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ABSTRACT

Lipshitz, Ozsvath, and Thurston extend the theory of bordered Heegaard Floer homology to
compute CF ™. Like with the hat theory, their minus invariants provide a recipe to compute
knot invariants associated to satellite knots. We combinatorially construct the weighted A.-
modules associated to the (p, 1)-cable. The operations on these modules count certain classes
of inductively constructed decorated planar graphs. This description of the weighted A..-
modules provides a combinatorial proof of the A, structure relations for the modules. We
further prove a uniqueness property for the modules we construct: any weighted extensions

of the unweighted U = 0 modules have isomorphic associated type D modules.
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Chapter 1

Introduction

At the start of the century, Ozsvath and Szab¢é introduced the package of Heegaard Floer
homology to study closed three-manifolds [OS04b|. To a closed, oriented three-manifold Y,
Heegaard Floer homology associates a graded chain complex CF~(Y') over the polynomial
ring F[U]. After choosing a pointed Heegaard diagram representing Y, the chain complex
is constructed as a variant of Lagrangian Floer homology on certain Lagrangians in a sym-
metric product arising from the Heegaard splitting. The chain homotopy type of CF~(Y)
is an invariant of the manifold. There are different flavors of the invariant; in particular,
specializing with U = 0 provides a simpler and easier to compute invariant, denoted E’F(Y)
The homologies HF~(Y') and ?IF(Y) of the respective chain complexes are also invariants
of the manifold.

The construction of Heegaard Floer homology as a version of Lagrangian Floer homology
leaves it hard to compute; as defined, the differential, in particular, relies on counts of solu-
tions to certain non-linear partial differential equations. In 2006, Sarkar and Wang provided
an easier to compute combinatorial description of the hat flavor ﬁ(Y) using especially
nice Heegaard diagrams [SW10|. The hat invariants suffice for significant applications to

the study of three-manifolds. However, the Heegaard Floer package also captures invariants
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for smooth, closed, oriented four-manifolds with the mized invariants [OS06]. The mixed
invariants rely intrinsically on the U-module structure of C’F'~, and so it remains desirable
to have tractable ways to compute CF' ™.

Rasmussen |[Ras03| and, independently, Ozsvath and Szabé [OS04a| refined the Heegaard
Floer package to an invariant of knots (or links) in three-manifolds. A knot K in a three-
manifold Y can be described with a doubly-pointed Heegaard diagram, which gives rise
to a chain complex CFK™ (K) over the two-variable polynomial ring F[U,V]. The chain
homotopy type of CFK ™ (K) is a knot invariant. As with the three-manifold invariant, the
V' = 0 specialization CFK (K) provides an easier to compute flavor of the knot Floer complex.
In particular, Sarkar’s and Wang’s combinatorial description extends to computing CFK (K).
Early computations of the knot Floer complex of knots relied upon analysis of appropriate
Heegaard diagrams. For example, Goda, Matsuda, and Morifuji proved that (1,1)-knots
admit a genus one Heegaard diagram from which the knot Floer homology groups can be
combinatorially computed [GMMO05]. Hedden computed some homology groups for certain
cables of knots by finding appropriate Heegaard diagrams for the cables starting with a
diagram of the pattern [Hed05].

As with the case for invariants of three-manifolds, specializing the chain complex
CFK™(K) with V' = 0 loses some information. The concordance invariant Y defined by
Ozsvath, Stipsicz, and Szabé requires the full information contained in CFK ™ (K) [OSS17].
The knot Floer complex of a knot can be used recover the Heegaard Floer homology of
Dehn surgeries along the knot [OS08|; to compute CF~ of the Dehn surgeries requires the
full power of CFK ™ (K).

Lipshitz [Lip06], and subsequently Lipshitz, Ozsvath, and Thurston [LOT18|, extended
Heegaard Floer homology to a theory associating invariants to manifolds with boundary.
That is, cut your closed, oriented three-manifold Y along an oriented surface F'. The theory

of bordered Heegaard Floer homology associates invariants to each piece thus obtained, and
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provides a way to glue the invariants along the surface F' to recover EF(Y) This provides a
scheme to compute both Heegaard Floer invariants and knot Floer invariants by decomposing
manifolds into simpler pieces. In particular, the knot Floer complexes of satellite knots can
be better understood by such a decomposition.

Levine used bordered Floer homology to study generalized Whitehead doubles of knots
[Lev12|; Petkova used it to generalize Hedden’s result and computed the knot Floer homology
groups of (p, pn+ 1)-cables of knots with thin Floer homology [Pet13]. Petkova’s result relies
on the computation of the bordered Floer invariant associated to the (p, 1)-cable in the solid
torus. Hom provided a formula for a concordance invariant 7 derived from the Heegaard
Floer package for cables of knots using bordered Floer homology [Hom13].

Recently, Lipshitz, Ozsvath, and Thurston have been working on extending bordered
Floer homology from the hat to the minus variant for manifolds split along a torus bound-
ary [LOT21; LOT23|. To the torus, they associate a weighted Ay -algebra A_. A_ keeps
track of the asymptotics of pseudoholomorphic curves near infinities that arise from the
puncture—corresponding to the torus boundary—in the now bordered Heegaard diagram.
The construction of A_ is combinatorial: the A.-operations on A_ count certain classes of
planar graphs. To a three-manifold Y with boundary identified with the torus, they associate
a weighted A -module CFA™(Y') over A_, with the operations given by counts of certain
pseudoholomorphic curves. In upcoming work [LOT|, they establish a pairing between the
invariants for two manifolds with torus boundary. This pairing yields the (completed) minus
invariants for the closed three-manifold obtained by gluing the two pieces along the common
boundary.

In analogue with the hat flavors, the new bordered Floer invariants lend themselves nicely
to the computation of the unspecialized knot Floer complex CFK ™ (K) of satellite knots.
In this thesis, we study the weighted A.-modules CFA™(C,) associated to the (p, 1)-cable.

This extends Petkova’s work on computing @(CP).
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In Chapter 2, we recall preliminaries from the theory of bordered Floer homology, with an
emphasis on the new technology developed for the minus flavor. In Chapter 3, we provide
a combinatorial description of the weighted A..-structure on the A,-modules. The A..-
operations on the module count certain planar graphs, akin to the algebra operations on
A_. This explicit description of the A,-structure lets us verify the A-relations on the
module. In Section 3.3, we remark on how a similar analysis would extend to other (1,1)-
pattern knots. In Chapter 4, we study algebraic properties of the modules we construct.
In particular, we prove a boundedness property needed to make sense of tensor products of
the weighted A..-modules. We further prove a certain uniqueness property, characterizing
the weighted A,.-modules in terms of the specialized unweighted modules. In Chapter 5, we
compute some sample tensor products using our modules.

Other methods have been developed to compute the knot Floer complex, and that assist
in computation for satellite knots. Hanselman, Rasmussen, and Watson provide an inter-
pretation of the bordered Floer invariants for the hat flavor as immersed curves in the torus
[HRW23]. In 2023, Hanselman constructed a refinement of the immersed curve invariant
with additional decorations [Han23|. This theory sees the minus flavor of Heegaard Floer
homology; Chen and Hanselman build on top the immersed curve invariant to compute the
UV = 0 specialization of the knot Floer complex by constructing analogues of the bor-
dered Floer invariants for immersed Heegaard diagrams [CH23|. For (1,1)-patterns, this
computation is combinatorial. We rely on computations performed with the immersed curve
invariants to check our modules.

In a different vein, Zemke constructs a bordered Floer theory for the minus flavor using
input obtained from the link surgery formula [Zem21|. Recent work of Chen, Zemke, and
Zhou builds on top of this to provide a formula for the knot Floer complex of satellite knots
when the link Floer complex of the 2-component link associated to the pattern knot is an

L-space link [CZZ24|. There are (1,1)-patterns such that the associated 2-component link
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is not an L-space link—say, the mirror of the Whitehead link—and their formulae do not

extend to such pattern knots.
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Chapter 2

Bordered Heegaard Floer homology

In this chapter, we recall the preliminaries of the bordered Heegaard Floer theory. We
assume familiarity with Heegaard Floer homology and knot Floer homology. The hat flavor
of the theory was developed in [Lip06] by Lipshitz and subsequently in [LOT18| by Lipshitz,
Ozsvath, and Thurston. The minus flavor of the theory was developed in [LOT21; LOT23;
LOT| by Lipshitz, Ozsvath, and Thurston. An interested reader is referred to these texts for
details; in particular, we only consider bordered manifolds with torus boundary, while the

hat flavor is developed for more general manifolds.

2.1 Algebraic underpinnings

The algebraic objects defined in this section are studied in depth in [LOT20|. Let k be a

unital ring of characteristic two.

Definition 2.1.1 (A, -algebra). An Ay-algebra A over k is a k-module A with n-input

algebra operations pu, : A" — A for all n > 1, such that the p, are k-module maps and
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they satisfy the Ay structure relations

E figryr (a1, - ag, /Lj(az'ﬂa cee 7ai+j)a Qitj+1y - - 7ai+j+l> =0
i+j+l=n

foralln>1 and aq,...,a, € A.
The Ay-algebra A is strictly unital if there is an element 1 € A such that ps(a,1) =

w2(1,a) = a for all a; and if some a; = 1, then p,(ay,...,a,) =0 for any n # 2.

An operation pu, can be depicted graphically by an oriented tree, each edge oriented
downwards, with exactly one vertex with n incoming edges and one outgoing edge. This tree
we call an n-corolla. Natural composition of such trees yields a planar tree representing a
composition of operations in A. To obtain the A, relation corresponding to n, start with
the n-corolla and consider all planar trees 7" with two vertices such that contracting any
edge in T results in the n-corolla. The sum of the compositions given by all such trees T is

what equals zero in the A, relations.

TS | - 0

Y owe Y YV -
Yon=s Ve VeV YV =0

The n = 1 relation says that u, is a differential; the n = 2 relation is the Leibniz rule;

the n = 3 relation says that associativity holds up to a homotopy.

Definition 2.1.2 (Weighted (curved) A -algebra). A weighted (curved) Ay -algebra over k

is a k-module A with n-input algebra operations p? : A¥"™ — A for all n,w € Zsq, such
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that the A -relations

w1 w2 J—
E i1 (ah Ty Qg (Qig1s - 7ai+j)a Aitjt1s--- 7ai+j+l) =0

i+j+l=n
w1 +we=w

are satisfied for alln,w > 0 and ay,...,a, € A. Here, w is called the weight of the operation

w

Hop -

The weighted As-algebra A is strictly unital if there is an element 1 € A such that
3(a,1) = uS(1,a) = a for all a; and if some a; = 1, then p®(ay,...,a,) = 0 for all
(n,w) # (2,0).

The 0-input operations pf : k — A provide the curvature pf := pf (1) of A. We require

that ud = 0.

A weighted operation pY can be represented graphically with an n-corolla where the
vertex is marked to be of weight w. To obtain the A, relation corresponding to n, start
with the weight w n-corolla, and consider all planar trees T with two vertices such that
contracting any edge in 7' results in the weight w n-corolla. Here, contracting an edge
between two weighted vertices adds their weight. The sum of the compositions given by all

such trees T' is what equals zero in the A, relations.

C? (n,w) = (0,1): % .
%@(n,w):(l,l): +++ .,
}# (n,w) = (2,1): +++++ + +g/+ ~ 0

We note that some of the terms in the A, relations include the curvature popping off

the weight w vertex.
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Definition 2.1.3 (Weighted A..-module). Given a weighted A-algebra A over a ring k,
a weighted (right) As-module M over A is a right k-module M ; along with n-input module

operations
n

— e
my M Qg ARy - Qx A= M

for alln,w € Zxq such that the maps m{’,,, are k-module maps, and they satisfy the structure

relations

w1 w2
E m2+i+l (X7 Q1,5 Ag, :uj (&Prla SR aiJrj)? ai+j+17 cee 7a’i+j+l)
i+j+l=n
w1 +w2=w
w1 wa _
+ E mlﬂ-(mlﬂ-(x,al,---,ai),aHl,...,aHj)—O

i+j=n
w1 twar=w

for alln,w >0 and x € M,ay,...,a, € A. Here, w is called the weight of the operation
my,,.

A weighted As-module M over a strictly unital weighted Ao -algebra A is strictly unital
if my(x,1) = x for all x € M; and if some a; = 1, then m¥(x,a1,...,a,) = 0 for all

(n,w) # (2,0).

There is a graphical representation of the weighted module operations, entirely like that
of weighted algebra operations, except the left-most edge is marked to represent module

elements. The A, structure relations can then be constructed similarly.

Definition 2.1.4 (Weighted type D module). Given a weighted Ay -algebra A over a ring
k, a weighted (left) type D module P over A consists of a k-module P and a k-module map

ot : P — A®y P satisfying the structure relation

> (ur@T)osm =0.

n,w>0
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Here, 6" : P — A®" @y P is the map obtained by iterating 6* n times.

2.2 The torus algebra

This section recalls the construction of the torus algebra A_, introduced by Lipshitz,
Ozsvath, and Thurston in [LOT21]. The construction of the torus algebra A_ begins with
the algebra A = A(T?), which is used to define HF for 3-manifolds with torus boundary
[LOT1S]. A has a natural extension to an algebra A% Over s, A has basis given by

the idempotents ig, ¢1, and elements of the form p;p;i1 -+ pizk =: pi...ivk for i € Z/AZ and

k € Z>p. These are called the basic elements of the algebra. The non-idempotent elements
i, are called the Reeb elements.

A% can be seen as the path algebra over Fy of

with the relations that any of decreasing products pap1, p3p2, paps, and p1ps vanish. We note
that the quotient of A”* by the ideal generated by p4 gives us the algebra A.

The algebra A keeps track of the Reeb chords associated to pseudoholomorphic disks that
do not cross a basepoint z near the Reeb chord ps. An algebra that performs a similar book-
keeping for disks that are allowed to cross the basepoint need weighted algebra operations
to account for boundary degenerations.

For the remainder of this thesis, our ground ring k will be the sub-algebra generated by
to and 1 adjoined with the variable U. The torus algebra A_ is given by a (curved) weighted

Aqo-algebra structure on A%*[U] over the ground ring k.
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There is non-zero curvature for A_, all concentrated in weight 1. It is given by the sum

of all length four Reeb chords.

11y = Pr2ss + Pasar + Psa2 + Paras.

The differential ;2 and the higher weight 1-input operations are all trivial.

As the operations u on A_ are U-multilinear, it suffices to define them on basic algebra
elements. For two inputs, the operation p3 is given by multiplication. For any (n,w) # (2,0),
if any of the a; are idempotents, u*(ay,...,a,) = 0. That is, A_ is strictly unital.

For Reeb elements ay, ..., a,, the operations p¥(ay,...,a,) are defined by counting cer-
tain classes of planar graphs that have to them associated the chord sequence a1 ® - -- ® a,
and are of weight w. We call these tiling patterns. In Chapter 3, we make use of similar
tiling patterns to define our type A modules. We then distinguish the two as algebra or

module tiling patterns.

2.2.1 Planar graphs and tiling patterns

Our tiling patterns are connected planar graphs I', and come with an embedding into the
disk . The leaves of I' are precisely where it intersects the boundary of the disk. The tiling
patterns come equipped with a choice of a leaf as the root. As a convention, we use vertex
to refer to vertices of our planar graphs that are not leaves. In particular, the root is a not

a vertex.

Definition 2.2.1. A centered tiling pattern is a connected, rooted, planar I' such that every
vertex in I' is 4-valent, and every component of D\ I' either meets OD or is bound by four
edges. We call components of D\ T' that do not meet the boundary internal faces, and the

boundaries of internal faces short cycles.
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A tiling pattern comes equipped with a valid labeling around the vertices. For any vertex
v, let Q, be the set of faces that meet v. A valid labeling on I' consists of a labeling A, :

Q. — {1,2,3,4} for every vertex v such that:

o Let Q, = {ry1,7ma, 73,74} be the set of faces around v, labelled in clockwise order.
Then, up to a cyclic reordering, (Ay(r1), Ay(r2), Ay(73), Ay(14)) is a cyclic reordering of
(1,2,3,4).

o [fe: v — v is an edge oriented such that a face f is to the right of e, then A, (f)+1 =
Ay, (f) mod 4.

Along with the centered tiling patterns, we considered an extended class of tiling patterns
called the left-extended and right-extended patterns. These are obtained from centered tiling

patterns by adding 2-valent vertices that respect the labelings.

Definition 2.2.2. Consider any centered tiling pattern. There is a distinguished edge e
adjacent to the root. Consider it with the orientation pointing towards the root. All left-
extended (respectively right-extended ) tiling patterns are obtained by adding k new 2-valent
vertices along e, and labeling the new vertices to the left (respectively right) of e such that

the property

o [fe: v — v is an edge oriented such that a face f is to the right of e, then Ay, (f)+1 =
Ay, (f) mod 4.

18 maintained.

To each tiling pattern I', we associate a weight w € Zs, a chord sequence a; ® --- ® a,
where each a; € A_, and an output o € A_. The operations on our weighted A..-algebra
count such tiling patterns. That is, the operation p¥(ay,...,a,) is the sum of the output o

of all tiling patterns I' that have weight w and chord sequence a; ® - - - ® a,,.



