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Abstract

This thesis details a method for proving global boundedness and decay results
for nonlinear wave equations on black hole spacetimes. The method is applied to
five example problems of increasing difficulty. The first problem, which addresses the
semilinear wave equation on Minkowski space, is quite simple and should be accessi-
ble to a reader who is still new to the field of partial differential equations. The final
problem, which was posed by Ionescu and Klainerman in [IK14], constitutes a step
toward proving stability for slowly rotating Kerr black holes. The remaining inter-
mediate problems are: a semilinear wave equation on the Schwarzschild spacetime, a
semilinear wave equation on any subextremal Kerr spacetime with the additional as-
sumption of axisymmetry, and a restriction of the final problem to the Schwarzschild
case.

The method used in this thesis is based on a few particular developments that may
be useful for other related problems. These include: a new method for constructing
Morawetz-type estimates that is fairly robust (insofar as it may be successfully applied
to all five problems), a strategy based on a decay heirarchy for energy estimates on
uniformly spacelike hypersurfaces using, in particular, a notion of weak decay, and
a technique for handling certain terms with factors that are singular on an axis of

symietry.
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Chapter 1

Introduction

A standard problem in the field of nonlinear hyperbolic partial differential equations
(PDEs) is to understand the long-time behavior of solutions to a nonlinear equation
which initially resemble a known special solution to the same equation. Due to the
wave-like nature of hyperbolic PDEs, these solutions (more precisely, the deviation of
these solutions from the known special solution) may be referred to as nonlinear waves.
Much can be learned of these solutions by studying solutions to a corresponding
linearized equation, which is much easier to analyze. Solutions to the linearized
equation are referred to as linear waves. For semilinear PDESs, the difference between
the nonlinear equation and the linear one is comprised of terms which are at least
quadratic in first derivatives of the waves. In this case, if the waves are sufficiently
small, then the quadratic terms are negligible and the two equations are almost the
same. Therefore, understanding nonlinear waves can be reduced to the following two

sub-goals.

e Understand properties of the linear waves, especially how they become small

over time as they spread out, and

e Using the properties of the linear waves, show that the difference between the

linear and nonlinear equations is negligable so that the properties also belong



to the nonlinear waves.

This type of argument is often referred to as a bootstrap argument. If the nonlinear
waves become smaller over time, the known special solution is said to be stable.

One of the most impressive nonlinear stability results is the seminal work of
Christodoulou and Klainerman [CK93| which proves stability of the completely flat
spacetime known as Minkowski space as a solution to the very elegant, yet incredibly
complicated, Einstein vacuum equations (EVEs). In their work, Christodoulou and
Klainerman exploit a specific structure of these equations, called null structure, which
explains the mechanism by which nonlinear waves decay as they expand over time.
The EVEs are not semilinear, but one can approximate them by semilinear equations
as a first step, and the null structure is still seen in this approximation.

However, other known solutions to the EVEs exist, including the Schwarzschild
and (more general) Kerr black holes. The full nonlinear stability of these black holes

is an important open problem.

This thesis presents a method for proving global boundedness and decay for so-
lutions to nonlinear wave equations on 3 + 1 dimensional vacuum spacetimes. The
method, which is explained further in §1.2, is sufficiently robust to address a handful
of related problems. In particular, five problems are discussed in this thesis. They

are

1. Semilinear waves with null structure on the Minkowski background

(Chapter 3).

2. Semilinear waves with null structure on the Schwarzschild background

(Chapter 4).



3. Axisymmetric semilinear waves with weak null structure on any subextremal

Kerr background (Chapter 5).

4. Nonlinear axisymmetric perturbations of a nontrivial solution to a wave map
problem on the Schwarzschild background satisfying a condition on the axis

corresponding to conservation of angular momentum (Chapter 6).

5. Nonlinear axisymmetric perturbations of a nontrivial solution to a wave map
problem on any sufficiently slowly rotating Kerr background satisfying a condi-
tion on the axis corresponding to conservation of angular momentum

(Chapter 7).

Each successive problem in the above list comes with additional difficulties, both
artificial and inherent to the problem. The intention for solving each problem is to
save the reader from considering too many complications at once. Instead, the reader
may compare any given problem that introduces a new complication to the previous
problem in order to understand how the new complication is handled. For more

information about each of these problems, see §1.3.

1.1 Foundational, prior, and related works

Modern analysis of wave dynamics on asymptotically flat spacetimes began in the
1980s with the introduction of the powerful vectorfield method. This method is com-
prised of two parts. First, vectorfield multipliers are used to derive energy-type es-
timates for a solution v to a wave equation. Then vectorfield commutators are used
to find additional solutions related to v, which yield more information about v upon
application of the same energy-type estimates. The vectorfield commutators are gen-
erally most useful when they are related to spacetime symmetries.

In Minkowski space, which has a high number of symmetries, a lot of information

is available about decay. To precisely quantify decay rates, we first introduce the null



pair (L, L).

L:((?t—i—@r

L=0,-0,

where the partial derivatives 0; and 0, are with respect to the standard spherical
coordinate system for Minkowski space. We also denote by ¥ the restriction of the
gradient operator to each sphere of constant radius r and time t. Together, L1, L,
and Y1 tell us all information about the first derivative of a wavefunction 1 at any
point not belonging to the center {r = 0}.

Using the vectorfield method in Minkowski space, one can prove the following

decay rates for a solution v to the linear wave equation in n + 1 dimensions.

[t )| S (14 [t —7)) V21 4t 4 )07/ (1.1)
Lyt )| S (14 [t —r]) Y21+t 4 )~ TD/2 (1.2)
Wt r)| S (L4 |t —r) 721+t 4 )02 (1.3)
LYyt r)| S (14 [t —r[) 32 4t 4 )~ 7072, (1.4)

This was shown by Klainerman [Kla85] [Kla87] using energy conservation together
with the global Sobolev inequality (also known as the Klainerman—Sobolev inequality),
which exploits the fact that some vectorfield commutators have t weights and also the
fact that L, L, and ¥ can be expressed in terms of these commutators with additional
t or r weights. In particular, from these estimates, one sees that the waves are largest
in the region where r &~ t, and that in this region L decays slower than L and V1.

In the particularly relevant case n = 3, the best decay rate for Ly is (1 +¢)7},
which is not integrable in time. This is the reason for the blowup results in 3 + 1

dimensions found by John [Joh81]. However, if the nonlinear term has at least one



so-called “good derivative”

Oy = Dy Dy
Dy = Ly or Vi,

then it is possible to prove global boundedness and decay. This condition is called the
null condition and it happens to appear in many equations with physical relevance.
[K1a86]

Unfortunately, the use of commutators with ¢ weights complicates the nonlinear
problem and doesn’t generalize easily to black hole spacetimes. A newer method
(often referred to as the new method at the time of this writing) due to Dafermos and
Rodnianski [DR10] obtains decay by defining a family of weighted energies E,(t) on
an asymptotically null foliation. By taking later and later slices in this foliation, one
leaves behind outgoing null rays along which L may decay poorly. This family of
estimates yields a decay heirarchy which is sufficient for the same class of nonlinear
problems. For example, see Yang’s work. [Yan13]

More recently, Tonescu and Klainerman [IK14] found a similar family of estimates
on uniformly spacelike hypersurfaces. This was accomplished using an asymptotically
null timelike vectorfield multiplier instead of the uniformly timelike one used for
asymptotically null foliations by Dafermos and Rodnianski. This has the advantage
that it is more suitably adapted to Cauchy problems defined on uniformly spacelike
initial hypersurfaces. The work presented in this thesis is the first application of these
estimates to a nonlinear problem.

The study of nonlinear waves on black hole spacetimes is an active area of research
and there are many recent results. Luk [Luk10] adapted a conformal killing vectorfield
in Minkowski space (which has ¢ weights) to prove a global result for slowly rotating
Kerr spacetimes. Dafermos, Rodnianski, and Shlapentokh-Rothman [DRSR14] used

a Fourier decomposition to prove estimates for the linear scalar wave equation on all



subextremal Kerr spacetimes. (In contrast, this thesis only addresses azisymmetric
waves on all subextremal Kerr spacetimes, albeit using only physical-space methods.)
Andersson and Blue [AB09], found a purely physical-space approach to prove a similar
result in slowly rotating Kerr spacetimes using the hidden Carter operator. [Car77]

There are also results for more complicated linear systems that more closely re-
semble the EVE system. One of these is the result of Ionescu and Klainerman [IK14],
which laid the foundation for this thesis. More recently, Dafermos, Holzegel, and
Rodnianski [DHR16] proved stability for the complete linearized EVE system about
Schwarzschild, and Hintz and Vasy [HV16] proved nonlinear stability of Kerr-de Sitter
black holes.

1.2 The general method of this thesis

1.2.1 The main idea

We take a moment to discuss the main idea behind the general method of this thesis.
The statements made here are only approximately true, as they have been
simplified to communicate the main idea.

The r? weighted energy norm

E,(t) = /  [(D)? + (DY

has been adapted to have better control of good derivatives D1, which are expected

to decay faster. (See the decay rates 1.1-1.4.) After a considerable amount of work,



one can almost! obtain estimates of the following form in almost? the range p € [0, 2].

Ey(ts) + / B (0t < Ey(h).

t1

This roughly suggests that F,(t) is bounded and that Fi(t) decays like t~! and fur-
thermore that Ey(t) decays like t=2 and E_;(t) decays like ¢ 3. By interpolation, this
suggests that

E,(t) ~ t'2

for all p € [—1,2].
Let ° represent a wavefunction obtained by applying s commutator operators to
¢ and let E;(t) be its weighted energy, which satisfies the same type of estimate and

decay rates. There is an L estimate roughly of the form?
rDY*|* + [ DY + [ * < Eg (),

which implies that

[rDY*| + [Dy°| + 97| St

This estimate should be compared to the decay rates 1.1-1.4. For example, this
estimate implies that [rLy| < t7!. The decay rate 1.2 implies that |[rLy| < r(1 +
|t —r[)~Y2(1 +t 4+ r)~2. Note that sup, r(1 + |t —r|)"2(1 +t+r)"2 = t~'. The
decay rates 1.1-1.4 certainly provide more information, but the worst case
(where r ~ t) is captured by the above estimate.

In fact more generally, there is an L* estimate of the form

PP DY P+ [P DY+ [Pyt S By ().

More accurately, the norm E,_;(t) is replaced with a norm B,(t), which has the same 77!
weight, but suffers a loss due to trapping in black hole spacetimes.

2We will only take p € [§_,2 — &,] so that the constant of the estimate is uniform in p.

3The increase in number of derivatives from s to s+3 actually depends on the particular problem.



This implies that
rP(jrDy*| + Dy + [9°)) S (B3P ()2 S vt

Put another way, multiplying the left side by 7P corresponds to multiplying the right
side by t?. This is consistent with the fact that the quantities are largest in
the region r ~ t, where r? ~ tP. Again, a comparison to the decay rates 1.1-1.4
can be made.

From the above weighted estimate, the best achievable decay occurs when 2p =

=3/2 which is integrable in time.

—1, in which case the above quantities decay like ¢
This integrability is essential for the nonlinear problem. In reality, for low values of
p, one does not actually have decay for E;(t), but instead one has decay in a weaker

integrated sense

- s —2)+1
/t Ep(T)dTSt(p AR

But this weaker sense is still sufficiently strong to solve the problems of this thesis.

1.2.2 The steps involved in the general method

Although there will be variations between each of the five problems, there is a general
seven step procedure that will be followed for each problem. The steps are outlined
below.

Step 1: Determine an energy quantity that is conserved by solutions to the
linearized problem. This is possible using the killing vectorfield 0, as a vectorfield
multiplier, since all of the spacetimes under consideration are stationary. (However,
the way to use this multiplier for the final two problems is not trivial and was an
import observation in [IK14].) Based on this conserved quantity, prove an energy
estimate for the nonlinear problem. Furthermore, prove a slightly more general esti-

mate based on the vectorfield multiplier h0;, where h is a function of r only. The ho,



estimate will be used in step 3.

Step 2: Prove a Morawetz estimate. This estimate is quite delicate to construct
as it is very sensitive to the geometry of the spacetime. A substantial first step to-
wards proving the Morawetz estimate is to prove a partial Morawetz estimate. The
strategy used in this thesis to construct the partial Morawetz estimate is new. It was
discovered while constructing a Morawetz estimate for axisymmetric waves in subex-
tremal Kerr spacetimes starting with an approach adapted from [AB09]. Fortunately,
it generalizes to the other problems. From the partial Morawetz estimate and a few
additional tweaks, the Morawetz estimate follows.

Step 3: Prove the P estimate. This estimate is a combination of the hd; estimate
from step 1, the Morawetz estimate from step 2, and a third estimate, called the
incomplete rP estimate near i, which is responsible for contributing the r? weights to
the norms used in the r? estimate. As its name implies, the incomplete r? estimate

0 is related only to the asymptotic flatness of the spacetime. Its proof uses a

near 4
vectorfield multiplier that is only supported near i, where deviations from Minkowski
space can be treated as small errors.

Step 4: Prove the dynamic estimates, which encode all of the necessary infor-
mation about future dynamics of the problem. The dynamic estimates are simply
restatements of the energy estimate from step 1 and the r? estimate from step 3, how-
ever additional work is required to show that they hold for higher order wavefunctions
obtained by applying commutator operators to the wavefunction ). Unfortunately,
this work can be quite cumbersome for the more complicated problems. It is worth
noting that if the reader is not concerned with the construction of the estimates in
steps 1-3, then it is possible to begin at step 4.

Step 5: Prove L™ estimates compatible with the energy norms in the dynamic

estimates. The L estimates are based on a simple Sobolev estimate, which is applied

to various derivatives of ¢ with r weights. This step is strongly tied with step 4,



because the commutators used in step 4 must be sufficiently useful to make the L
estimates possible. Generally speaking, the commutators will be the operator 0; and
the rotation operators €2. (In the Kerr problems, the rotation operators are replaced
by the second order Carter operator @.)

Step 6: Identify structural information about the nonlinear term. Most impor-
tantly, observe that some form of the null condition is satisified. For the first three
problems, this is done rather quickly at the beginning of the final section in the
chapter, since the structure is given by choice. For the final two problems, this is a
more serious step, because the nonlinear terms are given by the problem itself, and
some effort must be spent ensuring that these terms indeed satisfy a form of the null
condition. The final problem will also require a new structural condition on the axis.

Step 7: State and prove the main theorem. The statement of the main theorem
has three parts. The first part is a statement about how the weighted energy norms
from the dynamic estimates behave over time (whether they are bounded or decay,
and if they decay, at what rate). The second part is a restatement of the L estimates.
The third part is a direct consequence of the first two parts—it states how derivatives
of ¢ with various r weights decay in time. The proof of the main theorem uses a

standard bootstrap argument.

1.3 A description of each problem in this thesis

We take a moment to discuss each of the five problems in more detail and how they

relate to each other.
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1.3.1 Problem 1: Waves in the Minkowski spacetime

The first problem solves the equation

Oy¢ = DYDY,

where ¢ is the Minkowski metric, D represents any normalized derivative and D
represents any of the good derivatives L or ¥.

This problem is the simplest of all five problems and is included to present the
general method of this thesis as clearly as possible.

Unlike in other problems, two versions of the Morawetz estimate are proved for
this problem. The first is a more familiar type of Morawetz estimate with stronger
weights and the second is the estimate that must be used by the method of this thesis.
The purpose of proving both is to provide comparison to the existing literature and
to draw attention to the fact that this method requires a particular type of Morawetz
estimate.

Also, some concepts, such as the decay mechanism for the linear problem (Lemma
3.8.1), the interpolation between weighted energies (Lemma 3.8.4), and the weak
decay principle (Lemma 3.8.6) are only presented for this problem.

There is one slight complication for this problem that is not present in other
problems due to the Minkowski space having a center. (For all other problems,
only the black hole exterior is considered.) For this reason, the spatial translation
commutators d,: are used in addition to the time translation operator 0, and the

rotation operators €2, in the solution of this problem.

11



1.3.2 Problem 2: Waves in the Schwarzschild spacetime

The second problem solves the equation

where g is the Schwarzschild metric, and N is a finite sum of quadratic terms. Each
particular term in AV is required to have at least one good factor (essentially D)) and
an additional requirement is made ensuring that terms with 0,1 vanish at the event
horizon. The purpose of this additional requirement is to avoid commuting with the
redshift vectorfield, which significantly complicates the argument. (This assumption
is removed in the next problem.) For a precise definition of N, see Definition 4.6.1.

This is the simplest of all problems involving a black hole.

The commutators used for this problem are the time translation operator d; and

the rotation operators €.

1.3.3 Problem 3: Axisymmetric waves in subextremal Kerr

spacetimes

The third problem investigates axisymmetric solutions

Oyt = 0

to the equation

Dng,/\/’,

where g is any subextremal Kerr metric and AV is a finite sum of terms. Each particular
term is at least quadratic and must have at least one good factor (ie. D). There
is a weak condition on the remaining factors of higher order (at least cubic) terms

ensuring that the factors remain bounded during evolution in time. For a precise

12



definition of NV, see Definition 5.6.1.

The assumption of axisymmetry serves two purposes. First, it ensures that the
energy quantity that is conserved by the linear problem is comprised of purely non-
negative terms. (Thus, the issue of superradiance is avoided in this thesis.) Second,
it ensures only a single trapping radius, a condition required for the construction of
a Morawetz estimate without significant complications. The assumption of axisym-
metry could be relaxed at least in the slowly rotating range by the use of higher
order operators [AB09] or in the full subextremal range using a Fourier decomposi-
tion [DRSR14]. However, by using only physical-space methods, this problem serves
as a primer for the fifth problem.

The rotation commutators 2 used in the Schwarzschild problem are replaced
with the second order Carter operator @, which coincides with QF 4+ Q2 + Q2 in
Schwarzschild. The L estimates depend heavily on the fact that () is an elliptic
operator. The operator notation € is redefined to represent the operator r¥. Since
() is second order, when it acts on a product 115, there will be some terms that
cannot be expressed as a product of commutators applied to either ¥, or . The
simplest example is the term Qi1 Q)y, which shows up in the expansion of Q(¢11s).
This leads to the generalized notation Q'4)*~ to refer to a factor of order s that can
be obtained by applying commutators to a product.

Recall that the previous problem made a simplifying assumption that nonlinear
terms with 0,1 vanish on the event horizon. Since this is no longer the case, a new
commutator [' = 150, (with 15 a function supported near the event horizon) is used
to handle these terms. This commutator is often called the redshift commutator.
Since I’ does not commute with the wave operator, it is given a different index k, and
the proof of the nonlinear problem will be a finite inductive argument in k. This leads

to the generalized notation Q'/*~"* that appears on the left side of the L> estimates.

13



1.3.4 The model problem of [IK14|

The remaining two problems are related to a model problem posed in [IK14]. We
take a moment to introduce this model problem to provide a better context for the
final two problems.

To derive the model problem, one starts with the Einstein Vacuum Equations

Riclg] =0 (1.5)

and imposes axisymetry, since the Kerr solutions themselves have axisymmetry. As
previously discussed, this excludes the issue of superradiance and simplifies the set of
trapped null geodesics. Furthermore, it significantly simplifies the Einstein Vacuum
system (1.5) as we shall now discuss.

An axisymmetric spacetime (M, g) can be described by the restriction g of the
metric g to the quotient spacetime under the axisymmetry, together with a new

complex scalar quantity o. Equation (1.5) takes the form

O,0 = Nlg, 0] (1.6)

Ric(g)ij = Nlg, oli;. (1.7)

For a derivation of this reduction, see [Wei90].

The model problem of [IK14] comes from yet another simplification: The equation
for the reduced metric (1.7) is ignored, and ¢ is replaced with the reduced Kerr metric
Jrierr- S0 only the evolution of the scalar o according to equation (1.6) with g = gxepr
is studied. This has the simplifying advantage that the wave dynamics are fixed.

If

o=X +1Y,

14



then equation (1.6) is given by the following system of equations for X and Y.

0°X0.X  0VOY

0,X = —= < (1.8)
0°X0,Y

Coincidentally, if X and Y are taken to be the standard coordinates for the hyper-
bolic half plane with ranges X € (0,00) and Y € (—00,00), then these equations
are precisely the equations that govern wave maps from the Kerr spacetime to the
hyperbolic half plane. For this reason, the system (1.8-1.9) is referred to as the wave
map system.

A particular (nontrivial) solution to this system is given by the scalar oy corre-

sponding to the Kerr metric itself.

O'OZA—FZ.B,

(r? + a?)? — a*sin® O(r* — 2Mr + a?)
r2 + a?cos? 6
2a®M sin* @ cos 6
r? 4+ a? cos? 0

sin? 6

A:

B = —2aM (3 cosf — cos® ) —

The purpose of the remaining two problems in this thesis is to investigate the stability
of the scalar 0p = A+ iB as an axisymmetric solution to the wave map system (1.8-
1.9).

A general fact for any truly vacuum axisymmetric spacetime (ie. a spacetime that
solves both equations (1.6-1.7) and thus equation (1.5)) is that the imaginary part
(o) =Y, called the Ernst potential, must be constant on each connected segment
of the axis. (Segments are disconnected if they lie on opposite ends of a black hole.)

Furthermore, the difference between the constant values of Y on opposite sides of a

black hole is directly related to the angular momentum of the black hole. (One can

15



easily see this is the case for the Kerr spacetime by evaluating B at # = 0 and 6 = 7.)
This general fact is derived in §A.3. The space of perturbations of oy that will be
studied in this thesis are such that Y — B vanishes on the entire axis. We therefore

interpret these perturbations as preserving angular momentum.

1.3.5 Problem 4: axisymmetric perturbations of the nontriv-

ial wave map in the Schwarzschild spacetime

The fourth problem is a special case of the final problem, but it can be solved using

a simpler method. It seeks axisymmetric solutions

0sX =0

0;Y =0

to the wave map system (1.8-1.9) that are at least initially close to the particular

solution

Xo=A=r%sin?6

Yo =B =0.

This problem, which was first posed in [IK14], more closely resembles the full Einstein
Vacuum system (1.5) with axisymmetry.

By making a linearization

X =A+ A¢

Y = A%,

(with ¢ a dynamic quantity not to be confused with the azimuthal coordinate) it is

16



possible to represent the system as a set of wave equations decoupled at the linear

level.

Og¢ = N[0, ]
Oat = Ny, ¥].

The metric g corresponds to a 7+ 1 dimensional analogue of the Schwarzschild space-
time. Due to the similarity between the two equations, one might initially hope that
the techniques used to solve Oy¢ = 0 can be easily adapted to solve Oz = 0. This
is indeed the case.

It must be noted that the assumption Y = A% ensures that if v is regular on
the axis, then Y vanishes at least to fourth order on the axis. This is related to a
geometric interpretation that the perturbation does not add angular momentum to
the system. See §A.3.

The above linearization leads to a few nonlinear terms that are singular on the axis.
This greatly complicates the process of applying angular derivatives as commutators.

However, if one instead makes the special linearization

X =A+ A¢

Y = X%,

then the singular terms disappear. This provides a solution to the fourth problem

that is simpler than the “a = 0 version” of the solution to the fifth and final problem.
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1.3.6 Problem 5: axisymmetric perturbations of the nontriv-

ial wave map in slowly rotating Kerr spacetimes

The fifth and final problem seeks axisymmetric solutions

9,X =0

0sY =0

to the wave map system (1.8-1.9) that are at least initially close to the particular

solution

(r? + a?)? — a%sin® O(r? — 2Mr + a?)

.2
sin“ 0
2 + a2 cos? 6

Xo=A=

2a3 M sin* 6 cos 6
r2 + a? cos? 0

Yy = B = —2aM (3 cosf — cos® ) —

for slowly rotating (|a| < M) Kerr spacetimes. This problem, which was first posed
in [IK14], more closely resembles the full Einstein Vacuum system (1.5) with axisym-
metry.

This problem draws on techniques developed in Problems 3 and 4, since Problem 3
deals with wave equations in Kerr spacetimes, and Problem 4 identifies a good (¢, )
linearization for the wave map problem. However, there are two serious complications
for the general Kerr case.

The first serious complication is the fact that if a # 0, the system is coupled at
the linear level. For this reason, it is not even clear a priori that a conserved energy
quantity exists, much less a Morawetz estimate. However, there is a special bundle
formalism for the wave map problem that makes both estimates possible (at least for
la| < M). This was a substantial contribution of Ionescu and Klainerman in [IK14],
who went as far as to prove the Oth order dynamic estimates. For more information

about this bundle, see §A.1.2.
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The second serious complication is the presence of terms that appear to be singular
on the axis. Unlike in the case of Problem 4, it seems unlikely that a more clever
linearization can remove these singular terms. To address this issue, a new technique,
using the gothic operators a, b, ¢!, and 0! has been developed. (See Appendix C.) This
technique requires a new special structural condition on the axis, which is expected to
be satisfied by any truly geometric problem that produces these apparently singular
terms when expressed in a coordinate system adapted to the axis. It is likely to be

useful for many other problems posed in a degenerate coordinate system.

1.4 An outline of this thesis

We complete the introduction by outlining the remainder of this thesis.

Chapter 2 reviews a number of basic facts for the benefit of a reader who is
relatively unacquainted with the subject of this thesis. It begins with some geometric
calculations that are used (often implicitly) throughout this thesis and then discusses
general ingredients involved in constructing spacetime estimates.

Chapter 3 discusses the first problem of this thesis. In terms of the seven step
procedure outlined in §1.2.2; step 1 is presented in §3.1, step 2 is presented in §3.3,
step 3 is presented in §3.4, step 4 is presented §3.6, step 5 is presented in §3.7, and
steps 6 and 7 are presented in §3.9. In addition to the steps required to solve the
problem are §3.2, which reviews a more well-known Morawetz estimate with strong
weights, §3.5, which reviews some estimates that are special to Minkowski space, and
§3.8, which explains the decay mechanism that is used for all the problems in this
thesis.

Chapter 4 discusses the second problem of this thesis. In terms of the seven step
procedure outlined in §1.2.2; step 1 is presented in §4.1, step 2 is presented in §4.2,

step 3 is presented in §4.3, step 4 is presented §4.4, step 5 is presented in §4.5, and
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steps 6 and 7 are presented in §4.6.

Chapter 5 discusses the third problem of this thesis. In terms of the seven step
procedure outlined in §1.2.2, step 1 is presented in §5.1, step 2 is presented in §5.2,
step 3 is presented in §5.3, step 4 is presented §5.4, step 5 is presented in §5.5, and
steps 6 and 7 are presented in §5.6.

Chapter 6 discusses the fourth problem of this thesis. In terms of the seven step
procedure outlined in §1.2.2, steps 1-3 are presented in §6.2, step 4 is presented in
§6.3, step 5 is presented in §6.4, step 6 is presented in §6.5, and step 7 is presented
in §6.6.

Chapter 7 discusses the fifth and final problem of this thesis. In terms of the seven
step procedure outlined in §1.2.2, steps 1-2 are presented in §7.2 and then again in
§7.3, step 3 is presented in §7.3, step 4 is presented in §7.4, step 5 is presented in §7.5,
step 6 is presented in §7.6, and step 7 is presented in §7.7.

In addition to the above chapters are a few appendices. Appendix A provides
additional general information about the wave map problem. Appendix B proves
standard elliptic estimates that are used throughout this thesis. Appendix C outlines
a general formalism that is necessary to solve the final problem and should be useful

for many geometric problems with a degenerate coordinate system.
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Chapter 2

Preliminaries

This chapter is for the benefit of a new student.

2.1 Geometric calculations in coordinates

This thesis studies equations with geometric structure, but many calculations will
require a choice of coordinates. We begin by reviewing a few computational tricks

that will be useful throughout this thesis.

2.1.1 The metric and its inverse under a change of coordi-
nates

We begin by reviewing how the metric and its inverse transform under a change of
coordinates.

In practice, a change of coordinates is given by a relation



Under such a change of coordinates, one can use the formula

_ Oxt Oz
g,ul/ - ayul ayylg,UJM

or alternatively, one can transform the quantity
Guwdadx” = g dy” dy”,
computing dz* by using the formula for the exterior derivative of a function
df (y', .., y™) = O fdy' + ... + Oyn fdy".

Although both approaches are clearly equivalent, in practice the latter approach is
often easier to do by hand than the former. An example of translating between

cartesian and polar coordinates in the plane is given below.

Example 2.1.1. Consider the change between cartesian and polar coordinates in the

2-dimensional euclidean plane given by

T =r7rcosf

y =rsinf.

Given the metric in cartesian coordinates, we compute the metric in polar coordinates

using the exterior derivative approach.
Guda’dz” = dz® + dy? = (cos Odr — rsin 0d6)* + (sin Odr + cos 0df)* = dr® + r*d6>.

From the last expression, we conclude that g, ts diagonal and that g., = 1 and

_ .2
Jog = T°.
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To transform the inverse metric under a change of coordinates, one can transform

the metric and compute its inverse, or one can use the formula

n v
gl“/ . 81' 8:(; !

- 8y‘ul 8yy/ )

or alternatively, one can transform the quantity
9" OOy — ¢" 00,

computing d,,1 by using the chain rule

ox#
Qﬂp = Wa“/w.

(The function 1) is an arbitrary differentiable function.) Although all three approaches
are equivalent, in practice the third approach is often easier to do by hand than either
of the other two. An example of translating between cartesian and polar coordinates

in the plane is given below.

Example 2.1.2. Consider the change of coordinates given in the previous example.

For an arbitrary differentiable function 1, by the chain rule,
Opp = cos 00,1 + sin 00,1

Optp = —rsin 0,9 + 1 cos 00,1).
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Therefore,

9" Qb0 = (0,0) + 7 (Opy)’
= (cos 00,1 + sin 09,1))* + (—rsin 09,4 + 1 cos 09,1

= (0:%)" + (0,0)".

From the last expression, we conclude that g" s diagonal and that ¢** = 1 and

g% = 1.

2.1.2 Formulas for the divergence and laplacian (or wave op-

erator)

Let V' = V*#9, be a vectorfield. To compute the divergence of V', one may use the

formula

divV =V, V* =9, VF + T, V"

and compute (or have handy a table of) the relevant Christoffel symbols using the
formula
)\a(

1
Fi\w = 59 a,ugow + 8uguoc - aag/w)a

or alternatively, one can use the formula
divV = ——a, (\/7V") (2.1)
wV = — g , .
\/g I

where /g = v/detg is the volume form for the metric.
This latter approach is often more practical as it avoids explicit reference to the
Christoffel symbols. The motivation for the formula given in equation (2.1) is that it

is consistent with the divergence theorem. See §2.1.3.
Example 2.1.3. Let V = f(r)0, be an arbitrary radial vectorfield in 3-dimensional
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euclidean space. Then using spherical coordinates,

L g&(r2 sin V") = T%(?r (r?f(r) = f'(r) + %f(r)

r?sin

o= L by —
de—\/gaﬂ(\/gV)

It is also possible to compute the laplacian (or wave operator, depending on the
signature of the metric) using equation (2.1) and setting V#* = 0*u = ¢g"9,u. That
is,

Au = div(Ou) = %GH (/99" Oyu) .

Example 2.1.4. Consider the 2-dimensional unit sphere with standard spherical co-

ordinates (0, ¢). The laplacian of an axisymmetric function u = u(0) is given by

Au = 0, (sinfg"”0,u) = ﬁ@g (sin 09pu) = dju + cot Hpu.
i

sin 6

2.1.3 Integration and the divergence theorem in coordinates

The divergence theorem states that

[ [ =] v (22)

In many applications, the domain {2 can be expressed as a cube in some set of

coordinates.

Q=1lzt, ot Tx.. xt  zt 1

min’ max

In this situation, the divergence theorem can be seen to be consistent with the forumla

(2.1) and a useful formula for the flux of V' becomes apparent.
Proposition 2.1.5. Equation (2.2) is consistent with equation (2.1).

Proof. We begin by computing the left side of equation (2.2) in an adapted coordinate
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system, using equation (2.1).

min min

1
/xmax
xl

min

:rl ﬁd CEl
/ / divV/gdz"...dz" :/ /
Z‘l I';iy”n xl

Ig’nafl) 1

mgnaac
/ 0,(/gV*)da®...dx".
zd

min

0,(vaV*)y/gdat...dx"

Then by the fundamental theorem of calculus, the last expression can be evaluated

as a sum of integrals on hypersurfaces of constant x* (i ranging from 1 to d).

I'}ﬂaﬂ: a:;inam
/ / 0,(\/gV*)da"...dxt
:El fL'd

min min

1 d

T d Tmax L :Bd_l Tmazx
max max 1 d 2 max max md d_l 1
= VoV dxt.. . dx +...+ VoV da T dr
z2 zd xl zd—1
min min 1 min min :Bd X
min min

This sum is the flux of V across the boundary of the coordinate cube 2, which

corresponds to the right side of equation (2.2). O

Example 2.1.6. Let V = r—20, be the electric field corresponding to a point charge

located at r = 0 in 3-dimensional Euclidean space. Let 0 be the region between

the sphere of radius 1 and the sphere of radius 2. In spherical coordinates, 2 =

[1,2] % [0, 7] x [0, 27].

2 ™ 2m 1
/ /Q divV = /1 /0 /o mﬁu (7% sin OV*)r? sin Odpdfdr
2 i 2
= / / / 0, (r*sin OV")dpdfdr
1 Jo Jo

™ 2w 2
= / / r?sin OV (r)degdo
o Jo

—2|r=2
|7‘*1

r—=
r=1

= 4mrir
=4r — 47

=0.
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This is to be expected, since €2 does not contain any charge.

2.2 Ingredients for energy estimates

An essential part of the analysis of wave equations is the construction of integrated

estimates based on the divergence theorem. The general procedure is outlined here.

2.2.1 Spacetime domains and boundary components

Each of the spacetimes (M, g) considered in this thesis will have coordinates (¢, 7,6, ¢)
similar to the spherical coordinates in Minkowski space. Let €2 C M be a domain of
the form

Q= [tl,tg] X [T’H,OO) X 52.

For the Minkowski spacetime, ry = 0, but for a black hole spacetime, rg > 0 corre-
sponds to the radius of the event horizon. Let ¥; denote the constant-time hypersur-
face

Yy ={t} x [rg,00) X S2,

and for a black hole spacetime, let Httf denote the part of the event horizon bounded

between times ¢; and t9

Hff = [tl,tg] X {’I“H} X SZ.
Then for a black hole spacetime,
aQ - Hflz U Etl U Etz'
(We will assume that all quantities vanish as r — oo, so we ignore the component of

the boundary at r = c0.)
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2.2.2 An integrated identity based on the divergence theo-

rem

Let J be a vectorfield, called the current. Then by the divergence theorem, if J

vanishes as r — o0,

to
/ /de: Jt+/ —JT+/ —J".
t1 >t 3tq Hff 3ty

By simply rearranging these terms, we establish the following proposition.

Proposition 2.2.1. Let J be a current vanishing at an appropriate rate as r — oo.

to
/ JT+/ —J’f+/ /dz’vjz/ —J".
H,?2 S, tr I S

To construct an integrated estimate, one must find a current J (depending on

Then

the wavefunction 1) such that divJ, —J' and J" are nonnegative. This is the

foundation for all of the L?-type estimates in this thesis.

2.2.3 The energy-momentum tensor

Now, we discuss the construction of useful currents J. We start with the energy-

momentum tensor.

Definition 2.2.2. For a wavefunction 1, define the energy-momentum tensor to be

Ty = 20,00,3) — 6,0 b0

The energy-momentum tensor is fundamental to the analysis of linear waves for

the following reason.
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Proposition 2.2.3. If Oy = 0, then
V*T,, = 0.
More generally, for any regqular wavefunction 1,
VAT, = 20400,1).
Proof. Since the connection V is compatible with the metric, V#g,3 = 0. Thus,

Vqu,v - Vﬂ(28u¢au¢ - gm/akdja)ﬂvz))
= 2V 0,000, + 20,0 V" 0,1 — g VH (0 pOr0))
= 2Dg¢auw + QQQBaal/}vﬁauw - gaﬁvyaad)aﬁd] - gaﬁaoﬂvz)vuaﬁd)

— 200,10,

O

The fact that the energy-momentum tensor is divergence-free for solutions to the
wave equation leads to conservation laws in spacetimes with symmetry (see §2.2.5).

This is the underlying reason for the conservation of energy in stationary spacetimes.

2.2.4 The current templates J[ X, w] and J[X, w, m]

Definition 2.2.4. For a wavefunction v, a vectorfield X, and a function w, define

the (X, w)-current by
1
JIX, wl, = T XY + wipduh — §¢28Mw,

where
T = 20,00,0 — g, 0 b\
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is the energy-momentum tensor from Definition 2.2.2.

Remark 2.2.5. The vectorfield X in the above definition is called a vectorfield mul-

tiplier.

Lemma 2.2.6. (Identity for divJ) For any regular wavefunction 1),

divJ[ X, w] = K" ,0,0 + Kib* + (2X (1) 4+ wip)Dy1b,

where
K" =2V XY 4 (w — divX) g
= g“)‘ﬁ)\X" + g”Aé)AX“ - XAaxg‘“’ + (w - diUX)g“y,
and
1
K = —§Dgw

Proof. Recall that
1
JIX,w]|, =T,,X" +wpd,p — 51#28“11),

where T, is the energy-momentum tensor. The goal is to compute V*J[X, w],,.

By Proposition 2.2.3 and the symmetry of 7}, in its indices,

V(T X") =T, V' XY + 20,4 X" 0,0
=T, VWX +2X (4))0¢

= V¥ X"20,40,1¢ — divX g" 8,00, + 2X ()3 y2b. (2.3)
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A similar identity holds for the w terms.

VH (wz/;aﬂw ¢28 w> = 0"wd, 0 + wo' o, + wypVHO, ) — Yoo, w — %WV“@Mw
= wI"PI b + wp VO, — %Wv#auw

1
= w9ﬂyauwau¢ - §¢2Dgw + w¢Dg1/)‘

Collecting all terms in the divergence of J, we obtain

VEIX, wl, = VH(T,,X") + V* <w¢@,ﬂp @zﬁ@ w)
= (2VXY) + (w — divX)g") 0,40, — —Dgww2 + (2X (¥) + wp) D yib.

Thus, we define the tensor

K" =2V XY 4 (w — divX)g"

and scalar

K=—-1ou
2

In practice, it helps to use a more coordinate-dependent formula for K*” that can
be computed directly from the components g*”, X*, and w and their derivatives. To

obtain this formula, we compute the divergence of 7, X" a different way.

VAT, X") =VA(g™X"T,,)

1
= a — A”XV 26 ay - Ypv aﬁaa a
\/—/\(\/ 99" X" (20,100,0 — gg™” 0ethp1)))

\/—a)\ (\/_QA’L@MP) XV&HP \/— (\/_g gquV) aﬂ&awaﬁw

+ 28}\ (Xyal/d)) gAH3H¢ - gkug;waﬁ)\ (ga66a¢aﬁ¢) .
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Since

1
v

1
V=3

2—=0x (V=99™0,10) X" 0,0 — O (V=999 X") g°7 0atb Ot

= QDng(w) - diUXgaﬁaawaﬁw7
it follows that

VM<T;WXV) = QDng(¢) - diUXgaﬁ8a¢aﬁ¢

+ 20, (XV0,0) gk“ﬁugb - gA“g,WX”@,\ (gaﬁaawaﬁ@zz) )
Comparing this to (2.3), we conclude that
VWX0,00,4 = 20\ (X 0,10) g™ 0,0 — g™ g, X O (977 0urp0p1)) . (2.4)

By direct computation,

205 (X" 0,10) g 0,00 — g™ g, X" Ox (9°7 0atp 1))
= 2X”gA“8,\8V¢8“@/) + 28AX”g’\“8M¢8V¢ — X)\(()A (g“ﬁ)aa@/)@mb — QXAgO‘ﬁ@A@a@/)@/gz/}
= 28,\X”g/\“8,ﬂ,08y¢ - Xka,\(gaﬂ)ﬁa@bﬁgl/)

= (¢"HXY + g HX" — X 0\(g")) 0,00,
Since v is arbitrary, we conclude from (2.4) that
VXY = g\ XY + g X" — X 0r(g").
Therefore,

KM = g"Mo\X" + g 06 X" — X 06" + (w — divX)g".
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]

Sometimes, it will be helpful to use a slightly more general current template

defined as follows.

Definition 2.2.7. For a wavefunction 1, a vectorfield X, a function w, and a second

vectorfield m, define the (X, w, m)-current by
J[X,w,m], = J[X,w], +ma>

Note that while the wave factor Oyt showed up in divJ[X, w] coupled to both X
and w, it does not couple to m in divJ[X, w, m]. The additional term m,? is simply

a convenient way to translate between divergence terms and boundary terms.

2.2.5 Isometries and conformal transformations

Given a vectorfield X on a spacetime (M, g), one can define a one-parameter family

of transformations X)®, : M — M by
X, (p) = exp, s X,

where exp, is the exponential map. It follows that X P, = Id and

For a rank (0, k) tensor U, we define the Lie derivative

T

LxUpywy = 7=

where ((X )(IJS)* is the pullback induced by the map X¥)®,. By using also the pushfor-

ward ((X)QD_S)*, one can extend the Lie derivative operator Lx to act on tensors of
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arbitrary rank. There is an abundance of literature on the Lie derivative, so it will
not be discussed any further here, except to mention the important formula for the
Lie derivative of the metric.

EXgW = 2V(#Xl,). (2.5)

If £xg,, = 0, then the maps X)®, are isometries. More generally, if £x g, = fgu

(X)

for some function f, then the maps “*)®, are conformal transformations and f is the

derivative with respect to s (at s = 0) of the conformal factor.

Definition 2.2.8. We say X generates an isometry if Lx g, = 0 and that X gener-

ates a conformal transformation if Lxgu = fGu-

Proposition 2.2.9. If O 1) = 0 and X generates an isometry, then
divJ[X,0] = 0.

Note that J[X,0], =T,,X".
We will actually prove something more general.

Proposition 2.2.10. On an (n + 1)-dimensional spacetime, if Oyp = 0 and X

generates a conformal transformation so that Lxg,., = fgu, then

div.J [X, n ; lf] — ; 1(Dgf)z/12.

Proof. By equation (2.5), if X generates a conformal transformation, then

QV(MX,,) = fgw,.

It follows that
n—+1
2

| , 1
divX = g™V, X, = g" §fg;w = /-
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Then from Lemma 2.2.6,

divJ[X, (n —1)f] = K" d,bd, b + K2,

where
K" =2V XY 4 (w — divX)g"
_ g n—1 _n—l—l w
I +( 5 / 5 Iy
=0
and
1 -1

O

Lemma 2.2.11. Let X generate a conformal transformation, and let f be the factor

in the relation

EXguV = fg;w-

Then

2
O,f = —EVA(RZ'CA"XU).

Proof. By a simple calculation,

y ,1 n+1
VAX\ =gV, Xy = g" 5 /9w = ——1.
Therefore,
n+1
Dg(v/\XA) = 9 Dgf-
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We will prove the lemma by showing that

1—
2

0,(V* X)) = ——0,f — 2V*(Riex” X,).

We have the following calculation

0,(V2 X)) = g g VaVsVaX,
= g% gM (Vo VaVe X, + Va(Rpr" X,))
= g gM (VaVaVe X, + Rarg" Vo X, + Rax”VXo + Va(Rpr"X,))
= VMO,X)) + Ric"V, X, — Ric" VX, — V?(Rics” X,)
= VNO,X)) — VP(Rics” X,)

= VN O,X» + Ricy\" X,) — 2V (Ricy" X,).

Therefore, it suffices to show that

1 —
VA, X0 + Riea”X,) = — "o, f.

We start by defining the tensor

Faﬁ)\ = Vozv(ﬁ)(/\) + VﬁV(aX/\) — V)\V(O,XB).

On one hand, since V(,X,) = %fgw,, we have that

29" Tapr = 9°° (Va(fgsr) + Va(fgar) — Va(fap))
=Vaf+Vif— gaﬁgoﬂv)\f
=2Vof —(n+1)Vf

= (1 — n)V,\f
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On the other hand, since 2V, X,y = V, X, + V, X, we have that

2g°‘*31“am = gaﬁ (VQVgX)\ + VQV)\Xg + V[;VQX)\ + V5V)\Xa - V,\van — V)\VgXa)
= ZDgX/\ + ga’BRa)\BUXU + gaﬁRg)\ang

= 20,X, + 2Ricy" X,

Thus,

1 —
2

1—n

n
VAV f = 5

VA (OX) + Ric"X,) = V(9™ Tag) =

O, f.

Therefore, we have the following corollary.

Corollary 2.2.12. On an (n+ 1)-dimensional vacuum spacetime, if Oy =0 and X

generates a conformal transformation so that Lxg,, = fgu, then

n—1
2

div.J [X, f] = 0.

Proof. By Proposition 2.2.10 and Lemma 2.2.11, for any spacetime,

) n—1 n—1 n—1 Y
divJ [X, 5 f] = (O, ) = 5 VM Ricy” X, )02
Thus, for a vacuum (Ric,, = 0) spacetime,
-1
divJ [X,” f} — 0.
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Chapter 3

Waves in the Minkowski spacetime

The first problem of this thesis investigates semilinear waves on the Minkowski back-
ground. Minkowski space is the simplest solution to the Einstein Vacuum Equations
and corresponds to a completely empty spacetime. It is the principal object of study
in Einstein’s special theory of relativity.

Minkowski space differs from the other spacetimes studied in this thesis, because
it does not correspond to a black hole. However, it is still important to consider for
the following reasons: All other problems deal with asymptotically flat spacetimes,
which is another way of saying they approximate Minkowski space far from the black
hole, and the Minkowski metric is the simplest of all metrics, so many distracting
complications can be omitted in the first presentation of the method of this thesis.
Thus, Minkowski space is ideal for the first problem of this thesis.

The Minkowski metric is most well-known in Cartesian coordinates.
Gudatdr” = —dt* + dz® + dy* + dz*.

However, we will generally use spherical coordinates, in which the metric takes the
form

Gudatdr’ = —dt* + dr® + r*(d6? + sin® 0d¢?).
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Its volume form is

pw=r*sinf

and the Lagrangian for the linear wave equation is

L= ugaﬁaaiﬂaﬁw
=r2sin [—(9:)* + (0,9)% + ¢ 0atp O]

=r?sinf [—(90)” + (0,0)* + r2(0p0)* + rsin~? 6(9y0))?]

We briefly observe for some future calculations that the angular part of the inverse
metric ¢*? satisfies 0, (r2g*?) = 0.

Many estimates will be derived with respect to a foliation of hypersurfaces ¥,
each corresponding to a level set of the time coordinate t. For estimates involving
Y, and ¥, it should be understood that ¥, is in the future of 3, that is, to > t;.
There is no event horizon in Minkowski space, so the component Httf will not show

up in this chapter.

3.1 The energy estimate and the h0J, estimate

The most fundamental of all estimates is the energy estimate. We begin by proving

this estimate and then prove the slightly more general ho; estimate.

3.1.1 The energy estimate

Since the vectorfield 0, is a Killing vectorfield, we have the following identity.

Lemma 3.1.1. (Energy identity for Minkowski)

/% —Jt[at]:/ztl —Jt[at]+/t:2 /2 200,
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In particular, if Oyt = 0, then the quantity

Et)= | —J'0]

3t
18 conserved.

Proof. By Proposition 2.2.1, since there is no event horizon in Minkowski, we have

t2
/ 0] + / / div] = / )
EtQ t1 3t Etl

By Lemma 2.2.6,
divJ[X] = (¢" X" + g X" — X 0rg" — divX g") 0,0, + 2X ()T 1),

For the particular case X = 0y, the coefficients of X are constant, the metric does
not depend on ¢, and by a simple calculation (see equation (2.1)), X is divergence

free. Therefore,

de[@t] = 23t1/1Dg77/)

We conclude that

/EQ —f[at]+/t:2 /2 20,0 0,0) = ., _J'a).

The statement of the lemma now follows. O]

Now, we calculate the flux terms in the previous lemma.

Lemma 3.1.2. On each constant-time hypersurface ¥,

— '8y = (0)? + (0:)* + | VY|
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Proof. According to Definition 2.2.4,

JHX] = 2g"M 0\ XV O0h — XFOMpOND.

Therefore,
Jt[at] = 29&(9,\1?(9#/1 - (&t)t@%&w
= 2gtt(at¢)2 - (gtt(at¢)2 + grr(aﬂﬁ)Q + |V1/)|2)
= " (0u)* — g™ (Or)* — |V 0|?
= —(0)?* = (00)* — | VY]
The statement of the lemma now follows. O

From the previous two lemmas, we conclude the following energy estimate.

Proposition 3.1.3. (Energy estimate for Minkowski)

J

[(8,0)? + (r)* + [Vl < / [(0:0)? + (0i)® + W] + Erro,

to X

where
to
ET’TD :/ ‘8t¢|:|gl/}|
t1 P
Proof. This follows directly from Lemmas 3.1.1 and 3.1.2. O

3.1.2 The ho; energy estimate

The next estimate, which uses a vectorfield X of the form h(r)d;, is a slight gener-
alization of the energy estimate. The function h introduces weights to the energy in

different regions. There is a nice interpretation for this estimate. According Lemma
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3.1.4 below,
h/

divJ[hd] = 5 [(Le)* = (L)*] .

Given that L measures incoming waves and L measures outgoing ones, this says
that an energy with a larger weight far away (so that A" > 0) will grow if there are
more outgoing waves than incoming waves and vice versa. In our application of this

estimate later on, we will use large weights near the center of the spacetime.

Lemma 3.1.4. If 0,9 = 0, then
: i3 2 2
divd[h0) = 5 [(L9)? — (Lu)?].
Proof. Recall from Lemma 2.2.6 that
divJ[X| = K" 0,00,1,

where

K" = g X" + g7 X" — X 0\(g") — divX g

Since 0; is killing, 0;(¢") = 0 and div(9;) = 0. Also, the only component of X is the
t component and the only nonzero derivative of that component is the 0, derivative,

SO

FPOXY + gPONXF = g0, XY + g 9, X",

It follows that the only possible nonzero K* components are

Ktr + Krt — 2grrh/'
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We conclude that

div J[hd)) = 20 0,pdyb

h/

5 [0+ 00)* = (04 — 00)’]

= % [(L)* = (L)*] .

]

Taking h to be a positive function decreasing to zero as r — oo at a particular

rate, we obtain the ho; estimate.

Proposition 3.1.5. (h0, estimate for Minkowski) Let R > 0 be any given radius.

Then for all € > 0 and p < 2, there is a small constant c. and a large constant C,,

such that

/E (L+7)P2[(0,4)? + (000)* + | VI

2 p—3 2
- /t1 /Etﬁ{R+1<r} 66(1 " T) <L,¢})
< / (1472 [(00) + (B)? + |YoP] + Err,
Sy

where

Err = Erri + Errg

to
Erry = / / e(1 4+ 7)1 (Ly)?
t1 Etﬁ{R<T‘}
to
Errg —/ / C€(1+r)p*2\at¢mgw|.
t1 P

Remark 3.1.6. Notice the weight in Erri. For the estimate to be uniform in e, it

must be (1+7)~t. However, for a fized ¢, the v weight could be replaced by (1+1)P~3.
Sincep <2, (14+rP3 < (1+r)"h
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Proof. Observe that for all p < 2 and € > 0, there is a function h satisfying the

conditions
h=1forr <R,
—h' >0,
—h' < 2e(147)7,
Jee > 0 such that 2¢.(1+7)P2 < —h for r > R+ 1,
and

h = O(r?~?) for large 7.

(To construct the function h, it is perhaps easier to construct a positive function —h’
supported on the interval r € [R, 00) and satisfying [ ;;O —h/(r)dr = 1. In particular,
this is only possible because [ ;o r~1dr diverges.)

The boundary terms follow from Lemma 3.1.2 and the fact that J“[h0,] = hJ*[0y].
We do not worry about the size of € on the boundary terms, because for a fixed r, h

increases and is bounded above by 1 as e — 0. [

3.2 The Morawetz estimate, version 1

Morawetz-type estimates are concerned with the divergence term in Proposition 2.2.1.
They rely very heavily on the specific geometry of the spacetime, so the derivations
in this section will not easily generalize to black hole spacetimes (although they will
indeed generalize—this is a key part of this thesis).

In this section, we prove the first of two Morawetz-type estimates for Minkowski
space. It is well-known, but not quite compatible with the strategy employed in the
remainder of this chapter. The fundamental difference between the two estimates lies

in the asymptotics as r — oo and the level of care taken with the flux terms.
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3.2.1 The partial Morawetz estimate

The construction of the Morawetz estimate is quite complicated. Before attempting
a proof of the entire estimate, it helps to make the following intermediate objective:
Find a momentum J[Xo, wo| with the property that all terms in divJ[ Xy, wo| are non-
negative. When attempting to prove a Morawetz estimate, this objective constitutes
a substantial first step as there is good reason to believe that after a few additional
tweaks, one can derive a truly useful estimate. For this reason, we refer to this as a

partial Morawetz estimate.

Proposition 3.2.1. (Partial Morawetz estimate in Minkowski (version I)) Let

and
2r+3
Wy = ———.
T (1 +r)2

Then the current J[Xo,wo| from Definition 2.2.4 satisfies

. __ 2 2y 2 gups ST g
divJ[Xo, wo) = (1+T)2(8r'¢) + 1+7JV¢| + r(1+7“)4w :

Proof. For the proof, we will use a strategy that generalizes to the remaining problems
in this thesis. However, this particular proof will be significantly simpler. In this

proof, we drop the subscript 0 from X, and wy until the very end.

Lemma 3.2.2. With the choices X = X" (r)0, and w = w(r),

divJ[X,w] = (wg" —r~?0,(r* X" ")) (0n))* + (w — 0, X")|V¥|*

1
+ (wg" +0,X"g" — 2r ' X"g" — X"0,g")(0,))? — ir’Qﬁr(r28,.w)w2.
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Proof. By Lemma 2.2.6, we have that for general X and w,

divJ[X,w] = K" 0,00,¢ + Ki?,

where
K" = g0\ X" 4 g 0, X" — X 0rg" + (w — divX) g
and
1 Lo oy
K = —§Dgw =—gr O (r0yw).

A quick inspection reveals that the nonzero components of K are K'", K* and
K® (the components for the angular derivatives). Using the fact that divX =

r=20,(r*X"), we compute

K™ = wgrr 4 grraTXr 4 grrarXr . Xrargrr - T—28T(T2Xr>grr

— wgrr + grrarXr _ QT—IXT'g’I‘T' _ X'rargrr

K% = wg' — X79,4" — 7,—28T(7,2X7")gtt

— wgtt o T,anT(TQXrgtt)

K =wg™ — X"0,¢"° — r720,(r*X")¢*"
— wg — r20,(X" ()
= wg™® — 0. X ¢
(In the last line, we used the fact that 9,(r?¢*) = 0.) O

It is difficult to make sense of the coefficients in the above lemma, because most

coefficients are sums of multiple terms. By making the choices X" (r) = u(r)v(r) and
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w(r) = v(r)dyu(r), each coefficient can be written as a single term.

Lemma 3.2.3. With the choices X = u(r)v(r)d, and w = v(r)0,u(r),

divJ[ X, w] = —ur—20,(r*vg")(0p))? — ud,v|Vih|?

u?v

2/ rr\2, —1
+ (9" ) u 8r(r2

) () — %r—Zar(TQarw)w2.

g'f"l"

Proof. This follows directly by substituting X" = uv and w = vd,u into the expression

in the previous lemma and combining terms. O]

At this point, it is standard to choose a relation between X and w so that the
coefficient of (9;1))? vanishes. (It will be recovered later—see §3.2.3.) In terms of the

functions v and v, it suffices to set v = r=2.

Remark 3.2.4. The function v = r=2 is related to the geodesic potential for null

trajectories in Minkowski space. This fact will be expounded upon in greater detail in

Chapter 4.

Lemma 3.2.5. With the choice v = r=2, the coefficient of the (Op))? term vanishes

and furthermore,
2 1
divJ[X, w] = 73|W|2 + 20, (r—‘;) (00" = 51720, (r*0, (v0,u) ).

To ensure that all of these coefficients are positive, it is necessary to find a positive

function u growing sufficiently fast that O, (i

7"2) 15 also positive and furthermore that

the €$pT€SS’Z07L
1 1
2T 287"(7'267"(067““)) 2r725r(r28r(r7287”u))

15 also nonnegative.
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If finding such a function u seems tricky now, it only gets more complicated in the
Schwarzschild and Kerr settings. A well-known choice for u is given in the following
lemma.

3

155, Which is clearly positive, satisfies

Lemma 3.2.6. The function u =

and

_1 —9 2 ) o 7’+4
5" O (r°0,(r =0,u)) = RSt

Proof. First,

U T 2
20, (ﬁ) =20, <1+7“) - (1+47r)%

This verifies the first identity.

Then we have the following intermediate calculations, which verify the second

identity.
3 2 .3 3 2
D=0, r _ 3 (I+7r)—r _ 243
l+7r (147r)2 (1+7)?
_ 2r+3 2(14+r)—2(2r+3) r+2
2 — = = —
o0 =0 (F555) =2 ey

—lr’2ﬁr(r2&(r’2&u)) =120, <r

5 T+ 2 > 2 (3r2 4+ 4r)(1 +7r) — 3(r® + 2r%)
2

1+r3) (1+7)
B _2r2+47“ r+4

(147 rir+ 1D

]

Finally, we compute

Xo = uwvd, =
0= Uy 1+7r 1+7r
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5 234+ 3r2 2r+3
Wy =V0,U =T = .
0 (1+7r)2  (1+7)?

This completes the proof of Proposition 3.2.1. ]

3.2.2 Remaining issues

The current J[ X, wp| from Proposition 3.2.1 has a non-negative divergence, but there
are a few things that must be done to establish a proper Morawetz estimate.

e The coefficient of (9;1))? vanishes entirely in the partial Morawetz estimate.
This is easily fixed by adding to w the term ey, wg,. (See §3.2.3.)

e Some attention must be paid to the boundary terms, which have so far been
ignored. The current J[ Xy, wy] does not yield good boundary terms, but this is easily
fixed by adding to X the term C0;, where C is a sufficiently large constant. (See
§3.2.4.)

Thus, the final current J will be of the form

J = J[X, w),
X :X0+Cat,

W = Wp + €5, Wp, -

3.2.3 The correction €jwy,

By adding a function wg,, we can control (9;3))? at the price of an error term that we

can already control.

Lemma 3.2.7. The function wy, = —(1 +r)~? satisfies

(1+7)2(000)* S divJ[0, wy,] + (L +7) 2 [(0,90) + [Vo? + 7 (14 7) "7
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Proof. By Lemma 2.2.6, we have that

. . 1
dZUJ[07 wat] = Wy, g Baawaﬁw - QDgw8t¢2

1
= w5, (0 + o, [(00)" +V9P] — 5By
It suffices to choose wy, satisfying the following conditions.
(1 + T)_g S —Wa,,

jwa,| < (1+7)77,

Dgwat S 7”71(1 -+ 7’)73.

2
With the choice ws, = —(1 + )72, the first two conditions are trivially satisfied, and

1 1
§Dgwat = —57“_2&(1“2&(1 + 7“)_2)

=r20,(r* (1 +1r)7%)
=2r M 14+7r)? =31 +r)"

< 7”1(1 + 7’)’3.

Thus, wy, satisfies the remaining condition. O

Corollary 3.2.8. There exists a small eg, > 0 so that

(L+7) 2 [(00)* + (0,0)?] + (L+r) YO+ (1 +7) 0 S divd [Xo, wo + €9,w5,)-

Proof. Recall from Proposition 3.2.1 that

(L+7)7200) + A +r) VY + 7 (L +7) 729 S divd [Xo, w.
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The proof follows from this fact and the inequality in Lemma 3.2.7. O]

3.2.4 The correction C0; and the flux terms

Lemma 3.2.9.
| T [ Xo, wo + e wa, ]| S (000)? + (9,)% + (1 + 1) 7%
Proof. From Lemma 2.2.6, for any X and w,
T ] = 20 D5 X ) — XHOMGOND + wibg vt — L g0y,
It follows that if X* = 0 and O,w = 0, then
—JNX, w] = 200 X" 01) + wipOpb.

Note that X} = 0 and 9;(w + €5,wgs,) = 0. Furthermore, | X{| < 1 and |wg + €g,wa,| <

~

(1+7r)71 so

| T [Xo, wo + eawe,]| < 2000, 4] + (1 + 1)~ [0

S (0) + (00)* + (L + 1) %%

Corollary 3.2.10. If C' is a sufficiently large constant, then

(L+7) 2 [(00)* + (0:0)?] + (L4 7)Y +r (1 +r) Py

< divd [ Xo + COy, wo + €g,wp,],
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and

/ X + Clrywo + eawn] ~ / (D) + (D)2 + [V
p3N >t

Proof. Note that divJ[0;] = 0, which is the fundamental reason for Proposition 3.1.3.
Thus, the first estimate reduces to Corollary 3.2.8.

The second estimate follows from the fact that

—JHD] = (B)? + (0,:0)* + |V,

which was established in Lemma 3.1.2, together with Lemma 3.2.9 and the Hardy

/E G /E 0

estimate,

3.2.5 The Morawetz estimate

Theorem 3.2.11. (Morawetz estimate in Minkowski (version I)) The following in-

equality holds for any sufficiently reqular function 1.

/E () + (0,0)? + [T

4 / 2 / (L4 1)2(00) + (L+ 1) 200 + (1 4+ 1) TP + v (1 4 1)
t1 P

< / (O + (0:0)° + VY[ + Erro,
Sy

where

Erm—/z/Z |(2X (¢) + wyp)Tgep|.
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Proof. Apply Proposition 2.2.1 to the current
J[Xo + COy, wy + €5,wg,]

and invoke Corollary 3.2.10. m

The flux terms in the above theorem have strong weights as r — oo. This is due
to the fact that we used a large constant C' in Corollary 3.2.10. Had we instead taken
C = 1, then the flux terms would still have a strong weight for (Li)? and |V1|?,

but would have weak error terms with factors decaying like r~1.

This actually has
an advantage, because it means that the right side of the estimate can be weak. The
reason the error terms have a factor decaying like r~! is that the vectorfield X can

be rewritten as

— — 1 _ -1
X—X0+at—(1 1+T>&+@—L+O(T )3,,,

so it is a future causal vectorfield up to a term of order O(r™').

L are still

It turns out that the error terms with factors decaying like r~
too large. Instead it will be necessary to use a vectorfield X which is future
causal up to a term of order O(r~2). This is the motivation for a second

version of the Morawetz estimate.

3.3 The Morawetz estimate, version 11

Bearing in mind the discussion at the end of §3.2.5, it is necessary to derive a slightly
different Morawetz-type estimate with different asymptotics as » — oo and a careful

analysis of the flux terms.
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3.3.1 The partial Morawetz estimate

The vectorfield Xél) defined in Proposition 3.2.1 can be rewritten as

1
x—(1-—)a.
0 ( 1+r>

In the second version of the Morawetz estimate, we instead use the following vector-

an _ (1
5= (1 )

Proposition 3.3.1. (Partial Morawetz estimate in Minkowski (version II)) Let

field

r2 4+ 2r
Xo= 1,
O (1)

and
22 +12r + 12
W =
0 (1+7r)3

Then the current J[Xo,wo| from Definition 2.2.4 satisfies

r+2

diUJ[X(),w()] = (1 +T>2

4
(0:0)° +

12
(1+7) vyl + r 38

P

Proof. We proceed as in the proof of version I (Proposition 3.2.1) up to the choice

for u. From Lemma 3.2.5, we have
. 2u U 1 _
divJ[X, w] = Vo[> +20, <ﬁ) (0,6)" = 57720, (10, (v,u) ™

Now, we pay careful attention to the asymptotics. In version I, we made the choice

for uY) so that
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This time, we choose u'D so that

My=1- !

( I
Y Arre

That is, we choose

1 4 3
D g2y _rt2
(1+7r)? (147r)2

Lemma 3.3.2. The function u = %, which s clearly positive, satisfies

and
12

P ) _
2r O (r0,(r=0u)) = —r(l =

Proof. First,

2, (33) = 20 (1 e +1r>2> 1 fr>3'

This verifies the first identity.
Then we have the following intermediate calculations, which verify the second

identity.

dyu = 0, (7"2 (1—@)) =2 (1—ﬁ> Hﬂﬁ

r_gﬁu—z 1— 1 + 2
oy (1+47r)? (147r)3

. (r20,u) — — = <1 B (;) L2 2 6

r2 1+7)2) " r (43 14+t

9n /9 L 2 r 61
20, (r—=0yu) = 2+(1+T)2+(1+T)3 S
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2 _2 _ 4 4 - 12r o 12r 247
oo o) =~ T A e At Ay

 24r(L4r) 42407 —24r
B (1+7) Sy
1, 12
——r20,(r?0,(r ?0,u)) = ————.
2" (0 (r="0,u)) r(14+r)®
Finally, we compute
rt + 2r3 r? + 2r
X O = 20, = Oy
U Fps (1+7)2

2 2

= a’r’ — _zar — 1_
st u = (1o G )
24P =204 r)+2r 208 4+6r +6r 2P 46r+6

r(1+r)3 (143 (T47)3

This completes the proof of Proposition 3.3.1.

3.3.2 Remaining issues

Just as after the proof of Proposition 3.2.1, there are a still few modifications that

must be made to the current J[Xjy, wg] to establish a proper Morawetz estimate.

e To recover the term (9;1))%, we add to w the term eg,ws,. This is very similar

to the procedure in §3.2.3, except that the function wy, used for vesion II must decay

at a faster rate as r — oo. (See §3.3.3.)

e We must pay careful attention to the boundary terms. Unlike in the first version

of the Morawetz estiamte, where we rather carelessly added a large constant times

0y, this time, we only add 0; and observe that there are only small errors on the

boundary. (See §3.3.4.)
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Thus, the final current J will be of the form

J = J[X,w]
X:X0+at

W = Wp + €5, Wp, -

3.3.3 The correction €jwy,

Just as in §3.2.3, we add a function wg,, to recover control of (9;1)* at the price of
an error term that we can already control. However, this time, the function ws, must
decay at a faster rate if we want to control the new error terms with what we already

have.

Lemma 3.3.3. The function wy, = —(1 +r)~* satisfies
(14 r)"H0w)* S divJ [0, ws,] + (1 + 1) [(9,0)* + |YUI? +r~ (1 + 1)~ "]
Proof. By Lemma 2.2.6, we have that

1
divJ[0, wa,] = wa,g* 0u10st) — §Dgwat¢2

1

= —Wp, (8t¢)2 + wo, [(&ﬂﬁ)z + ’Vw’ﬂ - §Dgwat¢2-

It suffices to choose wy, satisfying the following conditions.

(1 + 71)74 S —Way,

jwa, | < (1+7)7,
§Dgw3t Srt(l4r)7P
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With the choice wy, = —(1 + 7)~%, the first two conditions are trivially satisfied, and

1 11 _
§Dgwat = —Eﬁar(TQ&(l + T) 4)
2 _
= ﬁar('fj(l + T) 5)
4 -5 —4
:;(1—1—7") —5(1+7r)
<rt147r)70
Thus, wy, satisfies the remaining condition. [

Corollary 3.3.4. There exists a small €5, > 0 so that

L+ 0 + (L+ 1) (0)* + (1 +r) YU + r (1 +7) %y

< divJ[Xo, wo + €g,wp,]-
Proof. Recall from Proposition 3.3.1 that
(14 7)7200)? + (L4 7) VWP + 7 (1 + )92 S divd [Xo, wol.
The proof follows from this fact and the inequality in Lemma 3.3.3. O]

3.3.4 The correction 0; and the flux terms

Recall that

1 1
X0+8t: <1+m) &—l—@tzL—l—m&

We first prove a lemma about boundary terms, while approximating Xy + 0; by L.

Lemma 3.3.5.

2

—J'L,w] = (Lp)? + |VY* + 1720, (%w) Y —r720, (%wa2> + Err,
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where

Err < (1+7r) Ly
Furthermore, provided €p, is sufficiently small, then
2
r 14 r) T =20, (Ew) V2.
Proof. From Lemma 2.2.6, for any X and w,
1
JHX, w] = 29" 05 XV 0,0) — XFOMpONY + wipgh O — 51#29“(%10-

Therefore,

—J'[L] = 20, Lap + 0™pOxep
= 2000 + 0,0) + [ ()" + (0,0)* + V0[]
= (0)? + 20000, + (9,)* + V9|
= (LY)* + [Vl

and

—J'0, w] = wydnp
= wy Ly — wip0,1
= wp L) — r20, (§w¢2) + 7720, (Z—Qw) 2.

Adding both of these together, we conclude
2 2
— ] = @0+ (T =0, (v ) 420, () o+ wets,

from which the first part of the lemma follows.
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28, (%2100) — 25, (27~4 + 123 + 12r2)

(1+7)3
o (873 4+ 3617 + 247) (1 4+ 1) — 3(2r* + 1213 + 1272)
=r
(1+r)
B 2rt 4+ 83 4 2472 4 24r
N r2(1+4r)* ’
SO
2
r 1+ r) " a0, (Ewo) .
Also,

2
20, (G141 ) = L1+~ dea (14 1) % 14

It follows that if €y, is sufficiently small, then

2
r (1 +r) Y =20, <%w) U

Now, we prove a lemma that estimates the remaining boundary terms.

Lemma 3.3.6.
[J'[Xo+ 0 — LI £ (1 +7)7* [(0))* + (0:)7] .
Proof. Note that Xy + d; — L = (1 + r)720,. From Definition 2.2.4, for any X,

JHX] = 2g" 0 XY O,0h — XFOMpOND.
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So
JNL+7)720,] = =2(1 4 r) 20000,

whence

[T +7)720,]] S (L+ )2 [(0)* + (0:0)7] .

Corollary 3.3.7. If €5, is sufficiently small, then

(L4770 + (L+ 1) (0)* + (1 +r) YU + r (1 +7) %y

< divd[Xo + O, wo + €9,wp,]-
and

/_Jt[X"*at’wO“atwat]%/ (L) + [V + 7 (14 1) 7% + Er,
3t o
where
Err = / (L+ 7)WLy + (L +7) 7 [(0)* + (9:4)7] -
it

Proof. Note that divJ[0;] = 0, so the first estimate reduces to Corollary 3.3.4. The

second estimate follows from Lemmas 3.3.5 and 3.3.6 and the fact that

1 r?
——0, | =wy?) =0,
o ()
because it is an integral of a total derivative of a quantity that vanishes at both

ends. u
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3.3.5 The Morawetz estimate

Finally, we conclude with the second version of the Morawetz estimate, which will be

used later in this chapter.

Theorem 3.3.8. (Morawetz estimate in Minkowski (version II))

/E (L) + W6 + (14 ) L2

[ ] @0+ (1 0@ () VP T (L)

S [ @+ WP+ 1) B,
S,
where

Err=FErr; + Erry + Errg

Erry = /E (1+r) Lyl

to

Brry = / (1+7)2 [(0,0)% + (0))?]

to

t2
Brro= [ [ 12X() + w0l
t1 3t
Proof. Apply Proposition 2.2.1 to the current
J[Xo + COy, wy + €5,we,]

and invoke Corollary 3.3.7. m

62



3.4 The r? estimate

3.4.1 The approach of [DR10]

The rP estimate is most simply presented using the approach of Dafermos and Rodni-
anski. [DR10] To provide context, we discuss this approach first in its simplest form.
The reader should keep in mind that no notation defined here extends to
the rest of this thesis.

We fix a constant vy and pick an incoming cone C, = {t +r = vo}. We define a
foliation of outgoing cones Cy, = {t —r =u} N {t +r > vo}. We require that u < vy
so that C, extends from C, . We also define a spacetime domain D}? = Uyefuy u] Cu-
Finally, we define I}? to be the portion of future null infinity that borders D;? in a

compactified Penrose diagram.

Proposition 3.4.1. If Oy = 0, then

| ey [ vl

u9g ’u.

#f [ ot @ piver]

-/ ) IR A

Coy
Remark 3.4.2. Due to the factors p and 2 — p showing up in the bulk integral,
this identity is only useful if both 0 < p and 0 < 2 — p, equivalently, 0 < p < 2.
If we wish to have control of both (L) + r~'4)? and |V|?, then we actually need

0 < p < 2. Finally, if we want uniform control, then we must choose two small

constants 0_, 0, > 0 and require that 6_ <p <2 —4,.
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Proof. We start by defining a new coordinate system

u=t—r

v=t+r.

One can check that

1
0, = 5(0 —a,)

1
811 = é(at + ar)

and

2
V—g= %dwdvdu.
Note that if ¥ = rv, and Oy9 = 0, then

0=—0;V + 92V + AT

= —0,0,¥V + AVU.
So
0= // 81720,V [~0,0,V + AT].
D2

From this fact, we prove the proposition by integrating by parts. While integrating
by parts, we include the part of the volume form depending on r explicitly to simplify

the calculation.
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On one hand,

// 8rp28v\11(—26’uﬁv\11):/ / /—2rp28v‘118u6v\11r2dwdvdu
D2 up Jvg JS2

_ / / / P 0,((0,9)?) dwdudu

up Jvg JS2
_ / / (0, 0) dewdy
V0 S2 u1
—i—/ / /prp_l(ﬁur)(av\lf)2dwdvdu
up Juvg JS2?

— / 2rP=%(9,V)? — / 2rP7%(9,0)? + / —2prP73 (0, W),
Cuy C

u2
ug Dul

On the other hand, using the notation € = r¥ and observing that [Q2, 9,] = 0,

uo 00
// 8Tp_28v\I/A¢:/ / / 2rP~20, W AVUridwdvdu
DZ% u1 v S2
uo 00
:/ / / 2rP=20, Q) - QUdwdvdu
u1 Vg S2
uo 00
= —/ / / 2rP29,Q0 - QUdwdvdu
ul Vg S2
uo 00
- —/ / / P20, |V | dwdvdu
ul Vg S2
— / / 2OV 2 dwdu
up JS2 vo

ug 0o
+/ / / (p— Q)Tp_3(3v7”)|Q\If|2dwdvdu
ul 0 S2
:/ 27’p_2|y\11|2 _/ 27=P—2|V\Ij|2 +/ 2<p_ 2)7,p—3|y‘11|2‘
C TY2 U2

~vg uy Du1

Combining both calculations, we obtain

0:/0 2rp2(avxp)2—/c

uy ug

s [ angup - [ rrgups [ oo - 2w
C u2 D/U/2

~vg uq uy

27"p2(8v\1/)2+// —2prp’3(6v\11)2
D2
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or equivalently,

J

U2

P20, 0)? + /

u

Iy

Y[R / / PP 3@, 0) + (2 — p)r? TP
H Dy?

:/ rp_2(5v11')2+/ A Iel
Cuy c

g

Finally, observe that 9,¥ = %L(Tl/J) = 5(Ly + r~11), so

Tp
(L —1 2 P 2
/C L+ 1/1)+/u27’|y¢|

u9 Iul

-/ /D L B+ 2 - p) ol

I “1,\2 P12
= [ Fuerers [ e

0

3.4.2 The pre-r’ identity

We derive the following identity, which will be used for the proof of Proposition 3.4.8.

Lemma 3.4.3. For any function f = f(r), the following identity holds.

/E [F(L+ ) 4 FITUP + e 0 — 20,2 )]
s [<2r—1f T ) R R T
- /Z [V + F(Lip + 7 0) + et f0? — 1720, (2 f?)]

+/: /E —(2f Ly + 2r~ L f4) Dy,
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Proof. We will use Proposition 2.2.1 together with the following current template.
1
JIX, w,ml, =T X" + wipdap — §w28uw + my?,

Ty = 20,400,0) — g, 00N
Assume for now that Oy = 0.

Lemma 3.4.4.

divJ[fL] = f'(L)? = 2r7 f ((00)% — (8:0)?) — f/| V.

Proof. Note that

divJ[X] = K" 0,00,

where

KM = 2g" 0, XY — X 0 (g") — divX g™ .

Set X = fL = f(0, + 0;). From the above formula,
K™ 4+ K™ = 290, X" = 2f"
Thus, the expression for divJ[f L] will have a mixed term of the form
20,400y,

Note that

FI(L)* = f'(On) + Orp)?
= F1(0r0)* + 21 0,000 + (0",
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We now compute the (9,1)? and (9;1))* components, subtracting the part that will

be grouped with the (L1)? term.

KTT’ - f/ = |:2grrarXT - XTaTgTT - T_2a7”(r2Xr)grr:| - f/
= 20,f — 1720, (r*f) — f'

=2 1f

and
Ktt o f/ — [_Xrargtt . 7"7287-(7“2)(7“)9”] o f/
= 20,7 f) — f'
=2rf.
Finally,

K = -X"0,4*" —r%0, (r’X") ¢**
= —r 20, (TZgQBXT)
=0, )
=1y,
(We used in the last line that 0,(r?¢™”) = 0.) Combining all these terms gives the

identity stated in the lemma. O]

Next, we choose w = 2r~! f to directly cancel the middle term in the above lemma.

Lemma 3.4.5.

Aind (L2 f] = FL0) + (2 = PP — 0,2 o
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Proof. Note that

1
divJ[0, w] = wg"” 0,0, — §Dgwwz.
We compute the new terms only.

4] [0, ) = 27 fg* 0,00 — 50, (207 ) 02

= 2 (@) — ()?) + 2 199l - 50, (2 ) 47,

When adding these terms to the expression in Lemma 3.4.4, the (9,¢)? — (9;1)?
terms cancel (this was the reason for the choice of w = 2r=!f) and the result is as

desired. ]

Note that

~50u(2r ) = =5 0.0%0, ()

2
=r0,(f =rf")
= 2(f = f = rf")
— —’I"_lf”.

Later, when f ~ rP, this will have a sign —p(p — 1). The sign will be negative if
p > 1, which is bad. So we include a divergence term to fix it. (But in doing so, we
almost lose some other good terms-this is why we need a small parameter €.) This is

the point of the following lemma.

Lemma 3.4.6.

P ~ 58,(2r ™ P + (1= dinw?r L)
2
= (Lo T50) e - ar -
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Proof. We just recently determined that
5 T2 ) =
5 g\ar = —T .
We also calculate

div (Y*r~ ' f'L) = r~20, (V*rf'L%)
= 2Ly + 20 (r )y
= 2L+ T YR

The first two terms in the last line complete a square with the term f/(Ly))?. The
third term cancels with the first term from the previous calculation. However, it will
be beneficial to introduce the factor 1 — € that appears in the lemma, so that a good

term appears with an e factor. This is summarized by the following two calculations.

