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Abstract

This thesis is divided into two parts. The first part consists of Chapters 2 and 3, in which we study
the random data theory for the Benjamin-Ono equation on the periodic domain. In Chapter 2 we
shall prove the invariance of the Gibbs measure associated to the Hamiltonian E; of the equation,
which was constructed in [49]. Despite the fact that the support of the Gibbs measure contains very
rough functions that are not even in L?, we have successfully established the global dynamics by
combining probabilistic arguments, X *? type estimates and the hidden structure of the equation. In
Chapter 3, which is joint work with N. Tzvetkov and N. Visciglia, we extend this invariance result
to the weighted Gaussian measures associated with the higher order conservation laws E? and E3,
thus completing the collection of invariant measures (except for the white noise), given the result of
[51].

The second part concerns the global behavior of solutions to quasilinear dispersive systems in
R? with suitably small data. In Chapter 4 we shall prove global existence and scattering for small
data solutions to systems of quasilinear Klein-Gordon equations with arbitrary speed and mass in
3D, which extends the results in [20] and [32]. Moreover, the methods introduced here are quite
general, and can be applied in a number of different situations. In Chapter 5, we briefly discuss how
these methods, together with other techniques, are used in recent joint work with A. Ionescu and B.

Pausader to study the 2D Euler-Maxwell system.
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Chapter 1

Overview

One of the most challenging problems in the theory of partial differential equations is the study
of long time behavior of solutions. Depending on the structures of equations, the properties of
underlying manifolds and the sizes of solutions, one can have very different asymptotic behavior
in different situations. In the current thesis we shall explore two typical cases in the context of
nonlinear dispersive equations; the first one is the periodic Benjamin-Ono equation, which is a
semilinear PDE posed on a compact domain, and we will show a long time recurrent behavior for
generic, arbitrarily large data. The other is a quasilinear multi-speed Klein-Gordon system on the
Euclidean domain, for which we have asymptotically linear scattering for small data. The ideas and
techniques involved in the two problems are very different, but they both feature, to some extent,

the notion of “resonance”.

1.1 The Benjamin-Ono equation

We first discuss the periodic Benjamin-Ono equation. It is a semilinear equation posed on the one-
dimensional torus T; this in particular means that the corresponding linear flow is periodic, and
thus recurrent. One may ask whether the nonlinear flow behaves similarly; this will depend on the
exact structure of the equation and is not true in general.

In the case of Benjamin-Ono, one has a favorable completely integrable Hamiltonian structure
that leads to an infinite number of conservation laws, thus heuristically one may expect to have
recurrent behavior by constructing formally invariant measures. This construction was done in [50]
and [51], and the goal of Chapters 2 and 3 is to prove that they are rigorously invariant. This, via

Poincaré’s theorem, implies long time recurrence for the equation.



The main idea of the proof is a combination of robust local analysis and probabilistic arguments.
In Chapter 2 where the invariance of Gibbs measure is proved, the major part of the analysis concerns
local theory, since the typical regularity is below L?. Here we shall use X type estimates, thus
the so-called “division problem” will play an important role. In Chapter 3 the local analysis is much
easier, and the main difficulty comes from the absence of exact invariance for finite dimensional
approximations. To overcome this we need to construct suitable approximate energy functionals, by

using a variant of the famous I-method.

1.2 The Multi-speed Klein-Gordon system

The other topic discussed in this thesis is the nonlinear Klein-Gordon system. Here the goal is to
show asymptotic linear behavior and decay in L, at least for small data, which is expected due to
the well-known dispersion effect for free Klein-Gordon equations. In three dimensions, such results
were proved in Klainerman [36], Shatah [46] for the case of a single Klein-Gordon equation, and
Hayashi-Naumkin-Wibowo [29] for systems with the same speed. In the case of multiple speeds,
Germain [20] and Ionescu-Pausader [32] solved the problem under additional restrictions on the
parameters.

In Chapter 4 we shall prove global existence and scattering for small data in dimension three,
without making any restriction on the parameters. Here the division problem will again come in,
under the name of “time resonance”; we also need to study the related “spacetime resonance”, in
the terminology of Germain-Masmoudi-Shatah [22], which accounts for the main contribution of the
nonlinearity. Another important feature is the use of rotation vector fields, which improves both
linear and bilinear estimates.

In Chapter 5 we will extend the analysis to dimension two, and discuss one particular instance
of multi-speed Klein-Gordon systems, namely the irrotational Euler-Maxwell system. Here new
ingredients have to be introduced, namely a quasilinear I-method and a crucial L? lemma that
allow us to close the energy estimate even with inadequate decay. Unfortunately the proof in [18] is

rather long and technical, so in this chapter we will only sketch the proof; for details see [18].



Chapter 2

Invariance of the Gibbs measure

for the Benjamin-Ono equation

2.1 Introduction

In this and the next chapter we consider the periodic Benjamin-Ono equation
ug + Hugy = uug, (t,x) €I x T, (2.1)

which was introduced in [1] and [45] to model one dimensional internal waves. Here I is a time
interval, T = R/27Z, and the Hilbert transform H is defined by m(n) = —i-sgn(n)u(n), where we
understand that sgn(0) = 0. We will assume throughout that u is real valued and has zero average,
or fqr u = 0; this will be preserved by the flow.

In these two chapters, we will focus on the so-called “random-data theory” for (2.1). In the general
case of semilinear dispersive equations, this line of study was initiated in Lebowitz-Rose-Speer [40]
and Bourgain [3], and followed in many subsequent works, such as Bourgain [4], Burq-Tzvetkov
[9], [10], [11], Tzvetkov [49], Oh [44], Colliander-Oh [13], Nahmod-Oh-Rey-Bellet-Staffilani [43],
Bourgain-Bulut [6]. The main idea is to use probabilistic methods to analyze long time behavior
of generic solutions, which may have regularity lower than what is needed for deterministic well-
posedness. A central concept here is that of formally invariant measures; this is related to the

Hamiltonian structure and conserved quantities of the equation, which we discuss below.



The equation (2.1) has the standard Hamiltonian structure with the symplectic pairing

w(u,v) ::2/u~8;1v
T

and the Hamiltonian

1
B =l =5 [ o (2.2

It is also notable for being completely integrable, thus having an infinite collection of conserved

quantities of form E7[u] = ||ul| + R?[u], for 0 < o € Z. In the current work we will only need

2
Ho/2
the first four of them; except for the Hamiltonian E'! which is written in (2.2) above, the other three

are respectively E°[u] = ||ul|3, and

3 1
E?u] = ||ul%, — 5 [ «*H = [ u;
[u] = ull 4/Tu Uy + S/TU ;

(2.3)
Blu) =l + [ | (Guad + Gutn)?) = (guHu, + g t) ) + 50|
H3/2 T 2 x 2 3 4 20

For each o, there exists a measure v? associated with the quantity E7, formally written as

dvo(f) = e PV df (). (2.4)

zeT

To make this formal definition rigorous, one has to recast it as a weighted Gaussian measure and
insert suitable cutoff functions, as was done in [50] for ¢ = 1 (¢! is also called the Gibbs measure, as
it is connected with the Hamiltonian E'), and [51] for o > 2. These constructions are also reviewed
in Sections 2.2.1 and 3.2 below. The measures v so defined are formally invariant under (2.1); they
are also expected to be genuinely invariant when o > 1, see for example [50], where the author made
several observations supporting a possible probabilistic well-posedness result on the support of v!.

In the current chapter we will present, as in [16], the proof of invariance of the Gibbs measure /!,
which we will henceforth denote by v. The main task is to establish well-behaved global dynamics
on the support of v, since the measure v is known to be supported on H@~1/2=¢ for any ¢ > 0
but not H(@=1/2 and thus the support of v barely misses L. This prevents us from using the L2
well-posedness result of Molinet [41], and requires us to perform an extremely delicate analysis in
some Besov-type space Z; below L2. Due to the length of the proof, here we will only present the

most important parts; for full details see [16].



2.1.1 Preliminaries
Notations

The notations introduced here will be used thoughout this and the next chapter.

For a function v on R x T, we define its spacetime Fourier transform @, £ by

u(t, ) = Z/Ramg  ei(na+Et) dé,

and denote Un¢ = U, 7 := Uy ¢—|n|n- LThus we have three ways to represent u: u(t,z) as a function

i3
of t and x, ﬂn’g as a function of n and EA, and Uy ¢ as a function of n and £, where the § and gare
always related by E = & — |n|n. Since we will be dealing with more than one function, n and £ may
be replaced with other letters possibly with subscipts, say mj or 8. To simplify the notation, when
there is no confusion, we will omit the “hat” and “tilde” symbols; for example, if we talk about an
expression involving u,, &, it will actually mean ,, 5. The appearance of functions f defined on T
will not be too frequent, but when they do appear, we will adopt the same convention and write for

~

example f,, instead of f(n). We also use the notations

c (@)Y, e = ()M e (2.5)

U =uUu = U (M) = une

Let P denote (spatial) frequency projections; for example Py (or P<g) will be the projection onto
strictly positive (or non-positive) frequencies and P>, will be the projection onto frequencies with
absolute value 2 A. We also fix a smooth, even cutoff function 1) on R which equals 1 on [—%, %]
and vanishes outside [—%, %]; let g =1 — 1.

Define V to be the space of distributions on T that are real-valued and have zero average; in
other words f € V if and only if f_,, = f, and fy = 0. Let Vy be the subspace of V containing
functions of frequency not exceeding N (so that Vy is identified with R?V), and V3; be its orthogonal

complement. Let IIy = P<xy and Hﬁ = P~ be projections to the corresponding spaces.

Parameters and the space 7;

We fix a number s > 0 that is sufficiently small. The large constants C' and small constants ¢ may

depend on s; any situation in which they are independent of s will be easily recognized. We choose



a few other parameters, namely (p,7,b,7,q, k,7,€), as follows:

p*122+w? rf%fl, b:%fywi =858
- b (2.6)
q=1+s%2 k=1=35"4 =252 e=4T/4

When s is small enough, we have the following hierarchy of smallness factors:

S €2y r—s= s bk eg8— T -1l -k s (27)

N =
S
N =

In (2.7) each < symbol connects two numbers that actually differ in scale by a power of s. We
will also use 0+ to denote some small positive number (whether it depends on s will be clear from
the context); the meanings of 0—, and a+, a— are then obvious. Finally, using these parameters,

we can define the space Z; by
1
Iz =sum (3 2718,)" 2.8)
d>0 \ ‘=,

Note that we are including n = 0 when d = 0.
Next we will introduce finite dimensional truncations of (2.1). For a positive integer N, we define

the multiplier Sy by
(S = (5 ) o (2.9

We also allow N = oo, in which case S, = 1. The truncated equations are then
uy + Hugy :SN(SN’LL'SNUI). (210)

Notice that (2.10) conserves the L? mass of u; also, if u is a solution of (2.10) with u,, supported in

|n| < N for one time ¢, then this automatically holds for all time.

2.1.2 The main results, and major difficulties

With these preparations, we can now state the main results in this chapter. The most precise and

detailed versions are somewhat technical, and will be postponed to Section 2.6.

Theorem 2.1.1 (Local well-posedness). For any A > 0, let T = T(A) = C~te=%4; for the
metric space BOT (see Definition 2.5.17) containing BY([-T,T) — Z1), which denotes the space of

bounded functions on [T, T] valued in Z1, we have the following. For any f with ||f||z, < A, there



exists a unique function u € BOT | such that u(0) = f, and u verifies (2.1) on [=T,T) in the sense of
distributions (we may define uu, as a distribution for all u € BOT; for details see Remark 2.5.18).
Moreover, if we write u = ®f, then the map @, from the ball {f : ||f||z, < A} to the metric space
BOT, will be a Lipschitz extension of the classical solution map for regular data, and its image is

bounded away from the zero element in BOT by C'eCA.

Theorem 2.1.2 (Measure invariance). Recall the Gibbs measure v on V defined in [50], which is
absolutely continuous with respect to a Wiener measure p (see Section 2.2.1 for details). There
exists a subset ¥ of V with full p measure such that for each f € ¥, the equation (2.1) has a unique
solution u € NpsoBOT (in the sense described in Remark 2.5.18) with initial data f. If we denote
u=®f = (®,f), then for each t € R we get a map f — @y f from X to itself. These maps form a

one parameter group, and each of them keeps invariant the Gibbs measure v.

Since we are solving (2.1) in Z;, we would like to have that the solution u is continuous in ¢ with
value in Z7; this is not true. The discontinuity, which already exhibits the subtlety of (2.1) below
L2, is due to a modulation factor needed to eliminate one logarithmically growing term (see Section

2.4.3), and can be characterized explicitly.

Theorem 2.1.3 (Modified continuity). (1) Let u € BOT be the local solution described in Theorem

2.1.1. Let ug(t) denote the k-th Fourier coefficient of u at time t and define

An(t):/o ;kz_o|uk(t’)|2dt’ (2.11)

for n > 0 and extended to be odd for n <0, then A,, will grow at most logarithmically in n, and the

function u*, defined by

(W )n(t) = e 2Oy (1)

for each time, will be continuous in t with value in Z;.
(2) Let f € ¥ and u be the global solution described in Theorem 2.1.2. Let the function u*,

real-valued and having zero average, be defined by
(u#)n(t) _ efi(tlogn)/STrun(t)

for all n > 0 and t, then u™ is continuous in t with value in Z.

Next we will briefly discuss the proof of the above theorems. The first step of solving (2.1), see

[41], is to use the gauge transform w = Py (ue™"% tu/ 2) introduced in [48] to obtain a more favorable



nonlinearity; this already becomes problematic with infinite L? mass. In fact, with this transform,

the evolution equation satisfied by w would be
(9 — 10w = %axm (07w - 0,P_ (W0, 'w)) + iPO(uz)w +GT, (2.12)

where GT represents good terms. Here one can recognize the term Pg(u?)w that can be infinite
for u € Z;. However, when we further analyze the cubic term above, we find another contribution,
namely the “resonant” one, which is basically some constant multiple of Py(Jw|?)w. It then turns
out that the coefficients match exactly to give a multiple of |lw|%. — |[Pyul/?,. Since (at least
heuristically)

w="P, (ue*iaz_l“/Q) =Piu- ei0: /2 4 GT, (2.13)

this expression will be finite even if u is only in Z;.

The next obstacle to local theory is the failure of standard multilinear X*° estimates, which
play a crucial role in [41]. Recall from (2.12) that a typical nonlinearity of the transformed equation
looks like

0.P4 (05w - 9,P_(wdy 'w)). (2.14)

If the frequency of 9, 'w appearing in wd, 'w is low, we may pretend that this frequency is zero,
obtaining a quadratic nonlinearity which is similar to the KdV equation. In fact, there is a similar
failure of bilinear estimates for the KdV equation below H _%, which is necessary in proving the
invariance of white noise. This problem was solved in [44] by considering the second iteration, a
strategy already used in [5]. We will use the same method, though the fact that our nonlinearity is
only quadratic “to the first order” makes the argument a little more involved.

Passing from local theory to global well-posedness and measure invariance is another challenge.
The only known method is to produce finite dimensional truncations like (2.9), exploit the invariance
of the (finite dimensional) truncated Gibbs measures, and use a limiting procedure to pass to the
original equation. This requires, among other things, uniform estimates for solutions to (2.10).
The obstacle here is that the gauge transform in [41] is now inadequate for eliminating all bad

interactions. To see this, recall that when w = P, (Mu) with some function M, then

(O —i0pp)w = Pip[—2iM 0P u+u- (8 — i0ps) M|

+ Py [M-S(Su-Suy) — 2iMyu,),



where we assume that u verifies (2.10) with S = Sy. The terms in the first bracket enjoy a
smoothing effect and are (more or less) easier to bound, and those in the second bracket will be

—id; tu/2.

)

most troublesome. If S = 1, this second bracket can be made zero by choosing M = e
but it is impossible when S = Sy with N finite but large. However, note that we only need to
eliminate the “high-low” interactions where the factor Su contributes very low frequency and Su,
contributes high frequency, and this is indeed possible if we replace M with some carefully chosen
operator defined from a combination of S (which is a Fourier multiplier) and suitable multiplication
operators. See Section 2.4.1.

Finally, in order for the limiting procedure to work out, we must compare a solution to (2.10)
with a solution to (2.1). Since ¥(n/N) equals 1 only for |n| < N/2, the difference will contain some
term involving factors like P> yu, which does not decay for large N due to the [*° nature of our
norm Z,. Nevertheless, these bad terms eventually add up to zero, at least to first order, which is
enough for our analysis. Note that the bad terms involve ) factors which are unique to (2.10) and
are not found in (2.1), this cancellation is really something of a miracle. See Section 2.4.2.

The rest of this chapter is organized as follows. In Section 2.2 we provide the basic probabilistic
arguments, and in Section 2.3 we will introduce the major spacetime norms and corresponding linear
estimates. We next define the gauge transform for (2.10) in Section 2.4 and use it to derive the new
equations; then in Section 2.5 we will prove the main a priori estimates. Finally, in Section 2.6
we will prove our main results, which are (local and almost sure global) well-posedness for (2.1),

invariance of Gibbs measure, and modified continuity.

2.2 Relevant probabilistic results

2.2.1 Review of the construction of v

In this section we briefly review the construction of the Gibbs measure v as done in [50]. As stated in
Section 2.1, v will be defined by attaching a weight to some Gaussian measure p, so we first discuss
this Gaussian measure.

Consider a sequence of independent complex Gaussian random variables {g,, }, >0 living on some
ambient probability space (£2, B, P) which are normalized so that E(|g,|?) = 1. We may also assume

that |g,| = O({n)1%) holds everywhere on ©; this assumption is just in order to define the map f



and is irrelevant otherwise. Letting ¢g_,, = g, we define the random series

0500 S @) e ¢y (2.15)
2y/7|n|
n#0

as a map from Q to V (recall that V is the subset of D'(T) containing real-valued distributions
with zero average). This then defines the Wiener measure p' on V by p(E) = P(f~1(E)). For each
positive integer N, if we identify V with Vi x Vx, then the measure p is identified with py x p3;,

where the latter two measures are defined by
pn(E) =P((TInf) "1 (E)),  pn(E) = P((IIxf) " (E)).

Fix a compactly supported smooth cutoff {, 0 < ¢ < 1, which equals 1 on some neighborhood of

0. Consider for each N the functions
On(F) = C(ITn flI32 = an)ed S5, (2.16)

4 (f) = C(ITnfl122 — an)es MW D?, (2.17)

where we recall IIy = P<y as in Section 2.1.1, Sy as in (2.9), and

— E(|Tfi[2).

S|

N
an =),
n=1

Clearly 65 and 99\1 only depend on Ily f, thus they can also be understood as functions on Vy.

Define the measures
dvny = Ondp, dvy = Ondpn; dug\, = 9§Vdp, vy = 9§\,de.

Then we could identify vy and I/Iﬁv with 13 X py and v X py, respectively. Moreover, if we identify
Vn with R?Y and thus denote the measure on Vy corresponding to the Lebesgue measure on R?Y

by L, then with some constant Cy
dvyy = CnC([|£)122 — an)e  E¥UdLy; (2.18)

dvg = OnC(|If]122 — an)e EPldLy, (2.19)
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with the f here denoting some element of Vy, the Hamiltonian F = E; as in (2.2), and the truncated

version Fy defined by
1
BNl = I = 5 [ (Sn D™ (220)

It is important to notice, as compared to the situation to be discussed in Chapter 3 below, that
Vs 4s invariant under the truncated equation (2.10). This is because (2.10) is also a Hamiltonian
system with Hamiltonian Fy, a property which is specific to the Gibbs measure.

The main result of [50] now reads as follows.

Proposition 2.2.1 ([50], Theorem 1). The sequence 09\[ converges in L"(dp) to some function 6 for
all1 <r < oo, and if we define v by dv = 0dp, then V?v converges strongly to v in the sense that the

total variation of their difference tends to zero. This v is defined to be the Gibbs measure for (2.1).

Remark 2.2.2. Only weak convergence was claimed in [50], but an easy elaboration of the arguments

there actually gives a much stronger convergence as stated in Proposition 2.2.1 above.

Remark 2.2.3. We note that the measure v depends on the choice of (. In this regard we have the
following easy observation: there exists a countable collection {(f*} ren with corresponding 07 such
that the union of A% = {f : 0%(f) > 0} has full p measure. Note that AY is the largest set on which

p and v are mutually absolutely continuous.

The finite dimensional approximations we will actually use are vy instead of ug\,, thus we still
need to prove the convergence of vy. However, the proof is essentially the same as the proof of

Proposition 2.2.1, so we shall omit it here and only state the result.

Proposition 2.2.4. The sequence Oy converges in L"(dp) to the § defined in Proposition 2.2.1 for
all1 <r < oo, and vy converges strongly to the v defined in Proposition 2.2.1 in the sense that the

total variation of their difference tends to zero.

2.2.2 Compatibility with the Besov space

By elementary probabilistic arguments we can see that
o(f €V Il < o) = 0; (2.21)

p(feV:|fllg-s <o0) =1, (2.22)

for all § > 0. Namely, the Wiener measure dp (and hence the Gibbs measure dv) is compatible with

H~9 but not L?, which is the essential difficulty in establishing the invariance result. In this section

11



we show that this difficulty may be resolved by using the Besov space Z; defined in Section 2.1.1.

First we prove a lemma.

Lemma 2.2.5. Suppose that g;(1 < j < N) are independent normalized complex Gaussian random

variables. Then we have

N
P(Zlgjl“ZaN) < 4eVoN/120, (2.23)

j=1

for all a > 1600 and positive integer N.

Proof. Let X = Zjvzl lg;|*. Since E(|g;]*™) = (2m)!, we can estimate, for each integer k > 1, the

k-th moment of X by

k!
EXN = > Bl dan ) = ke
mi+-+my=k N mit-tmy=k j=1

<k4b > H m;!,

mytetmy =k j=1

since (m) < 4™. From this, we have that (for e > 0)

E(eYX) < 2E(cosh VeX <2+22—EX’“ <2+Z

k>1 k>1
where
N
Svi= Y. JIm (2.24)
my+---+my=k j=1
which we shall now estimate. By identifying the nonzero terms in (my,---,my), we can rewrite
Sk as
N
Sy = : :
N,k > ( . ) Sk (2.25)
1<r<min{N,k}
where
I
Sy = > [ mit
mi+-+m.=km;>1j=1
Clearly the number of choices of (mq,---,m;) is at most (ﬁj) < 2% and for each choice of
(mq,--+,m,), we have

r

jﬁlmﬂ'!gml meH — DV < (k/r)" (Z(mj1)>!

Jj=1
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Therefore we know that S} . < 6%(k — r)!. Next, notice that there are at most k < 2¥ choices of r,

and that (];[) < N"/r!, we have

N™(k—r1)!
Snk < 12%F max M

1<r<k 7l (2.26)

If the maximum in (2.26) is attained at r = k, it will be bounded by ZZ—f, otherwise it is attained
at some r < k, from which we know N < (r+1)(k—r) < 2r(k —r). Therefore the maximum in this

case is bounded by

T _ | k,.r _ r _ k—r
N7k —r)! < 25rT(k —r)"(k —1) < (6k)k < 18"k,

r!

7!
Altogether we have
12N)*k
Snx < 2168k! + ( o ) ,
and hence
384eN )k
E(eVX) <2+ > (17280)" + g (2.27)
k>1 k>1 (2k)!

which is clearly bounded by 4e20VeN if we choose € = 1/3456. Now if o > 1600, we will have

P(X > aN) < efx/eaNE(e\/a) < 467\/aN/120’

as desired. O

Now we can prove that the Wiener measure dp is compatible with our Besov space Z;. Namely,

we have

Proposition 2.2.6. With the measure p defined in Section 2.2.1, we have p(Z1) = 1; more precisely
we have

p({F €V lfllz <K}) 21— Ce @K (2.28)
for all K > 0.

Proof. We only need to prove (2.28). Setting C large, this inequality will be trivial when K < 100.

When K > 100, we get from the definition that

p(( €V lflz > 1006) < S8 3 lanl 2 £72). (2.20)

>0 No<n~2i

13



By Holder,

> lgal? = K*2

0<n~27
implies

> gnl* > K420,
0<n~2J

—1295/2

By lemma 2.2.5, this has probability not exceeding Ce=¢ provided K > 100. Summing up

over j, we see that

p({f ev: ||f||Z1 > K}) < ZC6_0*1K221'/2 < 06_071](2.
j=0

This completes the proof. O

2.3 Linear theory

2.3.1 Spacetime norms

Throughout the proof, we will use a number of spacetime norms based on the notations introduced
in Section 2.1.1. In general, when we write a norm as [?L', this will mean the I%Lé norm for some u
(which equals the Z%L% norm for 4); the meaning of L'/? will thus be clear. The space-time Lebesgue

norms will be denoted by L°LS etc. For example, under this convention the expression ||u/|;e

dZOlp,\,QdLl
actually means
1/p
~ P
sup u .
sup (3 el )
= n~2d
Next, observe that up to a constant,
3 2
[t =3 [ 3 [ Tlug| € (2:30)
neZ Rl n tnodng=nv81+82+8=¢ ;1

It follows that if |up ¢| < vp ¢, then ||u||zers < ||v]|Lspe; thus ||Nul|psrs is a norm of w.

14



The basic norms

Now we list the easier norms we use:

lullx, = ||(n)*(€)%ul],y 2 — [l o1 (2.31)
lllxs = im0 = g0 (2.32)
lullxa = [} )~ o o — 900 o (2.33)
lulxs = 1)1 ullze = [ e (2.34)
leullx, = lullig o, (2.35)
lullx = 1 (Y2 ulope = ulr /20 oo (2.36)
lullx, = ™€) Pullig 2 = Dl o g (2.37)

We also recall the norm Z; defined in Section 2.1.1, and rewrite it as

1fllz, = 11{)" fllige (2.38)

d>0

We make a few comments about the norms we use. X; is a substitution for the standard X
norm which is familiar in this kind of problems; however it is not sharp in terms of spatial regularity,
and this is compensated by X,. X3 is the spacetime Lebesgue norm that is to be estimated via
Strichartz estimates, and X, is a special norm designed to control u since it does not belong to
the standard X spaces; X5 is another “sharp” norm which, together with X7, is of auxiliary use.
Finally Xg can be seen as an “envelope” norm that controls four of the other norms (see Proposition

2.3.2 below), and will simplify the proof in relatively easy cases.

The space in which we work

Define

lully, = ullx, + llullx, + llullx, + lJullxs + llullx;; (2.39)

lully, = llullx, + llullx; + [lullx,- (2.40)

Moreover, for each space Z (which can be Y7, Y2 or any other space) we define

||u||zT = 1nf{||v||z : U|[—T,T] = u|[—T,T]}' (241)
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This [T, T] may also be replaced by any interval I. In the main proof, the gauged variable w will be
estimated in the space Y;', and the original unknown u in Y5, while other norms will be introduced

whenever necessary.

2.3.2 Linear estimates, and more
Relations between norms

Lemma 2.3.1 (Strichartz estimates). For any function u, we have
lullgepe S a2 L2, (2.42)

provided that the parameters are set as

(k,0,pB) € {(270,0), (4,0, %), (6,5, % +5%), (oo, % + 55, % + 35)}. (2.43)

Proof. When (k,0,3) = (2,0,0), the inequality (2.42) is simply Plancherel; when instead (k, o, 8) =
(00,1/2 + 85,1/2 + s°), this can also be easily proved by combining Hausdorff-Young and Hélder.
When (k,0,8) = (4,0,3/8), the inequality reduces, after separating positive and negative frequencies
and using time inversion, to the L* Strichartz estimate for the linear Schrédinger equation on T which
is well-known; see for example [2], Proposition 2.6. Finally, when (k, o, 3) = (6,5°,1/2 + s%), (2.42)
basically reduces to the L® Strichartz estimate that is proved in [2], Proposition 2.36; for a complete

proof, see [16], Proposition 3.1. O

By Lemma 2.3.1 and interpolation, we get a series of L¥ L¥ Strichartz estimates for 2 < k < co. It
is these that we will actually use in the proof; we will not care too much about the exact numerology

because there will be enough room whenever we use them.

Proposition 2.3.2 (Relations between norms). We have the following inequalities:
lullx, S llullx, +llullxs,  llullx, + llullx, + llullx, + llullx; < llullxe- (2.44)

Note that this in particular implies ||ullx; S |lully, if 1 <5 <7 and j # 6.

Proof. By Lemma 2.3.1 and hierarchy (2.7) we know that
(=€/21/245%) |11y o (2.45)

lullxs < [l
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Comparing this with the definition of X; and X, and noticing that v < 2 and by (2.7) and Holder,
lllx, 2 a4 e g2,
we will be able to prove the first inequality in (2.44) provided we can show
()2 < (n)THEY + ()Tl (2.46)

But this is clear since by (2.7), the left hand side is controlled by the first term on the right hand
side if (¢) > (n)190 and by the second term if (¢) < (n)19°.

Now we prove the second inequality in (2.44). The X; norm is controlled by Xg norm because s <
r,b < 1+s? and 2 < p. For basically the same reason we can use Holder to show [|ul|x, + [|lullx, <
lu]| xs- Finally, to prove |lul|x, < [Jullxs, we only need to show that ||gellre S ||<£>1/2+3295HL2, but

this again follows from Holder since ¢ > 1. O

Bounds for linear evolution

Next, we introduce the (cut-off) Duhamel operator £ defined by

Eult,z) = x(t) /O () (e Et HOuw (1)) () At (2.47)

where x(t) is a cutoff function (compactly supported and equals 1 in a neighborhood of 0) in ¢. Here
and below we shall use many such functions, but unless really necessary, we will not distinguish
them and will denote them all by x (for example, we write x? = x). We shall summarize the linear
estimates for £ in Proposition 2.3.4 below, but before doing so, we need to introduce two more

norms, namely:

ullxs = HU(T’O)”lrﬁom’liﬁ) (2.48)
llullx, = HU(T’_I/&HngZOLTN:ﬁ (2.49)
Lemma 2.3.3. With constants c;, we have
P PN (X * Un,x) -

Here the % 1s to be understood as the principal value distribution. This operator obeys the following
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basic estimates, valid for all 0,6 € R and 1 < h, k < oo

€)™ g S NtV g + D e (2.51)

1EW T pepn < NulP D g + [l e s (2.52)

Note the reversed order of norms in the second term on the right hand side of (2.51). If moreover
B>1-— %, we can remove the I¥L' norms. Finally, by commuting with P projections, we get similar

estimates for norms like Xo and Xs5.

Proof. The computation (2.50) is basically done in [5]. In our case, noticing that multiplication
by x(t) corresponds to convolution by X on the “tilde” side, we only need to express the Fourier
transform of fot u(t')dt’ (which is exactly the Duhamel operator on the “tilde” side) in terms of u(t).

We compute
1

/Ot u(t')dt’ = %u * sgn(t) + 3 /R u(t')sgn(t') dt’. (2.53)
On the Fourier side, these two terms gives exactly the two terms in (2.50) after another convolution
with X.
We will only prove (2.51), since the proof of (2.52) will be basically the same; also notice that if
g>1-— %, then

lwller S lwllprp S min {[[(€) wlliwpn, 1(6) w] rie }

for w = u(?~1) | by Hélder. Now to prove (2.51), we first consider the second term of (2.50). Due to

its structure, we only need to prove for any function z = z¢ that

[ &0y sl (254)

By considering |n| 2 1 and |n| < 1 separately and using the cancelation coming from the % factor,
we can control the left hand side by [[(n) ™' (z * X),||z1 (which is easily bounded by the right hand
side of (2.51)), plus another term bounded by ||(n) ~*0,(z * X)| . If we shift the derivative to X to
get rid of it, we can again bound this expression by the right hand side of (2.51).

Next, we consider the first term of (2.50). Again we consider the terms with |n| > 1 and |n| <1
separately (by introducing a smooth, even cutoff ¢,, say). The part where |n| 2 1 is easy, since
convolution by X is bounded on any weighted mixed norm Lebesgue space that appears here, and

% is comparable to (n)~! when restricted to the region |n| = 1. Now for the region |n| < 1, we can
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actually prove for y = y¢ and arbitrary K > 0 that

(e (Semm),

which easily implies our inequality. To prove this, let ¥ * y = z, and compute

v < Zn — & AT* _AT
(0 (22)) = [ gfimtog. [ Smaoiy g,
" s 1 migt 0

From this we already have (1)~ decay, and it will suffice to prove that supy, <1 120l Sl & Ky|lL1,

SO e, (2.55)

but this will be clear from the definition of z. O

Proposition 2.3.4. We have the following estimates:

I€ullxs < lut® D llxg, I€ullx, < Ilu®Vllx,; (2.56)
I€ullx, + I€ullx S Il Vllx, + 1u ™V x, S llullx; (2.57)
1Eullx; S llullxs S llullxs, [€ullxs < llullxo- (2.58)

Moreover, suppose u is such that u, ¢ is supported in {(n,€&) :n ~ 2% & > 2%} for some d, then
€l xs + 1€l xy S lu®Vllx, + [0 x, (2.59)

Notice that these estimates automatically imply the dual versions about the boundedness of E'.

