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Abstract

The purpose of this work is to study fluid-polymer systems. A fluid-polymer system
is a system consisting of solvent fluids and polymers, either suspended in the bulk
(polymeric fluid systems) or attached on the boundaries. Mathematically, they are
coupled multi-scale systems of partial differential equations, consisting of a fluid por-
tion modeled by the Navier-Stokes equation, and a polymer portion modeled by the
Fokker-Planck equation. Key difficulties lie in the coupling of two equations.

We propose a new approach to show the well-posedness of a certain class of poly-
meric fluid systems. In this approach, we use “moments” to translate a multi-scale
system to a fully macroscopic system (consisting of infinitely many equations), solve
the macroscopic system, and recover the solution of the original multi-scale system.
As an application, we obtain the large data global well-posedness of a certain class of
polymeric fluid systems.

We also show the local well-posedness when a polymeric fluid system is written
in Lagrangian coordinates. This approach allows us to show the uniqueness in lower
regularity space and the Lipschitz dependence on initial data.

Finally, we propose a new boundary condition which describes the situation where
polymers are attached on the fluid-wall interface. Using kinetic theory, we derive a
dynamic boundary condition which can be interpreted as a “history-dependent slip”
boundary condition, and we prove global well-posedness in 2D case. Also, we show
that the inviscid limit holds for an incompressible Navier-Stokes system with this

boundary condition.
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Chapter 1

Introduction

Complex fluids are everywhere. Although the two most ubiquitous fluids, water and
air, are generally regarded as simple fluids, most of other fluids in our life are complex
fluids. One example is blood in our bodies, which consists of various cells, materi-
als, and water, and its dynamics are different from those of Newtonian fluids due to
contributions of elasticity of cells and materials. Liquid crystals are used in various
display devices, and polymeric fluids are also widely utilized in the chemical industry,
for applications such as adhesives. Many fluids in the food industry are also complex,
mixtures of diverse materials.

Furthermore, complex fluids show various interesting behaviors, which are rarely ob-
served in Newtonian fluids. Their unique properties are not only scientifically in-
teresting, but also useful for real-world applications. For example, the addition of
a minuscule amount of polymers to a turbulent flow in a pipe channel significantly
enhances the flow, which is called the polymer drag reduction phenomena. This prop-
erty is used to increase energy efficiency in various applications. ( [128], [132], [124],
[25], and [129].)

Therefore, it is natural that complex fluids have drawn scholarly attention of numer-

ous researchers from many disciplines, including chemical and mechanical engineering,



physics, scientific computing, and mathematics. There are plenty of brilliant works
which have significantly deepened our understanding of the behavior of complex fluids.
However, our understanding of the dynamics of complex fluids remains incomplete
due to their inherent complexity. First of all, there are many types of complex fluids,
and most have very different properties. For instance, it is not likely that foams and
liquid crystals are described by a common model, as they behave very differently.
Even two polymeric fluid solutions with identical polymers and solvents, but varying
concentrations may display very different dynamics. Therefore, in order to appropri-
ately describe the dynamics of complex fluids, it is necessary to narrow down and
specify which types of complex fluids we try to describe.

In this thesis, we are interested in a very specific class of complex fluids: the fluid-
polymer system. In this work, the fluid-polymer system is a fluid that consists of
solvent and dissolved polymers, either suspended in the bulk of the fluid (Chapter 2,
3, 4) or where one-end is attached to wall and other parts are floating freely in the
solvent (Chapter 5). In addition, we are interested in a dilute fluid-polymer system,
that is, a system with low enough polymer concentrations so that direct interaction
between two polymers can be ignored.

In order to obtain a mathematical description of fluid-polymer systems, we have
made several simplifications and assumptions. First, we have filtered out detailed
information of polymers. The underlying idea, which is one of the main themes of
the thesis and will appear repeatedly is the following: we are primarily interested in
a macroscopic description of the flow, in which the specific details of the microscopic
system are ignored and the effect of the microscopic system is characterized as collec-
tive operators of microscopic states acting on the macroscopic system. We simplify
polymers to obtain a coarse-grained model of polymers: for example, we simplify flex-
ible polymers as a spring with two beads on two ends, and rigid, rod-like polymers as

a rod. Also, polymers of the same type have an identical configuration space. Such



simplifications of polymers are drastic; flexible polymers have very complex shapes,
and two polymers in the system may have a different number of monomers and will
not be specifically identical. However, as far as we are interested in the dynamics of
macroscopic flow, such simplified models still give a good agreement in qualitative
behaviors.

Once we have obtained a simplified model of each polymer, we adopt the kinetic de-
scription of polymers, that is, we keep track of the statistics of the polymers in the
configuration space and ignore the history of the individual polymers. There are good
reasons for adopting these kinetic descriptions. First, the number of polymers is so
tremendous that it is nearly impossible to keep track of each polymer. Second, most
of the details of polymer states are not very useful in understanding the macroscopic
flow. As previously mentioned, we only need the information related to the evolution
of macroscopic flow, not specific details about microscopic polymer systems.

The final step is to understand the interaction between polymers and solvents. To
understand the system completely, we need to know both the effect of fluids to the
polymer distribution and the effect of polymers to the solvent flow. The former is
straightforward, as one can easily see what solvent flow does to the polymers from
the equation. The latter is more delicate, as polymers influence the flow by exerting
stress on fluid parcels, which is less direct. The coupling of these two makes the
dynamics more interesting.

In this chapter, we present background materials for the thesis. This chapter pro-
ceeds as follows. We start with the dynamics of solvents, which are assumed to be a
Newtonian fluids, in Section 1.1. Basic languages and facts concerning fluid mechan-
ics are provided. In Section 1.2, the coarse-graining procedure of polymers is briefly
discussed. Section 1.3 focuses on the kinetic theoretic description of polymers in the
simplest setting. Their interaction with solvents is discussed in Section 1.4. We also

present the goal of this thesis in Section 1.5 and we review the literature in Section



1.6.

1.1 The Equations of Fluid Motion

In many scientific and engineering applications, it is essential to understand the mo-
tion of fluid substances. It is also the case if one wants to understand the dynamics
of fluid-polymer systems. We model the fluid as a continuum; we ignore that matter
consists of atoms, which is a good approximation in many situations. The description
of the motion is obtained from balance laws and constitutive equations, as elaborated

below.

1.1.1 Eulerian and Lagrangian coordinates

Before we investigate the motion of fluids, we introduce the coordinate systems. There
are two important coordinate systems of observing fluid motion. In the first system,
which is called the Eulerian system, an observer has a fixed position. In the second
system, which is called the Lagrangian system, an observer moves with the velocity
u of the fluid. The two systems are related in the following manner. Let f(z,t) be a
quantity (field) of interest and let % f be the time derivative of f with respect to the
observer moving with the velocity v (which is also called as the material derivative
of f). Also, let X(z,t) be the position of the particle with respect to the Eulerian
observer, at time ¢ and initially at x. Then we have the following initial value problem,
which defines the flow X:

d
X (1) = u(X(2,0).8), X(z,0) = (1.1)



Then, the Lagrangian derivative 2 f = <4 f(X(x,t),t) at the particle originally at x

can be written as

0.0 = (8 + GX (00 Ta ) (X0 01,0) = @ - 9,) F(X (0.0,
(1.2)

in the Eulerian observer’s coordinate, by the chain rule.
One important related result is the Reynolds Transport Theorem. Let V(t) be a
volume whose surface points move with the local fluid velocity u(z,y) (the set of
surface points of V' (¢) will be denoted by S(¢).) Then

%/V(t) f(x,t)dx = /V(t) {%{ + fV. u] dx (1.3)
holds.
Two coordinate systems are equivalent if the fluid velocity field u is smooth enough.
On the other hand, if the velocity field is not regular enough, defining unique flow X
becomes nontrivial and there are plenty of works addressing this issue (for example
[46]). In Chapters 2, 3, and 5, we will pose our system in Eulerian coordinates. In

Chapter 4, we will pose our system in Lagrangian coordinates.

1.1.2 Balance laws

We introduce three unknowns - the density p(z,t), the velocity u(z,t), and the pres-

sure p(x,t) of a fluid particle at position = and time ¢.

Mass balance. First, we have a balance of mass:

Op+ V- (up) =0. (1.4)



Linear momentum balance. Second, we have a linear momentum balance, which
states that the time rate of change of linear momentum equals the sum of all the forces
acting on the material. There are two types of forces, the body forces and the surface
forces.

Body forces are long range forces which act on all the material points. Examples
include gravity or electric/magnetic forces. Body force per density is denoted by f;.
Surface forces are short range forces, and they model two types of molecular scale in-
teractions. First, they represent intermolecular forces between nearby fluid particles,
which give an effective friction in fluids. Second, they represent linear momentum
exchange due to random thermal motions. We denote the surface force on the surface

normal to n by t;. The integral form of the linear momentum balance reads

d
— pudx:/ pfbdx—i—/ t;dS. (1.5)
dt Jy V() 5(t)

By the Reynolds transport theorem and mass balance (1.4) this can be rewritten as

D
/ p—udx:/ pfbdx—i-/ t,dS. (1.6)
vy Dt V() s(t)

We point out that t; has a specific form, that is, t; = n - Xp, where X is called the
Cauchy stress tensor, which is a second-order tensor. The components (Xr),; of X
represent the force per unit area in the z;-direction on a surface which is normal to
the z;-direction. The argument is due to Cauchy, based on the order-of-magnitude
analysis. We briefly review the argument.

We begin with the equation (1.6). Suppose that we choose a volume around some
point p, whose diameter is ¢, and we shrink the volume as ¢ — 0. The surface force
term will diminish to the order of O(¢?), while the other terms diminish to the order
of O(£?), as they are integrated over the volume. Therefore, the surface integral term

is the leading term. Then, first we choose a “pill-box” shaped region: for any vector



n, we take a small circle in the plane normal to n and radius ¢ and take a cylinder
with height ¢2. Again, the leading order term comes from integrals over two discs,
and taking the limit we obtain t; = —t_;. Next, we take a tetrahedron volume
(Cauchy tetrahedron), specified by a unit normal vector n. For example, we take
p as the origin, and take our tetrahedron by the volume formed by the x;xs-plane,
xroxs-plane, xsxi-plane, and n - x = ¢. Again, the leading order term is the surface

integral term, and a the force balance, we obtain
tﬁ = nltél + ngtéz + ngtég. (17)

Therefore, t; = n - X, where (Ep)ij = (ts,) ;- Applying the divergence theorem to
(1.6) and noting that V() can be arbitrary, we obtain the equation for the Momentum

Balance:
Du

T _v.Y% 1.

1.1.3 Incompressible Navier-Stokes equations for simple flu-
ids
In this subsection, we find the representation for ¥z given that the fluid is simple,

incompressible and homogeneous. We will see that for such a fluid, the stress tensor

Y in (1.8) is given by:

Yp = —pl+2uD(u), D(u) == (Vu+ (Vu)"), (1.9)

1
2

where p is the pressure and p is a constant, called the shear viscosity. Here incom-

pressible and homogeneous means p is uniform over space.

Fluid statics. We first consider case u = 0, the static case. Although fluids cannot

support tangential (shear) stresses, they can support tensile/compressive or normal



forces. Thus, the only stresses acting on a fluid in the static state are normal to any

surface, and we call this stress the static (equilibrium) fluid pressure p. Thus,

Sp = —pl, (1.10)

where the minus sign indicates that the pressure is compressive.

Fluid dynamics. If there is no motion, the constitutive equation should reduce to

the static case (1.10). Therefore, we write

Yp=—-pl+o, (1.11)

where o is called the deviatoric stress, which is the non-equilibrium stress. Our goal
is to derive a relation between o and u. We can derive (1.9) for a simple fluid with

the following assumptions:

1. Galilean invariance. We want the equation (1.8) to be invariant under Galilean

transformation. Then, we want o = o(Vu).

2. No dependence on local rigid body rotation. This implies that o = o(D(u)).

There are some discussions concerning this assumption. See p. 144 of [13].

3. Instantaneous, local response to D(u). We want o(z,t) = o(D(u(x,t))). We do

not want non-locality or history-dependence.

4. Linear dependence. Similar to simple constitutive equations, we want the linear
relationship between the second-order tensor o and D(u). Therefore, we want
o =A: D(u), where A is a fourth-order tensor and, in the index notation this

becomes ;; = A;jkeD () ke

5. Isotropy. Finally, we want our constitutive relation to be isotropic, which means

that there is no preferred direction in the material. Mathematically this means



that the fourth-order tensor A is isotropic, that is, it has the same components

in all rotated coordinate systems. It is well known that such A is of the form
Aijie = M0ij0ke + X20ii0je + A30i00k;, (1.12)
where A\, Ao, and A3 are scalars, we conclude that
o=MV-ul+2XD(u), (1.13)
or, by rewriting,

Yp=—(p—rV-u)l+2u (D(u) — %V . u]I) (1.14)

where k is referred as the bulk viscosity, and p is known as the shear viscosity.
Fluids following such assumptions are called the Newtonian fluids. Here we
regard p and x as material constants in Newtonian fluids (in general they depend
on state fields, especially on the density and the temperature). Also it can be
shown that p and x are nonnegative using an argument based on the second
law of thermodynamics. Finally, noting that incompressibility means V - u = 0,

we recover (1.9).

Using incompressibility and (1.9), we can rewrite (1.8) as

2'LL —+u - qu = —Vzp—F VAQ:U/ + fb;
ot (1.15)

Ve -u=0,

where v = p/p is the kinematic viscosity. Also, if v = 0, then we call (1.15) as
the incompressible Euler equation. To ask the question of existence and uniqueness
of the solution for the system (1.15), we need two more complementary data: the

initial data ug and the boundary condition, if boundary exists. We will investigate

9



the second point in Section 1.1.5.

1.1.4 Non-dimensionalization and the Reynolds number

It is very useful to non-dimensionalize the system (1.15), especially when we are

interested in the asymptotic behavior. The first equation of the system (1.15) has

(length)
(time)?

and L the characteristic length-scale of the system, then the characteristic time-scale

the dimension If we write V' the characteristic velocity scale of the system
of the system becomes T = L/V. Also let & = %, ¢ = £ be non-dimensional space
and time variables. Also we write 4 = 3 for non-dimensional velocity, p = p%z for
non-dimensional pressure, and f, = befZ be non-dimensional body force. Then (1.15)

can be rewritten as

2 V2 _ V
Ot ) = (~Vap+ ) + A
L L?
V (1.16)
ZV;;; =0,
or
Opu+u=—Vzp+ fo + 5-As0,
Re (1.17)
Vi -u=0,
where Re is the Reynolds number
VL

The Reynolds number Re captures the essentials of the dynamics of the system. For
a given geometry of the domain and initial conditions, the effect on a flow field of
changing various parameters (V, L, p, u or a combination of them) can be described
uniquely by the consequent change of Re alone. This is called the principle of hydro-
dynamic similarity; two flows in equivalent geometries and with the same Reynolds

number are essentially the same.

10



Also, the magnitude of Re may be regarded as providing an estimate of the relative
strength of the inertial and viscous forces acting on the fluid [13].

Various asymptotic limits can be studied in the non-dimensionalized setting. For ex-
ample, in the limit Re — oo, which is called the vanishing viscosity limit, one might
expect that in the limit the system might behave as if ﬁ = 0, that is, the solution of
the Euler equation. Indeed, this is the case if the system has no boundaries, provided

a smooth solution of the latter equation exists.

Re s a smooth enough solution of (1.17) for fived

Theorem 1.1.1. Suppose that u
Re with initial data uy (independent of Re) on the domain T?, d = 2 or 3. Also,
suppose that there is a smooth solution, denoted by u”, of the Euler system ((1.17)

without 72Az0 term) on T4 x [0, T) with same initial data ug. Then,

lim sup [[u®(t) — u”(t)||12(rey = 0. (1.19)
Re—o00 tE[O,T)

Proof. Let w = u®® — «¥. Then by subtracting two equations, multiplying w and
integrating over T?, we obtain the following:
i||w||2 a) T L||VuRe||2 0y = —/ w - Vu¥ - wdr — L Vuf : VuRedy
th L2(T ) Re L2(T ) Td Re Td ‘

1
< VuP]| g pay w0l 22 (pay + ﬁﬂquHm(Td)HVURe | L2 (T4
(1.20)

and therefore

d 1 R 1
EHWH%?(W) + ﬁHVu e||%2(1rd) < 2||VUE||L°°(Td)”wH%?(Td) + R_eHVUEH%?(Td)
(1.21)

and applying the Gronwall inequality with w(0) = 0, we have

1 T T
sup ||w(t)||ig(w) < Re &P <2/ ||qu(t)||Loo('H‘d)dt)/ HVuE(t)H%z(Td)dt.
te[0,T) € 0 0

(1.22)
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Therefore, supye(o ) [[u™°(t) — u”(t)|| 2(re) = O (ﬁ), as desired. O

However, in the real world, fluid systems have boundaries, and the boundary
conditions impose key difficulties, which will be briefly described at the end of the

next section.

1.1.5 The boundary conditions

To describe the system completely, the system of equations (1.15) should be comple-
mented with appropriate boundary conditions. There are various boundaries such as

fluid-fluid or fluid-vacuum, but in this thesis we only consider fluid-wall boundaries.

Remark 1. We note that understanding boundary conditions for a fluid-wall interface
still remains an interesting problem in fluid dynamics. A review paper [87] provides

a good explanation and references.

First of all, we have the no-penetration condition:
u-n =70, (1.23)

where 7 is the (outward) unit normal vector at the boundary of the domain. This
boundary condition says that fluids cannot cross boundaries. For the Euler equation,
describing behavior of inviscid fluids, (1.23) is a natural boundary condition to impose.
Note that as the Euler equation is a first-order equation, we need one equation for its
boundary condition.

For the Navier-Stokes equation describing a flow of viscous fluids, one also need
boundary conditions for tangential directions of the flow. The most widely used

boundary condition is the no-slip condition:
u =0, (1.24)
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on the boundary. This boundary condition is physically justified by that at the fluid-
wall interface, the attractive force between the fluid particle and particles comprising
the wall is greater than that between the fluid particles [13]. This is an example of the
Dirichlet boundary condition, which imposes values of the variables at the boundary.
The Navier-slip boundary condition (introduced by Navier [110], also proposed later
by Maxwell in [106]) is also frequently used (for example, [26], [100], [69]). It states
that there is a slip velocity, which is tangential to the boundary. The slip velocity is
proportional to the tangential component of the viscous stress tensor.
u-n=>0,

(1.25)
7;- (2vD(u) -n+au) =0, i =1,2

where « is a scalar friction function, which is positive and smooth. This boundary

condition can be rigorously derived from the reflection-diffusion boundary condition

([71], [57]) in the kinetic theory of gases.

In Chapter 5, we will introduce a new boundary condition, which describes the situa-

tion where polymers are grafted on the wall. The boundary condition is the following;
u-n =70,

(1.26)
O+ 1)(7- 2D(u) -n+u) =—u-7, i=1,2.

We conclude this section with a brief remark on the vanishing viscosity (infinite
Reynolds number) limit. In many cases, it is of interest to investigate the limit
behavior of the fluid systems with their Reynolds number converging to infinity. As we
have seen in Theorem 1.1.1, as the Reynolds number goes to infinity, the limit system
converges to the solution of the Euler equation, if there is no boundary. In contrast,

the boundary condition imposes a key difficulty in studying the limit behavior when

the domain has a boundary (for example [78], we discuss more in Section 1.6.3).
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One expects the limit is a solution of Euler equation, naturally from the equation.
However, for the no-slip boundary condition (1.24), there is an obvious boundary
mismatch, and it is not known whether the system converges to the Euler system
as the Reynolds number tends to infinity. Similarly, for the Navier slip boundary
condition (1.25), the existence of the vanishing viscosity limit is unknown unless
a — 0 as v — 0. One thing to note is that the boundary condition (1.26) allows the

vanishing viscosity limit, which will be discussed further in Chapter 5.

1.2 Coarse-grained models for Polymers

As was introduced earlier, in order to obtain a tractable model of fluid-polymer sys-
tems, we need a coarse-graining procedure for polymers. We emphasize that flexible
polymers are often simplified as a spring with two beads at both ends; in this thesis,

we always use this simplification for flexible polymers.

Remark 2. In this Chapter, we only discuss flexible polymers. We exclude the
deriwvation of rigid, rod-like polymer models, although in Chapter 3 we discuss the
well-posedness of these systems. For more detailed information for rigid, rod-like

polymer models, see [47].

The goal of this section is to give a heuristic explanation of why flexible polymers
can be regarded as a spring. In short, they show elastic (spring-like) behavior due
to an entropic effect: if a spring represents the difference vector between the ends
of a sub-chain consisting of many monomers or independent flexible units, then the
central limit theorem implies that the distribution of end-to-end vectors is Gaussian.
For these purely entropic effects, the Helmholtz free energy obtained as the logarithm
of the Gaussian probability density is quadratic, and this corresponds to a linear
spring force [116].

To further explain this point, we introduce a very simple model called the freely jointed
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model: it consists of N links, each of length by and each can point in any direction
independently of each other. Its configuration is determined by the set of bond vectors
(r1,--+,ry), where r; is the direction of the i-th link. The probability distribution
for r; is uniform over by,S¢~!. The main quantity of interest is the end-to-end vector

R of the link:
N
R=) r,. (1.27)
i=1

If we let (R) be the expectation of R, then one can easily see that
(IR|?) = Nb;. (1.28)

Also one can see ([47]) that the probability density function fy(R) for the end-to-end

vector can be approximated by:

fn(R) ocexp (—?2"]1\?;%) : (1.29)

We note that in the distribution, the local structure of the chain appears only through
the bond length by. Therefore, if we are interested in the global properties of polymers,
we can regard the polymer as a chain with Gaussian distribution for an end-to-end
vector, which is sometimes called the Gaussian chain. The Gaussian chain is often
represented by a mechanical model in which the two end ‘beads’ are connected by a

harmonic spring whose potential energy is given by

3

UR)= N

ksT|RJ?, (1.30)

where kg is the Boltzmann constant and 7T is the temperature. The equilibrium for

such a model is the same as (1.29).
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1.3 The kinetic theory

In a fluid-polymer system, we keep track of the probability density function of poly-
mers in the configuration space, and we try to find the governing equation for the
evolution of the probability density function. In the dilute regime, polymers will be

subject to a drift-diffusion process due to
1. their own potential forces,
2. Brownian motion due to their collisions with solvent particles, and
3. hydrodynamic interactions, that is, the effects due to flowing solvents.

To obtain the description of the evolution of the probability density function, we
will make a number of multi-scale assumptions, which will be briefly reviewed in this
section. Finally, we describe the collective effect of polymers, which is called the

Kramers expression.

1.3.1 The separation of scales - I

There is one point to remark concerning the multi-scale nature of the models of
polymeric fluids based on the kinetic theory. In these models, there are two important

assumptions, both called separation of scales. The first one states the following;:

e The polymer length-scale is much larger than the mean free path of solvent

particles.

This assumption allows us to employ various hydrodynamic approximations to cal-

culate the effect of fluids to polymers.

Flexible polymers. As we have seen in Section 1.2, we can regard a flexible poly-
mer as a spring with a bead on its each end. Within this model, the end-to-end vector

m is the configuration of this polymer. Due to the first and the second assumptions,
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we may suppose that the solvent flow surrounding the beads is in the Stokes regime.
First, hydrodynamic representation of the solvent near a bead is reasonable, as a bead
is larger than the solvent mean-free path length. Also, with this small length-scale,
Reynolds number is small enough near the bead. Therefore, we can apply Stokes’” law
to obtain its friction coefficient. This fact is used in the subsequent section, and also

in Chapter 5.

1.3.2 Fokker-Planck equations

From now on, we will denote the configuration space of polymers by M. Our goal is
to obtain the description of f(m), which denotes the probability of a particle to be
in the configuration m € M.

In this subsection, we assume that solvents do not flow while solvent particles are
randomly jittering, exhibiting Brownian motion. Also, in this subsection we assume
that polymers distribute uniformly in space, so that f does not depend on z, and
diffusion of center-of-mass positions can be ignored. At this point we would like to
obtain a description of how configuration changes over time without considering its
spatial distributions. In this case, polymers experience both diffusion and drift effects
due to their potential forces. By diffusion we mean the diffusion in the configuration,
which originates from the random collision of solvent particles and polymers. We

denote the polymer (elastic) potential by U. The modified free energy is given by

£ /Mf(longrU)dm. (1.31)

An equilibrium distribution is given by a minimizer of £ and satisfies the Onsager
equation

f="— (1.32)
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where Z = [ e"Ydm is the normalizer. We note that solutions to the equation (1.32)
can be non-unique, if U depends on f.

If f is not in equilibrium, then it relaxes to an equilibrium following the Fokker-Planck

equation:
0E
o f = e§ (1.33)
or

Here, € is a diffusivity, a positive constant. In Section 1.3.3, we will see how € is
determined from other physical coefficients.

We note that £ is a Lyapunov functional: we have

d
—E&=-D< 1.
€ <0, (1.35)
where
2
D :/ Vinf + VU] dm. (1.36)
M f

It is worth noting that there is a stochastic differential equation corresponding to
(1.34). For simplicity, let M = R? and let m be a particle subject to the potential
effect and random fluctuation effect. Then the corresponding stochastic differential
equation is:

dmy = —€V,,U(my)dt 4+ v/ 2ed W, (1.37)

where W, is a standard Wiener process. In Chapter 5, we deal with the case where
M has a boundary, and in that case, we need to use a local time term, representing
a boundary condition [98].

Another remark is that there is an interpretation of (1.34) in terms of the gradient
flow structure, following Jordan, Kinderlehrer, and Otto [72]. Again, for simplicity,

we assume that M = R? and U = |m|* with k a positive integer. Then the solution
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f of (1.34) can be approximated by the following discrete scheme: for any 7' > 0 we
divide the time interval [0, 7] by intervals of length h = % > 0. Then given f* =1 at

time tz_1, we determine £ by the minimizer of
1 _
ST, )7+ hELf] (1.38)

over nonnegative integrable functions f with total mass 1 and finite second moments.

Here d is the 2-Wasserstein metric:

pEP(u1,p2)

dmogaf = _nf [ o= yPpldedy) (1.39)
X

where P (1, i12) is the set of all probability measures on R? x R? with first marginal
p1 and second marginal po. Then fi,(t) = f®) for t € [kh, (k + 1)h) converges to f
weakly in L'(R?) for [0,T].

1.3.3 Stokes-Einstein Relation

In this section, we establish the relation between the diffusivity constant e in (1.34)
and other physical coefficients, namely solvent viscosity v. This analysis is particularly

related to the investigation of asymptotic limits in Chapter 5. First, we note that

where ( is the friction coefficient of the bead (in the bead-spring model of the flexible
polymers). Then, the friction coefficient of the bead, ¢, is determined by the Stokes-
Einstein relation:

¢ = 6mraypv (1.41)
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where p is the solvent density, v is the solvent kinematic viscosity, and a;, is the bead
radius. Here we emphasize again that separation of scales has been used; (1.41) is

only valid for Stokes flow past the sphere.

1.4 The coupled system: Navier-Stokes-Fokker-Planck
equations

In this section, we complete the description of the coupled system of fluid and poly-
mers. To achieve this, we need to understand both the effect of fluids to polymers
and the collective effect of polymers to fluids. From now on, we consider the effect
of macroscopic movement of solvents, and we consider x the dependence of f and

center-of-mass diffusion of polymers. Standard references include [47], [116], and [16].

1.4.1 The separation of scales - 11

The second separation of scales assumption states the following:

e The length-scale of polymers, say the diameter of M, is much smaller than the

length-scale of the macroscopic flow.

This assumption has two important consequences. First, it provides the ground for
the continuum description of polymer probability distributions. For a certain point
x, one can think of the grid centered at x with its side length Az, where Ax is small
enough that the discretization of the Navier-Stokes equation with spatial grid size
Ax is accurate. By the separation of scales, we may assume that the diameter of
M is much smaller than Az and that the statistical distribution of configurations of
the collection of polymers in Ba,(x), which is f(z,m). Second, it suggests that the
effect of an individual polymer to the macroscopic flow is negligible, and the effect

of the polymer to the flow should be collective; all polymers at x (we interpret this
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as polymers in a small neighborhood of x) exert some influence on the flow, and we
sum them. Furthermore, this assumption is used in calculating the velocity gradient
between two beads, which distorts the polymers and essentially contributes to the

nontrivial dynamics of the polymeric fluid systems.

1.4.2 The effect of fluids to polymers

Flows of solvents influence the polymer distribution. First, flows transport fluid
parcels, and thus, polymer distribution experiences advection. Second, polymers are
rotated (or distorted, especially in the case of flexible polymers) by the flow velocity
gradient. We briefly illustrate this effect in the case of the bead-spring model of flex-
ible polymers, using the stochastic formulation of Fokker-Planck equation. Suppose
that a polymer located at = has its end-to-end vector m, with by, by at its end. Then
we want to calculate the difference of the solvent flow velocity field between the two
end-beads. Tt is a subtle point since the flow velocity at x is given by u(z). However,
we note that by the first and the second separation of scales assumptions, we have
the following picture: we interpret u(x) as an average velocity in a neighborhood of
x (say, in the grid), and there are local fluctuation of flow velocity inside the neigh-
borhood, and for the two given points by, by in the grid, with by — b; = m, we choose

the leading order term of the Taylor expansion

u(be) — u(by) = (Vyu(z))m (1.42)

as the solvent velocity difference between by and b;. Therefore, this gradient-of-
velocity effect contributes to dm; in the stochastic setting by (V,u(z))m,. Therefore,

we have the following evolution equation for the probability density of polymers,
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which we will call the Fokker-Planck equation in the thesis.
Of+u-Vof +(Vou)ym -V f = e(Anf + Vi - (VL,US)) + 0ALf, (1.43)

where 15 is the center-of-mass diffusivity.

We remark that in some literature researchers set 15 = 0 on the basis that 15 is much
smaller than e. This is a consequence of the second separation of scales assumption:
vy X €, where «v is a ratio between the polymer length-scale and macroscopic length-
scale, so 1 is very small. In Chapter 4 we set v, = 0. If 5 = 0, polymer distributions
are material, that is, they move along the fluid parcel. This makes analysis in La-
grangian coordinates convenient. On the other hand, in Chapter 2 we set v > 0,
which makes the system becomes fully parabolic and enables us to prove the global

well-posedness.

1.4.3 Stress fields due to polymers

Polymers influence the flow by exerting stress. Thus, the stress term g in the

momentum balance equation (1.8), can be determined by
Yp=—pl+2uD(u) + Ko, (1.44)

where K is the parameter representing the strength of polymeric stress, and o is the
non-dimensional polymeric stress. The polymeric stress is determined by Kramers

ETPTeESSION:

o|f] :/ m ® VU fdm. (1.45)

The expression (1.45) has a nice energy balance; see Chapter 2 and Chapter 5. For
derivation of (1.45), see [47] or [116]; also Section 5.4.2 contains essential ideas for

the derivation, although polymers are attached on the wall in this case.
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1.4.4 The Hookean spring case: the Oldroyd-B model

_ m?

5 has a

Among the choices of spring potentials, the Hookean spring potential U
special property: we obtain a macroscopic closure for the stress evolution, which is
called the Oldroyd-B model. To see this, we first note that in (1.45) the polymeric

stress can be rewritten as

olfl=[ m&mfdm. (1.46)

R4

Thus, multiplying m ® m to (1.43) and integrating in m variable formally gives

(0 +u- Vi) olf] = (Vou)olf] + o[fI(Veu)" — 2eo(f] + 2eMoo[f] + 1ad,0|f],
(O +u - Vx) Moo[f] = 1ol; Moyl f],
MQ()[f} = fdm
Rd

(1.47)
The Oldroyd-B model is simpler to solve than Fokker-Planck equation, since it is fully
macroscopic. The Oldroyd-B model is widely used because of this reason. We note
that to derive this equation rigorously, one needs to justify the integration by parts

and therefore existence of higher moments. Rigorous derivations can be found in [12]

and [85].

1.5 Goal of the thesis

There are three goals of this thesis. First, this thesis provides a new framework to
prove the global well-posedness of the systems describing polymeric fluids system,
which are based on the kinetic theory. In this framework, one first translates the
multi-scale system into a fully macroscopic system at the cost of having infinitely
many equations. Then one solves the transformed system, and finally one recovers
the solution of the original system. The description of this approach is summarized in

Chapter 2 for the flexible polymer suspensions and in Chapter 3 for the rigid polymer
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suspensions.

Second, this thesis provides a proof of the non-diffusive Oldroyd-B system using a
new framework provided by Constantin [29], [30] (also [35], together with the author)
which is natural and allows lower-regularity uniqueness and Lipschitz dependence on
initial data. Chapter 4 provides the proof.

Third, the thesis proposes a new boundary condition which models a situation where
polymers are grafted near the wall and drag is reduced. In Chapter 5, the model is
described and mathematical results are proven based on the work of the author and

Drivas [50].

1.6 Previous works

1.6.1 Polymeric fluid models - existence and uniqueness of

solutions

There is a large body of literature on complex fluids. This section examines this

literature to situate this work in the existing scholarly debate.

Oldroyd-B and relevant macroscopic models. Macroscopic models for vis-
coelasticity, such as Oldroyd-B, have been studied extensively. First we discuss the
results concerning the non-diffusive models. Guillopé and Saut proved the local ex-
istence, uniqueness of the strong solution, and the global existence of the strong
solution for small initial data, in the case of the bounded domain, in [65] and in [66].
Fernandez-Cara, Guillén, and Ortega extended the results of Guillopé and Saut to
LP setting in [59], [60], and [61]. In addition, Hieber, Naito, and Shibata studied the
system in the case of the exterior domain in [67]. Chemin and Masmoudi studied the
system in critical Besov spaces, and proved the local well-posedness of the system and

provided a Beale-Kato-Majda type ([14]) criterion in [24]. Other Beale-Kato-Majda
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type sufficient conditions were given by Kupferman, Mangoubi, and Titi in [84], and
by Lei, Masmoudi, and Zhou in [89]. In addition, Lions and Masmoudi showed the
global existence of a weak solution for corotational models in [96]. Hu and Lin proved
in [68] the global existence of weak solution for non-corotational models, given that
the initial deformation gradient is close to the identity and the initial velocity is
small. In [93], Lin, Liu, and Zhang developed an approach based on the deformation
tensor and Lagrangian particle dynamics. Lei and Zhou studied the system via the
incompressible limit in [90] and proved the global existence for small data. Also,
Lei, Liu, and Zhou studied the global existence for small data and the incompressible
limit in [88]. Moreover, in [58], Fang and Zi proved the global well-posedness for
initial data whose vertical velocity field can be large. Constantin and Sun proved the
global existence for small data with large gradients for Oldroyd-B and considered a
regularization of Oldroyd-B model in [39]. Thomases and Shelley provided numerical
evidence for singularities for the Oldroyd-B system in [127]. Next, we discuss the
results for the diffusive Oldroyd-B models. Barrett and Boyaval proved the global
existence of weak solution in [7]. In [33], Constantin and Kliegl proved the global
well-posedness of the strong solution. Also we refer to Elgindi and Rousset ([55]) and

Elgindi and Liu ([54]) for the Oldroyd-B type systems where fluid viscosity is ignored.

Multiscale models, especially FENE models. Macro-micro models, especially
FENE models and some simplifications of them have been studied by many authors.
In this paragraph, we discuss results concerning non-diffusive multiscale models. Re-
nardy proved the local existence of solution for FENE models in Sobolev space with
potential U(m) = (1 — [m|*)'~* for some k > 1, as well as infinitely extensible mod-
els, in [120]. E, Li, and Zhang considered modified models with stochastic setting in
[53]. Jourdain, Leliévre, and Le Bris proved the local existence for the FENE model

in [74], in the setting of the coupled system of Navier-Stokes equation and stochas-
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tic Fokker-Planck equation. Jourdain, Le Bris, Leliévre, Otto proved the exponential
convergence to equilibrium in [73] using theentropy inequality method. There are also
various other local existence results, for example Zhang and Zhang ([133]), Kreml and
Pokorny ([83]), and Masmoudi ([102]). In [102], the author controlled the stress tensor
by the H! norm in m coming from diffusion in m, thanks to Hardy type inequalities
and noted that initial data do not need to be regular in m variable. Lin, Liu, and
Zhang discussed near-equilibrium situations in [94]. In [105], Masmoudi, Zhang, and
Zhang proved the global well-posedness for corotational case. One remarkable result,
the global existence of a weak solution for the FENE model, is proven by Masmoudi in
[103]. The author used the defect measure to overcome difficulties from compactness

issue.

Smoluchowski models. Smoluchowski equations, which refer to the models whose
configuration spaces M are compact manifolds, are also discussed by various authors.
In [32], Constantin, Fefferman, Titi, and Zarnescu studied the nonlinear Fokker-
Planck equation driven by a time averaged Navier-Stokes system in 2D. Constantin
([27]), Constantin and Masmoudi ([36]), Constantin and Seregin ([38], [37]) showed
the global existence of smooth solutions for large data in 2D was established.

