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Abstract

Context-sensitive stimulus-response mappings, which I call task representations, are

a crucial part of flexible, goal-oriented behavior. Guided Activation Theory (GAT)

and the related Gating models integrate many ideas about the behavioral and neural

properties of task representations within computational frameworks. In this disserta-

tion, I present several projects that test and extend these ideas. In the first project, I

follow up on recent Gating model work, introducing novel connections with reinforce-

ment learning (RL) theory that lead to a greatly simplified version of the previous

model as well as to new insights about the limited capacity of task representations.

In the second project, I investigate a previously proposed normative account of task

representation updating (in the domain of task switching experiments) in terms of

an effort-performance tradeoff. Converging theoretical and experimental work from

this project reveals that a simple speed-accuracy tradeoff best explains the data,

suggesting that the proposed effort-performance tradeoff is not a valid account of the

findings. The final project attempts to measure context representations, a component

of task representations, in human fMRI data. This project presents novel method-

ological developments (model-based multi-voxel pattern analaysis), and describes the

application of the novel and existing methods to two new fMRI experiments. Surpris-

ingly, neither experimental dataset yields measurable context representations using

methods claimed by others to have produced success, although control analyses are

successful.
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Chapter 1

Introduction

One hallmark of realistic environments is context, or information that changes fre-

quently and is not immediately observable at the time when decisions must be made,

but is nonetheless crucial for pursuing goals. In psychological terms, the required

stimulus-response mapping changes frequently in such environments, and thus nav-

igating them necessitates flexible yet robust representation of the currently appro-

priate mapping in working memory. This component of working memory is known

as a rule or task representation, and its study is central to understanding complex,

goal-oriented behavior. Task representations have been consistently associated with

prefrontal cortex (PFC Badre, Kayser, & D’Esposito, 2010; D’Esposito et al., 1995;

Badre & Wagner, 2004; Bunge, 2004; Duncan, 2001; Petrides, 2005; Wallis, Ander-

son, & Miller, 2001; Montojo & Courtney, 2008; Cohen et al., 1997). Yet the wealth

of empirical data regarding task representations is complex and resists obvious sim-

plifications, highlighting the need for computational models in furthering our under-

standing.

Guided Activation Theory (GAT Miller & Cohen, 2001) is a family of models

describing a particular relationship between PFC, posterior cortex and subcortical

structures, and task representations. Cohen, Dunbar, and McClelland’s (1990) model
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of data from Stroop experiments (Stroop, 1935) was an early, purely cognitive precur-

sor of GAT that specified the theory’s characteristic cognitive features. This model

posited that task representations emerge from interactions in a parallel distributed

processing system in which context units allocate attention to (i.e., select) goal-

relevant stimulus-response processing pathways from among parallel competing path-

ways. Thus, in complex environments in which many conflicting stimulus-response

mappings may be simultaneously activated by bottom-up stimulus information, task

representations emerge from the strategic selection of one mapping among many.

Cohen and Servan-Schreiber (1992) subsequently linked the model’s context repre-

sentations to PFC in the domain of behavioral deficits associated with schizophrenia.

Desimone and Duncan (1995) later proposed a model of visual attention with strong

links between neural substrates and parallel competing representations, arguing that

visual attention is an emergent property of competition among low-level representa-

tions in visual cortex, and that PFC was somehow involved in biasing this compe-

tition toward goal-relevant information. Following up on these earlier works, Miller

and Cohen (2001) definitively articulated GAT, positing that the function of PFC is

to actively maintain context representations and to use this to bias competition in

posterior cortical and subcortical structures toward goal-relevant information. Thus

GAT frames task representations as emerging from a sort of internal attention (anal-

ogous to visual attention) to goal-relevant information-processing pathways, guided

by actively maintained contextual information in the PFC.

One challenge for GAT is the stability-flexibility paradox. That is, the model

requires task representations to be both stable in the face of goal-irrelevant informa-

tion, and yet also flexible enough to be changed or updated by new, goal-relevant

information. The Gating model is an extension of GAT that addresses this paradox

by positing a relationship between task representations and dopaminergic systems

presumed to be involved in reinforcement learning (RL). Initial formulations of the
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Gating model assumed that phasic bursts from midbrain dopaminergic nuclei (Braver

& Cohen, 1999, 2000) directly “gated” goal-relevant information into PFC where it

would be actively maintained until the next dopaminergic burst signal. Later formu-

lations posited a more complex relationship, with phasic dopamine bursts training

a gating “actor” in the basal ganglia that then gated goal-relevant information into

PFC via corticostriatal loops (Frank, Loughry, & O’Reilly, 2001; O’Reilly & Frank,

2006). Although there is not yet sufficient data to adjudicate between the details of

the earlier and later forms of the Gating model, there is a key commonality between

them. Specifically, both forms solve GAT’s stability-flexibility paradox by assuming

that basic RL learning processes identify goal-relevant information and cause it to

be gated into PFC. This escapes the trap of introducing another homunculus that

must control the RL system in turn, because the sine qua non of this system is its

ability to learn complex behaviors (e.g., goal-oriented gating) from primordial reward

and punishment stimuli. This effectively extends GAT’s distributed task representa-

tions to include: context representations in PFC, stimulus-response representations

in posterior cortex and subcortical structures, and context updating policies in the

dopaminergic RL system.

Figure 1.1 summarizes GAT and the Gating models. In this dissertation, I present

theoretical as well as behavioral and neuroimaging studies that further develop and

test aspects of these ideas. I introduce each of these studies in the following sections.

1.1 Revising the Gating model

This project followed up on the Gating model proposed by O’Reilly and Frank (2006)1,

emphasizing a previously unexplored link between the Gating model and a particular

1The title of that work begins “Making Working Memory Work...,” and I continue the more
general emphasis on working memory in this chapter. It is left implicit that context and task
representations are a specific type of working memory, and this project therefore addresses these
more specific representations as well.
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Figure 1.1: Assumptions of GAT and the Gating models, including relevant aspects
of neural RL models. Task representation cognitive structure (without neural links)
first proposed by Cohen, Dunbar, and McClelland (1990). 1: Context representa-
tions are actively maintained in DLPFC (Cohen & Servan-Schreiber, 1992; Miller &
Cohen, 2001). 2: Familiar stimulus-response mappings are represented in posterior
cortex (PC: Miller & Cohen, 2001) and basal ganglia (BG: Joel, Niv, & Ruppin,
2002; Frank et al., 2001; O’Reilly & Frank, 2006). 3: Novel (e.g., “indirect”: Cohen,
Dunbar, & McClelland, 1990) stimulus-response mappings may be represented in hip-
pocampus (HC: Miller & Cohen, 2001). 4: RL signals are carried by phasic bursts
from dopamine (DA) neurons in ventral tegmental area (VTA) and substantia nigra
(Montague, Dayan, & Sejnowski, 1996; Schultz, Dayan, & Montague, 1997). These
train policies and values into BG (Houk, Adams, & Barto, 1995; Reynolds, Hyland, &
Wickens, 2001; Reynolds & Wickens, 2002). 5: Context cues from the environment as
well as HC project into DLPFC (Braver & Cohen, 1999; Frank et al., 2001; O’Reilly
& Frank, 2006). 6: RL signal mediated by phasic DA directly gates only task-relevant
context cues into DLPFC (Braver & Cohen, 1999, 2000). 7: RL trains gating policy
into BG, which then gates only task-relevant context cues into DLPFC (Frank et al.,
2001; O’Reilly & Frank, 2006). 8: DLPFC selects among competing mappings in PC
and BG via top-down attentional bias (Cohen & Servan-Schreiber, 1992; Desimone
& Duncan, 1995; Miller & Cohen, 2001).
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branch of RL theory. That is, the elements of RL theory that have typically been used

to derive neuroscience models (e.g., Houk, Adams, & Barto, 1995; Montague, Dayan,

& Sejnowski, 1996; Schultz, Dayan, & Montague, 1997) concern decision making in

environments that, in contrast to the “realistic” environments posed above, are by

definition context-free, requiring no actively maintained task representations. This

is the theory of decision making in so-called Markov Decision Processes (Puterman,

1994; Bertsekas & Tsitsiklis, 1996; Sutton & Barto, 1998). However, a different area

of RL theory, less widely known among neuroscientists, concerns decision making in

more complex, realistic environments that do require working memory. This is the

theory of decision making in Partially Observable Markov Decision Processes (e.g.,

Kaelbling, Littman, & Cassandra, 1998). In this project, I established a link between

this branch of RL theory and the Gating model.

The benefit of establishing this link was twofold. First, this led to a highly formal

definition of working memory in general in terms of the internal memory device that

theoretical decision making agents must use in order to make effective decisions in

partially observable environments. Second, it led to the recognition that the biolog-

ically inspired but highly complex form of the Gating model proposed by O’Reilly

and Frank (2006) could be simplified to a three-parameter model while preserving the

key concepts (Todd, Niv, & Cohen, 2008). The new, simpler Gating model was useful

for exploring how the definition of working memory in terms of reward maximization

and RL could be used to explain the characteristic limitations of the working memory

system (Cleeremans & McClelland, 1991; Cowan, 2000).

1.2 Rational Analysis of Task Switching

This project used the task switching literature to examine task representation dynam-

ics at the within-trial timescale. A central finding in that literature is the residual
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switch cost, or behavioral deficit from switching from one task to another that remains

even after ample preparation time (e.g., Allport, Styles, & Hsieh, 1994; Meiran, 1996;

Rogers & Monsell, 1995). While the residual switch cost was originally interpreted

in terms of cognitive structural factors, later work suggested that the residual switch

cost is in fact “optional” for participants, reflecting motivational factors, specifically

an effort-performance tradeoff (De Jong, 2000; Nieuwenhuis & Monsell, 2002). In this

project I used rational analysis theory (Anderson, 1990, 1991) to articulate these two

alternative interpretations as competing models within a formal framework. Crit-

ically, this afforded examination of variance attributable to a motivation-sensitive

effort-performance tradeoff after precisely controlling for variance associated with a

motivation-sensitive speed-accuracy tradeoff.

The use of rational analysis here is akin to implementing a Gating model of task

switching at a high level of abstraction, in that both approaches assume that task

representations are updated in such a way as to maximize rewards (and minimize

costs). The rational analysis approach was chosen as it more readily exposed the

effort-performance tradeoff without explicit learning assumptions that are necessary

for RL accounts (including Gating models) but that do not appear to correspond well

with task switching experiments.

Simulations showed the validity of the overall framework (i.e., both competing

models) with regard to existing task switching data: the optimal resolution of the

effort-performance and/or speed-accuracy tradeoffs leads to behavior that is consis-

tent with several reported phenomena, including residual switch costs (Rogers &

Monsell, 1995), the failure to engage pattern (De Jong, 2000; Nieuwenhuis et al.,

2002), and probabilistic cueing effects (Dreisbach, Haider, & Kluwe, 2002; Dreisbach

& Haider, 2006). To adjudicate between the two models, I developed a behavioral

experiment paradigm (deadlined task switching) in which performance costs could

be parametrically manipulated. Data from two experiments using variants of this
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paradigm produced results similar to those previously reported by De Jong (2000) and

Nieuwenhuis and Monsell (2002). Nonetheless, the data from both experiments failed

to support the effort-performance tradeoff after controlling for the speed-accuracy

tradeoff. This suggests a reinterpretation of the data that originally led De Jong

(2000) and Nieuwenhuis et al. (2002) to suggest the effort-performance tradeoff ex-

planation of the residual switch cost. Those data now appear to be best explained

by a speed-accuracy tradeoff alone, and it does not appear that the within-trial task

representation dynamics indexed by the residual switch cost are interpretable in terms

of motivational factors in the manner previously proposed.

1.3 Mapping context representations with fMRI:

Method and experimental study

The goal of this project was to map the neural substrates of context representations,

the part of task representations thought to reside within PFC, using fMRI. Mapping

these neural substrates is an important avenue for testing various aspects of the

models described above. This project comprises two chapters in which I describe my

efforts to map context representations.

In the first chapter, I describe a confound that is associated with a type of fMRI

analysis, but that is not widely recognized. Given this confound and newly collected

fMRI data, I argue that recently reported fMRI maps of context representations (Bode

& Haynes, 2009; Woolgar, Thompson, Bor, & Duncan, 2011; Reverberi, Görgen, &

Haynes, 2011; Cole, Etzel, Zacks, Schneider, & Braver, 2011) most likely reflect maps

of mental effort or difficulty, a variable that is confounded with context representations

at the within-subject level. I thus conclude that existing fMRI mapping studies of

context representations have yielded relatively little success compared to electrophys-

iological investigations of context representations (e.g., Rainer, Rao, & Miller, 1999;
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Romo, Brody, Hernández, & Lemus, 1999) or fMRI mapping of other domains such

as visual representations (e.g., Haxby et al., 2001; Kamitani & Tong, 2005; Haynes &

Rees, 2005).

One possible reason is that standard fMRI analysis methods may be particularly

ill-suited for detecting (and thus mapping) context representations. To address this

possibility, in the second chapter I developed a new fMRI analysis method that incor-

porates aspects of GAT directly into an existing multivoxel pattern-analysis (MVPA)

tool. The resulting model-based MVPA tool is theoretically more sensitive to de-

tecting context representations and more interpretable (i.e., less confounded) than

standard methods. This is demonstrated via simulations. I then re-analyze our fMRI

data with the newly developed model-based MVPA methods as well as existing meth-

ods. Unfortunately, the model-based MVPA variants that I developed did not reveal

robust context representation maps. Nonetheless, I argue that model-based MVPA

is of substantial theoretical interest, and should be pursued further.

1.4 Conclusions

The projects described above comprise a related body of theoretical and experimen-

tal studies on the behavioral properties and neural substrates of task representa-

tions. The theoretical work advances previous modeling work, yielding new pre-

dictions about the relationship between task representations, behavior, and neural

measurements. The experiments correspondingly employed model-driven designs and

methods to test these predictions.
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Chapter 2

Learning Dynamics: The Gating

Model

A slightly different version of this chapter was in published as Todd, M., Niv, Y., &

Cohen, J.D. (2008). Learning to use working memory in partially observable environ-

ments through dopaminergic reinforcement. In D. Koller, Y. Bengio, D. Schuurmans,

L. Bottou & A. Culotta (Eds.), Advances in neural information processing systems

(Vol. 21).

2.1 Introduction

Working memory is loosely defined in cognitive neuroscience as information that is

(1) internally maintained on a temporary or short term basis, and (2) required for

tasks in which immediate observations cannot be mapped to correct actions. It is

widely assumed that prefrontal cortex (PFC) plays a role in maintaining and updat-

ing working memory. However, relatively little is known about how PFC develops

useful working memory representations for a new task. Furthermore, current work

focuses on describing the structure and limitations of working memory, but does not

ask why, or in what general class of tasks, is it necessary. Borrowing from the theory

9



of optimal control in partially observable Markov decision problems (POMDPs), we

frame the psychological concept of working memory as an internal state represen-

tation, developed and employed to maximize future reward in partially observable

environments. We combine computational insights from POMDPs and neurobiologi-

cally plausible models from cognitive neuroscience to suggest a simple reinforcement

learning (RL) model of working memory function that can be implemented through

dopaminergic training of the basal ganglia and PFC.

The Gating framework (Braver & Cohen, 1999, 2000; Rougier, Noelle, Braver,

Cohen, & O’Reilly, 2005; O’Reilly & Frank, 2006) is a series of cognitive neuroscience

models developed to explain how dopaminergic RL signals can shape useful working

memory representations. Computationally this framework models working memory as

a collection of past observations, each of which can occasionally be replaced with the

current observation, and addresses the problem of learning when to update each mem-

ory element versus maintaining it. In the original Gating model (Braver & Cohen,

1999, 2000) the PFC contained a unitary working memory representation that was

updated whenever a phasic dopamine (DA) burst occurred (e.g., due to unexpected

reward or novelty). That model was the first to connect working memory and RL via

the temporal difference (TD) model of DA firing (Montague et al., 1996; Schultz et al.,

1997), and thus to suggest how working memory might serve a normative purpose.

However, that model had limited computational flexibility due to the unitary nature

of the working memory (i.e., a single-observation memory controlled by a scalar DA

signal). More recent work (Rougier et al., 2005; O’Reilly & Frank, 2006) has partially

repositioned the Gating framework within the Actor/Critic model of mesostriatal RL

(Houk et al., 1995; Joel, Niv, & Ruppin, 2002), positing memory updating as but

another cortical action controlled by the dorsal striatal “actor.” This architecture in-

creased computational flexibility by introducing multiple working memory elements,

corresponding to multiple corticostriatal loops, that could be quasi-independently
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updated. However, that model combined a number of components (including super-

vised and unsupervised learning, and complex neural network dynamics), making it

difficult to understand the relationship between simple RL mechanisms and working

memory function. Moreover, because the model used the Rescorla-Wagner-like PVLV

algorithm (O’Reilly & Frank, 2006) rather than TD (Montague et al., 1996; Schultz

et al., 1997) as the model of phasic DA bursts, the model’s behavior and working

memory representations were not directly shaped by standard normative criteria for

RL models (i.e., discounted future reward or reward per unit time).

We present a new Gating model, synthesizing the mesostriatal Actor/Critic archi-

tecture of [4] with a normative POMDP framework, and reducing the Gating model

to a four-parameter, pure RL model in the process. This produces a model very

similar to previous machine learning work on “model-free” approximate POMDP

solvers (McCallum, 1995; Peshkin, Meuleau, & Kaelbling, 1999), which attempt to

form good solutions without explicit knowledge of the environment’s structure or dy-

namics. That is, we model working memory as a discrete memory system (a collection

of recent observations) rather than a continuous “belief state” (an inferred probabil-

ity distribution over hidden states). In some environments this may permit only an

approximate solution. However, the strength of such a system is that it requires very

little prior knowledge, and is thus potentially useful for animals, who must learn ef-

fective behavior and memory-management policies in completely novel environments

(i.e., in the absence of a world model). Therefore, we retain the computational flex-

ibility of the more recent Gating models (Rougier et al., 2005; O’Reilly & Frank,

2006), while re-establishing the goal of defining working memory in normative terms

(Braver & Cohen, 1999, 2000).

To illustrate the strengths and limitations of the model, we apply it to two rep-

resentative working-memory tasks. The first is the 12-AX task proposed as a Gating

benchmark in (O’Reilly & Frank, 2006). Contrary to previous claims that TD learning
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is not sufficient to solve this task, we show that with an eligibility trace (i.e., TD(λ)

with 0 ≤ λ ≤ 1), the model can achieve optimal behavior. The second task high-

lights important limitations of the model. Since our model is a POMDP solver and

POMDPs are, in general, intractable (i.e., solution algorithms require an infeasible

number of computations), it is clear that our model must ultimately fail to achieve

optimal performance as environments increase even to moderate complexity. How-

ever, human working memory also exhibits sharp limitations. We apply our model

to an implicit artificial grammar learning task (Cleeremans & McClelland, 1991) and

show that it indeed fails in ways reminiscent of human performance. Moreover, simu-

lating this task with increased working memory capacity reveals diminishing returns

as capacity increases beyond a small number, suggesting that the “magic number”

limited working memory capacity found in humans (Cowan, 2000) might in fact be

optimal from a learning standpoint.

2.2 Model Architecture

As with working memory tasks, a POMDP does not admit an optimal behavior policy

based only on the current observation. Instead, the optimal policy generally depends

on some combination of memory as well as the current observation. Although the

type of memory required varies across POMDPs, in certain cases a finite memory

system is a sufficient basis for an optimal policy. Peshkin et al. (1999) used an

external finite memory device (e.g., a shopping list) to improve the performance of

RL in a model-free POMDP setting. Their model’s “state” variable consisted of the

current observation augmented by the memory device. An augmented action space,

consisting of both memory actions and motor actions, allowed the model to learn

effective memory-management and motor policies simultaneously. We integrate this

approach with the Gating model, altering the semantics so that the external memory
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device becomes internal working memory (presumed to be supported in PFC), and

altering the Gating model so that the role of working memory is explicitly to support

optimal behavior (in terms of discounted future reward) in a POMDP.

As with Peshkin et al. (1999), the key difference between our model and stan-

dard RL methods is that our state variable includes controlled memory elements

(i.e., working memory), which augment the current observation. The action space

is similarly augmented to include memory or gating actions, and the model learns

by trial-and-error how to update its working memory (to resolve hidden states when

such resolution leads to greater rewards) as well as its motor policy. The task for our

model then, is to learn a working memory policy such that the current internal state

(i.e., memory and current observation) admits an optimal behavioral policy.

Our model (Table 1) consists of a critic, a motor actor, and several gating actors.

As in the standard Actor/Critic architecture, the critic learns to evaluate (internal)

states and, based on the ongoing temporal difference of these values, generates at each

time step a prediction error (PE) signal, thought to correspond to phasic bursts and

dips in DA (Schultz et al., 1997). The PE is used to train the critic’s state values and

the policies of the actors. The motor actor also fulfills the usual role, choosing actions

to send to the environment based on its policy and the current internal state. Finally,

gating actors correspond one-to-one with each memory element. At each time point,

each gating actor independently chooses (via a policy based on the internal state)

whether to (1) maintain its element’s memory for another time step, or (2) replace

(update) its element’s memory with the current observation.

To remain aligned with the Actor/Critic online learning framework of mesostri-

atal RL (Houk et al., 1995; Joel et al., 2002), learning in our model is based on

REINFORCE (Williams, 1992) modified for expected discounted future reward as

in Dayan and Abbott (2001), rather than the original Monte-Carlo policy learning

algorithm in Peshkin et al. (1999) (which is more suitable for offline, episodic learn-
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ing). Furthermore, because it has been shown that eligibility traces are particularly

useful when applying TD to POMDPs (e.g., Singh, Jaakkola, & Jordan, 1994; Loch

& Singh, 1998), we used TD(λ), taking the characteristic eligibilities of the REIN-

FORCE algorithm as the impulse function for a replacing eligibility trace (Sutton &

Barto, 1998). For simplicity of exposition and interpretation, we used tabular policy

and state-value representations throughout.

2.3 Benchmark Performance and Psychological Data

We now describe the model’s performance on the 12-AX task proposed by O’Reilly

and Frank (2006) as a benchmark for Gating models. We then turn to a comparison

of the model’s behavior against actual psychological data.
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Figure 2.1: 12-AX: Average performance over 40 training runs, each consisting of
2107 timesteps. (A) As indicated by reward rate over the last 105 time steps, the
model learns an optimal policy when the eligibility trace parameter, , is between zero
and one. (B) The time required for the model to reach 300 consecutive correct trials
increases rapidly as decreases. (C) Sample sequence of the 12-AX task.

14



2.3.1 12-AX Performance

O’Reilly and Frank (2006) used the 12-AX task to illustrate the problem of learning a

task in which correct behavior depends on multiple previous observations. In the task

(Figure 1C), subjects are presented with a sequence of observations drawn from the

set 1, 2, A, B, C, X, Y, Z. They gain rewards by responding L or R according to the

following rules: Respond R if (1) the current observation is an X, the last observation

from the set A, B, C was an A, and the last observation from the set 1, 2 was a 1;

or (2) the current observation is a Y, the last observation from the set A, B, C was

a B, and the last observation from the set 1, 2 was a 2. Respond L otherwise. In our

implementation, reward is 1 for correct responses when the current observation is X

or Y, 0.25 for all other correct responses, and 0 for incorrect responses.

We modeled this task using two memory elements, the minimum theoretically

necessary for optimal performance. The results (Figure 1A,B) show that our TD(λ)

Gating model can indeed achieve optimal 12-AX performance. The results also

demonstrate the reliance of the model on the eligibility trace parameter, λ, with

best performance at high intermediate values of λ. When λ=0, the model finds a

suboptimal policy that is only slightly better than the optimal policy for a model

without working memory. With λ=1 performance is even worse, as can be expected

for an online policy improvement method with non-decaying traces — a point of

comparison with Peshkin et al. (1999) to which we will return in the Discussion.

These results are consistent with previous work showing that TD(0) performs poorly

in partially observable (non-Markovian) settings (Singh et al., 1994), whereas TD(λ)

(without memory) with λ ≈ 0.9 performs best (Loch & Singh, 1998). Indeed, early

in training, as our model learns to convert a POMDP to an MDP via its working

memory, the internal state dynamics are not Markovian, and thus an eligibility trace

is necessary.
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2.3.2 Behavioral Data

We are the first to interpret the Gating framework (and the use of working mem-

ory) as an attempt to solve POMDPs. This brings a large body of theoretical work

to bear on the properties of Gating models. Importantly, it implies that, as task

complexity increases, both the Gating model and humans must fail to find opti-

mal solutions in reasonable time frames due to the generally intractable nature of

POMDPs. Given this inescapable conclusion, it is interesting to compare model fail-

ures to corresponding human failures: a pattern of failures matching human data

would provide support for our model. In this subsection we describe a simulation

of artificial grammar learning (Cleeremans & McClelland, 1991), and then offer an

account of the pervasive “magic number” observations concerning limits of working

memory capacity (e.g., Cowan, 2000).
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Figure 2.2: (A) Artificial grammar from [11]. Starting from node 0, the grammar gen-
erates a continuing sequence of observations. All nodes with two transitions (edges)
make either transition with p=0.5. Edge labels mark grammatical observations. At
each transition, the grammatical observation is replaced with a random, ungrammat-
ical, observation with p=0.15. The task is to predict the next observation at each
time point. (B) The model shows a gradual increase in sensitivity to sequences of
length 2 and 3, but not length 4, replicating the human data. Sensitivity is measured
as probability of choosing grammatical action for the true state, minus probability
of choosing grammatical action for the aliased state; 0 indicates complete aliasing,
1 complete resolution. (C) Model performance (reward rate) averaged over training
runs with variable numbers of time steps shows diminishing returns as the number of
memory elements increases.
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In artificial grammar learning, subjects see a seemingly random sequence of ob-

servations, and are instructed to mimic each observation as quickly as possible (or to

predict the next observation) with a corresponding action. Unknown to the subjects,

the observation sequence is generated by a stochastic process called a “grammar”

(Figure 2A). Artificial grammar tasks constitute POMDPs: the (recent) observation

history can predict the next observation better than the current observation alone,

so optimal performance requires subjects to remember information distilled from the

history. Although subjects typically report no knowledge of the underlying struc-

ture, after training their reaction times (RTs) reveal implicit structural knowledge.

Specifically, RTs become significantly faster for “grammatical” as compared to “un-

grammatical” observations (see Figure 2).

Cleeremans and McClelland (1991) examined the limits of subjects’ capacity to

detect grammar structure. The grammar they used is shown in Figure 2A. They

found that, although subjects grew increasingly sensitive to sequences of length two

and three throughout training, (as measured by transient RT increases following un-

grammatical observations), they remained insensitive, even after 60,000 time steps of

training, to sequences of length four. This presumably reflected a failure of subjects’

implicit working memory learning mechanisms, and was confirmed in a second exper-

iment. Our model replicated these results, as shown in Figure 2B. To simulate the

task, we gave the model two memory elements (results were no different with three

elements), and reward 1 for each correct prediction. We tested the model’s ability to

resolve states based on previous observations by contrasting its behavior across pairs

of observation sequences that differed only in the first observation. State resolution

based on sequences of length two, three, and four were represented by VS versus XS

(leading to predictions Q vs. V/P, respectively), SQX versus XQX (S/Q vs. P/T),

and XTVX versus PTVX (S/Q vs. P/T), respectively.

In this task, optimal use of information from sequences of length four or more
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proved impossible for the model and, apparently, for humans. To understand intu-

itively this limitation, consider a problem of two hidden states, 1 and 2, with optimal

actions L and R, respectively. The states are preceded by identical observation se-

quences of length n. However, at n+1 time steps in the past, observation A precedes

state 1, whereas observation B precedes state 2. The probability that A/B are held

in memory for the required n+1 time steps decreases geometrically with n, thus the

probability of resolving states 1 and 2 decreases geometrically. Because the agent

cannot resolve state 1 from state 2, it can never learn the appropriate 1-L, 2-R action

preferences even if it explores those actions, a more insidious problem than an RL

agent faces in a fully observable setting. As a result, the model cant reinforce optimal

gating policies, eventually learning an internal state space and dynamics that fail to

reflect the true environment. The problem is that credit assignment (i.e., learning

a mapping from working memory to actions) is only useful inasmuch as the internal

state corresponds to the true hidden state of the POMDP, leading to a chicken-and-

egg problem.

Given the preceding argument, one obvious modification that might lead to im-

proved performance is to increase the number of memory elements. As the number

of memory elements increases, the probability that the model remembers observation

A for the required amount of time approaches one. However, this strategy introduces

the curse of dimensionality due to the rapidly increasing size of the internal state

space.