Proof. By checking the numerology, we see that (2.56) is a direct consequence of Lemma 2.3.3. To

prove the first inequality in (2.57), we use Lemma 2.3.3 to conclude
I€ullx, + [€ullx, S Ilu® D, + 1@V + a7 s, (2.60)

and note that the last term can be controlled by ||u(® =1 || x, also. To prove that ||[u(® =V x, < |lullx,,
one first commute with P_sa, then control the [PL! norm by the L'I? norm, then use Hélder (note
the hierarchy (2.7)). To prove that [|[u® Y| x, < ||lu|lx,, one first replace the ||(n)® * ||;» norm by

the larger ||(n)" *|;,.,»  norm, then commute with P_,4, and control the I’ L? norm by the L

od

norm and use Holder again. Along the same lines, we have

I€ullx; < Iut®]lx, + u®V]x, (2.61)
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as well as

I€ullx, S lu® Pl

e [V, (2.62)

where the first term on the right hand side of (2.62) is bounded by ||u(®~1| x,, and the second
terms on the right hand side of both (2.61) and (2.62) are bounded by the X1 norm, by controlling
the IPL? norm by the L2I” norm and using Hélder. Also we have |ul|x,, < ||ullx, by Holder. This
proves (2.58).

Let us now prove (2.59). For the X7 norm we use (2.61), and the support condition will easily
allow us to control the second term on the right hand side of (2.61) by [[u(®~Y|x,. For the X5
norm, we only need to bound the second term on the right hand side of (2.62) by ||u(®~)|x,. Since

we can restrict to |n| ~ 2% and |¢| > 29, we can bound this term by

@ Vlgar S 0@ g2z = w22
< 2(07b+1)d||u(0’b71)||12L2 < 2((7«%(7'7b+1)d”,UI(O,fl)HX17
where o’:%7%—5>0, a:—%—%q, so that o + ¢’ —b+1 < 0 by (2.7). O

Quasi-continuity of norms

Next we will prove two auxiliary results about our norms Y; and YjT, as defined in Section 2.3.1.
They are only used in the qualitative part of the bootstrap argument, so we will only state the

results here. For the (not so trivial) proof, The reader may refer to [16], Propositions 3.5 and 3.6.

Proposition 2.3.5. Suppose j € {1,2}, and uw = u(t,x) € Y, is a function that vanishes at t =0,

then with a time cutoff x (recall our convention about such functions) we have, uniformly in T < 1,

that
IX(T ™ )ully, < llully;- (2.63)
If u is smooth, then we also have
. 1 o
lim (T tyully, =0. (2.64)

Proposition 2.3.6. Suppose u = u(t,z) is a smooth function on R x T, then for j € {1,2}, the
function T > 0 — M(T) = |ul|lyr satisfies M(T +0) < CM(T —0) for all 0 < T < 1, and
M(0+) < Cllu(0)]z, -
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2.4 The gauge transform

We now introduce the gauge transform adapted to (2.10), which will play a crucial role in the proof.
We will fix a large positive integer N throughout, and drop the subscript N in Sy (we allow N = oo,
in which case the arguments should be modified slightly but no essential difference occurs). We also
fix a smooth solution u to (2.10); note that smooth solutions are automatically global. When N is
finite, we will assume that @ is supported in |n| < N for all time.

Below, we will use A to denote various functions of the n; and m; variables, that are (linear
combinations of) products of 1) factors. They may be different when appearing in different places,
and usually we do not write out the variables these A depend on; when we do so, however, it will
be understood that the involved A functions are the same, and that the variables not appearing are
regarded as parameters.

It is also important that we actually have explicit formulas for all these A factors (though for
simplicity we do not present them here; see [16], Sections 5 to 7 for the rather long and tedious
computations), which are of no use in other places, but will be vital in exploiting the miraculous

cancellation below (see Section 2.4.2).

2.4.1 Definition of w and the first reduction

Let F' be the unique mean-zero antiderivative of u, namely F,, = %un for n # 0 and Fy = 0. Define
the operators Qo : ¢ — (Su) - ¢ and Py : ¢ — (SF) - ¢, as well as Q@ = SQoS and P = SPyS.

Further, define the operator

M=e 7 :Zf(—é)upﬂ. (2.65)

w =Py (Mu). (2.66)
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We also define v = Mu, so w,, = v, when n > 0, and w,, = 0 otherwise. The evolution equation

satisfied by w can be computed as follows:

+ P (MS(Su-Suy)— 2i[0, M]uy)

= P,0,(—2iMP_u,) (2.67)
+ Py (—2i[0,, M] + MQ)u, (2.68)
4+ 2iP4 [0y, MIP_uy + Py ([0, M] — [0y, [05, M]] ) u. (2.69)

In the first reduction, we will compute (2.67), (2.68) and (2.69), and reduce them to two typical

terms, a “quadratic” one and a “cubic” one (see below for the terminologies).

The term in (2.67)

This term is where we have the “smoothing estimate” which is the reason why the gauge transform
is introduced. This is exhibited in the P and P_ projections, which are so arranged that the top
frequency must be among the functions involved in M, and thus appear in the denominator. By

expanding M using (2.65), we can write the term in (2.67) as

. —1)~ L U
(2.67)n, =2i ) (2# ) > noma A - up, [ =2 (2.70)
I

] M
H: no>0,n1 <0 i=1
ni+mi+--+myu=no

Notice the input appearing as u,, (which we may call the major input) and those appearing as
Um, /m; (which we call the minor inputs). Since minor inputs satisfy very good estimates, our
analysis will mainly focus on major inputs; thus (2.70) can be seen as “linear” in this regard.
However, notice that Y ¥, m; = |no| + |n1|, we can always “upgrade” one of the minor inputs

U, /M. Actually, using

1 1 - i
_ Z i ’ (2.71)
my---my, |n0|+|n1|i:1 mi-emy
we can rewrite
) (—1rtt nony T i,
9.70) — i A=) — — — A Up, Un - ) 2.72
(2.70) %: 20 (p + 1)! no>0§n:1<0' Inol + [na] s 11;[1 i =

mi+--+myu+nit+na=ng
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where the upgraded variable is now called ny. Now, if |m;| = min(|ng|,|n1|) for some i, we may

upgrade this w,,, /m; input and obtain a “cubic” term of form

(N3)ny = Z O (1)U, Uy U,y H m’. , (2.73)
ni+nztnz+mito+mu=ng i=1
where the ¢ summation is temporarily omitted. If instead |m;| < min(|ng|, |n1|) for each i, then we

will have a “quadratic” term of form

I
(N2)ny = > O(1) min(|nol, | Imautn uny [T =22

nitno+mi+otmyu—n, i=1

(2.74)

?

The term in (2.68)

This term will not be present if N = oo; it is precisely due to this term that we have to define M in

the current way. Since [9,, P] = @, we may compute

1 i\ "
o] = S(5)
w
1 i ptr+1 y ,
= wa<‘z> PQP
. . 1 .\ pFv
8%

By expanding the commutator in (2.75), we can write the term in (2.68) as

,u+ 1 i p+rv+1 ; ,
TR
Notice that
[Q, P] = S(QoS* Py — PoS*Qo)S, (2.77)

we can thus write

putv

(—D)"(u+1) > om [T
(2.68)n, = E : Fo+1 —(A(n2,n3) — A(n1,M3))Un, Uy Un, =
v | ’
787 2 (,u v+ 2)' no>0;n1+n2+n3 2 =t "
Ftmitetmy 4, =no

(2

(2.78)
After exploiting the symmetry in n; and ng, we can replace the weight in (2.78) by
1
ﬁ (ngA(’ﬂg, Tl3) — TL3A(7L1, 'fl3) + TllA(TLQ, nl) — ’I’LlA(ng,, nl)) (279)
2
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Now we analyze the weight (2.79); by symmetry we may assume |n1| > |ns|. If |ns| < |nol| also, then
for the first two terms in (2.79), we can extract the ng factor, downgrade ny to a minor input, and
notice that |ng| < min(|ngl, |n1],|n3]) to obtain Ay as in (2.74). For the last two terms, by mean
value theorem

[n1[(In2| + [ns])

|n1A(n2,n1) —niA(ng,n)| < - N

Since also |n1| < N, we obtain a combination of Ny and N3. Now if |ng| > |ng|, then either

max(|na|, |mi|) 2 |n1| so that we have N3, or max(|nal, |m;|) < |n1| so that (2.79) is bounded by

1
2—n2(|713A(n2, n3) + niA(n2,n1)| + [ngA(n1, ng) + ni1A(ng, ng))|)

< @maXOnO') |’/l2‘, ‘mZD

~ N U»)

again by mean value theorem, using the fact that A is a product of even functions. Thus we again

get either Ny or N3.

The term in (2.69)

Clearly we have

1 M ,
[3t,M]=ZW<—2> P[0, PIP", (2.80)
wov
where
[0, P] : ¢ — S(SF; - Sv); (2.81)

also we may compute

1 A
ptont] = Spr(-5)  emrrere)
8%
1 A
= - _ 12 v
;(u—i—l/—&-l)!( 2> P10, Q1P
1 i ptv+o+2
_ Iz v o
* QM;T(M-FV—FU—FZ)!( 2> PrePiQpre.
Using the fact that
[0, P — i[04, Q] : ¥ = S(SG - S¢) (2.82)
where
G=F,—iFy, = —2%P_u, + ;(S((Su)z) - Po((su)2)>, (2.83)
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we may write

+v+4o

(1o e,

(269)n0 - Z +v+o+2 | Z Aunlunzung H —

Wyv,0 2 (N tvto+2) no>0;n1+n2+ns =1

+mi+-+myprro=no
L+
(—1)ntv { Y U,
+)° > na(A(ng) — A(n))tp, up, [ =2
+v ! 12 .
v 2 ('u Rl 1) no>0,n2<0;n1+n2 i=1 mi
+mait-tmuqs=no
) hy U
2 mg
+ 7 Po((Su)?) > A, H o ] . (2.84)
no>0;n1+mq 1=1

too Mty =no

Now the first and third terms on the right hand side of (2.84) are clearly N3; as for the second term,
we may assume |m;| < |na| or we again obtain N3. Since also ng > 0 and ne < 0, we must also

have |nz| < |n1]. Since by mean value theorem

nonal sl

[n2(A(ng) — A(n1))| S N N

max |my|

because A is even, we also have AN or N3 here.

Summary

Now we have obtained a first (crude) version of the equation satisfied by w, namely that

o
. ) U,
(6t *’La'pm)wno ZC;L[ Z O(l) mln(\no\,\n1|,|n2|)umun2H Trn;
® nit+nz+mi+--+mu=no i—1 i
r u
+ 3 Ot 1, [T 2 ] (2.85)
ni+nz+nz+mi+---+m,=ng =1 )

where |C,| < 1/u!. Again it is important to notice that we actually have explicit formulas for these
Kl ~ lu’

O(1) here, and that they will be important in the discussion below.

2.4.2 The miraculous cancellation and the second reduction
The miraculous cancellation

The A and N3 nonlinearities in (2.85) are good enough if we were solving the problem in L?. In

the current situation, the “resonant” part in N3 where (say) na + n3 = 0 will be dangerous, since
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they contain a factor

Z |un2|2 ~log N
[n2| SN

which cannot be controlled uniformly in N. However, this growth is rather weak, and will be
trumped by any nontrivial gain in the weight. For example, if the weight O(1) is bounded by
min(|nol, [nz2|)/|n2| when ne +mns = 0, we will not have this growth anymore. Therefore, the strategy
in this section is to identify all the resonant terms, then throw away any acceptable parts and make
use of the explicit formulas for the O(1) weights to get an exact expression for this bad contribution.
It turns out that this final expression is exactly zero, so we are left with only acceptable contributions.
This was done in [16], and we will make a brief overview below.

First, note that we may assume max |m;| < min(|ng|, |n1],|n2|) in any Ny term in (2.85), since
otherwise we can upgrade some m; and obtain an N3 term. Now, in A3 we will focus on the
contribution when ng + ng = 0 (and others by symmetry), and |ns| > max(|ngl, |m;|), since other

parts do not lead to log N divergence. Denoting the weight O(1) by I' now, this term would be

12

%:Ou%nwcl? Z L(k;ng,my,- - ’mu)“nln%,

ni+mi+---+m,=ng 1=1 !

where C), equals (—i/2)"/u! times some rational function of . Note that I' involves some simple
fractions and factors of ¢ or kv’ /N, with the last one appearing when we use mean value theorem
in obtaining an N3 term.

Now, in each of these factors, we will replace any variable other than & by 0; due to the structure
of T, the error terms so produced will be bounded by max(|ng|, |m;|)/|na| which is acceptable. In
this way, we can reduce I' to a function I', (k) of k alone; it will in fact be a polynomial of ¥(k/N)
(depending on p), possibly multiplied by factors like kv/'(k/N)/N. Therefore we can reduce this

bad term to

m

Sy an@nt Y [[2 =SS A i), i eso
ko on ‘ E u '

nit+mi+--+myu=ng =1

with some function I', (k) and some rational function Q(u).

We may absorb the Q(u) factor into I',(k); we then do this for each part of A3, and explicitly
verify that these I',(k) terms add up to zero for each p (this is just a polynomial identity), and
conclude that the resonant terms do not contribute. For details see [16], Section 6.

We have thus obtained the following result (here the “quartic” term appears when one |m;| in
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N3 is not negligible, and will generally be easy to deal with).

Proposition 2.4.1. We have, with |C,| < 1/u!, that

m

. Um;

(O — i0aa )0y = 3 C,s ) O (L)t iy [T 2

Iz n1tnzt+ns+mi+-+mu=no; i=1
(n1+n2)(n2+nz)(nz+n1)#0

min(|na|, |no| + |n1]) T U
+> C Y 0 tn Jum, [ [T 5
w =1

o [n2|
2;n1+my
+-tmy=ng

. (2.87)
—1 Um,;

F20 3 OM) g )t [T

m ni+ne+nz+ng 1=1

+mait-tmu=nog
b

+3 ¢, 3 O(1) min(|nol, [ma]. o, wny [T =25

p n1+na+my+-4m,=no; =1 "

max |[m;|<min(|nol,In1l,In2|)

Remark 2.4.2. An easier situation is when N = oo; in this case, the cancellation can already be
seen from the computations in [41]. Here however, all terms involve the arbitrary cutoff function i
that is in no way linked to the original equation (2.1), thus it is not to be expected that the miraculous
cancellation actually happens (of course if it were to be expected it would not be called miraculous).

It is also worth mentioning that, the recent work [6] provides a (relatively soft) way to handle
the logarithmic growth issue without this cancellation, in the context of the nonlinear Schrodinger

equation.

The second reduction

The nonlinearities in (2.87) are enough for the purpose of solving the equation in Z;. However, these
terms still involve factors of u, which are not bounded in usual X*? type spaces. Thus we have to
perform a second reduction by replacing v with w whenever possible.

Notice that v = Mu and w = P4 v, so that for n > 0 we have

m u
Up = Z 2:;[” (Pl‘q))n — Z 2:}” Z \I,M U, H t;;h , (2.88)

W 1w ni+mi+-+m,=n i=1

where ¥,, = ¥, (n,n1,mq,--- ,m,) is a product of ¢ factors. When n < 0, since u,, = u_,, we have

instead

Un =3 (2;},2,# > U, @) [ I;’;L ; (2.89)

o ni+mi+---+my=n =1

where we note (7),, = 7_,. We now make the substitutions (2.88) or (2.89) for each premier input
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Up, in the “quadratic” and “’cubic” terms in (2.87), and leave the “quartic” terms as they are.

We first study the cubic terms; after substituting we get

4 3
SHYaIlbs, X r Il 6w I
Bol=1 =1 n4nhnl+ mi=ny =1 I=1i=1 71

where T' represents the coefficient in (2.87) and y' equals either v or T. If for some [ and i we have
|mt| > |nj|, then we can upgrade this Uy /m! to major input and obtain a well-behaved “quartic”
term; see the statement of Proposition 2.4.3 below (there is actually still some subtlety here, but is
easily dealt with using the same arguments as below; see [16], Section 7.1). Now suppose |m!| < |n}|
for each i and [, then we may always replace y' by w or W, so we have already obtained a “cubic”
term with major inputs being w or w; next we investigate the occasion when (say) nj +nb = 0. Let
n} = k and n}, = —k with k > 0, we must have y! = w and y? = w. Here we shall, in all the factors
involved in I', ¥,,, and ¥ ,,,, replace any m} and m? by zero, noting that any error term so produced
will be a good “quartic” term. Now fix p1 4+ po := p and any other variable other than p; and us,
so that the factor [T}, (w1 /m}) [T2, (w2 /m7) can be extracted after rearrangement of variables.

We then have a sum

1 (1)~
which is zero unless p = 0. Finally if p; = ps = 0, then as in Proposition 2.4.1, we must have the
improved bound |T'| < min(|ny|, |no| + |ns|)/|n1].
Next, we will study the “quadratic” terms after the substitution in the same way. Basically, if
|ml| < |n}| for each i and [, then we get a term of the same form as the “quadratic” term in (2.85),

but with the major inputs u replaced by w or w. When |m!| > |n]| for some i and [ we will upgrade

this wu,,: /mi7 and it turns out that we get a term of form

> c. > oy inllne ful. e Lns ), 0., T

m;
)
ni+na+ng+mi+-+my,=ng max(|n2|, |TL3|) m;

where each 3! maybe u, v or 7.Then we substitute v back by u using the relation v = Mu and use
(2.88) and (2.89) again, so that we get either a good quartic term, or the same term as above.

All these lead to the following
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Proposition 2.4.3. We have, with |C,| < 1/u!, that

Z 3 min(|nz|, [no| + |n1|) Hﬂ U,
(at Oz wno C O(l) wn1|w712|2 e
i=1 "

. [na|
2;n1+my
+-+my=no
1 i u
- 2 mq
JFZC;L Z O(l)(2r2la<x4|m\) |, | UnzUny HWI
o n2;n3 i=1
+ngat+mi+-+my=no
n
Um,;
+ZCM Z O(1) (W™ )y (W )y (05 ) H WT'I
1% ni+nztng+mi+--+m,=no; i=1 v

(n1+mn2)(n2+nz)(nz+n1)#0

i

— Umt

D6 > OW)(Insl+ nal) et g g, T
173

n1+n2#0;n1+n2+n3 i=1 i
+nat+mait-+mu=no

+>_Cu > O(1) min(|nol, [nal, [n2]) (W™ ), (W), H 7“;;"

nit+nat+mi+---+m,=no;
max |m;|<min(|nol,|n1l,Inz2|)

(2.90)

Remark 2.4.4. Here we have simplified the discussion in [16] by removing what is called the J35
contribution in that paper. In fact, we observed that by one more substitution, this term can be
reduced to a part of J> in the terminology there, which is just the “cubic” nonlinearity in the
current section. Therefore, we will not need the Xg norm (which is specifically designed to attack

the J35 term) in that paper, and we can get rid of Section 10 of that paper completely.

2.4.3 The modulation factor and the third reduction

The nonlinearities in (2.90) are almost enough for prove the estimates; however, there is still the
“resonant” contribution, which will now not grow like log N, but still needs to be handled. In fact,
consider the “cubic” term in (2.90) where ng = n; and ns + ng = 0. Again letting the weight be T,

we get a term

n
(zcz ) r(nO,nz;ml,-.,mu>|wn2|2nfg)wno, (2.91)
i=1

ng mi+---+m;,=0

where |I'| < min(1,|ng|/|nz2|). The sum here grows like log(ng) instead of log N, which still prevents
us from estimating it directly, but due to its structure, we can eliminate it by introducing an
additional modulation factor. Note that this factor also explains the modified continuity result in
Theorem 2.1.3.

To be precise, in (2.91), we further replace each m; by 0, and also replace ny by 0 (since here we
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are mainly interested in the contribution when |ns| < |ng|) to obtain a term of form

Wn, ZCMFM(HO) Z |wn, [* Z H wm; = Wno ZC Lyu(no) Z |wn2|2(—iF/2)"“)0.

[n2|<K|no| my+eetm,=0i=1 [n2|<K|nol

With fixed ng, this is then simply

('Cno (F))O Z |wn2|2wn0,

[na|<K|no|

where L, (F') is some function of F' depending on ng, which is obtained from analyzing the explicit
expressions of all the “cubic” terms in (2.90). Through a similar computation as in Section 2.4.2,

we find out that that £, is actually a (purely imaginary) constant

v [5(3) 2o () ()

Thus we finally arrived at the following

Proposition 2.4.5. We can define (u*,w*), for each fixed time, by
A t
(w*, w*), = e B (u, w) p; Ay(t) = / Sp(t)dt’, (2.92)
0

where the & factors are

1 n 2n n n i
6= |2t () £ 223 ( )y (2 2 2.93
[Qw (N)+N¢ (N)w (Nﬂgwkl (2.93)
forn >0 (notice we may replace the wy, by (w*)y in this expression), and extended to n < 0 so that

they are odd in n. With these definitions, we have
(0 — 0" = N (W), (")) + N5 + AT, (2.04)

where with |C,,| < p!, we have

m

N3 (f.9) Z Cu Z ei(An1+A7l2—Ano)®2fnlgn2 H 7:: :

ni+nzt+mi+--+my=no; =1 B
max |m;|<min(|nol,|n1l,|nz2])

3 ©
* —iA, u"z,
Ao = DR | (o |

n1+nadng+mi4-+mu=ng =1 i=1 "

30



4 I3
—i Um,;
(N:)no — Z e zAnO(I)4Hum H mi
1=1 M

ni+-+nat+mi+--+myu=ng = i=1

The weights will satisfy
|©° S min(|nol, [nal, In2l), || <L, @Y < (Ins| + nal) ™

Moreover, for ® we have the stronger bound

min(|nz|, [no| + n1|) min(|ng, |na|)

@3] < if ng +n3 = 0; 19| < if ng = n1,ne +nz =0.
[12] max(|nol, [n2|)
(2.95)
Similarly, for ®* we have the bound
(@4 S (max m) " if ny +nz = 0. (2.96)

All these hold also for other permutations.

It is important to notice the bound |®3| < min(|ng|, |n2|)/ max(|ng|, [n2|) in (2.95). This implies
that, with ng fixed, the sum in ny will thus not have any growth, so that it can be bounded directly

in the bootstrap arguments.

Remark 2.4.6. In fact, all we need for the estimates below is that 6, grows at most logarithmically
i n, and that it is real valued. The first property does not require any computation and follows
immediately from (2.90), while the second property is to be expected due to conservation of mass

(and Gibbs measure).

2.5 The a priori estimates

Based on Proposition 2.4.5, in this section we state and prove our main a priori estimates. Basically

*

we shall bound w* in the space Y, u* in Y;[, and u in some space slightly weaker then Yy; there
will thus be many extension arguments, which we summarize in Section 2.5.1. Then we prove the
bounds for w* in Section 2.5.2 and the bounds for v* and w in Section 2.5.3. Finally, in Section

2.5.4, we state (without proof) a version of these main estimates that works for the difference of two

solutions.
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2.5.1 The bootstrap

Let us fix a smooth solution u, defined on R x T, to the equation (2.10), with the parameter
1 < N < co. In what follows we will assume N < oo, since the case N = oo will follow from similar

(and simpler) arguments. The main estimate can then be stated as follows.

Proposition 2.5.1. There exists an absolute constant C' such that the following holds. Suppose
|l4(0)]|z, < A for some large A, then within a short time T = C~te~“4, for the functions v and w

defined in Section 2.4, and the functions u* and w* defined in Section 2.4.3, we have
[y + "l < Ce®% lul=" Dy < CA. (2.97)

Remark 2.5.2. The constant C' will depend on the constants in the inequalities in earlier sections,
such as Proposition 2.3.6 and Proposition 2.4.5. To make this clear, we will now use Cy to denote

any (large) constant that can be bounded by the constants appearing in those inequalities.
In the proof of Proposition 2.5.1 we will use a bootstrap argument. The starting point is

Proposition 2.5.3. The estimate (2.97) is true, with C replaced by Co, when T > 0 is sufficiently

small.

Proof. Note that u*(0) = u(0) and the same holds for w*, and that w(0) = P,v(0); by invoking
Proposition 2.3.6, we only need to prove that ||u(0)|z, < CoA and |[v(0)||z, < Coe“A. The first
inequality follows from our assumption, so we only need to prove that ||[Mul|z, < CoeCol*lzi, By
the definition of M, we only need to prove that ||[Pru|z, < C’(‘)LHUHZrl for all 4. Now we clearly

have

|u7m
(P 0ol S Nty | [2no-ni|,  where 2, = > H EE (2.98)
ni

mi+--+my=mi=1

Since when m = my + ---m,, we have (m) < Cf(m1)---(m,), we conclude that

ZH“WKWHZW%MGMW7 (299)

m =1 m,;

where the last inequality is because

N

Z ‘ungh NZQ 3d/4 Z [t

mn~2@

Z 2(*3/4+171/P77‘)d” (M) ”lanZd
d

22_(1/4”””21 N ||uHZ1‘

d

A
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Now using (2.99), we will be able to complete the proof once we have

1/4|

[(Untmnezllz, S (m)"""lull 2,

but this is easily proved by using the definition of Z; and comparing coefficients for each wu,. O

Starting from Proposition 2.5.3 and with the help of Proposition 2.3.6, it is easily seen that we

only need to prove the following

Proposition 2.5.4. Suppose C; is large enough depending on Cj_1 for 1 < j <2, and 0 < T <

Cyte=C24A. Then if the inequalities
3
[l + llu*llyr < Cre™ O lyr < Oy (2.100)

hold, these inequalities must be true with Cy replaced by Cy.

The extensions

By the definition of YjT norms, we have globally defined functions u”, w” and u'” which agree with
u*, w* and u on [—T,T)] respectively, and verify the inequalities in (2.100) with the superscript T
in the norms removed. By inserting a time cutoff x(¢), we may assume that they are all supported
in |t| < 1. We then define the factors d,, and A,, for all time as in (2.92) and (2.93), with w* and u
replaced by w” and u'”’ respectively. We may also define functions v’ and w’ by (u'),, = e"*~(u"),
and (w'), = e (w"),.

Now we could interpret the bilinear form N5 and terms /\/j* on the right hand side of (2.94), by
replacing each minor input v with u'”’, each w with w’, each major input v with «’, each 4,, and
A, with what we defined above. If we then choose some 0 < 7 < T and define the function z by
z(t) = w'(t) for t € [T, T] and (0; — i044)2(t) = 0 on both (—oo, —T] and [T, +00), then we can

check that this function z verifies the equation

(O = i02a)z = 17 (ON5 (25, 25) + 17 1(t) D> N, (2.101)

JE{3.4}

with initial data z(0) = w(0). Using the time cutoff x(t), we can define y(t) = x(¢)z(t). From
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(2.101) we conclude that
y = x(t)e =2 w(0) + E(1 7.7 - N3y + Y E(r NG (2.102)
je{3,4}

Since w” is smooth on the interval [-T,T], we may conclude that 7 +— y is a continuous map from

(0,T] to Y7; also it is clear that when 7T is sufficiently small we have ||y|ly, < Coe“®“. Thus in order

to prove the estimate for w*, we only need to prove the following

Proposition 2.5.5. Suppose y € Y is a function verifying (2.102) with 0 < T < Cy te=%24, and

lylly, < C1e“4, then we must have ||ylly, < CoeCoA.

In what follows, we will use T instead of 7 for simplicity; note that 7' < C5 le=CaA,

Information about the ¢ factor

Before proceeding, we need an additional result, Proposition 2.5.8, concerning the exponential factors
eFiBn(t) Tt basically stated that this factor loses only an arbitrarily small power, which follows from
Proposition 2.5.6 and Lemma 2.5.7 below. Here we only prove Proposition 2.5.6; the reader may

refer to [16], Section 8.2 for the full proof.

Proposition 2.5.6. We have
160l < CoCreCoC A log(2+ |n]); | F(6ng1 — 6n)|l2 < CoCre®0Cr4(n) " og(2+ |n|). (2.103)
Proof. Recall from Proposition 2.4.5 that
0n=C(n)- ) _[(w" )l (2.104)

where clearly we have |C(n)] < 1 and |[C(n + 1) — C(n)| < (n)~!. Now, using the fact that

fgllr < [ fllz2lgllzr, we obtain

I0nllzr S > IIC Wil (w )kllu S wle,,, L1||w”||li<< L
E<(n)
< CpC1e“ % M og(2 4 |n)). (2.105)

Here we have used the fact that

[wlhez_, o Slog2+[n]) - lw”lige 2,10 S log(2 + [n)w” | x., (2.106)

d>0
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and the same estimate for w”. The estimate for the difference is proved in the same way. O
Lemma 2.5.7. Suppose h; = h;(t), j € {0,1} are two functions of t, and define J;(t) = x(t)e*H1(®),
where H;(t) = fot hj(t")dt’, then we have the estimate

EVF (J1 = o))l pr S I1F (= ho)|lpr (1 + 1l + ol ) (2.107)

for all 1 <k < 0.

Proposition 2.5.8. For any function h, let h' be defined by ('), = x(t)e**®rh, for each fired
time. We then have

(R0 x, < Oc, (1)e“C 4 n] x, (2.108)

for1<j<7T.

2.5.2 The estimates for w*

In this section we prove Proposition 2.5.5, starting from (2.102). The linear term is clearly bounded
in Y, by Cpe®4, so we only need to bound the /\fjfk terms. It turns out that the N term is always
easier to handle, in the sense that either it can be bounded trivially, or the same obstacle encountered
in estimating N also appears in the estimate for A. Thus, below we will focus on N3 and N5

only, and divide the proof into three main propositions.

Proposition 2.5.9. For each j € {2,3,4}, define
M; =EQ_rmNj), (2.109)
where we may write Nif or Ny (y*,yT) depending on the context. We then have
[Mallx, < Oc, (1)e AT, (2.110)
as well as

D M)V e < O, (1)eCATO, (2.111)
JE{3,4}

Remark 2.5.10. Since we have |[u™"% ||z < Co|lul=1/2%%) ;212 by Hélder, the inequalities

(2.110) and (2.111) will imply ||yl x, < Coe®?, due to the restriction T < Cyte=C24.
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Proof. Below we will omit the implicit constants, understanding that they are always under control.
We need to be careful with the sharp cutoff 1(_r 7); denote by ¢¢ = % the Fourier transform
of 1j_r 1}, then we have |¢¢| < min(T, <£>) and that [|¢|| i+ (e> 1) S TOT(K)O~

First let us prove |M?||x, < T°F. This will be an easy part, so we will use this as an example
to demonstrate our general scheme. Choose a function g such that [|g||x; < 1 and define f = &'g.
Also define f’ by (f'),, = e!®n f,, and y' similarly; these notations will be used throughout the proof
below. Note that since f has compact time support, we may insert x(¢) in the definition of f/, so
that we can use Proposition 2.5.8. The same comment applies also for later discussions.

