; j

+1 J
By Lemma 4.6.6, we have E(T,B,) < Cr? and, since I(T,0) > 2 — a,, we can choose
B > 2 — 20,. This in turn guarantees that, for a sufficiently large j, mg,; = §2t§72a"‘. Then,

we derive

2—0e

2—20e
r tj
E(T,B ) < CT (2- 2ae)m 0, < CT (2-20e) (T) mO,j7VT S (tj+17t]]
J J

Additionally, the last displayed inequality implies

. m N t m+2—2ae
/ |D/\/j|2 " 0< Jt“) E(T},B;) < Ct) 772 (f“) my .
M;NBy

j t)

By the last displayed inequality and (4.6.3), we get that

‘. m+2—2ae ‘. m+2—2ae
Cmy (JH) < / |DNGI? < CrPm (20 <m> my,;,
tj B:..,NM t

j+1 J

for any r € (¢j11,1;]. Due to the choice of 3, which ensures 5 — (2 — 2a,) > 0, we obtain a
contradiction from the last displayed inequality for j sufficiently large. Thus, {¢;}; has to be
finite, and this concludes the proof of ((ii)).

Let us prove ((iii)), note that if we have finitely many intervals of flattening, ((ii)) implies

((iii)). Assume then that t; # 0 for all j. We apply (4.5.9) and the results of Chapter 3 to get

m m+a
t; - t.
/ DN < / DN < C (‘Hl) E(T,B}) < Cmy, (JH) :
Mijtj+1 M;NBt tj tj

]+1
ty
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We apply (4.5.10) and Lemma 4.6.8 to obtain, for any p € (¢;11,¢;] and any 5 > I(70),

that

-m—2(8-1)
Cmy S/ IDNJ? < <p> / |IDN|?. (4.6.4)
./V(jﬂBtj t] ./\/ljﬂBp

Combining the last two displayed inequalities, we arrive at

>m+2(6—1)

m-+a
. t;
< Cmy (JH) , for any p € (¢j11,t;] and any 5 > I(T',0),

p
Cm, . | £
o <tj i

which, for j large enough, guarantees that 5 > 1+ «/2 for any g > I(T,0). Thus, I(7,0) >
1 + a/2. We now need to show inf; t]t% > 0 assuming that {¢;}; is infinite. In light of
((ii)) and the first part of ((iii)), we have 1 + «/2 < I(T,0) < 2 — a,. Let us assume by

t] 1 . .
tj = 0. Arguing as in (4.6.4) and [34, Remark 3.4] (same argument

contradiction that inf;

performed above), we obtain that

m+2(8—1)
Cmg <ta+l> < /
7] -
t] B nM

J+1 J

~ e m+2—2ae
DA < Cmoy (52

J

for any 8 > I(T,0), hence I(T,0) > 2 — . This is a contradiction for j sufficiently large,

since inf; tj; =0 and I(7,0) < 2 — . Thus, we conclude the proof of ((iii)). O

4.6.2 High-frequency regime

This subsection addresses the high-frequency regime, where the frequency is at least almost
quadratic and, by Lemma 4.6.6, an almost-quadratic excess decay holds. In this regime, we
define the frequency pinching and prove the main lemma of this subsection (Lemma 4.6.14).

To this end, we introduce a new exponent, denoted by d, (which corresponds to ds in the
notation of [29]), and require that 2 — 20, < 2 — 2. This exponent d, will replace a, in the
“stopping by the excess condition" (see Section 4.5.1), while oy, in the “stopping by the height

condition" remains unchanged.
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The exponent d, will then be used to construct the center manifold and the normal
approximation of Section 4.5.1, namely /\/lg‘f ; and /\/ﬁ‘f]. For convenience, we will drop the

dependence on . in the notation.

Assumption 4.6.9. Let T, T", %, and p, satisfy Assumption 4.6.1, I(T', p) > 2 — J,, and let

J + 1 be the index of Theorem 4.6.5 ((ii)) for which ¢;;; = 0. Assume also that ¢ € ', ;.

In the high-frequency regime, given the quasi-quadratic excess decay in Lemma 4.6.6,
there are no boundary-stopping cubes. In other words, the contact set contains the boundary,

as stated below.

Lemma 4.6.10 (Boundary cubes never stop in the high-frequency regime). ‘5}’ NH; =@ for

every i,7 > Ny and, in particular, T'y ; C ®, ;(S,,.7).

Proof. This proof is entirely analogous to [68, Lemma 6.5] using I(7,p) > 2 — 0, and the

almost quadratic excess decay provided by Lemma 4.6.6. O]

Lemma 4.6.11 (Radial variations). Under Assumption 4.6.9, all the consequences stated in

Lemma 4.5.18 are valid for p, q, and every radius r € (0,t;).

Proof. The proof will be omitted here, since it consists of a mere repetition of the arguments
in Lemma 4.5.18, Theorem 4.5.19, and [27], taking into consideration that they only depend
on the following property: every cube L € # such that L N B, (p(q)) # @ cannot have
side length larger than cyr for a dimensional constant ¢y > 0. This property in turn follows

directly from Lemma 4.6.10 and (4.5.7). O

We define frequency pinching, which estimates the error in the frequency when measured

at two different scales at the same boundary point q.

Definition 4.6.12 (Frequency pinching). Under Assumption 4.6.9. Let p,r be two radii
which satisfy the inequalities 0 < p <7 < t;. We then define the frequency pinching W (p, q)

around q between the scales p and r to be the following quantity

Wi(p,q) =1, (¢,7) =L, (g,p)|, for any q € T, ;.
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With the very same argument of [29, Lemma 4.1], we can ensure the existence of A

depending on 7" such that
C ' <I(gr) <A, VgeT,; Vre(0,ty]. (4.6.5)

We will now prove a lemma that will be useful in establishing the dimensional bound
for the set of one-sided flat singular boundary points in Section 4.7 and also for proving the

rectifiability results in Section 4.8. To do this, we define the following.

Definition 4.6.13. We say that a set S = {zg, z1, ..., 2} C B, () is pr-linearly independent
if

d (z;,span ({zg,...,x;1})) = pr, foralli=1,... k.

We say that a set F' C B, (z) pr-spans an k-dimensional affine subspace V if there is a

pr-linearly independent set of points S = {xi}fzo C F such that V = span(5).

We now demonstrate that it is not possible to have m—1 quantitatively linearly independent

points that exhibit small pinching simultaneously.

Lemma 4.6.14. Assume Assumption 4.6.9 and p € (0,1]. There exists a suitable threshold
0 = 6(m,n,Q,p) > 0, with the following property. Take r € (0,7) (where 7 is from

Remark 4.6.2) and an pr-linearly independent set
S = {xz}ﬁ_oz C B, (p) N Sing,(T)N{q: ©™(T,q) = Q/2 and q flat} .

Then, there exist i € {0,...,m — 2} and r; € (0,7) such that, for any y € B,, (z;) N

Sing,(T)N{q: ©™(T,q) = Q/2 and q flat}, we have

W2 (p,y) > 61
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Proof. The proof of the lemma follows the same lines as the contradiction argument in [29,
Lemma 6.2]. The main difference being that the authors contradict the interior regularity
for the linear problem (in [30, 23]) with their argument, we instead run the very same
contradiction argument in order to get a fine blow-up u that is Iy-homogeneous with respect
to every point in S and Iy > 1+ «/2. Then Lemma 4.3.2 gives us a function f which is
Ip-homogeneous 2d Dirichlet minimizer with zero boundary data on a flat boundary and
Iy > 14 «/2. This contradicts Theorem 4.3.3, which says that the frequency of f should be

exactly 1. O]

4.6.3 Low-frequency regime

We now address the case of low-frequency, where we do not have an almost-quadratic
decay. The proofs in the low-frequency regime follow a similar approach to those in the
high-frequency regime from the previous section. However, one of the main challenges in this
regime is that the intervals of flattening are infinitely many (Theorem 4.6.5((ii))). Although
this introduces several technical difficulties, which will be explained and addressed in the

following, it does not fundamentally alter the conceptual approach for proving rectifiability.

Setting up uniform bounds in a suitable partition

We define the following sets for K € N\ {0}:

. m . 1
& = Sing, (T) N {q :O™(T,q) = Q/2,q is flat, and I,(T,q) <2 — e — QK} N By (p).

Since the main goal of this work is to prove the rectifiability of the set of one-sided flat
singular boundary points (Proposition 4.8.6), which is equivalent to proving the rectifiability

of Ui<ken®x, we will begin by studying each &y individually.

Assumption 4.6.15. Let T, T, and ¥ satisfy Assumption 4.1.8, p € &, and n be a given

small number to be specified later.
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We take v € (0,1/2] to be a geometric constant, depending on m,n,Q, as in [29,
Section 10.1], and denote by M,,.; and N, .; the center manifold and normal approximation,

respectively, with respect to T, and the intervals (771, 7] (which replace the intervals

RER szj )

of flattening; see also [29, Section 10.1]).

This constant v ensures the uniformity of certain estimates used below. For example, an

1

important feature now is that inf; 21—~ >0, as opposed to Theorem 4.6.5((iii)), which

~

Sj+1
Sj

only guarantees that inf > (0 with no uniform lower bound.

Lemma 4.6.16 (Radial variations). Under Assumption 4.6.15. All assertions stated in
Lemma 4.5.18 are valid for p, q, and

Ayt < p<r <299 and g €T

Pyl

Proof. The proof will be omitted here, since it consists of a mere repetition of the arguments
in Lemma 4.5.18, Theorem 4.5.19, and [27], taking into consideration that they only depend
on the following property: every cube L € # such that L N B, (p(q)) # @ cannot have
side length larger than cyr for a dimensional constant ¢y > 0. This property in turn follows

directly from the assumption that r > 4ny*! and (4.5.7). O

We state here the counterpart, for the low-frequency regime, of Lemma 4.6.14. In order

to do this, we need to define the frequency pinching in this regime.

Definition 4.6.17 (Frequency pinching). Under Assumption 4.6.15. Let p,r be two radii
which satisfy the inequalities 49y < p < r < ~7/. We then define the frequency pinching

w, (p, J,q) around q between the scales p and r to be the following quantity

Wy (p:3,4) = L (¢:7) = T (g, p)|, for any g € T'p 5.

The proof of the following lemma is entirely analogous to Lemma 4.6.14, this time following

the contradiction argument in [29, Lemma 12.2].
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Lemma 4.6.18. Assume Assumption 4.6.9 and p € (0,1]. There exists a suitable threshold
8y = Oo(m,n,Q,v, K, p) > 0, with the following property. Take r € (/T1,47) and an pr-
linearly independent set S = {x;}7".> C B, (p) N Bx. Then, there existi € {0,...,m — 2}

and r; € (0,7) such that, for any y € B, (x;) N Bk, we have

Wfr (p,y) > 4.

4.7 Dimensional bound and countability of the singular
set in 3d

In this section, we show how to obtain a Hausdorff dimensional bound for the set of
one-sided singular boundary points, i.e., with density @)/2. We will split the proof into two
cases: m > 3 (Theorem 4.7.2) and m = 3 (Theorem 4.7.3). Additionally, we note that when
proving the rectifiability of the set of one-sided singular points for m > 3 in Section 4.8, the
Hausdorff dimensional bound follows as a by-product of the finer analysis conducted therein,
which is entirely independent of this section.

We first recall a standard lemma in geometric measure theory regarding the weak e-

approximation property, for which we provide a proof for the sake of completeness.

Lemma 4.7.1 (Weak e-approximation property). Let 0 € S C R™™™ ke {1,...,m+n—1},
and € € (0,1/4). Assume that S satisfies the weak e-approximation property in By, meaning
that for each r € (0,1] and each x € SN By, there exists a k-plane L = L(r,x) containing x
and satisfying

SN B, (z) C (er)-neighborhood of L N B, (x). (4.7.1)

Then, there exists a function g : (0,1) — (0,+00) with lims_,og(s) = 0 such that
HF+9) (SN By) = 0.
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Proof. Given a ball B, (x), by (4.7.1), we can cover the set S N B, (z) with at most C(k)e™*
balls of radius er. We fix the cover €y = B;. The cover €, is then obtained by replacing
each ball B in €; with C(k)e™" balls of radius er(B).

For any a > 0, we observe that

HL(SNB;) < Z war(B)* < Z waC(k)e ¥ (er(B))* = O(k)e*™* Z war(B)®.

BeCj+1 Begj BeECj

By iterating on j, we obtain HY(S N B;) < (C(k)e* *)iw,. If C(k)e** < 1, it follows
that H*(S N By) = 0.
We define g for any s > 0 by setting C'(k)s9*) = 271, It is straightforward to verify that

g is continuous, satisfies lim,_, g(s) = 0, and ensures H**9() (SN B;) = 0. O

We now assume that m > 3 to prove the following dimensional bound.

Theorem 4.7.2. Let T, X, and T, be as in Assumption /.1.8. Suppose m > 3, then
dimy (Sz’ngé(T)) <m-—3.

Proof. In the proof of Theorem M (see Section 4.4.4), we constructed a decomposition of the
singular set into countable pieces, each consisting of flat boundary singularities for 7. By
applying the same induction argument as in that proof, we readily reduce the problem to
proving Theorem 4.7.2 for flat boundary singularities.

For the remainder of the proof, we consider the set S (which will be a Borel set) to consist
of either the one-sided flat singularities of high frequency or the one-sided flat singularities of

low frequencys, i.e.,
S:=086korS:= (Singé(T) N{gel:qis ﬂat}) \ Bk.

Assume, for the sake of contradiction, that dimy(S) =: M > m — 3. Let ¢¢ > 0

be sufficiently small so that if a set satisfies the weak ej-approximation property, then
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HM(S) = 0. Removing a set of H-measure zero if necessary, we may assume that, for all
g€ S, 0M(S q) > 0. Consequently, for every ¢ € S and r > 0, the set S fails to satisfy the
weak eg-approximation property in B, (¢). This, in turn, implies the existence of a point

x9 € SN B, (¢) and a radius 1y > 0 such that no (m — 3)-plane L satisfies (4.7.1), i.e.,
SNB,, (xg) Z (eoro)-neighborhood of L, for any (m — 3) — plane L.

We now aim to construct a set of m — 1 points in .S that are (ryep)-linearly independent.
Beginning with z(, we proceed inductively: suppose we have already found an (rgeg)-linearly

independent set {xg,...,zx} C S. Then, we define z4,1 € S as a point satisfying
dist (zg41, span(xg, 1, .., Tx)) > €ro.

If this process terminates before reaching kK + 1 = m — 2, i.e., we fail to find such an

zjy1 € SN By, (o) for some j < m — 2, then every z € S N B,, (zo) must satisfy
dist (x, span(zg, 1, .., 2;)) < €To.

Since L; := span(zo, 1, ..,x;) has dimension j < m — 2, this contradicts our earlier
assumption about xy and 7o, as S N B,, (zo) would then satisfy (4.7.1).

Thus, we obtain an (rgeg)-linearly independent set {zg,...,x, 2} C SN B, (xy). To
derive a contradiction, we proceed as follows. Since @M (S, x;) > 0 for each index i given by
Lemma 4.6.14 (for S = Bx) or Lemma 4.6.18 (otherwise), we can repeat the above process in
B,. (z;) to find another set {z", ..., 2} ,} ¢ SNB,, (z;) that is (rse)-linearly independent.

Applying Lemma 4.6.14 (if S = &) or Lemma 4.6.18 (otherwise) with p = €;, we obtain an

index 71 € 0,...,m — 2 and a radius r;;, > 0 such that
T (py) > 0e) >0, WyeSNB, (2f)). (4.7.2)
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Since the frequency function is uniformly bounded above (see (4.6.5)) and non-negative,
the iterative process must terminate after finitely many steps, contradicting the assumption
that ©M(S,z) > 0 for all x € S up to a HM-null set. This contradiction implies that

M < m — 3, completing the proof. m

In the case m = 3, we establish the countability of the one-sided singular set. The
argument used in Theorem 4.7.2 must be replaced with a different approach, as there exist

uncountable sets with Hausdorff dimension equal to zero.

Theorem 4.7.3. Let T, X, and I, be as in Assumption 4.1.8. Suppose m = 3, then
Sing,(T) is a countable set.