CHAPTER 2. BORDERED HEEGAARD FLOER HOMOLOGY 22

<
Cro e N

Figure 2.1: Examples of tiling patterns. The root on the boundary is marked with the

black dot. On the left is a centered tiling pattern. On the right, a left-extended one.

Definition 2.2.3. Let I" be a tiling pattern. The weight w of I" is defined as the number of
short cycles in T'. Equivalently, the first homology H1(I';Z) of the underlying planar graph

has dimension w.

As an example, the tiling patterns on the left in Figure 2.1 has weight 1. The tiling

pattern on the right has weight 0.

Definition 2.2.4. Let I be a tiling pattern. The chord sequence of I is given by reading the
labels visible along the faces while traversing 0D (with its chosen orientation), starting at the
root. That 1s, let f1,..., fr be the faces in order along the boundary. For any 1 <1 <k, let
v, ,U;-i be the vertices in order along the internal boundary of the face f;. Then the chord

sequence of I" is defined as

(H pAvll(fl)> R...Q0 (H pAvli(fi)> R...Q (H pAulk(fk)) .
=1 =1 =1

As an example, the tiling patterns on the left in Figure 2.1 has associated chord sequence
P41 R Ps® P34 @ p3 @ pag @ pa @ pra @ p1. The tiling pattern on the right has associated chord

sequence pg ® p3 @ p2 @ P123.
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Definition 2.2.5. Let I' be a tiling pattern. Let d be the number of J-valent vertices in T'.
Order the faces and vertices as in Definition 2.2.4.
If T is a centered tiling pattern, the output is U? times the left idempotent of the first

label; namely pa (). Equivalently, it is U? times the right idempotent of the last label;
i

namely PA ) (fx)-
Tk

If T is an extended tiling pattern, the output is U? times the product of the labels along

the 2-valent vertices.

So, the operation corresponding to the tiling pattern on the left in Figure 2.1 is

pa(pa, pa, P345 P35 P23, P2, P12, p1) = Uty The operation corresponding to the tiling pattern

on the right is p3(p4, p3, p2, p123) = Upas.

2.3 The type A module

Let Y be an oriented 3-manifold with torus boundary, along with an identification of its
boundary with the torus. Such a 3-manifold can be represented by a bordered Heegaard

diagram.

Definition 2.3.1 (Bordered Heegaard diagram). A bordered Heegaard diagram for a bor-

dered 3-manifold with torus boundary is given by H = (3, o, B, z), where

e X is a compact, oriented surface of genus g with one boundary component;

o a={of,a5,a,...,04_1} are pairwise disjoint curves in ¥, where the of and af are
arcs in ¥ with boundary on 0%, and the oy, ..., a4 lie in the interior of X;
o B={pf1,...,B,} are pairwise disjoint circles in ¥; and

e 2 is a basepoint in 0¥\ (a N X); such that

the ac and B intersect transversely, and ¥\ e and ¥\ B are both connected.



CHAPTER 2. BORDERED HEEGAARD FLOER HOMOLOGY 24

Construction 4.6 in [LOT18| spells out how such a bordered Heegaard diagram gives
rise to a bordered 3-manifold. Lemma 4.9 of [LOT18| demonstrates that every bordered
3-manifold with torus boundary arises from a bordered Heegaard diagram.

The two a-arcs divide the boundary 0% into four segments, with the basepoint z in one
segment. With respect to the boundary orientation, the segments are labeled with the Reeb
chords py, p3, p2, and py, with 2z in the region labeled ps. The Reeb elements of the torus
algebra track asymptotics of pseudoholomorphic curves corresponding to the Reeb chords
on 0%. As a convention, with respect to the boundary orientation, the first a-arc after the
basepoint z is of.

Let &(H) be the set of g-tuples of points x = (z1,...,x,) on ¥ such that exactly one z;
lies on each (-circle; exactly one z; lies on each a-circle; and one z; lies on one of the two
a-arcs. Recall that G(H) generates the type A module @(’H), and will generators the
module CFA™ (H).

The operations on the type A modules count pseudoholomorphic curves in ¥ x [0, 1] x R
for appropriately chosen families of almost complex structures J, and with certain boundary
conditions. Each curve from a generator x to y € &(H) corresponds to a homology class
in m(x,y). A domain B € my(x,y) is a linear combination of the connected components of
¥\ (U @), such that its boundary lying in 3 is a linear chain from x to y. That is, if 3°B
denotes the part of 9B lying in 3, then 9(9°B) = x—y. A domain is positive if it is a positive
linear combination, and only such domains admit pseudoholomorphic representatives.

We recall a few more definitions before sketching a construction of the type A module
CFA™(H). A periodic domain is a domain in 7me(x,x) such that its multiplicity at the
basepoint z is zero. In notation, n.(B) = 0. A provincial domain is a domain such that
its boundary does not lie in 9X. In notation, 9°B = 0. A bordered Heegaard diagram is

called admissible if every periodic domain has both positive and negative coefficients, and
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provincially admissible if every provincial periodic domain has both positive and negative
coefficients.

Consider a provincially admissible bordered Heegaard diagram H = (3, a, 3, 2) for a
bordered 3-manifold with torus boundary.

Let @ be a sequence of Reeb elements and w a non-negative integer. For generators x and
y, and a homology class B € my(x,y) between them, let MZ(x,y;@;w) denote the moduli

space of embedded pseudoholomorphic maps
u:(S,09) = (Ex[0,1] xR, (e x {1} x R)U (B x {0} x R))

that are asymptotic to x x [0, 1] at —oo, to y x [0,1] at +o00, and to the chord sequence @
and w simple Reeb orbits at east infinity. A simple Reeb orbit is a map S* — 03 x [0, 1] x R
which maps to [0,1] x R by a constant map, and winds around OR once. The precise
technical constraints are considered in [LOT23, Section 3]. Let ind(B, @, w) denote one more
than the expected dimension of this moduli space, such that when ind(B,d,w) = 1 then
MPB(x,y; @ w) has finitely many points.

The construction of CFA™(H) proceeds by first constructing a weighted A.-module
CFA,, (H). The weighted As-module CFA, , (H) as a left k-module is generated by &(H).
The idempotents ¢y and ¢; correspond to of and o such that mj(x, ;) =z if xNaf,, # 0,
and mj(x, ;) = 0 otherwise. Further, if any a; is an idempotent, m¥, . (x,a1,...,a,) = 0
whenever (n,w) # (2,0); that is, CFA,,, (H) is strictly unital. For a sequence of Reeb
elements ay,...,a,, the weighted operations are defined by counting pseudoholomorphic

curves.

My (X an,. . an) = Y Y #(MPxyian. . anw) UPy.

YES(H) Bem(x,y)
ind(B,d,w)=1
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The operations on CFA_ (#H) are not U-equivariant. That is, CFA, (#) is defined over
the ground ring Fy,. The complications arise in choosing appropriate families of almost
complex structures [LOT23, Remark 6.29]. To construct CFA™(H), Lipshitz, Ozsvath, and
Thurston extend CFA,, (H) to a weighted A,-module CFA, (H) defined over a larger alge-
bra which is quasi-isomorphic to A_. Restricting scalars to A_ produces CFA™(H). The
weighted A, -module CFA™ (H) has U-equivariant module operations and is homotopy equiv-
alent to CFA, ,(H).

In this thesis, we focus on the case when genus ¢ = 1. In this case, there is a choice
of complex structure that avoids the complications of [LOT23, Remark 6.29] (c.f. [LOT23,

Section 4.2]). That is, we avoid needing to pass to CFA, (H).

2.4 More algebraic underpinnings

The type D module in the minus bordered Floer theory is defined by tensoring the type
A module with a dualizing bimodule. To do so, we must define the tensor products of
weighted A.-algebras and modules. We make use of these notions in Chapter 4, and our
definitions are merely precise enough to carry us through. A deeper dive is in [LOT20]|, while
[LOT23, Sections 1.3 and 1.5] present a synopsis relevant to the constructions in bordered
Floer theory.

In this section, we work over Fo[);, )s]. In our constructions, Y will act by 1, and Vs will
act by U. Let A and B be weighted A, algebra over ground rings k; and ks over Fy[)y, V).

Given a weighted type A module 9t and weighted type D structure D over A, we can
define their box tensor product MK 4 D. This is a chain complex, with the underlying module

M ®p,y,,y,) D and differential

0= (m},®Ip)o (lm@ ).

n,w>0
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In Section 2.1, we made use of weighted trees to represent operations on our algebras and
modules. The root of the tree is its output, and a certain subset of the leaves are marked as
the inputs. Every other vertex is internal, and is marked with a non-negative integral weight.
The dimension of a weight w n-input tree 7" is defined to be dim(7") = n+ 2w —v — 1, where
v is the number of internal vertices. Such a tree induces a map u(7T") : A®™ — A, as we saw
in Section 2.1. The trees where the left-most leaf is an input are called the module trees,
and induce maps on the weighted A,-modules. A weighted tree is said to be stable if any
internal vertex with valence less than three has positive weight.

A weighted algebra diagonal T' consists, for all n,w > 0 (and n + 2w > 2), of linear

n,wW

combinations ™" of pairs of stably-weighted n-input trees with weight at most w and
dimension n + 2w — 2, and marked with appropriate powers of ); and ),. These linear
combinations satisfy additional constraints of compatibility and non-degeneracy [LOT20,
Definition 6.6]. It is these pairs of trees that tell us what the higher operations on a tensor

product of weighted A..-algebras should be. That is, the tensor product A ®r B has higher

operations

[y = > nsrpa(T) @ us(T),

ns,r(S®T)ey™w
with the underlying module A ®g,[y, y,) B. In [LOT20| they show that a weighted algebra
diagonal exists, and this construction gives A &t B the structure of a weighted A..-algebra.
We will fix as our weighted algebra diagonal the diagonal they construct, and whose first

few terms are listed in [LOT20, Appendix A|.

Definition 2.4.1 (Weighted type DD bimodules). A weighted type DD bimodule P over

(A, B) is a weighted type D module over A ®r B.

There is a similar definition of a weighted module diagonal that allows us to define the

tensor product of weighted A..,-modules.
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To define the tensor product of a weighted A,-module with a type DD bimodule, we
require pairs of stably-weighted module trees and trees. A weighted module diagonal primi-
tive consists, for all n > 1 and w > 0, of linear combinations p™* of pairs of stably-weighted
n-input module trees and n— 1 input trees, with weight at most w and dimension n+ 2w — 2.
These too are marked with appropriate powers of ), and )», and satisfy certain compatibility
and non-degeneracy constraints (that depend on the weighted module diagonal T") [LOT20,
Definition 6.29]. [LOT20] construct such a weighted module diagonal primitive, and we list

a few of the weight 0 terms we rely upon in Chapter 4.

20 _ /®
50 _ /®
pt’ = %®\r — %@@Y + %@)Y

Given a weighted type A module 9t over A and a type DD bimodule P over (A, B), we
define the box tensor product 9 X 4 P to be the weighted type D structure with underlying
module M ®y P and differential

Srzey)=mi@)ey® 1+ Z ngr(m™(S)@1p@uP" (TP)) o (Iy; @ 5p). (2.4.2)

n57T(S®T) ep™v
n,w>0

To ensure the structure relations of the type D and type DD modules make sense—and
to further ensure the box tensor product is well-defined—we require boundedness properties

on our type A and type D modules, and our type DD bimodules. We defer the discussion of
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the boundedness properties for the type D and type DD bimodules to [LOT23, Section 7.2],
and discuss the case of the type A modules.

An A-algebra A is said to admit a filtration A = F°A D F'A O ... if the operations
p? map F™MA®---@ Fmm A to Fruttmatkw A for a positive number k. A is complete with
respect to F if it is complete as vector spaces with respect to the filtration. The definition
extends to that of a filtration of a weighted A.-module over a filtered, weighted A..-algebra.

A is bonsai if there exists an N such that for any stably weighted tree T" with dimension
dim(T") > N, the operation p(7T) = 0. A is filtered bonsai with respect to a filtration F if
it is complete with respect to F and the quotients A/F™A are bonsai. A filtered, weighted
Aso-module 9 over a filtered bonsai A is filtered bonsai if 901 is complete with respect to F
and the quotients M/F™M are bonsai.

For our type D and type DD modules, it will suffice that the type A modules we construct
are filtered bonsai with respect to a chosen filtration. Proposition 7.7 of [LOT23| provides a
summary of the boundedness constraints on the modules at play. These notions are further

studied in Section 9 of [LOT20].

2.5 The type D module

The dualizing bimodule CEDD ™ (1) is the type DD bimodule over (AY=!, A_) with generators

1o ® Lo and 11 ® 1, and differential §* given by

51(bo ® o) = (p1 ® p3 + p3 @ p1 + p123 @ p123 + P31 @ p3a1) @ (11 ® 11) 251)

51(b1 ® 1) = (p2 @ p2 + pa @ pa + Pasa @ pa12 + para @ pags) @ (Lo o)

For a provincially admissible bordered Heegaard diagram H for a bordered 3-manifold
with torus boundary, Lipshitz, Ozsvath, and Thurston define the weighted type D module
CFD™ (H) by tensoring CFA;;_,(H) with CFDD™(I). For computational purposes, it is how-
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ever more convenient to find CFD™(H) as a suitably defined extension of the hat invariant

C/'FT?(H) using the following result.

Proposition 2.5.2 (|[LOT23, Proposition 7.12]). Consider a bordered 3-manifold Y with
torus boundary. Let P be a type D structure over A = A(T?) that is homotopy equivalent to
@(Y} We assume it to be reduced; that is, that the image of % has no terms of the form
1® .

Then, P can be extended to a model for CFD™(Y'). Namely, there exist operations D, :
P — P for Reeb chords p in A_ but not in A, such that the type D structure Q@ over A_

defined over the same vector space as P with the differential

So=0p+ Y. p®D,
chords pe A_
pEA

is homotopy equivalent to CFD™(Y').

2.6 Gradings

We first briefly recall what it means to grade a weighted A, -algebra A by a non-commutative
group, a weighted A,.-module 91 by a set with a right-action of this group, and a weighted
type D module D by a set with a left-action of this group. Let H be our non-commutative
group, and consider central elements Ay, \,, € H. The element A, is the weight grading; in
the case when it is the identity, we will abbreviate Ay as A\. The grading on A satisfies the

relation

gr(l’llﬁ(a17 s Jan)) = )\g_2>\kw gr(al) o gr(a‘n)‘
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The grading on 901 satisfies the relation
gr(mi, ) (x,a1,. .., a,) = gr(z) - N 'AE gr(ay) - - - gr(an). (2.6.1)
The grading on D satisfies the relation
gr(d'(z)) = A" gr(@).

We recall two groups by which A_ is graded: the big grading group G’ and the interme-

diate grading group G.

Consider the group %Z x Z* with multiplication given by

(m;a,b,c,d) - (m';d b, c,d)

b c
s

ca+ad b+t c+d,d+d)

1
2

1 c d d a
+§|c’d’ d o

1
. +t3

1
:(m+m'—|—§

The big grading group G’ is the subgroup generated by the elements

g’(;) = (=1/2;1,0,0,0) gr’(p2) = (=1/2;0,1,0,0)
gr,(p3) = (_1/27 Oa 07 17 0) gr/(p4) = (_1/27 07 07 Oa 1)
A= (1;0,0,0,0)

The first entry is called the Maslov component of the grading; the remaining the spin®
component. The special central elements are A\; = A and A\, = (1;1,1,1,1). These, along

with gr/(U) = (—1;1,1,1,1) determine a grading on 4_.

3 Y Y )
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The intermediate grading group G is given by

= {(m;a,b) E (%zf

The multiplication on G is given by

a+beZ,m+

(2a+1)(a—2kb+1)+1 GZ}'

(m;a,b) - (m5d b)) =(m+m'+ |2} a+d;0+ ).

There is a homomorphism 7 : G' — G, and letting gr(a) = m(gr'(a)) determines a grading
on A_ by G. We leave the details of this homomorphism to [LOT21, Section 4.2], and
instead record gr for some elements. The special central elements are A\; = A = (1;0,0) and

Aw = (0;0,0). On Reeb chords, it takes the values

gr(py) = (=1/2;1/2,-1/2) gr(p2) = (=1/2;1/2,1/2)
(—=1/2;-1/2,1/2) gr(pa) = (=3/2,-1/2,-1/2)

gr(U) = (=2;0,0)

gr(ps)

Now we turn to grading CFA™ (H) for a bordered Heegaard diagram H. Given generators x

and y in &(H), we can associate to each domain B € 7(x,y) a grading in G’. That is,

gr'(B) = (—e(B) — ny(B) — ny(B);(?aB), (2.6.2)

where e(B) is the Euler measure of B [LOT18, Section 5.2 and ny(B) and ny(B) are the
average of the local multiplicities of B in the four regions near the points in x and y [LOT18,

Section 5.7|. The grading set for CFA™ (H) is the quotient of G’ by the gradings of the periodic
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domains. That is, for a fixed spin‘~structure s and a generator x with s(x) = s, let
P'(x) = (gr'(B) | B € m2(x,%x),n.(B) = 0).