FL)? + (1 =€) (r ' 20 L + 172 f'¢?)
1—c¢

2
_f (Lw w) (L= I 4 (L= Ry

1—c¢
r

_f (L¢+ w) el — r2

and

_r—lf//w2 + (1 _ 6),{,—1f//w2 — —ET_lwaZ.

Adding these terms together yields

Pz tt0) e ar -t
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Thus, we have shown that if Oy = 0, then

divJ[fL,2r ' f, (1 — e)r ' f'L]

1—c¢

2
o) - ar )

=@ = e+ f (Lo
If we remove the assumption Oy = 0, there is an additional term
(2X(¥) +wy)Bgtp = (2f Ly + 20~ fp) D0

Finally, we turn to the boundary terms.

Lemma 3.4.7.

—JfL2r 7 (1 —e)r fL]

= fIVYP + f(Ly + 17 ') + e fy? — 1720, (r fy?)
Proof. We have

—JUfL) = —20") fLap 4 fL'0MpONt)
= —=2f¢" 0Ly + f (9" (0)* + ¢ (0:90)* + [VY[?)
= —fg"(0i0)* = 2f " OO + fg" (D) + FIVYI?
= [(0)? + 2f 00, + [(O,0)° + fIV [
= f(Lv)* + fIVol.
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Also,

~Jlyy [0.207 1] = —2r7 1 fp0'y
= —2r" fg"on)
= 2r L o
= 27! fpLap — 20 f0,p
= 27 fpLy — 120, (r fU?) + (r72f T
= (2 UL + 2 fUR) T R — 20, ).

Now, observe that

FL0)? 4 20 L fLap + 772 f40% = f (Lo + 7).

Thus,
—J [FL27 ] = (L 7)Y+ R = 20, (rfy?).
Also,
—J[0,0,(L—€e)r ' f'L] = -1 —e)r ' fY’L = —(1 — e)r ™ fly7.
Adding these two expressions together yields the result. O
This completes the proof of Lemma 3.4.3. n

3.4.3 The incomplete r” estimate near 7"

Now we use Lemma 3.4.3 and make a particular choice for f (so that f = r? for large

) to prove the following proposition.
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Proposition 3.4.8. Fiz 0_,0,. > 0. Let R be a large radius. Then for all p €

[0-,2 =64, the following estimate holds if ¢ decays sufficiently fast as r — oo.

/ (L) + (WP + 2]
X, N{r>2R}

to
p—1 2 2 —2 2
* /tl /Ztﬂ{r>2R} : |:<L¢) * |V¢| T w }

S I 0 R R
Ztlﬂ{T‘>2R}

where

Err = Err; + Errg

Erry — / (L) + [V + 0
iN{R<r<2R}

to
Bro= [ [ (Lol 4 iogl
t1 StN{R<r}

Proof. The estimate follows from the identity given in Lemma 3.4.3 and a particular

choice for the function f.

fr)=p",
where
0 r<R
p =19 smooth,p' >0 r € [R,2R)]
r 2R <.
With this choice, we have
f=0
=0
and for r > 2R,
f=r



fr=pr

Furthermore, for r > 2R,

It follows that if p < 2 —§,, then for r > 2R,

Pt <o —

Also, for r > 2R,

c(L=e)f —rf") =e((1—=e)pr’ ' —plp— 1" ") =ep(2 — e — p)r*~ .

Ifo_ <p<2-—0, and € < 6, /2, then

e’ Se((L—e)f —rf").

Finally, we observe that if ¢) vanishes sufficiently fast as » — oo, then

/ —r20.(rfy?) = 0.
¢

With these facts having been established, it is straightforward to check that the

estimate follows from Lemma 3.4.3.

3.4.4 The r? estimate

O

We conclude this section by proving the P estimate. This is a combination of the

ho; estimate (Proposition 3.1.5), the Morawetz estimate (Theorem 3.3.8), and the

incomplete r” estimate near i° (Proposition 3.4.8).
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Proposition 3.4.9. Fiz §_,0, > 0 and let p € [6_,2 — 64]. Then if ¥ decays

sufficiently fast as r — oo, the following estimate holds.

/E (L4 0 [T + [P0+ (L4 r) % 4 (14 1) 2(0,0)?]

ta

+ /t | /E (L4 )P () + [V + 7 (1 + )7 + (14 7)2(0,)]

S/E (147 (L) + [V +r 1+ 7) 7% + (14 7)2(04)%] + Erro,

t

where

to
Brre = / [ lex )+ we)ng

and the vectorfield X and function w satisfy the following properties.
o X is everywhere timelike, but asymptotically null at the rate X = O(rP)L +
O(?‘p_2)8t.

o w=O0(r"1) for large r.

Proof. We start with the Morawetz estimate (Theorem 3.3.8) and add a small con-
stant times the incomplete r? estimates (Proposition 3.4.8). The small constant can
be chosen so that the bulk error term E7rr; from Proposition 3.4.8 can be absorbed

into the bulk in the Morawetz estimate. The result is the following estimate.

/2 (477 (L) + [V +r A +r) 7% + (1 +7)72(00)°

i

+/t1 /Zt(lw)“ (L) + Vo2 + 7 (14 7) 2]+ (14+7) " (0,4)?

S /Z (L+ )P [(LY)? + |V +r (1 + 7)) + (1 +7)72(00) + B’

t1

5



where

Err’ = Errl + Erry + Errg

Err} :/z (14 7)Y Lyl

]

Errl, = /z (147)72 [(3r¢)2 + ((915?/1)2}

to
Brro :/ / (14 r)P(| L] + 7 ]) | Og0|
t1 StN{R<r}

n / X W) + w0,
t1 P

and X’ and w’ are the vectorfield and function defined in the Morawetz estimate
(Theorem 3.3.8).

The error term Err} can in fact be removed due to the following argument.

Err'l,S/ e(1+ )P (L) + e M1 +r)P(1 +r) %)?
D)

to
SJ/
b

The radius R, should be chosen sufficiently large so that e *(1 4+ 7)™ < ¢(1 + r)P

€1+ rPI(L) + (14 ) 2] + / .

to ZtQQ{TSRe}

whenever r > R.. This critically depends on the fact that p > 6_ > 0. Now, the
parameter € can be taken sufficiently small so as to absorb the first two terms into
the left side of the main estimate and the last two terms can be included with the
term Err, after applying a Hardy estimate.

We return to the main estimate. Notice that most terms have improved weights
near i° and a few error terms remain on Y;,. The next step is to use the hd; estimate

(Proposition 3.1.5) to eliminate these error terms and improve the weights near ° for
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the remaining 0,1 terms. The result is the following estimate.

/E (L4 ) [T+ PO 4 (L4 ) 4 (14 1) 2(0,0)7]

t2

—i—/tl /Et(l—l—T)P [(LKD) + VI +r (14 r) Y 4 c(1 4+ 1) =(0%) }

S /Z (147 [(L)? + [V +r (1 +7) 2 + (1 + )2 (0,0)?] + Err”,

31

where

Err" = Err! + Erry,

to
Err] = / / e(1 4+ 7)1 (La)?
t1 Sin{R<r}

to
Errl] / / (L4 PP L]+ (1) )T,
t1 Sin{R<r}

n / [ exw) + wu)nl+ / / Clt ey oo,

By taking € sufficiently small, since p > 0, the error term Err{ can be absorbed into
the left side.

The resulting vectorfield X and function w can be understood by combining the
vectorfields and scalar functions used to construct the three estimates that were used

in this proof. [

3.5 Aside: Special estimates in Minkowski space

The rP estimate was quite complicated to construct. In Minkowski space, there are
other special estimates that give similar information and can be constructed using
comparatively simple vectorfield multipliers. In this standalone section we derive two
estimates, which we call “p = 1 type” and “p = 2 type,” because they have similar

asymptotic behavior to the r” estimate with p = 1 and p = 2 respectively. (In a way,
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the energy estimate itself could be considered as a special “p = 0 type” estimate,
thus completing the full range from p = 0 to p = 2.) Both of the estimates presented
in this section are based on conformal vectorfields in Minkowski space, so they do
not generalize as well to black hole spacetimes. (However, that does not mean they
cannot be generalized at all-for example, see [Luk10].)

This is a standalone section. The results established in this section will not be

used later.

3.5.1 A p=1 type estimate

The p = 1 type estimate is based on the scaling vectorfield S defined in the following

lemma.

Lemma 3.5.1. The scaling vectorfield

S = Tar + t@t

1s a conformal Killing vectorfield. More precisely,

‘CSg,uV = 29uu-

Proof. From equation (2.5),
,ng,“, = QV(MSV).

It suffices to show that

IVIHGY) = 9gH.

From Lemma 2.2.6,

IVHSY) = ghA 9, SY + ¢"*0\S* — S DL .
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Observe that
0" = 0,(rrg") = () = g,

while the remaining metric components are constant with respect to r, and all metric

components are constant with respect to t. Thus,

2
— PG = —STD,g" = —r (—;W) — 2gH.

Observe also that 0,5 = 1 and 0,S! = 1, while all other components of 9,S* are

zero. Thus,

2V IHGY) = 9gH.

Lemma 3.5.2. If O,¢) = 0, then the momentum J[S,2] satisfies

—J'[S, 2] = r(Lp+r7 1) + (t—7) [(0)” + (0:0)°] + 4|V + 171" —r 720, (r*)?).

and

divJ[S,2] = 0.
This is useful if r < t.
Proof. The fact that

divJ[S,2] =0

follows immediately from Lemma 3.5.1 and Corollary 2.2.12, since Minkowski space
is Ricci flat.

Now, we compute —J'[S, 2]. Recall that

JHLX, w] = 20" X (1) — XPOMpONY + wipdPrp — %1&28’%0.
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Thus,

—J'S,2] = —2¢" 0 S(¥) + S O oY — 29" pOyp
= 2t(9))? + 2rd b + t [—(04)* + (D,0) + |V|?] + 209
= t(0)* + 2r0 0, + t(0,0)? + VY| + 2000
= r(LY)* + (t = 1) [(0) + (8,9)°] + t|VY* + 20 Lip — 200,
= (LY + 1719 + (t = 1) [(0) + (0:9)°] + IV —r7'% — 2009
= (L + 17 + (= 7) [(040)? + (0:0)] +H|[VoP +r71? —r720,(r*)?).
0

Due to the term with the factor ¢ —r in the above lemma (which has to do with the
fact that S is spacelike for r > t) it is necessary to transition to a different vectorfield.

We will use the vectorfield rL instead of S for r > ¢, noting that S = rL when r = ¢.

Lemma 3.5.3. If O,¢ = 0, then the momentum J|rL,2| satisfies

—J'[rL, 2] = (L +r ) + 7| VO +r 7 —r 720, (r*)?)

and

divJ[rL,2] = (Ly)? + |V

Proof. Note that since rL = S + (r — t)0;,

J[rL,2) = J[S,2] + (r — t)J[3,, 0.

Thus, the formula for —J![rL, 2] follows from Lemma 3.5.2 and the fact that

—J'0,, 01 = (0)? + (0,9)* + | Vo
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By the same argument, since divJ[S, 2] = 0, we have
divJ[rL,2| = divJ[(r —t)0;,0].
Let X = (r — t)0;. By Lemma 2.2.6,
divJ[X,0] = K*0,40,1,
where

K" = g" o, X" + g0\ XH — X 0y g™ — divX g™

= " ON(r — )87 + g7 ON(r — )8} + g
By inspecting each case for p and v, we conclude that

divJ[(r — t)0;, 0] = 2(9pp)? + 2000, + [—(0))* + (8:0)* + |V ]
= (LY)* + |Vl

As a consequence of Lemma 3.5.3 only, we have the following identity.

Proposition 3.5.4. If Oy = 0 and ¢ decays sufficiently fast as r — oo, then

/E P (L + 1) 4 [T + 2]

tQ n / [ wor s ivor

- / P (L + R 4 WP 2]
Sy

Proof. This follows by applying Proposition 2.2.1 to the current J[rL, 2] and observing

81



Lemma 3.5.3 and the fact that

/ —7”72&(7”2?/12) = 07
P

since it is the integral of a total divergence term. O]

As a consequence of both Lemma 3.5.2 and Lemma 3.5.3, we have the following

identity and inequality.

Proposition 3.5.5. If Oy¢ = 0 and ¢ decays sufficiently fast as r — oo, then

/ (I + ) 4 (¢ — 1) [(O) + (0] + HITP + 2
Sen{r<t}

n / LY+ ) 4 TP 4
Sen{r>t}

" /ot /ZTQ{DT}(W + [yl

= [ @R g
Yo
In particular,
[ =0 0wy + @] + 7P
Sen{r<t}
<t! / r (LY + )2+ (VPP + %7
o
Proof. The identity follows by applying Proposition 2.2.1 to the current J[ X, 2], where

S r<t
X =

rL t<r,

and observing Lemma 3.5.2 in the region {r < ¢}, Lemma 3.5.3 in the region {t < r},
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and the fact that

/ —r729,(r*y?) = 0,
p3M

since it is the integral of a total divergence term.

In particular, the identity implies

/E o 0w+ 0]+ TP

< [ Lo R VR 4]
o

Dividing by t yields the inequality stated in the proposition. O]

3.5.2 A p=2 type estimate

The p = 2 type estimate is based on the vectorfield Ky defined in the following lemma.

Lemma 3.5.6. The vectorfield
Ko = (t* +1%)0, + 2tro,
is a conformal Killing vectorfield. More precisely,
Lo G = 4Gy
Proof. From equation (2.5),
LxoGuw = 2V (Ko,
It suffices to show that

VK = dtgh” .
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From Lemma 2.2.6,
IV = g OnKy” + ¢ OnKo" — Ko OrgH .
Since 0;¢g"" = 0, recalling the proof of Lemma 3.5.1,
— K Ohg" = 2t(=S 0\g"") = 4tg".
Now, observe that

gtkﬁ,\Kot = gttat(tQ + 7"2) = -2t
grOKy = g o (2tr) = —2r
gr/\a)\K()t — grrar(tQ + 7’2) — 9

g ONK" = gm0, (2tr) = 2t.
At this point, it easy to verify (by checking each component) that

VK = dtgh” .

Lemma 3.5.7. If O, = 0, then the momentum J[K,,4t] satisfies

= J[Ko, 4] = (& + )Wyl + % (t+r)* (Lo + ') + %(t =) (L =)

— 720, (r(* + 1r*)y?)

and

divJ[Ky, 4t] = 0.
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Proof. The fact that

divJ[Ko, 4t) =0

follows immediately from Lemma 3.5.6 and Corollary 2.2.12, since Minkowski space
is Ricci flat.

Now, we compute —J'[Ky, 4t]. Recall that
JHX, w] = 20" X (1) — X" 0MpONtp 4 wipOFeh — 1/128“10
Thus,

—J' Ko, 4t] = —2¢" 00 Ko (V) + Ko'0™posh — 4tg™poyp + %1/)29”875(415)
=2(t* + 1) (0)? + 4tropp0,ah + (£ + 1r*)0 MOy + 4tpdyh — 2¢°
= (t* +1%) [(0)" + (0:9) + VY] + 4trO 0 + Ao — 20
=+ r)VY* + (¢ =) [(0)" + (0,0)°] + 2tr(Le))?
+ Atpdyp — 20,

Now, observe that

2tr(La))? + 4tpoph — 20*
= 2tr(Lap)? + dtp Lap — 4t0p0,) — 200
= 2tr(Lyp +r 1) — 2tr M — 4tpd,ap — 20p°
= 2tr(Ly 4 r'p)? — 2r 720, (r*t)?) + 2tr~ep — 2¢°

= 24r(Ly + ) — 270,02 + 2,
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SO

— J'[Ko, 4t] = (82 4+ 7°) |V + (t — r)* [(00)? + (0,)?] + 2tr(Lep + 17 4p)?

A 2r 20, (r*t?).

Furthermore,

Lyt = 0, (- ) + o

:—wﬁa(@—m%w%+«r—w%@w+r4w-—@—m%awﬂ

, (=rP eyt

SO

— J'[Ko, 4t] = (+ 1) W02+ (¢ =) [(00)° + (00 + 17 19)?] 4 2tr (L +17 1)
= 20720, (r? %) — 720, ((t = r)*ry?) .

Finally, since

(£ =12 [(0)” + (Ot + 17 9)°] + 280 (Lip + 7' 9)?
= L2 (L )+ (L — )]+ 2L+ )2

2
(- (L — )

= S L)

5

and

—2r 20, (r* ) — r 20, ((t — r)’rp?) = —r 20, (r(t* + r*)?),
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we conclude that

— J'[EKo, 4t] = (8 + %) VY[ + %@ + )2 (L + )2 + %(t — )2 (Ly — 1)’

— 120, + 1)),

]

As a consequence of Lemma 3.5.7, we have the following identity and inequality.

Proposition 3.5.8. If Oy = 0 and ¢ decays sufficiently fast as r — oo, then

[ @ DIROR 4 S L (= L -
%

to

= [ @ ITP 4P+ 4 = P — P
%

t

In particular,

VO 4 (L4 )
. 5

<72 [ PVOP 4 Gl S — )
Yo

Proof. The identity follows by applying Proposition 2.2.1 to the current J[Kj, 4¢] and

observing Lemma 3.5.7 and the fact that

/ —r20,(r(t* + ) = 0,
3¢

since it is the integral of a total divergence term.
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In particular, the identity implies

[ 1wl + G2 ey
3¢

= [ RIS =
o

Dividing by #? yields the inequality stated in the proposition. O

3.6 The dynamic estimates

In this section, we prove the dynamic estimates, which provide all of the necessary
information related to the future dynamics of the wavefunction 1. These estimates
are simply restatements of the energy estimate (Proposition 3.1.3) and the r? estimate
(Proposition 3.4.9) applied to either ¢ itself or a wavefunction ¢* derived from 1.

The dynamic estimates take the form

E(ts) < E(t) + /t2 N(#)dt

B+ [ B0 S B+ [ N,

t1
where p ranges from §_ to 2 — §, for arbitrarily small §_,d, > 0. The norm FE(t) is
the energy norm and the norm E,(t) is the ? weighted energy norm with a weight
of r? near i°. The norm B,(t) is equivalent to E,_;(¢) in Minkowski space, but in the
remaining problems that involve black holes, the norm B,(t) will have a degeneracy
at the photon sphere. The norm B,(t) has a weight of 77~ near i°. The norms N (¢)
and N,(t) are both nonlinear error norms which can be ignored in the linear problem.
The estimates are put in this form for the convenience of the reader, who is strongly

encouraged to have this form memorized.
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3.6.1 The dynamic estimates for ¢ (s = 0)

We begin with the dynamic estimates for the wavefunction 1 only.

Proposition 3.6.1. Fiz §_,0, >0 and let p € [6_,2 — §,]. Then

Bl S B+ [ N

E,(t) + / " Bt < By (h) + / "N,

t1

where

B)= [ @) + @) + 0P
Ey(t) = /zt(l +1)P (L) + [V +r (L4 7) 7% + (14 7) 2(000)7]
By(t) = /Et<1 + )P [(LY)? + WO+ e (1) T 4 (L4 7)72(0)7]
N(t) = g |00 g1,
Np(t) = /Zt<1 +r)P(ILe] + (1 +7) 7]+ (1 +7) 70| Dy,

Proof. The first estimate is a restatement of the energy estimate (Proposition 3.1.3)

and the second is a restatement of the r? estimate (Proposition 3.4.9). O

We note that one of the estimates can be simplified slightly by absorbing part of

the nonlinear norm N,(t) into the bulk B,(t) on the left side.

Corollary 3.6.2. Fiz §_,6, >0 and let p € [6_,2 — 64]. Then

E(ts) < E(t) + /t2 N(#)dt

By (ts) + / " Bt < B (1) + / "N,

t1
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where E(t), Ey(t), and B,(t) are as defined in Proposition 3.6.1 and
N(t) = (E®)"2I0g0]| 2,

N, (f) = /E (1 +r)PH (0,02

Proof. The first estimate is due to Proposition 3.6.1 and the fact that

/E 10088 S (1012501 Dg L2z S (BEDY1068] 25 -

We turn to the second estimate.

According to Proposition 3.6.1, there is a constant C' such that

to to
E,(t2) + / B,(1)dt < CE,(t)) + C / N (#)dt,
t1

t1

where
N,(t) = /E (L + )P L] + (L +7) 7ol 4+ (1 +7) 7% |0])|Oge].
Now,
N, (t)
< 6/2 (1+ )P (L) 4+ (1 +7) 2 + (1 +7)"4(0p)?) + e /Z (1 + )P (O,0)?
< €B,(t) + € LN (1),
Thus,

E,(t2) + (1 — Ce) / ; B,(t)dt < CE,(t;) + Ce™! / . N, (t)dt.

t1
It suffices to choose € = (2C')~*. This process is called absorbing the term e fttf B,(t)dt

into the left side. n
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3.6.2 Commutators with O,

Minkowski space has many symmetries. [Kla87] These symmetries are generated by

the translations

Tp, == au = {8x78y7827at}7

the rotations about each axis

Qi = 2'0; — 270; = {Q,, Qy,, .1,

and the Lorentz boosts

Loi = t0; + 20, = { Ly, L, L.},

which correspond to rotations involving one spatial dimension and the time dimension.
These symmetry operators are useful, because they commute with the wave operator
0y, so, for example, the dynamics of ¢ will be similar to the dynamics of €2,).

In addition, there are also the conformal transformations, which are generated by
the vectorfields

S = a0,

and

KH = —2£EMS + SASA@“

of which S and K, were used as multipliers in §3.5. These operators can also be used
as commutators, but they will not be used in this thesis.

Most of the above symmetries do not generalize well to the black hole spacetimes
in later chapters, with the exceptions being the time translation symmetry d; and (in
varying senses) the rotation symmetries €. For this reason, we will try to only use

these symmetries going forward. However, due to a slight complication near r = 0,
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we will also use the spatial translations. These will not be necessary in black hole

spacetimes, because the exteriors of such spacetimes have no center.

Definition 3.6.3. Denote by I' any of the following operators.

T e {0, 0, Qy, QYU {0,,0,,0.}

(The union is to emphasize that the spatial translation operators should be considered
less important as they will not be used in black hole spacetimes.) Furthermore, denote

by I'* any composition of s of these operators.

We also define the s-order wavefunctions derived from the wavefunction ¢ by

applying symmetry operators.

Definition 3.6.4.
=T

As previously discussed, these generalized wavefunctions behave very similarly to

1. This is the statement of the following lemma.

Lemma 3.6.5. If O, = 0, then

More generally,

O,0° =T*(0y0).

Proof. We only prove the general case.

Oy = Oy = T(Fg1p) + [, It = T°(Tg1)).
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3.6.3 Higher order dynamic estimates

Now we can write the dynamic estimates in their most general form.

Proposition 3.6.6. Fiz 0_,0, > 0. The following estimates hold forp € [0_,2—4d.].

E(ts) < E* (1) + /tQ N (8 dt

to to
@@H/wﬁ@ﬁgﬁmﬂfmmww
t1

t1

where

= Elt)

s'<s

)= E]t)

s'<s

t)= B[] (t)

s'<s

N*(t) = (B*(t)* 11T (Og0)lr2(s,)

s'<s

Z/E (1 (T (O

s'<s

and the norms E(t), E,(t), B,(t), are as defined in Proposition 3.6.1.

Proof. The proof is a direct application of Corollary 3.6.2 by making the substitutions

Y= y°

for all values of s’ (and all commutators represented by I'*') where s’ < s and observing

Lemma 3.6.5. O
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3.7 The L estimates

In this section, we prove L estimates for certain derivatives of v that will appear
in the nonlinear terms belonging to I'*(00,) when the equation for O, is used. We
begin with Lemma 3.7.1, which estimates an arbitrary function in L>(3; N {r > ro})
away from the center {r = 0}. This lemma will be generalized to the remaining
problems of this thesis. For this problem only, we also need to prove Lemma 3.7.2,
which estimates an arbitrary function in L>(3; N {r < r}) near the center {r = 0}.
These two lemmas are combined in Proposition 3.7.3.

In §3.7.2, Proposition 3.7.3 is then repeatedly applied to single derivatives of *,
resulting in Sobolev norms that can be estimated by the energy norms. (See Lemmas
3.7.4-3.7.7.) These estimates are all summarized at the end in Proposition 3.7.9.

It is important to pay special attention to the r weights in the lemmas that
follow. In the main theorem (Theorem 3.9.4), we will see that the weighted energy
norms E5(t) behave like t7~2+%+ for late times and that the energy £*(t) will remaind
bounded in time. In this section, we will see that multiplying a derivative of ¥* by
r changes which energy norm can be used to estimate the Sobolev norm provided by
Proposition 3.7.3. Some derivatives of ¢* can have more r factors than others. (See
Definition 3.7.8.) These derivatives will eventually be shown to decay better in time.

(See the statement of Theorem 3.9.4.)

3.7.1 A Sobolev-type estimate

First, we prove the following lemma, which is a Sobolev-type estimate.

Lemma 3.7.1. If u decays sufficiently fast as r — oo, then

il S [ @05 + (@)

Ztﬂ{rZro}

Proof. For a fixed r, denote by @ : S?(1) — R the pullback of the function u : S*(r) —
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R via the canonical map from S?(1) to S?(r). Also, denote by dw the measure on

S%(1). Then

il = Nl S [ P <aPdo= [ P
52(1) 52(1)

:/ (Q=2u)?dw = 7"_2/ (Q=2u)*r?dw.
52(r) §%(r)

Now, set f(r fs2 (Q2=2u)?dw. Note that

POl [ 00t s [ 0050+ @l

< / r’2[(8TQ§2u)2 + (QQu)z]Tde.
S2(r)

Then, assuming lim,. ., f(r) =0,

u(ro) S F(ro) S / Pldr < / /S 0,05+ (@) s

~ / P 2(0,052u)? + (Q52u).
Sin{r>ro}

]

Unlike in black hole exterior spacetimes, the Minkowski spacetime has a center
{r = 0}. The previous lemma requires strong weights near r = 0, so we also use
the classic Sobolev-type estimate, which uses only spatial translation operators. This

strategy is only used in this chapter.

Lemma 3.7.2.

<2
] B st <rapy < / (05%u)?.
Etﬁ{T<27‘0}

Proof. Let x be a smooth cutoff function such that y = 1 for r < rg and y = 0 for

95



r > 2rg. Then

||uH%°°(Etﬂ{r<ro}) < HXU’H%‘X’(Etﬂ{r<2r0}) S /z <2 }(3; (XU))2 S /Z <2 }(aEZU)Q-
t T T0 t ' T0

O
Combining both of these lemmas, we have an estimate with better weights.

Proposition 3.7.3. If u decays sufficiently fast as r — oo, then

[l By < / (14 7)7 [(0.T=%0)* + (D<%u)?]

Proof. We have

||U||%oo(zt) < ||u||%°°(2tﬂ{r>1}) + ||u||%°°(2tﬂ{r<1})’

We estimate the first term on the right side using Lemma 3.7.1 and the second term
using Lemma 3.7.2.

From Lemma 3.7.1, taking rqo = 1, we have

ullFoe (simgrs1y) S / r2 [(0,T%%u)? + (D=%u)?]
Sin{r>1}

< /2 (1 47)72 [(0,T=%u)* + (I=*u)?] .

From Lemma 3.7.2, taking ro = 1, we have

] By < / (F<2)? < / (14 1) (=)
t

Etﬁ{r<2}
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3.7.2 Estimating derivatives using the Sobolev-type estimate

Now we repeatedly apply Proposition 3.7.3 to estimate various derivatives of v with
r weights. We will assume that v decays sufficiently fast as r — oo.

The following lemma estimates ¢ and the higher order analogues °.

Lemma 3.7.4.

[Pyt S Bt ()
97 < BT (D).

Proof. First, we apply Proposition 3.7.3 with u = rP?.

P [ () [T + ()]
pa
S / (1 =+ T)2p72 [(aTFS2wS)2 + (F§2¢5)2]
3t
< B5(0).
This verifies the first estimate. The second estimate follows from the exact same
argument in the special case p = 0, and using E**2(t) instead of E5™>(t). O
The following lemma estimates 9y) and the higher order analogues 0;1)°.
Lemma 3.7.5.
PO < B (1)

[roa [ S BT (1)

Proof. The first estimate reduces to Lemma 3.7.4 by observing that dy* = ¢*T!. We

now prove the second estimate.
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First, we apply Proposition 3.7.3 with u = rd,)°.

0 S [ (1) @I 000) + (000

3t

5/2 [(ar¢s+3)2+(at,¢s+2)2}

S Es+3 (t)

The point is that 0,1° can either be treated as ¥**! or as a derivative of 1*. In the

latter case, the energy norm E*(t) has stronger control, because ||8t@/15||%2(2t) < E5(t),

while ||r_11/)8+1\|%2(2t) < EsTL(t). O
The following lemma estimates ¥ and the higher order analogues ¥1°.

Lemma 3.7.6.
PPy ? S B ()

2p
PP S BT ()

Proof. This lemma reduces to Lemma 3.7.4 by observing that r¥u*® = Qu°* = ¢**1.

[
The following lemma estimates L1 and the higher order analogues Li)°.

Lemma 3.7.7.

L S BP0+ [ (o,

it

IrLy?| < B (t) + / (O )

pM
Proof. Before beginning the estimates stated by the lemma, it is important to estab-
lish the following estimate, which allows us to replace the operator d,L with a sum

of other operators, including the wave operator.

(0,Lu)* < (Dgu)2 + (Low)? + r2(0u)* + r 2|V Qul?
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To verify this, we expand

Oyu = —07u + 02u + 2r ' du + Au
= —8fu +0,Lu — 0,00u + 2r '0,u + 'V Qu

= — Lo+ 0,Lu+ 2r~'0,u + r 'y Qu.
Now we start the usual way, applying Proposition 3.7.3 with u = r?*1 L1)®.

PRLP S [ (L) [@UT L) 4 (T L]

pM

< / (1410 [(B, Lo + (L )]

At this point, we cannot estimate the term (9,Ly*"2)? by any of the energy norms,
because it has two derivatives that are not commutators. Instead, we replace it with

other operators including the wave operator.

|7,P+1L,¢s|2 S / (1 + 7,)2p [(aererQ)Q + (stJrQ)Q}
p

5/ <1+T)2p [(Dgws+2)2+(Lat¢s+2)2+T—2(ar¢s+2)2+T—2|VQ,¢)5+2|2
¢

+(st+2)2]

S B + / (14 72 (0,0°42)2)

The second estimate follows from the same argument in the special case p = 0 and

using E*3(¢) in place of Ej3(t). O

3.7.3 Summarizing the L>° estimates

The lemmas from §3.7.2 show that some derivatives can have extra r weights. This is

due to the fact that the energy norm E,(t) has different weights for different deriva-
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tives. We use the notation D to refer to any derivative that can have an extra r

weight in the lemmas from §3.7.2. More specifically,

Definition 3.7.8. We define two families of derivatives.
D={L,V}

D = {Laahy}

Derivatives in the family D are called “good derivatives” and the family D spans the

entire tangent space at each point.

To conclude this section, we summarize the lemmas from §3.7.2 in a single propo-

sition.

Proposition 3.7.9.

PP DY+ [P DY + Py P S B () + /2 (1+7)%(0"?)?

rDY*P < Bt + / (0,02)?

p

Proof. Each particular case has been covered in one of the Lemmas 3.7.4-3.7.7. [J

3.8 The decay mechanism based on the dynamic
estimates

In this section, we see how the dynamic estimates imply time decay of some energy
norms. Since the energy norms can be used to estimate derivatives of ¥ in L™ (see

Proposition 3.7.9), this translates into time decay of ¢ and its derivatives.
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3.8.1 The correspondence between r and ¢

The following lemma is the basis for the decay mechanism based on the dynamic

estimates. It allows one to obtain a factor of t=! by decreasing p by 1.

Lemma 3.8.1. Let §,,0_ > 0 be fized, and suppose p+ 1,p € [0_,2 — §,]|. Suppose

furthermore that

Og¢ = 0.
Then since

t2

Byt + [ Bpalt)dt S By,
1
to
B3 (L) + /t Bi(t)dt < E3(h),

and

it follows that

Ext) S (A+t) ' E,(t/2).

Remark 3.8.2. Observe that the increase in p is due to the fact that B,(t) has a

weight of (1 +1r)P~1 and not (1 +r)P.

Remark 3.8.3. In black hole spacetimes, it will not be true that E3(t) < By (t).
This due to the trapping phenomenon, and it will require a loss of derivatives (that

is, s will increase as well as p).

1

Proof. Following the approach in [IK14|, we use the mean value theorem.! For a

given t, let ¢’ € [t/2,t] be the value for which

S 2 ! S
Byt = ;/ By (T)dr.
t/2

LA popular approach is to use the so-called “pigeon-hole principle,” but the mean value theorem
slightly simplifies the argument.
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Then,

S S S 2 ! S - S
B0 S B) £ Bia) = [ By 7B 02),

Also,
E(t) S Ep(t/2) S Epyq(t/2).

Thus, we conclude

EXt) S (L+6)7'Ey(t/2).

For an example application of this lemma see §3.9.7.

3.8.2 Interpolating between weighted energy norms

The decay mechanism (Lemma 3.8.1) allows us to obtain a decay factor of ! when
decreasing p by 1. By interpolation, it is possible to recover decay for all values of p

in-between. This is the purpose of the following lemma.

Lemma 3.8.4. Suppose py < p1 and
s —2+4
Ep (1) S (L4 8)P7=,

s —244
B () S (L+t)» o+

Then for all p € [po, p1],
s —2+45
B3(1) S (14 1y2+5s,

Proof. Fix p € (po,p1) and let A € (0,1) be such that p = Apy + (1 — A\)p;. Then by

Holder’s inequality, and letting (...) represent the derivatives of ¢ appearing in the
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weighted energies,

!Aflwyﬂoziéflwymﬂkmqm)g(AJ1+@WQJ)A<L51+HMCJ)1A

< (L4 P25 P (1L =204 )173 = (1 4 oo 0-Nm2ebs _ (1 4 243,

For an example application of this lemma, see §3.9.7.

3.8.3 A weaker notion of decay

In problems involving nonlinear equations, it is necessary to obtain a decay rate for
some quantity which is globally integrable in time. This appears to be a problem,
because the best estimate (obtained by the energy Ej (t)) is (1 +1)©®-=2%9+)/2 which
is worse than (1+4¢)~'. However, there is a weaker notion of decay (achieved using the
energy 5 _,(t)) which essentially allows us to pretend we can get (1 + ¢)(0-—3+3+)/2
as long as we only use it in an integrated sense. Fortunately, this weaker notion of

decay is still strong enough to solve all of the problems in this thesis. (For example,

see §3.9.6.)

Definition 3.8.5. Let T'=1+1t. A function f(t) decays like T~ weakly if

/mﬂwﬁgTﬂ“.
T

We will often use the following fact for functions that decay weakly. It says that
we can treat a function decaying weakly as if it decays strongly as long as we are

integrating in time.
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Lemma 3.8.6. If f(t) decays like T~* weakly, then

to to
/t”(f(t))l/?dtg/ 1=/ 2dt.

t1 t1

Proof. We consider three separate cases based on the sign of b — a/2 4+ 1. (That is,
whether the integral on the right side grows polynomially in t,, logarithmically in %o,

or decays polynomially in ¢;.) In all three cases, the main idea of the proof is the

Ssame.

For any a > 1, we have

k+1

@ ak+1 1/2 R+l 1/2
/ tb(f(t))1/2dt§(/ t2bdt> (/ f(t)dt)

< ((ak+1)2b+1)1/2 ((Oék)faJrl)l/Q < (ak)bfa/2+1 _ (abfa/2+1)k'

If b—a/2 +1> 0, choose a > 1 so that a’~%/2*! = 2 and choose n so that t, ~ a™.

Then

to n
1/2 < 1/2 < b a/2+1 k < 9n
/1 dt E / dt E ) Eﬁ 2" <52

If b—a/2+1 < 0, choose a > 1 so that a®~%/?*! = 27! and choose n so that t; ~ a™.

Then

1/2 < 1/2 < b— a/2+1 k< -
/tl it Z / <Y (o Zz o

k=n

tb a/2+1
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If b—a/2+1 =0, then choose n so that ¢t &~ 2". By a similar technique, one obtains

2k+1 n

/t2 tb(f(t))lﬂdt < zn:/ tb(f(t))l/zdt < ((2k+1)2b+1)1/2 ((Qk)—a+1)1/2

k=1

<Y 1=n~rlog(ty).

k=1

3.9 Theorem: Global boundedness and decay for
solutions to the semilinear wave equation with
null structure on the Minkowski background

We conclude this chapter with a theorem about wave dynamics for a simple nonlinear

problem in Minkowski space.

3.9.1 The null condition

One key facet of the problem studied in Theorem 3.9.4 is a particular structural re-
quirement for the nonlinear term, which is often referred to as the null condition.
Without this condition, in 3+1 dimensions, the problem is actually borderline unsta-

ble. [Joh81]

Definition 3.9.1. Suppose O, = N, where N is nonlinear in first derivatives of 1.

We say that N satisfies the null condition if it can be written as
N = Dy Dy,

where the operator families D and D are as defined in Definition 3.7.8.
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Since we will also be concerned with equations for the higher order wavefunc-
tions ¥®, we will need the following lemma, which explains a consequence of the null

condition.

Lemma 3.9.2. Recall that if O,) = Dy Dy, then O,0p° = T'(DyDy). We have the

following estimate for this higher order nonlinear term.
0*(DYDy)| < | DY DY) + | Dy D).
Proof. Using the Leibniz rule for differential operators,
T*(DYpDy) ~ Y THDY)TY (DY) ~ Y Dy Dy,
i+j=s i+j=s

Choose a particular term in the sum. If 7 < j, then
|DY DY | < | Dy Dy
while if ¢ > 7, then
DY DY| S |Dy* Dy,
]

Remark 3.9.3. It should be clear from the above proof that if s is odd, then the

quantity s/2 can be treated as the smaller integer [s/2].

3.9.2 The main theorem
Finally, we are prepared to state and prove the main theorem of this chapter.

Theorem 3.9.4. Let g be the Minkowski metric, and suppose a function 1 solves an

equation of the form
Oyt = D Dp.
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Then for dy,0_ > 0 sufficiently small, if the initial data on Xy decay sufficiently fast
as r — oo and have size

Iy = E5(0) + E§,5+(0)

sufficiently small, then the following estimates hold for t > 0 (with T =1+1t).
I) The energies satisfy

E%(t) < Iy,

~

EScis g 5,(t) STV D,

/ E6€[57—1,6,]<7—>d7 5 Tp_QH’“IO.
t

p

II) The following L™ estimates hold for the operator families D and D defined in
§3.7.8 (with p =1+ 1) provided s < 6.

" EDY P + |0 DY+ |t S By (1),

|pDY°|* S ESF ().

(These estimates hold for all p, but in the context of the theorem, they are only useful
forpelo- —1,2—-4,].)
II1) Together, (I) and (II) imply that for all s <6, for p € [0_/2,(2 —§61)/2],

"L DS | + |pP DY*| + |pPyf] < T(2p72+6+)/21—é/2,
and additionally for p € [(6- —1)/2,0_/2],

/ |pP DY | + | pf DY®| 4 | pPebs| < T(2p72+6+)/2+1[é/2_

t

The final estimate should be interpreted as saying that |p®=+1/2Da3|, |p0-=Y/2 Dy,

and |p@®=—V72%| decay like TO-—31)/2 in a weak sense.
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The remainder of this section is devoted to proving Theorem 3.9.4.

3.9.3 Boostrap assumptions

We begin the proof of Theorem 3.9.4 by making the following bootstrap assumptions.

E%(t) < Gy,
Efcis 55,(t) <GP0 I,

/ Ege[‘s*—l’i](T)dT < QTP 2o+
t

Note that these bootstrap assumptions are consistent with the general principle that

E; (t) ~ TP=2+%+ which the reader should keep in mind throughout the proof.

3.9.4 Improved L estimates

The L estimates from Proposition 3.7.9 are essential to the proof of the main the-
orem. But for better clarity, we first remove the nonlinear (error) terms from these

estimates and summarize them in the following lemma.

Lemma 3.9.5. In the context of the bootstrap assumptions provided in §3.9.3, the

following L™ estimates hold for s < 6 and all p in any bounded range.
"D+ PP DY+ [pP P S B ()

lpDY*|* S B (t)

These are the same as the estimates as from Proposition 3.7.9, except that the non-

linear (error) terms have been removed.

Proof. We employ an inner bootstrap to remove nonlinear (error) terms from the

estimates in Proposition 3.7.9. For this part of the proof, there is no need to appeal
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to null structure. The estimates that follow in this proof are unusually easy compared
to the later estimates in the proof of the main theorem that address N, (t) and N*(t).
Suppose the following (inner) bootstrap assumptions for all s < 6 and all p in a

bounded range.

7 EDY P + | DYt + [Pt < CuE (1),

lpDY*|* < G E*(t).

Then
[ @ s [ gD et
Zt Et
s / p2p—2|D¢8+2|20bE8/2+3(t)
¢
S B3P () CEPT(t)
5 0510E5;2(t)7
and

/ (0,022 < [ Dy PP Dy P
3t

3t

5 ’D¢s+2|ZCbEs/2+3(t)
3t

,S Es+2 (t) CbEs/2+3 (t)

S CELEST2(t).
From Proposition 3.7.9 and the above estimates, for all s < 6,

DY 1 P D+ P S B+ / PO < (1+ CRL) ES(8),
3t

pDU*2 < B 4 / (D022 < (1 + C2I)E*(1).

3t
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To see how to close the inner bootstrap assumptions, let us examine the first estimate,

which says that
[P EDYS [ A+ | pP DR - [P0 < C(1+ CRLo) E5P (1),

where C' is a universal constant (not depending on Iy or Cp). We see that the first

inner bootstrap assumption will be improved if
C(1+ Cly) < Cy)2.

This is achievable if C), is sufficiently large and I is sufficiently small. An identical

argument applies for the second estimate. O

The conclusion of this lemma is the same as the statement of part (II) of the main

theorem.

Remark 3.9.6. Lemma 3.9.5, which is a simplified version of Proposition 3.7.9 in
the sense that there are no nonlinear (error) terms on the right side of any of the
estimates in Lemma 3.9.5, will be used reqularly throughout the remainder of the

proof of the main theorem as a replacement for Proposition 3.7.9.

3.9.5 Refined estimates for N*(t) and N;(t) (key step)

The L estimates in Lemma 3.9.5 allow us to provide refined estimates for the non-

linear error terms. This is the key step of the proof.

Lemma 3.9.7. In the context of the bootstrap assumptions provided in §3.9.3, if

s < 6, then

N'(1) S (B 0)2 (B @) 2B 0) 2 + (B () (B2 (1)),

Ni(t) S ES(4)BY*T3(t) + Ba(t)E**H3(t).
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Proof. First, we recall the definitions of N*(t) and N;(t) from Proposition 3.6.6.

N*(t) = Y (B ()T (Og0) 12

s'<s

N =Y / P (O,0))

§'<s

Therefore, it suffices to prove the following two estimates.

105 (O0) |2y S (B2 () V2B 2002 + (B_s_(6) /2By ()2,

/E T (0,0))? < B*() B/ () + B3(1) E/*3(1).

Recall from Lemma 3.9.2 that
D*(DyDy)| < | DY DY) + | Dy D).
The following is a proof of the first estimate.

(=R /

pI

S [ DUROERR+ [ o (D Dy
¢

p»

(DY (DY) + / (Dy(Dy?)?

< / (DU | DY ey + / PO (D)2 o0V Dy 2

p3M

S s/243 S s/243
S BB ) + By ()BT,
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The following is a proof of the second estimate.

Ed”%@ﬂﬂ2§ Ep“%Dwﬂ@wﬂ%2+ Eﬂ”%Dwﬂdwﬂ%Q
iaéfD¢ﬂ@@“Vﬁwﬂﬂ2+ [ Duy ey
iaéwa%Hﬁm””Dw”ﬂﬁw@g

L R L
S ES(4) B (t) + B (H) B2 (1).

Note that in the final step, we used B,(t) in place of E,_1(t), since these norms are

equivalent. O

Corollary 3.9.8. In the context of the bootstrap assumptions provided in §3.9.3,

Proposition 3.6.6 and Lemma 3.9.7 imply that if Cyly is sufficiently small, then

to
Bye) + [ Byt S Byt

t1
whenever s < 6 and s/2+4 3 < s (which means 6 < s).

Proof. By Proposition 3.6.6,

to to
E;(t2)+/ B;(t)dth;(tl)Jr/t N3 (t)dt.

t1 1

By Lemma 3.9.7 and the bootstrap assumptions, if s < 6 and s/2 + 3 < s,

to to
s s s/243 s s/24+3
/t N (1) 5/ E*(t)B3*T3(t) + By (t) E**H3(t)dt

1 t1

< [ Eoso

t1

to
<o / B (t)dt.

t1
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It follows that if Cyl, is sufficiently small, then this term can be absorbed into the

bulk term on the left side. O

3.9.6 Recovering boundedness of E°(t)

Now, we recover the first bootstrap assumption. Let s = 6. By Proposition 3.6.6 and

Lemma 3.9.7,

E*(t) S E*(O0 /NS

< E5(0) + / (Es(t))1/2 ((Es(t))1/2(E§{2_+13(t))1/2 (B, (t))1/2(E312+13<t>)1/2> dr

~
0

¢
S+ / (beo)l/Z(beo)l/Q(CbTé‘_?’"HS*[o)lﬂdT
0

< I+ (Cyly)3/?

< (1411,

~J

In particular, we used the weak decay principle (Lemma 3.8.6) in the third
step.

It follows that if C’b3 / 2]3/ ? is sufficiently small,
E*(t) < .
This recovers the first bootstrap assumption.

3.9.7 Recovering boundedness/decay for ESE[é_Q 5+](t)

Now, we prove the decay estimates for the energy norms Eg(t), forallp e [0_,2—04].

Set s = 6. We start by observing that a direct consequence of Corollary 3.9.8 is

55, (1) S E5.5,.(0) < Lo.
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Then, we invoke Lemma 3.8.1 to conclude that
s, (1) S T71E575+ (t/2) S TU0H) 7240,
Then, we interpolate (Lemma 3.8.4) to conclude for all p € [1 — 64,2 — §,] that

EScn s, a5,(t) STV,

Then, we invoke Lemma 3.8.1 for each p € [0_,d_ + 1] to conclude for the full range
P < [(57, 2 — 5+] that

Eeps o 5.(t) STV 274 I,

In particular, this recovers the second bootstrap assumption.

3.9.8 Recovering weak decay for £) ; | 5 (t)

Finally, we observe that since E5(t) < B,

~.1(f) and as a direct consequence of Corollary

3.9.8, for s =6,

/t EX(r)dr < /t By, (7)dT
S Epa(t)
< TH)-245-

< TP*H‘S—H[O.

This recovers the final bootstrap assumption and completes part I of the statement
of Theorem 3.9.4.

This completes the proof of Theorem 3.9.4. O
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Chapter 4

Waves in the Schwarzschild

spacetime

The second problem of this thesis investigates semilinear waves on the exterior of
a Schwarzschild black hole. A Schwarzschild black hole is the simplest black hole
solution to the Einstein Vacuum Equations. It corresponds to a non-rotating black
hole and belongs to the more general Kerr black hole family, which also includes
rotating black holes.

The metric for a Schwarzschild black hole with mass M is most well-known in

Boyer-Lindquist coordinates.

oM oM\ !
Gudatdr” = — (1 — —> dt* + (1 — —) dr® + r*(df* + sin’ 0d¢?).
r r
Its volume form is
pw=r’sinf
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and the Lagrangian for the linear wave equation in Boyer-Lindquist coordinates is

L= ugaﬁaawﬁgw

-1
= rsing |- (1-20) @+ (1-20) @0 + fﬁaawaw]

-1
=r’sinf |— (1 — %) (0))? + (1 - ﬂ) (0,90)% + 172 (0g1)?

r

+ 7 ?sin 2 9(8¢w)2] .

The event horizon (the interface between the interior and exterior of the black
hole) is located at » = 2M. At this radius, the Boyer-Lindquist coordinates break
down and a different coordinate system is needed. The new coordinate system consists
of a modified time coordinate that differs from the Boyer-Lindquist time coordinate
only in the neighborhood r € [2M,2M + | for some small constant 6 > 0. In the

new coordinate system, the Lagrangian takes the form

L= 1?sinf | g"(0) + 29" i, + (1 _ %) CYD

where ¢' is a bounded, negative function coinciding with — (1 — %)_1 forr > r+dy
and ¢'" is a positive function supported on the interval r € [2M,2M + §g]. For more
information about this coordinate system, see Lemma 4.2.15.

While hypersurfaces of constant Boyer-Lindquist time all approach the bifurcation
sphere, the hypersurfaces ¥; of constant time in the new coordinate system meet the

event horizon. See Figure 4.1.

We will often use the quantity a« = 1 — %, and in particular, we define the
vectorfield L to be
L= Oéar + (9t.
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Black
Hole
Interior

Figure 4.1: The modified time foliation ¥; enters the event horizon and coincides
with the Boyer-Lindquist foliation for r > rg + 0g.

4.1 The energy estimate and the ho; estimate

The most fundamental of all estimates is the energy estimate. We begin by proving

this estimate and then prove the slightly more general ho; estimate.

4.1.1 The energy estimate
Since the vectorfield 0, is a Killing vectorfield, we have the following identity.

Lemma 4.1.1. (Energy identity for Schwarzschild)

/HtQ J"[0] + /th —J9,) = /Et1 —J'3)] + /: /Zt 20,0,

t1

In particular, if Ogp = 0, then the quantity

B(t) = /H T+ /E o]

18 conserved.

Proof. By Proposition 2.2.1, we have

/th J"[0,] + /Et2 —J' o] + /: /Et divJ[0;] = /Et1 —JY0)].

t1
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By Lemma 2.2.6,
divJ[X] = (¢"0X" + g X" — X Org" — divX g") 0,00, + 2X (¥) 0.

For the particular case X = 0;, the coefficients of X are constant, the metric does
not depend on ¢, and by a simple calculation (see equation (2.1)), X is divergence
free. Therefore,

divJ[0)] = 20,001,

We conclude that

[ vl [ Tl / ‘[ 2oume= [ o)

a1
The statement of the lemma now follows. O

Now, we calculate the flux terms in the previous lemma.

Lemma 4.1.2. On the event horizon Hff,
J'[04] = (9n)?
and on a constant-time hypersurface ¥,

—J'[0)] = xu(0:9)* + (00)? + | V|2,

where xg =1 — %

Proof. According to Definition 2.2.4,

JHX] = 2g" 0\ XV O0h — XFOMpOND.
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Therefore, on the event horizon Httf, since ¢"" vanishes,
J'[04] = 29" (D).
Since ¢ is constant and positive on the event horizon,
T'[0)] = (9)*.
Also, on a constant-time hypersurface >,

J'0] = 29" (0u)? + 29" 0,900 — (9" (00)? + 29" 0,00 + g7 (D,0)* + | V)
= g"(0)* — g7 (00)* — |V I

Since —g* ~ 1 and ¢"" =1 — % = XH,

—J' (0] = x1(0:)* + (0)* + [V o],

This concludes the proof of the lemma.
From the previous two lemmas, we conclude the following energy estimate.

Proposition 4.1.3. (Energy estimate for Schwarzschild)

| @02+ [ D00+ @) + 9]

1]

< / e (D) + (0) + [YOP] + Erro,
>

a1

where xg =1 — % and

to
ET’TD:/ / |0yp 0,1
t1 o

Proof. This follows directly from Lemmas 4.1.1 and 4.1.2.
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4.1.2 The hoO, energy estimate

We proceed as in §3.1.2 to prove the ho; estimate.

Lemma 4.1.4. If h = h(r) is constant in the interval r € [ry,rg+du], and Ogp =0,
then

div ) = " [(L)? — (L)),

Proof. Recall from Lemma 2.2.6 that
divJ[X] = K" 0,40,,

where

KM = g" o\ X" + g7 06X — X O\ (g") — divX g .

Since 0 is killing, 0;(¢"") = 0 and div(9;) = 0. Also, the only component of X is the
t component and the only nonzero derivative of that component is the 0, derivative,

SO

GPHXY + ¢ HXH = ¢" 0, XY + ¢"m O, X

It follows that the only possible nonzero K* components are

Ktt — 29trhl

Ktr ‘l‘ Krt — QQTT}L/.

Since h' = 0 in the region r € [rg,rg + ), the first of these actually vanishes. We
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conclude that

div J[hOy] = 2ah/D,1p 1)
= 2[00, + )? — (a0, — )’
= [y — (L)

]

Taking h to be a positive function decreasing to zero as r — oo at a particular

rate, we obtain the ho; estimate.

Proposition 4.1.5. (ho; estimate for Schwarzschild) Let R > ry + 0 be any given
radius. Then for all e > 0 and p < 2, there is a small constant c. and a large constant

C., such that

[ @i [ @ + @0+ 1767)

tq t2
/ / carP 3 (Lap)?
Sin{R+M<r}

< / 12 [ () + (0 + W] + Err,

1

where xg =1 — % and
Err = FErri+ Errg
Erry = / / (Lyp)?
Zzﬂ{R<r}
Errg = / / CorP=2|0pp 00|
t1 P
Proof. See the proof of Proposition 3.1.5, noting Lemmas 4.1.4 and 4.1.2. O
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4.2 The Morawetz estimate

In this section, we prove the Morawetz estimate for Schwarzschild. It is similar to
version II of the Morawetz estimate for Minkowski, but its proof is significantly more
complicated. In particular, there will be a serious and unavoidable complication

related to the presence of trapped null geodesics.

4.2.1 Null geodesics in Schwarzschild

As will become evident in the Morawetz estimate, the dynamics of waves in Schwarzschild
are related to the dynamics of null geodesics. In particular, the existence of trapped
null geodesics (null geodesics that do not leave a sphere of constant radius) at the
radius 744, = 3M is an obstacle to a Morawetz estimate without a loss of certain
derivatives at the trapped radius. [Ral69][Sbil3] Here, we briefly review the dynamics
of null geodesics in Schwarzschild.

Due to the number of symmetries in Schwarzschild, which are given by the time
translation 0, as well as the rotations €2, the geodesic equation is integrable. That is,

there are four independent constants of motion for any geodesic.

Proposition 4.2.1. If

1s a null geodesic on Schwarzschild, then the following quantities are constant along

2M\ .
= (1-2)i
T

L, = r?sin®0¢

the trajectory of ~.

L? = (0 + sin? 6¢?)
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And, since v is null,

oM
E? =2 42 (1 — —) L2, (4.1)
T

Proof. 1f V is a vector that generates an isometry of the spacetime, then the quantity

g(V, 7) is conserved. This is because the deformation tensor V(,V, vanishes and

d -
d o en »
dAg<V,v) YV, (Vo7”)
= §YAHY Y, + VARV A
= YV (Vi 40

=0.

Since the Schwarzschild metric does not depend on the coordinates ¢ or ¢, it follows
that the corresponding vectorfields 0, and 0, generate isometries. Therefore, the

quantities

5 . 2M
=i =i (1-2);

r

and

L, = (0,)"9u7Y" = g¢¢(b = r2gin? 9(;5

are conserved.
The vectorfield 0y is the same as the rotation symmetry operator 2,. There are
also the rotation symmetry operators €2, and €2,, which are less trivially expressed in

the spherical coordinate system, but nevertheless also yield conserved quantities
L,= (Qx)ug/w;yya

L, = (Qy)”gwﬁ”_
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Together with L., these quantites satsfy the relation

L? = (Ly)? 4 (Ly)* + (L.)* = (6 + sin® 0¢%).

Finally, all null geodesics satisfy

0= g;w;y#"yy
IM . oM\ ! . .
= — (1 — —)  + (1 — —) 2 + 12(6 + sin® 0¢%)
T T
oM\ ! oM\ !
= — (1 — —) E? + (1——) 72 4 r 2 L2
T T
Therefore,
oM
E? =72 4972 (1 — —> L.
T

Differentiating equation (4.1) with respect to the parameter \ yields

M
0:2%{7*4—3 (1—3—)L2],
T

clearly suggesting, but not quite proving, the following proposition.

Proposition 4.2.2. If

(4.2)

is a null geodesic in Schwarzschild with the conserved squared angular momentum L?

defined in Proposition 4.2.1, then

3M
i=r (1 — —) L%
r

(4.3)

Proof. Tf 7 # 0, then equation (4.2) constitutes a valid proof. But for the important
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case 1 = 0, we must use a different argument.

A geodesic extremizes the following Lagrangian.
IM . oM\ ! : .
L= g,y =— (1 — —) 2+ (1 — —) 72+ 1267 + sin® 0¢?)
r

According to the Euler-Lagrange equation,

d\ o+ OzxH

We substitute r for z*# and compute both terms.

doL _d |, (, 2M -
D or  dx |7 r

oM\ ! oM\ 2 oM
:2%(1——) —2&2(1——> —

r

oL oM . oM\ 2 2M . .
* — <1 — —) —-1% + 2r(6? + sin® 09)
T T

Equating both terms and multiplying by % ( — %), we have
< 2M)‘1 oM
r—(1—-— —r
r r2
M IM . OM\ ' M IMY :
=—— (1 — —> - (1 - —> — i+ (1 — —) (62 + sin® 0¢?),
r r r r r

which simplifies to

M OM\ . M\ - -
r r r r

The quantity in square brackets appears in the expression g,,Y*4"”. Since g, Y*y" = 0

for a null geodesic, the quantity in square brackets can be replaced by —r2(92 +
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sin” 0¢?), yielding the equation
M . . oM\ . .
i =— |—r*(0° + sin® 99252)] +r (1 - —) (6 + sin? 0¢?).
r
Finally, we substitute §2 4 sin®0¢? = r~*L? and simplify to obtain

.M 919 2M 4,9
T:ﬁ<—7’ L)+T(1—T>(T L)
M
:7“_3<1——3 )LQ.
r
]

Remark 4.2.3. Although equation (4.2) does not quite constitute a proof of the for-
mula (4.3), it provides a far more direct explanation for the reason why the quantity

on the right side of equation (4.3) is minus one half the derivative with respect to r

of the quantity r—2 (1 — %) L?. That is,

15 a null geodesic in Schwarzschild with the conserved energy E and squared angular

momentum L? defined in Proposition 4.2.1, then
E* =7* 4+ V(r)L*

and

i=—=V'(r)L?
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where

V(r) = r? (1 - %) |

r

The analogy between the above corollary and a classical particle in a potential

V (r)L? motivates the following definition.

Definition 4.2.5. The quantity

18 called the geodesic potential.

Corollary 4.2.6. There exist null geodesics that are confined to a hypersurface with
constant radius r = 3M. We call these geodesics trapped geodesics and we denote

Ttrap = 3M.

4.2.2 The partial Morawetz estimate

We now proceed as in §3.3 to construct the Morawetz estimate, beginning with the

partial Morawetz estimate as in §3.3.1.

Proposition 4.2.7. (Partial Morawetz estimate) There exist a vectorfield Xy and a

function wy such that the current J[Xo,wo| satisfies

M? TH\ 2 5 1 Tirap\ 2 , M , ‘
3\ T —\l=— — <
{ s (1 r ) (O)” + r (1 , ) ¥l + o Lisap®” | S divJ[Xo, wo)

in Boyer-Lindquist coordinates.

Proof. For the proof of this proposition, we drop the 0 subscript from Xy and wy. We

begin by restating Lemma 3.2.2 for Schwarzschild.
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Lemma 4.2.8. With the choices X = X" (r)0, and w = w(r),

divJ[ X, w] = (wg" — r 20,(r*X"¢")) (0,0)* + (w — 0,X")|Y|?

+ (wg™ 4+ 0, X"g" —2r ' X" g™ — X"0,9")(0,)? — 17“ 20,((r* — 2Mr)0,w)?.

Proof. See the proof of Lemma 3.2.2. O

It is difficult to make sense of the coefficients in the above lemma, because most
coefficients are sums of multiple terms. By making the choices X" (r) = u(r)v(r) and

w(r) = v(r)oyu(r), each coefficient can be written as a single term.

Lemma 4.2.9. With the choices X = u(r)v(r)0, and w = v(r)0,u(r),

divJ[ X, w] = —ur—20,(r*vg™)(0))?* — ud,v|Y|?

u-v

+72(g"™)*u 10, (7‘ grr) (0p))? — —7" 20,((r* — 2Mr)0,w)?.

Proof. This follows directly by substituting X" = uv and w = vd,u into the expression

in the previous lemma and combining terms. O]

At this point, it is standard to choose a relation between X and w so that the

coefficient of (9;1))? vanishes. (It will be recovered later—see §4.2.7.) In terms of the

2M )y

functions u and v, it suffices to set v =r~?(1 —

Remark 4.2.10. The function v = r=2(1 — %) coincides with the geodesic potential
derived in §4.2.1, which explains why the trapping radius ri.qp, = 3M will show up in

the calculations that follow.

Lemma 4.2.11. With the choice v =r"2(1 — 2L), the coefficient of the (O;))? term
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vanishes and furthermore,

divJ[ X, w] = i—g (1 — %) (V|2

2
r20, (%) (1= 2) @ - o - 200,00

Therefore, it is necessary to choose u and w so that the following conditions are

satisfied.

u<1_§%)20, (4.4)

o () =0 (4.5)
O.((r* — 2Mr)d,w) <0, (4.6)

Furthermore, w and u must be related by the following constraint.

w:r2<1—%g)&u (4.7)

r

Lemma 4.2.12. [t is possible to choose u and w such that all three conditions (4.4-
4.6) and the constraint (4.7) are satisfied. One particular choice is given by the
following approach. (See Figure 4.2.)

i) Regquire that u(3M) = 0 and O,u = 1% (1 — %)_1 w. This will specify u com-
pletely in terms of w and satisfy the constraint (4.7).

it) Require that w be positive. Then u will be an increasing function and the

condition (4.4) will be satisfied.

iii) Determine a way to understand O, (l

TQ) in terms of w. Here is one way. Let

KT = %r?’ﬁr (r%) This particular quantity has the same sign as O, (i) and has

T‘2
the property that its derivative can be written as a function of w. That is, O, K™ =

2M
_T)

20, (F“’U), where again, v = r"( . The condition (4.5) now reduces to showing
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2M 3M =4M

Figure 4.2: Plots of w and K’ = %r3ar (T%) for r > 2M. In the region r > r,, the

function w is chosen so that K™ is constant. In the region r < r,, w is chosen to be
constant (this is required by condition (4.6)). The value r, = 4M is chosen so that
w remains C'.

that K™ > 0.

iv) For sufficiently large r, impose the condition that 0. K™ = 0. In particular, this
means choosing w = 2rv for sufficiently large r. The quantity 2rv has a maximum
at r. = 4M. (Again, see Figure 4.2.) The choice w = 2rv for r > r, will satisfy both
the remaining conditions (4.5-4.6) for r > r,.

v) Observe that since 0.(2rv) = 0 at v, = 4M, the quantity (r* — 2Mr)d,w = 0
will necessarily vanish at v = 2M and r = 4M if w = 2rv for r > r,. By the mean
value theorem, condition (4.6) necessitates that O,w = 0 entirely for 2M < r < 4M.
Thus, take w = w(ry) forr <r,.

iv) Since w has now been chosen for all r, check that K™ > 0. In particular, with
the given choice of w, K™ will be decreasing for r < r. and then remain constant for

r>r,. Thus, it suffices to compute that K™ (r,) > 0.

Proof. The lemma consists of multiple statements. Statements (i) and (ii) require no
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further justification. We turn to statement (iii). Note that

Recall the constraint (4.7) between w and wu, which stipulates w = vu'. Therefore, we

substitute v’ = “ and conclude

O, K™ = r%0, ( v > )

2rv

This verifies statement (iii). For statement (iv), we must find the value r, that

maximizes the quantity 2rv. We calculate

0(2r0) = 20, (rl (1 _ ¥>>

2( QM) 22M
=S (1) 2

Setting 0,.(2rv) = 0, we deduce r, = 4M. This indeed maximizes the quantity 2rv,
because the quantity 2rv vanishes at the event horizon and decays back to zero as
T — 0OQ.

We also must check that —3r=20, ((r? — 2Mr)d,(2rv)) > 0 for r > r, = 4M.
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Indeed,
2 _

—lr’28r ((r* = 2M7)0,(2rv)) =r 29, (¢ <1 — %)>
r

| (7))

The last quantity is clearly positive for » > 4M. This verifies statement (iv). State-
ment (v) requires no further justification. Finally, we turn to statement (vi). First,

we observe that for r < r,, since w = w(r,) is constant, then

of =0, (41 - )

Since we have determined that 2rv has a maximum at r, = 4M, it follows that K™
decreases to a minimum at r, = 4M. Recall further that by the choice of w for r > r,,
K" is constant for r > r,. It suffices to check the value of K™ at r = r,. (That is, if

K" (r,) > 0, then necessarily K’" > 0 and thus K" > 0.) Indeed,

rPvou  2ruv

1 20(r,) * D 1— 2v(r,) /* w

Tx w'r2 ’l,UT3 Tx T*w<r*> Ttrap T*w(r*) Ttrap
20(r) ("1, 20r = Twe) _,_2M 1

ALY D Tl B

T* \/’I’t'rap /r.* 4M 27

where we used the fact that w is constant for r € 1.4y, ] and the inequality

T 1
U(T*>/ — < Ty — rtrap;
Ttrap

which follows from the fact that v is decreasing from 74,4, to 7.. This concludes the

proof of Lemma 4.2.12. O

We conclude the proof of Proposition 4.2.7 by analyzing the asymptotics for large

132



r, in particular for r > r,.

wo =2rv=0(r"")
u=r*—c* since u' = 2r
Xo-wa - (1-20) a0 (2 g
T T
K = —udwg®® = O(r—1)g**

_ 2
Krr — O<T73)Krr — O (M >

3
(2 ()=o)
r r r
This completes the proof of Proposition 4.2.7. n

4.2.3 Remaining issues

So far, we have a current J[Xj, wg] with a non-negative divergence. However, there
are still a few modifications that must be made to the current J[Xy, wp| to establish
a proper Morawetz estimate.

e The vectorfield X, behaves like log(1 — %)&a near the event horizon. So we

temper X (and also w) by choosing from a family X, where the parame-

temper? Wetemper
ter €iemper > 0, which represents a deviation from X, and wy, will be small. This will
unfortunately introduce an error term of the form —r=2V,,  #? to the divergence
of J. (See §4.2.4.)

e The coefficient K™ of (9,1)? vanishes at the event horizon. This can be fixed
by using the standard redshift argument, which necessitates a change of foliation near

the event horizon and the addition of a redshift vectorfield €,¢qsnifeY”. This new foli-

ation will be used for the remainder of the chapter. (See §4.2.5.)
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e The coefficient K of ¥? vanishes for r € [ry,r.]. In fact, given the error term
introduced by the tempering of X and w, it is even slightly negative, with a small-
ness parameter €emper. Lhis will be fixed by observing a local Hardy estimate. (See
§4.2.6.)

e The coefficient K of (9;1))? vanishes entirely. This is easily fixed by adding to
w the term ey, wp, just as in the Minkowski setting. (See §4.2.7.)

e The purpose of the current .J is to apply the divergence theorem in the form of
Proposition 2.2.1. So far, we have paid careful attention to the divergence of .J, but
the boundary terms also must be shown to have good properties. We add 0; to X and
observe that there are only small errors on the boundary, just as in the Minkowski
setting. (See §4.2.8.)

After all the above modifications take place, the final current J will be of the

following form.

J = J[X,w]

X=X

€temper

+ Eredshifty + 815

w = w’ftempe'r + Eatwat

And the current J will satisfy

2 2 2
Srowr a1 (1-20) [ivwp+ Swr| + v

5 T

S /2 divJ[ X, w] — (2X (¢) + wy)Tyeh.
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4.2.4 The tempered vectorfield X and function w,,, .

€temper

The first issue with the partial Morawetz estimate that we address is the behavior of

X near the event horizon. Recall that
Xo = w0,

wo = vo,u.

Since wy was constant in a neighborhood of the event horizon and v vanishes to first

order at the event horizon, this implies that
oun~ (r—rg),

SO

u ~ log(r —ry).

This is problematic when one considers the boundary terms on ¥, and X, in the
complete estimate, and furthermore when one considers the nonlinear problem as the
error term Xo(1))0,9 has an unbounded weight.

To solve this problem, we define a family X, parametrized by €:emper

temper? wftemper

for which X is regular if €emper > 0. An added benefit is that we,,,,.. will

€temper
be zero on a neighborhood of the event horizon. This will simplify calculations of
boundary terms near the event horizon.

For the sake of simplicity, we continue to use the Boyer-Lindquist coordinates for

Schwarzschild.

The following Lemma is established using the approach from [MMTTO0S|.

Lemma 4.2.13. Suppose Oyt = 0. For all €iemper > 0 sufficiently small, there exist

a modified vectorfield X, and a modified function we,,,,,.. agreeing, respectively,

temper
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with the vectorfield Xo and function wy from Proposition 4.2.7 outside of a small

neighborhood of the event horizon and satisfying

M2 2 1 2 M
S (=) @ L (1= ) T+ ] =

73 r ré
S divJ[ X,

temper? wftemper] 9

with a constant independent of €iemper. Moreover, the function V. 18 supported in

temper

a neighborhood of the event horizon and satisfies

Ve

Li(r) < Etemper - (48)

temper

This new estimate is in fact worse than the estimate from Proposition
4.2.7, but the advantage gained in this lemma is that, unlike the vector-

field X,, the vectorfield X 18 regular up to the event horizon.

€temper

Remark 4.2.14. It will be observed during the proof that the function we,,,,,., s sup-
ported outside a neighborhood of the event horizon and 0,(r*we,,,,..) is nonnegative.

These facts will be used when computing boundary terms.

Proof. We obtain X, and we,,,,,.., by changing u so that it is bounded near the

event horizon. The approach used here was found in [MMTTO08].
Let F': R — R be a smooth function satisfying F'(x) =z for x < 1 and F(z) = 2

for x > 3. We use F(x) to temper u by defining

U= —€ "F(—eu),

where € > 0 is a small constant to be chosen later. Then we define



W = v0,U.

Our first claim is that X and @ agree with X, and wy outside a neighborhood of the
event horizon. Given the similarities between the defintions of X, @ and the identities
Xo = wvd,, wy = vo,u, it suffices to show that @ only differs from u in a neighborhood
of the event horizon.

Recall that u is negative and unbounded near the event horizon. Note that when

—e ! < u, then @ agrees with u as
—e ' <u=(—eu) <1,

U= —¢ "F(—eu) = (—e N (—eu) = u.

So % only differs from w in the region where u < —e~!, which is a small neighborhood
of the event horizon.
Since F(z) < 2, it follows that —2¢~' < @, which means that for all € > 0, the

vectorfield X will be regular up to the event horizon. Furthermore,
W = v(—€ 'F'(—eu))(—€e0u) = vo,uF' (—eu) = woF'(—eu), (4.9)

so the function w will be zero in a neighborhood of the event horizon and 9, (r?w) > 0.

This verifies the remark following the lemma.

Recall that

~ 2
divJ[ X, W) = 20, <3) (1 — ¥> (0:)* + ud, |V Y|* — %Dgww? (4.10)

72

We claim that the (9,7)% and |¥4|* terms in (4.10) satisfy the bounds given in the
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statement of the lemma. In the region where u differs from wu,

It follows that the bound

M? U
wso ()

holds globally with a constant independent of €. The same can be said for the bound

1 3M\ 2
_(y___> < a0,
T T

Now, we examine the ¢? term in (4.10). The effect of replacing wy with @ on the

1% term will be the indroduction of the quantity

1 .
_§(Dgw - Dgw0)¢2'

Since W = wy outside a small neighborhood of the event horizon and since 0wy = 0

for r < r, = 4M, it follows that

1 N 1
—§(Dgw — Dgw0)¢2 = —§Dgw1r<r*@/}2.

Define

7"2

€Etemper = E Dgw1r<r* N

To complete the proof of the lemma, it suffices to show that e can be chosen sufficiently

small so that (4.8) holds. From (4.9) and the fact that d,wy = 0 in a neighborhood
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of the event horizon, we calculate

O = O, (woF'(—eu))

= —ewoF"(—eu)0,u.

It follows that

((r* = 2Mr)0,w)

2 ~
r Dgw

Oy
Oy

((r* = 2Mr)(—ewo F" (—ew)0,u))

= —ewoF"(—ew)0, ((r* — 2Mr)d,u) + €wo F" (—eu)(r* — 2Mr)(0,u)?.

In the last line, the terms have been grouped based on whether they contiain F”

or F". We estimate each of these terms seperately, observing that d,u ~ x~! near

r=2M.

| — ewo F" (—ew)d, ((r* — 2Mr)du) | < ewo| F"'(—eu)|0,(r(r — 2M )0, u)
S el F"(—eu)|0,(r(r — 2M)(r —2M) ™)

< €| F" (—eu)|.

|Ewo " (—eu) (r? — 2M7)(0,u)?| < Ewol B (—eu)|r(r — 2M)(0,u)?
< ElrF"(—eu)|(r — 2M)(r — 2M) 2

< ElrF" (—eu)|(r —2M)7 1
Let x =r — 2M. From the above bounds, it follows that

|T2Dng| S EXe + E2$_1X67
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where x. is some bounded function supported where —eu € [1,3]. Since u ~ logz,

then y. is supported in an interval of the form [e~%/¢ e~/¢]. Thus,

“Wemper||L1(r) S /EXS + €2X€.I'_1dl’

e—c1/€
< / (e+ ez Ndr =e[r+eln |x|}z:z;j <e(e ™ ey —c).
e

—cg /e

This allows us to conclude that for any €;emper > 0, it is possible to choose € > 0
sufficiently small so that

IV

€temper

< etemper .

4.2.5 The redshift vectorfield €,cqoiftY

Now, we begin to use the coordinates corresponding to the dgy-foliation that is de-

scribed by the following Lemma.

Lemma 4.2.15. For all sufficiently small § > 0 (usually denoted by oy outside of
this lemma) there exists a time foliation agreeing with the time foliation of the Boyer-

Lindquist coordinates for r > ry+4d such that the metric under this foliation satisfies
gtT' Z 0’

2" =13 + O((r —ry)?) near r = ry,

and
tr

8T(7"2gtt) - 29—87«(7”29”’) >0
gT'T

for all r € 10, 6].

Proof. Denote the Boyer-Lindquist coordinates by (Z,7,6, ¢). Then we define a new
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set of coordinates by

t:f—l—/T T(x)dx
s T2 —2Mx
r=r
0=0
=09

for some function T'(7) supported for 7 < ry + d. The time foliation is given by the
new coordinate ¢, and the metric can be found by the change of coordinates. Under

this change of coordinates, since r = 7 everywhere, we have

8,5:8{

T
=0 m
80289
0y = 3

The inverse metric in these coordinates can be found by computing the following

coordinate-invariant quantity:.

-1 B
PN = - (1 - %> (0" + <1 - ﬂ) (0r) + ¢ 0030

oM\ ! 2M T i
= — (1 — T) (0r)? + (1 — T) (ar¢ + m8t¢) + gaﬂaa¢aﬂ¢

T2 , T oM ) s
= o3 0) + 25000 + (1 - T) (0:0)* 4 ¢ 0atp D)
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It follows that in these coordinates,

T,2gtt _ % —r
r2 —2Mr
r29tr — T

r’g"" =r? — 2Mr

7,2gaﬁ — T2gaﬁ
If we impose the condition
T=7r%5+0(r—rg)?

then all of these metric components are regular and the first two conditions of the
lemma are satisfied. We now examine the final condition. Multiplying by r2¢™", we

obtain

TQQTraT (T’2gtt) _ 2r2gt'rar<r2gtr) — ar (T2grrr2gtt _ (T,thr)Z) _ T2gtt8T(T29rr)
T2 — 1t

T a2 —2M
T‘Q—QMTGT(T )

Multiplying again by r2¢"™" = r? — 2Mr, we obtain
(r* —T%)0,.(r* — 2Mr) — (r* — 2M7)0,.(r*).

Since T'(ry) = r%, this quantity vanishes at rg. Since T’(rg) = 0, the first derivative
of this quantity also vanishes. If T"(rp) is sufficiently negative, then this quantity
can be made positive in a neighborhood of ry. Since we obtained this quantity by
multiplying the original quantity by (r? —2Mr)?, then the original quantity is strictly

positive on the support of T'. ]
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The change this has on the partial Morawetz estimate is minimal-it only means
that the term “(9,1)?” really becomes (9,1 + f(r)9;1)? for some function f supported
where r < rg + dg. Since this term still has the same sign, it may simply be ignored
in that region. (It wasn’t very useful near the event horizon anyway-it degenerated
like O((r — rg)?).)

We now show that by considering the effects of the dg-foliation, we can define
a redshift vectorfield Y that will give uniform control of (9,1)* and (9;1)? in a
neighborhood of the event horizon larger than dy. This is summarized in the following

lemma.

Lemma 4.2.16. On a dy-foliation guaranteed by Lemma 4.2.15, there exists a vec-

torfield Y supported on the region r € [rg, g + 20y| satisfying

17‘77‘1—[6[0,35}1/2} [(&WQ + (aﬂ?)ﬂ S dZ’UJ[Y] + 17"71‘H€(6H,25H)’V¢’2'

Moreover, Y =Y"(r)0, + Y'(r)0;, and Y"(ry) < 0.

Proof. Let Y =Y"(r)0, + Y*(r)0;. Then by Lemma 2.2.6,
divJ[Y] = K{"0,40,1,
where

K = g o\Y" + g0, Y" — divY g" — Y Org™”
1
= 9" 0,Y" + g7 0. Y " — 50,(r’Y ) g — Y O,g""
T

1
= g0 Y" 4+ ¢ oY — ﬁar(y’“ﬁg“”).
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It follows that

Ky = (r* —2Mr)0,Y" — Y"0,(r* — 2Mr)
2T2K$T) _ 2(T2grr8Tyt o 8T<7,29tr>yr)
T2K§f — 2T2gtTaTYt o 8T(YT7‘2gtt)

7"2 }O/t_ﬂ _ _aryrgaﬁ

We will take Y to be a negative constant! on r—rg € [0, dg] and smoothly increasing
toOonr—rg € (0g,205).

With this choice, K}’ has the right sign for r —rg € [0,2dy]. In particular, this is
due to the fact that the term —Y79,(r? — 2Mr) is strictly positive at r = 2M. This
fact is related to the surface gravity of the Schwarzschild black hole.