Proof. In the proof of Theorem M (see Section 4.4.4), we provide a decomposition of the
boundary singular set into countable pieces, each consisting of flat boundary singularities
for T'. By applying the same induction argument used therein, we can reduce the proof of
Theorem 4.7.3 to establishing countability for flat boundary singularities. Specifically, by
demonstrating that each piece in the decomposition is countable, we conclude Theorem 4.7.3.

For the remainder of the proof, we consider the set S to be either the one-sided flat

singularities of high frequency or those of low frequency, i.e.,
S =086k orS:= (Singi(T) N{geTl:qis ﬂat}) \ Bk.

If the set of one-sided flat singularities were uncountable, then either the high-frequency
or the low-frequency points would form an uncountable set. Without loss of generality, we
may assume that every point in S is an accumulation point of S. Indeed, the set of isolated
points in S is at most countable, and removing them does not affect our argument.

Next, take two points xg,z; € S and set |xg — x1| =: ¢ > 0. We can now apply either

Lemma 4.6.14 (S = &) or Lemma 4.6.18 (otherwise) with p = €, to obtain that, without
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loss of generality,
WEOTO (p,y) > d1(eg) > 0, Yy € SNB,, (z9), for some 19 € (0, €y/4).

Since g is an accumulation point of S, we can now reapply this procedure to obtain two
points a:él), xgl) € SNB,, (zg) with |£E(()1) — x§1)| =: ¢op1 > 0. Again, without loss of generality,
we have

W2 (p,y) > 8(eg) >0, Yy € SN B,, (20), for some 1 € (0, p1/4). (4.7.3)

Since the frequency function is uniformly bounded from above (see (4.6.5)) and is non-
negative, this process can only be iterated finitely many times. However, this contradicts
(4.7.3), as the assumption that all points in S are accumulation points would allow us to

repeat the procedure indefinitely. Hence, S must be countable. O

4.8 Rectifiability for the nonlinear problem

We are now aiming at proving the main rectifiability results of this paper. We mention
that the results in this section are independent of the dimensional bound in Section 4.7 when

m > 3. In the case that m = 3, the problem is already settled in Theorem 4.7.3.

4.8.1 Spatial variations

In previous sections, we computed several different quantities related to I in which
estimates for their radial derivatives were achieved, see Lemma 4.5.18. These estimates give
us the almost monotonicity of the frequency. However, in order to compare the frequency
amongst different points, we will need a better understanding of spatial derivatives.

Spatial variations in the high-frequency regime

The relevant quantities and their properties are stated in the following lemma.
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Lemma 4.8.1 (Spatial variations). Under Assumption 4.6.9. Then either T, ; = Q [M, /]

in a neighborhood of q, or

H,(¢,7) > 0 and D,(q,r) >0, for every r € (0,t,].

In the latter case, there exists a constant v; = y1(m, e, an, K, 7) > 0 with the following

property. Let v be a vector field on M,, ; that is tangent to I', ;. We obtain

2 (d(g,
o) =20 [ (M) S0 i), ()0, N 10
+0 (m}%,) 3T D, (g, 7),

aB =23 [ |v;z(<qq,zz)>\ y (d(qr’z)><8“ Ny (2), Ny, () de,

for any r € (0,t,].

Proof. The proof is analogous to [29, Lemma 5.5] using that v is tangent to the boundary
and the machinery from [27] which is in turn based upon [21]. We briefly sketch it here to
show the main differences. To prove the first claimed equality, we take r € (0,2) and define

v(2) = t;'v(t;2) on M, ; which is tangent to I', ; and

dJ(Q? Z)

Y(z):=¢ (r) v(z), for z € M, ;, where v is tangent to ', ;.

We then have that

divan, V() = 16 (P02 (a(0,2009) ~ (V). i, ).

r

D ¥ () = 16 (P00 )00 Vs (0.2) - 0 (0] S kg o) 0

r k
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where {ey} is an orthonormal frame of ﬂp, J with e; = v. By a direct computation, we also

obtain that

95D, (q,7) = 71”//\/1 ¢ (W) (Vdy(q, 2),9(2)) | DN, s (2)dz.

Arguing as in [29, Lemma 5.5], we plug the vector field Y into the inner variation formulas

in [27, Proposition 16.4] and using their notation for Erry, k € {1,...,4}, we obtain that

05Dy(q,7) — 2 ¢ 4019, 2) > <(9Vd_,(q,z) (Np.0)i(2), a@(z)(ﬁp,J)i(z)> dz
T Jm T -

(2

—e

4
= O(miﬁ)rl 2 D,(q,r) + Y Errj.
k=1

Now, as in [27, Proposition 16.7], we control the error terms as follows:

4
> [Erry| < Cm] /D, 5(q,7) (Dy(g,7) +19,Dy 5(g,7)) + Cony, s 71Dy, (g, 7).
k=1

We now use the rescaling (4.5.11) to obtain

4
S° [Erry| < Cmy "D, (g, L) (Dy(tsq, tr) + 160, Dy(tsq. tyr))
k=1

+ C’mpv‘]tjer%TDp(th, tyr).

The last displayed inequalities together with 05 D,(q,7) = t7™ 0y, Dp(tq, tsr) gives

our claimed inequality. Indeed:

) 2t , (ds(q, . _
av(z’)Dp(q ; 8) — JS / ¢ (J(ZZ)> Z <8le](q,z) (Np,J)i(Z)7 35(3)( p,J)i(Z)> dZ

i

M

—Je

S 2 _
< O(mzl),/?> (t]) Dp(q/a s) + Crnp,Jt?fN 15Dp(q,> s)

+Cmy 577D, (', 5)7 (Dy(d,5) + 0,D,y(d, 5))

(4.5.16), (4.5.19), s<ty min - mind 1=% _ mind —147,2k—1,— 1-de
< O<mp7J{1/27 })S (o} n e “Ip,(g.9)
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for any ¢ € I'y 5, 2" € M, 5, and s € (0,t,). Rescaling the integrand above and choosing 7,
appropriately, we conclude the proof. The spatial derivative of H is a direct computation, as

performed in [23, Proposition 3.1]. ]

It is possible to measure how much the normal approximation N, ; deviates from being
homogeneous in terms of the frequency pinching. This is stated in the following lemma. We

omit the proof of the lemma since it follows exactly the same argument as in [29, Proposition

5.9].

Lemma 4.8.2 (Deviation from homogeneity of N, ;). Under Assumption 4.6.9. There exist
C=C(m,n,Q,A) >0 and v = vo(m,n,Q,A) > 0 such that the following estimate holds

for every pair p,r with 0 < p <r <t;. We define the annuli

A%4(9) = (Bay (@) \ Bpa (@) N My,

then

[,
AT () i

2dz

d(q,2)

d(q,2)Vd(q, 2)
|Vd(q, 2)|

D(Np.1)i(2) — L (q,d(q, 2)) (N.0)i(2)| V(g 2))|

4
< CH, (¢,2r) (W,?/z (p,q) + my’yr™log (p>> |

We now show how to estimate the frequency function I evaluated at two possibly different
boundary points, p and ¢, in terms of the frequency pinching. We omit the proof of the

following lemma since it follows entirely analogously to [29, Lemma 5.4] using Lemma 4.8.1.

Lemma 4.8.3. Under Assumption 4.6.9. Let ¢1,q2 € 'y with d(q1,q2) < r/8, where
r € (0,t;]. There exist C' = C(m,n,Q,N\) >0 and v3 = v3(m,n,Q,A) > 0 such that for any

z,w € [q1, q2] we have

T 1/2 r 1/2 ] d(z,w
T(w,r) = Lz 0)] < C |(Whima)” + (Wikip.02)) " + 2 <7«)
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Spatial variations in the low-frequency regime

We record here the counterpart for the low-frequency regime of the results in the high-

frequency regime.

Lemma 4.8.4. Under Assumption 4.6.15, all the conclusions of Lemma 4.8.1, Lemma /.8.2

and Lemma 4.8.3 are valid for

Ayt < p<r <2y and q,q1,q2 € Tp i

We omit the proof of this lemma here, as it is a repetition of the arguments for the

high-frequency regime, along with the observations made in [29, Section 10.1].

4.8.2 Proof of the rectifiability result

In this section, we prove Proposition 4.4.7, which states the H™ 3-rectifiability of the
set of one-sided flat singular points. We divide the proof into the high and low-frequency

regimes.

Proposition 4.8.5 (Rectifiability of high-frequency points). Let T,3, and I', be as in

Assumption 4.1.8. Then

Sing,(T)N{qel:0™(T,q) =Q/2,q is flat, and I(T,q) > 2 — e}

is H™3-rectifiable.

Proposition 4.8.6 (Rectifiability of low-frequency points). Let T,%, and ', be as in

Assumption 4.1.8. Then

Sing,(TYN{q e :0™(T,q) =Q/2,q is flat, and (T, q) < 2 — ae}

is H™ 3-rectifiable.
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Remark 4.8.7. We note that the Hausdorff dimensional bound obtained in Section 4.7 is not
needed to prove either of the two theorems above. In fact, it can be derived as a consequence

of the proof.

Paralleling the setting of interior points from [29], we encounter a crucial difference.
Singular points for the boundary linear problem are not necessarily points where the multi-
valued function vanishes. In contrast, in the interior setting, after applying an argument
involving the average of the multi-valued function, we reduce the problem to studying points
where the function vanishes.

Instead, we focus on the set of points with frequency greater than 1 4 «/2. To prove the
bound on fs, we must be able to preserve a frequency bound of 1+ «/2 in the limit. While
this is straightforward in the high-frequency regime, as the almost monotonicity formula
for the frequency holds without changing the center manifold, it is more challenging in the
low-frequency regime. In contrast, in the low-frequency regime in [29], the authors only need

to preserve the existence of () points without controlling their frequency.

Bound on the Jones’ 3, coefficient in the high-frequency regime

We now prove Theorem 4.8.8 which gives an upper bound for the (m — 3)-dimensional

Jones’ (3, coefficient in terms of the frequency pinching.

Theorem 4.8.8 (Frequency pinching controls the Jones’ (5 coefficient). Assume m > 3.
There exist constants ng = no(m) > 0, €9 = €g(m,n, Q, 1m0, A) > 0, v4 = ya(m,n,Q,A) > 0,
and C = C(m,n,Q,\) > 0, such that the following holds. Under Assumption 4.6.9, and
assume further that n < no and m, ; < 3. If p is a finite non-negative Radon measure with

spt(p) C I'py. Then for all v € (0,t;] and every q € B,s NI, ; we have

[BQJL ’ (Q7 71/8)} < rm—3 /]:3,,/ @ Wf/8(p7 Z>d:u("7’) + Cm;,JTm_/igs_,M‘
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With this control, we are in a position to apply Theorem 4.3.1 for Frostman measures, as
done in [29], to conclude the proof of the H™ 3-rectifiability in the high-frequency regime,

i.e., Proposition 4.8.5. We are now left with proving Theorem 4.8.8.

Proof of Theorem /.8.8. We assume without loss of generality that u (Br/s (q)) > 0, oth-
erwise the inequality is trivial. As in [29, Proposition 7.2], denote the barycenter of u in

B, /s (q) N T,M; by
1

G [ sduta)
1(Buys (0) JB. s
where p, is the orthogonal projection of R™*™ onto T,M . Next, define the symmetric

bilinear form b,, : T,M; x T,M; — R as
by (v, ) = / (=) 0) (= @) - w) dpu(2).
B, /s(q)

Diagonalizing b, yields an orthonormal basis {v;};", of eigenvectors and a corresponding

family of eigenvalues 0 < A\, < --- < A; for the linear map
L= [ (=30 0)pye)dnz),
Br/S(q)

which diagonalize b,,, i.e., L(v;) = A\v; and by, (v;,v;) = A;. This gives the following

characterization:

r —m+1 1/2 r —m+1
inf <> / dist(y, L)%du(y)| = () A2 + A1 + Am)-
Br/S(q)

affine (m-3)-planes 7 8
TCTyM;

We now have the following simplification of our claimed inequality:

] <3(5) A

r
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The argument differs from [29, Proposition 4.2] for two reasons. Firstly, Vd needs to be
tangent to I', ;, which we ensure through Lemma 4.5.17. Once this is established, we can
apply Lemma 4.8.1 with any compactly supported vector field pointing in the same direction

as Vd, following the approach in [29, Proposition 4.2]. Secondly, we need to prove that:

> IDN(2) - £.(vp) P dz > c(A)

AZ7(a) h=1

S H][,(z,2r) for some ¢(A) > 0. (4.8.1)

Note that we are using the (m — 3)-dimensional Jones’ f coefficient. The sum in the
expression above is taken over the m — 2 vectors derived from the bilinear form b,,. We
proceed by contradiction to prove (4.8.1). We rescale and translate the current such that we
have ¢ = 0 and r = 1. If (4.8.1) fails, we construct a contradiction sequence of currents Ty
with my,;, < e, — 0. From (4.5.15) and (4.5.16), the right-hand side of (4.8.1) is bounded

above by a constant C'. Thus, we obtain the inequality:

m—2 1
/ S IDN(2) - £ (of)Pd < . (4.8.2)
A2, (0) h=1 k

For the contradiction sequence, we have the corresponding center manifolds, boundaries,
and normalized normal approximations, denoted by My, I';, and N}, respectively. Addition-
ally, we have sequences £° and {vF},, that converge to Id and, for each h € {1,...,m — 2}, to
vy, respectively. Moreover, M, converges to some m-dimensional half-plane 71, Ty converges
to O 7L, and no N, — 0.

From this, we can extract a weak limit of A}, in W2, denoted by ug : Bo N2, > 0 —
Ag(R™), which is a Dirichlet minimizer with Dirichlet energy equal to 1, n o uy = 0, and wy
vanishes identically at its boundary (note that ug is not necessarily a fine blow-up). The

same arguments as in [21, Section 10.3] (see also [27, Section 18.1]) allow us to upgrade, up

to a subsequence, the weak convergence of N} to ug to strong convergence in Wh?(By).
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Such strong convergence ensures that IT+(0,s) converges to I (s) for any s € (0,t,],
which implies:

I, (0)>2— 06 > 1+a/2.

We also obtain using (4.8.2) that

m—2
/ B Z |v11hu0|2 = 0.
(B2\B1/4){zm>0} h=1

We reach a contradiction in the same manner as in the argument in Lemma 4.3.4.
Specifically, we can apply Lemma 4.3.2 to obtain a nontrivial I,,(0)-homogeneous Dirichlet
minimizer in 2 dimensions, with zero boundary value along a straight line. This, however,

contradicts Theorem 4.3.3, since we have [,,,(0) > 1 + a/2. O

Bound on the Jones’ 3, coefficient in the low-frequency regime

We now establish the same control in the low-frequency regime as given in Theorem 4.8.8.
With this control (Theorem 4.8.9), we are able to apply Theorem 4.3.1 for Frostman measures,
as done in [29], to conclude the proof of the H™ 3-rectifiability in the low-frequency regime,
i.e., Proposition 4.8.6. This, in turn, completes the proof of Proposition 4.4.7, as explained

above.

Theorem 4.8.9 (Frequency pinching controls the Jones’ (5 coefficient). Assume m > 3.
There exist n; = m(m) > 0, ¢ = e,(m,n,Q,n, K) > 0, 75 = v5(m,n,Q,A) > 0, and
C=C(m,n,Q,\,v) >0, such that the following holds.

Under Assumption 4.6.15, and assume further that n < ny and m,; < 2. If u is a
finite non-negative upper (m — 3)-reqular Radon measure with spt(pu) C . Then for all
r € (80t ] and every q € B we have
’ < 7”’?—3 /B Wffg(p,j, 2)du(z) + C’mE}M.

r/8(0)

rm_3_’75

1852 (q,7/8)]
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Proof. Since the measure p is upper (m — 3)- regular, the coefficient 35", % (q,7/8) is always

bounded. Therefore, it is sufficient to prove the theorem under the assumption that

1 )
— / Wf/’"s(p,j, 2)du(z) < Cos.
r BT‘/S q

This proof follows the same structure as [29, Proposition 13.3|, with the main difference

being the proof of the following inequality:

Hp(q> 27')
r

m—2
e > [DN;(2) - £.(vn)Pdz > ¢(A)
v7a(@) =1

for some c(A) > 0. (4.8.3)

We prove this estimate by contradiction, following the same approach as in Proposi-
tion 4.8.5, but in this case, we deal with infinitely many center manifolds and intervals of
flattening. By rescaling and translating, we assume ¢ = 0 and r» = 1. If the inequality fails, it
must fail for every ¢; > 0 and 6 > 0. We can thus take a contradiction sequence of currents
T}, such that mg‘:) — 0, where m:f)k) is defined with respect to Tj.