Then the grading set is S’(H,s) = P'(x)\G’. Given a generator y with s(y) = s, choosing

any B, € m(x,y), we can define

gr'(y) = P'(x) gr(B,).

This definition is independent of the choice of domain B, [LOT23, Proposition 8.2].
In a similar fashion, we can grade CFA™(H) with the analogous right G-set associated
to the intermediate grading group. We remark that the gradings on CFA™ (H) are a direct

extension of the gradings on 6F\A(H)

2.7 Embedded index formula

In this section, we record some useful results about the expected dimension of the moduli
spaces. The first of these proves a combinatorial formula for the expected dimension, and is

known as the embedded index formula.

Proposition 2.7.1 ([LOT21, Proposition 3.30]). Let B be a homology class in mo(x,y) and
a a sequence of Reeb chords compatible with B. Let w be the number of simple Reeb orbits.
Then,

ind(u) = ind(B, d,w) = e(B) + nx(B) + ny(B) + |d| + (@) + w. (2.7.2)

Here, e(B) is the Euler measure. ny(B) and the ny(B) are the average multiplicities of

B at the points in x and y. We shall also call these the point measures. We refer the reader
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to [LOT23, Formula (3.28)] for a definition of ¢(a@). Instead, we rely on the following result

to compute it.

Lemma 2.7.3 ([LOT23, Lemma 3.29]). Let @ = (ay,...,an) be a sequence of Reeb chords
such that the right idempotent of a; is equal to the left idempotent of a;y1 for alli. Then (a)

1s the Maslov component of

gr'(ar) - - gr'(am).

The embedded index formula leads to a proof of the additivity of the expected dimensions

of the moduli spaces.

Proposition 2.7.4 (|[LOT21, Proposition 3.36]). Let B € my(x,y) and B’ € ms(y,z) be
homology classes, and @ and @ be sequences of Reeb chords compatible with B and B’ re-
spectively. Then B + B’ is a homology class in my(X,z), and the concatenation (a,d’) of the

sequences a and a 1is compatible with it. The index is additive, namely

ind(B+ B, (d,d),w+w'") =ind(B,d,w) + ind(B,d,w").

2.8 Pairing theorems

The dream of bordered Heegaard Floer theory is to recover the Heegaard Floer invariant of
a manifold by pairing the type A and type D invariants of the pieces. At the time of writing
this thesis, pairing theorems for the minus variant remain under construction in upcoming
work of Lipshitz, Ozsvath, and Thurston [LOT|. We provide a brief sketch of the nature of
this pairing.

There is a filtration on A_ given by the length of its elements, where each Reeb chord p;
has length 1, and U has length 4. We let .A_ denote the completion of A_ with respect to

this filtration, and remark that it is filtered bonsai. Let CFA™(H) denote the completion of
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CFA™ (H) with respect to the U-power filtration, such that CFA™(H) = CFA™ (H) ®r,[u]
Fo[[U]]-

Theorem 2.8.1 (|[LOT23, Theorem 1.36], [LOT]). Given bordered 3-manifolds Y; and Ys

with —0Y, = T? = 0Y,, there is a homotopy equivalence

CF~ (Y, Upe Y;) ~ CFA~ (Y3) ® CFD (Y}).

For the tensor products to be well-defined, we require boundedness properties on the type
A and type D modules. In particular, we require that CFA™(H) is filtered bonsai. This
is guaranteed when the bordered Heegaard diagram #H is admissible [LOT23, Lemma 7.5,
Corollary 7.8]. There is a graded version of the pairing theorem as well [LOT23, Theo-
rem 8.11], [LOT20]. In practice, the graded computations work exactly as in the case for

the hat flavor of bordered Heegaard Floer.
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Chapter 3

Description of C'FA™ with planar graphs

In this chapter, we construct the type A modules CFA™(H) for certain Heegaard diagrams
‘H corresponding to pattern knots for satellite operations. The operations on the type A
modules will count certain classes of decorated planar graphs. This is analogous to the
construction of the torus algebra, as described in Section 2.2. A similar calculus of planar
graphs has found use in other aspects of bordered knot Floer theory, to explicitly construct
weighted A, algebra extensions of familiar objects: Ozsvath and Szab6 construct weighted
deformations of their bordered knot algebras [0522; OS23|; and Khan constructs weighted
A algebras associated to star-shaped Heegaard diagrams, and proves they are Koszul dual

[Kha24].

3.1 Motivation

As motivation, we will construct the type A module for the O-framed solid torus. The
bordered Heegaard diagram H,, for the O-framed solid torus is pictured in Figure 3.1. There
is one homologically non-trivial S-circle, which intersects an a-arc at a. As a left Fy[U](o, t1)-

module, CFA™ (H) is freely generated by a.
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-.P3 P2

Figure 3.1: A bordered Heegaard diagrams H, for the O-framed solid torus. The
intersection of the a-arc and the fS-circle is a. There is a marked point z near the boundary

with Reeb chord p;.

Remark 3.1.1. Our construction of CFA™ (H ) using certain planar graphs will readily gener-
alize to our construction of other type A modules. We use x,y, z, ... to denote generators of
the type A module in constructions and arguments where specifics of the Heegaard diagram

Hs: do not feature. To specialize to H, read all of these as a.

As our diagrams H are of genus g = 1, instead of looking at positive domains B € m(x,y),
it is equivalent to look at immersions of the disk into the torus with appropriate boundary
conditions. That is, let D denote the standard unit disk in C. Consider the bordered
Heegaard diagram to be drawn on the torus 72. Let the a-arcs intersect transversely at a
point p, which represents the boundary component of ¥. We can label the quadrants around
p with 1,2, 3,4 in a clockwise orientation; this records the Reeb chords. We further let the
[-circle intersect the a-arcs transversely too; in the case of Hy, in a single point a. The

immersions we are interested are maps u : ) — 72 such that:

e If |z| =1 and Re(z) < 0, then u(z) lies on the a-arcs; if |z| = 1 and Re(z) > 0, then
u(z) lies on the p-circle. That is, the left boundary of the disk is mapped to the a-arcs;

the right, to the g-circle.
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o u(—i) =xand u(i) =y.

e The map u is an immersion everywhere, except for pre-images of the point p that lie

on the boundary 0D.

In slight overload of terminology, we shall say such an immersion u is an immersed disk
from x to y.

The presence of such an immersion does not guarantee a contribution to an operation on
the type A module. We further require a count of the number of pseudoholomorphic repre-
sentatives of any such immersion. It is a fact of complex analysis that any such immersion
u that maps the corners at —i and ¢ to acute corners admits a unique pseudoholomorphic

representative.

Proposition 3.1.2. Let u : D — T? be a disk from x to'y, and suppose further that it maps
the corners at —i and i to acute intersections of the a-arcs and (B-circles.

Let B be the positive domain in mo(X,y) corresponding to the image of u; that is, each
elementary domain is included with multiplicity by which w covers it. The labeling of the
quadrants around p determines a sequence of Reeb chords a associated to u, as encountered
in order along OD. The number of simple Reeb orbits w is the count of pre-images of p in
the interior of 0D.

Then, # (MB(x,y; a; w)) =1 mod 2.

Proof. This is a classical result in Heegaard Floer theory. See [Han14, Proposition 2.7.3| for

one exposition of a proof. O

3.1.1 Planar graphs and tiling patterns

Instead of working with immersions of the disk, we associate to each immersion a deco-

rated planar graph. These decorated planar graphs we call module tiling patterns, and they
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-.P3 P2

Figure 3.2: The dual graph for the 0-framed solid torus. The bordered Heegaard
diagrams is given by the thick red arcs and the thick blue curve. The black nodes are the
vertices in I'(H). The edges in I'’(H) are dotted purple, and the remaining edges in

['(Hs) are grey.

uniquely specify an immersion of the disk into the torus. The description of the operations
on CFA™ is in terms of these module tiling patterns. Not only does this make the description
of the modules combinatorial, but also aids in proving the structure relations on CFA™, as
the operations on the algebra A_ are constructed with similar classes of planar graphs.
Given a bordered Heegaard diagram H, we can associate a graph I'(H) that is dual to
the a-arcs and the f-circle: To each component of ¥ \ (a3 U ay U ), associate a vertex.
There is an edge connecting any two components across an a-arc or a [-circle if the two
components share the arc or circle as a boundary. Figure 3.2 illustrates this for a bordered
Heegaard diagram of the solid torus. We denote the edges that cross the S-circle by I'*(H).
An immersion u from x to y naturally gives rise to a (necessarily) planar graph in the
disk, by taking the pre-image of I'(#). These planar graphs are connected and come with
an embedding into the disk . We will mark the boundary of the disk with red where it
maps to the a-arcs, and with blue where it maps to the f-circles. The pre-image of I'(H)
meets the boundary of the disk in leaves, and these do not correspond to vertices of I'(H).

As a convention, we use vertex to refer to vertices of our planar graphs that are not leaves.
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Figure 3.3: An immersed disk and its corresponding module tiling pattern.

The pre-image of I'(H) may contain pre-images of edges from I'’(H). We contract these
edges. If this results in parallel edges between vertices, we delete the parallel copies. We call
this resulting graph, associated to our immersion u, I'(u). Figure 3.3 illustrates the planar
graph corresponding to an immersed disk for H,;. There are four vertices before we contract

the edges in the pre-image of ['#(H,;), but three vertices post contraction.

Definition 3.1.3. Let I' = T'(u) for an immersion u from x to'y. The faces of the planar
graph T are the components of D\ T'". If a face intersects the blue boundary, we call it a blue
face. If it otherwise intersects the red boundary, we call it a red face. The faces that are
neither blue faces nor red faces are the internal faces.

We call a vertex with an edge to the blue boundary a blue vertex. We call every other
vertex a red vertex.

The internal faces in our graphs are bound by four edges. We refer to these boundaries

as short cycles.

The red vertices correspond to regions that have as boundary solely the a-arcs. Equiv-
alently, they correspond to gluing in a copy of the whole torus cut along the a-arcs. We
further observe that every vertex in a planar graphs I'(u) meets at most four faces that are

not blue.
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A module tiling pattern consists of such a planar graph I'(u) along with additional data.
Along the intersections of the red and the blue boundaries of the disk, we mark x and y for
u an immersion from x to y. Along with each vertex v, we record a power of U to keep track
of the multiplicity of intersection with z; that is, U, = U* for i € {0,1}. The red vertices
represent an additional copy of the torus; therefore, U, = U. When we illustrate the module
tiling patterns, we omit recording U,,.

The module tiling patterns come equipped with a labeling around the vertices to keep

track of the Reeb chords.

Definition 3.1.4. Let I' be a planar graph arising from an immersion. For any vertex v,
let Q, be the set of non-blue faces that meet v. A valid labeling on I' consists of a labeling

Ay :Q, — {1,2,3,4} for every vertex v such that:

o Let Q, = {ri,...,mx} be the non-blue faces around v, labelled in clockwise order.
We observed previously that k is at most four. Then, up to a cyclic reordering,

Ay(r1), ..., Ap(rr) is a contiguous subsequence of (1,2,3,4).

o [fe:vy — vy is an edge oriented such that a non-blue face f is to the right of e, then

Ay (f)+1= A (f) mod 4.

This is analogous to the labelings on the algebra tiling patterns. Analogously, a valid
labeling is uniquely determined by its value on any single non-blue face. An immersion u
from x to y gives rise to a valid labeling on I'(u) using the labeling of the quadrants near p
in 72. Figure 3.3 illustrates one such valid labeling that arises from an immersion.

The above discussion constructs from an immersion v a module tiling pattern T'(u).
Conversely, given a module tiling pattern I' that coheres with the [S-circle, we can construct
an immersion u: the dual graph provides a recipe to take regions of T2\ (a; U ay U )

and identify them along shared edges. We do not spell out the conditions near the (-
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circle; our module tiling operations will be constructed iteratively from simpler module
tiling operations.

As a convention, we orient the boundary of the disk on which we draw our planar graphs
counterclockwise. We draw the module tiling patterns with the blue boundary on the top,
and the red boundary on the bottom. If I' is a module tiling operation from x to y, we list
x on the left blue-red intersection, and y on the right intersection.

Immersions correspond to operations on the type A module, provided they admit pseu-
doholomorphic representatives. We spell out this correspondence with operations on the

module for the module tiling patterns.

Definition 3.1.5. Let I' be a module tiling pattern. The weight w of I is defined as the
number of short cycles in U'. Equivalently, the first homology H1(I';7Z) of the underlying

planar graph has dimension w.

Recall that for an immersion u, the number of Reeb orbits equals the count of the pre-

image of p in the interior of I. This is equal to the count of the short cycles in I'(u).

Definition 3.1.6. Let I be a module tiling pattern. The chord sequence of I' is given by
reading the labels visible along the red faces while traversing OD (with its chosen orientation).

That is, let f1,..., fx be the red faces in order along the boundary, starting from any blue
face. For any 1 <i <k, letvi,... ,v;-i be the vertices in order along the internal boundary

of the face f;. Then, the chord sequence corresponding to I' is defined as

J1 Ji Jk
(H pAvll(fl)> ®...® (H pAUf(fi)> ®...® (H pAvlk(fk)) :
=1 =1 =1

Lemma 3.1.7 (c.f. [LOT21, Lemma 3.6]). Let I" be a module tiling pattern, and a; ®- - -®ay,

its chord sequence. Then, a1®- - -®a,, is non-zero; and for any 1 < i < n, we have a;a;11 = 0.
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Proof. For any 1 <1 < n, factorize a; as a; = ap;. This means the last vertex of the red face
fi carries the label 5. This vertex must be the first for the red face f;11, and its corresponding
label is forced to be j —1 mod 4 by virtue of the labeling conventions. So, a;+1 = p;_1a’.
This ensures that a;a;11 = 0; and that the idempotents of a; and a;y; agree and the chord

sequence is non-zero. ]

Let I' be a tiling pattern from x to y with weight w and corresponding chord sequence

a1 ® ...® a,. The module operation associated to I' is

my, (X, a1,...,a,) = ( H Uv> y.

vertex vel’

For example, the module operation associated to the module tiling pattern in Figure 3.3 is

my 5(a, pa, pras, p2, p1, par) = Ua.

3.1.2 Moves to construct new module tiling patterns

In [LOT23, Section 9.2, Lipshitz, Ozsvath, and Thurston sketch three moves to obtain new
immersions from a starting set of immersions of disks into the torus. We recall these moves
now, and spell out their analogues in terms of the tiling patterns. All operations on our type
A modules will admit a simple inductive description based on these moves.

Move (1): Consider two immersions of the disk corresponding to the operations
m¥ (X, a,...,a,) = Ury and m¥,,,(y,a},...,a,) = U'z such that a,a; # 0. The fact
that a,a} # 0 means that we can glue the two disks along the a-arc between y and a, of
the first disk, and between y and a} of the second disk. This yields a new immersion from
x to z. The weights add, and the corresponding operation is

ww’

/ / o k+1
My 0 (X, Q1,2 ARG, .. a,) = UMz,
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Figure 3.4: An illustration of disks where move (1) can be performed. The two

disks can be glued along the shaded edge. This results in the disk from Figure 3.3.

Figure 3.5: Move (1) on module tiling patterns. The labeling near the vertex is forced
by the condition that a,a} # 0. The move identifies the two edges to the red boundary on

the left.

Figure 3.4 illustrates an example of disks that can be glued as such. Here, m3(a, p2, p1) =
a and m(a, pe3, p2, p1, pa1) = Ua yield the new operation m(a, pa, p123, p2, p1, pa1) = Ua.

In terms of the module tiling patterns, the new module tiling pattern is obtained by
gluing the right blue-red intersection of the first pattern with the left blue-red intersection of
the second pattern, in such a way that the last edge to the red boundary of the first pattern
is identified with the first edge to the red boundary of the first pattern. This is illustrated
in Figure 3.5.

Move (2): Consider an immersion of the disk corresponding to the operation
my,,(x,a1,...,a,) = UFy. For any 1 < i < n with qa;4; = 0, write a; as a’p;. We

can glue in a copy of the torus along an a-arc to the edge between a; and a;, ;. This yields
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\_/

Figure 3.6: Move (2) on module tiling patterns. The move adds a new vertex with

labelings as illustrated.

a new operation

w o k+1
m3+n(X, A1y ooy QiPjit1, Pjs Pi—1s Pj—20it1s - -5 Gn) = Uy

Move (2) on the immersed disk on the left in Figure 3.4 with ¢ = 1 yields the immersed
disk on the right. As another example, m3(a, ps4, p3) = Ua yields m(a, pa1, pa, ps, pa3) = Ua.

In terms of the module tiling patterns, the move adds a new red vertex to the pattern.
This is illustrated in Figure 3.6.

