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Abstract

I develop and apply econometric methods for estimating impulse responses of macroeconomic vari-
ables to structural shocks.

Chapter 1 uses a structural vector autoregressive model with a Zero Lower Bound to characterize
the censored nominal interest rate and the effect of unconventional monetary policy. Under empir-
ically relevant non-Gaussian shocks, this chapter proposes a semiparametric identification scheme
to prove point identification, without relying on the parametric form of the shock distribution. The
key problem of model identification that this chapter solves is to deal semiparametrically with the
non-linearity arising from censoring of the nominal interest rate at zero. An efficient Bayesian in-
ference routine is designed to facilitate model estimation in practice. The empirical results suggest
that the unconventional monetary policy has a small and transitory effect.

Chapter 2 is a joint work with Mikkel Plagborg-Mgller and Christian K. Wolf, where we conduct a
simulation study of Local Projection (LP) and Vector Autoregression (VAR) estimators of structural
impulse responses across thousands of data generating processes, designed to mimic the properties of
the universe of U.S. macroeconomic data. Our analysis considers various identification schemes and
several variants of LP and VAR estimators. A clear bias-variance trade-off emerges: LP estimators
have lower bias than VAR estimators but substantially higher variance at intermediate and long
horizons. Consequently, unless researchers are overwhelmingly concerned with bias, shrinkage via
Bayesian VARs or penalized LPs is attractive.

Chapter 3 is a joint work with Christopher A. Sims, where we estimate a structural VAR on a
balanced panel of 10 countries to examine different causal channels that lead to comovement between
aggregate credit and GDP. Among all the six structural shocks in our model, we find that there is
one that pushes aggregate credit up and then later depresses GDP growth, but its effects are small in
most countries. All the other five structural shocks still generate the positive or zero comovement.
The shocks in our model are identified via variation across countries in their relative size, with
their global trend taken into account. We also model the dependence between initial conditions and

country constants to avoid the small-T panel bias.
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Chapter 1

Semiparametric Identification of
SVAR Models with Zero Lower Bound

1.1 Introduction

Low nominal interest rates have been viewed as an important feature of the US economy in recent decades
and among them the federal funds rate has even become frequently constrained at zero after the Great
Recession.! The new feature of close-to-zero nominal interest rates has raised a challenge for central banks,
which can no longer easily implement conventional interest rate cuts and have needed to turn to untested
unconventional monetary policy tools. The Zero Lower Bound (ZLB) has thus given rise to increased research
interest in the field of macroeconomics and has resulted in a huge debate on the effect of unconventional
monetary policies among researchers (Kuttner, 2018; Bernanke, 2020).

An alternative to imposing many assumptions of fully-specified dynamic stochastic general equilibrium
(DSGE) models is to adapt the model-robust structural vector autoregression (SVAR) framework to the
ZLB setting to model macroeconomic data in the ZLB periods. Although conventional SVAR models can
only deal with unconstrained data, Mavroeidis (2021) first incorporated ZLB into SVAR models to formulate
this SVAR-ZLB model, to characterize the censored nominal interest rate and the unconventional monetary
policy. Relative to conventional SVAR models, the key novelty of the SVAR-ZLB model setup is the non-
linearity arising from censoring of the nominal interest rate at zero from below. He also presented how to use
the ZLB as an additional identification channel to point-identify the model. However, this point identification
strategy assumes that the short-run effect of the unconventional monetary policy is zero, which might not be
true in reality.? Furthermore, the assumption of Gaussian shocks is crucial in Mavroeidis (2021) identification
strategy because of the model’s non-linearity, which limits generalization to other shock distributions. It
is still unclear whether the SVAR-ZLB model in general can be point-identified and how this can be done

without relying on the exact parametric form of the shock distribution.

L Author: Dake Li dakel@princeton.edu. I received helpful comments from Chris Sims, Mikkel Plagborg-Mgller, Mark
Watson, Bo Honoré, Ulrich Miiller and Michal Kolesar. I am responsible for the remaining errors.

2For the sake of generality and convenience, in the rest of this paper, the SVAR-ZLB model by default refers to the model
setup without zero-restrictions on the short-run effect of the unconventional monetary policy.



This paper proposes a generic semiparametric identification scheme for the SVAR-ZLB model under
independent non-Gaussian shocks, providing point identification without relying on the parametric form
of the shock distribution. First, this paper clearly explains the known result of no point identification
with Gaussian shocks through the new lens of the likelihood function, thus demonstrating why there is an
advantage in specifying non-Gaussian shocks while maintaining independence across shocks. Second, this
paper develops a semiparametric identification scheme to point-identify the SVAR-ZLB model under non-
Gaussian shocks, with the exact shock distribution unknown. To identify the structural parameters, this
work adjusts the technique from the existing literature on independent component analysis (ICA), because
the usual ICA technique only deals with the linear case and cannot handle the non-linearity arising from
censoring. Moreover, this paper also designs an efficient Bayesian inference routine with a Gibbs sampler to
facilitate model estimation in practice. Following this inference routine, the empirical analysis shows that
the effect of the unconventional monetary policy is relatively small and transitory.

Censoring and kink in simultaneous equations, as two important features of this SVAR-ZLB model,
make model identification challenging, compared to conventional SVAR models. Although Mavroeidis (2021)
figured out an identification strategy when shocks are Gaussian, his point identification argument relies on
the assumption of zero short-run effect of the unconventional monetary policy, and is also heavily connected
to the parametric form of the Gaussian distribution, as in parametric sample selection models. When relaxing
this assumption on the unconventional monetary policy, Mavroeidis claimed the lack of point identification
by counting the number of parameters and the first and second moments. In this paper, I set up the SVAR-
ZLB model with endogenously switched regimes as in Aruoba et al. (2021) and revisit the Gaussian setup
from the perspective of likelihood. After a generic likelihood evaluation formula is provided, the known result
of no point identification is interpreted through the lens of the joint Gaussian likelihood. Furthermore, this
work utilizes the circular symmetry of the contour in the shock space to conclude that a rotation of the true
SVAR-ZLB model will fit the data equally well. However, this is only a special case for Gaussian shocks,
and specifying non-Gaussian shocks will break the circular contour and give a potential to point-identify the
model.

The main contribution of this paper is a generic semiparametric point identification scheme for the
SVAR-ZLB model in the case of independent non-Gaussian shocks, which does not need to rely on the exact
parametric form of the shock distribution. This paper thus proves that, under some mild regularity condi-
tions, the model can be point-identified once the Gaussian shocks are ruled out. The whole semiparametric
identification scheme can be decomposed into three steps. First, this paper uses the non-Gaussianity in
shocks and applies the ICA technique to identify the impact matrix, namely the structural parameters that
represent the short-run effects of shocks. To handle the truncated-support problem arising from censoring
in the model, I extend the conventional ICA technique by exploiting the structure of the Hessian matrix
of the log density of the data, conditional on being away from the ZLB. Second, this paper reformulates
the reduced form of the SVAR-ZLB model into a three-equation semiparametric Heckman selection model
(Heckit) to identify the reduced-form coefficients for the lagged variables in the context of censoring. Third,
this paper also points out the special link between the structural and reduced form of this SVAR-ZLB model
across two endogenously switched regimes, which is crucial in identifying the kink in the model, namely the
effect of the unconventional monetary policy.

Within this semiparametric identification scheme, the big challenge is how to apply ICA in the context of
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censoring. Although the SVAR-ICA literature has shown how to use independent non-Gaussian shocks for
model identification (Lanne et al., 2017; Gourieroux et al., 2017), researchers have mostly used the Darmois-
Skitovich theorem, which can only deal with the unconstrained linear case. However, for the SVAR-ZLB
model, censoring at ZLB brings in non-linearity and gives a truncated support in the shock space, which
makes the shocks dependent conditional on being uncensored. This poses a big challenge, because the
theoretical foundation of the SVAR-ICA literature, namely the Darmois-Skitovich theorem, breaks down in
this context of censoring. Nevertheless, building on the idea of Lin (1998), this paper examines ICA through
Hessian matrices of log densities and adjusts the ICA technique to deal with the truncated support in the
shock space. With the aid of Hessian matrices, ICA is discussed from the likelihood perspective to show
that censoring does not hinder identification through non-Gaussianity. Furthermore, by examining ICA
through Hessian matrices, this paper mathematically links the ICA technique to the identification-through-
heteroskedasticity technique, which is a commonly used identification strategy in the conventional SVAR
literature.

This semiparametric identification scheme suggests three different strategies for estimating the SVAR-
ZLB model in practice. First, people can use this semiparametric identification scheme directly to estimate
the SVAR-ZLB model. Without relying on the parametric form of the shock distribution, robust semipara-
metric estimators can be derived from this semiparametric identification scheme. Nevertheless, there is a
cost for the unknown parametric form because the semiparametric estimator might not be efficient for a
moderate sample size in practice and will require researchers to choose among several possible semiparamet-
ric estimators and associated tuning parameters. Second, if researchers know the parametric form of the
shock distribution, they can simply implement maximum likelihood estimation, in which the point identifi-
cation will be automatically guaranteed by this semiparametric identification scheme, for any non-Gaussian
shock distribution under mild regularity conditions. Finally, researchers can also use a flexible parametric
distribution, such as a mixture of normal distributions, to approximate the unknown shock distribution and
then implement maximum likelihood estimation in this parametric setting.

To facilitate model estimation in practice, this paper designs an efficient Bayesian inference routine
for researchers to use. First, the unknown shock distribution is approximated with a mixture of normal
distributions, following the spirit of the Sieve approach. Then, the data augmentation technique and the
conjugate priors in my Bayesian inference framework are used to propose a Gibbs sampler, which can make
posterior draws on the parameters and the augmented data in an alternating way, and compute the Bayesian
posterior densities efficiently. Moreover, this Bayesian inference routine allows researchers to take advantage
of standard Bayesian tools such as imposing shrinkage on the autoregressive coeflicients and expressing prior
beliefs about sign or magnitude constraints on impulse responses. In a simulation study with a calibrated
trivariate model with non-Gaussian shocks, this paper finds that, even under a relatively dispersed prior,
this model can be precisely estimated if it is identified through non-Gaussianity, especially when the sample
size is relatively large and the occurrence of ZLB is not rare.

This paper also runs an empirical analysis on three key US economic variables, using the efficient inference
routine. By fitting the SVAR-ZLB model to the time series of the federal funds rate, the output growth and
the inflation rate, the results demonstrate a big and persistent effect of conventional monetary policy but a
small and transitory effect of the unconventional monetary policy, given the same magnitude of a monetary

policy shock. For the estimated shock distribution, it tends to have a severe fat tail, which supports the
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non-Gaussianity assumption and helps with model identification. Furthermore, the shadow interest rate,
which represents the desired nominal interest rate that central banks would like to select when ignoring the

ZLB, is also imputed through the model and reveals a small magnitude across the ZLB periods.

LITERATURE REVIEW. There has been a long-standing debate about the effectiveness of unconventional
monetary policies in the macroeconomics literature (Kuttner, 2018; Bernanke, 2020). Eggertsson & Woodford
(2003) argued that quantitative easing would be ineffective if the expectation about the future enforcement
of policies is not changed. However, Debortoli et al. (2020) provided evidence that ZLB is irrelevant to the
economy using their empirical study and their theoretical models, as long as the unconventional monetary
policy is well tuned to follow a shadow rate rule. Sims & Wu (2019) also concluded in their four-equation
New Keynesian model that engaging in quantitative easing significantly mitigates the costs of a binding
ZLB. In addition, Gertler & Karadi (2011) determined that the unconventional monetary policy can offset
disruptions in private financial intermediaries and bring net benefits when the ZLB binds.

To flexibly model the ZLB data, this paper builds on Mavroeidis (2021) and Aruoba et al. (2021) to set up
a SVAR-ZLB model that has two endogenously switched regimes. The ZLB constraint for nominal interest
rates has inspired the econometrics literature to combine SVAR models with ZLB. One obvious weakness
of conventional SVAR models is that variables are unconstrained, and the zero nominal interest rate is
treated as a regular unconstrained data point, which will lead to estimation bias as in standard Tobit models
(Amemiya, 1984). Mavroeidis (2021) incorporated ZLB into SVAR models to characterize the censoring of
the nominal interest rate and the different effects of conventional and unconventional monetary policies. In
the SVAR-ZLB model, the zero nominal interest rate in fact implies a negative unobserved shadow interest
rate, which represents the desired stance of central banks if there is no ZLB. Furthermore, the effect of the
negative shadow interest rate is allowed to be different from that of the positive nominal interest rate, to
show the distinction between unconventional and conventional monetary policy. Aruoba et al. (2021) derived
this econometric tool from approximating New Keynesian models and further generalized the setup. Aruoba
et al. (2021) also formalized two endogenously switched regimes in this SVAR-ZLB model, to characterize the
different parameters for normal and ZLB periods. The regime switching is endogenous because the regime
is directly defined through the nominal interest rate.

In contrast to the SVAR-ZLB literature, the novelty of this paper is its presentation of how to identify
the SVAR-ZLB model without the assumption of the unconventional monetary policy and the parametric
form of the shock distribution. Mavroeidis (2021) used the ZLB as an additional identification channel
under Gaussian shocks to point-identify all the structural parameters, based on the assumption that the
unconventional monetary policy has zero short-run effect. When relaxing this assumption on unconventional
monetary policy, he claimed the lack of point identification, because the number of parameters he had is
more than the number of the first and the second moments he could use.? It is still unclear how this lack of
point identification can be understood from the likelihood perspective and how to link it to the identification
problem in conventional SVAR models. More importantly, whether we can identify this model without
restrictions on the unconventional monetary policy, even without knowing the exact shock distribution, is

still a question.

3Mavroeidis (2021) referred to this lack of point identification as set identification, but we need to be aware that the set is
identified solely from the coherency conditions of the DGP and the identified set is usually quite wide.
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The key technical challenge this paper solves is how to apply ICA in the context of censoring. Comon
(1994) formalized the idea of ICA to untangle the independent components in a linear combination. Lanne
et al. (2017) first introduced ICA to linear SVAR models to rigorously identify the structural parameters.
To understand model identification through non-Gaussian shocks, Hyvarinen et al. (2001), Sims (2020) and
Jarocinski (2021) depicted the star-shaped contour of independent non-Gaussian distributions and explained
the intuition. Furthermore, Gourieroux et al. (2017) and Fiorentini & Sentana (2020) studied pseudo max-
imum likelihood estimators when the non-Gaussian shock distributions in SVAR models are misspecified.
The linear SVAR-ICA approach has recently been used in several applied papers, with applications to the oil
market (Braun, 2021) and the effects of monetary policies (Jarocinski, 2021). However, most of this SVAR-
ICA literature (Lanne et al., 2017; Gourieroux et al., 2017) used the Darmois-Skitovich theorem to prove
identification, which can only work for the unconstrained linear case and cannot handle the non-linearity
from censoring. In particular, censoring generates a truncated joint support of independent shocks, and the
shocks are no longer independent conditional on being uncensored. Unfortunately, the non-linearity from
censoring cannot even be solved using the techniques in the nonlinear ICA literature (Gunsilius & Schennach,
2021), because there is no one-to-one mapping from the censored observations to the shocks. Nevertheless,
Lin (1998) provided another perspective to examine linear ICA, i.e., applying ICA through Hessian matrices
of log densities, which can be adjusted to work for the truncated joint support in this paper.

Because of the model’s non-linearity from censoring, the proposed semiparametric identification scheme
also exploits the semiparametric estimation of Heckman selection models, to handle the ZLB of the nominal
interest rate and the regime-based selection of data. Amemiya (1984) described how to specify different
sample selection models, including the three-equation Heckman selection model used in this paper. Once
the sample selection model is specified, a semiparametric estimation method is needed. Powell (1984)
gave a robust estimator, namely the censored least absolute deviation (CLAD) estimator, for the censored
regression, which is used in this work to estimate the selection equation. Honore et al. (1997) developed
a symmetric trimming technique to handle Heckman selection models when error terms are assumed to be
symmetrically distributed. In Newey et al. (1990), they summarized different semiparametric estimation
procedures using nonparametric regression techniques for Heckman selection models, including estimation
based on kernel estimators (Robinson, 1988) and on series approximation (Cosslett, 1984), to estimate the
outcome equation. Chamberlain (1986) further gave the asymptotic efficiency bound on the semiparametric

estimation of Heckman selection models under different conditions.

OUTLINE. The rest of this paper is organized as follows. Section 1.2 describes a bivariate setup of the
SVAR-ZLB model. Section 1.3 interprets the lack of point identification under Gaussian shocks from the
likelihood perspective. Section 1.4 proposes the semiparametric identification scheme for non-Gaussian
shocks. Section 1.5 generalizes the identification argument to a multivariate setting. Section 1.6 discusses
the efficient Bayesian inference routine in practice and gives a simulation study on the model estimation.

Section 1.7 demonstrates the empirical results using the efficient inference routine.
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1.2 Bivariate Model Setup

This section presents how to set up a SVAR-ZLB model to characterize ZLB of the nominal interest rate
and the effect of unconventional monetary policy. A simple bivariate setting is used first in this section
and Section 1.3 - Section 1.4 to simplify the illustration.* Section 1.2.1 motivates the two key features of a
SVAR-ZLB model. Section 1.2.2 specifies the model in detail in the form of two different regimes.

1.2.1 Motivation for Censoring and Kink

I first use one motivation in the SVAR-ZLB literature to show the two key features we need to consider
when involving ZLB into SVAR models. A simple linearized macroeconomic structure indicates that ZLB
will generate the censoring and the kink in simultaneous equations, which are the two key features to be
modeled in the SVAR-ZLB setup.

Mavroeidis (2021) offers a good motivation for how to model SVAR with ZLB, which is briefly illustrated
here. If we consider the nominal interest rate r;, the shadow interest rate ry, the inflation rate m and
log-deviation of the long-term bond quantity by, ¢. The shadow interest rate represents the desired nominal
interest rate that central banks want to select when ignoring ZLB. A simple linearized macroeconomic

structure has the following form

Ty =c T+ o1y (1.1)
T = Co + Yol + b i + 020 (1.2)
br+ = min{ary, 0} (1.3)
ry = max{r;,0} (1.4)

where (1.1) - (1.4) represent the Taylor rule, the private sector equation, the quantitative easing and ZLB
respectively.

After we plug (1.3) into (1.2), the private-sector equation will become
T = o + Yare + va min{r;, 0} + ooe9; (1.5)

where we define v = ¢a. Note that there is a kink between 7, and ~4 in (1.5), which represent the two
different effects of the interest rate when above or below zero, namely the effect of conventional monetary
policy and the effect of unconventional monetary policy. Therefore, (1.1), (1.4) and (1.5) constitute a set of
simultaneous equations with the censoring and the kink, to describe the macroeconomic variables that may

potentially subject to the ZLB constraint.

1.2.2 Specify the SVAR-ZLB Model with Two Regimes

Now I formalize the setup of the SVAR-ZLB model which has the two above-mentioned features and specify

the model in terms of two regimes to facilitate our discussion. In contrary to the exogenous regime switching

4A generalized multivariate setting is discussed in Section 1.5.
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in the SVAR literature (Sims & Zha, 2006), the two regimes in the SVAR-ZLB will switch endogenously
based on the level of the nominal interest rate.

We first consider a simple bivariate SVAR-ZLB model and use the conventional notations in SVAR models,
for the observables y: = (y1t, y2¢)’, where y1; is nominal interest rate and ys; is a private-sector variable (e.g.
the inflation rate). In addition, yj, denotes the shadow interest rate which is the latent interest rate not
being censored. To facilitate our specification on the SVAR-ZLB model, I follow the regime-switching idea

in Aruoba et al. (2021) to define two regimes using the regime indicator

St = 1{y1t > 0} (16)

where s; = 1 means the standard regime (i.e. normal periods) and s; = 0 means the ZLB regime (i.e. ZLB
periods).
The data in two regimes are modeled differently. When in the standard regime (i.e. y1; > 0,s; = 1), we

model the data as

All A12
A21 A22

*
Y1t

Yot

= Bl’t + & (17)

whereas in ZLB periods (i.e. y1: = 0, s; = 0) we model the data as

All A12
A5 Az

*
Y1t

Yot

= Bl’t + & (18)

The censoring at ZLB delivers the constrained nominal interest rate®

y1: = max{yj;, 0} (1.9)

For simplicity, we can denote y; = (yi;, y2:) and further abbreviate the two impact matrices in (1.7) and
(1.8) as

All A12
A21 A22

All A12
A5 Az

*

A= (1.10)

7

A few things need to be clarified for the model specification (1.7) to (1.9). First, the lagged terms we use
in (1.7) and (1.8) are only the lagged observables, i.e. x; = (yi_1, ¥ o, - ,Yi_,,1)".% Second, the structural
shocks e; = (e1¢,€2¢)" are exogenous, not influenced by the censoring, and stay independent across time and
across coordinates with their respective density being f;, i.e. e i fi,i = 1,2. Thrid, as in the SVAR
literature, this model is subject to a normalization issue and here we normalize the diagonal of A and A* to

5Even if y1¢ is censored at b # 0, we can shift down the time series of y1¢ by b and accordingly adjust the constant term in
the true SVAR model. Thus, assuming censorship at 0 makes the modeling simple and without loss of generality. See appendix
for the alternative modeling with b # 0.

6Including only the lagged observables and excluding the lagged shadow interest rate makes the model more tractable.
Furthermore, Aruoba et al. (2021) showed that their New Keynesian model with ZLB is well approximated by a SVAR-ZLB
model with only the lagged observables included on the right-hand side.
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be 1, ie. A1 = Ay = 1.

Two minor issues regarding simultaneous equation models with two regimes as in (1.7) and (1.8) are
continuity and coherency of the data generating process (DGP). This paper restricts the model to satisfy
the continuity condition and the coherency condition, which are two minimum conditions on the DGP and
commonly used in the SVAR-ZLB literature (Mavroeidis, 2021; Aruoba et al., 2021), in order to guarantee
the equilibrium in the model to be continuous and unique. The definition of continuity and coherency in the
SVAR-ZLB model is as follows:

o CONTINUITY. There should be no jump in yo; across the two regimes when yj, = 0.

e COHERENCY. There exists a unique regime being coherent at time ¢. Either y1; > 0 or y1; = 0 can be

true.

The continuity condition is satisfied naturally in my model setup, because the only change in parameters
across the two regimes is the kink between As; and A%,. For the coherency condition, I simply need to
restrict the domain of A and A* and force the determinants of these two impact matrices to be of the same

sign, i.e.
sign(|A]) = sign(|A*)) (1.11)

A detailed discussion on these two minimum conditions can be found in Section 1.A. With these two minimum
conditions on the DGP, the model now will always yield one unique equilibrium, which is also continuous in
terms of the shocks.

After specifying the model, we can now interpret the economic meanings in the SVAR-ZLB model. In
(1.7) and (1.8), the first row represents the monetary policy equation and the second row represents the
private-sector equation. For the parameters, the matrix for the lagged terms B remains the same across
regimes, and the only change among the parameters across regimes is the kink between As; and A%,
which captures the change in the short-run effect of monetary policy from the conventional one As; to the
unconventional one A3,. The long-run effects of monetary policy will also be different when we feed different
short-run effects into the model. For the variables, both the lagged terms x; and the exogenous shocks &,
are unchanged across regimes, and the only change happens in the kink of (y7,, y2¢)’

To facilitate our discussion of the model identification later in this paper, I also use the regime-contingent
notations as in Aruoba et al. (2021) to rewrite the model. We can combine the two regimes in (1.7) and

(1.8) into one regime-contingent model

A(st)y(se) = Bay + & (1.12)
Yy = ye(se) (1.13)

where the regime-contingent impact matrix is
A(sy) = s - A+ (1 —s) - A* (1.14)

and y:(s) = (y1(s), y2:¢(s))’ is defined as the latent outcome generated using the parameters in regime s.
Note that the DGP will choose y; to be one of the two sets of latent outcomes y:(1) and 3:(0), and which
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latent outcome gets chosen will recursively depend on the sign of the chosen yj, through (1.9). Thus, in
contrast to the regime-switching SVAR literature (Sims & Zha, 2006), the regime s; here is endogenously
switching based on the endogenous variable yy;.”