Up to rotation, we can assume that TyI'y, = R™ ! x {0} and 7, = R™ x {0}, and that

. 1
W12/4(p,J(k)>Z)de(Z) < T

Bis

This allows us to select points xj € I',; N Byyg such that W, (p, j(k), zx) < k™' Up to
subsequences, i — p with spt(u) being a finite non-negative Radon measure supported in
R™! x {0}, and z — = € spt(p).

We let 6, = 7 ¢ [1, #) be such that the modified interval of flattening given by
(yI®)+L 3R] becomes (8778, 0x]. Up to a subsequence, we assume ), — 6.

For each T}, we construct the corresponding center manifold M}, and normal approxima-
tions N. Arguing as in Theorem 4.8.8, we obtain a limiting function ug : (Bg\ Bg,ye) N {zm >
0} — Ag(R™) that is a Dirichlet minimizer with Dirichlet energy equal to 1, n o uy = 0, and

up is identically zero at its boundary (note that ug is not necessarily a fine blow-up).
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Moreover, as in Theorem 4.8.8, the convergence of N}, to ug is strong in W?(By \ Bg,0)

up to subsequences. This strong convergence furnishes
L (zk, 0) = Lug(2,0), I (2, 8770k) — Ly (2,8170), and I, (z,0) > 1+ «/2,

where I+ denotes the frequency defined with respect to 7}.
Since W7,(p, j(k), ;) — 0, we have that I,,(z,8770) = I,,(v,0). Hence, Lemma 4.3.5
implies that ug is Ip-homogeneous on ByN{x,, > 0} with Iy > 1+«/2. Since the contradiction

sequence is violating (4.8.3), we arrive again at the identity

m—2
/ Z |thu0|2 = 0.
(B2\B1/a)0{zm>0} n=1

Again, by the same argument given in Lemma 4.3.4, we conclude, using Lemma 4.3.2,
that we obtain an Iy-homogeneous Dirichlet minimizer » in 2d with zero boundary value
along a straight line and Iy > 1 + «/2, which violates Theorem 4.3.3. This concludes the
proof of the inequality (4.8.3), and, arguing as in [29, Proposition 13.3], we conclude the

proof of the proposition. n
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Chapter 5

An essential one sided boundary
singularity for a 3-dimensional area

minimizing current in R®

This chapter has been published as a preprint in [44].

5.1 Introduction

In this thesis we address the question: "To what extent does Allard’s boundary regularity
theory hold in a higher multiplicity setting?”. In this chapter, we give an example that shows
the dimensional sharpness of the theory we developed in Chapter 4.

We prescribe a boundary surface that has non-trivial topology and will induce an essential
singularity at the boundary of an area minimizing current for topological reasons. These
methods are extremely flexible to construct essential boundary singularities and do not rely
on constructing a calibration.

In order to show the construction of the family of examples we prove an excess decay type
theorem at points of "corner type”. The boundaries we consider in that setting consist of

smooth surfaces with multiplicity meeting at a smooth m — 2 dimensional common interface

223



and we get decay to the tangent cone at the points in the common interface. Under a suitable
"multiplicity 1”7 assumption, every corner point is regular.
We will give a statement of the example provided in this chapter. In order to do this, we

must first define the notion of essential singularity.

Definition 5.1.1. Let 7, T" in By C R™"" such that 7" is an m-dimensional area minimizing
integral current, I' an m — 1-dimensional submanifold of R"*" with 0T’ B; = Q [I']. We
say that 0 is an essential one-sided singularity if ©(T,0) = (/2 and there is no radius p > 0

such that

TLB,=> Qi[%] (5.1.1)

where ¥; are smooth minimal surfaces in B, and 9X; = I' "B, (but they are not required to

be disjoint outside of the boundary or meet transversal at the boundary).

Theorem O. There exist a 3-dimensional area minimizing current 7' in B; C R® and a
real analytic surface I" such that 0T = 2[I'], ©(T,p) = 1 for every p € ' N By, and 0 is an

essential one-sided boundary singularity.

5.1.1 Historical overview

The construction of singular examples of area minimizing currents presents substantial
challenges, typically requiring the construction of a calibration.

In codimension 1, the proof of the minimality of the Simons cone in 1969 [11] was a
turning point in the history of regularity of area minimizing currents since it provided the
first example of a singular area minimizing integral current in codimension 1. The proof
was later simplified in [39]. In higher codimension, a large family of examples is given by
complex varieties due to Federer [41], since they are automatically calibrated and thus area

minimizing.
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It is worth mentioning that recently Liu, in a series of papers, constructed examples of
interior singularities of area minimizing currents, of fractal type, of non-smoothable type,
and examples of non-calibtrated area minimizing currents, in [59, 60, 61].

In the context of boundary regularity of area minimizing currents, White in 1997 showed
that in a parametric context there are no true boundary branch points for a 2-dimensional
area minimizing current with a real analytic boundary curve [80]. A true branch point is one
where the current cannot be separated into smooth minimal surfaces. In that work, he posed
the question of whether an area minimizing current with a real analytic boundary has finite
topology, which is equivalent to finiteness of the interior and boundary singular sets and
to the area minimizing current being a Douglas - Rado solution. In contrast, for a smooth
boundary, Gulliver in 1991 [50] provided an example of a true boundary branch point for a
minimal surface (not minimizing) in R3.

In [53], Hirsch shows an example of a holomorphic function vanishing to infinite order at
the boundary in the half-space. This example is used in [21] to show that if the boundary
curve is merely allowed to be smooth then the boundary singular set can have Hausdorff
dimension 1. Furthermore, in [19], De Lellis, De Phillipis and Hirsch provide an example of
an area minimizing current in a Riemannian manifold whose boundary is a smooth curve and
the associated surface has infinite topology. These examples show that the behaviour when
the boundary is smooth but not real analytic can be quite singular - unlike the regularity

predicted by White’s conjecture in the real analytic case.

5.1.2 Brief description of the example

Theorem O demonstrates the dimensional sharpness of the regularity theory that we
developed in Chapter 4. This example shows that, even if the boundary is required to be real
analytic, there are counterexamples of essential singularities, analogous to the true branch
points considered by White and Gulliver, but in the higher multiplicity setting corresponding

to density 1, multiplicity 2 points.
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The example comes from a more general theorem, which roughly speaking says that if for
T an area minimizing current and 07 looks like Figure 5.1, then it has an essential boundary
singularity. The defining features of the picture are that 9T consists of two pieces, one which
is topologically a disk I'° (taken with multiplicity 2) and the other which is a Mébius strip '
which contains OI'° and twists around it. There are additional, technical requirements which
can be seen in Theorem R.

The theorem is a consequence of the Holder continuity of the multivalued normal map,
which we show to hold on the spherical cap in the picture up to its boundary given by
the black wire. This relies on the multivalued Holder estimate at smooth boundary points
established in Chapter 3 and employs, at the corner points (the black wire), Simon’s method
for the uniqueness of tangent cones. The Holder continuity of the multivalued normal map in
the spherical cap up to the boundary forces the map to agree at the black wire to the normal
map induced by the Mobius strip. The non-trivial topology induced by the boundary data of
this multivalued map generates an essential boundary singularity for the spherical cap away

from the black wire.

Figure 5.1: Boundary of example
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See the following sketch of the proof for a more detailed discussion of the argument in the

simplified setting of the linear problem.

5.1.3 Sketch of the proof

We explain the procedure we use to construct the example in the particular case of the
linear problem. The linear problem consists of multi-valued functions v which vanish at the
boundary of a certain domain. We will work with multivalued functions, understood as in [4]

and [30].

Assumption 5.1.2 (Linear Problem). Given a Dir-minimizing function u € Wh(Q, Ag(R™))
for an open set 2 C R™. The boundary linear problem consists of functions u such that

In the interior setting, a simple example of an essential singularity is the two-valued

square root u € WH?(R?, Ay (R?))

u(z) = > [w]

w2=z
where we identify C with R2.
A natural singular candidate for the boundary linear problem that we would be interested

whether it is energy minimizing is f € WH?(R? x R*, Ay(R?)) defined by

where we identify R? with C both in the domain and in the image.
This function can be shown to be stationary and it is unclear whether it is energy
minimizing. Moreover, even if one were able to demonstrate, in a complicated way, that f is

energy minimizing, there seems to be no reason to expect that such a strategy would translate
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directly into the construction of boundary singularities for an area minimizing current of the
desired type.

Construction of the singular Dir-minimizer

We consider the cylinder C := {z € R?: |z| < 1} x [0,1]. We can just take u a solution

for the linear problem with boundary data f as above. This is

u € WH(C, Ay(R?)) Dir-minimizing with ul.0C = fL_dC.

We might have v = f if the function f were energy minimizing. We can show that
regardless of what w is, it will have an essential boundary singularity at some non-corner
boundary point (i.e., in {|z| < 1} x {0}).

As we mentioned earlier, showing that © = f or that f is energy minimizing is a technically
challenging question which would likely (if true) have a very rigid proof. On the other hand,
the proof we provide of the singular behaviour is very flexible.

The normal derivative as a multivalued map

By Theorem 3.10.3, we know that there is a unique blowup for the linear problem. This
implies that there exists a 2-valued "normal derivative" map that is well defined at the
boundary {|z| < 1, = 0}. The map 7 : {|z| < 1,t = 0} — A»(R?) turns out to locally be a
Holder continuous map in {|z| < 1,¢ = 0}, by the theory developed in Chapter 3.

The theory that we develop in this chapter allows us to extend the Holder continuity to
the boundary of the domain where the multivalued normal derivative is defined. We show
an excess decay type theorem at points in corners, which for the linear setting corresponds
to understanding the rate of decay of u at S' x {0}. Moreover, those points can shown to
be regular points. This is, the function u decouples in a neighborhood of S* x {0} as two
classical harmonic functions whose graphs do not intersect in the interior.

This allows us to extend the definition of 7 to {|z| < 1,¢ = 0} in a Holder continuous way.
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By definition, u agrees with f in dC. Furthermore, since u is regular at S! x {0}

n(z) = >_ [wl.

w2=z

Topological existence of an essential singularity We concluded that 7 is a continuous
2-valued function on the unit disk {|z| < 1,¢ = 0}, which at the boundary {|z| = 1,t = 0}
must take the complex square root. This implies that n must have at least one essential
singularity p € {|z] < 1,t = 0}. The argument goes as follows: if all the points where either
regular or non-essentially singular, then in a neighborhood of every point 7 splits as two
smooth functions. Since {|z| < 1,¢ = 0} is simply connected, we must thus have that 7 splits
globally on {|z| < 1,t = 0} as two smooth graphs. This gives a contradiction to the fact that
n({|z| = 1,t = 0}), as a subset of R®, is a smooth connected curve with no-self intersections
which is taken with multiplicity 1. See Proposition 5.11.12.

A point p at which 1 has an essential singularity must be an essential boundary singularity

for u. Indeed, if p was not an essential singularity for u then there exists p such that

ul B,(p) = [wi] + [ue]

where u; and uy are two classical harmonic functions. This would imply that the normal
derivative at the flat piece of the boundary of C (i.e., {(2,t) e Cx R : |z| < 1,t =0}) can

be written as

0 0
nB,(p) = |L‘)t|t_0ulﬂ + |L’)t|t_0u2ﬂ :

This contradicts the fact that p is an essential singularity for 7.
As we have seen, we only require topological information and this construction does not
rely on a calibration. Indeed, these methods work on any sufficiently smooth boundary data

which induces non-trivial topology.
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5.1.4 Higher multiplicity Allard boundary regularity

We remind the general type of assumption we considered in Chapter 3 and Chapter 4.

Assumption 5.1.3 (Assumption C*®). Let integers m,n > 2, Q > 1, k € Z>o U {oo,w}
and « € [0,1]. Consider I' a C* oriented (m — 1)-submanifold of R™*" without boundary,
and assume 0 € I' (when k = w, I" is a real-analytic submanifold of R™*"). Let T be an

integral m-dimensional area minimizing current in B; with boundary 07'LB; = Q [I' N B,].
The convex barrier assumption is the following:

Assumption 5.1.4 (Convex Barrier). Let 2 C R™™ be a domain such that 9 is a C?
uniformly convex submanifold of R™*". We say that >V, Q; [T';] has a convex barrier if Q;
are positive integers and I'; C 99 are disjoint C? closed oriented submanifolds of OQ. In this

setting we consider 7" an area minimizing current with 07 = >, @, [I';] -

Theorem O shows that our regularity theory is dimensionally sharp and moreover that in
this setting (i.e., density ()/2) the situation is not dimensionally better if we wish to study
only essential singularities. Moreover, the situation does not get better with the assumption

of a real analytic boundary. The theorem we obtained in Chapter 4 is the following:

Theorem 5.1.5 (Rectifiability of the one-sided singular set - Chapter 4). Let T' be an area
manimizing current which satisfies Assumption 5.1.3 with k =3, a > 0 and m > 3. Further
assume that ©(T,p) = Q/2 for every p € By NT'. The boundary singular set (the set of points
on By NT which are not one-sided regqular points) is H™™3 rectifiable (countable if m = 3).
Furthermore, if 0T = SN, Q; [Ti] has a convex barrier (i.e. it satisfies Assumption 5.1.4),

the boundary singular set is H™™3 rectifiable (countable if m = 3).

In the context of Q = 1 and dimension m = 2, based on known examples of [21], the
situation with essential boundary singularities seems to be different with that of general

boundary singularities. The general boundary singular set can be of Hausdorff dimension 1,
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but those singularities are of removable type, in their context it means there exists p > 0
such that

TLB, =[%] +[2:]

with ¥; and X9 two smooth minimal surfaces with 9 [¥,] = [I'] and 9 [23] = 0. There is no
known example in the literature of a smooth embedded loop I' C R?™™ and a 2-dimensional
area-minimizing current 7' with 0T = [I'] such that 7" has infinitely many essential boundary

singularities.

5.1.5 Main theorems of this chapter

In order to construct the example we develop a regularity theory for currents whose

boundaries have corners.
Assumption 5.1.6. Consider the following:
(i) Let j € {0,1}, N7 be two positive integers. Let ¥ be a C? ambient manifold in R™*",

(ii) Let T, 1 < i < N’ be m — 1 dimensional C*> submanifolds of ¥ such that 0 [[I’ﬂ] =
(—1)7 [M] for M a m — 2 dimensional C? submanifold of 3 with 0 € M. We further

assume that T/ are transversal to each other at M. We also denote T' := um-rg' .

(iii) Let @/ be positive integer multiplicities with >(—=1)7Q! = 0. We also denote Q =

ZiQ?:ZiQ%'

(iv) Every point in M is a good corner point, as defined in later in Definition 5.2.4. This is

a technical condition that ensures a bound on the mass.

The current 7' is area minimizing in B; N Y with cornered boundaries I" if

- Y Q.

0<j<11<i<NJ
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The boundary pieces I' are those with positive orientation with respect to the orientation

of M. The boundary pieces I'} are those with negative orientation with respect to M.

We provide an example of a current taking the boundary data.

We consider T'= H; + Ho,

where H; and H, are quarter

pieces of a plane which are

oriented such that:

O[] = [IY] — [T]

O[H] = [I9] — [I'3]

The boundary pieces '}, T',
and I'} are half-planes.

NO=1,N'"=2, Q=2

2[r]

H1 H2

=@

1] [3]

Figure 5.2: Example of Corner

We simplify the notation of the main theorem for cornered boundaries. For the precise

statements see Assumption 5.4.1 and Theorem 5.7.2

Theorem P (Excess decay). We consider 7T ;, M, 3 as in Assumption 5.1.6.

o Assume for every 1 <ip < N° 1 <i; < N' we have I') and I'} meet perpendicularly

at M.

o Assume, in addition, that for any pair of surfaces with the same orientation j = 0, 1,

Fgo and T ,» meet at M with an angle which is uniformly bounded.

Then there is a unique tangent cone at every point of M at which T decays with a power

rate.
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Theorem Q (Regularity in the multiplicity 1 case). Assume that we are in the hypothesis of
Theorem P. Additionally assume that there is only one classical boundary piece with positive
orientation and all the sheets with negative orientation have multiplicity 1 (i.e., N° = 1,
N'=N,QV=N, Q' =Ql=..=1).

