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Abstract

In this thesis we study the geodesic flow on a non-compact pinched negatively

curved manifold. We prove the upper semicontinuity of the entropy map and relate

the escape of mass phenomenon with the topological entropy at infinity of the geodesic

flow. We also study the thermodynamic formalism of the geodesic flow. We obtain

a complete description of the pressure map of potentials that vanish at infinity, and

construct Hölder potentials that exhibit phase transitions. We remark that phase

transitions for regular potentials is a feature that can only occur in the non-compact

situation. We introduce the family of strongly positive recurrent potentials and prove

some important properties of such potentials. We also obtain large deviation bounds

for the geodesic flow on geometrically finite manifolds and very strongly positive

recurrent potentials.
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Ibarra, Felipe Riquelme, etc. Although I am not always in Chile, everytime I go back

to my country you make me feel as if time does not pass. Despite the distance I feel

your support and I am grateful for that.

I would like to thank Felipe Avello for his humor; Arturo Vidal for his passion;

Daddy Yankee, Ozuna and Bad Bunny for their music. Somehow you are able to

transmit good energy to my life and I must acknowledge that, somewhere.

I would like to thank my brothers Renato and Renzo for always being awesome,

even though it is sometimes difficult to keep up your pace. Thanks for your under-

standing, support and love.

I would like to thank my mother and father for being with me since the beginning.

Even though we are physically faraway I can feel your love every single day. You put

structure to my life and I love you more than words can express. I also want to thank

my grandmother for her inconditional love and support.

Finally, I would like to thank Carla. Carla, you were a fundamental part of my

life during this time. Your love and support kept me moving many times I did not

want to move. I am excited about what is to come, and much more knowing that you

will be with me. Thanks for filling my life with love.

v



To my parents Juan and Isabel.

vi



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

1 Introduction 1

2 Preliminaries 12

2.1 Measure theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Entropy theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1 Topological entropy . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.2 Measure theoretic entropy . . . . . . . . . . . . . . . . . . . . 15

2.3 Geodesic flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.1 Structure of negatively curved manifolds . . . . . . . . . . . . 18

2.3.2 Thermodynamic formalism . . . . . . . . . . . . . . . . . . . . 21

3 The spaces M¤1pgq and C0pT
1Mq 30

3.1 The space C0pT
1Mq . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.2 The space M¤1pgq . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4 Entropy density and simplified entropy formula 38

4.1 Weak entropy density . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.2 Simplified entropy inequality for geodesic flows . . . . . . . . . . . . . 44

vii



5 Semicontinuity of the entropy map 48

5.1 A more general result . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.2 Upper semicontinuity for the geodesic flow . . . . . . . . . . . . . . . 58

5.3 Variational principle for the entropy at infinity . . . . . . . . . . . . . 61

6 Applications of the semicontinuity 65

6.1 Existence of equilibrium states . . . . . . . . . . . . . . . . . . . . . . 65

6.2 Maximizing measures as zero temperature limits . . . . . . . . . . . . 72

6.3 Density of Gibbs measures . . . . . . . . . . . . . . . . . . . . . . . . 75

7 Thermodynamic formalism 76

7.1 Description of the pressure map . . . . . . . . . . . . . . . . . . . . . 78

7.2 Strongly positive recurrent potentials in C0pT
1Mq . . . . . . . . . . . 83

7.3 No phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

7.4 Phase transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

7.4.1 Extended Schottky groups . . . . . . . . . . . . . . . . . . . . 89

7.4.2 The Geometric potential . . . . . . . . . . . . . . . . . . . . . 89

7.4.3 Construction of phase transitions . . . . . . . . . . . . . . . . 93

7.5 Phase transitions for the geometric potential . . . . . . . . . . . . . . 106

7.5.1 Construction of a special metric at the cusp . . . . . . . . . . 108

7.5.2 Construction of the family tMn,mu . . . . . . . . . . . . . . . 113

7.5.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

8 Large deviations 118

8.1 Upper bound for closed sets . . . . . . . . . . . . . . . . . . . . . . . 122

8.2 Lower bound for open sets . . . . . . . . . . . . . . . . . . . . . . . . 124

8.3 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

9 Final comments 137

viii



Chapter 1

Introduction

In this thesis we will study the ergodic theory and the thermodynamic formalism of

the geodesic flow on non-compact pinched negatively curved manifolds. In order to

put our results into context we will start with a brief discussion on what is known

in the compact case, which is better understood than the non-compact case and

motivates some of the central topics in this thesis.

By the work of Bowen [B5] and Ratner [Rat], we know that the geodesic flow on

a compact negatively curved manifold can be modelled as a suspension flow over a

shift of finite type. This symbolic representation has many important consequences

to the thermodynamic formalism of Hölder potentials: the topological pressure can

be computed using a weighted sum over the periodic orbits, the equilibrium states

are unique and satisfy the Gibbs property, the central limit theorem holds, and large

deviation estimates are available, just to mention a few (for a more complete discus-

sion we refer the reader to [B7]). Another important property of the geodesic flow

on a compact negatively curved manifold is the upper semicontinuity of the entropy

map [B1]. In the compact case the upper semicontinuity of the entropy map implies

the existence of a measure of maximal entropy. For the geodesic flow, the measure of

maximal entropy was constructed independently by Margulis [Mar] and Bowen [B5],
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and it is usually called the Bowen-Margulis measure.

Unfortunately, if the ambient manifold is non-compact then most of this discus-

sion does not apply: we do not have at our disposal a symbolic representation, and

the proof of the upper semicontinuity of the entropy map does not work. Let me

be a bit more precise about these two technical difficulties. First, in the study of

non-compact manifolds we are often interested in situations where the injectivity ra-

dius is not bounded below (for instance in the presence of ‘cusps’); this is a very

problematic issue when trying to extend the symbolic model of Bowen and Ratner to

the non-compact case. Second, the proof of the upper semicontinuity of the entropy

map is based on two hypotheses: the compactness of the ambient space, and that

the dynamical system is expansive (or some weaker assumption like h-expansive, or

asymptotically h-expansive). If one removes the compactness assumption then the

upper semicontinuity of the entropy map does not necessarily hold, even when the

dynamical system is expansive. As an example, consider the full shift on a countable

(infinite) alphabet. In this case, the entropy map is not upper semicontinuous at any

measure of finite entropy. In this thesis we will see that the dynamics of the geodesic

flow on a non-compact pinched negatively curved manifold is, in many respects, sim-

ilar to the one of a countable Markov shift. For this reason, if we want to prove the

upper semicontinuity of the entropy map on non-compact manifolds, then the poor

behaviour of the entropy map exhibited by the full shift on a countable alphabet is

not very encouraging. Fortunately it is not all bad news: in a recent work Paulin, Pol-

licott and Schapira [PPS] were able to extend many of the results known to hold for

Hölder potentials on compact negatively curved manifolds to the non-compact case.

More precisely, they proved the uniqueness of equilibrium states and the equivalence

between the topological pressure, the Gurevich pressure, and the critical exponent for

Hölder potentials (for precise statements see Theorem 2.3.12 and Theorem 2.3.14).

In this work we will continue the study of the thermodynamic formalism of Hölder
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potentials, but we will also be interested in continuous potentials. In the continuous

category the techniques developed in [PPS] do no apply.

Before stating some of the main results of this thesis we will introduce some nota-

tion. The dynamical system of interest will always be the geodesic flow on a pinched

negatively curved manifold. In particular, whenever we say ‘invariant measure’, we

really mean ‘non-negative Borel measure invariant by the geodesic flow’. The measure

theoretic entropy of an invariant probability measure µ is denoted by hµpgq. We say

that pµnqn converges vaguely to µ if for every compactly supported continuous func-

tion f we have that limnÑ8

³
fdµn �

³
fdµ. Similarly, we say that pµnqn converges

in the weak-* topology to µ if for every bounded continuous function f we have that

limnÑ8

³
fdµn �

³
fdµ. Since M is non-compact, the vague limit of a sequence of

probability measures might not be a probability measure. In other words, a sequence

of probability measures might lose mass. We recall that the mass of a measure µ is

the number µpT 1Mq, and it is denoted by |µ|. A fundamental quantity in this thesis

will be the topological entropy at infinity of the geodesic flow (see Definition 5.2.1),

which we denote by δ8. The following result is proved in Section 5.

Theorem 1.0.1 (=Theorem 5.2.3). Let pM, gq be a pinched negatively curved mani-

fold. Let pµnqn be a sequence of invariant probability measures converging to µ in the

vague topology. Then

lim sup
nÑ8

hµnpgq ¤ |µ|hµ{|µ|pgq � p1 � |µ|qδ8.

If the sequence converges vaguely to the zero measure, then the right hand side is

understood as δ8.

A simple consequence of Theorem 1.0.1 is the upper semicontinuity of the entropy

map.
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Theorem 1.0.2 (=Theorem 5.2.6). Let pM, gq be a pinched negatively curved mani-

fold. Let pµnqn be a sequence of invariant probability measures converging to µ in the

weak-* topology. Then

lim sup
nÑ8

hµnpgq ¤ hµpgq.

A result similar to Theorem 1.0.1 was previously obtained by Einsiedler, Kadyrov

and Pohl in the context of homogeneous dynamics (see [EKP]). Later on, Kadyrov

and Pohl proved that the formula obtained in [EKP] is sharp (see [KP]). In a joint

work with F. Riquelme, we adapted the methods used in [EKP] to obtain Theorem

1.0.1 for geometrically finite manifolds (see [RV]). In the paper [V2] we extended the

results from [RV] to arbitrary pinched negatively curved manifolds.

The topological entropy at infinity has a measure theoretic counterpart; this is

what we call the measure theoretic entropy at infinity. Since its definition does not

require to introduce a lot of notation we will provide it here. The measure theoretic

entropy at infinity of the geodesic flow is defined as

h8 � sup
pµnqn

lim sup
nÑ8

hµnpgq,

where the supremum runs over sequences of invariant probability measures converging

vaguely to the zero measure. We will prove a type of variational principle for the

entropy at infinity.

Theorem 1.0.3 (=Theorem 5.3.2). The topological entropy at infinity is equal to the

measure theoretic entropy at infinity. In other words δ8 � h8.

The measure theoretic entropy at infinity was introduced in [IRV] and proved to be

equal to the topological entropy at infinity for the geodesic flow on extended Schottky

manifolds (see Definition 7.4.1) via symbolic methods. This result was later extended

to cover all geometrically finite manifolds in [RV]. In this thesis we will constantly

refer to real valued functions with domain T 1M as ‘potentials’; this is a standard

4



convention in thermodynamic formalism. The topological pressure of a potential F

is the quantity

P pF q � sup
µPMpgq

thµpgq �

»
Fdµu,

where the supremum runs over the space of invariant probability measuresMpgq. An

invariant probability measure satisfying P pF q � hµpgq �
³
Fdµ, is called an equilib-

rium state for the potential F . We will constantly refer to the map t ÞÑ P ptF q as

the pressure map of the potential F . We denote by C0pT
1Mq the space of continuous

potentials vanishing at infinity (see Definition 3.1.1). Among potentials vanishing

at infinity we will be particularly interested in strongly positive recurrent potentials

(SPR for short); these are potentials satisfying the critical gap condition P pF q ¡ δ8

(for the general definition of SPR potentials see Definition 2.3.20). One of the main

features of SPR potentials is part (1) in our next result; in the compact case this is

an immediate consequence of the upper semicontinuity of the entropy map. Parts (2)

and (3) exhibit some big differences between the compact and the non-compact cases.

Theorem 1.0.4 (=Theorem 6.1.8). Let pM, gq be a pinched negatively curved mani-

fold anf F P C0pT
1Mq. Let pµnqn be a sequence of invariant probability measures such

that

lim
nÑ8

�
hµnpgq �

»
Fdµn

�
� P pF q.

Then the following statements hold.

1. If F is SPR, then pµnqn converges in the weak-* topology to an equilibrium state

of F .

2. Suppose that F does not admit any equilibrium state. Then pµnqn converges

vaguely to the zero measure. In this case we have P pF q � δ8.

3. Suppose that F does admit an equilibrium state. Then the accumulation points

5



of pµnqn lies in the set

ttµ : t P r0, 1s and µ is an equilibrium state of F u.

We emphasize that we require no higher regularity (on F ) than continuity. In par-

ticular the theory developed in [PPS] does not apply. A big difference with respect

to more regular potentials is the lack of uniqueness of equilibrium states for contin-

uous potentials. It is proven in [IV] that one can slightly C0-perturb any bounded

continuous potential F P CbpT
1Mq into a potential with uncountably many equilib-

rium states. A crucial ingredient for that result is Theorem 1.0.2, which allows us to

identify subderivatives of the pressure at F to its equilibrium states. For Hölder SPR

potentials we can compute the first derivative of the topological pressure.

Theorem 1.0.5 (=Theorem 6.1.9). Let M be a pinched negatively curved manifold

and F P C0pT
1Mq be a SPR Hölder potential. For every G P CbpT

1Mq the following

holds

d

dt |t�0
P pF � tGq �

»
GdµF ,

where µF is the equilibrium state of F .

We will prove in Section 7.2 that SPR potentials are open and dense in C0pT
1Mq.

Theorem 1.0.1 and Theorem 1.0.5 are important ingredients in order to describe the

pressure map of positive potentials in C0pT
1Mq, as the following result establishes.

Theorem 1.0.6 (=Theorem 7.1.2). The pressure map, t ÞÑ P ptF q, of a positive

Hölder potential F that vanishes at infinity verifies the following properties:

(1) for every t P R we have that P ptF q ¥ δ8

(2) the function t ÞÑ P ptF q has a horizontal asymptote at �8, that is

lim
tÑ�8

P ptF q � δ8.
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Moreover, if tF :� sup tt ¤ 0 : P ptF q � δ8u, then

(3) for every t ¡ tF the potential tF has an equilibrium state, and

(4) the pressure map of F is differentiable in ptF ,8q, and it verifies

P ptF q �

$''&''%
δ8 if t   tF

strictly increasing if t ¡ tF ,

(5) If t   tF then the potential tF has not equilibrium measure.

We remark that in Theorem 1.0.6 the number tF can be �8; this is the case

if P ptF q ¡ δ8, for all t P R. In the non-compact case the pressure map is not

always regular ([S2] and [S3] are good references in the context of countable Markov

shifts). Sometimes the pressure map can develop singularities: these singularities

are usually called phase transitions. Phase transitions usually detect a significant

change in the dynamics of our system (from the point of view of the potential). We

will be interested in finding conditions that guarantee the existence and the lack of

phase transitions (see Section 7.4 and Section 7.3 resp.). In general it is a difficult

problem to determine when a potential will (or not) exhibit phase transitions. For

this reason we will restrict our attention to some particular classes of geometrically

finite manifolds (see Definition 2.3.6). Since for the geodesic flow on non-compact

manifolds we do not know how regular is the pressure map (our best result on the

regularity of the pressure is Theorem 1.0.5), we will use the following definition for

our phase transitions.

Definition 1.0.7 (Phase transition). We say that a potential F exhibits a phase

transition at t0 if there exists ε ¡ 0 such that P ptF q has an equilibrium state for

t P pt0, t0 � εq, but it has not for t P pt0 � ε, t0q (or vice versa). A potential F exhibits

a phase transition if it exhibits a phase transition for some t0 P R.

7



We remark that in the compact case Hölder potentials cannot develop phase tran-

sitions. This follows from [BR] and the symbolic model available for those systems.

The philosophy behind our construction of phase transitions is very simple: if a poten-

tial decays very slowly to zero through the cusps, then it is likely to develop a phase

transition. After the paper [V1] was uploaded to arxiv, G. Iommi pointed out to us

that the same principle was used in the construction of phase transitions for Pomeu-

Manneville maps. As in Theorem 1.0.6 we use the notation tF � suptt : P ptF q � δ8u.

Theorem 1.0.8 (=Theorem 7.4.1). There exists a geometrically finite manifold M

such that the following holds. For every non-negative Hölder continuous potential F

going slowly to zero through the cusp of M we have that

1. tF P r�1, 0q,

2. The potential tF has equilibrium measure for t ¡ tF ,

3. The potential tF has not equilibrium measure for t   tF .

In other words, the pressure map of F exhibits a phase transition at t � tF . Moreover,

the pressure map is differentiable in p�8, tF qYptF ,8q. With respect to the behaviour

at t � tF we have two possibilities:

(4) If the potential tFF does not have an equilibrium state, then the pressure map

is differentiable everywhere.

(5) If tFF has an equilibrium state, then the pressure map is not differentiable at

t � tF .

Theorem 1.0.9 (=Theorem 7.4.2). There exists an extended Schottky manifold for

which the geodesic flow has a measure of maximal entropy and the geometric potential

exhibits a phase transition.

8



We remark that the manifolds in Theorem 1.0.8 can be hyperbolic, and that the

class of potentials going slowly to zero will be introduced in Section 7.4.3 (Defini-

tion 7.4.11). The family of extended Schottky manifolds is defined in Section 7.4.1.

We would like to emphasize that phase transitions for the geodesic flow were also

constructed in [IJ] and [IRV] by symbolic methods (for the modular surface and ex-

tended Schottky manifolds resp.). Our method has the advantage of being more

geometric (we do not use any symbolic representation) and that we can incorporate

the geometric potential to the family of potentials exhibiting phase transitions.

In Section 8 we will obtain large deviation estimates for the geodesic flow. In order

to state our results we need to introduce some notation. Each periodic orbit of the

geodesic flow defines an invariant probability measure, this is just Lebesgue measure

on the orbit divided by the length of the orbit. More precisely, to each periodic orbit

τ we associate an invariant probability measure µτ . We refer to the measures of the

form µτ as periodic measures. The set of periodic measures is denoted by Mppgq.

Each periodic measure η has associated the length of its original periodic orbit, we

refer to this number as the length of the periodic measure and it is denoted by lpηq.

Given W � T 1M and real numbers r, s we define

MppW, r, sq � tη PMppgq : lpηq P rs, rs and ηpW q ¡ 0u.

From now on we will fix a relatively compact open subset W of T 1M intersecting

the non-wandering set of the geodesic flow and c a sufficiently large constant (as

in Proposition 8.0.1). We denote by M¤1pgq the space of invariant sub-probability

measures of the geodesic flow, that is, invariant measures such that |µ| P r0, 1s. We

remark that M¤1pgq endowed with the vague topology is a compact convex metric

space (see Section 2.1). Given a potential G P C0pT
1Mq we define the G-pressure

9



QG : C0pT
1Mq Ñ R, as

QGpfq :� P pG� fq � P pGq,

and the rate function

IGpµq �: sup
fPC0pT 1Mq

t

»
fdµ�QGpfqu,

whose domain is M¤1pgq. Our next result follows easily from [Pol] (see also [Kif]).

Theorem 1.0.10 (=Theorem 8.1.1). Let M be a pinched negatively curved manifold,

G a Hölder potential in C0pT
1Mq, and K a closed subset of M¤1pgq. Then we have

lim sup
tÑ8

1

t
log

�°
µτPMppW,t,t�cqXK expplpτq

³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q



¤ �β,

where β � infµPK IGpµq.

If we assume that G is SPR, then β � infµPK IGpµq is positive if and only if K does

not contain the equilibrium state of G (see Lemma 8.2.5). For our large deviation

lower bound we will restrict to geometrically finite manifolds. This is not an optimal

assumption, and we expect that Theorem 1.0.11 can be extended to the entire class

of negatively curved manifolds. We remark that for the lower bound we use ‘very

strongly positive recurrent potentials’ (vSPR for short), which is a sub-class of SPR

potentials (for a precise definition see Definition 7.3.2). This is done in order to ensure

that any compact Hölder perturbation of our potential is still SPR. In the general

case there is still some work to do (we need a more general version than Theorem

2.3.15), and this is the main reason why we restrict to geometrically finite manifolds.

Theorem 1.0.11 (=Theorem 8.2.2). Let M be a geometrically finite manifold with

cusps and G a vSPR potential. Let U be an open subset of M¤1pgq. Then we have

lim inf
tÑ8

1

t
log

�°
µτPUXMppW,t,t�cq

expplpτq
³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q



¥ �β,
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where β � infµPU IGpµq.

We remark that for hyperbolic geometrically finite manifolds the zero potential is

vSPR, in particular we obtain the following result.

Theorem 1.0.12 (=Theorem 8.2.7). Let M be a hyperbolic geometrically finite man-

ifold with cusps. Then the following are true.

1. Let K a closed subset ofM¤1pgq not containing the measure of maximal entropy.

Then we have

lim sup
tÑ8

1

t
log

�
#pMppW, t, t� cq XKq

#MppW, t, t� cq



¤ �β,

where β � infµPK I0pµq is a positive number.

2. Let U be an open subset of M¤1pgq whose closure does not contain the measure

of maximal entropy. Then we have

lim inf
tÑ8

1

t
log

�
#pMppW, t, t� cq XKq

#MppW, t, t� cq



¥ �γ,

where γ � infµPU I0pµq is a positive number.
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Chapter 2

Preliminaries

In this section we will collect some important facts about the geodesic flow on a

pinched negatively curved manifolds. The definitions and facts given in this section

will be constantly used in following sections. Since the spaces of interest for this

thesis are non-compact we need to be careful with the spaces of invariant probability

measures that we use (it is a technically unpleasant to restrict all our attention to the

space of invariant probability measures, which is non-compact). We start by making

explicit the spaces of measures that we will use, and their topologies.

2.1 Measure theory

Let pX, dq be a locally compact metric space and T : X Ñ X, a continuous map.

In this thesis whenever we say measure we mean a non-negative countably additive

measure. The mass of a measure is the number µpXq and it is denoted by |µ|. We say

that a Borel measure µ is T -invariant if µpT�1Aq � µpAq, for every Borel set A. We

denote by MpX,T q the space of Borel T -invariant probability measures on X and

M¤1pX,T q the space of Borel T -invariant measures such that |µ| P r0, 1s (we also refer

to them as sub-probability measures). Clearly MpX,T q � M¤1pX,T q. We endow

the space CbpXq (resp. CcpXq) of bounded (resp. compactly supported) continuous
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functions with the uniform norm ||f ||0 � supxPX |fpxq|. We endowMpX,T q with the

weak-* topology : a sequence pµnqn converges weakly to µ if for every f P CbpXq we

have

lim
nÑ8

»
fdµn �

»
fdµ.

In a similar way we endow M¤1pX,T q with the vague topology : a sequence pµnqn

converges vaguely to µ if for every f P CcpXq we have

lim
nÑ8

»
fdµn �

»
fdµ.

If there exists a compact exhaustion of X, i.e. an increasing sequence pKnqn of

compact sets such that X �
�
n¥1Kn, then the space CcpXq is separable. In this

case consider a dense subset pfnqn of the unit ball of CcpXq. We define a metric d on

M¤1pX,T q by the formula

dpµ1, µ2q �
¸
n¥1

1

2n
|

»
fdµ1 �

»
fdµ2|.

This metric is compatible with the vague topology. By Banach-Alaoglu theorem we

know that M¤1pX,T q is a compact metric space. If X is a non-compact manifold,

then X admits a compact exhaustion, and therefore this discussion applies to that

case. The connection between this two topologies is given by the following simple

fact.

Theorem 2.1.1. Let X be a locally compact metric space. Then for a sequence

pµnqn �MpX,T q the following statements are equivalent.

1. pµnqn converges to µ in the weak-* topology.

2. pµnqn converges to µ in the vague topology and µ is a probability measure.

Theorem 2.1.1 tells us that the only obstruction to converge in the weak-* topology

is the possible escape of mass. In Section 3 we will explain the topological structure
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of the space of invariant sub-probability measures for the geodesic flow, which also

leads to a description of the space of invariant probability measures.

2.2 Entropy theory

This theory provides tools to measure the complexity of a dynamical system. In this

thesis we will be mainly interested in the following two notions of entropy.

2.2.1 Topological entropy

Let pX, dq will be a metric space and T : X Ñ X, a continuous map. We define the

dynamical metrics pdnqn given by the formula:

dnpx, yq � max
iPt0,...,n�1u

dpT ix, T iyq.

We denote by Bnpx, rq to the ball centered at x of radius r in the metric dn. A ball

Bnpx, rq is also called a pn, rq-dynamical ball. Given a compact subset K of X we

denote by NpK,n, rq to the minimum number of pn, rq-dynamical balls needed to

cover K. The topological entropy of pX, d, T q is defined as

hdpT q � sup
K�X

lim
rÑ0

lim
nÑ8

1

n
logNpK,n, rq,

where the last limit runs over compact subsets of X. This definition was first intro-

duced by R. Bowen in [B1] as a way to extend the classical definition of topological

entropy on compact spaces to the noncompact setting.
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2.2.2 Measure theoretic entropy

Given a countable measurable partition P � tPiuiPI of X we define the entropy of P

as

HµpPq � �
¸
iPI

µpPiq log µpPiq.

Given two partitions P and Q we can construct the smallest common refinement of

P and Q, this is denoted by P _Q. Define

hµpT,Pq � lim
nÑ8

1

n
Hp

nª
i�0

T�iPq.

By taking the supremum over all countable partitions of finite entropy we obtain the

entropy of T with respect to µ, this is denoted by hµpT q. In other words

hµpT q � sup
P
hµpT,Pq,

where the supremum runs over all countable partitions of finite entropy.

Definition 2.2.1 (Entropy map). Given a dynamical system pX, d, T q we refer to

the map µ ÞÑ hµpT q, as the entropy map.

Katok’s entropy formula

The topological entropy and the measure theoretic entropy seem, at first, a bit un-

related. The following theorem provides a very strong connection between them, it

helps to understand the measure theoretic entropy in the spirit of the topological

entropy.

Theorem 2.2.2. [A. Katok] Let pX, dq be a compact metric space and T : X Ñ X, a

continuous transformation. Let µ be an ergodic T -invariant probability measure and

δ P p0, 1q. Then

hµpT q � lim
rÑ8

lim inf
nÑ8

1

n
logNµpn, r, δq,
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where Nµpn, r, δq is the minimum number of pn, rq-dynamical balls needed to cover

a set of µ-measure at least 1 � δ. In particular the limit above is independient of

δ P p0, 1q.

If one follows the proof of Theorem 2.2.2 (see Section 1 in [Kat]), it is clear that

the inequality

hµpT q ¤ lim
rÑ8

lim inf
nÑ8

1

n
logNµpn, r; δq,

holds regardless of the compactness of X. For most of our purposes this inequality

will be enough. Recently F. Riquelme [Riq] proved the equality when X is assumed

to be a manifold and T a Lipschitz map. More precisely we have the following result.

Theorem 2.2.3. Let pX, dq be a metric space and T : X Ñ X a continuous trans-

formation. Then for every ergodic T -invariant probability measure µ we have

hµpT q ¤ lim
rÑ8

lim inf
nÑ8

1

n
logNµpn, r, δq,

where Nµpn, r, δq as in Theorem 2.2.2. If we moreover assume that pX, dq is a topo-

logical manifold and T is Lipschitz, then the equality holds.

The following two definitions will be of great importance in this thesis.

Definition 2.2.4 (Simplified entropy formula). We say that pX, d, T q satisfies a sim-

plified entropy formula if there exists ε0 ¡ 0 such that for every ε P p0, ε0q, for every

ergodic probability measure µ and δ P p0, 1q we have

hµpT q � lim sup
nÑ8

1

n
logNµpn, ε, δq.

