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Abstract

We develop a Diophantine analysis on moduli of special linear rank two local systems
over surfaces with prescribed boundary traces. We first show that such a moduli
space is a log Calabi-Yau variety if the surface has nonempty boundary, and relate
this property to a symmetry of generating series for combinatorial counts of essential
multicurves on surfaces. We establish the finiteness of “class numbers” for integral
orbits of mapping class group dynamics on the moduli space, generalizing a classical
Diophantine work of Markoff. We also derive effective finiteness results for integral
points of algebraic curves on the moduli space, as well as a structure theorem for
morphisms from the affine line into the moduli space. As part of our work, we establish
boundedness theorems for archimedean and nonarchimedean systoles of local systems.
Finally, we give a complete classification of the finite orbits of the mapping class group

on the moduli space, for surfaces of positive genus.
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Chapter 1

Introduction

The principle of descent in Diophantine analysis has been instrumental for several
foundational discoveries in number theory, often expressed through finitude of orbits
in integral solutions of Diophantine equations. Classical examples include Gauss’s
reduction theory of binary quadratic forms, Dirichlet’s unit theorem, and Minkowski’s
geometry of numbers. Another instance of descent, different from the previous linear

examples, concerns the cubic Diophantine equation
Pyt —ayr— 2=k (1.1)

An equation of such form was considered by Markoff in his 1880 work [65] on indefinite
quadratic forms. For each k € Z, the affine cubic surface defined by (1.1) admits a
nonlinear group action, generated by maps such as (z,y,2) — (z,2,2z — y), under
which the integral points decompose into finitely many orbits when &k # 2.

It has been understood that the Markoff cubic surfaces above fit among infinite
families of algebraic varieties, which arise from topology and are endowed with natural
nonlinear dynamics. Namely, given a compact oriented smooth surface of genus g with
n boundary curves satisfying 3g+n—3 > 0, we have the moduli space X}, of SLy-local

systems over the surface having prescribed boundary traces k € A"(Z). The mapping



class group of the surface acts naturally on each X, via pullback of local systems,
recovering the Markoff surfaces and their dynamics when (g,n) = (1,1).

In this dissertation, we establish, among others, the general theory of nonlinear
descent for these moduli spaces X} using tools of differential geometry. Inspired by
classical Diophantine work on subvarieties of algebraic tori and abelian varieties, we
also apply our philosophy of descent to obtain a complete and effective Diophantine
analysis of integral points for nondegenerately embedded algebraic curves on Xj. Our
results suggest that topology of surfaces has a fundamentally Diophantine nature, of

which time seems ripe for further investigation.

1.1 Outline of main results

This thesis is based on the preprints [95], [96], [97], and [98] by the author. Together,
these works form a coherent series of investigations into the moduli spaces X, under
the Diophantine theme mentioned above. Below, we give a motivated introduction
of our main results. In Chapter 2, we shall collect necessary background on surfaces

and the moduli of local systems.

Global geometry

A focal point of Diophantine geometry is the interplay between the behavior of integral
points on an algebraic variety and the underlying geometry. Standard conjectures
[91], [34] suggest that, given a normal irreducible projective variety Z and a reduced
effective divisor D C Z, heuristically there should be few (e.g. not Zariski dense),
resp. many, integral points on Z\ D when the log canonical divisor Kz + D is positive

(e.g. ample), resp. negative.

Definition 1.1. An irreducible algebraic variety V' over C is log Calabi-Yau if there

is a projective pair (Z, D) as above with V = Z \ D and K7 + D linearly trivial.



It follows that log Calabi-Yau varieties form the boundary case in Diophantine
analysis whose integral points are least well understood, even conjecturally. Moreover,
any patterns in their integral points are more likely to reflect, and be governed by,
a deeper underlying structure of Diophantine nature. For example, for algebraic
tori and abelian varieties (which are indeed log Calabi-Yau), this deeper structure
manifests itself in the group law. Dirichlet’s unit theorem and the Mordell-Weil
theorem show that the dynamics of these varieties are sufficiently rich to bring their
Diophantine aspects to our understanding.

In Chapter 3, we analyze the global geometry of our moduli spaces X when the
surface has nonempty boundary, and show that they are log Calabi-Yau (Theorem
3.1). This gives a first indication of the Diophantine richness of X}, and motivates
the Diophantine study of its dynamics taken up in this thesis. A key ingredient in
our proof is the symmetry of a suitable Hilbert series associated to a compactification
of X}, which we interpret in Chapter 3 as a generating series for certain counts of
multicurves on the given surface. In this way, we connect the global geometry of X}

to a new result (Theorem 3.2) on the combinatorial topology of surfaces.

Systoles of local systems

The crucial ingredient in our theory of descent on X} is the moduli interpretation of
the points of Xj. Indeed, it enables us to translate dynamical statements about the
mapping class group action on X into intrinsic statements on local systems, which
are amenable to differential geometric tools. This is in close parallel with the modern
passage between Minkowski’s work on the geometry of numbers and the dynamics of
SL.,(Z) on the symmetric space SL,,(R)/SO(m).

In Chapter 4, we introduce the notion of systoles for SLy(C)-local systems on the
surface and study its properties. Using twisted harmonic maps to the hyperbolic

three-space H? and systolic geometry of Riemannian surfaces, we prove that systole



is bounded as a function on X;(C) (Theorem 4.1). This generalizes a classical result
of Bers [4] on systoles of hyperbolic surfaces, and later provides a key step in our
descent for integral points on Xj. Next, given a field F' with a discrete valuation, we
also prove a boundedness result (Theorem 4.2) for systoles of SLy(F')-local systems
by a similar strategy, using the Bruhat-Tits tree of SLy(F) in place of H?. This result

is used later in our Diophantine analysis of algebraic curves on X} in Chapter 5.

Finiteness of class numbers

Along with algebraic tori and abelian varieties mentioned above, a major source of
analogy in our Diophantine work on the moduli spaces X} is provided by linear
arithmetic groups. Homogeneous varieties with linear arithmetic group actions have
been studied extensively, and tools from the theory of arithmetic groups have been
applied in their Diophantine study with great success; see for instance [78], [28]. The
foundational result in the theory is the finiteness of class numbers, i.e. number of
integral orbits, proved in general by Borel and Harish-Chandra [8] building on the
works of Gauss, Hermite, Minkowski, Siegel, and others.

In Chapter 5, we prove the main Diophantine results of our thesis, one of which
provides a nonlinear analogue of the finiteness of class numbers for the mapping class
group action on Xy (Z). Our proofs make essential uses of the boundedness results for
systoles obtained in Chapter 4. In Section 5.1, we obtain an extension of Mumford’s
compactness theorem [70] to local systems (Theorem 5.1). One immediate corollary
is an extension of McKean’s theorem [67] on finiteness of length isotrivial Riemann
surfaces. Another consequence of Theorem 5.1 is that the set of all integral points
on X whose corresponding local systems have trace # +2 along essential curves
decomposes into finitely many mapping class group orbits.

In Section 5.2, we study the behavior of nonconstant morphisms A! — X, from

the affine line. Our study motivates the following definition.



Definition 1.2. A (possibly reducible) algebraic variety V over C is parabolic if every

closed point of V lies in the image of a nonconstant morphism A! — V.

A closely related notion is that of a log uniruled variety, introduced in [53]. We
obtain a modular characterization of points lying on parabolic subvarieties of X}, and
in particular show (Theorem 5.2) that there is a closed parabolic subvariety V' C X
whose translates under the mapping class group contain the images of all nonconstant
morphisms A' — Xj. This result is reminiscent of Sterk’s finiteness theorem [85] for
orbits of smooth rational curves on projective K3 surfaces. A consequence of our work
is that certain polynomial deformations of Fuchsian surface groups are necessarily

isotrivial. Theorem 5.2 mentioned above inspires the following definition.

Definition 1.3. A subvariety of a log Calabi-Yau variety V' is degenerate if it lies on

a parabolic subvariety of V. Otherwise, it is nondegenerate.

We remark that degenerate loci in algebraic tori and abelian varieties are empty;,
but for general log Calabi-Yau varieties they need not be. Informally, the log canonical
divisor “drops in positivity” along parabolic subvarieties of a log Calabi-Yau variety.
In discussing the Diophantine geometry of subvarieties on V', it is therefore sensible
to focus on nondegenerate subvarieties. Combining results from Sections 5.1 and 5.2,
we conclude that the set of nondegenerate integral points on X} consists of finitely
many mapping class group orbits. In Section 5.3, we discuss the context of our results

in the setting of arithmetic hyperbolic surfaces.

Integral points on curves

Section 5.4 of this thesis is devoted to the analysis of integral points for nondegenerate
algebraic curves on X;. Our work is largely motivated by the corresponding theory
for algebraic curves (and higher-dimensional varieties) on algebraic tori and abelian

varieties, which we briefly recall below.



The use of log Calabi-Yau varieties as ambient spaces for Diophantine analysis
of curves began in the 1929 work of Siegel (see [100] for an exposition), where he
used the Abel-Jacobi maps of hyperbolic curves into Jacobians to prove the finiteness
of integral points on the curves. Another instance is Skolem’s 1935 approach (see
for instance [9]) to solving the Thue equations by embedding them into algebraic tori
defined by norm equations, which later enabled application of Baker’s effective method
using linear forms in logarithms. A powerful 1991 result of Faltings [30] (subsequently
generalized to the semiabelian setting by Vojta [92]) states that any subvariety of an
abelian variety over a number field contains only finitely many rational points, unless
it contains a translate of an abelian subvariety.

Inspired by these results, we obtain a complete and effective analysis of integral
points for nondegenerate algebraic curves on X;. Our ingredients are the boundedness
of nonarchimedean systoles obtained in Chapter 4 and known effective transcendental
tools such as Runge’s method and Baker’s theory. The main result (Theorem 5.5) is
that the set of integral points on a nondegenerate curve in X can be effectively de-
termined, and is moreover finite unless the curve is invariant under a nontrivial Dehn
multitwist action. Moreover, under additional hypotheses, the set of all imaginary
quadratic integral points on the curve is shown to be finite. In this direction, our
work extends the result of Long and Reid [60] on the finiteness of imaginary quadratic
integral points for character curves of one cusped hyperbolic three-manifolds.

Finally, our work shows that, on any Markoff cubic surface defined by (1.1), the
integral solutions to any Diophantine equation over Z can be effectively determined.
By the work of Ghosh and Sarnak [36], almost all “admissible” such Markoff surfaces,

in the sense of proportions, have a Zariski dense set of integral points.



Finite orbits

Our results on the moduli spaces X, point to several possible directions of future
research, especially concerning the refined Diophantine analysis of the integral points.

As a step in the study of strong approximation for reductions of integral points
on X; modulo congruences (which has been undertaken in the case (g,n) = (1,1) by
Bourgain, Gamburd, and Sarnak [10]), in Chapter 6 we consider the finite orbits of
the mapping class group on the moduli of local systems. Our main results (Theorem
6.A and 6.B) give a complete classification of the finite orbits when the surface has
positive genus. Up to semisimplification, the finite orbits correspond precisely to the
finite local systems when the surface has genus ¢ > 2, and to the finite or special
dihedral local systems when g = 1. Our work builds upon the results of Dubrovin and
Mazzocco [27] on the case (¢g,n) = (1,1), which was motivated by the classification
of algebraic solutions to a special family of Painlevé VI equations. As a byproduct of

our work, we confirm a special case of a conjecture due to Kisin.



Chapter 2

Background

In this chapter, we collect relevant background on surfaces and their moduli of local
systems. Aside from recording material common to the rest of this thesis, this chapter

serves to set the main notations and conventions.

2.1 Surfaces

A surface is an oriented two dimensional smooth manifold, which we assume to be
compact with at most finitely many boundary components unless otherwise indicated.
A connected surface is said to have type (g,n) if it has genus g with n boundary
components. A curve on a surface is an embedded copy of an unoriented circle,
which we shall tacitly assume to be smooth in appropriate contexts. Given a surface
3], we shall say that a curve a C X is nondegenerate if it does not bound a disk, and
essential if it is nondegenerate and is disjoint from, and not isotopic to, a boundary
curve of X.

A multicurve on ¥ is a finite union of disjoint curves on . It is said to be
nondegenerate, resp. essential, if each of its components is. A pants decomposition
of ¥ is an essential multicurve whose components are pairwise nonisotopic. If ¥ is a

surface of type (g,n) with 3¢g+n —3 > 0, then any pants decomposition of ¥ consists



of 3g +n — 3 essential curves. Given a surface ¥ and an essential multicurve ) C X,
we denote by 3|@ the surface obtained by cutting 3 along the curves in (). We shall
say that an essential curve a C X is separating if ¥|a has a strictly greater number

of connected components than >, and nonseparating otherwise.

2.1.1 Optimal generators

Let ¥ be a surface of type (g,n), and choose a base point x € 3. We have the

standard presentation of the fundamental group

7T-1(2373:) - <a17/617 e )ag7/8;7717 e 7’7n|[a176ﬂ T [069,6;]’71 o ’Yn> (21)

where in particular vy, - - - , 7, correspond to loops around the boundary curves of X.
Fori=1,---,g, let B; be the based loop traversing 3/ in the opposite direction. We
can choose the sequence of generating loops (a1, 81, -+ , oy, Bg. 71, -+, Vn) SO that it

satisfies the following:
(1) each loop in the sequence is simple,
(2) any two distinct loops in the sequence intersect exactly once (at x), and

(3) every product of distinct elements in the sequence preserving the cyclic ordering

can be represented by a simple loop in X.

Some examples of products alluded to in (3) are a1, a1asf208,, and Byy,0q1. We
refer to (a1, b1, , &g, Bgs V1, -, Tn) as an optimal sequence of generators for m 2.

See Figure 2.1 for an illustration of optimal generators for (g,n) = (2,1).

2.1.2 Mapping class group

Given a surface ¥, let I' = I'(X) = mo Diff " (2, 0%) denote its mapping class group. By

definition, it is the group of isotopy classes of orientation preserving diffeomorphisms



Figure 2.1: Optimal generators for (g,n) = (2,1)

of ¥ fixing the boundary of 3 pointwise. Given a (simple closed) curve a C ¥ disjoint
from 0X, the associated (left) Dehn twist 7, € I' on ¥ is defined as follows. Let
St = {2z € C: |z2|] = 1} be the unit circle. Let 7 be the diffeomorphism from
St x [0,1] to itself given by (z,t) — (ze* t). Choose a closed tubular neighborhood
N of a in ¥, and an orientation preserving diffecomorphism f: N — S* x [0,1]. The

Dehn twist 7, is given by

fltorof(x) ifxeN,
To(T) =
x otherwise.
The class of 7, in I' is independent of the choices involved above, and depends only

on the isotopy class of a. It is a standard fact that I' = I'(X) is generated by Dehn

twists along simple closed curves in ¥ (see [31, Chapter 4]).

2.2 Character varieties

Throughout this thesis, an algebraic variety is a scheme of finite type over a field.
Given an affine variety V over a given field k, we denote by k[V] its coordinate ring
over k. If moreover V' is integral, then k(1) denotes its function field over k. Given
a commutative ring A with unity, the elements of A will be referred to as regular

functions on the affine scheme V' = Spec A.
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2.2.1 Character varieties of groups

Let 7 be a finitely generated group. Its (SLo-)representation variety Rep(mw) is the

affine scheme determined by the functor

A +— Hom(m, SL2(A))

for every commutative ring A. Given a sequence of generators of = with m elements,
we have a presentation of Rep(7) as a closed subscheme of SL3* defined by equations
coming from relations among the generators. For each a € 7, let tr, be the regular
function on Rep(7) given by p — tr p(a).

The (SLo-)character variety of m over C is the affine invariant theoretic quotient

X(ﬂ') = Rep(ﬂ) // SLs = Spec C[Rep(w)]glﬂ(c)

under the simultaneous conjugation action of SLy. Note that the regular function tr,
for each a € m descends to a regular function on X (7). Moreover, X (7) has a natural

model over Z, defined as the spectrum of

R(m) = Z[tr, : a € 7|/ (try =2, try try — trap — trep—1).

The relations in the above presentation arise from the fact that the trace of the 2 x 2
identity matrix is 2, and tr(A) tr(B) = tr(AB) + tr(AB™!) for every A, B € SLy(C).
Given an integral domain A with fraction field F' of characteristic zero, the A-points
of X () parametrize the Jordan equivalence classes of SLy(F)-representations of 7
having character valued in A. We refer to [51], [74], [76] for details on the above

statements and the following fact.

Fact 2.1. If w is a group generated by ay,- -+ ,ay, then Q[X ()] is generated as a

Q-algebra by the collection {trail...aik 1<y < < < miicpes.

11



Ezample 2.2. We refer to Goldman [38] for details of examples below. Let F,, denote

the free group on m > 1 generators ay,--- , ap,.
(1) We have tr,, : X(Fy) ~ Al
(2) We have (trq,, tTa,, tTa,a,) : X (F) =~ A3 by Fricke [38, Section 2.2].

(3) The coordinate ring Q[X (F3)] is the quotient of the polynomial ring

@[tral 9 tr(l27 trag; tral a tra2a37 tralag 9 tralagag ) tralagag]

by the ideal generated by two elements

tTayanas + tTayagsas — (Prajay tTas + tTajas tTay + tlagas tTay — tra; tra, tray)

and

2 2 2 2 2 2
t]:‘111(1217'3 t:[‘(7‘1(113112 - {(tral + tr(lg + trag,) + (tralag + tra2a3 + tralag)
— (trgy tTay trayay + tTay trag tTagas + ta; tTas trajas)

+ tTaras tranas traras _4}'

We record the following lemma, which is attributed by Goldman [38] to Vogt [90].

Lemma 2.3. Given a finitely generated group m and ay,as,as,as € 7, we have

2tTa a0a3as = tTay traptTastlay + tTa, tasaaas + traotlasasa; + trastTasaras + tTastlarasas
+ trayastTazas + tasar Tasas — tajastTazay

— g trootragay — trastro,tra a0 — tra, o, trasas — tra, tro,tra,e, -

12



2.2.2 Moduli of local systems on manifolds

Given a connected smooth (compact) manifold M, the moduli of local systems on M
we shall study is the character variety X (M) = X (m M) of its fundamental group.
More generally, given a smooth manifold M = M; U --- U M, with finitely many

connected components M;, we define

X(M) = X(M;) % - x X(M,,).

The construction of the moduli space X (M) is functorial in the manifold M. Any
smooth map f : M — N of manifolds induces a morphism f* : X(N) — X (M),
depending only on the homotopy class of f, given by pullback of local systems.

Let X be a surface. For each curve a C ¥, there is a well-defined regular function
tr, : X(X) = X(a) ~ A', which agrees with tr, for any a € m ¥ freely homotopic to

a parametrization of a. The boundary curves 0% of ¥ induce a natural morphism

tros : X() = X(0%) ~ A"

where the latter isomorphism is given by a choice of ordering 9% = ¢; U --- U ¢, of
the boundary curves ¢;. The fibers of tryy for £ € A" will be denoted X; = X;(X).
Each X}, is often referred to as a relative character variety in the literature. If X is a
surface of type (g,n) satisfying 3g + n — 3 > 0, the relative character variety X (3)
is an irreducible algebraic variety of dimension 6g + 2n — 6.

We shall often simplify our notation by combining parentheses where applicable,
e.g. Xp(X,Z) = Xi(X)(Z). Given a fixed surface X, a subset K C X (9%,C), and a

subset A C C, we shall denote by

Xk(A) = Xg(X,A)

13



the set of all p € X(X,C) such that trgs(p) € K and tr,(p) € A for every essential
curve a C Y. The following lemma shows that there is no risk of ambiguity with this

notation.

Lemma 2.4. If A is a subring of C and k € A", then X} has a model over A and

Xi(A) recovers the set of A-valued points of Xy in the sense of algebraic geometry.

Proof. Let A and k € A™ be as above. We have a model of X}, over A with coordinate
ring Spec R(mY) ®z A. It is clear that an A-valued point in the sense of algebraic
geometry corresponds to a point in X (A). The converse follows from the observation,
using the identity tr, tr, = try, + trg-1, that tr, for every b € m ¥ can be written as

a Z-linear combination of products of traces tr, for nondegenerate curves a C 3. [J

Similarly, given k € X (0%, C), a subvariety V' C X (X), and a subset A C C, we

shall denote

V(A) ={pe V(C):trp(a) € A for every essential curve a C ¥}.

Given an immersion Y’ — Y of surfaces, we have the associated restriction

(_)|E’ : X(Z) — X(Z/)

The mapping class group I'(X) acts naturally on X (X) by pullback of local systems,
preserving the integral structure as well as each relative character variety Xj(3)
and the sets X (3, A) defined above. The dynamical aspects of this action on the
complex points of X (X) are not fully understood, but have been studied on certain
special subloci. These include the locus of SU(2)-local systems (see [37]) on X, and
the Teichmiiller locus parametrizing Fuchsian representations associated to marked
hyperbolic structures on ¥ with geodesic boundary. This thesis is largely concerned

with the descent properties of the dynamics on X (C) beyond the classical setting.

14



2.3 Markoff type cubic surfaces

In this section, we give a description of the moduli spaces X (%) and their mapping
class group dynamics for (g,n) = (1,1) and (0,4). These cases are distinguished by

the fact that each X is an affine cubic algebraic surface with an explicit equation.

2.3.1 Case (g,n) = (1,1)

Let 3 be a surface of type (g,n) = (1, 1), i.e. a one holed torus. Let (o, 3,7) be an
optimal sequence of generators for m . By Example 2.2.(2), we have an identification

(tra, trg, trap) : X(X) ~ A®. From the trace relations in Section 2.2, we obtain

tI'Fy = traﬁa—lﬁ—l = traﬁoﬁl tl"/gfl - traﬁa—lﬁ
= tr% —trop tra-15 +traq = tr% —trop(troa-1 trg —trap) + tri —try

= tr2 + tr% + triﬁ —tr, trg trog —2.

Writing (z,y, z) = (tra, trg, tras) so that each of the variables x, y, and z corresponds

to an essential curve on ¥ as depicted in Figure 2.2, the moduli space X C X has

3

7.y,» With equation

an explicit presentation as an affine cubic algebraic surface in A
Py —ayz 2=k

as in (1.1). The mapping class group I' = T'(X) acts on X}, via nonlinear polynomial
transformations. For convenience, let a, b, and ab denote the essential curves lying in
the free homotopy classes of loops «, 3, and af, respectively. We have the following

descriptions of the associated Dehn twist actions.

15



Lemma 2.5. The Dehn twist actions 7., T, and T, on X (3) are given by

7o (2,9, 2) = (2, 2,22 — y),
Tl;k : (‘ny?Z) = (I‘y - Zvyux)v

T;b : (.T,y,Z) = (yayz - .T,Z)

in terms of the above coordinates.

Proof. Note that 7,(a) has the homotopy class of «, 7,(b) has the homotopy class of
af3, and 7,(ab) has the homotopy class of aaS. Noting that tro.g = tr, tras —trg, we

obtain the desired expression for 7. The other Dehn twists are similar. ]

Each of the morphisms 7., 7, and 7, is a composition of a Vieta involution,
i.e. morphism of the form (x,y,z) — (z,y,zy — 2), with a transposition of two

coordinates.

2 X

)

\f

. £S5
k
Figure 2.2: Curves on a surface of type (1, 1) with corresponding functions

2.3.2 Case (g,n) = (0,4)

Let ¥ be a surface of type (0,4), i.e. a four holed sphere. Let (v1,---,74) be an
optimal sequence of generators for m¥. Let us set (z,y,2) = (tIy;7p, tTysrg, trapas ),
so that each of the variables corresponds to an essential curve on ¥ as depicted in

Figure 2.3. By Example 2.2.(3), for k = (ky, ko, k3, k4) € A*(C) the relative character

3
z7y’z

variety X = X;(X) is an affine cubic algebraic surface in A2 given by the equation

4y + 22 +ayz=Ar+By+Cz+ D
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with
A = kiko + k3ky

4 4
B = kyky + koks and D :4—Zk§ _Hki'
C = kiks + koka -
The mapping class group I' = T'(X) acts on X via polynomial transformations. In
particular, by an elementary argument as in Lemma 2.5, we see that Dehn twists give

rise to morphisms

(x,y,z)r—>(x,B—xz—y,C—x(B—xz—y)—z),
(x,y,z)»—)(A—y(C—:Ey—Z)—x,y,C—xy—z),

Note that each transformation is a composition of two of the three Vieta involutions

defined on Xj:

Txi(l'7y,2) = (A—yZ—ZL'7y,Z),
Ty1<l’,y72)f—)(l‘,B—fL‘Z—y,Z),

Tzt (IL‘7y,Z) = (ZE,y,C—fL’y—Z)

Figure 2.3: Curves on surfaces of type (0,4) with corresponding functions
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Chapter 3

Global geometry

Let ¥ be a surface of type (g, n) satisfying 3g+n —3 > 0. We assume in this chapter
that X has nonempty boundary, i.e. n > 1. Throughout this chapter, we shall write
X

‘g?n

= X(X) and X, , = Xj(X) for the moduli spaces introduced in Chapter 2. The

main result of this chapter is the following.
Theorem 3.1. The variety Xy, is log Calabi-Yau for every k € A"(C).

As in Chapter 1, we define an irreducible algebraic variety to be log Calabi-Yau
if it has a normal projective compactification Z with reduced boundary divisor D
such that the log canonical divisor is linearly trivial: Kz 4+ D ~ 0. We shall prove
Theorem 3.1 by giving an algebraic construction of a compactification for X, , ,
which depends on the choice of free generators o = {ay, 81, g, By V1, ;Y1)
under the standard presentation (2.1) of m ¥ given in Chapter 2. We also relate
Theorem 3.1 to the following combinatorial result about curves on surfaces. Given
a curve a C X, let length,(a) be the minimum o-word length of any a € m % freely
homotopic to a parametrization of a. This notion extends additively to multicurves
on ¥. Consider the formal power series Z,,,(t) = >~ ¢g.n(r)t" where ¢, ,(r) denotes

the number of isotopy classes of essential multicurves a C ¥ with length, (a) = r.
Theorem 3.2. The series Z, ,(t) is rational, and satisfies Z,,,(1/t) = Z,,,(t).
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We now outline the proofs of the above theorems and the contents of this chapter.
Our proof of Theorem 3.1 proceeds in three steps: (i) construct a graded algebra
whose Proj is a compactification of X, x, (ii) establish its algebraic properties, and
(iii) convert these properties to geometric information about the projective variety.
This graded algebra is constructed (with the choice o above) using results from Section
3.1, where we introduce the notion of word compactification for the character variety
of an arbitrary group with respect to a finite set of generators.

In Section 3.2, we show that the algebra constructed using Section 3.1 is a graded
Gorenstein domain with an explicit canonical module, which (after applying works of
Hochtster-Roberts [50] and Stanley [84]) amounts to a certain functional equation for
the Hilbert series of the graded algebra. The latter is deduced from an elementary
invariant theoretic work of Le Bruyn [57]. An analysis of singularities of the algebra
(given separately in Section 3.3) shows that the algebra is moreover normal. We invoke
results of Demazure [22] and Watanabe [94] to convert these algebraic properties to
the geometry of our compactification, proving Theorem 3.1.

A result of Charles and Marché [15] states that the isotopy classes of nondegenerate
multicurves on ¥ provide a C-linear basis of the coordinate ring of X, ,. In Section
3.4, we use this result to establish an equivalence between the functional equation
obtained in Section 3.2 and Theorem 3.2, proving the latter. In Section 3.5, we give
another, purely combinatorial proof of Theorem 3.2 in the case ¥ has genus zero,
where the main input comes from properties of the associahedron. Appendix 3.A
contains elementary computations in matrices relevant for the analysis in Section 3.3.

Given the explicit nature of our compactifications, the results of this chapter may
be relevant to conjectures surrounding the boundary divisors of relative character
varieties for surfaces, as formulated by Simpson [82] (verified therein for punctured
spheres; see also [56]), or more generally of log Calabi-Yau varieties, cf. [55].

For Fock-Goncharov moduli spaces of local systems [33] which are related to, but
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different from, our relative character varieties, log Calabi-Yau compactifications of
their open subspaces can be constructed by general techniques of cluster varieties
established by Gross-Hacking-Keel [44]; see also [45] for an elaboration of this point.

We mention another compactification of SLy (or more general) character varieties
for free groups due to Manon [62], which uses Rees algebras associated to trivalent
graphs, arising in the context of moduli spaces of principal bundles on closed Riemann

surfaces and their degenerations. See also [63] for another compactification.

Conventions

Throughout this chapter, a ring or an algebra will always mean a commutative algebra
with unity over the complex numbers C, unless otherwise specified. All schemes will
be defined over C. Given an affine scheme X, we denote by C[X] its coordinate ring.
Let M denote the affine scheme parametrizing 2 x 2 matrices. Let {xij}i7j€{1,2} be
the regular functions on M corresponding to the (i, j)th entries of a matrix, giving an
identification (z;;) : M ~ A* with affine space. The standard matrix variable 2 and

its adjugate x* are the 2 x 2 matrices with coefficients in C[M] given by

L1 T12 . T2z  —Z12
T = , and "=

To1 22 —T21  T11

In particular, det(z) and tr(x) are regular functions on M. Let * : M — M denote
the involution on M determined by z — z*.

Given 2 x 2 matrices a and b, we shall denote (a,b) = aba*b* and [a, b] = ab—ba in
this chapter, to avoid confusion. Given complex numbers t, k € C, let M; C M be the
subscheme of matrices with determinant ¢, and let M, ; C M; be the subscheme of
matrices with determinant ¢ and trace k. We shall denote SLy = M[; and SLg;, = M 4.
Let 1 be the identity matrix. We shall say that a matrix a is scalar if a = A1 for

some A € C, and nonscalar otherwise. As usual, let sl3(C) denote the tangent space
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to SLo at 1. It is the space of traceless matrices in My(C).

Given an integer m > 1, consider €,, = Z/mZ with its natural cyclic ordering.
By a cyclic interval in €,, we shall mean a sequence of the form 2g,79 4+ 1,--- ,ig + k
for some iy € €, and for some k € {0,--- ,m — 1}. If |I| = k+ 1 < m, then those

elements of €, not contained in I together form a cyclic interval, denoted 7¢.

3.1 Word compactifications

3.1.1 Graded rings

Given an affine scheme X with an action by the multiplicative group G,,, its coordi-
nate ring A = C[X] also carries a G,,-action, or equivalently the structure of a graded

ring via the G,,-eigenspace decomposition:

A= @Ar, where A, ={acA:X-a=X"aforall X € G,(C)}.

rez

Conversely, the spectrum Spec A of a graded ring A carries a natural G,,-action.
Given a morphism of graded rings B — A, we have an associated G,,-equivariant
morphism of schemes Spec A — Spec B, and given b € Spec B(C) and A\ € G,,(C)

the fibers (Spec A), and (Spec A),., are isomorphic via A.

Ezample 3.3. For the grading of the polynomial ring C[t] by degree, the associated

Gp-action on the affine line A' = Spec C[t] is the usual one A - @ = Aa on points.

Let A be a graded algebra. An element ¢t € A; is non-nilpotent if and only if
the morphism C[t] — A is injective, or in other words the associated G,,-equivariant
morphism of schemes 7 : X = Spec A — A! is dominant. Let Xy, = Spec A/(t) and
X7 = Spec A/(t — 1) be the fibers of 7 over 0 and 1, respectively, and let X|g, =

7 YG,,) where G,, = SpecC[t,1/t] C A! is the complement of 0.
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Lemma 3.4. Let A be a graded ring, and let t € Ay be non-nilpotent as above. We

have a natural G,,-equivariant isomorphism

Xl X Gm ZX’Gm;

equipping X, with the trivial G,,-action. In particular, A/(t — 1) ~ A[1/t]o.

Proof. The morphisms X; x G,, — X|g,, and X|g,, — X; X G,, given at the level of
points by (a,\) = A-a and a — ((m(a))™' - a,7(a)), respectively, are inverses to each
other and are G,,-equivariant. This proves the first part of the lemma, and gives us
an isomorphism of graded rings A/(t — 1) ® C[t,1/t] ~ A[1/t]. Taking the degree 0

parts of both sides, the second assertion follows. O

Lemma 3.5. Let A be a connected graded Cohen-Macaulay ring of pure dimension,

and let t € Ay be non-nilpotent. Suppose that
(1) X3 is a normal scheme, and
(2) Xo is reduced of dimension dim A — 1.
Then A is a normal domain.

Proof. Since A is connected, if it is a normal ring then it is automatically a normal
domain. Since A is Cohen-Macaulay, in order to show that A is normal it suffices by
Serre’s criterion for normality [66, Theorem 23.8, p.183] to show that A is regular in
codimension 1.

Since t is not nilpotent, the G,,-equivariant morphism 7 : X — A! is dominant,
with isomorphic fibers of dimension dim A — 1 over G,,. By condition (2), in fact 7
has equidimensional fibers everywhere. By the miracle flatness theorem [66, Theorem
23.1, p.179], since A is Cohen-Macaulay and C[t] is regular it follows that A is flat

over Clt]. In particular, ¢ is not a zero divisor in A.
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By Lemma 3.4, we have X|g,, ~ X; X G,,, which is regular in codimension 1 by
condition (1). Thus, given any prime ideal p C A of height < 1 such that ¢ ¢ p,
the localization A, is regular. Next, suppose that p C A is a prime ideal of height 1
with ¢ € p. Since t € A is not a zero divisor, A/(t) is Cohen-Macaulay of dimension
dim A/(t) = dim A — 1. Hypothesis (2) implies that (A/tA), is regular, and hence A,

is regular. This proves the result. O]

3.1.2 Rees algebras

By a filtered algebra (A, Fil) we mean an algebra A and an increasing filtration Fil of

A by complex vector spaces, indexed by Zxg, such that:
(1) C CFily A, and
(2) Fil,-Fily C Fil,, for every r, s > 0.

A morphism of filtered algebras (B, Fil) — (A, Fil) is a morphism of algebras B — A
mapping Fil, into Fil, for every » > 0. Given a Z>(-graded algebra A, we have an

associated filtered algebra (A, Fil) where Fil is given by Fil, A = @]_, A,.

Ezample 3.6. For the grading of C[t] by degree, or more generally the grading of a
polynomial ring Clz1,--- ,zx] in several variables by (total) degree, we shall denote

by Fil!°8 the associated filtration.

Given a filtered algebra (A, Fil), the Rees algebra A is the graded algebra

AT = é Fil, .
r=0

A morphism of filtered algebras (B, Fil) — (A4, Fil) induces a morphism Bl — AFil

of Rees algebras. Given a filtered algebra (A, Fil), we shall denote by t the element
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of degree 1 in ATl corresponding to 1 € Fil; A = A, We have identifications

AF/(t—1)=A and A™/(t) =G A

where the latter preserves gradings. Note that Spec A™ is connected if and only if
Spec Af" is connected. We have a natural identification A = A"![1/t], by Lemma
3.4. Thus, if A" is a finitely generated graded algebra, then Proj A* is a projective
scheme containing Spec A as an open affine complement to the closed subscheme
Proj Gr™ A. For simplicity of notation, given a filtered algebra (A, Fil*) where z is a

symbol, we shall often write A% = A¥"" for the Rees algebra.

Example 3.7. We have the following.

(1) Equipping C with the trivial filtration Fil given by Fil, = C for all » > 0, we
have C'! = C[t] with grading by degree. For any filtered algebra (A, Fil), the
obvious morphism (C,Fil) — (A, Fil) induces a G,,-equivariant morphism of

schemes 7 : Spec APl — Al

(2) Given a filtered algebra (B, Fil) and a surjective algebra homomorphism ¢ :
B — A, we have an induced filtration Fil on A defined by Fil, = ¢(Fil,) for
every r > 0 making ¢ a morphism of filtered algebras. We thus have an induced
morphism ¢ : BFl — AFiL

(3) For (A = C[ay,--- ,zy], Fil*®) the polynomial ring with the filtration by de-
gree, let A8 be the Rees algebra. We then have an isomorphism A8 ~

C[X1,- -+, Xn,T] given by

f(fEl,"' ,IL’N) '—)Trf(Xl/T, ,XN/T)

for each f € Fil%® A = Ad8. The projective space Proj A%€ ~ PV is the usual

compactification of the affine space Spec A = AV,
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Lemma 3.8. Given a filtered algebra (A, Fil), we have the following.
(1) AY 4s an integral domain if and only if A is.
(2) If A¥! is a normal domain, then so is A.

Proof. (1) If A¥!is an integral domain, then so is A = A¥[1/t]y. Conversely, suppose
that A is an integral domain. If ab = 0 in A, then replacing a and b by nonzero
terms (if any) of highest degree we may assume that a and b are homogeneous of
degree r and s, respectively. We then have ab = 0 € A, = Fil,,, within A, and
hence @ = 0 or b = 0. This proves that A¥! is an integral domain.

(2) Given a normal Z-graded domain B, its degree 0 component By is also a
normal domain. Indeed, it is obvious that By is a domain; to see that By is also
normal, note that if € B is integral over By then we must have x € By by degree
reasons. Applying this to A = A¥![1/t], we see that if A™! is a normal domain then

so is A. ]

3.1.3 Word compactifications

Let 7 be a finitely generated group. Throughout this chapter, we shall write Rep, =
Rep(m) and X, = X () for the representation variety and the character variety of
m, respectively. We shall also write R, for the coordinate ring of X,. Recall that a

length function on m is a function ¢ : m — R satisfying the conditions:

(2) L(g7') = L(g) for every g € 7, and
(3) L(gh) < (g) + £(h) for every g, h € 7.