This intuitive analysis suggests a normative explanation for the famous “magic

number” limitation observed in human working memory capacity, thought to be about

four independent elements (e.g., Cowan, 2000). We demonstrate this idea by again

simulating the artificial grammar task, this time averaging performance over a range

of training times (1 to 10 million time steps) to capture the idea that humans may

practice novel tasks for a typical, but variable, amount of time. Indeed the averaged

18



results show diminishing returns of increasing memory elements (Figure 2C). This

simulation used tabular (rather than more neurally plausible) representations and a

highly simplified model, so the exact number of policy parameters and state values

to be estimated, time steps, and working memory elements is somewhat arbitrary

in relation to human learning. Still, the model’s qualitative behavior (evidenced by

the shape of the resulting curve and the order of magnitude of the optimal number

of working memory elements) is surprisingly reminiscent of human behavior. Based

on this we suggest that the limitation on working memory capacity may be due to

a limitation on learning rather than on storage: it may be impractical to learn to

utilize more than a very small number (i.e., smaller than 10) of independent working

memory elements, due to the curse of dimensionality.

2.4 Discussion

We have presented a psychological model that suggests that dopaminergic PE signals

can implicitly shape working memory representations in PFC. Our model synthesizes

recent advances in the Gating literature (O’Reilly & Frank, 2006) with normative

RL theory regarding model-free, finite memory solutions to POMDPs (Peshkin et al.,

1999). We showed that the model learns to behave optimally in the benchmark 12-AX

task. We also related the model’s computational limitations to known limitations of

human working memory (Cleeremans & McClelland, 1991; Cowan, 2000).

2.4.1 Relation to Other Theoretical Work

Other recent work in neural RL has argued that the brain applies memory-based

POMDP solution mechanisms to the real-world problems faced by animals (Daw,

Courville, & Touretzky, 2006; Samejima & Doya, 2007; Yoshida & Ishii, 2006; Dayan,

2007). That work primarily considers model-based mechanisms, in which the tem-
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porary memory is a continuous belief state, and assumes that a function of cerebral

cortex is to learn the required world model, and specifically that PFC should represent

temporary goal- or policy-related information necessary for optimal POMDP behav-

ior. The model that we present here is related to that line of thinking, demonstrating a

model-free, rather than model-based, mechanism for learning to store policy-related

information in PFC. Different learning systems may form different types of work-

ing memory representations. Future work may investigate the relationship between

implicit learning (as in this Gating model) and model-free POMDP solutions, ver-

sus other kinds of learning and model-based POMDP solutions. Irrespective of the

POMDP framework, other work has assumed that there exists a gating policy that

controls task-relevant working memory updating in PFC (e.g., Dayan, 2007). The

present work further develops a model of how this policy can be learned.

It is interesting to compare our model to previous work on model-free POMDP

solutions. McCallum (1995) first emphasized the importance of learning utile dis-

tinctions, or learning to resolve two hidden states only if they have different optimal

actions. This is an emphasis that our model shares, at least in spirit. Humans must of

course be extremely flexible in their behavior. Therefore there is an inherent tension

between the need to focus cognitive resources on learning the immediate task, and

the need to form a basis of general task knowledge (Rougier et al., 2005). It would be

interesting for future work to explore how closely the working memory representations

learned by our model align to McCallum’s utile (and less generalizable) distinctions

as opposed to more generalizable representations of the underlying hidden structure

of the world, or whether our model could be modified to incorporate a mixture of

both kinds of knowledge, depending on some exploration/exploitation parameter.

Our model most closely follows the Gating model described by O’Reilly and Frank

(2006), and the theoretical model described by Peshkin et al. (1999). Our model is

clearly more abstract and less biologically detailed than O’Reilly and Frank (2006).
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However, our intent was to ask whether the important insights and capabilities of that

model could be captured using a four-parameter, pure RL model with a clear norma-

tive basis. Accordingly, we have shown that such a model is comparably equipped to

simulate a range of psychological phenomena. Our model also makes equally testable

(albeit different) predictions about the neural DA signal. Relative to Peshkin et al.

(1999), our model places biological and psychological concerns at the forefront, elimi-

nating the episodic memory requirements of the Monte-Carlo algorithm. Considering

Peshkin et al. (1999), it is perhaps interesting that our model performed so poorly

when λ = 1, as this produces a nearly Monte-Carlo scheme. The difference was likely

due to our model’s online learning (i.e., we updated the policy at each time step rather

than at the ends of episodes), which invalidates the Monte-Carlo approach. Thus it

might be said that our model is a uniquely psychological variant of that previous

architecture.

2.4.2 Implications for Working Memory and Cognitive Con-

trol

Subjects in cognitive control experiments typically face situations in which correct

behavior is indeterminate given only the immediate observation. Working memory

is often thought of as the repository of temporary information that augments the

immediate observation to permit correct behavior, sometimes called goals, context,

task set, or decision categories. These concepts are difficult to define. Here we have

proposed a formal theoretical definition for the cognitive control and working memory

constructs. Due to the importance of temporally distant goals and of information

that is not immediately observable, the canonical cognitive control environment is

well captured by a POMDP. Working memory is then the temporary information,

defined and updated by a memory control policy, that the animal uses to solve these

POMDPs. Model-based research might identify working memory with continuous
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belief states, whereas our model-free framework identifies working memory with a

discrete collection of recent observations. These may correspond to the products

of different learning systems, but the outcome is the same in either case: cognitive

control is defined as an animal’s memory-based POMDP solver, and working memory

is defined as the information, derived from recent history, that the solver requires.

2.4.3 Psychological & Neural Validity

Although the intractability of solving a POMDP means that all models such as the

one we present here must ultimately fail to find an optimal solution in a practical

amount of time (if at all), the particular manifestation of computational limitations

in our model aligns qualitatively with that observed in humans. Working memory,

the psychological construct that the Gating model addresses, is famously limited (see

Cowan, 2000, for a review). Beyond canonical working memory capacity limitations,

other work has shown subtler limitations arising in learning contexts (e.g., Cleeremans

& McClelland, 1991). The results that we presented here are promising, but it remains

for future work to more fully explore the relation between the failures exhibited by

this model and those exhibited by humans.

In conclusion, we have shown that the Gating framework provides a connection

between high level cognitive concepts such as working memory and cognitive control,

systems neuroscience, and current neural RL theory. The framework’s trial-and-error

method for solving POMDPs gives rise to particular limitations that are reminiscent

of observed psychological limits. It remains for future work to further investigate the

model’s ability to capture a range of specific psychological and neural phenomena.

Our hope is that this link between working memory and POMDPs will be fruitful in

generating new insights, and suggesting further experimental and theoretical work.
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Chapter 3

Within-Trial Dynamics: Model and

Behavioral Experiment

3.1 Introduction

3.1.1 Task Switching

Humans are steeply limited in their multitasking ability, and the task switching litera-

ture serves as an experimental window into this limitation. This literature probes the

factors underlying the “switch cost,” or increase in reaction time (RT) when switching

between two simple tasks as compared to when performing either task in isolation.

This was first reported by Jersild (1927), and Spector and Biederman (1976) later

established important boundary conditions under which the switch cost occurs. The

modern task switching literature truly began in the 1990s however, when Allport et

al. (1994), Rogers and Monsell (1995), and Meiran (1996) demonstrated the existence

of and established the standard paradigm for measuring the “residual switch cost,” or

RT impairment that remains even after long preparatory intervals. The present work

focuses on this residual switch cost, and in particular adjudicates between two families

of hypotheses, motivational versus structural, regarding its underlying factors.
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One family of hypotheses of the residual switch cost presupposes that partici-

pants are fully motivated to perform in the experiments. This led to an emphasis on

motivation-insensitive structural cognitive factors. For example, Allport et al. (1994)

interpreted the residual switch cost as evidence of task set “inertia,” or lingering ac-

tivation of the previous task that passively recedes, leading post-switch performance

to be initially sluggish. Similarly, Altmann and Gray (2008) interpreted the residual

switch cost in terms of proactive interference in episodic memory from previous task

sets. Others (Rogers & Monsell, 1995; Meiran, 1996) interpreted the residual switch

cost in terms of an active preparatory process with some components that do not

begin until after the first post-switch performance.

An alternative family of hypotheses, put forward by De Jong and colleagues (De

Jong, Berendsen, & Cools, 1999; De Jong, 2000) and later Nieuwenhuis and Monsell

(2002), questions whether participants are indeed fully motivated, explaining the

residual switch cost in terms of motivational factors. De Jong (2000) argued that

reliably preparing for task switches is “optional” and effortful, and that residual

switch costs arise because participants are unwilling to expend the requisite effort.

This was supported by an analysis showing that residual switch RT distributions

are well fit by mixtures of fast, “prepared” distributions, and slow, “unprepared”

distributions, and that the observed (i.e., estimated) proportion of prepared trials is

affected by motivational manipulations. Nieuwenhuis and Monsell (2002) followed up

on De Jong’s work. They re-analyzed Rogers and Monsell’s (1995) original residual

switch cost data and performed a replication with additional monetary motivation

for fast, accurate responses, effectively implementing a between-subjects motivational

manipulation. They found that the old and new data were well fit by De Jong’s

prepared-unprepared mixture model, and that motivation increased the estimated

proportion of prepared trials by 33%.

Interestingly however, there is a speed-accuracy tradeoff in Nieuwenhuis and Mon-
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sell’s (2002) data.1 Participants in the high motivation condition were not only faster

but were also less accurate than those in the low motivation condition (Nieuwenhuis

& Monsell, 2002). In earlier work, De Jong (2000) had explicitly tested for motiva-

tional effects on accuracy, but found a null result. However, De Jong’s study included

just eight participants, and may therefore have been underpowered to detect the

accuracy effect. The possibility of a speed-accuracy tradeoff in these data is intrigu-

ing, because it would undermine support for the motivation-sensitive preparation

hypothesis. That is, it is possible that increasing motivation could lead to different

speed-accuracy tradeoffs in switch as opposed to repeat trials, leading to motivation

by trial type (i.e., switch versus repeat) interactions qualitatively similar to those

that would be caused by motivation-sensitive preparatory processes. For example,

if participants are paid for accurate responses made before a deadline in a motiva-

tion condition, then the optimal speed-accuracy tradeoff on switch trials might be

different than that on repeat trials. In this case, even if participants in fact exhibit a

motivation-insensitive RT increase for switch as opposed to repeat trials, there would

be a reduction in RT switch costs (but also a decrease in switch accuracy) in the

motivation condition.

The potential for multiple causes of differences in two dependent variables (both

RT and accuracy) across different motivation and trial type conditions underscores

the need for precise hypothesis articulation and testing. A natural aid in this situation

is rational analysis (e.g., Anderson, 1990, 1991), a theoretical framework in which mo-

tivational factors (i.e., costs and constraints associated with an experiment) specify a

mathematical optimization problem, the solution of which serves as a model of partic-

ipant behavior. I use rational analysis here to formalize the competing motivational

and structural hypotheses of the residual switch cost into two alternative models: one

1The effect of motivation on accuracy was not tested in Nieuwenhuis and Monsell’s (2002) original
article. I obtained the data from Sander Nieuwenhuis to perform the test: collapsing across trial type
and across all RSI conditions that were included in both experiments, a two-sample t-test revealed
a significant effect of motivation on accuracy, t(20) = 2.223, p = 0.03.
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in which motivation effects preparatory processes as well as the speed-accuracy trade-

off, and one in which motivation effects the speed-accuracy tradeoff only. This allows

us to ask whether the data require the motivation effects on the preparatory process,

after “controlling” for the motivation effects on the speed-accuracy tradeoff that are

clearly evident from Nieuwenhuis and Monsell’s (2002) data. To anticipate, I will

show that both models are able to capture the qualitative patterns of previous data.

I then conduct two new experiments to better adjudicate between the models. The

first experiment is similar to that conducted by Nieuwenhuis and Monsell (2002), but

uses a parametric, within-subject motivation manipulation. The second experiment

was provides a converging, model-free assessment. Both new experiments provide

evidence for motivation-insensitive preparatory processes. This casts doubt on the

motivational interpretations of the residual switch cost put forward by De Jong (2000)

and later Nieuwenhuis and Monsell (2002), and supports instead the structural inter-

pretations (e.g., Allport et al., 1994; Rogers & Monsell, 1995; Meiran, 1996; Logan &

Bundesen, 2003; Altmann & Gray, 2008).

3.1.2 Motivational Effects in Task Switching

The motivational effects on preparatory processes that I include in my analysis were

based on De Jong’s (2000) original idea that residual switch costs reflect a strategic

tradeoff between mental effort and performance. The question of how mental effort

relates to behavior has been treated in literatures on judgment and decision making

(Bettman, Johnson, & Payne, 1990; Johnson & Payne, 1985; Shah & Oppenheimer,

2008), economic decision theory (Wilcox, 1993, 1994), cognitive control (Botvinick et

al., 2009; Kool, McGuire, Rosen, & Botvinick, 2010), and visual attention (Ballard,

Hayhoe, Pook, & Rao, 1997; Droll & Hayhoe, 2007). I apply ideas from these litera-

tures, together with standard, general cognitive control assumptions (Cohen, Dunbar,

& McClelland, 1990; Miller & Cohen, 2001; Norman & Shallice, 1986; Schneider &
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Shiffrin, 1977), to formulate the precise assumptions that are necessary for the ratio-

nal analysis of task switching. Assumptions will be discussed and justified in detail

below, but, in summary, they are: (1) A task must be active in working memory

before it can be performed. (2) Only one task can be active at a time. (3) Partici-

pants choose when to initiate task preparation. (4) Preparing a task (i.e., moving it

into an active state) takes time. (5) Both initiating task preparation and maintaining

a task in an active state incur mental effort costs. (6) Participants are motivated

to perform well. Together, these assumptions imply a critical tension between effort

costs (preparing earlier means paying greater task maintenance costs) and perfor-

mance costs (preparing later means slower RT). Analysis of this tension reveals that

the optimal resolution leads to residual switch costs.

In the sections that follow, I discuss the assumptions of my analysis in more

detail. I then show that both models derived from these assumptions exhibit several

known properties of the residual switch cost (Rogers & Monsell, 1995; De Jong, 2000;

Nieuwenhuis & Monsell, 2002; Dreisbach & Haider, 2006; Verbruggen, Liefooghe,

Vandierendonck, & Demanet, 2007). Finally, I apply this framework to analyzing two

new experiments in order to adjudicate between the hypotheses under consideration.

3.2 The Model

3.2.1 Task Switching Experiment Structure

In a typical task switching experiment (Figure 3.1; see also Meiran, 1996), participants

respond to a sequence of hundreds of trials. Each trial begins with a cue indicating

the required task. On switch trials, this is different from the previous cue. On repeat

trials, it is the same. The cue is followed by a CSI, generally on the order of one

second, after which the target appears. Participants’ goal is to respond to the target

according to the cued task. Participants take a certain reaction time (RT) to respond,
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Figure 3.1: Task switching experiment trial structure.

after which the next trial begins. My model does not differentiate between exogenous

and endogenous task cues, the latter coming from predictable (non-cued) switching

schedules, and therefore I refer to the preparatory interval in all experiments as a

CSI.

The target stimulus is bivalent, meaning that it is a suitable input to both tasks

— Spector and Biederman (1976) established this as a boundary condition for switch

costs to occur. Moreover, some or all targets are incongruent, meaning that each

task prescribes a different response. To take a common parity/magnitude example,

the parity task maps odd and even digits to left and right button press responses,

respectively. In contrast, the magnitude task maps digits less than five and digits

greater than five to left and right responses, respectively. In this example, the target

‘7’ is a suitable input for either task (i.e., bivalent), but maps to a left response under

the parity task, and a right response under the magnitude task (i.e., incongruent).
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Figure 3.2: Rational analysis of task switching. Trial structure is described in text.
Circles indicate mental state (U=unprepared, IP=in preparation, P=prepared). Red
indicates mental effort costs. Cyan indicates performance costs. Participants must be
prepared for the cued task prior to beginning the response process. Preparation takes
time to complete, and I assume that participants pay effort costs for initiating as well
as maintaining preparation. These must be weighed against performance pressures
that translate into costs for long RTs. On repeat trials (A), participants are already
prepared for the cued task, and begin responding immediately after target onset,
minimizing performance costs. They pay maintenance costs for the entire CSI, but
completely avoid the large preparation initiation cost. On switch trials, participants
must choose when to prepare the new task. If participants begin preparation early
(B), they pay greater maintenance costs, but preparation is likely to complete before
target onset, minimizing effort costs. If participants begin preparation late (C), they
pay lower maintenance costs, but preparation is unlikely to complete prior to target
onset, leading to greater performance costs. Note that the response process duration
(R) is the same in (B) and (C), but the total RT is longer in (C) because the response
process does not begin until preparation completes. I apply rational analysis to this
putative trade-off (D,E) between effort and performance costs.
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3.2.2 Rational Analysis

To apply rational analysis to task switching experiments, one must interpret the ex-

perimental structure described above in terms of an optimization problem, including

constraints, costs, and choices that participants face. First, because targets are bi-

valent and incongruent, participants can only be prepared for one task at a time. If

they attempted to prepare for both tasks simultaneously, then they would be unable

to respond reliably to targets, as the two tasks would prescribe incompatible motor

responses. For simplicity, I assume that preparedness is binary for each task. A task is

either prepared, driving the corresponding response, or it isn’t, and the corresponding

response cannot yet be made.

Second, I assume that mentally preparing a task takes a non-trivial amount of

time. This follows from the interpretation of the empirical evidence (e.g., Rogers &

Monsell, 1995; Meiran, 1996; De Jong, 2000; Monsell, 2003; Nieuwenhuis & Monsell,

2002) that assumes that the residual switch cost as evidence for the duration of

an active preparatory process. Note that even the motivational accounts assume

that the preparatory process takes time, differing from the structural accounts in the

assumption that participants can choose when to initiate this time consuming process.

Given my binary preparedness assumption, this implies that, once participants initiate

preparation, the task does not enter its prepared state until the end of the preparatory

process. That is, during the time that the task is “in preparation,” participants are

not yet able to begin the response process.

Moreover, I assume that there is stochasticity or randomness associated with the

preparation process. This follows from empirical evidence specific to task switching

(e.g., De Jong, 2000; Nieuwenhuis & Monsell, 2002), and is a widely used assumption

regarding cognitive processes in general (e.g., memory retrieval times: Ratcliff, 1978).

Specifically, I assume that, once initiated, preparation takes a random time to com-

plete. For simplicity, I assume that this random time is exponentially distributed.
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This random preparation duration assumption is similar to De Jong’s (2000) Failure

to Engage hypothesis. I offer a more thorough comparison below.

Third, I assume that participants experience aversive mental effort costs associated

with task preparedness. I assume that initiating preparation leads to a transient, large

cost, perhaps due to a general disruption of working memory following the updating

of a particular piece of information, or to a metabolically expensive update process.

I further assume that, once preparation is initiated, there is an ongoing maintenance

cost per unit time, because of the opportunity costs and physiological requirements

of dedicating part of working memory to perform the task.

Fourth, I assume that participants experience performance costs in task switching

experiments. In a minority of task switching experiments (e.g., Nieuwenhuis & Mon-

sell, 2002; Savine & Braver, 2010), participants actually receive performance-based

monetary incentives. However, in almost all task switching experiments, experiment

instructions (the ubiquitous instruction to respond as quickly and accurately as pos-

sible), demand characteristics (e.g., the desire to impress the experimenter) and op-

portunity costs (i.e., the desire to finish the experiment as quickly as possible) can

be interpreted as implicit performance costs. I interpret all of these performance

pressures as one cost for incorrect responses, and another cost per unit of RT.

The preceding assumptions are sufficient to analyze RT qualitatively on both

switch and repeat trials. This is shown in Figure 3.2. I focus on the first moment of

the CSI, when the participant has perceived and interpreted the cue. On a repeat trial

(Figure 3.2A), the participant is already prepared for the cued task. The participant

may choose to forget the task and re-prepare it at a later point in the CSI, or to simply

maintain the task throughout the CSI. Although maintaining the task throughout the

CSI incurs greater maintenance effort costs, this strategy avoids the large preparation

initiation cost. Assuming that the transient cost is large enough to warrant this

strategy, consider the ensuing performance costs. They are clearly minimized, because
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the task is guaranteed to be prepared prior to target onset, causing the response

process to begin immediately following target onset, leading to the fastest possible

RT for a given level of accuracy.

Now consider the case of a switch trial (Figure 3.2B-C). Here the participant is

initially prepared for the wrong task, and it is obviously rational to stop maintaining

the now inappropriate task immediately in order to avoid effort costs. The participant

now faces the dilemma of when to initiate preparation for the new task. Preparing

early leads to large maintenance effort costs but a high probability of being fully

prepared prior to target onset and thus minimizing performance costs (i.e., minimizing

RT). Preparing very late leads to small maintenance effort costs but a low probability

of being fully prepared prior to target onset and thus to large performance costs (i.e.,

a long RT).

Up to now, I have not assumed anything regarding the response process. How-

ever, this is an important piece of the analysis, because it is here that the speed-

accuracy tradeoff applies. I assume a drift-diffusion model (DDM: e.g., Bogacz,

Brown, Moehlis, Holmes, & Cohen, 2006; Gold, 2002; Ratcliff, 1978) for the response

process. This is a standard way of modeling responses that are driven by a speed-

accuracy tradeoff that is optimized by the participant. This is described in more

detail in section 4.5.

The assumptions described above are parametric. There are eight free parameters

in total, including two mental effort costs, two performance costs, a rate for the

preparation process, and three DDM response parameters. These parameters are fit

to various datasets as described below.

I have now specified all of the constraints and costs that define the rational anal-

ysis of task switching. The central idea of the rational analysis framework is that

participants make choices that are optimal given these costs and constraints. Choices

can be optimized separately in different experiment conditions, inducing a pattern of
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optimal behavior across conditions that forms a model of data. Optimal choices are

derived in the Appendix.

I define the two different models by manipulating the set of choices that are

available to participants. In both models, participants choose repeat trial strategy

(i.e., maintain or forget and re-prepare) and speed-accuracy tradeoff (in the DDM

response process). In the motivation-sensitive preparation model, participants also

choose preparation initiation time (somewhere between the first instant of the CSI

and the time of target onset). In the motivation-insensitive preparation model, par-

ticipants do not choose preparation initiation time. Instead, the asynchrony between

target stimulus onset and preparation initiation time is a free parameter of that model,

and is generally fixed across experiment conditions.

To conclude, the rational analysis of task switching includes a few fundamental

assumptions. First, task switching participants must be prepared for a task before

performing it, and can only be prepared for one task at a time, leading to a problem of

when to prepare the appropriate task on each switch trial. Second, task preparation

takes a non-trivial amount of time, which is assumed to be exponentially distributed.

Third, participants experience mental effort costs both for initiating and maintaining

task preparedness. Fourth, participants face pressure to respond as quickly and accu-

rately as possible, which translates into performance costs for error responses and per

unit RT. Fifth, participants control the basic response process by setting the speed-

accuracy tradeoff, which is expressed specifically with a DDM. Finally, participants

make choices that minimize costs given the constraints. The set of which choices

participants are allowed to make is used to differentiate the two competing models

under consideration. In the next section, I examine how these assumptions give rise

to optimal behavior that is similar to data from previous task switching experiments.
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3.2.3 Exploring Model Behavior in Pre-Existing Experiments

In the sections that follow, I explore how my rational analysis of task switching

can reproduce phenomena from previous experiments. Here I consider the qual-

itative patterns of mean accuracy and RT across different experiment conditions.

The motivation-sensitive preparation model and the motivation-insensitive prepara-

tion model yield essentially identical fits to these mean patterns, and I present the

motivation-sensitive preparation model results as a proxy for both models. I fit model

parameters by minimizing sum of squared errors (SSE). That is, I find model param-

eters such that optimal mean RT and accuracy are as close as possible to published

data in the squared error sense. To accommodate overall differences in mean RT and

accuracy across experiments, separate drift rate parameters (for the DDM response

process) were fit for each experiment. All other model parameters are constrained to

be identical across experiments. It should be noted that this procedure corresponds

to regressing just 28 data points (the conditional means of previous experiments, de-

scribed below) onto a 10-parameter nonlinear model. This is too little data to make

reliable inferences about fitted parameter values, and I intend it simply as a principled

way of setting parameters in order to illustrate model properties.

Residual Switch Costs (Rogers & Monsell, 1995)

Rogers and Monsell found in their seminal Experiment 3 (1995) that switch costs

decreased as the experimenters increased the CSI — yet the rate of decrease leveled

out when the CSI was around 600ms, leaving robust RT residual switch costs. In

contrast, they found that error costs were only robust for small CSIs, with no error

residual switch costs. Here I explore the rational analysis model’s behavior in the

context of this experiment.

First, note that preparation cannot begin before the start of the CSI, as this

would lead to conflicting responses to incongruent targets. Therefore, although the
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Figure 3.3: Model analysis and data from Rogers & Monsell’s (1995) Experiment
3. (A) The model exhibits RT residual switch costs. (B) Neither CSI nor switch-
ing affects the model’s error rate. (C) Shifting CSI causes an identical shift in the
cost-by-preparation initiation time curve (solid lines), and in the optimal preparation
initiation time (dashed lines). Actual preparation initiation time cannot be nega-
tive. (D) As the maintenance cost goes to zero, optimal preparation initiation time
accelerates toward negative infinity. Dashed line indicates fitted maintenance cost.
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optimal preparation initiation time may be negative for some CSIs, actual prepara-

tion initiation time is necessarily zero or positive. Next, I simply compute the optimal

preparation initiation time (or zero, for negative optimal times) for each CSI condi-

tion. From this, I determine the model’s mean RT and accuracy (derivations in the

Appendix).

Figure 3.3A-B shows the original data together with the model’s behavior in this

setting. The model exhibits the same qualitative RT pattern as the data, with a

switch-repeat difference that starts out large, but then decreases as CSI increases,

until leveling out around 600ms. To understand the pattern of decreasing switch trial

RT across CSIs, note that optimal preparation initiation time is simply a constant plus

the length of the CSI. In the motivation-insensitive preparation model, preparation

time is not optimized but is still a constant (the asynchrony parameter) plus the

CSI. Thus, in both models, as CSI decreases, preparation initiation time decreases

by the same amount. However, since actual preparation initiation time cannot be

negative, decreasing CSI ultimately “squashes” preparation initiation time against

zero. This effectively makes preparation initiation time later, leading to a greater

probability that task preparation will complete after target onset, which leads in

turn to a delayed response process and longer RT. Figure 3.3C shows how the curve

relating expected total costs (i.e., effort costs plus performance costs) to preparation

initiation time shifts to the left as CSI decreases.

The model also produces repeat trial RTs that are constant across CSIs. This

is because the effort cost associated with preparation initiation is large enough that

the optimal repeat trial strategy is to maintain task preparation throughout the CSI.

This leads the model to be always fully prepared prior to target onset, leading to

minimum RTs, irrespective of CSI.
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Figure 3.4: Failure to Engage hypothesis. (A) Data from Rogers & Monsell (1995),
as re-analyzed by Nieuwenhuis & Monsell (2002). The long-CSI switch distribution
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CSI switch (cyan line) distributions, as shown by the overlapping red and green lines.
(B) The model exhibits the mixture pattern, with the red and green lines again
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Failure to Engage (De Jong, 2000)

De Jong (2000) argued that preparation on long-CSI switch trials is “optional,” and

that participants prepare on some trials but not on others. He supported this argu-

ment by claiming that the distribution of RTs in long-CSI switch trials — i.e., the

distribution of RT residual switch costs — is a mixture of a fast “prepared” distri-

bution and a slow “unprepared” distribution. Specifically, he claimed that prepared

trials were statistically equivalent to long-CSI repeat trials, and that unprepared tri-

als were equivalent to short-CSI switch trials. This idea later received some support

from Nieuwenhuis and Monsell (2002), in that they re-analyzed Rogers & Monsell’s

(1995) data and found that the mixture model fit the data well. Figure 3.4A shows

Nieuwenhuis & Monsell’s re-analysis of Rogers & Monsell’s (1995) data in terms of

this mixture hypothesis.

The model exhibits this mixture property in most experimental settings, because

of the exponential random duration of the preparation process. That is, on repeat

trials, assuming that it is optimal to maintain preparation throughout the CSI, the
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participant is fully prepared prior to target onset, leading to an RT distribution that

is simply that of the DDM response process. On switch trials, the participant may or

may not be fully prepared prior to target onset. On fully prepared switch trials, the

RT will again be a simple DDM response process, making it indistinguishable from

repeat trial RTs. On unprepared switch trials, the response process does not begin

until preparation completes. In this case, the observed RT is the sum of the remain-

ing preparatory process duration and the DDM response process. This remaining

preparatory process duration has a special property that follows from the assump-

tion that the preparatory process duration is exponentially distributed. Specifically,

given that the preparatory process has not completed prior to target onset, the re-

maining preparation time is statistically the same as if preparation had just begun.

This follows from the “memoryless” property of the exponential distribution. Given

this property, all unprepared trials have the same RT distribution, regardless of CSI.

Thus, any particular long-CSI switch RT distribution does indeed come from the same

distribution as either the short-CSI switch RT or long-CSI repeat RT, as argued by

De Jong (2000).

Although this memoryless property is unique to the exponential distribution, an

alternate assumption about preparatory process randomness would also produce the

mixture pattern that is observed in the data. The alternate assumption is that,

rather than participants picking the deterministic initiation time of a random-duration

preparatory process, they pick the probability that a fixed-duration preparation pro-

cess will begin at cue onset rather than target onset. This alternate assumption is

perhaps closer to De Jong’s (2000) original Failure to Engage hypothesis (although the

original hypothesis was not specified at this level of detail), and would lead to similar

behavior of my overall rational analysis model. However, I chose the random-duration

model, with the exponential distribution, because the fixed-duration assumption leads

to the strong prediction that the short-CSI switch RT distribution is simply a right-
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shifted version of the long-CSI repeat distribution. In the data, these distributions

appear to have different shapes, with the short-CSI switch RT distribution exhibiting

a heavier tail. The random-duration assumption leads to this heavier tail.