After building the regime-contingent structural-form equations in (1.12), we can also derive the regime-

contingent reduced-form equations,
yt(st) = A(St)ilBCIJt + A(St)71€t = ﬁ(St)fEt + ut(st) (115)

where (s;) = A(s;) !B are the reduced-form lag coefficients and intercepts, u;(s;) = G(s¢)e; are the
reduced-form errors and G(s;) = A(s;)~! translating the structural shocks to the reduced-form errors. With
the similar notation rule as in (1.14), I denote 8 = 5(1), f* = 5(0), G = G(1) and G* = G(0) to simplify

the illustration of the proof later.

1.3 Lack of Point Identification under Gaussian Shocks

This section interprets why we cannot achieve point identification of the SVAR-ZLB model under Gaussian
shocks, from the likelihood perspective. Section 1.3.1 first provides the generic formulas to evaluate the
likelihood of the SVAR-ZLB model for any shock distribution. Section 1.3.2 points out that the key reason
of no point identification in the Gaussian case is the circular contour which makes the likelihood unchanged
after a rotation of the SVAR-ZLB model. Section 1.3.3 illustrates the advantage of specifying more realistic

non-Gaussian shocks for the purpose of point identification.

1.3.1 Likelihood Evaluation for Any Shock Distribution

For any shock distribution, there are two ways to generically evaluate the likelihood of the SVAR-ZLB
model. One way is to directly use observables and evaluate in the y-space, and another way is to transform
observables to shocks and evaluate in the e-space. The first way is useful to compute the likelihood in
practice, whereas the second way is important to understand the identification problem with Gaussian or
non-Gaussian shocks.

We first discuss how to evaluate the likelihood directly in the y-space. For simplicity, we only focus how
to compute the likelihood of y;|z; in this subsection. We denote the joint distribution of the two shocks as
f(er) = fi(e1r) - fo(eat). One the one hand, the uncensored observation g, in the standard regime s; = 1

gives
p(yt, st = 1z¢) = |A| - £(Ays — Bxy) (1.16)

On the other hand, the censored observation y; = (0,y2:) in the ZLB regime s; = 0 implies a negative

TWith the coherency condition, y1¢(1) > 0 implies y1£(0) > 0 and vice versa. Thus, there exists one unique regime that can
be coherently chosen in the DGP.
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shadow interest rate yJ, and involves integral in the tail,

0
P(ye, 50 = Olay) = / A% - E(A* (gl ye) — Beeo)dyly (117)

— 00

Therefore, the full likelihood of y;|z; is comprised of (1.16) and (1.17),

P(yele) = s¢ - p(ye, s¢ = L|wg) + (1 — s¢) - p(ye, s¢ = 0] ¢) (1.18)

Besides the evaluation in the y-space, we can also evaluate the likelihood in the e-space. For the standard
regime s; = 1, we can easily impute the shocks e; = Ay; — Bz and plug it into the shock distribution f(e;).
For the ZLB regime, we will need to impute the pseudo shocks e? = A*(0, y2;)’ — Bz, and integrate out the
true shocks subject to a linear constraint. The details of likelihood evaluation in the e-space can be found
in Lemma 1.B.1.

The likelihood evaluation formulas in the y-space and in the e-space are both useful in this paper.
Although these two formulas are equivalent as shown in Lemma 1.B.1, the evaluation in the y-space is easier
to compute the likelihood in practice in Section 1.6 and Section 1.7, whereas the evaluation in the e-space
is more important for us to understand the identification problem with Gaussian or non-Gaussian shocks in
Section 1.3.2 and Section 1.3.3.

1.3.2 Rotation of Likelihood Function for Gaussian Shocks

When we take the common assumption that the shocks are Gaussian, the SVAR-ZLB model will not be point-
identified, because the circular contour of the Gaussian distribution enables us to preserve the likelihood
value when we rotate this model, even in the case of censoring. A rotation of the SVAR-ZLB model means
the rotation of everything in the e-space when we evaluate the likelihood.

The existing literature (Mavroeidis, 2021) relied on an additional assumption to achieve the point iden-
tification of this model under Gaussian shocks, i.e. the short-run effect of unconventional monetary policy

is exactly zero.®

However, this assumption might not hold in reality and the identification strategy based
on this assumption can be fragile. When we relax this assumption and want to estimate the short-run effect
of unconventional monetary policy, the literature concluded the lack of point identification (a.k.a. under-
identification) in this model, by counting the number of first and second moments and unknown parameters.
This paper tries to interpret this under-identification problem from the new perspective of likelihood.

I first use two figures to revisit the likelihood evaluation in y-space and e-space for the Gaussian shocks.
First for the y-space, as shown in the left panel of Figure 1.1, (y7;, y2¢) follows a joint Gaussian distribution
whose contour is colored in red when s; = 1, and follows another joint Gaussian distribution whose contour
is colored in blue when s; = 0. One uncensored observation for s; = 1 is shown as a red point, and another
censored observation for s; = 0 is shown as a blue point. Due to the censoring, the observation for s; = 0
always appears on the ZLB boundary line (colored in green). Moreover, the likelihood calculation for the

censored observation involves integrating out the tail along the integral line (denoted as a blue arrow). Second

8For the model setup as in Section 1.2, this assumption will even imply the long-run effect of unconventional monetary policy
is also zero.
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LIKELIHOOD EVALUATION UNDER (GAUSSIAN SHOCKS
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Figure 1.1: The observation is depicted as a red point for the standard regime and as a blue point for the ZLB
regime. The joint distribution is depicted as a red ellipse for the standard regime and as a blue ellipse for the ZLB
regime. The contour of the shocks, distributed as independent standard Gaussian, is plotted as a black circle. The
green line is the ZLB boundary line, and the blue arrow is the integral line towards the tail.

we can translate the uncensored and the censored observation, the ZLLB boundary line and the integral line
into the e-space, which are depicted in the right panel of Figure 1.1 using the same legend scheme. Note
that the contour in the e-space is circular, because of the independent standard Gaussian distribution of the
shocks.” The green line represents the set of shocks that are marginally binding at ZLB and the blue arrow
represent those possible true shocks that can match the observed yo; and imply a negative shadow interest
rate.'”

The circular contour for the Gaussian distribution in the e-space sheds light on why we cannot achieve
point identification of the model under Gaussian shocks. If we are able to rotate everything in the right
panel of Figure 1.1, including the uncensored and the censored observation, the ZLB boundary line and the
integral line, by the same angle, we will actually change all the structural parameters of the SVAR-ZLB
model while preserving the likelihood value due to the circular symmetry of the Gaussian distribution. From
this likelihood perspective, we can link the under-identification problem of SVAR-ZLB models to the well-
known under-identification problem of conventional SVAR models, if shocks are assumed to be Gaussian.'!

However, in order to make A and A* only differ in the bottom-left corner, the challenge is that we cannot

9To simplify the discussion in this section, we temporarily change to a new normalization scheme where the variance of
these Gaussian shocks are normalized to be 1, instead of forcing the diagonal of A and A* to be 1. The details of the mapping
between these two normalization scheme can be found in Lemma 1.B.2.

10For the detailed formulas of the ZLB boundary line and the integral line in the right panel of Figure 1.1, see the remark of
Lemma 1.B.1.

M There is a small difference when we rotate the SVAR-ZLB model, that is some rotations will be ruled out because of violating
the coherency condition (1.11). All the rotations that make the model satisfy the coherency condition yield the identified set
of the structural parameters. We need to be cautious that the identified set can often be quite wide in this under-identification
problem.
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simply rotate A* but we still need to rotate the integral line. Fortunately, I show in Lemma 1.B.3 that we
can follow a specific mapping rule to transform A* to both keep the structural connection with A and get

the integral line rotated by the same angle.

Theorem 1.1. Under Gaussian shocks, all the structural parameters (A, A5y, B) in the SVAR-ZLB model
will not be point-identified.

See proof in Section 1.B.

Theorem 1.1 formally proves that there is no way to achieve point identification of the SVAR-ZLB model
simply because of the rotation in the circular contour.'?> In contrast with Mavroeidis (2021), instead of
assuming A%, = 0 to achieve point identification, I remove this assumption in order to directly estimate the
short-run effect of unconventional monetary policy and end up with no point identification. If the shocks are
indeed Gaussian, the only way to point-identify this model is to make further assumptions. For example, one
can follow Mavroeidis (2021) to make assumptions on unconventional monetary policy, or follow the SVAR
literature to impose zero-restrictions on A, or even assume stochastic volatility of shocks.'® Moreover, the
lack of point identification can also appear when shocks follow any elliptical distribution with a diagonal
dispersion matrix, where the contour is again circular and the same rotation logic can be applied. But it
is noteworthy that the Gaussian distribution is the only elliptical distribution that generate independent

shocks and have a diagonal dispersion (covariance) matrix.

1.3.3 Advantage of Specifying non-Gaussian shocks

If we get rid of the assumption that shocks are exactly Gaussian and take a more realistic stance on the
non-Gaussian shocks, this will bring a big advantage on identifying the SVAR-ZLB model. The lack of point
identification in Section 1.3.2 is a problem special to the case when shocks are exactly Gaussian, which is
an unrealistic assumption compared to many findings in the applied research favoring non-Gaussian shocks.
In addition, the SVAR-ICA literature provides solid foundation for using non-Gaussian shocks to identify
conventional SVAR models and can be adjusted to help identify SVAR-ZLB models.

There are many findings in the SVAR literature that support the non-Gaussianity of shocks. Among
them, Brunnermeier et al. (2021) used a regime-switching SVAR model to fit the US time series and found
that the t-distribution fits the shocks better than the Gaussian distribution. The big shocks in their model
tend to appear in one coordinate at a time, which makes the independent t-distribution a good specification
for the shocks. Many recent empirical papers generate empirical findings with their shocks and their impulse
responses directly identified trhough non-Gaussianity (Braun, 2021; Jarocinski, 2021).

The SVAR-ICA literature has also pointed out how to use non-Gaussian shocks to identify SVAR in
the linear unconstrained case. For independent non-Gaussian shocks, Lanne et al. (2017) relies on the
Darmois-Skitovich Theorem to identify the SVAR model. Gourieroux et al. (2017) further proved that this

2Mavroeidis (2021) proved the under-identification when relaxing the assumption of A3, by counting the number of the
available moments and the parameters, but it is unclear whether we have exhausted all the useful moments. This paper discusses
the under-identification from the likelihood perspective and formally rules out the identification through any other potentially
useful moments.

13 Aruoba et al. (2021) did not use the assumption A}, = 0 but assumed stochastic volatility of shocks. Hence their model
is identified through heteroskedasticity, instead of through the help of ZLB. Moreover, in Section 4.1 of their paper, they also
tried a model under homoskedastic shocks, which I believe to be under-identified due to Theorem 1.1 of my paper.
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Figure 1.2: The observation is depicted as a red point for the standard regime and as a blue point for the ZLB
regime. The joint distribution is depicted as a red ellipse for the standard regime and as a blue ellipse for the ZLB
regime. The contour of the shocks, distributed as independent t3 distribution, is plotted as a black curve. The green
line is the ZLB boundary line, and the blue arrow is the integral line towards the tail.

identification strategy is fairly robust even when we slightly misspecify the shock distribution. Sims (2020)
examined this identification strategy through the non-circular contour of the independent t-distribution,
which shows a big advantage of specifying non-Gaussian shocks.

However, the SVAR-ICA literature does not know how to identify the model if we have non-linearity
arising from the censoring at ZLB, and this paper tries to extend this literature to deal with the censoring
problem. The key challenge is that the unconditionally independent shocks are no longer independent
conditional on being not censored, due to the truncated support in the e-space as in Figure 1.1, and thus the
conventional wisdom in the SVAR-ICA literature cannot be directly applied. Following the spirit of Sims
(2020), T use Figure 1.2, which is analog to Figure 1.1 in Section 1.3.2, to illustrate the likelihood of the
SVAR-ZLB model under the independent t-distribution. If the shock is distributed as t-distribution with 3
degrees of freedom, the contour in the e-space is now star-shaped and pointing out along each axis. Although
we only have a truncated support on the right of the ZLB boundary line, that still intuitively seems to rule out
the rotation problem in Section 1.3.2, since the star-shaped contour is not likely to preserve the likelihood
after we rotate everything in the e-space.'* Nevertheless, we still need to have a rigorous identification
scheme to prove that the truncated support with the non-circular contour indeed brings the identification of
the SVAR-ZLB model for a generic non-Gaussian shock distribution, which is listed in Section 1.4.

M Note that the likelihood will remain the same if we rotate exactly by a multiple of 90 degrees, which is just changing the
label and the sign of shocks.
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1.4 Point Identification under non-Gaussian Shocks

This section proposes a semiparametric identification scheme for SVAR-ZLB models under non-Gaussian
shocks, without relying on the parametric form of the shock distribution. The identification scheme is
decomposed into three parts. First, Section 1.4.1 discusses how to adjust the ICA techniques through
Hessian matrices of log densities to deal with the non-linearity problem arising from the censoring in the
model. Second, Section 1.4.2 reformulates the SVAR-ZLB model as a three-equation Heckman selection
model. Third, Section 1.4.3 uses the special link between the structural form and the reduced form of the

model.

1.4.1 Apply Independent Component Analysis through Hessian Matrices

The first step is to identify the impact matrix A through non-Gaussian shocks. This paper adjusts the ICA
argument through Hessian matrices and thus deal with the truncated support due to the censoring in the
model. In addition, when we discuss ICA from the lens of Hessian matrices, the identification technique
through non-Gaussian shocks becomes mathematically related to identification-through-heteroskedasticity.
Now we consider how to identify A when the shock distribution f; is non-Gaussian with an unknown
parametric form. The key challenge that prevents us from directly applying ICA is the truncated support
in the e-space, i.e. 1.2 + G1.6¢ > 0, which makes (14, £2;) no longer independent. However, by borrowing
ideas from Lin (1998), I achieve the identification of A using Hessian matrices of the log-likelihood function,

at two interior points of this truncated support.
Theorem 1.2. Suppose
o fi has a full support on R
o log f; € C?
e (log f;)" is not constant (i.e. f; is non-Gaussian)
then A is point-identified using only the uncensored data given xy, i.e. using yi|x¢,y1r > 0.

Proof. The log-likelihood of (y1¢,y2¢) conditional on z; and y1; > 0 can be written as,
log p(yt|zt, y1: > 0) = log |A| + log f(et) — log Pr(y1+ > 0|z4) (1.19)

where p(y¢|z:,y1¢ > 0) is the conditional distribution in the interior of the truncated support, f(e;) is the
unconditional shock distribution, Pr(y;; > 0|z;) is the probability of being uncensored.

Then we take second-order derivatives with respect to y; on both sides of (1.19) and get

Hy(yr) = A'He(e0) A (1.20)

_ 0% log p(y¢|me,y16>0) _ 0% logf(es)
Where Hy(yt) = aytay; 9 and Hf(gt) - W
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The formerly independent shocks imply that logf(e;) = log f1(e1¢) + log fa(€2¢), and we have a diagonal

matrix for H,(e¢):

(log f1)"(e1) 0

He(er) = 0 (log f2)" (e2t)

(1.21)

Given the diagonal structure in H.(e;), we can follow the technique similar to identification through
heteroskedasticity. First, we pick two points in the interior of the truncated support, namely y; and ¢; in
the y-space, or equivalently € and &; in the e-space. Then we compute the eigenvalue decomposition of the

following term,
Hy(y)) " Hy(5i) = A" Ho(e0) " Ho(€1) A (1.22)

where the left-hand side is the observed Hessian matrices, and the right-hand side is in the form of eigenvalue
decomposition. The eigenvectors we collect from (1.22) gives the identification of A.

Note that we will not get a unique eigenvalue decomposition, if H.(e;) is proportional to H.(&;). However,
if we get into this knife-edge situation, we can always get around it by slightly change one point we have
picked. For example, we can keep the point &; and then change the first coordinate of the point ; by Aey;.

Then we get the Hessian matrix at the new point (e1; + Aeqs,£9¢) as

(log f1)" (€1t + Ae1y) 0

Hz-:(glt + Afflt,EQt) = 0 (logf )H(€ )
2 2t

(1.23)

which will no longer be proportional to H.(&;). O

Theorem 1.2 proves the semiparametric identification of A using the property of the likelihood function
in the model, but we do not rely on a specific parametric form of the shock distribution. Therefore, if the
mild regularity conditions in Theorem 1.2 hold, the non-Gaussian shocks in the SVAR-ZLB model, which
brings the non-circular contour with a truncated support, are enough to identify the impact matrix A in the
SVAR-ZLB model. Since we only require two points in the truncated support to prove the identification of

A, using all the points in the truncated support will even give over-identification of A.

1.4.2 Reformulate as the Heckman Selection Model

The next step is to identify the reduced-form parameters. To show how to estimate the reduced-form
parameters S and 8* in the case of the censoring and the kink, I reformulate the SVAR-ZLB model as a
three-equation Heckman selection model (Amemiya, 1984).

We can rewrite the regime-contingent SVAR model in the form of a three-equation Heckman selection

model,

y1e(1) = B + ure(1) (1.24)
Y2:(1) = Bo.y + uze(1) (1.25)
Y2:(0) = B3.1 + u2:(0) (1.26)
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where y11(1), y2:(1), y2:(0) are latent variables as in conventional Heckman selection models. In the selection
equation (1.24), we only observe y1; = max{y1;(1),0}. In the observation equation (1.25), yo; = ya:(1) is
observed when y1;(1) > 0. However, in contrary to conventional Heckman selection models, when y4(1) < 0,

we can still observe yo; = y2:(0) from another observation equation (1.26).
Theorem 1.3. If the following reqularity conditions
e shock distribution f; is symmetric around 0

o both control functions Hy(z) = Eluai(1)|u1:(1) > 2] and Ho(z) = Elu2:(0)|u1:(1) < 2] are not linear in

z
o Elzix}] has full rank

hold, then we can identify all the reduced-form parameters in the above-mentioned Heckman selection model
(1.24) - (1.26), namely B1., B2. and B5..

Proof. To identify the reduced-form parameters 1., 2. and (3., we simply need to use the censored least
absolute estimator (Powell, 1984) and the semiparametric estimator for Heckman selection models (Newey
et al., 1990):

o Given (1.24), we rely on the symmetry distribution of uy;(1) and the censored least absolute estimator

to identify (1. through quantile regression,

med(y1¢|z:) = max{fy.x¢,0} (1.27)

o Given (1.24) and (1.25), we can identify fs. through the semiparametric estimator for conventional

Heckman selection models,

Elyat|we, y1e > 0] = Elya¢(1)]24, y1:(1) > 0]
:52.(&5 + E[UQt(1)|’U,1t(1) > —51.‘%15} = ﬁg.xt + Hl(—ﬂyl't) (128)

e Given (1.24) and (1.26), we can semiparametrically identify 3 in the similar way,

Elyst|zs, y1e = 0] = Ely2(0)|xe, y1(1) < 0]
=P5.2 + Elug(0)|u1¢(1) < —pr.0¢] = B2 + Ho(—Pr.2¢) (1.29)

O

Theorem 1.3 gives a routine for estimating the reduced-form parameters in the SVAR-ZLB model.'?
Because of the censoring, the OLS estimates of the reduced-form parameters will be biased, and an estimator
involving the censoring and the sample selection is necessary to generate unbiased estimates. In this three-

equation Heckman selection model, we simply run the censored absolute deviation estimator for the selection

15Note that B7. does not appear in this three-equation Heckman selection model, and thus cannot be directly identified in
this section. However, we can identify 8} in Section 1.4.3.
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equation (1.24), and run the semiparametric Heckit estimator twice, for the observation equation (1.25) and
(1.26) separately. The estimators we use in this section again do not rely on the parametric form of the

shock distribution.

1.4.3 Use the Link between Structural Form and Reduced Form

The last step of this identification scheme is to use the special link between the structural form and the
reduced form in this SVAR-ZLB model to identify the remaining parameters, including B, 5} and A%;.

After we semiparametrically identify A, 8., 2. and 3. in Section 1.4.1 and Section 1.4.2, the remaining
task is to identify B, 87 and Aj,. First, it is straightforward now to identify B, because we have § = (8], 85.)’
and B = Ap. Second, for identifying 87 and A3, we can exploit the special link between the structural
form and the reduced form of this SVAR-ZLB model. As mentioned in Section 1.2.2; although the reduced
forms across the two regimes are largely different, the structural forms across the two regimes only differ
between Ay and Aj;, which leads to the identification of 3}, and the over-identification of A3;.

Theorem 1.4. Given A, B, 3 and (5., if

e A1 #0

e there is at least one non-zero element in (1.
then 7. and A%, will be identified.

Proof. To identify 8f. and A3, we rely on the special link between the structural form and the reduced form

in the ZLB regime,

All AIQ
A5y As

B
Bo.

B

1.30
b (1.30)

Notice that in (1.30), the only unknown parameters at this stage are 8. and A%,. In the first place, we
can directly identify 8} from the first row of (1.30),

1

Al = ATl(BL — A1233)) (1.31)

Then we can always find at least one non-zero element in 87, if 51. has at least one non-zero element, because

they are proportional to each other as shown in (1.32)

b

ﬁ;‘ = G}{B = |A*| (A22, —Alg) -B
Al 1 A A
:||A*| (Ao —A12) - B = ||A*||G1.B - |A*||51. (1.32)

Now without loss of generality, suppose there is a non-zero element in the first column of 57, i.e. 5f; # 0.

Then we can directly identify A%, from the second row of (1.30),

1
Ay = ﬂT(Bm — A22531) (1.33)
11
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1.4.4 Takeaway from the semiparametric Identification Scheme

After proving the identification of the SVAR-ZLB model using this semiparametric identification scheme, I
now discuss how it sheds light on the estimation of SVAR-ZLB models in practice. We will consider two
different cases: when we know or when we do not know the parametric form of the non-Gaussian shock
distribution.

If we do not know the parametric form of the non-Gaussian shock distribution, as we mentioned through
Section 1.4.1 - Section 1.4.3, we can use this semiparametric identification scheme to directly estimate the
SVAR-ZLB model. In this case, we will need to nonparametrically estimate the Hessian matrices of the
log-density of y; and then semiparametrically estimate the three-equation Heckman selection model. Both
the bandwidth for estimators and the points to be selected for Hessian matrices will be a important practical
choice that researchers need to make.!® As in other nonparametric estimation, the cost of not knowing the
parametric form might be the loss of efficiency in practice.

However, if we turn out to know the parametric form of the shock distribution, we can directly run
Maximum Likelihood Estimation (MLE) for this SVAR-ZLB model. Specifying the non-Gaussian shock
distribution, or at least flexibly approximating the non-Gaussian shock distribution, is a more practical
option when we have a limited amount of data, as in most of the macroeconometrics literature. Although
the likelihood function tend to behave differently when we specify different shock distributions, the point
identification in the MLE is always guaranteed by this semiparametric identification scheme, which works
for a generic non-Gaussian distribution.