A length function equips 7 with a pseudo-metric via the formula ds(g, h) = £(gh™).

Given a generating set 0 C 7, we have the o-word length function length, : m — Z>,
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which is given by length,(a) = min{r : a = w; ---w, for some w; € c Uo~'}. Let
Fil” be the increasing filtration of the coordinate ring R, of the character variety of
m given by

Fil7 R, = Span{tr, : length_(a) <r}.

We have C = C - tr; = Fily R, and the relations tr,tr, = try, + try,-1 on R, show
that Fil7 - Fil7 C Fil7, _ for every r, s € Z>o. Thus, (R, Fil?) is a filtered algebra. Let

R? denote the associated Rees algebra.
Definition 3.9. The o-word compactification of X, is the scheme X7 = Proj R?.
Lemma 3.10. Let m be a group generated by a finite set o.

(1) We have (R%)q = C. For each r > 1, we have dim¢(R7), < 0o.

(2) RC is finitely generated by homogeneous elements of degree < 3.

In particular, X 1is projective and can be presented as a closed subscheme of some

weighted projective space P(wy, - -+ ,ws) with w; € {1,2,3}.

Proof. (1) We have length,(g) = 1 if and only if g = 1, and there are at most finitely
many o-words of length < r in 7 for any given r.

(2) Applying Lemma 2.3 and induction, we see that the class tr,, € R, of every
word w of length r > 4 in 7 is a linear combination of terms of the form tr,,, - - - tr,,
with Y7 length, (w;) < r and length,(w;) < 3 for each i = 1,---,s. This shows
that R? is generated by (R7); @& (RZ)2 @ (RZ)s. Applying part (1) of this lemma, we

obtain the desired result. O

3.1.4 An alternate description

Following the notation from the beginning of this chapter, let M be the scheme

parametrizing 2 X 2 matrices. Using the isomorphism (z;;) : M ~ A* via matrix
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entries, we equip C[M™] for each m > 1 with grading by degree and associated
filtration Fil%8. We have SL, acting on M™ by simultaneous conjugation, preserving
the grading (and hence the filtration) on C[M™]. Therefore, SLy acts on the Rees
algebra C[M™]48 of (C[M™], Fil*®) preserving the grading. By Example 3.7.(3), we

have an identification

CIM™)*® = C[(X1)ij, -+ » (Xin)ij, T

with the polynomial ring on 4m + 1 generators, so that Spec C[M™]d®® = M™ x Al
The SLs-action is the product of the conjugation action on M and the trivial action
on A'. The morphism 7 : M™ x A! — A! from Example 3.7.(1) is just the projection
onto the second factor.

Let 7 be a group with finite generating set o and |o| = m. The choice of o gives
us a Slo-equivariant closed immersion o* : Rep, < Rep,, = SL3' C M™, where
Rep,, = Repp, is the representation variety of the free group F,, on m generators.
Via the surjective morphism C[M™] — C[Rep,], the filtration Fil*® on C[M™] induces

a filtration on C[Rep,| which we shall denote Fil°.

Proposition 3.11. We have Fil? R, = (Fil7 C[Rep,])% for every r > 0. In partic-

ular, there is a surjective morphism of graded rings

d, : (C[M™)de8)St2 5 Ro.

Proof. We begin by considering the filtration Fil?°® on C[M™]. For each r > 0, a close
inspection of the work of Procesi [73] (Theorems 1.1, 1.2, and 1.3 loc.cit.) shows that

the space of invariants (C[M™],)%2 is spanned by elements of the form

tr(wy) tr(wsg) - - - tr(ws)
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where each w,; is a noncommutative monomial in the standard matrix variables
Ty, , Ty on M™ such that we have > . | deg(w;) = r. Here, the degree deg(w;)
refers to the total multiplicity of matrices x1,--- , z,, appearing in the monomial w;.

Since SLs is linearly reductive, we see that the map

(Fil C[M™])>" — (Fil] C[Rep,])™,

obtained from the surjective morphism

Filde C[M™] — Fil7 C[Rep,]

of finite-dimensional complex representations of SLs, remains surjective. In particular,

(Fil? C[Rep,])5 is spanned by elements of the form

[ S8 SHSEIEIEN 1 YN

where each w; is a product of elements of o (with multiplicities, but without inverses)
such that the sum total number of elements appearing is < r. This shows that
(Fil7 C[Rep,])% C Fil” R, since each element of the above form lies in Fil” R,
recalling that the filtration Fil” is compatible with multiplication on R,. The other
containment Fil” R, C (Fil” C[Rep,])%* follows from the observation that, using the
relation trytr, = tryy + trg-1 in Ry, one can write any tr, with length, (a) < r as
a linear combination of elements of the above form. Finally, since the surjection
C[M™] — C[Rep,] is compatible with the filtrations and the SLy-actions, we obtain
a surjection

(CIM™]*#) 2 — (C[Rep,]7)™* = (C[Rep,]>*)” = R]

™
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which proves the second part of the proposition. O

3.2 Log Calabi-Yau property

3.2.1 Free groups

Let F,,, be the free group on m > 1 generators o. As before, let Rep,, = SL5" be the
representation variety of F},,, and let X, = Rep,,, / SLs be the SL, character variety of
F,, with R,, = C[Rep,,]®"2. Let Fil” be the filtration on the coordinate ring C[Rep,,]
of Rep,,, = SL3" defined in Section 3.1.4. In other words, it is the filtration obtained by
the projection of Fil%® under the surjective ring homomorphism C[M™] — C[Rep,,].
For i € {1,---,m}, let us write E; = det(X;) — T? for the homogeneous element
in C[M™]4%€ of degree 2, with the identification C[M™]%¢ = C[(X1):;, ", (Xum)ij, T}

from Section 3.1.4.
Lemma 3.12. We have the following.

(1) CM™]%e /(Ey,--- , E,,) is a normal graded Cohen-Macaulay domain.

(2) Ey, -, E,, is a reqular sequence in C[M™]d°e,

(3) We have C[Rep,,]” =~ C[M™|/(E1, -, En).

Proof. Let us write Rep/,, = Spec C[M™]%°¢/(E,,--- , E,,). Our proof of (1) and (2)
will proceed by induction on m. Both statements are clear when m = 1 (we note by
the Jacobian criterion that the singular locus of Rep] consists of a single point). So

let m > 2. For any s € {1,--- ,m}, note that we have
C[Mm]deg/(Eh o 7ES) = (C[Rep’s] ® C[(XS—I—l)ijv Ty (Xm)lj]

In particular, each

C[M™)%8/(Ey, -+ , E,)
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is an integral domain, showing that Ej,--- , E,, is a regular sequence in C[M™]d,
and C[Rep],] is a graded Cohen-Macaulay ring of pure dimension 3m + 1. Consider
the G,,-equivariant morphism

7 : Rep,, — A

associated to the morphism of graded rings C[t] — C[Rep),] given by ¢ — T. The
fiber 771(1) = SL}" is smooth, and 7=!(0) = M is reduced of dimension 3m. We
thus conclude by Lemma 3.5 that C[Rep!,] is a normal domain. This completes the
induction, and we have proven (1) and (2). It remains to prove (3). Note that
we have a natural surjective ring homomorphism C[Rep!,] — C[Rep,,]°. Note that
C[Rep,,]7 is integral by Lemma 3.8, and has dimension at least 3m + 1. Thus, we see
that C[Rep,,] — C[Rep,,]” must be an isomorphism, as the former is also integral of

dimension 3m + 1. This completes the proof of the lemma. O

Let Fil” be the o-word filtration on R, defined in Section 3.1, and let R, be the

associated Rees algebra.
Proposition 3.13. The ring R?, is a normal graded Cohen-Macaulay domain.

Proof. First, by a result of Hochster-Roberts [50, Main Theorem], we see that the ring
(C[M™]de8)SL2 5 Cohen-Macaulay. We next claim that the surjective homomorphism
®, : (C[M™]%8)St2 — R constructed in Proposition 3.11 induces an isomorphism

(CM™) )32 /(B -+ E) = Ry,

m

Indeed, since (C[M™]4°8)52 ig a pure subring of C[M™]4°¢, the left hand side is isomor-
phic to (C[M™]4¢ /(Ey,--- | E,,))%" = (C[Rep,,]%®)%? = RY by Lemma 3.12, which
is the desired result. Since C[Rep,,]®® is a normal graded domain by Lemma 3.12, so
is R?,. To show that R7 is Cohen-Macaulay, it suffices to show that E;,--- | E,, is a

regular sequence in (C[M™]4¢8)5t2 But this follows from the fact that Ey,--- | E,, is
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a regular sequence in C[M™]9°¢ and that (C[M™]4)5L2 is a pure subring of C[M™]de,

The desired result follows. O

The Hilbert series H,,(t) of the graded algebra R?, is by definition the following

formal power series. Note that H,,(t) is well-defined by Lemma 3.10.

HMQ:fjm%g@mﬂzfymmFmRmﬂemm.

Theorem 3.14. Assume that m > 2. Then H,,(t) is rational and satisfies

H,,(1/t) = (=13 22T g (1),

In particular, R, is Gorenstein with canonical module RZ (—2m — 1).

Proof. For m = 2 and F, a free group on generators o = {aj,as}, we may verify
the functional equation by direct computation as follows. Recall the isomorphism
(tTays tray, trayay) @ X2 =~ A® from Example 2.2. Tt follows Rg ~ C[X;, X, X3, T| with
each Xy, Xo,T given degree 1 and X3 given degree 2, so that the Krull dimension of

Rg is 4 and
1

=0 —n

from which the desired symmetry follows. For m > 3, we have the following result
of Le Bruyn [57] (based on rational expressions due to Weyl and Schur, cf. loc.cit.):
the Hilbert series h,,(t) of the graded algebra C[M™]5"2 has the functional equation
By (1/t) = —t*™h,,,(t). Our Hilbert series H,,(t) is related to the series h,,(t) by

(1—¢2)m

Halt) =575

hun (),
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where the factor (1 —¢%)™/(1 — t) arises as we take the SLy-invariants of

C[Mm]deg/(Eh e 7Em)

instead of C[M"™], and the fact that Ey,- -, E,, is a regular sequence of homogeneous
elements of degree 2 in C[M™]8. Thus, the functional equation of H,,(t) follows
from that of h,,(t). Now, the Krull dimension of R?, is (3m — 3) + 1. Hence, our
last claim follows from the functional equation and Proposition 3.13, by the result of

Stanley [84, Theorem 4.4] (see also [8, Corollary 4.4.6, p.177]). O

3.2.2 Relative character varieties

Let X,, be a compact oriented surface of genus g > 0 with n > 1 boundary com-
ponents such that x(3,,) =2 —2g —n < 0. We fix a standard presentation of the

fundamental group

7Tl(zgm) = (ay, - 7a2g+n“ala ag) - [a2g*17 a2g]a2g+1 T a2g+n>-

By our assumption, m(3,,) is a free group of rank m = 2g + n — 1 > 2. We shall
refer to the set 0 = {ay,- -, aggyn—1} of free generators as standard.

Let Rep,,, = Repy, (s, ) be the representation variety of Xy, (or of m(3,.)),
and let X, , = Repg’n // SLa be the character variety of ¥,,. Note that o gives us

isomorphisms

0" : Rep,,, =~ Rep,, = SLy’,

*.
o Xy 2 X,

where Rep,, and X, are as in Section 3.2.1. For each k = (ky,--- ,k,) € A"(C), the
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corresponding fibers Rep, ,, ,, and X ,, ;. of the morphisms

(tT(Ing), T 7tf($2g+n71)7 tl"(372g+n)) : Repg,n — A",
(Faggrs o+ tlagyyn) © Xgp — A"
(where @1, ,Z344,—1 are the matrix variables of SL' and we abbreviated here

Togan = (X1, T2) - -+ (Tag—1, Tog)Tog11 - * Togin—1 for simplicity) are called the relative

representation variety and relative character variety of >, ,,. Let us denote by Ry, 1 =

C[Xgnk] the coordinate ring of the relative character variety.

Example 3.15. We review the presentations of some relative character varieties for

surfaces of small Euler characteristic, following Goldman [38].

(1)

(g,n) = (0, 3). By Example 2.2.(2), we have (tr,,, tTa,, tTa,a,) : Xo3 = A3 Since
the 3 boundary components of ¥ 3 correspond to a;, az, and a;as, we see that

Xo.x is simply a point for every k € A3(C).

(g,n) = (1,1). By Example 2.2.(2), we have
(tTay, tray, tragay) @ X11 A:()’%yvz)

where (, v, z) denotes the sequence of standard coordinate functions on A3. The
boundary component of ¥ ; corresponds to (ai, ag), which defines the function

given by the expression
[{a1, a2)] = f(z,y,2) = 2® +y* + 2° —ayz — 2

obtained using the identities tr,tr, = try, + tre,-1 in the coordinate ring Rs.
Thus, X1 1 for k € A'(C) is an affine cubic surface which is given by a level set

f7Y(k) in A3 of the above function, also called a (generalized) Markoff surface.
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Looking at the partial derivatives of the above function, its critical locus is given

by the conditions
2vr =yz, 2y=uxz, and 2z=uxy.

The crticial locus is thus {(0,0,0), (512, 592, $32) : 515283 = 1,5, € {£1}}, and
every relative character variety X ; is normal.
(3) (g,n) = (0,4). Using Example 2.2.(3), given k = (ky,--- ,k4) € A*(C) we have

a closed immersion

. 3
(tra1l127 tra2a37 tralas) : X074 - A(w,%z)

with the image given by the affine cubic surface
felm oy, 2) =2+ + 22 +ayz —axr —by —cz —d =0

where we define a = k?lkig + k?3k34, b = ]{?21433 + ]{51]{74, cC = k’lk?g + ]{?2]64, and
d=4—k?— ki — k2 — k? — kikyksk,. The critical locus of the function f is

given by the conditions
2c0+yz—a=0, 2y+xz—0=0, 2z4+2z2y—c=0.

We see that the locus C A3 defined by the above three equations is finite. Hence,

every relative character variety X 4 is normal.

From Section 3.1, we have the o-word filtration Fil° on the coordinate ring R, ,

with Rees algebra R7, = (C[Rep,,]?)°". Let Fy,---,F,_; and F, respectively be
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the homogeneous elements in R, of degree 1,---,1 and 4g +n — 1 given by

F1 = trang — klt, SR Fn,1 = tra2g+7H — k'nflt, and

Fn = tra2g+n — knt4g+n71.

Here, F,, is homogeneous since length  (agg+,) = 4g+n—1. Let us define the quotient

ok = Bgn/(F1,--+ , F,). Note that R7  , /(t — 1) = Ry, x. The pair

(Z7 D) (PYOJ Rg n,kr PI'Oj Rg,n,k/(t))

is our projective compactification and boundary divisor of X ,, ; mentioned in Theo-

rem 3.1. The goal of this section is to verify that (Z, D) satisfies the desired properties.

Theorem 3.16. The ring Ry, . is a normal graded Gorenstein domain of dimension

6g + 2n — 5, with canonical module R, ,(—1).

Proof. We have an identification Ry, = R7. We claim that Fi,--- , F, is a regular
sequence in R%, = (C[Rep,,]?)%™. Indeed, using the fact that (C[M™]4&)52 is a pure
subring of C[M™]%¢ it suffices to note that C[Rep,,]°/(F},--,F,) is an integral
domain (of successively lower dimension) for 1 < s < n — 1. This follows from an
easy application of Lemma 3.5 (as in the proof of Lemma 3.12). Now, by Theorem
3.14, R¢ is a graded Gorenstein ring of dimension 3m — 2 with canonical module

R? (—2m — 1). Hence, it follows that

Z:n7k - Rg,n/(Fh e 7Fn)

is a graded Gorenstein ring of dimension 3m — 2 —n = 6g + 2n — 5 with canonical
module

gnk( 2m—1+(n—1+4g—|—n—1)):R;,n’k(—l).
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It remains to show that R, ; is a normal domain. By Lemma 3.5, it suffices to show

the following;:
(1) R,k is a normal ring, and
(2) Ry, ,/(t) is reduced of dimension 6g + 2n — 6.

If x(2,,) < —3, then (1) and (2) follow from Propositions 3.25 and 3.27. Let us now
consider the cases where |x(2,,,)| < 2. If x(2,,) = —2, then (1) and (2) follow from
Propositions 3.26 and 3.27 for (g,n) = (1,2), and they follow from Example 3.15.(3)
and Proposition 3.27 for (¢g,n) = (0,4). The case x(X,,) = —1 remains. The case
(g,m) = (0,3) is trivial, and for (g,n) = (1,1) Example 3.15.(2) verifies (1). It thus

remains to verify (2) for (g,n) = (1,1). But we find that

RT3/ (8) = Cla, y, 2]/(2(2 — 2y)),

whose spectrum is the union of the plane {z = 0} with the surface {z = zy} in

Ad

(2.9:2) , and hence is reduced and of dimension 2. This completes the proof. O

Let Z be the compactification of X, , as above. Note that Z is a normal irre-
ducible projective scheme, since R7, , is a normal domain by Theorem 3.16. By the
result of Demazure [22, Théoreme (3.5) p.51], there is an ample Q-divisor E on Z

such that

O k= @HU (Z,04(rE)t"

r=0
where t € (R7, ;)1 is the image of ¢t € (R7 ), under the projection Rj, — R, ..
Following Demazure (loc.cit.), the Q-divisor F is given explicitly as follows. Let us
write Div(t) = > ppF for the Weil divisor on Spec R7 , ;. determined by ¢. Note that

each F'is given by Spec Br where Bp is a graded integral quotient of R? Defining

g,n,k*
qr > 0 by

(Brp)n 0 <= n € qpZ,
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the Q-divisor F on Z is given by

E= Z —PI‘OJ (BF).
‘JF?éO

Lemma 3.17. We have pr € {0,1} and qr € {0, 1,2} for every prime Weil divisor
F of Spec Ry, ;.

Proof. The claim pr € {0, 1} follows from the fact that

Spec(Ry /1) = (C[Repy,, ]/ (t)*"

is reduced by Proposition 3.27. To see that ¢r € {0, 1,2}, note that B is generated in
degrees 1, 2, and 3 by Lemma 3.10 so we must have ¢r € {0,1,2,3}. Suppose toward
contradiction that gr = 3, so that (Bp); = (Bp)2 = 0. Given any ay, as, ag € m1(2,,),

on Ry, we have the relations
trara0as T tarasas = ayas tras T oy tray + tTagas tra, — trg, trg, tre,
and

+ tr?

a1a3)

trCLlCLZGiS tI.Cllil:«}CLQ = (trgl + trZQ + trgg) + (trczllaz _l_ tr?lz(m

— (tra, tray trayay + tTay trag tragas + tra, tras trajas)

+ g0y tTagas trajas —4-

Since the right hand sides of both equations are zero on Bp which is an integral
domain, this shows that tr,,ay05 = tTayasa, = 0 on Bpr. This shows that we must have

(Br)s = 0 as well, a contradiction. Hence, we must have ¢z € {0,1,2}. ]

Let D = Z \ X, be the reduced boundary divisor on Z. As a Weil divisor,

D is a formal sum ), V' of prime divisors V' where V' = Proj By runs over integral
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quotients Br of R7, ,/(t) by minimal homogeneous prime ideals. We are ready to

prove the main part of Theorem 3.1, restated as follows.
Theorem 3.18. We have Kz + D ~ 0.

Proof. Combining Corollary 3.16 with the result of Watanabe [94, Corollary 2.9], we
find that K + E' + E = Div(f) for some f € C(Z) (the function field of Z) and

!
1
E=Y 7 proj By,
qr#0 Ir

where we have set ¢ = qr/ ged(pr, qr) for gr # 0, so that in particular ¢ = 1 if

pr = 0. But in light of Lemma 3.17, we have

O~K+E+F

=K+ > %ProjBF+ > %ProjBFJr > Proj By

pr=1 pr=1 pr=1
qrp=2 qF=2 qr=1
=K+D
from which we conclude the result. O

3.3 Analysis of singularities

3.3.1 Introduction

Let m > 1 be an integer. Recall from Section 3.1.4 that we have an identification
CIM™]*® = C[(X1)ij - (Xim)ij, T) = CM™ x A'].

As before, for i = 1,---,m, let E; = det(X;) — T? be the element of degree 2
in C[M™]d&. Recall that C[Rep,,]° = C[M™]|4&/(E,,--- , E,), where Rep,, is the
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representation variety of the free group on m generators o.
Let g > 0 and n > 0 be integers with 2g+n—1 = m. Fixk = (ky,--- , k,) € A"(C).
Let Fy,---,F,_; and F, respectively be the homogeneous elements in C[M™]%¢ of

degrees 1,--- ,1 and 49 +n — 1 given by

Fl = tr<X2g+1) — le, SR anl = tI‘(XQg+n,1) — ]{InflT, and

Fn = tI‘((Xl, X2> ce <X2971’ X2g>X29+1 ce X29+n71) _ knT4g+n71.

Let us define Rep],, = Spec C[Rep,,]” and Rep}, ,, , = Spec C[Rep,,|/(Fy,- -+, F,). The
singular locus of Rep, , , is the intersection of Rep, ,, , with the locus of critical points
Crit(E, F) of the morphism (Ey, -+, Ep, Fy, -+, F,) : M™ x A — A™ Consider

now the G,,-equivariant morphism
. l 1
m:Rep,,p — A

of affine schemes induced by the the morphism of graded rings C[t] — C[Rep,,, ;]
sending ¢ — T. Note that 7—1(1) ~ Rep, ,, 1, 1s the relative representation variety of
the compact surface ¥, of genus g with n boundary components corresponding to
k, as introduced in Section 3.2 (at least when n > 1). Let us define H,, = 7 *(0).

Note that it is independent of the choice of k.

3.3.2 Critical points

Fix integers ¢ > 0 and n > 1 such that m = 2g +n — 1 > 1. Fix a complex number
t € C. For each s € C such that s = ¢, the fiber of the morphism (considered in the
proof of Lemma 3.12)

7 : Rep), — A
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above s is the scheme Mj}*. By definition, a point a € M}*(C) is represented by an
m-tuple of matrices a = (ay, - ,a,), each a; having determinant ¢. Given such a

point, let us introduce the following supplementary notation.
(1) Let b; = {ag;_1,as;) for each i € {1,--- ,g}.
(2) Let byy; = agyy; for each j € {1,--- ,n — 1}.

(3) In generality, for a cyclic interval I = (i, io+1, - ,ig+k) in €4pp—q (cf. Section
1.4), let by = by, - - biyr where the indices are considered modulo g +n — 1.

Also, let ' = bje when I¢ is defined. Let us write b* = b for simplicity.

For example, we have

b(1,~--,g+n—1) =0by--- bg+n—1 = <a1, a2) T <a29717 a/2g>a2_q+1 ©A2g4n—1-

We shall attempt to describe, in terms of these parameters, the critical locus of the
restriction to M® C Rep,,, of the morphism F = (Fy,---, F,) : Rep,, — A™ defined

in Section 3.3.1. We begin with a lemma on tangent spaces.
Lemma 3.19. Let a € M(C) be given.

(1) T,Mgeta = {v € M(C) : tr(va*) = 0}. We have sl5(C) - a C T,Mgerq and

a-5ly(C) C TuMgeto. The containments are equalities if det(a) # 0.

(2) TuMaetatra = {v € M(C) : tr(v) = tr(va*) = 0}. We have a containment

512(C), a] € TuMaetatra which is an equality if a is nonscalar.

Proof. (1) For any a,v € M(C), we have det(a + ev) = det(a) + e tr(va*) within
Cle]/(¢?), from which the first statement follows. In particular, dim7T,Mgy, = 3
provided that a # 0. Since tr(uaa*) = tr(aua®) = det(a) tr(u) = 0 for every u €

sl5(C), we have sly(C) - a C T,Mgetq and a - slp(C) C T,Mget,. Lastly, if det(a) # 0
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then dim sly(C) - a = dima - sly(C) = 3 from which the equalities follow by dimension
reasons.

(2) For any a,v € M(C) we have tr(a + ev) = tr(a) + ¢ tr(v) within C[e]/(£?),
from which the first statement follows. We have tr([v,ala*) = tr(vaa* — ava®) =
det(a) tr(v) — det(a) tr(v) = 0 and tr([v,a]) = 0 for any v € sly(C), and hence
[5I2(C),a] C Ty cnar- Finally, if a is nonscalar, then we have dime T,Maet g tra = 2
since v — tr(va*) and w — tr(v) are linearly independent on M(C). On the other
hand, dimc[sly(C),a] = 2 if a is nonscalar, and hence T,Myetatra = [8l2(C),a] by

dimension reasons. O

Lemma 3.20. A critical point (aq,--- ,an) of F : M* — A™ must satisfy at least

one of the following two conditions.
(1) aggy; is scalar for some j € {1,--- ,n—1}.

(2) [b;,0"] =0 for everyi € {1,--- ,g+n—1}, and

* * 74 * * 7117
[a2z‘—17 Ai9; 109D ] = [a% Ug;_1Ga;b a2i—1]

* * 7% * 7 *
= [a%;_1, a5;b'agi—1a2] = [a3;, b'ag;_1ana5; 1] =0

for every i € {1,--- ,g}.

Proof. Assume that a € M}*(C) satisfies neither of the conditions (1) and (2). We
must show that d,F' : T,M* — C" is surjective. Now, the first n — 1 coordinates of

d,F' are given by

(ula e 7um) — (tr(u2g+1)7 e 7tr(u29+n71))

for each v = (uy, -+ ,uy) € T,M}". Since ag,.; is nonscalar for j € {1,---,n —1}
by hypothesis, each of the functionals w +— tr(uggy;) is nonzero. Thus, to show

surjectivity of d, F' it remains to show that (0,---,0,1) € Imd,F.
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Let u € sl5(C) be given. We then have [u, byy;] € Ty, M, for j € {1,--- ,n— 1},

and the composition Ty, , M; < T,M}" — C" with d,F" sends

[u> bg-i-j] = (O’ -0, tr([u’ bg+j]bg+j)> = (Oa -0, tr(u[bg-i-j? bg+j]>>'

Similarly, after a short computation (using the fact u* = —u for u € sl,(C)) we also

find that for i € {1,---, g} the composition T M — T,M* — C" with d,F’

a2;—1,02;

sends

(a1 — a1, —agu) = (0, -+, 0, tr(ulag_1, asas; ,asb’)),
(agi_1u,0) = (0, -+, 0, tr(ulay, ay;_,a3b'az_1])),

(0, agiu) = (0, -+, 0, tr(ulay;_;, ab;b'ag;i_1as))),

(—agi—1u, uag; — agu) = (0,--- 0, tr(ulas;, bagi_1agas; ])).

In particular, summing up the above tangent vectors in 7,M}* we find that

(Ua%—l — A2;—1U, UA2; — CL%“) = (0» T 707tr(u[bi7 bz]))

Thus, if a does not satisfy condition (2), at least one of the expressions above must
be nonzero for some u € sly(C). This implies that (0,---,0,1) € Imd,F, and hence

d.F' is surjective, as desired. O

3.3.3 Dimension estimates

We collect a number of estimates for the dimensions of certain schemes parametrizing
sequences of matrices with prescribed conditions. We will later use them to analyze
the singularities of Rep,,, , and H,,. Throughout Section 3.3.3, fix integers g > 0
and n > 0 such that m =2g+n—12> 1.

Fix k = (ki,--- ,kn) € A*(C), and let ® : SLYY x [[I_, SLy, — SLy be the
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morphism given by

(ag,--- ,ngm) = (ay, ag) - - - <a2gfl7 a2g>a2g+1 ©r o Q2g4n-

Lemma 3.21. ® is flat above SLy \{£1} with fibers of dimension 6g + 2n — 3.

Proof. First, ® is dominant by Lemma 3.40. Note that SL5? x [[/_, SLa, is a com-
plete intersection scheme of dimension 6g + 2n, and in particular Cohen-Macaulay.
The target SLy of ® is regular of dimension 3. By the miracle flatness theorem, to
prove that ® is flat it suffices to show that the fibers of ® are equidimensional, of
dimension 6g + 2n — 3. Consider the composition tro® : SL3Y x [T, SLoy, — AL
Since tro® is dominant, it is flat. In particular, the fibers of tro® are all of pure
dimension 6g + 2n — 1.

Next, note that SLo acts by conjugation on the domain and target of ¢, and ¢
is equivariant with respect to this action. Hence, given any [ € C the fibers of the
restriction ® : ®71(SLy;) — SLy,, away from the fibers over £1, are isomorphic hence

equidimensional of dimension 6g + 2n — 3. [
Lemma 3.22. If2g+n—1> 2, then (1) has dimension at most 6g + 2n — 3.

Proof. Let us denote by F (reps. F_) the fiber of ® above 1 (resp. —1). We shall
proceed by induction on (g,n). Consider first the case where n = 0. We must then

have g > 2. Consider the projection
m: Fy C SLy? — SL2

onto the last two copies of SLy. Given (by,by) € SL2(C), the dimension of the fiber

71(by, by) is estimated as follows.

(1) If (by, by) # +1, then dim 7 *(by,by) = 6(g — 1) — 3 by Lemma 3.21.
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(2) If <b17 b2> = :i:]_, then dimw‘l(bl, b2> S 6<g - 1) — 2.

Here, part (2) follows from the inductive hypothesis and the fact that, when g = 2 so
that g — 1 = 1, the fiber of (—, —) : SL3 — SLy above £1 has dimension at most 4 by
Lemma 3.41. Since the locus of (b, by) € SL3 defined by part (1) is 6-dimensional,
and the locus defined by condition (2) is at most 4-dimensional by Lemma 3.41, we
see that dim Fy < 6g — 3 as desired. Consider next the case where n > 1. If g = 0,

then we must have n > 3. Consider the projection

m: Fy C SL%Q X H SL2,I<:¢ — SLQ’kn

=1

onto the last factor of the product. Given b € SLyy, (C), the dimension of the fiber

771(b) is estimated as follows.
(1) If b # £1, then dim 7 !(b) = 69 + 2(n — 1) — 3 by the Lemma 3.21.
(2) If b = +1, then dim 7' (b) < 69+ 2(n — 1) — 2.

Here, part (2) follows from the inductive hypothesis, from Lemma 3.41 in the case
(g,n) = (1,1), and from the observation that the fiber of SLy; x SLoy; — SLo,
(ay,a2) — ajas over £1 has dimension 2 in the case (g,n) = (0,3). Since the locus

of b satisfying (1) has dimension 2, we find that dim Fy < 6g+ 2n — 3 as desired. [

Let ¥ : M x M3, — M be the morphism given by

(017 T 7a29+n) — (al, a2> te (azg—l, a29>a2g+1 c o A2g4n-

Lemma 3.23. V¥ is flat above My \ {0} with fibers of dimension 6g + 2n — 3.

Proof. First, ¥ is dominant by Lemma 3.45. Note that M:? x Mg, is a complete
intersection scheme of dimension 6¢g + 2n, and in particular Cohen-Macaulay. The

target My of W is regular away from {0}, of dimension 3. By the miracle flatness
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theorem, to prove that W is flat over M \ {0} it suffices to show that the fibers of ¥
are equidimensional, of dimension 6g + 2n — 3. Consider the composition troW,, :
M x M, — A'. Since troV is dominant, it is flat. In particular, the fibers of tr oW
are all of pure dimension 6g + 2n — 1.

Next, note that SLy acts by conjugation on the domain and target of ¥, and ¥
is equivariant with respect to this action. Hence, given any [ € C the fibers of the
restriction ¥ : \IJ_I(MOJ) — My, are isomorphic, hence equidimensional of dimension

6g + 2n — 3, away from the fiber over 0. O]
Lemma 3.24. V~1(0) has dimension at most 6g + 2n — 1.

Proof. Since the domain M? x Mg, of ¥ has dimension 6g + 2n and is integral, if
dim ¥~1(0) > 6g + 2n then ¥ must be identically zero, contradicting the fact that ¥

is dominant by Lemma 3.45. ]

3.3.4 Singularities

Let X4, be a compact oriented surface of genus g > 0 with n > 1 boundary compo-
nents and x(X,,) =2 —2¢g —n < 0. The fundamental group of ¥, is free of rank
m=2g+n—1>2 Let k= (ky, - ,k,) € A%(C), and let Fy,--- , F, € C[M™]ds

be as in Section 3.3.1.
Proposition 3.25. [f m > 4, the scheme Rep,,,  is normal.

Proof. Since Rep, ,,  is a complete intersection of dimension 6g+2n—3 in the regular
scheme M™, it is Cohen-Macaulay. As a consequence of Serre’s criterion for normality
(66, Theorem 23.8, p.183], a Cohen-Macaulay ring is normal if and only if it is regular
in codimension 1. It thus suffices to demonstrate that Rep,,, , is regular in codi-
mension 1. Consider the restriction of F' = (Fy,--- , F},) above to SLY* € M™ x Al.

Since SL3' is regular, the singular locus of Rep,,, = F~'(0) is the intersection of

45



Rep,, ,, ,, with the critical locus of F'. It suffices to show that the locus in Rep,,, ; de-
fined by each of the conditions (1) and (2) of Proposition 3.20 has dimension at most
(6g-+2n—3)—2. We shall represent points of Rep,, ,, , by sequences (a1, - - -, asgin—1) of
matrices, and adopt the same notations b; and b! for the various products of matrices
as used in Proposition 3.20.

First, consider the locus W C Rep,,,; defined by condition (1) of Proposition
3.20, which plays a role only when n > 2. For each i = 1,--- ,n — 1 and s € {£1},
the locus {by4; = s1} C Rep,,,,  is isomorphic to Rep,,,,;, where k" is the (n — 1)-
tuple obtained from k by omitting k; and replacing k,, by sk,. By our assumption on

(g,n), we have 2g + (n — 1) — 1 > 2, and we find by Lemma 3.22
dim{byy; = s1} = dimRep,,, 1 s = 69+ 2(n — 1) =3 = (69 + 2n — 3) — 2.

As W = ! {bys: = +1}, it has codimension 2 in Rep, ,, 1. as desired.
Next, let Z C Rep, ,;, be the locus defined by condition (2) of Proposition 3.20.
We stratify Z further into three subloci Z;, Z5, and Z3, and estimate their dimensions

as follows.

(1) Let Z; C Z be the sublocus consisting of (ay,--- ,a,) such that b; = +1 for
some ¢ € {1,---,g} or by b, j41 = £1 for some j € {1,--- ,n —2}. We claim

that dim Z; < (6g +2n — 3) — 2.

Given i € {1,---,g} and s € {£1}, consider the locus where b; = s1. By
Lemma 3.41, (ag;i_1,a;) must vary over a locus of dimension at most 4. For
fixed (a@g;_1, ag;) the remaining matrices in the sequence (ay, - - , a,,) vary over a
locus isomorphic to Rep,_; ,, ;» for k = (k1,--+ , kn_1, sky), which has dimension
dim Rep,_; ,,» = 6(g — 1) +2n — 3 by Lemma 3.22 since 2(g9 —1)+n—1 > 2 by

our assumption. Thus, the locus in Z; where where b; = s1 for i € {1,--- , g}
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has dimension bounded by

44 (6(g—1)+2n—3) = (6g+2n —3) — 2.

Given j € {1,--- ,n —2} and s € {£1}, consider the locus where by, byt 11 =
s1. The pair (by+;, by+j+1) then varies over a locus of dimension at most 2. Tor
fixed (bytj,bgtj+1) the remaining matrices in the sequence (aq,--- ,a,,) vary
over a locus isomorphic to Rep, ,,_»» where k" is obtained from k by removing
k; and k1, and replacing k, by sk,. We have dim Rep,,, 5, = 69+2(n—2)—3
by Lemma 3.22 since 2g + (n — 2) — 1 > 2 by our assumption. Thus, the given

locus has dimension bounded by

2+ (694 2(n —2) —3) = (6g + 2n — 3) — 2.

This shows that dim Z; < (6g + 2n — 3) — 2.

Let Zy C Z \ Z; be the sublocus consisting of (ay, -, ap,) with tr(b;) = £2 for
some i € {1,---,g} or tr(bysjbsrj41) = £2 for some j € {1,--- ,n —2}. We
claim that dim Zy < (69 +2n — 3) — 2.

Given i € {1,--- , g}, consider the locus tr(b;) = +2. By Lemma 3.21, the pair
(agi—1,as;) varies over a locus of dimension at most 5. For fixed (ag;_1, a;), by

Lemma 3.39 the product b must vary over a locus of dimension at most 1. We

have two possibilities.

(a) We have b’ € {£1}. We must have 2(g — 1) + (n — 1) — 1 > 2 since Z,
lies in the complement of Z;. By Lemma 3.22, for fixed (ag;_1,as;) the
remaining matrices in (ag,- -+ , a,,) vary over a locus of dimension at most

6(g—1)+2(n—1)—3.
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(b) We have b* # +1. By Lemma 3.21, for fixed (a_1,as;) and b° the re-
maining matrices in (ap,--- ,a,,) vary over a locus of dimension at most

6(g—1)—2(n—1)—3.

Thus, we see that the locus of (ay,- - ,a,,) in Z satisfying tr(b;) = £+2 for some

i€ {l,---,g} has dimension bounded by

541+ (6(g—1)+2(n—1)—3) = (6g+2n—23)—2.

Given j € {1,--- ,n — 2}, consider the locus tr(by1;bs+;+1) = £2. By Lemma
3.21, we see that the pair (by4;, by1j41) varies over a locus of dimension 3. For
fixed (byij,bgtjr1), by Lemma 3.39 the product bl99:9+5+1} must vary over a

locus of dimension at most 1. We have two possibilities.