Finally, the model distributions generally have heavier tails than the corresponding

data distributions. This is due in part to the fact that the model was fit only to the

conditional means of previous experiments, rather than to the entire distributions.

However, another issue is that the standard DDM response model assumes that the

response process proceeds based on a constant rate of evidence accumulation, and

that the process terminates only when evidence has reached a certain threshold,

irrespective of the duration of the ongoing response. In contrast, real participants

may have a collapsing decision threshold, reflecting response impatience that increases

with each additional millisecond. Real response processes are likely to be far more

complicated, including growing impatience and impulsivity as the response duration

drags on. For these two reasons, I make no strong claims about distribution shape in

this section, other than to illustrate that the model reproduces the mixture property.

Probabilistic Switch Cues (Dreisbach & Haider, 2006)

Dreisbach and Haider (2006) used probabilistic switch cues, allowing them to examine

the effect of uncertainty about the upcoming task on switch costs. At the beginning

of each trial, the cue indicated only the probability that the task would repeat (75%

vs 25%). At the time of target onset, an additional cue (the color of the target)

revealed the actual task. When the probability of a repeat trial was 75%, they found

typical RT residual switch costs. In contrast, when the probability of a repeat trial

was just 25%, switch costs disappeared due to the fact that repeat trial RT became

as slow as switch trial RT (Figure 3.5A).

Both models reproduce this pattern (Figure 3.5B). Rational analysis of this ex-

periment hinges on the fact that participants are faced with a strategic choice at the
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Figure 3.5: Probabilistic switch cues. (A) Data from Dreisbach & Haider (2006).
(B) Model behavior. (C) Optimal strategy (shading) as function of probability of
repeating and preparation initiation cost. Light blue=maintain currently prepared
task in anticipation of a repeat. Green=forget currently prepared task and prepare
for a switch. Dark blue=forget currently prepared task and re-prepare for a repeat.
Orange=forget currently prepared task and do not prepare until the true task is
revealed at target onset. Horizontal lines denote switch probabilities used in the ex-
periment. Vertical line denotes preparation initiation cost (arbitrary units) estimated
from previous experiments.

beginning of each trial: they can maintain the currently prepared task in anticipation

of a repeat trial; forget the currently prepared task and not prepare any task until

the true task is revealed at target stimulus onset; or forget the currently prepared

task and prepare for a switch. The choice of strategy drives RT (and performance

costs). This applies to both of my models, as the motivation-insensitive preparation

model retains the choice of whether or not to maintain information or forget and

re-prepare. For example, if participants choose the maintenance strategy, then they

will be prepared to respond immediately upon target onset if the true task is in fact

a repeat. In case of a switch however, they will be completely unprepared and will

have to initiate preparation at the time of target stimulus onset, leading to maximum

RT. Mental effort costs are also an important factor in strategy choice. To continue

this example, in the case of a repeat, the participant has successfully avoided paying

the large preparation initiation cost. However, in case of a switch, the participant has

paid not only the preparation initiation cost at the time of target onset, but also the
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maintenance cost for the wrong task throughout the entire CSI. Thus, the particular

constellation of effort costs, performance costs, and switch probability drives strategy

choice (and with it, RT), in a straightforward way.

Figure 3.5C illustrates how the optimal strategy changes as a function of prob-

ability of repeating and and the preparation initiation effort cost. The figure shows

that, given the estimated preparation initiation cost (vertical bar), a 25% chance of

repeating is not enough to warrant paying the maintenance effort cost throughout

the CSI, but it is also not enough of a chance of a switch to warrant preparing for a

switch (which would incur the risk of paying the preparation initiation cost twice).

Thus, the optimal strategy is to forget the currently prepared task and not prepare

for any task until the true task is revealed at the time of target onset. In contrast,

a 75% chance of repeating is enough to warrant paying the maintenance cost and

avoiding the initiation cost, in anticipation of repeating.

3.2.4 Model Summary

In this section, I presented the details of the rational analysis of task switching exper-

iments. I also showed that, under these assumptions, a rational agent will produce

behavioral patterns similar to those that have been reported in the task switch-

ing literature. Both the motivation-sensitive preparation model and the motivation-

insensitive preparation model fit these previous data equally well. In the following

section, I test the two competing models with newly collected data from a deadlined

task switching paradigm.
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3.3 Testing the Models: Deadlined Task Switching

Paradigm

In the following sections, I describe new experiments used to select between the

competing motivation-sensitive and motivation-insensitive models. To accomplish

this, I employ a “deadlined” task switching paradigm that allows direct manipulation

of performance costs. In this paradigm, participants earn monetary reward for correct

responses made before a deadline. Correct responses made after the deadline earn

nothing, and error responses made at any time incur a monetary penalty. This permits

explicit manipulation performance costs, whereas when considering canonical task

switching experiments, performance costs were assumed post hoc and were either

implicit (and constant) in the original experiment (e.g., Rogers & Monsell, 1995),

or were categorical rather than parametric, and difficult to associate with precise

monetary values (e.g., Nieuwenhuis & Monsell, 2002). I designed my experiments in

order to address these issues and yield datasets that would cleanly discriminate the

two models.

3.3.1 Experiment 1

In Experiment 1, I used a parametric, within-subject motivational manipulation that

would allow us to quantitatively select between the two competing models with a

dataset that was conceptually similar to Nieuwenhuis and Monsell’s (2002) experi-

ment. I manipulated response deadline parametrically across blocks. In terms of the

rational analysis, this manipulation effectively changed the performance cost, with

changing deadlines rendering fixed RT and accuracy distributions more or less likely

to yield monetary rewards. Both models predict an overall U-shaped trend as dead-

line increases from very short to very long, both in RT and accuracy. The U shape

arises because, when the deadline is very short there is little chance of earning the
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reward, and when the deadline is very long there is little chance of missing the re-

ward. In either case, there is no reason to spend mental effort by preparing early, or

to risk making an error by lowering the DDM threshold. For intermediate deadlines

however, effort expenditure should be at a maximum and DDM threshold should be

lowered in order to respond quickly when it is just barely possible to beat the dead-

line. Moreover, this pattern of motivational effects interacts with trial type, so that

it is stronger on the (overall slower) switch trials, leading to a predicted trial type by

deadline interaction. In both models, the changing DDM threshold contributes to the

U-shaped main effect as well as to the U-shaped interaction. Thus the predictions

of both models are qualitatively similar, which is why it was difficult to adjudicate

between them based on Nieuwenhuis and Monsell’s (2002) work in the first place. I

therefore rely on quantitative model selection to select between the two models for

Experiment 1.

Methods

Participants 31 participants (20 female; mean age 20.4 years) were recruited from

the Princeton University community. Participants were paid a base rate of $12 for

the 50 minute experiment, plus a performance-based bonus amount that was typi-

cally around $10. Although bonuses could be negative (i.e., in the case of unusually

poor performance), participants could not earn less than $12 for the session. The ex-

periment was approved by the Princeton University human subjects research ethics

board.

Materials & Apparatus Stimuli were presented and responses were recorded us-

ing Apple iMac computers with 24 displays, running Matlab (The MathWorks Inc.,

Nattick, MA) with Psychophysics Toolbox (Brainard, 1997). Responses were made

using the ‘<’ and ‘>’ keys on a standard 101 key keyboard.

Procedure Participants performed parity/magnitude task switching. That is, on
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each trial they were presented with a single digit, excluding five, and were required to

judge whether it was odd or even (parity task), or greater or less than five (magnitude

task), depending on the trial. “Odd” and “less than five” mapped to the ‘<’ response

key; even and greater than five mapped to the ‘>’ response key. Participants were

given instructions and practice, to ensure that they understood the experiment. They

then progressed through 8 experimental blocks of cued (i.e., unpredictable order) task

switching, separated by self-paced breaks with performance feedback.

Within each experimental block, deadline was fixed at one of four levels (0ms,

600ms, 1,000ms, 1,400ms). Deadline order was randomized across participants, but

constrained so that, within participant, deadline order was the same across the first

four blocks as across the four blocks. Each block contained 187 trials. Each trial

began with a 900ms CSI. After each trial, the task always had a 0.5 probability of

switching. Switch trials were indicated by a task cue that was presented throughout

the CSI. The target appeared at the end of the CSI. After the participant responded

to the target, a “reward thermometer” appeared for 200ms to indicate graphically

whether the participant had earned or lost any money for the trial. Then the next

trial began.

The reward for correct, on time responses, and the penalty for error responses

were fixed at $0.01 and -$0.01, respectively. That is, for a correct response made

before the deadline, participants earned $0.01. For a correct response made after

the deadline, participants earned $0. For an incorrect response made at any time,

participants lost $0.01.

Results

Experiment results are shown in Figure 3.6. ANOVA-based analyses are presented

first, followed by quantitative model selection below. For RT, a trial type (Switch

vs Repeat) by deadline (0ms, 600ms, 1,000ms, 1,400ms) repeated measures ANOVA
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Figure 3.6: Experiment 1 RT and Accuracy.

revealed significant main effects of switch, F (1, 30) = 24.36, p < 0.001, and dead-

line, F (3, 90) = 11.74, p < 0.001. The predicted interaction was also significant,

F (3, 90) = 4.94, p = 0.003. Given the qualitatively U-shaped model predictions and

the approximately regular progression of the levels of my deadline manipulation, I

tested quadratic trends using polynomial contrasts. The main quadratic trend was

significant, F (1, 30) = 13.69, p < 0.001, as was the interaction, F (1, 30) = 12.30,

p < 0.001, indicating that the quadratic trend across deadline levels was significantly

stronger for switch than for repeat trials.

For accuracy, an identical ANOVA revealed a main effect of deadline, F (3, 90) =

5.56, p = 0.002, and a significant quadratic trend over deadlines, F (1, 30) = 6.32,

p = 0.017. No other effects were significant.

To conduct formal model selection, each model was fit separately to each partici-

pant’s data via maximum likelihood estimation (MLE), and then AIC and BIC were

both used to compare model fits. BIC selected the motivation-insensitive preparation

model in 21 of 31 participants. AIC selected the motivation-insensitive preparation
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model in 25 of 31 participants. A binomial test rejected the null hypothesis that

BIC (AIC) favors both model equally in the population of participants, p < 0.05

(p < 0.001).

Experiment 1 Discussion

Experiment 1 replicated and extended the findings of De Jong (2000) and Nieuwen-

huis and Monsell (2002), showing that, with a parametric, within-subject motivational

manipulation, RT (and residual switch cost) does indeed follow the predictions of a

rational analysis account. Specifically, there is a U-shaped curve as response deadline

increases, with a greater U-shape in switch than in repeat trials, as predicted by both

models derived from my rational analysis. However, as I predicted, similar effects

were also observed in accuracy, requiring consideration of a speed-accuracy tradeoff.

Quantitative model selection results favored the motivation-insensitive preparation

model over the motivation-sensitive preparation model. That is, my results sup-

port a reinterpretation of De Jong’s (2000) and Nieuwenhuis and Monsell’s (2002)

data in terms of a speed-accuracy tradeoff, without motivational effects on prepara-

tion. Specifically, it seems likely that an interaction between speed-accuracy tradeoff

and trial type led to nuanced effects that partially mimicked a motivation-sensitive

preparatory process.

The design of Experiment 1 allowed us to reinterpret previous work on the strength

of my own results. However, the design did not afford qualitative separation between

the predictions of the two competing models. That is the aim of Experiment 2.

3.3.2 Experiment 2

In order to qualitatively separate the predictions of the two competing models, I drew

upon the work of Ballard et al. (1997), which suggests that participants minimize

mental effort by looking at visually presented information when they wish to store
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it in working memory. Applying this logic to task cues, I assumed that participants

would choose to look at the task cues at the time of task preparation initiation. Under

this assumption, if the U-shaped curves that I observed in Experiment 1 were due

in part to changes in preparation initiation time, then there should be corresponding

U-shaped changes in “cue peek” times across deadline conditions. In contrast, if the

U-shaped curves were due entirely to changes in the speed-accuracy tradeoff, there

should be no changes in cue peek time across deadline conditions.

To test this, I used an experiment design that was similar to that of Experiment

1, except that a third task, digit color naming, was included, and on switch trials,

participants were required to choose when to “peek” at the task cue. That is, on

switch trials, the CSI began with an ambiguous switch cue indicating that the previous

task was no longer appropriate. Participants then had to choose when to press the

spacebar in order to see a 150ms presentation of the cue for the specific upcoming

task. Reward deadline was then manipulated across blocks, as in Experiment 1.

Methods

Participants 20 new participants (14 female, mean age 20.8 years) were recruited

from the Princeton University community using the Princeton Paid Experiments web-

site. Participants were paid a base rate of $12 for the 50 minute experiment, plus a

performance-based bonus amount that was typically around $10. Although bonuses

could be negative, participants could not earn less than $12 for the session. The ex-

periment was approved by the Princeton University human subjects research ethics

board.

Materials & Apparatus Materials and apparatus were identical to Experiment

1.

Procedure Experiment 2 was similar to Experiment 1, except that it included a

third task, digit color naming. Digits were either black or white. At the beginning
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Figure 3.7: Experiment 2 Cue Peek, RT and Accuracy.

of repeat trials, participants saw a grey circle indicating that the required task was

unchanged from the previous trial. At the beginning of switch trials, participants saw

a yellow circle indicating that the required task had changed from the previous trial.

Due to the fact that there were three tasks, this cue was only partially informative.

Participants were required to press the spacebar at some point during the ensuing CSI

in order to see the specific task cue for 150ms. Cue peek time, which was collected

only on switch trials, was then an additional metric.

Results

Experiment 2 results are shown in Figure 3.7. For RT and accuracy, results largely

replicated those of Experiment 1. For RT, a trial type (Switch vs Repeat) by deadline

(0ms, 600ms, 1,000ms, 1,400ms) repeated measures ANOVA revealed significant main

effects of switch, F (1, 19) = 21.87, p = 0.0002, and deadline, F (3, 57) = 5.01, p =

0.0038. The trial type by deadline interaction was also significant, F (3, 57) = 4.6,

p = 0.0059. For accuracy, there was a main effect of deadline, F (3, 57) = 5.16,
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p = 0.0032, but no main effect of trial type, p = 0.4836. There was a significant

trial type by deadline interaction, F (4, 57) = 6.49, p = 0.0007. Cue peek times could

be collected only on switch trials, so that there was no trial type manipulation for

this measure. For cue peek times, an ANOVA with factor deadline failed to detect a

significant effect, F (3, 57) = 1.38, p = 0.257.

Experiment 2 Discussion

Experiment 2 included an additional metric of task preparation initiation time, and

provided converging evidence, with Experiment 1, for the motivation-insensitive prepa-

ration interpretation of residual switch costs. That is, despite the fact that there was

again a U-shaped pattern of RT and accuracy effects across increasing reward dead-

lines, this effect was not reflected in the time at which participants chose to “peek” at

the task cue. Thus, whatever process drove the U-shaped RT and accuracy responses,

it did not appear to relate to changes in the time of preparation initiation.

3.4 General Discussion

By appealing only to a straightforward interpretation of the costs, constraints, and

choices implied by task switching experiments, I developed a rational analysis of task

switching experiments that permits the precise articulation of competing hypotheses

about motivational effects in this domain. In particular, the framework formalizes De

Jong’s (2000) ideas about how an effort-performance tradeoff e.g., Ballard et al., 1997;

Johnson and Payne, 1985; Wilcox, 1993 might drive RT and accuracy in task switch-

ing. Critically, my framework goes beyond previous work by including a motivation-

sensitive speed-accuracy tradeoff (e.g., Bogacz et al., 2006) in order to control for

this source of variance when interpreting results. I demonstrated the overall plau-

sibility of this framework in terms of its ability to explain existing data, including
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residual switch costs (e.g., Rogers & Monsell, 1995), the failure-to-engage pattern

(De Jong, 2000; Nieuwenhuis & Monsell, 2002), and the effects of probabilistic task

cueing (Dreisbach & Haider, 2006). The framework is normative, in that it derives

from the putative constraints imposed by the experiment, but also mechanistic, in

that it prescribes particular sequential dynamics for a well known response model,

the DDM.

I then used this framework to specify two competing models — a motivation-

sensitive preparation model consistent with the work of De Jong (2000), Nieuwenhuis

and Monsell (2002) and a motivation-insensitive preparation model consistent with

the work of Allport et al. (1994), Rogers and Monsell (1995), Meiran (1996) — and I

conducted new experiments to adjudicate between these. The experiments provided

converging evidence in support of the motivation-insensitive preparation model. Ex-

periment 1 used a deadline manipulation and was conceptually similar to the ex-

periments reported by De Jong (2000) and Nieuwenhuis and Monsell (2002), except

that it was a parametric, within-subject design. This replicated and extended the

previous findings, validating the general prediction that RT and residual switch costs

should respond in a U-shaped pattern to increasing response deadlines. However,

model-based analysis showed that the data were better explained by the motivation-

insensitive preparation model than the motivation-sensitive preparation model, in

disagreement with De Jong’s and Nieuwenhuis and Monsell’s earlier interpretations

of this type of data pattern. Experiment 2 sought a more direct measure off task

preparation initiation time, applying the logic from Ballard et al. (1997) to assume

that participants would choose to look at the task cue only at the time of preparation

initiation in order to minimize mental effort. I reasoned that, if preparation initiation

time was contributing to the U-shaped effect of deadline on residual switch costs, this

U shape should also be reflected in cue peek times. However, despite the fact that RT

and accuracy again exhibited U-shaped deadline effects, I found no effect of deadline
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on cue peek times. This suggested that the process driving the U-shaped curve in

RT and accuracy was independent of preparation initiation time, consistent with the

motivation-insensitive preparation hypothesis.

3.4.1 Motivational effects in task switching

There are two obvious forms of motivational effects in task switching: effort mini-

mization and the speed-accuracy tradeoff. The impact on behavior of effort mini-

mization strategies has previously been considered in a wide range of literatures (e.g.,

Ballard et al., 1997; Bettman et al., 1990; Botvinick et al., 2009; Droll & Hayhoe,

2007; Johnson & Payne, 1985; Kool et al., 2010; McGuire & Botvinick, 2010; Shah

& Oppenheimer, 2008; Wilcox, 1993, 1994). In the task switching literature, De Jong

(2000) and Nieuwenhuis and Monsell (2002) posited that mental effort associated with

preparing for a task switch drives residual switch costs. Here I have argued against

that idea.

However, there is yet another potential source of effort minimization effects in task

switching, posited by Yeung and Monsell (2003) and later Savine and Braver (2010).

These authors argued for an effort-performance tradeoff on the strength of task prepa-

ration. That is, they argued that task preparation is graded, with more preparation

requiring more effort but translating to higher response process drift rate — that is,

to faster and more accurate responses. Yeung and Monsell (2003) argued that this

effort-drift tradeoff explains the asymmetry in switch costs when switching between

tasks of unequal familiarity. Savine and Braver (2010) demonstrated this effort-drift

tradeoff more directly in showing that a categorical motivational manipulation during

task switching can increase both speed and accuracy. There is also a suggestion from

those data that residual switch costs are reduced by this manipulation, although the

operationalization of residual switch costs was a blockwise contrast between all trials

in task switching blocks and all trials in single-task blocks, confounding precise inter-
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pretation of the results. It is nonetheless surprising, considering the present results,

that Savine and Braver elicited increased speed and accuracy, given that they also

used a deadline paradigm that was similar to that employed here. It remains for

future work to explore which types of motivational manipulations elicit a standard

speed-accuracy tradeoff, as I observed in the present experimental data, and which

types of motivational manipulations elicit this surprising increase in both speed and

accuracy.

3.4.2 Model Assumptions & Alternatives

Although the model’s qualitative pattern of behavior is robust to particular model

forms, the conclusions that I drew following quantitative model selection with the

Experiment 1 data depend on the form of the models. That is, minor differences

in modeling choices could, in principle, lead to different results. This problem fol-

lows necessarily from precise model specifications, and is one reason that Experiment

2, which provided model-free support for the motivation-insensitive preparation hy-

pothesis, was important. Nonetheless, it is is desirable, but beyond the scope of the

present work, to consider the impact of alternative assumptions on the quantitative

model selection results. I describe some potential alternatives below.

I have assumed that the preparatory process duration is an exponentially dis-

tributed r.v. This leads the model to reproduce the mixture properties of residual

switch costs (e.g., De Jong, 2000; Nieuwenhuis & Monsell, 2002). Recall that this

means that long-CSI switch RT distributions are mixtures of short-CSI switch and

long-CSI repeat RT distributions. An alternative parametric form that would exactly

reproduce this property is one in which preparatory process duration is constant, and

preparation begins, randomly on each trial, either at the beginning of the CSI or at

the time of target stimulus onset. In fact, this alternative model would be very similar

to that employed here, with the major difference being that the shape of the switch
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trial RT distribution would be somewhat different. Beyond these two models, there

are many potential forms for the preparatory process duration, although most do not

exactly reproduce the mixture phenomenon. Note that the mixture phenomenon,

while an influential idea in the literature, has yet to be examined at the level of detail

that would discriminate between these models, and indeed, at least one paper has

argued that the long-CSI switch RT distribution is not the proposed mixture (Brown,

Lehmann, & Poboka, 2006).

3.4.3 Conclusion

The residual switch cost is frequently studied as an experimental window into the

apparent limits of human multitasking ability. This phenomenon has classically been

interpreted as reflecting rigid limitations due to the structure of cognition. An alter-

native idea, that this limitation may be amenable to analysis and manipulation in

terms of motivation and mental effort, has produced promising yet inconclusive re-

sults. Here I have presented a formal rational analysis (Anderson, 1990, 1991) of the

task switching paradigm, and have concluded that, contrary to previous interpreta-

tions, model-based analysis shows that there is little evidence that motivation drives

residual switch costs. Although this may be somewhat disappointing in that it elim-

inates a method of manipulating task preparation effects, the proposed framework

affords a highly customizable platform for specifying and testing future hypotheses

about motivational effects in the task switching paradigm.

3.5 Supporting Mathematical Details

3.5.1 Rational Analysis of Basic Task Switching

In general, I assume that participants maximize rewards (i.e., negative costs) under

uncertainty and other constraints. To maximize generality of these results, I use the
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expected discounted future reward optimality criterion, meaning that participants

maximize the expected sum over future rewards, discounted by the delays before re-

wards are experienced. Behavioral predictions then follow from the RT and accuracy

joint distribution implied by optimal decisions. The analyses presented above use

undiscounted future reward optimality criterion, which is a special case of the dis-

counted future reward criterion results presented here. For clarity, the results for the

undiscounted special case are presented in the final section of this appendix.

In this section, I analyze switch and repeat trials in a basic task switching paradigm.

Analysis of particular modifications of the paradigm, including the deadline paradigm

described in the text above, are given as special cases in subsequent sections.

Switch and Repeat Trial Rewards

As described in the main text, there are different expressions for the reward in switch

and repeat trials, discounted from the time that the cue is first perceived. Conditional

on RT and accuracy, switch trial reward is given by:

Rs|T,A = cle
−ατ +

∫ I

τ

cme
−αudu+ e−αI

(∫ T

0

(cm + ct)e
−αudu+ (1− A)cee

−αT

)
(3.1)

= (cl +
cm
α

)e−ατ + e−αI

(
ct
α
− cm + ct

α
e−αT + (1− A)cee

−αT

)

where T is switch trial RT, A indicates response accuracy, τ is preparation initiation

time, I is the duration of the CSI, α is the discount rate (1/s), cl is the cost of

initiating task preparation ($), cm is the cost of maintaining task preparation ($/s),

ct is the time or opportunity cost associated with participating in the experiment and

with satisfying the desire to respond as quickly as possible ($/s), and ce is the cost

associated with the desire to respond as accurately as possible ($). To compute the

expectation, I can condition on T and A, which are independent from each other, as
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described below. The expected switch trial reward is:

E[Rs] =
(
cl +

cm
α

)
e−ατ + e−αI

(
Q1E

[
e−αT

]
+
ct
α

)
(3.2)

Q1 = ceP{A = 1} − cm + ct
α

Repeat trial reward depends on which repeat trial strategy participants use. They

may choose to maintain the appropriate, already prepared task throughout the CSI,

or they may choose instead to forget the appropriate task and then prepare it de novo

at some point during the CSI. The latter choice makes repeat trials identical to switch

trials. I denote this choice by the variable π, which takes on values 1 (maintain) or

3 (forget and re-prepare). Each of these strategies leads to a different expression for

the repeat trial reward:

Rr,1|U,A =

∫ I

0

cme
−αudu+ e−αI

(∫ U

0

(cm + ct)e
−αudu+ (1− A)cee

−αU

)

=
cm
α

+ e−αI

(
ct
α
− cm + ct

α
e−αU + (1− A)cee

−αU

)

Rr,3 = Rs

where U is the basic DDM response duration. The expectations of each expression

are:

E[Rr,1] =
cm
α

+ e−αI
(
Q1E

[
e−αU

]
+
ct
α

)
E[Rr,3] = E[Rs]

where Q1 is defined as above, and E[Rs] is given in (3.2). Finally, the pieces can be
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combined into an expression for the expected repeat trial reward:

E[Rr] =
∑
i∈{1,3}

I{π = i}E[Rr,i] (3.3)

The expected switch and repeat trial reward functions depend on the partici-

pant’s choice of preparation initiation time, τ , repeat trial strategy, π, and implicitly

on DDM threshold, z. Therefore, in the motivation-sensitive preparation model, par-

ticipants solve the three-way optimization problem,

(τ ∗, z∗, π∗) ∈ arg max
τ,z,π

{E[Rs] + E[Rr]}. (3.4)

In the motivation-insensitive preparation model, participants solve only for (z∗, π∗),

with τ being a free parameter of the model rather than a controlled quantity. Note

that π is discrete and takes only two values, so optimizing over this is easy. In

contrast, z is continuous and there is no closed form solution for its optimum value

— it can be optimized numerically. Given π and z, the optimization over continuous

τ has a closed form solution, derived below. Note that expected rewards depend on

response distributions (T , U , and A), which also depend on the optimized variables.

Therefore, before solving for the optimal preparation initiation time, I describe some

of the properties of the basic response processes.

Basic DDM Equations & Properties

The DDM is a model of two-alternative-forced-choice decisions based on a form of

one-dimensional Brownian motion. The moving particle maps to the process of accu-

mulating evidence for one alternative or the other. Evidence accumulates over time

as a drift signal, µt, plus zero-centered Gaussian noise with variance σ2t. The moving

particle is bounded by absorbing barriers, known as decision thresholds, on either side

of its initial position. The standard assumption is that participants choose the deci-
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sion threshold so as to maximize some reward function. This physical model serves as

a joint distribution over RT and accuracy. RT is modeled as the “first passage time”

at which the particle first reaches one of the thresholds plus a constant non-decision

time. Accuracy is modeled by which threshold the particle hits.

I use a relatively simple version of the DDM in which the particle’s initial position

is zero, with symmetric decision thresholds at +/−z (chosen by participants). More-

over, any change in the noise parameter can be absorbed by rescaling the remaining

parameters, so noise is fixed at 0.1 without loss of generality, although the letter σ

remains in the equations for clarity.

Finally, in the task switching application it is necessary to further break down the

non-decision time component of RT into two separate parts. T1 denotes pre-decision

perceptual processes (e.g., retinal and early visual processes), and T0 to denote post-

decision motor processes (e.g., moving a finger toward the response button). This

decomposition is necessary, because I assume that early perceptual processes occur

irrespective of task preparedness. In contrast, as noted in the main text evidence

accumulation is assumed to begin only after task preparation completes. Therefore,

non-decision time must be decomposed into one part that is unaffected by preparation,

and another that is. This is made more precise in (3.10), below.