From the bound ||g||x; < 1 we obtain by Proposition 2.3.4 that || f(**=%)||,,, ., < 1, which then

implies, thanks to (Holder and) Proposition 2.5.8, that
(670 Kt EY P (2.112)
Using Plancherel, we now only need to bound the expression

S = Z/ano,ao : (1[7T,T]N2*)no,(x0 dao

2 K 1
- . _ u ),
= § / @2fng,aof(]—[—T,T]el(Anl +An,—Ang) I |(yi)n, I | ( m) )(ao . ‘no‘no) dayg
R _ i1 i

no=ni+nz+mi+---+my,

= Z \/R(I)Q(f/)no,oco < [-T,T) H )Zm> (Oto - \n0|no) dag
1=1

no=ni+nz+mi+---+my,

2. : 7 s
mi,Pq
= /T) @ fl no,xQ H nl’al (bag H mi B

no= n1+nz+ Fmy =1 =1

Here the integration (7") is interpreted as the integration over the set

3 1% 2 1%
{(Oéo, o B Bu) oo =Y o+ > Bit E}, == [nolno — Y _ |l = mglm,
=1 i=1 =1 =1

which is a hyperplane in R#** (recall the notation that a3 = a; + as + a3), with respect to the
3
standard measure [[;_, da; - [\, dB;.
Let Zfz()(nﬁ ~ 24 and fix d; we may replace f’ by (f)'=92=7) so that (2.112) reduces to
() O1=%) ;22 < 1. Since |®2| < |ng|, the gain from this reduction can cancel the ®2 weight, up

to a loss of 20—, Below we will use the reduced bound for f’ and the new weight |®2| < 1.
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Notice that |m;| < ming<;<2(n;), we can check algebraically that

S . 2.11
I=| Orélllgzmz) 012?2(7”)7 (2.113)

thus at least one of the o and 3 variables must be > 2. First assume () 2> 29, then by considering
(f)©1=%) we can gain a power 2007%)4 and reduce the bound to | f’[j;2z> < 1. In the same way,
we can use the X; and X4 bounds for y to deduce some bound for y’ (see Proposition 2.5.8), and
strengthen the bound to ||(y’)(52’1/2+52) lizz2 < 1 at a price of at most 20(1/2=0)d,

We then fix all the m and /8 variables to get a partial expression that is bounded by (with C

being irrelevant constants)

2

2
+
Sw s 2 [ sl N0k
0= 2 3 =1

no=ni1+n2+C

S @0 @)=+ 9]
{oo L oo
S eze - 1 ([ por Lo+ - 19 | zozs - 1 llie Lo (2.114)
Here a; = a3 — |my|ny, and ¢ is viewed as a function of (¢,z) that is supported at n = 0 (so that

—

@3 = a3). The right hand side will be bounded by 7% by our (reduced) assumptions and Strichartz
estimates, provided we choose the 6+ to be 6 + cs? with some small ¢, and choose 14 accordingly.
Now we sum over m; and integrate §;, exploiting the bound ||(u”)=19|[ 1 < C1 A, to bound
the whole expression for a single d; taking into account the gains and losses from the reductions
made before and exploiting (2.7), we conclude that the part of S considered above is bounded by
T0+200-)4 " which allows us to sum over d. This concludes the case when (ag) > 2%. The cases
when (o) > 27 or (a) > 2% are similar, just that we use the bound ||(f")©*=%)||;2.> < 1 to control
[9Vf/|| 2+ 2+ (with 2+ being some 2 + ¢(1 — x)), and then use the bound |[(y/)* 2+ ||;272 < 1 to
control ||My'|| re-re— (with 6— being some 6 — ¢(1 — k)). Choosing the constants ¢ appropriately, we
can close these case in the same way as above.
Next, assume that (8;) > 2¢ for some 4. If for this i we also have (m;) > 2%/3% then we would

bound |m;|~* < 2790 (m;)~2/3 to gain a power of 2¢¢ and proceed as above, since we still have
™) 230 S (™) x, < CoCrA (2.115)

which allows us to sum over m; and integrate over ;. If (m;) < 24/30 we could use the X, bound

of (u)(=%*:9) and Proposition 2.5.8 to bound [|(3/)(=3/29/19)||,2;> < 1, and exploit the largeness of
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29/20 and reduce the above bound to ||(3/)3/5)||;22 < 1, which would imply

B; to gain a power
I/ l;rr: < 1 so that we can still apply the argument above, sum over m,; and integrate over (3;. This
concludes the proof of (2.110).

Now let us prove (2.111). As said before, we will only do this for Af. Using exactly the same

scheme, we only need to bound

3 Iz

D SE AR e | (T | G R
) 0,00 nl,al 4 m; )

no=ni+nz+ng+--+my, =1 i=1
with the integration (7') interpreted as the integral over the set

4 Iz 3 1z
{(aow" cag, B By)tan =Y o+ Y B +E}, E = |nolno = Y Imulni = Y lmy|m;
1=1 i=1 1=1 i=1
(2.117)
with respect to the standard measure, where we now have ||(f/)(/301=%)||;2,2 < 1.

The estimate of this term goes in basically the same way as with the cubic Schrédinger equation
in 1D; however, here we have the power |ng|'/30 at our disposal. Now if |ng| > 2°¢, then we gain
a small power 2°¢ which is enough to cover any possible 20(*)¢ loss, thus we can proceed in the
standard way by bounding every term in appropriate spacetime Lebesgue spaces.

If instead |ng| < 2°¢, then either ny + ny = 0 (in which case we again gain a power 2¢¢ from the
stronger bound for ® in (2.95)) or we again have |Z| > 2%, so at least one a; or 3; must be at least
24, which allows us to gain a suitable power of 2¢ from that factor and again close the estimate.
Note that if (8;) > 2¢ we have to use the X, bound of (w”)(=5*.0) and argue as we do with Mo

above. O

Proposition 2.5.11. We have

Yo Y IMylx ST (2.118)

je{3,4} ke{1,2,5,7}

Proof. Again we only consider M3. Note that it involves a sum over the n; and m,; variables; we
shall first prove the bound for the terms where ng & {ni,na,n3}, since they will be be bounded in
the “envelope norm” Xg.

Let the functions g and f, f’ be as before, with g x; < 1; this would imply

—S8— 83 — 82
||(f/)( s=0(s"),1/2—0( ))lem <1.
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What we need to control is the same quantity S as in (2.116), and we assume the maximal n; variable
is ~ 27 as usual. Moreover, with a loss of 2099 we may assume that |[w/(s"1/275%) || 122 < 1.

Now to bound S we take absolute values and get

(") .

my;

(2.119)

3 Iz
/ A== .
S| < 3 /(T) 7o LT ] 10 ]

no=ni+nz+ng+mi+---+my

If some of the a; or 3; is at least 2%/90, then we can gain 2°? from this factor, and proceed in the same
way as the proof of Proposition 2.5.9 before; thus we now assume that |o;| < 2490 and |3;] < 2%/,
and of course |m;| < 2%/ also.

In this situation we do not have any 2°¢ gain to cover the various loss which is due to the fact
that we are below L2, so we have to use the power (n)* in the X; norm for w’ to gain a power 2°%¢,
This forces us to estimate only in the weaker [P with p > 2; in this regard we have the following

lemma.

Lemma 2.5.12. Suppose that ng,ni,ng,ng satisfy
no +n1 +ng +n3 = K5 |no|no + [niny + [najng + [n3|ng = Ko,
where K; are constants such that

|K1| + | K| < 2740 max (n;) ~ 2¢,
0<I<3

then one of the followings must hold.

(i) Up to some permutation, we have ng+mn1 = ng +ng = 0. In particular, this can happen only
if K1 =Ky =0.

(i) Up to some permutation, we have ng +ny = 0, (ng) ~ 2%, and that (ny) + (nz) < 2440,
Note that it is possible that (say) ni1 + ne =0 and ng,n3 are small.

(iii) No two of n; add to zero. Under this restriction we must have (n;) > 2°°¢ for each I;
moreover, if we fix K1, Ko and any ny, there will be at most < 25°d choices for the quadruple

(no,n1,n2,n3).

Proof of Lemma 2.5.12. Suppose some (n;) < 2994 (say | = 0), then one of (n;) for 1 <1 < 3 must

also be < 2994 since otherwise we would have

> . mi > 91.9d
|[n1[n1 + [nalng + [nalns| 2 moax (ny) - min (n) 2 2
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while |ng|? < 2''%¢, which is impossible. Now assume that (n;) < 2°-%¢, then in particular (ny +
n3) < 24, thus nong < 0 as well as |[ng — n3| ~ 2%, Suppose ng +n; = k and ny +n3 = [, we will
have |k +1| < c24/40 and

21|1| < 2094 (k) 4 24/40

Now if I # 0, this inequality cannot hold, since it would require |k| 3> |I|, which implies (k) < 2%/40,
so that the right hand side will be at most 2(0-9F1/40)d an{ the left hand side is at least 2¢. Therefore
we must have ng + ng = 0. If also ng + n; = 0, we will be in case (i); otherwise k # 0, so that we
always have ||no|ng + |n1|n1| 2 |nol + [n1|, which then implies that (ng) + (n1) < 24/40 and we will
be in case (ii).

Now assume that (n;) > 2°9¢ for each [. By the discussion above, we cannot have any nj, +n; = 0
(unless we are in case (i)), so we will be in case (iii). Finally, suppose we fix K, K5 and ng. The
requirement ny, +n; # 0 implies that each (n;) > 2°%¢, so without loss of generality we may assume
no > 0 > ni. Now ny and n3 cannot have the same sign since |K;| < 2440, thus we may assume

no > 0 and n3 < 0. Therefore we will have
_ 2 2 2 2 _
ng+ni+ns+n3 =Ky, nj—ni+n;—n3= Ko,

which implies

1

(n2+n1)(n2—|—n3) = (K12 —2K17L0+K2).

N

By our assumptions, the right hand side is a nonzero constant whose absolute value does not exceed
224 The result now follows from the standard divisor estimate, since knowing ns + n; and ng + ns

will allow us to recover the whole quadruple. O

Proceeding to the estimate of M3, we can see that the only possibility is case (iii) in Lemma
2.5.12 (since we have required ng € {n,nq, ng}; also if ny + ny = 0 and ng, ng are small, we will
gain a power 2°¢ from the weight ® so we can argue as above to close the estimate).

Recall that up to a loss of 20(53)‘1, with small ¢, we have || (fH(=s1/2=e) ||12L2 < 1; also by invoking

83

< 1 with a loss of at most 20(7)d,

the X7 norm of w we obtain the estimate H(u}’)(s’l/%C)HlPL2 <

Since we now have 2°9¢ < n; < 2?9 we may replace the 4=s parameters in the above two bounds by

0, and through this process we gain at least 2':7%¢, Therefore, by fixing m; and f3; first, we will be
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able to get the desired result if we can prove the following inequality:

3 1 3
Ssub — Z /(T H |(Al)nl,0tl‘ . min {T, <a4>} 5 20(33)dT0+ H H(Al)(O,l/Q—C)HlHCLQ’

) 1=0

no=n1+nz+nz+K; =0
(2.120)
provided c¢ is a small absolute constant, where the integral (T") is taken over the set
3
{(ao, Sy 0y) tog = g + [nglng — Z |na|ng + Kz}, (2.121)

=1

and we restrict to the region where no two of (—ng,n1.n2,n3) add to zero, Y, (n;) ~ 2%, the NR
factor ||ng|ng — Z?zl I | < 230 and |Ky| + |K3| < 270,

We will use an interpolation argument to prove (2.120); in fact, if will suffice to prove the estimate
when we replace the parameter set (1/2,2 + ¢) with (2/5,2) or (3,4). When we have (2,2) we will
be able to control MA! in LA+ L4t for each [, so that we can control the ay4 factor in I L't to
conclude. When we have (3,4), assuming the norm of each A is one, we will get that

4@+ ) F (A (@) 0 < (@ + ) (A, (@) 2 = A

ng?

with
1A s S 1(AD O g S 1. (2.122)
Therefore when we fix (ng,- - ,n3) and integrate over (o, - ,a4), we get
3 —14+s% 3 3 4
wb S T°+/ <545 - a- K2> [T@ + tralng) = T (@ + Ialna) | F (AN, (@) T dé
® =1 1=0 1=0 =1
3 —14s% 3
S T0+<|n0|no — Z |nl|m + K2> HAilz'
1=0

=1

We then sum this over (n;); by Holder, we only need to bound the sum

3 —14s*
Z <|n0|n0—2|m|nl+K2> (A?lo)4.

(no, - ,n3) =1
If we fix |ng|ng — 2?21 Iny|n; = K3 with |K3| < 230, the corresponding sum will be < 206”4, since
each ngy appears at most this many times due to Lemma 2.5.12; also the sum over K3 will contribute

at most Y (K3 — K5)~ 1+ = 206")d_ This completes the interpolation, and thus the proof

| Ka|<2
for this part of Ms.
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What remains is when (say) ng = n;. Here we will use the expression (2.116), but with f’
replaced by f, and (w’)* replaced by (w”)*. This is easily justified by definition and the fact that
no = ny. We will assume (ng) + (ns) ~ 2%, then fix d and d’. We will also use a new bound
for f; recall from Proposition 2.3.4 that HQHXJ’- S 1 for some j € {1,2,5,7} implies | f|x; S 1, or
equivalently

1l S 27T, (2.123)
~2

where the Ty is such that Zdzo T; < 1.

The bound (2.123), together with the bound ||w”||x2 < 1, basically implies that in the expression
S, the sum over n; will be exactly bounded, without any loss in terms of 2¢. We may only lose
some power in terms of 27, thus we can assume |m;| < 2979 and |3;| < 2479, or we gain 2°¢
and can close the proof with ease. In the same way, we may assume (ay) < 2479 in (2.116). Now
if ny 4 ng = 0, we must have |®] < 27199l due to (2.95). Also we may replace the other two w’
factors in (2.116) by w” (in the same way we replace f’ and the first w’ by f and w”). Then we

may fix m; and 3; and bound S, by

Ssub 5 2—\d—d'| Z / ‘fno,aoH(wH)?L:o,al‘ : |(w”)7jz:2,a2’ . ‘(w//)jjng,a3| : |¢0z4|
ng,n2 apg=a1++astca
< O+o—ld—d'| ’\ Nt TONE NE
S D noll ol ll i ) E
no,n2
S T2l f”lilzdLQHwHHlizdLl||w//||12~2d,L1||w”||l2~2d,L1

< ptg-ld=di,

where ¢; are constants, and we are restricting to ng ~ 24 ny ~ 24" Then we may sum and integrate
over (m;, B;), and sum over d,d’ to bound this part by 70+,

Finally, when ns +n3 # 0, we must have ny ~ ng ~ 24" and =] > 24" where =/ = [nalng + |ns|ns,
so at least one (a;) must be at least 29" To exploit this, we then simply use the bound

;| 178 ,
1fllxy = |f Hlézo“'lio <1 (2.124)

~2d

for f, which is deduced from Proposition 2.3.4 and the fact that ||g||XJf_ <1 for some j € {1,2,5,7},
and X7 bound for the w” corresponding to ni. In this way we gain 2°¢ | which (since we do not lose
any power in terms of 2¢) easily allows us to close the estimate. This completes the proof for the

ng = nyp case. O
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Proposition 2.5.13. We have
> Mallxs ST (2.125)

~Y
J€{1,2,5,7}

Proof. Fixing the functions g, f, f' and the scale d as before, we need to bound the expression

2

m
- . 3 ("), 5,
S = Z / % fno,ao H(yi)nz,az ) ¢a3f(Xel(Anl+Aﬂ'2 A"U))(OM) H #ﬁ
no=n1+na+my+--+m, ” (T) =1 bl i

(2.126)

Here the integration (7") is over the set

4 1 2 "
{(050"" 7a4761a"' 76#) tQo = Zal +ZB’L +E}7 E= |n0|n0 - Z ‘nl‘nl - Z|m1|ml
=1 =1

1=1 i=1

Note that we may insert y since f has compact time support.
The main difficulty here comes from the weight ®2, which we plan to cancel by some «; or §;
which is comparable to =. Suppose that ming<;<a(n;) ~ 2" and also fix h, then we have (m;) < 2",
so that |Z| > 297" also we have h < d + O(1) and |®2| < 2". Note that one of a or 3 variables

must be > 29t"; we first treat the easy cases, which we collect in the following lemma.

Lemma 2.5.14. Let S be defined in (2.126), where all the restrictions made above are assumed.

Then if we have h < 0.9d, or

(o) + (a3) + () + Z ((ma) + (Bi)) 2 2%/, (2.127)

the corresponding contribution will be bounded by T0+20-)d,

Proof. First assume h > 0.9d. If (8;) > 29+" for some i, we may use the X4 bound for (u/")(~5":0)

to gain a power 2099(4T") and then estimate this (u”),,, s, factor in L2L2. Next we may bound
| (xei @t =200)) (ay)] < 2574 () (2.128)

by Proposition 2.5.6 and Lemma 2.5.7, estimate the right hand side (again, viewed as a function
of space-time supported at n = 0) and the ¢,, factor in I'TL'T. We then fix (m;, 3;) for j # i
to produce an Sy involving (u”'),, g,, which we estimate by controlling 9Mf in LS~L6~, 9y in
LSTL%* (using the X; bound for y and the norm for f deduced from the X{ bound for g; here
the 6— and 6+ are 6 + O(s)). In this process we lose at most 2°()¢_ but the gain 20-99(4+") (after

canceling the 2" loss from the ®2 weight) will allow us to cancel the ®? factor and still gain 2¢¢.
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Next, suppose (asz) > 29+" By using (2.128) and losing a harmless 20 factor, the argument
for a4 can be done in the same way. Let ¢; be constants (or functions of n;), and recall we are

restricting to Y, (n;) ~ 24 we may fix m; and f3;, and bound the Sy, term by

Ssub S T0+ Z /

no=ni+natci o=a1++agtca(no,ni,n2)

2
1 >od+h
oh|f. H £ ). HeslR2h)
|f 05 0‘ l_1|y B l} <0¢3>0'9<Oé4>

S D S S 2 [P (P2
no=ni+na+ci

I A ey /el | FYPHY | A (VP

< T0+2_Cd,

thus this term is also acceptable.

Next, assume that (a1) > 29" (the ao case is proved in the same way), and that one of
ap, g, g, m; or f; is = 286. We then cancel the ®2 weight by using the X; norm for the y*
factor associated with n; and using the first assumption (so that we lose QO(S)d), and gain 2°¢ from
the second assumption. We then bound the exponential factor by (2.128) and each function in
appropriate spacetime Lebesgue spaces, and exploit this 2°¢ gain to conclude.

The only remaining case is when (ag) > 29", By basically the same argument as above, we
may assume that the other oy and (m;, 8;) are all < 2%/99. Also recall that two of n;(0 < 1 < 2) are
~ 24 and the third is ~ 2". Now we may use the bound (2.128), then fix (a3, a4) and all (m;, ;) to

produce

(St g 2070wt 57 Any 0By Crns (2:129)
no=n1+naetcy Y ¥0=a1+az+E +cz
where ¢; < 2%/10 are constants, =’ = |ng|ng — |n1|n1 — |na|n2, and the relevant functions are defined
by
A=nfEs1=0 0 B=yen)E0 0 =0(ye2) 0. (2.130)

Also note that when we sum over m;, integrate over 3; and (az, as), we will gain 70 and lose at
most 200”4,

Now we estimate Sgup. If [|g|lx, < 1 for some m € {1,2}, by using Proposition 2.3.4, we may
assume ||f(0’1)|\X§ < 1 for some j € {1,2} (this relies on the fact that E can be written as the
sum of two linear operators that are bounded from each W; to X, separately, where |ullw, =

[u®=V]x,). If lg]lx; <1 for some m € {5,7}, since we may insert a 1p factor to fn, ., with
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E = {|no| ~ 2%, |ao| = 2%} with d’ € {d, h}, we can use (2.59) and again assume ||f(071)\|XJ/_ <1 for
some j € {1,2}. Next, notice that |ag — Z'| < 2%19) 50 ay is also restricted to some set of measure

O(2'1%) for each fixed ng. Since ay is restricted to be > 219 and |ng| < 2¢, we will have

Hf(o,n”X{520(s)dHf(0,0.6)H12L2 < 2(0()40.55)d) £(0,06)),,,

A

2(0‘670‘4>< 1‘9)d||f(0’1) ||l2L°° S 27cul||f(0,1)||Xé7

thus we may furthermore assume j = 1.

Now, using this bound for f and the X; bound for y, we deduce that
Al 2 + HB(O’b)Hsz? + HC(O’b)HlPL? < 90(s*)d_

Let us define

By, = [[(@ + almi)* B (@)

< 20(32)d, then we will have the estimate

~

and C,,, similarly, so that ||B||;» + ||C||;»

< Bn1 an b

(2o —E" - Cz>2b_%(§; * @)(ao — Inolno — C2)HL§ ~
0

which, after taking Fourier transform, follows from the standard one dimensional inequality || f gHH%,% <

Il |9l - Now we will be able to control Sy by

— N
Z (Bn1*0n2)(a07|n0|n0*02) > B

2
ni+n2=no—ci L3,

Ssub 5 2)\(2

no
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where A = (b — s)h + (b— 1+ O(s?))d, and the square of the inner L? norm is bounded by

2

J? = / dayg
R

> (Bu, #Cn,) (00 — Inolno — c2)

ni+n2=no—ciy

5 / ( Z <O(0 — E/ — C2>1_4b> dO(o
R ni+na=np—ci
—_ 2
X ( Z (g — T — )%~ '[(B m*C'nQ)(ao—|no|n0—02)f >
ni+nz=no—ci
< su ag—Z= —¢ 14b)
< af( > (a 2)

ni+nz=no—ci

X Z /ao— — )~ 1’( 7,1*Cn2)(oz0—|n0|n0—62 | dag

ni+n2=no—ci

(Y weTew ) X B,

«
0 ni+nz=no—ci ni+n2=no—ci

A

Next we claim that for fixed ng and ag we have

S (w-F )i <L (2.131)

ni+nz=no—cy

In fact, if ning < 0, then oy — =’

— ¢o is a linear expression in n; with leading coefficient & =
+(ng —¢1)/2 2 299 (in absolute value), so any two summands in (2.131) differ by at least k, while
there are < 2¢ summands. The sum is thus bounded by

4a
1

1+Z (kh)~1 <1+ k127 <1 (2.132)
If ning > 0, then ag — E' — ¢o equals £2 (n1 — ng)2 plus a constant, so similarly we only need to

prove

Sla-k)"1 <1

keZ
for each a, but this is again easily proved by separating the cases (k)? < (a) and otherwise, and
applying elementary inequalities.

Now we are able to bound

B\ (1-1) g
sus? (T X men)) s (T ¥ mo)
no ni+ng=ng—ci nog ni+ns=ng—ci

< 2CTD B IC,
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where we notice that

)\—l—(;—;)d:(b—s)h—i— (b—;—;+O(52)>d§(2b—1)d+(;—8—;+O(82))d,

and this is < —¢(1/2 — b)d by (2.7). We may then sum and integrate over the previously fixed
variables to get a desirable estimate for S.

Finally, suppose h < 0.9d. Since at least one a; or B; will be > 29+" we may repeat the
arguments above; using the inequality 20(4+") > 2cd+h that holds for h < 0.9d, we will be able
to gain an additional power of 2°¢ after canceling the ®2 weight, which will allow us to close the

estimate as above. This completes the proof. O

With Lemma 2.5.14, what remains to be bounded, denoted by S¥, is actually the same expression

as S, but restricted to the region h > 0.9d and with the additional factor 1, where
E = {{ao) V {a3) V {au) V (my) V (Bi) < 295, Vi},
with a V b := max{a,b}. Now let E; = {{a;) < 2%} for I € {1,2}, we have

1p =1pne, + 1enE, + 15— (B,UE,)- (2.133)

By symmetry, we need to bound SENF1 and ST (F1UE2) (

whose meaning is obvious). In the latter
case, we may assume that [o;| > 29" and also |as| > 20, so we can estimate this part in the same
was as in the proof of Proposition 2.5.14.

It remains to bound SE"F1, Let EN E; = F, using (2.50) and (2.102) we may compute

(yi)nzﬂz = (X(t)e_Hamwi(O))nQ’a2 + (5(1[7T,T] 'N5<yi’yi))i)n27a2 + Z (5(1[7T,T]'/\/‘j*>i)n2,a2
Jj€e{3,4}
= > (M) F)yas + (L ns0s + (£)ns 00 (2.134)
7€{0,3,4}
Here we denote M = y(t)e'z=w(0), and
e — )
(Em s = 01/ X(o2 — 72)X(72 %)Inmd%d%
R2 V2
Ehons = extlen) [ XN g,
R2 72

where Z = (11— N5 (y*,y*))*. Interpreting the singular integral as a principal value, we may
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compute that

‘/ 2(72—71)(172 < 1
R Y2 ~ <71>7
)A((Oéz —72)9?(72 —71) 1 .
’/ 2 ©2| 2 (o) + () fom =317
X(a2 —72)X(v2 — 1) 1
‘V/ " ©2| 2 o) + () 2an — )7

where the third inequality can be proved by integrating by parts in 5. Now, to treat the first three

terms in (2.134), we may use Proposition 2.5.9, the easy observation that
[(MOY 20 S ) ™2 (w () S 1

together with the following

Lemma 2.5.15. If we consider the sum (2.126) with the factor 1, and one of the y* replaced by

some function ¢ verifying ||§(71/20*")||l2L2 < 1, then this contribution can be bounded by TOF.

Proof. Since in F we will have (ap) > 2%t" we can gain a power 209994+ from the ()" factor
in the bound for (. After exploiting this, we may then estimate ¢ in L2L? with a loss 2(z0+0(5)d,
Then we fix (m;, 8;) as usual, and use the inequality (2.128) to bound the factor involving ay. To
bound the resulting S,,; term, we estimate ¢ in L2L?, Mf and Ny in L LA (where 4+ equals
4 + ¢) with a loss of 20()¢ the a3 and ay factors in I'tL'*. Note that here we will gain a power
T%t, and the total power of 2¢ we may lose is at most 2(1-1+1O()d which is smaller than the gain

20-999(d+h) - Then we sum over m; and integrate over f3; to conclude. O

Next consider the contribution of £2. Since we are in F' (thus |az| > 2¢), the gain from Y(az) will
overwhelm any possible loss in terms of 2¢. Therefore we may even fix all the n, m and /3 variables
and estimate the integral in « variables and ~; only; but we can easily estimate this integral by
controlling all the factors except (y1) ™ 'Z, 4, | in L' (since the expression now has a convolution
structure in the « variables), and estimate the (v1)~!|Z,, -, | factor in L'. This last estimate is due

to (the proof of) Proposition 2.5.9, which implies

1) ™ T et S 1) T s 12 S 2000

It then remains to bound the £! contribution. After integrating over v, we may rename the
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variable g — 71 as 2, and reduce to estimating (up to a constant)

SF = Z / 1p- P2 f"oyao : (yi)nhoq ’ ¢a3
no=ni+nz+mi+---+my, (T)
i
% ]_-(Xei(AerAanno))(m) . H W) 5 N(Y1:72) - Trg oy
ey m; 2,71
where 7 is some function bounded by
(1, 72)| S 105,107, 72)| < 1
MY RS T 1750 YL S 79 \17s°
() (y)t/s” (1) (y2) 1/

and the integral (T') is taken over the set

m
{(0407017043,064751,"' Busvv2) tag = a1 +ag+ oy +Zﬁi + 7+ 72 +E}7
i=1

with the NR factor

(1]

2 14
= |no|no — Z | |ng — Z |m;|m;. (2.135)
=1 i=1

Clearly we may also assume (y2) < 24/90 and add this restriction into F, so we now have F C
{{n) 2 27"}

Next, note that m = N5 (7,7), where N is another bilinear form with the same properties
as N3 ; thus we only need to bound the above expression with Z,, -, replaced by (177N (4%, y))ny 1, -

Thus we reduce to estimating

S = Z /(T) CI)Q(CI)Z)/ : fﬂmao H (yi)nl,al : ¢a3¢a7

no=ni+ns+ng+mi+---+m, 1e{1,5,6}
W), s ) B ; _
y Hw/ ]_FT](’Y],'YQ) _f(XeZ(A7L1+An,2 Ano))(aél)‘]:(xez(Anﬁ'i‘An(; An2))(a8)’
im1 my; a4tag=ag

where v = u + 1/, the integral (T) is taken over the set
7 Iz
{(a07a1a0437(157@6;04770497517"' Bu,v2) tag = +ag +Zaz + a9 +Zﬂi +72 +5/}7
1=5 i=1
with the new NR factor
v

E/ = |n0\n0 — |7’L1|7’L1 — |’I’L5|TL5 — |n6|n6 — Z |m1\mz
=1
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The ®2 and (®2)’ are functions of the n and m variables that are bounded by mingego,1,23 (n) and
minge 25,63 () respectively. The other implicit variables are ny = ns + ng +m, 11, and

" 8 v

’712040—041—043—044—251'—’72—5220614- Z Bi+ (E' = B),

i=1 1=5 i=p+t1

where Z is the same as in (2.135). Also recall from the definition of A that ng # ny and ns+mng # 0.
The point with the expression S’ is that the ®%(®?)" weight is now cancelled by the n factor

(which is at most 27("))with no loss. Note that this cannot be achieved without going to this
second iteration. Now the remaining part of the expression has basically the same form as that
appeared in the proof of Proposition 2.5.11 when we estimate M3, namely (2.119). Therefore,
unless ng = ns and ny + ng = 0 (or with ny and ng switched), we can bound &’ by repeating the
same argument in that part of the proof of Proposition 2.5.11. In particular, we may also assume
that

(ma) + (Bi) + (a;) < 2470 (2.136)

for all ¢ and each j € {5,6,7,9}.

Now suppose ng = ns and ny + ng = 0. We will first replace the n(y1,v2) factor appearing in
the expression of &’ by n(vi,72), where 44 = v1 — as. Note that 7] depends on a4 only through
g = ay + ag. When we estimate the difference caused by this substitution, since we still have the

restriction 15, we will have |y;| ~ 29" so we will gain a power 92(d+h)—d/70

, which is much more
than enough to cancel ®2(®2)’, thus this part will be acceptable. We also note that the assumption
(2.136) allows us to insert another characteristic function which depends on a4 only through ag;
the presence of this function (as well as the part of 1 independent of ay) will allow us to conclude
(7)) ~ 29%h_ Therefore, if we remove the part in 1 depending on ay, the error we create will be an
expression of the type &', but restricted to some set on which we have || < 274+ (15)=10 (note
that here we already have 7(+1,v2) instead of n(vy1,v2)), as well as {a4) = 285, Then we will be able
to take absolute values, cancel ®2(®2)’ by the 7 factor, and gain a power 2¢d" from the assumption
about a4, and proceed exactly as above.

After we have made the above substitutions, the integral with respect to ay (or ag) will be

ezxactly

—

/ f(xei(A"u*Anz*Ano)) (a4).7:(xei(A"o*An1 *Ana)) (g — ag) day = x2%(avg).
R

Note that there is now no log loss which are supposed to be associated with e’ factors; we then
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get rid of this integration, take absolute values, and fix (m;, 8;) to obtain an expression

;ub 5 Z /T 22h‘fno7ao . H ’(yi)m,az’ H min{T’<;l>}'2_d_h<a9>_10<72>_10

no,n1 1{1,5,6} 1e{3,7}
S 27Ty faolle IT 1@l
no,n1 le{1,5,6}
Here c; are constants, ns = ng, ng = —n1, and that the summation and integration are restricted

to suitable sets. Since we now have the 271977 factor which plays the same role as the improved
weight in (2.95) does in the proof of Proposition 2.5.11, the rest of the proof will go exactly as the

proof of that proposition. O

2.5.3 The estimates for v* and u

In this section we will construct appropriate extensions of u* and u so that the improved version of
(2.100) holds. Note that we have already constructed a function, denoted by w®), that coincides
with w* on [~T, T], and verifies ||w®|]y, < Coe®4. We will fix this function in later discussions. In
particular, we may (starting from this point) redefine the 4,, and A,, factors as in (2.92) and (2.93)
by replacing w* with w(* (instead of w”) and u with "’

We will also need an extension v of v*, where (v*), = e"**nv,,. This is not included in the
bootstrap assumptions, but can easily be constructed using a similar argument as in the proof of

Proposition 2.5.16 below (which itself involves only bounds for «). Note that v” is bounded in Y3

as u” does, and with the (trivial) bound O¢, (1)e©0¢14

The extension of u

Fix a scale K so that K = C}5e“154 where C 5 is large enough depending on Cj, and the Cs
defined before is large enough depending on C} 5. In order to construct a function u(® that coincides
with u on [=T,T] and satisfies [|(u®)(=*"9)|ly, < CoA, we need to construct Ps xu® and P eul®
separately.

To construct P~ gu(®), simply note that u” coincides with u* on [T, T], and we have ||[u”]y, <
C1e“14; thus if we define (u(5))n = e'®n(u"),, where A, is redefined as above, then P gu® will

equal Ps gu on [—T,T], and we have

W) =0, S O, (1), (2.137)
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for j € {2,3,4}, thanks to Proposition 2.5.8. Here note that the s exponent in that proposition
can actually be replaced by s* (which is clear from the proof), and the current (d,, A,,) also verifies
Proposition 2.5.6 (in the same way as the (J,,4A,) defined in Section 2.5.1 does). Since we are

restricting to high frequencies, the inequality (2.137) will easily imply
P> re (u®) 05, < A

for j € {2,3,4}, which is what we need for Ps gu(®).

Now let us construct P<gu(®. Recall that the function u verifies the equation (2.10), and the

Y> norm of x(t)e~t7924,(0) is clearly bounded by CyA, we only need to prove

t
H / e (TP (Snu(t))?) At ST, (2.138)
0

(X—l/s,r.—,)T

with the implicit constants bounded by O¢, . (1)e“0¢1534 where X7 is the standard space normed
by |[ullxes = |[ul®®|;212. Define the function u(” by equations (2.88) and (2.89), with the u
appearing on the right hand side replaced by v, and v replaced by P<ov’” + w”’ with v"’ defined
by (v"), = " (v"),, and w” similarly, so that u(") coincides with u on [T, T] (note that the A,
here is different from the A, defined in Section 2.5.1; later we will further modify the definition of

Ay, and this will be clearly stated at that time), then (2.138) follows from the bound
1€ (-2 11P2o((Snu ™)) |1y S TOF, (2.139)

since the two functions on the left hand side of (2.138) and (2.139) coincide on [T, T].