With the above-mentioned two cases combined together, a more practical way of flexibly estimating
the SVAR-ZLB model is to approximate the shock distribution with a mixture of normals, in the spirit of
Sieve estimation. When we look at real data, we might not be able to determine which particular non-
Gaussian shock distribution fits the data best. Nevertheless, the mixture-of-normal distribution is a flexible
parametric distribution that can universally approximate any smooth shock distribution, when the number
of mixture components goes to infinity (Goodfellow et al., 2016). In the limit, when the number of mixture
components is infinity, we are back to the semiparametric estimation, in a way similar to using infinite
basis functions in Sieve regression. In practice, using a data-driven method to determine the finite number
of mixture components, we can closely approximate the unknown shock distribution with this mixture-of-
normal parametric distribution and implement the model estimation in the parametric setup. A practical

and efficient Bayesian inference routine is discussed in Section 1.6.

1.5 Generalize to Multivariate SVAR-ZLB Models

This section generalizes the bivariate model setup to the multivariate model setup and restate the iden-
tification arguments for the multivariate SVAR-ZLB model. In this section, I denote the n-dimensional

observable vector as y; = (y1¢, ¥5;), where y14 is the nominal interest rate and yo; is a (n — 1)-by-1 vector of

16 The form of eigenvalue distribution will still hold if we average over two sets of points throughout (1.20) - (1.22). One can
choose two sets of points that are likely to have significantly different eigenvalues to efficiently estimate A in practice.
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private-sector variables, and I still use yj, to represent the shadow interest rate.
The multivariate SVAR-ZLB model can similarly be written as a multivariate SVAR model with endoge-

nously switched regimes, as in Section 1.2,

A(st)ye(st) = Bay + &
Y = ye(se)
y1e = max{yj,, 0}
sy = 1{y1s > 0}

where s; is the regime indicator, y:(s) = (y1:(s), y2:(s)’)’ is the latent outcome when fixed at the parameters
in regime s, and y} = (y};, y5;)’ represents the shadow interest rate coupled with the observed private-sector
variables. The lagged terms x; = (y;_1,%;_2,"* ,¥;_p, 1)’ The shocks are independent across time and
across coordinates, and each follow the distribution f;. The impact matrix across the two regimes have the

following structure

An A
Azr Agp

A A

A(l) = A=
A5 Ag

. A(0) = AT = (1.38)

where the diagonal of A and A* are normalized to be 1. We also impose the domain restriction on A and
A* as in (1.11) to guarantee the coherency. Note that in (1.38), Ay is a scalar, whereas A},, Ao, A%, are
(n — 1)-by-1 vectors and Ass is a (n — 1)-by-(n — 1) matrix.

Now we can restate the identification arguments that we show in Section 1.3 and Section 1.4.

Theorem 1.5. Under Gaussian shocks, all the structural parameters, namely A, A3, B in (1.34) - (1.38),
will not be point-identified.

See proof in Section 1.B.

Theorem 1.6. Under non-Gaussian shocks, if all the regularity conditions in Theorem 1.2 - Theorem 1./
hold, all the structural parameters, namely A, A5, B in (1.34) - (1.38), will be point-identified.

See proof in Section 1.B.

All the identification arguments in Section 1.3 and Section 1.4 are still valid, once we adjust the notations
for the multivariate setup. First, Theorem 1.5 shows that we can still interpret the lack of point identification
through the circular (or spherical) contour in the Gaussian likelihood. Second, Theorem 1.6 indicates that

the generic semiparametric identification scheme still works for the multivariate case.

1.6 Bayesian Inference Routine and Simulation Study

This section proposes an efficient Bayesian inference routine for the SVAR-ZLB model and runs a simulation
study to show whether the model is precisely estimated in practice. Section 1.6.1 discusses the advantage of
Bayesian inference on this model when we use the data augmentation technique. Section 1.6.2 presents the

setup and the result in the simulation study.
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1.6.1 Bayesian Inference with a Gibbs Sampler

Using the data-augmentation and a Gibbs sampler in a Bayesian inference framework, we can easily deal with
the censored nominal interest rate and handle the non-Gaussian shock distribution, which we approximate
as a mixture of normals.

In practice, even if we do not know the parametric form of the shock distribution, we can still flexibly
approximate that with a mixture-of-normal distribution, as mentioned in Section 1.4.4. For each shock e,

its distribution f; is now approximated as

K
fim Y mN (pin, o3y) (1.39)
k=1
where k = 1,2,--- , K is the index of the mixture components. The mixture components are all independent

across coordinates, to guarantee the independence across shocks. The number of components K needs to be
specified in advance, but we can compare different specifications of K using Bayes factors after we run the
Bayesian inference procedure. As a good starting point, this paper uses 4 mixture components to characterize
the non-Gaussian shock distribution.'”

When doing Bayesian inference, one big advantage we can rely on is the data augmentation. In the SVAR-
ZLB model with a mixture-of-normal shock distribution, two latent variables will be extremely valuable for
evaluating the likelihood if we can observe them in the data. The first one is Z;;, the component indicator
in the mixture-of-normal distribution for the shock e;;, which tell us which component is operative for
generating that particular shock. Anther one is y3;, the shadow interest rate, which is unconstrained interest
rate before the censoring. In the Bayesian framework, the line between variables and parameters becomes
vague. Thus, it is easy to treat Z;; and yj, as the augmented data, and make posterior draws jointly on the
augmented data and the model parameters in (1.7) and (1.8).

The lag order and the prior also need to be determined beforehand. First, the lag order can be determined
by fitting a vanilla VAR model to the data and evaluating some well-known information criteria, such as
Akaike information criterion (AIC). Second, the prior we choose is conjugate to the posterior for the structural
parameters.'® For example, the prior on B on i are independent Gaussian, the prior on {mk},{(:l is Dirichlet
independent across 7, and the prior on ¢, is independent inverse-Gamma. The details of the imposed prior
for Bayesian inference can be found in 1.C.2.

The likelihood can be evaluated with or without the augmented data. On the one hand, when we do not
involve the augmented data, (1.16) and (1.17) can yield the likelihood, where a one-dimensional numerical
integral is recommended to compute (1.17) in practice.!® This likelihood evaluation can help us find the
posterior peak of all the parameters, without including the large dimension of the augmented data. On the

other hand, when we have the augmented data, the likelihood with the observed data and the augmented

7The comparison of Bayes factors with different specifications of K will be added in the future version of this paper.
18The prior is conjugate to all the parameters except A and A* in the Gibbs sampler.

19For the mixture-of-normal shock distribution, (1.17) can be computed analytically. However, the computation complexity
will increase exponentially when we have more mixture components. Thus, using a one-dimensional numerical integral is more
generic and robust in computation.
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data given x; will be

n

P yie { Zietima o) = (Hp%lm)) Py, yiile, {Zie}izy) (1.40)

i=1

where

P(Ziy = k|zy) = T
P, Y1t 5t = Ve, { Zit}im1) = Wiy = v1e}p e, st = U, { Zit }iq)
(Y, Yip, 5t = Olwe, { Zie }imy) = L{y7, < 03p((y5s, y2t)s st = Olwe, { Zit }iey)

Note that the last two formulas are simply evaluating the likelihood of an unconstrained linear SVAR model
with Gaussian shocks.

After we combine the prior with the likelihood, a Gibbs sampler can be applied. The Gibbs sampler
utilizes the tractable posterior of a subset of parameters conditioning on other parameters and samples from
the posterior alternatingly for the different sets of parameters. In particular, each time we condition on other
parameters and make posterior draws on a subset of the parameters, in the order: (i) Zy; (ii) m; (iii) B
and p; (iv) 02; (v) A and A*; (vi) y7,. To compute the posterior density, we use the Gibbs sampler to
generate 10,000 draws from the posterior. The details of the Gibbs sampler can be found in Section 1.C.

1.6.2 Simulation Study

I specify a trivariate SVAR-ZLB model, calibrated towards the DGP of real data, with a mixture-of-normal
shock distribution. I then run Bayesian inference based on Section 1.6.1 to see if a point-identified model
will be precisely estimated in practice.

The simulation DGP is calibrated towards the real data in Section 1.7. In particular, I calibrate A,
A*, B to match the persistence of the real data and the simultaneous equation structure. I also use the
calibrated mixture-of-normal distribution to mimic the non-Gaussian distribution in the data, where the
number of mixture components is 4. In addition, the lag order of the simulation DGP is also calibrated to
the lag structure of the real data, which is set to 4 and treated as known in the simulation. I then start
the simulation at the sample mean of the real data and then simulate for 421 periods, which has exactly
the same length of my real data. Since the nominal interest rate turns out to be relatively persistent, the
simulated ZLB occurrence can be too high or too low compared to the real data. Thus, I tune the random
seed in the simulation to pick one realization of the simulated path that match the fraction of ZLB periods
in the real data, which is about 20% of the sample period. The quantiles of the posterior density for A and
A* are reported in Table 1.1.20

The credible intervals demonstrate that this model, which is pointed identified through non-Gaussian
shocks, can be precisely estimated in practice. As shown in Table 1.1, the posterior density of each parameter
is around the true parameter value. The 68% credible intervals (from 16%-quantile to 84%-quantile) and
the 90% credible intervals (from 5%-quantile to 95%-quantile) all have the reasonable widths and still well

20The credible intervals in the simulation study for all the other parameters will be listed in an online supplement appendix
in the future version.
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QUANTILES OF POSTERIOR DENSITY IN SIMULATION

5% 16% 50% 84% 95% True

Ay 017 -0.11 -0.00 0.2 018 -0.12
Ay -0.17 -0.12 -0.04 0.04 009 001
A, -024 -0.18 -0.02 0.3 020 0.3
Asy  -002 001 010 0.19 029 0.2
Az 028 -024 -0.09 005 013 -0.17
Ay -042 -029 -0.16 -0.05 0.01 -0.02
5, 052 -0.36 -0.15 -0.01 0.06 -0.27
A%, -0.18 -0.11 0.03 0.8 030 -0.02

Table 1.1: The first five columns represent the quantiles of the posterior density of each parameter. The last column
represents the true parameter value in the simulation. The diagonal of A and A* is normalized to be 1.

capture the true values. With this realistic simulation setup, we show that this model can be precisely

estimated, given the sample size is reasonably large and the occurrence of ZLB periods is not extremely rare.

1.7 Empirical Results

This section uses the proposed efficient Bayesian inference routine to estimate the SVAR-ZLB model using
real data. By fitting the model to three key US economic variables, we find that the effect of unconventional
monetary policy is small and short-lived. Moreover, the fat-tail of the shocks in the estimated model support
the non-Gaussianity of shocks in reality. The implied shadow interest rate stays small in magnitude in the
ZLB periods, except a sudden decline at the beginning of the Great Recession.

This paper uses three monthly US time series to run the empirical analysis. The monthly dataset includes
the federal fund rate, the output growth, and the inflation rate.?! The sample period I choose is 1985:Jan
- 2020:Jan, which is usually considered as a moderate period without too much variation in the shock
variance.?? The time series of these three US macroeconomic variables are plotted in Figure 1.3. The ZLB
periods span from 2008:Dec to 2015:Dec.??> The Bayesian inference setup is the same as in Section 1.6.2,
where the lag order is set to be 4 based on AIC, the number of mixture components is set to be 4 (symmetric
on both sides of zero), and the conjugate prior is imposed.

When we estimate the model using the efficient Bayesian inference routine, we find strong evidence for the
non-Gaussianity of the shocks. Using the posterior modal estimates of the parameters, we can characterize
the shock distribution with a QQ plot as in Figure 1.4. Each shock exhibits a fat-tail in the distribution,

which would help the model identification as mentioned in Section 1.3.3.24 Moreover, the estimated mixture-

21The output growth is defined as log difference of industrial production, and the inflation rate is defined as the log difference
of PCE price level. The data source is Fred. See the data labels of "FEDFUNDS", "INDPRO" and "PCEPI" for details.

22Gtarting from the moderate period in the empirical study is usually a challenge for identifying the monetary policy shocks,
since the results are found to be different from the ones using the data back to 1970s (Ramey, 2016). However, this paper tries
to rely on the non-Gaussianity of shocks to identify the monetary policy shocks in the moderate period.

23In the ZLB periods, the effective federal funds rate is clearly constrained at zero, but not exactly zero. To fit the sharp
censoring at zero in the model, this paper around all the small values from 0 to 25 basis points to zero. Researchers can try to
model this small movements from 0 to 25 basis points in future work.

248pecifying a mixture-of-normal distribution does not necessarily imply a fat-tail. The fat tail is an estimate through the
data.
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TIME SERIES OF MACROECONOMIC VARIABLES
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Figure 1.3: The sample period is 1985:Jan to 2020:Jan. For the variables, "policy rate' means the federal funds
rate, "ind. prod. growth" means the output growth measured via industrial production, "CPI inflation" means the
inflation rate measured via the PCE price level. The unit is percentage points.



32

QQ PLOT FOR SHOCK DISTRIBUTION
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Figure 1.4: The horizontal axis is the quantiles of Gaussian distribution, and the vertical axis is the quantiles of
the shock distribution.



QUANTILES OF POSTERIOR DENSITY IN EMPIRICAL ANALYSIS

5% 16% 50% 84%  95%

Ag; -0.14 -0.11 -0.06 -0.03 -0.00
As; -0.05 -0.03 0.02 0.07 0.09
A -0.12 -0.08 -0.03 0.02 0.06
Azs  -0.12 -0.05 0.05 0.15 0.24
Az -029 -0.25 -0.16 -0.08 -0.03
Agz -031 -0.21 -0.07 0.04 0.17
5 -033 -0.26 -0.15 -0.00 0.10
5 -0.13 -0.056 0.07 019 0.28

Table 1.2: The first five columns represent the quantiles of the posterior density of each parameter. The diagonal
of A and A" is normalized to be 1.

of-normal shock distribution tends to have a high probability on one component with a small variance, while
having a low probability on other components with a big variance. The normal mean of these mixture
components all tend to be close to zero in the posterior.

The posterior quantiles for all the parameters are reported in Table 1.2.2° We notice that the off-diagonal
elements in A and A* tend to be intermediate, which coincides with the intermediate correlation across the
three variables. The short-run effects of both conventional and unconventional monetary policy tend to be
small, and not significantly from zero. The monetary equation shows a persistent lag structure in B, which
explains the persistence in the federal funds rate. All the shocks have at least one mixture component with
a big variance, which contributes to the fat tail in the shock distribution and helps the model identification.

Given the posterior density of all the parameters, we can also plot the impulse responses of the three
economic variables, in the standard regime and the ZLB regime respectively. In Figure 1.5, we use the
parameters in the standard regime and trace out the impulse responses, where as in Figure 1.6 we use the
parameters in the ZLB regime to achieve the same goal. The three shocks, by examining their effects on the
economic variables, can be labeled as the monetary policy shock, the demand shock, and the supply shock.
Figure 1.5 shows the impulse response to a one-standard-deviation shock when we stay in the standard
regime. The monetary policy shock increases the nominal interest rate and has a persistent effect, and the
negative response in output growth and inflation rate is also similar to conventional wisdom.?® In contrary,
Figure 1.6 presents the similarly defined responses in the ZLB regime. Now the monetary policy shock can
not persistently affect the shadow interest rate since the increase in the shadow interest rate cannot pass
to the nominal interest rate in the next period. Thus, the long-run effect of the unconventional monetary
policy is quite limited.?” The empirical results suggest the unconventional monetary policy has a small and
short-lived effect, compared to the conventional monetary policy.

We can now easily discuss the posterior distribution of the shadow interest rate, as shown in Figure 1.7.

By using the data augmentation technique in the efficient Bayesian inference routine, it is easy to draw from

25The credible intervals in the empirical analysis for all the other parameters will be listed in an online supplement appendix
in the future version.

26We also see a little evidence of the price puzzle, which is a common issue in the monetary SVAR literature (Ramey, 2016).

27 A possible way to allow a persistent effect in the shadow interest rate is to add lagged shadow interest rates in the model.
Further research is useful to consider the persistence of the shadow interest rate.
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IMPULSE RESPONSE IN STANDARD REGIME
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Figure 1.5: Impulse response w.r.t. one-standard deviation shock. Fach row represent one variable, and each
column represent one shock. Note the first row represents the response of the nominal interest rate. The 68% and
90 % credible bands are plotted in red and green. The horizontal axis spans from 0 to 12 months after the shock
occurrence.
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IMPULSE RESPONSE IN ZLB REGIME
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Figure 1.6: Impulse response w.r.t. one-standard deviation shock. Fach row represent one variable, and each
column represent one shock. Note the first row represents the response of the shadow interest rate. The black line
is the posterior mean, the red line is the 68% credible interval and the green line is the 90% credible interval. The
horizontal axis spans from 0 to 12 months after the shock occurrence.
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SHADOW INTEREST RATE
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Figure 1.7: Negative shadow interest rate between 2008:Dec and 2015:Dec. The gray line is the nominal interest
rate. The black line, the red line, and the green line are the posterior mean, the 68% credible interval and the 90%
credible interval.



the posterior of yj, in the ZLB periods. The overall magnitude of the shadow interest rate is small, meaning
the desired interest rate in central banks was not largely deviating from zero in the ZLB periods, except the

sudden decline at the beginning of the Great Recession.

1.8 Conclusion

This paper uses a SVAR-ZLB model to characterize the censored nominal interest rate and the effect of
unconventional monetary policy, and considers the model identification when we do not assume the short-run
effect of unconventional monetary policy is zero. I first interpret why we cannot achieve point identification
of this SVAR-ZLB model if the shocks are Gaussian, from the new likelihood perspective. The Gaussian
shocks have a circular contour in the likelihood function, so any rotated version of the model will fit the
censored and the uncensored data equally well. It turns out this lack of point identification is only a problem
for the Gaussian distribution. If we remove the Gaussian assumption and specify the empirically relevant
non-Gaussian distribution for the shocks, the non-Gaussian shocks will help point-identify the model. Then
I propose a generic semiparametric identification scheme, following independent component analysis and
Heckman selection models, to prove the point identification. Using ICA to identify the structural parameters
will encounter a non-linearity problem from the censoring, and I adjust the ICA techniques through Hessian
matrices of log densities to deal with this problem. Moreover, I design an efficient Bayesian inference routine
to facilitate the model estimation in practice. The empirical results show that the unconventional monetary
policy has a small and transitory effect.

There are also interesting questions that need to be answered in the future research. First, when we
specify the non-Gaussian shock distribution, we might ask if we still have consistency in MLE when we
slightly misspecify the non-Gaussian distribution. For example, we might know the shock is t-distributed but
we might get a wrong estimate for the degree of freedom. Second, although we have the model being point-
identified, we might wonder if the model has weak identification issues in finite samples. It is still unknown
whether the model identification from ICA and semiparametric Heckman selection models is efficient in finite

samples.
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Appendix 1.A Coherency Conditions on DGP

We assume the coherency of DGP, which implies the continuity of variables w.r.t. shocks and the existence
of a unique equilibrium, for any shock value. The two coherency conditions we impose on the DGP are
continuity and uniqueness. As in Aruoba et al. (2021), we need continuity as a necessary condition to
achieve coherency, and the continuity and the uniqueness together are necessary and sufficient conditions for
coherency. We now explain how we can guarantee these two conditions in the SVAR-ZLB model.

For continuity, it is guaranteed by the model setup where the two regimes only differ in Ay; and A3;.
First, A;; cannot change across regimes, because that will make the definition of the shadow interest rate
vague and the effect of unconventional monetary policy will be not properly defined. For example, if we make
Aj1 half as much as before in the ZLB regime, then the accordingly defined shadow interest rate will be twice
as large as before. Thus the effect of unconventional monetary policy will also be half as much as before.
Second, A1, Ass and B cannot be contingent on the regime, because the contingency in these parameters
will make the ya; not continuous across the two regimes when yj, = 0. Notice that, in the marginal case of

yi; = 0, the value of yo; follows

0
Y2t

0
Yot

All A12
A21 A22

All A12
A5 Az

A12
A22

Yor = By + &4 (1.A.1)

Hence, the same value of yo; will realize no matter we are using the standard regime or the ZLB regime,
when yf, = 0. With the only change arising in As; and A%, we can conclude that, given z;, yj, and yo; will
continuously change with ;.

As for uniqueness, we need the domain restriction, i.e. |A|/|A*| > 0, to guarantee the existence of a
unique equilibrium. We can apply (Gouriéroux et al. (1980), Theorem 1), to get the necessary and sufficient

condition in my model setup, which is sign(]A4|) = sign(]A*|).

Appendix 1.B Proofs

1.B.1 Proofs of Lemmas

Lemma 1.B.1. For any continuous shock distribution f;, the likelihood evaluation formulas in the y-space
and in the e-space are equivalent. In particular, for the standard regime, we can show that (1.16) is equivalent

to imputing the shocks e, = Ayy — Bxy and evaluating
Py, st = lzy) = |A] - £(er) (1.B.1)

whereas for the ZLB regime, we can show that (1.17) is equivalent to imputing the pseudo shocks €9 =

A*(0,y2:) — Bxy, and integrating out the true shocks subject to a linear constraint

*

et G 1
p(ye, st = 0|z¢) = / flew)f <agt — G—zl(slt — E?t)) G—*dalt (1.B.2)
—0 22 22

Similarly, the full likelihood evaluated in the e-space is comprised of (1.B.1) and (1.B.2), as written in (1.18).
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Proof. The equivalence between (1.16) is equivalent to (1.B.1) can be easily seen once we plug &;

= Ayt—B.’IJt.

To prove the equivalence between (1.17) is equivalent to (1.B.2), we can start from the y-space:

0
/ [A*| f1 (A1 (yie, y2t) — Browy) fo( A5 (Y14, y2i)' — Bo.y)dyi,

0
- / F(Av Wi yar) — Bray)-

A3y
f <A22y2t By.xy + —=

:/ : flew)f (€3t+

G35, 1
/ flew)f (Ezt G§2(51t 5%5)) G;Qd&?lt

A1

21
€1
A

|A”|
An

d€1f

LI(Anyl, + Aroyar — Brwy) — (Arayar — B1.33t)])

=

A* .
7‘ Alldyu
11

(1.B.3)

O

REMARK. From Lemma 1.B.1, we can explicitly characterize the different lines in the right panel of Fig-

ure 1.1. The boundary line (}) represents 0 = (1.2:+G1.€¢. The integral line (l;) represents yo; = 5. +G5.€4.

Note that the pseudo shocks by definition are also on the integral line (), i.e. yor = B5.2¢ + G5, ), and thus

the integral line (I,) can be equivalently written as o = €9, —

step of (1.B.3).

g* (61t — €Y;), which shows up in the last

Lemma 1.B.2. The model can be normalized as with A, A* B, with the shock n;; whose variance is 1.

Proof. The standard regime can be written by dividing by o7 and o9 for the two rows separately,

whereas in the ZLB regime,
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Hence, we can define the re-normalized parameters to simplify the notation
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We can see (1.B.4) and (1.B.5) is an equivalent way to specify the SVAR-ZLB model, except the shock

variance is now 1.
The structure of this SVAR-ZLB model still requires that A and A* have the same element except the

bottom-left corner. O

Lemma 1.B.3. Given the true value of A, A*, and a rotation matriz R, there exists a unique A* such that
the model setup is still valid and G35, = G35 R'. The mapping rule R* : (A, A*, R) — A* is stated as

< x (RA)11 (RA)12
O (1.B.10)
Risy.; (BA™)21 (RA)2

Proof. With A and R, we can first define the rotated matrix A = RA. For the new value of A*, we first need
to force A* and A have the same elements except for the bottom-left corner, to preserve the structure of
SVAR-ZLB model. Thus A*; ; = (R- A), , for (i,5) = (1,1),(1,2),(2,2). Now the model setup is preserved.
We further need to find a new value A%, in A*, such that G5 = G35.R’, where G* = A*~1.