U denotes the first passage time plus the non-decision components, which is RT

in the basic DDM model. Bernoulli variable A denotes accuracy. A is 1 if the particle

passes the positive (correct) threshold, or zero if the particle passes the negative

(incorrect) threshold. Note that both of these random variables implicitly depend

on the chosen decision threshold. The first useful fact about the model is that RT

and accuracy are independent given model parameters and threshold. The joint

distribution factorizes as P{U ∈ dt, A = a} = P{U ∈ dt}P{A = a}. Therefore it is

sufficient to compute the marginal probabilities. Beginning with RT, the probability
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density function (p.d.f.) is (Ratcliff, 1978, Eq. A9; see final section, below):

P{U ∈ dt} =


C(µ, z)

∑∞
n=0Cn exp{−An (t− (T0 + T1))}, T0 + T1 ≤ t

0 otherwise

(3.5)

C(µ, z) =
πσ2

4z2
2 cosh(

µz

σ2
)

Cn = (−1)n(2n+ 1)

An = (2n+ 1)2
(πσ)2

8z2
+

µ2

2σ2

The probability distribution for accuracy is:

P{A = 1} =
1− eB

e−B − eB
, P{A = 0} =

e−B − 1

e−B − eB
, B =

2µz

σ2
(3.6)

Present analyses require a few more properties of the basic DDM model, including

the expected RT,

E[U ] =
z

µ
tanh

(µz
σ2

)
+ T0 + T1, (3.7)

and the Laplace transform of the p.d.f., which follows from the result provided by

Smith (1990):

E
[
e−αU

]
=

∫ ∞
0

e−αtP{U ∈ dt}

= e−α(T0+T1)2 cosh
(µz
σ2

) sinh(Dz)

sinh(2Dz)
(3.8)

D =

√
2α

σ2
+
µ2

σ4
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Finally, the incomplete Laplace transform of the p.d.f. will be required:

ψU(α, x) =

∫ x

0

e−αtP{U ∈ dt}

=

∫ x

T0+T1

e−αtC(µ, z)
∞∑
n=0

Cn exp{−An(t− (T0 + T1))}dt

= C(µ, z)
∞∑
n=0

∫ x

T0+T1

Cn exp{−(α + An)(t− (T0 + T1))}dt

= e−α(T0+T1)C(µ, z)
∞∑
n=0

−Cn
α + An

[exp{−(α + An)(x− (T0 + T1))} − 1]

= E
[
e−αU

]
− e−α(T0+T1)C(µ, z)

∞∑
n=0

Cn
α + An

exp{−(α + An)(x− (T0 + T1))}

(3.9)

This section presented some facts about the DDM RT and accuracy distributions,

which depend on the participant’s choice of decision threshold, z. The next section

describes how the basic DDM response model interacts with the participant’s choice

of preparation initiation time on switch trials.

Combining DDM with Preparation

Since I assume that the basic DDM response process does not begin until the prepara-

tory process completes, response accuracy is not directly affected by preparation.

Therefore the probability of an accurate response is the same here as with the basic

DDM.

With regard to RT, the basic principle is that the switch trial RT distribution is

a mixture of early and late preparation trials. In early preparation trials, the task is

fully prepared before target onset and early perception, and the DDM begins at the

normal time, leading to RTs that are indistinguishable from repeat trial RTs. In late

preparation trials, the task is not prepared prior to target onset and early perception,

leading to an RT that is the sum of the DDM and the remaining preparatory process
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duration. Moreover, due to the memoryless property of the exponential distribution,

the remaining preparatory process duration is independent and identically distributed

to the original preparatory process duration.

T denotes switch trial RT. Conditional on preparatory process duration and basic

DDM response time, T is expressed deterministically:

T |S, U, V = I{S ≤ I + T1 − τ}U + I{S > I + T1 − τ} (U + V ) (3.10)

where S and V are independent and identically distributed (i.i.d.) random variables

drawn from the exponential preparatory process duration distribution, and I{·} is one

if its argument is true, zero otherwise. On the right-hand side, the left term expresses

the early preparation case, and the right term expresses the late preparation case.

In the late preparation case, the memoryless preparatory process “starts over” with

the new exponential random variable, V . From this definition, the switch RT density
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function can be derived by conditioning on when preparation completes:

P{T ∈ dt} =


P{S ≤ I + T1 − τ}P{U ∈ dt}

+P{S > I + T1 − τ}P{U + V ∈ dt}, T0 + T1 < t

0 otherwise

(3.11)

P{S ≤ I + T1 − τ} =


1− eλ(I+T1−τ), τ < I + T1

0 otherwise

P{U + V ∈ dt} =



λC(µ, z)
∑∞

n=0
Cn

λ−An

·
(

exp{−An(t− (T0 + T1))}

− exp{−λ(t− (T0 + T1))}
)
, (T0 + T1) ≤ t

0 otherwise

where λ is the rate parameter for the exponential preparation process duration (1/s).

There is no closed form solution for the p.d.f. without an infinite series, as indeed

there is no closed form solution for the p.d.f. of the basic DDM response duration

given in (3.5). Luckily, the analyses that follow will rely heavily on two functionals of

this p.d.f. for which I do have closed form solutions, namely the expectation, E[T ],

and Laplace transform, E[e−αT ]. I can obtain these by inspection of the definition of

T given in (3.10). Noting that, for any X and Y , E[X + Y ] = E[X] + E[Y ], I have:

E[T ] = P{S ≤ I + T1 − τ}E[U ] + P{S > I + T1 − τ}E[U + V ] (3.12)

= P{S ≤ I + T1 − τ}E[U ] + P{S > I + T1 − τ} (E[U ] + E[V ])

E[V ] =
1

λ
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The expected hitting time of the basic DDM is given in (3.7). Finally, noting that, for

independent r.v.s X and Y , E[e−α(X+Y )] = E[e−αX ]E[e−αY ], the Laplace transform of

the switch trial RT is given by:

E
[
e−αT

]
= P{S ≤ I + T1 − τ}E

[
e−αU

]
+ P{S > I + T1 − τ}E

[
e−αU

]
E
[
e−αV

]
(3.13)

=
(
P{S ≤ I + T1 − τ}+ P{S > I + T1 − τ}E

[
e−αV

])
E
[
e−αU

]
(3.14)

+ P{S > I + T1 − τ}E
[
e−αV

]
E
[
e−αV

]
=

λ

α + λ

The incomplete Laplace transform of the switch trial RT density will also be necessary:

ψT (α, x) =

∫ x

0

e−αtP{T ∈ dt}

= P{S ≤ I + T1 − τ}ψU(α, x) + P{S > I + T1 − τ}ψU+V (α, x) (3.15)

ψU+V (α, x) = e−α(T0+T1)λC(µ, z)
∞∑
n=0

Cn
An − λ

Fn

Fn =
exp{−(An + α)(x− (T0 + T1))} − 1

An + α
(3.16)

− exp{−(α + λ)(x− (T0 + T1))} − 1

α + λ

In this section, the consequences of combining the basic DDM response process with

assumptions about switch trial preparation were considered. I can now return to the

problem of finding the optimal preparation initiation time.

Optimal Preparation Initiation Time

Optimal preparation initiation time can now be derived as a function of DDM thresh-

old. Note that optimal preparation initiation time does not depend on repeat trial

strategy (the third optimized variable). Rather, in the case that participants choose
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to forget and re-prepare on repeat trials, this derivation holds for repeat as well as

switch trials. To solve for the optimal preparation initiation time, take the partial

derivative of the expected switch trial reward given in (3.2):

∂

∂τ
E[Rs] = −(αcl + cm)e−ατ + e−αI

(
Q1

∂

∂τ
E
[
e−αT

])
∂

∂τ
E
[
e−αT

]
= − αλ

α + λ
e−λ(I+T1)E

[
e−αU

]
eλτ . (3.17)

The partial derivative is simply a sum of two exponentials, and so to find the critical

point, set it to zero, rearrange and take the log of both sides, yielding an analytic

expression for the optimal preparation initiation time:

τ ∗(z) = I +
λ

α + λ
T1 +

1

α + λ
log

[
αcl + cm

−Q1
αλ
α+λ

E [e−αU ]

]
(3.18)

Thus, for a given z, there is a unique τ ∗(z).

Recall that optimizing over repeat trial strategy is a simple discrete problem,

whereas there is no analytic solution for z∗ however, this variable can be numerically

optimized when working with the model. After this one-dimensional numerical op-

timization problem is solved (with the nested two-dimensional analytic optimization

problem), the optimization problem set forth in equation (3.4) is solved.

3.5.2 Special Cases

With the caveat that actual preparation initiation can never be negative, the basic

analysis described above is sufficient to model residual switch costs (e.g., Rogers &

Monsell, 1995), and the failure to engage property (e.g., De Jong, 2000; Nieuwenhuis

& Monsell, 2002). Analyses for the special cases of other experiments considered in

the main text are presented below.
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Probabilistic Switch Cues

Dreisbach and Haider (2006) used probabilistic switch cues, allowing them to para-

metrically manipulate from trial to trial the probability of repeating the previous task

versus switching to the alternate task. To analyze this, first note that, at the moment

that the cue is perceived, switch and repeat trials are equivalent, since the actual

switch/repeat difference will not be revealed until later, at target onset. Switch and

repeat trial rewards can then be combined into a single function that is parameter-

ized by the probability of repeating, ρ. The previous expected switch and repeat trial

reward expressions can be seen as special cases of this function for which ρ = 0 and

ρ = 1, respectively.

Next expand the role of the discrete “repeat trial strategy” variable, π, because

choosing a strategy based on the probability of repeating now applies to all trials.

Participants may now reasonably choose from four strategies: (1) maintain, (2) forget

and prepare for switch, (3) forget and re-prepare for repeat, and (4) forget and prepare

only when the actual task is revealed at target onset. Define the combined reward

function as a sum of auxiliary functions indexed by strategy:

E [R] =
4∑
i=1

I{π = i}E[Ri]

E [R1] = −cm
α

(
e−αI − 1

)
+ ρe−αI

(
Q1E

[
e−αU

]
+
cm + ct
α

)
+ (1− ρ)E[R4]

E [R2] = cle
−ατ − cm

α

(
e−αI − e−ατ

)
+ (1− ρ)e−αI

(
Q1E

[
e−αT

]
+
cm + ct
α

)
+ ρE[R4]

E [R3] = cle
−ατ − cm

α

(
e−αI − e−ατ

)
+ ρe−αI

(
Q1E

[
e−αT

]
+
cm + ct
α

)
+ (1− ρ)E[R4]

E [R4] = e−αI
(
cl +Q1E

[
e−αT (I,z)

]
+
cm + ct
α

)

Given π = 1 or π = 4, τ has no effect on the expected reward. Given π = 2 or π = 3,
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a slight generalization of my basic result from (3.18) produces:

τ ∗π=2(z) = I +
λ

α + λ
T1 +

1

α + λ
log

[
αcl + cm

Q1(1− ρ)−αλ
α+λ

E [e−αU ]

]
,

τ ∗π=3(z) = I +
λ

α + λ
T1 +

1

α + λ
log

[
αcl + cm

Q1ρ
−αλ
α+λ

E [e−αU ]

]
.

As above, the optimization over π is discrete and tractable, whereas the optimization

over z is intractable and must be approximated numerically.

Special Case: Deadline Paradigm

The deadline paradigm requires adding a term to the switch trial reward function

given in (3.2):

Rs|T,A = cle
−ατ +

∫ I

τ

cme
−αudu+ e−αI

(∫ T

0

(cm + ct)e
−αudu

+ (1− A)(ce + cp)e
−αT + I{T ≤ D,A = 1}rte−αT

)

= (cl +
cm
α

)e−ατ + e−αI

(
ct
α
− cm + ct

α
e−αT + (1− A)(ce + cp)e

−αT

+ I{T ≤ D}Arte−αT
)
,

where D denotes the response deadline (s), cp denotes the monetary error penalty ($),

and rt denotes the monetary reward for accurate responses made before the deadline

($). The expected switch trial reward becomes:

E[Rs] =
(
cl +

cm
α

)
e−ατ + e−αI

(
Q1E

[
e−αT

]
+Q2ψT (α,D) +

ct
α

)
(3.19)

Q1 = (ce + cp)P{A = 0} − cm + ct
α

Q2 = rtP{A = 1}
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To compute the optimal preparation initiation time, take the partial derivative of

the expected switch trial reward once again,

∂

∂τ
E[Rs] = −(αcl + cm)e−ατ + e−αI

(
Q1

∂

∂τ
E
[
e−αT

]
+Q2

∂

∂τ
ψT (α,D)

)
, (3.20)

where ∂
∂τ
E
[
e−αT

]
is given in (3.17). The incomplete Laplace transform, ψT (α,D),

was given in a simple form in (3.15). However a slightly different derivation here

provides more efficient numerical computation of the partial derivative:

∂

∂τ
ψT (α,D) =

∫ D

0

∂

∂τ
P{T ∈ dt}

=

∫ D

T0+T1

∂

∂τ
P{T ∈ dt}

=

(
λe−λ(I+T1)

∫ D

T0+T1

φ(t; z)dt

)
eλτ (3.21)

φ(t; z) = −C(µ, z)
∞∑
n=0

Cne
−An(t−(T0+T1)) (3.22)

+ λC(µ, z)
∞∑
n=0

Cn
λ− An

[
e−An(t−(T0+T1)) − e−λ(t−(T0+T1))

]
.

As above, I can solve for the critical point, τ ∗, as a function of z:

τ ∗(z) = I +
λ

α + λ
T1 +

1

α + λ
log

 αcl + cm

λ
(
Q1

−α
α+λ

E [e−αU ] +Q2

∫ D
T0+T1

e−αtφ(t; z)dt
)


As with the switch trial reward, the deadline paradigm introduces another term
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into the repeat trial reward:

Rr,1|U,A =

∫ I

0

cme
−αudu+ e−αI

(∫ U

0

(cm + ct)e
−αudu (3.23)

+ (1− A)(ce + cp)e
−αU + I{U ≤ D,A = 1}rte−αU

)

=
cm
α

+ e−αI

(
ct
α
− cm + ct

α
e−αU + (1− A)(ce + cp)e

−αU

+ I{U ≤ D}Arte−αU
)

Rr,3 = Rs

The expectations can again be computed for each piece, and combined into an ex-

pression for the repeat trial expected reward function:

E[Rr] =
∑

π∈{1,3}

I{π = i}E[Rr,1]

E[Rr,1] =
cm
α

+ e−αI
(
Q1E

[
e−αU

]
+Q2ψU(α,D) +

ct
α

)
E[Rr,3] = E[Rs],

3.5.3 Alternate Optimality Criterion: Undiscounted Expected

Future Reward

The analyses above were conducted using the expected, discounted, future reward

criterion. In addition to facilitating analyses that lie outside the considerations of

this paper (as mentioned above in the Discussion section), the inclusion of a discount

factor takes the first step toward relating this modeling framework to literatures

on temporal discounting. It also contains the simpler undiscounted expected future

reward criterion analysis as the special case when α = 0. For completeness, analyses

of this special case are presented here, for the deadline paradigm. Note that the case
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of a basic task switching experiment can be recovered from this by setting D and cp

to zero.

As with the discounted case, I assume that participants solve the optimization

problem set out in equation (3.4). The expected reward functions are now different

however, reflecting the undiscounted optimality criterion. Begin with the switch trial

reward:

Rs|T,A = c` + cm(I − τ) + (cm + ct)T + (1− A)(ce + cp) + AI{T ≤ D}rt.

The expected switch trial reward is then:

E[Rs] = c` + cm(I − τ) + (cm + ct)E[T ] + P{A = 0}(ce + cp) + P{A = 1}P{T ≤ D}rt.

Note that E[T ] is given in (3.12) above, whereas P{T ≤ D} may be obtained by

similar logic. As with the discounted case, can solve analytically for optimal prepa-

ration initiation time as a function of DDM decision threshold. The following partial

derivatives are necessary:

∂

∂τ
E[Rs] = −cm + (cm + ct)

∂

∂τ
E[T ] + P{A = 1} ∂

∂τ
P{T ≤ D}rt

∂

∂τ
E[T ] = e−λ(I+T1−τ)

∂

∂τ
P{T ≤ D} = λe−λ(I+T1−τ)

∫ D

T0+T1

φ(u)du∫ D

T0+T1

φ(u)du =

[∫ D

T0+T1

P{U + V ∈ du} −
∫ D

T0+T1

P{U ∈ du}
]

This leads to the following optimal preparation initiation time as a function of DDM

decision threshold:

τ ∗(z) = I + T1 +
1

λ
log

[
cm

cm + ct + λP{A = 1}rt
∫ D
T0+T1

φ(u)du

]
(3.24)
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Repeat trial reward is again indexed by repeat trial strategy, π:

Rr,1|U,A = cmI + (cm + ct)U + (1− A)(ce + cp) + AI{U ≤ D}rt

Rr,3|T,A = Rs|T,A.

with expectations:

E[Rr,1] = cmI + (cm + ct)E[U ] + (1− A)(ce + cp) + AP{U ≤ D}rt

E[Rr,3] = E[Rs].

Expected repeat trial reward is:

E[Rr] =
∑
i∈{1,3}

I{π = i}E[Rr,i].

3.5.4 Obtaining My DDM Equations From Ratcliff (1978)

To derive the basic DDM RT p.d.f. given in Eq. (3.5), begin with Ratcliff’s (1978)

Eq. A9:

P{U ∈ dt,X(t) = 0} =
πs2

a2
e−(zξ/s

2)

∞∑
k=1

k sin

(
πzk

a

)
exp

{
−1

2

(
ξ2

s2
+
π2k2s2

a2

)
t

}
.

(3.25)

Substitute µ = ξ, σ = s to accommodate my notation:

P{U ∈ dt,X(t) = 0} =
πσ2

a2
e−(zµ/σ

2)

∞∑
k=1

k sin

(
πzk

a

)
exp

{
−1

2

(
µ2

σ2
+
π2k2σ2

a2

)
t

}
.

(3.26)
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Replace a with 2z, because I assume barriers are symmetric about the initial position:

P{U ∈ dt,X(t) = 0} =
πσ2

4z2
e−(zµ/σ

2)

∞∑
k=1

k sin

(
πk

2

)
exp

{
−
(
µ2

2σ2
+
π2k2σ2

8z2

)
t

}
.

(3.27)

Next, apply the change of variable n = k/2− 1/2:

P{U ∈ dt,X(t) = 0} =
πσ2

4z2
e−(zµ/σ

2)

∞∑
n=0

(2n+ 1) sin

(
π(2n+ 1)

2

)
exp {−Ant}

(3.28)

=
πσ2

4z2
e−(zµ/σ

2)

∞∑
n=0

Cn exp {−Ant} , (3.29)

An =
µ2

2σ2
+
π2(2n+ 1)2σ2

8z2
, (3.30)

Cn = (−1)n(2n+ 1). (3.31)

Next, form P{U ∈ dt,X(t) = a}, as in Ratcliff’s appendix, and combine the joints to

form the p.d.f.:

P{U ∈ dt} = P{U ∈ dt,X(t) = 0}+ P{U ∈ dt,X(t) = a} (3.32)

= C(µ, z)
∞∑
n=0

Cn exp {−Ant} , (3.33)

C(µ, z) =
πσ2

4z2
2 cosh

(zµ
σ2

)
. (3.34)

Finally, the residual RT component shifts the p.d.f. to the right by T0 + T1:

P{U ∈ dt} = C(µ, z)
∞∑
n=0

Cn exp {−An(t− (T0 + T1))} , (3.35)

which is Eq. (3.5), as intended.
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Chapter 4

Confounds in fMRI Mapping of

Context Representations

4.1 Introduction

Mapping the neural substrates of context representations, the component of task

representations that is theorized to reside in PFC, is essential for testing aspects

of GAT and Gating models. This has proven difficult to achieve with functional

magnetic resonance imaging (fMRI), despite success with representation mapping in

other representational domains. New fMRI methods have led to recent reports of

success in this domain. In this chapter, I critically examine these reports in terms of

a methodological confound that may not be widely understood. I conclude that the

recent reports are in fact better interpreted as maps of a confounding task difficulty

variable, rather than as maps of context representations per se. In this chapter, I

discuss one simple method of addressing these confounds with existing methods. In

the next chapters, I propose and apply newer methods that address the confounds

in a more complete way. The recent reports discussed below have utilized novel,

instructed tasks, and have typically labeled the resulting representations as “rule”
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representations. I use that term in this chapter. In terms of the GAT variables that

form the broader framework of this dissertation, it should be understood that a rule

representation corresponds to a context representation as well as a novel stimulus-

response mapping, and that the two representations are tightly coupled (confounded)

in the datasets discussed below.

Multivariate pattern analysis (MVPA) is a recent development in fMRI that al-

lows data analysts to detect relationships between experiment conditions and com-

plex voxel activity patterns. One major application of MVPA is cognitive mapping,

in which one assesses where certain information is represented in the brain. Although

this has been a fundamental application of fMRI since its inception, MVPA theo-

retically and perhaps empirically yields greater sensitivity than do classical, general

linear model (GLM) methods. This has led to reports in many domains of new rep-

resentation mapping results that may have been impossible with the GLM. In two

seminal examples, both Haynes and Rees (2005) and Kamitani and Tong (2005) re-

ported using MVPA to detect visual stimulus orientation representations in primary

visual cortex (but see Freeman, Brouwer, Heeger, & Merriam, 2011). Later, Haynes

et al. (2007) reported that intention to perform either addition or subtraction was

represented in medial prefrontal cortex. Peelen, Atkinson, and Vuilleumier (2010)

reported that perceived emotional states of other people were represented in me-

dial prefrontal cortex and superior temporal sulcus, and Carlin, Calder, Kriegeskorte,

Nili, and Rowe (2011) reported that perceived gaze direction of others (irrespective of

viewing angle) was represented in superior temporal sulcus. Vickery, Chun, and Lee

(2011) reported that the reinforcing or punishing value of outcomes was represented

widely across gray matter voxels. Finally, as shall be discussed in more detail be-

low, several authors have recently reported that task rules are represented in lateral

prefrontal cortex and parietal areas (Bode & Haynes, 2009; Reverberi et al., 2011;

Woolgar et al., 2011; Cole et al., 2011).
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It is widely assumed that MVPA’s increased mapping sensitivity arises from its

ability to detect finely distributed representation patterns. Indeed, in regions where

MVPA detects representations but the GLM does not, it is typical to conclude that

not only do the identified brain regions represent the information in question, but

that the representations are distributed at a fine spatial scale across voxels within

the regions (e.g., Haxby et al., 2001; Kamitani & Tong, 2005; Reverberi et al., 2011).

This conclusion follows from the fact that finely distributed patterns are very difficult

for the GLM to detect in practice (e.g., Forman et al., 1995), but are detectable

by MVPA in theory (Boynton, 2005; Haynes & Rees, 2006; Norman, Polyn, Detre,

& Haxby, 2006; Kriegeskorte, Goebel, & Bandettini, 2006, 2007).1 Unfortunately,

I demonstrate in this chapter that across-subject counterbalancing has no effect in

standard, classification-based MVPA mapping. That is, in classification-based MVPA

mapping in general, all variables that are confounds at the single-subject level, such

as order effects or individual differences in the response to experiment conditions,

are reflected in the ultimate group results, irrespective of counterbalancing. This is

in contrast to the GLM, in which across-subject counterbalancing has its intended

effects, so that confounds and individual differences are eliminated during group tests,

as expected. This admits the possibility that MVPA’s increased mapping sensitivity

is in fact spurious, and arises from confounds rather than detection of distributed

representations.

I note that there are at least two major applications of MVPA: mapping, in-

troduced above, and so-called mind reading, in which a scalar signal is estimated

from wholebrain pattern activity and used to constrain behavioral models. More-

over, within mapping there are standard, classification-based variants and newer,

1The GLM can detect finely distributed patterns in theory. However, in practice imperfect inter-
subject alignment and the burden of correcting for multiple comparisons across voxels lead to the
practice of searching for spatially contiguous clusters of co-activated or co-deactivated (i.e., same-
signed) voxels (Forman et al., 1995; Smith & Nichols, 2009). This dependence on spatially contiguous,
same-signed activation effectively precludes the detection of fine patterns with the GLM, particularly
in group tests.
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representational similarity analysis (RSA: Kriegeskorte et al., 2008a) variants. The

susceptibility to confounds that I describe here affects classification-based mapping in

general, but affects other forms of MVPA to lesser degrees. Specifically, the conclu-

sions of RSA are affected in some, but not all, cases. The conclusions of mind reading

studies (e.g., Polyn, Natu, Cohen, & Norman, 2005; Johnson, McDuff, Rugg, & Nor-

man, 2009) may be affected very little or perhaps not at all. I discuss implications

for these other forms of MVPA in greater detail below.

I propose a method for controlling for these confounds, based on two passes of

linear regression. I then present a case study, performing classification-based mapping

of rule representations (i.e., flexibly updated stimulus-response associations). This

case study is particularly relevant at this time, as there have been several recent

articles reporting successful classification-based mapping of rule representations (Bode

& Haynes, 2009; Cole et al., 2011; Woolgar et al., 2011; Reverberi et al., 2011), and

it is possible that at least part of those results are due to confounds. I present

novel experimental data in which I obtain rule representation maps similar to those

recently reported, and obtain the same profile of success with MVPA and failure with

the GLM. I then identify a confound between rule condition and task difficulty, as

indexed by reaction time (RT). Critically, group behavioral ANOVA does not reveal

this confound, because it tends to be of opposite sign in different subjects (i.e., it is a

random individual difference). Moreover, I show that the practice of subtracting the

across-voxel mean from classification examples (e.g., Cole et al., 2011) has virtually no

effect on the results, and thus does not facilitate confound removal or interpretation.

I then apply the proposed method of confound control based on linear regression,

and show that this completely eliminates all rule mapping results. In contrast, it

leaves a response direction representation map essentially unaffected, demonstrating

specificity. This case study empirically demonstrates the general susceptibility of

classification-based MVPA to confounds, and also suggests that recent rule mapping
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results may be subject to reinterpretation in terms of a confound between rule and

difficulty.

Finally, I note that, as is always the case with confounds, this issue does not

demonstrate that classification-based MVPA mapping results are spurious. Rather,

it reveals that experimental control is looser in MVPA mapping studies than is widely

realized (or typically accepted in the field of experimental fMRI), and admits the

possibility of alternative explanations in terms of less desirable alternative hypotheses.

In other words, existing classification-based MVPA mapping results become more

equivocal, but are not refuted.

4.2 Directional vs Directionless Single-Subject Sum-

maries

In this section, I discuss in detail how classification-based MVPA mapping eliminates

across-subject counterbalancing. I contrast this with the GLM, and discuss how other

variants of MVPA are affected.

In GLM mapping analysis, separately for each subject and each voxel, a linear

regression model specifying the experiment conditions is fit to the data. A contrast

or linear combination of partial regression coefficients, specifying a hypothesized rela-

tionship between voxel activity in different conditions, then forms a summary statistic

for that voxel and that subject. This score is directional in the sense that its deviations

from zero reflect the voxel’s activation or deactivation in response to the contrast: an

above-zero score indicates that the voxel was activated, whereas a below-zero score

indicates that the voxel was deactivated. These single-subject contrast scores can

then be submitted to a group t-test in order to test the null hypothesis that, in the

population of subjects, the particular voxel’s activation is not significantly above (or

below) zero.
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In classification-based MVPA mapping analysis, separately for each subject and

each region, a classifier algorithm is trained on part of the dataset to discriminate

between experiment conditions, and is then tested on its ability to do so on a separate

part of the data.2 This yields a classification summary score for each subject and each

region. This summary score is akin to a z-scored single-subject significance value,

with more positive values indicating greater significance (i.e., a lower single-subject

p-value). Critically, this score is directionless in the sense that its deviation from zero

bears no relationship to the direction of underlying voxel activation in the region.

That is, if all voxels in a region are more active in condition one than condition

two in half the subjects, but the reverse pattern holds in the remaining subjects, all

subjects will yield positive classification summary scores for that region. This score

can then be submitted to a group t-test in order to test the null hypothesis that,

in the population of subjects, the region’s activity pattern does not differ robustly

across the experiment conditions.

This difference between the directional summary scores of the GLM and the direc-

tionless summary scores of MVPA is crucial for my point, and is illustrated in Figure

4.1. The directional GLM score exposes within-subject confounds to counterbalanc-

ing in the group test, whereas the directionless MVPA score does not. To see this,

consider an experiment with 10 participants and two conditions, and suppose that

these conditions have no real effect on BOLD signal in any brain area whereas condi-

tion presentation order has a robust, positive effect in region X. Suppose further that

presentation order is duly counterbalanced across participants, with five participants

experiencing condition A first, and five participants experiencing condition B first.

The order effects would drive region X, so that the first > second contrast yielded

significant activation, but the conditions per se would have no effect, so that with

a properly counterbalanced design, the A > B contrast yielded no activation. Now

2Here regions contain multiple voxels. Regions may be functionally or anatomically defined ROIs,
or “searchlights” defined as small spheres of voxels throughout the brain (Kriegeskorte et al., 2006).
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Figure 4.1: Across-subject counterbalancing is effective in the GLM, but not in
MVPA. Variables 1 and 2 are experiment conditions. Variable 3 is confounded with
experiment condition, and counterbalanced across subjects. (A) Predicted hemody-
namic response to variables 1, 2, and 3 in first subject. (C) Predicted hemodynamic
response to variables 1, 2, and 3 in second subject. (B,D) Results of single-subject
GLM and MVPA analyses discriminating between variables 1 and 2, in region that
is driven only by 3. (B) First subject’s GLM summary score (1>2 contrast) and
MVPA summary score (z-scored significance) are both positive in this region. (D)
Second subject’s GLM summary score (1>2 contrast) and MVPA summary score (z-
scored significance) are negative and positive, respectively. In the GLM group t-test,
the contrast scores will be opposite-signed across subjects and will cancel out, main-
taining integrity of counterbalanced design. In contrast, in the MVPA group t-test,
the z-scored single-subject significance scores will be same-signed (positive) across
subjects and will not cancel out, invalidating across-subject counterbalancing design.
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consider using the GLM versus MVPA to analyze these experimental data.