The proof of (2.139) is easy and will be omitted here; basically we shall write out the substitutions
(2.88) and (2.89) as in the definition of (") and then estimate the resulting expression in X ~1/** in
almost the same way as the part of estimating M3 in the proof of Proposition 2.5.9; in this process
we shall need a strong lower bound for the non-resonance factor =, which is guaranteed by the P
projector here, together with the same cancellation as in Section 2.4.2.

In addition, note that (u*),, = e"**»u,, on the interval [T, T], we have
(0 + HOpo) (™) = €27 (0 + HOuyy ), — i€ "> (6.

The first term on the right hand side can be bounded in X2/~ using Proposition 2.5.8 and

what we proved above, while the second term is easily bounded in the stronger space X 190, by
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Oc, ,(1)e9e15 (DA Therefore by the same argument, we can construct an extension of P< gu* that

verifies (2.100).

The extensions of u*

Now, in order to construct an appropriate extension of P xu*, we need the following

Proposition 2.5.16. Let d,, and A, be redefined using (2.92) and (2.93), this time with w* replaced
by w' and u replaced by u'®), then the new factors will verify Proposition 2.5.6 with the constants
being Coe®04 instead of Oc, (1)e“0C14,

Now suppose h, k and 1/, k' are four functions, supported in |t| < 1, that are related by (h'), =

eAnh, and (k'), = e®rk,. Assume that

2 (u®),,.
(W)ny = Cl 3 U (k) [] Q, (2.140)

. m;
no=ni+mi+--+m, =1

with U bounded, we will have ||h|y, < Coe®A||k|ly,. Moreover, if U is nonzero only when (m;) > K

~

for some i (again, the constant here may involve polynomial factors of ), then we have ||h|y, <

KO ||kl y-

Proof. The estimates about J,, and A,, are proved in the same way as in Proposition 2.5.6; notice
that all the relevant norms bounded by O¢, (1)e“°“14 there are now bounded by Cpe®°# in this
updated version, thanks to the construction of w*) in previous sections and the construction of «(%)
above.

Now we need to bound ||h[|x, for j € {2,3,4}. However, the bounds for j € {2, 3} are quite easy,
since translation in Fourier space acts well with these norms. Thus we now assume j = 4. By fixing

and then summing over p, we may assume that

m

ol G0 3 [ Bl Flet 2o ]
+my, =

no=ni+msi--

(u(s))miﬁq‘,
m;

)

where the integration is taken over the set
p p
{(a1,a27517'“ Bu)iog=a1+ax+ Y Bi+ E}, = = |nolno — [nalna =Y [mafm,.
i=1 i=1

Throughout the proof we will only use the Y5 norm for (u(f’))(*ssp), and notice that these norms

are bounded by CpA instead of C1 A.
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Let g be such that [|g|x; < 1, then we only need to estimate S := (g, h). This is an expression
we have seen many times before; to analyze it, we notice that either (=), or one of (a;) (where
1€ {1,2}) or (B;), must be = (ag).

Suppose {ag) < (Z). Let the maximum of (ng), (n;) and all (m;) be ~ 2¢ (and we fix d), then
(o) < 2%, Tf among the variables ng and m;, at least two are > 2(1_82)‘1, then we will gain a net
power 2¢1=®)4 from the weights in the X} bound for g, or from the |m;|~! weights appearing in
S. Then we will be able to bound the f(xei(Anl_A"'o))(ag) factor using some inequality similar
to (2.128), fix the irrelevant (mj, 3;) variables to produce Ssyp, then estimate it by bounding g
in L2+ L2+, 9Nk and the two Mu(® factors in LOLS and the F(ye' (A1 =%n0))(ay) factor in I+ LT,
where 2+ is some 2 + ¢s2, with a further loss of at most 2994, We then sum over the (mj, B;5)
variables and sum over d to conclude the estimate for S. If instead only one of them can be 2, 2(1-s)d
(again, assume d is large enough), then this variable and n; must both be ~ 2¢. Let the maximum of
all the remaining variables be ~ 24" where d’ < (1 —s2)d is also fixed, then we will have |og| < 29+,

(1=r)(d+d") from the weights, we can proceed in the same

Since we will be able to gain a power 2¢
way as above.
Next, suppose (ag) < (a2). By invoking (2.103) we may get an estimate better than (2.128) for

the ay factor, namely
H <052>]:(X62(A"1 *Ano)) (a2) ||L0 < Cpeto Z<mz>s , (2.141)
i=1

for all 1 < o < oo; the < here allows for a polynomial factor in u. Therefore, by losing a tiny power
of some m;, we may cancel the ag weight in the X} bound for g and still bound the s factor in L2,

then fix (m;, ;) and produce Sgup, and estimate it by
Ssub S Z<n0>71 ||(g(177l{))n07010 ||L30 ||k7lo+0170¢1 HL}H ||g(0,*'€) ||I%L2 ’ ||k"170¢1 ||l3L1 5 17
ng

where ¢; are constants. If instead (o) < (a1), we can invoke the oy weight in X4 norm for k to
cancel the ag weight, then notice that (n1) < (ng) + (m;) for some ¢, then bound the s factor in

~

)
L' and fix all the other (mj, 3;) to produce Sgup. If (n1) < (m;) we will estimate Sg,p, by

(n1)

< (1,—x) (=1,r) (5)
Ssub S nO:m;ercl (no) (my) ||(g )”OvO‘OHLZO H(k Jnian HLgl H(U Jm,Bi L,
S |‘9(07_K)H11L2 ’ Hk(_LR)HmLz ’ ||u(5)||l”f/L1 S
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where ¢; are constants; note that [|u(®||,,/,: can be controlled by the X5 norm of (u(®)(=45*0) due
to (2.7). If (n1) < (ng) we will instead estimate the g factor above in 17 L2, the k factor in [7L2,

and the u(® factor with weight (m;)~" in I'L'. Finally, if (ap) < (B;) for some i, we will cancel the

(ap) weight by the (8;) weight, then fix (m;, 8;) and again get Sgup, which we estimate by

Ssub S Z <cl>_s<n0>_s<n1>_0(2_7)H(g(s’_m))no,aoullz "(k(0(2_7)70))n1,a1|‘[,1 H((u(m)(_lﬁ))miﬁi
ag 1

no=ni+m;+ci

o e DD [ 51,

A

where c; are constants, and again note that we can gain any small power of ¢;, since £¢; is the sum
of all m; where j # i.

Finally, we may check that throughout the above proof, we only need to use the X ]’ norms of
<8I>_253u(5) instead of <3w>_33u(5); thus we will gain a power K% if we make the restriction m; > K

for some 1. O

To see how Proposition 2.5.16 allows us to construct the extension of P gu*, we first note that
u* is real valued, so we only need to construct an extension of P~y xu* (which is an abbreviation of
P, Ps ku*). Now, in Proposition 2.5.16 we may choose k to be an arbitrary extension of v* and h to
be some extension of u* (and choose h’' and k' accordingly) so that (2.140) holds with appropriate
coefficients (cf. (2.88) and (2.89)).

Exploiting the freedom in the choice of k, we will set P4k = w® and P<gk = P<ov”. The
part coming from P,k is bounded in Y5 (before or after the Ps j projection) by Cpe®®4 due to
Proposition 2.5.16, since we already have ||w® |y, < [[w® |y, < Coe®4. As for the part coming
from P<ok, we must have ng > K and ny < 0 in (2.140), so the ¥ factor will be nonzero only
when (m;) 2 K for some 4, thus we may again use Proposition 2.5.16 to bound this part in Y3 by
Oc, (1)e“@AK= < 1, since we have [[v” |y, < O¢, (1)e®e©14. This completes the construction for

the extension of u* and finally finishes the proof of Proposition 2.5.1.

2.5.4 Subtracting two solutions

The main purpose of this section is to provide necessary estimates for differences of two solutions
to (2.10). The statement of these estimates are complicated, and we need to introduce some new
spaces; on the other hand, the proof of these results is mostly technical and differs from the estimates
in Sections 2.5.2 and 2.5.3 only at minor places. Therefore, we choose to simply state the results

without proof. The full proof can be found in [16], Section 12.
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Definition 2.5.17. Suppose Q = (u”,w”,u"") and Q' = (u't, wi, u'T) are two triples of functions

defined on R x T, we define their distance by
@g(Q7 Q/) _ H(w// _ wTT)(—o,O)HY1 + H(u// _ uTT)(—a,O) HY2 + H(u/// _ uTTT)(—sL”_o,O)Hn,

for o € {0,5°}, where recall by our notation that (9,) %u = u(=79. In particular, if o = Q' =0,

we define the triple norm
190:=20(2,0) = [Ju"]ly, + [[u”]ly, + )]y,

Next, suppose u and u* are functions defined on I x T for some interval I, we will define the
functions (u*,w*) corresponding to u and some M, and (u®,w®) corresponding to u* and some
N (note the definition depends on the choice of the origin in A, (t) = ft On (t)dt’, but this will not
affect the triple norm || - ||; this does affect estimates for differences, but we need them only when
I = [-T,T] or its translation, in which case the choice of origin is canonical), as in Sections 2.4
and 2.4.3, and then define

DIMN (4 > = Qi%pg(g, Q'), (2.142)

where the infimum is taken over all triples Q and Q' that extends (u*,,w*,u) and (u®,w®,u*) from
I xT toR x T, respectively. We will also define ||ul| = @é’MM(u,O) = infg ||Q||; these notations

can be written in a more familiar way as

’Dé’MN(u,uX) = H(w* — wo)(_U’O)HYII + H(“* - UO)(_J’O)HY; + H(“ a “X)(_Sg_mO)HYQI;

lal? =l [l + flflyg + O
Also, if M = N = oo we will omit them. Now we can define the metric space
BO" = {u: JJulls = Jull7* < oo}, (2.143)

with the distance function given by D} (we will also use @gs, which is also well-defined on B(’)I).
Finally, when I = [=T,T], we may use T in place of I in sub- or superscripts, so this contains the

definition of BO™ .
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Remark 2.5.18. If u € BOT, we may define uu, = 10.(Pou?) as a distribution on [T, T
through an argument similar to the one in Section 2.5.3. More precisely, we may uniquely define the

function

h(t) = /O et (u(t")dpu(t')) dt’ (2.144)

as an element of (X ~1/5%)T

In particular, we may define u € BOT to be a solution to (2.1) on [T, T), if u verifies the
integral version of (2.1) with the evolution term defined as in (2.144). Clearly this definition is
independent of the choice of origin, and [T, T] may be replaced by any interval I.

Moreover, since the arguments in Section 2.5.3 allow for some room, the map sending u to h in
(2.144) is continuous with respect to the weak distance function ’DST5 (or D if we consider the map

sending the triple Q to h). This fact will be important in the proof of Theorem 2.6.1.

Proposition 2.5.19 (Embedding into BY). Let By be the space of bounded functions of t into
some Banach space. Suppose u and u™ are two functions defined on I x T, and choose corresponding
extensions Q@ = (u”,w",u") and Q' = (u'f,wi, ultT) corresponding to M and N, where M > N.
We then have

lull ooz SHQE Mullsorozyy S lullf (2.145)

Concerning differences, we only have the weaker estimate
] —
1002) ™% (u = W)l co 120y S Opepgery(l) - (Ds5(Q, Q) + N°7); (2.146)

1002) ™% (w = w)lco (15 21y S Oa,ap e (D) - (D0(Q, Q) + N°7), (2.147)

for all 8 > 0, where the constant may also depend on the upper bound of the length of I.

Now suppose © is a smooth function solving (2.10) on [—7,7T]. The arguments in the above
sections actually give us a way to update a given triple Q@ = (u”,w”,u"") extending (u*, w*, u) to a
new triple Q' = (u(4), w®), u(5)), which remains to be an extension, and verifies better bounds. We
will define J to be the map from the set of extensions to itself, that sends Q to Q’. We then have the
following two properties for J, which are the versions of Proposition 2.5.1 that apply to differences,

and are the main results of this section.

Proposition 2.5.20 (Closedness under J). Let Cy be large enough, Cy large enough depending on

Cy, and 0 < T < Cy 24, Suppose u is a smooth function solving (2.10) on [~T,T), and Q is an
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extension satisfying

IQll < Cre™4,

|(u///)(753,0)||Y2 < 1A, (2.148)
then the same estimate will hold if we replace Q by JQ.

Proposition 2.5.21 (Lipschtiz bounds for J). Let Cy, Cy and T be as in Proposition 2.5.20.
Suppose u and u™ are two smooth functions solving (2.10) with truncation Sy and Sy respectively,
where 1 K N < M < 00, Q and Q' are two triples corresponding to u and u™ respectively, such that
(2.148) holds, and that

Ds5(9,9)<B (2.149)

for some B > 0, then we have

D:(39,39") <

2 406, (DA ({02~ (u(0) —u* (O], + N°), (2.150)

where Cy is any constant appearing in previous sections. In particular, we have

DM (1, uX) < Ocy (1) (|[(82) 7 (u(0) — u* O)]l,, +N°), (2.151)

provided ||u(0)||z, + ||[u*(0)||z, < A for some large A. Moreover, if M = N, we may replace the D s

distance by the D distance and remove the N~ term on the right hand side of (2.151).

2.6 Proof of the main results

With Propositions 2.5.1 and 2.5.21, it is now easy to prove our main results. Since the argument in

this section will be more or less standard, we may present only the most important steps.

2.6.1 Local well-posedness and approximation

Theorem 2.6.1 (Precise version of Theorem 2.1.1). There exists a constant C' such that, when we
choose any A >0 and 0 < T < C~le=C4, the followings will hold.

(1) Existence: for any f € V with |||z, < A, there exists some u € BOT such that |ul|r <
CeC4, and it verifies the equation (2.1), in the sense described in Remark 2.5.18, with initial data
u(0) = f.

(2) Continuity: let the solution described in part (1) be w = ®f = (Prf)r. Suppose ||f|lz, < A
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and ||gllz, < A, then each € > 0, we have

sup (00 (@] = @), + D5 (@1,29) < 0ca (V]2 =9,

sup [(02) 75 (®ef = @ug)|| 5, + D5 (®F, g) < Oz 0,a(V)|f = 9]l 5, -

(3) Approzimation for short time: let u = ®f as in part (2), and let ®V be the solution flow of
(2.10) and u™ = ®NTIx f. Then we have

. T,Noo, N =N () — w —
]\}gnoo <ZDS5 (u 7u)+;|1;%“<6$> (U (t) (t))”Zl) 0.

(4) Uniqueness: for any other time T', suppose u and u™ are two elements of BOT" with the
same initial data, and they both solve (2.1), then we must have v = u™ (on [-T",T"]).

N

(5) Long-time existence: consider any f € Zi, and define the functions u” as in part (3).

Suppose for some other time T’ and some subsequence { Ny} that
sup [lu™* | 7 < oo, (2.152)
E

then there exists a solution u € BO™ to (2.1) with initial data f.

Proof. Suppose f € Z; and ||f||z, < A, andlet 0 < T < C; 'e~24 with constants as in Propositions
2.5.20 and 2.5.21. Consider u” as defined in (3); using Proposition 2.5.1, we may choose for each

N some triple Qn corresponding to vV that verifies (2.148). We then define
oN =39y, (2.153)
then it will be clear from Propositions 2.5.20 and 2.5.21 that
QM) < Cre4; (2.154)

lim D, (QM, QM) =o. (2.155)
N,M—o0

By a simple completeness argument we can then find some Q so that ©,(QV, Q) — 0 (in particular
Q will have initial data f), and by an argument similar to the proof of Proposition 2.3.6 we deduce
that ||Q|| < C1e“*4. By using Remark 2.5.18, we can now pass to the limit and show that the triple

Q gives a solution u € BOT of (2.1) on the interval [T, T]. This proves existence.
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Parts (2) and (3) will follow from basically the same argument. In fact, for each (f,g), we may
construct QY and QV* corresponding to @My f and ®V Iy g as above, so that they have uniformly

bounded triple norm, and moreover
D.+(QY,QY) S 102) ™ (f — 9)llz + N

Using Proposition 2.5.19 and passing to the limit, we obtain the result in (2). The result in (3)
follows from comparing @V with Q and using Proposition 2.5.19 also.

As for part (5), we will deduce it merely from the condition that Ju¥*[|}F < A and

5

[(02) =% (@™ —w)(0)]| ,, =0, (2.156)

which is clearly satisfied in our setting. Choose some 7 small enough depending on A, then
[[w(0)]|z, < CpA implies we can solve (2.1) on [—7,7], and from (Proposition 2.5.21 and) what
we just proved, we also have

5

1(02) 7% (@™ —w)(£7)]| ,, = 0, (2.157)

and therefore

u(£7)|lz, < limsup ||[u* (£7)||z, < CoA. (2.158)
N—o00

This information will allow us to restart from time +7, and thus obtain a solution to (2.1) on
[—27,27]. Repeating this, we will finally get a solution on [—7”,T”], which we can prove to be in
Bo™ using partitions of unity. This proves (conditional) global existence.

Finally, to prove uniqueness, let u and u* be to solutions to (2.1) that both belong to BOT" and
have the same initial data. Let their strong norms be bounded by A, and choose 7 small enough
depending on A. To prove that u = u* on [—7, 7], we need to prove the following claim: if for triples

Q and Q corresponding to u and u* respectively, we have
el +1Q1l <4, D+(Q,Q)<K, (2.159)

then with Q replaced by JQ and Q' by JQ’, the inequalities will hold with A unchanged and K
replaced by K/2. This can be done by repeating the whole argument from Section 2.5.1 to Section
2.5.4. There is some subtlety since we do not have a priori smoothness assumption here, but this

can be resolved by slight change of one part in the proof. See [15], Section 13.1 for details. O
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2.6.2 Global well-posedness and measure invariance

Using Theorem 2.6.1 and the exact invariance of the approximation measure vy, under the approxi-
mation equation (2.10) (see Section 2.2.1), we can extend the local solutions constructed in Theorem
2.6.1 almost surely to global solutions, and prove invariance of the Gibbs measure v. The arguments
in this section are completely standard in the literature (except that the time of local existence is
exponentially decaying in the size of the initial data; but this will not change the proof as long
as this decay speed is slower than that involved in the large deviation estimate in (2.28), which is

Gaussian), so we will only state the results here.

Theorem 2.6.2 (Restatement of Theorem 2.1.2). Let the Wiener measure p be defined as in Section
2.2.1. There exists a subset ¥ C V such that p(V — X) = 0, and the following holds: for any f € ¥
there exists a unique global solution u to (2.1) with initial data f such that u € BOT for all T > 0.
Moreover, let u = ®f = (P f), then these ®; form a measurable transformation group from X to
itself. Finally, suppose the Gibbs measure v is defined as in Section 2.2.1 (using some cutoff function

¢), then each ®; keeps v invariant.

2.6.3 Modified continuity

In this section we prove Theorem 2.1.3; this modified continuity result is essentially due to the
introduction of the e~ factor in Section 2.4.3.

To prove part (1), note that u € BOT, we know

u* €Yy C CN[-T,T) — Zy)

using the notation in Proposition 2.4.5. Recall from (2.93) that A, (¢ fo o (t)dt’ and
1 n n
S ST SRS
k=1 2o

for n > 0, where R does not grow with n (this is easy using w = P, (Mu) and the assumptions
about u). Now, if it were not for the logarithmic factor on the right hand side of (2.103) which these
factors verify, A, (t) would be continuous in ¢ uniformly in n, and v would be in C?([-T,T] — Z1);
this shows that we may disregard R and pretend that A, is defined as in (2.11), and this proves
part (1).

For part (2) we need another probabilistic argument. Recall that u = ®f = (D, f); is defined for
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f € X which is equipped with the Gaussian measure p. In order to use part (1) we just proved, we

will define
~ n 1 o
) =3 (lw®F - 12) = > dw®+R,
k=1 d<|log, n]
where
T 1
da = (u®P - =) (2.160)
0<k~2d

and Avn similarly, where R is already bounded in n and can be neglected. We only need to prove

continuity in any interval [—T,T7]; for simplicity assume T' = 1. If we define

1
Yy = [ a(ofar

as a random variable on ¥ for each d, then part (2) will follow if we can show that

lim sup 24/2Y(4) < 1 (2.161)

d— o0

for p-almost all f € ¥. Fix one Gibbs measure v, we have

E,(2V() < /_ 11 {EV (exp (2‘1/2% (t))) +E, (exp (—26”%?@@)))} dt. (2.162)

Now using the invariance of v, we only need to consider ¢ = 0; also we will study only the first

term. Since (E,H)? < E,H? by Cauchy-Schwartz, this is bounded by

2
. -1
Ew 2d/2 |gk (LU)|
exp > i ||
0<k~2d

which can be easily computed and is O(1) due to our choice of parameters. Then (2.161) follows by

standard measure theoretic arguments (for any v, and thus for p).
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Chapter 3

Invariance of higher order weighted
Gaussian measures for the

Benjamin-Ono equation

3.1 Introduction

In this chapter we continue the study of the Benjamin-Ono equation in Chapter 2, where the invari-
ance of the Gibbs measure v! is proved, and prove the invariance of 2 and v3. The content of this

chapter is joint work with N. Tzvetkov and N. Visciglia.

3.1.1 Description of the result

As explained in Section 2.1, the Gaussian measure v associated with each conserved quantity F? of
the Benjamin-Ono equation (2.1) are formally invariant under (2.1), and this invariance is expected
to be rigorous for! o > 1; in fact, the whole Chapter 2 is devoted to the proof of the fact that

the Gibbs measure v!

is invariant. Recently, in [52] and [53], Tzvetkov-Visciglia developed a new
method that allowed them to prove the invariance of v7 for o > 4.
In the current chapter we will fill in the gap and establish the invariance of 2 and v?. Namely

we will prove the following

INotice that, when ¢ = 0 we have the white noise, which is supported in H~1/2=¢. Proving even a local well-
posedness result at this regularity seems to be out of reach with current techniques.
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Theorem 3.1.1. Let o € {2,3}, the weighted gaussian measures v° be defined as in [51]. Then

loa

v? is absolutely continuous with respect to the Gaussian measure p°; moreover, almost surely with

respect to p°, the equation (2.1) has global solution, and this global flow keeps v° invariant.

The difficulty with truncated equations

Since 2 and 13 is supported in H'/27¢, we automatically have almost sure global well-posedness for
(2.1) on this support; in the proof we also need an approximation result concerning (2.10), which
can be proved by using (a small subset of) the arguments in Chapter 2.

However, unlike the Gibbs measure case, there is one essential difficulty, namely that there is
no approximation measure v, that is invariant under (2.10). To overcome this, we shall use the
technique introduced in [52], which roughly works like below.

Recall the notations introduced in Section 2.1.1. Let ®Y and ®; be the solution flow to (2.10)
and (2.1) respectively, and v$ be some truncated version of v7, it is easily seen that the invariance

result would be a consequence of the following approximation result, namely

lim sup

d g
N SUE a/lwnN(A)x% dviy| =05 (3.1)

note that (3.1) is trivial in the case of the Gibbs measure. Recall (ignoring for now the cutoff factors)
that

dv§ = (e"PFldLy) x (standard Gaussian)

with some truncated version EY, of E? and Ly the Lebesgue measure on Vy. We now notice that
the Lebesque measure is invariant under ®¥, so we can make a change of variables using (®/V)~!,
so that the derivative falls on e E~l/]. If we use the invariance of the Lebesgue measure once again,
and combine this with Holder’s inequality, we can reduce (3.1) to the following limit result,

. d
Jim e (5B (0T ]

t_O)Q —0, (3.2)

where p? is the “background” Gaussian measure in Theorem 3.1.1. Note that (3.2) is a fixed-time

estimate and does not rely on the evolution of (2.10).
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An I-method in energy truncations

We then need to prove (3.2). This turns out, at least when o € {2, 3}, to require a careful construction

of the approximate energy EY;. Basically,
B [u] = |lullFo 2 + Eslu] + Eaul + -+

will be composed of £; which is of degree j and contains totally (o — j + 2) derivative in general.

Using (2.10), we therefore have
O R [u]l = Ra[u] + Rafu] + -+,

where R; is of degree j and contains totally (¢ — j + 3) derivatives. Since the unknown function u
itself is fairly smooth (belonging to H(~1/27¢)  the optimal strategy would be to design those &;
so that the R; with lower degree vanish. There is a well-known algorithm that exactly solves this
problem, namely the (corrected) I-method; see for example [12].

In our case, we can actually make R3 and R4 vanish, before encountering singularities. These
will in fact be adequate, since o € {2, 3} gives us enough room, such that all quintic terms in 9,E¢;
will satisfy (3.2) provided that their coefficients satisfy some simple cancellation condition, which is
always easy to verify.

The rest of this chapter is organized as follows. In Section 3.2, we will review the definition of
v? and v3 as in [51]; in Section 3.3 we will construct the truncated energy E; using the I-method,
and compute its time derivative. This expression is then analyzed, which allows us to prove (3.2).
In Section 3.4 we briefly sketch the deterministic theory; much of the estimate is already contained

in Chapter 2, so we shall not go over all details. Finally, in Section 3.5 we will prove Theorem 3.1.1.

3.2 The measures 2 and *

This section is arranged in basically the same way as Section 2.2.1. In particular, we will use all the
notations defined in that section (and also Section 2.1.1). For o € {2,3}, let p” be the distribution
of the random Fourier series

Z gn(w) einw
N

n#0
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which is identified with p% x (p%)*, with p% and (p%)* being corresponding Gaussian measures
on Vy and V3 respectively. Note that p?(H@~Y/2) = 0 and p?(H"~1/2-9) = 1 for all § > 0.

Moreover, define the weights
(O3)F(f) = C(ITn fI32) (B Ty f] — an) e F TN, (3.3)

(@3)8(f) = C(IMn £1122 )¢ (B Mn 1) (B (M f] — an) e~ M 1), (3.4)

where ( is a smooth cutoff, F? and R? are defined as in Section 2.1, and
1
=) = En (B 'Inf]) = o(1).
an ;n oo ( My f]) = an +0(1)
We then define the measures (v%)¥, (v%)? exactly as in Section 2.2.1, and restate the result of [51]

as follows.

Proposition 3.2.1. For o € {2,3}, the sequence (6%) converges in L"(dp®) to some function 6°
for all1 <r < oo, and if we define v° by dv? = 67dp?, then (Z/j‘\,)ti converges strongly to v° in the

sense that the total variation of their difference tends to zero.

As with the v = 1 case, here we cannot use the (%)* truncation since they are not compatible

with (2.10). Instead we will define the weights

0% (F) = C(ITn fI22)C(BA [T f] = oy )e 17, (3.5)
0% (1) = C(IT £I72) ¢ (BN i f) (BR [Ty ] — e )e X1, (3.6)
where R%[f] are suitably chosen truncated versions of R?, and E[f] = ||f||?qa/2 + R%[f] as in

Section 2.1; in particular E3; will be the same as the Ey in (2.20).
The precise definitions of R% and R3, are somewhat involved and will be postponed to the next
section. However, the arguments in [51] has enough flexibility so that, as long as R%; is “reasonably”

defined (see the next section for the precise conditions), we always have the following

Proposition 3.2.2. The sequence 0%, converges in L™ (dp”) to the 8% defined in Proposition 3.2.1
for all 1 < r < oo, and v§; converges strongly to v defined in Proposition 3.2.1 in the sense that

the total variation of their difference tends to zero.
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3.3 The truncated energy F% and E3;

3.3.1 The [-method

We seek for quantities of the form

o+2 ) J
BYful = ul?..+>, > m¥(ar,,a) [[(Su)a,,
j=3 ai1+--+a;=0 =1

where each mfvj is symmetric. By (2.10), we can compute that
o+3

J
O EX[u] Z Z n;’;[j(a17~-~ ,a;) H(S“)ai’
i=1

j=3 a1+ +(l7—0

where each n%/ is also assumed to be symmetric, and is given by

3
a;|%a;
”7\13(%7@2,@3) <Z|azaz>m]\[ ai,az,as) Z' ila;

i=1

for j =3, and

j
aj . oj . ap +a ar + a
”Nj(ala'“7%'):—@<Z|ai|ai)mz\rj(a1""v%‘)JrZ > = lilJz( kN l)
=1

1<k<i<y )

1
x m%

for j > 4, with the understandlng that m%; 7 =,

By solving the equation n%/ =0 for j € {3,4}, we obtain that

m (- ay) = (—)7 2w (—a, - —ay);
m?v?’(a,b,c):g, m33(a,b,c) =ab—2c* if a>0,b>0,c<0;
m2ab,e,d) = — (02 (29) 12 (D)) i as0,650,c<0,d<0;
16 N N ) 3 ) b

1

b
mit(a,b,c,d) = 21/1( +C)a(b+c) if a>0,b>0,¢>0,d<0;

16(ab + bc + ca)
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(3.14)



mit(a,b,c,d) = f% {@zf" <a; b) (a+b)+1p* (a;\;c> (2a+2b+|a+c|)+1H? <a;\;d> (2a+2b+a+d|)}

if a>0,b>0,c<0,d<0; (3.15)

1 b +c
34 2 9 2
mpy ((1, b, C, d) = _—24(ab be ca) ngc 7/} <N > (b + C)( a” + 3ab + 3ac + bC)

if a>0,b>0,¢>0,d<0, (3.16)

where the sums in (3.14) and (3.16) are cyclic in a, b and c. In addition, we will choose m3? = 1/20
in order to match R? for large N. This completes the construction of E$; notice that they satisfy
the following three conditions, namely

(1) R%[f] depends only on Iy f, that is, R%[f] = R% 1IN f];

(2) E[f] = E?[f] if f is supported in frequency not exceeding N/4, that is when f = Iy/4f;

(3) Im% (a1, ,a;)| < (max|a;|)? 972, as with the terms in E°.

By similar arguments as in [51], one can prove that these three conditions will guarantee that

Proposition 3.2.2 holds; we omit the proof here.

3.3.2 Quintic terms and the probabilistic bound

Now we know that 0, Ef; contains only quintic and sextic terms. Namely, we have

HEY = Z n(ar, -+, a5)(Su)a, -+ (Su)as; (3.17)
ar+-+as=0

OBy = Y n¥(an,as)(Sw)e o (Swes + Y, 0N (ar, e, a6)(Sw)ay - (Su)ag,
a1+-+as=0 a1+--+ag=0
(3.18)
where ng? and nf are defined by (3.10).
By conditions (2) and (3) in Section 3.3.1 above, we know that n%/ = 0 if |a;| < N/4 for all 4,
and that

nF1 S max foi ¥ S max o’ 0¥ S max ol

We next claim that actually a stronger bound holds due to cancellation, namely

|n?\?|§|a/3|7 |n?\?|§|a/1ai/3‘v if {allv"' »ag}:{ah'" ’a5}’|all|2"'2|ag|' (3'19)
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In fact, consider say n¥?. Since m% is constant, and | |a;|a;| < |ajaj], the first term in (3.10)
will satisfy (3.19). As for the second term, we only need to study the case where 1 < k < 2 and
3 <1 <5 (the other terms already satisfy (3.19)). For these we simply pair the two terms with the
same [, and use the bound for derivatives of m3f, which can be checked explicitly, to achieve the
cancellation. The same argument works also for n%.

We can now prove the crucial probabilistic bound (3.2), which is restated in the following

Proposition 3.3.1. We have, for o € {2,3}, that

d 2
E, - ( thN[chHN 1l > < N~2log” N. (3.20)
t=0

Proof. The time derivative in (3.20) equals the right hand side of (3.17) or (3.18) with u replaced

by f. Since the expectation is taken with respect to the measure p, we only need to bound

2

E% .=E

b

DT | (]

a
ai+-+a;=0 i=1 jai

with n%/ satisfying the requirements above. Below we will only prove the bound for E?3, since the
other two cases are similar (and E3¢ is much easier).
To bound E?°, first consider the sum where no two a; add up to zero. By the property of

Gaussians, we know that the summands here are actually pairwise orthogonal, thus this contribution

is bounded by

E255 Z |a3|2H |a1|2

ai+---+a5=0,
N/4<max |a;|<N

Now suppose (say) a1 + a2 = 0, then we reduce the the sum

5
Z |gas ( S 11 9a; (w)
n ai1,as3,04,Q
‘a1‘2 N( 1, @3, 04, Q5 P |a/i‘

az+ag+as=0

To bound this sum in L2, we notice that the summands with a fixed a; are now pairwise orthogonal,

thus this contribution is bounded by

. 1 | g|2 1/292
< E _ E 1ol .
~ |: |(L1|2( a3a4a5|2> :l

al

aztas+as=0

Suppose |ag| > |as4| > |as|, we know that either |a1]| 2 N/4 and |a}| < |ag|, or min(Jag|, las]) 2 N
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and |a}| < max(|a1],|as|). Therefore

2
1 1 1 1
525 < —— Y = SN log’ N.
2 N( 2 |a1|2> R ey R D DR vy 2oy > 8

la1|ZN las|,las| 2N las|,las| 2N

3.4 Deterministic Theory

In this section we review the deterministic theory for (2.1) and (2.10) on the support of v and v3.

