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Abstract

In this thesis we study the geodesic flow on a non-compact pinched negatively
curved manifold. We prove the upper semicontinuity of the entropy map and relate
the escape of mass phenomenon with the topological entropy at infinity of the geodesic
flow. We also study the thermodynamic formalism of the geodesic flow. We obtain
a complete description of the pressure map of potentials that vanish at infinity, and
construct Holder potentials that exhibit phase transitions. We remark that phase
transitions for regular potentials is a feature that can only occur in the non-compact
situation. We introduce the family of strongly positive recurrent potentials and prove
some important properties of such potentials. We also obtain large deviation bounds
for the geodesic flow on geometrically finite manifolds and very strongly positive

recurrent potentials.
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Chapter 1

Introduction

In this thesis we will study the ergodic theory and the thermodynamic formalism of
the geodesic flow on non-compact pinched negatively curved manifolds. In order to
put our results into context we will start with a brief discussion on what is known
in the compact case, which is better understood than the non-compact case and
motivates some of the central topics in this thesis.

By the work of Bowen [B5] and Ratner [Rat], we know that the geodesic flow on
a compact negatively curved manifold can be modelled as a suspension flow over a
shift of finite type. This symbolic representation has many important consequences
to the thermodynamic formalism of Holder potentials: the topological pressure can
be computed using a weighted sum over the periodic orbits, the equilibrium states
are unique and satisfy the Gibbs property, the central limit theorem holds, and large
deviation estimates are available, just to mention a few (for a more complete discus-
sion we refer the reader to [B7]). Another important property of the geodesic flow
on a compact negatively curved manifold is the upper semicontinuity of the entropy
map [B1]. In the compact case the upper semicontinuity of the entropy map implies
the existence of a measure of maximal entropy. For the geodesic flow, the measure of

maximal entropy was constructed independently by Margulis [Mar| and Bowen [B5],



and it is usually called the Bowen-Margulis measure.

Unfortunately, if the ambient manifold is non-compact then most of this discus-
sion does not apply: we do not have at our disposal a symbolic representation, and
the proof of the upper semicontinuity of the entropy map does not work. Let me
be a bit more precise about these two technical difficulties. First, in the study of
non-compact manifolds we are often interested in situations where the injectivity ra-
dius is not bounded below (for instance in the presence of ‘cusps’); this is a very
problematic issue when trying to extend the symbolic model of Bowen and Ratner to
the non-compact case. Second, the proof of the upper semicontinuity of the entropy
map is based on two hypotheses: the compactness of the ambient space, and that
the dynamical system is expansive (or some weaker assumption like h-expansive, or
asymptotically h-expansive). If one removes the compactness assumption then the
upper semicontinuity of the entropy map does not necessarily hold, even when the
dynamical system is expansive. As an example, consider the full shift on a countable
(infinite) alphabet. In this case, the entropy map is not upper semicontinuous at any
measure of finite entropy. In this thesis we will see that the dynamics of the geodesic
flow on a non-compact pinched negatively curved manifold is, in many respects, sim-
ilar to the one of a countable Markov shift. For this reason, if we want to prove the
upper semicontinuity of the entropy map on non-compact manifolds, then the poor
behaviour of the entropy map exhibited by the full shift on a countable alphabet is
not very encouraging. Fortunately it is not all bad news: in a recent work Paulin, Pol-
licott and Schapira [PPS] were able to extend many of the results known to hold for
Holder potentials on compact negatively curved manifolds to the non-compact case.
More precisely, they proved the uniqueness of equilibrium states and the equivalence
between the topological pressure, the Gurevich pressure, and the critical exponent for
Holder potentials (for precise statements see Theorem 2.3.12 and Theorem 2.3.14).

In this work we will continue the study of the thermodynamic formalism of Holder



potentials, but we will also be interested in continuous potentials. In the continuous
category the techniques developed in [PPS] do no apply.

Before stating some of the main results of this thesis we will introduce some nota-
tion. The dynamical system of interest will always be the geodesic flow on a pinched
negatively curved manifold. In particular, whenever we say ‘invariant measure’, we
really mean ‘non-negative Borel measure invariant by the geodesic flow’. The measure
theoretic entropy of an invariant probability measure p is denoted by h,(g). We say
that (), converges vaguely to p if for every compactly supported continuous func-
tion f we have that lim, o § fdu, = { fdp. Similarly, we say that (u,), converges
in the weak-* topology to p if for every bounded continuous function f we have that
limy, o § fdpn, = § fdp. Since M is non-compact, the vague limit of a sequence of
probability measures might not be a probability measure. In other words, a sequence
of probability measures might lose mass. We recall that the mass of a measure p is
the number p(T'M), and it is denoted by |u|. A fundamental quantity in this thesis
will be the topological entropy at infinity of the geodesic flow (see Definition 5.2.1),

which we denote by d,. The following result is proved in Section 5.

Theorem 1.0.1 (=Theorem 5.2.3). Let (M, g) be a pinched negatively curved mani-
fold. Let (u,), be a sequence of invariant probability measures converging to u in the

vague topology. Then

limsup hy,, (9) < |pl 0 (9) + (1 = |1])d.

n—0

If the sequence converges vaguely to the zero measure, then the right hand side is

understood as O .

A simple consequence of Theorem 1.0.1 is the upper semicontinuity of the entropy

map.



Theorem 1.0.2 (=Theorem 5.2.6). Let (M, g) be a pinched negatively curved mani-
fold. Let (i,)n be a sequence of invariant probability measures converging to w in the

weak-* topology. Then

limsup Ay, (9) < hu(g).

n—s

A result similar to Theorem 1.0.1 was previously obtained by Einsiedler, Kadyrov
and Pohl in the context of homogeneous dynamics (see [EKP]). Later on, Kadyrov
and Pohl proved that the formula obtained in [EKP] is sharp (see [KP]). In a joint
work with F. Riquelme, we adapted the methods used in [EKP] to obtain Theorem
1.0.1 for geometrically finite manifolds (see [RV]). In the paper [V2] we extended the
results from [RV] to arbitrary pinched negatively curved manifolds.

The topological entropy at infinity has a measure theoretic counterpart; this is
what we call the measure theoretic entropy at infinity. Since its definition does not
require to introduce a lot of notation we will provide it here. The measure theoretic

entropy at infinity of the geodesic flow is defined as

he = sup limsup hy, (g),

(Hn)n n—oo

where the supremum runs over sequences of invariant probability measures converging
vaguely to the zero measure. We will prove a type of variational principle for the

entropy at infinity.

Theorem 1.0.3 (=Theorem 5.3.2). The topological entropy at infinity is equal to the

measure theoretic entropy at infinity. In other words 0o = he.

The measure theoretic entropy at infinity was introduced in [IRV] and proved to be
equal to the topological entropy at infinity for the geodesic flow on extended Schottky
manifolds (see Definition 7.4.1) via symbolic methods. This result was later extended
to cover all geometrically finite manifolds in [RV]. In this thesis we will constantly

refer to real valued functions with domain 7'M as ‘potentials’; this is a standard

4



convention in thermodynamic formalism. The topological pressure of a potential F'

is the quantity

P(F)= sw {hy(g) + | Fa

where the supremum runs over the space of invariant probability measures M(g). An
invariant probability measure satisfying P(F) = h,(g) + { Fdyu, is called an equilib-
rium state for the potential F. We will constantly refer to the map ¢t — P(tF) as
the pressure map of the potential F. We denote by Co(T" M) the space of continuous
potentials vanishing at infinity (see Definition 3.1.1). Among potentials vanishing
at infinity we will be particularly interested in strongly positive recurrent potentials
(SPR for short); these are potentials satisfying the critical gap condition P(F) > 0y
(for the general definition of SPR potentials see Definition 2.3.20). One of the main
features of SPR potentials is part (1) in our next result; in the compact case this is
an immediate consequence of the upper semicontinuity of the entropy map. Parts (2)

and (3) exhibit some big differences between the compact and the non-compact cases.

Theorem 1.0.4 (=Theorem 6.1.8). Let (M, g) be a pinched negatively curved mani-
fold anf F € Co(T*M). Let (un)n be a sequence of invariant probability measures such
that

lim (hy, (9) + JFd,un) = P(F).

n—0oo

Then the following statements hold.

1. If F is SPR, then (p,)n converges in the weak-* topology to an equilibrium state
of F.

2. Suppose that F' does not admit any equilibrium state. Then (uy,), converges

vaguely to the zero measure. In this case we have P(F) = dy.

3. Suppose that F' does admit an equilibrium state. Then the accumulation points



of (fn)n lies in the set

{tp -t €]0,1] and p is an equilibrium state of F'}.

We emphasize that we require no higher regularity (on F') than continuity. In par-
ticular the theory developed in [PPS] does not apply. A big difference with respect
to more regular potentials is the lack of uniqueness of equilibrium states for contin-
uous potentials. It is proven in [[V] that one can slightly C°-perturb any bounded
continuous potential F' € Cy(T*M) into a potential with uncountably many equilib-
rium states. A crucial ingredient for that result is Theorem 1.0.2, which allows us to
identify subderivatives of the pressure at F' to its equilibrium states. For Holder SPR

potentials we can compute the first derivative of the topological pressure.

Theorem 1.0.5 (=Theorem 6.1.9). Let M be a pinched negatively curved manifold
and F € Co(T'M) be a SPR Holder potential. For every G € Cy(T'M) the following

holds
d

— P(F+1tG) = JGd,uF,
dt t=0
where g is the equilibrium state of F.

We will prove in Section 7.2 that SPR potentials are open and dense in Co(TM).
Theorem 1.0.1 and Theorem 1.0.5 are important ingredients in order to describe the

pressure map of positive potentials in Co(T* M), as the following result establishes.

Theorem 1.0.6 (=Theorem 7.1.2). The pressure map, t — P(tF), of a positive

Hoélder potential F' that vanishes at infinity verifies the following properties:

(1) for everyt € R we have that P(tF) > 64

(2) the function t — P(tF) has a horizontal asymptote at —oo, that is

lim P(tF) = 0o

t——0o0



Moreover, if tp :=sup{t < 0: P(tF) = o}, then
(8) for everyt > tp the potential tF has an equilibrium state, and

(4) the pressure map of F is differentiable in (tp,o0), and it verifies

(500 th <tp
P(tF) =

strictly increasing  if t > tp,

(5) If t < tp then the potential tF has not equilibrium measure.

We remark that in Theorem 1.0.6 the number ¢z can be —oo; this is the case
if P(tF') > 0y, for all t € R. In the non-compact case the pressure map is not
always regular ([S2] and [S3] are good references in the context of countable Markov
shifts). Sometimes the pressure map can develop singularities: these singularities
are usually called phase transitions. Phase transitions usually detect a significant
change in the dynamics of our system (from the point of view of the potential). We
will be interested in finding conditions that guarantee the existence and the lack of
phase transitions (see Section 7.4 and Section 7.3 resp.). In general it is a difficult
problem to determine when a potential will (or not) exhibit phase transitions. For
this reason we will restrict our attention to some particular classes of geometrically
finite manifolds (see Definition 2.3.6). Since for the geodesic flow on non-compact
manifolds we do not know how regular is the pressure map (our best result on the
regularity of the pressure is Theorem 1.0.5), we will use the following definition for

our phase transitions.

Definition 1.0.7 (Phase transition). We say that a potential F exhibits a phase
transition at to if there exists € > 0 such that P(tF') has an equilibrium state for
t € (to,to +€), but it has not fort € (to — €,to) (or vice versa). A potential F exhibits

a phase transition if it exhibits a phase transition for some ty € R.



We remark that in the compact case Holder potentials cannot develop phase tran-
sitions. This follows from [BR| and the symbolic model available for those systems.
The philosophy behind our construction of phase transitions is very simple: if a poten-
tial decays very slowly to zero through the cusps, then it is likely to develop a phase
transition. After the paper [V1] was uploaded to arxiv, G. Tommi pointed out to us
that the same principle was used in the construction of phase transitions for Pomeu-

Manneville maps. As in Theorem 1.0.6 we use the notation tp = sup{t : P(tF) = do}.

Theorem 1.0.8 (=Theorem 7.4.1). There exists a geometrically finite manifold M
such that the following holds. For every non-negative Holder continuous potential F'

going slowly to zero through the cusp of M we have that
1. tp € [-1,0),
2. The potential tF has equilibrium measure for t > tp,
3. The potential tF' has not equilibrium measure fort < tp.

In other words, the pressure map of F' exhibits a phase transition att = tg. Moreover,
the pressure map is differentiable in (—oo,tr) U (tp,00). With respect to the behaviour

at t = trp we have two possibilities:

(4) If the potential tpF' does not have an equilibrium state, then the pressure map

1s differentiable everywhere.

(5) If tpF' has an equilibrium state, then the pressure map is not differentiable at

t=tr.

Theorem 1.0.9 (=Theorem 7.4.2). There exists an extended Schottky manifold for
which the geodesic flow has a measure of maximal entropy and the geometric potential

exhibits a phase transition.



We remark that the manifolds in Theorem 1.0.8 can be hyperbolic, and that the
class of potentials going slowly to zero will be introduced in Section 7.4.3 (Defini-
tion 7.4.11). The family of extended Schottky manifolds is defined in Section 7.4.1.
We would like to emphasize that phase transitions for the geodesic flow were also
constructed in [LJ] and [IRV] by symbolic methods (for the modular surface and ex-
tended Schottky manifolds resp.). Our method has the advantage of being more
geometric (we do not use any symbolic representation) and that we can incorporate
the geometric potential to the family of potentials exhibiting phase transitions.

In Section 8 we will obtain large deviation estimates for the geodesic flow. In order
to state our results we need to introduce some notation. Each periodic orbit of the
geodesic flow defines an invariant probability measure, this is just Lebesgue measure
on the orbit divided by the length of the orbit. More precisely, to each periodic orbit
T we associate an invariant probability measure .. We refer to the measures of the
form g, as periodic measures. The set of periodic measures is denoted by M,(g).
Each periodic measure 1 has associated the length of its original periodic orbit, we
refer to this number as the length of the periodic measure and it is denoted by I(n).

Given W < T'M and real numbers 7, s we define

MWy, s) = {ne M,(g) : l(n) € [s,r] and n(W) > 0}.

From now on we will fix a relatively compact open subset W of T*M intersecting
the non-wandering set of the geodesic flow and ¢ a sufficiently large constant (as
in Proposition 8.0.1). We denote by Mc<i(g) the space of invariant sub-probability
measures of the geodesic flow, that is, invariant measures such that |u| € [0,1]. We
remark that M (g) endowed with the vague topology is a compact convex metric

space (see Section 2.1). Given a potential G € Cy(T*M) we define the G-pressure



Qg : Co(T'M) - R, as
Qa(f) == P(G + f) — P(G),

and the rate function

Ig(p) = sup {| fdu—Qa(f)},

fECo (T1 M)

whose domain is M<(g). Our next result follows easily from [Pol] (see also [Kif]).

Theorem 1.0.10 (=Theorem 8.1.1). Let M be a pinched negatively curved manifold,
G a Holder potential in Co(T' M), and K a closed subset of M<i(g). Then we have

) 1
lim sup - log
t—oo t

(ZHTEMP(W,t,t—c)mc exp(I(7) SGdMT)) -
Z“Te/\"p(W,t,tic) exp(l(7) § Gdp) =

where = inf,exc Ia(p).

If we assume that G is SPR, then 5 = inf ek (1) is positive if and only if K does
not contain the equilibrium state of G (see Lemma 8.2.5). For our large deviation
lower bound we will restrict to geometrically finite manifolds. This is not an optimal
assumption, and we expect that Theorem 1.0.11 can be extended to the entire class
of negatively curved manifolds. We remark that for the lower bound we use ‘very
strongly positive recurrent potentials’ (vSPR for short), which is a sub-class of SPR
potentials (for a precise definition see Definition 7.3.2). This is done in order to ensure
that any compact Holder perturbation of our potential is still SPR. In the general
case there is still some work to do (we need a more general version than Theorem

2.3.15), and this is the main reason why we restrict to geometrically finite manifolds.

Theorem 1.0.11 (=Theorem 8.2.2). Let M be a geometrically finite manifold with

cusps and G a vSPR potential. Let U be an open subset of M<1(g). Then we have

Zufeum/\/lp(w,t,tfc) exp(l() SGduT)> S

1
liminf — log <
t>w t Z/.LTEMI,(W,t,t—C) exp(I(7) § Gdp,)

10



where = inf ey Lo ().

We remark that for hyperbolic geometrically finite manifolds the zero potential is

vSPR, in particular we obtain the following result.

Theorem 1.0.12 (=Theorem 8.2.7). Let M be a hyperbolic geometrically finite man-

ifold with cusps. Then the following are true.

1. Let K a closed subset of M<1(g) not containing the measure of mazimal entropy.

Then we have

(#M%M%J—@mm><_@

1
li -1
Heib o8 #M,(W,t,t —c)

t—o0
where = inf,exc Lo(p) is a positive number.

2. Let U be an open subset of M<1(g) whose closure does not contain the measure

of mazimal entropy. Then we have

1
lim inf — log (

t—o0 t

B oK)
EM,W,it—c) )~

where v = inf ey Io(p) is a positive number.

11



Chapter 2

Preliminaries

In this section we will collect some important facts about the geodesic flow on a
pinched negatively curved manifolds. The definitions and facts given in this section
will be constantly used in following sections. Since the spaces of interest for this
thesis are non-compact we need to be careful with the spaces of invariant probability
measures that we use (it is a technically unpleasant to restrict all our attention to the
space of invariant probability measures, which is non-compact). We start by making

explicit the spaces of measures that we will use, and their topologies.

2.1 Measure theory

Let (X,d) be a locally compact metric space and 7' : X — X, a continuous map.
In this thesis whenever we say measure we mean a non-negative countably additive
measure. The mass of a measure is the number p(X) and it is denoted by |u|. We say
that a Borel measure y is T-invariant if u(7-'A) = u(A), for every Borel set A. We
denote by M(X,T) the space of Borel T-invariant probability measures on X and
M1(X, T) the space of Borel T-invariant measures such that || € [0, 1] (we also refer
to them as sub-probability measures). Clearly M(X,T) ¢ M4 (X,T). We endow

the space Cy(X) (resp. C.(X)) of bounded (resp. compactly supported) continuous

12



functions with the uniform norm || f||o = sup,ey | f(2)]. We endow M (X, T') with the
weak-* topology: a sequence (i), converges weakly to p if for every f e Cp(X) we

have
lim deun = de,u.
n—oo
In a similar way we endow Mc;(X,T) with the vague topology: a sequence (fi,)n

converges vaguely to p if for every f € C.(X) we have

tim | fae, = | g

If there exists a compact exhaustion of X, i.e. an increasing sequence (K,), of
compact sets such that X = |J, ., Ky, then the space C.(X) is separable. In this
case consider a dense subset (f,), of the unit ball of C.(X). We define a metric d on

M1 (X, T) by the formula

d(p, p2) = Z 2%|de,“1 - de/i2|-

n=1

This metric is compatible with the vague topology. By Banach-Alaoglu theorem we
know that M<1(X,T) is a compact metric space. If X is a non-compact manifold,
then X admits a compact exhaustion, and therefore this discussion applies to that
case. The connection between this two topologies is given by the following simple

fact.

Theorem 2.1.1. Let X be a locally compact metric space. Then for a sequence

(tn)n € M(X,T) the following statements are equivalent.

1. (fn)n converges to p in the weak-* topology.

2. (fin)n converges to p in the vague topology and u is a probability measure.

Theorem 2.1.1 tells us that the only obstruction to converge in the weak-* topology

is the possible escape of mass. In Section 3 we will explain the topological structure
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of the space of invariant sub-probability measures for the geodesic flow, which also

leads to a description of the space of invariant probability measures.

2.2 Entropy theory

This theory provides tools to measure the complexity of a dynamical system. In this

thesis we will be mainly interested in the following two notions of entropy.

2.2.1 Topological entropy

Let (X, d) will be a metric space and T': X — X, a continuous map. We define the
dynamical metrics (d,), given by the formula:

dn(,y) = _max d(T'x, T'y).

We denote by B, (z,r) to the ball centered at = of radius r in the metric d,. A ball
Bp(x,r) is also called a (n,r)-dynamical ball. Given a compact subset K of X we
denote by N(K,n,r) to the minimum number of (n,r)-dynamical balls needed to
cover K. The topological entropy of (X,d,T) is defined as

1
hg(T) = sup lim lim —log N(K,n,r),

Kcx r—0n—owon

where the last limit runs over compact subsets of X. This definition was first intro-
duced by R. Bowen in [B1] as a way to extend the classical definition of topological

entropy on compact spaces to the noncompact setting.
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2.2.2 Measure theoretic entropy

Given a countable measurable partition P = {P;},er of X we define the entropy of P

as

= = u(Py)log 1 P,).

el

Given two partitions P and QO we can construct the smallest common refinement of

P and Q, this is denoted by P v Q. Define

h(T,P) = lim H T ).

n—ow N,

By taking the supremum over all countable partitions of finite entropy we obtain the

entropy of T' with respect to p, this is denoted by h,(T). In other words
hM(T) = S%p hM(T7 P)’

where the supremum runs over all countable partitions of finite entropy.

Definition 2.2.1 (Entropy map). Given a dynamical system (X,d,T) we refer to

the map p— h,(T), as the entropy map.

Katok’s entropy formula

The topological entropy and the measure theoretic entropy seem, at first, a bit un-
related. The following theorem provides a very strong connection between them, it
helps to understand the measure theoretic entropy in the spirit of the topological

entropy.

Theorem 2.2.2. [A. Katok] Let (X,d) be a compact metric space andT : X — X a
continuous transformation. Let p be an ergodic T-invariant probability measure and
d€(0,1). Then

h,(T) = lim lim inf 1 log N, (n,r,9),

r—0 n—0 7N
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where N,(n,r,d) is the minimum number of (n,r)-dynamical balls needed to cover

a set of p-measure at least 1 — 0. In particular the limit above is independient of

de(0,1).

If one follows the proof of Theorem 2.2.2 (see Section 1 in [Kat]), it is clear that
the inequality
1
h,(T) < lim liminf — log N, (n, 7;6),

r—00 n—>0 N

holds regardless of the compactness of X. For most of our purposes this inequality
will be enough. Recently F. Riquelme [Riq] proved the equality when X is assumed

to be a manifold and 7T a Lipschitz map. More precisely we have the following result.
Theorem 2.2.3. Let (X,d) be a metric space and T : X — X a continuous trans-

formation. Then for every ergodic T-invariant probability measure p we have

1
h,(T) < lim liminf — log N,,(n, 1, §),

r—0 n—0 7N,

where N, (n,r,0) as in Theorem 2.2.2. If we moreover assume that (X, d) is a topo-

logical manifold and T is Lipschitz, then the equality holds.
The following two definitions will be of great importance in this thesis.

Definition 2.2.4 (Simplified entropy formula). We say that (X,d,T) satisfies a sim-
plified entropy formula if there exists g > 0 such that for every € € (0,¢€q), for every

ergodic probability measure p and 6 € (0,1) we have

1
h,(T) = limsup — log N, (n, €, 9).
n

n—oo

We say that (X,d,T) satisfies a simplified entropy inequality if there exists eg > 0

such that for every € € (0,€y), for every ergodic probability measure pn and 6 € (0,1)
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we have

1
h,(T) < limsupﬁ log N, (n,¢€,9).

n—00
Definition 2.2.5 (Weak entropy dense). We say that the space of ergodic measures
is weak entropy dense in M(X,T) if the following holds. For every p € M(X,T)

and n > 0 there exists a sequence (), of ergodic measures satisfying
1. (fn)n converges in the weak-* topology to u
2. For every n € N we have h,, (T) > h,(T) — 7.
We also refer to this property by saying that (X,d,T) is weak entropy dense.

We will prove in Section 4 that the geodesic flow on a pinched negatively curved
manifold satisfies a mild modification of the simplified entropy inequality and that

its ergodic measures are weak entropy dense.

2.3 Geodesic flows

Let (M, g) be a complete Riemannian manifold. We define the unit tangent bundle
of M as T*M = {ve TM : ||v||, = 1}. Since (M, g) is complete, the geodesic flow on
T'M is well defined for all times, we denote it by (g¢)s«r. The Riemannian metric g
makes M into a metric space, the induced distance function (shortest path distance)
is denoted by d. Let 7w : T*M — M be the canonical projection. We define a metric

on T*M, which we still denote by d, in the following way

d(z,y) = max d(rg:(z), mg:(y)), (2.1)

te[0,1]

for every x,y € T*M. We emphasize that this is the metric used in all the statement
about the geodesic flow (but other possible candidates of metrics are usually uniformly

equivalent to d, at least in the pinched negatively curved case). The universal cover
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of M will be denoted by M. For simplicity we will use the same notation used for M
to denote the metric and distance function on M. Similarly to the construction of the
metric on T'M we define a metric on T'M. We remark that (n, €)-dynamical balls in
T'M will play an important role in Section 4.2. We will restrict the discussion given

in Section 2.1 to the geodesic flow. In this case we will use the following notation.

