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Abstract

In this thesis, we study applications and connections of Voevodsky’s theory of motives

to stable homotopy theory, birational geometry, and arithmetic. On the one hand,

we show that we can use the stable ∞-category of Voevodsky motives to develop

a theory of integration similar to classical motivic integration. We show that this

theory allows us to circumvent some of the complications of classical motivic integra-

tion that obstruct the path to concrete arithmetic and geometric results. One main

application of this part is that up to a common direct sum, K-equivalent smooth

projective k-varieties have the same integral Chow motives (once we invert the expo-

nential characteristic of k), partially answering a conjecture of Chin-Lung Wang. In

addition to generalizing a theorem of Kontsevich on the equality of Hodge numbers of

K-equivalent smooth projective complex varieties, we show that such varieties have

isomorphic integral singular cohomology groups and that K-equivalent complex vari-

eties have isomorphic rational mixed Hodge structures. On the arithmetic side, we

show that K-equivalent smooth Fq-varieties have isomorphic `-adic Galois representa-

tions (up to semi-simplification). Furthermore, we connect this theory of integration

of Voevodsky motives to the existence of motivic t-structures for geometric Voevodsky

motives; we show that if the expected motivic t-structure on rational geometric Vo-

evodsky motives exists, then K-equivalent smooth projective varieties, in particular

birational Calabi-Yau smooth projective varieties over a field admitting resolution of

singularities, have equivalent rational (Chow) motives. This implies that all cohomol-

ogy theories (considering only the group structures) agree for K-equivalent varieties.

We also connect this to a conjecture of Orlov concerning bounded derived categories

of coherent sheaves. The other part of this thesis is concerned with if classical stable

homotopy theory in algebraic topology sits inside stable motivic homotopy theory

over an algebraically closed field. We show that up to inverting the exponential char-

acteristic, the latter subsumes the former theory. In order to do this, we construct a
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stable étale realization functor. As a consequence of this construction, we also prove

a homotopy theoretic generalization of the étale version of the Suslin-Voevodsky com-

parison theorem comparing étale and motivic cohomology, both with suitable torsion

coefficients.
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Chapter 1

Introduction

In the past twenty years, the theory of Voevodsky motives and the homotopy theory

of schemes have provided us with new tools for attacking problems in geometry,

arithmetic, and topology. An example of such an achievement is the proof of the

Bloch-Kato conjecture by Voevodsky ([80],[82],[84],[85],[86]). It gives a description

of Galois cohomology groups in terms of Milnor K-theory, a very concrete object.

These theories have also led to new results and techniques regarding `-independence

([23],[73]), new results in algebraic K-theory ([22]), new results on vector bundles and

their algebraicity ([4],[5],[6],[7]), and new methods in computations of stable stems

([32]). One reason Voevodsky constructed his triangulated categories of motives

was to answer a wish of Beilinson and Deligne for a category that behaves like the

derived category of the hypothetical abelian category of mixed motives. Afterall,

this would suffice for defining cohomology. Though it is still unknown if the trian-

gulated category of rational geometric Voevodsky motives has a motivic t-structure

(and so contains the desired abelian category of mixed motives as the heart of

the motivic t-structure), it is clear that this triangulated category and its variants

provide us with tools to obtain new results in a large number of areas of mathematics.
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In this thesis, we focus on two connections of Voevodsky’s theory of motives to

other areas of mathematics. The first is an application of the stable ∞-category

of Voevodsky motives to birational geometry, arithmetic, and questions on derived

categories of coherent sheaves. On the other hand, we also study the connection of

stable motivic homotopy theory to classical stable homotopy theory.

1.1 Arithmetic and Geometry of K-equivalent Va-

rieties

Calabi-Yau varieties are of great importance to both mathematicians and physicists.

They show up in string theory as objects of interest as well as in the classifica-

tion of varieties in the minimal model program. In 1996, Batyrev used the Weil

conjectures and p-adic integration to prove that two birational smooth projective

Calabi-Yau complex varieties (an instance of K-equivalent varieties) have the same

Betti numbers [13]. Later, Kontsevich generalized this by proving that they, in

fact, have the same Hodge numbers [57]. Kontsevich circumvented the Weil con-

jectures by using his theory of motivic integration, developed shortly afterwards

by Denef and Loeser [30]. We now describe the classical theory of motivic integration.

Let k be an algebraically closed field of characteristic zero. Consider the Grothendieck

group of k-varieties K0(Vark), a group encapsulating the idea of cutting and pasting

k-varieties. Precisely, it is defined as the free abelian group on isomorphism classes

of k-varieties modulo the subgroup generated by relations of the form [X]− [U ]− [Z],

where Z is a closed subvariety of a k-variety X with open complement U . In fact,

fiber product of varieties over k induces a ring structure on this group. Because of
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encapsulating the idea of cutting and pasting, this group or ring is called the group

or ring of virtual motives, depending on whether we care about the ring structure or

not. Let L be the class of the affine line. By construction, every additive function on

the category of k-varieties factors through the group K0(Vark). Motivic integration

allows us to understand the class of k-varieties X, [X], inside a completion M̂k of

the ring Mk := K0(Vark)[L−1]. Given D an effective divisor of a smooth k-variety

X, motivic integration spits out an element

∫
J∞(X)

L−ordDdµX ∈ M̂k.

This assignment satisfies two important properties. The first is the transformation

rule. Precisely, suppose X and Y are smooth k-varieties, f : Y → X is a proper

birational morphism over k with relative canonical divisor KY/X , and suppose D ⊂ X

is an effective divisor. Then

∫
J∞(X)

L−ordDdµX =

∫
J∞(Y )

L
−ordf−1D+KY/X dµY .

The other is an easy computation that

∫
J∞(X)

L−ord∅dµX = [X].

These properties allow us to study the class of k-varieties in M̂k that are related

via sequences of resolutions of singularities. For example, suppose X and Y are K-

equivalent smooth k-varieties, that is, they are smooth k-varieties such that there is a

smooth k-variety Z and proper birational morphisms πX and πY such that π∗XKX =

π∗YKY :

Z
πX

~~

πY

  

X // Y.
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Examples of K-equivalent complex varieties are birational smooth projective complex

varieties with nef canonical divisors. If k admits resolution of singularities, then bira-

tional smooth projective Calabi-Yau k-varieties are K-equivalent. The two important

properties of motivic integration above imply that

[X] =

∫
J∞(X)

L−ord∅dµX

=

∫
J∞(Z)

L−ordKZ/X dµZ

=

∫
J∞(Z)

L−ordKZ/Y dµZ

=

∫
J∞(Y )

L−ord∅dµY = [Y ]

in M̂k. Indeed, K-equivalence implies that KZ/X = KZ − π∗XKX = KZ − π∗YKY =

KZ/Y . The Deligne-Hodge polynomial encodes the Hodge numbers of varieties, and

factors through M̂k. Using this, one can show that the Hodge numbers of X and

Y are equal. In summary, Kontsevich along with the theoretical joint work of Denef

and Loeser on motivic integration proved the following theorem.

Theorem 1.1.1 (Kontsevich [57], Denef-Loeser [30]). If X and Y are two K-

equivalent complex varieties, then [X] = [Y ] in M̂C. In particular, they have the

same Hodge numbers.

A few natural and important questions arise.

Question 1.1.2. We know that [X] = [Y ] in M̂C, but do we have this equality in

MC?

The answer to this question is not known. In fact, the following conjecture is of great

importance to classical motivic integration.

Conjecture 1.1.3. The completion map Mk → M̂k is injective.
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This is a conjecture in classical motivic integration whose validity would allow us

to deduce more refined information about classes of varieties. The reason this is

the case is that not every map out of Mk factors through M̂k. For example, the

counting measure Cq : K0(VarFq)[L−1] → Q does not factor through the completion.

Indeed, qn/Ln → 0 in the topology of the completion while Cq(q
n/Ln) = 1. This

is one reason it is difficult to deduce arithmetic information using classical motivic

integration. There has been some progress in this direction by Loeser and Cluckers

[25], for example. They develop a different kind of motivic integration that allows

them to refine Kontsevich’s theorem above to saying that [X] = [Y ] in K0(VarC)

localized with respect to the classes L and 1− Ln, n ≥ 1.

We no longer assume that k is algebraically closed or of characteristic zero. As

a result, we can also ask about arithmetic data.

Question 1.1.4. What if we want even more refined information? What if we were

asking about the arithmetic relationship between X and Y that are K-equivalent? Do

X and Y have the same `-adic Galois representations (up to semi-simplification)? If

k is a finite field, do X and Y have the same zeta functions?

Through the work of Voevodsky, we now know that the triangulated category

DMeff
gm(k;R) of geometric effective Voevodsky motives is a rich category also encap-

sulating the idea of ”cutting and pasting” k-varieties. As a result, we may ask the

following question.

Question 1.1.5. Suppose X and Y are K-equivalent smooth k-varieties. Is it true

that [M(X)] = [M(Y )] in K0(DMeff
gm(k))?

If this is true, we would have a motivic result using which we have an affirmative

answer to the above arithmetic question. Indeed, there are realization functors from

Voevodsky motives to (the derived category of) `-adic sheaves, mixed Hodge struc-

tures, etc. whenever they make sense. Let us make the following convention from

now on.
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In the context of the second chapter, unless otherwise stated, whenever we speak of a pair of a field k and a

commutative ring R, we assume that k is a field admitting resolution of singularities or whose exponential

characteristic is invertible in the commutative ring R.

In the second chapter, I construct a theory of integration for Voevodsky mo-

tives with R-coefficients taking values in a group M(k;R) close to the group

K0(lim←−n DMeff
gm(k;R)/DMeff

gm(k;R)(n)), where the limit is a limit of stable ∞-

categories. This theory has the feature that the natural map

K0(DMeff
gm(k;R))→M(k;R)

is injective! (See proposition 2.3.8.) As the analogous statement in motivic integra-

tion, conjecture 1.1.3, is open as of today, the injectivity of this map allows us to

deduce new (concrete) results. The idea is that one main source of complications

in classical motivic integration is the fact that the completion is taken at the ring-

theoretic level. However, Voevodsky motives allow us to stay on the categorical level

as much as possible, and eventually take advantage of the flexibility that categories

have over rings in this case. Additionally, this theory of integration of Voevodsky

motives comes equipped with a transformation rule that allows us to understand how

our integrals change with respect to proper birational morphisms (see theorem 2.3.25).

Using this new theory of integration, we obtain the following answer to the last

question above.

Theorem 1.1.6 (Theorem 2.4.1). If X and Y are K-equivalent smooth k-varieties,

then [M(X)] = [M(Y )] in K0(DMeff
gm(k;R)).

A conjecture of Chin-Lung Wang [88] related to the above question is as follows.

Conjecture 1.1.7. If X and Y are K-equivalent smooth projective complex varieties,

then X and Y have the same integral Chow motives.
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Using our theorem 1.1.6 above along with Bondarko’s weight structures [20], we give

the following partial answer to his conjecture.

Theorem 1.1.8 (Theorem 2.4.2). If X and Y are K-equivalent smooth projective k-

varieties, then there is an effective Chow motive P ∈ Choweff(k;R) such that M(X)⊕

P 'M(Y )⊕ P .

Note that Chow motives sit inside geometric Voevodsky motives. As corollaries, we

obtain the following consequences.

Corollary 1.1.9 (Corollary 2.4.4). If X and Y are K-equivalent smooth projective

k-varieties, then they have the same rational numerical motives.

Corollary 1.1.10 (Corollary 2.4.5). If k admits resolution of singularities and X

and Y are birational smooth projective Calabi-Yau k-varieties, then there is an effec-

tive integral Chow motive P ∈ Choweff(k;Z) such that M(X) ⊕ P ' M(Y ) ⊕ P in

Choweff(k;Z) ↪→ DMeff
gm(k;Z).

An example of a concrete consequence is the following.

Theorem 1.1.11 (Theorem 2.4.7). If X and Y are K-equivalent smooth projective k-

varieties with k of characteristic zero with k ↪→ C an embedding, then H∗(Xan;Z) '

H∗(Y an;Z) as graded abelian groups.

Remark 1.1.12. Mark McLean has recently claimed a proof that birational Calabi-

Yau complex manifolds admit Hamiltonians with isomorphic Hamiltonian Floer co-

homology algebras after a certain change of Novikov rings. From this, he can deduce

that birational Calabi-Yau manifolds have isomorphic integral singular cohomology

groups.

Theorem 1.1.13 (Theorem 2.4.9). If X and Y are K-equivalent smooth k-varieties,

then they have the same `-adic Galois representations (up to semi-simplification). In

particular, in the case k = Fq, two such Fq-varieties have the same zeta functions.
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If Fq admits resolution of singularities, then all of this is true for X and Y that are

birationally equivalent smooth projective Calabi-Yau Fq-varieties.

This last theorem answers our arithmetic questions. One last corollary to our theo-

rem 1.1.6 is the following.

Corollary 1.1.14 (Corollary 2.4.10). If X and Y are K-equivalent complex varieties,

then they have the same classes of integral mixed Hodge structures in K0(MHSZ). By

the semisimplicity of polarizable rational mixed Hodge structures, two such varieties

have the same rational mixed Hodge structures.

This recovers the well-known result of Kontsevich mentioned earlier (and that of

Batyrev) as a special case.

This work is also related to the very important question of the existence of a

motivic t-structure. First, a direct consequence of theorem 1.1.8 is the following.

Theorem 1.1.15 (Theorem 2.4.12). Suppose Choweff(k;R) is a Krull-Schmidt cate-

gory. Then for X and Y K-equivalent smooth projective k-varieties, the Chow motives

of X and Y in Chow(k;R) are equivalent.

See definition 2.4.11 for the definition of Krull-Schmidt categories. Intuitively, it

means that we can uniquely, up to permutation, decompose objects into a direct sum

of indecomposables.

When working with rational coefficients, the previous theorem is related to the

previous theorem and the existence of a motivic t-structure on rational geometric

Voevodsky motives.

Theorem 1.1.16 (Theorem 2.4.18). Suppose the motivic t-structure conjecture is

true for DMgm(k;Q). Then if X and Y are K-equivalent smooth projective k-varieties,

M(X)Q 'M(Y )Q.

8



Since it is expected that there is a motivic t-structure, it is reasonable to make the

following conjecture.

Conjecture 1.1.17. If X and Y are K-equivalent smooth projective k-varieties, then

M(X)Q 'M(Y )Q.

Clearly, this is the rational version of the conjecture 1.1.7 above of Wang (generalized

to arbitrary characteristics); however, even the above rational version is not known.

Note that in the case of birational smooth projective Calabi-Yau complex varieties,

we have the following conjecture due to Bondal and Orlov that is in the same spirit.

Conjecture 1.1.18 (Bondal-Orlov [17]). If X and Y are birational smooth projective

Calabi-Yau complex varieties, then DbCoh(X) ' DbCoh(Y ).

There is also the following conjecture of Orlov.

Conjecture 1.1.19 (Orlov [74]). If X and Y are smooth projective complex varieties

such that DbCoh(X) ' DbCoh(Y ), then M(X)Q 'M(Y )Q.

Though conjecture 1.1.19 has been met with skepticism, it is still reasonable to expect

the validity of conjecture 1.1.17. The hope is that by categorifying this new theory

of integration of Voevodsky motives, one may be able to unconditionally prove the

equivalence M(X)Q ' M(Y )Q for K-equivalent smooth projective k-varieties. The

difficulty is in setting up the theory so that the transformation rule becomes valid

categorically, not just in myM(k;R) which is close to a Grothendieck group. Finally,

a result of Kawamata combined with theorems 1.1.6 and 1.1.8 allows us to obtain new

results on the connections between D-equivalence and Chow motives. For example,

we show the following.

Theorem 1.1.20 (Theorem 2.4.26). Then for X and Y smooth projective com-

plex varieties such that κ(X) = dimX or κ(X,−KX) = dimX, DbCoh(X) '

DbCoh(Y ) =⇒ M(X)⊕ P 'M(Y )⊕ P for some integral Chow motive P .

9



Theorem 1.1.21 (Theorem 2.4.27). Suppose the motivic t-structure conjecture is true

for DMgm(C;Q). Then for X and Y smooth projective complex varieties such that

κ(X) = dimX or κ(X,−KX) = dimX, DbCoh(X) ' DbCoh(Y ) =⇒ M(X)Q '

M(Y )Q.

1.2 Comparison of stable homotopy categories

In [69], Morel and Voevodsky initiated the homotopy theory of schemes with the

hope of introducing topological ideas into algebraic geometry. As mentioned in the

introduction, this theory along with its stabilization with respect to smashing with

P1 has had many applications in algebraic geometry and homotopy theory. Just as in

algebraic topology where we have a triangulated category of spectra Spt whose objects

roughly represent generalized cohomology theories in topology, in the motivic world

over a base scheme S we have a triangulated category of motivic spectra Spt(S) whose

objects roughly represent generalized motivic cohomology theories like algebraic K-

theory. In the topological world, we impose that smashing with S1 is an equivalence,

while in the motivic world we impose that smashing with P1 is an equivalence. Each

topological spectrum can be represented by a sequence of objects (Xn)n with weak

equivalences

Xn
∼−→ ΩXn+1.

In the motivic world, the natural replacement of topological spaces is the notion of

motivic spaces. We can take the∞-category of pointed sheaves on the site (Sm/S)Nis,

(where Nis indicates that we are working with respect to the Nisnevich topology) and

localize with respect to the projections X ×S A1
S → X. We obtain the ∞-category

Spc∗(S) of pointed motivic spaces over S. We then have the stable ∞-category of

10



motivic spectra

Spt(S) := limn

(
. . .

ΩP1
S−−→ Spc∗(S)

ΩP1
S−−→ Spc∗(S)

)
,

a limit in the ∞-category of ∞-categories with morphisms right adjoint functors. Its

objects are sequences of motivic spaces (Xn)n with equivalences

Xn
∼−→ ΩP1

S
Xn+1.

In Spc∗(S), we have the homotopy pushout square

Gm,S
//

��

A1
S ' S

��

S ' A1
S

// P1
S

.

Therefore, P1
S ' S1 ∧Gm,S in Spc∗(S). In the category of topological spectra Spt, we

inverted smashing with S1, while in the motivic world we inverted both smashing with

S1 and Gm,S. Since Spt(S) is motivic while Spt is topological, we ask the following

natural question.

Question 1.2.1. To what extent is the natural functor cS : Spt → Spt(S) induced

by the constant presheaf functor fully faithful? In other words, does motivic stable

homotopy theory encapsulate classical stable homotopy theory? What happens as the

base S varies?

On a philosophical level, we are asking about the relation between the motivic world

and the topological world. On a more practical level, such full faithfulness results

could help in computing stable stems using stable motivic homotopy theory. Levine

proved the following theorem.
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Theorem 1.2.2 (Levine, [63]). Suppose k is an algebraically closed field of charac-

teristic zero. Then for S = Spec k, cS is fully faithful.

In the second part of this thesis, we use étale homotopy theory to prove the following

generalization of his theorem to arbitrary characteristics.

Theorem 1.2.3 (Theorem 3.6.1). Let k be an algebraically closed field of exponential

characteristic p. Then

c[1/p] : Spt[1/p]→ Spt(k)[1/p]

induced by the constant presheaf functor is fully faithful.

By definition, the exponential characteristic is 1 if k has characteristic zero; otherwise

it is equal to the characteristic. Suslin and Voevodsky have proved the following

comparison theorem between motivic and étale cohomology.

Theorem 1.2.4 (Suslin-Voevodsky [81]). If X is a finite-type k-scheme, and N > 1

is an integer coprime to the characteristic of k, then

Hsus
n (X;Z/N) := H∗,0(X;Z/N) ' H∗ét(X;Z/N)∗,

where ∗ denotes the Pontryagin dual.

Using the techniques for proving the above theorem on full-faithfulness, we generalize

this comparison theorem of Suslin and Voevodsky to the following homotopy theoretic

result.

Theorem 1.2.5 (Generalized Suslin-Voevodsky, theorem 3.7.1). Suppose k is an

algebraically closed field of exponential characteristic p, E ∈ Spteff(k)tor is an effective

torsion motivic spectrum, and ` 6= p is a prime. Then

Ét`∗ : πn,0(E)(k)⊗ Z` → πn

(
Ét`(E)

)
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is an isomorphism.

On the other hand, if k is not algebraically closed, then c need not be fully faithful.

For example, Heller and Ormsby have proved the following theorem.

Theorem 1.2.6 (Heller-Ormsby, [43],[44]). If k is real closed, then there is a fully

faithful functor

SptC2 → Spt(k)

from the ∞-category SptC2 of C2-equivariant spectra.

In light of these results, we ask the following question.