The system (3.1) is an example of Smoluchowski equations. Otto and Tzavaras dis-
cussed Doi model (3.1) in [117]. Also, Lions and Masmoudi proved the global existence
of weak solution in [97] with an important observation of dissipative nature of viscous
stress. Also Zhang and Zhang proved the local and small data global well-posedness
for (3.1) models for small n in [134]. The compressible Doi model is discussed by
Bae and Trivisa in [1], [2], and [3]. The relationship between rigid rod-like polymer
suspension models and the Ericksen-Leslie model for nematic liquid crystal has been
investigated in [130]. For more general introduction for complex fluids, there are ex-

cellent references including [104], [92], and [28]. In addition, the author also discussed
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the 2-dimensional Doi model with viscous stress tensor in [86]. Chapter 3 is based on

[36).

Diffusive models and other regularized models. There are results concerning
regularized dumbbell models, for example introducing mollifiers to some terms in
the equation ([135]). Especially, dumbbell models with center-of-mass diffusion are
discussed by Barrett and Siili ([8], [9], [11], [10], [12]), and Barrett and Boyaval ([7]).
Chapter 2 is based on [85]. Also, Schonbek discussed the regularized model, with

corotational assumption in [122].

1.6.2 Lagrangian-Eulerian method

Many authors discussed Lagrangian formulation of fluid systems. In [93], Lin, Liu, and
Zhang developed an approach based on deformation tensor and Lagrangian particle
dynamics. Also, based on Lagrangian approach, Constantin and Sun proved the
global existence for small data with large gradients for Oldroyd-B, and considered
regularization of Oldroyd-B model in [39]. In a sequence of works ([29], [30], [35]),
Constantin developed the formulation of Lagrangian-Eulerian method. The gist of the
formulation is that, we use Lagrangian coordinates to represent variables, convert it to
Eulerian coordinates to compute field interactions, and then come back to Lagrangian
coordinates. Physically, this approach is natural: since the response of a viscoelastic
fluid particle depends on the history of deformation of that particle, it is reasonable
to track down the history of stress and velocity field in the Lagrangian coordinate.
On the other hand, since interaction between fields are not material due to diffusion
and non-local effects, it is also reasonable to compute those interactions in Eulerian
coordinates. Mathematically, this approach has following advantages: first it allows
us to prove uniqueness for lower regularity space, for example ¢ € C?% while in

Eulerian variable convective derivative u - Vo does not make sense, which makes an
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uniqueness proof difficult in the Eulerian framework. Second, since the approach is

essentially based on ODE, we can obtain Lipschitz dependence on initial data easily.

1.6.3 Polymer drag reduction, Boundary condition and van-
ishing viscosity limit

Chapter 5 is based on [50], which introduces a new boundary condition, where poly-
mers are grafted on the wall and interact with bulk fluids, and corresponding vanishing
viscosity limits. This result should be contrasted with the situation without polymer.
The two most commonly used boundary conditions for neutral Navier-Stokes fluids
are the so-called no-slip and Navier-friction (with viscosity dependent slip-length)
conditions. No-slip, or stick, boundary conditions (1.24) correspond to the situation
in which the fluid velocity matches the boundary velocity (which we here consider sta-
tionary): On the other hand, the Navier-friction boundary condition (1.25) allows the
fluid to slip tangentially along the boundary for all ¥ > 0. The (variable) slip-length
is defined as ¢; := v/a. Both the no-slip and Navier-friction condition above arise
rigorously from the Boltzmann equation in the hydrodynamic limit with appropriate
scalings [71]. The nature of the inviscid limit for the Navier-Stokes system coupled
with either of these physical boundary conditions and its connection to the Euler
equations for an inviscid fluid is an outstanding open problem. We briefly review the
status presently.

The main physical process which makes the behavior of fluids with small viscosity so
rich and difficult to analyze is the formation of thin viscous boundary layers which
may become singular in the inviscid limit, detach from the walls, and generate turbu-
lence in the bulk. In contrast to the situation without solid boundaries, the process
can occur even if a strong Euler solutions exists (which holds true globally in time, for
example, in two spatial dimensions from smooth initial conditions). A fundamental

result in this area is due to Kato [77], who proved that the following two conditions
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are equivalent: (i) the integrated energy dissipation vanishes in a very thin boundary
layer of thickness O(v) and (ii) any Navier-Stokes solution with no slip boundary
conditions at the wall converges strongly in L°L2 to the Euler solution as v — 0.
Additionally, the above holds if and only if the global dissipation (¢”) vanishes in the
inviscid limit

(") - 0asv—0. (1.48)

Another important equivalence condition of particular relevance to our work was
established by Bardos and Titi (Theorem 4.1 of [6], Theorem 10.1 of [82]), who prove
that convergence to strong Euler in the energy space is equivalent to the wall-friction
velocity u, (related to the local shear stress at the wall) vanishing

u? = v(0;u"); = 0asv — 0 (1.49)

*

in a weak sense on 9% x [0, T, integrating against ¢ € C*([0,T] x 9) test functions.
Aside from these equivalence theorems, most of the known results establish the strong
inviscid limit under a variety of conditions, see for example, [78], [6], [31], [34], [80],
[126], and [79]. For no-slip boundaries, some unconditional results are known in
settings for which laminar flow can be controlled for short times [121], [101], [62],
[81],[99], and [107]. These unconditional results hold before any boundary layer sep-
aration or other turbulent behavior occurs.

On the negative side, it has been recently shown that the Prandtl Ansatz is, in gen-
eral, false for no-slip conditions and that the L*°-based Prandtl expansion fails for
unsteady flows [64]. Moreover, there is a vast amount of experimental and numerical
evidence for anomalous dissipation, i.e. the phenomenon of non-vanishing dissipation
of energy in the limit of zero viscosity, in the presence of solid boundaries.

For example, see the experimental work of [123] and [119] from wind tunnel experi-

ments and of [23] for more complex geometries. In two-dimensions, the works [114]
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and [113] convincingly show through a careful numerical study that anomalous dis-
sipation occurs from vortex dipole initial configurations with both no-slip (1.24) and
Navier-friction conditions (1.25) respectively. See extended discussion of the evidence
in [51],[48]. In light of Kato’s equivalence, in situations exhibiting anomalous dissi-
pation convergence cannot be towards a strong solution of Euler. Recently progress
has been made towards giving minimal conditions for the inviscid limit to weak Euler
solutions to hold [40], [52], [118]. Such solutions may provide a framework to describe
the anomalous dissipation in the inviscid limit as envisioned by Onsager [115]. See

[51], [52], [5], and [4] for recent progress in this direction.
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Chapter 2

Moment solution methods for

flexible polymer solutions

2.1 Introduction

We are interested in the following system:

u+u-Vyu=—-Vyp+uvlAu+ KV, - o,
Ve -u=0,

o= [ m& (V,Um))f(x,t,m)dm,
R? (2.1)

atf +u- fo + (qu)m ’ me =€ (Amf + Vm ) (fva)) + VQAa:f7
U(m) = |m[*,
U(O) = Uy, f(O) = Mo,
where ¢ > 1 is a real number, and the vector of position, configuration, and time
(z,m,t) is in R? x R? x (0,T). For the simplicity of notation, we assume that ¢ is

an integer, but our method works for any real number ¢ > 1. We may also normalize

po so that [ [ po(dm)dz = 1. The variable u represents the velocity of the sol-
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vent fluid, p represents the pressure, f represents the distribution of the polymer, o
represents the stress field due to polymer, and vy, K, €, 5 are positive constants. We
want to investigate the existence and uniqueness of smooth solution for this system.
However, we note that the regularity required for the macroscopic equation (the first
equation of (2.1)) is not same as the regularity required for the microscopic equa-
tion (the fourth equation of (2.1)); for flows of the fluid to be smooth, we need the
smoothness for u, but the only thing that we require for f is the smoothness of o[f].
In particular, smoothness in m variable does not seem to be important. In addition,
since f contributes to flows of the whole system only by the macroscopic quantity
o[f], it would be interesting if we can transform this microscopic-macroscopic system
into a fully macroscopic system, possibly a coupled system of infinitely many vari-
ables. In this regard, we define the moment solution in section 2.2.3, which is a sense
of solution for the microscopic equation that we use in this paper. In short, a moment
solution is a weak solution such that all moments of f are controlled. A moment of
f is a weighted (usually weights are monomials m?) integral in m variable, and thus,
a macroscopic quantity, depending only on x and ¢. Appropriate initial data for mo-
ment solutions are nonnegative measures on R? x R2 such that norms of moments of

them are controlled.

Remark 3. We remark that the idea of transforming an equation to the coupled
system of infinitely many variables is not new. In the context of turbulence theory,
Friedmann-Keller equation ([108]) employs an infinite chain of equations for the in-

finite set of moments.

Next, we state our main results.We first prove the existence and uniqueness of the

moment solution, given smooth flow w:

Theorem 2.1.1 (Theorem 2.3.1). Given a smooth fluid field u(satisfying (2.81)), and

appropriate initial data po (satisfying (2.82), (2.83), and (2.84)), there exists unique
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moment solution for the fourth equation of (2.1). Furthermore, various norms of

moments of this moment solution are controlled solely by the initial data and flow

field u (estimates (2.133), (2.134), (2.135), (2.136), and (2.157)).

Presence of the term €V, - (fV,,U) introduces higher order terms to evolution
equations of moments if ¢ > 1. Another problem in the justification of this formal
calculation is the potential loss of decay in m; in formal derivation of evolution equa-
tions of moments, we use integration by parts to deal with terms with V,,f. We
need to know the finiteness of higher moments to justify the integration by parts.
In the paper, we see how to overcome this difficulty. Next, we prove that the stress
field depends continuously on the flow field. For this result we require finite entropy

condition for the initial data.

Theorem 2.1.2 (Theorem 2.3.1). Given two smooth fluid fields u, v, and appropriate
initial data po satisfying finite entropy condition (2.85), if we let o1 and o9 to be stress
fields of the moment solutions with velocity fields u and v, respectively, then o1 — o9

is controlled by u — v ((2.185)).

The main reason why we need the finite entropy condition is that we have to deal
with V,, f term when taking difference o; — 0. It will be clear in the paper that we
cannot simply use integration by parts to rule out derivatives in m variable in this
case. Then the above theorems can be used to prove local existence and uniqueness

of the solution of the system (2.1), using the contraction mapping scheme.

Theorem 2.1.3 (Theorem 2.4.1). Given uy € PW??2 and appropriate initial data g
with finite entropy condition, there is a unique solution (u, f) for the system (2.1) for
some time. w 1s the strong solution for macroscopic equation, and f is the moment

solution for the microscopic equation with the velocity field .

In addition, this result shows that for the Hookean spring potential case (¢ = 1),

the Oldroyd-B model is the exact closure of the system (2.1). This extends the result
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([12]) of Barrett and Siili to a larger class of data. Next, we prove global existence
and uniqueness of the system (2.1). The proof uses arguments from [33], but the first

step, (2.203), needs a justification, since it involves an L' estimate for the stress field.

Theorem 2.1.4 (Theorem 2.4.2). Given uy € PW?2, appropriate initial data po with
finite entropy condition, and an arbitrary T > 0 there exists a unique solution (u, f)
for (0,T). In addition, there are explicit bounds ((2.203), (2.209), (2.211), (2.212),
(2.213), and (2.214) ) for the norm of the solution.

Finally, we establish a free energy estimate. Here we make an additional assump-

tion (2.242), to guarantee that initial free energy is finite.

Theorem 2.1.5 (Theorem 2.4.4). For the solution of the system (2.1), its free energy,
which is defined as the sum of kinetic energy of the fluid (||u(t)||i2) and free enerqy of
polymer distribution (f f(t)log <%) dmda:) , does not increase over time

J f(t)dme—;
(bound (2.249).

The main challenge for proving this theorem is to control the limit of integrals of

nonlinear terms.

2.2 Function space and Moment solution

2.2.1 Preliminaries

Let M(IR?) be the space of signed Borel measures. M (R?) is a Banach space, where
the norm is the total variation of p, |u|(R?). Given u € M(R?), we denote the
moment of y as

Maslp] = [ mitmi(am). (2.2)

where a,b > 0 are integers, the radial absolute moment of i as

Wlp] = [l am) 23)
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where k& > 0 is an integer, the vector of moments of degree k as

Milu] = (Mol Ml -, Mol (2.4)

and the vector of moments of degrees up to k as

Wil = (Molul, Mfpd -+ . Milu]) (25)

and the vector of moments of even degrees up to 2k as

Tgilu) = (Molpl, Mol - , Moelu]) (26)

In probability theory, moment problem refers to the problem of determining a proba-
bility measure when moments are given. We only briefly mention what is needed for
us, and more detailed explanation can be found in [70]. We first introduce the Riesz

functional and positive semidefinite sequence.

Definition 2.2.1 (Riesz’ functional). Given m = {map}@pezz,, we define the asso-

ciated Riesz functional Ly, on R[] by Ly, (x") := m' for all I = (a,b) € Z%,,.

Definition 2.2.2 (Positive semidefinite sequence). A sequence m = {ma,b}(a,b)ezg .
of real numbers is said to be positive semidefinite if for any k € N, ¢1,--- ;¢ € R
and (a/l) b1)7 (a27 b2)u RS (ak) bk) S ZZZO)

k
Z TM(ay,bi)+(ag,b;) CiCj = 0 (2.7)

ij=1
holds, or equivalently, L,,(h*) > 0 for any h € R[z].
For moment problems for measures on R%, d > 2, the multivariate Carleman’s
condition, which is a constraint on the growth rate of moments over degree, provides

a sufficient condition for uniqueness.
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Theorem 2.2.3. Let u,v be positive measures in R? where M, [u] = M, [n] < .

Let m = {Map} @pyezz,- If

S La(@d) =3 Ly(ad) 2 = (2.8)
n=1 n=1

then u = v.
The condition (2.8) is known as the multivariate Carleman’s condition.

Theorem 2.2.4. Letm = {ma,b}(a,b)ezgo be a positive semidefinite sequence satisfying
the multivariate Carleman’s condition (2.8). Then there exists a unique non-negative

Borel measure p such that mgy, = M, plu] for all (a,b).

Also we need the following result, which states that if a given measure is deter-
mined uniquely by its moments, and if moments of a sequence of measures converge
to moments of this measure, then the sequence of measures converge to the mea-
sure weakly. We mainly refer to [17]. A sequence of (signed) Borel measures on
R? is uniformly tight if for every ¢ > 0 there is a compact set K. C R? such that

| |(R? — K,) < € for all n. Also we define the weak convergence of measures.

Definition 2.2.5. A sequence of Borel measures on R* {u,} is called weakly conver-
gent to a Borel measure 1 on R? if for every bounded continuous real function f on

R2, one has

lim [ f(m)pn(dm) = - f(m)p(dm). (2.9)

n—oo R2
The following lemma is useful.
Lemma 2.2.6. Let u, be a sequence of nonnegative Borel measures on R? which is

uniformly bounded in total variation norm and converges weakly to a Borel measure

w. Then for every continuous function f on R? satisfying the condition

lim sup/ | f|pn(dm) =0, (2.10)
[fI=R

R—oo o
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one has

lim fun(dm) = g fu(dm). (2.11)

n—o0 R2

Proof. First we let f,, = min (|f|,m). Then f,, <|f]|, and from the assumption on f

there is some Ry > 0 such that

sup/ |flpn(dm) < 1, (2.12)
n J|fI=Ro
while
Sup/ | flpn(dm) < Ro Sup/ fin(dm) = RyC < o0 (2.13)
n J|fI<Ro n JR2
so that
sup [ fmbtn(dm) <14+ CRy= M < 0. (2.14)

n,m JR2

Since f,,, is continuous and bounded, by weak continuity we have

/R pdm) < M (2.15)

and by monotone convergence we have f € L'(u). For a given € > 0, we can pick

R > 0 such that there is some N > 0 such that for alln > N

/ Fli(dm) + / fluldm) < e. (2.16)
|fI>R

IfIZR

Let g = max(min(f, R), —R) be the truncation of f upto R: g = fif |f|<R,g=R
if f>R,and g=—R if f < —R. Since g is continuous and bounded, there is some

N’ > N such that for all n > N’

[ gt~ [ gu(dm)‘ <e (2.17)
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Then for such n, we have

| futam— [ fu(dm)‘ <3e, (2.18)

as desired. O
Then the Prohorov’s theorem states the following.

Theorem 2.2.7 (Prohorov). The sequence i, of (signed) Borel measures on R? con-
tains a weakly convergent subsequence if and only if p, is uniformly tight and uni-

formly bounded in the total variation norm.
Using Prohorov’s theorem and Lemma 2.2.6, we can prove the following ([15]):

Theorem 2.2.8. Suppose that u, is a sequence of nonnegative Borel measures on
R? having all moments M, p|p,] < 0o, and w is a nonnegative Borel measure on R?
with Mg p[p] < oo too. Suppose that u is determined by its moment: if there is a
nonnegative Borel measure v such that M,u[p] = Myp[v] for all a,b, then p = v.
Also suppose that M p[pn] — Maplp] for all a,b. Then p, converges to p weakly, at

least for a subsequence.

Proof. First note that Ms[u,] is uniformly bounded, say by C, since it is convergent:

then by Chebyshev, we have

C

pn ({m € R 2 |m| > K}) < 75,

(2.19)

SO f, is uniformly tight. Also since My [p,] is also uniformly bounded, so u,
has a weakly convergent subsequence, converging to v. Note that all M, ,[w,] is

uniformly bounded due to convergence, and note that for a,b > 0 we have that

ab,+ __ (m1m2)+ (m1m2) ab,— _ (mlmg)
" = TyimaTs e CONVErges weakly to TmersY and pu&”" = Th{m]eF5 n_ COTIVETZES
weakly to g +|17:|§le Those measures are uniformly bounded in total variation norm,

38



and

lim sup/ (Jm]*? + 1) pebt
R—oo |m|atb41>Ra+b41

= lim sup/ (mSm5) ™t (dm) (2.20)
|m|etb4+1>Ra+b41

R—oo o
o1
< lim — sup Im|* T, (dm) = 0
R—oc0 n |m|e+tb41>Ra+b41

and same for u»*~. Therefore, by Lemma 2.2.6, we have

lim mémS ., (dm) = | mimby(dm) (2.21)
n—oo R2 R2

or Mop[pn] = Map[v]. But since p is determined by its moments, we have p = v. [

Remark 4. If {Mus[p]}ap) satisfies the multivariate Carleman’s condition (2.8),
and if p, satisfies all the assumptions in Theorem 2.2.8, then for all p > 0 |m|?*Pu,

converges weakly to |m|*p in a subsequence.

Proof. First, we observe that

M2j,0[m%p/l] = M2(j+p),0[:u]> (2.22)

which guarantees that Ma,b[mfp 1] also satisfies the multivariate Carleman’s condition.
The proof of this claim is given in the last. Also, m?p 1 is also determined by its
moments, and same for m>” . Therefore, by Theorem 2.2.8 we see that m?* i1, weakly

converges to m>’y and similarly m3p, weakly converges to ms’u. Also i, weakly

[m|2P

converges to u, and we see that Fuwen:

is a continuous bounded function, so

|m|?* u,, converges to |m|?u weakly (in subsequence). It only remains to show that

i (ﬁ) . (2.23)

j=1 j+p),0

Since ¢; = My(jip),0 satisfies ¢ < ¢;_1¢541, by Denjoy-Carleman Theorem ([70]) it is

39



equivalent to show

> logT,
/ Og—2p<7n)dr = 00, (2.24)
”
1
where T),(r) = max; Wi)o However,
JTP)s
i o1 1
T,(r) = max —— > max —=T(r)—. 2.25
»(7) 321 Mo(jppyo — 321+p Majo 1P ( ),,,p ( )
But note that already we know [ logr#dr = o0, and [T 1%dr < oo so we are
done. O

Also, we have the following Fatou-type lemma.

Lemma 2.2.9 (Varadarajan). Suppose that the sequence of (signed) Borel mea-
sures [, converges weakly to a Borel measure p. Then for any functionally open

(f71((0,00)) for some continuous function f on R?) set U we have
lim inf |p, [(U) > |u|(U). (2.26)
In this situation, the sequence |u,| converges weakly to || precisely when |u,|(R?) —
|1l (R?).
On the other hand, we also need the following ([44]).

Theorem 2.2.10. Let [0,T] be endowed with usual o-algebra and Lebesgue measure.
Let X be a reflexive Banach space. For any 1 < p < oo, (LP(0,T;X))* ~ L9(0,T; X*)

11 _
where st = 1.
Also we use Banach-Alaoglu theorem.

Theorem 2.2.11 (Banach-Alaoglu). Let X be a normed space. Hence X* is also
normed with the operator norm. Then the closed unit ball of X* is compact with

respect to the weak™ topology.
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We also need Rellich-Kondrachov theorem and Aubin-Lions lemma.

Theorem 2.2.12 (Rellich-Kondrachov). Suppose that Q is bounded domain with
smooth boundary. Then the inclusion W,2(Q) € L*(Q) and W' (Q) € LY(Q) are

compact.

Theorem 2.2.13 (Aubin-Lions). Let Xy, X1, Xo be three Banach spaces, Xo C X C
Xs. Suppose that X is compactly embedded in X, and X; is continuously embedded

m Xo. For1l <p,q, < o0, let
W ={u e LP([0,T]; Xo) : dwu € LU([0,T]; X2)}. (2.27)
If p < 00, the embedding W C LP([0,T]; X1) is compact. If p = oo and q > 1, the

embedding W C LP(]0,T); X1) is compact.

Also we use results from parabolic theory, especially existence, uniqueness, and
estimates of Fokker-Planck-Kolmogorov equations. We mainly refer to [18]. Suppose
we are given an open set Qp = Q x (0,T) C R? x (0,7, where 2 C R? is an open
set and 7' > 0, and Borel functions a¥, b, and ¢ on Qp, where 4,5 = 1,--- ,d. We
suppose that the matrix A = (a%), ; 1s symetric nonnegative definite. We discuss the

Fokker-Planck-Kolmogorov equation of the form
Otpt = O, Oy, (aiju) — O, (biu) ) (2.28)
Let
LA,b¢ = aij<x7 t)aaciaacj ¢($, t) + bz(J,’, t)f)xqu(x, t)7 (229)
which is the adjoint operator of the right side of (2.28).

Definition 2.2.14. A locally bounded Borel measure ji on the domain Qr, which can

be written as p = py(dx)dt is a solution to the Cauchy problem (2.28) with u|i—o = v
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if a,b" € L},.(n), for every function ¢ € C5°(Qr) we have

loc

/Q (00 + Lasd) dpp = 0, (2.30)

and for every function f € C§°(2) there is a set of full measure J; C (0,T"), depending

on f, such that

/f(I)l/(d:L‘): lim /f(x)ut(dx) (2.31)
Q Q

tﬁ)o,tGJf

Note that this definition is equivalent to the following: for every function ¢ €
C5e(82) there exists a set of full measure J, C (0,7, depending on ¢, such that for

all t € J, we have

t
/¢dut—/¢dy+ lim / /LA,b¢dusds. (2.32)
0 Q T—)O“!‘,TGJd, r Q

We have the following results. For the proof one can see [18], where more general

statements and proof are given. Let = R?.

Theorem 2.2.15 (Existence, existence of density, and uniqueness of Fokker-Planck-
-Kolmogorov equation). Suppose that for every ball U in R the functions a, b* are

bounded in U x [0,T] and there exist positive numbers m and M such that
mly < Az, t) < My, (x,t) € Q x [0, T
and there exist positive number \ such that
la(z,t) — a(y,t)| < Mz —y|,z,y € R t € (0,T)

holds. Then for every probability measure v, there is a solution to the Cauchy problem

2.28) with u|,—og = v, where each ; is a nonnegative Borel measures on RY, such
( [t t g :
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that for almost allt € (0,T") we have
e RY) < (R, (2.33)

Also, pu = pdzdt for some locally integrable function p. If J = [Ty, T1] € (0,T), W is

a neighborhood of U x J with compact closure in Qr, then for each r < % one has

HPHLT(ij) § C<d7 Ty )‘7 m, M, W) (,U(W) + “bHLl(VV#i)) (234)

where C(d,r, A\, m, M, W) depends only on d,r, \,m, M, and the distance from U x J
to OW. In addition, suppose further that p satisfies the following: for every ball
UcCR?

b] € L*(p, U x (0,T)) (2.35)

and

@] +|b'| € L' (u,R* x (0,7)). (2.36)

Then there is no solution to the Cauchy problem (2.28) with ul—o = v satisfying
(2.33) and (2.35) other than u. Furthermore, suppose that there is a function V €

C*1(Qr)NC(RE x [0,T)) such that for every compact interval [, 3] C (0,T) we have
lim min V(z,t) = 400 (2.37)
|z|—o0 tele, 8]

and for some K, H € L'((0,T)), where H > 0, and for all (z,t) € Qr

OV (x,t) + LapVix,t) < K(t)+ H(t)V(x,t), (2.38)

and also V(-,0) € L*(v). Then for almost all t € (0,T) we have j1;(RY) = v(R?) = 1.

Also we have the following result for the square integrability of logarithmic gra-
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dients. First we adopt the following convention: for p(z,t) € W;h!

loc

Vap(z,t)
plz,t)
whenever p(z,t) = 0. Also we recall that a probability measure v on R? has finite

entropy if v = ppdxr and

, llog po(z)] po(x)dr < 0.
R

Theorem 2.2.16 (Bounds on entropy production). Suppose that a measure p = (ji;)
is a solution to the Cauchy problem (2.28) with uli—o = v, each p; is a probability
measure, and same condition for a¥ as in Theorem 2.2.15 holds, and |b| € L?(u, Q7).
Suppose also that the function A(z) = logmax (|z|,1) belongs to L*(u,Qr). If the
initial distribution v = podx on R = Q has finite entropy, then p; = p(-,t)dx, where

p(+,t) € WHYHR?), moreover, for every 7 < T we have

. t
/ / |v px Werle OF ) < oo (2.39)
R4

If the integrals [o, p(x,t)A(x)dx remain bounded as t — T, then (2.39) is true with
T=T.

We also briefly review the proof of Theorem 2.2.16 in section 2.4, to establish the

free energy estimate.
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2.2.2 Function space based on moments

We introduce relevant function spaces and the notion of moment solution. We first

define two power series based on moments: for p € L}, (R?, M(R?)) we let

[l 2 s,
Z (2p)! ’

(2.40)
Z HM ]HLz
Note that F[u](r) is a norm in the space
X" = {1 € Ligo(R*, M(R?)) + [|ull = Flul(r) < oo}. (2.41)

Then F[u]¢(r) is an equivalent norm in X". Obviously, Ful¢(r) < F[u](r). On the

other hand, by Cauchy-Schwarz inequality,

HMQJ'HHB 2j+1 ||M2jHL2 2 HM2(J'+1)HL2 2(j+1)
_— < —= _

TR VI V) TR CTF ) T (2:42)

and we conclude F[u](r) < 3F[u]¢(r). We also have the following:

Lemma 2.2.17. Suppose that {My}ap is a sequence of functions on R? such that

there is a sequence of functions M, on R? where

(2.43)

Then for almost every x € R?, the sequence {My,(2)}ap) satisfies the multivariate

Carleman’s condition (2.8).
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Proof. Tt suffices to show that for almost every z,

3" My (z) "% = . (2.44)

p=0

By Chebyshev’s inequality, we have

2(p+1) Y 2
{:L' : My, (z) > (2p)! (%) H <2 (%)\227) A (2.45)

Therefore, we have

Y 1?0 ” 2PHL2 2 2 4
x : for some p > 0, Ms,(x) > (2p)! (X) ZZ L ZALEAZ ) )

(2.46)

and by taking A — 0 we conclude that for almost every x, there exist some \ =

A(z) € (0,7) such that

B (p+1)
My, (z) < (2p)! (X) forall p > 0 (2.47)

and thus we have

0o N o0 1\ 2(0+1) ~% > 1
S i =3 <(2p)! (X) ) zCAZ];:oo. (2.48)

p=0 p=1

We define
X ={peX" :V, neX foral <<k} (2.49)

We have the following:
Lemma 2.2.18. X*" is a Banach space for allk > 0 with norm ||u| e, = > je<k va;
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Proof. First note that it suffices to show that X" is Banach: for a Cauchy sequence ,,
in X7 each Vi,mun is Cauchy in X", and jt,, — pin X" implies lim,, Vimun = Vém,u.
Suppose that p, is a Cauchy sequence in X". Then we know that all Mj[u,] is a
Cauchy sequence in L?(R?) and so converges to My(z) € L*(R?). Furthermore, we

see that

r? (2.50)

because G, (z) = F|u,](z) is a sequence of holomorphic functions in closed r-ball

which is Cauchy in sup norm:

2P < Flun — i) (2) (2.51)

so G,(z) converges to some holomorphic function G(z) uniformly in closed r-ball.
Then we consider the power series representation of G(z) near 0: its coefficients can

be represented by Cauchy integral formula and we see

m! 271

1 ; 1
C(0.a) 2™ n=00 2T Jo(0.0) 2™

(m) Y
GMo) 1 / G(z)dzz - Gn(z)dz: lim || Mo 1], -

(2.52)

Note that My p[|pn|](z) < Myyp]pa](x) and so by dominated convergence we have that

Mapllpnl] = Mgl in L*(R?),

Moplpy] — My, in L*(R?),
’ (2.53)
Ma,b[,ll;] — M;b in LQ(R2)7

9

Mé?]b = M;,—b + Ma_,b7 }M;—b

, |Ma7b

Mé?b} < Ma—f—b'

where p;b is the positive part (due to Jordan decomposition) of p, and p is the

negative part. In particular, the sequences {M;b(x)}@b and {M,,(7)}ap are posi-
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tive semidefinite sequences for almost every x, because they are pointwise limit of
positive semidefinite sequences. Furthermore, by Lemma 2.2.17, and Theorem 2.2.4
we see that for almost all z, there is a nonnegative measure p*(x) and p~ (z) and
subsequences ji} , y1, such that

M () = Qmi‘mgf(x;dm), M (z) = Qm‘fmgﬂ‘(-r;dm),
R R

Tim Mol )(e) = Masl)(a), Jim Maplu,)(2) = Mgl )(a) ae,  (254)

/ mlP (4 (s dm) + i (x dm)) = M) (@) + Myl ().

Furthermore, by putting u(x;dm) = p*(x;dm) — p~(x;dm) we see that

Z HL = lim Fu,)(r) < oc. (2.55)

n—oo

To show that p,, converges to pin X", we evaluate the equivalent norm F[u — pu,]¢(r):
first we know that from Theorem 2.2.8 and its remark, we see that up to subsequence
[P fin, = M| (i, — iy, ) converges weakly to |m[*p. Therefore, [m|? (ju, — )
is a weak limit of |m|? (i, — fi,,,) for some subsequence i, . Therefore, by Lemma

2.2.9, we have
liminf (Jm[* | = e |) (R?)(2) = T ing Mo [stn — ) (2) > Map|pn — pl () (2.56)

for almost all x. Therefore by Fatou’s lemma, we have

" Z Wl
H H (2.57)
< lim mf Z 'umk L2 P
which converges to 0 as n — oo. Therefore, p, — pin X". O
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Also, we consider approximation to identity by Gaussian in the space X". Let gs

be the Gaussian function

(2) = —exp (2L (2.58)
9082 = e P\ Tog ‘

with standard deviation 6. We only have weak convergence, but this is enough for

our purpose.

Lemma 2.2.19. Given puy € X" with po(x;dm) nonnegative measures for all x, for

almost every x pd(x) = gs *, (gs *m o) converges to uo(x) weakly. Furthermore,

Mo p[ud] — Mg plpo] in W2 if My ylug) € W2 foralla’ +0 < a+b

My[ud] — My[uo] in L*(or LP,1 < p < 00), (2.59)

60| ¢ < C llitoll 5

Proof. We begin with g5 *,, pno. We first show that g5 *,, o € X”. We have the

following basic but frequently used estimate for convolution of moments:

a b[g6 *m 'U/O]
a b b
- Z / my —nyp)P(mg — ng)?gs(m — n)dmn‘f_png_quo(dn)
p=0 ¢=0 \ P (2.60)
a b b
Z Mp,q[g5(m )] Ma—p,p—q[400]

p=0 ¢=0 \ D q
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and

] (K .
Whlgs s i) £ 3 || [ 1m0 = 0Pl Pgs(m — m)dmlpol dn)
p=0 \p
(2.61)
Uy ) 19
<) or2>T (pT) Mye—p[po]
p=0 \ D
Therefore, we have
Elgs *m po](r) < CFpol(r) (2.62)

where

SRR @y sesr o

So we have

o < CeCOD g

195 *m 1o Y- (2.64)

Also (2.60) and (2.61) shows that M, 3[gs *m pto](z) and My[gs *m pio] (z) are dominated
by a L? function, and M, ;[gs *m po](z) converges to M, [uo] in L? and also almost
everywhere, and M,[gs *,, fio] converges to M,[ue] in L? (or other LP, p < 0o) and
almost everywhere, as 6 — 0. Therefore, by Theorem 2.2.8 we note that for almost
T gs *m Ho(x) converges to po(z) weakly in a subsequence. Also by (2.60) if all
My ylpo] € WH2 for @' + 0 < a+ b then M, p[gs *m o] — Map[po) in W2, Since
po > 0, we have My p[1d] = s *» Maplgs *m po] and My[ud] = gs *» M[gs *m po)-
Since convolution with gs is an approximate identity, all the conclusions of the lemma

holds. O
Also we can prove the following:

Lemma 2.2.20. Let p € X" is given by a smooth density u = u(x,m)dm. If

M,[V*u] € L? for some nonnegative integer p, then for all a,b > 0 with a+b = p we
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have VEM, 4[u] = M, p[VFu] € L*(R?) and
IVaMaplnl]] 2 < [|M[Vul]] - (2.65)

Especially, if u € X then Myylu] € W*2 for all a,b > 0. Also, if u(t) €
CY([0,T], X7) is a continuously differentiable family, and p(t) = u(z, m,t)dm is given

by the smooth density functions, then 0;Mqp[p](t) = M, 0] € L.

Proof. We prove only the first assertion; the second assertion can be proven in the
same way. First, note that | M, [VEu]| < Mo [VEp], so Moy [VE] € L for a+b = p.

Then we have

O, M p 1] () — Mo p[0r, p1] ()

1
= lim m‘fmg/ Op,pt(x + hse;,m)dsdm — M, p[0:, p] () (2.66)
h—0 R2, 0

1

=lim [ (Mup|0s,1](x + hse;) — My p[02,p](2)) ds

h—0 0

by Taylor expansion and Fubini’s theorem. On the other hand, since translation in

space is continuous in L*(R?, dz) we have

1
lim / (Mo [0u, 1) (& + hses) — Moy [0, pi)(2)) ds ~0 (2.67)
h—0 || /o L2(R2,da)

and by Fatou we are done. O]

Remark 5. We conclude this section with the remark showing that the growth of
moments condition is a mild constraint to polymer distributions. We consider the

following probability distribution

oo-en(- (35))

where c¢(x) > 0 is a parameter representing the degree of stretch of polymer at position
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x. For example, when Moo = 1 and q = 1, this corresponds to the case o = 2¢(z)L.
_1
Suppose that c € WH(R?). We can show that for some 0 <r < C||Vyc|| .2, f € X".

First, by a direct calculation we obtain

Ml f1(0) = 207 (50 ey,

and by Gagliardo-Nirenberg inequality ([20]) we have

lellsesn < (r+ DIVl 72" (2.68)
Therefore,
_ il |
|l 1] D)o+,
oy 2 S 21Vl = (IVacl72 2) " (2.69)
as desired.

Remark 6. Another ezample is the following:
f(m,z) = c(z)=e ™ (2.70)
where [i, +e ™dm =1 and c(x) > 0 € L' N L2 Then for each k

My[f](z) = /]R2 C($)|m!k%6_|m|dm = c(x)z_ﬂ /OOO Pl =T g — Mc(x)

A Z
(2.71)
and therefore we have
= 2n(k 4+ 1) ||c]|
| fllxr = Z 7 L2k < o (2.72)
k=0

for0<r<1.
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2.2.3 Moment solution and its properties

Here we define the notion of moment solution and investigate its properties.