Move (3): Consider an immersion of the disk corresponding to the operation
my,,(x,a1,...,a,) = UFy such that there is an 1 < i < n with |a;] = 4. There is an
a-arc that precedes and follows the chord a;, and we can glue the two together to obtain a

new disk. This increases the number of simple Reeb orbits by one, and yields the operation

w—+1 _ k
my,_q (X> A1y ey j—2, Aj—1Qj41, Aj4-2, - - 7an) =U"y.

Move (3) can be performed on the disk illustrated in Figure 3.7, by gluing the cut drawn
with black. The operation m$(a, pe3, pa, p1, Pa123, P2, P1, pa1) = UZa induces the operation

mé(a, P23, P2, P12, P1, P41) = U?a.
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Figure 3.7: An illustration of a disk where move (3) can be performed. There is a

cut in the disk drawn with black, and the edges on either side can be glued together.

‘—>

i+ 1 i+ 2

v

Figure 3.8: Move (3) on module tiling patterns. The move creates a new internal face,
and the labelings remain unchanged. The labelings around the newly formed edge remain

consistent by virtue of the labeling conventions around vertices, as depicted in the figure.

In terms of module tiling patterns, the move takes a five-edged red face and glues the two
edges going out to the boundary to create a new internal face. This, along with a schema
for the labelings, is illustrated in Figure 3.8.

The three moves have evident inverses. An inverse of move (1) splits a module tiling
pattern along an edge visible from both the red and blue boundaries, and yields two smaller
module tiling patterns. An inverse of move (2) removes a red vertex. An inverse of move
(3) punctures an internal face that shares an edge with the red boundary. We note that the
three inverses result in simpler module tiling patterns, either in terms of the total number

of vertices, or internal faces.
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The following proposition computes the index of an immersion resulting from performing

any of the three moves.

Proposition 3.1.8. Let B € my(x,y) and B’ € my(y,z) be homology classes, and d =

(a1,...,a,) and @ = (a},...,al,) be sequences of Reeb chords compatible with B and B’

respectively. Let w and w' be their respective number of simple Reeb orbits.
If (B,c:i, w) is obtained from performing move (1) on immersed disks corresponding to

(B,d,w) and (B',d’,w’), then

ind(B,d, w) = ind(B, d@, w) + ind(B,d@,w') — 1.

to (B,d,w), then
ind(B, @, w) = ind(B, @, w).

In particular, if ind(B, d,w) = ind(B',d’,w') = 1, then ind(B,cNT, w) =1.

Proof. Move (1): The homology classes and weights are additive under move (1): B is B+ B’
and @ is w 4+ w'. The chord sequence @ is given by (a1,...,a,ay,...,al).

The additivity of the index, Proposition 2.7.4, says that ind(B+ B’, (@, d’), w+w’) equals
ind(B, @, w) + ind(B, @, w'). Tt suffices to show that ind(B + B',d,w + w') is one less than
ind(B + B, (d,d'),w + w'). This follows from the right hand side of the embedded index
formula, Equation (2.7.1). The Euler measure, point measures, and weight remain the same.
The terms ¢((@,a)) and (@) can both be expressed as the Maslov component of the same

product of gradings using Lemma 2.7.3, and so are equal. The only term that changes is the

length of the chord sequence, and it drops as desired by one.
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Move (2): Any move (2) adds a copy of the torus to the homology class, so B = B + [%].
The new chord sequence is a= (a1,...,Gipj+1, Pj, Pi—1s Pj—2Qit1, - - -, Qy) for some 1 < i < n
with a; = bp;. The weight is left unchanged.

The Euler measure e(B + [X]) = e(B) — 1, while the point measures of B + [X] are one

more than that of B. To compute the change in ¢, note that

gr’(ar) - -~ gr'(aipj1) gr'(ps) gr'(pj—1) g’ (pj—2ait) - - - g1’ (an)
= gt'(ar) - gr'(ai) (v (pja) ' (ps) &' (pj—1) &' (pj—2)) gt (@iva) - - - g1’ (an)

=gr'(ar) - gr'(a;)(—3;1,1,1,1) gr'(ait1) - - - gr'(an)

The element (—3;1, 1,1, 1) is central, and in particular drops the Maslov component by three.

So, by Lemma 2.7.3, 1(d@) = +(@) — 3. Putting it together,

ind(B + 2], a, W) = e(B+ [X]) + nk(B + [X]) + ny(B+ [X]) + |EY| + L(ET) + W

= (e(B) = 1) + (nx(B) +1) + (ny(B) + 1)
+(|a@] +2) + (e(@) — 3) +w

= e(B) + nx(B) + ny(B) + |d| + (@) + w = ind(B, @, w).

Move (3): The homology class is left unchanged as a result of move (3). The new chord
sequence is a= (a1,...,a;-1ai41,...,a,) for some 1 < i < n with |a;| = 4; and © = w + 1.
Observe that gr'(a;) = (—1;1,1,1,1) for any Reeb chord a; with length four. Multiplica-

tion with (—1;1,1,1,1) drops the Maslov component by one, so Lemma 2.7.3 implies that
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ind(B, @,w) = e(B) + nx(B) + ny(B) + |d| + +(d) + @
=e(B) +nx(B) +ny(B)+ (|lad| —2) + (¢«(@) + 1)+ (w+1)

= e(B) + nx(B) + ny(B) + |a| + «(@) + w = ind(B, d@, w). O

3.1.3 Characterization of all module tiling patterns

We have seen that immersed disks that form acute angles at the intersections of the a-arcs
and the f(-circles contribute operations to the type A module. The following proposition

shows that those with obtuse angles do not.

Proposition 3.1.9. Let u: 1D — T2 be a disk for Hy from a to a, and suppose further that
it maps the corners at —i and i to obtuse intersections of the a-arcs and [(-circles.
As in Proposition 3.1.2, let B be the positive domain in 7w (a,a), @ the sequence of Reeb

chords, and w the number of simple Reeb orbits corresponding to u. Then, ind(B,d,w) > 1.

Proof. This too is a classical result in Heegaard Floer theory, c.f. [Pet13; Hom13|.

P3 P4
CL |/
a o
- p2 ,01/ _

- p2 p1/ -

J \ J

Figure 3.9: An illustration of a disk with an obtuse angle at the a-arc and S-circle
boundary. There is a cut in the disk indicated by the black line, and a branch point at the
end of the cut. When the boundary branch point goes out to the a-arc, the disk decomposes

into two disks. The chord sequences for the two disks in order are (po, p12, p1) and (p4, p3).
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a a aa

Figure 3.10: The building blocks for operations for the O-framed solid torus.

A disk with an obtuse intersection along the a-arc and [-circle admits a cut along the (-
circle. Suppose for simplicity that there is one such obtuse intersection. When the boundary
branch point goes out to the a-arc, the disk decomposes into two disks with acute intersec-
tions along the a-arcs and [-circles. These we have seen to have index one. That is, we can
express (B,d,w) as (B'+ B”,(d',d"),w + w"), where ind(B’,d’,w') = ind(B",d",w") = 1.

The additivity of the index tells us that ind(B,d,w) > 1. O

We are ready to characterize all operations on the type A module CFA™ (H) in terms

of two simple module tiling patterns.

Proposition 3.1.10. Any operation on the type A module CFA™(Hs;) can be obtained as the
operation assoctated to a module tiling pattern constructed by starting with the two building
blocks in Figure 3.10, and performing a finite sequence of the three moves catalogued in

Section 3.1.2.

Proof. Let u : D — T2 be an immersed disk from a to a for H,. There is a neighborhood
of the f-circle on the torus that does not contain the marked point p, but contain the two
vertices in I'(H). In this neighborhood, w lifts to the universal cover of the torus. We can
read off the graph I'(u) near the blue boundary from this lift. The two possibilities for the
structure of this are depicted in Figure 3.11. The description near the blue-red intersection
is forced by virtue of the angle of intersection being acute. We call the top-most horizontal

arc the spine of the tiling pattern.
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Figure 3.11: The structure of a module tiling pattern for H,; near the blue bound-

ary. The horizontal arc is the spine.

The graph I'(u) is connected and planar. Away from the blue boundary, ever vertex of
['(u) is 4-valent, and every internal face is bound by four edges. This is entirely analogous
to immersions of the disk from which the torus algebra arises.

We prove the result by induction on the number of internal faces and then the number
of vertices of T'(u).

If there exists an internal face in T'(u), then there exists one that is adjacent to a red
face. The inverse of move (3) allows us to puncture this internal face without modifying the
rest of I'(u), reducing the total number of internal faces by one.

Suppose now that there are no internal faces in I'(u). If the number of vertices along
the spine of I'(u) is greater than one, then there exists an edge between two vertices that
separates the blue and the red boundary. The inverse of move (1) allows us to decompose
['(u) into two smaller module tiling patterns, each with at least one fewer vertex.

We are left with the case where there are no internal faces in I'(u), and there is exactly
one vertex along the spine. Let us consider the graph obtained by deleting the spine. This
graph is a tree, where every vertex is 4-valent. It decomposes this into [ arcs intersecting
each other transversely. Suppose we can find an arc that intersects the red boundary and
exactly one other arc, and consider the face this arc would bound with the red boundary. If
the face bounded contains a single edge, we observe that we can use the inverse of move (2)

to get rid of the vertex of intersection in I'(u). Otherwise, the face bounded must contain a
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tree where every vertex is 4-valent. We can recurse down to this tree to find a vertex that

can be eliminated with the inverse of move (2).

]
&

'.‘

Figure 3.12: A graph for H illustrating possible simplifications with move (3). In
dashed is drawn the spine. The three arcs drawn in thick intersect exactly one other arc.
Two of them can be removed by an inverse of move (2). The remaining arc us to recurse to

a smaller graph.

It remains to find such an arc. Let the [ arcs intersect i1, ...,%; other arcs, where each
ir, > 1. The tree has 34 _, 41,/2 vertices and 21 leaves. The number of edges is 7. _, (ix + 1).

As a tree, the number of vertices is one more than the number of edges; so,

! . ! l

(1 ) 1 ) 2
E - 2l:§ 1 1:>—§ —92_Z
k:12+ k:1(2k+ )+ l n l

k=1

This implies that average of the 4 is less than two. There must thus be a m with 7, = 1.
This mth arc could intersect the blue boundary. If so, we can consider the tree obtained
by deleting it. As there is only one arc that intersects the blue boundary, we are left with
a tree where every vertex is 4-valent and every arc in the decomposition intersects only the
red boundary. Repeating the same argument for this sub-tree finds the arc we are looking

for. O
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Remark 3.1.11. In the proof of Proposition 3.1.10, for the sake of simplicity of exposition we
first do all move (1)s to reduce the length of the spine, and then do move (2)s to eliminate
the red vertices. However, we could indeed first eliminate all red vertices, and then break
up the tiling pattern into simpler pieces. The enumeration of the basic building blocks is a
finite calculation—that is, the tiling patterns that do not have red vertices and cannot be

broken apart with move (1) into simpler tiling patterns.

C 2D
Upa®p3 p2®p1

Figure 3.13: A representation of the type A module CFA™ (Hy).

The type A module CFA™(H;) can be represented by the graph in Figure 3.13. The node
corresponds to the generator x, and each edge represents an operation corresponding to the
building blocks depicted in Figure 3.10; namely, m3(z, ps, p1) = x and m3(x, py, p3) = Uxz.

Every other operation can be generated from the edges using the three moves.

3.1.4 The A, relations

The description of the operations for the type A module CFA™ (Hg) in terms of counting
the module tiling patterns allows us to prove that the module satisfies the A, structure

relations.

Theorem 3.1.12. The type A module CFA™ (Hs), with operations {m{’,,} given by counting
its module tiling patterns of chord sequence length n and weight w, satisfies the Ao, structure

relations.

Proof. We verify the A, relation for a fixed input (z,aq,...,a,) and weight w. Recall that

the A, relation states that the sum of all operations associated to weighted trees with two
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internal vertices is zero. We distinguish the operations corresponding to the two vertices as
the inner and outer operations; or respectively as the first and second operations. We show
the A, relation holds by pairing non-zero terms that appear in this A, relation: over Fy,
then, the terms cancel.

It suffices to consider the case when all the a; are basic algebra elements, as the operations
extend linearly. Let us consider the case when some a; is an idempotent. Recall that
the torus algebra and our type A modules are strictly unital; that is, u®(as,...,a,) and
me(x,aq,...,an,—1) are both zero if any of the a; is an idempotent and (m,w) # (2,0). The
only possibility for an idempotent in a sequence of inputs (z,as, ..., a,) corresponding to a
non-zero term in the A, relation is then for just one a; to be an idempotent. If a; is an
idempotent, the cancelling terms consist of doing a u9 followed by a module operation and
a m$ followed by a module operation; if a,, is an idempotent, we first do a module operation
and then m} to cancel against u followed by a module operation. For example, in the weight

0 Ay relation with input (z, p4, ps, ¢t1), the following two non-zero terms cancel

mg(aﬁ,m,ug(ps, 1)) = mg(mg(ﬂ%m,PB), t1).

If a; is an idempotent for 1 < i < n, the cancelling terms consist of a 13 to the left and the
right of the idempotent.

We now consider the case where all the a; are Reeb elements. The following is how the
non-zero terms cancel. Each term appears twice in the list to illustrate the pairing.

First, we consider the cases where both internal vertices in our tree for the A, relation

correspond to module operations.

. —an! ’
(T-1) Consider terms of the form mj ", (mi”ﬂ- (x,a1,...,a5),Qj11,- .. ,an), where

aja;+1 # 0. These cancel against m¥ (x,ay, ..., 13 (aj,a;11),...,a,). Note that this is pre-

cisely the operation that move (1) produces, and is thus non-zero. In terms of the module
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tiling patterns it corresponds to concatenation as in Figure 3.5. For example, in the weight 1

A relation with inputs x, pa3, p2, P12, P1, Pa1, P2, P1, the following two non-zero terms cancel

mg(mé(%m?ﬂP27P12,P17P41),P2,P1) = m%(%0237,02,P12,,017Mg(041,PQ),Pl)-
(T-2) Consider terms of the form m?f;f_/j (mﬁj(x, Aty oy @)y Qjgts - -, an), where

;41 = 0.

Let I'y and I'y be the module tiling patterns for the first and second operations respec-
tively. Because aja;i1 = 0, the two must have differing spines as in Figure 3.11. We view
the two tiling patterns as sharing a common blue boundary. We can glue the two patterns
along this common boundary, while identifying edges that touch this blue boundary. These
edges can be located as the pre-image of the edge in T”’(H,;). We contract these edges as in
our construction of the module tiling pattern associated to an immersion, and delete parallel
edges. Contracting an edge identifies two blue vertices as one, and we say the new vertex is
red. In other words, we glue the immersed disks for the two operations along their common

blue boundary.

For this case, suppose the length of the blue boundaries of I'; and I'ys match. In this case,
the two patterns glue together perfectly. This yields a tiling pattern with no blue boundary;
and it satisfies the properties of the torus algebra’s tiling patterns. Placing the root at the
left of the identified spines produces an algebra tiling pattern corresponding to a centered
algebra operation, and the term cancels against m9 (x, u* (a1, ...,a,)). The output of the
centered algebra operation is a power of U times the left idempotent corresponding to the
first label after the root. The mJ product of this idempotent with the generator z is non-zero

because I'; is a disk from z. The powers of U line up as the identification of the two spines
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produces an arc where every vertex carries precisely a labeling of U. A schema for this is

illustrated in Figure 3.14.

212121 212121

Figure 3.14: The term cancellations in (T-2) in Theorem 3.1.12. On the left, the
first module tiling pattern is drawn on the bottom, and the second on the top. The tiling

pattern for the centered algebra operation is on the right.

For example, in the weight 0 A, relation with inputs x, ps, p1, pa, p3, the following two

non-zero terms cancel:

mg(mg(x, P2, p1)7 P4, p3) = mg(l’, /’Lg(p27 P1, P4, p3))
(T-3) Consider terms of the form m’ﬂ;";”_/j (mﬂj (z,a1,...,a;),aj41,...,a,), wWhere
a;ajy1 = 0. Let I'y and I'y be the module tiling patterns for the first and second opera-

tions respectively.

For this case, suppose that the length of the blue boundaries do not match. Say the
length of the blue boundary of I'; is longer than that of I'y. The other case is entirely
analogous; for completeness, we will run through the differences after this discussion. When
we perform the gluing of I'y with I's, the red boundary of I's juts against the blue boundary
of I'y, along a face f’ of I'y. Consider the penultimate edge e of this face—that is, the edge

preceding an edge ¢’ to the blue boundary. We will perform a maneuver we call pushing out
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the edge e to the red boundary just before the blue-red intersection, breaking it into two

edges.

Consider the face f of I'; that lay on the other side of the edge e. There are two
possibilities for the f: it is either an internal face and is bound by four edges, or it touches
the boundary. If it is an internal face, pushing e out to the boundary punctures this face.
This produces a module tiling pattern with p;p;11piropirs as the last term of the chord
sequence of the tiling pattern, while the other terms remain the same. The weight of the
tiling pattern is one less than the sum of the two, as we puncture an internal face to construct
it. It is thus a pattern for the operation mg:nl(x, A, ..., a4y, ug) with the same output, and
our term cancels against this. We observe that there is exactly one length four chord in g
for which there could be a tiling pattern because of the labeling restrictions. In particular,

this is the length four chord a such that a,, ® a # 0 so the idempotents match; but a,a = 0.