Question 1.2.7. If k is a field, does Spt(k) contain a category of Gal(ksep|k)-

equivariant spectra as a full subcategory?

In order to precisely formulate this question, one should find the appropriate ∞-

category of equivariant spectra with profinite group actions. Barwick has developed

an equivariant stable homotopy theory with profinite group actions [12], which may

help in precisely formulating this question.
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Chapter 2

Integration of Voevodsky motives

2.1 Introduction

Let k be a perfect field and R a commutative ring. Suppose throughout that k either

admits resolution of singularities or its characteristic is invertible in the coefficient

ring R. In this chapter, we take inspiration from classical motivic integration and

its wealth of applications to birational geometry to develop a theory of integration

for Voevodsky’s mixed motives. Though the core goals of the theory are the same,

we construct it so that it circumvents some of the complications of classical motivic

integration.

After setting up the foundations, we use our theory to connect the theory of

Voevodsky motives to birational geometry and classical questions on derived cat-

egories of coherent sheaves. The first main theorem proved in this chapter is the

following.

Theorem 2.1.1. If X and Y are K-equivalent smooth k-varieties, then [M(X)] =

[M(Y )] in K0(DMeff
gm(k;R)).
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Recall that two smooth k-varieties X and Y are said to be K-equivalent if there

is a smooth k-variety Z along with proper birational morphisms f : Z → X and

g : Z → Y such that f ∗KX = g∗KY . Examples of K-equivalent complex varieties

are birational smooth projective complex varieties with nef canonical divisors. If

k admits resolution of singularities, then birational smooth projective Calabi-Yau

k-varieties are K-equivalent.

As a consequence, we obtain the following stronger result using Bondarko’s weight

structures [20].

Theorem 2.1.2. If X and Y are K-equivalent smooth projective k-varieties, then

M(X)⊕ P 'M(Y )⊕ P in DMeff
gm(k;R) for some Chow motive P .

Note that (effective) Chow motives sit inside (effective) geometric Voevodsky motives,

and so the above is also a statement about effective Chow motives with coefficients

in R. This is of great philosophical imporatance because it gives a partial answer to

the following conjecture of Chin-Lung Wang.

Conjecture 2.1.3 (Chin-Lung Wang [87]). If X and Y are K-equivalent smooth

projective complex varieties, then they have isomorphic integral Chow motives.

What theorem 2.1.2 says is that at least up after direct summing with a common

Chow motive, this conjecture is true. We will come back to this conjecture later in

the introduction.

Note that theorem 2.1.1 has, as a particular consequence, the equality of Hodge

numbers of K-equivalent complex varieties, which is a theorem due to Kontsevich

[57]. We prove the following

Corollary 2.1.4. If k is of characteristic zero and X and Y are K-equivalent smooth

projective k-varieties, then H∗(Xan;Z) ' H∗(Y an;Z).
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Of course, a special case of this corollary is when X and Y are birational Calabi-Yau

complex varieties.

Remark 2.1.5. Mark McLean has recently claimed a proof that birational Calabi-Yau

complex manifolds admit Hamiltonians with isomorphic Hamiltonian Floer cohomol-

ogy algebras after a certain change of Novikov rings. From this, he can deduce that

birational Calabi-Yau manifolds have isomorphic integral singular cohomology groups.

We also have the following new arithmetic result.

Corollary 2.1.6. If X and Y are K-equivalent smooth projective k-varieties,

then H∗(Xk̄;Z`)ss ' H∗(Yk̄;Z`)ss as graded Galois representations (up to semi-

simplification).

As a particular consequence, if k = Fq, then X and Y have the same zeta functions.

If Fq admits resolution of singularities, then two birational Calabi-Yau Fq-varieties

have the same `-adic Galois representations (up to semi-simplification), and so also

the same zeta functions.

Recall the notion of a Krull-Schmidt category.

Definition 2.1.7 (Krull-Schmidt category). An R-linear additive category C is said

to be a Krull-Schmidt category if every object is a finite direct sum of objects with

local endomorphism rings.

The Krull-Schmidt theorem says that an object in a Krull-Schmidt category has a

local endomorphism ring if and only if it is indecomposable. Furthermore, it also

say that any object is uniquely, up to permutation, a direct sum of indecomposable

objects. Many examples of Krull-Schmidt categories come from abelian categories in

which every object has finite length. A concrete example is the category of finitely

generated modules over a finite R-algebra, where R is a commutative Neotherian

local complete ring (e.g. Z`). It is not known if the category of effective Chow

16



motives over a field k with R-coefficients Choweff(k;R) is a Krull-Schmidt category,

even if k is of characteristic zero and R = Q.

Using theorem 2.1.2, we can prove the following.

Theorem 2.1.8. Suppose Choweff(k;R) is a Krull-Schmidt category. Then for X

and Y K-equivalent smooth projective k-varieties, the Chow motives of X and Y in

Chow(k;R) are equivalent.

In particular, if Choweff(k;Z[1/p]), where p is the exponential characteristic of k, is

a Krull-Schmidt category, then conjecture 2.1.3 is true at least after inverting p.

If there is a motivic t-structure on rational geometric Voevodsky motives, then

Chow(k;Q) is a Krull-Schmidt category. As we will see, a consequence of the

existence of a motivic t-structure is the following theorem.

Theorem 2.1.9. Suppose the motivic t-structure conjecture is true for DMgm(k;Q).

If X and Y are two K-equivalent smooth projective k-varieties, then M(X)Q '

M(Y )Q.

The existence of such a motivic t-structure for rational geometric Voevodsky motives

is a central conjecture in Voevodsky’s theory of motives, and if it is not true then his

theory is inadequate. For the statement of the motivic t-structure conjecture, see sec-

tion 2.4.2. Note that the category of rational (effective) Chow motives embeds fully

faithfully into the triangulated category of rational (effective) geometric Voevodsky

motives (Voevodsky [83], corollary 4.2.6), and so the conclusion is equivalent to the

equivalence of rational Chow motives. As particular consequences, this theorem im-

plies that the existence of a suitable motivic t-structure on DMgm(k;Q) implies that

K-equivalent smooth projective k-varieties have isomorphic rational noncommutative

motives, rational `-adic Galois representations, rational mixed Hodge structures (if
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defined), rational Chow groups, and rational algebraic K-groups.

Recall the following standard defintion.

Definition 2.1.10 (D-equivalence). Two k-varieties X and Y are said to be D-

equivalent if their bounded derived categories of coherent sheaves are equivalent as

k-linear triangulated categories.

Another consequence of the integration of Voevodsky motives is that we can prove a

theorem pertaining to a conjecture of Orlov [74]. Indeed, we have the following.

Corollary 2.1.11. If X and Y are D-equivalent smooth projective complex varieties

such that either κ(X) = dimX (general type) or κ(X,−KX) = dimX, then M(X)⊕

P 'M(Y )⊕ P in DMeff
gm(k;Z) for some Chow motive P ∈ Choweff(k;Z).

In particular, if integral (rational) Chow motives form a Krull-Schmidt category, then

we have M(X) ' M(Y ) (respectively, M(X)Q ' M(Y )Q). In particular, this would

be the case if there is a motivic t-structure.

Remark 2.1.12. It is known that if X and Y are D-equivalent k-varieties with ample

or anti-ample canonical bundles, then X and Y are isomorphic [18]. When they have

ample canonical bundles for example, we are in the setting of varieties of general type.

The proof of the above is an easy consequence of our main theorem. Indeed, for

smooth projective complex varieties of general type, Kawamata [55] has proved

that D-equivalence implies K-equivalence. See theorem 2.4.27. As far as the author

knows, this is the first time the existence of a motivic t-structure or Chow motives

forming a Krull-Schmidt category has been connected to this conjecture of Orlov.

One reason we obtain stronger concrete results inaccessible to classical motivic

integration is that an advantage of our theory is that it comes equipped with a
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natural injective map

cR : K0(DMeff
gm(k;R))→M(k;R),

where M(k;R) is an abelian group in which our integrals will land. In classical

motivic integration, the analogous injectivity statement is only conjectural, and

so our path to more refined information encounters great complications. In our

theory of integration, however, M(k;R) is constructed fine enough so that our theory

comes equipped with a transformation rule analogous to that in classical motivic

integration, but not too fine so that it would be difficult to have the injectivity of cR

above. As stated above, we use this to show that K-equivalent smooth k-varieties

have motives whose classes are equal in K0(DMeff
gm(k;R)). In particular, if k admits

resolutions of singularities, then this is the case for classes of integral motives of

birational smooth projective Calabi-Yau k-varieties. In the final section, using our

main theorem, we deduce concrete information about the geometry and number

theory of K-equivalent varieties. We note that the strongest result in this direction

previously known is that in characteristic zero a theory of motivic integration due to

Cluckers and Loeser gives the equality of classes of K-equivalent complex varieties

in the localization of K0(Vark) with respect to the classes of the affine line and the

classes of all projective spaces [25]. Consequently, in some sense, our theory not

only gives stronger motivic results in characteristic zero, but it also works in positive

characteristics. Another advantage of working with Voevodsky motives is that we

are now able to use Bondarko’s weight structures [20] to deduce results about Chow

motives that were inaccessible to classical motivic integration. Furthermore, we are

able to connect important questions in the theory of motives to K-equivalence.

Let us recall why the idea of motivic integration is important by recalling the
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history behind the theory. To mathematicians as well as physicists, the classification

of Calabi-Yau varieties is important. Batyrev proved that two birationally equivalent

smooth projective Calabi-Yau complex varieties have the same Betti numbers [13].

This result dating to 1996 was used by Beauville to explain the Yau-Zaslow formula

counting the number of rational curves on K3 surfaces [14]. Such results are also

used to bound Hodge numbers of elliptic Calabi-Yau varieties [31], used to prove the

log canonical threshold formula [33],[71], and prove transfer principles that allow the

study of the Fundamental Lemma in the Langlands program [26], [27].

Roughly, Batyrev’s proof of the equality of Betti numbers of birational smooth

projective Calabi-Yau complex varieties goes as follows. Choose a lift of the two

varieties to the maximal compact subring B of an appropriately chosen local field,

and suppose its maximal ideal is q and its residue field is isomorphic to the finite

field Fq of characteristic p. Count the number of Fq-points on the varieties using

p-adic integration with respect to canonical measures induced by gauge forms on the

two varieties (gauge forms exist because the varieties are assumed to be Calabi-Yau).

By showing that the p-adic integrals in the setup can be computed on dense open

subsets of the varieties, he showed via the transformation rule for Haar integrals that

the reduction modulo q of the models have the same number of Fq-points. By doing

the same process with cyclotomic extensions of A, he showed that they have the

same number of Fqn-points. Concisely, the zeta functions of the reductions modulo

q are the same. By using the Weil conjectures proved by Deligne [28], he concluded

that they have the same Betti numbers. This method suggested to the author that

something motivic is going on in the background. Indeed, it turns out to be the case.

On the other hand, it was conjectured that two such varieties in fact have the

same Hodge numbers. This generalizes the result of Batyrev; indeed, given this

20



result, the decomposition theorem in Hodge theory implies the result of Batyrev. On

December 7 1995, Kontsevich gave a lecture at Orsay envisioning a theory of motivic

integration to prove the stronger statement that two such complex varieties have the

same Hodge numbers [57]. In fact, he proved the following more general result.

Theorem 2.1.13 (Kontsevich [57], Denef-Loeser [30]). If X and Y are K-equivalent

smooth projective complex varieties, then they have the same Hodge numbers.

Kontsevich’s idea of using motivic integration in the proof of his theorem is based

on the following observation. Hodge numbers are encoded by the Deligne-Hodge

polynomial. In the case of a smooth projective complex variety X, the polynomial is

given by

E(X) =
∑
i,j

(−1)i+jhi(X; Ωj
X)uivj ∈ Z[u, v].

For general smooth complex varieties, this is defined using mixed Hodge structures.

The Deligne-Hodge polynomial has the property that it can be viewed as a function

on the Grothendieck ring of complex varieties K0(VarC). In his lecture in Orsay in

1995, Kontsevich envisioned a theory of motivic integration that allows us to prove

that the classes in a completion of K0(VarC)[L−1] (L := [A1] the Lefschetz motive)

of two K-equivalent complex varieties are equal. The Deligne-Hodge polynomial

extends to this completion, from which the result follows.

In 1996, a preprint of Denef and Loeser containing such a construction of mo-

tivic integration was circulating in the mathematical community. This construction

was published in 1999 [30]. The advantage of this proof is that it not only circumvents

the usage of the Weil conjectures proved by Deligne and used by Batyrev, but it

gives a stronger result in the sense that two such complex varieties have the same

value on any function on the aforementioned completion of the Grothendieck ring

of varieties with the Lefschetz motive inverted. We remark that later on Chin-Lung
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Wang in 2002 [87] and Tetsushi Ito in 2004 [53] independently proved this result on

Hodge numbers by using p-adic Hodge theory to refine Batyrev’s proof [53].

Motivic integration is by now a highly developed theory with many applica-

tions in birational geometry. In the classical theory of motivic integration, motivic

integrals take values in a completion M̂k of K0(Vark)[L−1] for suitable k. Since not all

motivic measures factor through this completion, we cannot deduce all the results we

want. For example, the counting measure Cq : K0(VarFq)[L−1] → Q does not factor

through the completion. Indeed, qn/Ln → 0 in the topology of the completion while

Cq(q
n/Ln) = 1. This is one reason it is difficult to deduce arithmetic information

using classical motivic integration. Therefore, often it is needed to know that the

motivic integrals computed take values is a proper subring of M̂k. Unfortunately, it

is unknown if the natural map from K0(Vark)[L−1] to its completion M̂k is injective.

On the other hand, there have been improvements to classical motivic integration

in characteristic zero in this direction; however, the integrals still take values in the

localization of K0(Vark) with respect to the classes of the affine line and the classes

of projective spaces [25]. Such problems have been central to the theories of motivic

integration developed using the Grothendieck ring of varieties.

The elements of K0(Vark) are called virtual motives because this ring encapsu-

lates the idea of cutting and pasting k-varieties. On the other hand, it is by now

clear that the formalism of mixed motives à la Voevodsky is a better framework for

thinking about motives because they are∞-categories carrying a very rich structure.

For example, they are stable ∞-categories that come with six functors formalisms.

Moreover, there are realization functors to derived categories of `-adic sheaves, mixed

Hodge structures, etc. The fact that Voevodsky motives are categorical as opposed

to ring-theoretic roughly means that they are richer in information and flexibility.
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We will see that developing a theory of integration for Voevodsky motives has its

advantages.

It should be pointed out that it is not clear to the author how the two theo-

ries of motivic integration relate to one another beyond both being the same in

philosophy. One main goal of motivic integration theories based on K0(Vark)[L−1] is

proving equality of classes in this ring; however, as previously mentioned, to a great

extent this is not achieved. Since Voevodsky motives are richer than virtual motives,

contrary to classical motivic integration, we are able to show that our theory comes

equipped with a natural injective map cR : K0(DMeff
gm(k;R)) → M(k;R) into the

target M(k;R) of our theory of integration (see proposition 2.3.8). We will be able

to use this injectivity result to obtain new information about classes of geometric

motives in K0(DMeff
gm(k;R)), not just in M(k;R). If we want to study more concrete

structures like `-adic Galois representations and mixed Hodge structures, having

equality in either K0(DMeff
gm(k;R)) (or K0(DMgm(k;R))) or K0(Vark)[L−1] is good

enough. We must note that however, the natural morphism

K0(VarC)[L−1]→ K0(DMgm(C;Q))

induced by sending X to πX! 1X , where πX : X → Spec C is the structure morphism

of X, has a nontrivial kernel. Indeed, for g ≥ 2, there are abelian g-folds A such that

End(A) ' Z and A 6' Â := Pic0(A). [A]− [Â] is a nonzero element of K0(VarC)[L−1]

that maps to zero because A and Â are isogenous and so have equivalent rational

Chow motives. (For details, see [52].) As a result, equality in K0(VarC)[L−1] is

more refined than equality in K0(DMgm(C;Q)). That being said, what is clear is

that using Voevodsky motives allows us to circumvent many of the deficiencies of

classical motivic integration that prevent us from obtaining stronger concrete results
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in geometry and arithmetic.

This part of the thesis grew out of an attempt to construct a categorified mo-

tivic integration taking values in some refinement of DMgm(k;R). This categorified

version, though, requires a better understanding of the geometric side of motivic

integration, and is an ongoing project. If we manage to develop a categorified motivic

integration, then we will be able to make theorem 2.1.9 independent of the existence

of a motivic t-structure. We may even be able to prove an integral version of this

unconditional version, a conjecture of Chin-Lung Wang [88].

2.2 Conventions and Preliminaries

Throughout this chapter, the pair (k,R) will be such that k is a perfect field of

exponential characteristic p that admits resolution of singularities or has char-

acteristic invertible in the commutative ring R. When k admits resolution of

singularities, we can take coefficients in Z as opposed Z[1/p]. For us, a Calabi-Yau

k-variety X is one whose canonical bundle ωX is trivial. Henceforth, we will use

the language of ∞-categories as developed in [65] and [67]. In particular, homotopy

(co)limits will be called (co)limits. Note that if C0 is an ordinary category, we abuse

notation and still write C0 instead of its (classical) nerve N(C0) which is an ∞-

category. Classical (co)limits in C0 correspond to ∞-categorical (co)limits in N(C0),

and so this convention will not cause confusion when dealing with ordinary categories.

In the rest of this section, we recall the definition of Jet schemes and prove some

of its properties. Furthermore, we discuss the essentials of the stable ∞-category

of mixed motives in the sense of Voevodsky, and discuss its properties that will be
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important in this chapter. Everything in this section is known, and is discussed here

only for the convenience of the reader and to fix the notation.

2.2.1 Jet Schemes

In this subsection, we give the definition and some of the properties of Jet schemes.

Proposition 2.2.1. Suppose X is a k-scheme of finite type. For each n ≥ 0, there

is a k-scheme Jn(X) of finite type representing the functor

Z 7→ Mork(Z ×k Spec k[[t]]/(tn+1), X).

For a proof, see [39] and [40]. For n ≥ m, k[[t]]/(tn+1) → k[[t]]/(tm+1) induces a

morphism of k-schemes

πnm : Jn(X)→ Jm(X).

These are all affine morphisms, and so we have a k-scheme

J∞(X) := lim←−
n

Jn(X).

We sometimes use X∞ as a substitute notation for J∞(X). We shall call this the Jet

scheme of X, and we let

πXn : J∞(X)→ Jn(X)

be the natural projection. We know that J∞(X) has the property that for each

Z 7→ Mork(Z ×k Spec k[[t]], X),

and that πXn is induced by the ring homomorphism k[[t]]→ k[[t]]/(tn+1).
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Jet schemes are higher order versions of tangent spaces. In particular, if X is

a k-variety, then J1(X) ' TX is the tangent space of X.

We now recall some known properties of Jet schemes.

Proposition 2.2.2. Let X → Y be an étale morphism of k-schemes of finite type.

The following natural square is a pullback square.

Jm(X) //

��

Jm(Y )

��

X // Y,

that is, Jm(X) ' Jm(Y )×Y X.

Proof. We show the isomorphism on the level of the corresponding functor of points.

Precisely, we want to show that

Mork(−, Jm(X)) ' Mork(−×k Spec k[[t]]/(tm+1), X)

and

Mork(−, Jm(Y )×Y X) ' Mork(−, Jm(Y ))×Mork(−,Y ) Mork(−, X)

' Mork(−×k Spec k[[t]]/(tm+1), Y )×Mork(−,Y ) Mork(−, X)

are equivalent. Let Z be a k-scheme and consider the diagram

X // Y

Z

p

OO

// Z ×k Spec k[[t]]/(tm+1).

θ

OO

γ

hh
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Since X → Y is étale, and so formally étale, there is a one-to-one correspondence be-

tween γ ∈ Mork(Z ×k Spec k[[t]]/(tm+1), X) as in the diagram above, and morphisms

θ and p making the above diagram commute. The conclusion follows.

From this, we obtain the following important corollary.

Corollary 2.2.3. Let X be a smooth k-scheme of finite type of pure dimension d.

Then Jm(X) is an Adm-bundle over X. In particular, Jm(X) is smooth of pure di-

mension d(m+ 1). Consequently, πm+1
m : Jm+1(X)→ Jm(X) is an Ad-bundle.

Proof. By the étale invariance above, it suffices to check this locally. In other words,

it suffices to check this for X = Ad, which is a simple computation.