However, Kﬁﬂ has the wrong sign when 0,Y" # 0. This explains the error term
on the right side of the estimate in the lemma.

We choose Y to have support coinciding with ¢*" and such that Kgr) = 0. That

is, Y is determined by the relation

1
0, Yt = ?&ﬂ (7“29”’)3”

and the condition Y*(dy) = 0. Note that although ¢"" vanishes at the event horizon,
the quantity g%(?r(fr?g”’) remains bounded, because 9,(r?¢g'") also vanishes to first

order as r — ry. (This was a condition specified in Lemma 4.2.15.)

1Tt is traditional to take 0,Y" < 0 near the event horizon to also gain control of the angular
derivatives, but this is not necessary here since the current J[X,,,, ..» We,pn,e.] already has good
control of these derivatives and such a choice complicates the proof.
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Having made the above choice for Y*, we have in the region r — ry € [0, dy] that

tr
T’QK;&; — 257, a (TQQtT)Yr a (Yr 2 tt)

tr

= (—Y") |0, (r%g") — 25 0,(r2g")| .

By Lemma 4.2.15, this is bounded below by a positive constant on r — rg € [0, d].

In the region r — ry € (6, 20y),
TQK;S; — _a (Yr 2 tt)
With an appropriate choice of Y, this term will be positive on r — rg € [0y, 2d0y),
as Y"r2g" is positive and must go to zero as Y vanishes. O

The previous lemma leads to the following corollary.

Corollary 4.2.17. There exists an €rcqshife sufficiently small so that for all €emper

sufficiently small,

M? 1 Ttra _
—3(3r¢)2 + 1r—rHe[0,36H/2](at¢)2 + - (1 d p> V|* + T>7"*77Z}2 - 2Vetemw¢2

S) divJ[Xetemper + €redshiftY‘7 wEtempeT]'

Proof. By Lemma 4.2.13, we have that for some function f supported on the interval

re [TH,TH—F(SH],

r3

{MQ (1—T—H) (O + FOR0)2 + ( ) Vol + M 0|

< divJ[ X,

temper? wftemper] 9

145



Thus,

M? 1 Tirap ) 2 M -
r_317">rH+6H(ar¢)2 + ; (1 B %) |V¢|2 + F1T>T*¢2 =T 2‘/;terrbper'¢2

< divJ[X.

temper? wetemper] 9

From Lemma 4.2.16,

]-r—rHE[O,?)(SH/Q] [(ar¢)2 + (@10)2] 5 dM)J[Y] + 1T—T‘H€((5H726H)|V¢’2'

By taking €,cqsnif+ sufficiently small, these two estimates can be combined to yield the

estimate in the corollary for divJ[X,.,. .. + €redshiftYs Wepemper - O

4.2.6 The local Hardy estimate

We now address the 12 term in the region r € [rg,7.]. Since we finally have good
control of (9,1)%, we may essentally apply the fundamental theorem of Calculus to
“borrow” from the ? term in the region r € [r,, 00) to control ¥? in this region at
the additional cost of some of the (9,1)? term. This technique, which we refer to
as the local Hardy estimtate, is made precise by the lemma below. Its application is

explained in the corollary that follows.

Lemma 4.2.18. Let V| be a non-negative smooth function of r supported on the in-
terval [rp, 7] and let Vo be any non-negative smooth function supported on an interval
7+, Ry (for any R, > r,) and satisfying ||Va||r1ty = 2||Vil|z1qy- Then there exists a

function Ao depending on Vi and Vo such that

/ Viytdr < / A (9,20)% + Varh*dr.
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Furthermore, Aqy is supported on the interval [ry, R.| and satisfies
[|Av2][ze < 2(R — ) [[Vill -
Proof. We start with the fundamental theorem of calculus.

b(r) = / SV +(R).

Then, assuming R > r,

VA (r) = (— /TR W' (7)dF + ¢(R))2

<2 (/R W(f)ydf) +2(¢(R))?

<2(R—1) / (0.0)" + 27(R).

Letting R = R(r), multiplying by a non-negative function V;(r), and integrating in

r,

R(r)
/ V(PR (r)dr < 2 / V() (R(r) — 1) / (W ()2 didr + 2 / Vi(r) o (R(r))dr.

We may choose another non-negative function Va(r) with the property that 2 [ Vi =

| V5 and we may choose R(r) so that

2/r Vl(f)df:/R(r)Vg(R)dR:/r Va(R(7)) R (7)dF.

—0o0 —00 —0o0

Then we have the pointwise identity 2V;(r) = Vo(R(r))R'(r). It follows that

R(r)
Jwo) = v <2 [vierre -n [ @)
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Exchanging the order of integration on the right side gives the local Hardy estimate

/(V1 —Vo)y? < /Alz(&nw)Q,

where, in the particular case? r € [ry,r.] and R € [Ry, R.] with 7, = Ry, the

function A;s is given by

Auvﬂm<ﬂm:3/rmawaw>—fo

Ammmﬁmmszmmmmm—aw,

and satisfies the following inequality

|[Araf[r < max 2(R(r) —r)[|Vi|[r:.
rEr T«

This completes the proof of Lemma 4.2.18. O]
The previous lemma leads to the following corollary.

Corollary 4.2.19. There exists €emper Sufficiently small so that

M 1 Tirap\ 2 M
/ { 3 (ar¢)2 + lr—rHe[og(sH/g](at@/J)Q + = (1 — M) |V¢|2 + _4@&2}
P r r r

r

S / divJ[Xetemper =+ Eredshiftyva wEtempeT]'
P

Proof. Fix an R, > r,. Then choose €f4,qy sufficiently small that

1 (M
2€Hardy S 5/ ﬁdr (411)

*

2 A more general case where 7, # Ry is very similar.
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and

1 M2
2(Ry — rH)€Hardy < 5, on the interval r € [rg, R.]. (4.12)
r
Recall that VZ,,,. .. is supported near the event horizon and satisfies ||V, ||1() <
Etemper- Ch0OSE Etemper = %eHardy. Then it is possible to choose V; supported on

r € [ry, ] satistying ||Vi||21() = €maray and

1TE[TH,T*] ,S Vi—V

€temper *

Given condition (4.11) it is also possible to choose V5 supported on r € [r,, R.]

satisfying ||Va||p1) = 2[|Vil|21(r) = 2€Hardy and

1M M
§T_21r>r* S ﬁlrfr* - Vé

From these two inequalities, we conclude

M
5_217"71"*_‘/ +‘/1_‘/2
r

€temper

His

By Lemma 4.2.18 and (4.12), since ||Vi||11) = €Haray,

1 M?
AIQ[‘/D‘/Q] < Z(R* - TH)||‘/1||L1 = 2<R* - TH)GHardy < 57

on the interval [ry, R.|. Since Ajs[Vi, V3] is supported on the interval [ry, R.], it
follows that
1 M? M?

Ay .
2, = 12[‘/17‘/2]
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So far we have established

>~ [ M? M
[ oy + |

< [ M? M
5 / (T - A12) (87'w)2 + (ﬁ]"f’>’r* - ‘/etemper + ‘/i - ‘/v2> wzdr
TH

From this and the local Hardy estimate (Lemma 4.2.18) it follows that

> [ M? M % M2 M
/ {—3(8,4&)2 + —4¢2} r?dr < / —(0,0)* + (—210” — VQEW> 2dr
rH T T ry T T
> [ M2 M
— / {r—g(&wy + (ﬁlwr* — r_2‘/;temper> 1/12} r2dr
TH

0o
5 / diUJ[XetempET + 6'reclshift)/? wftempET]TZdr'

TH

4.2.7 The correction ej,wy,

By including an additional function wg,, we complete the term with (9;1)? in our

estimate.

Lemma 4.2.20. There ezists a function wg, supported onr € [ry—+dg,00) such that

M? Tirap)) 2
F <1_ trp> 17"ZTH+36H/2<81‘,¢)2

2

, M Tirap\ 2 _
< divJ[0, wa,] + = (1 _ tr p) Lisryton [(000)° + |V +r2%]

Proof. The proof of this lemma is rather similar to the proof of Lemmas 3.2.7 and
3.3.3, except that additional care must be taken near the horizon and trapping radius.
Otherwise, the idea is essentially the same.

Let wy, be a smooth, negative function supported on r > ry + dp, vanishing to
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second order at r = ry,,,, and decaying like O(—M?/r?) for large r. Then
. af 1 2
divJ [0, wa,| = wa,g*" 0a10p1) — §Dgw8t¢ :
Since wg, is supported in the region r > rg + oy,

. . |
divJ[0, wa,]) = wa,g" (00)? + wa, g™ (0,1)* + we, |V Y|* — EDgwath.

By the choice of wp,, especially since both wp, and ¢" are negative, one can check

that
)

Ttra 2
r_3 (]_ — , p) 1T2TH+36H/2(at77Z))2 5 watgtt7

while
2

< M 1 Ttrap 21
|w3t| ~ T3 - r r>r+6m -

A straightforward calculation shows that O,(M?/r?) = O(M?/r°), so

M 1 tra 2
] rap
y’LUat S_/ ( r

/'/_5 ) 1T‘>TH+5H'

2
The result follows. []
The previous lemma leads to the following corollary.

Corollary 4.2.21. There exists a small €5, > 0 so that

M a2 [ 1 M M
/Et [?(aﬂbf + (1 - TT> [;WWQ + ?(aﬂbﬂ + FW]

S / divJ[Xetemper + Eredshiftha Wepemper + Eatwat]'
3t
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Proof. Recall from Corollary 4.2.19 that

r

M 1 Ttrap)? M
/ { 3 (ar¢)2 + ].rfrHe[OB(SH/Q](at@/})z + = (1 t p) |y¢|2 + _4@02}
)3 r r r

S / divJ[XEtemper + 67‘6d8h’ift}/7 wftemper]'
P

Now, by Lemma 4.2.20,

M? Tirap\ 2
F <1 - tTP> 17'27"H+35H/2(8t¢)2

2

, M Ttrap\ 2 _
< divJ [0, wy,] + 5 (1 — tr p) Lisry+op [(ar@/))Q + VY] +r 2@/12] .

By taking ej, sufficiently small, these two estimates can be combined to yield the

estimate in the corollary for divJ[X.,.,.... + €redshiftys Wepomper + €0, Wa,)- O

4.2.8 The correction 0; and the flux terms

To investigate the flux terms, we begin with a few lemmas.

Lemma 4.2.22. (Identities for J")

—Jt[at] = —gtt(at¢>2 + gw(aﬂﬂ)Q + |V¢|2
—J'0,] = —24" 00, — 2g™ (0,1))*
J[0)] = 29" 0,490 + 29" (D))?

T'[=0] = =g" (0,0) + g" (90 + [V,
Proof. These identities follow from the fact that

J0s) = g™ g = 29°*O\bOsth — 6 5(0™MbONY).
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Lemma 4.2.23. On the event horizon,

VoI? = J'[=0,] - g" (0)?,

(0p)? = J"[0y].

Proof. From Lemma 4.2.22, and the fact that ¢"" = 0 on the event horizon,

J'[0] = 29%(81&@0)2

T [=0:] = g"(0w)* + [V

Note that ¢" and —g' are both positive and bounded in a neighborhood including

the event horizon. The estimates of the lemma follow. O]

Lemma 4.2.24. On a constant-time hypersurface, outside the the regionr € [ry,ry+

5H];

—J'[L] = a N (Ly)? + [V,
Proof. Outside the region 7 € [ry,rg + 0x|, g7 =0, —¢" = a™!, and ¢"" = a. From
Lemma 4.2.22,

—J'[L] = a(=J'[0,]) + (= J'[0}])
= a (29" 00, — 29" (0,0)?) + (—g™(O)* + g7 (0,0) + | V0 2)
2000, + o~ (0)? + a(0,9)* + | VY[
o a0, + 0p)? + |V
o (Ly)* + VY[

]

Lemma 4.2.25. On a constant-time hypersurface, outside the region r € [rg,rg +
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dul, if w is a function of r only, then
2 2
—J'0,w] = o fwyp L — r~20, (szﬁ) + 7720, <§w) 2.

Proof. Recall that
1
J" [07 ’LU] = guyw¢auw - §guvayw¢2‘

It follows that
1
0, w] = —g w0 — g WD — 59" Oy
Outside the region r € [ry,ry + 0nl,

—J'0,w] = —g"wyd
= a lwop
= a 'w Ly — wipd,p
2 2
= a 'wyLy —r720, (szﬁ) +r 20, <5w) 2.

Lemma 4.2.26. The current
J[Xetemper + EredshiftY + at: Wesernper + €5, wat]

satisfies the following flux estimates.

On the hypersurface ¥,

/E (L) + [T + 2

< | —Jx

~ €temper
Xt

+ 6reclshiftY’ + at7 wetgmpw + Eatwat] + ErTEtp
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where

M2
Bris, = [ Lol + T D@ + @],

andXHzl—g.

On the hypersurface Httf,

/ ¢ |V¢|2 S./ /t _Jt [X€temper _I_ EredShiftY + 8t7 w€temper + Eatwat] + ETTH§27
Hy? H{? 1

ty
where

t

Err i :/ (Onh)?.
H,?

Proof. Given the asymptotics at the end of the proof of Proposition 4.2.7, we have

that for large r
2

C
X, + 67“edshifth = XO = aar + ﬁar

€Etemper

and
wetemper + Eatwat = O(’,"_l)
Therefore,
M? M?
Xﬁtemper + €redshiftY + 8t = a&« -+ at +0 (T_Q) &« =L+0 <7’_2) ara
and

2
r=20, (%(wetemm + Eatwat)) =0(r™?).

The estimate on Y; now follows from Lemmas 4.2.24 and 4.2.25, the fact that all

remaining error terms can be estimated by® ]\f—; Xz (0:0)* + (01)?], and the fact

3Note in particular that there is one term —.J![—3,] that provides control of (9,t)? near the
event horizon (see Lemma 4.2.22). This explains the x g factor. This is important, because the ho;

estimate can control ArifXH(arw)% but not I‘f—;(&w)Z.
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that if ¢ decays sufficiently fast as r — oo,

because it is an integral of a total divergence term and w vanishes near the event
horizon (see the remark following Lemma 4.2.13).
The estimate on the hypersurface Httf follows from Lemma 4.2.23 and the fact

that X

€temper

and Y both have negative 0, components on the event horizon. O]

4.2.9 The Morawetz estimate

Finally, we conclude with the Morawetz estimate.

Theorem 4.2.27. (Morawetz estimate in Schwarzschild) The following estimate holds

for any sufficiently reqular function v decaying sufficiently fast as r — oo.

[ ek [ mp+1pep 4
H}? >

o M2 , 1 3M\? , M? 1 M,
Jr/t1 Etﬁ(aﬂb) +;(1—T) [|V¢| +r—2(3t¢) ] +3v

S [ @op e+ puP 4+ B
S,
where

Err = Erry + Errg + Errg

E?“ﬁ:/E r Lyl

to

M2
Erry = /Ht2 (Op))? +/2 sl [XH(@«@/J)Q + (aﬂ/f)z}

to

Brrg = / 2 [ 1eX @)+ ww)og)

andXHzl—g.

156



Proof. Apply Proposition 2.2.1 to the current

J[X + 6redshiftY‘ + aty wetemper + Eatwat]

€temper

and invoke Corollary 4.2.21 and Lemma 4.2.26. O

4.3 The rP estimate

4.3.1 The pre-r? identity

We prove the following lemma, which has a much simpler, well-known analogue in
Minkowski spacetime (see Lemma 3.4.3). It will be used for the proof of Proposition

4.3.6.

Lemma 4.3.1. Let a« = 1 — % and L = a0, + 0;. For any function f = f(r)

supported where v > ry + oy, the following identity holds.

/2 [f (OFlLl/J + r*1¢)2 n Oflf!VwF X 57’71f’¢2 B T,QaT(waz)]

to

to ) 2
+/tl /2 [Wlf = PIVeP +af (a_l Lo s ! w)

r

tea((l=e)f —rf")r 2% — o [~ fla  f L) + (f ~ erf’)T‘W]]
= / (@7 L 770) 0 IV 4 e R 20 f )]

to
+ / / — (207" fLY 4+ 27 fp) Ogep.
t1 Y
Proof. We will use Proposition 2.2.1 together with the following current template.

1
J[X,w,m], =T X" +wpd,h — 5@028,@ + muab?,
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T;w = 25u¢3u”¢ - guua)\d}aﬂ/}-

Assume for now that Oy¢p = 0. Let a =1 — 2M " and observe that

r

L= Oéar + 875,
grr = a,
gtt = —a71

Lemma 4.3.2. Without appealing directly to the particular expression for o, one can

deduce the following identity.

divJla fL] = (a7 f) (L)* = 2r 7' f (2(0,9)7 — a7 (0)) = [V

Proof. Note that
divJ[X| = K*"0,00,,

where

KM = 2g" 0, XY — X 0 (g") — divX g™ .

Set X = a 'f(ad, + &) = fO, + a~ ! f0;. From the above formula, since ¢g"* = 0

where f is supported,

K"+ K" =2¢"0,X" = 2a0,(a ' f).

Thus, the expression for divJ[a~! fL] will have a mixed term of the form

200, (a1 f)0,1pOpp.
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Note that

(@™ ) (LY)* = (a7 f) (a0 + O)?
=a’(a”'f)(0:)* + 20(a” ) 0,90 + (a7 f) (9))".

We now compute the (9,1)? and (9;1))? components, subtracting the part that will

be grouped with the (Li)? term.

K™ — OéZ(Oéilf)/ — [2grrarXr _ Xrargrr _ TfZar(TQXr)grr] _ 062(0671][‘)/
— [2grraTXr - 707281“(7“2grrxr>] _ 062(0671][‘)/
=200, f —r 20, (rPaf) — o*(a” ' f)

= —2rlaf

and
Kt — (Oé_lf)/ _ [_Xrargtt . T—28T(T2Xr>gtt] . (Oé_lf),
— —T_Qar(TQ.gttXT) . (Oé_lf>,
= =70, (P(—a)f) — (')
=2r a7t
Finally,

K = —-X"0,4*" —r %0, (r’X") ¢**
= —r %9, (r¢*’X")
= —r20,((r’¢*")f)
=—fg.
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(We used in the last line that 9,(r?¢™”) = 0.) Combining all these terms gives the

identity stated in the lemma. O

Next, we choose w = 2r~! f to directly cancel the middle term in the above lemma.

Lemma 4.3.3.
divd [o7 FL,2r7 1] = (07 Y (L0 + (27 f = ) I90F = 58, (27 ) o
Proof. Note that
divJ[0, w] = wg"” 0,0, — %Dgw?ﬁ.

We compute the new terms only.

divJ [0, 2r_1f} =2 fg*P 0,101 — %Dg (27“_1f) P?

= 2 (a(0)” — 07 (@w)?) + 2 IVl - 20, (2 ) 0.

When adding these terms to the expression in Lemma 4.3.2, the a(9,v)* — a™(9;1))?
terms cancel (this was the reason for the choice of w = 2r~1f) and the result is as

desired. ]

The term —30, (2r~' f) ¢? is like —r~!f”¢2. In the future, when f ~ P, this
will have a sign —p(p — 1). The sign will be negative if p > 1, which is bad. So we
include a divergence term to fix it. (But in doing so, we almost lose some other good
terms—this is why we need a small parameter €.) This is the point of the following

Lemma.
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Lemma 4.3.4.

a tf(Ly)? — %Dg (2r_1f) Y + (1 — €)div (wgr_lf'L)
2
= af (ofle + 1-¢ ; €w> tea((L—e)f —rf"yr2* +a (—er™ f/ +r72f) 2

Proof. First, we calculate

50 (2 )0 = =0, (Pad, (7 ) o7

= —ar %0, (r*0, (r ' f)) v = 0, (r ' f) ¢?
= —ar 20, (= f+rf ) — a0, (' f) v
— —Oz?“_lf”@DQ _ a/&n (T_lf) 7702.

We also calculate

div (Y*r~' f'L) = r~20, (*r f'L%)
= 20 Ly + 1720, (r fla)y?

— r—lf/2wLw + T—Qaf/wZ + Oér—lf//wQ i @/T_lf/¢2.

The first two terms in the last line complete a square with the term o~ f/(Lt)?. The
third term cancels with the first term from the previous calculation. However, it will
be beneficial to introduce the factor 1 — e that appears in the lemma, so that a good

term appears with an e factor. This is summarized by the following two calculations.

a (L) + (1 —¢) (r ' f29 Ly + 17 2af'y?)
1—e¢

2
= af’ (oz_llﬂ/} + ¢> — (1 —e)*2af? + (1 — e)r2af?

2
=af’ (a_lL@/) + ;w) +e(1 — e)r2af4p?
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and

—CW’_lf”Q/JQ + (1 _ E)Oé’l“_lf”@bz — —E&T_lf//@Z)Q.

Adding these terms together yields

af’ (ale + ;1/1) +ea((I—e)f —rf")r 22

All the remaining terms (which contain a factor of o/ ~ 2%) are

o [0, (T f) + (L= f] 4P = o (e f 2 )y

Adding both of these yields the result. m

Thus, we have shown that if Oy = 0, then

divJ [a ' fL,2r 7 f, (1 —e)r™ f'L]
2
= af (a‘le + ?w) tea((L=e)f —rf")r 2 + (2r7 1 f = f) Vo[
—da P f(LY)? + o (—er T f T2 ) 0P

If we remove the assumption that Oy = 0, there is an additional term

(2X () + w) Ogp = (2" fLtp +2r~" fo) Ogep.

Finally, we turn to the boundary terms. Since we have assumed that f is supported

away from the event horizon, it suffices to compute —J°*.
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Lemma 4.3.5.

—J a7 L 2r T f (L= e L]

=f(a 'Ly + 7“%)2 +a IV eyt — %@(rﬁﬁ).
Proof. We have

—J o fL] = —20"pa ™ f L + ot fLIOMpONY
= =207 fg" 0L + a7 [ (6" (0)? + g (0,0)° + [V YI?)
= —a” ' fg"(0))? — 207 fg"Opadh + a7 fgTT(0,)7 4 a7 fI VYL
= a7 f(0)? + 207 fOO 0 + F(O,0)° + a7 fIV Y[
= o f(LY)* + a7 VY[

Also,

—Jlyy [0.207 1] = —2r7 fed'y
= —2r7! fg" o
=2r~'a™! fpOy
=2t fpLap — 20 fy0,
=2t YL — 20, (r fu?) + (r 2 f T
= (2t ULy + 2 ) T R — 20, fu?).

Now, observe that

a P f(L) 4 2 o UL+ P = f (a7 L )

163



Thus,

— T [a L 2r f] = (a7 L+ ) 4 a T W 4 T 0t — 20, (r f?).

Also,
—J [0, 0,(1— e)r_lf’L} = —(1—e)r L = —(1 — e)r ' fly?.
Adding these two expressions together yields the result. O]
This concludes the proof of Lemma 4.3.1. O

4.3.2 The incomplete r” estimate near 7"

Now we use Lemma 4.3.1 and make a particular choice for the funciton f (so that

f = rP for large r) to prove the following.

Proposition 4.3.6. Fiz d_,6, > 0. Let R be a sufficiently large radius. Then for all

p € [0_,2 —d,], the following estimate holds if 1 decays sufficiently fast as r — oo.

/ (L) + (WP + 2]
X, N{r>2R}

’ P=1 [(Iah)? 2 —2,2
+/tl /Etﬂ{r>2R}r [( ¢) +|V¢| o 1/)]

< 1 [(L)? + [V + 127 + Er,
Ty {r>2R}
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where

Err = Erry 4+ Errg

[2)
=[] (L)? + [V + 4
t1 3tN{R<r<2R}

to
Erro = / / (L] + )| D
t1 Sin{R<r}

Proof. The estimate follows from the identity given in Lemma 4.3.1 and a particular

choice for the function f.

flr)=p",
where
0 r<R
p =19 smooth,p' >0 r€[R,2R]
r 2R < r.
With this choice, we have
f>0
>0
and for r > 2R,
=
fr=prt

Furthermore, for r > 2R,

2r M f — f =2t — P = (2 — p)rP L
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It follows that if p < 2 — . then for r > 2R,

Pt <o —

Also, for r > 2R,

ca((L—e)f —rf") =ea((l —e)pr*™ —p(p — L)r"™) = eap(2 — e — p)r* .

If R is sufficiently large so that « > 3/4 and §_ < p <2 — 4§, and € < 0, /2, then

er? P <ea((1—e)f —rf").

We also note that there are some error terms that have a factor of /. Each of
these terms has a smallness parameter available, since R can be taken to be very large
and

/ -1
of < —r .

==

Finally, we observe that if ¢ vanishes sufficiently fast as r — oo, then since f is

supported for r > R, we have

/E o) =0

With these facts having been established, it is straightforward to check that the

estimate follows from Lemma 4.3.1. ]

4.3.3 The r? estimate

We conclude this section by proving the 7P estimate. This is a combination of the
ho, estimate (Proposition 4.1.5), the Morawetz estimate (Theorem 4.2.27), and the

incomplete 77 estimate (Proposition 4.3.6).
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Proposition 4.3.7. Fiz §_,0, > 0 and let p € [0_,2 — 64]. Then if ¥ decays

sufficiently fast as r — oo, the following estimate holds.

/z (L) + VO +r720° +r72(0,0)°)]

ta

K p—1 2 2 —2 2 -2 2
[ D (L0 Xl TP 20 4 120,07
t1 P

< / P [(LY)? + [V + 7720 +r72(0,4)?] + Erro,
e,

Ttrap ) 2

where Xirap = (1 — and

Erro - / 2 [ 1@x(@) + we)Dg

where the vectorfield X and function w satisfy the following properties.

o X is everywhere timelike, but asymptotically null at the rate X = O(rP)L +

O(Tp72)8t.
o X|,—, = =0, for some positive constant \.
® X|i—r, = AO; for some positive constant .

o w=O0(r"1) for large r.

Proof. We start with the Morawetz estimate (Theorem 4.2.27) and add a small con-
stant times the incomplete 7P estimates (Proposition 4.3.6). The small constant can
be chosen so that the bulk error term E7rr; from Proposition 4.3.6 can be absorbed

into the bulk in the Morawetz estimate. The result is the following estimate.

M2
[ T+ (9o 2]+ 0w

" p—1 2 9 _9 .9 M? )
A R R L =l

2
< / P [(Ly)? + |V |? 4+ r 7] + %2(8,,@0)2 + Err’!
¥ r
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where

Err’ = Errl + Erry + Errg

Errllz/ 7’71|'¢L1/J|
Sty
2

Briy= [ @0P+ [ T D@ + 0wy

ity

to
Brro :/ / rP(| L] + 0] | D¢
t1 SiN{R<r}

i / X W) + w0,
t1 >

and X’ and w’ are the vectorfield and function defined in the Morawetz estimate

(Theorem 4.2.27).

The error term Err] can in fact be removed due to the following argument.

Err] < / er?(Lap)? 4 € trmPp—2y?
>

to
S.//
by

The radius R, should be chosen sufficiently large so that e 'r=? < erP whenever

arl(Lop+re [ et
to EtQO{TSRE}

r > R.. This critically depends on the fact that p > §_ > 0. Now, the parameter ¢
can be taken sufficiently small so as to absorb the first two terms into the left side of
the main estimate and the last two terms can be included with the term Err) after
applying a Hardy estimate.

We return to the main estimate. Notice that most terms have improved weights
near i° and a few error terms remain on Httf and Y;,. The next step is to use the ho,

estimate (Proposition 4.1.5) to eliminate these error terms and improve the weights
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near i° for the remaining 0,1 terms. The result is the following estimate.

/2 (L) + [V + 1720 +r2(0,0)7]

t2

+ / | / P! [Xtrap(L¢)2 + XtmpWKDP + %% + 067“72(&"1&)2}
t1 J3

>

a1

where

Err" = Err! + Erry,

no__ 2 -1 2
b= /tl /Em{qu} e (1Y)
Ertts = / / L IO+ / [ 1ex'w) + v,

. /: /E O 0 (B

By taking e sufficiently small, the error term Er7} can be absorbed into the left side.
The resulting vectorfield X and function w can be understood by combining the
vectorfields and scalar functions used to construct the three estimates that were used

in this proof. O

4.4 The dynamic estimates

In this section, we prove the dynamic estimates, which provide all of the necessary
information related to the future dynamics of the wavefunction ). These estimates
are simply restatements of the energy estimate (Proposition 4.1.3) and the r? estimate

(Proposition 4.3.7) applied to either 1) itself or another wavefunction ¢* derived from

0.
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4.4.1 The dynamic estimates for ¢ (s = 0)

We begin with the dynamic estimates for the wavefunction 1 only.

Proposition 4.4.1. Fiz §_,0, >0 and let p € [6_,2 — .. Then

Bl S B+ [ N

B (ts) + / " Bt < B (1) + / C N (),

t1

where

E(1) = / (00 + (B + WP,
3t
E,(t) = / (L) + [T + 22 + 20,07
¢
Bp(t) - /E rp—l [Xtrap(Ll/})Q + Xtrzzp|y¢’2 + T_21/}2 + T_Z(arw)ﬂ ;
N(t) = 5 ‘atwljgw|7

Np(t) = [(2X(¢) ‘I’WQ/J)DQ@Z’L

3y
where xyg = 1— %, Xtrap = ( — %)2, and X and w are the vectorfield and function

from Proposition 4.3.7.

Proof. The first estimate is a restatement of the energy estimate (Proposition 4.1.3)

and the second is a restatement of the r” estimate (Proposition 4.3.7). [

We slightly simplify the previous estimates by absorbing part of the nonlinear

norm N,(t) into the bulk B, (t) on the left side. Note the complication due to trapping.

Corollary 4.4.2. Fiz §_,6, >0 and let p € [0_,2 — 6]. Then

Bty < B(ty) + /t2 N(#)dt
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E,(t2) + /t2 B,(t)dt < E,(t) + /t2 N,(t)dt,

t1 1

where E(t), E,(t), and B,(t) are as defined in Proposition 4.4.1 and
N(t) = (E)10g¢ |2z,

N, (t) = / (0 + / 1000, ].
P Zzﬂ{'r%3M}

Proof. The first estimate is due to Proposition 4.4.1 and the fact that

1008 S 11001250 1D llr2cm) S (BE)2106¢] 23 -

3t

We turn to the second estimate. According to Proposition 4.4.1,

to to
Ep(t2)+/ Bp(t)dthp(tl)Jr/ N, (t)dt,
t1

t1

where

N,(t)

/Z X () + w) Oy

S / rP(| L]+ + 210,40

pI

We would like to claim that
N0 S Byt + e | O
This would require an estimate of the form
[t m ot 001 5 Byt

which is not completely true due to the loss of (Li))? at the trapping radius.
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Instead,

[omazei el tal? S B0+ [ jawn,l

Sen{ra3M}

and therefore

NI(t) S eBy(t) + ¢! / (O, + ¢ / B0,

tﬂ{rmBM}

By taking e sufficiently small, the term e fttf B,(t)dt can be absorbed into the left side

of the second estimate. O]

4.4.2 Commutators with O,

There are substantially fewer symmetries in Schwarzschild than in Minkowski. They

are generated by the time translation vectorfield 0, and the rotation operators €2,

Q,, and ..

Definition 4.4.3. Denote by I" the time translation operator or any of the rotation

operators.

I' € {0, Q,,,.}
Furthermore, denote by I'* any composition of s of these operators.

We also define the s-order wavefunctions derived from the wavefunction ¢ by

applying symmetry operators.

Definition 4.4.4.

g =Ty

As previously discussed, these generalized wavefunctions behave very similarly to

1. This is the statement of the following lemma.
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Lemma 4.4.5. If 0,9 = 0, then

More generally,
O,¢° =T¥(0g0).

Proof. We only prove the general case.

Ogip* = 0% = T°(Bg¢) + [0, I°J¢ = T*(B,0).

4.4.3 Higher order dynamic estimates

Now, we can write the dynamic estimates in a more general form.

Corollary 4.4.6. Fix §_,6, > 0. The following estimates hold for p € [6_,2 — §.]

and every integer s > 0.

1)
E(h) < B (1)) + / N*(t)dt,
t1

to to
E;(t2)+/ B;(t)dtSE;(h)—F/t N (t)dt,

t1

where

E*(t) =Y _E[*](1),

Ey(t) =) B[v*](0),
By(t) =) B,[v"](1),
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No(t) = (B50)2 Y 1la~ T (@* 0yl

§'<s

N =X [ o, + Y

s'<s s§'<s

[ o),
Etﬁ{rzfiM}
and the norms E(t), E,(t), and B,(t) are as defined in Proposition 4.4.1.

Proof. The proof is a direct application of Corollary 4.4.2 by making the substitutions

P

for all values of s’ (and all commutators represented by I'*') where s’ < s and observing

Lemma 4.4.5. O

4.5 The L*° estimates

We now prove the L™ estimates. These are very similar to the L estimates in
Minkowski, with the main differences related to the presence of an event horizon in

Schwarzschild.

4.5.1 A sobolev-type estimate

We restate Lemma 3.7.1.

Lemma 4.5.1. If u decays sufficiently fast as r — oo, then

il oz © [ 0 [0 + (@520
Sen{r>ro}
Proof. See the proof of Lemma 3.7.1. m
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4.5.2 Estimating derivatives using the Sobolev-type estimate

Now, we repeatedly apply Lemma 4.5.1 to estimate various derivatives with r weights.
We will assume that 1) decays sufficiently fast as r — oo.

The following lemma estimates ¢ and the higher order analogues °.

Lemma 4.5.2. Forr > ry,

Pyt ? S B ()

and forr >rqg > rg,

[ S BT ().

Proof. First, we apply Lemma 4.5.1 with u = rP¢*.

S [ [0+ (@)
¢
5/ ,r,2p—2 [(ar¢s+2)2+(¢s+2)2}
3¢
S E5FA(t).
This verifies the first estimate. The second estimate follows from the exact same

argument in the special case p = 0, and the observation that as long as r > r¢y > rg,

then E**2(t) can be used in place of of E5"(t). O
The following lemma estimates 9;) and the higher order analogues 0y1)°.

Lemma 4.5.3. Forr > ry,

[P0 < B3t ()

and forr >rg > ry,

[roa [ S BT
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Proof. The first estimate reduces to Lemma 4.5.2 by observing that 9,10 = 15*. We
now prove the second estimate.

First, we apply Lemma 4.5.1 with u = r0;®.

row[* < / v (@92 (r o)) + (=2 (r0*))’]
Sen{r>ro}
. /z N{r>ro) [(0,2%%(0)))* + (2%%(0r¢))?]
5 / [(8T¢8+3)2 + (aﬂ/)5+2)2]
Sen{r>ro}

5 Es+2 (t)

The point is that 9,/°2 can either be treated as 13 or as a derivative of ¢**2. In the
latter case, the energy norm E*(t) has stronger control, because H@tws\]%Q(zm{r>m}) <

E#(t), while [|[r= g2, < ESH(1). O

Ztﬂ{’r‘>r0})

The following lemma estimates ¥ and the higher order analogues ¥1°.

Lemma 4.5.4. Forr > rg,

‘Tp-i-lyws ’2 ,S Es—i—S (t)

2p

and forr >rqg > rg,

rYet |t S B ()
Proof. This lemma reduces to Lemma 4.5.2 by observing that |[rV¢°| < |Q°| =
. O
The following lemma estimates L1 and the higher order analogues Li)°.

Lemma 4.5.5. Letting L = a0, + 0y, where o =1 — %, we have that for r > ry,

|TP+1L¢S‘2 5E§;—3(t)_‘_/2 sz(DgQ/JS+2)2
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and forr >rqg > rg,

IMWF§F”®+/ (Og+)2,

Etﬁ{r>r0}

Proof. Before beginning the estimates stated by the lemma, it is important to estab-

lish
(0,Lu)* < (Ogu)? + (Lowu)* + r~2(0%u)? + r~2(0,0,u)* + r2(0,u)? + (Au)?,
To verify this, we expand
Oy = g"0F + 9707 +1720,(r°g")0, + g7 0,0, + 1720,(r*g" )0, + £
and observe that for r > rg + oy, ¢"* = 0 and

g 02+ g" 0P u + r20,(r*g"")0u
oM\~ 2M 2(r — M
= (1-20) e (12 ) ot oo
r r

72

We also expand

O,Lu = 0, ((1 — %) oyu + &gu)

2M 2M
— (1 — —) 83’& + ; aru + @@u

r r
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Note the similarities between these two expressions. It follows that for r > ry + 0y,

g 02+ g" 02 u + 20, (r*g"")0u — O, Lu

-1
_ (1— ?) afu—aratw% (pﬂ) O

T
2
= —a ! (Q?u + oc&«(?tU) + ;Oéaﬂl

2
= —a 'Lou + Zad,u.
r

Keeping in mind the additional terms that show up for r < rg + dy, we arrive at the
estimate for (9,Lu)? at the beginning of this proof. With this estimate in mind, we
begin to prove the estimates stated by the lemma.

We apply Lemma 4.5.1 with u = rPT1 Ly,

OIS [ P[0T L) P 4 (@ L)
¥y
< / P (0,952 Le*)? + (52 Ly*)?]
DI
5/ ,r,2p [<8TL¢S+2)2+(LT/)S+2)2]
DI

< B + / P2P(0, L),

¢

Now, according to the estimate we previously established,

/T2p(aTL¢s+2>2
it
S [ O (L0 4G+ 0,007
3t

+7,72(arw5+2)2 T (Aws+2)2]
5/ T2p [(Dgws+2)2+ (L¢s+3)2 +T72(,¢}s+3>2+T72<ar¢s+3)2} )
Xt
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It follows that

|rp+1st|2 §E§;3(t)+/z T2p(D9¢s+2)2.

This is the first estimate of the lemma. The second estimate follows from the same
exact argument in the special case p = 0, and the observation that as long as r >

ro > 7, then E*(t) can be used in place of E(t). O

4.5.3 Summarizing the L*° estimates

To conclude this section, we summarize the previous lemmas in a single proposition,

making use of the following definition.

Definition 4.5.6. We define two families of operators

D ={L,Y}

D ={L,a0,,V}

whereozzl—%.

Proposition 4.5.7. Forr > ry,

PP DY+ [P DY+ [Pyt S B () +A (O,
t

and forr >rg > ry,

rDYP < E(0) + / ()2,

P

Proof. With the exception of ad,, all of the cases have been proved in Lemmas 4.5.2-

4.5.5. Finally, observe that since ad, = L — 0,

[P0 |2 < [P Ly |* + |rP Oy |2
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Thus, even the case of the operator ad, can be reduced to Lemmas 4.5.2-4.5.5. [

Remark 4.5.8. The presense of the factor a =1 — % 15 bad, because it means that
we cannot control |0,1°| up to the event horizon. The reason for this problem is that
L and 9, become parallel at the event horizon. It is possible to control |0,1)*| up to the
event horizon by using an additional operator which is like O, near the event horizon.
But since this operator does not commute with the wave operator, it introduces serious
complications to the proof. For the sake of simplicity, in this chapter, we will avoid
use of such operator and necessarily make a stronger assumption about the nonlinear
term near the event horizon. However, in the next chapter, we will use this operator.
It will be called T, and the index k will be used to refer to the number of times T is

applied to °.

4.6 Theorem: Global boundedness and decay for
solutions to the semilinear wave equation with
null structure on the Schwarzschild background

4.6.1 Structure of the nonlinear term

Now, we define the precise structure of the nonlinear term that will be assumed by

the main theorem of this chapter.

Definition 4.6.1. Suppose 0,0 = N, where N is nonlinear in zeroth and first order

derivatives of 1. We say N satisfies the null condition if it can be written as

N=> 18,
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where the sum has a finite number of terms and
f}/ e {L¢7 rilaa/’"w? V’l/ju 7’712/)}7

B e {L, adp, Vb, 1~ 0},

where a = 1— % The v factors can be thought of as “good” factors, because they can
be estimated with an extra v factor using the L™ estimates (Proposition 4.5.7) while,
in contrast, the B factors can be thought of as potentially “bad”. The null condition

requires that at least one factor be a good factor.

Proposition 4.6.2. Generalize the terms v and 3 as follows.
v € {L®, radt, Vb, riyt),
B € {Ly*, 0,ap®, Vb, v ° ).
If Opp = N and N satisfies the null condition, then
D0 S Y "B+ D 18",

where Y" and B" represent v° and B° with ' < s, while 4% and B represent v*

and ° with s' < s/2.

Proof. See the proof of Lemma 3.9.2. O

4.6.2 The main theorem

Theorem 4.6.3. Let g be a Schwarzschild metric, and suppose a function 1 solves

an equation of the form
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where N satisfies the null condition as defined in §4.6.1. Then for 64,6_ > 0 suf-
ficiently small, if the initial data on X decay sufficiently fast as r — oo and have
size

Iy = E¥(0) + E35, (0) (4.13)

sufficiently small, then the following estimates hold for t > 0 (with T =1+1).
I) The energies satisfy
E®(t) < I,

Bl a5.,(t) < o,

—2+6
E;é[l—6+,2—6+](t) /S Tp o +[07

ENis g 5, (t) STV D,
/ Ege[é,_1,57}(7)d7 < Tp—2+5++1]0‘
t

II) The following L™ estimates hold, provided s < 12.
[P DY o [P DY [yt S Bt (1),

rDY** < EF(R).

III) Together, (I) and (II) imply that if s <9, for all p € [6_/2,(2 — 64)/2],
P D | + | Dy + |rPe°| < T(Qp—2+5+)/213/27

rDy*| S 1%,

and additionally for p € [(6- —1)/2,6_/2],

/ [P DY [P DY | 4 [Pt S TP 2,
t
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The final estimate should be interpreted as saying that |r©®=+V/2Dqs|, |r0-=D/2Dys|,

and |rO-=D/23| decay like TO-—3+9+)/2 in a weak sense.

The remainder of this section is devoted to proving Theorem 4.6.3.

4.6.3 Bootstrap assumptions

We begin the proof of Theorem 4.6.3 by making the following bootstrap assumptions.

E2(t) < Cyly,
Bl a-s,(t) < Gy,

Epis 55(t) < GI-72H00 I,

P

/ E9€[6_71,5_](7')d7' < CyT -2t
t

Note that, with the exception of the highest order energies, these bootstrap assump-
tions are consistent with the general principle that £ (t) ~ TP~ which the reader

should keep in mind throughout the proof of the main theorem.

4.6.4 Improved L estimates

The L*> estimates from Proposition 4.5.7 are essential to the argument of the proof of
the main theorem. But for better clarity, we first remove the nonlinear (error) terms

from these estimates and summarize them in the following lemma.

Lemma 4.6.4. In the context of the bootstrap assumptions provided in §4.6.3, the

following L*>° estimates hold for s < 12 and all p in any bounded range.

[PPHDY P+ [P DY [Pyt S By (1), (4.14)

rDy*|* < BT (1), (4.15)
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These are the same as the estimates from Proposition 4.5.7, except that the nonlinear

(error) terms have been removed.
Proof. See the proof of Lemma 3.9.5, keeping in mind Proposition 4.5.7. m

The conclusion of this lemma is the same as the statement of part (II) of the main

theorem.

Remark 4.6.5. Lemma 4.6.4, which is a simplified version of Proposition 4.5.7 in
the sense that there are no nonlinear (error) terms on the right side of any of the
estimates in Lemma 4.6.4, will be used in the remainder of the proof of the main

theorem as a replacement for Proposition 4.5.7.

4.6.5 Refined estimates for N°(t) and N;(t) (key step)

The L> estimates given in Lemma 4.6.4 allow us to provide refined estimates for the

nonlinear error terms. This is the crucial step of the proof.

Lemma 4.6.6. In the context of the bootstrap assumptions provided in §4.6.3, if

s <12, then
(1) S (B ()2 (B () (B2 0) 2 + (Bi_y ()25 (0)2)
Proof. We recall the definition of N*(¢) from Corollary 4.4.6. For all s,

N*(t) = (B*(6)'2 1100l 12(s)-

§'<s

Therefore, it suffices to prove the following estimate.

10500 |2y S (B2 (02 (B2 )2 + (By_s_ (0) V(B> ()2
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Note that by Proposition 4.6.2,

IT° 0,0 22 S VB ez + 18"l r2(s0)
N HT - YN 20 HT E 5ZO\|L°° 0 + 18" 2ol IV L s0)

S (B (O)Y2(EPP )Y + (B2 ()2 (B2 (1) V2,

]

Lemma 4.6.7. In the context of the bootstrap assumptions provided in §4.6.3, if

s <12 and Cyly < 1, then

N3 (8) S B () B23(t) + B3 () EY>H3(t) + E5 (1) (B2 (1) V2,

p

for arbitrary p' and p" <2 —4,.

Proof. From Corollary 4.4.6,

= [rrwopre [ o)
§'<s S {r=rirap

s'<s

We rewrite for some fixed radius R > r4yqp,

24 / |0 T O
[Z /E‘tﬁ{r<R} Z Zen{r=rirap} t ’

<s s'<s
+) / PP O,0)2,
S’SS Etm{T>R}

Using Proposition 4.6.2 again, the terms in square brackets can be bounded by

s s/2+3 s s/2+3 1/2 . . .
E3(t)Ey"(t) and E3(t)(E,,""(t))"/? respectively, with p/ and p” arbitrary be-

cause the terms are supported on a compact radial interval. Moreover, by the sec-

ond bootstrap assumption, since E8/2+3( t) < Cyly < 1, we have' E (t)E;///2+3(t) <

4In particular, if there were no trapping, we would have additional decay, since p” could be taken
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B (4) (B2 (1)) 2,

p

More importantly,

Z/ Tp+1 Fs 2 / Tp—i—l z’)2(ﬁlo)2+ (ﬁhi)2(vlo)2]
§'<s in{r>R} in{r>R}

[ s+ (o

in{r>R}

AN

A
T~

Et O{T‘>R}

By()lIr B[y + E°(@)]Ir #0290 e s,

N

Bi(t) B3 (t) + E*(t) B> (¢).

O

Corollary 4.6.8. In the context of the bootstrap assumptions provided in §4.6.3,
Corollary 4.4.6 and Lemma 4.6.7 imply that if s < 12 and Cyly is sufficiently small,
then
to to
E3(ts) + / Bi(t)dt S Es(t) + (Cyplp)'/? / Es ()T 34002 gy,

t1 t1

whenever s/2+ 3 < s (which means 6 < s).

Proof. By Corollary 4.4.6 and Lemma 4.6.7,

B (t2) + /t2 B (t)dt

t1

S Ej(t) + / ) [Es(t)B;/“?’(t) + By BV (1) + B3 ()BT ()2 dt

p//
t1

Since s/2 43 < s,

t2

[ES(t)B;(t) + B ()BT ()2 dt.

() + / "Bt < Exh) + /

t1 t1

less than 2 — 4.
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Recall that the bootstrap assumptions imply
E*(t) < Cyly

and

/ EY [(t)dt < CT°-30+

t1
Using these two estimates and the weak decay principle with the second estimate, we

have

t2

t2
E3(ts) + / Bi(t)dt < Ex(t) + / [ColoBy(t) + Ep(t)(CyT°= 340+ 1) /2] dt.

t1 t1

If Cyly is sufficiently small, the :12 CyloB;(t)dt term can be absorbed into the bulk

term on the left side. Therefore,

to to
E3(ts) + / Bi(t)dt S E5(t) + (Cyplp)'/? / Es(t) T304,

t1 t1

4.6.6 Recovering boundedness of E*(t) (s = 12)

Let s = 12. By Corollary 4.4.6 and Lemma 4.6.6,

E*(t) SE®(0) + /t N*(7)dr
<lo+ / (B ()2 (B (r) V2 (EY. ()
(B, (D)VAEL L (r)Y2) dr
Sho+ /t(Cblo)1/2(0b10)1/2(CbT6_3+5+fo)1/2d7

<1+ PRI,
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In particular, we used the weak decay principle in the third step. It follows that if

Cg/ 2](%/ ? is sufficiently small, then
E*(t) < .
This recovers the first bootstrap assumption.

4.6.7 Recovering boundedness of E(t) (s = 12)

Our first application of Corollary 4.6.8 is to prove boundedness of E5(t). Let s = 12.
Then

t t
E;(t)+/0 B;(T)drgE;(t)+(Cb[O)1/2/o E;(T)T(‘L_?”L‘S*)/Qdf
< Iy + (Cyply)>/2T0-—1/2 10+

< (14 PRI,

~Y

It follows that if C,‘j’/ 2[3/ ? is sufficiently small, then

Eres a-5.(t) S lo

This recovers the second bootstrap assumption.

4.6.8 Proving decay for E_, ; , ; () (s=11)and E5_; , ; (¢)

pe

(s = 10)

At last we are ready to prove decay. This will be accomplished by repeatedly applying

the following lemma.
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Lemma 4.6.9. Suppose p+1,p € [6_,2 —d,] and

E;ii( ) T(p+1)72+6+ I,

E3(t) < CTP 4 I,

Then if 1y is sufficiently small,
E3(t) S TP >0 I,

Proof. Using the mean value theorem, for a given t, let t' € [t/2,t] be the value for

which Bsfi(t) =2 [ 12 Byii(7)dr. Then using Corollary 4.6.8,

Eyt) S E;( + (Cvlo) 1/2/ T(0-=3+64)/2 1.+
5 E;( CbI() 1/2/ C TP~ 2+5+I )T 5_,3+5+)/2d7_

S Bt + G2 1y PTr o

Now by the choice of ¢/,

S S 2 ! S
Byt s Bt =5 [ Bptiryar
t/2
SB[ BT
t/2

S Tp—2+(5+]0 + (CbIO)1/2Té)72+6+

Thus,
s 1/2 41/2 3/2 11/2 _
E(t) S (1 + G2 Iy + O 1Py 240+

Provided C’b1 / 2[3/ >4 C’b3 / 2[3/ ?is sufficiently small, the proof is complete. O
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By applying Lemma 4.6.9 for p =1 — ¢, and s = 11, we obtain
Efls () ST .
By interpolation we obtain decay for all p € [1 — §,,2 — d4].
E;é[175+,275+](t) ST,
Then applying Lemma 4.6.9 again for each p € [§_,1 — .| and s = 10, we obtain
EXis 554(t) STP >4,

This recovers the third bootstrap assumption.

4.6.9 Recovering weak decay for E_; ,; (t) (s=09)

Finally, set s = 9 and observe that for p € [§_ — 1,d_],

/ Ey(r)dr 5 / Byii(r)dr  TUH 72000 [y = P340,
t t

In particular, by taking p € [0 — 1, J_], this recovers the final bootstrap assumption.

This completes the proof of Theorem 4.6.3. O
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Chapter 5

Axisymmetric waves in

subextremal Kerr spacetimes

The third problem of this thesis investigates axisymmetric semilinear waves on the
exterior of a subextremal Kerr black hole. The Kerr black hole family includes the
Schwarzschild black hole as well as rotating black holes.

The metric for a Kerr black hole with mass M and angular momentum a is most

well-known in Boyer-Lindquist coordinates.

oM 2Mrasin®
r )g_gﬂm

r2 4+ a? cos? § r2 4+ a? cos? §
2Mra®sin®0\ | 2 gdg? + r? + a? cos® 0
—————— |sin

r2 4+ a? cos? 0 r?2 — 2Mr + a2

gudrtds” = — (1 —

+ (7‘2 +a® + dr® + (r* + a® cos® 0)do*.,
Its volume form is

p=(r* + a*sin®f) sin 6.

Despite the fact that the Kerr metric is significantly more complicated than the
Schwarzschild metric, there are a number of similarities between the problem of this
chapter and the problem of the previous chapter, which we now discuss.

Both (linearized) problems have Lagrangians with similar structure.
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The linearized Lagrangian density

L= ugaﬂﬁcﬂb&@w

for the second problem was

-1
ESchwarzschzld r SlIl9 [ (1 - %> (atw>2 + <]- - %) ( 7‘¢) + |y1/}|2]

r

while the linearized Lagrangian density for this problem is

‘CKerr,aa:isymmetry

= ¢*sinf [— ((72;—22) — a’*sin 0) (Op))? + 7 (&@/})2 + q—12(89¢)2

where

A =r*—2Mr+ad?,
¢ =12+ a®cos?é.

At first glance, Lxerr azisymmetry appears to be rather complicated compared to
L sehwarzschita- Of particular concern are the dependence on # in the quantity ¢? and

the fact that ¢"¢"" # —1. However, Lxerrazisymmetry Call be rewritten as

'CKerT,axisymmetry

7,,2_|_a2

X Q0000

= (r* +a*)sind |- (O)* +

A
2 a2(a”/})2 2+ 2

where

Q0,00 = (0p))? + a®sin® 0(0))*.

In this form, the coefficients for (9;¢))? and (9,1)? have a product of —1 and all
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0 dependence occurs either in the modified volume form or the tensor Q®°. This
motivates a generalization of the quantity a from the last chapter.
A
“Pra

The tensor Q®?, known as Carter’s hidden symmetry, is a generalization of the
angular metric 72¢®”, and it corresponds to a second order operator @ that generalizes
the operator r*A and commutes with O, .

Both problems feature simple trapping phenomena. As was discussed in
§4.2.1, trapped null geodesics complicate the analysis of linear waves. In particular,
the classical vectorfield method seems to only work for problems where trapping is
confined to a single photon sphere, as is the case for all problems in this thesis. (The
recent results [AB09] and [DRSR14], which go further, are discussed below.)

Unlike the Schwarzschild spacetime, which has a single radius 4.4, = 3M where all
trapped geodesics occur, any Kerr a # 0 spacetime has an entire radial interval where
trapped geodesics can occur. However, for a fixed geodesic angular momentum, there
is again only a single trapping radius for null geodesics with that angular momentum.
One can think of the condition J41 = 0 as a restriction to the “waves with zero
angular momentum.” The trapping radius 7.4, in this problem coincides with the
trapping radius for geodesics with zero angular momentum. It is the radius that
maximizes the geodesic potential m, which coincides with the familiar potential
r2(1 — 24y when a = 0.

Some recent works handle linear waves with multiple trapping radii. In [AB09],
it is shown that higher order symmetry operators can be used to generalize the vec-
torfield method in a way that is useful for slowly rotating Kerr spacetimes without
the requirement of axisymmetry. In [DRSR14], the linear wave equation (without

the requirement of axisymmetry) in all subextremal Kerr spacetimes is completely
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understood by using Fourier methods. Due to the issue of trapping as well as the
problem of the ergoregion (discussed next), it appears likely that Fourier methods are
necessary for treating the general wave equation in Kerr.

Both problems have a positive energy that is conserved at the linear
level. Another new challenge in Kerr is the presence of an ergoregion, a region near
the event horizon where the killing vectorfield 0; becomes spacelike. In the analysis
of waves, this manifests itself in the fact that there is no conserved energy that is
globally positive. The most obvious candidate, based on the vectorfield multiplier 0;
in Boyer-Lindquist coordinates, has terms with J,1 that have negative coefficients in
the ergoregion. By assuming J,¢ = 0, the energy is still positive.

Given the above similarities between the problem of this chapter and the problem
of the previous chapter, we now discuss a few differences.

Unlike the problem in the previous chapter, this problem has weaker
symmetries. In the previous chapter, the first order symmetry operators 0; and €;
were used as commutators. However, the Kerr spacetimes only have one first order
angular symmetry operator €2, = d,, which is not useful when 9,9 = 0. Instead, the
symmetries used in Kerr are the Killing vectorfield 0; and the second order hidden
symmetry operator () introduced earlier. The operator () differs from the spherical
Laplacian by a term depending on 9?7, so Q and 9? together provide the spherical
Laplacian, which has the elliptic properties necessary to control the angular deriva-
tives. See §5.4.2 and Lemma B.2.1.

Compared to the previous chapter, a weaker assumption is made for
the nonlinearity. To avoid a distracting complication in Chapter 4, an extra as-
sumption was made so that nonlinear terms with 9,¢) vanished on the event horizon.
The reason was to avoid commuting with the redshift vectorfield, which is not ac-
tually a symmetry operator. Since the method of Chapter 4 is now assumed to be

well understood, the redshift vectorfield commutator will be used in this chapter to
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eliminate the need for the additional assumption on the nonlinearity. See §5.4.4. This

is in preparation for the final two problems of this thesis.

5.1 The energy estimate and the h0; estimate

The most fundamental of all estimates is the energy estimate. We begin by proving

this estimate and then prove the slightly more general ho, estimate.

5.1.1 The energy estimate

Since the vectorfield 0, is a Killing vectorfield, we have the following identity.

Lemma 5.1.1. (Energy identity for Kerr)

/H;z M&H/Xh —J'[0}] :/Etl —Jt[at]Jr/: /2 20,0,

In particular, if Oy = 0, then the quantity

E(t) = /H

J" (0] + / —J' 0]

t
to
15 conserved.

Proof. The proof is identical to the proof of Lemma 4.1.1. m

Now, we calculate the flux terms in the previous lemma.

Lemma 5.1.2. On the event horizon H,?,

RIARS (at¢)2

195



and on a constant-time hypersurface ¥,

af
0] ~ xa (00 + (O)? + %aawaw,

where xg =1 — L.

Proof. The proof is similar to the proof of Lemma 4.1.2. O

From the previous two lemmas, we conclude the following energy estimate.

Proposition 5.1.3. (Energy estimate for Kerr, assuming azisymmetry) Suppose

Oyt = 0. Then

| owr+ [

t1

Q’
q2

|:XH(87“1/))2 + <8t¢)2 + aa¢aﬁ¢:|

<)

Sty
to

Brro= [ [ lowo,ul
t1 o

Proof. This follows directly from Lemmas 5.1.1 and 5.1.2. O

to

af
[XH«?W + o)+ Lrawom] + Erre

where xg =1 — "2 and

5.1.2 The ho; energy estimate

We proceed as in §3.1.2 and §4.1.2 to prove the ho; estimate.

Lemma 5.1.4. If h = h(r) is constant in the interval r € [rg,rg+0dn], and Oyp =0,

then

T givatha) =" (Lo - Loy

r? 4 2 )

Proof. Recall from Lemma 2.2.6 that

divJ[X] = KM 0,00,
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where

K" = gMo\X" + g0\ X" — X 0\ (g") — divX g,

Since 0y is killing, 9;(¢") = 0 and div(9;) = 0. Also, the only component of X is the
t component and the only nonzero derivative of that component is the 0, derivative,

SO

GPRX + gPOXE = g0, X7 + g9, X",

It follows that the only possible nonzero K*¥ components are

Ktt — 2gtrh/

Ktr + Krt — 2grrh/'

Since K’ = 0 in the region r € [ry,ry + O], the first of these actually vanishes.

Recalling that a = T;i—zazg”r, we conclude that

q2

r2 4+ a?

divJ[hdy) = 2ah' 9,

/

= (0B + 00 — (oD — O]

2
"Ly — (L)

T2

]

Taking h to be a positive function decreasing to zero as r — oo at a particular

rate, we obtain the ho; estimate.

Proposition 5.1.5. (ho; estimate for Kerr, assuming axisymmetry) Suppose Oyp =

0. Let R > ryg + 0y be any given radius. Then for all e > 0 and p < 2, there is a
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small constant c. and a large constant C., such that

045
[owr s [ o202+ @02+ Lrowon

/ / Ly
Zin{R+M<r}

< [ e[ty + @+ Lo + B
S,
where xg =1 — "2 and
Err = Erry + Errg
Erry = / / “H(Lap)?
Ztﬁ{R<r}
Errg = / / Cer? 2100 1|
t1 3t
Proof. See the proof of Proposition 3.1.5, noting Lemmas 5.1.4 and 5.1.2. n

5.2 The Morawetz estimate

In this section, we prove the Morawetz estiamte for Kerr, assuming axisymmetry.
It is a direct generalization of the method used to prove the Morawetz estimate for
Schwarzschild. As such, we will proceed at a faster pace, dropping some calculations

that are essentially the same for both spacetimes.

5.2.1 The partial Morawetz estimate

We now proceed as in §4.2 to construct the Morawetz estimate, beginning with the

partial Morawetz estimate as in §4.2.2.

Proposition 5.2.1. (Partial Morawetz estimate) Suppose Opp = 0. Then there exist

a vectorfield Xo and a function wq such that the current J[Xo, wo] as defined in §2.2.4
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satisfies

r3

M? 1 ra B M

[ (1_7”_H) @)+ (1-1 p) & OOt + 3Lyt | S div I [Xo, wi)
r r r q>

in Boyer-Lindquist coordinates, where r, is the larger root of the polynomial r* —

4Mr + a?.

Proof. For the proof of this proposition, we drop the 0 subscript from Xy and wy. We

begin by restating Lemma 3.2.2 for Kerr.

Lemma 5.2.2. With the choices X = X" (r)0, and w = w(r),

Qaﬂ

divJ[ X, w] = (wg" — ¢ 20.(¢*X"¢")) (0)* + (w — GTXT) Oa Y031

1
+ (wgrr 4 arxrgrr - 27’(]_2Xrg” o Xrargrr)< rdj) o _q—2a ( rrarw)wZ‘

Proof. See the proof of Lemma 3.2.2. n

It is difficult to make sense of the coefficients in the above lemma, because most
coefficients are sums of multiple terms. By making the choices X" (r) = u(r)v(r) and

w(r) = v(r)dyu(r), each coefficient can be written as a single term.

Lemma 5.2.3. With the choices X = u(r)v(r)0, and w = v(r)0,u(r),

: u Q"
dZUJ[Xu U)] = q a (Uq2gtt) (8t¢)2 - uarvTaawaﬁw

2

+q 2% ut0, (q grr) (0rp)? — —q 200 (q° 9" Orw) R

Proof. This follows directly by substituting X" = wv and w = v0,.u into the expression

in the previous lemma and combining terms. O]

As in the proofs of previous partial Morawetz estimates, we choose a relation

between X and w so that the coefficient of (9;1))? vanishes. In terms of the functions
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_ r2—2Mr+ad?

2 tt) 1 _ A
(r2+a2)2 - (r2+a2)2

w and v, it suffices to set v = (¢°¢g

Remark 5.2.4. The function v = % 1s the Kerr analogue of the geodesic
potential derived in §4.2.1 for geodesics with L, = 0. (The condition L, = 0 is the
geodesic analogue of the condition Oyt = 0.) It has a mazimum at the radius riyqp,

which coincides with 3M when a = 0. This explains why the trapping radius r.q, will

show up in the calculations that follow.

Lemma 5.2.5. With the choice v = Z=2Mria® the coefficient of the (Opp)? term

(r2+a2)2 7

vanishes and furthermore,

divJ[ X, w]

Qa,@ A2 ( u

= — _— 2 ——q? A
udyv= 5= 0Ot + q2(T2+a2)ar T2+a2>( 0rp)? q O (Adw)*.

Therefore, it is necessary to choose u and w so that the following conditions are

satisfied.

udyv > 0, (5.1)

u
— | > 2
O <r2+a2> 20, (52)
- (Adw) <0, (5.3)

Furthermore, w and u must be related by the following constraint.

A

Lemma 5.2.6. It is possible to choose u and w such that all three conditions (5.1-5.3)
and the constraint (5.4) are satisfied. One particular choice is given by the following
approach. (See Figure 5.1.)

i) Require that u(ryqp) = 0 and Opu = 2+a2) S w. This will specify u completely in
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terms of w and satisfy the constraint (5.4).
i1) Require that w be positive. Then u will be an increasing function and the

condition (5.1) will be satisfied.

iii) Determine a way to understand O, (MLGQ) in terms of w. Here is one way.

Let K™ = (TZ;fQ)Q O, (Tziag). This particular quantity has the same sign as O, (M_Lag)
and has the property that its derivative can be written as a function of w. That is,

oK™ = (r2+a2)d, (5%), where again, v = (

5 5. The condition (5.2) now reduces

to showing that K™ > 0.

iv) For sufficiently large r, impose the condition that 0. K™ = 0. In particular, this
means choosing w = 2rv for sufficiently large r. The quantity 2rv has a maximum
at 7, the larger root of the polynomial r? — 4AMr + a®. (Again, see Figure 5.1.) The
choice w = 2rv for r > r, will satisfy both the remaining conditions (5.2-5.3) for
> T

v) Observe that since 0,(2rv) = 0 at r., the quantity Ad,w = 0 will necessarily
vanish at r = ryg and r =, if w = 2rv for r > r,. By the mean value theorem,
condition (5.8) necessitates that O,w = 0 entirely for ry < r < r.. Thus, take
w =w(ry) forr <r,.

iv) Since w has now been chosen for all r, check that K™ > 0. In particular, with

the given choice of w, K" will be decreasing for r < r, and then remain constant for

r>r,. Thus, it suffices to compute that K™ (r,) > 0.

Proof. The lemma consists of multiple statements. Statements (i) and (ii) require no
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rH trap I'*

Krr

| |

I I
rH I.trap I'*

Figure 5.1: Plots of w and K = %7’3& (T,QJFLGQ) for r > ry. In the region r > r,,

the function w is chosen so that K" is constant. In the region r < r,, w is chosen
to be constant (this is required by condition (5.3)). The value r, is chosen so that w
remains C'.

further justification. We turn to statement (iii). Note that

— (r? + a?)? u
0K =0 ( 2r O r? + a?

Recall the constraint (5.4) between w and u, which stipulates w = vu’. Therefore, we

substitute v’ = “ and conclude

O, K™ = (r* + a*)0, (i) )

2rv

This verifies statement (iii). For statement (iv), we must find the value r, that
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maximizes the quantity 2rv. A direct calculation reveals

o = ()

2 r2—a®r?—4AMr+a?

T2+CL2T2+CL2 7"2+CL2

Setting 9,.(2rv) = 0, we deduce that r, is the larger root of the polynomial 72 —4Mr +
a®. This indeed maximizes the quantity 2rv, because the quantity 2rv vanishes at
the event horizon and decays back to zero as r — oo.

We also must check that —3¢720,(A9,(2rv)) > 0 for r > r,. Indeed,

_1q728r(Aarw) = quaT <

A r2—a2r2—4Mr+a2)
5 )

r2 4+ a?2r?2 +a? r2 + a2

Since the last quantity is a derivative of a product of three functions that are positive
(for r > r,) and increasing to 1, it is necessarily positive. This verifies statement (iv).
Statement (v) requires no further justification. Finally, we turn to statement (vi).

First, we observe that for r < r,, since w = w(r,) is constant, then

K™ = (2 + a?)0, (M) SIG G Lo PO

2rv (2rv)?

Since we have determined that 2rv has a maximum at r,, it follows that K" decreases
to a minimum at 7,. Recall further that by the choice of w for r > r,, K™ is constant
for r > r,. It suffices to check the value of K™ at r = r,. (That is, if K™ (r,) > 0,

then necessarily K™ >0 and thus K" > 0.) First, we observe that

T 1
U<T*)/ — < Ty — 7ntmzp;

Ttrap

since v is decreasing from 7,4, to r.. Using this fact, we examine the sign of 0, (ML(IQ)
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at r,.

(r? + a2)2v(r*)a u (r2 + a®)v(r,) 2rv(ry)u(r,)
w(ry) "\r2+a? /|, w(ry) w(ry)
=72 +a’— 2roofr) (™ Oru
w(r*) Tirap
=r2+a® — 2ro(r.) /r* w
: w<r*> Ttrap

T 1

2 2
=r,+a — 27“*@(7’*)/ -
Ttrap v

> 7?4 a® = 2r,(r, — Ttrap)-
Since r2 + a? = 4Mr,, it suffices to show
r2 +a® —2r.(r, — Trap) = 27« (2M — (74 — Ttrap)) > 0.

This is indeed the case for all |a| < M. This concludes the proof of Lemma 5.2.6. [

We conclude the proof of Proposition 5.2.1 by analyzing the asymptotics for large

r, in particular for r > r,.

wo = 2rv = O(r™ 1)

u=r%+a%—c? since v = 2r

2

Xo = wvd, = 2A ———0; +O<M)(9T
+a 72

Qaﬂ Qa

(@) gab — —ud,w O( 71)
K™ — O( )Krr - ( )

— 2 _
K:q_287n< r? —a?r 4Mr—|—a):0(%)‘

r2 +a?r? + q? r2 + a?
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This completes the proof of Proposition 5.2.1. O]

5.2.2 Remaining issues

So far, we have a current J[Xj, wp] with a non-negative divergence. However, there
are still a few modifications that must be made to the current J[Xy, wp| to establish
a proper Morawetz estimate.

e The vectorfield X behaves like log(1 — “2)0J, near the event horizon. So we

temper X (and also w) by choosing from a family X, where the parame-

temper? wetemper

ter €iemper > 0, which represents a deviation from X, and wy, will be small. This will

unfortunately introduce an error term of the form —q 2V, 1? to the divergence

Etemper
of J. (See §5.2.3.)

e The coefficient K™ of (9,1)? vanishes at the event horizon. This can be fixed
by using the standard redshift argument, which necessitates a change of foliation near
the event horizon and the addition of a redshift vectorfield €,¢qsnifeY. This new foli-
ation will be used for the remainder of the chapter. (See §5.2.4.)

e The coefficient K of ¢? vanishes for r € [ry,r.]. In fact, given the error term
introduced by the tempering of X and w, it is even slightly negative, with a small-
ness parameter €mper. Lhis will be fixed by observing a local Hardy estimate. (See
§5.2.5.)

e The coefficient K of (9;1))? vanishes entirely. (Although there is a (9;1)? term
corresponding to (?) K when a # 0, we want uniform estimates in a.) This is easily
fixed by adding to w the term es,wg,. (See §5.2.6.)

e The purpose of the current J is to apply the divergence theorem in the form of
Proposition 2.2.1. So far, we have paid careful attention to the divergence of J, but
the boundary terms also must be shown to have good properties. We add 0; to X

and observe that there are only small errors on the boundary. (See §5.2.7.)

After all the above modifications take place, the final current .J will be of the
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following form.

J = J[X, w]

X =X

€temper

+ 67‘edshif15Yr + at

w = wﬁtemper + Eatwat

And the current J will satisfy

1 rap M? M
SO (1 M) [\W? + 7@@)2] + v

r

< / divJ (X, w] — (2X () + wib) 0.

5.2.3 The tempered vectorfield X, . and function w,,,,..

The tempering of Xy and wy to produce X, and we,,,,,., can be done the same

€temper

way as in §4.2.4. We will simply state the result in the context of Kerr without proof.

Lemma 5.2.7. Suppose Oyt = 0 and Oyt = 0. For all €iemper > 0 sufficiently small,

there exist a modified vectorfield X, and a modified function we,,,,,., agreeing,

€temper

respectively, with the vectorfield Xy and function wy from Proposition 5.2.1 outside

of a small neighborhood of the event horizon and satisfying

M? TH\ 2 1 Pirap\ 2 Q%P M _
[—3 (1= 22) 0+ — (1= ™22) 000050 + Loy U2 | =4 Vit
T T r T q T
Sz divJ[XetempeT ’ wftemper] 9

with a constant independent of €iemper. Moreover, the function V. 18 supported in

temper

a neighborhood of the event horizon and satisfies

Ve

Li(r) < Etemper - (55)

temper
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This new estimate is in fact worse than the estimate from Proposition
5.2.1, but the advantage gained in this lemma is that, unlike the vector-

field X,, the vectorfield X 1s reqular up to the event horizon.

€temper

Remark 5.2.8. As observed in the proof of Lemma 4.2.13, the function w.,,,,,., s
supported outside a neighborhood of the event horizon and 0,(¢*we,,,.,) is nonnega-

tive. These facts will be used when computing boundary terms.

5.2.4 The redshift vectorfield €,cqsif1Y

Now, we begin to use the coordinates corresponding to the dy-foliation that is de-

scribed by the following Lemma.

Lemma 5.2.9. For all sufficiently small § > 0 (usually denoted by 0y outside of this
lemma) there exists a time foliation agreeing with the time foliation of the Boyer-

Lindquist coordinates for r > rg+ 9 such that the metric under this foliation satisfies

gt7" > 0’

9" =15+ O((r —ry)?) near r = ry,

and

tr
8r(ngtt) o QZWaT(q%]tr) >0

for all r €0, 6].

Proof. Denote the Boyer-Lindquist coordinates by (%, 7,0, ). Then we define a new
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set of coordinates by!

f T4 / T(x)dx

is 12— 2Mx + a?

r=r
0=20
¢=9

for some function T'(7) supported for 7 < ry + d. The time foliation is given by the
new coordinate ¢, and the metric can be found by the change of coordinates. Under

this change of coordinates, since r = 7 everywhere, we have

@g:ag

T
87":877_K t
By =
Oy = 0y

The inverse metric in these coordinates can be found by computing the following

coordinate-invariant quantity:.

2 2\2 _
orvon = - T 0 4 A0 + PQP0sv050

2 2\2 2
SRGERS WA <ar¢ + %atw) QY005
B T2 - (,’,.2 + a2)2
o A

1Usually, one also changes the variable ¢, but this is not important for problems with axissym-

metry.

(0:)? + 2T 0pp0,1h + A(0,10)* + QP 00Ot
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It follows that in these coordinates,

2t _ 1% - (7”2 —I—a2)2

qag A
ngtT:T
QZQTT:A

q2Qa,3 — QQQ&ﬁ
If we impose the condition
T=r4+a*+0((r—ryg)?)

then all of these metric components are regular and the first two conditions of the
lemma are satisfied. We now examine the other condition. Multiplying by ¢*¢™", we

obtain

9" 0,(%9") = 26°9" 0. (*9") = 0, (9" °9" — (°9")?) — 49" 0, (’9™")
T2 — (12 + a?)?

A
A O

= =0, ((r* 4+ a*)?) —

Multiplying again by ¢?¢"™" = A, we obtain

[(r* + a®)? — T?)0,A — AD,(r* + a®)*.

Since T(ry) = r% + a?, this quantity vanishes at ry. Since T'(ry) = 0, the first
derivative of this quantity also vanishes. If 7"(rg) is sufficiently negative, then this
quantity can be made positive in a neighborhood of ry. Since we obtained this
quantity by multiplying the original quantity by A2, then the original quantity is

strictly positive on the support of T'. O

The change this has on the partial Morawetz estimate is minimal-it only means
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that the term “(9,1)?” really becomes (9,14 f(r)d;1))? for some function f supported
where < rg + dg. Since this term still has the same sign, it may simply be ignored
in that region. (It wasn’t very useful near the event horizon anyway—it degenerated
like O((r — ry)?).)

We now show that by considering the effects of the dy-foliation, we can define
a redshift vectorfield Y that will give uniform control of (9,1)% and (9;1)? in a
neighborhood of the event horizon larger than dz. This is summarized in the following

lemma.

Lemma 5.2.10. Suppose Oy¢p = 0 and Oyp = 0. Let |a] < M. On a dy-foliation
guaranteed by Lemma 5.2.9, there exists a vectorfield Y supported on the region r €

(7,7 + 20H| satisfying

af
1rfrH€[0,35H/2] [(&“@D)Z + (8tw)2] S dZUJ[Y] + 1rrH€(5H,25H)Qq_28awa,3w'

Moreover, Y =Y"(r)0, + Y'(r)0;, and Y"(ry) < 0.

Proof. Let Y =Y"(r)0, + Y*(r)0;. Then by Lemma 2.2.6,
divJ[Y] = K{"0,40,1,
where

K" = GYY + g7 0, YH — divY ¢* — YAOhg™
1
_ g,uraryz/ + guraryu i _28T(q2yr)g,uy . Yrarg;w
q

1
= 9O+ gTOYY = O,V P)
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It follows that

CKIT =AY  —Y"0,A
2q2K1(,tT) _ 2(q2grr8Tyt . ar(ngtr)yr)
QQK;E}? — 2q29traryt . aqﬂ(YTqutt)

q2 (Q)K}of—ﬂ — _87=YTQQB

We will take Y to be a negative constant? on r—rg € [0, dg] and smoothly increasing
toOonr—rg € (0g,205).

With this choice, K§" has the right sign for » — rg € [0,2dy]. In particular, this
is due to the fact that the term —Y "0, A is strictly positive at r = ry. This fact
is related to the surface gravity of the Kerr black hole, and is not true in
the extremal case |a| = M.

However, (Q)K§5 has the wrong sign when 0,Y" # 0. This explains the error term
on the right side of the estimate in the lemma.

We choose Y to have support coinciding with ¢ and such that KS(,”) = 0. That
is, Y is determined by the relation

1
aryt — _ar(q2gtr)y7“

T

and the condition Y*(dg) = 0. Note that although ¢"" vanishes at the event horizon,

the quantity g%(’9,((]25]”) remains bounded, because 0,(¢?¢g"") also vanishes to first

order as 7 — rg. (This was a condition specified in Lemma 5.2.9.)

2It is traditional to take 0,Y" < 0 near the event horizon to also gain control of the angular
derivatives, but this is not necessary here since the current J[X,, .. .., We,o,e.] already has good
control of these derivatives and such a choice complicates the proof.
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Having made the above choice for Y*, we have in the region r — ry € [0, dy] that

tr
Ky = 2%&(&9“)3” —0:(Y"q*g")
gtr
= (_YT) ar(QQQtt) - QFar(q2gtr)

By Lemma 5.2.9, this is bounded below by a positive constant on r — rg € [0, dg].

In the region r — ry € (6, 20y),
q2K€f — _aT(Yqutht)‘

With an appropriate choice of Y, this term will be positive on r — rg € [0y, 2d0y),

as Y"q¢?g" is positive and must go to zero as Y vanishes. O

The previous lemma leads to the following corollary.

Corollary 5.2.11. Suppose Oy1) = 0. Then there exists an €ycqsnife Sufficiently small

so that for all €iemper sufficiently small,

M? 1 Tirap\ 2 QP M
—3(3r¢)2 + Lo—ryeossm/2 (00) + = (1 — p> 5 0a¥0p1) + —41r>r*¢2
r r r q r

- r72‘/5temperw2

SJ di/UJI:XEzemper + eredshiftY; wEtempeT]‘

5.2.5 The local Hardy estimate

The local Hardy estimate can be applied the same way as in §4.2.6. We will simply

state the result in the context of Kerr without proof.
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Corollary 5.2.12. Suppose 0510 = 0. There exists €iemper Sufficiently small so that

Q)

M? 1 Ttra
/Et {?(67«@&)2 + ]-rfrHG[O,BzSH/Q](at@/})2 + - (1 - tr p) 0o Op1p + ¢

S / divJ[XEtemper + 67‘6d8h’iftY7 wftemper]'
P

5.2.6 The correction €jwy,

The correction wp, can be used to complete the term with (9;1))? the same way as in

§4.2.7. We will simply state the result in the context of Kerr without proof.