A schema for this cancellation is illustrated at the top of Figure 3.15. As an example, for
the weight 1 A, relation with inputs x, pes, p2, p12, p1, P41, P4, p3, the following two non-zero

terms cancel

mg(mé(m’, P23, P2, /3127/)17/?41)7/)47/)3) = m8(557/?237 P2, P125 P1, P41, P4, /)3,,02341)

= mg(x, 023, P2, P12, P15 P41, P4, P35 ,u(l)).

If the face f touches the boundary, it must touch the red boundary. This is because there
are no internal edges on which either side lies the blue boundary. Pushing e out disconnects
the module tiling pattern, producing two patterns I',, and I',. We call this the disconnected
tiling pattern a composite tiling pattern, and represent it as I',, # I',. The pattern I',, is a
valid module tiling pattern, while the pattern I', has only red vertices. We claim that there

is a right-extended algebra operation p;* (a, ..., a,) such that I, is a module tiling pattern
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for the operation my’ "', (v, a1,..., apn_p, p," (@p—ks1,...,a,)). This is then a non-zero term

which cancels against our given term.

Let the last term of the chord sequence of I, be p;pii1 ... pi- Along the edge pushed
out to the boundary in I'y, add [ + 1 2-valent vertices. Label these 7,2+ 1,...,7 4+ [ on the
right. The labelings remain consistent for I', as these were the labelings for an erstwhile face
of I'y. Mark as root the leaf where the pushed out edge touches the boundary. This makes
I', an algebra tiling pattern for the right-extended algebra option p* (an—g+1,.-.,an), as

desired.

A schema for this cancellation is illustrated at the bottom of Figure 3.15. As an example,
for the weight 0 A, relation with inputs x, p4, p34, p3, p2, p1, the following two non-zero terms

cancel

mg(mé($7p4,P34>Pg),P2,P1) = mS(x,p4,p3)

= mg(x7 P4, :ug(p?)lb P35 P2, pl))

As another example, in the weight 0 A, relation with inputs x, p4, p3a1, P4, P3, P23, P2, P15

the following two non-zero terms cancel

mg(mg($7p4,;0341,,047037;023)702;;01) = mg(%maMg(P341,P47;03,P23;;02,P1))~

We briefly describe the analogous case where the length of the blue boundary of T’y is
shorter than that of I'y. When we perform the gluing of I'y with I'y, the red boundary of the
'y juts against the blue boundary of I'y, along a face f’ of I'y. Consider the second edge e

of this face, and push e out to the red boundary just after the blue-red intersection.



CHAPTER 3. DESCRIPTION OF CFA- WITH PLANAR GRAPHS 59

Figure 3.15: The term cancellations in (T-3) in Theorem 3.1.12. On the left, the
first module operation is drawn on the bottom, and the second on the top. The labels are
arbitrarily chosen.

Top: pushing out the edge e to the red boundary punctures an internal face, producing a
module operation on the right.

Bottom: pushing out the edge e to the red boundary disconnects the tiling pattern. Along
the red dotted arc, it splits into a composite pattern I',,, # I',. On the left of the dotted red

arc is I',. On the right of the arc is I', with 2-valent vertices added.
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Consider the face f of I'y that lay on the other side of the edge e. If f is an inter-
nal face, we produce a module tiling pattern with p;p;11piropirs as the first term of the
chord sequence. Our term cancels against my., (z, g, a1, ..., a,). If the face f touches the

boundary, pushing e out produces a composite pattern I', # I',,. We can label 2-valent

vertices along the left of the pushed out edge in I', such that we get an algebra tiling

pattern for a left-extended algebra operation p,* (ai,...,a;). Our term cancels against
my o (@, (an, .o ag) Qg - G).

Next, we consider the cases where both the first internal vertex in our tree for the A,
relation corresponds to an algebra operation. In order, we consider the cases where: a non-
centered algebra operation occurs non-extremally; a non-centered algebra operation occurs
extremally; p$ occurs extremally; pf occurs non-extremally; there is a centered algebra

operation; and lastly, when the algebra operation is 3. These exhaust the cases.

(T-4) Consider terms of the form mll‘j:;‘ik(w,al,...,aj,,uf(ajﬂ,...,aj+k),
Qjtktl,---,a,) for a left-extended algebra operation p". In this case, the algebra

operation is not permitted to be the first input to the module operation. We cancel these

: w 0
terms against m{’,,, (z, a1, ..., p3(a;, aj41), Gjspsr - -, an).

Consider a module tiling pattern I',, for the module operation and an algebra tiling
pattern I', for the algebra operation. Along the red boundary in I',, there is a face f the
labels of which match with the output of the algebra operation. In other words, the labels
of this face match with the labels along the 2-valent vertices of I',. Decompose I', into arcs
intersecting transversely. We glue in I', into I';,, identifying the arc containing the 2-valent
vertices with the edges of the face f. The orientation respects the fact that the 2-valent

vertices are labelled along the left. This is illustrated in Figure 3.16.

This procedure of gluing in produces a bona fide module tiling pattern. In particular,

the fact that the algebra operation is not the first input to the module operation, along with
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Figure 3.16: The term cancellations in (T-4) in Theorem 3.1.12. The labels are
arbitrarily chosen. Left: a module tiling pattern with a chord factorized as the product
of a; and a;y;. Right: pushing out the edge corresponding to the factorization to the red
boundary produces a composite pattern I',, # I[',. Bounded by the dotted red arc and the
red boundary is I',, with 2-valent vertices added in, corresponding to a left-extended algebra

operation. I';, is a module tiling pattern.

the fact that we glue in to the left, ensures that we do not modify the module tiling pattern
near the blue-red boundary. With this new module tiling pattern, we thus demonstrate that

our term cancels against the non-zero term m¥,,(z,a,..., u3(a;, @j41), Qjrhi1 - - -, Qn).

As an example, in the weight 0 A, relation with inputs x, p4, p1, pa, P3, P234, p3, the fol-

lowing non-zero terms cancel

mi(x,m,ui(m, P4, P37/)234)7/)3) = mi(x, Mg(ﬂ47,01)7/)37 P234, pa)-

As another example where the left-extended algebra operation is the last input, in the weight

0 A relation with inputs z, ps, ps3, p2, p1, pa1, the following non-zero terms cancel

mg(l‘, P2, Mg(p?n P2, P1, p41)) = mi(az, :ug(p% p3)a P25 P1, p41)'
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(T-5) Consider  terms of the form mg‘:f_lk(x,al,...,aj,u}jl(ajﬂ,...,aﬂk),
Qjtkt1s---,0n) for a right-extended algebra operation ,ug'. In this case, the algebra

operation is not permitted to be the last input to the module operation. We cancel these

terms against m{’,, (v, a1,..., @451, (@) ke Qjyks1) - - - Q).
We produce a module tiling pattern corresponding to
my,, (z, a1, ..., @j4p—1, 15(Qj1k, Gjrki1) - - -, Gp) entirely analogously to (T-4). In this

case, the gluing of the tiling algebra pattern into the module tiling pattern respects the
labeling of the 2-valent vertices on the right. The fact that the algebra operation is not the
last input ensures we do not modify the module tiling pattern near the blue-red boundary,

and that we produce a bona fide module tiling pattern for the cancelling term.

(T-6) Consider terms of the form m’l”;;”_/k (m, p (a1, ... a), Qg - - ,an)
for a left-extended  algebra  operation  u’, or terms of the form
mi‘:ﬁ’ik (x, A1y vy Oy p,}g’/ (Qp—psty - an)) for a right-extended algebra operation

pd". We describe the cancellation for the right-extended case; the left-extended case follows

analogously as in (T-3).

Consider a module tiling pattern I',, for the module operation and an algebra tiling
pattern I', for the algebra operation. Along the red boundary in I',,, the labels of the last
face match with the output of the algebra operation. In other words, the labels of the face
match with the labels along the 2-valent vertices of I',. Decompose I, into arcs intersecting
transversely. Just as in (T-4), we wish to glue in I'; into I',,, identifying the arc s containing

the 2-valent vertices with the edges of the face f.

Such a gluing, however, would not produce a legitimate module tiling pattern. The
corresponding immersed disk, in particular, would have an obtuse angle at the intersection
of the a-arc and f-circle. Instead, after gluing in I',, we split the red vertices on the arc s

using the edges in I'¥(H,;). In other words, we perform a (partial) inverse of the operation
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depicted in Figure 3.14. This decomposes our tiling pattern into two module tiling patterns,
I'y and I'y, that can be performed in order. This describes an inverse to the cancellation of

this term in (T-3); the inverse is illustrated in Figure 3.15.

The inverse admits a clean description in terms of the immersed disks. As we observed,
gluing the immersed disks corresponding to the two module tiling operations along their
common blue boundary—aligning the target of the first with the source of the second—
yields an immersed disk with an obtuse angle at the intersection of the a-arc and [-circle.
This admits a cut along the f-circle, and when the boundary branch point goes out to the
a-arc, the disk decomposes into two disks with acute angles. I'; and I'y are the module tiling

patterns associated to these two disks.

(T-7) Consider terms of the form my_! (z, pd, a1, ..., a,) or myo )} (z,a1,. .., an, 1g). We
describe the cancellation for the case where p is the first input; the other case follows
analogously. As in (T-3), observe that there is exactly one length four chord in g for which

the labeling restrictions allow a module tiling pattern.

Let I" be a module tiling pattern for the operation. The first face along the red boundary
has four labels, and so five edges; two of these edges go out to the red boundary. We wish
to push in these two edges and glue them together, increasing the number of short cycles
(and thus weight) by one. However, akin to (T-6), such a gluing modifies the tiling pattern
near the blue-red boundary. Instead, we follow the same procedure as in (T-6). After
gluing the two edges, we follow the edge and split the vertices along it like in Figure 3.14.
This decomposes our tiling pattern into two module tiling patterns, I'; and I's, that can be
performed in order. This describes an inverse to the cancellation of this term in (T-3); the

inverse is illustrated in Figure 3.15.

The inverse admits a clean description in terms of the immersed disks. Consider the

a-arcs on either side of the length four Reeb chord that occurs as the first or last Reeb chord
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for an immersed disk. If we glue these a-arcs together, we obtain an immersed disk with
an obtuse angle at the intersection of the a-arc and S-circle. This admits a cut along the
[-circle, and when the boundary branch point goes out to the a-arc, the disk decomposes
into two disks with acute angles. I'y and I'y; are the module tiling patterns associated to

these two disks.

As an example, in the weight 1 A, relation with inputs x, ps, p1, pa1, P4, P34, P3, P23, the

following two non-zero terms cancel

mg(%ﬂé,p% P1, P41, P4, P34, P3, P23) = mg(% P4123, P2, P15 P41, P4, P347,03»P23)

= mé(mg(m,pz, Pl), P41, P4, P34, P3, P23)-

The immersed disks corresponding to this cancellation are depicted in Figure 3.17.

/ \ / \
7, N 7, N

rP3 P47 P3 P4~

- P2 P11 p2 P

P3 P4 P3 P4~
o

~pP2 P

Figure 3.17: An immersed disk corresponding to the term cancellation in (T-7)
in Theorem 3.1.12. There is a cut in the disk along the shaded edge, such that the first
Reeb chord is p4123. Gluing this and cutting along the black line decomposes the disk into

two disks, the module tiling operations for which are I'; and I's.
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(T-8) Consider of the form my.) (z,a1,. .. a5, 1y, Qig1s-- -, an). In this case,
the pf does not appear extremally. These cancel against terms of the form
m¥ (x,a,...,pu3(a;,air1),-..,a,). Note that this is precisely the operation that move (3)
produces, and is thus non-zero. In terms of module tiling patterns it corresponds to the
operation depicted in Figure 3.8. That is, let I' be a module tiling pattern for the operation.
The face corresponding to ) has five edges; we push in and glue together the two edges

that go to the red boundary.

(T-9) Terms with any centered algebra operation have an idempotent output. As our
type A module is strictly unital, for the term to be non-zero the module operation must
be a mJ. These were cancelled against in (T-2). That is, given a tiling pattern for a
centered algebra operation, we split the vertices along the arc that follows from the root.

This decomposes the tiling pattern into two module tiling patterns I'; and I'y; that can be

performed in order. The inverse is illustrated in Figure 3.14.

(T-10) As our last case, consider any term where the algebra operation is a pJ. We claim

that all such terms have been cancelled against in (T-1), (T-4), (T-5), and (T-8).

Let T be a module tiling pattern for the module operation. The algebra operation p3
factorizes a term in its chord sequence. Along the face corresponding to this term, there is

an edge e that exhibits this factorization. We push out the edge to the red boundary.

Consider the face f on the other side of the edge e. If f is an internal face, then pushing
out the edge e punctures this face. This is the inverse to the cancellation in (T-8). Otherwise,
f touches the boundary. If it touches the blue boundary, pushing out the edge breaks I' into
two module tiling patterns. This is the inverse to the cancellation in (T-1). Otherwise, f
touches the red boundary. If the other side of e is visible from the red boundary after the
edge e, pushing out the edge is the inverse to the cancellation in (T-4). Otherwise, it is the

inverse to the cancellation in (T-5).
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We can now breathe. We have considered the contribution to the A, relations of every
weighted tree with two internal vertices, and shown how to pair these contributions up so

they cancel. This verifies the relations. O]

3.2 Cables

With our motivating example out of the way, we are ready to tackle the case of cables. We
do this piecemeal as well, starting with the (2, 1)-cable. Our constructions and arguments
will follow closely those for the solid torus.

To have utility in the computation of knot Floer invariants, our bordered Heegaard
diagrams need to be doubly-pointed, with basepoints w and z. We use a variable U to
count the intersection of a pseudoholomorphic disc with w, and a variable V' to count the
intersection of a disc with z. We consider the enriched torus algebra AYY = A_ QF,[U]
Fo[U, V]. An operation u¥(@) = U"y for A_ corresponds to an operation p¥(a) = U*VFy
for A”V: that is, each copy of U is replaced by a copy of UV'.

The weighted type A module for the doubly-pointed Heegaard diagrams are modules over
A%V The operations for these modules correspond to module tiling patterns, as defined in
Section 3.1.1. The sole modification we make is that each vertex records a power of both U
and V to keep track of the multiplicity of intersection with w and z. The red vertices have

the property that U, = U and V,, = V.

3.2.1 The (2,1)-cable

The bordered Heegaard diagram Cs for the (2, 1)-cable is pictured in Figure 3.18. As a left
Fo[U, V]{to, t1)-module, CFA™(Cy) is freely generated by z, b, and c. Figure 3.18 also depicts
the dual graph I'(Cy).
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Figure 3.18: A bordered Heegaard diagram C, for the (2,1)-cable, and its dual

graph.

An immersed disk for Cs from any x to y with an obtuse intersection along the a-arc and
[-circle admits a cut along the S-circle. This decomposes the disk into two disks of index

one, and so the proof Proposition 3.1.9 repeats.

Proposition 3.2.1. Let u : D — T? be a disk for Cy from x to 'y, and suppose further that
it maps the corners at —i and © to obtuse intersections of the a-arcs and (-circles.
As in Proposition 3.1.2, let B be the positive domain in m5(x,y), d the sequence of Reeb

chords, and w the number of simple Reeb orbits corresponding to u. Then, ind(B,d,w) > 1.

We can characterize all operations on the type A module CFA™(Cs) in terms of the simple
module tiling patterns of Figure 3.19. These are precisely the module tiling patterns with

no red vertices, and where move (1) cannot be used to simplify them.

Proposition 3.2.2. Any operation on the type A module CFA™(C3) can be obtained as the
operation associated to a module tiling pattern constructed by starting with the building blocks

i Figure 3.19, and performing a finite sequence of the moves catalogued in Section 3.1.2.

Proof. This follows closely the proof of Proposition 3.1.10. Let u : D — T? be an immersed
disk from x to y for Cy. There is a neighborhood of the S-circle on the torus that does not

contain the marked point p, but contains the vertices in I'(Cy). In this neighborhood, u lifts
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Figure 3.19: The building blocks for operations for the (2, 1)-cable.

to the universal cover of the torus. We can read off the graph I'(u) near the blue boundary
from this blue. In particular, near the blue boundary I'(u) is a composition of the graphs in
Figure 3.19.

The graph I'(u) retains its nice properties from those for Hg. It is connected and planar.
Away from the blue boundary, every vertex of I'(u) is 4-valent, and every internal face is
bounded by four edges.

Using the inverse of moves (1) and (3), and repeating the arguments from the proof of
Proposition 3.1.10, we reduce to the case where I'(u) has no internal faces and no edge that
separates the blue and the red boundary. To find an arc using which we can eliminate a red
vertex with the inverse of move (2) in Proposition 3.1.10, we started by deleting the spine

of the underlying graph. For Cs, a description of the spine can get hairy. Equivalently, we
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@
U?p3®p3

Vp2®p1®@pa®@p3

Figure 3.20: A representation of the type A module CFA™ (Cy).

delete the vertices and edges visible from the blue boundary. We are left with a collection of
trees, and all red vertices from these can be eliminated as in the proof of Proposition 3.1.10,

using inverses of move (2). O

The type A module CFA™(C5) can be represented by the graph in Figure 3.20. The nodes
correspond to the generators, and the edges to the building blocks depicted in Figure 3.19.
Every other operation can be generated from the edges using the three moves.