Then T is regular along M: for every p € M there exists p such that

TLB,(p) = 3 [%]

where ¥; are minimal surfaces, which intersect only at M and 9 [3;] = [T§] — [T}]. The

minimal surface Y; is smooth away from M and attaches smoothly to I') and T'}.

These assumptions are not restrictive, as the theorems above suffice for our applications.
Given that we have a decomposition theorem, the regularity theory with higher multiplicity
is equivalent to the case when N =1, N =1, Q° = Q' = Q. It would be reasonable to
expect the same type of regularity theory we developed in Chapter 4 to apply for this setting,
using the same methods. Assuming the same boundary and ambient manifold smoothness
which allows us to run the regularity theory in Chapter 4, one would expect the singular set
of T along M to be H™ 3 rectifiable.

As a corollary, we get the following theorem which holds for a flexible family of boundaries
Theorem R. Let Q be a C? uniformly convex open set.

e Let M C 09 be a C? simple closed curve.

e Let 'Y be a C? surface with 9 [T°] = M diffeomorphic to a 2 dimensional disk.

o Let I'' C 99 be an integral 2 dimensional current. We assume that M C spt(I'!) and
in a neighborhood U of M, U Nspt(I'!) is a C? surface diffeomorphic to a Mébius strip
which twists once around M. Indeed, U Nspt(I') \ M will be connected. We assign
multiplicity 1 to spt(I'") in U. We suppose that I'! is oriented such that 9 [['] = —2 [M].

The surface U NT'! is a smooth surface whose orientation switches across M.
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Let T be an area minimizing current with 9T = 2[T°] + [['']. Then T is regular in a

neighborhood of M and has an essential boundary singularity at some point of I'*\ M.

We show that, at the disk I'’, we can define a 2-valued normal map, induced by the
unique tangent cone to 7. The normal map, defined at I'°, is Holder all the way to the
boundary M. At the boundary M, the normal map is given by the tangent to I'' at M,
which is topologically non-trivial since spt(I'!) is a Mébius strip in a neighborhood of M. The
topological non-triviality implies, as we saw in the linear problem, that there is an essential
singularity at some interior point of I'Y.

We note that I'® and I'! are required to lie on a convex barrier in order to be able to apply
the theorems of Chapter 3 as well as the corresponding analogues at points of M established

in this chapter.

5.1.6 Basic definitions

Throughout the chapter, we use the notation ’<’ to denote inequality up to a multiplicative
constant, which may depend only on m, n, 7, and Q. We also use C(ay, ..., ax) to denote a
constant which depends on aq, ..., ay.

We define B,.(p) := {x € R™™ : |z — p| < r}. We typically use V for m — 1 dimensional
planes. We use L := R™2 x {0} C R™"™ as the spine of our cones. For a plane 7, let p,
denote the projection onto 7. For any € > 0, we use B.(L) to represent the e-neighborhood
of L, that is, B-(l) = {x € R™"" : dist(z, L) < }.

We assume each k-dimensional linear subspace m of R™*" is oriented by a k-vector
7= A+ Avg, where (v;)¥, forms an orthonormal basis for 7. Additionally, we adopt
the notation |my — my| for |7y — 71|, where | - | represents the norm tied to the standard
inner product of k-vectors. The k-dimensional Hausdorff measure on R™*" is written as
H*. We denote Ag(R™*") the Q-tuples in R™*" for some integer Q@ > 1. We denote by
G(p1,p2), the Wasserstein distance between a pair of points p;, p2 on the space Ag(R™*™).

For more on multi-valued functions, see [30]. We denote by Aj; the C%-norm of the second
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fundamental form of a smooth submanifold M of R™*". We also denote under Assumption
5.1.6, Ap := max; AF{.
For further basic definitions and standard notations, we refer to [42] and the survey [17].
We will use E to denote the L? excess, and local versions which we introduce later. The

L? excess relative to an open book C' or cornered open book is defined as

E(T,C,B,(p)) := rml+2 /B ()dist(x,0)2d||T||(x). (5.1.2)

We will use E for a suitable measure-theoretic excess, which will be defined later in equation
(5.4). Finally, we introduce the circular projection 7, : R™*" — R™, defined as m,(z,y) =

(z,ly|) for (z,y) € R™ 1 x R+

Definition 5.1.7. An m-dimensional integral current 7' in U with spt(7) C X is area

minimizing in ¥ N U, if it holds that M(T) < M(T + 9T), for all T (m + 1)-dimensional

integral current in U with spt(7) C ¥NU.

Cones

We recall the definition of an open book and introduce their angle:

Definition 5.1.8. A cone C is an open book if it can be written as C = YN, Q; [H;] where
H; are distinct half-planes with 0 [H;] = [V] where V is an m — 1 dimensional plane, referred

to as the spine of the cone. We define the minimum angle of an open book as

a(C) :=min(H,;, H;)

i#j
where a(C) :=1if C = Q[H] for H a half-plane.

Definition 5.1.9. A cone C' is a two-sided flat cone if

C=(Q/2+Q")[H] - (@) [-H]
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for ) and Q* integers and H a half plane with 0H = V where —H denotes the reflection of

H along V.
We introduce a distance between open books with the same spine.

Definition 5.1.10 (Distance Open Books). Given a pair of open books C7 for j = 0,1 which

are of the form
CJ = ZQ{ [[Hf]]

where 0 [[Hf ] =[V]. We take 1! to be the unit normal to V' that determines H;. We define

e Ag(VY) as ! =3, Qi []]. We define
G(C',C%) :=G(n",n?). (5.1.3)

Definition 5.1.11. A cornered area minimizing cone C' with spine L (of dimension m — 2)

is one that satisfies

0= ¥ @V (51.4)

J=01<i<NJ
where V7 are m — 1 dimensional half-planes with 0 [[V;j ] = (=1)7[L] and Q! are positive

integers with 3>, QY = >, Q1.

Definition 5.1.12 (Quadrant). We define H to be an m-quadrant (or just quadrant if
the dimension is easily understood) if H C R™*" is an orthonormal transformation of the
set {(z,y) €R2: x>0,y >0} x R™ 2 We define H to be the full m-dimensional plane

containing H.

Definition 5.1.13. A cornered open book with spine L (of dimension m — 2) is

C= > Qi[H]

1<i<N

where H; is a quadrant with 0 [H;] = [V,°] —[V;'] where V. and V;! are orthogonal half-planes

of dimension m — 1 with 0 ﬂ\/ij]] = (1) [L]. We denote Q = > 1<i<n Q-
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Remark 5.1.14. Cornered open books as we consider will automatically have, if C' is centered
at 0, ©(C,0) = /4. This setting is appropriate for the desired applications. More general
settings could be considered, such as not requiring H; to be quadrants and just be pieces of

planes.

The simplest cornered open book is a single quadrant with multiplicity. The main example
for the construction of the example later is the one given by Figure 5.2.

We define C as the set of cornered open books which have the right boundary data.

Definition 5.1.15. Let I/, M as in 5.1.6. We define C : M — {Cornered open books}. For
each p € M we will denote C, the set of generalized cornered open books with the following
conditions.

Given the cornered open book

¢= Z Q; [Hi]

1<i<N

it belongs to C, if

 There exists an index selection k(,0) : {1,..., N} — {1,..,N°} k(,1): {1,...,N} —
{1,...,N'}.
Vi = T, (F?c(i,j)> :

« For every j € {0,1}, 1 <k < NJ

QL= > Q.

k(i.5)=Fk
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Tangent cones

For x € R™*" and r > 0, define ¢, ,(y) := “-*. For any integral current 7', we define the
rescaled current 1" at x at scale r as LMﬁT =T,,and T, =: LOMT. The current T, is called a
blow-up of T" at =, if there exists a sequence of radii r; — 0 such that T, — T, in the weak
topology. By [12], it follows from the monotonicity formula that if 7" is area minimizing in ¥
and 0T = Q [I'] for T' € C'*, every convergent subsequence of T, converges to an oriented
cone about p for any p € I' and any 7; | 0. An oriented cone about p is understood as a
current C' such that C,, = C for any r > 0. See Theorem 5.2.2 for the precise statements
of the monotonicity formula and first variation formula for an area minimizing current 7" in
Y with 9T = Q [I'] where ¥ and T" are C? submanifolds. In this chapter, we will also need
to consider a type boundaries which consist of smooth (m — 1)-dimensional submanifolds
meeting at a smooth (m — 2)-dimensional smooth submanifold. In Theorem 5.2.7 we show
the first variation formula to hold at the (m — 2)-dimensional smooth submanifold, and a
monotonicity formula with error terms Corollary 5.2.8. This implies existence of tangent

cones at corner points.

Part 1: The study of corner points

5.2 Monotonicity formula at corner points

In this section, we show the validity of the first variation formula in this context and the

monotononicity formula with error terms under appropriate assumptions.

5.2.1 Smooth boundary setup
We remind the setup for the monotonicity formula used in Chapter 3.

Assumption 5.2.1. Let m,n > 2,71 > 1, Q > 1 be integers. Consider ¥ an (m + n)-manifold

of class C? in R™*", T a C? oriented (m — 1)-submanifold of 3 without boundary, and assume
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0 € I'. Let T be an integral m-dimensional area minimizing current in ¥ N By with boundary

Given T, I', ¥ as in 5.2.1. We define

@i (T, D, 7’) = exp(COA%TZ)W

Wy ™

and

Ou(T', p,7) := exp(Co (As + Ar) T‘)W

where Ay, and Ar denote the C° norm of the second fundamental form.

Theorem 5.2.2 (Monotonicity formula - Theorem 3.2.4). Let T, T", 3 be as in Assumption
5.1.5.

o Ifpe By \T thenr — ©;(T,p,r) is monotone on the interval
(0, min {dist(p,T'),1 — |p|}).
e Ifpe BiNT, then r — Oy(T,p,r) is monotone on (0,1 — |p|).
Thus the density exists at every point. Moreover, the restrictions of the map p — ©(T, p) to
B, NT and By \ I are upper semi-continuous.

Additionally, this implies that blowup limits are cones, both at the interior and at the

boundary.

If X € C}(By,R"), then

6T(X):—/ X - Ho(2)d|T| (2 X -7 (z)dH™ (5.2.1)

I'mB;

where ﬁT =", As(e;, e;) where ? = A", e; is an orthonormal basis of ? The vector 1

is defined H™ ' almost everywhere as:
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o For every tangent cone C at p € T which is an open book C = XN | Q; [Hi],

o
T=3 ng (5.2.2)

where E) is the normal to T,(I") which determines the half plane H;. The vector 7 s
independent of the open book C' at p, but the open book might depend on the blowup

Sequence.

o For every tangent cone C' = (Q/2+ Q*) [H] — (Q*) [-H] at p € T which is a two-sided
flat cone

T =nn (5.2.3)
where ny is the normal to T,(I") which determines the half plane H.

Corollary 5.2.3 (Monotonicity formula with error terms). Under the hypothesis of the above

theorem
1 |2

rITI(B, (p) — s~ |TI(Bs(p)) = / [(z=p)

d|T
B, (p)\Bs(p) |z — p|m+2 |7 ()

+ [ [ / i+ [ )T iy

'nB, (P)

5.2.2 Cornered boundary

We introduce the notion of a good corner point, which is responsible for a mass bound at

corner points, and allows us to obtain the first variation formula and monotonicity formula.

Definition 5.2.4 (Good corner point). Under Assumption 5.1.6[(i-ii-iii)], a point ¢ € M is a
good corner point if there exists 7, > 0 such that for every p € B, /2(¢) N M, there exists a

diffeomorphism @, € C*(B,, (p), R™"") such that

e ®,(p) =pand DP,(p) =1
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« ®,(I) C T,(TY) (abusing notation and considering the full 7 — 1 dimensional plane)

and ®,(M) =T,(M).

e D®, maps normal vectors to M into normal vectors to T,,(M). D®, maps normal

vectors to Fg into normal vectors to 7, p(Fg ).

« We have the following uniform C? bound

sup | D, || < 00.
PEB, /2()NM PR B )

The following lemma is an appropriate modification of [21, Lemma 4.25] and thus we

omit its proof.

Lemma 5.2.5. Under Assumption 5.1.6, we define d,(x) := |®,(x)|. There exists o > 0

such that the following holds:

o For every p € Bijs N M, d, is in C*(B,, \ {0}) and for x € B,,,2(p) \ {0} D’d(z) =

Dz — p| 4+ O(|x — p|*7) for j = 0,1,2 with uniform constants on p in By2(0).

« Vd, is tangent to M at points of M N B,,(p) and tangent to I n B,,(p) at points of

Fg N By, (p)-
We will also need sufficient conditions for M to form a good corner.

Lemma 5.2.6. Let N; be C? surfaces in R™™ with a common boundary 0 € M. Assume
that any pair of surfaces N; and N; their normal vectors to M are orthogonal. Then there

exists a neighborhood of M such that the analogous properties of Definition 5.2.4 hold.

Proof. We will construct a diffeomorphism &, with the desired properties by using the
Whitney extension theorem.
Since the construction is similar for p in a neighborhood of M with a uniform C? norm,

we assume without loss of generality that p = 0.
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We start defining ® on M. We consider a fy; : M N B, — To(M) which is a C?
diffeomorphism with fy;(0) = 0 and D fy = Id.

We wish to extend the diffeomorphism fy; to diffeomorphisms fy, of N;. We consider
extensions of the diffeomorfisms fy, : N; N B, — Ty(N;) which extend fy; (possibly reducing
r). The extensions will be C* and satisfy D fy, = Id. The extensions can be constructed for
instance by using the Whitney extension theorem.

We wish to extend the maps fy, to a map ® with the desired properties which is defined on
a ball. In order to construct the desired extension we use the Whitney extension theorem. The
condition of the orthogonal intersection between N; and NN; ensures that the first derivatives
and second derivatives are compatible with being derivatives of a C? function in the ball.

In order to make ® map normal vectors to N;, to normal vectors to Ty(N;) it is enough
to prescribe, as part of the data to use the Whitney extension theorem, the derivatives of ®
along normal vectors to N; appropriately. Since N; are C? manifolds, the appropriate normal
derivatives can be taken C! and chosen to satisfy the compatibility conditions.

Since the C? norm is bounded in a neighborhood then up to shrinking the radius we

obtain that ® is a diffeomorphism. O

Theorem 5.2.7. Let T,T'; ;, M, ¥ be as in Assumption 5.1.6. If X € CL(By,R™"), then

ST(X) :—/B X-ﬁT<x)d||T||(x)+ZQ5/F_ X -7 (@)dH™ (@) (5.2.4)

J
iﬂB1

where ﬁT = Y7, As(e;, e;) where ? = AL e; is an orthonormal basis of ? The vectors

m satisfy ﬁ_; <1 and are chosen according to equations (5.2.2) and (5.2.3).
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Corollary 5.2.8 (Monotonicity formula with error terms). Under the hypothesis of the above

theorem for everyp € M NBy and 0 < s <r <1—|p|,

T ) — s T = [ o %duﬂ\(w

|z

(5.2.5)

+/p—m-1 / ( —p)* - Ho(a)d|T|(x +ZQJ/ (x = p) - FpdH™ | dp
s B,(p) T/NB,(p)

(5.2.6)

As a consequence, for every p € M N By there exist tangent cones. This means every sequence
of radii r; — 0 such that T, ,, — T, in the weak topology, must have T, is an area minimizing

cone whose boundary is an union of half-planes with multiplicities.

Proof of Theorem 5.2.7 and Corollary 5.2.8. We start by proving Theorem 5.2.7. We wish
to show that for a vector field X € C!(By,R™"™) the identity (5.2.4) holds.

Since we have the first variation formula at smooth boundaries with multiplicities (Theorem
5.2.2, equation (5.2.1)), equation (5.2.4) holds for any X € C!(By, R™"") such that spt(X)N
M = @. We can reach that conclusion by using local versions of the first variation formula at
interior points and smooth boundary points and patching them with a partition of unity.

Given h > 0, we consider a bump function ¢j supported in an h-neighborhood of M. We

get the following

0T (Xpn) + 0T (X (1 —n)) = X~V7<Phd||T||($)+/B diva (X)end| T (z)

B,

- XU F@ATI@ S [ X - i)

B1 m]31

In the former equation, we expanded the divergence of the vector field Xj and used the
first variation identity for the vector field X (1 — ¢y,), for which equation (5.2.4) holds as
spt(X(1 —pp)) N M = 2.
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In order to conclude equation (5.2.4) for the vector field X, we take a limit of A to zero.
The second term is easily seen to converge to zero. The third and fourth converge to the
desired quantities of the right hand side of equation (5.2.4).