In the GLM, all single-subject maps would exhibit contrast scores in region X

indicating effects of condition A versus B, due to the order effect confound. However,

half of the subjects would exhibit positive A > B contrast scores, whereas the other

half would exhibit negative A > B contrast scores. This would lead to a group mean

of approximately zero for these voxels, and the group t-test would fail to reject the

null hypothesis. That is, integrity of the counterbalanced design would be preserved,

as expected and intended.

Similarly to the GLM, with MVPA all single-subject maps would exhibit clas-

sification scores in region X indicating effects of condition A versus B, due to the

order confound. Critically, unlike with the GLM, with MVPA all subjects’ scores

would go in the same direction, namely positive, indicating within-subject robustness

irrespective of the underlying direction of voxel activation. Since all single-subject

scores were positive, the group t-test would reject the null hypothesis, reporting a

significant effect of experiment condition, when in fact the order effects alone had

driven the BOLD signal. Here MVPA would have undermined the integrity of the

counterbalanced design.

Clearly, this would lead to the profile of MVPA success and GLM failure, and

perhaps to the conclusion that region X contained a distributed representation of of

the A > B difference. In fact, the result would have arisen from a simple confound.

How can this situation be avoided? One solution is to specify more specific hypotheses,

leading to more direction-sensitive summary statistics. RSA (Kriegeskorte et al.,

2008a) offers a newer variation on MVPA mapping that, in some cases, seems to

move beyond this confound by testing more directional hypotheses. In RSA, the

single-subject score at each voxel reflects the degree to which the pairwise correlations

between patterns across more than two experiment conditions reflect a hypothesized
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relationship.3 This hypothesized relationship can be specified by a contrast, similar

to the GLM, and the resulting directionality can eliminate confounds in some but

not all cases. For example, in an experiment with conditions A, B, C, D, and E, if it

were hypothesized that the pairwise correlations between condition patterns should be

ranked as AB>AC>AD>AE, and there was in fact no effect of condition but there

was an order effect, then no spurious positive results would emerge. This follows

from the fact that A would be presented close to E for some subjects, but close to

B for others, so that the correlations AB and AE would be identical in the group,

inconsistent with the hypothesized contrast. However, RSA would not remove other

confounds. For example, consider an experiment in which conditions A, B, C, D, and

E indicated compound rules composed of simple rules in such a way that the number

of simple rules in common varied parametrically among condition pairs, so that A

and B shared three simple rules, A and C shared two simple rules, A and D shared

one simple rule, A and E shared no simple rules. For the analyst attempting to map

simple rule representations with RSA, this would lead the to the same hypothesized

ranking of pairwise correlations as given above. However, suppose that some of the

simple rules were more difficult than others. This difficulty confound would lead

to the hypothesized pattern of pairwise correlations, and to a spurious conclusion

of successful rule mapping. That is, regions that responded to difficulty would be

misinterpreted as responding to rule per se. Thus RSA MVPA mapping can eliminate

confounds in some, but not cases.

Other than more directional summary scores, another possible solution, and one

that has been used to augment the distributed representation argument (e.g., Cole

et al., 2011), is to spatially de-mean within each anatomical region. That is, one

can substract the across-voxel mean of each example used in classification. At first,

this appears to be an effective control against accidentally interpreting patterns of

3Note that, when there are just two experiment conditions and thus two patterns, RSA reduces
to basic, classification-based MVPA mapping.
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broad co-activation as distributed patterns. Therefore, it appears to provide control

for confounds that would lead to co-activation patterns, such as difficulty or order ef-

fects. However, it is unlikely that a co-activation effect will be perfectly homogeneous

within a voxel region that was defined a priori, based either on voxel geometry, as in

searchlight mapping analyses (Kriegeskorte et al., 2006), or on widely agreed upon

anatomical subdivisions, such as V1 (Kamitani & Tong, 2005). Moreover, even in re-

gions defined functionally by co-activation, there is likely to be inhomogeneity in the

strength of activation across voxels within the region. Therefore, after de-meaning,

classifier examples are still likely to be informative with regard to confounding vari-

ables, and spuriously informative with regard to variables of interest, albeit less so. I

empirically demonstrate the ineffectiveness of this measure in the case study presented

below.

Instead, I propose the removal of potential confounding effects from the fMRI

dataset during preprocessing by simple linear regression. Specifically, I propose a

two-pass process. First, covariates of no interest can be removed from the entire

voxel time series (e.g., in a simultaneous regression with a basis set used for high-pass

filtering). Then, after the the voxels are collected into a set of samples for the MVPA

classifier, covariates of no interest can again be removed from the entire classifier

sample in order to capture additional linear relationships between confounds and

voxels that may have been slightly nonlinear in the original fMRI timeseries.

One issue with this proposal is that care must be taken not to saturate the re-

gression models. That is, the number of specified covariates should be small relative

to the number of TRs in the first pass, and small relative to the number of classifier

examples in the second pass. This is particularly important during the second pass,

as there are typically many fewer classifier examples than TRs. At issue is the fact

that the degrees of freedom absorbed by the covariates are not considered in the sub-

sequent MVPA analysis (and it is not obvious how they could be incorporated). This
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could potentially lead to inflated risk of Type I error. To take an extreme example

where there are 100 classifier examples and 99 covariates that are all linearly inde-

pendent of each other and are orthogonal to experiment condition, the second pass

would cause all voxels to be perfectly correlated with experiment condition. This

would lead to spurious, perfect classification. Nonetheless, this is a problem already

faced with classical GLM analyses, in which the single-subject degrees of freedom

are typically discarded prior to the group t-test, and yet the removal of covariates is

standard practice in that setting.

Another issue is that this method of confound control only works when there is an

imperfect relationship between the confound and the variable of interest. Otherwise,

removal of the confound by this method will completely remove all linear signal related

to the variable of interest. That is not to say that complete removal is unwarranted,

but rather that it produces the trivial effect of eliminating the variable of interest,

perhaps rendering the dataset uninteresting. To illustrate, I consider a single exper-

iment design in two different order effect confound cases. Suppose that experiment

conditions A and B are ordered so that one condition tends to come before the other,

and that which condition comes before the other is counterbalanced across subjects:

one subject might experience more A before B (AABAABAABBABBABB), whereas

another might experience more B before A (BBBABBABABAAABAA). In the first

case, suppose that the order confound that drives the signal is trial number. This is

imperfectly correlated with condition, and may be removed by linear regression with-

out trivially removing all linear A and B effects. In the second case, suppose that

the order confound that drives the signal is simply which condition came first. Here,

the order effect is perfectly correlated with experiment condition at the single-subject

level — it is a partitioning of the trials that perfectly recapitulates the A/B partition-

ing at the single-subject level. Therefore, in this second case, removing the relevant

order effect by the proposed method would be equivalent to completely removing the
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variable of interest from the dataset.

In summary, I have demonstrated that across-subject counterbalancing is ineffec-

tual in standard, classification-based MVPA mapping. This leads to many confounds

that cannot easily be removed from the experiment design. In situations where con-

founds must be present, linear regression is standard throughout neuroscience, psy-

chology, and the social sciences as a method for controlling for them. I propose the

use of linear regression in a two-pass procedure for the control of these confounds in

MVPA. Although this procedure is not without issues, I propose it as a powerful, and

perhaps necessary tool, that should be used judiciously. I turn now to a case study,

demonstrating in a novel rule representation mapping dataset how confounds that

are controlled in GLM analyses can contaminate MVPA results, and demonstrating

the use of this proposed method of control.

4.3 Experimental Demonstration: Rule Represen-

tations

Flexible rules are stimulus-response mappings that are typically novel to the subject,

that must be maintained in working memory, and that change frequently according to

external demands. Mapping these representations in healthy human adults has been

a central goal central of fMRI research on cognitive control and working memory.

Although classical GLM methods have been able to map which brain areas are more

active when rule representations are required, these methods have not proven sensitive

enough to conclusively ascertain where the rules per se are represented. That is, GLM

methods can typically detect areas that are differentially activated when some rule

is required as opposed to baseline rest, but generally cannot detect areas that are

differentially activated when one rule as opposed to another is required.

With reported MVPA mapping successes in other representational domains demon-
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strating the greater sensitivity of these newer methods, there has been a recent surge of

MVPA rule representation mapping studies. For example, in one early study, Haynes

et al. (2007) reported that the intention to perform addition versus subtraction was

represented in medial frontal cortex. Bode and Haynes (2009) later reported a striking

within-trial temporal progression of rule representations from parietal to prefrontal

cortex. More recently, Reverberi et al. (2011), Woolgar et al. (2011), and Cole et al.

(2011) have all reported similar success. I began a similar line of MVPA-based rule

mapping. However, I stopped in order to revise the approach upon recognizing the

confound issue described here. I present my initial experiment results here, for the

purpose of demonstrating the powerfully misleading effect of single-subject confounds

within MVPA mapping.

To anticipate, the confound that I identify and control for appears to be between

rule condition and individual differences in difficulty, perhaps due to individual differ-

ences in how the different rules are learned or encoded. That is, some subjects may

find one rule more difficult, whereas others may find the other rule more difficult.

Since the identity of the more difficult rule varies randomly across participants, this

individual difference is effectively counterbalanced, and is not reflected in either the

behavioral ANOVA or the group GLM results. However, it is reflected in the MVPA

classification results. Due to the fact that RT is widely used as an index of difficulty,

trial-to-trial RT formed a suitable covariate for use with the proposed method of

confound control.

4.3.1 Methods

Participants

Forty subjects (22 male; age M=21.11 years, SD=3.82 years) were recruited from the

Princeton University community for Experiment 1. Experiment sessions were approx-

imately 1.5 hours long, and participants received $20/hour plus a performance-based
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bonus of approximately $10 for participating in the experiment. The experiments

were approved by the Princeton University Institutional Review Board for human

subjects research. Equipment failure introduced artifacts that compromised one sub-

ject’s fMRI data. This subject was discarded from all analyses.

Task Design & Procedure

The task was a simple three-alternative forced choice design, similar to that used by

Bode and Haynes (2009). Subjects used fingers of the right hand to respond using

left, right, and down buttons on a response box. Trials were either cue trials or probe

trials. On cue trials, participants saw a cue stimulus (one of the characters ’A’ or

’B’) instructing them with regard to the subsequent trials, and they pressed Down to

acknowledge the cue. On probe trials, participants saw one probe stimulus (one of the

characters ’X’ or ’Y’), and responded according to the rule set by the most recently

seen cue. The rules were: if A, then X=Right, Y=Left; if B, then X=Left, Y=right.

Thus the two rules had to be maintained in working memory, and required incom-

patible or incongruent stimulus-response mappings, forcing participants to flexibly

working memory contents whenever a cue appeared.

Each trial began with a 0.5s stimulus presentation. Participants had 3s to respond.

On trials where participants failed to respond within 3s, a feedback screen appeared

for 1s with a red background and black text reading “TIMEOUT. Please respond

faster.” On error trials, a feedback screen appeared for 0.5s with a red background and

black text reading “INCORRECT RESPONSE.” There was no immediate feedback

on correct trials. After the response and feedback, a blank screen was presented for

the remainder of the intertrial interval (ITI), which was 10+/-0.5s from stimulus onset

to stimulus onset. The temporal jitter was continuous and uniform. There were 54

trials per block, and five experiment blocks.

Each trial had a 50% chance of being either a new cue (i.e., a rule switch) or a
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probe stimulus, with the constraint that at least one probe always followed a cue.

Each probe stimulus had a 50% chance of being either ’X’ or ’Y’. Therefore, rule,

probe, and response were statistically balanced within-subject.

Participants received practice with the an accelerated version of the experimental

paradigm (1s ITI, no jitter) outside of the scanner. They practiced until reaching

90% accuracy on 96 consecutive trials. This typically required less than 10 minutes

of practice. Participants who could not achieve 90% accuracy within 20 minutes of

practice were paid for their practice time and dismissed from the remaining experi-

ment. Participants who successfully reached criterion went on to complete the five

experiment blocks inside the scanner. They were then paid for their time based on

the length of the session and their performance.

FMRI data acquisition

Subjects were scanned using a 3T Siemens Allegra head-only MRI scanner. Structural

images were acquired using a T1-weighted MPRAGE (field of view, 256mm; matrix,

256x256; 176 1mm sagittal slices). Functional images were acquired using a T2*-

weighted echo-planar pulse sequence (repetition time, 2s; echo time, 30ms; flip angle,

75 degrees; in-plane resolution, 3x3mm; slice thickness, 3mm; 1mm interslice gap;

interleaved slices; slices aligned to anterior-posterior commissural axis). Each of the

five experimental blocks corresponded to an echo-planar functional acquisition run.

Due to the jittered ITI, runs were variable in length, but each included approximately

270 volumes.

fMRI Analysis

Data were processed using SPM8 (Wellcome Department of Imaging Neuroscience,

Institute of Neurology, London, UK) and custom code written in Matlab (The Math-

Works, Inc.). During preprocessing, functional (T2*) volumes were realigned to the
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first volume to correct for head motion, using a rigid-body transformation which also

provided head motion parameters. The mean realigned functional volume was then

registered to the anatomical (T1) volume using an affine transformation. The anatom-

ical volume was then transformed to Montreal Neurological Institute (MNI) standard

space using a high-dimensional nonlinear warp. For the GLM, the warp parameters

were applied to the functional volumes, which were then spatially smoothed with

an 8mm FWHM Gaussian kernel. For MVPA analyses, each volume was spatially

normalized (i.e., z-scored across voxels).

I were interested in rule representations, so the analyses described below were

conducted on the difference between rule A and rule B. To most clearly demonstrate

the confound with RT (a proxy for difficulty), I analyzed the BOLD response to probe

onsets. I analyzed all trials together, as well as rule switch trials in isolation, since

overall RT is longest on these trials (Monsell, 2003). To demonstrate that the effect

of RT confound control was specific to the rule mapping analyses, I conducted an

additional analysis in which I mapped the difference between left and right responses

to probes. Error trials were excluded from all analyses.

I used the GLM as implemented in SPM8. This included a 128s high-pass filter.

For rule analysis, I included in the design matrix two event-related regressors, one

for each rule, time-locked to probe onset. For the response analysis, I included two

event-related regressors, one for each response, time-locked to probe onset. In both

analyses, I also included a single event-related regressor that was time-locked to cue

onset (i.e., one regressor was shared by both ’A’ and ’B’ cues, in order to capture the

generic cue response). Regressors were convolved with the canonical hemodynamic

response function included with SPM8. I included the six head motion parameters

that were estimated during preprocessing as covariates of no interest. After estimating

the model, single-subject A > B contrast maps were entered into a group t-test.

I used searchlight MVPA (Kriegeskorte et al., 2006) with 4-voxel radius search-
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lights. This afforded exploratory, wholebrain mapping, and is similar to analyses

reported in recent rule representation articles (Bode & Haynes, 2009; Reverberi et

al., 2011; Woolgar et al., 2011; Cole et al., 2011). I used the Gaussian Näıve Bayes

(GNB) classifier (Pereira, Mitchell, & Botvinick, 2009). The unit of sampling for the

classifier was single-trial BOLD signal. That is, the BOLD response at 6s after each

probe onset was estimated from the two surrounding TRs using linear interpolation,

and then the estimates were labeled by condition (i.e., A or B for the rule analysis,

left or right for the response analysis) and grouped by run into training and testing

sets. I generated single-subject summary scores using leave-1-run-out cross-validation

over the five scanning runs (corresponding to the five blocks of the behavioral exper-

iment). Specifically, the summary score for each subject and each searchlight was

the number of correctly classified test examples, summing across all cross-validation

folds, minus half the total number of test examples. Thus these scores were symmet-

rically distributed about zero under the null hypothesis of no representation in that

searchlight. Single-subject summary score maps were then spatially transformed into

MNI standard space and entered into group t-tests.

As proposed, I conducted an additional preprocessing step during MVPA analysis

in which I removed covariates of no interest. I conducted two types of MVPA analyses,

“typical” and “extended,” that differed in which covariates were removed. I used a

two-pass removal process. First, covariates were removed from the fMRI time series

by linear regression, simultaneously with low frequency confounds (i.e., filtering).

This was done separately for each of the five scanning runs. Second, covariates were

removed from the classifier examples (training and test sets were combined for this

purpose), to capture any linear relationship between covariates and classifier examples

that had been slightly nonlinear in the original fMRI time series. For the first pass,

and for both typical and extended analyses, the design matrix including a 20s finite

impulse response model of generic cue trials as well as six head motion parameters
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and a discrete cosine basis corresponding to a high-pass filter with 128s cutoff period.

Thus this was similar to the covariates included in GLM analyses. In the extended

analyses only, I additionally removed trial-to-trial RT in both the first and second

pass. In the typical analysis, no covariates were removed from the second pass. Thus

the typical and extended analyses were identical, except that RT was removed only

in the extended analysis.

I also explored the effect of subtracting off the mean of each MVPA searchlight,

a practice intended to control confounds and further support distributed pattern

interpretations. I conducted this mean subtraction in an additional version of the

typical A vs B MVPA analyses.

Group-level t-tests results were conducted and corrected for wholebrain cluster-

based significance at the 0.05 level using threshold-free cluster enhancement (TFCE

Smith & Nichols, 2009), a parameter-free correction algorithm.

4.3.2 Results

Behavior Results

For probe trial RT, a rule (A, B), by response (left, right), by trial type (rule switch

vs rule repeat) within-subjects ANOVA showed a main effect of response, so that

left was slower than right, F(1,38)=12.87, p=0.0009; and a main effect of trial type,

with switch trials slower than repeat trials, F(1,38)=12.02, p=0.0013. No other effects

reached significance. Critically, there was no main effect of task, p=0.5743, indicating

that any task RT differences tended to wash out in the group.

Given the specific process by which confounds can contaminate MVPA results,

it is relevant to consider the relationship between rule and RT on a single-subject

basis. For this, I conducted separate two-sample, two-tailed t-tests for each of the

39 subjects. This revealed 13 subjects with significantly different RT across the two

rules. Importantly, eight subjects were significantly slower in the A rule than the
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Figure 4.2: Typical MVPA analysis (i.e., not controlling for RT) appears to reveal
robust rule representation maps. (A) Switch-trial-only analysis. (B) Switch-trial-
only analysis, subtracting the mean across voxels from each searchlight. (C) All-
trial analysis. (D) All-trial analysis, subtracting the mean across voxels from each
searchlight. Maps show one minus wholebrain corrected p-values, thresholded at
1-p=0.95. Cluster-based correction was conducted using TFCE (Smith & Nichols,
2009).
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B rule, whereas five subjects exhibited the opposite significant effect. I can use a

binomial test to further ask whether this eight-to-five split is different than would be

expected by chance if the population produced A > B subjects and A < B subjects

with equal probability. This test fails to reject the null hypothesis, b(13,0.5)=8,

p=0.1134, consistent with the idea that this observed pattern of single-subject, RT-

rule relationships reflects a random individual difference that will tend to wash out in

directional analyses such as ANOVA and the GLM, but that may confound MVPA.

In other words, the pattern of behavior results suggests that the RT-rule relationship

in this dataset is useful for demonstrating my thesis.

4.3.3 fMRI Results

As expected, the GLM revealed no significant differences in the A > B contrast.

However, as shown Figure 4.2, the typical MVPA analysis appeared to reveal robust

differences in several regions that are largely consistent with recent rule representation

mapping reports. These included bilateral middle frontal gyrus, left pre- and post-

central gyrus, and left caudate in the switch-trial analyses, and and left superior

parietal lobule in both switch-trial and all-trial analyses. Moreover, as seen in the

figure, there was virtually no effect of subtracting the searchlight mean from each

classifier example, with the only qualitative difference being that superior parietal

lobule was no longer evident in the switch-trial-only analysis. However, the extended

analysis, in which RT was removed via the two-pass regression process described

above, revealed no significant differences between A and B anywhere in the brain

(minimum corrected p-value across all searchlights was greater than 0.2 in both the

switch-trial and all-trial extended analyses).

To further establish that an RT confound drove MVPA classification results, I

conducted two auxiliary GLM analyses. Results are shown in Figure 4.3. In one

analysis, I included RT as a parametric regressor, and tested this regressor against
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A

B

Figure 4.3: GLM analysis reveals RT effects. (A) Most cortical voxels are significantly
correlated with RT. Map shows one minus wholebrain corrected p-values, thresholded
at 1-p=0.95. Cluster-based correction was conducted using TFCE (Smith & Nichols,
2009). (B) Slow rule > fast rule contrast produces weak effects, reflecting the strong
relationship between RT and voxels, and the weak relationship between rule and RT.
Map shows group-level t-statistics, thresholded at 0.01, uncorrected, for illustration
purposes.
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zero in the group t-test. It is clear that RT exhibited correlations with BOLD signal

throughout the brain. Indeed, over half of the voxels in the probabilistic gray-matter

mask (thresholded at 0.1) included with SPM8 were found to be significantly corre-

lated with RT after wholebrain correction. In another, I determined which rule led

to faster probe RT separately for each subject, and then examined the slow rule >

fast rule contrast. Given the strength and broad distribution of the RT correlation,

I reasoned that even a weak relationship between rule and RT on a per-subject basis

would lead to diffuse patterns of weak, positive activation in response to the slow rule

> fast rule contrast. Indeed, a weak, diffuse, positive pattern is shown in 4.3B. This

contrast did not produce significant activation after wholebrain correction, but it is

displayed at a liberal threshold (p<0.01, uncorrected) for the purpose of illustrating

the spatial overlap between the GLM activation and the decoding success seen in the

typical MVPA analysis. It is entirely plausible that this pattern, which is weak in

each voxel but consistent across many voxels, would lead to robust MVPA mapping

effects, since MVPA can aggregate over weak signals in many voxels more effectively

than the GLM. Indeed, a GLM ROI analysis, using the areas where MVPA rule clas-

sification was successful as a mask, confirmed that slow rule trials had significantly

more activation than fast rule trials, t(38)=1.726, p=0.0462. The spatial overlap be-

tween the slow > fast GLM result and A versus B MVPA result suggests that the

reason that MVPA succeeded in rule classification due to the confound with RT.

To further clarify, I note that although the GLM A > B contrast produces different

results than the slow > fast contrast, the typical MVPA slow rule versus fast rule

result is precisely identical to the typical MVPA A versus B result. This follows from

the difference between directional GLM summary scores and directionless MVPA

summary scores, and from the way slow and fast rule variables were defined. That

is, the slow/fast variable was defined so that it was perfectly collinear or confounded

with the A/B variable within each subject’s dataset, but not at the group level. Given
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the perfect single-subject confound, MVPA classification on either A versus B or fast

versus slow would produce identical results — the slow versus fast information passes

perfectly into the A versus B analysis, and the reverse is also true. In contrast, in

the GLM, since the fast rule was A in some subjects but B in others, the slow > fast

result washes out in the A > B group result. This is another way of stating my overall

thesis, and of motivating these auxiliary GLM analyses in terms of determining which

difference, fast versus slow or A versus B, drove the MVPA result.

I conducted an additional analysis of response direction (left or right), to show

that the effect of RT confound control was specific to eliminating the rule result.

Results are shown in Figure 4.4. Both the typical and extended MVPA analyses,

as well as the corresponding GLM analysis, found robust differences between left

and right response activity in and around left pre- and postcentral gyri, which was

contralateral to the (right) hand used to make button presses. In contrast to the

rule analysis, this response analysis was essentially unaffected by the removal of the

difficulty confound.

4.3.4 Experiment Discussion

I conducted a novel rule representation fMRI study, and found results similar to those

recently reported (Bode & Haynes, 2009; Reverberi et al., 2011; Woolgar et al., 2011;

Cole et al., 2011). In particular, MVPA appeared to succeed in detecting regions

whose activity differentiated between specific rules, whereas the GLM failed, a profile

which is often interpreted as evidence for distributed representations. However, I

demonstrated the presence of a single-subject confound between rule condition and

difficulty, for which RT was a proxy. This confound was eliminated in the normal

stages of GLM analysis but was admitted by MVPA, and it accounted for the success

of the MVPA mapping analysis, undermining the conclusion that the map reflected

rule representations per se. Although the method of removing the mean of each
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Figure 4.4: Response direction (left versus right) exhibited robust differences in both
MVPA and GLM after controlling for RT. (A) Typical MVPA analysis. (B) extended
MVPA analysis. (C) GLM analysis. Maps shows one minus wholebrain corrected p-
values, thresholded at 1-p=0.95. Cluster-based correction was conducted using TFCE
(Smith & Nichols, 2009).
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Figure 4.5: Graphs depicting different causal structures that may have given rise to
the observed data. X denotes experiment condition, Y denotes rule representation,
R denotes RT, V denotes voxels, and Z denotes some unspecified mental state (per-
haps mental effort). N denotes number of trials. Graphing convention follows Bishop
(2007). Shaded and unshaded notes denote observed and unobserved variables, re-
spectively.

searchlight (Cole et al., 2011) left the initial results essentially unchanged, removing

RT by a two-pass linear regression process reduced the rule mapping results to chance.

A second analysis mapping response direction (left or right), succeeded with both

MVPA and the GLM, and was unaffected by the removal of RT, indicating that the

effect was specific to the rule analysis. This was a particularly stringent specificity

test, since RT and response direction were in fact confounded at both the single-

subject and group level.

As is always the case when confounds are present, at issue is the pattern of cause

and effect. As illustrated in Figure 4.5, one possibility is that rule drove (caused) an

internal rule representation, which in turn caused the observed voxel patterns and

RT. If this is the case, then I would have been correct to present the results as a map

of rule representations. Another possibility is that rule condition drove an internal

rule representation, but also drove another mental state such as difficulty, and that

this other mental state, not rule representation, caused observed voxels patterns and

RT. A related possibility is that rule condition drove internal rule representation,

which itself drove the other mental state, which then drove RT and voxels. If either

of these latter two causal structures gave rise to the data, then I were right to be
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cautious and to not present the results as a map of rule representations.

The difficulty is that the experiment design does not allow us to adjudicate among

these possibilities, a problem that may apply to many classification-based MVPA

studies. At first, parsimony might seem to favor interpreting the results as a map of

rule representations, since this requires the analyst to invoke fewer unobservable men-

tal state variables. However, a parsimonious specification of the research hypothesis

includes only experiment condition, rule representation, and voxels, without including

RT at all — this must be extended post hoc to accommodate the link between rule and

RT. Moreover, RT is widely used as a measurable proxy or index of task difficulty, and

confounds between different rule (or working memory) conditions and difficulty are

well established in the GLM-based human neuroimaging literature, where additional

design controls are used to address them (e.g., D’Esposito et al., 1995; Gevins, Smith,

McEvoy, & Yu, 1997; Barch et al., 1997). These design elements will presumably need

to be adapted and extended for use in future MVPA rule mapping studies.

Although I do not present it in detail here, I conducted a follow up experiment

with 40 new subjects. The design was similar to that described above, but the re-

sponse deadline was reduced from three seconds to one second. I reasoned that this

would reduce the confound with difficulty by reducing RT variability, while preserv-

ing the differences between rules. MVPA on this follow up dataset did not identify

rule representations anywhere in the brain, although a response direction analysis

produced results that were nearly identical to those reported above. This result is

consistent with the interpretation that the initial, positive MVPA results in the above

study reflected the confound with difficulty (and RT) rather than rule representations.
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4.4 General Discussion

I have articulated a process by which confounds can lead to misinterpretation of results

in MVPA studies. This problem affects classification-based MVPA mapping studies

in general, but effects RSA MVPA mapping studies only in some cases, and may affect

other applications of MVPA very little. The confounds enter due to the inherently

directionless single-subject summary statistics that classification-based MVPA map-

ping employs. Unlike the directional single-subject summary scores produced by the

GLM, the MVPA scores shield within-subject confounds from across-subject counter-

balancing that is designed to take effect during group tests. This can lead to spurious

results, due to variables that are commonly counterbalanced across subjects, such as

order effects, and due to individual difference variables, such as which condition is

more preferred or more difficult, that are not manipulated by the experimenter but

that vary randomly across subjects. These confounds provide an alternative explana-

tion for the profile of success with MVPA and failure with the GLM that is usually

interpreted as evidence for distributed representations.

I presented, as a case study, a novel rule representation fMRI experiment, similar

to others recently reported in the literature (Bode & Haynes, 2009; Reverberi et al.,

2011; Woolgar et al., 2011; Cole et al., 2011). I showed that a confound between RT

and rule condition drove MVPA mapping success. Given the ambiguity of cause-and-

effect relationships introduced by the confound, conservative interpretation of these

results required that I not conclude that the results reflected rule representations

rather than some other variable such as task difficulty.

Although confounds should ideally be removed during experiment design, it may

prove difficult to address confounds, such as order effects, that are typically counter-

balanced across subjects but that cannot be counterbalanced in this way with MVPA.

I therefore proposed a method for controlling these confounds by a two-step linear re-

gression process. Linear regression is a widely used tool for removing linear effects of
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otherwise-unavoidable confounds, and I showed empirically that it was both effective

and specific. In contrast, I argued and showed empirically that the method of sub-

tracting the mean from each classifier example (e.g., Cole et al., 2011) was ineffectual

for confound control.

I noted that RSA (Kriegeskorte et al., 2008a), a newer variant on standard MVPA

mapping analyses, may be useful for controlling for within-subject confounds in some

cases. This works because representational similarity analyses require data analysts to

specify more specific, directional hypotheses. However, I noted this is not a panacea,

and confounds must still be considered on a case-by-case basis.