2.2.2 Mixed Motives

In the mid-eighties, Beilinson and Deligne conjectured the existence of a triangulated

category with a t-structure whose heart is the conjectural abelian category of mixed

motives. Voevodsky constructed triangulated categories with the hope that (with

rational coefficients) their full subcategory of constructable objects is the derived

category of the hypothetical abelian category of mixed motives. Though this property

is, as of today, conjectural, these triangulated categories have had many applications.

For example, the Bloch-Kato conjecture about the relation of Galois cohomology

to Milnor K-theory was proved by Voevodsky [80],[82],[84],[85],[86]. We now have

a theory of motivic cohomology, a spectral sequence from motivic cohomology to

algebraic K-theory, and a six functor formalism among many other things. This gives

us the flexibility to study motivic phenomena within a very rich framework. In our

case, the theory of Voevodsky motives is indispensable.

In this subsection, we briefly recall the definition of the main stable ∞-category
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of Voevodsky motives. We will then discuss a part of the six functor formalism,

localization sequences, and purity, all of which will be essential to our work. Our

exposition is terse, and so we recommend the reader to look at [21] for the basic

definitions and theorems.

There are many variants to the construction to motives in the spirit of Voevodsky.

One way the stable ∞-category of Voevodsky motives is using smooth correspon-

dences. It is defined using the Nisnevich topology, partly because algebraic K-theory

satisfies Nisnevich descent. We say that a morphism f : X → Y is completely decom-

posed at y ∈ Y if there is an x ∈ X above y such that the residual field extension

k(y) → k(x) is an isomorphism. A Nisnevich covering of an S-scheme Y in this

topology is a finite family {fi : Ui → Y } of étale S-morphisms with the property that

for every point y ∈ Y , there is a j such that fj is completely decomposed at y. This

gives us the site (Sm/S)Nis of smooth S-schemes with the Nisnevich topology. In

this setting, a Nisnevich sheaf of R-modules with transfers is a contravariant functor

on the category of correspondences CorS to the category of R-modules that is a

Nisnevich sheaf once we restrict it to Sm/S. Let us denote this category of Nisnevich

sheaves of R-modules with transfers by Shtr(S;R). Consider the derived ∞-category

of chain complexes of R-modules D(Shtr(S;R)) on the category of Nisnevich sheaves

with transfers, and invert the chain complexes of the form

. . .→ 0→ hX×A1 → hX → 0→ . . . ,

where hT denotes the representable Nisnevich sheaf with transfers associated to T .

This gives us the stable ∞-category DMeff(S;R) of effective Voevodsky motives. The

object in DMeff(S;R) associated to hX will be denoted by MS(X), and will be called

the motive of X. Voevodsky motives in general are obtained by stabilizing with
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respect to the Tate twist. The structure morphism P1
S → S induces the morphism of

motives

MS(P1
S)→MS(S).

Its fiber shifted by [−2] is denoted by 1S(1) and called the Tate twist. Stabilizing

with respect to the Tate twist gives us

DM(S;R) := colim n

(
DMeff(S;R)

−⊗1S(1)−−−−−→ DMeff(S;R)
−⊗1S(1)−−−−−→ . . .

)
,

where the colimit is taken in the ∞-category of presentable ∞-categories with

morphisms left adjoint functors. This is the stable ∞-category of Voevodsky motives

(without the effectivity condition). The smallest stable subcategory of DMeff(S;R)

containing MS(X) is denoted by DMeff
gm(S;R) and called the∞-category of geometric

effective Voevodsky motives. DMgm(S;R), called the ∞-category of geometric Vo-

evodsky motives, is obtained by inverting 1S(1) in the category of geometric effective

Voevodsky motives DMeff(S;R).

In our case, however, we will need to work with schemes of finite type. The

construction above does not allow us to do this because of its restriction to smooth

schemes. Therefore, we may consider another variant of the above construction.

Instead of working with smooth correspondences, we may work with the category

Schcor/S consisting of separated finite type S-schemes with morphisms finite S-

correspondences. Given a topology τ , we may consider the big site (Sch/S)τ of

finite type S-schemes with the τ -topology. Considering presheaves of R-modules on

Schcor/S that restrict to τ -sheaves on (Sch/S)τ gives us the category Shtrτ (S;R) of

τ -sheaves of R-modules with transfers. A1-localization and inverting the Tate twist as

before gives us the category DMτ (S;R) of τ -motives. In this general context, any sep-

arated finite type S-scheme X defined an object MS(X) ∈ DMτ (S;R). When we do
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not use the symbol τ , we mean that τ = Nis. Therefore, DM(S;R) := DMNis(S;R).

We denote by DMeff
gm(S;R) the smallest stable ∞-category containing motives of the

form MS(X)(n), n ≥ 0 and X smooth S-scheme. Its stabilization with respect to

the Tate twist will be denoted by DMgm(S;R). Considering the largest localizaing

full subcategory of DMτ (S;R) generated by motives MS(X)(n) for X smooth

S-schemes and n ∈ Z gives us the category DMτ (S;R). From now on, we let S

be Noetherian. Taking τ = cdh gives us the categories DMcdh(S;R) and DMcdh(S;R).

For all such categories, we have basic functors f ∗, f∗,⊗,Hom(−,−). For smooth

f : X → Y , we also have a left adjoint f# to f ∗. If X is a smooth S-scheme with

structure morphism πX : X → S, then MS(X) = πX#1X .

The functor that will be of greatest importance to us is f!, which is, up to

equivalence, given by p∗j# for f = p ◦ j a factorization of f into an open embedding

j followed by a proper morphism p (Nagata compactification).

Essential to our work will be localization sequences. By theorem 5.11 of Cisin-

ski and Déglise in [23], since by assumption k has characteristic exponent invertible

in R, for each open embedding j : U ↪→ X of k-varieties with complement the closed

embedding i : Z ↪→ X, there is a cofiber sequence

j#j
∗1X → 1X → i∗i

∗1X → j#j
∗1X [1]

in DMcdh(k;R). Applying the exact functor πX! to it, we obtain the cofiber sequence

πU! 1U → πX! 1X → πZ! 1Z → πU! 1U [1]
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in DMcdh(k;R). Note that we are not assuming smoothness, which is an advantage

of working with the cdh topology. Note, however, that by corollary 5.9 of Cisinski

and Déglise [23], the natural morphism DM(X;R) → DMcdh(X;R) is an equiva-

lence of symmetric monoidal categories if X is a regular k-scheme. Furthermore,

using proposition 8.1(c) of Cisinski and Déglise [23] for the field k we have that

DM(k;R) ' DMcdh(k;R) = DMcdh(k;R), and so we can work in the larger category

DMcdh(k;R) and pass to DM(k;R).

Furthermore, we also have purity, a part of which says that if f : X → Y is a

smooth separated morphism of finite type over k of relative dimension d, then

f! ' f#(−d)[−2d] (see theorem 11.4.5 of [21]). We will take advantage of these

properties when proving the well-definedness of our motivic measure.

2.3 Integration of Motives

In this section, we define integration in the setting of geometric Voevodsky motives.

In order to do so, we first define the category of completed geometric effective motives

DMeff,∧
gm (k;R). This will be defined in subsection 2.3.1. We also define the notion of

convergent motives that will be used in the definition of the group M(k;R) in which

our integrals will land. We show that K0(DMeff
gm(k;R)) naturally injects into M(k;R).

In order to define our integrals, we need a notion of measure; we define a measure

on the Jet scheme J∞(X) taking values in DMeff,∧
gm (k;R). We do so by first defining

the measure on the so-called stable subschemes of J∞(X), and then extending this

by defining the notions of good and measurable subsets and their measures. Given

this measure, we define the integration of Voevodsky motives, and specialize to a

particular class of functions, called measurable, that will be of greatest interest to

us. In the subsection on computations, we set the stage for the transformation rule
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by doing some computations demonstrating the way integrals change with respect to

blowups along smooth centers. In the final subsection, we prove the transformation

rule.

2.3.1 Completed and Convergent Motives

Integration of Voevodsky motives will deal with the category of effective geometric

Voevodsky motives DMeff
gm(k;R) and will take values in an abelian group M(k;R)

close to the Grothendieck group of some categorical limit DMeff,∧
gm (k;R) of Verdier

quotients of DMeff
gm(k;R) by ⊗-ideals. In this subsection, we define this categorical

completion and the notion of convergent motives, and discuss their relations to the

usual categories of Voevodsky’s motives.

Note that by theorem 1.1.4.4 of [67], the ∞-category CatEx∞ of small stable ∞-

categories with exact functors is closed under small limits. The ∞-category of

commutative algebra objects in it, denoted by CatEx,⊗∞ , is also closed under small

limits. In fact, limits in CatEx,⊗∞ can be computed in CatEx∞ . See section 3.2.2. of [67].

Definition 2.3.1. Define the ∞-category of completed effective (geometric) Voevod-

sky motives with R-coefficients as the following limit in CatEx,⊗∞ of small stable sym-

metric monoidal ∞-categories with exact functors:

DMeff,∧
(gm)(k;R) := lim

n
DMeff

(gm)(k;R)/DMeff
(gm)(k;R)(n),

where DMeff
(gm)(k;R)(n) is the full sub-∞-category of DMeff

(gm)(k;R) generated

by effective (geometric) motives Tate-twisted n times. The transition functors

DMeff
(gm)(k;R)/DMeff

(gm)(k;R)(n + 1) → DMeff
(gm)(k;R)/DMeff

(gm)(k;R)(n) are the local-

ization functors.
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Let us set some notation that will soon be useful to us. Let by

Ln : DMeff(k;R)→ DMeff(k;R)/DMeff(k;R)(n)

be the natural localization functor. Since DMeff(k;R) is presentable, this localization

functor has a fully faithful right adjoint that we denote by

in : DMeff(k;R)/DMeff(k;R)(n) ↪→ DMeff(k;R).

By the universal property of limits, there is a natural functor L∞ : DMeff(k;R) →

DMeff,∧(k;R). We also denote the restriction of L∞ to DMeff
gm(k;R) by L∞.

Let us prove a lemma that will be used in the proof of subsequent lemmas.

Lemma 2.3.2. Suppose N ∈ DMeff
gm(k;R), and A ∈ DMeff(k;R). Then for n � 0,

A(n)→ N is trivial.

Proof. DMeff(k;R) is compactly generated by motives of the form M(X)(n) for n ≥ 0

and X smooth projective k-varieties. Since N is geometric it is generated by finitely

many such M(Xi)(ni)[mi], Xi smooth projective k-varieties of dimension di. Suppose

A is a colimit of objects Aj = M(Yj)(kj)[tj], where Yj are smooth projective k-

varieties. Consider

MapDMeff(k;R)(Aj(n), N)

' colim iMapDMeff(k;R)(Mj(Yj)(kj + n)[tj],M(Xi)(ni)[mi])

' colim iMapDM(k;R)(Mj(Yj)(kj + n− ni)[tj −mi],M(Xi))

'(1) colim iMapDM(k;R)(Mj(Yj)(kj + n− ni)[tj −mi],M
c(Xi))

'(2) colim iMapDM(k;R)(Mj(Yj)(kj + n− ni)[tj −mi],MapDM(k;R)(M(Xi),1k)(di)[2di])

' colim iMapDM(k;R)(Mj(Yj ×k Xi)(kj + n− ni)[tj −mi],1k(di)[2di]),
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where (1) follows from the fact that the Xi are smooth projective, and (2) follows

from M c(X) ' M(X)∨(d)[2d], where d is the dimension of smooth k-variety X and

the ∨ denotes dualization. The last mapping space is contractible if kj + n− ni > di,

that is, when n > ni+di−kj. We can take n ≥ maxi{ni+di+1}, which depends only

on N and ranges over finitely many i by the fact that N is geometric. Consequently,

MapDMeff(k;R)(A(n), N) ' limj MapDMeff(k;R)(Aj(n), N) ' 0 for n ≥ maxi{ni + di + 1},

that is, for n� 0. The conclusion follows.

A lemma that will be of importance to us later is the following. In particular, it

demonstrates that completed effective geometric Voevodsky motives contain usual

effective geometric Voevodsky motives as a full subcategory.

Lemma 2.3.3. The natural functors

DMeff
gm(k;R)→ DMeff,∧

gm (k;R)

and

DMeff,∧
gm (k;R)→ DMeff,∧(k;R)

are fully faithful.

Proof. Consider the natural commutative diagram

DMeff
gm(k;R) //

��

DMeff,∧
gm (k;R)

��

DMeff(k;R) // DMeff,∧(k;R)

of functors. In order to show that DMeff
gm(k;R) → DMeff,∧

gm (k;R) is fully faithful, we

show that DMeff,∧
gm (k;R) → DMeff,∧(k;R) and L∞ : DMeff

gm(k;R) → DMeff(k;R) →

DMeff,∧(k;R) are fully faithful functors.
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First, let us show that DMeff,∧
gm (k;R) → DMeff,∧(k;R) is fully faithful. Since the

limit of fully faithful functors is fully faithful, it suffices to show that for each n ∈ Z,

DMeff
gm(k;R)/DMeff

gm(k;R)(n)→ DMeff(k;R)/DMeff(k;R)(n)

is fully faithful. However, this is a consequence of theorem 2.1 of [72]. It is also easy

to see that the above commutative diagram exists.

We now show that DMeff
gm(k;R) → DMeff(k;R) → DMeff,∧(k;R) is fully faithful.

Suppose M and N are geometric motives in DMeff
gm(k;R). We are to show that

MapDMeff
gm(k;R)(M,N)→ MapDMeff,∧(k;R)(L∞M,L∞N)

is a weak equivalence. However,

MapDMeff,∧(k;R)(L∞M,L∞N) ' lim
n

MapDMeff(k;R)/DMeff(k;R)(n)(LnM,LnN)

' lim
n

MapDMeff(k;R)(M, inLnN).

We claim that since N is geometric, for n � 0, N
ϕ−→ inLnN is an equivalence, from

which the result will follow. The cokernel of ϕ lies in DMeff(k;R)(n). By lemma 2.3.2,

for n � 0, all maps A(n) → N , A ∈ DMeff(k;R) are trivial. Geometric motives are

generated by objects of the form M(X)(m), where X is a smooth projective k-variety

and m ∈ Z. Therefore, for n � 0, N(−n) lies in the negative part of the homotopy

t-structure on DM(k;R). Consider the distinguished triangle

N → inLnN → cokerϕ→ N [1]
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for n � 0. Since cokerϕ → N [1] is 0, the sequence splits, and so N ⊕ cokerϕ '

inLnN . Since Map(cokerϕ, inLnN) ' Map(Lncokerϕ,LnN) ' 0, cokerϕ → inLnN

is 0. Therefore, cokerϕ must be 0. Therefore, ϕ is an equivalence for n � 0. We

conclude that

MapDMeff
gm(k;R)(M,N)→ MapDMeff,∧(k;R)(L∞M,L∞N) ' MapDMeff(k;R)(M,N)

is the identity morphism, as required.

Remark 2.3.4. Note that it is not true that L∞ : DMeff(k;R) → DMeff,∧(k;R) is

fully faithful. Indeed, Ayoub (lemma 2.4 of [9]) constructs a phantom motive F =

hocolimn∈NQ(n)[n] in DMeff(k;Q), k a field of infinite transcendence degree over its

prime field, that is not equivalent to 0. This maps to 0 under L∞. His construction

is as follows. Note that Hn(Spec k;Q(n)) = KM
n (k) ⊗ Q, where KM

n (k) is the n-th

Milnor K-group of k. Let (an)n∈N be a sequence of elements of k× that are algebraically

independent. Let an : Q(n)[n]→ Q(n+1)[n+1] be the map corresponding to an ∈ k×

modulo the isomorphism Hom(Q(n)[n],Q(n + 1)[n + 1]) ' Hom(Q(0),Q(1)[1]) =

H1(Spec k;Q(1)) = k× ⊗ Q. This gives an N-inductive system {Q(n)[n]}n∈N, using

which we obtain the object F := hocolimn∈NQ(n)[n]. Ayoub shows that F is nonzero

by showing that the natural map α∞ : Q(0) → F is nonzero. Indeed, since Q(0) is

compact, α∞ is zero if and only if for some n the natural map αn : Q(0)→ Q(n)[n] is

zero. But this corresponds, under the identification Hom(Q(0),Q(n)[n]) = KM
n (k)⊗

Q, to the symbol {a0, . . . , an} ∈ KM
n (k) ⊗ Q. This is nonzero as a result of the

assumption that the ai are algebraically independent. As a side remark, it is called a

phantom motive because its Betti realization is 0.
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2.3.2 M(k;R) and injectivity from K0(DMeff
gm(k;R))

In this subsection, we define the abelian group M(k;R) in which our integrals will

land. We also show that K0(DMeff
gm(k;R)) naturally injects into this group. First, let

us fix some notation for convenience.

Suppose A is a stable ∞-category. Denote by F (A) the free abelian group on

equivalence classes [X] of objects X of A. Denote by E(A) the subgroup of F (A)

generated by elements of the form [X ⊕ Y ] − [X] − [Y ]. Let T (A) be the subgroup

of F (A) generated by elements of the form [A]− [B] + [C], where

A→ B → C → A[1]

is a cofiber sequence in A. Define G(A) := F (A)/E(A) and K0(A) := F (A)/T (A).

Clearly, there is a surjection G(A)→ K0(A). Let I(A) be its kernel.

Definition 2.3.5. An effective convergent motive X is an object of DMeff(k;R) with

the property that for N � 0, iNLNX is in the essential image of DMeff
gm(k;R) ↪→

DMeff(k;R). Let DMeff
conv(k;R) be the full subcategory of the stable ∞-category

DMeff(k;R) consisting of effective convergent motives. We call this stable ∞-category

the ∞-category of effective convergent motives.

An example of an effective convergent motive is M(BGm) =
⊕∞

i=0 1k(i)[2i]. We

remark that there is a natural functor DMeff
conv(k;R) → DMeff,∧(k;R) with essential

image in DMeff,∧
gm (k;R). Note that the phantom motive F in remark 2.3.4 is conver-

gent and effective. Furthermore, its image under DMeff
conv(k;R) → DMeff,∧(k;R) is 0,

and so this functor is not fully faithful.

37



We define here the notion of virtual dimension; it will recur throughout this

chapter.

Definition 2.3.6. The virtual dimension of an object M of DM(k;R), denoted by

vdim M , is the largest n ∈ Z ∪ {±∞} such that M ∈ DMeff(k;R)(n).

Remark 2.3.7. Note that vdim 0 = +∞. Also, for F the phantom motive in re-

mark 2.3.4, we have vdim F =∞, while F 6' 0. The value −∞ can also be attained:

vdim
⊕∞

n=−∞ 1k(n)[2n] = −∞.

Suppose for each i ≥ 0,

X
(i)
0 → X

(i)
1 → . . .→ X(i)

n → . . .

is a tower of objects in DMeff
gm(k;R) such that the cofibers X

(i)
n /X

(i)
n−1 have virtual

dimensions going to infinity as n goes to infinity. Furthermore, assume that the virtual

dimensions of X
(i)
n go to infinity as i goes to infinity. Denote by T∞(DMeff

conv(k;R))

the image in F (DMeff,∧
gm (k;R)) of the smallest subgroup of F (DMeff

conv(k;R)) containing

T (DMeff
conv(k;R)) and elements of the form

[⊕
i

colim nX
(i)
n

]
−

[⊕
i

⊕
n

X(i)
n /X

(i)
n−1

]

coming from all towers above. Define the abelian groups

M(k;R) := F (DMeff,∧
gm (k;R))/T∞(DMeff

conv(k;R))

and

M0(k;R) := F (DMeff,∧
gm (k;R))/E(DMeff

conv(k;R)),

where we are abusing notation and viewing E(DMeff
conv(k;R)) as its image in

F (DMeff,∧
gm (k;R)). Note that M(k;R) and M0(k;R) are modules over the rings

38



K0(DMeff
conv(k;R)) andG(DMeff

conv(k;R)), respectively. There is a naturalK0(DMeff
gm(k;R))-

linear morphism

cR : K0(DMeff
gm(k;R))→M(k;R),

as well as a natural G(DMeff
gm(k;R))-linear morphism

G(DMeff
gm(k;R))→M0(k;R).

Our integrals will take values in M(k;R). Consequently, if we want to prove results

about classes of geometric motives in K0(DMeff
gm(k;R)) using integration, it will be

very useful to know the following injectivity result.

Proposition 2.3.8. The natural homomorphism

cR : K0(DMeff
gm(k;R))→M(k;R)

is injective.