We say that pX, d, T q satisfies a simplified entropy inequality if there exists ε0 ¡ 0

such that for every ε P p0, ε0q, for every ergodic probability measure µ and δ P p0, 1q
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we have

hµpT q ¤ lim sup
nÑ8

1

n
logNµpn, ε, δq.

Definition 2.2.5 (Weak entropy dense). We say that the space of ergodic measures

is weak entropy dense in MpX,T q if the following holds. For every µ P MpX,T q

and η ¡ 0 there exists a sequence pµnqn of ergodic measures satisfying

1. pµnqn converges in the weak-* topology to µ

2. For every n P N we have hµnpT q ¡ hµpT q � η.

We also refer to this property by saying that pX, d, T q is weak entropy dense.

We will prove in Section 4 that the geodesic flow on a pinched negatively curved

manifold satisfies a mild modification of the simplified entropy inequality and that

its ergodic measures are weak entropy dense.

2.3 Geodesic flows

Let pM, gq be a complete Riemannian manifold. We define the unit tangent bundle

of M as T 1M � tv P TM : ||v||g � 1u. Since pM, gq is complete, the geodesic flow on

T 1M is well defined for all times, we denote it by pgtqtPR. The Riemannian metric g

makes M into a metric space, the induced distance function (shortest path distance)

is denoted by d. Let π : T 1M Ñ M be the canonical projection. We define a metric

on T 1M , which we still denote by d, in the following way

dpx, yq � max
tPr0,1s

dpπgtpxq, πgtpyqq, (2.1)

for every x, y P T 1M . We emphasize that this is the metric used in all the statement

about the geodesic flow (but other possible candidates of metrics are usually uniformly

equivalent to d, at least in the pinched negatively curved case). The universal cover
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of M will be denoted by �M . For simplicity we will use the same notation used for M

to denote the metric and distance function on �M . Similarly to the construction of the

metric on T 1M we define a metric on T 1�M . We remark that pn, εq-dynamical balls in

T 1�M will play an important role in Section 4.2. We will restrict the discussion given

in Section 2.1 to the geodesic flow. In this case we will use the following notation.

Definition 2.3.1. The space of invariant probability measures of the geodesic flow

is denoted by Mpgq. The space of invariant sub-probability measures of the geodesic

flow is denoted by M¤1pgq.

Similarly, we restrict the discussion given in subsection 2.2 to the geodesic flow.

We will use the following notation.

Definition 2.3.2. Given µ P Mpgq, we denote by hµpgq to the measure theoretic

entropy of the measure µ under the map g1 (the time one map of the geodesic flow).

We denote by htoppgq to the topological entropy of the geodesic flow (the entropy of

g1), where the metric used to compute the topological entropy is given by equation

(2.1).

2.3.1 Structure of negatively curved manifolds

From now on we will assume that pM, gq is a complete Riemannian manifold of

negative sectional curvature. We will moreover assume that Kg P r�a,�bs, for some

a, b ¡ 0, where Kg is the sectional curvature of M . We refer to a manifold satisfying

those properties as a pinched negatively curved manifold. As before, the universal

cover of M is denoted by �M .

The space �M has a natural compactification, the so-called Gromov compactifica-

tion. As with any compactification, we will add a ‘boundary’ to �M in order to make

it compact, the visual boundary B8�M . The visual boundary, informally speaking, is

the set of geodesic rays in �M up to bounded distance, in other words we identify two
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geodesic rays α, β : r0,8q Ñ �M , if t ÞÑ dpαptq, βptqq is a bounded function. We em-

phasize that �M Y B8�M is homeomorphic to a closed ball. We remark that using the

ball model of hyperbolic space we can identify this compactification with the round

unit ball; this is also the picture we will have in mind even if the curvature is not

constant.

We denote by Isop�Mq to the group of isometries on �M . It is well known that every

isometry of �M extends to a homeomorphism of B8�M and that the fundamental group

of M acts (via Deck transformations) isometrically, freely and discontinuously on �M .

We identify π1pMq with a subgroup Γ   Isop�Mq. In this context there is a complete

classification of the elements of Isop�Mq: an isometry can be elliptic, hyperbolic or

parabolic. An elliptic isometry fixes a point in �M , this type of isometry will not

be presented in Γ since M is a manifold. A hyperbolic isometry fixes (pointwise)

exactly two points at infinity and the geodesic connecting these two points (setwise),

this geodesic is called the axis of the hyperbolic isometry. The axis of a hyperbolic

isometry in Γ will descend to a closed geodesic on M . A parabolic isometry fixes

exactly one point at infinity. Parabolic subgroups will be important when studying

geometrically finite manifolds, they are defined as follows

Definition 2.3.3. A parabolic subgroup of Isop�Mq is a group of isometries where

each element is parabolic, and they all fix the same point at infinity. A maximal

parabolic subgroup of Γ is a parabolic subgroup that is not strictly contained in another

parabolic subgroup of Γ.

Definition 2.3.4. The limit set of Γ, which we denote by LpΓq, is the set of accu-

mulation points in B8�M of the orbit of a point x P �M under Γ. The conical limit set,

denoted by LcpΓq, is the set of points ξ P B8�M such that there exists a sequence of

translates of x P �M under Γ which converges to ξ while staying at bounded distance

from a geodesic ray ending at ξ.

Through this thesis, π1pMq � Γ will be a non-elementary group, in other words it
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is not generated by one hyperbolic element, nor a parabolic subgroup (see for instance

[Bow]). In this case we can relate the non-wandering set of the geodesic flow with the

limit set of Γ. To make this precise we denote by Ω � T 1M to the non-wandering set

of the geodesic flow. We start by recalling the Hopf’s parametrization of T 1�M . The

unit tangent bundle of �M is identified with

T 1�M � pB8�M � B8�Mqz(Diagonal) � R,

via Hopf’s coordinates by sending each vector ṽ P T 1�M to pv�, v�, bv�po, πpṽqqq. Here

v� and v� are respectively the negative and positive ends at infinity of the oriented

geodesic line determined by ṽ in �M , and bv�po, πpṽqq is the Busemann function defined

for all x, y P �M and all ξ P B8�M as

bξpx, yq � lim
tÑ8

dpx, ξtq � dpy, ξtq,

where t ÞÑ ξt is any geodesic ray ending at ξ. Under this identification the geodesic

flow acts by translation in the third coordinate. The non-wandering set of T 1M

corresponds to the projection of pLpΓq � LpΓqzpDiagonalqq � R to T 1M (see [Ebe]).

Fix a point x0 P �M , a set of the form

Hξprq � tx P �M : bξpx0, xq ¥ ru,

is called a (closed) horoball center at ξ. We say that ξ is the base point of the horoball

Hξprq. We now proceed to define the important class of geometrically finite manifolds.

Definition 2.3.5. A point p P B8�M is a bounded parabolic fixed point of Γ if the

maximal parabolic subgroup of Γ fixing p acts cocompactly in LpΓqztpu.

Definition 2.3.6 (Geometrically finite manifolds). We say that Γ   Isop�Mq is ge-

ometrically finite if every point in LpΓq is a conical point or bounded parabolic. We
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say that M is geometrically finite if π1pMq is geometrically finite.

It follows from [Bow] that the non-compact part of the non-wandering set of the

geodesic flow go through the cusps of T 1M and that each cusp is standard, i.e. the

quotient of a horoball by the action of the maximal parabolic subgroup of π1pMq fixing

the base point of the horoball. Moreover, π1pMq has a finite number of non-conjugate

maximal parabolic subgroups (finite number of cusps).

2.3.2 Thermodynamic formalism

In this thesis we will constantly refer to real valued functions whose domain is T 1M

as potentials. We follow this convention to be consistent with the existing literature

on the subject, but it also helps to simplify some notation. The following definition

is not standard, despite this, is the notation used in [PPS] and we find it convenient.

Definition 2.3.7 (Topological pressure). Let F : T 1M Ñ R be a continuous poten-

tial. We define the topological pressure of F as

P pF q � sup
µPMpgq

thµpgq �

»
Fdµu.

Definition 2.3.8 (Equilibrium state). We say that a measure µ PMpgq is an equi-

librium state for F if it realizes the supremum in the definition of topological pressure.

In other words

P pF q � hµpgq �

»
Fdµ.

In the compact case there is a well known connection between the topological

pressure of a continuous potential and a weighted version of the topological entropy

[Wal]. If F � 0 one would expect to recover the topological entropy of the geodesic

(see Definition 2.3.2). This is in fact the case (even for non-compact manifolds) as

the following result states.
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Theorem 2.3.9 (Variational principle). [OP] Let M be a pinched negatively curved

manifold. Then

htoppgq � sup
µPMpgq

hµpgq.

It turns out that the topological pressure of Hölder potential have a nice character-

ization in terms of some critical exponent. More importantly, with Hölder regularity

there exists at most one equilibrium state. Before making precise those results we

start with some notation. Given two points x, y P �M , we denote by rx, ys to the ori-

ented geodesic segment starting at x and ending at y. For a function G : T 1�M Ñ R,

we use the notation
³y
x
G to represent the integral of G over the vectors tangent to

the path rx, ys (in direction from x to y). Given a function F : T 1M Ñ R, we denote

by rF : T 1�M Ñ R to the function rF � F � p, where p is the canonical projection

p : T 1�M Ñ T 1M . The following definition was first introduced in [PPS] (a similar

definition was used earlier in [Cou]).

Definition 2.3.10. Let F : T 1M Ñ R, be a continuous function and rF its lift to

T 1�M . Define the Poincaré series associated to pΓ, F q based at z P �M as

P ps, F q �
¸
γPΓ

exp

�» γz

z

p rF � sq



.

The critical exponent of pΓ, F q is

δFΓ � infts | P ps, F q is finiteu.

We say that the pair pΓ, F q is of convergence type if P pδFΓ , F q   8, in other words

the Poincaré series converges at its critical exponent. Otherwise we say pΓ, F q is of

divergence type.

We use the notation δΓ when refering to the critical exponent of pΓ, 0q, where 0

is the zero function. If F is a Hölder potential, then the critical exponent does not
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depend on the base point z. We also remark that if F is bounded, then δFΓ is finite.

A general procedure due to S. Patterson [Pat] and D. Sullivan [Sul] associates to

Γ a family of conformal measures on B8�M of exponent δΓ, the so called Patterson-

Sullivan conformal measures of Γ. Using this family of confomal measures one can

canonically construct a pgtq-invariant measure, we refer to this measure as the Bowen-

Margulis measure (for its precise construction we refer the reader to [OP]). Similar

to the construction of the Patterson-Sullivan conformal measures, we can associate

to the pair pΓ, F q a family of conformal measures. We briefly recall this procedure

(which generalizes the Patterson-Sullivan construction to include Hölder potentials).

A Patterson density of dimension δ for pΓ, F q is a family of finite Borel measures

pσxqxP�M on B8�M , such that, for every γ P Γ, for all x, y P �M and for every ξ P B8�M
we have

γ�σx � σγx and
dσx
dσy

pξq � e�CF�δ,ξpx,yq,

where CF,ξpx, yq is the Gibbs cocycle defined as

CF,ξpx, yq � lim
tÑ8

» ξt

y

rF �

» ξt

x

rF ,
for any geodesic ray t ÞÑ ξt ending at ξ. The limit in the definition of the Gibbs cocycle

always exists because the manifold has negative curvature and the potential is Hölder

continuous. If δFΓ   8, then there exists at least one Patterson density of dimension

δFΓ for pΓ, F q, which support lies in the limit set LpΓq of Γ [PPS, Proposition 3.9].

If pΓ, F q is of divergence type then there is an unique Patterson-Sullivan density of

dimension δFΓ [PPS, Corollary 5.12]. For now on assume that δFΓ   8 and let pσxq

be a Patterson density of dimension δFΓ . Denote by pσιxq the Patterson density of

dimension δFΓ for pΓ, F � ιq, where ι is the flip isometry map v ÞÑ �v on T 1�M . Using

the Hopf parametrisation v ÞÑ pv�, v�, tq with respect to a base point o P �M , the
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measure

dm̃pvq � e
C
F�ι�δF

Γ
,v�

px0,πpvqq�CF�δF
Γ
,v�

px0,πpvqq
dσιopv�qdσopv�qdt,

is independent of o P �M , Γ-invariant and pgtq-invariant. This induces a measure m on

T 1M called the Gibbs measure associated to the Patterson density σx. If pΓ, F q is of

divergence type this construction is unique and we refer to the resulting measure as

the Gibbs measure associated to F . A fundamental property of mF is that, whenever

finite, is the unique equilibrium state for the potential F . For F � 0 this construction

gives us the so-called Bowen-Margulis measure, which we denote by mBM . The

convergence/divergence type of the pair pΓ, 0q has strong ergodic implications for

the geodesic flow with respect to the Bowen-Margulis measure as we can see from the

theorem stated below (see [Yue]).

Theorem 2.3.11. Let Γ be a discrete non-elementary torsion free subgroup of isome-

tries of �M . Then, we have

(a) the group Γ is of divergence type if and only if the geodesic flow pgtq is ergodic

and completely conservative with respect to mBM , and

(b) the group Γ is of convergence type if and only if the geodesic flow pgtq is non-

ergodic and completely dissipative with respect to mBM .

Finally we state one of the main results in [PPS], which is a crucial input in this

work.

Theorem 2.3.12. [PPS, Theorem 2.3] Let F be a bounded Hölder potential. Then

P pF q � δFΓ .

Moreover, if there exists a finite Gibbs measure mF for pΓ, F q, then mF {||mF || is the

unique equilibrium state of F . Otherwise there is not equilibrium measure.
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We remark that this result was obtained by Otal and Peigne in the case F � 0

(see [OP]). The proof of Theorem 2.3.12 follows very closely the proof in [OP]. If

F � 0 this is simply saying that if the Bowen-Margulis measure is finite, then its

normalization mBM{||mBM || is the measure of maximal entropy of the geodesic flow,

otherwise there is not measure of maximal entropy. It worth mentioning that in the

compact case this measure was constructed in two different ways by Bowen [B2],[B3]

and Margulis [Mar] (and so the reason for its name). Later on Bowen [B6] proved the

uniqueness of the measure of maximal entropy, so both constructions must coincide.

Following [PPS] we will now introduce the Gurevich pressure of a potential. It

worth mentioning that the Gurevich pressure is defined in the spirit of the work

of Gurevich and Sarig on countable Markov shifts [G1], [S1]. We start with some

notations. Let Perptq be the set of periodic orbits of the geodesic flow of length less

or equal than t. Each periodic orbit defines an invariant probability measure, this

is just Lebesgue measure on the orbit divided by its length. More precisely to each

periodic orbit τ we associate an invariant probability measure µτ and we refer to

the measures of the form µτ as periodic measures. The set of periodic measures is

denoted by Mppgq. Observe that each periodic measure η has associated the length

of its original closed geodesic, we refer to this number as the length of the periodic

measure and it is denoted by lpηq. Given W � T 1M and real numbers r, s we define

MppW, r, sq � tη PMppgq : lpηq P rs, rs and ηpW q ¡ 0u.

Definition 2.3.13 (Gurevich pressure). Let F be a continuous potential, W an open

relatively compact subset of T 1M intersecting the non-wandering set of the geodesic

flow and c ¡ 0. The Gurevich pressure of F with respect to W and c is defined as

PGurpF,W, cq � lim sup
tÑ8

¸
µPMppW,t,t�cq

expplpµq

»
Fdµq.
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It is proven in [PPS] that the Gurevich pressure is independent of W and c, in

particular we can write it as

PGurpF q � lim sup
tÑ8

¸
µPMppW,t,t�cq

expplpµq

»
Fdµq.

The connection between the Gurevich pressure and the topological pressure is given

by the following result.

Theorem 2.3.14. [PPS, Theorem 1.1] Let F be a Hölder potential. Then

P pF q � PGurpF q.

We will now briefly discuss under what assumptions a Hölder potential admits an

equilibrium state, in other words, when we can ensure that the Gibbs measure mF

is finite. For the first part of this discussion we will assume that M is geometrically

finite. In this case we have a finite number of non-conjugate maximal parabolic

subgroups. Each maximal parabolic P defines a critical exponent δFP (see Definition

2.3.10). The following result was proved in [DOP] for the case F � 0, and later

extended by Coudene in [Cou] for his definition of critical exponent. For a proof of

the version stated here we refer the reader to [RV, Theorem 2.12].

Theorem 2.3.15. Let M be a geometrically finite manifold and F a Hölder potential.

Assume that pP , F q is of divergence type for a parabolic subgroup P of π1pMq. Then

δFP   δFΓ .

This result will be essential in Section 7, where we define the notion of ‘very

strongly positive recurrent potentials’ motivated by Theorem 2.3.15. The next result

was also initially proved in [DOP] for F � 0, but the proof also extend to include

Hölder potentials [PPS, Corollary 8.6].
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Theorem 2.3.16. Let M be a geometrically finite manifold. Let F be a bounded

Hölder potential. If δFP   δFΓ for every parabolic subgroup P of π1pMq, then the Gibbs

measure of F is finite.

We will now explain the results in [PS], where a characterization for the existence

of equilibrium states is provided. Given rU � �M we define ΓrU as the set of elements in

Γ such that there exists a geodesic starting at rU and finishing at γ rU that only meet

ΓrU at the beginning and at the end of its trajectory. Recall that if F is a potential

in T 1M we denote by rF to its lift to T 1�M and that Ω is the non-wandering set of the

geodesic flow. Let P be the set of closed geodesics and nUppq the number of times a

geodesic p P P crosses U .

Definition 2.3.17. A potential F : T 1M Ñ R is said to be recurrent if there exists

an open relatively compact subset U �M , such that T 1U X Ω � H, and

¸
pPP

nUppq expp

»
p

F � P pF qq � 8.

Definition 2.3.18. We say that the pair pΓ, rF q is positive recurrent with respect torU � �M if the following properties hold.

1. T 1 rU has non-empty intersection with the lift of Ω to the universal cover.

2. F is a recurrent potential.

3. There exists x P �M such that
°
γPΓ

rU
dpx, γxq expp

³γx
x

rF � P pF qq, is finite.

Theorem 2.3.19. [PS, Theorem 2] Let F be a Hölder potential with finite pressure.

Then

1. If F is recurrent and pΓ, rF q is positive recurrent with respect to some open

relatively compact set rU � �M , then mF is finite.
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2. If mF is finite, then F is recurrent and pΓ, rF q is positive recurrent with respect

to any open relatively compact set rU � �M meeting the projection to �M of the

lift of Ω to T 1�M .

In this thesis we will be particularly interested in the following family of potentials.

Definition 2.3.20 (Strongly positive recurrent potentials). Let rU be an open rela-

tively compact subset of �M , such that T 1 rU has non-empty intersection with the lift of

Ω to T 1�M . We define δFΓ p
rUq as the critical exponent of the Poincaré series

P pF, rU, sq � ¸
γPΓ

rU

expp

» γx

x

rF � sq.

Then define

P8pF q � inf
trUnu

lim inf
nÑ8

δFΓ prUnq,
where the infimum runs over collections prUnqn such that rUn � rUn�1, and Ω �

�
n
rUn.

The quantity P8pF q is called the topological pressure at infinity of the potential F .

We say that F is strongly positive recurrent (SPR for short) if P8pF q   P pF q.

In the geometrically finite case it is easy to verify that

P8pF q � sup
P
δFP ,

where the supremum runs over the parabolic subgroups of π1pMq. In particular a

potential F is SPR if and only if supP δ
F
P   P pF q. We will mainly focus on the case

where F vanishes at infinity (see Definition 3.1.1). In this case we will prove many

important properties of the pressure of SPR potentials; this should be compared

with the results of Sarig on SPR potentials for countable Markov shifts (see [S2]).

In some sense potentials such that P8pF q   P pF q behave very similar to those on

compact manifolds. In Section 6 we will prove the main properties of the family of
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SPR potentials. It worth mentioning that a SPR potential is positive recurrent, in

particular by Theorem 2.3.19 it admits a unique equilibrium state.

We finish this section with a remarkable property of the Gibbs measure associated

to F . We use the notation Bp
npv, rq to denote the projection of the dynamical ball

Bnpv, rq in the universal cover of M (for a precise definition see Definition 4.2.1). We

say that Bp
npv, rq is a ppn, rq-dynamical ball. We remark that this modification of

dynamical ball will be very relevant for our definition of the topological entropy at

infinity (see Definition 5.2.1).

Definition 2.3.21 (Gibbs property). Let m be an invariant measure on T 1M . We

say that m verifies the Gibbs property for the potential F : T 1M Ñ R if for every

compact set K � T 1M and r ¡ 0 there exists a constant CK,r ¥ 1 such that for every

v P K and every n ¥ 1 such that gnpvq P K, we have

C�1
K,r ¤

mpBp
npv, rqq

e
³n
0 F pgtpvqq�P pF qdt

¤ CK,r.

This definition resemble the usual Gibbs property in symbolic dynamics, but it is

not identical (the compact subset has some role here) due to the non-compactness of

M . For shifts of finite type, every equilibrium state of a Hölder potential satisfies the

Gibbs property [B7]. For countable Markov shifts Gibbs measures exist only if the

shift space satisfies the BIP property (see [S1]). It is proven in [PPS] that the Gibbs

measures of Hölder potentials satisfy the Gibbs property. This fact will be important

in order to prove our modification of the simplified entropy inequality (Section 4).
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Chapter 3

The spaces M¤1pgq and C0pT
1Mq

In this section we will describe some properties of the space of continuous func-

tions vanishing at infinity and the topological structure of the space of invariant

sub-probability measures M¤1pgq.

3.1 The space C0pT
1Mq

The space of continous functions vanishing at infinity is the most relevant function

space in this thesis. For this class of potentials we will obtain a fairly good understand-

ing of the pressure map (Theorem 7.1.2). We will also prove that Hölder potentials in

this class can develop phase transitions, which is a novel feature in comparison with

what is known in the compact case (see Section 7.4).

Definition 3.1.1. We say that a continuous function F vanishes at infinity if for

every ε ¡ 0, there exists a compact set K such that supxPKc |F pxq|   ε. The space of

continuous functions vanishing at infinity is denoted by C0pT
1Mq.

The following easy lemma is one of the main reasons why C0pT
1Mq is so useful.

We will see in Section 6 that properties of the entropy extend to properties of the

pressure because of this lemma.
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Lemma 3.1.2. Let F P C0pT
1Mq, then the map

µ ÞÑ

»
Fdµ,

is continuous in M¤1pgq.

Proof. Suppose we have a sequence pµnqn �M¤1pgq converging in the vague topology

to µ. Fix ε ¡ 0, and let K � Kpεq be a compact subset of T 1M such that µpBKq � 0,

and supxPKc |F pxq|   ε. Since µpBKq � 0 we know that limnÑ8

³
K
Fdµn �

³
K
Fdµ.

Finally

lim sup
nÑ8

|

»
Fdµ�

»
Fdµn| ¤ lim sup

nÑ8
|

»
K

Fdµ�

»
K

Fdµn| � 2ε ¤ 2ε.

Since ε ¡ 0 was arbitrary we are done.

The following result is well known and will be used very often in this work. For

convenience we state it here.

Lemma 3.1.3. Let F and G in CbpT
1Mq. Then |P pF q � P pGq| ¤ ||F �G||0.

Proof. Observe that

hµpgq �

»
Fdµ ¤ hµpgq �

»
Gdµ� ||F �G||0,

therefore P pF q ¤ P pGq � ||F �G||0. The other inequality is analogous.

The space of Hölder potentials is dense in C0pT
1Mq (in the C0-topology). This

fact follows from the local compactness of T 1M and Stone-Weierstrass theorem. Here

we state a few simple, but useful consequences of this fact.
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Proposition 3.1.4. Let F P C0pT
1Mq. Then the critical exponent of pΓ, F q corre-

sponds to the topological pressure of F . More precisely

δFΓ � sup
µPMpgq

thµpgq �

»
Fdµu.

In particular the critical exponent is independent of the base point used in the defini-

tion of the Poincaré series of pΓ, F q.

Proof. By Theorem 2.3.12 we know that this property holds for bounded Hölder

potentials. Take a sequence pFnqnPN of Hölder potentials converging to F in the C0-

topology. There exists a subsequence pnkqk such that ||Fnk � F ||0 ¤ 1
k
. Observe

that

¸
γPΓ

exp
� » γx

x

�Fnk � ps�
1

k
q
�
¤

¸
γPΓ

exp
� » γx

x

rF � s
�
¤

¸
γPΓ

exp
� » γx

x

�Fnk � ps�
1

k
q
�
.

From this we obtain the inequality

δ
Fnk
Γ �

2

k
¤ δFΓ ¤ δ

Fnk
Γ �

2

k
.

By assumption we had ||Fnk � F ||0 ¤
1
k
, in particular |P pFnkq � P pF q| ¤ 1

k
(Lemma

3.1.3). Using that P pFnkq � δ
Fnk
Γ , we conclude that δFΓ � P pF q.

Definition 3.1.5 (Topological pressure of a subset). Let A � T 1M an invariant

subset of the geodesic flow, we define the topological pressure of F restricted to A as

PApF q � sup
µ
thµpgq �

»
Fdµu,

where the supremum runs over the invariant probability measures satisfying µpAq � 1.

The following result is obtained in the proof of [PPS, Lemma 6.7].
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Theorem 3.1.6 (Aproximation by compact subsets). Let F be a Hölder potential

with finite topological pressure. Then P pF q � supK PKpF q, where the supremum runs

over the compact invariant subsets of the geodesic flow.

Proposition 3.1.7. Let F P C0pT
1Mq. Then the topological pressure of F is approx-

imated by compact subsets.

Proof. Let pFnqn be a sequence of Hölder continuous potentials converging to F in

the C0 topology. Similar to Lemma 3.1.3 we have |PKpF q � PKpFnq| ¤ ||F � Fn||0,

for every invariant subset K. Then

|P pF q � PKpF q| ¤ |P pF q � P pFnq| � |P pFnq � PKpFnq| � |PKpFnq � PKpF q|

¤ 2||F � Fn||0 � |P pFnq � PKpFnq|.

Taking supremum over the invariant compact subsets and sending n to infinity we

obtain that P pF q � supK PKpF q.

In Section 6 we will give a criterion for the existence of equilibrium states for

potentials in C0pT
1Mq satisfying P pF q ¡ δ8, where δ8 is the topological entropy at

infinity of the geodesic flow (see Definition 5.2.1). In this case the theory developed

in [PPS] does not apply, our method has the advantage of being flexible enough to

include continuous potentials. In contrast to Theorem 2.3.12 in C0pT
1Mq we can

not ensure the uniqueness of equilibrium states; this is also the case for continuous

potentials on compact negatively curved manifolds.

3.2 The space M¤1pgq

The results contained in this section are joint work with G. Iommi [IV]. Since the

paper [IV] is still in preparation we will provide proofs of some statements concerning

the geodesic flow. As mentioned in Section 2.1 the space M¤1pgq endowed with the
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vague topology is compact metrizable, in particular sequentially compact. Moreover,

M¤1pgq is convex, i.e. a convex combination of sub-probability invariant measures

is still a sub-probability invariant measure. Recall that a point in a convex set is an

extreme point if it is not the convex combination of at least two different elements in

the convex set. The following lemma characterize the extreme points of M¤1pgq.

Lemma 3.2.1. The extreme points of M¤1pgq are the ergodic probability measures

and the zero measure.

Proof. Observe that any measure µ PM¤1pgq such that µpT 1Xq P p0, 1q is the convex

combination between a probability measure and the zero measure, in particular it can

not be an extreme point. The zero measure is clearly an extreme point. Finally, by

[Wal, Theorem 6.10] we know that the ergodic measures are the extreme points of

Mpgq, but the same argument implies that they are extreme points of M¤1pgq.