We can first show (1.B.10) is a sufficient condition for G5, = G% R’. By using the A* generated by the
mapping (1.B.10), we have

Gy = [Gs G
- 1
Al A5y — AT A5

[-A3, A1)

1 (RA)II (RA*) (RA)H}

— (RA)II(RA)QQ _ (RA)lQ ((}g,f )1111 (RA*) [ (RA*)

1 (RA)11 (RA*) (RA)11 (RA*)H

= ((5;4 )11 (RA*)ll(RA*)QQ _ (RA )12(1524 )11 (RA*) [ (RA*)11 (RA*) 11
1

" (RA")11(RA")22 — (RA*)12(RA%);

_ @ [~(RA%)2 (RA)]

eh(RA*)™!
— (@R
—GyR (LB.11)

[~(RA")21 (RA)1)]

Then, let’s prove that (1.B.10) is a necessary condition for G = G35 R'. Given A*; ; = (R- A), ;, for
(i,7) = (1,1),(1,2),(2,2), we need A%, to satisfy

-1

(RA)11 (RA)1 _GLR (1.B.12)

Az (RA)x

where A%, is the only unknown and the number of equations is two. Hence, there are at most one A%, to
make (1.B.12) hold. O
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REMARK: It is noteworthy that in this SVAR model with ZLB, we also consider the case when we rotate
the true A and B matrix by 6 to get a new set of parameter values, namely A = R- A and B = R - B.
Since the level curve of joint standard normal is a circle. If we can rotate everything in the shock space
by 6, we will preserve the likelihood. First the boundary line will rotate by 8, because the boundary line
is now C~v'1.fn + él.ét = 0. Second, the uncensored observation will rotate by 6, i.e. & = R -¢&;. Third,
the censored observation will also rotate, because they can be treated as the marginal cases in the standard

regime. Finally, I will prove that we can rotate the integral line by 6.

1.B.2 Proof of Theorems

Proof of Theorem 1.1.

Proof. Under the true parameter values, we are going to use the following representation

Note that 7 s N(0,), and thus given z; we have

e (B, GG (1.B.15)
Y2e(1)
ly”(l)] Qﬁl ] o s /> (1.B.16)
y2:(0) Bs. G| |Ga.
To evaluate the likelihood in the standard regime,
P(ye, s¢ = Uae) = p(ye(1)|2e) = d(ye(1); By, GG') (1.B.17)

whereas the likelihood in the ZLB regime,

P(Ye, 8¢ = 0lxt)

P(y1:(1) < 0,y2¢(0)]a)

P(y2:(0)|ze) - p(y16(1) < Oy2¢(0), 24)

P(y2¢(0); B3.2¢, G3. G2 )

B(0; Br.xs + Q1205 (y2:(0) — Ba.xy), Q11 — Q12055 Q1) (1.B.18)

where ¢(-;m,72) means Gaussian density with mean m and variance 72, and ®(-;m,72) means the corre-

sponding Gaussian distribution function, and

!
Gs.
G3.

Gi.
G}

Q:

Now if we rotate the true parameter values to get A = RA, B = RB, and A* = R* (A*; A, R). Then the
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model representation is
Ay, (1) = Bay + 7 = A%y (0) (1.B.19)

Note that now G = GR', Gj. = G5, R’, and thus

GG' = GG’ (1.B.20)
~ ~ li
el e I e B e (1.B.21)
2. GQ GQ. Gg.
GB=GB=4 (1.B.22)
G;B=G;B =5 (1.B.23)

So the distribution of y¢(1) and (y1:(1), y2¢(0) is the same as (1.B.15) (1.B.16). Hence the likelihood value

is the same after we use the rotated version of parameters. O
Proof of Theorem 1.5.

Proof. The proof is mostly the same as the proof in Theorem 1.1, because we can simply change the notations
from the bivariate case to the multivariate case to complete most of the proof in Theorem 1.1. However, the
only part that we cannot be trivially complete when we change the notations is the proof in Lemma 1.B.3.

We can still use the mapping rule (1.B.10) and show it is a sufficient condition for G5, = G% R’ in this

multivariate case. By using the matrix inverse formula a 2-by-2 block matrix and the mapping rule, we get

Gy = |- (Agp — A5, ATV AL) T AR AT, (A, — Ap AT AL)

* - -1 * - * - -1
= [_((RA)QQ_(§;>)1111 (RA%)21(RA) (RAN2) T B (RA )21 (RA) s (RA)22— (4L (RA™)21 (RA)T (RA)12) }

Il
—~

[~ ((RA")22—(RA")21(RA™) [ (RA™)12) T (RA )21 (RAT) !, ((RA™)22—(RA™ )21 (RA™) [ (RA™)12) |

=G5 R (1.B.24)

Then, we can still prove that (1.B.10) is a necessary condition for G5 = G5.R'. Given A*; ; = (R- A);,
for (¢,7) = (1,1),(1,2),(2,2), we again need fl;l to satisfy

=GR (1.B.25)

where the (n — 1) vector A%, is the only unknown and the number of equations is n(n — 1). Hence, there are
at most one A3; to make (1.B.12) hold. O

Proof Theorem 1.6.

42



Proof. The proof is mostly the same as the proof in Theorem 1.2 - Theorem 1.4, because we can simply
change the notations from the bivariate case to the multivariate case to complete most of the proof in
Theorem 1.2 - Theorem 1.4. It is noteworthy that in the multivariate case, (1.25) and (1.26) now both
represent (n — 1) equations, but the semiparametric Heckit estimator will still work for each one of these

(n — 1) equations. O

Appendix 1.C Gibbs Sampling Scheme

1.C.1 Symmetry in Mixture of Normal Distributions

To easily identify all the parameters including the constant term, I impose symmetry in the mixture of
normal distributions. In particular, for the K components, the first half of the components will have positive
component mean, and the second half will have the same component variance but the opposite component

mean compared to the first half. Technically speaking, we impose restrictions on g, and Ufk so that

Hiv /26 = —Hik
2 2
OirK/2k = ik
TivK/2,k — Tik

Vi=1,2,--- ,K/2 (1.C.1)

1.C.2 Prior
We impose conjugate priors on all the parameters. The details of the prior is stated below.2®
PRIOR ON A AND A*. Since the diagonal of A and A* is normalized to be one, we can simply put inde-

pendent prior for each off-diagonal element in A and A*. For each (i, j) where ¢ # j, the Gaussian prior is

Ay; ~N(0,1) and A3 ~ N(0,1).

PRIOR ON B. We can simply put independent prior for each element in B. For the lagged coefficient in
equation ¢ of variable j at lag [, the Gaussian prior is B;j; ~ N(1{i = j},2). For the constant term in B,
the Gaussian prior is B;g ~ N(0,20?).

PRIOR ON p;x. We can simply put independent prior for each element ju1, as pix ~ N(0,1),k = 1,2, | K /2.

PRIOR ON 02,.. We can simply put independent prior for each element 02, as 0% ~ 1G(5,2),k = 1,2, - VK /2,

where IG(5,2) means inverse-gamma with shape 5 and scale 2.

28The dataset is scaled up or down to make the vanilla VAR(p) model generate residual variance around 1. This will help all
the following prior make sense.
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PRIOR ON ;. For the i-th shock, the component probability needs to sum up to 1, i.e. Zle mie = 1.
Because we impose the symmetry, we need ZkK:/ 12 27, = 1, and thus we can simply put a Dirichlet prior on
(2m31,2mi2, -+, 2m; o) and get (w1, Moo, -+, T; o) o Dir(1.5), where Dir(1.5) means Dirichlet prior with

all the shape parameters equal to 1.5.

1.C.3 Gibbs Sampler

Now we denote all the parameters as the set 0 = {A, A*, B, ™, ftir, 0% }, and denote 6\0; as all the param-
eters except the subset 6.
With the augmented data, the likelihood can be evaluated by (1.40), and the posterior density with the

augmented data will be

p(0, Zit, yielye) o<p(0) - p(Zie|0) - p(ys, Y110, Zie) (1.C.2)

We can now propose a Gibbs sampler to draw all the parameters 0, and the augmented data Z;;, yi,

alternatingly,?”

o For p(Zit|0,y7s, ye):
draw Z;; from the multinomial distribution, since p(Z;: = k|6, Y5, yt) < Tud(git; pin, 02

o For p(mik|O\Tik, Zit, yis, ve):

1.5—14+> " 1{Zi=k
draw 7, from the Dirichlet distribution, since p(mk|0\mir, Zit, Y5, Ye) < ;) 2 HZu=k)

e For p(B, /-%k:'e\{Ba Mik}) y{ta yt):
set up dummy variables ;5 = 1{Z;; = k} for equation i, and then draw B and all the elements p;

jointly from the Gaussian posterior derived from WLS, where the weight for equation 7 at time ¢ is

1/O-'L'»Zit

2 2 )
o For p(o7,[0\o7y, y1s, v ):
draw afk from the inverse-Gamma distribution, since

—5-1-1 1{Z;1=k
P(o3|0\TT Y1y ) ox(0?) DIRLE }exp(—%z[2+0'5Et(e“_’”*zit'I{Z”:k})m

o For p(A, A*|O\{A, A*}, yi;, yt):
draw A and A* jointly using the Metropolis algorithm?°

« For p(y1,|0, Zit, yt):
draw y7, from the truncated normal distribution, since we only need to consider the static correlation
between yi, and yo; in the ZLB regime,

Y1 By + 11,24, o1 -
1t N N it 1t ,G* 1,71+ ) G* 1
Yot B3t + P2, 2, 02,72

29 A detailed mathematical formula for the Gibbs sampling will be available in the online supplement appendix in the future
version.

30To achieve better posterior sampling convergence, this paper draws each element of A and A* individually conditional on
other elements using the Metropolis algorithm, to explore the non-smooth posterior of A and A*.
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Chapter 2

Local Projections vs. VARs: Lessons
From Thousands of DGPs

2.1 Introduction

Since Jorda (2005) introduced the popular local projection (LP) impulse response estimator, there has been
a debate about its benefits and drawbacks relative to Vector Autoregression (VAR) estimation (Sims, 1980).!
Recently, Plagborg-Mgller & Wolf (2021) proved that these two methods in fact estimate precisely the same
impulse responses asymptotically, provided that the lag length used for estimation tends to infinity. This
result holds regardless of identification scheme and regardless of the underlying data generating process
(DGP). Nevertheless, the question of which estimator to choose in finite samples remains open. It is also
an urgent question, since researchers have remarked that LPs and VARs can give conflicting results when
applied to central economic questions such as the effects of monetary or fiscal stimulus (e.g., Ramey, 2016;
Nakamura & Steinsson, 2018).

Whereas the LP estimator utilizes the sample autocovariances flexibly by directly projecting an outcome
at the future horizon h on current covariates, a VAR(p) estimator instead extrapolates longer-run impulse
responses from the first p sample autocovariances. Hence, though the estimates from the two methods
agree approximately at horizons h < p, they can disagree substantially at intermediate and long horizons.?
Intuitively, the extrapolation employed by VARs should yield a lower variance but potentially a higher
bias than for LPs, perfectly analogous to the trade-off between direct and iterated reduced-form forecasts

(Schorfheide, 2005; Kilian & Liitkepohl, 2017).®> How much more should one care about bias than variance

TAuthor: Dake Li dakel@princeton.edu, Mikkel Plagborg-Mgller mikkelpm@princeton.edu, and Christian K. Wolf
ckwolf@mit.edu. We received helpful comments from Isaiah Andrews, Régis Barnichon, Gabe Chodorow-Reich, Viet Hoang
Dinh, Oscar Jorda, Helmut Liitkepohl, Massimiliano Marcellino, Pepe Montiel Olea, Ulrich Miiller, Emi Nakamura, Chris Sims,
Lumi Stevens, Jim Stock, Mark Watson, Andrei Zeleneev, and numerous seminar and conference participants. Plagborg-Mgller
acknowledges that this material is based upon work supported by the NSF under Grant #1851665. Any opinions, findings, and
conclusions or recommendations expressed in this material are those of the authors and do not necessarily reflect the views of
the NSF.

2See Plaghborg-Mgller & Wolf (2021, Proposition 2) for a formal result.

3The trade-off is also conceptually similar to the relationship between polynomial series estimators and kernel estimators in
cross-sectional nonparametric regression.
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to optimally choose the LP estimator over the VAR estimator in realistic sample sizes? And how does the
trade-off depend on the DGP? Unfortunately, these questions are challenging to answer analytically, due to
the dynamic and nonlinear nature of the time series estimators, as well as the breadth of DGPs encountered
in applied practice.

In this paper we illuminate the bias-variance trade-off in impulse response estimation through a compre-
hensive simulation study, applying LP and VAR methods to thousands of empirically relevant DGPs. Our
goal is to identify which estimators perform well on average across many DGPs and thus may serve as practi-
cal default procedures. Rather than insisting on the usual binary distinction between “local projections” and
“VARs”, we furthermore consider an entire menu of related estimation approaches. We find that the usual
least-squares LP estimator tends to have lower bias than the least-squares VAR estimator, as expected, but
this bias reduction incurs a substantial cost of higher variance. Consequently, unless researchers are almost
exclusively concerned with bias, least-squares LP is not optimal, and shrinkage estimation via Bayesian
VARSs or penalized LPs is usually attractive.

Our simulation study considers an extensive array of DGPs, obtained by drawing specifications at random
from a large-scale, empirically calibrated dynamic factor model (DFM).* We use the estimated DFM in Stock
& Watson (2016), which has been fitted to 207 U.S. macroeconomic time series that span a wide variety
of variable categories. As discussed by Stock & Watson, DFMs are well-known to accurately capture the
joint co-movements of conventional macroeconomic data, thus ensuring that our simulation results will be
informative about the universe of standard U.S. time series. From the encompassing 207-variable DFM we
draw 6,000 random subsets of five variables (subject to certain constraints that emulate applied practice),
whose model-implied time series processes constitute the set of DGPs we consider for our simulation study.
Importantly, these DGPs vary in terms of how well they can be approximated by low-order VAR models, thus
yielding a non-trivial bias-variance trade-off between LPs and VARs. Moreover, the DGPs exhibit substantial
heterogeneity in persistence, shape of impulse response functions, and invertibility of the structural shocks,
consistent with the heterogeneity faced by applied researchers. An estimation method that works well across
this multitude of DGPs therefore carries substantial promise as an attractive default procedure.

We study the ability of several variants of LP and VAR methods to accurately estimate impulse response
functions. In addition to the popular least-squares LP and VAR estimators, we enrich the bias-variance
possibility frontier by considering: (i) penalized LP (Barnichon & Brownlees, 2019), which smooths out the
estimated impulse response function; (ii) Bayesian VAR estimation, which shrinks VAR coefficients toward
white noise; (iii) model averaging of univariate and multivariate VAR models of various lag lengths (Hansen,
2016); and (iv) bias correction of the VAR coefficients (Pope, 1990; Kilian, 1998). For each estimation
method, we consider three classical structural identification schemes: observed shocks, instrumental variables
(IVs)/proxies, and recursive identification. For IV identification, we distinguish between internal IV methods
(Ramey, 2011; Plagborg-Mgller & Wolf, 2021) and external IV methods (Stock, 2008; Stock & Watson, 2012;
Mertens & Ravn, 2013).

Applying the various estimation methods to simulated data from our multitude of DGPs, a clear and

unavoidable bias-variance trade-off emerges. We highlight four main lessons:

4Our overall approach is inspired by Lazarus et al. (2018), who are instead interested in the question of how to select among
different long-run variance estimators.
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1. Least-squares LP and VAR estimators lie on opposite ends of the bias-variance spectrum: small bias and
large variance for LPs, and large bias and small variance for VARs. Thus, for any given impulse response
horizon, there exists a weight on squared bias relative to variance in the loss function that would make a
researcher indifferent between the least-squares LP and VAR estimators. Yet, the slope of this trade-off
is stark: indifference between the two methods requires a researcher to care on average around four times

more about squared bias than about variance.

2. Shrinkage methods dramatically lower the variance of LP and VAR methods, at a usually moderate cost
in terms of bias. In particular, unless researchers care almost exclusively about bias, penalized LP is
preferred to least-squares LP, and Bayesian VAR shrinkage is preferred to or at least competitive with
the least-squares VAR estimator. However, when the data is very persistent, the performance of the

Bayesian VAR estimator is sensitive to the choice of prior at long horizons.

3. For any given loss function, no single method dominates at all horizons. Unless the concern for bias
is overwhelming, penalized LP is the most attractive estimation method at short horizons, while least-

squares or Bayesian VAR estimation are the most attractive methods at intermediate and long horizons.

4. In the case of IV identification, the SVAR-IV estimator is heavily (median-)biased, but provides substantial
reduction in dispersion. Depending on the weight attached to bias, it may therefore be justifiable to use

external IV methods despite their lack of robustness to non-invertibility (unlike internal IV methods).

Our findings provide a novel perspective on recent work emphasizing the potential dangers of VAR model
mis-specification (Ramey, 2016; Nakamura & Steinsson, 2018). We consider DGPs that do not admit finite-
order VAR representations, so VAR methods indeed suffer from larger bias, as cautioned there. Reducing
that bias via direct projection, however, incurs a steep cost in terms of increased sampling variance at
intermediate and long horizons. Researchers who employ conventional LP estimators should be prepared to
pay that price.

LITERATURE. Our large-scale simulation study is inspired by the seminal work of Marcellino et al. (2006)
on direct and iterated multi-step forecasts, though we focus instead on structural impulse responses. While
simulation studies in the forecasting literature often consider low-dimensional specifications, we consider
systems with several variables, consistent with standard practice in the applied structural macroeconometrics
literature. The structural perspective also requires us to contend with issues such as the variety of different
popular shock identification schemes, normalization of impulse responses, and the special role of external
instrumental variables.

Our large-scale set-up differs from prior simulation studies of LP and VAR methods, which have con-
sidered at most a handful of DGPs. Examples include Jorda (2005), Meier (2005), Kilian & Kim (2011),
Brugnolini (2018), Choi & Chudik (2019), Austin (2020), and Bruns & Liitkepohl (2021). These papers
either obtain their DGPs from stylized, low-dimensional VARMA models, calibrated DSGE models, and/or
a few empirically calibrated VAR models. Our analysis also differs in the following respects: we consider
shrinkage estimation procedures as competitors to the least-squares estimators; we study several popular
structural identification schemes; and we examine how our conclusions vary with the impulse response hori-
zon and the researcher’s loss function. All these features are essential to the above-mentioned main lessons

that we draw from our results.
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Even though the simulation results are at the heart of our analysis, we start off by illustrating the bias-
variance trade-off through an analytical example that builds on Schorfheide (2005). That paper develops
a general theory of the asymptotic bias and variance of direct and iterated (reduced-form) forecasts under
local mis-specification. While these theoretical results are valuable for analytically distilling the forces at
work, they do not by themselves resolve the bias-variance trade-off faced by practitioners, as this trade-off
invariably depends in a complicated fashion on many features of the DGP.

Finally, we stress that our paper focuses solely on point estimation, as opposed to inference or hypothesis
testing. See Inoue & Kilian (2020) and Montiel Olea & Plagborg-Mgller (2021) for theoretical and simulation
results on VAR and LP confidence interval procedures. Moreover, we focus exclusively on impulse response

estimands, rather than variance decompositions or historical decompositions.

OUTLINE. Section 2.2 illustrates the bias-variance trade-off for LP and VAR estimators using a simple
analytical example. Section 2.3 describes the empirically calibrated dynamic factor model that we use to
generate our many DGPs. Section 2.4 defines the menu of LP- and VAR-based estimation procedures.
Section 2.5 contains our main simulation results and robustness checks. Section 2.6 summarizes the lessons
for applied researchers and offers guidance for future research. The appendix contains implementation details.
A supplemental appendix with proofs and further simulation results and a Matlab code suite are available

online (https://github.com/dake-1i/1p_var_simul).

2.2 The bias-variance trade-off

This section motivates our simulation study with an analytical discussion of the bias-variance trade-off
between LP and VAR impulse response estimators. Section 2.2.1 begins with a simple model that cleanly

illustrates the trade-off, and Section 2.2.2 connects the discussion to the rest of the paper.

2.2.1 Illustrative example

Plagborg-Mgller & Wolf (2021) show that the impulse response estimands of VAR and LP estimators with
p lags generally differ at horizons h > p: the VAR extrapolates from the first p autocovariances of the
data, while LP exploits all autocovariances out to horizon h + p. This observation suggests the presence
of a bias-variance trade-off whenever the true DGP is not a finite-order VAR, perfectly analogous to the
choice between “direct” and “iterated” predictions in multi-step forecasting (Marcellino et al., 2006). We
here formalize this basic intuition by extending the arguments of Schorfheide (2005) to structural impulse

response estimation in a simple DGP.

MobDEL. Consider a simple sequence of drifting DGPs:

Yt = pYt—1 t €1t + €20 + (2.1)

«
ﬁ&,tq»

where €; = (£14,€2,¢)" is an i.i.d. white noise process with Var(e;) = diag(1,03). The DGP drifts towards
an AR(1) process at rate T-12 where T is the sample size. We will show that this ensures a non-trivial

bias-variance trade-off in the limit 7' — oco. The DGP captures the notion that finite-order autoregressive
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models are often a good—but not exact—approximation to the true underlying DGP. Note that the degree
of autoregressive mis-specification is governed by «a.

We are interested in the impulse responses of y; with respect to a unit impulse in £; ;. The true impulse
response function is evidently ), = p". We assume that the researcher observes w;, = (£1,4,:)’, i.e., she
observes the shock €1+ but not 2 ;. To evaluate the performance of a given estimator éh, we will throughout

this paper consider loss functions of the form

Lo (0, 01) = w x (E[éh - eh])2 + (1= w) x Var(dp). (2.2)

1

For w = %, this is proportional to the mean squared error (MSE).> For w > 5, the researcher is more

concerned about (squared) bias than variance, and vice versa.

ESTIMATORS. For now, we consider two estimators of 6},.

1. LP. The least-squares local projection estimator Bh is obtained from the OLS regression
Yiph = Bhel,t + é;/lwt_1 + residualtﬁ, (2.3)

at each horizon h. Notice that this LP specification controls for one lag of the data.

2. VAR. We consider a recursive VAR specification in w; = (e1,4,¥:)’, again with one lag. Define the
usual least-squares coefficient estimator A = (Zthz w,gw)’f_l)(z:tT=2 wy_1wy_1)" " and residual covariance
matrix 3 = 71! Z?:z G40y, where 4y = wy — Aw,_;. Define the lower triangular Cholesky factor C’,
where CC’ = 3. The un-normalized VAR impulse responses with respect to the first orthogonalized
shock at horizon h are given by AlCey, where e;j is the j-th unit vector of dimension 2, j = 1,2. To
facilitate comparison with LP, we normalize the impact response of the first variable in the VAR (i.e.,
£1,¢/) with respect to the first shock to be 1. This yields the estimator d;, = e, A"4, where 4 = (1,4)" and
h=391/81,.8

Note that at the impact horizon h = 0, the two estimators ﬁo and &y are numerically equal.

TRADE-OFF. How does the optimal choice of estimation method depend on the properties of the DGP (2.1)
and the bias weight w in the loss function (2.2)? Along the stated asymptote, the researcher faces a clear

bias-variance trade-off:

Proposition 2.1. Consider the model (2.1), and fit h > 0, p € (=1,1), 09 > 0, and @ € R. Assume

2
E(g},) < oo for j =1,2. Define o, = i;g . Then, as T — oo,

\/T(Bh —6n) LS N (aBiasyp,aVaryp), \/T(gh —6y) 4 N (aBiasyar,aVaryag), (2.4)

5The objective function (2.2) is not a loss function in the usual decision theoretic sense (which would call it a risk function
when w = %) We proceed with the non-standard terminology for ease of exposition.