A similar calculus to that of Theorem 3.1.12 for CFA™ (H) allows us to prove that the

module CFA™(C,) satisfies the A, relations.

Theorem 3.2.3. The type A module CFA™(Cs), with operations {mt,,} given by counting
its module tiling patterns of chord sequence length n and weight w, satisfies the Ay, structure

relations.

Proof. We verify the A, relation for a fixed input (x,ay,...,a,) and weight w. This proof
follows the same schema as that of Theorem 3.1.12. In particular, we show the A, relation
holds by pairing non-zero terms that appear in it.

It suffices to consider the case where all the a; are Reeb elements. Most pairings for the
cancellations sail through in analogy with Theorem 3.1.12. A cause of trouble is the 1-input

operation m{(b) = Uc. In terms of its module tiling pattern, we observe a 2-valent vertex
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and an internal edge on either side of which lies the blue boundary. This we claimed in
(T-3) does not happen. There is another 2-valent vertex and such an internal edge in the
operation m3(z, p3, p2) = U?z, and we shall see that this leads to cancellations.

The following is how the terms cancel.

. —ap! /
(TC-1) Consider terms of the form my, " ; (mﬁj (X,Q1,...,05),Qj11,. .. ,an), where
ajaji1 # 0. These cancel against m¥ (x,a1,...,u3 (aj,a41),...,a,). This remains pre-

cisely the operation that move (1) produces. For example, in the weight 0 A, relation with

inputs x, ps, p2, p3, P2, p1, the following two non-zero terms cancel

my(mi(z, ps, p2), p3, p2, p1) = UPb = mQ(x, p3, 13 (p2, p3), p2. p1)-

. —w! /
(TC-2) Consider terms of the form m{ ", (m}"ﬂ (X,a1,...,0;), 0541, ... ,an), where

ajajyr = 0.

Let I'y and I'y be the module tiling patterns for the first and second operations respec-
tively. Because a;a;41 = 0, the two tiling patterns share a common blue boundary. We can
glue the two patterns along this common boundary, while identifying edges that touch this
blue boundary. These edges can be located as the pre-image of the edge in T'’(H,). We
contract these edges and delete parallel edges. In other words, we glue the immersed disks
for the two operations along their common blue boundary and consider the associated tiling

pattern.

For this case, suppose the length of the blue boundaries of I'y and I'y match. In this
case, the output of the second tiling operation is necessarily a scalar multiple of x. The two
patterns glue together perfectly and yield a tiling pattern with no blue boundary. Placing
the root at the first edge to the boundary produces an algebra tiling pattern corresponding

to a centered algebra operation. Our term cancels against m3 (x, u¥ (ay, . . .,a,)). The idem-
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Figure 3.21: The term cancellations in (TC-2) of Theorem 3.2.3. On the left, the
first module operation is drawn on the bottom, and the second on the top. The lengths
of the blue boundaries match, and the two tiling patterns glue together to give a centered

algebra operation on the right.

potents align as I'y is a disk from x, and so the first label must have compatible idempotents.

An example of this is illustrated in Figure 3.21.

For example, in the weight 0 A, relation with inputs x, p3, p2, p12, p1, P4, P34, the following
two non-zero terms cancel:
mg(mg(x,ps,pa), P125 P15 P4 ,034)) = mé’(x, Mg(ﬂsal)z; P125 P15 P45 /)34))-

(TC-3) Consider terms of the form mqi”;,i”_l] (mﬂj(x, ary ..., Q5), Qj41, - - . ,an), where
a;aj+1 = 0. In this case, we admit the possibility that either of the two module opera-

tions are m{(b) = Uc. Let T'; and T’y be the module tiling patterns for the first and second

operations respectively.

The 1-input module operation results in cases where the two module tiling patterns do not
share a common blue boundary. An analysis of the building blocks in Figure 3.19 shows that
it is terms of the form m{(m$(x, ps, pa, p1)) and mi(mS(b), ps, p3, p2) where the two patterns

do not share a blue boundary. Here, we choose the simplest 4-input module operations to

illustrate the terms; they might have more inputs and weight.
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Let us first consider the case where the two patterns share a blue boundary. In this case
we were dealing with the supposition that the length of the blue boundaries do not match.
Say the length of the blue boundary of I'; is longer than that of I'y. The other case is entirely
analogous like in (T-3), and we will omit its description. When we perform the gluing of I’y
with I'y, the red boundary of I'y juts against the blue boundary of I';, along a face f’ of I'y.
Consider the penultimate edge e of this face, and push e out to the red boundary just before

the blue-red intersection.

Consider the face f of I'; that lay on the other side of the edge e. If f is an internal face,
pushing e out to the boundary punctures this face. This produces a module tiling pattern
with p;piv1piropirs as the last term of the chord sequence of the tiling pattern, and our term
cancels against a non-zero term mg’;,i (x,ay,...,an, 13) for which we have produced a pattern.
As an example, for the weight 1 A, relation with inputs x, ps34, p3, P23, P2, P12, P12, P15 P4, P34,

the following two non-zero terms cancel

m%o(:c, P34, P3, P23, P2, P125 P12, P15 P4, 034) = m(l)l(:c, P34, P35 P23, P2, P12 P125 P1, P4, P34, M(l))-

If the face f touches the red boundary, pushing e out disconnects the module tiling
pattern, producing a composite pattern I',, # [',. The pattern I',, is a valid module tiling
pattern, while the pattern I', has only red vertices. We claim that there is a right-extended
algebra operation 1, (ay, ..., a,) such that I';, is a module tiling pattern for the operation
my (X, an, . Qg " (@n—gg1, - -+, ap)). This is then a non-zero term which cancels

against our given term. The construction of the algebra tiling pattern for ;" (@n—g+1, .-, an)

from I, follows precisely as in (T-3).
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As an  example, for  the weight 0 A, relation with inputs

X, P35 P234, P35 P25 P12, P12, P1, P4, P34, the following two non-zero terms cancel

mg(%P3,Mg(,0234,P3,,02,/)127P12,P1,,04,034)) = mg((mg(%,03,0234,03,/)2,p12)»P127,01,P4,p34)-

The face f could also touch the blue boundary. If on the other side of e lies the blue
boundary, then the vertex v = e N e’ must necessarily be 2-valent. Pushing e out to the
red boundary disconnects v from the rest of the graph and produces a composite pattern
I'y # I'y. T's connects exactly one vertex. This vertex is 2-valent, and I'; is a module tiling
pattern for the module operation m{(b) = Uc. Our term then cancels against the term
m{(m¥,,(x,ai,...,a,)) where the inner operation yields a scalar multiple of b. A schema
for this is illustrated in Figure 3.22. For completeness, we note that in the case where the
blue boundary of the first module operation is longer than the second, this procedure yields
a composite pattern I'y # I'y, where I'y is a module tiling pattern for the module operation

m{(b) = Uc. The cancelling term is my,, (m{(b), a1, ..., a,)

The case where the two module tiling patterns do not share a common blue boundary
remains. We had observed that one of the two module operations must correspond to the
operation m}(b) = Uc; let us say the second. We view the two module operations as instead
sharing a common red boundary. Glue the two patterns along this common red boundary
to obtain a composite pattern. We wish to push in the last two edges of this composite
pattern and glue them together. This must be followed by a procedure similar to (T-6) and
(T-7) where we follow the edge and split the vertices along it. This decomposes our tiling
pattern into two module tiling patterns, I'1 and I's, and describes an inverse to the operation

described in the previous paragraph.
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Figure 3.22: The term cancellations in (TC-3) of Theorem 3.2.3. On the left, the
first module operation is drawn on the bottom, and the second on the top. The vertex ene’
is 2-valent, and pushing out the edge e to the red boundary produces a composite pattern
I'y # I'y where I'y and I'y are both module operations. Bounded between the dotted red arc

and the boundary is the module tiling pattern for the operation m?(b) = Uc.

The pairing of the last two paragraphs has the following description in terms of the
immersed disks. In the first paragraph, we glue the two disks along the blue boundary. The
cut at the obtuse angle is along the a-arc. In the second paragraph, we glue the two disks

along the red boundary. The cut at the obtuse angle is along the S-circle.

(TC-4) Consider terms of the form m’l‘:ﬁk(x, al,...,aj,u}c"/(ajJrl,...,aHk),
Qjtktl,---,an) for a left-extended algebra operation p".  In this case, the algebra

operation is not permitted to be the first input to the module operation. We cancel these

- 0
terms against m{’,, (X, a1,. .., ts(a;, aj41), Gjpktt - - -, Q).

Consider a module tiling pattern I',, for the module operation and an algebra tiling
pattern I', for the algebra operation. The pattern I', glues into I',, entirely analogously to

(T-4), producing a tiling pattern for m¥,, (x,a1,..., u3(a;, @j41), Qjrhi1 - - -, Qn).
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As an example, in the weight 0 A, relation with inputs x, p3, p4, p3, P2, p123, P2, the fol-

lowing non-zero terms cancel

mg(%ﬂ:ﬁ MZ(P% 3, P2, P123), P2) = mg(x,ug(ps,m), P3, P2, L1235 P2)-

(TC-5) Consider terms of the form mﬁ”;f_/k(x, aty .oy @y 1 (@1, s Q)
Qjikt1,---,a,) for a right-extended algebra operation u%". In this case, the algebra

operation is not permitted to be the last input to the module operation. We cancel these

terms against mYy,, (X, a1, ..., @jrh—1, B3 (Qjtk, Qi) - - -5 An).

We produce a module tiling pattern corresponding to
my, (X, a1,y QGjrk—1, B9 (Qjk, Qjpkt1) - - - Q)  entirely analogously to (TC-4) (and
(T-4)).

(TC-6) Consider terms of the form m‘l”;f_/k (x, e (ar, ... ag), Qg - - - ,an)
for a left-extended algebra  operation u};”/ , or terms of the form
mql‘:,fb”_lk (x, Aty ey ey 1 (Appoi, - - - ,an)) for a right-extended algebra operation

p".  These terms were cancelled against in (TC-3). We describe the inverse of the

cancellation for the right-extended case; the left-extended case follows analogously as in

(TC-3).

Asin (T-3), the inverse admits a clean description in terms of the immersed disks. Gluing
the immersed disks corresponding to the two module tiling operations along their common
blue boundary—aligning the target of the first with the source of the second—yields an
immersed disk with an obtuse angle at the intersection of the a-arc and S-circle. This
admits a cut along the -circle, and when the boundary branch point goes out to the a-arc,
the disk decomposes into two disks with acute angles. Iy and I'; are the module tiling

patterns associated to these two disks.
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We can describe this inverse in terms of a module tiling pattern I',, for the module
operation and an algebra tiling pattern I', for the algebra operation, as in (T-3). We start
by gluing in I', into I',,, identifying the arc scontaining the 2-valent vertices with the edges
of the face f that has as labels the output of the algebra operation. After the gluing, we
split the red vertices on the arc s using the edges in I'’(C,). In other words, we perform a
(partial) inverse of the operation depicted in Figure 3.21. This decomposes our tiling pattern

into two module tiling patterns, I'y and T's.

(TC-7) Consider terms of the form myy, (X, s, ar,...,a,) or My (X, a,. .., an, 13).
These terms were cancelled against in (TC-3). The inverse admits a clean description in
terms of the immersed disks that is entirely analogous to (T-7). We can further describe it

in terms of the tiling patterns, like we did in (TC-6).

(TC-8) Conmsider of the form my., (x,a1,...,a; iy, @is1s---,a,).  In this case,
the p) does mnot appear extremally. These cancel against terms of the form
m¥ (x,ay,...,pu3(a;,a;11),...,a,). This remains precisely the operation that move (3) pro-
duces.

(TC-9) Terms with any centered algebra operation have an idempotent output. As our
type A module is strictly unital, for the term to be non-zero the module operation must
be a mY. These were cancelled against in (TC-2). That is, given a tiling pattern for a
centered algebra operation, we split the vertices along the arc that follows from the root.
This decomposes the tiling pattern into two module tiling patterns I'; and I'y; that can be

performed in order. The inverse is illustrated in Figure 3.21. In terms of immersed disks,

we cut along an immersed disk for the centered torus algebra along the S-circle.

(TC-10) As our last case, consider any term where the algebra operation is a ). We

claim that all such terms have been cancelled against in (TC-1), (TC-4), (TC-5), and (TC-8).
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Figure 3.23: A bordered Heegaard diagram C, for the (p, 1)-cable.

Let T be a module tiling pattern for the module operation. The algebra operation p3
factorizes a term in its chord sequence. Along the face corresponding to this term, there is

an edge e that exhibits this factorization. We push out the edge to the red boundary.

Consider the face f on the other side of the edge e. If f is an internal face, then
pushing out the edge e punctures this face. This is the inverse to the cancellation in (TC-8).
Otherwise, f touches the boundary. If it touches the blue boundary, pushing out the edge
breaks I' into two module tiling patterns. This is the inverse to the cancellation in (TC-1).
Otherwise, f touches the red boundary. If the other side of e is visible from the red boundary
after the edge e, pushing out the edge is the inverse to the cancellation in (TC-4). Otherwise,

it is the inverse to the cancellation in (TC-5). O

3.2.2 The (p,1)-cable

A bordered Heegaard diagram C, for the (p,1)-cable is pictured in Figure 3.23. As a left
Fo[U, V](t0, t1)-module, CFA™(C,) is freely generated by x,by,...,by—1,¢1,...,¢p1.
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We can repeat, word for word, the analysis of Proposition 3.2.1 and Proposition 3.2.2
to characterize all operations on the type A module CFA™(C,) in terms of certain simple
module tiling patterns. Recall from Remark 3.1.11 that the enumeration of these basic
building blocks is a finite calculation of tiling patterns that do not have red vertices, and
cannot be broken apart with move (1). We do not draw the tiling patterns corresponding

to these building blocks, but record the corresponding operations in our graphical format in

Figure 3.23.
P2®P1 P2@p1 P2®p1 P2®p1 p2@p1
Cp_1 > Chog ... G ... "0
@p“L P PR “—_ — TV~ —_—
(0P UVps®ps | UVpa®ps  UVpa®ps | UVpa®ps  UVpa®ps
0 [
QU
®
<
QU
ur—1 Ur—2 Ui v
QU
®
N
QL
~
Vpa®ps3 Vpa®p3 Vpa®ps Vpa®ps Vpa®p3
b R I e A U o §
p—1 _  Yp—2__ _ Y — — U
Up2®p1 Up2®p1 Up2®p1 Up2®@p1 Up2®p1

Figure 3.24: A representation of the type A module CFA™(C,).

Proposition 3.2.4. Any operation on the type A module CFA™(C,) can be obtained as the
operation constructed by starting with the operations recorded in the graph in Figure 3.2/,

and performing a finite sequence of the moves catalogued in Section 3.1.2.

A calculation of the (non-weighted) type A module 5F’\A(Cp) was performed by Petkova
[Pet13]. In |OSS17|, Ozsvath, Stipsicz, and Szabo record this calculation with a similar
graphical presentation. We remark that it agrees precisely with the subgraph of Figure 3.24

that does not feature any of the edges with a power of V.
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Theorem 3.2.5. The type A module CFA™(C,), with operations {mt,,} given by counting
its module tiling patterns of chord sequence length n and weight w, satisfies the Ao, structure

relations.

Proof. We verify the A, relation for a fixed input (x,ay,...,a,) and weight w. This proof
follows the same schema as that of Theorem 3.1.12 and Theorem 3.2.3. In particular, we
show the A, relation holds by pairing non-zero terms that appear in it.

It suffices to consider the case where all the a; are Reeb elements. The analysis in
Theorem 3.2.3 of the terms considered in (TC-1),(TC-2), (TC-4), (TC-5), (TC-6), (TC-7),
(TC-8), (TC-9), (TC-10)—that is, all terms but (TC-3)—extends precisely here; just as the
analysis extended from CFA™ (Hs) to CFA™(Cy).

It remains to extend the cancellations considered in (TC-3) for the (p, 1)-cable.

(TC’-3) Recall that in this case we consider terms of the form
mll";;"ij (mzl“;j (x,a1,...,a;),@j41,...,a,), Where ajajy; = 0. We admit the possibility
either of the two module operations are m(l)(bz-) = U'c;. Let I'y and 'y be the module tiling

patterns for the first and second operations respectively.

As in (TC-3), the 1-input module operations results in cases where the two module tiling
patterns do not share a common blue boundary; these involve the operation m{(b;) = U'c;.
Let us first consider the case where the two patterns share a blue boundary. We deal with
the supposition that the length of the blue boundaries do not match, as the case we do is
(TC-2). Say the length of the blue boundary of I'; is longer than that of I';. When we
perform the gluing of I'y with I'y, the red boundary of I'y juts against the blue boundary of
I'1, along a face f’ of I';. Consider the penultimate edge e of this face, and push e out to

the red boundary just before the blue-red intersection.