Corollary 5.2.13. Suppose 0410 = 0. Then there exist a function wy, and a small

€s, > 0 so that

M2 trap op M
/ | {g@wu (1 - e’ [1Q D00+ - (010) } +r—4w2}

r r q

5 / di/UJI:XEtemper + ETedShiftYJ wﬁtemper + 6815 wat:l .
P

5.2.7 The correction 0; and the flux terms

The correction 9, can be used to obtain good boundary terms (with only small errors)
the same way as in §4.2.8. We will simply state the result in the context of Kerr

without proof.

Lemma 5.2.14. The current

t
J [XGt emper

+ Eredshifty + ata wetemper + Eatwat]

satisfies the following flux estimates.

213



On the hypersurface ¥,

aff
/2 (L) + %2 Bt + v~

5 / _Jt I:Xftemper + 67"edv5hift}/ + at? wetemper + Eatwat] + ETTZt?
¢

where

M2
Bros, = [ Lol + T D@ + @],

and xg =1— "L,
On the hypersurface Httf,
QY
q_an/lvDaﬁ?vZ) 5

H?

t
to _l] [Xftemper + ETEdShiftY _I_ 8t’ wﬁtemper + Eatwat] + ETTH:%’

t
Ht12
where

Err i :/ (Onh)?.
t H:f

1

5.2.8 The Morawetz estimate

Finally, we conclude with the Morawetz estimate.

Theorem 5.2.15. (Morawetz estimate for Kerr |a] < M, assuming azisymmetry)

The following estimate holds for any sufficiently reqular function 1 satisfying

a¢¢ = 07
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and decaying sufficiently fast as r — oo.

Qaﬂ 2 Qaﬁ L
/t ) awaﬁw/z (Lo + 0,00 + 20

to

/ /2 i (1 - rt;ap> [Qqaﬁ 0athOat) + %(aﬂz)) n % 2

< / (L) + Qq D30+ 72 + B,

t1

where

Err = Erry + Erre + Errg

Erry =/Z r YLyl

t2

Erry = /HtQ (Op))? +/E ]\f_2 [xu(0)? + (9)?]

Brro = / | exe) jwwugw,

and xg =1— "2

Proof. Apply Proposition 2.2.1 to the current

J[X + Eredshifty + at? wetemper + Eat wat]

€temper

and invoke Corollary 5.2.13 and Lemma 5.2.14. [

5.3 The r? estimate

5.3.1 The pre-r? identity

We prove the following lemma, which has a much simpler, well-known analogue in

Minkowski spacetime (see Lemma 3.4.3). It will be used for the proof of Proposition
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5.3.6.

Lemma 5.3.1. Suppose 0,90 = 0. Let o = MLGQ and L = a0, + 0y. For any function

f = f(r) supported where r > ry + 0y, the following identity holds.

a’?sin? 6\ r? + a? r > oatly Tf/
1-— *1L a - J 2 9
/Zt2 [( Q r2 4+ q2? ) q2 f (Oé w + 72+ g2 w> + q2 (891p) w

a’sin” 6 a’f

2 1
+a e f( o+ o 2¢> +m¢2—?ar(7“f¢2)]

2 04,8 2 2 o 2
(1) G wor 52 (e 552
¢2

tea((l—ef —rf") = 7

to
“J
t1 P

/ 72fr +a

(Ly)?
a2 2 2 4 2
+a <_erf + 2+a2f> %—i_r;—ll—a? (—(1+e)af/_r20j:£2> %]

a?sin? 0\ r? + a? r S rf
— 1— —lL - J 2 T2
/ztl [( &7’2+a2> ¢ f(a w+7’2+a2w> TP (G¥) teg?

a?sin®6

+a f ( b+ w)2 SR ST (rfv?)
q2 T 2+ 2 q2<r2+a2) q2 T
(e )
3t

Proof. We will use Proposition 2.2.1 together with the following current template.

1
JIX,w,m|, =T,X"+ w0, — §w26uw + meQ,

T;w = 25;@&@ - QyuaAwaﬂﬁ-

Assume for now that Oy¢) = 0. Let o = and observe that

A
et
L = Oéar + 8t,

q2grr — <T2 + CLQ)Oé,
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q2gtt — —(7”2 T CLQ)Oéil.

Lemma 5.3.2. Without appealing directly to the particular expression for o, one can

deduce the following identity.

e
R divJ[a " fL)]

af
(@0~ a0 — o0,

r2 + a?

= (™ f)(Ly)* -

Proof. Note that
divJ[X] = K" 0,0,,

where

KM = 2g" 0, XY — X 0 (g") — divX g™
Set X = a™'f(ad, + ;) = fO, + a1 f0,. From the above formula, since ¢g"* = 0,

2 2
q r r q rr _
T2—|—a2(Kt +Kt) :2r2—|—a29 aTXt:2aa?“(a 1f)

Thus, the expression for r;i—iﬁdivt] [~ fL] will have a mixed term of the form
200, (ot f)0,1pOyb.
Note that

(™ ) (L) = (o™ f) (a0 + O))
= a*(a  f) (0,9)* + 20(a” ) 0,00 + (o™ f) (Op))™.

We now compute the (9,1)? and (9;1))* components, subtracting the part that will

217



be grouped with the (Li)? term.

2 2
q rr 2 —1 . q rr r r rr 1 2yvr\  rr 2 —1
—7‘2+a2K —aof(a™ f) = e {2g 0,X"—X"0,g —?8T(q X"g } —a(a " fY
— q2 2rraXr_ia(2 err) —042(04_1f)’
- 7"2 +CL2 g r q2 r\qd g
1 2 2 2, 1
= 2048rf — m@r ((7“ +a )Oéf) — (Oé f)/
_ 2raf
o r24q?
and
q2 tt 1\ q2 tt 1 2 tt 1 p\/
T2+a2K —(a f>:7“2—|—a2 —X"0rg _?87"(9)()9 —(a™f)
¢ 1 2 1t 1 v/
:_r2+a2q_28r(q g X") = (a7 f)
1 2 2 -1 —1
:_T2+(I28r ((T +a)(_a )f)—((l/ ),
_ 2ra'f
o242
Finally,
¢ (@ o ¢ @08 _ Lo (25 (@, 0B
KoP — _Xrar aB _87’ X a
"2 1 g2 7“2—|—a2{ g 7 (q ) g }
2
q Lo (2@ 0 yr
= ——0, X
TQMQ[ 20 (P9 XT)
1
= — d,.(Q*"
0 Q)
QP
=I5
4+ a
Combining all these terms gives the identity stated in the lemma. O

Tfl’; 5> to directly cancel the middle term in the above lemma.

Next, we choose w =
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Lemma 5.3.3.

2
q ] 1 2rf
R p divJ {a fL, a2 n aQ}
—1 g\ 2 2r f / Qa’B 1 Q2 2r f 2
_ _ - O .
(@™ ) (Ly)" + (r2+a2 / r2—|—a26awaﬁ¢ 2712+ a2 7\ r2 4 a2 v

Proof. Note that
1
divJ[0, w] = wg"” 0,10, — §Dgww2.

We compute the new terms only.

2 . 2r 2r 2408 1 2 2r
i ] e ()

"r24+a2]  r24a?r?+a 272 + a? 7?2 + a?
2rf _ 2rf Q%P 1 ¢ 2rf
= —— (a(9,9)> — o (Op)? DathOstp—= O 2,
r? + a? (o(0)" = a7 (0) >+r2+a2r2+a2 ¥ 2r2+a? Y \r2+a? v

When adding these terms to the expression in Lemma 5.3.2, the a(9,v)* — a™(9;1))?
2rf

r2+a2

terms cancel (this was the reason for the choice of w = ) and the result is as

desired. ]

The term _%%Dg (%) Y% is like —r~t f"1)2. In the future, when f ~ rP, this
will have a sign —p(p — 1). The sign will be negative if p > 1, which is bad. So we
include a divergence term to fix it. (But in doing so, we almost lose some other good

terms—this is why we need a small parameter €.) This is the point of the following

Lemma.

Lemma 5.3.4.

oo (- ()

r2 + a? 2 r2 + a?
, - 1 — 2 1 — f/ N f//
—af <a L+ (r?+2‘:¢> el TZ)—i— = ) g2
, erf’ (r* —a®)f a® —(1+e)af darf
ta <_r2—|—a2 + (r2+a2)2) VR r2 + a? ( P2 +a2 (r2+a2)2> v
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Proof. First, we calculate

2
qg 1 2rf 1 rf
_—TQ +a2§[]g <_7~2 +a2> w2 — ——T2 +a2ar ((r2 —|—a2>048T (—7*2 n a2)> wQ

— a0, (7“2:{:@) ?
a rgif;2¢2 — a0 (7"27:{&2> v
(r22ia;)2 (f/ 7’2%:(12 f) v
We also calculate
q> 1
3 + 5 div (W f L) T gl (¢ f'L)
~ e+
- rzr—ilﬁ 2Ly + 7’20:{ ,a2 vt r(;:—f; 2 rgifclz

The first two terms in the last line almost complete a square (up to a term on the
order of % -2 ) with the term a~!f/(L)2. The third term cancels with the first term
from the previous calculation. However, it will be beneficial to introduce the factor
1 — € that appears in the lemma, so that a good term appears with an e factor. This

is summarized by the following two calculations.

rwep+ -9 (G e o0

r2 4 a?
/ - 1— 2 1 — 2,.2 f/ 1— f/
=af (04 1L¢+ (702 +2)27’w) - ( (Tgi)_;; ¢2+ (T2 _?:2 wz
. (1—er \°  el—eaf a*(1—e)af’
=af ( Lo+ o 21/J) + S v+ (2t a?)? 2
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and
ar f”

r2 4+ a?

arf”

r2 + a?

ar f”

)P = —e V2

r2 + a?

P+ (1—¢)

Adding these terms together and ignoring the term with the a? factor yields

af (ale + (7112:_2;1#)2 + ea<<1 _TZ)_J:Q_Q Tf/l)zpz.
All the remaining terms (which either contain a factor of o’ ~ 2 or 7”23-—2@2) are
Lo () rr- ]
rzc—faQ {_TQchﬂ (f/ * 7’2%:an> * %} v
Adding both of these yields the result. O
Thus, we have shown that if Oy = 0, then
v {a‘lfL, Nk e)r—j;L]
r“t+a r“+a q
o (a_l ot (:21 2§¢>2+6Q<<1 —;)@ rf”>¢2+(r22ifa2 B f/> %Maﬁ@u
o (e )

a? —(1+eaf  darf ) N
( )

r? 4 a? r? + a? (r? 4 a?
If we remove the assumption that Oy = 0, there is an additional term

2rf

r2 + a?

@ww+wwmw—(mlﬂw+ ¢)%w

Finally, we turn to the boundary terms. Since we have assumed that f is supported

away from the event horizon, it suffices to compute —J°.
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Lemma 5.3.5.

a’sin® 0\ r? + a? 1 r ool 5 rf
:(1-ar2+a2> q2 f(a Lw+r2+a2w> +—2 (Op) —I—e?w

2 an
f(ﬂ/}-i— 2y 21/1) +m¢ ——8(7“f1/1)

Proof. We have
—J'a  fL) = —20"pa fL + a7t FLIOMpONY
= =207 f(g" + Dg") Ly

+a ' f((g" + @D g (0) + g7 (0:0) + D g% (091)?)

9" (0)* — 207 f(g" + Dg")Opadyp + ' fg T (0,1))?

r? + a? a’?sin® 0\ _, 9
7 <1 S ) a “f(on)

2 2 a~ !
£ (1 “Tn) o g0+ o+
r? + a? a’?sin® 0\ _, 9 a?sin® *1f

<1—0zr2+a2)0z JLWY + a— 53— f( 00)* +

= —a7f(g" + @

+a [ Dg"(0py)

(Dpp)?

(Dot))?.
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Also,

2rf 2rf
¢ _ t
J(w) [ ’ 2+a2} r2+a2¢a¢
2r
=3 +f&2 (¢" + Dg" oy
2ra~tf a®sin? 6
2ra~lf a’®sin® 6 2rf a”sin“ 6
= q2 <1_ar2+a2)wL¢_?<1_a—r2—|—a 1/)71/1
2ra~tf a®sin? 6 2rf 2rf a?sin®6
= q2 <].—Oér2+a2)w[/¢——2 8r¢+7ar2+a2waTw
2ra~tf a®sin? 0 1 f+rf
- q2 (1_0‘T2+a2)wL¢+<_?a(fw) q2 w

2rf a?sin?6
_&—
@ r2+a?

Y,

r2 + a? q?
a’sin®0 (2rf f rf
MQQ( YO+ w) et = 00
Now, observe that
r+a o 2 F(LP)? + 2ra” waerwa
_r2+a2 - a’f 2
o q2 f( le—i_ r2 4 2¢) q(r2—|—a2)w
and
+ + ’ *f

223



Thus,

r2 + a?

a?sin® 0\ r2 + a2 r 2
=(1- 'L
( ar2+a2> q? f< w+r2—|—a2w)
a?sin? 0 r? + o2

2
e f(rw+2+2w>

a’f a'f 7’f
+ 2 (r2 —l—a2)¢2 + 7 (Op1))? +

_Jt |:a—1ij 27‘f :|

5’ ——3 (rfv?).

Also,
!/ !/ /
—ﬁh@ﬂ-#@@:—u—ﬂﬁWU u—ﬁéw.
q > q
Adding these two expressions together yields the result. O]
This concludes the proof of Lemma 5.3.1. O

5.3.2 The incomplete 7” estimate near ;°

Now we use Lemma 5.3.1 and make a particular choice for the funciton f (so that

f = rP for large r) to prove the following.

Proposition 5.3.6. Suppose 0510 = 0. Fiz 0_,04 > 0. Let R be a sufficiently
large radius. Then for all p € [6_,2 — 64, the following estimate holds if ¢ decays

sufficiently fast as r — oo.

/ (L) + [Tl + 2]
Yo N{r>2R}

& p—1 2 2 2,2
+/t1 /Zm{r>2R}r [(L¢) +|V¢| T ¢}

S @R IVeR 4] 4 B
Et2 ﬁ{r>2R}
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where

Err = Erry + Errg + Errg
" 2 ) @ 2 2
=[] (L6 + [T + 5 (0as)? +
t1 3itN{R<r<2R}
Erry :/ a’r?2(0))?
Ty N{r>R}

to
Erro = / / (L] + 1)) D
t1 Sin{R<r}

Proof. The estimate follows from the identity given in Lemma 5.3.1 and a particular

choice for the function f.

where
0 r<R

p =194 smooth r € |R,2R]
r 2R < 1.

With this choice, we have

and for r > 2R,

Furthermore, for r > 2R,

2r f , 2rptl

- J = —pr —
T2+CL2 r2+a2

1 a’p
>~ (o p LR,
=11 a?/(4R?) ( P 4R2> "
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It follows that if p < 2 — §, and R is sufficiently large so that % < 4§, /2, then for

r > 2R,

,r,p—l < 2Tf o f/
~ 2 + a2 :

Also, for r > 2R,
ca((1—e)f' —rf") =ea((1 —e)pr*~t —p(p— 1)r*") = eap(2 — e — p)r" .
If R is sufficiently large so that & > 3/4 and §_ < p <2 — 6, and € < §, /2, then
el S ca((1— O f —rf").

We also note that there are some error terms that either have a factor of o/ or

a2

2542 Bach of these terms has a smallness parameter available, since R can be taken

to be very large and

M
O/ 5 _,,,,—1
R

and

2 2
o M
r2+a? "~ R?

Finally, we observe that if ¢) vanishes sufficiently fast as r — oo, then since f is

supported for r > R, we have

/ —%&«(wa?)zo.
v 4

With these facts having been established, it is straightforward to check that the

estimate follows from Lemma 5.3.1.
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5.3.3 The r? estimate

We conclude this section by proving the P estimate. This is a combination of the
ho; estimate (Proposition 5.1.5), the Morawetz estimate (Theorem 5.2.15), and the

incomplete 77 estimate (Proposition 5.3.6).

Proposition 5.3.7. Fiz §_,0, >0 and let p € [6_,2 — 6,|. Then if
Ot =0

and ¢ decays sufficiently fast as r — oo, the following estimate holds.

/ (L) + WP + 20 1 20,07
>

i

n / 2 / 1 Dxran(L6) + Xorap WP 4+ 72462 + 1> (8,0)’]
t1 P

< / r? [(L) + [V + 202 + r2(8,0)?] + Err,
>

t1

where Xirap = (1 — T”%)Q and

Err = Errp

Erro = / 2 [ 1x (@) + we)Dg

where the vectorfield X and function w satisfy the following properties.

o X is everywhere timelike, but asymptotically null at the rate X = O(rP)L +
O(rP=2)0;.

o X|,—r, = =0, for some positive constant \.

o X|

r=reray = A0y for some positive constant \.

o w=O0(r"1) for large r.
Proof. We start with the Morawetz estimate (Theorem 5.2.15) and add a small con-

227



stant times the incomplete r? estimate (Proposition 5.3.6). The small constant can
be chosen so that the bulk error term E7rr; from Proposition 5.3.6 can be absorbed

into the bulk in the Morawetz estimate. The result is the following estimate.

/2 r? (L) + V9 +r%9%] + ]\f—;@rw)z

i

& p—1 2 2 —2 2 M? 2
[ 0 gl FO 7] + S (0r0)

~Y

S / P [(L)? + V9 +r 2% + %22(374#)2 + Err
Sy r

where

Err' = Erri + Erry + Erry + Errg

Err] = / L)
>

t2
2

Briy= [ @@+ [T D@ + @]

S,

Erry = / a’r?2(0))?
¢, N{r>R}

to
Errl, = / / rP(1L4] + r[]) 0,0
t1 Zzﬂ{R<T}

s [ ] + il
t1 p

and X’ and w’ are the vectorfield and function defined in the Morawetz estimate

(Theorem 5.2.15).

The error term Err} can in fact be removed due to the following argument.

Erry < / er?(Lap)? 4 € trmPr—2y?
5

to

SJ/ erp[(Lw)2+r2w2]+/ e 2.
EtQ ZtQO{TSRE}

The radius R, should be chosen sufficiently large so that ¢ 'r? < er? whenever
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r > R.. This critically depends on the fact that p > §_ > 0. Now, the parameter ¢
can be taken sufficiently small so as to absorb the first two terms into the left side of
the main estimate and the last two terms can be included with the term Err) after
applying a Hardy estimate.

We return to the main estimate. Notice that most terms have improved weights
near i° and a few error terms remain on Hff and X;,. The next step is to use the ho,
estimate (Proposition 5.1.5) to eliminate these error terms and improve the weights

near i° for the remaining 9,1 terms. The result is the following estimate.

/E (L) + (WP + 20 1 2(0,0)7]

i

+ / 2 / Tpil [Xtrap(Lw)z + Xtmp|yw|2 + 7’72"#2 + CeT72<ar1/})2}
t1 it

>

t1

where

Err" = Err! + Errl,

to
Err] = / / er Y (La)?
t1 Sin{sM<r}

Emﬁ:=/ﬁb/ r%umw+r-HwMD¢M41/ (X () + w')(O,0)]
t1 Sin{R<r} ty 3¢

+KLF”%WW”

By taking e sufficiently small, the error term Err} can be absorbed into the left side.
The resulting vectorfield X and function w can be understood by combining the
vectorfields and scalar functions used to construct the three estimates that were used

in this proof. O
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5.4 The dynamic estimates

In this section, we prove the dynamic estimates, which provide all of the necessary
information related to the future dynamics of the wavefunction ¢). These estimates are
simply restatements of the energy estimate (Proposition 5.1.3) and the P estimate
(Proposition 5.3.7) applied to either 1 itself or another wavefunction (1* or 1**)
derived from ¢. The k index is new in this problem and corresponds to the operator

I (see §5.4.4).

5.4.1 The dynamic estimates for ¢ (s,k = 0)

We begin with the dynamic estimates for the wavefunction 1 only.

Proposition 5.4.1. Suppose 0yt = 0. Fix 6_,04 > 0 and let p € [0_,2 — d4]|. Then

Bl S B+ [ N

E,(t2) + /t2 B,(t)dt < E,(t) + /t2 N,(t)dt,

t1
where

E(t) = / n(@.0) + (B) + VUL,
p
Byt) = [ (LR +IT0P + 7202 42007,
¢
B,(t) = / P e (L) + Xorap| WO + 7202+ 72(0,00)7]
N = [ lowmul

Np(t) = | [2X(¢) + wy)Bev],

pI

2
where xg = 1 — 2 Xppap = (1 — rtrap} , and X and w are the vectorfield and
X P r

T

function from Proposition 5.3.7.
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Proof. The first estimate is a restatement of the energy estimate (Proposition 5.1.3)

and the second is a restatement of the r? estimate (Proposition 5.3.7). ]

We slightly simplify the previous estimates by absorbing part of the nonlinear

norm N, () into the bulk B,(¢) on the left side. Note the complication due to trapping.

Corollary 5.4.2. Suppose 0ptp = 0. Fiz 6_,04 >0 and let p € [0_,2 —6,]. Then

E(t)) < E(t)) + /t2 N(t)dt

Ey(ts) + / "Bt < By (1) + / "N

t1

where E(t), Ey(t), By(t), are as defined in Proposition 5.4.1 and
N(t) = (E0)*10g¢ |20,

N = [ rrEwrs [ e

The following proof, which is essentially the same as the proof of Corollary 4.4.2,

is provided again for comparison with the proof of Proposition 5.4.16.

Proof. The first estimate is due to Proposition 5.4.1 and the fact that

/E 1008 S 110012501 Dg¥llr2cm) S (BE)2106¢] 25

We turn to the second estimate. According to Proposition 5.4.1,

to to
Byt + [ Bt SE(t)+ [ Ny
t1

t1
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where

N,(t)

/E |2X () + wi) Oy

5/ rP(IL] + 7] 4+ 772 |0,40]) [Ty
b

We would like to claim that

N;(t) S eB,(t) + e_l/ rPT(O,0)2.
¢

This would require an estimate of the form

/ PP L]+ Yl T2 00])7 S By(t),
3t

which is not completely true due to the loss of (Li))? at the trapping radius.

Instead,

/2 L]+l + 0 S Byt + [ 0O,

Etﬂ{TthTap}

and therefore

NU(t) S €B,(t) + ¢! / P (T,0)? 4 e / 100,
> >

t ﬂ{r%rtmp}

By taking e sufficiently small, the term ¢ j;tlz B, (t)dt can be absorbed into the left side

of the second estimate. O]

5.4.2 Commutators with O,

We will use the operators d; and () as commutators. We refer to these commutators

as symmetry operators, because of the following lemma.
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Lemma 5.4.3.

[8t7 QQDQ] = 07

[Qa QQDQ] =0.

Proof. There is no explicit ¢t dependence in the metric, so 0; clearly commutes with
q2Dg.

Next, observe that

1 . o
q2D9¢ = @5)& (sm 0q%g 5857,0)

r? + a?)?
= e 4 0, (a00) + Qi
and since
1 o
QY = —0a (sin0Q"959)
it commutes with the operators — (T2+Aa2)2 0? and 9,(A0D,-). O

We define the s-order commutators I'.

Definition 5.4.4.
My = Qlﬁf’mu

where 0 < 2] < s.

We also define the s-order wavefunctions derived from the wavefunction ¢ by

applying symmetry operators.

Definition 5.4.5.
' =T

Thus, we have the following lemma.
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Lemma 5.4.6. If 0,9 = 0, then

More generally,

Dgws — q_QFS(QQDgw)'

Proof. We only prove the general case.

DgW = Dgrsw = q72q2DgFSw = q72Fs(q2Dgw)-

5.4.3 The dynamic estimates for ¢° (k = 0)

Now we can write the dynamic estimates in a more general form.

Corollary 5.4.7. Suppose 0,90 = 0. Fiz 6_,61 > 0. The following estimates hold

forp € [0_,2—4d,] and every integer s > 0.

to
E(h) < E* (1)) + / N (t)dt,
t1

to to
E;(t2)+/ B;(t)dtSE;(h)—F/t N (t)dt,

t1

where

E*(t) =) _E[*](1),

Ey(t) =) B[v*](),
By(t) =) B,["](1),
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No(t) = (B50)2 Y 1la~ T (@* 0yl

§'<s

N = [ e, + Y

§'<s s'<s

/ 00”471 (¢ Dy )
Etﬂ{T%TtTap}
and the norms E(t), E,(t), and B,(t) are as defined in Proposition 5.4.1.

Proof. The proof is a direct application of Corollary 5.4.2 by making the substitutions

P

for all values of s’ (and all commutators represented by I'*') where s’ < s and observing

Lemma 5.4.6. O

5.4.4 The additional operator [ as a commutator

To handle nonlinear terms with a factor of 0,9 near the event horizon, it will be

necessary to use an additional commutator, which we call I.

Definition 5.4.8.

A

I'= 1H(7")8T,

where 1y is a nonnegative smooth function supported on a neighborhood of the event

horizon.

Unfortunately, I’ does not commute with the wave operator Og, but we will see
that one particular term in the commutator with O, has an appropriate sign near the

event horizon, and that is what allows us to use ['. We now compute the commutator.

Lemma 5.4.9.

~

1, ¢*0,)u = A9, Tu — 21,¢°0,u + {9,751 u, T=2u}
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where the expression {0,1S'u, T=u} represents any terms of the form f(r,0)0,I'<'u

or f(r,0)T=*u for smooth f with compact support.

Proof. We expand

1
0y = ¢*¢"02+2¢%9" 0,0, +¢* g™ 0> +0,(¢*9") 0+ 0, (¢*g 9")0r+ ——0a (sin0Q*’9p-) .

in6

Note that the ) term commutes with I. We compute terms arising in the commutator
by neglecting the highest order derivative terms and the @) terms (both represented

by the ellipsis in what follows).

f(QQDgu) =
( 2 tt)azu + QF( 2 g")0,0pu + F( 2 M)GQM + F(@ (q 2 g")) O + F(@ (q 2 g"))owu + ..

= 1A' 0*u + {0?u, 0,0,u, Opu, Opu} + ...

20, (M) = 2¢%9"" 140,00 + 2¢°g" 13 0%u + ¢*g" 140,u + 0, (429" )1y Oy + ...
= 2¢°¢"" 1y 0%u + {0,0u, O,u} + ...

= 21%3¢°0u + {0}y, 0,0, Qu, Opu, O,u}y + ...

Taking the difference,

A A

T, q2Dg]u = F(QQDgU) - QQDg(fu)
= 1HA'83u - 21’Hq2Dgu + {qu, 0 0pu, Qu, Oyu, Oyu}

= AN'9,Tu — 21¢*0,u + {02u, 0,0:u, Qu, Oyu, Opu}.

[]

Now we generalize the prevous lemma by commuting with [' arbitrarily many

236



times.

Lemma 5.4.10.
0%, ¢*0,)u = kA9, T u + {9,TSF10Sty, D152y, D1 (20,u)},

where the {...} notation is the same as in Lemma 5.4.9.

Proof. The proof is an induction argument on k. The case £ = 1 corresponds to
Lemma 5.4.9. Assuming that the statement of the lemma holds at the level k, we

prove the analogous statement at the level k£ + 1. We have

Now, by the inductive hypothesis,

[[*, ¢*0,Ju=T (k;A'@rfku + {9, TSkIrsty, [Sk-1ps2y, f‘gk_l(qQDgu)}>

= kN9 TF oy 4 {0, 1SFD Sy, TSFDS2y, T5F (620,u) ),
and by the base case,

[0, ¢?0,)(T%u) = A9, TFy + {9, 05 TFu, TSRy, ¢?0, (TFu) }

= N9 T" 4 {0,TFTSty, TFD=2u, 1% (¢20,4u) ),

where in the last step we used the inductive hypothesis a second time.

Summing these two yields

D51 20, )u = (k + 1) A9, D5y + {8, DFD <y, DEFD=24, D<F(g20,u) ).
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This completes the inductive argument. O]

Since I' does not commute with O, it is treated seperately from the previous

9o

commutators. We define the s, k-order wavefunctions.

Definition 5.4.11.
¢S7k _ fﬁcrsw

We have the following generalization of Lemma 5.4.6.

Lemma 5.4.12.
Dg¢s,k _ q—Q[qZDg’ f\k]ws + q—wasz(qQDgw)'
Proof.

Dg¢s’k = (Dgws’k - q’Qf’“(qQDgws)) + q72fk(qzmgws)

_ q72[q2Dg7fk]ws +q72fkrs(q2mgw).

5.4.5 The dynamic estimates for ¥

Now we have the following generalization of Proposition 5.4.1.

Proposition 5.4.13. Suppose Oytp = 0. Fiz 6_,61 > 0. The following estimates

hold for p € [6_,2 — 6] and for integers s > 0 and k > 1.

to
E¥*(ty) < ES%(t)) + / LEF(t) + N**(t)dt,

t1

t

to 2
EX () + / B (t)dt < ESF(t) + / L (t) + No*(t)dt,

t1 t1

238



where

Esk ZE sk’

s'<s
k'<k

Esk E :E ws k’
s'<s
k' <k

Bsk E B szs k’
s'<s
K<k

and

OEDY |atw”’ ¢[g?0,, T |0
kiz

Lsk‘ Z ’ 2X S k’) +w/l/}s/7k/)<q—2|:q2ljg’f\k/]wsl)|

s'<s
k' <k
N*H(®) Z/ [0 g TH T (¢*0y)]
s'<s 2
k' <k

N = 1 [ X T )

and the norms E(t), E,(t), and B,(t) are as defined in Proposition 5.4.1.

Proof. The proof is a direct application of Proposition 5.4.1 by making the substitu-

tions

/(/} '_> /(/}s/7k/

for all values of s’ and &’ (and all commutators represented by I*I'*") where s’ < s

and k' < k. By Lemma 5.4.12,

‘Dg¢8/’k/| < |q_2[q2Dgafk/]¢S/| + |q_2f1k/FS/(QZDg¢)|‘
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The resulting error terms have been grouped into the parts that will either be linear

or nonlinear when using the nonlinear wave equation. ]

Our final task is to simplify Proposition 5.4.13 slightly. We begin with the follow-

ing lemma.

Lemma 5.4.14. Suppose |a| < M and k > 1. Then the quantities L**(t) and L3*(t)

defined in Proposition 5.4.13 with the absolute values removed satisfy
s,k s,k s+2,k—1
L (t) S Bp’ (t) + Bp’ (t)7

s,k s+2,k—1
Ly(t) S B, (1),

where p' is arbitrary.

Remark 5.4.15. The reason for the arbitrary p' on the right side is that the norms
L¥*(t) and L3*(t) have terms related to commuting with I'. These terms are all
supported on a compact radial interval, so the factor =1 that appears in B;,’k(t) can

be approximated by a constant.

Proof. The first estimate follows directly from Lemma 5.4.10, but the second is more
interesting. The key observation is to recognize that the term represented by L;’k(t)

actually has a good sign near the event horizon. That is, according to Lemma 5.4.10,

X (P*%)g g0, TH® = / (= X0, (PR ) g2k A D, (FF) + err

p

:/ —2(=X") @A (8, T7°)? + err
p3M

3¢

Since X" < 0 near the event horizon and since A’ > 0 as long as |a| < M, the
principal term becomes minus a square, so it can be ignored or used to control

small error terms. After this observation, the estimate follows easily. n

We conclude with the following proposition, which applies whenever £ > 1.
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Proposition 5.4.16. Suppose 0,9 = 0. Fix 0_,01 > 0. The following estimates

hold for p € [6_,2 —64], s >0, k > 1, and arbitrary p'.

[2)
E*R(ty) S E¥R (1) + / By (t) + By () + N*R(nydt,

t1

t

to 2
E*(to) + / BiF(t)dt S EF(t) + / By (t) + N (),

t1 t1

where

NE(t) = (B ()2 ) gDV T (@ 00) 1250,

§'<s
K<k
N = Y [ e e,
§'<s Xt
k' <k

and the norms E>*(t), E3*(t), and B3*(t) are as defined in Proposition 5.4.13.

Proof. By Proposition 5.4.13 and Lemma 5.4.14, we have

[2)
E*M(t,) S E**(t) + / B3E(t) + Byt () + (N)*F(t)dt,

t1

where (N)**(t) is the quantity N**(¢) from Proposition 5.4.13. By the same simple

argument as in the proof of Corollary 5.4.2,
(N> (t) S N*H(2).

We turn to the second estimate. By Proposition 5.4.13 and Lemma 5.4.14, we

have

to

to
E;’k(t2)+ / B;’k(t)dth;”“(tl)—l— / B;,””“*l(t)+(N’)Sv’f(t)dt,

p
t1 t1
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where (N')3%(t) is the quantity N5*(t) from Proposition 5.4.13.

=) | 2X () + wp™ g TV T (PO,

s'<s
k' <k
<> / P Ly | 4 | 420, g IV T (¢20,0)]
s'<s
k' <k
s+ | 0" * 2DV (20|
§'<s pI m{TNTTT‘(Lp}
<k
el Z/ Tp+1|q—2rk Fs (q 0 1/))|
s'<s Xt
k’<k
SeBHO + B0 + Y [ il T 0P
s'<s X
K<k

The above procedure should be compared to the procedure in the proof of Corollary
5.4.2. This time, the problematic term near the trapping region can be controlled in
part by B;/Jr >0(t), because [ is supported away from the trapping region. It doesn’t
hurt to use B;fr 2’0(25), because the term B;,JFQ’k_l(t) already appears on the right side
of the estimate.

Just as in the proof of Corollary 5.4.2, the term eB5*(t) can be absorbed into the

term on the left side. This proves the second estimate. O

5.5 The L*° estimates

In this section, we prove L> estimates for certain derivatives of ¢ that will appear in
qukoS(QQDg@/J) after using the equation to replace 0,1 with nonlinear terms. Since
the commutator () is a second order differential operator, in the nonlinear problem
there will be terms that are not products of derivatives of 1** (see Proposition 5.6.2).

Fortunately, the ellipticity of @ (Lemma B.2.1) allows us to still control these terms.
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This fact is encoded in Lemma 5.5.2.

First, we introduce the following notation.

Definition 5.5.1. We define the expression Qp*~ to represent the following coordinate-

invariant r'-weighted rank | tensor on S*(r).
Ql¢s—l — lel¢s—l

(1t should always be assumed that | < s.)

Note that the expression ¢ now has a different meaning than in Chapters 3

and 4, but the meanings are still very similar, because the rotation operators used in

Chapters 3 and 4 behave like V.

5.5.1 A sobolev-type estimate

The following lemma generalizes Lemma 3.7.1.

Lemma 5.5.2. If u decays sufficiently fast as r — oo, then

1€ gz S [ (@SR (]

Etﬂ{’l’zro}
If 1 is even, the same result holds with only T<2u in the integral on the right side.

Proof. For a fixed r, denote by @ : S%(1) — R the pullback of the function u : S*(r) —
R via the canonical map from S%(1) to S2(r). Likewise, let Qu be the pullback of
the tensor Q'u. Denote by dw the measure on S?(1).

Let [ be even. By induction, it is straightforward to show that

Qlu = V'a.
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Then

||Qlu||2Loo(s2(r)) = ||Qlu||2L°°(SQ(1)) = ||Vlﬂ||2Loo(s2(1))

< / (V="20)? = / (QT%)Q = / (Q§l+2u)2 dw < / (I‘SHZU)Z dw.
52(1) 52(1) S%(r) S2(r)

The final step was an application of Lemma B.2.1.
If instead [ is odd, the calculation is the exact same as for the even case, except

in the application of Lemma B.2.1 in the final step. That is,

QU] (20 S - S / (Q=24)? < / (P=30)” duw.
$2(r) $2(r)

Thus, in both cases,

1€l S [ (000)° o
S2(r)

Now, set f(r) = fSQ(T)(FSH?’u)?dw. Note that

|f/(7”)| 5 /2( | |F§l+3uarrél+3u|dw SJ /2( | [(aTFSH—?,u)Z + (F§l+3u)2} dw
S2(r S2(r

< [ o ]
52(r)

Then, assuming lim,_,, f(r) =0,

KM%WSﬂMS/mWWW§/m/ 2 [(0,T) + (T5u)?] Pdwdr

o 0 Sa(r)

= / P2 (9,0 )2 4 (D402
Etﬂ{Tzro}
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5.5.2 Estimating derivatives using the Sobolev-type estimate

Now, we repeatedly apply Lemma 5.5.2 to estimate various derivatives with r weights.
We will assume that 1) decays sufficiently fast as r — oo.

The following lemma estimates 1 and the higher order analogues Ql*=H*,

Lemma 5.5.3. Forr > ry,

rPytE2 < B ()
and forr >rg > ry,

W}s,k|2 5 E8+3’k(t).

Proof. First, we apply Lemma 5.5.2 with u = rPys~bk,

|TPQl¢s—l,k|2 5/ 7”_2 [(aTF§l+3(TP¢s—l,k))2 + (F§l+3(rp¢s—l,k))2]
3¢

5/ T?p—2 [(8rws+37k)2+(ws+3,k)2]
3t
S E5F(t).
This verifies the first estimate. The second estimate follows from the exact same

argument in the special case p = 0, and the observation that as long as r > ro > rp,

then E**3(t) can be used in place of of ES™(t). O
The following lemma estimates 9,3 and the higher order analogues 9,Q'/* =

Lemma 5.5.4. Forr > rg,
PP P < B (t)

and forr >rqg > rg,

‘Tath¢s—l,k |2 S Es+4 (If)
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Proof. The first estimate reduces to Lemma 5.5.3 by observing that 9,Q)*~tF =
QlypsH1=LE We now prove the second estimate.

First, we apply Lemma 5.5.2 with u = r9,Q4)*~bF,

|7‘ath¢s_l’k|2 5 /Z { }T_2 [(aTFSZ+3(Tat¢S_l’k))2 + (FSZ+3(Tat¢S_l’k))2}
tMr>ro
< o (OISO 4 (P3Gt ]
tMNr>ro
5/2 { }[(8r¢8+4’k)2+(8t¢8+3’k)2]
tMNr>ro

§ Es+3 (t)

The point is that 9,**>F can either be treated as ¥**** or as a derivative of

Pst3k In the latter case, the energy norm E*(t) has stronger control, because

||aﬂ/}5||%2(2tﬂ{r>m}) < E5(t), while ||T71¢S+1||i2(zm{r>m}) < EsHL(t). [
The following lemma estimates ¥ and the higher order analogues YQl4*~HF.

Lemma 5.5.5. Forr > rg,
PP QISP < Bt

and forr >rg > ry,

|TVQl¢s_l’k |2 5 Es+4 (t)

Proof. This lemma reduces to Lemma 5.5.3 by observing that
’T‘VQ%ﬂs_l’k — Ql—i—l,[?bs—l—l—(l-i—l),k

which is represented by Q/Flyps+H1=bk, O

The following lemma estimates L and the higher order analogues LQ!)ps~bF,
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Lemma 5.5.6. Letting L = a0, + 0;, where a = we have that for r > rg,

A
r2+a2 )

‘errlLQlQ/JSl’k|2§E§;5’k(t)+/ ,r2p<|:|g¢s+3,k>2

3t

and forr >rqg > rg,

‘TLQl¢s—l,k|2 § Es+5,k(t)+/ (Dg¢8+3’k)2-

Etﬂ{’r>7’0}

Proof. Before beginning the estimates stated by the lemma, it is important to estab-

lish
(0, Lu)® < (Ogu)? + (Lowu)® + r2(0fu)? + r2(0,0u)* + 1 2(0u)* + 1 *(Qu)?,
To verify this, we expand
0, = ¢°g" 07 + ¢*g"" 02 + 0.(¢*9"" )0 + ¢*9"0,0; + O0,(¢*g™)0; + Q

and observe that for r > rg + oy, ¢"* = 0 and

2,52 2 _rra2 2 rr __(r2—|—a2)2 2 2 /
¢ 9" 0;u+q g0+ 0. (¢°g"")0pu = T@u—i—A@u—i—A@u.

We also expand

A
(7”2 + cﬂ)&Lu = (r2 + a2>8r (m&,«u + aﬂt)

2rA

= AJ%u+ A'Ou — m&u + (r* + a*)0,0u

Note that both of these expressions share the terms Ad?u and A’d,u. It follows that
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for r > ry + oy,

g0+ ¢* 9" 0*u + 0,(¢* 9" )Opu — (r* + a*)0, Lu

(r? + a?)? 2rA
= —Tﬁfu — (r* + a*)0,0,u + m@u
(r? + a?)? A 2rA
=\t aftn )+ s a0
(r* + a?)? 2rA
— _—A L@tu + —7‘2 I a2 aru.

Keeping in mind the additional terms that show up for r < ry + dy, we arrive at the
estimate for (9,Lu)? at the beginning of this proof. With this estimate in mind, we
begin to prove the estimates stated by the lemma.

We apply Lemma 5.5.2 with v = 7P Lys=bF,

|7,p+1LQlwsfl,k’2 — |Ql(7,p+lesfl,k)’2

~Y

< / 7,72 [(arrgl+3(rp+lesfl,k))2 + (P§l+3(7,p+lesfl,k))2}
pI

< / T2p [(arl—\gl—h‘ﬂst—l,k)Q + (FSZ+SL¢S_l’k)2]
pM

S / 7,2? [(aTst+3,k>2 + (st+3,k>2]
P

SB[ r@Ley,

pI

Now, according to the estimate we previously established,

/ TQP(aers—i—?),k)Q
3t
g/ 7,21) [(DgwerB,k)Q_i_(Latws+3,k>2_|_r72<8t2¢s+3,k)2+T72(arat¢s+3,k>2
P

+T’_2 (ar,é/}s-l—?),k)Q + 7”_2 (Q¢s+3,k>2}

5 / r2p [(Dg¢s+3,k)2 + (L¢S+4’k)2 + 7‘_2(’17[)8+5’k)2 + T—2(ar,¢)s+4,k)2} .
3t
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It follows that

|Tp+1LQlwsfl,k‘2 ,SE;;E)’k(t)—I—/ 7,2p(|:|gws+3,k)2.

it

This is the first estimate of the lemma. The second estimate follows from the same
exact argument in the special case p = 0, and the observation that as long as r >

7o > 71, then E®*(t) can be used in place of EJ*(t). O

The following lemma estimates 'y as well as the higher order analogues Qs bk,

(This is new compared previous chapters.)
Lemma 5.5.7. Keeping in mind that [ is supported in a neighborhood of the event
horizon, for arbitrary p’, we have for r > ry,
|f\Qlws—l,k’2 S E;/—i—S,k:—i—l (t)
and forr >rqg > rg,
|le¢s—l,k|2 5 E8+3’k+1(t).
Proof. We apply Lemma 5.5.2 with u = f‘ws‘l’k , and freely introduce a factor of r?'
since I is supported on a compact interval in r.
|le¢s—l,k|2 _ |Ql¢s—l,k+1|2
< / 7”_2 [(aTF§l+3¢s—l,k+l)2 + (F§l+3¢s—l,k+l)2}
~ 5,
< / 2 [(&Tglmwsil,kﬂ)z 4 (F§l+3¢sfl,k+l)2}
~ 5,
s+3,k+1
S Ey (1).

This proves the first estimate of the lemma. The second estimate follows from the

same argument, and the observation that as long as r > ry > ry, then E**(t) can be
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used in place of E;;k(t). O

5.5.3 Summarizing the L*™ estimates

To conclude this section, we summarize the previous lemmas in a single proposition,

making use of the following definition.

Definition 5.5.8. We define two families of operators
D ={L,V}

D =A{L,0.,V}

Proposition 5.5.9. Forr > ry,

‘Tp-l-lDQlws—l,k’Q + ’rpDQlws—l,kF 4 ’TPQZ¢S_l’k‘2

S B0 + BN + /E (CHE O
t

and forr >rqg > rg,

|7,DQlwsfl,k’2 SE8+3’k+l(t)+Es+5’k(t)+/ (Dgws+3,k)2_

3t
Proof. With the exception of 0,, all of the cases have been proved in Lemmas 5.5.3-
5.5.7. Finally, observe that

|7"paTQl’gDs_l’k|2 S |TpLQl¢S_l’k|2 + |7,,pathws—l,k‘2 + |f‘Ql'¢8—l’k’2

Thus, even the case of the operator 0, can be reduced to Lemmas 5.5.3-5.5.7. O

Remark 5.5.10. In the above proof, we see the reason for the need for the commutator

. Note that Lemmas 5.5.3-5.5.6 do not have an increase in k on the right side, but
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Lemma 5.5.7 does. Lemma 5.5.7 was needed in order to estimate the O, derivative
near the event horizon, because L coincides with O0; on the event horizon. Excluding

this issue, there would be no need to commute with U and introduce the k index.

5.6 Theorem: Global boundedness and decay for
axisymmetric solutions to the semilinear wave
equation with weak null structure on subex-
tremal Kerr spacetimes

5.6.1 Structure of the nonlinear term

Now, we define the weak null condition for a nonlinear term, which will be assumed

by the main theorem of this chapter.

Definition 5.6.1. Suppose Oy¢p = N, where N is nonlinear in zeroth and first order

derivatives of 1. We say N satisfies the weak null condition if it can be written as

N = 4B(ry,

where the sum has a finite number of terms, and for each term, 0 < j and
v € {L, 10, Vb, 1Y,

Be{LY. 0.9, Vb, r~ ).

The v factors can be thought of as “good” factors, because they can be estimated with
an extra r factor using the L* estimates (Proposition 5.5.9) while, in contrast, the

B factors can be thought of as potentially “bad”. The null condition requires that at
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least one factor be a good factor.

Proposition 5.6.2. Generalize the terms v and 8 as follows.
rys,k c {LQl¢s—l,k’ ,r,—laTQlws—l,k’ VQle_l’ka T_IQZ¢S_l’k},

53,16 c {LQZ¢S_Z’k, 8TQlws—l,k’ VQlws—l,k’ r—lQl¢s—l,k}'

If O = N and N satisfies the weak null condition, then
g 2T T (P O0) S D BBy + Y 18 (B,

where A" and (" represent v and ¥ with s < s and k' < k, while 4 and %

represent v*F and BF with s' + 2k" < (s + 2k) /2.

Proof. For the proof, we assume the sum consists of just a single term with 57 = 0.

(It should be clear how to generalize to terms for which j > 0.)

Oy¢ = vB.

Note that since 0, is a first order operator and satisfies the Leibniz rule,

10040 = (07 (vB)| S Y 10707 Bl S v B + 18",

i<s

The last step follows by observing that for all ¢ in the sum, either ¢ or s — 7 is less

than s/2.

2

We ignore the factors g2 and ¢?, because whenever an operator acts on ¢?, the

2

result is a term with fewer derivatives of ¢/ and an additional r~* weight.

The calculation becomes a bit more complicated when applying (), because () is
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a second order operator. In general,

Q(Y112) = Q1) s + ¥1Q (1) + 2a* sin? 00,11 0y3by + 201 My

Using the above formula it is straightforward to show that, up to terms with fewer

derivatives,

q_QFS(QQng) ~ Ql¢f19l¢§27

where s1 + so < s — 21, because [ counts the number of times the angular derivatives
from () split between the two factors.

Keeping the above observations in mind, it should now be clear that

DT (PO0) = [T (PB) S Y e,
s1+52<s
k1t+ka<k

Now, since (s1 + 2k1) + (s2 + 2ks) = (51 + S2) + 2(k1 + ko) < s+ 2k, it follows that
one of s; + 2k; and sy + 2k must be less than (s + 2k)/2. Choose a particular term

in the sum. If s; + 2k < s9 + 2k5, then

’751,k1/882,k2| S ‘5/’”’,}/10’,

while if s1 + 2k1 > so + 2ko, then

’751,k1 /BSQ,ICQ | S h/hiﬁlo"
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5.6.2 The main theorem

Theorem 5.6.3. Let g be any subextremal (la| < M) Kerr metric, and suppose a

function 1 is axisymmetric

O =0,

and solves an equation of the form

where N satisfies the weak null condition as defined in §5.6.1. Define the energies

Ext)= Y B,

s+2k=n

Ext)= > EX@).

s+2k=n

Then for 04,0_ > 0 sufficiently small, if the initial data on ¥y decay sufficiently fast

as r — 0o and have size

Iy = E*(0) + E3%;,(0) (5.6)

sufficiently small, then the following estimates hold for t > 0 (with T =1+1t).
I) The energies satisfy
E%(t) < I,

22
EZ;[S*72_6+] (t) 5 IO’

20 244
Eocn s, 05, STV 0,
18 —2+4
Eocis o 5,(t) STV 70 I,
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II) The following L> estimates hold, provided s + 2k < 22.
[P DOl 2 4 [P DR [2 4 POl 2 < E§;5’k(t) X E;;:a,kH(t)7
and forr >rqg > rg,
P DQUY k|2 < Btk (p) 4 Bt (g,
II1) Together, (I) and (II) imply that if s+ 2k < 16, for allp € [0-/2,(2—91)/2],
|Tp+1DQlws—l,k| + |rpDQz¢s—l,k| + |Tle¢s—l,k| < T(2p—2+6+)/2[é/27

r DO R < 12

and additionally for p € [(6— —1)/2,6_/2],

/ ‘Tp+1DQl¢s—l,k| + ’rpDQl¢s—l,k| + |Tlews—l,k’ 5 T(2p—2+5+)/2+11&/2'

t

The final estimate should be interpreted as saying that ]r(5*+1)/2DQlws_l’k|,

[rO-=D72DOlps=LF| | and |rCO-—D/2QWp57bk| decay like TO-73194)/2 in a weak sense.

The remainder of this section is devoted to proving Theorem 5.6.3.
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5.6.3 Bootstrap assumptions

We begin the proof of Theorem 5.6.3 by making the following bootstrap assumptions.

EZ(t) < Gy,

22
Ecis as,(t) < Clo,

pe

o= —2+46
Epe[a,,z_(m(t) < O TP 240+,
/ 7%5——1,67}(7)6” < CyTP 2o
t

Note that, with the exception of the highest order energies, these bootstrap assump-
tions are consistent with the general principle that E;’k(t) ~ TP~2+0+ which the

reader should keep in mind throughout the proof of the main theorem.

5.6.4 Improved L estimates

The L*° estimates from Proposition 5.5.9 are essential to the argument of the proof of
the main theorem. But for better clarity, we first remove the nonlinear (error) terms

from these estimates and summarize them in the following lemma.
Lemma 5.6.4. In the context of the bootstrap assumptions provided in §5.6.3, the

following L™ estimates hold for s + 2k < 22 and all p in any bounded range.

|rp+1DQl¢s—l,k|2 + |T’pDQl¢S_l’k|2 + |T,lews—l,k|2 5 E;;—3,k+l(t) + E;;—B,k(t)’ (57)

|TDQl¢S_l’k|2 5 Es+3,k+1(t) + E5+5’k(t). (58)
These are the same as the estimates from Proposition 5.5.9, except that the nonlinear
(error) terms have been removed.
Proof. See the proof of Lemma 3.9.5, keeping in mind Proposition 5.5.9. O

The conclusion of this lemma is the same as the statement of part (II) of the main
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theorem.

Remark 5.6.5. Lemma 5.6.4, which is a simplified version of Proposition 5.5.9 in
the sense that there are no nonlinear (error) terms on the right side of any of the
estimates in Lemma 5.6.4, will be used in the remainder of the proof of the main

theorem as a replacement for Proposition 5.5.9.

5.6.5 Refined estimates for N**(t) and N;*(t) (key step)

The L* estimates given in Lemma 5.6.4 allow us to provide refined estimates for the

nonlinear error terms. This is the crucial step of the proof.

Lemma 5.6.6. In the context of the bootstrap assumptions provided in §5.6.3, if

s+ 2k <22 and Cyly < 1, then

N (1) S (BF ()2 (B4 (1) (B3 ()2 + (B (0) (B, (1) ?)

Proof. We recall the definitions of N**(t) from Corollary 5.4.7 (k = 0) and Proposi-
tion 5.4.16 (k > 1). For all s and k,

Ns’k(t) _ (Es,k(t>>1/2 Z ‘|q_2fklrs,(q2mg¢)||L2(Et)-

Therefore, it suffices to prove the following estimate.

Z g TH T (¢*Og0) |2z,
s'<s
k' <k

S (B ) ABE_ (0)Y2 + (B (0)2(B5e (1),
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Note that by Proposition 5.6.2

||q72fkrs(q25g¢)HL2(Et) S ||7hiﬁlo(7”ﬁlo)j”L2(zt) + |\5hi710(7’510)jHL2(2t)
o= ki =1 o
S (= llezmolir ™= Bllzcsy
118" 22l e ) P81 sy

S (B ) 2B, ()

HEHO) B (0)) (B ()PP

Noting that

(EE@))j/Q < (Cb[0>j/2 < 1972 — 1,
we conclude the proof. O
Lemma 5.6.7. In the context of the bootstrap assumptions provided in §5.6.3, if
s+ 2k <22 and Cyly < 1, then if k =0,

5,0 5,0 5/2+5,0 5,0 s/2+5,0 5,0 16 1/2
NO(t) S EPO(6)ByPTo0(t) + ByO(t) E*H50(t) + ES° (6) (B (1),

p

while if k > 1,

s,k s,k 16
N3 (1) S ESH (1) ES (1),

p

Proof. If k =0, then from Corollary 5.4.7,

N =3 [T o)+

s'<s

> 0 T (0,)],
Sen{r=rirap

s'<s
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We rewrite for some fixed radius R,

Ny = [Z

s'<s

—2F8l 2 2
/E RIS

§'<s

/ 100”47 (¢°Dy))|
Etﬁ{r%mmp}

s [ o)
Z :n{r>R} !

s'<s

Using Proposition 5.6.2 again, the terms in square brackets can be bounded by

By (0B () (B0 P

p

and

B (8) (B2 (4)) /2 (E28(1))772

p p

respectively, with p’ and p” arbitrary because the terms are supported on a compact
radial interval. Furthermore, by the bootstrap assumptions and the fact that Cyl; <

1, each of these can be bounded by

E5 ()BT (4) 2.

p p
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More importantly,

S [ oy
SISS 210{7">R}

Lo PP 4 (76 05))

AN

N

/ rp—l (,yhi)Q(,rﬁlo)Qj—l—Z + (/Bhi)Q(r(p—i-l)/Q,ylo)Z(Tﬁlo)Qj
S¢n{r>R}

1/ _hi o||2i+2
/ rP= (P2 | Bt HLJ:OF(Et)
S¢n{r>R}
+ (B [r® D20 2 1B [P s,
S By (lIrB°l[ 225, + B Ollr 20 o oy I8 [Fe s,

S B;’O(Zf) (Es/2+5,0(t))1+j + ES’O(t)B;/QJrE)’O(t)(ES/2+5’O(t))j.

AN

Again, since Cyly < 1, we may ignore the additional powers of j to conclude
S TR S BB + BB ).
1<g ¥ ZeN{r>R}

This establishes the k£ = 0 estimate of the lemma. If £ > 1, then from Proposition

5.4.16,
Nsk Z/ Terl QFk Fs (q O w))
3¢

s'<s
k' <k

Since I is only supported near the event horizon, these terms are also supported on

a compact radial interval, so N3*¥=1(t) < E;;k(t)E%(t). O

Corollary 5.6.8. In the context of the bootstrap assumptions provided in §5.6.3,
Corollary 5.4.7 (k = 0) and Proposition 5.4.16 (k > 1) together with Lemma 5.6.7
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imply that if s + 2k < 22 and Cyly is sufficiently small, then

to
E*(ty) + / By (t)dt

t1

to to
S Epf(h) + (Golo)'? / EyR)TC- 00 2q 4 / BY¥ (t)dt.

t s/ 42K/ <st2k 7 b1
k'<k

whenever s/2+5 < s (which means 10 < s).

Proof. By Corollary 5.4.7 (k = 0) and Proposition 5.4.16 (k > 1) together with

Lemma 5.6.7,

to
EX (ta) + / By (t)dt

t1
to

~ P ' p
1

FESF()(EX (0)Y2] dt

p p

We briefly discuss how to treat each term in the square brackets. The first term,

which is only relevant when k > 1, is estimated as follows

B ey < Y BIM(@),
s' 2k <s+2k
k' <k

with the value p chosen for p'.

The second term is absorbed into the left side of the estimate by a now-standard
argument (the bootstrap assumptions ensure that E*°(t) < CyIp, so as long as Cy I is
sufficiently small, given that s/2+5 < s, this can be done). The third term is treated
like the second term, but it only requires the weaker assumption that s/2 + 5 < 22,
which is always the case.

The fourth term is estimated by choosing p” = p and p”’ = 6_ — 1 and appealing
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to the weak decay principle, which, together with the bootstrap assumptions, implies

to 1)
/t ESF () (Epm(t)'? S / EM(t)(CoIo T304 ) 24t
1

t1

5.6.6 Inductive assumptions

The remainder of the proof is a finite induction argument. First, estimates are proved
for k = 0, and then for £ = 1, etc. until £ = 11 (which saturates s + 2k = 22). For
each k, it will be necessary to use estimates established for £k — 1. These assumptions
are listed here.
Either
k=0,

or s + 2k =22 and

Z / pe[(s 25,1 (T)dT < Iy,

s’ 2k’ <22
K <k

or s + 2k =20 and

s' k! _
> / Biihi_s, sy (T)dT S TP,

s'+2k'<20
k'<k

or s+ 2k =18 and

pE[d_,2—54]

/ B" (T)dr < TP+ I,
t

s'+2k'<18
k' <k

For the remainder of the proof, k should be considered fixed. These estimates
will be used for the fixed k, and eventually (in §5.6.10) the corresponding estimates

obtained by replacing k£ with k+1 will be proved, thus closing the inductive argument.
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5.6.7 Recovering boundedness of E3"(t) (s + 2k = 22)

Our first application of Corollary 5.6.8 is to prove boundedness of E;’k (t). Let s+2k =
22 and p € [0_,2 — 64]. Then

¢ ¢
E;’k(t) + /0 B;’k(r)dr < E;’k(t) + (C’bfg)l/2/0 E;’k(T)T(L_?’J"S*)/QdT

t
oY / B (r)dr
s/ +2k' <s+2k * 0
k' <k
< Iy + (Cylo)>PT0-—120% 4

S+
o ~3/271/2 . .
It follows that if C;""1)"" is sufficiently small, then

< Ip.

~Y

s,k
Ey(t)

This recovers the second bootstrap assumption at the level k.
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5.6.8 Recovering boundedness of E**(t) (s + 2k = 22)

Let s + 2k = 22. By Corollary 5.4.7 (k = 0) and Proposition 5.4.16 (kK > 1) and
Lemma 5.6.6,

t
W%hﬁ%@ﬁ/@iﬁﬂﬂﬁf%HW“mm
0
t
§[0+/ Ns’k(T)dT
0

Sh+ [(EHO) ((BH0) PEE ()

(B ()ES (7)) dr

t
<o +/ (CyIo) V2 (CyIo) V2 (CyTO= =30+ 1) 2dr
0
S+ G L),
In particular, we used the inductive assumption and the result from §5.6.7 in the

second step and the weak decay principle in the fourth step.

It follows that if C’s / 2[3/ ? is sufficiently small, then
ESF(t) < I,
This recovers the first bootstrap assumption at the level k.

5.6.9 Proving decay for £*"

s,k
el .2-5,] (t) (s+2k = 20) and Ep€[6,72—5+](t)

(s + 2k = 18)

At last we are ready to prove decay. This will be accomplished by repeatedly applying

the following lemma.
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Lemma 5.6.9. Suppose p+1,p € [6_,2 —d,] and

B3 S TV,

o0
s’k p+1)—2+6
§ : / B (r)dr S TWHD=2H0 ),
&' 42k <s42k42 7t
k'<k

ES () < G TP I,

/ B M (r)dr S TP I,

s/ 42K/ <st2k 7t

k'<k

Then if 1y is sufficiently small,
ES*(t) S TP I,

Proof. Using the mean value theorem, for a given ¢, let ¢’ € [t/2,t] be the value for

which By (#') = 2 [, By1?*(7)dr. Then using Corollary 5.6.8,

t t
B3k () S E3M(t) + (Cydo)? / ER(r) T30 24 4 N / By¥ (r)dr
¢ sk <stok
k'<k
t
SE;’k(t/)—i-(CbIo)l/z/ (Cpr72+6+[O>T(6_73+6+)/2d7__'_Tp72+6+[0

t/

S ESM) + P L PTr 20 [y T

Now by the choice of t/,

2 t
s s+2,k s+2,k
Ep’k(t,) S_/ Bpj:% (t/) = E //2 Bp_—::% (T)dT
t

t
5 t_lE;_t%k(t/Q) + t—l(CbIO)1/2 // E;I%,k(T)T(57—3+5+)/2d7_
t/2

¢
1 s’k
+1 E / B, (T)dr.
s/ 2k/ <st2kt2 /2
k'<k
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Thus,
EX*(t) S (14 G2 1) 17> .
Provided Cg’ / 2[3/ % is sufficiently small, the proof is complete. n

By applying Lemma 5.6.9 for p =1 — 6, and s + 2k = 20, we obtain
B () ST7'IL.
By interpolation we obtain decay for all p € [1 —§,,2 — d4].

s,k —246
Ep6[1—6+72—(5+](t) S TP .

Then applying Lemma 5.6.9 again for each p € [0_,1—4d,] and s+ 2k = 18, we obtain

ES,k‘

s aes () S TP=2+9+ .

This recovers the third bootstrap assumption at the level k.

5.6.10 Establishing inductive assumptions for k + 1

By Corollary 5.6.8,

/ By*(r)dr S EYF(t) + (Codo) ' / Ek ()T 3400247

t t

o0
! !
+ E / B, ok (1)dr.
&2k <s42k T
k'<k

The quantities E5*(t), and [~ B3 (r)dr (s' 4+ 2k < s+ 2k and k' < k) all have the
same proven decay rates. For s + 2k =22 and p € [0_,2 — ], they are bounded in
time by Iy, for s + 2k = 20 and p € [1 — 6,2 — ], they decay at least as fast as

TP=2+%+ [, and for s + 2k = 18 and p € [6_,2 — §,], they decay at least as fast as
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TP=2+9+ [ Thus,

s k'
Z / Bpe[5 25,1 (r)dr < I,

s'+2k' <22
k' <k+1

Z / B;Ekl 64,264 ( )dTng_2+6+IOa

s'+2k'<20
k' <k+1

s' k! p72+6+
/ Bl o sq(T)dT ST Io.
§'+2k' <18
k' <k+1

These are the inductive assumptions at the next level k£ + 1.

5.6.11 Recovering weak decay for E;ék[a,—l,a,](t) (s + 2k = 16)

Finally, set s + 2k = 16 and observe that for p € [0 — 1,d_],
/ ExF(r)dr < / Byt (r)dr S TWHD =240 [g = o240t
t t

This recovers the final bootstrap assumption at the level k.

This completes the proof of Theorem 5.6.3.
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Chapter 6

A class of perturbations of the
nontrivial wave map solution in the

Schwarzschild spacetime

The following conjecture was posed in [IK14].

Conjecture 6.0.10. The stationary solution

(r? + a?)? — a*sin® O(r* — 2Mr + a?)
r2 + a?cos? 6
2a®M sin* 0 cos @
r2 4+ a2 cos? 6

sin® @

XOZA:

Yy = B = —2aM (3 cos — cos® ) —

of the wave map system

0°X0,X 0°Y0.Y

O,X = 1
g X X (6.1)
0°X0,Y

with g any subextremal (la| < M) Kerr metric is future asymptotically stable in

the domain of outer communication of the Kerr spacetime for all smooth, axially
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symmetric, admissible perturbations, ie. perturbations vanishing in some suitable

way on the axis of symmetry.

In this chapter, we resolve the above conjecture for the Schwarzschild case, in

which the quantities A and B greatly simplify.

A =r?sin%6

B =0.

In the next chapter, we will extend the result of this chapter to slowly rotating
(la| < M) Kerr spacetimes using a significantly more complicated approach. As
discussed in §1.3.4, the motivation for this conjecture is its relation to the stability of

Kerr black holes as solutions to the Einstein Vacuum System (1.5).

6.1 Introduction

There are two signficant differences between the problem of this chapter and the
problem in Chapter 4. The first significant difference is that the system (6.1-6.2)
when linearized about the nontrivial solution yields a different linear equation. This
equation is best understood as a scalar wave equation for a modified Schwarzschild
spacetime (M, §). (For more details, continue reading in §6.1.1.) Fortunately, the
techniques in Chapter 4 easily generalize to this new spacetime. This is established
in §6.2.

The second significant difference is that the nonlinear terms require substantial
more consideration than in Chapter 4. In previous chapters, the structure of the
nonlinear terms was given by assumption, while in this and the next chapter, the
structure is given by the system (6.1-6.2). (This is the purpose of §6.5.) As we shall

see, there are some challenging nonlinear terms with factors that are singular on the
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axis of symmetry. In the Schwarzschild case, we observe that by making a very special

choice of linearization, these terms can be eliminated. (See Proposition 6.5.3.)

6.1.1 The (¢,v) system

In [IK14], the equations (6.1-6.2) are linearized in a certain way to obtain'

Dgfl = Vfl

DQSQ = 07

where the potential V' is given by

2
V:£<1_2M)+4cot 8.

r2 r 72

The motivation for such a linearization is that it derives from a bundle formalism.
(See §7.1.1 or §A.1.2.) However, since the potential function V is singular on the axis,
this suggests that the scalar & should vanish on the axis. By making the particular

choice

& = r?sin® Oy

52 = _¢7

where ¢ and v are both scalar wavefunctions,? then the linearized equations become

2M

4. dcotd
%¢+<L~—)—&¢+ =
r T

r2

Bgth = 0

0,6 = 0.

IThe scalar functions &; and & are named as such to be consistent with the scalar functions &;
and & in Chapter 7. They will not be used any further in this chapter.
2The scalar wavefunction ¢ is not to be confused with the azimuthal coordinate.
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The equation for ¢ was the main subject of Chapter 4, but the equation for v is new.
There is an interpretation for the additional terms showing up in the equation for .
The Schwarzschild spacetime can be written as a warped product of two manifolds,
one being the sphere S2. If the sphere S? is instead replaced with the hypersphere SS,
yielding a modified 7 4+ 1 dimensional Schwarzschild spacetime, then the additional
terms in the equation for ¢ are completely accounted for and the linear system reduces

to the following simple system.

where ¢ is the metric for the modified 7 + 1 dmensional Schwarzschild spacetime.
This fact suggests that the equations for ¢ and 1) are somewhat similar. As we shall
see in §6.2, the same essential estimates can be proved for this new spacetime.
Perhaps more important than simplifying the equations, the wavefunctions (¢, )
capture the essential behavior of the linear system on the axis. As we shall see in
the main theorem of this chapter, the quantity ¢) will be regular on the axis, which

implies that the quantity & = 72 sin? 61 will vanish to second order on the axis.

6.1.2 The modified Schwarzschild spacetime (M, j)

It was just stated that the equation for 1) naturally belongs to a modified Schwarzschild
spacetime. We take a moment to explan this fact further.
Let (M, g) denote the Schwarzschild spacetime. In the usual Boyer-Lindquist

coordinate system, the metric is

oM oM\ !
Gapdrdr® = — (1 — =) at* + (1 - "— | dr* + r’dwi,
T T
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and its volume form is

V/—det g =1r?siné.

The equation for v is

*A
Dg¢ + 28780@ — O

The linear operator in this equation is a wave operator for a different (7 + 1 dimen-

sional) spacetime (M, §), whose metric is given by?

2M oM\~
Jopda®dr’ = — (1 — —> dt* + (1 - —) dr® + r*dw?s,

r r

and whose volume form is effectively
/—det§=r%sin® 6.

Let us take a moment to derive this fact. The sphere S® can be given coordinates
01, ...,05, ¢, where 0; € [0, 7] and ¢ € [0,27]. An axisymmetric function f: M — R
can be written as f(t,7,0). We consider only functions f : M — R of the form
f(t,r,01). We therefore identify 6; on M with 6 on M. In the calculations to follow,

6, and 6 will be used interchangeably. The metric for S® in these coordinates is
dwie = dO7 + sin? 0, (d0; + sin® Oy(...(d07 + sin® O5d¢?)...)).

It follows that
\/ —det § = 7% sin® 0, sin* f5 sin® 65 sin? 6, sin .

Assume that 1) : M — R satisfies

Doyt = ... = Opytb = Dgp = 0.

3The difference between the two metrics g and § is very subtle. For g, the last term is rzdw?gZ
and for g the last term is rdwZs.
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Then since

gtt — gtt’ grr — grr, and 999 — 991917

it follows that

9*P0s1p = §*P 0.

Therefore,
Og = ;ﬁa ( — det ggaﬁaﬁw)
V—detg

= ﬁ@a < —det ggo‘ﬁé?/g@/))
= Wiﬁ@l(% (r%sin® 619*7951))
= m@a (7“2 sin Hga’gagw) + T 9(3“(7"4 sin® 0)0,¢
= ﬁ% ( —det ggaﬁ@gw) Ay eaa(r2 sin” 0) 91
= o +27 A0

6.1.3 Conventions for spacetime norms

Since there are now effectively two different spacetimes, we briefly lay out a few con-
ventions for the remainder of this chapter.

e All functions will be assumed to depend only on ¢, r, and 6. Therefore, any
quantity can be treated as a function defined on either spacetime.

e To avoid ambiguity, the tilde mark (~) will be used to denote quantities corre-

sponding to (M, §). This includes the effective volume form

fi = A*r?sin @ = r%sin® 6,
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and the constant-time hypersurface
Sy = {t} x [ry,00) x S°.

e Integrated expressions will depend on a volume form that is implicitly defined

by the manifold of integration. That is,

/Et = /:O /0“ /0% J(t,7.0)r* sin 0dgd0dr.

and

0 T T T T T 2
/ f= / / / / / / / f(t,r,0)r°sin’ f sin* B, sin® O3 sin? O, sin 05
PN rg Jo Jo Jo Jo Jo Jo

dodOsd04d0sd0,dOdr.

Since all relevant integral estimates in this chapter are valid up to a constant, one

may equivalently define

/ f= / / f(t,r,0)r*sin 0dfdr
P rg JO
/ f:/ / f(t7T7 G)TG Sin5 0dodr.
Et TH 0

The point is that the only difference occurs in the factors that show up in the volume

and

form.
e We also observe that L> estimates are weaker in the higher-dimensional space-

time. That is,

1 sz S DNV fllzase),

1<2
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while

1 flzsey S DY fllzzgse.

i<4
6.1.4 The nonlinear equations for (¢, 1))

In terms of ¢ and 1, the nonlinear system is

Dg¢ = Ny
05 = Ny,

where the nonlinear terms are

(1 + dNy = 0“¢0agp — N
(14 ¢)°Ny = 20N — 2(1 + )% ¢
N = A2(1+ ¢)* 0°YOath + 4A (1 + ¢)*1p0%POath + 4A (1 + ¢)*1)?0° pDudp

+4A0° AL + 0)1h0at) + 8AD* A(L + ¢)*1%0nd) + 40 A0 A(1 + ¢) 1

and again, the modified wave operator O appearing in the equation for v is defined

by
0“A

On -

The derivation of this system is given in §6.5.1.

6.2 Estimates on the spacetime (M , )

Since the vectorfield estimates for M are so similar to the vectorfield estimates for
M derived in Chapter 4, and since a more general problem is handled in Chapter 7,
we will only prove the most essential vectorfield estimates in this chapter, which are

the partial Morawetz estimate and the pre-r? identity.
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6.2.1 The energy estimate and hd, estimate for M

Since the vectorfield 9, is a Killing vectorfield for M, we have both the energy estimate

and ho; estimate stated below.

Proposition 6.2.1. (Energy estimate for M)

[ @2+ [ [a@)? + @0y + 9]

1]

< / [xa(00) + (0b)? + |V9P] + Erro,
>

t

2M

where xg =1 — == and

t2
ET’TD = / / |8t¢|j§77[}|
t1 Yt

Proposition 6.2.2. (hd, estimate for M) Let R > ry + 6y be any given radius.
Then for all € > 0 and p < 2, there is a small constant c. and a large constant C,,

such that

[ @ [ @ + @)+ 1767)

/ / ca? I (Ly)?
Sin{R+M<r}

< / 12 [\ (90) + (0 + W] + Err,

2M

where xg =1 — == and

Err = Erry 4+ Errg

Erry = / / w)
Zzﬂ{R<T}

brro :/ / Cer? 2|00
t1 ¢
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6.2.2 The Morawetz estimate for M

The key ingredient for the Morawetz estimate is the partial Morawetz estimate. Since
this estimate is very sensitive to the geometry of the spacetime, we will prove it

completely for M.

Proposition 6.2.3. (Partial Morawetz estimate for M) There exist a vectorfield X,

and a function wy such that the current J[Xo,wy| satisfies

r7 r

{MG (1="2) @+ - (1= ") 9P + glosanet?| S div[Xo, wi]

i Boyer-Lindquist coordinates.

Proof. For the proof of this proposition, we drop the 0 subscript from Xy and wy. We

begin by restating Lemma 3.2.2 for M.

Lemma 6.2.4. With the choices X = X" (r)0, and w = w(r),

divJ[ X, w] = (wg" —r7%0,(r*X"¢"))(0p))* + (w — 0, X")| Vo |?

1
+ (wg™ 4+ 0, X"g" — 6r ' X"g"" — X"0,9")(0,)? — —r_60 ((r® — 2M7®)0,w)?.

Proof. See the proof of Lemma 3.2.2. n

It is difficult to make sense of the coefficients in the above lemma, because most
coefficients are sums of multiple terms. By making the choices X" (r) = u(r)v(r) and

w(r) = v(r)dyu(r), each coefficient can be written as a single term.

Lemma 6.2.5. With the choices X = u(r)v(r)d, and w = v(r)0,u(r),

divJ[X,w] = —ur~°0,(rvg™) (0u))? — ur’4ar(r4v)|yz/1\2

+r8(g7 V2010, (“ )( Dp)? —1r-60 (5 — 2M7™) 0,02

rﬁgrr

278



Proof. This follows directly by substituting X" = wv and w = vd,u into the expression

in the previous lemma and combining terms. ]

At this point, we choose a relation between X and w so that the coefficient of

(O11p)? vanishes. In terms of the functions u and v, we set v = r~6(1 — 2X4),

r

Lemma 6.2.6. With the choice v = r~%(1 — —) the coefficient of the (0p))? term

vanishes and furthermore,

divJ[ X, w] = i“(1—~——)yywﬁ

+20, (%) <1 - g) (O,)? — —7‘_68 (8 — 2M7)d,w)?.

Therefore, it is necessary to choose uw and w so that the following conditions are

satisfied.
(1 - %) >0, (6.3)
&<;)>m (6.4)
0.((r® — 2Mr°)0,w) < 0 (6.5)

Furthermore, w and u must be related by the following constraint.

w = <1 _ ﬂ) Do, (6.6)

r

Lemma 6.2.7. It is possible to choose u and w such that all three conditions (6.3-6.5)
and the constraint (6.6) are satisfied. One particular choice is given by the following
approach.

i) Regquire that u(3M) = 0 and O,u = 1° (1 — %)_1 w. This will specify u com-
pletely in terms of w and satisfy the constraint (6.6).

i1) Require that w be positive. Then u will be an increasing function and the
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condition (6.3) will be satisfied.

i11) Determine a way to understand O, (l

r6> in terms of w. Here is one way. Let

K = %ﬂ@r (r%) This particular quantity has the same sign as O, (ﬂ) and has

76
the property that its deriwative can be written as a function of w. That is, O, K™ =

%0, (%), where again, v = r~%(1—22)

. The condition (6.4) now reduces to showing
that K™ > 0.

iv) For sufficiently large r, impose the condition that 0. K™ =0. In particular, this
means choosing w = 6r°v for sufficiently large r. The quantity 6r°v has a mazimum
atr, = 4M. The choice w = 61°v for r > r, will satisfy both the remaining conditions
(6.4-6.5) forr > r,.

v) Observe that since 0,(6r°v) = 0 at r. = 4M, the quantity (r® — 2Mr®)d,w = 0
will necessarily vanish at v = 2M and r = 4M if w = 6r°v for r > r,. By the mean
value theorem, condition (6.5) necessitates that O,w = 0 entirely for 2M < r < 4M.
Thus, take w = w(ry) forr <r,.

iv) Since w has now been chosen for all r, check that K™ > 0. In particular, with

the given choice of w, K" will be decreasing for r < r, and then remain constant for

r > r,. Thus, it suffices to compute that K™ (r,) > 0.

Proof. The lemma consists of multiple statements. Statements (i) and (ii) require no

further justification. We turn to statement (iii). Note that
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Recall the constraint (6.6) between w and u, which stipulates w = vu’. Therefore, we

substitute v’ = % and conclude

aK”:W@(ﬂL)

6750

This verifies statement (iii). For statement (iv), we must find the value r, that

maximizes the quantity 6r°v. Note that

6r°v = 61! (1 — %> .

r

In the proof of Lemma 4.2.12, we already calculated

220 2)

Setting 9, (67°v) = 0, we deduce 7, = 4M. This indeed maximizes the quantity 6r°v,
because the quantity 6r°v vanishes at the event horizon and decays back to zero as
T — 00.

We also must check that —3r59, ((r8 — 2Mr®)9,(6r°v)) > 0 for r > r, = 4M.
Indeed,

6_ 5
—17’*6& ((7’6 — 2M7’5)8T(67"5v)) = 3r %0, <T 2Mr (1 — 4M)>

72 r
_ 3,69, (r4 (1 _ ﬂ) (1 _ %» |
r r

The last quantity is clearly positive for » > 4M. This verifies statement (iv). State-

ment (v) requires no further justification. Finally, we turn to statement (vi). First,

we observe that for r < r,, since w = w(r,) is constant, then

@Kﬁ:ﬁ@(ﬂﬁﬁ)z—wwﬁwamﬁm.

6rov (6rov)2 "
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Since we have determined that 6r°v has a maximum at r, = 4M, it follows that KT
decreases to a minimum at r, = 4M. Recall further that by the choice of w for r > r,,
K™ is constant for r > r,. It suffices to check the value of K™ atr = re. (That is, if

K" (r,) > 0, then necessarily K”” > 0 and thus K™ > 0.) Note that

r%vo,u  6ruv

_q_ 6v(ry) D=1 6v(r.) / w

6 7
. wr wr’ |, ra0(re) Jrpa, rew(ry)
Tk 4 T 4 T'x
_q1_ 6v(rs) 1 1 6rv(ry) oo 6 A
N r v 7D rdo 7D
* Ttrap * Ttrap * J Ttrap

where we used the fact that w is constant for r € [ry.qp, 7] and in the final step we

used the fact that v is decreasing from 7., to r,. Finally, we calculate

6 [ 6(r> —1rp., 6 3M\° 217
1— — 7«4:1—(—”’):1—— 1— (== = >0
5 515 5 2560

This concludes the proof of Lemma 6.2.7. O

We conclude the proof of Proposition 6.2.3 by analyzing the asymptotics for large
r, in particular for r > r,.

v=1 (1 - %) = 0(r )

.
Ov=0(r"")
wy = 6r°v = O(r™1)

u=1r%—¢%since v/ = 6r°

6
Xo = uwvd, = (1—ﬂ> 8T+O(%6) 0,
r r

K = —ur™0,(r'v)¢™® = O(r—)g**



This completes the proof of Proposition 6.2.3. m

With the partial Morawetz estimate having been proved, the Morawetz estimate

now follows with no serious additional difficulty.