We shall prove the following

Proposition 3.4.1. Let 0 < 6 < 0" small enough and A > 0 be fized. We have, for some T =
T0,0',A) >0, C=C(6,0,A) >0 that:

H(I)I{VHNfHHl/’z—e + H(I)tfHH1/2—9 S C7 ||¢ivHNf - q)tfHHl/Z—e’ S CN—C7

provided that HfHHl/Q,(, < Aand t|<T. (3.21)

Note that, though much easier than Theorem 2.6.1 in Chapter 2, the result here is not its logical

consequence, since preservation of regularity is not discussed there.

Proof. First, we shall prove the bound for ® f. The bound for ®;f is proved similarly, and the
bound for the difference follows from a standard procedure of taking differences, which sill be briefly
described at the end of the proof. Therefore from now on we will fix one N. Let u(t) = @Y f.

Recall the notations in Section 2.1.1. Let the standard spaces be
Jull =0 = H“(&b)Hﬁm; ullys = Hu(s’o)HzZLl’

and define

lully = llull x-1/2-0.02/25 + |lullyara=o;  Jlwllw = lwllx1/2-0./2¢0, (3.22)

and the localized versions U7 and W7 in the same way as Section 2.3.1. Let the Duhamel evolution
operator (with time truncation) be £, we shall use Strichartz and evolution bounds for these norms,

whose proofs can be found in Lemmas 2.3.1 and 2.3.3.
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In the proof below we will denote
s=1/2-0, s=1/2-¢, r=1/2+60=1-s,

and we shall control the gauged variable w in W7, and the original function « in U7
Our starting point is the first reduction of (2.1) using the gauge transform, namely (2.85). Using
the substitutions (2.88) and (2.89) in the same way as in Section 2.4.2, we can replace the major

inputs uy,, in the “quadratic” part of (2.85) by wi; for convenience we rewrite the equation below,

which is
)
(O — 10ps ) Wpy = ZC# [ Z O(1) min(|ng|, |n1, |n2|)wflwf2 1.
u nitnztmi+-+mu=no, i=1
max |m;|<Kmin(|ngl,|n1]|,|n2])
o
U
+ > O(l)unlumungn 7: ] (3.23)
ni+nzs+nz+mi+---+my =ng =1
We make the bootstrap assumptions
lullor + [[wllwr < A, (3.24)

where A’ is large enough depending on A. This holds for short time T, due to the fact that
|lw(0)||gs < O4(1), which can be proved easily using the same arguments as in Proposition 2.5.3.
Now we only need to improve the right hand side of (3.24) to O4(1). Let v’ and w’ be extensions
of w and w such that ||u'||y < 24" and ||w’'|lw < 2A’, we shall first construct another extension w*
of w by
w* = x(t)e P w(0) + E((T™'t) - (N + N3)),

where ¥ is a cutoff, N5 and N3 are respectively the “quadratic” and “cubic” terms on the right hand
side of (3.23) with w replaced by w" and u replaced by «’. Now to bound w*, we only need to bound

||X(T_1t)/\/‘jHXs,r—1 for j € {2,3}; by duality, it suffices to bound

2 14

,_ : ’ = (ul)77li777i
S2:= > [ 00 min, bl (W)oo [T T2
(n,m) )M =1 i=1
and
’ ’ / 5 (u/)mi,m
83 = Z O(l) ’ (h )n07§0 H(u )m;ﬁz H me
(n,m) &m) =1 i=1 v
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where the summation and integration are taken over the set

[1

2 " 2 I 2 "
{NOZan—I—Zmi, 50:Z§l+z77i+3}, Hz\no|no—2|m\nl—2|mi|mi
=1 =1 =1 1=1

=1 i=1

for Ss, over

[1]

3 I 3 © 3 13
{nOZnIJFZmia SOZ€I+Z77i+E}a :\n0|n0*2|nz\m*2|mi|mi
1=1 i=1 1=1 i=1 1=1 i=1

for S, and A’ is such that ||A/]|x-s1/2-20 S TC.

Consider now S3; by symmetry we may assume |ng| < |ny| or |ng| < |my|. In the former case

3 Iz

Sal S Y / ol | > (R0, (UHEN), T W), ¢ TT O TH),,

(n,m) (&m) =2 1=1

which is then bounded (using Holder) by
o) Oy RO, [REOIZ, (R TI7 S T O @),

which is acceptable. In the latter case

m

3
|S3| < Z |n0|5|m1|75 (m(h/)(*s,o))no’go (m(u/)(*lJrs,O))ml,m H (;ﬁu/)m’gl H (m(ul)(*l,o))mi’m,

(n,m) (&m) =1 =2

which is then bounded (using Holder) by
9Oy RO 19 [ R T ST O )

Next consider S;. We may assume that min|n;| > max |m;|; otherwise we will reduce it to Ss.

Now by elementary algebra we have

2 Iz
dolal+> il 2 PQ
=0 =1

where

P = OrglaSXQ ‘nl|’ Q= 0211212 |nl‘§ |n0|s|nl‘fs+0|n2|fs+9 Ogllié12 |nl| 5 P9Q1/2+20 g (PQ)IB/SO.
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Now if |51] 2 PQ, we have

s —s . - —s s— +
SEpY ol | ), ()
n,m
n
s—6,0)\ T —1,13/50 -1,0
x(‘ﬁ(w’)( ))M’g?(m(u/)( 13/5 ))m1,m (‘Jt(u’)( ))mj,nj. (3.25)
j=2

Notice that 9(u)(=10) € L2 | and that

t,x

m(h/)(fs,o) c X0,1/2729 C L;L

7"1;’

m(w/)(sfe,o) c X0 8 m(u/)(71,13/50) c x1/2-0.11/50 ~ Li,Qx/S

t,x

by interpolation, we can use Holder to bound |Sa| < T¢(04/(1))#*2 with some positive c.

If (say) |&1] 2 PQ, we have

s —s+6 : . —13/50 1\ (—s,0)
lslg(z) /(m ol |~ i ] -1 7% (R(1) )

10,0
n
> (m(w/)(370,13/50)):1,£1 (;’n(w/)(sfé‘,o)):2“52 1_[1 (m(u/)(7170))mj’77j’ (326)
]:

which is bounded by [|Sa| < T¢(04/(1))#*2 using that

m(h/)(—s,o) c X0,1/2—29 C L4 m(w/)(s—g,o) c XG,T C L4 m(w/>(s—0,13/50) c X9,11/50 C L?’I

t,x t,xr

If [¢9] 2 PQ, then

0<i<2 no,&0

|82‘ < Z /(5 )|n0|s‘n1n2|—s+0 min |nl| . |€0|—13/50(m(h/)(—s,13/50))
(n,m) "~ 1

(O )00 T (), 6

ny,81 n2,82
j=1

and use that

m(h/)(—s,13/50) c XO,1/5 c 2 m(w/)(s—G,O) c Xﬂ,r c Lix

t,x?

to bound |J| < T%(O/(1))*T2. This completes the estimate for w; in fact, we have constructed

some w* such that w* = w on [—T,T], and that

* 0
Xxs'r X - .
[w*]|xorr < 0a(1) +T70a (1) = Oa(1)
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Now we turn to the bound for u; clearly we only need to consider 7 ou. First, let u* be defined

by 7> gu* = T~ gu’, and
o, k]U" = X(t)e_Ha“”ﬂ[oyK]u(O) + E(X(T_lt) - 0,575 (Su” - S(u’)w)),

where K is a quantity which is large compared to A’, but small compared to T~!'. We claim that

[[{0z)~u*|ly = Oa(1); in fact, first we have
102) "mskutlly S K 7|u'lly S K770a/(1) = Oa(1).

For mjg gju*, the initial data term is also bounded trivially, and the Duhamel term is also bounded
since

Hx(T_lt)ﬂ[oyK]S(Su' . S(u')I)HXQ,,,‘,1 <

~

T K3||70,11S(SU)? || 0126 1/

STURI(S0 o S TRSO0 (1) = Oa(1).
In the same way, we also have that ||u*||y = Oa/(1). Next, define u*™* by 7o gju™* = 79, xju*, and
71'>Ku** = 7T>K(M*>_1(w* + WgoM*u*).

where M* is an operator defined in the same way as M, but with u replaced by u*. Clearly u = u**
on [—T,T], so we only need to show that [|ms gu**|lv < Oa(1).

The Y* norm is easily bounded using the structure of the operator M* and the simple fact
that translation in Fourier space acts well in Y. If we are considering the term 7~ i (M*)™1w*,
then we get a bound of O4(1) in Y* norm due to the control for w* we just obtained; as for
s ik (M*) " Im<oM*u*, we have a bound of O4/(1), but due to the two projectors 7~ and 7<q, we
must have at least one |m;| 2 K in the sum; this gains us a small power K¢, which improves our
bound to K—°04/(1) = O4(1).

Next we prove that

||7T>K(M*)71U/*||X—1/2—9,12/25 < 0a4(1).

Again by duality, we only need to bound
“w

Si=> O(1) gy (W e, || () mim:. (3.28)

(n,m) (&m) i=1 m;
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where ||h]| x1/2+160,-12/2s < 1, and the summation and integration are taken over the set

I3 % ‘"
{no =+ Y mi, fo=&+ Y +5}, = = |nolno — [nalna =) [ma|m.
i=1 i=1 i=1
n (3.28), assume first that |m;| < max(|nogl, |n1|), then
“w
ol SIEI+ 16+ Il |2 S Inol - Jnax [ml.
i=1

If |&o| < [ngmal, then we can bound

SIS Y g |~ /2 (€| 12/25 (9h(1/2-12/29))

(n,m) (&m) no-go

"
x ('), o (m(u*)<—1/270>)m17m 11 (m(u*)<—1vo>)Wm (3.29)

=2

which is bounded by O4(1) by estimating h and w* factors in L? i and other factors in Ly, using

the bound [[(9,) ~%u* ||y < O4(1). If [&] < |€1], then we will bound

m

Sy / Sl ey | (RO () @) T () ), L (330)

(n,m) i=1

and estimate the h and w* factors in L7 , and other factors in Ly%,. If [£o] S |1, then we will bound

no,&o

|Sl‘ < Z / |§0‘12/25|n1|712/25(mh(0,712/25))

(n,m)

o
X w\ (—1,12/25) (1,
x (M), o (N(u”) Jwn LT ()M (331
i=2
We then estimate in Fourier space and bound the h factor in l4/ L2 the w* factor in [2 Lg, the
separate u* factor in [, 473 L2 and all the other u* factors in [}, L1
Now assume in (3.28) that R := |my| = max(|ng|,|n1|,|m;|) for i > 1, then we have |Z| < R2.
If [&o] < max(|&1], |m1]), then we can use exactly the same arguments as above (they do not require

any information on the relative sizes of n; and m;). Now let us assume that |£y| < R?, then we have

o

DY / 6o/}t [ AOT2/) (), (g [ ()10

(n,m) i=2

(3.32)

which is bounded by O 4(1), by estimating the h factor in ln/ L2 the w* factor in [2 L2 the separate
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u* factor in lﬁ/?’Lé, and all the other u* factors in l}nLé.
The estimate for

||7T>K(M*)717TSOM*U* ||X—1/270",12/25

can be done basically in the same way as above. Notice that in the above argument, except in the
case when [£o| < |&1], we can close the estimate using only the V' norm for w*; thus this proof will
also work for u*. The bound we get for now is only O4/(1), but due to the projections 7 i and 7<o,
there must be one m; (say m1) such that |m;| 2 max(|ni|, K), thus we gain a power of K (from the
fact that the bounds used involving m; are not sharp) and thus recover the O4(1) bound.

If || < |&1], then again there must be one m; (say mq) such that |m| 2 max(|n;i|, K). Now

instead of (3.30) we have

|Sl‘ S Z |§0‘12/25|§1|—12/25‘n1‘1/2+0'/|m1|—1/2—9 (mh(o,—12/25))

(n,m) &m)

“w
« (m(u*)(—1/2—9,12/25))"17?31 (m(u*)(*l/%em)mhm H (sﬂ(u*)(—lvo))
=2

10,80

(3.33)

MM

so we can bound the A factor and the first u* factor in L2

7 », and other factors in L. Again, here

we gain a power of K and thus can improve the O4/(1) bound to an O4(1) bound.

Finally, we show how to estimate the differences. Introduce the spaces

lullor = llull x-1r2-0m32/25 + llullyrrz—or; Nlwllw = [[wllx1/2-001/240, (3.34)

and denote now u” = ®Y f and u = ®;f. Let ((uV)’,u”) and ((w™)’,w’) be constructed like above,
so that they are bounded in U and W respectively. Note that all the above arguments remain valid

if U is replaced by U’ and W is replaced by W’; we will use this to analyze the difference

v = @) = o+ (@) = wllw

In fact, when doing this, the nonlinearity will involve two kinds of terms: one involves a factor of
7, and the other involves terms where at least one of n; or m; is 2 N. When bounding the second
kind of terms, we gain a small power of N since the corresponding factor is bounded in a stronger

space, and we only estimate it in a weaker space. In this way we get that

¥ =T%04(1)y + O(N~C)
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for some positive ¢, thus y = O(N~¢) as N — oo. O

3.5 Proof of the Theorem 3.1.1

In this section we prove Theorem 3.1.1. First we need a lemma, which is basically (3.1) and essentially

follows from Proposition 3.3.1.

Lemma 3.5.1. Recall that each ®Y is a map from Vi to itself; let (v$)° be such that v§ =

(v%)° x (p%)* as in Section 2.2.1. For each Borel set A of HY/?>~% and each time t, we have

d o _
‘dt/ggmm) d(vg) ‘gN "og N. (3.35)

Proof. Let B = IIyA; first assume here 0 = 2. Recall that

[ rordwrr = [ CUIE)CBRS) — aw)e RV acy,

where Ly is the Lebesgue measure; note that it is invariant under ¥ = ®¥. By changing variables

and noticing that || f||2. and E\[f] are conserved under ¥, we have

d . d »
a/l@ivnN(A)d(l/Xr) :a/BC(||‘I’f||%2)C(E}v[‘I’f]—aN)e BRI gy

= / (= OB WA 172)¢ (ER[W] - an)e MLy (3.36)
B
= [ (B 101l (1) dy.
UB
where in the last step we have used again the invariance of L. Using Cauchy-Schwartz, Proposition
3.3.1 and the uniform L? bound for 6%, we can bound this expression by O(N~!log ).

The proof for 0 = 3 goes in the same way, except that there will now be a term involving 9, E%,,

but this is again easily estimated using the arguments in the proof of Proposition 3.3.1. O
Now we complete the proof of Theorem 3.1.1.

Proof of Theorem 3.1.1. Given a time T and a set A ¢ H'/?7? we need to prove that v7(A) <
v (&1 A). By approximation we may assume A is compact in H'/27%. Fix L > 0, guaranteed by
[41] to exist, such that ®; A C B (H'/?~?) for every t € [T, T).

By Lemma 3.5.1 we have that

v (A) < v (INA x Vi) < v% (PN TINA x Vy) + CN tlog N - |¢[; (3.37)
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on the other hand we have by Proposition 3.4.1 that there exist ¢t; = ¢;(L) > 0 and C = C(L) > 0
such that

||(I)ivHNf - HN(I)tfHHl/zfe’ <CN™°

for some ¢ > 0 provided that ||| g1/2-0 < L and [t| < t1, which implies for |¢| < ¢; that
@iVHNA X VJJ\‘; CYy:= HN(I)tA X V]J\} + BCNfc(Hfl/Zfel)

and thus v (A4) < v{(Yn) + 0n—oo(1). By compactness of A (and also ®;A) it is easy to see that
{Yn} is decreasing and converges to ®;A, thus by taking the N — oo limit and using Proposition
3.2.2 we have that v7(A4) < v7(®;A) for |t| < t1. Choosing t = T'/K for some large enough positive

integer K, we may iterate this inequality to get v7(A4) < v?(®rA). This completes the proof. [

78



Chapter 4

Multi-speed Klein-Gordon systems

in dimension three

4.1 Introduction

We now turn to the study of dispersive equations on Euclidean spaces. The goal of this and the
next chapter is to analyze global behavior of small solutions to quasilinear dispersive systems in R%;
in particular, we will develop a useful method of proving small data scattering, based on the general
scheme of spacetime resonance introduced by Germain-Masmoudi-Shatah and the Z-norm method
introduced by Ionescu-Pausader.

In this chapter we shall consider a system of quasilinear Klein-Gordon equations in space dimen-

sion three, namely

(8]52 - ciA + bi)ua = Q. (u, du, 82u), 1<a<d, (4.1)

where the speeds ¢, and masses b, are arbitrary, and Q is a quadratic, quasilinear nonlinearity
satisfying a suitable symmetry condition.

The system (4.1) models many important equations from physics; one particular example is
the irrotational Euler-Mazwell system in plasma physics, which reduces to (4.1) with d = 2 and
by = by = 1; with this specific choose of masses, we can actually solve the (much harder) 2D
problem, and this will be briefly discussed in the next chapter.

The problem of small data global existence for (4.1) has been studied in many previous works;

the difficulty of this problem decreases with higher space dimension, and also depends on the exact
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choices of speeds ¢, and masses b,. The easiest case is a single Klein-Gordon equation in 3D, and
was first solved independently by Klainerman [36] and Shatah [46]; in the case of (4.1) with the same
speed (¢, = 1) and multiple masses, Hayashi-Naumkin-Wibowo [29] showed global existence in 3D,
and Delort-Fang-Xue [14] proved the same result in 2D under a non-resonance condition. Note that
the above works are more or less based on physical space analysis.

The case of (4.1) with multiple speeds is significantly harder, even in 3D. In recent years there
have been works developing new, Fourier-based techniques to solve these problems; these include
for example Germain [20] where a semilinear version of (4.1) with the same mass was considered
in 3D, and Ionescu-Pausader [32], where the authors treated the general system (4.1) in 3D, with
the speeds and masses (by, ¢, ) satisfying two nondegeneracy conditions. Moreover, the techniques
involved in all these works have also been used in analyzing many other dispersive equations or
systems which are not necessarily Klein-Gordon, see for example [21], [23], [24], [28], [26], [33], [34].

In this chapter we will completely solve the small data problem of (4.1) in 3D, by removing the

assumptions made in [32]. More precisely, we will prove the following
Theorem 4.1.1. We make the following assumptions on (4.1).

1. The nonlinearity Qo in (4.1) has the form

3
Qo (u, 0u,0%u) = Y Y (AN uy + B 0ruy)0;0kus + Q) (u, du), (4.2)

aBy
By=1jk,l=1

where A and B are tensors symmetric in « and B with norm not exceeding one, and Q. is an

arbitrary quadratic form of u and Ou;

2. The initial data u(0) = g, 0,u(0) = h satisfy the bound

(9,029, h)lag~ + [[(9: Org, h)l| 2 < € < e, (4.3)
where N = 1000, the norm
[[ullgee = sup, IDPullp2, T = (0, 2:0; — ;0i)1<ij<3, (4.4)

the Z norm is defined in Definition 4.2.4 below, and € is small enough depending on b, and

Ca-

Then we have the followings:
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1. The system (4.1) has a unique solution u, with prescribed initial data, such that

u€ CHHY R xR? - RY),  d,u € COHY (R x R? — R?); (4.5)

2. We have the estimates

[u()[lse~ + 10z, O )u(t) I~ e, (4.6)
2, a0l U000 00u0) % gy ()
3. There exist R? valued functions wt verifying the linear equation
(07 — AA+b2)wE =0, (4.8)
such that we have scattering in slightly weaker spaces.
lim (u(t) = w0 (8) s + |2, B (ult) — w0 (8))llgg—1) = 0. (4.9)

t—too

Remark 4.1.2. Note that ey depends on (ba, co) in a way that is not necessarily continuous. The

reason is that, in the proof, we will use the fact that (say)

either by +bg —by =0,  or |ba+bs—by|=0>0,

and that the €y in the proof depends on 0. We believe that this annoyance is of technical nature,
and can be avoided by more careful analysis. However, since this will make the proof too complicated
and is not very relevant to the main idea and techniques of this chapter, we have chosen to state

Theorem 4.1.1 as it is.

4.1.1 Notations and choice of parameters
Notations

The notations defined in this section will be used throughout this and the next chapter.
We fix an even smooth function ¢ : R — [0,1] that is supported in [—8/5,8/5] and equals 1 in

[-5/4,5/4]. For simplicity of notation, we also let ¢ denote the corresponding radial function on
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R3. Let

or(@) = or(x) := o(|z|/2%) — p(|z|/2"1)  for any k € Z, o1 = Z ©m forany I C R,
melnZ

and define functions like p<p in the standard way. For any = € Z let 1 = 2t := max(z,0) and

x_ =z~ := —min(x,0). Let
T = () €ZX Ty k) >0},
and for any (k,j) € J let
w;k) () = @j(z), if j > max(0,—k); gogk) () = p<j(x), if j = max(0,—k).

Let Py denote the operator on R? defined by the Fourier multiplier & — ¢y (£); let P<p (respec-
tively P~ ) denote the operators on R? defined by the Fourier multipliers & — ¢<p(€) (respectively

§ = w>5(£)). For (k,j) € T let
@Qif)(x) = o (@) Pof(@);  fie=Quf.  Fix = Pucopsa@unf. (410
Let A, = /b2 — c2A be the linear phase, and define
Ao(€) = /RIEP+02, 1<a<d; b_q=—ba, Coa=Cca, A_q=—Aq.
Let P=2ZnN([1,d]U[—d,—1]); for o, u,v € P, we define the associated nonlinear phase
Do (€)= Do () = A€ —n) — Au(n), (4.11)
and the corresponding function
O (0, B) = @opu(ae, fe) = Ag(a) — Au(a = B) — A (B),

where e € S? and o, 3 € R.
For later purposes, we also need the spherical harmonics decomposition, which is described

below. Let (7,0, ¢) are polar coordinates for £ and Y, be spherical harmonics, and note Ag2Y," =
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—q(q+ l)qu. For any function f, we have the expansion

00 q

FO=Y > Y 0,¢), (4.12)
q=0m=—q
and define
Sif =Y > @) f ()Y (0, ) (4.13)

for [ > 1, and with ¢g replaced by ¢<( for [ = 0. Note that S; commutes with each P, and Q.

Choice of parameters

Throughout the proof, we will fix some parameters as follows:

N =1000, &=1/1000, & =1/980, Ny>> 1;
(4.14)

Do >p5 1, Ky > Dy 1, €0 <Ky 1,

where B := {(ba,¢a)}. Note that 6 = 1/N and 6’ = 1/(N — 20). In addition, let A denote any large
absolute constant such that A < Ny, whose exact value may vary at different places; in the same

way, let o denote any small constant, so for example o < §2.

4.1.2 Description of the methods
General strategy, and the Z norm

Letting v, = (0t — iy )uy, we can reduce (4.1) to
(0 + iAo )ve = Ny(v,v), v EP, (4.15)

where N, is some quasilinear quadratic term.
Following the now standard strategy, the proof of small data global existence of (4.15) can be

schematically described as follows.

Step 1. Produce an energy estimate of form

0€ =~ ONv-0Nv - 9%, E~ v, - (4.16)
R3

Since there is enough decay in 3D, (4.16) will be enough for our needs; however, we shall

see later in Chapter 5 that (4.16) is inadequate in 2D and that becomes a major obstacle.
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Step 2.

Step 3.

Prove a linear decay estimate of form

o= Sz, falt) = e ovg(t) (4.17)

with some localization norm Z. This combined with (4.16) guarantees that the top order
energy £ remains bounded (or grows slowly) provided that one can bound ||f(¢)||z. The
notion of Z norm was first introduced in [32], though similar localization estimates had been

used before in [20] and [21].

Prove the || f(¢)||z bound by using the Duhamel formula

Bt =00+ [ [ el nlemdds  (413)

Here one can notice that, at least in the first approximation when the inputs f,, and f, are

Schwartz, the main contribution of the integral (4.18) comes from the vicinity of the set

R :={(&n) : Pou (&) =V Py (&) = 0}

This set R, which is called the spacetime resonance set, was first introduced in [22] and

plays a crucial role in the analysis.

Using this strategy, in [32], the authors were able to perform a robust stationery phase analysis

near R, and obtained a scattering result under the additional assumptions that

(ca —cg)(ciba — cbg) >0, 1<, <d; (4.19)

bo +bg — by #0, 1<a,8,7y<d. (4.20)

In the current chapter we shall discuss how to remove these two assumptions. This requires

improvements to both Step 2 and Step 3 in the above scheme, which we detail below.

Spherical symmetry and rotation vector fields

It is clear that the choice of the Z norm is important in both Step 2 and Step 3 above; that (4.17)

holds determines the weakest Z norm one could choose, and that (4.18) can be bounded determines

the strongest Z norm one could have.

84



Let

1 fllz = sup || fikll 2,5
ik

if we set Z;), to be a simple weighted L? norm as in [20] or [32], then it is easy to check that it
has to be (almost) as strong as || f||z,, = 27||f[|z2. Thus one also need to recover this norm, which,
by a simple volume counting argument, is possible only when det(V%(I)UW) # 0 on the spacetime
resonance set R. This is guaranteed by the first assumption (4.19) made in [32], and explains why
that condition has to be there.

In the absence of (4.19), the integral (4.18) can be degenerate near R, and in this case, the
strongest possible Z norm one could control is only ||f|lz,, = 2°/||f||z2, which is not strong
enough to imply (4.17). In this chapter we shall overcome this difficulty by introducing the rotation
vector fields, and use the vector field set I' as in (4.4). The idea of using such vector fields goes back

to Klainerman [36], [37], [38] (see also [39]); in the current situation, we have
le™ fullzoe S (L+6)71 2025 (|| fipl| 2 + 190l 22), (4.21)

at least when j < (1 — e)m and |k| < 1, where  is the rotational part of I'. Note that we gain
a power 2(1/2=9)J at the price of using one €2, which in particular allows us to close with the weak
57/6 power in the Z norm. For the proof of the improved linear dispersion inequality (4.21), see

Proposition 4.2.7 below.

A bilinear lemma

In analyzing (4.18), with a weaker Z norm, the information we have on the input functions f,, and
fu is also weaker. Thus, it is still challenging to bound (4.18), in particular when one of f, or f, has
a large physical support (i.e. far from being Schwartz). In particular, the orthogonality trick use in
[32] will not be sufficient here. This issue is resolved again by using rotation vector fields in Q; this
time note that at least for medium frequencies (i.e. frequencies ~ 1, which is where the spacetime

resonance takes place), we have

sup | F(p0)llzz S sup 123 fllze,
6es? la|<4

thus we can gain a factor of 62, provided that we can somehow restrict the direction vector of 7 in
(4.18) to a region of size § in S?. This motivates the second main technical tool in this chapter,

namely Lemma 4.6.1 below, which holds under very mild conditions, and can be used to restrict
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|sin Z(&, )| < 27 (/2=9™ for medium frequencies. With this additional gain, we can then close the

Z norm estimate using Schur’s lemma; see Section 4.6.

Low frequencies, and sharp integration by parts

The other assumption (4.20) in [32] was used to ensure that (0,0) ¢ R. This also greatly simplifies
the analysis, since one can then integrate by parts in s whenever one is close to (0,0).
Without (4.20), the point (0,0) can be spacetime resonant; moreover it can be very degenerate,

meaning that it is possible to have (V{®)(0,0) = 0 for |a| < 3; for example when

(&) = VIEP+1- V20 —nP+4+ VP +1=¢-n/2+ 00" +nl").

To see the effect of this degeneracy, we consider the “rescaled Schwartz” component f; _; with

k = —j. Suppose that |s| ~ 2™ in (4.18), and that the inputs are rescaled Schwartz functions

Fa(s,€ =) =29x(2(E—m),  fuls,m) =29x(27(n))

with j = m/4 and some constant c, then in the region where || ~ [£ —n| ~ 277 and [£] ~ 2737,

we have |®| < 27™ so the oscillation factor €**® is irrelevant, thus the output will be a rescaled

Schwartz function supported at the scale |¢| ~ 2737 with Lg® norm bounded by

2m2—3j220j — 2(3j)(20+1)/3'

If we start with ¢ = 0 (imagine cutting off a Schwartz function at scale |£| ~ 277), then in finitely
many iterations we obtain a profile with form 2%y(27¢), where ¢ can be arbitrarily close to 1
(which is the unique fixed point of the map ¢ — (2¢ + 1)/3). Therefore, if we were to choose
[ £llz,. = 2722%|f|| L2 as in [32], then we must have A > 1/2. On the other hand, it can be proved
that when A > 1/2, the best decay rate for ||e ™" f|| . is precisely t~1, which is not integrable.

In this chapter, we circumvent this difficulty by adding a log factor and choosing

I1fllz, = 272572(5) 0| £| 2.

Note that this makes the decay rate integrable, and does mot violate the above heuristics. The
drawback is that, when integrating by parts with low frequencies, we have to be precise “up to log

factors”. In order to achieve this, we use a sharp integration by parts lemma, Proposition 4.2.5,
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which requires that we integrate by parts A times with A depending on the functions themselves.

This lemma is proved in Section 4.2, and the analysis of low frequencies is carried out in Section 4.5.

Plan of this chapter

In Section 4.2 we define the relevant notations and in particular the Z norm, and prove the crucial
linear dispersion bound. In Section 4.3 we prove the energy bound, and reduce Theorem 4.1.1 to the
main Z norm estimate, namely Proposition 4.3.4. In Section 4.4 we make several reductions and get
rid of some easy instances of Proposition 4.3.4; we then discuss the low frequency case in Section 4.5,
and the medium frequency case, which requires more care, in Section 4.6. The high frequency case
is much easier and is dealt with in Section 4.7. Finally, in Section 4.8 we collect some auxiliary facts
about the phase function and the spherical harmonics decomposition that will be used throughout

this chapter.

4.2 Norms and basic estimates

4.2.1 Suitable cutoff functions

Definition 4.2.1. For C > 1, define Z¢ to be the space of smooth functions x on some RY (with
value in some other Rd/), such that

10 x(z)| < (CN)!, (4.22)
for each N > 0 and each |p| < N, uniformly on each compact set. Let Z be the union of all Z¢.

An immediate consequence of the above definition is that, when xy € Z¢ has compact support,
we will have ||0x||L~ < (Clu|)!. In practice x will be used as a cutoff function, and the existence

of such functions is guaranteed by the following two lemmas.

Lemma 4.2.2. Suppose x1 : R — RY and X2 : RY — RY are two smooth functions that are in

Z. Then the composition Y2 o x1 : R* — R4 also belongs to Z.

Proof. By working componentwise, we may assume d” = 1. Suppose x1 € Z¢, and x2 € Z¢,. Fix
any compact set K C R? and let x1(K) = K’ C RY. For each z € K and multi-index p with

|| = N, we have the general formula such that

N r
Ot (xzox1)(@) =D D AT) - (9 -+~ 0jx2) (@) - [T 02005, (xa) gy (@) (4.23)

r=0 T
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Here the second sum is taken over all tuples

T::(Mla'"7Mr7j17"'ajr7jj/[7"';j;)

where each p; is a d-tuple, each j, ranges from 1 to d, each j{l ranges from 1 to d’, and
Dolwl=N-r  JATIS(N+1L
i=1

To prove (4.23) we will induct in N. When N = 0 we can only have r =0 and A = 1, so (4.23)
holds; suppose it holds for N < k, then for N = k we may choose p’ so that 0¥ = 6]-65’. Replace
p by i’ in (4.23) and then take 0;, we obtain a product of similar form, but with either one 95
replaced by 6305 ?, or r replaced by 7 + 1, a new parameter j,; appears and a new factor occurs
with jr+1 = j and ppr41 = 0. In all cases (4.23) still holds the same form; moreover each new term
in (4.23) comes from at most r + 1 old terms, so |A(T)| < (IV + 1)! by induction hypothesis.

Now, using (4.23), the fact that x; € Z¢, and x2 € Z¢,, and the simple inequality MIN! <

(M 4 N)!, we can bound (very roughly)
0% (x2 0 x1)(@)] S (N +1)(2dd")N - (N + 1)IAT Ao (CLN){(Cor)L,

where A; depends only on K and As depends only on K’. This shows that y2 o x1 € Z¢ for any
C>C+Cy+1. O

Lemma 4.2.3. For a fized compact set K and a fived open set U such that K C U C R?, there
exists a real valued function x € Zg such that x = 0 outside U, and x =1 on K. Moreover we can

assume x is radial if both K and U have spherical symmetry.

Proof. Fix a small €, there exists a (compact) set F so that
dist(E,U°) > 2, dist(E°, K) > 2e.