Definition 3.2.2 (Poulsen simplex). A metrizable convex Choquet simplex with at

least two points K is a Poulsen simplex if its extreme points are dense in K.

The first example of such a simplex was constructed by Poulsen [Pou] in 1961. It

was later shown by Lindenstrauss, Olsen and Sternfeld [LOS, Theorem 2.3] that the

Poulsen simplex is unique up to affine homemorphism. Note that a Poulsen simplex

is always infinite dimensional. A remarkable feature observed in [LOS, Section 3] is

that,

Proposition 3.2.3. The set of extreme points in the Poulsen simplex is path con-

nected.

We will now prove that M¤1pgq is affine homeomorphic the Poulsen simplex.

Since M¤1pgq is a metrizable convex choquet simplex with at least two points K we

only need to check that its extreme points are dense. We will, in fact, prove that the

periodic measures are dense inM¤1pgq. We will need the following result from [CS].
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Theorem 3.2.4. Let M be a pinched negatively curved manifold. The periodic mea-

sures are dense in Mpgq with respet to the weak-* topology.

The main inputs to obtain this result are the closing lemma and the local product

structure of the geodesic flow (for precise definitions we refer the reader to Section 4.1).

The strategy of the proof is very simple: the closing lemma allows us to approximate

any ergodic measure by a periodic measure, and the local product structure together

with the closing lemma allows us to approximate any average of periodic measures

by a single periodic measure. It is a standard fact that any invariant probability

measure can be approximated by the average of ergodic measures (consequence of

ergodic decomposition), and therefore one obtains the density statement. To obtain

the density of periodic measures in M¤1pgq we will need the following result, but its

proof will be postponed to Section 7 (see Lemma 7.1.3).

Lemma 3.2.5. Let M be a non-compact pinched negatively curved manifold. Then

there exists a sequence of periodic measures that converges vaguely to the zero measure.

The proof we will give to this fact is a direct consequences of our results on the

pressure map of functions in C0pT
1Mq. We will now outline a different proof of

Lemma 3.2.5 (this is not really necessary, but allows us to state a recent result that

is interesting by itself). The following result recently obtained in [KL] and extends

to higher dimensions (and variable curvature) a well known result of Bonahon for

hyperbolic 3-manifolds [Bon].

Theorem 3.2.6 (Characterization of geometrically infinite). Let M be a pinched

negatively curved manifold. Assume that M is not geometrically finite, then there

exists a sequence of closed geodesics that escape from any compact subset of M .

It worth mentioning that in the geometrically finite case closed geodesics can not

escape from every compact set. The sequence of periodic measures associated to the

geodesics provided by Theorem 3.2.6 converges vaguely to the zero measure. To finish
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the proof of Lemma 3.2.5 we can now assume that M is geometrically finite. This

part of the proof can be made rigurous, but we will just sketch the ideas involve

(these ideas were very useful in [IRV]). Pick a maximal parabolic subgroup P of

π1pMq and h a hyperbolic isometry such that P and xhy are in Schottky position (see

Definition 7.4.1). The covering N of M induced by the subgroup P � xhy � π1pMq

is also geometrically finite. Moreover the geodesic flow of N can be coded as a

suspension flow over a countable Markov shift (see [BP]). It is important to observe

that the covering map q : N ÑM is one to one nearby the cusp associated to P . In

the symbolic model it is easy to construct periodic orbits that converge to the zero

measure through the cusp associate to P (their mass concentrate in the cusp). The

image of this closed geodesics will have the same property in M (since q send the

cusp of N into the cusp in M associated to P) and we obtain Lemma 3.2.5.

Theorem 3.2.7 (Topological structure of the space of measures). Let M be a non-

compact pinched negatively curved manifold. ThenM¤1pgq is affine homeomorphic to

the Poulsen simplex and Mpgq is affine homeomorphic to the Poulsen simplex minus

a vertex and all of its convex combinations.

Proof. In light of Theorem 3.2.4 and Lemma 3.2.5 we need to prove that every measure

µ PM¤1pgq such that µpT 1Mq P p0, 1q can be approximated by periodic measures.

Since periodic measures are dense inMpgq it is enough to approximate every measure

of the form λµ, where λ P p0, 1q is a rational number and µ is a periodic measure.

Let λ � p{pp � qq, where p, q P N, and pµnqn be a sequence of periodic measures

converging vaguely to the zero measure. Define

νn �
1

p� q
ppµ� qµnq.

Let d be a metric on M¤1pgq. By Theorem 3.2.4 we know there exists a sequence of

periodic measures pηnqn such that dpνn, ηnq  
1
n
. Since limnÑ8 νn � λµ, we get that
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limnÑ8 ηn � λµ.

Remark 3.2.8. Theorem 3.2.7 describes completely the topology of our spaces of

invariant measures. We emphasize that in the compact case Sigmund proved that

Mpgq is affine homeomorphic to a Poulsen simplex [Sig]. As a consequences of the

results in this section we can conclude that the only topological property of M that is

detected by the topology of Mpgq is its compactness (or lack of compactness). If we

wanted to recover some geometric property of M from the space of invariant measures

one needs to add some extra data to this set.
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Chapter 4

Entropy density and simplified

entropy formula

In this section we will prove that the geodesic flow on a pinched negatively curved

manifold satisfies a mild modification of the simplified entropy inequality and that its

ergodic measures are weak entropy dense. This two properties will be used to prove

the upper semicontinuity of the entropy map.

4.1 Weak entropy density

In this section we will check that the proof of [EKW, Theorem B] extends to the

non-compact case for the geodesic flow on a negatively curved manifold. We will

need the following definitions.

Definition 4.1.1 (Closing lemma). We say that a flow pϕtqtPR on a metric space

pX, dq satisfy the closing lemma if for all x P X, there exists a neighborhood Wx of

x such that the following holds. Given ε ¡ 0, there exists δ and t0 such that for all

y P Wx and t ¥ t0, if dpy, ϕtyq   δ and ϕty P Wx, then there exists y1 and s ¡ 0 such

that |t� s|   ε, ϕsy
1 � y1 and dpϕhy, ϕhy

1q   ε, for h P p0,mintt, suq.
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Define the sets

W ss
ε pxq � ty P X : dpϕtpxq, ϕtpyqq ¤ ε, for all t ¥ 0u,

W su
ε pxq � ty P X : dpϕtpxq, ϕtpyqq ¤ ε, for all t ¤ 0u.

Definition 4.1.2 (Local product structure). We say that the flow pϕtqtPR admits

a local product structure if for all x P X, there exists a neighborhood Vx of x such

that the following holds. Given ε ¡ 0, there exists δ ¡ 0 such that for all y, z P Vx

satisfying dpx, yq   δ, there exists a point w � xy, zy P X and a real number t P p�ε, εq

so that xy, zy P W su
ε pϕtpxqq XW ss

ε pyq.

Remark 4.1.3. It is a well known fact (see for instance [Bal]) that the geodesic flow

on a pinched negatively curved manifold is transitive, satisfies the closing lemma and

admits local product structure. These properties are important for us because of the

following result.

Proposition 4.1.4. Let pX, dq be a metric space where closed balls are compact. Let

pϕtqtPR be a continuous flow which is transitive, admits local product structure and

satisfies the closing lemma. Then for every measure µ PMpX,ϕ1q and ε ¡ 0, there

exists an ergodic measure µe arbitrarily close to µ (in the weak-* topology) such that

hµepϕ1q ¡ hµpϕ1q � ε. We can moreover assume that suppµe is compact.

Proof. As in the proof of the entropy density in the compact case we start with the

following general fact.

Lemma 4.1.5. [EKW, Proposition 6.1] Let pX, dq be a metric space and T a continu-

ous transformation. Given an ergodic measure µ, α ¡ 0, β ¡ 0 and f1, ..., fl P CbpXq,

there exists n0 and γ ¡ 0 such that for all n ¥ n0 there exists a pn, γq separated set

S � X such that

1. |S| ¥ exppnphµpT q � αqq.

39



2. | 1
n

°n�1
k�0 fjpT

kxq �
³
fjdµ|   β, for all x P S and j P t1, ..., lu.

Let K � X be a measurable set satisfying µpKq ¡ 3{4. Then we can moreover assume

that S � K X T�nK. We can choose γ so that it does not depend on K, or n.

We only need to justify the last part of the proposition since points (1) and (2)

are taken without modification from [EKW]. We follow the notation in the proof of

[EKW, Proposition 6.1] and modify the definition of Fn by the formula

Fn � En XK X T�nK X tx P X :
1

n

n�1̧

k�0

χV pT
kxq ¤ 2δu,

where En � tx P X : | 1
n

°n�1
k�0 fjpT

kxq �
³
fjdη|   β, @j P t1, ..., luu. Since µpK X

T�nKq ¡ 1
2
, and the measure of the other two sets involved in the definition of Fn,

by Birkhoff ergodic theorem, tends to 1 as n goes to infinity, we conclude that for n

sufficiently large we have µpFnq ¡
1
2
. With this definition of Fn the rest of the proof

follows without modification the proof of [EKW, Proposition 6.1].

We will use the notation T � ϕ1. We want to prove that given µ PMpX,T q, ε ¡ 0,

η ¡ 0, and f1, ..., fl P CcpXq, there exists an ergodic measure µe P V pf1, ..., fl;µ, εq

such that hµepT q ¡ hµ � η, where

V pf1, ..., fl;µ, εq � tν PMpX,T q : |

»
fidν �

»
fidµ|   ε, @i � t1, ..., luu.

As in the proof of [EKW, Theorem B] we can reduce the problem to the case µ �

1
N

°N
k�1 µk, where tµku

N
k�1 is a collection of ergodic measures. Fix a compact set K

such that µipKq ¡ 3{4, @i P t1, ..., lu. By the uniform continuity of the functions

pfiqi, there exists ε0 ¡ 0 such that if dpx, yq   ε0, then |fipxq � fipyq|  
ε
4
. Using

Lemma 4.1.5 we can find n0 and γ ¡ 0 such that for every n ¥ n0, there exist an

pn, γq-separated set Si � KXT�nK satisfying the conclusions of Lemma 4.1.5 for the

measure µi, β � ε{4 and α � η{2. By the definition of the local product structure and
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the compactness of K, given ε0 ¡ 0 there exists δ0 ¡ 0 such that if x, y P K satisfy

dpx, yq   δ0, then there exists a point xx, yy such that xx, yy P W su
ε0
pϕtpxqq XW ss

ε0
pyq

and |t|   ε0. We will moreover assume that ε0 satisfy γ ¡ ε0{4. By the transitivity of

the flow and the compactness of K, given δ0 ¡ 0 there exists a constant R � Rpδ0q

such that for every x, y P K, there exists z P X such that dpx, zq   δ0, and dpϕpz, yq  

δ0 for some p P r0, Rs. In particular if px, yq P
��N

k�1 Sk
�2

, there exists z � zpx, yq P X

such that dpϕnx, zq   δ0, and dpϕpz, yq   δ0, for some z � zpx, yq P r0, Rs. By

choosing n sufficiently large we can assume Rpδ0q{n is very small to be determined

later. Choose px1, x2, ..., xMNq P p
±N

i�1 Siq
M . As in the proof of [CS, Proposition 3.2],

using the closing lemma and the local product structure, we can construct a periodic

orbit that ε0-shadows the broken orbit

W � On
0 px1q YO

ppx1,x2q
0 zpx1, x2q YOn

0 px2q Y ...YOn
0 pxnq YO

ppxMN ,x1q
0 zpxMN , x1q.

We think of W as a parametrized map which represent the sequence of segments

above. We denote the periodic orbit shadowing W by wpxq � wpx1, ..., xMNq. The

period of w is approximately the domain of W . By the choice of ε0 (in terms of

the sequence pfiqi) and because Rpδ0q{n is sufficiently small, one easily verifies that

the periodic measure µw associated to w belongs to V pf1, ..., fl;µ,
ε
2
q. Define S ��

M¥n0
p
±N

i�1 Siq
M . As before, to each element x P S we associate a periodic orbit

wpxq. Fix some reference point q P K. There exists a constant L � Lpn,Rpδ0qq such

that wpxq � Bpq, Lq, for every x P S. In particular the set

Ψ �
¤
xPS

wpxq,

is relatively compact in X and pϕtq-invariant. This implies that Ψ0 � Ψ is compact
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and pϕtq-invariant. Define

An � tx P X : |
1

nN

» nN

0

fipϕtxqdt�

»
fidµ| ¤ ε, @i P t1, ..., luu.

It is easy to see that because of the choice of ε0, δ0 and the sets pSiq
N
i�1 we have

Ψ0 �
�
n¥1An. Since Ψ0 is pϕtq-invariant we know that x P Ψ0 implies that for every

s P R we have ϕsx P
�
n¥1An. Let ν be an ergodic measure supported in Ψ0 and

x P Ψ0 a point such that

lim
nÑ8

1

n

» n

0

fipϕtxqdt �

»
fidν,

for every i P t1, ..., lu. Note that x P An, for some n, and that ϕnNx P Am, for some

m. In particular we have

|
1

nN

» nN

0

fipϕtxqdt�

»
fidµ| ¤ ε, and |

1

mN

» mN

0

fipϕnN�txqdt�

»
fidµ| ¤ ε.

These inequalities imply that

|
1

pn�mqN

» pn�mqN

0

fipϕtxqdt�

»
fidµ| ¤ ε.

We can generalize this argument to conclude that there exists a sequence pmiqi such

that limtÑ8mi � 8, and

|
1

mi

» mi

0

fipϕtxqdt�

»
fdµ| ¤ ε.

Since by assumption we know that limnÑ8
1
n

³n
0
fipϕtxqdt �

³
fidν, we conclude that

|

»
fidν �

»
fidµ| ¤ ε.
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In particular every ergodic measure supported in Ψ0 belongs to V pf1, ..., fl;µ, εq. Re-

call that γ ¡ ε0{4. By construction if x, y P p
±N

i�1 Siq
M , and x � y, then

dMpn�Npδ0qqpwpxq, wpyqq ¡ ε0{2.

In other words Ψ0 contains a pMpn�Npδ0qq, ε0{2q-separated set of cardinality

exp

�
nM

�
1

n

Ņ

k�1

hµkpϕ1q �
η

2




.

Then

htoppΨ0q ¥ lim sup
MÑ8

nMphµpϕ1q �
η
2
q

Mpn�Npδ0qq
.

By choosing Npδ0q{n sufficiently small we can make the left hand side in the last

inequality strictly bigger than hµpϕ1q � η. Finally, take an ergodic measure µe sup-

ported in Ψ0 with entropy at least hµpϕ1q � η. Since we had already proved that

µe P V pf1, ..., fl;µ, εq, this finishes the proof.

Combining Remark 4.1.3 and Proposition 4.1.4 we obtain the main result of this

section.

Theorem 4.1.6 (Weak entropy density of geodesic flow). Let M be a pinched neg-

atively curved manifold. Then the ergodic measures are weak entropy dense in the

space of invariant probability measures.

As a corollary of Theorem 4.1.6 we obtain a new version of Theorem 3.1.6, where

we can weaken the Hölder assumption, instead we require the potential to be bounded.

Theorem 4.1.7. Let F P CbpT
1Mq, then

P pF q � sup
K
PKpF q,

where the supremum runs over the set of compact invariant subsets.
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Proof. Fix ε ¡ 0 and choose µε PMpgq such that

hµεpgq �

»
Fdµε ¡ P pF q � ε.

Using Proposition 4.1.4 we can approximate µε with an invariant probability measure

of compact support νε such that hνepgq ¡ hµεpgq � ε, and
³
Fdνε ¡

³
Fdµε � ε. This

implies that

hνεpgq �

»
Fdνε ¡ P pF q � 3ε,

where νε is compactly supported. In particular supK PKpF q ¥ hνεpgq �
³
Fdνε. It is

clear that P pF q ¥ supK PKpF q. Therefore

P pF q ¥ sup
K
PKpF q ¥ P pF q � 3ε.

Since ε ¡ 0 was arbitrary we conclude that P pF q � supK PKpF q.

4.2 Simplified entropy inequality for geodesic flows

We will now proceed to prove that the geodesic flow on a pinched negatively curved

manifold satisfies a simplified entropy inequality after a mild modification in the defi-

nition of the dynamical balls. As before p : T 1�M Ñ T 1M is the canonical projection.

Definition 4.2.1. Let y P T 1�M and x � ppyq, we define Bp
npx, rq as the image under

p of the pn, rq-dynamical ball in T 1�M centered at y. We say that Bp
npx, rq is the

ppn, εq-dynamical ball centered at x, where p stands for projection.

We recall that Nµpn, ε, δq is the minimum number of pn, εq-dynamical balls needed

to cover a set of measure strictly bigger than 1 � δ. We define Np
µpn, ε, δq as the

minimum number of ppn, εq-dynamical balls needed to cover a set of measure strictly

bigger than 1 � δ. We also use the notation NppC, n, εq to denote the minimum
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number of ppn, εq-dynamical balls needed to cover the set C � T 1M . To simplify

notation we define X � T 1M . To prove the main result of this subsection we will

need the following lemma, that follows easily from the criterion given in [PS].

Lemma 4.2.2. Let pM, gq be a pinched negatively curved manifold. Then there exists

a Hölder continuous function ϕ : T 1M Ñ R which admits an equilibrium state.

Theorem 4.2.3 (Simplified entropy inequality). Let pM, gq be a pinched negatively

curved manifold. Then for every ergodic measure µ have

hµpgq ¤ lim inf
nÑ8

1

n
logNp

µpn, r, δq,

where δ P p0, 1q and r ¡ 0.

Proof. Fix δ P p0, 1q, r ¡ 0 and r1 P p0, rq. Choose m P N such that 1 � δ ¡ 1
m

. Let

Fn � X be a set satisfying Np
µpn, r, 1 �

1
m
q � NppFn, r, 1 �

1
m
q and µpFnq ¡

1
m

. By

Birkhoff ergodic theorem there exists F 1 � X and N0 ¡ 0 such that µpF 1q ¡ 1 � 1
8m

,

and | 1
n

³n�1

0
ϕpgtxqdt�

³
ϕdµ|   ε, for every x P F 1 and n ¥ N0. From now on we will

assume n ¥ N0. Let K be a compact subset such that µpKq ¡ 1� 1
8m

. We will need

the following fact, which follows directly from the formula

µpA1 Y ...Y Atq �
n�1̧

i�1

p�1qi�1
¸

µpAt1 X ...X Atiq.

Lemma 4.2.4. Let F be a measurable set satisfying µpF q ¡ 1
s
. Then for every h P Z

there exists k P rh, h� 2sq such that µpF X g�kF q ¡
1

22s .

Define Sn � Fn X K X F 1 and observe that by construction µpSnq ¡
1

2m
. Then

there exists kn P p�4m, 0s such that

µpSn X g�pn�1�knqSnq ¡
1

24m
.
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Define An � Sn X g�pn�1�knqSn. In particular we get

Np
µpn, r

1, 1 �
1

24m
q ¤ NppAn, n, r

1q.

Consider a ppn, rq-covering with minimal cardinality of An and denote by R the set

of centers of such dynamical balls. For each x P R, let Ex be a ppn, r1q-separated

set of maximal cardinality in Bp
npx, rq. We can moreover assume that Ex � An. By

definition, the ppn, r1{2q-dynamical balls with centers in Ex are disjoint. Moreover,

since #Ex is maximal, the collection of ppn, r1q-dynamical balls having centers in Ex

is a ppn, r1q-covering of Bp
npx, rq. Define Y �

�4m
l�0 glK. Since K is compact, the

same holds for Y . Let ϕ : T 1M Ñ R be a Hölder continuous function admitting an

equilibrium state. Let m be its (unique) equilibrium state. Therefore

¸
yPEx

mpBp
npy, r

1{2qq � m

� ¤
yPEx

Bp
npy, r

1{2q

�
¤ mpBp

npx, r � r1qq,

and so

#Ex ¤
mpBp

npx, r � r1qq

minyPExmpB
p
npy, r1{2qq

.

Observe that by construction if x P An, then gn�1�knpxq P Sn, which implies gnpxq P Y .

In particular An � Y X g�nY . Recall that m satisfies the Gibbs property, i.e. there

exists a constant C � CpY, r � r1, r1{2q such that

C�1 ¤
mpBp

npy, r0qq

expp
³n�1

0
ϕpgtyqdt� nP pϕqq

¤ C,

for every y P Y X g�nY and r0 P tr � r1, r1{2u. Using the notation above this implies

the bound

#Ex ¤ C2 exp

�» n�1

0

ϕpgtxqdt� min
yPEx

» n�1

0

ϕpgtyqdt



.
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Therefore, by the definition of F 1, we have

#Ex ¤ C 1 expp2nεq.

Observe that

Np
µpn, r

1, 1 �
1

24m
q ¤ NppAn, n, r

1q ¤ C 1 expp2nεq#R � C 1 expp2nεqNppAn, n, rq

¤ C 1 expp2nεqNppFn, n, rq � C 1 expp2nεqNp
µpn, r, 1 �

1

m
q

¤ C 1 expp2nεqNp
µpn, r, δq.

We remark that C 1 is independent of n; it only depends on r, m and K. Then

lim inf
nÑ8

1

n
logNp

µpn, r
1, 1 �

1

24m
q ¤ lim inf

nÑ8

1

n
logNp

µpn, r, δq � 2ε.

Since ε ¡ 0 was arbitrary we get

lim inf
nÑ8

1

n
logNp

µpn, r
1, 1 �

1

24m
q ¤ lim inf

nÑ8

1

n
logNp

µpn, r, δq.

By definition Bp
npx, rq � Bnpx, rq. This implies that Nµpn, s, qq ¤ Np

µpn, s, qq, for

every n P N, s P R and q P p0, 1q. Using Theorem 2.2.3 we get

hµpgq � lim
r1Ñ0

lim inf
nÑ8

1

n
logNµpn, r

1, 1 �
1

24m
q ¤ lim

r1Ñ0
lim inf
nÑ8

1

n
logNp

µpn, r
1, 1 �

1

24m
q.

Combining the inequalities above we obtain

hµpgq ¤ lim inf
nÑ8

1

n
logNp

µpn, r, δq.
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Chapter 5

Semicontinuity of the entropy map

In this section we will prove the upper semicontinuity of the entropy map. More

precisely we will prove that if pµnqn converges in the weak-* topology to µ, then

lim sup
nÑ8

hµnpgq ¤ hµpgq.

In order to do so we will prove a more general inequality that involves the escape

of mass and the topological entropy at infinity of the geodesic flow (Section 5.2).

We will also prove that the topological entropy at infinity coincides with a measure

theoretic counterpart, this is what we call the variational principle for the entropy at

infinity. The results in Section 5.2 will have many consequences to the thermodynamic

formalism of potentials vanishing at infinity, but we will discuss those applications in

Section 7.

5.1 A more general result

In this section we will prove a more general version than the one we need for the

geodesic flow. This has the advantage of emphasizing the key ingredients to obtain

similar results.
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We start with our definition of topological entropy at infinity. Let pX, dq be a non-

compact topological manifold, and T : X Ñ X be an L-Lipschitz homeomorphism,

i.e. a homeomorphism satisfying dpTx, Tyq ¤ Ldpx, yq, for every px, yq P X �X. Let

K be a compact subset of X. Define

Kpnq � K X
n�2£
i�1

T�iKc X T�pn�1qK.

Given a point x P K and r ¡ 0, we define Cpx, n, rq as the number of pn, rq-dynamical

balls needed to cover Bpx, rq XKpnq. We define the topological entropy outside K at

scale r by the formula

δ8pK, rq � lim sup
nÑ8

1

n
log sup

xPK
Cpx, n, rq,

and the topological entropy outside K by δ8pKq � infr¡0 δ8pK, rq.

Definition 5.1.1 (Topological entropy at infinity). The topological entropy at infin-

ity of pX, d, T q is the quantity

δ8 � inf
tKnu

lim inf
nÑ8

δ8pKnq,

where the infimum in front runs over sequences tKnunPN where each Kn is compact,

Kn � Kn�1 and X �
�
n¥1Kn.

Our goal is to prove the following result.

Theorem 5.1.2. Let pX, dq be a non-compact topological manifold and T an L-

Lipschitz homeomorphism with finite topological entropy at infinity. Assume that

pX, d, T q satisfies a simplified entropy inequality and that its ergodic measures are

weak entropy dense. Let pµnqn be a sequence of T -invariant probability measures con-
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verging to µ in the vague topology. Then

lim sup
nÑ8

hµnpT q ¤ |µ|hµ{|µ|pT q � p1 � |µ|qδ8.

If the sequence pµnqn converges to the zero measure the right hand side of the inequality

is understood as δ8.

We start with the following preliminary version of Theorem 5.1.2.

Proposition 5.1.3. Let pX, dq be a non-compact topological manifold and T a L-

Lipschitz homeomorphism with finite topological entropy at infinity. Assume that

pX, d, T q satisfies a simplified entropy inequality. Let pµnqn be a sequence of ergodic

measures converging to µ in the vague topology. Suppose there exists a compact set

K such that µpBKq � 0, and µnpKq ¡ 0, for every n P N. Then

lim sup
nÑ8

hµnpT q ¤ |µ|hµ{|µ|pT q � p1 � µpApKqqqδ8pK, rq,

where ApKq � tx P X : T kx P K, for some k ¥ 0 and some k ¤ 0u.

Proof. Define Y � ApKq as the set of points in X that enter to K under positive and

negative iterates of T . Let Ak be the set of points in K that have their first return to

K at time k. Given x P Y define n2pxq as the smallest non-negative number such that

T n2pxqx P K and n1pxq as the smallest non-negative number such that there exists

y P K satisfying T n1pxqpyq � x. For x P Y define npxq � n1pxq � n2pxq, and declare

npxq � 8 whenever x P Y c. For n P Z¥0 Y t8u define

Cn � tx P X : npxq � nu.

By the ergodicity of µm and the hypothesis µmpKq ¡ 0 we have that µmpC8q � 0.

Moreover, the fact x P Cn means that x is in the orbit of a point in An. Since T
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is Lipschitz and supxPK dpx, Txq is finite, we conclude that
�M
n�0Cn is bounded, and

therefore relatively compact. Define

αN,M �
M¤
n¡N

Cn, and αN �
¤
n¡N

Cn.

It worth mentioning that BαN �
�
kPZ T

�kBK, and that the same holds for αN,M

and C8. This implies that µpBαN,Mq � µpBαNq � µpBC8q � 0. By the definition of

δ8pK, rq we know that given ε ¡ 0, there exists N0 � N0pεq such that the following

holds. For every n ¥ N0 and x P Kpnq � K X
�n�2
s�1 T

�sKcXT�pn�1qK, we have that

Bpx, rq XKpnq can be covered by at most enpδ8pK,rq�εq pn, rq-dynamical balls.

Choose natural numbers k ¥ 2 and N ¥ N0pεq. Define the partition

βk,N � tαkN , αN,kN , Q
1
N , ..., Q

s
N , C8u,

whereQi
N are balls of diameter less than r{LkN�2 covering

�N
n�0Cn (which is relatively

compact) and let β1k,N � tQ1
N , ..., Q

s
Nu. We choose this covering such that µpBQi

Nq � 0

for every i. In particular we know µpBβk,Nq � 0.