Theorem 6.2.8. (Morawetz estimate for M) The following estimate holds for any

sufficiently reqular function 1 decaying sufficiently fast as r — oo.

[ ek [ @p (e -
H,? by

1]

to M6 1 3N 9 M6 X
+/t1 /i]t 7(8T¢)2 + (1 - T) {’V¢‘2 + r—6<8t1/})2:| + ﬁwz

r

S [ @op e+ vuP 4+ B,
Sy
where

Err = Erry + Erry + Errp

ET’T1:[ r WLy
Sy
M6
Brin= [ @0P+ [ T D@ + @]

Errg = / g [(2X () 4+ wyp)Ogap|,

andXHzl—g.

Proof. See the proof of Theorem 4.2.27, keeping in mind Proposition 6.2.3. m

6.2.3 The r’ estimate for M

The key ingredient for the r? estimate is the pre-r? identity. This identity is also

sensitive to the geometry of the spacetime, so we will prove it completely for M.
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Lemma 6.2.9. (Pre-r? identity for M) Let a = 1 — 2 and L = ad, + 0,. For any

function f = f(r) supported where r > rg + Oy, the following identity holds.

/ flaLy+2y 2+of1f|77w|2+6f¢—2— e
£ r 2 A2p27T

' /’j /E [@rlf AL (ale + ;w)

+6a(2r 1 f — f’)qf—j —d/a i f(Lap)? + 30/fr_22]

_/ flamy+2y 2+a—1f|?/w|2+6f¢—2— L 0,(A%3r fu?)
N S, r r2 A2

+ /t12 /it — (2a_1fL¢ + 67"_1f¢) Oz9.

Proof. The proof is similar to the proof of Lemma 4.3.1, however there are a few subtle
differences, some of which actually simplify the proof. Again, we will use Proposition

2.2.1 together with the following current template.
1
J[X,w,m], =T, X" +wipd,b — 51/;28;@ + muab?,

Ty = 20,00,3) — 6,0 O

Assume for now that Oz1p = 0. Let a =1 — %, and observe that

Lzoz@r—}-@t,
ng:OZ,
gtt = —a71

Lemma 6.2.10. Without appealing directly to the particular expression for «, one

284



can deduce the following.

divJ[o  fL] = (a7 f) (L)? — 6r ' f (a(0,0)? — a7 (9))?)
— (47t + ) YY)

Proof. Note that
divJ[X| = K" 0,0,,

where

KM = 2g" 0, XY — X 0\ (g") — divX g .

Set X = a1 f(ad, + &) = fO, + a~ ' fO;. From the above formula, since g"* = 0,
K" + K™ =2¢""0,X" = 220,(a ' f).
Thus, the expression for divJ[a ! fL] will have a mixed term of the form
200, (a1 )00,

Note that

(@™ ) (Ly)* = (a7 f) (a0 + Oy)°
= (a7 ) (0:9)* + 2a(a@™ f) 000 + (a7 ) (O)*.

We now compute the (9,1)? and (9;1))* components, subtracting the part that will

285



be grouped with the (Li)? term.

K™ — Ck2(0671.](')/ — ZQTTﬁrXT - XrﬁrgTT - 8T<A2T2Xr)grr . C¥2<Oéflf)l

A2r2

81" AQT,QQTT’X’I‘ —042 O{_l /
A2T2

- Lo (har) ey

_ QgrraTXr _

= —6ar 'f

and
— !/ T 1 T — /
Ktt - (Oé 1f) - _X @gtt o A2T28r(A2r2X )gtt - (a 1f)
1 r — /
= —W@"(A%QQHX ) = (@™ f)
1 — — /
=0, (F*(=a™)f) = (a711)
= 6a " trtf.
Finally,
1
af _ r B 2,2y 8
KP = = X104 — <550, (A X") ¢
1 .
T A2 0, (AzrzgaﬁX )
1 6
- _ﬁar(r gaﬂf)
1
= 0.0 ()
1
= —ﬁar(r4f)(7’2ga6)
==+ ) g
Combining all these terms gives the identity stated in the lemma. O

Next, we choose w = 67~ f to directly cancel with the middle term in the above

lemma.
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Lemma 6.2.11.

divJ [ fL,6r7 ] = (a7 ) (Ly)* + (271 f - f)IWP——D (6r71f) v®

Proof. Note that
divJ[0, w] = wg"” 0,0, — gwwz

We compute the new terms only.

divJ [0,6r" f] = 6r~' fg*PDurp Oy — %Dg (6r'f) ¢?

=6r"f (a(00)* —a  (Ow)?) + 6r L f| Y| — —D g (607 f) ¢?

When adding these terms to the expression in Lemma 6.2.10, the o(9,1)? —a ™ (9;1))?
terms cancel (this was the reason for the choice of w = 6r~!f) and the result is as

desired. O

The term —30; (6r~' f) ¢? is like —6r~' f” — 247710, (r ! f)¢*. In the future, when
f ~ rP, this will have a sign —p? —3p+4 = —(p+4)(p—1). The sign will be negative
if p > 1, which is bad. So we include a divergence term to fix it. (Unlike in the
analogous step for the proof of Lemma 4.3.1, there will not be a need for a smallness

parameter €.) This is the point of the following Lemma.

Lemma 6.2.12.

a” (L) +

—%Dg (6r71f) ¥* + div (¢?3r f’L)]

2
=af <oz_1L¢ + giﬁ) +6a(2r 1 f — f )— + 3a/r 2 fo?
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Proof. First, borrowing from a calculation in the proof of Lemma 4.3.4, we obtain

=505 (67 1) ¥ = =550, (A0, (3171 1)) o

= -0, (3r ' f)y* - 8TA a0, (3r7 1 f) ¥?
2
a0, (3rL) v - a0, (37 ) 02

_ 71 f// wQ
We also calculate

div (¥*3r7 ' f'L) = Oa(A%?3r f L)

A2z
1 —2 N SO
=3r f20 Ly + 720, (3r fla)p® + A—Sar f

8A
A?

A
= 37“_1f’2¢L@Z)+9a7‘_2f’1/12—|—30z7“_1f"¢2—6ar_2f'¢2+6212

T_lf/¢2 4 3a'r_1f/¢2

2

= 3r~ ' f"2Y Ly + Bar? f'? + Bar ! fP + -

BQT_lf/¢2+3Q,T_1f/¢2.

The first two terms in the last line complete a square with the term o' f/(L1)%.
The third term cancels with the first term from the previous calculation. Due to the
fourth and fifth terms, which did not show in the calculation in the proof of Lemma

4.3.4, the € parameter is not needed here, allowing for a slightly simpler calculation.
3 \?2
L)+ 3T 2Ly + 9ar TP f? = af’ <Of1L¢ + ;1#)

and

—3ar™ f"? 4+ 3ar™! f'9? = 0
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The new terms are

oA 92
7 O, (3r 1 f) v — 6ar 2 fl® + e 3ar~1 fq?
2
= —6ar 2 f'y? — 3623 o (r ) afy?

= —6ar 2 f'Y® =3 (4r7") (—r7?) afp?

= —6ar 2 fy? + 120073 fo)?

Adding these terms together yields

2 2
af’ (a‘lL¢ + ;lb) +6a(2r 1 f — f )1/1

All the remaining terms (which contain a factor of o/ ~ 23) are

—a'0, (3r ' f) * + 3a/r ! [l
— 30, f?
= 3a/r 2 fy2

Adding both of these yields the result.
Thus, we have shown that if Oz = 0, then

divJ [a= fL,6r7" f,3r 7 f'L]

wQ

= af (a—lw + §¢) 62 f = )5 (2 = F) [T

oo F(L)? + 3! wa.

If we remove the assumption that Oz = 0, there is an additional term

(2X(¢) +w)Ogp = (207" fLY + 6r~" f1) Ogeh
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appearing in the expression for div.J.
Finally, we turn to the boundary terms. Since we have assumed that f is supported

away from the event horizon, it suffices to compute —J°.

Lemma 6.2.13.

—J' a7 L6 30 L

¢2

2
=f (a—lw + %) + AT FIVOP + 65 — 50, (A% fu?),

A2,2

Proof. Borrowing a calculation from the proof of Lemma 4.3.5, we have
—Ja7 L] = a7 (L) + a7 VU

Borrowing another calculation from the proof of Lemma 4.3.5, we have

—J'[0,6r71f]

= 6o ' f Ly + 3f—22 + 3rtflp? — %&«(waz)
T T

1 -1 2 2 e, ORA g
=6a T f¢L¢+9fﬁ—6fﬁ+3r f°+ yE STfﬁ_A%?

0, (A%3r f1?).

Following a similar procedure as in the proof of Lemma 4.3.5, we notice that

—2 2 ~1,.-1 P? -1 3.\
a “f(L)* 4+ 6a " r f¢L¢+9fﬁ:f(a Lzﬁ—l—;iﬂ) .

Also, there are two new terms, which we now combine.
¢2 a A2 ¢2 1/]2 ¢2 ¢2
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Thus,

—J' a7 fL,6r7" 1, 0]

3 \? - 2
— (0 g+ 20) e TP 4 68 3L — 0, (A% ).
r 72 A2
Finally,
—J'[0,0,3r7 fIL] = =3r7 'Lt = =3rT  fly?,
Adding these two expressions together yields the result. O
This concludes the proof of Lemma 6.2.9. O

Now, we briefly observe that the coefficients for each of the terms in Lemma 6.2.9
are very similar to the coefficients for their corresponding terms in Lemma 4.3.1 with
the one exception that the terms with a factor of € in Lemma 4.3.1 are now replaced

with the stronger terms 6 f f—; and 6a(2r=1f — f )f—j From these facts, we conclude

the incomplete r? estimate near 7°.

Proposition 6.2.14. Fix 6_,6, > 0. Let R be a sufficiently large radius. Then for

allp € [6-,2—06,], the following estimate holds if 1) decays sufficiently fast asr — oco.

R (T
S, N{r>2R}

& p—1 2 2 —2 2
+/tl /itﬂ{r>2R}r [<L¢) +|V¢| T w}

< / (L) + VY2 + 7 26?] + Err,
¢, N{r>2R}
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where

Err = Erry 4+ Errg

[2)
=[] (L)? + [V + 4
t1 3tN{R<r<2R}

to
Erro = / / (L] + )| D
t1 Yin{R<r}

Proof. See the proof of Proposition 6.2.14, keeping in mind Lemma 6.2.9. O

From the incomplete r? estimate near i, the Morawetz estimate, and the ho,

estimate, we conclude the r? estimate.

Proposition 6.2.15. Fiz §_,0, > 0 and let p € [0_,2 — d,]. Then if ¢ decays

sufficiently fast as r — oo, the following estimate holds.

/i (L) + [Tl + 22 + 720,97

+ / 2 /: rpil [Xtrap(L¢)2 + Xtrap’VwP + 7“72?#2 —|— 7'72(874&)2]
t1 pM

S / 1P [(L)? + V9 +r %% +r72(0,9)?] + Brrg,
>

t1

where Xirap = (1 — T”%)Q and
to
Brro= [ [ 12X(8) + we)0gul,
t1 P

where the vectorfield X and function w satisfy the following properties.

o X is everywhere timelike, but asymptotically null at the rate X = O(rP)L +

O(Tp_2>at.
o X|,—, = —A0, for some positive constant \.
o X|i—r, = AO; for some positive constant .

o w=O0(r’1) for large r.
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Proof. See the proof of Proposition 4.3.7, keeping in mind Proposition 6.2.2, Theorem

6.2.8, and Proposition 6.2.14. ]

6.3 The dynamic estimates

6.3.1 The dynamic estimates for (¢, ) (s,k = 0)

We state the dynamic estimates for the wavefunctions (¢, 1)) only, which follow from
the dynamic estimates in Schwarzschild as well as from the estimates derived in the

previous section.

Proposition 6.3.1. Fiz 0_,0, > 0. The following estimates hold forp € [0_,2—4d.].

Elts) < E(ty) + / * Ny,

E,(t2) + /t2 B,(t)dt < E,(t) + /t2 N, (t)dt,

t1 1

where

E(t) = / (0,6 + (9i6)? + |V P

4 / (B0 + (0 + [Vl

E,(t) = / o [(LO)? + V2 + 126 + (0,0

+ [ [ 190R 4 0]
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By(t) I/Z "7 Xrap (L) + Xarap| VI + 17207 +177%(0,0)7]

+[ " [Xtrap(L¢)2 + Xerap| VO + 17207 + T_Q(a”bf] ’
p

N(t) = (B)"2 (11058l sz + 1058l 1as, ) -

M@=Lﬁ“@ﬂfﬁ/ﬂ“@wf

3t

+ [ 0,60,6] + / BT,
Ztm{""z'f'trap} Etﬂ{rzrtmp}

and xg =1 — %; Xtrap = (1 - @)2

Proof. If ¢p = 0, this is exactly Corollary 4.4.2. If ¢ # 0, then by the additional

estimates in §6.2, this proposition can be proved the same way as Corollary 4.4.2. [

6.3.2 Commutators with 0O, and commutators with O;

We have a few options for commutators with O, and commutators with Oj. First,
there is the operator 0, which is a commutator with both O, and Og. Then there
are rotation operators. The three rotation operators from Chapter 4, which commute
with O, are analogous to seven rotation operators that commute with Oz. However,
these rotation operators destroy the axisymmetry that makes it possible to easily
translate between both spacetimes. Instead of using the rotation operators, we will
commute with the second order operators r?/A and 7“2@, which we call Q and Q

respectively.

Definition 6.3.2.



Remark 6.3.3. When acting on a funciton f(0), the operators @ and Q are

QF(0) = O2f + cot 00y f

Qf(0) = O2f + 5cot 00, f

The following lemma states that Q and Q are good commutators for O, and Oy
respectively. Note that there is no need as in the Kerr case to premultiply by ¢2, since

¢*> = r? when a = 0 and 72 does not depend on 6.

Lemma 6.3.4.

9,,0,] = 0
[0, B3] =0
(@04 =0
[Q. 5] =0

Proof. There is no explicit ¢t dependence in either metric g or g, so 0; clearly commutes
with both O, and Oj.
It is easy to check that the operator O, — /A does not depend on # and has no 9y

operators. Since () only depends on ¢ and has only 0y operators, that means

0=[Q,0, — A =[Q.0,] - [Q,7*Q] = [Q, 0.

The final step required that Q(r?) = 0. In Kerr, since Q(q?) # 0, there is a need to
premultiply the operator O, by ¢*.

The same argument shows that



We now define the s-order commutators I' and T.
Definition 6.3.5.
My = Qlﬁf_zlu
[y = Qlaf_mu
where 0 < 21 < s.

We also define the s-order wavefunctions derived from the ¢ and ¢ by applying

symmetry operators.

Definition 6.3.6.

o =T
v =T,

6.3.3 The additional operator [' as a commutator

We also note that we will need to use the operator I' defined in §5.4.4. The commu-
tator estimates generalize to O; without any additional difficulty.

Thus, we have the following definition for the s, k-order wavefunctions.

Definition 6.3.7.

¢s,k _ f‘k]_—‘s¢

ws,k _ fkfs¢
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6.3.4 The dynamic estimates for (¢*",*")

By repeating the procedure in §5.4.5, we can prove the following proposition without

any additional difficulty.

Proposition 6.3.8. Fiz 6_,0, > 0. The following estimates hold forp € [0_,2—4d,],

s>0, k>1, and arbitrary p'.

[2)
) S BR0) + [ B0 + B 0 + N,

t1

to

to
EsH(t) + / Bek()dt < B (1) + / BEFR (1) 4+ N3k(1)dt,

t1 t1

where

ES k E E ¢s k’
s'<s
K<k

Esk § :E ws k/
s'<s
k'<k

Bsk ZB ¢s k/

s'<s
k'<k

Ns,k(t) — (Es,k(t))l/Q Z <||fk’FS'Dggb||L2(2t) + ||fk'f5,Dg¢||L2(it)> 5

s'<s
k' <k
Nk = 3 [ T e+ Y / PP T 0,0,
s'<s Xy s'<s
k/<k‘ k"<k

and the norms E(t), E,(t), and B,(t) are as defined in Proposition 6.5.1.

Proof. The proof is a direct application of Proposition 6.3.1 by making the substitu-
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tions

¢ ¢
U s

for all values of s’ (and all commutators represented by I'¥ and I'*') where ' < s and

observing Lemma 6.3.4. O

6.4 The L*° estimates

In this section, we prove L> estimates for certain derivatives of ¢ and v that will
appear in the quantities f‘kl"Sngb and f‘kf‘SD§¢ that become nonlinear when using
the equations for ¢ and .

We will use the following notation, which is similar to the notation introduced in

Chapter 5.

Definition 6.4.1. We define the expressions Q'¢*~' and Q! to represent the fol-

lowing coordinate-invariant r'-weighted rank 1 tensors on S*(r) and S5(r).
~ 1
Ql¢s—l — lelgbs—l or le ¢s—l

Q! = bty o Tl71¢s_l~
(1t should always be assumed that | < s.)

In Chapter 5, this notation was necessitated by the fact that the operator @) is
second order, and therefore does not satisfy the Leibniz property when acting on
products. This fact is still true for both Q and @ in this problem, but there is also a
new issue due to the fact that ¢ appears in the nonlinear terms in the equation for

0,0 and ¢ appears in the nonlinear terms in the equation for Og1). So, for example,
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when applying Q to the equation for Oz, even the terms where Q does not split
between factors may not be expressable as products of ¢** and 1**, since the factor
ngﬁ is not of the form ¢** for any s and k. Instead, the factor ng must be treated as

=2 . . .- . . . L.
12V ¢, which, since it is a coordinate-invariant tensor, is similar to r2¥?¢.

6.4.1 Sobolev-type estimates for ¥, and %,

First, we prove the following lemma, which includes the Sobolev-type estimate for
¥ (Lemma 5.5.2) as well as a new Sobolev-type estimate for 3. In particular, the
r weight that is gained depends on the volume form for the associated space, so the
estimate on ¥, gains two factors of  and the estimate on ¥, gains six factors of r.
Also, the fact that the volume form for ¥; has additional factors of sin @ means that

more derivatives are required in the Sobolev estimate for ;.

Lemma 6.4.2. If u decays sufficiently fast as r — oo, then

198 B sy < / 2 [(8,TSH%0)? 4 (D<H36)7]

Sin{r>ro}

and

HQluHQ =6 [(arf§l+5U)2 4 (f§l+5u)2} ‘

) <
o (Sin{r>ro}) ~ /gtm{r>m}

If 1 is even, the same results hold with only T<2 and TS respectively.

Proof. The first estimate is the same as the estimate in Lemma 5.5.2. The second esti-
mate is proved in a similar way to the first estimate, with a few differences highlighted
below.

To start, we note that in the case where [ is even,

~1
HQZUH%w(sfi(T)) =||¥ UH%oo(sﬁm)
5/ ’714—4@’2 :/ |Q§l+4u‘2du~j 5/ (fwgs+4u)2d®'
S6(1) S6(r) S6(r)
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The main difference is in the second step, which relies on a classic Sobolev estimate.
Since S%(1) has 6 dimensions, there is a loss of 4 derivatives instead of 2 derivatives
for S?(1).

As with the first estimate, there is an additional loss of one derivative if [ is odd.

Therefore, for arbitrary [,

1€y S [ (F=4upd
S6(r)
As with the first estimate, we now set f(r) = [q (T)(f‘§8+5u)2ddj and conclude that
‘f’(?‘)| 5 / [(arf§l+5u>2 + (f§l+3u)2i| do
S6(r)
< / r=6 [(&f‘gwsu)z + (f§l+3u)2] rSdo.
S8(r)

Finally, assuming lim, ., f(r) = 0, we conclude

Rutal S F00 S [ rOlars [ [0F g ] Sz
To 70 SG(T)
§/ 6 [(an§l+5u)2+(fx§l+3u)2}
3t

The main difference is that the factor of r® is needed for the volume form of 3, instead

of r2. O

6.4.2 Estimating derivatives using the Sobolev-type estimate

Now, we repeatedly apply Lemma 6.4.2 to estimate various derivatives with r weights.
We will assume that ¢ and 1) decay sufficiently fast as r — oc.
The following lemma estimates ¢ and v, as well as the higher order analogues

Qlésfl,k and Ql@/ﬁ*l»k'
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Lemma 6.4.3. Forr > ry,
PPQLS |2 4 20Uk 2 < E;;E),k(t)
and forr >rqg > rg,
QL IR [2 | 2Qlys k2 < B,
Proof. First, we apply Lemma 6.4.2 with u = rP¢*~bFk,

|Tle¢s_l’k|2 — |Ql(rp¢s_l’k)|2
5/ 7”_2 [(arF§l+3(Tp¢s—l,k>>2 + (F§l+3(rp¢s—l,k))2}
pI
< / r2p72 [(arF§l+3¢sfl,k)2 + (F§l+3¢sfl,k)2:|
3t

S B ().
Then, we apply Lemma 6.4.2 with u = rP+2s=bk,

|T,p+29l¢s—l,k|2 — |Ql (T,p+2¢s—l,k) |2

</i 7“_6 [(8TFSZ+5(TP+2@/JS_I’I€))2+(F§l+5<rp+2’g/)s_l’k))2}

Y

</ 7,,2;1072 [(arrgl+5wsfl,k)2_'_(F§l+5wsfl,k>2]
o

S B3 (1)

Together, these estimates prove the first estimate of the lemma. The second estimate
follows from the same exact argument in the special case p = 0, and the observation

that as long as r > ro > g, then E*(t) can be used in place of ES* (). O

The following lemma estimates 0;¢ and 0, as well as the higher order analogues

6th¢s—l,k and athws—l,k'
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Lemma 6.4.4. Forr > ry,
9,0l |2 1 [P 29,0k 2 < E5p+6,k<t)
and forr > rg > rg,
8, QLG VR 2 4 |13 9,Qlps IR |2 < ESTOR (g,

Proof. The first estimate reduces to Lemma 6.4.3 by observing that 9,Q'¢*~bF =
Qo,psbk = Qlgsti-bk and likewise 9,Qlps bk = Qlyst1-Lk We now prove the
second estimate.

First, we apply Lemma 6.4.2 with u = rd,¢* .

|7,ath¢sfl,k:’2 — |Ql(7,at¢sfl,k)‘2

5 / 7”_2 [(arrgl+3(rat¢s—l,k))2 + (F§l+3(’f’at¢s_l’k))2}
Etﬂ{r>r0}

5 / [(aTF§l+36t¢sfl,k)2 4+ (F§l+38t¢sfl,k)2]
Etm{’f’>7‘0}

< / [(arF§l+3¢s+1—l,k)2 + (8tFSl+3¢S_l7k)2j|

~ Etﬁ{T>7'0}

S E8+4’k<t).

Next, by applying Lemma 6.4.2 with u = 720,4*~"* and repeating the same procedure,

we arrive at the following estimate.
‘TSathws—l,k‘Q 5 E5+6’k(t).

Together, these estimates prove the second estimate of the lemma. O

The following lemma estimates V¢ and V@D as well as the higher order analogues

VQZ¢S_l’k and VQl@bsfl,k.
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Lemma 6.4.5. Forr > ry,
P QR |2 |Tp+3791¢s4,k|2 < E;;G,k(t)
and forr >rqg > rg,
Y QLG 2 4 |T3VQl¢s—l,k|2 < ESOR(y).
Proof. This lemma reduces to Lemma 6.4.3 by observing that
POl bk — POl Ik — QI+ g3 =Lk = ppl gs+=Lk

and likewise

TerSVQlwsfl,k C rp+2Qlws+lfl,ki

]

The following lemma estimates L¢ and L1 as well as the higher order analogues

LOI bk and LQlps—Hk,

Lemma 6.4.6. Letting L = a0, + 0;, where a = ﬁ, we have that for r > rg,

|7,P+1LQl¢sfl,k|2_'_|,rp+3LQlwsfl,k|2 5 E§;r7,k(t)+/

it

7,2p(|:|g¢s+3,k>2+/ T’Qp(DngJrE)’k)z

P

and forr >rqg > rg,

Sin{r>ro}

|TLQl¢sfl,k|2+’T3LQlwsfl,k|2 § Es+7,k(t)+/

Sin{r>ro}

(Dg¢s+3’k)2—|—/ (Dg¢s+5,k)2.
Proof. We recall from the proof of Lemma 4.5.5 that

(0.Lu)?* < (Dgu)2 + (Lowu)? + r2(02u)* + r2(0,0,u)* + r~2(0,u)* + r2(Qu)?,
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By the same technique,
(0,Lu)? < (Ozu)? 4 (Lowu)* + v~ 2(0%u)? + r72(8,0u)* + 7 2(9,u)* + 17 2(Qu)*.
We now apply Lemma 6.4.2 with v = P! L=k,

|T’p+1LQl¢s_l’k|2 — |Ql(Tp+1L¢s_l’k)|2

< / T’_2 [(&Fgl*?’(r”“Lgbs‘l’k))Q 4 (F§l+3(7’p+1L¢S_l’k))2}
3¢

Y

~

< / r?p [(6TF§H—3L¢S—Z,I€)2 + (F§l+3L¢5_l’k)2:|
pI

5 / T2p [(aTL(bs—i-?),k)Q + (L¢S+3’k)2]
p

S B0+ [ (0,10

3¢

Now,
/ T2p(8rL¢s+3’k)2
¢
§ / 7,2p [(ng§s+3’k>2 + (Lat¢s+3,k)2 + T—2(83¢s+3,k>2 + T—2<arat¢s+3,k>2
3t

_|_7=—2(ar¢s+3,k)2 + 7“_2(Q¢S+3’k)2]

5 / 742}0 [(Dg¢s+3,k)2 + (L¢s+4,k)2 + 7"_2(¢S+5’k)2 + T_2(0T¢8+4’k)2} )
2t
It follows that
‘TerlLngbsfl,k‘Z 5 E;;—S,k(t) _{_/E‘ T2p(|:|g¢s+3,k)2.

By a similar argument,

|rp+3LQlwsfl,k‘2 SE§;7’k(t)—|—[ ,r2p(|:|§ws+5,k)2'

P
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These two estimates together establish the first estimate of the lemma. The second
estimate follows from the same exact argument in the special case p = 0, and the
observation that as long as r > 7o > 7, then E¥*(t) can be used in place of E3*(t).

]

The following lemma estimates f¢ and fw as well as the higher order analogues

[Qlg* =% and TQhys 1k,

Lemma 6.4.7. Keeping in mind that T is supported in a neighborhood of the event

horizon, for arbitrary p’, we have for r > ry,
|wal¢s—l,k|2 + |wal¢s—l,k|2 5 E;/—l—5,k+l(t)
and forr > rg > ry,

|f\Ql¢s—l,k|2 + ’f\Qlws—l,k 2 5 E8+5’k+1(t).

Proof. We apply Lemma 6.4.2 with u = fgbs*l’k , and freely introduce a factor of r#'

since I' is supported on a compact interval in r.

|wal¢sfl,k‘2 _ |Ql¢sfl,k+1‘2

< / 7,—2 [(aTF§l+3¢s—l,k+l>2 4 (F§l+3¢s—l,k+1)2}
pI

~J

</ 72 [(&FSH%S—U@H)Q + (F§l+3¢s—l,k+1)2}
3t

s+3,k+1
S} Ep’ (t)
A similar argument shows that

|wal¢s—l,k |2 5 E;/+5,k:+1 (t) '
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Together, these estimates prove the first estimate of the lemma. The second estimate
follows from the same argument, and the observation that as long as r > ry > rg,

then E*(t) can be used in place of E;}k(t). O

6.4.3 Summarizing the L*™ estimates

To conclude this section, we summarize the previous lemmas in a single proposition.

Definition 6.4.8. We define two families of operators.
D= {L, ’I“_lag},

D ={L,0,,r"'0y}.

Proposition 6.4.9. Forr > ry,

|Tp+1DQl¢S_l’k|2 + |TpDQl¢s—l,k|2 + |Tle¢s—l,k|2
+ |T‘p+3DQl77/)S_l’k|2 + |Tp+2DQl’¢S_l’k|2 + |rp+2Ql¢s—l,k|2

T2p(D9¢8+5’k)2—|—/ T2p(Dg¢s+5’k)2

< LR ¢ L) + /
>

p3M

and forr >rg > ry,

‘TDngbsfl,k‘Q 4 |7,3DQlwsfl,k|2

5E8+5’k+1(i)+E8+7’k(t)—|—/

Etﬂ{’r>7“()}

(Dg¢s+5’k)2—|—/ (Dgws—hﬁ,k)%

Etﬂ{’r>7“()}

Proof. With the exception of the operator 0., all of the cases have been proved in

Lemmas 6.4.3-6.4.7. Finally, observe that

’rPaTQl(ﬁsfl,kF S ‘rpLQl(ﬁsfl,kF + ‘,rpathqﬁsfl,k’Q + ‘f\Ql(ﬁsfl,kF
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and

|TparQl¢s—l,k|2 < |TPLQZ¢8—U€|2 + |rpath¢s—l,k|2 + |f\Ql¢s—l,k|2.

Thus, even the case of the operator 0, can be reduced to Lemmas 6.4.3-6.4.7. O

6.5 The structure of the nonlinear terms

In this section, we carefully examine the nonlinear terms Ny and N, as well as their
higher order analogues f‘kFSJ\Q) and fkf‘s/\/'w and determine a procedure for estimating
them in the proof of the main theorem. In particular, we note that these terms satisfy
a version of the null condition and (as a consequence of a special linearization) all
coefficients of these terms are bounded on the axis, thus allowing us to avoid the
formalism in Appendix C that will be necessary for the final problem in Chapter 7.
We start in §6.5.1 by deriving the equations for (¢, ). In particular, in the proof
of Proposition 6.5.3, we see the benefit for choosing the special linearization. Then
in §6.5.2 we look at a few example terms to illustrate the procedure to be used by
the proof of the main theorem (Theorem 6.6.1). In particular, we will see how to
estimate terms that contain products of both ¢ and i as well as the role of the null
condition. Then in §6.5.3, we define and prove the precise structures of Ny and N,.
These structures will then be used in §6.5.4 to define and prove the precise structures
of TFIN,, and T*I*A,,. Finally, in §6.5.5 we prove a proposition that uses these
structures to estimate nonlinear quantities that will show up in the proof of the main

theorem.

6.5.1 Deriving the equations for (¢, )

We start by deriving the equations for ¢ and . Recall that

A
897 = 2cot 0.
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Since cot # is singular on the axis, we generally want to avoid having terms with %
as they could potentially be very bad when we commute the equations with angular

commutators.* Our particular choice for the linearization

X =A+ A

Y = X%

is motivated by the desire to eliminate terms with a‘J‘TA from the equations.

Lemma 6.5.1. If one makes the substitutions

X =A+Ap

Y = A¥¢

and requires that ¢ and  are axisymmetric functions, then the wave map system

(6.1-6.2) reduces to the following system of equations for ¢ and (.

_ 0%¢0a0 A2 0% A , 0% AD, A
Og0 = 1o —1+¢<8§6C+2k CO.C + kA—g)
0“A 0“A0, A 0“A 0, 9°¢0,,
0,¢ +2(k — )A_a(+k@ 2}—2——§ 2kA.1¥ZC+21i¢<

In particular, if k > 2, then all of the terms in the first equation have nonsingular

factors.

Proof. We start with the substitution

X=A+A¢p=A(1+¢).

4Tn Chapter 7, we will see a more general procedure that can handle some of these terms.
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In this case,

0aX _ 0a(A(1+9) _ 0uA | Out

X A(1+ ¢) A 1+¢

and
1o x = 2e(A+9)) _ O,4 | Oy 0% ADn ¢
Qg = Al+¢) A +1+¢+2A(1+¢)'

Therefore, the equation

XX 9°YAY

1 o
XT'0,X = = e

becomes

0,4 |, 0°A0ud  Oyp _ 0°ADA ) 0°A0u  0°00.0  O"VO.Y
A Al+¢) 1+¢ A2 Al+¢)  (1+9¢)2  A2(1+¢)>

The first terms on both sides cancel because A itself is a solution to the equation,
and the second terms on both sides cancel because they are identitcal. The result,

after multiplying by 1 4 ¢ is the following equation.

0000 OYY

d,0 = .
=7 +¢  A2(1+9)
Now, by substituting
Y = A%,
this equation becomes
%P0, A2 0~ A 2 0“A0A
0,6 = — o - ,
po T T 8C8QC—|—2I<:AC8@C+I<: Ve ¢

This verifies the first equation.
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We now turn to the second equation.

0°X0,Y
o,y =2——*—.

g X
Given the substitution for Y,

ATFO)Y = A7FO,(AR¢)

- D9C+2]€8 A& ¢ +CAFO,(A%)

(67

— O, + o4 Aa o4 CATF(RATO,A + k(k — 1) A 29% A9, A)

_ DQC—l—Qk:a Aa ¢+ + 520 ia o/l

¢,

where we have used the fact that 0,4 = W in the last step.

Given the substitutions for X and Y,

0°X0aY _,0%(A(1 + )0 (4*))

X AF A(l + ¢) Ak
5, 0%A0, A 0 A 0 AD, 0 0%00,¢
=2k Ve C+2A8QC+2]§A(1+¢)C+2 T+o°
Equating both expressions, we obtain
8‘“ 0*A0,A
0,¢ + 2k——0,¢ + k* v ¢
0*A0, A EPA 0*Ad, 0 0%00,(
=2k 0aC + 2k——= 2 )
R B YT s S e
Thus,
OQA (‘9”/18 A 0*Ad, 0 0%00,(
O —( = .

This verifies the second equation.
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Lemma 6.5.2. If one makes the same substitutions as in Lemma 6.5.1 and chooses

k=2,

X =A+ A¢

Y = A%

then the wave map system (6.1-6.2) reduces to the following system of equations for

¢ and .

O, = %@5 (0% G0t — A20%C0aC — 4AD* ACDC — 40° ADW AC?]
A 0"A 0,0 0°h Dl
Oy¢ +2——0a¢ = 4— o s

In particular, the highly singular potential term in the second equation vanished by

choosing k = 2.
Proof. This follows directly from Lemma 6.5.1 by choosing k = 2. O]
Proposition 6.5.3. If one makes the substitutions

X =A+ Ap

Y = X%,

which agree with the substitutions of Lemma 6.5.2 up to terms that are nonlinear
in ¢ and 1), then the wave map system (6.1-6.2) reduces to the following system of

equations for ¢ and 1.

Og¢ :N¢>
Ogv :N’L/M
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where

(14 @)Ny = 0°¢0ad — N
(1+¢)°Ny = 20N = 2(1 + ¢)0"$0a)
N = A2(1+ ¢)'0"Y0at) + 4A%(1 + ¢)°¢0° p0ut) + 4A% (1 + 6)**0%¢0up

+4A0° AL + ¢)h0at) + 8AD* A(L + ¢)*1%0ndh + 40 A0 A(1 + ¢) 1

In particular, no terms in Ny or Ny have singular factors.

Proof. We begin the proof by motivating the choice Y = X?1) as an alter-

native to the choice Y = A?(. Recall the second equation from Lemma 6.5.2

0,¢ + 22840, = 4924 %0

9*¢0ag
1 ¢+2

A1+ 1+ ¢

There are still two terms in this equation with a‘qu as a factor. As observed in the

beginning of this chapter, the entire left side can be reinterpreted as Oz(, with g the
metric for a higher dimensional spacetime. Essentially all of the work done in this
chapter so far has prepared us to handle the term on the left side. But the term on
the right side still causes concern.

Due to the similarity between the two terms, it is possible to combine them,
yielding the following equation.

0“A

0,¢ +2—— [GQC -2 Do

1+¢

9" ¢0ag
1+¢

A C}:Q

Now, we make the key observation that if we choose

¢=(1+9¢)",
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then
O0n@

Oat 1+ ¢

= (1+¢)"0u¥.

As a consequence,

Y = A%C = A% (1 + @)% = X

Continuing the substitution ¢ = (1 + ¢)?% for the rest of the equation, we have

0%p0,((1 2
(14 60) + 201+ 920 — 2 L)
Expanding and dividing by (1 + ¢)?,
5%3«11/1 Oy¢ 5 0%90a9 _,0%90.¢ 0“P0atp
Dngr41+q§ 1+¢1/1+ (1+¢)w “w 4(1+<;6)2w+2 1+¢

By rearranging terms, the second equation of Lemma 6.5.2 becomes

oA 000ud _ Dy0 ] 0001
g¢+2 oﬂ/} w(1+¢)2_1+¢ 21+¢

If we define
N = 0%¢0.¢ — (1 + ¢)040,

then the second equation from Lemma 6.5.2 reduces to

(1+ ¢)°050 = 20N — 2(1 + ¢)9”¢0a.

Recall also the first equation from Lemma 6.5.2.

0,0 = ﬁ [0%00a¢ — A20%(DaC — 4A0* ALDaC — 40%ADL AC?]
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From this equation, we determine that

N = 0%00¢ — (1 + ¢)0y0
— A209C0,C + 4AD* ACDLC + 40° AD, AC?.

Finally, we substitute ¢ = (1 + ¢)%* in the expression for N and expand to conclude

N = A209C0,C + 4AD* ACOLC + 40™ ADLAC?
= A20%((1 4 ¢)*)0a((1+ 0)*) + 440" A(1 + 6)*¥0a((1 + ¢)*¥))
+ 40°A0, A(1 + ¢)*4)?
= A*(1+ ¢)'0%Y0at) + 4A* (1 + ¢)*YO*Pnth + 4A*(1 4 ¢)*¢?0° $0a

+4A0%A(1 + ¢) 010 + 8AIA(1 + ¢)39%0,¢ + 40* ADLA(1 + ¢) ">,

6.5.2 The general strategy illustrated by two example terms

There are many terms in N, and N,. Let us illustrate how to handle them by looking
at two particular examples.
First, we examine the term 7 sin® § Lty Lt), which arises from the term A20%0,,

which shows up in Nj.

Lemma 6.5.4. (Ezample N, term) Assume the following estimates.
[P VPRI [y S BT (D),

P LY By S (1),
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Then
/ (T (r* sin® QLQ/JL@)Q S B;(t)ES/2+7(t) + Es(t)B;/Q”(t).
in{r>R}
Proof. First, we compute

/ T’p+17’8 SiIlS G(st)Q(st/Z)Q SJ / T,p—1<st)2T4 SiIl4 9<T3st/2)2
vn{r>R} Zin{r>R}

S / P (L) sin® 0] Lo [
S {r>R}

< PP (L) L oo
itﬂ{T‘>R}

< By()E* (1),

One important step in this calculation is the gain of r* by passing to the volume form

on 3. However, this same step also loses a factor of sin? 6.

Likewise,
/ rp+1,r,8 sin Q(L¢S ¢s/2 2 < / 7“ sin 0( (p— 1)/2+3L77/J8/2)2
in{r>R} Ztﬂ{r>R}
5/ 7“4 sin4 9‘|T(p—1)/2+3st/2H%m(t)
Ztﬂ{'l‘>R}
S L (L) ||r D23 L
>n{r>R}

< BB (1),

So far, we have assumed that each of the I' operators in the expression I'S* (14 sin® 6 Lt) L))

acted on either Ly or L. But more generally,

I3 (r* sin 0Ly L)) ~ > i (sin® ) LYY LOM .

i+j+k+s1+s2<s

At first glance, a few of these terms may be concerning, because a factor of sin®#6
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was required for the conversion from an integral over ¥, to an integral over ¥,. Note,
however, that max(j, k) < s—i so that Lemma C.3.2 can be applied to the high order

term. This is illustrated in the example below.

/ Tp+lr8(LQl¢s—2—l)2(LQZ'¢S/2—Z/)2
Sin{r>R} o
S Es/2+7(t)/ rpfl(LQlwszfl)%A
Ztﬂ{r>R}

5 ES/2+7(t) / Tp_l(LQl+2’l7Z)8_2_l)2T4 Sin4 0
>in{r>R}

< By()E*H(1).

]

Now we examine the terms L¢L1 and L¢L1, which arise from the term 90%¢p0,1),

which shows up in Nj.

Lemma 6.5.5. (Ezample Ny term) Assume the following estimates.

~Y

||7”(p71)/2“LQl¢3’l]]%m(t) + HT(Pfl)/QJrSLQlwsfl"%oo(t) < B;H(t),

|r LG [T ooy + 7P LYY [Ty S ESH(1).

Then

[ oLy + LoLu)) S BOE(0) + BB ()
in{r>R}

Proof. We examine four separate cases, each one depending on whether the ¢ factor

or the v factor has the highest number of derivatives and also whether L acts on ¢
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or .

/ Terl(LQlwsfl)2(LQl¢s/2fl)2 § / T,pfl(LQlwsfl)Q(rLQld)s/Zfl)Z
itﬂ{’/’>R}

itﬁ{T’>R}

S N L e,
3¢n{r>R}

< By()E*(1).

rP— l Ql¢s—l)2r—4(TSLQlws/2—l)2
iN{r>R} N

/ rp-l—l (LQl¢s—l)2(LQlws/2 l 2
£in{r>R} N

N

m\m\

P 1 LQZ¢S 1)2 _4||7“3LQZ77Z)8/2 l||2 "

tN{r>R}

AN

P LY LY [

Ztﬂ{r>R}

< By(t) B2 (1)

/ rp-l-l (LQlws—Z)Z(LQl¢s/2—Z)2 < / (LQZ¢5—Z)2(T(p—l)/2+1LQl¢s/2—l)2
S {r>R} o Sin{r>R}
S N S e el e
Yin{r>R}

< B ()B)*(1).

(LQZ¢S_l)2T_4(T(p_l)/2+3LQl1/)s/2_l)2

/ Tp+1(LQZ¢S_l)2(LQl¢S/2_Z)2 5
$:n{r>R} «N{r>R}

(LQlesfl)Qrflll |T(p71)/2+3Lle/)s/27l ‘ |%oo ®

A
T~ o o —

«N{r>R}

< (LO'G ) [P LQ 2 T,
tN{r>R}

< BB ().
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These four cases illustrate the entirety of the proof. O

6.5.3 The structures of Ny and N

We now categorize each term in Ny and N, so the previous examples can be gener-

alized systematically. We begin with the definition of the null condition.

Definition 6.5.6. We define two families of terms.

v =A{Ld. 171 0,0, ¥ b, 1™ ¢, 12 Lap, 10,1p, 1V, 1)}

B ={L$, 0.0,V ¢,r~ ¢, 12 Lip, 120,00, 1* V), 7b}

The null condition states that any nonlinear term must be a product with at least one

v factor.

Lemma 6.5.7. (Structure of N,) The nonlinear term Ny can be expressed as a sum

of terms of the form

faB(rp)*

1+¢
satisfying the following additional rules.
i) The factor f is smooth and bounded.

ii) If 1 appears at least once in the term, then f has a factor of sin 6.

Proof. In this proof, we use the sign =~ to emphasize that smooth and bounded factors

(including M /r) are neglected. Recall that

(1 + ¢>N¢ = aa¢aa¢
— [A2(1 + ¢)10°P0atp + AA2(1 + §)P0° $Outh + AAX(L + §) 220 PO

AAD*A(1 + §)WBath + 8AI*A(1 + ¢)*)? 0 + 40° ADR A(1 + $)*)?]

and A = r?sin? 6.
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We investigate each term in (1 + ¢)Nj.

O ¢0a ~ LoLO+ V¢ - V¢
~ (Lo)(Lo) + (V) (V)
~ (L9)(0:0) + (L¢)(Lo) + (Vo) (V).

Some of the remaining terms will have factors of ¢ coming from the expansion of

powers of (1 + ¢). Since ¢ = r(r~'¢) = rf, this accounts for some factors of r3. In

the remaining terms, we will ignore factors that are powers of (1 + ¢).

A20%P0utp ~ rhsin O(Ly Lap + Vo - V)
= sin® O(r2 L) (r2La) + sin® 0(r*V) (r?*Va))
~ sin' 0(r* L) (r?0,4p) + sin® 6(r* L) (r* L) + sin 0(r> Vo) (r* Wap).

A% $0. ¢ = 1 sin' O(WLOLY + YLy Lo + YV ¢ - V)
~ sin® (L) (r L) (r*2)) + sin® 0(r* L) (L) (r*4))
+sin® 0(¥V ) (r* Y o) (r*y)
~ sin® (L) (r’0,1) (r*) + sin® 0(Lo) (r* L) (r*y))
+sin® 0(r* L) (0,0) (r*) + sin® 0(r* L) (L) (r*))
+sin® 0(¥V) (r* Vo) (r*y)

A%p20%P0, 0 ~ 1 sin® 0120% PO, &
= sin 00“ $0,p(r*1))?

~ sin (L) (0,0) (r*)* + sin' (L) (L) (r*1)* + sin” (Y 9)(V¢) (r*4))*
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AD* ApOnrp =~ 13 sin® 01p0,1p 4 r* sin? OV (sin? 0 Ve

~ sin® 0(re) (r*0,4) + sin® Or Y (sin® 0) (r* V) (r¢))

A AY? 000 = 13 sin* 0¢%0,.¢ + r* sin? YV (sin® 0)y* Y ¢

~ sin® 0(r1)(0,0) (r*) + sin” 0r Y (sin® 0) (V) (1)) (r*¢))

0% AD, AY? ~ r? sin* 01p? + 12 sin? Gu)*

~ sin® 0(rip) (1) + sin® 0(rip) (1)

It is now straightforward to check for each of the above calculations that the first
factor in parentheses is a v term, the second factor is a § term, and any additional
factors are r( terms. It is also straightforward to check that any term containing a

1 factor also has a factor of sin? 6. n

Lemma 6.5.8. (Structure of Niy) The nonlinear term N, can be expressed as a sum

of terms of the form
r 2 fyB(rB)
(I+0)3 ~

where the factor f is smooth and bounded.

Proof. Just as in the proof of Lemma 6.5.7, we use the sign &~ to emphasize that

smooth and bounded factors (including M /r) are neglected. Recall that

(14 6)2Ny = 20 [A2(1 + ¢)*0°Y0at) + 4A%(1 + §)* 0% POt + 4A%(1 + )00 D)
4AD AL + §)0at) + BADA(L + )0 0atp + 40" ADLA(1 + 6) ']

—2(1 4+ ¢)0° P00

Each of the terms in square brackets was examined in the proof of Lemma 6.5.7 and
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found to have null structure. Since these terms are multiplied by an additional factor
of 1 = r7%(rB3), this accounts for the additional factor of r—2 while also contrbuting
a factor of r3. It suffices to check the final term. For the same reason as in the proof

of Lemma 6.5.7, we ignore the factor of 1 + ¢.

0 ~ LoLip + Ly Lo+ Vo - Wi
~ 12 (L) (r* L) + 17 (r* Ly) (Lo) + r~* (Vo) (r* Vi)
~ 1 (L) (r*0p0) + 17 (L) (r* L) + 1 (r* L) (0,0) + 1~ (r* L) (Lg)
+r7 (Vo) (r’ Vi)

It is now straightforward to check for each of the above terms that the first factor in
parentheses is a v term, and the second factor is a § term. Also, all of these terms

have an additional factor of r~2. O

6.5.4 The structures of [T\, and [*I*\,

Definition 6.5.9. We generalize the previous families of terms to the following.

,ys,k — {LQlQﬁS*l’k’ 7"718719%2557”6, TflaOQl(bsfl,k’ ,rlelqbsfl,k’

T2LQlwsfl,k7 TaTQlwsfl,k7 7’899%#871’]6, T,Qlwsfl,k:}

5s,k — {LQl(bsfl,k, aTqubsfl,k’ rflaegl(/bsfl,k, T,fIQl(bsfl,k’

T2LQlws—l,k’ T2aTQlws—l,k7 Taeglws—l,k7 T,Qlws—l,k}
The null condition still states that any nonlinear term must be a product with at least
one 7y factor.

The following two lemmas (one for T*T*A; and one for T*I'* ) generalize the
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lemmas in §6.5.3.

Lemma 6.5.10. (Structure of ko5N¢) The nonlinear term koS./\/;s can be expressed
as a sum of terms of the following form. (The integer j represents the number of times

a differential operator acts on the denominator.)

fasik gsakz (7«553,1@3 )... (74582+jo+j7k2+j0+j )
(1+ @)t ’

where 0 < j < s+ k, s1+ ...+ Sopjors < 8, ki + ... 4+ Kkagjors < K, and the following
rules apply.
o The factor f is smooth and bounded.

o If4 appears at least once in the term, then f has a factor of (sin §)™ax(0.2—mini(s=s:))

Proof. We start with the case s = k = 0, which was proved in Lemma 6.5.7. Each

term in N¢ can be written in the form

fyB8(rp)P

1+¢

The effect of applying 8;’ to this type of term is to obtain terms of the form

J07'05 B35 B)... 0+ )
(T+ o)1+

where 51 + ... + s24j,4; < 8 and j < §’. The additional factors of r9;8 (i > s + jo)
appear each time one of the d; operators acts on the denominator.

Recall that [*T* is composed not only of 9;, but also @) and [. Since these opera-
tors commute with each other, the order in which they are applied is not important.
For the sake of simplicity, we first apply the 9 operators (which has already been

done) and then the I operators. Since these are both first order operators, it should
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be clear that the resulting terms are of the form

S s s S2+j0+5K2+j0+3
FO 20077 Bo (1O o). (rO) T )
(+0)™+

where ] S s’ -+ ]{Z, ST+ ...+ 8245044 S S/, ]{31 + ...+ k2+j0+j S ]{I, and ’Ygl’kl = f"“@flv
and B5M = TR .

This is the point where we apply the operator (). Since
Q=0-q

it follows that each application of () will introduce €2 operators to each of the terms.

Since in general,

s,k __ 1 s—lk
=0

ﬁs,k‘ o Qlﬁsfl,k
= 0
the result after applying Q*~* is to obtain terms of the form

fa81,k1 552,1@2 (rﬁssaks ) . (7«582+jo+g’»kz+g’o+1 )
(14 )7+t ’

where j <s+k, 51+ ... + 5244p45 < 8, and by + ...+ kg4 < k.

Finally, we observe that in the s = k = 0 case, if ¢y appears at least once in the
term then f has a factor of sin® . In general, when applying @, it is possible that
could act on this factor, reducing it to sin# or 1. By counting how many times this

happens, it is clear that the resulting factor is at worst (sin §)max(0.2=mini(s=s:) ]

Lemma 6.5.11. (Structure of f’“f"g/\@,) The nonlinear term fkfs./\@, can be expressed
as a sum of terms of the following form. (The integer j represents the number of times

a differential operator acts on the denominator.)
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r=2 fasih gk (75537]“3>._'(rﬁ52+jo+jvk2+jo+j)
(1 + ¢)it

where 0 < j < s+k, s14 ...+ Sopjors <8, k1 + ... + kayjor; <k, and the factor f is

smooth and bounded.

Proof. The proof is the same as the proof of Lemma 6.5.10, except that it starts with

Lemma 6.5.8. []

6.5.5 The general strategy revisited

Now that the structures of koSN¢ and fkfs/\@ have been determined, the strategy

that was illustrated in §6.5.2 can be summarized in the following proposition.

Proposition 6.5.12. Suppose the following estimates hold.
(1+¢)7' <1,

/R / (T(P—l)/275)2r2 sin® 0dfdr 5 E;,l(t);
0

B |[Foe (o promy) S BT (1),
/ / (8°)*r?sin® OdOdr < E5(t),
r Jo

‘|7,(p71)/2+175|‘%W(Etﬁ{r>R}) S EF(®).

Then

/ Tp+1\f‘kF3N¢]2 +/ rp+1‘fkfsN¢’2
Etﬂ{T>R} >

Etﬂ{r>R}

p—1

< (B B0 + BOEAT®) 3 (BT 1),

J<s+jo

Remark 6.5.13. The second and fourth assumptions are automatically true. The
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first, third, and fifth assumptions will be true in the context of the bootstrap assump-

tions in the proof of the main theorem (Theorem 6.6.1).

Proof. Note that Lemmas 6.5.10 and 6.5.11 both had the requirement s; + ... +
So1jo+j < 8. This means there can be at most one factor (denoted v or ") with
up to s derivatives and all of the remaining factors (denoted 7' or 3°) have at most
s/2 derivatives. Since the integrals are taken over the range r > R, where [ = 0, we
are free to ignore all £ indices.

The strategy in this proof is rather simple. All of the factors that have at most s/2
derivatives are estimated in L°°, while the remaining factor with at most s derivatives
is estimated in L?. The procedure then takes one of two possible directions, depending
on whether the high derivative term is a v term or a g term.

First, we estimate the integral over Y ;, using the form given in Lemma

6.5.10.

/ Tp+1|kosN¢|2
in{r>R}

< p+1 hi glo lo\j)2
s 3 /m{DR}r (F 5 (r 7))+

0<j<s+jo

/ ,rp+1 (fﬁhi’}/lo(rﬁlo)j>2.
Sin{r>R}

0<j<s+jo

Now,

/ Terl (f’}/hiﬁlo('f’ﬁlo)j)Q S / rp—l (f’)/hi(Tﬁlo)(Tﬁlo)j)Q
Sin{r>R}

Etﬁ{r>R}
o[2(5+1 — i
< (g 20+ / 1 ()2
S¢n{r>R}
< (B2 (1)) / ()2
S¢n{r>R}

< By (O(ET (1)

The last step requires further justification, because the v term could possibly be a

term. But in that case, Lemma 6.5.10 also states that f has an additional factor of
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sin?@ (or in the case where v does not have exactly s derivatives, this factor might
be either sinf or 1, but we can apply Lemma C.3.2-see the end of the proof of the
example Lemma 6.5.4).

Also,

/ T.p+1 (fﬂhi’)/lo<7"ﬁlo>j)2 5 / (fﬁhi(r(erl)m’)/lo)(Tﬁlo)j)2
Sin{r>R}

Etﬂ{r>R}

< |reH 212 1B / (F5")?

Sin{r>R}

< BT () (B2 (1)) / (5"

Sin{r>R}

S B BT ()BT (1))

The last step requires the same justification given in the preceeding calculation.

Combining both estimates, we conclude that

[ ETAGR £ (B 0B+ BOEST ) Y (BP0
Z¢n{r>R} j<s+jo

Next, we estimate the integral over Y, using the form given in Lemma
6.5.11. The form given in Lemma 6.5.11 is very similar to the form given in Lemma
6.5.10, so we will not repeat the estimates in detail. The only difference is the presence
of an additional factor of =2 that comes along with f. This is required in the two

final steps.

[ e S B
in{r>R}

or

[N R 0
S:N{r>R}

The factor of =2 (inside the square) is needed to offset the additional factor of r* in

the volume form for 3,.
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We conclude that
[ N £ (BB @) + OB (0) S E ).
itﬁ{r>R}

This completes the proof. O

6.6 Theorem: Global boundedness and decay for
axisymmetric perturbations of the nontrivial
solution to the wave map problem from Schwarzschild
to the hyperbolic plane preserving angular mo-
mentum

In this final section, we state the main theorem of Chapter 6 and summarize its proof,

which is very similar to the proof of the main theorem of Chapter 5.

6.6.1 The main theorem

Theorem 6.6.1. Let

X = A+ Ag,

Y = X%,

(In particular, the assumption Y = O(sin* @) near the axis excludes any perturbations

corresponding to a change in angular momentum in the sense described in §A.3.)
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Suppose the pair (X,Y) is axisymmetric and satisfies the wave map system

XO,X = 0°X0,X — 0°Y 0,Y

X0,V = 20°X0,Y,

where g is the Schwarzschild metric.

Define the energies

)= Y B,

s+2k=n

Ext) = > EZQ).

s+2k=n
Then for 6,,6_ > 0 sufficiently small, if the initial data for (¢,1) decay sufficiently

fast as r — oo and have size
Iy = E*(0) + E3%;_(0)

sufficiently small, then the following estimates hold for t >0 (with T =1+1).

I) The energies satisfy
E®(t) < o

26

E%

pE[1—64,2—6] () S TR Iy

22 245
Epcis 250 STV
> 20 —
t EZE[L_L(L](T)dT < TPt
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II) For all s,k such that s + 2k < 26, the following L™ estimates hold.

|T‘p+1DQl¢S_l’k|2 + |TpDQl¢S_l’k|2 + |Tle¢s—l,k|2
+ |T‘p+3DQl’l7Z)8_l’k|2 + |Tp+2DQl’l7DS_l’k|2 + |,rp+29lws—l,k|2

S By ) + By (t)
III) Together, (1) and (II) imply that if s+ 2k < 13, for allp € [0_/2,(2—6,)/2],

‘Tp+1DQl¢s—l,k| 4 |TPDQl¢s_l’k| 4 |Tle¢s—l,k|
+ |T,p+3DQlws—l,k| 4 |Tp+2DQl¢s—l,k| + |T,p+2Ql¢s—l,k|

< T(2p—2+5+)/213/2

and additionally for p € [(6- —1)/2,0_/2],

/ ‘Tp+1DQl¢sfl,k| 4 |7,pDQl¢sfl,k’ + ’T,le(bsfl,k’
t

+ / ’Tp+3DQlws—l,k| 4 |7,p+2DQlws—l,k| 4 |Tp+29l1/}s—l,k|
t

< T(2p—2+5+)/2+1_]é/2‘

The final estimate should be interpreted as saying that |r©®-—D/2F1 DOlgs bk |,
|T(6,—1)/2DQl¢s—l,k:" |T(6,—1)/QQl¢s—l,k’) |r(67—1)/2+3DQl¢s—l,kz‘7 |T(6,—1)/2+2DQl¢s—l,k|7

and |rO-—1/2+2Qls=bk| decay like TO-—3+3+)/2 in a weak sense.

6.6.2 A summary of the proof

The proof of Theorem 6.6.1 is very similar to the proof the main theorem of the
previous chapter (Theorem 5.6.3) and is not worth repeating entirely. Instead, a

summary of the proof is given below.
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The proof begins as in §5.6.3 with the following bootstrap assumptions,

E®(t) < Cyly,

EE

p6[5*72_6+]

(t) < Cyly,
EQ

pe[é‘*v?_d“r]

/t Ends _1s(T)dr <GP0,

(t) < G210+ Iy,

as well as the additional bootstrap assumption

1
9] < > (6.7)

which is needed to ensure that factors of (1 + ¢)~! that show up in the nonlinear
terms remain bounded.

With these bootstrap assumptions, the L estimates from Proposition 6.4.9 are
improved by removing the terms with Oy¢ and Oz). The improved estimates are

given in the following lemma.

Lemma 6.6.2. In the context of the bootstrap assumptions, the following L™ esti-
mates hold for s + 2k < 26 and all p in any bounded range.

Forr >ryg,

‘Tp+1DQl¢S_l’k‘2 + ’rpDQlQSs—l,k’Q 4 ‘Tle¢s—l,k‘2
+ ‘Tp+3DQl,¢sfl,k’2 4 ‘TerZDQlwsfl,k’Q 4 |rp+ZQlwsfl,k‘2

S Bt ) + Esy (),
and forr >rqg > rg,

|TDQl¢sfl,k|2 + |7’3DQZ¢54’]€ 2 5 Es+5,k+1(t) + ES+7’k(t).
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The next step, in which the norms N**(t) and N3*(t) are refined, is the key step.
(See §5.6.5.) The new work that is required to perform this step has already been

done in §6.5.5. The result is summarized in the following set of estimates.

Lemma 6.6.3. In the context of the bootstrap assumptions, if s + 2k < 22 and

Cyly < 1, then
N () S (BH0) Y2 ((BS0) (B () + (B () (B, (1)?)

and

to
E*(ty) + / By (t)dt

t1

S B (1) + (CbIO)l/Q/ BT 2q 4 Y /BS (1) dt.

t s'+2k' <s+2k
k'<k

This lemma contains the same information that was given by Lemma 5.6.6 and
Corollary 5.6.8 in Chapter 5.

At this point, the proof proceeds the exact same way as in the proof of Theorem
5.6.3 starting at §5.6.6, since the remaining estimates rely only on the information
contained in the above lemma.

All that remains is to recover the additional bootstrap assumption (6.7) by proving

that
1
o] < =

This is easily done using the following estimate from Lemma 6.6.2
1012w S Eo' (1) + Eg°(t) S o,

and choosing [ sufficiently small.

This completes the proof of Theorem 6.6.1. O
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Chapter 7

A class of perturbations of the
nontrivial wave map solution in

slowly rotating Kerr spacetimes

The following conjecture was posed in [IK14].

Conjecture 7.0.4. The stationary solution

(r? + a?)? — a®sin® O(r* — 2Mr + a?)

.9
sin“ 0
r2 + a2 cos? 0

XOZA:

2a3 M sin* 6 cos 0

Yy = B = —2aM(3cosf — cos® ) — 2 4 q2cos20
r a“® Cos

of the wave map system

0°X0,X 0°Y0.Y

0,X = .
X X X (7.1)
0°X0,Y
0,y =2 % (7.2)

with g any subextremal (la| < M) Kerr metric is future asymptotically stable in

the domain of outer communication of the Kerr spacetime for all smooth, axially
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symmetric, admissible perturbations, ie. perturbations vanishing in some suitable

way on the axis of symmetry.

In this final chapter, we resolve the above conjecture for the slowly rotating (|a| <
M) Kerr spacetimes. As discussed in §1.3.4, the motivation for this conjecture is its
relation to the stability of Kerr black holes as solutions to the Einstein Vacuum

System (1.5).

7.1 Introduction

When introducing the model problem of Conjecture 7.0.4, Ionescu and Klainerman

outlined three main difficulties that must be overcome to find a solution.

1. Strong linear stability The main result of [IK14] is equivalent to the dynamic
estimates for the linearized wave map system before applying commutators.
These estimates are reproven in this chapter in §7.2-§7.4 using the methods
developed so far in this thesis and are summarized most concisely in Theorem
7.4.2. Tt was perhaps not known at the time [IK14] was published that these
decay estimates are sufficient to handle the nonlinear problem. (The missing

ingredient is the weak decay principle.)

2. Nonlinear stability The nonlinear terms must have special structure, including
the null condition, which is compatible with the linear decay estimates. In
addition to this condition, there is a new structural condition on the axis. See

§7.1.6 for a brief description and §7.6.2 for a detailed examination.

3. Degeneracy on the axis There are difficulties associated with the axisymmetric
reduction of the equations, which are manifest in terms with factors that are

singular on the axis. To overcome these difficulties, a new formalism detailed in
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Appendix C is essential in this chapter and likely will be useful in future works

on problems with axisymmetry. Again, see §7.1.6 for a brief description.

7.1.1 The ¢, system of [IK14]

The model problem (7.1-7.2) represents a wave map from Kerr to the hyperbolic
plane. (For more information, see §A.1.) This fact naturally gives rise to a bundle
B, of which a section &, describes a linearized perturbation about a given solution.
(For an explanation of this fact, see §A.1.2.) One of the main important discoveries
in [IK14] is that this bundle reveals a conserved energy quantity for the linearized
system that has good positivity properties, and it also suggests a good grouping of
terms when deriving a Morawetz, estimate especially near the trapping radius.

We take a moment here to define the bundle B.

Definition 7.1.1. Let B be a bundle spanned by two basis elements at each point in

the Kerr spacetime

B = span{e', *}

endowed with a metric h given by

h(e',el) = 6",

where 0% is the Kroneker delta, and a connection D given by

0,B
D,e' = —“762
0,B
Due2 = —’;1 el

It is easy to check that the connection D is compatible with the metric h.
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Given two scalar functions & and &, we can write a section of the bundle B as
£ =¢&ie' + &e.
Introducing the tensor index a, we often write
a = &1(e)a + &2(e%)a
We extend the wave operator O, to act on sections of B
0,=D"D,
and we define the potential tensor

V = g"d®,dd,

_ (auAel . auB€2> <8VA€1 . aVB@) |

A A A A

where e; and e, are dual to e' and e? with respect to the metric h.
The equation for the wave map system (7.1-7.2) linearized about the solution

(Xo,Yo) = (A, B) is
Ogéa — Va6 = 0.

This fact is proven indirectly later in this chapter by first relating the &, bundle to
the pair of functions (¢,?) in Lemma 7.3.5, and then relating (¢, 1) to the system

(7.1-7.2) in Proposition 7.6.1. See also §A.2.

7.1.2 The modified Kerr spacetime (/\;l,g)

Most of this chapter (from §7.3 and on) will deal with the pair (¢, ) instead of the

section &,. The simplification in the beginning of §6.1.1 serves as motivation for this
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pair. Unfortunately, the equations for (¢, ) are not as simple as in the Schwarzschild
case, but more importantly both ¢ and 1) are still regular on the axis. The equations
for (¢,1) will be discussed soon, but first it is necessary to (re)introduce the modified
spacetime (M ,4)-

In the general Kerr a # 0 case, the operator

0*A

Hy 0

has fewer commutators, because the function

(r? + a?)? — a%sin® O(r? — 2Mr + a?)

.9
sin“ @
r2 + a? cos? 0

A:

depends nontrivially on r and 6. For this reason, we write

A= AA,
Ay = (r* +a*)sin*
Ay = (1 + ﬁ%ﬂ) (1 — a?sin? «91})
r? —2Mr + a?
(r2 4 a?)? '

and we generalize the spacetime metric § from Chapter 6 by replacing A with Aj.
(Note that A; reduces to A in the Schwarzschild case-generally speaking, A; behaves
very similarly to A in the Schwarzschild case, while terms depending on A, are treated
as error terms in very much the same way that terms depending on B are treated.)
That is, we extend the calculation for Schwarzschild by defining
0 Ay

D5 = Ot + =0

336



and
/ f= fA? :/ / fA2q? sin 0dOdr.
i: Ez TH 0

7.1.3 Conventions for spacetime norms

We repeat here the conventions used in Chapter 6, but generalized to Kerr space-
times.
e All functions will be assumed to depend only on ¢, r, and 6. Therefore, any
quantity can be treated as a function defined on either spacetime (M, g) or (M, §).
e When necessary, the tilde mark (7) will be used to denote quantities corre-

sponding to (M, ). This includes the effective volume form
fi = Ajq*sin 0 = ¢*(r® 4 a®)*sin® 0,
and the constant-time hypersurface
>y = {t} x [ry,00) x S°.

e Integrated expressions will depend on a volume form that is implicitly defined

by the manifold of integration. That is,

/Et = /:0 /Oﬂ /O%f(m 0)q” sin Odpdbdr.

and

0 T T T T T 27
/ f= / / / / / / / f(t,r,0)¢*(r*+a*)*sin’ 0 sin* 6, sin® 05 sin? 6, sin 05
Sy rg Jo Jo Jo Jo Jo Jo

dodOsd04d0sd0,dOdr.
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Since all relevant integral estimates in this chapter are valid up to a constant, one

may equivalently define

/f:/ / f(t,r,0)q*sin Odfdr
Et TH 0

and

/ f= / / f(t,r,0)¢*(r* + a*)? sin® 0dfdr.
it TH 0

The point is that the only difference occurs in the factors that show up in the volume
form.
e We also observe that L> estimates are weaker in the higher-dimensional space-

time. That is,

1fllzos2) S DNV Fllzacs2),

i<2
while

1 fllzoo(ssy S DY Fllzacss).

i<4
7.1.4 The (¢,v) system

The linearized wave map system is given by the equations

Dg¢ = £¢
where
0*B 0“Bo,B 0“A0, B
£¢ = -2 A A@a@D + QTqb - 4TA¢
04 0°Bo,B L, 0°B
Ly = 27200 + 20— + 247 =200,
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and again, the modified wave operator O; appearing in the equation for 1 is defined

by
0% Ay
O; = O, 4+ 2—20,.
+ A 0,
The fully nonlinear system is given by
0,6 = Lo+ N, (7.3)
O5¢ = Ly + Ny, (7.4)

where the nonlinear terms are

0“B 0“A

(1+ BN, = 0 00a0 — AP A0 + 2 6 A0 — 4= A AD
0°Bo,B , aaAa B 8“/1(9 A
S OBOE o 4T AE gy a0 (g,
(1+ 0Ny = 20000 + 47 va,0 — 27 L a1 00,0

These terms are not the same as the terms N; and N, defined in Chapter
6. Unlike the terms N, and N, defined in Chapter 6, these terms have factors that
are singular on the axis even when a = 0. In Chapter 6, a special linearization
Y = X2y was used to eliminate all terms with singular factors, while in this chapter
a linearization corresponding to Y = A2t in Schwarzschild is used. In the general
a # 0 case, it appears to be impossible to remove all terms with singular factors by
choosing a special linearization. Instead, to solve the problem in this chapter, the
techniques in Appendix C are required.

The above system will be further studied starting in §7.3 and throughout the

remainder of this chapter.
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7.1.5 The energy norms in terms of ¢ and

The starting point for the decay argument is a family of spacetime estimates roughly

of the form

By (ts) + / " B0t < By (1) + / "N,

t1
for values of p ranging almost from 0 to 2. (See Theorem 7.4.4.) These estimates and
their higher order analogues are developed in §7.4.

For a typical scalar wave problem, the weighted energy E,(t) is given by

Ey(t) = /E r? [(Lo)? + [V ol” +r72¢* +17%(Lo)?] .

For the particular problem studied in this chapter, the weighted energy is actually

given by

Byt) = [ (L0 +I¥6 + 172 + 1LY
¢
b [ [ TP e ).
p
Note that the second integral is over ¥, implying that there is an additional weight
of r*sin? @. This will generally be the case for integrals of quantities depending only
on 1, and has to do with the fact that the equation for 1 is a wave equation naturally
belonging to the modified spacetime (M, ).

The bulk quantity B,(t) is similar in weight to the weighted energy E,_1(t), except

that it also has a degeneracy on the photon sphere.

By(t) = /E "7 Xarap (L) + Xarap| VI + 17207 +177%(0,0)7]

+ / T,p—l [Xtrap(-[ﬂvz)>2 + Xtrap|7¢|2 + T_277Z)2 + T_2<87’¢)2 .
pI
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The function Xy, vanishes to second order at the trapping radius 74,4y, which defines

the photon sphere. 744, is the radius that maximizes the geodesic potential

r2 4+ 2Mr + a?
(r2 4+ a?)?

and corresponds to the radius at which null geodesics with zero angular momentum
orbit the black hole at a constant radius. It coincides with 3M in the Schwarzschild
case.

There are L™ estimates that pair with the energy norms in the dynamic estimates.
They are proved in §7.5, but a brief summary is given here.

Let ¢° and v° denote quantities obtained by applying up to s commutators to
either ¢ or ¢, and let E;(t) be the generalized s-order energy corresponding to ¢*

and 1°. One particular estimate roughly states

rL*| + [rY¢°| + |¢°| + |Lo°| + |[r*Le®| + [PV 6°| + [r7¢°| + [r*Lo®| S (Eg*o(t))"2.

A more general estimate is roughly the following.

[P+ PTG+ + 7L -+ LG + [ Y ]+ 260+ [ Lo

S (Eny(t))'2.

Note the additional factors of r accompanying the v terms. These factors are due to

the additional factors present in the volume form for 3.

7.1.6 Regularity on the axis and a new structural condition

One of the most significant of the new complications of the problem of this chapter
is the presence of apparently singular terms, ie. terms which have factors of sec6

or cscf. It is not a priori clear whether these challenges are related to the true
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dynamics of the problem or whether they are due to the fact that the coordinate
system is degenerate on the axis. As we shall see, in the (¢, ) picture these terms
are merely due to the degeneracy of the coordinate system. To handle these terms,
we use a new formalism which is developed in detail in Appendix C, although a brief
summary is given here.

Consider the two functions cos § and sin §. While these are both smooth functions
of 0, if they are treated as functions on the spacetime, one of them is actually much
less regular than the other. The problem is that the function sin  behaves like |0] in a
neighborhood of the half axis § = 0, which means that sin 6 is not twice differentiable.
In contrast, the function cos # is everywhere smooth. Informally, we will say that cos 6
belongs to a space of functions that are regular on the axis, but sin # does not.

The fact that sinf is not regular on the axis is not clear when applying two
coordinate derivatives, because 93 sin = —sinf appears to be bounded. In order
to measure the singular nature of siné on the axis, it is necessary to use a second
operator cot 80y, which by no coincidence appears in the spherical laplacian. Since
cot 00y sinf = cos?fcsch, it is now clear that something goes wrong on the axis.

Since the two operators 93 and cot #9, will often be used, they are given names.

_ 92
a=0;

b = cot 60,.

The operator b itself seems to be in some sense singular on the axis, because it
has a factor of cot §. However, for any twice-differentiable axisymmetric function f,
the first derivative dy f should vanish at least to first order on the axis. So for twice-
differentiable axisymmetric functions, there is a cancellation effect with the factor
cot 0. Essentially, the operators a and b preserve the space of reqular functions on the

aris.
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In the nonlinear problem, we will commute the fully nonlinear equations (7.3-7.4)

with the following angular operators.

Q = a+ b+ a*sin® 00}

Q = a+5b + a*sin 092

Let us ignore for a moment the a?sin? 092 part of these operators. We will need to

estimate the terms belonging to

(a+b)'Ny and (a +56)'Ny.

We introduce the operator family ¢! to represent any term in the expansion of (a+b)".

So for example,

¢ = {a® ab, ba, b*}.

We will estimate ¢!(N;) and ¢/ (NVy), but must do so carefully to ensure that we stay
in the space of regular functions on the axis.

There are a few ways things could go wrong if we are not careful. First, if at
any point we expand an operator such as ab or b?, then we get terms that are truly

singular on the axis. As an example, consider the following calculation.

b2 f = cot 00 (cot 00y f) = cot? 00 f — cot O csc? §0y f.

If f is regular on the axis, then 0yf will vanish at least to first order on the axis,
but that is not enough to ensure that each of the two terms on the right side remain
regular—in general they do not. For this reason, it is necessary to treat the operator
b as an atomic operator.

The second thing that can go wrong happens when applying a or b to products
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of functions. As an example, consider the following calculation.

a(fg) = 0;(fg) = afg+ 205 f0pg + fay.

If f and g are regular on the axis, then so are af and ag, but the factors 0y f and Oyg
are not—for the same reason that cos @ is regular on the axis, but —sinf = 0 cos 6 is
not. Here, it is important to observe that the product 0y fOpg is indeed reqular on the
azis, because it is a product of two functions behaving like |6|, which will behave like
6?. Without being careful, it is possible to expand b2a(fg) to get a term of the form
b2(9yf)0pg. This term would not be regular on the axis. The correct way to handle

such an expansion is illustrated by the following intermediate calculation.

6(0pf0pg) = cot 00, fOpg + cot 00y fO;g = afbg + bfag.

Then one can apply any of the additional ¢ operators.
To ensure that products are regular on the axis (especially after applying a or b),
the most general form of products that can be permitted in the nonlinear term must

be something like

(99Cll flagcb fg. ..(%cl?’“ f2k Cl2k+1 f2k+1 . ..Cl%""k/ f2k+k/ .

That is, it s essential that an even number of single Oy derivatives show up and that
each Oy be applied only after the ¢ operators are applied. To write this more compactly,
we define yet another family of operators.

/2 | €27

ol =
Dpct=D/2 1 & 27.
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If fi,..., fr are each regular functions, then regular product terms will be of the form
U fy L %

where i1 + ... + i, = 2n. We call these products terms of degree n. An important
fact is that if a or b is applied to a term of degree n, the result can be expressed as
a sum of terms of degree n + 1. A new important structural condition for the
nonlinear terms arising in the wave map problem is that they be of this

form.

7.2 Estimates for the £, system

The geometric nature of the wave map problem suggests a vector bundle formalism
with which one can describe a linearization of the wave map system (7.1-7.2). For
more information about this bundle, see §A.1.2. In this section, the vector bundle
formalism is used to derive the most delicate spacetime estimates, including the ho;

estimate and the Morawetz estimate.

7.2.1 A current template for the bundle B

To start, we generalize the current template from Lemma 2.2.6 to the bundle B.

Lemma 7.2.1. For a vectorfield X, a function w, and a B' ® B'-valued one-form

mff’, define
1
J[X,w,m], =T, X" +wé - D,&— i\gPaﬂw +m e,

where

T;w = 2Du€aD1/€a - g,ul/D)\gaD)\fa - guuvabgagb-
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Then

1
divJ = K" D,& - D¢ — 5Dgw|§|2 + ((w — divX)V® — DxV®)E,.8,
+ D‘umzbgagb + QmbeaD/’Lgb + 2RuuabXM€aDV€b

+ (Og8a — Va'&) (2Dx€" + we").

where

KM =2VWXY) 4+ (w — divX)g"
is the same tensor as defined in Definition 2.2.2.

Remark 7.2.2. The formula for divJ in the lemma seems rather complicated, but it
can be broken down into the following parts. (i) The part K*'D,§ - D,§ — %Dgw]ﬂQ
is directly analogous to the scalar wave equation with no potential. (i) The part
(w — divX)V® — Dx V)&, is new, because it depends on the potential V@ that is
introduced in §7.1.1. (If the scalar equation also had a potential, this part would be
analogous to an additional part for that scalar equation.) (iii) The part D*m&,&, +
QmbeaD“é‘b is also new, but only because it will be helpful, since it could be excluded
by choosing ml‘jb = 0. () The part 2R, X E°DVE is also new, but this time it is
purely due to the use of a bundle instead of a scalar. It will be considered an error
term because the curvature tensor vanishes in the Schwarzschild case (see Lemma
7.2.4 below). (v) Finally, the part (0, — Vo) (2DxE* + wé®) is a nonlinear error

term, because it vanishes when the linear equation is satisfied.
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Proof. To start, we compute the divergence of the energy-momentum tensor.