Definition 2.2.21 (Moment solution). Let u = u(z,t;dm) € L} ([0, T] xR?*, M(R?))

loc

and uw € L>®(0,T; L>®) with V,u € L*(0,T; L) be a given divergence free field. We
say p is a moment solution of the Fokker-Planck equation with velocity field u if the

following holds:

1. p is a solution to the Cauchy problem

Ot = €At + 1Ay pt — Vi - (w(t)p) — Vi - (Vou(t)m — V,,U) ) (2.73)

with pili=0 = po,

2. = p(x,t;dm)dxdt is nonnegative measures for almost all x,t, and for almost

allt € (0,T)
/ / p(z, t;dm)de < / / to(x; dm)dx (2.74)
R JRZ, RZ JRZ,
and
/ Tr (m ® V,,U) p(x, t;dm) € L=(0,T; LL) (2.75)
RZ,
holds;

3. There is a nonincreasing, positive function r : [0,T] — Ry, 7(0) = r < 0o such

that

)| xrer < CC, T flull) [11(0) | (2.76)

holds; and

4. Foralla,b> 0 May[p](z,t) € L*(0,T; W'?) and 0, Mg p[p](x, t) € L*(0,T; W—12).
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We see that for all a,b > 0 we have in fact M,; € C([0,T]; L?). Also we see
that moments of moment solutions are weak solutions for formal evolution equation

of moments:

Lemma 2.2.22. Let p € L},.([0, T]xR?, M(R?)) be a moment solution of the Fokker-

loc

Planck equation. Then for all a,b > 0, Myp[p] = Map are weak solutions of the

evolution equation

at‘]\4a,b +u- va(Lb - V2A1:Ma,b
= —2qe(a + b) My [|m|* T V) 4 € (ala — 1) M, _op + b(b — 1) M, ,_») (2.77)

+adius My + adiuaMo_1pr1 + bOous Mo g1 p—1 + bO2us M, p,

that is, for any ® € L*(0,T; W'?) with ®(T) = 0 with 0,9 € L*(0,T; W12, we

have

T T T
/ <8tMa,b; CI)>W71,2,W1,2dt + / <U . VIMG’[” ®>L2,L2 + Uy / <V$Ma,b, Vm<I>>L2,L2
0 0 0

T
- / <R, (I)>L2,L2
0

(2.78)
where R is the collection of terms in the right side of (2.77).
Proof. In (2.30), put our test functions in the form of
¢ = 1 (x, t)mimyia(m) (2.79)

where 9 is a smooth cutoff and 1,(m) = ¥ (). Then we apply dominated conver-
gence, and then we apply integration by parts to 0,¢1 M, term and vo A, ¢y M, term.

Then by density we are done. O
Also moment solution is unique, given initial data.

Lemma 2.2.23. Suppose py and py are two moment solutions with same initial data.
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Then py = po in Li ([0, T] x R2, M(R?)).

loc

Proof. This is a immediate consequence of Theorem 2.2.15. By definition, u is a

solution to the Cauchy problem of (2.73). Then we have

u € LY0,T; u(x, t; dm)dzdt), V,,U @ m € L*(0,T; u(z, t; dm)dzdt), : )
2.80

|Vou(t)ym| < |Vau(t)]? + 1+ C|m|* € L0, T; u(x, t; dm)dzdt).

Condition (2.35) is obvious. O

2.3 Solution scheme for Fokker-Planck equation

The purpose of this section is to prove the following theorem.

Theorem 2.3.1. Given a fluid velocity field u and initial data uo satisfying (2.81),
(2.82), (2.83), (2.84), and (2.85), there exists a unique moment solution to the
Fokker-Planck equation (2.73). Furthermore, it is given by nonnegative densities
p(z, t;dm) = f(z,t,m) and moments M,, = My p|p| satisfy bounds (2.133), (2.154),
(2.1385), (2.1536), and (2.137). Furthermore, if the fluid velocity fields v and v satisfy
(2.81) and if we let f and g be solutions to the Fokker-Planck equation (2.73) with
velocity field u and v, respectively, and if we let o1 and oo be corresponding stress

fields for f and g respectively, then they satisfy the estimate (2.185).

2.3.1 Approximate solutions

Our goal is to find a moment solution for Fokker-Planck equation, given a fluid velocity
field u. We establish such solution by setting up an approximation scheme. There
are two main modifications in the sequence of approximate solutions: the first is to
introduce smooth cutoff to the drift and potential, so that the coefficients remain

finite. This modification enables us to employ integration by parts in m variable
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rigorously, and we can investigate of the bounds on moments. The second is to
mollify velocity field and initial data to guarantee higher regularities. Let ¥ be a
smooth, decreasing compactly supported function in the closed half-line {r > 0},

0< U <1, with¥=1forr <1and ¥ =0 for r > 2. Then for a > 0, we let
Yalm) = w (121).

Definition 2.3.2. Suppose that

u € L0, T;PW>?) N L*(0, T; PW?>?),
(2.81)
O € L(0,T; VL' + L*) N L*(0, T; PWh?),
Mo = O,//,uo(dm)d:c =1 (2.82)

o € X7, (2.83)

M, 1] € W2 for a + b = 2p < 8¢ — 2, My,[po) € L, (2.84)
to = fo(z, m)dmdz,
/ folog fodmdz € R, (2.85)
R2 xR2
/2 |A(x)[* Mool fol (z)dz < 00, A(x) = log (max(|z], 1)),
R$

be given. For a > 0, a a-truncated Fokker-Planck solution of the Cauchy problem
of (2.78) with p|i—o = o is a function f* € CY[0,T]; WF2WkE2n Xk |k = 20,

satisfying

NS +u™ - Vo f* + Vi - (Vou)miba f*) = €An f* + Vi - (VilU)Va f7) + 1200 [,

2 (a,m, 0) = g (x,m) = f¢
(2.86)

pointwise where u® = g1 *, u.
«@

We first start with existence and uniqueness of such a-truncated Fokker-Planck

o6



solution. First note that

for € WEEWEZNXPT A WRIWIL Mool f5], Mag[fg], Mag[f5] € W2 (2.87)

m,1)

for any p > 0: this is because VoV f& = (V2g1)*, (V5 g1)%m o S0 we can apply the
same argument in Lemma 2.2.19 to conclude that V2V? f& € X" and using Young’s

inequality for measure

1m0l 2 g2 camy < 1Pl 22 [l ol (2.88)
we see that VeV? f& € L2L2 . Also note that for all p > 0

u® € L0, T;PWP?), gu® € L>(0, T; PWP?),

(2.89)
u® — win L(0,T;PW*?) N L*(0, T; PW>?).
The equation (2.86) has a solution map:
fa(t> t(eAm+u2A / V T (eAm~+v2z) ) . ua(t . T)fa(t . T)dT
—/ Vo (€7 A T2 (7 u®(t — TYmabo fO(t — 7))dT (2.90)
0

+ / t €V (eT(AmT 22y L (fo(t _ 1V, Ushy )dT
0
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Then we have
VIV (1) = el Bty fi

t
- / Vo (eredntnn) SO Y| e — v pat - )

/
0 P p

t p q . , : :
— / Vi (7B t2)) N Vo VP ul(t — 1)V (mape )\ VE V'V £t — 7)dr
0 pa \P q

t
q / /
+ / V(7B t2m) Y V4 (Vi Uto) VEVE L f(t — T)dT

0 ¢ \q
(2.91)

and
OVENVEL fU(t) = e Bm T (N, + 1A )VEVY [ — e AmteIT TP (0 (0)VE, fo)
— BtV u® (0) Vi Vi (mitba fi)) + e A t20 . 7, VI (VR £V Ut
- /0 t V(eTeAmt120)) LgP (9,471 £ 4 49,V f*)(t — 7)dr
— [Tl O i = 7)o~ )
+Vou®(t = 7) V5 (ma 0, f(t — 7)))dT

t
v [ V() O OVt~ VU )
0
(2.92)

From this we conclude that the solution map (2.90) is a contraction mapping in the

complete metric space
{f € CH0, T, W?W,2 n X2« f(0) = f§'} (2.93)
since all the terms in (2.90), (2.91), (2.92) are either of the form

ellebmtraz) oGP e fo (2.94)
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where A is 1 or V;'u(O) and p/, ¢’ are derivatives higher than at most 2 degrees to

the left hand side term that it occurs, or
t ! / !
/ Vo (€7 EEmT20) AGT GV O £ (¢ — 1)dT (2.95)
0

where A is of the form of some constant, V% (V,,Ut,), or V¥ u*(t — 7), and
Ir'oP 9% f are terms with derivatives lower than or equal to the left hand side term
that it occurs. The terms we denoted by A are innocent, because [[All w7100y <
C(«) < oo. Therefore, the W2 N X" norm of first term can be bounded by
C Hf(‘f‘ng%z,szkM,., which is finite, and the W2 N X*" of the second term can be

bounded by

t
]' « 1 «
O/o - I/ HC([O»T};W;",ﬁmXW) dr =Crz||f HC([o,T];Wf,’%mX’“)' (2.96)

Furthermore, the left hand side is continuous in time since each term is either heat
semigroup of some function or time integral of L'(0, T’; Wa’;%ﬂX k) functions. There-
fore, by contraction mapping principle, there is unique function f& € C*([0, T]; W*2Wk2n
XFkr) satisfying (2.90). One consequence is that f is a classical solution of (2.86).
That is, by Sobolev embedding f* € C*([0,T]; C*(z,m)) and satisfies (2.86) point-
wise. Therefore, in view of the maximum principle, we have f* > 0 for all (z,m,t).
Then same argument as above and f® > 0 show that My o[f%], Mag[f%], Mug[f*] €

C" ([0, T), k).

2.3.2 Uniform bounds on moments

In this section, we investigate bounds on moments for approximate solutions, which

is uniform in . By Lemma 2.2.20, we conclude that

oy = Map[f] € Lip(0,T; W?2), (2.97)
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and we saw Moo[f®], Mag[f®], Myg[f*] € C* ([0, T], WE'). Also, since V,,,f* € X",

by integration by parts we wee that

mIMSV o (mab f*)dm(z, ) = Vo (mimb)map, fodm € L>=(0,T; L*) (2.98)

R2 R2
and similar identity holds for €V, - (f*V,,Ut,) term. Therefore, we see that the
following equation holds for all a,b > 0 and almost every (z,t):
My +u - Vo MYy — v A MYy + 2qe(a + b) / mamb|m|* 4=V, fdm
R2

=c(ala—1)M 5, +b(b—1)MS,_,)

a

(2.99)
+a81u1/ mlmQ@Z)afo‘dm—l—a@luQ/ mS I mS e, fodm
+byug / m§ T mS . f A dm + bﬁgug/ mimsibe f<dm
R2
and all the terms are in L>(0,T; L?). Especially, for
Mz, = Moy [£] (2.100)
we have the following:
O My + u® - VMg, — ve A, My, + (2q)e(2k) / (m|*F Ve, fodm
e (2.101)

= €(2k)> Mg,y + Tr ((quo‘)(%) / Im|**Vm @ map, fadm) :
R2

From (2.99) and (2.101) we derive four estimates independent of a: the first one is
a set of L? estimates for all even moments, which gives us an X" estimate for the
limiting object. The second one is a set of L>°(0.7; L?) N L?(0,T; W?) bounds for
all moments. The third one is a set of L(0,T; W*h?) N L*(0, T; W??) estimates for
even moments up to degree 2¢g, which enables us to establish regularity for the stress

field 0. Finally we obtain a L? estimate, 1 < p < 2 for My, and M, which gives us
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a L' bound for 0. Then we use them to bound 9;M op uniformly in «, in the space
L2(0,T; W—12).

To obtain first three bounds, we need to deal with the terms coming from restor-
ing force V,, - (V,, U, f*) because it contains higher moments. However, they are

harmless in L? norm due to the following simple observation:

Lemma 2.3.3. Let pi(dm), us(dm) be nonnegative measures and p be a nonnegative

integer. Then

> Myl My plps] > 0. (2.102)

a,b>0,a+b=2p

Proof. This follows from Cauchy-Schwarz inequality: if a,b are odd, then

| Mo ]| < \/Ma+1,b—1[,u1]\/Ma—1,b+1[,u1] (2.103)

and same for M, p[p2]. Then the left side of the claimed inequality is bounded below

by sum of perfect squares

p—1 2
Z <\/Mz(a'+1),2(p—a'—1)[/Ll]M2(a'+1),2(p—a'—1)[M2] - \/M2a’,2(p—a’)[,ul]M2a’,2(p—a’)[,u2]) .
a’=0
(2.104)
]

L? bounds. By multiplying Mg, to (2.101) and integrating, and applying inte-
gration by parts to spatial derivatives for v,A, Mg, term (which is rigorous since
VEMyy, € L? for p < 2) and Mg,0,M3;, = 19, (M;k)z (which is also rigorous since
(Mf‘k)Q € CY([0,T); L") ), and applying Lemma 2.3.3 as u; = |m|**+7=Vq, f* and

o = |m|?* f* with p = 0, and bounding ¥, f* by f¢ and m ® mi, f* by |m|>f* we
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have

ka + 1 HVXMzkHLz < €(2k)? H 2a(k—1)HLz ||M§kHL2 + 2k ||Vau(t)|| foo HMgk”i2
(2.105)

5 a1 IV

where Young’s inequality [|[V,u®*(t)|l;00 < lgallz1 |V2u(t)] o« is used. Dividing this

by (2k)! HM multiplying 2%* and summing those up for all k¥ > 0 we get

kHLQ’

LR HM S AP 1925,
A S IO e e st 3 L
(2 106)
Introducing
o~ [1M55(0)]] -
Fo(t:z) =Y 125 2lIL2 2k (2.107)
2 o)
we get
d o 2 o d o'
@F (t;2) < 2e2"F2(t;2) + || Vau(t) || 1 ZEFG (t; 2). (2.108)
Therefore, we have
t
F(t;2) < F(0; zeoIVeullLeedry ox (26/ 2262fs'”V1“(T)”L°°des> ) (2.109)
0
in other words,
(03 € 7'2 «
LF (@)l < T fellxr < COT) ol e (2.110)

- r
x JEIVaul foodr

where the last inequality comes from Lemma 2.2.19. We also establish L>(0,T; L*)N
L2(0, T;W'?) estimates for all moments. For a,b > 0 with a + b = 2k < 2p, we

multiply Mg, to each of (2.99), sum over all such a, b, and integrate in z. Again we
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bound truncated terms 1, by 1 and if m%m} by |m|*T. Then we get

N 2
«
Mo,

1 d o 2 ;’a 2 2, '_,a
o ||+ v | Vais| | < cer?||pigy|| Vs, + CRIVLu@IL
(2.111)
where
M2ak = (M2ak,0a M2ak—1,17 T 7M(()Dj2k;) . (2.112)

Again we used Lemma 2.3.3 with p; = |m[*@ Yy, f* and py = f* Then by La-

dyzhenskaya’s inequality,

512 =
HM;k L =<cC HM;; (2.113)

v, M
L2H v 2kL

and we have the following by summing over all k£ < p:

d p 5 9 p . 9 P . )
|| e DD | Veds| | < eIVl + 1 Y0 || 3]
r= h=0 k=0

L2
(2.114)
or by introducing
Mg = (ng\?; Mg;) (2.115)
we have
d Te,a 2 re,a 2 e,x
o HM% || < ClemlpP (VL) + 1) HM (2.116)
and by Gronwall we have
|50 H2 waizos)|” 4
2 +1/2/ M3 (s ‘ s
Lz 0 L2 ) (2.117)
< exp (O (IVatl} o) T+ T) ) C0) || M5, 1],

Then using this we can find a L>(0,T;L*) N L*(0,7; W'?) bound for M,;, where

a+b = 2p+1; from (2.99) we bound all terms of the form [, m& my by fEdm

63




by C [eo(Im|* =1 + |m|*+1) fedm, that is, we bound truncation ¢, by 1, and
moments with odd degree m¢mY by arithmetic mean of neighboring radial moments

rpl_ I B . . .
|m |1 4 |m |+ Then using all the same techniques, we obtain

2 t 2 9
IVaul? o T+T || 17
H e (¢ L +l/2/0 Va5, (5) P Clp, ) e oms® 2(p+1) (0] L2
(2.118)
where
M2ap+1 = (M(?JMlaa 7M;;7+1) . (2119)

Note that instead of bounding fOT IV u(t)||3, dt by ||qu||ioo(07T;L2) T we can bound

it by HquHig(o 7.2y t0 obtain a similar estimate

2 t . 2
e+ [ e
L 0 L , (2.120)
< exp (Cp2 (HVIuHiQ(O,T;LQ) + T)) C(p) ’ pr[uo] 12’

which is crucial in global well-posedness, and

2 t
2—1—1/2/
L 0

2

VwszH(S) 12

2

2 =
ds < C(p, e)”Vz“”L?(OvT;LQWT HM2(p+1)[M0]

2p+1 (t) 2

(2.121)

W12 bounds. Then, we consider the third estimate, L>(0, T; W12)NL2(0, T; W2?)
bounds for even moments of degree up to 2k, where k = 4¢g — 1. We can apply same
technique for odd moments too, but we only need even moments for the proof of our
result. We multiply —A, Mg, to the equation (2.99) and integrate: again integration

by parts are rigorous. We use previous pointwise bound for truncated moments, and
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we get

2 2

d Te,a Tre,a
NS IR LT
Te,a 2 Te,a 2
< C(R Vil + €IVt |2l (2122)
e, 2 Te,a 2
R (Vo) 5 [ N5 |+ e v ha)? || Mgt |
and again by Ladyzhenskaya’s inequality, we have
d re,a 2 re,a 2
el weatse | e | aaite|
o2
< Cle, )k (1+ VO + [ Vau()ll 2 | Asu®) o) | Vol (2123)
Te,a 2
+C<€7y2)(kQ>2 M2£k+q—1) L27
and again by Gronwall we have
. 2 ¢ 5 2
[Vt 4 [ |antsee)], s
L2 0 L2

1
T+||V1u 200 . TH||Vzull oo 2y 1Azl 2 g2 T?2
S C(e’ V27 k7 q> IIL (O,T,L2) ” ”L (0,T;L )H HL (0,T;L2) (2124)

2
2]

L' bounds. In addition, we have L' bound for ]\Zfﬁl and Mg: first we have

2

Tre Veu 200 . T+T Te
(ot} + a0 ™ imamso™ T gy

Mgy +u® - VMg, — oAy Mgy = 0 (2.125)
and we can integrate them rigorously to conclude

M550 (0)]| 0 = 11Molpolll - (2.126)
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Also, we have, by pointwise estimate

/ ]m|2(3q’1)1/1afadm >0,
R2

Im >~V @ mape fEdm| < Vg, (2.127)
RZ

M;C@q—n < C(Q)(M&O + Mf;)

and integrating we get

d Ve o a
% HM4QHL1 S C(Qae)(Hvxu(t)HLm + 1) HM4q||L1 + C(q> 6) HMO,OHLI ’ (2128)
and here by Agmon’s inequality
IVau(t)| oo < [IVau(®)l72 18:Vau(t)| 7, (2.129)

and by Gronwall we have

1525, D)1 < Clg. T rzomare ST R [, + Cla ) [ Moolpalll i D).
(2.130)
and from this we can say that Mf; (and also My, by the above pointwise estimate)
is bounded in L*>(0,7T; LP) where 1 < p < 2 uniformly in « due to interpolation,

bounds depend only on initial data.

W12 bounds for 9;,M,;s. Finally, due to (2.99), we notice that 9, M2, is uni-
formly bounded in L2(0, T'; W ~12); since u® € L>(0,T; L>) and V,u® € L?(0,T; L*>)
are uniformly bounded and all M$, € L>(0,T;L*) N L*(0,T;W"?) are uniformly
bounded, terms involving u® are uniformly bounded in L?(0,T; L?). Other terms
except for A, Mg, are uniformly bounded in L>(0, T} L?), and A, M oy is uniformly
bounded in L*(0,T; W—12).
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Weak limit of moments.  Since

L>®(0,T; L% = (L'(0,T;L%)", L*(0,T;L*) = (L*(0,T; L))",
L\ 1 1
L0, T; L) = <L1(O,T; L )) d<g<2,=4-=1 (2.131)
qa q

*

L*(0,T; W) = (L*(0, T; WH2)) 7,

by Theorem 2.2.10, and since we have bounds (2.110), (2.117), (2.118), (2.120),
(2.121), (2.124), (2.130) (and L*=(0,T; LP),1 < p < 2 bounds due to interpolation),

by Banach-Alaoglu there is a weak™ limit M,
MZ, — My (2.132)

in the weak-* topology of L>°(0,T; L?) N L?(0, T; W'?) with the bounds

_ 2p
|| Moy (t
3 | E;())'!!Lz o <O D ol (2.133)
= @ e (Jfy IVau(s) o ds)
— 2 N 2 9 . 9
M M, < C(k IVl oo o7, p2) THT HM . ‘
g LC’O(O,T;L?)—*_V2 k L2(0,T;W12) — ( ) k+(k d2)[,u0] 2
(2.134)
My 2 + vy || My, ) <C(/€)T+HVJC“HZL2<0,T:L2) ‘]\7[k kmod2) [£10] 2
L (0,T;L2) L2(0,T;W1.2) +(kmod2) 12
2.135
o o 2139
HMSq—2 Lo (0T 1) + v || Mg, 20T W22)
S C(E, vV, q)T+HUHioo(O,T;WLQ)TJFH’U’”LOO(O,T;WL?)||u||L2(o,T;W2,2)T% (2136)
—»6 2 N 2
X (Hng_2[MO]HW1»2 + Mle—G[HJO]‘ L2) :

[ Moo ()]0 = [[Moo[mo]ll 1

100,00y < € N T=s20m 0T TN ) + O, 0T Ml )
(2.137)
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where the last bound in (2.137) is due to bounds on L>(0,7;LP), 1 < p < 2, and
the fact that p — ||f||,» is continuous. Furthermore, 9,M,;, € L*(0,T; W~1?) with
bounds depending only on the initial data, due to weak* convergence. Also we have
| Moo ()|l = [[Moo[po]|l ;1 instead of < sign by the last assertion of Theorem 2.2.15:
take V' = |m|*+log max(|x|, 1), where log max(|z|, 1) should be understood, by a slight
abuse of notation, a smooth, bounded function equals it for |z| > 2. Then K(t) =
CH+lu() |, H(t) = C||Vyu(t)| « works. We remark that (2.134) and (2.135) look
similar, but in the estimate (2.135) requires only a bound on ||V, ul[12(g 772y, and this

fact will be used in proving global well-posedness of the coupled system.

2.3.3 Existence of moment solution

In this subsection, we prove the existence of moment solution using the limits { M p }a.p-
There are two points to remark: first, since the convergence of M ap 1O M, is weak
and not pointwise a priori, so we need Aubin-Lions compactness lemma to make the
convergence locally pointwise. Second, since the Fokker-Planck equation we consider
is fully parabolic, in fact we can rely on parabolic theory to find limit density func-
tion. First we establish positive semidefiniteness for {M,;}qp. For all a > 0, the
sequence { M, gfb}(a,b) are positive semidefinite, since they are moments of nonnegative

measures. Therefore,

T
/ / Zcichz_Jm_ bito (T, 1) 0(z, t)dxdt >0 (2.138)
0 R2 v i 0y, j
for all nonnegative test functions ¢ € L1(0,T; L?): then by the weak* limit

T
/ / E CiCiMa, ya;bitb; (2, 1)(w, t)dxdt > 0 (2.139)
o Jr2

2747
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and that means, { M} (qp) is also positive semidefinite. Similarly,
T —
/ o, t) (Mg, £ M) dudt >0 (2.140)
o Jr2

so for almost all (z,t) [Myp(z,t)] < Myyp(x,t). Then, from (2.133) and Lemma
2.2.17 we see that for almost all (z,t) there is a nonnegative measure u = p(z,t; dm)
such that M, ,(z,t) = My p[p|(z,t) for all a,b > 0. It remains to show that actually

i is a weak solution to the Fokker-Planck equation: first we show that for ¢ €

Cs°([0,T] x R x R2)) with ¢(T,z,m) = 0 we have

T
/ / / (006 + u(t) - Voo + (Vo)) — Vorll) 11 - Von + €Ams + 1500)
o Jr2 Jr2,

w(z, t; dm)dzdt = —/ d(0, 2, m)po(x; dm)dz.
RZ JRZ,
(2.141)

Suppose that supp ¢ C [Ry, Rs] X B(0, R), x B(0, R),,, which is a compact rectangle.
Let n be a C§°([0,T] x R2) function, 0 < n < 1, n = 1 in [Ry, Ry] x B(0,R), and
n = 0 outside [R; — 1, Ry + 1] x B(0,2R),. Then for any a,b > 0, we have

nM2, € L*(0,T; Wy *(Q)) — nM,, weaks in L2(0,T; W,2(R2)) ( |
’ 2.142
d(nMz,) € L0, T; W 12(Q)) — 0;(nMayp) weaks in L*(0,T; W~12(Q))

where Q = [R; — 1, Ry + 1] x B(0,2R),. By Rellich-Kondrachov theorem W,?*(€) C
L*(Q) is compact and L*(Q)) C W~12(Q) is continuous. Therefore, by Aubin-
Lions lemma we see that there is a subsequence nM f , Which converges to nM,; in
L?(0,T; L*(2)). By a standard diagonalization method, there is a subsequence nM_,
such that all moments nM,, converges to nM,y in the topology of L*(0,T; L*()).
Therefore, there is a subsequence, again denoted by nM;",, converges to nM,; almost
everywhere, for all moments a,b > 0. Especially, Mg, (v,t) — M,(z,t) for almost

all (z,t) € [Ry, Ra] x B(0, R),. Therefore, by Theorem 2.2.8 we see that u®(z,t; dm)
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converges weakly to p(z,t;dm). Note that f* satisfies

/ /R2 B2, (0 + u(t) - Vo + ((Vou® (1))m — Vi U) Yo - Vin

(2.143)
e, + 12 AL ) [ (x, t; dm)dxdt = / (0,2, m) f§(x; dm)dz.
R2 JRZ,
If « > R then mi,, - V,;u0 = mV,,0. Also for almost every z,t
/ (at¢_ Vmlj Vm¢+€Am¢+V2Aaz¢) fo‘(x,t;dm)
o (2.144)

— (at(b - va : Vm(b + 6Am¢ + VQAm¢> ,U,(SC, t; dm)

R,

by weak convergence. Furthermore, the left term is bounded by Cy(z,t)nMyo[f*],
where nMyo[f®] — nMoolp] € L*(0,T; L*(Q2)) and Cy(x,t) € L*(0,T; L*(2)) so we

can apply generalized dominated convergence theorem to conclude that

T
/ / (016 — ViuU - Vind + €A ad + 122y ) f(x, t; dm)
0 IR IR (2.145)

T
— / / (010 — VU - Voo + €A + 15 9) u(x, t;dm).
o Jrz Jr2

Finally, for the term u®(t) - V,¢ + V,u®(f)m - V,,,¢, we note that since C3°([0, 7] x
R2 x R2) = C5°([0,T] x R%) ® Cg°(R%) we only need to consider functions of the

form ¢(z,m,t) = ¢1(x,t)p2(m). Then the integral involving u®(t) - V¢ becomes
/ / Va1 da(m) f(x, t; dm)dxdt (2.146)
R2 RZ,

and we note that u®(t) - V,¢1 — u(t) - V¢ in L*(0,T; L*(2)) and

Go(m) f*(z,t;dm) — Go(m)p(z, t; dm) (2.147)
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in L?(0,T;L?*(f2)) as before. We can deal with the term V,u®(t)m - V,,¢ in the
same way. Finally, by Lemma 2.2.19 we see that ngn (0,2, m) f§(x; dm) converges
to ngn #(0, z, m)p(x; dm) almost every x, and they are bounded by Cy M o[ f§] which
converges to Cy My o[to] in L? (but since ¢(0) is compactly supported it converges in

L' t00) so by generalized dominated convergence

—/ 60,2, m) f§(x; dm)dz — —/ (0,2, m)po(x; dm)dz. (2.148)
RZ JRE, RZ JRZ,

Similarly, for ¢ € C5°(R2 x R2,)) we see that

/qbfo‘(t)dmdx — /gbfé"dmdx = A,(t) (2.149)

and

Ay(t) — /0 / (u-Ved+ (Veum — V,U) - Vid + €eApd + oA, 0) p(x, 7; dm)dxdr,
’ (2.150)

where

Aalt) = / / (U - Va6 + (Vo — Vol W - Vn + cDs + 1o An) fodmddr.
| (2.151)

Note that by

||uaHLl(REnXR%X[O,T];fo‘dmdxdt) < ||u||L°°(O,T;L°°) ||M0,0[M0]||L1 )

||vx“am¢a||L1(R$nngx[o,T];fadmdzdt) < ||qu||Loo(o,T;L2) C(T'u) HM2[M0]‘

2’

|’VmUm¢a||L1(R$,Lngx[o,T};fadmdxdt) <O, “)<||M2Q[NO]HL1 +C [ Moolpo]ll 1),
(2.152)

we see that |A,(t)] < C(¢)|t|, where C(¢) depends only on ¢ and independent

of a. Furthermore, again [ ¢f*(z,t,m)dm is pointwise bounded by Cy,Mo[f*],
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and note that in a ball V' € R2 containing the support of [ ¢f*(z,t,m)dm and
a smooth cutoff n which is 1 in V, with support contained in another ball W,
My o[ € L0, T; WH2(W)) with 9;Myoen € L*(0,T; W=12(W)): and Wh2(W) C
L*(W) is again compact. Therefore again by Aubin-Lions, we see that for a sub-
sequence Moo[f*|n — Moo[p]n strongly in L*>°(0,T; L?). Therefore, we conclude,
by generalized dominated convergence, for almost every t € [0,7] [ ¢f*(t)dmdz —
[ ¢u(t; dm)dz, and we know that [ ¢fedmdr — [ ¢uo(dm)dz. Therefore, we proved
(2.32). Then we prove that in fact p can be represented as a density function
f(z,t,m). Here we use the same argument to prove Theorem 2.2.15, used in [18]. Let
Ur = B(0,k); x B(0, k), CRZXR2,, J, = [£,T (1 — 1)], and Wy, be a neighborhood
of U, x J;, with compact closure in R2 x R?, x (0, T), for each k > 2. We then consider
the subsequence of f that converging to p(z,t;dm), what we used before. Since we
have by Theorem 2.2.15

1N 3 ey < €W T, o) (2.153)

for each k > 2. Then by Banach-Alaoglu and standard diagonalization technique,
we can find a subsequence of f* which converges weakly to a function f(x,m,t) in

L%(Uk x Ji) for all k > 2. Furthermore, f(x, m,t)dm = p(z,t;dm) for almost every

(x,t).

2.3.4 Dependence on fluid velocity fields

In this subsection, we prove the last assertion of Theorem 2.3.1. Suppose that u,v
satisfies (2.81) and f, g be solutions of two microscopic equations with velocity field u

and v respectively and same initial data p, satisfying conditions (2.82), (2.83), (2.84),
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(2.85). Also f* and g® is defined same as before. Then we have

at<fa - ga) +u® - Vx(fa - ga) + (V:cua)m% ’ vm(fa - ga)
Vo - (ViU0a(f* = g%) — €An(f* — g%) — 12D (f* — ¢%) (2.154)

= —(u® —v%) - Vg% — Vo (u* —v*)mapy - V,g®

in the classical sense. Let sgng be a smooth, increasing regularization of sign function
where sgng(s) = sign(s) for [s| > B, and [s|z = [ sgng(r)dr. By multiplying

Im|?*sgng(f® — g), where k < 2¢ — 1, to (2.154) we have

O (Im**1f* = g%|s) +u® - Vo (Im|*|f* = g%15) + Voumapa|m|* - V| f* = g%
Vo - (ViUtha)m|** (f* = g*)sgna(f* — %) — vo|m[*sgns(f* — g*)Au(f* — ¢°)
~VulUta - Vi [ = g%|slm** — elm[* sgna(f* — g*) A (f* = g%)

= —(u® = v) - Vog%|m|[*sgns(f* — ¢°) — Vo (u® — v )mibg - Vig®|m|* sgns(f* — g%).
(2.155)

Integrating in m variable, we have

@+ a9 [ mf15% = o adm — (T) s [ V(s m)1 2 = s
=L+ L+ 13+ 1 — /(ua —0Y) - Vzgo‘]m\%sgng(f"‘ —g%)dm

_ / Vot — o)t - Vg™ |m[®sgns(f* — ¢%)dm
(2.156)

where
I = / Vo (Vo) | (£ — %) sgna(f© — g*)dm,
I = — / Vo - (VU m|™)| £ — g sdm,
(2.157)
Iy = 6/ Im|*sgns(f* — g*) Am(f* — g*)dm,

L=, / ml® sgna(f* — ¢*)Aa(f — g*)dm.
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Note that

[ St = i
. (2.158)
< [mPHige = gtldm + Ch [ P17 = g)adm,

and

it = /Vm (VU |m[P* ((f* = g%)sgna(f* — %) — [f* — g®|s) dm

—2k:/ Im|**Vm - ¥, U] f* — g%|sdm
(2.159)
and the first term, denoted by J, g, is bounded pointwise by

1 - o o \ « o
C (EM2(k+q)—1[f + ¢°] + Magerg-)[f* + 9 ])

and pointwisely converges to 0 as § — 0. On the other hand, the second term is

nonpositive. Thus I; + I, < J, g. On the other hand,

L= / Von (| sgns(f% = g)) - V(£ — g)dm
— —e/2l<:|m|2(’“‘”m Vil f* = g% pdm — 6/ [m|*sgn(f* — g*) IV (f* — g%)[Pdm

< le/Vm (ImPEIm)[f = g% pdm,
(2.160)
and finally

I = / Ve (Im*sgns(f* — g*)Va(f* — g%)) dm
—vy / Im[*sgnfs(f* — g*)|Va(f* = g*)[*dm (2.161)

<V, (/ (ValIml®*[f* = g%15)) dm) -
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Therefore, we have

O+ - V) ( [l - g%dm)
1
< IVl (& f b = gladm+ 2 [0 = gl
+Jap + Ok%/ im|?®=D | fo — g sdm + 15V, - /Vx(|m|2k|fa — g%|g)dm

=) Oll [ 1P Vo dm + [Vata = 0O [ Vg
(2.162)
Then we multiply [ |m|*|f* — g%|sdm, and integrate in x. Finally, we divide the

both sides by || [ [m[*|f* — g%|s(t)dm||,, to obtain

d « «
i | [imee = gty

L3

< C(I V()] e + 1) H [ i = g lsterim

+ | ol 22
12

C|Vau(t)] ;o _ _
H/ | fe —ga|ﬂde + | Z( )HL’ (||M2k+1[fa]||L% + HM21<;+1[9(1]HL3> (2.163)
L

o= 001 ([ st ([T ) dxf
+ [V (u = ) ()] oo (/ Mapeslg”] (/ m;_ganm) dx)é

Since f*(0) = ¢*(0), by Gronwall we have

| [t = glattam

< exp(C(IVottll porpey + 1)1+ Lo+ Iy + L+ 1),
L3
(2.164)
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where

T
hi= [ Malsdo.
0

C _ _
I, = o ||Vzu||L2(o,T;Lgo) (HMQk"'I[fa]HLQ(O,T;L%) + ||M2k+1[ga]||L2(o,T;L§)> ’

Iy = H/ | f* — g%|gdm
L1(0,T;L2)

g T V.9%)? :
I4:/0 ||u—v(t)]|LgoHM4k[g ](t)”Lgo // p dmdx | dt,
T | @ % |Vmga‘2 %
15:/0 IVt = 0) ()| oo [|Marslg®1 )] //—g dmdr | dt

and by (2.134) we have that ”M%H[fa]”LgOLg + H]\ngkﬂ[go‘]HL?OL% < C where C

: (2.165)

depends only on initial data ug and V,u, V,v, independent of a. Also, by (2.136),
and by Agmon’s inequality, we have Myx[g?], Mux12[g®] € L?(0,T; L>) with bounds
depending only on initial data uy and velocity field v, again independent of a. Also,

g“ satisfies the conditions of Theorem 2.2.16 :

/ / o, )67 (2, m, )dmdz < 0] o0y 1Moo l8 o zenn,
T
a 2 v a
/0 //|V$U(x,t)m|29 (x,m,t)dmdx S ||VIU||L2(O,T;Lg°) HMQ[Q :IHLoo(oyT;Lal;)7

// ]VmUPgO‘(:B,m,t)dmd:v S C(Q) HMZLq—Z[ga]HLoo(QT;Ll)
(2.166)

and since

log 2
log (max(y/[a? + [P, 1)) < =5 + log (max([a, 1)) + log (max(|m], 1)) ,

log (max(|m/,1))* < C(1 + |m|?) and so

[ [ 1og tmaxunl, )7 g @dmd < € (IMoolg® oy + [Tl i)
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which is bounded by a constant depending only on u and pg, and not in «, it suffices

to bound

/ / log (max(|z], 1)) g*dmdz = / My olg®] log (max(|z|, 1))* dz.