(a) We have bl9t79+i+1} ¢ £4+1}. We must have 2g + (n —3) — 1 > 2 since Z,
lies in the complement of Z;. By Lemma 3.22, for fixed (by+j, byyj41) the
remaining matrices in (ag,- -+ , a,,) vary over a locus of dimension at most

6g +2(n —3) — 3.

(b) We have bl9t79+i+1} £ +1. By Lemma 3.22, for fixed (byj,byij41) and
bloti9+i+1} the remaining matrices in (a1,--- ,a,) vary over a locus of

dimension at most 6g — 2(n — 3) — 3.
Thus, we see that the locus of (ay,- -, ap) in Z with tr(b,4;b,1j41) = £2 for
some j € {1,--- ,n — 2} has dimension bounded by

3+ 1+ (6g+2(n—3)—3)=(6g+2n—23)—2.

This shows that dim Z; < (6g + 2n — 3) — 2.

(3) We claim that Z3 = Z\ (Z;UZ3) must have dim Z3 < (6g+2n—3) —2. Suppose
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first that g > 1. The pair (ai, az) varies over a locus of dimension 6. For fixed
(a1, as), since tr(by) # £2 we see by Lemma 3.39 that there are only finitely
many possible values of b*. For fixed (ai,as) and value of b, the remaining
matrices in (aq, -+, a,,) vary over a locus of dimension 6(g — 1) +2(n —1) —3
by Lemma 3.21 (noting that 2(g—1)+(n—1)—1 > 2if b* € {+1} by assumption

that Z3 N Z; = ). Hence, for g > 1, Z3 has dimension bounded by
64+ (6(g—1)+2(n—1)—3)=(6g+2n—3)—2.
Arguing similarly, if g = 0 so that n > 5, Z3 has dimension bounded by
4+ (6g+2(n—3)—3)=(6g+2n—3)—2.

Therefore, dim Z3 < (6g + 2n — 3) — 2.

From the above computations, we conclude that dim Z < (6g + 2n — 3) — 2. Hence,

Rep, ,, ; is normal, as desired. ]
Proposition 3.26. Rep, 5, is normal.

Proof. Since Rep; 5, is a complete intersection of dimension 7 in the regular scheme
M™ it is in particular Cohen-Macaulay. By Serre’s criterion, it suffices to show that
Rep; o is regular in dimension 1. It suffices to show that locus defined by each of
conditions (1) and (2) of Proposition 3.20 is of dimension at most 5. We shall represent
a point of Rep, »;, by a triple of matrices (a1, as,a3) € SL3 satisfying tr(as) = k; and
tr((a1, az)as) = ks, and adopt the notations of Section 3.3.2.

Consider first the locus of Rep;,, where a; = £1 for some i € {1,2,3}. By
Lemmas 3.21 and 3.41, we see that this locus has dimension at most 3+2 —1 =4
when i € {1,2}, and at most 3+3—1 = 5 when i = 3. The union Y = [ J?_ {a; = +1}

includes the locus of Rep; ,; defined by condition (1) of Proposition 3.20, and is at
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most H-dimensional.

It remains to estimate the dimension of the locus Z C Rep;,,, \Y defined by

condition (2) of Proposition 3.20. In what follows, we stratify Z into subloci and

estimate their respective dimensions.

(1)

Let Z; C Z be the locus where tr(a;) # £2. From the condition

[afl, a;lagalag] =0,

and Lemma 3.43, we see that for given a; there are only finitely many possible
values of a; Yasaias. The sublocus where asa; = £1 has dimension at most
2 + 3 = 5, so we may restrict our attention to the sublocus of Z; where aza; #
+1. For fixed ay, there are only finitely many possible values of tr(aga;), and
hence a3 varies over a locus of dimension 1, and for fixed a; and a3 since there
are only finitely many possible values of a; 'asa;as showing that ay varies over a
locus of dimension 1 (the centralizer of aja3 # +1 being 1-dimensional). Thus,
the sublocus of Z; where aza; # 41 has dimension at most 3+ 1+ 1 = 5.

Therefore, we conclude that dim Z; < 5.

Let Zy C Z \ Z; be the locus where tr(as) # +2. We then consider

[as, CL1_ICL2_16L36L1] =0,

and by the same argument as in part (1) we conclude that dim Z, < 5.

Let Zs C Z \ (Z1 U Zy) be the locus where tr(ajas) # +2. By the condition

[alag,aflaglag] =0

and Lemma 3.43, for fixed a; and ay there are at most finitely many possible

20



values of a; 'a, 'az and hence of as. Thus, dim Z, <2 +2 = 4.

(4) Let Zy = Z \ (Z1 U Zy U Z3). We must have tr(ay), tr(as), tr(ajas) € {£2},
and hence (aq,ay) varies over a locus of dimension at most 3. Hence, dim Z; <

3+2=5.
This completes the proof that dim Z < 5, and hence Rep, 5 is normal. O]

Proposition 3.27. If m > 3, the intersection Crit(E, F') N H,,, has codimension at

least 1 in H,,, and in particular H,, is reduced.

Proof. First, the locus in H,, determined by the condition a; = 0 has dimension

3+6(g—1)+2(n—1)=(6g+2n—-3)—2 ifie{l,---, 2g},

6g+2(n—2)=(6g+2n—-3)—1 ifie{2g+1,---,294+n—1}.

Therefore, the union Y = (J",{a; = 0} has dimension at most (6g + 2n — 3) — 1.
Since Crit(£) N Hy,, and the locus defined by condition (1) of Lemma 3.20 both lie
in Y, their dimensions also cannot be more than (6g 4+ 2n — 3) — 1.

Next, let Z C Hy, \ 'Y be the locus defined by condition (2) of Lemma 3.20. We
must show that dim Z < (6g + 2n — 3) — 1. Let us first treat the cases (g,n) = (0,4)

and (1,2) separately.

(1) Let (g,n) = (0,4). Thelocus Z consists of (a1, az, as) € M ,(C) with a; nonzero
and [ay, asas] = [as, aza1| = [as, ajas] = 0. Suppose that one of ajay, asas, and
azay is nonzero; say ajas # 0. Then we must have tr(ajas) # 0 by Lemma
3.45.(1). But the condition [ag, ajas] = 0 implies that ajay is a scalar multiple
of az and hence tr(ajas) = 0, a contradiction. Arguing similarly for the other

cases, we conclude that

1G9 = G203 = A3Q1 = 0.
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The condition tra, = traz = 0 then implies that ay, and az are both scalar

multiples of a;. Thus, Z is 4-dimensional.

Let (g,n) = (1,2). The locus Z consists of (ay,as,a3) € M3 x My o(C) with a;
nonzero satisfying, among other things, [(a1, as),as] = 0. By Lemma 3.39.(1),
this implies that (a1, as) is a scalar multiple of a3 and in particular tr{a;, as) = 0.
The condition tr({a, as)as) = 0 then shows that in fact (a;, as)as = 0 by Lemma

3.45(1). The sublocus of A where (a;,as) # 0 has dimension

2+1+3=6.

Indeed, a3 varies over a locus of dimension 2, for fixed az the value of (ay, as)
varies over a locus of dimension 1 by Lemma 3.39, and for fixed value of
(a1,a2) # 0 the pair (ap,as) varies over a locus of dimension 3 by Lemma

3.23.

It remains to consider the locus (a1, as) = 0. This condition implies that at least
one of ajay, asai,ajal is zero, by Lemma 3.43.(2). The locus (ay,az) where at
least two of them are zero has dimension at most 4 by Lemma 3.44, and hence
(a1, a9, a3) would vary over a locus of dimension at most 4 + 2 = 6, as desired.
Thus, we may assume that exactly one of ajas, azaj, ajas is zero. We thus have

the following possibilities.
(a) Consider ajay = 0 and asaf,ajay # 0. We must have asajal # 0 by
Lemma 3.43.(1), and a; # 0. The condition
lagaial, aza] =0
shows that tr(asa;) = 0 since tr(agaja’) = 0. For fixed as, the locus of

a; € My(C) with tr(aga;) = 0 has dimension 2 (as easily verified when
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as = [J 4], and deduced from this in the other cases by conjugation). For
fixed nonzero a; the locus of of ay € My(C) with ajas = 0 has dimension
2 by Lemma 3.42(1). Thus, the locus of (ay,as,a3) € Z(C) with ajay =0

has dimension at most 2 + 2 + 2 = 6, as desired.

Consider asa} = 0 and ajas, aja; # 0, so that (ay,as) varies over a locus
of dimension at most 5. We have a;(tr(az)1 — az) = (aga})* = 0 which

implies that tras # 0 and similarly tra; # 0. Now, we have

* ok ko
ajasazaias = —[ag, ajazaza;| = 0.

Since ajaj,ajas # 0 and tr(ag) = 0, the above condition implies that, for
fixed (aj,aq), ag varies over a locus of dimension at most 1 by Lemma
3.42.(3). Hence, (a1, as,as) varies over a locus of dimension 5 + 1 = 6, as

desired.

Consider ajas = 0. We have a3 # 0 and aja2a] # 0, and from the condition
[asas, ajazai] = 0 we argue as in (a) to see that this locus has dimension

at most 6, as desired.

Thus, we have shown that Z has dimension 6.

In the remainder of the proof, we thus assume that 2g +n —1 > 4. Let us use
the notations of Section 3.3.2. For a cyclic interval I in €y ,_1, let Z; C Z be the
sublocus defined by the condition by # 0. Note that if [ C J are two cyclic intervals

(containment meaning that I is a subsequence of J) then Z; C Z;. Let

wr =2\ 2,

IcJ

where the union on the right hand side runs over all cyclic intervals J in €4,
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containing I and distinct from /. Note that we have a stratification

Z:HWI
I

where the union runs over the finitely many cyclic intervals I of €;.,_;. Hence, it
suffices to show that each W; has dimension at most (6g + 2n — 3) — 1.

First, consider the case where |I| = g+n—1, and write I = (i, -+ ,ig+g+n—2).
The condition [b;,, 4] = 0 on Z with b;,,b" # 0 then implies that, by Lemmas 3.39

and 3.23, the dimension of W is at most

6+14+6(g—1)+2(n—1)—3=(6g+2n—-3)—1 ifg>1, or
24142(n—-2)—3=(6g+2n—-3)—1 ifg=0
as desired.

Now, suppose that |I| < g +mn — 1. Let us further stratify W, = W; U W/ where
W/ (resp. W7) is the sublocus defined by b’ # 0 (resp. b’ = 0). The subloci W/ can
be handled as above and shown to have dimension at most (6g+2n —3) — 1. Thus, it
remains to consider the subloci W} for cyclic intervals I with |I| < g +n — 1. There

are two possibilities to consider.

(1) We have |I¢| = 1. Since Z C Hy, \ Y, we must then have /¢ = {i} for some
ie{l,---,g}. Since b; = (agi_1,as;) = 0 on W}, by Lemma 3.43 at least one
of agi_1a9;, ayas,_,, and a3;_,a3 must be zero. By Lemma 3.44, the sublocus

of W} where at least two of the products is zero has dimension

44+6(9g—1)+2(n—1)=(6g+2n—3)—1.

Thus, we are left to consider the sublocus W}"” of W[ where exactly one of the

products ag;_1a9;, azas,_,, and a3, a3 is be zero. We thus have the following
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possibilities.

(a)

. - * * *
Consider ag;_1a2; = 0 and aga3;_;,a%_,a5 # 0. We must then have

ag;ay; 105, 7 0 by Lemma 3.43, and ag;—; # 0. The condition

* * 7
[agiay; a5, b'ag;i 1] =0

shows that tr(b'ag,_;) = 0 since tr(ayal, ah) = 0. For fixed b' = by
(which is nonzero on Wr), we see that the locus of ag;_1 € My(C) with
tr(b'ag_1) = 0 has dimension 2, and for fixed nonzero ay;_; the locus of
as; € My(C) with ag;—jas; = 0 has dimension at most 2. Thus, the locus

of (a1, -+ ,an) € W/ (C) with ag;_1as; = 0 has dimension at most

24+246(9g—1)+2(n—1)=(6g+2n—-3)—1

as desired.

Consider ag;al;, | = 0 and ag;_1as;, as;,_,a3; # 0, so that (ag_1,as;) varies

over a locus of dimension at most 5. Now, we have

* * 717 * * 71
a%_la%b A9;-10A9; = —[a%_l, a%b agi_lagi] =0.

Since a};, ja3;, asi—1as; # 0, the above condition implies that, for fixed
(a1,az), the value of b’ varies over a locus of 2 by Lemma 3.42(3). Hence,
by Lemma 3.23, the the sublocus of W} with ag;a3;_; = 0 has dimension

at most

5+2+6(g—1)+2n—1)—3=(6g+2n—3)—1

as desired.
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(c¢) Consider a3; a3, = 0 and ag;_1a9;, agas;_; # 0. We must then have
agi—1a2i05_; # 0 by Lemma 3.43, and aj, # 0. From the condition
[as;b%, ag;_1agal; ] = 0 we argue as in (a) to see that this locus has di-

mension at most (6g + 2n — 3) — 1, as desired.
(2) We have |I¢| > 2. Let us write I¢ = {ig, -+ ,io + k} for some k > 1. Let
J=A{io+1,--- iy + k}, so that we have, on W/,

bisbs =0, brbi, =0, by =0.

Let us further stratify W} = V;UV/ where V; (resp. V7) is the sublocus defined
by the condition b; # 0 (resp. by = 0). It remains to show that V; and V] each

have dimension at most (6g + 2n — 3) — 1.

(a) Let us define

91:|Iﬂ{17 79}‘7
92:|‘]ﬂ{17 7g}|7 and

ne=1|JN{g+1,---,9g+n—1}.

Now, if ig € {1,---, g}, then by (a minor variant of) Lemmas 3.23 and

3.42 and condition b;,b; = brb;, = 0, V; has dimension bounded by

6+ (6g1+2n1 — 1)+ (6g2+2ny—1) =6g+2(n—1)—2 = (6g+2n—3)—1

where g1 + 9o = g — 1 and ny + ns = n — 1. On the other hand, if

io€{g+1,---,g+n—1}, then by a similar argument V; has dimension
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bounded by

2+ (6g1+2n1 — 1)+ (6g2 +2ny — 1) =69 +2(n —2) = (6g+2n—3) — 1

where g1 + go = g and ny + ny = n — 2. This proves that V; has dimension

at most (6g + 2n — 3) — 1, as desired.

(b) In addition to g; and n; as above, let us set

gy =10 U{io) n{1,---,g}|, and

Since g] + g2 = g and n} + ny = n — 1, by Lemma 3.24 the dimension of
V/ is bounded by

(69, +2n), — 1)+ (6gs +2ny — 1) =69 +2(n — 1) —2 = (6g +2n—3) — 1

proving the desired result.

This completes the proof that dim W} < (6g + 2n — 3) — 1. Therefore, we have
dim Z < (6g+2n—3)—1, completing the proof that the intersection Crit(E, F)NH,,
has codimension at least 1 in H,,. Finally, since H,, is Cohen-Macaulay, the second

statement of the proposition follows from the first. n

3.4 Curves on surfaces

Let 3, ,, be a compact oriented surface of type (g, n) such that n > 1 and 2g+n—2 > 0.

As in Chapter 2, let us fix a standard presentation of the fundamental group

T (Zg,n) = (ay, - >a2g+n’<a17 ag) - <a2g*17 a2g>a‘2g+1 s 'a2g+n>
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and let 0 = {ay, -+ ,a2g4n—1} be the standard set of free generators. (We will later
give a construction of ¥,,, making these standard choices concrete.)

Let us denote by x4, the set of conjugacy classes of m(%,,), and let x,, be
the quotient of x,, obtained by setting the conjugacy class of a € m(%,,) to be

equivalent to that of a1

We shall refer to elements of x,, as reduced homotopy
classes. We may identify x,, with the set of free homotopy classes of loops S* — 3, ,,
and X,, with the set of free homotopy classes of loops considered up to (possibly
orientation-reversing) reparametrizations of S*. Let Fin y,,, denote the collection of
all finite multisets of elements in Xg .

Given a nondegenerate curve a C X, ,, there is a well-defined element a € g,

obtained by taking the reduced homotopy class of any choice of parametrization

S1 — a. This extends to a well-defined assignment

{isotopy classes of nondegenerate multicurves in ,,} — Fin x,, (3.1)

sending a = [ [, a; — {a;}. Let X, be the character variety of £, ,. In the coordinate
ring R,, = C[X,,], we have tr,-1 = tr, and try,—1 = tr, for every a,b € m(2,,).
In particular, the function m(3,,) — Ry, given by a — tr, factors through the

projection m(X,,) — Xgn- We extend the function x,, — R,, to an assignment

Fin Xgn — Rgn

sending a = {a1, -+ ,as} — try = trg, - - tr,, € Ry,. In particular, for each isotopy
class of a nondegenerate multicurve a = [[, a; in ¥,,,, there is a well-defined regular
function tr, =[], trs, € Ry, (the empty multicurve () corresponding to 1). We have

the following remarkable result due to Charles and Marché [15, Theorem 1.1].

Theorem 3.28 (Charles-Marché [15]). The regular functions tr,, as a runs over the

isotopy classes of nondegenerate multicurves in ¥4 ,,, form a C-linear basis of Rgy.,.
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Remark. In particular, the assignment (3.1) considered above is injective.

We give an explicit presentation of X , as follows. For any compact oriented

surface S, we shall denote by 05 its boundary and S° =S\ 0S. Let

D={zeC:|z|<1}

be the closed unit disk. Fix integers ¢ > 0 and n > 1 with m =2g+n —1 > 2. Let
tm = {P1,- -+ ,Pm}, Where pp = €2™*/™ be the set of mth roots of unity. Let us fix
2m open intervals {Ij,I}}i=1 .. ,» on OD with disjoint closures in 0D \ {p1,- -+, pm },
cyclically ordered counterclockwise on 0D relative to the points {p1, - ,pm} in the

following way:

IL—>p - > 5p =L —---
I/ I// I// I/
Loy 1 P21 Loy Aoy 1 7 D2g = Ly

!/

1 !/ i
S T T e L e g M e o I

Let us write I, = I, UT} and set I = [[,-, It. For k =1,--- ,m, we attach a compact
rectangular strip Ry = [0,1] x [0,1] to D, so that {0} x [0,1] is identified with I}
and {1} x [0, 1] is identified with I}, in such a way that the resulting surface remains
orientable. Note that the surface X, ,, thus obtained has genus g with n > 1 boundary
components. Let 0 € D be the fixed base point of >, ,,.

For k =1,---,m, let a;, € m(X,,) be (the class of) a based loop which passes
from 0 to a point in I} via a straight line segment in D, then to a point of I} via a
simple path in Ry, then back to 0 via a straight line segment in D. Finally, let us fix

a point ¢ € 9D \ I situated so that we have a cyclic ordering counterclockwise

I, —q¢—T
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along 0D, and let agyt,, € m(X,,) be (the class of) the loop passing from 0 to ¢ via
a straight line segment, then traveling once clockwise along the boundary component
of 0%, containing ¢, and then returning to 0 via the same line segment. Under these

choices, we have the standard presentation

7Tl(zg,n) = (a,- - aa29+n’[ala ag) - [a2g*17 a2g]a2g+1 tee a2g+n>
and we set 0 = {ay, -+ ,a,} to be the set of standard free generators. Note that
each a;, for k =1,--- ,m is (the class of) a simple loop in ¥, ,. Given a collection of

loops a : [[;_; S* = X,.,, there exists an immersion ao : [[}_, S* — X, homotopic

to a such that
e Im(ag) intersects I only finitely many times,
e Im(ag) contains no intersections outside of D°, and
o |Im(ag) NI,| = |Im(ap) NI}| for every k € {1,--- ,m}.

This motivates the following definition. By a chord in D we mean a straight line
segment in D joining two distinct points of 0D. Given two distinct points vy, vy € 9D,

we shall write {v1,v2} to denote the chord joining them.

Definition 3.29. Let » > 0 be an integer. We denote by D, ,(r) the collection of
graphs II = (Vig, Ey) drawn (but not necessarily embedded) in D, consisting of a
collection Ey = {ey, -+ ,e.} of chords in D for edges, such that the set of vertices
Vit = U_, Oe; consists of 2r distinct points lying in I C 0D and satistying |Ij, N Vi| =
[T N Vi for every k=1,--- ,;m. Weset Dy, = J,59 Dgn(r). Let Cyn(r) be the set

of planar graphs in Dy ,(r), and set Cy,, = sy Cyn (7).

A graph I € D,,, is considered only up to isotopy of the vertex set Vi within

I. By a generic choice of vertex positions, we may assume that each intersection

60



point among the chords lies on exactly two chords, and denote by I(II) the number
of intersection points on IT under such configuration. Let us call I € D, ,, reduced if
no edge of II joins two vertices lying on the same connected component of I.

Given II € Dy ,,, we obtain a finite collection a(II) of loops in 3, (considered up
to reparametrization of each loop) by joining vertices of II in each I to I} by pairwise

non-intersecting segments in R;. This gives rise to an assignment

Dy, — Finxgn

which is surjective by the previous discussion. If II € Cy,, the construction a(II)

gives us a multicurve in Y, ,,, and the assignment D, , — Fin Y, restricts to

Cy.n — {isotopy classes of multicurves in ¥, ,,}

which is surjective (but not injective in general).
The standard generating set 0 = {ay,--- ,an} C m(2,,) defines the word length

function length,, : 71(3,,) — Z>o, giving rise to length, : X, ,, — Zxq defined by

length, (a) = min{length (b) : b € m(¥,,,) lies in class a}.

We extend this additively to a function length, : Fin Xy, — Z>o; namely, given
b= {bi, -+ .,bs} € Finy,, we define length_(b) = >"7  length (b;). In particular,
the length of a nondegenerate multicurve is well-defined via the assignment (3.1). We
remark that, by definition, the empty multicurve ) C X, ,, has length length () = 0,

and it is the unique nondegenerate multicurve with this property.

Lemma 3.30. For each isotopy class of a nondegenerate multicurve a C X4 ,,, there
is a unique reduced 11 € C,,, such that a = a(Il). Furthermore, if length (a) = r,
then I1 € Cy (7).
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Proof. Observe that, if II,II" € D, ,, are reduced and there is a homotopy from a(II)

to a(Il') within 3, ,, (up to reparametrizations of the loops), then there is a homotopy

(a(t))tepo) with a(0) = a(II) and a(1) = a(I") such that

| Ima(t) NI < |Ima(Il) NI

for all ¢ € [0,1]. Similarly, given II,II" € C},, reduced such that there is an isotopy
from a(II) to a(Il") within 3, ,, there is an isotopy (a(t))cjo,1) from a(Il) to a(II')
satisfying the above inequality and in particular we must have II = II'. Further,
given a nondegenerate multicurve a it is clear that there is a reduced II € C,, such

that a(II) is isotopic to a. This shows that the assignment

{Il € Cy,, : I reduced} — {isotopy classes of nondegenerate multicurves in ¥, ,,}

given by II — a(II) is bijective, proving the first statement.

To prove the second statement, note first that if II € D, (r) for some r > 0
then length (a(II)) < r. Thus, given a nondegenerate multicurve a C 3,, with
length,_(a) = r, by our observation in the previous paragraph it suffices to show that
there exists Il € Dy, (r) such that a(II) is homotopic to a. In fact, we are reduced to

the case where a is a curve. But for a curve, this statement is obvious. O

We prove the following refinement of Theorem 3.28. Recall that Fil? is the o-word

length filtration on R, ,,.

Lemma 3.31. The reqular functions tr,, as a runs over the isotopy classes of nonde-

generate multicurves in X, ,, with length (a) <r, form a C-linear basis of Fil] R, .

Proof. By Theorem 3.28, the collection B, C Fil7 of functions tr,, as a runs over the
isotopy classes of nondegenerate multicurves in ¥,,, with length (a) < r, is linearly

independent over C. Therefore, it remains to show that B, spans Fil7. Given any
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a € m(2,,,) with length (a) < r, it is easy to see that there exists Il € D, ,(s) with
s < r such that a = a(II). Thus, we are reduced to showing that trer € Span B, for
each Il € D, ().

So let II € D, ,,(r) be given. We shall proceed by induction on the intersection
number [I(IT). Let us choose the vertex positions for II so that each of the I(II)
intersection points lies on exactly two of the chords. If I(II) = 0, then trom) € B,
and we are done. Suppose next that I(II) > 1, and let e = {vy,v2} and €' = {v}, v}
be two edges of II intersecting at a point p. From this we can construct two graphs

', 11" € D, ,,(r) as follows.
[ ] VH/ = VH" = VH, and

e we have

IS (EH \ {67 6/}) U {{U17U/1}7 {U/h Ué}}7

Enr = (EH \ {67 6/}) U {{Uh Ué}a {Ulla UQ}}'

The fact that II,II” € D, ,,(r) implies that tryqry, treary € Fil7. We verify easily that
I(IT"), I(I1") < I(II), so by the inductive hypothesis trqwy, troary € Span B,. But
note that

tI‘a(H) =¢ tra(H/) +€” tra(nu)

for some €, €’ € {£1}, as easily seen by the condition that tr, tr, = try, + trg-1 in

R, ., (applied after changing our base point to the intersection point p). We thus have

g7n

trym € Span B,., completing the induction. O

For r > 0, let ¢} () be the number of isotopy classes of nondgenerate multicurves

a C X,, with length (a) = r, and let ¢, ,(r) be the number of isotopy classes of

63



essential multicurves a C X,,, with length_(a) = r. Note that we have

(L=t A=t e () = cgn(r)t.
r=0 r=0

Indeed, the n boundary components of 3, ,, have lengths 1,--- ,1, and 4g+n—1, and
any nondegenerate multicurve @’ in ¥, can be written uniquely as a disjoint union
a =al]ad” in £,, where a is an essential multicurve and a” is a finite disjoint union
of curves each of which is isotopic to a boundary component of ¥,,. We are ready

to prove Theorem 3.2, restated below.

Theorem 3.32. The series Zy,(t) =Y o con(r)t" is a rational function, and
Zgn(1/t) = Zgu(t).

Proof. Note that R, ~ R where m = 2g +n — 1 and R, is the coordinate ring of
the character variety X, of the free group on m generators o. By Lemma 3.31, its

Hilbert series H,,(t) = > - ,(dim Fil7)¢" is given by

B — . Zgn(t)
H,(t) = 1_¢ ch,n(T)t = (1—t)m(1— t4g+n—1)'

By Theorem 3.14, we have H,,(1/t) = (—1)*"2¢>" "1 H, (¢). We then have

Zyn(1/t) = (1= 7 (1 =407 D), (1)
= (SR (1 — D)L (1)

— (_1)3m—2+(n+1)(1 . t)n(l . t4g+n—1)Hm(t) _ (_1)3m_2+(n+1)Zg,n(t)

noting that 2m +1 = 2(2g+n —1) +1 = 49 + 2n — 1. But lastly, we note that
3m—2+(n+1)=329+n—1)—24 (n+1) is even, and hence Z,,(1/t) = Z,,.(t),
as desired. O
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Remark. As the above proof shows, given m > 2 the functional equation in Theorem
3.14 is equivalent to Theorem 3.2 for any surface ¥,, with m = 2¢g+n — 1. In
the next section, we shall give an independent combinatorial proof of Theorem 3.2
for the surface X ,,+1, which then implies Theorem 3.2 in the general case by this

observation.

3.5 Combinatorics of planar graphs

Let m > 2 be a fixed integer. Let ¥,, = ¥y,,+1 be a compact oriented surface of
genus 0 with m + 1 boundary components. Under the standard presentation of the
fundamental group, the standard set o = {aq,- - , an} freely generates m (2,,) ~ F,.

As in Section 3.4, let us consider the generating series

Zn(t) = Zompr (t) =Y cm(r)t”

r=0

where ¢,,(r) = ¢y m+1(r) denotes the number of essential multicurves a C ¥, with

length,(a) = r. In this section, we give a combinatorial proof of the following:
Theorem 3.33. The series Z,,(t) is rational, and satisfies Z,(1/t) = Z(t).

We adopt the notations of Section 3.4. In particular, >, is viewed as the closed
unit disk D with 2m rectangular strips suitably attached to the boundary 0D along
the 2m intervals I, situated in a particular way around the set p,, = {p1, - ,Pm},
where pp = e*™*/™ of mth roots of unity. Let us write D,,(r) = Dg11(r) and
D, = Dy 1, and similarly C,(r) = Comi1(r) and Cy, = Co g1

Given a reduced graph IT € C,,(r), note that one can identify the vertices in each
I, to a single vertex pg, so as to obtain a planar multigraph in D with vertices u,, =
{p1,--+ ,pm} C OD and r edges such that every vertex has even degree. Conversely,

given such a planar multigraph, we can construct a unique reduced graph in C,,(r)
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that gives rise to it. Let B,,(r) denote the set of planar multigraphs I without self-
loops in D having vertex set u,, and r edges such that every vertex in Il has even

degree. In light of Lemma 3.30 and our discussion, we have

Zn(t) = (1 =t™)> " [B(r)|t".

Here, the factor (1 —1¢™) is to cancel from our count the contribution of the (m+ 1)th
boundary component of ¥,,, which has o-length m.

Let D and 0D be the closed unit disk and circle. Fix an integer m > 3, and let
tom = {D1, - s Pm : Dk = €¥™*/™} C OD be the set of mth roots of unity. We shall
say that two points p;, p; € p, are contiguous if i — j € {0,+1} mod m.

For each integer r > 0, let A,,(r) denote the collection of planar multigraphs in D
with r edges on the m vertices pu,,, such that no edge joins contiguous vertices. Let
A (1) be the set of multigraphs in A,,(r) which are simple (i.e. having no multiple
edges). Note that we have |4 (r)| = 0 for r > m — 3. Let A,, = [J~, A (r) and

A3, =Ur2y A (r). Define the generating series
Fou(t) =) [Am(r)|t".
r=0

Lemma 3.34. We have 3.7 2 (—1) 1A (1) = 1+ (—1)" .

Proof. The statement is obvious for m < 4, and hence we treat the case m > 5.
We construct a simplicial complex L,, as follows. For each r > 0, the r-simplices
of L,, are labeled by A% (r + 1); we let A(II) denote the r-simplex associated to
IT € A3 (r +1). Whenever a graph IT € A,,(r + 1) is obtained by deleting a number
of edges from some Il € A,,(r' + 1) with r < 7/, we glue the corresponding r-simplex

A(II) to the r’-simplex A(I") compatibly. From this construction, the lemma is just
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the statement

where the left hand side is the Euler characteristic of L,,. In fact, it is a relatively
well known result (first published by Lee [58, Theorem 1], also found independently
by Haiman (cf. Lee loc.cit.)) that L,, is isomorphic to the boundary complex of a

convex polytope of dimension m — 3, and therefore the following stronger result holds:
Ho(L,,Z) = Hp—o(Lyp,Z) =7, and H,(L,,Z)=0 V1<r<m-—4.

This finishes the proof of the lemma. O]

Let ro < m — 3 be a nonnegative integer, and let IT € A? (rg). For ro <r < m—3,
let us define A2 (r,I1I) = {II' € A% (r) : II C II'}. Here, the containment IT C IT'
means that the edge set of II' contains the edge set of II. Both graphs have the same

vertex set, namely fi,,.

Corollary 3.35. Let g < m — 3 be a nonnegative integer, and I1 € A? (ro). Then

m—3

> (1A (D) = (<)

r=rQ

Proof. Note that II divides D into a number of polygons with numbers of sides
My, M1 > 3 such that S (my, — 3) + 19 = m — 3. Here, we are count-
ing each arc of D joining two contiguous vertices also as sides of a polygon. Using

this and Lemma 3.34, we find

i(—U“’W&Z(n mi= 1] {1 - (—1)T_1\Amk(7")\}

=T k=1 r=1
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which is the desired result. O

Proposition 3.36. The generating series F,,(t) =Y o |An(r)[t" satisfies

where fn,(t) is a polynomial of degree m — 3 such that t™ 3 f,,(1/t) = fu(t).

Proof. For each multigraph IT € A,,(r), there is a unique simple graph II* € A? that
has the same adjacent vertices as II (i.e. vertices joined by an edge in IT are still joined
in I1°). Note that II is obtained from II* by adding edges to adjacent vertices in II°.

Thus, we have
te(H)
Fn(t) = Z (1 — ¢)<m
e A3,

where e(II) denotes the number of edges of II. Since |A? (r)| = 0 for r > m — 3 and
e(ll) < m —3 for all I € A3, we have F,,(t) = fu(t)/(1 — )™ where f,(t) =
ST A (r)|ET(1 — £)™ 7377 is a polynomial of degree at most m — 3. As we have
fm(0) = F,,(0) = 1 from the interpretation of F,,(t) as a generating function, to
prove that f,,(t) has degree exactly m — 3 it suffices to prove the remaining assertion
fm(t) = t"73f,,(1/t), or equivalently

m—3

F(®) = Y 1A ()]t = 1)

r=0

To prove this, we compute F,,(t) in another way by a type of inclusion-exclusion

principle. For each IT € A?

m?

note that the generating function for the number of
graphs II' € Ay with (II')* C II is given by 1/(1 — ¢). Thus, we may write F},(t)
by first adding the contributions from A} (m — 3), then adding contributions from

A3 (m — 4) and subtracting away the corresponding “overcount” from the previous
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step, and so on:

| A (m — 3)| 1
(L=t (L=t

Fn(t) = (1= [A7,(m =3, 1)) +

IIe A3, (m—4)

Therefore, we see upon reflection that

Fm<t>:§_j(1_1t)r > {1+ > _(—1)k(Z:I)|Afn(T’,H)I}

r=0 TIe A3, (r) r'=r+1 k=1
m—3
= Z Z )| A, (' T0))|
r=0 HEAS
_ = ( 1)m_3_r“47sn<7n)‘ _ 1 mz:& |As (’I")|(t 1)m—3—r
r=0 (1 - t)’" (1 - t)m ’ r=0 "

(where the first equality on the last line follows by Corollary 3.35) from which we
obtain f,,(t) = S 2| As (r)|(t — 1)™ 3", showing that f,, has degree m — 3 and
that t™ =3 f(1/t) = f(t) as desired. O

Let m > 1 be an integer. As introduced in the beginning of Section 3.5, for each
r > 0 let B,,(r) denote the set of planar multigraphs II without self-loops in the
closed unit disk D having vertices ft, = {p1, -+ ,pm : P = €™*/™} and r edges
such that every vertex in Il has even degree. Let B? (r) denote the set of those
Il € B,,(r) that are simple graphs, i.e. between any two vertices there is at most
one edge. Let By, = U~y Bn(r) and B}, = U -, B:,(r). We are interested in the

generating function
Z [Bu(r)It"

By a bigon in a multigraph we shall mean a pair of edges whose endpoints coincide.
Note that for every Il € B,, there exists a unique II° € B?, such that II is obtained by
adding bigons to II* without losing planarity. More precisely, II° is constructed from

IT by repeatedly removing bigons from II until none remain. Thus, G,,(t) is the sum
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of the contribution of each II € B?, which is analyzed as follows. Let II € B (r) be
given. Let e(II) denote the number of edges of II, and e°(Il) the number of edges of
IT joining non-contiguous vertices. Note that the edges of Il joining non-contiguous

vertices gives a decomposition of D into e°(II)+1 polygons (as in the proof of Corollary

3.35) with numbers of sides my, - - -, Meo(m)41 such that
e®(I1)+1
Z (my —3) +e°(II) =m — 3.
k=1

In this setting, the contribution from II to the generating function G,,(t) is

e e°(II)+1 e e (I)+1
t (I1) P t2 t (IT) H fmk t2
(1 _ t2 m~+e° (11 mk 1 _ t2 m-+e° (II) 1 _ t2 mg—3
k=1 k=1
¢ e (1) +1
_ pe(ID) ( ) Foun (2)
(1 t2)2m 3

where each f,,, (t*) is a polynomial of degree 2(mj, — 3) by Proposition 3.36. Thus,
defining d(I1) = 23250 (;my, — 3) and gr(t) = [TE00H fn, (£2) for cach T € B,
with the my’s as above, we see that gr(t) is a polynomial of degree d(II) with the

symmetry t4M gy (1/t) = gr(t). We may thus write

G(t) = = Z pe(ll

IleBg,

and we are ready to prove our main result of this section.

Theorem 3.37. The series Gp,(t) =Y oo |Bm(r)|t" satisfies the symmetry
G (1/t) = (=1)*" "G (t).

Proof. GivenII € B?  we define its dual IV as the graph obtained from IT by removing

(resp. adding) one edge between contiguous vertices that were adjacent (resp. not
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adjacent) in II, and retaining any edges between non-contiguous vertices in II. Tt is
easy to see that in fact IIV € BS , and (IIY)Y = II. Note that we have gn(t) = gnv (¢)
and d(IT) = d(I1V); these follow from the fact that the construction of gp(t) only
depended on the edges of II joining non-contiguous vertices. Furthermore, note that

we have

d(TT) + e(II) + e(I1¥) = 3m — 6.