Definition 2.3.1. The space of invariant probability measures of the geodesic flow
is denoted by M(g). The space of invariant sub-probability measures of the geodesic
flow is denoted by M<1(g).

Similarly, we restrict the discussion given in subsection 2.2 to the geodesic flow.

We will use the following notation.

Definition 2.3.2. Given p € M(g), we denote by h,(g) to the measure theoretic
entropy of the measure p under the map g, (the time one map of the geodesic flow).
We denote by hioy(g) to the topological entropy of the geodesic flow (the entropy of

g1), where the metric used to compute the topological entropy is given by equation

(2.1).

2.3.1 Structure of negatively curved manifolds

From now on we will assume that (M,g) is a complete Riemannian manifold of
negative sectional curvature. We will moreover assume that K, € [—a, —b], for some
a,b > 0, where K, is the sectional curvature of M. We refer to a manifold satisfying
those properties as a pinched negatively curved manifold. As before, the universal
cover of M is denoted by M.

The space M has a natural compactification, the so-called Gromov compactifica-
tion. As with any compactification, we will add a ‘boundary’ to M in order to make
it compact, the visual boundary 6001\7 . The visual boundary, informally speaking, is

the set of geodesic rays in M up to bounded distance, in other words we identify two
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geodesic rays «, 3 : [0,00) — M, if t — d(a(t), B(t)) is a bounded function. We em-
phasize that M U 600]\7 is homeomorphic to a closed ball. We remark that using the
ball model of hyperbolic space we can identify this compactification with the round
unit ball; this is also the picture we will have in mind even if the curvature is not
constant.

We denote by 180(1\7 ) to the group of isometries on M. Tt is well known that every
isometry of M extends to a homeomorphism of 800]\7 and that the fundamental group
of M acts (via Deck transformations) isometrically, freely and discontinuously on M.
We identify 71 (M) with a subgroup I' < Iso(]\7 ). In this context there is a complete
classification of the elements of Iso(]\7 ): an isometry can be elliptic, hyperbolic or
parabolic. An elliptic isometry fixes a point in M , this type of isometry will not
be presented in I' since M is a manifold. A hyperbolic isometry fixes (pointwise)
exactly two points at infinity and the geodesic connecting these two points (setwise),
this geodesic is called the axis of the hyperbolic isometry. The axis of a hyperbolic
isometry in I" will descend to a closed geodesic on M. A parabolic isometry fixes

exactly one point at infinity. Parabolic subgroups will be important when studying

geometrically finite manifolds, they are defined as follows

Definition 2.3.3. A parabolic subgroup of ]SO(M) 1s a group of isometries where
each element is parabolic, and they all fiz the same point at infinity. A maximal
parabolic subgroup of I' is a parabolic subgroup that is not strictly contained in another

parabolic subgroup of T'.

Definition 2.3.4. The limit set of I', which we denote by L(T'), is the set of accu-
mulation points in 800]\7 of the orbit of a point x € M under T. The conical limit set,
denoted by L.(T'), is the set of points £ € 500]\7 such that there exists a sequence of
translates of x € M under T which converges to & while staying at bounded distance

from a geodesic ray ending at .
Through this thesis, 71 (M) = I" will be a non-elementary group, in other words it

19



is not generated by one hyperbolic element, nor a parabolic subgroup (see for instance
[Bow]). In this case we can relate the non-wandering set of the geodesic flow with the
limit set of I'. To make this precise we denote by Q < T'M to the non-wandering set
of the geodesic flow. We start by recalling the Hopf’s parametrization of T'M. The

unit tangent bundle of M is identified with
T'M = (0, M x 0, M)\(Diagonal) x R,

via Hopf’s coordinates by sending each vector & € T*M to (v_, v, by, (0, 7(0))). Here
v_ and v, are respectively the negative and positive ends at infinity of the oriented
geodesic line determined by @ in M, and b, . (0, 7(?)) is the Busemann function defined

for all z,y € M and all e 0o M as

bg(l’, y) = tll{g) d(l‘7 gt) - d(ﬁ% gt)7

where t — & is any geodesic ray ending at £&. Under this identification the geodesic
flow acts by translation in the third coordinate. The non-wandering set of T M
corresponds to the projection of (L(T') x L(T')\(Diagonal)) x R to T*M (see [Ebe]).

Fix a point x( € ]\7, a set of the form
He(r)={ze M : be(zo, ) = 1},

is called a (closed) horoball center at . We say that ¢ is the base point of the horoball

H¢(r). We now proceed to define the important class of geometrically finite manifolds.

Definition 2.3.5. A point p € O M is a bounded parabolic fixed point of I' if the

mazximal parabolic subgroup of ' fizring p acts cocompactly in L(T")\{p}.

~

Definition 2.3.6 (Geometrically finite manifolds). We say that T' < Iso(M) is ge-

ometrically finite if every point in L(T) is a conical point or bounded parabolic. We
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say that M is geometrically finite if (M) is geometrically finite.

It follows from [Bow]| that the non-compact part of the non-wandering set of the
geodesic flow go through the cusps of 7'M and that each cusp is standard, i.e. the
quotient of a horoball by the action of the maximal parabolic subgroup of 71 (M) fixing
the base point of the horoball. Moreover, 71 (M) has a finite number of non-conjugate

maximal parabolic subgroups (finite number of cusps).

2.3.2 Thermodynamic formalism

In this thesis we will constantly refer to real valued functions whose domain is 7'M
as potentials. We follow this convention to be consistent with the existing literature
on the subject, but it also helps to simplify some notation. The following definition

is not standard, despite this, is the notation used in [PPS] and we find it convenient.

Definition 2.3.7 (Topological pressure). Let F': T'M — R be a continuous poten-

tial. We define the topological pressure of F' as

PGW=;ﬂ%MAm+med

Definition 2.3.8 (Equilibrium state). We say that a measure p € M(g) is an equi-
librium state for F' if it realizes the supremum in the definition of topological pressure.

In other words

P(F) = hulg) + | Pau

In the compact case there is a well known connection between the topological
pressure of a continuous potential and a weighted version of the topological entropy
[Wal]. If F' =0 one would expect to recover the topological entropy of the geodesic
(see Definition 2.3.2). This is in fact the case (even for non-compact manifolds) as

the following result states.
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Theorem 2.3.9 (Variational principle). [OP] Let M be a pinched negatively curved
manifold. Then

hiop(9) = sup hu(g).
neM(g)

It turns out that the topological pressure of Holder potential have a nice character-
ization in terms of some critical exponent. More importantly, with Holder regularity
there exists at most one equilibrium state. Before making precise those results we
start with some notation. Given two points z,y € M , we denote by [z, y] to the ori-
ented geodesic segment starting at  and ending at y. For a function G : T'M — R,
we use the notation Sz G to represent the integral of G' over the vectors tangent to
the path [z, y] (in direction from z to y). Given a function F : T'M — R, we denote
by F: T'M — R to the function ' = F o p, where p is the canonical projection

p:T'M — T'M. The following definition was first introduced in [PPS] (a similar

definition was used earlier in [Coul).

Definition 2.3.10. Let F : T'M — R, be a continuous function and F its lift to

T'M. Define the Poincaré series associated to (I', F') based at z € M as

The critical exponent of (I, F') is
6L =inf{s | P(s, F) is finite}.

We say that the pair (T, F) is of convergence type if P(6L,F) < oo, in other words
the Poincaré series converges at its critical exponent. Otherwise we say (I, F') is of

divergence type.

We use the notation or when refering to the critical exponent of (T',0), where 0

is the zero function. If F' is a Holder potential, then the critical exponent does not
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depend on the base point z. We also remark that if F' is bounded, then &f is finite.
A general procedure due to S. Patterson [Pat] and D. Sullivan [Sul] associates to
I' a family of conformal measures on 6@]\7 of exponent dr, the so called Patterson-
Sullivan conformal measures of I'. Using this family of confomal measures one can
canonically construct a (g;)-invariant measure, we refer to this measure as the Bowen-
Marqulis measure (for its precise construction we refer the reader to [OP]). Similar
to the construction of the Patterson-Sullivan conformal measures, we can associate
to the pair (I', F) a family of conformal measures. We briefly recall this procedure
(which generalizes the Patterson-Sullivan construction to include Holder potentials).
A Patterson density of dimension ¢ for (T', F') is a family of finite Borel measures
(02) jeiy O 0o M, such that, for every v € I, for all z,y € M and for every £ € O M

we have
do,

Y40z = 0, and (&) = e Cr-se(@y)

do,
where Cre(x,y) is the Gibbs cocycle defined as

S &
prg(a:,y) = lim F— J F,
Y T

t—o0

for any geodesic ray t — &; ending at £. The limit in the definition of the Gibbs cocycle
always exists because the manifold has negative curvature and the potential is Holder
continuous. If 6% < oo, then there exists at least one Patterson density of dimension
6F for (I', F), which support lies in the limit set L(T') of I’ [PPS, Proposition 3.9].
If (T, F) is of divergence type then there is an unique Patterson-Sullivan density of
dimension 6% [PPS, Corollary 5.12]. For now on assume that 6f < oo and let (o)
be a Patterson density of dimension 5. Denote by (c) the Patterson density of
dimension 6% for (I', F o 1), where ¢ is the flip isometry map v — —v on T'M. Using

the Hopf parametrisation v — (v_,v,,t) with respect to a base point o € M , the

23



measure

diin(v) = eCroraf o T Crggu G0 gu ) Vi (0, )dt

is independent of o € M, I-invariant and (g¢)-invariant. This induces a measure m on
T'M called the Gibbs measure associated to the Patterson density o,. If (T, F') is of
divergence type this construction is unique and we refer to the resulting measure as
the Gibbs measure associated to F'. A fundamental property of mp is that, whenever
finite, is the unique equilibrium state for the potential F'. For F' = 0 this construction
gives us the so-called Bowen-Margulis measure, which we denote by mpgy;. The
convergence/divergence type of the pair (I',0) has strong ergodic implications for
the geodesic flow with respect to the Bowen-Margulis measure as we can see from the

theorem stated below (see [Yue]).

Theorem 2.3.11. Let I" be a discrete non-elementary torsion free subgroup of isome-

tries of M. Then, we have
(a) the group T is of divergence type if and only if the geodesic flow (g;) is ergodic

and completely conservative with respect to mpys, and

(b) the group T is of convergence type if and only if the geodesic flow (g;) is non-

ergodic and completely dissipative with respect to mpyy.

Finally we state one of the main results in [PPS], which is a crucial input in this

work.

Theorem 2.3.12. [PPS, Theorem 2.3] Let F be a bounded Holder potential. Then

Moreover, if there exists a finite Gibbs measure mp for (I', F), then mp/||mg|| is the

unique equilibrium state of F. Otherwise there is not equilibrium measure.
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We remark that this result was obtained by Otal and Peigne in the case F' = 0
(see [OP]). The proof of Theorem 2.3.12 follows very closely the proof in [OP]. If
F = 0 this is simply saying that if the Bowen-Margulis measure is finite, then its
normalization mpys/||mparl| is the measure of maximal entropy of the geodesic flow,
otherwise there is not measure of maximal entropy. It worth mentioning that in the
compact case this measure was constructed in two different ways by Bowen [B2],[B3]
and Margulis [Mar| (and so the reason for its name). Later on Bowen [B6] proved the
uniqueness of the measure of maximal entropy, so both constructions must coincide.

Following [PPS] we will now introduce the Gurevich pressure of a potential. It
worth mentioning that the Gurevich pressure is defined in the spirit of the work
of Gurevich and Sarig on countable Markov shifts [G1], [S1]. We start with some
notations. Let Per(t) be the set of periodic orbits of the geodesic flow of length less
or equal than ¢t. Each periodic orbit defines an invariant probability measure, this
is just Lebesgue measure on the orbit divided by its length. More precisely to each
periodic orbit 7 we associate an invariant probability measure p, and we refer to
the measures of the form pu, as periodic measures. The set of periodic measures is
denoted by M,(g). Observe that each periodic measure 1 has associated the length
of its original closed geodesic, we refer to this number as the length of the periodic

measure and it is denoted by I(n). Given W = T*M and real numbers r, s we define
Mp(W,r,s) = {ne My(g) : l(n) € [s,r] and n(W) > 0}.

Definition 2.3.13 (Gurevich pressure). Let F' be a continuous potential, W an open
relatively compact subset of T*M intersecting the non-wandering set of the geodesic

flow and ¢ > 0. The Gurevich pressure of F' with respect to W and c is defined as

Paur(F, W, ¢) = limsup Z exp({(u) JFd,u).

=90 eMy (Wit t—c)
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It is proven in [PPS] that the Gurevich pressure is independent of W and ¢, in

particular we can write it as

Pour(F) = limsup ) exp(l(u)deu)-

o0 HEM (Wit t—c)

The connection between the Gurevich pressure and the topological pressure is given

by the following result.

Theorem 2.3.14. [PPS, Theorem 1.1] Let F' be a Hélder potential. Then
P(F) = Pgu-(F).

We will now briefly discuss under what assumptions a Holder potential admits an
equilibrium state, in other words, when we can ensure that the Gibbs measure mpg
is finite. For the first part of this discussion we will assume that M is geometrically
finite. In this case we have a finite number of non-conjugate maximal parabolic
subgroups. Each maximal parabolic P defines a critical exponent 6% (see Definition
2.3.10). The following result was proved in [DOP] for the case F' = 0, and later
extended by Coudene in [Cou] for his definition of critical exponent. For a proof of

the version stated here we refer the reader to [RV, Theorem 2.12].

Theorem 2.3.15. Let M be a geometrically finite manifold and F' a Holder potential.

Assume that (P, F) is of divergence type for a parabolic subgroup P of mi(M). Then

08 < oF.

This result will be essential in Section 7, where we define the notion of ‘very
strongly positive recurrent potentials’ motivated by Theorem 2.3.15. The next result
was also initially proved in [DOP]| for F' = 0, but the proof also extend to include
Hoélder potentials [PPS, Corollary 8.6].
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Theorem 2.3.16. Let M be a geometrically finite manifold. Let F' be a bounded
Holder potential. If 65 < 6L for every parabolic subgroup P of m (M), then the Gibbs

measure of F' is finite.

We will now explain the results in [PS], where a characterization for the existence
of equilibrium states is provided. Given U = M we define ' as the set of elements in
I' such that there exists a geodesic starting at U and finishing at 7(7 that only meet
I'U at the beginning and at the end of its trajectory. Recall that if F' is a potential
in T' M we denote by F to its lift to T2 M and that § is the non-wandering set of the
geodesic flow. Let P be the set of closed geodesics and ny(p) the number of times a

geodesic p € P crosses U.

Definition 2.3.17. A potential F : T*M — R is said to be recurrent if there exists

an open relatively compact subset U < M, such that T*U n Q # &, and

o) exp( | F - P(F)) = e

peP P

Definition 2.3.18. We say that the pair (T, ﬁ’) 1s positive recurrent with respect to

UcM if the following properties hold.
1. T'U has non-empty intersection with the lift of £ to the universal cover.
2. F 1s a recurrent potential.
3. There exists x € M such that Zyerﬁ d(z, vz) exp(f* F — P(F)), is finite.

Theorem 2.3.19. [PS, Theorem 2] Let F be a Hélder potential with finite pressure.

Then

1. If F is recurrent and (F,ﬁ) 18 positive recurrent with respect to some open

relatively compact set U c ]\7, then mp is finite.
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2. If mp is finite, then F is recurrent and (T, F ) is positive recurrent with respect
to any open relatively compact set UcM meeting the projection to M of the

lift of Q to T M.
In this thesis we will be particularly interested in the following family of potentials.

Definition 2.3.20 (Strongly positive recurrent potentials). Let U be an open rela-
tively compact subset of M, such that T'U has non-empty intersection with the lift of

Q to T'M. We define (55([7) as the critical exponent of the Poincaré series

Then define
Py(F) = inf liminf 6% (U,),

{ﬁn} n—o0
where the infimum runs over collections (ﬁn)n such that [7” c ﬁn+1; and Q< |, (7n

The quantity P (F) is called the topological pressure at infinity of the potential F.

We say that F is strongly positive recurrent (SPR for short) if Pyu(F) < P(F).

In the geometrically finite case it is easy to verify that
P(F) = sup 65,
P

where the supremum runs over the parabolic subgroups of m;(M). In particular a
potential F' is SPR if and only if supp 65 < P(F). We will mainly focus on the case
where F' vanishes at infinity (see Definition 3.1.1). In this case we will prove many
important properties of the pressure of SPR potentials; this should be compared
with the results of Sarig on SPR potentials for countable Markov shifts (see [S2]).
In some sense potentials such that Py (F) < P(F) behave very similar to those on

compact manifolds. In Section 6 we will prove the main properties of the family of
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SPR potentials. It worth mentioning that a SPR potential is positive recurrent, in
particular by Theorem 2.3.19 it admits a unique equilibrium state.

We finish this section with a remarkable property of the Gibbs measure associated
to F'. We use the notation B?(v,r) to denote the projection of the dynamical ball
B, (v,r) in the universal cover of M (for a precise definition see Definition 4.2.1). We
say that BE(v,r) is a p(n,r)-dynamical ball. We remark that this modification of
dynamical ball will be very relevant for our definition of the topological entropy at

infinity (see Definition 5.2.1).

Definition 2.3.21 (Gibbs property). Let m be an invariant measure on T*M. We
say that m wverifies the Gibbs property for the potential F' : T'M — R if for every
compact set K < T*M and r > 0 there exists a constant Ck, > 1 such that for every
ve K and every n =1 such that g"(v) € K, we have

—1 < m(Bg (’[)7 'T')) _
CK’T h 633 F(gt(v))—=P(F)dt CK,T'

This definition resemble the usual Gibbs property in symbolic dynamics, but it is
not identical (the compact subset has some role here) due to the non-compactness of
M. For shifts of finite type, every equilibrium state of a Holder potential satisfies the
Gibbs property [B7]. For countable Markov shifts Gibbs measures exist only if the
shift space satisfies the BIP property (see [S1]). It is proven in [PPS] that the Gibbs
measures of Holder potentials satisfy the Gibbs property. This fact will be important

in order to prove our modification of the simplified entropy inequality (Section 4).
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Chapter 3

The spaces Mc1(g) and Cy(T'M)

In this section we will describe some properties of the space of continuous func-
tions vanishing at infinity and the topological structure of the space of invariant

sub-probability measures M<;(g).

3.1 The space Cy(T'M)

The space of continous functions vanishing at infinity is the most relevant function
space in this thesis. For this class of potentials we will obtain a fairly good understand-
ing of the pressure map (Theorem 7.1.2). We will also prove that Hélder potentials in
this class can develop phase transitions, which is a novel feature in comparison with

what is known in the compact case (see Section 7.4).

Definition 3.1.1. We say that a continuous function F' vanishes at infinity if for

every € > 0, there exists a compact set K such that sup,cg. |F(x)| < €. The space of

continuous functions vanishing at infinity is denoted by Co(T*M).

The following easy lemma is one of the main reasons why Co(T*M) is so useful.
We will see in Section 6 that properties of the entropy extend to properties of the

pressure because of this lemma.
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Lemma 3.1.2. Let F'€ Co(T' M), then the map

p— Jqu,

is continuous i M<y(g).

Proof. Suppose we have a sequence (1i,,), € Mc1(g) converging in the vague topology

to u. Fix e > 0, and let K = K (¢) be a compact subset of 7'M such that u(0K) = 0,

and sup,c. |F(x)| < e. Since p(0K) = 0 we know that lim,,_,o §, Fdu, = §, Fdpu.

Finally

lim sup | qu—de,un|<limsup| Fd,u—J Fdp,| + 2e < 2e.
K K

n—o0 n—0

Since € > 0 was arbitrary we are done. m

The following result is well known and will be used very often in this work. For

convenience we state it here.
Lemma 3.1.3. Let F' and G in Co(T*M). Then |P(F) — P(G)| < ||F — G|]o-

Proof. Observe that

hu(g) + deu < hy(g) + deu + [|[F = Glo,

therefore P(F) < P(G) + ||F — G||o. The other inequality is analogous. O

The space of Holder potentials is dense in Co(T"M) (in the C%topology). This
fact follows from the local compactness of 7'M and Stone-Weierstrass theorem. Here

we state a few simple, but useful consequences of this fact.
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Proposition 3.1.4. Let F € Co(T'M). Then the critical exponent of (T, F) corre-

sponds to the topological pressure of F'. More precisely

§f = sup {h.(g) —|—JFd,u}.
peM(g)

In particular the critical exponent is independent of the base point used in the defini-

tion of the Poincaré series of (I', F).

Proof. By Theorem 2.3.12 we know that this property holds for bounded Holder
potentials. Take a sequence (F},)nen of Holder potentials converging to F' in the C°-

topology. There exists a subsequence (ny); such that ||F,, — Fl|lo < . Observe

k
that
YT 1 YT Yo 1
Zexp( Fnk_(SJrE))SZexp(f F—s)<2exp(f F”’“_(S_E))'
ver r ~vel’ z ~yel’ z

From this we obtain the inequality

By assumption we had ||F,, — Fl|o < 1, in particular |P(F,,) — P(F)| < ; (Lemma

3.1.3). Using that P(F,,) = 55"’“, we conclude that 0L = P(F). O

Definition 3.1.5 (Topological pressure of a subset). Let A < T'M an invariant

subset of the geodesic flow, we define the topological pressure of F restricted to A as

PACF) = suplly (o) + f Fu},

where the supremum runs over the invariant probability measures satisfying p(A) = 1.

The following result is obtained in the proof of [PPS, Lemma 6.7].
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Theorem 3.1.6 (Aproximation by compact subsets). Let F' be a Hélder potential
with finite topological pressure. Then P(F') = supy Pk (F), where the supremum runs

over the compact invariant subsets of the geodesic flow.

Proposition 3.1.7. Let F' € Co(T M). Then the topological pressure of F is approz-

imated by compact subsets.

Proof. Let (F,), be a sequence of Holder continuous potentials converging to F in
the C? topology. Similar to Lemma 3.1.3 we have |Px(F) — P (F,)| < ||F — Fullo,

for every invariant subset K. Then

|P(F) = Px(F)| < |P(F) = P(E,)| + [P(Fy) — Pi(Fn)| + [Pk (Fn) = Prc(F)

< 2/[F = Fullo + [P(Fn) — P (Fn)l-

Taking supremum over the invariant compact subsets and sending n to infinity we

obtain that P(F) = supy Pk (F). O

In Section 6 we will give a criterion for the existence of equilibrium states for
potentials in Co(T* M) satisfying P(F) > d4, where 0y, is the topological entropy at
infinity of the geodesic flow (see Definition 5.2.1). In this case the theory developed
in [PPS] does not apply, our method has the advantage of being flexible enough to
include continuous potentials. In contrast to Theorem 2.3.12 in Co(T*M) we can
not ensure the uniqueness of equilibrium states; this is also the case for continuous

potentials on compact negatively curved manifolds.

3.2 The space Mc(g)

The results contained in this section are joint work with G. Iommi [IV]. Since the
paper [IV] is still in preparation we will provide proofs of some statements concerning

the geodesic flow. As mentioned in Section 2.1 the space M<;(g) endowed with the
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vague topology is compact metrizable, in particular sequentially compact. Moreover,
Mci(g) is convex, i.e. a convex combination of sub-probability invariant measures
is still a sub-probability invariant measure. Recall that a point in a convex set is an
extreme point if it is not the convex combination of at least two different elements in

the convex set. The following lemma characterize the extreme points of M<q(g).

Lemma 3.2.1. The extreme points of Mci(g) are the ergodic probability measures

and the zero measure.

Proof. Observe that any measure u € Mc1(g) such that (7' X) € (0,1) is the convex
combination between a probability measure and the zero measure, in particular it can
not be an extreme point. The zero measure is clearly an extreme point. Finally, by
[Wal, Theorem 6.10] we know that the ergodic measures are the extreme points of

M(g), but the same argument implies that they are extreme points of M<;(g). O

Definition 3.2.2 (Poulsen simplex). A metrizable convex Choquet simplex with at

least two points K is a Poulsen simplex if its extreme points are dense in K.

The first example of such a simplex was constructed by Poulsen [Pou] in 1961. It
was later shown by Lindenstrauss, Olsen and Sternfeld [LOS, Theorem 2.3] that the
Poulsen simplex is unique up to affine homemorphism. Note that a Poulsen simplex
is always infinite dimensional. A remarkable feature observed in [LOS, Section 3] is

that,

Proposition 3.2.3. The set of extreme points in the Poulsen simplex is path con-

nected.