Let U(x) be a smooth, nonnegative function in z such that ¥ > log (max(|z|,1))?,

¥ = log (max(|z|,1))* for |z| > 2. Since Myq[g®] satisfies
@tMQO [ga] + v% - VQ;M(LO[QQ] = VQA;CMQ()[Q&] (2167)

it can be easily seen that

[ [ 1o (max(lal, 0)* Maolg*) 01
(2.168)

< € (1t Dllimora T+ [ Tog max(al, 1) Mol

but note that Moy o[u§](z) = (ga—1 *» Moo[to])(z), and we have a following simple

inequality
log (max(|z +y,1))* < 4 + 2log (max(|z|, 1))* + 2log (max(|y, 1)) (2.169)

so we have

[ M@0 52 Muslinl(@)d < 41 Mool +2 [ A2Mooluoldo
(2.170)

+2 | Moolplls | ga-s(0)A @)

However, note that

/ Gor (2)A(2)2der = /| 9o (0) Qg o) ds (2.171)
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and if || > 1 and o > 4, go-1(z) < gs4(x) so again we can find a bound for
[ [log (max(|z|, 1))* Mo [g®](t)dz which depends only in uniform data and v, is in-
dependent of « (for large enough «), and is uniform in [0,77]. Also note that our
initial condition implies that [ [ u§ [log 1| dmda < oo. Then by the bound obtained

in the proof of Theorem 2.2.16, we conclude that

/T//’v“"ga|2+|v’"9a|2dmdxdt
O (e}

2
C(T (19117 s 0,510y | Mookl 1 + (IVavll 2o rinmey + T) (1Val9°]]] o 020

+ HM@—?[QQ] HLOO(O,T;Ll) T+ ||U||Loo(0,T;L°°) T+1+ /AZMO,O[NO]dx)

—i—//ug‘ log p1gdmdz.

But note that by Jensen’s inequality applied to ®(s) = slogs, we have, for each

(2.172)

(z,m),
110 log g (@
= //uo(w—y, n)ga-1(y,n)log (/ (x -9, m—%)ga—l(y’,n’)) dndy
= (B, , [po(z— -, )])S 9o [P(po(z —-;m —))]

//ga 1(y,n)@(po(z — y,m —n))dndy
(2.173)

//,ug‘log,ug‘dxdmg //Mo log podxdm. (2.174)

Therefore, by Holder’s inequality we can bound the last two terms in the (2.164) by

and therefore

lw = vll o ey CIN L 10ll, T,
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where C' is given by

_ _ 1 T vm 042_|_ Vm a2 %
= HMM[QQ]+M4k+2[9a]”22(07T;Lgo) (/0 //l s g"‘| g dmdmdt)

(2.175)

where C(||v||, |0l , T) depends only on those three (except for coefficients like vy, €),

is increasing in each of the variables, and does not blow up for finite ||v||, ||uo]|, or T

|17 = gl

can be bounded in the same way, just plugging in & = 0 to (2.164) and removing

The term

(2.176)

L1(0,T;L2)

the term || [|f* - go‘lﬁdm”Ll(o 7.2 0 the right side, and since we have |m|?*|fo —
g®l, [m|**|fe—g%|s < |m|?*(f*+g“) by taking 8 — 0 to apply dominated convergence
and taking @ — oo we have

| [ 150 = atoam

< Cllulls ol lpoll, T) lw = vll pa rawreey — (2177)
L3

where again C'(||ul|, ||v]|,||pol| , T") depends only on those four (except for coefficients
like 15,¢€), is increasing in each of the variables, and does not blow up for finite
lll s ([0l s [l poll, or T Here [lull = [ull L o rw22)nr2(0 2ws.2) and similar for [[v], and

| tto]| is & bound for (2.84) and (2.85). Let
oy = /VmU® mfdm, o9 = /VmU ® mgdm. (2.178)
Then in the weak sense as in Lemma 2.2.22, we have

6t(0'1 — 0'2) +u- V;E(O'l — 0'2) - V2A$<0'1 — 0'2) == Il + IQ (2179)
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where

I = —(u—v) V0
Halg =) [ [P (T = o) e m)m s mgdn (2.130)

+2q/ Im 24V (Vou — Vao)m @ m 4+ m ® (Veu — Vav)m)gdm
and

I, = —(29)% / m "V @ m(f — g)dm

Hdglg—1) / m2aD (V1) : m @ mm @ m(f — g)dm

(2.181)
+2q/ im |2V (Vu)ym @ m 4+ m @ (Vyu)m)(f — g)dm
+2qe (4q(q —1) / Im|* D m @ m(f — g)dm + 4/ |2 VI(f — g)dm) :
Then we see that
()l g2 + (2O 2 < CUlpoll s Mwll s Mol T = vll oo rwicey - (2.182)

Therefore, by multiplying o; — 09 and integrating in x variables, and using o(0) =

04(0) we have

T
sup [lo1(t) — oa(t)]|72 + ’/2/ IVa(or = 02)[I72 dt < CT [lu = vl Lo ey -
0<t<T 0
(2.183)

Also, multiplying —A, (01 — 03) and integrating in z variable we get

T
sup (| V(o (t) — oa(t)[I72 + Vz/ 1Az (01 = 0)|[72 dt < CT [Ju = 0l[7a0 ey -
0<t<T 0
(2.184)
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In conclusion, we have

R P
Lo2(0,T3W12)NL2(0,T5W 2:2) (2.185)

< C(a, Il ol llioll, TIVT Mt = 0l oo o rpwezynrzo.rews)

again C(va, ||lull, |||, |0l ,T) has the same property as before, and C' — oo as

vy — 0.

Remark 7. If we assume the initial data po for f, and the initial data vy for g do

not coincide, then previous arguments give the following modification of (2.185):

lon — 02HL°°(O,T;leQ)ﬂLQ(O,T;WQ’Q)

< Cllo1(0) = o2(0)[[y1.2

+CVT <||“ — U/l oo (0. rpw2 )220 pWa2) T ”MO[“O — vo] + Mag-2[po — VU]HL?) :
(2186)

For any k > 0, the term Mo[po — o] cannot be controlled by Moy[po] — Mo[vo).

However, this term is unavoidable; it is possible that Moy [po] = Moy [vo] while po # vp.
Therefore, we have proved Theorem 2.3.1.

Remark 8. As mentioned before, the condition (2.83) can be dropped in proving local
and global well-posedness of the coupled system: we can only assume (2.81), (2.82),
(2.84), and that HMW[MO]HB < 00 to show that there exists a unique weak solution
to the Fokker-Planck equatiomn (2.73), satisfying all the conditions fo the definition
for the moment solution except for third one, and satisfying bounds (2.134), (2.135),
(2.136), and (2.1387). Also, note that (2.85) is used only for the estimate (2.185),

which is used in proving local existence of the coupled system.

Remark 9. In the condition (2.85), the condition [g, |A(z)[*Moolfo](x)dr < oo,
which controls the growth of fo at infinity, is introduced in many kinetic models, for

example, Boltzmann equation ([45]). Although the physical interpretation of the above
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condition is not evident, that condition guarantees us that the entropy [ flog fdx
remains greater than —oo. Here is an example showing that if we do not have such
restriction, our solution starts with finite entropy but fall into —oo entropy after some
time. Suppose that we are solving 1-dimensional heat equation 0, f = 02 f in the whole

line, and let the initial data be

l’) = Z 1(10n7an,10n+an)(m) (2187)
n=1

where
c

ay = _ (2.188)
(n+1) (log(n+ 1))

where c is chosen that Y >"  a, <1 and a, < % for alln. Let

1 22
O(s) = slogs, g.(x) = @6_47. (2.189)

Then [, ®(fo)dz =0, since ®(fo)(x) =0 for all x. Then

f($7 t) = Z gi * 1(10nfan,10n+an)($) (2190)

n=1

and we see that || f(t)| 0 < || foll 1 119e] e < 4f < 1 forallt>1 and f(z,t) >0

for all (x,t). Fort =1, if |x — 10n| < t, we see that

—_
S
S
|
-

-2 f(l',t) > gt * 1(10n—an,10n+an)(x> > e . (2191)

[\]

an
eN/T  \/mt
Then since ®(s) is decreasing for 0 < s < L ®(f(z,t)) < @(;‘7’%) c=loga, —

2
a, log(e\/m). Then

/Rq)(f(x,t))deZ/ @(f(:c,t))dxg2Zanlogan—202—oo

n—=1 ¥ (10n—t,10n+t)
(2.192)

n=1
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Therefore, although fo started with zero entropy, f(t) has —oo entropy att = 1. Same

arqument shows that f(t) has —oo entropy for all t > 1.

2.4 Local and global well-posedness of the coupled

system

2.4.1 Local well-posedness

Using the results in section 2.3, we can prove the local existence of the system. We

define the function space X as
X = L>(0,T;PW**) N L*(0, T; PW>?), (2.193)
For the subspace of X defined by
X={ueXx :dueL>0,T;V, L'+ L) N L*0,T;PWH*)} (2.194)

by Theorem 2.3.1 we know that there exists a unique moment solution to the Fokker-

Planck equation (2.73), denoted by p. Then we define

olu] = _m ® V,,,Up(dm). (2.195)

We set up a fixed point equation v = F'(u) in X. We establish a contraction mapping
in X and observe that if u € X then F(u) € X too. Following [33], our F is defined
as

F(u) = """y + Qy(u,u) + Ly (o) (2.196)

where

Q1(u,v) = —/0 e =98Py (s5) - V,u(s))ds (2.197)



and

Li(o) = K/Ot e (=98P (V. 5(5)) ds. (2.198)

We check that
[Q1(w, )]l < O [ully V]l

[L1(o)]lx < Ch HU"Loo(0,T;W172)mL2(0,T;W272) ) (2.199)

HUHL°°(O,T;WLQ)QLQ(O,T;WQ’Q) < C2C§Hu”g(a
where 0 can be made as small as we want by making 7' small.The first and second
one can be found in [33], and the third one is a direct consequence of (2.134). Using
(2.199) we can find A and § (so we adjust T" too) such that if ||ul|, < A, then

| F(u)]y < A If |Jul|, < A, then we have
[F(w)]lx < Ao+ SA® + 01020§A27 (2.200)

where Ay depends only on initial data and C;,Cs, C5 are independent of A. For
example, we can put A = Ay + 1 + C1C5C5 and choose ¢ small enough so that
§A? < 1. Also, by (2.185) we have

lo[u] — U[U]||L°°(0,T;W172)0L2(0,T;W2a2) < Cydflu— |5 (2.201)
where Cy = C4(A, Ap). Then

[1F(u) = F(v)]]
<Qu(u,u —v)|| 4 + 1Qu(u — v,0) ||y + || L (o[u] — o[v])||.4 (2.202)

Therefore, by choosing § small enough again, we see that the sequence v = F(u"),
u! be the solution of Navier-Stokes equation with initial data ug converges exponen-

tially to the unique fixed point. Therefore, we have proved the following.
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Theorem 2.4.1. Given ug € PW??, pg satisfying (2.82), (2.83), (2.84), and (2.85),
there is a Ty > 0 such that there is a unique solution (u, f) to (2.1) for t € (0,Tp)
satisfying (2.81) and f is the unique moment solution of the Fokker-Planck equation

with velocity field u.

2.4.2 Global well-posedness

From this point, we investigate the global existence: we need to establish the bound

1 2 K 2
5 Nl rize) + S g —1) lo@l 4+ w1 [[Vaull 2 m2)

red (2.203)

1
< Al q) [|Mooll [olT + 5 lluoll 72 + looll L+ = Ba(T).

2q(2¢ — 1)

Here B;(T) depends only on initial data and 7. For this we come back to our
approximating sequence f*: by multiplying u to the first equation of (2.1) and adding
C =

% times of (2.101), and using the pointwise estimate |m/|?(@~1) < A+ |m|19-2

then integrating we obtain

d

1 _
% (311 + € [ 315,000) 41 100l < CATMpaluol,

+ [ [ = v pedmda

+/Tr (quo‘/\mIQ(q1)m®mwafadm—vxu/|m|2(q1)m®mfdm) dz.

(2.204)
Then we have
2 — 9
HUHLOO(QT;L2) +C HMQQHLOO(Q,T;Ll) + 214 HVCL‘UHLQ(o,T;L%
< ol + C VT3, + AT | Mool (2205)

+I + I + I3 + 1y,
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where

I = /OT//ym\4q2(1 — 1)) [ dmdxdt,

T
I, = / /Tr ((qua — V,u) / ]m\z(qfl)m ® mwafo‘dm) dxdt,
0

T
I3 = / /Tr (qu/ Im |2 Vm @ m(ih — 1)f°‘dm) dxdt,
0
T
I, = / /Tr (qu (/ |m |2 Vm @ mfedm — / Im24Vm @ mfdm)) dxdt.
0

(2.206)

First we note that lim,_ ||J\7[ & . Then we note that

> || M
2qHLoo(o,T;L1) 2 || Mz

/] HLOO(O,T;Ll)
for k < 2¢q

4q—2k 1
/|m|2k(1 — o) fYdm < /mza lm | (@) f¥dm < E/|m|4qf°‘dm. (2.207)

Then we also note that [ |m|* f*dm is uniformly bounded, say by C, in L>(0,T; L1)
by (2.130). Therefore, we have lim, [; = lim, I3 = 0. Then we note that Mg,
converges to M, [f] in weak* topology of L?*(0,T; L?). Since V,u € L*(0,T; L?), we
see that Iy — 0 as &« — oo. Finally, we note that [ |m|*%), f“dm is uniformly bounded
in L>=(0,T;L*). Also, for each t, |V,u*(t) — Vyu(t)||,. — 0 as @ — o0, so by
dominated convergence in ¢ variable, we conclude that ||V, u®* — V u|| o) — 0.

Therefore, lim, I = 0. In conclusion, we have

2
HUHLOO(U,T;LQ) +C HTrUHLOO(O,T;Ll) + 21 HvquLQ(O,T;LQ) < AT || Moo[polll 1 » (2:208)

and since |o15| < 2Tr(0) we obtain (2.203). From (2.135) we see that

||U||ioo(0,T;L2) ) HVIO-HiQ(O,T;L?) < By(T) (2.209)
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where again By(T) = C(q)" '™ || M|pg)ag|| . depends only on initial data and 7.
Then we take curl to the first equation of the (2.1) to get vorticity equation: for
w=Vi-u

Ow +u-Vyw=v1Aw+ KVD,? -V, o. (2.210)

Multiplying w to (2.210) and integrating, we obtain
||w||i°°(0,T;L2) +un ”vmW”L?(o,T;L?) < C(n) ||VzUHiZ(o,T;L2) = CBy(T). (2.211)
Then by (2.136) we have
||U||i°o(0,T;le2) + 1 ||O-||%2(O,T;W2v2) < B5(T) (2.212)

where Bs(T) = C(e, vo, q, K)THOBDT+BATIVT a04in depends only on initial data

and T'. Finally, by multiplying —A,w to (2.210) and integrating, we have

T
19l s + 8l < exp (€ [ IOl Tt )
(Ve (0) 122 + CU ) 1800 a0 710 (2.213)
< exp (CBAT)Bo(T)) (Va0 (0) |2 + C(K, 1) Bo(T)) = Ba(T).

Therefore, we see that

||U||X S Bl -+ CBQ + B4 = B5, (2214)

which only depends on initial data and 1. Thus, we have the global existence, follow-
ing the proof of [33]. Theorem 2.4.1 guarantees that there is Ty > 0 such that the solu-
tion exists for [0, 7p]. We consider the maximal interval of existence: T; = sup Ty < T
such that the solution exists for [0, 7p]. Then it must be that 77 = T', because other-

wise we could extend the solution beyond 7.
Theorem 2.4.2. Given ug € PW??, g satisfying (2.82), (2.83), (2.84), and (2.85),
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and arbitrary T > 0, there is a unique solution (u, f) to (2.1) fort € (0,T) satisfying
(2.81) and f is the unique moment solution of the Fokker-Planck equation with velocity
field u. In addition, the bounds (2.203), (2.209), (2.211), (2.212), (2.213), and
(2.214) are satisfied.

Remark 10. In fact, local Lipschitz dependence of solution on the initial data can be

proved with similar standard energy estimates in this subsection, together with (2.186).

That is, if ug,vo € PW>? and o, vy satisfy (2.82), (2.83), (2.84), and (2.85), then

2q—1

lu—vl[y <C (!IUO — Vollpypz + llofpo] = olvolllyre + Y || Maklpo — VoHIL2> ,
k=0
(2.215)

where C(ug, vo, o, Vo, T).

Corollary 2.4.3. Suppose that ¢ = 1 in the system (2.1), in other words, U(m) =
|m|%. Suppose that the initial data ug, po satisfies conditions ug € PW>2, (2.82),

(2.83), (2.84), and (2.85), and (2.242). Then
(u,0,p) = (u, /m ® V.U fdm, Myolf])

1s the unique strong solution for the diffusive Oldroyd-B equation

ou+u-Vyu=—-Vyep+u1Au+ KV, o,
Ve u=0,
010 +u - Vo = (Vou)o + o(Veu)! — 2e0 + 2epl + 15,0, (2.216)
Op+u-Vaup=120,p,

u(0) = un.0(0) = [ V,,Upadm, p(0) = Mool

Proof. 1t is a consequence of Lemma 2.2.22 and Theorem 2.4.2. Although o is a weak

solution of the corresponding equation of (2.77), it has enough regularity to perform
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integration by parts, so in fact it is a strong solution. By the uniqueness of diffusive

Oldroyd-B system ([33]), it is the unique solution. O]

2.4.3 Free energy bound

In this section, we prove the estimates (2.241) and (2.249). For this purpose, we

briefly review the proof of Theorem 2.2.16. We follow the proof in [18].

proof of Theorem 2.2.16 . For simplicity, we assume that a”(z,t) = a” for some
constant, positive definite matrix (a”);;. We use the following simple observation:
given two nonnegative functions fi, fo € L'(R?), for every measurable function 1)

with the property that |¢|?f; € LY(R?) we have

|@f1) = fo| le2

where % =0 if f1 % fo(z) = 0. Also we set

pradat) = [ wla =l

where w(z) = e g (f) where ¢ is the standard Gaussian and ¢ € (0,7). Then

1 = pdxdt and in the Sobolev sense
(p*we) = (a”p) * (0y,0p,wc) — (b'p) * O, w. (2.218)
We have the following version of p * w. defined by the formula
t
p*we(x,t) = prw(r,0)+ / v(z,s)ds (2.219)
0

where v is the right side of (2.218). One can readily check that this version is abso-

lutely continuous in ¢ on [0, 7] and belongs to the class Cf°(R?) in z, and for almost
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every t, including ¢t = 0, this version coincides for all x with the original version defined
by convolution. This version is bounded pointwise by ¢~¢, for all (z,t) € R? x [0, 7.
We set

pei=prwe, felz,t) = pe(z,t) + emax(1, |z]) =Y, (2.220)

d+1)

where p * w, should be understood as the version (2.219) and by max(1, |z|)~@*D we

mean, again by a slight abuse of notation, a smooth, bounded function equals it for
|z| > 2. Since the function pA is integrable, there is 7 as close to 7" as we wish such

that

/Rd p(x, T)A(z)dr < o0, (2.221)

and for every e = = our version of p(x,7) coincides with the function p(-, 7) * w(z)

for all . Then by inequality
log max(|z + ], 1) < log max(|a], 1) + ly
gives the estimate

fe(x, T)A(x)dz < / p(x, T)A(z)dx + €My, (2.222)

R4 R4

where M; is a constant independent of €. Then by (2.218), we have

/ Oi(p * we) log fedxdt = / / (a” (p * 0y, 0p,we) — (V'p) % Op,we) log fedadt,
0 R4 0 Rd

(2.223)
and by |log f.] < C (log L + 14 A), (2.217), |b| € L?*(n), and the estimate

[ log max(|a + ], 1)|? < 4 + 2| log max(|z], 1)|? + 2| log max([y, 1) ?

the integrand of the right side of (2.223) is integrable in R? x (0,7). Furthermore,
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one can observe that one can integrate by parts of the right side of (2.223) using the

similar argument: therefore we get

/ Opelog fedxdt
0o Jrd

o (2.224)
= —/ / O e (a” 0y, (pxwe) — (b'p) * we) dadt.
0 Jra f

€

The integrand of left side of (2.224) can be written as J;(f. log f.) — Op., and since

p¢ are probability measures, the left side of (2.224) equals

L.:= /Rd (fe(z,7)log fe(x,7) — fo(z,0)log fe(x,0)) dx. (2.225)

By (2.222) and |log f| < C (log (£) + 1+ A) we have f.(-,7)log f.(-,7) € L'(R?) and

similarly f.(+,0)log f.(-,0) € L}(R%). By Jensen’s inequality applied to ®(s) = slog s,

we have
[ g0y 108 120
]Rd
pe ] .
= By - T 2.22
_A/(D<A)dx+(1 A)/‘p(1_Ama><(!:10\,1) >daz (2.226)
1 1
: /”“ tog pocdr + log 3 E/ T max(|z], 1)~ da

for any A € (0,1). On the other hand, we have Csiszar-Kullback-Pinsker inequality

([75])

[ Frouf = Flogg — 1+ gdo = S 1f = gl
(2.227)

wmmfgeL%fz@g>a/f=/ﬁ=1

: _ 1 1
with f = er||L1f€ = 1Jrec,fe and

1

— 1 —(d+1) = C 1 —(d+1)'
g ||max(|x|,1)_(d+1)||L1 max(|m|, ) max(|x|, )
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Thus, we obtain

/ £.(x,7) log f.(x, )dz > (1 + Ce)log C(1 + Ce) — (d + 1) / £ (2, 7)A(x)dx

—(d+1) /p(:v, T)A(z)dz + o(e).

(2.228)
From (2.224) we obtain
/ / at %8% fedzdt
5, f m e (2.229)
/ / < ((b'p) * we + ea” 9, max(|z|, 1)_(d+1)) dxdt — L,
R4 6
and the right side in this inequality is bounded by
VL, N
(/ ‘ f ‘ d dt) <||b||L2(N) ‘f‘O(E))

0 JRE Je (2.230)

o(€)
11—\

+(d+1) /p(x, T)A(z)dx + o(€) + /,00 log podz — log A +

Using A > ml, taking € — 0, using Fatou’s lemma, and putting A\ — 1 we get

T va
m2/0 /Rdl pl drdt < (”b”iz(u)+(d+1)/P(I,T)A(x)dx+/p010gpod;p)

(2.231)
as desired. [

To prove entropy estimate, we start from (2.224) and L.: first we prove that as

T . T [ O, POy,
/ / 3z1feaxj (p * we)dxdt %/ /dedt.
0 Jra Je 0 P

We begin with observing that 8’”1f Oy, (p * we) is bounded by

e — 0,

\v4 o|? 1 \% e
g = VPred o L (), 1)@ Ve (2.232)
pe fg (p * w€)§
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IVp
p(z,t

For almost all t € (0,7), [r ‘ dx < co. Therefore, for such ¢, by (2.217) we see

that

2 2
R4

p* we(t) pla,t)
and so for integral over ¢ too. Then the integral over R? x [0, 7) of the second term

is also bounded by /eC, where C is independent of e. Therefore, we have

t
limsup/ /q6 x,t) d:vdt</ / |Vpa: d dt.
e—0 Rd

On the other hand, note that g.(z,t) — M for almost all (x,t) € R? x [0,7), at

least for a subsequence of € = % because we have L!(x,t) convergence of approximate

identity in x variable. Therefore, by Fatou’s lemma we have

// |V,0xt dx<hm1nf/ /qextdxdt
Rd

Oz, fe Oy, (p * we) is bounded by g.(x,t) pointwise, which is

fe
integrable and converges to % pointwise, and its integral also converges to the

Therefore, we see that

integral of the limit. Therefore, by generalized dominated convergence, we prove the

claim. In a similar manner, we see that

) * we|?
———dzdt — d dt.
Rd P * We R4
Then again 2 (bZ ) * w, is bounded by
;I Vpxw @r2) ) [('p) * wl
¢ =— C’e -max(|z|, 1) _— (2.233)
< V/Pe 1 VPe

and we can again use generalized dominated convergence to conclude that

// Ou,fe (b'p) *wedajdt—>/ / b'0,, pdadt. (2.234)
Rd E R4
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On the other hand, to control L. term we observe that V(z) = zlogx —x+1 > 0 for

all z > 0: then for g = max(|z|, 1)~ by Fatou we have

/plogp(7)dx—|—(d+1)/ Adx—1+/gd:c/ ( )gdx

< limgg%/ <J;€> gdr = hmmf/f log fe(7)dzx + (d + )/p(T)Ad:c —1 +/gdx.
(2.235)

Here we used that [ f(7)Adx — [ p(7)Adz, which comes from (2.222) and Fatou.

Therefore, by taking € — 0 to (2.224) we get

T Uaac aac . T )
/plog p(T)dx +/ / LGP vt —/ / b'0,, pdxdt < /po log podz.
0 Jrd P 0 JRd

(2.236)
Applying (2.236) to our equation, and applying integration by parts to b'd,,p, which

is possible since b)p, (9,,0%)p € L', we get

TV Ve
/f(T) logf(7)dmdx+/0 /VQ 7 +e 7 dmdxdt -

—e/ /AmedmduZt < /f() log fodmdzx.
0

On the other hand, applying similar argument as (2.203), we have

/ T)dz + €(2q) / /Mjf; Jdxdt
(2.238)
_ / Mg (0)de + / / Te((Vou)o)dadt + €(29)? / / Mg, yydadt + 1,
0 0

where I, — 0 as a — oo. Note that we know, by weak convergence,

/ng T)dz + €(2q) / /M4q o fldxdt

does not exceed the limit inferior of the left side of (2.238). On the other hand, we
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need

/ /Mg(q_l)dxdt%/ /MQ(ql)[f]dxdt,
0 0

which can be obtained by the following: since
/A(x)|m]2(q1)fadmd:c < / (‘A|2 + |m|4(q71)) fedmdx

we see, from bounds in section 2.3.2 and section 2.3.4 we note that [ [ A(:L’)M;‘(q_l)dxdt
is bounded by some constant C' depending on initial data gy and u, uniform in a.

Therefore, for any R > 1, we have

T . C
M dxdt < )
/0 /|:c>R A=) log R

On the other hand, we note that

Ve /o
fa

|V$M2a(q—1)| < Mf(q—l) + dm,

and bounds in section 2.3.2 and section 2.3.4 gives that Hvag‘( is uni-

=D L10.1;L1)
formly bounded in a. Also, by (2.99) we can see that 8,5]\7[2"‘((171) e LY0, T;W—b1) is

uniformly bounded in a: for terms involving velocity fields, one can use L? bounds on
moments, and for plain moment terms one note that the highest moment in that equa-
tion has degree 4(¢—1), and it has bound in L>(0, T; L'), which is uniform in . Then
for any B(0,R), W"'(B(0,R)) C L'(B(0,R)) compactly by Rellich-Kondrachov,
and L'(B(0,R)) ¢ W=YY(B(0, R)) by Morrey-Sobolev embedding W? < L> for

_d_

7. Therefore, by Aubin-Lions, by applying some cutoff function if necessary,

qg <

we have

le/ / Mg(q_l)dxdt:/ / Mg(qfl)[f]dilfdt
a=e Jo JB(0,R) 0 JB(0,R)
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To summarize, we have

/MQq T)dz + €(2q) / /M4q o fldxdt
/M2q fol dx—f—/ /Tr (Vyu)o)dzdt + €(2q) / /MQq ylfldzdt,

or, in other words,

(2.239)

—/log (e7Utm) f(T)dmdx—i—e/ /|VmU|2fdmda:dt
0

—c / / AU fdmdrdt < — / log (e7Y(™) fodmdx + / / Tr((Vyu)o)dzdt.
0 0

(2.240)
Note that we can apply integration by parts to the term fOT f A,, fdmdzdt: since
ViUV f] < M + |V U2 f so it is integrable in L'([0,T] x R**?), and V,, U f
is also integrable. Therefore, by adding (2.237) and (2.240), and adding the velocity

part we get

[ #o
o [ [ 1] log( g/Z)

dmdxdt

//f‘v os 5/2)

dmdxdt + — Hu( )N3s + / IV oul|2s dadt

< ||UO||L2 +/fo log /ded:p
(2.241)
where Z = [ e Ydm. On the other hand, suppose that
/ Mo o[ fol log (Moo fo]) dr < oc. (2.242)
Using the same technique as before, we can show that
V ]\46 2 M 2
o (2.243)

hm Mg o(,0) logMOO(x 0)dx = /Moo x,0)log Myo(x,0)dx.
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where Mg, = Mo * we + emax(|z|, 1)~ and the remaining task is to show

lim inf/M&O(a:,T) logMS’O(q:,T)d:c = /M(]’o(:E,T) log Mo o(z, 7)dx.

e—0

For this we recall the following fact about Fatou from [91], which comes from Brézis-
Lieb inequality ([21]) : if {h,} is a sequence of nonnegative functions, converging

almost everywhere to h, and [ h, is uniformly bounded, then

liminf/|hn—h|+/h:1iminf/hn. (2.244)

We apply this to ¥ <@> g > 0, where as before ¥U(s) = slogs — s+ 1 and g(z) =
max(|x],1)7®. We know that for f >0, f € L' N L?, [ fA < oo, we have a pointwise
estimate

fllog fl < CfA+Cy+|fI, (2.245)

where the first term corresponds to the case g(z)? < f(x) < 1, the second term
corresponds to the case 0 < f < g(z)?, and the last term corresponds to the case

f(z) > 1. Therefore,

ME
/ \I’( 070) gdx:/MgologM50+3M50A_M060+ng (2.246)
R2 g 7 ’ 7 ,

so by (2.245) and (2.222) they are uniformly bounded in e. Thus it suffices to show

Me M
/’xp( 070) — U (—0’0>‘gdm 0.
g g

But this term is bounded by

/ ’M&O lOg MS,O — MO,O log MO,O‘ + ‘MUG,O — M070|(A + 1)d.1', (2247)
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which converges to 0 by the pointwise estimate (2.245) and generalized dominated

convergence theorem. Therefore, we have

T [ Ve Mgol?
/Mgp(T) log Moyg(T)d[L’ + 1) / |]W—070‘dl'dt = /M0,0 [fo] log Mop[fo]dl’
0,0

0
(2.248)
Noting that

|V Moo

SO0 — Moo V. (log Moo = [ 17 (og Mog) * d
0,0

and by subtracting (2.248) to (2.241) we get

[ s izt < 5 ‘V’” o (ser7z)
dmdzdt + — Hu( )N3s + / IV oul|2s dadt

o [ 1[5 (o) |
[fle=t/ .

< ||U0”L2 +/f0 log Moo[fo]e_U/dedx'

2
dmdxdt

(2.249)

Therefore, we have proved the following.

Theorem 2.4.4. If the system (2.1) has initial data satisfying ug € PW?2, (2.82),
(2.83), (2.84), and (2.85), then for almost all T € (0,400) (2.241) holds. If in
addition (2.242) holds, then (2.249) also holds for almost all 7 € (0, +00).
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Chapter 3

Moment solution methods for rigid

polymer solutions

3.1 Introduction

In this chapter, we are interested in a dilute suspension of rigid rod-like polymers, in

dimension 2. In particular, we investigate the Doi model:

ou+u-Vyu=—Vup+ Ayu+V, -0,
Ve -u=0,
Of +u-Vof =kApf +VALf — Vi - (Pr (Vou)mf)),
<7:2/S1(m®m—%]b)falm%—n/Sl ((Vzu) : m®@m)m @ mfdm, (3.1)
(z,m,t) € T? x St x (0,7),

UJ(I?O) = uo(x),f(x,m,()) = fO(xvm)a

where u is the velocity field of the fluid, p is the pressure, ¢ is the added stress
field due to the presence of polymer, f = f(x,t, m) is the polymer distribution, and

ug, fo are initial data. Also constant parameters k, v > 0 represents configurational
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and spatial diffusivity of polymers, respectively, and n > 0 is a constant parameter
representing the concentration of the polymers. We prove global well-posedness of

strong solution of (3.1). The term
P2 (g0) = (m™ - T)gm

is the projection to the tangent space of S! at m, and V,, = 9y in local coordinates.

The polymer stress tensor o can be decomposed into two terms: ¢ = og + oy, where

op(f) =2 /S (m & m— %L)fdm, (3.2)

and

ov(f) = 77/81((qu) cm@m)m @ mfdm. (3.3)

The presence of viscous stress tensor is the main difficulty for the well-posedness of
the Doi model. Viscous stress tensors arise from rigidity constraint of the polymer(
[47]), and mathematically o (f) is not elliptic in w, which makes the momentum
equation of (3.1) non-parabolic for large 1. This difficulty can be clearly illustrated

in the approximate Doi model:

ou+u-Vyu=-Vp+A,u+V-o,
Vi u=0,
o=n(Vyu:A)A,
(3.4)
A+ u VA= (Vau)A+ A(Vu)' —2(Veu: A)A — 2k(2A — T) + vA,A,
u(z,0) = ug(x), A(z,0) = Ap(x),

(z,t) € T? x (0, 7).

The model (3.4) is an approximate closure of Doi model (3.1) obtained by letting

A= g1 n®@nfdn and adopting the decoupling approximation o ~ n(V,u : A)A and

100



ignoring elastic stress part. We establish the energy estimate:

1d

g5 Il + 192l 0 [ 1T, APdz =0, (35)
and we see that in fact viscous stress is another dissipative structure for u. Based
on this remarkable property, which holds in (3.1) also, Lions and Masmoudi proved

global existence of weak solution of (3.1) in [97]. However, when we apply the vorticity

estimate, at first point we can only obtain
LWl + Vo] < [V - 0l < 72 (IVVull%s + (B 6
@l +11Vawllze < 11V - ol < 0* (1VVullpz + (Error)) (3.6)

which makes the right hand side for the second inequality intractable if n > 7. for

some threshold 7.

Recently, in [109], the authors numerically discovered that, when 7 exceeds some
threshold 7., the flow governed by (3.4) becomes chaotic. It was hence unclear this
phenomenon supports the claim that the systems (3.1) and (3.4) lack structure to
control higher regularity of u. However, in this work we find that actually the vis-
cous stress tensor adds dissipation for higher derivatives of u also, modulo derivatives
in polymer variables ( (3.74), (3.80)). This observation is crucial in proving global

well-posedness of (3.1) and (3.4) in diffusive systems v > 0.

Notion of the solution. For the notion of solution, we follow the argument in
[85]. By focusing on the evolution of macroscopic variables (trigonometric moments
in this case), we can set up well-posedness of strong solutions for large class of initial
data. In particular, higher regularity of Fokker-Planck equation is not necessary, and
weak solution for Fokker-Planck equation is sufficient. On the other hand, since the

effect of polymer to the flow are characterized by stresses, which are moments in (3.1),
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requiring spatial regularity for appropriate moments is necessary. In this regard, we

introduce a terminology: for any n € Z-,, we let

M, (z,t) = (Mi(x’t))f;m:n = ( . mIf(as,t,m)dm) (3.7)

I:|I|=n

be the vector of all moments of f of order n. Also, we define the weak solution as

following ([18]):

Definition 3.1.1. Given a divergence-free vector fieldv € L>(0,T; W*2)NL2(0,T; W3?),

1 is a weak solution to the Cauchy problem
Ot +v - Vo = kApp +vAz e — Vi - (Prr (Vev)mp)), p(t =0) = v
if for almost every t € (0,T),
/11‘2 . G2 ()P (m)dp(z, t; dm)dx — / G2 ()P (m)dv(x; dm)dx

T2 xSt

= lim/ / (V- Vi + kDN +VvALp+ Vi - P (Veo)m)| p(z; s; dm)deds
0 /- Jr2xst
(3.8)
for every ¢ = ¢pdm, where ¢, € C°(T?), ¢, € C°(Sh).

Our main result is the following:

Theorem 3.1.2. Suppose that ug € PW?%(T?), fo >0 € LY (T? x SY) with ox(fy) €
WI2(T2), for fur(folog fo — fo + Ddmdz < 0o, My € L®(T?), My(fo) € W?2(T?),
and Mg(fo) € WH2(T?). Then there is a unique solution (u, f) to (8.1), where u €
L>(0,T; W*2)N L2(0,T; W32) is the strong solution of the evolution equation of u for
(3.1), op(f), Ms(t) € L>=(0,T; W12) N L2(0,T; W??%), and My(f) € L*>(0,T; W*?)N
L2(0, T : W32). Also f is given by a density f(x,t,m), and f is a weak solution to the
Cauchy problem of the Fokker-Planck equation of (3.1). Furthermore, the estimates
(8.52), (3.61), (3.64) forn =4, (3.71), (3.77), (3.78), and (3.83) hold. In addition,

102



f(t) € WHY(T? x S') holds.

3.2 Global well-posedness of the strong solution of
(3.4)

In this section, we prove the following theorem.

Theorem 3.2.1. Given (ug, Ag) € PW?2(T?) x W22(T?), where Aqy is a 2 X 2 pos-
itwe definite matriz valued function with Tr Ag = 1, then for any T > 0 there
is a unique strong solution (u, A) € (L*®(0,T;PW>2(T?)) N L*(0, T; PW3%(T?))) x
(L>=(0, T; W22(T?)) N L2(0, T; W3%(T?))) satisfying (5.4) and Tt A = 1 and A re-
mains positive definite. Furthermore, the solution satisfies the estimates (3.12),

(3.15), (3.18), (3.24), (3.26), and (3.52).