Hence, writing

1 1 v
Gu(t) = 2 et oMy g (¢
( ) 9 (1 — t2)2m—3 Z ( + )gH( )7
IIeBS,
we obtain
Con(1/8) = 5 o S () g (11
m 2 (1 _ t—2)2m—3
IIeBs,
_ 1(_1)2m—3t4m—6 (te(l'[v) -+ te(H)>gH(t) _ (—1)2m73tmG (t)
2 (1 __t2>2n1—3 $3m—6 m
IeBS,
which gives us the result. O

Returning to the beginning of Section 3.5, we have Z,,(t) = (1—t")G,,(t). Hence,

using Theorem 3.37, we find that

Zn(1/t) = (1 = t7")G(1/t) = (1 = t7")(=1)"" "G ()

= (1= t™)Gr(t) = Zn(1),

which concludes the proof of Theorem 6.1.
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3.A Auxiliary results on matrices

3.A.1 Identities

Let M be the complex affine scheme parametrizing 2 x 2 matrices. Let x denote the
standard matrix variable for M. Viewing x and x* as 2 x 2 matrices with coefficients

in C[M], we have
r+a*=tr(x)l, and zz*=z"z = det(x)l. (3.2)

Note that det(a*) = det(a) and tr(a*) = tr(a) for any 2 x 2 matrix a. Multiplying the
matrix identity b + b* = tr(b)1 by the matrix a and taking the trace, we also obtain

the identity

tr(a) tr(b) = tr(ab) + tr(ab”). (3.3)

3.A.2 Invariant theory

We have an action of SL, on M by conjugation, and hence a diagonal conjugation
action of SLy on M2, Tt is classical that the ring of invariants C[M? j/ SLy] = C[M?]5L2

is a polynomial ring on 5 generators
Cltr(zq), tr(zg), tr(z122), det(zq), det(x2)],

where z; and x, are the standard matrix variables on M?. (See for example [26,
Theorem 5.3.1(ii), p.68]) In particular, any SLs-invariant regular function in ma-
trix variables x; and x5 is a polynomial combination of the functions tr(z), tr(zs),

tr(xixs), det(z), and det(xy). For example, using the identities (1) and (2), we find
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that

tr({ay, az)) =tr(a1)? det(az) + tr(ag)® det(ay) + tr(aas)?

—tr(ay) tr(ag) tr(ajas) — 2det(ay) det(as).

For each t € C, the action of SLy on M? preserves the closed subscheme M? C M?,

and since SL, is linearly reductive we have

C[M? J/ SLy] = C[M?*%"2 /(det(z1) — t, det(xy) — t) o~ Cltr(a), tr(zy), tr(zi22)].
In particular, SL3 / SLy ~ A%, which is due to Fricke (see Goldman [38, Section 2.2]
for details).

Lemma 3.38. The quotient morphism M? — M? /) SLy ~ A® is surjective.

Proof. By general theory, C[M?]5™ is a pure subring of C[M?]. In particular, for any
ideal I of C[M?]3™2 we have IC[M? N C[M?5%2 = [. In particular, if I is a proper

ideal of C[M?]5!2 then IC[M?] is a proper ideal of C[M?]. This implies the lemma. [J

3.A.3 Commutators

Lemma 3.39. We have the following.
(1) For b € My(C) nonscalar, {a € My(C) : [a,b] = 0} has dimension 1.

(2) For b € SLy(C) nonscalar and k € C, the locus of a € SLy(C) with [a,b] = 0

and tr(ab) = k has dimension 1 if tr(b), k € {£2}, and is finite otherwise.

Proof. Since b is nonscalar, any a € M(C) with [a,b] = 0 must be of the form
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a = M1+ Xb with A\; € C. In such a case, we have

det(a) = det( A1 + Agb) = A3 + M\ Ao tr(b) + A3 det(b), (A)

tr(ab) = tr((\1 + Aeb)b) = Ay tr(b) + Ao tr(b?). (B)

We first prove (1). If det(a) = det(b) = 0, then we have A} + Ao tr(b) = 0. It
follows that the desired locus is the union {Ab: A € C} U {Ab* : A € C}, and hence is
1-dimensional. It remains to prove (2). Let S be the locus of a € SLy(C) determined
by the conditions of (2). Under the assumptions, by the Cayley-Hamilton theorem
we have tr(b?) — tr(b)? + 2 = 0 and hence tr(b?) # 0 or tr(b)? # 0. Thus, equation (B)
defines a line in the (A;, Ag)-plane. In particular, S is at most 1-dimensional. Suppose
it is not finite. The conic in the (A1, A\2)-plane defined by equation (A) must then be
degenerate, i.e. the discriminant
Cae@det | - O 0 e
tr(b)/2 det(d)
is zero. Thus, we must have 4 = tr(b)?, i.e. tr(b) = +2. Equations (A) and (B) then

become

1= (A + A tr(b)/2)?, (A)

k =tr(b)(A1 + A2 tr(b)/2). (B')

The degenerate conic defined by equation (A’) is a union of two disjoint lines. For
S to be infinite, one of the two lines must coincide with the line defined by equation
(B’). In other words, we must have (k/tr(b))> = 1, or k = +tr(b) € {£2}. If this

happens, then S is one-dimensional. Thus, we have proved the lemma. O]
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3.A.4 Matrices of determinant one

Lemma 3.40. Fiz (ki, ko, k3) € C3. The morphism:
(1) TI2, SLog, — SLy given by (a1, az) — ajay is surjective over SLy \{£1}.
(2) TI._, SLag, — SLy given by (a1, az, as) — ayagas is surjective.
(3) (—,—) : SL3 — SLy is surjective.

Proof. (1) By Lemma 3.38, given any b € SLy(C) there exist a; € SLag, (C) such
that tr(ajas) = tr(b). If tr(b) # £2, then this implies (ga;g7')(gazg™") = b for some
g € SLy(C). Consider now the case tr(b) = 2s for some s € {£1} but b # s1. If
ki # sky, then aja, cannot be s1 and hence (ga197!)(gazg™") = b for some g € SLy(C)
as before. The case remains that ky = sky = k. Let A € C* be aroot of the polynomial

22 — kx + 1 =0. We then have

A1 sA s s 28\
0 ! 0 SA 0 s

and letting a; and as respectively be the two matrices on the left hand side, there
exists g € SLy(C) such that (ga;g~')(gazg™") = b.

(2) By part (1), given any b € SLy(C) different from +1 and any &' € C\ {2},
there exist O’ € SLg i/ (C) and a3 € SLa g, (C) such that b'az = b. Since b’ # £+1 due to
the condition k" # £2, again by part (1) there exist a; € SLoy, (C) and as € SLay,(C)
such that ajas = ¥/, and thus ajasaz = b, as desired. If b = s1 for some s € {1},
then choosing as € SLoy,(C) different from =+1, there exist a; € SLaoy, (C) and
as € SLay, (C) such that aja; = saz' and hence ajazaz = b.

(3) From Lemma 3.38, given any b € SLy(C) there exist aj,as € SLy(C) such

that tr(a;,as) = trb. If b # £1, then (ga1g7!, gasg™) = glay,as)g~ = b for some
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g € SLy(C), as desired. Finally, in the case where b = £1, we have

i 0 0 1
(1,1) =1 and < : >:—1
0 —i| |[-1 0

which proves the desired result. O

Lemma 3.41. The fiber of the morphism (—, —) : SL3 — SLy above 1 has dimension

4. The fiber above —1 has dimension 3.

Proof. For s € {+,—}, let F; be the fiber of (—, —) over s1. Consider the projection
7 Fy C SL3 — SLy

onto the second factor. We first consider F,. The projection m : F, — SL, is
surjective, since for any b € SLy(C) we have (1,b) = 1. Given any b € SLy(C), we
identify the fiber 77*(b) with the scheme of matrices a € SLy(C) such that (a,b) = 1,
or in other words [a,b] = 0. If b = 41, then 7~ !(b) = SL, has dimension 3. If b # +1,
then any a € 771(b)(C) must be of the form a = A1 + \ob for some A\, Ay € C. The
condition det(a) = 1 then identifies 7! (b) with a curve in the (\;, \o)-plane. Hence,
the fibers of m : F. — SLy above SLy\{£1} are 1-dimensional. Therefore F is
3 + 1 = 4-dimensional.

Consider next F_. Given b € SLy(C), we identify the fiber 7~!(b) with the scheme
of matrices a € SLy(C) such that (a,b) = —1, or in other words ab+ ba = 0. Writing

a = (a;;) and b = (b;;), the condition ab + ba = 0 amounts to

_2b11 by b1o ] _an-
biz D11+ b2 bia | |a12 _9
ba1 b1 + baa b2 a1 |
| ba1 b1z 2522_ | 422 |
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Hence, for the fiber 771(b) to be nonempty, we need the determinant of the 4 x 4
matrix on the left hand side to be zero, or in other words tr(b) = by + bye = 0. Thus,
the image of 7 is SLoo. Given any b € SLyo(C), the 4 x 4 matrix above has rank
2, and hence its kernel is 2-dimensional. Given the additional determinant condition
a11G92 — A12a9; = 1, the fiber 771(b) has dimension 1. Since SLa is 2-dimensional,

we see that F_ is 2 + 1 = 3-dimensional. O

3.A.5 DMatrices of determinant zero

Lemma 3.42. Let b,/ € My(C) both be nonzero.
(1) The locus of a € My(C) with ab =0 or ba = 0 is 2-dimensional.
(2) The locus of a € My(C) with ab = ba = 0 is 1-dimensional.

(3) The locus of a € My(C) with bab! = 0 is 2-dimensional. The intersection of this

locus with Ml s at most 1-dimensional.

Proof. We first prove (1) and (2). Let a = (a;;) € M(C). Without loss of generality,

after conjugation we may assume that

A0 0 1
b= for some A € C*, or b=

0 0 0 0

In the former case: ab = 0 if and only if a;; = as; = 0, and ba = 0 if and only if
a1 = a2 = 0. In the latter case: ab = 0 if and only if a;; = as; = 0, and ba = 0 if
and only if as; = age = 0. In both cases, if ab = 0 or ba = 0 then we automatically
have det(a) = 0. Parts (1) and (2) follow immediately from these.

(3) Let us write b = (b;;), and V' = (b};). The linear map a + bab’ on M(C) is
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given in terms of matrix coefficients a = (a;;) by

a1 bnblu 5115,21 5125/11 b12b/21 a1

Q12 s 5115,12 bllb,22 5125/12 5125/22 12

21 ba1 5/11 ba1 b/21 b22b'11 5225/21 21
_Cl22_ _b21 b/12 ba1 b,22 b22b’12 5225/22_ _a22_

and since b,0’ € My(C) are both nonzero, the 4 x 4 matrix above has rank 1. Thus,
the kernel of the linear map a +— bab’ on M(C) is a linear subspace of dimension 3.
Since the hypersurface My(C) € M(C) is integral (and not linear), its intersection
with the above kernel has dimension at most 2, proving the first assertion.

We now prove the last assertion. We claim that the linear subspace V' consisting
of a € M(C) satisfying tr(a) = 0 and bal’ = 0 is 2-dimensional. Indeed, otherwise
the second and third columns of the 4 x 4 matrix above must be identically zero,
contradicting the hypothesis that b and &’ are both nonzero matrices. Now, since V/
and Mo are both integral subschemes of dimension 2 in M, they must coincide or
have intersection with dimension at most 1. But M g is not linear, and hence V NMj

has dimension at most 1, proving the last assertion. O
Lemma 3.43. Given any a,b € My(C), we have the following.

(1) aba* =0 if and only if at least one of ab, ba* is zero.

(2) (a,b) =0 if and only if at least one of ab, ba*, a*b* is zero.

Proof. For both parts (1) and (2), one implication is clear: if one of ab,ba*, a*b* is
zero, then (a,b) = 0, and if one of ab, ba* is zero, then aba* = 0. We shall now prove
the converses. Since the lemma is trivial if a or b is zero, we may assume a,b € My(C)

are both nonzero. Without loss of generality, we shall assume after conjugation that
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a is in Jordan normal form, so that

a= for some A € C*, or a=

In the former case, i.e. when tr(a) = X # 0, writing b = (b;;) we have

e Abi1 Abpo b — 0 Abpo e = 0 0 |
0 0 0 Abgs —Aby1 Abqg
and
wba” — 0 Nbyy b = —A2b19ba; A%b1abyy
0 0 0 0

In the latter case, i.e. when tr(a) = 0, writing b = (b;;) we have

b — ba1 Do 7 o — 0 —bn ’ S by —bn1 7
0O O 0 —boy 0 0
and
0 —b b2, —byb
aba* _ 21 ’ (CL, b) _ 21 21V11
0 0 0 0

We now proceed with our proof.

(1) Suppose that ab and ba* are nonzero yet aba* = 0. The condition aba* = 0
would imply that by = 0 if tr(a) # 0, and by; = 0 if tr(a) = 0. In both cases, since
ab,ba* # 0 we must have by, bay # 0, contradicting the assumption that det(b) = 0.
Thus, we must have aba* = 0.

(2) Assume toward contradiction that ab, ba*, a*b* are all nonzero yet (a,b) = 0.
Consider the case tr(a) = A # 0. The condition (a,b) = 0 would imply that bjs = 0

or byy = by; = 0. If bys = 0, then since ab,ba* # 0 we must have byy, by # 0,
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contradicting the assumption that det(b) = 0. If byy = by; = 0, then a*b* = 0
contradicting our assumption. Thus, we must have (a,b) # 0.

It remains to treat case tr(a) = 0. The condition (a,b) = 0 would imply that
boy = 0. But if bg; = 0, then since ab, ba* # 0 we must have b1y, bys # 0, contradicting
the assumption that det(b) = 0. Thus, we must have (a,b) # 0, as desired. This

finishes the proof. n

Lemma 3.44. The locus of (a,b) € M2(C) such that at least two of ab, ba*, and a*b*

are zero has dimension at most 4.

Proof. Since the locus where a = 0 or b = 0 has dimension at most 3, we may restrict

our attention to the locus with a,b # 0.

(1) Consider the locus ab = ba* = 0. We then have ab* = (ba*)* = 0 and hence
tr(b)a = ab + ab* = 0 and hence tr(b) = 0, since a # 0 by assumption. Thus,
b varies over a locus of dimension 2. For each fixed value of b, the condition
ab = 0 implies that a varies over a locus of dimension 2 by Lemma 3.42. Hence,

the locus where ab = ba* = 0 has dimension at most 2 + 2 = 4.

(2) Consider the locus ab = a*b* = 0. We then have ba = (a*b*)* = 0 and hence
la,b] = ab—ba = 0. By Lemma 3.39, for fixed a (assumed nonzero) we see that b
varies over a locus of dimension at most 1. Hence, the locus where ab = a*b* = 0

has dimension at most 3 + 1 = 4.

(3) Consider the locus ba* = a*b* = 0. We then have ba = 0 and ab* = 0.
Replacing the role of b and a, we reduce to case (1), showing that the said locus

has dimension at most 4.
This concludes the proof of the lemma. O

Lemma 3.45. The morphism:
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(1) Mgy — My giwen by (a1, az) — aiag is surjective over Mo\ Moo. The preimage

of this morphism over My \ {0} is empty.
(2) (Mp\ Mpp) x Mgy — My given by (a1, as) — ajas is surjective.
(3) (—,—) : M2 — M, is surjective.

Proof. (1) By Lemma 3.38, Given any b € M(C), there exist aj,as € Myo(C) such
that tr(ajay) = tr(b). If tr(b) # 0, then this implies that (ga;g7')(gazg™') = b for
some g € SLy(C), and ga1g~!, gasg™" € Myo(C). For the last statement, note first

that

and, provided that [ %] € Mg o(C), if the right hand side has trace zero then it must
in fact be zero. Since any pair (ay,az) € MG ,(C) with a; nonzero is conjugate to a
pair of the form ([J§],[% ¥]), the last statement follows.

(2) The same argument as in the proof of part (1) goes through when b € My(C)
satisfies trb # 0 or b = 0. Suppose that trb = 0 and b # 0. Up to conjugation by

SL,, we may assume that b = [} }]. Note then that we have

1 1110 1 01
0 0] 10 0 0 0

This proves that the morphism (M, \ Myo) x Moo — M is surjective, as desired.
(3) By Lemma 3.38, given any b € M(C) there exist aj,as € My(C) such that
tr(ay, as) = trb. If trb # 0, then (ga;g~!, gasg™") = b for some g € SLy(C). Consider

now trb = 0. We have (0,0) = 0. Furthermore, we have

<1—111>1—1 1 1]10 1|0 —1 0 2
0 0 0 0



which shows that, letting a; and as respectively be the two matrices on the left hand

side, there exists g € SLy(C) such that (ga;g~!, gasg™t) = b, as desired. O
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Chapter 4

Systoles of local systems

Let ¥ be a surface of type (g,n) satisfying 3g + n — 3 > 0. In this chapter, we shall
derive boundedness results for systoles of SLa-local systems on surfaces. Our first

main result is the following.

Theorem 4.1. For each B > 0, there is A > 0 depending continuously on B such
that, given any representation p : m% — SLo(C) whose boundary traces all have

absolute value at most B, there is an essential curve a C ¥ such that |tr p(a)| < A.

Restricting to Fuchsian representations, this recovers the boundedness result of
Bers [4] for systoles of hyperbolic surfaces with geodesic boundary. For closed surfaces,
the above result also follows from the work of Deroin and Tholozan [23]. Our second

main result is a nonarchimedean analogue of the first result.

Theorem 4.2. Let O be a discrete valuation ring with fraction field F. Given any
representation p : m% — SLo(F') whose boundary traces all take values in O, there is

an essential curve a C X such that tr p(a) € O.

Our proof of Theorem 4.1 makes use of twisted harmonic maps into the hyperbolic
three-space H? ~ SLy(C)/SU(2) and systolic inequalities for Riemannian surfaces.

The proof of Theorem 4.2 follows similar strategy, the main differences being that we
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replace H? by the Bruhat-Tits tree of SLy(F) and that the twisted maps we consider
are not required to be harmonic (and are merely required to satisfy certain regularity
properties). We remark that Bruhat-Tits trees also make an appearance [17] in the
study of character curves for three-manifolds.

This chapter is organized as follows. In Section 4.1, we collect relevant background
in differential geometry, including systolic inequalities for Riemannian surfaces. In
Section 4.2, we introduce the notion of harmonic maps and recall their existence
theory from the literature. In Section 4.3, we prove Theorems 4.1 and 4.2 using the

tools and results introduced in the earlier sections.

Historical remarks

The use of systoles and harmonic maps in our Diophantine analysis is partly inspired
by their appearances in the theory of linear arithmetic groups and related studies.
We comment on these below, noting that our account is necessarily selective.

The origin of systolic geometry arguably lies in Minkowski’s work on the geometry
of numbers. The latter concerns the properties of convex bodies and lattice points in
R™. Using the interpretation of the locally symmetric space SL,,,(Z)\ SL,,,(R)/ SO(m)
as the moduli of covolume one lattices in R™, Minkowski established the reduction
theory of SL,,(Z) extending the classical work of Lagrange, Legendre, and Gauss on

the modular group SLy(Z). A basic result in the theory is the following.

Theorem. There is a constant c,, > 0 such that every lattice L < R™ contains a

nonzero vector of length at most c,, Vol(L\R™)'/™.

This follows immediately from a form of Dirichlet’s pigeonhole principle and the
observation that the volume of an m-disk in R™ is proportional to the mth power of
its radius. The length of the shortest nonzero vector on a lattice L < R™ may be

interpreted as the systole, defined here as the length of the shortest nontrivial closed
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geodesic, on the flat torus L\R™. The development of systolic geometry proper began
with Loewner’s extension of the above result (for m = 2) to arbitrary Riemannian
metrics on the 2-torus. Later, Gromov [42] established general upper bounds for the
systoles of m-tori and general closed essential manifolds (defined in loc.cit.) in terms
of volume. Given the arithmetic origin of the theory, it is reasonable to expect that
systolic inequalities should have applications in appropriate arithmetic contexts.

An especially rich part of systolic geometry is the study of systoles for hyperbolic
surfaces. Since the volume of any finite-volume complete hyperbolic surface with
cusps is determined by its topology, one may expect that systole is uniformly bounded
as a function on the moduli of hyperbolic surfaces of each fixed type. This and its
extension to compact hyperbolic surfaces with geodesic boundary were proved by
Bers [4] using elementary hyperbolic geometry. For instance, on closed hyperbolic
surfaces, which may be viewed as quotients of the hyperbolic plane H? by lattices
L < PSLy(R), the boundedness of systoles follows from the same argument as the
proof of Minkowski’s theorem for Euclidean lattices, using the fact that the volume
of a hyperbolic disk in H? is exponential in its radius.

The question of uniformly bounding the systoles of hyperbolic surfaces naturally
extends to that of bounding systoles (defined in Section 4.3) for general SLy(C)-local
systems on surfaces. Contrary to the former situation, however, a general local system
need not correspond to a metric on the surface. In view of the above discussion, a
natural approach is to construct a Riemannian metric on the surface with uniformly
controlled volume and boundary length, whose systole bounds the systole of the
given local system from above so that Gromov’s systolic inequality may be applied.
We achieve this in Section 4.3, using a twisted map from the surface to H?® which
is harmonic with respect to a suitable auxiliary metric on the surface. Here, we
rely on foundational results on harmonic maps developed by Eells-Sampson [29],

Hamilton [46], Donaldson [25], Corlette [18], and others, as shall be discussed in
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Section 4.2. Our approach reflects a broader principle that geometric constructions,
more specifically harmonic objects built using a choice of metric, can be used to derive
purely topological or algebraic consequences.

In this spirit, we remark that twisted harmonic maps were also previously used
to obtain strong rigidity results for lattices in Lie groups. For instance, building on
earlier ideas of Siu [83] on certain rigidity of Ké&hler manifolds, Corlette [18] used the
technique of twisted harmonic maps to derive archimedean superrigidity of lattices in
certain real rank one Lie groups (of quaternionic and octonionic type), going beyond
the classical work of Margulis [64] on superrigidity of lattices in Lie groups of higher
rank. We refer to [19] for a survey of related topics.

The p-adic counterpart of Corlette’s superrigidity result was obtained by Gromov
and Schoen [43], who developed and used the theory of harmonic maps to buildings
for this purpose. Their theory is relevant to the second main result of this chapter.
Although our proof of the boundedness of nonarchimedean systoles for local systems
does not strictly use harmonic maps, nevertheless the underlying ideas in [43] were

important in the formulation of our approach.

4.1 Differential geometry

For the convenience of the reader and to set up our notation, we begin with a brief

exposition of the relevant notions and results in differential geometry.

4.1.1 Curvature

Let M be a smooth manifold with Riemannian metric ¢ = (—, —). Let V be the
associated Levi-Civita connection, and R = —V? the Riemannian curvature tensor.

For p € M and two-dimensional subspace V' C T,,M spanned by tangent vectors x, v,
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the sectional curvature of V' is by definition

One can show that K (V) is independent of the choice of basis {z,y} for V. The
manifold M is said to have nonpositive sectional curvature if K (V) < 0 for every
two-dimensional subspace V' C T,M for every p € M. For any real e > 0, we shall
denote by M (e€) the smooth manifold M with the scaled metric eo = e(—, —).

When discussing a geometric construction in the presence of multiple manifolds,
we shall use a subscript or superscript to indicate to which manifold it belongs.
For instance, we shall write K for the sectional curvature on M. Given smooth

manifolds M and N, let mp; : M X N — M and 7 : M X N — N be the projections.
Lemma 4.3. Let M and N be Riemannian manifolds of dimension at least 2.

(1) If M and N have nonpositive curvature, then so does M x N.

(2) For every (p,q) € M x N and two-dimensional subspace V' C Ty, (M x N)

such that dimg dry (V) = 2,

lim KMEON (V) = KN (dry (V).

e—0

Proof. A vector field on T(M x N) ~ 73, TM @& 7y TN can be written as (X,Y) for
some vector field X on M and Y on N. With this identification, the Levi-Civita

connection on M x N is given by

Vi (X2, Ya) = (VY Xz, Vi, 2)

87



for vector fields X; on M and Y; on N. Therefore, by definition we have

RMXN<<X1> Yi)v <X27 Yé))(Xfiv Yé)

= (Vi rm)Vixe ) + Vi Voan) T Vica ), xeys)) (Xs, Y3)

— (RM (X1, X,5) X3, RM (Y1, Y2)Y3).

It follows that, given a point (p,q) € M x N and the two-dimensional subspace V' C
Tip.g)(M x N) generated by two vectors (x1,4:1) and (x2,¥2), the sectional curvature

KM*N(/) of V is therefore given b
g y

(RM (21, w2)x1, 22) mr + (RN (Y1, y2)y1, y2) N
(1, z)m + (W y) N) (22, ) ar + (Yo, y2)n) — (@1, 22)mr + (Y1, Y2)v)?

The two claims of the lemma follow immediately from this computation. O

Let L > 0 be a real number. Let /0t be the standard vector field on the interval
[0, L]. Let v :[0,L] — M be a smooth path. Let us suppose that it is of unit speed,
that is, the vector field

dry

0 . )
==y (E) e C>([0,1],y*TM)

along v has norm 1 everywhere. Using the Levi-Civita connection on M, we can

define the covariant derivative of this vector field:

D dy dy

EE = 8/8t%‘

Here, V is the connection on v*1'M induced by the Levi-Civita connection on M. By

definition, the curvature of v is the norm of this covariant derivative:

D
-2

dt dt
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It is a nonnegative real function on the interval [0, L]. We define v to be a geodesic

path (of unit speed) if its curvature vanishes identically, i.e.,

Ddy

—— = 0.
dt dt

We remark that, if M is a submanifold of a Riemannian manifold N with induced
metric, and 7 is a smooth path in M, then &M < k" on ~.

For boundary curves of surfaces, the following refinement of curvature with sign is
useful. Suppose S is a compact oriented Riemannian surface, and let ¢ be a boundary
curve. Let 7 : [0, L] — ¢ be a unit speed parametrization of ¢. Let v be the inward
facing unit normal vector field along ¢ within S. The signed curvature of ¢ in S is the

function & : [0, L] — R given by

K = ng_’y
S\ dtdt/’

Note that we have |k'| = k. Below, we record the Gauss-Bonnet formula.

Theorem 4.4 (Gauss-Bonnet). If S is a compact oriented Riemannian surface with

boundary curves cy,--- ,cy, then

/ K dv015+2/ k' ds = 2wy (9)
S i=1 Ve

where dvolg is the volume element on S, ds is the line element on 0S induced by the

metric, and x(S) is the Euler characteristic of S.

4.1.2 Second fundamental form

Let f: M — N be a smooth map of Riemannian manifolds with possible boundary.

Let us view its differential df as a smooth section of T"M ® f*I'N over M. The
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second fundamental form of f is defined by
IV = V(df) € C*(M,T*M @ T*M ® f*TN).

Here, by V we mean the connection on T*M ® f*T'N induced from the Levi-Civita
connection VM on M and the pullback V/ of the Levi-Civita connection V¥ on N.

Explicitly, we have
I (X,Y) = Vi (df(Y)) — df (VYY)

for vector fields X and Y on M. If f : M — N is an isometric embedding of
Riemannian manifolds, then in fact II¥(X,Y") defines a section of the normal bundle

of M in N. In such a case, we shall write II” = II/ if there is no risk of confusion.

We record a theorem of Gauss (See [24, Chapter 6, Theorem 2.5]).

Theorem 4.5 (Gauss). If M is a submanifold of a Riemannian manifold N with the

induced metric, and x,y are orthonormal vectors in T,M for p € M, then

KM (x,y) = KV (2,y) + 1Y (2, 2), 1Y (y,y)) — 111 (2, y)||*.

4.1.3 Hyperbolic three-space

We recall the model of hyperbolic three-space H? obtained using the quaternions. Let
H=R®R:® Rj & REk be the algebra of Hamiltonian quaternions, with the usual
embedding of C = R @ Ri into H. Let

H? = {(21, 29, 23) = &1 + Toi + 23j + 0k € H: 23 > 0}

90



together with its standard hyperbolic metric ds? = (dz? + dz3 + dz3)/x3. The action
of SLy(C) on H? is given by
a b

a b
-q=(aqg+b)(cg+d)~" forall € SLy(C) and ¢ € H.
c d c d

This action is transitive, and the stabilizer of j € H? is the special unitary group
SU(2), giving us the identification H? ~ ST,(C)/SU(2). For an element g € SLy(C),

its translation length is defined to be
length(g) = inf{d(z,g-2) : * € H*}

where d(-,-) denotes the hyperbolic distance on H?. Note that translation length
descends to a function of the conjugacy classes in SLy(C). If an element g € SLy(C)
is elliptic or parabolic, i.e. tr(g) € [—-2,2], then length(g) = 0. Otherwise, up to

conjugacy we may assume that

for some unique A € C with |A| > 1, and writing A = exp((¢ + i0)/2) with ¢,0 € R,

we have length(g) = /.

4.1.4 Bruhat-Tits trees

Let F be a field with a discrete valuation v, and let O = {f € F : v(f) > 0} be the

associated discrete valuation ring. Let 7 € O be a uniformizer (so that v(mw) = 1),

with residue field k = O/7O. The main reference for our discussion below is [79].
The Bruhat-Tits building A associated to SLy(F') is a tree, whose construction we

outline as follows. Let V = F2. A lattice L C V is a free rank two O-submodule of V
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such that F'- L = V. Two lattices L, L' C V are said to be equivalent if L = x - L’ for
some z € F*, and we shall denote by [L] the equivalence class of a lattice L. Given

two lattices L, L', their distance is defined to be

d(L,L") = |a —b|

bey) is a basis

where (a,b) € Z? are such that, given an O-basis (ey, ;) of L, (7%,
of L'. Tt can be shown that d(L, L") depends only on the equivalence classes of L and

L'. Moreover,
(1) d([L],[L']) = 0 if and only if [L] = [L/], and

(2) d([L],[L']) = 1 if and only if, up to replacing L and L’ by equivalent lattices,
we have L' C L with L/L' ~ k.

The Bruhat-Tits tree A of SLy(F') is a tree whose vertex set is the set of equivalence
classes of lattices in V', and where two vertices are joined by an edge if and only if
their distance is 1. We refer to [79, Chapter 2] for a proof that A is indeed a tree.
We shall work with the realization of A as a Riemannian simplicial complex, where
each edge has the Euclidean metric of the unit interval [0, 1]. The distance function
introduced above agrees with the Riemannian distance between vertices of A. We note
that, unless the residue field k is finite, the tree A is not locally finite. The group
SLy(F) acts naturally on A as a group of isometries. Given an element g € SLy(F),

its translation length is defined to be

length(g) = inf{d(z,g - x) : © € A} € Z>y.

Note that length(g) depends only on the conjugacy class of g, and that length(g) = 0

if and only if tr(g) € O.

92



4.1.5 Systoles of Riemannian surfaces

Given a surface S of type (g, n) satisfying 3g-+n—3 > 0 with an arbitrary Riemannian
metric, we define its systole sys(S) to be the infimal length of an essential curve on S.
This recovers the usual notion of systole for closed Riemannian surfaces. We begin by
recording the following results in systolic geometry due to Gromov [42; Proposition

5.1.B] and Balacheff-Parlier-Sabourau [2, Theorem 6.10].

Theorem 4.6 (Gromov). For any closed surface S of genus g > 1 with an arbitrary

Riemannian metric, we have sys(S)? < 2Vol(S).

Theorem 4.7 (Balacheff-Parlier-Sabourau). There is a constant C, such that any
complete Riemannian surface S of genus g with n ends, with volume normalized to

27| x(S)|, admits a pants decomposition whose total length does not exceed

Cynlog(n +1).

Using these results, we deduce the following.
Corollary 4.8. There is a constant Cy,, such that, for any Riemannian surface S of
type (g,m) with 3g +n — 3 > 0, we have

sys(9)? < Cyn(Vol(S) + €7+ -+ + £2)

where l1,--- L, are the lengths of the boundary curves cy,--- ,c, of S, respectively.

Proof. Assume first that ¢ > 1. For each i = 1,--- ,n, let us attach a Riemannian

disk D; to the boundary curve ¢; on S, satisfying the following two conditions:

(1) between any two points on the boundary of D;, the shortest path between them

lies on the boundary; and
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(2) the area of D; is bounded by a fixed positive constant times the square of the

perimeter.

For instance, the disk D; can be taken to be the union of the cylinder ¢; x [0, 2¢;] with
a spherical cap on one end. After attaching the disks Dy,---, D, to S (and after
a small perturbation to obtain a smooth Riemannian metric), the resulting closed

Riemannian surface (M, oy) has genus g > 1 with volume
Vol(M) < Vol(S) + ¢ £

for some positive constant ¢. By Gromov’s theorem (Theorem 4.6), there exists a
shortest non-contractible curve a on M of length at most v/2 Vol(M)'/2. Note that
a lies entirely within S by our assumption on the disks D;, and in fact corresponds
to an essential curve on S. Since the restriction of the metric M to S is the original

metric (at least up to small perturbation near the boundary), we have
lengthg(a)? < C(Vol(S) + (1 + -+ (2)

for some suitable constant C' > 0 which is the desired result. The case ¢ = 0 can be
similarly deduced, by attaching suitable cylinders with cusps to S instead of disks,

and using Theorem 4.7 in place of Theorem 4.6. O]

4.2 Harmonic maps

Given a smooth map f: M — N of Riemannian manifolds, let us define the tension

field of f to be the trace of the second fundamental form

Af =try IV € C°(M, f*TN).
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Here, try, indicates the contraction of a section of T*M & T* M with the dual metric
on T* M, viewed as a section of TM @ T M. In other words, given a local orthonormal

frame {ey, -+ ,e,} of TM,
Af =1 (e, e1) + - + 1 (e, €,).
The map f is said to be harmonic if its tension field vanishes identically, i.e.
Af=0.

For example, it follows from the discussion in Section 4.1.1 that harmonic maps from
an interval to a Riemannian manifold are precisely the geodesic paths (of constant
speed). To provide intuition in general, we shall recall the variational interpretation
of harmonicity. For a smooth map f: (M, o) — (N, on) of Riemannian manifolds,

the energy of f is defined to be the integral

B(P) =5 [ 1P dvolu

where the norm of df € C*(M,T*M ® f*T'N) is induced from o), and oy. Let
us consider the variation of the energy functional E in the family of smooth maps
f M — N of finite energy, subject to one of the following conditions in the case

where OM is nonempty:
(1) (Dirichlet) floa = h is fixed.
(2) (Neumann) df (v) = 0 where v is the normal vector field to OM in M.

The following result is well known.
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Proposition 4.9. The Fuler-Lagrange equation for the energy functional E is
Af=0.

In other words, harmonic maps of finite energy are the critical points of E.

Proof. Let f; : M x (—¢,¢) — N be a family of smooth maps with f = f; satisfying
one of the following: (1) (df;/dt)|onr = 0, or (2) dfi(v) = 0 for any normal vector on

OM. Our goal is to derive the variational formula

A

where the inner product within the integral is with respect to the metric on f*T'N

d

EE(ft)

> dvolyy . (4.1)
t=0

induced from the metric on N. As one varies the families f;, this would show that
f is a critical point of the energy functional if and only if Af = 0. To obtain the

variational formula, note first that

1d
o 2dt Jy

:/MtrM (Vojor(df) (=), df (=) .y dvOlar.

(df, df) dvoly = / (Vosor(df), df) dvoly
M

t

Let us consider the 1-form w on M given by

W(X) = <fl—];

df(X)> .

’
t=0
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Its divergence is given by

df
Divw = —tryy V { %
1V w 'y <dt

:—trM<Vﬁ

,df<—>>
t=0

df
df(— ey (L
L) (G

= —try <(V8/8tdf)(_>7 df(_)>f*TN B <%

dt

V)

t=0

Af > :
t=0 f*TN

f*TN

Thus, we have

d

EE(ft)

—/ DivwdvolM—/ <Af,%
=0 JM M dt

On the other hand, by Green’s theorem, we have

/DivwdvolM:/ w(u)dvolaM:/ <ﬁ
M oM o \ dt

where v is a unitary normal vector field along OM. By our hypothesis on f;, we

> d VOlM .
t=0

df(u)> dvolgyy .

)
t=0

conclude that f 1 Divw dvoly, = 0, proving the desired variational formula. O

We shall consider a more general notion of “twisted” harmonic maps, or harmonic
sections. Given a representation p : m M — Isom(N) of the fundamental group of M

into the group of isometries of N, we consider the fibre bundle

over M, where M is the universal cover of M. By local triviality of N », We may equip
N, with the metric induced from those of M and N, and extend the notions of second
fundamental forms and harmonicity to sections s : M — N,,. In particular, a section

s is harmonic if

As = try(V(Ds)) =0
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where Ds is the vertical differential of s, and V is the connection on T*M ® s*V N,

for VN, the vertical tangent bundle of N,,.

4.2.1 Constructing harmonic sections

The first general result for the existence of harmonic maps between Riemannian
manifolds was proved by Eells-Sampson [29]. Namely, using the method of heat flow
(discussed in the proof of Lemma 4.10 below), they showed that any smooth map
between compact Riemannian manifolds is homotopic to a harmonic map when the
target has nonpositive curvature. Their work was generalized to include manifolds
with boundary by Hamilton [46]. In this subsection, we shall follow their method to
construct twisted harmonic maps from surfaces into the hyperbolic three-space HS?.
We stress that the negative curvature of H? is critical for the success of this approach.

Let ¥ be a surface of type (g,n) with 3¢ +n —3 > 0. Let o be a Riemannian
metric on ¥ such that S = (X, 0) has constant sectional curvature —1 and each of
its boundary curves is geodesic of length 1. Fix a representation p : .5 — SLy(C)
with Zariski dense image in SLy(C). The group SLy(C) acts on H? via isometries.

We form the associated fibre bundle

H=205x,H

where S is the universal cover of S, and construct harmonic sections of H satisfying
certain conditions along the boundary curves of S. We have the following solution of

Dirichlet problem for harmonic sections.