We will now prove that Mc(g) is affine homeomorphic the Poulsen simplex.
Since M<;(g) is a metrizable convex choquet simplex with at least two points K we
only need to check that its extreme points are dense. We will, in fact, prove that the

periodic measures are dense in M<;(g). We will need the following result from [CS].
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Theorem 3.2.4. Let M be a pinched negatively curved manifold. The periodic mea-

sures are dense in M(g) with respet to the weak-* topology.

The main inputs to obtain this result are the closing lemma and the local product
structure of the geodesic flow (for precise definitions we refer the reader to Section 4.1).
The strategy of the proof is very simple: the closing lemma allows us to approximate
any ergodic measure by a periodic measure, and the local product structure together
with the closing lemma allows us to approximate any average of periodic measures
by a single periodic measure. It is a standard fact that any invariant probability
measure can be approximated by the average of ergodic measures (consequence of
ergodic decomposition), and therefore one obtains the density statement. To obtain
the density of periodic measures in M<;(g) we will need the following result, but its

proof will be postponed to Section 7 (see Lemma 7.1.3).

Lemma 3.2.5. Let M be a non-compact pinched negatively curved manifold. Then

there exists a sequence of periodic measures that converges vaguely to the zero measure.

The proof we will give to this fact is a direct consequences of our results on the
pressure map of functions in Co(T M). We will now outline a different proof of
Lemma 3.2.5 (this is not really necessary, but allows us to state a recent result that
is interesting by itself). The following result recently obtained in [KL] and extends
to higher dimensions (and variable curvature) a well known result of Bonahon for

hyperbolic 3-manifolds [Bon].

Theorem 3.2.6 (Characterization of geometrically infinite). Let M be a pinched
negatively curved manifold. Assume that M is not geometrically finite, then there

exists a sequence of closed geodesics that escape from any compact subset of M.

It worth mentioning that in the geometrically finite case closed geodesics can not
escape from every compact set. The sequence of periodic measures associated to the

geodesics provided by Theorem 3.2.6 converges vaguely to the zero measure. To finish
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the proof of Lemma 3.2.5 we can now assume that M is geometrically finite. This
part of the proof can be made rigurous, but we will just sketch the ideas involve
(these ideas were very useful in [IRV]). Pick a maximal parabolic subgroup P of
m1 (M) and h a hyperbolic isometry such that P and (h) are in Schottky position (see
Definition 7.4.1). The covering N of M induced by the subgroup P = (h) < 7 (M)
is also geometrically finite. Moreover the geodesic flow of N can be coded as a
suspension flow over a countable Markov shift (see [BP]). It is important to observe
that the covering map ¢ : N — M is one to one nearby the cusp associated to P. In
the symbolic model it is easy to construct periodic orbits that converge to the zero
measure through the cusp associate to P (their mass concentrate in the cusp). The
image of this closed geodesics will have the same property in M (since ¢ send the

cusp of N into the cusp in M associated to P) and we obtain Lemma 3.2.5.

Theorem 3.2.7 (Topological structure of the space of measures). Let M be a non-
compact pinched negatively curved manifold. Then M<1(g) is affine homeomorphic to
the Poulsen simplex and M(g) is affine homeomorphic to the Poulsen simplex minus

a vertex and all of its convex combinations.

Proof. In light of Theorem 3.2.4 and Lemma 3.2.5 we need to prove that every measure
p € Mci(g) such that u(T'M) € (0,1) can be approximated by periodic measures.
Since periodic measures are dense in M(g) it is enough to approximate every measure
of the form Ay, where A € (0,1) is a rational number and p is a periodic measure.
Let A = p/(p + q), where p,q € N, and (u,), be a sequence of periodic measures
converging vaguely to the zero measure. Define

1
Vp =

= ——(pu+ qun).
ol )

Let d be a metric on M<(g). By Theorem 3.2.4 we know there exists a sequence of

periodic measures (7,), such that d(v,,n,) < % Since lim,, .o v, = A, we get that
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lim,, 0 N = Al ]

Remark 3.2.8. Theorem 3.2.7 describes completely the topology of our spaces of
imvariant measures. We emphasize that in the compact case Sigmund proved that
M(g) is affine homeomorphic to a Poulsen simplex [Sig]. As a consequences of the
results in this section we can conclude that the only topological property of M that is
detected by the topology of M(g) is its compactness (or lack of compactness). If we
wanted to recover some geometric property of M from the space of invariant measures

one needs to add some extra data to this set.
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Chapter 4

Entropy density and simplified

entropy formula

In this section we will prove that the geodesic flow on a pinched negatively curved
manifold satisfies a mild modification of the simplified entropy inequality and that its
ergodic measures are weak entropy dense. This two properties will be used to prove

the upper semicontinuity of the entropy map.

4.1 Weak entropy density

In this section we will check that the proof of [EKW, Theorem B] extends to the
non-compact case for the geodesic flow on a negatively curved manifold. We will

need the following definitions.

Definition 4.1.1 (Closing lemma). We say that a flow (¢i)er on a metric space
(X,d) satisfy the closing lemma if for all x € X, there exists a neighborhood W, of
x such that the following holds. Given € > 0, there exists & and ty such that for all
ye W, and t = ty, if d(y, ry) < 0 and oy € Wy, then there exists y' and s > 0 such

that |t — s| < e, sy =y and d(pny, ery’) < €, for h € (0, min{t, s}).
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Define the sets

W2 (x) = {y e X : d(pi(x), pi(y)) < e, for all t = 0},

W (x) ={y e X : d(pi(x), pe(y)) < e, for all ¢ < 0},

Definition 4.1.2 (Local product structure). We say that the flow (¢i)er admits
a local product structure if for all x € X, there exists a neighborhood V, of x such
that the following holds. Given € > 0, there exists 6 > 0 such that for all y,z € V,

satisfying d(z,y) < §, there exists a point w = {y,zy € X and a real numbert € (—¢, €)

so that (y, zy € W*(¢i(x)) n W2 (y).

Remark 4.1.3. It is a well known fact (see for instance [Bal]) that the geodesic flow
on a pinched negatively curved manifold is transitive, satisfies the closing lemma and
admits local product structure. These properties are important for us because of the

following result.

Proposition 4.1.4. Let (X, d) be a metric space where closed balls are compact. Let
(p1)ier be a continuous flow which is transitive, admits local product structure and
satisfies the closing lemma. Then for every measure € M(X, 1) and € > 0, there
exists an ergodic measure o arbitrarily close to p (in the weak-* topology) such that

hu (1) > h,(p1) — . We can moreover assume that supppe is compact.

Proof. As in the proof of the entropy density in the compact case we start with the

following general fact.

Lemma 4.1.5. [EKW, Proposition 6.1] Let (X, d) be a metric space and T a continu-
ous transformation. Given an ergodic measure p, o > 0, 5> 0 and f1, ..., f; € Cp(X),

there ezists ng and v > 0 such that for all n = ny there ezists a (n,~y) separated set

S < X such that
1. S| =z exp(n(h,(T) — «)).
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2. |+ Vo fi(TRx) — § fidu| < B, for allz e S and j e {1,...,1}.

Let K < X be a measurable set satisfying u(K) > 3/4. Then we can moreover assume

that S ¢ K nT™K. We can choose v so that it does not depend on K, or n.

We only need to justify the last part of the proposition since points (1) and (2)
are taken without modification from [EKW]. We follow the notation in the proof of

[EKW, Proposition 6.1] and modify the definition of F,, by the formula
1 n—1
F,=E,nKnT"Kn{zeX:= > xv(TFz) <26},
n
k=0

where E, = {r € X : |%ZZ;3 H(Thx) = § fidn| < B,Vj € {1,....1}}. Since u(K n
T "K) > %, and the measure of the other two sets involved in the definition of F},,
by Birkhoff ergodic theorem, tends to 1 as n goes to infinity, we conclude that for n
sufficiently large we have p(F,) > % With this definition of F, the rest of the proof
follows without modification the proof of [EKW, Proposition 6.1].

We will use the notation T = ¢;. We want to prove that given p e M(X,T), e > 0,
n > 0, and fi,..., fi € C.(X), there exists an ergodic measure . € V(fi,..., fi; p, €)

such that h, (T) > h, —n, where

V(fi, . fry6) ={re M(X,T): |ffidy — Jfl-dm <eVi={l,..1}}

As in the proof of [EKW, Theorem B| we can reduce the problem to the case p =
+ SV ik, where {1}, is a collection of ergodic measures. Fix a compact set K
such that u;(K) > 3/4, Vi € {1,...,1}. By the uniform continuity of the functions
(fi)i, there exists ¢g > 0 such that if d(z,y) < €, then |fi(z) — fi(y)| < §. Using
Lemma 4.1.5 we can find ng and v > 0 such that for every n > ng, there exist an

(n,vy)-separated set S; ¢ K nT "K satisfying the conclusions of Lemma 4.1.5 for the

measure y;, § = €¢/4 and a = /2. By the definition of the local product structure and
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the compactness of K, given ¢y > 0 there exists oy > 0 such that if x,y € K satisfy
d(x,y) < do, then there exists a point {(x,y) such that (x,y) € Wi (i (z)) n W2 (y)
and |t| < eg. We will moreover assume that € satisfy v > ¢y/4. By the transitivity of
the flow and the compactness of K, given dy > 0 there exists a constant R = R(Jp)
such that for every z,y € K, there exists z € X such that d(x, z) < dp, and d(p,2,y) <
dp for some p € [0, R]. In particular if (z,y) € (ngl Sk)Q, there exists z = z(z,y) € X
such that d(p,z,z) < do, and d(ppz,y) < dy, for some z = z(z,y) € [0,R]. By
choosing n sufficiently large we can assume R(dg)/n is very small to be determined
later. Choose (1, Ta, ..., zav) € ([ 1oy Si)™. As in the proof of [CS, Proposition 3.2],
using the closing lemma and the local product structure, we can construct a periodic

orbit that ej-shadows the broken orbit
W = O x1) 0 OB (21, 25) U OB (23) U ... U O () U OLMN ) 2 (0 ).

We think of W as a parametrized map which represent the sequence of segments
above. We denote the periodic orbit shadowing W by w(x) = w(xy,...,xymn). The
period of w is approximately the domain of W. By the choice of € (in terms of
the sequence (f;);) and because R(dy)/n is sufficiently small, one easily verifies that
the periodic measure p,, associated to w belongs to V(fi,..., fi; 1, 5). Define S =
UM%O(H?LI S))™M. As before, to each element x € S we associate a periodic orbit
w(x). Fix some reference point ¢ € K. There exists a constant L = L(n, R(dp)) such

that w(z) < B(q, L), for every x € S. In particular the set

U = U w(x),

zeS

is relatively compact in X and (¢;)-invariant. This implies that ¥, = W is compact
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and (¢;)-invariant. Define

niN
_freX: |%L fi(gotx)dt—indM <eVie{l, ..

It is easy to see that because of the choice of €, d and the sets (S;)Y; we have
Vo < U1 An- Since ¥y is (¢;)-invariant we know that z € Uy implies that for every

s € R we have sz € |, ., A,. Let v be an ergodic measure supported in ¥y and

nz=1

x € ¥y a point such that

1
lim — f@ px)dt = ffldl/

n—oo N,

for every i € {1,...,1}. Note that = € A,, for some n, and that ¢,yz € A,,, for some

m. In particular we have

mN

J fz (,Ot.ilﬁ dt— szdﬂ| €, and | fz ‘;OnNthx dt— szd/”

These inequalities imply that

n+m)N
|m J filgpiz)d ffsz

We can generalize this argument to conclude that there exists a sequence (m;); such

that lim;_,. m; = o0, and

|i ifi(%x)dt — deu| <e

mio

Since by assumption we know that lim,,_, % Sg filpx)dt = S fidv, we conclude that
[ v = [ gatul <
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In particular every ergodic measure supported in Wy belongs to V' (f1, ..., fi; i1, €). Re-

call that v > €y/4. By construction if z,y € (][, S;)™, and z # y, then

dri(n+ N o) (W(T), w(Y)) > €0/2.

In other words ¥, contains a (M (n + N(dy)), €0/2)-separated set of cardinality

exp (mw (% ’i b (1) — g))

Then

. nM (hu(¢1) — %)
\Ij > 1 1 2
fitop(Wo) = Tim sup M(n + N(5))

By choosing N(dg)/n sufficiently small we can make the left hand side in the last
inequality strictly bigger than h,(¢1) —n. Finally, take an ergodic measure p. sup-

ported in W, with entropy at least h,(p1) — 1. Since we had already proved that
te € V(fi1, ..., fi; b, €), this finishes the proof. H

Combining Remark 4.1.3 and Proposition 4.1.4 we obtain the main result of this

section.

Theorem 4.1.6 (Weak entropy density of geodesic flow). Let M be a pinched neg-
atwely curved manifold. Then the ergodic measures are weak entropy dense in the

space of invariant probability measures.

As a corollary of Theorem 4.1.6 we obtain a new version of Theorem 3.1.6, where

we can weaken the Holder assumption, instead we require the potential to be bounded.

Theorem 4.1.7. Let F € Cy(T*M), then
P(F) = sup Px(F),
K

where the supremum runs over the set of compact invariant subsets.
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Proof. Fix € > 0 and choose p. € M(g) such that

b (g) + J Fdy, > P(F) —e.

Using Proposition 4.1.4 we can approximate p. with an invariant probability measure
of compact support v, such that h, (g) > h, (g) — €, and { Fdv. > { Fdu. — e. This
implies that

b, () + deue - P(F) — 3¢,

where v, is compactly supported. In particular supy Pk (F) = h, (g) + { Fdv.. It is
clear that P(F') = supy Pk (F'). Therefore

P(F) = sup Px(F) = P(F) — 3e.

Since € > 0 was arbitrary we conclude that P(F') = supy Pk (F). O

4.2 Simplified entropy inequality for geodesic flows

We will now proceed to prove that the geodesic flow on a pinched negatively curved
manifold satisfies a simplified entropy inequality after a mild modification in the defi-

nition of the dynamical balls. As before p : T'M — T'M is the canonical projection.

Definition 4.2.1. Lety e T'M and z = p(y), we define BE(x, 1) as the image under
p of the (n,r)-dynamical ball in T'M centered at y. We say that BP(x,r) is the

p(n, €)-dynamical ball centered at x, where p stands for projection.

We recall that N,(n, €,0) is the minimum number of (n, €)-dynamical balls needed
to cover a set of measure strictly bigger than 1 — . We define Nﬁ(n,e,é) as the
minimum number of p(n, €)-dynamical balls needed to cover a set of measure strictly

bigger than 1 — 9. We also use the notation NP(C,n,¢) to denote the minimum
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number of p(n, €)-dynamical balls needed to cover the set C' = T'M. To simplify
notation we define X = T'M. To prove the main result of this subsection we will

need the following lemma, that follows easily from the criterion given in [PS].

Lemma 4.2.2. Let (M, g) be a pinched negatively curved manifold. Then there exists

a Hélder continuous function o : T*M — R which admits an equilibrium state.

Theorem 4.2.3 (Simplified entropy inequality). Let (M, g) be a pinched negatively

curved manifold. Then for every ergodic measure p have

1
h.(g) < liminf —log N%(n,1,9),

n—aw N

where § € (0,1) and r > 0.

Proof. Fix § € (0,1), r > 0 and " € (0,r). Choose m € N such that 1 —¢ > --. Let

1
F, © X be a set satisfying N?(n,r,1 — +) = N?(F,,r,1 — +) and u(F,) > +. By

Birkhoff ergodic theorem there exists F’ < X and Ny > 0 such that u(F') > 1 — =

8m?

and |X So_l ¢(gix)dt — §pdu] <€, for every x € F' and n = Ny. From now on we will

assume n = Ny. Let K be a compact subset such that u(K) > 1 — 1n We will need

-

the following fact, which follows directly from the formula

n—1

PAL U U A) = D (=1 (A a0 Ay,

=1

Lemma 4.2.4. Let F' be a measurable set satisfying pu(F) > <. Then for every h € Z

0 =

there exists k € [h, h + 2s) such that u(F ~ g_,F) > 5.

Define S,, = F,, n K n F’ and observe that by construction u(S,) > ﬁ Then

there exists k, € (—4m, 0] such that

lL(Sn M g*(nflJrkn)Sn) > 24_m
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Define A, = S, N g—(n—1+k,)n. In particular we get

1
NB(n, 1", 1 — =) < NP(Ap,n,1").

24m

Consider a p(n, r)-covering with minimal cardinality of A, and denote by R the set
of centers of such dynamical balls. For each z € R, let E, be a p(n,r’)-separated
set of maximal cardinality in B?(z,r). We can moreover assume that £, < A,. By
definition, the p(n,r’/2)-dynamical balls with centers in E, are disjoint. Moreover,
since #F, is maximal, the collection of p(n,r')-dynamical balls having centers in E,
is a p(n,r')-covering of BY(z,7). Define Y = (J;"y K. Since K is compact, the
same holds for Y. Let ¢ : T'M — R be a Holder continuous function admitting an

equilibrium state. Let m be its (unique) equilibrium state. Therefore

>, m(Bh(y.1'/2)) = m < U Biw. 7"’/2)> < m(By(z,r + 1)),

yEEz yEEI

and so
m(BE(x,r + 1))
mingeg, m(Bh(y,1/2))

#LE, <

Observe that by construction if z € A, then g, 14, () € S,,, which implies g, (z) € Y.
In particular A, € Y n g ,,Y. Recall that m satisfies the Gibbs property, i.e. there

exists a constant C' = C(Y,r + r',7'/2) such that

C,_1< T(Bﬁ(yﬂ”o)) <
exp(§)  @(gy)dt — nP(y))

for every ye Y n g ,,Y and ro € {r +1',7'/2}. Using the notation above this implies
the bound

n—1 n—1
#E, < C*exp (J o(gx)dt — minf @(gty)dt) :

0 YeLs Jo
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Therefore, by the definition of F’, we have
#E, < C"exp(2ne).
Observe that

NB(n, 7", 1 — NP(Ap,n,1") < C"exp(2ne)#R = C'exp(2ne) NP (A, n,r)

24m )

1
< C"exp(2ne) NP (F,,n,r) = C'exp(2ne) NY (n, 7,1 — —)
m

< C"exp(2ne)NE(n, 1, 0).
We remark that C” is independent of n; it only depends on r, m and K. Then

1 1
lim inf —log N¥(n,’,1 — Q—m) hmmf—long(n r,0) + 2€.

n—w n 4 n—w 71

Since € > 0 was arbitrary we get

1
hmmf—long(n r1——)< hmmf—long(n r,9).

n—>a0 24m n—>00

By definition BE(z,r) < By(z,r). This implies that N,(n,s,q) < NE(n,s,q), for

every n € N, s e R and ¢q € (0,1). Using Theorem 2.2.3 we get

1 1 1
h,(g) = lim lim inf — log N, (n, 7', 1 — 2—) lim hmlnf—long(n r1——).

r’—0 n—owo N 4m =0 n—ow N 24m

Combining the inequalities above we obtain

hu(g) < hmlnf—long(n r,9).

n—aeo
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Chapter 5

Semicontinuity of the entropy map

In this section we will prove the upper semicontinuity of the entropy map. More

precisely we will prove that if (u,), converges in the weak-* topology to pu, then

limsup Ay, (9) < hu(g).

n—0

In order to do so we will prove a more general inequality that involves the escape
of mass and the topological entropy at infinity of the geodesic flow (Section 5.2).
We will also prove that the topological entropy at infinity coincides with a measure
theoretic counterpart, this is what we call the variational principle for the entropy at
infinity. The results in Section 5.2 will have many consequences to the thermodynamic
formalism of potentials vanishing at infinity, but we will discuss those applications in

Section 7.

5.1 A more general result

In this section we will prove a more general version than the one we need for the
geodesic flow. This has the advantage of emphasizing the key ingredients to obtain

similar results.
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We start with our definition of topological entropy at infinity. Let (X, d) be a non-
compact topological manifold, and T : X — X be an L-Lipschitz homeomorphism,
i.e. a homeomorphism satisfying d(Tx,Ty) < Ld(z,y), for every (z,y) € X x X. Let

K be a compact subset of X. Define
n—2 ‘
K(n)=Kn [T 'K°AnT ™YK,
i=1

Given a point z € K and r > 0, we define C'(x, n,r) as the number of (n, r)-dynamical
balls needed to cover B(x,r) n K(n). We define the topological entropy outside K at

scale r by the formula

1
doo (K, r) = lim sup — log sup C(z, n, r),

n—oo N zeK
and the topological entropy outside K by do(K) = inf,~q 0o (K, ).
Definition 5.1.1 (Topological entropy at infinity). The topological entropy at infin-

ity of (X,d,T) is the quantity

05 = inf liminf 6o, (K,),

{Kn} n—a

where the infimum in front runs over sequences {K,}nen where each K, is compact,

Knc Kpyr and X =2, K.
Our goal is to prove the following result.

Theorem 5.1.2. Let (X,d) be a non-compact topological manifold and T an L-
Lipschitz homeomorphism with finite topological entropy at infinity. Assume that
(X,d,T) satisfies a simplified entropy inequality and that its ergodic measures are

weak entropy dense. Let (i), be a sequence of T-invariant probability measures con-
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verging to p in the vague topology. Then

limsup Ay, (T') < |pfhpp (T) + (1 = [1])0co .-

n—aoo

If the sequence (i), converges to the zero measure the right hand side of the inequality

1s understood as do.
We start with the following preliminary version of Theorem 5.1.2.

Proposition 5.1.3. Let (X,d) be a non-compact topological manifold and T a L-
Lipschitz homeomorphism with finite topological entropy at infinity. Assume that
(X,d,T) satisfies a simplified entropy inequality. Let (j,), be a sequence of ergodic
measures converging to p in the vague topology. Suppose there exists a compact set

K such that ((0K) =0, and p,(K) > 0, for every n € N. Then

limsup Ay, (T) < 1l (T) + (1 = p(ACK)))in (5 1),

n—o0

where A(K) = {xe X : Tkx € K, for some k =0 and some k < 0}.

Proof. Define Y = A(K) as the set of points in X that enter to K under positive and
negative iterates of T'. Let A be the set of points in K that have their first return to
K at time k. Given x € Y define ny(z) as the smallest non-negative number such that
T2z ¢ K and n;(z) as the smallest non-negative number such that there exists
y € K satisfying 7@ (y) = z. For x € Y define n(x) = ni(z) + na(z), and declare

n(z) = oo whenever x € Y°. For n € Z>o v {oo} define

C,={re X :n(x)=n}

By the ergodicity of i, and the hypothesis u,,(K) > 0 we have that pu,,(Cy) = 0.

Moreover, the fact z € C,, means that x is in the orbit of a point in A,. Since T
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is Lipschitz and sup,.j d(z, Tx) is finite, we conclude that Uﬁio C,, is bounded, and

therefore relatively compact. Define

M
anM = U C,, and ay = U C,.

n>N n>N

It worth mentioning that dan < |J,, T *0K, and that the same holds for ay s
and Cu. This implies that p(dan ) = p(day) = u(0Cy) = 0. By the definition of
doo (K, 7) we know that given € > 0, there exists Ny = Ny(e) such that the following
holds. For every n = Ny and 2 € K(n) = K n[( '} T*K°*nT- " DK, we have that

B(z,7) n K(n) can be covered by at most ™=K+ (5 r)-dynamical balls.

Choose natural numbers k£ > 2 and N = Ny(e). Define the partition

5k,N = {OékN, QN EN, Q}v, ooy Q}gw Coo},

where Q' are balls of diameter less than r/L*N*2 covering ngo C', (which is relatively
compact) and let 8 y = {Q}, ..., Q% }. We choose this covering such that p(0Q%) = 0
for every i. In particular we know (08 n) = 0.

Recall that for a partition P we denote P™ to the partition \/;:01 TP. Let
Q € By be such that @ < af,. We say that [r,s) < [0,n) is an ezcursion of @ into
an if T'Q < ay for every t € [r,s), T"'Q < a5, and T*Q < a%. Define my y,(Q) as
the number of excursions of () into ay that contain at least one excursion into ayy

and let |En,(Q)| = #{k € [0,n) : T*Q < ay}.

Remark 5.1.4.

1. Observe that if x € C,,, then Tx € C,,, or Tx € K. In other words if v € K¢,

then n(Tx) < n(x).

2. Let [r,s) be an excursion of Q into an. Suppose there exists v € T"1Q N K¢,

then by (1) we have n(z) = n(Tx) > N. In particular x € ay, which contradicts
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that T"~1Q < a%. We conclude that T"7'Q c K.

3. Ifre@ and Q < o, then T'z € K, for some 0 <t < N. [foUTILOCn, then

by definition ny(x) < N and the conclusion follows.

We claim that an atom @) € B \; such that Q < K NT~("D K can be covered with
an appropriate number of (n,r)-dynamical balls. This estimate is very important in

order to prove Proposition 5.1.3.

Proposition 5.1.5. Let iy as above. Then an atom Q € By 5 such that Q <

KT " DK can be covered by no more than

Coe\EN,n(Q)I(%(KW)JrG) eth,n(Q)N(lSw(Kﬁ)ﬂ),

(n,r)-dynamical balls, where Cy = Co(m,q, N, k).

