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Abstract

This thesis develops techniques for studying towers of finite-sheeted covering spaces of 3-manifolds.

The central question we seek to address is the following: given a π1-injective continuous map

f : S → M of a 2-manifold S into a 3-manifold M , when does there exist a non-trivial connected

finite-sheeted covering space M ′ of M such that f lifts to M ′? We approach this problem by re-

formulating it in terms of isometric actions of π1(M) on compact metric spaces. We then study

regular solenoids over M , which give natural examples of compact metric spaces with isometric

π1(M)-actions. We conclude by introducing a construction that we call the mapping solenoid of a

map f : S → M , which can be used to derive cohomological criteria that guarantee the existence

of a lift of f to a non-trivial connected finite-sheeted covering space of M .
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Chapter 1

An Introduction to 3-manifolds and

Their Finite-sheeted Covering Spaces

1.1 Virtual Conjectures for 3-manifolds

Finite-sheeted covering spaces of 3-manifolds have been an active area of research since Friedhelm

Waldhausen’s work in the late 1960’s on the Borel conjecture. Recall that a topological space X is

called aspherical if πk(X) = 0 for k > 1. The Borel conjecture asserts that the homeomorphism type

of an aspherical 3-manifold is determined by its fundamental group. Waldhausen was successful in

resolving this conjecture for 3-dimensional manifolds that are Haken, i.e. aspherical 3-manifolds

satisfying the following definition:

Definition 1.1.1. LetM be a closed aspherical 3-manifold. M is Haken if there exists an embedding

f : S →M such that S is a connected orientable surface other than the 2-sphere, and f∗ : π1(S)→

π1(M) is injective.

In the course of his work on the Borel conjecture, Waldhausen showed in [Wal] that the universal

covering space of a Haken manifold is homeomorphic to R3. Waldhausen concluded his paper by

remarking that this result immediately extended to any 3-manifold that is finitely covered be a

1



Haken manifold, and that he did not know of any examples of aspherical 3-manifolds that did not

have such a cover. Waldhausen’s remarks gave rise to the following conjecture:

Conjecture 1.1.1 (The Virtually Haken Conjecture). Every closed aspherical 3-manifold has a

finite-sheeted cover that is Haken.

A decade later, Thurston formulated his geometrization conjecture, which gave a vast gener-

alization of the 3-dimensional Borel conjecture. Thurston’s work established the geometrization

conjecture for Haken 3-manifolds, and the virtually Haken conjecture was thought to be a promis-

ing approach to extending this result to the case of general aspherical 3-manifolds. Thurston’s work

showed that the most prevalent geometric 3-manifolds are hyperbolic, i.e. they are homeomorphic

to the quotient of hyperbolic 3-space H3 by a discrete fixed-point free group of isometries. An

important special case of the geometrization conjecture for Haken manifolds dealt with 3-manifolds

that are homeomorphic to surface bundles over the circle. Thurston’s proof of geometrization for

this class of manifolds required different techniques from those Thurston employed to resolve the

non-fibered case of the geometrization theorem for Haken manifolds, and generated a great deal

of research on fibered 3-manifolds. Though fibered 3-manifolds appear to be a very special class

of Haken manifolds, Thurston pointed out that an arbitrary finite volume hyperbolic 3-manifold

does not carry any obvious obstruction to having a finite-sheeted covering space that fibers over

the circle. The assertion that every hyperbolic 3-manifold has such a finite-sheeted cover came to

be known by the following name:

Conjecture 1.1.2 (The Virtually Fibered Conjecture). Every closed hyperbolic 3-manifold has a

finite-sheeted cover that fibers over the circle.

A 3-manifold M that fibers over the circle with fiber S is homeomorphic to the mapping torus

of a homeomorphism φ : S → S, i.e. M ∼= S × [0, 1]/(x, 1) ∼ (φ(x), 0). The mapping torus

construction provides one of the simplest ways of combining a 2-manifold and a 1-manifold to

produce a 3-manifold, so if true the virtual fibered conjecture would show that every hyperbolic

3-manifold can “virtually" be constructed using this simple method.

In addition to the virtually fibered conjecture and the virtually Haken conjecture, there are
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several other well-known conjectures about covering spaces of 3-manifolds. Recall that the first

Betti number of a 3-manifold M , denoted b1(M), is the rank of the abelian group H1(M).

Conjecture 1.1.3 (The Virtually Positive First Betti Number Conjecture). Every closed aspherical

3-manifold has a finite-sheeted cover with positive first Betti number.

We will refer to the supremum of the first Betti numbers of the set of finite sheeted covers of

M as the virtual Betti number of M , and we will denote this quantity by vb1(M). The example of

the 3-torus, or more generally any torus bundles over the circle, shows that there exist aspherical

3-manifolds all of whose covering spaces have bounded first Betti number. Indeed, if M is a torus

bundle over the circle then any finite-sheeted covering space M ′ of M is also a torus bundle over

the circle. A simple Mayer-Vietoris argument shows that the first Betti number of such a manifold

is bounded above by 3, so it follows that vb1(M ′) ≤ 3. For hyperbolic 3-manifolds, however, virtual

Betti numbers are expected to be unbounded.

Conjecture 1.1.4 (The Virtually Infinite First Betti Number Conjecture). If M is a closed hy-

perbolic 3-manifold then vb1(M) =∞.

A group G is said to be large if there is a surjective homomorphism from a finite-index subgroup

of G onto a non-abelian free group. It is not hard to show that if π1(M) is large then M has

finite-sheeted covering spaces with arbitrarily large first Betti number. The following conjecture is

therefore stronger than the virtually infinite first Betti number conjecture.

Conjecture 1.1.5 (Largeness Conjecture). The fundamental group of a closed hyperbolic 3-manifold

is large.

It is clear that there are a number of relationships between the above conjectures. As mentioned

above, the largeness conjecture implies the virtually infinite first Betti number conjecture, and the

virtually infinite first Betti number conjecture is clearly stronger than the virtually positive first

Betti number conjecture. A simple argument using Dehn’s lemma and Poincaré duality shows that

an aspherical 3-manifold with positive Betti number is Haken, so we therefore have the following

string of implications:
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π1(M) Large =⇒ vb1(M) =∞ =⇒ vb1(M) > 0 =⇒ M virtually Haken

The fundamental group of a 3-manifoldM that fibers over the circle surjects onto Z, from which

it follows that b1(M) > 0, so there is one other elementary relationship between these conjectures:

M virtually fibered =⇒ vb1(M) > 0.

The virtually Haken conjecture is therefore the weakest of the virtual conjectures listed above.

Note that if p : M ′ →M is a connected covering space of M then p is π1-injective, i.e. the induced

homomorphism p∗ : π1(M ′)→ π1(M) is 1-1. It follows that if M is virtually Haken, a π1-injective

embedding f : S → M ′ into a Haken cover of M yields a π1-injective immersion p ◦ f : S → M .

The group (p ◦ f)∗(π1(S)) is therefore isomorphic to the fundamental group of a closed surface of

positive genus. Such groups are known as surface groups, and the statement that the fundamental

group of every aspherical 3-manifold contains a surface subgroup was known as the surface subgroup

conjecture until its resolution in 2009 by Kahn and Markovic in [KM1].

Theorem 1.1.1 (The Surface Subgroup Theorem). Let M be an aspherical 3-manifold. Then

π1(M) contains a surface subgroup.

One of the central concerns of this thesis is to study conditions under which such π1-injective

immersions into a 3-manifold M can be used to produce an embedded π1-injective surface in a

finite-sheeted covering space of M .

1.2 Recent Developments in the Covering Space Theory of

3-manifolds

Many further relationships between these conjectures have come to light over the past decade as a

result of several significant advances in 3-manifold theory. The most important such advance has

been Perelman’s resolution of Thurston’s geometrization conjecture. Indeed, as will be discussed

in chapter 2, without this result we would be unable to show that a 3-manifold with infinite funda-

mental group has any finite-sheeted covers at all. The resolution of the geometrization conjecture
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has also established the virtually Haken conjecture for any aspherical manifoldM that is not hyper-

bolic. In studying the virtually Haken conjecture one may therefore assume that the 3-manifolds in

question have hyperbolic structures, allowing techniques from hyperbolic geometry to be brought

to bear on the question.

A second important development has been the resolution of Marden’s tameness conjecture, by

Agol in [?] and Calegari-Gabai in [CG]. This theorem shows that every non-compact complete

hyperbolic 3-manifold with finitely generated fundamental group is homeomorphic to the interior

of a compact 3-manifold with boundary. This theorem has important implications for non-compact

3-manifolds that arise as infinite-sheeted covering spaces of closed hyperbolic 3-manifolds. To

describe these implications, we will need to recall a few facts from hyperbolic 3-manifold theory.

Recall that the isometry group of hyperbolic 3-space H3 may be identified with PSL2(C), the

group of conformal automorphisms of the Riemann sphere CP1, and hence the fundamental group

of a closed hyperbolic 3-manifold may be identified with a discrete subgroup Γ of PSL2(C). The

limit set Λ(H) of a subgroup H < PSL2(C) is defined to be the accumulation points of the set

{h · z | h ∈ H}, where z ∈ CP1 is an arbitrary point. It is not difficult to check that this set does

not depend on the point z ∈ CP1. The Riemann sphere CP1 gives a compactification of H3, so

that any complete geodesic γ in H3 has exactly two endpoints γ+ and γ− in CP1. The convex hull

CH(H) of a subgroup H < PSL2(C) is defined to be the smallest geodesically convex subset of H3

that contains any bi-infinite geodesic γ such that {γ+, γ−} ⊂ Λ(H). It is easy to see that CH(H)

is invariant under that action of H on CP1, and that CH(H)/H gives a geodesically convex subset

of H3/H. The subgroup H is said to be geometrically finite if an ε-neighborhood of CH(H)/H

has finite volume. The resolution of the tameness conjecture together with the Thurston-Canary

covering lemma (see [Can]) gives the following theorem.

Theorem 1.2.1. Let M be a 3-manifold, and let H < π1(M) be a finitely generated subgroup.

Either H is geometrically finite, or there exists a finite sheeted covering space M ′ of M that fibers

over the circle with fiber Σ such that f∗(π1(Σ)) has finite index in H.

A subgroup H < π1(M) that comes from a virtual fibration in the manner described in the
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above theorem is known as a virtual fiber subgroup. Up to finite index, such subgroups are surface

groups, i.e. they are homeomorphic to fundamental groups of closed orientable surfaces of positive

genus. Virtual fiber subgroups form one side of an important dichotomy for surface subgroups.

Recall that a Jordan curve in CP1 is a the image of an injective continuous map from the circle

into CP1.

Definition 1.2.1. Let H < PSL2(C) be a surface group. H is quasi-Fuchsian if the limit set

Λ(H) < CP1 is a Jordan curve.

A result of Bonahon [Bon] shows that geometrically finite surface groups are quasi-Fuchsian,

so combining this result with the tameness theorem we obtain the following dichotomy for surface

groups:

Corollary 1.2.1. Let M be a closed hyperbolic 3-manifold, and let H < π1(M) be a surface

subgroup. Then H is either a virtual fiber subgroup or H is quasi-Fuchsian.

While it remains unknown whether virtual fiber subgroups of 3-manifold groups exist in general,

Kahn and Markovic showed in their proof of the surface subgroup conjecture that the fundamental

group of every closed hyperbolic 3-manifold M contains quasi-Fuchsian surface subgroups. The

surfaces constructed by Kahn and Markovic are carried by π1-injective immersions f : S →M that

have many self intersection, however, and are therefore far from being embedded.

While it is not yet known whether the fundamental group of every hyperbolic 3-manifold contains

a virtual fiber subgroup, recent work of Agol has shown that a broad class of 3-manifolds do virtually

fiber over the circle. The statement of Agol’s theorem requires the following definition:

Definition 1.2.2. A group G is residually finite rationally solvable (or RFRS) if there exists a

nested sequence G = G0 > G1 > G2 > . . . such that

• Gi is normal in G,

• ∩∞i=1Gi = {e},

• [G : Gi] <∞, and
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• The kernel of the natural map Gi → H1(Gi,Q) is contained in Gi+1.

Agol’s result is the following:

Theorem 1.2.2. Let M be an aspherical 3-manifold with boundary a union of tori such that π1(M)

is RFRS. Then M is virtually fibered.

Agol showed that a wide class of groups are virtually RFRS, including a class of groups known

as right-angled Artin groups. Wise has recently announced in [Wis] that if M is a hyperbolic 3-

manifold admitting an embedding f : S → M such that f∗(π1(S)) is quasi-Fuchsian, then π1(M)

has a finite-index subgroup that embeds in a right angled Artin group and is hence RFRS. This

result implies the virtual fibered conjecture for Haken hyperbolic 3-manifolds, since if f : S →M is

a π1-injective embedding of a surface into a hyperbolic 3-manifoldM then f∗(π1(S)) is either quasi-

Fuchsian or a virtual fiber subgroup by the dichotomy for surface groups given in Corollary 1.2.1,

so either the surface subgroup itself is already a virtual fiber or Wise’s result applies. Wise’s result

also implies ifM is a hyperbolic 3-manifold that contains an embedded quasi-Fuchsian surface then

π1(M) satisfies a very strong group theoretic condition known as subgroup separability. It is also

known that if M is a hyperbolic 3-manifold such that π1(M) is subgroup separable then π1(M) is

large. It therefore appears that a positive resolution of following strong form of the virtually Haken

conjecture for hyperbolic 3-manifolds would resolve all of the virtual conjectures listed above.

Conjecture 1.2.1. Let M be a closed hyperbolic 3-manifold. Then M has a finite sheeted covering

space M ′ admitting an embedding f : S → M ′ of a closed surface such that f∗(π1(S)) is quasi-

Fuchsian.

The resolution of this conjecture is therefore one of the central aims of current research on

finite-sheeted covering spaces of 3-manifolds.

7



1.3 Very Recent Developments in the Covering Space Theory

of 3-manifolds

On March 12, 2012, Ian Agol announced in a lecture at the Institut Henri Poincaré that he has

proven a theorem that has Conjecture 1.2.1 as a corollary. This remarkable theorem, a preprint

of which is now available on the arxiv (see [Ago2]), resolves all of the conjectures presented in the

previous section.

1.4 Thesis Summary

This thesis studies towers of finite-sheeted covering spaces of 3-manifolds, taking as a point of

departure the following unpublished theorem of Jaco. Recall that given a map f : X → Y and a

covering space π : Y ′ → Y , f lifts to Y ′ if there exists a continuous map f̃ : X → Y ′ such that

π ◦ f̃ = f .

Theorem 1.4.1 (Jaco’s Virtually Haken Criterion). Let M be an aspherical 3-manifold, and let

f : S → M be a π1-injective map. Suppose that there exist infinitely many finite-sheeted covering

spaces π : M ′ →M such that f lifts to M ′. Then M is virtually Haken.

This theorem allows one to prove that a manifold M is virtually Haken under a variety of

assumptions on the structure of the profinite topology on π1(M). Chapter 2 gives background

information on the profinite topology on a group G and its profinite completion Ĝ, and introduces

the notions of subgroup separability and engulfing and their topological applications. The main

result of this chapter is following proposition, which generalizes a theorem of A.V. Egorov to show

that subgroup can be understood in terms of isometric actions of π1(M) on compact metric spaces.

Proposition 2.4.1. A subgroup H of a finitely generated group G is separable if and only

if there is a compact metric space X with an isometric G-action and a point x ∈ X such that

H = Stab(x).

Chapter 3 discusses a natural compact metric space M̂ on which the fundamental group of CW
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complex M acts, called the universal solenoid over M . This space is defined to be the inverse limit

of the set of all finite-sheeted covering spaces ofM , and gives a principal Γ̂-bundle overM , where Γ

denotes the fundamental group ofM and Γ̂ denotes its profinite completion. This chapter discusses

some the basic topological structure of general solenoids, and then turns to a more detailed study

of solenoids over 3-manifolds. We show in this chapter that if finite volume hyperbolic 3-manifolds

are virtually fibered, then for any aspherical 3-manifold M the C̆ech cohomology groups Hi(M̂,A)

vanish for any finite coefficient module A and any i > 0. The fundamental group of a manifold

whose universal solenoid satisfies this condition is said to be good in the sense of Serre, a result

which we show can be extended to the fundamental group of any 3-manifold (aspherical or not with

or without boundary) under the assumption that finite volume hyperbolic 3-manifolds are virtually

fibered. We conclude by discuss the relevance of this result to a question known as Grothendieck’s

problem for 3-manifold groups, and show that the fundamental groups of closed prime 3-manifolds

have a property known as Grothendieck rigidity. This extends work of Long and Reid in [LR1],

who showed that fundamental groups of closed geometric 3-manifolds are Grothendieck rigid.

Chapter 4 introduces a construction that we call themapping solenoid of a map f : X → Y . This

object can be used under favorable circumstances to show that f can be lifted to some finite-sheeted

covering space of Y . The central tool in this section is the Cartan-Leray spectral sequence for a

fiber bundle, which we show can be used to derive spectral sequences for mapping solenoids. These

spectral sequences are then used to derive an engulfing criterion, which provides a new (though

rather complicated) proof of the well-known fact that a π1-injective map of a torus into closed

3-manifold M can be lifted to infinitely many finite-sheeted covering spaces of M . We conclude by

studying the mapping solenoids associated to non-engulfed surface subgroups of 3-manifold groups

and π1-injective maps of surfaces into towers of non-Haken 3-manifolds.
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Chapter 2

The Profinite Topology on a

3-manifold Group

2.1 An introduction to the profinite topology

It is a basic result in covering space theory that given a connected manifoldM there is a one-to-one

correspondence, known as the Galois correspondence, between subgroups of π1(M) and connected

covering spaces of M . This correspondence holds more generally for any topological space M

admitting a universal covering space p : M̃ → M . In this setting, π1(M) acts on M̃ by deck

transformations of p and any connected covering space of M can be shown to be homeomorphic

to a covering space of the form M̃/N for some subgroup N < π1(M). The number of sheets

of the covering space M̃/N → M is equal to the index [π1(M) : N ], so it follows that studying

finite-sheeted covering spaces of M is equivalent to studying finite index subgroups of π1(M). This

section gives an introduction to the profinite topology on a group G, which provides a useful way

of organizing information about G’s finite-index subgroups.

Given a group G, the profinite topology on G is defined to be the smallest topology in which

cosets of finite index subgroups of G are open. Alternatively, one can define the profinite topology
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on G to be the smallest topology in which every homomorphism ρ : G→ F , where F is a finite group

equipped with the discrete topology, is continuous. Intuitively speaking, this topology considers two

elements h and g of G to be “near" if whenever F is a finite group of small order, any homomorphism

from G to F maps h and g to the same element.

The profinite topology on a general finitely generated group need not be very rich. Indeed, there

are many finitely presented groups G that have no finite quotients at all (see [Hig]), and hence the

profinite topology on G is the trivial topology. When the profinite topology on G is Hausdorff,

however, it can serve as a powerful tool for studying G. It is easily seen that the profinite topology

on G is Hausdorff if and only if every element of π1(M) has non-trivial image in a finite quotient of

π1(M), a condition which is known as residual finiteness. When G is the fundamental group of a

3-manifold, the following theorem, which is consequence of the geometrization conjecture together

with work of Hempel and Malcev (see [Th2]), shows that the profinite topology has this property,

Theorem 2.1.1. The fundamental group of a compact 3-manifold is residually finite.

Given a group G, we will denote the set of finite index normal subgroup of G by N (G). This set

comes equipped with a natural a partial ordering given by inclusion, which yields a partial ordering

on the set of finite quotients of G, given by declaring G/N1 ≥ G/N2 if N1 ⊂ N2. Note that if

G/N1 ≥ G/N2 then there is a natural quotient map

φ21 : G/N1 → (G/N1)/(N2/N1) ∼= G/N2,

and that if G/N1 ≥ G/N2 ≥ G/N3, then φ32 ◦ φ21 = φ31. If G is a finitely generated group, then

the following theorem of Marshall Hall (see [Hal1]) guarantees that the collection of finite index

subgroups is closed under intersection. In fact, Hall’s theorem show that if G is finitely generated,

then finite index characteristic subgroups of G, i.e. those subgroups of G that are fixed under any

automorphism of G, give a neighborhood basis of the identity for the profinite topology on G.

Theorem 2.1.2. Let G be a finitely generated group. Given any two finite index subgroups H1 and

H2 of G, there exists a finite index characteristic subgroup K < G such that K < H1 ∩H2.
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This shows that the collection of finite quotients of G satisfy the axioms of an inverse system.

The profinite completion of G is defined to be the inverse limit of this inverse system, which can be

defined as follows:

Ĝ := {(xN ) ∈
∏

N∈N (G)

G/N | if G/N1 ≥ G/N2 then φ21(xN1
) = xN2

}.

By equipping each finite quotient of G with the discrete topology, equipping
∏
N∈N (G)G/N

with the product topology, and equipping Ĝ with the subspace topology, Ĝ obtains the structure

of a topological group. By Tychonoff’s theorem,
∏
N∈N (G)G/N is compact, and it is not hard to

check that Ĝ is a closed subspace of
∏
N∈N (G)G/N so Ĝ is compact.

There is a natural homomorphism η : G→
∏
N∈N (G)G/N , where the N -th entry of η(g) in the

product is given by the reduction of g modulo N , and it is clear that η(G) ⊂ Ĝ. Another way of

defining the profinite topology on G is as the pull-back of the topology on Ĝ by η, i.e. the topology

in which a subset of G is open if and only if it is the preimage under η of an open set in Ĝ. If G

is residually finite, then for any g ∈ G there exists a normal subgroup N such the image of g in

G/N is non-trivial, and hence the map η is injective. Conversely if the map η is injective, then for

any g ∈ G the N -th entry of η(g) is non-trivial for some N , so g has nontrivial image in G/N . It

follows that η is injective if and only if G is residually finite.