Lemma 4.10. Given any smooth section sy : S — H, there is a smooth section s

in the homotopy class of sg satisfying

(1) Asoo =0 and

(2) Slos = solas-
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Proof. When the boundary of S is empty, this was proved by Donaldson [25] using
an adaptation of the heat flow argument of Eells-Sampson [29] for harmonic maps
to Riemannian manifolds of nonpositive curvature. The case where S has nonempty
boundary was proved by Corlette [18, Proof of Theorem 2.1], adapting the work of
Hamilton [46] for harmonic maps on manifolds with boundary. The strategy is to

construct a 1-parameter family of sections
s(x,t) : S x [0,00) = H
as the solution of the nonlinear heat equation

0s
E—AS

with initial boundary conditions:
(1) s(—,0) = sg, and
(2) S(—, t)|as = 50|8S for all t € [O, OO)

Once such a family is constructed, one verifies that there is a sequences of sections
s; = s(—,t) converging uniformly to a harmonic section of H satisfying the requisite
boundary condition. We shall refer to Corlette [18] for details.

Here, we make some simple remarks to provide intuition for the heat flow method.
The method is broadly divided into three steps. The first step is demonstrating the
short time existence of solutions s : S x [0,€) — H to the boundary value problem
for some € > 0. This is part of the standard theory of partial differential equations,
and geometry plays no role here. The second and the third steps are to show that the
solution to the boundary problem exists for all time, and that a sequence of sections
s¢ converges to a harmonic section. For these, one needs suitable uniform bounds on

Ds;/dt and s; (and their derivatives) that are independent of ¢; here, the fact that
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H? has nonpositive sectional curvature will be critically used.
Let us assume for now that such bounds are given and assume that the solution
s of the heat equation is defined for all time. Combining the heat equation with the

variational formula (4.1) derived in the proof of Proposition 4.9, we have

d DSt
—F = — — A lg = —
dt (St) /S< dt 5t> dvolg /S

which shows that F(s;) is a nonincreasing function of ¢. Since the energy functional is

2

D
ﬁ dVOlS

dt

nonnegative, together with suitable uniform bounds on Ds;/dt and s(—,t) (and their
derivatives) this implies there is a sequence s; of sections for which Ds;/dt converges
to zero uniformly as t — oo, and in turn s; converges uniformly to a section s,, with
Asy, = 0, by following the heat equation.

Thus, it remains to obtain time-independent estimates of Ds,/dt and s;. (The
proof that the image of s; is bounded uniformly over all time is supplied in the
argument of Corlette, loc.cit.) For this, we illustrate the importance of H3 having
nonpositive curvature using the following more classical setup. Let fy : M — N be
a smooth map between Riemannian manifolds, where M and N are compact, and

suppose that f: M x [0,7] — N is a solution of the heat equation

of
o

with boundary conditions f(—,0) = fo and flay = folon- Let

el t) = S dh)I?

denote the energy density of f; = f(—,t) at € M. For a local orthonormal frame

{e;} of TM, we have the following Bochner formula (see for example [46, p.128])
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expressing the rate of change of energy density:

Oe

= Ae — V(NP = S (Ricw df(er), df(ex))

)

+ 3 (R(df (e df(e))df (e i ey).

Here, the Ricci curvature tensor Ricy; = try; Ry, is defined as the trace of the Rie-
mannian curvature tensor Ry; on M, and Ry is the Riemannian curvature tensor on

N. If N has nonpositive sectional curvature, then, since M is compact,

0
—e < A
8t6_ e+ ce

for some positive constant c¢. This allows us to use a mazimum principle to conclude
that the energy density e, and hence ||df||, is uniformly bounded on M x [0,T], as

follows. We reproduce an argument of Hamilton [46, p. 102]. Let
h(z,t) = exp(—(C 4+ 1)t) - (e(x,t) — maxe(-,0)).

Then h satisfies hg = h(-,0) < 0 and hy|gps < 0 for all ¢ € [0, T]. Moreover,

Oh

5 = exp(—(C + 1)t)% —Cexp(—(C+1)t)-e—h

ot
<exp(—(C+1)t)- Ae —h = Ah — h.

Suppose that (z,t) € M x [0,7] is a point at which h(z,?) is maximal and positive.

At (x,t) we therefore have, in local coordinates {x;}:
(i) Oh/0x; = 0 for all 4,
(ii) the Hessian [0*h/dx;0x;];; is nonpositive as a matrix, and
(iii) Oh/ot > 0.
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The first two conditions imply that Ah < 0 at (z,t), as can be seen from the local

expression for Ah. It follows that

contradicting our initial hypothesis that h(z,¢) > 0. This shows that h(xz,t) < 0
for all (x,t) € M x [0,T], and hence the energy density e = ||df]|*/2 is uniformly
bounded. O

We describe the boundary conditions we shall impose on our harmonic sections.
Let ¢, - , ¢, be the geodesic boundary curves of S. For each i =1,---  n, let p(¢;)
denote the conjugacy class in SLy(C) determined by the monodromy of p along ¢;.
Let us fix a geodesic parametrization +; : [0, 1] — ¢; of each boundary curve, and a
trivialization

YiH =M x [0,1]

such that the parallel transport H® = (7;H)o — (7;/H)1 = H? is given by the action

of the unique element a; € p(¢;) lying in

A0
+1,+ U :0€(0,m) p U tAeC A >1
0 1 0 e 0 Xt

Let h; : ¢; — H|., be the unique section such that h; o~y : [0,1] — H? x [0, 1] is the

graph of the path f; : [0,1] — H? defined as follows.
(1) If @; = £1, then f; = j € H3.

(2) If a; is elliptic with unique fixed point ¢ € H3, then f; = q.
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(3) If a; is parabolic then
t
fi(t) = j for all t € [0,1].

The curve underlying f; has length 1.

(4) Ifa; = [§,% ] (with A € C and [A| > 1) is hyperbolic, then

0!

A0
fi(t) = j for all t € [0, 1]
0 Mt

This does not depend on the choice of branch for the logarithm of A\. Note that

fi is a geodesic path of length equal to length(a;).

Let us consider the section
h:hll_l~~~|_lhn:8S:cll_|---|_|cn—>7-[\as. (42)

with the h; defined as above.
Lemma 4.11. There is a smooth section s : S — H satisfying s|os = h.

Proof. We shall keep the notations introduced above. For each i = 1,--- ,n, let N;
be a closed half-collar neighborhood of the boundary curve ¢; such that N; N N; = ()
for i # j. Let n; : [0,1] x [0,1] — N; be a parametrization of N; with n;(s, 1) = ;(s)

and n;(0,t) = n;(1,¢) for all s,¢ € [0,1]. We have a trivialization
niH =M x [0,1] x [0, 1]

that restricts to the trivialization fH = H? x [0, 1] chosen above. Thus, we have a

bijective correspondence between the set of continuous sections N; — H|y, and the
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set S; of continuous maps g : [0,1]> — H? satisfying g(1,t) = a; - g(0,t) for every
€ [0,1]. Given any gy € S;, there is a homotopy ¢ : [0,1]* x [0,1] — H? such that

gu = g(—, —,u) € S; for any u € [0,1] and
(1) 9(s,t,0) = go(s, 1),
(2) g(s,0,u) = go(s,0), and
(3) g(s,1,1) = fi(s)

for every s,t,u € [0,1]. This can be seen, for instance, from the fact that between
any two paths mg,m; : [0, 1] — H? satisfying mg(1) = a;-m4(0) for j = 0,1 there is a
homotopy m : [0,1] x [0, 1] — H? satisfying m(—,j) = m; for j = 0,1 and m(1,t) =
a; - m(0,t) for every t € [0,1]. Therefore, given any section sq : S — H, considering
the restrictions sg|y, for each i@ = 1,---  n and applying the above homotopy, we
obtain a continuous section s : S — H satisfying s|gs = h. It is easily seen that we

may arrange s to be smooth. O
Corollary 4.12. There is a harmonic section s : S — H satisfying s|ss = h.

Proof. This follows by combining Lemmas 4.10 and 4.11. ]

4.3 Systoles of local systems

4.3.1 Archimedean systoles

Let ¥ be a surface of type (g,n) satisfying 3g +n — 3 > 0, with boundary curves
¢1, -, . Given a representation p : m % — SLy(C) or a corresponding local system

on X, we define its systole to be

sys(p) = inf{length p(a) : a C ¥ is an essential curve}
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where length p(a) denotes the translation length of the conjugacy class p(a) in SLy(C)
acting on the hyperbolic three-space H?, as defined in Section 4.1.3. This recovers
the usual notion of systole for hyperbolic surfaces (see Section 4.1.5) when p : m 3 —
SLy(R) is a Fuchsian representation arising from a hyperbolic structure on 3 with
geodesic boundary. By the relation between translation lengths and traces of elements
in SLy(C) given in Section 4.1.3, we see that Theorem 4.1 follows from the following

claim.

Theorem 4.13. There exists a real number C' > 0 such that, for any representation

p:m3 — SLy(C), we have C'sys(p)? < 2m|x ()| + Y., length p(c;)?%.

Proof. Let us first choose a Riemannian metric ¢ on ¥ such that S = (¥,0) is a
hyperbolic surface with geodesic boundary curves ¢y, --- ,¢,, each of length 1. Let
us fix a representation p : m¥ — SLy(C), which we assume has Zariski dense image
in SLy(C) since otherwise the theorem is easy to deduce; this is easily seen from the
classification of algebraic subgroups of SLy(C), as found in Chapter 6. Consider the
fibre bundle

H=2x,H

where ¥ is the universal cover of ¥. We may equip H with the Riemannian metric
induced from the hyperbolic metric on H? and the metric o on S. Let us fix a section

h:0S — H as given by (4.2). By Corollary 4.12, there exists a harmonic section

s: S —H

satisfying s|gs = h. For each € > 0, let S(€) be the surface equipped with the scaled
metric eo, and let H[e] be the fibre bundle with metric induced from the hyperbolic
metric on H? and the metric on S(¢). Note that s : S(€) — H[e] remains harmonic.
Let

f:2-H
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be the p-equivariant map corresponding to s. Let us denote by oy the standard
hyperbolic metric on H3. The nonnegative symmetric tensor f*o on ¥ descends to

Y. since f is p-equivariant. Let us consider the metric
o(e) = foo+ €0

on the surface ¥. In fact, o(e) is precisely metric induced from H[e] on the image

M (e) = s(S(€)) of the harmonic section s : S(e¢) — H]e]. Note that
length p(a) < length,,)(a)

for any essential closed geodesic a on M (€), the left hand side being the translation
length of p(a) as it acts on H?. In particular, we see that sys(p) < sys(M(e)) for
every € > (0. Now, note that the lengths of the boundary curves ¢y, -, ¢, of M(e)
satisfy

1 if p(c;) is parabolic, and

lim length ;) (c;) =
0 length(p(c;)) otherwise.

Moreover, since o(€) tends to the symmetric tensor f*o( uniformly as e — 0, we have

lim Vol(M (¢)) = / dvolfey, -
>

e—0

(The “volume form” dvols,, associated to the nonnegative symmetric tensor f*og
may vanish at some places.) Therefore, by Corollary 4.8, for all sufficiently small

€ > 0, we have

Oy sys(M(e))? g/Edvolf*ao—|—Zmax{1,length(p(ci)>2}

=1

106



for some absolute constant C; > 0. The second summand on the right hand side is

bounded by our choice of bounded set K C C". Therefore, it will suffice to show that

/dvolm < 2y (D)] + ¢
by

for an absolute constant ¢ > 0. The remainder of the proof is devoted to demonstrat-
ing this claim (due essentially to Reznikov), combining computations contained in
the proof of Lemma 2.5 of Deroin-Tholozan [23] with an argument of Reznikov [75].

By a result of Sampson [77, Corollary of Theorem 3], the open subset U C 3
corresponding to the locus in ¥ where df has full rank is either empty or dense. Since
the former case is trivial, we shall assume that df has full rank on a dense open
subset of 3. Locally, given a choice of orthonormal frame ey, e5 of TM (¢), by Gauss’s

Theorem (Theorem 4.5) we have

KM© = KHYTM(€)) + 1M (eq, 1), TTM O (9, €5)) — || T (e, €9) |

M€

where I is the second fundamental form of M (e) immersed in H[e], and the inner

product is with respect to the metric on the normal bundle N M (¢) of M (€¢). Choosing

a local orthonormal frame {n;, ny, ng} of NM(e), we have

(LM ey, €1), 1M (e, €2)) — [ TIM (1, e9) ||

3
= Z t((ITM ey, €5), 1))
k=1

Jacl(s Zdet HM E)(ds( ), ds(=)), )

where the average E is taken over all unitary normal vectors n in NM (¢). Note that
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we have by definition of the second fundamental form of s

II°(X,Y) = V5 Ds(Y) — Ds(VLY) = Vi Dds(Y) — ds(VIY)

O ds(X), ds(v) + ds (V57OY — vgY).
But note that
IM9(ds(X), ds(Y)) and ds (Via(e)y - VX Y)

are orthogonal. Therefore, taking the trace of both sides and using the harmonicity

of 5 (i.e. tr, IT* = 0), we have tr,, (1T ods) = 0, and a fortiori
tre, (ITM© (ds(—), ds(—)),n) =0

for every normal vector n € NM(e). Since (ITM©)(ds(—),ds(—)),n) is a symmetric
tensor, its eigenvalues (with respect to the metric eo on the surface) are real, and
the vanishing of trace therefore implies det o (IT"(9(ds(—), ds(—)),n) < 0. Thus, we

conclude from Gauss’s theorem that
—KM(TM(e)) < —KM,
Applying the Gauss-Bonnet formula, we therefore have

— KM (T M () dvol, < / (=KM@ dvol, g

M) M)
< 2m|x(Z)| + / KM dsg o).
oM (e)

Note that — K4 is everywhere nonnegative by part (1) of Lemma 4.3, since H® and
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S(e) have nonpositive sectional curvature. Furthermore, we have

lim KT M(e)) = K (df (TX)) = —1

e—0

on the dense open set U C X where df has full rank, by part (2) of Lemma 4.3.

Recalling also that lim._,oo(€) = f*oy, we apply Fatou’s lemma to deduce that

/ dvolj-g, < —liminf / KMN(TM(e€)) dvol,
» e—0 M(E)

< 27|x(2)] + lim inf/ kMO dsy .
e—0 M(E)

It therefore remains only to bound the total curvature of M (e) for all sufficiently

small e. But this was obtained in Lemma 4.14 below. This completes the proof. [
Lemma 4.14. For e > 0, let ¢;(¢) be the curve ¢; equipped with the metric such that
its length 1s €. We have

0 if p(c;) is central, elliptic, or hyperbolic,
lim [ K ds = ole)

el 1 if p(¢;) is parabolic.
Proof. We note that h : ¢;(¢) — H]e]l., is a geodesic path if p(c;) is central, elliptic,
or hyperbolic. We shall therefore assume that p(c;) is parabolic. Recall that, in terms
of the global coordinates (x1, s, x3) on H? given above, the Christoffel symbols for

the Levi-Civita connection on H? are

Lije = (Vojou, (0/0x;), 0/ 0xy)

(00 o\, 0 0 o\ 9 /0 o
2\ 9x; \Ox; Oxy, Ox; \ 0x; Oy, Oxy, \ Ox; Ox; ’
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Thus, we have Fll,l = F1172 =0 and Fll’g = 1/;33, and

D df, , 0 10

_—— = To—— = — .
dt dt 13 381‘3 Z3 85133

In particular, we have k™’ = 1 on the image of f; (in the notation of Section 4.2.1).
It is easy to observe that k™9 tends to A uniformly as ¢ — 0. The desired result

follows from this. O

4.3.2 Nonarchimedean systoles

Let 3 be a surface of type (g,n) satisfying 3g + n — 3 > 0, with boundary curves
c1, - ,Cy. Let O be a discrete valuation ring, and let F' be its fraction field. Given
a representation p : m3 — SLy(F') or a corresponding local system on X, we define

its systole to be
sys(p) = inf{length p(a) : essential curve a C ¥}

where length p(a) denotes the translation length of the conjugacy class p(a) acting
on the Bruhat-Tits tree A of SLo(F'), as defined in Section 4.1.4. Theorem 4.2 is a

special case of the following result.

Theorem 4.15. There exists a real number C' > 0 such that, for any representation

p:mE — SLy(F), we have sys(p)* < C- > 7" (length p(c;))?.

Proof. Let us consider the fiber bundle

over ¥, where ¥ is the universal cover of ¥. Our first step is to construct a section

s : X — A, satisfying the following two conditions.
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(1) The subset B C 3 where s fails to be smooth is finite.

(2) For each i =1,--- n, given some parametrization ~; : [0, 1] — ¢; of the bound-

ary curve ¢; and trivialization

YA, ~ A x0,1]

the restriction 7;'s : [0,1] — A x [0, 1] is the graph of a parametrization of a

geodesic curve whose length equals length(p(c;)).

In condition (1) above and our arguments, in consideration of the smoothness of s
we shall take into account the various “apartments” of A, as in the work of Gromov
and Schoen (see [43, p.178] for an elucidation). The construction of s can be given
as follows. Let xy € ¥ be a fixed base point lying on the interior of the surface. For
each j =1,--- ,n, let ; be a base point on ¢;, and let 7, be a simple loop on ¢; based
at x;, so that the interior of X lies to the left as one traves along v;. Let aq,--- , agg
be simple loops based on zy, and let §; for each j = 1,--- ,n be a simple path from
xo to x; not intersecting any of the aforementioned loops except (at the endpoints),

such that the sequence

(alv Qg, -+, Oyg—1, Qag, 61’}/161717 e 757[}%5771)

of loops gives the standard generators of (3, xy) pairwise intersecting only at the
base point xy. Fix a trivialization Wy : (A,);, ~ A of the fiber of A, above xy. By

parallel transport this induces trivializations
o af\, ~[0,1] x Afori=1,---,2¢g, and

o BN, ~[0,1] x Aforj=1,---,n,
agreeing with Wy at 0. For j = 1,--- n, let ¥; : (A,),; = A be obtained from the

second set of trivializations at 1. By parallel transport, we have a trivialization
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e VA, = [0, 1] x Aforj=1,---,n,

agreeing with ¥; at 0. Let a; be the curve underlying ;. Similarly, let b; denote the
1-submanifold of ¥ underlying ;. By construction, the curve underlying the loop ~;

is the boundary curve c;. Let

2 n
C = Ljai U U(b] U Cj).
i=1 j=1

Fix vg € A. We have a section t : C' — A,|¢c given by the following properties under

the various trivializations above:

e t(zg) = vy under the trivialization ¥,

e the composition t o «; corresponds to the graph of the geodesic path on A from

vy to p(ay) - vo,

e the composition ¢ o 7y, corresponds to the graph of a geodesic path on A (from

point v; to v, say) whose length equals length p(c;), and

e the composition ¢ o 3; corresponds to the graph of the geodesic path on A from

vp to the point v; chosen above.

Our goal is to extend t to a section on the entire surface ¥ as follows. Note that the
latter corresponds to a p-equivariant map ¥ — A. The complement of the preimage
C of C in ¥ divides ¥ into a countable collection of components, each of which is an
open fundamental domain for the covering ¥ — ¥. Let F be one of them. Since ¢
already specifies for us a p-equivariant map C — A (and in particular a map 0F — A
we shall call f), to construct a section s : 3 — A, extending ¢ it remains only to
construct a map F : F — A such that F|sz = f. Note that the image of f is
contained in a subtree T' C A with finitely many edges.

Let D be the closed unit disk. Let us fix a homeomorphism F =~ D which is

a diffeomorphism on the interior and restricts to a diffeomorphism on each of the
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“edges” of OF. Fix 0 < € < 1. There is then a homotopy ¢ : [0,¢] x 9D — T such
that go = f under the identification above, and g|(, is smooth. (This serves to
“round out the corners” of the map f.) Consideration of deformation retractions of
T to a point p € T (or invoking a picture as in [43, p.178]) shows that we may extend

g to a homotopy [0, 1] x 0D — T such that:

(i) gl(,1 is smooth at all but finitely many points, and

(ii) g1 =p.
By construction, this factors through the quotient

F:F~D~(0,1] x0D)/((x,1) ~ (&', 1)) = T

where the homeomorphism from D ~ ([0, 1] x 9D)/((x,1) ~ (2’,1)) appearing above
is chosen in the obvious way (so that in particular it is a diffeomorphism away from the
origin o € D). This gives rise to a section s : ¥ — A, which is smooth away from C
and finitely many points. By considering restrictions of A, over open neighborhoods
of a;, bj, and ¢;j, we see that s may be deformed to a section which is smooth away
from a finite set B C X. This completes the construction of the section s : ¥ — A,
satisfying the conditions (1) and (2) mentioned in the beginning.

Let o be an arbitrary Riemannian metric on X. On the complement ¥\ B of the

finite set B given as in (1), we have a Riemannian metric given by

o'(€) = s*(op + €0)

for € > 0, where o, is the Euclidean piecewise metric on the Bruhat-Tits tree A.

Moreover, for any curve a C 3 its length with respect to o’(¢) is well-defined. Setting
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s(e) = inf{length(a, 0’ (€)) : a C ¥ essential curve}, we find that

sys(p) < s(e). (a)

Our next step is to modify o’(¢) to obtain a genuine Riemannian metric on 3. More
precisely, let {D,}.cp be a collection of pairwise disjoint closed disks lying on the

interior of Y, such that, for each x € B,
(i) D, contains z in its interior,
(ii) Vol(D,,d’(€)) < €2, and
(iii) length(0D,,0'(€)) < e.

Let o(e) be a Riemannian metric on ¥ obtained by extending the metric o’(€) on
the complement of J,. D, to X in such a way that o(¢)|p, is the round metric on
a half-sphere with base circumference equal to length(9D,, o' (€)), up to negligible

smoothing. By our construction, we have
Vol(2, o(€)) = Vol(2\ B,d’(¢€)) + O(€?) (b)
and

s(€) < sys(X,a(e)). ()

To observe the latter, we note that a shortest path between any two points on the
boundary of the half-sphere (D,,c(€)) may be taken to be on the boundary 0D,.
Using the fact that o’(e) tends to s*oa uniformly on ' as € tends to 0 and the fact

that A is a one-dimensional Riemannian simplicial complex, we conclude that

. / .
11_{%\/01(2 \ B,d'(¢)) = 0.
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Therefore, taking e > 0 sufficiently small and combining the observations (a), (b)

Y

and (c) above with Corollary 4.8, we obtain the desired result. O

Let X = X(X) be the moduli of local systems on ¥ as defined in Chapter 2.
Theorem 4.2 has the following corollary. A further special case, Lemma 4.17 below,

will be used Section 5.2 of this thesis.

Corollary 4.16. Let O and F' be as above. If F' has characteristic zero, then for any

p € Xi(F) with k € O™ there is an essential curve a C 3 such that tr p(a) € O.

Proof. Given p € Xy (F), since F' has characteristic zero there exists a finite field
extension F'/F such that p is the class of a representation p' : m> — SLy(F").
Choosing an extension of the valuation on F' to F’, let O' C F’ be the associated
valuation ring. It follows from Theorem 4.1 and our hypothesis £k € O™ C (O')"
that there is an essential curve a C ¥ with trp'(a) € O'. This then implies that

trp(a) =trp'(a) € O'NF = O, which is the desired result. O

Lemma 4.17. Given any morphism f : At — X, over C, there is an essential curve

a C Y such that troof : AL — Al is constant.

Proof. A morphism f : A — X} corresponds to a C[t]-valued point of X}, giving rise
to a C(t)-valued point p; € X (C(¢)). Applying Corollary 4.16 with F' = C(t), with
discrete valuation given by the order of vanishing at oo, we deduce that there is an
essential curve a C X such that tr ps(a) = try o f : A' — Al has no pole at oo, which

implies that it must be constant, as desired. O
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Chapter 5

Diophantine results

Let X be a surface of type (g,n) satisfying 3¢ + n —3 > 0. Let X = X(X) and
Xk = X(2) be the moduli of local systems introduced in Chapter 2. In this chapter,
we derive the main Diophantine results of our thesis on the moduli spaces.

In Section 5.1, we prove the following result, using as our main ingredient the
boundedness of systoles for SLy(C)-local systems obtained in Chapter 4. We shall

endow the sets of complex points of algebraic varieties with the analytic topology.
Theorem 5.1. Let K C A"(C) be a compact set. Suppose that

(1) A C R with distg(A, {£2}) > 0, or

(2) A C C with distc(A, [-2,2]) > 0.
There is then a compact subset L C X (C) satisfying Xg(A) CT'- L.

Upon restriction to the locus of Fuchsian representations, Theorem 5.1 recovers
Mumford’s compactness theorem [70] for Riemann surfaces. It also generalizes a
related work of Bowditch, Maclachlan, and Reid [12, Theorem 2.1]. When the subset
A is moreover assumed to be closed and discrete in R or C, Theorem 5.1 implies that
Xk (A) consists of finitely many mapping class group orbits. This extends McKean’s

finiteness theorem [67] for length isospectral families of closed Riemann surfaces.
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Further specializing to A = Z\ {£2}, we conclude that, for each k € A™(Z), the set of
integral points on X having trace # £2 along essential curves of X consists of finitely
many mapping class group orbits. A similar conclusion can be drawn for the set of
all imaginary quadratic integral points on Xy, if we consider A = J,.,0a \ [—2,2]
where each Oy denotes the ring of integers of the imaginary quadratic field Q(v/—d).

In Section 5.2, we apply Theorem 4.2 to the field of rational functions to study the
structure of morphisms from the affine line into the moduli space X}, for k € A"(C).
Recall from Chapter 1 that we defined an algebraic variety V over C to be parabolic
if every closed point of V lies in the image of a nonconstant morphism A' — V. We

obtain the following.

Theorem 5.2. There is a closed parabolic subvariety V- C Xy such that every non-

constant morphism A' — X, is mapping class group equivalent to some A — V.

In fact, our analysis yields a more precise result (Theorem 5.16), giving a modular
characterization of points lying on parabolic subvarieties of X;. Away from the ex-
ceptional case (g,n,k) = (1,1, 2), these points correspond to the local systems which
send an essential curve to a parabolic conjugacy class in SLy(C) or have parabolic
restriction to a nontrivial “pair of pants” in the surface. Theorem 5.2 is reminiscent
of a result of Sterk [85] that the automorphism group of a projective K3 surface acts
on the set of its smooth rational curve classes with finitely many orbits. Our work
has an interesting consequence, Corollary 5.18, that certain polynomial deformations
of Fuchsian surface groups must be isotrivial. Combining Theorems 5.1 and 5.16, we

conclude the following result.

Theorem 5.3. For each k € A™(Z), the set of nondegenerate integral points on Xy
consists of finitely many mapping class group orbits. The degenerate integral points
are generated from points on a parabolic subvariety of Xy.

In Section 5.3, we discuss our work in the context of arithmetic hyperbolic surfaces,
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whose theory can be used to derive nontrivial statements about the nondegenerate
integral orbits on X}, in certain cases. In Section 5.4, we undertake the Diophantine
analysis of integral points on nondegenerate algebraic curves in X;. We define an
algebraic subvariety V' C X to be integrable if there is a pants decomposition P of X
such that tr, is constant on V for every curve a C P. Otherwise, V is nonintegrable.
We first prove the following in Section 5.4, by applying Theorem 4.2 to function fields

of affine algebraic curves equipped with valuations given by points at infinity.

Theorem 5.4. If C' C X}, is a geometrically irreducible nonintegrable algebraic curve,

then C(A) is finite for any closed discrete set A C C.

Moreover, our method will show that, given an embedding of C' into affine space,
the sizes of the coordinates of C'(A) from the theorem can be effectively determined.
Applying Theorem 5.4 with A = J,.,Ouq, we conclude that a nonintegrable curve
in X} has at most finitely many imaginary quadratic integral points. As a special
case, this recovers the finiteness result of Long and Reid [60] for imaginary quadratic
integral points on character curves of one-cusped hyperbolic three-manifolds. Our
approach to finiteness of integral points on nonintegrable curves shares its basis with
Runge’s method (see [99]).

By combining Theorem 5.4 with an analysis of integrable algebraic curves using
Baker’s theory on linear forms in logarithms, we also obtain the following result. We
shall refer to an element in the mapping class group of ¥ as a multitwist if it is given
by a product of commuting Dehn twists (and their powers) along essential curves in

a pants decomposition of .

Theorem 5.5. Let C' C Xj be a nondegenerate geometrically irreducible algebraic

curve over Z. Then C(Z) can be effectively determined. Moreover,
(1) C(Z) is finite, or
(2) C(Z) is finitely generated under some nontrivial multitwist preserving C'.
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If moreover C' is not fixed pointwise by any nontrivial multitwist, the same result holds

with C(Z) replaced by the set of all imaginary quadratic integral points on C.

Theorem 5.5 gives a complete analysis of integral points on every nondegenerately
embedded curve €' C X with no intrinsic restrictions, e.g. regarding the genus of
the curve. The structure of Theorem 5.5 is strongly reminiscent of, and motivated
by, classical Diophantine results on subvarieties in log Calabi-Yau varieties of linear
type, such as algebraic tori and abelian varieties. Finally, for (¢,n) = (1,1) or (0,4),
the moduli space X} has an explicit presentation as an affine cubic algebraic surface

with equation of the form

P+ fayr=Ax+Dy+Cz+ D (5.1)

for some constants A, B, C, D depending on k. Affine algebraic surfaces of this type
were first studied by Markoff [65], where he introduced a form of nonlinear descent
which essentially coincides the mapping class group action. In this setting, one can
give an elementary proof of Theorem 4.2 using Markoft’s descent in a nonarchimedean
setting; see also a related passage in [36, Section 5] discussing parametric solutions
in Markoff type surfaces. Our work specializes to the following result, which may be

proved elementarily (but still using the group action).

Corollary 5.6. On any affine algebraic surface with an equation of the form (5.1), the

integral solutions to any Diophantine equation over Z can be effectively determined.

The work of Ghosh and Sarnak [36] shows that, in the sense of proportions, almost
all “admissible” Markoff type surfaces Xy, for (g,n) = (1,1) have a Zariski dense set of
integral points. Thus, Corollary 5.6 provides an infinite family of nontrivial ambient
varieties of dimension two where every Diophantine equation over Z can be effectively

solved.
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5.1 Compactness criterion

Let ¥ be a surface of type (g,n) satisfying 3g + n — 3 > 0. The purpose of this
section is to prove Theorem 5.1. The intuition behind our proof is the following
geometric picture. By the work of Goldman (see for example [39]), the variety X
carries an algebraic Poisson structure for which the subvarieties Xy, k € A™"(C), form
symplectic leaves in a suitable sense. In particular, given a pants decomposition P of

Y., the immersion P — 3 induces a morphism
trp : Xk — X(P) ~ A39+n73

which should morally furnish the structure of an “integrable system” in the sense
of Hamiltonian mechanics: a typical fibre of this morphism would be a “torus” of
dimension 3g + n — 3, preserved by the pairwise commuting actions of Dehn twists
along the curves in P. (Moreover, these Dehn twists actions would arise from suitable
Hamiltonian flows associated to the trace functions.) This setup was notably utilized
by Goldman [37] to prove the ergodicity of mapping class group dynamics on the
locus of SU(2)-local systems in X;(R). This suggests that the task of descent for a

given point p € X;(C) divides into two steps:

(1) (“action variables”) Find a transformation v € I' such that trp(y - p) € A"(C)

lies in some predetermined compact set, and
(2) (“angle variables”) Descend along fibers of trp using the Dehn twist actions.

Unraveling the definitions, we find that the boundedness of systoles for SLy(C)-local
systems (Theorem 4.1) allows us to achieve the first step without difficulty. However,
it turns out that the fibres of the morphisms trp as above can become complicated, and
descent along the fibres by Dehn twist can fail. To avoid this issue, we shall instead

give a proof of Theorem 5.1 using an inductive argument on (g,n); intuitively, our
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argument takes care of the action/angle variables one at a time.

This section is organized as follows. In Section 5.1.1, we establish Theorem 5.1
for (g,n) = (1,1) and (0,4) using a classical elementary argument essentially due to
Markoff. In Section 5.1.2, we collect some preliminary observations in preparation
for the general case, including lifts of Dehn twist to representations considered in

Golman and Xia [41]. In Section 5.1.3, we prove Theorem 5.1 in the general case.

5.1.1 Markoff descent

In this section, we establish Theorems 5.1 in the cases (g,n) = (1,1) and (0,4). Given
k= (ki - ,k,) € A"(C), we shall write Height(k) = max{1, |ki|,- -, |kn|}

Surfaces of type (1,1)

Let 3 be a surface of type (1,1). By Section 2.3.1, we have an identification of the
moduli space X} = Xi(X) with the affine cubic algebraic surface in A‘;’MZ given by
the equation

Py -y —2=kF

The mapping class group I' = I'(X) acts on X}, via polynomial transformations. Up to
finite index, it coincides with the group I'” of automorphisms of X generated by the
transpositions and even sign changes of coordinates as well as the Vieta involutions
of the form (z,y, 2) — (z,y, 2y — z).

The mapping class group dynamics on X;(R) was analyzed in detail by Goldman
[40], and the work of Ghosh-Sarnak [36] establishes a remarkable exact fundamental
set for the action of I'" on the integral points X(Z) for admissible k. We emphasize
that our focus is on establishing descent for the complex points; cf. Silverman [80].

Lemmas 5.7 and 5.8 below establish Theorems 4.1 and 5.1 for (¢g,n) = (1, 1).

Lemma 5.7. There is a constant C' > 0 independent of k such that, given any
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p € Xi(C), there exists some v € ' such that v - p = (x,y, 2) satisfies
min{|z[, [y], |2} < C - Height(k)"/>.

Proof. We notice that it suffices to prove the lemma with I" replaced by I". Suppose

first that p = (x,y, z) satisfies
o] < [yl < |2] < |2y — 2. (*)
If |z| < 8 then we are done, so assume otherwise. Note that we have
|2 < la(wy — 2)| = [2* +y* = 2= k| < 2[y[* + 2+ [K].

Suppose first that |zy| < 2|z|. We then have

|$?J|2 2 2 2 2
L <P < P+ P -2 - K < 2P+ 2+ K]

Dividing both sides by |y|?, we obtain

2 2+ |k 2+ |k 2+ |k
@SQ—# +|2|§2+ +|2|§2max{2, +|2|}
4 Y| 2] 2]

and therefore |z|* < 8(2 + |k|), as desired. Suppose next that |zy| > 2|z|. We have

2T
EIL < oty — o) < 2l 424 .

Dividing both sides by |yz| and arguing as above, we obtain |z]> < 4(2 + |k|), as
desired. It therefore remains to consider the case where no v - p with v € IV satisfies
the analogue of (x). Assuming |z| < |y| < |z| without loss of generality, we must

have |zy — z| < |y|, since otherwise we may replace (z,y, z) by (x,y,2), 2’ = zy — z,
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satisfying an analogue of (x). If |x| < 12 then we are done, so assume otherwise.

Suppose first that 2|y| > |z|. We then have

lz22|/2 < |wyz| = |2® + > + 2 — 2 — K| < 3|z)* + 2 + |K].

Dividing both sides by |z|? and arguing as before, we find that |z|* < 4(2 + |k]).
Thus, assume that 2|y| < |z|. We then replace (z,y, z) by (z,zy — z,y) and repeat

the above argument. Since

2max{lzl, [y|, lvy — 2} = 2[y| < |2] = max{|z[, [yl |2},

this cannot continue indefinitely without reaching our desired result. O]
Lemma 5.8. Let K C C be a bounded set. Let A be a set such that

(1) ACR anddist(A,{£2}) >0, or

(2) A C C and dist(A,[—2,2]) > 0.

There is a constant C' = C(K,A) > 0 such that, for every p € Xk (A), there ezists

v €T such that - p = (x,y, 2) satisfies max{|z|, |y, |z|} < C.

Proof. We notice that it suffices to prove the lemma with I" replaced by I''. Fix § > 0
such that

IN+AT =] > 6

for every x € A and A € K with 1 < |A\| < v/1+ 6, where K = R if A satisfies the
first condition in the lemma and K = C otherwise. Such a number § exists by our
assumption on A. Let p = (x,y,2) € Xi(A) be any point with £ € K. By Lemma

5.7, we may assume without loss of generality that

m(p) = |z| < Ca(1+ [k

123



for a positive constant C; independent of p and k. Let € = |2? — 2 — k|. Writing
c=nf{ly’]: (z,y,2) ~ (z,9,2)}
where ~ indicates equivalence under I, we may further assume that
min{Jyl, |2} < (¢* + )72

and that |y| < |z|. We claim that |y|*> < ¢/d. Indeed, suppose otherwise. We have

the following three cases:

(1) We have |zy — z| < |y| < |z]. Replacing (z,y,2) by (2,¢, ) = (z,2y — 2,y),

we may thus assume ¢ < |y| < |z| < (¢? + €)'/? and thus
2> < Jy* +e < y[P (L +9).

(2) We have [y| < |ay — 2| < |2|. Replacing (z,y,2) by (2, ) = (z,y,2y — 2),

we reduce to the third case below.

(3) We have |y| < |z| < |xy — z|. In particular, we have

2* < z(zy — 2)| = |2° +4* =2 — k| < [yl* + e < Jy]*(1 +0).