6We have C' = | 21{ . AOQ N . We therefore achieve the desired normalization of the impact effect of the shock
321 /VE11 Y22—35, /311

by dividing Cey by \/ $311. This gives the normalized impulse responses Ahﬁ.
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ANALYTICAL ILLUSTRATION: ASYMPTOTIC BIAS AND STANDARD DEVIATION
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Figure 2.1: Asymptotic bias and standard deviation for LP (red) and VAR (purple) in the DGP (2.1) with o1 =1
and {p = 0.6, = 1} (no markers) or {p = 0.9, = 5} (markers).

where for all h > 0,

aBias;p =0, aVarpp= ag,y(l — pAhty 2

and for h > 1,
) _ aol _ h—1)2
aBiasyar = p" 1 (h — 1)2721, aVaryap = p?" (1 — p*)og, |1+ (27) + p*hol,
90,y ~ Oy — 1
Proof. Please see Supplemental Appendix F. O

Proposition 2.1 implies a ranking of the asymptotic biases and variances. First, we clearly have | aBiasyag | >
|aBiaspp | = 0 whenever h > 2, p # 0, and « # 0. Second, as in Schorfheide (2005), the asymptotic vari-
ances in Proposition 2.1 are the same as in the well-specified model with o = 0. It then follows from the
Cramér-Rao bound that aVaryag < aVarpp for all h, and the inequality is strict when A > 2 and p # 0.7

Figure 2.1 plots the asymptotic bias and standard deviation for two parametrizations: one with low
persistence and modest mis-specification (p = 0.6 and o = 1), and one with high persistence and severe

mis-specification (p = 0.9 and @ = 5).% Both set oo = 1. Figure 2.2 then plots the weight w = w} on

"The argument goes as follows. Both asymptotic variances in Proposition 2.1 are the same as they would be when estimating

the parameter ), = e/zAhchol(E)el/E}{2 in the well-specified bivariate VAR(1) model wy = Aw¢—1 +u¢, ut RS N(0,X), when
A = (8 g) and ¥ = (1 1:63) (“chol” denotes the lower triangular Cholesky factor). The VAR estimator is the MLE in
this model. It can be verified that the LP estimator (which regresses wsy ¢+yp on wi ¢, controlling for w;_1) is a consistent
and asymptotically regular estimator of 05, in this model (regardless of A and X). Hence, the Cramér-Rao bound implies
aVaryar < aVarpp. Moreover, when h > 2 and p # 0, LP is strictly inefficient since its asymptotic correlation with the VAR
estimator is not 1, according to the proof of Proposition 2.1.

8To interpret the magnitude of «, let # denote the t-statistic for testing the significance of the second lag in a univariate

92

1+o‘§

AR(2) regression for {y:}. Supplemental Appendix F.3 shows that 7 i> N (—p a, 1). We remind the reader, however,
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Figure 2.2: Weight w = wj, in the asymptotic loss function w X aBiaszh +(1 —w) x aVaréh that yields indifference

between the LP and VAR estimator. LP is preferred whenever w > wj,. The three panels correspond to different
values of p € {0.2,0.6,0.9}; the three curves in each panel correspond to different values of o € {1,5,10}. All results

are

computed with o2 = 1. The figure omits the horizons h € {0,1}, at which the two estimation methods are

(asymptotically) equivalent.

bias in the asymptotic analogue of the loss function (2.2) that yields indifference between the LP and VAR

estimator. That is, LP is preferred over VAR if and only if w > w;;. The three panels correspond to different

degrees of persistence p € {0.2,0.6,0.9}, while the three curves in each panel correspond to different degrees

of mis-specification a € {1, 5,10}.

We draw the following four conclusions from Proposition 2.1 and Figures 2.1 and 2.2:

. For h € {0, 1}, there actually is no bias-variance trade-off: on impact, the two estimators are numerically

equivalent; at h = 1, both are asymptotically unbiased, and the asymptotic variance coincides. Thus,
in Figure 2.1, the red and purple lines coincide initially, for both parametrizations. Intuitively, the
equivalence at h = 1 reflects the fact that the VAR(1) estimator does not extrapolate, instead reporting
the direct projection of y;+1 on wy, exactly as LP does (Plagborg-Mgller & Wolf, 2021).

For h > 2, the bias-variance trade-off is non-trivial. LP directly projects y:,5 on the shock €+, which
is uncorrelated with any lagged controls, so the asymptotic bias is always zero. In contrast, the VAR(1)
estimator extrapolates the response at horizon h from the sample autocovariances at horizon 1. Though
this tight parametric extrapolation yields a low variance relative to LP, it incurs a bias due to dynamic
mis-specification when « # 0. It follows that the indifference weight wj in Figure 2.2 is always in (0, 1):

LP can be justified if the concern for bias is sufficiently high, and wvice versa for VAR.

The indifference weight wj is decreasing in the degree of mis-specification a. That is, the greater the
mis-specification, the less the researcher needs to care about bias to prefer LPs over VARs. This result

follows immediately from the observation that the asymptotic variances are independent of o, while the

that the purpose of this section is illustration, not quantitative realism.
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asymptotic bias of the VAR is increasing in o.”

4. For h — oo, the bias-variance trade-off is invariably resolved in favor of the VAR estimator: both

asymptotic bias and variance for the VAR tend to zero, while the asymptotic variance of LP tends to

2
0,y

Figure 2.2 shows that the indifference weight w;, converges more slowly to 1 as h — oo when the DGP is

05, > 0. The practical relevance of this result hinges crucially on the persistence of the DGP, since

more persistent. The figure also shows that w} need not be a monotone function of the horizon h.

To summarize, even in this simple model environment, the researcher’s evaluation of VAR and LP es-
timators is shaped by several parameters: the DGP’s persistence p, the degree of mis-specification «, the

horizon h of interest, and the weight w attached to squared bias rather than variance in the loss function.

2.2.2 Outlook

Because analytical bias-variance calculations invariably end up depending on a multitude of parameters, the
rest of this paper will use simulations to explore the trade-off across a rich and empirically relevant set of
DGPs. In the language of Section 2.2.1, these DGPs will tell us about empirically plausible degrees of mis-
specification « and persistence p, and so about the practically relevant bias weight w necessary to justify the
use of one linear projection technique over another. Moreover, we will also consider several variants of the
least-squares LP and VAR estimators that use shrinkage approaches to further trace out the bias-variance

possibility frontier.

2.3 Data generating processes

This section presents our DGPs. We define the empirically calibrated encompassing model in Section 2.3.1,
from which we then draw thousands of DGPs with corresponding structural impulse response estimands,
as described in Section 2.3.2. We discuss implementation details in Section 2.3.3, and provide summary
statistics for the DGPs in Section 2.3.4. Various modifications to this baseline set of DGPs are considered

later in Section 2.5.5.

2.3.1 Encompassing model

We construct our simulation DGPs from an encompassing model that is known to accurately describe the
population of U.S. macroeconomic time series: the large-scale dynamic factor model (DFM) of Stock &
Watson (2016).

The DFM postulates that a large-dimensional nx x 1 vector X; of observed macroeconomic time series is
driven by a low-dimensional ny x 1 vector f; of latent factors, as well as an nx x 1 vector v, of idiosyncratic

components. The latent factors are assumed to follow a stationary VAR(p) process

fe=®(L)fi-1 + Hey, (2.5)

9Schorfheide (2005), shows that this result goes through in much more general DGPs, though he focuses on reduced-form
estimators.
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where e, = (€14, ... ,Enf’t)/ is an ny x 1 vector of aggregate shocks, which are i.i.d. and mutually uncorrelated,
Var(e;) = I,;. The ny x ny matrix H determines the impact impulse responses of the factors with respect

to the aggregate shocks. The observed macroeconomic aggregates X; are given by
Xt = Afi + v, (2.6)
where the idiosyncratic component v; ; for macro observable X, ; follows the AR(q) process
vir = Ni(L)vig—1 + Zikis, (2.7)

with & 4 i.i.d. across t and 7. We assume all shocks and innovations are jointly normal and homoskedastic. In
Section 2.3.3 we describe how the parameters of the DFM are calibrated to the Stock & Watson (2016) data
set, but first we describe how we construct our lower-dimensional DGPs from the encompassing large-scale
DFM.

2.3.2 DGPs and impulse response estimands

We use the encompassing model (2.5)-(2.7) to build thousands of lower-dimensional DGPs for our simulation
study. Specifically, for each DGP, we draw a random subset of ng variables w; from the large vector Xy,
ie., wy C X;. The variables w; follow the time series process implied by the encompassing model (2.5)-
(2.7). In particular, w; is driven by some combination of aggregate structural shocks e¢; and idiosyncratic
components v;. We draw thousands of such random combinations of variables, thus yielding thousands
of lower-dimensional DGPs. The details of how we select the variable combinations are postponed until
Section 2.3.3.

For each DGP drawn in this way, we consider three types of structural impulse response estimands,
chosen to mimic as closely as possible popular structural identification schemes in applied macroeconometrics
(Ramey, 2016; Stock & Watson, 2016). In the following, y; € w; denotes a response variable of interest in
the DGP, i; € w; is a variable used to normalize the scale of the shock (to be defined below), z; is an external

instrument (if applicable), and w; denotes the vector of all observed time series in the DGP.

1. Observed shock identification. In this identification scheme we assume that the econometrician ob-
serves both the endogenous variables w; and the first structural shock € +, so the full vector of observables
is wy = (e1,4,w)’. The objects of interest are the impulse responses of an outcome variable y;, with respect

to a one standard deviation (i.e., one unit) innovation to €1 4

Oh =N, a0, h=0,1,2.. (2.8)

where ©/(L) = (I — ®(L))"'H are the impulse responses of the factors f; to the structural shocks &,
implied by (2.5), while A are those rows of A that correspond to the observables w;. The index ¢,

corresponds to the location of y; in the vector wy.

This set-up captures those empirical studies in which the researcher has constructed a plausible direct
measure of the shock of interest. Examples include the monetary shock series of Romer & Romer (2004)
or the fiscal shock series of Ramey (2011).
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2. IV /proxy identification. In this scheme, rather than directly observing the structural shock &1, the

econometrician observes the noisy proxy

2p = pPr2i—1 + €14 + Vi, (2.9)

where v; is an i.i.d. process (independent of all shocks and innovations in the DFM) with Var(v;) = o2.

The full vector of observables is thus w; = (z¢,w;)'. As is standard in IV applications, we here adopt the

“unit effect” normalization of Stock & Watson (2016), so the object of interest becomes

=

f
Lya'eo,l,h
Op = ————

_ C h=0,1,2,..., (2.10)
Abia'(—)o 1,0

sdy

where the index ¢; corresponds to the location of some normalization variable i; in the vector w;. The
above unit effect normalization defines the magnitude of the shock €1 + such that it raises the normalization

variable i; by one unit on impact.

One example of an IV z; is the high-frequency change in futures prices around monetary policy announce-

ments employed by Gertler & Karadi (2015) to identify the effects of monetary policy shocks.

3. Recursive identification. For our third and final structural estimand, the researcher observes only the
endogenous variables wy; C X;, with no further direct or noisy shock measures. Thus, the total vector of
observables is w; = w;. Consistent with a large literature on recursive shock identification in VARs (e.g.,
Christiano et al., 1999; Blanchard & Perotti, 2002), we take as the estimand the impulse responses with
respect to a recursive orthogonalization of the reduced-form (Wold) forecast errors in the VAR (c0) process
for wy implied by the DFM. The ordering of the variables for the recursive identification is described below
in Section 2.3.3. Note that the recursively orthogonalized innovation differs across DGPs, and it generally
does not equal any of the structural shocks ¢;; in the DFM. We nevertheless consider this impulse response
estimand due to its popularity in applied work. We relegate the mathematical definition of the recursive

impulse response estimand to Supplemental Appendix C.

2.3.3 Implementation

This section first discusses the empirical calibration of the DFM and then specifies the particular DGPs and

structural impulse responses that we consider in the simulation study.

DFM PARAMETERS. We parametrize the DFM (2.5)—(2.7) based on the empirical reduced-form parameter
estimates from Stock & Watson (2016), using the same specification as in Lazarus et al. (2018). We provide a
brief summary here and refer to Stock & Watson for further details. The full vector of observables X; contains
quarterly observations on 207 time series for 1959Q1-2014Q4, mostly consisting of real activity variables,
price measures, interest rates, asset and wealth variables, and productivity series.'® Each series is seasonally
adjusted and—importantly—transformed to approximate stationarity. Following the formal dimensionality

tests of Stock & Watson, we allow for ny = 6 factors and two lags in the factor equation (2.5). Finally, we

10Table 1 and the Data Appendix of Stock & Watson (2016) list all variables and their categories.
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allow for two lags in the idiosyncratic component equation (2.7). The reduced-form parameters are estimated
by principal components and least-squares procedures. This pins down all parameters of the DFM except

for the structural impact response matrix H, which we discuss below.

DGP AND ESTIMAND SELECTION. To provide a comprehensive picture of the bias-variance trade-off, we
select thousands of different possible sets of observables w; C X;. We consider two protocols for selecting
these observables: one aimed at mimicking monetary policy shock applications, and one aimed at fiscal policy
shock applications. Specifically, for each type of policy shock, we randomly draw ngpec = 3,000 configurations
of ng = 5 macro observables w;. Thus, we end up with a total of 6,000 DGPs. For the monetary policy
DGPs we restrict w; to always contain the federal funds rate, while for the fiscal policy DGPs we restrict
wy to contain federal government spending. These two series are chosen as the normalization variables 4; for
the IV and recursive estimands. The remaining four variables in w; are selected uniformly at random from
X, except we impose that at least one variable should be a measure of real activity, and at least one other
variable a measure of prices.!! The impulse response variable 1, is selected uniformly at random from the
four series (other than ;).

For each of the 6,000 DGPs, we implement the three structural impulse response estimands in Section 2.3.2

as follows:

1. Observed shock. We select the structural impact response matrix H in the factor equation (2.5) so
as to maximize the impact effect of the shock €1, on the federal funds rate (for monetary shocks) and
government spending (for fiscal shocks), subject to the constraint that H is consistent with our estimate
of the reduced-form innovation variance-covariance matrix for the factors. This ensures that monetary
and fiscal shocks account for substantial short-run variation in nominal interest rates and government
spending, respectively. Additionally, we avoid issues related to division by near-zeros when normalizing

the impulse responses for the IV estimand. See Section 2.A.1 for further details.

2. IV. The matrix H is defined as in the “observed shock” case. As for the IV parameters in equation
(2.9), we draw p, uniformly at random from the set {0,0.25,0.5}.!2 To ensure an empirically plausible
signal-to-noise ratio, we calibrate o2 using real-world IV series. Specifically, we base the calibration on
the Romer & Romer (2004) series for monetary policy DGPs and the Ben Zeev & Pappa (2017) series
for fiscal policy DGPs. See Section 2.A.2 for details. We show below in Section 2.3.4 that the strength of

these IVs ranges from somewhat weak to moderately strong, as measured by the first-stage F-statistic.

3. Recursive. For monetary policy DGPs, we order the federal funds rate last, as in Christiano et al.
(1999); this restricts the other included variables to not respond contemporaneously to the monetary
innovation. For fiscal policy DGPs, we order the government expenditure series first, as in Blanchard &
Perotti (2002); this restricts the fiscal authority to respond to other innovations in the recursive VAR

with a lag.

HReal activity series correspond to categories 1-3 in the classification in Table 1 of Stock & Watson (2016), while price series
correspond to category 6.

12The external IVs used in empirical practice tend to have low to moderate autocorrelation (Ramey, 2016), consistent with
our assumptions on p;.
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DGP SUMMARY STATISTICS
Percentile | min 10 25 50 75 90  max

Data and shocks
trace(long-run var)/trace(var) 042 093 098 114 229 478 18.09

Largest VAR eigenvalue 0.82 084 084 084 084 0.8 091
Fraction of VAR coef’s ¢ > 5 0.02 0.10 0.15 0.23 0.34 0.44 0.84
Degree of shock invertibility 0.14 0.16 019 028 041 047 0.6
IV first stage F-statistic 9.28 940 948 1531 23.38 2391 24.66

Impulse responses up to h = 20

No. of interior local extrema 1 2 2 2 3 4 6
Horizon of max abs. value 0 0 0 0 1 2 8
Average/(max abs. value) -0.42 -0.16 -0.08 -0.02 0.06 0.11 043

R? in regression on quadratic 0.01 0.09 020 046 0.69 083 0.97

Table 2.1: Quantiles of various population parameters across the 6,000 DGPs for observed shock and IV identifica-
tion. “long-run var”: long-run variance. “Fraction of VAR coef’s £ > 5”: 225 |AZ 1/ 2211 |AZ ||, where || - || is the

Frobenius norm. IV first stage F-statistic: T x RQ/(l - Rz), where T' = 200 and R? is the population R-squared in a

projection of i, on (z¢ — E(z | 2¢-1)). “Average/(max abs. value)”: (57 iozo 01,)/ maxy {|0n|}. “R? in regression on

quadratic”: R-squared from a regression of the impulse response function {65}, on a quadratic polynomial in h.

2.3.4 Summary statistics

Consistent with the experience of applied researchers, our DGPs exhibit substantial heterogeneity along
several dimensions. Table 2.1 displays the distribution of various population parameters across our 6,000
DGPs. The table focuses on impulse responses with respect to directly observed monetary policy and gov-
ernment spending shocks, though results for recursively defined shocks are similar, as shown in Supplemental
Appendix E.4.

First of all, the DGPs feature varying degrees of persistence. Our primary measure of the persistence of
the DGP is given by trace(LRV (w;))/ trace(Var(w;)), where “LRV” denotes the long-run variance matrix.'?
This measure varies widely across the DGPs, with more than 25% of the DGPs being anti-persistent on
average (i.e., the ratio is less than 1), and the 90th percentile nearly equal to 5. The largest eigenvalue
of the VAR companion matrix, another measure of persistence, has a median of 0.84 and does not vary
as much across DGPs.!* We consider an alternative set of more persistent DGPs in a robustness check in
Section 2.5.5.

Second, the DGPs are heterogeneous in terms of how well they can be approximated by a relatively
low-order VAR. Table 2.1 reports the ratio 2225 |AYl/ Zgil [lAY]|, which measures the relative magnitude
of the coefficient matrices { A} }, in the VAR(00) representation for {w;} at or after lag 5 (with || - || denoting
the Frobenius matrix norm). The 10th and 90th percentiles equal 0.10 and 0.44, respectively. Hence, the

analysis in Section 2.2 suggests that the bias of low-order VAR procedures will vary substantially across the

13 This measure equals (1 + p)/(1 — p) for an AR(1) process with coefficient p.

14This is because the (transformed) interest rate and government spending series are quite persistent, and all DGPs include
one of these two series.
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SELECTED IMPULSE RESPONSE FUNCTION ESTIMANDS
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Figure 2.3: Selected impulse responses of macro observables to monetary and fiscal policy shocks. Here the impulse
response functions are normalized to have a maximum value 1 or —1.

various DGPs that we consider in our simulations.

Third, for the IV specifications, the DGPs differ in terms of the degree of invertibility of the shock
and the strength of the IV. The degree of invertibility is defined as the R-squared value in a population
projection of the shock of interest on current and lagged macro observables {w;_;}?°,. The bias of some
SVAR-based external instrument procedures depends on how far below 1 this measure is, as discussed
further in Section 2.4. The table shows that 90% of the DGPs have degrees of invertibility below 47%,
i.e., substantial non-invertibility. This is not surprising: the DFM (2.5)-(2.7) features a realistic amount
of idiosyncratic noise v, making it challenging to accurately back out the aggregate shock of interest ¢; ;
from a small number of observed time series w;. The strength of the IV is somewhat weak to moderate, as
the population first stage F-statistic (from a regression of the normalization variable i; on the IV z;) varies
between approximately 10 and 25, given sample size T = 200.

Finally, the true values of our impulse response estimands exhibit a wide variety of shapes. Table 2.1
shows that, though most impulse response functions peak at horizons h = 0 or h = 1, they are typically
not simple monotonically decaying or even hump-shaped functions: the median number of interior local
extrema of the impulse response functions is 2 (a monotonic function would have 0; a hump-shaped function
would have 1). Many impulse response functions change sign at some horizon, as evidenced by the average
response (across horizons) typically being much smaller than the maximal response. Finally, the smoothness
of the impulse response functions varies substantially: the R-squared value in a regression of the impulse
responses {0, }2° ) on a quadratic polynomial by 4+ by x h + by x h? has 10th and 90th percentiles given by
0.09 and 0.83, respectively. Figure 2.3 displays the true values of six impulse response functions that provide

a representative picture of the heterogeneity. Note, however, that all of them tend to zero when the horizon
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gets large, as required by the stationarity of the DGPs.

2.4 Estimation methods

We now give a brief overview of the different VAR- and LP-based estimation methods that we consider in
the simulation study. Though all these methods aim at estimating the same population impulse responses
defined in Section 2.3.2, the methods differ in terms of their bias/variance properties, and in terms of their
robustness to non-invertibility. Implementation details are relegated to Section 2.B.'® All estimators include

an intercept.

LOCAL PROJECTION APPROACHES. The basic idea behind local projections, as proposed by Jorda (2005),
is to estimate the impulse responses separately at each horizon by a direct regression of the future outcome

on current covariates. We consider two such approaches:

1. Least-squares LP. OLS regression of the response variable y;4; on the innovation variable z;, con-
trolling for p lags of all data series w;. The innovation variable equals z; = €1+ for “observed shock”
identification and z; = z; for IV identification. In the case of recursive identification, we addition-
ally control for the contemporaneous values of the variables that are ordered before z; in the system
(Plagborg-Mgller & Wolf, 2021). Since least-squares LP does not mechanically impose any functional
form on the relationship between impulse responses at different horizons h, the bias tends to be small.
However, the estimated impulse response functions tend to look jagged in finite samples and tend to

be estimated with high variance at longer horizons.

2. Penalized LP (abbreviated “Pen LP”). To lower the variance of least-squares LP at the expense of
potentially increasing the bias, Barnichon & Brownlees (2019) propose a penalized regression modifi-
cation of LP. The estimator minimizes the sum of squared forecast residuals (across both horizons and
time) plus a penalty term that encourages the estimation of smooth impulse responses. This is a type
of shrinkage estimation: the unrestricted least-squares estimate is pushed in the direction of a smooth

quadratic function of the horizon. The degree of shrinkage is chosen by cross-validation.

In the case of IV identification, we apply the LP-IV estimation approach of Stock & Watson (2018), which

is robust to non-invertibility.

VAR APPROACHES. Like local projections, a VAR with lag length p flexibly estimates the impulse responses
out to horizon p; however, the VAR extrapolates the responses at longer horizons h > p using only the sample
autocovariances out to lag p. As suggested by the analysis in Section 2.2, this tends to generate impulse
response estimates with lower variance but higher bias than LP estimates at intermediate horizons. In
our stationary class of DGPs, VAR impulse response estimates eventually tend to zero when the horizon
gets large (with high probability), unlike LP estimates; this feature will be important for the bias/variance

trade-off at long horizons. We consider four VAR-based approaches:

15To visualize the various estimation methods, Supplemental Appendix D plots the estimated impulse response functions in
a few data sets simulated from a single DGP.
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. Least-squares VAR. Standard VAR impulse response estimates based on equation-by-equation OLS

estimates of the reduced-form coefficients.

Bias-corrected VAR (abbreviated “BC VAR”). As above, but using the formula in Pope (1990) to

analytically correct the first-order bias of the reduced-form coefficients caused by persistent data.