3.2.1 A priori estimates

First we have the propagation of positive-definiteness and Trace 1 for A.

Proposition 3.2.2. Suppose that (V,u) : A € L'(0,T; L>®) and Tr A(0) = 1 and

A(0) is positive definite. Then A(t) remains positive definite with Tr A = 1.

Proof. We need to check det A > 0 and Tr A = 1. For Tr A = 1, we take the trace of

the third equation of (3.4) to get

(Or+u-Vy)TrA=2((Vou:A)+2k)(1-TrA)+vA,Tr A (3.9)
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and by the maximum principle we are done. For det A > 0, we have

= —4(((Vgu) : A) + 2k)det A + 2kTr A + vA,det A — 20V, Ay - Vo Aoy + 20|V, Ap)?

= —4(((Vau) : A) + 2k)det A + vA,det A + (2k + 20|V, A |> 4 20|V, A1)

(3.10)
where we used Tr A = 1. Then by the maximum principle we are done again. [
We investigate a priori estimates. First, usual energy estimates give us
1 d 2 2 2
Sl + Vel = = [ Vewso=—n [1(Vew) - APz, (311)

that is,

luolze-  (3.12)

N | —

1 2 2 2
2 ||u||L°°(0,T;L2) + ||VIU’||L2(O,T;L2) +[[(Vau) : AHL?(O,T;L?) <

For [|All oo 7:p1nz): We know that from Tr A =1 and since A is positive definite,
JA(t)]|; < 1 for all t. Also 0 < det A(x,¢) < 1 is obtained. On the other hand,
using (3.10), we can obtain an estimate for ||V, A2 7.72). Integrating (3.10) with

respect to x, it can be written as
d
E/det Adzx + 4/((Vmu) : A)dx + /Skdet Adr = v ||V, A|3, + 2k[T?|.  (3.13)

However, using that det A < §, that |A]> = >, A% =1 —2det A by Tr A = 1, and

Cauchy-Schwarz inequality we have

Ld

5 7 1AL + v Ve AB72 < 411(Vaw) = A2 - (3.14)
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Integrating over time, we have

N —

1 2 2
3 Al o 0.122) TV IVeAll 20, 702) <

A(0)||32 + CVT min (% 1) . (3.15)

Also, by multiplying —A, A to the fourth equation of (3.4) and integrating we obtain

1d

ST IVeAllze +4k Vo AlZe +v A Al7e < [A:Al L (lullgo VoAl s+ 41 Vol 2)

(3.16)

and by Ladyzhenskaya’s inequality
2
[ullzs < Cllull g2 1Veull 2
applied to ||ul|,. and ||V, A| ;. and Young’s inequality we have

d C C
p V2 AllL: + 8k VoAl +v [A2All7: < — ullpe [Vaullz: [VeAlL +— Vel
(3.17)

so we have, by Gronwall,

2 2 2
IVaAll L orr2) + 86 [VaAl 20,12 + v 122 Al 120 112

C C
< exp (55 Nl eomin IVl ) (1A + 5 19200 ) < €
(3.18)

where C depends only on the norm of initial data. Then we take the curl (—0s,0;)-

to the velocity equation of (3.4), multiply w = dyuy — Oeuy, and integrate to obtain

1d
331 Il 4 19, = [ WVt (9. o). (3.19)

Controlling [wVy - (V, - o)dz. If we try to estimate the term [wVi: - (V, -

o)dz using Cauchy-Schwarz inequality, the term ||V,wl|3, becomes uncontrollable.
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However, a closer look at the term allows us a better estimate. Note that

/WV;‘ . (Vx . O')d.r = /w ((8% — 822)0'12 + 8162(0'22 — 0'11)) dZC
= /(8? — 03\ woiy + 0100w (09 — 011)dx (3.20)

= 77/ ((812 — 03)wAyg + 910sw(Agy — A11)) (Veu) : Adzx.

Also, note that
(Vau) 1 A= 01ug Ay + O1ugArs + Oauy Agg + Orus Ago

and we introduce the stream function v, that is, u = V¢ = (=01, 017)). Then we

have

w= A, —01u1 = Oaug = 01021, Or1ug = 812w, Oy = —831/1-

Therefore, we have

/wVi (Vg o)dx = 7]/ ((8% — 02w A1y + 010w (Agy — AH)) (Veu) : Adx
= 77/ (Aac<a% - 8§)¢A12 + A, 01021 ( Az — An))

X (0182¢(A22 — All) + (8% — 822)’17Z)A12) dx

S / A1V o (02 — O2)b + (Ass — A )Va(0185) [ 2da + T

(3.21)
where
112 Cn [ 1928061419, Aldz < €|V 9.4,
(3.22)
< L1Vl + 2 [V A2
< 5 IVawllza + Cn™ [ Vo Al
Applying this to (3.19), we obtain
d 2 2 2 2 2
= wllze + [Vawl[zz + 20 [[(V(Gkw) : Ayl < On” VoAl (3.23)
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and by Gronwall we obtain

2 2 2
HWHLOO(O,T;H) + vawHL2(0,T;L2) + 20 [[(V(9ku) = A)y I 0,T;L2
O (3.04)

2
< lw(O)lI72 + O IV All 720, 7,2) = Cos
where again C, depends only on the initial data. Then we multiply (A)%A to the
fourth equation of (3.4) and integrate to obtain
d
7 18 AN + 4k AL AT + v [ VaAa Al 7

(3.25)
_ / (A2A) (—u - VoA + (Vau)A + A(V,0)T — 2(V,u: A)A) de.

The first term in the left-hand side is controlled by

Ve A All 2 (I Vaull o [[Va All o+ llull o [ Az All )

C
< S IVa 2L AL + VAl (A Al + 5 IVaull 7 [ Vaw]z:

A~ R

c 2
=5 lullze IVaullz: [ A: A7
The second and the third term is controlled by

IVaBa All g2 ([Vawll 2 1Al oo + Vol L4 [ V2 Al 1)

C C
< S IVe A Al + ” IVawllze + — (IVoullz2 + 1Asul7:)

14

e~ R

C 2 2
+m ||Va:A||L2 + k HAJJAHL?

and the last term is controlled by the same term, by [|A||; < 1. Therefore, we have

|80 Al ria2) ¥ Ve B Al 120 2y < Cexp(CrCr?) ([ 2aA0)[12+C (140Y)) = Cs
(3.26)
where C3 depends only on the initial data, using (3.18) instead of (3.15) when con-

trolling ||VxA||iz,(O 7.r2)- Flnally, we multiply —A,w to the vorticity equation and
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integrating to obtain
% 19,0l + | Au]s = /Awwu Vet /(—Axw)v; (V. - 0)da.
However, by similar calculation to (3.21), we have
/ (—AW)VE - (V, - 0)d = — / (VoAu) : APds + T, (3.27)

where

1] < O 18wl 2 (IVall o VoAl s + lll o A All o + ]l 2 1V A2
< O A2, VLAl 18, Al12, [ Vo] 2,
O (1Al g2 A0 Al 2 1V Al [[w]] 2 Va0
+On | Agell g Vo All s V2 A0 Al [l
< 3 18l + O VAR [ ALAIR | Vsl
O (IVL AR 1V 22 + 17,8, A1 [w]2:)

+C772 ”Va:AHi2 ||V$A:vAl|i2 ||W||i2 )
(3.28)

and
/Axwuvmwdx = — / u-Vy (|wa|2) dr — /(quvmw)vxwdx, (3.29)
with Gagliardo-Nirenberg applied to conclude that

1
2 2 2 2
< IVl [IVawllzs < 7 1Al + Cllwllze lull 2 [[Vawlz2

’/(Viuvxw)vxwd:p

(3.30)
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To sum up, we have

d 1
SNTal3 + 5 180l + 7 (Vo) : Al

< C(lfuoll 2 wllze + 1*Cr A Al + 77 V2 AllL) [Vawl 7z + CRPCrCa [V A Al
(3.31)

and by Gronwall we have

1

2 2

||wa||L°°(O,T;L2) + B ||Aww||L2(O,T;L2) +n [[(VzAzu) : A||L2(0,T;L2)
(3.32)

< exp (Ca(1+17°Cy)) (| Vaw(0)][72 + C5(1+1"))
where Cy, C5 depend only on the initial data (and parameters except for 7).

Remark 11. Same cancellation argument works for the original Doi model (3.1),
so we can prove global well-posedness of diffusive Dot model for any n > 0. In the
presence of an external forcing (applied to the fluid field), the global well-posedness

can still be proved by similar estimates.

3.2.2 Local well-posedness

In this section we prove the local well-posedness. Before we start, we briefly check
the difficulty in the usual contraction mapping scheme. We define the Banach space

B =X xY, where
X = L>(0, Ty; PW?>2(T?)) N L*(0, Tp; PW>2(T?))

and

Y = L0, Ty; W**(T?)) N L*(0, To; W>2(T?)).
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We set up a fixed point equation U = F(U) in B for U = (u, A), where F(U) =

(u"ev ) A"%) given by

une’IU(t) — etAxU() —|— Ql(u, u) + L(u7 A)’

1
Anew(t) _ 6(VAQC—4I<:)1SAO + QQ(U,A) + 5 (1 . 6_4kt) ]127

where

Qu(u,v) = / eIBP(y(5) - ¥ u(s))ds,

L(u, A) :/o et =2 P(div, ((Veu(s) : A(s))A(s)))ds,

and

t
Quln. A) = [ 91089 (u, 4)(5)ds.
0

(3.33)

(3.34)

(3.35)

B = (—u(s) - V2 A(s) + (Vou(s)) A(s) + A(s)(Vou(s)) " — 2(Vau(s) - A(s)) A(s)).

We can easily check that

1@1(w, )l < CVTo [lullx ([v]x
L, Al < Cllullx 1Ay

1Q2(u, A)lly < CV/To [lullx (14Nl + 1AI5) -

For example, if we let ¢ = Q2(u, A), then ¢ is the solution of the equation

9 — vALq +4kqg = R, ¢(0) =0,

where

t
QQ(U,A):/ et A=4h) B(5)ds.
0
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Then by the standard estimate we obtain

2 2
||q|’Loo(o,To;W2»2)nL2(o,TO;WW) <C “RHLQ(O,T;WL?) ’

and in this case

ClIR(S) lwrz < lul®)ll e [VaA(S) L2 + 1Vauls)l L [VaA(S)]] 14
Fl[u(s) o [|Ae A 2+ [[Vauls)] 2 | A(S)]
1 Au() |2 1A oo + Vo (s)] 2 [ A(S) o (3.39)
1 Asu() g2 1A e + IVau(s) o Ve AS) o | All o

< Clul®)lwez 1A w22 (1 + [[A(S) ly22) < Cllullx [[Ally (1 +[JA[ly)-

The problem is in L(u, A): to find a contraction mapping we need to guarantee that F
is a mapping from a ball B(0, R) C B to itself: however, the bounds for ||u™*"(¢)||
that we can obtain from this method is Uy + |lul|y (CiT0 ||ullx + C2 ||Ally), and if
IAlly > CLZ then this method fails to bound which holds for both ||ul|y and ||u™"||y.
Therefore, instead of contraction mapping principle, we use an approximation scheme

for u equation and go with contraction mapping principle for A equation.

Approximation scheme. Suppose that u, € X is given with ||u,|y < oo and

U, (0) = up. We solve

A, +u, - VA,

§ = (Vaun) A, + Ay (Vou) = 2(Vau, : Ap) A, + vAGA, +2k(24, —T,),  (3.40)

For this equation contraction mapping works well, and local well-posedness is guar-
anteed, and proposition 3.2.2, a priori estimates (3.15), (3.18), (3.26) are satisfied

except that all the estimates concerning u are replaced by u,,. This means that A, is
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guaranteed to exist until the time of existence of u,. Our approximation scheme for

Up+1 is the following.

atun—s—l + Un41 - vw“n—&—l

- _vxpn+1 + Axun—s—l + V;v : jn—i—l ((n(jn+1 (vxun+1) : An)An)) ) (341>

Vx *Upt+1 = 0, Un+1(0) = U,

where J,.1f is the orthogonal projection of f into space spanned by eigenvectors
corresponding to first (n + 1)-th eigenvalues. Therefore, 7,41 s are symmetric (in
fact self-adjoint) and they commute with differentiation. Then we can prove the local
well-posedness of the system (3.41) via contraction mapping, since for the modified

polymer-induced nonlinear structure

t
Ln+1 (un+1,An) - / e(t_s)AznP(Vx : jn-l—l((jn-‘rl(vxun-‘rl) : An)An))(S)dS
0

has the estimate

127 (g, A0 ¢ < 0+ DOV T [l [ Aull5-

We then find an estimate of ||u,41||y independent of n, which allow us to guarantee
existence of the solution w,; until the time of existence of u,,, and also the existence
of a weak limit of the sequence {u,},. This estimate can be obtained in the same
manner as (3.12), (3.24), and (3.32), which is essentially the usual energy method
together with the cancellation structures (3.21), (3.27), and those estimates hold
with the bound depending only on initial data and T}, independent of n. Then we

have the uniform bounds

”unHX < Dy, ||An||y < Dy,
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so by compactness we have weak limits u € X, A € Y, and we can check that for

some subsequence of (u,, A,), again denoted by (u,, 4,)

(Vpun)A, — (Vou)A in L2(0,T; L?)
(Vatly : Ap)A, — (Vau s A)A in L*(0,T; L?) (3.42)

Uy - Vot — v - Veu in L2(0,T; L?)

and

Ve Tn((Tn(Veuy) 1 AAL) = Ve - (Veu: A)A) in L2(0,T; W), (3.43)

Note that u,, A,, € L>(0, Ty; W??) are uniformly bounded and ,u,,, ;A,, € L*(0,T; Wh?)
are also uniformly bounded, by Aubin-Lions there is a subsequence of A,, converging
to A and u, converging to u strongly in C([0,T]; W?7%?) for small ¢ > 0. For the

first convergence, note that

1(Veun)An — (vxu)A”LZ < vacun“Loo |An — AHL? + Vel — U)HLZ HAHLOo

< Dy [|An = All g2 + llun — ully2 Do
(3.44)

and by Aubin-Lions we are done. Other two can be shown similarly. The last con-

vergence is also straightforward:

Tn (T (Vaun) = An) Ay) = (Vau s A)A
(3.45)

=hLh+L+ I3+ 14+ I,
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where

Il = jn ((jn (vxun) : An) (An - A)) ) I2 = jn ((jn (qun) : An - A) A) )
Is = J0 (T (Vatin — Vau) : A)A), Iy = T (T (Vau) — Vau) - A) A),  (3.46)

Is = T, (Vgu) : A) A) — (Veu - A)A.

We have

1l 12l 2 < D2 [ Vatall o (A = A)ll g2 < Dz (A = Al ooy I s

(3.47)
By Aubin-Lions lemma, ||11|[12¢7,.12) + 12/l 12(0 7020 — 0 as n — oo. I3 can be
similarly treated by Aubin-Lions lemma, and I4, I5 can be treated by the property of
Tn-

Uniqueness of the solution. Suppose that (u, A) € B and (v, B) € B are two

solutions to the initial value problem (3.4). Then we have

h(u—v)+u-Vy(u—v)+ (u—2) Voo ==Vi(py — p») + Ar(u — v)
Ve - (Vau = Vov) : A)A+ (Vo) : (A= B))A+ ((Vev) : B)(A - B)),
(A —B)+u-Vu(A—B)+ (u—v) V,B=(Vo(u—1v)A+ (V,0)(A—- B)
+A(V,(u =)' + (A= B)(Vw)" —4k(A - B) + vA,(A - B)

—2((Vou — Vyv) : A)A+ ((V,0) : (A= B)A + (Vo) : B)(A — B))
(3.48)
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and standard relative energy estimate gives

d
= ol + 19l = 0) 2 + 20 |Vl = 0) : Al
< CIVall 14 = Bl llu =l
1d 2 2 2
-——||A-B +(A—B 4k |A - B
S 1A= BIS. + v [ Va(4 = Bl + 4k 1A - B, a0
<CllA= Bl T,
1= l[u=vll s VoAl 2 + 114 = Blla [ V0]

(= o)l 1Az + 1A = Bl [Vavll 2

and by a priori estimates on u, v, A, B we have

d

= (Il = vllze + 1A= BllZ2) + I Va(u = )l 2 + v [|A = B7
(3.50)

< C(Ju—vl7z+ 1A= Bll;.)

and by Gronwall inequality v = v, A = B.

3.3 A priori estimate for (3.1)

In this section, we establish a priori estimates for (3.1). More precisely, we prove the

following theorem:

Theorem 3.3.1. Let (u, f) be a stroong solution of (3.1) on [0,T] with initial data
satisfying Mo(0) € L>®,05(0) € W2 My(0) € W22 Mg(0) € W2, vy € PW>2,
and [, [ (flog f— f+1)(0)dmdx < co. Then (u, f) satisfies the bounds (3.52),
(3.61), (3.64) forn =4, (3.71), (3.77), (3.78), and (3.83).
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3.3.1 Free energy estimate

The first one is the well-known free energy estimate.

d (1 2
—-<-nm@g+l/ /nfkgf——f+ﬂdWMx)%—k/n N1 4t
dt \ 2 T2 JSt T2 JS1 f

2 (3.51)
|vxf| X 2 2 _
+v 7 dmdz +1n [ (Viu) : m @ m)* fdmdz + |V,u|| 7. dr = 0.
TQ Sl
From this we can obtain the bound
HuHim(QT;L% + sup / / (flog f— f+ 1)(t)dmdz
te[0,7] J T2 JS (352>

2
+ Hvﬂﬁuni?(O,T;L?) + va,w\/? < B

L2(0,T;L2(T2xSt)) —

where

By = C|uoll32 log f — f +1) (0)dmd
= Clullet [ [ (logs = £+ 1) (O

with C' a constant depending only on parameters k, v and 7.

3.3.2 Estimate on moments
In this section, we investigate bounds on moments, which are useful in establishing

bounds of elastic and viscous stresses.

Local coordinates. To study the evolution of moments and elastic tensors, it is
useful to write the Fokker-Planck equation of (3.1) in the local expression. The
configuration space S' can be represented by m(6) = (cos6,sinf), and the Fokker-

Planck equation of (3.1) is

Ouf +u-Vaof =kO5f +vAsf — 09 (m(0)" - (Vou)m(0)) f) (3.53)
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where
s 1 1 1
m(0)~ - (Vzu)m(0)) = 5 Cos 20(01ug + Oouy) + 5(81u2 — Qquy) — 5 sin 20(01uq — Daus).

Also, the expression for elastic stress can be rewritten as:

2m 1 1 0 0 1
op = / —f | cos20 + sin 26 de (3.54)
o 2 0 -1 10

and

27
oy = / % (cos 20(01uy — Ogug) + sin 20(Dauy + Orug)) (I + cos 20J; + sin 20]5) d6.
0

(3.55)
where
1 0
e]]l - ;
0 -1
(3.56)
0 1
Jo =
1 0

Evolution of moments. The evolution equation for M,, n > 0 is derived from
(3.1):
3,5Mn —+u - Van = Tl,nMn + I/Aan + T27n<vmu, Mn+2) (357)

where T}, is a constant-coefficient (depending on n) matrix and 7T,,(A4, B) is a
constant-coefficient (also depending on n) bilinear tensor on A and B. On the other

hand, when n = 0, the evolution equation for M is given by

atMo +u- vaO = I/AIM() (358)
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and from this we obtain

d1
pTE) | Mol|72 + v || Vo Moll72 = 0,
d
at VoMol 72 + v 1A Moll7> < Cllullfz Vaull72 Ve Mol7- (3.59)

< CBy ||Vl | Ve Mol |72

and so
2 2
||MO||L°°(O,T;L2) + ||V$MO||L2(0,T;L2) S BQ, (360)
2 2
IIV4’3]\4‘3||L°°(0,T;L2) + HA:BMOHLZ((),T;B) < B37
and
HMOHLOO(O,T;Loo) < By, (3.61)
where

By = C||Mo(0)|[72, By = Cexp(CB}) |VaMo(0)72, Ba = | Mo(0)]|

where again C' depends only on parameters, and estimate (3.61) follows from the

maximum principle. One simple but important observation is the following:
| ML (z,t)] < My(z,t) (3.62)

due to positivity of f and compactness of S'. By (3.62), we obtain estimates for M,,,

n > 0; from
577 Mallzz + v IVaMallie < Co (1Mallze + [1Veul 2 1Ml 2 Ba)
1d
5 77 Ve Mallzz + v (|80 Ma|I7, (3.63)

< (lull a 1V Mall s + Co [V stll 2) 180 Mall 2 + Co IV Mal 7
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where C,, depends only on n and parameters (k in these cases), we have

2 2
HMTLHLOO(O,T;LQ) -+ HVIMTLHLQ(O,T;LQ) < B5,n7 (364)

2 2
Ve Ml oo o702y + 18 Mall 720 7.22) < Bon

where
Bs, = Cexp(C,T) (| M, (0)|32 + BIBy)

Bs = Cexp(C, T + B?) (| V. Mo(0)132 + CoBy) -

Also, similar to estimate (3.26), we have

d
it HAan||i2 +v HVzAanHQH <Gy, HAmMnuiQ
+Cn ||vazMn||L2 Ia
(3.65)
I = Jull po [|Ae M| o + [[Vaul o Ve M| 4

FlAgull 2 Mgl + 1Vaull pa [[VaMaiol| s
After burying ||V,A; M, | ;. term using Cauchy-Schwarz inequality, the first term is
bounded by

Collullze [Voullze [Ae Ml < CuBy [ Vaullpe | As Mallz

the second term is bounded by

Cr ([[Azu 72 1V Ml + IVt 72 |80 M| 72)
(3.66)

< G Vot 72 182 Mal72 + CuBon || Asullz2
the third term is bounded by C,, B} ||A,ul|3, , and the fourth term is bounded by

Coo (IVaull 72 |80 M| 72 + | Ve M2 72 | Agull7)
(3.67)

< CuBsns [ Azl 2 + Co | Vatlza | As Mass |72
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To sum up, we have

d
7 1AM I72 + v Vel Mallz2 < Co (14 (Bi+ 1) [Vaull72) A0 M|l

+C, ((Bﬁ,n + Bf + Bﬁ,n+2) ”Vzu“iz + ||qu||i2 HAJ»‘Mn-FQHi?)

and therefore

HASL‘MTLHQLOO(O,T;L?) + HvazMnHiQ(O,T;L?) < B77n (B&n + ||vxu||2L°°(0,T;L2) BG,n+2>
(3.69)

where
B?,n - On eXp (T + (Bl + 1)Bl) 3 BS,n - BI(BG,n + Bz + B6,n+2> + HA;EMTZ(O)H%IQ .

3.3.3 Control of elastic stress

Elastic stress can be bounded by bounds on Ms, since each component of og is a

component of My, but we can get better estimates:
Oiop +u-Veop = —4kop + vAyop + T 5 (Vau, My) (3.70)
where T , is another constant-coefficient bilinear tensor. Then

2 2
HUEHLOOQLQ(&T;LQ) + ||VIUE||L2(O,T;L2) < C(llo(0)||z2 + B1) = B,

HVCL‘UE”LOOQLQ(O,T;LQ) + HAITUEHiQ(O,T;LQ) < Cexp(BY) (HvacUE(O)Hi2 + BEBQ = Bao.
(3.71)
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3.3.4 Control of higher derivatives of u and viscous stress

We take curl to the Navier-Stokes equation to obtain

6tw—|—u-wa:Axw—l—Vij-aE%—anVx-/ (Vyu) :me@m)m@mfdm (3.72)
St

and
1d

2 2
337 Il + IVl = = | Vb (V.- om)da

(3.73)

—|—77/ wVE -V [ (Veu) :m®@m)m @ mfdmds.
T2 st

We investigate the last term: note that w = €;;0;,u; where ¢;; is the Levi-Civita symbol

(in this case just €150 = 1 and €31 = —1) and the last term can be written as:

7}/ €;0;U; <ekgak8p/ (Veu) :m® m)mpmgfdm> dz

T2 st

= n/ / (€i5€k00k0p0iu;mpmy) ((Vyu) : m @ m) fdmdx
T2 /st (3.74)

= 77/ / ((0;0,0;up — 0;0,0pu;)mpmy) (Vyu) = m @ m) fdmdz
T2 Jst

= 77/T2 /Sl A (Veu) :m@m) ((Vyu) : m®@m) fdmdz
and

TZ/T2 . A, (Veu) :me@m) ((Veu) :m®@m) fdmdx

T2 JS1 T2

(3.75)
where T3 is a constant-coefficient trilinear form. Therefore,
d 2 2 . 2
g I@llze + [[Vawl[zz +n Va((Vau) : m @m)|” fdmdzx
T2 Jst
< C|Vaosll3e + On Vo Vaull o [Vl o [1V2 M| o (3.76)

2 1 2 2 2 2
< ClIVaogllze + 5 IVawllze + Cllwllze [[VaMallze |80 Mal7:
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where C' depends only on parameters (the last C' is proportional to n*) and
ol ooy + I Vawllz2 0702y < Cexp (BsaBsa) (|lw(0)7z + Bs) = Bun.
Then, by (3.77) and (3.69) with n = 4 we have
||A$M4l|i°°(0,T;L2) + ||VxAzM4Hi2(o,T;L2) < Bra(Bga + BiBsg) = Bia.

Finally, by multiplying —A,w to (3.72) and integrating, we have

1d

331 IVl + 18l = [ w0 Vawhods+ [ Ao(VE-V, op)ds
T2

T2
—77/ AwVE -V [ (Veu) : m®m)m@mfdmdz.
T2 st

Again the last term can be rewritten as, by the same calculation to (3.74),

n | AuwVE- -V [ (Veu):m®m)m@mfdnds

T2 St

zn/w /S A2 ((Vau) :m@m) (V) : m@m) fdmdz
and

77/T2 /S1 A2 ((Vou) :m@m) (Veu) : m®@m) fdmdz
= TI/T2 /Sl (A, ((Vou) : m@m))? fdmdz

—1—7}/ Ty (Vi Aru, V,Vou, V. My) de + 77/ Ts5 (Vi Apu, Vaou, Ay My) dx
T2 T2
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again T and Ty are constant-coefficient trilinear tensors. Thus,

GVl 1Al [ [ (A (o) s mem))? famds
< C(llull}e [ Vaull}e + Vo Mall32 A M7 + Voo M) Vo]l (3-52)
+C(1Aso 72 + [Vauls 1 A: Mill72)
and
Vol oo 2y + 180wl f20 702y < Bis (3.83)

where
B13 == Cexp (O(B% + B§74 + Blg)) (”VJCW(O)Hig + BlO + BHB674) .

Remark 12. The cancellation structures (3.74) and (3.80) hold for 3D case also. To

tllustrate, we have
/dmdxvm Au-Ve A (Ve (Veu) :m@m)m@mf))
= /dmdmeij/k./8j/uk/€ijk3j8g(((Vzu) :m @ m)memyf)
= /dmdmeij/k/eijk(ajﬁgﬁguk/)mgmk((qu) :m@m)f (3.84)
= /dmdx((?jzﬁguk — 0;0,0pu;)mymy((Vyu) : m @ m) f

= /dmdaz(Ax((qu) :m@m))(Veu) :m@m)f.

3.4 Local well-posedness of (3.1)

In this section, we prove local well-posedness of (3.1). Once local well-posedness is
established, global well-posedness follows from the a priori estimates established in

the previous section.
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3.4.1 Local existence of the solution

We follow the method presented in Constantin and Seregin: the existence of the

system follows from uniform bounds on the approximate system

Ou+u-Vyu=-Vp+Au+V, - Ti(og)

+V. - T (n /Sl(Je(VM tm@m)m @ mfdm) ’ (3.85)

Ve -u=0,

f + Te(w) - Vof =kAnf+vAsf = Vi - (P (Te(Vau)mf))

which satisfies the same bounds (3.52), (3.61), (3.64) for n = 4, (3.71), (3.77), (3.78),
and (3.83), and solutions of these systems are obtained by an implicit iteration scheme,

using linear equations in each step of the approximation:

atunJrl + Up, * qun+1 - _vzpn+1 + Axun+1
Vs Tlos(f) + Ve T (n [ (@) smemym e mfndm) |
St

Ve tpp1 =0,

atfn-&—l + \%(un) : vacfn—l—l - kAmfn-l—l + VAxfn—f—l - Vm : (PmL (\%Va:un)mfn-l—l) .
(3.86)

Existence of (3.85) follows from standard arguments in Fokker-Planck equation: first
each system in (3.86) has smooth solution (same regularity as in the a priori esti-
mate, uniform bounds in n), and therefore we have weakly convergent subsequence
u,, converging to u in L>(0, T; W22)NL2(0, T; W3?), and by Aubin-Lions and Rellich-
Kondrachov we have u,, — u € L*(0,T; W?~%?), which is a strong convergence. Also
we establish similar strong convergence in moments, and we establish convergence of
evolution equation of u,, to that of u, which proves that the limit u is a weak solution
of (3.85), and since u has enough regularity it is a strong solution. We also find the

limit f of f,, using the results from the trigonometric moment problem. We see that
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f is a weak solution of (3.85), and that f is given by the density, and the standard

theory gives the free energy estimate (3.52).

Uniform bounds on solutions of (3.86). Suppose that

9 .
Huq |’Loo(07T;WJ%2)0L2(O,T;WHL?) < Btjzpp’

2 q12 ; .

and HMSHL°°(O,T;Wﬂ)mL?(0,T;Wj+1,2) + ||M4||Loo(o,T;Wﬂ)mL?(o,T;Wj+1,z) < B, for j =
2 ; .

0,1,2, and | M|l 7 e rwizynrzorwitiey < Fip, for j = 0,1, and for all ¢ < n.

We will determined the exact values of B/  and FJ  in the subsequent estimates.

Then we have

d
gl + I Vattass[2 41 [ (Td(Vottnen) s m @ m)? frdimda
dt

(3.87)
< Cllos(fa)l;= < CBi,
from the energy estimate, and from this we obtain
||un+1||i°°(O,T;L2) + ||qun+1||2L?(0,T;L2) < ||U<O)||2L2 +COB{T = ngp' (3.88)
The vorticity equation becomes
Owni1 + Uy - Vawni1 = —€q0ul Oup ™ + Agwpir + Vi - Vo - To (06(f2)) (3.59)
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which leads to the estimate

d
Gl Vsl 4 01 [ (T, Pt0) s @ m)? fudmd
< C (19205l + lemstllZe (VM1 18 M2 + 1) + lonllZe)
d
7 IV owniillae + [[Aswll72 + 1 (AL((Veu) : m @ m)? frdmdz)
< C || Vownsll2 [ + Cly,
2 2 n|12 ni 2 ni2 2
Iy = (e 1Vatnl3e + VM2 1AM e + VoM 22 + onll2e)

2 2 n||2 2 2
I = (|80 (fu)llz2 + Vet 72 18 M + 1 Vawnllze lwnsallz2) -

(3.90)
Also we have
||Mf||i°°(0,T;L2) + ||Vfo||2L2(o,T;L2) < e“T(|| M7 (0)72 + BaBl,,)
< e“T(|My(0)||7> + BiBy,) = Fap,
ni2 "2 0 2 2
VM “LOO(O,T;LQ) + | Az My HLQ(O,T;LQ) < P +CT (HVxM4(O)HL2 + ngp) = F;ppv
(3.91)

and the same bound for M3 (or og(f,)) and MF in place of M}. From this we

conclude that

||Wn+1||ioo(0,T;L2) + ||wan+1||i2 < eOTHOFay)” (||W(0)||i2 + CFt?pp + ngp) = B;,pp'
(3.92)
Then
||Afo||ioo(o,T;L2) + ||Van:Mf||i2(o,T;L2) (3.03)
< OB (|| AM(0)[72 + C(Fyyy, + BY)Byy,) = Fiy
and finally

2 2
[Vawniill oo orr2y + 1Aewnstllz20.1.02)

< OB+ (Fapy) 4 Pl Ba) (| V ow(0) |3, + FL + FL Bl 4+ (Bl )?) = B2

app app~— app app app*

(3.94)
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This verifies that ||un|| oo rw22ynr20rwe2) 18 uniformly bounded. Furthermore,

Oy, is also uniformly bounded in L?(0,T; L?).

Convergence of u, to u and existence of solution for u equation of (3.85).

By Banach-Alaoglu, we have a subsequence of wu,, weakly converging to u in

L>(0,T; W2) N L?(0,T; W3?), and by Aubin-Lions, in fact

u, — u € C([0,T]); W?~%?) strongly

for small enough € > 0, for a further subsequence. We extract further subsequence
that u, — u, Vyu, — V,u almost everywhere. Moreover, we can find a further

subsequence such that there is og and M, such that

op(fn) = o, My(f,) = M} — My € C([0, T); W?%%) strongly (3.95)

also. To show that u is a solution of (3.85), we first recall that W?2~%%(T?) is a Banach

algebra for € < 1, and also a refined version of Agmon inequality:

1l o 2y < C llullye-cz(rz) (3.96)

Now the evolution equation for u,1 of (3.86) can be rewritten as the following:

(9tun+1 = PI,

(3.97)

where P is the orthogonal projection to divergence-free vector field and 7' is a constant-
coefficient bilinear tensor between two arguments. We first control u,, - V u, 1. Since
u, — u € C([0,T]; L*) by Agmon, V,u,y1 — V,u € C([0,T]; L?), and P(u, -
Vatns1) = Plu-Veu) € C([0,T]; L?). Also, PAu, 1 — PAu € C([0,T]; W=2),
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PV, - Ji(os(fn) = PV, - T(og) € C([0,T); W'=%2) (uniformly in ¢), and finally
since My(f,) — My € C([0,T]; L>) by Agmon and V,u,+1 — V,u € C([0,T]; L?),
T(To(Vatnsi1), My(fn)) — T(Te(Veu), My) € C([0,T); L?) and therefore we have
Vo (T ttns1), Ma(fo)) = V- TT(Te(V i), My) € C([0,T]; W) uniformly
in (. Finally, since Oyu,, is weakly convergent to dyu in L*(0,T; L?), we see that u is

a weak solution of u-part of (3.85).

Convergence of f, to f. To deal with this issue, we recall the result from the

trigonometric moment problem:

Theorem 3.4.1 (Carathéodory-Toeplitz). For a complex sequence s = (s;) € NU {0}

the following are equivalent:

1. There exists a (nonnegative) radon measure yu on T' such that

3]-:/ e~ 0du(0)
St

for all j € Z. Here s_j := 5; forn > 1.
2. Zﬁ:o Si—kCrC; > 0 for all finite complex sequences (c;)jenufo}-
The measure i is uniquely determined by determined by s;.

In this regard, we define the trigonometric moments
si(fa) = /S e % f,(60)do.
By the very similar argument as before, we obtain
s ()l e o.in2y + Va8 (f) 72 < Bi(L + 52 Bg,,,).

which is uniform in n, and ||0;8;(fo) |y -1.2 < (\/ B2y +Cv) |Vasi(fu)ll 2 +CiBa | Vaul| 1
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$0 0;8;(f,) is uniformly bounded in L*(0,T; W~2). Therefore, again by Aubin-Lions
and diagonalization argument, we can find a further subsequence of f,, such that s;(f,,)
converges to some s; strongly in L?(0,7T; L?), and therefore almost everywhere, for

all j. Also, we see that

o0

> sikl(fa) (@, t)ene; > 0

5,k=0
for all z,t for all finite complex sequences (c;);jenugoy, and by almost everywhere
convergence »_ 8 k(z,t)ck¢; > 0 for almost every (x,t). Therefore, we see
that there exists a (nonnegative) radon measure p such that s; = [, e %du(f)
for all j € Z. Next we show that for almost every (x,t) f.(z,t,m)dm converges
to p(x,t;dm) weakly. The argument is analogous to the method of moment: since
Joi fu(@, t,m)dm < By, (fu(z,t)dm) is uniformly bounded and obviously uniformly
tight. Therefore, by Prokhorov’s theorem f,(z,t, m)dm converges weakly to some
Radon measure v(z,t;dm). Thus, s;(f,)(z,t,m)dm converges to [ e %dv(x,t;dm)
for each j, but this equals to s; = [, e 7?du(f). Since p is determined by the

trigonometric moments, v = p. Note that My[u] = M, also holds.

f is a weak solution of (3.85). To show that y is the weak solution of (3.85), we
write the Fokker-Planck equation of (3.86) in the weak form as in (3.8), and check

the convergence. First, we note that

’El = 07
E={te(0,7): (3.98)

[{z € T*: f,(x,t,dm) does not converge weakly to pi(z,t;dm)}| > 0},

Fort € (0,T)—E, for almost all =, [, ¢p,(m) frgr (z,t,m)dm — [\ ¢ (m)p(z, t; dm)

by weak convergence, and ‘ Js1 @m(m) fria (2, t, m)dm| < Cy,, By for almost every z,
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so by Dominated convergence theorem,

/]1‘2 o ¢$($)¢m(m)fn+1(xatam)dmd‘r — ¢x(x)¢m<m>ﬂ<x7t,dm)d$

T2xS?!