Define

v = e (5=

Uls
for |n| < e and v1(n) = 0 otherwise, and choose the appropriate constant c so that [[1|[11(rsy = 1.
Let x = (1g) %9 where 1 denotes characteristic function. Since ¢(n) = 0 for || > e and [, ¥ = 1,

we know that y = 0 outside U, and x =1 on K. If both K and U has spherical symmetry, we may
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assume the same thing for F, thus this x will also be radial.
Finally, notice that 9%y = (1) * (9%1), we only need to prove that ¢) € Z. Since 1 — €2 — |n|?

is clearly in Zj, using Lemma 4.2.2, we only need to prove that

where Py is a polynomial such that

Py+1(p) = p*Py(p) — (1L +2Np) Py (p).

By induction we can prove that deg(Py) < N and all the coefficients of Py are bounded by 3V (N +
1)I. When p > 1 the estimate is thus obvious; when 0 < p < 1 we can use the inequality A=A <

(2N)?N to conclude. O

4.2.2 The definition of Z norm
Recall the notations defined in Section 4.1.1, and also the vector field set I" as in (4.4).

Definition 4.2.4. Fiz (j,k) € J, define the norm

S 3<j>N°2k/2+jIIF“f||L2, k| > Ko;
[0S +
||fHZ]k: = ' o (424)
sup (29970 ()TN D8 | o + (YN [T F 1), (k| < Ko.
|u|<N/2+43
Also define the full Z norm by
1fllz="sup |firllz, (4.25)
(4.k)eT
and the X norm by
[fllx = sup [ fllzz + || f]lz-
[u|<N
Notice that
£z S Wfllz0 s k| < Ko < [K'| < Ok, (1), (4.26)

if fis supported in €| < 1; this simple observation will later be convenient.
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4.2.3 Linear and bilinear estimates

Proposition 4.2.5 (Sharp integration by parts). Suppose K, A > 1 and €; are positive parameters,

and h(n) is some compact supported function on R3, verifying
1R S (CNYDY (1.27)
for some C > 1 and all |u| < N. Moreover, suppose ® = ®(n) € Z¢ is some function such that
002(n)| = €15 Oy R(n)] < € (4.28)

holds for each 2 < |pu| < n and at each point where h or one of its derivatives is nonzero, where

k € NT, then we have the estimate

] [ ) dn‘ < e, (4.29)
RS

where

M = min(Keé? Jes, Kereafez, -, Ker€n_1/en, Keren, Kei JN), (4.30)

n

and vy is small enough depending on C. In particular, if we can take €; = € — , then we have
n+1
M =min(Ke » ,Ke/\).

If we fiz a direction 0 € S* and replace the 0, in (4.27) and (4.28) by the directional derivative 0 -0,
(in which case i becomes an integer instead of a multi-index), then the same result will remain true

(uniformly in 0).

Proof. First consider the case when we have a directional derivative, and assume that it is ;. We
will integrate by parts in 7; a total of N times, where N is a large integer to be determined. Let

the differential operator D be defined by

81u .

Du = 2%
YT h 0

D(equ)) — Z‘KGZ—K@,

then its dual D’ would be

= —9 [ 2
Du= 81(81(1))
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Therefore, integrating by parts, we obtain
‘/ e () dn‘ < K N|(DHNh| .- (4.31)
R3

In order to bound (D’)Nh, we will use the following explicit formula, namely

N
ot I, )
N —_ . (e 7)) 1 1
(DYNh=%" > Qn, 7100, ) - 0Xh - O (4.32)

r=0 apg+-+a,=N-—r

where the coefficient

Q] <3V(N + 1)

The formula (4.32) is proved by induction, in the same way as (4.23).
Now, using (4.28), (4.27) and (4.32), we have

n—2
KN|(D)Nh|| 0 S(BC+3)N) - K-NAw - etV [T €7 (4.33)
=0
Here we denote by r; the number of ¢ > 1 such that g = j. Let
n—2 n—2
p::r—erzO; ozo—l—erjSN—r—(n—l)p. (4.34)
=0 =0

We now denote Kei /A = My and Keie;/€; 41 = M;, where €,1; = 1. We could then solve that
¢ = (Ml...Mj_lK)%(Mj...Mn)#l;

A= (M- M, K)w7 M.

Plugging into (4.33) we obtain

K~N(DVVR]| 0 S ((BC+3)N)E N (M- My K) 78 Mg ®0 x (My -+ M) 50 x
n—2
N . ri(j—n41) 74 (3 +2)
% K% H(Ml...Mj_HK)JnH (Mj+2~~Mn) ST
=0
— (BC+3)N)K [] M, (4.35)

Jj=0
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where
n—

ag+n(N +r) iTj(j—n—i-l)

o=—N + < Oa
n+1 . n+1
=0
and 1o = —ap < 0, and
n—2 n—2
ag— N —r 1
= - T i 2)<-p<0
’ n+1 Z;1T+n+1;r(z+ Js-p
for 1 <j<n,and
n n—2 n—2
 —ag—n(N+r) n )
Zq—] = —) TH_lZn(erQ)f_ ri(i+1)
7=0 =0 =0
n—2
niN 1 n
= — (i +1 <—-—N
Y n+1(o¢0—|—§m(l+ )—i—np)_ SR
all the inequalities being consequences of (4.34). This then implies that
niN

KN[(DYVh|| . S ((3C + 3)N)!min(Mo, - -+, M)~ 1.

If we now choose N appropriately, an easy computation will show that

/ M p () dn’ e MY (4.36)
R3

for v small enough.

Now suppose the directional derivative is replaced by the full gradient. By (4.28), we have that

3
e = ki (1= L eot2e; 0,000 ),
j=1
so we only need to bound the integral with h replaced by hy = h - pg(2¢; 101 ®)wo(2¢; '02®) (the
other similar terms are bounded in the same way).

Since (4.28) now holds with 0, replaced by 0; at each point where h; or one of its derivative
is nonzero (possibly with different constants), we only need to show that hy also verifies the bound
(4.27), but with X replaced by the maximum of A\ and each €;41/¢; (again, let €,41 = 1). Using
Leibniz rule, we can further reduce to proving the same result for ¢o(2¢; '92®) but with A replaced
by the maximum of €;41/¢;, the L' norm replaced by the L> norm, and restrict to the subset where

h or one of its derivatives is nonzero (note that g(2¢; 19, ®) is estimated in the same way).
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Now, using (4.23) we have
N
O (o261 1 020)) = "(2e7)" D Q(T) - (9, -+ 05,00) (2€; ' 02®) H 9Ha9; 0r® (4.37)

r=0 T

here the summation is taken over all tuples

T: (Mla"' 7/1/d7j17"' 7jd)7

and we have

Dol =N—r, QT < (N+1)
i=1

Let, for each 0 < j < n — 2, the number of ¢’s such that || = j be 7;, then we will have

n—2 n—2
p:r—erZO, erjgN—r—(n—l)p.
j=0 =0

Therefore, since we are in the set where the second part of (4.28) holds, we can bound

n—2
10} (0o (261 02@))]| e S ((BC+8)N) - ey H€]+2 S(BCH+8)N)er " [T (V)
j=0
S (BCH8N)le (N )N "
< (BC+8N)IN)Y,
where )\ is the maximum of €;41/¢;, since we have €] 71 < (W)™, This completes the proof. O

Remark 4.2.6. When n =1, we will also use a slightly more general version that allow
()] < (ON)(A)Y

for some N > 1. In this case we simply rescale to reduce to the case proved above, and obtain that

(4.29) holds with M = min(K(\') 22, Ke/\).

Proposition 4.2.7 (Improved dispersion decay). Suppose || fl|lx < 1, and that (t) ~ 2™. Also let

~

A=A, withv e P and fix (j,k) € J.

1. If k < — Ky, we have

sup [|e T4 £l o S ()N min(277 TR 2 (Bmmath/2) (4.38)
[uI<N/2
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2. If k| < Ko, and |j — m| > Alogm, we have

itA
sup He“ D f
lu|<N/2

< 2—37n/2—j/3<m>N0+A. (439)

Loo ~

3. If |k| < Ko and |j —m| < Alogm, we have

sup He”AF”f;‘k . < 2_j<j>_N°. (4.40)
|ul<N/2
4. If k > Ky, we have
sup HeitAF“f;k Lo S 273k () ~No min (279 9= (Bm=i=5k)/2) (4.41)
[p|<N/2
5. If k> Ko and |j — m| > Alogm, we have
sup HeitA]-—‘ij)'kk| Lo g 23k/2<j>—N0+A2—(3m+j)/2. (442)

[WI<N/2

Proof. First, (4.40) is a direct consequence of Hausdorff-Young and the definition of the Z norm;
the bounds (4.38) and (4.41) are also easily deduced from definition. In fact, when (j,k) € J and

k < =Ky, from Hausdorfl-Young we have
e 0 il e S INT# Sl 0 S Nty @ ezl Tefille S G) Y27, (4.43)
while from the standard dispersion estimate (see for example [32], Lemma 5.2) we have

AT £l oo S 27320 fll g S 273D 2| DR fyp g2 S (j) " No2mBmmath)/2 1 (4.44)

Loo ~

The inequality (4.41) is proved using basically the same argument, but with the Z;; norm for k > K
(the 273F factor comes from the three extra vector fields in Definition 4.2.4), and the proof is omitted
here.

Now we will prove (4.39) in the case j < m — Alogm. The case j > m + Alogm only needs

minor changes. Let I'* f;;, = F and I'* 7 = F*; if [z < 2™ (m)~4, recall that

(eitAF*)(x) _ /RS eitA(§)+ix~§,¢)(£)ﬁ(€) de, (4.45)
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where 1(§) = @pr_2,142)(€) is a cutoff because |k| < Ky. Since F(z) is supported in [z| ~ 27 (unless
j = max(—k,0), in which case j = O(1) and the estimate will be trivial), we may rewrite the above
expression as

(64 7)) = [ vz ap(e)az / MO HE=2) Oy (£ de. (4.46)

R3
with another cutoff 1(z) supported in the region |z| ~ 1. Now fix any z such that |z| ~ 27, we can
use Proposition 4.2.5 with

K =2mx(mj) = p—1 eAn~1

—10m

to bound the £-integral by 2 , which is clearly enough for (4.39). The same argument also applies

for |z| > 2™ (m)A.
Therefore, to prove (4.39), we may assume |z| ~ 2" where |r — m| < Alogm; without loss of
generality we may also assume x = («, 0,0), where o = |z|. Decomposing F into S;F as in (4.13),

we may also assume [ < 7dm, since otherwise we have

ISiF |l S 272 sup QU8 Fpe S 2773,
lvI<N/2

from which (4.41) follows easily. Since the ¢ in (4.45) is radial, we may write 1/;(|§\)§J7(€) —
g(I€l,¢/1¢l), then we have

(087 ) = [ [ A0 2 (g5, 6) dpeaf6), (447

where dw is the surface measure on S? and v, is another cutoff.
Since g is (qualitatively) a Schwartz function of p and 6, we may decompose g = g1 + g2, where
for each 0, F,g1(p,0)(7) is supported in the region |7| < Mo, and F,g2(p, 0)(7) is supported in the

region |7| > My, where My = 27 (m)4/%. To estimate gz, we only need to estimate

/ |(Fpa(p.0))(r)| dr
[T]>Mo

uniformly in 6. But for each fixed 7 with |7| > My we have

(Fog(p,0))(7) = /R e ""g(p.0)dp = /R eTp(p) dp /R 0(2772)SiF(2)e” ) d

Now if we fix z, then the integral in p can be bounded by min(|7|~1°,2710) which will be acceptable.

Therefore in (4.47) we may replace the function g by g1. Using (4.131) and also noticing the bounded
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Fourier support of g1 (-, ) for each 6, we have
1/2 1/2 1/2
lgllgree S Mo llonllzzers S M lgrllnznse S 2' Mol gnlla s (4.48)

If, in the integral (4.47), we restrict to the region |(#1)% — 1| > 1/100, since the function 6 — ! has
no critical point in this region, we can integrate by parts in # many times to bound the left hand
side of (4.47) by 2719 which implies (4.41). Therefore, in (4.47), after replacing g by g, we may
also cutoff in the region |#! — 1| < 1/50 (the case |01 + 1| < 1/50 is treated in the same way), on

which we can use (62, 63) as local coordinates, so that the integral (4.47) reduces to
7= / ei(tA(P)JraP\/1*(92)2*(93)2)¢1(p)w2(02,93)h(p7 92703) dpd92d93, (449)
RxR2

where 1; and 1 are cutoff functions, and & is obtained from g¢; after change of variables.

Now, recall a ~ 27, let

6/ — 2—r/2<m>2A; 6// — 2max(j—m,—m/2) <m>2A7 (450)

we proceed to estimate (4.49) in the region where 62| + 03| > €.

After inserting a cutoff (1 —
©0)((¢')7102, (¢')~163), we will use Proposition 4.2.5 to integrate by parts in (6%,6%), for any fixed
p, choosing

K=a, n=1, e~é, A~(),

so that I is bounded by exp(—v(m)47/2), which is < 271%™ if A is large enough. Here we have
used that 20 < 270'm/2 < ()~ and |8} h(p, Oz < 211l which is because g (p,-) is still a linear
combination of spherical harmonics of degree < 2.

Now, in (4.49), we will restrict to the region where |0?| + |63] < €/, and then fix §2 and 63. Let
E(p) == 0,(A(p) +t tapd') = N (p) +t b,

we will then consider the part where |Z(p)| 2 €”. In this case, we will use Proposition 4.2.5, and set
K=t n=1, e~¢é, \~max(M,(e)™")

to bound I < 27'%. Here we have used [|04h(p, 0)||L> < M(‘)M, because F,g1(p,8)(T) is supported

in |T‘ ,SMO
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Therefore, we can restrict to the region |Z(p)| < €. Using Holder and (4.48), we have
. . 1/2
1S ()2 min (¢ g1l (€02 gnllgere) S (¢)72 min (¢” M,/ (€N 9l 2z

which implies

1] S (m) A2V (| F|l 2 + |QF | p2) S 27%"/279/3 (m) Mot (4.51)

by (4.24). This proves (4.39).
Finally, (4.42) is proved in the same way as (4.39). Since k > Ky, and p = |£| ~ 2F, in (4.47) the

22k and also that the measure of the set where |Z(p)| < € is now 23%¢” since

factor p? will count as
|A”(p)| ~ 273k Moreover in (4.50) we can set ¢ = 2~ ("tF)/2(1m)24  thus in total we have a loss of
24 compared with the proof of (4.39), but we can recover 22* using the three extra vector fields

from Definition 4.2.4 (where one of them has to be ©; see (4.51)), and recover 2¥/2 from Definition

4.2.4, thus we lose 2%%/2 in the end and hence (4.42). O

Corollary 4.2.8. Suppose f = f(z) is a function with || f||x <€, and let v = e f with A equaling

one of the A, then we have

€

120~ S - : (4.52)
|u|§v/2 (1+ [t)) log™ =2 (2 + J#])
Proof. Let 1+ |t| ~ 2™, and we decompose

v= Z eitAf;k. (4.53)

(4:k)edg

Now (4.38)-(4.41) in particular implies

e 1| S €14 24/2) " max(im), ()~ oo~ meton)

L
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for each |u| < N/2. Therefore

[0l S Y e+ 252 max((m), (j)) N0 - 27 mex(m)
(4,k)eT

o0

€ 30 27 m ) max((m), (7)) 37 (14242

720 k=—j
€ Z 9~ max(m.) (max (m), (j))~No=1)
720
€27 ()~ (No=2), (4.54)

A A

N

which is what we need. O

Proposition 4.2.9 (Basic bilinear estimates). For the bilinear operator T defined by

FI(0)6) = [ K i —matman (4.55)

we have the followings:

1 If | Fe Kllpr <1, then

1T(f, ) ller S I flleellglze, (4.56)
when p,q,r € [1,00] and 1/r=1/p+1/q.

2. If

SUP/ \K(é,n)IanJrsup/ |K(&n)Pd¢ S 1,
13 R3 n R3

then we have

IT(f,9)l> < 1 f 1|2 llgllze- (4.57)

3. Suppose f and g are radial functions, and that K is bounded by 1 and supported in the region

€~ 2% e —nl~ 2%, [nl~2% | )| <e
where ® = ®,,,,, is defined in (4.11). Then we have

IT(f, 9)llz> < min (22,2572 /2) 2= (ko) | 7] 5] 1. (4.58)
Proof. (1) This is standard; see [32].
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(2) We may assume that F = f and G = g are nonnegative. Let FT'(f,g) = H, by Cauchy-

Schwartz we have

HOP S [ KEnFE-ncm - [ KEnpE=mnd.

The second factor is bounded by || F||z2 by Cahchy-Schwartz again, thus we have

11 S 1 lee - [ [ K€mP(€e = nG2 ) dnde,
where the last integral equals

R3

so this proves (2).

o~

() dn / K(&n)F(E —n)de < / G2(n) - e dn = 11112z - lgll2
R3 R3

(3) Let | f(§=n)| = F(|[¢=nl) and [g(n)| = G(|n]), we may assume § = (X,0,0) and {—n = (z,y, 2),

so that

IFT(f,9)(§)] < /Rs F(va? + 32+ 22)G(V(A = 2)? + 32 + 22) dadydz.

Make the change of variables

p=x2+y?+ 22 T:\/()\—gc)Q—I—yQ—i—z?7 0 = tan~

the (inverse) Jacobian being

Pz Py Pz x y oz
1
-1 . _ B
J - Te Ty Tz - ,DT(y2 + 22) T — A y z -
0, 0y 0, 0 -z y
so we have
2
\FT(f, 9 < pTF(p)G(7) dpdr.
A Jio)<e
Note that
IFO ey ~ 272 |l (G ~ 2722 (|g] g,

this implies that

IFT(f, 9)(©)] S 275 =R ]l 11 |G|,
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which implies the first part of (4.58) by Holder; as for the second part, choose a suitable function
J(A) with ||J]|zz = 1, we have

IT(f.g) e < 25 /@K F(p)G(r)J(A) dpdrd,

then we fix p and 7 and notice |9\®| ~ 2%, so the measure of {\ : |®| < €} is bounded by 2* ¢,

then use Holder to conclude. O

4.3 Proof of Theorem 4.1.1: Reduction to Z-norm estimate

Let u be a solution to (4.1) on [0,7]. We define the function v with value in C?? by
v, = (O — i\, )uy, veP, (4.60)

where u_, = uqy; so we have v_, = T,. Moreover, let the corresponding profile f be
fo(t) = e, ), 0<t<T. (4.61)

Proposition 4.3.1. Suppose g, h : R? — R? are such that ||(g, 0.9, h)||y~ < €0, then there exists a

unique solution u to (4.1) such that
u€ CMHY([0,1] x R = RY),  d,u € COHN([0,1] x R = RY);  w(0) = g,0u(0) = h. (4.62)
Moreover, if ||(g,0.9,h)||z < €0, then we have f(t) € C([0,1] — Z), where f(t) = (f.(t)) is defined

as in (4.61) above.

Proof. This is proved, with slightly different parameters, in [32], Proposition 2.1 and 2.4; the proof

in our case is basically the same. O

With Proposition 4.3.1, we can reduce the proof of Theorem 4.1.1 to the following a priori

estimate.

Proposition 4.3.2. Suppose u is a solution to (4.1) on a time interval [0,T] with initial data

u(0) = g and u(0) = h such that
ue CHHY(0,T] xR = RY),  d,u e COHN([0,T] x R® — RY), (4.63)
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and let f(t) be defined accordingly. Assume
(g, 0zg,h)||x < e < eo, sup [|f(t)[[x <& <1,
0<t<T

then we have

3/2
sup [|f(0)]lx S &% + e
0<t<T

4.3.1 Control of energy

From now on we will fix a solution u as described in Proposition 4.3.2, and the corresponding f; in

this section we will recover the energy bounds.

Proposition 4.3.3. We have

sup sup |THF()|re <7 +e. (4.64)
0<t<T |u|<N

Proof. Recall that
[T F@)lIz2 ~ [T u(t)[ 2 + [T (8a, O )u(t) L2,

the proof is basically the same as in [32]; we will present it here since the norms involved are different.

Define the energy

d
E(t) = Z/ (Z<I6tF“ual2+bi|F“ual2+ci|VF“ua2)+ (4.65)

\u\<N

+ Z Z S]k (u, Ou)9; T uy - akf“u3> dz,

a,B=1j,k=1

where
d

3
Sjk (u, Ou) :ZZ Akaﬁw 7+Ba5781u7)

y=11=1

Note that in the whole time interval [0,7] the HY based norms are small, we thus have

E(t) ~ [T u(®)|[Z2 + [T (0z, O )u(t)l|7-
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Now using (4.1) and the symmetry assumption of S, and integrating by parts, we may compute that

d 3
% Z Z Z / @Si%(u,@u) - 0T uy - O ug
R3

|n| <N a,B=1jk=1

d 3
_ Z Z Z /3 ajsgl;(u,ﬁu) 0T g - BT ug
-

[u|<N a,8=1j,k=1

1
SOE()

d 3
DT> o ug - TS (u, 0u)d;0kup) — S (u, 0u)T0; O]

[p|<N a,p=1j,k=1

_|_

d
+ DN 0 e T (u, du).
lu] <N a=1
Now, using the equation (4.1) again to eliminate 7 terms and using Leibniz rule, we can bound the

time derivative by

|5t5(t)|§5(t)~< sup [[T*u(t)||p= 4+ sup IIF“(at»f’x)U(t)llLoo)

lu|<N/2 [u|<N/2

Next, since we have
Vo + Vg .

1,
5 ; Uy = iAal(va —V_q), (4.66)

Ot =

and also v, (t) = e~ f_(t) for v € P with the bound || f, ()| x < €1, we can use Corollary 4.2.8 to

deduce that

€1
sup [T u(t)||zee + sup |[T¥*(0r, Oz )u(t)[ L~ S ; (4.67)
InI<N/2 Wl <N/2 (1+ [t]) log™ (2 + [¢])
and hence (note that £(t) < €2)
3
€
RG] . :
(1 + |t]) 1og (2 + [¢])
Since £(0) < &2 and the weight is integrable in ¢, this proves (4.64). O

4.3.2 Duhamel formula, and control of Z norm

By definition of v and (4.1), we know that (9; — iA,)v, equals a (constant coefficient) quadratic

form of u, Ju or 89, u. Using also (4.66) and Duhamel formula, we will obtain

—

fo(t.8) = f2(0,8) = Z /0 /}R3 et &M (€0) Fu(s, € —n) Fo(s,m) dnds (4.68)

w,veP
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for each o € P. The weight

20
max(k,k1,k opv,i0 g ouv,il €_ n ouv,i2 Ui
Mopy = Z Z (1+2 ax( 2))'(/}1@;:11@2 (2,C>¢k;’ﬁk2 ( ok )%;’ﬁkz (2;%)7 (4.69)

i=1 k,k1,ko

where the 1’s have uniform compact support and belong to Zs with uniform bounds.

The proof of Proposition 4.3.2 is now reduced to the following Z norm estimate.

Proposition 4.3.4. Fiz a choice of (o, p,v). Suppose
m > 0, (ja k)v (jla kl)v (j?a kQ) € \7; max(m7j7 |k|7j17j23 |k1|7 |k2‘) =M.

Let 2™ < a < b < 2™t and define the quantity J by

b
T€ = [ [ e e € E ), (5~ DF L s dds, (470)

then we have

1 jkllz,,. S (M)~ (4.71)

4.4 Proof of Proposition 4.3.4: The setup

First, for each |3] < N/2 + 3 we have!

IO = Y[ [ e e € F O 0 (51— )FaT ) ) s,
|B1l+1821< 18] 7 TR

(4.72)

where mg}j,‘@"‘ is obtained from mg,, by applying 2, and has the same form as (4.69) with uniform

bounds for each |u| < N/2+ 3. In (4.72), we further decompose f, into S, f, and f, into S, f,,

and reduce to estimating I, where
9= [ [ e emmemPis.¢ — Gl dnds (4.73)
a JR3
where the (o, u, V) subindices are omitted, and

F=0%"S, f)ik:  G=@75,f)

*
Jako*

1Strictly speaking we should commute I'? with Qj1 here, but the commutators are estimated easily so we omit
them.
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4.4.1 Bounds for F, G and their time derivatives

Proposition 4.4.1. We have the following bounds for F and O, F'; similar bounds will hold for G

and 0;G.

1. For F we have

|Fllr2 S 9= (N=6)max(k1,l)/2¢, .
||ﬁ||Lm < 2*j1/4517 iy > ng;

[F || < 2202(3k=i)/2(5y=Nog, - if |y < —K2.
2. If ky < —Ky we have
[FllL2 S (Gr)~No2m7i R ey S (jy) N2 9 2ey;
le™ ™ Flpee S (1)~ N0 min(2771Hhr 2= (Bm=ditk)/2)e,
le™ M Fllpee < max((m), (jr))~No2m mex(mive,
3. If k1| < Ko we have
1Pl 2 S 2750 ey, [[Fllpr S 279 (a) ™ Noey;
le™ M P poe S 211273201 /3 (m)Not Ay it [y —m| > Alogm;
le=™# Fllpee < (m)=No2700ey, i [j1 —m| < Alogm.
4. If k1 > Ky we have
IF ||z S ()~ No2mv TR 2ey < (y) T2 ey
Ile_iA“FHLoo < <j1>_N°+A27k1/2+l12_(3m+j1)/251, if |j1 —m| > Alogm;
e ™4 F|| oo < (m)~Nog—7125k1/2¢ if |j1 —m| < Alogm.
5. For O,F we have
|8 F || 2 S (m)Agmint=@mikn)/28m/2) 8 < () Ag=9m/8et,
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(4.83)

(4.84)

(4.85)
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Proof. The inequality (4.74) follows from the energy bound; for (4.75), we may assume |ki| < 49’5,
(otherwise we use (4.74)), and decompose F into spherical harmonics as in (4.12), assuming that
l1 <4651 due to (4.74); since for each radial function ¢(|¢|) appearing in this expansion we have

lgllL= < 271/2||g||z> by one-dimensional Sobolev, we obtain that

| F|| g < 201/2+209=(5/6-0)j12) < 9=i1/4g,

(4.76) is proved in the same way, the only difference being that now ||G(|§|)HL§ ~ 27k G|z for
radial G supported in [¢| ~ 21, which introduces an additional factor of 271,

Next, everything from (4.77) to (4.85) follows from either Definition 4.2.4 and Hélder, or Propo-
sition 4.2.7; note that now we do not have the three extra derivatives, so the corresponding estimates
have to be changed; for example we have a factor 21t in (4.81) due to the presence of 2 in (4.51).

Next we prove (4.86); we only need to prove the first inequality. Recall from (4.68) we have that

atF(t7€) = Sllp[k1—2,k‘1+2]Qj1k'1 Z Z Z / eis‘bu"/T(fvn)
v, 7E€P jo,kz.jaks | B2 +|Bs|<|Br]| T R

(&, m)Fo (D72 £,k (5, € — ) Fu(D7 fr)} i, (5,m) d,
similar to (4.72). Again we make the further S;, and S;, decompositions and reduce to estimating
I'= Qg —o k126 /]Rs e EMm (e, n)K (s, € — n)L(s,n) dn,

where we assume max(ks, k3, l2,13) < 26'm, and

K = (I8, f,) L= ("%8,f)

* *
Jaka? Jsks?

and they satisfy the bounds in (4.74)-(4.85) above. First note that
1|22 S 229420 Lo S 2%5 2| K2 Ll 2 S 27268,
Next, using Proposition 4.2.9, we have

max(k} kT . —1is —1is
1|2 < 2 ks ) min (|| K| g2 [le ™" L poe, || L| 2|~ K| oo ). (4.87)
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Now suppose max(ki, kz) < —KZ. We have ||I'|| 2 < 2min(s152)22  where
k1 =—=3m/2+ (jo — ko)/2 — j3s — k3/2, ko = —=3m/2+ (j3 — k3)/2 — jo — ka/2.
Assume jy > js, then
ko < —=3m/2 — ja/2 — (k2 + k3)/2 < —3m/2 — max(ks, k3) < —3m/2 — k1/2,

which proves (4.86).
If min(ky, k3) > —KZ, then if jo > (1 — 0)m, we can bound K in L? and e™*A+ L in L™ to get
17|z < 27192, TIf max(ja, j3) < (1 — 0)m, we then choose to bound one factor in L> and the

other factor in L? to get

HI/HL2 S min {24k2+l22—3m/22—10max(k3,lg)’ 24k3+132—3m/22—10 max(kg,lg)}S%,

which implies (4.86). If ko > —K3 > k3, we may also assume kg > —Kj. If jo > (1 — 0)m we can

argue as before, and if jo < (1 — 0)m we can again use (4.78) and (4.81) to bound
HI/HL2 < min {24]€2+l2273771/227]‘3,/27 273771/22]‘32710 max(l@,lg)}ei

which also implies (4.86). O

Remark 4.4.2. Note that, in proving (4.75) we have actually used the following bound
1FSE 5l e S 22727 F ) 2

combining this with (4.86) allows us to bound H@:F'HLoo, which will be used later in the estimates

below.

4.4.2 Easy cases

We now begin to prove the estimate of I. By (4.87), we have the following basic estimate
1llz2 S 27 sup 27005 win (P2 fle™** Gl |Gzl Fll=), (4.88)

a<s<

which will be used repeatedly below.
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First, we shall get rid of the case when
j > max(—k, min(j1, j2), m — min(k; , ky ) + Alog M,
where recall that A < Ny is some absolute constant. In fact, assume j; < jo, we have

b
Ino) = [ ou@emea [ [ v emmenPis.e~nGlsnds  (48)

for |z| ~ 27. Fixing s and 7, we analyze the integral in &, which is

[, oM m(e ) s, =)

by using Proposition 4.2.5, choosing
K=lz|, n=1, e~1, A~ 2max0-kj1)

and noticing |V¢®| < 27 ™k k) g0 that we can bound the output ||| 2 < 2719Pe3.
Next, suppose j > 3m. From above, we may also assume that either M > m? (in which case

max(j1, ke, k1, ko) > M and the estimates are trivial), or
J<|k|+ Alogm, or min(ji,j2)>j— Alogm.

In the former case, we only need to prove ||I]|~ < 27¢2, which is trivial by estimating both F and
G factors in L? in (4.73), using (4.74). In the latter case, we simply exploit the fact j > 3m, then
use (4.88) and Proposition 4.4.1 to conclude.

Now, assuming j < 3m, we can easily treat the case when? max(ky, lo, k2,l2) > 58m or when
max(ji, j2) > 9m, using (4.74) and (4.79) respectively. Thus from now on we will assume the
inequalities

j <3m, max(ky, ks, l1,l2) <58'm, M <9m, (4.90)

and

j < max(—k, min(j1, j2),m — min(k; , k5 )) + Alog m. (4.91)

Moreover, if we have j < (1 + o)m, we can also assume that max(kq, ko,l1,1l2) < (24 0)d'm. For

2Tn this case we will actually use a bound stronger than (4.74), using the simple fact that min(|81], |82]) < (N+6)/4.
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simplicity, from now on we will use the symbol X <Y to denote X <Y + Alogm (and similarly

for X > Y), so for example we have j < m from (4.90).

4.5 Low frequencies

In this section we consider the case max(k1, ko) < —Kjy. By (4.26), we may assume kg < —Kj also.
In this section only, we will replace F' and G by (j;)V°F and (j2)™V°G respectively, so that our goal

is to prove

h/2_—2 Gu) - G\
Lo=2%:=20TF 22| Ly || 12 < <M>‘3O(> . (4.92)
(Jo)
In each case below, we will prove that either L < 27°™ or L < (M)4 and min(jy, j2) > o-m; either

will imply (4.92). Below we will always denote p := b, /b,, while p; will be various constants.

4.5.1 First reduction

Suppose j > m + max(k1, ko), then we must have either j < min(j1,j2), or j + k& < 0. In the first

situation we may, without loss of generality, assume k < k; + 6, and bound using (4.88) that
.k .k
Hjj+§+m—j1—?—mjo.

Also, using Proposition 4.4.1, we will have x < —m/10, unless |jo — ko — m| < m/5 and |jo — j1| <
m/10, in which case we must have min(j1,j2) > o- D, so (4.92) is proved anyway.
In the second situation we have j + k =< 0, thus we only need to bound Hﬁk:’HLw < 27'¢2 with

k' < j. Since we have assumed that j = m+ ’“'5’“2 , we can directly use Young’s inequality to bound

) k
Hljm*h*?l

.k ki +k :
*J2*§ﬁm+ 12 22

Again, we would actually have s’ < —o-m from above, unless |j; + k1| + |j2 + k2| + |k1 — k2| < 0-m,

which means we only need to consider the case
j17klaj27k2 =0-m, j07_k0 = (1+O)m (493)

This would imply that that F' and G are in Schwartz space with suitable some Schwartz norm
bounded by 2°™¢q, so we will treat the integral in 7 in (4.73) as a standard oscillatory integral with

phase s®(£, 7). Using Van der Corput lemma (see Proposition 4.8.1), we can bound this integral for
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each & by 27™/19¢2 (which would imply &’ < j —m/10 since j > (1 — o)m), unless A, + A, =0, in
which case we have |®(£,n)| 2 1 and thus will integrate by parts in s once to conclude; see below.
Now we can assume j < m + max(k1, k2). Note that from the above proof, we can also assume

j > min(j1,72). If j+k < 0, we may assume j; > jo and compute, by (4.88), that

. k‘l 3m jg—k’g
< — - = <0
K 2+m J1 5 9 + B = U,

which is because

PR ki + ko < ~max(ji,j2) kit ke < _ max(ky, ky)
2 2 2 2 2

Moreover, if jo < o-m we will either have the stronger bound k < —o - m, or we will be in the case
(4.93); if instead j; ~ jo ~ m, then we can recover the logarithmic loss from the Z norm bound.