Recall that for a partition P we denote Pn to the partition
�n�1

i�0 T
�iP . Let

Q P βnk,N be such that Q � αcN . We say that rr, sq � r0, nq is an excursion of Q into

αN if T tQ � αN for every t P rr, sq, T r�1Q � αcN and T sQ � αcN . Define mk,N,npQq as

the number of excursions of Q into αN that contain at least one excursion into αkN

and let |EN,npQq| � #tk P r0, nq : T kQ � αNu.

Remark 5.1.4.

1. Observe that if x P Cn, then Tx P Cn, or Tx P K. In other words if x P Kc,

then npTxq ¤ npxq.

2. Let rr, sq be an excursion of Q into αN . Suppose there exists x P T r�1Q XKc,

then by (1) we have npxq ¥ npTxq ¡ N . In particular x P αN , which contradicts
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that T r�1Q � αcN . We conclude that T r�1Q � K.

3. If x P Q and Q � αcN , then T tx P K, for some 0 ¤ t ¤ N . If x P
�N
n�0Cn, then

by definition n2pxq ¤ N and the conclusion follows.

We claim that an atom Q P βnk,N such that Q � KXT�pn�1qK, can be covered with

an appropriate number of pn, rq-dynamical balls. This estimate is very important in

order to prove Proposition 5.1.3.

Proposition 5.1.5. Let βk,N as above. Then an atom Q P βnk,N such that Q �

K X T�pn�1qK can be covered by no more than

C0e
|EN,npQq|pδ8pK,rq�εqemk,N,npQqNpδ8pK,rq�εq,

pn, rq-dynamical balls, where C0 � C0pm, q,N, kq.

To simplify notation we will forget the subindex N and k. We remark that since

C8 satisfies TC8 � C8, the assumption T n�1Q � K rules out the possibility that Q

entered to C8 before the pn � 1qth iterate. The proof is inductive. First decompose

r0, n� 1s as

r0, n� 1s � W1 Y V1 Y ...Y Vs YWs�1,

according to the excursions into αN that contain at least one excursion into αkN . It

worth mentioning that by Remark 5.1.4 each excursion into αN can contain at most

one excursion into αkN . More precisely, let Vi � rni, ni � hiq and Wi � rli, li � Liq

with li � Li � ni and ni � hi � li�1. The segment Vi denotes an excursion into αN

that contains an excursion into αkN and pWiqi are the complementary intervals.

Step 0: Cover
�N
n�0Cn by balls of diameter r{LkN�2. We do this covering such

that the boundary of each ball has zero measure under µ. We denote the number of

balls required for this covering as C0 � C0pK, r,N, kq.
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Step 1: Assume we have covered Q by

C0C
i�1
1 epδ8pK,rq�εqp|V1|�...�|Vi�1|qepi�1qNpδ8pK,rq�εq,

pli � 1, rq-dynamical balls. We claim the same number of balls suffices to cover Q

with pli � Li, rq-dynamical balls. Observe that by hypothesis T liQ � αcN , therefore

diam T liQ ¤ r{LkN�2. Since the balls used to cover β1 have all diameter smaller than

r{LkN�2 the same hold if Q spends some extra time in β1. If Q have an excursion into

αN that does not enter to αkN , then by definition it must come back to β1 before kN

iterates (see Remark 5.1.4 (3)). In particular if the excursion into αN is rpi, pi � qiq,

then qi ¤ kN . Observe that diam T pi�1Q ¤ r{LkN�2 implies that diam T pi�tQ ¤ r

for every t P r0, kNq. In particular the same holds for t P r0, qis. Now we have entered

to β1 again and we can repeat this process until we find an excursion into αkN , in

that case we proceed to Step 2.

Step 2: Assume we have covered Q by

C0e
pδ8pK,rq�εqp|V1|�...�|Vi�1|qepi�1qNpδ8pK,rq�εq,

pni, rq-dynamical balls. To get a covering with pni�hi� 1, rq-dynamical balls we will

cover each pni, rq-dynamical ball in the given covering by pni � hi � 1, rq-dynamical

balls. Let x P Q be the center of one of the pni, rq-dynamical balls (if the center of

the ball is not in Q one takes a point in the ball that do belong to Q and change

r by 2r in our next argument, for simplicity we assume that x P Q is the center of

the dynamical ball). By definition T tx P αN for t P rni, ni � hiq, T
ni�1x P αcN and

T ni�hix P αcN . Let spxq ¥ 0 be the smallest number such that T ni�hi�spxqpxq P K.

Notice that by Remark 5.1.4(2) we have T ni�1pxq P K, and by Remark 5.1.4(3) we
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know that spxq ¤ N . Since T ni�1Bnipx, rq � BpT ni�1x, rq, we can just focus on

covering B � BpT ni�1x, rqXKphi�spxq�1q with phi�1, rq dynamical balls. By the

definition of δ8pK, rq we know that B can be covered with at most epδ8pK,rq�εqphi�spxqq

phi � spxq � 1, rq-dynamical balls. We conclude that B can be covered by at most

epδ8pK,rq�εqphi�Nq phi�1, rq-dynamical balls. This proves that the number of pni�hi�

1, rq-dynamical balls needed to cover Q is at most the number of balls we had at the

beginning of Step 2 times epδ8pK,rq�εqhiepδ8pK,rq�εqN .

We conclude that Q can be covered with at most

C0e
|EN,npQq|pδ8pK,rq�εqemk,N,npQqNpδ8pK,rq�εq,

pn, rq-dynamical balls, where C0 � C0pm, q,N, kq. We remark that C0 is a constant

independent of n. We also remark that the term |EN,npQq| is a very rough bound, we

can actually use the time spent in excursions into αN containing excursions into αkN .

Proposition 5.1.6. Let βk,N the partition defined in Proposition 5.1.5. Let µ be an

ergodic invariant probability measure satisfying µpKq ¡ 0. Then

hµpT q ¤ hµpT, βk,Nq � µpαNqpδ8pK, rq � εq �
1

k
pδ8pK, rq � εq.

Proof. Recall that by Definition 2.2.4 we know that for every ergodic measures µ we

have

hµpT q ¤ lim
nÑ8

1

n
logNµpn, r, δq.

Using the ergodicity of µ and the assumption µpKq ¡ 0 we can find an increasing

sequence pniqi such that

µpK X T�niKq ¡ δ1,

for every i P N, where δ1 is sufficiently small but positive (and independent of ni).
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By Shannon-McMillan-Breiman theorem the set

Aε1,N � tx P X : @n ¥ N,µpβnpxqq ¥ expp�nphµpT, βq � ε1qqu,

has measure converging to 1 as N goes to 8, for every ε1 ¡ 0. Fix ε1 ¡ 0 small. By

Birkhoff ergodic theorem there exists a set Wε1 such that

1

n

ņ

i�0

1αN pT
nxq   µpαNq � ε1, and µpWε1q ¡ 1 �

δ1

4
,

for all x P Wε1 and n ¥ npε1q. We finally define

Xi � Wε1 X Aε1,ni XK X T�niK.

By construction, for i sufficiently large, we have µpXiq ¡
δ1
2

. From now on we will

always assume i is sufficiently large. Our goal is to cover Xi by pni, rq-dynamical

balls. By definition of Aε1,ni we know Xi can be covered with exppniphµpT, βq � ε1qq

many elements of βni . We will use Proposition 5.1.5 to cover efficiently each of those

atoms by dynamical balls. Let Q P βni be an atom intersecting Xi, in particular

Q P K X T�pn�1qK. By the choice of Wε1 we have

|EN,nipQq|   pµpαNq � ε1qni.

We claim that mk,N,nipQq ¤
1
Nk
ni. This follows from Remark 5.1.4. Let rp, p � qq

be is an excursion of Q into αN that contain an excursion into αkN . There exists a

smallest h ¥ 0 such that T p�q�hQ � K. By definition of αkN we have q�h�1 ¥ kN .

Moreover T kQ � αcN for every k P rp� q � 1, p� q � hs. In particular each excursion

into αkN generates an interval of length at least kN where no other excursion into αN

can occur. Putting all together, we get that Npni, r, 1 �
δ1
2
q is bounded from above
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by

eniphµpT,βq�ε1qC0e
nipδ8pK,rq�εqpµpαN q�ε1qe

1
kN

niNpδ8pK,rq�εq.

Finally we obtained

hµpT q ¤hµpT, βk,Nq � ε1 � pδ8pK, rq � εqpµpαNq � ε1q �
1

k
pδ8pK, rq � εq.

Since ε1 ¡ 0 was arbitrary we are done.

We now explain how to get Proposition 5.1.3 from Proposition 5.1.6. First assume

µpXq ¡ 0, and fix ε0 ¡ 0. We remark that by construction µpBβk,Nq � 0. To simplify

notation we use β instead of βk,N to denote our partition. Choose m sufficiently large

such that

h µ
|µ|
pT q � ε0 ¡

1

m
H µ

}µ}
pβmq, 2

e�1

m
 
ε0

2
,

and �p1{mq log µpXq   ε0. Then

|µ|h µ
|µ|
pT q � 2ε0 ¡

1

m

¸
PPβm

µpP q log µpP q.

Define A �
�m�1
i�0 T�iαkN and observe that by the definition of the vague conver-

gence

lim
nÑ8

¸
QPβmztAu

µnpQq log µnpQq �
¸

QPβmztAu

µpQq log µpQq.

Choosing n sufficiently large we get the inequality

|µ|h µ
|µ|
pT q � 3ε0 ¥

1

m
Hµnpβ

mq.

56



Finally using Proposition 5.1.6 we get

µpXqh µ
}µ}
pT q � 3ε ¡

1

m
Hµnpβ

mq ¥ hµnpT, βq

¥hµnpT q � pδ8pK, rq � εqµnpαNq �
1

k
pδ8pK, rq � εq.

Observe that
�N
n�0Cn is relatively compact and that µnpαNq � 1�µnp

�N
n�0Cnq. We

remark that by construction µpBαNq � 0. Therefore

lim sup
nÑ8

hµnpT q ¤µpXqh µ
}µ}
pT q � pδ8pK, rq � εqp1 � µp

N¤
n�0

Cnqq

�
1

k
pδ8pK, rq � εq.

Observe that by construction we can send ε to zero as N goes to infinity. Finally take

k Ñ 8 and N Ñ 8. We obtained the desired inequality

lim sup
nÑ8

hµnpT q ¤ |µ|hµ{|µ| � p1 � µpApKqqqδ8pK, rq.

The case when µpXq � 0 follows directly from Proposition 5.1.6 since hµnpg, βq Ñ

0 and µnpαNq � 1 � µnp
�N
s�1Csq Ñ 1 as n tends to 8.

We have finally all the ingredients to prove Theorem 5.1.2.

Proof of Theorem 5.1.2. We will prove that

lim sup
nÑ8

hµnpT q ¤ |µ|hµ{|µ| � p1 � µpApKqqqδ8pK, rq, (5.1)

for every sufficiently large compact set K and r ¡ 0. Let µ0 be a T -invariant measure

that gives positive measure to K (which exists because K is sufficiently large) and

define µ1n � p1 � 1
n
qµn �

1
n
µ0. By hypothesis, the space of ergodic measures is weak

entropy dense (see Definition 4.1.6), therefore we can find an ergodic measure νn
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arbitrarily close to µ1n (in the weak-* topology) such that hνnpT q ¡ hµ1npT q �
1
n
. In

particular we can assume νnpKq ¡ 0 and that pνnqn converges to µ in the weak-*

topology. We can now use Proposition 5.1.3 to the sequence pνnqn and get

lim sup
nÑ8

hνnpT q ¤ |µ|hµ{|µ| � p1 � µpApKqqqδ8pK, rq.

By construction we have

hνnpT q ¡ hµ1npT q �
1

n
�
�
1 �

1

n

�
hµnpT q �

1

n
hµ0pT q �

1

n
,

and therefore

lim sup
nÑ8

hνnpT q ¥ lim sup
nÑ8

hµnpT q,

which implies the inequality (5.1). Take an increasing sequence pKiqi of compact sets

such that limiÑ8 δ8pKiq � δ8. Now observe thatApKiq � ApKi�1q and
�
i¥1ApKiq �

X. This implies that limiÑ8 µpApKiqq � µpXq, and therefore inequality (5.1) finishes

the proof.

5.2 Upper semicontinuity for the geodesic flow

As explained in Section 4.2 the geodesic flow satisfies a mild modification of the

simplified entropy inequality. This fact does not affect the proof of Theorem 5.1.2,

but modifies the definition of the topological entropy at infinity (instead of using

pn, εq-dynamical balls we use ppn, εq-dynamical balls). In this case the topological

entropy at infinity (using ppn, εq-dynamical balls) takes a much more concrete form

in terms of the action of the fundamental group on �M . Let Q � �M be a compact

subset, and let Γ � π1pMq. Given n P N we define

ΓQpnq � tγ P Γ : Dx P T 1Q such that gkpxq P T
1Qc, for k P r1, n�2s and gn�1pxq P T

1γQu.
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Then define

δ8pQq � lim sup
nÑ8

1

n
log #ΓQpnq.

Let P be a Dirichlet fundamental domain of M in �M .

Definition 5.2.1 (Topological entropy at infinity). The topological entropy at infin-

ity of M is the quantity

δ8 � inf
pPkq

lim inf
kÑ8

δ8pPkq,

where the infimum runs over compact exhaustions of P , in other words, increasing

sequences pPkqk¥1 such that each Pk is compact and
�
n¥1 Pk � P .

Remark 5.2.2. Shortly after the paper [V2] was finished, B. Schapira told me that

in a joint work with S. Tapie [ST] they also defined the topological entropy at infinity.

The critical gap δ8   htoppgq, has important consequence in the study of the regularity

of the topological entropy under C1 perturbations of the metric [ST].

It is not hard to verify that the topological entropy at infinity computed with

ppn, εq-dynamical balls coincides with the one in Definition 5.2.1. As mentioned above,

the proof of Theorem 5.1.2 implies one of the main results of this thesis.

Theorem 5.2.3. Let pM, gq be a pinched negatively curved manifold. Let pµnqn be

a sequence of invariant probability measures converging to µ in the vague topology.

Then

lim sup
nÑ8

hµnpgq ¤ |µ|hµ{|µ|pgq � p1 � |µ|qδ8.

If the sequence converges vaguely to zero, then the right hand side is understood as

δ8.

It worth mentioning that if M is geometrically finite, then

δ8 � max
P

δP ,
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where the maximum runs over the parabolic subgroups of π1pMq. In particular we

recover one of the main results of [RV].

Remark 5.2.4. We will prove in Section 5.3 that the quantity δ8 is sharp. It is

not clear to the authors that the topological entropy at infinity computed with the

ppn, εq-dynamical balls coincides with the one using pn, εq-dynamical balls (although in

geometrically finite manifolds they seem to coincide). For some reason, in this theory,

the role of the ppn, εq-dynamical balls is more significant than the usual dynamical

balls.

Definition 5.2.5 (Strongly positive recurrent manifolds). We say a pinched neg-

atively curved manifold M is strongly positive recurrent (SPR for short) if δ8  

htoppgq.

Among the consequences of Theorem 5.2.3 we will get that SPR manifolds have a

measure of maximal entropy (Theorem 6.1.1). This definition should also be compared

with Definition 2.3.20, where an analogous critical gap condition was required. Theo-

rem 5.2.3 implies that the entropy map, µ ÞÑ hµpgq, and the map µ ÞÑ hµpgq�
³
Fdµ,

are upper semicontinuous .

Theorem 5.2.6 (Upper semicontinuity of the entropy map). Let pM, gq be a pinched

negatively curved manifold. Let pµnqn be a sequence of invariant probability measures

converging to µ in the weak-* topology. Then

lim sup
nÑ8

hµnpgq ¤ hµpgq.

Theorem 5.2.7. Let pM, gq be a pinched negatively curved manifold. Let pµnqn be a

sequence of invariant probability measures converging to µ in the weak-* topology and

F P CbpT
1Mq. Then

lim sup
nÑ8

�
hµnpgq �

»
Fdµn

�
¤
�
hµpgq �

»
Fdµ

�
.
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Remark 5.2.8. After the work of Yomdin [Yom] and Newhouse [New] we know that

on a compact manifold the entropy map is upper semicontinuous if the dynamics is

of class C8. Later on, Buzzi [Buz] refined Newhouse’s result and proved that in this

context the dynamical system is asymptotically h-expansive, which it is known to imply

the upper semicontinuity of the entropy map in the compact setting. We remark that

their methods use, in an essential way, the compactness of the manifold.

5.3 Variational principle for the entropy at infinity

In Section 5.2 we introduced the topological entropy at infinity of the geodesic flow.

We will now define a measure theoretic counterpart and prove that this two a priori

different notions of entropy at infinity coincide.

Definition 5.3.1 (Measure theoretic entropy at infinity). The measure theoretic

entropy at infinity of the geodesic flow is defined as

h8 � sup
pµnq

lim sup
µnÑ0

hµnpgq,

where the supremum runs over sequences of invariant probability measures converging

vaguely to the zero measure.

This invariant was defined in [IRV] and proved to be equal to the topological

entropy at infinity for the geodesic flow on extended Schottky manifolds via symbolic

methods. This result was later extended to cover all geometrically finite manifolds

in [RV]. In this thesis we generalize those results to any pinched negatively curved

manifold.

Theorem 5.3.2 (Variational principle for the entropy at infinity). The topological

entropy at infinity is equal to the measure theoretic entropy at infinity. Equivalently,

δ8 � h8.
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To prove the variational principle we will need the following lemma.

Lemma 5.3.3. Let ϕ be a Hölder potential in C0pT
1Mq. Then

P pϕq ¥ δ8.

Proof. Let N be a Dirichlet fundamental domain of M in �M . Given ε ¡ 0, there

exists a compact subset K � Kpεq of M such that ϕpxq P r�ε, εs, for every x P T 1Kc.

Let Q � Qpεq be the subset of N corresponding to K and M � supxPT 1M |ϕpxq|.

Choose a reference point z P T 1Q. Then

¸
γPΓ

expp

» γz

z

rϕ� sq ¥
¸
n¥1

¸
γPΓQpnq

expp

» γz

z

rϕ� sq

¥ e�2M
¸
n¥1

¸
γPΓQpnq

e�εpn�3q expp�sdpz, γzqq.

Let C � CpQq be the diameter of Q. By the definition of ΓQpnq we have that

dpz, γzq   n� 2C, for every γ P ΓQpnq. This implies that

¸
γPΓ

expp

» γz

z

rϕ� sq ¥ e�2M
¸
n¥1

¸
γPΓQpnq

e�εpn�3q expp�sdpz, γzqq

¥ e�2Me�2sCe3ε
¸
n¥1

#ΓQpnq expp�nps� εqq.

By definition if δ8pQq there exists an increasing sequence pniqiPN such that #ΓQpniq ¥

exppnipδ8pQq � εqq. In particular we get

¸
γPΓ

expp

» γz

z

rϕ� sq ¥ e�2Me�2sCe3ε
¸
i¥1

exppnip�s� δ8pQq � 2εqq.

Observe that if s   δ8pQq � 2ε, then the right hand side diverges, so does the left
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hand side. In particular we obtain that

P pϕq ¥ δ8pQq � 2ε.

Taking an increasing sequence pQkqk such that δ8pQkq converges to δ8 (and such that

Qk contains Q) we obtain P pϕq ¥ δ8 � ε, but ε was arbitrary.

Proof of Theorem 5.3.2. If follows from Theorem 5.2.3 that if a sequence pµnqn con-

verges vaguely to the zero measure, then

lim sup
nÑ8

hµnpg1q ¤ δ8.

This implies that h8 ¤ δ8. To prove the converse inequality we start with a strictly

positive Hölder continuous function ϕ P C0pT
1Mq. By definition of the topological

pressure we can find a sequence of invariant probability measures pµnqn such that

P p�nϕq �
1

n
¤ hµnpgq � n

»
ϕdµn. (5.2)

Using Lemma 5.3.3 we get

n

»
ϕdµn ¤ htoppgq �

1

n
� δ8. (5.3)

Let K be a compact set in T 1M and set m � minxPK |ϕpxq|. Therefore using (5.3)

we get

µnpKq ¤
C

nm
,

for some constant C. This immediately implies that pµnqn converges vaguely to zero.
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Finally observe that inequality (5.2) and Lemma 5.3.3 implies that

δ8 ¤ hµnpgq �
1

n
,

and therefore

δ8 ¤ lim sup
nÑ8

hµnpgq.

We conclude that h8 ¥ δ8, which finishes the proof of the equality h8 � δ8.
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Chapter 6

Applications of the semicontinuity

In this section we will obtain some applications of the main results from Section 5.2

to the existence of equilibrium states and maximizing measures. We will also prove

that the Gibbs measures are dense in M¤1pgq, generalizing a result from [Bel].

6.1 Existence of equilibrium states

We start with a criterion for the existence of measures of maximal entropy. This

result was also obtained in [ST] by different methods.

Theorem 6.1.1 (Criterion for existence of measure of maximal entropy). Let pM, gq

be a pinched negatively curved manifold. Assume that M is SPR, i.e. δ8   htoppgq.

Then the geodesic flow on M admits a measure of maximal entropy.

Proof. Let pµnqn be a sequence of invariant probability measures such that

hµnpgq ¡ htoppgq �
1

n
.

We will assume that pµnqn converges in the vague topology (otherwise take a sub-

sequence). Let µ be the vague limit of the sequence. By Theorem 5.2.3 we have
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that

htoppgq � lim sup
nÑ8

hµnpgq ¤ |µ|hµ{|µ|pgq � p1 � |µ|qδ8

¤ |µ|htoppgq � p1 � |µ|qδ8.

Assume for a second that µ is not a probability measure, then we get

|µ|htoppgq � p1 � |µ|qδ8   htoppgq,

which leads to a contradiction. We conclude that µ is a probability measure. By

Theorem 5.2.6 we obtain that

htoppgq � lim sup
nÑ8

hµnpgq ¤ hµpgq,

which proves the statement.

We remark that by [OP] the measure of maximal entropy is unique (see Theorem

2.3.12). The same argument used in the proof of Theorem 6.1.1 gives us a slightly

more general result.

Theorem 6.1.2. Let pM, gq be a pinched negatively curved manifold. Let pµnqn be a

sequence of invariant probability measures such that

lim
nÑ8

hµnpgq � htoppgq.

Then the following statements hold.

1. Suppose that M is SPR. Then pµnqnPN converges to the measure of maximal

entropy.

2. Suppose that the geodesic flow on M does not admit a measure of maximal
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entropy. Then pµnqnPN converges vaguely to zero. In this case we have δ8 �

htoppgq.

3. Suppose that the geodesic flow on M admits a measure of maximal entropy.

Then the accumulation points of pµnqnPN lies in the set ttµmax : t P r0, 1su,

where µmax is the measure of maximal entropy.

It worth mentioning that an analogous result to Theorem 6.1.2 holds in the context

of countable Markov shifts [GS]. We will now state similar results to Theorem 6.1.1

and Theorem 6.1.2 in connection to the pressure of continuous potentials. We start

with a definition.

Definition 6.1.3. We say that a function F is negative at infinity if there exists a

compact set K � T 1M such that F is negative in the complement of K. The set of

continuous functions negative at infinity is denoted by C 0pT
1Mq.

It is easy to check that if F P C 0pT
1Mq, then the map

µ ÞÑ

»
Fdµ,

is upper semicontinuous in the vague topology (the proof is basically the same as

the one of Lemma 3.1.2). Our next result is the basic tool to obtain the existence of

equilibrium states.

Theorem 6.1.4. Let pM, gq be a pinched negatively curved manifold. Suppose we

have a sequence pµnqn of invariant probability measures converging to µ in the vague

topology and a potential F in C0pT
1Mq or C 0pT

1Mq. Then

lim sup
nÑ

�
hµnpgq �

»
Fdµn

�
¤ |µ|

�
hµ{|µ|pgq �

»
Fdµ{|µ|

�
� p1 � |µ|qδ8.

Proof. This result follows directly fom Theorem 5.2.3 and the upper semicontinuity

of the map µ ÞÑ
³
Fdµ, if F belongs to C0pT

1Mq, or C 0pT
1Mq.
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Using Theorem 6.1.4 and the strategy of the proof of Theorem 6.1.1 we obtain

the following two results.

Theorem 6.1.5 (Criterion for the existence of equilibrium states). Let pM, gq be a

pinched negatively curved manifold. Suppose that F is a potential in C0pT
1Mq or

C 0pT
1Mq, such that P pF q ¡ δ8. Then F admits at least one equilibrium state.

Remark 6.1.6. We would like to emphasize that even though Theorem 6.1.5 gives

a criterion for the existence of equilibrium states for potentials that are negative at

infinity, the critical gap condition δ8   P pF q is not optimal. In the geometrically

finite case we know that the inequality

P8pF q � max
P

δFP   P pF q,

implies the existence of an equilibrium state (Theorem 2.3.16). If F is negative at

infinity then maxP δ
F
P ¤ δ8 (with strict inequality if, for instance, F tends to a

negative constant at infinity). For this reason we will mainly focus on potentials that

vanish at infinity, where our bound is sharp. In Section 9 we will explain what we

expect to be true, but we have not been able to prove so far. This would provide a

sharp statement for arbitrary bounded potentials.

The following lemma shows that SPR potentials in C0pT
1Mq are exactly those

satisfying the critical gap P pF q ¡ δ8.

Lemma 6.1.7. Let F P C0pT
1Mq. Then P8pF q � δ8.

Proof. Since F vanishes at infinity we know that for each ε ¡ 0, there exists a

compact subset K � Kpεq � M such that supxPT 1Kc |F pxq|   ε. Let rU � �M be an

open relatively compact subset of �M , such that T 1 rU has non-empty intersection with

the lift of Ω to T 1�M . Assume that K � pprUq. It follows from the definition of the

Poincaré series P pF, rU, sq (see Definition 2.3.20) and our choice of rU that P pF, rU, sq
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can be bounded below by
°
γPΓ

rU
expp�ps�εqdpx, γxqq, and above by

°
γPΓ

rU
expp�ps�

εqdpx, γxqq (up to multiplicative constants). From this we can conclude that |δFΓ p
rUq�

δ8|   2ε. Since this computation works for every rU as in Definition 2.3.20 which also

satisfies K � pprUq, we obtain that |P8pF q � δ8|   2ε. Since ε ¡ 0 was arbitrary we

obtain that P8pF q � δ8.

In particular Theorem 6.1.5 proves that any SPR potential in C0pT
1Mq admits

an equilibrium state.

Theorem 6.1.8. Let pM, gq be a pinched negatively curved manifold anf F P C0pT
1Mq.

Let pµnqn be a sequence of invariant probability measures such that

lim
nÑ8

�
hµnpgq �

»
Fdµn

�
� P pF q.

Then the following statements hold.

1. If F is SPR, then pµnqn converges to an equilibrium state of F .

2. Suppose that F does not admit any equilibrium state. Then pµnqn converges

vaguely to zero. In this case we have P pF q � δ8.

3. Suppose that F does admit an equilibrium state. Then the accumulation points

of pµnqnPN lies in the set

ttµ : t P r0, 1s and µ is an equilibrium state of F u.

We emphasize that we require no higher regularity (on F ) than continuity. In par-

ticular the theory developed in [PPS] does not apply. A big difference with respect

to more regular potentials is the lack of uniqueness of equilibrium states for contin-

uous potentials. It is proven in [IV] that one can slightly C0-perturb any potential
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F P CbpT
1Mq into a potential with uncountably many equilibrium states. A crucial

ingredient for that result is Theorem 5.2.6, which allows us to identify subderivatives

of the pressure at F to its equilibrium states. We finish this section with the following

result (that will be important in Section 7 and 8).