In addition to the profinite topology on G, we will also be interested in potentially coarser

topologies on G coming from inverse systems of finite-index subgroups of G other than N (G).

Given an inverse system F of finite index normal subgroups of G that is closed under intersection,

we will denote by ĜF the inverse limit of the inverse system {G/N | N ∈ F}. Just like the

profinite completion, ĜF is a profinite group that comes equipped with a natural homomorphism

ηF : G→ ĜF . We will call the topology given by pulling back the topology on ĜF to G by ηF the

F-topology on G.
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2.2 Subgroup Separability and Scott’s Lemma

Given a subgroup H of a group G, we will denote the closure of H in the profinite topology on G

by H∗, i.e.

H∗ :=
⋂

N∈N (G)

N = η−1
(
η(H)

)
.

A subgroup H of a group G is said to be separable if H = H∗, and is said to be engulfed if

H∗ 6= G. Note that H is engulfed if and only if H is not dense in the profinite topology on G.

As we will see below, the notion of separability has interesting topological applications, and

many of the conjectures discussed in the introduction can be addressed for a 3-manifold M whose

fundamental group has suitable separability properties. There are many different commonly studied

separability conditions that one can impose on a group G. The most basic of these is residual

finiteness, which was discussed in the previous section. Using the above notation, residual finiteness

holds if and only if e∗ = e, where e denotes the identity subgroup of G. A group G is said to be

extended residually finite if given any subgroup H < G, H = H∗, i.e. H is closed in the profinite

topology. This is an extremely restrictive property for a group to have, and fails to be satisfied

even by non-abelian free groups. A much less restrictive property is that of being locally extended

residually finite, or LERF, which means that every finitely generated subgroup of G is closed in

the profinite topology. A group satisfying this condition is also said to be subgroup separable. This

property was shown by Hall in [Hal2] to be satisfied for free groups, and by Scott in [Sco] to hold

for fundamental groups of closed surfaces.

Many of the topological applications of subgroup separability are derived from the following

lemma, which is a straightforward generalization of Lemma 1.4 from Scott’s paper [Sco] that we

will need in the forthcoming sections.

Lemma 2.2.1. Let F be a inverse system of finite index subgroups of G, let X be a connected

metric space, and let p : X ′ → X be a regular cover of X with covering group G. A subgroup

H < G is closed in the F-topology if and only if given any compact subset C of X ′/H, there exists

a K ∈ F such that H < K and the covering map pKH : X ′/H → X ′/K is 1− 1 when restricted to

13



C.

Proof. We will denote the identity subgroup of G by e, and given two subgroups H1 < H2 < G,

we will denote the natural covering map X ′/H1 → X ′/H2 by pH2H1
. Suppose that H is closed

in the F-topology, let C ⊂ X ′/H be a compact set. Let x ∈ X be a basepoint lying in pGH(C)

and let x̃ ∈ p−1
Ge(x). Since C is compact, there exists R > 0 such that the R-ball around pHe(x),

BR(pHe(x)), contains C. Let C ′ denote the closure of BR(x̃), and note that C ⊂ pHe(BR(x̃)).

Since C ′ is compact, the collection of elements

{g ∈ G | (g · C ′) ∩ C ′ 6= ∅}

is a finite set {g1, . . . , gn} ⊂ G since the action of a deck group of a covering space is proper. By

reordering if necessary, we may assume that {g1, . . . , gk} are those elements of {g1, . . . , gn} that

do not lie in H. Since H is closed in the F-topology, there exist subgroups K1, . . . ,Kk ∈ F such

that H < Ki and gi /∈ Ki ∩H. Since F is closed under intersections, K := ∩ki=1Ki is an element

of F that contains H but does not contain gi for 1 ≤ i ≤ k. Let a, b ∈ C, and let ã, b̃ ∈ C ′ be

points in p−1
He(a) and p−1

He(b) respectively. Since pKH(a) = pKH ◦ pHe(ã) = pKe(ã) and likewise

pKH(b) = pKe(b̃), if pKH(a) = pKH(b) then pKe(ã) = pKe(b̃) and thus there exists k ∈ K such that

k · ã = b̃. Since ã and b̃ both lie in C ′, it follows that k ∈ {g1, . . . , gn}. Since K ∩ {g1, . . . , gk} = ∅,

k ∈ {gk+1, . . . , gn} ⊂ H. It follows that

a = pHe(ã) = pHe(k · ã) = pHe(b̃) = b,

so pKH |C is injective as claimed.

It the case that the F-topology is equal to the full profinite topology, this gives Scott’s well-

known geometric interpretation of the LERF condition.

Lemma 2.2.2. Let X be a Hausdorff topological space with a regular covering X ′ and covering

group G. Then G is LERF if and only if given any finitely generated subgroup of H < Γ and any
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compact subset C of X ′/H, there exists a finite-sheeted covering X ′′ of X such that the covering

map X ′/H → X factors through a map π : X ′/S → X ′′ that restricts to an embedding on C.

The above lemma can be used to force desirable features of an infinite-sheeted covering space

of a space X with LERF fundamental group to appear in finite-sheeted covering spaces of X. The

proof of the following well-known corollary of Scott’s lemma gives a model example of how this type

of argument works.

Corollary 2.2.1. Let M be an aspherical 3-manifold, and let f : S → M be a π1-injective map

from a closed surface into M . If f∗(π1(S)) is closed in the profinite topology on π1(M), then there

exists a finite-sheeted covering space p : M ′ →M such that f lifts to a map f̃ : S →M ′, and such

that f̃ is homotopic to an embedding. Consequently, M is virtually Haken.

Proof. Let S be a closed surface with fundamental group H. Since S is a K(H, 1) space, there

exists a continuous map f : S → M such that f∗(π1(S)) = H. Let p : MH → M be the connected

covering space of M corresponding to H. By the lifting criterion in covering space theory, there

exists a lift f̃ : S →MH . It is a well known fact in 3-manifold topology (see [Hem]) that there is a

homeomorphism Φ : MH → S×R, soMH deformation retracts onto the surface S0 := Φ−1(S×{0}).

It follows that f̃ is homotopic to a map f̃ ′ : S → S0. Since f̃ ′ gives a homotopy equivalence

between the surfaces S and S0, the Baer-Nielsen theorem (see [FM]) shows that f̃ ′ is homotopic

to a homeomorphism f̃ ′′ : S → S0. Since S0 is compact, there exists a finite sheeted covering

r : M ′ → M and a map π : MH → M ′ such that π|S0
is an embedding. Since π∗ is a π1-injective

map, it follows that π|S′ : S′ →M ′ is a π1-injective embedding, so M ′ is Haken.

This shows that 3-manifolds containing separable surface subgroups are virtually Haken. By

Kahn and Markovic’s resolution of the surface subgroup conjecture, it follows that 3-manifolds with

LERF fundamental groups are virtually Haken. While it is conjectured that hyperbolic 3-manifolds

have LERF fundamental groups, fundamental groups of general 3-manifolds are known not to be

LERF. The first examples of non-LERF 3-manifold groups were constructed by Burns, Karass

and Solitar [BKS]. Such examples were subsequently studied by Niblo and Wise in [NW2], who

showed that the fundamental group of the complement of a very simple 4-component link in S3 is a
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subgroup of every known non-LERF 3-manifold group. This link is given by a 4-component chain,

i.e. a link with components C1, C2, C3 and C4 such that C1 ∪ C2, C2 ∪ C3 and C3 ∪ C4 are Hopf

links, and Ci ∪ Cj is a 2 component unlink for all other pairs i, j.

Theorem 2.2.1. Any 3-manifold M such that π1(S3 \ L) < π1(M) is not LERF.

Niblo and Wise also showed that π1(S3 \L) is a subgroup of every known non-LERF 3-manifold

group. The existence of such a subgroup may therefore be the only obstruction to being LERF for

3-manifold groups.

2.3 Jaco’s Virtually Haken Criterion

As was discussed in the previous section, one approach to proving that a manifold M is virtually

Haken is to establish the existence of a surface subgroup H < π1(M) that is closed in the profinite

topology. In order for H to be closed in π1(M), for every element g ∈ π1(M) \H there must exist

a finite index subgroup Kg < π1(M) containing H such that g /∈ K. In this section, we discuss a

result of Jaco that shows that the virtually Haken conjecture can also be proved under the much

weaker hypothesis that there exist infinitely many finite index subgroups K < π1(M) such that

H < K, or in the notation of the previous section, that [π1(M) : H∗] = ∞. We will call such a

surface subgroup strongly engulfed. It is a simple exercise to show that a subgroupH < G is strongly

engulfed if and only if it is nowhere dense in the profinite topology on G. In this section we present

Jaco’s argument (see [SW] and [Nib]), and observe that when combined with the tameness theorem

it can be used to show that a hyperbolic 3-manifold containing a strongly engulfed quasi-Fuchsian

surface subgroup virtually contains an embedded quasi-Fuchsian surface.

Lemma 2.3.1. A non-compact aspherical 3-manifold N admitting a π1-injective map f : Σ → N

from a closed surface contains an embedded π1-injective surface S. If N is hyperbolic and f is

quasi-Fuchsian, then S is quasi-Fuchsian.

Proof. Let d be the distance function for any complete Riemannian metric on N , let r > 0 be

an arbitrary constant, and let N1 := {x ∈ N | d(x, f(Σ)) ≤ r}. Since Σ is compact, N1 is a
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compact submanifold of N . Let S1, . . . , Sn be the components of ∂N1. If any component Si is

non-separating in N , then N has positive first Betti number and hence N contains an embedded

π1-injective surface. We may therefore assume that each component of ∂N1 is separating. If any

component C of ∂N1 is a sphere, since C bounds embedded 3-ball B in N by the sphere theorem

we will replace N1 by N1 ∪ B to obtain a 3-manifold with one fewer boundary component. By

performing this operation on each spherical boundary component of N1, we may assume that each

component of N1 has positive genus. We may also assume by enlarging N1 if necessary that given

any component Si of ∂N1, the component of N \Si which does not contain N1 has infinite diameter,

since if the other component of N \ Si is a compact manifold K we can replace N1 with N1 ∪K.

Suppose that the inclusion map i : S1 → N1 does not induce an injective map i∗ : π1(S1) →

π1(N1). By Dehn’s lemma, we may find an embedded disk D in N1 whose boundary gives a

homotopically non-trivial closed curve on S1. Let N2 ⊂ N1 be the submanifold given by the

complement of a regular neighborhood of D, and S1
1 the boundary component of N2 intersecting

S1. Note that S1
1 is given by cutting S1 along the closed curve D ∩ S1 and gluing in two disks, so

the components of S1
1 have genus strictly less than that of S1

1 . We can repeat this process if the

restriction of i1 : S1
1 → N2 to some component of S1

1 is not π1-injective. Proceeding inductively,

we obtain a sequence S1, S
1
1 , . . . , S

k
1 of surfaces bounding 3-manifolds N1 ⊃ N2 ⊃ · · · ⊃ Nk, until

ik : Sk1 → Nk restricts to a π1-injective map on each component of Sk1 . Note that the submanifold

N i−1 is homeomorphic to the manifold obtained from N i by identifying two embedded disks in

∂N i.

Suppose that Sk1 is a union of spheres. Since N is aspherical, each component of Sk1 must bound

an embedded 3-ball in N to one side or the other. Let Ai denote the union of the components of

N \ Si1 that do not contain N i. Since A0 has a component with infinite diameter and Ai−1 ⊂ Ai,

it follows that there exists a component of N \ Sk1 that has infinite diameter and does not contain

N ′. Let C be a component of Sk1 that border such a component. The embedded 3-ball B that C

bounds is compact, and therefore cannot contain a subset of N of infinite diameter. It follows that

B lies to the side of C containing Nk, and since ∂B = C, Nk ⊂ B. This implies, in particular,

that S1 was the only boundary component of N1, since by assumption each component of ∂N1
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bounded an infinite diameter subsets of N1 to the outside. Since Nk is a subset of 3-ball with

spherical boundary, Nk is homeomorphic to a punctured 3-ball and hence has trivial fundamental

group. Since N i is given by identifying disjoint disks in the boundary of N i+1, it follows by a

simple induction argument and Van Kampen’s theorem that N i has free fundamental group for all

i. In particular, π1(N1) is free. Since the map f : Σ→ π1(N) factors through a map f ′ : Σ→ N1

and f∗ : π1(Σ) → π1(N) is injective, it follows that f ′∗ : π1(Σ) → π1(N1) is injective. This shows

that f ′∗(π1(Σ)) gives a surface subgroup of the free group π1(N1), which is a contradiction since

subgroups of a free group are free. It follows that the component C must have positive genus.

The component C ⊂ Sk1 therefore gives a surface of positive genus such that the map ik|C : C →

Nk is π1-injective. We would now like to compress C along embedded disks in N \ Nk as above

to produce a new surface that is π1-injective in N1. Let A denote the infinite diameter component

of N \ C that does not contain Nk as above. If the inclusion of C into A is not π1-injective, then

we can compress C in A inductively as above until we obtain a surface Cl bounding a subset Al

of A such that the inclusion i : Cl → Ak is in π1-injective. As above, Cl cannot consist entirely of

sphere, so if has a component S of positive genus whose inclusion into A is π1-injective.

If the inclusion of S into all of N is not π1-injective, then S bounds an embedded disk D in

N to the side of S containing Nk. We may assume that this disk does not intersect C, since the

inclusion of C into Nk is π1-injective. It therefore follows that D lies in the submanifold of N lying

between S and C. This submanifold is given by inductively adding one-handles to Cl, however, so

the inclusion of S into this submanifold is π1-injective. It follows that the inclusion of S into N is

π1-injective.

We now consider the geometric version of this lemma. Note that since N1 is a compact manifold

with boundary, π1(N1) is finitely generated. Let i : N1 → N denote the inclusion map. The

subgroup i∗(π1(N1)) cannot be a virtual fiber subgroup, since it contains a quasi-Fuchsian surface

subgroup. It therefore follows from the tameness theorem that the limit set of i∗(π1(N1)) is not

all of ∂H3. Since the surface S constructed above is given by compressing a boundary component

of N1, π1(S) < i∗(π1(N1)), and therefore π1(S) cannot be a virtual fiber. By the dichotomy

for surface subgroups of hyperbolic three manifold groups given in Theorem 1.2.1 above, π1(S) is
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quasi-Fuchsian.

Given the above lemma, the following geometric version of Jaco’s virtually Haken criterion

follows from Lemma 2.2.2:

Theorem 2.3.1 (Jaco’s Criterion). Let M be an irreducible 3-manifold. Suppose there exists a

π1-injective map f : Σ→M , where Σ is a closed surface with χ(Σ) ≤ 0, and suppose that f lifts to

infinitely many finite-sheeted covers of M . The M is virtually Haken. If M admits a π1-injective

quasi-Fuchsian immersion f : S → M that lifts to infinitely many finite-sheeted covering spaces of

M , then M virtually contains an embedded quasi-Fuchsian surface.

Proof. Let {pi : Mi →M | 1 ≤ i ≤ ∞} be an infinite collection of finite sheeted covering spaces to

which f lifts. Let K denote the subgroup of π1(M) given by ∩∞i=1(pi)∗(π1(Mi)). Note that since K

is an intersection of finite index subgroups, K∗ = K and hence K is closed in the profinite topology.

Let pK : MK → M be the covering space of M corresponding to K. Note that [π1(M) : K] is

infinite, and therefore MK is non-compact. By the lifting criterion, there exists a lift f̃ : Σ→MK

of f . It therefore follows by Lemma 2.3.1 that there exists a π1-injective embedding i : S → MK

which is quasi-Fuchsian if f is quasi-Fuchsian. Since S is compact and K is closed, by Lemma 2.2.2

there exists a finite-sheeted covering space p : M ′ → M such that pK : MK → M factors through

a covering map π : MK → M ′ such that π|i(S) is an embedding. It follows that π ◦ i : S → M ′ is

an embedding, and since π and i are π1-injective π ◦ i is π1-injective as well.

Jaco’s criterion has the following corollary:

Corollary 2.3.1. Let M be a 3-manifold such that π1(M) contains a strongly engulfed surface

subgroup. Then M is virtually Haken.

While it may seems reasonable to conjecture that surface subgroups of 3-manifolds groups

should always be strongly engulfed, the following theorem of Niblo and Wise [NW1], which builds

on examples of Rubinstein and Wang in [RW], shows that this is not always the case:

19



Theorem 2.3.2. There exist 3-manifolds M and surface subgroups H < π1(M) such that H is

dense in the profinite topology on π1(M).

The manifolds M in these examples are not hyperbolic, and it is conjectured that this phe-

nomenon does not occur in hyperbolic 3-manifolds.

2.4 Indirect Methods for Studying the Profinite Topology on

a Group

If G is a finitely generated group, then many features of the profinite topology on G can be easily

understood in terms of actions of G on finite sets. A subgroup H ⊂ G is engulfed, for example, if

and only if there is a finite G-set X and a point x ∈ X such that H · x 6= G · x. To see this, note

that since X is finite, the power set P(X) is also a finite G-set. The orbit H ·x ∈ P(X) is stabilized

by H, however it is not stabilized by all of G. It follows that Stab(H · x) is a proper subgroup of

G, and since P(X) is finite this subgroup has finite index. To prove the converse, note that if H is

engulfed by a finite index subgroup K, H stabilizers the coset K under the left action of G on the

coset space G/K.

The goal of this section is generalize the argument presented in the above paragraph by showing

that the finite set in the above discussion can be replaced by an arbitrary compact metric space X

with an isometric G-action. We will call such a metric space a G-compactum. The main result in

this section is the following criterion for closedness of the subgroup H < G:

Proposition 2.4.1. A subgroup H of a finitely generated group G is closed if and only if there is

a G-compactum X and a point x ∈ X such that H = Stab(x).

This generalizes a result of A.V. Egorov from [Ego], who showed that a groupG is residually finite

if and only if G acts by isometries on a compact metric space X so that the induced homomorphism

ρ : G→ Isom(X) is injective. We point out the following corollary of Proposition 2.4.1:

Corollary 2.4.1. A subgroup H of a finitely generated group G is engulfed if and only if there is

a G-compactum X and a point x ∈ X such that H · x 6= G · x.
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Proof. Suppose that H < G is engulfed, and letK < G be a proper finite index subgroup containing

H. By endowing G/K with a metric d where d(g1K, g2K) = 1 for any two distinct cosets g1K and

g2K, G/K becomes G-compactum. The H orbit of the coset K is simply K, whereas the G orbit

of the coset K is all of G/K, so H ·K 6= G ·K.

To prove the converse direction, recall that the space C(X) of closed subsets of a compact metric

space X is itself a compact metric space when equipped with the Hausdorff metric dH , defined by

dH(X,Y ) = max{sup
x∈X

inf
y∈Y

d(x, y), sup
y∈Y

inf
x∈X

d(x, y)}.

Note that if X is a G-compactum then the induced action of G on C(X) is also isometric, and that H

stabilizes the point H · x ∈ C(X). Since H · x 6= G · x, there exists g ∈ G such that g ·H · x 6= H · x,

so Stab(H · x) 6= G. Since Stab(H · x) is closed in the profinite topology on G by Proposition 2.4.1,

there exists a proper finite index subgroup K such that Stab(H · x) < K. Since H < Stab(H · x),

H is engulfed.

One direction of Proposition 2.4.1 can be easily shown by metrizing the profinite completion of

G.

Lemma 2.4.1. Let G be a finitely generated groups, and let H < G be closed. Then there exists a

G-compactum X such that H = Stab(x) for some x ∈ X.

Proof. Let η : G→ Ĝ denote the natural map from G to its profinite completion. Since G is finitely

generated, Ĝ admits a left-invariant metric d : Ĝ× Ĝ → R (see Chapter I.1 of [Ser]). Thus Ĝ is a

compact metric space on which G acts by isometries, via the action g · h = η(g)h. Let C(Ĝ) denote

the space of closed sets in Ĝ equipped with the Hausdorff metric. Suppose that H is closed in

the profinite topology on G, and let CH denote the closure in Ĝ of η(H). Since CH is a subgroup

of Ĝ it contains the identity element η(e). Let g ∈ G \ H. Since H = η−1(CH), η(g) /∈ CH , so

η(g) · η(e) /∈ CH . Thus g · CH 6= CH , and g does not stabilize the point CH ∈ C(Ĝ). On the other

hand, h · CH = η(h)CH = CH since CH is a subgroup of Ĝ, so H = Stab(CH).
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The other implication in Proposition 2.4.1 is less elementary, and relies on the Peter-Weyl

theorem to translate information about the action of G on X into information about representations

of G into Gln(C). Before presenting the proof of Proposition 2.4.1, we will first outline some well-

known arguments that show how linear representations relate to the profinite topology on G. The

first of these arguments, originally due independently to Selberg [Sel] and Malcev [Mal], shows that

finitely generated linear groups are residually finite.

Theorem 2.4.1 (Selberg’s Lemma). Let F be a field, and let G be a finitely generated subgroup of

Gln(F ). Then G is residually finite.

Proof. Recall that the Jacobson radical of a ring R, denoted J (R) is defined to be the intersection

of the collections of all maximal ideals in R. It is a basic fact in commutative algebra (a proof of

which may be found in [Eis]) that if R is a finitely generated integral domain with multiplicative

identity, then J (R) = 0, and R/M is a finite field for any maximal idealM⊂ R.