I focused on this article specifically on MVPA mapping. Another major branch of

MVPA application is so-called mind-reading analysis. In these applications, analysts

extract a scalar signal from wholebrain voxel patterns, and then relate this signal

to behavior in order to adjudicate among competing behavioral models. The claims

made in these types of MVPA studies may often be unaffected by the confound prob-

lem I described. Specifically, whenever the claims depend only on the relationship

between some extracted signal and behavior without depending on the identity of the

signal, they are unaffected by this confound issue. For example, Haynes et al. (2007)

reported that a signal can be extracted from fMRI that indicates subjects’ intentions

several seconds prior to the time at which subjects behaviorally report awareness of

their own decision. Here, it is irrelevant which variables actually drove the extracted

signal — it is sufficient that any brain signal predicted the choice before subjects

themselves reported it. However, the line between mapping and mind-reading appli-

cations can blur. In the same paper, Haynes et al. (2007) used a searchlight analysis

to locate the source of this early information. They concluded that the intention

(i.e., to perform one or the other of two arithmetic operations) was represented in

medial prefrontal cortex. This conclusion is problematic due to the confounds de-

scribed in this paper, because there could be many variables that were confounded
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with arithmetic operation. Therefore, with regard to MVPA mind-reading studies,

the confound issue presented here must be considered on a case-by-case basis.

In conclusion, MVPA is a powerful new set of tools for the analysis of fMRI

data. However, these tools are still evolving, and I have demonstrated one way in

which they systematically admit confounds that can lead to overinterpretation of

MVPA mapping results. Newer forms of MVPA mapping, such as RSA, may help

to reduce this problem. For standard, classification-based MVPA mapping methods,

I have proposed a solution that seems straightforward, effective, and specific, and is

applicable retroactively to many previously collected datasets.
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Chapter 5

Increasing Sensitivity and

Interpretability of fMRI Mapping

with Model-Based Multivoxel

Pattern Analysis

5.1 Introduction

In the previous chapter, I argued that fMRI mapping of context representations is

crucial for testing aspects of GAT and Gating models, yet success in this domain

has proved elusive. The issue may be that these representations simply cannot be

mapped using data from current fMRI instruments. Alternatively, it may be that

context representation maps can be produced with existing datasets, but existing

statistical techniques are poorly suited for this. Indeed, I noted that existing MVPA

mapping methods introduce a confound that obscures interpretation of existing con-

text representation maps, and that eliminating this confound by a fairly crude method

also eliminates the maps. It may be that using less confounded or more sensitive
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MVPA methods would restore these maps or produce different ones. In this chapter,

I propose a new family of model-based MVPA methods that theoretically increase

sensitivity and reduce confounds in mapping analyses. After fully describing the

new family of methods, I apply them to the data described in the previous chap-

ter. Unfortunately, the new methods did not change the null results reported in the

previous chapter. However, theory and simulations described below suggest that the

model-based MVPA approach is promising, and warrants further development.

5.1.1 Model-based MVPA

I refer to the family of methods developed here as model-based MVPA to denote

that the main concept is to incorporate cognitive models into classification based

MVPA mapping. This has two effects. First, it increases hypothesis specificity or

directionality over standard classification-based MVPA mapping, thereby reducing

the confounds described in the previous chapter. Second, it increases sensitivity by

allowing additional data, such as trial-to-trial RT fluctuations, to inform classifier

parameter estimates. This incorporation of cognitive model into MVPA is achieved

by adapting a generative classifier — one that depends upon a “forward model” of the

data generating process — to include elements of a particular cognitive model. This

generally requires the inclusion of an unobservable or latent cognitive state variable,

and the specification of dependencies between this and observable variables such as

voxels, behavior, and experiment condition.

The theoretical benefit of the model-based MVPA approach arises from the fact

that specifying the cognitive model as part of the MVPA classifier yields a more spe-

cific sensitivity profile. That is, a more specific generative model yields reduced Type

II error in brain regions where the model’s assumptions are met, and reduces sensi-

tivity in situations where the model’s assumptions are not met. In contrast, standard

generative classifiers can be thought of as using multi-purpose generative models that
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afford a lower level of sensitivity in a broad range of situations. This is another

way of framing the directional/directionless distinction raised in the previous chap-

ter. Model-based MVPA creates a sensitivity peak where neural activity relates to

both experiment condition and behavior in a hypothesized way. In contrast, standard

MVPA is generically sensitive when neural activity relates to experiment condition,

irrespective of the relationship with behavior. These claims are made explicit in

simulations below.

The model-based MVPA approach offers a general template for creating MVPA

classifiers that are tailored to particular cognitive domains. Thus, when standard

MVPA mapping fails (or is ambiguous due to confounds) and a cognitive model

is available for the domain of interest, model-based MVPA provides an avenue for

further exploration of the data. In this chapter, I give an overview of the template,

and focus on the specific use of GAT for model-based MVPA mapping of context

representations.

In the remainder of this introduction, I first describe the generative classifier

approach as well as the particular generative model used in the standard Gaussian

Näıve Bayes (GNB) generative classifier. I then discuss how GAT (Cohen et al.,

1990; Miller & Cohen, 2001) may be used to adapt this standard generative model

for context representation mapping.

5.1.2 Generative classifiers and model-based MVPA

Generative MVPA classifiers share a characteristic procedure. Given experiment con-

dition labels for a sample of observations or examples across a set of voxels: (1)

separate the sample into training and test sets; (2) fit the forward or generative

model to the training set; (3) invert the fitted generative model to form a discrim-

inative model; (4) use the discriminative model to classify each example in the test

set; (5) compute inferential tests by comparing test set classification to actual labels.
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This procedure differs from discriminative classifiers only in steps (2) and (3). In

discriminative classifiers, these are replaced with a single step, which is to directly

estimate the parameters of a discriminative model, such as the support vector ma-

chine. Generative and discriminative approaches each have strength and weaknesses.

However, the generative approach most readily supports model-based MVPA, be-

cause the generative model is inherently modular, and is a natural place to introduce

a domain-specific cognitive model.

The GNB is the standard generative MVPA classifier. It is defined by its gen-

erative model, which is a multivariate Gaussian with a diagonal covariance matrix

for each experiment condition. Indeed, the words “Gaussian” and “Näıve” in the

name refer, respectively, to the multivariate Gaussian distribution and the diagonal

covariance matrix, whereas the word “Bayesian” simply means “generative.”

When the GNB is used in MVPA, its generative model (Figure 5.2) embodies

cognitive assumptions. Although this fact is usually overlooked, it is the central

technical motivation for model-based MVPA. That is, the first step in developing

model-based MVPA for a particular domain is to enumerate the implied cognitive

assumptions and ask whether they are appropriate. For example, if one believes

that voxels are Gaussian given cognitive state rather than Gaussian given experiment

condition per se, then the GNB’s generative model implies that experiment condition

and cognitive state are equivalent. While this assumption is likely to be violated

in most datasets, I argue below that it may be particularly inappropriate in the

domain of context representations. Due to the modularity of the generative model,

this assumption can be changed. In general then, one may identify and then change

inappropriate components of the generative model, yielding a new classifier, with

different properties. When incorrect assumptions are replaced with assumptions that

match the true data generating process, the resulting classifier has reduced risk of

Type II error. When specific assumptions are added, the resulting classifier is less
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sensitive to confounds that drive neural activity but violate the assumptions. These

points form the motivation of the model-based MVPA approach.

5.1.3 Fluctuations in Task Representations

In the domain of context representations, the GNB assumption that experiment condi-

tion is equal to cognitive state may be substantially incorrect. Instead, cognitive state

— context representations — may fluctuate relative to experiment condition. The

reason is that context representations are working memory representations, meaning

that they require active maintenance rather than simply being driven by a persistent

external stimulus. The MVPA literature includes many examples of how memory

representations in general fluctuate relative to a fixed experiment condition (e.g.,

Polyn et al., 2005; McDuff, Frankel, & Norman, 2009; Quamme, Weiss, & Norman,

2010; Chiu, Esterman, Gmeindl, & Yantis, 2011). Such experiments usually employ

a “study-test” structure, in which participants are first exposed to all experiment

conditions (e.g., different item categories) in a study phase, and are then exposed to

a neutral condition (e.g., a generic recall cue) in a test phase. In the study phase,

each experiment condition is presented for a contiguous block of time, and is assumed

to reliably drive cognitive state within that block. A classifier is thus trained on the

study phase data, where equivalence between labels and cognitive states presumably

holds. The trained classifier is then applied to the test phase, in which cognitive state

fluctuates relative to the (fixed) experiment condition. The classifier’s output is then

related to fluctuations in behavior over time in the test phase. In general, classifiers

can successfully decode the cognitive state during the test phase, as shown by good

fits between classifier output and test phase behavioral fluctuations. Moreover, clas-

sifier output can be used to highlight the fact that behavior itself fluctuates, following

underlying fluctuations in cognitive state.

Given that standard MVPA classifiers succeed in measuring other kinds of fluc-
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tuating memory representations in study-test experiment designs, why should these

same methods fail to measure fluctuating context representations. One possible an-

swer is that, in context representation experiments, it is not obvious how to construct

a study phase analogous to that used in other memory experiments. Instead, context

representations by definition require that participants rapidly switch among tasks

(i.e., experiment conditions). This precludes the contiguous block design typically

used in the study phase, and perhaps leads to trial-to-trial fluctuations in the match

or mismatch between cognitive state and experiment condition. For example, the

task switching literature provides clear evidence for fluctuations in the degree to

which context representations are actually instantiated (e.g., Monsell, 2003). In con-

trast, if participants were allowed to perform one task repeatedly (as in a task “study”

phase), learning mechanisms might begin to make the unchanging stimulus-response

mappings at least partly automatic, obviating context representations per se (Cohen

et al., 1990; Miller & Cohen, 2001). As a result, in context representation experiments,

the sample of measurements from each experiment condition must be assumed to re-

flect a mixture of multiple cognitive states. This implies that parameter estimates

for the GNB (and also discriminative MVPA classifiers, which implicitly make sim-

ilar assumptions) may be degraded, due to accidental averaging over samples from

multiple context representations. Moreover, this type of degradation problem would

lead specifically to inflated risk of Type II error. This problem is illustrated in Fig

5.1A-D.

5.1.4 GAT as a Generative Model of Context Fluctuations

Given that fluctuations may inflate the risk of Type II error when using standard

MVPA classifiers to measure context representations, we can address this by incor-

porating the fluctuations into the generative model, forming a model-based MVPA

classifier. The first step is to adapt the generative model of the GNB so that experi-
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Figure 5.1: Standard MVPA classifiers assume that experiment condition (x-axis) and
internal cognitive state (scatter plot colors) are perfectly correlated. (A) Assumption
met: each experiment condition’s sample contains measurements from only one cog-
nitive state. (B) Standard classifiers yield accurate estimates of parameters for each
cognitive state. (C) Assumption violated: each experiment condition’s sample con-
tains a mixture of measurements from multiple cognitive states. (D) Standard classi-
fiers yield inaccurate estimates of parameters for each cognitive state; the estimated
difference between means decreases while variance increases. (E) A non-standard
classifier that assumes that cognitive state fluctuates. This classifier will rely less on
experiment condition labels, recovering accurate parameter estimates and revealing
the separability of activation across cognitive states.
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ment condition and cognitive state are separate variables. Such a classifier could, in

principle, recover accurate parameter estimates for each cognitive state, reducing the

risk of Type II error. This is shown in Fig 5.1E. The second step is to specify gener-

ative model components that describe how context fluctuations relate to experiment

condition and behavior. For this, I used aspects of GAT. GAT states that context

representations enable appropriate stimulus-response mappings. This is achieved by

first selectively facilitating processing of appropriate stimulus dimensions in more

posterior brain regions. This selective facilitation ultimately biases motor process-

ing in such a way as to promote context-appropriate behavioral responses. GAT is

typically implemented in connectionist models (Botvinick, Braver, Barch, Carter, &

Cohen, 2001; Braver & Cohen, 1999; Brown, Reynolds, & Braver, 2007; Cohen et

al., 1990; Miller & Cohen, 2001; Rougier et al., 2005), which emphasize competition

among parallel representations at each processing level (e.g., among context represen-

tations, among stimulus dimension processing regions, and among motor responses),

and excitatory, often bidirectional, connections that communicate state information

continually among different levels. Processing noise is important as well, particularly

in the motor layer, where it produces a distribution over RT and accuracy that can

be compared to real data. These noisy parallel competitions translate into a model

of RT and accuracy behavior. In particular, trial-to-trial variability in RT and accu-

racy can be explained by fluctuations in context representations. Importantly, these

connectionist GAT implementations have been used almost exclusively for modeling

behavioral data, and have not been used as generative models of fMRI voxel data.

Since GAT is usually implemented in connectionist models that lack fMRI voxel

components, incorporating it into a generative model for use in MVPA is challeng-

ing. Difficulties arise because, as a statistical application, classification-based MVPA

mapping imposes stringent requirements on the generative model. First, the model’s

context representation layer must be fit to actual voxel data, substantially increasing
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model dimensionality and thus the computational demands of parameter estimation

relative to typical connectionist applications. Second, in a generative classifier the

model must be invertible, meaning that the conditional distribution over experiment

conditions given voxels and behavior must be computable.1 In contrast, connectionist

GAT models typically do not have to be inverted, and inverting such a model is a

non-trivial challenge. Third, mapping requires applying the model to many differ-

ent brain areas in order to generate an image of those brain areas where the model

fits well. In the most widely used and arguably most unbiased type of “searchlight”

mapping (Kriegeskorte et al., 2006), the model is fit to the local neighborhood sur-

rounding every voxel in the brain. This implies that the generative model must be

estimated and inverted approximately 50,000 times per subject, per cross-validation

fold. This means that parameter estimation and model inversion must be compu-

tationally efficient enough to be performed millions of times per analysis. Although

mapping imposes strong efficiency constraints on the generative model, it is impor-

tant here for two reasons. First, a central goal in measuring context representations

is testing the hypothesis that they reside specifically in dorsolateral PFC, and this

requires a spatially unbiased approach such as searchlight analysis. Second, the model

of fluctuating context representations may plausibly be valid in local neighborhoods

of voxels, but not in the whole brain. Thus the entire approach depends on being

able to isolate local voxel neighborhoods in which fluctuations result from a single

representation, which in turn suggests that the model must be applied separately in

many different local neighborhoods, rather than once in the whole brain.

Given the demands of MVPA and the complexity of connectionist GAT models,

it was practical to implement a fairly restricted approximation of GAT in this first

1The model must be inverted during cross-validation. This inversion step is obviated if the
generative model is fit to data for similarity, rather than classification, analyses (Kriegeskorte, Mur,
& Bandettini, 2008b). However, as described later in this chapter, inversions are still required as
part of the Expectation-Maximization algorithm for model fitting. Therefore, it is usually important
to use a generative model that can be inverted.
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model-based MVPA formulation. The key factor in finding an appropriate approxi-

mation was the tradeoff between fidelity to the connectionist versions and simplicity.

Fidelity makes the results more interpretable in terms of cognitive theory, whereas

simplicity makes the model more computationally efficient. I present different model

variants in this chapter, noting where applicable the trade-off between fidelity to the

theory and practical tractability. In general, the core GAT-like element that I include

is the link between context representation fluctuations and behavior, such that when

cognitive state and experiment condition match, RT is fast and accuracy is high, but

when cognitive state and experiment condition mismatch, RT is slow and accuracy is

low. It is relatively straightforward to incorporate variants of this basic element into

a generative model that is suitable for use in an MVPA classifier.

5.2 Modeling Introduction: The GNB Classifier

As noted above, I will present different variants of a GAT-inspired model-based

MVPA. Each is a generative classifier, meaning that it is entirely described by the

generative model specification, the parameter estimation procedure, and the model

inversion procedure. It is instructive to begin with the details of the GNB itself, be-

cause it is the standard MVPA generative classifier, and will serve as a useful point of

reference. I therefore describe the GNB in some detail in this section, before moving

on to describe model-based MVPA variants in subsequent sections.

5.2.1 Generative Model Specification

The GNB’s generative model for a dataset with N measurements is depicted graph-

ically in Figure 5.2. The likelihood, or joint distribution over observable variables
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Figure 5.2: Graphical depiction of generative model from GNB, following graphing
convention in Bishop (2007). Variable definitions given in main text.

(voxels and experiment condition) given parameters, is:

p(X,C|θ) = p(X|C, θ)p(C),

=
N∏
n=1

p(xn|cn, θ)p(cn),

where xn = (xn,1, xn,2, ..., xn,D)T is a D-vector of voxel activity at time n, cn =

(cn,1, cn,2, ..., cn,K)T is a multinomial (indicator) K-vector giving the experiment con-

dition at time n, and θ = (µ, σ2) contains the mean and variance parameters for

Gaussians for each experiment condition. For notational compactness, X and C de-

note (x1, x2, ..., xN) and (c1, c2, ..., cN), respectively. For a single time point (omitting

the n subscript for simplicity), the probability distribution over voxels given experi-

ment condition and parameters is a D-dimensional Gaussian with diagonal covariance

matrix:

p(x|c, θ) = ND
(
x|µc, diag(σ2

c )
)

=
D∏
d=1

N
(
x|µcd, σ2

cd

)
,

p(c) = 1/K.
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where diag(a) is a square matrix with the elements of vector a along its main diagonal

and zeros elsewhere, and K is the number of experiment conditions. Note that, for

this classifier application, the probability distribution over experiment conditions is

discrete uniform. That is, this distribution is determined by the number of experiment

conditions in the application, and does not include free parameters. This is true for

all models in this chapter.

The conjugate prior distribution over parameters is the Normal-Gamma distribu-

tion (e.g., Bishop, 2007) with hyperparameters Ω = (µ0, κ0, α0, β0). That is,

p(θ|Ω) =
K∏
k=1

p(µk, σ
2
k|Ω)

=
K∏
k=1

D∏
d=1

p(µkd, σ
2
kd|Ω)

=
K∏
k=1

D∏
d=1

NG(µkd, σ
2
kd|µ0, κ0, α0, β0)

5.2.2 Parameter Estimation

Throughout this chapter, I use maximum likelihood estimation (MLE) or, more gen-

erally, maximum a posteriori (MAP) to estimate model parameters. Although the

reader is likely to be familiar with these concepts as well as the concept of using loga-

rithms to simplify maximization, I introduce them somewhat thoroughly here because

parameter estimation plays an important part in the ultimate form of model-based

MVPA methods. I introduce MLE and MAP here in the context of estimating GNB

parameters.

MLE and MAP estimate statistical parameters by solving optimization problems.

MLE accepts a model and dataset and then finds model parameters that maximize
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the dataset’s likelihood. For the GNB, we have:

θMLE = arg max
θ
{p(X,C|θ)}.

Similarly, MAP accepts a model, dataset, and prior distribution, and finds model

parameters with maximum posterior probability given the dataset and priors. MAP

for the GNB is:

θMAP = arg max
θ
{p(θ|X,C,Ω)} = arg max

θ
{p(X,C|θ)p(θ|Ω)}.

MLE and MAP have very different theoretical properties, but MLE estimates can

usually be obtained from MAP estimates by a certain setting of hyperparameters,

Ω. Therefore, the remainder of the chapter will emphasize MAP results, from which

MLE results follow as a special case.

The maximization operation suggests that we must find the roots of the gradient

of the posterior with respect to the parameters:2

∇θ (p(X|C, θ)p(θ|Ω)) = ∇θ

(
N∏
n=1

p(xn|cn, θ)p(θ|Ω)

)
.

Due to the product over time points, this appears to be a difficult computation.

However, for any positive function f(x), including the posterior distribution, we have

arg maxx{f(x)} = arg maxx{log f(x)}. Note also that log
∏

i xi =
∑

i log xi. Thus

it suffices to maximize the log posterior, meaning that we need only compute the

2The fact that there are conjugate priors for the GNB implies that the MAP estimate solutions
are readily available in reference texts. However, it is instructive to approach this simple problem
ingenuously, as the solution strategy will prove useful for more difficult problems encountered below.
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gradient of the log posterior, which has sums rather than products:

∇θ log p(X|C, θ) +∇θ log p(θ|Ω) = ∇θ

(
N∑
n=1

log p(xn|cn, θ) + log p(θ|Ω)

)
,

=
N∑
n=1

∇θ log p(xn|cn, θ) +∇θ log p(θ|Ω).

Using this log trick on the simple generative model of the GNB leads to the

following well known MAP estimates for the mean and variance of the Gaussian

associated with the k-th experiment condition and d-th voxel (e.g., Gauvain & Lee,

1994):

[µMAP]k = µNk[
σ2
MAP

]
k

=
βNk

αNk
− 1

µNk
=
κ0µ0 +Nkx̄k
κ0 +Nk

κNk
= κ0 +Nk

αNk
= α0 +

Nk

2

βNk
= β0 +

1

2
Sk +

Nkκ0 (x̄k − µ0)
2

2 (κ0 +Nk)

x̄k =

∑N
n=1 cnkxn
Nk

Sk =
N∑
n=1

cnk (xn − x̄k)2

Nk =
N∑
n=1

cnk,

where µ0, κ0, α0, and β0 are the four hyperparameters of the Normal-Gamma distri-

bution. Note that, by setting κ0 = 0, α0 = 1, and β0 = 0, we recover the standard

MLE results: [µMLE]k = x̄k, [σ
2
MLE]k = Sk/Nk.

In summary, with the GNB’s simple generative model, the log trick yields well
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known, closed-form MAP estimates. As the generative models considered below be-

come more complex, the log trick fails, making parameter estimation a potential

source of difficulty and a constraint on model structure. In fact, recovering the use-

fulness of the log trick in more complex settings forms a theme of the parameter

estimation strategies discussed below.

5.2.3 Model Inversion and Cross-Validation

For classification-based MVPA, once a generative model has been fit to training data,

it must be inverted in order to apply it to test data. This is critical for using

prediction-based cross-validation for inferential tests. For the GNB, once we have

estimated the likelihood, p(x|c, θ)p(c), we must compute the conditional distribu-

tion over experiment conditions given voxels, p(c|x, θ). This inversion operation is a

straightforward application of probability theory. With the GNB, it is also computa-

tionally simple. Recalling that experiment condition is a K-dimensional multinomial

vector with discrete uniform prior, we have:

p(cn|xn, θ) = Q−1p(xn, cn|θ)

= Q−1p(xn|cn, θ)p(cn)

Q =
∑
cn

p(xn|cn, θ)p(cn).

Note that the normalizing constant, Q, is a sum over the K levels of the experiment

condition variable. This inversion is computationally simple because experiment con-

dition is discrete. If experiment condition were continuous instead, the sum in the

denominator would become an integral. This integral would only be easy to com-

pute for certain models (e.g., it would be simple for Gaussian experiment conditions).

Thus, inversion difficulty is another source of constraints on model structure whenever

cross-validation is required.

114



Once this inversion is performed, it is straightforward to test the null hypothesis

that the classifier and data are unrelated. One useful null hypothesis is: given the

voxel data for a test example, the model is as likely to assign greatest probability to

the correct experiment condition as it is to assign greatest probability to the incorrect

experiment condition. That is, given that the true experiment condition is j, the null

hypothesis says that the random variable p(cnj|xn, θ) − p(cnk|xn, θ) is symmetrically

distributed about zero. To test this, it suffices to count the number of test examples

for which the classifier assigns the greatest probability to the correct experiment con-

dition. Under this null hypothesis, this count statistic will be binomially distributed

with parameters M and 1/K, where M is the total number of test examples and

K is the number of experiment conditions. If the test statistic is large enough that

the tail distribution function falls below a critical probability, say 0.05, then the null

hypothesis is rejected. Note that there is no obvious reason to think count statistic

would be significantly smaller than if it were distributed according to the binomial

null distribution, so one-tailed tests are well justified in this application, as with an

F -test.

As a final note on model inversion and testing, there are several variants of the

null hypothesis used above, some of which would yield more sensitive tests. In formu-

lating this null hypothesis (and others below), I sought test statistics whose sampling

distributions were symmetrical about a well-defined value and as close to Gaussian as

possible, as these properties facilitate parametric and non-parametric t-tests during

group analysis, such as the threshold free cluster enhancement test (Smith & Nichols,

2009) used in the previous and next chapters. Toward this end, I sacrifice some sen-

sitivity in choosing test statistics. For example, in the special case that there are two

experiment conditions, the count test statistic described above will be symmetrically

distributed about M/2, making it suitable for use in group level tests. In contrast,

cross-validated log likelihood would be a continuous and thus more sensitive test
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Figure 5.3: Graphical depiction of generative model variant 0, the Basic Mixture,
following graphing convention in Bishop (2007). Variable definitions given in main
text.

statistic, but its sampling distribution is less obviously characterized, making it less

practical for use in standard group tests.

5.3 Model 0: Basic Mixture

Before describing the model variants including GAT-like links between RT, accuracy,

and context representations, it is useful to consider first a basic model that includes

fluctuating cognitive states but does not include behavior. This model is also useful

empirically, as it is identical to that used in the GNB except that experiment condition

and cognitive state are separate. This affords a controlled examination of the impact

on classification performance of this separation, which is useful for assessing the overall

feasibility of the model-based MVPA approach, as shall be shown below. Note that

this newly distinct cognitive state cannot be directly measured — it is an unobservable

or latent variable. This section serves as an introduction to using the Expectation-

Maximization (EM: Dempster, Laird, & Rubin, 1977) algorithm, an essential tool

for estimating the parameters of models that include latent variables.
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5.3.1 Generative Model Specification

Model 0 is shown in Figure 5.3. The critical difference between this and the GNB

generative model is the inclusion of a cognitive state variable, Y , that is distinct from

experiment condition. In the figure, cognitive state is unshaded, unlike experiment

condition and voxel activity, indicating that it is a latent or unobservable variable.

The inclusion of this latent variable is an essential feature of all model-based MVPA

variants that I develop in this chapter, and has implications for parameter estimation

as well as model interpretation.

The likelihood function, or joint distribution over observable variables (voxels and

experiment condition), is given by:

p(X,C|θ) = p(X|C, θ)p(C),

=
N∏
n=1

p(xn|cn, θ)p(cn),

=
N∏
n=1

∑
y

p(xn|y, θ)p(y|cn, θ)p(cn),

where y is a J-dimensional indicator vector (J ≥ K) for the latent cognitive state,

and θ = (µ, σ2, η) contains the model parameters. As with the GNB, the distribution

over voxels given cognitive state and parameters is a D-dimensional Gaussian with

diagonal covariance matrix:

p(x|y, θ) = ND
(
x|µy, diag(σ2

y)
)
,

p(y|c, θ) = Multinomial (y|π(c)) , πi(c) =


η, ci = 1

(1− η) 1
J−1 , ci = 0

,

p(c) = 1/K,

where the J-dimensional vector π(c) is known as the mixture proportions, and η is
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the probability that cognitive state will match experiment condition on a given trial.

That is, the cognitive state either matches the experiment condition with probability

η, or is drawn from a discrete uniform distribution over the remaining cognitive states

with probability 1 − η. In the special case that there are only two cognitive states,

this distribution becomes, p(y|c, θ) = ηI{y = c} + (1 − η)I{y 6= c}. Note that the

voxel distribution is now parameterized by cognitive state rather than experiment

condition per se, an essential difference between the GNB and model-based MVPA.

The conjugate prior for the model 0 is now the product of Normal-Gamma and

Beta distributions, with hyperparameters Ω = (µ0, κ0, α0, β0, η0). That is:

p(θ|Ω) = p(η|Ω)
J∏
j=1

p(µj, σ
2
j |Ω)

= p(η|Ω)
J∏
j=1

D∏
d=1

p(µjd, σ
2
jd|Ω)

= Beta(η|η0)
J∏
j=1

D∏
d=1

NG(µjd, σ
2
jd|µ0, κ0, α0, β0)

5.3.2 Parameter Estimation

In this section I describe the EM algorithm, an essential tool for estimating parameters

of mixture models, including model-based MVPA. EM efficiently produces approxi-

mate MAP/MLE solutions, and can be implemented for many models with only slight

modifications of standard MAP/MLE results. In particular, the EM algorithm for

model 0 follows from slight modifications to the basic GNB MAP results given above.

I present the EM algorithm for model 0 in this section.

The Expectation-Maximization Algorithm

The log trick for MAP estimation fails when working with mixture models, including

all model-based MVPA variants in this chapter. The EM algorithm (Dempster et al.,
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1977) is an iterative method that partially recovers the usefulness of the log trick

in the mixture setting, yielding efficient, approximate MAP estimates. I introduce

the EM algorithm here, and proceed to the specific formulae for model 0 in the next

section.

Consider the problem of MAP estimation for model 0, which augments the GNB

with a latent cognitive state variable. We can attempt to use the log trick in order

to compute θMAP:

θMAP = arg max
θ
{log p(X,C|θ)p(θ|Ω)}

log p(X,C|θ) =
N∑
n=1

log

[∑
y

p(xn|y, θ)p(y|cn, θ)p(cn)

]
.