The second term is easy since the initial data of f,, are just mollified ones of f(0).
We can show convergence for other terms except for the ones involving velocity field
u, using the very same argument: by weak convergence we have almost everywhere
convergence for m integral part first, and for that term we have uniform bound
(depending on ¢,,), then we apply dominated convergence theorem. For the terms
involving velocity fields u, we apply the generalized dominated convergence theorem
instead. Then standard parabolic regularity theory guarantees that actually p is given
by density f(z,t, m)dmdz, and if initial entropy is finite, then it remains finite, with

F(t) € W2 x 81, and [ [0 22l dmdt < oo,

Solution of (3.1). Existence of a solution of (3.1) is just a repetition of arguments

for establishing solutions of (3.85). In this case, we set up ¢ — 0.

3.4.2 Uniqueness of the solution

Uniqueness of the solution follows from relative energy method. Suppose that (u, f)
and (v,g) are two solutions of (3.1) with same initial data (ug, fo) satisfying our

assumptions.

Control of u —v. By taking L? estimates, vorticity estimate, and W? norm esti-

mates for u — v, we have

prl vz + 1w = 0) sz < Ci(t) [lu = vl
(3.99)

+C llo(f) = 05(9) lyy2e + Co(t) [ Ma(f) — Ma(g) [y
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where C}(t), Cy(t) € L*(0,T) coming from norms of v and C' is a constant independent

of time.

Control of [, |f —g|dm. The key quantity of control is [, |f — g|dm. Let sgng be
a smooth, increasing regularization of the sign function such that sgng(s) = sign(s)
for |s| > B, and let |s|g = [ sgng(r)dr. Then as f — 0, we have |s|3 — |s|. Then
by subtracting two Fokker-Planck equations of (3.1) for f and g, then by replacing
¢o(2)pm(m) in (3.8) by sgng(f—g) [ | f—glsdm (we can do this since C*°(T?)@C>(S')
is dense in LP(T? x S!, f(x,t,m)dzdm(g(x,t,m)dzdm)) for any p > 1), then by
checking that terms from diffusion are positive, and finally taking the limit 5 — 0

(and dividing by || [, | f — gldm|| ., ), we obtain

‘/Sllf—gldm

/ |V 2mgldm
Sl

(t)
L2 (3.100)
+ CBy||Va(u — v)HLQ) ds.

t
s/‘@u—wwm
0

Noting that

’ / (Vgldm
Sl

we obtain

L2

=

2 2 2 %
= / ( \Vg|dm> dr | < </ B, vy dmdm)
L2 T2 \Js! T2 st 9

(t)

L2

| [ 1= glam

t 1 |vac mg|2 ’
< B? ’—(s)dde + CBy ||(U_U)(5)”W312 ds
0 T2 xSt 9

Vit t Vamgl? 2
< COllu =2 pmse | VE+ N (s)dmdxds
X

<C(vVBi+ \/E) [Ju — UHL?(o,t;W&?)

(3.101)
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thanks to the free energy estimate (3.52). Therefore,

< C(1+1t) ||u—v|3 (0,8 W32, (3.102)

2
L2

| [ 1= slamr

Control of moments. Finally, we apply the relative energy estimates for evolution
equation of moments (3.57), and apply (3.102) in closing the effect of higher moments

to obtain the following:

d
7 1V (1) = Ma(g) s+ v Mo () = Ma(9)fy2

/Sl|f—g|dm

d
7 1V (1) = Ma(g) [z + v Mo () = Ma(9)fis.

2

Y

< O™ || Ma(f) = Ma(9) Il + O llu = vllipz + Cs(t) ‘

L2

1%
< O™ | Mo(f) = Ma(9) |52 + C™ ||t = 0|22 + B) 1AL (Myio(f) = Moia(g)) |32
cn 2
+——w/ﬁf—mMz
1% st

where C3 € L'(0,T) depending on the norms of v and g, and C™ are constants

+ Hvx<Mn+2(f) - Mn+2(g)Hi2> )
L2

(3.103)

depending only on n and norms of v and g. Summing up (3.99), (3.102), and (3.103),

we finally obtain

d

S F(0)+G() <o) <F(t) +/0 G(s)d5> ¢ € LN0,T),G(t) = ||(u—0)()|[js

F(t) = llu = vlljyes + llos(f) = o5(9) 2

+IMa(f) = Ma(9) iz + [1M6(f) = Mo (9)lyy.2 (2)
(3.104)

as desired. Noting that F'(0) = 0 and applying Gronwall’s inequality, we see that
F(t) = fot G(s)ds = 0. This proves the uniqueness of the solution, and completes the

proof of Theorem 3.1.2.
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Chapter 4

Lagrangian-Eulerian method

4.1 Introduction

In this Chapter, we consider the non-diffusive Oldroyd-B system coupled with Navier-

Stokes system:

Ou —rvAu =H(div (c —u®u)),

V-u=0,
(4.1)

00 +u-Vo = (Vu)o + o(Vu)' —2ko + 2pK ((Vu) + (Vu)’),

u(z,0) = ug(x),o(z,0) = oo(x).

on (z,t) € R? x [0,T), where H = (I+ R ® R) with R = (Ry, Ry) being Riesz trans-
forms and v, pK, k are positive constants. We recall that u is the velocity field of the
solvent and o is the stress field due to the presence of polymer. This system exhibits
viscoelasticity, which means that it can show both viscous and elastic behavior, and
one of the consequence is that due to elastic effect, the behavior of the solution de-

pends on the history of its deformation.
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Main differences between existing literatures and this work There are

two main distinctive features in this work compared to other works on Lagrangian-
Eulerian formulation. First, in [30], Constantin generalized and formalized the Lagrangian-
Eulerian formulation to various incompressible flow system, including 3D Euler equa-
tion, Surface-Quasigeostrophic equation(SQG), Porous medium equation, Boussinesq
system, and Oldroyd-B system coupled with Stokes system. Formally, all these sys-
tems can be written as the following:

X =U(X, 1), (42)

atT = T<X7 T).

Here X(-,t) : R? — R? is a volume preserving diffeomorphism, which represents
the particle path, and 7 is a Lagrangian (material) field variable coupled with the

evolution of the fluid. The corresponding Eulerian variables are

u=0XoX ' o=70X L (4.3)

The evolution of 7 follows the following ODE:

—71 = F(g,7) (4.4)

where g = V,u o X and F is a polynomial (depending on the model). The Eulerian
velocity is determined by o in terms of a fixed (model-dependent), time-independent

operator

u=U(o) (4.5)
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and the Eulerian velocity gradient is also determined by ¢ again in terms of a fixed

(model-dependent), time-independent operator
V.u = G(o). (4.6)

The nonlinearities U, T are given by

UX,7)=TU(to X 1o X,
(4.7)
T(X,7)=F(G(roX N oX, 7).

This setting does not include the Oldroyd-B model coupled with Navier-Stokes sys-
tem. In Section 4.2, we will see that U and G are time dependent. This seems
natural since Oldroyd-B model describes behavior of viscoelastic liquids, and they
usually have memory effect; the behavior of fluid particle depends on the history of
its deformation. The time-dependence of U and G imposes mathematical difficulties
and demands us to use the full capacity of Lipschitz-in-time norm: in [30] we only
needed ||-|[ ;. (o 7,cary DOrm to be small to perform contraction mapping; in this work

we need [||| ;0 7.car) DOrM to be small.

4.2 The Lagrangian-Eulerian formulation

The solution map for u(zx,t) of (4.1) is

(@, ) = L (uo) (@, ) + /0 s * (H(div (0 — u@u) (z,5)ds.  (4.8)

where

Lo (o) (2, £) = gor * tig(x) = /R d (47;)% o e (o). (4.9)
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Also, note that the gradient of the velocity satisfies
t
(Vu)(z,t) = L, (Vug)(z,t) + / (go(t—s) * (HVdiv (0 —u®u))) (2, s)ds.  (4.10)
0
We will denote

Uet) = [ (e < Ediv ()i,
0 (4.11)

G(f)(x,t) :/0 (Gu(t—s) * HVdiv f)(z, s)ds.

Note that for a second order tensor f, G(f) = V,U(f) = R® R(U(V.f)). Now we

introduce Lagrangian variables. Let X be the Lagrangian path,

X
V= 0 =wuolX,

ot (4.12)
T=co0X.

Also we let

g(a,t) = (Vu)(X(a,t),t) = L,(Vug) o X(a,t)

(4.13)
+G (To X ) o X(a,t) —U(V, (v®@v) o X)) 0 X(a,t).
Then the solution map for X is
=a-+ / u(X ds
. (4.14)
=a+/ﬂd<x (@5),5) + Do~ u® u)(X(a,5), 5)ds
0
and the third equation of the system (4.1) is written as, by composing X,
ot = gr + 19" — 2k +2pK (g + g"). (4.15)
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Therefore, in Lagrangian variables the system is

(

t
X(a,t) = a+/ V(X,T,a,s)ds,
0
t
7(a,t) = og(a) +/ T(X,7,a,s)ds, (4.16)
0

v(a,t) =V(X,71,t)

where the Lagrangian nonlinearities V, T are

V(X,1,a,s) =L,(up) o X(a,s)+ (U((T—U@v) o X~ )) o X(a,s), (4.17)

T(X,7,a,8) = (g7 + 79" — 2k7 + 20K (9 + g")) (a, s),

where ¢ is defined as above. Also, by chain rule the following is straightforward:
V.,V =(V.X)g. (4.18)

We then consider variations of Lagrangian variables. We take a family (X, 7.) of flow
maps depending smoothly on a parameter € € [1,2], with initial data u.o and ocp.

Note that v. = 9,X.. Also we denote

( d
Ue = atXe o X;l,gé = 0
de

d
Xl = - Xene = Xio X7,
€
d
r_ = 4.19
v = v, (4.19)
O =T.0 Xe_l,
d

= 1,6 =7 0X "

\ ¢ de

and

—0(0). (4.20)
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We can represent

2
Xa(a.t) — Xu(a,t) = / X!de,
1

To(a,t) — m(a,t) = /1 mede, (4.21)

2 d
t) — = [ V.,
UQ(a’7 ) Ul(a7 ) [ dEV €

where

X’—/tins —/tdes—l— .
e 0 de edS, Me = 0 de € 0—570a

Ve = V<X€7TE)7 7; = T(XE7TE>'

(4.22)

The following is a detailed calculation of %VE: first, for the term L, (u.o) o Xc(a, s)

L) 0 X)) = 5 [ un(Xela:8) = pucolu)dy

. d
_ /R @ goa(Xelas) —y)ue,o<y>dy+/Rd R (4.23)

=/, Xila,s) - (Vagus)(Xe(a, ) — y)uco(y)dy + Ly (ug o) o Xe(a, 5)

= (X, - (Ly(Vuep) 0 Xo)) (a, s) + Lu(ué,o) o Xc(a,s),
or by composing X! we have

d
(E (L, (ucp) o XG)) o X ' =mn.-L, (Vauepo) + L, (u’go) . (4.24)
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We split the second term into two terms U(r.o X 1) o X, and —U(v. @ v. 0 X 1) o X..

The e-derivative of the first one is

i (U(Te o X;l) o X(a, S))

de
g | e (elas) = By 0 X )y
— (diX (a, s)) -/S (Ve (gu(s—r) * Hdiv (1 0 X[ 1)) (Xc(a, s),7)dr (4.25)
[ e (Xear) =) G (5 0 X))
— XU(0,5) (VU0 (X o)+ 0 (£ (70 X)) (Xofar),)

since Hdiv and differentiation with respect to € commute. Also we note that

%ux;l(z,r),r): (CZ ;) 2 +Z( E (Oue) 0 X[ )(m (4.26)

Since
dX—1
= = (Ko X)) (VLX) (4.27)
we have
d
anoX L o X7 =0V, (00) = 6 — 1o - Vyo. (4.28)

Therefore, we have

i (U(Te © Xe_l) © XE) = Xé -((VzU)(oc) 0 Xe) +T(d) o Xe = U(ne - Vo) 0 X

de
(4.29)
or by composing X!
d -1 -1
(4 (Oox0X)) 0 X = VaUlio) +UG) (430
where
- V., Ul(oe) = ne - Vi (U(oe)) = U (ne - Vo) (4.31)
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and applying the same calculation with replacing 7. with v. ® v., we have

(di[U(v6 ®veo X o X€> o X!
¢ (4.32)

= [775 . VmaU]<ue ® ue) + U((”é ® Ve + Ve ® Ué) © Xe_l)

Remark 13. Here the commutator structure essentially comes from the fact that

the original variable was Lagrangian, it composed with back to label map to become

Eulerian, and then finally it got back to Lagrangian variable.

To sum up, we have

de €
+[1e - Vi, Ul(0e — te @ ue) + U — (v @ ve + v @) 0 X 1).

(i]}e) le) Xil = TMNe - (Ly(vmue,O)) + ]LV<U’/6,O)
(4.33)

Due to a straightforward calculation %7; reads

d
Te =gre + g7l + 7l + 7(g)" — 2k7. 4+ 2pK (g + (91)"). (4.34)

de
To find a bound for %7; we need to calculate g/. The calculation is performed in the

same way as the calculation of %VE.

geo Xe_l = Ne - L (Ve Vatlzo) + ]LV<V$U’/6,O) + e - Vi, Gl(0e) + G(6e) (4.35)
.35

—[Me - Vi, U (Vo (ue @ ue)) = U (Vz ((Ué ® v, + v @ VL) 0 XE_I))

where
[775 Vo, G](‘TG) = Te - Vx(G(UE)) - G(ne ) Vacae)' (4'36)

Also note that from (4.18) and that differentiation in a and ¢ commute, we have

d /
2 (VaVo) = (VaXOge + (VaXo)ge. (4.37)
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Summarizing, we have
( d
(42¥.) o X = - (L(Vatia)) + L)
+[ne - Vi, Ul(0e = ue @ ue) + U(0e — (v @ ve + ve @ vp) 0 X7V,
ge = L(Vateg) 0 X + G(oo) o Xo — U(Va(ue @ ue)) o X,
g0 X' = e Lu(VaVatieo) + Lo (Vaulg) + [0 - Vi, Gl(o) + G(0)  (4:38)
e Vi, U] (Vi (ue @ ) = U (V, (WL @ v +ve @ 0)) 0 X1,
d

%(Vavs) = (Vange + (vaXe>géa

d
T = 9o+ gl + 7lgl + 1(g)" — 2k7! 4+ 2pK (g) + (g))7),

\

4.3 Functions, operators, and commutators

We consider function spaces
C*P = C*(R*) N LP(R?) (4.39)

with norm

1 llap = I llgaqezy + 11l ocge) (4.40)

for a € (0,1),p € (1,00), C'T*(R?) with norm

[l orraey = 1l Loe@e) + IV fll o e (4.41)
and
cHrer = CH(R?) N WHP(R?) (4.42)
with norm
1 lltap = 1 fllcrvamey + 1f [lwrmme) - (4.43)
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We also use spaces of paths, L>(0,7;Y) with the usual norm,

1l ooy = sup [[f@)ly (4.44)
t€[0,T]

spaces Lip(0,T;Y") with norm

t_
lpporyy = sup  HOZIGNy gy (4.45)

t+#s,t,5€[0,T] |t — s
where Y is C*? or C'T®? in the following. We use the following lemmas.

Lemma 4.3.1 ( [30]). Let 0 <a < 1,1 <p<oco. Let n € C*T*(R?) and let

(Ko)(x) = P.V./ k(x —y) (4.46)

R4

be a classical Calderon-Zygmund operator with kernel k which is smooth away from
the origin, homogeneous of degree —d and with mean zero on spheres about the origin.
Then the commutator [n - V,K] can be defined as a bounded linear operator in C'*P

and

I[n- V. Klollcaw < C HWHCH&(W) loll o - (4.47)

Lemma 4.3.2 (Generalized Young’s inequality). Let 1 < ¢ < oo and C > 0. Suppose

K is a measurable function on R? x RY such that

sup [ |K(z,y)ldy <C, sup | |K(z,y)|dz <C. (4.48)
z€R4 JRRA yeR JRd

If f € LY(RY), the function T'f defined by

Tf(x)= [ K(z,y)f(y)dy (4.49)

R4

is well-defined almost everywhere and is in LY, and || T f|l;o < C||f]l1q-
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First we try to find the bounds for Eulerian path variables, which are composed

with X ~!s, in terms of Lagrangian path variables. For simplicity of notation, let us

denote

Mx =1+ [|X - IdHLoo(o,T;Cl+a) :

(4.50)

Theorem 4.3.3. Let 0 < a < 1,1 <p<oo andletT > 0. Also let X be a path for

incompressible flow such that X —Id € Lip(0,T; C1*). Then

HUOX_IHLoo(o,T;mm) = HUHL“(O,T;C‘**”) M.
If X' € Lip(0,T;C'™), then
| X o X~

lHL‘X’(O,T;CI""a) < ”X/HLOO(O,T;CI""&) M)l('JFQDl'

If v e Lip(0,T; Wl’p), then
H'U o X71||L°°(O,T;W1’p) S ||UHL0°(O,T7W1’p) MX

If in addition 0, X', 0,X emist in L>(0,T;C'*®), then

-1 14+3a
HX/ oX ||Lip(0,T;C’“) S ||X/||Lip(D,T;Cl+O‘) ||X - IdHLip(O,T;C’l""O‘) MX+ :

Proof.

HU © XﬁlHLPmLoo = HO-HLPOL‘X’ )
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and

-1 _ -1
[0 o X_l(t)} _ sup |U(X (aat)7t) U(X (b7 t)vt)|
« a#b,a,beR? ’a - b’a
~ U002 0.0.0) (XN )= XG0
a#b,a,beR? | X~ Ya,t) — X71(b, t)[ la — bl

(4.56)

SO

[0 0 X)), < o], [TeX (05 < 0] (141X — g giensay)™
(4.57)
Note that this shows that the same bound holds when we replace X! by X. For the

second and third part, it suffices to remark that
Va(X' 0 X7 = ((VaX) 0o X 1) 7 ((VaX') 0 X7 (4.58)

and the previous part gives the bound in terms of Lagrangian variables. For the last

part, we note that

tis (X' (X Yz, ), t) = X' (X Y(z,3),5))
= / ((2:X") (XN, ). Br) + (0:X 1) (w, B)(VaX') (X (2, B7), Br)) d,
(4.59)
where
pr=1t+(1—1)s. (4.60)
Now noting that
OX ' =—=((0X) o X7") ((VuX)To X (4.61)
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we have

1
X' oXHt)— X' o X1
X0 X7 ()~ X0 X9,
, , 1+3«
< (H@X .10y + 10X || Lo (0 00y [ X HLoo((),T;CHa)) (1 + | X — IdHLoo(o,T;CHa))
(4.62)
so that
[ X7 o X[,
Lip(0,T;C)
, 1+3c (463)
<X ipoizionre) 1X =l iporicrsmy (141X =Ml pmrcrrm) -
O

Now we try to bound LL,, U and G. From now on, we assume that X — Id €

Lip(0, T; C**) with 9,X € L>(0,T; C').

Theorem 4.3.4. Let 0 < a < 1,1 <p < oo andletT > 0. There exists a constant

C independent of T and v such that for any 0 <t <T

[y (uo) ||L°°(O,T;Cavp) < C'fuo ||o¢7p )

T (o) | oo 0,710y < C llUoll 140

c (4.64)

1 HUOHa,p’

L,, VUO ap 1
(T O, <

L (Vi) | oo 0,700y < Clltt0]l1 40 -

Proof.
e () ()] < Mgt 1 [0l = Ntoll g
L, (o) () ap < Ngotll o [0l oy = Nltolligay s

c (4.65)
1L (Vo) ()l < NV Guell 11 lJuolly 40, = o) [ [

I (Vo) ()l pp < gl 1 IVollg, < Nluollyyay -
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Theorem 4.3.5. Let 0 < a < 1,1 < p < oo and let T > 0. There exists a constant

C such that
T 2
0O imarionn <€ (4 ) Tolimorens (4.66)
Proof.
t
IU(0) (1)l gy < C / Vool lo(s)]., ds
0
4.67)
c o1 C (
<< / s [0l o) < VT [0 oo -
vz Jo (t—s)2 V3
]

Theorem 4.3.6. Let 0 < a < 1,1 < p < oo and let T > 0. There exists a constant

C4, Cy depending only on « and v, and C5(T, X ), Cy(T, X) such that

HG<T © X_l)HLoo(QT;COL,p) S Ol ||X - Id”%ip(O,T;(ﬂ*"‘) ||T(O)||o¢7p (1 + 03(T’ X)) (4 68)
+Co ||T||Lip(0,T;CO‘*P) Cu(T, X)
where C5(T, X) and Cy(T, X) are of the form
1 o
cre (HX - Id||Lip(O,T;Cl+O‘) + ||X - Id||iip(O,T;C1+o‘)> ’
Proof. Since G = (R ® R)HI" where
¢
PlroX 1) = / Aguii_s * (70 X (s))ds, (4.69)
0
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we can replace G by I'. Then I'(r o X ') can be written as

I(ro X~Y)(t) = /0 Aguisy * ((ro X1 (s) = (o X7V) (1)) ds

t
—l—/ Agy(1—s) * (T o X_l) (t)ds.
0

But

/0 Ay # (70 X 1) (B)ds = 70 X1t) — gy * (70 X1)(2)

(4.70)

(4.71)

so the second term is bounded by 2 [|7|| o (g 7.cary M¥ by Theorem 4.3.3. Now we let

roX Yz, 8) =10 X Na,t) = Ar7(x,5,t) + Aot(m, 5, 1),

where

Aot (z,8,1) = 7(X N (2,8),t) — 7(X ' (,1),¢).
But since

1817 (8, Dl o < [ = SIMZ 7] Lipo 1000

by the proof of Theorem 4.3.3 we get

Ct
< W HTHLz'p(o,T;cw) My,
a)p

¢
/ Agy—s) * A7(s,t)ds
0

On the other hand,

t t
/ Agy(i—s) * Dg7(s,1)ds = / K(z,z,t,8)71(z,t)dzds,
0 0 JRr2

where

K(z,2,t,5) = Aguu—s(x — X(2,5)) = Aguu—s(x — X(2,1)).

We show the following lemma.

147

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)



Lemma 4.3.7. K(x,2,t,s) is L' in both x variable and z variable, and

CIX =1d]| ipgor,)

It — s|zvs

(4.78)

sup ||K(7 thv S)HLl , Sup ||K(.§L’, '7t7 S)”Ll <

Proof. We define
S(x) = dre P (W - il) (4.79)

so that

Agyi—s) = (Amv(t — s —(3+D g T - . 4.80
( 9u( )) ( ( )) ((4(t S))2> ( )
Then

2= X(Z8)) gz X&)
(4v(t - 5))> (dv(t —s5))3

/]K(x, z,t,8)|dz = /(47w(t — 3))—(%“)
S(i) _ S(x — X(y7t _18)) dy

= A7y (t — s —(%—&-1) .

/( (t—1s)) (4v(t — s))2 (4v(t — s))2

S(u) — S (u (X —Id)(z — (4t — 5))u,t — s))
(

S(

du.

— (mu(t — 5)) a5+ /

(Av(t—s)):
4.81)

However, for each u

S — 8 (u_ (X — 1d)(z — (4v(t — f))%u,t— 3))‘
(Av(t —s))2

(X —1d)(z — (4uv(t — f))%u,t— 5)

(4v(t —s))2

(X —1d)(z — (4v(t — s))2u,t — s)

1

(4v(t - )2

< (4.82)

X sup{|VS(u—z)| 2| <

}

and we have

t—s|2 ,
=P ord (a83)

14

‘(X —1d)(z — (vt — 8))3u,t — s)
(4v(t - 5))?

< X = Td) | ipo 00

N
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and obviously

Su) = sup |[(VS)(u— z)| (4.84)

1
2<CT?2

is integrable in R%; because V.S is Schwartz,

Ca
< .
for some constant Cy, but if |z| < CTz, then |u — 2|2 > |u> — C2T and
C
(V) (u—2)| < : (4.86)

(1+ C2T + [uf2)d

and the right side of above is clearly integrable with bound depending only on d = 2

and T'. Therefore, we have

/ (K (2, 2,1, 8)]dz < [t = s| 2072 [(X = 1d)|| yip0.0p00) C(d: T). (4.87)
Similarly,
- X - X
/|K(a:,z,t, 5)|dx = /(4m(t—s))—(§+1> S(”““—@’S)l —S(””—(*"”f)l) da
(dv(t — s))2 (dv(t — s))2
X - X
= [ mte— syt ) s - s+ TEDZEED)
(4v(t —s))?
(4.88)
and again we have
X(z,8) — X(z,t) 11 1
- < (X =1d)||, ey [E—sl2rT2 < (OT2. 4.89
‘ (3} I N Lipo; 200y [t = 5] (4.89)
Therefore, we have the bound
/ K (@, 2)|dz < [t = 5|20 (X = 1d)| p0.7p0e) C(d, T (4.90)
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From Lemma 4.3.7 and generalized Young’s inequality, we have

¢
‘/ Agy—s) * Dot (s, t)ds
0

c(/t\?
<~ ({3) IX=Wlpercre | 1Tleomia

For the Holder seminorm, we measure the finite difference. Let us denote d; f(z,t) =

LrOL>®

(4.91)

f(x+h,t) — f(x,t). If |h| < t, then
(/ Agy t—s) * AQT(S t ) / 5h Agy(t S)) * AQT(S t)d (4.92)
If 0 <t—s < |h|, then HdhAgl,(t_s)HLl <2 HAgy(t_s)”Ll < ﬁ and since
[ 827 (s, )] o < [t —s|" [| X — IdHCLYip(O,T;CHa) “THLoo(o,T;cw) (4.93)

we have

If |h| <t —s < t, then following lines of Lemma 4.3.7 §,(Ag,¢—s)) is a L' function

C
< 11X =140 0 cnem 17 e iz -

" (4.94)

¢
/ On(Agu(i—s)) * Dot (s,t)ds
t—|h|

with
Clh|
On(Agt-9)llp <= —— =3 4.95
we have
t—|h|
‘ / 6h(Agu(t—s)) x Ao (s,t)ds
0 -
Lo (4.96)
% HX Id”sz(OTCH-a HTHLOO (0,T:Cop) ‘h‘ > o S %7

IN
<

N =

% ||X - Id||%ip(0,T;Cl+a) ||T||L°°(0,T;C’D‘ap) |h|g o >
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If |h| > t, then we only have the first term. Therefore, we have

1 ¢ C(a) N
e o (/ Agu(t—s) * A27’(37t)d5) < — X - Id“Lip(o,T;CHa) ||T||L°O(O,T;Cﬂvp) :
|h 0 Lo v
(4.97)
We note that
HT(t)Ha,p < ||T(0)||a,p +1 ||T||Lip(07T;CDLqP) : (4.98)
To summarize, we have
-1
[T(roX >HL°°(O,T;CD‘»17)
1 o
< 0@ (143 ) IX = Wl e 17O,
1 o
+0(@) (142 ) 1X = W arieny T lggarionn (4.99)
Ca) (T\? o 1
+ » (;) max{| X — Id||Lip(0,T;Cl+") X = Id“LiP(O,T;Cl*“)}
x(||7(0) ||a,p +T ||7'||Lip(0,T;cw))-
O

Theorem 4.3.8. Let 0 < a < 1,1 <p<oo andletT > 0. Let X' € Lip(0,T; C'*®)

with 0, X’ € L>(0,T;C'™®). There exists a constant C' such that

H (X' o XV, 1] (0>HL<><>(0,T;CW)
T\: T N
< C <(;) + ; ||X - Id||Lip(O,T;Cl+O‘)> M)1(+3 ||X/||Lip(0,T;C'1+‘¥) ||0-||L°°(O7T;C’O‘ap)
(4.100)
Proof. First, we denote
n= X' o X1 (4101)
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Then we have

-V, Ul (0)(?)

=n(t) - V/O Gu(t—s) * Hdiv o(s)ds — /0 Gu(t—s) * Hdiv (n(s) - Vo(s))ds
= [n(t)-V,H]/ Iu(t—s) *diva(s)d8+H/ (Vaut-s)) * (V- n(s)a(s))ds  (4.102)
H / VVu(-) * (n(s) = (1)) o(s)ds

H / (TVgu-9) + 0(5) = (VVauas)) * (n(t)o(s)) ds,

where (VVgyi—s)) * (n(s) — n(t))o(s), n(t) - (VVg,u—s)) * 0(s), and (VVg,q_g) *

(n(s)o(s)) represent

Z((‘?i@jgu(t_s)*) (ni(s) —mi(t))ojr(s),

(4.103)
an (0:090(1-5) * ojr(s), and Y (9:0igua—s)) * (mi(s)oju(s))

.3

respectively. The first term, by Lemma 4.3.1, and the second term, by standard

estimate, are bounded by

t ' + 3
i) 9.1 [ o waivasias] < @l (4) Nollmornn
a’p

t £\ 2
It [ Vo) s (@ aroas] <0 (L) Wlimorern lolimoons
0 a,p

(4.104)
The third term is bounded by
Ct

W H77||Lip(O,T;Ca) ”UHLoo(o,T;Cw) (4.105)
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by the virtue of Theorem 4.3.3. For the last term, note that

(1) - (VVui-s) * 0(s) = (VVuii—s)) * (n(t)o(5))) ()

= [ VVg_y(2)z- (/01 Vi(z — (1 — )\)z,t)d)\) oz — 2,8)dz

RQ

and note that VVg,;_s(2)z is a L' function with
V'V 9016 (2)2]| 1 <

Therefore,

H (U(t> ' (vvgu(t—s)) * U<S) - (vau(t—s)> * (U(t)a(s))) H

C
< ——— 1@ llgrva lo ()l

(v(t = 5))

a?p

[NIES

so that the last term is bounded by

1
t\2
¢ (2) 1Olloren Iolmrionn

We finish the proof by replacing n by X’ using Theorem 4.3.3.

(4.106)

(4.107)

(4.108)

(4.109)

]

Theorem 4.3.9. Let 0 < a < 1,1 <p<ooandletT > 0. Let X' € Lip(0,T;C1+%)

with 0, X’ € L*>(0,T;C'™®). There exists a constant C(a) depending only on o« such

that
[[X' o X'-V,G] (10X

) ||L°°(O,T;C‘%p)

1

< (||X/||Loo(0,T;01+ﬂ) + ||X/||Lip(0,T;01+‘*) Ti)R

(4.110)

where R is a polynomial function on ||7||;,0.7.cony 12X —1d]| 10 1.c14ay, whose co-

efficients depend on «, v, and T, and in particular it grows polynomially in T and

bounded below.
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Proof. Again we denote n = X’ o X~ 1. Also it suffices to bound
-V, (toX ) =nt)- VI (toX ) =T (n-V(roX1)) (4.111)
where I is as defined in (4.69), since
n-V,Gl= (R R)H[n-V,T]+nt) V,(Re R)H|T' (4.112)
and the second term is bounded by Lemma 4.3.1. For the first term, we have

-V, T (o X7N(t) =L+ L+ I+ Ii+ Iy + I, (4.113)

t
I = / () - (VAGy(—s) * (10 X7H(1))) = VAGa—s) * (n(t)T 0 X7(1)) ds,
0
t
I = / 0(t) - (VAGuesy * (70 X"(s) — 70 X 1(1))
0
—VAGy(1—s) * (n(t) (7' o X s)—To0 X’l(t))) ds,
t
== [ Vg (5) = 0(t) (7o X (5)) s,
0
t
I = / Aguisy * (V- (1(s) — n(t)) 70 X (s)) ds,
0
t
Is = / Agy(i—s) * (V ) (toX (s)—7o0 X’l(t))) ds,
0
1
Ty =~ (V- n(t)7 0 X1(0) = g (V- nlt)7 0 X (1))
(4.114)
We denote these 6 terms on the right hand side of above by I, I, I3, 14, I5 and I;.
First, I1 4+ Is can be easily bounded:

LIy = (0(t) -V (g * (70 X)) = ¥ (g0 * ()7 0 X(0))))
v (4.115)

L (ntt) (o X))
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and the first term is treated in the same way as (4.106). Since the first term is

% </R2 Vagui(y)y - /01 Vn(z — (1 =Ny, t)dA (7' o X’l) (x — y,t)dy) (4.116)

and

Vgt ()l < C (4.117)

the C*P-norm of the first term is bounded by

I @lesee lIro X)) (1.118)

ap’

However, the C“P-norm of the second term is also bounded by the same bound.

Therefore,

C 1430
H[l + IﬁHLoo(O’T;Ca,p) < ;M)l("‘:% |’X’HLOO(O7T;01+Q) ”THLOO((]’T;CQJ,) (4119)

The term I3 is bounded due to Theorem 4.3.3. Since n € Lip(0,T; C*) we have

T

1
C 2
Ll soro mpram < — | — ) MY | X —1d|,. o
nﬂL«m@m%_y(y) W Mligozens )

HX/||Lip(0,T;Cl+D¢) HTHLOO(O,T;C%P)

The terms I, and I5 are treated in the spirit of Theorem 4.3.6. We treat LP N L™

norm and Holder seminorm separately. For the term I5, we have

Is = /Ot Agy—sy * (V-n(t) (A17(s,t) + Aa7(s,1))) ds (4.121)
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where A;7 and Ay are the same as (4.73). From the same arguments from the above,

t
/ Aduir—s) * (V- n(t)Aur (s, 1)) ds
0

ap (4.122)
Ct .
< — ll oo,y 17l ipgo,ricomy M-

On the other hand,

Agu(e—s) * (V- n(t) As7(s, 1)) () = /]RQ(K(x’ 51 8) (V1) (X(z 1)1 (4.123)

+AGua—s (T = X(2,0)) (V-n) (X(z,5),1) = (V1) (X(2,1),1)))d=

where K is as in (4.77). Then as in the proof of Lemma 4.3.7, by the Generalized

Young’s inequality we have

t
H / Aduen * (V- () Dor(s,0) ds| < Clr®)lpoogee Illiocrony

LPNL%®
toc t % t2
3
1 X = 1Al i 0,710 (@ + (;) + 5 IIX - Id”Lz‘p(&T;OHQ))

(4.124)

For the Holder seminorm, we repeat the same argument in the proof of Theorem

4.3.6, using the bound (4.95). Then we obtain
1

t
p (Sh (/ Agy(t,s) * AQT(S,t)dS)
] 0 I

1
C(a) N\ [t)° N
< <1+(;) #(2) ) 1 = W pmcren Ilmorcnn Willimorcnse

1%
(4.125)
Therefore,
C(a) £\’ 3 .
15l omicen < (1+t+(;) (141X~ Tl yrcne) M
1 X 2 oy 17N Liporscnny -
(4.126)
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The term I4() is treated in the exactly same way, by noting that

V- (n(s) =) = Vo X 1(s) 1 (A1VX'(5,1)) + Vo X 1(5) : (A2V,X'(5,1))

+ (VX (s) = Vo XH(1) : (VaX 0 X7 (1),
(4.127)

where as in (4.73)

AV, X' (2,5,1) = Vo X' (X Y2, 5),5) — Vo X' (X (2, ),1),
(4.128)
AoV X' (z,5,1) = Vo X' (X Ha, 8),t) — Vo X'(X N, 1), 1),

and

Vo (X Nz, s) = X Ha,t) = (VoX 0 X7Y) (2,8) (Vo (X = 1d)) (X (z,t),t — )

(4.129)
so that
HVJCX_l(S) - VxX_l(t)Hoa <t —s[[|X = IdHLip(O,T;CH'O‘) M)1<+2a- (4.130)
Also note that
182V X (5, )] e < 19X Ol I1X = 1A% 0 710y 1 — 517 (4.131)
so that
t
/ Adurs) * (VaX(s) : (AgVaX'(s,6))7 0 X1 (s)) ds
0 Co,p
Cla) o (1Y . o
<= (1 4 (;> ) M| X =143, 070 (4.132)

HX/HLOO(O,T;CHa) HTHLoo(o,T;cw)
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The final result is

C(a)

v

2
t 169
()|, < (1 i+ (;) > M X oo (0,740 (171 oo (0 7:00m)

(4.133)

t
+O— M X | piggo zicvey 17| poe o, -

Finally, I, can be bounded using the combination of the technique in Theorem 4.3.6

and Theorem 4.3.8. First, we have

Lz, t) =
/Ot . VAG(-5(y) ¥~ (/01 Vn(x — (1 = Ny, t)d\ (A7(x — y, s,t))) dyds

t 1
+/ VAg sz —2) (x —2) - </ Vn(Az + (1 — Az, t)d\ (Aa7(z, s,t))> dzds.
0o JRr2 0
(4.134)
Then applying the argument of the proof of Theorem 4.3.8, the first term is bounded

by

C (04
;tMX ||7I||Loo(o,T;Cl+a) ||7_||Lip(0,T;C“’P) : (4.135)

The second term is treated using the method used in Theorem 4.3.6. By chang-
ing variables to form a kernel similar to (4.77), and applying generalized Young’s

inequality, the LP N L*> norm of the second term is bounded by

1
Cla) (. (t\? [t\ 1
. (t (1) (2) ) (1 = Wlgarneny) Tilimomeron 7 limoramma
(4.136)

Finally, the Holder seminorm of the second term is bounded by the same method as
Theorem 4.3.6. The only additional point is the finite difference of V7 term, but this

term is bounded by a trivial estimate. The bound for the Holder seminorm of the
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second term is

1
C(w) L (t\2 ()’ N
<1+t (1) 4 (2) ) 1% = 11 omnen Willimomcrsn Ilimoronn

v
(4.137)

To sum up, we have

C(a) £’ t i
5, < < (1 et () ) (11X = Mlagrennn) D1
(4.138)
||X,||L°°(O,T;C’1+a) ||T||Lip(O,T;C’“’p) :
If we put this together,
-1 —1
[[X'oX™ - V,G] (roX )HLoo(o,T;CaaP)
<C ||X,||L°°(0,T;Cl+a) M)1(+2a HF(T © X_l) HLOO(O,T;ca,p) (4.139)

1
+(HX/HL°°(O,T;01+°‘) + HX/HLip(O,T;Cl“'O‘) 1> )Fl(y’ «, X7 HTHLip(O,T;CQvP) 7T)

where Iy depends on the written variables and grows like polynomial in 7' {|7{| 1,0 7.ca):

and || X —1d|| 1, 0.1.c1+y- The bound on T'(7 0 X~1) is given by Theorem 4.3.6. [

4.4 Bounds on variations and variables

Using the results from the previous section, we will find bound for variations and

variables. For simplicity, we adopt the notation
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First, we will find bound for £V.. Note that X.(0) = Id, so X/(0) = 0 and by
Theorem 4.3.3 and since X! € Lip(0, T; C'T*P) we have

||Xé||L°°(O,T;Cl+O‘) < T ||Xé||Lip(O,T;C'1+"‘*p) )

(4.141)
[7e(®)lca <t ||X/||Lip(O,T;Cl+a»P) M.
Then by the Theorem 4.3.4, we have
T % o /
I LVt mnon < € (3 ) M IX o mcren il o
HILV(U/C,O)HLOO(O,T;CO‘@) < C{ uévo ‘oa7p '
By the Theorem 4.3.8, we have
T\: (T
12e - Va, U (0 = e @ ) | e o 1oy < € ((;) i (;)> M
(4.143)
HXéHLip(O,T;CH'a) [7e —ve ® UeHLoo(o,T;Cw)
and by the Theorem 4.3.5, we have
T\ 2
U (6. — (vé@ve—l—m@vé)oXe’l) o ey < C (—) M
Bt liacnn <€ (3 -

|7 = (v ® ve + Ve ® Ué)”LO@(QT;CQ,p) .