Let g1, . . . , gn be a set of generators for G, and let α1, . . . , αl be the collection of all matrix

coefficients appearing in the matrices g1, g
−1
1 , g2, g

−1
2 , . . . , gn, g

−1
n . Let R denote the subring of F

generated by the elements α1, . . . , αl. Since any element of G is given by multiplying matrices in

the set {g1, g
−1
1 , g2, g

−1
2 , . . . , gn, g

−1
n } together, the matrix entries of any element of G lie in the ring

R, i.e. G < Gln(R). Note that since the identity matrix is in G, the multiplicative identity in F

lies in R, and since R is a subring of a field R is an integral domain.

Let g be a nontrivial element of G, and let I ∈ Gln(F ) denote the identity matrix. Since

g − I is not the identity matrix, there exists a matrix entry (g − I)ij that is non-zero. Since

(g−I)ij ∈ R and J (R) = 0, there exists a maximal idealM⊂ R such that (g−I)ij /∈M. Consider

the homomorphism ρM : G → Gln(R/M) given by composing the inclusion map G↪→Gln(R)

with the map Gln(R) → Gln(R/M) given by reducing matrix coefficients modulo M. Since

(ρM(g) − ρM (I))ij = (g − I)ij +M, it follows that ρM(g) 6= ρM(I). Since Gln(R/M) is a finite

group and g ∈ G was arbitrary, it follows that G is residually finite.

An important observation of Long from [Lon2] shows that the above argument can be generalized
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to show that any subgroup H of a residually finite group G is closed in the profinite topology

provided that it is maximal with respect to vanishing of so-called abstract polynomials on G. In

the presence of a linear representation, the following lemma of Bergeron from [Ber] shows that this

can be phrased in terms of the Zariski topology:

Theorem 2.4.2. Let G be a finitely generated group, let H < G, and let ρ : G → Gln(F ) be a

faithful representation. If ρ(H) is not Zariski dense in ρ(G), then H < G is engulfed. If H = ρ−1(C)

for some Zariski closed subset of G, then H is closed in profinite topology on G.

To see that this is a generalization of Selberg’s lemma, note that for a finitely generated matrix

group G, the identity subgroup I is the collection of all elements that give the trivial matrix under

the map g 7→ g − I. Since the matrix entries of this function are polynomial (indeed linear) maps,

I satisfies the hypotheses of the above lemma. We now discuss the proof of this Lemma, following

Long in [Lon2].

Proof. Consider Gln(F ) as a subset of Fn
2

, and suppose that there is a polynomial function f :

Fn
2 → F such that f vanishes on ρ(H) and does not vanish on ρ(g) for some g ∈ G \H. Let R be

the ring of coefficients of ρ as in the proof of Selberg’s lemma above. Since f is a polynomial map, f

sends In2

into I for any ideal I ⊂ R. It follows that f gives a well-defined map fI : (R/I)n
2 → R/I

such that fI(x + In2

) = f(x) + I. Since J (R) = 0 as above and f(g) 6= 0, it follows that there

exists a maximal ideal M such that f(g) +M 6= M. It follows that fM(x +Mn2

) 6= 0. On the

other hand, if h ∈ H then

fM(ρ(h) +Mn2

) = f(ρ(h)) +M = 0 +M,

since f vanishes on ρ(H). This shows that ρM(g) /∈ ρM(H), and since the image of ρM is a finite

group, ρ−1
M (ρM(H)) gives a finite index subgroup of G that contains H and does not contain g.

If H is the inverse image under ρ of a Zariski closed subset of Gln(F ), then given any g /∈ H,

there exists a polynomial function f : Gln(F ) → F that vanishes on ρ(H) and does not vanish on

ρ(g). The above argument shows that g can be separated from H, so H is closed in the profinite
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topology.

We are now ready to present the proof of Proposition 2.4.1. As was remarked above, the main

step in the proof of this proposition is the application of the Peter-Weyl theorem, background on

which can be found in Chapter 4 of [Bum].

Proof. Let X be a G-compactum and H = Stab(x) for some x ∈ X. This action gives rise to a

homomorphism φ : G → Isom(X). Note that Isom(X) is a compact topological group with the

topology given by the uniform metric. Let G be the closure of φ(G) in Isom(X). G is a compact

Hausdorff topological group, so G admits a left-invariant Haar measure µ.

Let V be the Hilbert space L2(G,µ). Given a square integrable function f , we will denote by

[f ] the L2 class of f . There is a natural representation G→ GL(V ) coming from the unitary action

of G on the Hilbert space L2(G,µ) by g · [f ] = [f ◦ g−1]. By the Peter-Weyl theorem, there exists

an orthogonal decomposition V =
⊕∞

i=1 Vi, where g ·Vi = Vi for all i ∈ N and g ∈ G, and Vi ∼= Cni .

Note that each Vi is a finite dimensional vector space.

Let fx : G → R be the map g 7→ d(x, g · x). fx is a continuous function on a compact space,

so fx is bounded and square integrable. Let h ∈ H so that h · x = x. Then fx(g) = d(x, g · x) =

d(h · x, g · x) = d(x, h−1g · x) = (fx ◦ h−1)(g) = (h · fx)(g), so h fixes fx and hence fixes [fx]. Thus

H ⊂ Stab([fx]).

Suppose that g /∈ Stab(x), and let l = d(x, g ·x). We would like to show that g does not preserve

the L2-class of fx. To see this, note that if y is an element of Bl/4(x), the ball of radius l/4 about

x, then the distance from y to g · x is at least 3l/4. Let B = {γ ∈ G | d(γ · x, x) ≤ l/4}

||g · fx − fx||L2 =

∫
G

|d(g · x, γ · x)− d(x, h · x)|2dµ(γ) ≥
∫
B

|d(g · x, γ · x)− d(x, h · x)|2dµ(γ)

≥
∫
B

∣∣∣∣34 l − 1

4
l

∣∣∣∣2 dµ(γ) =
1

4
l2µ(B)

We claim that µ(B) 6= 0. Since G is finitely generated, G is a countable group (though G may

not be). G is dense in G, so for all g ∈ G there exists a sequence hi ∈ G such that h−1
i g → e ∈ G.
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Thus d(h−1
i g · x, x) → 0, so there exists an h ∈ G such that h−1g moves x less than l/4, hence

g ∈ h · B. Thus ∪h∈G h · B = G. µ(G) = µ(∪h∈G h · B) ≤
∑
h∈G µ(h · B) =

∑
h∈G µ(B), so

if µ(B) = 0 then µ(G) = 0. This is a contradiction, since Haar measure is non-trivial. We have

therefore proved that g · [fx] 6= [fx], so Stab([fx]) ∩G = H.

We now show that H is separable. Let g ∈ G \ H, and let πi be the projection map from V

to Vi. Since G preserves the decomposition V =
⊕∞

i=1 Vi, we have a linear action of G on Vi by

g · v = πi(g · ṽ), where ṽ is the unique element of V such that ṽ is orthogonal to Vj for all j 6= i

and πi(ṽ) = v. This action of G on Vi yields a finite dimensional representation ρi : G→ GL(Cni).

This gives us a finite dimensional representation ρi of the original group G given by ρi = ρi ◦ φ.

Since g · [fx]− [fx] 6= 0, πi(g · [fx]− [fx]) must be non-trivial for some i = i(g). πi(g · [fx]− [fx]) =

πi(g · [fx]) − πi([fx]) = g · πi([fx]) − πi([fx]) 6= 0. Let u = πi([fx]). We now have that under the

linear action of G on Cni given by the representation ρi, H ⊂ Stab(u) and g /∈ Stab(u).

To see that stabilizers of a vector v in a finitely generated subgroup of Gln(C) are separable,

note that the function φi : Gln(C) → C given by g 7→ πi(g − g · v), where πi : Cn → C is the i-th

coordinate function, is a polynomial map. The collection of points for which φi vanishes for all i is

exactly Stab(v), so Stab(v) is closed in the Zariski topology. By Long’s verbal lemma, there exists

a finite index subgroup K < ρi(g)(G) such that g /∈ K and Stab(u) ⊂ K. Since g was arbitrary, K

is a separable subgroup.
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Chapter 3

The Topology of Solenoids over

3-manifolds

As we saw in the last chapter, many important conjectures about finite-sheeted covering spaces of

a 3-manifold M can be rephrased as questions about the profinite completion of the fundamental

group of M . Just as much of the structure of π1(M) can be understood geometrically by looking

at the action of π1(M) on the universal covering space M̃ of M , many features of the profinite

completion of π1(M) can be understood by viewing the profinite completion as the set of deck

transformations of a “profinite covering space" of M given by the inverse limit of the set of all

finite-sheeted covering spaces of M . We call this profinite covering space the universal solenoid

over M .

This chapter begins with an introduction to solenoids and their C̆ech cohomology. We then go

on to study the universal solenoid over a 3-manifold M , and show that such objects have trivial

C̆ech cohomology over any finite coefficient module under either of the following assumptions:

1. vb1(M) ≤ 1, or

2. Every hyperbolic piece of the JSJ-decomposition of M is virtually fibered.

We remark that Wise’s announcement [Wis] implies that either condition 1 or 2 holds for every
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3-manifold M , so it is expected that this result holds unconditionally. After proving this result, we

discuss it’s relevance to the study of a property known as Grothendieck rigidity. Given a group G

and a subgroup H < G, (G,H) is said to be a Grothendieck pair if the inclusion map i : H↪→G

induces an isomorphism î : Ĥ → Ĝ. The existence of finitely generated Grothendieck pairs was

first established by Platonov and Tavgen in [PT], and finitely presented such examples were given

by Bridson and Grunewald in [BG]. A group G is said to be Grothendieck rigid if given any finitely

generated subgroup H < G, (G,H) is not a Grothendieck pair. Many classes of groups are known to

be Grothendieck rigid, including free groups, surfaces groups, and fundamental groups of geometric

3-manifolds (see [LR1]). We will show in this chapter that it follows from Wise’s announcement

that fundamental groups of closed, prime 3-manifolds are Grothendieck rigid as well.

3.1 Solenoids over CW complexes

LetX be a connected CW complex1, and let T := {. . . X2 → X1 → X0
∼= X} be a (finite or infinite)

tower of distinct finite-sheeted covering spaces of X, and let pi,j : Xj → Xi be the covering map

given by composing the covering maps Xj → Xj−1 → · · · → Xi. The solenoid over X associated

to T , denoted X̂T is defined to be the inverse limit of this tower, i.e.

X̂T := lim
←

Xi = {(xi) ∈
∞∏
i=0

Xi | pi,j(xj) = xi for all i < j}

endowed with the topology given by equipping
∏∞
i=0Xi with the product topology and equipping

X̂T ⊂
∏
αXα with the subspace topology. The space X̂T comes equipped with a natural continuous

map pT ,0 : X̂T → X, given by composing the inclusion map X̂T ↪→
∏∞
i=0Xi with the projection

map
∏∞
i=0Xi → X0.

This definition is a special case of Sullivan’s definition of a solenoid in [Sul], with the exception

that we will not always require X to be a manifold. In this section we give the definition of a

solenoid over a CW complex and describe the point-set topological structure of these spaces. The
1The only feature of X that we will need is that X admits a universal covering space. It would therefore be

sufficient to assume that X is a path-connected, locally path-connected, and semilocally simply-connected space (see
[Hat1])

27



results in this section are simple adaptations of results in covering space theory, most of which are

proved in McCord’s paper Inverse Limit Sequences for Covering Maps [McC]. The definition of

solenoid above differs slightly from McCord’s definition of a “solenoidal space," however, in that

the covering maps in the tower T are not required to be regular or connected, but as we will see

below most of the point-set topological structure theorems from [McC] can be proved without any

added difficulty in this setting.

If one of the spaces Xi in the tower is homeomorphic to a disjoint union X0
i tX1

i , then X̂T
∼=

p−1
T (X0

i ) t p−1
T (X1

i ). We may therefore decompose a general solenoid into a disjoint union of

components that are inverse limits of towers of connected covering spaces. Given such a connected

tower T , it follows easily from the definition of the inverse limit topology that the solenoid X̂T is

connected, though in general it will not be path-connected. Given such a connected tower T and

a basepoint (xn) ∈ X̂T , one can associate a nested sequence of subgroups S = {· · · > N2 > N1 >

N0 = π1(X,x0)} to T by setting Ni = (pi,0)∗(π1(X,xi)). Conversely, given any nested sequence

S = {. . . N3 > N2 > N1 > N0 = π1(X)} of finite index subgroups of π1(X), we obtain a tower

· · · → X2 → X1 → X0 = X,

where Xi denotes the connected covering space of X corresponding to Ni. We will denote the

solenoid associated to such a sequence S by X̂S . The following lemma describes the basic topological

structure of X̂S .

Lemma 3.1.1. Let X be a compact connected CW complex, and let S be an infinite nested sequence

of finite-index subgroups of π1(X). Then X̂S is a compact topological space, and the projection

pS,0 : X̂S → X gives X̂S the structure of a Cantor set bundle over X.

Proof. Since X and all its finite sheeted covering spaces are compact,
∏∞
i=0Xi equipped with the

product topology is compact by Tychonoff’s theorem. To show that X̂ is compact, it therefore

suffices to show that X̂ is a closed subset of
∏∞
i=0Xi. Let (x1

j ), (x
2
j ), . . . be a sequence of points in

X̂S . Since X0 is compact, we can pass to a subsequence {i(1)} ⊂ N such that xi
(1)

0 converges to a

point y. Let p∞,i : X̃ → Xi denote the universal covering map of Xi. Let U be a neighborhood
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of y such that the map p∞,0 uniformly covers U , i.e. each component V of p−1
∞,0(U) is mapped

homeomorphically onto U by p̃. Note that given any i and any component W of p−1
i,0 (U), pi,0 also

maps W homeomorphically onto U , since W = p∞,i(V ) for some component V ⊂ p̃−1(U) and

pi,0 ◦ p̃i = p̃.

Since the degree of p1,0 : X1 → X0 is finite, there are finitely many components U (1)
1 , . . . , U

(1)
k

of p−1
1,0(U). After passing to a further subsequence {i(2)} ⊂ {i(1)}, we can assume that each element

xi
(2)

1 lies in some component U (1)
l . Proceeding by induction, given U

(m)
l ⊂ Xm and a subse-

quence xi
(m)

m such that xi
(m)

m ⊂ U
(m)
l , there exist finitely many components U (m+1)

1 , . . . , U
(m+1)
k of

p−1
m+1,m(U

(m)
l ), so we may find a subsequence {i(m+1)} ⊂ {i(m)} such that xi

(m+1)

m+1 ⊂ U
(m+1)
l′ for

some l′. The diagonal sequence (xi
(i)

j ) has the property that xi
(i)

j eventually lies in a single com-

ponent Vj of p−1
j,0(U). Since p1,0(xi

(i)

j ) = xi
(i)

0 converges to y and p1,0|V1
is a homeomorphism, it

follows that xi
(i)

1 converges to the unique point y1 of p−1
1,0(y) lying in V . By the same argument, if

for all k ≤ j xi(i)j converges to a point yj such that pi,j(yj) = yk, xi
(i)

j+1 converges to the unique point

of p(j + 1)j
−1

(yj) lying in Vj+1. It follows by induction that xi
(i)

j converges for all j to a point yj

such that for all k ≤ j, pk,j(yj) = yk. Note that the point (yj) ∈
∏∞
j=0Xi lies in X̂S . Since xi

(i)

j

converges to yj for all j, it follows by the definition of the product topology that (xi
(i)

j ) converges

to (yj). This shows that X̂S is closed.

To see that X̂(S) has the structure of a Cantor set bundle, let y ∈ X and U any connected

neighborhood of y as above whose closure U is regularly covered. Let F denote the preimage of y

under the map pS : X̂S → X. Note that F is equal to the inverse limit of finite sets

lim
←

p−1
0,i (y) = {(yi) ∈ p−1

0,i (x0) | pi,j(xj) = xi for all i < j}.

Any inverse limit of finite sets with unbounded cardinality is homeomorphic to the Cantor set, so

since T is an infinite tower by assumption F is homeomorphic to a Cantor set. Given a point

z ∈ U , and yi ∈ p−1
i0 (y), let zi denote the unique point of p−1

i0 (z) that lies in the same component of

p−1
i0 (U) as yi. Consider the map Φ : F ×U → p−1

S (U) given by sending ((yi), z) to the sequence (zi).

Note that Φ is equal to the inverse limit of the homeomorphisms Φi : p−1
i,0 (y)× U → p−1

i,0 (U). This
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shows that Φ is a continuous bijection, and since both p−1
S (U) and F × U are compact Hausdorff

spaces Φ is a homeomorphism.

The fact that the Cantor set is disconnected allows many arguments from covering space theory

to be applied directly to solenoids, since, as the following lemma shows, this is enough to guarantee

that solenoids have the unique path-lifting property.

Lemma 3.1.2. Let X be a CW complex, and let p : E → X be a fiber bundle with disconnected

fiber over X. Then p is a fibration with the unique path lifting property.

Proof. A theorem of Hurewicz and Huebsch shows that fiber bundles over paracompact base spaces

are fibrations (see [Spa]). It follows that p has the homotopy lifting property with respect, and in

particular one can lift paths (though of as homotopies of maps of points into X) from X to E. Let

η : [0, 1] → X be a path and η̃i : [0, 1] → E a pair of lifts such that η̃1(0) = η̃2(0). There exists a

neighborhood U of X such that p−1(U) ∼= U×F where F is a Cantor set, and p : U×F → F is given

by projection onto the first factor. Since F is totally disconnected, it follows that η̃1 and η̃0 must

agree on p−1(U). Covering the path η by such neighborhoods, we obtain the desired result.

While in many respects solenoids over X behave similarly to covering spaces of X, many argu-

ments in covering space theory cannot be adapted to the solenoidal setting due to the fact that the

solenoid XT is not path-connected unless the tower T has finitely many elements. The following

lemma shows, however, that solenoids contain canonical dense path components, which for many

purposes is all that one needs.

Lemma 3.1.3. Let X be a CW complex, and let S := {· · · < N2 < N1 < π1(X)} be a nested

sequence of finite-index subgroups of π1(X). The universal covering map p̃ : X̃ → X factors though

a continuous map ρ : X̃ → X̂S with dense image, and ρ(X̃) is a path component of X̂S . The map

ρ is injective if and only if ∩∞i=1Ni = {e}.

Proof. Note that the diagonal map
∏∞
i=1 p∞,i : X̃ →

∏∞
i=1 X̃/Ni is continuous and has image in

X̂S . Given any open set U ⊂ X̂S , U = O ∩ X̂S for some open set O ⊂
∏∞
i=1 X̃/Ni since X̂S is
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equipped with the subspace topology. By the definition of the product topology, O is a union of

subsets of the form
∏n
i=1Oi×

∏∞
i=n+1X/Ni where Oi ⊂ Xi is an open set. It therefore follows that

U contains a non-empty open set U ′ of the form

(
n∏
i=1

Oi ×
∞∏

i=n+1

X/Ni

)
∩ X̂S .

Let (xi) ∈ X̂S be an element of U ′. Since the map p̃n : X̃ → X̃/Nn is surjective, we can find a

point x̃n ∈ X̃ such that p̃n(xn) ∈ On ⊂ X̃/Nn. Since

p̃i(x̃n) = pi,n ◦ p̃n(x̃n) = pi,n(xn) = xi,

it follows that (p̃i(x̃n)) agrees with (xi) for the first n-entries, and therefore lies in U ′.

Let C denote the path component of X̂S containing ρ(X̃). Let y ∈ C, and let η : [0, 1] → C

satisfy η(0) = ρ(x) for some x ∈ X̃ and η(1) = y. p̂ ◦ η gives a path in X from

p̂ ◦ η(0) = p̂ ◦ ρ(x) = p̃(x)

to p̂(y). Note that p̂ ◦ η has a lift η̃ : [0, 1] → X̃ such that η̃(0) = x. It follows by the unique

path-lifting property that ρ ◦ η̃ = η, so x1 = η(1) = ρ(η̃(1)). This shows that ρ(X̃) = C.

To verify the last claim, suppose that ∩∞i=1Ni = {e}. Suppose that ρ(x1) = ρ(x2), and let

γ : [0, 1]→ X̃ be a path from x1 to x2. Note that

p̃(x1) = p̂ ◦ ρ(x1) = p̂ ◦ ρ(x2) = p̃(x2),

so p̃(γ) gives an element of π1(X, p̃(x1)). Suppose p̃◦γ gives a trivial element of π1(X, p̃(x1)). Since

∩∞i=1Ni = {e}, there exists Ni such that the covering map p̃i : X̃ → X̃/Ni sends x1 and x2 to

distinct elements. By the definition of the map ρ, however, this implies that ρ(x1) 6= ρ(x2), which

gives a contradiction. It follows that p̃ ◦ γ must be a contractible loop, and since γ is a lift of this

loop to X̃, x0 = γ(0) = γ(1) = x1. This shows that ρ is injective.

31



Conversely if ∩∞i=1Ni 6= {e}, let g be a nontrivial element of ∩∞i=1Ni. Given x ∈ X̃, pi(g · x) =

pi(x) since g ∈ Ni, so ρ(g · x) = ρ(x). Since g is nontrivial g · x 6= x, so ρ is not injective.

Given a connected solenoid X̂S as above, we will refer to the path component ρ(X̃) ⊂ X̂S as

the baseleaf of X̂.