To simplify notation we will forget the subindex N and k. We remark that since
Cy satisfies TCy, < Cyp, the assumption 7" 1Q < K rules out the possibility that @
entered to Cy, before the (n — 1)th iterate. The proof is inductive. First decompose
[0,n — 1] as

[0,n—1]=W1uViu..uVsu W,

according to the excursions into ay that contain at least one excursion into ayy. It
worth mentioning that by Remark 5.1.4 each excursion into ay can contain at most
one excursion into ayy. More precisely, let V; = [n;,n; + h;) and W; = [l;,l; + L;)
with I; + L; = n; and n; + h; = [;11. The segment V; denotes an excursion into ay

that contains an excursion into agy and (W;); are the complementary intervals.

Step 0: Cover |JY_, C,, by balls of diameter r/L*N*2. We do this covering such
that the boundary of each ball has zero measure under u. We denote the number of

balls required for this covering as Cy = Co(K,r, N, k).
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Step 1: Assume we have covered () by

COCifle(af‘(KWHe)(lvl|+'“+|Vi’1De(i*l)N(éw(K’ng),

(I; + 1,7)-dynamical balls. We claim the same number of balls suffices to cover Q
with (I; + L;, 7)-dynamical balls. Observe that by hypothesis T%Q < %, therefore
diam T%(Q < r/L¥N*2. Since the balls used to cover 3’ have all diameter smaller than
r/LEN*2 the same hold if Q spends some extra time in 4. If ) have an excursion into
ay that does not enter to ayy, then by definition it must come back to 8’ before kN
iterates (see Remark 5.1.4 (3)). In particular if the excursion into ay is [pi, pi + i),
then ¢; < kN. Observe that diam TP 1Q < r/L*¥*2 implies that diam TPQ < r
for every t € [0, kN). In particular the same holds for ¢ € [0, ¢;]. Now we have entered
to B’ again and we can repeat this process until we find an excursion into oy, in

that case we proceed to Step 2.

Step 2: Assume we have covered @) by

Coe(éw(K,r)+5)(\V1|+...+|Vi_1|)e(i—1)N(5w(K,r)+5)’

(n;, r)-dynamical balls. To get a covering with (n; 4+ h; + 1, 7)-dynamical balls we will
cover each (n;,r)-dynamical ball in the given covering by (n; + h; + 1,7)-dynamical
balls. Let x € @ be the center of one of the (n;,r)-dynamical balls (if the center of
the ball is not in ) one takes a point in the ball that do belong to ) and change
r by 2r in our next argument, for simplicity we assume that z € @ is the center of
the dynamical ball). By definition T'x € ay for t € [n;,n; + h;), T" 'z € a4 and
Trithiz € . Let s(z) = 0 be the smallest number such that 77 +hi=s@)(z) e K.

Notice that by Remark 5.1.4(2) we have T"~!(z) € K, and by Remark 5.1.4(3) we
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know that s(z) < N. Since T" !B, (x,r) < B(T™ 'z,r), we can just focus on
covering B = B(T™ 'z, r)n K(h; + s(x) 4+ 1) with (h; + 1,7) dynamical balls. By the
definition of d, (K, r) we know that B can be covered with at most e(®=(<m)+e)(hits(@))
(h; + s(x) + 1,r)-dynamical balls. We conclude that B can be covered by at most
el0n (K +e)(hi+N) (B, 41, 7)-dynamical balls. This proves that the number of (n; +h; +
1,7)-dynamical balls needed to cover @ is at most the number of balls we had at the
(8o (K ) 4 )i (8 () +N

beginning of Step 2 times e

We conclude that ) can be covered with at most

Coe\EN,n(Q)I(M(K,THe) emk,N,n(Q)N(l?w(KJ)%),

(n,r)-dynamical balls, where Cy = Cy(m, ¢, N, k). We remark that Cy is a constant
independent of n. We also remark that the term |Eyn ,(Q)| is a very rough bound, we

can actually use the time spent in excursions into ay containing excursions into agy.

Proposition 5.1.6. Let B; n the partition defined in Proposition 5.1.5. Let i1 be an

ergodic invariant probability measure satisfying p(K) > 0. Then
1
h(T) < hy(T, Ben) + plon) (0 (K1) +€) + E(5°O(K’ r) +€).

Proof. Recall that by Definition 2.2.4 we know that for every ergodic measures y we

have

1
h,(T) < lim —log N,(n,r,9).

n—oO N,

Using the ergodicity of p and the assumption p(K) > 0 we can find an increasing
sequence (n;); such that

(K nT™K) > 6y,

for every i € N, where 0; is sufficiently small but positive (and independent of n;).
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By Shannon-McMillan-Breiman theorem the set
Aqw = (1€ X :Vn = N,u(5"(x) = exp(—n(hu(T, ) + 1))},

has measure converging to 1 as N goes to oo, for every ¢; > 0. Fix ¢; > 0 small. By

Birkhoff ergodic theorem there exists a set W, such that
1 n
E Z 1aN(Tnx) < :u(aN) + €1, and H(Wﬂ) >1—-—
i=0
for all z € W, and n = n(e;). We finally define

Xi=WqnA i n KnT ™K.

By construction, for i sufficiently large, we have u(X;) > %. From now on we will
always assume i is sufficiently large. Our goal is to cover X; by (n;, r)-dynamical
balls. By definition of A, ,, we know X; can be covered with exp(n;(h, (T, () + €1))
many elements of 5. We will use Proposition 5.1.5 to cover efficiently each of those
atoms by dynamical balls. Let () € 5™ be an atom intersecting X;, in particular

Qe K nT~" YK, By the choice of W,, we have

|Enni(Q)] < (ulan) + ex)ni.

We claim that my nn, (Q) < This follows from Remark 5.1.4. Let [p,p + q)

1
mni.
be is an excursion of () into ay that contain an excursion into ayy. There exists a
smallest A > 0 such that TP*9+"Q < K. By definition of oy we have g+h+1 > kN.
Moreover T*Q < af; for every k€ [p+q+1,p+ g+ h]. In particular each excursion
into ayy generates an interval of length at least kN where no other excursion into ay
61

can occur. Putting all together, we get that N(n;,r,1 — %) is bounded from above
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eni(hu(Tvﬁ)""el)Coeni(‘scﬁ(K7T)+5)(U(QN)+€1)eﬁ"iN(dZ (K,r)+e) )

Finally we obtained
1
h(T) <h, (T, Brn) + €1+ (0o (K, 1) + €)(p(an) + €1) + %(500([(, r) + €).

Since €; > 0 was arbitrary we are done. O]

We now explain how to get Proposition 5.1.3 from Proposition 5.1.6. First assume
u(X) >0, and fix g9 > 0. We remark that by construction p (05, n) = 0. To simplify
notation we use [ instead of S y to denote our partition. Choose m sufficiently large
such that

-1

1 m e

and —(1/m)log u(X) < g9. Then

1
|u|hﬁ(T) + 20 > p” Z p(P)log pu(P).
Pep™
Define A = ﬂ?:ol T~ ayn and observe that by the definition of the vague conver-

gence

lim > p(@Q)log (@) = > (@) log n(Q).

n—o0
Qefm\{A} Qepm\{A}

Choosing n sufficiently large we get the inequality

Il (7) + 320 > = H,, (57).

1
m
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Finally using Proposition 5.1.6 we get

PO (1) + 32 >, (57) 2 hy, (T, 9

[l

2 (T) = (o (K, ) + palo) = 1 (0 (K1) ).

Observe that Uszo C,, is relatively compact and that p,(ay) =1— un(UnNz0 Cyn). We

remark that by construction u(dax) = 0. Therefore

lin sup hy,, (T) Sp(X)hose (T) + (9o (K, 7) + €)(1 = n(gren)

Observe that by construction we can send € to zero as N goes to infinity. Finally take

k — oo and N — oo. We obtained the desired inequality

limsup hy,,, (T) < |plhu + (1 = p(A(K)))0w (K, 7).

n—00

The case when (X)) = 0 follows directly from Proposition 5.1.6 since h,,, (g, ) —

0 and g, (an) = 1 — pa (U, Cs) — 1 as n tends to oo. O
We have finally all the ingredients to prove Theorem 5.1.2.

Proof of Theorem 5.1.2. We will prove that

limsup Ay, (T') < |plhyuu + (1 = p(A(K))) b (K, 1), (5.1)

n—ao

for every sufficiently large compact set K and r > 0. Let yy be a T-invariant measure
that gives positive measure to K (which exists because K is sufficiently large) and
define pl, = (1 — %)Mn + %,uo. By hypothesis, the space of ergodic measures is weak

entropy dense (see Definition 4.1.6), therefore we can find an ergodic measure v,
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arbitrarily close to 4, (in the weak-* topology) such that h,, (T) > h, (T) — <. In
particular we can assume v,(K) > 0 and that (v,), converges to p in the weak-*

topology. We can now use Proposition 5.1.3 to the sequence (v,), and get

lim sup hy,, (T') < [plhyy, + (1= p(A(K)))00 (K, 7).

n—aw

By construction we have

hu (T) > by, (T') =

S
I
~~
—_
|

and therefore

limsup h,,, (T') = limsup h,,, (T),

n—o n—w
which implies the inequality (5.1). Take an increasing sequence (K;); of compact sets
such that lim; e 6o (K;) = 0o Now observe that A(K;) = A(Kiy1) and | ,o; A(K;) =
X. This implies that lim; . u(A(K;)) = (X)), and therefore inequality (5.1) finishes

the proof. O

5.2 Upper semicontinuity for the geodesic flow

As explained in Section 4.2 the geodesic flow satisfies a mild modification of the
simplified entropy inequality. This fact does not affect the proof of Theorem 5.1.2,
but modifies the definition of the topological entropy at infinity (instead of using
(n, €)-dynamical balls we use p(n,€)-dynamical balls). In this case the topological
entropy at infinity (using p(n, €)-dynamical balls) takes a much more concrete form
in terms of the action of the fundamental group on M. Let Q c M be a compact

subset, and let I' = 7 (M). Given n € N we define

Io(n) = {y el :3x e T'Q such that gi(z) € T'Q°, for k € [1,n—2] and g, 1(z) € T*7Q}.
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Then define

do(Q) = limsup % log #I'g(n).

n—a0

Let P be a Dirichlet fundamental domain of M in M.

Definition 5.2.1 (Topological entropy at infinity). The topological entropy at infin-
ity of M s the quantity
doo = inf liminf d4 (P ),

(P) k—o

where the infimum runs over compact exhaustions of P, in other words, increasing

sequences (Py)p=1 such that each Py is compact and | J,-, P = P.

Remark 5.2.2. Shortly after the paper [V2] was finished, B. Schapira told me that
in a joint work with S. Tapie [ST] they also defined the topological entropy at infinity.
The critical gap 0o < hiop(g), has important consequence in the study of the regularity

of the topological entropy under C* perturbations of the metric [ST].

It is not hard to verify that the topological entropy at infinity computed with
p(n, €)-dynamical balls coincides with the one in Definition 5.2.1. As mentioned above,

the proof of Theorem 5.1.2 implies one of the main results of this thesis.

Theorem 5.2.3. Let (M, g) be a pinched negatively curved manifold. Let (pu,)n be

a sequence of invariant probability measures converging to p in the vague topology.

Then

limsup hy,, (9) < |plhy0(9) + (1 = |1])dc.

n—oo

If the sequence converges vaguely to zero, then the right hand side is understood as

oo

It worth mentioning that if M is geometrically finite, then

O = max op,
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where the maximum runs over the parabolic subgroups of m1(M). In particular we

recover one of the main results of [RV].

Remark 5.2.4. We will prove in Section 5.3 that the quantity 0 is sharp. It is
not clear to the authors that the topological entropy at infinity computed with the
p(n, €)-dynamical balls coincides with the one using (n, €)-dynamical balls (although in
geometrically finite manifolds they seem to coincide). For some reason, in this theory,

the role of the p(n,e)-dynamical balls is more significant than the usual dynamical

balls.

Definition 5.2.5 (Strongly positive recurrent manifolds). We say a pinched neg-

atiwely curved manifold M is strongly positive recurrent (SPR for short) if do <
hiop(9)-

Among the consequences of Theorem 5.2.3 we will get that SPR manifolds have a
measure of maximal entropy (Theorem 6.1.1). This definition should also be compared
with Definition 2.3.20, where an analogous critical gap condition was required. Theo-
rem 5.2.3 implies that the entropy map, y— h,(g), and the map p — h,(g) + § Fdp,

are upper semicontinuous .

Theorem 5.2.6 (Upper semicontinuity of the entropy map). Let (M, g) be a pinched
negatively curved manifold. Let (i), be a sequence of invariant probability measures

converging to u in the weak-* topology. Then

limsup Ay, (9) < hu(g).

n—0o

Theorem 5.2.7. Let (M, g) be a pinched negatively curved manifold. Let (), be a
sequence of invariant probability measures converging to u in the weak-* topology and

FeCy,(T'M). Then

limsup (A, (9) + JFd,un) < (hu(g) + JFd,u).

n—aw
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Remark 5.2.8. After the work of Yomdin [Yom] and Newhouse [New| we know that
on a compact manifold the entropy map is upper semicontinuous if the dynamics is
of class C*. Later on, Buzzi [Buz] refined Newhouse’s result and proved that in this
context the dynamical system is asymptotically h-expansive, which it is known to imply
the upper semicontinuity of the entropy map in the compact setting. We remark that

their methods use, in an essential way, the compactness of the manifold.

5.3 Variational principle for the entropy at infinity

In Section 5.2 we introduced the topological entropy at infinity of the geodesic flow.
We will now define a measure theoretic counterpart and prove that this two a priori

different notions of entropy at infinity coincide.

Definition 5.3.1 (Measure theoretic entropy at infinity). The measure theoretic

entropy at infinity of the geodesic flow is defined as

he = sup limsup hy, (g),
(n)  Hn—0

where the supremum runs over sequences of invariant probability measures converging

vaguely to the zero measure.

This invariant was defined in [IRV] and proved to be equal to the topological
entropy at infinity for the geodesic flow on extended Schottky manifolds via symbolic
methods. This result was later extended to cover all geometrically finite manifolds
in [RV]. In this thesis we generalize those results to any pinched negatively curved

manifold.

Theorem 5.3.2 (Variational principle for the entropy at infinity). The topological
entropy at infinity is equal to the measure theoretic entropy at infinity. FEquivalently,

Voo = hoo.
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To prove the variational principle we will need the following lemma.

Lemma 5.3.3. Let o be a Holder potential in Co(T M). Then

Proof. Let N be a Dirichlet fundamental domain of M in M. Given € > 0, there
exists a compact subset K = K (€) of M such that ¢(z) € [—¢, €], for every z € TTK*.
Let @ = Q(€) be the subset of N corresponding to K and M = sup,.p1,, |p(2)].

Choose a reference point z € T'(Q. Then

Zexpf 592> Y expj 5 )

~el n=1~elg(n)

o—2M Z Z —€(n—3) eXp(—Sd(Z,’}/Z))-

nz=1 "/EFQ

Let C = C(Q) be the diameter of Q. By the definition of I'g(n) we have that

d(z,vz) <n+2C, for every v € I'g(n). This implies that

Zexp f p—s5)=e M Z Z —n=3) oxp(—sd(z, v2))

’YEF n=1 ’YGFQ 'n,)

> ¢ MM 203 Z #Lg(n) exp(—n(s + €)).

n=1

By definition if 0, (@) there exists an increasing sequence (n;);en such that #I'g(n;) =

exp(n;(00(Q) — €)). In particular we get

Z exp(fvz P —5) = e M50 3¢ Z exp(n;(—s + 000 (Q) — 2€)).

~el' Z =1

Observe that if s < §,(Q) — 2¢, then the right hand side diverges, so does the left
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hand side. In particular we obtain that

P(SO) = 500(@) — 2e.

Taking an increasing sequence (Qy ) such that d,(Qy) converges to do (and such that
Q) contains )) we obtain P(yp) = d, — €, but € was arbitrary.

]

Proof of Theorem 5.3.2. If follows from Theorem 5.2.3 that if a sequence (), con-

verges vaguely to the zero measure, then

limsup Ay, (g1) < 0co-

n—a0

This implies that he, < . To prove the converse inequality we start with a strictly
positive Holder continuous function ¢ € Co(T'M). By definition of the topological

pressure we can find a sequence of invariant probability measures (u,), such that

P(-np) = <y (9) = [ (5.2

Using Lemma 5.3.3 we get

1
nfcpdun < hiop(g) + . Ocp- (5.3)

Let K be a compact set in T'M and set m = mingex |¢(z)|. Therefore using (5.3)
we get

nK<_7
pn(B) <

for some constant C'. This immediately implies that (u,), converges vaguely to zero.
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Finally observe that inequality (5.2) and Lemma 5.3.3 implies that

(5@ < h/»‘n(g) + 57

and therefore

de < limsuphy, (g).

n—eo

We conclude that he = 04, which finishes the proof of the equality ho, = 0. n
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Chapter 6

Applications of the semicontinuity

In this section we will obtain some applications of the main results from Section 5.2
to the existence of equilibrium states and maximizing measures. We will also prove

that the Gibbs measures are dense in Mc;(g), generalizing a result from [Bel].

6.1 Existence of equilibrium states

We start with a criterion for the existence of measures of maximal entropy. This

result was also obtained in [ST] by different methods.

Theorem 6.1.1 (Criterion for existence of measure of maximal entropy). Let (M, g)
be a pinched negatively curved manifold. Assume that M is SPR, i.e. 0o < hiop(9).

Then the geodesic flow on M admits a measure of maximal entropy.

Proof. Let (u,)n be a sequence of invariant probability measures such that

(@) > huon(g) — =

n .

We will assume that (u,), converges in the vague topology (otherwise take a sub-

sequence). Let p be the vague limit of the sequence. By Theorem 5.2.3 we have
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that

hiop(g) = limsup hy,,, (g) < [plhu(9) + (1= [1])de

n—0oo

< |l hiop(g) + (1 — |11])dco-

Assume for a second that p is not a probability measure, then we get

|:U’|htop(g) + (1 - |,u|)600 < htop(g)7

which leads to a contradiction. We conclude that p is a probability measure. By

Theorem 5.2.6 we obtain that

htop(g) = lim sup hun (g) < hu(g)>

n—aeo
which proves the statement. O

We remark that by [OP] the measure of maximal entropy is unique (see Theorem
2.3.12). The same argument used in the proof of Theorem 6.1.1 gives us a slightly

more general result.

Theorem 6.1.2. Let (M, g) be a pinched negatively curved manifold. Let (), be a

sequence of invariant probability measures such that

lim hun (g) = htop(g)'

n—aoo

Then the following statements hold.

1. Suppose that M is SPR. Then (fin)nen converges to the measure of mazximal

entropy.

2. Suppose that the geodesic flow on M does not admit a measure of maximal
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entropy. Then (i, )neny converges vaguely to zero. In this case we have §o, =

Piop (9)-

3. Suppose that the geodesic flow on M admits a measure of maximal entropy.
Then the accumulation points of (fin)nen lies in the set {tpimas : t € [0,1]},

WheETe fmaz 1S the measure of maximal entropy.

It worth mentioning that an analogous result to Theorem 6.1.2 holds in the context
of countable Markov shifts [GS]. We will now state similar results to Theorem 6.1.1
and Theorem 6.1.2 in connection to the pressure of continuous potentials. We start

with a definition.

Definition 6.1.3. We say that a function F' is negative at infinity if there exists a
compact set K < T'M such that F is negative in the complement of K. The set of

continuous functions negative at infinity is denoted by C_o(T M).

It is easy to check that if F'e Cq(T'M), then the map

ququ,

is upper semicontinuous in the vague topology (the proof is basically the same as
the one of Lemma 3.1.2). Our next result is the basic tool to obtain the existence of

equilibrium states.

Theorem 6.1.4. Let (M, g) be a pinched negatively curved manifold. Suppose we
have a sequence (fi,), of invariant probability measures converging to p in the vague

topology and a potential F in Co(T*M) or Coo(T'M). Then

i sup (s, (9) + | Fann) < lel(Pur(9) + | Fan/lul) + (1= s

n—

Proof. This result follows directly fom Theorem 5.2.3 and the upper semicontinuity

of the map p— { Fdp, if F belongs to Co(T'M), or Coo(T*M). O
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Using Theorem 6.1.4 and the strategy of the proof of Theorem 6.1.1 we obtain

the following two results.

Theorem 6.1.5 (Criterion for the existence of equilibrium states). Let (M, g) be a
pinched negatively curved manifold. Suppose that F is a potential in Co(T'M) or

Coo(T'M), such that P(F) > 6. Then F admits at least one equilibrium state.

Remark 6.1.6. We would like to emphasize that even though Theorem 6.1.5 gives
a criterion for the existence of equilibrium states for potentials that are negative at
infinity, the critical gap condition do, < P(F) is not optimal. In the geometrically

finite case we know that the inequality
Py(F) = mgxc?g < P(F),

implies the existence of an equilibrium state (Theorem 2.3.16). If F' is negative at
infinity then maxp 05 < 0o (with strict inequality if, for instance, F tends to a
negative constant at infinity). For this reason we will mainly focus on potentials that
vanish at infinity, where our bound is sharp. In Section 9 we will explain what we
expect to be true, but we have mot been able to prove so far. This would provide a

sharp statement for arbitrary bounded potentials.

The following lemma shows that SPR potentials in Co(T'M) are exactly those

satisfying the critical gap P(F') > 0.
Lemma 6.1.7. Let F' € Co(T'M). Then Py(F) = 0co.

Proof. Since F vanishes at infinity we know that for each ¢ > 0, there exists a
compact subset K = K(e) © M such that sup,cp . |F(z)] < e. Let U = M be an
open relatively compact subset of M , such that TU has non-empty intersection with
the lift of © to T'M. Assume that K < p(U). It follows from the definition of the

Poincaré series P(F, U, s) (see Definition 2.3.20) and our choice of U that P(F,U, s)

68



can be bounded below by nyerﬁ exp(—(s+e€)d(x,vx)), and above by ZWEFU exp(—(s—
€)d(z,yx)) (up to multiplicative constants). From this we can conclude that |§% () —
deo| < 2e. Since this computation works for every U as in Definition 2.3.20 which also
satisfies K < p(U), we obtain that |Pe(F) — 0| < 2¢. Since € > 0 was arbitrary we
obtain that Py (F) = de.

[

In particular Theorem 6.1.5 proves that any SPR potential in Co(T M) admits

an equilibrium state.

Theorem 6.1.8. Let (M, g) be a pinched negatively curved manifold anf F € Co(T*M).

Let (pn)n be a sequence of invariant probability measures such that

lim (hy,, (9) + JFd,un) = P(F).

n—eo

Then the following statements hold.
1. If F is SPR, then (i), converges to an equilibrium state of F.

2. Suppose that F does not admit any equilibrium state. Then (u,), converges

vaguely to zero. In this case we have P(F) = d.

3. Suppose that F' does admit an equilibrium state. Then the accumulation points

of (fn)nen lies in the set

{tuw:te[0,1] and w is an equilibrium state of F'}.

We emphasize that we require no higher regularity (on F') than continuity. In par-
ticular the theory developed in [PPS] does not apply. A big difference with respect
to more regular potentials is the lack of uniqueness of equilibrium states for contin-

uous potentials. It is proven in [IV] that one can slightly C°-perturb any potential
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F € Cy(T*M) into a potential with uncountably many equilibrium states. A crucial
ingredient for that result is Theorem 5.2.6, which allows us to identify subderivatives
of the pressure at F' to its equilibrium states. We finish this section with the following

result (that will be important in Section 7 and 8).

Theorem 6.1.9 (First derivative of the pressure). Let M be a pinched negatively
curved manifold and F € Co(T*M) a SPR Hélder potential. For every G € Cy(T* M)
the following holds

— P(F+1tG)=|Gd
dt t=0 (F+1G) J Hr

where g is the equilibrium state of F.

Proof. Let po be the equilibrium state of F' and for every ¢ # 0 we choose an invariant

probability measure p; such that
ule) + [(F + Gy = P(F+16) —
Observe that

P(F +1G) — P(F) < (h(g) + J(F TG+ £) — (hlg) + f Fdu,)

= tJGdut + 2.

Similarly

P(F +1G) = P(F) > (hyolo) + [ (F +1G)dua) = (b (9) + | Faa)

In particular for ¢ > 0 we get




and the reversed inequality for ¢ < 0. We now claim that (y); converges in the weak-*

topology to p as t goes to zero. First observe that
P(F +tGQ) —t* < h,,(g9) + J(F +tG)dp, < P(F +1G),
therefore
P_r)% hu,(g9) + Jqut = 11_{% hu(g9) + J(F + tGQ)dp = 115)% P(F +1tG) = P(F).