To conclude, it remains to control the first term involving Vzpy,. It is enough to show

that for every ¢ > 0
1
lim —|7T|({z € By_. : dist(z, M) < h}) = 0. (5.2.7)
h—0 h

This requires a control of the mass along the points on M.
We can use similar arguments to [20, Theorem 4.4] to show that there is a constant C
such that for every p € M N By, the functions

osITIdy < 5})

Sm

5 — (5.2.8)

are monotone in some interval [0, 7]. This follows from using the first variation formula for
the vector field Vd,, which has the right regularity to use the first variation formula and
maps the corner M onto itself and I onto themselves.

The monotonicity formula (5.2.8) gives us a uniform mass bound at balls centered at M.
Thus we can split the sets

{z € By_. : dist(z, M) < h}

into C’ﬁ balls of size comparable with h, each of them, for small enough h, with mass

bounded by Ch™ by the monotonicity formula (5.2.8). This implies that for small enough h
1
Z 71z € B : dist(z, M) < h}) < Ch

which allows us to conclude (5.2.7).

The monotonicity formula with error term follows from the first variation formula as in

[21, Theorem 3.2].
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The existence of tangent cones follows from the usual argument, which we sketch below.
If pe M, r; — 0 and T,,, — T, in the weak topology. We must have 9T, = 3, ; Qf [[V;j ]]
where V/ = Tp(Fg). For the current 7),, we obtain as a consequence of the monotonicity of
(5.2.8) that ©(T,,r) = lim, 0 O(7,p,r). In the limit, for the current 7}, the contribution
from the second fundamental form vanishes, and the boundary term disappears since each
7173- becomes a constant vector orthogonal to Vij .

This implies that

[ anim=o
xr) =
By (p) |x|m+2 p

which shows that 7, is a cone. O

5.3 Classification of certain area minimizing cornered
cones with density /4

In this section, we classify area minimizing cones with density ()/4 and cornered boundary.
In general, we also obtain a lower on the density of ()/4 which ensures a no-holes condition
when applying Leon Simon’s uniqueness of cylindrical tangent cones strategy [72].

We refer to Definitions 5.1.11 and 5.1.13 for cornered cones and cornered open books,

respectively.

Lemma 5.3.1. Let C be a cornered area minimizing cone as in Definition 5.1.11. Assume
that for every ig, i1,

0 1
V2LV (5.3.1)
Then ©(C,0) > Q/4 with equality if and only if C is a cornered open book.
We will need the following technical proposition.

Proposition 5.3.2. Let C' be a 2 dimensional area minimizing cornered cone as in Lemma

5.3.1. Then ©(C,0) > Q/4 with equality if and only if C is a cornered open book.
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Proof of Proposition 5.3.2. Assume that ©(C,0) is the minimum possible among all cones
with the same boundary data. We will show that this is ) /4 and the equality case only holds
when (' is a cornered open book.

By interior regularity for area minimizing currents due to Almgren [4] and De Lellis-
Spadaro [31, 33, 34] , C being a 2d area minimizing cone, must be fully regular in the
interior.

The link of C' (i.e., its restriction to the sphere S"*1) must be stationary outside of
S*tlin (Uz’,j 1% ) This implies that C' in S™™ outside of the boundary must consist of
geodesic segments. The geodesic segments can either be a full geodesic or a geodesic joining
two boundary points of C'.

We must then have that

spt(C) C U Py

where Py are planes passing through {0}.
By the constancy theorem applied to the planes P, C' can be decomposed as a sum of
finitely many @y, [Hy] where Hj, are parts of planes and Q) > 0 are positive integers. If the

orientations and multiplicities are the ones assigned by the constancy theorem we obtain

C'=> Qu[Hi, ICI(B1) =>_ Qx| Hi|(B1).
k k
We classify the pieces of planes we obtain in types - interior and 3 different types of planar
pieces:
1. Interior - Hy, is a full plane: 0 [Hy] = 0.

2. Piece of Type 1 - Hy is a piece of a plane (an open subset of an m-dimensional plane)

which respects the orientation: There exist ) and i}, such that 0 [H}] = [{V;?ﬂ — [{Vﬁ]]
k k

3. Piece of Type 2 - Hy, is a piece of a plane (an open subset of an m-dimensional plane)

which reverses the orientation: There exist i) and i}, such that 9 [H,] = — [{foﬂ + [{VZ}]] :
k k
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4. Piece of Type 3 - Hy, is a piece of a plane (an open subset of an m-dimensional plane)

which connects two pieces of the same orientation: There exist 17, i} and j;, such that
0 [Hy] = [{‘@gkﬂ - [[‘/i{kﬂ'
k k

There can’t be interior pieces with non-zero multiplicity. Removing such pieces keeps the
boundary of C' but reduces ©(C,0) and this would contradict the minimality of ©(C, 0).

We argue in what remains by induction. Let K be the number of planar pieces Hj, in the
decomposition above and () as usual is the total multiplicity of the boundary. Assume we
have shown that for every cone with K — 1 sheets in the decomposition and any multiplicity
@ we must have ©(C,0) > (/4 and equality on the cornered open book case. Then the same
holds for a cone with K sheets. The base case is K = 1, which is trivial since it is a single
quarter plane.

If C has a piece of type 1 Hg, then removing the piece changes () to Q — @, and K
to K — 1. We can conclude this case by the inductive step, since ©(Hg,0) > 1/4 and the
equality holds when Hg is a quadrant.

If C has a piece of type 3, then we can remove it obtaining a cone C” with total multiplicity
@ and K — 1 sheets. This implies that ©(C",0) > @/4 and thus ©(C,0) > Q/4.

If C' has a piece of type 2 and no piece of type 3, then there must be two pieces H; and
Hy with 0 [H,]| + 0 [Hz]] = 0, but this implies that [H;]] + [H2] is area minimizing without

boundary which gives us the same contradiction as in the interior case. O

Proof of Lemma 5.53.1. In the context of higher multiplicity boundaries, the analogous to
this lemma in Chapter 3 is Theorem 3.3.1.

We wish to use monotonicity formula without error terms at points of L. If T is any area
minimizing current with boundary 07 = ¥, ;(—1)/ Q! [[VZJ ]] then the monotonicity formula
will have no error terms: indeed, if we take in the monotonicity formula with the error term

(5.2.8) for the case V/ = I/ then @;; L V; ;. Thus the boundary term vanishes. We denote
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forpe L
T|(B
O(T,p) = lim 7" |(B)

r—0 mem ’

Since the monotonicity formula holds without error terms at such points, this limit exists
and defines the density.

As usual, if "2’1’1575;) = O(T,p) for all 7o > r > 0 (for some 1) and p € L then T is a cone

Exls
/Bl<p) lem“d“T“ -0

which implies that T is a cone. This argument was carried out already as part of the proof of

at p. We obtain

Corollary 5.2.8 to show existence of tangent cones, but we include it here for completeness.

Suppose that ©(C,0) < Q/4. Let ©(C,0) = O < Q/4. Since C' is a cone then ©(C,p) =
O(C,rp) for every p € L such that p # 0 and r > 0. Since the density is upper semi-
continuous, then ©(C,p) < © for every p € L. By taking iterative blowups at points of L we

obtain an area minimizing cone C' which is of the form
C=R"?x ('
where C is a 2d area-minimizing cone with

ac"=>" Y Q! [p (V)]

=0 1<i<NiJ

We conclude by the inequality of Proposition 5.3.2.
Now we wish to study the equality case. As a consequence of the following inequality for

every p € L

lim ©(C, p,r) = tim AWNEB-@) -y D)™ ACNBrp) )y

7—00 wmrm 7—00 rm wm(r _|_ |p|)m -
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We must have that the equality in the monotonicity formula holds for every point. Then it

must be a cone with respect to every point in L.
Thus
C=[R"7?] xC

where C” is a 2d area minimizing cone in R"*2 with cornered boundary

9C" =3 (=1)Q! [p (V)] -

]

We conclude from the equality case of Proposition 5.3.2. O

5.4 Soft uniqueness of tangent cones at corner points

In this section, we show uniqueness of tangent cones to hold at corner points with soft
arguments. This will not be enough for the desired applications. The uniqueness of tangent
cones will be made quantitative in the rest of the chapter.

We will define a measure theoretic version of excess as in Subsection 3.2.1, with respect
to cones C' = Y1,y [H;] with 0 [H;] = [V;°] — [V;'] where V® and V;! are halfplanes with
V7 = (1) [L] (and L is a common m — 2 dimensional plane).

The Wasserstein-2 distance between two measures ! and p? is defined as

Wyt 42 = inf { [t dote,n) : (r)ao = @ and ()0 = /f} ,

where ¢ is a transport plan between p! and 2, meaning that o is a measure on R™" x

R™*" such that (m)go = p! and (m) g0 = p2.

Given two measures p' and p2, we define the following distance between them:

2

2
d(p', i) := inf Wz(u%,u?)QJrZ/dist (:c,U%,j) dlps| | gy +py = 1 =1,2.
i,J

=1
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Let ¢ be a smooth, canonical bump function supported in B;(0), constantly equal to 1 in
Bi/2(0), and satisfying ¢(z) < dist(x, 0B;)?. We define ¢, := ¢(-/r).

We define the stronger excess as
E(T,C,B,) = r~"*d(¢,d|T], ¢,d|C]).

We are going to restrict ourselves to a narrower setup which will be more than enough to

produce an example of an essential boundary singularity.

Assumption 5.4.1. Suppose we are under the Assumptions of 5.1.6. Let Np;(p) denote the

vector in T),(T'}) which is normal M.

« We assume that for every p € M N By, V1 < iy < N? and V1 < i; < N!
Nro (p) L Nr1 (p).

« We also assume that there is a universal constant aq such that for every (ig, jo) # (i1, j1)

andlSiOSNjO,1§i1§Nj1,0§j0§j1
21000040 < <NFJ_'0 (p)7 Npil (p>> .
ZO 11

The angle condition is a reasonable assumption since I/ are assumed to be smooth and
transversal. In practice this only will mean that we will not track the fine dependence of the
angle in the Lipschitz approximations and decay, which is irrelevant for the applications we
prove in this chapter. This setting is different than the one we consider in Chapter 3, since
the tangent cone is automatically unique by soft arguments since the boundary data does
not give any degree of freedom. The interesting question in this setting instead is the rate of
decay which we do need for the application in mind.

Assumption 5.4.1 provides a good setup for this problem because of the following lemma.
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Lemma 5.4.2. Let T, T, M, X, be as in Assumption 5.4.1. Then O(T,p) > Q/4, in the

equality case there is a unique tangent cone at T which is a cornered open book.

The importance of obtaining the lower density bound is that we will use Leon Simon’s
uniqueness of cylindrical tangent cones strategy [72] and this provides us a no good density

gaps condition.

Remark 5.4.3. A slightly more general version of Lemma 5.4.2 holds with no modification.

Under Assumption 5.1.6, if every tangent cone at p is of the form

Q
C=) 1]

where each H; is an open subset of a plane, then the tangent cone is unique.

Proof of Lemma 5.4.2. We refer to Definition 5.1.15 of cornered open books with the right
boundary data.

Given C € C,, it is easy to see that E(7,C,B,) is continuous on r. We know that
C, is a finite set, since there are finitely many possibilities for choosing ) quadrants
with the right boundary data. Each of them corresponds to a function [ : {1,...,Q} —
{1,..., N°} x {1, ..., N'} which associates a quadrant H; with it’s boundary T,(T'}; ) with
positive orientation and T},(T',,) with negative orientation (where I(i)o,/(i); are the coordi-
nates of [(7)). The function uniquely determines the cornered open book. This implies that

C, is a finite set and thus it must be disconnected in the Wasserstein distance.

We consider the function f : (0,1) — R#C given by

f(T) = (E(T> Ca B?"))C’ECP-

We consider all the possible limits of the function f(r) along a sequence of radius going
to zero. This must be a connected subset of R#‘ because f is a continuous function of r

and the limit set of a continuous function is connected.
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We know that there are #C, possible values the limit of f can take which is

(E(Cv 0/7 Bl))Cecp-

This is a disconnected set of R#C» and thus the only option is for it to have a single

element and thus a single tangent cone. O]

5.5 Linear problem

In this section, we introduce an appropriate linear model for the nonlinear problem with
singular boundaries of the type considered in this chapter. We refer to [30] for the detailed
setup for the linear problem in the interior and 3.8 of this thesis for the boundary setting.

Given 2 C RY a Lipschitz domain there is a well defined continuous trace operator
olon : WHA(Q, Ag(R")) > L2(00, Ag(R")).
Definition 5.5.1. Let €2 be a Lipschitz domain. We say w is Dir-minimizing in €2 if
u e W@, Ag(R™))
and for every v € WH2(Q, Ag(R")) : ul 9Q = v 99
/ |Dul? < / | Dvl?,
Q Q
We define the quarter balls

B)/*:=B,n (R" x R* x R™?)
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In order to keep the notation consistent with the rest of this work, we define the quarter
plane H := RT x RT x R™2. We denote the boundary as V° = {0} x R x R™ % and
V1:=R* x {0} x R™ 2. We denote the corner as L := {0} x {0} x R™2.

In this chapter it will be enough for us to consider the linear problem on the quarter

space. More precisely we consider the following setup.

Assumption 5.5.2 (Linear problem on the quarter space). Given a Dir-minimizing function
u € Wl’Q(B}/ * Ao(R™)). The boundary linear problem on the quarter space consists of

functions u such that ul (VOU V)N B; = Q[0].

We adapt the classical Almgren frequency function to this quarter-domain setting at

points in the corner L.

Definition 5.5.3. For x € LN By, 0 < r < 1 — |z|, we define the Dirichlet energy, L?

spherical height and the frequency function:

D
D(z,r) = / |Dul?, H(x,r) = / lu|? and I(x,r) = rD(z,r)
BY/4(z) aBY () H(x,r)
The arguments here follow those of Section 3.8, which studies the higher multiplicity

boundary linear problem.

Theorem 5.5.4. The frequency function for a function u satisfying Assumption 5.5.2 is
monotone. For any v € L N By either there exists p such that u|p,) =0 or I(z,r) is an

absolutely continous non decreasing positive function of r on (0,1 — |z|).

Observe a minor change here with Chapter 3 and [30]. In this setting, we don’t claim
uniform convergence, since have not proved Holder continuity of u before this. We are not
going to address the Holder continuity for functions u satisfying Assumption 5.5.2 since we

won’t need it.

Theorem 5.5.5. Let f € Wl’Z(B}M,AQ) be Dir-minimizing with zero boundary data and

Dir(f, B,) > 0 for every p < 1. Then for any sequence p, — 0 there exists a subsequence, not
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relabeled, such that fo, coverges locally strongly in WY2?(H) to a Dir-minimizing function

g: H — Ag(R™) with the following properties:
1. Dir(g, Bi/4) =1 and g|Q? is Dir-Minimizing for any bounded Q.

2. g(x) = |x|*g (i>, where a = 1y ;(0) is the frequency of f at 0.

||

The following two lemmas have analogous proofs to those in Section 3.8, which considers
the boundary linear problem in the half-space. We will use them to lower bound the frequency

in Lemma 5.5.8.

Lemma 5.5.6. (Cylindrical Blowups) Assume that m > 3. Let g € WY(H, Ag(R"))
be an o homogeneous and Dir-Minimizing function with zero boundary value at V° U V!,
Dir(g,BiM) >0 and 3 = I, 4(0). Suppose z = % (2 € L). Then, the tangent functions h to
g at z satisfy

M1, ooy Tt Ton) = D21, ooy Tt

where h € WY2(H N R™ ! x {0}, Ao(R™)) is a Dir-Minimizing Q valued function with zero

boundary values on R

Lemma 5.5.7. Let h be a o homogeneous Dir-minimizing function as in Assumption 5.5.2.
Suppose that I(z) = o for z = ey, /2. Then h(z,s) = h(z) for a Dir-minimizing function h
on HNR™ ! x {0} with zero boundary data at (VOU V) N (R™ x {0}).