However, the likelihood function now includes a sum over the latent variable, y. This

is a characteristic of the likelihood functions for all mixture models, and for this

particular mixture model, the logarithm cannot pass through the sum. This spoils

the log trick, so that there is no longer an obvious MAP solution for model 0, even

though its components remain simple Gaussians. Another way of seeing the difficulty

is to consider the latent cognitive state variable as providing the labels that are used

to estimate the Gaussian parameters, and then to recognize that the labels themselves

must be estimated as well, because they are not observed. It is intuitive then that

it is difficult to simultaneously estimate the labels and the parameters of the voxels

that are Gaussian given the labels.

Intuitively, one might approach this chicken and egg problem by simply taking

a best guess of the labels, estimating the parameters given the guess, then forming

new guesses based on the parameters, and so on until convergence. This is the

concept of the EM algorithm. Mathematically, this recovers some of the usefulness

of the log trick, with the result that we can often apply a simple generalization to

standard, closed form MAP solutions in order to achieve closed-form solutions for
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each iteration of the EM algorithm. This often increases efficiency relative to other

iterative optimization methods. The EM algorithm employs an auxiliary function,

F (q, θ):

F (q, θ) = log p(θ|X,C,Ω)−
N∑
n=1

∑
yn

q(yn) log
q(yn)

p(yn|xn, cn, θ)

= log p(θ|X,C,Ω)−
∑
Y

q(Y) log
q(Y)

p(Y|X,C, θ)
(5.1)

=
∑
Y

q(Y) log p(X,C,Y|θ) + log p(θ|Ω)

−
∑
Y

q(Y) log q(Y)− log p(X,C|Ω) (5.2)

=
N∑
n=1

∑
yn

q(yn) log p(xn, cn, yn|θ) + log p(θ|Ω)

−
∑
Y

q(Y) log q(Y)− log p(X,C|Ω)

The EM algorithm iterates between maximizing (5.1) with respect to q while holding

θ constant in an “E-step,” and then maximizing (5.2) with respect to θ while holding

q constant in an “M-step.” For the E-step, note that the rightmost term in (5.1) is the

negative Kullback-Leibler divergence between distributions q(Y) and p(Y|X,C, θ).

This quantity is either negative or is exactly zero when the two distributions are

equivalent. This implies that we can maximize F (q, θ) with respect to q simply by

setting q(Y) = p(Y|X,C, θ), or equivalently by setting q(yn) = p(yn|xn, cn, θ) for

all n. For the M-step, note that the two leftmost terms in (5.2) are the “expected

complete-data log posterior” which, taking advantaged of the current label guesses,

can be maximized with respect to θ (holding q constant) using computations nearly

identical to MAP estimates for a non-mixture model. Thus iterating between E-

and M-steps produces a sequence of parameter estimates over which the log posterior

increases until reaching a local maximum. Conceptually, this amounts to iterating
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between estimating the labels (E-step) and estimating the parameters given fixed

labels (M-step). The benefit of this approach is that both the E- and M-steps require

only well known, closed form computations. Note that this is an approximate MAP

solution, and the resulting parameters may not be the global maximum.

The EM algorithm is introduced above for a mixture model with a discrete latent

variable. It works equally well for continuous models by replacing sums over the la-

tent variable with integrals. This introduces additional computational constraints on

model structure. Specifically, p(yn|xn, cn, θ) includes an integral that must be com-

puted in every iteration of the E-step, and the expected complete-data log posterior

becomes an integral that must be maximized in each M-step. These integrals may be

difficult to work compute for models that fall outside certain structural classes.

EM often finds MAP and MLE solutions more efficiently than general purpose

optimization algorithms, such as gradient ascent methods. This is understandable,

given that EM was specially designed for this special class of optimization problems.

General purpose methods often require first and second derivatives of the cost func-

tion (the negative posterior in this case) with respect to model parameters in order to

maximize performance. These quantities can be difficult to compute for some mod-

els, whereas the EM algorithm requires only slight modification of standard MLE

and MAP results. Moreover, general purpose optimization algorithms often scale

poorly with the number of parameters, whereas EM scales well due to the availability

of analytical maximization solutions in each M step. This scalability is important

for MVPA, as MVPA models typically contain hundreds or thousands of parameters

(e.g., separate mean and variance parameters for every voxel in a region, or even in

the whole brain). Figure 5.4 clearly demonstrates the superiority of the EM algorithm

for model 0 (derived below) over a general purpose optimization algorithm applied to

the same model. The general purpose algorithm was supplied with the first but not

the second derivatives with respect to model parameters, which is typical in practice
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given the difficulty of computing the latter. It is important to note that the general

purpose algorithm used in the simulation — the interior-point algorithm as imple-

mented in Matlab — represents state-of-the-art nonlinear optimization. It performs

poorly relative to EM only because EM was designed to leverage special structure in

MAP estimation. This simulation should serve as an index of the difficulty posed by

parameter estimation in model-based MVPA, which is generally a high-dimensional,

nonlinear optimization problem. Due to its efficiency and scalability, the EM algo-

rithm is an important tool for model-based MVPA parameter estimation. However,

as described above, the algorithm places constraints on the structure of the models

that one uses. Specifically, EM requires that p(yn|xn, cn, θ) be readily computable,

and that the expected complete-data log posterior be readily maximizable. If a model

fails to meet this criterion, then other parameter estimation procedures that are often

much less computationally efficient must be employed.

E-step

During the E-step for model 0, we set q(Y) = p(Y|X,C, θ), as follows:

q(yn) = p(yn|xn, cn, θ)

= Q−1p(xn, yn|cn, θ)

= Q−1p(xn|yn, θ)p(yn|cn, θ)

Q =
∑
yn

p(xn|yn, cn, θ)p(yn|cn, θ)

The E-step is algebraically simple, with the small computational burden of summing

over J levels of the latent variable Y .
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Figure 5.4: The EM algorithm outperforms a standard, general purpose optimization
algorithm. (A) As the number of voxels increases to from 8 to 256, the EM algorithm
consistently converges in less than 0.05s. In contrast, the convergence time of the
general-purpose algorithm begins at approximately 3s for 8 voxels, and increases to
456s for 256 voxels. (B) Both algorithms initially find better parameter estimates
as the number of voxels increases. However, as the number of voxels increases, the
general purpose algorithm begins to find poor solutions relative to EM.
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M-step

During the M-step for model 0, we maximize the expected complete-data log posterior,

holding q(·) constant. That is, we must compute:

θ̂ = arg max
θ

{∑
Y

q(Y) log p(θ|X,C,Y,Ω)

}

= arg max
θ

{∑
Y

q(Y) log p(X,C,Y|θ) + log p(θ|Ω)

}

= arg max
θ

{
N∑
n=1

∑
yn

q(yn) log p(xn, cn, yn|θ) + log p(θ|Ω)

}

= arg max
θ

{
N∑
n=1

∑
yn

q(yn) [log p(xn|yn, θ) + log p(yn|cn, θ)] + log p(θ|Ω)

}
,

where I have changed to “hat” notation rather than MAP subscript to denote the

fact that the M-step results do not represent final MAP estimates. By design, the

M-step decouples neatly into simple maximization problems, each a straightforward

extension of a well-known MAP result. For example, for the d-th voxel (omitting

the d subscript for simplicity) and the j-th cognitive state, we have (Gauvain & Lee,
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1994):

µ̂j = µNj

σ̂2
j =

βNj

αNj
− 1

µNj
=
κ0µ0 +Njx̄k
κ0 +Nj

κNj
= κ0 +Nj

αNj
= α0 +

Nj

2

βNj
= β0 +

1

2
Sj +

Njκ0
Nj + κ0

(x̄j − µ0)
2

2 (κ0 +Nj)

x̄j =

∑N
n=1 q(ynj)xn

Nj

Sj =
N∑
n=1

q(ynj) (xn − x̄j)2

Nj =
N∑
n=1

q(ynj).

This result is analogous to the GNB result given above, with the deterministic ex-

periment condition labels replaced by the probabilistic cognitive state labels. For the

latent cognitive state variable itself, we must maximize the expected complete-data

log posterior with respect to η, the probability that the cognitive state and experiment

condition match:

η̂ =
ηN,1 − 1

ηN,1 + ηN,2 − 2

ηN = η0 +

(
N∑
n=1

∑
yn

q(yn)I{yn = cn},
N∑
n=1

∑
yn

q(yn)I{yn 6= cn}

)T

The hyperparameter η0 = (1, 1)T yields a prior for which the MAP and MLE estimates

are equivalent.

Thus the M-step for model 0 is a simple generalization of the single parameter
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estimation step for the GNB. The major changes are that the deterministic labels are

replaced by probabilistic ones, and that we now must also estimate the parameter

governing the latent cognitive state variable.

Log Posterior and Convergence

The EM algorithm is guaranteed to increase the log posterior until reaching a local

maximum. In practice, I evaluate the log posterior after each M-step, and define

convergence as occurring when the relative difference between successive log posteriors

is less than 1e-6. For model 0, the log posterior is given as:

log p(θ|X,C,Ω) = log p(X|C, θ) + log p(θ|Ω) + const

=
N∑
n=1

log p(xn|cn, θ) + log p(θ|Ω) + const

=
N∑
n=1

log
∑
yn

p(xn|yn, θ)p(yn|cn, θ) + log p(θ|Ω) + const

Note that, in the context of the convergence check, any terms that are independent

of θ can be ignored (i.e., there is no need to compute them).

5.3.3 Model Inversion and Cross-validation

Cross-validation with the mixture models proceeds similarly to cross-validation with

the GNB. The key difference is that, as the models become more complex, it becomes

important to test them more thoroughly, as shall be shown in simulations below.

This can be accomplished by forming cross-validation test statistics for each of the

observable variables, and then forming conjunction maps of places where all relevant

test statistics reject their respective null hypotheses.

To test the null hypothesis that the model cannot predict experiment condition,

one withholds the experiment condition variable for test set items, requiring the
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trained model to predict it:

p(cn|xn, θ) = Q−1p(xn|cn, θ)p(cn)

= Q−1
∑
yn

p(xn|yn, θ)p(yn|cn, θ)p(cn)

Q =
∑
cn

p(xn|cn, θ)p(cn).

Recall that, in the context of classification, we set p(c) = 1/K for all c, so that p(c)

terms cancel from the numerator and denominator. As with the GNB, to form the test

statistic, I count the number of times that the model assigns greatest probability to

the correct experiment condition. Under the null hypothesis, this count is binomially

distributed with parameters N and 1/K, where N is the number of test items and K

is the number of experiment conditions.

To test the null hypothesis that the model cannot predict voxels, one can withold

the voxel data from each test set item, requiring the trained model to predict the

mean for each voxel, as follows:

E[xn|cn, θ] =

∫ ∞
−∞

xnp(xn|cn, θ)dxn

=
∑
yn

∫ ∞
−∞

xnp(xn|yn, θ)dxnp(yn|cn, θ)

=
∑
yn

µynp(yn|cn, θ)

This predicted mean value can then be used as a covariate for each voxel. That is,

each voxel’s test set examples can be regressed onto this predicted value. The mean

of the regression coefficient across voxels is symmetrically distributed around zero

under the null hypothesis that the model predicts none of the voxels. This is the test

statistic (and null hypothesis) that I use.

I have now described cross-validation test statistics for both of the model’s ob-
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servable variables: voxels and experiment condition. As mentioned above, more com-

plicated models require more more thorough testing in order to interpretation results.

Therefore, as shown in simulations below, a conservative test of the models presented

here (other than the GNB) requires that both of these null hypotheses be rejected.

5.3.4 Simulations: Model 0 vs GNB

Model 0 lacks the additional assumptions about trial-to-trial behavior of the model-

based MVPA classifiers described below. Nonetheless, its separation of cognitive state

and experiment condition variables yields different properties from those of the GNB.

In particular, Figure 5.1 suggested that a separate cognitive state variable alone

should lead to detection of separable representations that would be missed by the

GNB. Figure 5.5 shows simulations comparing model 0 and GNB performance when

voxels fluctuate relative to or are yoked (i.e., perfectly correlated) to experiment

condition. Figure 5.5A shows that the two classifiers perform identically on cross-

validation tests, both when voxels fluctuate and when voxels are yoked to experiment

condition. This appears to suggest that model 0 is in fact unable to compensate for

fluctuations, contrary to expectations. However, the cross-validation test belies the

increased sensitivity of model 0. Figure 5.5B shows that a pattern separability metric

reveals that model 0 is indeed more sensitive than the GNB in the case of fluctuations,

recovering essentially the same degree of separability as in the yoked case. This

implies that model 0 may be a fruitful starting point for applications using MVPA

generalization tests that do not rely on cross-validation, such as RSA (Kriegeskorte et

al., 2008a). That is, when patterns are estimated in both train and test sets, and the

generalization metric is separability of test-estimated patterns conditional on train-

estimated patterns, then Figure 5.5B suggests that model 0 has a distinct advantage

over the GNB. Moreover, this advantage is “free” in the sense that it does not require

specification of additional assumptions about behavior or other variables. However,
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Figure 5.5: Simulation of model 0 and GNB performance across datasets where voxels
(X) and experiment condition are related in different ways. (A) Cross-validation
performance (50% is chance) reveals no difference between the models. (B) Pattern
separability shows that model 0 is able to recover the difference between means in
the where voxels fluctuate relative to experiment condition. The pattern separability
metric is the mean across voxels of absolute difference between estimated means,
divided by estimated variance.

this chapter focuses on the development of more specific and cross-validation based

model-based MVPA methods, so potential applications to RSA are beyond the present

scope.

5.3.5 Model 0 Discussion

Model 0 includes the latent cognitive state variable but not behavior, making it an

important tool for isolating the impact of latent variables on MVPA performance. In

this section I have presented the structure of model 0 together with the formulae and

algorithms (including a somewhat general treatment of the EM algorithm) necessary

for estimating the model’s parameters from data and testing goodness-of-fit via cross-

validation. Simulations suggest that model 0 yields increased sensitivity relative to
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the GNB when pattern separability rather than cross-validation is used as a test

metric. This has potential applications that may be developed in future work. Having

introduced the basic tools for working with latent variable models, the following

sections describe fully model-based MVPA models, including links between behavior

and latent cognitive state inspired by GAT.

5.4 Model 1: Basic GAT

Model 1 is the basic version of GAT that I implemented. As with Model 0, cognitive

state is a discrete latent variable that drives voxels directly. However, the model now

includes behavior, which is linked in a particular way to the cognitive state (context)

variable. Specifically, the match or mismatch between cognitive state and experiment

condition now drives RT and accuracy. This particular type of dependency leads to

a particular sensitivity profile for this model. For example, in datasets where behav-

ior does indeed fluctuate with the match or mismatch between cognitive state and

experiment condition, then in brain regions where there is a robust neural difference

across experiment conditions but there is no fluctuation that matches the behavior,

the model will exhibit decreased sensitivity relative to the GNB. In contrast, in brain

regions where there is a weak neural signal that does fluctuate according to behavior,

the behavioral measurements will facilitate detection of the representation and the

model will be more sensitive than the GNB. Thus maps produced by this model-

based classifier are more specific, and thus more interpretable, than maps produced

by the GNB. This is demonstrated via simulations below. Here, I define the model

and derive EM algorithm, inversion, and cross-validation procedures.

5.4.1 Generative Model Specification

Model 1 is depicted graphically in Figure 5.6.
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Figure 5.6: Graphical depiction of generative model 1, following graphing convention
in Bishop (2007). Variable definitions given in main text.

The likelihood function is given by:

p(X,R,A,C|θ) = p(U,C|θ)

=
N∏
n=1

p(un, cn|θ)

=
N∏
n=1

∑
yn

p(xn|yn, θ)

·
∑
zn

p(rn|zn, θ)p(an|zn, θ)p(zn|yn, cn)p(yn|cn, θ)p(cn),

where rn and an are the RT and accuracy behavior at time n, respectively, and the

variable U = (X,R,A) is introduced to simplify notation. The variable zn denotes

the match or mismatch between cognitive state and experiment condition at time n.

All other variables are as in model 0. The parameters, θ = (µ, σ2, ν, λ, ξ, η) enter into
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the model as follows:

p(x|y, θ) = ND
(
x|µy, diag(σ2

y)
)

p(r|z, θ) = Gamma(r|ν, λz)

p(a|z, θ) = Bernoulli(a|ξz)

p(y|c, θ) = Multinomial(y|π(c)), πi(c) =


η, ci = 1

(1− η) 1
J−1 , ci = 0

z|y, c = I{y = c}

p(c) = 1/K

Note that the RT and accuracy distributions depend on the match or mismatch be-

tween experiment condition and cognitive state. Note also that there is a single shape

parameter for the RT distribution that does not depend on the match or mismatch be-

tween cognitive state and experiment condition, whereas the rate parameter (inverse

scale) does.

The prior distribution, with hyperparameters Ω = (µ0, κ0, α0, β0, ν0, τ0, λ0, ξ0, η0),

has the form:

p(θ|Ω) = p(η|Ω)
J∏
j=1

p(µj, σ
2
j |Ω)p(ν|Ω)

2∏
i=1

p(λi|Ω)p(ξi|Ω)

= p(η|η0)
J∏
j=1

D∏
d=1

p(µjd, σ
2
jd|µ0, κ0, α0, β0)p(ν|ν0)

2∏
i=1

p(λi|τ0, λ0)p(ξi|ξ0)

= Beta(η|η0)
J∏
j=1

D∏
d=1

NG(µjd, σ
2
jd|µ0, κ0, α0, β0)U(ν|0, ν0)

·
2∏
i=1

Gamma(λi|τ0, λ0)Beta(ξi|ξ0)
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5.4.2 Parameter Estimation

In this section I describe the necessary EM algorithm for model 1. Due to the fact

that voxels, RT, and accuracy are conditionally independent given the latent cognitive

state, this is simply a combination of standard “mixture of Gaussian,” “mixture of

Gamma,” and “mixture of Bernoulli” results.

E-Step

Recall that during the E-step, we update the probability distribution over cognitive

states, q, holding parameters constant. For the basic GAT model, this proceeds as

follows:

q(yn) = p(yn|un, cn, θ)

= Q−1p(un|yn, cn, θ)p(yn|cn, θ)

= Q−1p(xn|yn, θ)p(rn|yn, cn, θ)p(an|yn, cn, θ)p(yn|cn, θ)

= Q−1p(xn|yn, θ)p(yn|cn, θ)
∑
zn

p(zn|yn, cn)p(rn|zn, θ)p(an|zn, θ)

Q = p(un|cn, θ)

So the E-step is algebraically simple, with the computational burden of summing over

J discrete levels of the latent cognitive state variable.

M-Step

During the M-step, we maximize the expected complete-data log posterior with re-

spect to the parameters, holding q constant. The expected complete-data log posterior
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is given as,

∑
Y

q(Y) log p(θ|U,Y,C,Ω) =
∑
Y

q(Y) log p(U,Y|C, θ) + log p(θ|Ω) + const

=
N∑
n=1

∑
yn

q(yn) log p(un, yn|cn, θ) + log p(θ|Ω) + const

=
N∑
n=1

∑
yn

q(yn) log [p(un|yn, cn, θ)p(yn|cn, θ)]

+ log p(θ|Ω) + const,

log p(un|yn, cn, θ) = log p(xn|yn, θ) + log p(rn|yn, cn, θ) + log p(an|yn, cn, θ)

= log p(xn|yn, θ) + log

[∑
zn

p(zn|cn, yn)p(rn|zn, θ)

]

+ log

[∑
zn

p(zn|cn, yn)p(an|zn, θ)

]

Note that the sums over zn in the last step each reduce to a single term, because Z is

deterministic given Y and C. Therefore, the log passes through these sums without

issue.

As with model 0, the M-step for model 1 decouples neatly into optimization prob-

lems with standard closed form solutions. The mixture proportion and voxel parame-

ter results are unchanged from those for model 0. However, we must derive the results

for the RT and accuracy components. For accuracy, we have a Bernoulli variable and

a Beta prior, yielding the following M-step result for the i-th value of z:

ξ̂i =
f1 − 1

f1 + f2 − 2

f = ξ0i +

(
N∑
n=1

q(zn = i)an,
N∑
n=1

q(zn = i)(1− an)

)T

q(zn = 1) =
∑
yn

q(yn)I {yn = cn} , q(zn = 0) =
∑
yn

q(yn)I {yn 6= cn}
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where ξ0i is the 2-dimensional hyperparameter vector for the Beta prior on the i-th

value of z, and ξ0i = (1, 1)T yields the MLE. Here q(zn = 1) is the probability under

distribution q that the latent cognitive state matches the experiment condition.

The M-step update for RT is slightly more complex, because there is in general

no closed form MAP estimator for the shape parameter of the Gamma distribution.

Given the shape parameter however, there is a conjugate prior (also a Gamma distri-

bution) for the rate (inverse scale) parameter. I therefore assume a uniform prior on

the shape and resort to 1-dimensional numerical optimization, employing the closed

form solution for the rate. This yields:

λ̂ν =

(
f1 − 1

g1
,
f2 − 1

g2

)T
f = τ0 +

(
N∑
n=1

q(zn = 1)ν,
N∑
n=1

q(zn = 0)ν

)T

g = λ0 +

(
N∑
n=1

q(zn = 1)rn,
N∑
n=1

q(zn = 0)rn

)T

ν̂ = arg max
ν

{∑
Y

q(Y) log p(λ̂ν , ν|R,Y,C,Ω)

}

= arg max
ν

{∑
Y

q(Y) log p(R|Y,C, λ̂ν , ν) + log p(λ̂ν , ν|τ0, λ0, ν0)

}

= arg max
ν

{∑
Y

q(Y) log
∑
Z

p(Z|Y,C)p(R|Z, λ̂ν , ν) + log p(λ̂ν , ν|τ0, λ0, ν0)

}

The final line specifies a 1-dimensional nonlinear optimization problem that must be

solved numerically. This can be solved efficiently by widely available algorithms.
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Log Posterior and Convergence

The log posterior is given by:

log p(θ|U,C,Ω) = log p(U|C, θ) + log p(θ|Ω) +Q

=
N∑
n=1

log p(un|cn, θ) + log p(θ|Ω) +Q

=
N∑
n=1

log
∑
yn

p(un|yn, cn, θ)p(yn|cn, θ) + log p(θ|Ω) +Q

=
N∑
n=1

log
∑
yn

p(xn|yn, θ)p(rn|yn, cn, θ)p(an|yn, cn, θ)p(yn|cn, θ)

+ log p(θ|Ω) +Q

=
N∑
n=1

log
∑
yn

p(xn|yn, θ)

·
∑
zn

p(zn|yn, cn)p(rn|zn, θ)p(an|zn, θ)p(yn|cn, θ) + log p(θ|Ω) +Q,

where Q includes all terms that are constant with respect to θ, and can be ignored.

5.4.3 Model Inversion and Cross-validation

Model inversion here is only slightly more complex than with model 0. Cross-

validation tests are the same, except that it is necessary to additionally test RT

predictions. I will not describe a cross-validation test for accuracy, as it is difficult to

construct a test statistic for that variable, and RT cross-validation without accuracy

cross-validation should provide sufficiently stringent null hypothesis testing.3

To test experiment condition prediction, we have (omitting dependence on esti-

3There are highly skewed numbers of accurate vs inaccurate behavior examples in most context
representation experiments, and so the obvious choice of a binomial null distribution becomes prob-
lematic. That is, cross-validation statistics would be binomial with parameters M (number of test
examples) and p (observed accuracy), and when M and p are, say, 100 is 0.95, respectively, the null
distribution is very negatively skewed. This makes it difficult to use in group tests, which often
require symmetric null distributions.
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mated θ for simplicity):

p(cn|un) = Q−1p(un|cn)p(cn)

= Q−1
∑
yn

p(un|yn, cn)p(yn|cn)p(cn)

= Q−1
∑
yn

p(xn|yn)
∑
zn

p(zn|yn, cn)p(rn|zn)p(an|zn)p(yn|cn)p(cn)

Q = p(un)

This is algebraically quite similar to, and only slightly more computationally expen-

sive than, the experiment condition prediction for model 0. Once one has predicted

experiment condition, the construction of the test statistic is identical to the same

process for model 0.

To predict mean voxel activity, we can modify the result from model 0 to include

behavior:

E[xn|rn, an, cn] =

∫ ∞
−∞

xnp(xn|rn, an, cn)dxn

=
∑
yn

∫ ∞
−∞

xnp(xn|yn)dxnp(yn|rn, an, cn)

=
∑
yn

µynp(yn|rn, an, cn)

p(yn|rn, an, cn) = Q−1
∑
zn

p(rn|zn)p(an|zn)p(zn|yn, cn)p(yn|cn)

Q = p(rn, an|cn)

Once the voxel activity has been predicted, construction of the cross-validation test

statistic proceeds as with model 0.

To test the null hypothesis that the model cannot predict RT, one withholds all

behavior variables for test set items and then requires the model to predict mean RT,
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as follows:

E[rn|xn, cn] =

∫ ∞
0

rnp(rn|xn, cn)drn

=
∑
zn

∫ ∞
0

rnp(rn|zn)drnp(zn|xn, cn)

=
∑
zn

ν

λzn
p(zn|xn, cn),

p(zn|xn, cn) =
∑
yn

p(zn|yn, cn)p(yn|xn, cn)

=
∑
yn

p(zn|yn, cn)Q−1p(xn|yn)p(yn|cn)

Q = p(xn|cn)

As with the voxels, one can construct a test statistic by regressing test set RT onto

the model’s predicted mean RT. Under the null hypothesis, the regression coefficient

is symmetrically distributed about zero.

5.4.4 Model 1 Simulations

As stated above, the purpose of model-based MVPA is to generate classifiers with

specialized sensitivity profiles. Changes in sensitivity arise from reducing model mis-

specification, which increases sensitivity; and from adding assumptions, which reduces

sensitivity in general while increasing sensitivity in hypothesized cases. Simulations

in Figure 5.7 demonstrate this specialization for model 1. Classification performance

was simulated when the data were generated with different dependencies between

experiment condition, voxels, and RT. In particular, some datasets meet model 1 as-

sumptions, some meet GNB assumptions, and some violate the assumptions of both

models. First, the simulations verify that Model 1 does outperform the GNB when

the data were generated according to its assumptions, namely that voxels and RT

both fluctuate relative to experiment condition, but both according to a common
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latent variable (i.e., context). Second, it is clear that both classifiers performs best

when their respective assumptions are met, and that performance falls off when as-

sumptions are violated. However, model 1 performance is more sensitive than GNB

performance to assumption violations. This reflects the specificity that arises from

the additional assumptions made in model 1: sensitivity is blunted when the cogni-

tive model is incorrect. Thus model 1 results are easier to interpret than those of the

GNB, as they reflect more specific hypotheses. Note that this increased specificity

(or decreased robustness) is not a general property of models with latent variables, as

model 0 demonstrated equivalent or superior robustness relative to the GNB. Rather,

increased specificity is a function of the additional assumptions that are made.

5.4.5 Model 1 Discussion

Model 1 adds trial-to-trial behavior to model 0, with particular dependencies among

behavior, voxels, and experiment condition that were inspired by GAT. Specifically,

voxels depend on cognitive state directly, whereas behavior depends on the match or

mismatch between cognitive state and experiment condition. This yields a classifier

with a novel sensitivity profile that reflects aspects of GAT, demonstrating the core

principle of model-based MVPA. This model is only slightly more computationally

complex than model 0, although it must be tested more thoroughly in order to in-

terpret results, as shall be shown in the Additional Simulation section below. The

model is very simple relative to connectionist implementations of GAT, as it must be

in order to take advantage of the efficient EM algorithm. In the next section I present

a variant that includes differences between behavior across tasks as well as differences

across match or mismatch between cognitive state and experiment condition.
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Figure 5.7: Simulation of model 1 and GNB cross-validation performance (50% is
chance), across datasets where voxels (X) and RT (R) are generated in different ways.
Model 1 is generally less sensitive than the GNB, except in the special case where its
assumptions are met. (Left) X and R both fluctuate relative to experiment condition,
but each fluctuates according to a separate latent variable. Both models’ assumptions
are violated. (Middle) X and R both fluctuate, and fluctuations are driven by a com-
mon latent variable (i.e., context representations). Model 1’s assumptions are met,
whereas GNB assumptions are violated. (Right) X is perfectly yoked to experiment
condition, but R fluctuates according to a latent variable. This violates model 1’s
assumptions, but meets the GNB’s assumptions.
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Figure 5.8: Generative model 2, following graphing convention in Bishop (2007).
Variable definitions given in main text.

5.5 Model 2: Behavioral differences across cogni-

tive states

Model 2 extends Model 1 by specifying direct links between cognitive state and be-

havior. These links are likely to exist in many datasets, and specifying them may

therefore be important for reducing model misspecification in order to obtain more

accurate parameter estimates and increase sensitivity. I derive the EM algorithm and

cross-validation results in this section.