Now we already have

max(—k, min(j1, j2)) < j X m + max(kq, k2).

Next, suppose b, — b, — by # 0, so |®| 2 1. Integrating by parts in s, we obtain

1(¢) = i@(f,n)m s=b
1(§) /Rse D) F(s,& —n)G(s,n)dn _
b
— zs<I>(§ U)M .
/a /]R3 i®(¢, ) F(s,& = n)2sG(s,m) dsdn

/ /Rs ireien )) F(s,€ — n)8.0(s,n) dsdr.  (4.94)

Denote the three terms by Iy, I; and Is respectively, by symmetry, we only need to consider I
and I;. Since |®| = 1, we can use a version of (4.88) together with Proposition 4.4.1 to conclude

k = max(K1, k2) where

k 3m—j1+k
Hl<]+§—max(m+%l #)j—

>3

“m—ky Sy m

k
ngj+§+m+min( 5 ' 5

Thus this contribution will also be acceptable.

Now we will assume b, — b, — b, = 0. The easier case would be when ky — k < —Dy, so we will
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have |k; — k| < 6 and hence |V, ®(&,n)| ~ 2%, We may then assume that max(ji, ja) = m + k or we

could integrate by parts in 1 and choose
K=2" n=1 e~2F )\~ omax(ide)

in Proposition 4.2.5 to bound |||z < 2710me?.
Next, suppose j1 = max(ja, m+k). Since we also have j < m+k, we will use (4.88) and estimate

the F factor in L? and the G factor in L™, so we get
.k .k
Hjj+§+m*j1*§*mj0,

and again we will have k < —D/10 unless jo > m/10, thus this contribution will also be acceptable.

If instead jo > max(ji, m + k), we will have x < min(ky, k), where

K1 jj+§+m—31—§—32+/€2jm—h—i—kz

is obtained from estimating the F factor in L? and the G factor in L>°, and

k 3m  gi—k . ka  —m+ji—ko
< b _ = < - 1Jr e
Ko =X+ 5 +m 5 + 5 J 5 = 9
is obtained the other way. Now at least one of x; and ko must be < 0, therefore we will get the

desired bound up to a logarithmic loss, which we can always recover unless
j17k:0'm7 jOaj27_k2:(1+O)m~

In this final scenario, we will integrate by parts in s, to produce Iy, I; and I terms. Notice that
| := € —n] ~ 2%, we have ®(&,n) = ®(£,0) +n - ¥(&,7n), where ®(£,0) is a fixed nonzero analytic

function of |£|?. Using Taylor expansion and a scaling argument, we can see that

m(&,n)

—k(¢ — ks
Be ) 12 E = (2 o),

m(&,n) =

where 1, is supported in [¢] ~ 1 and ¢y in |¢| < 1, verifies the bound ||Fm| ;1 < 2°0™), so we can

~

close the estimate by repeating the estimate of I; above.
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From now on, under the assumption max(kg, k1, k2) < —Kj, we can assume
maX(min(jl,jg), —ki) -<j j m + k‘l; |k‘1 - ]{)2| S Do; k S ]{?1 + Do.

Recall that at point (0,0), we may expand the phase function as
B 1) = Sl — e~ — Syl + O(el* + Il (4.95)
= o, 20, > T T, . '
4.5.2 Second reduction

Here we assume ¢, /b, +¢Z /b, = 0. Since b, +b, # 0, we must have py := —ci /(80%) — ¢t /(8b2) # 0.

The phase function is now expanded as

©(&,m) = polél* + pr(&-m) + p2lnl* + O(nl® + [€llnl), (4.96)

where p1ps # 0. Note that |n| ~ |€ —n| ~ 21, we will first exclude the case k; < k + Dy. In fact, in
this case we would have |V, ®| ~ 2" in the region of interest, under which assumption every estimate
can be done in exactly the same way as the case when ko — k < — Dy, which was treated at the end
of Section 4.5.1 above. Therefore, we may assume further ky > k 4+ Dy.

(1) First, assume 3k; < k — D2, then we will have |V, ®(£,n)| ~ 2% in the region of interest.
Moreover, We are having [V ®(£,n)| < 2(4=I¥Dk1 in the region of interest for 2 < |v| < 4. Now if

max(j1, j2) < m + k, we will use Proposition 4.2.5 and take
K=2" n=3 e~2F )\~ omax(iie)

and deduce that

1jkllL2 S exp(—c(min(2mH44/8, gmth=in gmik=iz)je)ed
which will be sufficient, since

m+4ko/3im+k+k1§m+kfj1>0.

Therefore by symmetry, we may assume j; > max(jz, m+ k). We then use (4.88), and bound the F’
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factor in L? norm, the F factor in L> norm, to obtain an estimate (note also that j < m + k)

k ki 3m—ja+k
mj(m—i—kl)—i—i—l—m—jl—?l—%mjo. (4.97)

Moreover, we have k < —m/10 unless jo > m/10, this proves (4.92).
(2) Next, assume 3k; > k + DZ. then we will have |V, ®(£,n)| ~ 23%1 in the region of interest.
Moreover, We are having [Vy®(€,n)| < 2(4=IvDk1 in the region of interest for 2 < |v| < 4. Now if

max(j1,j2) < m + 3k1, we will use Proposition 4.2.5 and take
K = 2m, n = 3, € ~ 231617 A\ ~ 2max(j1,j2)

and deduce that

IZjkllze S € exp(—y(min(2m 3077 gmtdkimiz))y)d

which will be sufficient. Therefore by symmetry, we may assume j; > max(j2, m + 3k1). We then
use (4.88), bound the F factor in L? and G factor in L° to obtain the estimate (note also that
J=Xm+ k)

]fl . 3m — j2 + kl

3k
nj(m+k1)+71+m*j1*3 —y 20, (4.98)

and also either jo > 0-m or k < —o-m, so (4.92) is proved in this case.

(3) Now assume |3k; — k| < D3. We may also assume that k; = —m/4, since otherwise we may

assume j; > jo = —ki, and directly use (4.88) to bound

3k
REmthk+ S m— - o - e <

k1 3m — jo + k1 m
— + 2k <
2 2 2 g T2k =0,
which implies (4.92) since min(j1,j2) > |k1| > m/5. Now we will have
Va®(&,m) = p1€ + 4pa|n*n + O(2°), (4.99)
as well as
(&,m) = pr(n- &) + palnl* + O2°%). (4.100)

Choose a cutoff ¢ (7) supported in |7| < 1 such that 1 — 1, = 15 is supported in || 2 1 (this may
depend on B).

We first consider the contribution where the factor o (2721 (p1€ 4 4pa|n|?n)) is attached to

112



the weight m(¢,n). In this situation we will have |V, ®| ~ 23%1 and [V¥®(¢,n)| < 20Dk for

2 <|v| <4, thus when max(j1, j2) < m + 3k1, we will be able to use Proposition 4.2.5 with
K=2" n=3 e~2% )\~ owax(1.2)

to obtain sufficient decay. Note that a new difficulty arises with the introduction of the 9 factor,

but one have

0227 (016 + 4pafn*n))| < (Clv])i2*

which can be proved by rescaling. Therefore, we may assume that max(ji,j2) = m + 3k, which
allows us to repeat the proof in part (2) above. Here one should note that (4.88) still holds, because

the function

X271 ) x (27 e (2727 (p1€ + 4pa|n[®n))

has its inverse Fourier transform bounded in L', which is again easily seen by rescaling, so that we
can still use Proposition 4.2.9.
Now suppose that 11 (2731 (p1E+4p2|n|?n)) is attached to m(&,n). In this contribution we always

have |®| ~ 241, Moreover, if we consider the function

2% 1m(€,m)

) D127 (1€ + dpanPm)x (271 ) x (27 ), (4.101)

m(&,n) =

then it will have inverse Fourier transform bounded in L' (simply by rescaling and using the ex-
pansion (4.100)), thus we will be able to integrate by parts in s to produce the Iy, I; and I> terms
but with additional cutoff factors, then use a version of (4.88) and Proposition 4.4.1 to obtain (by

symmetry) k =< max(ki, k2), where

3k k 3m — min(j1,J k
mjm+k1+7174k1—max(j1,j2)*?1* = mm(zjl"h)Jr L <0
corresponds to Iy and
3k 3 k
:‘izjm+k1+71+m—4k:1—7m—El—m:—%—%ljO

corresponds to I;. Moreover, we have eithwe p < —m/10 or min(ji, j2) > |k1| > m/10. Therefore

we have finished the proof in the case when ¢ /b, + ¢7 /b, = 0.
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4.5.3 The final case

Assume 2 /b, + ¢2 /b, # 0. In this case we have

O(&,m) = alé]* + BE - n+nl* + Ol + [n]*) (4.102)

with By # 0. If k; > k + D3, then we will have |V,®| ~ 2k1 50 we can argue exactly as in Section
4.5.2 above; the situation will be the same if k; < k + D2, and we insert certain cutoff to restrict to
the region |3¢ 4 2ym| = 2%. Note in the latter case, the introduction of this cutoff will not affect the
use of Proposition 4.2.9 as in the derivation of (4.88), as will be shown below.

Next, suppose k1 — k < D3, and we attach some cutoff supported in the region where |3¢ + 27|
is small, and 32 —4ay # 0. Then we will have |®| ~ 22% | so we can integrate by parts in s and argue

as in Section 4.5.2 above. Here one should note that (4.88) holds, because the function

2% m(&,n)

e & B 22 s (27 )

m(&,n) =

will have its inverse Fourier transform bounded in L! due to scaling (with or without the 22%/®
factor).

In the only remaining case we have 32 — 4ay = 0, so after re-parametrization we will have
®(€,m) = p3n — p€|? + O(2**). We have also assumed that k; — k < DZ and |n — p¢| < 2F. (again
these may depend on B).

(1) Suppose |k| = m/6. If |k| = m/2, then we can directly use (4.88) to bound

k k
fij(m+/€)+§—|—m—j1—§—j2+kj2m+4kjo,

which implies (4.92) because min(jy, j2) > |k| > m/3. Thus we may assume —m/2 < k < —m/6. By
inserting suitable cutoff functions to the weight m(&,n), we may consider the integral in the regions
where | — p&| ~ 277 for |k| <1< m/2, and where |n — p¢| < 27™/2(m)A.

In the first situation we have |V, ®| ~ |V ®| ~ 277. Suppose max(ji,j2) < m — 7, we will use

Proposition 4.2.5, setting
K=2" n=1 e~2", )~ 2max(nim)

to bound (say) x < —10m (here the restriction A > 2" is due to the newly introduced cutoff factor

(2" (n — pg))). Moreover, if j = m — r, we may also assume j = j;, so we can integrate by parts in

114



& with fixed n exactly as in the estimate of (4.89), where we choose, in Proposition 4.2.5,
K=2" n=1, e~2"m )\~ omax(ri)

to obtain sufficient decay (note that jo > m — 1 > max(r, m/2)).
Now we have j < m —r < max(ji, j2). Suppose j; > ja, we then use (4.88) to bound

k k
nj(m—r)+§+m7(m77’)f§—m:0,

and in this case we can recover the logarithmic loss because min(ji, j2) > |k| > m/7. Here we still

need to verify the validity of (4.88) with weight

m(€,n) = m(&n)1 (27 ha (27 n)vs (2 (n — pg)).

Now by the algebra property of the norm ||F~'M||;:, we only need to bound this norm for the

function

n(&,m) = 127783 (2 (n — p)),

which is easily estimated by a linear transformation and rescaling.

In the second situation above, we must have j < m/2, otherwise we could bound the integral

in the same way as in the estimate of (4.89). Therefore we may assume j; > ja, and use (4.88) to
bound

k' 3m jo—k

< + <0
K3 —4+—-4+m—j1 — - — —
=92 "3 =577 2~

also with min(j1,j2) = m/6.

(2) Suppose |k| < m/6. By inserting suitable cutoff functions, we will consider the integral in
regions where | — p&| ~ 277, for |k| < r < 3|k|, and where | — p&| < 23%(m)4. First suppose
r < 3|k|, then we will have |V, ®| ~ 27" as well as |[V¢®| ~ 27!, and note that » < m/2. This will
allow us to assume that max(ji,j2) = m —r = jo, since if max(ji, j2) < m — r, we will be able to

use Proposition 4.2.5 to integrate by parts in 7, setting

K= 2”"’ k=1, e~ 2—17 A~ 2max(j17j277~)

to obtain sufficient decay; also since we have assumed that jo > min(j1, j2), if jo = m —r we will be

able to integrate by parts in £ just as above. Now that we have max(j1,j2) = m —r = jo, we may
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assume j; > jo (otherwise just switch F' and G) and use (4.88) to bound
.k .k
njj+§+m—y1—§—mj0,

and also either p < —m/10, or j; > ja > m/20, which proves (4.92).

Next, let us assume |k| < m/6 and we are in the region |n — p¢| < 23%(m)4. Since now |V, ®| <
238 (m)4 | we must have j < m + 3k (otherwise we integrate by parts in ¢ as before; note also that
3k < m/2). In this situation we need much more careful analysis of the phase function, which we
will carry out now.

recall that

2 2
&) =D paslCsl?™ + 0(2%0), (4.103)
a=1 =0

where (g = &, (1 = & —n and (3 = 7, and the coefficients are

c " c:

_ _ __ Y. 4.104

P10 %, P11 2b”7 P12 %, ( )
o c A

P20 = g5 P2 = *ﬁv P2 ="g3 (4.105)
o ”w v

Now, in order for the quadratic term to be a perfect square, we must have p1gp11+p11012+p12010 = 0,

or equivalently

bo by by

————— =0. 4.106

2 ci 2 ( )
Recall also that

by —b, —b, =0. (4.107)

Now we compute the fourth-order term; note that apart from an error of at most O(2%%), we may
assume 7 = p4&, where py = —p19/p12. We again have two situations.
(A) Suppose the ¢’s are not all equal, then in particular no two of the ¢’s can be equal, and we

can compute oy = (¢z — ¢2)/(ci — ¢2). Therefore we may assume

§=(c—cv, n=(G—c)v &=n=(c -,

where |v| ~ 2k, Up to a constant we may also assume

, 1 1 11,11
T2 @ wWTa @ w"TaTa
¢ C c;, ca G C
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Therefore we may compute

2
> pasl¢sl* = Avl,
=0

where up to a constant

A —c
A= (cac#c,,)6 “02 = —(cgcuc,,)‘*(c?, — ci)(ci — ci)(cg — c?,) #0. (4.108)
cyclic g

This means that ®(&,7) = o3|¢|* + O(2°%), and also the function

4km
(e = g e e (27 (1 - 026),

where v is supported in || ~ 1 and 9, supported in || < 1, has inverse Fourier transform bounded
in L' (with bounds depending on B), by a linear transformation and rescaling argument. Therefore,
we can integrate by parts in s, producing Iy, I and I3 terms, and use a version of (4.88) to bound
Kk = max(K1, k2), where (k1 corresponds to Iy, in which we may assume j; > j2)

Jj2—k m m

<2 k<=
— 2 — 4 bl

k k
mﬁ(m+3/€)+§—4k—j1—§—3m/2+

k k
,%2j(m—|—3k)+§+m—4k—3m/2—§—m:—%—kﬁ—%.

(B) Suppose that ¢, = ¢, = ¢,, and b, — b, — b, = 0. By extracting a constant we may assume

¢s = 1; by symmetry we may assume b,,b, > 0, so

o(&m) = VIEP T8 — \fle =0l + 8 - VP + 82,

which implies that o2 = b, /b, and that ®(§,n) = 0,P(§,n) = 0 at the point n = p¢ for all £. Now,
if we expand ® as a power series of £ and n — p€, the constant term will be 0 and the second order
term will be ps|n — p&|?; moreover, each term of degree four or higher must contain at least two
factors of n — p€. Therefore, if we restrict to regions where | — p§| ~ 27" for r < m/2, we will have
|V, ®| ~ [Ve®@| ~ 277, regardless of the relationship between r and k. In this situation we thus can
repeat the argument before and assume j < m —r < max(ji, j2) and close the estimate using (4.88)

A

as before. Now we may restrict to the region where | — p€| < 27™/2(m)4, so we have j < m/2.
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Under this assumption we may then assume j; > jo and deduce

m k ) k' 3m  js
/@j*‘f‘*-i-m—]l—*—i‘f'?

k
— = =<0.
2 2 2 2 2_0

In the final case above, we will have either kK < —o-m or min(j1, j2) > 0-m, unless ji, jo, k = 0-m
and j = (1/2 + o)m. If so, we will not insert any cutoff to the integral as above; instead we will use
a special argument as follows.

Note that
b . -~ -~
) = [ [ o, € (s €~ () dednds

Since ji,j» and k are all o(m) in absolute value, the function y(27%¢)m(&, n)F (& — n)G(n) will be
bounded in a suitable Schwartz norm by 2°™. Now we make a change of variables and let n— p& = (,

then we will be estimating, for fixed s, an integral of form

/ FEVEOTTE) o (¢ ) ded, (4.109)
(RS)Z

where ¢ is a function with Schwartz norm bounded by 2°™ and

3
W(E, Q) = pslCl* + D ¢UC hgr(€,€),

q,r=1

with hg,(0,0) = 0, so that we have |V ¥| ~ |¢| where [£| + |(] is small. Now, if we cutoff in the

2m/5 we will be able to integrate by parts in ¢ to obtain sufficient decay; if we cutoff

region || = 2~
in the region |(] < 2-2m/5 e will then fix ¢ and integrate by parts in &, noting that [sC2¢T| < om/5
and |x| ~ 27 > 22m/5 to obtain sufficient decay for this integral. This completes the proof in the

final scenario and thus finishes the proof of Proposition 4.3.4 in the case max(ko, k1, k2) < —Kj.

4.6 Medium frequencies

In this section we consider the case when max(k, ky, ko) < K2, and max(ky, k2) > —Ko. By (4.26),
we may also assume max(ky, k2) < K.

First we shall prove the crucial bilinear lemma introduced in Section 4.1.2. This allows us to
restrict the angular variable under very mild conditions, and will be used frequently in the proof

below.
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Lemma 4.6.1. Restrict the integral (4.73) by adding two cutoff functions and forming

I' = /]R M EM (250 (E, 1))k (€)ml€, )22 sin L(€,m) F(s,€ = m)G(s,m)dn, - (4.110)

where [t| ~ 2™ 4y is Schwartz, ¥a(z) is supported in |z| ~ 1. Assume that

max(ky, ko) > —2K2, Kk <m, max(0,ky, ko) :=k, max(ly,ls):=1<m/10, j; —k <m,

then we have |I'| < 27292 in each of the following three cases:
1. When |ky —ko| <6, v < (m+k)/2—k, and m + k = 2.
2. When |k —ki| <6, v < (m+ks)/2—k, and m + kg > 2.
3. When |k — ko| <6, |ki| < (m —1)/2 and v < (m —1)/2.

Proof. Let max(k1, ko) := k3. By symmetry, we may assume & = [£|e; where |¢| ~ 2%, and e; are

coordinate vectors; we then make several reductions. Fix a time s, let
p=Inl, 0=2Lle1,n), ¢=2(n—(n-eiei,ez);
=&—nl, 0 =ZLe,&—n), ¢ =ZE-—n—((E—n) ei)er,e2)

be the spherical coordinates, we expand as in (4.12)

F(s,6—m) = Z MY, ) Gl =Y Y g ()Y (0,0),

g<2lr m=—q q'<2l2 m'=—q’

and fix a choice (p, q,q’,m, m’). Using the Fourier transform of 11 we can write

ety (27 0(¢, ) = / 27y (27 ) THIE gy (4.111)
R

and restrict |r| < 20m+%)/2 then fix one 7; similarly decomposing
) = [ @ T a

we may assume |o| < 20m+71)/2 (otherwise fq’\”(a) decays rapidly), and then fix o. After absorbing
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m(&,n) into cutoff functions, we reduce to a @ integral
7= /S2 et ) Fop Yo (2V sinH)qu(Q’, (b/)yqy/n (0, ¢) d0do, (4112)

where A = A, for some v € P, p/, 8 and ¢’ are functions of 6 and ¢ with fixed p. Let H =
(t+7r)A(p") + op', note that (p',0',¢') is smooth in 6, and Jp((p')?) = —2|¢|psin@ by the law of

cosines. Using the formula

T @)=Y Y Ampera) fP@)[[6 @, @13
p=0a1+-+a,=n—p i=1
which is a special case of (4.23), we deduce that
|89p/‘ ~ Qk_vv [OgH| ~ 2m+k_v7 |83(9/7 ¢/)| S (Ca)!2ak3§
(4.114)
|05 H| < (Ca)129k2mtk 98| < (Ca)l2vks2F
in case (1), and that
[Dpp'| ~ 2727, |Op H| ~ 2 k20, 105 (0", )| < (Ca)t2®e;
(4.115)
05 H| S (Ca)2ok32m4k (96| < (Ca)i2okots
in case (2), and that
[Bop/| 2 22870, |Op H| 2 27280, 050, ¢)] < (Ca)t2e@at);
105 0’| S (Ca)12kioa@rstn) 1 ga F| < (Co)12mH2Ri9ahatn) - — max(—ky, —2k; — v)
(4.116)

in case (3). We then integrate by parts in 6, using Proposition 4.2.5 and Remark 4.2.6, setting
K = 2m+k:7 n = 17 € ~ 271)’ A~ 2max(l1+k3,12,u), )\/ _ 2k:3

in case (1),

K= 2m+k2 n=1 €~ Q7Y A ~ 2max(l1+k3,l2,v) )\/ — 2k3

in case (2), and

_ om+2k _ 2ks—2k1—v max(v,la,l1+2ks+n ! 2ks+n
K=2mt2 =1 e~ 2himv o\ omax(ulahit2kstn) N1 92ks
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in case (3), so that we can bound |.J/| < exp(—~(m)47) with some fixed constant v and conclude

the proof, provided A is chosen large enough. O

4.6.1 Mixed inputs

Suppose min(ky,k2) < —KZ. By symmetry, we may assume —Ko < k; < K& and ko < —Kg. If
k < —Kj, using Proposition 4.8.1 we have |®(£,n)| = 1, so we can integrate by parts in s, then
use Proposition 4.4.1 to conclude, in the same way as estimating (4.94); thus we will now assume

k > — Ky, so we need to prove
1jkllce S (m) 100 N227/0e2, | Llloe S 277 ()N (m) 71 0% (4.117)

First note that, if j < (1 + o)m and we use a cutoff to restrict |®(£,7)| = 27™/°, we can then

integrate by parts in s and form Iy, I; and I> terms as in (4.94). Consider for example

b is®(&,m)
~ e — ~
BO= [ [ Sy o2 BEn)m(€. maF (s, ~ m)Gls.n) dnds,
a R3 q)(E’ 77)
where v is some cutoff; recall as in the proof of Lemma 4.6.1 that

oLy (2m/00) = / e (27 0y dr (4.118)
R

for some y € S, and that we can restrict |r| < (m)42™/ so we can include the cutoff )(2™/°®)

into the phase, then use (4.88) to bound

I)lce S 277 sup
|7’|§27”/8

b
/ /Rg e T (€,m) 0 F (s,€ — 1)G(s,n) dnds

L2

S 2(10/9+o)m279m/827mgf 5 27(1+0)m€%

In the same way, we can bound Iy and Iy using (4.77) and (4.86) respectively, so this will be
acceptable.

Next suppose ja < j; by (4.91) we may also assume j = m and jo < m, so we have max(ky, ka,11,12) <
(24 0)d'm. since |V, ®(&,n)| ~ 1, using Proposition 4.2.5, we must have j; = m. Using (4.77),
(4.81) and (4.88), we obtain

”I”L2 < 2m<m>A Lg—m—ki/2 226'm273m/25? < 278]’/96%,
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which proves the first half of (4.117); as for the second half, note the above estimate would actually

give ||[I||g2 < 270Hme2 if k| < (1 — 1/20)m, and when |k;| > (1 — 1/20)m, we would have
|z S 212242 P2 < 25 (m)Ae?

using (4.75) and (4.77). Note that from above we can also assume |®(&,7)| < 27™/9 and hence
|B(£,€)] < 27™/2 (which restricts € to some set of volume at most 27/18), so we could close by
Holder, using also Proposition 4.8.1.

Now suppose j =< ja (note that this includes the case when j > m, in which case we have
min(j1,j2) > j, and we can use similar arguments as below), we simply use (4.79) and (4.88) to
bound

12 2 - (m)~No2™ - (jp) No2=592/0c} < (j)No/22753/0¢t

to prove the first part of (4.117); now we work on the Fourier L' bound. If j; — k; = m, this would
follow from estimating both F and G factors in Fourier L! norm, using (4.77), (4.80) and Hélder;
so we will assume j; — k1 < m (so in particular j; < m and hence j < m).

Note that we may assume |®| < 27™/? as above; actually since |k;| < m/2, using (4.86), the
bound can be improved to |®| < 27"/4 by the same argument. Next we treat the case when |®| <
ok1=(80"+o)m If by 4 m /2 < k, this means |ki| > (1/2 — 26)m, which restricts |® (€, €)| < 2-2m/5,
If we moreover assume |V ®| ~ 277, then this restricts £, by Proposition 4.8.1, to a set of volume
< gmin(=rr=2m/5) Noreover we may assume j < m — r if 7 < m/2 (or otherwise we integrate by

parts in & as before), thus we have

HI/]\kHLl S 27(5/670)m2min(77",r72m/5)/25% S 27(1+o)(m77’)€% S 27(1+o)j5%

If k; +m/2 = k, using Proposition 4.6.1, we can restrict that |sin Z(£,7n)| < 277, where p =
(1/2 = § — o)m. Now we write « = +[¢|, 8 = £|n|, and fix s and the direction vectors £=0and

7 = ¢, so that we reduce to an integral

22 [ Flad - 0)G(5oIm(a. )45

where m(«, 8) is bounded and supported in the region where |®T (o, 8)| < 2°° where py = ki —

(88" + 0)m, and also |a — | < 2¥1; note that we have omitted the exponential factor. By Schur’s

122



test, we only need to bound the integrals

/ m(a, )F(ab — p6) da, / m(a, )F(ab — pg) dB.
R R

By (4.76) and the fact that |0s®4| ~ 1, we know that the first integral is trivially bounded by &1,

and the second integral is bounded by 2~ %1+Pog,. This gives the bound
|Gallzs S 27220 ma=20(2-kutm)1/2g=c? < 9= (l4olig?,

Now we are left with the case when |®| > 2°0 with py as above. Since also |®| < 27"/4, we must
have |k1| > 2m/9, so € is already restricted to a region of volume < 27/9; by Hélder, we only need
to bound ||I||p2 < 2-(7/18+0)me2 Notice that |k;| < m/2 (since j; — k; < m), we will integrate by
parts in s. The boundary term I is clearly acceptable by (4.88); the term I; where the derivative

falls on F is estimated in the same way as Iy, where one uses (4.38) to deduce that

||€iSAatF||Loo 5 2—3m/223j1/22—3m/22—k1/2 5 2—5m/22j1 5 2—3m/22k18%

and get

11| 2 S 2mPogom/G=3m/2gk gt < gmmed,

Finally, using (4.86) and (4.88) as well as the trick used in (4.118), we can bound || Iz 2 < 2%&?
with

k< —po+m—m—3m/2 < —(17/18 + o)m.

4.6.2 Medium frequency output

Here we assume k > —Kj, so we need to prove the (slightly stronger) bound
el S 275700 8, Tl S 27 (Fed. (4.119)

The case when j > m or min(jq, j2) >= m can be treated in the same way as in Section 4.6.1 above;
if |®| =2 1, we can integrate by parts in s. Both cases are easy, so we will now assume j < m,

min(ji, j2) < m and |®| < 1. We next separate two different situations.
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The case of large j’s

Here we assume (say) jo = max(j1,j2) = m/3. Note that j < m; we will insert a cutoff to restrict
[Ve®(E,m)| ~ 277 If r > min(m — j,m/2), then either j < min(jq,j2) (in which case we then
use Proposition 4.6.1 to restrict Z(£,n), and the remaining estimates will be easy), or we can fix n
(or £ — 1) and integrate by parts in £ as we have done many times before. Below we will assume
r < min(m — j,m/2).

Using Lemma 4.6.1, we can assume |sin Z(&,7)| < 27(/2=9™ (note that when |k| < 1, the
insertion of a cutoff of form ¢ (2"V¢®) will not affect this, as seen in the proof of Lemma 4.6.1). Fix
a time s, the direction vectors &, and 7, of £ and 7, let a = £|¢| and 8 = =£|n|, we reduce to an

integral of form

/Reisi(a,mm(g, nF(E —n)G(n)dB,

where ¢ and 7 are functions of a and /3 respectively, and
(e, ) = @ (a, ) + 02717,

for notations see Section 4.8.1. Now we choose a parameter p < (1 — o)m, and consider the region
where |®*(a, B)| ~ 277, or when |®F(a, B)| < 27(172)™: in the first situation we integrate by parts
in s, producing the Iy, I; and Is terms, in the second situation we will estimate the integral I
directly. In estimating all these terms we shall use Schur’s lemma.

For the term with |® (a, 8)] < 27(1~9™  we will Propositions 4.4.1 and 4.8.2 to bound

[FlSei sup||Gllz $22)Gllez < g~ (B/18=200mg,
e

then use Propositions 4.8.1 and to bound

sup/ 1E(C¥,B) dﬁ 5 2—(1/3—o)m; sup/ 1E(a7ﬁ) da 5 2—(1—0)m,21"7
o IR s Jr

using the fact that |0,® | ~ 27", where E is the set where |®, (o, 3)| < 27(17)™  Putting these
into Schur’s lemma, and considering that 7. ranges in a ball centered at &, with radius 2-(1=2)/2

we obtain

5I2||I|‘L2 S 2m27(170)m27(5/18726')m(27(1/370)m)1/2(27(170)m2r)1/2 S 27(17/18726/70)7712r/27
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which is bounded above by 2~ (17/18-25"~0)j

For the term Iy, the estimate is the same as above; simply replace 2~ (1= by 277 and repeat
the argument above. For I; and Is, we shall estimate them in the same way as Iy, but with the
additional time integral which counts as 2™; however, for the term with 0y derivative, we have from

(4.86) and Remark 4.4.2 that
18:Gl 2 S 27C27Ome2 |G F | pe S 27072,

which is almost 2™ better than the corresponding G and F' factors, so this cancels the time integra-
tion.

Finally, considering the Fourier L! bound, we may assume j, < m/2, otherwise it would directly
follow from the L? bound (where for ||G||z> we have a bound of 275"/12¢; instead of 27°"/18¢).
Now since jo < m/2, we can assume |V,®| < 2-(1/4=0)m gince otherwise we can integrate by
parts in 7 (or 8) to get 2720 decay; also we can assume |®(£,7)| < 27™/3, since otherwise we can
integrate by parts in s, using the trick in (4.118) and the bound |9,G||z> < 27G/2=9me? to close.
Now using (4.124) and (4.125), we can restrict & to a region of volume < 27™/8, so we use the L?

bound obtained above and Hélder to obtain a good L! bound.

The case of small j’s

Assume j' = max(j1,j2) < m/3. In particular we know that |V, ®| < 1, so we are close to one of
the spacetime resonance spheres described in Proposition 4.8.1, say (ag, 5o)-

Recall that | sin Z(&,n)| < 27(2/279)™; in the discussion below we will further assume |02®™| < 1,
where o = +[¢] and § = £[n|. In fact, when [93®F| > 1 we have a non-degenerate oscillatory
integral (which is exactly the case in [32]), so for example we have |8 — R;(a)| < 27(1/27°)™ (instead
of 2=/ 3(m)?), and the proof will be completed in the same way as below, and every estimate will
be strictly better.

Now we will fix a time s, and restrict ||¢] — ap| ~ 272! with 0 <1 < m/2, or ||¢| — ag| < 27™,

using suitable cutoff functions. We are thus considering the integral

H(s,£) = /R3 e EMm (g, ) F (s, & —n)G(s,m) d.