Lemma 5.5.8. Let u be as in Assumptions of the linear problem on the quarter space 5.5.2.
Assume u is a-homogeneous. Then o« > 2. Furthermore if u is 2-homogeneous then if 6

denotes the angle on the quarter-plane (in the first two components)

u(z) = ; [v; cos(20)|z|*] -

Proof. Assume by contradiction there exists u an a homogeneous Dir-minimizing function

with o < 2.
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Let z € L. By homogeneity, if z # 0 then for all » > 0, I(rz) = I(z). Thus by
upper-semi-continuity « > I(z). We take a blowup at z which gives us an I(z) < a < 2
homogeneous Dir-minimizer on H N R™~!. By iterating and applying Lemma 5.5.6, we
obtain a 8 homogeneous Dir-minimizing function u on R™ x R* with zero boundary data on
{0} x RUR x {0}.

By the interior regularity for Dir-minimizing functions « [30] in 2d the function u needs
to be smooth outside of its boundary. Thus it must decouple as classical harmonic function
that has zero boundary value along {0} x RUR x {0}. A classical harmonic function which
vanishes on the boundary of the quarter 2d plane must have frequency at least 2. This is

because it’s restriction to S must solve
J(0)+ X f(0) =0

with f(0) = f(7/2) = 0. We can extend periodically, which makes it a classical homogeneous
harmonic function in the plane. Since f constant or f linear are not options for f to be
non-trivial, the homogeneity for f must be at least 2. Moreover we must have that A =k is

an even integer and

Q
f(0) = ; [v; cos(kB)] .

If & # 2 then f has interior singularities where cos vanishes and thus f must be 2-homogeneous

and in this case for v; € R"
Q

f(0) = Z: [v; cos(20)] .

When u is 2-homogeneous, an argument analogous to the one at the end of the proof of

Lemma 5.3.1 shows that u arises from a two-dimensional solution in a quarter space. O

We have an analogue of 3.8.19 in this setting. We omit the proof since it is analogous.
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Theorem 5.5.9 (Local Dir-minimizers). Let u € W1’2(B1/4,AQ(]R”)) have zero boundary

value along VoUVy. Assume that u is Dir-minimizing on every subdomain of B}/4 with smooth

/4

boundary. Then u is Dir-minimizing in B?[ with zero boundary value along Vo U V;.

Proposition 5.5.10. If I(0) = « then

/ |u’2 S 1 T,m1+2a/ ‘u|2
B/ m+1 oBL/4

In particular since 1(0) > 2 then

: 1 2
lim sup —— lu|* < oo.
r—0  rmtd Jgi/a

Proof. The proof is analogous to Proposition 3.8.11. It follows from the estimates on the
spherical height which are a consequence of the monotonicity of the frequency. See Chapter

3.4 of [30). 0

5.6 Lipschitz approximation

In this section, we construct the Lipschitz approximation and conclude with some technical
estimates regarding measure theoretic excess and its relationship to L? excess.

The general assumption for the Lipschitz approximation is the following:

Assumption 5.6.1. Suppose that 7, I/, X, M are as in Assumption 5.4.1, but now defined
in the ball Bg. Let C' be the unique tangent cone at 0. For a small constant £(Q, m,n, ) we

assume

E(T, C, Bg) + AF + AQE S 60((0)2.

Moreover we assume that for every p € M NBy and all 0 < r < 1/8

IT[(B,(p)) < (Q/4+1/16) wpr™.
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We consider a parameter ¢ > 0 which will be taken small enough depending on Q{ , m,

n, ap. In order to construct the Lipschitz approximation we will need to define a suitable

Whitney region. Let L = R™~2 x {0}. Let P, be a cube with side length \/2— centered at 0.

m—2
We define the regions as in [24]. The set R := {p: pr(p) € Phand 0 < |py1(p)| < 1}.
The cubes G; are cubes of sidelength \/2% obtained by subdividing P, into 2:"=2) cubes.
The integer [, the generation of the cube, is denoted by I(P). If P C P’ and ¢(P’) = ¢(P) +1,
we then call P’ the parent of P, and P a child of P’. When ¢ (P’) > {(P), we say that P’ is
an ancestor of P and P is a descendant of P’.
For every cube P we denote by yp its center and B(P) the ball Bz i(r)(yp) (in R™™)
and by B*(P) the set B(P) \ By-s-i1r)(L).

We define for P € G,
R(P) := {p :pr(p) € Pand 2771 < |ppo(p)| < 2_1}.

We also define AP as the cube concentric with P with side length A;% and

AR(P) := {p :pr(p) € APand A7 1277 < |ppi(p)] < )\2_l} :

We also define AP; := AR(P) N H;. We notice that pj (T;) and pHi(Fll(i)) delimit a domain
in H;,. When Ar is small, we must have that this domain must be close to H;, a quarter of

the plane HZ We denote D; the described domain.

Lemma 5.6.2 (Splitting). There exists a constant §(Q, m,n,ag) with the following property.

Assume that

/ dist(z, C)d|T] + Ap + A < &.
B4\By/32(L)

There exist T, Ts, ..., TN such that

N
TL(Bss\ Byaa(L)) = > Tyand Vi :0T; = Q; [[] — @i [Ti] -
i=1
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The multiplicity of Q) is the one obtained by constancy over the projection on (pHZ.)#Ti.

Furthermore, if instead we assume
E(T,C,Bg) + Ar + A% < §*

then Q) = Q;.

Proof. We will show that if d is small enough there exist disjoint open sets U; C Bg5\ Bs/g4(L)
that satisfy

OU; NOU; C T'N (B \ Bysa(L))

and

Spt(T) N B3.5 \ 33/64([/) C UlgigNUi-

We start by taking a cover of I' N Bs 5 \ Bs/sa(L) by balls By-12,, (pg), which we assume
to be a Besicovitch covering. By the choice of the radii, if Ar is small enough no ball will
intersect two different boundary pieces.

We consider

A= (spt(T) N (Bs \ Bysa(V))) \ Bam2og, ().

We must have assuming that Ar is small enough, by the height bound that

sup dist(z, C) < C6°.

€A

If ¢ is small enough with respect to ap and m, n then A is split into disjoint neighborhoods
Ui of H;. The neighborhoods U, serve to decompose spt(7’) away from T

By the bounded overlap property, we know that

3 / dist(z, C)2d|T] < C(ao) / dist(z, C)2d|T] < 5% (5.6.1)
1/ By12, (k) B4\B1/32(L)
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At the boundary I' in B3 \ Bs/u(V), we use the following Theorem which we state

combining two results:

Theorem 5.6.3 (Decomposition: Theorem 3.5.13 + Theorem 3.5.15). Let T' and T be under
5.2.1. Assume that C' is a non-flat open book whose spine is To(I') There exists € > 0 such
that if

max {E(T, C,B1(0)),e A, eflAZE} < ea(C)?.

There there exist 11, Ty, .., Ty area minimizing currents and Q; integers on By e N X with

o 0T, = Q;[I']

=1

o The supports of T; only intersect at T'.

In our setting, we will apply it to a modification of C' the starting cornered open book.
All cornered open books with the right boundary data C” (recall Definition 5.1.15) under
Assumption 5.4.1 satisfy a(C’) 2 ag. We need to translate and adjust the cone C' so that it
passes through the center where we apply this result, but that only introduces errors that
are controlled by Ar and keeps o(C) 2 ap.

If 6 is small enough then we will be able to apply the theorem above and get such
decomposition at scale By-1s(py). This means that T’ By-1s(py) = 1<,y T; and we can
choose U;; disjoint neighborhoods of By-1s(py) each of which containing (H; Uspt(7;)) N
By-1s(pr)-

We define

U = UioJ Uiy
!

which satisfy the desired properties.
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The last two remarks follow are a consequence of the construction of the strong Lipschitz
approximation in the interior and of the definition of the excess. See Proposition 3.6.3 and

Lemma 8.5 [24]. O

Lemma 5.6.4 (Lipschitz Approximation). Let T' and C' as in the above Lemma 5.6.2. Let

E = / dist(p, H,)*d| T, (p).
Bs\By/32(L)

Let Qz = Dz N BQ \ Bl/16(L) and Qz = B3 N p;;(Qz)
1. We have (pHi># (T;) = Q. [Di].

2. Then there exist Lipschitz multivalued functions u; : €; — AQ;(PAIiL) and a closed set
K; C Q; such that gr(u;) CZ, T,Lpy (K;) = Gy, Lpg (K;) and the following estimates
hold

(. (pm(l“‘lj(i)) NBy\ Bl/16(L)) = Q) [[pﬁf (Fg(i))ﬂ j=0,1.
|uill?, + | Duil2 < CE; + CArp + CA%
Lip(u;) < C (EZ 1+ Ap + A%)W

B 14
10\ Kl + |T1(90\ pit (K2) < C (Ei + Ap + A3)

3. If additionally B(T,C,Bg) < 6% then Q; = Q' for all i.

Proof. The proof is standard so we will just give some basic considerations. The new element
in this context is that we do take the boundary data. The proof follows as in Proposition 8.6
[24], but we need to incorporate the boundary and for that we use Proposition 4.1 4.5.1.The
Lipschitz approximation gets defined in balls which overlap and then patched together. Given
a point p € I'N By \ Bsjea(L) in order to use Proposition 4.5.1 we need to slightly tilt the

plane to a new plane H;, so that for the appropriate [, j, T,(IY) C H, C T,(%). O
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The analogous statement holds locally over Whitney regions associated to a cube P. We
define

E(P) := 2(m+2H(P) / dist(z, C)2d|T].
B (P)

Lemma 5.6.5 (Local Splitting). There exists a constant § such that if
E(P)+ Ar + A% < 62
Then there exist 11 p, ..., Tn p such that
N
TL (Bgyur (Yp) \ Bya-er (L)) =Y Tyand Vi : 0T, = Q; [I7] — Q; [I}] -
i=1

The multiplicity of Q) is the one obtained by constancy over the projection on (pHi)#Ti.
Furthermore, if we assume

E(T,C,Bg) + Ar + A% < §°
then Q) = Q; for every P with {(P) ~ 1.
Definition 5.6.6. Let 6y = d(Q, m,n,7) be so that Lemma 5.6.4 and 5.6.5 hold.
Definition 5.6.7. Let P € G. We say that

1. A cube P is a classical boundary cube if B"(P') N M = & for every ancestor L’ of L
(including L) and
ITI(B(L)) < (Q/4+ 1/4)2mED, (5.6.3)

2. A cube P is a corner stopping cube if B"(P) N M # @ or |T|(B(P)) > (Q/4 +

1/4)2m=UP) and it’s parent is a classical boundary cube.

3. A cube P is an outer cube if it is of classical boundary type and E(P’) < 62 for every

ancestor P’ of P (including P). We denote G° the outer cubes.

4. A cube P is a inner cube if it is a classical boundary cube, but it an outer cube.
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It is convenient to define the following regions

« The corner region region denoted R®™¢" which is the union of R(P) over all cubes

which are not classical boundary cubes.
o The outer region denoted R°, is the union of R(P) over all outer cubes.

o The inner region denoted R’, is the union of R(P) over all classical boundary cubes

which are not outer cubes.

Definition 5.6.8. Let 7, 17,5, M, C be as in Assumption 5.6.1. Fix P € G°. We denote

E(P) :=max{E(P'): P' € G°with R(P)N R (P") # 0}

We use Lipschitz approximation locally and then patch the pieces as in [24] to get a

coherent outer approximation.

Proposition 5.6.9 (Coherent outer approximation). Let T,1",3, C' as in Assumption 5.6.1.
We define
Rg = ULGQOLi = Hl N ULegoR(L).

Then, there are Lipschitz multivalued maps u; : R — AQI.(]/:EL) and closed subsets K;(P) C P,

satisfying the following properties:

Uil (pgi(l—‘{(i)) N Rz‘o) =Q; [{pf{} <F{(i))ﬂ J=0,1.

2. gr(u;) C 3 and Tpﬂ-Lp;I} (K;(P)) = Gy, Lp;{} (Ki(P)) for every L € G°, where Tp; is

defined as in the proposition above.

2P e 1,y + 27 | Dl 2,y S B(L) + 27 Ap 4+ 27 AL

= Y
1Duill e,y S (E(L) + A3)
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14y

Lo \ Ki(D)] + I To il (P! (L \ Ko(L)) S 270 (B(L) + 27 AL)

Proof. The proof is the same as Proposition 8.19 in [24]. The coincidence set is taken to be
Ki(P) := Npr.rpynrp)2oKi(P'). The Lipschitz function u; is obtained by extending the

function from Upcpo K. O

In the following lemma we consider the definitions of the different type of cubes as above,
but we do not require the global Assumption 5.6.1. We still consider the definition of types

of cubes as above with respect to the cone C' and their associated Lipschitz approximation.

Lemma 5.6.10. Let T, 1", Y be as in Asumption 5.4.1 in By. Assume that every cube that
intersects Bo—10 and their ancestors are outer cubes whose multiplicities of their local Lipschitz

approximations agree with those of C.

E(T,C,By) < C(Q,m,n,7,0) (E(T,C,By) + A} + Ar?)

5.7 Proof of main theorems at corner points

In this section, we will show a decomposition theorem, excess decay and Holder Continuity

of the normal map. We will define what we mean by a regular point at M.

Definition 5.7.1. Let T, Fg, PN Qf be as in Assumption 5.4.1. A point p € M is regular if
N
TLB,(p) =Y Q:[=]
i=1

where ¥ Q; = Q and

+ =, is an area minimizing surface in B,(p) with

0Z; = [Ti] — [Tis] -

263



Moreover, Z; in B,(p) is smooth outside of M and attaches smoothly to both F?(i) and

o For i; # iy we have that

j€{0,1}

spt(Z;,) N spt(Zs,) ( U Pﬂ mFJ mB())

where if I ) = I, then Iy, ) N, =Ty = Iy, otherwise I; ) = T, = M.

Theorem 5.7.2. Let T,1, %, Q) be as in Assumption 5.4.1. Assume that O(T,0) = Q/4.
By Lemma 5.4.2 there is a unique tangent cone, which is a cornered open book C' € Cy. Then
there is a neighborhood B, of 0 such that T'LB, = >"1<;<y T}, each T; with corresponding flat

tangent cone Q; [H;] (each H; a single quadrant from the cornered open book), with

8T Q [[Foz[)]] Q [[Fk(zl]]'

In the case N° =1, N' =N, Q¥ =N, Ql = Qi = ... =1, 0 must be a reqular point for T.

Lemma 5.7.3 (Excess decay with small second fundamental forms). Let T,TY. %, Q? be as

in Assumption 5.4.1. There ¢ and p < 1/2 such that if E(T,C,B;) < ¢,
AL + Ap < cE(T,C,B)
for C a cornered open book then
E(T,C,B,) < ;E(T, C,By).

Lemma 5.7.4 (Rate of convergence to the the tangent cone). Let 7,17, %, @ be as in

Assumption 5.4.1. There is e >0, a > 0 and k > 0 such that if

max {E(T, C,,Bu(p)),x 'Ar, R_IAQE} <e¢
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then, for any ¢ € Bi(p) N M and r < 1/4
max {E(T, C,,B,), k 'Arr, m’1A2ET2} < Or®max {E(T, C,,By),k 'Ar, /ﬁ’lAQE} ,

where C, denotes the unique tangent cone to T' at q.

Corollary 5.7.5 (Hélder estimate at the corner). Let T,17, %, Q7 be as in Assumption 5.4.1.
Then the function p — C, which assigns at points in M N By the tangent cone of T at p
is locally Hélder continuous in the Hausdorff distance. This is, for every € > 0 and every
pge MNBi_.

dist 7 (Cp, Cy) < Clp — q|*.

Remark 5.7.6. The Holder continuity of C, as a function of p in B; N M serves to locally
determine the cornered open book when there are multiple admissible cornered open books.
This is interesting outside of the multiplicity 1 case in which there is a unique cornered open

book which takes the right boundary data.

Proof of Lemma 5.7.4 and Corollary 5.7.5. 1f ¢ is required to be p then we need to extend
the small second fundamental forms case to the general case as in Theorem 3.5.8.

The error of replacing p to ¢ is the error of changing the cornered open book, which we
did in detail in Corollary 3.5.12.

The proof of Corollary 5.7.5 holds analogously to Corollary 5.12 3.5.12. [
Now we can prove Theorem 5.7.2.