Proof. Prior to showing that cR is injective, we show that

G(DMeff
gm(k;R))→M0(k;R)

is injective. Every object of G(DMeff
gm(k;R)) is of the form [X] for some X ∈

DMeff
gm(k;R). Suppose [X] = 0 in M0(k;R). Then there is an effective convergent

motive Z such that X ⊕ Z ' Z in DMeff,∧
gm (k;R) ↪→ DMeff,∧(k;R). Since X is ge-

ometric, by lemma 2.3.2, for N � 0, X → iNLNX is an equivalence (see proof of

lemma 2.3.3). Furthermore, since Z is convergent, we may choose N so that it ad-

ditionally satisfies iNLNZ ∈ DMeff
gm(k;R). Applying the exact functor iNLN to both

sides, we obtain X ⊕ iNLNZ ' iNLNZ as objects in DMeff
gm(k;R). This implies that
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[X] = 0 in G(DMeff
gm(k;R)). This argument establishes the injectivity of

G(DMeff
gm(k;R))→M0(k;R).

We now show that K0(DMeff
gm(k;R)) → M(k;R) is injective. Note that there is a

natural quotient map M0(k;R) → M(k;R). Denote its kernel by J . The injectivity

of K0(DMeff
gm(k;R)) → M(k;R) is equivalent to showing that G(DMeff

gm(k;R)) ∩ J =

I(DMeff
gm(k;R)). The inclusion I(DMeff

gm(k;R)) ⊆ G(DMeff
gm(k;R)) ∩ J is clear. Now

suppose [X] is in G(DMeff
gm(k;R))∩J . Then [X] = [A]+[C]− [B]+[

⊕
i colim nX

(i)
n ]−[⊕

i

⊕
nX

(i)
n /X

(i)
n−1

]
in M0(k;R) for A → B → C → A[1] a cofiber sequence with

A,B,C (in the image of) effective convergent motives in DMeff,∧
gm (k;R), and X

(i)
0 →

X
(i)
1 → . . . a sequence of towers as above. Therefore, there is an effective convergent

motive U such that

X ⊕B ⊕ U ⊕
⊕
i

⊕
n

X(i)
n /X

(i)
n−1 ' A⊕ C ⊕ U ⊕

⊕
i

colim nX
(i)
n .

As in the previous argument, we may apply iNLN for N � 0 such that X → iNLNX

is an equivalence and iNLNA, iNLNB, iNLNC, and iNLNU are geometric motives.

The exactness of iNLN gives us the equivalence

X⊕ iNLNB⊕ iNLNU⊕
⊕
i

⊕
n

iNLN (X
(i)
n /X

(i)
n−1) ' iNLNA⊕ iNLNC⊕ iNLNU⊕

⊕
i

colim niNLNX
(i)
n

in DMeff
gm(k;R). Let k be such that the virtual dimensions of X

(i)
n and X

(i)
n /X

(i)
n−1 are

at least N for i, n ≥ k. Then, for M � 0, we have

LM

X ⊕ iNLNB ⊕ iNLNU ⊕ ⊕
i,n≤k

X
(i)
n /X

(i)
n−1

 ' LM
(
iNLNA⊕ iNLNC ⊕ iNLNU ⊕

k⊕
i=0

X
(i)
k

)
.
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Using lemma 2.3.3, we obtain that

X ⊕ iNLNB ⊕ iNLNU ⊕
⊕
i,n≤k

X
(i)
n /X

(i)
n−1 ' iNLNA⊕ iNLNC ⊕ iNLNU ⊕

⊕
i≤k

X
(i)
k

with iNLNA → iNLNB → iNLNC → iNLNA[1] a cofiber sequence in DMeff
gm(k;R).

It follows that

[X] = [iNLNA] + [iNLNC]− [iNLNB] + [
⊕
i≤k

X
(i)
k ]−

[⊕
i,n≤k

X(i)
n /X

(i)
n−1

]
,

which is, as required, an element of I(DMeff
gm(k;R)).

The injectivity of the analogous result for virtual motives in unknown and is a source

of complications in classical motivic integration. Indeed, in classical motivic integra-

tion, integrals take values in a completion M̂k of K0(Vark)[L−1], and it is not known if

the map from K0(Vark)[L−1] to its completion is injective. Therefore, motivic integra-

tion has its complications when we try to show equality of classes in K0(Vark)[L−1].

In our case, however, integrals take values in M(k;R), and so the above proposition

will help us deduce results about classes in K0(DMeff
gm(k;R)). Let me point out that

I believe that at least for R = Q, the natural morphism

K0(DMeff
gm(k;R))→ K0(DMeff,∧

gm (k;R))

is injective. In fact, I believe the stronger result that the composition

K0(DMeff
gm(k;R))→ K0(DMeff,∧

gm (k;R))→ lim←−
n

K0(DMeff
gm(k;R)/DMeff

gm(k;R)(n))

is injective. Not being able to prove this is the reason M(k;R) is considered instead

of K0(DMeff,∧
gm (k;R)) or lim←−nK0(DMeff

gm(k;R)/DMeff
gm(k;R)(n)). One main reason for
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developing the integration of Voevodsky motives is to have such an injective map so

that we can deduce stronger concrete results in geometry and arithmetic.

2.3.3 Motivic measure and measurable subsets

In this section, we define the motivic measure on the Jet scheme J∞(X) of a smooth k-

variety X. We first define stable subschemes of the Jet scheme and define a measure

on such subschemes. We will then define good and measurable subsets of the Jet

scheme and extend our measure to such subsets.

Definition 2.3.9. Let X be a smooth k-scheme. A subscheme A ⊆ J∞(X) is said be

stable if there is an m ∈ N such that Am := πm(A) is a locally closed subscheme of

Jm(X) and A = π−1
m (Am). We shall say that such an A is stable at least at the mth

level.

In order to define the motivic measure on stable subschemes, we need the following

lemma.

Lemma 2.3.10. Suppose X is a smooth k-variety of dimension d. If A is a stable

subscheme of J∞(X) that is stable at least at the N th level, then for every m ≥ N ,

π
Am+1

! 1Am+1((m+ 1)d)[2(m+ 1)d] ' πAm! 1Am(md)[2md]

in DM(k;R).

Proof. Note that by the smoothness of X, for every m ≥ N

Am+1
πm+1
m−−−→ Am
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is an Ad-bundle. By purity, we know that πm+1
m,! 1Am+1 ' πm+1

m,# 1Am+1(−d)[−2d]. There-

fore, we obtain

π
Am+1

! 1Am+1((m+ 1)d)[2(m+ 1)d] ' πAm! πm+1
m,! 1Am+1((m+ 1)d)[2(m+ 1)d]

' πAm! πm+1
m,# 1Am+1(md)[2md]

' πAm! 1Am(md)[2md],

where the last equivalence follows from A1-homotopy invariance and the fact that

πm+1
m is an Ad-bundle implying that πm+1

m,# 1Am+1 ' 1Am . The conclusion follows.

Therefore, on such stable subschemes, we can define a measure µX as follows.

Definition 2.3.11. For A a stable subscheme of J∞(X), we define its volume by

µX(A) ' πAm! 1Am((m+ 1)d)[2(m+ 1)d] ∈ DMeff
gm(k;R)

for sufficiently large m.

By lemma 2.3.10, this is independent of m for sufficiently large m. Note that it

is clearly geometric as Am is locally closed. We also used the fact that πY! 1Y ∈

DMeff(k;R)(−dY ), where dY := dimY . We show this in the following lemma.

Lemma 2.3.12. Suppose X is a k-variety of dimension d. Then vdim πX! 1X = −d.

Proof. First assume thatX is a smooth k-variety. By purity, πX! 1X 'M(X)(−d)[−2d],

and so vdim πX! 1X ≥ −d. If vdim πX! 1X > −d, then vdim M(X) ≥ 1, that is

M(X) ∈ DMeff
gm(k;R)(1). From this we obtain M(XL) ∈ DMeff

gm(L;R)(1) for any

finite extension L|k. Take a point Spec L → XL for some large enough L. From

this, we see that 1L splits off M(XL) as a direct summand. As a result, M(XL) has

virtual dimension 0. Consequently, vdim πX! 1X = −d.
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We now prove the lemma when X need not be smooth. We do so by inducting on

the dimension of X. The lemma is true if X is of dimension 0. Suppose the lemma is

true for dimensions < d. Let SingX be the singular locus of X. Then dim SingX < d,

and so by the inductive hypothesis, vdim πSingX
! 1SingX = − dim SingX > −d. By

the smoothness of X \ SingX, we have vdim π
X\SingX
! 1X\SingX = −d. Consider the

localization cofiber sequence

π
X\SingX
! 1X\SingX → πX! 1X → πSingX

! 1SingX → π
X\SingX
! 1X\SingX [1]

in DMcdh(k;R). Twisting it d times, we obtain the cofiber sequence

π
X\SingX
! 1X\SingX(d)→ πX! 1X(d)→ πSingX

! 1SingX(d)→ π
X\SingX
! 1X\SingX(d)[1]

in DMcdh(k;R). In the above cofiber sequence, πX! 1X(d) is an extension of

two effective motives, and so is itself an effective cdh motive. Consequently,

vdim πX! 1X ≥ −d. Assume to the contrary that vdim πX! 1X > −d. Then we have

vdim π
X\SingX
! 1X\SingX > −d from the localization sequence above, a contradiction.

As a result, vdim πX! 1X = −d, as required.

Later, we will extend µX to a larger collection of subsets of J∞(X) that we shall call

measurable subsets. The following corollary will be used in proving that our measure

on measurable subsets is well-defined up to equivalence.

Corollary 2.3.13. Suppose A ⊆
⋃N
i=1Ai ⊆ J∞(X), where A and the Ai are stable

subschemes. Then

vdim µX(A) ≥ min
1≤i≤N

vdim µX(Ai).

Proof. This is an easy consequence of lemma 2.3.12, and the fact that if X ⊆
⋃N
i=1 Xi

is a covering of a subscheme by a finite collection of subschemes, then dimX ≤

max1≤i≤N dimXi.
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As a sanity check, we have additivity of µX in the following weak sense.

Lemma 2.3.14. µX is additive on finite disjoint unions of stable subschemes of

J∞(X). More precisely, if the subscheme A = tki=1Ai is a finite disjoint union of

stable subschemes of J∞(X), then

µX(A) '
k⊕
i=1

µX(Ai).

Proof. By the stability of the Ai, there is an N such that every Ai stabilizes from the

Nth level onward. Then it is easy to see that AN = tki=1Ai,N , and so

µX(A) ' πAN! 1AN ((N + 1)d)[2(N + 1)d]

' πAN! 1tki=1Ai,N
((N + 1)d)[2(N + 1)d]

'
k⊕
i=1

π
Ai,N
! 1Ai,N ((N + 1)d)[2(N + 1)d]

'
k⊕
i=1

µX(Ai).

Another lemma that will be important in the proof of the well-definedness of the

measure µX once we extend it to measurable subsets, to be defined later, is the

following.

Lemma 2.3.15. Suppose D and Dn, n ∈ N, are stable subschemes of J∞(X) such

that D ⊆
⋃
n∈NDn and the virtual dimensions of µX(Dn) go to infinity. Then D is

contained in the union of finitely many of the Dn.

Proof. The proof is the same as that of lemma 2.3 of [64] but made scheme-

theoretic. Suppose D = π−1
n πn(D), where πn(D) is a locally closed k-subscheme

of Jn(X). Assume to the contrary that D cannot be covered by a finite subcol-
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lection. Choose k ∈ N so that vdim µX(Di) > (n + 2)d for i > k, and choose

xn+1 ∈ πn+1 (D \ ∪i≤kDi). Then the (scheme-theoretic) fiber π−1
n+1xn+1 ⊂ D. This set

is not covered by finitely many of the Di. Indeed, π−1
n+1(xn+1) is not covered by the

Di when i ≤ k. Furthermore, π−1
n+1(xn+1)∩Di has positive codimension in Di for i > k.

Consequently, we can inductively construct a sequence (xm)m>n such that for

every m > n xm ∈ Jm(X), xm+1 is above xm, and π−1
m (xm) is not coverable

by finitely many of the Di. This determines an element x ∈ J∞(X) such that

πn(x) ∈ πn(D) =⇒ x ∈ D because D is stable at least at level n. Since D is covered

by the Di, there is a j such that x ∈ Dj. Dj is stable, and so is stable at least at

some level m > n. This implies that π−1
m (xm) ⊆ Dj, contradicting the fact that

π−1
m (xm) is not finitely coverable by the Di.

The subsets of J∞(X) that will show up in the integration of Voevodsky motives will

not necessarily be stable subschemes; they will be subsets of J∞(X), called measurable

subsets, that can be approximated by stable subschemes in the following sense.

Definition 2.3.16. A subset C ⊆ J∞(X) is good if there is a monotonic sequence

(the inclusions are locally closed embeddings of k-schemes) of stable subschemes

C0 ⊇ . . . ⊇ Cn ⊇ Cn+1 ⊇ . . . (or C0 ⊆ . . . ⊆ Cn ⊆ Cn+1 ⊆ . . .)

of J∞(X) containing (resp. contained in) C, and stable Cn,i, i, n ∈ N such that

Cn \ C ⊆
⋃
i∈N

Cn,i

(
resp. C \ Cn ⊆

⋃
i∈N

Cn,i

)
,

and for every n, i,

n ≤ vdim µX(Cn,i)
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and

vdim µX(Cn,i)
i→∞−−−→∞.

We then define the volume of C as the object

µX(C) := (µX(Cn))n ∈ DMeff,∧
gm (k;R).

We call a pair (C, S) consisting of a subset C ⊆ J∞(X) and a finite decomposition S

(C = ti∈SCi, Ci ⊆ J∞(X)) measurable if each Ci is a good subset. We then let

µX(C, S) :=
⊕
i∈S

µX(Ci).

We view a good subset without a prescribed decomposition as a measurable subset with

the trivial decomposition.

Just as in classical measure theory, the question arises as to whether this measure is

well-defined (up to equivalence).

Proposition 2.3.17. This measure µX is well-defined up to equivalence, that is, for

a fixed measurable subset (C, S), any two sets of data in the above definition give rise

to volumes that are equivalent in DMeff,∧
gm (k;R).

Proof. Since the decomposition is fixed, we may assume without loss of generality

that our measurable subset (C, S) is a good subset with the trivial decomposition.

Suppose (Cn)n and (Dn)n are two monotonic sequences as in the definition above.

We are to show that

(µX(Cn))n ' (µX(Dn))n

in DMeff,∧
gm (k;R). Suppose first that both are decreasing sequences. Note that

(Cn ∩ Dn)n is also a decreasing sequence satisfying the properties in the definition

above. Indeed, (Cn ∩Dn) \C ⊆
⋃
i∈NCn,i. Therefore, we may assume without loss of
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generality that for each n, Cn ⊆ Dn. If both sequences are increasing, then a similar

argument shows that we may assume without loss of generality that Cn ⊆ Dn. If

(Cn)n is increasing and (Dn)n is decreasing, it is then clear that Cn ⊆ C ⊆ Dn.

Therefore, in all three cases, we may assume without loss of generality that Cn ⊆ Dn.

We show that there are equivalences µX(Cn) ' µX(Dn) in DMeff
gm(k;R)/DMeff

gm(k;R)(n)

that are compatible with each other as n varies. This can be done by first writing

Cn ↪→ Dn as the composition of an open embedding Cn ↪→ Kn followed by a closed

embedding Kn ↪→ Dn, where Kn is the inverse image under πm of a locally closed

k-subvariety of Jm(X) for some m. Then, we may use the localization sequences.

Indeed, in DMeff
gm(k;R) we have cofiber sequences

µX(Cn)→ µX(Kn)→ µX(Kn \ Cn)→ µX(Cn)[1]

µX(Dn \Kn)→ µX(Dn)→ µX(Kn)→ µX(Dn \Kn)[1]

from localization sequences. Note that Kn \Cn ⊆ Dn \Cn. If (Cn) and (Dn) are both

increasing, then Dn \ Cn ⊆ C \ Cn ⊆
⋃
i∈NCn,i. By lemma 2.3.15, there are finitely

many Cn,i such that

Kn \ Cn ⊆
N⋃
i=1

Cn,i.

Note that Kn \ Cn is a stable subscheme of J∞(X). Consequently, corollary 2.3.13

implies that the virtual dimension of µX(Kn \ Cn) is at least the minimum of the

virtual dimensions of the µX(Cn,i) which is at least n. Therefore, µX(Kn \ Cn) ∈

DMeff
gm(k;R)(n). As a result,

µX(Cn)→ µX(Kn)
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is an equivalence in DMeff
gm(k;R)/DMeff

gm(k;R)(n). Similarly, using Dn\Kn ⊆ C\Kn ⊆

C \ Cn, we deduce that

µX(Dn)→ µX(Kn)

is also an equivalence in DMeff
gm(k;R)/DMeff

gm(k;R)(n). Consequently, we have equiv-

alences

µX(Cn)

∼
��

µX(Kn)

µX(Dn)

∼
OO

in DMeff
gm(k;R)/DMeff

gm(k;R)(n). We can similarly construct morphisms

µX(Cn)→ µX(Cn+1)

that are equivalences in DMeff
gm(k;R)/DMeff

gm(k;R)(n). As are result, we have a dia-

gram

µX(Cn)

∼
��

∼ // µX(Cn+1)

∼
��

µX(Kn) µX(Kn+1)

µX(Dn)

∼
OO

// µX(Dn+1)

∼
OO

in DMeff
gm(k;R)/DMeff

gm(k;R)(n). We can fill in the dotted arrows (with necessarily

an equivalence in DMeff
gm(k;R)/DMeff

gm(k;R)(n)) so that the diagram commutes. We

have shown that if (Cn) and (Dn) are both increasing, then we can find equiva-

lences µX(Cn)
∼−→ µX(Dn) in DMeff

gm(k;R)/DMeff
gm(k;R)(n) that are compatible as n

varies. Equivalently, we have established the existence of an equivalence (µX(Cn))n '

(µX(Dn))n in DMeff,∧
gm (k;R), as required. The other two cases are proved in a similar

manner.
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Some examples of measurable subsets of J∞(X) are stable subschemes, subschemes

of the form J∞(Y ) for any Y ⊆ X a k-subvariety, and pairs of the form (π−1
n Z, π−1

n S),

where (Z, S) is a constructable subset of Jn(X) for some n with a prescribed finite

decomposition S into locally closed subschemes. Here, if S = {S1, . . . , Sk}, then

π−1
n S := {π−1

n S1, . . . , π
−1
n Sk}. Another example of a measurable subset of J∞(X)

is the scheme-theoretic disjoint union of countably many stable subschemes whose

virtual dimensions go to ∞; see lemma 2.3.19. In the following lemma, we compute

the measure of J∞(Y ) when Y is a locally closed k-subvariety of X of dimension less

than that of X.

Lemma 2.3.18. Suppose Y is a subvariety of a smooth k-scheme X of strictly positive

codimension. Then J∞(Y ) is good (and so measurable) with µX(J∞(Y )) ' 0 in

DMeff,∧
gm (k;R).

Proof. Note that

J∞(Y ) =
∞⋂
n=0

π−1
n Jn(Y ).

which is the intersection of the following decreasing sequence

π−1
0 J0(Y ) ⊇ π−1

1 J1(Y ) ⊇ . . .

of stable subschemes of J∞(X) containing J∞(Y ).

By the main result of [41], there is a positive integer e such that for all m suf-

ficiently large,

πbm/ecJ∞(Y ) = πmbm/ecJm(Y ).

Choose the decreasing sequence

π−1
0 J0(Y ) ⊇ π−1

e Je(Y ) ⊇ π−1
2e J2e(Y ) ⊇ π−1

3e J3e(Y ) ⊇ . . .
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We show that for each n, µX(π−1
ne Jne(Y )) ∈ DMeff

gm(k;R)(nc), where c is the codimen-

sion of Y in X. We follow a well-known argument in classical motivic integration.

By lemma 4.3 of [30], dimπn(J∞(Y )) ≤ (n+ 1) dimY . As a result, for m� 0

dim Jm(Y ) ≤ dimπmbm/ecJm(Y ) + (m− bm/ec) dimX

= dim πbm/ecJ∞(Y ) + (m− bm/ec) dimX

≤ (bm/ec+ 1) dimY + (m− bm/ec) dimX

= (m+ 1) dimX − (bm/ec+ 1)(dimX − dimY )

Using this inequality, for n� 0

vdim µX(π−1
ne Jne(Y )) = vdim π

Jne(Y )
! 1Jne(Y )((ne+ 1) dimX)[2(ne+ 1) dimX]

= (ne+ 1) dimX − dim Jne(Y )

≥ (ne+ 1) dimX − (ne+ 1) dimX + (n+ 1)c

= (n+ 1)c.

Consequently, µX(π−1
n Jn(Y )) ∈ DMeff

gm(k;R)(nc). Since by assumption c ≥ 1,

µX(J∞(Y )) ' 0 in DMeff,∧
gm (k;R).