Bayesian VAR (abbreviated “BVAR”). As above, but where the reduced-form coefficients are pos-
terior mean estimates under a Minnesota-style prior.'® Due to the stationarity of the DGP, we shrink
towards independent white noise processes (rather than independent unit root processes, which is con-
ventional for highly persistent data). The prior variance hyper-parameters follow the recommendations
in Canova (2007).

VAR model averaging (abbreviated “VAR Avg”). Hansen (2016) develops a data-driven method
for averaging across the impulse response estimates produced by several different VAR specifications.
We construct a weighted average of 40 different specifications, each of which is estimated by OLS:
univariate AR(1) to AR(20) models, and multivariate VAR(1) to VAR(20) models. The weights are

chosen to minimize an empirical estimate of the final impulse response estimator’s MSE.

The VAR model averaging estimator effectively includes LP among the list of candidate estimators (as
in the related approach of Miranda-Agrippino & Ricco, 2021a). This is because the candidate VAR(20)
model gives results similar to LP with several lagged controls, at all horizons considered in our study
(Plagborg-Mgller & Wolf, 2021).

Observed shock identification is carried out by simply ordering the shock first in the recursive VAR. We

consider two different approaches to IV estimation:

i)

ii)

Internal instruments. Proceed as if the IV were equal to the true shock of interest, i.e., order the IV
first in the VAR and compute responses to the first orthogonalized innovation (Ramey, 2011). Plagborg-
Mgller & Wolf (2021) prove that this approach consistently estimates the normalized structural impulse
responses (2.10) even if the IV is contaminated with measurement error as in (2.9), and even if the shock

is non-invertible.

SVAR-IV (also known as proxy-SVAR). Exclude the IV from the reduced-form VAR, and estimate
the structural shock by projecting the IV on the reduced-form VAR innovations (Stock, 2008; Stock
& Watson, 2012; Mertens & Ravn, 2013; Gertler & Karadi, 2015). This estimator is consistent if
the shock of interest is invertible, but not otherwise (Forni et al., 2019; Miranda-Agrippino & Ricco,
2021b; Plagborg-Mgller & Wolf, 2022). We shall see that the SVAR-IV estimator tends to exhibit lower
dispersion than the “internal instruments” estimator due to the smaller dimension of the VAR system,

potentially justifying the use of the former despite its lack of robustness to non-invertibility.

We implement the “internal instruments” approach using all four types of VAR estimation techniques de-

scribed earlier. For brevity, we only consider the least-squares version of the SVAR-IV estimator.

16We report posterior means of the impulse responses based on 100 draws.
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LAG LENGTH SELECTION. As a baseline, the LP and VAR estimators use p = 4 lags for estimation (except
VAR model averaging, which uses many different lag lengths). In our DGPs, the Akaike Information Criterion
almost always selects very short lag lengths pasc, as discussed further in Section 2.5.6 below. Thus, for all
intents and purposes our results may be interpreted as having been generated by the lag length selection
rule p = max{parc,4}. Our reading of applied practice is that researchers typically include at least 4 lags

in quarterly data. Results for p = 8 are discussed in Section 2.5.5.

2.5 Results

This section presents our simulation results. We summarize the results through four takeaways, one in
each subsection. The first three takeaways focus on observed shock identification. The fourth takeaway is
concerned with IV identification. We show in Section 2.5.5 that these conclusions are qualitatively robust to
several specification choices (including recursive identification). Finally, in Section 2.5.6, we justify our focus
on the average performance of estimators across DGPs, by arguing that there is limited scope for selecting
among estimators in a data-dependent way.

Throughout this section we present results for our 6,000 monetary and fiscal policy shock DGPs considered
jointly rather than separately. For each DGP, we simulate time series of length T" = 200 quarters and
approximate the population bias and variance of the estimators by averaging across 5,000 Monte Carlo
simulations. Our baseline results take about one week to produce in Matlab on 16 servers with 25 parallel

cores each.

2.5.1 There is a clear bias-variance trade-off between LP and VAR

Our first takeaway is that researchers invariably face a bias-variance trade-off: because most of our DGPs
are not well approximated by finite-order VAR models, least-squares LPs tend to have lower bias, while
least-squares VAR estimators tend to have lower variance. This agrees with the simple analytical example
in Section 2.2. We focus on the baseline least-squares LP and VAR estimators in this subsection, leaving
other procedures for later.

Figures 2.4 and 2.5 depict the bias-variance trade-off at various horizons. These figures show the median
(across our 6,000 DGPs) of the absolute bias or standard deviation, respectively, as a function of the horizon.
The different lines correspond to different estimators, with least-squares LP and VAR being the thick lines.
Before taking the median, we cancel out the units of the response variables by dividing the bias and standard
deviation by \/% iozo 0%, i.e., the root mean squared value of the true impulse response function out to
horizon 20. Note that the scale of the vertical axis differs between the bias and standard deviation plots.

The figures show that least-squares LP and VAR estimators have similar bias and variance at horizons
h < p = 4, but not at longer horizons h > p. The median LP bias is close to zero at all horizons, yet the
variance is high and does not decrease with the horizon.!” In contrast, the median VAR variance decays
quickly toward zero as a function of the horizon, at the cost of elevated bias at intermediate horizons (i.e.,

horizons h that are moderately larger than the estimation lag length p). These observations are consistent

ITKilian & Kim (2011) find in simulations that LP does not have lower bias than VAR estimators, but they consider a different
variant of LP that uses an auxiliary VAR to identify the structural shocks.
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OBSERVED SHOCK: BIAS OF ESTIMATORS

Horizon

Figure 2.4: Median (across DGPs) of absolute bias of the different estimation procedures, relative to y/ o 20:0 7.
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OBSERVED SHOCK: LEAST-SQUARES LP vs. VAR
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Figure 2.6: Fraction of DGPs for which the least-squares LP estimator has a lower loss than the VAR estimator.
Darker areas correspond to regions where LP is preferred more often. Horizontal axis: impulse response horizon h.
Vertical axis: weight w on squared bias in the loss function (2.2). The loss function is normalized by the scale of
the impulse response function, as in Figures 2.4 and 2.5. The impact horizon h = 0 is omitted due to numerical
equivalence between the estimators.

with the theoretical results in Section 2.2, Schorfheide (2005), and Plagborg-Mgller & Wolf (2021).

Figure 2.6 shows that least-squares VAR is preferred over least-squares LP for almost all horizons and
almost all researcher loss functions; the only exceptions are when the weight w on squared bias in the loss
function (2.2) is near 1 and the horizon h is intermediate. The figure uses grey shadings to indicate the
fraction of DGPs for which, at a given h and w, the loss for least-squares LP is smaller than that for least-
squares VAR. For h < p =4, the VAR is preferred almost uniformly because its variance is slightly smaller;
however, the difference is negligible. In the region with a non-trivial bias-variance trade-off—i.e., h > 4—a
stark picture emerges: for the researcher to prefer the LP method, her relative weight on squared bias will
usually have to be at least four times larger than that on variance. This is because, as already revealed by
Figures 2.4 and 2.5, the relatively low bias of the LP method comes at a very steep cost in terms of increased
sampling variance. Viewed through the lens of the analytical illustration in Figure 2.2, the findings coming
out of our large number of empirically disciplined DGPs are consistent with a calibration of our simple model

in Section 2.2 with (i) moderate persistence (p) and (ii) non-zero but limited VAR mis-specification (c).

2.5.2 Shrinkage dramatically lowers variance, at some cost of bias

Our second main takeaway is that shrinkage methods often allow a substantial reduction in variance, at a

moderate cost in terms of bias. In this subsection we focus on two shrinkage methods in particular: penalized
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LP, which shrinks the conventional least-squares LP estimates towards smooth impulse response functions,
and the Bayesian VAR (BVAR) estimator, which shrinks the least-squares VAR coefficients towards inde-
pendent white noise.

The dash-dotted and x-marked lines in Figure 2.4 show that penalized LPs and BVARs have uniformly
higher bias than least-squares LPs and VARs, respectively. This is an inevitable cost of shrinkage, since
the stylized prior information used for the shrinkage is never completely accurate. For penalized LP, the
increase in bias is particularly stark at short horizons, since this estimator uses the longer-horizon impulse
response estimates to inform the estimation of the short-run impulse responses (through the prior belief in
smoothness).

Figure 2.5, however, shows that shrinkage can lead to large reductions in variance: the median standard
deviation of penalized LP lies everywhere below that of standard LP (and is in fact the lowest of all methods
for h < p), and the standard deviation of the BVAR estimator is always strictly below that of least-squares
VAR.

Figures 2.7 and 2.8 depict the head-to-head loss-based comparison of penalized LP vs. least-squares
LP, and of BVAR vs. least-squares VAR, respectively. Given the relatively high bias of penalized LP at
short horizons, the trade-off for A < p is non-trivial: the researcher’s optimal choice of least-squares LP vs.
penalized LP is sensitive to the bias weight w. At intermediate horizons, however, the case for penalized
LP becomes overwhelming: substantial decreases in variance are achieved at the cost of moderate increases
in bias, so a preference for conventional LP methods requires an overwhelming concern for bias.!® In the
comparison of BVARs and least-squares VARs, the bias-variance trade-off is similarly non-trivial: shrinkage
offers a very competitive reduction in variance in return for its increased bias, and so justification of least-
squares VAR requires a relatively high bias weight w. Note that if we focus on the longest horizons in
Figures 2.4 and 2.5, the difference between least-squares VAR and BVAR is minimal, unlike when comparing
the two LP procedures. This is because any kind of VAR~estimated impulse response function tends to zero

as h — oo.

2.5.3 No method dominates, but shrinkage is generally welcome

Our third takeaway is that, for a fixed loss function, no single method is best at all horizons. Nevertheless,
regardless of the horizon, one of the LP or VAR shrinkage procedures is preferred by most loss functions,
unless bias receives a high weight.

Figure 2.9 shows the optimal estimation method as a function of the horizon h and the bias weight w.
We report the estimation method that minimizes the average loss (2.2) across DGPs, after normalizing the
loss to cancel out units as in Figures 2.4 and 2.5.

The attractive performance of the shrinkage estimators is evident visually, as most of the figure is either
cross-hatched green (penalized LP) or solid-dotted blue (BVAR). If interest centers solely on short impulse
response horizons, penalized LP is almost always the best choice, except when w is close to 1 (i.e., an almost
exclusive concern for bias). At horizons longer than the lag length p = 4, some kind of VAR method is

generally preferable. In particular, BVAR shrinkage is optimal if the weight on bias is not too large, while

18Penalized LP performs similarly to least-squares LP at horizon h = 20. The reason is mechanical: the Barnichon &
Brownlees (2019) smoothness penalty affects estimates near the “boundary” (i.e., the largest penalized horizon) less than at
the other horizons.
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Figure 2.7: Fraction of DGPs for which the least-squares LP estimator has a lower loss than penalized LP. Darker
areas correspond to regions where least-squares LP is preferred more often. See caption for Figure 2.6.

OBSERVED SHOCK: LEAST-SQUARES VAR vs. BAYESIAN VAR
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Figure 2.8: Fraction of DGPs for which the least-squares VAR estimator has a lower loss than the BVAR estimator.
Darker areas correspond to regions where least-squares VAR is preferred more often. See caption for Figure 2.6. The
impact horizon h = 0 is omitted due to numerical equivalence between the estimators.



OBSERVED SHOCK: OPTIMAL ESTIMATION METHOD
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Figure 2.9: Method that minimizes the average (across DGPs) loss function (2.2). Horizontal axis: impulse response
horizon. Vertical axis: weight on squared bias in loss function. The loss function is normalized by the scale of the
impulse response function, as in Figures 2.4 and 2.5. At h = 0, VAR and LP are numerically identical; we break the
tie in favor of VAR.

least-squares VAR or bias-corrected VAR are preferred if the weight on bias is high.

Though bias-corrected VAR (yellow with horizontal lines) looks attractive in Figure 2.9 when w > 0.8,
Figure 2.4 shows that in practice the reduction in bias relative to the conventional least-squares VAR esti-
mator is small. This finding is due to the modest persistence of our DGPs, as discussed in Section 2.3.4.
Figure 2.9 also shows that least-squares LP (orange with diagonal lines) as well as the VAR model averaging
estimator (light blue with hollow circles) are almost never optimal.!? Least-squares LP is essentially domi-
nated because its low bias is not much lower than that of penalized LP at intermediate horizons, and so the
high variance of least-squares LP is difficult to justify. The reason why VAR model averaging does poorly is
due to its high median standard deviation relative to other VAR-based estimators (see Figure 2.5). Closer
inspection reveals that the high standard deviation is a consequence of the estimator having a very fat-tailed
sampling distribution, with a non-negligible probability of erratic estimates.2’

19Least-squares LP is in fact strictly preferred in a very thin region with intermediate p and w = 1.

20We use Hansen’s (2016) code off the shelf. It would be interesting to investigate whether the procedure could be modified
to avoid erratic estimates.
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2.5.4 SVAR-IV is heavily biased, but has relatively low dispersion

Our last takeaway is concerned with IV/proxy estimation procedures. Among the robust “internal instru-
ments” procedures, the bias-variance trade-off is very similar to that discussed above for the case of an
observed shock. The “external instruments” SVAR-IV procedure, however, contributes very starkly to the
trade-off: it can be severely biased due to its lack of robustness to non-invertibility, but at the same time it
has substantially lower dispersion than the “internal instruments” procedures.

Figures 2.10 and 2.11 show the median bias and interquartile range of the various IV estimators. We
here report median bias instead of (mean) bias and the interquartile range instead of standard deviation,
because the sampling distributions of the IV impulse response estimates is fat-tailed, as is often the case with
moderately strong IVs.2! If we ignore the dotted burgundy line for SVAR-IV, these figures are qualitatively
similar to those presented in Section 2.5.1. However, SVAR-IV stands out by exhibiting especially high
median bias at short horizons, but low interquartile range at short and intermediate horizons. This is

“internal instruments”

consistent with the existing theoretical work referenced in Section 2.4: unlike the
procedures, SVAR-IV is asymptotically biased when the shock is not invertible, and we saw in Section 2.3.4
that the degree of invertibility is generally low in our DGPs. On the other hand, the SVAR-IV procedure
has fewer parameters to estimate, as it excludes the IV z; from the reduced-form VAR regression, causing a
reduction in dispersion relative to the other procedures. Though we view the high median bias of SVAR-IV
across our DGPs as a worrying finding, its low dispersion is intriguing and may in some cases in fact trump

the bias concerns.

2.5.5 Robustness

This section argues that our main conclusions in Sections 2.5.1 to 2.5.4 are robust to several alterations of our
baseline simulation specification. Since our baseline DGPs are not highly persistent (see Section 2.3.4), we
here pay particular attention to robustness exercises that consider DGPs with greater persistence. Various

other robustness checks are listed subsequently, with details relegated to Supplemental Appendix E.

PERSISTENCE. We consider an alternative set of DGPs with higher persistence than our baseline speci-
fication. This is achieved by adjusting the VAR(2) process for the factors f; so that the largest absolute
eigenvalue of the VAR polynomial equals 0.95, implying that some impulse responses in each DGP decay
with a half-life of approximately 3.4 years. We correspondingly scale the factor innovations to keep the trace
of the factor variance-covariance matrix constant. See Section 2.A.3 for details on the adjustment.

Higher persistence does not change our qualitative conclusions, except that the performance of the
Bayesian VAR procedure becomes more sensitive to the prior at long horizons. Figure 2.12 shows the
optimal method choice for this more persistent set of DGPs; other results are presented in Supplemental
Appendix E.2. At short horizons, the results are similar to the baseline results in Figure 2.9, with penalized
LP an attractive option unless the concern for bias is overwhelming. At long horizons, the least-squares
or bias-corrected VAR procedures do relatively better than the Bayesian VAR procedure compared to our

baseline. This is because the BVAR procedure we consider shrinks towards white noise, which incurs a

21For completeness, (mean) bias and standard deviation are reported in Supplemental Appendix E.1.
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OBSERVED SHOCK, PERSISTENT DGPs: OPTIMAL ESTIMATION METHOD
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Figure 2.12: Method that minimizes the average (across DGPs) loss function (2.2) for the alternative persistent
DFM. Horizontal axis: impulse response horizon. Vertical axis: weight on squared bias in loss function. The loss
function is normalized by the scale of the impulse response function, as in Figures 2.4 and 2.5. At h = 0, VAR and
LP are numerically identical; we break the tie in favor of VAR.

substantial bias for some persistent DGPs. The natural alternative of centering the prior at independent
random walks produces only slightly lower bias. We thus conclude that, when the data is very persistent
and interest centers on long horizons, prior elicitation for Bayesian VARs should receive careful attention
and should not be left to convention. Another finding is that the bias correction of the VAR estimator has
more bite in the persistent set of DGPs, though the performance of this estimator remains qualitatively
comparable to the un-corrected least-squares VAR estimator.

Rather than directly changing the persistence of the DGPs, we also consider an alternative exercise that
cumulates impulse responses across horizons. Starting with our baseline results, we compute cumulated
impulse responses for those time series in the Stock & Watson (2016) data set that have been differenced
prior to estimation. Thus, the resulting impulse responses can be interpreted as the responses of the levels
of these variables. With this change in estimand, both bias and variance of the estimates now tend to
increase with the horizon, as shown in Supplemental Appendix E.3. Yet our takeaways regarding the relative
magnitudes of bias and variance are not materially affected. In particular, unless the concern for bias is
substantial, the bias-variance trade-off continues to be best addressed by employing shrinkage techniques
such as penalized LPs or BVARs.
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OTHER ROBUSTNESS CHECKS. The following modifications to our baseline simulation specification all leave

our main conclusions qualitatively unchanged.

e Recursive identification: Results for recursively identified shocks are strikingly similar to those for

observed shock identification. See Supplemental Appendix E.4.

e Monetary vs. fiscal shocks: If we consider the monetary shock DGPs separately from the fiscal
shock DGPs, the bias-variance trade-off is qualitatively similar to when we consider the DGPs jointly.

See Supplemental Appendix E.5.

e Lag length: If the estimation lag length p is set to 8 instead of 4, our conclusions go through as long

as we reinterpret “short horizons” to mean h < 8 instead of h < 4. See Supplemental Appendix E.6.

e Sample size: Halving the sample size to T = 100 quarters tends to increase the estimator standard
deviations more than the biases, so shrinkage techniques look even more desirable than in our baseline.

See Supplemental Appendix E.7.

e Variable categories: We find little evidence that the biases or standard deviations of individual
impulse response estimators depend systematically on which categories of time series are included in

the DGP (e.g., how many financial variables are used). See Supplemental Appendix E.8.

e Salient observables: Our results remain essentially unchanged if we restrict attention to a subset of
18 oft-used, salient macroeconomic time series out of the 207 ones in the Stock & Watson (2016) data
set. We consider the exhaustive list of all five-variable DGPs that can be formed from these 18 series,

subject to the selection rules in Section 2.3.3. See Supplemental Appendix E.9.

e Near-worst-case performance: Whereas our baseline results pertain to the median performance
of estimators across DGPs, some researchers may instead prefer to focus on ensuring acceptable per-
formance for particularly challenging DGPs. To this end, Supplemental Appendix E.10 reports the
90th percentiles of the bias and standard deviation across DGPs. Interestingly, adopting this “near-
worst-case” perspective does not alter much the relative magnitudes of bias and standard deviation
across estimation procedures. Hence, none of the estimation procedures seem to have a particular
advantage in ensuring robustness to challenging environments, over and above their performance on
typical DGPs.

2.5.6 Discussion: can we select the estimator based on the data?

Whereas the preceding results have focused on the performance of estimators on average across our many
DGPs, it is natural to ask whether the choice of estimator can be guided by the data at hand. We now show
that this appears to be difficult, as conventional model selection or evaluation criteria are unable to detect
even substantial mis-specification of the VAR(4) model in the vast majority of our DGPs. These findings are
consistent with the previously documented poor performance of the VAR model averaging estimator. For
simplicity, we focus again on the “observed shock” DGPs.

First, the Akaike Information Criterion (AIC) tends to select very short lag lengths pasc in our DGPs,

as mentioned earlier. The 90th percentile of pa;c (across simulations) does not exceed 2 in any of our 6,000
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DGPs, and it equals 2 in only 11.0% of the DGPs. This frequently used model selection tool therefore
essentially never indicates that the VAR(4) specification is mis-specified.

Second, the Lagrange Multiplier test of residual serial correlation has low power in most of our DGPs. We
carry out this test by regressing the VAR sample residuals on their first lags, controlling for four lags of the
observed variables, and employing the specific likelihood ratio test defined in Johansen (1995). Using a 10%
significance level for the test, less than 0.1% of the DGPs exhibit a rejection probability above 25%. Hence,
this conventional specification test of the VAR(4) model is severely under-powered, despite the fact that
many of our DGPs are in fact not well approximated by a VAR(4) model in population (see Section 2.3.4).

It is of course possible that other model selection criteria or specification tests will work better. However,
at a minimum, the performance of the VAR model averaging estimator discussed in Section 2.5.3 and the
evidence presented in this subsection together suggest that it is not straightforward to develop effective data-
dependent estimator selection rules for use on conventional macroeconomic time series data. We therefore

leave the issue of data-driven estimator selection to future research.

2.6 Conclusion and directions for future research

We conducted a large-scale simulation study of the performance of LP and VAR structural impulse response
estimators, as well as several variants of these methods. By generating thousands of DGPs from an empirically
estimated encompassing dynamic factor model, we ensured that our results apply to a wide range of settings

faced by applied researchers. We drew the following four conclusions.

1. As predicted by theory, there is a non-trivial bias-variance trade-off between least-squares LP and VAR
estimators. Empirically relevant DGPs are unlikely to admit finite-order VAR representations, so mis-
specification of VAR estimators is a valid concern, as discussed by Ramey (2016) and Nakamura &
Steinsson (2018). Reducing this bias by going all the way to LP estimation, however, tends to come at a

surprisingly steep cost in terms of increased sampling variance at intermediate and long horizons.

2. Shrinkage procedures—such as the penalized LP procedure of Barnichon & Brownlees (2019) and Bayesian
VAR estimation—can dramatically lower the variance at the cost of often only moderately larger bias.
Typically the researcher must care overwhelmingly about bias to justify the use of conventional least-
squares estimators over shrinkage procedures. An important caveat is that, if the data is highly persistent
and interest centers on long horizons, shrinkage via Bayesian VARs requires careful prior elicitation. The
literature on shrinkage estimators of impulse responses is not yet saturated, and we believe our findings

are encouraging for further work in this area.

3. No method dominates at all response horizons, though one of the shrinkage procedures is usually optimal
or near-optimal. Penalized LP is especially attractive at short horizons, while BVAR estimation is gener-
ally attractive—or at least competitive—at intermediate and long horizons. One might hope to achieve
the best of both worlds by selecting among estimators in a data-dependent way, but preliminary evidence
suggests that the scope for this is limited. In particular, we find that conventional model selection or
evaluation tools are unable to detect substantial VAR mis-specification in realistic sample sizes. Despite
our negative results in this area, we view data-dependent estimator selection as an important topic for

future research.
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4. In the case of IV identification, the popular SVAR-IV (or proxy-SVAR) procedure can be badly biased
at short horizons, but it has substantially lower dispersion at all horizons than “internal instruments”
procedures such as LP-IV. The high (median) bias of SVAR-IV is due to its lack of robustness to non-
invertibility, which is a pervasive and realistic feature of our DGPs. An interesting question is whether it
is possible to develop alternative non-invertibility-robust estimation procedures that capture some of the

variance improvement enjoyed by SVAR-IV.