Therefore,

d
€

+51 (T)(HXéHLz’p(O,T;ClJFO‘vP) + ||UQHL°°(O,T;C’0“P) + |

/
S C HUE,OHap
L2 (0,T;CoP) ’

Teo |a,p + ”Te/||Lz'p(0,T;ca,p))Q1

(4.145)
where S (T') vanishes as T2 as T — 0 and (21 is a polynomial in variables ||u..g ,
Mill+a,p

[ Xe = 1d| 10,701+ 0y [1Tell Lo (0.1000) AN |[Vel| oo (0 1,0y » Whose coefficients depend
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on v. Similarly,

||g€||L°°(O,T;C’avP) < My ||u0||1+a,p +Ch ]| X — IdHCLyip(O,T;ClJFOL) ||Ue,0||a,p + 52(T) Q2
(4.146)

where Sy(T) vanishes as T2 as T — 0 and Q5 is polynomial in variables ||7 | Lip(0.T:Cor)

and || X —1Id|| ;. 7.c1+a), whose coefficients depend on « and v. Also

HgéHL“’(O,T;C%P) < C(HU/E,OHHWJ +[|X - IdHCLYip(o,T;CHa) ”Tel,oHa,p)

+S3(T)(’|XéHLip(O,T;Cl+avP) + HUQ,OHM, + ||Te/HLz'p(o,T;cw) + HUéHLOO(O,T;CH‘%P))Q:i
(4.147)

where S5(T) vanishes as T2 as T — 0 and Q3 is polynomial in variables [teollap:
1X = 1d| 10 m.crtams 1Tl ipo. 10wy a0d [Vl oo 0 1,0140.0), Whose coefficients depend

on v and «. Then we have

Va Ve < T XN Lipo o) 19€ll Lo 0,700y + MelGell o 0,000

o3
Lo (0,T;C:p)
(4.148)

and

d
Al < 200! e oiricny (el e i) + 20K)
Loo(0.7:0%2) (4.149)

+ ||T€/||L°°(O,T;C’O<7P) <||g€||LOO(O7T;CQ7p) + 2]€> .

4.5 Local existence of solution

We define the function space P; and the set Z.

Py = Lip(0,T; C'*P) x Lip(0, T; CP) x L=(0,T; C'*+P)

X
T={(X,7,0): (X —1d,7,0)|lp, <T,v= dd_t 7

(4.150)
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where I' > 0 and 7" > 0 are to be determined. Now for given uq € C'*%P divergence

free and o9 € C'*P we define the map
(X,71,0) = S(X,7,v) = (X", 7m0 ") (4.151)

where
X"(t) =1d —i—/o V(X (s),7(s),v(s))ds,

t

7 (t) = o + / T(X(s),7(s),v(s))ds, (4.152)

0

v"(t) = V(X, T,v).

\
If (X —1Id,7,v) € Py, then (X" — Id, 7% v™*") € Py for any choice of T" > 0.

Moreover, we have the following:

Theorem 4.5.1. For given ug € CTP divergence free and oq € C*P, there is a

['>0 and T > 0 such that the map S of (4.152) maps T to itself.

Proof. 1t is obvious that %X new — " For the size of S(X, 7, v), first note that if

(X —Id,7,v)p, <T, then

Now applying Theorem 4.3.4 and Theorem 4.3.5, we know that

”VHLOO(O,T;CD%P) < ||u0||a,p + A(T) B (T HU0||a,pa ||‘70||a,p) (4.154)

where A (T') vanishes like 7'z for small T > 0 and B, is a polynomial in its arguments,

and some coefficients depend on v. Now

1911 oo 0. 700wy < Nltt0ll1 10 + Cil* N0l + A2(T) Ba (I ([0l 405 90l ) (4:155)
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where C} is as in Theorem 4.3.6, depending only on « and v, Ay(T) vanishes in the
same order as A;(7T) as T'— 0, and By is a polynomial in its arguments, and some

coefficients depend on v and «. Now from (4.18) we conclude

IVl oo (0 701 amy < Kil[[wolly 0y, + T oolly,) + As(T) Bs(L [[uolly 0y s [loolly,)
(4.156)
where K, is a constant depending only on v and «, and As and B3 have the same
properties as previous A;s and B;s. Now we measure 7. From (4.98) and previous

estimate on g we have

TN oo 0,700y < B0l 4o (PI+ llooll ) + lloolly, (T [looll, , + pEKT 4 K))

+A4By
(4.157)

where K5 is a constant depending on v and «, and A, and B, are as before. Since
a < 1, we can appropriately choose large I' > [|ool|,, , + [|uoll, |, , and correspondingly
small 1 > T > 0 so that the right side of (4.156) and (4.157) are bounded by £. Then
[(X7ew —1d, 7w, pmew) ||, < T O

Now we can prove that § is a contraction mapping on Z for a short time.

Theorem 4.5.2. For given ug € C'TP divergence free and oq € C*P, there is a

I' and T > 0, depending only on |uol,,,, and [|looll,,, such that the map S is a

a7p;

contraction mapping on T = Z(I',T), that is

IS (X2, T, v2) — 5()('177'17111)”7:1 < S I1(X2 = Xo, 12 — 71,02 — U1>||7>1 - (4.158)

1
2
Proof. First from Theorem 4.5.1 we can find a [' and Ty > 0, depending only on the
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size of initial data, say

N = max{||uolly 0, loolla,} (4.159)

which guarantees that S maps Z to itself. This property still holds if we replace Ty

by any smaller 7" > 0. Reminding that Z is convex, we may put

Xe (2 — 6)X1 + (6 — 1)X2,

(4.160)
Te=02—-en+(e—1)m,1<e<2

Then (X, 7,v.) € Z, v = (2 — €)v1 + (€ — 1)vg, uep = g, and 0.9 = 0p. This means
that

X! =Xy = X1,v. =vy —vi,u g =0,0.5=0. (4.161)

Then from the results of Section 4.4, we see that
‘ d

s

< (X2 — X1||Lip(0,T;Cl+avP) + [Jvz = Ul”L“’(O,T;C‘”’)
L0 (0,T;C1+eup)

+ ||7'2 — T “Lip(oj;caqp))si (T)QII(F)
||Xe/||Lip(0,T;C'1+O"P) < (||X2 - XlHLip(O,T;C'lJf&’P) + ||U2 - UlHLOO(O,T;CO‘*P)

4.162
+m—7 ||L¢p(0,T;oa,p))Sé (T)Q5(T), ( )

HWeHLip(o,T;Cam) < (HX2 - XlHLip(o,T;CHam) + HU2 - ’UlHLOO(O,T;CQvP)

+ HTQ — T HLip(O,T;Ca’p))Sé (T)Qé(r)

where X! and 7. are defined in (4.22), S{(T), S5(T), S5(T) vanish to 0 in the rate
of T2 as T — 0, and @Q}(I), Q4(I"), Q4(I) are polynomials in I', whose coefficients
depend only on v and a. By choosing 0 < T" < Tj small enough, depending on the

size of Q(I")s, we are done. O

Therefore, we have a solution to the system (4.1) in the function space P; for a
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short time, that is, (X,7,v) satisfying v = 4X and satisfying (4.16). Now we have

the uniqueness.

Theorem 4.5.3. Assume that for given I' > 0 and T > 0, (X1, 71,v1), (Xa, 7o, v2) €
Z, with initial data (u1(0),01(0)), (u2(0),02(0)) respectively, satisfies (4.16), that is,

they solve the system (4.1). Then there exists Ty > 0 such that

162 = Xl Lipomscnvany T 172 = Tll Lipgo,msmmy + 102 = 01l Lo 0,1, 1 40)

< O([[uz(0) = w1 (0)] 1, + I72(0) = 71(0)]],,.,)

(4.163)

Proof. We repeat the calculation of the Theorem 4.5.2, but this time u; , = u1(0) —
u3(0) and oy = 01(0) — 02(0). Then we choose Ty small enough that Si(75)Q’(T) <
1. O
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Chapter 5

Polymer drag reduction

5.1 Navier-Stokes — End-Functionalized Polymer
System

Here, we provide a formal (non-rigorous) derivation of a system of equations and
boundary conditions to describe the setting of a neutral fluid confined to a domain
with end-functionalized polymer along the solid walls. Our assumptions, (A;)—(As),

are detailed below.

5.1.1 Kinetic Theoretic Derivation

We consider general bounded domains Q C R? with smooth boundary 9. At the
end of the section, we will discuss the interpretation for two-dimensional case. Our

models are based on the following set of assumptions.

e (A;) One-end anchored. The layer consists of polymers floating in the solvent

with one end anchored to the wall (e.g. chemically bound or strongly adsorbed).

e (Ay) Wall coating. The grafted polymers covers the boundary surface, and

the thickness of this covering layer is the order of characteristic length-scale,
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denoted by R, of polymers. We can think of R as the gyration radius of the

tethered polymer.

o (A3) Multi-scale assumption. We assume that at the scale of the polymer, the
surrounding fluid can be described as a continuum and also that the polymer
appears ‘infinitesimal’ from the perspective of the macroscopic fluid, i.e. we
assume scale seperation

Ams < R < Ay, (5.1)

where A,,¢ is the mean-free path of the molecules making up the solvent and
Ay is the gradient length of the continuum description of the fluid (i.e. typical
variation scale of the macroscopic flow). In particular, the polymer should fit
well within the near-wall viscous sublayer of the flow. Additionally, in the case
of domains with curvilinear boundary, we assume that the typical scale of the

polymer R is much small relative to the radius of curvature of the boundary

R < (minimum radius of boundary curvature), (5.2)

say }% > 4k, where £ is the boundary curvature defined by (5.26). Therefore,
the configuration space for polymers at x € 02 with its outward normal vector

n = n(z) is given by a flat half-space,

M(z) :={m € R*: m - (—n(z)) > 0}. (5.3)

In the case where finite extend mode is employed (e.g. FENE), then this domain
is intersected with a ball B,(0), thereby building in the finite stretching range

r of the polymer.

The above assumptions are concerned with small-scale polymer structure and allow

us to determine how they are effectively ‘seen’ by the large scale fluid solvent. We now
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make an assumption on the structure of the near-wall velocity at those scales of O(R),
which determines how the fluid interacts with them. This “microscopic” structure
assumption will be forgotten in our continuum model, within which it translates

simply to a tangential slip velocity along the boundary.

o (Ay) Velocity field of the flow inside the layer. Microscopically (at the scale
of the polymer R), we approximate the velocity of the flow inside the layer by
a linear shear. Specifically, the velocity linearly interpolates between the wall
side where it vanishes (assuming no-slip on the polymer scale) and its value at
near the boundary of the polymer layer which is v and which is tangent to the
boundary. This “outer” velocity u becomes the velocity at the boundary in our

macroscopic closure.

Because of assumptions (A;) — (A4), we impose the following boundary condition:
since the thickness of the layer is far less than the macroscopic length-scale, we only
care about the response of the layer for the flow at wall. We do not incorporate the
thickness or shape of the layer in our model. We do not have stress balance condition
for normal stress n - Xg - 7. One can ask whether or not the normal stresses also
balance, i.e. whether n-X;-n = n-Xpg-n. In our work, we work in a regime in which
the layer does not appreciably move or deform in the normal direction. Consequently,
the net force (per unit area) in the normal direction acting on the layer is zero, that
is, X, -7+ N = Sp - i, where N is the normal force (per unit area) that the wall
exerts to the polymer layer. That is, the fluid parcels adjacent to the wall feel the
presence of the wall in the normal direction. To explain further, we note that along
the fluid-layer boundary the force (per unit area) (Xp—X)-n is applied to the layer.
On the other hand, along the layer-wall boundary the normal force (per unit area)
N is applied to the layer. Then we have balance of two forces, as the layer is steady

in the normal direction. On the other hand we have stress balance condition for the

shear stress since the layer, which is a mixture of solvent and polymer, covers the
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wall. We formalize this as an assumption:

e (As) Tangential stress balance. The layer along (impermeable) wall exerts elastic
stress due to the restoring force of the fluid-polymer layer which balances the

viscous stress of the bulk fluid.

This assumption gives the following: given a point x on the boundary, let n be the
outward normal vector and u be the fluid velocity at z. Let ¥ be the stress exerted
by the layer (normalized by p), and X be the stress exerted by the bulk fluid. By

impermeability and (As) we have

u-n =20, on 02,
(5.4)
T2 n="7-Yp-n,ond, i=1...,d—1,

where, for every x € 9, the vectors {7;(z)}?=; form an orthogonal basis of the tan-
gent space of 02 at x. The stress that the layer exerts is understood as a combination

of the polymer stress Xp and the fluid solvent in the layer Xg,
Y =YXs+Xp. (5.5)

The stress associated to the solvent in the layer is determined from assumption (Ay).
In particular, it is set by the relative velocity near the wall (as it is in for, e.g. Navier-
friction boundary condition) so that i - ¥g = —5%u + N, where N is the wall normal

force. The corresponding stress balance (5.4) then reads

ﬁ-ZF-ﬂ-:ﬁ-Ep-ﬁ—%%u-ﬁ, ond, i=1,...,d—1. (5.6)

Without polymer, this stress-balance argument yields the Navier-friction bound-
ary condition (1.25). Specifically, under the assumption (A4), we consider a fluid

parcel of thickness A, which is much smaller than the flow length-scale L, which is
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in contact with the wall. As in our case, we set up an effective boundary condition
on top of this fluid parcel. Again we assume there is no inflow from the rest of the
fluid domain to this fluid parcel. Then, its normal stress >, - n can be similarly
approximated by —zfu and by the continuity of stress for a Navier-Stokes fluid we

obtain

2 (D(u)i) - 7 + ﬁu =0, (5.7)

The natural regime of validity for the above assumptions to hold in a viscous fluid
without polymer additives forces A = O(v) so that the layer lies within the viscous
sublayer. In this way, (5.7) recovers the Navier-friction boundary condition (1.25).
The final ingredient for our model is then ¥ p, the polymer layer stress. To obtain
this, we need to say something about the structure and dynamics of the polymer

additives. Based on (A;) — (Ay), we assume

e (Ag) Bead-Spring approzimation. Polymers are modeled as an elastic dumbbell
with spring potential kzTU(m), where kg is the Boltzmann constant, T is the
temperature, U(m) is non-dimensional spring potential, with one end anchored

to the wall. Its configuration is characterized by its end-to-end vectors, m.

e (A7) Reflecting condition. We adopt the reflecting boundary condition for beads:
the bead reflects in the direction of the inward normal vector if ever it hits the

wall.

e (Ag) Single-Chain approximation at the wall. For simplicity, we ignore the
interaction between polymers anchored at the wall. We calculate the dynamics
of each polymer as if there is only single chain anchored at the wall, and add

them. This puts us in the so-called mushroom regime.

We remark that to be in the “mushroom regime” in which the polymers do not

interact, one requires that the polymer number density Np defined by (5.9) satisfy
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Np < N* where N* ~ a;2N~5/° where N is the polymerization index [42] and aq is
the monomer size (see Chp. 13 of [112]).

From assumptions (A;) — (Ag), we may describe the dynamics of polymers an-
chored at the wall, and derive Fokker-Planck equation for the polymer probability
distribution, denoted by fp(x,m,t). The final ingredient of the model, required for
(5.4), is the expression for the stress, and we use Kramers formula [116] (we already
introduceed Kramers formula (1.45) in Chapter 1, but we re-introduced since we care

of what is the coefficient in this Chapter) :

kT
P M(z)

Although the expression (5.8) is standard in theoretical polymer physics, we pro-
vide a short derivation in Section 5.4.2 as it is crucial for the derivation of our model.
We make a brief remark now about dimensions. We note that p, the solvent mass-
density, is taken constant and has units of M/L? Then kgT/p has units L>+?/T2.
Also we assume that polymers are uniformly grafted over the wall. Specifically, the
polymer number density Np at every z € 02 (which is preserved in time by the

dynamics for each z), is taken to be constant on the boundary, i.e.

Np := /M(w) fpdm = (const.). (5.9)

The units of Np is taken as 1/L%. The dimension of kgT Np/p is (L/T)?, the same

as that of stress Xj,.

Remark 14. Examples for potential choices of configuration spaces and spring po-

tentials are:
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1. Hookean-type dumbbell: we set r in (Ay) to be r = oo and

Um) = H <%>%, k>1, (5.10)

where H is the non-dimensionalized spring constant. Note that, compared with
the standard (dimensional) spring constant Hy where k = 1, we have the rela-

tion Hy = HkpT | R2.

2. FENE (Finitely Extensible Nonlinear Elastic) models: we have a finite r < oo
in (Ay) and take

U(m) = —H log ( — @—2’2) : (5.11)

To derive a governing equation for the end-functionalized polymers, we follow
Ottinger [116]. For the polymer of configuration m, anchored at the wall of position
x and initially in configuration my, the evolution of m := m;(mg) is determined by the
deterministic forces (drift velocity and elastic restoring force) and random fluctuation.
Since the length-scale of the polymer R is assumed small relative to the minimum
radius of curvature at the boundary across the domain, a polymer pinned at any
given x € 0f) on the boundary is assumed to wander around the half-space M(x)
defined by the normal 7n(x) at that point. Moreover, we assume that if the polymer
end is simply reflected in the direction of the wall-normal n(xg) in the event that it
randomly hits the boundary. Specifically, under the bead-spring approximation (Ag),

drift velocity from the near-wall linear shear (A4) on the polymer is given by
(drift by fluid experienced by polymer) = (% : (—fz)) u. (5.12)

The elastic restoring force is simply %Vm[] and also contributes to the drift on the

2kgT
o

bead. The noise is assumed to be of additive Brownian type with strength

Therefore, for each 2 € 92, the polymer end-to-end extension my(mg) := my(mg; ) €
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M (z) is a stochastic process described by a reflecting drift-diffusion process on the

half-plane M (z):

= u(m,t)m mo) - (—n(x —ﬁ me(m
dmona) = (M5 () - (<(0)) ~ 229, U (ma)) )
%deWtM(x) dt,(mo), (5:13)

my(mo)|i=0 = mo € M(z)

where W, is a d-dimensional standard Brownian motion, and ¢;(my) is the boundary
local time density which, for a stochastic polymer end located at some m € M (z) at
time ¢ is the time within the interval [0, ¢] which is spent near the boundary oM (z)

per unit distance [125], [98]. It is formally defined by
t
li(mg) = / d (dist(ms(mg), OM (x)) ds. (5.14)
0

See Theorem 2.6 of [22]. We remark that Lions & Sznitman [98] proved existence and
uniqueness of stochastic processes as strong solutions to this “Skorohod problem”
with Lipschitz drifts and sufficient smooth boundaries with regular normal vectors 7.
For an extended discussion, see §2 of [49]. The Fokker-Planck equation associated to

the stochastic differential equation (5.13) reads

O+ V- ((“(‘”’” (m - (=#)) — QW) fp> ST

R ¢ ¢
in (0,7 x M(x), (5.15)
n(z) -V fpr=0 on [0,T] x OM (z),
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for each x € 9€). To sum up, we arrive at the micro-macro system

Ou=V,-3p+ fp, in Qx(0,7),
uli=o = up on Q x {t =0},
V-u=0inQx[0,7T), (5.16)
u-n=0on 0N x[0,T),

%ZZFfL:ﬁELﬁonﬁﬁx(O,T), Zzl,,d—l

where f;, is a body forcing, the Y is the fluid stress tensor, which for a simple

Navier-Stokes fluid reads

Ypi=—u'@u’ —p'I+2vD(u"), (5.17)

recalling that D(u) = 1/2(V,u+(V,u)?) is the symmetric part of the velocity gradient
tensor and

# N A =0-pF— —u- 7, (5.18)

where the polymer stress X p is given by the Kramers expression (5.8), which is closed
by the Fokker-Planck equation (5.15) for the polymer distribution at the boundary,
fp which is supplied with initial conditions fp(0). The system (5.15) — (5.16) com-
prises our proposed microscopic-macroscopic system to describe the Navier-Stokes-
fluid /end-functionalized polymer interaction. Note that due to the impermeability
condition u - n = 0 on the boundary the stress that the fluid exerts on the wall is

entirely due to viscosity

Remark 15 (On the validity of assumptions). In our opinion, the most subtle of our

assumptions are (Ay) and (As). First, one may question whether (Ag) (single-chain
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approzimation so that the polymers do not interact with eachother) can be compatible
with (Ay) (that, from the macroscopic point of view, the polymer forms a continuous
carpet along the boundary). We believe there is a regime of validity where these
assumptions coexist, however, even if it is not the case, we interpret (Ag) as a first-
hand approximation of the regime in which polymers are close enough to effectively
cover the wall but their interactions are not too strong. This interpretation naturally
asks a more realistic assumption to replace (Ag). Perhaps the most natural thing to
consider is the “polymer brush” regime, in which the polymers are spaced close together
on the boundary and may strongly interact with each other [112, 111]. It is unclear
to us whether or not a fully macroscopic description for this regime will be possible.
If not, a coupled microscopic-macroscopic system must be studied to understand the
behavior in this regime.

For (Ay), the central issue is the range of parameters which makes linear shear
approzimation valid. For large enough o and small enough Re, the flow will be lami-
nar near the walls and assumption (Ay) should valid. On the other hand, for large Re
the flow will develop small-scale possible invalidating the aforementioned justification
of (Ay). If this boundary condition regularizes the macroscopic (outside the polymer
layer) near-wall flow and it resembles a linear shear, it provides a supporting evidence
for (Ay). Therefore, it would be interesting to test whether the boundary condition
allows us to maintain a shear-like near-wall flow for certain o and Re. It would be
also interesting to test the validity of (A4) by more microscopic method, for example,

molecular dynamics simulations [43, 131].
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5.1.2 Energetics: microscopic/macroscopic balance

Proposition 5.1.1. Suitably smooth solutions of (5.16) satisfy the following global

enerqy balance

= ( / lu|?dz + —RS) /qu : Ypdx
@ (5.20)

k T
[ Jupas -2 /fp|v (log fp + U)|? dmds.
o0

14

2R

Proof. We set the body force f, = 0 for simplicity. The kinetic energy for (5.16)

satisfies

ul?dx = — /Vu Ed:c—i—/uZ ndS
2dt/H E o

/Vu EFdx—l-Z/ Up, Ty - 2p - NdS — ZQR |, [2d

(5.21)
ds

where u,, = u - 7; and the last identity comes from the no-flow condition of (5.16).

Now we calculate the free energy of fi:

o= o futree (e

o JM oQ J M(x)

) e (5.22)
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A straightforward computation gives the evolution

o (o - v

T 2
kB /‘V’”fp‘ dm dS+i/ / U fpdmdS
o0 o0

2
kBT/ /A U fpdmdS — 2= kBT /'mep| dmdS
oN o0

+ / / O, fo(m - n)dmu”dS / / AU frdmdS
oN

kBT 2 — p / Ur; . ~
V.U dmdS + — L7 - Yp - (—n)dS
/BQ/ | [*fpdm ZkBT o0 R (=)

ksT

d—1
p Ur,
Soilr [ e s =5 [ gelWatos s+ 0)f dm
(5.23)

The tangential polymer boundary stress appears in the evolution (5.23) of the free
energy. Therefore, we find that the total energy of the system (kinetic energy of the
bulk flow together with the free energy of the polymer layer) satisfies the balance
(5.20). O

Note that for fluid models satisfying the following energy condition,
/ Vu : Xpdr > 0, (5.24)
Q

the total energy (5.20) is non-increasing in time. This condition holds for a simple
Navier-Stokes fluid for which Xz is given by (5.17), provided that the domain has

non-positive boundary curvatures. To see this, note that by incompressibility and the

177



no-flow condition of (5.16) we have

/ V" Ypdr = 1// |V u”|2de + V/ Vu¥ : (Vou)dx
Q Q Q

d-1
=v V. u' 2dx + v / u” - 7;)0nu” -1 dS
[ 1.1 > [ (5.25)
d—1
= 1// |V u”|*dw — Z V/ (u” - 7) Rk (u” - 75)dS
Q G55 Jos

where the boundary curvatures were introduced

If kK <0 (negative semidefinite) at all points on the boundary, then energy condition
(5.24) is automatically satisfied (this is true, for example, the canonical setting of
flow on a channel with periodic side-walls for which x = 0, or in pipe flow for which
the curvature is constant and negative). Otherwise, because of the condition (As), if

1/R > 4sup,cyq + then we have the control of the curvature term.

5.1.3 Macroscopic closure: Navier-Stokes fluid and Hookean

dumbbell polymer

If the solvent is taken to be a incompressible Navier-Stokes fluid and the polymer
model is taken to be Hookean, that is, the radius r in (5.3) is given by r = oo and

2
the potential U is chosen to be (5.10) with k£ = 1, i.e. U(m) = H (%) , we arrive
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at the closed system under some additional mild assumptions detailed below

o’ +u” - Vu”' = =Vp” + vAu” + f, in Q x (0,7,
u”|4=0 = ug on Q x {t =0},
Vou’ =0inQx[0,7),
(5.27)
u”-n=0on 0 x[0,T),

AHkgT 1 TN
(‘“ RC ><Q(D(u”)ﬁ)-ﬁ+ﬁg“”'ﬁ> =,

pvR
on 0 x (0,7), i=1,...,d—1.

To derive this fully macroscopic closure (5.27), first note that the Kramers formula

(5.8) for the Hookean dumbbell becomes simply

kT m _m
Yop =2H— — ® — fpdm. 5.28
P o R ® RfP m (5.28)

From the Fokker-Planck equation (5.15), the evolution of ¥p is derived

(), = om*2T [ o (P S (=) i

p R> / R
kBT k}BT m;my; mi kBT /i)BT m;my;
d—1 = o= o=
u’ T, . . . 4H kT AHkgT kT
= <; R (Tg@(—n)zp‘FZP(—n)@Tg) — ﬁTZP‘F R2p TNPH)
= v

since u”-n = 0. Then, contracting with the appropriate boundary normal and tangent

vectors, we have

00+ S+ (<)) = "7 (=) S (=) = T (- B (<) (530
00(=) S () = = (o) (o) + LR
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Note that the evolution of ((—n) - Xp - (—n)) completely decouples and does not de-
pend on the tangential velocity. Further, equation (5.31) shows that at long times it
converges to its equilibrium configuration,

kT

(=) - Zp - (=), = "2 Ny, (532

For simplicity, we assume that ((—n) - Xp - (—n)) already reached at the equilibrium
and therefore can be identified with the constant (5.32). This is non-essential for the
macroscopic closure. If so, (5.30) becomes

_ kgTNp 4H kpT

Oy (Ti - Xp - (—n)) I (u” - 7;) — ﬁT (7 - 2p - (—n)). (5.33)

By (1.41), (5.16) and (5.17), the above is equivalent to the stated boundary condition

of (5.27).

5.1.4 Non-dimensionalization

Defining a characteristic length, L (say the diameter of the domain L = diam((2)),
characteristic velocity V' and convective time scale ' = L/V, we write introduce
dimensionless variables by taking u = V@,t = Tt,x = LZ. Note that the polymer
relaxation time is A\ = (R?/4HkgT. We may now introduce the non-dimensional
Reynolds number Re, Weissenberg number Wi, the relative stress strength 7 and

the ratio of polymer to domain size a as follows

(5.34)

For definitions of the physical constants, see the introduction. Also we note that (As)

translates to a > 4x. With these convensions, the equations for the non-dimensional
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variables in the bulk become

1 R -
_Aiuy + fba

8;&” +u” - Vzu’ = —Vzp” +
Re (5.35)

Vi =0,

and, on the boundary, the following non-dimensionalized boundary condition holds

1 ~ lo% aRe
-+ — ) (2D@)n -4 —”fﬂi):— WA, i=1,...,d—1, (5.
<at+Wi)( (a”)n it U7 Ui, d (5.36)

thereby reproducing the system (5.27). Note that, an alternative interpretation of

the ratio aRe/T appearing in the boundary condition is

aRe «a p,
T Wiy,

ps = pv, p, = NpXkgT, (5.37)

where involving dynamic viscosities of the solvent ps and polymer p,. The polymer
viscosity p, is determined from kinetic theory as (number density)x (polymer relax-
ation time)xkpT. The benefit of the non-dimensionalization (5.37) is that it allows
one to base a Reynolds number on the total viscosity instead of accounting for the
change in Re due to presence of polymers. Occasionally, a fourth parameter known
as the elasticity E := Wi/Re, is sometimes used. It is the ratio of polymer time scale
to viscous time scale; it is thought to be more relevant in many cases. See Figure 4
of [63] for discussion about parameter regimes for drag reduction for dilute polymers
added to the bulk.

For notational simplicity, we hereon drop the tildes and understand all variables
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to be dimensionless. That is, we write the system as

1
o’ +u” - Vu” = =Vp” + R—Au” + fpin Q x (0,7),
e
u”|4=0 = ug on Q x {t = 0},
V-u'=0 inQx][0,T),

u”-n=0on 0 xI[0,7T),

1
(8t + —) (2(D(u”)ﬁ) T+ S ﬁ) = —aReu” -7, on 02 x (0,7),i=1,...,d—1
T
(5.38)

Proposition 5.1.2. Suitably smooth solutions of (5.27) satisfy the following global

energy balance

d—1
d AT « v ~ 12
E(/_W (xt]da:—i-g 2Rea |(2D(u )n+§u)7'1| dS)

d—1
_ 1 v 2 v o v o~ 12
= Re/Q\Vu (z,1)] dx+/Qu frda ZZRe m\u #2dS

d—1 d—1
ZZIReQaWz/ (2D (u )n+§u) #)%dS + Z Re/ 7i) kg (u” - 77)dS.

(5.39)

where Kk;j == 7; - Vi - 7; are the boundary curvatures.

Proof. The balance (5.39) follows from (5.21) together with (5.25) and and from
(5.33) in the form

1d . 9 aRe e . 1 . \2
2t Jo T T /m(“ R B S =gy |G e )

(5.40)

Substituting and noting that 7;- X -n = Re™'(2D(u”)n) - 7; completes the proof. [

Remark 16 (Navier-Stokes — End-Functionalized Polymer system in two-dimen-
sions). Of course, one may always regard the system (5.27) in 2d as simply a math-

ematical analogue of the 3d situation. However, there are physical regimes in which
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the two-dimensional equations should appear as the correct effective dynamics. On
immediate difficulty in doing so is, as discussed in Footnote 1 of the introduction,
the validity of Stokes-Finstein relation (1.41) in two dimensions is not well estab-
lished. On the other hand, we argue now that, if the spring potential is Hookean,
then we may regard the system (5.27) in 2d as a representation of the fluid-polymer
system in 3d which is either confined in a large aspect ratio domain or homogeneous
in one direction. To understand this, note that although we think of two-dimensional
flow, physically fluids occupy three-dimensional space. If the domain is taken to be
Q = {(x1,29,23) € Qp x I}, then we arque that the flow is well described by two
dimensional dynamics if either (i) |I| is much smaller than the scale of Qp, or (ii)
I =T and the flow is homogeneous in w3 direction. In the case (i), the multi-scale
assumption (5.1) should be interpreted as that R is also much smaller than the scale

of |I|. In both cases, (5.15) can be formally rewritten in terms of

f;‘;(x*,t,m*):/fpdmg, (5.41)

where ©* = (x1,x2) and m* = (my,mg). Note that f; is independent of x3 since
(i) the system already ignores x3 dependence or (ii) the system is homogeneous in x3
direction, by the following:

u(z,t)

atf;swm*-( 20 (- (<)) 5 - E2L / v *Ufpdms)sz—TA fp

¢
in [0,T] x M*(z),

n(x) -V fp=0 on [0,T] x OM*(x),
(5.42)

where M*(x) = {(m1, m3) : (mq1,mg,m3) € M(x)}, since us =0 and n = (n1,n2,0).

Crucially, in the Hookean dumbbell case, we have VU = Hm* which is manifestly
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independent of ms. Thus,
/Vm*Ufpdm:g =VuUfp (5.43)

and consequently we can replace the boundary equation (5.15) with the above effective

2d ones.

Remark 17 (Recovery of no-slip boundary conditions). Note that the tangential

boundary condition of (5.27) can be expressed as

1 YY) A v, L AN AN
2<at+ WZ.) (2D(u") - ) Tz+a<8tu . (1+ M)u) fo0. (5.44)

If the polymer is taken much smaller than the domain so that the parameter o = L/R
is taken to infinity with Wi and % fized, then the formal o — oo limit shows that u”
converges to the no-slip boundary conditions (if ugloqg = 0, otherwise they converge

exponentially fast (in time) to no-slip).

5.2 Global existence of strong solutions in 2d

It is convenient for our analysis to express (5.27) in terms of the vorticity w = V* - u
where V+ = (—0,,0;). By Lemma 2.1 of [26], provided that u € H*(Q) and u-n =0
on 0f), then

wloa = 2(D(u)n) - 7|aq + 2k(u - 7)|aq- (5.45)
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Thus, the vorticity satisfies the following closed system

1
O’ +u’ - V' = oA’ + V* - fyin Q x (0,7),

W” |4=0 = wo ,on Q x {0},

o 5.46)
1 , a v aRe 2t—3\ , . (
(@—i——,)w —<2/€—§)8t(u -7')—( — T Wi )u -7

on 082 x (0,7,

where, for each fixed time, the velocity u” is recovered from the vorticity using the
Biot-Savart law:

u’ = Kqlw"]. (5.47)

Here, K¢ is an integral operator of order —1 with a kernel given by V+Gg, where G
is the Green’s function for Laplacian on §2 with Dirichlet boundary conditions. More
specifically, for any v € W=5P(Q), the Biot-Savart law says Kq[v] = V11, where ¢

is the unique solution of

AY =wv, in §,
(5.48)
¥ =0 on 0f).

By standard elliptic regularity, it follows that for k > 0 and p € (1, 00) if v € W*P(Q),
then Kq[f] satisfies

| Ke[v]l|wrr) < Cllvllwi-1p0)- (5.49)

For details see e.g. Chapter III §4 of [19] and Theorem 1 of [56].

We now prove the following theorem.