Consider the face f of I'; that lay on the other side of this edge e. If f is an internal face,

pushing out to the boundary punctures this face. If the face f touches the red boundary,
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pushing e out disconnects the module tiling pattern, producing a composite pattern I',, # I',.

In the former case, our term cancels against a non-zero term mg:; (x,a1,...,a,),1y); in the
latter, against a term my’ ", (X, a1,..., Gp_g, i}, (Gn-g41,.-.,0,)). Both these cases are

analogous to (TC-3).

b3 C3

Figure 3.25: A module tiling pattern for C;. The operation is m{(bs) = U3c3. The

corresponding immersed disk is drawn on the left in solid purple in Figure 3.26.

The face f could also touch the boundary. In (TC-3), there was precisely one such edge
on either side of which lay the blue boundary; we located it in the module tiling pattern for
m{(b) = Uc. For a (p,1)-cable, the module tiling patterns for all operations m?(b;) = U'c;
feature such edges. For example, Figure 3.25 has two such edges in a module tiling pattern
for the operation m{(bs) = U3cz for CFA™(C4). Pushing such an e out produces a composite
pattern I'y # Ty, where Ty is a module tiling pattern for a module operation m{(b;) = U'c;
for some i. Our term then cancels against the term m{(m?,,(x, ai,...,a,)) where the inner

operation yields a scalar multiple of b;.

The case where the two module tiling patterns share a common red boundary were
cancelled exactly against in the previous paragraph. In terms of the immersed disks corre-
sponding to I'1 and I's, the inverse is described by gluing the disks along the red boundary
and cutting along the S-circle. This is illustrated in Figure 3.26. In the weight 0 A, relation

for CFA™(C4) with inputs bs, pa3, p2, p1, pa1, the following two non-zero terms are illustrated
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to cancel in Figure 3.26.

m?,(m?(bg), P23, P2, P17ﬂ41) = m?(mg(bg,ng, P2, ,017041))-

The disks for the term on the left and right are illustrated on the left and right respectively.
It is the edge between the two 4-valent vertices in Figure 3.25 that is pushed out in the

corresponding cancellation for the module tiling patterns. O]

Figure 3.26: Immersed disks representing a cancellation in (TC’-3) of Theo-
rem 3.2.5. In solid purple is an immersed disk for I'y and in hatched green is an immersed
disk for I'y, in the notation of (TC’-3). The composition of operations on left cancels against

the composition of operations on the right.

3.3 Other (1,1)-patterns

A similar analysis should extend to other satellite operations where the pattern knot admits

a genus one Heegaard diagram; that is, other (1,1)-pattern knots. The schema of Theo-
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ZASEINTANTAS

AL
A/ LA

Figure 3.27: Immersed disks representing cancellations for the Whitehead dou-

ble. The two illustrations on the left cancel against each other, and are analogous to the
cancellation of Figure 3.26. The illustration on the right provides for a slightly new kind of
cancellation; in particular, the disk given by red on the top represents a weight 1 zero-input

operation. The black line on the bottom indicates a cut in the disk.
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rems 3.1.12, 3.2.3, and 3.2.5 should extend to proving the A, structure relations for the
associated weighted type A modules. In particular, all terms except (TC-3) provide for
cancellations that should extend to other bordered Heegaard diagrams. To extend (TC-3)
requires a careful analysis of the structure of the module tiling patterns. In Figure 3.27, we
illustrate two immersed disks (on the left) that provide for a cancellation akin to that of Fig-

ure 3.26; and two immersed disks (on the right) that provide for a new type of cancellation.
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Chapter 4

Algebraic properties of CFA™

Now that we have our weighted A..-modules constructed, we consider their algebraic prop-
erties. In Section 4.2, we prove a useful boundedness property that allows us to take well-
defined tensor products. In Section 4.3, we characterize how the minus variant of the modules

relate to the hat variant.

4.1 Gradings

We recall from Section 2.6 the gradings of algebra elements given by the intermediate grading

group (G, and compute certain additional ones.

gr(p1) = (—%7 %, _%) gr(pi2) = (_%3 170) gr(pias) = (—%; %, %)
gr(p2) = (—37 3 3) g(p2s) = (=5:0,1) gr(pzsa) = (=3 —3.3)
gr(ps) = (=3 —353) gr(pss) = (—3;—1,0) gr(psa) = (—3;-3,-1) (4.11)
gr(ps) = (—%7 _%7 _%) gr(pa) = (_%907 _1) gr(paz) = (—%; %, —%)
gr(p123a) = gr(p2sar) = gr(psarz) = gr(paiaz) = gr(U) = (=2;0,0).
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This renders the computation of the grading of any homogeneous algebra element tractable.
We factorize our algebra element as U"a’a, where a’ is a Reeb element with length a multiple
of four, and a is a Reeb element with length at most three. If |U"a’| = 4k, then gr(U"ad') =
(—2k;0,0). The possible gradings for a are recorded in Formula (4.1.1), and in particular we
observe that if a # 1, gr(a) = (m;e, €3), where m € {—1/2,—-3/2}, €1,e2 € {0,£1/2,£1}

and |e;| + |e2| = 1. The grading of our element is
gr(Umd'a) = (—2k + m; €1, €). (4.1.2)
As we remarked in Section 2.6, the gradings on CFA™ work exactly as they do for CFA.

4.1.1 The solid torus

We record briefly the gradings for CFA™ (H) for use in Section 4.3. The module CFA™ (H)
has the grading set A gr’(ps) gr'(p1)\G’. The operation gives m3(z, p2, p1) = x gives us the
indeterminacy in the grading set. We can let gr'(z) = e. Using Equation 4.1.1, we can

compute the grading indeterminacy to be (—1/2,1,0) in G.

4.1.2 The (p, 1)-cable

The gradings for @(CP) have been computed in [Pet13], with a familiar presentation in
[0SS17]. Recall that CFA™(C,) is a module over the algebra A”". The variable V tracks
the intersection with the basepoint z and serves the role that U previously served. With a
slight abuse of notation, when considering modules over A”" we let gr/ (V)y=(-1;1,1,1,1)
and gr'(U) = e.

To encode the U grading, we consider the enhanced grading group G' = (' x Z. The
grading of the algebra element U is given by gr'(U) = (e,1). The weighted type A module

CFA~(C,) has an enhanced grading with this group. To construct this, we let gr'(B) =
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(gr'(B),ny(B) —n,(B)), where gr'(B) is the grading in Equation (2.6.2). This is analogous
to the construction in the hat flavor of bordered Floer homology, and we refer the reader to

[LOT18, Section 11.4] for details.

Lemma 4.1.3. The weighted Ao-module CFA™(C,) has the grading set

)\gNr’(U)pgvr'(pg)gNr’(pg)\é’. The gradings are specified by

&'(v) = e
&' (b:) = NG (U (o) (& (p2) & (p1))7 "

&' (cr) = N7 (o) (8 (p) gt (o)),

forall1 <i<p-—1.

Proof. The gradings of b; and ¢; follow immediately from Figure 3.24 and Equation (2.6.1).

In particular, the operations
0 /_/’L%
My i (T, 0125+ -+, P12, P1) = Cpima
for 0 < i < p—2 give the gradings of ¢;. The operations m{(b;) = U'c; imply that A\~'gt’(b;) =
gr'(U)'gt' (c:).
The operation m3(z, p3, p2) = UPx gives us the indeterminacy in the grading set. O]

The value of the gradings in G are straightforward to compute using Formula (4.1.1). The
grading indeterminacy is given by (—1/2;0, 1). The gradings of b; and ¢; forall 1 <i <p—1

is given by

gr(b,-) = (5 —4 +i,—1) grle) = (~hi—l+i-l) (414
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4.2 Boundedness

As we noted in Section 2.8, we desire our modules to be filtered bonsai for the tensor products
in the pairing theorems to be well-defined. This is guaranteed when the bordered Heegaard
diagram H is admissible. However, our bordered Heegaard diagrams C, are not admissible

(but instead provincially admissible).

Proposition 4.2.1. The modules CFA™(C,) are filtered bonsai with respect to the filtration

giwen by total U plus V' power.

Proof. We wish to show that all quotients CFA™(C,)/F"CFA™(C,) are bonsai; equivalently,
any operation of sufficiently large dimension has output in F"CFA™(C,). It thus suffices to
show that for any fixed integer n, there is a bound on w + >~ |a;| for which there exists a

non-zero operation on CFA™(C,) of the form

ky/l
my,,(x,a1,...,a,) = U"V'y,

where the total power k + 1 =n (c.f. [LOT23, Lemma 7.5]).

Consider how the three moves to generate new operations affect both the total U plus V
power and the quantity to bound, w + > |a;|.

Move (1) yields from operations m¥, ,(x, a1, ..., a,) = U*Vly and m¥,.(y,d}, ..., al,) =
UFVY the operation m,‘flffll (x,a1,...,a,d,,...,a ) = UFFVIH'y  The total U plus
V' power, and the quantity w + > |a;|, equals the sum of the quantities from the two
prior operations. Move (2) yields from the operation m¥,,(x,a1,...,a,) = U*V'y
the operation my,, (X,a1,...,aipj41, Pis Pi-1s Pj—2lit1, - - -, An) = UFVHly. This in-

creases the total power U plus V power by two, and and the quantity w + >_ |a;| by

four. Move (3) yields from the operation m¥,,(x,a1,...,a,) = U*V'y the operation
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mUt(x,a1,. .., 02, Qi 1Gi41, Qiya, - - ., 0n) = UFVly where |a;] = 4. This leaves the to-
tal U plus V power unaffected, and decreases the quantity w + > |a;| by three.

Suppose that for a fixed n, there is no such bound on w + > |a;|. Choose generators x
and y such that there exists a sequence of operations from x to U*V'!y where w + > |a,| is
unbounded and k + 1 = n. We note that move (2) increases the total U plus V' power, while
move (3) decreases the quantity w+ Y |a;|. To then generate such a sequence of operations
starting with the operations in Figure 3.24, we must use move (1) on operations where one of
the two has total U plus V' power zero and w+ ) |a;| > 0, and we must do so an unbounded
number of times.

The operations with total U plus V' power zero for our modules are those given by the
operations in Figure 3.24 with total U plus V' power zero, and their closure under move (1).
These operations, however, form no directed cycles. Thus, they cannot be performed an

unbounded number of times. O

4.3 Uniqueness

Given a graded weighted A,.-module 9 constructed as an extension of the operations on
@(’H), the operations on CFA™ (H) seem to be forced by the A -relations and the gradings.
For example, in the case of the O-framed solid torus, the operation m3(z, ps,p3) = Ux
follows from the A..-relation for the inputs x, p4, p3, p2, p1, to cancel against the non-zero
term m3(x, u3(pa, p3, p2, p1)). Similarly, the operation m3(z, ps, ps4, p4) = U?x as the result
of a move (1) follows from the A,-relation for the inputs x, ps, ps, pa, p3 to cancel against the
non-zero term m3(m3(x, ps, p3), pa, p3). There are analogous ways to force the existence of

operations corresponding to move (2) and move (3), using the terms they cancelled against in

Theorem 3.1.12. That there are no extraneous operations seems to be forced by the gradings.
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In this section, we prove a certain uniqueness property for the weighted A..-modules we
have constructed to capture this notion. We see that any graded weighted A.,-module con-
structed as an extension of the operations on @(Cp) has isomorphic tensor product with
the dualizing bimodule CFDD™(I) to that of CFA™(C,). In the other words, the associated
type D module is uniquely determined. As with the hat flavor of bordered Floer homol-
ogy |[LOT15], we expect the bimodule CFDD™(I) to be quasi-invertible; if so, this would
determine such a weighted extension to be homotopy equivalent to CFA™(C,).

Recall that the dualizing bimodule CFDD™(I) is the type DD bimodule over (AY=!, A )

with generators 1y ® 1o and ¢; ® ¢1, and differential 5! given by

6 (10 ® 19) = (p1 @ p3 + p3 @ p1 + pras ® pras + paar @ paar) @ (11 @ 1) (43.1)

51(61 ® 1) = (p2 ® p2 + P4 @ pa + P23a @ par2 + par2 @ paza) @ (Lo & o)

Further recall that we have fixed our choice of a weighted algebra I', and a weighted
module diagonal primitive p compatible with I'. [LOT23, Proposition 7.7| proves that our

results are independent of the choice of the weighted module diagonal primitive p.

4.3.1 The solid torus

As a warm-up, we consider the case of the 0-framed solid torus. To start with, the following

lemma computes CFD™ (Hy).

Lemma 4.3.2. The tensor product CFD™ (Hy) = CFAy_(He) Wyo=1 CFDD™(I) is as

tllustrated in Figure 4.1.

P41 P23

Figure 4.1: The tensor product CFD™ (Hy) = CFA;_(He) X =1 CFDD™(I).
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Proof. We abbreviate the generator z® (11 ®t1) of the tensor product CFD™ (Hs) as x. Both
terms in §'(x) = py1 @ T + pa3 @z follow from the chosen weighted module diagonal primitive
p>%. On the sequence of type DD module outputs (ps ® p4), (p3®@ p1) and (pa @ p2), (p1 @ p3),
we apply a m3 on the left, and a 3 on the right. Neither term is cancelled by any higher

module diagonal primitive terms, as there is a term

11y @ T = pasa1 @ T + paras ® ,

in the structure equation for CFD™ (Hs ), and they cancel it.

That there are no more terms in the differential follows from an argument using the grad-
ings. The indeterminacy in the grading for CFD™(Hs) is given by Agr(pas) = (1/2;0,1).
Consider any term a” ® x in the differential, and factorize a” as U"a’a such that For-
mula (4.1.2) holds true and gr(a”) = (—2k + m;e,€2). As there is no indeterminacy in
the first spin®~component, we know that e; = 0 and so a = po3 or a = py1, or a = 1. If the
length |[U™a’| > 0 (so that £ > 0) or a = 1, the relative Maslov components do not line up.
So, k =0, and a” is either pg3 or py;.

We remark that the previous paragraph shows that |a”| = 2 for any term a” ® x in the
differential on the tensor product. For such a term of length two to arise in Equation (2.4.2)
as the output of a u(7T'), the operation must be a u3. The only way pa3 or py; arises from a
19 is via the sequence of type DD module outputs (ps ® ps), (p3 @ p1) and (pa @ pa), (p1 @ p3).
This provides an alternative reason for why the terms py; ®  and p93 ® x are not cancelled

by any higher module diagonal primitive terms. O

With that model computation, we can prove our uniqueness result.
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Proposition 4.3.3. Let 9 be a graded weighted A.-module over A_ such that
M = M/UM, wviewed as an Asx-module over ./Zl\, is the graded As-module
CFA™ (Hy)/U CFA™ (Hy) = CFA(Hy).

Then, My—1 Wv=1 CFDD™ (L) is isomorphic to CFA;_(He) Mv=1 CFDD™(I) =
CFD™ (Hs) as graded weighted type D modules.

Proof. Let D be CFA;_,(Hs) M v CFDD™(I). We denote its differential by 6}, and its
generator by z. Let m be the module operation on 9t. The gradings on D are identified
with the gradings on CFD™(Hs) by construction. Using the same line of reasoning as in
the proof of Lemma 4.3.2, the gradings on D force any term in the differential 6}, to be of
the form po3 ® T and py; ® T. Both these terms must appear in the differential to cancel the
term pl @ T, and so D = CFD™ (Hg).

We remark that we could show that m3(Z, ps, p3) = UZ by considering the weight 0 5-
input A, relation with inputs x, p4, p3, p2, p1. The only term that cancel the non-zero term
m3(T, pd(pa, p3, p2, p1)) is the term m3(m3(T, pa, p3), p2, p1); any other algebra operation on
the inputs is zero, and the only composition of module operations compatible with the idem-
potents is either m%(m2(, pa, p3, p2, p1)) or m(MY(T), p4, p3, pa, p1), where neither module

operation would be compatible with the gradings. O]

4.3.2 The (p, 1)-cable

The results follow for the (p,1)-cable with a similar argument, where the grading on the
type D module eliminates most possibilities. We start by characterizing what terms can
appear in the differential for CFD™(C,) using its gradings. This involves a lot of case work;

an impatient reader can skip ahead to Proposition 4.3.10, where we summarize the results.
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The grading indeterminacy for CFD™(C,) is given by Agr(pi2) = (1/2;1,0). Analogous
to Formula (4.1.4), the gradings on CFD™(C,) are given by gr(z) = (0;0,0) and

0= (b3 mla)= (b1

Between the generators b,. First, consider any term a” ® b,_; in the differential
61(by—;). Factorize a” as U™a’a such that Formula (4.1.2) holds true and gr(a”) = (—2k +

m; €1, €2). For there to be such a term in the differential,

gr(a” ®@b,_;) =A"" gr(b,—j)

A —1 .
= A5z =) (F2k+miene) (355 —1) (51,00 = (0;0,0),  (43.4)

where the factor (1/2;1,0) comes from the ambiguity in the grading set, for some | € Z.
Comparing the second spin®-component, observe that j — i = —ey, so either ¢ = 0 or

€a = +1. Suppose first that e; = 0. Let us compute Equation (4.3.4),

A1—2k+m+l/2 (07 _%71 - %) (Oa 6170) (O) %7 % -1 (0) l,O) = <07070)

Al=2mit (oL 1) (0;6,0) (051

)\1—2k+m+il+e1/2—e1i (O, _%71 _ %) (07 €1+ 1

AN

)\1—2k+m+61—261i+l/2(0; €1+ 1, O) = (O’ 0, O) (435)

Let’s consider the case when ¢, = 0. When both ¢; = e = 0, then m = 0. There is no
solution to Equation (4.3.5), as the Maslov component of the left-hand side is 1 — 2k. When
€1 = 1 the Maslov component m of a (from our factorization a” = U"d’a) is —1/2. The

Maslov component in Equation (4.3.5) says 1 — 2k — 2i = 0. There is again no solution.
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When €3 = —1, m = —3/2. The Maslov component in Equation (4.3.5) says —1—2k+2i =0
for which there is no solution.
Consider the case when e; = 1, s0 ¢ = 0, m = —1/2, and a = po3. Note that i = j + 1.