Lemma 2.3.19. Suppose C =
⊔∞
n=0 Cn as subschemes of J∞(X), where Cn are stable

subschemes of J∞(X) with vdim µX(Cn)→∞. Then C is measurable and

µX(C) '
∞⊕
n=0

µX(Cn).

Proof. Choose the sequence C0 ⊆ C0 t C1 ⊆ . . . ⊆ C0 t C1 t . . . t Cn ⊆ . . . ⊆ C of

stable subschemes of J∞(X), and use lemma 2.3.14.

We end this subsection by making the observation that if C is a stable subscheme

with a finite (locally closed) decomposition S into stable subschemes Ci given by C =
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ti∈SCi, then µX(C) is given by a sequence of extensions of µX(Ci), while µX(C, S) =⊕
i µX(Ci) is given by the trivial extensions. Therefore, up to a sequence of extensions,

µX(C) and µX(C, S) are the same.

2.3.4 Measurable functions, integrals, and computations

After the previous preparatory sections, we give here the definition of measurable

functions and define our integrals. We then do some computations that allow us to

anticipate the transformation rule that is at the heart of the theory of integration of

Voevodsky motives.

Definition 2.3.20. A function F : J∞(X) → N≥0 ∪ {∞} is measurable if for each

s ∈ N≥0, F−1(s) is measurable and F−1(∞) has measure 0.

An important example of a measurable function to us is ordY , where i : Y ↪→ X is a

closed k-subvariety of X of positive codimension. This function is defined as follows.

Given a closed k-subvariety Y of a k-variety X, the associated ideal sheaf IX/Y fits

into a short exact sequence

0→ IX/Y → OX → i∗OY → 0.

Given γ ∈ J∞(X), we may view it as a morphism γ : Spec k(γ)[[t]] → X or γ∗ :

OX → k(γ)[[t]]. Then ordY (γ) is defined as the largest number e ∈ N≥0 ∪ {∞} such

that the composition

OX
γ∗−→ k(γ)[[t]]→ k(γ)[[t]]/(te)

sends IX/Y to zero. The fact that ord−1
Y (∞) has measure zero when Y has strictly

positive codimension in X immediately follows from lemma 2.3.18.
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Definition 2.3.21. Given a measurable function F : J∞(X) → N≥0 ∪ {∞}, define

the motivic integral

∫
X∞

1k(F )[2F ]dµX :=

[
∞⊕
s=0

µX(F−1(s))(s)[2s]

]

viewed as an element of M(k;R).

The reason it makes sense for (the image of the convergent motive)
⊕∞

s=0 µX(F−1(s))(s)[2s]

(in DMeff,∧
gm (k;R)) to be viewed as an object of DMeff,∧

gm (k;R) is that µX(F−1(s))(s)[2s] ∈

DMeff,∧
gm (k;R)(s). Note that DMeff,∧

gm (k;R) is not closed under arbitrary small colimits

just as DMeff
gm(k;R) is not. Also, note that 1k(F )[2F ] is the analogue of functions of

the form L−F in classical motivic integration, and that the classical motivic integral

of L−F is defined by

∫
X∞

L−FdµX :=
∞∑
s=0

µX(F−1(s))L−s

as an element of M̂k, where µX here is the measure in classical motivic integration.

Note that in classical motivic integration, one reason we must complete K0(Vark)[L−1]

is so that we can talk about infinite sums as above. In our case, we do not complete,

but work categorically so that we have a notion of infinite direct sums. This infinite

direct sum cannot be taken in a presentable category like DMeff(k;R) because

passing to K0 would give us a value group that is zero; this is the reason we consider

completed Voevodsky motives. Finally, note that both definitions of integration

above are completely analogous to the way Lebesgue integration is defined in real

analysis.

Of great importance to us in this chapter is a formula that will allow us to un-

derstand how integrals change via resolution of singularities. In fact, in the next
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section, we shall prove that if f : X → Y is a proper birational morphism of smooth

k-varieties with KX/Y its relative canonical divisor, and D ⊆ Y is an effective divisor,

then

∫
Y∞

1k(ordD)[2ordD]dµY =

∫
X∞

1k(ordf−1D+KX/Y )[2ordf−1D+KX/Y ]dµX .

This is the analogue of the transformation rule in classical motivic integration:

∫
Y∞

L−ordDdµY =

∫
X∞

L
−ordf−1D+KX/Y dµX .

Prior to proving the transformation rule in our setting in the next subsection, we do

some computations and compare them to their analogues in classical motivic integra-

tion.

Example 2.3.22. Set X to be a smooth k-variety and F = ord∅. Then

∫
X∞

1k(ord∅)[2ord∅]dµX = [M(X)].

Indeed, ord−1
∅ (s) = 0 for s > 0 and ord−1

∅ (0) = J∞(X). Therefore,

∫
X∞

1k(ord∅)[2ord∅]dµX =

[
∞⊕
s=0

µX(ord−1
∅ (s))(s)[2s]

]
= [µX(J∞(X))] = [M(X)]

in M(k;R). This is analogous to the calculation in classical motivic integration that

∫
X∞

L−ord∅dµX = [X]

in M̂k.
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Example 2.3.23. Suppose X is a smooth k-variety of dimension d and Y is a smooth

divisor. Let n be a positive integer. We claim that

∫
X∞

1k(nordY )[2nordY ]dµX = [M(X \ Y )] + [πY! 1Y (d+ n)[2(d+ n)]]/[M(Pn)].

Indeed, we have ord−1
Y (0) = J∞(X \ Y ), and for s > 0 ord−1

Y (s) = ord−1
Y ([s,∞]) \

ord−1
Y ([s + 1,∞]) = π−1

s−1Js−1(Y ) \ π−1
s Js(Y ) = π−1

s ((πss−1)−1(Js−1(Y )) \ Js(Y )). As a

result,

∫
X∞

1k(nordY )[2nordY ]dµX

=

[
∞⊕
s=0

µX(ord−1
Y (s))(ns)[2ns]

]

=

[
µX(J∞(X \ Y ))⊕

∞⊕
s=1

µX(π−1
s ((πss−1)−1(Js−1(Y )) \ Js(Y )))(ns)[2ns]

]
= [π

X\Y
! 1X\Y (d)[2d]]

+

[
∞⊕
s=1

π
(πss−1)−1(Js−1(Y ))\Js(Y )

! 1(πss−1)−1(Js−1(Y ))\Js(Y )((s+ 1)d)[2(s+ 1)d](ns)[2ns]

]

= [M(X \ Y )] +

[
∞⊕
s=1

π
(πss−1)−1(Js−1(Y ))

! 1(πss−1)−1(Js−1(Y ))((s+ 1)d)[2(s+ 1)d](ns)[2ns]

]

−

[
∞⊕
s=1

π
Js(Y )
! 1Js(Y )((s+ 1)d)[2(s+ 1)d](ns)[2ns]

]

= [M(X \ Y )] +

[
πY! (d− 1)[2(d− 1)]1Y ⊗

∞⊕
s=1

1k((n+ 1)s)[2(n+ 1)s]

]

−

[
πY! 1Y (d− 1)[2(d− 1)]⊗

∞⊕
s=1

1k((n+ 1)s)[2(n+ 1)s](1)[2]

]

= [M(X \ Y )] +

[
πY! 1Y (d− 1)[2(d− 1)]⊗ πGm

! 1Gm(1)[2]⊗
∞⊕
s=1

1k((n+ 1)s)[2(n+ 1)s]

]
= [M(X \ Y )] + [πY! 1Y (d+ n)[2(d+ n)]]/[M(Pn)].
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If n = 1 and Y is a divisor, then this is analogous to the computation in classical

motivic integration that

∫
X∞

L−ordY dµX = [X \ Y ] + [Y ]/[P1].

Example 2.3.24. Let π : X̃ → X be the blowup morphism of X along a smooth

center Y of codimension c. Let KX̃/X be the canonical divisor of π. We claim that

∫
X̃∞

1k(ordKX̃/X )[2ordKX̃/X ]dµX̃ = [M(X)].

Indeed, let E be the exceptional divisor of the blowup. Then KX̃/X = (c− 1)E. Using

the computations in the previous example, we obtain

∫
X̃∞

1k(ordKX̃/X )[2ordKX̃/X ]dµX̃

=

∫
X̃∞

1k(ord(c−1)E)[2ord(c−1)E]dµX̃

= [M(X̃ \ E)] + [πE! 1E(d+ c− 1)[2(d+ c− 1)]]/[M(Pc−1)]

= [M(X̃ \ E)] + [πY×P
c−1

! 1Y×Pc−1(d+ c− 1)[2(d+ c− 1)]]/[M(Pc−1)]

= [M(X̃ \ E)] + [πY! 1Y (d)[2d]][M(Pc−1)]/[M(Pc−1)]

= [M(X \ Y )] + [πY! 1Y (d)[2d]] = [M(X)].

This is analogous to the formula in classical motivic integration that

∫
X̃∞

L−ordK
X̃/X dµX̃ = [X].

This example, in combination with example 2.3.22 gives us

∫
X̃∞

1k(ordKX̃/X )[2ordKX̃/X ]dµX̃ =

∫
X∞

1k(ord∅)[2ord∅]dµX ,
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which is analogous to the equality

∫
X̃∞

L−ordK
X̃/X dµX̃ =

∫
X∞

L−ord∅dµX

in classical motivic integration. In the next subsection, we generalize this last exam-

ple.

2.3.5 The transformation rule

The aim of this subsection is to prove the following transformation rule. Recall that

we are assuming that either k admits resolution of singularities or the characteristic

exponent of k is invertible in the coefficient ring R. The main reason we make this

assumption is because as of today, we do not have resolution of singularities in positive

characteristics. The recent work of Hironaka claims a proof which is to be verified

[45].

Theorem 2.3.25. Suppose f : X → Y is a proper birational morphism of smooth

k-varieties with KX/Y its relative canonical divisor, and let D ⊆ Y be an effective

divisor. Then

∫
Y∞

1k(ordD)[2ordD]dµY =

∫
X∞

1k(ordf−1D+KX/Y )[2ordf−1D+KX/Y ]dµX .

As we will shortly see, this is an analogue of the change of variables formula in cal-

culus. In the next section, this formula will be crucial to our applications regarding

K-equivalent varieties.

Prior to proving the transformation rule above, we recall the first fundamental

exact sequence for Kähler differentials and related topics.
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Given a morphism of smooth k-schemes f : X ′ → X, we have an OX′-linear

morphism f ∗ΩX
df−→ ΩX′ (of locally free sheaves on X ′) that fits into the exact

sequence

f ∗ΩX
df−→ ΩX′ → ΩX′/X → 0

of locally free sheaves. Suppose now that f is birational and let d = dimX = dimX ′

as before. Since f is birational, X and Y have the same function fields. The stalk of

ΩX′/X at the generic point is isomorphic to ΩK(X′)/K(X) = 0. Therefore, taking stalks

at the generic point for f ∗ΩX
df−→ ΩX′ gives a surjection of finite-dimensional vector

spaces of the same dimension (X and X ′ are birational), and so an isomorphism.

Therefore, when f is birational, we obtain the short exact sequence

0→ f ∗ΩX
df−→ ΩX′ → ΩX′/X → 0.

Taking the dth exterior power of df , we obtain the exact sequence

0→ f ∗ωX → ωX′

of line bundles, where ωX = Ωd
X and ωX′ = Ωd

X′ denote the canonical bundles of X

and X ′ (over k). Tensoring by ω−1
X′ , we obtain the exact sequence

0→ f ∗ωX ⊗ ω−1
X′ → OX′

of line bundles. Therefore, we may view f ∗ωX ⊗ ω−1
X′ as a locally principal ideal of

OX′ , which we denote by JX′/X . Let KX′/X be the Cartier divisor given locally by

the vanishing of JX′/X . This is called the relative canonical divisor of f . Note that

JX′/X is locally given by the vanishing of det df .

Suppose now that L|k is a field extension. Let γ : Spec L[[t]] → X ′ be an L-
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point of J∞(X ′) with ordKX′/X (γ) = e. This is equivalent to γ∗JX′/X = (te) ⊆ L[[t]].

Since JX′/X is locally defined by the vanishing of det df , this is equivalent to

γ∗(det df) = (te), or equivalently, det(γ∗(df)) = (te).

The pillar on which the proof of the transformation rule rests is the following

proposition due to Denef and Loeser. From context, it will be clear what πm and πnm

mean; we abuse notation in the following lemma.

Proposition 2.3.26. (Lemma 3.4 of [30]) Suppose f : X ′ → X is a proper birational

morphism of smooth k-varieties. Let C ′e := ord−1
KX′/X

(e), where KX′/X is the relative

canonical divisor of f . Let Ce := f∞C
′
e. Let L|k be a field extension. Let γ ∈ C ′e(L)

be an L-point, that is, a map γ∗ : OX′ → L[[t]] such that γ∗(JX′/X) = (te). Then for

m ≥ 2e one has:

(a) For all ξ ∈ J∞(X) such that πm(ξ) = fm(πm(γ)), there is γ′ ∈ J∞(X ′) such that

f∞(γ′) = ξ and πm−e(γ
′) = πm−e(γ). In particular, the fiber of fm over fm(γm)

lies in the fiber of πmm−e over πm−e(γ).

(b) πm(C ′e) is a union of fibers of fm.

(c) The map fm : πm(C ′e)→ πm(Ce) is a piecewise trivial Ae-fibration.

For the proof of the transformation rule, we also need the following two lemmas.

Lemma 2.3.27. If f : X ′ → X is a proper birational morphism of smooth k-varieties,

then away from a measure zero subscheme, f∞ : J∞(X ′)→ J∞(X) is bijective.

Proof. The proof is more or less that given in classical motivic integration. Let

Z ⊂ X ′ be a proper closed k-subvariety on whose complement f is an isomorphism.

Given γ ∈ J∞(X), we denote by k(γ) its residue field. Then γ can be viewed as a

morphism γ : Spec k(γ)[[t]]→ X. We show that any γ which does not lie entirely in

f(Z) uniquely lifts to an arc in X ′. We apply the valuative criterior for properness
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to show this. Consider the following diagram.

Spec (k(γ)[[t]](0)) //

�� **

X ′

��

X ′ \ Z? _oo

'
��

Spec (k(γ)[[t]])
γ

//

77

X X \ f(Z).? _oo

By assumption, the generic point Spec (k(γ)[[t]](0)) is in X \ f(Z). Since f is an

isomorphism from X ′ \ Z → X \ f(Z), this generic point lifts to X ′ uniquely (the

upper left horizontal dashed arrow). f is proper, and so the valuative criterion for

properness yields the unique existence of the dotted arrow Spec (k(γ)[[t]]) → X ′.

Consequently, the morphism

f∞ : J∞(X ′) \ J∞(Z)→ J∞(X) \ J∞(f(Z)),

of k-schemes is bijective.

Lemma 2.3.28. If f : X ′ → X is a proper birational morphism of smooth k-varieties,

then for every m, fm : Jm(X ′)→ Jm(X) is surjective.

Proof. Suppose Z ⊂ X is a proper closed k-subvariety such that f : X ′ \ f−1(Z) →

X \Z is an isomorphism of schemes. From the previous lemma 2.3.27, we know that

if γ /∈ J∞(Z), then it lies in the image of f∞. If γ ∈ Jm(X), then π−1
m (γ) cannot be

contained entirely in J∞(Z) because the latter has measure 0. As a result, there is

an element in π−1
m (γ) that is in the image of f∞. In particular, there is an element in

Jm(X ′) that maps to γ ∈ Jm(X), and so fm is surjective.

Proof of the transformation rule. Using the above proposition and lemmas, we de-

duce the transformation rule. Let C ′≤e = ord−1
KX′/X

([0, e]) and let C ′e = ord−1
KX′/X

(e).

Note that J∞(KX′/X) has measure 0 by lemma 2.3.18. Up to a measure 0 subscheme,
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therefore,

C ′≤0 ⊆ C ′≤1 ⊆ . . . ⊆ J∞(X ′)

is a filtration of J∞(X ′) by locally closed subschemes. We can refine the filtration

into even smaller locally closed subschemes according to the order of contact along

f−1D: set

C ′≤e,≥k := C ′≤e ∩ ord−1
f−1D([k,∞]) and C≤e,≥k := f∞(C ′≤e,≥k).

We can similarly define C ′e,≥k, Ce,≥k, C
′
e,k, and Ce,k. We have the filtration (up to

measure zero) of ord−1
D ([k,∞]):

(C≤0,≥k, S≤0,≥k) ⊆ (C≤1,≥k, S≤1,≥k) ⊆ . . . ⊆ (C≤n,≥k, S≤n,≥k) ⊆ . . . ⊆ ord−1
D ([k,∞]),

where the S≤e,≥k, as e ≥ 0 varies, form an increasing sequence of finite decompositions

of the constructable subsets C≤e,≥k into stable subschemes. By this assumption, we

can define Se,≥k := S≤e,≥k \S≤e−1,≥k. For each pair (k, k+ 1), we can take refinements

Stre,≥k of Se,≥k so that Stre,≥k+1 ⊆ Stre,≥k. Define Se,k := Stre,≥k \ Stre,≥k+1. Though the

notation may suggest otherwise, the refinements chosen for the pairs (k − 1, k) and

(k, k + 1) need not be compatible. Define Str≤e,≥k to be ∪i≤eStri,≥k.

Using proposition 2.3.26, we know that Ce,k are constructable subsets of J∞(X).

Note that f∞ : C ′e,k → Ce,k is a piecewise trivial Ae-bundle by proposition 2.3.26.

Since Ce,k is constructable, choose a finite decomposition into stable subschemes,

say S = {Ci}i, such that atop each Ci, f∞ : C ′e,k → Ce,k is a trivial Ae-bundle.

Furthermore, S′ := {f−1
∞ (Ci)}i is a decomposition of C ′e,k into stable subschemes.

We may assume without loss of generality that above each object of Se,k, f∞ is an

Ae-bundle.
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Consider the filtration

(C≤0,≥k, S
tr
≤0,≥k) ⊆ (C≤1,≥k, S

tr
≤1,≥k) ⊆ . . . ⊆ (C≤n,≥k, S

tr
≤n,≥k) ⊆ . . . ⊆ ord−1

D ([k,∞]),

From this filtration, we obtain the tower

⊕
k

µX(C≤0,≥k, S
tr
≤0,≥k)(k)[2k]→

⊕
k

µX(C≤1,≥k, S
tr
≤1,≥k)(k)[2k]→ . . . .

Note that µX(ord−1
D [k,∞]) is a sequential colimit of measures of finite unions of

objects in ∪eStre,≥k. The reason this is so is because ord−1
D [k,∞] is a closed subset

of J∞(X), and the objects of ∪eStre,≥k are stable subschemes covering it. Indeed, the

closure of each object of ∪eStre,≥k (which is locally closed) is stable and contained in

ord−1
D ([k,∞]) which is the union of the stable subschemes in ∪eStre,≥k whose virtual

dimensions go to infinity. By lemma 2.3.15, the closure of each object of ∪eStre,≥k is

contained in the union of finitely many of the objects of ∪eStre,≥k. Furthermore, the

measures of the objects of Stre,≥k go to 0 as e goes to infinity. This implies that we can

assume without loss of generality that we have an ordering on the objects of ∪eStre,≥k

so that ord−1
D ([k,∞]) is a sequential colimit of measures of finite unions of the first

N objects in ∪eStre,≥k as N varies.

The above tower has slices
⊕

k µX(Ce,≥k, S
tr
e,≥k)(k)[2k] with e varying. Therefore, in
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M(k;R), we have

[⊕
k

µX(ord−1
D (k))(k)[2k]

]
=

[
colime

⊕
k

µX(C≤e,≥k, S
tr
≤e,≥k)(k)[2k]

]

−

[
colime

⊕
k

µX(C≤e,≥k+1, S
tr
≤e,≥k+1)(k)[2k]

]

=

[⊕
k

⊕
e

µX(Ce,≥k, S
tr
e,≥k)(k)[2k]

]

−

[⊕
k

⊕
e

µX(Ce,≥k+1, S
tr
e,≥k+1)(k)[2k]

]

=

[⊕
k

⊕
e

µX(Ce,k, S
tr
e,≥k \ Stre,≥k+1)(k)[2k]

]

=

[⊕
k

⊕
e

µX(Ce,k, Se,k)(k)[2k]

]
.

By assumption, atop each object of Se,k, f∞ is an Ae-bundle. Consequently,

µX′(C
′
e,k, f

−1
∞ Se,k)(e)[2e] =

⊕
C∈Se,k

µX′(f
−1
∞ (C))(e)[2e] '

⊕
C∈Se,k

µX(C) = µX(Ce,k, Se,k).