Proof of Theorem 5.7.2. We assume p = 0. Since C), is the tangent cone, there is a radius

r > 0 such that B, is in the hypothesis of the above Lemma 5.7.4. This is

max {E(T, Co, By), ' Ar, i 'A}} < ¢
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Moreover, possibly shrinking the radius, we assume that M is parameterized by bi-
lipschitz map whose bi-lipschitz constant is close to 1. That is, since L = T,,(M), there exists

¥ : LN B, — R™™ such that
M N By, = (LN By,) N By,

We need to construct a cubical decomposition. We use a variation of the notation
introduced for the Lipschitz approximation at the beginning of Section 6.

We define GM to consist of "cubes” P = gp(p), where P is a dyadic cube of size \/%2”
in L. We define AP as )(\P).

We recall the notation
2R(P) = {P :pu(p) € Pand 27172 < dist(x, M) < 2fl+1} '

Let yp be the center of the cube (i.e. ¥(yp) where yp is the center of the original cube).
We notice that there exists a universal constant A such that given P € G; then region is

contained in some ball

2R(P) C By 1(yp).

Thus if \274") < r/4 then Byy-i(yp) C B,/4(yp) C B, which implies

m+2)

1
max _l(/ dist(z, Cp,)%d|T|, k27 ANAp, kT IA227 22 A5 b < C(N, m,n)2 .
2 B4)\2—l(yp)

(5.7.1)

By the separation Lemma 5.6.2, we obtain that in the region 2R(P) the current T
decomposes as vazl T;, whose supports only intersect at the boundary I’ i . The regions 2R(P)
for varying cubes P are chosen to have overlap and additionally they cover B,, for some
7o < r. This implies that in B,, the current 7' can be decomposed as T = S>Y | T; whose

supports only intersect at um-rg' U M.
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To conclude, we must show the regularity of T; when the multiplicities are 1. We can
cover 2R(P) with balls of size comparable to 27! some centered at the boundary, some at the
interior, having some overlap. If € is small enough, we can apply Allard’s interior regularity
2] for the interior balls and Allard’s boundary regularity [3] for the balls centered at the

boundary (here we are using that the number of balls is a dimensional constant). O
Assume that N=1 N'=N, Q'=N, QI =Qi=..=1.

Definition 5.7.7. Given p € I'V let C, = >V, Q; [H;] be the tangent cone at p. We denote

NT?Y the normal bundle of Y. We define the normal map 7 : T — Ago(NTY) as

n(p) = ;Qi [pr, ) (H)] - (5.7.2)

We define it analogously at points of M (where it is required to take the value of the

unique cornered open book).

Theorem 5.7.8. Let T,TY. 5, M be as Assumption 5.4.1. Assume that N =1, N' = N,
Q'=N, Qi =Qi=..=1. Let p € B,. Then there exists a radius r > 0 such that n is

Holder in B, (p) NTY up to the boundary M.

Proof. We give a sketch of the argument, which is a modification of the proof of Corollary
3.5.12. By the Theorem 5.7.2, p is a regular point and thus it is equivalent to show it for the
case that N° =1, N1 =1, QY = Q! =1 (i.e., two boundary pieces of multiplicity 1).
We assume that we are on a neighborhood such that we have the setup of Theorem 5.7.2.
Let H, be the tangent cone at ¢ which is a single quarter plane of multiplicity 1. By

Lemma 5.7.4 by restricting to a suitable neighborhood of p we have

A

E(T,H,,B,(q)) < Cr®.

We use the same cubical decomposition as before. For z € 2R(P) N T we have that if we

translate and tilt H, to a new quadrant H” such that 8 [H?] = [T,(I'})] and H? C T,(%)
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then

E(T, H,By-i-1) + Ar2~' + A327% < CE(T, H,, Byo-1(y,)) < CA271%.

As a consequence of Allard Boundary regularity [3] we have excess decay and thus if H, is
the tangent cone at x

/(H,, H*) < C)\*2lag, 5.7.3
) q

Moreover, our control of the excess we have also implies, up to changing the exponent «, the

Holder estimate

17l ce2repy < Ce. (5.7.4)
By patching together (5.7.3) and (5.7.4) we obtain the desired conclusion. O

Corollary 5.7.9. Let T,.I?, &, M be as in Theorem 5.7.8. Then n is Hélder continuous in

P

YU M.

Proof. By the Theorem 5.7.8, we have the Holder continuity locally at M. This fact, coupled
with the Holder continuity at a single boundary piece Corollary 3.5.12 implies the Holder

continuity estimate. O

5.8 Simon’s non concentration estimates

In this section, we prove Simon’s non-concentration estimates - the key technical machinery
we require to prove the excess decay theorem.

We can then show

Lemma 5.8.1. Let T I‘f, 3, M be as Assumption 5.6.1 for € small enough. Lel r = 3 1

N
1 171 < CE(T.C.B,) + CAZ + CA 58.1
5 ‘q|m+2 ” ||<Q) = ( ) 4) + 5+ r ( O )

where g+ is the projection of q into the tangent plane determined by ?q.
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Proof. The proof is done in the same way as in Theorem 3.7.1, in that proof we explain how
to take care of the boundary terms which are the same that we have here. The error terms
appear when using the monotonicity formula with errors Corollary 5.2.8 and the more general
first variation formula from Theorem 5.2.7. In order to take care of the interior terms we use
Theorem 11.2 [24].

This involves a careful application of the first variation formula of 5.2.2 and the mono-
tonicity formula (5.2.8). For any y, monotone, non-increasing, such that Ly, < x < L 2.
We also define I'(t) := — [* 4 )s™ds.

S

We bound

|
/BT \q,mﬂdHTll(q) <C / 2(lgDd|T|(q Z@/ (al) d|H|] (5.8.2)
wo [ 'q' Frlaryg ey
+CZQJ V (Ie))*p /MB( ‘*)d%m—ldp] (5.8.4)

LY Q) V (o)™ 1/ gm- 1/ () ldtdp] (5.8.5)
. I';;NB

The term (5.8.3) is dealt analogously to [24]. The terms (5.8.4), (5.8.5) are dealt by observing

that

— m— m— m— m
[ el = [ e a0 s [k (@] S 57 A,
r’nB, r’ng, ! ) “

qel'NB,

In order to bound the first term we can proceed again as in [24], but when we use the
first variation formula a boundary term gets introduced.

The vector field that we have to test with is the vector field

X(q) = x(lahpg(q)-
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The first variation formula gives us

/div?(X) = O(A}, + Ar).

The remaining estimates follow as in [24], using quantities under control relating the

Lipschitz approximation. O

Lemma 5.8.2. Let T, F{, 3, M be as Assumption 5.6.1 for e small enough. For every k > 0

dist 112
[ e an e, [ Lharj+cmres) At A 6s0)
B B:

Proof. This follows again exactly as in Lemma 3.7.3. For completeness, we again include
the boundary term estimates, reducing the rest of the proof to an adaptation of the proof
Lemma 11.6 in [24].

This lemma follows from a first variation argument on the vector field

X(q) := dist*(¢, C) (maX(r, F—— 1)+ q

where g (¢) := max(g(q),0).

The only required modification is the control of the boundary term.

/ dive: (X)d|T] = ZQJ / A dH — / (X - Hy)d|T].

We estimate as in the boundary error term in the proof of Lemma 5.8.1

[ ecmannt< [ by g @) mglaH < o,
I’ I’nB; '

Theorem 5.8.3. Let T, 1", %, C be as in Assumption 5.6.1. For every a > 0
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1. For every cube L in the cubical decomposition from the previous chapter

E(P) Sz ((P)™® (E(T,C,By) + Ar + A3)

~a

1
2. For every o and r < Nk

1
Tm+2

/ dist(q, C)*d|T| < Cso" ™ (E(T,C,By) + Ar + A}).
B,NBsr(L)

3. Moreover, if B, \ B,.(L) C R°"* then

[ distta, AT < O, Qo) (BT, C.BL) + Ar + AZ) o
B

T

rm+2
2|
Tm+2§i: B, NH;\Bor(L)

+C(Q,m,n,m) (E(T, C,By) +rAr+ 7“2A2E) (E(T, C,By)o ™2 +rAr + TQA%>7

|2

Proof. The proof is the same as Theorem 3.7.4. O

5.9 Proof of excess decay

In this section we prove the excess decay lemma, introduced in Section 7, from which we
deduce the Hoélder continuity of the multivalued normal and the regularity at multiplicity 1

corner points.

Assumption 5.9.1 (Blowup Sequence). A sequence of currents 7}, is said to be a blowup
sequence if they satisfy Assumption 5.1.3, To(L) = R™ 2 x {0}, C), = =N, Q; [H; 1] cornered

open books (with the same number of sheets and labeling) and:

1 1
E(Tk, Ck, Bg) S % and 141"2 + A% S %E<Tk, Ck, Bg)
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We wish to take a Dir-minimizing blowup out of a blowup sequence of currents. Up to
a subsequence, H;, — H,;. If C := Y Q; [H;] with 0 [H;] = [{VE%)]] — HVE%’)H then C, — C.
We also have T}, — C, X, — R™", Fik — Vij . The cornered boundaries satisfy M, — L.

If k£ is large enough, T} satisfy the Assumption 5.6.1. The excess bound is obviously
satisfied so it only remains to check the mass bound. This is a consequence of the monotonicity
formula and the fact that T, — C with C' an open book of multiplicity Q.

We take the Lipschitz approximations uf whose domains of definition are the outer
region which are subdomains of (B1 \ Bl/k(L)) N D; . We need them to be defined on
B\ Bi/x(L)N D; . This is easy to achieve by applying a rotation we define for ¢, k a rotation

o;x on R™" that takes H, to H;, while fixing R™! x {0}. Clearly, o, — Id. We define

k. —1
g PalO0ikOU; 00

ab =
E(T%, Ck, Bs)

)

k

Up to a subsequence @; converges weakly to a function ;. We will be able to estimate

the functions w; at the scale r = 12\/% since we have the non-concentration estimate at

scale & \/sﬁ The functions w; will be the Dir-minimizing blowup of the blowup sequence.

Lemma 5.9.2 (Dir-minimizing blowup). Let r = 12\/}71771. We list properties of the sequence

¥ and their weak limit U, :
o The functions U’ have equibounded Dirichlet energy.

o U converge strongly in WH2(B}, Ag.(R™)) (up to a subsequence) to a function U; in
i ) gLy 7 1Q;

W172(B:—7 AQi (Rn))
o The functions w; are Dir-minimizing on B with zero boundary value along Vl(()i) U Vz%l)

Proof. The proof is the same as Lemma 3.9.3. The only new aspect is that the zero
boundary data holds through the classical boundary parts, which follows from the fact that

Ar
ET.CrBs) V- 0
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Proof of Lemma 5.7.3. We rescale the ball By to Bg and get a sequence of currents as in
Assumption 5.9.1.

We prove the lemma by contradiction. We claim it suffices to show that

. . E(T}, Ck, B;)
lim sup lim sup —————~% = 0. 5.9.1
oo k—mp E(T}, Ck, Bs) ( )

If the lemma was false there exists 6 and a sequence of radii 7, — 0 such that

E(Tkl ) Ck” BTkl )
E(Tkl ) Ck‘l ) BS)

> 0.

This would contradict equation (5.9.1) and conclude the proof of the lemma.
It remains to prove (5.9.1).
We have that
E(T}, Cy,By) < CE(T}, Ck, Bg).

. . . 1
By the non-concentration estimate for every o if r < V3 then

1

rm+2

/ dist(q, Cy)?d|Ti| < C(6,Q,m,n,7) (B(Ty, Ci, Bs) + Ap + A}) o'~
B,
1

|ui |
rm+2 ; /Bmm\BM(L) ’

+C(Q,m,n,m) (E(Tk, Cy, By) + rAr + T’QAQE) (E(Tk, Ch,By)o ™2 + rAp + r2A§)”

+

We divide by E(Ty, Ck, Bg). We take limsup & — 0. Then, as o — 0, the last term vanishes

since it is superlinear with respect to the excess and the first term will disappear because we

took o to zero. Therefore, for r < 12;
m—2

. E(Tka Ck> BT) 1 / — |12
1 < 2.
11;611_>s021p E(T}, Cy,Bg) — rm+2 ; B, g
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We conclude that
E(Tk7 Ck7 Br)

limlimsup 45—+ =
r—=0 k0 p E(Tk, Ck, BS)

Thus, by the reverse excess Lemma 5.6.10, we conclude

lim lim su w =0
i E(Tk, Cy, Bg)
which gives a contradiction and proves the excess decay lemma. O]

Part 2: Construction of the example

5.10 Classification of certain cornered tangent cones
under a convexity assumption

In this section, we will classify some cornered tangent cones which are necessary to provide
our example. The tangent cones we classify are those we will obtain in corners under a convex

barrier hypothesis similar to Assumption 5.1.4.
Theorem 5.10.1. Let C satisfy the following hypothesis in R3T":

1. We consider the half-planes V° = Rez & RTey, V! = Reg & RT(—1)%e; which we orient

7

so that O [V°] = -0 [V].
2. Assume that C is an area minimizing cone such that 0C =2 [V ] + X1, [Vi'].

3. Assume that the support of the cone satisfies
spt(C) C W := {p = (21, 29,23, 74,7) € (R)* x R"™' 1 |z | + |y| < C’ox4} (5.10.1)

where x5 = —max {0,225} and Cy is a positive constant.
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Then the cone C' is a cornered open book of the form shown Figure 5.2:
C = [[R+61 &b R+€2 ) R@g]] + [[R+(—€1) ) R+€2 b Reg]]

when the orientations of the quarter spaces match appropriately the orientation of the boundary

data.

We depict the boundary of the cone we consider in the following picture:

Figure 5.3: Boundary of the Cone

The half-plane V? is depicted in black, the half-planes V;! are depicted in red and blue
respectively. The theorem says that a cone C' with the boundary as in Figure 5.3 is a cornered
open book of the type depicted in Figure 5.2.

We remind of the following theorem originally due to Allard in [3] which we expanded on

in Subsection 3.4.3 and applied it to a higher multiplicity setting.
Theorem 5.10.2. Fiz a 2-dimensional plane 7y C R™™ and assume that:
1. 'V is an m-dimensional varifold which is stationary on R™™ \ mg-.

2. O(V,z) > ¢g > 0 for some positive numbers co and for |V|-almost every x € spt(V)\ 7y .
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Co

. Vs a cone (ie. (Moy),V=V).

The orthogonal projection of spt(V) onto my is contained on a half-space). This means
there is a vector e € mo N S™ "1 such that

Pro (5pt(V)) C {2 : 0 < (z,¢)}.

Then 3 finitely many v, ..., vx € T N S™F~1 such that

k(p)
(BiNspt(V)\ By(my) € U mo +Rv;
i=1
for every p > 0.
o We denote (z,y) = z, o+ = (—x2,21) if © = Pry(2).

For'V a.e. (z,m) where z €
R™* "\ 75~ we have py(z+) =0

Assume my = {(z1, 29,0

,0) € R™™} and we denote z = (z,y) € mo x 7. The following
lemma implies Theorem 5.10.2:

Lemma 5.10.3. Assume V is a varifold which is stationary on R™™ \ 73 and is a cone

(conditions (1) and (3) of Theorem 5.10.2). Consider the following Radon measure j1 on
St:={zemy:|z| =1}

X _
[oau=[ () 2 2lpa () PV (2, )
Bl\wé- ‘.’ﬂ’

(—x9,71). Then = cH' for some c € R.

(5.10.2)
where (z,y) L

= Z} €T =
In addition, if p =0 and we have conditions (2) and (4) in Theorem 5.10.2 then:

1. po(xt) =0 for V a.e. (z,m) where z € R™™\ 77

2. The set pr, (spt(V) \ B,(ry)) NSt is finite and it has at most %(;’0) points.

The theorem above is a direct consequence of this lemma and we reproved it in Chapter 3.
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Proof of Theorem 5.10.1. We denote V1 := Vi UV/! = Re; & Res. We can apply n — 1 times
the above Lemma 5.10.3, each time taking my as Rey, @& Reyyy , for every 1 <k <n — 1.
We define the vector fields vy := —z4eqry + Tayreq. Thus we get that for |C|- almost

every p € spt(C) N {z4 > 0} we have
pa(v) =0Vl <k<n-—1

We will show in Lemma 5.10.4 that a variant of Lemma 5.10.3 holds for mg = Rey @ Rey..