We will say that the solenoid X̂S is regular if each Ni in the nested sequence of finite-index

subgroups S is a normal subgroup of π1(X). In this setting, each covering space p0,j : Xj → X

is a regular covering space. It is easy to show that the diagonal action of π1(X) on
∏
Xi whose

action on each factor is by deck transformations of p0,j preserves X̂S , and that this gives X̂S the

structure of a π1(X)-space. Moreover, one can easily show that this action extends to a fixed-point

free action of lim
←

π1(M)/Ni on X̂S that acts transitively on the fibers of the map pS : X̂S → X

(see [McC]), which yields the following lemma:

Lemma 3.1.4. Let S = {. . . N3 > N2 > N1 > N0 = π1(X)} be a nested sequence of finite-index

normal subgroups of π1(X), and let Ĝ denote the profinite group lim
←

π1(X)/Ni. The regular solenoid

X̂S is a principal Ĝ-bundle over X.

Regular solenoids therefore give a natural family of compact metric spaces with π1(M)-actions.

3.2 Universal Solenoids

Given a compact CW complex X, there is a “largest" connected solenoid over X, which we will call

the universal solenoid over X and will denote by p̂ : X̂ → X. The universal solenoid over X is

defined to be the inverse limit of the set of all finite-sheeted covering spaces of X, i.e.

X̂ := {(xN ) ∈
∏

N <
f.i.

π1(X)

X̃/N | pKH(xH) = xK for all K < H},

where X̃ denotes the universal covering space of X and pKH : X̃/H → X̃/K is the natural covering

map.
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Though the definition of the universal solenoid involves every finite index subgroup of π1(X), the

universal solenoid can also be defined using a much sparser collection of subgroups. Given a nested

sequence of finite-index subgroups S = {· · · → N2 → N1 > π1(X)} we will say that S induces the

full profinite topology on π1(X) if for every finite index subgroup H < π1(X), there exists an i such

that Ni < H. As an example of such a tower, consider the sequence {· · · < K2 < K1 < π1(X)}

where Kn is equal to the intersection of all subgroups of π1(X) of index at most n. Since π1(X)

is finitely generated, it follows from Hall’s Theorem, Theorem 2.1.2 above, that the subgroups Kn

each have finite index. Given any finite index subgroup H < π1(X), note that H < K[π1(X):H], so

this sequence of subgroups induces the full profinite topology on π1(M). Given a tower T of finite

sheeted covering spaces of M , we will say that T induces the full profinite topology on π1(X) if

the sequence of subgroups of π1(X) given by each subtower of T consisting of connected covering

spaces {. . . X2 → X1 → X} has the property that {. . . π1(X2) < π1(X1) < π1(X)} induces the full

profinite topology on π1(X). The following lemma shows that a linear tower of covering spaces can

be used to define the universal solenoid over X, so X̂ fits the definition of a solenoid given in the

previous section.

Lemma 3.2.1. If S := {· · · < K2 < K1 < π1(X)} is a nested sequence of finite index subgroups of

π1(X) that induces the full profinite topology on π1(X), then p̂ : X̂ → X is isomorphic as a bundle

to pS : X̂S → X.

Proof. Consider the map

Φ :
∏

N <
f.i.

π1(X)

X̃/N →
∞∏
i=1

X̃/Ki

given by projecting onto the factors indexed by Ki. This map is continuous, and clearly maps

X̂ → X̂S . If H is any finite index subgroup of π1(X), then since S induces the full profinite

topology on π1(M), Kn < H for some n. It follows that given any point in (xN ) ∈ X̂, the entry

xH is determined by the entry xKn . It follows that quotient map Φ|X̂ : X̂ → X̂S is bijective. Since

X̂ and X̂S are compact Hausdorff spaces, this map is a homeomorphism.
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If {. . .K2 < K1 < π1(X)} induces the full profinite topology on X, then given any finite-sheeted

covering space p : X ′ → X, there exists an i such that Ki < p∗(π1(X ′)). It follows that the cover

X̃/Ki → X factors through p. Conversely, if a tower of covering spaces {· · · → X2 → X1 → X0}

has the property that given any finite-sheeted cover p : X ′ → X, there exists an i such that

pi,0 : Xi → X factors through p, then the groups (pi,0)∗(π1(Xi)) must induce the full profinite

topology on π1(X). This yields the following characterization of the universal solenoid:

Lemma 3.2.2. Let p : S̃ → S be a connected solenoid that factors through every finite sheeted

covering space of S. Then Ŝ is isomorphic to the universal hyperbolic solenoid.

As was discussed in the previous chapter, the profinite group lim
←

π1(M)/Kn is isomorphic to

the profinite completion π̂1(M) of π1(M), so Lemma 3.2.1 together with Lemma 3.1.4 yield the

following:

Lemma 3.2.3. Let X be a compact CW complex, and let Γ denote π1(M). X̂ is a principal

Γ̂-bundle over X.

The following lemma justifies the use of the term “universal" to describe X̂.

Lemma 3.2.4. Let X be a compact CW complex, and let S be any nested sequence of finite-index

subgroup of π1(X). Then there exists a map p̂S : X̂ → X̂S yielding the following commutative

diagram:

X̂

p̂S

��
p̂

��

X̂S

pS
~~

X

Proof. Let S = {· · · > N2 > N1 > N0 = π1(X)}, and consider the map

Φ :
∏

N <
f.i.

π1(X)

X̃/N →
∞∏
i=1

X̃/Ni.
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This map induces a continuous map from X̂ → X̂S . To check the surjectivity of this map, let (xi)

be a point in X̃S . For each n, let p̃n : X̃ → X̃/Nn be the natural covering map and let x̃n be an

arbitrary point in p̃−1
n (xn). Let ρ : X̃ → X̂ be the map given by Lemma 3.1.3. Since the first n

entries of Φ(ρ(x̃n)) agrees with (xi), it follows that the sequence Φ(ρ(x̃n)) converges to (xi). Since

the image of Φ is dense and the domain of Φ is compact, it follows that Φ is surjective.

Recall that two spaces X1 and X2 are said to be commensurable if X1 and X2 share a finite

sheeted covering space. The following lemma follows immediately from the definition of the universal

solenoid.

Lemma 3.2.5. Let X1 and X2 be commensurable spaces. Then X̂1 is homeomorphic to X̂2.

We remark that it is not known whether or not the converse to this statement holds when X is

a 3-manifold.

3.3 The Algebraic Topology of Solenoids

In this section we discuss the algebraic topology of solenoids. The following lemma shows that the

homotopy groups of the baseleaf of a solenoid have simple interpretations.

Lemma 3.3.1. Let X be a connected CW complex, and let S := · · · < N2 < N1 < π1(X) be a nested

sequence of finite index subgroups of π1(X). Let C be the baseleaf of X̂S . Then π1(C) ∼= ∩∞i=1Ni,

and πk(C) ∼= πk(X) for k > 1.

Proof. Let x ∈ X, let F := p−1
S (x), and let x̂ ∈ C ∩ F . Since p : X̂S → X has the homotopy lifting

property, it follows (see e.g. [Hat1] Theorem 4.41) that there is a long exact sequence

· · · → πk(F, x̂)→ πk(E, x̂)→ πk(X,x)→ πk−1(F, x̂)→ · · · → π0(E, x̂)→ 0

This induces isomorphisms πk(C, x̂) ∼= πk(E, x̂) ∼= πk(X,x) for all k > 1, since πi(F, x̂) is trivial for
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i > 0. To compute π1(E, x̂) note that the exact sequence

0→ π1(E, x̂)→ π1(X,x)→ π0(F, x̂)→ π0(E, x̂)→ 0

(where the π0 terms are sets and not groups) has the interpretation that π1(E, x̂) corresponds to

the elements of π1(X,x) that lift to closed loops based at x̂. Let Xi be the covering space of X

corresponding to Ni, let p̂i : X̂ → Xi be the natural map to Xi and let xi = p̂i(x̂). It is easy to see

from the definition of X̂S that the loops in X based at x that lift to a loop in X̂S based at x̂ are

exactly those that lift to a closed loop in Xi based at xi for all i. Since these loops yield elements

of π1(X,x) that are contained in Ni, the claim follows.

We point out the following special case of the above lemma:

Lemma 3.3.2. Let X be a compact aspherical CW complex, and let x ∈ X. Each component of X̂

has trivial homotopy groups if and only if π1(X) is residually finite.

Proof. Since X̂ is a regular solenoid and regular solenoids are principal bundles, each component of

X̂ is homeomorphic. Since π1(X) is residually finite, the collection S := {· · · < K2 < K1 < π1(X)},

where Kn is the intersection of all finite-index subgroups of index at most n, has trivial intersection.

Since X̂ ∼= X̂S by Lemma 3.2.1, the result follows from Lemma 3.3.1.

Since most of the spaces X we will be interested in are aspherical with residually finite fun-

damental group, Lemma 3.3.1 shows that homotopy groups will not provide us with interesting

invariants of universal solenoids. As we will see in what follows, however, cohomology groups do

provide useful algebraic invariants of solenoids in this setting. Unlike in the case of CW complexes,

however, the various constructions of standard cohomology theory for CW complexes do not give

equivalent theories on solenoids. To see this, note that by Lemma 3.3.2, the path components of

universal solenoid over an aspherical manifold X with residually finite fundamental group all have

trivial homotopy groups. By the Hurewicz theorem, it follows that the simplicial homology and
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cohomology groups of X̂ vanish above dimension 0. The k-th C̆ech cohomology groups of X̂, on

the other hand, can be easily show to be non-vanishing whenever Z < Hk(X,Z). This is due to the

following “continuity" property of C̆ech cohomology (see [Bre] for a proof):

Lemma 3.3.3. Let {Xα}, be an inverse system of CW complexes, with maps pαβ : Xβ → Xα for

α < β. Let Rα be a π1(Xα)-module for all α, and for β > α let ψαβ : Rα → Rβ be homomorphisms

making {Rα} into a directed system of abelian groups. Suppose the module structures on {Rα}

are compatible, i.e. given α < β, a ∈ Rα and g ∈ π1(Xβ), (pαβ)∗(g) · a = g · ψαβ(a). Then

Ȟ(lim
←

Xα, lim→
Rα) ∼= lim

→
Ȟ(Xα, Rα).

We will therefore use C̆ech cohomology exclusively in what follows, and for simplicity of notation

we will denote the C̆ech cohomology functor by “H" rather than “Ȟ."

Note that when Rα is a fixed abelian group R with a trivial π1(Xα) action for all α, the

coefficient compatibility condition in the above lemma is automatically satisfied. More generally,

given an inverse system of spaces ({Xα}, pαβ) with terminal space X0 and R a π1(X0)-module, there

is a unique π1(Xα)-module p∗0,α(R) with underlying abelian group R that satisfies the coefficient

compatibility conditions. This module is simply R itself equipped with the π1(Xα)-action given

by g · x = (p0,α)∗(g) · x. For simplicity of notation, we will denote p∗0,α(R) simply by R. This

allows us to consider R as a coefficient system on each of the spaces Xα simultaneously. Using this

convention, Lemma 3.3.3 immediately yields the following:

Lemma 3.3.4. Let T = {· · · → X2 → X1 → X0
∼= X} be a tower of covering spaces of X. Given

any π1(X)-module R,

Hk(X̂T , R) ∼= lim
→

Hk(Xi, R).

Recall that the direct limit A∞ of a directed system of abelian groups (Ai, φij) can be defined

by

A∞ :=

( ∞⊕
i=1

Ai

)
/ ∼,

where ∼ is the equivalence relation generated by declaring x ∼ y for x ∈ Ai and y ∈ Aj if there

exists k > i, j such that φik(x) = φjk(y). There are natural maps φi∞ : Ai → A∞ given composing
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the inclusion Ai↪→
⊕∞

i Ai with the quotient
⊕∞

i Ai → A∞, and one can easily check that

ker(φi∞) = {x ∈ Ai | ∃ k > i s.t. φik(x) = 0}.

It therefore follows that kernel of the map p̂T : X → X̂T is the cohomology classes on X that

pull back trivially to some covering space in the tower T . We will call such cohomology classes

T -trivial, and when T is the tower of all finite sheeted covering spaces of X we will call such classes

virtually trivial. The above discussion gives the following lemma:

Lemma 3.3.5. Let R be a π1(X)-module. The group Hk(X̂, R) = 0 if and only if given any

finite-sheeted covering space X ′ of X, every element of Hk(X ′, R) is virtually trivial.

We also remark for future reference that when each of the spaces Xα in Lemma 3.3.3 is home-

omorphic to a fixed space X and the maps pαβ are all identity maps, then Lemma 3.3.3 reduces to

the following:

Lemma 3.3.6. Let X be a space and let (Rα, ψβα) be a directed system of π1(X)-modules. Then

lim
→

Hk(X,Rα) ∼= Hk(X, lim
→

Rα).

3.4 Cohomology over Finite Coefficient Modules and Good-

ness in the Sense of Serre

A simple argument involving the transfer homomorphism shows that an infinite order cohomology

class defined onX cannot be virtually trivial. For this reason the cohomology groups of the universal

solenoid X̂ over a space X with coefficients in a finite π1(X)-module are often much simpler than

the cohomology of X̂ with coefficients in Z. This is especially true in dimension 1 as the following

lemma shows.

Lemma 3.4.1. Let X be a space, and let R be any finite π1(X)-module. H1(X̂, R) = 0.

Proof. The action of π1(X) on R yields a homomorphism ρ : π1(X) → Aut(R). Since R is finite,

Aut(R) is also finite thus ker(ρ) is a finite index subgroup. After passing to a finite sheeted
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covering space of X we may therefore assume that R is equipped with the trivial π1(X)-action. In

this setting, there is a natural homomorphism Φ : H1(X,R)→ Hom(π1(X), R). Given an element

ω ∈ H1(X,R), the kernel of Φ(ω) corresponds to a finite sheeted covering space of p : X ′ → X. By

naturality of Φ,

Φ(p∗(ω)) = p∗(Φ(ω)) = Φ(ω)|π1(X′) = Φ(ω)|ker(Φ(ω)) = 0.

Since every element of H1(X,R) is virtually trivial, it follows by Lemma 3.3.5 that H1(X̂, R) = 0.

When X is an n-manifold, Hn(X̂, R) can also be shown to be trivial under a simple hypothesis

about the orders of the finite quotients of π1(X).

Lemma 3.4.2. Let X be an n-manifold. Suppose that for all k > 0, there exists a finite index

subgroup N < π1(X) such that k divides [π1(X) : N ]. Then given any finite π1(X)-module R,

Hn(X̂, R) = 0.

Proof. As in the proof of the previous lemma, we may assume after passing to a finite sheeted

covering space that R is a trivial module. Since X is an n-manifold, for any finite sheeted covering

space p : X ′ → X of X, Hn(X ′, R) ∼= R, and given any finite sheeted covering space ρ : X ′′ → X ′

the map ρ∗ : Hn(X ′, R)→ Hn(X ′′, R) is given by multiplication by deg(ρ). Suppose that π1(X) has

finite index subgroups of arbitrarily divisible indices. Given ω ∈ Hn(X ′, R), there exists N < π1(X)

such that |R| · [π1(X) : π1(X ′)] divides [π1(X), N ]. Let N ′ = π1(X ′) ∩ N , and let ρ : X ′′ → X ′

be the covering space of X ′ corresponding to N ′ < π1(X ′). Since |R| · [π1(X) : π1(X ′)] divides

[π1(X), N ] and [π1(X), N ] divides [π1(X), N ′] = [π1(X) : π1(X ′)] · [π1(X ′) : N ′], it follows that |R|

divides [π1(X ′) : N ′] = deg(ρ). This shows that induces the map ρ∗ : Hn(X ′, R) → Hn(X ′′, R) is

trivial, so any element of Hn(X ′, R) is virtually trivial.

The virtual triviality of cohomology classes on a space X with coefficient in a finite module R

can be used to show that π1(X) has a property known as goodness in the sense of Serre, or simply

goodness for short.
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Definition 3.4.1. A discrete group G is good if given any finite G-module R and k ≥ 0, the natural

map η : G→ Ĝ induces an isomorphism η∗ : Hk(Ĝ, R)→ Hk(G,R).

The following lemma from [Ser] gives an alternative characterization of goodness:

Lemma 3.4.3. A group G is good if and only if for any finite index subgroup N < G and any

cohomology class ω ∈ Hk(N,R), there exists a finite index subgroup N ′ < N such that ω is in the

kernel of the restriction map Hk(N,R)→ Hk(N ′, R).

This formulation of goodness has the following immediate consequence:

Lemma 3.4.4. Let G be a group. If G has a finite index good subgroup then G is good.

Given Lemma 3.3.5 from the previous section, this result has the following interpretation in

terms of universal solenoids:

Lemma 3.4.5. Let G be a group, and let X be a K(G, 1)-space. G is good in the sense of Serre if

and only if given any G-module R and k > 0, Hk(X̂, R) is trivial.

A number of low-dimensional groups are well-known to be good.

Lemma 3.4.6. Finite groups, free groups, surface groups and fundamental groups of 2-orbifolds

are good.

Proof. Since the trivial subgroup has finite index in any finite group, goodness of finite groups is

clear. Goodness of free groups follows immediately from Lemma 3.4.1, since the higher cohomology

groups of free groups vanish. The goodness of surface groups follows from Lemmas 3.4.2, since

surface groups have non-trivial maps onto Z and hence have finite-index subgroups of any index. It

is a consequence of Selberg’s lemma that the fundamental group of a 2-orbifold has a finite-index

subgroup isomorphic to the fundamental group of a surface, so the result for orbifolds follows as

well.

The following lemma from [Ser] gives a useful extension theorem for good groups.
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Lemma 3.4.7. Let F and N be finitely generated discrete groups, and assume that Hk(N,R) is

finite for any finite N -module R. Let G be a group fitting into the exact sequence

1→ N → G→ F → 1.

If N and F are good, then G is good.

This result can be used to show that the fundamental groups of many 3-manifolds are good:

Lemma 3.4.8. Let M be the fundamental group of a 3-manifold that is either Seifert fibered or

fibered over the circle. Then π1(M) is good.

Proof. If M is Seifert fibered, then there is an exact sequence

1→ Z→ π1(M)→ πO1 (B)→ 1,

where B is the base orbifold of the Seifert fibration ofM and πO1 (B) denotes its orbifold fundamental

group. IfM fibers over the circle, then the long exact sequence of homotopy groups for the fibration

yields an exact sequence

1→ π1(S)→ π1(M)→ Z→ 1.

In both cases, goodness of π1(M) then follows from Lemma 3.4.6 and Lemma 3.4.7.

As we will see in the next section, this result can be extended to show that the fundamental

group of any 3-manifold is good, provided that the virtually fibered conjecture holds for Haken

hyperbolic 3-manifolds.

3.5 Goodness of 3-manifold groups

In this section we study goodness for fundamental groups of general 3-manifolds. Goodness was

proved for fundamental groups of graph manifolds byWilton and Zalesski in [WZ], and was proved to
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hold for 3-dimensional Poincaré duality groups with trivial virtual first Betti number independently

by Weigel [Weig] and Kochloukova-Zalesski [KZ]. We observe in this section that, provided that

fundamental groups of finite volume hyperbolic 3-manifolds are virtually fibered, these results can

be combined to show that the fundamental groups of all closed 3-manifolds are good. We will

also show that Weigel and Kochloukova-Zalesski’s result can be extended to 3-manifolds M with

vb1(M) ≤ 1. This yields the following:

Proposition 3.5.1. Let M be a closed 3-manifold such that either

• Every hyperbolic piece of the JSJ decomposition of every prime factor M is virtually fibered,

or

• vb1(M) ≤ 1.

Then π1(M) is good.

We remark that this has the following corollary:

Corollary 3.5.1. If finite-volume hyperbolic 3-manifolds M with vb1(M) > 1 are virtually fibered,

then fundamental groups of 3-manifolds are good.

We begin by showing that the top-dimensional cohomology of universal solenoids over 3-manifolds

always vanishes.

Lemma 3.5.1. Given any 3-manifold M with infinite fundamental group and any finite π1(M)-

module R, H3(M̂,R) is trivial.

Proof. If π1(M) virtually surjects onto Z, then this result is clear by Lemma 3.4.2. It is well known

that toroidal manifolds have virtually infinite first Betti number, so if π1(M) does not virtually

surject onto Z then M is hyperbolic, and π1(M) is isomorphic to a finitely generated subgroup of

SL(2,C). The main theorem of [Lub] gives that a finitely generated subgroup of GL(n,C) has a

subgroup of index divisible by n for any n, so Lemma 3.4.2 can be applied in the hyperbolic setting

as well.
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The following lemma shows that to prove goodness it suffices to check that cohomology classes

with coefficients in the group Z/n are virtually trivial.

Lemma 3.5.2. Let M be an aspherical 3-manifold. π1(M) is good if and only if H2(M̂,Z/n) = 0

for every n.

Proof. Given any finite coefficient module R, by passing to a finite sheeted covering space of M

if necessary we may assume that the action of π1(M) on R is trivial. Since R is a finite abelian

group, R ∼=
⊕k

i=1 Z/ni by the fundamental theorem of modules over a PID. Given any finite sheeted

covering space M ′, Hk(M ′, R) ∼= Hk(M ′,
⊕k

i=1 Z/ni) ∼=
⊕k

i=1H
k(M ′,Z/ni). It therefore follows

that elements of Hk(M ′, R) are virtually trivial if and only if elements of Hk(M ′,Z/ni) are virtually

trivial. By Lemmas 3.4.1, 3.5.1, the only dimension in which virtual triviality is not guaranteed is

dimension 2.

The remainder of the proof of Proposition 3.5.1 in the case of 3-manifolds with virtually positive

first Betti number follows from the decomposition theory of 3-manifolds together with results of

Grunewald, Jaikin-Zapirain and Zalesskii in [GJZ], and Wilton Zalesskii in [WZ]. Recall from the

previous chapter that the profinite topology on Γ is the smallest topology on Γ in which finite index

subgroups of Γ are closed. Given H < Γ, a finite index subgroup of Γ intersects H in a finite index

subgroup of H, so open sets in the subspace topology on H are open in the full profinite topology

in H. If these two topologies agree, Γ is said to induce the full profinite topology on H. We will

say that a subgroup H < Γ is efficiently embedded in Γ if H is closed in Γ and Γ induces the full

profinite topology on H.