Thus, in all cases, the ratio A = z/y satisfies 1 < |A\| < v/1 + 0. Dividing the equation
y? + 22 —xyz = 2+ k — 2% by yz, we have
-1 €
N rA—a]= S <

|yz|

contradicting the definition of 6. Thus, we must have |y| < ¢/§. Finally, considering
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the above three cases again, we have

max{[y[, |z[} < e(1+4)/9,

up to replacing (z,y, z) by (x,zy — z,y) in case |zy — z| < |y| < |z|. Combining this

with the bound on |z| in the beginning, we have proved our desired result. O

Surfaces of type (0,4)

Let 3 be a surface of type (0,4). By Section 2.3.2, we have an identification of the
moduli space X} = Xi(X) with the affine cubic algebraic surface in Aiy’z given by
the equation

2?4+ + 22 +ayz=Ar+By+Cz+ D

with A, B, C, D appropriately determined by k. The mapping class group I' = I'(%)
acts on X via polynomial transformations. Let I be the group of automorphisms of

Xy, generated by the Vieta involutions

T (x,y,2) = (A—yz —z,9, 2),
Ty3<CL’,y,Z)’—)(l'7B—.TZ—y,Z),

Tzt (I7y,2) = (ZL‘,y,C—l’y—Z)

Two points p, p' € X;(C) are ["-equivalent if and only if they are I'-equivalent or p is
I-equivalent to all of 7, - p/, 7, - p/, and 7, - p. The following lemmas prove Theorems

4.1 and 5.1 for (g,n) = (0,4).

Lemma 5.9. There is a constant C' > 0 independent of k such that, given any

p € Xi(C), there exists some v € I' such that v - p = (x,y, z) satisfies one of:

(1) minf|z], [y, |2} < C,
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(2) ly2| < CHeight(a),
(3) |xz| < C Height(b),
(4) |zy| < C Height(c), or
(5) |zyz| < C Height(d).

Proof. We proceed as in the proof of Lemma 5.7. Suppose first p = (x,y, 2) satisfies
2] <yl <z < fe—ay — =] (%)
Note that we have
12> < |z(c — 2y — 2)| = |2® + y* — ax — by — d| < 4max{2|y[?, |ax], |byl, |d|}.

Assume first that |zy| < 2|z|. We then have

Tyz
VL < o < dmax {2y, faal. . ]}
which gives us the desired result. Assume next that |zy| > 2|z|. If now |zy| < 3]¢|,

then we are done, we may assume |ry| > 3|c|. We then have

TYZ
’—6’ <l|zlc—xy—2)| < 4max{2|y|2, laz|, |byl, |d|}

as desired. If p = (z,y, z) satisfies an analogue of (x) with a suitable change in the
roles of the variables z,y, z, then the same argument applies. It therefore remains
to consider the case where no v - p with vy € I satisfies an analogue of (x). Let us

assume that |z| < |y| < |z|; the other cases will follow similarly. We must have
e —xy — 2| < yl,
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since otherwise we may replace (z,vy,z2) by (z,y,7'), 2/ = ¢ — xy — z, satisfying an
analogue of (x). Now, if |z| < 8 then we are done, so assume otherwise. Suppose first

that 2]y| > |z|. We then have

|x22|/2 <lzyz| = |x2—|—y2+z2 —ax —by —cz —d|

S 5maX{3|Z|27 |am|, |by|7 |CZ|7 |d|}

which gives us the desired result. Thus, assume that 2|y| < |z|. We then replace

(x,y,2) by (z,y,c — zy — z) and repeat the above argument. Since

2max{|a:\, |y‘> |C_ Ty — Z|} = 2’y| S "Z| = max{|x], ‘y|7 |Z|}7

this cannot continue indefinitely without reaching our desired result. O]
Lemma 5.10. Let K C C" be a compact set. Let A be a set such that:

(1) ACR anddist(A,{£2}) >0, or

(2) AcC C and dist(A,[—-2,2]) > 0.

There is a constant C = C(K, A) > 0 such that, for every p € Xi(A), there erists

v €T such that - p = (x,y, 2) satisfies max{|z|, |y, |z|} < C.

Proof. We notice that it suffices to prove the lemma with I" replaced by I'V. We argue

as in the proof of Lemma 5.8. Fix d > 0 such that

A+ A" = (—2)| > 6

for every x € A and A € K with 1 < |A] < 1+, where K = R if A satisfies the
first condition in the lemma and K = C otherwise. Such a number § exists by our

assumption on A. Let p = (z,y,2) € Xi(A) be any point with £ € K. By Lemma
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5.9, we may assume without loss of generality that

min{|a|, |yl, |2} < C1 Height(k)"/?

for a positive constant C; independent of p and k. Assume |z| = min{|z|, |y|, |z|};

the other cases will follow similarly. Let € = |2* — ax — d|. Writing

c=mf{|y|,|] : (z,y,2") ~ (x,y,2)}

where ~ indicates equivalence under I/, we may further assume that

min{Jyl, |2} < (¢* + )2

We assume |y| < |z|; the other cases will follow similarly. We shall first bound the
size of |y|. If |y| < 4/b|/6 or |y| < 4|c|/d or |y|* < 2¢/d, then we are done, so suppose

otherwise. We have the following three cases:
(1) We have |c — zy — z| < |y| < |z|. Replacing (z,y, z) by
(:L‘7ya Z/) = ([L‘,y,C —TY — Z)

and switching the roles of y and z, we may assume ¢ < |y| < |z]| < (¢ + ¢€)'/?

and thus

|2 < fy* + e < [y[*(1 +9).

(2) We have |y| < |c —zy — z| < |z|. Replacing (z,y, z) by

(z,y,) = (z,y,c —ay — 2)

we reduce to the third case below.
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(3) We have |y| < |z| < |¢c — 2y — z|. In particular, we have

122 < |2(c — 2y — 2)| = [2® + y* — az — by — d| < [y|*(1 +6).

Thus, in all cases, the ratio A = z/y satisfies 1 < |A\| < v/1 + 0. Dividing the equation

y? + 22+ 2yz = ax + by + cz + d — 2% by yz, we have

‘)\—1+,\+;p|:w§57
|yz|

contradicting the definition of §. Thus, we must have |y| < 4max{|bl,|c|}/d or
ly| < 2¢/6. Finally, considering the above three cases again, we also obtain a bound
on |z| in terms of |z| and Height(k). Combining this with the bound on |z| in the

beginning, we have proved our desired result. O

5.1.2 Preliminary observations
Reconstruction

Let 3 be a surface of type (g,n) satisfying 3g + n —3 > 0, and let a C X be an
essential curve. Let x € X be a base point lying on a, and let o be a simple based
loop parametrizing a. We shall summarize the reconstruction of a representation
p:m (X, z) = SLy(C) from representations on connected components of ¥|a, as well
as associated lifts of Dehn twists. Our main reference is Goldman-Xia [41]. There
are two cases to consider, according to whether a is separating or nonseparating.
Nonseparating curves. Suppose that a is nonseparating, so X|a is connected.
Let a; and ay be the boundary curves of ¥|a corresponding to a, and let (z;, a;) be
the lifts of (z, @) to each a;. We shall assume that we have chosen the numberings
so that the interior of ¥|a lies to the left as one travels along a;. Let 8 be a simple

loop on X based at x, intersecting the curve a once transversely at the base point,
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such that g lifts to a path " in X]a from x5 to z7. Let us denote by «f the loop
based at z; given by the path of, = (8") tayf’, where (5')~! refers to the path 3’
traversed in the opposite direction. The immersion ¥|a — ¥ induces an embedding

m(X|a, z1) — m (3, x), giving us the isomorphism

m (3, 2) = (mi(Ela, 21) V (B))/(ah = B a1 B).

Thus, any representation p : m(3, ) — SL2(C) is determined uniquely by a pair
(', B), where p/ : m(X]a, 1) — SLs(C) is a representation and B € SLy(C) is an

element such that p/(ab) = B7'p'(a;) B, with the correspondence

p—= (0, B) = (plm(=lam), P(B)).

We define an automorphism 7, of Hom(m (X, z), SLy) as follows. Given p = (p,, B),
we set T,(pa, B) = (pa, B') where B’ = p(«) B. This descends to the action 7, of the
left Dehn twist action along a on the moduli space X ().

Separating curves. Suppose that a is separating, so we have X|a = X; U X
with each ¥; of type (g;,n;) satisfying 2g; + n; —2 > 0. Let a; be the boundary
curve of 3; corresponding to a. Let (z;, ;) be the lift of (z,a) to a;. We shall
assume that we have chosen the numberings so that the interior of ¥ lies to the left
as one travels along «. The immersions >; < X of the surfaces induce embeddings

(2, ;) = m1 (2, z) of fundamental groups, and we have an isomorphism

m (3, x) ~ (m (1, 1) V (B2, 22)) /(a1 = az).

Thus, any representation p : m(3,x) — SLy(C) is determined uniquely by a pair

(p1, p2) of representations p; : m(%;, x;) — SLo(C) such that pi(a1) = pa(az), with
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the correspondence

p = (P17102) = (plm(El,m)vp|7r1(22,962))'

We define an automorphism 7, of Hom(m (3, z), SLs) as follows. For a representation

p = (p1, p2), we set To(p1, p2) = (p1, py) Where

Py () = pla)pa(7)p(a) ™!

for every v € m (X9, z5). This descends to the action 7, of the left Dehn twist along

a on the moduli space X ().

Preparatory lemmas

We collect a number of elementary lemmas needed for our proof of Theorem 5.1. Let
us say that a subset of a complex analytic variety V' is bounded if its closure in V'
is compact. For example, a subset U C SLy(C) is bounded if and only if the matrix

entries of elements in U are uniformly bounded.

Lemma 5.11. Let 3 be a surface of type (g,n) where 2g +n —2 > 0 and n > 1.

Let (aq,- -+, og4n) be an optimal sequence of generators for mX. Consider the set

K =K, x Ky C C™ where
(1) K; € C* ! is a bounded subset, and
(2) Ky C C is a bounded subset with dist(Ks, {+2}) > 0.

For each subset L C Xk (%, C) which is bounded as a subset of X(3,C), there exists
a bounded set M C Hom(m X, SLy(C)) with L = n(M) and

A0
p(a2g+n) =
0 X!

for some A€ {z € C:|z| >1}U{e™ :0 <t <1} for every p € M.
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Proof. Let p : m3 — SLo(C) be a representation whose class in X (C) lies in L. This
implies in particular that the traces tr p(c), tr p(cuey;), and tr p(a;ojoy) are bounded

by a constant depending only on L. Up to global conjugation, we have

A0
plaggin) =
0 M1
with A € {z € C:|z| >1}U{e™ :0 <t < 1}, and there is a bounded set A C C

with dist(A, {£1}) > 0, depending only on K5, such that A € A. Let us write

fore=1,---,2g9 +n — 1. Note that we have

a; 1 2 —1 a; + dz

T

dl' —A 1 )\CLi + A_ldi

Since (tr p(a;), tr p(iangin)) = (a; + di, Aa; + A7'd;) is bounded in terms of L, the
above expression shows that (a;, d;) lies in a bounded subset of C* depending only on
A and L. Now, suppose that p is irreducible, so that there exists at least one «; such

that ¢; # 0. Up to global conjugation of p by a diagonal matrix in SLy(C), noting

we can assume that max{|¢;| : 1 < i <29+ n—1} = 1 and that ¢;, = 1 for some

1 <ip <29+ n—1. The equation a;,d;, — b;,c;, = 1 shows that b;, is bounded in
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terms of A and L. Next, for ¢ # iy, we have
tr p(o%ozi) = Q3,04 —+ diodi + biOCi + biCiO-

Since the left hand side as well as the first three terms on the right hand side are
bounded in terms of A and L, it follows that so is b;. This shows that p lies in a
bounded subset of Hom (w3, SLy(C)). Lastly, if p is reducible, then up to replacing
p by a diagonal representation it lies a bounded subset of Hom(m 3, SLy(C)). We

conclude that a bounded set M satisfying the conclusions of the lemma exists. O
Lemma 5.12. Suppose K and M are sets given as follows:

(1) K C C is a bounded set with dist(K,{£2}) > 0.

(2) M C SLy(C) is a bounded set.

There is a bounded set N C SLy(C) such that, given any pair (A1, As) of conjugate

matrices in SLy(C) with tr Ay € K and Ay € M and moreover

A0 ,
A= , Ae{zeC:zl >1}Uu{e™:0<t <1},
0 X!

there ezists B € N with Ay = B~ A, B.

Proof. Let Ay, As be as in the hypothesis of the lemma. Given any matrix
B = € SLy(C),

we have

g [PEREASAT) A=A
1 p—

—ac(A =AY ATt —be(A =171
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This shows that, if Ay = B~!A; B, then the products be, bd, and ac are all in a bounded
subset of C depending only on K and M, and similarly for ad since ad = bc + 1. If

b=c=0ora=d=0, then A, is diagonal and we may take

respectively. So let us assume otherwise. Since B is invertible, note that we must
have ab # 0 or ed # 0. Let us suppose that ab # 0; the case where cd # 0 will be

similar. Multiplying B on the left by a diagonal matrix in SLy(C), noting that

we may assume that max{|a|, [b|} = 1. In particular, ¢ and d are bounded in terms
of K and M by the boundedness of the products ac, ad, bc, and bd remarked above.
Hence, B may be taken to be in a bounded subset of SLy(C) depending only on K
and M, as desired. O

Lemma 5.13. If A, B,C € SLy(C) \ {£1} are matrices such that each of the pairs
(A, B), (A,C), and (A, BC) has an eigenvector in common in C%, then the triple

(A, B,C) has a common eigenvector.

Proof. Assume the contrary. If A is conjugate to a matrix of the form

then the lemma is clear. Thus, up to global conjugation we may assume without
loss of generality that A is diagonal, B is strictly upper triangular (i.e. it is upper

triangular and not diagonal), and C' is strictly lower triangular. But then BC' is
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neither upper nor lower triangular, contradicting the assumption that (A, BC) has a

common eigenvector. O

5.1.3 General case

Let ¥ be a surface of type (g,n) with 3g +n —3 > 0. Let K C C" be a compact

subset, and let A be a set satisfying one of the following:
(1) AC R and dist(A, {+2}) > 0, or
(2) A cC C and dist(4, [-2,2]) > 0.
We shall prove Theorem 5.1 by induction on (g,n). We first state a lemma.

Lemma 5.14. There is a constant C' = C(A, K) such that, for any irreducible local
system p € Xk (A), there is an essential curve a C X with | tro(p)| < C such that one
of the following holds.

(1) We have g > 1, the curve a is nonseparating, and p|(X|a) is irreducible.

(2) We have g = 0, the curve a is separating with Y|a = X1 U Yo, where p|¥; is

irreducible and X5 is of type (0, 3).

Proof. Assume first that ¢ > 1. Applying Theorem 4.1 a bounded number of times
(with the bound only depending on (g, n)), there is a nonseparating essential curve a
in 3 such that |tr p(a)| < C; for some constant C depending only on K and A. We
are done if p|(X]a) is irreducible, so let us assume otherwise. Let ¥’ be an embedded
one holed torus in ¥ that contains a. Let ¢ denote the boundary curve of ¥’. Since
tr p(c) # 2 by our hypothesis that £2 ¢ A and that p is irreducible, we see p|¥' is

irreducible. Writing tr p(a) = A + A™! with A € C and |\| > 1, we have

[trp(c)] = [N + 272 < Cy(K, A).
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Using Lemma 5.8 and the notation therein, we may assume that the restriction p|%' =

(x,y,2) € X(X') satisfies

max{|:p|, |y|7 |Z‘} < 03(K7 A)

Let (o, as,7) be an optimal sequence of generators for w13, so that the essential
curves a = aq, ag, and as (lying in the free homotopy classes of oy, s, and ajas,
respectively), correspond to the variables x,y, z. It suffices to show that p|(3'|a;) is
irreducible for some i, since then p|(X|a;) is irreducible. The desired result follows by
Lemma 5.13, taking our triple of matrices to be (p(ay), p(az), p(7)).

It remains to consider the case where g = 0. Applying Theorem 5.2 and Lemma
5.10 a bounded number of times (with the bound only depending on n), there is an
essential curve b C ¥ with 3|b = ¥’ U X", where ¥ is a four holed sphere and ¥ is a

n — 2 holed sphere, such that we have p|X' = (z,y, z) € X(3') satisfying

max{\x], |y|7 |Z‘} < Cl(Kv A)

Let ai,as,a3 C X' be the essential curves corresponding to the variables x, vy, z. If
p|¥" is irreducible, then we may just take a to be one of the curves a; and we are
done, so assume otherwise. The desired result follows from similar considerations of

Lemma 5.13 as before. ]
Theorem 5.1. There exists a bounded set L C X (C) such that Xgx(A) CT'- L.

Proof. We shall first assume dist(A, [-2,2]) > 0, and later return to the case A C R
with dist(A, {£2}) > 0 at the end of the proof. Let 7 : Hom(m X, SLs) — X (3) be
the usual projection. We shall prove the theorem by induction on (g, n).

We begin by treating the inductive step for the increase of genus g, to illustrate

our approach. Suppose that ¥ has genus ¢ > 1, and the theorem has been proved
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for all eligible surfaces of genus ¢ — 1. Let a C X be a nonseparating curve. In our
arguments below, we shall use the notations in the first part of Section 5.1.2. By
Lemma 5.14.(1), there is a constant C' = C'(K, A) such that, for any p € Xk (X, A)

which is irreducible, there exists v € I'(X) such that

(1) [tra(y-p)| < C and

(2) (v p)|(X]a) is irreducible.

We remark that the irreducibility of p € X (X, A) is automatic unless we have
(g,n) = (1,1), since we have 2 ¢ A by assumption. Note that the theorem has
already been proven for (g,n) = (1,1) in Lemma 5.8, so may restrict our attention to
(g,m) # (1,1) below.

Let us set K" = {(k1,--+ ,kn,a1,a9) : (k1,--- ,kn) € K,a; € A, |a;| < C}. By the

inductive hypothesis, there is a bounded set L' C X/ (X|a, C) such that

Xg(Zla,A) CT(X|a) - L.

By Lemma 5.11, there is a bounded set M’ C 7~ (X (3, C)) satisfying L' C w(M’)

and moreover every p’ € M’ satisfies

for some A € C* with |A| > 1. (Here, we use the notation in the first part of Section
5.1.2 and «; is a loop parametrizing one of the boundary curves of X|a corresponding
to a.) Using the description of the lift of Dehn twist in Section 5.1.2 and arguing as
in the proof of Lemma 5.12, we conclude that there is a bounded set N C SLy(C)

depending only on K, A, and C' = C(K, A) such that every

P = (p/7 B) e 7T_1<XK(E7A))
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with p' € M’ is (7,)-equivalent to a point py corresponding to (p, Bj) € M’ x N.
It follows that there is a bounded subset M C 7' (Xg (X, C)) such that every p €
Xk (2, A) satistying p|(X|a) € m(M') is (1,)-equivalent to a point in 7(M). But every

p € Xk(3,A)is I'(X)-equivalent to such a point by our hypothesis on M’, and hence

Xx(2, A) CT(Z) - (M),

Setting L = m(M), this completes the inductive step in genus. It remains to treat the
cases g = 0 with n > 4, which we establish by induction on n similar to the previous

argument, with the following modifications:

e There are more than one (but at most finitely many) mapping class group
equivalence classes of separating curves a C %, considered up to isotopy, such

that X|a = X1 U Xy with X5 of type (0, 3).

e In appropriate places of the argument, we follow the lines of Section 5.1.2,
Lemma 5.14.(2), and the proof of Lemma 5.11 instead of Section 5.1.1, Lemma

5.14.(1), and the proof of Lemma 5.12.

Note that the base case (g,n) = (0,4) was established by Lemma 5.10. This completes
the induction, proving the theorem for dist(A, [-2,2]) > 0.

Finally, it remains to consider the case where A C R with dist(A, {£2}) > 0. We
proceed by induction as before, with minor modifications. For instance, suppose that
g =0 and a C ¥ is a separating curve with X|a = 3 U 3y where ¥y is of type (0, 3),
and suppose that p € X (X, A) satisfies tr p(a) € (—2,2). Up to mapping class group
action and induction, we may assume p|X; lies in a bounded set that only depends on
K. Let ay,--- ,a, be an optimal generating sequence for 7 such that a lies in the
free homotopy class of ajay. Using Fact 2.1, the coordinate ring of X (3) is generated

by tra; .., Where i; < .-+ <y are integers in {2,--- ,n} and k < 3. The values of

i

these functions at p are all bounded in terms of K and A, except possibly for those
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of the form

troga, and tro,a.a

for 3 < r <nand3 < s <t < n. By considering the restrictions of p to a
finite number of subsurfaces of type (0,4) in X containing Yo, the task of bounding
the values of above functions is reduced to the following observation. Consider the

moduli space X (X) for ¥ a surface of type (0,4), with equation

P+ + 22 +ryzr=Ar+By+Cz+D

using the notation of Section 2.3.2, and suppose that p = (z¢, o, 20) € Xi(X,R) is
given with zy € (—2,2). From the description of the action of Dehn twists given in
Section 2.3.2, we see that we must have A, B,C, D € R and thus the above equation
with fixed z = zy determines a (possibly degenerate) ellipse in the (z,y)-plane. More-
over, the maximum possible size of (z,y) on this conic section is bounded in terms of
A, B, C, D by elementary geometry. Applying this observation in our setting, we con-
clude that the values of the trace functions tr,,,, and try,a.q, are bounded in terms
of the other functions in the collection {trail...aik} considered above, thus allowing us

to continue the induction. The case g > 1 is also similar. O]

5.2 Parabolic subvarieties

Let 3 be a surface of type (g,n) satisfying 3g +n — 3 > 0, and let X}, = X(X) for
k € X (0%, C) be a relative character variety of ¥. Given a pants decomposition P of

Y., the immersion P — ¥ induces a morphism

trp : X — X(P) ~ A3g+n—3
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whose fibers for t € X (P, C) will be denoted X[, = trp' (). Let
(Slsip : X = X(B[P) = X () x -+ X X (Xag1n-2)

be the morphism induced by the immersion ¥|P — ¥, where the product on the right
hand side is taken over the connected components 3J; of X|P. It is clear that (—)|yp

is constant along each fiber X ,f .- We make the following definition.
Definition 5.15. Let (P,t) be as above. The fiber X[, is perfect if

1) tro (X +2 for every curve a C P, and
k.t y

(2) (g,n, k)= (1,1,2) or each factor of (X},)|sp is irreducible.

The above definition is motivated by the following theorem, which is the main
result of this section. Recall from Chapter 1 that an algebraic variety V over C is
said to be parabolic if every closed point of V lies in the image of a nonconstant
morphism A! — V. In the following, a pair (P,t) will denote a pants decomposition

P of ¥ and an element t € X (P,C).
Theorem 5.16. We have the following.

A. For each (P,t), the fiber X,it is either perfect or parabolic.

B. For any nonconstant morphism f : A — X}, there is a parabolic fiber X,ft for

some (P,t) containing the image of f.

The remainder of this section is organized as follows. In Section 5.2.1, we give a
proof of Theorem 5.16 in the cases (g,n) = (1,1) and (0,4). The moduli space X
in these cases is an explicitly defined algebraic surface, making the proof easier. We
prove the general case of Theorem 5.16 in Section 5.2.2. Finally, in Section 5.2.3, we
describe the conseuqgences of Theorem 5.16, including Theorems 5.2 and 5.3 as well
as a rigidity result (Corollary 5.18) for polynomial deformations of Fuchsian surface

groups.
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5.2.1 Base cases

In this subsection, we give a proof of Theorem 5.16 in the cases (g,n) = (1,1) and
(0,4). We shall refer the reader to Section 2.3 for explicit presentations of X}, in these

cases. First, it is useful to record an elementary lemma.

Lemma 5.17. If X is a surface of type (0,3), then k = (k1, ko, k3) € X(Z) =~ A3 is

reducible if and only if ki + k3 + k3 — kikoks — 2 = 2.

Proof. This is elementary. For instance, it follows from Lemma 6.3 and the derivation

in Section 2.3.1 of the trace of commutators tr([A, B]) with A, B € SLy(C). O

Surfaces of type (1,1)

Suppose X is of type (1, 1), and let (o, 8,7) be optimal generators of m%. The moduli

space X can be presented as an affine cubic algebraic surface, with equation

P4+ —ryz—2=k

where the variables (z,y, z) correspond to the monodromy traces (tr,, trg,tros) and
tr, = k. Now, let a C X be the essential curve underlying «. Since any essential
curve of ¥ is, up to isotopy, mapping class group equivalent to a, it suffices to prove
Theorem 5.16.A for (g,n) = (1,1) where P = a. Let t € X(a,C) ~ C. Since X}, is
a conic section

v —tyz+ 24t —2—k=0

in the (y, z)-plane, elementary geometry shows that X k¢ 1s parabolic if and only if
(1) t = £2, or (2) the conic section is degenerate. Let us assume ¢t # +2; the latter

condition states that the equation for X7, factors as

vV —tyz + 222 —k=(y—dz+m)(y—Alz+my) =0
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for some A € C* and m; € C. Expanding and comparing coefficients, we must have
o N+ )\ l=t,

e we have

1 1 mq 0
—A —)\_1 mo 0

and hence m; = my = 0, and therefore
o mymy =t>—2—k =0, and in particular k # 2.
Thus, we see that X}, is parabolic if and only if
(1) t =+£2, or
(2) t# 42, (g,n, k) # (1,1,2), and (X},)|sa = (t,1,8> = 2).

3

Here, we made an identification X (X|a) ~ A®. By Lemma 5.17, the last condition

in (2) is equivalent to saying that (X} ,)|s. is reducible. This concludes the proof of
Theorem 5.16.A for (g,n) = (1,1). Combining this with Lemma 4.17, we immediately
obtain Theorem 5.16.B in this case.

Surfaces of type (0,4)

Suppose X is of type (0,4), and let (71, 72,73, 74) be optimal generators of ;3. The

moduli space X}, is an affine cubic algebraic surface with equation

4yt + 22 fayr—Ar—By—Cz—D =0

where the variables (z,y, z) correspond to the traces (tr.,.,, tIyyys, tT,,) and

A = kiky + ksky
B = koks + kyky, and D =4—ki — k3 — ki — ki — kikaksky

C = k1k3 + k2k4
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with k; = trv;. Now, let a,b,¢c C ¥ be essential curves lying in the free homotopy
classes of 1792, 72773, and 7,73, respectively. Since any essential curve of X is, up to
isotopy, mapping class group equivalent to one of the curves a, b, and c¢, it suffices
to prove Theorem 5.16.A for (g,n) = (0,4) where P consists of one of the curves a,
b, and c. We treat the case P = a in what follows; the remaining cases will proceed
similarly. Let t € X(a,C) =~ C. Again by elementary geometry, we see that X}, is
parabolic if and only if (1) t = £2, or (2) X}, is a degenerate conic in the (y, 2)-plane.
Let us assume t # +2; the latter condition states that the equation for X7, factors

as

Py rtyz — At —By—Cz—D=(y+ Xz +m)(y+ A"z +my) =0

for some A € C* and m; € C. Expanding and comparing coefficients, we see that

o AN+ N1 =1t

e we have
1 1 ma —B
A )\_1 mo -C

and
® Mmoo = —At — D.
This is equivalent to
B? —tBC + C? 1
_ - A 'B—C)(-\B =—-At—-D
P4 Tyl C)=AB+C)

or in other words (t* — 4)(—Az — D) + (B? —tBC + C?) = 0. Upon rearranging, this

is seen to be equivalent to

(k3 + ki + 2 — thiko — 4) (k3 + kj + 2 — thsky, — 4) = 0,
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which in turn is equivalent to saying that at least one factor of (X ,)[ss is reducible,
by Lemma 5.17. This proves Theorem 5.16.A for (g,n) = (0,4), and Theorem 5.16.B

follows by Lemma 4.17.

5.2.2 General case

Let ¥ be a surface of type (g,n) with 3g +n — 3 > 0, and let Xy = Xi(X) be a
relative character variety of 3. We shall first prove the following claim, by induction

on (g,n). The claim will imply that a perfect fiber cannot be parabolic, proving one

half of Theorem 5.16.A (as well as Theorem 5.16.B, conditional on Theorem 5.16.A).

Claim. For any nonconstant morphism f : A' — X, there exists an imperfect fiber

Xi, for some (P;t) containing the image of f.

Proof. We have already proved Theorem 5.16 for (g,n) = (1,1) and (0,4), and these
will provide the base cases for our induction. Let f : A — X, be a nonconstant
morphism. By Lemma 4.17, there is an essential curve a C ¥ such that tr,of =1 is

constant. Suppose first that the restriction
fls - AT = x(2) 22 x (o)

of f to some connected component ¥’ of ¥|a is nonconstant. We observe that the
image of f|y lies in Xy (') for some k' € X (0¥, C) determined by k and t,. Hence,
by inductive hypothesis, there is a pants decomposition P’ of ¥’ and an element
t' € X(P',C) such that X ,5;,(2’ ) is an imperfect fiber containing the image of f|s.

If a is nonseparating, then taking
(P,t) = (P'Ua,(t, 1))

we see that X ,f . 1s an imperfect fiber containing the image of f, as desired. If f
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is separating and X|a = ¥’ U X", then again f|sx» has image lying in some Xy~ (%)
for some k" € X(0%",C) determined by k and ty, and by a repeated application of
Lemma 4.17 we see that there is a pants decomposition P” of ¥” and t” € X(P”,C)

such that X ,5;:t,, contains the image of f|yx». Taking
(Pt)=(P'UalUP" (' to,t")),

we again see that X ,f . is an imperfect fiber containing the image of f.

To complete our proof of the claim, it remains only to consider the case where f|s,
is constant. Let oy, -+, aggyn be a sequence of optimal generators for m 2. Below,
we give a proof in the case where a is nonseparating; the case where a is separating
will proceed in a similar manner, invoking the case of Theorem 5.16 for (g,n) = (0,4)
appropriately.

Let us thus suppose that a is nonseparating. Up to mapping class group action, we
may assume that a is the essential curve underlying «;. By Fact 2.1, the coordinate

ring of the fiber X, — X (X|a) above f|y), is generated by functions of the form

tray; tasa;, trasasa;s trajas, trajasa; s trajasasay

for 3 < i < j < 29+ n. Thus, since f is nonconstant, the composition of f with
at least one of the above coordinate functions must be nonconstant. Let us consider
the case where tr,, of is nonconstant; the other cases will follow similarly. There is
a surface ¥’ C ¥ of type (1,1) containing the loops a; and ay in its interior. By
our hypothesis, we see that f|s/ is nonconstant, and the image of f|s lies in X/ (%)
for some k' € X(9%',C) determined by the (constant) value of fly|q; indeed, the
boundary of ¥’ lies in ¥|a. Thus, by the case of Theorem 5.16 for (g,n) = (1,1)
proved above, there is an essential curve «’ C ¥' and ¢ € X (a/, C) such that X,Z,'?t,(E’ )

is an imperfect fiber containing the image of f|s. Completing o’ L10% C ¥ to a pants
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decomposition P of ¥, we see that there is some t € X(P,C) such that X}, is an

imperfect fiber containing the image of f, as desired. O

We shall henceforth assume that (g,n) # (1,1),(0,4), to simplify our remaining

argument. To complete the proof of Theorem 5.16, it suffices to prove the following.
Claim. Given a representation p : w3 — SLo(C) with Jordan equivalence class lying
in an imperfect fiber X,f ¢, there is a one-parameter polynomial family

pr - 7T12 — SL2((C)
of representations with nonconstant Jordan equivalence classes all lying in X,f;'t, 50
that we have p = pr, for some Ty € C.

Proof. Let p and X ,f . be as above. Let us first consider the case where there is a
curve a C P with tra(let) = £2. We may assume to have fixed the base point of X
to lie on a. Let o bs a smooth simple loop parametrizing a. Up to global conjugation,

we may assume that

plo) = s (+)

for s € {1} and u € {0,1}. There are several elementary cases to consider.
Suppose first that a is separating, and write X|a = ¥; LI 5. Up to conjugation,

we may assume that on top of (x) the following conditions hold:
(1) p|¥y is irreducible or upper triangular, and
(2) p|3; is irreducible or lower triangular.

If p; = p|3; is upper or lower triangular, then it is part of a l-parameter family

of upper or lower triangular representations p! varying the off-diagonal entries. For
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instance, if 3 is a surface of type (0,3), and (a1, az,a3) are a sequence of optimal

generators for w31 with aq corresponding to «, and if

Az
pl(a2) = )
0 A\t

then p} can be taken to be the representation determined by p!(a1) = p1(a1) and

. A x4+t
pi(az) =
0 Mt
We thus see that, if p; or ps is reducible, then at least one of the 1-parameter families
(P, Pb), (5, p2), and (p1, ph) (once defined) descends to a nontrivial family in X[,
giving us a nonconstant morphism A! — X ,f . with the class of p in the image. It

therefore remains only to consider the case where p; and p, are both irreducible. We

consider the representation p' = (p1, uspou; ) for t € C where

Uy =

It is easy to see that the morphism A' — X () given by ¢ + p; is nonconstant,
contains p in its image, and moreover lands in X ,5 ;> as desired.
Suppose next that a is nonseparating. Let us write p = (p|(X]a), p(8)) = (¢/, B)

using the notation of Section 5.1.2. If p is irreducible, then let us consider the repre-

sentation
pt = (plv Bt)
where
1 ¢
Bt — B
0 1
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It is easy to see that the morphism A! — X ,f , defined by t — p' is nonconstant and
P’ = p, as desired. So suppose that p is reducible. Up to global conjugation, we
may assume that p is diagonal. Since 3 is not of type (1,1), there is a separating
curve ¢ with X|e = ¥ U ¥y where ¥ is a surface of type (1,1) containing the curve
b underlying . Let us write p|X; = ((p|X1)’, B) and consider the upper triangular
deformation (p|X1)" = ((p|X1)’, B¢) as above. This and a suitable lower triangular
deformations of p|¥; combine together to give a nonconstant morphism A! — X ,5 .
whose image contains p, as desired.

It therefore remains to consider the case where the following conditions hold:
1) tro(X7,) # %2 for every curve a C P,
Kyt

(2) (g,n,k) # (1,1,2), and
(3) (X£,)|sr is reducible for some connected component ' of X|P.

We may assume for convenience that the base point x € ¥ lies on ¥/. Let v1, 72,73
be optimal generators for m %’ corresponding to the boundary curves ¢y, ¢o, c3 of X',
We shall write plsy = (t1, 19, t3) € X(X') ~ A3. By relabeling the boundary curves of
Y if necessary, we may assume that ¢; corresponds to a curve of P. In particular,
t1 # £2 by our hypothesis above. We further assume that, if the image of >’ in X is
a surface of type (1, 1), then ¢; and ¢, map to the same curve in P.

It will be convenient for us to introduce distinguished families of representations
7Y — SLy(C) which are reducible. For each T € C, let p%, pb. : mY — SLy(C) be

the representation determined by
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where A € {z € C* : ¥(2) >0,z ¢ [—1,1]} and p € C* are such that

tl =A + )\_1,
ty=p+p
ty = )\/L + )\_1#_1.

Note that the Jordan equivalence class of each p% and p} in X (X) is equal to that
of plsy. Up to global conjugation, we may assume that p|ss = pY, or pf for some
Ty € C. Below, we proceed under the assumption that p|ss = p¥,; the other case will
proceed in a similar manner. We shall write also p¥ = p/. for easier notation.

We must consider different cases, according to the relative position of ¥’ in X.
Suppose first that the image of >’ in ¥ is a surface of type (1,1). By our hypothesis,
the boundary curves ¢; and ¢, map to the same curve a C P, while ¢3 maps to a
separating curve ¢ C X. Let us write X|c = 3" U X" with ¥” being the image of ¥'.
Without loss of generality, we may assume that the implicit base point z € ¥ lies on
c. Let («a,3,7) be a sequence of otpimal generators for m; %", such that under the

immersion Y — > we have

o, Y BaTlB ey

Let us write
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The condition p(y2) = p(8~'a™13) is then
ATy By, —By| |ANY 0| |B1 B
0 Mt —Bs By 0 A Bs B,

A+ ()\71 — )\)3134 ()\71 — )\)BQB4
A=AYHB1By X'+ (\-X1)B B

where we have A — A™! # 0 by our hypothesis on p. This shows that we must have

0 B,
p(B) =
—By" trp(B)

where furthermore (A\™! — X\)Bytrp(8) = Ty. Up to global conjugation of p by a
diagonal matrix (which also results in a suitable adjustment of Ty), we may further

assume that By = 1, and hence tr p(8) = To/(A™' — A). Let pf : m %" — SLy(C) be

the representation determined by

. A0 , 0 1
pr(a) = , pr(P) =
0 A_l _1 )\—?7)\
The preceding above observations show that p7, = plzv and pf|sy = pf for every
T € C. Note that we have
A2 AT

pr(v) = pp(ys) =

For T € C, let pr : mX — SLy(C) be the representation such that pr|X"” = p and

-1

1 AR,

T—T¢
1 A=l =T,

22 17

pr|E" = Pt
0 1 0 1
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Here, \> — \™2 # 0 since otherwise tr p(y) = £2, which was precluded. It can be

directly verified that

-1

1 M=
N2_)\—2
p(y) = pr(7)

0 1 0 1

T-T,

so pr is well-defined by our discussion in Section 5.1.2. We have p = pp, by construc-
tion, and we see that the morphism A" — X}, given by T+ py lies in the fiber X[,

The fact that this morphism is nonconstant can be deduced from the observation that

T

tr pr(B) = PETY

is a nonconstant function of 7. Therefore, this proves the claim when the image of
¥ in ¥ is a surface of type (1, 1).

It remains to consider the case where the the boundary curves of ¥’ map to three
distinct curves in ¥ under the immersion ¥’ — X, which we shall also denote ¢y, o, ¢3

for simplicity. Now, let us write

Zng = 23 (] Zg
23|C2 = 22 (] Eg
ZQ|Cl = El (] ZL{

where Y3 is the connected component of ¥|cs containing ¥ (here, ¥ is empty if c3 is
nonseparating or is a boundary curve in X), 3, is the connected component of ¥3|cs
containing ¥’, and finally ¥, = Y.