This implies vy := x9e4 — x4e5 then
pg(v) = 0 for [C] — a.e. (5.10.3)

This allows us to conclude that if we define o : R3*\ V! — V1" as

o(z) = Pyl ()

) (5.10.4)

then |C| almost everywhere D¢ (o) = 0.

We conclude assuming Lemma 5.10.4 and thus its consequence, that |C| almost everywhere
D¢ (o) = 0. By interior regularity theory due to Almgren [4] and De Lellis - Spadaro [31, 33, 34],
C is regular in the interior up to a set of codimension 2. If ¢ is an interior regular point for

C and P, := 07 !(0(q)) is independent of the spine L, and moreover by constancy

w

(RN B > .

Given such a plane P,, it must part of it must lie in {z4 > 0} since C' assigns mass to it.
There are two options: either P, C {z4 = 0} holds or it doesn’t.

We define Hy = Re; @ RTey @ Rez. We split Hy into Hf = HyN {x; >0} and Hy =
H() N {(L’l S O}
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o If |P,|({x4 = 0}) = 0 then we consider H, := P, N {x,; > 0} must be a half-plane with
boundary [Re; @ Res]. We have that |C|(F, \ H,) =0 and |C|(H, N B;) > “=.

o If P, C {4 = 0} (which is equivalent to |P,|({z4 > 0}) = 0 since V! C F,), we must
have that ¢ € Re; @ Rtey @ Rez. In this case we must have by constancy that the
multiplicity is constantly nonzero either in Hy or in Hy and thus [C|(P, N By) > <.

We orient [Hi] such that 0 [H{ ] = [V°] + [Va] and 0 [Hy ]| = [V~] + [Vi].

Assume that there are at least N distinct planes P; containing a regular point. Then

=2

Nwp,
C|(By) > Z PmBlz:

this implies there are only finitely many such planes.

We must have that for Q); integers

Since spt(C) N {xy, = 0} C Hy, by constancy we obtain for Q* integers
N
C =2 Q" [Hy] + > Qi[H].
- i=1

Up to reversing the orientations of [H;] we can assume that @Q; > 0 for every 1 <i < N.
Given that spt(d[H;]) € V', we will show that O [H;] = 0[H,;] forall 1 < i < j < N.
Assume that instead for some 1 <7 < j < N, we have 0 [H;] + 0[H;] = 0.

By taking S = [H;] + [H;], we can write C' as C' = S + T where |C| = | S| + |T'|. This
implies that S is area minimizing without boundary. The only option for this to hold in this
setting given that the planes have a codimension 1 spine is if H H; is a full plane. This is
impossible since both of them are contained in {x4 > 0}.

In order to take the boundary data the following three equations must be satisfied
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. QT+Q =2
2. QT+ XN, Qi=1
3. Q" +XL, Qi =1

It follows that QT = Q~ =1 and Y @Q; = 0. Since all ; have the same sign, they must be
ZEro.

Allard’s lemma for the plane Re; @ Rey

In order to conclude we must show that we can apply a variation of Lemma 5.10.3 to the
present case with the plane my = (eq, e4). We will show that an appropriate version of the
lemma holds in the hypothesis that we have. Inside the proofs of these lemmas we will adopt

the notation z = (x,y) € mp and z+ = (—x4, 72).

Lemma 5.10.4. We consider my = (ea,e4) and V the varifold induced by C. Then the
measure j defined by (5.10.2) satisfies p = ¢H', which implies in the present context p = 0.
Thus, pr(zt) =0 for V a.e. (z,7) where z € R\ (ﬂé U spt(aC)).

Proof. To prove that u = ¢H' we must show that if ¢ € C(S') and has zero average, i.e.

/god,u:O.

We consider ¢ as a 27 periodic function on R and we take 9(t) := fot ©(7)dT a primitive

Jo1 pdH' = 0, then

of ¢ on R.

We consider a vector field of the form

X(2) = a(l2])B(lz])w(z)z.

Where a, f € C*(R) are defined with the following properties: a =1fort <1-4§, a=0
for t > 1— /2, and it is decreasing. S =1fort >, =0 for t < §/2, and it is increasing

with [|8']|co < 6.
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We will have that

/ div, X (2)dV (2, 7) = 2 /V 0 / X - n0di2.

We take § — 0 which implies by the arguments in Lemma 3.4.12 that

/gpdu = %ig(l)/divﬂXdV(z,ﬁ) = (0, 1)2/ (xL . 770) dH?.

VOoNB1(0)

Since the left hand side of the equality is independent of the choice of 1, the primitive of ¢,
then the right hand side must be independent of the choice ¢). This implies that the right
hand side equals zero.

Alternatively, the vanishing of the right-hand side can be seen directly by testing with

the vector field

Y(2) = a(|z])B(|z[)z~

with « and [ as above and taking the limit 6 — 0.

Since

spt(s)  {Joz| < O}
then 1 = 0 and thus p,(zt) =0 for V a.e. (z,7) € R™™\ 77 O

Lemma 5.10.4 implies 5.10.3, which in turn implies D¢ (o) = 0 |C||-almost everywhere,

allowing us to conclude. O]

5.11 Construction

In this section, we construct a general family of examples of area minimizing currents
with essential one-sided boundary singularities. We start the section by providing an example
of a specific boundary which is real analytic to which the theorems will apply, which allows

us to conclude Theorem O from Theorem 5.11.5.
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5.11.1 Concrete example in R’

The lower part of the boundary I'’ is defined to be the 2-dimensional lower hemisphere
FO = {(33'1,1}2,.%3,0,0) S 84 13 < 0} .

The upper part of the boundary T', is described by a two-valued map ®* : S! x [0,1] —
Ay (S?) € Ay (R?).

We consider S' € C so that the complex multiplication and thus the 2-valued square root
makes sense.

Let
Ol(zt) =Y H(Mz,ﬂ,tw))ﬂ .

We define
.= (ot ! 1]).
(@), (8" x[0.1])
Let M := {(2,0,0) e CxR x C: |z| =1}. We orient I'°, T'* and M so that 20 [I'°] =

2[M] = -8 [I'].

Theorem 5.11.1. Let T be a 3-dimensional area minimizing current such that 0T =
2[T°] + [T1] with T° and T, being the 2d integral currents defined as above. Then T has an

essential boundary one-sided singularity at some interior point of the boundary surface I'°.

By localizing to a small ball centered at an essential singular point, we obtain the following

Theorem:

Theorem 5.11.2. There exist a 3-dimensional area minimizing current T in B; C R® and a
real analytic surface I' such that 0T = 2[I'], ©(T,p) = 1 for every p € ' N By, and 0 is an

essential one-sided boundary singularity.
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5.11.2 A class of general examples

Assumption 5.11.3 (Density hypothesis). We say that two m > 3 dimensional integral
currents satisfy T'° and I'' with 9 [I'°] = [M], 0 [I''] = —2 [M] and spt(I"°) Nspt(T') = M

satisfy the density hypothesis if:

o There is a C? open set € which has uniformly convex boundary and M C 01 is a

smooth closed m — 2 dimensional submanifold.
o spt(I'%) C 99 is a C? surface with boundary M.
o spt(I'!) is a smooth surface in a tubular neighborhood U of M.
o spt(I'%) and spt(I'!) only intersect at M and they have orthogonal normals along M.

An area minimizing current 7" with 97" = 2 [T°] + [I"'] is said to satisfy the density hypothesis

if I'°, I'! satisfy the density hypothesis.

The convexity implies that spt(T) C Q. The convexity allows us to say that if p € I\ M
then ©(T,p) = 1, if p € UNspt(I'')\ M then O(T,p) = 1/2 and if p € M then O(T,p) = 1/2.

This allows us to use the developed regularity theory.

Assumption 5.11.4 (Additional Topological hypothesis). We say that I'® and T, two 2
dimensional integral currents, satisfy the additional topological hypothesis if it satisfies the

density hypothesis 5.11.3 for m = 3 and
« I'%is diffeomorphic to a disk with boundary M (which is a closed simple curve).

« In a tubular neighborhood U of M, the surface spt(I'") is non-orientable: UNspt(I'!) is a
C? surface diffeomorphic to a Mobius strip twisting once around M, and its orientation

reverses across M.

A 3 dimensional area minimizing current 7' with 9T = 2 [I'°] + [I'!] is said to satisfy the

additional topological hypothesis if 'Y, I'! satisfy the additional topological hypothesis.
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We show the following theorem, which provides a large family of examples of essential

one-sided boundary singularities, by splitting it into two parts.
Theorem 5.11.5. Let Q2 be a C? uniformly convex open set.
e Let M C 0N be a C? simple closed curve.
o Let T° be a C? surface with O [T°] = M diffeomorphic to a 2 dimensional disk.

o Let T' C O be an integral 2 dimensional current. We assume that M C spt(T'') and
in a neighborhood U of M, U Nspt(T'Y) is a C* surface diffeomorphic to a Mébius strip
which twists once around M. Indeed, U Nspt(I') \ M will be connected. We assign
multiplicity 1 to spt(T'Y) in U. We suppose that T is oriented such that 0 [T'] = —2 [M].

The surface U NT! is a smooth surface whose orientation switches across M.
o Further assume I'Y and I't meet perpendicularly at M and T° NIt = M.

Let T be an area minimizing current with 0T = 2[I°] + [T']. Then T is regular in a

neighborhood of M and has an essential boundary singularity at some point of T°\ M.
The first part is the control on the density and the regularity theory:
Theorem 5.11.6. Let T,Q,T° T'! be as in the density hypothesis Assumption 5.11.3. Then
1. VpeTl"\ M, ©(T,p) = 1.
2.VpeTtNnU\ M, (T, p) =1/2.
3. Ype M, ©(T,p) =1/2 and thus T is reqular at M.

The tangent cone is unique at all the above points, and the multivalued normal map at T°
is Holder continuous up to the boundary M (where it agrees with the cornered open book).

Moreover, T is reqular in a neighborhood of M .
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Remark 5.11.7. The density O(T), p) is defined differently at interior points p, at classical
boundary points p € T\ M or p € I*NU \ M and at the corner points M. It is upper

semi-continuous in each of these pieces.

We start with a quick discussion of why we consider the convex barrier property. The
convex barrier property that we considered in Chapter 3 and was considered in [27] is the

following:

Assumption 5.11.8 (Convex Barrier). Let 2 C R™™ be a domain such that 9 is a C?
uniformly convex submanifold of R™*". We say that Y, Q; [T;] has a convex barrier if Q;
are positive integers and I'; C 9 are disjoint C? closed oriented submanifolds of 9. In this

setting we consider 7" an area minimizing current with 07 = >, @, [I'] -
In order to get to the local information we define the wedge regions

Definition 5.11.9. Given an (m — 1)-dimensional plane V' C R™*" we denote by py the
orthogonal projection onto V. Given additionally a unit vector v normal to V' and an angle

VRS (O, 5) we then define the wedge with spine V', axis v and opening angle ¢ as the set

W(V,v,0) :={y:|ly—pv(y) — (y-v)v| < (tand)y - v}.

Lemma 2.3 of [27], which we cite below, gives us the desired local geometrical information.

Lemma 5.11.10. Let T, 31, Q; [T;], Q be as in 5.1.4. Then there is a 0 <9 < % (which

is independent of the point in UN,T;) such that the convex hull of UN T satisfies

ConvexHull(U),T;) € () (g + W (T,I, v(q),))

qel’

Proof of Theorem 5.11.6. At points of T°\ M or T' N U \ M, we apply a version of Lemma
2.3 of [27], which we just cited above Lemma 5.11.10 obtaining: At a point p of I\ M the

tangent cone C}, must satisfy

0C, =2 [[TP(FO)]]
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and

C, < {W(T,I, v(p), )}

At a point p of T'NU \ M the tangent cone must satisfy
oC, = [T,(TH]

and

C, < {W (T, v(p), )}

Thus for every point p € T\ M or p € ' NU \ M we must have that the tangent cone
must be of the convex barrier type. These are the convex barrier cones that we classified in
Theorem 3.4.8 for arbitrary multiplicity, and Allard classified them for multiplicity 1. In the
first cases it is an open book and thus ©(7',p) = 1, in the second case it is a single half-plane
and thus O(7T,p) = 1/2.

Let p € M, vy, v; be the normal vectors to I'° and I'!' respectively. At M the arguments

from Lemma 2.3 [27], imply that

Cyp C{y: Iy = Pr,an®) — (- v0) v — (y - v(p))| < tan(0)(y - v(p)) } -

This implies that C), is of the type of cones we classified in Theorem 5.10.1 and thus C), is
a cornered open book. Thus C, is as in Figure 5.2 and O(7, p) = 1. The regularity at M

follows from 5.7.2 and the Holder continuity of the normal follows from Corollary 5.7.9. [
We now turn to the second part: the conclusion.

Theorem 5.11.11. Let T,T° Tt satisfy the topological Assumption 5.11.4. Then T has an

essential boundary singularity at some point of T'°.

Proof of 5.11.1. Since I' is diffeomorphic to a disk with boundary M then there exist

0 :{z €R?*: |z| <1} — R™™ which is a smooth parameterization of I'" and ¢(S') = M.
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Then we can define the normal as a function of the disk as
noy: {z eER?: 2] < 1} — Ay(NTY).

We must have that at M, n(p) = [v}] + [—v}] where v} is one of the normals of I'" at M.
Since I' is a Mobius strip then the graph of 1 o LS induces a single continuous connected
curve.
Since the normal bundle of I is trivial, up to a diffeomorphism it agrees with the normal
bundle of
{(x,y) ER*xR":|z| <1,y = 0} C R*™™,

After changing the image space by a diffeomorphism we conclude the proof with a classical

elementary observation, which we collect in the following proposition:

Proposition 5.11.12. Let f : {z € C: |z| <1} — Ay(R™) be a continuous multivalued
function such that fL_S' is a continuous connected curve of multiplicity 1. Then f has an

essential singularity.

Proof. This is a fairly classical consequence of the theory of covers in algebraic topology and
that the boundary loop is non trivial.

For the reader’s convenience, we sketch the argument. Suppose, for contradiction, that f
has no interior essential singularities. Then, at every point p, f admits a continuous local
selection into two single-valued branches f; and f,. This remains true at boundary points by
continuity, since there are no double points at the boundary. By compactness, we can cover
the closed disk with finitely many open sets over which such selections exist. If a continuous
selection exists for two overlapping open sets U and V' then they must agree on U NV, and
thus we can extend the selection to U U V. Iterating this, we obtain a global continuous

selection on the whole disk. But this leads to a contradiction: the trace of f on the boundary
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is a connected loop of multiplicity 1, which cannot be written as the disjoint union of two

continuous branches. Therefore, f must have at least one interior essential singularity. [

The above proposition implies that f must have an essential singularity, which in turn
forces T to have an essential boundary singularity at some interior point of I'’. Otherwise, f

would have no interior essential singularities, which contradicts the proposition. O

5.12 Essential singularities for the linear problem

In the introduction, we sketched the validity of a general result for Dir-minimizing
functions. We point their validity in this section without giving a proof, since the main
interest of this chapter is the area minimizing setting and the proof of the result for the linear

problem is analogous to those for the nonlinear case.

Theorem 5.12.1. Let Q be a compact domain in R which is C*-diffeomorphic to a cylinder.
Thus OS2 consists of three two dimensional surfaces, Dy, D1,C, where Dy and D, are disks

and C is a cylinder which connects 0Dy with OD;. Let u € W2(Q, Ay(R™)). Assume that:
o (' meets Dy orthogonally.

o The function ul_C is C? in a neighborhood of Dy, and it is constantly equal to 2 [0]

on Dy.

o Assume that the normal derivative of ul_C to 0Dq is a continuous connected curve of

multiplicity 1.
Then u has an essential boundary singularity at an interior point of the 2-disk Dy.

Corollary 5.12.2. There exists u : W'?(R? x RY) — Ay(R?) which is [ > 1 homogeneous

Dir-minimizer.

Proof of Corollary 5.12.2. We consider u as in the introduction or u as above with 2 the

unit cylinder. Then, there exists a point p with an essential boundary singularity of u. If
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the frequency at p is 1, then, by Theorem 3.10.3 there is a unique linear blowup and thus
a neighborhood of p, u can be separated as two classical harmonic functions. This is a
contradiction since at p, u has an essential singularity.

Thus, the tangent map at p is an I > 1 homogeneous Dir-minimizer in the half-space

which allows us to conclude. O
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