As the first step, we can use Lemma 4.6.1 to restrict |sin Z(£,7)| < 27™/2(m)*. We then fix the

direction vectors &, and 7., noticing that 7. stays in a set with volume 2™ (m)4 with fixed &, and
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let o = %[¢| and B = %|n|. We then have ®(¢,n) = T (a, B) + O(27"(m)?); with suitable choice

of A, this remainder will be safely ignored. Below we will consider the integral

~/R eis@*(a,ﬂ)m(€7 U)ﬁ<37 f - n)é(s’ 77) dﬂ

Next, recall that

95®7 (o, B) = P(a, B) - (B — Ru(a)) - [(B — Ra(a))? = Q(a)],

by our assumptions, we may assume that 5 is to Rz(a) (the case of Ry is similar).

If we restrict |8 — Rs(a)| 2 27# by inserting some cutoff function, where y < max(%, 1), then
we have, by elementary calculus, that |9, ®| > 2~ ™02 w1 and 02 ®| < 9~ min(il) - We then

set in Proposition 4.2.5 that

K = 2m7 n= 27 €1~ 2—1r1rlin(2,u’,u’—i-l)7 €9 ~ 2~ min(,u,’,l)7 A ~ anax(p,j')’

and check that the choice of parameters (in particular the choice that p/ < max(m/3, (m —1)/2))
guarantees sufficient decay.
m—l

Now, suppose |3 — Rs(a)| < 270 (m)#, where po = max(%, 2-t), then we have

|+ (a, B) = D4 (a, Ry(@))] S 27" (m)*,

which can be checked using the expressions of ® . Using the support of 5 and 7., we can already

bound ||I]| 1 < 27™/3(m)4e2. To bound the L? and Fourier L' norms we let
A= (8a<1>)(a07 Rg(ao))

as in Proposition 4.8.1, we will consider the case when A # 0 and when A = 0.

(1) Suppose X # 0. If we assume |a — ag| < 272! with [ = m/2, then we directly use the Fourier
L bound obtained above and the smallness of support to conclude; therefore we may assume
|[€] — a| ~ 272 with I < m/2. From part (5) of Proposition 4.8.1, we have that |® (o, R3(c))| ~
272t while

B, m) — D+ (& Ra(l€D)] S 27 (m) ™,

so we have that |®(&,n)| ~ 272, thus we will integrate by parts in s. The boundary term Iy can be
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estimated in L? norm (using Hélder) by 2%¢7, where

< Al —1 21——<_f
K ogm + 3 6

(notice that the 2-4m/3 factor is due to the support of 8 and 7. together), and the Fourier L' norm

would be bounded by 2“/, where

k' =< Alogm — 21 + 2] — ? = 7%7 < —5j/4,
which will be acceptable. As for I (I3 is the same), we will have one more time integration, but the
Fourier L norm of 9;F (or 9;G) will be 2™ better than the corresponding function themselves (F
or G) due to (4.86) and Remark 4.4.2; so the proof will go exactly the same way.
(2) Suppose A = 0. We may again assume ||¢| — ap| ~ 272! with [ < m/2; we next consider the
case when

J = max(2l,m — l,m — po,l + po) = max(2l,m — 1)

where we recall pp = max(m/3,(m —1)/2). We then fix n and s, and repeat the argument of

integrating by parts in ¢ as before; for a fixed point z with |z| ~ 27, we analyze the inegral

(Dt " n-§ n-§ =
[ eter (2 o= 1550 (2 (1 - Raleh) ) e - m(@)mn(e) ae

Note that with the cutoff functions, we have
V(&) S 277 +[Ve@(E p3(€)) S 277 +27,

the last inequality following easily from the proof of Proposition 4.8.1. Now we can set in Proposition
4.2.5 that K = 2™, e = 2lo™™m |k =1, [ = 219°M and \ = max(j’,] + p,n1) to obtain a decay of

27 100M 22 " Note that taking each derivative of the cutoff function

(2 (g = mael))

may cost us up to 2m*(LI+41): this can be proved using the same argument as the proof of Proposition
4.2.5.

Now we may assume j < max(2l,m — [). Using this and the bound for 5f2|\ﬂ|Lm we already
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have, we can bound e} ?||I|| > without integrating by parts in s by 2, where
k=3m—1—4m/3 X =51/3 < —5j/6
when [ > m/3 (the Fourier L! bound follows from Hélder), and
k=3Im—1—4m/3 < —5(m —1)/6 < —5;5/6

when 3m/11 <1 < m/3 (the Fourier L' bound also follows from Hélder). Finally when [ < 3m/11,

we note that |®| ~ 273! so we can intgrate by parts in s to bound 7 2||I||z2 by 2@2x(%1:52) "wwhere
k1 X3l—1—4m/3 <2 —(m—1)—m/10 < —j — m/10,

and

ke Zm+3l—1—(4m/3) —m < —j —m/10.

4.6.3 Low frequency output

In this section we assume k < —Kg. As before, we can now exclude the cases when j = m, or
when max(j;, j2) = m, which allows us to assume |sin Z(&,71)| < 27m*#)/2 due to Lemma 4.6.1 (we
ignore the powers 22F since they are unimportant here). The rest of the proof then goes in the same
way as in Section 4.6.2, making necessary changes due to the fact that |¢] < 1.

To be precise, if j; > (1/2 — o)m, we can first fix the angle Z(£,n), then reduce to a one-
dimensional integral as before (note that |0, ®4| 2 1 here), so that we use Schur’s test to obtain

I1]|z2 < 27%e2, where
k< k+p—(m+k)—p/2—(p/2)/2—5/6(1/2—o)m < —(1+0)m,
where p is the one defined in Section 4.6.2, the first 2¥ factor is due to the fact that
]Iz < 2" sup [[T(a0)| 2,
9es?

when T is restricted to [¢] ~ 2.

Now let us assume max(j;, j2) < (1/2 —o0)m. Again we must have |sin Z(&,n)| < 27 (m+F)/2 and
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again the relation

D(&,n) = @ (a, B) + O(27 ™)

holds. After fixing the directions of ¢ and 7 and reducing to the one-dimensional integral, notice
that when |[®F] +[95®F| < 1 we have [958T| > 1 by Proposition 4.8.1, thus under the condition
max(j1,72) < (1/2 — o)m we can restrict |f — p(a)] < 27(1/279" where 8 = p(a) is the unique
solution to 9@y (a, B) = 0, thus obtaining 1]l < 27(1/279me2 in exactly the same way as

~

Section 4.6.2, and again we have
oy (o, 8) = @ (a,p(a)) + 02717,

notice that |0, ® T (a, p(a))| = 1, we can then analyze the size of | (, p(«))| and integrate by parts
in s (and use (4.86) and Remark 4.4.2 to bound the L norm of 9,F and 8/55) when necessary,
as we did in Section 4.6.2 above. Compared with that case, the L°° bound here is better, and the

volume bound for {« : |®T (c, p(a))| ~ 277} is also better with fixed p. This completes the proof.

4.7 High frequency case

In this section we assume k := max(k, k1, ko) > Ko. By Proposition 4.8.1, we have either |®| > Z’QE,
or min(k, k1, k2) > —Dy. In the latter case we also have that, either ¢, = ¢, = ¢, and b,—b,—b, =0,
or |V, ®| = 274,

Now, if |®| = 2*2? we simply integrate by parts in s and estimate the corresponding Iy, I; and

I terms as before; for example by a version of (4.88) we have
||IO||L2 5 QSE . 26%279m/88% 5 27(1+0)m8%

and

12 S 27+ - g=(=0hmgom/s 2 < g=(isomz

If |®] < 272% and IV, 2 274 then we may assume j; > (1 — o)m — 4k, thus we can use Lemma
4.6.1 to restrict |sin Z(&,n)| < 27(1/2=9™: we then restrict |®| ~ 277, integrate by parts in s, and

use Schur’s lemma as before, to obtain ||||g2 < 2max(kor1)e2 wwhere

ko=v7—(1—0m+8k—~v—5m/6 < —(1+0o)m
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and

ki=v—(1—0m+8k—~v—9m/8 < —(1+o0)m.

Finally, when ¢, = ¢, = ¢, = 1 (say) and b, — b, — b, = 0, then we have |®| 2 272k g0 we can

analyze as above, unless |£[,[n],|¢ — 7| ~ 2", in which case we have
Ve®| ~ [V @] ~ 275 — pé]

as in Proposition 4.8.1. Then, using the same integration by parts argument (in £ or n) as above,
we conclude that j < m — 3k — | < max(j1,j2), where | — p&| ~ 2!; moreover we can assume
|sin Z(&,n)] < 27(/2=0)m by Lemma 4.6.1, so we assume |®| ~ 277 and reduce to one-dimensional

integral, and integrate by parts in s so get that ||| z2 < 2max(x0:51)e2 where
ko =7 — (1 —o0)m+ (3k +1) — v — max(j1, j2) < —3j/2,
ki=y+m—(1—-om+ Bk+1)—~v—9m/8 < —(1+1/20)7,

so in any case we get the desired estimate.

4.8 Auxiliary results

4.8.1 Properties of phase functions

Let ® = ®,,, and " be defined as in Section 4.1.1. Define the spacetime resonance set
R = {(€m) : B(£,m) = V,@(€,m) = O}, (4.120)
and also assume
€l ~ 25, Je—nl~ 2", Inl ~ 2825 max(k, ki, ko) == k.
Proposition 4.8.1. (1) Suppose |k| < K2 and (&,m) = (ae, Be) for some e € S, then we have
sup 050" (a, B)| 2 1, (4.121)

H<3

and the same holds for O,. If moreover min(k, ki, ks) < —Dy, then the range p < 3 above can be
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improved to p < 2. Note that (4.121) implies the measure bound
sup [{5: |®(a, B)] < e}| S €7 (4.122)
(03

for bounded o, B by well-known results; see for example [18], Section 8.

(2) If ¢, ¢, and ¢, are not all equal, then the set
R ={(ah,B9): 0 € S?, (o, B) € R}, (4.123)

where R C R? is a finite set. If ¢, = ¢, = ¢y, then if by, — b, — b, # 0 then R = 0; otherwise

R ={(&, p€)}, where p=1b,/b,. In this case we have
[V ®| ~ (1+2%5) "y — pg|

if |[k1 — k2| = O(1), and |V, ®| 2 272 otherwise.

(3) Suppose k > max(ky + Do, D3/2), then we have |®| + |V, ®| = 272%1; if |k — ko| < 2Dg and
ki > D2%/2, then either |®| + |V, ®| 2271 orc, = ¢, =c, and b, — b, — b, = 0.

(4) For o # 0, there exist smooth functions Ri(a)) and Ra(«), strictly positive functions P(a, 3),

and a function Q(a)) which has only simple zeros, such that
959" (a, ) = £P(a, ) - (B — Ri(a)) - [(B — Ra(@))? — Q(a)]- (4.124)

Moreover, near each point where Q(a) = 0, we have that Ry(a) — Ra() is bounded away from zero.

We will also define

Rs(a) = Ra(a) + V[Q()],  Ra(a) = Raa) — /[Q(a)]-

(5) Suppose at some point oy we have Q(ap) = 0 = O (ap, Ra(ag)). Let also A = (0,P) (g, Ra(w)),
then we have

dt (a, Ry(a)) = Mo — ag) + N — ap|? + O(Ja — a]?), (4.125)

where X' may take different values depending on whether a > ag or a < ag, but is always nonzero;

the same thing happens for Ry. Moreover, when A = 0, we also have
|0a (@7 (a, R3(a)))] ~ | — | /2. (4.126)
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Proof. (1) we only need to prove that there is no («, ) where 8é@+ = 0 for all j < 3, unless
a = = 0. In fact, if 8%65<I>+(a,6) = 0 for j < 2, we must have pr < 0, since the function

Vaz? + b is strictly convex; if we write 8 — o = 7, we will obtain

2 C2 2b2 62b2
CVIB _ il 7 - 201/ u2 e = 2N N2 73 (4_127)
VEFHE | fayr e (@FHRYE (G 1)
and
2 2
“b ul! (4.128)

(282 +02)5/2  (c2y2 +b2)5/2
By elementary algebra, these three equations will force ¢, = ¢, b, + b, = 0 and 8 =+, but in this
case we clearly have ®T (o, 8) # 0.

For the case when min(k, k1, k2) < —Dy, we again only need to show that there is no («, §) where
0,0+ = 0 for all j < 2, and min(|al,|B],|a — B]) < 27P0. In fact, using part (2) below, we only
need to consider spacetime resonance other than (0,0) with af(oc — ) = 0, unless ¢, = ¢, = ¢, and
bo — by — b, = 0 (in this latter case we must have § = pa using the notation in (2), in which case
we can directly compute 8%@“‘ # 0); clearly we cannot have § =0 or a — § = 0, and when a« = 0
then 3 = 7 as above, so we can repeat the arguments to show that now 9z®* = 8§<I>+ = 0 implies
¢, = ¢, and b, + b, =0, so that ®1(0, 8) # 0.

(2) If V,,® = 0, then  and £ —n must be collinear, so we have £ = af and n = 360, where 0 € S?,
and &1 (a, 8) = 93P " (a, ) = 0.

First assume ¢, # ¢,, then we have |03\, (o — B)| = |03\, (B)| := k, and hence

+b, k Ao ) = i

— e _ okt
/2 _ 1.2 2 _ 1.2
Cur/ € k Cu k

a—p=

and similarly for 3, so we get

2 2
bucy buc, >cg< bk, bk )+b3,

+
(\/Ci—kz Ve — k2 C#\/Ci_k2 co/c2 — k2

which reduces to a polynomial equations in k that is not an identity (since ¢, # ¢, ), so we only have
a finite number of k’s.

Now assume ¢, = ¢, = 1, then with p = b, /b,, it is easy to check that dg®T = 0 implies
B = pa. Plugging this into ®+ = 0, we obtain an equation for « that is an identity when ¢, = 1

and b, — b, — b, = 0; thus this equation has at most two solutions when ¢, # 1, and no solution
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when ¢, =1 and b, — b, — b, # 0. Finally the bound on |V, ®| when ¢, = ¢, follows from the fact
that £ — VA, () is diffeomorphism whose Jacobian matrix has an inverse bounded by (1 + |¢])~®
pointwise.

(3) In the first case, we may assume ¢, = c,, otherwise we would have |®| > 2*. Now if

¢o = ¢, = 1 and ¢, < 1, we would have

| _ cpl€ — sl

V0] > >
VI8, fele—ap e 2

if ¢, > 1 we would have
@[ > max(c,|¢ — I, [bul) — |1€] = Inl| + O27%) 2 1.

If ¢, = 1, we may directly compute that |V, ®| > 272k,

In the second case, assume |®| + |V, ®| < 2741 then we must have ¢, = ¢, = 1, since when
¢, # ¢, we have |V, ®| > 1; this in turn implies | — pé&| < 275 where p = b, /(b,+b,) (or (] <270
if b, + b, = 0, which is easily seen to be impossible). Plugging into |®| < 2741, we see that the
only possibility is ¢; = 1 and b, — b, — b, = 0.

(4) When ¢, = ¢,, the unique solution of 93®* (v, 3) = 0 is f = pa with p = b,/(b, + b,), and
8?,@4'(0(, B) # 0; below we will assume ¢, # ¢,.

After squaring, the equation 9g® (o, ) = 0 becomes

G- _ p (4.129)

BB —aP 10 B

Assume a > 0, note that (4.129) has at least two roots : a unique solution exists in (0, a), and
when ¢; > ¢z, a unique solution exists in («, +00), and when ¢; < c2, a unique solution exists in
(—00,0). These two solutions are both simple, and depends smoothly on «, and exactly one of them
actually solves the equation dz®* (c, ) = 0, depending on the signs of b,b,.

On the other hand, (4.129) simplifies to a polynomial equation of 5 with degree four, so it has
at most four roots. If we quotient out the two roots mentioned above, we are left with a quadratic
equation

P(a)B? + Q(a)B + R(a) =0,

where P(a) > 0. After completing the square, we can then write 3@ (v, 3) in the form of (4.124).

It is also clear from above that Ry and Ry are always separated. Next, note that 0,039 (o, 8) # 0;
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if we choose 8 = Ra(«), it then follows that Q(a) = 0 and Q'(«) = 0 cannot happen at the same
point.

(5) First, note that
00 (@7 (o, R2(@)))a=ap = A+ (9527 (00, Ra(0)) = A,
we thus have @ (o, Rz(a)) = o(a — ag) + O(Ja — ap|?). Next, since we are close to the point

(a0, Ra(avg)), we will have

Q)]
" (0, Ry(a) — & (o, Ro(a)) = / P(a, f+ Raf@)) - (52 — Q(a)) B,

0

where P is (say) smooth and strictly positive. We then compute, with « close to «ap, that this
integral equals some ¢|Q(a)|?/? plus an error of O(|Q(c)|?), where ¢ is nonzero but may depend on
the sign of Q(a). Since Q(a) has a simple zero at ag, this proves (4.125). The proof of (4.126) is

similar, and will be omitted here. O

4.8.2 Functions with low angular momentum

Proposition 4.8.2. For each function f on R3, let its spherical harmonics decomposition be as in

(4.12) and define S; as in (4.13). Then we have

1Sufllee S I fllze (4.130)

uniformly in I, for 1 < p < oo, and also

1/2
150~ szl(supr2 /E |f|2dw> . (4.131)

Proof. In what follows we will assume f is a function on S?, because we can always use polar
coordinates (p,#) € RT x S§? and then fix p. For the standard identities about zonal harmonics, the
reader may consult [47], Chapter 4.

(1) Assume [ > 1. Recall the zonal harmonics Zj (0") of degree ¢, and define

K(60,0) =Y ¢(27q)Z3(0).

q>0
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then we have

Suf(0) = [ f(0)K(0,0') dw(6").
S2
Therefore (4.130) would follow from a bound of ||K(6,-)||r: uniform in 6, which would be a conse-
quence of the pointwise inequality

|K(6,0")] < min(2%,2740 — 0'|73). (4.132)

When [0 — 6’| < 27! the bound (4.132) will be trivial, since we have |Z{(0')| < 2¢ + 1 for each g.
Now we assume € = [0 — 0| > 27! let A\=0-60"=1—€>/2, and write a,, = Z(0'). Then we have

the generating function identity

S ot = ol (133
P = 2 3/2 :

= (p? —2xp+1)%

for 0 < p < 1. Since the function p? — 2\p + 1 never vanishes when p € C and |p| < 1, the right
hand side of (4.133) will have a unique holomorphic continuation to the unit disc in C, and it must
equal the left hand side. If we now choose p = oxp(%) for each y € R, and let h(y) be the Fourier

transform of ¢(x)e® (which is Schwartz because ¢ has compact support), we will get

- / By)dy - S gl
R r=0

2(iy—1)

/h() l—e™~
y iy — iy— y
R (1—2>\eWN1 +62(17v 1))3/2

iy—1

'—), we will have |1 — p?| S N~'(y). For the denominator we have

Now, if p = exp(
L=2X\p+ 0% = [p—ps| - lp—p-| 2 (1= |p])> ~N7*
where p+ = X\ £ iv/1 — A2, so the integral for |y| > Ne will be bounded by
NN [ )N,
lylZNe

In the region |y| < Ne, we will have |arg(p)| < € and |arg(py)| = arccos(A) ~ €, which implies
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|1 —2X\p + p?| ~ €2 (note also that 1 < Ne), which allows us to bound the integral by

and the proof is complete.
(2) Recall that {Y;"} form an orthonormal basis for the space of spherical harmonics of degree

r (with L? inner product), where —q < m < ¢, then we have

Z4(0') = Zq: Y (0)Y;7(0). (4.134)

m=—q

Assume [ > 1, since

510 = [ (S o702 @)10) a0,

we only need to bound the Lj, norm of Y- ¢1(27'q)Z{ for each §. Since Zj and Zg/ are orthogonal

for g # ¢/, from (4.134) and the properties of Zj we can deduce

which is exactly what we need. O

S IOP~ Y 1Z5O) ~ Y (2g+1) ~ 2%,

2
L2 q<2l m=—q g<2! q<2!

> w279z
q
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Chapter 5

The 2D Euler-Maxwell system

In this chapter we shall describe the methods used in [18] to prove small data scattering for the
2D irrotational Euler-Maxwell system, as an application of the ideas introduced in Chapter 4. This

work is joint with A. Tonescu and B. Pausader.

5.1 The one-fluid Euler-Maxwell model

The Euler-Maxwell system models the motion of electrons and positive ions in plasma physics; at
high temperature and speed, they are treated as two fluids that satisfy a system of compressible
Euler equations coupled with Maxwell equations of their self-consistent electromagnetic fields. In
this chapter we consider a simplified model where the motion of the ions is neglected; this gives the

so-called Euler-Maxwell electron system, which in 2D is written as the evolution system

One + div(neve) = 0,

neme (O + ve - Vo) + Ve = —nee (B "),

C

(5.1)
Ob+ ¢ - curl(E) = 0,
O.E + ¢V1b = dren,v,,
and an elliptic equation
div(E) = 4me(ng — ne), (5.2)

where ng is a constant, the unknowns n. € R and v. € R? are density and velocity of the electrons,

E € R? and b € R are electric and magnetic fields respectively; also p, is the pressure which we
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assume to satisfy the quadratic law p, = Tn?/2.

Note that (5.2) is propagated by (5.1), since we have
9, (div(E) — 4me(ng — ne)) =0

under (5.1). Moreover, we shall make the irrotationality assumption

eb’

curl(ve) =
MeC

which is also propagated by (5.1) due to a similar reason.

The system (5.1) has a constant equilibrium

(neavea Ea b) = (n070a 07 0)7

and we shall study small perturbations of this equilibrium under (5.2) and (5.3).

(5.3)

The difficulty of the analysis is due to the fact that we are in 2D; the corresponding 3D problem

has been solved in Germain-Masmoudi [21] and then Ionescu-Pausader [32]. In fact, even the full,

two-fluid problem has been settled in [26]; see also [27] for a relativistic version of Euler-Maxwell,

and [25], [28], [31] for results about the simpler Euler-Poisson model.

5.1.1 Reduction to a Klein-Gordon system

Under the irrotationality assumption (5.3), the system (5.1) and (5.2) can be reduced, via nondi-

mensionalization and diagonalization, to a multi-speed, quasilinear Klein-Gordon system. More

precisely, as in [18], let

ne(x,t) :=ng - (1 + p(Az, Bt)), ve(z,t) := c- u(Az, Bt),
bz, t) := cv/Amngme - b(Az, Bt), E(z,t) := ev/Amngme - E(\z, Bt),
M= c ' \Ane2ng /me, B = +/4mwe>ng/me,

and further define

U, := V| M div(u) — iMe |V div(E), Uy = Ay|V| teurl(u) — i V| eurl(E),
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then we can reduce (5.1), (5.2) and (5.3) to the following system

) Vo ?
(8t — ZAe) ‘V| ‘M%U + = |v| %Ub

+ M| V| 1d1V{|V%Ue-< RU, +V—LA 1§RUb>}
Ac V| VI

. o V| VJ‘ _
—iA =i|V| tcurl Vg e ! :
(0 — iAp)Up = i|V| cur {Ae T, (|V|§RU + = |V| %Ub)}
(5.7)

Here

Ae = V1 —-0A, Ap=v1I-A

are Klein-Gordon phases with different speeds, and 8 = (T'ng)/(mec?) is a physical constant (the
speed of sound over the speed of light) such that 0 < § < 1. From now on we will only consider the

system (5.7). The main theorem of [18] is then stated in terms of this reduced system, namely

Theorem 5.1.1. Assume that 6 € (0,1), and let N > Ny be sufficiently large, and assume that
IO, Uz~ + 1O, Uy + UL Uz =0 <& (5-8)
where € = €(0) > 0 is sufficiently small, Hgl is defined by
1l g = Jup 19 fllzzs Q=182 — 220,

and Z is a certain localization norm. Then there exists a unique global solution (U.,Uy) € C(R, HN N

HYYY of the system (5.7) with initial data (U.(0),U,(0)) = (U2, UL). Moreover, for any t € [0, 00)

(e @), Up (@)l + [ Ue (), Up ()] e + ‘8?34(1 + 0D (U (1), Up(t)) [ S eo- (5.9)

5.2 Main ingredients of the proof

In this section we will explain the main ideas involved in the proof of Theorem 5.1.1; the reader is
referred to [18] for details. The starting point is still the basic scheme described in Section 4.1.2,
but here we cannot directly carry it out due to inadequate decay in 2D.

In fact, for this scheme to work, one must have a decay bound ||(Ue(t), Up(t))|| >~ < [t|~! in order
to close the energy estimate in Step 1. In 3D linear Klein-Gordon waves decay like t~3/2; although
actual solutions decay slower due to presence of spacetime resonances, one still have enough room
in Chapter 4 to prove t~! decay.

However, in 2D the linear decay for Klein-Gordon is ¢!, which is just barely enough; moreover,
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Bernicot-Germain [7] showed that the decay for the second iteration is at most ¢~!logt, in the
presence of spacetime resonance, and in our proof we will only assume the decay of t~*+9 for some
small §. Therefore, the simple energy estimate in Step 1 does not close, and we have to add correction
terms to the basic energy £, hoping to eliminate the cubic terms on the right hand side of (4.16),

which is the first new ingredient of the proof.

5.2.1 The modified energy

We shall use the I-method as in [12], see also the arguments in Section 3.3.1; there is also the normal
form method of Shatah [46], which serves the same purpose but works through a change of variables.
The basic energy functional

We start with the quadratic energy functional £2 = ||U||3;~ + ||Up||3;~, and compute that §,£% =

CO + C' + C?, where C! and C? does not lose derivatives, and in Fourier space

¢~ / (FIVN U () FIVINUL(&) — FIVINFIU, () FIVINUL (62)) U, (63)
E1+E2+E€3=0

which, under the assumption |£3] < |&1], is basically

0~ / Y N (T (60T () — Tale0) T (€2)) T (6a)- (5.10)
&1+E€2+€3=0

To handle the loss of derivative in Cy, noticing that U, satisfies a semilinear equation, and that

ST, + Lo.t., (5.11)

(0 — AU, = —VU, -u — z(AM> ¥l

2 A,

we may add to £2 a correction term

o~

€8 = / V6N [eL (Tale) T + To(e)T) + el (€0)T (62)] T (6s),
§1+&2+E€3=0

which is suggested by the form of the exact conservation law of (5.7), where ¢; and ¢y are two
appropriate constants. Plugging in (5.11), after suitable symmetrization, one can cancel the term C°
and obtains that 9;(E? + £3) = C! + C? + Q°, where C! and C? are cubic terms and Q° is a quartic

term, all without loss of derivatives.
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The I-method and correction terms

Note that Q! is already acceptable; we next use the I-method to eliminate C'.

A typical term in C! is

cl~ / NIl () Do) Ta ).
§1+E€2+E€3=0

To eliminate it, we need to add the correction term

/ [SINST
§1+82+83=0 Ae(gl) - AE(EQ) + Ae(§3)

€9 ~ U(€1) T (62)Ue ().

Note that we can choose the terms in C' such that for each of them, the denominator is bounded
below; thus, let the multiplier in & be m, then we have |m| < [£1]V|&|Y (where we ignore powers
of |&5]). Plugging in (5.11), we obtain an additional quartic term with one derivate loss (in contrast

with the semilinear situation as in [12]). However, this quartic term turns out to have the form

Q' = 6NN (U (€0) T (&) — Ta(€0) T (62)) Up (€5)Un (1), (5.12)

/51 +&2+E3+£4=0

which has ezactly the same structure as (5.10). Therefore, we can use the same argument as in the
construction of £ above to construct a correction term &; to eliminate this additional term with
derivative loss.

Now we have constructed a modified energy functional
E=E2+E+E+ &,

such that

0:€ = C* + (quartic) + (quintic),
where the quartic and quintic terms do not lose derivatives. Moreover, each term in C? has the form
¢~ [ &Y Thle) Ty )T 6),
€1+E€2+E€3=0

where the “divisor” Ap(&1) — Ap(§2) + Ac(&3) can vanish, but we have the crucial smoothing effect
in the multiplier which can be checked by direct computations.

This C? term cannot be eliminated by adding correction terms without producing singularity;
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we thus have the control them using another new ingredient, which is discussed below.

5.2.2 The L? lemma

Suppose we want to analyze a cubic bulk term coming from C2?, namely

t o~ - o~
/0 / (e OO T T —n)dnds,  |m] ~ [ nl™, e] > [¢ — 1.

Let, as in (4.17),
fe (t) = eitAe U. (t)7 fb(t) = eitAb Ub(t)7

then we only need to bound

~

t ~ —~
/0 /R P EM (&) Fo(€) fo (n) Fo (€ — m) dnds

with some ® = ®,,,, using the notations in Section 4.1.1. An easier situation would be when
|®(&,n)| 2 |s]7999; in fact, in this case we can gain at least |s|*%°! from integration by parts in
time, which is already enough to cancel the t° loss coming from the insufficient decay.

Now let us consider the case when |®| < |s|79999, Here we shall use a crucial L? lemma, which

states that

‘/Re”‘b“’")x(80'99%(5,77))13(&)@(77)?1(5—77) dn| < |s| 7 OHUIP | 2 IGl a1 H | 2 (5.13)

|S|—1.001

under suitable assumptions, with a Schwarz function x; the power allows us to trump the

|5|9(®) loss and close the estimate for C2.
The proof of (5.13) relies on integrating by parts in 7 using one particular vector field, V :=

(V,®)* - V,,, which annihilates ®(£,7), and in particular the function

T = V2, (&,m)[VED(E ), VED(E, )]

will play an important role. Roughly speaking, if | Y| > |s|~%/1°, we shall use the T7* method and

reduce to the control of

K(g¢) = /R e EDN(RO(E,m)(RO(E, m)m (& mym(€',m) H(E — mH (€ —n) dn,

where R = |s|%-9%%. For simplicity let us assume H and m are Schwartz; also we may assume |¢ — ¢’
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is small enough by partition of unity, thus by geometry and the assumption that

@I SR [@E )] SR

we know that £ — &’ is almost perpendicular to the vector Ve®(&, 7).

Therefore, for the vector V' we will have

Since (V- 9,)®(&,n) =0, |Y| > |s|~/1° and R < |s|, we know by integrating by parts using V - 9,

that |K(&,¢)] < |s|71% unless |€ — ¢'| < |s|7%9. On the other hand, |€ — ¢'| < |s|7%9 gives

[ IR G01487 S (70 21s| " tog o,

due to the volume bound

sup [{I®(&,n)| < e} < elog(1/e),

which implies (5.13) by Schur’s lemma.
If instead | Y| < |s|~%/1%) we shall bound the L? norm of the integral directly. In fact, using

Schur’s lemma and the improved volume bound

sup [{I2(&m)] < e [T(En)] < €} S e(e) /P 1og(1/e),

we can clearly gain a small power and close the estimate.

5.2.3 The remaining parts
The rotation vector field

In order to work out the Z norm estimate, as in the 3D case in Chapter 4 above, we will include
the rotation vector field 2 = £19> — x20; in the energy norm, in order to exploit the advantage of
the improved linear dispersion estimate (see Proposition 4.2.7) and the bilinear integration by parts
lemma (see Lemma 4.6.1). There is nevertheless one difficulty, namely that the vector field 2 is not
consistent with the modified energy estimate described in Section 5.2.1 above.
itA (

This can be settled by noticing that 2 commutes with the linear flow e since the linear phase
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A is radial), thus the Duhamal formula (4.18) gives

t —_— —_—
Qk(fo(tv g) - f0(07 5)) = Z Z / / ezsfb(f,n)mklk2 (g, 77)9’“ fﬂ(€ - W)ka fl/(n) dﬁds
v kytho<k V0 R
Thus if we assume in the worst case k; = k and ks = 0, we will be able to bound the L? norm QF f
using the L? lemma in Section 5.2.2 above, provided that the standard energy control already allows

us to exclude the case of very high frequencies.

Decomposition of 0; f

In controlling the Z norm, in particular when integrating by parts in time, it is important to have a

3/2 at medium frequencies due to

good control of d;f. In three dimensions, we have |0 f||r2 < [¢]
strong dispersion, which allows us to treat this as a remainder; in 2D however, the bounds for 0, f is
much weaker and we cannot rely solely on the size of 9, f. Instead we have to exploit the oscillation

of O, f also, and this is captured in the following decomposition (the actual decomposition is more

complicated, see [18]):
3
Ofs =Y B,
i=1

where

Bl =X [ en e e (e - F.n) dn

where ¢p, is some cutoff function supported in a neighborhood of E;. Moreover, we have that
|®(&,m)| 2 1 on Eq, that B, is supported near some specific frequency,, and that I1Bsl|z2 < |t|~3/2.
In the actual analysis, B3 will be treated as a remainder, By will not enter the worst spacetime

resonance interaction, and for the contribution of B; we can always integrate by parts in time once

more, so that the corresponding terms become quartic, and are thus acceptable.
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