Since F' is Holder we know that g is the unique equilibrium state of F. We now
use Theorem 6.1.8 to conclude that lim; o 1y = po. As a consequence we obtain that
limy o § Gdpy = § Gdpo. This together with the inequalities above give us that

d
E”:OP(F + tG) = Jde/i(]

]

Remark 6.1.10. The same proof of Theorem 6.1.9 implies the following more general
fact. Suppose we have a continuous family of potentials (Fy)ie(—c,e), and Fy is a strongly
positive recurrent Holder potential in Co(T*M). Moreover assume that %\t:OFt s a

bounded continuous function. Then

! P(F;) = J(d Ft)dM0>

Eu:o E\t:O

where [y is the unique equilibrium state of Fy.

As a corollary of the proof of Theorem 6.1.9 we get the continuity of equilibrium

states in the SPR range.

Theorem 6.1.11 (Continuity of equilibrium states). Suppose we have Hélder poten-
tials F' and G in Co(T*M). Moreover assume that F +tG is SPR for t € (—¢,¢€), and
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denote by u; to the equilibrium state of F'+tG. Then the map t — ., is continuous

in the weak-* topology.

6.2 Maximizing measures as zero temperature lim-
its

The results in this sections are part of an ongoing work with F. Riquelme. In this
section we will prove the existence of maximizing measures as zero temperature limits
(under certain assumptions). We remark that the parameter ¢ in the pressure map
t — P(tF) is interpreted as the inverse of the temperature. In particular, a zero
temperature limit is the vague limit of a sequence of equilibrium states for potentials
t,F, while t,, goes to infinity. In some sense the maximizing measures that appear as
zero temperature limits are the most natural from the thermodynamic point of view,
and that is one reason why they have been extensively studied (see [JMU], [CGUJ,
[CH]). In the non-compact case we need to be a bit careful with the escape of mass
phenomenon, but we will see in Theorem 6.2.2 that this is possible to do with a result

like Theorem 5.2.3.

Definition 6.2.1 (Maximizing measure). We say that a measures p € M(g) is a

maximal measure for the potential F' if

deu = sup Jde.
veM(g)

We denote by Mp = sup,e g § Fdv, and mp = inf g § Fdv.

Observe that for ¢ > 0 we have that P(tF) > tMp. If Mp > 0, then for ¢
sufficiently large we get P(tF) > tMp > 6. The potential tF is SPRif F' € Co(T* M)
and t is large enough. We conclude that for ¢ sufficiently large the potential tF' has

an equilibrium state.
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Theorem 6.2.2 (Existence of maximizing measures as zero temperature limits).
Let F be a Holder potential in Co(T*M) such that Mp > 0. Denote by py; to the
equilibrium state of tF if exists. Then the accumulation points of (ju); as t goes to

infinity are maximizing measures (in particular probability measures).

Proof. Tt follows from the definition of the topological pressure that for ¢ > 0 we have

tMF < P(tF) < htop(g) + tMF (61)

If ¢ is sufficiently large we will have that P(tF) = t Mg > 04, and by Theorem 6.1.5
we conclude that tF' admits an equilibrium state. Let p; be the unique equilibrium
state for tF. Pick an accumulation point p, of the sequence (p;); as t goes to infinity
with respect to the vague topology. By definition there exists a sequence (t,), such
that (u, ), converges vaguely to ue and n goes to infinity. We claim that s has
positive mass. Indeed, if ji (7T M) = 0, then by the continuity of y — § Fdu (Lemma

3.1.2) we would have that

lim | Fdp,, = 0. (6.2)

n—oo
On the other hand, by Theorem 6.1.9 we know that for ¢ sufficiently large

d

ds

P(sF) = Jdet.

s=t

Inequality (6.1) implies that for positive ¢ we have
. d
lim — P(sF) = Mp > 0. (6.3)

t—oo dt s—t

This contradicts equation (6.2), we conclude that pe(T'M) > 0. Let v be the
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normalization of . Using Theorem 5.2.3 we get

limsup h,,,, (9) < |poo|ho(g) + (1 = | fteo])0co-

n—aoo

In particular, for any € > 0, and large enough n > 1, we have
hyue, (9) — € < 1ol o (9) + (1 = | 1o |) 9o

On the other hand, the definition of the topological pressure implies that

h(9) + tn f Fdv < hy, (g) + t j Fdp, .

Putting all this together

hmnun——e<|uw(hmn@>+tnjzwnun—tnffWh)-+<1—nuw>6w,

and therefore

mmd““”wm“%“”‘@”—d<fﬂwﬁ—fF@,

Taking limit as n goes to infinity

Jde < JdeJoo,

but since v = muw, we necessarily have puo(X) = 1. Using (6.3) we get that

{ Fdpow = lim, o § Fdpe, = Mp. We conclude that jie is a maximizing measure for

F.

Remark 6.2.3. In the hypothesis of Theorem 6.2.2 we could have assumed that F

is negative at infinity and the same result would follow. As before, what we really
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need is the upper semicontinuity of the map p — § Fdu, which is known to hold for
potentials in Co(T* M) and C—o(T'M).

6.3 Density of Gibbs measures

We will use the results in Section 6.2 to prove the density of Gibbs measures in
Mci1(g). We remark that this result appeared earlier in [Bel] for geometrically finite
manifolds, and that our strategy is similar, but more straighforward (after all the
work we have done). We know from the proof of Theorem 3.2.7 that the periodic
measures are dense in Mc1(g), so it is enough to prove that we can approximate any
periodic measures by Gibbs measures. Let 7 be a periodic orbit and u, the periodic
measure associated to 7. Consider a compactly supported Holder potential F. such

that

1, ifxer
F.(z) =

< 1, otherwise.

Observe that Mz = 1, and that the only maximizing measure of F; is the periodic
measure (. Using the results from Section 6.2 we get that the equilibrium states of

the family (¢F.); converges to p, as t goes to infinity. Summarizing we obtained

Theorem 6.3.1. Let M be a pinched negatively curved manifold. The space of Gibbs

measures is dense in Mc<i(g).
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Chapter 7

Thermodynamic formalism

In this section we will study the thermodynamic formalism of potentials that vanishes
at infinity. More precisely, we will describe the behaviour (regularity, limits, etc) of

the map ¢t — P(tF).

Definition 7.0.1 (Pressure map). Given a potential F', we refer to the map
t— P(tF),

as the pressure map of F.

We will give a fairly good description of the pressure map for positive potentials
in Co(T'M) (Theorem 7.1.2). In the non-compact case the pressure map of Holder
potentials is not always regular, sometimes the pressure map can develop singularities:
these singularities are usually called phase transitions. Phase transitions usually
detect a significant change in the dynamics of our system (from the point of view
of the potential). We will be interested in finding conditions that guarantee the
existence, and the lack of phase transition (Section 7.4 and Section 7.3 resp.). In
general it is a difficult problem to determine when a potential will (or not) exhibit

phase transitions, for this reason we will restrict our attention to some particular
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class of geometrically finite manifolds. Since for the geodesic flow on non-compact
manifolds we do not know how regular is the pressure map (our best result on the

regularity of the pressure is Theorem 6.1.9), we will use the following definition.

Definition 7.0.2 (Phase transition). We say that a potential F' exhibits a phase
transition at tq if there exists € > 0 such that P(tF') has an equilibrium state for
t € (to,to +€), but it has not for t € (to — €, to) (or vice versa). A potential F' exhibits

a phase transition if it exhibits a phase transition for some to € R.

We emphasize that the potentials for which we will describe phase transitions are
Holder continuous. We remark that in the compact case Holder potentials can not
develop phase transitions. By the work of Bowen [B5] and Ratner [Rat|, we know
that the geodesic flow on a compact negatively curved manifold can be modelled as
a suspension flow over a shift of finite type. As a consequence we obtain that the
pressure map of a Holder potential is real analytic, and that every Holder potential
has a unique equilibrium state (for a complete discussion we refer the reader to [B5],
[B7] and [Rue]). In the context of symbolic dynamics the study of phase transitions
has a long story. In this situation a phase transition is understood as a time ¢ where
the pressure map has discontinuous first, or some higher derivative. For shifts of
finite type and non-Holder potentials phase transitions were constructed in [Hof| and
[Lop]. For countable Markov shifts phase transitions have been extensively studied
by Sarig (see [S2], [S3] and [S5]). Based on the work of Sarig, phase transitions
have also been studied for some interval maps (see for instance [PZ], [BI], [IT]). For
suspension flows over countable Markov shifts phase transitions have been studied
in [IJ]. It worth pointing out that for suspension flows over countable Markov shifts
it is possible to construct phase transitions even when the shift map satisfies the
BIP property (see [IJ, Theorem 4.1]). Sarig proved that on a countable Markov
shift satisfying the BIP property, the pressure map of a locally Holder potential is

real analytic whenever finite (see [S4, Corollary 4]). This is an significant difference
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between the thermodynamic formalism of the suspension flow and the shift map.
The phase transitions constructed in this paper exhibit a similar behaviour to those
from [LJ]. Phase transitions for quadratic-like maps have been extensively studied in
[CR1], [CR2|, [CR3] and [CR4]. In this body of work Coronel and Rivera-Letelier
also constructed quadratic-like maps having sensitive dependence of the geometric
potential at zero and positive temperature. Sensitive dependence is an interesting
phenomenon that has not been studied for the geodesic flow.

The following notation will be constantly used in this section: if G is a group, we

denote by G* to G\{id}. We finish this discussion with a definition.

Definition 7.0.3 (Groups in Schottky position). Let F} and F» be discrete, torsion
free subgroups of [50(]\7). We say that Fy and Fy are in Schottky position if there
exist disjoint closed subsets Up, and Ug, of 600]\7 such that FY (800]\7\UF1) c Up, and
F} (0 M\Ug,) < Up,.

7.1 Description of the pressure map

In this section we will describe the pressure map ¢ — P(tF'), where F' is a positive
potential vanishing at infinity. Recall that by Lemma 5.3.3 we know that if G €
Co(T*M), then

P(G) = dw.

In the proof of our next theorem we will need the following simple lemma.
Lemma 7.1.1. Let F be a continuous positive potential. If (w,) is a sequence of

wmwvariant probability measures such that

lim | Fdu, = 0.

n—aco

Then (pun)n converges vaguely to the zero measure.
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Proof. Let K < X be a compact set. Then

deun > deun
K

> min{F(v):ve K}u,(K).
Observe that min{F'(v) : ve K} > 0, because of the positivity of F, so

lim | Fdp, =0 = lim p,(K) =0,

n—0o0 n—00

which is equivalent to say that (u,), converges vaguely to the zero measure. O]

Our next result follows closely the strategy of the proofs of [IRV, Theorem 1.3]
and [RV, Theorem 5.7] (also see [IJ]), where the same properties were obtained for
some particular cases of negatively curved manifolds. We are now able to generalize

those results to any pinched negatively curved manifold.

Theorem 7.1.2 (Pressure map for positive potentials in Co(T'M)). The pressure
map of a positive Holder potential F' that vanishes at infinity verifies the following

properties.
(1) for every t € R we have that P(tF) = 0o

(2) the function t — P(tF') has a horizontal asymptote at —oo, that is

lim P(tF) = 6.

t——0o0

Moreover, if tp :=sup{t < 0: P(tF) = iy}, then

(3) for everyt > tp the potential tF has an equilibrium state, and
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(4) the pressure function t — P(tF') is differentiable in (tg,c0), and it verifies

(500 th <tp
P(tF) =

strictly increasing  if t > tp,

(5) If t < tp then the potential tF has not equilibrium measure.

P(tF) P(tF)
top(9) htop(9)
500 5@
Lt tr ot
No phase transitions Phase transition at t = tp
Figure 1

We emphasize that if P(tF) > dy, for every t € R, then tp is equal to —co.

Proof. We already proved in Lemma 5.3.3 that P(tF) > d, (observe that tF' is a
potential vanishing at infinity). This fact gives part (1). In order to prove (2) recall
that the pressure map, t — P(tF'), is convex and non-decreasing (since F' is positive).
From the lower bound P(tF) > 04, we obtain that the limit lim; ,_o, P(tF) =: A
exists. It follows from part (1) that A = d,. By definition of the topological pressure
we know there exists a sequence of invariant probability measures (p,), such that

lim (hy,,(9) —n f Fdp,) = A. (7.1)

n—oo

Since A is a fixed number we necessarily have that

lim | Fdu, = 0.

n—aco
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By hypothesis F' is positive, we can conclude by Lemma 7.1.1 that (u,), converges
vaguely to the zero measure. In particular limsup,, ., h,,(9) < 0 (Theorem 5.3.2).
Equation (7.1) implies A < limsup,,_,, hy,(9), therefore A < d,,. We conclude that
A = 0y, as required. It follows from Theorem 6.1.5 that if P(tF') > 0., then tF has
an equilibrium state, and therefore we obtain (3). The differentiability of the pressure
map in the interval (tg, 00) follows from Theorem 6.1.9, and because F' is positive we
also get that P(tF) is strictly increasing in (tg,c0). This concludes the proof of (4).
To prove (5) assume 4 is an equilibrium state for ¢F, where t < tp. If t < t" < tp,
then

P(tF) = h,(g9) + tJqu < h,(9) + t”deu < P(t"F),
but P(t"F) = P(tF), which is a contradiction. O

As a corollary of the proof of Theorem 7.1.2 we obtain a property claimed in

Section 3.

Lemma 7.1.3. Let M be a non-compact pinched negatively curved manifold. Then

there exists a sequence of periodic measures that converges vaguely to the zero measure.

Proof. Take a positive potential F' in Co(T*M) and consider a sequence (g, ), such

that

lim (hy, (9) —n J Fdp,) = 0c.

n—eo

This is granted by the definition of the topological pressure and part (2) of Theorem
7.1.2. This immediately implies that lim, o { Fdyu, = 0, and by Lemma 7.1.1 we get
that (), converges to the zero measure. Now we use Theorem 3.2.4 to approximate

iy by a periodic measure 7,, we can assume that d(u,,n,) < . We conclude that

1
n

(M )n converges vaguely to the zero measure, as desired. O

If the potential F' is just non-positive, then a similar description of the pres-

sure map can be obtained. In this case we can not immediately conclude that
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lim; , o P(tF) = 0y (it might happen that the limit is strictly bigger than d.). If,
for instance, F' vanishes (exactly) on an invariant subset Y of 7'M with topological
entropy less or equal than 0, then we can also conclude that limy_, o P(tF) = 0.
We will briefly explain why. As in the proof of Theorem 7.1.2 define A such that
lim; , o, P(tF) = A (which exists because the pressure map is non-decreasing). By

definition of the topological pressure we can find a sequence (u,), such that

n—o0

lim (hy,(9) —n J Fdp,) = A.

We take a convergent subsequence (fi,, ) with limit . As before in Theorem 7.1.2
we can conclude that limy o { Fdp,, = 0, which implies that y is supported in Y.

Finally we get

A< limsuphy,, (9) < [hu(9) + (1= 10 < lalhgy (V) + (1= [ja))de.

k—o0

It follows from Lemma 5.3.3 that A > 0. By assumption hz,(Y) < e, s0
b0 < A< |plhiop(Y) + (1 = [u])d0 < beo,

and therefore A = §5,. Observe that if hy,,(Y) < dg, then we can conclude that g
has zero mass, in other words, that the sequence (u,), converges vaguely to the zero
measure. The rest of the properties in Theorem 7.1.2 follow without modification.
It is likely that if F' vanishes on an invariant set Y such that h,(Y) € (3o, heop(9)),
then

lim P(tF) = hyy(Y),

t——0o0

but we will not try to prove that here. We also remark that if Y is not invariant, and
if we understand hy,,(Y') as the supremum of the entropy of measures supported on

Y, then the same conclusions will hold.
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7.2 Strongly positive recurrent potentials in Cy(T M)

In this section we will prove that SPR potentials are open and dense in Co(T'M).
This property should be compared with what is known for SPR potentials in countable
Markov shifts [CSa]. We recall the definition of strongly positive recurrent potentials
in Co(T*M) (for the general definition see Definition 2.3.20).

Definition 7.2.1 (Strongly positive recurrent). We say that a potential F' € Co(T* M)
is strongly positive recurrent (SPR for short) if P(F) > do. The family of SPR
potentials in Co(TT M) will be denoted by S.

Lemma 7.2.2. S is an open subset of Co(T*M).

Proof. Let F' € S and define r = P(F') — 0. Observe that if ||G — F||p < r, then
P(G) > P(F) —1 = du. O

Lemma 7.2.3. S is dense in Co(T'M).

Proof. Let F € Co(T* M), we will prove that we can approximate F by SPR potentials.
If F' € S there is nothing to prove. We will assume that F' is not strongly positive
recurrent, in other words, that P(F') = d,. By Proposition 3.1.7 we know that the
pressure of F' can be approximated by compact subsets. In particular, given € > 0,

there exists a compact invariant subset K and a measure p supported on K such that

ha(g) + Jqu > P(F) — %

Choose a compactly supported continuous function G such that G(z) = ¢, for every

x € K, and ||G||op = €. Observe that

h,(g) + J(F + G)dp =€+ h,(g) + Jqu > P(F) + % > oo
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In particular we obtain that H = (F + G) € Co(T' M) is strongly positive recurrent

and ||H — F||op < €. Since € was arbitrary we obtain that S is dense in Co(T*M). [
Combining Lemma 7.2.2 and Lemma 7.2.3 we obtain the following result.
Theorem 7.2.4. The space of SPR potentials S is open and dense in Co(T*M).

The two most important properties of strongly positive recurrent potentials are
described in Theorem 6.1.8 and Theorem 6.1.9, for convenience we will state them

again here.

Theorem 7.2.5. Let F' be a Hélder potential in S with equilibrium state ug. Then

the following facts hold.

1. Let G € Cy(T*M). Then

— P(F = dur.
05 oo (F + sG) fG s

2. Let (un)n be a sequence of invariant probability measures satisfying

lim (hy,(9) + JF’dun) = P(F),

n—00

then (pn)n converges to jip.

We emphasize that in the compact case any Holder potential satisfies the con-
clusions of Theorem 7.2.5, in the non-compact situation we need to be much more

careful.

7.3 No phase transition

In this section we will restrict our attention to geometrically finite manifolds. This

does not seem to be an essential assumption, we believe the results in this section can
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be extended to any pinched negatively curved manifolds, but we are still missing an
important ingredient (an extension of Theorem 2.3.15 to arbitrary negatively curved
manifolds). From now on we will assume that M is geometrically finite. We remark

that in this case

doo = SUP IOp,
P

where the supremum runs over the parabolic subgroups of m;(M). For convenience
we will fix a maximal collection of non-conjugate maximal parabolic subgroups (one

for each cusps of M), say {P1, ..., P,}. With this notation we have that

0o = max Op,.
C O kel

Definition 7.3.1. Using the notation above, we say that a mazximal parabolic Py s
maximizing if

S0 = Op, .

We start defining a sub-class of SPR potentials that are stable under compact
perturbations. For convenience (it is more suitable for our purposes) we will define
this sub-class for potentials vanishing at infinity, but this is not strictly necessary.
This class of potentials will also be important in Section 8, since for those potentials

we obtain large deviations lower bounds.

Definition 7.3.2 (Very strongly positive recurrent). We say that a Hélder poten-
tial F' e Co(T'M) is very strongly positive recurrent (vSPR for short) if for some

mazximizing mazimal parabolic Py, we have that (Py, F') is of divergence type.

We emphasize that in the definition of vSPR potential we assumed that our po-

tential is Holder. This is an important assumption in order to use Theorem 2.3.15.

Lemma 7.3.3. Suppose that M is geometrically finite, and F € Co(T*M). Then for

every mazimal parabolic subgroup P of m (M) we have 65 = op.
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Proof. Pick a reference point x € M that belongs to the region where the cusp is
standard, i.e. where it looks like the quotient of a horoball by the parabolic sub-
group P. We will moreover assume that x belongs to the region of the cusp where
|F| < e. Using the convexity of the horoballs we get that the Poincaré series of
P based at z can be bounded below by >} ., exp (—(s + €)d(z, pr)), and above by
Yopep XD (— (s — €)d(z, px)). This implies that |05 — dp| < 2¢. Since € was arbitrary
we conclude the lemma. We remark that for potentials in Co(T* M) we have freedom

to choose the reference point of the Poincaré series (Lemma 3.1.4) O
Lemma 7.3.4. A vSPR potential is SPR.

Proof. Let F be a vSPR potential. By definition (Py, F') is of divergence type for
some maximal parabolic Py such that d,, = dp,. Using Theorem 2.3.15 we get that

op, < P(F). Since F vanishes at infinity we can use Lemma 7.3.3 to get that

0p, = 0p, = 0u, and therefore 0, < P(F). O

As mentioned before, vSPR potentials behave nicely under compact perturbations.

More precisely, we have the following result.

Lemma 7.3.5. Let F' be a vSPR potential. If G is a compactly supported Holder

potential, then F' + G is vSPR.

Proof. By definition of vSPR potentials (P, F') is of divergence type for some maxi-
mal parabolic Py, such that d,, = dp,. Since G is compactly supported, we can pick a
point z in a sufficiently small neighborhood of the cusp associated to Py, such that the
whole horoball defining the cusp is in the region where GG vanishes. Using the con-
vexity of the horoballs we can conclude that the Poincaré series associate to (Py, F)
based at x is equal to the Poincaré series associated to (P, F'+ G) based at z. Since
for Holder potentials the behaviour of the Poincaré series is independent of the base
point (see Proposition 3.1.4) we conclude that (P, F' + G) is of divergence type. In

particular we obtain that F' + G is vSPR. m
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Remark 7.3.6. Every geometrically finite manifold with cusps admit strongly positive
recurrent potentials. This construction was first done by Coudene in [Coul. For
a very similar construction we refer the reader to the example constructed in [RV,
Section 5]. If a potential decays fast enough to zero at infinity, then it will be very
strongly positive recurrent. On the contrary, as it will be explained in Section 7.4, if
the potential decays very slowly to zero at infinity, then it could even not be positive

recurrent (not even divergence type).

Proposition 7.3.7. Let F be a vSPR potential and G a compactly supported Holder
potential. Then for every t € R the potential F' + tG s SPR. In particular the line

t — (F +tG), does not exhibits a phase transition.

Proof. Since F' + tG is a compact perturbation of F', by Lemma 7.3.5 we get that

F + tG is vSPR. Using Lemma 7.3.4 we conclude the result. n

An immediate consequence of this result is that if the zero potential is vSPR, then
a compactly supported potential can not exhibit a phase transition. We remark that
the examples of potentials exhibiting phase transitions (constructed in Section 7.4)

satisfy that the zero potential is vSPR.

Corollary 7.3.8 (No phase transition). Suppose that the zero potential is vSPR,
more precisely, that Py is of divergence type for some mazimizing maximal parabolic
subgroup. Let G be a compactly supported continuous potential. Then the pressure

map of G does not exhibit a phase transition.

In [RV, Section 5] it was constructed a potential F' (not compactly supported) such
that the pressure map of F' does not exhibit a phase transition (under the assumption
that the zero potential is vSPR). In light of Corollary 7.3.8, the same conclusion
hold for any compactly supported potentials (and therefore the construction in [RV,

Section 5] becomes unnecessarily complicated).
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7.4 Phase transitions

In this section we will study some geometrically finite manifolds on which it is pos-
sible to construct potentials that exhibit phase transitions. We will also construct a
geometrically finite manifold for which the geometric potential exhibits a phase tran-
sition. The philosophy behind our constructions is very simple: if a potential decays
very slowly to zero through the cusps, then it is likely to develop a phase transition.
After the paper [V1] was uploaded to arxiv, G. Iommi pointed out to us that the
same principle was used in the construction of phase transitions for Pomeu-Manneville
maps. Recall that for F' € Co(T M) we use the notation tp = sup{t : P(tF) = do}.

The main goal of this section is to prove the following two results.

Theorem 7.4.1. There exists a geometrically finite manifold M such that the fol-
lowing holds. For every non-negative Holder continuous potential F' going slowly to

zero through the cusp of M we have that
1. tp e [-1,0),
2. The potential tF has equilibrium measure fort > tp,
3. The potential tF has not equilibrium measure fort < tp.

In other words, the map t — P(tF) exhibits a phase transition at tp. Moreover

t — P(tF) is differentiable for t # tp.

Theorem 7.4.2. There exists an extended Schottky manifold for which the geodesic
flow has a measure of maximal entropy and the geometric potential exhibits a phase

transition.

We remark that the manifolds in Theorem 7.4.1 can be hyperbolic, and that the
class of potentials going slowly to zero will be introduced in Section 7.4.3 (Definition

7.4.11). The family of extended Schottky manifolds is defined in Section 7.4.1.
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7.4.1 Extended Schottky groups

Let Ny, N5 be two non-negative integers such that N;+ Ny = 2 and N, > 1. Consider
N; hyperbolic isometries hy, ..., hy, and Ny parabolic ones py, ..., py, satisfying the

following conditions:

1. For 1 < ¢ < N; there exists a compact neighbourhood Cj, of the attracting
point &, of h; and a compact neighbourhood C -1 of the repelling point 5,%_— of
h;, such that

hi(@M\C, 1) < C,.