VT, =2D,£*D"D, &, + 2D D £ D, &, — 2D, D "Dy, — D, V™6 — 2V, D&,
=2D,£"0,¢, +2(D, D&, — D, D,&)DE — D, V®¢,& — 2V, 6,D, &
- 2(Dg§a - Vabgb)D,ufa + QRV,uabngyga - Duvabgagb

= 2(Dg§a - Vabgb)Duga + QRuVabgaDygb - Duvabéagb'
It follows that

VAT, X") = VT, X" + T, V*X)
= 2(0y& — Va'&) DxE® + 2R,ap X1 D" — DxV™€,8,

+ (2V¥XY) — divX ")D& D, &, — (divX ) VP8,
Also,

1
v,u(,wgaDMé-a - égagaauw)
1
=w&"D"D, &, +wD D &, + 0HwE D &, — 0, wE* DHE, — §£“£GV“8HUJ
1
= wSQDgfa + WDugaDufa - émgwgafa
1

= (Oy& — V&) we* + wV ™8 + wDHE* D&, — 5008 a.

And
VHmIEa&y) = D*mE,8, + 2miP €, D E,.

Summing all these terms proves the statement of the lemma. O]

The next lemma condenses the part of divJ having to do with the potential.
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Lemma 7.2.3. If X = w0, and w = v0,u, then
(w — divX)V® — DyVe = LD (uoV®).
1
Proof.

1
(w — divX)V® — XD, V® = (vO,u — ;&(uuv))‘/ab —uvD,V®
= —E&,(uv)V“b — wvD, V%
I

u
= ——D, (V™).
. ( )

[]

The final lemma gives a formula for the curvature tensor R,,q for the bundle B.
Note in particular that in the Schwarzschild case, since B = 0, the curvature tensor

vanishes.

Lemma 7.2.4. The curvature tensor is given by

0, A0, B
— €

R,uz/ab =2 A2 abs

where €4, 1s the volume element for the bundle B.

Proof. We calculate R, according to the formula
D#DV(ei)a - D,,D#(ei)a = Rwab(ei)b'

We start with

A
VB AU BB,

0,B
D,D,e' =D, (— 62>
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Therefore,

0,,A0,)B
D,D,e' —D,D,e' = 2“Te2.
Likewise, we calculate
0,B
D,D,e* =D, ( 1 el>
_ V,ﬁ,,Be1 B 8!“481,361 B 8MB&,862
A A2 A2 '
Therefore,
0, A0, B
D,D,é* — D,D,e* = —z“LA—Z]el.

The formula is verified by the following two relations.

0, A0, B 0, A0, B
(D,D,e" — D,D,e"), = Z[MAT](ez)a - —Q[MAT]eab(el)b,
0, A0, B 0, A0, B
(D,Dye® — D,D, e, = —QWI{T](el)a = _QMAT}Gab(QZ)b'
This completes the proof. n

7.2.2 The energy estimate for the ¢, system

The most fundamental of all estimates is the energy estimate. We begin by proving
this estimate. The slightly more general h0; estimate will be proved in §7.2.3.
One of the key advantages to using the vector bundle formalism is that it reveals

a conserved quantity based on the multiplier 0;.

Lemma 7.2.5. (Energy identity for the &, system)

[ [ —rei= [ —riore [ [ apes-ve)

2
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In particular, if O,&, — V,°& = 0, then the quantity

Et)= | Jal+ | -7

H} o8
18 conserved.

Proof. By Lemma 7.2.1,

divJ[X] = K§'D,& - D&+ (—divX V™ — DxV™®)E,& + 2R ap X 1€ DV E°

+ (Dgga - Vabgb)(zDXfa)-

For the particular case X = 0, it is already known from the scalar problem that
K% =0 and divX = 0. Next, since V% does not depend on t and since Dy,e; = 0,
it follows that DxV® = 0. Also, by Lemma 7.2.4 and the fact that A and B do not

depend on ¢, R, X" = 0. Therefore,
divJ 0] = 2D,£%(Oy€0 — Vo"6).
We conclude that

/H;Q To)+ /E —J'0] + /t f /E 2D (6 = Vi) = /Z ] _J8).

The statement of the lemma now follows. m
Now we calculate the flux terms in the previous lemma.

Lemma 7.2.6. On the event horizon Hff,

J"[0] = |l)1t€|2
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and on a constant-time hypersurface ¥,

—J"0)) = xu|DrEP? + | D) + q 2| Doé|? + VE,&,

where xg =1 — .

Proof. From Lemma 7.2.1,

T[] = 29" DrE - Di€ — 6", D€ - DAE — 3" V6,6,

. t . .
On the event horizon H;?, since g"" vanishes,

Jr[at] = 29Tt|Dt§|2‘

Since ¢"* is constant and positive on the event horizon,

J"0) =~ |Dt§|2-

Also, on a constant-time hypersurface >3,

— J'0)] = —2¢"|Di&|* — 29" D, & - D&

tt 2 tr r 2 2 2 a?sin® 0 2
+{ 9" [Di&]* + 29" D& - Di& + g™ | DyE|* 4 ¢ | Doé|” + 7 | D]

+ Vabgafb.

Thus,

a?sin’ 0

—Jt[at]z(—gt% - )|Dt£|2+g”|Dr§|2+q‘2|Da§|2+V‘”’£a§b.

The quantity —g® + % is uniformly bounded below by a positive constant for all
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la| < M. O
From the previous two lemmas, we conclude the following energy estimate.

Proposition 7.2.7. (Energy estimate for the &, system)

/t |Dt£|2+/ (x| D& + D& + a2 | Doé]* + V&)
H,? %

tq t2

S / (X |Dr€)* + | Di? + ¢ 2| Dol + V6] + Brr,
b

1

where xy =1 — "2 and

to
ETTnl - / |Dt§a(Dg§a - Vab€b>|'
t1 P

Proof. This follows directly from Lemmas 7.2.5 and 7.2.6. [

7.2.3 The ho; estimate for the ¢, system

Lemma 7.2.8. If h = h(r) is constant in the interval v € [rg,ry + dp] and O4€, —

Vb6, =0, then
2

q . h 5 )
R anva[hﬁt] =3 UDLS'\ — | D] ] :
Proof. Recall from Lemma 7.2.1 that

divJ[X] = K" D,¢ - D¢ — divXV® — DxV® + 2R, X" D €.

If X = ho;, then since

and

Dy, V® =0
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and
QR/U/ab(at)u = 07

the only nonzero term is K*VD,§ - D,§.

Recall also from Lemma 7.2.1 that
K" =2V XY 4 (w — divX)g".
Since divX = 0 and w = 0, we have
KM = 2VWXY) = gMo, XY + g0y XH — X 0\ (g™).

Since 0, is killing, 0;(¢"”) = 0. Also, the only component of X is the ¢ component

and the only nonzero derivative of that component is the 0, derivative, so
GPOXY + g OXH = g" 0, XY + ¢"m O X .
It follows that the only possible nonzero K*” components are

Ktt — 29trhl

Ktr ‘I‘ Krt — QQTT}L/.

Since h' = 0 in the region r € [rg,rg + ), the first of these actually vanishes. We
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conclude that

2 2

q ; q rr
—dZUJ[hﬁt] = QWg h/DT£ : Dt£

r2 + a2 r2

= 2ah'D,£ - D€
/

h
=5 [laD:& + Dig* — |aD,€ — Digf]

h/
= 5 [IDugP - IDLgP

]

Taking h to be a positive function decreasing to zero as r — oo at a particular

rate, we obtain the ho; estimate.

Proposition 7.2.9. (ho; estimate for the &, system) Fiz . >0 and let p < 2 — 6,4
Let R > ry +dg be any given radius. Then for all € > 0, there is a small constant c,

and a large constant Cy, such that

/ | Dil” + / 7% [xu|Dog | + (D] + ¢ 72| Dot |* + V8]
H by

tq t2
to
-3 2
+/ / cerp |DL£|
t1 Jon{R+M<r}

S| Ca? [xul| Dol + | Di&|* + ¢ 72| Dol ” + V®6als] + Err,
Sty

where xg =1 — "2 and

Err = FErri 4+ Erry

[
Err; = / / er Y| Dr&J?
t1 Etﬁ{R<T}

1)
MWZ/t/QWﬂQW%&—WML
t1 P

Proof. See the proof of Proposition 3.1.5, noting Lemmas 7.2.6 and 7.2.8. n
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7.2.4 A result from the scalar wave equation

We restate a result from §5.2.

Lemma 7.2.10. Let X be a vectorfield and w a scalar function. Define

K" =2VWXY) 4+ (w — divX)g" .

For all €;emper > 0 sufficiently small, there exists a function u(r) satisfying the fol-

lowing conditions.

If X = w0, and w = v0,u, where

A

v= (r2 + a2)2

1s the geodesic potential for Kerr, then for any axisymmetric function 1,

K“”auwmﬂ(u’ ek )QQ( & 0w — "X a0,

2 + a2 2 + a?) PR

Furthermore, we define

K% =0
K — o (o 2ru A?
= u —
2+ a?) @(r? + a?)
uv
Ky = —udv Z

Then

K 2 (1o

r3

Q

,
1 Tt
K99~ ( _ ﬂ)
Q r3 r
Kt A a?sin? 6 (1 _ Ttmp)
Q r3 r :
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Also,

M -2
7’_41TZT* —(q V < —EDgw,

€Etemper —

where V.

€temper

is a positive function supported near the event horizon and satisfying

IVe

|L1(r) < €temper-

temper

Let 14yqp be the radius where 0,v changes sign from positive to negative, and let r,
be the radius where 0.(2rv) changes sign from positive to negative. (In Schwarzschild,
Ttrap = 3M and r. = 4M.) Then u changes sign from negative to positive at ri,q, and

oyu = 2r forr >r,.

Proof. This was established in §5.2. m

7.2.5 The partial Morawetz estimate for the ¢, system in the

Schwarzschild case
Here, we prove the partial Morawetz estimate for the Schwarzschild case in a way
that it can be adapted to Kerr for |a| < M. Since the proof of the estimate in Kerr

is complicated, it can help to understand the simpler proof for the Schwarzschild case

first.

Proposition 7.2.11. (Partial Morawetz estimate for the &, system in the Schwarzschild

case) Suppose a = 0, and suppose &, satisfies the equation 0,&, — V,°& = 0. Then
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there exists a current J such that

M2 2M ? 2 Xtra 2 1 2 C0t29 9
F (1 - _’l“ ) (argl) + —T p|V€1| + ﬁ(gl) + XtmpT(gl)
M? oM\ 2 . M
+ 3 (1 - ) (0r&2)” + —Xtr PIVE + F1r24M(£2)2

— 7 WVoomper (£1)° + (£2)?)

< divJ,

where Xirap = ( — %)2, and V.

€Etemper

is the potential defined in Lemma 7.2.10.

Proof. We choose
J, = J[X,w,m],,

where J[X, w,m] is the current template defined in Lemma 7.2.1.

We use the same vectorfield

X = wvo,

and scalar function

w = vo0,u

that are used for the scalar wave equation (see Lemma 7.2.10).

However, we now choose an additional one-form mzb with components

m = m! (e;)"(e;)’
4
m,, et = %dr + (2 — €)ud,v cot Hdf
r
mfdx“ =m* =m?» =0,
where the function y will be defined in Lemma 7.2.15. It is not common to include

an m term with a nonzero dff component. The reason will become clear in the proof

of Lemma 7.2.13. (See the remark following the proof of Lemma 7.2.13.)
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By Lemma 7.2.1, we have that

1
divJ = K" D,& - D¢ — 5Dgw|§|2 + ((w — divX)V® — DxV®)E,.8,
+ D‘umzbgagb + QmbeaD/’Lgb + 2RuuabXM€aDV€b

+ (0980 — Va'6) (2Dx€" + we?).

We rearrange these terms according to the following lemma.

Lemma 7.2.12.
. 1 a a
divJ = K — §Dgw|€]2 + (040 — Vo&) (2D x €™ + we™),

where
K =K@+ Ko + K
Ky = K" (0:6)? + (w — divX)Vigy — X', Vi) (&) + VimyH(€0)? + 2m; 6076,
Koy = K" (0661)* + ((w — divX)Vigy — X"0,Vy))(&1)* + VImg' (&) + 2my' 0%,
K@y = K™(8,6)* + K”(09&)*,
and
Vi =A@y = 5 (1-21)

4
V(é% = g"AT2(9yA)? = 2 cot? 6.
Proof. Since R,,q = 0, it suffices to show that
K =K"D,£ D&+ (w—divX)V® — DxV®)&& + D'mi&,8&, + 2mi o DS,

Since K% = 0, this can be directly verified. O
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In what follows, we examine the positivity properties of each of the terms Ky
(Lemma 7.2.13), K,y (Lemma 7.2.15), and (9 (Lemma 7.2.19).

First, we show that even after subtracting a good term, the quantity ) con-
trols two angular terms. See the remark following the proof of this lemma for an

interpretation of the subtracted term.

Lemma 7.2.13. For all € > 0,

ra Cot 0 u0, v
KT 4 v 6 5K~ 2 ) (<5 ()
Proof. Recall that
Ky = K”(0561)* + ((w — divX )V — X"9,Vig))(&1)* + D’myg' (&) + 2mg'6,0°¢,.

We calculate (using Lemma 7.2.10 in the first line and Lemma 7.2.3 in the second

line)
K99(3051)2 = _u@ U(aefl)
(w — divX)VE — XT0,V3) (6)? = —“f;“4 2 (6,)?
Ol (€)? = ﬁa (sin (2 — )udyv cot 0)(&1)?
),
= -2 -9

2my'&10°¢, = 2(2 — €)udyv cot 012 Dpé 1.

Summing these, we obtain

u@v

Ko = [(0p€1)* + 4 cot? 0(&)* + (2 — €)(&1)* — 2(2 — €) cot 0, 0p&1] -
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Now,

—2(2 — €) cot 010961 = (1 — %) (—2cot 0&10p&1)

= (1-5) (901 — 2c0t081)* = (9061)? — 4 cot*0(&1)?)

Therefore,

1O T @) + Saeot? @) + (1 ) (@t — 200106)* + (2~ (&)

Koy = - r2 12 2

Put another way,

r2
wo,v € € €
I [5(8951)2 + 54 cot?6(6)” + (1 - 5) (Dp&1 — 2cot 06,)?] .
Since —ud,v ~ @, the bound stated in Lemma 7.2.13 follows. O

Remark 7.2.14. The case € = 0 corresponds directly to a calculation for the (¢, 1))

system of the next section. Indeed,

8961 — 2cot 961 = A@g@/}

This is precisely the need for the m}' component. It accounts for the fact that inte-
grated quantities for &, will differ from their (¢,1) counterparts up to the divergence

of a term with a 0 component. For another example, see Lemma 7.5.5.

Next, we show that if the term subtracted from Ky is added to the term K.,

then the result is a positive quantity.

Lemma 7.2.15. If e > 0 is sufficiently small, then there exists a function x (deter-
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mining the component m!') such that

M7 <1 - ﬂ) (0:61)% + %(&)2 SKey+(2-¢) (—uf;v) (&)™

73 r

Proof. Recall that
Koy = K000 + (w = divX)Vj = XPOVE)(@) + D'yt (@) +2m)1 006y

We calculate (using Lemma 7.2.10 in the first line and Lemma 7.2.3 in the second

line)

. u
((w = divX)Viy = X10,Vi))(&)* = =50, (V) (&)

= —u0, (% (1 — ¥)2> (r1€))?

V() = 20,2 m) (€,)?

7”2
2
= O (% (1 - %) ) ("”7151)2
2
Zmilflﬁrﬁ = % (1 - g) Q(T_lgl)argl'

Summing these, we obtain

361



0 r<3M
X=9 u r € [3M,4M].
u(dM) 4AM <r

Note that since u(3M) = 0, this piecewise function is continuous. With this choice
for x, we derive estimates for the terms appearing in the above expression for ).

These estimates are given in Lemmas 7.2.16-7.2.18.

Lemma 7.2.16. For all r > rg,

(- %) oars2(5-%-2) (1- ﬂ) (0.6.)"

r

Proof. First, we will show that

v 4du
(— — 7”_3) 1r§4M > 0. (75)

2
Note that u’ > 0 everywhere and that v < 0 for » < 3M. The challenge is to prove
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the inequality for r € [3M,4M]. Since u vanishes at 3M,

o 4w oW 4 [T,
- === —-— u'.
RN

We now divide by w = vu/, which is constant in the interval [3M, 4M].

1 /d w) 1 4 ("1
w\r2 r3) r2v 3 [y

Next, we multiply by 72v so that

r?v (v 4o [T 1
—\5-3)=1-=] -
w \r2 r T Ja v

1

Now, observe that the quantity v=" is increasing starting at » = 3M, where v has a

minimum. Therefore,

e 1>1—4—”(1(7»—3]\4)>:1—4(1—%>:—3(1—%).

T Jau U r \v r r

Given the strict inequality in the first step, this establishes (7.5).
It remains to examine the interval [4M, o). In this range, u = 72 — ¢ and y = 3

for constants ¢; and cy. Thus,

T. =

Lemma 7.2.17. Since x — u has the same sign as — (1 — ) and x — u = O(—r?)
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for large r,

1 oM 3M 1 AM\ 2
Ve (1 - _) (1 - T) Le<anr(61)? + = (1 - T) Lisanr(&1)”

S (x—wo, (% (1 . ¥>2> (r 162,

Proof. We compute

o (-2 ) 252 -2 -2).

By the choice of y, this quantity vanishes on the interval [3M,4M]. Then, x —u >0
for r < 3M and xy —u < 0 for r > 4M. The fact that y — u vanishes linearly as

r /* 3M and as r N\  4M accounts for the factor 1 — % and the additional factor

1_4M

r

respectively. Finally, since y —u = O(—r?), this accounts for the appropriate

r~3 weight for large . O]

Lemma 7.2.18. For allr > ry,

1 M2 1 1 4M
e (1 - T) Le<an (61)” + W13M§T§4M(£1)2 + -3 (1 - T) Lizan (&1)°

<4 (& - 1) <1 - ﬂ)2 (r'&)? - QU&U(&)?

r2

Proof. For the region r < 3M, we have that x = 0, so the inequality reduces to the

< —ud,v for r < 3M. For the region 3M < r < 4M, we have

~Y

fact that (1 — %)2
that x = u. We ignore the —ud,v term, because it has the right sign. Then the

inequality reduces to the fact that

The last inequality follows from (7.5).
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It is in the region r > 4M where the term —2“7‘?—;”(51)2 is essential. In this region,

X' =0, so
/ M\? O,
2
-3 (1 - %) (r7160)? — 2x00(r 60)? — 2(u — X0 (60,
Now,

5 (12 @7 5 -2t vt

It remains to show that

4 oM\ ?
0< ——? (1 — —) (r71&)? — 2x0,u(r1&)2
r r
Indeed,
4 oM\ 4 2M 4 M
([N g o (MY () 3M
r3 r3 r r3 r
4y AM  4M? 3M
S|l -
r r r
A (M 4M?
r3 | r r?
4y M ( 4M>
=S—|(1-—
r3or r
This completes the proof of Lemma 7.2.18. n
Combining Lemmas 7.2.16-7.2.18, we have the following estimate.
M? 2M 1 u@ v
ey (1—7> (8r§1)2+—31——H1—— )? < Koy — (51)'

By slightly modifying x, the weak degeneracies at r = 3M and r = 4M can be
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removed and the following estimate can be established.

uo,v

S (1 . (&)

7‘3

) 080+ A6 s K -2

r

It follows that if € > 0 is sufficiently small, then

5 (1-2) @ar ser sk - - 0" @

This completes the proof of Lemma 7.2.15. O

Lemma 7.2.19.

M? 2M ra
<1 - T) (0,62)* + ¥|V§2|2 S K

7"3

Proof. Recall that
K@) = K"(9,&)" + K”(0)°,

This result now follows directly from Lemma 7.2.10. [

Finally, we are prepared to complete the proof of the partial Morawetz estimate

in Schwarzschild. From Lemma 7.2.12, since O,&, — V,b& =0,

_ 1
div = K@) + Ky + Ky — §Dgw|£|2

- (ko -e-a (-5 ) @2) + (ko + -9 (-5 @)

From Lemma 7.2.13,

cot2

trap ar
KT 4 vy g ()" e K = 2= 0 () ()
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From Lemma 7.2.15,

MQ@_%ﬁfwéf+g@fgnm+@—oCﬂ?ﬁ@f-

73 r r

From Lemma 7.2.19,

2
(-2 er+ Xyer s ke,

And from Lemma 7.2.10,

M 1

F1T24M((51)2 +(£)%) = Ve (61)* + (&) S —§Dgw|5|2~

The bound stated in the partial Morawetz estimate is obtained by summing each of

these.

7.2.6 The partial Morawetz estimate for the ¢, system in

slowly rotating (|a| < M) Kerr spacetimes

Here, we prove the partial Morawetz estimate for slowly rotating Kerr spacetimes

by slightly generalizing the much simpler proof for the Schwarzschild case presented

previously.

First, we begin with a calculation of quantites that arise in Kerr.

367



Lemma 7.2.20. Recall that

A= AA,
Ay = (r* +a®)sin*0
Ay = (1 + o S;IQG) (1 — a? sin? 911)
_ r? —2Mr + a?
(r2 4+ a?)?

B = —2aM (3 cosf — cos® ) —

2a3 M sin* 6 cos 6
r2 + a? cos? 0

The following identities hold.

0,4 _ Ay | Duhs
AT A Ay

&Al . 2r
A r2+a?
A
O = 2cot 0,
1
0, Ay 5 . o —2r —0,v
= 0
Ay @ sm ¢(r? +a?) i 1 — a?sin® v
Op Ay 9 . 4Mr cos b
=qa“sind —
Ay ¢%(r? 4+ a?)(1 — a?sin” Hv)
0.B

_ Bsin? 4Mr cos O
A ¢2(r2 + a?)2(1 — a?sin? Ov)
20,2 | 2 2 _ 2.2
OB — asing <2M(2r (r*+a”) + (r | 2a )q )) |
¢*(r? 4+ a?)?(1 — a?sin” Ov)
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In particular,

2
] P
AQ ~ 7‘3
2
89142 < a*M
AQ ~ T3
3
0.B < la|® M
A~
0y B la| M
A~ r?
Proof. These follow from direct calculation. O

We also prove the following lemma, which allows us to estimate pure partial

derivatives.

Lemma 7.2.21.

0,B B
(1 a TA ) [(8,61)* + (8,62)?] < |D,£* + TA %
(1 B aeTB ) [(8951)2 + (8952)2} S |D0§|2 + 8073‘ |§|2

Proof. For arbitrary quantities x and y and some positive function f, we have

(x £ fy)? + f(2® +y°) = 2® £ 2fay + f2y° + fa° + fyP = 2° + flx £ y)* + [

Therefore,

? < (zx fy)*+ f(@®+ %),

whence

(1= f)a® < (z =+ fy)* + fy*.
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Now, we have that

2 2
DP = (0.6 + 522) 4 (0.6 - 22H)

A r
and
9B\’ 0
et = (a6 + 226 + (a6~ 22}
At this point, both estimates in the lemma can be easily deduced. O]

Finally, we turn to the partial Morawetz estimate for slowly rotating Kerr space-

times.

Proposition 7.2.22. (Partial Morawetz estimate for the &, system in slowly rotating
Kerr spacetimes) Suppose |a|/M s sufficiently small, and suppose &, satisfies the
equation 0,&, — Vo2& = 0.

Then there exists a current J such that

M2 trap 1 2
— (1- T7H> (0,60)* + 2|V + () +XtmpCOt (&)’
M2 trap
+ 0 (- Y .67 + Xyl + s, )

— @ Vepper (£2)° + (52)2) - Cf?Vea (&)
< divJ,

where Xirap = (1 — M)2, V.

r €temper

s the potential defined in Lemma 7.2.10, and V,,
is a positive function supported on v € [rg,r.] and satisfying ||Ve, ||y < €a when

la|/M is chosen sufficiently small.
The following proof is motivated by the proof of Proposition 7.2.11.

Proof. We again choose the current

J, = J[X,w,m],,
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where J[X, w, m] is defined in Lemma 7.2.1.
We use the same vectorfield

X = w0,

and scalar function

w = vo,u

that are used in the scalar wave equation for Kerr (see Lemma 7.2.10).
As in the simpler proof for Schwarzschild, we also use a one-form mzb with com-

ponents

mi’ = mi (e;)"(e;)"
2
mitdzt = ﬂdr + (2 — €)ud,v cot Odb
p (r2 + a2)?
m}fdx“ =m?t =m?? =0,

where the function y will be defined in Lemma 7.2.25.

By Lemma 7.2.1, we have that

1
divJ = K" D,& - D¢ — 5Dgw|g|2 + ((w — divX)V® — DxV®)E,.8,
+ D‘umzbéaéb + szbgaD/’Lgb + 2RuuabXM€aDV€b

+ (Og€a — Va'&) (2Dx€" + we").

We rearrange these terms according to the following lemma.

Lemma 7.2.23.

) 1
divJ = K — §Dgw|§]2 + (040 — Vab&) (2D x €™ + we™),
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where

K= /C(r) + IC(@) + ,C(Q) + /C(t) + /C(a),

o0, B
A

2
Ky = K" (67{1 + 62) + ((w — dZUX)V(% + X“@MV(S)(&)?

+ V() (&) +2m, 6076
B \°
IC(Q) — Kgﬁ (8951 + 7§2) + ((w — dZUX)VY(% + X“@MV&,%)(&Y

+ V(mg") (&) + 2mg'&10°6

.8\’ HB_\’
Key=K" (&«& - 751) +KY <<99§2 — 0751)

K = Kg ((0:61)% + (9:£2)?)

Ky = ((w— de)v(fj) + Xﬂam’j))fifj + XHVY Dy (el ed)Ealy + mi D" (efeh) &,

+ nge?Du<€?)§a€b + QRMVQqugaDygb

and

Vidy =V = (Vo) + Vig)ia].

Proof. The proof is the same as the proof of Lemma 7.2.12, except that there are new

terms which are grouped into the quantities K¢y and K(g). O]

In what follows, we examine the positivity properties of each of the terms Ky

372



(Lemma 7.2.24), K¢y (Lemma 7.2.25), and Ky (Lemma 7.2.29). We also estimate
the error term K,y (Lemma 7.2.30). The term K has a good sign, but also a factor
of a®/M?, so it is generally ignored.

First, we show that even after subtracting a good term, the quantity k) almost

controls two angular terms.

Lemma 7.2.24. For all € > 0, if |a|/M is sufficiently small compared to €, then

M
) (él ) Xtrap %

w0,

(6 < Koy — (2 - ©) (— .

cot 0

X“’ap ‘ygl ’2 Xtrap (£2>2~

Proof. Recall that

2
Ky = K" (8951+897852) (w0 — deX)VE + XPOVE )

+ V2 (my") (&1)? + 2mg'€10%¢.

By Lemma 7.2.21, since K% > 0,

(1_

We calculate (using Lemma 7.2.10 in the first line and Lemma 7.2.3 in the second

9B

e (&)%

B, \° 0y B
)K%f )* < K” (8951 + 9752) + K" | =

line)

B OB O
(o -2 (2
. w0, v
(1 — div XV — X491 (&) = — - dcot?0(6,)?
. U0
Vimp(€)? = 7 sm@ae (q2 sin 0 7 cot 0) (€1)?
_udhv

=T (2= e)(&)?

mg'€10°¢1 = 2(2 — €)ud,v cot 614> Dpés
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Proceeding exactly as in the Schwarzschild case, we conclude that

_ “qa;“ [(% _ aix > (8p&1)? + §4cot29(€1)2 + (1 — —) (Dp&1 — 2cot 0)) }
<Ko - 29 (<150 ) @2 + 5022 @
Lastly, since “qa“’ ~ e and |8f43| S larléw )
ML (60 N (€
Thus, the bound stated in Lemma 7.2.24 follows. O

Next, we show that if the term subtracted from Ky is added to the term K,

then the result is almost a coercive quantity.

Lemma 7.2.25. If € > 0 and |a|/M are both sufficiently small, then there exists a

function x (determining the component m!') such that

ah (1-") (%)2%(51)2 < Ky+(2—6) (—“j;“) (51>2+‘a’i—9M3 (1-2) @y,

3
Proof. Recall that

0, B
A

2
Koy =K' <8T§1 + ) + (w — dz‘vX)V(ﬁ + X“(Lv(}j)(gl)2

+ V' (m ') (&)? + 2m 607

By Lemma 7.2.21, since K™ > 0,

(1_

We calculate (using Lemma 7.2.10 in the first line and Lemma 7.2.3 in the second

rd, B

A

0.B \?*
D K'(0,6) < K™ (89§1+ ) + K™ 1 5

Tar’B‘ (&)?
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line)

rd. B rr 2 _ r0, B u 2ru A? 2
(1 - A ‘) K (argl) =2 (1 — A ‘) (7”2 + a2 (7,2 + CL2)2) q2<T2 T 2) (87-51)
(w0 = dioX)Vi} + X0,V () = — 35 (V) (&)
u 5 A A 4r? )
¢ ( (2 a2 (% + a2)2) &)
472 A\?
- _% ((r2r+ a2)4) (&)°

2m, 6,06 =

Summing these, we obtain

A2

2(1-

+

ro, B u o 2ru (0,6,)?
A r2+a  (P4a2)?) @2 4a2)
(x —u) 4r2 A2 o X ArtA? ; 4r2y A?
q2 ar (7“2 _'_&2)4 (51) + q2 (7'2 —|—CL2)4 (51) q2< 2 +G2)4 (25187”51)
A? u r0,B
< rD 902
T+ 2q2(r2 + a2)ar (r2 + a2) a &)
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Now,

A
@(r? + a?)t

o AryxA? 4ryA? 9 9

- 2(r? + a2)?3 (8 &+ r2 +a2§1) B q2(r2+a2)3(awgl) - @ (r? —|—a2)5<§1) :

2610,&

Therefore,

ro, B W 2ru 2 A? (0,.6)?
A r2+a?  (r?2+4 a2)? (r2+a2)?) @2 +a2)

050 () @+ (P~ i) wo e @

q> r? +a? r2+a*  (r?4a? r2 + a?)
4ry A2 r 2
A2 [y, .
T @(r? + a?)3 < &1t r2 4+ a2§1>
A? u rd, B
< Ky +2 O, (&)
=M ¢?(r? + a?) <r2+a2> A" (&)

The error term can be estimated as

A? u rd, B rr\2 M? ]a\?’M( )
gt () o e s (0=
¢*(r? + a?) (7"2 + a2) A | (&) r) o3 gt e (&)
|la|® M3
5 Tg (1 - _> (62) °
We make an initial choice for y.
0 7 < Ttrap

X=94 u T € [Ttrap, Ts]-

u(ry) e <r

Note that since u(74.qp) = 0, this piecewise function is continuous. With this choice
for x, we derive estimates for the terms appearing in the expression for KC(,) above.

These estimates are given in Lemmas 7.2.26-7.2.28.
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Lemma 7.2.26. If |a|/M is sufficiently small, then for all r > ry,

r3

- o)

ro, B u 2ru 21y A2 ,
S 2 ((1 - A ‘) (r2+a2 - (7’2 _|_a2)2) - (7“2+a2)2> q2(T2 +CL2) (5),{1)

Proof. The case a = 0 reduces to Lemma 7.2.16. One can check that the inequality

is not affected by taking |a|/M to be small. O

Lemma 7.2.27. For all |a] < M,

1 TH Ttrap 2 1 s 2 2
_ <1 — —> (1 — ; ) ]‘7"S7"trap(£1) + 7”_3 (1 - 7) 17“21”*(51)

r < (xq—2 ) 0, ((T;LrjAaz)4) ).

Proof. The case a = 0 reduces to Lemma 7.2.17. Recall that r, is by definition the

radius at which the function % has a maximum value. Therefore the function

4r2 A2

e also has a maximum value at r,. With this fact in mind, one can check that

the argument in the proof of Lemma 7.2.17 applies for the general case |a| < M after

replacing 3M and 4M with 74,4, and r, respectively. O

Lemma 7.2.28. If |a|/M is sufficiently small, then for all r > ry, there ezists a

constant ¢ such that

1 r Ta 2
FVE) (1 - tr p) 1T§Ttrap (51)2 +

M3 M3 M

X Y 4r2 A2 ) ud,v )
< — _
~ (r2 +a2 (r2+ a2)2) @(r? + a?)3 (&1)" +2 ¢ (&1)".

Proof. The case a = 0 reduces to Lemma 7.2.18. One can check that the inequality is

1 1 T a
Ly ap<r<r. (§1)° + e (1 - Cu) Ly>r, (&1)°

not affected by taking |a|/M to be small except for a small neighborhood of r,, which

will have an error term for » > r,. This term is accounted for by the introduction of
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a constant ¢ so that the term

which is slightly negative near r,, is still bounded by the right side. O]

Combining Lemmas 7.2.26-7.2.28, we have the following estimate.

i

M2 H 2 1 Ttrap 2 -3 2
(- e G- (62 = e s (&1)

0, M3
S K - 2250 e+ 1 (1- ) (e

T'x
1— =
r

If |a|/M is sufficiently small, then by slightly modifying y, the weak degeneracies at

Ttrap and 7, can be removed as well as the small error term —c%'r_?’lmr* (£1)%. Then

the following estimate can be established.

9 3 3
(-1 @ar + 56 £ Ko - 250 + 10 (1- ) g

3
It follows that if € > 0 is sufficiently small,

w0,

M- O 7+

1 3M3
1— 7) (0:61)" + 5 (&)° S Ky — (2—€) |a|7‘9 (

1— TTH)Q (S

This completes the proof of Lemma 7.2.25. n

Lemma 7.2.29. If |a|/M is sufficiently small, then

a|M

-y e+

(&)*.

7”3
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Proof. Recall that

0, B 0
Koy =K (a@ - ) (3052 - 9—51)
8.B 2 2
— K (argz—’“ LB 1) - KY (8952—9751) .

By applying the procedure in the proof of Lemma 7.2.21, we conclude that

2
(1 - T&AB ‘) Krr(ar£2)2 S K™ (87"52 ra B _151)

A
Therefore, if |a|/M is sufficiently small,

r0,.B

]K”‘ “2(e,)2,

o0,B 3M
Krr(ar£2)2 S KT (arg ¥ 1) 4+ |CL‘ Krr —2(5 )2'

Again by applying the procedure in the proof of Lemma 7.2.21, we also conclude that

(1_

Therefore, if |a|/M is sufficiently small,

0B

e ) KQ (662)* < K (8952 - ‘9"—51)

22 kg ey

IGIM

K (056)* S KY (3952 — —51) Kg (&)

From both estimates, since K™ = O(M?/r?) and K¢ = O(r~?), we have

K" (0,&)* + ng(89€2)2

< K™ (a g OB 51) K ((%éz _ —51) 1 e,y

A
a|M
5 ’C( | | (fl) .
The lemma follows from the lower bound estimates for K™ and Kg’. O

379



Now we estimate the error term K4, which did not appear in the Schwarzschild

case.

Lemma 7.2.30. The following bound holds.

|a| M |a| M
|K:(a)| 5 XtrapT—S (|V§1|2 + |V§2|2) + ?|£|2

Proof. Recall that

Ky = (w = divX)V + X'9,V2)6:&; + XMVID, (e e))€alsy + myl DH(ef )&,

+2miI et DM (e2)E,&y + 2R, XPE DV E,

where

Vidy =V = (Vg + Vig)ia].

There is one term (the last term) in the expression for K, that contains a deriva-
tive of £. We calculate it explicitly using Lemma 7.2.4 and the fact that X has only

t and r components.

0,,A0,,B

2Ry XEDVE = —4 b XHE DV

A e XD

Now,

€€, Doy = €&, Do (&;(€7)s)

= €7800&; + €(€")a( Do )i,
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Thus, the one term that contains a derivative of §; is

OB e g o,
., <agia;B ) &z;lggB) W ones et
<2 (M 4 LT due + eduei)
s Y iy + @e) + S @+ @)
< XL (V& + 9P + g2

The remaining terms to estimate are

(w = divX)V) + X 0,V 36 + XMVI D, (efeh)€ay + mi] D (efeh) i€,
0 Adg) B

+ nge?D“(eg)Saﬁb — Ve

Xr 00 ab( ) (D0€j>b£i§j‘

Each of these terms can be estimated by = oM |€]2. ]

Finally, we are prepared to complete the proof of the partial Morawetz estimate

in slowly rotating Kerr spacetimes. From Lemma 7.2.23, since 0,§, — Vabfb =0,

. 1
divd = Ky +Kqy + Koy + Ky + Koy — §Dgw‘€|2

- (k- 20 (-90) (@2) + (Ko + -0 (-5 @)

1
+ ’C(Q) + ’C(t) + /C(a) — §Dgw\5]2.

From Lemma 7.2.24,

M
) (51 ) Xtrap %

u0,v

(6 S Koy — (2— 0 (— -

cot2 0

Xtra
%‘Vglﬁ _'_Xtrap (52)2-
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From Lemma 7.2.25,

7”3

M? 1 O, SNVE 2
(1= ) @46 5 Kotz- (257 @+ 00 (1- 2) @

From Lemma 7.2.29,

M2 TH 2 Xtrap |G|M 2
gy (1 - 7) (0r62)” + TW& (&)°
From Lemma 7.2.30,
alM alM
K] S Xtrar e (19642 + (¥Eaf2) + 2 g2

And from Lemma 7.2.10,

%17‘27“*((51)2 + (52)2) - q_QVetemper((&f + (52)2) < —%Dgw|§|2.

We ignore the term

a?sin® 0

Ka = Kg((atfl)z + (at§2)2) ~ Xtmpr—((atfl) (atgz)g)a

because it has a good sign, but vanishes on the axis and is of order a?/M?.

Combining each of these estimates, we obtain the following estimate.

M2 trap 2

(-1 @ar+ e+ e + xtmf“ (€

M2 trap

+ 2 (1) 06P + X2 pgP + S &)
- q—2vmmw<<&> + (&) )

I (ver + ver) +

< dZUJ _I_ Xtrap ’5‘2
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By taking |a|/M sufficiently small, the new terms on the right side can be absorbed

(fg) which only can be absorbed for

r > r,. This is the reason for the new error term —q=2V,,(&)? on the left side of the
bound stated in the partial Morawetz estimate.
This concludes the proof of the partial Morawetz estimate in slowly rotating Kerr

spacetimes. ]

7.2.7 The Morawetz estimate

We now prove the Morawetz estimate, using the partial Morawetz estimate established

earlier.

Proposition 7.2.31. (Morawetz estimate for the &, system in slowly rotating Kerr

spacetimes) Suppose |a|/M is sufficiently small. Then

- a — a - M2
/ 2|Deé> +V b§a§b+/ |DLEP? + q 2| Dol > + Ve + 7 2|£|2+7|D75|2
>

to

/ [ |5 @8+ (B @7+ Hval + S 6?) + L6

2
+%3(8T€2)2 + Xtrap (M (0:&2)” + %|V§2|2> + ﬁ(fz)ﬂ

S / |DLEP 4 72 D€ ? + V&8 + 77 2E)* + 7]1}5]2 + Err,
Sy
where Xtrap = (1 - @)2 and

Err = Erry + Erry

M2
Erry = /752 | Dig)? +/ r e Dré| + 7 [xu|DrE” + | Del|* + 172 |¢)7]
H? >

t2

Erra = / 2 [ 12D+ wg)(B46 - Vb6

where xg =1 — .
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Proof. Let

X=X

€temper

+ 6reclshiffyr + at

w = wﬁtempe'r + Eatwat7

where X,

€temper

and we,,,,.. are the vectorfield and function used in the proof of the
partial Morawetz estimate (the dependence on the parameter €pmper is made more
explicit for the argument that will follow), Y is the redshift vectorfield introduced in
§5.2.4, and wy, is a function defined in the following lemma.

First, we establish an estimate for the bulk term.

Lemma 7.2.32. If X and w are as defined above and m is the one-form used in the

proof of the partial Morawetz estimate, then

[ [0+ v (B06r + Hvar+ @) + e

M? M? M
208+ v (O (087 + ;%P) ey

t2
5/ / divJ[ X, w,m|
t1 P

Proof. To prove this estimate, we start with the partial Morawetz estimate (Propo-

sition 7.2.22) and make a few slight modifications. We have

M2 tra; 1 2 (9
= (=) 06+ Xy + S (0) + xtmpwt (6)°
M2 trap
+ F <1 o TTH> (87“52)2 X |V€2’2 r>r* (62)

— ¢ Veromper ((£1)° + (52)2) - q_2Vea (&)
S divJ [ X,

m.

€temper ) w€temper ’

By applying a small constant times the redshift vectorfield Y, the degeneracy of the
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(0,&;)? terms near the horizon can be removed without significant consequence. That

is

M? ra 1 Cot2 0
—(0:6)% + %W&F + ﬁ(ﬁl)Q + Xtrap—5—(&1)°

2
+ 06+ X”“”|V£ M @y

— 0 Vermper (£1)° + (£2)%) — q_QVea (&)

S di’UJ[Xetemper + EredshiftY> Weemper s m]

It is worth mention that Y is supported near the event horizon and Y < 0.
Next, by choosing €iemper and ¢, sufficiently small and applying a local Hardy

estimate, we obtain in an integrated sense

29

[ [+ emipe o+ Lo+ v 6
M2 trap M
—i——(@ &)+ XT ‘V§2‘2+r_4(f2)2]

to
rs / / diUJ[XEtemper + eredShiftY7 w€tempe'r7 m] °
3t

Next, we add to w a small constant es, times a function ws,. Note that according

to Lemma 7.2.1, in the linear case,
: A 1 ab
dZ’UJ[O, wat] = w@tD 6 : D)f - §Dgw6t + watv Sagb-

One particular term in the above formula is wg,g"| Di&|> = ws,g"[(9:61)? + (9:&2)?].
Thus, if wy, < 0 so that wy,g" > 0, then the result is added control of the time
derivatives. As long as wgy, vanishes to second order at the trapping radius and

decays like O(—M?/r3), by taking €g, is sufficiently small, the remaining terms have
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no significant effect.

[ [P0 xom (Y@ + Hivar+ @) + e

M2

0,60 + w027 + v ) + M (e
7,3 rS2 Xtrap tS2 r 2 7’4 2

to
5 / / divJ[Xftemper + eredShiftY7 wﬁtempe'r + Gat w8t7 m] °
t1 >

Finally, since

de[@t] = O,

the estimate is not affected by adding 0; to the vectorfield X. (The purpose of 9, is
for the boundary terms.)

This concludes the proof of the lemma. n

Now, all that remains to be done is to investigate the boundary terms. This is
the purpose of the remaining few calculations.
We first approximate the vectorfield X and function w in order to compute the

boundary terms. Since X, = w0, = (+—8T, and since d,u = 2r and w,,,,,., =

temper

for r > r,, it follows that for r > r,,

P
r?+a?—c
X = (r” CEYOE A O, +0, = L+ O(M?*/rH0,,
2rA 2rA
Y e e G O

We have the following lemma.

Lemma 7.2.33.

gt {L 2ro }_r2+a2 (1_aa sin? 6

"r2 4 q? q?

) a ' [Dgf + —2|D0§|2+Vabfafb

a—l—ra

r2 + a?

+ €]? — —0 (ralé)?) + Err’,
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where
2

_ a
Brr| S '€ - Digl + 5 [(1——) Dy +r72¢?|

Proof. By a direct calculation,

—J'[L] = —=2D' - D€ 4+ L' D¢ - D& + L'V %¢,&,

—2(g" + D" D& - Dr& + [(g" + @ g")|D&|* + g | D, + @ g% | Dyé?]

+Vab£a£b
—(g" + @)D = 2a(g" = Vg")Di& - D&+ gDy + D g™ Dt
+ V&,
r? + a? a’sin®0\ 2, r? + a? a?sin® 6
=T (““m) Dl = (““m) Dk - Drl

r+a

a| D& + —2|Def|2 + VP&

r? + a? a”sin” 0 B r? + a? asin9 1
_ (1—a—> Dsgf + T I D, LDl

e r2 + g2 e 2 + 2
+Vab£a£b-
Also,
2ra 2ra
—JH0, —— | =———¢.D!
J {O’ r2+a2] r2+a2£ ¢
2ro
=~ 0"+ 9g"E Dig
2r a?sin? 6
G (1-aie e e
2r a sin? 6 2ra a?sin? 6
(-2 (- ) o
2r a“sin” 0 2ra 2raa? sin® 0
[ — 1 - D -DT'
612( 7“2+a2> Dre ==& Die =iy & Dt
2r a‘sin” 0 1 9 a+ra )
2 (-5 Dm( Sodralg) + S )

2ra a2 sin? 6

e U
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Comparing to the identity given for —.J* [L Zra ], we see that

Y 7‘2+a2

2r a?sin? f ,a?sin? 0 ,  2ra’a®sin®f
Err' = P <1 S ) E-Dié+a e |D,&|* + i) £-D,E.
Thus,
2 2
Err' S vt Drgl+ (1= 2) G 1Dl + el
r /) or? r2
This concludes the proof of the lemma. n
Given that
X — L=0(M?*/r*d,,
2ra 9 9 —1
We can estimate the remainder
2ra M? TH
t t 2 2 | —2(¢)2
sl = |2 2| < 20 [(1- ) IDigl + D+ i)

But it is also important to specifically take into account the effect of the redshift
vectorfield Y near the horizon, because it will remove the degeneracy of the term

xu|D-£|* on the spacelike hypersurface %, .

Lemma 7.2.34. On the event horizon H,?,
—2 D 2 Vab < JY D 2
¢ | D" + V&l S T Y]+ | Deg|

and on the constant-time hypersurface ,,

M? M?
T—2|Drf|2 S-JY]+ = [xu|D:E]* + D],

where xg =1 — .
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Proof. Since Y &~ —0, + c¢0; near the event horizon, given the estimates for J*[0;] in
Lemma 7.2.6, it suffices to compute the components J"[—d,] and —J*[—3,].

From Lemma 7.2.1,

JH[_ar] = _2gﬂ>\D>\§ : Drg + 6#7‘D>\§ ' D>\§ + 5#7"Vab§a§b'

Therefore,

J'[=0,) = =2¢""|Dy&|* — 29" Di& - D€

tt 2 tr r 2 -2 2 a?sin® 0 2
+ | 971 D&|" + 29" D& - D& + g [ DRE|° + g7 D€ + P | D]

+ Vabgagb.

On the event horizon Httf, since ¢"" vanishes,

2

. 20
T[=8,] = g~ 2| Deé|? + Ve 8 + (g” Lo ) ID£J2.

q2

This implies the first estimate.

On the constant-time hypersurface 3,,
—J'[=0,] = 29" D& + 29" D& - D, .

Since g > 0 near the horizon, this implies the second estimate. O

This accounts for all of the boundary terms in the Morawetz estimate. O

7.3 Estimates for the (¢,v) System

The purpose of this section is to prove the energy estimate (Proposition 7.3.6) and

r? estimate (Proposition 7.3.17) for the (¢, 1) system. The energy estimate is simply
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a translation of Proposition 7.2.7, which is in terms of &,. The rP estimate is a
combination of three other estimates, the h0, estimate (Proposition 7.3.7, translated
from 7.2.9), the Morawetz estimate (Proposition 7.3.8, translated from 7.2.31), and
the incomplete r? estimate (Proposition 7.3.15).

This section is split into three parts. In §7.3.1-7.3.4, the estimates from the previ-
ous section, which are written in terms of &,, are translated to be in terms of (¢, ).
In §7.3.5-7.3.7, the incomplete P estimate is proved. Finally, in §7.3.8 the r? estimate
is proved.

Recall that the &, system corresponds to the linearization

X:A—Afg

of the full nonlinear wave map system (7.1-7.2). To solve the full nonlinear wave map

system, we will instead use the linearization

X =A+ A¢

Y = B+ A%).

The motivation for this second linearization is given in §6.1.1. For this reason, from

now on, we assume that

& =AY
3

Il
|
©
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7.3.1 Translating estimates from the ¢, system to the (¢,)

system

To begin, we prove Lemmas 7.3.1-7.3.5, which allow us to translate estimates for the
&, system into estimates for the (¢,1) system. To prove these lemmas, we will make

repeated use of the following calculations.

2 2
Dt = (a6 + %06 + (a6 - %76
( a A d,B )2 (a a B )
a?) %

_ (Aauw + a“Al Ay + 0 A2 A¢ 9B qb) ( 0, + a—BAw) (7.6)

A

vies - (Lla+ 2a) (e + 2le)
0, A ? B\’
Lo+ 2la) 5 (2 2

A

-

A(9A, 21 (8

-3 (B2 (- 22y
A

-5

azll aAQA 3)2 %(%Aw+8ﬁ2fl¢—8f¢)2.
(7.7)

S 3)

8:?1 = 2cot (7.9)

(acf?)Z + (af >2 < A‘}—ZM (7.10)

(a‘)jzf + (8973)2 < ;4—22 (7.11)

The first lemma allows us to estimate (¢, ) terms by &, terms.
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Lemma 7.3.1.
(@@2 + A2(8t¢)2 = |Dt§|27

2

M2

2r
2+2

2
(ar¢>2+A2< o+ ) <D, + L2 (g 4 A7),

2
(099)? + A (gt + 2 cot 1)* < | Dgé|? + %((f + A%?)

2

2r 2 _ a
Axn (m—aﬁb) + A% (2cot 0p)® S VL, + WT (¢ 4+ A%?),

where xyy =1 — ™

r "

Proof. From equation (7.6),

9,A 9, A d,B 0,B 2
0= (a5t Btean = B20) o+ (0,04 P a0)

In the case u = t, since 0;A; = 0;As = 0, B = 0, we get the identity

(0:)? + A%(0)* = | D&

Given equation (7.8) and estimate (7.10),

(0,0)* + A* [ 0.0 + ar ¢ 2:(8¢)2+ A@@Z)JrarAlA@/J 2
T 2+ 2 T T Al
2
S IDEP + (6t + AN,

Similarly, given equation (7.9) and estimate (7.11),

(909)" + A% (9ot + 2c0t 09)° = (9p0)” + (Aam " 89A1A¢)

2
a
S IDeEP + 575(67 + A%,
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Finally, from equation (7.7),

A [0.A 0, A 0.B \> 1 [0A Op A 00B \?
ab _ = r4il 2 T - 6411 0412 B (7
vitgig = 5 (T4 leay - 085) o L (Bhugy By, 9B,

Using equations (7.8) and (7.9) together with estimates (7.10) and (7.11) again, we

conclude

o 2 A (9,4 2 DpA
2 2 -2 2 < = r<11 0411
Axy <—r2 +a2w) + A% " (2cot Oy)” < " ( e Aw) + = 7 ( 1 A¢>

2

S Ve + 131 (67 + A%P),

The next lemma allows us to estimate certain &, terms by (¢, 1) terms.

Lemma 7.3.2.
‘Dt§|2 = (at¢)2 + AQ(at@/))Q

2r S
DR S @07+ 4 (00 20+ g + AN,
Proof. The identity for | D;£|? was already proved in the previous lemma, but is simply
restated in this lemma for the sake of completeness.

To prove the estimate for |D,£|?, we use equation (7.6), then equation (7.8) and

finally estimate (7.10).

0. A 0, A 0.B \? 0,.B 2
|D,&|* = (A&«Q/J—i- A11A¢+ 2 A ) + (ar¢+ 7A¢>

B 2r 8A2 0.B \° 0B, \°
._(Aaw)#ﬁ::§A¢ )+<&¢+-7FA¢)

2 a2
S@of+ 4 (004 o Qw) 4 LG AN,
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Note that the previous lemma did not estimate |Dy&|? or V@E,&,. The reason
is that both of these terms are singluar on the axis and would require a term like
A? cot? 012 on the right side of an estimate. It turns out that if these terms are com-
bined in just the right way, then up to a divergence term (with only a # component),
the singularities cancel. This fact should be compared to the remark following the

proof of Lemma 7.2.13.

Lemma 7.3.3. For an arbitrary function f(r),

Fr) [a|De&? + V&) S | f(r) [a%(09)” + r %97

pON ¢
+ [ f(r) [ @) + 2%

S

Proof. From equation (7.6),

2 2
Dagl? = (ow+ 2240 - 280 + (a0 + 2 av) |

and from equation (7.7),

2 2
vogs == (Srav -0 ) 4 o (Bhav-206)

2\ A A A

The only challenge arises when dealing with the terms that contain the factor %,

because this quantity diverges on the axis. We will now show that after an integration

by parts on the sphere, the divergent parts cancel. For the sake of simplicity, we take

flr)=1.

~ Op A 0B \> ., [0A 9pB \?°
2 o 2 e anlind =
/2q (Aagw+ °C Ay A¢) +q (Aqu A¢)

0 T 2 2
= 27/ / <A89w + %AQ/J — %—Bqﬁ) + <89AA¢ — %—ng) sin OdOdr.
S A A A

A
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The singular part is contained in the following expression, which we evaluate by

expanding the squares and integrating by parts.
/OTr <Aag¢ + 69_A¢)2 (ae—Az/;)Z sin 0d0
= /0 ' (Op1))? + 2—wam/z +2 (62’4) Y?

It now suffices to show that the quantity

1 , . DA DA\ *
EVEEYAL (A 81“97) 2 (7)

is regular on the axis. For the Schwarzschild case, where A = r2sin? @, this expression

A? sin 6d6

A? sin 0d6.

is rather simple.

1 DA DA\
“AZsing " (A 81“97) 2 (7)

1
- _maa (r4 sin’® (2 cot 9)) + 2(2cot 9)2
r4 sin
1

= d(2sin" 0 cos 0) + 8 cot® 6
sin® @

= —8cot?f + 2+ 8cot? 0

=2

Remark 7.3.4. Recall that a term was exchanged between Lemmas 7.2.13 and 7.2.15
with a factor of 2 —e. Furthermore, there was a remark following the proof of Lemma
7.2.18 claiming that € = 0 corresponds to the (¢,v) system. The above calculation

that yields the number 2 is directly related to the 2 — € factor in the exchanged term.
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In the Kerr case, since A; = (72 + a?)sin® §, we also have

1 o . 00/ A\
—A%Smea (A sin §—— m )—i—2< i ) = 2.

This fact, together with the fact that % = O(a?/r?)sin @, implies

1' O <A2 sme%) + 2 <89A)

 A2sind A A
_ 1 242 OpAr  OpAs OpA;  0pAy 2
R EY (A1A2 sind ( A a4, )) TP lA A
=2+ O(a®/r?).
This concludes the proof. n

Finally, we prove an identity that relates the linear equation for &, with the linear
equation for (¢,). In particular, the proof will demonstrate the cancellation of two

singular terms in the expression involving 041, which is directly related to the choice
& = A

Lemma 7.3.5. If (§&1,&) = (A, —¢),

ga = 51 (el)a + 52(62)11 = Aw<€l)a - ¢(62)a7

then
8‘1A 80‘B 0“B0,B
(el>a(Dg£a - Vab€b> =A ( gw +2—— aw a(b 20— A2 ¢>
~4(o gw+2aaA2 s - @a 002720 )
= A(Ogy — Ly)

0°“B0,B 0*A0,B

_(62>G(Dg€a - b€b> =0 (b + QaO‘Baa@b - 2 A ¢ + 4 A ¢
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where Ly and Ly, which are both linear in (¢,1)), are the quantities defined in §7.1.4.

Proof. Recall the following identities.

£ =&e 4 &e’

B
D,e! = _8a e

B
D.e? = Do el

Since (A, B) solves the nonlinear wave map system (7.1-7.2), we also have the follow-

ing two equations.

0°Ad A 9*BI,B

[ =
oA A A
0“A0,B

Using the identity for 0,5, we compute

Dgel — Da (_601362)

A
0,B , 0°A0,B , 0°Bd.B ,
) e”+ 12 e’ — 12 e
0*Ad,B , 0°BO.B ,

Dge2 = D“ (aaBel)

A
_0,B, 9A49,B, 0°BO,.B,
— 4 ¢ Az ¢ Az

0°Ad,B , 0°BO.B ,
= A2 e — A2 e .
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Therefore,

0y€ = Dg(§162) + Dg(f2€2)

= (O,&1e" 4+ 20%€1 Dye + & 04e") + (O,2e% + 20%6Dge® + E0,€7)

30‘ 0“Bo,B 0“Ad,B
= ( o1+ 2——0.6 — A—S sz) e'
80‘3 0“A0,B 0“Bo,B
+ (‘3952 - 0ot — 1 & — 12 52) e’

Recall also that

V = g*0dd,dd,

_ oo (%A, 2B 054 0B
=g Ael A€2 A61 Aeg .

It follows that

0°A 0“B Oa A 0, B
Vf:<AeH-A¥><A&+ @)

Combining both identities, we conclude

0°B 0 A0, A 0*Bo,B
Dgf_Vf:( gfl+2 Daba — JE & — yE 51)61
0°B 0*“A0,B 0*Bo,B
+ (Dg§2 - QTaafl — ZA—& — 2A—§2> e’.

Now, we replace (£1,&) = (A, —¢@). In the first calculation, we also use the identity
for O A, and see that the term with the factor OyA cancels with the term with the

9% ADy A
factor N Fa

Since these terms are singular on the axis, this cancellation is the
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purpose of the choice & = A.

8“ 0*A0, A 0°Bo,B
(el>a(|:,g£a V gb) - Dg£1 + 2 8 52 A2 é— - A2 51

(9“3 0“A0, A 0“Bo,B
= 0,4(Ay) + 278(1(—@ 12 (Av) — 12

(Av)
= (AOyp 4 20Ad,p + YO, A) — QOO‘TBM) — aa’f“Aw

0*Bo,B
A

(8

= AD ) + 20 ADat) — 2873aa¢

0*Ad,A 0*Bo,B
NEPNATER TN

A A
= ADgp + 20 Adpt) — a Dot — 2 Bj an
80‘14 (90‘ 80‘38 B
=A ( gw +2—— aw a¢ A2 ¢> .

This verifies the first identity of the lemma.

- (62)a(Dg€a - Vabfb>

- ( o 26"3 oot aaﬁz&B& B Qaai(zanz)
—— (-0 287Baa<Aw> - 2508 (g -2 7B E )
= 0,0 + 20“BO, + 4aaAj“B¢ — Qaai(z‘”ng.

This verifies the second identity of the lemma. O

7.3.2 Translating the energy estimate from the £, system

We rewrite the energy estimate (Proposition 7.2.7) in terms of (¢, ).
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Proposition 7.3.6. (Energy estimate for the (¢,1) system)

l/C; to

N / X (0:0) + (0:0)* + [V o|* +172¢% + / Xa(0:)* + (0r)? + |V 4 r 20
e,

Xt

X (0:0)* + (0:0)* + |V o> + 172" + / X (0,0)2 4 (80)? + |V |? + r~ 2>

to %

+ Erry,

where xy =1 — " and

to to
Erro = / [ 100(0g0 - £0)1+ / [ 1ows(og - £,)]

t1

Proof. According to Proposition 7.2.7,

| D&P+ [ xulDieP + DR + ¢ 1Dut + Vs
1121 2ty
<
P

We ignore the term on the horizon, which is nonnegative.

to
Xt Dot? + D[P + g2 Dt 2 + Vet + / D (0,6, — Vi8],

t t1 J3

By a standard Hardy estimate and then Lemma 7.3.1,

/z Xu(0:0) + (00)* + VoI +17%¢ + / X (0,0)? + (00)” + | Vl* + 12

by
5/
b))
S/
b

By taking |a|/M sufficiently small, the final term on the right side can be absorbed
into the left side.

to to

(0,6 + (316)° + Vo[> + / (00 + (D) + TP

to D)

to

a
xnlDg + 1D + Dt + v+ [ Mg ),
by

to to
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By Lemmas 7.3.2 and 7.3.3,

/ Do + 1D + 472 | Dot + Vo,
b

1

5/ X (0r0)" +(08)” + |V l* +77%¢" + / X (D) + (0h) + [V 47720,
I

S0,

Finally, by Lemma 7.3.5,

/ 2 1D (O46a — Va'&)] < / |0:p(Bg¢ — Ly)] +/ 10 (Bgp — Ly)].
t1 pon 3y ¢

t1 t1

These estimates together prove the proposition. O

7.3.3 Translating the ho, estimate from the £, system

We rewrite the ho, estimate (Proposition 7.2.9) in terms of (¢, ).

Proposition 7.3.7. (L0, estimate for the (¢,v) system) Fix 64 > 0 and let p <

2—20y. Then for all € > 0, there is a small constant c. and a large constant Cy, such

that

72 [ 0 + @) + 9 0f]

to

/Z 7 [xu(0,0)* + (09)* + |V ol*] + /

to Py

+ /H ,(0e9)" + / . (0)?

t1 H
f2 t2 LA \?
A 17 B B (TR
t1 Ztﬂ{6M<7‘} t1 itﬁ{6M<T‘} A

S| Ca?? [xu(0,0)* + (0:0)* + |V oI + 17297

3ty

[ Ca (0 + (O + VY[ + 172 + Brr,

3t

401



where xg =1 — " and

Err = Erry + Errs + Errs + Erry,

to t2
o= [ anzep et [ et
t1 Em{5M<r} t1 Etm{5M<T}

lal , 4, 0 2 19
Err :/ —rP™ (¢ + A%
T M ( )

to

to
Em”:/ / A yr-5(2 1 A22)
6 Junem<ry M

to )
Err, = / / Cer??|0p(Ogp — Lo)| + / / Cor?=2|0pp(050 — L))
tl Et tl Et

Proof. By Proposition 7.2.9 with R = 5M,

[P+ [0 (Dt + DR + ¢ Due + V6t
H? by

t1 1]
to
[ e | Dy’
t1 Etﬂ{6M<T}

to
< / Cer?™? [XH|DT§|2+|Dt§|2+q—2!Daf|2+V“b5a§b]+/ / er ' DrEf?
Etl t1 Etﬂ{5M<7”}

to
T / / CorP 2| D" (O, — V&),
t1 Xt

By Lemma 7.3.1,

/EtQ
<
P

and

72 [ 00)? + (0)? + 6]

to

"7 [xu (0:0)” + (0:0)* + [VoI*] + /

by

72 [Xu Drél? + | DI + g Dot + V6] + / o2+ a2g2).

to Yty

/}It2(0t¢)2+/ﬁ:2(8t¢)2 — /H,fz D&,

t1
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and

to to 2
/ / CJP_3<L¢)2 + / / CET‘p_?’ (L¢ + %q/))
tp JIin{6M<r} t1 JEn{6M<r} A
to to ‘a’
s croipug+ [ ] el ym-5(42 1 A2y?)
6 Jsinfer<r) B 6 Jeingem<ry M

At this point, we have estimated all the terms on the left side of the main estimate.

Now, we must estimate the additional terms:

|a| p—d( 12 2,2 /tz/ lal o5, 2,2
— P77 + A7) + ce—1P7 (" + A%
/E M ( ) t1 Etm{6M<T} M ( )

t2

+ / Car™ [xul Dot + | Dl + 2| Dot + V6uts)
>

1
to to
n / / er Dl + / / Corv2| Dy (0,60 — Vi8]
t1 JEn{bM<r} 1 JX

By definition,

to
/ M?ﬂp"l(qﬁ2 + A%p?) + / / CEMW’E’((ﬁ2 + A%?) = Erry + Errs.
v, M t Juinem<ry M

to

Also, by Lemmas 7.3.2 and 7.3.3,

/ Car™ [xul Dot + | Dl + 2| Dot? + Veuts]
b

31

< / Cor2 [xu(8,0)° + (016)° + VoI> + 2%

1

b [ [0 + @ + [Fuf 202
Sy
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Also,

t2
/ / er 1Dy
Sin{sM<r}

to to
/ / (L) + 122 + / / e (L) + )
Etﬂ{5M<r} t1 JEN{5M<r}

= Erry.

Finally, by Lemma 7.3.5,

to
| [ caripg@s - vite)
t1 P
to to
<[ [ earosoe-cal+ [ [ cortowog - L)
tl Et tl Zt

S E?"Tnl.

These estimates complete the proof. O]

7.3.4 Translating the Morawetz estimate from the ¢, system

We rewrite the Morawetz estimate (Proposition 7.2.31) in terms of (¢, ).

Proposition 7.3.8. (Morawetz estimate for the (¢,1) system in slowly rotating Kerr

spacetimes) Suppose |a|/M is sufficiently small. Then

2 R 2
[ Lof - 190R 41726 + T 007 + [ (LR + T+ + 0

to to

M? 1 v

# [ 35000 vy (G000 + 198 ) + o
to M2 L 1

/ /Et + Xtrap (F(&ﬂﬂ)z + ;|V”¢|2> + ﬁwQ

M2 ~ 2
S [ @R IPOR 2 00 + [ (L0 + TR+ R+ 0
+ Err,
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where Xirap = (1 — T”%)Q and

Err = Erry + Errg + Erry

Erﬁ:/z 7"1|<bL<b\—i-/i r Y Ly| + 2P

2 2

Brry — /H L0+ /H Q(aﬂm /Z ]f—;[xH(w)%(a@)Z]

]

[ oy + 0wy

ta

Brr — / [ 12X(0) + w + w0 - L)

n / / X (W) -+ ) (Ot~ L))

where xg = 1 — ™ and the new functions W, wy, and Wy, which are defined in

terms of the original vectorfield X and function w used in the proof of Proposition

7.2.31, are given by the following relations.

2X(¢) + wo + wy¥ = X(¢) + wo + @Aqﬁ

2X () + 00 + B — 2X () + (@ ¥ w) v- 20 4

Proof. From Proposition 7.2.31, we have

M2
/ 0 IDoE + Vs + / IDLEP + a2 Dot + V6 + 7 2IE + 5| D&
%

ta

2 0
/ /E { (0r61)” + Xtrap (%(@51)2 + %|V§1|2 L (51)2) ig(fl)
2
2007 + o (S 06 + HVEP) + X6

M2
S / |DLE? + q 2| Dok > + V& + 7 2E1 + 7]&{]2 + Err’,
>

1
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where

Err’ = Erry + Err),

_ M? _
Brrt = [ D [ e Dugl+ S DD+ D + e
H,? >

t2

ETT;LZ = / 2 5 ‘(Qnga + wfa)(ljgfa - V;zbgb”-

We ignore the term on the horizon, which has an appropriate sign.

By Lemma 7.3.1,

~ 2
[ worigor 420+ 2@+ [ oy igurt+r et + @y

2 2

M2
S [ DL + a7 IDuER + V6uts + e + 2D
P

]

and
2
/ / > | N (%3@@2 + E\WP) M
b T T
2 ~
/ / b (o O 4 1T 0P ) + 507
P
2 2
<[] [0+ xm (%(at&)? #Ival+ G ) + e
2 2
+%3(ar€2>2 + Xtrap (%(81562)2 + ;’V€2|2) %(52) :| .

By Lemmas 7.3.2 and 7.3.3,
M2
/ DL + g2 Dol + VPl + 12 |E1° + 7|Dr§|2
Sy,

. M2
< [ woriver+rie =2 00r+ [ o gorr o+ 20

tq 31
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Since

Erry S Erry + Erry,
it remains to check the nonlinear terms.

We calculate

2Dx& 4+ wé = 2Dx (&1e' + &6°) + w(&el + &€?)

A
:A(QX(@Z)H(%A)vL )¢ XA A ¢> !

— <2X(¢) +we + @A@b) e
This motivates the definition
X(B
2X(¢) + wo + wy¥ = X(¢) + wo + #Azp
X(A X(B
2X (V) + W) + Wy = 2X (¥) + (% + w) P — %A‘lqﬁ.

Since according to Lemma 7.3.5

(e1)"(Oga — Va'&) = A(Og00 — Ly)
_(QQ)Q(Dgfa - Vabgb) = Oy0 — Ly,

we conclude that

(2Dx€" +we)(Tgéa — Va'G)

= A*(2X (¢) + @Y + W(a)9) (T — Ly) + (2X () + wd + wieyy) (Ogp — Ls).

From this identity, it is clear that Err], < Err,. This completes the proof.
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7.3.5 The pre-r’ identity for M

At this point, all of the relevant estimates from §7.2 have been rewritten in terms of
(¢,1). But in order to prove the r? estimate, we still must prove the incomplete r?
estimate near i°. Such an estimate was proved already for the equation Oy¢ = 0 in
Chapter 5, and is restated below. In §7.3.6, we will prove an analogous estimate for
the equation Oz = 0. Then, in §7.3.7, we will combine both estimates into a single
estimate for the (¢, ) system, which will treate the terms L, and £, as error terms.

The following lemma, which has a much simpler, well-known analogue in Minkowski

spacetime, is a restatement of Lemma 5.3.1.

Lemma 7.3.9. (Pre-r? identity for M) Let o = 2+ s and L = a0, + 0,. For any

function f = f(r) supported where r > ry + dp, the following identity holds.

A . a'f o
/th [(1_arg+a2> Z f< Lé + 2+a2¢) p (ag¢)+e_¢

a’sin® a’f

2 1
@ f (8r¢ + ﬁﬁb) + méﬁz — ?87“(71.]0@52)]

a ’I“ a? —€e)r 2
(2” —f)Q 0+ af (—1L¢+( )¢)

+«

to
)
t1 P

2 4+ 2 2 4+ 2
2
Fea((l—f —rf") f— ~ a2l q* (Lo)

, % 2 , darf )\ ¢
+ (_erf +7°2—|—a2f) 7 +7’2(—ll—a2 <—(1+6)O¢f —rzo_é:(ﬁ) ?]

= a?sin® 0\ r* + a’ —1 r alf f/ 2
/Et1 [(1_ar2+a2) e f(a L¢+T2+a2¢) + " (Dp0)? + q —¢

a®sin® 0 a’f

2 1
e f (@«Cﬁ + 702:_—a2¢> + m¢2 — ?ar<7nf¢2)]
2rf

+ / / - (2a1fL¢+r2 +a2¢) 0,0

+«
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7.3.6 The pre-r? identity for M

We prove the following lemma for the spacetime M by following a similar procedure

to that in the proof of Lemma 5.3.1.

Lemma 7.3.10. (Pre-r? identity for M) Let o = ﬂiﬁ and L = a0, + 0;. For any

function f = f(r) supported where r > ry + dy, the following identity holds.

[ [(1—o¢a28m29)T2+a2f(of1L@/)+ 3r @Z’) 71f(8@/}) +6f7§—22
iy

7«2 + (12 q2 7«2 + (l2

. 2
N a251rq12«9af <3r¢+ 3r ¢) 23f 1/12 1 O, (A231 1) >]

T2+6L2 T2+6L2 q2 AQ 2

af 2 2
(2’7 —f)Q OutbOts + ' (—1L¢+ o w)

to
|
t1 it

r? + a? 72 + a?
. W% a2 q*“ (L)’
— (% + a¥)0, (%) f 1522 7&65@2 (3 '+ fff_rjz) f—j]
- (-5 S e )+ e
+ - Sil;z bl ( Ortp + Qia2¢>2 r2 2—3];2 1/)22 A21 2 (A23 1y >]

& -1 6r f
+ /t; /it - <20é fLQ/J + md}) Dgl/).

Proof. The proof is similar to the proof of Lemma 5.3.1, however there are a few subtle
differences, some of which actually simplify the proof. Again, we will use Proposition

2.2.1 together with the following current template.
JIX,w,m], =T, X" +wpd, — —¢28 w + m, 2,

T;w = Qa,u'lvz)aud] - guuakwa)\w'
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Assume for now that Oz = 0. Let o = and observe that

A
ra?
L= a@r + @g,

q2grr — (T’2 4 (12)04,
q29tt — —(7“2 4 a2)04_1.

Lemma 7.3.11. Without appealing directly to the particular expression for «, one

can deduce the following.

2 6
ST divda 1] = (@7 Y (L) -

(a(0,9)? — o™ (0)?)
af
_ <ﬂ + f’) Q_gal/,@ﬁw

7,12_|_a2 7"2+CL2

Proof. Note that

divJ[X] = KM 0,00,

where

KM = 2" 0, X" — X 0\(¢") — divX g .
Set X = a1 f(ad, + ;) = fO, + a~ f0,. From the above formula, since g"* = 0,

¢ ¢
L (K" KTy =2 79, X" = 2a0,(a”"f).

r2 + a? r2 + a?

Thus, the expression for rzi—QagdivJ [a™! fL] will have a mixed term of the form

200, (ot f)0,1pOyb.
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Note that

(@™ ) (LY)* = (a7 f) (a0 + O)?
=a’(a”'f)(0:)* + 20(a” ) 0,90 + (a7 f) (9))".

We now compute the (9,1)? and (9;1))? components, subtracting the part that will

be grouped with the (Li)? term.

2 2 r
q T 2. .—1 _ q rr r r rr 2 2~yr\, 7
7’2—|—a2K — (a1 f) = i _29 X" —X"0,9" — A%qQaT(Alq X")g }
_a2(a—1 )/
_ q2 _2grraTXr . 1 ar(A%q%ger'r) . Oé2<Oé_1f)/
r2+a? | A2q?
1 2 2\3 2/ -1
= 2048,,]” - m&r ((7’ +a ) Oéf) — (a f)/
_ braf
2 4a?
and
q° tt 1 ¢ tt 2 2 tt 1
- / r r - /
T2+a2K —(Oé f) = r2 + g2 -X arg - A%QQ&"(Alq X )g —(Oé f)
q2

1 —1rv/
= —WW@(A?QQQHXT) —(a7'f)

1 _ —1p\/
= —m@» ((r* +a®)(=a™ ) f) = (a7'f)
6ra=tf
r2+a?’
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Finally,

2
T Qo _ 4 {_Xrar(Q)gaB Lo (22¢x) (Q)gaﬁl

r?2 4+ a? r? + a? A2
-5 [ enen
= —m@(W +a*)?Q f)
ap
T <r24—7|:fa2 * fl) r2Q+ a?’
Combining all these terms gives the identity stated in the lemma. O]
6rf

Next, we choose w = to directly cancel with the middle term in the above

r24qa?

lemma.

Lemma 7.3.12.

3 : —divJ {a—l fL, %}
(0 Y (L) + (7«22?@2 - f,) TQQ:BQ Outt - Qfazg <r26—:fa2> "
Proof. Note that
divJ[0, w] = wg"” 0,10, — 1 gww2
We compute the new terms only.
2q—2a?dwj [O’ rfifaQ] B 7’26ifa2 rzzia; Oat05 =5 Qicﬂ s (r26—7;fa2> 4

6 6 o 1 2 6
= ﬁfaz (O‘(aﬂﬁ)Q - a_l(at¢)2>+ :_f Q+ 2 Oath0p "9 23_ 53 (73 :_fa2) wg'

When adding these terms to the expression in Lemma 7.3.11, the a(9,1)? —a~1(01))?
67 f

r2+4a?

desired. ]

terms cancel (this was the reason for the choice of w = ) and the result is as
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The term —liﬂg (-2L) 92 is like =67~ f” — 247710, (r~ f)¢?. In the future,

2 r2+a? r2+a?

when f ~ 7P, this will have a sign —p*> —3p +4 = —(p +4)(p — 1). The sign will be
negative if p > 1, which is bad. So we include a divergence term to fix it. (Unlike
in the analogous step for the proof of Lemma 5.3.1, there will not be a need for a

smallness parameter €.) This is the point of the following Lemma.

Lemma 7.3.13.

yy ¢ [ 1 (_6rf srf’
o 1f (L¢)2+ R {_éﬂg (T2 g )T/f + div (7,02?[/)}

2 /
= af’ (Oél[ﬂp + 3r ¢) + ww2

r2 + a2 (r2 4+ a?)?

—Oz'@T( 3r )fw a* <—3ozf/ N —36arf >¢2-

r24+ a2 \r24+a®  (r2+a?)?

Proof. First, borrowing from a calculation in the proof of Lemma 5.3.4, we obtain

2
q 1 6rf 1 3rf
_—TQ n a2§Dg (_TQ n a2) wz — _—A%(TQ n aQ)aT (A%(rz _|_a2)aar ( o a2)> 2/}2

2 2
q 3rf 0, A7 3rf
:_r2+a2Dg<r2+a2>¢_ 8(2+a2)¢2

:_3a7"f”w 0, A? 8< 3rf >¢2

7"2 + CL2 AZ T2 + CL2

, 3rf ) 6aa? , 2r )
~0 () v ()

We also calculate

c 1 ITa
ﬁdl’l) < f L) m@a(A%dJQBTf L )

3rf’ 0.3rf'a) o,  0.A% 3raf’

R 2Ly + r2 + a? vt A? r2 4 q?
3rf’ 3af ., 3a7“f” ,  O0.A? 3raf o, 3rf

29 L
7“2—|— 21/}77Z)+ 2_|_ 2¢+ 2+CL2¢+ A% T2+CL2¢ +OéT2+a277Z)
3rf 9acf’ 2, 3ar f" 6af o 0.A% 3raf 3rf
= 2L = /

72 + a? v w+r2~|—a2¢ 7’2+a2¢ r2—l—a2¢ * A r2+a2¢ o 72 + a?
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The first two terms in the last line almost complete a square (up to a term on the
order of %) with the term ™1 f/(L1)?. The third term cancels with the first term
from the previous calculation. Due to the fourth and fifth terms, which did not show

in the calculation in the proof of Lemma 5.3.4, the € parameter is not needed here,

allowing for a slightly simpler calculation.

_ 3rf’ 9a f! _ 3r > a29af!
1 pr L 2 2 L 2 — / lL 2
a S ¢)+r2+a2¢ ¢+r2+a2w af e Q'D+7“2~|—a2¢ +(r2+a2)2¢
and
B 3arf" o Barf” , _0
7"2 +a2 7”2 +CL2 '
The new terms are
0, A2 3rf 6o f’ 0,A? 3raf’
_Or o, 2 2 r A7 2
A2 @ (rQ—I—aQ)w r2+a2¢ A2 r2+a2¢
6af' ., 0A? 3r
— — o, 2
r? 4+ aﬂ} A2 r2 4 a2 afy

_ 6af 4y 3 612 )
N _r2+a2w B <r2+a2> <r2+a2 B (r2 4+ a?)? afy

_ 6riaf’ o 6aa f! _( 4r )( 3 N 6a? )ozf?ﬁz

(r2 4 a?)? (r2 4 a?)? r2 + a? Cr2 4 g2 (r2 4 a?)?
_ —6rtaf + 127’0sz2 N a? —6(r? + a®)af — 24raf i
a (r2 4 a?)? r2 + a? (r2 4 a?)?

Adding these terms together and ignoring terms with an a? factor yields

¥

7?2 4 a? (12 4 a?)?