Given groups A and B together with C a subgroup of A, and f : C↪→B an injective homo-

morphism, recall that an amalgamated free product A ∗C B is defined to be the quotient of the

free product A ∗ B by the group normally generated by the elements {f(c)c−1 | c ∈ C}. Given

a single group A, a subgroup C, and an injective homomorphism f : C↪→A, the HNN-extension

of A by f is defined to be the quotient of the group A ∗ Z by the group normally generated by

{tct−1f(c)−1 | c ∈ C}, where t is a generator for the Z factor of A∗Z. Following [GJZ], we say that
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an amalgamated free product decomposition G ∼= A ∗C B is efficient if A,B and C are efficiently

embedded in G, and that an HNN decomposition G ∼= A∗f is efficient if C and f(C) are efficiently

embedded in G. The following lemma from [GJZ] shows that a group is good if it has an efficient

decomposition into good groups.

Lemma 3.5.3. An efficient amalgamated product or an efficient HNN extension of good groups is

good.

We now show how standard geometric decomposition theorems for 3-manifolds can be used

produce efficient decompositions of π1(M).

Lemma 3.5.4. The fundamental group of a closed 3-manifold is good if the fundamental group of

each of the prime factors of its orientable double cover are good.

Proof. Let M be a closed 3-manifold. By Lemma 3.4.4, the orientable double cover of M has good

fundamental group if and only if M has good fundamental group, so we may assume without loss

of generality that M is orientable. By the prime decomposition theorem for 3-manifolds, M may

be decomposed as a connected sum M ∼= M1#M2# . . .#Mk, where Mi is a prime 3-manifold.

This yields a free product decomposition π1(M) ∼= ∗ki=1π1(Mi). Note that a free product of groups

induces the full profinite topology on its free factors, since given any normal finite index normal

subgroup N < π1(Mi), the quotient map π1(Mi) → π1(Mi)/N factors through the inclusion of

π1(Mi) into ∗ki=1π1(Mi). It therefore suffices to check that fundamental groups of prime 3-manifolds

are good. With the exception of S2 × S1, all such manifolds are either aspherical or have finite

fundamental group. Since π1(S2 × S1) ∼= Z is a good group and finite groups are good, π1(M) is

good if π1(Mi) is good for each aspherical prime summand of M .

Recall that a closed, orientable, irreducible 3-manifold M admits a canonical decomposition

along tori, called the JSJ decomposition of M , into pieces M1, M2,. . .Mn, each of which is either

Seifert fibered or atoroidal. The following theorem of Wilton and Zalesskii from [WZ] reduces the

question of whether the fundamental group of an arbitrary 3-manifold is good to the question of

whether these JSJ pieces have good fundamental groups.
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Theorem 3.5.1. Let M be a closed, irreducible, orientable 3-manifold and suppose that the funda-

mental groups of the pieces of the JSJ decomposition of M are good. Then the fundamental group

of M is good.

Combining this lemma with Lemma 3.4.8 from the previous section, we obtain lemma 3.5.1 for

any manifold with non-trivial JSJ decomposition.

Lemma 3.5.5. If M is a 3-manifold with non-trivial JSJ decomposition and the hyperbolic pieces

of the JSJ of M are virtually fibered, then π1(M) is good.

Proof. By Thurston’s hyperbolization theorem for Haken manifolds, the pieces of the JSJ decom-

position of M are either hyperbolic or Seifert fibered. Since Seifert fibered manifolds and virtually

fibered manifolds have good fundamental group by Lemma 3.4.8, the result follows from Lemma

3.5.1

In order to prove Proposition 3.5.1, it therefore remains to deal with 3-manifolds with vb1(M) <

2. We remark that a result proved independently by Weigel [Weig] and Kochloukova-Zalesskii [KZ]

shows that an arbitrary Poincaré duality group Γ of dimension 3 with trivial virtual first Betti

number is good. This proves the desired result when vb1(M) = 0. The following lemma strengthens

Weigel and Kochloukova-Zalesskii’s result in the case that Γ arises as the fundamental group of a

closed 3-manifold.

Proposition 3.5.2. Let M be a 3-manifold with vb1(M) < 2. Then π1(M) is good.

This proposition follows easily from the following lemma.

Lemma 3.5.6. Let M be a 3-manifold with vb1(M) < 2. Then any element ω ∈ H2(M,Z/n) is

virtually trivial.

Proof. We claim that it is enough to show that there exists a finite-sheeted covering space π : M ′ →

M such that π∗(H2(M ′,Z)) ⊂ nH2(M,Z). This is a simple consequence of the universal coefficients

theorem, which gives the following commutative diagram of exact sequences:
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0 // Ext(H1(M),Z/n)
φ //

π∗

��

H2(M,Z/n)
ψ //

π∗

��

Hom(H2(M),Z/n) //

π∗

��

0

0 // Ext(H1(M ′),Z/n)
φ // H2(M ′,Z/n)

ψ // Hom(H2(M ′),Z/n) // 0.

If π∗(H2(M ′,Z)) ⊂ nH2(M,Z), then clearly π∗ : Hom(H1(M),Z/n) → Hom(H1(M ′),Z/n) is

the trivial map. It follows that π∗(ω) = φ(η) for some η ∈ Ext(H1(M ′),Z/n). It follows from basic

properties of the Ext functor that Ext(H1(M ′),Z/n) ∼= Ext(Tor(H1(M ′)),Z/n). By passing to the

further cover of M ′ given by the kernel of the natural map π1(M ′) → Tor(H1(M ′)), we obtain a

covering space M ′ to which η pulls back trivially. It follows that ω pulls back trivially to M ′ as

well.

It therefore remains to show that there exists a finite-sheeted covering space π : M ′ →M such

that π∗(H2(M ′,Z)) ⊂ nH2(M ′,Z). If vb1(M) = 0, then H2(M,Z) = 0 so this inclusion holds

trivially for any covering space.

Suppose vb1(M) = 1, and let Σ be a surface such that [Σ] generates H2(M). By a standard

application of Poincaré duality and Dehn’s lemma, we may assume that Σ is an embedded π1-

injective surface. Given a finite-sheeted covering space π : M ′ → M , let Σ′ be a connected

component of the preimage of Σ. Σ′ is an embedded non-separating surface, so there exists an

embedded loop C inM intersecting Σ′ exactly once. The intersection pairing between the homology

class [C] and [Σ′] = ±1, so it follows that [Σ′] is a primitive homology class. Since H2(M ′) ∼= Z, [Σ′]

generates H2(M ′). Let d be the degree of the covering map π|Σ′ : Σ′ → Σ. Since π∗([Σ′]) = d[Σ],

it follows that p∗(H2(M ′)) ⊂ dH2(M).

It therefore suffices to find a finite-sheeted covering space π : M ′ → M such that n divides the

degree of π|Σ′ for some (and hence every) component Σ′ of π−1(Σ). Let x be a point on Σ, and

let γ be an oriented closed curve based at x giving a non-trivial element of π1(Σ, x). Since Σ is

π1-injective, γ gives a non-trivial element [γ] ∈ π1(M,x). It follows from work of Hamilton [Ham]

that abelian subgroups of 3-manifold groups are closed in the profinite topology, so there exists a
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subgroup K < π1(M,x) such that K∩〈γ〉 = 〈γn〉. Let πK : (MK , x̃)→ (M,x) be the finite-sheeted

covering space ofM corresponding to K, and let γ̃ and Σ′ be the components of π−1
K (γ) and π−1

K (Σ)

respectively that pass through x̃. Since the loop γ̃ generates K ∩ 〈γ〉 = 〈γn〉, it follows that πK |γ̃

is an n-fold covering map. Since γ̃ ⊂ Σ′, it follows that n must divide the degree of πK |Σ′ .

We are now ready to show Proposition 3.5.2.

Proof of Proposition 3.5.2. Given any finite sheeted covering space M ′ of M , M ′ satisfies the hy-

pothesis of Lemma 3.5.6. It follows that any element of H2(M ′,Z/n) is virtually trivial. By Lemma

3.3.5, this shows that H2(M̂,Z/n) is trivial, which together with Lemma 3.5.2 implies Proposition

3.5.2.

3.6 The Cohomology of non-aspherical 3-dimensional Solenoids

over Finite Coefficient Modules

WhenM is an aspherical 3-manifold, the cohomology ofM is identical to the cohomology of π1(M),

so the goodness of π1(M) allows us trivialize any cohomology class on M with finite coefficients

by passing to a finite sheeted cover. When M is not aspherical, however, the following lemma

shows that there always exist cohomology classes on M valued in finite coefficient modules are not

virtually trivial.

Lemma 3.6.1. Let M be a 3-manifold such that M is not aspherical. Then there exists p such

that H2(M̂,Z/p) is not trivial.

Given this fact, the proof of Lemma 3.6.1 follows from well known arguments in 3-manifold

topology:

Proof. If π2(M) is trivial and M is not aspherical, then M is finitely covered by the 3-sphere S3

by the classification of 3-manifolds. In this case M̂ ∼= S3, so H2(M̂,Z/p) 6= 0.
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If π2(M) is non-trivial, then by the sphere theorem of Papakyriakopoulos (see [Hem]), there

is an embedding f : S2 → M such that f(S2) is essential in π2(M). Suppose that f(S2) is non-

separating in M . It follows that f∗([S2]) gives a non-trivial element of H2(M). By naturality of

the universal coefficients exact sequence, the non-triviality of the map f∗ : Hom(H2(M),Z/p) →

Hom(H2(S2),Z/p) implies that the map f∗ : H2(M,Z/p)→ H2(S2,Z/p) is non-trivial for every p.

Let ω ∈ H2(M,Z/p) be an element such that f∗(ω) 6= 0. Given any finite-sheeted covering space

ρ : M ′ → M , the map f lifts to a map f̃ : S2 → M ′. Since f̃∗ ◦ ρ∗(ω) = (ρ ◦ f̃)∗(ω) = f∗(ω) 6= 0,

it follows that ρ∗(ω) is non-trivial. Since ρ was an arbitrary covering space, it follows that ω is not

virtually trivial.

If f(S2) separates M into pieces M1 and M2, then since each of M1 and M2 is not a 3-ball,

there exist non-trivial connected finite-sheeted covering spaces p1 : M ′1 →M and p2 : M ′2 →M by

the residual finiteness of compact 3-manifold groups. It is a simple exercise to check that one can

glue several copies of M ′1 and M ′2 together to form a finite-sheeted covering space of p : M ′ → M ,

and that the resulting space contains a non-separating lift f̃ : S2 → M of f . It follows from the

argument of the previous paragraph that there exists an element ω ∈ H2(M ′,Z/p) that is not

virtually trivial. By Lemma 3.3.5, H2(M̂,Z/p) is nontrivial.

We will see below that essential 2-spheres in M for all of account for all the cohomology classes

of M̂ that do not arise from the failure of goodness of π1(M). The following lemma is a geometric

version of Hopf’s exact sequence. Our proof of this fact uses the Cartan-Leray spectral sequence.

The basic properties of this spectral sequence will be reviewed in section 4.3 below.

Lemma 3.6.2. There is a natural map Φ : H2(π1(M), R) → H2(M,R) mapping onto the set of

elements ω ∈ H2(M,R) that restrict trivially to every embedded 2-sphere in M .

Proof. Let π : M̃ →M be the universal covering space of M . The Cartan-Leray spectral sequence

for the regular covering M̃ →M has E2-page given by Ep,q2 = Hp(π1(M), Hq(M̃,R)), and converges

to Hp+q(M,R).

Since M̃ is simply connected, R gives a trivial coefficient system over M̃ . It therefore follows
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that Hk(M̃,R) = 0 unless k = 0 or k = 2. This shows that the first row of the E2-page vanishes,

and therefore E2,0
∞ = E2,0

2 = H2(π1(M), R). Convergence of the spectral sequence yields the exact

sequence

0→ H2(π1(M), R)
Φ→ H2(M,R)→ E0,2

∞ → 0.

E0,2
∞ is a subspace of E0,2

2 = H0(Γ, H2(M̃,R)), and it follows from naturality that the third map

in the above sequence is induced by π∗ : H2(M,R)→ H2(M̃,R).

Let M ′ denote the aspherical manifold given by cutting M along a maximal disjoint collection

of non-isotopic embedded essential spheres inM . It is a consequence of the geometrization theorem

that after gluing 3-balls into the boundary of M ′ to form a manifold M
′
, the universal covering

space of each component of M
′
is homeomorphic to R3. It follows that the universal covering space

of each component of M ′ is homeomorphic to the complement of a collection of disjoint balls in

R3, and hence M̃ consists of a simply connected union of such spaces glued together along their

boundary. A simple Mayer-Vietoris argument shows that an element of H2(M̃,R) is non-trivial if

and only if it is supported non-trivially on some embedded sphere. This shows that if ω is a class

in H2(M,R) that vanishes on every 2-sphere, then π∗(ω) is trivial and therefore ω must be in the

image of Φ.

Note that naturality of the map Φ means that if K < π1(M), π : MK → M is the covering

space corresponding to K, and ω ∈ Hk(π1(M), R), then π∗(Φ(ω)) = Φ(ω|K) where ω|K denotes

the restriction of ω to K. Goodness of 3-manifold groups, together with the above lemma yields

the following proposition.

Proposition 3.6.1. Let M be a 3-manifold, and suppose that finite volume hyperbolic 3-manifolds

N with b1(N) ≥ 2 are virtually fibered. Let R be a finite coefficient module and let ω ∈ Hk(M,R).

ω is virtually trivial if and only if f∗(ω) = 0 for every continuous map f : S2 →M .

Proof. Let π : M̃ → M be a covering space and f : S2 → M a continuous map. f lifts to a map

f̃ : S2 → M̃ . Since π ◦ f̃ = f and f̃∗ ◦ π∗ = f∗, f∗(ω) 6= 0 implies π∗(ω) 6= 0. This establishes one

direction of the proposition.
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Assume that ω ∈ Hk(M,R) is such that f∗(ω) = 0 for each continuous map f : S2 → M . By

Lemma 3.5.2, it suffices to establish the proposition in the case k = 2. Since ω restricts trivially to

each embedded 2-sphere, it follows from Lemma 3.6.2 that ω = Φ(η), where Φ : H2(π1(M), R) →

H2(M,R) is a natural homomorphism. Since π1(M) is good there exists a finite index subgroup K

of π1(M) such that η restricts trivially to K, so it follows by the naturality of Φ that if πK : M̃ →M

is the finite sheeted covering space corresponding to K then

π∗K(ω) = π∗K(Φ(η)) = Φ(η|K) = 0.

3.7 Grothendieck rigidity of closed, prime 3-manifold groups

We now turn to Grothendieck’s question for 3-manifold groups. This requires proving goodness for

fundamental groups of compact 3-manifolds with boundary. We achieve this by a doubling trick

that requires the following simple lemma. Recall that the double of a compact 3-manifold with

boundary M is the closed manifold obtained by gluing together the boundaries of two copies of M

via the identity map.

Lemma 3.7.1. Let M be a compact 3-manifold with boundary. If the fundamental group of the

double of M has good fundamental group, then π1(M) is good.

Proof. As in the previous sections, it suffices to show that 2-dimensional cohomology classes on M

with coefficients in a finite module are virtually trivial.

Let DM denote the double of M . Since DM retracts onto M via a map r : DM → M given

by identifying the two copies of M contained in DM , the map r∗ : H2(M,R) → H2(DM,R) is

injective.

Let ω ∈ H2(M,R) be an element such that f∗(ω) = 0 for any continuous map f : S2 → M .

Given a continuous map f : S2 → DM , r ◦ f is a continuous map from S2 to M , so f∗(r∗(ω)) =

(r ◦ f)∗(ω) is trivial. This shows that r∗(ω) pulls back trivially under any map from a two sphere
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to DM , so r∗(ω) is in the image of the map Φ : H2(π1(DM), R)→ H2(DM,R)) given by Lemma

3.6.2.

Let η be such that Φ(η) = r∗(ω). Since π1(DM) is good, there exists a finite index subgroup

K < π1(DM) such that η|K = 0. Let π : DMK → DM denote the cover of DM corresponding to

K. By the naturality of Φ, 0 = Φ(η|K) = π∗(r∗(ω)).

Let πi : MK → M denote the pullback of the covering space π : DMK → DM to M via the

inclusion i : M ↪→ DM . We then have the following commutative diagram:

MK
iπ //

πi

��

DMK

π

��
M

i // DM
r // M.

Since

0 = (iπ)∗(π∗(r∗(ω))) = (π ◦ iπ)∗(r∗(ω)) = (i ◦ πi)∗(r∗(ω)) = (πi)∗(i∗(r∗(ω)) = (πi)∗(ω),

ω pulls back trivially under the map πi.

Proposition 3.7.1. If finite volume hyperbolic 3-manifolds M with vb1(M) > 1 are virtually

fibered, then fundamental groups of closed prime 3-manifolds are Grothendieck rigid.

Proof. Since S2 × S1 is the only three manifold with infinite fundamental group that is prime but

is not aspherical and π1(S2 × S1) ∼= Z is clearly Grothendieck rigid, we may assume that M is

aspherical.

Let Γ denote π1(M) and let i : H↪→Γ be the inclusion of a proper finitely generated subgroup

H of Γ into Γ. If H is finite index in Γ, H is a proper closed subset of Γ so î : Ĥ → Γ̂ cannot be

surjective. We may therefore conclude that H is infinite index in Γ. Let MH be the covering space

of M corresponding to H. By the Scott core theorem, there is a retraction r : MH → NH onto a

compact 3-manifold with boundary NH ⊂MH such that r is a homotopy equivalence.
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Since M is aspherical, NH must aspherical as well, so the group cohomology of π1(NH) is

identical to the cohomology of the space NH . Thus Z/2 ∼= H3(M,Z/2) ∼= H3(Γ,Z/2), while

H3(H,Z/2) ∼= H3(NH ,Z/2) = 0. By goodness, H3(Γ̂,Z/2) ∼= H3(Γ,Z/2) and H3(Ĥ,Z/2) ∼=. This

shows that Ĥ and Γ̂ are not isomorphic, so î : Ĥ → Γ̂ cannot be an isomorphism.

3.8 The Cohomology of 3-dimensional Solenoids over Z

In this section we study the cohomology of solenoids over Z. This will require a few basic results

about direct limits and divisible groups.

Lemma 3.8.1. A torsion-free divisible abelian group is a Q-vector space.

Proof. Let A be a torsion free divisible group, and let x ∈ A. Given a
b ∈ Q, define a

b · x to be a · x′,

where x′ is an element in A such that b · x′ = x. If x′′ is another element such that b · x′′ = x, then

b · (x′′ − x′) = 0. Since A is torsion free, this implies x′′ = x′.

The following lemma follows immediately from the fact that the Tor functor commutes with

direct limits:

Lemma 3.8.2. A direct limit of torsion free groups is torsion free, and a direct limit of torsion

groups is torsion.

These lemmas can be used to compute the top dimensional cohomology groups of solenoids over

n-manifolds.

Lemma 3.8.3. Let T = {· · · → M2 → M1 → M} be a tower of connected covering spaces

of a closed orientable n-manifold M , and suppose that for all N > 0, there exists k such that

deg(Mk →M) is divisible by N . Then Hn(M̂T ,Z) ∼= Q.

Proof. Since Hn(M̂T ,Z) is the direct limit of the torsion free groups Hn(Mi,Z) ∼= Z, it follows

from the previous lemma that Hn(M̂T ,Z) is torsion free. Let p̂i : M̂ →Mi and pji : Mj →Mi for

j > i denote the natural covering maps. Let ωi denote a generator for Hn(Mi,Z), and recall that
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after choosing orientations compatibly p∗ij(ωi) = deg(pij)ωj . Given α ∈ Hn(M̂T ,Z), there exists i

such that α = p̂∗i (kωi) for some k ∈ Z. Given m ∈ N, there exists j > i such that m | deg(pij), so

p∗ij(kωi) = k deg(pij)ωj = `mωj for some ` ∈ Z. Since

mp̂∗j (`ωj) = p̂∗j (`mωj) = p̂∗j ◦ p∗ji(kωi) = (pji ◦ p̂j)∗(kωi) = p̂∗i (kωi) = α,

α is divisible by m. It follows from Lemma 3.8.1 that Hn(M̂T ,Z) is a Q-vector space. Given α

and β in Q, α and β are both in the image of p̂∗k : Hn(Mk,Z) → Hn(M̂T ,Z) for some k. Since

Hn(Mk,Z) ∼= Z, it follows that α and β are linearly dependent, so dim(Hn(M̂T ,Z)) = 1.

These lemmas can also be used to study H1(X̂,Z) for an arbitrary compact CW complex X.

Lemma 3.8.4. Let X be a compact CW complex. Then H1(X̂,Z) is a Q-vector space of rank

vb1(X).

Proof. Given a finite-sheeted covering spaces Xi → X, let p̂i : X̂ → Xi denote the natural covering

map. Given α̂ ∈ H1(X̂,Z), there exists an element α ∈ H1(Xi,Z) such that α̂ = p̂∗i (α). There

exists a map ρ : Xi → S1 such that α = ρ∗(ω) where ω denotes an appropriately chosen generator

of H1(S1,Z). Let r : S1 → S1 be an n-fold covering map, and let rρ : (Xi)
r
ρ → Xi be the pullback

of this n-fold covering map by ρ, so that we have the commutative diagram

(Xi)
r
ρ

ρr //

rρ

��

S1

r

��
Xi

ρ // S1

.