Let us extend the polynomial family of representations p7. : 73" — SLo(C) to the

polynomial family pf. : w135 — SLy(C) given by

1/ N 1/ o
prls = pr. priss = plss.
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This is well-defined by our discussion in Section 5.1.2. Note that p7, = pls,. Our

next step is to extend pf. to a family p7 : m35 — SLo(C) such that

need to consider three cases.

(1)
(2)

Suppose cs is a boundary curve on Y3, so that ¥y = Y3. Let p

/11

P, = p|¥s. We

mno__n
T = Pr-

Suppose ¢y is a separating curve on 3. We define pf by requiring

T-To T-Ty
—1 —1
/11 o " - nor = pt—p
Prise = Pry  Prisy = plss
0 1 0 1

Note that we must have ;!

precluded. By construction, we have

-1

-1

— o # 0 since otherwise tr p(cy) = £2, which was

1 S 1 pw o T

pt—p

p(72) =
0 1 0 1 0 u

pr(72) =

so that p7 is well defined by our discussion in Section 2.3.2.

Suppose ¢, is a nonseparating curve on 3. Let 0 be a simple based loop on

Y3 intersecting cy exactly once transversally, oriented as in

the first part of

Section 5.1.2 (with the pair (72, d) playing the role of («, ) there). Let ~4 be

the based loop on ¥, (like af in Section 5.1.2) whose image

/11

in Y3 lies in the

homotopy class of 6719,5. We define the representation pj by specifying the

pair (p/|s,, p77'(6)) as in the discussion of Section 5.1.2; where

/1! /1

P7lss = P, P(0) = T p(0).

We have p7'(671)pff (72) 7 (6) = p(0~")p(72)p(0) = p(1h) = pf

struction, so that p7 is well defined.
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Finally, by the same procedure, we define pr : m ¥ — SLy(C) extending p/ such
that pp, = p. Moreover, the resulting morphism A' — X, given by T+ pr must be
nonconstant, unless p = pr, is reducible.

It therefore remains to treat the case where p is reducible. This is elementary;
for the benefit of the reader, we provide a sketch of the argument when P contains
a separating curve a C Y. Writing Yja = ¥; U 3y, up to Jordan equivalence we
may assume that p|X; is lower triangular and not diagonal, while p|¥, is diagonal.
We may then define pr to be any polynomial family of representations such that (i)
prls, = pls, for all T € C, and (ii) pr|s, is upper triangular and not diagonal for
T # 0, with pgls, = pls,- The existence of such a polynomial family pr, with a

nonconstant morphism A! — X, given by T+ py, is clear. O]

5.2.3 Applications

We prove Theorem 5.2 as a corollary of Theorem 5.16.

Theorem 2. There is a closed parabolic subvariety V- C Xy such that every noncon-

stant morphism AL — X}, is mapping class group equivalent to some AL — V.

Proof. For each pants decomposition P of ¥, the condition that p € X;(C) lies in
some parabolic fiber X ,f . 1s evidently nontrivial and algebraic by Theorem 5.16 and
the definition of perfect fibers. In particular, the union of all parabolic fibers of the
form X ,f . for fixed P is a proper closed parabolic algebraic subvariety of Xj. Since
there are at most finitely many isotopy classes of pants decompositions of ¥ up to

mapping class group action, the desired result follows. O

Combining Theorems 5.1 and 5.16, we also immediately obtain Theorem 5.3.
Finally, we record the following consequence of Theorem 5.16. By the uniformiza-

tion theorem, given a marked hyperbolic structure ¢ on ¥ with geodesic boundary
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curves there is a Fuchsian representation p, : m3 — SLs(R) such that the quotient

H?/p,(m1%) of the upper half plane contains (¥, o) as a Nielsen core.

Corollary 5.18. Fvery one-parameter polynomial deformation p; : m3 — SLa(R) of

a Fuchsian representation pg preserving the boundary traces is isotrivial.

Proof. This is immediate from Theorem 5.16 and the observation that a Fuchsian

representation py does not lie in an imperfect fiber X ,f , for any (P, t). ]

5.3 Arithmetic hyperbolic surfaces

In this section, we give a brief discussion of the relationship between the Diophantine
geometry of the moduli spaces X and arithmetic hyperbolic surfaces. In Section
5.3.1, we shall recall some basic results on arithmetic hyperbolic surfaces, including
a characterization of arithmetic lattices in PSLy(R) due to Takeuchi [86] and a result
on their finitude (for bounded covolume) due to Borel [7] and Takeuchi [87]. In the
case of cocompact lattices, the latter result is strictly stronger than what immediately
follows from our analysis. In Section 5.3.2, we mention specific consequences for the
integral points X (Z) of the moduli space for suitable values of k, and discuss the

classical Markoff example where (g,n) = (1, 1).

5.3.1 Arithmetic lattices and their finitude

We begin by recalling the characterization of arithmetic lattices in PSLy(R). A lattice
L < PSLy(R) is a discrete subgroup of finite covolume. Let & C R be a totally real
number field of degree d over Q. Let 7;,---,13 : kK — R be the embeddings of
k such that 7; = id. Let ) be a quaternion algebra over k which is split at ¢; and
ramified at all the other archimedean places of k. The splitting induces an embedding

p:Q — My(R). Let O be an order in @, and let O! be the group of norm one elements
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in 0. The image of p(O') < SLy(R) under the projection SLy(R) — PSLy(R), which
we shall denote L(Q, ), is a lattice in PSLy(R).

Definition 5.19. A lattice L < PSLy(R) is arithmetic if it is commensurable with
some L(Q, Q) as above, and is derived from a quaternion algebra if it is moreover of

finite index in some L(Q, O).

Takeuchi [86] gave the following characterization of arithmetic lattices in PSLy(R).
Given a subset M C PSLy(R), we shall denote tr(M) = {£tr(a) : a € M}, where

tr(a) is the trace of a which is well-defined up to sign.

Theorem 5.20 (Takeuchi). A lattice L < PSLy(R) is arithmetic (up to conjugation)
if and only if it satisfies the conditions (1) and (I1y) below, and is moreover derived

from a quaternion algebra if and only if it satisfies (I) and (Ily).

(I) The trace field K, = Q(tr(L)) C R has finite degree over Q, and tr(L) is

contained in the ring of integers of K.

(I1y) For any field embedding i : K — C which is not the identity on the subfield

K(LQ) C K|, generated by {tr(y)*: v € L}, the set i(tr(L)) is bounded in C.

(I1y) For any field embedding i : K — C which is not the identity, the set i(tr(L))
s bounded in C.

One can show that Kf) = K, where L® is the finite index subgroup of L
generated by {72 : v € L} (see [86]). It follows that a lattice L < PSLy(R) satisfying
condition (I) above is arithmetic if and only if L(® is derived from a quaternion
algebra. We note that an arithmetic lattice L < PSLy(R) is non-cocompact if and
only if L is conjugate to a subgroup of PSLy(Z), or equivalently Kf) =Q.

Quotients of the hyperbolic plane H? by arithmetic lattices in PSLy(RR) are referred
to as arithmetic hyperbolic surfaces. In general, the quotient S; = L\H? of H?

by a lattice L < PSLy(R) is a complete hyperbolic surface of finite area, having
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finitely many cusps and orbifold singularities. By classical works of Fricke and Klein,
the lattice L is generated by hyperbolic elements ay, 1, -+, a4, B, and elliptic or

parabolic elements vy, - -- , 7, with relations

[041,51][049’@]71%:1; foL:]- (7’:17 7”) (52)

where 2 < ¢; < -+ < e, < oo (with ¢; = oo understood as saying that ~; is
parabolic). The sequence (g;es, -+ ,e,) is referred to as the signature of the lattice
L or the hyperbolic surface Sy, and we have

Mzzg—2+i(l_l>'

27 - €;
=1

Let X be a surface of genus g with n punctures, and let X = X (X) be the moduli space
of SLy-local systems on . A diffeomorphism of ¥ onto the complement of orbifold
points on a hyperbolic surface S of signature (g;eq,--- ,e,) gives rise to a conjugacy
class of a representation m % — PSLy(R), whose image is a lattice L < PSLy(R) with
S ~ Sp. Such a representation admits finitely many lifts to SLy(R) up to conjugacy,
and we shall denote by T'(g; ey, - ,e,) C X(R) the set of representations so obtained
over all hyperbolic surfaces S of signature (g;eq,---,e,). Each T'(g;eq, -+ ,e,) is

contained in a finite union of relative moduli spaces X (RR), where the possible traces
k € {2cos(2nr) : r € Q}" C A"(R)

are determined by (g;e1, - ,e,). Each connected component of T'(g;eq, - ,e,) is
isomorphic to the Teichmiiller space of marked hyperbolic (orbifold) structures on ¥
with signature (g;e;,- -+ ,e,), on which the mapping class group descent is classical.
Below, we show how our arguments may be used to derive a finiteness statement for

arithmetic lattices in PSLy(R), which is superseded by a stronger result of Borel [7]
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and Takeuchi [87] discussed further below.

Proposition 5.21. For M > 0 and D > 0, there are only finitely many isomorphism
classes of lattices L < PSLy(R) derived from a quaternion algebra having covolume

Vol(L\H?) < M and trace field degree [Kf, : Q] < D.

Proof. First, given D > 0 and N > 0, there are at most finitely many algebraic
integers of degree at most D all of whose conjugates have absolute value at most N.
It follows that there is a closed discrete subset Ap C R such that we have tr(L) C Ap
for every arithmetic lattice L < PSLy(R) derived from a quaternion algebra with

trace field degree [K7, : Q] < D. A bound on the volume Vol(L\H?) shows that there

are at most finitely many possibilities (g; ey, - - ,e,) for the signature. For each choice
of signature, the set T'(g; e, ,€,) N X(A) consists of at most finitely mapping class
group orbits. The desired result follows. O]

Corollary 5.22. For M > 0 and D > 0, there are only finitely many isomorphism
classes of arithmetic lattices L < PSLy(R) of covolume Vol(L\H?) < M which are

(1) mon-cocompact, or
(2) cocompact with trace field degree [Kp : Q] < D.

Proof. Given an upper bound on the covolume Vol(L\H?), there are only finitely
many possibilities for the signature of L. The index [L : L®] depends only on the
signature of L. The previous proposition shows that there are at most finitely choices
of L® up to conjugation, recalling that Kf) = Q if L is non-cocompact. As noted
in [87], for each choice of L?) the normalizer N; of L® in PSLy(R) contains L%

with finite index. Since L < Nj(2), there are at most finitely choices of L. O

An analogous result is obtained in [12, Theorem 4.3] in the context of arithmetic
hyperbolic surface bundles. For cocompact lattices, the finiteness result of Borel [7]

and Takeuchi [87] below removes the assumption on the trace field degree.
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Theorem ([7],[87]). The collection of volumes of arithmetic hyperbolic surfaces is

closed and discrete in R with finite multiplicities.

We remark that, given a totally real number field £ C R with ring of integers Ok,
it is not necessarily true that a point of T'(g; ey, - ,e,) N X(O) is associated to an
arithmetic hyperbolic surface. This amounts to the observation that there are lattices
in PSLy(R) satisfying condition (I) of Theorem 5.20 but failing (II;); examples are
given in [87]. Thus, the above theorem does not imply the finitude of mapping class
group orbits on T'(g;eq, -+ ,e,) N X(Ok), except in the case k = Q which we shall

discuss in further detail.

5.3.2 Relation to integral points

We now restrict our discussion to the integral points T'(g;eq,--- ,e,) N X(Z). We
shall say that the signature (g;ey,--- ,e,) is of compact type if each e; is finite, and
is of noncompact type otherwise. The following is an immediate consequence of our

discussion in Section 5.3.1.
Proposition 5.23. If (g;e1,- -+ ,e,) is of compact type, T(g;e1,-- - ,e,) N X(Z) = ().

In particular, for k& € A™(Z) such that X,(R) N T(g;e1, - ,e,) # (0 where
(g;e1,--- ,e,) is of compact type, this provides a partial obstruction to existence of
integral points on X} that is not a priori obvious without the moduli interpretation.

If (g;e1,- -+ ,ey,) is of noncompact type, then each point of T'(g;eq,- -, e,) N X(Z)
corresponds to a representation m Y — SLy(R) whose image in PSLy(R) is conjugate
to a finite index subgroup of PSLy(Z). As mentioned in [61], on combining results
of Newman [71] and Moser-Wyman [69] one finds that the number ay of index N

subgroups in PSLy(Z) is asymptotically

NlogN N log N
ay ~ (12my/e) 2 exp (Tg -5 + N2 4 N3 4 gT) '

158



In particular, it follows that, on the moduli spaces Xj(X) as ¥ varies in type (g,n)
with n > 1 and k € {0, £1, £2}" with at least one component of k equal to £2, the
average number of nondegenerate integral orbits grows exponentially in |x(X)]. This
is also not a priori obvious without the moduli interpretation of the varieties Xj(3).

We close this section by discussing the classical Markoff example (g,n) = (1,1).
As discussed in Chapter 2, the moduli space Xj(X) in this case is an affine cubic

algebraic surface with equation

P+ —ayz—2=%k keZ

The geometry and mapping class group dynamics on the set of real points X (R) of the
moduli space is described in [40]. To discuss the point of contact between arithmetic
hyperbolic surfaces and integral points, we shall consider k € {—2,—1,0,1}. For each
such k, Goldman [40] observed that Xj(R) consists of five connected components, each
of which is mapping class group invariant: one component is compact and consists of
unitary representations m > — SU(2) having boundary trace k, while the remaining
four components comprise the locus T'(1,¢) for a suitable signature (1, ¢e) depending
on k. If k € {0, %1}, then e < oo and Proposition 5.23 implies that T'(1,e) contains
no integral point. Thus, any point on X;(Z) for k € {0,41} arises from a unitary

representation, and we indeed find

X_1(Z) =T-{(1,0,0)},
Xo(Z) =T-{(1,1,0)},

X1(Z) = 0.

On the other hand, for £ = —2, by Markoff descent we find that

Xi(Z)=T"-{(0,0,0),(3,3,3),(—3,-3,3),(—3,3,-3),(3,—3,-3)}.
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The compact component of X;(R) in this case is just the singleton {(0,0,0)}. From
this, we find that there exists exactly one arithmetic hyperbolic surface of signature

(1,00) derived from a quaternion algebra, namely, the quotient of H? by the lattice

11 1 -1

1 2 -1 2

which is also called the modular torus in the literature. This is found by noting that
(3,3,3) = | tr ,tr ,tr

We remark that Takeuchi [87] gave a full classification of arithmetic hyperbolic sur-
faces of signature (1, e). In arelated context, Bowditch-Maclachlan-Reid [12] classified
arithmetic once-punctured torus bundles by considering imaginary quadratic integral

points on X (X) for (¢g,n,k) = (1,1, —-2).

5.4 Integral points on curves

5.4.1 Nonintegrable curves

Let ¥ be a surface of type (¢g,n) with 3¢ +n —3 > 0, and let X = X;(X) be a
relative character variety of 3. We shall prove Theorem 5.4 using Corollary 4.16. We
first repeat our definition of integrable subvarieties of X} given in the beginning of

the chapter.

Definition 5.24. An algebraic subvariety V' C X is integrable if there is a pants

decomposition P of ¥ with trp constant along V. Otherwise, V' is nonintegrable.

Theorem 5.4. Let A C C be a closed discrete subset. If C' C Xy is a nonintegrable

geometrically irreducible algebraic curve, then C(A) is finite, with effective bounds on
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sizes of the coordinates.

Proof. Let F be the function field of C' over C. Let 7 : Cy — C' be the normalization

of C, and let Cy be a smooth compactification of Cy. Let

{ph s ,pm} = 60(@ \ Co((C)

be the points at infinity. For each p;, we have a discrete valuation v; on F' given by
order of vanishing at p;. By Corollary 4.16 and our assumption on C', we deduce that
there is an essential curve a; C ¥ such that v;(7*(tr,,)) > 0, meaning in particular that
7*(tr,, ) is bounded on Cj near the point p;. By our hypothesis that C'is nonintegrable,
we may further assume that each tr,, is nonconstant on C'. In particular, for each

i=1,--+,m, setting z; = tr,, m(p;) € C the set
C(A)N{p € C(C) : trplas) = )
is finite. It therefore remains to consider

CANUlp € €€ trplai) = =i}

But by the boundedness of each 7*tr,, near p; and the discreteness of A, the above
set lies in a compact subset. Again by the discreteness of A, this shows that C'(A) is
finite, as desired.

To prove the last assertion, note that the desired curves a; can in principle be
found effectively by simply enumerating and going through the list of all isotopy
classes of essential curves on Y, with Corollary 4.16 guaranteeing the termination of
this procedure. Once these functions are found, the above proof leads to the desired

effective bounds on the sizes of points in C'(A). O

Theorem 5.4 yields a broad generalization and strengthening of the following result
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of Long and Reid [60]. Let M be a finite volume hyperbolic three-manifold with a
single cusp. By the work fo Thruston, its character variety X (M) has as an irreducible
component C (M) containing the faithful discrete representation of w3 M which is an
algebraic curve. As in Section 1.2, let Oy denote the ring of integers of the imaginary

quadratic field Q(v/—d) for each squarefree integer d > 0.
Theorem (Long and Reid [60]). For M as above, the set | ., C(M)(Oq) is finite.

The inclusion of the cuspidal torus 7" — M induces a morphism from C(M)
into the so-called Cayley cubic algebraic surface X (T"), which is isomorphic to X»(X)
where ¥ is a surface of type (1,1). The crucial ingredient in the proof of the above
(60, Lemma 3.4] is that the image of C'(M) in X3(X) is a nonintegrable curve. Given
this, Theorem 5.4 readily recovers the above theorem on the integral points of C'(M),

bypassing a somewhat involved arithmetical argument in [60].

5.4.2 Application of Baker’s theory

In this interlude, we demonstrate a result on certain lattice points lying on algebraic
curves in algebraic tori. We shall obtain it as a straightforward consequence of Baker’s
theory on linear forms in logarithms. Let G,, denote be the multiplicative group, and
let d > 1 be an integer. Let Q C C be the field of algebraic numbers. Fix a sequence

of real algebraic numbers

(21, ,24) € an(@ﬂR)

with each z; # +1, and let I' < G% (Q NR) be the subgroup consisting of elements
of the form (21, 2l) with I; € Z. Let C C G%, be an irreducible algebraic curve

defined over Q, and fix p € G (Q). Our goal is to prove the following.

Proposition 5.25. One of the following holds:
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(1) C(Q) N (T - p) is finite, or

(2) C is a translate of an algebraic subtorus T < G, defined over Q invariant under

some nontrivial z € T'.

Moreover, C(Q) N (I" - p) can be effectively determined.

Proof. We may assume p = (1,--- ,1) up to translation. We proceed by induction on
d > 1. The claim is obvious if d = 1, so we may assume that d > 2. Assuming the
result in the case d = 2, we shall first show below how the general case follows.

Suppose that C'(Q) N T is infinite. Up to rearranging the factors of G¢

s We may

assume that the projection morphism 7 : G¢, — G%1 onto the first d — 1 factors is
nonconstant along C', since otherwise our claim is clear. Now, the Zariski closure C’

of 7(C) in G ! contains infinitely many points lying in the group
[ ={(z, - 2 L e Z) <GLYQNR).

By inductive hypothesis, C’ is a translate of an algebraic subtorus 77 < G%-!, and
C' is preserved by some nontrivial 2/ € I". Up to translation of C' within G¢, we
may assume that ¢’ = T’. Let us also denote by 2/ € G,,(Q N R) the element

corresponding to z’ under the identification 7" ~ G,,. Applying the case d = 2 of the

d

m?

proposition to the immersion C' — T’ x G,, C G%, we see that C is a translate of
an algebraic subtorus in 77 x G,,, which is invariant under some nontrivial element of
(2'y X (zq) < T. This gives the desired result.

It remains to prove the proposition in the case d = 2. We begin by making a
number of simplifying remarks. First, it suffices to prove the proposition with T’

replaced by the monoid

{(21',28) : i € Zo},
since I" is a union of finitely many monoids of the above type (obtained by replacing
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(21, 22) with (2, 25")). Similarly, it suffices to treat the case where |z, [22| > 1,

since we reduce to this case by applying inversions to factors of G2, appropriately.
Let f € Q[X,Y] be an irreducible polynomial defining the Zariski closure of C

in A? under the obvious embedding G2, — A?. In what follows, we shall write

(x,y) = (21, 22) for convenience, so that in particular |z|, |y| > 1 by our assumption

above. Assuming that the set
S ={(m,n) € ZQZO  f@™ y") =0}

is infinite, we shall show that C' is a translate of algebraic torus and is preserved by

some nontrivial z € I'. Let us write
I8
FXY) =) a Xty
i=1

with nonzero a; € Q and d;,e; € Zso, such that (d;, e;) # (d;,e;) whenever i # j.
Note that the number 7 of terms in the above sum is at least 2 since x,y # 0. Upon

relabeling the terms and passing to an infinite subset of .S, we may assume that
(7’ — 1)’&2$d2myezn| > |a1xd1mye1n| > .. > |ar$dTmyern|

for all (m,n) € S. Let ¢ = ged(dy — da, €1 —e2) > 0, and define d, e > 0 to be coprime
integers such that |d; — ds| = gd and |e; — e3] = ge. The above inequalities imply

that there is a constant K > 1 with

<K (*)

for all (m,n) € S. Assigning weights e and d to the variables X and Y respectively,
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let us write

f(X,Y)=9(X,Y)+h(X,Y)

where ¢ is the top degree weighted homogeneous part of f, and the remainder A is
a polynomial of lower degree. We remark that ¢ must include the term a; X“Y*.

Indeed, for any ¢ = 1,--- ,r we must have

‘ai|K—di/d|yn (diet+de;)/d S |CLi(JIm)di (yn)ei

< Jay (&™) ()] < Jag| KDy | hetden/d

Thus, if die + dey < d;e + de;, then |y|™ must be bounded for every (m,n) € S,
and by a similar argument |z|™ must be bounded for every (m,n) € S, which is a

contradiction. We also have

deg(ang2Y62) = dge + d€2 = (dg — dl)e + d1€ + d(€2 — 61) + d61

= (qgde — qde) + (die + de;) = deg(a; XTY*)

by definition, so ¢ also includes the term a;X%Y 2. In fact, we see that a; X%Y® is
a term in ¢ if and only if (d;,e;) = (di + ¢'d,e; — ¢'e) for some ¢’ € Z. This shows

that we can factorize g(X,Y’) as

g(X,Y) = XV [ [y X4 = V)™

J

for some nonzero ¢ € Q and pairwise distinct nonzero aj € Q. Up to relabeling and
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passing to an infinite subset of S, there exists some k£ > 0 with

AL lg (™, y")] 1
(y")° |e(a™)M (ym)# T (g ® —yne)¥i| fyne]
_ i b, )
le(a™ [y )M T Loy (amd fyne) — 1] [yne| b/t v
1 1

ST S max{jzam ey

for every (m,n) € S. Here, we have used the inequality (*). We remark that we must
have oy € Q N R. In particular, there exists M > 1 such that
et _ I
|041|W =1+0 Amax{mat | -
for every (m,n) € S. Taking logarithms and using the fact that |log(1 + &)| < 2[¢|

for every |£] < 1/2, upon passing to a suitable infinite subset of S we have

1
d e -
|log |ou1| + mlog|z®| — nlog |y°|| < N fmax{m,n}"

By Baker’s theorem [1, Theorem 3.1], if log a1 |, log|z¢|, and log |y¢| were Q-linearly

independent, then we would have
|log | + mlog [¢7] — nlog |y°|| > max{m,n} "

for some effective constant D > 0. Therefore, what we have obtained shows that z
and y must be multiplicatively dependent. Let v > 1 be the unique real algebraic
number such that (|z|,|y|) = (v*, ) for positive coprime integers a,b € Z. We may
rewrite () as

Kfl < ,Uadmfben S K.

This shows that adm — ben takes at most finitely many values, and so there is some
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t € Z such that, up to passing to an infinite subset of S, we have adm — ben =t for

all (m,n) € S. Fix (mg,ng) € S. We then have

ad(m — mg) = be(n — ng)

for every (m,n) € S. Since ad and be are coprime, for each (m,n) € S we have

N = Ny, € Z with (m,n) = (mg,ng) + N - (be, ad). Consider now the morphism

O A 5 A?

given by ®(T) = (z™7T¢ y™T?). Note that ® restricts to a morphism G,, — G2,
so that the image of ® is a translation of an algebraic torus. Furthermore, given

(m,n) € S and N = N,,,, as above, we have

@(UNab> — (meUNabe,ynO/UNabd) — (xmo (Uabe)N’ym()(,Uabd)N)

— (xmowbeN’ynoyadN> — (xm’yn).

This shows that the Zariski closure of C' has infinitely many points in common with

the image of ®. This implies that ®(G,,) = C, which is the desired result. O

5.4.3 Integrable curves

Fix a pants decomposition P C ¥. Let I'p be the free abelian subgroup of rank
3g + n — 3 in the mapping class group I'(X) generated by Dehn twists along the
curves in P. The action of I'p on X preserves the fiber X, for each t € X(P,C).
For fixed t = (t1,- -+ ,t391n—3), let us fix a sequence (21, , 2354n—3) € (C*)3F773 of

complex numbers such that

zi+zi’1:ti forall ¢=1,---,3g+n—3.
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Let ', be the subgroup of G3¢7"~3(C) generated by translations by z; (in the multi-
plicative sense) in the ith coordinate. Our discussion in Section 5.1.2 leads us to the

following result.

Proposition 5.26. If X,ft 1s perfect, then there is a morphism
F:GY™ 3 — X[,

of schemes (defined over Q if k and t are algebraic) satisfying the following:
(1) At the level of complex points, F' is surjective with finite fibers,
(2) the action of T, on G¥*"=2 lifts the T p-action on X},.

Proof. We shall describe the map induced by F on the complex points. It will be
conceptually clear from our construction, even if laborious to show, that the map is
induced from a morphism of schemes, and is moreover defined over Q provided that
k and t are algebraic.

To construct F, we first fix an SLy(C)-local system py on X whose class lies in the
fiber X,ft. Let us write P = a; U - - - Uasgyn—3 with each a; a curve, on which we fix a
base point x; € a;. Let a; be a choice of a simple loop based at x; parametrizing a;.
We fix a trivialization of the fiber of p above each x; so that the monodromy along
«; is given by a diagonal matrix of the form

z 0
€ SLy(C). (%)

-1
0 =z

This is possible since t; # 4+2 by our hypothesis that X ,f . is perfect. Setting aside
the case (g,n,k) = (1,1,2) which is elementary, this hypothesis also implies that

the restriction of py to each connected component of X|P is irreducible, and in fact
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determines the isomorphism type of such restriction for every local system p whose
class lies in X},.

Foreachi=1,--- 3g+mn—3, let us denote by a; and a the two boundary curves
on Y|P corresponding to a;, and let (2}, a}) and (2, /) be the corresponding lifts of
(x;, a;), respectively. We shall assume that we have chosen the labelings so that the
interior of ¥|a lies ot the left as one travels alons «. The above observation shows
that any local system with class in X ,5 ; 1s determined by the isomorphisms of local
systems pol,s and pglys compatible with the gluing of @] and @ in 3. For instance,

po itself is the local system determined by the identity isomorphisms

id : :00|a§ = Pola; = Po

",
a;

More generally, an isomorphism of local systems Po’a; ~ p0|a§/ is specified by an
element in the centralizer of the matrix (%) above (namely, the group of diagonal

matrices of determinant one). Thus, we have a map

sending (vy, -+, Usgyn_3) € G 3(C) to the class of the local system determined

by the isomorphisms

V4
1 : pO‘a; = pO‘a;"
0 v

The fact that this is surjective follows from the above discussion. To see that I’ has
finite fibers, note that if we glue the local systems pg|sy on the components of ¥’ of
Y| P along the curves ay, - - - , asg1n—3 in a fixed order, at each stage the resulting local
system is uniquely determined, except possibly when a; is a separating curve in which
case there is a double ambiguity.

Finally, the compatibility of the action of I', with the action of I'p under F follows
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from the our description of lifts of Dehn twists in Section 5.1.2. m
Corollary 5.27. Let X,f:t be a perfect fiber. Then
(1) ITp\X},(A)] < oo for any closed discrete A C R, and

(2) if no coordinate of t € X (P,C) =~ A39T=3 Jjes in [—2,2], then
IPp\Xg 3 (A)] < 00

for any closed discrete A C C.

Proof. Let us write ¢t = (t1,--- ,t35+n—3), and let us first suppose t; ¢ [—2,2] for
each i = 1,--- 39 + n — 3. This shows in particular that each z; (defined above so
that z; + z; ' = ;) has absolute value different from 1. In particular, every point in
G39t"=3(C) is T',-equivalent to a point in a region K C G2¢*"~3(C) which is compact

with respect to the Euclidean topology. Under the map
F: Gt =3(C) — X,ft((C)

constructed in Proposition 5.26, the image of K in X,f ,(C) is compact and hence
has finite intersection with any closed discrete A C C. The equivariance property
of F proved in Proposition 5.26 then implies our claim, when ¢; ¢ [—2,2] for each
1=1,---,3g+n—3.

Let us now assume that A is a closed discrete subset of R. Note in particular that
the components of ¢; may be assumed to lie in A and hence are real, since otherwise
X{,(A) is empty. Now, let us consider the natural morphism

3g+n—3
X,ft(E)—> H lef,ti(zi)
=1

where each ¥; is the surface of type (0,4) or (1,1) obtained by gluing together the
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two boundary curves on Y|P corresponding to a;, and the boundary traces k; are
appropriately determined from k, P, t, and ¥;. The fact that the map F' constructed
in Proposition 5.26 has finite fibers implies that the above morphism also has finite
fibers (at the level of complex points). The claim to be proved thus reduces to the
case where ¥ is of type (0,4) or (1,1). But this is obvious by elementary geometric

considerations (see also the last paragraph in the proof of Theorem 5.1). O

Proposition 5.28. Let C be a geometrically irreducible algebraic curve over Z lying

in a perfect fiber X,ft. Then C(Z) can be effectively determined, and
(1) C(Z) is finite, or
(2) C(Z) is finitely generated under some nontrivial -y € T'p preserving C'.

If moreover C' is not fixed pointwise by any nontrivial v € U'p, the same result holds

with C(Z) replaced by the set of all imaginary quadratic integral points on C.

Proof. Note that t € X(P,Z) ~ Z3™~3. We shall first consider the case where no
coordinate of ¢ lies in [—2,2]. By Corollary 5.27, the set |J,., X} ;(Oq) consists of
finitely many I'p-orbits. Thus, it suffices to consider the intersection of C'(C) with
the orbit of a single point p € J,.0 X/ (Oa)-

Let F: G 3 — X ,5 . be a I'p-equivariant morphism as constructed in the
proof of Proposition 5.26. Let z = (21, -+ , 2351n-3) € G313 be as defined earlier
in this subsection. By our hypothesis on ¢, each z; is a real quadratic integer. Let
C' = F71(C), and choose a point p € F~1(p). Applying Proposition 5.25 to the curve
C' C G393 and projecting the result down to X ,f ;» we obtain the result.

Let us write P = a; U - - - U asgyn—3, and let us denote by ¢; € Z the component
of t corresponding to a;. Based on the above argument, it remains to consider the
case where t; € [—2,2] for some i. Since we must have ¢; € {0, £1}, we see that the

Dehn twist 7,, acts on the fiber X}, with finite order (as seen from the discussion in
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Section 5.1.2), so we need only to consider C(Z). Let ¥; be the surface of type (0,4)
or (1,1) obtained by gluing together the two boundary curves on X|P corresponding

to a;, and consider the composition of morphisms
C— X[,(3) = X, ()

where k; € X (0%;,C) is appropriately determined from k, ¢, and 3;. Note that the
set of real points of X th,(zz) defines a ellipse in an appropriate coordinate plane,
as seen from our discussion in Section 5.2.1. In particular, X}, (3;,Z) is finite, and
if the above composition is nonconstant then we find that C'(Z) is finite, as desired.
It thus remains to consider the case where the above composition is constant. This

implies that the morphism
C — XE(2) = X{y(Z]ar)

(where k', P’, and t' are appropriately determined from k, P, ¢, and a;) must be
nonconstant, as seen from the consideration of the morphism F : G¢*"~ — X', as
constructed in the proof of Proposition 5.26. Thus, we may apply induction and a

straightforward modification of the previous paragraph to conclude the result. O

5.4.4 Proofs of Theorem 5.5 and Corollary 5.6

We obtain Theorem 5.5 by combining Theorem 5.4 for nonintegrable curves with
Proposition 5.28 for integrable curves in Xj. Finally, Corollary 5.6 follows easily
from Theorem 5.5 (and indeed from Theorem 5.4) and our understanding of the

fibers X[, from Section 5.2.1.

172



Chapter 6

Periodic points

Let X be a surface of type (¢g,n). The mapping class group of 3 acts on the moduli
space X = X(X) introduced in Chapter 2. By definition, the periodic points on
X (C) are the points with finite mapping class group orbits. In this chapter, we give
a characterization of the periodic points on X when ¥ has positive genus. We first

state our main result for g > 2.

Theorem 6.A. Let 3 be a surface of type (g,n) with g > 2. Up to semisimplification,

the periodic points in X correspond precisely to the finite representations.

In particular, this gives a dynamical characterization of the finite SLy(C)-local
systems on surfaces of genus g > 2. Let us next define an irreducible representation
m % — SLy(C), or the corresponding local system, to be special dihedral if its image
lies in the infinite dihedral group (recalled in Section 6.2) and there is a nonseparating
simple closed curve a in ¥ such that the restriction of the representation to the

complement »\a is diagonal. We state our main result for g = 1.

Theorem 6.B. Let ¥ be a surface of type (1,n). Up to semisimplification, the peri-

odic points in X correspond precisely to the finite or special dihedral representations.

Theorems 6.A and 6.B show in particular that, for surfaces of genus g > 0, the

representations of m3 with Zariski dense image in SLy(C) have infinite mapping
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class group orbits in the character variety. This suggests an analogy with the result
of Previte-Xia [72] on the topological density of orbits for SU(2)-character varieties
of positive genus surfaces. In contrast, for (g,n) = (0,4) there are periodic points
on the character variety that correspond to representations with Zariski dense image
in SLy(C). This increase in complexity of periodic points may be attributed to the
inverse change in complexity of mapping class groups.

We discuss the literature and motivation behind our results. Character varieties
and their mapping class group actions appear in several different contexts, and the
periodic points often hold special interest.

For (g,n) = (0,4) and (1,1), the periodic points are intimately connected to
the algebraic solutions of Painlevé VI equations. These are a family of nonlinear
second-order ordinary differential equations on the complex plane, whose solutions
have three essential singularities at 0, 1, and co and have no other singularities ex-
cept movable poles. The nonlinear monodromy of the solutions is related to the
mapping class group action on the character variety for (g,n) = (0,4). Using this
connection, Lisovyy-Tyhkyy [59] completely classified the periodic points in this case
as well as the algebraic solutions to Painlevé VI. This was preceded by the work of
Dubrovin-Mazzocco [27], on a special subfamily of equations, which essentially settled
the periodic points for (g,n) = (1,1). See also the work of Hitchin [49] on explicit
constructions of algebraic Painlevé VI’s arising from finite dihedral representations.
Following Boalch [6], the classification of algebraic Painlevé VI may be viewed as a
nonlinear analogue of Schwarz’s list classifying the algebraic solutions to the hyper-
geometric equation of Riemann. The study of periodic points on character varieties
for general (g,n) is a natural extension of this program.

Another source of interest for the finite mapping class group orbits lies in the
Diophantine geometry of the relative character varieties X C X. For (¢g,n) = (1,1),

the subvarieties X}, are (up to the coefficient 3) the level sets of the Markoff cubic
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2?2 + 22 + 22 — 31179w3. Bourgain-Gamburd-Sarnak [10] examined the question of
strong approximation for these affine cubic surfaces, which asks for the surjectivity

of the reduction mod g map

away from an exceptional locus. Their approach is based on showing the transitivity
of the mapping class group action on the nonexceptional locus of X (Z/qZ). A finite
mapping class group orbit over C appears in X (Z/qZ) for infinitely many ¢ by reduc-
tion, and hence must be accounted for as part of the exceptional locus. Classification
of the periodic points therefore arises naturally as part of our program to investigate
strong approximation for general character varieties. Similarly, the classification of
higher-dimensional mapping class group invariant subvarieties of character varieties
is an interesting problem, which leave to future work.

Theorems 6.A and 6.B also verify the case G = SL; of a conjecture of Kisin (See
for instance Chapter 1 of [81]) that, for 7 the fundamental group of a closed surface
or a free group of rank r > 3, the points with finite orbits for the action of the outer
automorphism group Out(m) on the character variety Hom(w, G) / G, for reductive
algebraic groups G, correspond to representations m — G with virtually solvable
image.

This chapter is organized as follows. We begin by recording background on sub-
groups of SLy(C) in Section 6.1. We also introduce the notion of loop configurations
as a tool to keep track of subsurfaces of a surface. In Section 6.2, we deduce the case
(g,m) = (1,1) of Theorem 6.B from the results of Dubrovin-Mazzocco [27]. In Sec-
tion 6.3, we show that Zariski dense representations, i.e. representations with Zariski
dense image in SLy(C), are not periodic in the character variety for surfaces of pos-

itive genus. We prove this using the case (g,n) = (1,1) and the following lemma,
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which may be of independent interest.