2. For 1 < i < N there exists a compact neighbourhood C), of the unique fixed

point §,, of p;, such that

VneZ' pl(OM\Cy) < Gy,

3. The 2N; + N, neighbourhoods introduced in (1) and (2) are pairwise disjoint.

4. The elementary parabolic groups (p;), for 1 < i < N,, are of divergence type.

The group I' =< hy, ..., ANy, D1, ..., DN, > 1S a non-elementary free group which acts
properly discontinuously and freely on M (see [DP, Corollary 11.2]). Such a group I'
is called an extended Schottky group. It is proven in [DP] that it is a geometrically
finite group. Note that if Ny = 0, then the group I' only contains hyperbolic elements,
then I' is a classical Schottky group and its geometric and dynamical properties are

well understood.

7.4.2 The Geometric potential

We briefly recall the construction of the geometric potential of 7'M (there is some
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overlap with notation that was already introduced, but for completeness we define

everything here). For x,y € M and e 600]\7 we define the Busemann function as

bg(l’, y) = }L% d(ﬂi’, gt) - d(y> 515)7

where t — & is any geodesic ray ending at &. Pick a reference point o € M. For every
€ € 0oM and s > 0, denote by Bg(s) the horoball centered at £ of height s relative
to o, that is

Be(s) = {y € M : be(o,y) = s},

where b (o, ) is the Busemann function at ¢ relative to o. The family {0B¢(s)}ser
foliates M by codimension one hypersurfaces. This family corresponds to the level
sets of be(o,-), each leaf is called a horosphere centered at £. Suppose we are given
a unit vector v, we are going to define the stable and unstable manifolds passing
through v. Let 2 € M be the base of v and sy € R such that = € 0B¢(sg). Each
vector {V,be(0,y)}yeon,(so) POints to £ and is perpendicular to 0B (sp). This defines a
Holder-submanifold of T M passing through v, the so called strong stable submanifold
at v, this will be denoted by W**(v). A similar construction defines the strong unstable
submanifold at v; it will be denoted by W**(v). The strong (un)stable foliation is the
foliation whose leaves are the strong (un)stable manifolds. One can characterize the

points lying in W**(v) and W**(v) by the following condition:
We(v) ={we T'M : tlim d(gwv, grw) = 0}.
—0

W (v) ={we T'M - tlim d(gwv, grw) = 0}.
——©

~

Observe that for every v € Iso(M) we have W*(yv) = vW*(v), and W*(yv) =
AW (v); it follows from this that both foliations descend to T'M. Tt also follows

from the definition that W**(g,(v)) = g:(W?**(v)) and W**(g:(v)) = g:(W**(v)), i.e.
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the geodesic flow preserves the foliations.

Definition 7.4.3 (Geometric potential). We define the geometric potential or un-

stable jacobian by the formula

d
Fsu(g) — _ % log det dgt|Wsu (5)7
t=0

where the determinant of dg; is computed with respect to orthonormal basis of the

unstable subspaces with respect to Riemannian metric g.

The study of the geometric potential for (transitive) Anosov diffeomorphisms and
flows is a classical subject. In those cases the equilibrium state of this potential

corresponds to the SRB measure. We will need the following theorem.

Theorem 7.4.4. [PPS, Theorem 7.2] Let M be a simply connected pinched negatively
curved manifold. Moreover assume that the derivatives of the sectional curvature are

uniformly bounded. Then the geometric potential F** is Holder continuous.

It is proven in [Kli, Theorem 3.9.1] that if (M, g) satisfies the pinching condition

—a? < K, < —b* <0, then we have
(N —1)a < F™(v) < —(N — )b, (7.2)

where N is the real dimension of M and v € T'M (here K, stands for the sectional
curvature of (M, g)). We emphasize that inequality (7.2) follows from a local com-
putation: it is also true that if the sectional curvature of an open set Z < M lies in

[—a%, —b%], then for every v e T'Z we have

—(N = Da; < F*"(v) < —(N — 1)b,.
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Inequality (7.2) also implies that for every invariant probability measure y, and ¢ = 0
u(9) = HN = )a < g) + t | P (0)di(o) < I g) = HN ~ 1)
By the definition of the topological pressure it follows that
hiop(g9) —t(N — 1)a < P(tF™) < hyop(g) — t(N — 1)b.

The following remark is a consequence of the local nature of inequality (7.2), and

inspires the computations done in Section 7.5.

Remark 7.4.5. Let U := F*" + (N — 1). As mentioned above if

—(1 MP?<K,<—(1 L)?

on an open set W of M, then

N—lM) <o) < —(N-1)(1+ N1

—(N-1)(1+ L),

for every vectors v e T'*W. Equivalently —M < U < —L.

It worth mentioning that under the assumptions of Theorem 7.4.4 Ruelle’s in-

equality holds [Riq]. More precisely we have that

i < [ P

for every u e M(g). In other words P(F**) < 0.
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7.4.3 Construction of phase transitions

In this section we will prove Theorem 7.4.1. We start with a modification of [DOP,
Theorem C].

Proposition 7.4.6. Suppose we have a parabolic subgroup P and a hyperbolic isom-
etry h such that P and H = {hy are in Schottky position. Denote by Iy the group
generated by P and (h*, and define My, = M/Ty. Let F : T*M; — R be a bounded
Holder potential for which (P,F) is of convergence type and 65 > 0. Suppose that
SVF = 0, where v 1is the periodic orbit associated to h. Denote by F,, the lift of F
to TYM,,. Then there exists Ny such that if n = Ny, then (T, F,,) is of convergence

type, and 65 = 6.

The heart of the proof of [DOP, Theorem C] is the following elementary fact about
Hadamard manifolds. Given D > 0, there exists C' = C(D) > 0 such that for every

geodesic triangle with vertices x, vy, z, and angle at z bigger than D, then
d(l’, y) = d(l’, Z) + d(Z, y) —-C.

We begin with the following analogous inequality that the Gibbs cocycle Cre(x,y)

satisfies.

Lemma 7.4.7. [PPS, Lemma 3.4] Let F' be a Hélder potential such that ||F||o < B.

Then for every r > 0, for all z,y € M and ¢ e O.B(y,r) we have

v o
Crel,) + j 7| < L(r, B),

x

for certain uniform constant L(r, B). Here O,B(y,r) 0 M denotes the set of end

points of geodesic rays emanating from x that intersect B(y,r).

In the inequality above we are using the Gibbs cocycle defined in Section 2. In

the proof of Proposition 7.4.6 we will use that Cr¢(x,y) is an additive cocycle, more
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precisely that

Cre(r,y) + Cre(y, 2) = Cre(z, 2).

Proof of Proposition 7.4.6. Since H and P are in Schottky position we can find
Up, Uy MU 5@]\7 so that

1. P*(awM\Up) C Up.
2. H*(0,M\Uy) < Uy.
3. UH M Up = @

Fix x € X over the axis of h so that x ¢ Uy U Up. As a consequence of the Ping Pong
Lemma we have that I' is isomorphic to the free product H = P. By the comments
above Lemma 8.2 and the fact that Uy n Up = J, we know that there exists a

positive constant C' such that for every y € Uy and z € Up we have
d(y, z) = d(z,y) + d(z, z) — C.
Applying inequality (7.4.3) and the inclusion properties described above we obtain
d(z, iR ph*" ) = Z d(x,p;x) + Z d(z, h*"ix) — 25C,

where n; € Z*, k # 0 and p; € P*. Let B be a bound for F, i.e. ||F||p < B. Choose

¢ outside Up u Uy and r big enough we can apply Lemma 8.2. Then

h"x - pT ph™x - pT

J F —i—f F = J F —i—f F > —2L(r,B) — Cpe(z,ph"x)

T T pT T
phnm N

= —3L(T,B) —f—f F.

x

94



This immediately generalize to

hkni T

plhknl...pjhknjx -
J F<(2j+1)L(r,B)+ZJ

x T

F+zfp

Let | := d(x,hx). By the choice of z we have that d(z,hVz) = |NJI, and since

Szx F =0, we also have SZNI F = 0. Finally

3 exp (Jh’%(ﬁ’— s)) = D} exp(—slnlik) = 2- ixifp_(s_lgk).

nez* I nezZ¥
For simplicity we will bound the expression

p1hE™1 Dy RF

P = 3 esl| (F-9).

j>1 pz‘e'P*,miEZ* T

A bound for P(s) follows identically, but here we have more symmetry. Using the

inequalities above we obtain

P(s) < Z <€Q(C+L(T,B)+1) Z exp (Jhknx(ﬁ— S)) Z o (J\px(ﬁ B S)>>j.

j=1 nezZ* z pEP* z
(7.3)

By taking k big enough, we can make the right hand side of (7.3) to be convergent
at s = 05. In particular 65 > 55’;, which immediately implies 5?’; = 5. Inequality

(7.3) also implies the convergence property of the pair (I'y, Fj). ]

Remark 7.4.8. Let {hq, ..., i} be a collection of hyperbolic isometries and denote by
H; the group generated by h;. Suppose that the subgroups {Hy, ..., H;, P} are pairwise
in Schottky position (as in the definition of extended Schottky but allowing P to have
bigger rank). Moreover assume that the integral of F' over the closed geodesics asso-
ciated to each h; vanishes. Define I',, as the group generated by P and the elements

{hy, ...k} . The proof of Proposition 7.4.6 can be modified to conclude that for big
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enough k we have

F _ ¢Fy
55 = oL,

and that (I'y, Fy) is of convergence type. For simplicity we will state our results only
for the case treated in Proposition 7.4.6, but everything works identically under the

hypothesis of this remark.

The next proposition is very important for us, it provides the family of potentials
for which we will have phase transitions. In Section 7.5 we will also use ideas from
the proof of Proposition 7.4.9 to modify the metric at the cusp. Recall that (P, —F)

is of convergence type if the sum

> exp ( — fpx F— 5PFd(x,pa:)),

peEP x
is finite.

Proposition 7.4.9. Let M be a geometrically finite manifold. There exists a bounded

Holder potential Fy satisfying the following properties:
1. Fy is positive near the cusps,
2. Fy goes to zero through the cusps of M,

3. (P,—Fy) is of convergence type for every mazimal parabolic subgroup P of

7T1(M).

Proof. We will define Fj in a neighborhood of each cusp, and then we will extend
it to the rest of the manifold in a Hélder continuous way (making sure that Fy is a
bounded function). Pick a maximal parabolic subgroup P of (M), and denote by
e 5001\7 to its fixed point. There exists a neighborhood U of the cusp associated to

P which is isometric to Be(go)/P, for big enough gy. Pick a reference point x € dU.
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For w € U we define d(w) = ¢, if m7(w) € 0Be¢(q + qo)/P. We say that the geodesic
v : [a,b] = T'M has height H if

max d(y(t)) = H.

For [ < L, define
S(,L):={peP:l<d(x,pr) <L}

By the definition of critical exponent, for every ¢ > 0, there exists a natural number

C(€) so that

Z exp(—(dp + €)d(x,pr)) < €.
peS(C(e),0)

We define a sequence (A,), inductively as follows: let A; = C(1), and A,4; =
max(A, + 1,C(1/n)). By construction the sequence of real numbers (A,), is strictly

increasing and satisfies

Z exp(—(dp + 1/n)d(x, px)) < %

peS(Ap,0)

We define H,, as the maximum height of the geodesic segments [x, pz], where p runs
in S(A,, Any1). With the heights (H,), we construct a sequence (B,), by declaring
By = Hjy, and inductively define B, .1 = max(B,, + 1, H,.1). Define a function f on

V = d Y([By,0)) = U, by the following expression

) —d(x) +1/n— B, ifxed([Bn,By+1/n—1/(n+1)])
1/(n+1) it 1€ d ' ([By +1/n—1/(n+1), Busi)).

Let F: T'V — R, be the composition of the projection from 7'V to V and f. We
do the same construction for every cusp in M. Using this functions (at the cusps) and

any Holder continuous extension to the rest of the manifold, we obtain our bounded
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Holder potential Fy. We will now check that Fj satisfies the properties described in
Proposition 7.4.9. It follows from the construction that Iy goes to zero through the
cusps. By Lemma 7.3.3 to get that 57;F° = 0p. It only remains to check that (P, —Fp)
is of convergence type for every maximal parabolic subgroup of m (M ). Observe that
if p e S(A,,Any1), then [z, pr] has height at most H,, in particular at most B,,.
Because of the way we defined the function f we obtain that if p € S(A,, A1) and

v e Tz, px], then Fy(v) = L. In other words, for p € S(A,, A,+1) we have

DT
J 7> d(z, pr)
n

T

Finally

> )exp(—fp Fo—épdxpa:) Z > )exp(—prFo—dpd(x,px))

pES(Al,OO x n= lpES(A An+1

- 1
< Z > exp ( — —d(x,pr) — 5Pd($,p$))
n=1 ES(A A7L+1) n
¢ 1
< Z Z exp ( — <— + 57;) d(m,px))
n=1 peS(Ap,w©) n
o 1
<2

3
I
N

which is finite.

]

Remark 7.4.10. Since the numbers (By,), can be arbitrarity far apart, we interpret

the decay of F' through the cusp associated to P as ‘very slow’.

Definition 7.4.11. A potential G belongs to the family F if the following conditions

are satisfied.
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1. G is a bounded Hélder potential,
2. G s positive in a neighborhood of the cusps of M and vanishes at infinity,
3. (P, —@G) is of convergence type for every mazimal parabolic subgroup P of mi (M).

The elements in Fs are called potentials going slowly to zero through the cusps of M.

The class of non-negative potentials in Fy is denoted by Fi.

The family F; is not empty because of Lemma 7.3.3. We remark that the family
Fs is quite big. Let F' € F,, if G is a bounded Hélder potential going to zero through
the cusps of M satisfying G > F in a neighborhood of the cusps, then G € F;.
We now proceed to prove Theorem 7.4.1. The statement of our next result looks a
bit more complicated that Theorem 7.4.1, but it has the advantage of being more
precise. Our manifolds are geometrically finite with one cusp, in particular d, = op.

As before, we use the notation
tp =sup{t: P(tF) = ip}.

Theorem 7.4.12. Let P be a divergence type parabolic subgroup and h a hyperbolic
isometry such that (hy and P are in Schottky position. Define T',, as the group gen-
erated by P and (h™). Let My = M/Fk, and Fy : T'M, — R a potential in the class
Fr. Assume that SV Fy = 0, where v s the periodic orbit associated to h. Let F},

be the lift of Fy to T'M,,, and Ny be the constant provided by Proposition 7.4.6 for

F = —F,. Then for n = Ny we have:
1. tFn € [—1,0)
2. The potential tF,, has an equilibrium state for t > tp,.

3. The potential tF,, does not have an equilibrium state for t < tp,.
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In conclusion, the pressure map of F,, exhibits a phase transition att = tg, . Moreover,
the pressure map is differentiable in (—o0,tg, )U(tr,, ). With respect to the behaviour

at t = tp, we have two possibilities:

(4) If the potential tg, F, does not have an equilibrium state, then the pressure map

is differentiable everywhere.

(5) If tg, F,, has an equilibrium state, then the pressure map is not differentiable at

t=tp,.

We remark that since P is of divergence type, then the geodesic flow on M,, has a

measure of maximal entropy (a consequence of Theorem 2.3.15 and Theorem 2.3.16).

P(tF)

or

op

33

1 t

Figure 2: Phase transition for F' € F
Proof. Since the covering map M, — M, is one to one in a neighborhood of the cusp
associated to P we get that the potential F,, goes to zero through the cusp of T M,,.
This implies that dp = 6§)F ". Since F,, is non-negative, the pressure map t — P(tF},)
is non-decreasing. It follows from Theorem 6.1.5 that for ¢ > tp, there exists an
unique equilibrium state for ¢tF;,, and from Theorem 6.1.9 that the pressure map is
differentiable in (¢f,, 00). By assumption P is of divergence type, then Theorem 2.3.15
gives us 0y, = 0p < dr = P(0). We conclude that tp < 0. Since F} € F, we know
that (P, —F}) is of convergence type. Notice that the potentials (F,), lift to the same
potential on T'M , in particular the Poincaré series of (P, —F),) is independient of n.

It follows that (P, —F,) is of convergence type for every n > 1. By Proposition 7.4.6
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we know that 0, = P(—F,), for every n > Ny. We can conclude that 5, = P(—F},),
which also implies that tr, > —1. Moreover, by Hopf-Tsuji-Sullivan-Roblin theorem
there is not equilibrium state for the potential —F;, (since (T',,, —F},) is of convergence
type). As in the proof of Theorem 7.1.2 we can conclude that the pressure map is
constant in (—oo,tr). We will now check part (3). Suppose there exists ¢t € (—o0,tp,)
such that tF,, has an equilibrium state, say u;. Recall that by definition of the
family F;, the potential F}, is non-negative and positive in a neighborhood of the
cusp associated to P. Since the support of p; contains some portion of the cusp we

conclude that { F,,dp; > 0. Observe that for every ¢’ > ¢ we have

5o = hy(g) + ¢ J Fudpn < hy(g) + ¥ J Fodp,.

This implies that for ¢’ € (¢,tf,) we have P(t'F,) > 04, which is a contradiction. We
conclude that the potential tF,, does not have an equilibrium state for ¢ < ¢z, . This
proves part (3). We now proceed to prove part (4) and part (5). First suppose that
t,F, does not have an equilibrium state. Let y; be the equilibrium state of tF,, for

t > tp,. Observe that

lim (hm (9) +tr, JFnd,ut) = lim (hm (g9) + tJFndut>
t—tf t—tf

= lim P(tF,) = P(t,F,).

+
t—)tFn

By Theorem 6.1.8 we conclude that (p;); converges vaguely to the zero measure as t

goes to tp, . In particular

tth
By Theorem 6.1.9 we know that the derivative of the pressure map of F), at t, for
t > tp,, is given by { F,du,. We conclude that the pressure map is differentiable at

t = tg,, and that the derivative at that point is equal to zero. This proves part (4).
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Now assume that ¢, F,, has an equilibrium state, and denote it by p,, . As in the
proof of part (4) we will denote by p; the equilibrium state of tF,,, for t > tg . The
same argument used in the proof of part (4) allows us to conclude that § F,dp,,, > 0.
The left hand side derivative of the pressure map at t = tp_ is clearly equal to zero.
We will prove that the right hand side derivative of the pressure map at ¢t = ¢, is

equal to { F,du,, . As observed in part (3) we know that

lim (hm (9) +tr, and,ut) = P(t,F,).

+
thFn

Theorem 6.1.8 allows us to conclude that every vague limit point of (), as t goes to
tr,, must be of the form Ay, (for some A € [0, 1]). We now claim that (x,); actually
converges to Ay, (for a fixed A). The convexity and differentiability of the pressure

map in (tg,,00) implies that the limit

lim Fndﬂt = A,

toth

exists. If Ay, is a limit point of (), as t goes to tp,, then we must have A =
)\SFnthFn- We conclude that there is at most one possible choice for A\, and that
the sequence of measures is convergent. Observe that the right hand side derivative
of the pressure at ¢t = tp, is equal to A = A § Fodpy,, - In particular, it is less than or

equal to § F,dp,, . Define

L(t) = hutFn (g) + tJFnd:UtFn'

Observe that P(tF) = L(t), and that P(t,F') = L(t,). The convexity of the pressure
map implies that the right hand side derivative at t = tp, is at least SFnthFn- We
conclude that the right hand side derivative of the pressure at t = tp, must be equal

to § Fndp,, . We remark that since A = § F,du,,, , we necessarily have A = 1. In
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other words, the sequence (), converges to i, ast goes to tg,.

[]

Remark 7.4.13. Suppose the potential F' satisfies the following additional property:
(P, —F) is of convergence type and (P,tF) is of divergence type for t > —1. In
this case we can ensure that for every t > —1 the potential tF,, is SPR; this implies
that tp, = —1. Moreover, at t = —1 the potential tF, does not have an equilibrium
state. By part (4) of Theorem 7.4.12 we get that the pressure map is differentiable

everywhere.

Remark 7.4.14. If the potential t,F,, has an equilibrium state, then the pressure
map exhibits a first order phase transition (using Ehrenfest classification). In this
case the first deriwative of the pressure develops a singularity. If the potential t, F},
does not have an equilibrium state, then it is reasonable to expect that some higher
order derivative of the pressure map should develop a singularity. In the context
of countable Markov shifts, Sarig investigated the relation between critical exponents
and abnormal fluctuations (see [S5]). It is a very interesting project to try to prove
analogous result to those in [S5] for the geodesic flow on a pinched negatively curved

manifold.

We will briefly discuss what happen if we only assume F' € Fj, i.e. we allow F
to take negative values. As before we will assume that M has only one cusp. First
suppose that for every u € M(g) we have § F,,dy = 0. Then Theorem 6.1.9 and the
convexity of the pressure map implies that ¢ — P(tF),), has the same description
as the one of a potential in F). As explain in the paragraph after Theorem 7.1.2
we need to be a bit careful here, in general we can not immediately conclude that
lim; , o P(tF) = . In our case this issue does not apply: our construction ensures
that for some ¢ we have P(tF) = d,. If there exists p € M(g) such that § F,du <0,
then the set

J={teR:P(tF,) = 0w},
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is a compact interval. Observe that for t € R\J the potential ¢F,, is strongly positive
recurrent and therefore admits an equilibrium state. We claim that if ¢ € int(.J), then
tF,, does not have an equilibrium state. Suppose that for some ¢ € int(.J) there exists

an equilibrium state for tF', say j. If § F,dp, > 0, then for ¢ > ¢ we have

50 = hy(g) + ¢ f Fudpn < hy(g) + ¥ f Fodp,.

In particular if ¢’ € J and ¢’ > ¢, then P('F) > dg,. Similarly, if § F,du; < 0, then for
t' <t we have

50 = hy(g) + ¢ f Fodpn < hyy(g) + f Fdp,.

In particular if ¢ € J and ¢’ < t, then P(t'F) > 5. We conclude that § F,dp; = 0
(otherwise we contradict the definition of J). Since p; is an equilibrium state for tF,

we have

5.0 = P(tF) = hy(g) +1 j Fodjis = hyu(g).

Observe that { F,du; = 0 and hy,(g) = 6 implies that p; is an equilibrium state
for sF,,, for every s € J. Since by construction —F,, does not have an equilibrium
state, and —1 € J, we conclude that the measure p; can not exist. We remark that
potentials with this description of the pressure map (see Figure 2) can be constructed
in a similar fashion to those in Theorem 7.4.12. For instance suppose that F} is
negative in the complement of a neighborhood of the cusp and identically zero on
(the geodesic associated to the hyperbolic generator h). If we take a closed geodesic
that wrap around the lift of v to M,, a large number of times (the geodesic represented
by ph™* for big k works) we get an invariant measure with negative integral against
F,. As mentioned in the paragraph below Definition 7.4.11, if ' € F, and t > 1,
then tF € F,. In particular, given M > 1, there exists N; = N;(M, F') such that
the following holds: for every n > Ny, the pairs (T',, —MF},) and (T',,, —F},) are of

convergence type and have critical exponent d4, = dp. In particular (by the convexity
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of the pressure map) J contains the interval (=M, —1). A similar argument allows
us to construct potentials such that J contains any compact subset of (—o0,0).

P(tF)

or

J op

tp

Figure 3: Phase transition for F' € F;

In light of this discussion we have the following definition.

Definition 7.4.15 (Types of phase transition). A Holder potential F € Co(T* M)
exhibits a phase transition of type A if the graph of t — P(tF), looks like Figure 2.
A potential F ezhibits a phase transition of type B if the graph of t — P(tF), looks
like Figure 3.

Type A and B phase transitions represent basically all types of phase transitions

for Holder potentials in Co(T'M).

Remark 7.4.16. The manifolds (M,,),, constructed in Theorem 7.4.12 are all diffeo-
morphic to My. It is a well known fact that every parabolic subgroup of Iso(HY) is of

divergence type: we can verify the hypothesis of Theorem 7.4.12 if (M, g) is isometric
to HY.

A concrete situation where Theorem 7.4.12 applies is given in the following corol-

lary.

Corollary 7.4.17. Let M be a thrice-punctured sphere. We can endow M with
a complete hyperbolic metric for which it is possible to construct Holder potentials
exhibiting phase transitions (as described in Theorem 7.4.12). By Remark 7.4.8 the

same holds if M is a k-punctured sphere and k = 3.
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7.5 Phase transitions for the geometric potential

In this section we will modify the metric at the cusp of a hyperbolic manifold in such
a way that the geometric potential exhibits a phase transition. Since F** is not a
potential that goes to zero through the cusps of the manifold, to apply the previous
techniques we need to consider a normalization. From now on we will assume that

our manifold has real dimension N.