Since p̂i : X̂ → Xi factors rρ ◦ q for some map q : X̂ → (Xi)
r
ρ,

α̂ = p̂∗i (α) = (rρ ◦ q)∗(α) = q∗ ◦ (rρ)∗ ◦ ρ∗(ω) =
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q∗((ρ ◦ rρ)∗(ω)) = q∗((r ◦ ρr)∗(ω)) = q∗ ◦ (ρr)∗(nω) = n(ρr ◦ q)∗(ω)

so α̂ is divisible by n. This shows that H1(X̂,Z) is divisible. Since it is a limit of the torsion free

groups, it follows that it is a Q-vector space. The claim on the rank is easily checked, since if α and

β are linearly independent elements of H1(Xi,Z), then p̂∗i (α) and p̂∗i (β) are linearly independent

in H1(X̂,Z), and if α̂ and β̂ are linearly independent elements of H1(X̂,Z), then they are of the

form p̂∗i (α) and p̂∗i (β) for some linearly independent elements α, β ∈ H1(Xi,Z).

When M is a 3-manifold, the above results suffice to compute Hk(M̂,Z) for every k except for

k = 2. We now turn to the case k = 2.

Lemma 3.8.5. Let M be a 3-manifold. Hk(M̂,Z) is torsion free for all k.

Proof. By Lemmas 3.8.3 and 3.8.4, it suffices to check that H2(M̂,Z) is torsion free. The universal

coefficients theorem yields a natural exact sequence of the form

0 // Ext(H1(M ′),Z)
φ // H2(M ′,Z)

ψ // Hom(H2(M ′),Z) // 0

for each finite-sheeted covering space M ′ of M . Since Ext(H1(M),Z) is naturally isomorphic to

Ext(Tor(H1(M),Z)), lim
→

Ext(H1(M),Z) = 0 as in the proof of Lemma 3.5.2. Since taking direct

limits preserves exact sequences, the limit of the above exact sequence show that H2(M̂,Z) is

isomorphic to lim
→

Hom(H2(M ′),Z)). Since Hom(H2(M ′,Z)) is torsion free, the result follows from

Lemma 3.8.2.

The next lemma shows that divisibility of H2(M̂,Z) is equivalent to goodness.

Lemma 3.8.6. Let M be an aspherical 3-manifold. H2(M̂,Z) ∼= Qvb1(M) if and only if π1(M) is

good.

Proof. Suppose that Hk(M̂,Z) ∼= Qvb1(M). For each finite sheeted covering space M ′ of M , the
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Bockstein sequence gives a natural long exact sequence of the form

· · · → H1(M ′,Z/p)→ H2(M ′,Z)→ H2(M ′,Z)→ H2(M ′,Z/p)→ 0,

since the tail of the Bostein sequence given by

H3(M ′,Z)→ H3(M ′,Z)→ H3(M ′,Z/p)

is exact. Since the direct limit functor is exact and H1(M̂,Z/p) is trivial, taking the direct limit

gives an exact sequence

0→ H2(M̂,Z)
φ→ H2(M̂,Z)→ H2(M̂,Z/p)→ 0.

If H2(M̂,Z) is a Q-vector space, then H2(M̂,Z)/φ(H2(M̂,Z)) ∼= H2(M̂,Z/p) is a Q-vector space,

and hence must be trivial. By Lemma 3.5.2, this shows that π1(M) is good.

We now prove the converse. As was shown in the proof of the previous lemma, H2(M̂,Z) ∼=

lim
→

Hom(H2(M ′),Z)) as M ′ ranges over the set of finite-sheeted covering spaces of M . Let

M ′ be a fixed finite-sheeted covering space of M , let x1, . . . , xk be generators for H2(M ′), and

let ψ1, ψ2, . . . , ψk be dual elements so that ψi(xj) = δij . Since there is a surjective map from

H2(M ′,Z/n) onto Hom(H2(M ′),Z/n), since M is good it follows that we may find a finite-sheeted

covering space p : M ′′ →M such that p∗(ψi) is trivial, where ψi denotes the reduction of ψi modulo

n. It follows that p∗(H2(M ′′)) ⊂ nH2(M ′), and hence p∗(Hom(H2(M ′))) ⊂ nHom(H2(M ′′)).

This shows that lim
→

Hom(H2(M ′),Z) is divisible, so by Lemmas 3.8.5 and Lemma 3.8.1,

H2(M̂,Z) is a Q-vector space. Since the rank of H2(M ′,Z) is identical to the rank of H1(M ′,Z),

the same argument as was given in the proof of Lemma 3.8.4 shows that the rank of H2(M̂,Z) is

vb1(M).

Combining the above results, we have established the following proposition describing the inte-
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gral cohomology of the universal solenoid over a 3-manifold with good fundamental group.

Proposition 3.8.1. Let M be an aspherical 3-manifold. M has good fundamental group if and

only if

H∗(M̂,Z) ∼= Z,Qvb1(M),Qvb1(M),Q.

It is interesting to observe that the conjectures about 3-manifolds outlined in the introduction

imply that given any 3-manifold M , either vb1(M) ≤ 3 or vb1(M) =∞.

56



Chapter 4

Mapping Solenoids

Given a continuous map f : S → M between compact spaces and a finite-sheeted covering space

π : M ′ → M , there exists a covering space πf : Sπf → S, called the pull-back of π, and a map

fπ : Sπf called an elevation of S into M ′ making the following diagram commute:

Sπf
fπ //

πf

��

M ′

π

��
S

f // M.

The covering space Sπf is given by the set {(x, y) ∈ S×M ′ | f(x) = π(y)}, the map f∗ : Sπf → S

is given by the composition of the inclusion i : Sπf ↪→S ×M ′ with the projection map S ×M ′ → S,

and the map f̃π : Sπf is given by the composition of the inclusion i with the projection map

S ×M ′ → M ′. In this chapter we address the following question: given such a map f : S → M ,

which finite-sheeted covering spaces of S are induced by finite-sheeted covering spaces of M?

What sort of answer could we hope to have for this question? On one extreme, if the map

f : S → M is a constant map it is easy to see that for any cover π : M ′ → M , Sfπ has deg(π)

components each of which is homeomorphic to S. On the other extreme, if f : S → M is π1-

injective and π1(M) is LERF then it is straight-forward to show that given any finite-sheeted

connected covering space ρ : S′ → S there exists a covering space π : M ′ → M such that the
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covering space f∗(π) : Sπf → S factors through ρ.

One way of describing the collection of covering spaces of S induced by M is to study the

solenoid over S given by pulling-back the universal solenoid π̂ : M̂ →M via f . We will denote this

solenoid by Ŝf , i.e.

Ŝf := {(x, y) ∈ S × M̂ | f(x) = π̂(y)}.

Each of the situations described in the previous paragraph may be succinctly described in terms

of the topology of Ŝf . In f is a constant map, for instance, each connected component of Ŝf is

homeomorphic to S. If f is π1-injective and π1(M) is LERF, each connected component of Ŝf is

homeomorphic to the universal solenoid over S. It is also easy to show that f∗(π1(S)) is engulfed

if and only if Ŝf is disconnected.

In this chapter we will study the topology of Ŝf by studying an auxiliary space B̂f that we call

the mapping solenoid of f . The mapping solenoid of f can be used to derive a spectral sequence

that relates the cohomology of Ŝf and M̂ . Under certain circumstances, this spectral sequence

can be used to show that Ŝf is disconnected, and that the group f∗(π1(S)) is therefore engulfed.

We then study π1-injective maps from surfaces into 3-manifold groups. We show that if M is not

virtually Haken, then for any π1-injective map f : S →M the terms of the E2-pages of the relevant

spectral sequences can be computed exactly.

4.1 Basic Results on Pullback Covering Spaces and Solenoids

In this section we gather some basic facts about pull-back covering spaces and solenoids that we

will use in what follows.

Lemma 4.1.1. If f : S →M is a continuous map and π : M ′ →M is a regular solenoid over M ,

then πf : Sπf → S is a regular solenoid over S, and fπ : Sπf →M ′ is π1(M)-equivariant.

Proof. This follows immediately from the definition of the pull-back when π is a finite-sheeted

covering space, since if the action of π1(M) on M ′ by deck transformations is transitive on the

fibers of π, then the π1(M)-action on S ×M ′ given by extending the action of M ′ to act by the
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identity on S acts transitively on the fibers of the map πf : Sπf → S. The result follows easily for

all solenoids by taking limits.

Lemma 4.1.2. Let f : S → M be a continuous map, and let π : M ′ → M be a finite sheeted

covering space. Let x ∈ Sπf , let S′ be the component of Sπf containing x, and let K be the finite

index subgroup of π1(M) given by π∗(π1(M ′, fπ(x))). The connected covering space πf |S′ : S′ → S

is the covering space of S corresponding to the subgroup f−1
∗ (K).

Proof. Since π ◦ fπ = f ◦ πf , it follows that

(πf )∗(π1(S′, x)) ⊂ f−1
∗ ((π ◦ fπ)∗(π1(S′, x)))) ⊂ f−1

∗ (π∗(π1(M ′, fπ(x)))) = f−1
∗ (K).

To show the reverse containment, let γ : [0, 1] → S represent an element of f−1(K), and let

η : [0, 1] → M ′ be a lift of f ◦ γ to M ′ such that η(0) = fπ(x). The path γ̃ : [0, 1] → S ×M ′

defined by γ̃(t) = (γ(t), η(t)) clearly lies in Sπf and is closed. Since fπ((γ(0), η(0)) = η(0) = fπ(x)

and πf (γ(0), η(0)) = γ(0) = πf (x), it follows that (γ(0), η(0)) = x, so γ̃(t) is a closed loop based at

x. This shows that [γ] is in the image under πf∗ of π1(S′, x).

Lemma 4.1.3. Let f : S →M be a continuous map, let ρ : S′ → S be a finite-sheeted covering space

of S and let H = ρ∗(π1(S′)). There exists a covering space π : M ′ → M such that πf : Sπf → S

factors through ρ if and only f∗(H) is separable in π1(M) from f∗(gH) for each g /∈ H.

Proof. Let g1, . . . , gn be coset representatives for π1(S)/H. Suppose f∗(H) is separable in π1(M)

from f∗(giH) for all i. Then for each i there exists a finite index subgroup Ki < π1(M) such that

f∗(H) < Ki and Ki ∩ f∗(giH) = ∅. Let K = ∩ni=1Ki. Then f−1
∗ (K) = H = ρ∗(π1(S′)). Let

π : M ′ →M be the covering space corresponding to K. By Lemma 4.1.2, ρ : S′ → S is isomorphic

to a component of the covering space πf : Sπf → S. By pulling back a further covering space of M ′

that is regular, we obtain a regular covering space p : S′′ → S that factors through Sπf . Since every

component of S′′ is isomorphic, p restricted to each component factors through S′.
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Conversely, suppose that there exists a covering space π : M ′ →M such that πf : Sπf → S factors

through ρ : S′ → S. Let H ′ be the image under πf∗ of the fundamental group of a component of

Sπf . By the previous lemma, H ′ is given by f−1
∗ (K), where K = π∗(π1(M ′, y)) for an appropriately

chosen basepoint y. Given g /∈ H ′, f∗(gH ′) = f∗(g)f∗(H
′) ⊂ f∗(g)K. Since f∗(g) does not

lift to M ′, (f∗(g) · K) ∩ K = ∅. It follows that if g1, g2, . . . gn are distinct cosets of H ′, then

f∗(g1) ·K, . . . , f∗(gn) ·K are distinct cosets of K. The set

⋃
{i | gi∈H}

f∗(gi)K

is an open set containing f∗(H) and is disjoint from the open set

⋃
{i | gi /∈H}

f∗(gi)K.

Since H ′ < H, the non-trivial coset representatives for H ′ contain a set of non-trivial coset repre-

sentatives for H, so it follows that f∗(H) is separable from f∗(gH) for each g /∈ H.

The previous lemma has the following immediate corollary.

Lemma 4.1.4. Let f : S → M be a continuous map and suppose that π1(M) induces the full

profinite topology on π1(S). Then each component of the pullback solenoid Ŝf is isomorphic to the

universal solenoid over S.

Proof. If π1(M) induces the full profinite topology on S, it follows from the previous lemma that

for any finite-sheeted cover ρ : S′ → S, there exists a regular covering π : M ′ → M such that πf

factors through ρ. It follows that the inverse limit of these coverings π̂f : Ŝf → S factors through

every finite-sheeted covering space. By Lemma 3.2.2, any connected solenoid factoring though every

finite-sheeted covering space of S is isomorphic to the universal solenoids over S, so each component

of Ŝf is isomorphic to Ŝ.
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Lemma 4.1.5. Let f : S → M be a π1-injective map. Ŝf is disconnected if and only if f∗(π1(S))

is engulfed.

Proof. Since H0(Ŝf ,Z) ∼= H0(lim
←

Sπf ,Z) ∼= lim
→

H0(Sπf ,Z), it follows that Ŝf is disconnected if and

only if one of the pullback covers Sπf is disconnected.

Suppose that Sπf is disconnected for some finite-sheeted covering space π : M ′ →M . Let x be a

point in S and let y denote f(x). Consider the (right) monodromy action of π1(S, x) on (πf )−1(x).

Since this action is given by path lifting, for any component C ⊂ Sπf , the image of π1(S, x) in

Sym((πf )−1(x)), where Sym((πf )−1(x)) denotes the permutation group on the set (πf )−1(x), lies

in Stab(C ∩ (πf )−1(x)). On the other hand, the monodromy action of π1(M,f(x)) on π−1(y) is

transitive, since M ′ is a connected covering space of M . Given g ∈ π1(S, x) and x̃ ∈ C ∩ (πf )−1(x),

fπ(x̃) · f∗(g) = fπ(x̃ · g) ∈ fπ(C ∩ (πf )−1(x)).

It follows that under the map ρ : π1(M) → Sym(π−1(y)), f∗(π1(S)) lies in the proper subgroup

Stab(fπ(C ∩ (πf )−1(x))), so f∗(π1(S, x)) is engulfed by the finite index subgroup

ρ−1(Stab(fπ(C ∩ (πf )−1(x)))).

Conversely, suppose that f∗(π1(S, x)) is engulfed by a subgroup K < π1(M,y), and let π :

(M ′, ỹ) → (M,y) be the finite-sheeted cover of M such that π∗(π1(M ′, ỹ)) = K. Note that (x, ỹ)

lies in Sπf ⊂ S ×M ′. Let g /∈ K, and suppose that there exists a path η : [0, 1] → Sπf such that

η(0) = (x, ỹ) and η(1) = (x, ỹ · g). Then f ◦ πf ◦ η gives a path in M based at y, and fπ ◦ η gives

a lift of this path to M ′ based at ỹ. Since f∗(π1(S, x)) < K, however, any map γ : [0, 1] → M

representing an element of f∗(π1(S, x)) has a lift γ̃ : [0, 1]→M ′ such that γ̃(0) = ỹ and γ̃ is closed.

This yields a contradiction, so it follows that no such path η exists, and hence Sπf is disconnected.

The final lemma that we will need follows from the basic naturality properties of pull-backs of

bundles:
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Lemma 4.1.6. Let f : S → M be a map, let π : M ′ → M be a finite-sheeted covering space, and

let fπ : Sπf → M be the elevation of f to M ′. The solenoid Ŝ′ given by pulling back the universal

solenoid over M ′ to Sπf via f̃π is isomorphic as a π1(M)-space to Ŝf .

4.2 The Mapping Solenoid

In this section we introduce the mapping solenoid associated to a continuous map f : S →M and

a tower T = {. . .M2 → M1 → M} of regular finite-sheeted covering spaces of M . Throughout

this section we will denote π1(M) by Γ, and we will denote the inverse limit of the finite groups

π1(M)/π1(Mi) by Γ̂T . Note that since M̂T is a regular solenoid, ŜT
f is a regular solenoid over

S by Lemma 4.1.1. The mapping solenoid for the map f : S → M with respect to the tower T ,

which we will denote by B̂T
f , is defined to be

(
ŜT
f × M̂T

)
/ Γ̂T ,

where Γ̂T acts diagonally on the product Ŝf × M̂T . The following lemma gives a useful alternative

construction of this object:

Lemma 4.2.1. Let f : S →M be a continuous map, let T := · · · →M2 →M1 →M be a tower of

connected regular covering spaces of M , and let · · · → S2 → S1 → S be the corresponding pullback

covering spaces of S. Let Gn denote the quotient π1(M)/π1(Mn). Then

B̂T
f
∼= lim
←

(Sn ×Mn)/Gn.

Proof. Let Nn be the normal subgroup corresponding to π1(Mn). Since N̂n acts trivially on Sn,

(Sn ×Mn)/Gn ∼= (Sn × M̂T )/Γ̂T . Consider the quotient map

Φ :

∞∏
n=1

Sn × M̂T →
∞∏
n=1

(
(Sn × M̂T )/Γ̂T

)
.

The map Φ is clearly invariant under the diagonal action of Γ̂T on
∏∞
n=1 Sn × M̂T , so it factors
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through a continuous map to (
∏∞
n=1 Sn × M̂T )/Γ̂T . Since the Γ̂T -action preserves the subspace

lim
←

Sn × M̂T , we obtain a continuous map

φ : B̂T
f
∼=
(

lim
←

Sn × M̂T

)
/Γ̂T → lim

←

(
(Sn × M̂T )/Γ̂T

)
.

If φ
(

(xn)
)

= φ
(

(yn)
)
, then xn = yn for all n. There therefore exists a unique element gn ∈ Gn

sending xn to yn, so (gn) defines an element of lim
←

Gn, so since (gn) · (xn) = (yn), (xn) = (yn)

it follows that φ is injective. Since φ is also surjective and continuous, it follows that φ is a

homeomorphism since its domain and image are compact Hausdorff spaces.

We remark that when M is aspherical, then the universal covering space M̃ is a classifying

space for π1(M) so the cohomology of the bundle (Sn ×Mn)/Gn ∼= (Sn × M̃)/π1(M) is equal to

the Γ-equivariant cohomology of the π1(M)-space Sn. The cohomology groups Hk(B̂f , R) may

therefore be viewed as the direct limit of the equivariant cohomology groups Hk
Γ(Sn, R).

Note that the bundle (Sn×Mn)/Gn from the previous lemma is both an Sn bundle over M and

a Mn bundle over S. By taking the inverse limits of these bundles, we obtain the following lemma:

Lemma 4.2.2. There exists a continuous surjective map ρ1 : B̂T
f → S giving B̂T

f the structure of

a M̂T -bundle over S, and a continuous surjective map ρ2 : B̂T
f →M giving B̂T

f the structure of a

ŜT
f -bundle over M .

A second important feature of the mapping solenoid is the existence of a natural section of the

map B̂f → S.

Lemma 4.2.3. Let ρ1 : B̂T
f → S and ρ2 : B̂T

f → M denote the natural projection maps. There

exists a section σ : S → B̂T
f of ρ1 such that ρ2 ◦ σ = f .

Proof. Let f̂ : ŜT
f → M̂T denote the elevation of f to ŜT

f . Let G ⊂ ŜT
f × M̂T be the graph of f̂ ,

i.e.

G := {(x, y) ∈ ŜT
f × M̂T | f̂(x) = y}.
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Since f̂ is Γ̂T -equivariant, G is a Γ̂T -invariant subset of ŜT
f × M̂T , so there is an inclusion map

i : G/Γ̂T ↪→(ŜT
f × M̂T )/Γ̂T = B̂T

f .

We claim that ρ1 ◦ i is a homeomorphism. To see this, suppose (x1, y1) and (x2, y2) are two points

in G whose images in G/Γ̂T map to the same point under ρ1. Since ρ1((x1, y1)) = ρ1((x2, y2)), it

follows that there exists g ∈ Γ̂T such that x1 = g · x2. Since f̂ is Γ̂T -equivariant,

y1 = f̂(x1) = f̂(g · x2) = g · f̂(x2) = g · y2.

It follows that (x2, y2) = (x1, y1), so ρ1 ◦ i is injective. ρ1 ◦ i is also surjective and continuous, so

it follows since G/Γ̂T and S are compact Hausdorff spaces that ρ1 ◦ i is a homeomorphism. Let

σ : S → B̂T
f be given by i ◦ (ρ1 ◦ i)−1. The map σ is clearly a section of ρ1, so it remains to check

that ρ2 ◦ σ = f . Consider the map q : ŜT
f × M̂T → B̂T

f given by taking the quotient by Γ̂T . Let

ρ̃1 be given by the composition of the projection ŜT
f × M̂T → ŜT

f with the map p̂f : ŜT
f → S, and

let ρ̃2 be given by the composition of the projection ŜT
f × M̂T → M̂T with the map p̂ : M̂T →M .

Note that ρ̃1 = ρ1 ◦ q and ρ̃2 = ρ2 ◦ q. Given any x ∈ S, since σ(x) ∈ G/Γ̂T , there exists (x̃, ỹ) ∈ G

such that q((x̃, ỹ)) = σ(x). Since (x̃, ỹ) ∈ G, ỹ = f̂(x̃). It follows that

ρ2(σ(x)) = ρ2 ◦ q(x̃, ỹ) = ρ̃2((x̃, ỹ)) = ρ̃2((x̃, f̂(x̃)) = p̂(f̂(x̃)) = f ◦ p̂f (x̃) = f(x).

4.3 Spectral Sequences for Mapping Solenoids

In this section we review some basic facts about spectral sequences for fiber bundles, which will

provide us with the basic tool we need in the following sections to compute cohomology groups of

mapping solenoids.