From this, we obtain

∫
X∞

1k(ordD)[2ordD]dµX =

[⊕
k

µX(ord−1
D (k))(k)[2k]

]

=

[⊕
k

(⊕
e

µX(Ce,k, Se,k)

)
(k)[2k]

]

=

[⊕
k,e

µX′(C
′
e,k, f

−1
∞ (Se,k))(k + e)[2(k + e)]

]

=

[⊕
t

(⊕
k+e=t

µX′(C
′
e,k, f

−1
∞ (Se,k))

)
(t)[2t]

]

=

[⊕
t

µX′(ord−1
f−1D+KX′/X

(t))(t)[2t]

]
=

∫
X′∞

1k(ordf−1D+KX′/X
)[2ordf−1D+KX′/X

]dµX′ ,
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as required.

2.4 Applications

Now that we have laid the foundations for the integration of Voevodsky motives, we

apply it to answer a few questions related to the number theory and geometry of

K-equivalent varieties. In particular, we obtain new results in the case of birational

Calabi-Yau varieties and birational minimal varieties.

2.4.1 Classes of motives of K-equivalent varieties

In this subsection, we prove the following theorem using our theory of motivic inte-

gration.

Theorem 2.4.1. Suppose X and Y K-equivalent smooth k-varieties. Then in

K0(DMeff
gm(k;R)), [M(X)] = [M(Y )].

Proof. Since X and Y are K-equivalent, there is a smooth k-variety Z as well as

proper birational morphisms f : Z → X and g : Z → Y such that f ∗KX = g∗KY :

Z
f

~~

g

  

X // Y.

Applying the transformation rule to each of f and g, we obtain

[M(X)] =

∫
X∞

1k(ord∅)[2ord∅]dµX =

∫
Z∞

1k(ordKZ/X )[2ordKZ/X ]dµZ
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and

[M(X)] =

∫
Y∞

1k(ord∅)[2ord∅]dµY =

∫
Z∞

1k(ordKZ/Y )[2ordKZ/Y ]dµZ .

Since X and Y are K-equivalent,

KZ/X = KZ − f ∗KX = KZ − g∗KY = KZ/Y ,

and so

[M(X)] =

∫
Z∞

1k(ordKZ/X )[2ordKZ/X ]dµZ =

∫
Z∞

1k(ordKZ/Y )[2ordKZ/Y ]dµZ = [M(Y )]

in M(k;R). However, by proposition 2.3.8 [M(X)] = [M(Y )] in K0(DMeff
gm(k;R)), as

required.

When X and Y are smooth projective k-varieties, we have the following stronger

result.

Theorem 2.4.2. Suppose X and Y are K-equivalent smooth projective k-varieties,

then there is an effective Chow motive P ∈ Choweff(k;R) such that M(X) ⊕ P '

M(Y )⊕ P in Choweff(k;R)op ↪→ DMeff
gm(k;R).

Proof. By proposition 3.1.3 of Bondarko’s paper [20], we know that the inclusion

Choweff(k;R)op ↪→ DMeff
gm(k;R) induces an isomorphism after taking K0. As a conse-

quence of theorem 2.4.1 and the fact that X and Y are smooth projective, [M(X)] =

[M(Y )] in Choweff(k;R), from which it follows that there is an effective Chow mo-

tive P ∈ Choweff(k;R) such that M(X) ⊕ P ' M(Y ) ⊕ P in Choweff(k;R)op ↪→

DMeff
gm(k;R).
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This gives a good partial answer to the following conjecture of Chin-Lung Wang [88].

Wang conjectured it for complex varieties, while we conjecture it in general.

Conjecture 2.4.3. If X and Y are K-equivalent smooth projective k-varieties, then

M(X) 'M(Y ), that is, they have equivalent integral Chow motives.

Birational compact hyperkähler manifolds have isomorphic Hodge structures. In

particular, they have the same Hodge and Betti numbers. Furthermore, they have iso-

morphic integral singular cohomology rings. However, the isomorphism between the

integral singular cohomology rings is not only the result of them being K-equivalent

smooth projective complex varieties. It is not in general true that K-equivalent

smooth projective complex varieties have isomorphic integral cohomology rings.

For example, Nam-Hoon Lee and Keiji Oguiso have jointly constructed birational

Calabi-Yau complex threefolds with non-isomorphic integral singular cohomology

rings [60]. It has been conjectured that if we take into account quantum corrections,

then the (quantum) cohomology rings are isomorphic, that is, K-equivalent smooth

projective complex varieties have isomorphic quantum cohomology rings in the

extended Kähler moduli space. In the hyperkähler case, the usual cup product

coincides with its quantum-corrected cup product which gives the isomorphism of

singular cohomology rings. This begs the question of how can one bring in the data

of quantum corrections into our theory of motivic integration?

In three dimensions, Reid and Mori’s classification of three dimensional singu-

larties has allowed Kollár and Mori to completely understand the relation between

birational minimal models. Via a complete classification of three dimensional flops

and flips, it can be shown that three dimensional birational minimal models have

isomorphic integral singular (and intersection) cohomology groups and mixed (and

intersection pure) Hodge structures. These integral results point to the possibility

that the above conjecture may even be valid integrally.
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As a small corollary to theorem 2.4.2, let us mention the following which is a

shadow of the proof underlying Batyrev’s proof of the equality of Betti numbers of

birational Calabi-Yau complex varieties.

Corollary 2.4.4. If X and Y are K-equivalent smooth projective k-varieties, then

their rational numerical motives are isomorphic.

Proof. The proof is a simple consequence of theorem 2.4.2 and the fact that rational

numerical motives form a semisimple abelian category [54].

As another corollary to theorem 2.4.2, we obtain the following.

Corollary 2.4.5. If k admits resolution of singularities and X and Y are birational

smooth projective Calabi-Yau k-varieties, then there is an effective integral Chow

motive P ∈ Choweff(k;Z) such that M(X) ⊕ P ' M(Y ) ⊕ P in Choweff(k;Z) ↪→

DMeff
gm(k;Z).

Proof. If X and Y are birational smooth projective Calabi-Yau k-varieties, choose a

common resolution of singularities (possible since k admits resolution of singularities)

Z
f

~~

g

  

X // Y.

Since KX = 0 and KY = 0, two such birational Calabi-Yau k-varieties are therefore

K-equivalent.

Remark 2.4.6. The same corollary is true more generally for birational smooth pro-

jective k-varieties with nef canonical bundles.

An advantage of obtaining motivic results is that through realization functors we

can deduce results of interest to geometers and number theorists. Before mentioning
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some concrete implications of the above motivic results, we make a few comments

regarding some important realization functors.

1. Let VecQ` and VecQ be the category of finite dimensional Q`- and Q-vector

spaces. For each ` prime to the characteristic of the field k, there is an `-adic

realization functor rQ` : DMgm(k;Q)→ Db(VecQ`) induced by sending a scheme

X to H∗ét(Xk̄;Q`)
∗. If k is a field of characteristic zero with an embedding

σ : k ↪→ C, we have the Betti realization functor rσ : DMgm(k;Q)→ Db(VecQ)

induced by sending scheme X to H∗(X
an;Q). There is also an integral con-

travariant version of the Betti realization

Bσ : DMgm
gm(k;Z)op → Db(Z)

given by sendingM(X) toH∗(Xan;Z), which we denote byBι. See, for example,

Lecomte’s work [58].

2. (`-adic realization) Voevodsky’s triangulated or stable∞-category of geometric

effective motives DMeff
gm(k;Z) is based on the Nisnevich topology, a topology

coarser than the étale topology. For each n, reducing modulo `n and sheafifying

with respect to the étale topology gives us functors

DMeff
gm(k;Z)→ DMeff

gm,ét(k;Z/`n) ↪→ DMeff
ét (k;Z/`n).

By rigidity (see Cisinski-Déglise’s [24] for the case that k does not have finite

cohomological dimension), the latter category is equivalent to the derived cate-

gory of sheaves of Z/`n-modules on the small étale site of k, that is D(két,Z/`n).

These functors assemble into the `-adic realization functor

DMeff
gm(k;Z)→ D̂(két;Z`),
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where D̂(két;Z`) is the derived category of `-adic sheaves. This latter category

is equivalent to the derived category of continuous `-adic Galois representations

D(Repcnt(Gk;Z`)). We know by work of Cisinski and Déglise that the above

functor factors through the bounded derived category of constructable `-adic

sheaves. We can also rationalize everything if we want to work over Q`.

3. (Hodge realization) Recall that an integral mixed Hodge structure consists of a

finitely generated abelian group VZ together with a finite increasing filtration Wi

on VQ := VZ⊗Q, called a weight filtration, and a finite decreasing filtration F p

on VC := VZ⊗C, called a Hodge filtration, with some compatibility conditions.

The importance is that this is an abstraction of the algebraic structure one

obtains from Hodge theory on integral cohomology groups of compact Kähler

manifolds. It is well-known that the integral homology of every complex variety

carries a canonical integral Hodge structure [38]. There is an abelian category

of integral mixed Hodge structures MHSZ. Consider the category DMgm(C;Z)

of geometric Voevodsky motives over Spec C. Lecomte and Wach [59] have

constructed an integral Hodge realization functor

DMgm(C;Z)op → Db(MHSZ)

to the derived category of integral mixed Hodge structures. It sends M(X) to

H∗(Xan;Z) with its canonical integral mixed Hodge structure. We could also

rationalize to pass to (polarizable) rational mixed Hodge structures.

As a corollary to theorem 2.4.2, we have the following result.

Theorem 2.4.7. If X and Y are K-equivalent smooth projective k-varieties with k of

characteristic zero with σ : k ↪→ C, then H∗(Xan;Z) ' H∗(Y an;Z) as graded abelian

groups.
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Proof. Indeed, there is the Betti realization functor Bσ : DMeff
gm(k;Z) → Db(Z) into

the bounded derived category of finitely generated abelian groups. This is given by

sending M(X) to the graded abelian group ⊕nHn(Xan;Z)[−n] ∈ Db(Z). Applying

theorem 2.4.2, we deduce that H∗(Xan;Z)⊕H∗(Bσ(P )) ' H∗(Y an;Z)⊕H∗(Bσ(P ))

as finitely generated abelian groups. Since we are landing in finitely generated abelian

groups, the classification of finitely generated abelian groups allows us to cancel

H∗(Bσ(P )) from both sides to obtain H∗(Xan;Z) ' H∗(Y an;Z) as graded abelian

groups.

Remark 2.4.8. The cohomology rings need not be isomorphic. In fact, Nam-Hoon

Lee and Keiji Oguiso have jointly constructed birational Calabi-Yau complex threefolds

with non-isomorphic integral singular cohomology rings [60]. However, for birational

smooth projective Calabi-Yau complex manifolds X and Y , Mark McLean has claimed

a proof of this by identifying the quantum cohomologies of X and Y up to tensoring

with a suitable Novikov ring. His proof uses Hamiltonian Floer cohomology.

From theorem 2.4.1, X and Y that are K-equivalent smooth k-varieties satisfy

[M(X)] = [M(Y )] at least in K0(DMgm(k;Z[1/p])), where p is the exponenent char-

acteristic of k. Applying the `-adic realization functor described above, we deduce

that X and Y have the same `-adic Galois representations (up to semi-simplification).

In particular, if k = Fq, then taking traces of the Frobenius we deduce that they

have the same zeta functions: ζX(t) = ζY (t). Summarizing, we have

Theorem 2.4.9. If X and Y are K-equivalent smooth k-varieties, then they have

the same `-adic Galois representations (up to semi-simplification). In particular, in

the case k = Fq, two such Fq-varieties have the same zeta functions. If Fq admits

resolution of singularities, then all this is true for X and Y that are birationally

equivalent smooth projective Calabi-Yau Fq-varieties.
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Using the Hodge realization functor, we deduce the following corollary of theo-

rem 2.4.1.

Corollary 2.4.10. If X and Y are K-equivalent complex varieties, then they have the

same classes of integral mixed Hodge structures in K0(MHSZ). By the semisimplic-

ity of polarizable rational mixed Hodge structures, two such varieties have the same

rational mixed Hodge structures.

This recovers the well-known result of Kontsevich [57] mentioned earlier (and that of

Batyrev [13]) as a special case.

2.4.2 Motivic t-structure, Krull-Schmidt categories, and ra-

tional motives

In this section, we show how the the notion of Krull-Schmdit categories could improve

theorem 2.4.2 above, and so prove conjecture 2.4.3 of Wang. We also study how the

existence of a motivic t-structure on DMgm(k;Q) with the expected properties implies

the equivalence of rational Voevodsky motives of K-equivalent smooth projective

k-varieties.

Recall the following definition.

Definition 2.4.11 (Krull-Schmidt category). An R-linear additive category C is said

to be a Krull-Schmidt category if every object is a finite direct sum of objects with

local endomorphism rings.

The Krull-Schmidt theorem says that an object in a Krull-Schmidt category has a

local endomorphism ring if and only if it is indecomposable. Furthermore, it also

say that any object is uniquely, up to permutation, a direct sum of indecomposable

objects. Many examples of Krull-Schmidt categories come from abelian categories in
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which every object has finite length. A concrete example is the category of finitely

generated modules over a finite R-algebra, where R is a commutative Neotherian

local complete ring (e.g. Z`). It is not known if the category of effective Chow

motives over a field k with R-coefficients Choweff(k;R) is a Krull-Schmidt category,

even if k is of characteristic zero and R = Q.

A direct consequence of theorem 2.4.2 is the following.

Theorem 2.4.12. Suppose Choweff(k;R) is a Krull-Schmidt category, k and R as

in our conventions set at the beginning of this introduction. Then for X and Y K-

equivalent smooth projective k-varieties, the Chow motives of X and Y in Chow(k;R)

are equivalent.

When working with rational coefficients, can approach the rational version of conjec-

ture 2.4.3 from the point of view of motivic t-structures, which is what we pursue now.

Let µ be a t-structure on DMgm(k;Q) with DMgm(k;Q)≤0 and DMgm(k;Q)≥0 its posi-

tive and negative parts, respectively. We denote by DMgm(k;Q)♥ := DMgm(k;Q)≤0∩

DMgm(k;Q)≥0 the heart of µ. Furthermore, let µH• : DMgm(k;Q) → DMgm(k;Q)♥

be the cohomology functors with respect to the motivic t-structure µ. We say that

µ is a non-degenerate t-structure if the functors {µHa}a form a conservative family

of functors.

Definition 2.4.13. µ is said to be a motivic t-structure if it is non-degenerate and

compatible with ⊗ and r, that is, ⊗ and r are t-exact. Here, r is either rQ` or rσ as

described above.

A notoriously difficult conjecture in the theory of Voevodsky motives states the fol-

lowing.
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Conjecture 2.4.14. (Motivic t-structure conjecture) There is a motivic t-structure

on the stable ∞-category DMgm(k;Q) whose heart DMgm(k;Q)♥ has semisimple part

the category Num(k;Q) of rational numerical motives, and such that every motive has

a filtration by rational numerical motives. Additionally, for each smooth projective

k-variety X, each µHaM(X)Q is a semisimple object of the heart. In characteristic

zero, this last condition follows from the existence of a motivic t-structure (proposition

1.5 of [15]).

We now show a concrete consequence of the validity of this conjecture. First a propo-

sition.

Proposition 2.4.15. Suppose the motivic t-structure conjecture is true for

DMgm(k;Q). Then for X and Y smooth projective k-varieties such that [M(X)Q] =

[M(Y )Q] in K0(DMgm(k;Q)), M(X)Q 'M(Y )Q.

Proof. Suppose the motivic t-structure conjecture is true for DMgm(k;Q). The inclu-

sions Num(k;Q) ↪→ DMgm(k;Q)♥ and DMgm(k;Q)♥ ↪→ DMgm(k;Q) induce isomor-

phisms

K0(Num(k;Q))→ K0(DMgm(k;Q)♥)

and

K0(DMgm(k;Q)♥)→ K0(DMgm(k;Q)).

The latter isomorphism follows from the theorem of the heart [12]. The second

morphism has inverse given by [M ] 7→
∑

a(−1)a[µHaM ]. Since [M(X)Q] = [M(Y )Q]

in K0(DMgm(k;Q)), we obtain that

[(
⊕a even

µHaM(X)Q
)
⊕
(
⊕a odd

µHaM(Y )Q
)]

=
[(
⊕a odd

µHaM(X)Q
)
⊕
(
⊕a even

µHaM(Y )Q
)]

in K0(DMgm(k;Q)♥). By assumption, for each smooth projective k-variety Z,
µHaM(Z) is semisimple, and so a numerical motive by the assumption that the
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semisimple part of the heart is the category of rational numerical motives. Therefore,

the last equality holds in K0(Num(k;Q)). By Jannsen’s theorem [54], Num(k;Q) is

a semisimple abelian category, and so

(
⊕a even

µHaM(X)Q
)
⊕
(
⊕a odd

µHaM(Y )Q
)
'
(
⊕a odd

µHaM(X)Q
)
⊕
(
⊕a even

µHaM(Y )Q
)

as numerical motives, and so also in DMgm(k;Q)♥. By proposition 1.7 of [15], this

forces us to have µHaM(X)Q ' µHaM(Y )Q for every a. By proposition 1.4 of [15],

for each smooth projective k-variety Z, M(Z)Q ' ⊕a µHaM(Z)Q[−a]. Consequently,

M(X)Q 'M(Y )Q.

Remark 2.4.16. We do not need to actually identify the semisimple part of the heart

with rational numerical motives to make the above proof work. Therefore, there is no

need to invoke Jannsen’s theorem.

Remark 2.4.17. A similar proof as in that of proposition 2.4.15 show that if the

motivic t-structure conjecture is true for DMgm(k;Q), then Chow(k;Q) is a Krull-

Schmidt category.

Consequently, we have the following theorem.

Theorem 2.4.18. Suppose the motivic t-structure conjecture is true for DMgm(k;Q).

Then if X and Y are K-equivalent smooth projective k-varieties, M(X)Q 'M(Y )Q.

Proof. Combine proposition 2.4.15 and theorem 2.4.1.

All of these suggest the following conjecture, which is a weaker version of conjec-

ture 2.4.3 above.

Conjecture 2.4.19. If X and Y are K-equivalent smooth projective k-varieties, then

M(X)Q 'M(Y )Q.

For rational coefficients, since it is highly unexpected that the motivic t-structure

conjecture above is false, and so theorem 2.4.18 suggests that it is very likely that

74



this last conjecture is true. The goal for the future is to refine the construction of

motivic integration in order to unconditionally prove this last conjecture and possibly

its more general integral version.

2.4.3 Relation to D-equivalence and Orlov’s conjecture

In this section, we study the implications of our theorems for the following two impor-

tant conjectures in noncommutative geometry due to Bondal-Orlov and Orlov. The

first is as follows.

Conjecture 2.4.20 (Bondal-Orlov [17]). If X and Y are birationally equivalent

smooth projective Calabi-Yau complex varieties, then DbCoh(X) ' DbCoh(Y ).

Though true for birational Calabi-Yau varieties of dimension at most 3 and birational

symplectic 4-folds, this conjecture is vastly open. Note that there is a functor

DMgm(k;Q)→ KMM(k)Q

sending M(X)Q to NM(X) ∈ KMM(k)Q, where KMM(k)Q is Kontsevich’s category

of noncommutative motives. See [78] for details. We thus obtain the following corol-

lary of theorem 2.4.18.

Corollary 2.4.21. Suppose the motivic t-structure conjecture is true for DMgm(k;Q).

Then if X and Y are K-equivalent smooth projective k-varieties, NM(X) ' NM(Y )

in KMM(k)Q.

We know this to be true unconditionally if we replace K-equivalence with D-

equivalence (combine proposition 1 of [17] with the functor in [77] or [78]). In light of

conjecture 2.4.20, it is still open if K-equivalence, at least in the setting of birational

smooth projective complex varieties, implies D-equivalence. What this last corollary

states is that if the expected motivic t-structure on rational geometric Voevodsky mo-
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tives exists, then K-equivalence implies the equivalence of noncommutative motives

in the sense of Kontsevich. Consequently, many of the noncommutative cohomology

theories agree for K-equivalent smooth projective varieties. The second conjecture

is the relation between the bounded derived category of coherent sheaves on smooth

projective complex varieties and their rational motives.

Conjecture 2.4.22 (Orlov [74]). If X and Y are smooth projective complex varieties

such that DbCoh(X) ' DbCoh(Y ) as k-linear triangulated categories, then M(X)Q '

M(Y )Q in DMgm(C,Q).