Theorem 6.1.9 (First derivative of the pressure). Let M be a pinched negatively

curved manifold and F P C0pT
1Mq a SPR Hölder potential. For every G P CbpT

1Mq

the following holds

d

dt |t�0
P pF � tGq �

»
GdµF ,

where µF is the equilibrium state of F .

Proof. Let µ0 be the equilibrium state of F and for every t � 0 we choose an invariant

probability measure µt such that

hµtpgq �

»
pF � tGqdµt ¥ P pF � tGq � t2.

Observe that

P pF � tGq � P pF q ¤
�
hµtpgq �

»
pF � tGqdµt � t2

�
�
�
hµtpgq �

»
Fdµt

�
� t

»
Gdµt � t2.

Similarly

P pF � tGq � P pF q ¥
�
hµ0pgq �

»
pF � tGqdµ0

�
�
�
hµ0pgq �

»
Fdµ0

�
� t

»
Gdµ0.

In particular for t ¡ 0 we get

»
Gdµ0 ¤

P pF � tGq � P pF q

t
¤

»
Gdµt � t,
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and the reversed inequality for t   0. We now claim that pµtqt converges in the weak-*

topology to µ0 as t goes to zero. First observe that

P pF � tGq � t2 ¤ hµtpgq �

»
pF � tGqdµt ¤ P pF � tGq,

therefore

lim
tÑ0

hµtpgq �

»
Fdµt � lim

tÑ0
hµtpgq �

»
pF � tGqdµt � lim

tÑ0
P pF � tGq � P pF q.

Since F is Hölder we know that µ0 is the unique equilibrium state of F . We now

use Theorem 6.1.8 to conclude that limtÑ0 µt � µ0. As a consequence we obtain that

limtÑ0

³
Gdµt �

³
Gdµ0. This together with the inequalities above give us that

d

dt |t�0
P pF � tGq �

»
Gdµ0.

Remark 6.1.10. The same proof of Theorem 6.1.9 implies the following more general

fact. Suppose we have a continuous family of potentials pFtqtPp�ε,εq, and F0 is a strongly

positive recurrent Hölder potential in C0pT
1Mq. Moreover assume that d

dt |t�0
Ft is a

bounded continuous function. Then

d

dt |t�0
P pFtq �

» � d
dt |t�0

Ft
�
dµ0,

where µ0 is the unique equilibrium state of F0.

As a corollary of the proof of Theorem 6.1.9 we get the continuity of equilibrium

states in the SPR range.

Theorem 6.1.11 (Continuity of equilibrium states). Suppose we have Hölder poten-

tials F and G in C0pT
1Mq. Moreover assume that F � tG is SPR for t P p�ε, εq, and
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denote by µt to the equilibrium state of F � tG. Then the map t ÞÑ µt, is continuous

in the weak-* topology.

6.2 Maximizing measures as zero temperature lim-

its

The results in this sections are part of an ongoing work with F. Riquelme. In this

section we will prove the existence of maximizing measures as zero temperature limits

(under certain assumptions). We remark that the parameter t in the pressure map

t ÞÑ P ptF q is interpreted as the inverse of the temperature. In particular, a zero

temperature limit is the vague limit of a sequence of equilibrium states for potentials

tnF , while tn goes to infinity. In some sense the maximizing measures that appear as

zero temperature limits are the most natural from the thermodynamic point of view,

and that is one reason why they have been extensively studied (see [JMU], [CGU],

[CH]). In the non-compact case we need to be a bit careful with the escape of mass

phenomenon, but we will see in Theorem 6.2.2 that this is possible to do with a result

like Theorem 5.2.3.

Definition 6.2.1 (Maximizing measure). We say that a measures µ P Mpgq is a

maximal measure for the potential F if

»
Fdµ � sup

νPMpgq

»
Fdν.

We denote by MF � supνPMpgq

³
Fdν, and mF � infνPMpgq

³
Fdν.

Observe that for t ¡ 0 we have that P ptF q ¡ tMF . If MF ¡ 0, then for t

sufficiently large we get P ptF q ¥ tMF ¡ δ8. The potential tF is SPR if F P C0pT
1Mq

and t is large enough. We conclude that for t sufficiently large the potential tF has

an equilibrium state.

72



Theorem 6.2.2 (Existence of maximizing measures as zero temperature limits).

Let F be a Hölder potential in C0pT
1Mq such that MF ¡ 0. Denote by µt to the

equilibrium state of tF if exists. Then the accumulation points of pµtqt as t goes to

infinity are maximizing measures (in particular probability measures).

Proof. It follows from the definition of the topological pressure that for t ¡ 0 we have

tMF ¤ P ptF q ¤ htoppgq � tMF . (6.1)

If t is sufficiently large we will have that P ptF q ¥ tMF ¡ δ8, and by Theorem 6.1.5

we conclude that tF admits an equilibrium state. Let µt be the unique equilibrium

state for tF . Pick an accumulation point µ8 of the sequence pµtqt as t goes to infinity

with respect to the vague topology. By definition there exists a sequence ptnqn such

that pµtnqn converges vaguely to µ8 and n goes to infinity. We claim that µ8 has

positive mass. Indeed, if µ8pT
1Mq � 0, then by the continuity of µ ÞÑ

³
Fdµ (Lemma

3.1.2) we would have that

lim
nÑ8

»
Fdµtn � 0. (6.2)

On the other hand, by Theorem 6.1.9 we know that for t sufficiently large

d

ds

����
s�t

P psF q �

»
Fdµt.

Inequality (6.1) implies that for positive t we have

lim
tÑ8

d

dt s�t
P psF q �MF ¡ 0. (6.3)

This contradicts equation (6.2), we conclude that µ8pT
1Mq ¡ 0. Let ν be the
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normalization of µ8. Using Theorem 5.2.3 we get

lim sup
nÑ8

hµtn pgq ¤ }µ8}hνpgq � p1 � }µ8}qδ8.

In particular, for any ε ¡ 0, and large enough n ¥ 1, we have

hµtn pgq � ε ¤ }µ8}hνpgq � p1 � }µ8}qδ8.

On the other hand, the definition of the topological pressure implies that

hνpgq � tn

»
Fdν ¤ hµtn pgq � tn

»
Fdµtn .

Putting all this together

hµtn pgq � ε ¤ }µ8}

�
hµtn pgq � tn

»
Fdµtn � tn

»
Fdν



� p1 � }µ8}qδ8,

and therefore

1

tn}µ8}
rp1 � }µ8}qphµtnF pgq � δ8q � εs ¤

»
FdµtnF �

»
Fdν.

Taking limit as n goes to infinity

»
Fdν ¤

»
Fdµ8,

but since ν � 1
}µ8}

µ8, we necessarily have µ8pXq � 1. Using (6.3) we get that³
Fdµ8 � limnÑ8

³
Fdµtn � MF . We conclude that µ8 is a maximizing measure for

F .

Remark 6.2.3. In the hypothesis of Theorem 6.2.2 we could have assumed that F

is negative at infinity and the same result would follow. As before, what we really
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need is the upper semicontinuity of the map µ ÞÑ
³
Fdµ, which is known to hold for

potentials in C0pT
1Mq and C 0pT

1Mq.

6.3 Density of Gibbs measures

We will use the results in Section 6.2 to prove the density of Gibbs measures in

M¤1pgq. We remark that this result appeared earlier in [Bel] for geometrically finite

manifolds, and that our strategy is similar, but more straighforward (after all the

work we have done). We know from the proof of Theorem 3.2.7 that the periodic

measures are dense inM¤1pgq, so it is enough to prove that we can approximate any

periodic measures by Gibbs measures. Let τ be a periodic orbit and µτ the periodic

measure associated to τ . Consider a compactly supported Hölder potential Fτ such

that

Fτ pxq �

$'&'%1, if x P τ

  1, otherwise.

Observe that MFτ � 1, and that the only maximizing measure of Fτ is the periodic

measure µτ . Using the results from Section 6.2 we get that the equilibrium states of

the family ptFτ qt converges to µτ as t goes to infinity. Summarizing we obtained

Theorem 6.3.1. Let M be a pinched negatively curved manifold. The space of Gibbs

measures is dense in M¤1pgq.
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Chapter 7

Thermodynamic formalism

In this section we will study the thermodynamic formalism of potentials that vanishes

at infinity. More precisely, we will describe the behaviour (regularity, limits, etc) of

the map t ÞÑ P ptF q.

Definition 7.0.1 (Pressure map). Given a potential F , we refer to the map

t ÞÑ P ptF q,

as the pressure map of F .

We will give a fairly good description of the pressure map for positive potentials

in C0pT
1Mq (Theorem 7.1.2). In the non-compact case the pressure map of Hölder

potentials is not always regular, sometimes the pressure map can develop singularities:

these singularities are usually called phase transitions. Phase transitions usually

detect a significant change in the dynamics of our system (from the point of view

of the potential). We will be interested in finding conditions that guarantee the

existence, and the lack of phase transition (Section 7.4 and Section 7.3 resp.). In

general it is a difficult problem to determine when a potential will (or not) exhibit

phase transitions, for this reason we will restrict our attention to some particular
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class of geometrically finite manifolds. Since for the geodesic flow on non-compact

manifolds we do not know how regular is the pressure map (our best result on the

regularity of the pressure is Theorem 6.1.9), we will use the following definition.

Definition 7.0.2 (Phase transition). We say that a potential F exhibits a phase

transition at t0 if there exists ε ¡ 0 such that P ptF q has an equilibrium state for

t P pt0, t0 � εq, but it has not for t P pt0 � ε, t0q (or vice versa). A potential F exhibits

a phase transition if it exhibits a phase transition for some t0 P R.

We emphasize that the potentials for which we will describe phase transitions are

Hölder continuous. We remark that in the compact case Hölder potentials can not

develop phase transitions. By the work of Bowen [B5] and Ratner [Rat], we know

that the geodesic flow on a compact negatively curved manifold can be modelled as

a suspension flow over a shift of finite type. As a consequence we obtain that the

pressure map of a Hölder potential is real analytic, and that every Hölder potential

has a unique equilibrium state (for a complete discussion we refer the reader to [B5],

[B7] and [Rue]). In the context of symbolic dynamics the study of phase transitions

has a long story. In this situation a phase transition is understood as a time t where

the pressure map has discontinuous first, or some higher derivative. For shifts of

finite type and non-Hölder potentials phase transitions were constructed in [Hof] and

[Lop]. For countable Markov shifts phase transitions have been extensively studied

by Sarig (see [S2], [S3] and [S5]). Based on the work of Sarig, phase transitions

have also been studied for some interval maps (see for instance [PZ], [BI], [IT]). For

suspension flows over countable Markov shifts phase transitions have been studied

in [IJ]. It worth pointing out that for suspension flows over countable Markov shifts

it is possible to construct phase transitions even when the shift map satisfies the

BIP property (see [IJ, Theorem 4.1]). Sarig proved that on a countable Markov

shift satisfying the BIP property, the pressure map of a locally Hölder potential is

real analytic whenever finite (see [S4, Corollary 4]). This is an significant difference
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between the thermodynamic formalism of the suspension flow and the shift map.

The phase transitions constructed in this paper exhibit a similar behaviour to those

from [IJ]. Phase transitions for quadratic-like maps have been extensively studied in

[CR1], [CR2], [CR3] and [CR4]. In this body of work Coronel and Rivera-Letelier

also constructed quadratic-like maps having sensitive dependence of the geometric

potential at zero and positive temperature. Sensitive dependence is an interesting

phenomenon that has not been studied for the geodesic flow.

The following notation will be constantly used in this section: if G is a group, we

denote by G� to Gztidu. We finish this discussion with a definition.

Definition 7.0.3 (Groups in Schottky position). Let F1 and F2 be discrete, torsion

free subgroups of Iso(�M). We say that F1 and F2 are in Schottky position if there

exist disjoint closed subsets UF1 and UF2 of B8�M such that F �
1 pB8�MzUF1q � UF1 and

F �
2 pB8�MzUF2q � UF2.

7.1 Description of the pressure map

In this section we will describe the pressure map t ÞÑ P ptF q, where F is a positive

potential vanishing at infinity. Recall that by Lemma 5.3.3 we know that if G P

C0pT
1Mq, then

P pGq ¥ δ8.

In the proof of our next theorem we will need the following simple lemma.

Lemma 7.1.1. Let F be a continuous positive potential. If pµnq is a sequence of

invariant probability measures such that

lim
nÑ8

»
Fdµn � 0.

Then pµnqn converges vaguely to the zero measure.
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Proof. Let K � X be a compact set. Then

»
Fdµn ¥

»
K

Fdµn

¥ mintF pvq : v P KuµnpKq.

Observe that mintF pvq : v P Ku ¡ 0, because of the positivity of F , so

lim
nÑ8

»
Fdµn � 0 ñ lim

nÑ8
µnpKq � 0,

which is equivalent to say that pµnqn converges vaguely to the zero measure.

Our next result follows closely the strategy of the proofs of [IRV, Theorem 1.3]

and [RV, Theorem 5.7] (also see [IJ]), where the same properties were obtained for

some particular cases of negatively curved manifolds. We are now able to generalize

those results to any pinched negatively curved manifold.

Theorem 7.1.2 (Pressure map for positive potentials in C0pT
1Mq). The pressure

map of a positive Hölder potential F that vanishes at infinity verifies the following

properties.

(1) for every t P R we have that P ptF q ¥ δ8

(2) the function t ÞÑ P ptF q has a horizontal asymptote at �8, that is

lim
tÑ�8

P ptF q � δ8.

Moreover, if tF :� sup tt ¤ 0 : P ptF q � δ8u, then

(3) for every t ¡ tF the potential tF has an equilibrium state, and
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(4) the pressure function t ÞÑ P ptF q is differentiable in ptF ,8q, and it verifies

P ptF q �

$''&''%
δ8 if t   tF

strictly increasing if t ¡ tF ,

(5) If t   tF then the potential tF has not equilibrium measure.

No phase transitions Phase transition at t � tF

t t

P ptF q P ptF q

Figure 1


htoppgq 
htoppgq



δ8



δ8



tF

We emphasize that if P ptF q ¡ δ8, for every t P R, then tF is equal to �8.

Proof. We already proved in Lemma 5.3.3 that P ptF q ¥ δ8 (observe that tF is a

potential vanishing at infinity). This fact gives part (1). In order to prove (2) recall

that the pressure map, t ÞÑ P ptF q, is convex and non-decreasing (since F is positive).

From the lower bound P ptF q ¥ δ8, we obtain that the limit limtÑ�8 P ptF q �: A

exists. It follows from part (1) that A ¥ δ8. By definition of the topological pressure

we know there exists a sequence of invariant probability measures pµnqn such that

lim
nÑ8

�
hµnpgq � n

»
Fdµn

�
� A. (7.1)

Since A is a fixed number we necessarily have that

lim
nÑ8

»
Fdµn � 0.
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By hypothesis F is positive, we can conclude by Lemma 7.1.1 that pµnqn converges

vaguely to the zero measure. In particular lim supnÑ8 hµnpgq ¤ δ8 (Theorem 5.3.2).

Equation (7.1) implies A ¤ lim supnÑ8 hµnpgq, therefore A ¤ δ8. We conclude that

A � δ8, as required. It follows from Theorem 6.1.5 that if P ptF q ¡ δ8, then tF has

an equilibrium state, and therefore we obtain (3). The differentiability of the pressure

map in the interval ptF ,8q follows from Theorem 6.1.9, and because F is positive we

also get that P ptF q is strictly increasing in ptF ,8q. This concludes the proof of (4).

To prove (5) assume µ is an equilibrium state for tF , where t   tF . If t   t2   tF ,

then

P ptF q � hµpgq � t

»
Fdµ   hµpgq � t2

»
Fdµ ¤ P pt2F q,

but P pt2F q � P ptF q, which is a contradiction.

As a corollary of the proof of Theorem 7.1.2 we obtain a property claimed in

Section 3.

Lemma 7.1.3. Let M be a non-compact pinched negatively curved manifold. Then

there exists a sequence of periodic measures that converges vaguely to the zero measure.

Proof. Take a positive potential F in C0pT
1Mq and consider a sequence pµnqn such

that

lim
nÑ8

�
hµnpgq � n

»
Fdµn

�
� δ8.

This is granted by the definition of the topological pressure and part (2) of Theorem

7.1.2. This immediately implies that limnÑ8

³
Fdµn � 0, and by Lemma 7.1.1 we get

that pµnqn converges to the zero measure. Now we use Theorem 3.2.4 to approximate

µn by a periodic measure ηn, we can assume that dpµn, ηnq  
1
n
. We conclude that

pηnqn converges vaguely to the zero measure, as desired.

If the potential F is just non-positive, then a similar description of the pres-

sure map can be obtained. In this case we can not immediately conclude that
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limtÑ�8 P ptF q � δ8 (it might happen that the limit is strictly bigger than δ8). If,

for instance, F vanishes (exactly) on an invariant subset Y of T 1M with topological

entropy less or equal than δ8, then we can also conclude that limtÑ�8 P ptF q � δ8.

We will briefly explain why. As in the proof of Theorem 7.1.2 define A such that

limtÑ�8 P ptF q � A (which exists because the pressure map is non-decreasing). By

definition of the topological pressure we can find a sequence pµnqn such that

lim
nÑ8

�
hµnpgq � n

»
Fdµn

�
� A.

We take a convergent subsequence pµnkqk with limit µ. As before in Theorem 7.1.2

we can conclude that limkÑ8

³
Fdµnk � 0, which implies that µ is supported in Y .

Finally we get

A ¤ lim sup
kÑ8

hµnk pgq ¤ |µ|hµ{|µ|pgq � p1 � |µ|qδ8 ¤ |µ|htoppY q � p1 � |µ|qδ8.

It follows from Lemma 5.3.3 that A ¥ δ8. By assumption htoppY q ¤ δ8, so

δ8 ¤ A ¤ |µ|htoppY q � p1 � |µ|qδ8 ¤ δ8,

and therefore A � δ8. Observe that if htoppY q   δ8, then we can conclude that µ

has zero mass, in other words, that the sequence pµnqn converges vaguely to the zero

measure. The rest of the properties in Theorem 7.1.2 follow without modification.

It is likely that if F vanishes on an invariant set Y such that htoppY q P pδ8, htoppgqq,

then

lim
tÑ�8

P ptF q � htoppY q,

but we will not try to prove that here. We also remark that if Y is not invariant, and

if we understand htoppY q as the supremum of the entropy of measures supported on

Y , then the same conclusions will hold.
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7.2 Strongly positive recurrent potentials in C0pT
1Mq

In this section we will prove that SPR potentials are open and dense in C0pT
1Mq.

This property should be compared with what is known for SPR potentials in countable

Markov shifts [CSa]. We recall the definition of strongly positive recurrent potentials

in C0pT
1Mq (for the general definition see Definition 2.3.20).

Definition 7.2.1 (Strongly positive recurrent). We say that a potential F P C0pT
1Mq

is strongly positive recurrent (SPR for short) if P pF q ¡ δ8. The family of SPR

potentials in C0pT
1Mq will be denoted by S.

Lemma 7.2.2. S is an open subset of C0pT
1Mq.

Proof. Let F P S and define r � P pF q � δ8. Observe that if ||G � F ||0   r, then

P pGq ¡ P pF q � r � δ8.

Lemma 7.2.3. S is dense in C0pT
1Mq.

Proof. Let F P C0pT
1Mq, we will prove that we can approximate F by SPR potentials.

If F P S there is nothing to prove. We will assume that F is not strongly positive

recurrent, in other words, that P pF q � δ8. By Proposition 3.1.7 we know that the

pressure of F can be approximated by compact subsets. In particular, given ε ¡ 0,

there exists a compact invariant subset K and a measure µ supported on K such that

hµpgq �

»
Fdµ ¡ P pF q �

ε

2
.

Choose a compactly supported continuous function G such that Gpxq � ε, for every

x P K, and ||G||0 � ε. Observe that

hµpgq �

»
pF �Gqdµ � ε� hµpgq �

»
Fdµ ¥ P pF q �

ε

2
¡ δ8.
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In particular we obtain that H � pF � Gq P C0pT
1Mq is strongly positive recurrent

and ||H �F ||0 ¤ ε. Since ε was arbitrary we obtain that S is dense in C0pT
1Mq.

Combining Lemma 7.2.2 and Lemma 7.2.3 we obtain the following result.

Theorem 7.2.4. The space of SPR potentials S is open and dense in C0pT
1Mq.

The two most important properties of strongly positive recurrent potentials are

described in Theorem 6.1.8 and Theorem 6.1.9, for convenience we will state them

again here.

Theorem 7.2.5. Let F be a Hölder potential in S with equilibrium state µF . Then

the following facts hold.

1. Let G P CbpT
1Mq. Then

d

ds |s�0
P pF � sGq �

»
GdµF .

2. Let pµnqn be a sequence of invariant probability measures satisfying

lim
nÑ8

�
hµnpgq �

»
Fdµn

�
� P pF q,

then pµnqn converges to µF .

We emphasize that in the compact case any Hölder potential satisfies the con-

clusions of Theorem 7.2.5, in the non-compact situation we need to be much more

careful.

7.3 No phase transition

In this section we will restrict our attention to geometrically finite manifolds. This

does not seem to be an essential assumption, we believe the results in this section can
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be extended to any pinched negatively curved manifolds, but we are still missing an

important ingredient (an extension of Theorem 2.3.15 to arbitrary negatively curved

manifolds). From now on we will assume that M is geometrically finite. We remark

that in this case

δ8 � sup
P
δP ,

where the supremum runs over the parabolic subgroups of π1pMq. For convenience

we will fix a maximal collection of non-conjugate maximal parabolic subgroups (one

for each cusps of M), say tP1, ...,Pnu. With this notation we have that

δ8 � max
kPt1,...,nu

δPk .

Definition 7.3.1. Using the notation above, we say that a maximal parabolic Pk is

maximizing if

δ8 � δPk .

We start defining a sub-class of SPR potentials that are stable under compact

perturbations. For convenience (it is more suitable for our purposes) we will define

this sub-class for potentials vanishing at infinity, but this is not strictly necessary.

This class of potentials will also be important in Section 8, since for those potentials

we obtain large deviations lower bounds.

Definition 7.3.2 (Very strongly positive recurrent). We say that a Hölder poten-

tial F P C0pT
1Mq is very strongly positive recurrent (vSPR for short) if for some

maximizing maximal parabolic Pk, we have that pPk, F q is of divergence type.

We emphasize that in the definition of vSPR potential we assumed that our po-

tential is Hölder. This is an important assumption in order to use Theorem 2.3.15.

Lemma 7.3.3. Suppose that M is geometrically finite, and F P C0pT
1Mq. Then for

every maximal parabolic subgroup P of π1pMq we have δFP � δP .
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Proof. Pick a reference point x P M that belongs to the region where the cusp is

standard, i.e. where it looks like the quotient of a horoball by the parabolic sub-

group P . We will moreover assume that x belongs to the region of the cusp where

|F |   ε. Using the convexity of the horoballs we get that the Poincaré series of

P based at x can be bounded below by
°
pPP exp p�ps� εqdpx, pxqq, and above by°

pPP exp p�ps� εqdpx, pxqq. This implies that |δFP � δP |   2ε. Since ε was arbitrary

we conclude the lemma. We remark that for potentials in C0pT
1Mq we have freedom

to choose the reference point of the Poincaré series (Lemma 3.1.4)

Lemma 7.3.4. A vSPR potential is SPR.

Proof. Let F be a vSPR potential. By definition pPk, F q is of divergence type for

some maximal parabolic Pk such that δ8 � δPk . Using Theorem 2.3.15 we get that

δFPk   P pF q. Since F vanishes at infinity we can use Lemma 7.3.3 to get that

δFPk � δPk � δ8, and therefore δ8   P pF q.

As mentioned before, vSPR potentials behave nicely under compact perturbations.

More precisely, we have the following result.

Lemma 7.3.5. Let F be a vSPR potential. If G is a compactly supported Hölder

potential, then F �G is vSPR.

Proof. By definition of vSPR potentials pPk, F q is of divergence type for some maxi-

mal parabolic Pk such that δ8 � δPk . Since G is compactly supported, we can pick a

point x in a sufficiently small neighborhood of the cusp associated to Pk such that the

whole horoball defining the cusp is in the region where G vanishes. Using the con-

vexity of the horoballs we can conclude that the Poincaré series associate to pPk, F q

based at x is equal to the Poincaré series associated to pPk, F �Gq based at x. Since

for Hölder potentials the behaviour of the Poincaré series is independent of the base

point (see Proposition 3.1.4) we conclude that pPk, F � Gq is of divergence type. In

particular we obtain that F �G is vSPR.
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Remark 7.3.6. Every geometrically finite manifold with cusps admit strongly positive

recurrent potentials. This construction was first done by Coudene in [Cou]. For

a very similar construction we refer the reader to the example constructed in [RV,

Section 5]. If a potential decays fast enough to zero at infinity, then it will be very

strongly positive recurrent. On the contrary, as it will be explained in Section 7.4, if

the potential decays very slowly to zero at infinity, then it could even not be positive

recurrent (not even divergence type).

Proposition 7.3.7. Let F be a vSPR potential and G a compactly supported Hölder

potential. Then for every t P R the potential F � tG is SPR. In particular the line

t ÞÑ pF � tGq, does not exhibits a phase transition.

Proof. Since F � tG is a compact perturbation of F , by Lemma 7.3.5 we get that

F � tG is vSPR. Using Lemma 7.3.4 we conclude the result.

An immediate consequence of this result is that if the zero potential is vSPR, then

a compactly supported potential can not exhibit a phase transition. We remark that

the examples of potentials exhibiting phase transitions (constructed in Section 7.4)

satisfy that the zero potential is vSPR.

Corollary 7.3.8 (No phase transition). Suppose that the zero potential is vSPR,

more precisely, that Pk is of divergence type for some maximizing maximal parabolic

subgroup. Let G be a compactly supported continuous potential. Then the pressure

map of G does not exhibit a phase transition.

In [RV, Section 5] it was constructed a potential F (not compactly supported) such

that the pressure map of F does not exhibit a phase transition (under the assumption

that the zero potential is vSPR). In light of Corollary 7.3.8, the same conclusion

hold for any compactly supported potentials (and therefore the construction in [RV,

Section 5] becomes unnecessarily complicated).
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7.4 Phase transitions

In this section we will study some geometrically finite manifolds on which it is pos-

sible to construct potentials that exhibit phase transitions. We will also construct a

geometrically finite manifold for which the geometric potential exhibits a phase tran-

sition. The philosophy behind our constructions is very simple: if a potential decays

very slowly to zero through the cusps, then it is likely to develop a phase transition.

After the paper [V1] was uploaded to arxiv, G. Iommi pointed out to us that the

same principle was used in the construction of phase transitions for Pomeu-Manneville

maps. Recall that for F P C0pT
1Mq we use the notation tF � suptt : P ptF q � δ8u.

The main goal of this section is to prove the following two results.

Theorem 7.4.1. There exists a geometrically finite manifold M such that the fol-

lowing holds. For every non-negative Hölder continuous potential F going slowly to

zero through the cusp of M we have that

1. tF P r�1, 0q,

2. The potential tF has equilibrium measure for t ¡ tF ,

3. The potential tF has not equilibrium measure for t   tF .

In other words, the map t ÞÑ P ptF q exhibits a phase transition at tF . Moreover

t ÞÑ P ptF q is differentiable for t � tF .