5.5.1 Generative Model Specification

Model 2 variables are identical to Model 1. The only differences between the models

derive from the additional links in Model 2 between behavior variables (RT and

accuracy) and cognitive state. Model 2 is depicted in Figure 5.8.
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The likelihood function is given by:

p(U,C|θ) =
N∏
n=1

p(un, cn|θ)

=
N∏
n=1

∑
yn

p(xn|yn, θ)p(yn|cn, θ)

·
∑
zn

p(rn|yn, zn, θ)p(an|yn, zn, θ)p(zn|yn, cn)p(cn)

The model parameters enter in as:

p(x|y, θ) = ND (x|µy,Σy)

p(r|y, z, θ) = Gamma(r|νy, λyz)

p(a|y, z, θ) = Bernoulli(ξyz)

p(y|c, θ) = Multinomial(y|π(c)), πi(c) =


η, ci = 1

(1− η) 1
J−1 , ci = 0

z|y, c = I{y = c}

p(c) = 1/K

The prior is given as:

p(θ|Ω) = p(η|Ω)
J∏
j=1

p(µj, σ
2
j |Ω)p(νj|Ω)

2∏
i=1

p(λij|Ω)p(ξij|Ω)

= p(η|η0)
J∏
j=1

D∏
d=1

p(µjd, σ
2
jd|µ0, κ0, α0, β0)p(νj|ν0)

2∏
i=1

p(λij|τ0, λ0)p(ξij|ξ0)

= Beta(η|η0)
J∏
j=1

D∏
d=1

NG(µjd, σ
2
jd|µ0, κ0, α0, β0)U(νj|0, ν0)

·
2∏
i=1

Gamma(λij|τ0, λ0)Beta(ξij|ξ0)
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5.5.2 Parameter Estimation

E-Step

During the E-step, we update the probability distribution over latent variables, q(Y) =

p(Y|X,R,A,C). As with the previous mixture models, this reduces to independent

equations for each observation, as follows:

q(yn) = p(yn|un, cn, θ)

= Q−1p(un|yn, cn, θ)p(yn|cn, θ)

= Q−1
∑
zn

p(un|yn, zn, cn, θ)p(zn|yn, cn)p(yn|cn, θ)

= Q−1p(xn|yn, θ)
∑
zn

p(rn|yn, zn, θ)p(an|yn, zn, θ)p(zn|yn, cn)p(yn|cn, θ),

Q = p(un, cn|θ)

The result is quite similar to model 1, except that RT and accuracy now depend on

latent cognitive state as well as the match/mismatch between this and experiment

condition.

M-Step

The M-step is essentially the same as for model 1, except for the behavior parameter

estimates. These differ only in that we estimate parameters separately for each level

of cognitive state. Assuming that common hyperparameters are used for all cognitive

states, the accuracy parameters for the j-th cognitive state and the i-th value of z
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are given by:

ξ̂ij =
f1 − 1

f1 + f2 − 2

f = ξ0i +

(
N∑
n=1

q(ynj, zn = i)an,
N∑
n=1

q(ynj, zn = i)(1− an)

)T

q(ynj, zn = 1) = q(ynj)cnj, q(ynj, zn = 0) = q(ynj)(1− cnj)

The estimates for the Gamma RT density are analogous to those for model 1, with

a separate estimate for each latent cognitive state. For the j-th cognitive state, we

have:

λ̂νj =

(
f1 − 1

g1
,
f2 − 1

g2

)T
f = τ0 +

(
N∑
n=1

q(ynj, zn = 1)ν,
N∑
n=1

q(ynj, zn = 0)ν

)T

g = λ0 +

(
N∑
n=1

q(ynj, zn = 1)rn,
N∑
n=1

q(ynj, zn = 0)rn

)T

ν̂j = arg max
ν

{
N∑
n=1

q(ynj) log
∑
zn

p(rn|zn, λ̂ν , ν)p(zn|ynj, cn) + log p(λ̂ν , ν|τ0, λ0, ν0)

}

Again, I constrain ν to be constant across values of z, although it is now free to differ

across levels of the latent cognitive state, y.
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Log Posterior and Convergence

The log posterior is given as:

log p(θ|U,C,Ω) = log p(U|C, θ) + log p(θ|Ω) +Q

=
N∑
n=1

log
∑
yn

p(xn|yn, θ)

·
∑
zn

p(zn|yn, cn)p(rn|yn, zn, θ)p(an|yn, zn, θ)p(yn|cn, θ)

+ log p(θ|Ω) +Q

As stated previously, any terms that are independent of θ are included in Q and can

be ignored when checking the log posterior for convergence.

5.5.3 Model Inversion and Cross-validation

Omitting dependence on estimated θ for clarity, the predictive distributions are:

p (cn|un) = Q−11

∑
yn

p(xn|yn)
∑
zn

p(zn|yn, cn)p(rn|yn, zn)p(an|yn, zn)p(yn|cn)p(cn)

Q1 = p(un)

E[xn|rn, an, cn] =
∑
yn

µynQ
−1
2

∑
zn

p(rn|yn, zn)p(an|yn, zn)p(zn|yn, cn)p(yn|cn)

Q2 = p(rn, an|cn)

E[rn|xn, cn] =
∑
yn

∑
zn

νyn
λynzn

p(zn|yn, cn)Q−13 p(xn|yn)p(yn|cn)

Q3 = p(xn|cn)

Test statistics for cross-validation are then constructed in the same way as with

model 1. As with that model, it is again important to test each null hypothesis

before interpreting results.
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5.5.4 Model 2 Discussion

Model 2 generalized model 1 to include direct dependencies between cognitive state

and behavior. Although this results in a slightly more complex model, it is intuitive

that such dependencies exist, and this approach will reduce misspecification in that

case while incurring only minor additional computational costs.

5.6 Additional Simulations

I described the GNB and several model-based MVPA variants above. Here I present

additional simulations that compare the methods in various settings. The first set

of simulations compares all the methods (the GNB, and models 0, 1, and 2) across

different data generating scenarios. This demonstrates model properties in a side-by-

side comparison, and demonstrates the need for thorough testing (multiple hypothesis

rejection) in the more complex models. It also demonstrates performance with more

realistic noise (see below). The second set of simulations compares all the methods as

noise is degraded. This is useful, because model-based methods are nonlinear models

that are fit by iterative methods, and thus may exhibit more rapid performance

degradation as SNR decreases.

Which variables drove voxels and behavior — experiment condition, cognitive

state, or null — was varied across simulations. The noise in the preliminary simu-

lations presented above was uncorrelated across examples. To better reproduce the

noise profile of an fMRI time series, the simulated voxel noise here additively combined

white, Brownian, and auto-regressive components. Noise was uncorrelated across vox-

els, RT, and accuracy. Each simulated voxel time series was then high-pass filtered

and mean centered in order to simulate fMRI data preprocessing. The simulated

behavior data came from gamma (RT) and Bernoulli (accuracy) distributions.

Figure 5.9 shows results from the first simulation, which compared cross-validation
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Figure 5.9: Cross-validation performance of different MVPA methods across different
data generating processes. (A) Voxels (X) and behavior (R) both fluctuate relative
to experiment condition (T), and fluctuate together according to a common latent
variable as specified in model 1. This meets assumptions of model 1 and model 0. (B)
X and R fluctuate relative to T, and both fluctuate according to a latent as specified
by model 2. This meets the assumptions of model 2 and model 0. (C) X and R
fluctuate relative to T, but each according to a unique latent variable. This meets
assumptions of model 0. (D) X is reliably driven by T, but R fluctuates. This meets
assumptions of model 0 (with zero probability of fluctuation) and the GNB. (E) X is
just noise, R fluctuates. This does not meet any model assumptions. (F) X is reliably
driven by T, R is just noise. This meets the assumptions of all models (with zero
probability of fluctuation) except model 2. (G) X is just noise, R is reliably driven
by T. This violates assumptions of all models. (H) Both X and R are just noise,
violating assumptions of all models.

147



performance across methods and across different data generating processes. As ex-

pected, each method performed best when its generative model matched the true

data generating process. The figure also shows that methods with more specific

generative models were more selective, sacrificing general sensitivity while gaining

sensitivity in the specific situations for which they were designed. In particular, the

behavior-sensitive models 1 and 2 excelled relative to the behavior-insensitive GNB

and model 0 in the cases where behavior and voxels met their assumptions. In con-

trast, behavior-sensitive methods performed somewhat poorly relative to the others

when there was a behavioral signal that violated model assumptions. This demon-

strates in a range of situations the principle noted above, namely that models with

more assumptions become more specifically sensitive. Behavioral data that violated

assumptions “distracted” these methods, leading to distorted parameter estimates.

In contrast, the GNB and basic mixture methods assume nothing about behavior,

and therefore their performance was unaffected by the structure of the behavioral

data, yielding consistent, moderate performance whenever there was a voxel signal.

One apparent exception to the rule of generative models changing sensitivity is the

fact that model 0 performance is indistinguishable from GNB performance. How-

ever, as described above however, model 0 exhibits different performance than the

GNB when using other generalization metrics, such as pattern separability. Finally,

Figure 5.9H demonstrates the point that more complex models must be tested more

thoroughly — despite the fact that the voxels contain only noise, both model 1 and

model 2 predict experiment condition successfully during cross-validation. This is due

to the fact that, in this particular simulated dataset, behavior is directly related to

experiment condition. Both model 1 and model 2 link behavior to task in such a way

that parameter estimation can be “hijacked” in this scenario, leading to successful

experiment condition cross-validation. This is simple to check, in practice: predicting

voxels during cross-validation naturally fails in this same scenario. Therefore, form-
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Figure 5.10: Experiment condition cross-validation performance of different methods
across SNR levels. Data were generated according to model 1 assumptions: voxels are
driven by cognitive state that fluctuates relative to experiment condition, and behav-
ior is driven by match/mismatch between cognitive state and experiment condition.

ing a conjunction map of experiment condition and voxel cross-validation produces

interpretable results.

The second simulation (Figure 5.10) explores the robustness of different methods

across a range of voxel signal-to-noise ratio (SNR) levels. This was an important sim-

ulation, because the model-based methods are all mixture models with iterative pa-

rameter estimation procedures that are subject to local optima. Thus it is important

to compare their robustness to noise to that of the GNB. However, this simulation

showed that the model-based methods degraded gracefully with SNR, maintaining

equal or slightly superior performance relative to the GNB as SNR decreased toward

chance level. It is particularly important to note that this was true for Model 0, as

this was the only model-based method that could not benefit from the behavioral

signal in this simulation.
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5.7 Application to fMRI Data

In the previous chapter, I argued that recently emerging reports (Bode & Haynes,

2009; Reverberi et al., 2011; Woolgar et al., 2011; Cole et al., 2011) are difficult to

interpret due to the fact that context is systematically confounded with task difficulty

under standard, classification-based MVPA mapping methods. I described newly

collected data that replicated previous context representation findings with standard

MVPA. However, controlling for the confounds by a fairly crude linear regression

method eliminated these results. This was part of the motivation for developing

the model-based MVPA methods described in the present chapter. In this section,

I report on the application of the model-based MVPA methods to the fMRI data

described previously, and I provide a comparison between model-based and standard

MVPA methods.

5.7.1 Methods

All methods except for model-based MVPA analysis are as described in the previous

chapter. For comparison purposes, a support vector machine (SVM) discriminative

classifier was used. For the SVM analysis, all preprocessing was identical to GNB pre-

processing. Following the last chapter, trial-to-trial RT variability was again removed

from the voxel data by linear regression prior to analysis, except for the model-based

methods. It is not necessary to remove this confound from the model-based methods,

as the conjunction of multiple cross-validation maps and specificity of the model-based

methods controls for it automatically.

5.7.2 Results

As with the previous chapter, context representation mapping produced null results

across both experiments. No analysis revealed significant differences between task 1
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Figure 5.11: Experiment 1. Left/Right response analysis produces results in L post-
central gyrus with all analysis methods. All views are centered on MNI coordinates
-45x, -22y, 54z. All white voxels belong to local clusters that are significant at the
0.05 level after correction for wholebrain multiple comparisons. (A) SVM classifier
identifies 204 significant voxels. (B) Mixture model classifier identifies 246 significant
voxels. (C) GNB classifier identifies 493 significant voxels. (D) GLM contrast (right
minus left contrast) identifies 672 significant voxels.
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and task 2 activation anywhere in the brain. In contrast, for the left/right response

analysis, GLM, GNB, SVM, and model 0 methods all located activation differences

in left postcentral gyrus. This is shown for Experiment 1 in Figure 5.11. Model 0 was

used in the left/right response analysis whereas models 1 and 2 were not. This was

because model 0 makes few assumptions and was likely to produce results comparable

with the GNB. Models 1 and 2 would produce little information when applied to this

analysis, due to their relative specificity and the lack of a priori hypothesis that they

would describe the left/right representations.

5.8 General Discussion

5.8.1 Cross-validation versus similarity analysis

I have presented models in this chapter with an emphasis on using prediction-based

cross-validation such as experiment condition prediction for inferential tests. This

is a well-established general statistical practice, and supports a broad treatment of

the model-based MVPA methods developed here. It is also most closely related to

classical, mass-univariate fMRI analysis techniques. Nonetheless, there is a newer ap-

proach to MVPA hypothesis testing that bears consideration here, namely RSA (e.g.,

Kriegeskorte et al., 2008b, 2008a). RSA takes as its basic unit the correlations among

patterns of voxel activity in different experiment conditions. The structure among

the between-pattern correlations can then be related to various cognitive hypotheses.

For example, consider an experiment with four tasks (i.e., experiment conditions in

this example) with varying degrees of overlap among stimulus-response mappings, so

that tasks A and B share three stimulus-response mappings, tasks A and C share two

stimulus-response mappings, and tasks A and D share one stimulus-response map-

ping. If the pattern across voxels is estimated for each task, then one could use the

Fisher transformation to compute the following z-scored between-pattern correlations:
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zAB, zAC , and zAD. One could then test the hypothesis that correlations among these

patterns are driven by overlap in stimulus response mappings by testing the contrast

(1, 0,−1)(zAB, zAC , zAD)T against zero. Areas of the brain where groups of voxels

reject this null hypotheses would be said to exhibit activity patterns consistent with

the representation of stimulus-response mappings.

There are several interesting advantages of RSA relative to cross-validation anal-

ysis. For example, RSA does not necessarily require a held out test set. Instead,

inferential tests may sometimes be conducted on the same data from which parame-

ters were estimated. This can reduce total computation time by an order of magnitude

by eliminating cross-validation folds. Moreover, with similarity analyses it is unnec-

essary to identify test statistics for each predicted variable that are symmetrically

distributed about some known value. Rather, zero-centered Gaussian test statistics

arise naturally from the null hypotheses associated with RSA.

Perhaps the most interesting advantage of similarity analyses with regard to the

model-based MVPA methods developed in this chapter is that they permit direct

testing of cognitive hypotheses about the voxel patterns themselves, rather than indi-

rect testing by way of cross-validated prediction. As noted above, this is particularly

interesting with regard to model 0. Figure 5.1E suggests that a model that captures

fluctuations but does not include behavior, such as model 0, should be more successful

than the GNB in recovering the parameter estimates, or the pattern across voxels,

associated with cognitive states. Such a model would not necessarily be as successful

as a model that correctly specified behavior in addition to fluctuations, but it would

exhibit a broader sensitivity profile due to the lack of explicit assumptions regarding

behavior. Simulations demonstrated above that this potential is not realized with

cross-validation tests, but is realized with a pattern separability statistic, which is

related to an RSA test statistic. Thus similarity analysis may provide an avenue for

more thorough exploration of models such as model 0 that include separate cogni-
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tive state variables but do not make assumptions about behavior. For example, this

opens up the possibility of exploring the “J > K” space of models with more cognitive

states than experimental conditions. For example, J = K + 1 could specify a model

with a non-specific “mind wandering” state. Although this seems to be a plausible

way to reduce model misspecification in principle, in practice it would exhibit poor

sensitivity in prediction-based cross-validation inferential tests. In contrast, it might

be very sensitive when used with RSA-like tests.

In sum, although I have emphasized standard cross-validation inferential tests in

this chapter, RSA-like tests may reveal additional benefits of the model-based MVPA

approach. In particular, similarity analysis may be well suited to realize the benefits

for models that include distinct (i.e., latent) cognitive state variables, but do not

include behavior. All of the model specification and parameter estimation results

presented in this chapter would remain applicable for RSA. However, cross-validation

tests would be replaced with other methods. The reader is referred to Kriegeskorte

et al. (2008b, 2008a) for more information.

5.8.2 Connectionist Implementations of GAT

GAT is typically implemented with neural network or connectionist models (e.g., Co-

hen et al., 1990; Rougier et al., 2005), and this is a natural computational framework

for implementing some of features of the theory. Yet when I set out to implement

GAT in model-based MVPA, I quickly moved toward gross simplifications based on

exponential family and mixture-of-exponential-family statistical models. This led to

model-based MVPA classifiers that were “inspired” by GAT, capturing some of the

core principles but few of the details. As described above, the motivation for this gross

simplification is that the MVPA application places rigorous demands on candidate

generative models. These are: (1) the model must include voxels as well as behavior;

(2) there must be an efficient procedure for estimating model parameters; and (3) the
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model must be efficiently “invertible” in order for cross-validation to work, meaning

that, alone and together, voxels and behavior must be informative about the latent

cognitive state, which in turn must be informative about about experiment condition.

It is difficult to meet these demands with a connectionist implementation of GAT.

Whereas MVPA requires that a generative model include individual voxels, connec-

tionist GAT models typically include behavior alone, or else include behavior together

with low-dimensional statistics of neural data (e.g., the mean activation in a region)

rather than individual voxel data. Individual voxel components could be included,

and would presumably be integrated into the network’s task layer, at the expense of

including one or two additional model parameters (i.e., mean, or mean and variance)

per voxel.

Parameter estimation is a perhaps the greatest challenge facing the use of connec-

tionist models in model-based MVPA. As generative models of voxels and behavior,

connectionist GAT models are not mixtures of exponential family models (unlike

all models presented above) that would have closed form MAP or MLE solutions.

Therefore, the EM algorithm cannot be used effectively, and a general purpose gra-

dient ascent algorithm would be necessary. Moreover, it is extremely difficult to

approximate the likelihood function of a connectionist GAT model. Indeed, these

models do not explicitly express the likelihood function at all, but rather provide a

mechanism for drawing random samples from it. Thus MAP and MLE are likely to be

impractical with these models, meaning that parameters would usually be estimated

by the method of moments (i.e., by finding parameters that minimize the distance

between the model’s simulated moments and the data’s moments). For a given pa-

rameter point, this proceeds by simulating many samples from the implicit likelihood

(the joint over observable variables) and then averaging these samples to form Monte

Carlo approximations of the model’s moments, E[U |θ],E[U2|θ],E[U3|θ], ...,E[UL|θ],

where L is the number of model parameters. Parameters are then adjusted to de-
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scend the gradient of the distance metric (e.g., sum of squared errors) between the

simulated moments and the data’s moments. This process is computationally expen-

sive. Each sample from the likelihood is itself computationally expensive, and many

samples must be drawn in order to simulate the model’s moments with sufficient pre-

cision for gradients to be computed. Moments must be simulated at many points in

a neighborhood of parameter space in order to estimate local first and second deriva-

tives. The number of local points necessary here increases quickly with the number

of parameters. The best way to deal with this is to supply the first and second

derivatives of the cost function. However, with connectionist GAT models this cost

function is the distance metric between model and data moments, which is a stochas-

tic function that is non-differentiable. To clarify, if each sample of the likelihood was

deterministic and only the final simulated moment was stochastic, then the first and

second derivatives could be computed for each sample and effectively combined at the

end of the simulation. However, each sample is itself stochastic, as this is an essential

part of the GAT model of, e.g., RT and accuracy (e.g. Liu, Holmes, & Cohen, 2008).

As demonstrated in simulations above, gradient methods scale poorly with the

number of parameters, even when supplied with the first derivative. Parameter scal-

ability is an important problem with model-based MVPA, because the need to model

individual voxels often implies a large number of parameters. In sum, parameter

estimation is difficult with connectionist GAT models even when they include only

behavior (and thus on the order of just 10 parameters). Adding the hundreds of

parameters required to model voxel data would increase the computation time re-

quired to draw each sample, the number of samples required to precisely simulate the

central moments, and the number of parameter points visited by the gradient ascent

algorithm for each seed point. To build intuition about specific numbers, recall that

in Figure 5.4, a gradient ascent method required over 450 seconds to estimate param-

eters for a model with 256 voxels, when the cost function (the model’s log likelihood
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function) took approximately one millisecond to compute. In contrast, the distance

between model and data moments in a connectionist GAT model takes on the order of

one second to compute on the same hardware, so for the same problem, the gradient

ascent algorithm would probably take more than 450,000 seconds to converge, since

in the connectionist case no analytic gradient could be supplied.

Another challenge is that some critical model inversions are difficult to achieve

with connectionist GAT models. The reason is that these models are designed to

produce samples from the likelihood, p(rn, an|cn, θ) by fixing the experiment condi-

tion variable and then simulating the neural network’s dynamics to sample from the

likelihood over rn and an. This is not a symmetric process: it is not obvious how

to clamp RT and accuracy. That is, the model does not variables labeled “RT” or

“accuracy” in the same sense that it has a variable labeled “experiment condition.”

Experiment condition is represented by actual nodes in the neural network, whereas

the behavioral variables arise as statistics of a sample of the network’s stochastic

dynamics.

Although there are aspects of GAT that are specific to connectionist implemen-

tations, there are several challenges that must be overcome in order to use such

implementations as generative models in MVPA classifiers. One promising approach

would be to employ a two-step process in which a connectionist GAT model was

first fit to behavior alone, and was then queried to produce the distribution over

context representations on each trial, p(yn|rn, an, cn, θ). This distribution could then

be included as a covariate in standard (not model-based) MVPA. In other words,

this approach would first use a connectionist GAT model to extract latent cognitive

state information from behavior, and would then use this extracted information in a

simple linear model of voxels. This would be particularly relevant for “searchlight”

type analyses, as it would circumvent the challenge of needing to fit the connection-

ist model thousands of times, once for each local voxel neighborhood. With regard
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to the goal of literally using connectionist models in model-based MVPA, the most

important step is probably to reduce the dimensionality of the voxel data during

preprocessing. This would avoid the immense computational cost of fitting a connec-

tionist neural network model with hundreds or thousands of parameters. This was

not considered in this chapter, as it represents an additional level of departure from

standard MVPA approaches that would need to be explored and justified. However, if

this approach is justified in future work, it may be readily achievable using standard,

efficient dimensionality reduction methods such as principal components analysis.

5.8.3 Application to fMRI Data

I described the application of model-based MVPA methods to the context repre-

sentation datasets initially described in the previous chapter. Unfortunately, none

of the model-based MVPA methods here improved on the null results produced by

basic methods. Like other methods, model-based MVPA methods detected neural

differences between left and right behavioral responses in left postcentral gyrus.

It is always difficult to interpret null results, and the present failure to detect

context representations may have been due to, for example, low signal-to-noise ratio.

While it is disappointing that the specific model-based MVPA classifiers developed

above did not produce significant context representation maps, this does not inval-

idate the theoretical work done here, or suggest that model-based MVPA is a poor

approach to mapping context representations. Rather, it may be that the particu-

lar models developed above are too gross in their simplifying assumptions, and that

further work developing on variations may reveal the usefulness of the theme. Specifi-

cally, I was at pains to stress that I was not arbitrary in my choice of simple generative

models. Nonetheless, methods such as dimensionality reduction, and frankly, increas-

ing computer speed, may mean that more complex models may soon be used in the

spirit introduced here. It may well be that model-based MVPA classifiers with sub-
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stantially richer generative models would be able to identify context representations

in the present dataset.

5.8.4 Conclusions

Despite successes in the visual domain (e.g., Haynes & Rees, 2005; Kamitani & Tong,

2005; Freeman et al., 2011), there has been very little successful application of MVPA

to identifying context representations in fMRI data. I have presented the a new

family of model-based MVPA methods that may facilitate this goal. Model-based

MVPA increases specificity and sensitivity relative to standard MVPA methods by

incorporating aspects of GAT into standard MVPA tools. The overall model-based

MVPA approach is also general in that it can be used to incorporate other domain-

specific cognitive models rather than GAT. I have described the implementation of

several model-based MVPA classifiers, and have provided simulations showing that

the approach does indeed increase statistical sensitivity when the assumptions of the

incorporated model are met by the data. I have also discussed shortcomings of this

approach as well as possible avenues for addressing these in future work. In the next

chapter, I will describe the application of this and other approaches to actual fMRI

data.
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Chapter 6

Discussion

Task representations, or context-sensitive stimulus-response mappings, form the cen-

tral, necessary support for flexible, goal-directed behavior. As discussed in the in-

troduction, GAT (Cohen et al., 1990; Cohen & Servan-Schreiber, 1992; Miller &

Cohen, 2001) is a family of models that describes task representations as emerg-

ing from interactions between context representations in PFC and stimulus-response

mapping representations in posterior cortical and subcortical structures. Specifically,

GAT assumes that stimulus-response mappings are excited in a context-insensitive

manner by bottom-up stimulus representations and compete for control of behavior,

but context representations provide top-down support for the goal-relevant mapping

by biasing the competition with long-range, excitatory projections. Gating models

extend GAT to address the stability-flexibility paradox of context representations

themselves. These models posit that RL processes — mediated by phasic dopamine

bursts (Braver & Cohen, 1999, 2000) and corticostriatal loops (Frank et al., 2001;

O’Reilly & Frank, 2006; Todd et al., 2008) — derive useful context updating (i.e.,

gating) signals from primordial reward and punishment signals. Taking GAT and the

Gating models together, it is assumed that task representations emerge from context

representations in PFC that select stimulus-response mappings in posterior cortical
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and subcortical structures, and are in turn controlled by dopaminergic and basal gan-

glia RL processes. In the preceding chapters, I described several projects that sought

to extend and test these models.

I first described a project that followed up on a recent Gating model (O’Reilly &

Frank, 2006) by establishing new links to RL theory. This allowed for the biologi-

cally inspired but cumbersome model to be simplified into a three-parameter form,

and also provided an RL-based theoretical definition of working memory (of which

task representations are one form) as the “belief-state” variable required by agents to

navigate partially observable environments. The emphasis on working memory rep-

resentations as a means to learning optimal behavior in complex environments also

led to suggestions for why working memory capacity is so limited (e.g. Cowan, 2000),

namely that the curse of dimensionality (i.e., geometric increase in learning time as a

function of the capacity of working memory) sharply limits the number of items that

can be usefully stored.

The second project, I explored the validity of a proposed normative account of task

representation updating at the within-trial timescale in the task switching domain.

Specifically, De Jong (2000) and Nieuwenhuis and Monsell (2002) previously proposed

that the timing of task representation updating (as measured by the so-called residual

task switch cost) is well described by an effort-performance tradeoff, with earlier up-

dating corresponding to greater effort but improved performance, and later updating

corresponding to lower effort and worse performance. However, there was a speed-

accuracy tradeoff in at least some of data used to support that proposal, and this

was not accounted for in the original arguments. This introduced the possibility that

the observed effects arose not from an effort-performance tradeoff, but merely from

a speed-accuracy tradeoff, undermining support for the proposed normative account.

Since the potential for complex interactions between speed-accuracy tradeoffs and

effort-performance tradeoffs clearly existed, I first formalized the effort-performance
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tradeoff and competing speed-accuracy tradeoff proposals within the rational analysis

framework (Anderson, 1990, 1991). This afforded precise articulation of the compet-

ing hypotheses. I then established that both hypotheses could account for existing

data, and I conducted new experiments to better test between them. Both experi-

ments provided support for the model that included a speed-accuracy tradeoff alone,

without an effort-performance tradeoff. I concluded that the proposed normative ac-

count of task representation updating receives no support from the data, and should

be revised.

In a third project, I attempted to map context representations in fMRI data. In

the first part of this project, I conducted two new fMRI experiments in order to search

for context representations (hypothesized to reside in PFC), following up on similar

recent work (Bode & Haynes, 2009; Cole et al., 2011; Reverberi et al., 2011; Woolgar

et al., 2011). My work revealed systematic confounds inherent in the standard MVPA

methods used in the recent previous studies. I showed that, although the new exper-

imental data initially agreed with the recent results, controlling for these confounds

eliminated the results. Control analyses (i.e., differentiating between left and right

motor responses) succeeded after controlling for confounds, demonstrating the basic

viability of the datasets. The recognition of confounds and the ensuing null con-

text representation results motivated the development of novel, model-based MVPA

methods. The goal of model-based MVPA is to increase sensitivity and specificity

(i.e., decrease sensitivity to confounds) by incorporating aspects of GAT, including

links between trial-to-trial behavioral variability and context representations, into the

standard GNB MVPA classifier. Theory and simulations showed that this approach

does indeed increase sensitivity in brain regions where the voxels interacted with be-

havior and experiment condition according to the model, while decreasing sensitivity

in brain areas where some but not all of the model’s assumptions are met. Ultimately,

the model-based MVPA methods were used to re-analyze the dataset, and did not
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produce new results. However, the model-based MVPA approach appears to be fairly

general and theoretically powerful, and future developments in that area may yet lead

to sufficient sensitivity for detecting context representations.

In conclusion, GAT and the Gating models are prominent descriptions of task rep-

resentations, and I have presented several projects that attempted to further these

lines of work. In one project, I further developed the theory underlying the Gating

models. In another project, I showed that a proposed normative account of task rep-

resentation updating is unsupported by the data and needs to be revised. In a third

project, I attempted to map context representations (part of task representations)

using fMRI. I explored methodological limitations with previous work, and devel-

oped new model-based methods that showed theoretical promise in addressing these

limitations.
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