Equivalences of such bounded derived categories are given by Fourier-Mukai trans-

forms, and under certain conditions on the kernel of this transform, the latter con-

jecture is true [74]. However, the unconditional conjecture is still vastly open.

Remark 2.4.23. Conjecture 2.4.22 is false if we require the equivalence of inte-

gral motives in the conclusion. Indeed, there are D-equivalent Calabi-Yau threefolds

with non-isomorphic third integral singular cohomology groups [1]. Furthermore, the

converse is also false. Indeed, take X to be P2
k blown-up at a point and Y to be

P1
k ×k P1

k. Both have motives 1k ⊕ 1k(1)[2]⊕2 ⊕ 1k(2)[4] and are both Fano. If they

were D-equivalent, then they would be isomorphic (use result of Bondal and Orlov

[19]), which is not true.

Remark 2.4.24. It is a result of Balmer [10] in ⊗-triangular geometry that quasi-

compact and quasi-separated schemes X can be recovered from their ⊗-triangulated

categories of perfect complexes Dperf(X). This is not true if we forget the ⊗-structure,

as shown by Mukai that there are abelian varieties A such that A 6' Â := Pic0(A)

but are D-equivalent. Therefore, Orlov’s conjecture states that if we forget the ⊗-

structure on Dperf(X) ' DbCoh(X), for X any smooth projective complex variety,

we can at least recover the rational (Chow) motive of X. From another perspective,

we have Gabriel’s theorem stating that if Coh(X) ' Coh(Y ) as abelian categories,

then X and Y are isomorphic [36]. Therefore, another perhaps more enlightening
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interpretation of Orlov’s conjecture is that considering derived equivalence on the

left hand side forces us to consider equivalence in Voevodsky’s category of rational

geometric motives, conjecturally a bounded derived category of mixed motives.

In any case, the combination of the above two conjectures suggests that if X and Y are

birational smooth projective Calabi-Yau complex varieties, then M(X)Q ' M(Y )Q,

giving more evidence for the validity of the rational version of the conjecture of Wang.

A priori, there is no obvious connection between the existence of a motivic t-

structure on DMgm(C;Q) and conjecture 2.4.22 of Orlov. However, a theorem of

Kawamata states the following.

Theorem 2.4.25 (Part (2) of Theorem 2.3 of [55]). Suppose X and Y are D-

equivalent smooth projective complex varieties such that X is of general type (κ(X) =

dimX, i.e. maximal Kodaira dimension) or κ(X,−KX) = dimX. Then they are

K-equivalent.

In combination with theorem 2.4.2 and theorem 2.4.18, we obtain the following con-

ditional theorems, respectively.

Theorem 2.4.26. Then for X and Y smooth projective complex varieties such that

κ(X) = dimX or κ(X,−KX) = dimX, DbCoh(X) ' DbCoh(Y ) =⇒ M(X)⊕ P '

M(Y )⊕ P for some integral Chow motive P .

Theorem 2.4.27. Suppose the motivic t-structure conjecture is true for DMgm(C;Q).

Then for X and Y smooth projective complex varieties such that κ(X) = dimX or

κ(X,−KX) = dimX, DbCoh(X) ' DbCoh(Y ) =⇒ M(X)Q 'M(Y )Q.

Remark 2.4.28. We remark that when X and Y are smooth projective complex

varieties such that X has ample or anti-ample canonical bundle, then an C-linear

equivalence of bounded derived categories of coherent sheaves implies an isomorphism

of X and Y . This is a theorem due to Bondal and Orlov [18].
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In a good sense, the vast majority of smooth projective complex varieties are of

general type. For example, in the moduli space of curves, the space of curves of

Kodaira dimension −∞ (genus 0) is a point, the space of curves of Kodaira dimension

0 (genus 1) is 1-dimensional, while the space of curves of genus g ≥ 2 (general type)

has dimension 3g − 3. Also, a hypersurface of degree d in Pn is of general type if

and only if d > n + 1, and so most hypersurfaces are of general type. Consequently,

conditional on the existence of the expected motivic t-structure on DMgm(C;Q), we

have established conjecture 2.4.22 for the vast majority of smooth projective complex

varieties. Most likely, any possible counterexample to Orlov’s conjecture can only be

found among exceptional varieties, that is, those not of general type. As mentioned at

the end of the previous subsection, if we develop a more refined theory of integration

for Voevodsky motives, we may be able to unconditionally prove that K-equivalent

smooth projective varieties have equivalent rational (Chow) motives, in which case

we will make unconditional the theorems and corollaries above that are conditional

on the existence of a motivic t-structure. This technique of passing through K-

equivalence to show that D-equivalence implies equivalence of rational motives will not

work for all smooth projective varieties since D-equivalence does not in general imply

K-equivalence. Uehara has given an example of two birational smooth projective

complex varieties that are D-equivalent but not K-equivalent [79].
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Chapter 3

Comparison of stable homotopy

categories

3.1 Introduction

Motivic homotopy theory is designed to be the homotopy theory of algebraic geom-

etry. Just as spectra in stable homotopy theory represent generalized cohomology

theories, motivic spectra in stable motivic homotopy theory represent homotopy

invariant algebraic cohomology theories. There are comparison theorems that

relate cohomology theories. For example, the Artin comparison theorem gives an

isomorphism between the étale cohomology H∗et(X;Z/nZ) of a separated finite type

C-scheme X and the singular cohomology H∗(Xan;Z/nZ) of its complex analyti-

fication Xan. Another such comparison theorem is the Suslin-Voevodsky theorem

establishing an isomorphism between the (motivic) singular (co)homology of a

separated finite type C-scheme with finite coefficients and the singular (co)homology

of its associated complex analytic space Xan. Suslin and Voevodsky also show that

if X is a separated finite type k-scheme, where k is an algebraically closed field of
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exponential characteristic p admitting resolution of singularities, then its (motivic)

singular/Suslin cohomology H∗sus(X;Z/nZ) with n coprime to p agrees with the

étale cohomology H∗et(X;Z/nZ) [81]. The method of de Jong alterations allows the

removal of the condition that k admits resolution of singularities [37]. In combination,

these results say that for suitable finite torsion coefficients motivic cohomology is

a generalization of both Betti and étale cohomology, whenever such cohomology

theories are defined and well-behaved. In general, the study of realization functors is

important because they, in particular, give us comparison theorems that allow us to

understand complicated mathematical objects via their less complicated or concrete

shadows. In particular, the existence of realization functors in the study of motives

justifies the term motivic. In this chapter, we construct the stable `-adic étale

realization functor, a realization functor on the level of motivic spectra. Using this

construction, we relate the classical stable homotopy category to the stable motivic

homotopy category and generalize the Suslin-Voevodsky theorem to the homotopy

theoretic level.

In the classical stable homotopy category SH, the (topological) circle S1 is in-

verted, while in the stable motivic homotopy category SH(S), the projective line P1
S

is inverted. Since two different objects are inverted in the two theories, the question

arises whether there is a fully faithful functor from SH to SH(S), i.e. whether stable

motivic homotopy theory subsumes classical stable homotopy theory. There has

been progress in this respect for various base fields. In [63], Levine used the Betti

realization functor on the level of motivic spectra to prove that the functor

SH→ SH(k)
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induced by the constant sheaf functor is fully faithful whenever k is algebraically

closed of characteristic zero. The proof given by Levine is by comparing the slice

spectral sequence to the Betti realization of the slice spectral sequence. On the

other hand, Wilson and Østvaer [89] jointly proved that for k algebraically closed

of positive characteristic p, the functor SH → SH(k) induces an isomorphism

πn(S)[1/p] → πn,0(1k)(k)[1/p]. Their proof passes through Witt vectors to reduce

the positive characteristic case to Levine’s characteristic zero case. However, they

use motivic Serre finiteness (see corollary 3.6.3 and remark 3.6.4), now a theorem

due to Ananyevskiy-Levine-Panin [2], and the motivic Adams spectral sequence to

establish their result.

On the other hand, we use étale homotopy theory to deduce this result and

more. Artin and Mazur defined the étale homotopy type of a scheme X as a pro-

homotopy type [3], and this was later rigidified to the notion of a pro-space Πét
∞X by

Friedlander [34]. The pro-space Πét
∞X is defined such that its singular cohomology

and the étale cohomology of X agree for constant coefficients. Over a non-separably

closed field k, it would be better to define Πét
∞X relative to Spec k so that the action

of the absolute Galois group Gk := Gal(ksep|k) is also considered; this would give us

a pro-sheaf of spaces on the small étale site of Spec k. The étale topological type

X 7→ Πét
∞X of smooth k-schemes, k an algebraically closed field, has been lifted to

the level of motivic spaces by Isaksen [50]. In this chapter, we will construct a stable

version of the ∞-categorical incarnation of this construction, that is, for each prime

` 6= expchar k, we construct an exact small colimit-preserving functor

Ét` : Spt(k)→ Pro(Spt)HZ/`
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between stable ∞-categories. Note that this stable étale realization is different

from that constructed by Quick in [76]. His construction is basically the formal

stabilization of the unstable étale realization, whereas the one in this chapter is not.

The first application of our stable `-adic étale realization functor is the gen-

eralization of Levine’s result to algebraically closed fields that need not be of

characteristic zero. Secondly, we generalize the étale Suslin-Voevodsky theorem to

the homotopy-theoretic level. Indeed, we prove the following theorems.

Theorem 3.1.1 (Theorem 3.6.1). Let k be an algebraically closed field of exponential

characteristic p. Then

c[1/p] : Spt[1/p]→ Spt(k)[1/p]

induced by the constant presheaf functor is fully faithful.

Theorem 3.1.2 (Generalized Suslin-Voevodsky, theorem 3.7.1). Suppose k is an

algebraically closed field of exponential characteristic p, E ∈ Spteff(k)tor is an effective

torsion motivic spectrum, and ` 6= p is a prime. Then

Ét`∗ : πn,0(E)(k)⊗ Z` → πn

(
Ét`(E)

)

is an isomorphism.

Though the first theorem can be proved using a density argument in conjunction with

the main result of [89], the generalized étale Suslin-Voevodsky thereom is completely

new; even for its statement one needs a suitable stable étale realization functor. That

being said, in this chapter we give a completely different proof of the first theorem;

there is hope that this approach will lead to a comparison of equivariant and motivic

stable homotopy theories at least when the base field is not algebraically closed.

We deduce the full-faithfulness result by comparing the slice spectral sequence to

the spectral sequence induced by the stable étale realization of the slice tower. In
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particular, instead of using deformation theory, the motivic Adams spectral sequence,

and motivic Serre finiteness (as in [89]) to reduce to the characteristic zero case

proved by Levine, we replace the Betti realization in Levine’s proof with the stable

étale realization functor. Futhermore, the techniques in this chapter give us the

second theorem above which is a homotopy-theoretic generalization of the étale

version of the Suslin-Voevodsky theorem. Furthermore, we avoid using motivic Serre

finiteness, and so obtain a new proof of this theorem in the special case that k is

algebraically closed. Though our proof uses the philosophy of Levine’s proof, there

are a number of technicalities that arise due to the appearance of pro-homotopy

theory. Consequently, we have to work harder to prove some of the necessary lemmas

and propositions. In particular, the proofs of the above theorems are not immediate

consequences of our construction of the stable étale realization functor.

There are a number of generalizations of the results in this chapter that could

be pursued. The author expects that SH fully faithfully embeds in SH(k) without the

inversion of the exponential characteristic; however, the techniques of this chapter

do not work, at least with their current limitations. The inversion of the exponential

characteristic occurs in a number of places in motivic homotopy theory. Most

importantly, it occurs when dealing with resolution of singularities in the spirit of de

Jong and Gabber (see Shane Kelly’s work [56]). Furthermore, étale cohomology does

not behave well at the residue characteristics. The author knows of no A1-homotopy

invariant cohomology theory good enough to deal with this issue at the prime

p. Another possible generalization that should be pursued is Galois equivariance,

i.e. the dropping of the condition that k is algebraically closed. There has been

some progress in this direction. Now that we know the validity of motivic Serre

finiteness [2], Heller and Ormsby have proved that there is a fully faithful functor

from the C2-equivariant stable homotopy category to the stable motivic homotopy
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category of real closed fields [43],[44]. The ideas behind the construction of the stable

étale realization functor constructed in this chapter may lead to Galois equivariant

generalizations. Note, however, that the construction given here works well only

when dealing with algebraically closed fields. In order to deal with non-algebraically

closed fields, we need to construct a stable étale realization functor that takes care

of continuous Galois actions. This will be pursued in a future paper. That being

said, proving that stable motivic homotopy theory subsumes some sort of Galois

equivariant stable homotopy theory for fields that are not real closed requires a good

theory of equivariant stable homotopy theory with profinite group actions. Perhaps,

the work of Barwick [12] is relevant here.

We warn the reader that the default language in this chapter is that of ∞-categories

as in [65] and [67]. In particular, throughout this chapter, S is the ∞-category of

spaces. For notational simplicity, throughout this chapter we view Spt as the stable

∞-category of S2-spectra. The unit object is Σ∞S2S0, also designated by S.

3.2 Motivic Homotopy Theory

In this section, we recall the foundations of motivic homotopy theory as well as its

stable version. We will furthermore describe Voevodsky’s slice tower. The bigraded

slice tower can be found in [63] in the language of triangulated categories. However,

since we work in the ∞-categorical language, we reproduce here the basic construc-

tions for completeness and for the benefit of the reader.

Let S be a Noetherian scheme of finite Krull dimension. Let Sm/S be the cat-

egory of separated smooth schemes (of finite type) over S, which will henceforth

be shortened to smooth schemes. Let PSh∞(Sm/S) and PSh∗∞(Sm/S) be the
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∞-categories Fun((Sm/S)op, S) and Fun((Sm/S)op, S∗) of presheaves of spaces and

pointed presheaves of spaces, respectively, on Sm/S. Note that whenever C0 is an

ordinary category, we identify it with its nerve N(C0). Therefore, when we speak

of ∞-functors from C0 to an ∞-category D, we actually mean ∞-functors from the

nerve N(C0) of C0 to D. Note that N(C0) is an ∞-category, and that the nerve of an

ordinary category coincides with the simplicial nerve of C0 viewed as a simplicial cat-

egory with discrete spaces of morphisms. In particular, we abuse notation to identify

Sm/S with its nerve N(Sm/S). Taking PSh∞(Sm/S) and sheafifying with respect to

the Nisnevich topology and localizing with respect to the S-projections X×SA1
S → X

gives us the ∞-category Spc(S) of motivic spaces (since S is assumed to be Neothe-

rian of finite Krull dimension, this is already hypercomplete). By localization, we

mean the following. Call a Nisnevich sheaf E in the ∞-category ShvNis∞ (Sm/S)

A1-local if it has the property that for every S-projection X ×S A1
S → X viewed

as a map of representable Nisnevich sheaves, Map(X,E) → Map(X ×S A1, E) is a

weak equivalence of spaces. Then Spc(S) is the full subcategory of ShvNis∞ (Sm/S)

consisting of the A1-local objects. To make this precise, we proceed in the following

well-known manner. The category PSh∞(Sm/S) is the ∞-category associated to

the projective object-wise model structure on simplicial presheaves on Sm/S. This

model structure is a left proper combinatorial simplicial model structure, and so it

can be left Bousfield localized along any small set of morphisms (see proposition

A.3.7.3 of Lurie’s [65]). We can localize to obtain ShvNis∞ (Sm/S), and then obtain

Spc(S) via the left Bousfield localization that corresponds to the A1-equivalences,

that is, maps of Nisnevich sheaves of spaces X → Y such that for every A1-local

object Z, Map(Y, Z) → Map(X,Z) is a weak equivalence. We can do this for any

topology τ . We have the following lemma.
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Lemma 3.2.1. The inclusion i : Spc(S)→ Shvτ∞(Sm/S) has a left adjoint

LA1 : Shvτ∞(Sm/S)→ Spc(S).

Doing the same with PSh∗∞(Sm/S) gives us the ∞-category Spc∗(S) of pointed mo-

tivic spaces. We can see from the homotopy pushout square

Gm,S
//

��

A1
S ' ∗

��

∗ ' A1
S

// P1
S

in the ∞-category Spc∗(S) that the S1-suspension of (pointed) Gm,S is in fact homo-

topy equivalent to P1
S (pointed at ∞). Let ΩP1

S
(−) be the functor MapSpc∗(S)(P1

S,−).

Let Spt(S) be the ∞-category of P1
S-spectra of motivic spaces over S:

Spt(S) := lim

(
. . .

ΩP1
S−−→ Spc∗(S)

ΩP1
S−−→ Spc∗(S)

)
,

where the limit is taken in the ∞-category of ∞-categories. Let Σ∞P1
S

: Spc∗(S) →

Spt(S) be the left adjoint of Ω∞P1
S

: Spt(S) → Spc∗(S), and call it the suspension

functor. Note that such a left adjoint exists because Spc∗(S) is a presentable

∞-category; it is the localization of a category of presheaves. See proposition 1.4.4.4

of [67] for the existence of the left adjoint.

We remind the reader that an ∞-category C is said to be accessible if for some

regular cardinal κ, there is a small ∞-category C0 such that C ' Indκ(C0) [65].

Basically, all this is saying is that even though C may be large, it is generated under

κ-small filtered colimits by a small category. An ∞-functor F : C → D is said

to be an accessible functor if C is an accessible ∞-category and there is a regular

86



cardinal κ such that F preserves κ-small filtered colimits [65]. Note that presentable

∞-categories are, by definition, accessible∞-categories that admit all small colimits.

Note that that Spt(S) is a presentable stable ∞-category. Indeed, the inclu-

sion from PrR, the ∞-category of presentable ∞-categories with morphisms those

accessible functors preserving small limits, into the ∞-category of ∞-categories pre-

serves limits (proposition 5.5.3.18 of [65]). Therefore, Spt(S) is a limit in PrR, which

is closed under small limits, again by Proposition 5.5.3.18 of [65]. The presentability

of Spt(S) can also be seen by noting that Spt(S) is a colimit in PrL ' (PrR)op, the

∞-category of presentable ∞-categories with morphisms those functors preserving

small colimits.

1S ∈ Spt(S) is the motivic sphere spectrum Σ∞P1S+ over S. Smash product

makes Spt(S) a symmetric monoidal ∞-category with unit object 1S. Throughout

this chapter, we drop S in all the above notations whenever the context makes the

choice of S clear.

Throughout this chapter, the motivic sphere Sp,q will be defined as

(S1)∧p ∧G∧qm,S.

Note that Sp,q is usually (S1)∧(p−q) ∧ G∧qm,S; however, we find the above convention

more convenient for our purposes.

Given an∞-category C, we let [X, Y ]C be π0MapC(X, Y ). We will omit the subscript

C whenever there is no possibility of confusion. We let Σp,q : Spt(S) → Spt(S) be

the bigraded suspension functor E 7→ Sp,q ∧ E. Ωp,q : Spt(S) → Spt(S) be the loop
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functor E 7→ S−p,−q ∧ E with the expected definition. It is the right adjoint of Σp,q.

If E ∈ Spt(S) is a motivic spectrum, then πp,q(E) is the Nisnevich sheaf associated

to the presheaf on Sm/S of abelian groups

X 7→ [Σp,qΣ∞P1X+, E]

In the proof of the main theorem, Voevodsky’s slice spectral sequence will play an

essential role. We now set up the necessary notation and recall the construction of this

spectral sequence. Let Spt(S)≥(a,b) be the full subcategory of Spt(S) generated under

colimits and extensions by {Σp,qΣ∞P1X+|X ∈ Sm/S, p ≥ a and q ≥ b}. Spt(S)≥(a,−∞)

denotes the full subcategory of Spt(S) generated under colimits and extensions by

{Σp,qΣ∞X+|X ∈ Sm/S, p ≥ a and q ∈ Z}. Similarly, Spt(S)≥(−∞,b) denotes the full

subcategory of Spt(S) generated under colimits and extensions by {Σp,qΣ∞X+|X ∈

Sm/S, p ∈ Z and q ≥ b}. By construction, Spt(S) is a stable ∞-category. As a

result, Spt(S)≥(−∞,b) is also a stable ∞-category. For each fixed b ≥ −∞, from

proposition 1.4.4.11 of [67] and the stability of Spt(S)≥(−∞,b) we deduce the existence

of a t-structure on Spt(S)(−∞,b) with non-negative part Spt(S)≥(0,b). For each (a, b)

(where a, b can be −∞), we have a truncation functor fa,b : Spt(S) → Spt(S) given

by the truncation τ≥(a,b) : Spt(S) → Spt(S)≥(a,b) followed by the inclusion ia,b :

Spt(S)≥(a,b) → Spt(S). (ia,b, τ≥(a,b)) is an adjoint pair. Note that the reason we

consider t-structures is because we want the inclusion to be a left adjoint to truncation;

this allows us to construct maps fa,bE → E. For convenience, E 7→ E≥(a,b) will be the

truncation fa,bE of E. Given a fixed b, this t-structure on Spt(S)≥(−∞,b) with non-

negative part Spt(S)≥(0,b) gives us maps E≥(a,b) → E, and so the cofiber sequences

E≥(a,b) → E → E≤(a−1,b) → Σ1,0E≥(a,b).
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We write fn := f−∞,n. We call Spteff(S) := Spt(S)≥(−∞,0) the category of effective

spectra. For each spectrum E ∈ Spt(S) and each n, the adjunction (i−∞,n, τ≥(−∞,n))

allows us to produce the natural morphism fnE → E, and the n-th slice snE is

defined by the cofiber sequence

fn+1E → fnE → snE → Σ1,0fn+1E.