Theorem 7.4.2. There exists an extended Schottky manifold for which the geodesic

flow has a measure of maximal entropy and the geometric potential exhibits a phase

transition.

We remark that the manifolds in Theorem 7.4.1 can be hyperbolic, and that the

class of potentials going slowly to zero will be introduced in Section 7.4.3 (Definition

7.4.11). The family of extended Schottky manifolds is defined in Section 7.4.1.
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7.4.1 Extended Schottky groups

Let N1, N2 be two non-negative integers such that N1�N2 ¥ 2 and N2 ¥ 1. Consider

N1 hyperbolic isometries h1, ..., hN1 and N2 parabolic ones p1, ..., pN2 satisfying the

following conditions:

1. For 1 ¤ i ¤ N1 there exists a compact neighbourhood Chi of the attracting

point ξhi of hi and a compact neighbourhood Ch�1
i

of the repelling point ξh�i of

hi, such that

hipB�MzCh�1
i
q � Chi .

2. For 1 ¤ i ¤ N2 there exists a compact neighbourhood Cpi of the unique fixed

point ξpi of pi, such that

@n P Z� pni pB�MzCpiq � Cpi .

3. The 2N1 �N2 neighbourhoods introduced in p1q and p2q are pairwise disjoint.

4. The elementary parabolic groups xpiy, for 1 ¤ i ¤ N2, are of divergence type.

The group Γ �  h1, ..., hN1 , p1, ..., pN2 ¡ is a non-elementary free group which acts

properly discontinuously and freely on M (see [DP, Corollary II.2]). Such a group Γ

is called an extended Schottky group. It is proven in [DP] that it is a geometrically

finite group. Note that if N2 � 0, then the group Γ only contains hyperbolic elements,

then Γ is a classical Schottky group and its geometric and dynamical properties are

well understood.

7.4.2 The Geometric potential

We briefly recall the construction of the geometric potential of T 1M (there is some
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overlap with notation that was already introduced, but for completeness we define

everything here). For x, y P �M and ξ P B8�M we define the Busemann function as

bξpx, yq � lim
tÑ8

dpx, ξtq � dpy, ξtq,

where t ÞÑ ξt is any geodesic ray ending at ξ. Pick a reference point o P �M . For every

ξ P B8M and s ¡ 0, denote by Bξpsq the horoball centered at ξ of height s relative

to o, that is

Bξpsq � ty P �M : bξpo, yq ¥ su,

where bξpo, �q is the Busemann function at ξ relative to o. The family tBBξpsqusPR

foliates �M by codimension one hypersurfaces. This family corresponds to the level

sets of bξpo, �q, each leaf is called a horosphere centered at ξ. Suppose we are given

a unit vector v, we are going to define the stable and unstable manifolds passing

through v. Let x P �M be the base of v and s0 P R such that x P BBξps0q. Each

vector t∇ybξpo, yquyPBBξps0q points to ξ and is perpendicular to BBξps0q. This defines a

Hölder-submanifold of T 1�M passing through v, the so called strong stable submanifold

at v, this will be denoted by W sspvq. A similar construction defines the strong unstable

submanifold at v; it will be denoted by W supvq. The strong (un)stable foliation is the

foliation whose leaves are the strong (un)stable manifolds. One can characterize the

points lying in W sspvq and W supvq by the following condition:

W sspvq � tw P T 1�M : lim
tÑ8

dpgtv, gtwq � 0u.

W supvq � tw P T 1�M : lim
tÑ�8

dpgtv, gtwq � 0u.

Observe that for every γ P Isop�Mq we have W sspγvq � γW sspvq, and W supγvq �

γW supvq; it follows from this that both foliations descend to T 1M . It also follows

from the definition that W sspgtpvqq � gtpW
sspvqq and W supgtpvqq � gtpW

supvqq, i.e.
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the geodesic flow preserves the foliations.

Definition 7.4.3 (Geometric potential). We define the geometric potential or un-

stable jacobian by the formula

F supξq � �
d

dt

����
t�0

log det dgt|W su pξq,

where the determinant of dgt is computed with respect to orthonormal basis of the

unstable subspaces with respect to Riemannian metric g.

The study of the geometric potential for (transitive) Anosov diffeomorphisms and

flows is a classical subject. In those cases the equilibrium state of this potential

corresponds to the SRB measure. We will need the following theorem.

Theorem 7.4.4. [PPS, Theorem 7.2] Let �M be a simply connected pinched negatively

curved manifold. Moreover assume that the derivatives of the sectional curvature are

uniformly bounded. Then the geometric potential F su is Hölder continuous.

It is proven in [Kli, Theorem 3.9.1] that if pM, gq satisfies the pinching condition

�a2 ¤ Kg ¤ �b2   0, then we have

�pN � 1qa ¤ F supvq ¤ �pN � 1qb, (7.2)

where N is the real dimension of M and v P T 1M (here Kg stands for the sectional

curvature of pM, gq). We emphasize that inequality (7.2) follows from a local com-

putation: it is also true that if the sectional curvature of an open set Z � M lies in

r�a2
1,�b

2
1s, then for every v P T 1Z we have

�pN � 1qa1 ¤ F supvq ¤ �pN � 1qb1.
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Inequality (7.2) also implies that for every invariant probability measure µ, and t ¥ 0

hµpgq � tpN � 1qa ¤ hµpgq � t

»
F supvqdµpvq ¤ hµpgq � tpN � 1qb.

By the definition of the topological pressure it follows that

htoppgq � tpN � 1qa ¤ P ptF suq ¤ htoppgq � tpN � 1qb.

The following remark is a consequence of the local nature of inequality (7.2), and

inspires the computations done in Section 7.5.

Remark 7.4.5. Let U :� F su � pN � 1q. As mentioned above if

�p1 �
1

N � 1
Mq2 ¤ Kg ¤ �p1 �

1

N � 1
Lq2,

on an open set W of M , then

�pN � 1qp1 �
1

N � 1
Mq ¤ F supvq ¤ �pN � 1qp1 �

1

N � 1
Lq,

for every vectors v P T 1W . Equivalently �M ¤ U ¤ �L.

It worth mentioning that under the assumptions of Theorem 7.4.4 Ruelle’s in-

equality holds [Riq]. More precisely we have that

hµpgq ¤ �

»
F sudµ,

for every µ PMpgq. In other words P pF suq ¤ 0.
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7.4.3 Construction of phase transitions

In this section we will prove Theorem 7.4.1. We start with a modification of [DOP,

Theorem C].

Proposition 7.4.6. Suppose we have a parabolic subgroup P and a hyperbolic isom-

etry h such that P and H � xhy are in Schottky position. Denote by Γk the group

generated by P and xhky, and define Mk � �M{Γk. Let F : T 1M1 Ñ R be a bounded

Hölder potential for which pP , F q is of convergence type and δFP ¡ 0. Suppose that³
γ
F � 0, where γ is the periodic orbit associated to h. Denote by Fn the lift of F

to T 1Mn. Then there exists N0 such that if n ¥ N0, then pΓn, Fnq is of convergence

type, and δFP � δFnΓn
.

The heart of the proof of [DOP, Theorem C] is the following elementary fact about

Hadamard manifolds. Given D ¡ 0, there exists C � CpDq ¡ 0 such that for every

geodesic triangle with vertices x, y, z, and angle at z bigger than D, then

dpx, yq ¥ dpx, zq � dpz, yq � C.

We begin with the following analogous inequality that the Gibbs cocycle CF,ξpx, yq

satisfies.

Lemma 7.4.7. [PPS, Lemma 3.4] Let F be a Hölder potential such that ||F ||0   B.

Then for every r ¡ 0, for all x, y P �M and ξ P OxBpy, rq we have

|CF,ξpx, yq �

» y

x

rF | ¤ Lpr, Bq,

for certain uniform constant Lpr, Bq. Here OxBpy, rq � B8�M denotes the set of end

points of geodesic rays emanating from x that intersect Bpy, rq.

In the inequality above we are using the Gibbs cocycle defined in Section 2. In

the proof of Proposition 7.4.6 we will use that CF,ξpx, yq is an additive cocycle, more
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precisely that

CF,ξpx, yq � CF,ξpy, zq � CF,ξpx, zq.

Proof of Proposition 7.4.6. Since H and P are in Schottky position we can find

UP , UH � �M Y B8�M so that

1. P�pB8�MzUPq � UP .

2. H�pB8�MzUHq � UH .

3. UH X UP � H.

Fix x P X over the axis of h so that x R UH YUP . As a consequence of the Ping Pong

Lemma we have that Γ is isomorphic to the free product H � P . By the comments

above Lemma 8.2 and the fact that UH X UP � H, we know that there exists a

positive constant C such that for every y P UH and z P UP we have

dpy, zq ¥ dpx, yq � dpx, zq � C.

Applying inequality (7.4.3) and the inclusion properties described above we obtain

dpx, p1h
kn1 ...pjh

knjxq ¥
¸
i

dpx, pixq �
¸
i

dpx, hknixq � 2jC,

where ni P Z�, k � 0 and pi P P�. Let B be a bound for F , i.e. ||F ||0   B. Choose

ξ outside UP Y UH and r big enough we can apply Lemma 8.2. Then

» hnx

x

rF �

» px

x

rF �

» phnx

px

rF �

» px

x

rF ¥ �2Lpr, Bq � CF,ξpx, ph
nxq

¥ �3Lpr, Bq �

» phnx

x

rF .
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This immediately generalize to

» p1hkn1 ...pjh
knjx

x

rF ¤ p2j � 1qLpr, Bq �
¸
i

» hknix

x

rF �
¸
i

» pix

x

rF .
Let l :� dpx, hxq. By the choice of x we have that dpx, hNxq � |N |l, and since³hx
x

rF � 0, we also have
³hNx
x

rF � 0. Finally

¸
nPZ�

exp

�» hknx

x

p rF � sq



�

¸
nPZ�

expp�s|n|lkq � 2
expp�slkq

1 � expp�slkq
.

For simplicity we will bound the expression

P̃ psq �
¸
j¥1

¸
piPP�,miPZ�

expp

» p1hkn1 ...pjh
knjx

x

p rF � sqq.

A bound for P psq follows identically, but here we have more symmetry. Using the

inequalities above we obtain

P̃ psq ¤
¸
j¥1

�
e2pC�Lpr,Bq�1q

¸
nPZ�

exp

�» hknx

x

p rF � sq


 ¸
pPP�

exp

�» px

x

p rF � sq


�j

.

(7.3)

By taking k big enough, we can make the right hand side of (7.3) to be convergent

at s � δFP . In particular δFP ¥ δFkΓk
, which immediately implies δFkΓk

� δFP . Inequality

(7.3) also implies the convergence property of the pair pΓk, Fkq.

Remark 7.4.8. Let th1, ..., hlu be a collection of hyperbolic isometries and denote by

Hi the group generated by hi. Suppose that the subgroups tH1, ..., Hl,Pu are pairwise

in Schottky position (as in the definition of extended Schottky but allowing P to have

bigger rank). Moreover assume that the integral of F over the closed geodesics asso-

ciated to each hi vanishes. Define Γn as the group generated by P and the elements

thn1 , ..., h
n
l u . The proof of Proposition 7.4.6 can be modified to conclude that for big
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enough k we have

δFP � δFkΓk
,

and that pΓk, Fkq is of convergence type. For simplicity we will state our results only

for the case treated in Proposition 7.4.6, but everything works identically under the

hypothesis of this remark.

The next proposition is very important for us, it provides the family of potentials

for which we will have phase transitions. In Section 7.5 we will also use ideas from

the proof of Proposition 7.4.9 to modify the metric at the cusp. Recall that pP ,�F q

is of convergence type if the sum

¸
pPP

exp

�
�

» px

x

rF � δ�FP dpx, pxq



,

is finite.

Proposition 7.4.9. Let M be a geometrically finite manifold. There exists a bounded

Hölder potential F0 satisfying the following properties:

1. F0 is positive near the cusps,

2. F0 goes to zero through the cusps of M ,

3. pP ,�F0q is of convergence type for every maximal parabolic subgroup P of

π1pMq.

Proof. We will define F0 in a neighborhood of each cusp, and then we will extend

it to the rest of the manifold in a Hölder continuous way (making sure that F0 is a

bounded function). Pick a maximal parabolic subgroup P of π1pMq, and denote by

ξ P B8�M to its fixed point. There exists a neighborhood U of the cusp associated to

P which is isometric to Bξpq0q{P , for big enough q0. Pick a reference point x P BU .
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For w P U we define dpwq � q, if πpwq P BBξpq � q0q{P . We say that the geodesic

γ : ra, bs Ñ T 1M has height H if

max
tPra,bs

dpγptqq � H.

For l   L, define

Spl, Lq :� tp P P : l   dpx, pxq ¤ Lu.

By the definition of critical exponent, for every ε ¡ 0, there exists a natural number

Cpεq so that ¸
pPSpCpεq,8q

expp�pδP � εqdpx, pxqq   ε2.

We define a sequence pAnqn inductively as follows: let A1 � Cp1q, and An�1 �

maxpAn � 1, Cp1{nqq. By construction the sequence of real numbers pAnqn is strictly

increasing and satisfies

¸
pPSpAn,8q

expp�pδP � 1{nqdpx, pxqq  
1

n2
.

We define Hn as the maximum height of the geodesic segments rx, pxs, where p runs

in SpAn, An�1q. With the heights pHnqn we construct a sequence pBnqn by declaring

B1 � H1, and inductively define Bn�1 � maxpBn � 1, Hn�1q. Define a function f on

V � d�1prB1,8qq � U , by the following expression

fpxq �

$''&''%
�dpxq � 1{n�Bn if x P d�1prBn, Bn � 1{n� 1{pn� 1qsq

1{pn� 1q if x P d�1prBn � 1{n� 1{pn� 1q, Bn�1sq.

Let F : T 1V Ñ R, be the composition of the projection from T 1V to V and f . We

do the same construction for every cusp in M . Using this functions (at the cusps) and

any Hölder continuous extension to the rest of the manifold, we obtain our bounded
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Hölder potential F0. We will now check that F0 satisfies the properties described in

Proposition 7.4.9. It follows from the construction that F0 goes to zero through the

cusps. By Lemma 7.3.3 to get that δ�F0
P � δP . It only remains to check that pP ,�F0q

is of convergence type for every maximal parabolic subgroup of π1pMq. Observe that

if p P SpAn, An�1q, then rx, pxs has height at most Hn, in particular at most Bn.

Because of the way we defined the function f we obtain that if p P SpAn, An�1q and

v P T 1rx, pxs, then F0pvq ¥
1
n
. In other words, for p P SpAn, An�1q we have

» px

x

F0 ¥
dpx, pxq

n
.

Finally

¸
pPSpA1,8q

exp

�
�

» px

x

F0 � δPdpx, pxq



�

8̧

n�1

¸
pPSpAn,An�1q

exp

�
�

» px

x

F0 � δPdpx, pxq




¤
8̧

n�1

¸
pPSpAn,An�1q

exp

�
�

1

n
dpx, pxq � δPdpx, pxq




¤
8̧

n�1

¸
pPSpAn,8q

exp

�
�

�
1

n
� δP



dpx, pxq




¤
8̧

n�1

1

n2
,

which is finite.

Remark 7.4.10. Since the numbers pBnqn can be arbitrarity far apart, we interpret

the decay of F through the cusp associated to P as ‘very slow’.

Definition 7.4.11. A potential G belongs to the family Fs if the following conditions

are satisfied.
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1. G is a bounded Hölder potential,

2. G is positive in a neighborhood of the cusps of M and vanishes at infinity,

3. pP ,�Gq is of convergence type for every maximal parabolic subgroup P of π1pMq.

The elements in Fs are called potentials going slowly to zero through the cusps of M .

The class of non-negative potentials in Fs is denoted by F�
s .

The family Fs is not empty because of Lemma 7.3.3. We remark that the family

Fs is quite big. Let F P Fs, if G is a bounded Hölder potential going to zero through

the cusps of M satisfying G ¥ F in a neighborhood of the cusps, then G P Fs.

We now proceed to prove Theorem 7.4.1. The statement of our next result looks a

bit more complicated that Theorem 7.4.1, but it has the advantage of being more

precise. Our manifolds are geometrically finite with one cusp, in particular δ8 � δP .

As before, we use the notation

tF � suptt : P ptF q � δPu.

Theorem 7.4.12. Let P be a divergence type parabolic subgroup and h a hyperbolic

isometry such that xhy and P are in Schottky position. Define Γn as the group gen-

erated by P and xhny. Let Mk � �M{Γk, and F1 : T 1M1 Ñ R a potential in the class

F�
s . Assume that

³
γ
F1 � 0, where γ is the periodic orbit associated to h. Let Fn

be the lift of F1 to T 1Mn, and N0 be the constant provided by Proposition 7.4.6 for

F � �F1. Then for n ¥ N0 we have:

1. tFn P r�1, 0q.

2. The potential tFn has an equilibrium state for t ¡ tFn.

3. The potential tFn does not have an equilibrium state for t   tFn.
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In conclusion, the pressure map of Fn exhibits a phase transition at t � tFn. Moreover,

the pressure map is differentiable in p�8, tFnqYptFn ,8q. With respect to the behaviour

at t � tFn we have two possibilities:

(4) If the potential tFnFn does not have an equilibrium state, then the pressure map

is differentiable everywhere.

(5) If tFnFn has an equilibrium state, then the pressure map is not differentiable at

t � tFn.

We remark that since P is of divergence type, then the geodesic flow on Mn has a

measure of maximal entropy (a consequence of Theorem 2.3.15 and Theorem 2.3.16).

Figure 2: Phase transition for F P F�
s

t

P ptF q


δΓ



δP



�1



tF

Proof. Since the covering map Mk ÑM1, is one to one in a neighborhood of the cusp

associated to P we get that the potential Fn goes to zero through the cusp of T 1Mn.

This implies that δP � δtFnP . Since Fn is non-negative, the pressure map t ÞÑ P ptFnq

is non-decreasing. It follows from Theorem 6.1.5 that for t ¡ tFn there exists an

unique equilibrium state for tFn, and from Theorem 6.1.9 that the pressure map is

differentiable in ptFn ,8q. By assumption P is of divergence type, then Theorem 2.3.15

gives us δ8 � δP   δΓ � P p0q. We conclude that tF   0. Since F1 P F�
s we know

that pP ,�F1q is of convergence type. Notice that the potentials pFnqn lift to the same

potential on T 1�M , in particular the Poincaré series of pP ,�Fnq is independient of n.

It follows that pP ,�Fnq is of convergence type for every n ¥ 1. By Proposition 7.4.6
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we know that δ�FnP � P p�Fnq, for every n ¥ N0. We can conclude that δ8 � P p�Fnq,

which also implies that tFn ¥ �1. Moreover, by Hopf-Tsuji-Sullivan-Roblin theorem

there is not equilibrium state for the potential �Fn (since pΓn,�Fnq is of convergence

type). As in the proof of Theorem 7.1.2 we can conclude that the pressure map is

constant in p�8, tF q. We will now check part (3). Suppose there exists t P p�8, tFnq

such that tFn has an equilibrium state, say µt. Recall that by definition of the

family F�
s , the potential Fn is non-negative and positive in a neighborhood of the

cusp associated to P . Since the support of µt contains some portion of the cusp we

conclude that
³
Fndµt ¡ 0. Observe that for every t1 ¡ t we have

δ8 � hµtpgq � t

»
Fndµt   hµtpgq � t1

»
Fndµt.

This implies that for t1 P pt, tFnq we have P pt1Fnq ¡ δ8, which is a contradiction. We

conclude that the potential tFn does not have an equilibrium state for t   tFn . This

proves part (3). We now proceed to prove part (4) and part (5). First suppose that

tnFn does not have an equilibrium state. Let µt be the equilibrium state of tFn, for

t ¡ tFn . Observe that

lim
tÑt�Fn

�
hµtpgq � tFn

»
Fndµt



� lim

tÑt�Fn

�
hµtpgq � t

»
Fndµt



� lim

tÑt�Fn

P ptFnq � P ptnFnq.

By Theorem 6.1.8 we conclude that pµtqt converges vaguely to the zero measure as t

goes to tFn . In particular

lim
tÑt�Fn

»
Fndµt � 0.

By Theorem 6.1.9 we know that the derivative of the pressure map of Fn at t, for

t ¡ tFn , is given by
³
Fndµt. We conclude that the pressure map is differentiable at

t � tFn , and that the derivative at that point is equal to zero. This proves part (4).
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Now assume that tnFn has an equilibrium state, and denote it by µtFn . As in the

proof of part (4) we will denote by µt the equilibrium state of tFn, for t ¡ tFn . The

same argument used in the proof of part (4) allows us to conclude that
³
FndµtFn ¡ 0.

The left hand side derivative of the pressure map at t � tFn is clearly equal to zero.

We will prove that the right hand side derivative of the pressure map at t � tn is

equal to
³
FndµtFn . As observed in part (3) we know that

lim
tÑt�Fn

�
hµtpgq � tFn

»
Fndµt



� P ptnFnq.

Theorem 6.1.8 allows us to conclude that every vague limit point of pµtqt as t goes to

tFn , must be of the form λµtFn (for some λ P r0, 1s). We now claim that pµtqt actually

converges to λµtFn (for a fixed λ). The convexity and differentiability of the pressure

map in ptFn ,8q implies that the limit

lim
tÑt�Fn

»
Fndµt � A,

exists. If λµtFn is a limit point of pµtqt as t goes to tFn , then we must have A �

λ
³
FndµtFn . We conclude that there is at most one possible choice for λ, and that

the sequence of measures is convergent. Observe that the right hand side derivative

of the pressure at t � tFn is equal to A � λ
³
FndµtFn . In particular, it is less than or

equal to
³
FndµtFn . Define

Lptq � hµtFn pgq � t

»
FndµtFn .

Observe that P ptF q ¥ Lptq, and that P ptnF q � Lptnq. The convexity of the pressure

map implies that the right hand side derivative at t � tFn is at least
³
FndµtFn . We

conclude that the right hand side derivative of the pressure at t � tFn must be equal

to
³
FndµtFn . We remark that since A �

³
FndµtFn , we necessarily have λ � 1. In
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other words, the sequence pµtqt converges to µtFn as t goes to tFn .

Remark 7.4.13. Suppose the potential F satisfies the following additional property:

pP ,�F q is of convergence type and pP , tF q is of divergence type for t ¡ �1. In

this case we can ensure that for every t ¡ �1 the potential tFn is SPR; this implies

that tFn � �1. Moreover, at t � �1 the potential tFn does not have an equilibrium

state. By part (4) of Theorem 7.4.12 we get that the pressure map is differentiable

everywhere.

Remark 7.4.14. If the potential tnFn has an equilibrium state, then the pressure

map exhibits a first order phase transition (using Ehrenfest classification). In this

case the first derivative of the pressure develops a singularity. If the potential tnFn

does not have an equilibrium state, then it is reasonable to expect that some higher

order derivative of the pressure map should develop a singularity. In the context

of countable Markov shifts, Sarig investigated the relation between critical exponents

and abnormal fluctuations (see [S5]). It is a very interesting project to try to prove

analogous result to those in [S5] for the geodesic flow on a pinched negatively curved

manifold.

We will briefly discuss what happen if we only assume F P Fs, i.e. we allow F

to take negative values. As before we will assume that M has only one cusp. First

suppose that for every µ PMpgq we have
³
Fndµ ¥ 0. Then Theorem 6.1.9 and the

convexity of the pressure map implies that t ÞÑ P ptFnq, has the same description

as the one of a potential in F�
s . As explain in the paragraph after Theorem 7.1.2

we need to be a bit careful here, in general we can not immediately conclude that

limtÑ�8 P ptF q � δ8. In our case this issue does not apply: our construction ensures

that for some t we have P ptF q � δ8. If there exists µ PMpgq such that
³
Fndµ   0,

then the set

J � tt P R : P ptFnq � δ8u,
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is a compact interval. Observe that for t P RzJ the potential tFn is strongly positive

recurrent and therefore admits an equilibrium state. We claim that if t P intpJq, then

tFn does not have an equilibrium state. Suppose that for some t P intpJq there exists

an equilibrium state for tF , say µt. If
³
Fndµt ¡ 0, then for t1 ¡ t we have

δ8 � hµtpgq � t

»
Fndµt   hµtpgq � t1

»
Fndµt.

In particular if t1 P J and t1 ¡ t, then P pt1F q ¡ δ8. Similarly, if
³
Fndµt   0, then for

t1   t we have

δ8 � hµtpgq � t

»
Fndµt   hµtpgq � t1

»
Fndµt.

In particular if t1 P J and t1   t, then P pt1F q ¡ δ8. We conclude that
³
Fndµt � 0

(otherwise we contradict the definition of J). Since µt is an equilibrium state for tFn

we have

δ8 � P ptFnq � hµtpgq � t

»
Fndµt � hµtpgq.

Observe that
³
Fndµt � 0 and hµtpgq � δ8 implies that µt is an equilibrium state

for sFn, for every s P J . Since by construction �Fn does not have an equilibrium

state, and �1 P J , we conclude that the measure µt can not exist. We remark that

potentials with this description of the pressure map (see Figure 2) can be constructed

in a similar fashion to those in Theorem 7.4.12. For instance suppose that F1 is

negative in the complement of a neighborhood of the cusp and identically zero on γ

(the geodesic associated to the hyperbolic generator h). If we take a closed geodesic

that wrap around the lift of γ to Mn a large number of times (the geodesic represented

by phnk for big k works) we get an invariant measure with negative integral against

Fn. As mentioned in the paragraph below Definition 7.4.11, if F P Fs and t ¡ 1,

then tF P Fs. In particular, given M ¡ 1, there exists N1 � N1pM,F q such that

the following holds: for every n ¥ N1, the pairs pΓn,�MFnq and pΓn,�Fnq are of

convergence type and have critical exponent δ8 � δP . In particular (by the convexity
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of the pressure map) J contains the interval p�M,�1q. A similar argument allows

us to construct potentials such that J contains any compact subset of p�8, 0q.

Figure 3: Phase transition for F P Fs
t

P ptF q


δΓ



δPJ



tF




In light of this discussion we have the following definition.

Definition 7.4.15 (Types of phase transition). A Hölder potential F P C0pT
1Mq

exhibits a phase transition of type A if the graph of t ÞÑ P ptF q, looks like Figure 2.

A potential F exhibits a phase transition of type B if the graph of t ÞÑ P ptF q, looks

like Figure 3.

Type A and B phase transitions represent basically all types of phase transitions

for Hölder potentials in C0pT
1Mq.

Remark 7.4.16. The manifolds pMnqn constructed in Theorem 7.4.12 are all diffeo-

morphic to M1. It is a well known fact that every parabolic subgroup of IsopHNq is of

divergence type: we can verify the hypothesis of Theorem 7.4.12 if p�M, gq is isometric

to HN .

A concrete situation where Theorem 7.4.12 applies is given in the following corol-

lary.

Corollary 7.4.17. Let M be a thrice-punctured sphere. We can endow M with

a complete hyperbolic metric for which it is possible to construct Hölder potentials

exhibiting phase transitions (as described in Theorem 7.4.12). By Remark 7.4.8 the

same holds if M is a k-punctured sphere and k ¥ 3.
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7.5 Phase transitions for the geometric potential

In this section we will modify the metric at the cusp of a hyperbolic manifold in such

a way that the geometric potential exhibits a phase transition. Since F su is not a

potential that goes to zero through the cusps of the manifold, to apply the previous

techniques we need to consider a normalization. From now on we will assume that

our manifold has real dimension N .