2 '
ozf’(ozle—l— 3r ¢> +6roz(2f—7’f)

414



M a?
3 Or ) are

—a/0, (ﬂ) ¢2_% (f’+ 2r f) ¢2+o/ 3rf’ wQ_i_ 0L29ozf’2w2

All the remaining terms (which either contain a factor of o/ ~

r2 + a? r? + a? r2 + a? r? + a? (r2 4+ a?)
a? —6(r?* + a*)af’ — 24raf 02
2+ a2 (% + a?)2
3r a? (=6 +9—06)af (=12—24)arf
— _ lar o 2 2
a <r2—|—a2>f¢+r2—|—a2( "2+ g2 + (r2 + a2)? ¥

:—a'c?r( 3r >f¢2—|— a2 (—3af’ . _36a7“f2)¢2'

2+a \r2+a  (r2+a
Adding both of these yields the result. O]
Thus, we have shown that if Oz = 0, then

2 !

q . -1 6rf 3rf
——divJ L, ——— L
2t az {Oé / "r2 4 a2’ g2

2 ’ «
af (a—le+ 3r w) +w¢2+( 2rf —f’) AP

r2 + a (T2 + (12)2 r2 + a? r2 + a?

_a,a_Qf(Lw)Q_a,ar( 3r )f@/)2+ a2 <—3af/ . —36a7“f2>¢2‘

r2 + a? r2+a? \r24+a® (124 a?)

If we remove the assumption that Oz = 0, there is an additional term

orf

r2 4+ a?

(2X(¥) + wep)Og¢) = (2a—1fL¢ + @D) Dt

appearing in the expression for div.J.
Finally, we turn to the boundary terms. Since we have assumed that f is supported

away from the event horizon, it suffices to compute —J°.
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Lemma 7.3.14.

_ 6rf 3rf
_Jt |:O[ 1f ,T2+a’2,?L:|
a’sin® 0\ r? + a? . 3r _1f 6f )
—(1—%+az> ! f(a Lw+r2+a2w) + Ly + 2y
a? sin? 0 3 ? 3a’f o, 1 2

Proof. Borrowing a calculation from the proof of Lemma 5.3.5, we have

a’sin® 0 _lf

FOr)*+

24 g2 24in2 ¢
r a(l a? sin ()’

Plartn =S5 (1= oS DY o (Lot

Borrowing another calculation from the proof of Lemma 5.3.5, we have

o]
_ <1_ai2251+n;9) (Gra 1f¢L¢+ 3f¢) iZSinzze (6rf¢arw 3f¢)
T LA
o) (e ) o2 (o )
__f¢ 3rf’1/} +8:4§1%3;~2f¢ A21 0, (A23r f0)?).

Following a similar procedure as in the proof of Lemma 5.3.5, we notice that

1

T L Y Ly
T +a2 . 3r 2 9a%f )
g2 f(a Lw+r2+a2w) +q2(r2—|—a2)¢
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and

7“—|—a 6rf 7“—|—a

Fo + T uow+ 90’/

2
f( rw "2 2w> +—q2(r2+a2)¢2.

Also, there are two new terms, which we now combine.

9f 2 e~

T qu_fw -t q?(izifa%wz E q2<17"22ﬁfa2>1/’2‘

Thus,

— {a‘l fL, T26:fa2}

() e )
acisj_nif r? ;—2 an (@«@b . %¢)2
- e S awr + L 2 - o)
Finally,
—Jt [o 0, 3”0/4 = —3;—;f/¢2ﬂ = —3;—f/¢2.

Adding these two expressions together yields the result. O

This concludes the proof. O

7.3.7 The incomplete r” estimate near :°

Now we combine the identities from Lemmas 7.3.9 and 7.3.10 and make a choice for

the function f (so that f = r? for large r) to prove the following proposition.

Proposition 7.3.15. Fiz §_,0, > 0. Let R be a sufficiently large radius. Then for

all p € [6_,2 — 4], the following estimate holds if ¢ and v decay sufficiently fast as
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r — OQ.

[ (OSSR (L) + [P +17%07]
Y, N{r>2R}

Ztg ﬂ{r>2R}

2 P=1[(Lb)2 2 2,2
T / / L (GO e
2 p—1 2 2 2,2
+ / /E L (CURY TR

S R R C G By | o [(L)? + [V + 7207
i, N{r>2R}

Zt2 ﬂ{r>2R}

+ Err,
where

Err = Erry 4+ Erry + Errg

to 2
Erry — / / (Lo + Vo + - (0,0)° + ¢
t1 Ztﬁ{R<7‘<2R} M

t2 2
Li)? 2 a_at 2 2
+f /mRMR}( D+ VU 4 (@0

Erry :/ a’r?=2(0,¢)* —i—/ a’r?2(0))?
¢, N{r>R} 3¢, N{r>R}

to to
Erro = / / (L] + r|6)|T,0] + / / PP(|L] + 1)) O
t1 StN{R<r} t1 Sin{R<r}

Remark 7.3.16. Unlike most estimates, this estimate could have been separated into
two valid estimates—one estimate depending only on ¢ and the other depending only
on . The reason is that the linear terms Ly and Ly, which cause the mizing, were

ignored. (See Err; in Proposition 7.3.17.)

Proof. The estimate follows from the identities given in Lemmas 7.3.9 and 7.3.10,

and a particular choice for the function f.
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where

0 r<R
p =19 smooth,p >0 r€[R,2R]
r 2R <r.
With this choice, we have
f>0
>0
and for r > 2R,
f=r
fr=prtt
Furthermore, for r > 2R,
2rf s 2rptl e = (2 —p)rp+1_a2p7“p_1 S 1 o CLQ_p =1
r2 +a? r2 + a? r2+a?>  r?2+a® ~ 1+a%/(4R?) AR?

It follows that if p < 2 — ¢, and R is sufficiently large so that % < §,/2, then for

r> 2R,

Tpfl < 2rf . f/
~ 2 + a2 '

Also, for r > 2R,

ca((1—e)f —rf") =ea((l—e)pr’ —p(p — 1)r*"") = eap(2 — e — p)r"~*.
If R is sufficiently large so that o > 3/4 and p <2 — §, and € < §, /2, then

er? L <ea((1—e)f —rf").

419



Also, for r > 2R, if p <2 —§,, then

6ra(2f —rf’) _ 6ra(2 —p)r? ~ (2= p)r-]
r? + a? r2 4+ a? b '

We also note that there are some error terms that either have a factor of o’ or

2

2z Bach of these terms has a smallness parameter available, since R can be taken

to be very large and

and

r2+a? ™~ R?
Finally, we observe that if ¢ and 1 vanish sufficiently fast as r — oo, then since

f is supported for r > R, we have

1
/E 0.1 %) =0
and
1
1

With these facts having been established, it is straightforward to check that the

estimate follows from Lemmas 7.3.9 and 7.3.10. O

7.3.8 The r? estimate

We conclude this section by proving the r? estimate. This is a combination of the
hoy estimate (Proposition 7.3.7), the Morawetz estimate (Proposition 7.3.8), and the

incomplete r” estimate near i° (Proposition 7.3.15).

Proposition 7.3.17. Suppose |a|/M is sufficiently small. Fix 6_,64 > 0 and let

p € [0_,2—0,]. Then the following estimate holds if (¢,1) decay sufficiently fast as
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r — OQ.

/E (L) + |V +r 26 + (0,0

to

[ o [P TP R )]

to

+ / /E 7 (16 + Xl W6l £ 1726+ 17000

+

/ /2 P Xarap (L) + Xarapl W12 + 77202 4+ 17 2(0,)°

/E 7 (L) + |V + 126 + r2(0,0)]

t1

+ / r’ [(LW+ |Wl2+r‘2¢2+r‘2(8rw>2] + Err,
S,

2
Ttrap )
=) and

where Xirap = (1 —

Err = FErr;+ Erry,;
to to
= [ wqrelerteic+ [ [ el lic
t1 JEN{R<r} t1 JEN{R<r}
t2
Brru= [ [ 10X(@)+ w6+ wwp) Oy - o)
t1 it
t2
[ ] 1eX) + 06+ d06) T - L),
t1 St
where the vectorfield X and functions w, w,), W, and W) satisfy the following prop-

erties.

o X is everywhere timelike, but asymptotically null at the rate X = O(rP)L +

O(Tp_2>at.
o X|,—, = —A0, for some positive constant \.
o X|i—r,a, = AO; for some positive constant .

e w and w are both O(rP™1).

® w, and W) are the same functions as defined in Proposition 7.3.8. In partic-
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ular,
|la]® M sin? 0
i

N la]?M sin® 6 _
(W@ @l < TM L.

[ww¥| S | Add],

Proof. We start with the Morawetz estimate (Proposition 7.3.8) and add a small con-
stant times the incomplete r? estimates (Proposition 7.3.15). The small constant can
be chosen so that the bulk error term Err; from Proposition 7.3.15 can be absorbed

into the bulk in the Morawetz estimate. The result is the following estimate.

[ (@op +196p +726] + 200

t2

+ /E r’ [(Lw)2+ IWFH‘W} +J\f—;(aﬂp)2

ta 2 o
+ / /E e {Xtrap(Lgby + Xtrap| Y| + T_2¢2] + F(ar¢)2
ta ~ o
+ /t1 /it e [Xtmp(le)Q + Xtrap‘yw|2 + T_quQ] + r_3(a’"¢>2
M2
S [ Loy +IV6F + ) + S (B0
= r

t1

+ /itl r’ [(L@Z))Q + Yy + T_Q@DQ} + ]\;[—22(67«@/1)2 + Err’,
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where
Err" = Erry + Errly+ Erry + Errl + Err),
Err} :/ r oL +/ r L) 4+ r 2P
b by
2

prry= [ @of+ [ @@+ [ S (007 + 0]

t2

1]

+ [ 2 a0 + @]

&)
3
=
il
I
)
[\~]
J
he]
[\]
—~
S
-
SN—
[\]
+
o—
)
2
=
v
=
&
2,
<7
'E
[\3
/_\
Q
<
\_/

¥, N {r>R}

to to
[ e+ ionioel + / / (12wl + 7]
1 Ztﬂ{R<7‘} t1 Etm{R<7’}

Brrg= [ [ 10X'(0) + w6+ ulyu)(Oy6 - L)

t1 P

8>
=3
o~
I
;\_'

" / 2 [ 1@X(0) + @6 + 1 0) (050 - Lol

and X', w', @', wga), and zbga) are the vectorfield and functions defined in the Morawetz

estimate (Proposition 7.3.8).

The error term Err} can in fact be removed due to the following argument.

ETT;S/ er?(Lp)* 4 ¢ trPr2¢? —|—/ er?(L)? 4 (e 1P 4+ 1)r~ 22
s $

to to

< / P [(Lg) +r 26 + / (L) + 7]

t2

—|—/ 6_1¢2+/ ey,
e, N{r<Re} Se,N{r<Re}

The radius R, should be chosen sufficiently large so that e 1r=? < er? and e 1r P41 <

to

er? whenever r > R.. This critically depends on the fact that p > d_ > 0. Now, the
parameter € can be taken sufficiently small so as to absorb the first two terms into

the left side of the main estimate and the last two terms can be included with the

term Err} after applying a Hardy estimate.
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We return to the main estimate. Notice that most terms have improved weights
near i and a few error terms remain on H;? and ¥;,. The next step is to use the hd
estimate (Proposition 7.3.7) to eliminate these error terms and improve the weights

near i° for the remaining 0,¢ and 9,4 terms. The result is the following estimate.

L;TPKL@2+¢VMQ+TZ¢2+T2G%@ﬂ

2

s [ [ R+ 2+ 0]

to

7 Xtrap(LO) + Xtrap| VOI° +172¢% + 1r72(0,0)7]

+ / rP [(Lw)2 + |V +r2? + r‘Z(asz)Q] + Err”,
Sy
where

Err" = Err! + Erry + Erry + Errly + Err),

Err’ L =2 42 2 -1 I 2 _92 2
e / /Etﬂ{5M<T} (e ¢)+/t1 /im{5M<r} er () 47

Err) = / %7’”4@2 + A%)?)
D)

to

to
&%:/l/ (g 1 )
t1 Etﬂ{6M<7"} M

to to
Errl] = / / (L] + o)) Oy6] + / / (L] + ) Dy
t1 S¢N{R<r} t1 Sin{R<r}

Brof= [ [ 12X0)+ w6 + uifyu)(0,0 — L)

nl —

T / " 1@X W) + @+ ) (O — L)

3t
to t2
+ / / Cr2|0,p(0,y6 — Lo)] + / / Cr? 2|0 (O — Ly)|.
t1 pIN t1 3t
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Note that each of the error terms Err], Erry, and Err{ comes with a smallness
parameter. By taking e and |a|/M sufficiently small, these error terms can be absorbed
into the left side.

We are left only with the error terms Errg and Err),, which we now combine by
replacing |O,¢| and |Ogep| in Erry with [L4] + |00 — Ly| and |Ly| + |Oz00 — Ly
respectively. The |L4| and |£,| terms are collected into the linear error term Erry,
and the |O,¢ — L4] and |0z — L] terms are combined with the terms in Err’”, to

form the nonlinear error term Err,,;.

Errl + Errl,
<[ P(IL “HohlL ’ (L “HyDIL
N/tl /m{mf(' o+ 1) ¢|+/tl /gm{mﬁ"(' B+ 1Ly
4 / (2X(6) + w6 + w )Ty — L)
t1 P
T / [ 12X) + 00+ d00) (@50 - L)

S Errp+ Erry,

where
X=X +00"H0, +0(")L
w=w+ 0@
W=+ O
Wia) = Wa)
B(a) = W)
This concludes the proof. O
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7.4 The dynamic estimates

In this section, we prove the dynamic estimates, which provide all of the necessary
information related to the future dynamics of the system. These estimates are simply
restatements of the energy estimate (Proposition 7.3.6) and the r? estimate (Propo-
sition 7.3.17) applied to either (¢, ) itself or higher order pairs (97 ¢, 0;j1), (¢°,1°),
or (¢F, k).

By applying certain operators to the wave map system, the dynamic estimates are
generalized to higher derivatives of the quantities ¢ and . This will generalize, for
example, the classic energy norm FE(t) to the homogenous classic energy norm Es(t)
(obtained by applying the only true commutators of the linear system, 97), as well as
to the norms E*(t) and E**(t). The other norms generalize the same way.

The various versions of the dynamic estimates are given in Theorems 7.4.2, 7.4.4,
7.4.5,7.4.11,7.4.16, 7.4.20, and 7.4.23. Theorem 7.4.2 is an immediate consequence of
Propositions 7.3.6 and 7.3.17. Theorems 7.4.11 and 7.4.20 follow from Theorem 7.4.2
by applying operators to the wave map system. These theorems are then improved by
handling various linear error terms (which mainly arise because the operators do not
commute with the entire linear system) and applying the equation. More specifically,
Theorem 7.4.4 follows from Theorem 7.4.2, Theorem 7.4.16 follows from Theorem
7.4.11, and Theorem 7.4.23 follows from Theorem 7.4.20. Additionally, Theorem
7.4.5 follows directly from Theorem 7.4.4, since the operators 97 do in fact commute

with the entire linear system.

7.4.1 The dynamic estimates for (¢, )

We start by combining Propositions 7.3.6 and 7.3.17 to obtain Theorem 7.4.2. But

first, we define the following two expressions to simplify the nonlinear term.

Definition 7.4.1. Let X, w, w), w, and W) be as defined in Proposition 7.5.17.
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Then define

Xy = 2X () + wo + w(ayt

Xy = 2X () + 0P + W(a) 9.

With this definition, we now have the following theorem.

Theorem 7.4.2. Suppose |a|/M is sufficiently small and fix 6_, 5, > 0. The following

estimates hold forp € [0_,2 — 4].
to
E(ty) S E(t) + / N(t)dt
¢

E,(ty) + /t2 B,(t)dt S E,(t1) + /tz(Ll)p(t) + Np(t)dt,

where

=/ +(90)* + |VoI* + 72"

+/ H(O0) + (D00 + [T + 1202,

E,(t) = / (L) + |V + 126 + r2(0,0)

d [ [0+ 1908 + 2R 0
¢

Bp(t) :/2 P [Xtrap(L¢)2 + Xtmp|y¢|2 + T_2¢2 + T_2(8r¢)2]

[ a0+ gl TP + 1720 172007
P

(L)1) = / N R BT / (L) + )L,

tN{r>R}
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N@) = | 10:0]|0g0 = Lo+ | |0:0]|Bgeh — Ly,
Et 2t

N, () :/E PP X 10,0 — Lyl +/S PP X100 — Lo,
M)Q

where xg =1 — " and Xirap = (1 —

Proof. This is a direct application of Propositions 7.3.6 and 7.3.17. Note that the
linear error term L derives from the error term Err; in Proposition 7.3.17, which
derives from the r? estimates near i° that were proved only for the scalar wave equa-

tions. This is why the linear error term (L;), is supported far away from the Kerr

black hole. O

We will momentarily improve the prevoius theorem by absorbing the linear error
term (L), into the bulk term B, () on the left side. To do this, we need the following

lemma.

Lemma 7.4.3. If (L1),(t) and B,(t) are as defined in the previous theorem, then

a
(L0y(t) S 57 By(t).

Proof. We have

[ el ieic
Etﬂ{r>R}

1/2 1/2
< p—1 L 2 -2 42 p—i—lﬁ 2)
~ (/Ztﬂ{r>R}r [( ¢) o ¢]) (/Etﬁ{r>R}r ( ¢)
1/2
s ([ )
>:n{r>R}

|al (|a|)_l/ 1 2
<EB@t)+ (= P (Lg)?.
2O+ 4 S (Ls)
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An analogous estimate also shows that

— || <|a|>_1/ 1 2
L+r11/1£<— )+ = P (L,)2.
Lém“»ﬂ UL DIE S B0+ g ) [ L)

Therefore, it suffices to establish the following estimate.

2
[ [ e S ipBe. )
S {r>R} S {r>R} M
Let us look at the L4 term first. Recall that
8°‘B 8“3%3 0*A0,B
It follows that
/ 7.;0+1 (£¢>2
Etﬂ{T>R}

ro*B ro*Bo, B \* ro“A0,B \*
<L (50 1 () < ()
/;ﬂj{’l‘>R} ( A2 A2

9°Bo,B \* rd*B r0®Ad,B \*
Lo (TR () ()
/Etﬂ{’l”>R} A2 itﬁ{T‘>R} A A2

Using the identities from Lemma 7.2.20, one can easily check each of the following

estimates.

A2 a2
ro“B 2 a? a? M?
( T 3a¢> S lew + 22 5 ( on)?
ro®Ad,B \* _ a® _
( A2 @/)) ,S T’ 2¢2
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Thus,

(L) < LB (1).
/Z}m{r>R} ¢ M2F

Let us now look at the £, term. Recall that

9% A, 8aB 9*Bd,, B
= -2 2471 2—— 2.
Ly 1 Oat) + Oa + Ve (0
It follows that
/ P (Ly)?
itﬂ{?">R}
9 A 2 /ro°B ro*Bo, B \°
< (7“ Qaaw) ; ( acb) (— w)
/itﬁ{r>R} A2 A?

oA 2 “BH. B 2 B
5 / Tp_l (Ta 26a,¢}) + (%w) —|—/ ,,,,p (ra a¢) ‘
i)tﬂ{T>R} A2 A Sin{r>R}

Using again the identities from Lemma 7.2.20, one can easily check each of the fol-

lowing estimates.

~ M? M2 2
rd*Bd,B \* _ a*> _, ,
( e ‘”) ~aet Y
ro“B 2 a? a® M?
( ) 3a¢) S <51V + E 2 (8,0)?
Thus,
[ e s a0
$un{r>R} M
This completes the proof. n

With Lemma 7.4.3, Theorem 7.4.2 can be improved so that the linear error term
appearing on the right side of the r? estimate is removed. Also, by assuming the full

nonlinear equations, we can simplify the nonlinear error term. This is the purpose of
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the following theorem.

Theorem 7.4.4. (Improved version of Theorem 7.4.2) Suppose |a|/M is sufficiently

small and fiz 6,0, > 0. Suppose furthermore that the pair (¢,1) satisfies the system

Dg¢ = [’¢> +N¢>7

O = Ly + Np.
Then the following estimates hold for p € [6_,2 — d4].

Elts) < E(ty) + / * Ny,

E,(t) + / " Bt < By (h) + / "N,

t1

where E(t), E,(t), and B,(t) are as defined in Theorem 7.4.2, and
N(t) = (B (Nl + Wl 2z, )

10BN + / O |

Ztﬂ{’rZT‘trap}

Ny(t) = /E TN / PP NG) + /

P Etﬂ{rzrtmp}

Proof. By Theorem 7.4.2, we have

B S B+ [ N

where

N(t) = [ 10011046 — Lo] + / 9]|Ogt6 — L]
pIN 3t

— [ alNg + / Dbl ING.
Et Et
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Observe that

N(t) = / BN + / Bl NG

S N0l 20 [Nellz e + 110001 2 Vw25

S (BO)PIINGllz2s + E®) Nl 2,

~

< N(t).

This proves the first estimate of the theorem.

By Theorem 7.4.2 and Lemma 7.4.3, we have

jal [

to to
Ep(t2)+/t Bp(t)dthp(tl)JrM t Bp(t)dt+/t N, (t)dt,

where

N (1) = / PPL||0,0 — Lo] + / PP X Ot — Ly

= [ PN+ [ G

¢

Observe that

/E e

S [ Oamlzol + ol + AW+ 00N + [ ol
3t

SN {r=rirap }

1/2
< (B,()" ( / rp“ww) T / 0l
t tNr=Tirap

sept)+ et [ NP [ ool
hoN SN {ra=rirap}
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An analogous estimate also shows that

[ PIRING S By(0) + N )
P

Therefore, we have

Ep(t2)+/t2 B,(t)dt < Ey(t) + (|al/M + ¢) /tQ By(t)dt + ¢! /tz N, (£)dt.

t1 t1 1

By taking |a|/M and e sufficiently small, the bulk term on the right side can be

absorbed into the left side. The result is the second estimate of the theorem. OJ

7.4.2 The dynamic estimates for (0/¢, 9;v)

We now begin to derive higher order estimates analogous to Theorem 7.4.4 by com-
muting with the linear system. The only operator that completely commutes with
the linear system is the operator 0;. Therefore, we immediately have the following
homogeneous estimate, which will be important at the highest level of derivatives in

the proof of the main theorem.

Theorem 7.4.5. (Generalization of Theorem 7.4.4) Suppose |a|/M s sufficiently

small and fiz 6,6, > 0. Suppose furthermore that the pair (¢,1)) satisfies the system

Dggb = £¢ +N¢,

Dg@/} = ﬁw + ./V’,p.
Then the following estimates hold for p € [6_,2 — d4].

o o t2 o
E*(ty) S E%(ty) —1—/ N*(t)dt,
t1
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o t2 o o t2 o
E;(t2)+/t B;(t)dtSE;(tl)-i-/t N (t)dt

=" BI(56,8 v))(0),

s'<s

=" B0 6,07 v))(),

§'<s

=D B3] 6.0/ v)(®),

§'<s

where

and

() = (@)Y S (1107 Nol e + 10/ Nl s, )

§'<s

Z/ ,,,erl as +Z/ Tp+1 88
bon

s'<s §'<s

+Zé{ }WwﬁNHZ/ 10510 N .
§'<s tN TRTtrap

/<5 tﬁ{?“%?"ty-ap}

Proof. The proof is a direct application of Theorem 7.4.4 by making the substitutions

¢ 0 b
W O

for all values of s’ where s’ < s, and observing that if

Dg¢ = £¢> + N¢>,
Dgw = ﬁw —i-./\/;p,
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then

Dg(af/¢) = L(ats’@ + afl/\@,

Dﬁ(af/w> = ‘C(afl'z/)) + 55//\@7

where L, and L, ) are the expressions obtained by replacing (¢, %) with (9 ¢, 05 )

in £, and L, respectively. O]

7.4.3 The dynamic estimates for (¢°, 1*)

Even though 0, is the only operator that completely commutes with the linear system,
the second order Carter operator @ and its modified version @) commute with the wave

operators ¢?0, and ¢*0; respectively.

Definition 7.4.6.

Q = 0 + cot 00y + a*sin” 007,
Q= 03 + 5cot 00y + a*sin® 007

Lemma 7.4.7.
[Q; QQDg] = 07

[Q,q°05) = 0.

Proof. One can check that the operator ¢*0, — @ does not depend on 6 or ¢ and has
no Oy operators. Since () only depends on 6, and has only dy and 0; operators, that

means

0= [Q7q2Dg - Q] = [Q7q2D9]'
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Similarly,

N a A
Q2D§ -Q= QQDg + 2(]28 18(1 — (Q + 4 cot 00y)

A
:DQ—Q+(2 20 1(9@—4cot089)
Ay
4T 2 _ar
=0, -Q+ 2+a2(qg )0a

Since ¢*0, — Q and T;f:aQ (¢?9°")0, do not depend on @ or t and have no 9 operators,

and since Q only depends on 6 and has only 9, and 8, operators, that means

0=[Q,q¢*0; — Q= [Q’qzljg],

This completes the proof. n
We define the s-order commutators I' and T.

Definition 7.4.8.
Iy = Qo

[u = Qlaf’zlu,
where 0 < 21 < s.

We also define the s-order dynamic quantities ¢° and 9®.

Definition 7.4.9.
¢* =179,

g =T,

Additionally, we define the s-order analogues of Ly, Ly, X, and X).
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Definition 7.4.10.

9°B _ . _9°B8,B ., 0°Ad.B . .
Ay, .0°Bd.B , . 0°B_
Lyn = =2 200" + 2= + 2471 =00

and

X¢s = 2X(¢S) + wqbs + w(a)@/)s

Xyps = 2X (V%) + 0Y° + W(0)¢”,
where, in each expression, the exact same operator I'* or ¢ is to be used in each term
on the right side, replacing Q) with Q where appropriate. For example, the expression

0“B
_9 v

~ 0*“B0,B 0“Ad,B | ~
A0, (QY) + 2T(Q¢) - 4TA(Q¢)

belongs to Ly (s = 2) while the expression

0“B 0*Bo,B

, 0°Ad,B -
25 A0, (0F) + 2= (Q0) — 4

S AQY)

does not.

We take a look again at the equations
040 = Ly + N¢,

Oz = Ly + Ny.
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By applying I'* and T'* repsectively, we obtain additional useful equations.

Dg¢s — q72rs<q2£¢) 4 q72rs<q2/\/‘¢>

= Ly + (TP Ly) — Los) + g T (¢°Ny),

Og0° = ¢ °T*(¢*Ly) + ¢ T (¢°Ny)

= Ly + (TP Ly) — Lys) + ¢ T (¢ Ny).

Therefore, Theorem 7.4.2 can be generalized to the following theorem. (Note the
presence of the additional terms (Lg)*(t) and (Lg);(t), which arise from the fact that

the I and I operators do not completely commute with the linear system.)

Theorem 7.4.11. Suppose |a|/M is sufficiently small and fix 6_,0, > 0. The fol-
lowing estimates hold forp € [6_,2 — 04].
to
Bt S B°(0) + | (L)) + N0,
t1
to to
B3 (ts) + /t Bi(t)dt < E3(t) + /t (L3(0) + (La)3(t) + N2 (),
1 1

where

E*(t) =Y _E[(¢",9")](1),

Ey(t) =) Byl(6",v*))(0),
By(t) =) Byl(¢”, v*)(1),
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and

Z/Elfw T(qPLy) — Loy |+Z |8t1/13 (¢ T (L) — Ly)],

§'<s §'<s

}jé;@¢ 0,6° — ¢ T (L)) + Y

s'<s §'<s

<L1>;<t>:§<j / IR T |+Z / A e

Z/ T’p|X¢s —f—Z/ T’p|X¢s
3¢

/<S /<S

=3 [ lim -+ Y [ o

§'<s s'<s

/i 0" (O — T (L)),

2115 ( 25@[}) L

q_2FS ( 2£¢ ¢5

97/)8 —Q_ZFS( L )|

Proof. The proof is a direct application of Theorem 7.4.2 by making the substitutions

¢ ¢
P

for all values of s’ (and all commutators represented by I'*" and fsl) where s < s.

The following estimates are used.

0" — T (PLy) + 1T (P Ly) — Loy

|Dg¢8/ -

?

" — TP L) + g T (PLy) — Loy

Ogy —

The resulting error terms have been grouped into the parts that will either be linear
or nonlinear when using the equations for the fully nonlinear system. (See Theorem

7.4.16 below.) n

Asin the proof of Theorem 7.4.4, we would like to absorb the linear error terms into

the bulk. But unfortunately, the terms (Ly)*(¢) and (Lz);(t) are not as straightforward
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to eliminate. The term (L2)*(¢) cannot be absorbed, because it belongs to the classic
energy estimate, which has no bulk quantity on the left side. The term (La);(t),
which belongs to the 7?7 estimate, cannot be completely absorbed into the bulk on the
left side, because of a complication at the trapping radius.

The strategy is as follows. In Lemma 7.4.12, the linear terms (Lg)*(t), (L1);(1),
and (Lo);(t) are estimated by the appropriate bulk norms except near the trapping
radius. The trapping radius will need special care, because the factors 0;¢° and 9,1*,
which appear in each of these linear terms, cannot be estimated by the appropriate
bulk norm. Actually, for the particular case where 0;¢° (resp. 0y1)°) represents
OiT ¢ (resp. 0:T'4p), then this factor can be estimated by the homogeneous bulk
norm Bt1(t) with a loss of one derivative. The advantage in this case is that the
homogenous bulk norm has already been estimated in Theorem 7.4.5. The problem
is that 0,¢° (resp. 0;1®) also represents terms with the operator @) (resp. Q) In
Lemma 7.4.14, an approximate identity is given for the factor 0;¢° (resp. 0u)®),
which expresses it as a sum of 9;™'¢ (resp. 9;7'¢) and other terms. Then in Lemma
7.4.15, this approximate identity is used to refine Lemma 7.4.12. The result is that
there will be a loss of one derivative (although to a homogeneous norm) as well as

nonlinear terms.

Lemma 7.4.12. If (L2)*(t), (L1);(t), (L2);(t), and By(t) are defined as in the previ-
ous theorem (but with the absolute values moved outside the integral-see the remark
below), then

(L2)*(t) S 7 Bi(t) + Ertivap

and

(L3 + (L)) < U B3t) + Brrya,
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where

Errtrap =

/ 06" (T (L) — L)
Sin{rarirap

_I_

/ 8tws(q_2f5(q2£w) — Lys)] -
Etﬁ{r%mmp}

Remark 7.4.13. The quantities (L2)*(t), (L1),(t), and (Lz);(t) have been slightly
redefined so that the absolute value is moved outside the integral. This small detail
will be important in the proof of Lemma 7.4.15, because it allows integration by parts.
The concerned reader can easily check that all of the estimates developed so far are

also valid with the absolute value outside the integral.

Proof. From Lemma 7.4.3, by replacing ¢ and ¢ with ¢° and ¢°, we have
(L1)y(8) S 77 B,(1).

The challenge is to estimate the new terms (Lz)°(t) and (Lg),(t), which arise from
commuting with the operators () and Q.

Observe that

8,9 (q (L) — Lys)

p

-1
a _ s a o
< lal 2067+ (14 / (TP L) — L)+ Ertinay
M SO {r~rrap}

Et \{rzrtmp}

ol e (1) e
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and

/Z P Lo (q T (¢* L) — L)

-1
S lal PN (Le®)*+ i / g TP L) Lo ) HErT trap
M S\ {r~rirap}

Et\{'f'%'f'trap}

|al jal\ ! / _
< B3t — PRI (P L) — L) + Erriray.
~ M p( ) + M S\{r~rirap} ' <q <q d)) ’ ) T

From these two particular example estimates, it should become clear that the lemma

reduces to the following estimate

[ et Lo [ L) - Lo
S\ {r~rtrap} Si\{r~rirap}
a’ .
S WBp(t)7

since one can take p = 1 to estimate the (L2)*(¢) term.

Given the estimate (7.12) for £, and £, established in Lemma 7.4.3, it suffices to

show
B 2
[ et [ L) S g B
Zt\{rz"ﬂt'rap} Et\{rzrtmp} M
This follows from the formalism developed in §C. O

In a moment, we will estimate the error terms Erry.q, from the previous lemma.
But in order to do so, we need the approximate identities given by the following

lemma.

Lemma 7.4.14. In a neighborhood of 14,4y, the following identities hold in the sense

that each term on the right side is missing a smooth factor.

00" = 0o+ 070" + 170,07 + g TGP L) + T T (@00 — ¢PLo),
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0" = Oy + O ™ T O T+ TP Ly) + TN (PO — ¢PLy).

Proof. By the definition of ¢* and the fact that [0;, Q] = 0,
8,0° = B 21,
We use the approximate identity
Q0+ 07+ r 0, +0,.

(In reality, there is a factor of ¢* missing, but this function is smooth and bounded
in a neighborhood of r4.4p.)

We have

Qo OTHNQT (979 + 2+ r 0,0 + Oyo)

~ 8572(i71)+1Qi71¢ + 83¢371 + rflar(bsfl + stl(ljg¢ _ £¢) + stl(ﬁd))

Repeating this procedure ¢ — 1 more times proves the first approximate identity of

the lemma. The second approximate identity is proved the same way. O

Now we improve the estimates from Lemma 7.4.12 by estimating the error term

Erripap.

Lemma 7.4.15. If (Ly)*(t), (L1)5(t), (L2)5(t), and By (t) are as defined in Theorem
7.4.11 (but with the absolute values moved outside of the integral as in Lemma 7.4.12),

then

and



where

N*(t) = (E°(t))"? (Z laT* (¢* 0y — ¢°Ly)l|2(,)

§'<s
+ Z 17T (¢°Og¢p — q2£1/1)”L2(it)> ;

§'<s

N;(t) = Z/ Tp+1‘q72rs’(qzmg¢_q2£¢)|2 +Z/ rp+1‘q72f\s’(q2mgw _q2£w)‘2'
Et Et

§'<s §'<s

Proof. From Lemma 7.4.12, it suffices to show that

+

/ 0:8*(q T (q°Lo) — L) / 0* (7 T*(¢°Ly) — Ly)
Etﬁ{rzrtmp} 3t ﬂ{rzrtmp}

< B30y + By () + V)

and

/ 0,9 (q T (L) — Los)| + / O (q T (¢* L) — L)
Etﬂ{’r‘%TtTap} Etm{T%Ttrap}

< B30y + 770 + N30,

We prove these estimates by using the approximate identities from Lemma 7.4.14,
ignoring the factor of |a|/M, which clearly comes from the factors (¢ 2I'*(¢°L,) — Lgs)

and (¢~2T°(¢?Ly) — Lys). The following examples illustrate all of the difficulties.

/1 (0716) (T (L) — L)
Etﬂ{’r%Ttrap}

5/’ @ﬂW+/ (2T (L) — Lo)?
Etﬂ{rzrtmp}

Zt O{T’Q'J"'trap}

< Bt + Bi(t).
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/ (BPT"19)(q T (L) — L)
Ztﬂ{’r‘%T‘trap}

< / (O,1°716)0, (72T (L) — L)
Etﬂ{T%T'trap}

< / (0,75 1¢)? + / (0:(q7°T5(q*Ly) — Lgs))?
Etﬁ{T%’l‘ty-ap} Ztﬁ{rzrtmp}

S By(b).

In particular, note in the previous estimate the need to integrate by parts. The
expression ¢ *I'*(¢>L,) — L4 is a commutator, so it has at most s derivatives. We
can assume that none of these derivatives is 0., because otherwise, instead of using
the approximate identities from Lemma 7.4.14, we could have simply integrated by
parts to move one of the angular derivatives in 0,¢° to the other factor. We continue

with more examples.

/ (T (qPL0) (a0 (L) — Loe)
SN {r=rirap }

< / (2T (PLy) + / (2T (L) — Lo)?
Sin{rarirap Sin{r=rirap

S By(t).
/ T N (@°040 — L) (g T (¢* L) — L)
Sin{rarirap }
< / (2T (0,0 — PLo))° + / (72T (¢PLy) — L)’
Ztﬂ{T‘%T‘t’,»ap} Etﬁ{rzrtmp}

SN, () + B(t).
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Also,

/ { } q T NG 0y0 — ¢° L) (q°T(q° L) — Logs)
YN TXTtrap

1/2 1/2
< (/ (¢ N (¢*Oy0 — q2£¢))2> (/ (¢°T(¢°Ly) — E¢s)2>
Etﬂ{Tthrap} Ztﬂ{rzrtmp}

ST NP 0g0 — * L)l r2(s (B (1)?

< N¥(1).

These example estimates are sufficient to verify the lemma. O

By using Lemma 7.4.15 and assuming the full nonlinear equations, Theorem 7.4.11

can be improved slightly. This is stated in the following theorem.

Theorem 7.4.16. (Improved version of Theorem 7.4.11) Suppose |a|/M is suffi-
ciently small and fix 6_,6, > 0. Suppose furthermore that the pair (¢, ) satisfies the

system,

Dg¢ = £¢ + Nqs,

Dgw = Lw + Nw.
Then the following estimates hold for p € [6_,2 — d4].

E*(ty) < E°(ty) + /t2 éf“(t) + Bi(t) + N°(t)dt

t1

t

t2 2
E;(t2)+/ B;(t)dt§E;(t1)+/ B(t) + Np(t)dt,

t1 t1

where E°(t), E5(t), and By(t) are as defined in Theorem 7.4.11, l%s(t) is as defined
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i Theorem 7.4.5, and

N*(t) = (B°(t))"? (ZHQ TNz + Y e T 2Nw)||Lzzi>>

1< §'<s

Z/ rp+1|q 2115 2/\/’ |2+Z/ rp+1|q—2rs 2N¢)|2
3t

/<S /<S

Proof. By Theorem 7.4.11 and Lemma 7.4.15, we have

B S )+ [ B0 + Bi(t) + N() + (N (1)t

t1

where

-y / 967 (0,07 — ¢ 2T (L))

s'<s
Z IMJ 050" — ¢ T (¢°Ly))|
s'<s
= |5t¢s'q’zfs/(q2f\/¢)l+z 0 g T (PN
s'<s s'<s Xt

Observe that

(N (0) =) | 100" a T (NG + Y | 107 q7°T (6PN

SISS 2t SISS o

S D N0 2o lla T (6P No)l 20

§'<s

+ ) 100 | 2 1T (PN 25,

§'<s

S D EWO) T T (PN e + Y (B (0) 2 1la T (PNl e,

§'<s §'<s
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This proves the first estimate of the theorem.

By Theorem 7.4.11 and Lemma 7.4.15, we have

to

B (t2) + /t2 By(t)dt S E5(ty) + / BS( )+ ’M|B;( t) 4+ Ny (t) + (N');(t)dt,

where
g¢s —dq QFS( L )’

+ Z/ 7| Xy || O

Z/ P Xeps

§'<s

0 — T (PLy)|

s'<s
—Z/ rP| el 7T (4P N,) |+Z/ rP| X llq 7 T (PN,
s'<s §'<s

Observe that

S [, el TN

S ; (/ P (Xys) )1/2 (/Et Tp+1(q2FS/(q2N¢))2)l/2
SE (B0 50)" (50)

§'<s

Hs+1 s —1nars
SeBy () +eBy(t) + € Ny(t).
An analogous estimate also shows that

S [ Rl T N S B+ eByte) + N ()
s'<s X

Therefore, we have

to

E;(t2)+/t2 B;(t)dtgE;(t1)+(|ay/M+e)/ B;(t)dt+/t2 B(t) + ¢ N3 (1)dt.

t1 t1 t1
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By taking |a|/M and e sufficiently small, the bulk term on the right side can be

absorbed into the left side. The result is the second estimate of the theorem. ]

7.4.4 The dynamic estimates for (¢**, ¢*F)

To handle nonlinear terms with a factor of 0,¢ or 0,1 near the event horizon, it will
be necessary to use the operator [ introduced in §5.4.4 in Chapter 5.

We recall the form of the commutator [I', ¢20,] from Lemma 5.4.10.

Lemma 7.4.17.
0%, ¢*0,)u = kA9, T u + {9,TSF10Sty, TSF10S2y, D=1 (20,u)},

%, g2 05Ju = kA9, + {0, 1Py, P12y, P<h-1(g20, )],

where the {...} notation is used to represent terms supported near the event horizon

with smooth factors. (See Lemma 5.4.9.)

Proof. The first identity is from Lemma 5.4.10. The proof for the second identity is

similar to the proof of Lemma 5.4.10. O]

Since I' doesn’t commute with O, or Oy, it is treated seperately from the previous

commutators. We define the s, k-order dynamic quantities ¢** and **.

Definition 7.4.18.
gbs,k _ fkrs¢7

ws,k _ f\k’f\sw
We also define the s, k-order analogues of L4, Ly, Xy, and Xyp.

Definition 7.4.19.

,0°B ,°BOB . 0"A0,B

£¢s,k —_ — A2 QS A

Aaawsk A¢s k
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0% A 0“Bo,B

Oath™" + QTw

ﬁws,k - _2

and

8

2A1 quk

Ko = 2X(¢%F) + we** + wiayy**

Xyor = 2X (0F) + 0™ + iy 0™",

where, in each expression, the exact same operator T*T'* or T*T'® is to be used in

each term on the right side, replacing Q with Q where appropriate. For example, the

ETPTession

80‘3 6‘138 B
AT Q) + 25—

—— (0Q¢) —

belongs to Lysr (s =2,k = 1) while the expression

GO‘B
A

0*“Bo,B

A2
does not.

We take a look again at the equations

Dggb = £¢ +N¢,

A0, (DOFY) + 2——5"—(1'Q¢) —

48 Ao, B

o ATQy)

By applying DFI'* and ['*T® respectively, we obtain additional useful equations.

0g6™" = (00" — ¢ (¢°0,0%)) + ¢ T (L) + g "I (6°NG)

= Lo + ¢ 2¢Oy, T¥¢° + (72 TFT(¢*Ly)
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Ogy** = (Og0%*F — ¢ TH(¢*(Og0*)) + ¢ 2T T (¢*Ly) + ¢ T (¢*Ny)

= Lysk + g2 [q2|:|§, fk]ws + (q’2f‘kl~“s(q2£w) — Lysr) + q’kafS(QZNw).

Therefore, Theorem 7.4.11 (which generalized Theorem 7.4.2) can be generalized
to the following theorem. (Note the presence of the additional terms (L3)*(¢t) and
(L3)5(t), which arise from the fact that the I' operators do not commute with the

wave operators.)

Theorem 7.4.20. Suppose |a|/M is sufficiently small and fix 6_,0, > 0. The fol-

lowing estimates hold forp € [6_,2 — 04].

BA() £ B + [ (LM + (L)) + N

t1

E*(ts) + / . ByF(t)dt S EX*(t) + / tQ(Ll);(t) + (La)3™(t) 4+ (L3)3*(t) + No*(t)dt,

t1 t1

where

E*K(t) Z E[(¢™, v ))(0),

Esk ZE ¢S K ¢s k’)]()
v

Bsk ZB s' k/ s kl)](t),

s'<s
k’ﬁk

and

Z/ 000" F (¢ TF T (¢ L) — Loy i)
vEh

+ Z |8t¢8 K _kalfsl(q2£¢) _ Ewslyk/)L

k’<k
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Z/ ‘at¢sk 72qu,Fk ¢s ’+Z/ |atws K 72qu7Fk]ws)|

I<S ,<S
k' <k k' <k

N =30 [ 1007 (T @007 T (0PLa)
o5

+> mwk*ﬂmmw I (¢*Ly))),
yze s

@nawZEZ/ (1L | + 67 DILyw |
I<g Ztﬁ{T>R}

O N (17 e [V
<5 Etﬁ{T‘>R}

(La)3 (1) Z/W%M%WWT)%M
p3
k’zk

+ Z/ 1P| Xy lg 2TV TY (P Ly) — Loy,

s'<s
k’<k

a7 2q* 05, TF 0",

(Ls)sk(t Z/ 1P| Xy
¢

Mq%W¢HZ/W%x
s'<s

k/<k k’<k

N () Z/ 1P| Xper|lg T (046" — T (¢°Ly))]
v

+ Z/ rp|st,k

s'<s
k/<k

g 2T (POg0% — T%(4*Ly)))-
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Proof. The proof is a direct application of Theorem 7.4.2 by making the substitutions

(b '_> (258/,]?/
/(/} '_> /(/}S/,k/

for all values of s' and &’ (and all commutators represented by I*I*" and I*I'*") where

s’ < s and k' < k. The following estimates are used.

‘Dg¢sl’k/ — L¢>S/vk/ |

< g %[q?0y, T¥]6% | + g 2T (®0g6™ — T (P L) + | TH T (6P L) — Loy ],

‘Dg¢$l’k/ - Ews/yk/ |

< g2 05, T¥ 10 | + 1g 7T (POgyp” — T (*Ly)| + g °TF T (¢°Ly) — Ly |-

The resulting error terms have been grouped into the parts that will either be linear
or nonlinear when using the equations for the fully nonlinear system. (See Theorem

7.4.23 below.) O

Once again, the plan is to improve the prevoius theorem after proving a lemma
that handles the linear error terms on the right side. In this case, the new linear error
terms are (L3)**(t) and (Ls)5¥(t). These terms arise from the fact that the operator
I’ does not commute with the wave operators. Since [ is supported near the event
horizon, there are no new issues related to trapping. The important observation to
make is that one of the terms in the commutator has an appropriate sign on the event

horizon. This is the point of the following lemma.

p

Lemma 7.4.21. If (L)**(t), (Ls)*(2), (L)3(0), (L2)3(0), (La)y*(t), and Byh(o
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are as defined in Theorem 7.4.20, then

al

(L2)* (1) + (Lg)** (1) S By ™ (1) + lﬂ(Bf”“(t) + BTN (E) + Nok(2)

and
S S S S R |a| S - S S
(La)a(t) + (L2)3M () + (Ls)3" () S B 1) + M(Bp’k(t) + ByH(1) + Ny,
where

NE(t) = (B )2 | Y laTH T (6°000 = ¢°Ly) 12
e

+ > g’ THT (P00 — L)l sy | -
s'<s
k' <k

Nt = 30 [ T (0,0 - L)
§'<s Xt
K<k
+ Z Terl‘qiszlFsl(qZDgw . q2£w)‘2’
s'<s S
K<k

and p' is arbitrary.

Remark 7.4.22. The reason for the arbitrary p' on the right side is that the bulk
norms with the arbitrary p' are only used to control the new terms related to commuting
with T'. These terms are all supported on a compact radial interval, so the factor 7!

that appears in B;}k(t) can be approrimated by a constant.
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Proof. The proof of Lemma 7.4.15 can be adapted to show that

lal

(La)** (1) S (B () + By (1) + N*H (1),

(LA () + (L)t (r) < 1

S 7B+ By (t) + Ny (1)).

p

It suffices to show that
(Ls)*"(t) S By 7H(t) + N (¢),

(La)p"(t) S By ™1 (1) + NyM(1).

p

The key observation is to recognize that the term represented by Ls actually has a

good sign near the event horizon. That is, according to Lemma 7.4.17,

/ _oX (P*¢7)q (g0, TH]g° — / (= X)O, (T 6 g 2k A D, (FF6) + err
3¢

pa

:/ —2(=X")q 2N (0,1%¢°)? + err
p3M

Since X" < 0 near the event horizon and A’ > 0, the principal term becomes
minus a square, so it can be ignored, or used to control small error terms.

We now investigate the error terms, which come from the remaining part of the
vectorfield X and functions w, W, w(,), and W) in Xyr and Xyex, as well as the

remainder in Lemma 7.4.17.

err — / Xy — X70,0%*||q 2k, (PF¢°)|
Sin{rg<r<rg+im}

“I'_ / |X¢s,k
S {ra<r<rg+d0m}

Since there is no product of principal factors (ie. factors of the form 8rfk¢s) each

(e e (e B i e (= e B

term can be estimated in such a way that at least one factor is estimated by one of
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s+2,k—1 s,k s,k ; ; Mk 152
B, (t) or N**(t) or N;*(t), and at most one factor is estimated by €(9,1"¢°)

after separating the factors. This latter term can be absorbed into the term with the
good sign. The same observation and procedure can be repeated for the ¢ integral

as well. O

Finally, we arrive at the following theorem, which is the most general form required

by the proof of the main theorem.

Theorem 7.4.23. (Improved version of Theorem 7.4.20) Suppose |a|/M is suffi-
ciently small and fiz 6,6, > 0. Suppose furthermore that the pair (¢,1) satisfies the

system

Dg¢ = [’d) +N¢7

Then the following estimates hold for p € [6_,2— 64|, arbitrary p’, and integers s > 0
and k> 1.

to
Bk (ty) S E¥M () + / BSR4+ By () + BYF(t) + NF(t)dt,

t1
to

to
@ﬂm+/zﬂmﬁggﬂm+/zﬁ%*@+$ﬂw+mﬂma

t1 t1

where E%F(t), E3*(t), and B3*(t) are as defined in Theorem 7.4.20, and

N*E(t) = (E5*(t))/? Z ||q_2fk'rs'(q2N¢)||L2(zt) + Z ||q—2f‘k’f‘s’(q2N¢)||L2(it) :
e vir

N;’k(t) :Z/E rp+1|q—21—\k’rs’(q2N¢)’2 + Z/S Tp+1‘q_2rklf‘5l(q2./\/‘w)|2-
s'<s t s'<s t

K<k K<k

456



Proof. The proof is very similar to the proof of Theorem 7.4.16. An outline of the
proof is given here.

By Theorem 7.4.20 and Lemma 7.4.21, we have

to .
E*k(ty) < E¥ (1) + / B5RNe) + Bt () + BYF(t) + N () + (N))**(t),

P
t1

where (N')*%(t) is the quantity N**(¢) from Theorem 7.4.20. By the same argument

as in the proof of Theorem 7.4.16,
(N> (t) S N*H(2).

This proves the first estimate of the theorem.

By Theorem 7.4.20 and Lemma 7.4.21, we have

to
EX (ta) + / By (t)dt

t1
S t2 S - ‘a’ S > S S S
S Ept(t) + / By ) + BN + BP0 + Ny + (N (1),

t1

where (N')*(t) is the quantity N3*(t) from Theorem 7.4.20. By the same argument

as in the proof of Theorem 7.4.16,
s,k Hs+1 s,k —1a7s,k
(N’)p (t) < eBp+ (t) + By (t) + e "N (t).

Proceeding as in the proof of Theorem 7.4.16, we conclude that if ¢ and % are

sufficiently small, then the bulk term

(Jal /M + € / " Bok(t)dt

t1

can be absorbed into the left side. The result is the second estimate of the theorem.
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7.5 The L* estimates

In this section, we prove L estimates for certain derivatives of ¢ and v that will
appear in the nonlinear quantities ¢~ 21T (¢2A;) and ¢ 2I*1%(¢N,,). In §7.6.3, we
will see that these quantities are not simply sums of products of single derivatives of
¢** and 1**. Instead, they will take a slightly more general form consisting of sums
of products of single derivatives of 0'¢*~"* and 0'4*~"*, where the ' operators are
defined in Appendix C. For this reason, the estimates established in this section will
apply to ?'¢*~“F and 9'4*~b* and their first derivatives. However, for simplicity the
reader is welcome to think of these quantities as simply ¢** and ** or even more
simply as ¢ and .

We begin with Lemma 7.5.1, which estimates an arbitrary function in L*°(%;)
(which is the same space as L(3,;)) by certain Sobolev norms on ¥; and %,. This
lemma is then repeatedly applied to single derivatives of 9'¢*~"* and d'4*~"* resulting
in Sobolev norms that can be estimated by the energy norms. (See Lemmas 7.5.2-

7.5.6.) These estimates are all summarized at the end in Proposition 7.5.8.

7.5.1 Sobolev-type estimates for ¥, and %,

First, we prove the following lemma, which is a Sobolev-type estimate. The weight
that is gained in the following estimate depends on the volume form for the associated
space, so L™ estimates on Y; gain two factors of » and L estimates on it gain six
factors of r. Also, the fact that the volume form for 3, has additional factors of sin 6

means that more derivatives are required in the Sobolev estimate.

Lemma 7.5.1. Let u be an arbitrary function decaying sufficiently fast as r — oo.
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Then for any ro > g,
Hblu||2Loo(2tm{,,>TO}) S /Z e }7*2 [(aTF§l+3u)2 + (F§l+3¢)2}
tl WT>To

and

9l S [, [@FS R ).

If 1 is even, the same results hold with only T<2 and TS respectively.

tﬂ{T>’r‘0}

Proof. For a fixed r, denote by @ : S?(1) — R the pullback of the function u : S*(r) —

R via the canonical map from S?(1) to S%(r). It is straightforward to show that

and

(*4)'u = Lla.

Also, denote by dw the measure on S?(1).

If [ is even, then

‘ ‘0§l+2 =

HDZUH%N(S%T)) = |[oful|Foo 521y = Halﬂﬂiw(s%n) S ullZ2(s200))

< HAS(HQ)/QEH%%SQ(I)) — /52( )((q2ﬁ)<(”2)/zu)2dw < /52( )(F<l+2u)2dw.

We have used Lemma C.3.1, Theorem C.2.1, and Lemma B.2.1 in the three < steps.

If instead [ is odd, then
_ 2
10" 52y S - SO0l [Fo20yy S v S /52( | (P="%u)" dw.

That is, the calculation is the exact same as for the even case, except in the application

of Lemma C.3.1, which requires 9=/*3 instead of 0=/*2,
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Thus, in both cases,

0l iy S [ (00)°
$2(r)

Now, set f(r f52 (I=*3u)2dw. Note that

|f/(7”)| S /2( | |F§l+3uarrél+3u|dw SJ /2( | [(aTFSH—?,u)Z + (FSng)z} dw
S2(r S2(r

5/ 2 [(3TFSZ+3U)2 + (F§l+3u)2} quw.
52(r)

Then, assuming lim,_,, f(r) =0,

phutro) 5 f0) 5 [ 7o [ [ O (]
r0 S2(r

N/ [(a F<l+3 ) + (F§l+3u)2],
EM‘I{T‘>T‘0}

The same procedure can be used to prove the analogous estimate on 3, but there are
two differences. The first is that there will be a loss of two extra derivatives since the
L estimate is now applied on S° instead of S?. The second is that there will be a
factor of 7% instead of a factor of 7~2, since the volume form for %, is ¢>A% = O(r%).
For a more detailed explanation of this fact, see the proof of Lemma 6.4.2. This

explains the differences between the two estimates of the lemma. O

7.5.2 Estimating derivatives using the Sobolev-type estimate

Now, we repeatedly apply Lemma 7.5.1 to estimate various derivatives with r weights.
We will assume that ¢ and 1) decay sufficiently fast as r — oo
The following lemma estimates ¢ and v, as well as the higher order analogues

Dlgbsfl,k and al,ll)sfl,k‘
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Lemma 7.5.2. Forr > ry,
770l k|2 4 [P 2oty bk 2 < E;;rf),k(t)
and forr >rqg > rg,
015 VR |2 1 |20l bR (2 < ESEOR(f),
Proof. First, we apply Lemma 7.5.1 with u = rP¢*~bk,

‘Tp0l¢s_l’k|2 — |al(7,p¢s—l,k)’2
5 / T’_2 [(aTF§l+3(,r,p¢s—l,k))2 + (FSZ+3<TP¢S_l’k))2]
3¢
< / 7&2p72 [(8TF§1+3¢sfl,k>2 4 (F§l+3¢sfl,k)2}
3t

S E(1).
Then, we apply Lemma 7.5.1 with u = rP+2s=bk,

|7,p+201¢s—l,k|2 — |Dl(7ﬂp+21/}s—l,k)|2
5[ ,r,—6 [(arrgl+5(7ﬂp+2ws—l,k))2+(F§l+5(7ﬂp+2¢s—l,k))2}
3¢
</ r2p72 [(8TFSZ+5wsfl,k)2+(F§l+5wsfl,k)2}
S

S B3 ().

Together, these estimates prove the first estimate of the lemma. The second estimate
follows from the same exact argument in the special case p = 0, and the observation

that as long as r > 7o > g, then E*(t) can be used in place of ES* (). O

The following lemma estimates 0;¢ and 0, as well as the higher order analogues

0,0'¢" " and 9ol b,
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Lemma 7.5.3. Forr > rg,
0l LR |2 4 20,0l R 2 < E;;G,k(t)
and forr > rg > rg,
19,0165 E[2 1 [r30,0ls b2 < Bk,

Proof. The first estimate reduces to Lemma 7.5.2 by observing that 9,0'¢*~"F =
210,0° 7k = dlg*H1=bF and likewise 0,0'*~bF = dlyps+H1=bF We now prove the second
estimate.

First, we apply Lemma 7.5.1 with u = rd,¢*~"*.

|7,atbl¢sfl,k 2 _ ’al(rat¢sfl,k>|2

SJ / T_2 [(8TFSI+3(Tat¢S_Z’k))2 + (F§l+3(rat¢s—l,k))2}
Etﬂ{’r>7“o}

S / [(arrgl+3at¢sfl,k)2 T (F§l+3at¢sfl,k)2]
Etﬂ{'r>r0}

< [(aTF§l+3¢s+1—l,k)2 + (8tF§l+3ng_l’k)2}

Next, by applying Lemma 7.5.1 with u = 720,4*~"* and repeating the same procedure,

we arrive at the following estimate.
‘T38t0l¢s_l7k’2 5 E8+6’k(t).

Together, these estimates prove the second estimate of the lemma. O

The following lemma estimates (r~19y)¢ and (r~'9)t as well as the higher order

analogues (r~19y)0l¢* % and (r~10y)ols k.
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Lemma 7.5.4. Forr > ry,
P (17190l gs R 2 o [rP 3 (18 ol bR 2 < Es+6k( £)
and forr >rqg > rg,
I (r19p)0! 6" |2 - 13 (11 )0l IR < B0 (1),
Proof. This lemma reduces to Lemma 7.5.2 by observing that
P18, )0l Tk = pPoplg bk = pPltlgs Lk ¢ ppplgsti=lh

and likewise
Tp+3< )Dlws L,k 7ﬁp+20lws+1fl,k.

]

The following lemma estimates L¢ and L1 as well as the higher order analogues

LDZ¢5_l’k and Lbl?ﬂs_l’k.

Lemma 7.5.5. Letting L = a0, + 0;, where a = ﬁ, we have that for r > rg,

|7,P+1Lal¢sfl,k’2_|_’rp+3Lblwsfl,k|2 S E;;ﬂ,k(t)_'_/

it

r2p(gg¢s+3,k>2+/ r2p(mgws+5,k)2
A
and forr >rqg > rg,

|7,Lol¢sfl,k|2+|T3Lalwsfl,k|2 SJ Es+7,k<t)+/

Etﬂ{r>7’0}

(Dg¢s+3’k)2—|—/ (Dgws+5’k)2-

S {r>ro}

Proof. We recall from the proof of Lemma 5.5.6 that

(0.Lu)* < (Dgu)2 + (Lowu)? + r2(02u)* + r2(0,0,u)* + r~2(0,u)* + r2(Qu)?,
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By the same technique,
(0,Lu)? < (Ozu)? 4 (Lowu)* + v~ 2(0%u)? + r72(8,0u)* + 7 2(9,u)* + 17 2(Qu)*.
We now apply Lemma 7.5.1 with v = P! L=k,

|7‘p+1LDl¢s_l’k|2 — |Ul(7”p+1L¢s_l’k>|2

7”_2 [(arl—\fl+3(rp+1L¢s—l,k))2 + (PSZ+3(TP+1L¢S_Z’]€))2}

N
T

3¢

S / T?p [(aTF§l+3L¢s—l,k)2 + (FSZ+3L¢S_Z’I€>2}
5 / TQP [(arL¢s+3,k)2 + <L¢s+3,k>2]

SEMO+ [ 0L

Now,
/ T2p(8rL¢s+3’k)2
¢
§ / 7,2p [(ng§s+3’k>2 + (Lat¢s+3,k)2 + T—2(83¢s+3,k>2 + T—2<arat¢s+3,k>2
3t

_|_7=—2(ar¢s+3,k)2 + 7“_2(Q¢S+3’k)2]

5 / 742}0 [(Dg¢s+3,k)2 + (L¢s+4,k)2 + 7"_2(¢S+5’k)2 + T_2(0T¢8+4’k)2} )
2t
It follows that

‘Tp+1Lal¢sfl,k‘2 §E§;5’k(t) _'_/ r2p(mg¢s+3,k>2‘
3t

By a similar argument,

’rp+3Lblwsl,k|2§E§;r7,k(t)+/ T2p(|:|gws+5,k)2‘
P
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These two estimates together establish the first estimate of the lemma. The second
estimate follows from the same exact argument in the special case p = 0, and the
observation that as long as r > 7o > 7, then E¥*(t) can be used in place of E3*(t).

]

The following lemma estimates f¢ and fw as well as the higher order analogues

[olgs~t% and Tolys~tE,

Lemma 7.5.6. Keeping in mind that T is supported in a neighborhood of the event

horizon, for arbitrary p’, we have for r > ry,

|fwol¢s—l,k|2 4 |fwoll/)s—l,k|2 < E;,%’kﬂ(t)
and forr >rg > ry,

|fol¢s—l,k|2 + ’fal¢s—l,k|2 < EEokL(p),

Proof. We apply Lemma 7.5.1 with u = fgbs*l’k , and freely introduce a factor of r#'

since I' is supported on a compact interval in r.

‘fal¢sfl,k|2 _ ‘Dl¢sfl,k+1|2

< / 7”_2 [(arF§l+3¢s—l,k+l)2 + (F§l+3¢s—l,k+1)2}
p

~Y

< / 2 [(arrgl+3¢s—l,k+1)2 + (F§l+3¢s—l,k+1)2]
3t

s+3,k+1
/S Ep’ (t)
A similar argument shows that

|fwolws—l,k |2 5 E;/+5,k+1 (t) .
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Together, these estimates prove the first estimate of the lemma. The second estimate

follows from the same argument, and the observation that as long as r > ry > rg,

then E*(t) can be used in place of E;}k(t). O

7.5.3 Summarizing the L*™ estimates

To conclude this section, we summarize the previous lemmas in a single proposition,

making use of the following definition.

Definition 7.5.7. We define two families of operators.
D= {L, T_lag},

D ={L,0,,r 0}

Proposition 7.5.8. Forr > ry,

‘errlDDl(bsfl,kP 4 |TpDDl¢sfl,k|2 4 |Tpal¢sfl,k|2
+ |Tp+3D0l¢sfl,k|2 4 ’Tp+2Dalwsfl,k’2 4 ‘errQalwsfl,le

5 E;;r5,k+1(t)+E5p+7,k(t)_'_/E T2p(Dg¢S+5’k)2+/i T2p(mg¢s+5,k>2
t

and forr >rg > ry,

‘TDal¢s_l7k|2 + ]7“3Dbl¢s_l’k|2

SE8+5’k+1(t)+Es+7’k<t)—|—/

Etﬂ{'r>r0}

(Dg¢8+5’k)2—|—/ (D§¢s+5,k)2'

Etﬂ{'f‘>7’0}

Proof. With the exception of the operator 0,, all of the cases have been proved in

Lemmas 7.5.2-7.5.6. Finally, observe that

[770,0'¢* K2 < P Lol g R P o [rP 00l R P 4 [Tl TR
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and

170,015 2 S [P Lol k|2 + [rPa0lg |2 + [Pl goth2

Thus, even the case of the operator 0, can be reduced to Lemmas 7.5.2-7.5.6. O

7.6 The structure of the nonlinear terms

In this section, we carefully examine the nonlinear terms Ny and N, as well as their
higher order analogues ¢~2I'*T* (¢2N;) and ¢~2T*T** (¢2\,,) and determine a procedure
for estimating them in the proof of the main theorem. In particular, we note two
important structural conditions that these terms satisfy. The first is the well-known
null condition and the second is a condition on the axis that allows us to use the
formalism provided in Appendix C.

We start in §7.6.1 by deriving the equations for (¢,v). Then in §7.6.2 we define
and prove the precise structures of N, and Ny. These structures will then be used in
§7.6.3 to define and prove the precise structures of ¢ 2I*I'* (¢*AV;;) and q_kafS<q2N¢).
Finally, in §7.6.4 we prove a proposition that uses these structures to estimate non-

linear quantities that will show up in the proof of the main theorem (Theorem 7.7.1).

7.6.1 Deriving the equations for (¢, )

In order to proceed, we first calculate the nonlinear terms Ny and Ny.

Proposition 7.6.1. If one makes the substitutions

X =A+ Ad

Y = B+ A%

and requires that ¢ and v are axisymmetric functions, then the wave map system
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(7.1-7.2) reduces to the following system of equations for ¢ and 1.

Dng = £¢> + N¢>
O = Ly + Nw,
where
0°B aO‘BE) B 80‘A8aB
Ly= 2= A0 +2 6 — A Ay
Ly —— 0A2a¢ QGian 2A1@Ba¢
are the linear terms that first appeared in §7.1.4, and
0B 0% A
(1+ PNy = 0%P0ap — AO“YPAD) + 2 qﬁA@a;/) 4 A@/}A@Oﬂp

0“B0.B , 8“148 B (‘)aAc‘? A
- PAY — 4= (A’

(‘9 b — 283

(14 @)Ny = 200 AT 9000

are the nonlinear terms.
Proof. The first equation of the wave map system (7.1) is

. X_aaxaax 9°Y .Y
S '¢ X

We substitute X = A(1+ ¢) and Y = B + A?%1.

0%(A(+ 9)0a(A(L +¢))  0%(B+ A)0a(B + A*)

Og(A(1+¢)) = A(L+ 0) A+ 0)

Now, we expand each term as follows.
Oy(A(L+¢)) = (1 + ¢)TgA + 20" A0a¢ + ADy9
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PALL LA _ (1 P ARy gy 42000

A1+ ¢) A (1+¢)
0%(B + A2)0,(B + A%) 9B, B ( 1 ) 0B, B
- =—(1+9) - —(14+9)) —F—
A(l+9¢) A 1+¢ A
0B, (A%)  0%(A%)0a(A%Y)
A(l+9) A1+ ¢)

Using the fact that (X,Y) = (A, B) also solves equation (7.1), we determine that

AD,p = A

a%aaqs_( I (a4 ¢)) 0°B.B _,0"BOa(A*0) 0"(A*0)0a(A%)
(1+¢) 1+¢ A A(l+ ¢) Al + ¢) '

Note the following identities.

1 —1+(1+¢)?* 20+¢* o20+9)—9) ., = ¢
1+¢+ To= 1+ ¢ 14+ 1+¢ =2 1+ ¢
o IR 1-(A+¢) _, ¢
1+¢ +<1+¢ 1) 1+¢ =1 1+ ¢
We conclude that
c, {2¢GO‘B8 B 8“B@Z(A2@/))
_ 8"‘B8 ng 48azj140;’aBAw 0“B Aaadf
and
1—i—¢ 0%P0, ¢ ¢* 0°Bo,B ¢ 0B, (A%))
WtoNo=— 14755 T30 42 " 21+s 4
_0Y(A%)0a(A%))
A(l+9)
0*“B0,B 8%48 B 8O‘B
= 0909 — yE ¢* +4 PAY + chaa@/)
— 480‘2442&14(14@2 8QAA¢A(9Q¢ A0*YAD.
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The second equation of the wave map system (7.2) is

0°X0.Y

We substitute X = A(1+4 ¢) and Y = B + A%.

0*(A(1 + )0 (B + A%Y)

The left side simplifies as follows (again using the equation for O A).

O,(B + A*Y)) = 0,B + 2Ayp0, A + 20 Ay A + 4A0* ADpth + A*D 1

— 0,8 — 20° By B + 40° Ady Ath + 4A0* ADat)p + A0 1)

The right side simplifies as follows.

(AL + ¢))0a(B + A%))
Al + ¢)
L 0%A0LB  0°00,B 0% A9(A%)) 0% (A%))
=2——r—+ (1+¢)+2 o R
_0°AD,B | 0°¢0.B .. o 0% $0a(A%Y)
=2—— +2(1+¢)+4a ADy Atp + 2A0% A1) + 2 g

Note that the term 40* A0, A appears on both sides and therefore cancels out. This
cancellation is the motivation for the choice of linearization Y = B + A%y.
Using the fact that B solves equation (7.2), we conclude that

000, B N zaagbaa(A%)
(1+¢) 1+¢

A2000) + 2A0% ADat) = 20° B B + 2

Dividing by A? and using the fact that

9 A 0° A, 0% Ay 0% Ay
O —0, =0 — — %0, = 0O P
o 20 = Oy + 2400+ 2200 = Oy + 220,
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we obtain

0%A, 0“B0,B 2 _,0°B 4 0“A
O, = “ .
2O = 2 s AT R0, 0 SO 0700,
Again, since
L
1+¢ — 1+¢
we conclude that
B E)aAg 18 0“Bo,B
‘5111 - A2 aw + 2A oz(b 2 A ¢
and
0B 0%A
(1+ )Ny = —2 yi A7 00,0 + 4 yi Y0P + 20% P01
O]

7.6.2 The structures of N¢ and Nq/,

We now categorize each term in N, and Ny, beginning with the definition of the null

condition.

Definition 7.6.2. We define two families of terms.
Y= {L(b’ T718T¢7 T7189¢7 T71¢7 7”2L’¢, Tarw7 Ta(ﬂb? T"l/)}

={L3,0,0,77 0pp, 7™ ¢, 12 L), 120, 7O, )}

The null condition states that any nonlinear term must be a product with at least one

v factor.

We now prove two lemmas (one for AV, and one for ) which guarantee the null

condition as well as a structural condition on the axis.
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Lemma 7.6.3. (Structure of Ny,) The nonlinear term Ny can be expressed as a sum

of terms of the form

satisfying the following additional rules.
i) The factor f is smooth and bounded.

ii) In the language of Appendiz C, the term belongs to

T (B U {6, 016, 0,0, (1 + 8) 0, 00, 8,0)}).

i) If ¢ appears at least once in the term, then f has a factor of sin®f.

Proof. In this proof, we use the sign =~ to emphasize that smooth and bounded
factors (including M /r and a/r) are neglected. One can check (using Lemma 7.2.20

as a guide) that

0pA 1 oA 0B _ . OB .,

A e i 4 Fsind, A srosind

0*A0, A N 1 0“A0,B ~ 2 0*B0,B ~ =2 gin2 0
A2 7 r2gin2¢’ Az T Az '

Using these, we investigate each term in (1 4 ¢)N.

0°$0a = LOLp + r 209D
~ (Lo)(Lp) + (r~'0pp) (r~' 0pp)
~ (L) (0,0) + (Lo) (L) + (1~ 0p) (r~ ' 0p).
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A0 ADp = 1 sin® O(Lap L) + r~20g1p0pe))
~ sin® O(r* L) (r2 L) + sin® 0(r0p1p) (rdgy))

~ sin® O(r2Lap) (r20,ap) + sin® O(r2 Lap) (r2Lap) + sin® 0(rdea)) (rOga)).

0°B

¢Aaa¢ ~ _2 rr(/)
~ sin® 0p0g1p + v~ sin® 00,1
~ sin® 0(r~1¢) (rdp) + sin 0(r 1 ¢)(9,0).
aaAAwAaawzr_Qag 8,,14 »

~ 12 sin® 10yt + 1° sin 010,

~ sin® 0(r) (rdpy) + sin® O(r) (r*0,4).

8aB(3 ng ~r2sin? 0¢? ~ sin? 0(r o) (r o).
8‘”1;118 AQSA@D ~ sin® Oge) == sin? O(r @) (rv).
0“A0, A

1 A Ay = r? sin? 0p? == sin” O (1)) (1)),

It is now straightforward to check for each of the above calculations that the first
factor in parentheses is a v term, and the second factor in parentheses is a § term. It
is also straightforward to check that any term containing a ¢ factor also has a factor

of sin? 6. [

Lemma 7.6.4. (Structure of Niy) The nonlinear term N, can be expressed as a sum

of terms of the form

r 2 fyp o r? fy(r~'bg)
1+ ¢ 1+¢ 7

satisfying the following additional rules.
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i) The factor f is smooth and bounded.

i1) In the language of Appendiz C, the term belongs to

7—(§1) (PGOO ) {¢7 at¢7 ar¢a (1 + ¢)_17 wv atwa ar’gb})

Proof. We proceed as in the proof of the previous lemma, this time investigating each

term in (1 + ¢)Ny.

O“POath m LOL + LoLtp + 1> 0ppOg1)
~ 12 (L) (r* L) + 172 (r* L) (Lo) + r~*(r™' 0p9) (1))
~ 1 A (Lo)(r?*0,¢) + r A (Lo) (r* L) + 172 (r* L) (9,¢) + 1~ (r* L) (Lo)
+ 172 (r ' 0p ) (rOpyp).

0%A . 20pA 0, A
71/13a¢~7’ 7w89¢+ A V0, ¢

~ o 4 00,0
A () (ree) + 12 (1) (0,6).

0°B Oy B 0.B
g 9020 ~ 1 000+~ 00,0

~ 7“_4¢b¢ + r~*sin 0¢p0sp + r_3¢8r¢

~r 2 (r'o)(r tbg) +r 2 sin0(r o) (r10pe) +r 2 (r ') (0,0).

It is now straightforward to check for each of the above calculations that the first
factor in parentheses is a v term, and the second factor in parentheses is either a 3

term or 7~ 1b¢. Finally, every term has an additional factor of r—2. m
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7.6.3 The structures of ¢ >I"T*(¢?\;) and ¢ 2T (¢?\,)
We now generalize the previous two lemmas by applying the commutators.

Definition 7.6.5. We generalize the previous families of terms to the following.

,Ys,k — {Lblgbs_l’k, T_laTDZQZ)S_l’k, r—1800l¢5—l,k7 T_lalqbs_l’k,

T2L0l¢s—l,k’ rarol¢s—l,k’ rae‘olws—l,k’ Tol¢s—l,k}

Bs,k — {Lblgbs_l’k, 8T0l¢s—l,k’ T_18901¢8_l’k, r—lbl¢s—l,k’

TQLal,l?bs—l,k, T28T0l¢s—l,k’ rae‘olws—l,k’ Tol¢s—l,k}

The null condition still states that any nonlinear term must be a product with at least

one 7y factor.

The following two lemmas (one for ¢ 2I*I%(¢?N,) and one for ¢ 2T (¢2\,,))

generalize the lemmas in §7.6.2.

Lemma 7.6.6. (Structure of ¢~ *T*T*(¢°Ny)) The nonlinear term q~2T¥T(¢*N,) can
be expressed as a sum of terms of the following form. (The integer j represents the

number of times a differential operator acts on the denominator.)

f781,k1 ﬂé’z,kz (TBSSJCS)W(TBSHJ'JCQH)
(14 ¢)itt ’

where 0 < j < s+ k, s1 4+ ...+ 5245 <s+2, max; s; < s, ki + ... + koyj <k, and the
following rules apply.
o The factor f is smooth and bounded.

max(0,2—min; (s—s;))

e [f1) appears at least once in the term, then f has a factor of (sin @)

Proof. We start with the case s = k = 0, which was proved in Lemma 7.6.3. In

particular, since 7 '9y¢p = Oyp(r~'¢) and rdpyp = 9y(r1)), each term in Ny can be
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written in one of the following forms.

frbo  fi0sf2007080  f106f2700680  fOpy00e0
or or or :
1+ ¢ 1+¢ 1+¢ 1+ ¢

where

Yo € Y\ {r 09, 191} and By € B\ {r~ s, rOp1)}.

The effect of applying 9;" to any of these terms is to obtain terms of the form

[0 0072 Bo02 §...0,7 ¢ or [109 120007 70072 Bo 02 ¢...0,* ¢ oto
(14 @)t (14 ¢)t+s ’

where s + ... + s94; < " and j < s’. The additional factors of ;"¢ appear each time
one of the 0; operators acts on the denominator.

Recall that [*T* is composed not only of d;, but also of ) and . Since these
operators commute with each other, the order in which they are applied is not impor-
tant. For the sake of simplicity, we first apply the 8,?/ operators (which has already
been done) and then the Ik operators. Since these are both first order operators, it

should be clear that the resulting terms are of the form

fygl’klﬁSQ’k2ns3’k3...7]52+j’k2+j or f1(99f280751’klﬁg%bn%’ks-‘-7]82“”@“
(T+d7 (EO

etc.,

where j < s" + Kk, s1 + ...+ 5245 < 8, ki + ...+ kay; < K, and fygl’]“ = fkla;:wo,
32’1” = f"”@f?ﬁo, and 7%k = f‘klaflqb This is the point at which we apply the
operator (). Recall that

Q = a+b+a*sin® 607,

where the operators a and b are defined in Appendix C. We handle () as if applying
these operators seperately. The operator a? sin® 09? is equivalent to applying 9, twice

and multiplying by a smooth bounded function. However, the operators a and b
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require Lemma C.1.11. After applying Q*", the terms should take the following form.

flﬁlo fgblw(s)l’kl alzﬁgmbalsnss,ksmglzﬂ' n52+jvk2+j
(14 ¢)t+s

where l[p = 1 or % f, = 1 so that Iy + [; + ...la4; is even. We have in addition that
lo+l+...4+1lo4; < " +2, since there were initially zero or two s and each application
of () contributes at most two more. Finally, we observe that the n factors are all of

the form r3. From here, the lemma follows. O]

Lemma 7.6.7. (Structure of ¢ >T*T*(¢*Ny)) The nonlinear term q=>T*T* (¢?N,,) can
be expressed as a sum of terms, each taking one of the following forms. (The integer

J represents the number of times a differential operator acts on the denominator.)

7,.—2f,.>/$1,k1 682,/62 (,r.ﬁS;),,kg)“ . (,r.552+j7k2+j)
(1+ @)t

or
,’,.—Qf,.ysl,kl (,’,.—1 bcl¢82—2l,k2 ) (,),./883,1433 ) . (r/682+j,k2+]‘)
(1+ )7t ’

where 0 < j <s+k, s+ ...+ 524 <s5+2 max;s; <s, ki + ... + koyj < k, and the

factor f is smooth and bounded.

Proof. The proof is essentially the same as the proof of the previous lemma, with the
one difference being the possible presence of the factor r~'b¢. If this is treated like

the other factors, the result after applying the commutators is a factor of the form

T—laz b¢52—z,k2 )

If 7 is odd, this term can be rewritten as

rflazb(ﬁszfz,kg — r7101+2¢3271,k2 — r716002+1¢82717k’2 — ﬂsﬁrl,kz'
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This is at the level sy + 1, which is less than or equal to s, because ¢ is odd.
If instead 7 is even, this term can be rewritten as 7~ '¢/b@*2~2%2 where i = 2[. By
Lemma C.1.7, this is (up to lower order terms in s) equal to 7~ !bc!¢s2~2bk2,

With this exceptional case having been addressed, the proof is complete. O]

7.6.4 The general strategy

Now that the structures of q_kaFS(q2N¢) and ¢ 20*T%(¢2N,,) have been determined,
the strategy to be employed in the proof of the main theorem can be summarized in

the following proposition.