Whereas our simulation DGPs are calibrated to stationarity-transformed macroeconomic time series,
future research could fruitfully analyze the bias-variance trade-off in other data environments. First, due to
space constraints, we have not considered applying the estimation procedures directly to time series data
with unit roots. Second, we conjecture that the nature of the bias-variance trade-off may differ somewhat in
panel data settings, to the extent that the availability of a large cross section reduces the sampling variance

of the estimators for a given time dimension.
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Appendix 2.A Details on DGP definitions

2.A.1 Shock definition

Our definition of the structural shock of interest, ¢; +, ensures that it has the largest possible contemporaneous
effect on nominal interest rates (for monetary shocks) and government spending (for fiscal shocks). Letting
1y = Hey and * denote the index of the policy instrument, the shock is thus defined through the solution of
the following problem:

max A, Hey st. HH' =%,
H

where 2, = Var(n;), and e; selects the first column of H. The solution is given by He 1 = S, Al (A« WX AL ) 71/2.22

2.A.2 1V process calibration

We calibrate the parameters of the IV equation (2.9) using the shock series of Romer & Romer (2004) and
Ben Zeev & Pappa (2017) for monetary and fiscal simulation DGPs, respectively. We regress each shock

series Z; on leads and lags of the estimated factor innovations #j;:

5, = ¢+ E @M1 + residualy.
=

P
-p
We choose the number p of leads and lags based on the BIC. If the underlying structural shock measured by
2, is recoverable with respect to the factors in the DFM (Plagborg-Mgller & Wolf, 2022), then the R? in the
above two-sided regression will pin down the signal-to-noise ratio of 2,. We calibrate the signal-to-noise ratio

of the simulation IV (2.9) to be consistent with this estimated signal-to-noise ratio. Specifically, o2 = % -1

2.A.3 More persistent factor model

The more persistent encompassing factor model studied in Section 2.5.5 adjusts the baseline factor model
as follows. We replace the polynomial ®(L) = ®; + ®oL in the VAR(2) process (2.5) for the factors by the
polynomial <i>(L) = &y + Dy L, where &1 = b x By, Dy = b2 X Dy, b = 0.95/Amax, and Apayx is the absolute
value of the largest eigenvalue of the original VAR polynomial I — L®(L). It is straightforward to verify
that this adjustment scales all eigenvalues up by a factor of b. In particular, the largest absolute eigenvalue
of I — L®(L) equals 0.95. To hold constant the explanatory power of the factors in the DFM, we multiply
the matrix H by a scalar factor such that the trace of Var(f;) is left unchanged.

22The remaining columns in H are chosen arbitrarily to satisfy the variance-covariance constraint; these columns only matter
for the simulation results through the implications for reduced-form dynamics.
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Appendix 2.B Details on estimation procedures

LEAST-SQUARES LP. The least-squares LP estimator of the impulse response at horizon h is based on the
coefficient Bh in the h-step-ahead OLS regression

/4
Yern = fin + Brre + Cugr + Y Pnowr—g + residualy, (2.B.1)
=1

that is, we regress on the variable x;, with controls given by the vector ¢; as well as p lags of all of the data

w;. The estimands of Section 2.3.2 can now be estimated as follows:

1. Observed shock. We set x; equal to the observed shock ¢; ; and omit the contemporaneous controls

q: (we still control for lagged data).?3

2. IV. We estimate a Two-Stage Least Squares (2SLS) version of (2.B.1), setting x; equal to the normal-
ization variable i;, and instrumenting for this variable with the IV z;. We omit ¢; in this specification
(but still include lagged controls). This is numerically the same as doing a LP of y;y, on z; (with
lagged controls), and dividing this coefficient by the LP coefficient in a regression of i; on z; (with
lagged controls), see Stock & Watson (2018) and Plagborg-Mgller & Wolf (2021).

3. Recursive identification. x; is the innovation variable, while ¢; are the variables ordered before x;
in the identification scheme (Plagborg-Mgller & Wolf, 2021).

PENALIZED LP. The Barnichon & Brownlees (2019) estimator lowers the variance of LP by exploiting
a prior belief in smoothness of the impulse response function across horizons. Following their preferred
implementation, we model the impulse response function using B-spline basis functions. The jaggedness
penalty function penalizes deviations from a quadratic function of the horizon h. We penalize impulse
responses up to horizon h = 20. The penalty parameter is selected in a data-dependent way using 5-fold
cross-validation. We do not penalize the coefficients on the control variables in the LP. When reporting
relative impulse responses (2.10), we divide by the least-squares LP estimate of the impact response of the

normalization variable i; to the structural shock.

LEAST-SQUARES VAR. The least-squares VAR coefficient estimates are obtained through equation-by-
equation OLS regressions. We perform a conventional Cholesky decomposition of the forecast error variance-
covariance matrix and compute impulse response functions with respect to the orthogonalized shocks. The

estimands of Section 2.3.2 can now be estimated as follows:

1. Observed shock. The shock €1 is ordered first in w;, and we compute responses to the first innova-

tion.

2. IV. We initially consider an “internal instruments” approach as in Ramey (2011). That is, we include

the IV z; in the data vector wy, order the IV first, and compute responses with respect to the first

23The lags are not needed for consistency in this case, but they often improve efficiency.
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innovation (Plagborg-Mgller & Wolf, 2021). The relative impulse response (2.10) is obtained by dividing

by the impact response of the normalization variable ;.

3. Recursive identification. The ordering of variables in w; equals the ordering of the desired popula-
tion impulse response estimand (cf. Section 2.3.2), and we compute responses to the innovation of the

policy instrument i;.

In contrast to the above internal instruments approach, the SVAR-IV (or “proxy-SVAR”) estimator of
Stock (2008) is obtained by computing the reduced-form impulse responses 7 (h=0,1,...) corresponding
to a VAR in w; (i.e., excluding z;), and then reporting relative impulse responses (2.10) corresponding to
the absolute structural impulse responses \ilh'% where 4 is the sample covariance vector of the reduced-form
VAR residuals 4; and the IV z;.

BAYESIAN VAR. Our BVAR implementation assumes a Gaussian VAR(p) model with a Gaussian prior on
the VAR coefficients (the residual variance-covariance matrix 3 is fixed at the unconstrained least-squares
estimate). The prior is a version of the popular “Minnesota prior”. Following Kilian & Liitkepohl (2017,
chapter 5.2.3), we adapt this prior to a stationary setting by centering the prior of the VAR reduced-form
coefficients at zero, which would imply that the time series are independent white noise processes. The prior

variance hyper-parameters are given by the default choices in Canova (2007, chapter 10.2.2).24

VAR MODEL AVERAGING. Hansen (2016) proposes a data-dependent procedure for averaging across impulse
responses estimates produced by a collection of different AR and VAR models with different lag lengths.
Let Sh(r) denote the un-normalized, least-squares recursive impulse response estimate at some horizon h for
model » = 1,..., R. We estimate Sh(r) from R = 40 candidate models: First, univariate AR models for
y; with lag lengths from p = 1 up to p = 20; and second, VAR models in w; with lag lengths from p = 1
up to p = 20. As in Hansen (2016), the variance-covariance matrix of innovations ¥ and thus the impact
effect dy are fixed across candidate models and treated as known without error.2> The VAR model averaging
estimator is given by Zle @,Sh(r), where the weights {&,}; are chosen to minimize the data-dependent
approximated MSE estimate M(wy, ... ,wg) ~ E[T(Zf=1 wyrn (1) — 6)2], subject to the constraints that all
weights are nonnegative and Zle w, = 1. Details of the MSE estimate are given in Hansen (2016, Section
6).2¢ We run this optimization for the weights separately at each impulse response horizon. Relative impulse
responses (2.10) are computed by dividing the absolute impulse response by the least-squares VAR(4) impact

impulse response estimate of 7; with respect to the identified shock.

248pecifically, for each lag ¢, the prior variance is 0.04/¢2 for lags of the same variable, 0.01/¢2 for lags of other variables, and
4000 for the intercept.

25T match the impact effect estimate in our benchmark method of least-squares VAR, we use 3 from the p = 4 VAR estimate
as the true value across all the candidate models.

26The object of interest, Sh (r), is a scalar, which allows us to omit the weighting matrix required in the MSE estimate in
Hansen (2016).
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Chapter 3

International Evidence on Credit and

Economic Activity

3.1 Introduction

There has been longstanding arguments about whether credit expansion is good or bad for economic growth
after 2008.! Conventional wisdom usually regards a big credit-to-GDP ratio as a signal for output boost,
when comparing income levels across countries. Classical textbooks also treat credit expansion as a measure
of money stock expansion, which naturally boosts output under the Keynesian framework. On the contrary,
the trauma from the Great Recession makes central bankers believe that disorderly credit expansion can be
bad for the economy and thus emphasize the issue of debt sustainability ever since. When including data
after 2008, many people provide evidence of damage from credit growth. It is interesting to figure out under
what circumstances the credit expansion will be good or bad.

The contradictory findings between credit and GDP motivates a multiple-equation setup. The endo-
geneity among all the macroeconomic variables usually lead to having opposite reduced-form evidence when
running a single-equation regression. The success of monetary structural VAR opens a door for distinguish-
ing the opposite-sign causal relationship between macroeconomic variables, for example interest rate and
inflation. Hence, the structural VAR setup has been be used in dis-tangling the different links between
credit and GDP, and also examine their interaction with monetary policies, as in Brunnermeier et al. (2021).
However, there are still not many papers discussing how to use structural VAR models in a cross-country
dataset.

This paper tries to estimate a structural VAR to examine different causal channels that lead to comove-
ment between aggregate credit and GDP. By using a balanced panel of 10 countries, we find that, among all
the six structural shocks in our model, there is one that pushes aggregate credit up and then later depresses
GDP growth, but its effects are small in most countries. All the other five structural shocks still generate

positive or zero comovement between these two variables, in line with conventional thoughts. The shocks

1 Author: Dake Li dakel@princeton.edu, Christopher A. Sims sims@princeton.edu. We received helpful comments from
Mikkel Plagborg-Mgller, Mark Watson, and numerous seminar and conference participants.
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in our model are identified via variation across countries in the relative shock size, with the global trend of
shocks taken into account and modeled as the global shock. In our Bayesian estimation framework, we also
model the dependence between initial conditions and country constants to avoid the small-T dynamic panel
bias.

This paper shows how to properly use a medium-scaled structural VAR model in a cross-country panel
dataset. Our dataset covers 10 major economies for 25 years and includes 6 important macroeconomic
variables. The model is specified parsimoniously to account for both the heterogeneity across countries and
the common trend among them. Besides the country-level fixed effect, one key assumption in our model
is the shock size varies across countries. We further split the shocks in each country into two components,
i.e. global shocks and country shocks, to capture the global trend in the shock values, together with each
country’s idiosyncratic movement. In this way, we avoid the curse of dimensionality in the panel dataset,
and explain rich dynamics within and across countries. To theoretically identify the model parameters,
we utilize identification through heteroskedasticity in the cross-sectional dimension. Unlike Brunnermeier
et al. (2021), this paper applies identification through heteroskedasticity when the shock size varies across
countries, instead of varying across regimes in a specific country. Because each country has different loadings
on the global shock and has different variances in their country shock, the impact matrix in our model can
be theoretically point-identified following the scheme in Rigobon (2003).

Following the common routine in monetary structural VAR literature, our model is also estimated in a
Bayesian framework. First, we impose conjugate prior on lag coefficients and country constants via dummy
observation. Not only do we use the standard Minnesota prior as shrinkage for distant lag coefficients, but we
also link the country constants with the initial conditions in each country’s time series to avoid the dynamic
panel bias in the lag coefficients. Second, we also directly impose dispersed non-conjugate prior on other
parameters that we cannot derive the recognizable posterior distributions. Third, we optimize our MCMC
algorithm to make posterior draws on a subset of the model parameters. In particular, we integrate out lag
coefficients and country constants which have recognizable distribution densities, and then use Metropolis
algorithm to draw the rest of the parameters that we cannot analytically integrate out.

In our main results, we analyze the comovement of aggregate credit and GDP growth, and also justify
our model specification. We examine among all the six structural shocks in our model, and find that there is
one shock coming from the real estate sector, which we label as real-estate shock, that leads to the unusual
negative comovement of credit and GDP. However, the average effect of this shock is minimal compared to
other sources of variation in credit and GDP. All the other structural shocks still generate the usual positive
or zero comovement. This shows that the relationship we observe really depends on which structural shock is
leading the variation in a certain period. We also present evidence of huge variation in the shock size across
countries, from both the different loadings of global shocks and the different variances of country shocks,
which helps to sharply identify our impact matrix. In addition, the global shock that we introduced into
our model effectively captures the common trend in the shock terms from this cross-country panel dataset,
without too complicated model parameterization.

We additionally run a few robustness checks for our main results. First, we twist the sample of countries
and the sample periods to show that our main results are still preserved with another sample in the dataset. In
particular, removing US from the sample does not change our main results, indicating it is reasonable to treat

US as other countries in this panel VAR model. Second, we try to follow the convention in structural VAR to
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recursively define the shocks without using identification through heteroskedasticity, and we largely get the
same results. This indicates that identification through heteroskedasticity introduces flexibility in specifying

the impact matrix, without generating mysterious results at odds with the conventional methodology.

LITERATURE. Our empirical framework is inspired by Brunnermeier et al. (2021), which establishes a
medium-scaled structural VAR on US data to study credit and GDP. That paper explores the different
interactions of credit and GDP under different structural shocks, and noticed that the monetary policy can
endogenously contribute to the negative comovement. Their model is also identified through heteroskedas-
ticity, with the setup of multiple regimes in the US history. However, that paper only handles the time series
data in the US, while our paper tries to extend the setup to the cross-country panel data and handle both
the heterogeneity and the common trend across countries.

Numerous work has been proposed to find effects of credit growth in a cross-country panel data. Some
old research work favors the traditional idea that credit expansion is good for the economy. Rajan & Zingales
(1998) is one example showing the benefit of credit expansion in lowering financing cost of firms. However,
the public opinion changed dramatically after 2008. Jorda et al. (2016) relies on a single-equation projection
method in a long-run dataset to document the risk from the increased credit level. Mian et al. (2017) studies
an unbalanced panel of 30 countries and find evidence for harmful household credit growth across countries.
But their paper only sets up a reduced-form VAR model and did not try to model the global trend in the
innovation terms. Thus, their conclusion is not exactly a causal interpretation of credit and GDP under
different scenarios. Our paper tries to parsimoniously model the rich dynamics across countries and across
time, and manage to provide a causal interpretation of comovement between credit and GDP.

The methodology for cross-country panel data has been long studied in the literature. Canova & Ciccarelli
(2004) proposes a framework to stack multiple-country variables in a large-scaled VAR model. Because the
curse of dimensionality quickly kicks in a large-scaled VAR model, researchers need to make some effort
in specifying hierarchical prior to solve the problem. From a different perspective, Pesaran et al. (2004)
tries to model the interdependence across countries by running a bunch of country-level VARX models, with
the weighted average of foreign variables appearing in the equation as exogenous variables. However, the
two step estimation routine of their framework makes it unfeasible to write a internally consistent likelihood
formula to analyze the model parameters. In addition, neither of these two papers tries to explore the special
issue of structural VAR modeling framework in a cross-country panel setup, i.e. the common trend across
countries. We take a stance similar to Stock & Watson (2005) to build the factor structure in the error
terms, to characterize the common trend across countries. But instead of only using output data across
countries as in their paper, we try to build a model for six variables across countries and try to identify a
structural VAR model. Although one can simply follow the conventional tricks to transform reduced-form
VAR to structural form, such as running Cholesky decomposition on the variance-covariance matrix of the
innovations, our paper tries to utilize the features of this panel data to more flexibly identify the structural
parameters, while keeping the model parameterization parsimonious.

This paper also uses the existing tools from the literature of dynamic panel estimation. Since our model
has the country constants like the fixed-effect model, and also has a small sample size like any typical macro
dataset, the bias presented by Nickell (1981) is a valid concern. One solution, as shown in Sims (2000), is

to model dependency of initial conditions with the fixed-effect constants, as the cross-sectional dimension

83



grows. To model this dependency, one good example is to specify the correlated random effect as Liu (2022),
in which the constants are assumed to have a linear relationship with initial conditions.? However, in order
to easily add dummy observations, we follow the dummy observation representation of the cointegration
prior (Sims & Zha, 1998), to model the initial conditions being centered around the implied mean of the

model.

OUTLINE. Section 3.2 describes the dataset and the model specification, together with the identification
scheme in theory. Section 3.3 explains the steps in our Bayesian estimation procedures. Section 3.4 presents
our main results regarding comovement of credit and GDP, variation in the shock size across countries, and
benefits of having global shocks. Section 3.5 lists a few robustness checks that we experiment to show the
robustness of our main results. Section 3.6 concludes the main contributions of this paper and offers guidance

for future research.

3.2 Data and model

This section presents the data and the model that we use in this paper. The details of the data, including the
macroeconomic variables and the countries that we select, are listed in Section 3.2.1. We discuss the specifi-
cation of our structural VAR model, which incorporates global shocks and country shocks, in Section 3.2.2.

In terms of model identification, our identification through heteroskedasticity is illustrated in Section 3.2.3.

3.2.1 Data

We use a balanced panel of 10 countries, each with quarterly observations of 6 important macroeconomic
variables.

Our dataset incorporates time series across countries in the BIS database and the IMF database. To
get a long time series in a balanced panel, we focus on 10 countries with the highest data availability:
Australia (AU), Canada (CA), Denmark (DK), United Kingdom (GB), Israel (IL), Japan (JP), Norway
(NO), New Zealand (NZ), Sweden (SE), and United States (US). For each country, we gather the data of
household credit, policy rate and property price index from the BIS website, and collect the data of GDP,
GDP deflator from the IMF website. Moreover, we collect US commodity price index from FRED and
adjust the US commodity price by each country’s spot exchange rate to get each country’s commodity price.
In our balanced panel dataset that we finally use, we construct the variables of real property price, real
GDP growth, policy rate, GDP deflator, commodity price, household credit in each country from 1995:Q1
to 2019:Q4.3

As an illustrative example, the historical paths of household credit in these 10 countries are showed in
Figure 3.1. We can see there are huge discrepancies across countries. For example, Japan (JP) had credit
contraction after 2000, US had a large credit decline after 2008, but most other countries have a upward-

sloping path. The rich heterogeneity in credit paths can help us generalize our results to different country

20ne can derive the dummy observation representation for correlated random effects, but we avoid using this complicated
dummy observation representation in order to make our model specification clear.

3When we feed the data into our model, we use policy rate with its decimal numbers, and use all the other variables with
its logarithm.
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scenarios.

3.2.2 Model specification

Our structural VAR model is specified parsimoniously to count for both the heterogeneity across countries
and the global trend in shocks.

Consider country i’s variables follow a structural VAR model:

Ayit :Ci+B(L)yi,t—1+Vit7i:172a"' 7’I’L,t:1 2,---,T

) ) )

: (3.1)

where y;; is a vector including m = 6 variables for country i at time ¢. All the countries share the slope
coefficient B(L) with p = 8 lags, but they have different country constants c¢;. The shock term v;; also
contains m = 6 elements, i.e. vy = (vY, -, V%)% Particularly in the panel setup, we can expect some
global trend in the shock term z/ft across ¢ in each equation j at each time ¢, and thus the shock term I/gt

can be further modeled with two components as:
v, =T+l (3.2)

where fg is a 1-dim global shock in this factor representation and nft is a 1-dim country shock.” As in any
standard factor model, I‘Z is the country ¢’s loading on the global shock ftj . We can stack the shocks across

multiple equations in country ¢ as:

Vi I} f i

= c. . . + . s (3.3)
Vit I it
Vit r; ft Nit

which clearly illustrates the factor structure in v;;.

For the shock distribution, we assume:

N N(0,1), ¥4, 4,
i iid 7 . A
nzl?t ~ N(O’ (Az)Q)’VZataja (34)

which indicates all the shocks in (3.2) are orthogonal to each other, independent across time, and thus have
causal interpretation. Only the shocks in (3.2) are called as structural shocks in our model, in which the global
shock captures the synchronized trend in Vft across 7, and the country shock represents the idiosyncratic
source of variation. Note that in (3.4), ft] is normalized to have standard deviation of 1, and ngt is normalized

to have an average standard deviation of 1 across countries, i.e. % > Ag = 1. For simplicity, we also use the

4To clearly distinguish the equation index j with the country index i and time index t, this paper always uses a superscript
for the equation index j.

5To stay in line with the setup of VAR literature, we assume one global shock and one country shock per equation. However,
it is possible to extend our setup to include multiple global shocks and one country shock per equation.
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Figure 3.1: We collect the total household credit of each country in its domestic currency (billions). Each credit
variable in our model is taken the logarithm of their levels.



aggregate notation A; = diag(A},- -+, A™).0

(3

3.2.3 Identification

The way we identify our structural VAR model is mainly through variation of the shock size across countries,
with both global shocks and country shocks taken into account.

The identification of the impact matrix A is the key problem in any structural VAR model, and we identify
it in a flexible way via the identification through heteroskedasticity. Unlike imposing recursive ordering and
force some elements in A to be zero, we allow all the elements in A to be non-zero. Our identification scheme
works when the shock size varies a lot across countries, including both the loaded global shock and the
idiosyncratic country shock. By assuming the same impact matrix A in (3.1), the variation of the shock size
can help distinguish different structural shocks in different equations of (3.1).

Now we explain how the identification through heteroskedasticity works in our model setup. Consider

the reduced-form innovation of y;; and define the variance-covariance matrix of reduced-form innovation as:
i = Var(yie|yi i soy:e-1)) = Var(A™'vy) = A Var(v) A7, (3.5)

Moreover, we can further derive the variance of v;; from (3.3),
Var(vi) = Var(Ty fy + mir) = (T3)? + (M), (3.6)

where Var(v;;) clearly has a diagonal structure due to the same structure in I'; and A;, and it corresponds
to the structural definition of the global shocks and the country shocks.

Finally, we can follow the technique of identification through heteroskedasticity by applying eigenvalue
decomposition. where ¥; is supposed to be identified directly from the data, as one part of the reduced-form
specification. After we collect {;}7_; across countries, we will notice that for any two countries i1 and is:
51 = A(T0)? + (8)7)7H(T0)* + (A3,)7) A7, (3.7)
which pins down the impact matrix A by computing eigenvalue decomposition.”

Once we pin down the elements in A, which equivalent pins down the definition of structural shocks
in each equation, the rest of the parameters can also be identified using conventional routines. First, the
reduced-form specification together with the identified A can identify the slope coefficient B(L) and the

country constants ¢;. Second, with the identified A, we can back out the shock term v;; and then identify

T'; and A; as the factor loading and idiosyncratic variance from standard factor models.

6For simplicity, we later also use the aggregate notation A, T, ¢ to denote the corresponding set of A, I';, ¢; across i.

7This identification scheme still pins down up to relabeling of rows, as the literature has noticed. But following Brunnermeier
et al. (2021), we impose a dispersed prior on A to nudge the main diagonal of A to be larger than the off diagonal, in order to
get around of the relabeling issue.
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3.3 Estimation procedure

This section explains our Bayesian estimation procedure in this paper. In Section 3.3.1, we show the technique
of using dummy observations as a convenient way to impose prior on autoregressive coefficients and country
constants. We also discuss other priors we directly impose on the rest of the parameters that we cannot
analytically integrate out in Section 3.3.2. The brief outline of our MCMC algorithm for making posterior

draws is listed in Section 3.3.3.

3.3.1 Dummy observations

As a way to apply shrinkage and express prior belief, we use dummy observations to govern the prior of the
slope coefficients and the country constants.