Definition 7.5.1. We define the normalized unstable jacobian as the function

U � F su � pN � 1q.

Our goal is to prove that under certain conditions U exhibits a phase transition,

just as the potentials in Theorem 7.4.12. The construction starts with the hyperbolic

space HN . It is convenient to think in the half space model, i.e. the space RN�1�R�

with coordinates px1, ..., xN�1, x0q and metric

ds2 �
1

x2
0

pdx2
1 � ...� dx2

N�1 � dx2
0q.

To simplify notation we denote px1, ..., xN�1, x0q � px, x0q. In this model we have a

preferent point at infinity, we denote this by ξ8 P B8�M . We will modify the hyperbolic

metric in a neighborhood of ξ8. It will be convenient to consider the diffeomorphism

HN Ñ RN taking px, x0q to px, logpx0qq. In this model the hyperbolic metric takes the

form g � e�2tdx2�dt2. For a positive function T : R Ñ R, we define the Riemannian

metric

gT � T ptq2dx2 � dt2.

The sectional curvature of gT has value �pT 2ptq{T ptqq for the planes generated by
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xB{Bxi, B{Bxjy and value �pT 2ptq{T ptqq2 for those generated by xB{Bxi, B{Bty. Define

Kptq � �
T 2ptq

T ptq
.

Bounds on Kptq clearly imply bounds on the curvature of gT . The lines t ÞÑ px, tq

are still geodesics and any isometry of RN�1 acts isometrically on pHN , gT q, where

the action is given by A.px, tq � pApxq, tq. Observe that translations act transitively

in Ht � tpx, tq : x P RN�1u. This two basic observations and the definition of the

Busemann function are enough to conclude that Ht are the horospheres associated to

ξ8. For a function constant on horospheres we will use the notation F ptq � F px, tq. In

this section the height of a segment will be the maximum value of the t coordinate over

the segment. Suppose we have a surjective, strictly increasing function u : p0,8q Ñ R.

We can define T � T puq by the equation

T puptqq � 1{t.

In this context we will use o � p0, up1qq as reference point. Let p be a translation

in RN such that dpo, poq � 1. It is proven in [DOP, Section 3] that there exists a

uniform constant C such that

|dT po, p
noq � 2up|n|q| ¤ C.

It will be important for us the fact that C only depends on the pinching of the sectional

curvature of pHN , gT q. Using the symmetry of our metric we can also conclude that

|tn � up|n|qq| ¤ D,

where tn is the maximum height of the geodesic segment ro, pnos. Similarly to what
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happened with C, D only depends on the pinching of the metric. From now on D and

C will be the constants associated to a metric with pinching �p1{3q2 ¥ Kg ¥ �22.

Observe that

Kpuptqq � �
2tu1ptq � t2u2ptq

pu1tq3
,

� �
1 � 2tϕ1ptq � t2ϕ2ptq

p1 � tϕ1ptqq3
,

� �
g1ptq � tg11ptq

g1ptq3
,

� �pg2ptq �
t

2
g12ptqq,

where we have made the substitutions

uptq � logptq � ϕptq; g1ptq � 1 � tϕ1ptq and g2ptq � 1{g1ptq
2.

7.5.1 Construction of a special metric at the cusp

We will start by constructing a function g2 satisfying several properties. Using the

equalities above, this will give us a function u and therefore a metric on RN .

Let an�1 :� p1� 1
pN�1qn

q2, bn :� 1� p2an � 1q�
1
2 and cn :� pan�1 � anq. For n ¥ 2

we choose kpnq P N such that

exp

��
1

n
�

1

2



D


 ¸
|k|¥kpnq

exp

�
�

�
1

2
�

1

n



2 logp|k|q



¤

1

n2
.

Without loss of generality we can assume that pkpnqqn is strictly increasing sequence.

We will define a sequence ppnqn so that the conditions below are satisfied. We do

this by induction, i.e. the choice of p1, ..., pn will determine pn�1. For n ¥ 2 define

∆n � pn � pn�1.

1. The sequence

�
cn
∆n



is a strictly decreasing.
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2. bn logppn�1q ¥ �bn logppnq �
°n�1
i�2 bi logppi�1{piq, for n ¥ 3.

3. p1 � 2bnq logppn�1q ¥ logpkpn� 1qq, whenever 1 � 2bn ¡ 0.

4. limnÑ0
pncn
∆n

� 0.

For n ¥ 2 define the line connecting the points ppn, anq and ppn�1, an�1q as Jn. We

could have assumed that p2 is big enough compared to p1 so that J2p0q ¤ 2, we will

do assume that. Define the intervals In � rpn�1, pns. We will construct a C8 function

g2 : R� Ñ R satisfying the following properties

1. For t P In and n ¥ 3 we have 2an�1 � 1 ¥ g2ptq ¥ an.

2. g22ptq ¥ 0 ¥ g12ptq for t ¥ 2.

3. 2 ¥ g2ptq �
t
2
g12ptq ¥ 1{3 for all t P R�.

4. For t P In and n ¥ 3 we have g2ptq �
t
2
g12ptq ¥ an.

5. g2ptq � 1 for t   1.

Observe that pg2�pt{2qg
1
2q
1 � g12{2�pt{2qg

2
2, so the condition g22 ¥ 0 ¥ g12 implies that

g2ptq�pt{2qg
1
2ptq, is non-increasing. Notice that if 0 ¥ g12, then g2ptq�

1
2
tg12ptq ¥ g2ptq,

in particular if g2 ¥ an, then the same holds for g2ptq �
1
2
tg12ptq. We now explain how

to construct g2. First define J0 : R� Ñ R as J0ptq :� supn¥2 Jnptq. Now define

Jptq :�

$'&'% 1 if t P p0, 1s

mintJ0ptq, tu if t ¥ 1

The function J is not smooth, we can smooth J in a neighborhood of the nodes to

obtain a smooth function J� as close to J (in the C8 topology) as needed. When

t ¥ 2 we can assume that J� ¥ J and that J� is convex decreasing. The fact that

J� can be taken convex on that region comes from the condition (1) in the definition
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of ppnqn. We remark that the choice of p2an�1 � 1q as the upper bound is done just

to get room for this perturbation (notice 2an�1 � 1 ¡ an�1). We finally set g2 � J�.

Define a function ϕ (up to additive constant) by the equation

ϕ1ptq � pg
�1{2
2 � 1q{t.

First observe that g2 ¥ 1, implies that 0 ¥ ϕ1. For n ¥ 3 and t P In we have

2an�1 � 1 ¥ g2ptq, therefore ϕ1ptq ¥ �bn�1{t. Since pbnqn is a positive decreasing

sequence we actually have that ϕ1ptq ¥ �bn�1{t, for every t ¥ pn�1. Then for n ¥ 3,

and t ¥ pn�1 we get

ϕptq � ϕpp2q �
n�1̧

i�2

» pi�1

pi

ϕ1psqds�

» t

pn

ϕ1psqds

¥
n�1̧

i�2

» pi�1

pi

�
bi
s
ds�

» t

pn

�
bn
t
ds

� �
n�1̧

i�2

bi logppi�1{piq � bn logptq � bn logppnq

¥ �bn logppn�1q � bn logptq

¥ �2bn logptq.

We will normalize ϕ so that ϕpp2q � 0. We observe that by making the pi’s even

bigger we obtain that limtÑ8 ϕptq � �8. We will make that assumption. Finally

define u : R� Ñ R, by the equation

uptq � logptq � ϕptq.

By definition of ϕ1 we have that u1 � 1
t
� ϕ1ptq �

g
�1{2
2

t
, therefore u is surjective and

strictly increasing (recall g2 ¤ 2). As commented at the beginning of this section,
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a function with the properties of u determine a function T � T puq and therefore a

metric gT . We now pick the reference point o � p0, up1qq and a parabolic isometry

such that dpo, poq � 1. We will now state a number of observations which will lead

to the proof of Theorem 7.4.2.

Observation 1: The formula Kpuptqq � �pg2ptq � pt{2qg12ptqq, and property (3)

in the definition of g2 implies that �2 ¤ K ¤ �1{3. In particular the curvature of

the metric gT satisfies the pinching

�
1

9
¥ KgT ¥ �4.

Observation 2: The hypothesis (4) in the definition of the sequence ppnqn, and the

calculation of J�ptq � 1
2
tpJ�q1ptq on the intervals In gives us that

lim
tÑ8

Kptq � �1.

For big enough t, Kptq increases to �1. In particular the function U is going to zero

as t goes to infinity (see Remark 7.4.5).

Observation 3: By property (4) in the definition of g2 we know that

Kpuptqq ¤ �an�1,

for t ¤ pn�1. Combining this and Remark 7.4.5 we get that for every t   uppn�1q, we

have that Uptq ¤ � 1
n
.

Observation 4: Using hypothesis (3) in the definition of the sequence ppnqn and
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the lower bound for ϕptq we get

logpkpn� 1qq  p1 � 2bnq logppn�1q

  logppn�1q � ϕppn�1q � uppn�1q.

Lemma 7.5.2. There exists m P N such that for every n ¥ kpmq and |k| ¤ kpn� 1q,

the function U is at most � 1
n

on the geodesic segment ro, pkos.

Proof. It follows from Obs. 1 that if |k| ¤ kpn � 1q, then the height of ro, pkos is

at most upkpn � 1qq � D. For n big enough this is less than logpkpn � 1qq. Using

Obs. 4 we conclude that if |k| ¤ kpn � 1q, then the height of ro, pkos is at most

uppn�1q. Finally Obs. 3 gives us that U ¤ � 1
n

on the geodesic segment ro, pkos if

|k| ¤ kpn� 1q.

Lemma 7.5.3. The critical exponent of P � xpy is equal to 1{2. Moreover, P is of

divergence type.

Proof. As explained in [DOP, Section 3], the Poincaré series of P for the metric gT

is equivalent to the series ¸
nPZ

expp�2sup|n|qq.

Observe that for every ε ¡ 0, there exists a natural number N such that if n ¥ N ,

then we have ϕpnq ¡ �ε logptq. In particular

¸
n¥N

expp�2sup|n|qq ¤
¸
n¥N

expp�2sp1 � εq logp|n|qq.

If sp1 � εq ¡ 1{2, then the right hand side converges. This implies that for every

ε ¡ 0 the following inequality holds: δP ¤ 1
2p1�εq

. On the other hand for big n we
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have upnq   logpnq. Then

¸
n¡N 1

expp�2s logp|n|qq  
¸
n¡N 1

expp�2sup|n|qq.

Since the critical exponent of the LHS is 1{2 (and of divergence type) we get the

inequality δP ¥ 1{2. We conclude that δP � 1{2, and P is of divergence type.

Lemma 7.5.4. The pair pP , Uq is of convergence type with respect to the metric gT .

Proof. We denote by dT the distance function induced by gT . Combining Lemma

7.5.2 and the definition of kpnq we get the bounds

¸
|k|¥kpmq

exp

�» pko

o

U �
1

2
dT po, p

koq




�
¸
n¥m

kpn�1q�1¸
k�kpnq

exp

�» pko

o

U �
1

2
dT po, p

koq




¤
¸
n¥m

kpn�1q�1¸
k�kpnq

exp

�
�

�
1

n
�

1

2



dT po, p

koq




¤
¸
n¥m

kpn�1q�1¸
k�kpnq

exp

�
�

�
1

n
�

1

2



p2up|k|qq



exp

��
1

n
�

1

2



D



¤
¸
k�1

1

k2
.

Obs. 2 and Lemma 7.3.3 implies that δP � δUP and then by Lemma 7.5.3 we know

that the series above is exactly the Poincaré series associated to pP , Uq. This finishes

the proof of the lemma.

7.5.2 Construction of the family tMn,mu

We have now all the ingredients to construct the Riemannian manifold announced in

Theorem 1.0.2. We will use the notation introduced at the beginning of this section.
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We start with pRN , ghypq, where ghyp is the hyperbolic metric, and the function u

constructed in Section 7.5.1. We choose a hyperbolic isometry h (for the hyperbolic

metric) so that H � xhy is in Schottky position with respect to P � xpy. We

moreover assume that the axis of h has height smaller that up1{2q. Define Γ as the

group generated by p and h and let M � RN{Γ. The closed geodesic associated to

h is denoted by γ � γh. We can ‘cut’ the cusp associated to P above height up1{2q

and replace it by the cusp endowed with the metric gT . This is possible because gT

is the hyperbolic metric on the region tpx, tq : t   up1qu. We have constructed a new

Riemannian metric g on M . We lift the metric to the universal cover; this is our

new Hadamard manifold p�M, gq. We will check that the Riemannian manifold pM, gq

satisfies the properties announced in Theorem 1.0.2. Since the geometric structure has

change we will be careful with our notation. The generator of the parabolic subgroup

of Isop�M, gq corresponding to the cusp is denoted by p� and h� is the hyperbolic

isometry associated to the closed geodesic γ in M . The group generated by p� is

denoted by P� and the group generated by h� is denoted by H�. The geometric

potential of M is denoted by F su, and its normalization by U (see Definition 7.5.1).

As before, we will organize the relevant information in a couple of observations and

lemmas. It will be convenient to define Q � �U . We start with the following

definition.

Definition 7.5.5. We denote by Γn,m the group generated by hn� and pm� . Let Mn,m

be the covering of M associated to the subgroup Γn,m of Γ. The lift of a potential G

on T 1M to T 1Mn,m is denoted by Gn,m.

Observation 5: The closed geodesic γ lies in the region where g is hyperbolic. This

implies that U and Q vanish along γ.

Observation 6: Since F su is locally defined in terms of g and every local structure
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is preserved under taking coverings, we conclude that F su
n,m is the geometric potential

of Mn,m.

Observation 7: The potential Q vanishes at infinity and it is positive in a neigh-

borhood of the cusp associated to P�. This follows directly from Obs. 2.

Lemma 7.5.6. The pair pP�,�tQq is of convergence type for every t ¥ 1.

Proof. The reference point used in the proof of Lemma 7.5.4 lies in the piece of M

coming from pRN , gT q. Since horoballs are convex it follows that dT � d on that

region. This implies that the series estimated in Lemma 7.5.4 is exactly the Poincaré

series associated to P�, which implies that pP�,�Qq is of convergence type. By the

construction of g2 we know that Q is positive above height up2q (see Obs. 7). Change

the reference point to o1, a point with height up2q. By convexity of this region and

the definition of g2 we get that �t
³pko1
o1

Q ¤ �
³pko1
o1

Q, for every t ¥ 1. Plugging this

into the Poincaré series of �tF and �F implies the lemma.

The idea now is to apply Theorem 7.4.12 to the potential Q � �U . Lemma 7.5.6

and Obs. 7 implies that Q belongs to the class Fs. Despite that Q is not non-

negative, by Obs. 5 and the discussion at the end of Section 7.4.3, we know that

Fn exhibits a phase transition for sufficiently big n. This is not a very satisfactory

answer, one would like to know which type of phase transition we encountered, either

type A or type B phase transition. By the construction of the modified metric at the

cusp, a phase transition of type B seems unlikely to occur. Since we are not able to

completely rule out that case, we present an argument to justify that a type A phase

transition is always possible to construct. As before, we denote by rQ to the lift of Q

to the universal cover of M . Denote by ξ P B8�M to the parabolic fixed point of P�.

By construction of g2 we know that there exist real numbers s and L such that rQ is

negative precisely at vectors whose base lies in the interior of BξpsqzBξps�Lq and it
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is zero for vectors with base in MzBξpsq. It follows easily from this fact that there

exists m0 such that if m ¥ m0, then

» g.o

o

rQ ¡ 0, (7.4)

for every g P Γ1,m, in particular for every g P Γn,m. It follows from the definition of

the Poincaré series and the fact that Q goes to zero through the cusp of M (see Obs.

2), that if the pair pΓn,1,�Qn,1q is of convergence type with δ
�Qn,1
Γn,1

� δP , then the

same holds for pΓn,m,�Qn,mq. Moreover, if m ¥ m0, then inequality (7.4) and the

definition of the Poincaré series implies that if pΓn,m,�Qn,mq is of convergence type

with δ
�Qn,m
Γn,m

� δP , then the same holds for pΓn,m,�tQn,mq, for every t ¥ 1. Combining

Obs. 6 and the discussion above we conclude that Qn,m admits a phase transition of

type A for big enough n and m.

7.5.3 Conclusions

In Section 7.5.2 we constructed a family of geometrically finite negatively curved

manifolds Mn,m (see Definition 7.5.5) for which Qn,m exhibits a phase transition of

type A if n and m are big enough. Since

tQn,m � �tF su
n,m � tpN � 1q,

the existence of an equilibrium state for tQn,m is equivalent to the existence of one

for �tF su
n,m. Just as in Theorem 7.4.12, there exists tn,m P r�1, 0q such that tQn,m has

an equilibrium state for all t ¡ tn,m, and there is not equilibrium state for t   tn,m.

We remark that F su
n,m does not admit an equilibrium state since pΓn,m,�Qn,mq �

pΓ, F su
n,m�pN �1qq is of convergence type. It is clear from the construction that Mn,m

are extended Schottky manifolds. By Lemma 7.5.3 we know that P� and xpn�y are

of divergence type, then using Theorem 2.3.15 we obtain δxpn�y   δΓn,m . We conclude
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that the geodesic flow on Mn,m has a measure of maximal entropy. All this together

gives us the following result.

Theorem 7.5.7. Each Mn,m is an extended Schottky manifold and F su
n,m is the ge-

ometric potential of Mn,m. Suppose that n and m are sufficiently large. Then there

exists sn,m P p0, 1s such that the following holds:

1. tF su
n,m has an equilibrium state for t   sn,m.

2. tF su
n,m does not has an equilibrium state for t ¡ sn,m.

3. The pressure map is linear in psn,m,8q.

t

P ptF su
n,mq


δΓn,m

Figure 4: Phase transition for P ptF su
n,mq





sn,m � �tn,m


1
2 � sn,mpN � 1q

As mentioned in Remark 7.4.8 we could have done the same construction for an

extended Schottky manifold with one parabolic and arbitrary number of hyperbolic

generators (modulo taking big powers of the parabolic and hyperbolic generators).

Combining Remark 7.4.16 and the proof of Theorem 7.5.7 we obtain the following

result.

Corollary 7.5.8. Let M be a k-punctured sphere with k ¥ 3. We can endow M with

a complete Riemannian metric with pinched negative sectional curvature, such that

the geometric potential exhibits a phase transition of type A. Moreover, the geodesic

flow of M has an unique measure of maximal entropy, and the Riemannian metric is

hyperbolic outside a neighborhood of one of the punctures.
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Chapter 8

Large deviations

In this section we will obtain large deviation estimates for the geodesic flow on neg-

atively curved manifolds. Although this section is initially motivated by the work of

Pollicott in [Pol], our goal will be to follow closely the paper of Kifer [Kif] (which

is also the main input in [Pol]), and to check that his strategy extends to the non-

compact case when suitable assumptions are satisfied. We will see that for the large

deviation upper bound we do not need strong assumptions on the manifold, nor the

potential. In contrast, to obtain large deviation lower bounds we will restrict to ge-

ometrically finite manifolds. This is not an optimal assumption, we expect that the

results in that Section can be extended to the entire class of negatively curved mani-

folds (with analog assumptions to the ones we will require in the geometrically finite

case). We would also like to point out that for our lower bound we use ‘very strongly

positive recurrent potentials’ (vSPR for short), which is a sub-class of SPR potentials

(for a precise definition see Definition 7.3.2). This is necessary in order to ensure

that any compact Hölder perturbation of our potential is still SPR. For geometrically

finite manifolds a convenient definition of vSPR was already familiar to the authors.

In the general case there is still some work to do (we need a more general version

than Theorem 2.3.15), this is the main reason why we restrict to geometrically finite
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manifolds.

We will start by collecting some results that will be relevant for this section. Recall

that the Gurevich pressure of a Hölder potential F is defined as

PGurpF q � lim sup
tÑ8

1

t
log

¸
gPMppW,t,t�cq

expplpgq

»
Fdgq,

where W is a relatively compact open subset of T 1M intersecting the non-wandering

set of the geodesic flow and c any positive real number (for a more precise description

see Definition 2.3.13). It is proven in [PPS, Section 4.1, Section 4.3] that this quantity

is independent of W and the real number c. Moreover, it is proven that if c is large

enough, then

PGurpF q � lim
tÑ8

1

t
log

¸
gPMppW,t,t�cq

expplpgq

»
Fdgq.

If one follows the proof of this last property one can verifies that the constant c

depends on the geometry of M and W , but it is independent of the Hölder potential

F . As mentioned in Section 2, for every Hölder potential F we have

PGurpF q � P pF q.

We will summarize all this information in the following proposition.

Proposition 8.0.1. Let W be a relatively compact open subset of T 1M intersecting

the non-wandering set of the geodesic flow. Then there exists a constant cpW q ¡ 0

sufficiently large such that

P pF q � PGurpF q � lim
tÑ8

1

t
log

¸
gPMppW,t,t�cq

expplpgq

»
Fdgq,

for every Hölder potential F .

The following two definitions are the starting point of all the results in this section.
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We remark that in the non-compact case the choice of domain for the G-pressure

and the rate function might not be canonical. For convenience we defined the rate

function in the space of sub-probability measuresM¤1pgq, once this decision is made

the domain of QG must be contained in C0pT
1Mq (to ensure duality). There are a

couple of reasons that justify this choice. We will see that the compactness of the

domain of IG is important to prove the lower semicontinuity of the rate function In

(to be defined in the proof of Theorem 8.2.2), which is a fundamental fact in order to

obtain the lower bound large deviation estimate. Another reason is that in the upper

bound estimate we want to use arbitrary closed subsets, instead of compact subsets

(by a standard Contraction Principle we could bypassed this issue if the sequence

pMpW,n, n� cqqn is exponentially tight, but we prefer not to use this approach, see

[DZ, Theorem 4.2.1]). The upper bound for arbitrary closed subsets is also used to

derive the lower bound.

Definition 8.0.2 (G-pressure). Given G P C0pT
1Mq we define QG : C0pT

1Mq Ñ R,

by the formula

QGpfq � P pG� fq � P pGq.

Definition 8.0.3 (Rate function). Given µ PM¤1pgq we define

IGpµq � sup
fPC0pT 1Mq

 »
fdµ�QGpfq

(
.

Observe that by definition (take f � 0) we know IGpµq ¥ 0. If the choice of

function G is clear we will use the notation Q (resp. I) instead of QG (resp. IG).

Lemma 8.0.4. The fuction IG is lower semicontinuous.

Proof. We want to prove that the set I�1
G ppt,8sq is open. Pick a measure µ PM¤1pgq

such that IGpµq ¡ t. This implies that there exists f P C0pT
1Mq such that

³
fdµ �

QGpfq ¡ t. By the definition of the vague topology the map µ ÞÑ
³
fdµ � QGpfq, is
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continuous. In particular the inequality
³
fdν �QGpfq ¡ t, holds for measures ν in a

neighorhood of µ. This implies that IGpνq ¡ t, for every ν in this neighborhood.

The following proposition follows from the upper semicontinuity of the entropy

map (Theorem 5.2.6).

Proposition 8.0.5. For every µ PMpgq the following formula holds

hµpgq � inf
fPCcpT 1Mq

 
P pfq �

»
fdµ

(
.

Remark 8.0.6. Observe that by definition of the topological pressure we have hµpgq�³
fdµ ¤ P pfq. In particular

hµpgq ¤ inf
fPCpT 1Mq

 
P pfq �

»
fdµ

(
.

Proposition 8.0.5 gives the lower bound hµpgq ¥ inffPCcpT 1Mq

 
P pfq �

³
fdµ

(
. In

particular hµpgq ¥ inffPC0pT 1Mq

 
P pfq �

³
fdµ

(
. We conclude that the formula in

Proposition 8.0.5 holds when replacing CcpT
1Mq by C0pT

1Mq.

Lemma 8.0.7. Let G P C0pT
1Mq. Then for every µ PMpgq the following formula

holds

IGpµq � P pGq � phµpg1q �

»
Gdµq.

Proof. Observe that

IGpµq � sup
fPC0pT 1Mq

 »
pG� fqdµ� P pG� fq

(
� P pGq �

»
Gdµ

�� inf
fPC0pT 1Mq

 
P pG� fq �

»
pG� fqdµ

(
� P pGq �

»
Gdµ

�� inf
gPC0pT 1Mq

 
P pgq �

»
gdµ

(
� P pGq �

»
Gdµ

�P pGq � phµpgq �

»
Gdµq.
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8.1 Upper bound for closed sets

The following result follows from [Pol, Theorem 1 (i)] without modification (also see

[Kif]). For completeness we include its proof.

Theorem 8.1.1. Let G be a Hölder potential in C0pT
1Mq. Let K be a closed subset

of M¤1pgq. Then we have

lim sup
tÑ8

1

t
log

�°
µτPMppW,t,t�cqXK expplpτq

³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q



¤ �β,

where β � infµPK IGpµq.

We emphasize that in Theorem 8.1.1 the constant c is the one from Proposition

8.0.1.

Proof. From now on we will use the notation I � IG, and Q � QG. We remark that

since K �M¤1pgq is closed, it is immediately compact. For every ε ¡ 0 we have

K � tµ PM¤1pgq : Ipµq ¡ β � εu.

By the definition of Ipµq we have that

tµ PM¤1pgq : Ipµq ¡ β � εu �
¤

fPC0pT 1Mq

tµ PM¤1pgq :

»
fdµ�Qpfq ¡ β � εu.

Define Vf � tµ PM¤1pgq :
³
fdµ � Qpfq ¡ β � εu, and observe that Vf is open in

the vague topology (since f P C0pT
1Mq). By the compactness of K we obtain a finite

subcover K �
�N
i�1 Vfi . Define Ufi � VfiXMppW, t, t�cqXK. We have the following

inequality
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°
µτPMppW,t,t�cqXK expplpτq

³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q

¤
Ņ

i�1

°
µτPUfi

expplpτq
³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q

�
Ņ

i�1

°
µτPUfi

expplpτq
³
pG� fiqdµτ qe

�lpτq
³
fidµτ°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q

¤
Ņ

i�1

°
µτPUfi

expplpτq
³
pG� fiqdµτ qe

�lpτqpQpfiq�β�εq°
µτPMppW,t,t�cq

expplpτq
³
Gdµτ q

We will bound the RHS according to the sign of the termQpfiq�β�ε. IfQpfiq�β�ε ¥

0, we use the inequality e�lpτqpQpfiq�β�εq ¤ e�pt�cqpQpfiq�β�εq, and if Qpfiq � β � ε   0,

we use the inequality e�lpτqpQpfiq�β�εq ¤ e�tpQpfiq�β�εq. In any case we get that

lim sup
tÑ8

1

t
log

�°
µτPUfi

expplpτq
³
pG� fiqdµτ qe

�lpτqpQpfiq�β�εq°
µτPMppW,t,t�cq

expplpτq
³
Gdµτ q



¤ �pQpfiq � β � εq � P pG� fiq � P pGq � � β � ε.