Theorem 5.2.1 (Global Well-Posedness). Suppose wy € H?*(Q2) N C(Q). For any

T > 0, there exists a unique

w” € C(0,T; HY(Q)) N C([0,T] x Q)N H*0,T; L*(Q)) N L*(0,T; H*(Q))  (5.50)
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solving the system (5.46) where the boundary condition is understood in the sense of

= (= )0 (= ()

R t
@ e/ e‘ﬁ(t_s)u”(s) - Tds
T Jo

(5.51)

holding pointwise in (t,x) € [0,T] x 0Q.

o

For simplicity of notation, we denote 8 = 2k — §

5.2.1 A priori estimates

First, the energy balance for the Navier-Stokes — End-Functionalized system immedi-
ately gives some apriori control on the kinetic energy and viscous energy dissipation.
We note that this control does not depend on the particular model of the spring

potential U used in the model.

Lemma 5.2.2 (Energy Bounds). For any T > 0, we have

V|2 1 V|2 « V|2
w17 e 0.7 12(0)) + _ReHu 1220:7501 () + _4Re||u 1 22(0.7:22(50))
T 2 2 T vy |2 o’ 2
<e | luollza) + I folli20mr20) + 12D (ug) Rl 12(50) + ZHUOHLQ(BQ) :

Ré’a
(5.52)

Proof. Recall the balance (5.39) with o > 4 max,egq k, which is consistent with our

assumption (Ajz). For general spring potential U, we start from (5.20). O

The system (5.27) also admits an apriori estimate for the vorticity in L> space-
time, at least within the Hookean dumbbell closure. The proof of this fact follows es-
sentially from the argument to prove Lemma 3 of [100] which holds for Navier-friction
boundary conditions. Remarkably, the L* bound on vorticity is insensitive to high
Reynolds number — this is a consequence of the Stokes-Einstein relation (1.41) for

the bead-friction coefficient of the polymer which is reflected in the ratio aReWi/r
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being independent of Reynolds Re if the latter is varied either by changing solvent
viscosity v or characteristic velocity V. This will be discussed at length in Remark

18.

Lemma 5.2.3 (Vorticity Bound). For any T > 0, there exists Cy > 0 defined by
(5.57) such that

[w”lleorxay < Co. (5.53)

Proof. Let Cy be the right side of (5.52). For any p > 2, from the embedding and

Sobolev interpolation between WP and L? we have

lu” () - 7=y < e (O)lle@) < e Oz lu” liay < Cllu? (01720 lo” ()1l (o)

1 _1-6 v v
< Coe 7 sup ||[u”(t)|| 2@ + € sup [|w”(t)| o)
te[0,T] t€[0,T]

< CVCet + €l|w”|| oo (0,1505 )
(5.54)

where 6 = %, we used the energy bound from Lemma 5.2.2 and Young’s inequality
introduced the arbitrarily small € and taking the limit p — oo. On the other hand,
from Duhamel’s formula and the boundary condition of (5.46) we obtain (5.51). Also

note that |f| < a. Therefore, we have the following

[w” () ||z 00) < 2a|u” - 7| Lo (0,1)x00) + l|lwoll L @0

aRe [ 1, 5., .
+ p /6 Wi(t )Hu 'T||Loo((07T)X8Q)dS
0

M) (5.55)

[w” - 7 || oo ((0,7)x09)

< Jwoll e (90) + (204 +

< <2a + C 016_1 + €||WV||LOO(O’T;LOO(Q))> -+ ||w0||Loo(3Q).

aRjWi) (

On the other hand, from maximum principle we have

lw” ooy < lwollze) + |l | zoeomyxan) + TV« follLoqoryxay.  (5:56)
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By taking € small enough,

1( aReWi>_1
e==(2aa+ ——")
-

2
iy (5.57)
aReWi
Cr=1(2a+ ) OV + tlanl + 271V illo~ ey
we may conclude the claimed bound (5.53). O
Lemma 5.2.4 (Higher Regularity). For any T > 0, there exists
C:=C(Re, Wi, T, ¢, 1,2, T)
such that
||WVHC(07T;H1(Q)) <, HAWVHL?(O,T;L?(Q)) <C, ||WVHH1(0,T;L2(Q)) <. (5.58)

Proof. By multiplying (—A)w” to (5.46) and integrating we have

1
/(—Aw”)@tw”daz+ —/ |Aw”|Pdx = / Aw’u” - Vw’dr — / Aw’Vt - fudx.
Q Re /g Q Q
(5.59)

Note now that the first term of the left hand side of (5.59) can be rewritten as

- / V- (Vwow”) dx + / Vw” - 0, Vw"dx

@ ‘1 y (5.60)
— A v v V|2
——/mn-Vw atw dS—|—§E||Vw ||L2(Q)

Thus we obtain the following evolution

1d 1

——HVw”H%z(Q) + —||Aw”||%2(mdx = / n - Vw"ow"dS

+/ Aw"u” - Vw"dx — / Aw’'V* - fyde.
Q Q
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Using the boundary condition of (5.46) the first term in the right hand side of (5.60)

reads

/ n - Vw’ow"dS
a0

—/ n-Vw” | BOu A—Lw”— aRe_ﬂ u’ -7 |dS 02
= Joa T Wi r Wi T
The second term on the right-hand-side can be written as a bulk term
1 ~ v, v 1 v, v 1 Aw’ W 1 V|2
Wi mn-Vw w’dS = Wi QV-(Vw w”)dr = Wi /. w'w dx+ﬁ||Vw 172(0)-
(5.63)
Therefore, we find that the boundary term becomes
/ ) VO’ dS = ——— | V|12 ! / vAwd
o n W oW = Wi W |12 Q) Wi 5 W w axr
oRe 5 (5.64)
—/ n - Vw” ( ——,) u”-%dS—i—/ n - Vw” Boy(u” - 7)dS.
a0 T Wi a0
The second term of (5.64) is controlled by
1 12 v 1 v 12

To deal with the third term of (5.64), we introduce a thin enough tubular neighbor-
hood of 02, smoothly extend the vector field (O‘TRG — %) 7 on 0f) whose support
is compactly embedded in this neighborhood, and we denote this vector field as ®.

Then we have

- / heV(n - ®)dS — [ h- V(- ®lrds (5.66)
9]
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The first term of (5.66) is controlled by

/ V- (V(wu” - ®))dx
0

< (18w | 2@yl o2 1@l ooy + Io” eyl ey | @) (5-67)

< | Aw [z 1w | 2@) + Cllw 5 g

"‘fe,Wi, a, and Q (in particular, on k). The second term

since ® depends only on

of (5.66) is controlled by

/ TAL . V(UV . (I))wde' S HV(UV . (I))HLQ(aﬂ)HwVHLQ(@Q)
oN

(5.68)
<l B3 ol 2y < Ol o
by the Sobolev trace inequality. It suffices to treat the term
/ n - Vw”(2k)0u” - 7dS. (5.69)
o0

First note that, from the vorticity equation and the Biot-Savart law, we may express

1

8tu” = Kg[@tw”] = KQ |:—V . (UVCL)U) + Re

Aw”] . (5.70)
Using this correspondence, we have

/mﬁ - Vw’Bou” - 7dS = /Qv- (wm (KQ[—V (uw”)] + éKQ[Aw”]» dz,
(5.71)
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where ThoU = 7. We now note that

1
/QV : (Vw”\ll : §KQ[AUJV]) dx

1
< AWYT - — KqolAw”]d
_/Qw Re olAw”]dx| +

1
VU - — Kgo[Aw”
/QVw \Y Re alAw"”|dx

+

1
"I V—Kg|lAw"”
/QVw VRe olAw"”|dx

1 1
< oAl W= [ Ka[Aw ]2 + o IVW |2 [V lwro | K[ Aw”]|]
C(¥ C(v
= —f({e) (AW 2| A |1 + [V || 2| Al 22) < %||Aw”||Lz||Vw”||,—Ez5,72>

where we used ||Aw”||g-1 < |[[VwY||r2. Note that this estimate involves no boundary

terms since H () is the dual of H}(f2). Now, the first term becomes

/QV (VWU - Kg[-V - (u"w")]) dx

< +

/Q AT - K-V - (uw”)dz

/QVw” V(¥ - Kq[-V - (u"w”)])dz (5.73)

< A 2 [[]| < [V - (") [[ -1 + VW] 2] Ollwroe [V - (w¥w”) ] 2

< C||Aw”|| 2 + C'||Vw”||32

for some constants C, C’ > 0. To obtain the above, we noted that we used the bounds
on ||v”||c, ||w”|lc and ||w¥]| 2 and therefore ||u’w” || < ||u”||gine||w” || inc. Thus we

obtained

C(¥
/ n - Vw”(2k)0u” - 7dS| < %HAwyanuvaan + C||Aw”||z2 + C”||Vw”||%2
o0

1 v v
< O+ o180 3 + Ol
(5.74)

Finally, combining (5.65), (5.67), (5.68) and (5.74), we bound the terms on the

191



right-hand-side of Eqn. (5.61) by

/ - Vw”@tw”dS‘ <C+ —||Aw”||L2 + C'||wl’||H1 + Re2||w”||L —|—Re2||u”||L2,
o0

/ Awu” - Vw"dx — / AW’V fyde
) Q

< [1Aw”|lze (lu iz [IVe” |2 + IV - foll22)

1 14 14 v
< ol Al + CRellu [l 7 + IV - foll 2
(5.75)

Noting that by Poincare inequality ||w”||z1(o) and ||Vw”||12(q) are comparable, and

using Cauchy-Schwarz inequality to bury all [|Aw”||12(q) terms, we end up with

d V|2 1 V(|2 2
EHVW 72(0) + QHAW 172(0) + ﬁ|

< C (1 ey + 1) IV By (19 - folagay + o Wz + e 3 ) ) -

C =C(Re, Wi, T,,0Q)

’VWVH%Q(Q)

(5.76)
Note finally that from the a priori estimate w” € C([0,T] x Q) of Lemma 5.2.3, we
have u” = Kqlw”] € L>=(0,T;W'P(Q)) for all 1 < p < co. In particular, combining
this with (5.54) we find ¥ € C([0,T] x ). Whence, by Lemma 5.2.3, the above
estimate allows us to conclude that w” € C(0,T; H'()) and consequently u” €

C(0,T; H*(€2)). Moreover, from the vorticity equation we have

101”22 < flu”[| o= VW] 22 + (| A 2, (5.77)

which implies that w” € H*(0,T; L*(2)). O
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5.2.2 Proof of Theorem 5.2.1: Global Strong Solutions

To construct the solution for the system (5.46), we first propose the function space

for the solution;

X ={weCH'(Q)NCCOQ)NHL*(Q) | w0) € HY(Q) NC(Q), Aw(0) € L* ()},

X ={we CHY Q) NHL*Q) | w(0) € H(Q), Aw(0) € L*(Q)},
(5.78)

with the natural norm |jw|x = |w|lc,mr@) + ||U.)||th(Q) + ||w||Ht1L2(Q) and ||w||x =
lwlle,mr@) + Wl gpr2)- Here Gy, HY, L} are shorthand for time interval [0,7]. To

prove Theorem 5.2.1, we will:

1. Establish a contraction mapping F in X”, so that for w(0) € H*(Q) N {Aw(0) €

L?*(2)}, there is unique w € X’ such that w = F(w) for a short time T

2. Check that if w(0) € C(Q2) then w € X in fact. Then Lemma 5.2.3 and conse-

quently Lemma 5.2.4 become valid, establishing a priori estimates on X.

3. Noting that Aw(t) € L*(Q) for almost every t € [0,T], so we can continue a

point close to 7', thereby obtaining global well-posedness.
Proof. For the description of boundary behavior, we define the following operator:
Nolw] := N§w] + N3[w] + N3[w], (5.79)
where

Nolw](t) = 01 ¥ - Kolw(t)],

N3[w](t) = e~ W' (w(0) — U1, - Kolw(0)]), (5.80)

aRe [*
N[w](t) = — - /Oe_‘;%”(t_s)qu'KQ[W(S)]dS,

where and ¥, and Wy are smooth extensions of 5 and 7, respectively satisfying that

the boundary traces TyoW, = 3, and ThoW, = 7 together with the support condition
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(with p to be specified later in the proof)
supp(¥;) C E,(0Q) := {z € Q | dist(z,00Q) < p}, i = 1,2, (5.81)

together with the estimate

¢

D" oy < =, i=1,2, k=0,1,2. (5.82)

e

Note that
1 3 1
HNQ[W]HCzH?(Q)mHtlHl(Q) + ||NQ[W]||CtH2(Q)mHgH1(Q) <C(1+ E wllar,  (5.83)

1
ANl + N8 llcun o < € (1+ 2 ) (WO + 1800)]12).
(5.84)
Furthermore, by the Sobolev embedding [|w(t)||¢@q) < Cllw(t)] g2() and w(0) € C (%),

we have

1
INallleo < C (1 ; ;) (ol + [0 lmorc@) . (5:85)

Step 1: (Solution Scheme) Let F be an operator on X defined by F(w) = w",

where w" is the solution of

1
O = p-Aw" = Kolw] - Vo' + VL. fy, in Qx (0,7),
w™(0) = w(0), on Q x {t =0}, (5.86)

Tag[wr] = Tag[NQ[wH on Jf) x (O, T)
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Let w" = w"™ — Ng[w|. Then w” solves

1
8twr = ﬁAUJT — KQ[W] -Vw" -+ R, in 2 x (OvT)7

1
R=V"*.fy — (8, + Kqlw] -V — =—A | No|wl,
o= (00 Kolul - ¥ = o) Nl .
w"(0) =0, on Q x {t =0},

Toalw"] =0 on 9Q x (0,T).

Since R € L?L*(Q) from previous calculations, there is a unique w” solving them,
satisfying

W' e CLHHQ) N L2(H? N HY)(Q) N H L (). (5.88)

As a consequence, we have

w" = W + Nolw] € CtH'Y(Q) N H} L*(Q), (5.89)

with w™(0) = w(0) and solves the system (5.86). In addition, since Ng[w] € C;C(Q2)

by the maximum principle w” € C;C(2). Note that we only used w € X’ and

w(0) € C(Q) to obtain F(w) = w™ € X, and we do not need w € X. Finally, we note

that Aw™ = Aw” + ANg[w] € L7L*(9).

Step 2: (Contraction Mapping) Next, we show that for a given wy € H'(Q2) N

C(Q) with Awy € L2(), F is in fact a contraction mapping in

Y= {weX||lwllv < B, w(0) = w}. (5.90)
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for a suitable B > 0, and small enough time T'. Since we have enough regularity, we

can rigorously perform the following calculation: for w € Y, let v = F(w). Then

1
(9,51) = ﬁAU — KQ[CL)] - Vv + VL . fb, in Q2 x (OvT)a
v(0) = wp, on Q x {t =0}, (5.91)

TQQU = TaQ[NQ[wH on 0f) X (O,T)

Since Av € L2L?(2) we have

/Q (—Av)atvd:ché /ﬂ Av[2dz — /Q Kolw] - Vo(Av)dz — / (A0) (VL - f)de

Q
(5.92)
The first term of (5.92) becomes
—/ V - (Vvow)dz + 1i/ |Vv|*dx
0 ! 2 dt
1d
= —/ T3Q<VU)Tag(at'U)dS + éd—vaan
0 t
= —/ - Toa (V) Toa (0 Ng[w])dS + édtHVUHLz (5.93)
G

1d
—— [V (VooNale ])dx+§dtHVvHL2m)
Q

—/Av@tNQ[w]dx—/VU-VatNg[ ]dx—l———HVvHLz
Q Q

The issue is control of [|9;Na[w]|[12.2() and [|[VO,Nq[w]|[1212()- Here we use two
tricks.
1. We have a freedom in choosing p, and for small enough, fixed 7" we choose

p = T* accordingly.
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2. When controlling the term [, Vv - VO, No[w]dx, we use

Q

(5.94)
<t Vollf2q) + I VONa W] 172 ()
which enables the control of ||V, Ng[w] H%Q(Q) term for a short time.
For [|0;No[w]ll1212(), we have
10 Na[w] ()| 20) < Cllwollz2@)
+Olal) (1KalOw Ol ey + Kl + [ kol s )
8
< Cllwollgro) + CTY <Hatw(t)!|L2(Q> + lw®) 20 + \/E”WHL?L%Q)) :
(5.95)

where zl)+1% = %, 2 < p < ooand p > 2, by Sobolev embedding H*(Q2) C L?(€2) and
the bound || W] ;) < oT. Similarly for [V, Nq[w]| 220

VO, Nalw] ()2 < IV(P1¥2) || 1o (o) 1K [Ow ()] 2o ()
H[ W1V || oo ) [| VKO (t) [ 120

1
77 (ol + 11V (0102) 1w g [ K]l ooy + 19202 | V Eolwol 220 )

aRe
+

/ IVl 2@ [ Kalw(s)]ll @) + 1P|z @ IV Kalw(s)]l L2()) ds
aRe

+ IV 2@l Kalw®)]llz= @) + [Pallz= @)V Ealw®)]]l 2@)

1 _
<CA+T" ) (Jwoll @ + 10w (®) |2 + (1 + Bllwllcm@)
(5.96)
H

by Sobolev embedding H?(2) C L>®(Q) and the bounds | Vsl 20y < [V || poe()T
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1
together with ar ' > a2 for p’ > 2 and 0 < a < 1. Therefore, we have

d 1 .
V0l + =180l < Ol + )V lEzy
+C (wolBrscay + 1o y + Mooy

) (5.97)
+CTV (110(8) 220 + Iw(®)l2@ + ool 2ay)

a B -1
+Ct2(1+ T2 (Jlwnlfg + 1032 + (1 + ) |wl2m) -

Noting from (5.91) that [|9v]|72q) < Re (| Av|| 2o+ |wll2, g1 (o) [ VOll72 ot 12 1)

and by Gronwall’s inequality we have

ol = 1ol g0 + 100123200
< Coxp (Tllwll?, @) + T
X (TllwollZry + TI Wy + T+ T+ TP gl )
(5.98)
+C exXp <T||w||2CtH1(Q) + Tl_a>
£ a L-1
(7 (14 T2 + T2+ TF D2 [l ey + T+ Tl 1)

2 l—a
< CeP T O (ol + 1 maey + B2)

where we choose a + 25(1 — 1%) > (0. Then for any B > 0, for sufficiently small T" we
have ||v]|x» < B. The same calculation shows that F' is a contraction mapping on )
for a sufficiently small T'. Let wy,wy € Y with y = wy —wy, and let z = F(w;) — F(ws).

Then z solves

atz = éAZ - Kﬂ[wl] -Vz — KQ[Z/] ' VF(w2)7 in ) x (OvT)v
2(0) =0, on Q x {t =0}, (5.99)

TaQ[Z] = T@Q[Ng[y]] on 0f) x (O,T)
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Then, the same computations as above gives the following bound on z in X”:

|22/ < Cexp (2TB + T) O(T9)|ly|% (1 + B?), (5.100)

which follows from the estimate

[ Kaly] - VF(UJ?)”%;’OL?(Q) < CHKQ[?J]||QctH2(Q)||F(W2)||QCtH1(Q) < CH?J“%{/BQ- (5.101)

Consequently, there is unique w € X’ such that F'(w) = w, and since F(w) € X we

have w € X. Then by Lemma 5.2.3 and Lemma 5.2.4 we have a bound

lwllx < Clwo, T), (5.102)

which does not blow up for finite 7 > 0 or [jw|. Also, Aw(t) € L*(Q) for a.e.
t € [0, 7], which means that we can continue the solution. Finally, this proves global

well-posedness of the system in X. m
Corollary 5.2.5. If wg € H*(Q), then w € L*(0,T; H*(Q)).

Proof. Note that Nglw] € CH?(Q2) if wy € H?(Q) by estimates (5.83) and definition
of N3|w]. Note that w = w" + Ng[w|, where w" solves the system (5.87), and therefore

W€ L2(0,T; H(Q)). O
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5.3 Inviscid limit and quantitative drag reduction

Consider a smooth solution u of the Euler equations

Ou+u-Vu=-=Vp+ f, in Q x (0,7),
V-u=0in Q x (0,7),
(5.103)
u-n=0on 0N x (0,7),

u|4=0 = up on Q x {t = 0}.

Strong Fuler solutions are guaranteed to exist globally starting from regular ini-
tial data in two-dimensions on domains with smooth boundaries [76]. The nature
of the inviscid limit (high-Reynolds number) of solutions of the Navier-Stokes-End-
Functionalized polymer system (5.27) is a natural question; do solutions with infinites-
imal viscosity behave approximately as strong solutions of the inviscid equations? We
answer this question in the affirmative below, and provide a rate of convergence as

Reynolds number tends to infinity.

Theorem 5.3.1 (Inviscid Limit and Drag Reduction). Let Q@ C R? be a bounded
domain with C? boundary. Fix T > 0 and let v’ be a strong solution of (5.27) with
initial data ug on [0,T] x Q and mean-zero forcing provided by Theorem 5.2.1. Let u

be the global strong Euler solution (5.103) with initial data ug. Then
sup |[u”(t) — u(t)| 2 = O(Re™'/?). (5.104)

t€[0,T]

Furthermore, the wall friction factor (f) (global momentum defect) vanishes as

(f) = é /OT /mffz - Vu"(z,t)dSdt = O(Re™), (5.105)
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and the global energy dissipation tends to zero as

(e") = é /O /Q IV (2, ) Pdzdt = O(Re™). (5.106)

Remark 18 (Scaling Limits). The Navier-Stokes — End-Functionalized polymer sys-
tem has four non-dimensional parameters, Re, Wi, o and 7. QOur argument below
shows the the key dimensionless quantities for passage to Euler in the inviscid limit

and obtaining drag reduction are the following two ratios

aReW: oy
[} a_7

107
T Fs (5.107)

where, recall, pis = pv is the dynamic solvent viscosity, ji, = NpAkgT is the polymer
viscosity, N = (R*/AHkgT is the polymer relazation time and ¢ = 6mpva is the bead
friction coefficient. If the quantities (5.107) behave well, say they are O(Re") for some
v < 1, then an inspection of our proof shows that the high-Reynolds number limit holds
as Re — 0o, albeit with a slower rate of Re""Y/2. In taking the high-Re limit, we
imagine we accomplish this either by taking viscosity small, taking the characteristic
velocity V' large, taking large characteristic scales L, or some combination thereof.
Thinking of applications such as pipe of channel flow, one might think of L as fixed
(the pipes may be long in extend, but turbulent scales are set by the cross-sectional
width which is not necessarily large.) and vary Reynolds number be either reducing
the viscosity of the solvent of driving the fluid faster through the pipe by increasing
the pressure head.

Let us analyze a few situations of varying Reynolds number Re, paying attention to

the ratio (5.107).

1. Perhaps the most physical of the potential limits is to hold v and L fized and
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vary V. In this case,

a, akeWe Ov(1) = O(RE’) with v, L fived, (5.108)
T

since neither o nor p,/ s depend at all on the characteristic velocity V.

. First, if L and U are held fized and v is varied, recalling the Stokes—FEinstein

relation ¢ = 6mpra we find p,/ps is independent of viscosity v. Consequently,

a, @ = 0,(1) = O(Re") with V., L fived. (5.109)

However, as remarked before, these limits should physically be interpreted as
intermediate asymptotics. In particular, decreasing viscosity will decrease the
viscous sublayer of the flow near the wall, which is order O(v). Our tacit as-
sumption s that the typical polymer length should be smaller than the gradient
length of the flow which, near the wall, should be on the order of the sublayer.
Therefore, varying v and keeping R fixed is liable to break down when R and
the sublayer become of comparable sizes.

In order to maintain our effective continuum model description, one might con-
sider performing a sequence of experiments where R is decreased together with
v as R = O(Re™") for v € [0,1], while maintaining a sufficiently dense coat-
ing. This requires, in particular, that the number density be taken of the order
Np ~ R™U=1 where d is the spatial dimension so that the continuous carpet
approximation and mushroom regime remain valid. For consistency, since poly-
mer length-scale itself is shrinking, the effective bead scale a should be taken of

order O(RP) for some B > 1. In that case, @ = L/R = O(Re") and if R is
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taken O(v), then the ratio (5.107) is order

aReWs B
- —

a = Re, O(Re\ 2721y with V, L fized. (5.110)

Thus, provided that § > 0 and v < 1, we again obtain inviscid limit while
maintaining our continuum description for all viscosity. The borderline case
v = 1 s exactly parallel to the critical Navier-slip boundary conditions, see

discussion in [52].

3. In order to obtain our inviscid limit results, we cannot fir V and v, and take L
large to increase Reynolds number. This would result in o = O(Re) while the

ratio pi,/ s remains fized, which is again critical.

In summary, taking the limit Re — oo either by modifying the viscosities of the fluids
or their characteristic speeds, our Theorem 5.3.1 says that ¥ — w the strong Euler

solution and the wall-drag/ dissipation vanishes.

Remark 19. The conclusions of Theorem 5.3.1 extend in a straightforward manner
for dimensions d > 3 on any time interval over which strong solutions u” of the
Navier-Stokes—end-functionalized polymer system and strong Fuler solutions u exist.
Moreover, the initial conditions and forces need not be taken identical, strong conver-

gence in L? suffices to pass to Euler in the inviscid limit.

Proof.
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Step 1: (Convergence to Euler) Let w = u” — u be the difference of the two

solutions. Then

1
ow—+w-Vu+u"-Vw = —Vq—l—ﬁAu” in Qx (0,7,
V-w=0in Q x (0,7),
(5.111)
w-n=0on0dNx(0,7T),
wli=o = 0 on 2 x {t = 0}.
The energy in the difference field satisfies
0 1| ?)+w - Vu-w+V 1] Pu” + ~ LA (5.112)
e\ lw w-Vu-w Slwfu” +qu | = pow - Au’. :
Integrating and using the boundary conditions u” - n and w - n, we find
1d 9 9 1 5
el < IVl ol + g [ w-dvde. (5.03)
Now first note that
/ w - Au’dr = —||Vu”||%2(9) + / Vu : Vu"dz +/ w- (n-V)u'dS
@ @ ok (5.114)

1, 1 oy
2 2 90

Now note that for any tangential vector field to the boundary v satisfying v-n =0

we have

/an (- V)urdS = / (v-#) (i V)u” - 7)dS

o0

= / (v-7)2(D(W”)n)-7)dS — | (v-7)(7-Vn)- -u’dS (5.115)

[2}9] o0

:LQ(U-%)(Z(D(u”)n)-%)dS—/ (v - 7)(u” - #)dS

o0N
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where we recall that kK = 7 - Vn - 7 is the boundary curvature. Combining with the

boundary condition on Navier-Stokes

voro T (g4 L R
W F = - (8f+Wi) (2(D(u i) - 7+ Su T), (5.116)

we have the following equality

/ u” - (n-V)u'dS
o9

_ v V). s 4 S s _ o v, 2)2
—/69(u #) (20D (")) 7+ S #)ds /m(2+2m)(u #)2dS
B T d R = JE
=~ Redl I( (Wn) -7+ Su” - 7[°dS

(5.117)

T o o
- 2D In) -+ 4+ —u? - 712dS — — 49 V. 2248,
RoWi aQ| (D(u")n) -7+ 2u 71°dS /m<2 + /i)(u 7)°dS

Consequently

T d a
D . v — el 2 D(uY A R 2N P/
/{mw (n-V)u"dS “Re i 89\ (D(u”)n) -7+ 5 U 71°dS

T

aReWi /g

_/BQ(U #) (2D In) 7+ S 7) dS + /BQ (5 +26) (- F)(u - 7)ds.
(5.118)

2D ) 7+ Su S — | (54 2k) (w7
2 o0 \ 2

The Euler/Navier-Stokes cross-terms are handled as follows. First,

‘ /m(u  7) (Z(D(u”)n) A4 %u : %) ds

\// 7)2dS 12(D(u”)n) - T+—uV 7|2dS (5.119)
a0 a0
2aReW1

cahiewl T o 12
< /m( ) ds + 2aReW1 |2( (u”)n) -7+ 2u - T|%dS.

T

The inequality (5.119) allows us to hide the first cross-terms above. As for the other

cross-term, we note first that if @ > 4max,cpq < (which is consistent with our as-
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sumption (Ajz)), then this term is negative and can be dropped. Otherwise, more

generally we assume a # 4k and we have

1
/ (3+2n) (u”f)(u'%)dS‘ < —||a/2+2ff||L°°(aQ)/ (u” - 7)%dS
90 \ 2 2 i)

1 (5.120)
+§HQ/2+2/‘€HL®(89)/ (u%)2ds
o0

We estimate the boundary term by trace inequality and embedding as follows

1

u’ - 7)2dS < 4]|a/2 4 2| o u” |22 + V' (|32 -
(0975 < a2 4 2mlmom ey + g g o 19 e
(5.121)
Thus, putting this together with (5.118) and (5.119) we find
[owvwas < - 2o [ D@+ Gur s
w-(n-Vu — — u)n) -7+ —u’ -7
90 - aRe dt 90 2
T a
————— [ 2(D(w")n) -7+ —u” - 7|?dS
2aReWi Jyq 2 (5.122)

v 1 v
+2l10e/2 + 26| o0y 1" 7200y + ZIVE 720

1 2a0ReWi R
+ (§||a/2 + 26| oo a0) + —) / (u- T)zdS.
T a0

Finally, we obtain the following relative energy inequality

-
aRe?

- 1 y
i (IO + o [ 2006)) - 745 ) 4 (96

r i) - 7 L E)
+m /{m 12(D(u”)n) - 7]7dS < ||Vu||Loo(Q)||w(t)||L2(Q) + Re (5.123)

[w(0) 7o) =0

where ]

)
1 2aReWi
+<§Ha/2—|—2/§HLw(aQ)+ aze 1)/ (u-#)2dS.
T Gle!

(5.124)
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Recalling Lemma 5.2.2 for the bound on kinetic energy and working in the settings
of (1) or (2) detailed in Remark 18, we have 2BWi — O(Re’) and o = O(Re") and
thus

sup £(t) = Ore(1). (5.125)

t€[0,T]
Integrating the above, using Gronwall’s inequality and the fact that A > 0 we find
for any T' > 0

sup |[u”(t) — u(t)| 2y = O(Re™/?). (5.126)
te[0,7

Thus, we have convergence u” — u strongly in L>(0,T; L*(Q)).

Step 2: (Vanishing of Wall Drag) The global momentum balance for Navier-

Stokes reads

1

; /
— [ uWdx = — np”’dS + —/ O,u”dS. 5.127
dt Jq o9 Re Jsq ( )

The last term is the viscosity induced wall-friction, which we aim to show vanishes.

Indeed, using the divergence-free condition V - u” = 0 we have
n - 8nu”|aQ = —7- (‘9Tu”|ag. (5128)

To see this, we extend n(x) and 7(x) smoothly into a tubular neighborhood of 02 and
such that they remain an orthonormal basis of R?. Then expressing V = 720, + 70;,
forming V - v = nd,u + 70;u and tracing on the boundary 02 (recalling that u €
L>=(0,T; H*(Q2)), so that the trace makes sense), we obtain (5.128). Recalling also

the identity (5.45) for vorticity along the walls

wy‘ag = 2(D(u”)ﬁ) : 7A'|aQ + QH(UV . ’f‘)’ag, (5.129)
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and returning to the wall-friction in (5.127), we have

1 ) 1 o 1 R VoA
ﬁ/ 8udS—Re/ n - O ndS+Re 7 0u” 7dS

o0
| o .
__ﬁ/ - Ou” nalS—i——/89 Y1) TTdS—ﬁ/ n-o-u’ 7dS
1 1
:ﬁ/ (D)o F @i Alds+ g [ 2D 7S
(5.130)

Then, by trace theorem and the energy equality (5.39), we find for some C' :=
c,T, M) such that

1
Re

T
/ 8nu”det‘
o Joa

C C DAy a
< R lW ez IVu” (Ol 20,2 @)) + gl 2DWR) - 7llz0.:0200))

ReaWi C
< T = — -1
< - X Re O(Re™ ),
(5.131)

where we used the bound (5.52) and (5.123). Note that the L>(0,T; L*(©2)) conver-
gence established above implies that the pressure integrals must likewise converge.

Consequently, the limiting global momentum balance reads: for any 0 < ¢’ <t < T

/Q w(t)dr = /Q u(t)dz — /t t /8 ipls)asds (5.132)

Step 3: (Vanishing of Energy Dissipation) Finally we note that, directly from

(5.126) and (5.123) upon integration,

1 T C aReWi7 ,Q
— / / IV (z, )| 2dedt < w0, ) (5.133)
(S] 0 Q R

(]

This bound would hold also in higher dimensions, provided smooth Navier-Stokes-

End-Functionalized polymer solution and Euler solutions exists on the a common
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time interval. In two dimensions, the result follows again directly from the apriori

bound on vorticity found in Lemma 5.2.3. Specifically, using (5.49) we have

1 T 1 T C(aReWi U Q)
— Vg, t)Pdadt < — Yz, ) Pdrdt < T 7
| v opaa s oo [ ] e P < =

(5.134)

]

5.4 Appendices.

5.4.1 Appendix A. Well-posedness theory of parabolic equa-

tions

We recall some standard results on parabolic equations that we have used. Consider

the problem
Owu+v-Vu—vAu= fin Q x [0,T],

u=0on 09 x [0,T], (5.135)
Ulp=o = up on Q x {t = 0},

where v € C([0,T); C(R2)) with dive = 0, and Q is bounded with C? boundary. If

f e L*(Qx][0,7T]) and ug € Hj (L), then there is a unique solution of (5.135) satisfying

u € C(0,T]; HY()) N L3(0, T5 HA(©) 0 HA(Q),
(5.136)
O € L*(0,T; L*(Q)).
For v = 0 one can find this from Lions and Magenes [95] or Brezis [20]. For general

v, one may follow the standard argument summarized below; for a full argument (see

[95] or [41]).

Lemma 5.4.1 (Lions Projection Lemma). Let H be a Hilbert space and ® C H a

dense space.
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Let a: Hx ® — R be a bilinear form with the following two properties:
1. for all ¢ € ®, the linear form u — a(u, @) is continuous on H,

2. there is a > 0 such that

a(¢, ¢) > allglF for all ¢ € @. (5.137)
Then, for each continuous linear form f € H', there exists u € H such that

1
lullzr < —[1 £l (5.138)

and

a(u, @) = (f,¢) for all ¢ € . (5.139)

To solve the system (5.135), we set

H = L(0,T; H)(2),
@ = {6 = vlomxa | v € CP((~00,T) x D)}, (5.140)

a(u, @) = / (Vu - Vo —udyp — uv - Vo) dzdt.
(0,T)xQ

Then, Lemma 5.4.1 implies existence of solution of (5.135) in the weak sense and,

together with

/ (Oruv + udyw) dedt = / wvdx — / uvdx (5.141)
(0,T)xQ Qx{t=T} Qx{t=0}

and a standard density argument gives uniqueness. Finally, higher regularity follows

from v = 0 case with f replaced by f —v - Vu € L*(Q x [0,T)).
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5.4.2 Appendix B. Derivation of Kramers expression for poly-

mer stresses

Due to its central nature to our work, we here provide a short derivation of Kramers
expression (Eqn (5.8)) for the polymer stresses for completeness. The derivation is
standard and can be found, for example in the textbook of Ottinger [116] on pages
158-159. We will calculate here only the components (—n) - ¥p, which are the force
acting on the fluid in the direction normal to the wall. This is the only component
of the stress tensor used in our physical derivation and it has the most intuitive
interpretation.
First note that, within the bead-spring approximation, a polymer can exert force on
a fluid parcel if and only if its end bead is contained in that fluid parcel. Thus, we
set up a cut-off between polymer layer and fluid parcel. In other words, we imagine
a tubular neighborhood along the wall of size ¢. The thickness (in the wall-normal
direction) of the near-wall fluid parcel acted upon by the polymer has characteristic
size on the order of r, the maximal extent of the polymer defined in assumption (Ay).
Its length-scale in the wall-tangential direction is taken larger than that of the typical
polymers. As a consequence, the bead does not belong to the fluid parcel only if
(—n) - m < £. The thickness scale is justified since we are interested in the fluid
parcel directly communicating with polymer. Let (—#) - ©% be the (spring) force
per surface, divided by solvent density. This is the force that polymers exert on the
near-wall fluid parcel sitting at distance ¢ uniformly from the wall. Fixing ¢, this
force is mathematically expressed as
- ksT
(i) -3 = ¢ / ity (m) 2L U (m) £ (m)dm. (5.142)
M(z) P

However, we note the following: there is no obvious choice for cut-off distance ¢ for

polymer layer and fluid particles. Thus, to obtain the cumulative force (—n) - X, we
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average over possible scales ¢ and obtain

(—n) - Xp = 1/OT(—ﬁ) - Y4l (5.143)

r

(In the case of the Hookean dumbbell model for which r = oo which can be understood

in suitable limiting sense. We do not detail this here.) Therefore,

(—n)-Xp = E/ / X{(=)-m>0y Vi U fr(m)dmdl

(5.144)

_ kT / / VU fr( )dédm:kBTT (=7) - mV U fpdm.
M(z)

We thereby recover the Kramer formula (5.8) for the normal component of polymer

stress along the wall.
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