The prior on the slope coefficients and the country constants is conditional on A, I'; and A;, and thus
can be viewed as handling the shrinkage on the reduced-form specification of each equation. Following Sims

& Zha (1998), we use three types of dummy observations for each country i:
1. Cointegration: one dummy observation®
P
)\1 . Agl = )\1 < C; + Al . Z B-,<,lgi -+ Vi,t;, (38)
1=1

where the initial condition denotes y; = % >0, Yi1—1, which captures the initial levels of country i’s
variables.” The usage of this cointegration prior can model the dependence between country constants

and initial conditions, and can thus address the dynamic panel bias as shown in Sims (2000).1°
2. Single unit-root: one dummy observation for each variable j
P
)\2 . A(gl o ej) = )\2 . ZB""l@i ] 6]') + 1/7;,%7 (39)
=1

where o means element-wise product and e; means a zero vector only with 1 in index j, i.e. we are

selecting the j-th element of a vector.

3. Minnesota (random-walk) prior: one dummy observation for each lag [ of each variable j

3ty

0=2As1l3y - B..u(6oej) +vigy, ifl>1, (3.10)

Sy

/\31-14(6'08]'):/\31'3‘ 1(6’06]‘)—"-1/1*7,5;, ifl=1,

where 6 is a rough estimate of the standard deviation of the reduced-form residuals in the VAR model

on Y-

8Here one dummy observation means one set of variable values in the multiple-equation system as in (3.1).
9We use t* to denote the auxiliary time index in dummy observations.

10 Although our dataset has 10 countries and 100 real observations for each country, which is not similar to the usual "big n
small T" setup in panel data, the bias from the dynamic panel is still a valid concern given any finite 7.
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When imposing these dummy observations as the prior, we need to tune the hyper-parameters to control
the tightness of the prior. Here we select Ay = 0.2/y/m, A2 = 0.2/y/m, A1 = 0.1/y/m and A3y = 1, to
keep the prior reasonably loose and control the magnitude of the residuals in these dummy observations.
Since we add these three types of dummy observations for each country i, the division by /m in these
hyper-parameters makes sure that we are not going to impose a tighter and tighter prior as the number of
countries m grows.

In this way, we construct the above-mentioned set of dummy observations for each country and model
the country constants with their initial conditions. The dummy observation of cointegration penalizes the
country constant if it implies a steady state too far away from the initial conditions, since those cases occur
when the huge bias of the country constants kicks in to mechanically use the mean-reversion trend to fit
the persistent time series. This is a special concern in dynamic panel data, since we have a lot of country

constants and the time span is not extremely long.

3.3.2 Other priors on parameters

In addition to dummy observations, we also impose other priors directly on parameters A, A;, T';.
Since it is difficult to derive a recognizable posterior distribution for A, A;, T'; in (3.1) - (3.2), we directly

use non-conjugate prior for these parameters. For each element in A, we use a Gaussian prior:
p(Ajr) = N(1{j = k} - 100, 200°), (3.11)

where the dispersed prior slightly push the diagonal of A to the positive region and to be slightly larger than
the off diagonal, in order to get around the well-known relabeling issue of A. For A;, given the normalization

of having its average equal to 1 across i, we impose a scaled Dirichlet prior on A; in each equation j:

Finally for I';, we use a truncated Gaussian prior. However, to avoid introducing sharp discontinuity in the
posterior density, we first use a untruncated Gaussian prior for I' in each equation j to make posterior draws,
and then later map the draws to the target region where the average of I'; in each equation j are normalized

to be positive:
. ) 1 &
rs,..., 09 N(0,1), if = ’>0 3.13
T T MO, 3T, (3.13)

Here the prior on I' indicates that ex ante we expect the global shock component is as large as the country
shock component for an average country. All the prior has been set to be relatively dispersed to cover the

possible range of parameter values.

3.3.3 MCMC algorithm

We set up a MCMC algorithm, which fully utilizes the structure of this model, to make posterior draws.

There are two parts in evaluating the posterior distribution for our MCMC algorithm:
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1. Integrate out the parameters with recognizable posterior distribution, i.e. integrating ¢; and B(L)
given A, A; and T';, 1!

p(YA,AT) = / p(e, B(L)|A,A,T) - p(Y|e, B(L), A,A,T) - dc - dB, (3.14)
C,

Since it is to verify the posterior distribution of ¢; and B(L) given other parameters is Gaussian, we

can easily integrate out ¢; and B(L) to get the marginal likelihood for A, A,T".12

2. Directly evaluate posterior for parameters that cannot be integrated out,
P(A, A TTY) oc p(A)p(A)p(I)p(Y[A, A, T), (3.15)

where p(Y|A, A,T) is obtained from (3.14).

To make the MCMC algorithm computationally efficient, we apply Metropolis method on (3.15) to only
draw A, A,T". We execute a long MCMC series for these three parameters, and then later draw ¢ and B(L)
given these three parameters from a Gaussian posterior when analyzing impulse responses and shock sizes.
Our MCMC algorithm generates 100,000 draws, from which we later thin to keep only 100 draws for the

inference results. Further details are discussed in Section 3.A.

3.4 Main results

This section presents the main results from estimating our structural VAR model. The comovement between
credit and GDP, under scenarios of different structural shocks, are described in Section 3.4.1. We also
compare the shock size across different countries, in terms of their loaded global shocks and their idiosyncratic
country shocks, as in Section 3.4.2. Furthermore, we show the benefits of including global shocks into our

model in Section 3.4.3.

3.4.1 Comovement of credit and GDP

We analyze the comovement of credit and GDP, with the occurrence of different structural shocks, to unveil
the various causal channels underlying the documented relationship.

Since we identify the impact matrix through heteroskedasticity, we allow all the elements of our impact
matrix to be non-zero. Our estimate of A at the posterior peak is presented in Table 3.1. The impact matrix
has small entries off-diagonal, capturing the small correlations across variables. Its main-diagonal entries are
much larger, and thus we label the shocks in line with the variable names.

We document the impulse responses of credit and GDP, together with other included macroeconomic
variables, as in Figure 3.2. Since we have six equations, we will have six types of structural shocks, where each
type has its global shock component and its country shock component. Here we examine the responses when

an average country has a one-standard-deviation move for each type of structural shocks, where its standard

HFor simplicity, we also use the aggregate notation of A,T',c to denote the set of A;,I';, c; across i.

12We denote all the real observations as Y, and all the dummy observations as Y* in our illustration.
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POSTERIOR MODAL ESTIMATE OF IMPACT MATRIX

real real policy commodity GDP household
property GDP rate price deflator credit
real-estate 92.94 -1.11 0.08 2.57 0.46 -1.00
shock
output shock | -1.99 105.35 -0.93 0.37 0.79 -0.50
monetary -0.58 -1.30 105.54 0.14 -0.40 -0.44
shock
commodity 3.83 0.81 0.26 31.94 -2.95 -0.09
shock
price 2.88 2.14 -0.33 -1.26 103.43 -0.47
shock
credit shock | -3.47 -1.08 -0.32 0.36 -1.25 105.05

Table 3.1: Each row represents one equation in our model.

deviation includes the variation of both its global shock component and its country shock component, in
order to demonstrate which type of shocks explains most of the variation for most countries.

Across all the six structural shocks, we find the shock from the real estate sector largely drives the negative
comovement of credit and GDP. Here, since the first shock in Figure 3.2 pushes up the property price a lot, we
can thus label the first shock as the real-estate shock. This real estate shock generates an increasing trend in
credit, but the response of GDP is hump-shaped, with a negative GDP growth rate after 1 year. In addition,
we note that the policy rate endogenously rises shortly after this real-estate shock, which contributes to this
negative relationship. This seems the only exceptional pattern across all the impulse responses, because all
the other five structural shocks are either generating positive comovement or no comovement between credit
and GDP, which matches the convectional opinions before 2008. For example, the monetary policy shock
(the third shock in Figure 3.2) will lower GDP and credit at the same time, which is the typical effect of
monetary tightening.

The exceptional negative relationship explains the puzzle in contradictory opinions about credit growth.
First, the shocks coming from different sectors will lead to different comovement, and the real estate shock
plays an important role whenever we observe bad effects of credit growth. Second, the magnitude of variation
caused by this real estate shock is small, compared to other sources of variation in credit and GDP, which
explains why we did not collect much evidence on bad credit growth before 2008. Third, it is noteworthy
that the monetary policy rate endogenously responds to the real estate shock, which drives down GDP after

1 year. Any analysis omitting this endogenous interaction might lead to puzzling conclusions.

3.4.2 Size of global shocks and country shocks

We show that there is huge heterogeneity in the shock size across countries, in terms of both the global shock
component and the country shock component.

First, we present the size of idiosyncratic country shocks, i.e. the posterior peak value of A, as in Table 3.2.
We notice that the second shock, i.e.output shock, has similar sizes across countries. On the contrary, the
third shock, i.e. monetary policy shock, is more than 100 times larger in some countries than the others.

Now we turn to each country’s loading on the global shock, i.e. the posterior peak value of I', as shown in
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Figure 3.2: The 68% and 90% credible bands are plotted in red and in green. We feed in a one-std shock (including
both variation of global and country shocks) for each type of structural shock in an average country, which equals to
the average shock size across countries.



POSTERIOR MODAL ESTIMATE OF STANDARD DEVIATION IN COUNTRY SHOCK

AU CA DK GB 1IL JP NO NZ SE US
real-estate 1.22 111 1.14 0.03 1.14 083 1.54 1.01 121 0.76
shock
output shock | 0.54 0.48 0.82 0.35 0.88 1.09 3.59 1.02 0.76 048
monetary 024 0.25 028 0.19 739 0.07 045 0.60 0.21 0.32
shock
commodity 1.30 090 0.78 1.00 093 2.02 094 138 0.09 0.66
shock
price 0.83 0.79 0.54 0.75 1.07 0.34 4.00 1.05 0.50 0.12
shock
credit shock | 0.57 049 1.01 0.52 5.04 0.73 0.25 0.47 0.25 0.67

Table 3.2: Each row is normalized to have average of 1, in order to pin down the scale of each structural equation.

POSTERIOR MODAL ESTIMATE OF LOADING ON GLOBAL SHOCK

AU CA DK GB 1L JP NO NZ SE UsS
real-estate 037 0.06 040 153 0.11 -0.03 0.28 -0.13 041 0.14
shock
output shock | -0.04 0.23 0.28 0.19 039 044 0.03 -0.04 044 0.22
monetary 0.26 023 017 033 023 002 029 0.19 030 0.24
shock
commodity 099 049 128 0.73 051 042 1.15 1.03 1.50 0.01
shock
price 041 044 021 005 -0.21 -0.25 0.73 0.12 0.00 0.06
shock
credit shock | 0.11 -0.12 -0.36 -0.01 0.17 0.02 0.12 0.19 -0.07 0.06

Table 3.3: Each row is normalized to have average above 0, in order to uniquely pin down the sign of global shocks.

Table 3.3. First, most countries have positive loadings, which means they follow the global trend in the same
direction. This coincides with our usual observations that the world economy comoves together. Second, a
certain country can follow the global trend in the shock, and go against the global trend in the other shock.
For example, Canada (CA) has big positive loadings on shock 4 (global commodity shock) and shock 5
(global price shock), but big negative loading on shock 6 (global credit shock). Third, across all the different
shocks, shock 4 (global commodity shock) has the largest cross-country linkages. Since shock 4 (commodity
shock) is mainly from the commodity market, it makes sense to have strong synergy in this shock, given the
integration of the global commodity market and the way in which we construct each country’s commodity
price index.

We can now compare the variation of shock sizes in each country’s global shock component and country
shock component. Figure 3.3 compares the standard deviation of the global shock component and country
shock component across countries. We pick the real-estate shock and monetary policy shock here as two
illustrative examples (See Section 3.B for this comparison in other shocks). First, we notice huge variation
in contribution of global shocks vs. country shocks. For example, GB’s real-estate shocks relies heavily on
the global trend, while IL’s monetary policy shocks are mostly idiosyncratic. Second, the importance of

the global trend differs across types of shocks. For most countries, the global trend plays a limited role for
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STANDARD DEVIATION OF GLOBAL & COUNTRY SHOCK COMPONENT
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Figure 3.3: This bar plot shows the standard deviation of the global shock component and country shock component
across countries. The standard deviation of global shock component is the absolute value of I'. The standard deviation
of country shock component, i.e. A, is normalized to have an average of 1 across countries.

real-estate shocks, while the global trend imposes a stronger synergy in monetary policy shocks. Third, there
is no clear pattern showing the complementary or substitution between the global component and country
component, because we do not see the standard deviation of these two components always moving in the

same or opposite direction.

3.4.3 Comparison with and without global shocks

Including global shocks brings many benefits into our model, including describing the global trend, identifying
the model, and improving the model fit.

We document the time series of implied global shock, as in Figure 3.4. Here we consider both the
uncertainty from the model parameters and from the latent shocks. In our specification, the global shock
can be interpreted as contemporaneous spillover of shocks across countries. For example, central banks will
decide the policy rate next period and introduce some unexpected surprise across time. But when they are
in the process of determining the policy rate for next period, they might have meetings with other central
banks to communicate, and thus create some global trend in the monetary policy shock next period, which
is captured by the global monetary policy shock listed in the graph. After taking out the global trend, the
remaining variation in each country’s monetary policy is supposed to be idiosyncratic. We plot the country
shocks of monetary policy as an example in Figure 3.5. Across countries, we no longer see dramatic dips in
the country shocks of monetary policy around 2008, because the common dip is interpreted as a global shock,
and the idiosyncratic deviation from this common dip will show up as the country shock. Thus, most of

the common trend across countries has been absorbed into the global shock component, leaving the country
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MODEL FIT WITH / WITHOUT GLOBAL SHOCKS

log of marginal data density
with global shocks 16379.7
without global shocks 16377.2

Table 3.4: We report the logarithm of marginal data density, computed from bridge sampling with a Gaussian
proposal density around the posterior peak, using 100 posterior draws.

shock component closer to being orthogonal.'?

Introducing the global shock into our model has multiple benefits. First, it explicitly models the global
component and country component in the shock terms, and effectively captures the global trend. This
preserves the causal interpretation in our structural model, because we can now discuss the response of
either a global shock or a country shock, without worrying the synergy of shocks across countries. Second,
the global shock brings another layer of shock size variation across countries. As we have seen in Section 3.4.2,
the loadings on the global shock in each country vary dramatically, which can help the identification scheme
to work in addition to the variations in sizes of country shocks, as we can rely on both the change of I'; and
A; in (3.7). Third, the goodness of model fit mildly increases after the usage of global shocks, indicating it
is crucial to specify the right cross-country correlation structure to fit the data. Table 3.4 lists the logarithm
of marginal data density using models with and without global shocks.'* Although using the global shocks
remarkably increases the likelihood!'® and easily rejects the null in a frequentist likelihood-ratio test, our
Bayesian analysis gives a more conservative conclusion, showing there is only mild increase in the model fit,

especially in the case of testing a large amount of free parameters, i.e. the 60 parameters of I'.16

3.5 Robustness checks

This section implements a few robustness checks on our data and model. In Section 3.5.1, we change the
countries and the periods in our sample to show our main results are still robust. In Section 3.5.2, we use
the conventional identification scheme, by recursively defining shocks and ignoring global trends, to show

that the impulse response results are also robust.

3.5.1 Alternative sample

To test the robustness of our main results, we change the sample by altering the selection of countries and

the sample period. First, we allow shorter time series to expand the dataset to 13 countries from 2000:Q1

13Here we cannot expect the orthogonality to be perfect, because the model specification is still parsimonious and cannot
fully interpret every correlation across countries. As shown in Section 3.C, if we impute the country shocks of monetary policy
at the posterior peak and compute the correlation matrix, we can still find a few big correlations. However, compared to the
model without global shocks, our model has done a good job in tackling down most of the big correlations.

v14F0r'the model without global shocks, we simply force I' = 0, and thus the model only has idiosyncratic country shocks, i.e.
v!, =], as in standard panel structural VAR models.

15The log-likelihood increases by more than 300, which is much larger than X?;O,OA%-

16 Although the increase of log marginal data density by 2.5 would imply the model with global shocks is 12 times more likely,
the rule of thumb in Bayesian high-dim model comparison would view this as an mild increase, given we are testing two distinct
models, with no other models in between.
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Figure 3.4: The 68% and 90% credible bands are plotted in red and in green. Both the uncertainty from the
model parameters and the latent shock values are incorporated. Each global shock is normalized to have mean 0 and
standard deviation 1.
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IMPLIED VALUES OF COUNTRY SHOCKS IN MONETARY POLICY
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to 2019:Q4. Our main results are preserved. Second, we remove US in our baseline specification, and re-
estimate the model, which generate similar results. This means it is feasible to treat US the same as other
countries, as long as we have modeled the cross-country heterogeneity and the global trend in our panel
data.

3.5.2 Conventional identification scheme

To show that our identification scheme gives results in line with conventional identification scheme, we re-
estimate our model without global shocks and define structural shocks recursively. The implementation
simply treats (3.1) as a standard panel structural VAR model with country fixed effects, and estimate the
pooled variance-covariance of v;;. Then we use Cholesky decomposition to back out the impact matrix
and examine the impulse response. The response largely coincides with our main results, indicating our
identification scheme in the main results is allowing extra flexibility while not generating anything completely

mysterious.

3.6 Conclusion and directions for future research

We estimate a structural VAR on a balanced panel of 10 countries to examine different causal channels that
lead to comovement between aggregate credit and GDP. The model is specified to account for heterogeneity
across countries and to capture the global trend. We show this model can be identified through heteroskedas-
ticity, with the variation in the size of loaded global shocks and country shocks. Among all the six structural
shocks in our model, we find that there is one from the real estate sector, that pushes aggregate credit up
and then later depresses GDP growth, but its effects are small in most countries. All the other five structural
shocks still generate the positive or zero comovement between aggregate credit and GDP. The results also
imply huge variation in shock sizes across countries. The inclusion of the global shocks effectively captures
the global trend of shocks across countries.

There are some interesting extensions of our model specification. First, researchers can specify both the
shock size variation across countries and across time. This is going to combine our paper with (Brunnermeier
et al., 2021), and use the cross section and time series information to identify the impact matrix. In addition,
this type of models will have rich dynamics that can characterize the extremely large shock values around 2008
and even after the pandemic. Second, one can extend our specification by introducing dynamic structures
of global shocks. The example of 2008 Financial Crisis shows that the pace of rates cut will largely be
synchronized across countries, but might have some time mismatches around 1 quarter. Having lagged
terms of global shocks appearing in our model will answer the question that how soon each country follow
the global trend, for example, in the common rates cut. Third, one can try some sub-models between our
model with global shocks and the model without global shocks. Our analysis shows that adding global
shocks for each structural equation brings in too many free parameters, which is not favored using Bayesian
information criteria. Simply adding global shocks for equations with large cross-cournntry correlation will

be promising.
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Appendix 3.A Details on MCMC algorithm

The details of our MCMC algorithm are listed here.

We first optimize the MCMC algorithm by integrating out ¢ and B(L) in the likelihood. Since we use
dummy observations to express prior on ¢ and B(L), we need to integrate the likelihood twice to get the
correct posterior. Denote the real observations as Y and the dummy observations as Y*. In addition, the

prior that the dummy observations generates is

p(Y"|e, B(L), A, A, T)

B(L)|A,AT) = )
pe, B(L)|A,AT) J. 5 p(Y*le, B(L), A,A,T)de - dB

(3.A.1)

Thus the likelihood with ¢ and B(L) integrated out both in the real and dummy observations is

p(Y]A,AT) = / p(c, B(L)|A,A,T) - p(Y|e, B(L), A, A,T")dc - dB

Y*C B 7A7A7F
/ | gl Y*|c| B(L ())A A I‘)C)ic.dBp(Y|CaB(L)aA,A,F)dc~dB
c,B

ch(Y Y*le, B(L),A,A,T")dc - dB

~ [ ap(Y*|e, B(L), A, A,T)dc - dB (3.A.2)

After integrating out ¢ and B(L), we are left with parameters, i.e. A, A,T, which cannot easily integrate
out, and hence we turn to Metropolis algorithm to directly make posterior draws on this smaller set of
parameters. We run a pilot series of 10,000 Metropolis draws from the posterior peak, and update the
variance-covariance matrix in our Gaussian proposal density. Then we start a formal series of 100,000
Metropolis draws for our main results. We check the convergence of our MCMC draws by using the traceplot
of our posterior density. When computing impulse responses or implied shock values, our routine is taking

a posterior draw of A, A,T" and then analytically draw ¢ and B given the value of A, A, T.
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Appendix 3.B Shock size variation in global and country compo-

nents

Here we list out the comparison of the standard deviation in the global shock component and the country

shock component, similar to Section 3.4.2
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Figure 3.B.1: This bar plot shows the standard deviation of the global shock component and country shock
component across countries. The standard deviation of global shock component is the absolute value of I'. The
standard deviation of country shock component, i.e. A, is normalized to have an average of 1 across countries.



Appendix 3.C Cross correlation in monetary policy shocks

Here we impute the country shock values at the posterior peak, and compute the sample correlation matrix.
We then compare the correlation matrix using the model with global shocks and the model without global

shocks, to check how many big correlation entries have been absorbed by the global shocks.

CROSS CORRELATION IN COUNTRY SHOCKS IN MONETARY POLICY
(a) Model with global shocks

AU CA DK GB IL JP NO N7Z SE US

AU | 1.00 -0.22 -0.15 -0.31 0.13 0.15 -0.14 0.15 -0.09 -0.05
CA | -0.22 100 0.10 -0.26 0.15 -0.11 0.04 -0.11 -0.27 0.23
DK | -0.15 0.10 1.00 -0.11 -0.24 -0.36 0.34 -0.25 -0.12 -0.21
GB | -0.31 -0.26 -0.11 100 -0.18 0.03 -0.08 -0.01 -0.33 -0.17
IL 0.13 0.15 -0.24 -0.18 1.00 0.11 -0.13 030 -0.04 0.11
Jp 015 -0.11 -0.36 0.03 0.11 100 -037 0.29 0.01 0.10
NO | -0.14 0.04 034 -008 -0.13 -0.37 1.00 -0.57 -0.07 -0.19
NZ | 015 -0.11 -0.25 -0.01 030 029 -0.57 1.00 0.04 0.09
SE | -0.09 -0.27 -0.12 -0.33 -0.04 0.01 -0.07 0.04 1.00 -0.29
Uus | -0.06 023 -0.21 -0.17 0.11 0.10 -0.19 0.09 -0.29 1.00

(b) Model without global shocks

AU CA DK GB IL JP NO NZ SE US

AU | 1.00 0.40 0.29 059 017 0.18 0.30 0.32 0.58 0.46
CA | 040 1.00 034 050 014 0.06 039 0.09 043 0.53
DK | 029 0.34 100 041 -0.16 -0.12 046 -0.05 0.36 0.17
GB | 059 050 041 100 -0.02 0.13 040 0.26 0.68 0.49
IL 0.17 0.14 -0.16 -0.02 1.00 0.08 -0.06 032 0.09 0.13
Jp | 018 0.06 -0.12 0.13 0.08 100 -0.06 0.22 0.16 0.18
NO | 0.30 0.39 046 0.40 -0.06 -0.06 1.00 -0.28 0.38 0.17
NZ | 032 0.09 -0.056 026 032 0.22 -028 1.00 0.31 0.28
SE | 058 043 036 068 0.09 0.16 038 031 100 0.38
UusS | 046 053 0.17 049 013 018 0.17 0.28 0.38 1.00

Table 3.C.1: Both tables show the sample correlation matrix of implied country monetary policy shocks at the
posterior peak. The first one uses the model with global shocks, while the second uses the model without global
shocks.
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