Main Lemma. Let 3 be a surface of type (g,n) with g > 1. A representation
m% — SLo(C) is irreducible, resp. Zariski dense, if and only if its restriction to some

embedded surface of type (1,1) is irreducible, resp. Zariski dense.

In Section 6.4, we verify Theorems 6.A and 6.B on the locus of representations

that do not have Zariski dense image in SLy(C), thus completing the proof.

6.1 Background

6.1.1 Subgroups of SLy(C)

Let G be a proper algebraic subgroup of SLy(C). Up to conjugation, G satisfies one

of the following [89, Theorem 4.29]:

(1) G is a subgroup of the standard Borel group

b
B = caeCbeC

(3) G is one of the finite groups BA4, BS,, and BAs, which are the preimages in
SLy(C) of the finite subgroups A, (tetrahedral group), Sy (octahedral group),

and As (icosahedral group) of PGLy(C), respectively.

Remark. The finite subgroups BAy, BSy, BAs of SLy(C) can be explicitly described
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as follows. First, let us identify the group of unit quaternions

Sp(1) = {z = (a,b,c;d) =a+bi+cj+dkeH:|z]|=a*+ b+ +d* =1}

as a subgroup of SLy(C) by the map

a+bi cH+di
z=(a,b,c,d) —

—c+di a—bi

Under the identification, the binary tetrahedral group BA, is given by

BAy = {*1,+i,+j, +k, (£1 +i+j + k)/2}

with all sign combinations taken in the above. The binary octahedral group BSy is
the union of BA, with all quaternions obtained from (%1, 41,0, 0)/v/2 by all permu-
tations of coordinates and all sign combinations. The binary icosahedral group BAs is
the union of BA, with all quaternions obtained from (0, +1, ¢!, +¢)/2 by an even
permutation of coordinates and all possible sign combinations, where ¢ = (14 +/5)/2

is the golden ratio.

The above classification has the following consequence. Given a subset S C G(C)
of an algebraic group G, let Zcl(S) denote the Zariski closure of S. If 7 < G(C) is a
group, then Zcl(m) is an algebraic subgroup of G. We say that 7 is Zariski dense in
G if Zcl(m) = G.

Lemma 6.1. A torsion-free subgroup of SLy(C) is Zariski dense in SLo(C) if and

only if it is not conjugate to a subgroup of the standard Borel group B.

Proof. The only if direction is clear, and we prove the converse. Let 7 be a torsion-
free subgroup of SLy(C) not conjugate to a subgroup of B. This implies that 7 is

nontrivial, and if 7 is not Zariski dense in SLy(C) then up to conjugation it is a
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subgroup of D., BAy, BSy, or BA;. The last three cases are immediately ruled
out by the condition that 7 is torsion-free. If 7 is conjugate to a subgroup of D,
and is not conjugate to a subgroup of B, then there exists an element of m which is

conjugate to a matrix of the form

for some ¢ € C*. But this matrix has order 4, contradicting the hypothesis that = is

torsion-free. Hence, m must be Zariski dense in SLy(C). O
We record the following well-known observations.

Lemma 6.2. Given subgroups ' < m of an irreducible algebraic group G such that

7 7] < 00, we have Zcl(m) = G if and only if Zcl(n') = G.

Proof. The if direction is clear. For the converse, let g1, -+, gy € 7™ be a complete
set of coset representatives for w/7'. Note that Zcl(g;n") = g; Zcl(n') for each i =

1,---, N, and hence

N N N
Zcl(m) = Zcl (U gﬂr') = U Zel(gim') = Ugi Zel(r').
i=1 i=1 i=1
Suppose that Zcl(m) = G. Since G is assumed to be irreducible, we see that G C

g; Zcl(n'") for some g;, which implies that Zcl(7n') = G, as desired.

Lemma 6.3. A pair (a,b) of elements in SLy(C) has a common eigenvector in C?, or

in other words lies in B up to simultaneous conjugation, if and only if tr([a,b]) = 2,

where [a,b] = aba='b7.

Proof. After conjugating a and b by an element of SLy(C), we reduce to one of the

following three cases.
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(1) We have a = 1, where 1 = [} {] is the identity matrix. In this case, (a,b)

obviously has a common eigenvector and tr([a, b]) = tr(1) = 2.

(2) We have a = s[§1] where s € {£1}. Writing b = [}! ?], we have

1 1| |6y D 1 -1 by —b
tr(aba 'b!) = tr b ! ’

0 1| |bs bs| |O 1 —bs by

using the fact that byby — bobs = 1. Hence, we have tr([a, b]) = 2 if and only if

bs = 0, which is equivalent to saying that (a,b) has a common eigenvector.

(3) We have a = [} ,%,] for some A € C*\ {£1}. Writing b= [}! 1*],

b3 by

A0 by b A0 by —b
tr(aba"'b') = tr b ! ’

0 A7H (b by 0 A [=bs b

- 2b1b4 - ()\2 -+ )\72)b2b3.

The condition tr([a,b]) = 2 is then equivalent to bybz(A% + X72 — 2) = 0. Since
AN+ A2 —2= (A= A"1H2 £ 0 by the hypothesis that A # +1, we conclude
that this is equivalent to the statement that by = 0 or b3 = 0, or in other words,

(a,b) has a common eigenvector.
Thus, (a,b) has a common eigenvector if and only if tr([a, b]) = 2. O

Consider the morphism i : C* — SLy(C) given by a — [& %] and inclusion

0a !

J : Do — SLa(C). They induce Out(7)-equivariant maps
ix : Hom(7,C*) - X(C) and j.:Hom(7m, Dy)/Ds — X(C).

Lemma 6.4. We have the following.
(1) The map i, : Hom(mw,C*) — X(C) has finite fibers.
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(2) The map j. : Hom(mw, Dy )/ Do — X(C) has finite fibers.

Proof. (1) Let p1, pa : @ — C* be characters such that gi,(p1)g™ = i.(p2) for some
g € SLy(C). Without loss of generality, we may assume given some a € m such that
p1(a) ¢ {£1}, since otherwise the image of p; is finite and we are done. Writing
g=1[2%] and pi(a) = X with A € C*\ {£1}, we have

a bl |x 0| ]d —b Aad — A"tbe (AL — N)ab

c dl |0 X7 [—¢c a A =AYed A lad — Nbe

For the matrix on the right hand side to be diagonal, we must thus have a = d = 0
orb=c=0since A # £1. If a = d =0, then p, = p;*. If b= c = 0, then p, = ps.
This proves (1).

(2) Let py,p2 : m — D be representations such that gj.(p1)g~' = j.(p2) for
some g € SLy(C). Without loss of generality, we may assume given a € 7 with
trpi(a) ¢ {0,+£2}, since otherwise the image of p; is finite and we are done. Note
that p;(a) must be diagonal. The equation gp;(a)g~ = ps(a) shows that, by the

same computation as above, we have g € D.,. This proves (2). O
We make the following definition.
Definition 6.5. A representation m — SLy(C) is said to be:
(1) Zariski dense if its image is Zariski dense in SLy(C),
(2) diagonal if it factors through i : C* — SLy(C),
(3) dihedral if it factors through j : Dy — SLy(C), and

(4) finite if its image is finite.
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6.1.2 Loop configurations

Let ¥ be a surface of type (g,n). We fix a base point in 3. For convenience, we
shall say that a sequence L = ({1, - ,¥¢,,) of based loops on X is clean if each loop is

simple and the loops pairwise intersect only at the base point.

Definition 6.6. A loop configuration is a planar graph consisting of a single vertex
v and a finite cyclically ordered sequence of directed rays, equipped with a bijection
between the set of rays departing from v is and the set of rays arriving at v. We

denote by L, the loop configuration whose sequence of rays is of the form

(alabla &17b17 e 7agabg7@g7bg>claéla e 7cnaén)7

where a;, b;, ¢; are the rays directed away from v, respectively corresponding to the

rays a;, b;, ¢ directed towards v. See Figure 6.1 for an illustration of L.

Given a clean sequence L = ({1, --- ,£,,) of loops on X, we have an associated loop
configuration £(L), obtained by taking a sufficiently small open neighborhood of the
base point and setting the departing and arriving ends of the loops ¢; to correspond
to each other. For example, if (a1,b1,-- -, a,4,by,¢1,-- -, ¢,) is a sequence of optimal

generators for m3, then

E(alabb e ,CLg,bg,Cl T >Cn) = ‘697"'

Definition 6.7. Let h and m be nonnegative integers. A sequence of based loops
L=l - ,lopm) on X is said to be in (h,m + 1)-position if it is homotopic term-
wise to a clean sequence L' = (¢}, -+ £, ) such that L(L') ~ L}, ,,. We denote by
¥ (L) C X the (isotopy class of a) subsurface of genus h with m + 1 boundary curves
obtained by taking a small closed tubular neighborhood of the union of the simple

curves underlying £7,--- , 5, in ¥.
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Figure 6.1: Loop configuration £ ;
Lemma 6.8. Let (a,b,c) be a sequence of loops on a surface in (1,2)-position.

(1) The following pairs are in (1,1)-position:

(a,b), (a,bec), (ca,b), (ab, be), (ca, cb), (ac, be), (ca, ab).

(2) The triple (¢ *b~1a, b, c) is in (1,2)-position.

Proof. This is seen by drawing the corresponding loop configurations of homotopic
clean sequences. See Figure 6.2 for the loop configurations occurring in part (1), and

Figure 6.3 for the loop configuration of (¢™'b~1a, b, c). O

6.2 Case of one-holed torus

Let ¥ be a surface of type (1,1). Let («, 3,7) be a sequence of optimal generators
for m3. Let X = X(X) be the moduli of local systems defined in Chapter 2. As

mentioned in Example 2.2, we have an isomorphism

(tl"a, tl"g, tl”ag) : X(Z) :) AS

T1,22,T3"

For simplicity, we shall denote the isotopy classes of simple curves lying in the free

homotopy classes of «, 5, and a3 by a, b, ab. Let II be the group of polynomial auto-
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Figure 6.2: Loop configurations for part (1) of Lemma 6.8

morphisms of A% generated by the Dehn transformations 77, 77, and 7, as described
in Lemma 2.5 (with the variables z,y, z replaced by z1,x9,x3). It is precisely the
image of the mapping class group I'(X) in the group of polynomial automorphisms

of X(X) = A3. Let IT' be the group generated by II together with the following

transformations:

012 : (.Tl,ﬂ?Q,xg) = (_xlu —1'2,1'3),
093 (I1,$2,l’3> —> (xl, —T2, —§C3>,

013 : ($1,$2,$3) — (_Ilax% —xs)-
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Figure 6.3: Loop configuration £(c~'b~ta, b, c)

It is easy to see that [II' : TI] < co. Hence, a point in A? has finite IT-orbit if and only

if it has finite IT’-orbit. Now, the group II’ contains the transformations

pr = UlZT:b(T;T;)_l (21, T2, 03) > (=21, T3 — T172, T2),

*

Be = 023T;(TbT;)_l : (5171,3327553) — (933, —T2,T1 — 952553)-

whose joint orbits in A® were studied in Dubrovin-Mazzocco [27, Theorem 1.6], in
connection with algebraic solutions of special Painlevé VI equations. They defined a
triple (z1, 72, 23) € A3(C) to be admissible if it has at most one coordinate zero and

T 4 23 + x5 — 117973 — 2 # 2. The result of [27] we shall use is the following.
Theorem 6.9 (Dubrovin-Mazzocco). The following is a complete set of representa-
tives for the finite (31, B2)-orbits of admissible triples in A3:

(07 _17 _1>7 (07 _17 _\/E)v (O’ _1’ _90)7 (Ov _1v _90_1)7 (07 —¥, _90_1)

where p = (14 +/5)/2 is the golden ratio.

Corollary 6.10. If (x1, 72, 73) € A3(C) is an admissible triple with finite T'(X)-orbit,

then it corresponds to a representation p : w3 — SLo(C) with finite image.

184



Proof of the corollary. Replacing (1, x2,z3) by another triple within its I'(32)-orbit
if necessary, we may assume that (x, z9,x3) is one of the triples in Theorem 6.9 or

its image under one of the transformations o5, g3, or g13. We shall show that

(21, 29, x3) = (tray, trag, tr(ajas))

where aj,as € SLy(C) are elements that together lie in one of the finite subgroups
BA,y, BSy, or BAjs of SLy(C). Since the matrix —1 is contained in every one of these
groups, it suffices to treat the case where (x1, xo, z3) is one of the triples in Theorem
6.9. By explicit computation, we find that the triples in Theorem 6.9 respectively

correspond to traces of the triples of matrices

0 1| |—i(+i) la-a) | [-La+d) —ia-9)
-1 0| |-3(1+i) —-i(1-9) T(1+14) —3(1—19)
0 Sl =] [—31+i) 3(1-1) % U5
_\/%(1%—@') 0 —3(1+14) —3(1—1) Tt~
0 1 -4 Wo+o )| |—3e—e) —3
=1 0| |—3(p—97") -3 3 —3(p+97H)
0 1 [3(1—gi) ¢ 507t —5(1+¢i)
—1 0| | =3¢ —3(+e)| |—3(1—¢i) ¢!
[ i [ -1 1. -1 1
0 1 -5 Stal| |mH ot 3
L0 |5y % S

where ¢ = (1 + /5)/2 is the golden ratio. The matrices for the first triple all lie
in the binary tetrahedral group BA,, the matrices for the second triple all lie in the
binary octahedral group BSy, and the matrices for the remaining three triples all lie

in the binary icosahedral group BAs. In each triple, the third matrix is the product
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of the first two. Thus, each of the triples in Theorem 6.9 correspond to characters of
representations m Y% — SLy(C) (X a one holed torus) with finite image, proving the

corollary. O]

Corollary 6.11. Let 3 be a one holed torus. If p : m¥ — SLy(C) is a Zariski dense

representation, then its mapping class group orbit in X (X) is infinite.

Proof. Let x = (21,12, x3) € A lie in a finite T'(X)-orbit. By Corollary 6.10 above, if
x is admissible then it corresponds to a representation with finite image. If x is not

admissible, then by definition we have one of the following:

(1) at least two coordinates of x are zero, or

(2) 23+ 22 + 22 — 117013 — 2 = 2.
In case (1), suppose that © = (21,0,0). Let A € C* be a complex number such that
A+ "' =2,. We have

A0 0 1 0 A
(x1,0,0) = | tr ,tr  tr

0 At -1 0 D N |
showing that x corresponds to the character of a representation with image in Dy.
The cases where x = (0,22,0) or (0,0,x3) are treated similarly. Lastly, if case (2)
occurs, then by Lemma 6.3 the point = corresponds to the character of a reducible

representation. This gives the desired result. ]

6.3 Zariski dense representations

Let ¥ be a surface of type (g,n) with g > 0. Given a pair (a,b) of based loops in
(1,1)-position on ¥, there is an embedding ¥(a,b) C 3 of a surface of type (1, 1),

i.e. a one holed torus. Up to isotopy, every embedding of a one holed torus is of the
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form X(a,b) for some choice of (a,b). For a representation p : m¥ — SLy(C), let
p|%(a, b) denote the representation m%(a,b) — SLy(C) obtained by restriction. We

shall now restate and prove the irreducibility part of the Main Lemma.

Proposition 6.12. Let ¥ be a surface of type (g,n) with g > 1. A representation
p: m% — SLo(C) is irreducible if and only if there is an embedded one holed torus
Y(a,b) C X such that p|X(a,b) is irreducible.

Proof. The if direction is clear, and we now prove the converse. Let us fix a repre-
sentation p : m(S) — SLy(C) whose restriction to every embedded one holed torus
is reducible. In this proof, given a € m X we shall also denote by a the matrix
p(a) € SLy(C) for simplicity. The statement that p|¥(a, ) is reducible for an embed-
ding ¥(a,b) C ¥ associated to a pair (a,b) of loops in (1, 1)-position is equivalent to
saying that the pair (p(a), p(b)) of matrices in SLy(C) has a common eigenvector in
C2.

Throughout, we shall be using the following observation: if a € SLy(C) \ {£1},
and if z,y, z € C? are eigenvectors of a, then at least two of them are proportional;

in notation, x ~ y, x ~ z, or y ~ z. First, we prove the following claim.

Claim. Any triple (a,b,c) of loops on 3 in (1,2)-position has a common eigenvector

under the representation p.

Let (a,b,c) be in (1,2)-position. Each of the following pairs is in (1, 1)-position

by part (1) of Lemma 6.8, and has a common eigenvector by our hypothesis on p:

(a,b), (a,bc), (ca,b), (ab, bc), (ca, cb), (ac, be), (ca, ab).

If ab = £1, then since (a,bc) has a common eigenvector we find that (a,b,c) has a
common eigenvector, as desired. Henceforth, assume that ab # £1. Now (a, b, ab) has

a common eigenvector, say x; (ab,bc) has a common eigenvector, say y; and (ca, ab)
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has a common eigenvector, say z. Since ab # +1, we must have

T~Y, T~Z, O Y~z

where the relation ~ indicates that the two vectors are proportional. If the first case
occurs, then (a, b, bc) has a common eigenvector, and hence (a, b, ¢) does, as required.
If the second case occurs, then (a, b, ca) has a common eigenvector, and hence (a, b, ¢)
does, again as required. Henceforth, assume that the third case occurs, so that (be, ca)
has a common eigenvector.

Now, suppose first that tr(a) = £2. Up to conjugation, we have the following

possibilities.

(1) We have a = £1. Since (b,c) has a common eigenvector, this implies that

(a,b,c) has a common eigenvector, as desired.

(2) We have

Since (a,bc) and (a,b) each have a common eigenvector, bc and b must be
upper triangular, and hence c is upper triangular. Thus (a, b, ¢) has a common

eigenvector.

It remains to treat the case tr(a) # £2. As (a,bc) has a common eigenvector, by

Lemma 6.3 we have

tr(a)? 4 tr(bc)* 4 tr(abc)® — tr(a) tr(be) tr(abc) — 2 = 2

and this implies that we cannot have tr(bc) = tr(abc) = 0. After conjugation of p by

an element of SLy(C), we have one of the following three cases.
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(1)

(2)

We have bc = +1. This implies that b = +c¢~!. Since (a,b) has a common

eigenvector, we are done.

We have
1 1
bc =+
0 1

Since (a,bc) and (be, ca) each have a common eigenvector, a and ca are upper
triangular, and hence c is upper triangular. This in turn implies that b is upper

triangular, and we are done.

We have

A
bc =

0 At

. AeC\ {£1}.

Since (a, be), (be, ca), and (ab, be) each have a common eigenvector, at least two
of a, ab, ca must be simultaneously upper or lower triangular. Let us assume that
a is upper triangular; the case where a is lower triangular is dealt with similarly.
If ab is also upper triangular, this implies that b is also upper triangular, in
turn c¢ is upper triangular, and we are done. Hence, we may assume ab is lower

triangular. Similarly, we may assume that ca is lower triangular. Since we have

(ab)(ca) = a(bc)a

with left hand side lower triangular and right hand side upper triangular, abca

is diagonal. Writing
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we compute

X x(pA + A"
0 p2At

a(bc)a =

which implies that = 0 or tr(abc) = pA + A~ '™ = 0. If z = 0, that is, a is
diagonal, then we find that b and ¢ are lower triangular, and we are done. The
case tr(abc) = 0 still remains; note the hypothesis that tr(bc) # £2 implies that
tr(a) # 0, and hence we have tr(a), tr(bc) # 0.

Hence, we have shown that if (a,b,c) is in (1,2)-position then (a,b,c) has a
common eigenvector, except possibly if tr,, tr(bc) # 0 and tr(abc) = 0. But
in this exceptional case, since (¢c™'b~1a, b, c) is in (1,2)-position by part (2) of

Lemma 6.8, and since

(tr(c v ta), tr(be), tr(c v abe)) = (tr(a) tr(be) — tr(abe), tr(be), tr(a))

= (tr(a) tr(be), tr(be), tr(a))

has none of the coordinates zero, running the same argument as above with
(a,b,c) replaced by (¢ 'b'a,b,c) we find that (¢ 'b~'a,b,c) has a common

eigenvector. But then (a, b, ¢) also has a common eigenvector, as required.

Thus, we have proved our claim. To prove the proposition, we use the following induc-

tive argument. Let (ay, a9, - -, Gag-1,A2g, Q2g+1, - - - , G24+,) be an optimal sequence of

generators of mX. We show that (aq,--- ,a941,) has a common eigenvector. For

simplicity of arguments we may assume that at least one element in each pair

(a1,az),- -+, (a2gflv a2g)

is not equal to £1; for if some pair is of the form (a,b) with a,b € {£1} we may
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simply skip over that pair in the considerations below.

If (g,n) = (1,0), then we are done since every representation m% — SLy(C) is
abelian. We thus assume (g,n) # (1,0). By our claim, (ai,az,a3) has a common
eigenvector. Assume next that 4 < k < 2g +n and (ay,--- ,a5_1) has a common
eigenvector x € C?. We show that (ai,---,a;) has a common eigenvector. We

consider the following cases.

(1) k=5,7,-+-,2g—1,or k =29+ 1,29+ 2,---,29 +n. The triple (ay, as, aj) is

in (1,2)-position, and hence has a common eigenvector y by our claim.

Assume now first that a; # £1. Given any 3 < j < k, note that (a;, aza;, ax)
is in (1,2)-position and hence has a common eigenvector by our claim, say y;.

Since a; # £1, we must have

r~y, T~Y; Oor Y~y

If one of the first two occurs, then we conclude that (aq,-- - ,ax) has a common
eigenvector z, as required. Thus, we are left with the case y; ~ y for every
3 < j < k. But this implies that (ay, as, asa;, a;) has a common eigenvector v,
which is thus shared also by a;. Thus, y is a common eigenvector of (ay, - -, az),

as desired.

Now, suppose that a; = £1, and hence ay # £1. Given any 3 < j < k,
we observe that (ag,a;'asa;, ax) is in (1,2)-position and hence has a common

eigenvector, say y;. Since ay # 1, we must have

r~y, T~Y;, Oor Y ~y.

If one of the first two occurs, then we conclude that (ay,--- ,ax) has a common

eigenvector z, as required. Thus, we are left with the case y; ~ y for every 3 <
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j < k. But this implies that (ai, as, aflaQQj, ar) has a common eigenvector v,
which is thus shared also by a;. Thus, y is a common eigenvector of (a4, - - - , a),

as desired.

(2) k=4,6,---,2g. First, consider the case where a;_; = +1. It then suffices to
show that the sequence (aq,- -, ax_2,ax) has a common eigenvector. This can
be shown by repeating the argument the previous case (1) above. Thus, we may
assume that a;_; # £1. Note that, for each integer m with 2m < k, by our

claim we have:

e a common eigenvector wy, of (ax_1, ag, asy), and

e a common eigenvector z,, of (ar_1,ag, azm_1).

Since aj_1 # £1, we must have

T~ Wy, TN Zym, OF Wy ~ Zny.

If one of the first two occurs, then conclude that (aq,--- ,ax) has a common
eigenvector x, and we are done. Thus, we are left with the case where w,, ~ z,,
for every 2m < k. Note in this case that w,, is a common eigenvector of
(@om—1, 2m, A1, ax). Comparing the vectors x, w,,, and w,, for different m, m/,

we are in turn reduced to the case w,, ~ w,, for all m,m’, in which case

(ay,--- ,ax) has a common eigenvector wy, as desired.
Thus, (ai,---,ar) has a common eigenvector. This completes the induction, and
shows that (ai,--- ,az+,) has a common eigenvector, proving the proposition. O

Remark. A corollary of the above proof is that, fixing a optimal set of generators
of m %, we can (in principle) give an explicit finite set of equations for the locus of

reducible characters on X (%), in the case where the genus of ¥ is at least 1.
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We recall the following lemma of Selberg.

Lemma (Selberg). Let K be a field of characteristic zero. Given a finitely generated

subgroup m < GL,,(K), there exists a torsion-free finite index subgroup ©" < .

Corollary 6.13. Let ¥ be a surface, and let p : m> — SLo(C) be Zariski dense

representation. There exists a finite covering f : X' — X such that the pullback

p'=po f.:mM — SLy(C)

has Zariski dense image which is moreover torsion-free.

Proof. Applying Selberg’s lemma, there exists a finite-index subgroup 7’ of p(mX)
which is torsion-free. Since p(m3) is Zariski dense in SLy(C) by hypothesis, 7’ is also
Zariski dense in SLy(C) by Lemma 6.2. The subgroup p~!(7’) < 72 has finite index,
and hence there is a corresponding finite covering f : ¥ — ¥ with m¥' ~ p~ (7).

The representation p' = p o f, satisfies the desired properties. O

Let ¥ be a surface of type (g,n) with g > 1. We restate and prove the Zariski

density part of the Main Lemma.

Proposition 6.14. Let ¥ be a surface of type (g,n) with g > 1. A representation
p:m3 — SLo(C) is Zariski dense if and only if there is an embedded one holed torus

T C X such that the restriction p|T is Zariski dense.

Proof. The if direction is clear. Let p : m¥ — SLy(C) be a representation with
Zariski dense image. By Corollary 6.13, there exists a finite covering f : 3" — ¥ such
that p” = po f. : m¥"” — SLy(C) has Zariski dense image which is moreover torsion-
free. By Proposition 6.12, there is an embedding i : >’ — 3" of a one holed torus
such that i*(p”) is irreducible. Since Imi*(p”) < Im p” is torsion-free, we conclude by

Corollary 6.1 that i*(p”) has Zariski dense image.
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The composition foi: Y — X presents > as a finite covering of the image
7= foi(¥).

The induced map on the quotient topological spaces >'/9%" — 7/07 is a branched
covering of closed surfaces possibly ramified only at one point (corresponding to the
boundary component of ). By equipping the quotients suitably with complex struc-
tures and using the Riemann-Hurwitz formula, we conclude that /01 has genus one,
and hence 7 is a one holed torus. Writing j : 7 — X for the immersion, we have
f*3*(p) = t*f*(p) which is Zariski dense, and hence we conclude that j*(p) is Zariski

dense, as desired. O

Combining Corollary 6.11 and the Main Lemma, we obtain the following. Let X

be a compact oriented surface of genus g > 0 with n boundary curves.

Proposition 6.15. If a representation p : m3 — Slo(C) is Zariski dense, then its

mapping class group orbit in X (X) is infinite.

Proof. Let p : m¥ — SLo(C) be Zariski dense. By the Main Lemma, there exists
an embedded one-holed torus ¥’ C ¥ such that the restriction p|X’ is Zariski dense.
By Corollary 6.11, the I'(X')-orbit of p|¥ in X (¥’) must be infinite. A fortiori, the
['(X)-orbit of p in X (X) is infinite. O

We also record the following consequence of the above analysis.

Corollary 6.16. Let X be a surface of type (g,n) with g > 1. The locus of Zariski

dense representations in X (X) is a Zariski open set.

Proof. Let us write X (X)z,, C X(X) for the locus of Zariski dense representations.
Proposition 6.14 shows that X (X)z., = Uj(j*)_l(X(E’)Zar) where j : ¥ — ¥ runs
over all embeddings of one holed tori into ¥. Thus, we are reduced to proving the

result for a one holed torus.
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Suppose that > is a one holed torus. It suffices to show that, for G = B, D,
BA,, BSy, or BAs, the locus of characters of representations p with p(m¥) C G (up
to conjugation) is Zariski closed in X (3). This is clear if G is one of the finite groups
mentioned, as the locus consists of finite points.

We have (tr, try, tre) : X(2) ~ A3, Under this identification, the locus in ques-

tion corresponding to G' = B is the closed subset of A3 defined by the equation
tr2 4 tr2, + t12, — tr, try tre, —2 = 2.

On the other hand, for G = D, the locus in question is the union of three lines
{tr, = tr, = 0}, {tr, = tre, = 0}, and {tr,, = tr, = 0}, and hence is closed. This

proves the corollary. O

6.4 Sparse representations

Let 3 be a surface of type (g,n) with ¢ > 1. Let X denote the character variety
of ¥. In this section, we prove Theorems 6.A and 6.B on the locus of points on
X corresponding to representations with non-Zariski-dense image. On the locus of
finite representations, the claim is clear. In view of Lemma 6.4, it only remains to

understand the finite mapping class group orbits on
Hom(m¥,C*) and Hom(mX, Dy)/Deo.
Lemma 6.17. Assume X is of type (g,n) with g > 1. A representation p : m% — C*

has finite mapping class group orbit in Hom(m X, C*) if and only if it has finite image.

Proof. The if direction is clear, and we now prove the converse. Let p : m> — C*
be a representation with finite mapping class group orbit in Hom(m X, C*). Let

(a1,b1,--+ ,aq4,bg,¢1,- -+ ,¢,) be the optimal generators of m¥X. Assume first that
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n =0 or 1. We have a short exact sequence
0 — Hom(m¥, Z) — Hom(m 2, C) “22™ Hom(m 3, C*) — 0

which is I'(X)-equivariant. The mapping class group action on Hom(m %, Z) and
Hom(m ¥, C) ~ Hom(m X, Z) ® C is linear, factoring through the quotient I'(X) —»
Sp(2g,7Z) where Sp(2g,7Z) is the integral symplectic group. Let us choose a lift p €
Hom(m X, C) of p. Let v € Sp(2¢g,Z) be an element such that none of its eigenvalues

are roots of unity. By hypothesis, there exists k > 1 with v*- p = p, or in other words
v*. p = p mod Hom(m X, Z).

Setting p' = % - p — p € Hom(m 3, Z), we see that p = (7% —1)7p’ € Hom(m %, Q)
since the integral matrix 7% — 1 has nonzero integral determinant and is therefore
invertible over Q. In particular, exp(2mip) = p must be torsion, showing that the
image of p is finite if n < 1, as desired. Thus, only the case n > 2 remains. Since
(a1,b1,--- ,a4,by) is in (g, 1)-position, the above analysis shows that p(a;) and p(b;)

are roots of unity for i = 1,--- , g. Similarly, we see that the sequence
Li= (al’ by, » g1, bgfla g, bgci)

is in (g, 1)-position for every i = 1,--- n. Since p restricted to the surface ¥(L;)
must have finite I'(X(L;))-orbit, p(c;) is a root of unity for i = 1,--- ,n as well. This

shows that p has finite image, as desired. O]

Lemma 6.18. Assume X2 has genus g > 2. A representation p : w15 — Do, has finite

mapping class group orbit in Hom(m X, Do)/ Do if and only if it has finite image.

Proof. The if direction is clear, and we now prove the converse. Let p: m> — D

be a representation with finite mapping class group orbit in Hom(m%, Do)/ Dys.. We
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have a short exact sequence 0 — C* — D, — Z/27Z — 0, where the morphism

Do — Z/2Z is given by

— 0 and — 1 forall c e C*.

This give us a I'(3)-equivariant map

Hom(m X, D)/ Doo — Hom(m X, Z/27).

The fibre of this map above the zero homomorphism consists of those points given
by diagonal representations, to which Lemma 6.17 applies, noting that the map
Hom(m %, C*) — Hom(m ¥, Dy)/Dys has finite fibers. It suffices to consider the

case where p : m 2 — D, is not in the fiber over the zero homomorphism. Let

(alabla"' 7ag7bgacla'“ 7Cn>

be the optimal generators of m¥. Note that L = (a1,b1, -+ ,a,4,by) is in (g,1)-

position, and we have a I'(X(L))-equivariant morphism

Hom(mX,7Z/27) — Hom(m X(L),Z/27).

The action of I'(X(L)) on Hom(m X (L), Z/27Z) factors through the projection

['(X(L)) — Sp(2¢9,Z/27Z).

From the transitivity of Sp(2g,Z/2Z) on (Z/2Z)* away from the origin, it follows
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that, up to I'(X)-action, we may assume that

plar) =1 and p(bi) = plaz) = -+ = p(by) =0

where p is the image of p in Hom(mX,7Z/27). Up to conjugation by an element in

D, we may moreover assume that

0 1
plar) =
-1 0
It suffices to show that the entries of the matrices p(b1), p(az), p(b2), - - -, p(ay), p(by),
p(c1), ---, p(cn) are roots of unity. Let iy < --- < 4, be precisely the indices in
{1,---,n} such that p(c;,) = 0. Since
L/ - (a2a b27 s, Qg b97 Cipy aciqa bl)

is in (g — 1, ¢ + 2)-position and the restriction of p to 3X(L') is diagonal, we see that
p(br), plaz), p(ba), -+, plag), p(by), -+, p(ciy), -+, plci,) are torsion by Lemma 6.17.
Let us now take ¢ € {1,--- ,n} \ {i1, - ,i,}. The restriction of p to the subsurface

Y(ciay, by) of genus 1 with 1 boundary curve is diagonal. Writing

0 A
plci) =
-2t 0
with \; € C*, we have
0 A 0 1 -\ 0
p(cia;) = =
A0 [-1 0 0 =X

It follows from Lemma 6.17 that \; is a root of unity. This completes the proof that
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the entries of p(b1), p(az), p(b2), - -+, play), p(by), plc1), - -+, p(c,) are roots of unity,

and hence the image of p is finite, as desired. ]
Definition 6.19. A representation p : m% — D, is special dihedral if:

(1) it is irreducible, and

(2) there is a nonseparating curve a in ¥ such that p|(X \ a) is diagonal.

Lemma 6.20. Let X be a surface of genus 1 with n > 0 boundary curves. Let
p:mY — Do be special dihedral. Given a pair of loops (a,b) in (1,1)-position on 3,

at least one of p(a) and p(b) is not diagonal.

Proof. Let p € mX — Dy, be special dihedral. Assume toward contradiction that
(a1,b1) is a pair of loops in (1, 1)-position on ¥ with both p(a;) and p(b;) diagonal.
We can complete (ay, by) to a sequence of optimal generators (ay, by, ¢, -+, ¢,) of m 2.
Since p is special dihedral, the matrices p(c1), -, p(¢,) must be diagonal (noting that
diagonality of a matrix is not changed under conjugation by an element in D). This

implies that p is in fact diagonal, contradicting the hypothesis that p is irreducible. [

Lemma 6.21. Let ¥ be a surface of genus 1 with n > 0 boundary curves. A repre-
sentation p : m3 — Dy has finite mapping class group orbit in Hom(m X, Ds)/Deo

if and only if it is finite or special dihedral.

Proof. The same argument as in Lemma 6.18 shows that if p : m>¥ — D, has
finite I'(X)-orbit in Hom(m X, Dy )/ Dy then p is finite or special dihedral. Let now
p:m2 — Dy be a special dihedral representation. We shall show that p has finite
mapping class group orbit in Hom(m X, Dy )/Ds, or equivalently in the character
variety X (X).

The coordinate ring R(X) of the character variety is finitely generated by the trace

functions tr, for a finite collection of essential curves a in > and the boundary curves,
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in view of Fact 2.1 and the property of optimal sequence of generators. Therefore, it

suffices to show that the set

{trp(a) : a C ¥ essential curve} C C

is finite. Let (ay,by, -+ ,a4,by,¢1,- - ,¢,) be optimal generators of mX. Since p is
special dihedral, it follows that p(c1), - -, p(c,) are diagonal matrices. Suppose a is
a separating simple closed curve in ¥ underlying a loop in the free homotopy class
of ¢;, - - - ¢;, for some integers iy < --- < i in {1,--- ,n}. Since p(¢;) are diagonal for
i=1,---,n it follows that tr p(a) lies in a finite set that only depends on the traces
trp(cy), -+ -, trp(e,). But now, every separating simple closed curve in ¥ is sent to
one of the above form by some mapping class group element. Since the mapping
class group action preserves the special dihedral representations, and since it fixes
the traces trp(c1), - -, trp(c,), we conclude that {trp(a) : a C X separating curve}

is finite.

Figure 6.4: Building new loops out of old ones

It remains to show that {trp(a) : @ C ¥ nonseparating curve} is finite. Let ag
be a nonseparating curve in ¥ such that the restriction p|(X \ ap) is diagonal; such
a curve exists since p is special dihedral. Let b be a nonseparating curve in ¥. Up
to isotopy, we may assume that b intersects a only finitely many times. If b does not
intersect ag, then b C X\ ap and hence tr p(b) can take only finitely many values as
pl(2\ ag) is diagonal.

If b intersects a exactly once, then we must have tr p(b) = 0 by Lemma 6.20. Let
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us now assume that b intersects ag more than once. Let us choose a parametrization
of b. Since b is nonseparating, there must be two neighboring points of intersection
of ap and b where the two segments of b have the same orientation, as in Figure 6.4.
The operations as in Figure 6.4 produce for us a new simple closed curve o' which is
also nonseparating, as well as a pair (¢, ¢’) of simple loops in (1, 1)-position on ¥. We

have the trace relation

tr p(b) = tr p(c) tr p(c') — tr p(b).

By Lemma 6.20, we have tr p(c) tr p(¢’) = 0, and therefore tr p(b) = —tr p(¢'). Note
furthermore that o’ intersects ag in a smaller number of points than b does. Applying

induction on the number of intersection points, we thus conclude that

{trp(a) : @ C ¥ nonseparating curve}

is finite. This completes the proof that special dihedral representations have finite

mapping class group orbits in X. O

The above lemmas combine together to give us the following result.

Proposition 6.22. Let 3 be a surface of type (g,n) with g > 1. Let p : m ¥ — SLy(C)
be a semisimple representation whose image is not Zariski dense in SLy(C). Then
p has a finite mapping class group orbit in X (X) if and only if one of the following
holds:

(1) p is a finite representation, or

(2) g =1 and p is special dihedral up to conjugation.

6.4.1 Proof of Theorems 6.A and 6.B

Theorems 6.A and 6.B immediately follow by combining Propositions 6.15 and 6.22.
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