Definition 7.5.1. We define the normalized unstable jacobian as the function
U=F"+(N-1).

Our goal is to prove that under certain conditions U exhibits a phase transition,
just as the potentials in Theorem 7.4.12. The construction starts with the hyperbolic
space HV. It is convenient to think in the half space model, i.e. the space RV=! x R*

with coordinates (z1, ..., zn_1, Zo) and metric

1
ds* = F(dx% + o day_ +dad).
0

To simplify notation we denote (xy,...,xn-1,%¢) = (X, Zp). In this model we have a
preferent point at infinity, we denote this by &, € (?OOM . We will modify the hyperbolic
metric in a neighborhood of &. It will be convenient to consider the diffeomorphism
HY — R taking (x, o) to (x,log(x)). In this model the hyperbolic metric takes the
form g = e~2'dx? + dt*. For a positive function 7' : R — R, we define the Riemannian
metric

gr = T(t)*dx* + dt*.

The sectional curvature of gr has value —(T"(t)/T(t)) for the planes generated by

106



(0/0x;,0/dx;y and value —(T"(t)/T(t))? for those generated by (0/dx;, d/0t). Define

B TI/ (t)

K(0) =~

Bounds on K (t) clearly imply bounds on the curvature of gr. The lines t — (x,1)
are still geodesics and any isometry of RY=! acts isometrically on (HY, gr), where
the action is given by A.(x,t) = (A(x),t). Observe that translations act transitively
in H, = {(x,t) : x € R¥7!}. This two basic observations and the definition of the
Busemann function are enough to conclude that H; are the horospheres associated to
. For a function constant on horospheres we will use the notation F(t) = F(x,t). In
this section the height of a segment will be the maximum value of the ¢ coordinate over
the segment. Suppose we have a surjective, strictly increasing function u : (0,0) — R.

We can define T' = T'(u) by the equation

T(u(t)) = 1/t.

In this context we will use o = (0,u(1)) as reference point. Let p be a translation
in RY such that d(o,po) = 1. It is proven in [DOP, Section 3] that there exists a

uniform constant C such that

|dr (0, p"0) = 2u(|n[)| < C.

It will be important for us the fact that C' only depends on the pinching of the sectional

curvature of (H”, gr). Using the symmetry of our metric we can also conclude that

|tn —u([n]))| < D,

where t,, is the maximum height of the geodesic segment [0, p"0]. Similarly to what
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happened with C'; D only depends on the pinching of the metric. From now on D and
C will be the constants associated to a metric with pinching —(1/3)? > K, > —22.

Observe that

K(uly) - - 2000,
L2t () + 9" (1)
N (1 +te' @)
~au(t) +tgi (1)
9i(t)?

= ~(9:0) ~ 5oh(1))

where we have made the substitutions
u(t) =log(t) + @(t); g1 (t) = 1+ t'(t) and go(t) = 1/g1 ().

7.5.1 Construction of a special metric at the cusp

We will start by constructing a function g, satisfying several properties. Using the
equalities above, this will give us a function v and therefore a metric on RV,
Let ap.q := (14 ﬁ)g, b, :=1—(2a, — 1)_% and ¢, := (a,_1 —a,). Forn =2

we choose k(n) € N such that

1 1 1 1 1
exp ( (— + —) D) Z exp (— (— + —) 210g(|k|)) < —.
n 2 KR () 2 n n?

Without loss of generality we can assume that (k(n)), is strictly increasing sequence.
We will define a sequence (p,), so that the conditions below are satisfied. We do

this by induction, i.e. the choice of py, ..., p, will determine p,, .. For n > 2 define

An = Pn — Pn-1-

Cn \ . . .
1. The sequence (A_) is a strictly decreasing.
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2. by log(pny1) = —bylog(pn) + 307 bilog(piy1/pi), for n = 3.

3. (1 —2by)log(pni1) = log(k(n + 1)), whenever 1 — 2b,, > 0.

4. lim,_o 225 — .

A

For n = 2 define the line connecting the points (p,, a,) and (p,1, ani1) as J,. We
could have assumed that py is big enough compared to p; so that J5(0) < 2, we will
do assume that. Define the intervals I,, = [p, 1, p,]|. We will construct a C* function

g2 : Rt — R satisfying the following properties
1. For t € I, and n = 3 we have 2a,, 1 — 1 = g2(t) = a,.
2. gh(t) = 0= gh(t) for t = 2.
3. 2= go(t) — £gh(t) = 1/3 for all t e RY.
4. For t € I, and n = 3 we have g,(t) — 5g5(t) = a,.
5. go(t) =1 for t < 1.

Observe that (g2 —(¢/2)g5)" = g4/2—(t/2)gh, so the condition g5 = 0 > g4 implies that
92(t) — (¢/2)g5(t), is non-increasing. Notice that if 0 > g5, then go(t) — 2tg5(t) = g2(2),
in particular if go > a,,, then the same holds for g»(t) — %tgé (t). We now explain how

to construct go. First define Jy : RT™ — R as Jy(t) := sup,,~, J(t). Now define

1 if t € (0,1]
J(t) :=
min{Jy(t),t} ift =1
The function J is not smooth, we can smooth J in a neighborhood of the nodes to
obtain a smooth function J* as close to J (in the C* topology) as needed. When

t = 2 we can assume that J* > J and that J* is convex decreasing. The fact that

J* can be taken convex on that region comes from the condition (1) in the definition

109



of (pn)n. We remark that the choice of (2a,—1 — 1) as the upper bound is done just
to get room for this perturbation (notice 2a,_1 — 1 > a,_1). We finally set g, = J*.

Define a function ¢ (up to additive constant) by the equation

P'(t) = (g, = /.

First observe that g, > 1, implies that 0 > ¢'. For n > 3 and t € I, we have
2a, 1 — 1 = ¢o(t), therefore ¢'(t) = —b, 1/t. Since (b,), is a positive decreasing
sequence we actually have that ¢'(t) = —b,_1/t, for every ¢t = p,_1. Then for n > 3,

and t = p,.1 we get

t

0 —sm) =3 [ ¢@s+ [ ords

Pn

n—1l r~piyy b, t}
Z J ——ds + f ——ds
i=2 vPi § pn

n—1

= — Z bi log(pi+1/pi) — by log(t) + by, log(pn)
i=2

\Y

\Y

—by, log(ppy1) — by log(t)

\Y

—2b,, log(t).

We will normalize ¢ so that ¢(p2) = 0. We observe that by making the p;’s even
bigger we obtain that lim;_,., p(t) = —o0. We will make that assumption. Finally

define u : R™ — R, by the equation

u(t) = log(t) + ¢(1).

—1/2
9o /
t

By definition of ¢’ we have that v’ = } + ¢/(t) = therefore u is surjective and

strictly increasing (recall g, < 2). As commented at the beginning of this section,
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a function with the properties of u determine a function 7" = T'(u) and therefore a
metric gr. We now pick the reference point o = (0,u(1)) and a parabolic isometry
such that d(o,po) = 1. We will now state a number of observations which will lead

to the proof of Theorem 7.4.2.

Observation 1: The formula K(u(t)) = —(g2(t) — (¢/2)g5(t)), and property (3)
in the definition of g, implies that —2 < K < —1/3. In particular the curvature of

the metric gy satisfies the pinching

NeoR=

Observation 2: The hypothesis (4) in the definition of the sequence (p,),, and the

calculation of J*(t) — $t(J*)'(t) on the intervals I,, gives us that
lim K(t) = —1.

t—00

For big enough ¢, K (t) increases to —1. In particular the function U is going to zero

as t goes to infinity (see Remark 7.4.5).

Observation 3: By property (4) in the definition of g we know that

K(u(t)) < —tny1,

for t < ppy1. Combining this and Remark 7.4.5 we get that for every t < u(p,41), we

have that U(t) < —=.

Observation 4: Using hypothesis (3) in the definition of the sequence (p,), and
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the lower bound for ¢(t) we get

log(k(n + 1)) <(1 — 2b,) log(pn+1)

< log(pn-l-l) + Sp(pn—i-l) = u(pn-l-l)'

Lemma 7.5.2. There exists m € N such that for every n = k(m) and |k| < k(n+ 1),

the function U s at most —% on the geodesic segment |o, p*ol.

Proof. Tt follows from Obs. 1 that if |k| < k(n + 1), then the height of [o, p*o] is

at most u(k(n + 1)) + D. For n big enough this is less than log(k(n + 1)). Using

Obs. 4 we conclude that if [k| < k(n + 1), then the height of [0, p*o] is at most
1

u(pny1). Finally Obs. 3 gives us that U < — on the geodesic segment lo, pFo] if
k| < k(n+1). O

Lemma 7.5.3. The critical exponent of P = {p) is equal to 1/2. Moreover, P is of

divergence type.

Proof. As explained in [DOP, Section 3|, the Poincaré series of P for the metric gr

is equivalent to the series

3 exp(=2suln]).

nez

Observe that for every e > 0, there exists a natural number N such that if n > N,

then we have p(n) > —elog(t). In particular

2 exp(=2su(ln])) < ) exp(=2s(1 — ¢) log(|n])).

nzN nzN

If s(1 —¢€) > 1/2, then the right hand side converges. This implies that for every

€ > 0 the following inequality holds: dp < On the other hand for big n we

1
200"
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have u(n) < log(n). Then

3 exp(-2slog(lnl)) < 3. exp(~2su(ln]).

n>N’ n>N’

Since the critical exponent of the LHS is 1/2 (and of divergence type) we get the
inequality dp = 1/2. We conclude that ép = 1/2; and P is of divergence type.
O

Lemma 7.5.4. The pair (P,U) is of convergence type with respect to the metric gr.

Proof. We denote by dr the distance function induced by gr. Combining Lemma
7.5.2 and the definition of k(n) we get the bounds

k
pro 1 i
Z exp U — —dr(o,p~o)
o 2
|k|=k(m)

k(n+1)— ko

= 2 exp (J U— %dT(o,pko)>

nzm  k=k(n)

<2 "i eXP( (1 %)dT(@p’“O))

nzm  k=k(n)

<)) ”i 1eX]D( (

nzm  k=k(n)

1
<) .

S|
+
[\

N———
o
=
Ex
=
S’
N
@D

S

o

N
N
S|
+
N | —
N———
)
N——

Obs. 2 and Lemma 7.3.3 implies that ép = §5 and then by Lemma 7.5.3 we know
that the series above is exactly the Poincaré series associated to (P, U). This finishes

the proof of the lemma. n

7.5.2 Construction of the family {M, ,}

We have now all the ingredients to construct the Riemannian manifold announced in

Theorem 1.0.2. We will use the notation introduced at the beginning of this section.
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We start with (R", gp,,), where gp,, is the hyperbolic metric, and the function u
constructed in Section 7.5.1. We choose a hyperbolic isometry h (for the hyperbolic
metric) so that H = (h) is in Schottky position with respect to P = (p). We
moreover assume that the axis of h has height smaller that «(1/2). Define I' as the
group generated by p and h and let M = RY/T". The closed geodesic associated to
h is denoted by v = 7. We can ‘cut’ the cusp associated to P above height u(1/2)
and replace it by the cusp endowed with the metric gr. This is possible because gr
is the hyperbolic metric on the region {(x,t) : t < u(1)}. We have constructed a new
Riemannian metric g on M. We lift the metric to the universal cover; this is our
new Hadamard manifold (M, g). We will check that the Riemannian manifold (M, g)
satisfies the properties announced in Theorem 1.0.2. Since the geometric structure has
change we will be careful with our notation. The generator of the parabolic subgroup
of I 50(]\7 ,g) corresponding to the cusp is denoted by p, and h, is the hyperbolic
isometry associated to the closed geodesic v in M. The group generated by p, is
denoted by P, and the group generated by h, is denoted by H,. The geometric
potential of M is denoted by F**, and its normalization by U (see Definition 7.5.1).
As before, we will organize the relevant information in a couple of observations and
lemmas. It will be convenient to define = —U. We start with the following

definition.

Definition 7.5.5. We denote by Iy, ,, the group generated by h} and p}'. Let M, »,
be the covering of M associated to the subgroup I',, ,, of I'. The lift of a potential G

on T'M to T*'M,, ., is denoted by G, .

Observation 5: The closed geodesic « lies in the region where ¢ is hyperbolic. This

implies that U and () vanish along 7.

Observation 6: Since F*" is locally defined in terms of g and every local structure
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U

is preserved under taking coverings, we conclude that F}J%,

is the geometric potential

of My, .

Observation 7: The potential ) vanishes at infinity and it is positive in a neigh-

borhood of the cusp associated to P,. This follows directly from Obs. 2.
Lemma 7.5.6. The pair (P, —tQ) is of convergence type for every t = 1.

Proof. The reference point used in the proof of Lemma 7.5.4 lies in the piece of M
coming from (RY gr). Since horoballs are convex it follows that dr = d on that
region. This implies that the series estimated in Lemma 7.5.4 is exactly the Poincaré
series associated to P, which implies that (P,, —Q) is of convergence type. By the
construction of g» we know that ) is positive above height u(2) (see Obs. 7). Change
the reference point to o', a point with height u(2). By convexity of this region and
the definition of g5 we get that —t Si’,ko, Q< — ﬁ,kol Q, for every t = 1. Plugging this

into the Poincaré series of —tF and —F implies the lemma. O]

The idea now is to apply Theorem 7.4.12 to the potential ) = —U. Lemma 7.5.6
and Obs. 7 implies that ) belongs to the class F,. Despite that () is not non-
negative, by Obs. 5 and the discussion at the end of Section 7.4.3, we know that
F,, exhibits a phase transition for sufficiently big n. This is not a very satisfactory
answer, one would like to know which type of phase transition we encountered, either
type A or type B phase transition. By the construction of the modified metric at the
cusp, a phase transition of type B seems unlikely to occur. Since we are not able to
completely rule out that case, we present an argument to justify that a type A phase
transition is always possible to construct. As before, we denote by CNQ to the lift of )
to the universal cover of M. Denote by £ € 500]\7 to the parabolic fixed point of P,.
By construction of go we know that there exist real numbers s and L such that @ is

negative precisely at vectors whose base lies in the interior of Be(s)\Be¢(s + L) and it
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is zero for vectors with base in M\B¢(s). It follows easily from this fact that there

exists mg such that if m = mg, then

L oo (7.4)

for every g € I'y ,,,, in particular for every g € I',, ,,,. It follows from the definition of
the Poincaré series and the fact that ) goes to zero through the cusp of M (see Obs.
2), that if the pair (I, 1, —Qy1) is of convergence type with 5;51”’1 = Jp, then the
same holds for (I, ;m, —Qn.m). Moreover, if m = myg, then inequality (7.4) and the
definition of the Poincaré series implies that if (I'y,,, —@Qpn.m) is of convergence type
with (5;32’"1 = Jp, then the same holds for (I, ,,, —tQy.m ), for every t > 1. Combining
Obs. 6 and the discussion above we conclude that ), ., admits a phase transition of

type A for big enough n and m.

7.5.3 Conclusions

In Section 7.5.2 we constructed a family of geometrically finite negatively curved
manifolds M, ,,, (see Definition 7.5.5) for which @, ,, exhibits a phase transition of

type A if n and m are big enough. Since
tQnm = —tFy,, —t(N —1),

the existence of an equilibrium state for ¢, ., is equivalent to the existence of one
for —tF,",. Just as in Theorem 7.4.12, there exists ¢, ,, € [—1,0) such that tQ,, ,, has
an equilibrium state for all ¢ > ¢, ,,,, and there is not equilibrium state for ¢ < t,,,,.
We remark that F;Y does not admit an equilibrium state since (T, —Qnm) =
(I, By, + (N —1)) is of convergence type. It is clear from the construction that M, ,,
are extended Schottky manifolds. By Lemma 7.5.3 we know that P, and (p}) are

of divergence type, then using Theorem 2.3.15 we obtain d¢,»y < dr,, .. We conclude
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that the geodesic flow on M,, ,, has a measure of maximal entropy. All this together

gives us the following result.

Theorem 7.5.7. Each M, ,, is an extended Schottky manifold and F}';, is the ge-
ometric potential of M, .. Suppose that n and m are sufficiently large. Then there

exists Spm € (0,1] such that the following holds:

1. tF3, has an equilibrium state for t < sy .
2. LRy, does not has an equilibrium state fort > s, p,.

3. The pressure map is linear in (Spm, ).

P(Ey,)

0Ty

é_sn,m(N_l)* \:\ t

Figure 4: Phase transition for P(tF}",)

As mentioned in Remark 7.4.8 we could have done the same construction for an
extended Schottky manifold with one parabolic and arbitrary number of hyperbolic
generators (modulo taking big powers of the parabolic and hyperbolic generators).
Combining Remark 7.4.16 and the proof of Theorem 7.5.7 we obtain the following

result.

Corollary 7.5.8. Let M be a k-punctured sphere with k = 3. We can endow M with
a complete Riemannian metric with pinched negative sectional curvature, such that
the geometric potential exhibits a phase transition of type A. Moreover, the geodesic
flow of M has an unique measure of mazximal entropy, and the Riemannian metric is

hyperbolic outside a neighborhood of one of the punctures.
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Chapter 8

Large deviations

In this section we will obtain large deviation estimates for the geodesic flow on neg-
atively curved manifolds. Although this section is initially motivated by the work of
Pollicott in [Pol], our goal will be to follow closely the paper of Kifer [Kif] (which
is also the main input in [Pol]), and to check that his strategy extends to the non-
compact case when suitable assumptions are satisfied. We will see that for the large
deviation upper bound we do not need strong assumptions on the manifold, nor the
potential. In contrast, to obtain large deviation lower bounds we will restrict to ge-
ometrically finite manifolds. This is not an optimal assumption, we expect that the
results in that Section can be extended to the entire class of negatively curved mani-
folds (with analog assumptions to the ones we will require in the geometrically finite
case). We would also like to point out that for our lower bound we use ‘very strongly
positive recurrent potentials’ (vSPR, for short), which is a sub-class of SPR potentials
(for a precise definition see Definition 7.3.2). This is necessary in order to ensure
that any compact Holder perturbation of our potential is still SPR. For geometrically
finite manifolds a convenient definition of vSPR was already familiar to the authors.
In the general case there is still some work to do (we need a more general version

than Theorem 2.3.15), this is the main reason why we restrict to geometrically finite
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manifolds.
We will start by collecting some results that will be relevant for this section. Recall

that the Gurevich pressure of a Holder potential F' is defined as

Pou(F) = lmsup Jlos >, exp(l(g) [ Fdy)
t=© geEM, (Wit t—c)

where W is a relatively compact open subset of 7'M intersecting the non-wandering

set of the geodesic flow and ¢ any positive real number (for a more precise description

see Definition 2.3.13). It is proven in [PPS, Section 4.1, Section 4.3] that this quantity

is independent of W and the real number c¢. Moreover, it is proven that if ¢ is large

enough, then

Peur(F) = lim %log > exp(lg) JF dg).

t—00
geMp(Wiitt—c)
If one follows the proof of this last property one can verifies that the constant c
depends on the geometry of M and W, but it is independent of the Holder potential

F'. As mentioned in Section 2, for every Holder potential F' we have
Pgu.(F) = P(F).

We will summarize all this information in the following proposition.

Proposition 8.0.1. Let W be a relatively compact open subset of T*M intersecting
the non-wandering set of the geodesic flow. Then there exists a constant ¢(W) > 0

sufficiently large such that

!
P(F) = Pour(F) = lim —log > exp(i(y) Jng),
geMp(Witt—c)

for every Hélder potential F'.

The following two definitions are the starting point of all the results in this section.
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We remark that in the non-compact case the choice of domain for the G-pressure
and the rate function might not be canonical. For convenience we defined the rate
function in the space of sub-probability measures M<;(g), once this decision is made
the domain of Q¢ must be contained in Co(T*M) (to ensure duality). There are a
couple of reasons that justify this choice. We will see that the compactness of the
domain of I is important to prove the lower semicontinuity of the rate function I,
(to be defined in the proof of Theorem 8.2.2), which is a fundamental fact in order to
obtain the lower bound large deviation estimate. Another reason is that in the upper
bound estimate we want to use arbitrary closed subsets, instead of compact subsets
(by a standard Contraction Principle we could bypassed this issue if the sequence
(M(W,n,n — c)), is exponentially tight, but we prefer not to use this approach, see
[DZ, Theorem 4.2.1]). The upper bound for arbitrary closed subsets is also used to

derive the lower bound.

Definition 8.0.2 (G-pressure). Given G € Co(T' M) we define Qg : Co(T*M) — R,
by the formula
Qa(f) = P(G+ f) — P(G).

Definition 8.0.3 (Rate function). Given e Mci(g) we define

o) = swp | j fdu— Qalf)}.
)

FeCo(T M

Observe that by definition (take f = 0) we know Ig(u) = 0. If the choice of

function G is clear we will use the notation @) (resp. I) instead of Q¢ (resp. Ig).
Lemma 8.0.4. The fuction Ig is lower semicontinuous.

Proof. We want to prove that the set I;'((¢,0]) is open. Pick a measure € M<;(g)
such that Ig(p) > t. This implies that there exists f € Co(TT M) such that § fdp —

Qc(f) > t. By the definition of the vague topology the map p — { fdu — Qc(f), is
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continuous. In particular the inequality { fdv — Qg (f) > ¢, holds for measures v in a

neighorhood of p. This implies that I(v) > ¢, for every v in this neighborhood. [

The following proposition follows from the upper semicontinuity of the entropy

map (Theorem 5.2.6).

Proposition 8.0.5. For every p € M(g) the following formula holds

feCe(T1M)

ha(g) = inf {PU%—fﬁm}

Remark 8.0.6. Observe that by definition of the topological pressure we have h,(g)+
§ fdu < P(f). In particular

hio) < it {P() - | )

feC(TTM)

Proposition 8.0.5 gives the lower bound h,(g) = infjec,rian {P(f) — § fdu}. In
particular h,(g) = inf jecyman {P(f) — Sfdu}. We conclude that the formula in
Proposition 8.0.5 holds when replacing C.(T*M) by Co(T'M).

Lemma 8.0.7. Let G € Co(T'M). Then for every u € M(g) the following formula
holds

I(;(,u) = P(G) — (hu(gl) + JGdﬂ)

Proof. Observe that

Io) = sup {[(G+ du= PG+ D} +P(G) - [ G

feCo(T1M)

— it (PGt f)- J(G T f)du) + P(G) — deu

feCo(TIM)

=— inf {P(g) - Jgd,u} + P(G) — JGdu

geCo(T1 M)

~P(G) - (hy(o) + | Gap).
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8.1 Upper bound for closed sets

The following result follows from [Pol, Theorem 1 (i)] without modification (also see

[Kif]). For completeness we include its proof.

Theorem 8.1.1. Let G be a Holder potential in Co(T*M). Let K be a closed subset
of M<1(g). Then we have

)

(ZMTEMP(W/,t7tC)mlC eXp(l(T) SGdﬂ’T)> <

1
lim sup — log
t Z,LLTGMP(W,t,t—c) exp(I(7) § Gdp,)

t—00

where = inf, e Lo (p).

We emphasize that in Theorem 8.1.1 the constant ¢ is the one from Proposition

8.0.1.

Proof. From now on we will use the notation I = I, and Q = Q. We remark that

since K © M« (g) is closed, it is immediately compact. For every e > 0 we have

Kc{peMalg): I(p) > 8 —¢}.

By the definition of I(x) we have that

(e M@ 1) > B = |J e Malg): [ fdu-QU) =5l

feCo(TIM)

Define Vs = {n € M<i(g) : § fdu — Q(f) > B8 — €}, and observe that V; is open in
the vague topology (since f € Co(T*M)). By the compactness of K we obtain a finite
subcover K < |JN | Vy.. Define Uy, = Vi, n M, (W, t,t—c) n K. We have the following

inequality

122



Z,LLTGMP(W,t,t—c)mIC exp(I(7) SGdNT) - ol ZMTerZ. exp(l(7) § Gdp.)
Zure/vtp(w,t,tfc) exp(l(7) SGduT) h i1 ZuTeMP(W,t,tfc) exp(l(7) SGdUT)
53y expUU() (G i)y )e O
- 121 Zufe/vlp(w,t,tfc) exp(l(7) SGdﬂT)
X5, D) §(G + f)diar)e @50
= z; D ermywii—e) XpU(T) § Gdp)

We will bound the RHS according to the sign of the term Q(f;)+8—e. If Q(fi)+5—e =
0, we use the inequality e™!(M(QU+8=¢) < =(t=)QU+6=9) "and if Q(f;) + f —€ <0,

we use the inequality e {(QUIHE—6) < o~ HRUI+B-¢) n any case we get that

lim sup — log
t—00 t

(Zureuf. eXp(Z(T) S(G + fi)dﬂ‘r)e_l(T)(Q(fiHB_e))
ZuTeMp(W,t,t—c) exp(I(7) § Gdp,)

<—(Q(fi) +B—€+ PG+ fi) - P(G) =—B+e.