Proposition 7.6.8. Suppose the following estimates hold.
1+¢)7 ' <1,

/R / (T(p—l)/Q»yS)QTQ sin® @dOdr < E;_l(t)v
0

‘ ‘Tﬁs | ’%“(Zt{r>R}) S E8+7(t)7

/ / (B8%)*r?sin® OdOdr < E5(t),
r Jo

||7“(p_1)/2+178||iw(ztm{r>R}) S E(t).

Then

/ 7,erl‘6172fwers((]2'/\/;))|2 + / Tp+1|q72f\kfws(q2/\/‘w)|2
Sin{r>R} SN {r>R}

S (B B0 + BB (1) S (B0,

p—1
71<s

Remark 7.6.9. The second and fourth assumptions are automatically true. The first,
third, and fifth assumptions will be true in the context of the bootstrap assumptions

in the proof of the main theorem (Theorem 7.7.1).
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Proof. Note that Lemmas 7.6.6 and 7.6.7 both had the requirements s; + ... + 594, <
s+ 2 and max; s; < s. This means there can be at most one factor (denoted v or
(") with up to s derivatives and all of the remaining factors (denoted 7'° or 3°) have
at most (s +2)/2 = s/2 + 1 derivatives. Since the integrals are taken over the range
r > R, where I = 0, we are free to ignore all k indices.

The strategy in this proof is rather simple. All of the factors that have at most
s/2 + 1 derivatives are estimated in L, while the remaining factor with at most s
derivatives is estimated in L2. The procedure then takes one of two possible directions,
depending on whether the high derivative term is a v term or a g term.

First, we estimate the integral over };, using the form given in Lemma

7.6.6.

/ Tp-i-l‘q—Qf\sz(qQN(b)lZ
>in{r>R}

i nlo VAL i lo oNq\ 2
S [ ey e Y[ e ()
0<j<s / Zn{r> R} 0<j<s* XtN{r>R}

Now,

[ peees s [ e (e eey)’
Sin{r>R}

in{r>R}

< [[rBe| 20+ / 1 )2

Etﬂ{r>R}

S@EEeyt [y

>in{r>R}

< By ((ER (1))

The last step requires further justification, because the + term could possibly be a
term. But in that case, Lemma 7.6.6 also states that f has an additional factor of
sin? @ (or in the case where v does not have exactly s derivatives, this factor might

be either sinf or 1, but we can apply Lemma C.3.2-see the end of the proof of the
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example Lemma 6.5.4).

Also,

/ rp+1 (fﬁhi’}/lo(rﬁlo)j)Q ,S / (fﬁhi(,r(p-f—l)/?,)/lo)(rﬁlo)j)z
Sin{r>R}

Sin{r>R}

< |reH 12 1B / (P32

Sin{r>R}

< BB (1) / (5

Ztﬁ{r>R}

< BB () (B2 (1))

The last step requires the same justification given in the preceeding calculation.

Combining both estimates, we conclude that

[ TR S (B (B0 + OB ) Y (E o)
2:N{r>R} i<s

Next, we estimate the integral over ¥, using the forms given in Lemma
7.6.7. The first of the two forms given in Lemma 7.6.7 is very similar to the form
given in Lemma 7.6.6, and so we will not repeat the estimates in detail. The only
difference is the presence of an additional factor of r=2 that comes along with f. This

is required in the two final steps.

Lo e s L
3¢n{r>R}
or
[N R 0}
itﬁ{T>R}

The factor of =2 (inside the square) is needed to offset the additional factor of r* in

the volume form for 3,.

The second of the two forms has the factor 7~ tbc!¢*2=2!, which takes the place of
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the %2 factor from the first form. We now show that it can be estimated the same
way the 32 factor was estimated.
For the case sy < /241, we must estimate r times the factor r~tocl¢®22 in L™,

That is, using the Lemma 7.5.2,

Hbcl(bs/2+1f2l|’%oo _ Ha2l+2¢s/2+1721’|%oo g Es/2+8<t).

For the case where sy could be at most s, we use the fact that there are additional

factors of sin @ in the volume form for 3, and again the fact that an additional factor

-2

of = accompanies f. That is,

o ™

/ (r2frted¢* ) < (r~? sin™" 00yc' " *")?r% sin” OdOdr
S:n{r>R}

A
7Ty
o— — —

R
s

(r~'0pc'p*~2)?r? sin® Odfdr

(r710p¢*)*r? sin OdOdr

A
=

AN
5

(In the second-to-last step, we used an estimate from Theorem C.2.1.) Both of these
estimates show that the r~'bc/¢*2~% factor can be treated the same way as the (32

factor.

We conclude that

Lo et @A S (B OB + BB 0) S
S {r>R}

J<s

This completes the proof. n
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7.7 Theorem: Global boundedness and decay for
axisymmetric perturbations of the nontrivial
solutions to the wave map problem from slowly
rotating Kerr spacetimes to the hyperbolic plane
preserving angular momentum

In this final section, we state and prove the main theorem. We begin in §7.7.1 with
the precise statement of the main theorem, which completely describes the future
asymptotic behavior of various energy norms as well as weighted derivatives of ¢ and
1. Then the proof follows.

The proof is a bootstrap argument with the main bootstrap assumptions stated
in §7.7.2. Then in §7.7.3, the bootstrap assumptions are used to improve the L*
estimates in Proposition 7.5.8 by removing the error terms from the right side. The
resulting improved L estimates play a crucial role in the remainder of the proof.
Next, in §7.7.4 the L*> estimates are used to recover the first bootstrap assumption,
which gives an upper bound on the factor (1 + ¢)~! that appears in the nonlinear
terms. The remainder of the proof is split into two parts.

The first part, which starts with §7.7.5, recovers the bootstrap assumptions only
for the homogeneous norms E*(t), E;(t), etc. These norms satisfy slightly simpler
estimates, because they are based on the commutator 0;, which commutes with the
entire linear system. As a reminder, these estimates, which are given in Theorem
7.4.5, are

o o t2 o
E*(ty) < E%(ty) —1—/ N*(t)dt,
t1

t2 o o t2 o
E;(t2)+/ B;(t)dth;(tl)Jr/t N3 ().
1

t1
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The second part, which starts with §7.7.11, recovers the bootstrap assumptions
for the norms E**(t), E;”k(t), etc. These norms satisfy slightly more complicated
estimates, because they use other commutators that do not completely commute

with the linear system. As a reminder, these estimates, which are given in Theorem

7.4.23, are
to .
E*¥(ty) S B (th) + / ByPEN(t) + By (1) + Byt (t) + N*F(n)dt,
t1

t

to 2
@ﬂm+/zﬂmﬁgﬁﬂm+/zﬁ%*@+gﬂw+mﬂwt

t1 t1
In particular, the fact that these estimates depend on é;“(t) means that this second

part depends on the results proved in the first part.

7.7.1 The main theorem

We begin with the statement of the main theorem.

Theorem 7.7.1. Let

X = A+ Ao,

Y = B+ A%).

(In particular, the assumption Y — B = O(sin* 0) near the axzis excludes any pertur-

bations corresponding to a change in angular momentum in the sense described in

§4.3.)

Suppose the pair (X,Y) is axisymmetric and satisfies the wave map system

XO,X = 0° X0, X — 0°Y DY

X0,V = 20°X0,Y,
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where g is a Kerr metric with sufficiently small angular momentum |a|/M .

Define the energies

E™t)=E"(t)+ Y E™@),

s+2k=n—1

EXt)=E}(t)+ > EM@).

s+2k=n—1
Then for 6,,6_ > 0 sufficiently small, if the initial data for (¢,1) decay sufficiently

fast as r — oo and have size
Iy = E®(0) + E32; (0)

sufficiently small, then the following estimates hold for t > 0 (with T =1+1).
I) The energies satisfy
E=(t) < Io

29
Epeis 25, S Lo

Eﬂ

pE[1—64,2—6] ()5 T Iy

EE

pE[d—,2—54] (t> 5 TP Iy

/t By i g (T)dr STP 2T,
II) For all s,k such that s + 2k < 28, the following L> estimates hold.
|Tp+1Dal¢sfl,k|2 4 |rpDal¢sfl,k|2 4 |T,pal¢sfl,k|2

+ |T,p+3D0lwsfl,k|2 4 |Tp+2Dalwsfl,k’2 4 ‘rp+2alwsfl,k|2

< By () + By (1)
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II1) Together, (I) and (II) imply that if s+ 2k < 15, for allp € [0-/2,(2—91)/2],

|rp+1Dol¢s—l,k| + |TpDal¢s—l,k| + |Tpal¢s—l,k:|
+ |rp+3D0l¢s—l,k’| + |7“p+2DDl77/Js_l’k| + |,rp+23l,¢}s—l,k|

< T(2p—2+6+)/2]é/2
and additionally for p € [(6- —1)/2,6_/2],

/ |Tp+1DDl¢s—l,k| 4 ’TpDal¢s—l,k| + |7,p0l¢s—l,k‘
t
+ / |,r,p+3D-Ol,¢)s—l,k| + |’f‘p+2Dal’(/)S_l’k| + |,r‘p+20l¢s—l,k|
t

< T(2p72+5+)/2+1[01/2'

The final estimate should be interpreted as saying that |r0-—1/21 Dolgs=tk|,
|T(5_—1)/2Dol¢s—l,k|’ |T(5_—1)/2Dl¢s—l,k|’ |r(6_71)/2+3Dol¢s—l,k|; |r(6_—1)/2+2Dol¢s—l,k|; and

|rO==D/242lys=bk | decay like TO-—3404)/2 in q weak sense.

7.7.2 Bootstrap assumptions

We begin the proof of Theorem 7.7.1 by making the following bootstrap assumptions.

8] < 1/2, (7.13)

E®(t) < Cyly, (7.14)

E}%[é_a—é_‘_](t) < Cyplo, (7.15)
Ez%[é_,%aﬂu](t) < G TP I, (7.16)

/too Eﬁ[é_—l,a_}(T)dT < G TP, (7.17)
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Note that, with the exception of the highest order energies, these bootstrap assump-
tions are consistent with the general principle that E;(t) and ESF(t) behave like
TP=2+%+  which the reader should keep in mind throughout the proof of the main

theorem.

7.7.3 Improved L estimates

The L estimates from Proposition 7.5.8 are essential to the argument of the proof
of the main theorem. But for the sake of clarity, we first remove the error terms from

these estimates and summarize them in the following lemma.

Lemma 7.7.2. In the context of the bootstrap assumptions provided in §7.7.2, the
following L*° estimates hold for s + 2k < 28 and all p in any bounded range.

Forr >ryg,

‘Tp+1Dal¢sfl,k|2 4 |TpDal¢sfl,k|2 4 |Tpal¢sfl,k|2
4 |Tp+3DDl1/}s—l,k|2 4 ’Tp+2Dalws—l,k’2 4 |Tp+201ws—l,k|2

S By () + By (1)

and forr >rg > ry,
|7“D0lgbs_l’k|2 + |7’3D0l@/)5_l’k|2 S Es+5,k+1(t) + E8+7,k(t)

These are the same as the estimates from Proposition 7.5.8, except that the error

terms have been removed.
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Proof. Recall that, according to Proposition 7.5.8, for r > rg,

IT‘p+1DDl¢S_l’k|2 + |T‘pDol¢S_l’k|2 + |,r,pal¢s—l,k|2
+ |Tp+3D0l¢S_l’k|2 + |,,,.p+2Dal,¢}s—l,k:|2 + |rp+20l¢s—l,k‘|2

sz(Dg¢8+5’k)2—|-/ T2p(Dgws+5’k>2

< LR ¢ BT + /
)

p3M

and for r > ro > rgy,

|TD0l¢s_l’k|2 4 ’TsDDlws_l’kF

Etﬁ{’r>7‘o}

5 Es+5,k+1(t)+Es+7,k(t>+/

Etﬂ{’r>7‘o}

(Dg¢s+5’k)2 + / (D§¢S+5’k)2,
To prove the lemma, it suffices to show that

/ r2p(mg¢s+5,k)2+/ T2p(|:|g¢s+5’k)2 SE;;-5,k+l(t)+E§;7,k(t)
)3 b3

and

/ (Dg¢s+5’k)2 +/ (D§¢S+5’k)2 5 Es+5,k+1(t) + ES+7’k(t).
Sn{r>ro} >

P ﬂ{T‘>T0}

To do this, we use the equations for O,¢*">* and Og¢)**>*. This will result in a num-
ber of linear and nonlinear terms. While the linear terms can be estimated directly
by the energy norms, the nonlinear terms will again require the use of L>° estimates.

For this reason, the proof of the lemma requires a nested bootstrap argument.
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The bootstrap assumptions for this argument are that for r > rg,

IT‘p+1DDl¢S_l’k|2 + |T‘pDol¢S_l’k|2 + |,r,pal¢s—l,k|2
+ |Tp+3D0l¢S_l’k|2 + |,,,.p+2Dal,¢}s—l,k:|2 + |rp+20l¢s—l,k‘|2

e <E§;5’k+1(t) n Es”’k(t)) (7.18)

2p

and for r > ro > rgy,
’rD0l¢s—l,k‘2 + |r3DDlw3_’7k]2 < Cb (E8+5,k+1 (t) + Es+7,k(t)> ) (719)

We use one representative example to illustrate the bootstrap argument. Consider

the term
L¢*0,¢ + Lg0,.¢°
1+¢ ’

which shows up in the equation for O ¢° (see Proposition 7.6.1). We estimate this

term as follows.

[ (L¢s&»¢ - L¢8r¢s)2
N 1+¢

S / r(Lo*)10 0|7 (5, + / (000" Nl Lol Lo sy

Et Et

Then we apply the bootstrap assumption (7.18) with p = 0 to estimate the L* norms.

[ (wa - quarw)?
N 1+¢

< /E r?(Le*)?Cy (B9 (t) + Eg°(1)) + / r?72(0,¢°)2Cy (B (t) + B3 °(t)) -

3t

(In particular, since we only needed to use the p = 0 norms, this estimate is not

particularly delicate.) Next, we use the bootstrap assumption (7.15) for the main
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theorem to estimate the energy norms.

S S 2
/zt r (Ld) aﬁ ?M ) S / r#(L¢*)2Cy(Chly) + / r72(0,6°)2Cy(Cylo).-

And finally, we estimate the remaining integrated quantities by the energy norm

Ey)(t).

[ (qusarcb + Lo0,o"
S 1+¢

2
) < CRIE (1)

As a side note, this procedure will be repeatedly used in the remainder of the proof
of the main theorem.
By repeating the procedure in the above example for all the different terms that

arise in the equations for O,¢*>* and O;¢*>* we eventually conclude that

s+5+k
/Z sz(Dg¢s+5,k)2+/ T2p(D§¢s+5,k)2 5 Z (Cglo)j <E§;5,k+1<t>+E§;7,k(t>>

Et ]:0
and
s+5+k A
/ (Dg¢s+5’k)2—|—/ (D§¢s+5’k)2 5 Z (Cglo)] <E8+5’k+1(t) + Es-i-?,k:(t)) )
Sin{r>ro} f)tﬂ{r>ro} =0

(The exponent j corresponds to the number of times a differential operator acts on
the denominator 1 + ¢-—see Lemmas 7.6.6 and 7.6.7. It can also be zero because of
the presence of linear terms.) By taking I, sufficiently small so that CZIy < 1, the
dependence on the bootstrap constant C} can be removed. The resulting estimates

can be used together with Proposition 7.5.8 to conclude that for r > rg,

‘rp+1Dal¢s—l,k|2 + |rpDal¢s—l,k|2 + |,rpal¢s—l,k|2
+ ’rp+3Dalws—l,k|2 + |Tp+2D0lws_l’k’2 + ‘rp+20l¢s—l,k|2

S By M) + B3 ()
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and for r > ro > ry,

|TDDl¢sfl,k|2 + |7,3Dblwsfl,k|2 5 Es+5,lc+1 (t) + E8+7’k(t).

This recovers the bootstrap assumptions (7.18-7.19). O

The conclusion of the above lemma is the same as the statement of part (II) of

the main theorem.

Remark 7.7.3. Lemma 7.7.2, which is a simplified version of Proposition 7.5.8 in
the sense that there are no error terms on the right side of any of the estimates in
Lemma 7.7.2, will be used in the remainder of the proof of the main theorem as a

replacement for Proposition 7.5.8.

7.7.4 Recovering the bootstrap assumption for |¢|

With the improved L estimates, we can now recover the bootstrap assumption (7.13)

for |¢|. The L™ estimates imply that

|61 S E5 () + B (2).

The bootstrap assumption (7.15) implies that

Eg'(t) + B (1) S Colo.

Thus,
6> < Culo.

As long as Cy 1 is sufficiently small, this guarantees that |¢| is also sufficiently small.

This fact allows us to recover the bootstrap assumtion (7.13).
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7.7.5 The highest order (homogeneous) case

As explained in the introduction of this section, this is the point where we turn to
the first of two parts of the remainder of the proof. In particular, we will recover the
bootstrap assumptions (7.14-7.17) for the homogeneous norms FE*(t), bo?;(t), etc.

To begin, in §7.7.6 we prove refined estimates for the nonlinear norms N 5(t) and
]\ij (t). These estimates constitute the crucial step of the proof, because they handle
the nonlinear terms near i using L™ estimates sharply. In §7.7.7 and §7.7.8, the
bootstrap assumptions (7.14) and (7.15) at the highest level s = 29 are recovered.
Then in §7.7.9, a decay lemma is proved and used to recover the bootstrap assumption
(7.16) at the level s = 25. Finally, in §7.7.10, the bootstrap assumption (7.17) at the

level s = 23, which assumes a weaker form of decay, is recovered.

7.7.6 Refined estimates for N*(¢) and N;(t)

The L™ estimates given in Lemma 7.7.2 allow us to provide refined estimates for the

nonlinear error terms. This is the crucial step of the proof.

Lemma 7.7.4. In the context of the bootstrap assumptions provided in §7.7.2, if

s <29 and Cyly < 1, then
N (1) S (B ()2 (B () (B (0 + (B (1) (B2 (1)),

N:3(t) S E*(t)BE(t) + Bi(t) E2(t) + E3(t) (B2 (1)

p

Proof. First, we recall the definitions of N*(¢) and N; (t) from Theorem 7.4.5.

N () = (B S (1108 Nol e + 10/ Nl s, )

s'<s
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Z/ TP+1 8S +Z/ 7np+1 as

s'<s §'<s

+Z/Z { }yasﬂq;aS/\/HZ/ |05 F1p07 Ny ).
S/SS tN TRTtrap

§'<s tm{TN"'trap}

Therefore, it suffices to prove the following three estimates.
S s n 22 o 22
1OF NGl 2 + 1N 2y S (BSO)2(B5 -1 ()2 + (By_s_ (1) (E5=_, (1)

[ e [ w@NG? S B BRE) + BB
2in{r>R} Sin{r>R}

/ (O3N)? + / (OIN,)?
in{r<R} Sin{r<R}

T / 0 OENG | + / O OENG
Ztﬂ{?"%’r‘t’,up} i:tﬁ{"‘zrt'r'ap}

< B ()(E2 (1))

p

We begin by observing that the second estimate is a consequence of Proposition 7.6.8
(adapted to the homogeneous case) with two unimportant changes. The first is that
the norms EO;_1( ) and Es/ /2%8(¢) used in Proposition 7.6.8 have been replaced with the
norms B;(t) and B22(t), since they are equivalent in a region excluding the trapping
radius. The second is that the factor of 3 j§29(E029(t))j that appears on the right
side of the estimate from Proposition 7.6.8 has been eliminated. Given the bootstrap
assumption (7.14) that E2(t) < Cyly and the fact that Cply < 1, this factor is
unimportant.

The third estimate is much simpler. Since all of the integrated quantites are de-
fined on a bounded radius, the r factors can be replaced with constants and therefore
we have the freedom to choose p’ and p”. Using again the fact that Cyly < 1, we

ignore additional factors of any energy norm in this estimate.
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The first estimate is a hybrid of the other two. To start,

OF NG| 2220 + 110Nl 125,)
S NNl 2 minr<ry) + NN 2500 < )

NN 2munir>ry) T NN L2 (sm > mY)

The norms on a bounded radius can be estimated as

S S - S 2
HathﬁHB(Zm{KR}) + HatN1/JHL2(im{r<R}) 5 El—é, (t))l/Q(E(s —1(t))1/2

for the same reason as in the third estimate. The norms over the remaining region

{r > R} can be estimated as

NOINs| L2 minir>ry) + 1O Nl 250> Y

S (B () 2B () + (B (0) 2B (1)

using the same strategy that is given in Proposition 7.6.8. One simply has to check

that the appropriate powers of r can be assigned to each factor. O]

Corollary 7.7.5. In the context of the bootstrap assumptions provided in §7.7.2,
Theorem 7.4.5 and Lemma 7.7.4 imply that if s < 29 and Cyly s sufficiently small,

then

o t2 o o t2 o t2 o
E3(ta)+ / Bi(t)dt < E3(t)+ / E*(t)B2(t)dt+(Cylo)' / B3 (1) T30 2qt,

t1 t1 t1
Proof. According to Theorem 7.4.5,

t20

o o t2 o
E;(t2)+/t B;(t)dtSE;(tl)—i-/t N, (t)dt.

1
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By Lemma 7.7.4,
Ny(t) S E°(6) BR(t) + By (O E®(t) + Ep(t) (5>, ()2

Using the bootstrap assumptions,

to

t2 o t2 o o
/ B (0 E2(t)dt < / B (0 Colodt < Gyl / B (t)dt.

t1 t1 t1

Thus, if Cylj is sufficiently small, then this error term can be absorbed into the bulk
term on the left side.

Again using the bootstrap assumptions and the weak decay principle,

to to
/ B (OE2_ ()t < / B (1) (Cylo) 2T 0-—3+00)/24y
t1 t1

to .
S (Cylo)'? / Es(t)TO-—3104)2 g,

t1

Thus,

o t2 o ) t2 o t2 )
E3(t2)+ / Bi(t)dt < E3(t)+ / E*(t)B2(t)dt+(Cylo)"/? / Es(H) T304 gy,

t1 t1 t1

]
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7.7.7 Recovering boundedness of E?(¢)

By Theorem 7.4.5 and Lemma 7.7.4,

E?(t) <E®(0 / N(7
SE®(0)
+ / () (B2 ) 2B ()2 4 (B2 (7)) (B, (1)) dr
Sk + / (Colo) V2(Colo) (G~ 1) 27
<1+ PRI,

In particular, we used the weak decay principle in the third step. It follows that if I

is chosen sufficiently small so that C71y < 1, then
E*(t) < I.
This recovers the bootstrap assumption (7.14) at the highest level of derivatives.

7.7.8 Recovering boundedness of E%g 5. (1)

By Corollary 7.7.5,

t
EP, (1) + / B, (r)dr

t
< B2, (0)+ / E®(r) B2, (1)dr + (Cylo) / B2, (r)TO--3+00)/24,
0 0

t t
ST+ ]0/ B§%5+(7’)d7 + (beo)1/2/ Ciy Il TO-—3+0+)/2 47
0

0

< I+ CyI2 + (CyIp)*/2.
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It follows that if C31y < 1, then
o t o
B0+ | B3, (r)ir S o

This recovers the bootstrap assumption (7.15) at the highest level of derivatives.

7.7.9 Proving decay for E§§[175+,275+]<t) and Eozé[é_gfm(t)

We now use the heirarchy of the dynamic estimates to prove decay in time. For
convenience, we prove decay in the following lemma, which will then be repeatedly
used for a different values of p. Essentially, this lemma states that if a 7T -weighted
energy norm is bounded or decays at a certain rate, then the rP-weighted energy norm
decays at a rate with an additional factor of 7-!. This is the source of the tradeoff

between a factor of r and a factor of ¢.

Lemma 7.7.6. Suppose p+1,p € [0_,2 —d,] and

() S T,

/ B2\ (t)dr < G721
t
E3(t) < CTP~ 20 I,
/ BX(r)dr < CTP 4% .
t

Then if 1y is sufficiently small,
Es(t) S TP I,

Proof. Using the mean value theorem, for a given t, let t' € [t/2,t] be the value for
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which B;ﬁ =2 7 B;ﬂ )dr. Then using Corollary 7.7.5,

t t
E,(t) S,E;(t')Jr/tl Es(r)Bf(r)err(ObIO)l/?/t/ B3 (r)T =360/

t t
SE) + 1o / B2(7)dr + (Cyplp)*? / TP O =300 2 gy
t t

< E;(t’) + CLIETP= 2% 4 (Cyy)3/2 TP~ 20+ o= +05—1/2

S ES(t) + (Cylo + O 1)) TP=2404 I,

Now by the choice of ¢, and another application of Corollary 7.7.5,

OS S 2 ! S
B £ B3k =] [ B
t

t
SRS (t/2) +t7! //2 E*(r)B (T)dr + t7(Cylo)'? //2 Bt (r)TO- =342,
t

5 t—l(T(p+1)—2+(5+]O + CblgT(p+l)_2+5+ + (beo)3/2T(p+1)_2+6+).

Thus,
E;’k(t) S (1 +Cylp+ C’E/?]S/?)Tpfzmqo_

Provided C’b3 / 2[3/ % is sufficiently small, the proof is complete. O

By applying Lemma 7.7.6 for p =1 — 6, and s = 28, we obtain
EB; (1) ST 'IL.
By interpolation we obtain decay for all p € [1 — d§,,2 — d4].

: —245
EX 505, ST,
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Then applying Lemma 7.7.6 again for each p € [§_,1 — .| and s = 27, we obtain
EXs g5 (t) STV L,
This recovers the bootstrap assumption (7.16) at the highest level of derivatives.

7.7.10 Recovering weak decay for Egg[a_q,a_](t)

To prove estimates for low p (ie. p in the range [§_ — 1,d_]), we first observe that

/ E;G(T)dTS/ é;il(T)dT.

t t

Then by Corollary 7.7.5,

| BLeer s L0+ [ BB
t t

+(Cb[0)1/2/ 5511(T)T(6__3+5+)/2d7

t

< T+)-24+51 ] 4 [0/ B%H(T)dT
t
+ (Ob-[0>1/2 /Oo T(p+1)—2+5+]OT(57—3+5+)/2d7_
t

< (14 Cyply + (Cyplp)Y2)TPHD =240+ I
It follows that if I is sufficiently small so that Cyly < 1, then
/ EZG(T)dT 5 T(p+1)—2+6+1—0 _ Tp—2+6++1[0_
t

This recovers the bootstrap assumption (7.17) at the highest level of derivatives.
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7.7.11 The general case s + 2k < 28

As explained in the introduction of this section, this is the point where we turn to
the second of two parts of the remainder of the proof. In particular, we will recover
the bootstrap assumptions (7.14-7.17) for the norms E*F(t), ES*(t), etc. We will
use results from the first part, which started with §7.7.5, to handle the homogeneous
norm B;(t) appearing on the right side of many estimates in this second part.

The outline for this second part is similar to, but slightly more complicated than,
the outline for the first part. To begin, in §7.7.12, we prove refined estimates for the
nonlinear norms N**(t) and N5*(t). Just like the estimates in §7.7.6, these estimates
constitute the crucial step of the proof. The remainder of this second part uses a finite
inductive argument with the inductive assumptions listed in §7.7.13. In §7.7.14 and
§7.7.15, the bootstrap assumptions (7.15) and (7.14) at the highest level s + 2k = 28
are recovered in that order. Then in §7.7.16, a decay lemma is proved and used to
recover the bootstrap assumption (7.16) at the level s+ 2k = 24. Next, in §7.7.17 the
inductive assumptions for the next step k£ + 1 are established. Finally, in §7.7.18, the
bootstrap assumption (7.17) at the level s 4+ 2k = 22, which assumes a weaker form

of decay, is recovered.

7.7.12 Refined estimates for N**(¢) and N:*(t)

The L* estimates given in Lemma 7.7.2 allow us to provide refined estimates for the

nonlinear error terms. This is the crucial step of the proof.

Lemma 7.7.7. In the context of the bootstrap assumptions provided in §7.7.2, if
s+ 2k <28 and Cyly < 1, then

N () S (B (0)2 (B (0)2(EE_ () + (B ()R (1)),

s,k 5,0 5/2+8,0 5,0 s/2+8,0 EN 23 1/2
NF(t) S B0 () BP80(t) + B0 () E*#80(t) + E5F (1) (EL (1) "2,

p
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Remark 7.7.8. The careful reader may notice that the low order energy norms in
this lemma are at the level s + 2k = 23, whereas the low order energy norms in the
analogous lemma for the homogeneous case (Lemma 7.7.4) are at the level s+2k = 22.
This difference is unimportant, but it is due to the fact that the 0, commutators
commute with the derivatives in the structures of Ny and Ny, while the commutators
Q and Q have angular parts that miz with the 8y derivatives in some terms belonging
to Ny and Ny. This is manifest in the condition s, + ... + soy; < s+ 2 that is given
i Lemmas 7.6.6 and 7.6.7. This means that the lower order factors can have up to
(s+2)/2 =s/241 derivatives, whereas in the homogeneous case, they can only have

up to s/2 derivatives.

Proof. First, we recall the definitions of N**(t) and N3*(t) from Theorem 7.4.23.

Nk () = (Es,k(t))l/z Z ||q*2f*k’Fs’(q2N¢)‘|L2(Et) 4 Z |’q72fk/f5/(q2Nw)‘|L2(it) 7
s'<s s'<s
kék K<k

N;’k(t) _ Z / Tp+1|q_2f‘k/f‘s/(q2./\/'¢)’2 + Z [ Tp+1‘q_2fk/fs/(q2N¢)|2.
s'<s Bt s'<s Zt
k' <k k' <k

Therefore, it suffices to prove the following three estimates.
D Mg T @END oo + Y g > T T (PN s

s'<s s'<s
k'<k k' <k

S (BB ()2 + (B (0) (B3 (1)
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Z/ rp+1’q72f\k’rs’(q2j\/'¢)‘2 + Z/ TP+1|q72f\k’f\s’(q2Nw>’2
< in{r>R} I< itﬂ{’r>R}
K<k K<k

S Es,O (t) B;/2+8,0 (t) + B;’O (t)ES/2+8’O (t)

> / T T (PN P + ) / g TH T (PN
<s 2in{r<R} §'<s Sin{r<R}

K<k K<k

S B ((ER0)

These estimates are analogous to the estimates in the proof of Lemma 7.7.4, and they

can be proved the same way. O]

Corollary 7.7.9. In the context of the bootstrap assumptions provided in §7.7.2,
Theorem 7.4.23 and Lemma 7.7.7 imply that if s + 2k < 28 and Cyly is sufficiently

small, then

to
EX (ta) + / By (t)dt

t1

to . to
S EXNt) + / B (t)dt + (Cylo)'? / ESk ()T 31002 gy

t1 t1
to
+ ) / By (t)dt.

s +2k/<st2k Y 11
k'<k

whenever s/2+ 8 < s+ 2k (which means 16 < s + 4k).
Proof. According to Theorem 7.4.23,

t

to 2
ES*(t2) + / By (t)dt S E9F(ty) + / By (t) 4+ BT () 4+ N2*(t)dt.

t1 t1
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By Lemma 7.7.7,
NE(t) S B20(8) By 2H50(t) + By () E**H50(t) + Ep* () (B>, (1)) *.

We now estimate each of the three terms on the right side. The strategy for the first
term depends on whether £k = 0 or £ > 0. If £ = 0, then since s/2 + 8 < s by
assumption,

E*O(#)B/280(t) < CuloBEO(t).

It follows that if Cyl, is sufficiently small, this term can be absorbed into the bulk

term on the left side. If instead k& > 0, then since s/2 + 8 < s + 2k by assumption,

BB SOy Y BYM(1).

s’ 2k <s+2k
K<k

It follows that if [y is sufficiently small so that Cyly < 1, then this term can be
estimated by the lower order (in k) term on the right side.
The strategy for the second term is similar. Since s + 2k < 28, it follows that
s/2+8 <28, so
BO(t) ESPHE0(t) < CuloBYO(t).

Again, if k£ = 0, then CjI; must be taken sufficiently small so that this term can be
absorbed into the bulk term on the left side. If instead k£ > 0, then since s < s + 2k,
as long as Cyly < 1, this term can be estimated by the lower order (in k) term on the
right side.

Finally, by the weak decay lemma,

to to
/E;’k(t)(ng_l(t))l/thS(CbIO)l/Q/ Bk (6)T -2+t

t1 t1

This completes the proof. O
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7.7.13 Inductive assumptions

The remainder of the proof is a finite induction argument. First, estimates are proved
for £ = 0, and then for k = 1, etc. until £ = 14 (which saturates s + 2k < 28). For
each k, it will be necessary to use estimates established for £ — 1. These inductive
assumptions are listed here.

Either

or s+ 2k = 28 and

s’ k'
> / Byl a5 (07 < o,

s’ +2k'<28
K<k

or s+ 2k = 26 and

Z / ;ekll 04,2— 5+}( )dT 5 Tp_2+6+]0’

s’ 42k’ <26
k' <k

or s + 2k =24 and

sk —244
> [T B s T,

s'+2k'<24
K<k

For the remainder of the proof, k should be considered fixed. These estimates
will be used for the fixed k, and eventually (in §7.7.17) the corresponding estimates

obtained by replacing k£ with k+1 will be proved, thus closing the induction argument.
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7.7.14 Recovering boundedness of E;f&r(t) (s + 2k = 28)

Our first application of Corollary 7.7.9 is to prove boundedness of E;f5+ (t) and
Jo Bo¥s (r)dr. With s + 2k = 28,
k R
By, () + /0 ByZs, (T)dr

t
S By (0)+ /0 B*(r)dr + (Cylo)'/* / Ey%; (1) T0--3+00)/2gy

s k’
+ E / Bys (T
s’ 2k'<s4-2k
k' <k

t
< Iy + Io + (CyIp) Y2 / CyTO-=3402 [ dr + I,
0

<A+,
It follows that if I, is sufficiently small so that C{ 1y < 1, then

t
Ey k5+( ) Jr/0 B§f5+(7-)d7- S Io.

This recovers the bootstrap assumption (7.15) at the level k.

7.7.15 Recovering boundedness of E**(t) (s + 2k = 28)

Since
t t
/ Bi*(r)dr < / B3k, (r)ydr < Iy
0 0

we are now able to prove that E¥¥(t) is bounded.
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Let s 4+ 2k = 28. By Theorem 7.4.23 and Lemma 7.7.7,

t
BUH0) SEH0)+ [ B0 4 B ) + Bt ) + NeRr)ar
t
SEH0) + [ BN + B + B rdr
0
t
o [ )R () B ()2 4 (B () B () dr
t
<Io+ / (Colo) ' *(Cydo) /> (CyT> 304 1) 2 dr
0
3/2 71/2
ST+ G Ly ) .

In particular, we used the weak decay principle in the third step. It follows that if I,

is chosen sufficiently small so that C3I, < 1, then
ESR(t) < .
This recovers the bootstrap assumption (7.14) at the level k.

7.7.16 Proving decay for E*F

PE|

16,26, (s +2k = 26) and

Bl o s (t) (s+2k = 24)

pe|

Once again, we prove a decay lemma for repeated use.

Lemma 7.7.10. Suppose p+1,p € [0_,2 — ] and
/ é;if(T)dT < TPt =2Ho0r
t

EyiA(e) S T g,

> / By (r)dr < T2
t

s 2k’ <s4+2k+2
k'<k
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/ §;+1(7)d7 < TP=240+ ],
t
ES () < GTP 4 I,

/ By (r)dr S TP I,

s/ oK/ <st2k 7t

k'<k

Then if Iy is sufficiently small,
Epk(t) S TP 0% .

Proof. Using the mean value theorem, for a given ¢, let ¢’ € [t/2,t] be the value for

which B;ﬁ iy =2 ft 12 B;ﬁ *(7)dr. Then using Corollary 7.7.9,

t t
ESM(t) S EFF(E) + / By (r)dr + (Colo)'? / By (r) T304 2 a7

t/ t

¢
+ Z /t, B, ok (1)dr

s 2k <s+2k
k' <k
t
S ESE() + Gyl / (CyTP P04 Ig) T >0 dr + TP 72404

t/

S ESF(t) + CRI TP >0 Iy + TP 240+ I,

Now by the choice of ¢/,

2 t
B s B =1 [ o

t t
>t lEzﬁ e /t/2 B;ﬁ( Jar +¢7Glo /t/2 E;ﬁ’k(T)T‘L_“‘;* dr

¢
+¢7t Z / B;J’rli (1)dr.
t

s/ 2k <s4+-2k+2
k' <k

Thus,
s,k 2 2+46
Ey7(t) S (1+ CyLo)T = .
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Taking I, sufficiently small so that C?y < 1 completes the proof. O

By applying Lemma 7.7.10 for p =1 — 0, and s + 2k = 26, we obtain
Efﬁu (t) ST 'Io.
By interpolation we obtain decay for all p € [1 —§,,2 — d4].

s,k 246
E i 5. 05,t) STV .

Then applying Lemma 7.7.10 again for each p € [0_,1 — d,] and s + 2k = 24, we
obtain

s,k —244
Bt o (t) S TP,

This recovers the bootstrap assumption (7.16) at the level k.

7.7.17 Establishing inductive assumptions for k£ + 1

By Corollary 7.7.9,

/t By¥(r)dr S EYH(t) + / B (r)dr + (Cydo)'/? / ESM ()T 31002 dr

p
t t

oo
/ !
+ E / B, ok (1)dr.
s +ok/<st2k 7t
k' <k

The quantities E3*(t), [ é;+1(7)d7, and [ B;/’k/(T)dT (s" + 2k < s+ 2k and
k' < k) all have the same proven decay rates. For s + 2k = 28 and p € [§_,2 — . ],
they are bounded in time by Iy, for s + 2k =26 and p € [1 — §,,2 — 6], they decay

at least as fast as TP~2+%+ [, and for s + 2k = 24 and p € [0_,2 — ], they decay at
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least as fast as 7P~2+%+],. Thus,

s’ k!
> / B o s, (T)dr ST,

s/ 42k <28
kK <k+1

o0
s’ k! —246
/ Bp€[1—§+,2—6 (r)dr ST° 1o,

' +2k' <26
k' <k+1
% _
/ B;e[a agy(T)dr ST,
s +2k'<24
k' <k+1

These are the inductive assumptions at the next level k£ + 1.

7.7.18 Recovering weak decay for E;f[a,—m,](t) (s + 2k =22)

Finally, set s + 2k = 22 and observe that for p € [0_ — 1,d_],
/ E;’k(T)dT < / B;ﬁ’k(T)dT < TP =240+ 1 — P24t
t t

This recovers the bootstrap assumption (7.17) at the level k.

This completes the proof of Theorem 7.7.1.
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Appendix A

More about the wave map problem

A.1 The general theory of wave maps and the ¢,
system

There are at least two useful ways to linearize the wave map system (1.8-1.9) about
the nontrivial solution (Xo, Yy) = (A, B). One of these ways is to introduce a vector
bundle formalism (motivated by the geometric nature of the wave map system) and
derive an equation for a section &, of this bundle, B. This approach is useful because
it suggests an appropriate grouping of terms when deriving a Morawetz estimate. We

derive this system here.

A.1.1 The general theory of wave maps

Let ® be a map.
o (M,g9) — (N,h).

Let &, = d® be its pushforward.

D, : TpM — T@(p)N
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The wave map equation says that
divd, = 0. (A.1)

Let us take a moment to outline a few conventions for index notation. We will
use greek indices to represent tensor quantities on M and lower-case latin indices
to represent tensor quantities on N. We emphasize that these shall be used for
coordinate invariant quantities only. When using a particular set of coordinates, we
will use primed indices instead. For example, we can represent the pushforward d®
by

d® = dPy,

but if we specify the map ® in coordinates @a'(x“/), then we have the coordinate
dependent equation

d@z/ == aﬂlq)a .

As an exception to the primed index rule, indices 1, j, k, [ will be used to correspond
to a particular orthonormal frame for the bundle B, which will be introduced later.
We use V to denote the Levi-Civita connections on both M and N. The particular
connection being used will be clear from context or use of indices. The pushforward ,
and the Levi-Civita connection on N induce a connection D taking a vector Ve T,M

to a differential operator Dy; acting on tensors on N by

When the context is clear, we use indices to implicitly push forward contravariant

tensors on M or pull back covariant tensors on N. Thus, for example,
g* = doLddhg™”
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and

hap = dPLADY Ry,

We will never use the inverse of ® (which may not exist) to push forward covariant
tensors or pull back contravariant tensors. This allows for raising and lowering indices

without ambiguity. For example,
he? = g*1gPh 5 = g*1 g7 D dDThey.

The one drawback of this convention is that indices no longer clarify whether tensors
naturally belong to M or N. (For example, is R,z the Riemann curvature tensor for
M or the pullback of the Riemann curvature tensor for N?) This ambiguity must be
resolved explicitly when the tensor is introduced, but is not a serious issue in practice.

Using the above index notation, one can directly calculate the following coordinate-

dependent equation.

v

Du/dq)a, ﬁu/&,@“' — Fﬁ:,ﬂf)x@“' + E)H@bl&,@d g/lcz.
In particluar, the wave map equation (A.1) in coordinates takes the form

0,89 + "' 8,89, 8Ty, = 0. (A.2)

A.1.2 Linearized wave maps and the section &,

To examine the linear stability of a solution ® to a wave map, one obtains an equation
for a vectorfield

—

v : M — TN, U(p) € T N.

The significance of this vectorfield is that if ®(s) is a parametrized family of solutions

to the wave map equation with ®(0) = ®, then ¢/ = 4 oo P(5).
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The equation for J is
Og¢® + R 54" = 0, (A.3)

where R is the curvature tensor of the target manifold
RNy = g7 dDdDS R .-

By comparing the model system (1.8-1.9) to the general wave map equation (A.2)
one can read off the Christoffel symbols Fg‘,lc, and determine that the target manifold
(N, h) for the model problem is the hyperbolic half plane-with negative constant

curvature. Letting €, be the volume form for the hyperbolic plane, we have

Rabcd = —€ab€ed-

Contracting equation (A.3) with €4, and using the facts that D, e, = 0 and €,.€% =

hap, We obtain a new equation.
b b c __
Dg(eabw ) — Ya ebcw =0.
Therefore, we introduce the new dynamic quantity
fa = 6abwb

and the potential
Vab — gab — gaﬁdq)gd@b,

and the equation (A.3) becomes

Dgga - Vabgb = 0. (A4)
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We refer to the vector bundle for this equation as B.

A.1.3 The equations for ¢, in component form

Assign to the hyperbolic half plane (N, h) the coordinates X and Y with the ranges

X € (0,00)

Y € (—o00,00).

The metric for the hyperbolic half plane is given by

1
@2=§§ux?+ﬂﬂ)
An orthonormal frame is given by

We can represent the section &, in terms of the dual frame {e', e?}.

ga = gi(ei)a = Sl(el)a + 52(62)a~

The functions & and & are scalar quantities and are the objects of study in §7.2. In
particular, these quantities linearize the wave map system (1.8-1.9) in the following

way.

X:A—Afg

Y = B + Af,.
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The pushforward d® is given by

0, A 0.B

ddy = " (e1)* + I (e2)",

and the Christoffel symbols for the dual frame can be read from the following relations

B
D,e! = —a:tl e
Ou B
D.e* = 1 el

Equation (A.4) in component form is given by the following system of equations for

the scalar components & and &.

80‘B 0*A0, A+ 0*Bo,B
Og&1 = Do + Ve &1
8O‘B GaBﬁaB 0*A0,B

Ogo = 2——0.61 + sz + 2T

&1

In the Schwarzschild case, where A = r?sin?# and B = 0, these equations reduce to

2
0,6 = (1——)& ol

Dg€2 = 0.

A.2 A proof of equivalence for the three systems

The wave map problem is explained using three different dynamic quantities (X,Y),
(p,1), and (&1,&2). Here, we collect the facts, which are scattered throughout this

thesis, that the three systems are equivalent.
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Proposition A.2.1. Let

X =A+Ap=A— A&

Y = B+ A%) = B + A&,.

Then the systems for (X,Y), (¢,v), and (&1,&2) are related in the following way.
Let the pair (X,Y) satisfy

XO,X = 0°X0,X — 0°Y0,Y

X0,Y = 20°X8,Y.

Then the pair (¢,1)) satisfies

Dg¢ = £¢) +N¢>

Dgw = ﬁw —i-./\/;p,

where Ly and Ly are linear in (¢,1)) while Ny and Ny, are nonlinear in (¢,1). They
are defined in §7.1.4.

Furthermore, the linearized equations

Dggb = L(b

Ogp = £¢7

are equivalent to the B-valued equation

Dgga - Vabgb = 07

provided &, = &1(e')q + &o(€?),.
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Proof. By Proposition 7.6.1, the system

Dng = £¢> +N¢>

Dgw = £¢ —i-./\/;p

derives directly from the system

XO,X = 0°X0uX — 0°Y0,Y

XO,Y = 20°X0,Y

when substituting X = A+ A¢ and Y = B + A%,
By Lemma 7.3.5,

(e1)"(Ogéa — Va'&) = A(Ogth — Ly)

—(e2)*(0y&e — Vabgb) =040 — L.
Thus, the linearized equations

Dg¢ - E(b

Oz = Ly,
are equivalent to the B-valued equation

Dgéa - Vabfb = 0.
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A.3 The behavior of X and Y near the axis

Each of the coordinates (X, Y') of the map ® has a geometric interpretation. Consider
an axisymmetric vacuum spacetime (ie. a spacetime solving (1.5)) and let K be its
axial Killing vectorfield. The coordinate X satisfies X = K*K,. Therefore, one
expects X to vanish on the axis at the same rate as A in Kerr, and that if K is
everywhere spacelike, then X should be non-negative.

The coordinate Y satisfies V,Y = €, K"V"K A where € is the volume form
for the spacetime. For this reason, it is called the Ernst potential. [Wei90] The
geometric significance of Y can be understood the following way. Let v be a curve
in the spacetime defined on the interval [0,1]. Let S, be the orbit of v under the
U(1) isometry group generated by K. Then S, is a 2-surface parametrized by the

parameter for v and the parameter for the U(1) isometry group. We calculate

1 2m 1
/ dANV K* = / / (YK €r) VK™ = 27 / AV Y
S-y 0o Jo 0

=2m (Y (y(1)) = Y (7(0))).

If v is closed or has both endpoints on the axis, then S, is the boundary of a

domain

S, = 082
and by Stokes’ theorem,

f{ dANV"K* =2 / dV,Ric", K" .
Sy 9)

For a vacuum spacetime, the integral fSw dA,.V*K* computes the angular momen-
tum enclosed by the surface S,. Taking v to be a curve starting and ending on the

same half of the axis, we conclude that Y must be constant on the same half of the

017



axis. Taking v to be a curve starting and ending on opposite halves of the axis, we
conclude that the values of Y on each half axis differ by a constant related to the
angular momentum of the black hole.

Let (60X, 0Y) correspond to a perturbation of the map ®

X =Xy+0X

Y =Y, +0Y

preserving angular momentum. To be consistent with the above geometric properites,
both §X and §Y must both vanish on the axis.! Assuming low regularity, since 6X
and Y are axisymmetric, they must vanish at least to order sin? § on the axis. Thus,

both scalars

é-l - Ail(SY

§2 - —Ail(SX

should be regular on the axis for regular perturbations of ® which preserve angular
momentum.

The equation for &; tells us more about & on the axis. If we write & = f(r) +
sin?0g(r, 0) for regular functions f, g and assume &, is regular on the axis, then the
equation

sin® 00,&; = sin® 0g1°¢;

L Actually, §Y only needs to be constant on the entire axis, but it is easy to check that Y can be
defined up to a constant, so it can be assumed that §Y = 0 on the axis.
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simplifies when sinf = 0 to

0 = sin 0g%ddLdDS(f () + sin® Og(r, 0))

1
= sin? 0?(2 cot 0)*(f(r) + sin®0g(r, )
4
= ?f(r)
This means that we can write
& = r?sin? Oy

for some function 1 that is regular on the axis. This is consistent with the class of

perturbations defined in the main theorems of Chapters 6 and 7.

A.4 The local theory for the (¢,) system

Due to the presence of nonlinear terms with factors that are singular on the axis, it
is not obvious that the system (7.3-7.4) repeated below admits solutions even locally
in time. A proof of this fact is sketched here.

First, we recall the system (7.3-7.4).

049 = Ly + Ny
Ogth = Ly + Ny,
where
0*B 0*“Bo,B 0*“A0,B
,C¢ = -2 A A@aw + 2T¢ - 4TA@ZJ
0%As 0*Bo,B L, 0*B
=2 9 — 2 2471
Ly 1 Oatp +2—— ¢ + o 0a®;
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and

(14 @)Ng = 0%P0atp — AD“YY ALY + ) — 4aaAA1pA8aw
9°Bo.B aaAa B aaAa A
- T¢ +d——QAY —d—r— JE (Ay)?,
(1+ ¢)N¢ = 20%¢p0 ) + 48 YO — 28“3 _1¢@a¢.

A.4.1 The iteration scheme

We begin by defining an iteration scheme based on a given set of initial data (¢, 1)|=o.

The iteration is defined as follows.

Definition A.4.1. Let (¢1,11) be a solution to the linear equations

ngbl = ‘C¢1

Dg% = ‘Ciﬁu

which 1s guaranteed by the theory of symmetric hyperbolic systems. Then define a

sequence (pn,y) by the relations

Dg¢n - Ed’n = N¢n71
Ogn — Ly, = Ny,

where each pair (¢n,V,) is constructed from the pair (¢pn_1,Vn_1) using Duhamel’s

method.

By slightly adapting the proof of Theorem 7.7.1, we obtain the following theorem

for each of the pairs (¢n, ¥n).
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Theorem A.4.2. Define the energies

E™(t) = E™ o, 0a](t) + > E™F (g, 1] (1),

s+2k=m—1

E2(t) = EP[bn () + Y Es*[on, vl (2).

s+2k=m—1
Then for 04,6_ > 0 sufficiently small, if the initial data (¢,v)|—0 decay sufficiently

fast as r — oo and have size
Iy = E2(0) + E3%;,(0)

sufficiently small, then the following estimates hold for t € [0, T].

I) The energies satisfy

II) For all s,k such that s + 2k < 28, the following L™ estimates hold.

ITp+1DDl¢fL_l’k|2 + |’I"pDDl¢fL_l’k|2 + |,r,pal¢;sl—l,k|2
+ |rp+3Dal¢;sl—l,k|2 + |,,,.p+2Dal,¢};9L—l,k|2 + |7”p+20l¢i_l’k|2

S Bsp " s al(t) + Esy " b, ) (1)

III) Together, (1) and (II) imply that if s+ 2k < 15, for allp € [0_/2,(2—61)/2],

|Tp+1DDl¢fL_l’k| 4 |T,pDOl¢fL—l,k| 4 |7“p01q§fl_l’k|

<L
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Proof. The proof is very similar to the proof of Theorem 7.7.1. It is proved by
induction on n. For the base case n = 1, since (¢1, 1) solves the linear system, the
proof is substantially easier. For the inductive step, the inductive hypothesis replaces

the bootstrap assumptions. O]

A.4.2 Establishing the contraction map

Now, we wish to show that the map that generates the sequence (¢,,,) is a con-

traction map with respect to the following norm.

Definition A.4.3. Fiz T > 0. Then define

(@)l = sup (B2[0,v/)(0) + B35, [0, 4](1))
te[0,7]

where the norms E™(t) and EJ*(t) are as defined in Theorem A.4.2.

We begin by investigating the differences. Let

A¢n = ¢n+l - ¢n
A% = wn+1 - ¢n

Then by the principle of linearity,

OgAbn — Lag, = Ny, — Ny, _,

O5AYn — Loy, = Ny, — Ny, ;.

In light of this fact, we have the following lemma.

Lemma A.4.4. Letp=2—9,. Then

(1 - CT)|||(A¢W A¢n)||| 5 [[Nn - Nn—l]]a
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where

[[Nn_anlﬂ
T T
= [ N DBt 3 [N~ Nl
s<29 /0 s<29v/0
T ~
b [ IR, ~ Moy ) Bt
st2k<28 0

T
= [ = N D),

s+2k<28

T
Pl o
Y / P03 (NG, — N )2t

s<29

T
ptl o
+ Z ||7" 2 0, (an _Nlﬁnq)”iz(jt)dt

s<29 70

T
ptl _on s
- / P4 g 2P (RN, — N ) B

s+2k<28

T
ptl _op s
. /O 5 2P (2N, — Ny ),

s+2k<28

Proof. From Theorems 7.4.5, 7.4.16, and 7.4.23, we have

E2[A¢y, Ayy)(t)

< B2860, 86,00 + [ 2106, Avr)in

0

t t
Y / 18 (N, = N, By + 3 / 10 (N, — Ny )P,

s<29 s<29

t
> / g2 P T (BN, — Noo )| Bags

s+2k<28

t
= X [T N = N s,

s+2k<28

Since (Pni1, Yni1) and (¢y, ¥y,) agree at t = 0, it follows that

E2[Ady, A,](0) = 0.
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Also,

|| E2180 Avlr)ir <t sup EH{Adn, M) < TI(Adns A

T€[0,t]

It follows that

sup E2[A¢,, A, (t)

te[0,7)

S TH[(Agn, Ay )]

T T

5<29 5<29

T
+§:Am%mwwfmmmmm

s+2k<28

T
#30 [T N, — Ny )i

st2k<28 0

By the same reasoning, for all p € [§_,2 — . ],

sup EI%Q[AQS”, A,](t)

te(0,7

S T[(Adn, Aty

T
Pl
+2Aw»mmfmwmmw

5<29

T
ptl o
Y / 175 0 (N, = N ) s

5<29

T
ptl _on s
+§jAwW%mefmwmmw

s+2k<28

T
ptl _on s
. /0 5 2P (RN, — Ny ) s,

s+2k<28

Adding both of these estimates and using the expression [[N,, — N,,_1]] to represent
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all terms that contain a difference of nonlinear terms,

(A, Apn)[[| S TH|(Abn, App)[|] + [[Nn — Npa]
whence
(1 = CDAGn, APl S [[Nn — Npi]]
O

Now we prove the following lemma, which is essential to the contraction argument.

Lemma A.4.5. If Iy is sufficiently small, then

[N = Noa]] S T[[(Adn—1, Athn ).

Proof. Recall that the general structures of ¢ 2I*I%(¢2N,) and ¢ 2T*T(¢?A\,) are
given in Lemmas 7.6.6 and 7.6.7. Even with these structures, to establish the estimate
of this lemma in full detail would be quite laborious. We will illustrate the full proof

by only showing that
||q_2fkfs(q2 (an — N"/)n—l))HLz(it) S Eﬁ[Agbn—la A¢TL—1] (t) (A5)

We choose this example estimate because it contains the most general term that has

a singular factor on the axis. From Lemma 7.6.7, such a term can be expressed as

T72f7817k1 (,r,flbcl¢827217k2)(,,,./883,]{)3)”. (T/882+j,k2+j)
(1+¢)7Ht ’

where f is a bounded function and 7** and $%F are factors, each depending on
derivatives of ¢ and 1. (See Definition 7.6.5.)
In yet another attempt to simplify the proof, we choose a simple representative

term with the above structure. The source for this term (before applying commuta-
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tors) is

r 2 (r)(rbg) _ r*1pbo

1+¢ 1+¢
(See the proof of Lemma 7.6.4 for the origin of this term.)

Now, it is necessary to estimate

T_anb¢n _ 70_2¢nflb¢nfl
1 + ¢n 1 + ¢n—l

in terms of the difference

(A¢n—1a Awn—1> = (¢n - ¢n—1a wn - @%—1)-

Lemma A.4.6.

7“72?%5% 7“72"7Z)n—1b¢n—1

1+ ¢n 1+ ¢n—1
_ T72A¢n_1b¢n Tﬁan—legbn—l T72A¢n—l¢n—lb¢n—1

1+ ¢n 14 ¢, (T+én)(I+ dn1)

Proof. Note the following calculations.

7”721#,16(;5” - T72<¢n - ¢n—1)b¢n + Tﬁan—lb(ﬁn
1+ ¢, 1+ ¢, 1+ ¢,

T_2¢n—1 b¢n o 7”_21%—15(% - (bn—l) + T_2¢n—1b¢n—1

1+ ¢, 1+ ¢, 1+ ¢,
T2, 1b¢, 1 9 1 1 20,1601
T16, | Ynibnn <1+¢n - 1+¢n1) T
1 1 14éua—(1+6) o — Pt

1+ ¢n 14+ (L+du)(l+du) (1+ ¢n)(1 + dn)

The identity of the lemma now follows by combining all of these calculations. m

We illustrate the proof of (A.5) through the following two estimates, both of which

226



rely on the L™ estimates in Theorem A.4.2.

_ _ PN 2
! 2¢ bA¢ / / < 2¢ bA¢h_1> r%sin® OdOdr
1400 s, 1+
lo 2
< r L O, A ) 2r? sin® OdOdr -1
N/T:H /0 ( 0 (bn 1) 1+¢n Lw(it)
S E2[A¢n 1, A 1]t
S E2[A¢, 1, A, 1](2)
72 hz A 72 hz A
—ib / / ( Sk ) 78 sin® 0dOdr
I+ o, (i s
—1pAghle 2
/ / -1 28 sin® OdOdr M
1+¢n Loo(flt)

S Lo ER[A¢,—1, Ath,_1](t)

S E2[A¢y1, Aty 1](t)

Proposition A.4.7. If T and Iy are both sufficiently small, then

(P11 = &n Ynsr = ) Il S A|(¢n = dn1, ¥ — Pn)ll,

where A < 1.

Proof. By Lemmas A.4.4 and A.4.5,

(1 - ClT)’H((anrl - ¢n7wn+1 - wn)m < C2T|H(¢n - anfl’z/}n - wnfl)m

Therefore, the estimate of the proposition holds with

CoT

)\:
1-C\T
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If T is sufficiently small, then A < 1. O

A.4.3 The limit (¢,v) = lim, 00 (P, Uy)

We have the following corollary of Proposition A.4.7.

Corollary A.4.8. There ezists a pair (¢,1) such that

i ([1(¢ = ¢n, ¥ — )| = 0.

Therefore, we conclude the following theorem, which establishes the local theory.

Theorem A.4.9. Given initial data (¢, )= with size
Io = B2(0) + B35, (0)

sufficiently small, there exists a small time T such that a solution (¢, 1) to the system
(7.3-7.4) exists for all t € [0,T].
Proof. Let (¢,v) be as defined in Corollary A.4.8. Then by the standard theory of
Sobolev spaces,

Oy — Lo = lim By¢, — Ly, = lim Ny, =N

Dgl/} - £¢ = h_>m D§¢n — £¢n = 11_>m anfl = ./\/;/J.
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Appendix B

General ellipic regularity

In this appendix, we prove Lemma B.2.1, which shows that () is a useful commutator

for controlling angular derivatives.

B.1 Elliptic estimates for A and A*

Before investigating Q*, we derive elliptic estimates for A*. We begin with a well-

known calculation for A.

/32(1) |V2ul? + /32(1) |Vul? = /52(1)(Au)2'

Lemma B.1.1.

Proof. We calculate

/52(1) |V ul® = /52(1) VIV UY o, Vet
o /52(1> VA et
= — /52(1) VUV o fu — /52(1) Vo2 U, Ve,

- / (u)? — / Ric(Yu, Vu).
s2(1) s2(1)
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Since on S?(1),

Ric(Vu, Yu) = |Vul?,

it follows that

/ o P / 7 = / G

Now we generalize the previous lemma to A*.

Lemma B.1.2.

Lo [ s S @t
52(1) 52(1) 52(1)

k' <k

Proof. This in fact holds for any closed manifold with positive definite Ricci curvature
and sufficiently regular Riemann curvature.

Throughout the proof, all integrals are taken over S?(1) and the tensor indices
are dropped as they can be determined by contracting over indices in the order that

they appear in each term. For example,

YVou - Vou=Y"V2VUY 0, ¥ ay Vag -

We proceed by induction on k. The case k = 1 was established by Lemma B.1.1.
We assume that the statement of the lemma holds for £ and prove that it also holds

for £+ 1. This is accomplished using a calculation similar to (but significantly more
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general than) the proof of Lemma B.1.1.

[ = [ gy
—— [ 7 gy
= [Py Ayt [ 7R ATV
= [1a7#ap — [ 7 g 79

The commutator [A, Y] will soon be computed explicitly, but at this point it is
important to observe that it is on the order of one derivative. Therefore, terms
with a commutator have two fewer derivatives than terms without a commutator.
In particular, terms with two commutators can be controlled by [ |V2ku]2 which, by
the inductive assumption, can be controlled by [ |A=Fu[?. Thus, we ignore these
terms and simply write them as err. This means that as soon as a single commutator
appears in a term, we are free to commute any of the remaining derivatives without
bothering to calculate the error terms explicitly.

Our next task is to commute the Laplacians toward u. We calculate

JE Sl
SRS SRt VS SRR B S S LV ) e
= [Way o gyt s [ AT BTN ke
= [ W AT [ P Y ey

Repeating the above procedure again, we find that

/ VAV uf? = / W AT = 2 / Y YA, VIV e
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Therefore,

2k—1

/IAV%UI2 = / |V fuf® — 2 Z /Y/Qk“u-Y/j“[A,Y/]Y/?’“‘j‘lquerr.

Thus, all of our highest order error terms are of the form

/ P+ YA, T,

We now compute the commutator explicitly.

IS P FYRYS P 5 25 L% 7
= Vo F T T = 9T 3 R a Ve T T

= VoAV 5. Vau— gV, Z R 5,505, Vr...V st

— 0" Rua YoV Yo — " Y R0 Y Vs, Y Y
So schematically,’
[A,Y]Y'u = Ric- Y™ 'u + Y RiemY'u + RiemY' ™ u.

By antisymmetry in certain pairs of indices of Riem and symmetry (up to terms with
fewer derivatives of u) in indices of V2**1u, after integrating by parts twice, we find

that only the term with the Ricci curvature stands out.

[ P I [ Rie 99 T e

Noting the sign of the error terms involving Ric, and using the fact that Ric is positive

'In the special case of the sphere, ¥ Riem = 0.
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definite, we can finally complete the inductive step.

/|V2(k+1)U‘2+/|y2(k+l)1U|2§/|V2(k+1)'u/|2+/R’iCuVVHVQkU'VVV2kU,

and

/ V2P (4K + 1) / Ric"'Y N *u - ¥, ¥ u
:/ |V ul® + err

< (A fu)? + (A u)?

L fecsreg e

s > [k

k' <k+1

B.2 Elliptic estimates for Q"

Now we prove that () behaves similarly to /A. Recall that
Q = A+ a’sin?00;.

Lemma B.2.1. Let I'* represent Q'0;~* for any | < s/2. Then

Lo [ sy [
52(1) 52(1) 52(1)

s<2k

Proof. Given Lemma B.1.2, it suffices to show that

/ ST / BRGTE

s<2k
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We shall prove by induction (on k) that for all s > 0,

IR SR SR e
52(1) 5%(1)

The base case (k = 0) is trivial. Let us assume the above estimate and prove the

s'<2k+s

corresponding estimate for k£ + 1. Assume for the moment that

k (l2 in2 21s K’ s+2 ]
/52(1)%( sin? 00T u Z/ (AFT (B.1)

k' <k

Then we can perform the inductive step.

/ (AFFITSy)? = (A%(Q — a*sin® Qﬁf)FSu)Z
52(1) 52(1)

5/ (AkQFSu)Q—F/ (4% (a® sin? Gﬁff‘su))Q
52(1) 52(1)
SJ Z (Aklfs+2 )
<k 5%
D S BRI S NG
§'<2k+(s+2) 5/ <2(k+1)+s 7 (1

Finally, we verify (B.1). By a Sobolev estimate and then lemma B.1.2,

e (4% (a® sin® eafrsu))2

< |[sin” 9|’?{2k(52)‘|rs+2u|ﬁ12k(s2)

"sin 20) A’“'I‘SH )
(S Loew) (S L,

The regularity of sin?§ can be verified by computing

Asin?0 = 4cos?§ — 2sin 0,
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Acos® 0 = —4cos® 0 + 2sin? 6.

This concludes the proof of Lemma B.2.1.
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Appendix C

Regularity for axisymmetric

functions

In this appendix, we develop a formalism for understanding terms that represent
regular axisymmetric functions using certain differential operators on the unit sphere.
The main motivation for this chapter in the context of nonlinear wave equations is
summarized in §7.1.6. The formalism developed here can be used for a variety of
geometric problems with a coordinate degeneracy such as that in axisymmetry.

To begin, in §C.1, we define the gothic operators a, b, ¢/ and ?' and prove a
few basic properties. Of particular importance is Lemma C.1.11, which explains
how these operators act on a particular class of products of functions. In §C.2,
we prove an important embedding theorem that allows us to estimate L? norms
with these operators by L? norms with the standard spherical laplacian. This is
important, because the spherical laplacian is a useful commutator in many geometric
problems. Finally, in §C.3 we prove a few additional related estimates that are needed
in Chapters 6 and 7.

For the remainder of this appendix, we focus on functions defined on a sphere S?

(or S%) which depend only on the angle 6 from the north pole. However, the theory
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discussed here easily extends to the Kerr spacetimes and other geometries with a

coordinate singularity.

C.1 The operators a, b, ¢/, and ?’

We begin by defining the gothic operators fa, b, ¢!, and ?'. The most fundamental

of these are the operators a and b, which are defined first.

Definition C.1.1. The operators a and b are
a=0;,

b = cot 00,.

In many cases, we will use these operators interchangeably, so we define the fol-

lowing shorthand notation.

Definition C.1.2. The operator ¢ is
c=aorb.

More generally, the family of operators ¢ is

¢\ = ¢;...c; where each ¢; is either a or b.

So, for example, ¢® represents any of the operators a?, ab, ba, or b2.
Finally, we generalize the operator family ¢ slightly.

Definition C.1.3. The operator 0 is

0 = 0p.
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More generally, the family of operators ' is

N ct/? | €27
Dpe=/2 1 & 27,

So, for example, 9* represents any of the operators a2, ab, ba, or b2, while 0° repre-
sents any of the operators Oya®, Opab, pba, or Oyb2.

Remark C.1.4. One can think of the operator 0 as a single spherical derivative and
the operator family d' as | spherical derivatives. This motivates the use of the letter d

for this family. In contrast, the operator family ¢ is more like 21 spherical derivatives.

To gain familiarity with the operator family 9!, we note the following example,

which also serves as a caveat.

Example C.1.5. Although

0l c 0l+17

m general

Dll 012 ¢ Dll+l1 .

Proof. 1f [ is even, then

00! = 9pcl/? = oM.

If [ is odd, then

00! = 9pByc~V/2 = qel=1/2 ¢ (U+1)/2 — i1
A counterexample for the more general case of 9192 exists when [, = 2 and [, = 1.

In this case,

b0y € 920, but bdy = cot fa & ?°.
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C.1.1 The commutators [b,a] and [b, ¢/]

The operators a and b satisfy a simple commutation relation.

Lemma C.1.6.

(b, a] = 2b% + 2a.

Proof. Let a = cot§. Then b = ady. By direct calculation,

cos?d
= —1-—

sin“ 0
=—a’—1

and

a// — (_a2 _ 1)/

= —2a0a.

Now we compute the commutator.

[6,a](f) =baf —abf
= adyf — 03(adsf)
= 2005 f — "0y f
= 2020, f + 205 f + 20O f
= 2005 (0 0y f) + 202 f

= 2b%f + 2af.

This verifies the lemma. O

We generalize the previous commutation relation to obtain something that will be
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essential in Chapter 7. (See Lemma 7.6.7.)

Lemma C.1.7. The operators b and ¢ satisfy the commutation relation
b~ bel + ¢,

where the =~ sign indicates that the identity holds modulo constant factors for the

terms on the right side.

Proof. The proof is a simple induction exercise. The base case is handled by the
previous lemma. Now, we assume the statement of the lemma at the level | and

prove it for the level [ + 1.

b ~ ¢(c'b)
~ c(bc' + ')
~ cbc 4 ¢
~ (be + )¢t + ¢!

~ bCl+1 + cH—l

C.1.2 The graded algebra @,y 7(n)

Now, we investigate products of axisymmetric functions, and in particular we want
to understand what types of products are regular on the axis. Certainly, a product
of regular axisymmetric functions will also be regular, but the converse is not true.
There are regular products of functions that are not necessarily regular themselves.
The simplest example is the product (sin #)?. This product is regular on the axis, but
the function sin @ is not regular, because it behaves like |f| in a neighborhood of the

half axis 8 = 0.

540



We understand regularity for products of functions by understanding how the

gothic operators act on these products.

Definition C.1.8. Let F be a fived set of functions. Define T,y = T(n)(F) to be a
family of terms of the form

U fy . %
where fi,..., fx € F and iy + ... + 1, = 2n. We say a term 7 € 7(,) has degree n.

The following example should make the meaning of the above definition slightly

more clear.

Example C.1.9. If f,g,h € F, then ¢'fcig € 715 and ¢ fOpc? gOyc*h € T(isjirin),

however ¢ f¢l gdpc*h is not in 7, for any n.
The following example should illustrate why these families of terms are useful.

Example C.1.10. Let F = {cosf}. Then any term 7 € 1) (F) is reqular on the
azis. In particular, (sin@)® = (9pcosf)? € 11). In contrast, the term cos 09y cost =

—cosfsinf is not in 7, for any n and is also not reqular at 0 =0 and 6 = 7.
The main purpose for this classification of terms is the following fact.

Lemma C.1.11. If 7 is a term of degree n, then ¢t can be expressed as a sum of

terms of degree n + 1.

Proof. By definition, a term of degree n is of the form

1 1. % fy
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where i1 + ... + 7 = 2n. We now compute

a(@" f1..0% f) = 05 (0" f1..0" f.)

= > U f1.000 f 00 f, 0
1<ii<k
1<j2<k

= > O fr a0 f, 0
1<j1<k
1<j2<k

= > fran et

1<j1 <k
1<j2<k

The last two steps were kept separate to emphasize that the procedure works even
for the terms where j; = j,. It should be clear that the final sum is a sum of terms
of degree n + 1.

We also compute

b(d™ f1...0% fi) = cot 0Dp(d™ f1..0" f.)

=cotf Y " f1..0p0" f;,.. 0" f

1<j1<k

=cotf Y it % fy

1<ii<k

Now, observe that since i1 + ... + i = 2n, then iy + ... + (i;, + 1) + ... + i = 2n+ 1.
It follows that either i;, 4 1 is odd or there is some j, for which i, is odd. If ¢;, +1

is odd, then
cot Gl f; = cot @0,cin/2 f; = bcin/2f; = /P = pint2f,
Otherwise, for some js, 7;, is odd, so
cot 0%z f;, = cot 00pct 2 V2 f, = bl V2, — (ln=D/24 g — intlf, |
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So all terms can either be expressed as
Dilfl...Dileerjl...Di’“jk
or
Dil fl...aij1+1fj1...Dij2+1fj2...0ikjk.

Both of these are terms of degree n + 1. O

C.1.3 The spaces P}(S?)

Definition C.1.12. We define function spaces PJ(S?) by the following norm

1 /
[ f1lpt(s2y = max — 10" f|lr2(s2)-

Z,Sl ll'
These spaces make sense for all integers | and also for | = oco.

We illustrate this space with a few examples.

Example C.1.13. The function cos6 is in Pg°(S?). This can be verified directly by

the fact that

acosf = —cosf

bcos@ = — cosb.

Example C.1.14. The function sin 6 is not in P3(S?%). Although

asinf = —sind,
the problem is that
20
bsinf = CC,)S .
sin 6
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Example C.1.15. For any positive integer k, the function (sin0)* is in P§°(S?).
However, the function (sin 0)2*1 is in PZ*(S?) but not in P7**2(S?). The latter fact

can be verified by applying b**1.

The above examples illustrate how the P}(S?) spaces are good candidate spaces
for what has often been informally referred to as “the space of regular axisymmetric

functions” in this thesis.

C.2 An important embedding theorem

We now prove the following important embedding theorem.

Theorem C.2.1.
e fllzaeszy S ) NA fllzagse),

1<l

100€' fllz2(s2) S D NIV A fll 252

i<l
Thus,
H'(S?) c Pi(S?).

Proof. We prove both estimates by induction on [. The base case (I = 0) is trivial.
We assume the estimates hold true at the level [, and now we must prove them at
the level [ + 1.

First, observe that

2(14+1 ‘
10 Fllzae = 105 Flliaen) S IV fllzsy S D 4% ags
i<l+1

and

2(1+1 7
1360 fllzasz) = 10605 ) Fllzasz) S VD fllrassy S D IV A Gllracse).

i<l+1
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(In both lines, the second step follows from the identity V’; f = 0y f in the orthonor-
mal frame e; = 0p and ey = cscfd,, and the third step is a standard ellipticity
result—see Appendix B.)

We now assert the following lemma.

Lemma C.2.2.

o~ ab 4 SFIA 4 S

where the =~ sign indicates that the identity holds modulo constant factors for the
terms on the right side and the expression ¢<*~! represents operators obtained by

adding together constant multiples of operators of the form ¢ where i < k — 1.

From Lemma C.2.2; it is straightforward to prove the estimate at the level [ + 1.
Set k =1+ 1. Then any term of the form ¢/*!f can be expressed as a sum of terms
of the form a'*' f (which we just observed to be bounded by the appropriate norm)
or ¢=!f (which is bounded according to the inductive hypothesis) or ¢<!/A f (which is
also bounded according to the inductive hypothesis applied to the function g = A f).

It remains to prove Lemma C.2.2.

Proof. (of Lemma C.2.2) To prove Lemma C.2.2, we first assert the following lemma.

Lemma C.2.3. For all k > 1,

(2]’(? — 1)bak_1 = _ak + Cgk_lﬁ + cgk—l‘

To see how Lemma C.2.2 follows from Lemma C.2.3, we must represent an arbi-
trary operator of the form ¢® = ¢;...¢;, in the form given by the right side of the identity
in Lemma C.2.2. First, if ¢; = ... = ¢; = a, then trivially ¢;...c;, = a* is in the form

given in Lemma C.2.2. Alternatively, there is some j for which ¢;...c;, = ¢;...c;bab =771,
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According to Lemma C.2.3, we can rewrite

¢1...¢;ba" T & (@ 4 SFITIA 4 (SFITT

I e

The latter two terms are in the form given by Lemma C.2.2 and the first term
¢1...c;a" 7 has strictly more as at the right end. Thus, by repeating this procedure,
we will end up with the term a*, which is of the form given in Lemma C.2.2.

It remains to prove Lemma C.2.3.

Proof. (of Lemma C.2.3) We prove Lemma C.2.3 by induction on k. Suppose k = 1.
By a direct calculation,

b=—a+ A

We now assume that the identity of Lemma C.2.3 is true at the level k£ and prove the

identity for the level k + 1.

(2k 4 1)ba® = (2k — 1)ba” + 2ba*
= (2k — 1)aba*~! 4 (2k — 1)[b, a]a""! + 2ba”
= (2k — D)aba*! + (2k — 1)(2b2 + 2a)a*"* + 2ba”
= (a4 26)((2k — 1)ba"1) 4 260" + ¢=*
= (a+206)(—a® + ¢=FTA 4 SFY) 4 200" 4 =F

= —aFt 4 SFA =R

This completes the inductive step and thus proves Lemma C.2.3. O

Since Lemma C.2.2 was reduced to Lemma C.2.3, this concludes the proof of

Lemma C.2.2. O

Since Theorem C.2.1 was reduced to Lemma C.2.2, this concludes the proof of
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Theorem C.2.1.

C.3 Additional regularity lemmas

The L™ estimates in Chapter 7 are based on the following lemma.

Lemma C.3.1. If [ is even, then

10 ul | (s2) S > 110"l |22,
<2

If 1 is odd, then

10"l Lo 52y S Z 0" ]| 2 (s2).
i<3

Proof. We prove this theorem by applying the estimate

|[ul|oe(s2) S [|ullr2es2) + |[Aul|r2(s2).
If [ is even, then

Hcl/zuHLDO(SQ)

HDZU| ’LOO(SQ) =
S| g2y + | A6 [ 1252
S )| pogs2y + |lec?u) | 12 (s2)

,S HDZUHLQ(Sz) + HDIJFZUHLQ(SQ)

S IR ul| s

i<2
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If [ is odd, then

10l | oo (s2) = [[00¢" ™" 2ul | 1o (s2)
< || cot 03¢ 120 | oo g2y + || 8in 00pc TV || oo (52
S 16D 20| oo g2y + || sin 005D 20| 1252y + || A (sin 005 2u) || 1252y
S 10"l Lo 52y + [[0"ul| 2(52) + []e(0 cos G0'w) || 2(s2)

< ||Dl+lu||L2(52) + ||Dl+3u||L2(52) + ||Dlu||L2(52) + Z ||01+2_i COs QDZ—HUHLz(S@)
<2

S IR ul[ 252
<3

]

Finally, we prove a lemma that handles the cases where commutators act on sin ¢

factors that are necessary to transition from 3, to 3. (For example, see Lemma

6.5.4.)

Lemma C.3.2.

197 (sin” )0~ f[ z2(s2) S D[] sin® 00" f|| 2(s2)

J<i

Proof. First, we prove that for a general function f(6),

/ fgsinedH,S/ (89f)gsin39d9+/ f?sin® 0do. (C.1)
0 0 0
Indeed,
s 1 s ™
/fQSinedﬁzé/ f209(sin29)d9+/ f2(1 — cos 0) sin 0df
0 0 0

:—/ f(?gfsin29d6+/ f2(1 — cos ) sin 0df
0 0

,S(—:_l/ (agf)zsin?)Qd@—l—e/ f2sin9d9+/ f?sin® 0de.
0 0 0
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Taking e sufficiently small and subtracting the second term on the right side proves
the estimate (C.1).
Now, we repeatedly apply the estimate (C.1) to prove the lemma for the case

1= 2.

/ (072 f)2sin0df <
0

/ (0p0'2f)? sin® 0dO + / (072 f)2 sin® 0do

0

< / (03072 £)2 sin® Odh + / (050" 2 f)? sin® 0d0
0 0

0

+ / (072 f)%sin® 0d6

0
< / (sin? 60’ f)? sin 0df + / (sin 02! £)? sin 6d0
0 0
+ / (sin® 60" 2 f)? sin 6d6.
0

In the first step, estimate (C.1) was applied once, and in the second step, estimate

(C.1) was applied twice. The final step is simply a rearrangement of terms. It should

be clear how this procedure generalizes to any larger ¢ > 2. [
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