We begin this section by describing the basic properties of the Cartan-Leray spectral sequence
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that we will need in what follows. Recall that given a fiber bundle π : X →M with fiber F , there

is a well-defined action of π1(M) on the cohomology groups Hk(F,A) for any coefficient module

A. This gives Hk(F,A) the structure of a π1(M)-module, yielding a local coefficient system on M .

The cohomology groups of M with respect to this local coefficient system form a bigraded group

E2, such that the (r, s) graded piece of E2 is given by

Er,s2 := Hr(M,Hs(F,A)),

when r and s are both non-negative, and Er,s2 = 0 otherwise. This bigraded group comprises

what is known as the E2-page of the Cartan-Leray spectral sequence. There is a homomorphism

d2 : E2 → E2, known as the d2-differential that has bidegree (2,−1), i.e. it maps the group Er,s2 to

the group Er+2,s−1
2 .

0 H0(M,H2(F,A))

,,

H1(M,H2(F,A))

,,

H2(M,H2(F,A)) H3(M,H2(F,A))

0 H0(M,H1(F,A))

,,

H1(M,H1(F,A))

,,

H2(M,H1(F,A)) H3(M,H1(F,A))

0 H0(M,H0(F,A))

,,

H1(M,H0(F,A))

,,

H2(M,H0(F,A)) H3(M,H0(F,A))

0 0 0 0 0

The E2-page together with the d2-differential.

The differential d2 satisfies d2 ◦ d2 = 0, so we can take the homology of this map to form the

groups

Er,s3 := (ker(d2) ∩ Er,s2 )/d2(Er−2,s+1
2 ),

which comprise the E3-page of the spectral sequence. Similar to the E2 page, the E3-page comes
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equipped with a d3-differential with bidegree (3,−2), and we form the E4-page of the spectral

sequence by taking the homology of this differential. More generally, the Ek page comes equipped

with a differential dk of bidegree (k,−k + 1), and the Ek+1 page is given by taking the homology

of dk. The collection of groups and differentials {Er, dr} therefore satisfies the following definition:

Definition 4.3.1. A spectral sequence {Er, dr} is a collection of bigraded groups Er indexed by

{r ∈ N | r ≥ r0} together with differentials dr : Er → Er such that d2
r = 0, and Er+1 is given by

ker(dr)/dr(Er).

Note that in the Cartan-Leray spectral sequence, the groups Er,sk are trivial for all k if either

r or s is negative. As a consequence, when k > s the differential dk|Er,sk has image in group

Er+k,s−k+1
k = 0, so for k > s, ker(dk)∩Er,sk ∼= Er,sk . Similarly, for k > r+1, the group Er−k,s+k−1

k
∼=

0 so d2(Er−k,s+k−1
k ) = 0. It therefore follows that for large enough k, (namely k > max{r + 1, s}),

Er,sk
∼= Er,sk+1. These stable terms are denoted by Er,s∞ , and they comprise a bigraded group known

as the E∞-page of the spectral sequence.

The terms of the E∞-page of the spectral sequence give a great deal of information about the

cohomology groups Hn(X,R). This is due to the fact that Ek,n−k∞
∼= Fnk /F

n
k+1 for a filtration

0 ⊂ Fnn ⊂ Fnn−1 ⊂ · · · ⊂ Fn0 = Hn(X,R).

In many cases, for example when R is a field, this allows one the reconstruct the group Hn(X,R)

from the E∞-page of the Cartan-Leray spectral sequence. It is in this sense that the Cartan-Leray

spectral sequence is said to converge to the cohomology of the total space X, and this often denoted

Hr(M,Hs(F,A)) =⇒ Hr+s(X,A).

The Cartan-Leray spectral sequence has many nice naturality properties. Let Fi → Xi → Bi be

fiber bundles, for i ∈ {1, 2}, let (Ep,qr )i and (dr)i be the terms and differentials of the Er-page of the

Cartan-Leray spectral sequence for Fi → Xi → Bi, and let 0 ⊂ (Fnn )i ⊂ · · · ⊂ (Fn0 )i = Hn(Xi, R)

be the corresponding filtration of Hn(Xi, R). Given a bundle map fT : X1 → X2, inducing maps
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fB : B1 → B2 and fF : F1 → F2, we have the following naturality properties (see [Hat2] p. 18):

1. There are induced maps f∗r : (Ep,qr )2 → (Ep,qr )1 such that (dr)1 ◦ f∗r = f∗r ◦ (dr)2 and fr+1 is

the map induced on homology by fr.

2. The map f∗T : Hn(X2, R) → Hn(X1, R) sends the filtration 0 ⊂ (Fnn )2 ⊂ · · · ⊂ (Fn0 )2 =

Hn(X2, R) to the filtration 0 ⊂ (Fnn )1 ⊂ · · · ⊂ (Fn0 )1 = Hn(X1, R), and the map f∗∞ :

(Ep,q∞ )2 → (Ep,q∞ )1 is given by the induced map f∗T : (Fnk )2/(F
n
k+1)2 → (Fnk )1/(F

n
k+1)1.

3. The maps f∗2 : Hp(B2, H
q(F2, R))→ Hp(B1, H

q(F1, R)) are induced by the maps fF and fB .

The following lemma shows that the Cartan-Leray spectral sequence can easily be generalized

to inverse limits of bundles.

Lemma 4.3.1. Let I be a partially ordered set, let {Si → Xi →Mi | i ∈ I} be a set of fiber bundles

indexed by I and let {φji : Xi → Xj | j, i ∈ I, j > i}) be an inverse system of bundle maps. Let

(Ep,qr )i and (dr)i denote the terms and differentials on the Er-page of the Cartan-Leray spectral

sequence for the bundle Si → Xi → Mi. There exists a spectral sequence {(Ep,qr )∞, (dr)∞} such

that (Ep,qr )∞ = lim
→

(Ep,qr )i and {(Ep,qr )∞, (dr)∞} converges to lim
→

H∗(Xi, R).

Proof. By the naturality properties for the Cartan-Leray spectral sequence listed above, we have

maps (φr)ji : (Ep,qr )i → (Ep,qr )j for j > i satisfying (φr)ji ◦ (dr)i = (dr)j ◦ (φr)ji. We will denote

the natural map (Ep,qr )i → (Ep,qr )∞ by (φr)∞i. We define the differentials (dr)∞ as follows. Given

any x ∈ (Ep,qr )∞ := lim
→

(Ep,qr )i, there exists i and a ∈ (Ep,qr )i such that x = (φr)∞i(a). We define

(dr)∞(x) to be equal to (φr)∞i ◦(dr)i(a). To see that this is well defined, note that if x = (φr)∞j(b)

for some j and b ∈ (Ep,qr )j then by the definition of the direct limit there exists k ≥ max(i, j) such

that (φr)ki(a) = (φr)kj(b). We therefore have

(φr)∞i ◦ (dr)i(a) = (φr)∞k ◦ (φr)ki ◦ (dr)i(a) = (φr)∞k ◦ (dr)k ◦ (φr)ki(a)

= (φr)∞k ◦ (dr)k ◦ (φr)kj(b) = (φr)∞k ◦ (φr)kj ◦ (dr)j(b) = (φr)∞j ◦ (dr)j(b).
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This shows that (dr)∞ is well defined. To check that (dr)∞ ◦ (dr)∞ is the trivial map, note that

given x ∈ (Ep,qr )∞, and a ∈ (Ep,qr )i such that x = (φr)∞i(a) we have

(dr)∞ ◦ (dr)∞(x) = (dr)∞ ◦ (dr)∞ ◦ (φr)∞i(a) = (φr)∞i ◦ (dr)
2
i (a) = 0.

We now check that {(Ep,qr )∞, (dr)∞} is a spectral sequence, i.e. that (Ep,qr+1)∞ is given by taking

the homology of the map (dr)∞ : (Er)∞ → (Er)∞. For each i, we have the exact sequence

0→ Im((dr)i)→ ker((dr)i)→ (Er+1)i → 0.

Note that (φr)ji ◦ (dr)i = (dr)j ◦ (φr)ji implies that (φr)ji sends Im((dr)i) into Im((dr)j).

Likewise if (dr)i(x) = 0, then (dr)j ◦ (φr)ji(x) = (φr)ji ◦ (dr)i(x) = 0, so (φr)ji maps the ker((dr)i)

to ker((dr)j). This shows that (φr)ji preserves each of the above exact sequences. Since the direct

limit functor is exact on the category of modules (see [Weig]), it follows that we have an exact

sequence

0→ lim
→

Im((dr)i)→ lim
→

ker((dr)i)→ (Er+1)∞ → 0.

We now show that lim
→

Im((dr)i) = Im((dr)∞) and ker((dr)∞) = lim
→

ker((dr)i). Note that if x ∈

lim
→

Im((dr)i), then there exists i and a ∈ (Ep,qr )i such that x = (φr)∞i((dr)i(a)) = (dr)∞(φr)∞i(a),

so x ∈ Im((dr)∞) and hence lim
→

Im((dr)i) ⊂ Im((dr)∞). Conversely, if x ∈ Im((dr)∞) then

x = (dr)∞((φr)∞i(a)) = (φr)∞i((dr)i(a)) for some i and a ∈ (Ep,qr )i, so x ∈ lim
→

Im((dr)i). This

shows that lim
→

Im((dr)i) = Im((dr)∞).

Similarly, if x ∈ lim
→

ker((dr)i), then there exists i and a ∈ ker(dr)i such that x = (φr)∞i(a), so

(dr)∞(x) = (φr)∞i ◦ (dr)i(a) = 0. Thus lim
→

ker((dr)i) ⊂ ker((dr)∞). If x ∈ ker(dr)∞, then given

i and a ∈ (Ep,qr )i such that x = (φr)∞i(a), 0 = (dr)∞(x) = (φr)∞i ◦ (dr)i(a). It follows that there

exists some k > i such that φki ◦ (dr)i(a) = 0, so (dr)k ◦ (φr)ki(a) = 0. Since (φr)ki(a) ∈ ker((dr)k)

and x = (φr)∞i(a) = (φr)∞k ◦ (φr)ik(a), it follows that x ∈ lim
→

ker((Ep,qr )i). This shows that

ker((dr)∞) = lim
→

ker((dr)i).
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This shows that the previous exact sequence may be rewritten as

0→ Im((dr)∞)→ ker((dr)∞)→ (Er+1)∞ → 0,

and hence (Er+1)∞ is given by taking the homology of (Er)∞ with respect to the map (dr)∞.

This establishes the claim that {(Er)∞, (dr)∞} is a spectral sequence.

Finally, we check convergence. By the second naturality property for the Cartan-Leray sequence

listed above, the map (φr)ji sends (Fnk )i to (Fnk )j . Let (Fnk )∞ denote the direct limit of these groups.

Taking the direct limit of the family of filtrations

0 ⊂ (Fnn )i ⊂ (Fnn−1)i ⊂ · · · ⊂ (Fn0 )i ∼= Hk(Xi, A)

gives a filtration

0 ⊂ (Fnn )∞ ⊂ (Fnn−1)∞ ⊂ · · · ⊂ (Fn0 )∞ ∼= lim
→

Hk(Xi, A).

The groups (Fnk )i fit into short exact sequences of the form

0→ (Fnk+1)i → (Fnk )i → (Ek,n−k∞ )i → 0,

so using the exactness of the direct limit functor again we obtain exact sequences

0→ (Fnk+1)∞ → (Fnk )∞ → (Ek,n−k∞ )∞ → 0.

This shows that the groups (Ek,n−k∞ )∞ are isomorphic to the successive quotients in a filtration

of lim
→

Hk(Xi, A), i.e. the spectral sequence {(Ep,qr )∞, (dr)∞} converges to lim
→

Hk(Xi, A).

We now apply this lemma to the cohomology of a mapping solenoid B̂T
f for a mapping f : S →M

where T = {. . .M2 → M1 → M} is a tower of regular covering spaces of M . Recall from the

previous section that B̂T
f is homeomorphic to the inverse limit lim

←
(Si ×Mi)/(Γ/Ni), and that
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(Si ×Mi)/(Γ/Ni) is a fiber bundle in two different ways, one given by

Si → (Si ×Mi)/(Γ/Ni)→M

and the other given by

Mi → (Si ×Mi)/(Γ/Ni)→ S.

Applying the previous lemma, for any coefficient module A, we obtain a pair of spectral sequences

converging to the cohomology of B̂T
f . The first of these has E2-page given by lim

→
Hp(M,Hq(Si, A)).

By Lemma 3.3.4 and 3.3.6, lim
→

Hp(M,Hq(Si, A)) ∼= Hp(M, lim
→

Hq(Si, A)) and lim
→

Hq(Si, A)) ∼=

Hq(lim
←

Si, A)) = Hq(Ŝf , A). We therefore have that the E2-page of this spectral sequence is given

by Hp(M,Hq(Ŝf , A)). Applying similar reasoning to the second fibration gives a spectral sequence

with E2-page given by Hp(S,Hq(M̂T , A)). We therefore obtain the following lemma.

Lemma 4.3.2. Let T be a tower of regular covering spaces overM , and let B̂T
f denote the mapping

solenoid for a map f : S →M . For any coefficient module R, there exist a pair of spectral sequences

whose E2-pages are given by Hr(S,Hs(M̂T , R)) and Hr(M,Hs(ŜT
f , R)) that both converge to the

cohomology of B̂T
f .

The next two lemmas provide basic information about the maps that the fibrations ρ1 and ρ2

induce on cohomology. The first follows immediately from the existence of the section σ : S → B̂T
f

given by Lemma 4.2.3.

Lemma 4.3.3. The map ρ∗1 : Hk(S,R)→ Hk(B̂T
f , R) induced by the natural projection ρ1 : B̂T

f →

S is injective.

The second lemma follows from the naturality properties of the Cartan-Leray spectral sequence

outlined above.

Lemma 4.3.4. The map ρ∗1 : Hk(M,R) → Hk(B̂T
f , R) factors through the group Ek,0∞ in the

spectral sequence Hr(M,Hs(ŜT
f , R)) =⇒ Hr+s(B̂T

f , R). Likewise, the map ρ∗2 : Hk(S,R) →

Hk(B̂T
f , R) factors through the group Ek,0∞ in the spectral sequence Hr(S,Hs(M̂T , R)) =⇒ Hr+s(B̂T

f , R).
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Proof. Let Bn denote the bundle (Sn ×Mn)/(Γ/Nn). We can view the projection qn : Bn → M

as a bundle map between the bundle Sn → Bn → M and the trivial bundle {pt} → M
id→ M .

We will denote the terms of the Cartan-Leray spectral sequences for these bundles by (Ep,qk )1

and (Ep,qk )2, respectively. Note that the Cartan-Leray spectral sequence for the second bundle is

trivial, so it follows that (Ek,0∞ )2
∼= Hk(M,R). By the third naturality statement listed above,

q∗i maps (Ek,0∞ )2 to (Ek,0∞ )1, so the map q∗n : Hk(M,R) → Hk((Sn × Mn)/(Γ/Nn), R) factors

through the E∞-page of the spectral sequence Hr(M,Hs(Sn, R)) =⇒ Hr+s(Bn, R). Since ρ∗1

is the direct limit of the maps q∗n, and since the terms of the E∞-page for the spectral sequence

Hr(M,Hs(ŜT
f , R)) =⇒ Hr+s(B̂T

f , R) are the direct limits of the terms of the E∞-page for

spectral sequences Hr(M,Hs(Sn, R)) =⇒ Hr+s(Bn, R), ρ∗1 factors as required. The proof of the

analogous result for ρ2 is identical.

As we will see in the following sections, the previous lemmas can be used under certain circum-

stances to show that H0(Ŝf , R) 6= R, so by Lemma 4.1.5 S is not engulfed. For now, we remark

the following simple pair of lemmas on the cohomology of mapping solenoids.

Lemma 4.3.5. Let M be an aspherical space, let f : S → M be a continuous map, and let B̂f be

the mapping solenoid for f . If π1(M) is good, then Hk(B̂f ,Z/p) ∼= Hk(S,Z/p) for all k.

Proof. Since π1(M) is good and aspherical, it follows from Lemma 3.4.5 that Hk(M̂,Z/p) is trivial

for all k > 0. The E2-page of the spectral sequence Hr(S,Hs(M̂,Z/p)) therefore vanishes above

the first row and is equal to Hr(S,Z/p) on the first row since M̂ is connected. Since all differentials

in the spectral sequence are trivial, it follows that

Hk(B̂f ,Z/p) ∼= Ek,0∞
∼= Ek,02

∼= Hk(S,Z/p).

Lemma 4.3.6. Let S be an aspherical space with good fundamental group, let f : S → M be a

continuous map, and let B̂f be the mapping solenoid for f . If π1(M) induces the full profinite
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topology on π1(S) and f∗(π1(S)) is dense in the profinite topology on π1(M), then Hk(B̂f ,Z/p) ∼=

Hk(M,Z/p) for all k.

Proof. Since f∗(π1(S)) is dense, it follows that from Lemma 4.1.5 that Ŝf is connected. Since S

is aspherical and good, the universal solenoid Ŝ over S has trivial cohomology, and since π1(M)

induces the full profinite topology on π1(S), Ŝf is homeomorphic to Ŝ by Lemma 3.2.1. Using

the spectral sequence Hr(π1(M), Hs(Ŝf ,Z/p)) as in the proof of the previous lemma, the result

follows.

4.4 Solenoids with finite Z/p-cohomology rings

In this section we apply Lemma 4.3.2 from the previous section to prove the following theorem.

Given a space X, we will let cdp(X) denote the p-cohomological dimensional of X, i.e. the largest

integer n such that there exists a π1(X)-module A that is annihilated by pk for some k such that

Hn(X,A) 6= 0.

Theorem 4.4.1. Let M be an aspherical space with good fundamental group, and let S be an

aspherical space such that cdp(S) < cdp(M). Let f : S → M be a π1-injective map. Suppose that

there exists a prime p such that the cohomology groups of Ŝf over Z/p have finite dimension. Then

f∗(π1(S)) is strongly engulfed.

Proof. Suppose that f∗(π1(S)) is not engulfed and the hypotheses of the above theorem hold. It

follows by Lemma 4.1.5 that Ŝf is connected. Since M is an aspherical n-manifold, π1(M) has Z/p

cohomological dimension n, and since π1(S) < π1(M) and S is aspherical, cdp(S) = cdp(π1(S)) ≤

cdp(M) = n.

Let k be the largest dimension for which Hk(Ŝf ,Z/p) is non-trivial, and note that k ≤ cdp(S) <

cdp(M). Since Hk(Ŝf ,Z/p) is finite dimensional, there exists a finite-index subgroup K < π1(M)

such that K acts trivially on Hk(Ŝf ,Z/p). Let π : MK →M denote the connected covering space of

M corresponding to K. By Lemma 4.1.6, the solenoid given by pulling back the universal solenoid

over MK to Sπf via fπ is isomorphic as π1(MK)-space to Ŝf . Note that Mk has good fundamental
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group since π1(Mk) < π1(M), so by replacing M by MK , S by Sπf and f by fπ if necessary, we can

assume that π1(M) acts trivially on Hk(Ŝf ,Z/p).

Since the π1(M)-action on Hk(Ŝf ,Z/p) is trivial, the group Hn(M,Hk(Ŝf ,Z/p)) is isomor-

phic to Hn(M,Z/p)l ∼= (Z/p)l, where l is the rank of Hk(Ŝf ,Z/p). Since cdp(M) = n >

k, this group is the upper-rightmost non-trivial entry in the E2-page of the spectral sequence

Hr(M,Hs(Ŝf ,Z/p)) =⇒ Hr+s(B̂f ,Z/p). It follows that this entry survives to the E∞-page of

the spectral sequence, so Hn+k(B̂f ,Z/p) is non-trivial. Since π1(M) is good and f∗(π1(S)) is not

engulfed, we have by Lemma 4.3.5 that Hn+k(S,Z/p) ∼= Hn+k(B̂f ,Z/p). Since n + k > cdp(S),

however, Hn+k(S,Z/p) is trivial. This gives the desired contradiction.

It follows that f∗(π1(S)) is engulfed, so there exists a lift f̃ : S → M ′ for some finite sheeted

covering spaceM ′ ofM . Repeating the above argument, f̃∗(π1(S)) is also engulfed, so by induction

we obtain that f̃ is strongly engulfed.

Theorem 4.4.1 also has the following immediate corollary:

Corollary 4.4.1. Let M be an aspherical 3-manifold with infinite fundamental group, and let

f : S → M be any π1-injective immersion of a closed surface into M such that f∗(π1(S)) is not

strongly engulfed in the profinite topology on π1(M). Then H1(Ŝf ,Z/p) is infinite dimensional.

We remark that if M is a 3-manifold that is not virtually Haken, then this holds for any π1-

injective immersion of a surface into M by Jaco’s virtually Haken criterion.

As a corollary, we obtain a proof of the following well-known fact in 3-manifold topology.

Corollary 4.4.2. Let T be a torus or Klein bottle, let M be a closed 3-manifold with good fun-

damental group, and let f : T → M be a continuous map. Then f lifts to infinitely many finite

sheeted covering spaces of M .

Proof. Since any finite-sheeted connected covering space of a torus or Klein bottle is itself a torus

or Klein bottle, it follows that for any finite-sheeted covering map π : M ′ → M , the components

of Tπf are Klein bottles or tori. If follows that each component of T̂f has finite rank cohomology
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groups, so theorem 4.4.1 applies and f∗(π1(S)) is engulfed. Arguing inductively as in the proof of

the previous corollary, we obtain the desired result.

We remark that the above proof applies equally well for any map from an iterated torus bundle

to an n-manifold, since iterated torus bundles have virtually bounded Z/p-Betti numbers.

4.5 Mapping solenoids associated to non-engulfed surfaces

In this section, we apply the spectral sequence from Section 4.3 to study π1-injective maps f : S →

M from closed surfaces into 3-manifolds such that f∗(π1(S)) is dense in the profinite topology on

π1(M). The existence of such maps was first established by Niblo and Wise in [NW1].