Here we used the fact that lim;_,o, § log ey (Wit i—e) €XP(U(T) § Gy, ), is well defined
and equal to P(G). The inequality
1 & 1

lim sup — log(z a;(t)) < max limsup i log a;(t),

t—0 t i=1 7’6{1’7N} t—0o0

implies that

(ZuTeMp(W,m—c)mlc exp(I(7) § Gdus,)

1
lim sup - log
t ZuTGMp(W,t,t—c) exp(I(7) § Gdus,)

t—o0

><—B+e,

but € > 0 was arbitrary.
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8.2 Lower bound for open sets

For the lower bound in our large deviation estimate we will restrict to the class of
geometrically finite manifolds. As mentioned in the introduction of this section this
is a technical assumption that is likely to be removable. The ingredient that would
allows us to push this result to general negatively curved manifolds is a more general

version of Theorem 2.3.15.

Remark 8.2.1. When we refer to geometrically finite manifolds, we essentially mean
geometrically finite manifolds with cusps. If M is geometrically finite without cusps,
then the non-wandering set of the geodesic flow is compact (M is conver cocompact).
In this case most of our results are well known (the geodesic flow can be modelled as

a suspension flow over a shift of finite type).

For our large deviation lower bound we will use vSPR potentials. The main fea-
ture of this class of potentials is that any compact Holder perturbation will remain
strongly positive recurrent (Lemma 7.3.5). We know that the strongly positive recur-
rent condition is open in the C° topology (Lemma 7.2.2), but this is apparently not

enough to obtain Theorem 8.2.2.

Theorem 8.2.2. Let M be a geometrically finite manifold with cusps and G' a vSPR

potential. Let U be an open subset of M<1(g). Then we have

ZuTeumMp(W,t,t—c) exp(l() SGdNT)> > 3

1
liminf — log <
tow  t ety (Wit EXPU(T) {Gdu.,)

where = inf g Lo ().

Proof. We will use the simplified notation I = Ig, and Q = Qg. Let (Vi) be a

sequence of Holder continuous functions in C,.(T" M) such that ||V;]|o = 1, and whose

124



linear combinations form a dense subset of Co(T'M). The metric

o) = S 27 J Vidpt — f Vidv|, (8.1)

k=1

generates de vague topology of M<i(g). Define f,, : M(g) — R", given by

fale) = (| Vidis e [ Vi),

We also define functions @, I,, : R" — R u {oo}, by the formulas

Qu(8) = Q3. 8V

and

inf{I(p) : fop =a}, fae fLMc(g)
I(a) =

o0, otherwise.

We claim that I, («) is lower semicontinuous. More precisely, we want to prove that

I71((t,0]) is open. Observe that
I (t,0]) ={a:t < ()} ={a: I(u) >t,Yusuch that f,u = a}.

Suppose by contradiction that I7!((¢,00)) is not open. Take o € I;((¢,00]) that is
not an interior point. There exists a sequence (), of measures in M<(g) such that
I(p,) < t, and f,u — a. After passing to a subsequence (because of the compactess
of M<i(g)) we can assume that p, converges to u € Mci(g). Since I is lower
semicontinuous we know that I(u) < t. The continuity of f,, implies that f,u = «.

This contradicts the fact that o € I71((¢, 0]).

Remark 8.2.3. In the proof of the semicontinuity of I, we used the compactness of

Mci(g). This is one of the reasons why we needed to define I in a non-trivial way
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for the invariant sub-probability measures.

It follows from the definition of @), that

Qn(B) = sup ((B, @) = In()).

a€eR™

It is also easy to check the convexity of I, ([Kif, Theorem 2.1]). The convexity and
lower semicontinuity of I, implies by a standard duality principle ([Ro, Theorem

12.2]) that
I(a) = sup ({a, B) — @n(B)).

BeR™

Let J,(A) = inf,ea I,(). As in [Kif] we will prove the following lemma.

Lemma 8.2.4. Let U be an open subset of R™. Then

t—00

(ZMTEMP(VV,tJ—C)mf;lU eXp(l(T) S GdluT)

1
liminf — log
t ZuTEMp(VV,t,tfc) exp({(7) SGd:“T)

) = —J,(U). (8.2)
Proof. We will assume that J,(U) < oo, otherwise there is nothing to prove. Fix
e > 0, and let a € U < R" such that I,(a.) < J,(U) + €. As in [Kif] we can ensure

the existence of 3, € R™ such that

QH(BE) = <5€> OzE> - [n(ae)'

Choose r sufficiently small such that B,(a.) = {a : |o — | < r} is contained in U.
Observe that f,'U o f.'B.(a.), therefore the LHS in inequality (8.2) is bounded

below by

- exp({(7) \ Gdu.,
liminfllog (Z“TGMMWMc>mfnlBT<aE> p(l(7) § Gdu )>
Y ey (Witi—o) XPUU(T) § Gdpr)

t—00 t

. . . i . 2 ceA;n i By (ae) exp(l(t) { Gdpr)
1o Slmphfy notation define At - MP(W’ t, t_c)7 and Bt = — ZureAt exp(I(7) § Gdpr)
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Observe that

Z#TGAtﬂfﬁlBr(ae) exp(l(']') S(G + <B€’ Vn>)d/_1/7_)e_l(T)<l8€,fn//"‘r_a€>€_l(7—)<ﬁe,ae>
2ea, XP((7) (G + (Be, V™)) dpr ’

Bt:Ct

where V" = (V4,...,V,) and

S e, P JG -+ (G V),

C, =
t 2ren, p(UT) § Gepur

It follows from the definition of the Gurevich pressure that

thjg % log Ct = Qa((Be, V™)) = Qu(Se)-

Using the definition of A; and that for ., € f,'B,(a.) we have |fur — ae] <1, we

obtain

Drerinss Bria SPUT) §(G + (B, V) dpi-) ¢ 1716el o~ 1B

B s () (G + B Vg

here we assumed that (5, a.) = 0, otherwise the term e~HPe2> should be replaced

t—c)

by e~(t=9Ba) In any case we derive the inequality

Doetin s By (o) XPUT) S(G + (B, V)dps)
Yuren, xpUT) §(G + (B, V™)) dpr

+Qn(ﬁe) - 74|B€| - <ﬁea ae>

oL Y eans By(a0 PUT) S(G + (B VT))dps)
> liminf — log
t—oo ZuTeAt exp(U(7) §(G + (Be, V™))dpr

—I,(ae) — 7|5

1 1
liminf — log B; = liminf — log
t—oo ¢ t—o t

In the last inequality we used that by definition of . we have Q,(8.) + I.(a,) =
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(Be, ey Define

ZMTeAmfngr(ae) exp(l(7) S(G + B, V™))dpir)

D s e (G + B Ve,

and
D Aur i (B () EXP(U(T) Y(G + (Be, V™))dpr)

> ea exp(U(7) §(G + (B, V) dy,

By definition D; + F;, = 1. We claim that lim; ,, D; = 1, or equivalently that

Et:

lim; .o E; = 0. This will immediately imply that liminf, %log D; = 0, and there-
fore the inequality

|
hgglf;logBt > —I,(a) — 7|5

Since r was arbitrary we are done. It remains to prove that lim; ,,, F; = 0. First
observe that f, (B, (a)°) is a closed subset of M<;(g). We can use Theorem 8.1.1

to obtain the inequality

1
limsup — log By < — inf VERERENID]
t—oo L Hef;I(Br(ae)c)

It is enough to prove that inf .15, ey L¢a vy (1) > 0.

Lemma 8.2.5. Let H € Co(T* M) be a Holder SPR potential. Then the only measure

e Mci(g) satisfying the equation

1s the equilibrium state of H.

Proof. Recall that Iy(u) = 0, for every pe Mci(g). If Ig(p) = 0, we must have

ffdu—P(H+f)+P(H) <0,
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for every f e Co(T'M). In particular we have ¢ § fdu < P(H +tf) — P(H). Suppose
t > 0, we divide by ¢ and take ¢ — 0. By Theorem 6.1.9 we obtain { fdu < § fdmuy,
where my is the equilibrium state of H. Since f was an arbitrary function in Co(T' M)

this concludes that necessarily pu = my. O

Remark 8.2.6. If we assume that H € Co(T M) is not strongly positive recurrent,

then

nlu) = _swp (PUH) = P(H+ 1)) = P(H) = | inf | P(H + )

where g is the zero measure. As an application of Theorem 7.1.2 we know that
inf reco(rany P(H + f) = infgecomany P(g) = 0. Since H is not strongly positive
recurrent we get that Ig(uo) = 0. In this case the conclusion of Lemma 8.2.5 does

not hold.

Suppose by contradiction that infuefgl(Br(ae)c) Ici¢p. ,vny(p) = 0. This would imply
the existence of a sequence () © Mci(g) such that |f,u, — ael = 7, and that
limg e IG+¢a.,vny(e) = 0. By compactness of M<(g) we conclude that there exists
a measure p € Mci(g) such that I(u) = 0 (by the lower semicontinuity of I), and
|fapt — ] = r. By Lemma 8.2.5 we know that g must be the equilibrium state of
G + (B, V™). We will now prove that f,mgs = a., where y = mg, is the equilibrium
state of G + (B, V™). This would imply that the inequality |f,pu — | = 7, is not

possible and therefore that the assumption inf ¢ ;-1 5 (4.)e) la+¢a, vy () = 0, is false.
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We start with the following observation

Iayp.vny(p) = sup | { deu — P(G+ B,V + )} + P(G +{B, V™))

FeCo(TA M
— ap QQW—P@+w}+mG+waw»—ﬁ&m%w
geCo(T1M)
=hww4«n+ma+waﬂ»—ﬂ@www
=mwwm%wa—ﬁ&www.
We conclude that

%wa=ﬁmvmm@—umm.

Define & = ({ Vidmg,, ..., { V,dmg,). By definition f,ms = @, and therefore

Qn(fe) = <@, Be) = La(mp.) < <@, Be) = In(@) < @n(Be)- (8.3)

We conclude that Q,(5.) = (&, By — I,(@). Recall that by construction we had

Qn(8e) =, Be) — I, (a.). By standard convex analysis we know that the set

{aeR": I(a) ={a, Be) — Qn(B)},

corresponds to the set 0Q,(5.) of subdifferentials of @,, at 5.. Recall that a vector
v € R" is a subdifferential of @), at 3, if for every w € R" the following inequality

holds
W, w) < Qn(B +w) — Qu(B).

Note that if v € 0Q, (), then

t{v,wy < P(G+ (B +tw, V™)) — P(G+{B,V"™)).
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In particular we get that for every w € R" we have

(v, wy < %uop(G + (B +tw, V")) = J<w, V™dmgs, = {w, &).

This implies that v = @. We conclude that o = @ = f,mg,, as desired. This finishes

the proof of Lemma 8.2.4. O

We now proceed to finish the proof of Theorem 8.2.2 using Lemma 8.2.4. Fix
e > 0, and choose . € M<1(g) such that I(u.) < 8+ €. Choose 0 > 0 small enough
such that Bs(ue) = {1 : p(u, pe) < 6} is contained in U, where p is the distance

defined by equation (8.1). Define

o) = 2_k|J%du - kadw.
k=1

Choose n sufficiently large such that B, 5/2(pe) = {1 € M<i(g) @ pn(p, pte) < §/2} is

contained in Bs(p.). Set ae = fyp, and

Crop(ae) = fa e R™ 0 Y 27y, — ()il < 6/2},

k=1

where a = (o, ..., o) and ae = ((e)1, .., (@e)). Observe that C,, 5/2(c) is open and

that By, sp(te) = fr,'Chs2(cc). Using the inclusion

U > Bs(pe) © Busplpe) = fr ' Crlae),
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and Lemma 8.2.4 we obtain

1 - _aexp(l(T) \Gdp,
lim inf - log (Zmeu My UL )] )) (Bns(ae))
t—o 1 Zufe/vlp(w,t,tfc) exp(I(7) § Gdpy,)
> —In(a)
= _I(ILLE)
>—f—e¢
Since € > 0 was arbitrary we are done. O

In hyperbolic space every parabolic subgroup is of divergence type, in particular
the zero potential is a vSPR potential. Combining Theorem 8.1.1 and Theorem 8.2.2

we obtain

Theorem 8.2.7. Let M be a hyperbolic geometrically finite manifold with cusps.
Then

1. Let K a closed subset of M<1(g) not containing the measure of mazimal entropy.

Then we have

1
lim sup n log

t—00

<#(MP(VV7tat_ C) N IC)) < —/B
#HM,(W,t,t —c) -

where 3 = inf,exc Io(p) is a positive number.

2. Let U be an open subset of M<1(g) whose closure does not contain the measure

of maximal entropy. Then we have

1
liminf — log (

t—o0 t

#M,(W,t,t —c)n K)) > 4,
#MP(VV’ tat - C)

where v = inf s Io(p1) is a positive number.
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8.3 Application

Before jumping into our next application (which is a direct application of the proof of
Theorem 8.2.2), we will explain some concepts from convex analysis. This is necessary
to make sense of the hypothesis in our result, but it also worth explaining some facts
that we took for granted from [Kif] for the proof of Theorem 8.2.2. As for the lower
bound large deviation estimate, the geometrically finite assumption does not seem
to be crucial (once we have the right definition of very strongly positive recurrent

potentials everything will follow analogously).

Definition 8.3.1 (Affine hull). Given S < R", the affine hull of S is the set
Aff S={zeR" .z = Z)‘ixi’ where x; € S and Z)\i =1}
i=1 i=1

Observe that the difference between the convex hull and the affine hull is that in
the former we require the coefficients A\; to be non-negative. The affine hull of S is

also the smallest affine subset (translation of linear subspaces) containing S.

Definition 8.3.2 (Relative interior). Given S < R", the relative interior of S is
defined as
ri(S) ={xeS:3e>0,B(zx,e) n Aff S < S}.

The relative interior is a meaningful notion of interior when the convex subset is
not ‘full dimensional’ and we care about the linear structure. The following definition

was used in the proof of Theorem 8.2.2 and will be needed again.

Definition 8.3.3. To a sequence V" = (V1,...,V,,) of potentials we associate the map

IV Mci(g) — R, given by the formula
700 = ([ Vidic, [ Vi)
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Proposition 8.3.4. Let M be a geometrically finite manifold and G a very strongly
positive recurrent potential. Suppose we have a sequence of compactly supported
Holder potentials V™ = (Vi,...,V,), and o € ri(fY(Mci(g))). Then there exists

B € R™ such that the equilibrium state of G + (,V"™), say mg, satisfies

f (mg) = a.

Proof. We will follow the notation used in the proof of Theorem 8.2.2. Since I,, and
(), are convex duals and « lies in the relative interior of the domain of I,,, we know

the existence of 5 € R" (see [Ro, Theorem 23.4]) such that

Qn(B) = (B, ) — L ().

As mentioned before, this is equivalent to say that 5 € 0I,(a). Let mg be the
equilibrium state of G + (B, V™) (which exists because G is very strongly positive
recurrent and (3, V™) has compact support). Define ay = fYmg. As before (see

equation 8.3) we obtain

Qn(B) = {ao, B) — Ia(mg) < {aw, B) — In(an) < Qn(B).

We conclude that Q,(8) = {a, ) — I.(a). The argument used in the proof of
Lemma 8.2.4 applies without modification here and we get that a = ay. Moreover
I(a) = I(pup). In particular we also obtain that the function P(G) — (h,(g) + § Gdu)

is minimized at mg among all probability measures p such that fYu = a. O]

Remark 8.3.5. Fliz a sequence V = (V4,...,V,,) of Hélder potentials and suppose that

dim Aff fX(Mél(g)) <n.
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In this case there exists a plane P = {x : a1x1+...+a,x, = b} containing fY (M<1(g)).
In particular for every p € Mci(g) we have >, ay § Vidu = b. First observe that
since the zero measure belongs to M<i(g) we must have that b = 0. Define W =
C(T*M)/ ~, where f ~ g if they are cohomologous through a Hélder function. More
precisely f ~ g if there exists a Holder function H, differentiable along flow lines,

such that

f0) = 9(0) = g Hlgw).

for every v € Q, where Q is the non-wandering set of the geodesic flow. Let h =
Dt Vi Observe that {hdp = 0 for every p € Mci(g). It is proven in [PPS,
Remark 8.1] that h is then cohomologous to zero in restriction to the nonwandering set
of the geodesic flow. In particular h = 0 in W. We conclude that dim Aff fV(M<(g))
is equal to the dimension of the span of {Vi,...,V,} in W. In particular if {Vi,...,V,}
are linearly independent in W, then the relative interior of fY Mci(g) is just its

topological interior.

As mentioned in Remark 7.3.6, every geometrically finite manifold admits very
strongly positive recurrent potentials. An immediate consequence of Proposition 8.3.4

is the following result.

Corollary 8.3.6. Let M be a geometrically finite manifold. Suppose we have a se-
quence of compactly supported Holder potentials V' = (Vi, ..., V,.), and o € ri(fY (M« (g))).

Then there exists a Gibbs measure m such that f¥'m = «.

To end this section we will explain some details for n = 1 (even though in this
case the result is not very surprising and can be recovered from the argument used in
Theorem 6.2.2). In this case we have one compactly supported Hélder potential V.

Observe that Aff f}"(Mc(g)) = R, and that

fi (Mzi(g)) = [min{0, m}, sup{0, M}],

135



where m = inf e p(g) § fdp, and M = sup ey § fdp. Clearly

ri(fy (M<i(g)) = (min{0,m}, sup{0, M}).

Corollary 8.3.6 tells us that for a € (min{0,m},sup{0, M}), there exists a Gibbs

measure m such that SVldm = q.
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Chapter 9

Final comments

In this thesis we have mainly focused on the thermodynamic formalism of potentials

in Co(T*M). One important reason for this is that if '€ Co(T*M), then the map

MHJqua

is continuous in the vague topology (see Lemma 3.1.2). We will now briefly discuss

what happens if we weaken this hypothesis.

Definition 9.0.1. We say that a potential F converges to D at infinity if for each
€ > 0, there exists a compact subset K < T*M such that sup,ex. |F(z) — D| < €. The

space of continuous potentials converging to D at infinity is denoted by C(T*M, D).

It follows from the definition that C'(T"M,0) = Co(T*M). We use the notation
C(T'M, D) to avoid any confusion with the space of bounded continuous potentials
Cy(T*M). The following lemma gives some insight on the type of behaviour that we

will encounter when considering potentials that do not vanish at infinity.

Lemma 9.0.2. Let (i), be a sequence of invariant probability measures converging
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vaguely to p. Then for every F e C(T*M, D) we have

lim | Py, — deu + (1= |u)D.

n—o0

Proof. Let (K,,)m be a compact exhaustion of 7'M such that the following hold:

L. sup,ege |F(x) = D] < .

2. w(0K,,) =0.

It follows from this two assumptions that

n—o

lim Fdu, = J Fdyu,
K Km

and that
1
—.

| f Fdpiy — Dpin(K5)| <
K¢,

Similarly lim, e i (Kyn) = p(Ky,), and therefore lim,, o0 i, (KS) = 1 — u(K,y,).

Observe that

| f Fdyiy — f Fdp— D(1— (K| <
Km
| P, - j Fau| + || Fdun — Dun(K)
Ko Km K,

+ | Dpn(K7,) = D(1 = p(Kom))|.

Taking n to infinity we get

1
limsupdeun — (j Fdu+ D(1 — ,u(Km))) < -,
n—o0 m m
and
liminfdeun - (J Fdu + D(1 — M(Km))> > L
n_)w K77L m
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Finally taking m to infinity we get that

lim | Fdy, = de/L + D(1 — |ul).

n—o0

Definition 9.0.3. Given F € Cy(T*M) we define essential upper bound of F' as

c(F) = inf sup F(z),

neN geKe
where (K,), is a compact exhaustion of T*M .
It is easy to verify that ¢(F') is independent of the choice of compact exhaustion.

Lemma 9.0.4. Let (u,)n be a sequence of invariant probability measures converging

vaguely to p. Then for every F € Cy(T*M) we have

limsuijd,un < de,u + (1 — |u|)e(F).

n—aoo

Proof. Let (K,,)m be a compact exhaustion of 7'M such that the following hold:

L sup,epe F(r) < c(F) +

s |-

2. w(0K,,) =0.

Observe that ... Fdu, < (¢(F) + =)u,(KS), and that

([Fau-| RUSE (K )e() )

<<J mqun—fmFd/O + (L{T%

+ (e(F)pn(K7,) — c(F)(1 = p(Km)))-

Fdjiy - c(F)un<K;>)
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As in Lemma 9.0.2 we obtain that

1
limsupJqun — (J Fdu + c(F)(1 — M(Km))) < —.
n—a0 Km, m
Taking m to infinity proves the lemma. m

As a direct consequence of Lemma 9.0.4 and Theorem 5.2.3 we obtain

Theorem 9.0.5. Let (11,)n be a sequence of invariant probability measures converging

vaguely to p and F € Co(T*M). Then

imsup (. (6) + [ Fain, ) < el (o) + [ Pl ) + 1 = ) + ().

n—0oo

In particular, if P(F) > 0o + ¢(F), then F' has an equilibrium state (see proof
of Theorem 6.1.5). We believe that Theorem 9.0.5 is not an optimal result, and we

suggest the following conjecture.

Conjecture 9.0.6. Let (uy,), be a sequence of invariant probability measures con-

verging vaguely to u and F € Cy(T*M). Then

s (1,90 + [ Fd ) < 1ol (R 0) + [ Pl ) + 1= ) PP,

n—0o0

We emphasize that if '€ C(T'M, D), then
Py(F) =00 + D = 6o + ¢(F). (9.1)

This follows from the proof of Lemma 6.1.7. In particular Conjecture 9.0.6 holds for
potentials in C(T'M, D). It worth pointing out that potentials in C'(T'M, D) are
uniformly continuous. The uniform continuity of the potential could play a role in
Conjecture 9.0.6 (since we do not have strong evidence to justify that the uniform

continuity is relevant we state the conjecture in the general case). If Conjecture 9.0.6
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holds then one can obtain Theorem 6.1.8 and Theorem 6.1.9 for arbitrary SPR Holder
potentials (we can remove the assumption that our potential belongs to Co(T'M)).
We remark that Theorem 9.0.5 and equation (9.1) implies that Theorem 6.1.8 and
Theorem 6.1.9 hold for potentials in C(T'M, D), for every D € R.

In Section 8 we obtained large deviation lower bounds for vSPR potentials on
geometrically finite manifolds. As mentioned in Section 8 we do not have a good
definition of vSPR potentials for arbitrary pinched negatively curved manifolds. We

expect that the following is true (we use the notation from Definition 2.3.20):

Conjecture 9.0.7. Let U be an open relatively compact subset 0f]\7 such that T*U
has non-empty intersection with the lift of Q0 to T'M. Assume that P(F, (NJ, s) is of
divergence type. Then 6E(U) < P(F).

We recall that a Poincaré series is of divergence type if it is divergent at its critical
exponent. Conjecture 9.0.7 should be considered as a generalization of Theorem
2.3.15. Assume for a second that Conjecture 9.0.7 holds. In this case we say that F' is

~

vSPR if there exists an increasing sequence (ﬁn)n such that (-, U, = M , and that
P(F, ﬁn, s) is of divergence type for every n = 1. If F is vSPR, then Conjecture 9.0.7
and Definition 2.3.20 imply that Py (F) < P(F'). In other words vSPR potentials
are SPR potentials. Let G be a compactly supported continuous function on T M.
Choose U < M big enough such that supp(G) < T'U, where U = p(U). Choose n
sufficiently large such that U < U,. In this case the Poincaré series P(F + G, U,, s)
is identical to the Poincaré series P(F,U,,s). Since by assumption P(F,U,,s) is of
divergence type, we get that P(F'+G, U,, s) is of divergence type as well. This implies
that F'+ G is vSPR, and therefore SPR. We conclude that any compact perturbation
of a vSPR potential is SPR. For the family of vSPR potentials we can obtain large
deviation lower bounds (without any modification in the proof of Theorem 8.2.2).

We finish this section with a few comments about the thermodynamic formalism

of the geodesic flow on non-positively curved manifolds. In the paper [V2] we obtained

141



the upper semicontinuity of the entropy map for the geodesic flow on rank 1 manifolds
when restricting to the regular part of the geodesic flow (for details we refer the reader
to [V2]). For the geodesic flow on non-compact rank 1 manifolds it is not known the
uniqueness of the measure of maximal entropy (in the compact setting the uniqueness
of the measure of maximal entropy was proven by Knieper [Kni]), nor the uniqueness
of equilibrium states for regular potentials (in the compact case this problem was
recently treated in [BCFT]). We remark that in this setting the relevant critical gap
conditions (e.g. SPR condition) must also consider the singular part of the geodesic
flow, and not just the behaviour at infinity. The importance of controlling the singular

part of the geodesic flow is clear from the works [BCFT] and [V2].
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