Equation (4.3.4) evaluates to
(—2k + £;1,0) = (0;0,0).

Sol =0, and k = 0. This implies that the only permissible term in this case is pa3 ® by—(j41)
in the differential 6*(b,_;). The case e = —1, s0 €, = 0, m = —3/2, and a = py is entirely
analogous, and we get the constraint that £ = 0 again. The only permissible term in that
case is po3 ® b,_(;_1) in the differential §'(b,—;).

Between the generators c¢;. This case is entirely analogous to the case where we
considered permissible terms between the generators b;. The permissible terms are p4s; ®
Cp—(j—1) and paz @ ¢,—(j41) in the differential §'(c,—;).

From the generators b; to ¢;. Consider any term a” ® c¢,_; in the differential 6 (b,_;).
Factorize a” as U™da’a such that Formula (4.1.2) holds true and gr(a”) = (—2k + m; ey, €3).

For there to be such a term in the differential,

gr(a” ® Cp—i) =X~ gr(bp—j)

= A\ (%, %,% —j)fl (—2k +m; €, €) (— — z) (L'l,O) = (0;0,0), (4.3.6)

29

N
N

.1
)9

for some | € Z. Comparing the second spin®-component, observe that j —i = —es, so either

€a = 0 or e = £1. Suppose first that e = 0. Equation (4.3.6) evaluates to

(—2k+m+61 — 2e11 + %;61 +l,0) = (0;0,0).
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Comparing this to Equation (4.3.4) tells us that when ¢; = 0 so a = 1, we get that & = 0,
and there is a permissible term 1 ® ¢,_; in the differential §'(b,_;). When €; = 1, a is forced
to be p12; when €; = —1, a is forced to be p34. Neither have compatible idempotents. (There
are elements with compatible gradings, but we do not spell these out.)

Consider the case when e, = 1, s0 ¢ = 0, m = —1/2, and a = po3. Note that i = j + 1.

Equation (4.3.6) evaluates to
(—=2k + L —1;1,0) = (0;0,0).

This has no solutions. The case e = —1, so ¢ = 0, m = —3/2, and a = py4; is entirely
analogous, with no solutions.

From the generators ¢; to b;. Consider any term a” ® b,_; in the differential 6*(c,;).
Factorize a” as U™da’a such that Formula (4.1.2) holds true and gr(a”) = (—2k + m; ey, €3).

For there to be such a term in the differential,

gr(a” ®b,_;) =\"1! gr(c,—;)

D=

for some [ € Z. Comparing the second spin®-component, observe that j —i = —e,, so either

€a = 0 or e = 1. Suppose first that e = 0. Equation (4.3.7) evaluates to

(—Zk—i—m—i—el—2€1i+é+2;€1+l,0) = (0;0,0).

When ¢; = 0so a = 1, we get that 2k —2 = 0. There is a permissible term U"a’ ® b,_; in the
differential §'(c,_;), where either n =1 and @’ =1 or n =0 and |a/| = 4. When ¢, = 1, a is

forced to be p1o; when €; = —1, a is forced to be p34. Neither have compatible idempotents.
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Consider the case when €3 = 1, s0 ¢ =0, m = —1/2, and a = po3. Note that i = j + 1.

Equation (4.3.6) evaluates to

(=2k + £+ 1;1,0) = (0;0,0).

This has no solutions. The case e = —1, so ¢ = 0, m = —3/2, and a = py is entirely
analogous, with no solutions.

From the generator z to b;. Consider any term a” ® b, ; in the differential 6*(z).
Factorize a” as U™d’a such that Formula (4.1.2) holds true and gr(a”) = (—2k + m;ey, €3).

For there to be such a term in the differential,

gr(@ @ b,) =\ gr(a)

= M2k +m;e1,6) (32,3 —14) (£;1,0) = (0;0,0), (4.3.8)

2

N |

for some [ € Z. Comparing the second spin®-component, observe that i — 1/2 = €, and as
i > 1, €9 is forced to be 1/2 and i is forced to be one. The possibilities for a are ps, p3, p123, or
posq; of these, only p3 and pi93 have compatible idempotents. Let us first consider a = p3, in
which case Equation (4.3.8) simplifies to (—Qk + % + 1, 0) = (0;0,0). This has no solutions.
In the case a = pi23, Equation (4.3.8) simplifies to (—21{: + %;Z,O) = (0;0,0). So, the only
permissible term in this case is the term p23 ® b,—; in the differential 6 ().

From the generator b; to z. Consider any term a” ® z in the differential 6'(b,_;).

Factorize a” as U™d’a such that Formula (4.1.2) holds true and gr(a”) = (—2k + m;ey, €3).

For there to be such a term in the differential,

g’ ® x) =" gr(by)
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for some [ € Z. Comparing the second spin®-component, observe that j — 1/2 = —e; and
as j > 1, € is forced to be —1/2 and j is forced to be one. The possibilities for a are
P1, P4, P341, O pya1o; of these, only ps and p412 have compatible idempotents. In the case
a = ps, Equation (4.3.9) simplifies to (—2k + 52,1 —1,0) = (0;0,0). The only permissible
term in this case is the term p; ® z in the differential 6'(b,—1). In the case a = pgo,
Equation (4.3.9) simplifies to (—2k + % — 151, O) = (0;0,0). This has no solutions.

From the generator = to ¢;; or from the generator ¢; to x. The analysis in these
cases are entirely analogous to the previous two cases. The only permissible terms in this

case are the terms p3 ® ¢,_; in the differential 6'(z); and ps12 ® x in the differential 6 (c,_;).

Proposition 4.3.10. The tensor product CFD™(C,) = CFAyy,_,(C,) K =1 CFDD™(T) is

as illustrated in Figure 4.2.

P23 P23 P23 P23 P23
- P Cp_9g T ... e ... e
« b=z — Tt —_ 1

0 n? P41 P41 P41 P41 P41

P3
(>
P12 P4

Ve

2\

125 P41 P41 P41 P41 P41
b T e T i X
p—1 S Y%-2__ - U — - U

P23 p23 P23 P23 p23

Figure 4.2: The tensor product CFD™(C,) = CFAyy,_,(Cy) W =1 CFDD™(I).

Proof. All terms in the differential with the corresponding Reeb element of length less than
four in Figure 4.2 follow from our choice of p*? and p*°, and the correspondingly labelled
operations in Figure 3.24. In particular, we note that terms with length three Reeb elements
follow from the first pair of trees of p*Y, and every other summand in the weighted module

diagonal primitive is zero as p3 = 0.
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The sole way a length two Reeb element arises in the differential of the tensor product is
with a 49, and so such terms do not get cancelled by any higher module diagonal primitive
terms. The relevant length three Reeb elements arise from a binary tree of uy (as they
indeed do in our differential), or from the type DD module outputs pia3 ® p123 Or paszs & paio-
The latter do not lead to cancellations as the gradings preclude there being any operations
m2($7 p123) or mQ(Cpfla ,0234)-

The term 6'(cy) = pasar @ by follows from a compatible choice of p*Y. Instead, we argue
it follows from the structure relations for CFD™(C,). Indeed, there are terms pozq; ® by and
po3s1 ® ¢y in the structure relations that arise from ué ® by and u(l) ® c¢q, and the only term
permissible with the gradings that can cancel them is §'(c¢;) having a term pazy; ® by.

We recap our analysis of the possible terms in the differential for CFD™(C,). Except for
the terms illustrated in Figure 4.2, the only possible terms are in the differential *(c,_;) and
of the form a ® b,_; for a € {U, paza1, pa123}. All three would introduce corresponding terms
a® cp—; and a ® b,_; in the structure relations that do not cancel. Thus, they do not occur

in the differential. O

Theorem 4.3.11. Let 9 be a graded weighted Aoo-module over AV such that
M = M/VM, viewed as an As-module over A[U), is the graded As-module
CFA™(C,)/V CFA=(C,) = CFA(C,).

Then, Myy=1 Wv=1 CFDD™(I) is isomorphic to CFA;_,(Cp) K o= CFDD™(I) =
CFD™(C,) as graded weighted type D modules.

Proof. Let m be the module operation on 91, and let f,gi,@- be its generators, for 1 < i <
p — 1. We make use of the relative U-grading on 9. From Lemma 4.1.3, we know the
ambiguity in the U-grading (for both CFA™(C,) and 6F\A(Cp)) is p. The module operations

respect the U-grading.
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Consider the weight 0 5-input A, relation for 9 with inputs gp,i, P2, P1, P4, p3 Where
i < p— 1. In this A, relation, there is a non-zero term mJ (gp_i, w13(p2, p1, pa, p3)) = UVEp_i
that must be cancelled by another term. Any other algebra operation on the inputs is zero,
so the cancelling term must be a composition of module operations.

First consider the composition of module operations m3(mg(b,—;, p2, p1, pa, p3)) or

m2(m(by—s), pa, p1, pa, p3). A simple analysis of the gradings in G shows that the output

of both mg('z?p_i, P2, P1, P4, p3) and m[{(ﬁp_i) must be a scalar multiple of ¢,_;. Such a compo-
sition of module operations then picks up a power of UP~* to respect the U-grading, where
p—1 > 1. This cannot cancel against U Vgp,i. The other possibilities for the composition of
module operations are mg(mg('l;,,_i, p2), P1, P4, p3) and mg(mg@_i, P2, P15 P4), p3)- The idem-
potents force the output of the inner module operations to be a scalar multiple of Z, but the
gradings in G do not allow for such operations.

The only non-zero term that remains is the composition m$(m3 (gp_i, P2, P1), P4, P3), Where
we know mg(gp,i, P2, p1) = ng_(iﬂ). To cancel against U Vgp,i, the A, relation necessi-
tates that Tﬂg(gp_(i+1), p4, p3) has a term Vgp. An entirely analogous argument shows that
m3(Cp—(i+1), pa, p3) has a term UVE,_;.

We are now ready to force things.

Let D be the tensor product My y—1 X -1 CFDD™(I), and let 67, be the differential on
it. All the terms in Figure 4.2 that do not have a factor of p, follow from the operations
on EF\A(CP), and our choice of p*° and p*°. The differential terms labelled with py; follow
from our analysis above. None of these get cancelled by any other terms in the differential
for precisely the same length and grading reasons as in Proposition 4.3.10.

The remaining terms in the differential are forced by the type D structure relation for D.

The terms pia3s ® T and p3q10 @ T arising from pf ® 7 in the structure relation necessitate

pa12 @ T and py ® T in 05(¢,—1) and d}(b,_1) respectively.
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The only grading permissible terms left to analyze are terms in §},(¢,_;). But these, we

saw in the proof of Proposition 4.3.10, are forced by the structure relation. O]
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Chapter 5

CFD~ and tensor products

In this chapter, we take our modules out for a test drive and compute a sample tensor

product. We remark that computation of any tensor product with a weighted type D module

is a finite task that can be performed by a computer.

In particular, the differential on

the tensor product preserves the U- and V-grading. The enumeration of all operations on

our A,-modules that output at most a certain power of U and V is a tractable task; c.f.

Section 4.2.

T~ —
T2 n I
\_/ v
P341 pa12 Lo
P1 p234 p234 r1 P2/ \‘Pl
hn Y2
Y2 UYa P3 ﬁz;
o «——— @ L3t
P4 P123 pP123 P4 0341/ \P234
P341 p412 Y3 Y4
— — > i
T3 -~ Ys -~ Xy ,0412\N /0123
° L P2 P3 4

Figure 5.1: A 1 x 1 rectangle and the associated weighted type D module

right is illustrated the relative spin“-gradings.

. On the
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Lemma 5.0.1. The type D structure of a 1 x 1 rectangle is given as in Figure 5.1.

Proof. Proposition 2.5.2, along with the formula to compute CFD from CFK~ [LOT1S,
Theorem 11.27|, provides us all terms in the differential in Figure 5.1 that do not have a
factor of py. The terms that do feature a factor of p, are forced by the weighted type D
structure relation, to cancel terms in uj ® z; and pl ® y;.

That there are no other terms follows from a simple analysis of the gradings, c.f. Sec-
tion 4.3. We illustrate the relative spin®-gradings on the right in Figure 5.1; in particular, the
spin‘-gradings necessitate that there are no terms in the differential between generators that
are not adjacent. The Maslov gradings show that adjacent generators do not have further

terms between them. O

In [LOT23, Section 9|, Lipshitz, Ozsvath, and Thurston illustrate further examples of
constructing CFD™ from CFK™.

The weighted type D module of Figure 5.1 is a summand of the type D module of the
figure-eight knot. The knot Floer complex of (p, —1)-cables of the figure-eight knot have
been computed by Hom, Kang, Park, and Stoffregen using the immersed curve invariants of
Hanselman [Hom+22]. In particular, they compute the UV = 0 complex and show it lifts
uniquely. We compute the tensor product of CFA™(C,) with the weighted type D module of

Figure 5.1, and remark that it matches precisely the computation in [Hom-+22].

Proposition 5.0.2. The tensor product of CFA™(C,) with the weighted type D module of a

1 x 1 rectangle (as in Figure 5.1) is given by the complex in Figure 5.2.

Proof. The chord sequences that contribute to the tensor product are as follows, labelled
along the corresponding arrows from Figure 5.2. In a box, we note the weight of correspond-

ing operations in cases with positive weight.
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b1y L’ 1 bp—1Y4 L Cp—1Y4 Ty vt Ty
% Ve V uv U
biys ——— C1Y3 TXy v? Tx3 14 bp,ly2 E) Cp—1Y2
(a) (b)
brya ' CkY4 y— bir11 E Ck+1Y1
V uv U
bri1Y3 ﬂ Ck+1Y3 vrt bryo Ut CrY2

()
Figure 5.2: Summands of the tensor product of CFA™(C,) with the type D structure
of a 1 x 1 rectangle as in Figure 5.1. The tensor product for p = 2 is given by the two
summands in the top, where by = b and ¢; = ¢. For p > 2, there is one additional summand

of the bottom form for each 1 < k < p — 2.

p1 P3Q@p2
biyy ——— a1 bp—1Yys ———— Cp—1Ya TTq TTo
he) )
E V)
& s 2 s
Sk alE > 5 g s
ol ® o || R =~ ® ®
IS ® < =
® 3 v =
w
B ~
w =
pP3Rp2 P4 b c
brys €193 TLa LT3 p—1Y2 ——— Cp—1Y2
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brys ————— CiYa

£dR¥d
ed@vd

P412Q@p1
——— b1y ——— Gkl

Td®ed
Td®td

pa®p341

bk+1y3 > Clt1Y3 e—— bky2 —— CkY2

We will see that no other chord sequence from the type D structure contributes to the

tensor product. First, any chord sequence a1 ® -+ - ® a; ® - - - ® a;, that arises from a non-zero

operation on the type A module has the property that a;a;.; = 0 for any 7. This limits the

chord sequences of interest from the typ

e D structure as those obtained from a clockwise or

counter-clockwise walk on the graph in Figure 5.1.

Next, consider any such chord sequence of length > 5 that has as a subsequence p3 ® ps ®

P1 R pgor py ® py @ p3 @ pe. This cannot arise from a tiling pattern as it would necessitate a

vertex that meets more than four non-blue faces. This limits us to only finitely many chord

sequences from the type D structure, and we can check that none except the ones listed

above correspond to a disk.
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As a demonstrative example, consider the chord sequence p; ® py ® p3s1 Q@ pa12 @ proz ®

P312 @ p3 ® po. Highlighted above is a lift of the red curve with this chord sequence; starting
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with the overlap (in gray), the curve lifts to a different copy of the square. The blue curve
does not bound a disk with the highlighted curve. A consideration of the gradings also shows

that no such chord sequence corresponds to an operation. O

The computation of the corresponding tensor product for the hat flavor has been per-
formed by Petkova [Pet13]; in particular, the gradings are computed in Section 5 and remain

precisely the same.
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