Proposition 4.5.1. Let M be an aspherical 3-manifold with good fundamental group, let S be a

closed surface of genus g, and let f : S → M be a π1-injective map such that f∗(π1(S)) is dense

in the profinite topology on π1(M). Then for all primes p, H0(Ŝf ,Z/p) ∼= Z/p, H1(Ŝf ,Z/p)

has infinite rank, and Hk(Ŝf ,Z/p) is trivial for k > 1. Furthermore, the cohomology groups

Hr(π1(M), Hs(Ŝf ,Z/p)) that are non-trivial are as follows:

s = 1 (Z/p)2g−ε (Z/p)2−ε 0 0

s = 0 H0(M,Z/p) H1(M,Z/p) H2(M,Z/p) H3(M,Z/p)

OO

//

r = 0 r = 1 . . . ,

where ε = 0 if the differential d0,1
2 : H0(M,H1(Ŝf ,Z/p)) → H2(M,Z/p) in the spectral sequence

Hr(M,Hs(Ŝf ,Z/p)) =⇒ Hr+s(B̂f ,Z/p) is surjective, and ε = 1 otherwise.
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Proof. Since M is aspherical with good fundamental group, it follows from Lemma 3.4.5 that

Hk(M̂,Z/p) is trivial for all k > 0. By Lemma 4.3.5, it follows that Hk(B̂f ,Z/p) ∼= Hk(S,Z/p)

for all k. By Lemma 4.1.5 and Proposition 4.4.1, H0(Ŝf ,Z/p) ∼= Z/p and H1(Ŝf ,Z/p) is infinite

dimensional. To see that H2(Ŝf ,Z/p) is trivial, note that since Sπf is connected for each finite-

sheeted covering space π : M ′ → M , it follows that deg(πf ) = deg(π) so the result follows from

Lemma 3.4.2.

Consider the map d0,1
2 : H0(M,H1(Ŝf ,Z/p))→ H2(M,Z/p) coming from the spectral sequence

Hr(M,Hs(Ŝf ,Z/p)) =⇒ Hr+s(B̂f ,Z/p). Since H2(M,Z/p)/Im(d2) injects in H2(B̂f ,Z/p) ∼=

Z/p, it follows that either d0,1
2 is surjective or d0,1

2 has rank dim(H2(M,Z/p))− 1. Since

H1(B̂f ,Z) ∼= ker(d0,1
2 )⊕H1(M,Z/p),

it follows that

dim(ker(d0,1
2 )) = dim(H1(B̂f ,Z/p))− dim(H1(M,Z/p)) = 2g − dim(H2(Z/p)) = 2g − rk(d0,1

2 )− ε,

where ε = 0 if d0,1
2 is surjective and ε = 1 otherwise. Thus

dim(H0(M,H1(Ŝf ,Z/p))) = rk(d0,1
2 ) + dim(ker(d0,1

2 )) = 2g − ε.

The map d1,1
2 : H1(M,H1(Ŝf ,Z/p)) → H3(M,Z/p) must be surjective, so H1(M,H1(Ŝf ,Z/p))

must have dimension at least 1. If ε = 0, then E2,0
∞ = E2,0

3 = 0, so ker(d1,1
2 ) ∼= E1,1

3
∼= E1,1

∞
∼=

H2(B̂f ,Z/p) ∼= Z/p. In this case it follows that

dim(H1(M,H1(Ŝf ,Z/p))) = dim(ker(d1,1
2 )) + rk(d1,1

2 ) = 2 = 2− ε.

If ε = 1, then since

Z/p ∼= H2(B̂f ,Z/p) ∼= E2,0
3 ⊕ ker(d1,1

2 )
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and E2,0
3 6= 0, ker(d1,1

2 ) is trivial. In this case d1,1
2 is an isomorphism, so

dim(H1(M,H1(Ŝf ,Z/p))) = 1 = 2− ε.

The vanishing of the other terms on the E2-page are clear, so the proposition follows.

We remark that we do not know whether the term ε in the above proposition can take both the

values 0 and 1 in the above theorem. The following lemma shows, however, that if the genus of the

dense surface is small enough then the ε = 1 case must occur.

Proposition 4.5.2. Let M be an aspherical 3-manifold, let f : S → M be a continuous map of a

surface S of genus g into M such that f∗(π1(S)) is dense π1(M). If dim(H1(M,Z/p)) > g, then

ε = 1 in the above theorem.

Proof. Suppose that dim(H1(M,Z/p)) > g. Since f∗(π1(S)) is dense in π1(M), it follows that

f∗ : H1(M,Z/p) → H1(S,Z/p) is injective. Given 0 6= α ∈ H1(M,Z/p), Poincaré duality in

S implies that the kernel of the map H1(S,Z/p) → H2(S,Z/p) ∼= Z/p given by x 7→ x ∪ f∗(α)

has dimension g. Since dim(f∗(H1(M,Z/p))) > g, it follows that there exists an element β ∈

H1(M,Z/p) such that f∗(β)∪ f∗(α) 6= 0. Since f∗(β)∪ f∗(α) = f∗(β ∪α), it follows that the map

f∗ : H2(M,Z/p)→ H2(S,Z/p) is non-trivial.

Let ω be an element of H2(M,Z/p) such that f∗(ω) 6= 0, and let σ : S → B̂f be the section of

ρ1 : B̂f → S given by Lemma 4.2.3. Since ρ2◦σ = f , it follows that ρ∗2(ω) 6= 0. By Lemma 4.3.4, the

map H2(M,Z/p) → H2(B̂f ,Z/p) factors through the group E2,0
∞ on the E∞-page of the spectral

sequence Hr(S,Hs(M,Z/p)) =⇒ Hr+s(B̂f ,Z/p), so it follows that ω ∈ H2(M,Z/p) = E2,0
2 must

survive to the E∞-page. This implies that d0,1
2 is non-surjective, so ε = 1.
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4.6 Mapping solenoids for maps of surfaces into towers of non-

Haken 3-manifolds

Our goal in this section is to prove the following proposition:

Proposition 4.6.1. Let M be an aspherical 3-manifold, and let f : S → M be a π1-injective

immersion of a closed surface of genus g into M . Let T = {· · · →M2 →M1 →M} be a tower of

regular covering spaces of M such that

• For all n ∈ Z, there exists k such that n divides the degree of the covering map Mk →M ,

• π1(Mk) < ker(π1(M)→ H1(M))

• Mk is not Haken for all k.

There exists a finite abelian group T (depending on f) such that the cohomology groups Hr(π1(M), Hs(ŜT
f ,Z))

satisfy

s = 2 Q 0 0 Q

s = 1 Z2g 0 (Q/Z)2 Q2g

s = 0 Z 0 T Z

OO

//

r = 0 r = 1 . . .

We remark that there are many towers T satisfying the first two conditions in the hypotheses

of this proposition, however there are no known infinite towers of covering spaces of non-Haken

manifolds (see [CD]).
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The proof of Proposition 4.6.1 relies on the following consequence of Jaco’s virtually Haken

criterion.

Lemma 4.6.1. Let T := · · · →M2 →M1 →M0
∼= M be a regular tower of aspherical 3-manifolds,

and let f : S → M be a π1-injective map of a closed surface into M . If ŜT
f has infinitely many

components, then Mi is Haken for some i.

Proof. Let π : M̃ → M denote the universal covering space of M , and ỹ ∈ M̃ be a basepoint

defining the action of π1(M) on M̃ by deck transformations, so that g · y is the image of y under

the unique deck transformation that takes ỹ to ỹ · g, where ỹ · g denotes the monodromy action of

π1(X) on π−1(π(ỹ)) by path lifting. Let yn denote the image of ỹ in Mn, let x0 ∈ f−1(π(ỹ)) and

let xn ∈ S
p0,n
f ⊂ S ×Mn denote the point (x0, yn).

Let Gk < π1(M) denote the stabilizer of the component of Sp0,kf containing xk under the

action of π1(M) on Sp0,kf by deck transformations. Note that π1(Mk) < Gk for all k since π1(Mk)

acts trivially on Sp0,kf . Furthermore, since the component of Sp0,k+1

f containing xk+1 maps to the

component of Sp0,kf containing xk under the covering map pfk,k+1 Gk+1 < Gk.

Suppose that H0(S
p0,k+1

f ,Z) has larger rank than H0(S
p0,k+1

f ,Z). Since the preimage of some

component of Sp0,kf is disconnected and pfk,k+1 is regular, it follows that the preimage of every

component of Sp0,kf is disconnected. Let y be a point in (pfk,k+1)−1(xk) that lies in a different

component of Sp0,k+1

f from xk+1, and let g ∈ π1(M) be an element such that g · xk+1 = y. By the

definition of Gk+1, g /∈ Gk+1, however since

xk = pfk,k+1(y) = pfk,k+1(g · xk+1) = g · pfk,k+1(xk+1) = g · xk,

it follows that g ∈ Gk. It follows that the containment Gk+1 < Gk is proper. If ŜT
f has infinitely

many components, there must be infinitely many k for which the rank of H0(S
p0,k+1

f ,Z) is strictly

larger than the rank of H0(S
p0,k
f ,Z). It follows that Gk+1 6= Gk for infinitely many k.

Let M ′k denote the covering space of M corresponding to Gk. Since the action of π1(S) on Spk,0f

preserves the component of Spk,0f containing xk, π1(S) < Gk. It follows that f : S →M lifts to M ′k

for all k by the lifting criterion, so by Jaco’s criterion M ′n is Haken for some n. Since Mn covers
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M ′n, Mn is Haken as well so the result follows.

The proof of Proposition 4.6.1 also requires the following lemma from group cohomology, which

is a consequence of Shapiro’s lemma.

Lemma 4.6.2. Let G be a group, let N be a G module that decomposes as a direct sum
⊕n

i=1Ni.

Suppose that G acts transitively on the summands Ni, and let H < G be the stabilizer of Ni for

some i. Then for all k, Hk(G,N) ∼= Hk(H,Ni).

Proof. This lemma is a direct consequence of material in Chapter III of [Bro], which we cite here.

By Proposition III.5.3 in [Bro], the module N is isomorphic to the induced module IndGHMi. Since

the number of indices are finite, H is a finite index subgroup of G. It follows by Proposition III.5.9

in [Bro] that IndGHMi
∼= CoindGHMi. By Shapiro’s lemma, H∗(H,Mi) ∼= H∗(G,CoindGHMi), so the

result follows.

We are now ready to give the proof of Proposition 4.6.1.

Proof of Proposition 4.6.1. Let T be a tower of covering spaces satisfying the hypotheses of Propo-

sition 4.6.1. Note that since each Mk in the tower T is non-Haken, Mk is rational homology sphere

for all k. The results of Chapter 3 show that

H∗(M̂T ,Z) ∼= Z, 0, 0,Q.

For simplicity of notation, we will omit the character “T " and denote M̂T , ŜT
f and B̂T

f by M̂, Ŝf

and B̂f respectively.

Lemma 4.3.2 gives that there is a spectral sequence computing Hk(B̂f ,Z) with E2-page given

by Hr(S,Hs(M̂,Z)). The non-zero groups in this spectral sequence are sufficiently far apart that

all differentials in the spectral sequence must be trivial. It follows that

H∗(B̂f ,Z) ∼= Z,Z2g,Z,Q,Q2g,Q.
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Since M is not virtually Haken by assumption, Ŝf has finitely many components Ŝ1
f , Ŝ

2
f , . . . , Ŝ

n
f

by Lemma 4.6.1. This gives a decomposition of the modules Hk(Ŝf ,Z) of the form

Hk(Ŝf ,Z) ∼=
n⊕
i=1

Hk(Ŝif ,Z).

Let H < π1(M) be the stabilizer of Ŝ1
f . Since π1(M) acts transitively on these components, we

can apply Lemma 4.6.2, which gives

Hr(π1(M), Hs(Ŝf ,Z)) ∼= Hr(H,Hs(Ŝ1
f ,Z)).

Let pH : MH → M be the covering space of M corresponding to H. Note that for large

enough i, π1(Mi) acts trivially on the components of Ŝf , so π1(Mi) < H. It follows that the map

p̂ : M̂ → M factors through a map. After choosing basepoints appropriately, we may assume

that π1(S) stabilizes Ŝ1
f , and hence f∗(π1(S)) < H. It follows that f : S → M lifts to a map

f̃ : S →MH .

We claim that Ŝ1
f
∼= Ŝf̃ as an H-module. To see this, note that we have the commutative

diagram

Ŝf

��

// M̂

p̂H

��
SpHf

pfH
��

fpH // MH

pH

��
S

f // M

The existence of the lift f̃ : S → MH gives a section σ : S → SpHf of the map pfH such that

fpH ◦ σ = f̃ , and it is easy to check that σ(S) is the image of Ŝ1
f in SpHf . It follows that the set

Ŝf̃ = {(x, y) ∈ S × M̂ | f̃(x) = p̂H(y)} is exactly Ŝ1
f .

We now consider the mapping solenoid B̂f̃ for the map f̃ : S → MH . Note that since for all n

there exists an i such that n divides [π1(M) : π1(Mi)], it follows that for all n there exists a k such
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that n divides [H,π1(Mk)]. Since MH is not virtually Haken, by the same argument given above

to compute the cohomology of B̂f ,

H∗(B̂f̃ ,Z) ∼= Z,Z2g,Z,Q,Q2g,Q.

Since Ŝf̃ is connected, H0(Ŝf̃ ,Z) ∼= Z. It follows that the bottom row of the E2-page of the

spectral sequence Hr(H,Hs(Ŝf̃ ,Z)) =⇒ H∗(B̂f̃ ,Z) is given by Ek,02
∼= Hk(H,Z). Since M is

not virtually Haken, the first Betti number of H is trivial, and hence H2(H,Z) is a torsion abelian

group that we will denote by T .

Note that since Ŝf̃ is connected, it follows that for every Mi ∈ T such that π1(Mi) < H, the

covering space pHi : Mi →MH induces a connected covering space pf̃Hi : SpHi
f̃
→ S that has degree

[H : π1(Mi)]. It follows by Lemma 3.8.3 that H2(Ŝf̃ ,Z) ∼= Q). Since MH is a rational homology

sphere, we have that

H∗(H,H2(Ŝf̃ ,Z)) ∼= Q, 0, 0,Q.

We therefore have that the E2-page of the spectral sequence Hr(H,Hs(Ŝf̃ ,Z)) =⇒ H∗(B̂f̃ ,Z)

has the following form:

Q 0 0 Q

H0(H,H1(Ŝf̃ ,Z)) H1(H,H1(Ŝf̃ ,Z)) H2(H,H1(Ŝf̃ ,Z)) H3(H,H1(Ŝf̃ ,Z))

Z 0 T Z

OO

//

We now compute the groups Hk(H,H1(Ŝf̃ ,Z)) for each k.
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• H0(H,H1(Ŝf̃ ,Z)) ∼= Z2g:

Since T is a finite group and E2,0
3 is the quotient of T by the image of d2, E

2,0
3 is also finite.

The group E2,0
3 is a stable term of the spectral sequence, however, so E2,0

3
∼= E2,0

∞ . Since E2,0
∞ ⊂

H2(B̂f̃ ,Z) ∼= Z and Z is torsion free, it follows that E2,0
3 is trivial and hence d2 surjects onto T .

We therefore have the following exact sequence:

0→ H1(B̂f̃ ,Z)→ H0(H,H1(Ŝf̃ ,Z))
d2→ T → 0.

Since H1(Ŝf̃ ,Z) is a direct limit of torsion free groups, any submodule of H1(Ŝf̃ ,Z) is torsion

free. It follows that H0(H,H1(Ŝf̃ ,Z)) is torsion free. Since H0(H,H1(Ŝf̃ ,Z)) is a finitely generated

torsion free abelian group with Z2g as a finite index subgroup, it follows that H0(H,H1(Ŝf̃ ,Z)) ∼=

Z2g .

• H1(H,H1(Ŝf̃ ,Z)) ∼= 0:

We first claim that H1(H,H1(Ŝf̃ ,Z)) is torsion. To see this, note that H1(H,H1(Ŝf̃ ,Z)) is the

direct limit of groups of the form H1(H,H1(Si,Z)) where Si denotes the pull-back by f̃ of the cover

Mi →MH , so it suffices by Lemma 3.8.2 to show that each of these groups is torsion.

Given a finite-sheeted regular covering map π : M ′ → MH , let N / H denote the finite index

subgroup of H given by π∗(π1(M ′)). Note that N acts trivially on Sπ
f̃
, so it follows that the action

of N on H1(Sπ
f̃
,Z) is trivial. We therefore have that

H1(N,H1(Sπ
f̃
,Z)) ∼= H1(N,Z2g(Sπ

f̃
)
) ∼= H1(N,Z)

2g(Sπ
f̃

)
,

which is trivial, since MH has virtually trivial first Betti number. It follows that the restriction

map.

resHN : H1(H, (Sπ
f̃
,Z))→ H1(N, (Sπ

f̃
,Z))

is trivial, so the map corHN ◦ resHN : H1(H, (Sπ
f̃
,Z)) → H1(H, (Sπ

f̃
,Z)) must also be trivial. Since

the composition of the corestriction and restriction maps is given by multiplication by [H : N ], it

follows that any element of H1(H, (Sπ
f̃
,Z)) has order at most [H : N ].
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Since H1(H,H1(Ŝf̃ ,Z)) is torsion, it follows that the map d2 : H1(H,H1(Ŝf̃ ,Z)) → E3,0
2
∼= Z

must be trivial, hence E1,1
∞
∼= E1,1

3
∼= H1(H,H1(Ŝf̃ ,Z)) is a torsion group. Since the spectral

sequence converges to Hk(B̂f̃ ,Z), we have that a filtration

E2,0
∞
∼= F 2

2 ⊂ F 2
1 ⊂ F 2

0
∼= H2(B̂f̃ ,Z)

such that E1,1
∞
∼= F 2

1 /F
2
2 . In the computation of H0(H,H1(Ŝf̃ ,Z)) above, however, we showed that

E2,0
∞ is trivial, and hence E1,1

∞
∼= F 2

1 ⊂ H2(B̂f̃ ,Z). Since H2(B̂f̃ ,Z) is torsion free, it follows that

E1,1
∞ must be trivial. The claim follows.

• H2(H,H1(Ŝf̃ ,Z)) ∼= (Q/Z)2:

We now have that E2,0
∞
∼= E1,1

∞
∼= 0. It follows that E0,2

∞
∼= H2(B̂f̃ ,Z) ∼= Z. Since E2,0

2
∼=

H1(H,H1(Ŝf ,Z)) is trivial, it follows that E3,0
3
∼= E3,0

2
∼= Z. The map d3 : E0,2

3 → E3,0
3
∼= Z has

kernel isomorphic to E0,2
∞
∼= Z, so we have the exact sequence

0→ Z→ E0,2
3 → Im(d3)→ 0.

Since Z and Im(d3) are finitely generated, E0,2
3 is finitely generated as well. Since finitely generated

subgroups of Q are cyclic it follows that E0,2
3
∼= Z. We note for future reference that this implies

that Im(d3) is torsion, and hence trivial since Im(d3) ⊂ E3,0
3
∼= Z. It follows that E3,0

4
∼= E3,0

∞
∼= Z.

Since E0,2
3
∼= Z and E0,2

2
∼= Q, the exact sequence

0→ E0,2
3 → E0,2

2
d2→ Im(d2)→ 0,

shows that Im(d2) ∼= Q/Z. This gives us the exact sequence

0→ Q/Z→ H2(H,H1(Ŝf̃ ,Z))→ E2,1
3 → 0.

Note that E2,1
3
∼= E2,1

∞ . Since E1,2
∞ and E0,3

∞ are trivial, the terms F 3
0 , F

3
1 , and F 3

2 in the filtration

E3,0
∞
∼= F 3

3 ⊂ F 3
2 ⊂ F 3

1 ⊂ F 3
0
∼= H3(B̂f̃ ,Z)
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are identical. It follows that we have an exact sequence

0→ E3,0
∞ → H3(B̂f̃ ,Z)→ E2,1

∞ → 0.

Since E3,0
∞
∼= Z and H3(B̂f̃ ,Z) ∼= Q, it follows that

E2,1
3
∼= E2,1

∞
∼= Q/Z.

Plugging this into the exact sequence involving E2,1
3 above, we obtain

0→ Q/Z→ H2(H,H1(Ŝf̃ ,Z))→ Q/Z→ 0.

Since Q/Z is an injective Z-module, this sequence splits, and therefore H2(H,H1(Ŝf̃ ,Z)) ∼=

(Q/Z)2.

• H3(H,H1(Ŝf̃ ,Z)) ∼= Q2g:

Since all differentials entering and leaving the (3, 1) entry on all pages of the spectral sequence

are trivial, E3,1
2
∼= E3,1

∞ . Since Ek,4−k∞ is trivial for all k 6= 3, it follows that E3,1
2
∼= H4(B̂f̃ ,Z) ∼= Q2g.

Since Hk(H,H1(Ŝf̃ ,Z)) is trivial for k > 3, we have established that

Hr(H,H1(Ŝf̃ ,Z)) ∼= Z2g, 0, (Q/Z)2,Q2g.

Since Hk(H,H1(Ŝf̃ ,Z) ∼= Hk(M,H1(Ŝf ,Z)), the proof is complete.

We remark that it is not known whether such towers of non-Haken 3-manifolds exists. It

is therefore interesting to ask whether the existence of a π1(M)-module such as H1(Ŝf ,Z) with

cohomology groups Z2g, 0, (Q/Z)2,Q2g can be ruled out on algebraic grounds.
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