Here we used the fact that limtÑ8
1
t

log
°
µτPMppW,t,t�cq

expplpτq
³
Gdµτ q, is well defined

and equal to P pGq. The inequality

lim sup
tÑ8

1

t
logp

Ņ

i�1

aiptqq ¤ max
iPt1,..,Nu

lim sup
tÑ8

1

t
log aiptq,

implies that

lim sup
tÑ8

1

t
log

�°
µτPMppW,t,t�cqXK expplpτq

³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q



¤ �β � ε,

but ε ¡ 0 was arbitrary.
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8.2 Lower bound for open sets

For the lower bound in our large deviation estimate we will restrict to the class of

geometrically finite manifolds. As mentioned in the introduction of this section this

is a technical assumption that is likely to be removable. The ingredient that would

allows us to push this result to general negatively curved manifolds is a more general

version of Theorem 2.3.15.

Remark 8.2.1. When we refer to geometrically finite manifolds, we essentially mean

geometrically finite manifolds with cusps. If M is geometrically finite without cusps,

then the non-wandering set of the geodesic flow is compact (M is convex cocompact).

In this case most of our results are well known (the geodesic flow can be modelled as

a suspension flow over a shift of finite type).

For our large deviation lower bound we will use vSPR potentials. The main fea-

ture of this class of potentials is that any compact Hölder perturbation will remain

strongly positive recurrent (Lemma 7.3.5). We know that the strongly positive recur-

rent condition is open in the C0 topology (Lemma 7.2.2), but this is apparently not

enough to obtain Theorem 8.2.2.

Theorem 8.2.2. Let M be a geometrically finite manifold with cusps and G a vSPR

potential. Let U be an open subset of M¤1pgq. Then we have

lim inf
tÑ8

1

t
log

�°
µτPUXMppW,t,t�cq

expplpτq
³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q



¥ �β,

where β � infµPU IGpµq.

Proof. We will use the simplified notation I � IG, and Q � QG. Let pVkqk be a

sequence of Hölder continuous functions in CcpT
1Mq such that ||Vi||0 � 1, and whose
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linear combinations form a dense subset of C0pT
1Mq. The metric

ρpµ, νq �
¸
k¥1

2�k|

»
Vkdµ�

»
Vkdν|, (8.1)

generates de vague topology of M¤1pgq. Define fn :Mpgq Ñ Rn, given by

fnpµq � p

»
V1dµ, ...,

»
Vndµq.

We also define functions Qn, In : Rn Ñ RY t8u, by the formulas

Qnpβq � Qp
ņ

i�1

βiViq,

and

Inpαq �

$''&''%
inftIpµq : fnµ � αu, if α P fnM¤1pgq

8, otherwise.

We claim that Inpαq is lower semicontinuous. More precisely, we want to prove that

I�1
n ppt,8sq is open. Observe that

I�1
n ppt,8sq � tα : t   Inpαqu � tα : Ipµq ¡ t, @µ such that fnµ � αu.

Suppose by contradiction that I�1
n ppt,8qq is not open. Take α P I�1

n ppt,8sq that is

not an interior point. There exists a sequence pµnqn of measures inM¤1pgq such that

Ipµnq ¤ t, and fnµÑ α. After passing to a subsequence (because of the compactess

of M¤1pgq) we can assume that µn converges to µ P M¤1pgq. Since I is lower

semicontinuous we know that Ipµq ¤ t. The continuity of fn implies that fnµ � α.

This contradicts the fact that α P I�1
n ppt,8sq.

Remark 8.2.3. In the proof of the semicontinuity of In we used the compactness of

M¤1pgq. This is one of the reasons why we needed to define I in a non-trivial way
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for the invariant sub-probability measures.

It follows from the definition of Qn that

Qnpβq � sup
αPRn

pxβ, αy � Inpαqq.

It is also easy to check the convexity of In ([Kif, Theorem 2.1]). The convexity and

lower semicontinuity of In implies by a standard duality principle ([Ro, Theorem

12.2]) that

Inpαq � sup
βPRn

pxα, βy �Qnpβqq.

Let JnpAq � infαPA Inpαq. As in [Kif] we will prove the following lemma.

Lemma 8.2.4. Let U be an open subset of Rn. Then

lim inf
tÑ8

1

t
log

�°
µτPMppW,t,t�cqXf

�1
n U expplpτq

³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q



¥ �JnpUq. (8.2)

Proof. We will assume that JnpUq   8, otherwise there is nothing to prove. Fix

ε ¡ 0, and let αε P U � Rn such that Inpαεq   JnpUq � ε. As in [Kif] we can ensure

the existence of βε P Rn such that

Qnpβεq � xβε, αεy � Inpαεq.

Choose r sufficiently small such that Brpαεq � tα : |α � αε|   ru is contained in U .

Observe that f�1
n U � f�1

n Brpαεq, therefore the LHS in inequality (8.2) is bounded

below by

lim inf
tÑ8

1

t
log

�°
µτPMppW,t,t�cqXf

�1
n Brpαεq

expplpτq
³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q



.

To simplify notation defineAt �MppW, t, t�cq, andBt �

°
µτ PAtXf

�1
n Brpαεq

expplpτq
³
Gdµτ q°

µτ PAt
expplpτq

³
Gdµτ q

.
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Observe that

Bt � Ct

°
µτPAtXf

�1
n Brpαεq

expplpτq
³
pG� xβε, V

nyqdµτ qe
�lpτqxβε,fnµτ�αεye�lpτqxβε,αεy°

µτPAt
expplpτq

³
pG� xβε, V nyqdµτ

,

where V n � pV1, ..., Vnq and

Ct �

°
µτPAt

expplpτq
³
pG� xβε, V

nyqdµτ°
µτPAt

expplpτq
³
Gdµτ

.

It follows from the definition of the Gurevich pressure that

lim
tÑ8

1

t
logCt � QGpxβε, V

nyq � Qnpβεq.

Using the definition of At and that for µτ P f
�1
n Brpαεq we have |fnµτ � αε|   r, we

obtain

Bt ¥ Ct

°
µτPAtXf

�1
n Brpαεq

expplpτq
³
pG� xβε, V

nyqdµτ q°
µτPAt

expplpτq
³
pG� xβε, V nyqdµτ

e�tr|βε|ep�txβε,αεy,

here we assumed that xβε, αεy ¥ 0, otherwise the term e�txβε,αεy should be replaced

by e�pt�cqxβε,αεy. In any case we derive the inequality

lim inf
tÑ8

1

t
logBt ¥ lim inf

tÑ8

1

t
log

°
µτPAtXf

�1
n Brpαεq

expplpτq
³
pG� xβε, V

nyqdµτ q°
µτPAt

expplpτq
³
pG� xβε, V nyqdµτ

�Qnpβεq � r|βε| � xβε, αεy

¥ lim inf
tÑ8

1

t
log

°
µτPAtXf

�1
n Brpαεq

expplpτq
³
pG� xβε, V

nyqdµτ q°
µτPAt

expplpτq
³
pG� xβε, V nyqdµτ

�Inpαεq � r|βε|.

In the last inequality we used that by definition of βε we have Qnpβεq � Inpαnq �
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xβε, αεy. Define

Dt �

°
µτPAtXf

�1
n Brpαεq

expplpτq
³
pG� xβε, V

nyqdµτ q°
µτPAt

expplpτq
³
pG� xβε, V nyqdµτ

,

and

Et �

°
µτPAtXf

�1
n pBrpαεqcq

expplpτq
³
pG� xβε, V

nyqdµτ q°
µτPAt

expplpτq
³
pG� xβε, V nyqdµτ

.

By definition Dt � Et � 1. We claim that limtÑ8Dt � 1, or equivalently that

limtÑ8Et � 0. This will immediately imply that lim inftÑ8
1
t

logDt � 0, and there-

fore the inequality

lim inf
tÑ8

1

t
logBt ¥ �Inpαq � r|βε|.

Since r was arbitrary we are done. It remains to prove that limtÑ8Et � 0. First

observe that f�1
n pBnpαεq

cq is a closed subset of M¤1pgq. We can use Theorem 8.1.1

to obtain the inequality

lim sup
tÑ8

1

t
logEt ¤ � inf

µPf�1
n pBrpαεqcq

IG�xβε,V nypµq.

It is enough to prove that infµPf�1
n pBrpαεqcq

IG�xβε,V nypµq ¡ 0.

Lemma 8.2.5. Let H P C0pT
1Mq be a Hölder SPR potential. Then the only measure

µ PM¤1pgq satisfying the equation

IHpµq � 0,

is the equilibrium state of H.

Proof. Recall that IHpµq ¥ 0, for every µ PM¤1pgq. If IHpµq � 0, we must have

»
fdµ� P pH � fq � P pHq ¤ 0,
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for every f P C0pT
1Mq. In particular we have t

³
fdµ ¤ P pH � tfq �P pHq. Suppose

t ¡ 0, we divide by t and take t Ñ 0. By Theorem 6.1.9 we obtain
³
fdµ ¤

³
fdmH ,

where mH is the equilibrium state of H. Since f was an arbitrary function in C0pT
1Mq

this concludes that necessarily µ � mH .

Remark 8.2.6. If we assume that H P C0pT
1Mq is not strongly positive recurrent,

then

IHpµ0q � sup
fPC0pT 1Mq

tP pHq � P pH � fqu � P pHq � inf
fPC0pT 1Mq

P pH � fq,

where µ0 is the zero measure. As an application of Theorem 7.1.2 we know that

inffPC0pT 1Mq P pH � fq � infgPC0pT 1Mq P pgq � δ8. Since H is not strongly positive

recurrent we get that IHpµ0q � 0. In this case the conclusion of Lemma 8.2.5 does

not hold.

Suppose by contradiction that infµPf�1
n pBrpαεqcq

IG�xβε,V nypµq � 0. This would imply

the existence of a sequence pµkqk � M¤1pgq such that |fnµk � αε| ¥ r, and that

limkÑ8 IG�xβε,V nypµkq � 0. By compactness of M¤1pgq we conclude that there exists

a measure µ P M¤1pgq such that Ipµq � 0 (by the lower semicontinuity of I), and

|fnµ � αε| ¥ r. By Lemma 8.2.5 we know that µ must be the equilibrium state of

G� xβε, V
ny. We will now prove that fnmβε � αε, where µ � mβε is the equilibrium

state of G � xβε, V
ny. This would imply that the inequality |fnµ � αε| ¥ r, is not

possible and therefore that the assumption infµPf�1
n pBrpαεqcq

IG�xβε,V nypµq � 0, is false.
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We start with the following observation

IG�xβε,V nypµq � sup
fPC0pT 1Mq

 »
fdµ� P pG� xβε, V

ny � fq
(
� P pG� xβε, V

nyq

� sup
gPC0pT 1Mq

 »
gdµ� P pG� gq

(
� P pG� xβε, V

nyq �

»
xβε, V

nydµ

� IGpµq � P pGq � P pG� xβε, V
nyq �

»
xβε, V

nydµ

� IGpµq �Qnpβεq �

»
xβε, V

nydµ.

We conclude that

Qnpβεq �

»
xβε, V

nydmβε � IGpmβεq.

Define pα � p
³
V1dmβε , ...,

³
Vndmβεq. By definition fnmβε � pα, and therefore

Qnpβεq � xpα, βεy � IGpmβεq ¤ xpα, βεy � Inppαq ¤ Qnpβεq. (8.3)

We conclude that Qnpβεq � xpα, βεy � Inppαq. Recall that by construction we had

Qnpβεq � xαε, βεy � Inpαεq. By standard convex analysis we know that the set

tα P Rn : Inpαq � xα, βεy �Qnpβεqu,

corresponds to the set BQnpβεq of subdifferentials of Qn at βε. Recall that a vector

v P Rn is a subdifferential of Qn at β, if for every w P Rn the following inequality

holds

xv, wy ¤ Qnpβ � wq �Qnpβq.

Note that if v P BQnpβεq, then

txv, wy ¤ P pG� xβ � tw, V nyq � P pG� xβ, V nyq.
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In particular we get that for every w P Rn we have

xv, wy ¤
d

dt |t�0
P pG� xβ � tw, V nyq �

»
xw, V nydmβε � xw, pαy.

This implies that v � pα. We conclude that αε � pα � fnmβε , as desired. This finishes

the proof of Lemma 8.2.4.

We now proceed to finish the proof of Theorem 8.2.2 using Lemma 8.2.4. Fix

ε ¡ 0, and choose µε PM¤1pgq such that Ipµεq ¤ β � ε. Choose δ ¡ 0 small enough

such that Bδpµεq � tµ : ρpµ, µεq   δu is contained in U , where ρ is the distance

defined by equation (8.1). Define

ρnpµ, νq �
ņ

k�1

2�k|

»
Vkdµ�

»
Vkdν|.

Choose n sufficiently large such that Bn,δ{2pµεq � tµ PM¤1pgq : ρnpµ, µεq   δ{2u is

contained in Bδpµεq. Set αε � fnµε, and

Cn,δ{2pαεq � tα P Rn :
ņ

k�1

2�k|αk � pαεqk|   δ{2u,

where α � pα1, ..., αkq and αε � ppαεq1, ..., pαεqkq. Observe that Cn,δ{2pαεq is open and

that Bn,δ{2pµεq � f�1
n Cn,δ{2pαεq. Using the inclusion

U � Bδpµεq � Bn,δ{2pµεq � f�1
n Cnpαεq,
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and Lemma 8.2.4 we obtain

lim inf
tÑ8

1

t
log

�°
µτPUXMppW,t,t�cq

expplpτq
³
Gdµτ q°

µτPMppW,t,t�cq
expplpτq

³
Gdµτ q



¥ �JnpBn,δpαεqq

¥ �Inpαεq

¥ �Ipµεq

¥ �β � ε.

Since ε ¡ 0 was arbitrary we are done.

In hyperbolic space every parabolic subgroup is of divergence type, in particular

the zero potential is a vSPR potential. Combining Theorem 8.1.1 and Theorem 8.2.2

we obtain

Theorem 8.2.7. Let M be a hyperbolic geometrically finite manifold with cusps.

Then

1. Let K a closed subset ofM¤1pgq not containing the measure of maximal entropy.

Then we have

lim sup
tÑ8

1

t
log

�
#pMppW, t, t� cq XKq

#MppW, t, t� cq



¤ �β,

where β � infµPK I0pµq is a positive number.

2. Let U be an open subset of M¤1pgq whose closure does not contain the measure

of maximal entropy. Then we have

lim inf
tÑ8

1

t
log

�
#pMppW, t, t� cq XKq

#MppW, t, t� cq



¥ �γ,

where γ � infµPU I0pµq is a positive number.
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8.3 Application

Before jumping into our next application (which is a direct application of the proof of

Theorem 8.2.2), we will explain some concepts from convex analysis. This is necessary

to make sense of the hypothesis in our result, but it also worth explaining some facts

that we took for granted from [Kif] for the proof of Theorem 8.2.2. As for the lower

bound large deviation estimate, the geometrically finite assumption does not seem

to be crucial (once we have the right definition of very strongly positive recurrent

potentials everything will follow analogously).

Definition 8.3.1 (Affine hull). Given S � Rn, the affine hull of S is the set

Aff S � tx P Rn : x �
ņ

i�1

λixi, where xi P S and
ņ

i�1

λi � 1u.

Observe that the difference between the convex hull and the affine hull is that in

the former we require the coefficients λi to be non-negative. The affine hull of S is

also the smallest affine subset (translation of linear subspaces) containing S.

Definition 8.3.2 (Relative interior). Given S � Rn, the relative interior of S is

defined as

ripSq � tx P S : Dε ¡ 0, Bpx, εq X Aff S � Su.

The relative interior is a meaningful notion of interior when the convex subset is

not ‘full dimensional’ and we care about the linear structure. The following definition

was used in the proof of Theorem 8.2.2 and will be needed again.

Definition 8.3.3. To a sequence V n � pV1, ..., Vnq of potentials we associate the map

fVn :M¤1pgq Ñ Rn, given by the formula

fVn pµq � p

»
V1dµ, ...,

»
Vndµq.
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Proposition 8.3.4. Let M be a geometrically finite manifold and G a very strongly

positive recurrent potential. Suppose we have a sequence of compactly supported

Hölder potentials V n � pV1, ..., Vnq, and α P ripfVn pM¤1pgqqq. Then there exists

β P Rn such that the equilibrium state of G� xβ, V ny, say mβ, satisfies

fVn pmβq � α.

Proof. We will follow the notation used in the proof of Theorem 8.2.2. Since In and

Qn are convex duals and α lies in the relative interior of the domain of In, we know

the existence of β P Rn (see [Ro, Theorem 23.4]) such that

Qnpβq � xβ, αy � Inpαq.

As mentioned before, this is equivalent to say that β P BInpαq. Let mβ be the

equilibrium state of G � xβ, V ny (which exists because G is very strongly positive

recurrent and xβ, V ny has compact support). Define α0 � fVn mβ. As before (see

equation 8.3) we obtain

Qnpβq � xα0, βy � IGpmβq ¤ xα0, βy � Inpα0q ¤ Qnpβq.

We conclude that Qnpβq � xα0, βy � Inpα0q. The argument used in the proof of

Lemma 8.2.4 applies without modification here and we get that α � α0. Moreover

Inpαq � Ipµβq. In particular we also obtain that the function P pGq� phµpgq�
³
Gdµq

is minimized at mβ among all probability measures µ such that fVn µ � α.

Remark 8.3.5. Fix a sequence V � pV1, ..., Vnq of Hölder potentials and suppose that

dim Aff fVn pM¤1pgqq   n.
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In this case there exists a plane P � tx : a1x1�...�anxn � bu containing fVn pM¤1pgqq.

In particular for every µ P M¤1pgq we have
°n
k�1 ak

³
Vkdµ � b. First observe that

since the zero measure belongs to M¤1pgq we must have that b � 0. Define W �

CpT 1Mq{ �, where f � g if they are cohomologous through a Hölder function. More

precisely f � g if there exists a Hölder function H, differentiable along flow lines,

such that

fpvq � gpvq �
d

dt |t�0
Hpgtvq,

for every v P Ω, where Ω is the non-wandering set of the geodesic flow. Let h �°
k�1 akVk. Observe that

³
hdµ � 0 for every µ P M¤1pgq. It is proven in [PPS,

Remark 3.1] that h is then cohomologous to zero in restriction to the nonwandering set

of the geodesic flow. In particular h � 0 inW. We conclude that dim Aff fVn pM¤pgqq

is equal to the dimension of the span of tV1, ..., Vnu in W. In particular if tV1, ..., Vnu

are linearly independent in W, then the relative interior of fVnM¤1pgq is just its

topological interior.

As mentioned in Remark 7.3.6, every geometrically finite manifold admits very

strongly positive recurrent potentials. An immediate consequence of Proposition 8.3.4

is the following result.

Corollary 8.3.6. Let M be a geometrically finite manifold. Suppose we have a se-

quence of compactly supported Hölder potentials V n � pV1, ..., Vnq, and α P ripfVn pM¤1pgqqq.

Then there exists a Gibbs measure m such that fVn m � α.

To end this section we will explain some details for n � 1 (even though in this

case the result is not very surprising and can be recovered from the argument used in

Theorem 6.2.2). In this case we have one compactly supported Hölder potential V1.

Observe that Aff fV1 pM¤1pgqq � R, and that

fV1 pM¤1pgqq � rmint0,mu, supt0,Mus,
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where m � infµPMpgq

³
fdµ, and M � supµPMpgq

³
fdµ. Clearly

ripfV1 pM¤1pgqq � pmint0,mu, supt0,Muq.

Corollary 8.3.6 tells us that for α P pmint0,mu, supt0,Muq, there exists a Gibbs

measure m such that
³
V1dm � α.
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Chapter 9

Final comments

In this thesis we have mainly focused on the thermodynamic formalism of potentials

in C0pT
1Mq. One important reason for this is that if F P C0pT

1Mq, then the map

µ ÞÑ

»
Fdµ,

is continuous in the vague topology (see Lemma 3.1.2). We will now briefly discuss

what happens if we weaken this hypothesis.

Definition 9.0.1. We say that a potential F converges to D at infinity if for each

ε ¡ 0, there exists a compact subset K � T 1M such that supxPKc |F pxq�D|   ε. The

space of continuous potentials converging to D at infinity is denoted by CpT 1M,Dq.

It follows from the definition that CpT 1M, 0q � C0pT
1Mq. We use the notation

CpT 1M,Dq to avoid any confusion with the space of bounded continuous potentials

CbpT
1Mq. The following lemma gives some insight on the type of behaviour that we

will encounter when considering potentials that do not vanish at infinity.

Lemma 9.0.2. Let pµnqn be a sequence of invariant probability measures converging
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vaguely to µ. Then for every F P CpT 1M,Dq we have

lim
nÑ8

»
Fdµn �

»
Fdµ� p1 � |µ|qD.

Proof. Let pKmqm be a compact exhaustion of T 1M such that the following hold:

1. supxPKc
m
|F pxq �D|   1

m
.

2. µpBKmq � 0.

It follows from this two assumptions that

lim
nÑ8

»
Km

Fdµn �

»
Km

Fdµ,

and that

|

»
Kc
m

Fdµn �DµnpK
c
mq| ¤

1

m
.

Similarly limnÑ8 µnpKmq � µpKmq, and therefore limnÑ8 µnpK
c
mq � 1 � µpKmq.

Observe that

|

»
Fdµn �

»
Km

Fdµ�Dp1 � µpKmqq| ¤

|

»
Km

Fdµn �

»
Km

Fdµ| � |

»
Kc
m

Fdµn �DµnpK
c
mq|

� |DµnpK
c
mq �Dp1 � µpKmqq|.

Taking n to infinity we get

lim sup
nÑ8

»
Fdµn �

�»
Km

Fdµ�Dp1 � µpKmqq



¤

1

m
,

and

lim inf
nÑ8

»
Fdµn �

�»
Km

Fdµ�Dp1 � µpKmqq



¥ �

1

m
.
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Finally taking m to infinity we get that

lim
nÑ8

»
Fdµn �

»
Fdµ�Dp1 � |µ|q.

Definition 9.0.3. Given F P CbpT
1Mq we define essential upper bound of F as

cpF q � inf
nPN

sup
xPKc

n

F pxq,

where pKnqn is a compact exhaustion of T 1M .

It is easy to verify that cpF q is independent of the choice of compact exhaustion.

Lemma 9.0.4. Let pµnqn be a sequence of invariant probability measures converging

vaguely to µ. Then for every F P CbpT
1Mq we have

lim sup
nÑ8

»
Fdµn ¤

»
Fdµ� p1 � |µ|qcpF q.

Proof. Let pKmqm be a compact exhaustion of T 1M such that the following hold:

1. supxPKc
m
F pxq   cpF q � 1

m
.

2. µpBKmq � 0.

Observe that
³
Kc
m
Fdµn ¤ pcpF q � 1

m
qµnpK

c
nq, and that

�»
Fdµn �

»
Km

Fdµ�p1 � µpKmqqcpF q



¤

�»
Km

Fdµn �

»
Km

Fdµ



�

�»
Kc
m

Fdµn � cpF qµnpK
c
mq



� pcpF qµnpK

c
mq � cpF qp1 � µpKmqqq.
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As in Lemma 9.0.2 we obtain that

lim sup
nÑ8

»
Fdµn �

�»
Km

Fdµ� cpF qp1 � µpKmqq



¤

1

m
.

Taking m to infinity proves the lemma.

As a direct consequence of Lemma 9.0.4 and Theorem 5.2.3 we obtain

Theorem 9.0.5. Let pµnqn be a sequence of invariant probability measures converging

vaguely to µ and F P CbpT
1Mq. Then

lim sup
nÑ8

�
hµnpgq �

»
Fdµn



¤ |µ|

�
hµ{|µ|pgq �

»
Fdµ{|µ|



� p1 � |µ|qpδ8 � cpF qq.

In particular, if P pF q ¡ δ8 � cpF q, then F has an equilibrium state (see proof

of Theorem 6.1.5). We believe that Theorem 9.0.5 is not an optimal result, and we

suggest the following conjecture.

Conjecture 9.0.6. Let pµnqn be a sequence of invariant probability measures con-

verging vaguely to µ and F P CbpT
1Mq. Then

lim sup
nÑ8

�
hµnpgq �

»
Fdµn



¤ |µ|

�
hµ{|µ|pgq �

»
Fdµ{|µ|



� p1 � |µ|qP8pF q.

We emphasize that if F P CpT 1M,Dq, then

P8pF q � δ8 �D � δ8 � cpF q. (9.1)

This follows from the proof of Lemma 6.1.7. In particular Conjecture 9.0.6 holds for

potentials in CpT 1M,Dq. It worth pointing out that potentials in CpT 1M,Dq are

uniformly continuous. The uniform continuity of the potential could play a role in

Conjecture 9.0.6 (since we do not have strong evidence to justify that the uniform

continuity is relevant we state the conjecture in the general case). If Conjecture 9.0.6
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holds then one can obtain Theorem 6.1.8 and Theorem 6.1.9 for arbitrary SPR Hölder

potentials (we can remove the assumption that our potential belongs to C0pT
1Mq).

We remark that Theorem 9.0.5 and equation (9.1) implies that Theorem 6.1.8 and

Theorem 6.1.9 hold for potentials in CpT 1M,Dq, for every D P R.

In Section 8 we obtained large deviation lower bounds for vSPR potentials on

geometrically finite manifolds. As mentioned in Section 8 we do not have a good

definition of vSPR potentials for arbitrary pinched negatively curved manifolds. We

expect that the following is true (we use the notation from Definition 2.3.20):

Conjecture 9.0.7. Let rU be an open relatively compact subset of �M such that T 1 rU
has non-empty intersection with the lift of Ω to T 1�M . Assume that P pF, rU, sq is of

divergence type. Then δFΓ p
rUq   P pF q.

We recall that a Poincaré series is of divergence type if it is divergent at its critical

exponent. Conjecture 9.0.7 should be considered as a generalization of Theorem

2.3.15. Assume for a second that Conjecture 9.0.7 holds. In this case we say that F is

vSPR if there exists an increasing sequence (rUnqn such that
�
n¥1

rUn � �M , and that

P pF, rUn, sq is of divergence type for every n ¥ 1. If F is vSPR, then Conjecture 9.0.7

and Definition 2.3.20 imply that P8pF q   P pF q. In other words vSPR potentials

are SPR potentials. Let G be a compactly supported continuous function on T 1M .

Choose rU � �M big enough such that supppGq � T 1U , where U � pprUq. Choose n

sufficiently large such that rU � rUn. In this case the Poincaré series P pF � G, rUn, sq
is identical to the Poincaré series P pF, rUn, sq. Since by assumption P pF, rUn, sq is of

divergence type, we get that P pF�G, rUn, sq is of divergence type as well. This implies

that F �G is vSPR, and therefore SPR. We conclude that any compact perturbation

of a vSPR potential is SPR. For the family of vSPR potentials we can obtain large

deviation lower bounds (without any modification in the proof of Theorem 8.2.2).

We finish this section with a few comments about the thermodynamic formalism

of the geodesic flow on non-positively curved manifolds. In the paper [V2] we obtained
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the upper semicontinuity of the entropy map for the geodesic flow on rank 1 manifolds

when restricting to the regular part of the geodesic flow (for details we refer the reader

to [V2]). For the geodesic flow on non-compact rank 1 manifolds it is not known the

uniqueness of the measure of maximal entropy (in the compact setting the uniqueness

of the measure of maximal entropy was proven by Knieper [Kni]), nor the uniqueness

of equilibrium states for regular potentials (in the compact case this problem was

recently treated in [BCFT]). We remark that in this setting the relevant critical gap

conditions (e.g. SPR condition) must also consider the singular part of the geodesic

flow, and not just the behaviour at infinity. The importance of controlling the singular

part of the geodesic flow is clear from the works [BCFT] and [V2].
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