Note that fn+1fn = fn+1. For every effective spectrum E, these cofiber sequences fit

together to produce Voevodsky’s slice tower

. . .→ ft+1E → ftE → . . .→ f0E = E

with nth layer snE. This gives us an exact couple of graded abelian groups

π∗,0(f∗E)(S) // π∗,0(f∗E)(S)

vv

π∗,0(s∗E)(S),

∂

hh

where ∂ is of degree −1 and the unlabeled morphisms are of degree 0. From this

exact couple, we get Voevodsky’s slice spectral sequence

E2
p,q = πp+q(sqE)(S) =⇒ πp+q(E)(S),

where the differentials on the r-th page are given by

drp,q : Er
p,q → Er

p−r,q+r−1.

In section 3.5, we recall conditions under which the convergence of this spectral se-

quence is guaranteed. We will also study the spectral sequence obtained via the stable
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`-adic étale realization of the above slice tower. By comparing these two spectral se-

quences for S = Spec k, k an algebraically closed field, we will deduce our comparison

theorems.

3.3 `-adic Homotopy Theory

The stable `-adic étale realization functor will take values in the ∞-category of

(HZ/`)∗-local pro-spectra (those that are cohomologically Bousfield localized with

respect to the Eilenberg-Maclane spectrum HZ/`). In this section, we recall pro-

categories in the spirit of Grothendieck (and Lurie in the ∞-categorical world) and

give its universal property. This will be essential to our construction of the stable

étale realization functor. We then discuss Bousfield localization of pro-spaces and

pro-spectra using the language of ∞-categories. We now recall the central notion of

pro-categories in the world of ∞-categories.

Definition 3.3.1 (Definition 3.1.1 of [66]). Given an accessible ∞-category C admit-

ting finite limits, its pro-category Pro(C) is the full subcategory of Fun(C, S)op spanned

by the accessible functors F : C→ S that preserve finite limits.

The notion of a pro-category as defined above is very close to the more familiar

classical notion. Indeed, if C is the nerve of an ordinary accessible category C0, then

the ∞-category Pro(C) is the nerve of the (ordinary) pro-category Pro(C0) (example

3.1.3 of [66]).

As an example, the ∞-category Spt of spectra is a presentable, hence accessi-

ble, ∞-category admitting finite limits. Therefore, we may construct Pro(Spt) as

above. Similarly, we have Pro(S).
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Remark 3.3.2. If C is an accessible ∞-category admitting finite limits, then the

collection of left-exact accessible functors C→ S is closed under small filtered colimits

in Fun(C, S). Therefore, Pro(C), which is a full subcategory of the opposite category of

Fun(C, S), is closed under small cofiltered limits. This suggests the following universal

proposition.

Proposition 3.3.3 (Proposition 3.1.6 of [66]). Suppose C is an accessible∞-category

admitting finite limits, and suppose D is an ∞-category admitting small cofiltered

limits. Let Fun′(Pro(C),D) be the full subcategory of Fun(Pro(C),D) spanned by those

functors that preserve small cofiltered limits. Then the Yoneda embedding C→ Pro(C)

induces an adjunction

Fun′(Pro(C),D)→ Fun(C,D).

Suppose f : C → D is a left exact functor between accessible categories admitting

finite limits. Composing with the Yoneda embedding D ↪→ Pro(D) gives us a functor

C→ Pro(D). By the above universal property of pro-categories, this can be extended

to Pro(f) : Pro(C) → Pro(D) that preserves small cofiltered limits. On the other

hand, there is a functor G : Pro(D) → Pro(C) given by composition with f . These

maps have the following important property.

Lemma 3.3.4. If f : C → D is a left exact functor between accessible ∞-categories

admitting finite limits, then

G : Pro(D) � Pro(C) : Pro(f)

is an adjunction.

Proof. Given a function H : X→ Y, there is a composition of functors

Y→ Fun(Y, S)op → Fun(X, S)op
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given by the Yoneda embedding followed by pre-composition with H. We denote

this by H̃. This is called the formal left adjoint of H. Indeed, it has the following

property. If x ∈ X and y ∈ Y, then we have the following functorial equivalence:

MapFun(X,S)op(H̃(y), x) ' MapFun(X,S)op(MapY(y,H(−)), x) ' MapY(y,H(x)),

where the last equivalence follows from Yoneda’s lemma. Note that if the image of

H̃ lies in the full subcategory E of Fun(X, S)op, then we can write the equivalence as

MapE(H̃(y), x) ' MapY(y,H(x)).

Let us apply this to the functor Pro(f) : Pro(C) → Pro(D). Since f is a left ex-

act and accessible functor between accessible categories admitting finite limits, such

Pro(f) exists. Let us take H := Pro(f). Composing H̃ with R : Fun(Pro(C), S)op →

Fun(C, S)op induced by restriction. We show that R ◦ H̃ : Pro(D) → Fun(C, S)op is

equal to G : Pro(D) → Pro(C) composed with Pro(C) ↪→ Fun(C, S)op. Indeed, the

former is given by sending d ∈ Pro(D) to MapPro(D)(d, f(−)) = d ◦ f , while the latter

is given by sending d : D→ C to d ◦ f ∈ Fun(C, S)op. The conclusion follows.

Definition 3.3.5. g : D→ Pro(C) is called the pro-left adjoint of f : C→ D.

The lemma above says that it exists whenever f a left exact functor between acces-

sible ∞-categories admitting finite limits.

Given a prime `, S`−fc is defined as the full subcategory of S of `-finite spaces,

that is, those spaces X with finitely many nontrivial homotopy groups with the

additional conditions that π0X is finite and πiX, i ≥ 1, are `-finite groups. We then

let SPro(`) := Pro(S`−fc), and call it the ∞-category of `-profinite spaces.
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There is a notion of (HZ/`)∗-localization of Pro(S). A morphism X → Y in

Pro(S) is called an (HZ/`)∗-equivalence if it induces an isomorphism H∗(Y ;Z/`) →

H∗(X;Z/`). A pro-space Z is (HZ/`)∗-local if for every (HZ/`)∗-equivalence X → Y ,

MapPro(S)(Y, Z) → MapPro(S)(X,Z) is a weak equivalence in S. Pro(S)Z/` is the full

∞-subcategory of (HZ/`)∗-local pro-spaces in Pro(S). It is not hard to show that

Pro(S)Z/` = Pro(S`−fc) (see remark 3.8 of [46]). We construct localization functors

by using the universal property of pro-categories. The inclusion i : S`−fc ↪→ S

is accessible and left exact. Therefore, lemma 3.3.4 implies that the inclusion

i : Pro(S)Z/` → Pro(S) admits a left adjoint LZ/` : Pro(S)→ Pro(S)Z/`.

Since the ∞-categories Pro(S)Z/` and Pro(S`−fc) are equivalent, we will hence-

forth also call (HZ/`)∗-local profinite spaces `-profinite spaces. Similarly, there is

also a pointed version of this construction.

Similarly, we may localize Pro(Spt) with respect to the Eilenberg-Maclane spectrum

HZ/` as follows. Call a morphism E → F of pro-spectra an (HZ/`)∗-equivalence

if MapPro(Spt)(F,HZ/`) → MapPro(Spt)(E,HZ/`) is a weak equivalence. Note

that we are abusing terminology here; when we speak of (HZ/`)∗-local pro-

spaces, we will mean the definition given in the previous paragraph, while if we

speak of (HZ/`)∗-local pro-spectra, we mean this definition. It should be clear

from the context which we mean. Let Pro(Spt)HZ/` be the full subcategory of

Pro(Spt) spanned by the (HZ/`)∗-local objects, that is, the full subcategory of

Pro(Spt) consisting of spectra G such that for every (HZ/`)∗-equivalence E → F ,

MapPro(Spt)(F,G) → MapPro(Spt)(E,G) is an equivalence. Similar to the case of

Pro(S), we produce an adjoint pair of functors

LHZ/` : Pro(Spt) � Pro(Spt)HZ/` : ist,
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where ist is the inclusion functor. The existence of the Bousfield localization functors

could have also been shown by using the strict model structures of Isaksen [51].

As we will see in our construction of the étale realization functors, the cate-

gories Pro(S)Z/` and Pro(Spt)HZ/` will play an important role for us.

In classical stable homotopy theory, we have the adjunction between infinite

suspension and infinite loop space functors

Σ∞+ : S � Spt : Ω∞.

This induces the adjunction

Pro(Σ∞+ ) : Pro(S) � Pro(Spt) : Pro(Ω∞),

from which we naturally obtain the adjunction

Σ∞S2
`+ : Pro(S)Z/` � Pro(Spt)HZ/` : Ω∞S2

`

of the Bousfield localized categories.

3.4 Shape Theory and Étale Realization Functors

In [63], Levine used the Betti realization of motivic spectra to prove his full-

faithfulness result for algebraically closed fields of characteristic zero. The stable

Betti realization is an easy extension of the unstable Betti realization of motivic

spaces. In positive characteristic, however, the extension of the étale realization of

motivic spaces due to Isaksen [50] is not immediate because we need a good stable
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homotopy theory of pro-spaces. The main purpose of this section is to show that

for k algebraically closed, there is a stable étale realization of motivic spectra that

behaves well enough for us.

In this section, we will first describe shape theory and recall the étale realiza-

tion of schemes. We will then describe Hoyois’ (see [46]) ∞-categorical incarnation

of Isaksen’s étale realization of motivic spaces that gives the unstable `-adic étale

realization fuctor

Spc(S)→ Pro(S)Z/`.

For our construction of the stable `-adic étale realization, we first construct the étale

realization functor for Nisnevich sheaves of E-modules on Sm/S, E an E∞-ring spec-

trum. Roughly, specializing this construction to S = Spec k, k algebraically closed,

and E = S, and performing A1-localization and Bousfield localization, we obtain the

stable `-adic étale realization functor of motivic spectra

Spt(k)→ Pro(Spt)HZ/`.

Also taking S = Spec k, k an algebraically closed field, in Hoyois’ unstable case, we

will be able to compare the unstable and stable étale realization functors. Before

doing so, here are some preliminaries on shape theory and Grothendieck sites.

If τ is a Grothendieck topology on the category of schemes, and X is a scheme,

the small τ -site will be the full subcategory of Sch/X, the category of separated

finite type X-schemes, generated by members of the τ -coverings of X and with the

Gorthendieck topology induced by τ . Xτ denotes the ∞-topos of sheaves of spaces

on the small τ -site of X. This assignment of Xτ to a scheme X is functorial in
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the sense that a morphism of schemes f : X → Y induces a morphism of ∞-topoi

f∗ : Xτ → Yτ given by f∗(F)(−) := F(− ×Y X). In this chapter, the étale topology

will be of greatest importance to us.

Let TopoiR be the ∞-category of ∞-topoi with morphisms the geometric mor-

phisms (Lurie [65] uses the notation TpoR instead). Recall that a geometric

morphism f∗ : X → Y between ∞-topoi is a functor that admits a left exact left

adjoint, designated by f ∗ : Y → X. Given a geometric morphism f∗ : X → Y

with left adjoint f ∗ : Y → X, we have a pro-left adjoint f! : X → Pro(Y) to f ∗

given by f!(X)(Y ) := MapX(X, f ∗Y ). Indeed, note that by the Yoneda embedding,

f!(X)(Y ) ' MapPro(S)(f!(X), Y ). Therefore, we see that f! is a pro-left adjoint to

f ∗. In particular, we have a geometric morphism π∗ : X → S that is unique up to

homotopy (S is final in TopoiR by proposition 6.3.4.1 of [65]). This has the constant

sheaf functor π∗ : S → X as its left adjoint. The pro-left adjoint π! : X → Pro(S) is

given by

π!(F )(K) = MapX(F, π∗K).

The shape Π∞X of the ∞-topos X is defined as the pro-space π!(1X), where 1X is the

final object of X. Π∞ : TopoiR → Pro(S) is in fact a pro-left adjoint to the functor

S→ TopoiR sending a space to the ∞-topos of ∞-sheaves on the space. See [47] for

details regarding this functor Π∞.

Important examples come from Grothendieck sites. For example, if X is a scheme,

then Πét
∞X := Π∞Xét is the étale topological type of X. Note that this construction

is functorial in the sense that a morphism of schemes X → Y functorially gives a

morphism Πét
∞X → Πét

∞Y of étale topological types. We denote the functor by

Πét
∞ : Sm/S → Pro(S).
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Remark 3.4.1. By the construction of Πét
∞X, for constant coefficients A,

H∗(Πét
∞X;A) ∼= H∗ét(X;A). This feature of the étale topological type allows us

to prove theorems about étale cohomology by using algebraic topology. Artin-Mazur

[3] produced a pro object in the homotopy category of spaces representing the étale

topological type while Friedlander [34] rigidified the Artin-Mazur construction to the

level of pro-spaces, again giving an explicit construction.

The `-adic unstable étale realization functor on motivic spaces is constructed as fol-

lows. We first lift Πét
∞ : Sm/S → Pro(S) to a functor

Π̂ét
∞ : Shvτ∞(Sm/S)→ Pro(S)

that preserves small homotopy colimits. Here τ is any topology coarser than the étale

topology, for example the Nisnevich topology. Consider the following diagram:

Sm/S
Πét
∞ //

��

Pro(S)

PSh∞(Sm/S)
Π̃ét
∞

77

��

Shvτ∞(Sm/S).

Π̂ét
∞

??

The middle dotted arrow can be constructed uniquely from Πét
∞ because Pro(S) is co-

complete and every presheaf of spaces on Sm/S is a colimit of representable presheaves

of spaces. In order to lift to all of Shvτ∞(Sm/S), we need the following lemma of Hoyois

[46].

Lemma 3.4.2. If U is an étale covering diagram in the small étale site of X, then

Πét
∞X is the colimit of the diagram of pro-spaces Πét

∞U .
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Proof. This is lemma 1.5 of Hoyois [46]. The proof is that the ∞-topos Xét is the

colimit in TopoiR of the diagram of ∞-topoi Uét. Since Π∞ : TopoiR → Pro(S) is a

pro-left adjoint by construction, it preserves colimits. The conclusion follows.

Using this, we lift Πét
∞ to a left adjoint Π̂ét

∞ : Shvτ∞(Sm/S)→ Pro(S).

Remark 3.4.3. Note that Π̂ét
∞ must be the composition of Shvτ∞(Sm/S) ↪→

PSh∞(Sm/S) and Πét
∞. However, the above lemma comes in because we want

to show that sheafifying a presheaf of spaces in PSh∞(Sm/S) and then applying

Πét
∞ is the same as applying Πét

∞ to the presheaf itself. This requires more than just

existence.

Alternatively, Πét
∞ can be globalized by instead working with the big étale site

(Sm/S)ét. Indeed, consider the global sections functor

Γ∗ : Shvét
∞(Sm/S)→ S

with left adjoint

Γ∗ : S→ Shvét
∞(Sm/S)

given by sending a space to the constant sheaf on the big étale site over S. This has

a pro-left adjoint

Γ! : Shvét
∞(Sm/S)→ Pro(S).

Note that Γ!(X) = Π∞(Shvét
∞(Sm/S)/X). If X is representable, then this is the same

as Π∞Xét (see remark 5.3 of Hoyois [46]). Therefore, Π̂ét
∞ is given by the composition

Shvτ∞(Sm/S)
aét−→ Shvét

∞(Sm/S)
Γ!−→ Pro(S).

This preserves colimits as it is the composition of (restrictions of) two left adjoint

functors.
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For any prime ` not equal to the residue characteristics of S, and X a separated finite

type S-scheme, we have that the map H∗ét(X;Z/`Z)→ H∗ét(X ×S A1
S;Z/`Z) induced

by the projection X ×S A1
S → X is an isomorphism (see VII, Cor. 1.2 of [42]). By

lemma 3.2.1, there is a Bousfield localization functor LA1 : Shvτ∞(Sm/S) � Spcτ (S).

Therefore, the composition

Shvτ∞(Sm/S)
Π̂ét
∞−−→ Pro(S)

LZ/`
−−→ Pro(S)Z/`

factors through Spc(S) to give us unstable `-adic étale realization

Ét` : Spcτ (S)→ Pro(S)Z/`

of τ -motivic spaces (instead of the Nisnevich topology in the construction of motivic

spaces, use the topology τ). In our future computations, we will need the following

lemma.

Lemma 3.4.4. For p, q ≥ 0, Ét`S
p,q ' K(Z`, 1)∧p ∧ K(Tµ`∞ , 1)∧q, where Tµ`∞ is

the Tate module of µ`∞.

For a proof of this, see Proposition 6.2 of Hoyois [46]. Since k is assumed to

be algebraically closed, we can choose an isomorphism Tµ`∞ ' Z` and identify

Ét`S
p,q ' K(Z`, 1)∧p+q.

We now construct the stable étale realization functor using analogues of this

alternative description. Instead of considering sheaves of spaces, we can consider

sheaves of E-modules for some E∞-ring spectrum E. In this case, consider the global

sections functor

ΓE∗ : Shvét
∞(Sm/S,ModE)→ModE
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with left adjoint

Γ∗E : ModE → Shvét
∞(Sm/S,ModE)

given by sending an E-module M to its associated constant sheaf of E-modules on

the big étale site over S. This functor preserves finite limits, and so by lemma 3.3.4,

this has a pro-left adjoint

ΓE! : Shvét
∞(Sm/S,ModE)→ Pro(ModE).

We then consider the morphism

ΠE
∞ : Shvτ∞(Sm/S,ModE)

aét−→ Shvét
∞(Sm/S,ModE)

ΓE!−→ Pro(ModE).

Specializing to E = S, we obtain the commutative diagram

Π̂ét
∞ : Shvτ∞(Sm/S)

aét //

Σ∞+
��

Shvét
∞(Sm/S)

Γ! //

Σ∞+
��

Pro(S)

Pro(Σ∞+ )

��

ΠS
∞ : Shvτ∞(Sm/S; Spt)

aét // Shvét
∞(Sm/S; Spt)

ΓS
! // Pro(Spt).

Furthermore, we also have the commutative diagram

Pro(S)

Pro(Σ∞+ )

��

LZ/`
// Pro(S)Z/`

Σ∞
S1
`

+

��

Pro(Spt) LHZ/`
// Pro(Spt)HZ/`.

The previous two diagrams fit together to form

Shvτ∞(Sm/S)
aét //

Σ∞+
��

Shvét
∞(Sm/S)

Γ! //

Σ∞+
��

Pro(S)

Pro(Σ∞+ )

��

LZ/`
// Pro(S)Z/`

Σ∞
S1
`

+

��

Shvτ∞(Sm/S; Spt)
aét // Shvét

∞(Sm/S; Spt)
ΓS

! // Pro(Spt) LHZ/`
// Pro(Spt)HZ/`.
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As in the construction of the unstable étale realization, we can see that LHZ/`ΠE
∞

factors through the A1-localized τ -sheaves of E-modules. This gives us the S1-stable

étale realization

Ét
Spt

` : SptS
1

τ (S)→ Pro(Spt)HZ/`.

These give us the following commutative diagram of étale realizations:

Ét` : Spcτ (S)
aét //

Σ∞+
��

Spcét(S)
LZ/`Γ! //

Σ∞+
��

Pro(S)Z/`

Σ∞
S1
`

+

��

Ét
Spt

` : SptS
1

τ (S)
aét // SptS

1

ét (S)
LHZ/`ΓS

!// Pro(Spt)HZ/`

From now on, we restrict to S = Spec k, where k is a separably closed field. The

final step in our construction is to invert Gm in the bottom row of the above diagram

specialized to S = Spec k. We do so by showing that there is a commutative diagram

of the following form.

Ét` : Spcτ (k)
aét //

Σ∞+
��

Spcét(k)
LZ/`Γ! //

Σ∞+
��

Pro(S)Z/`

Σ∞
S1
`

+

��

Ét
Spt

` : SptS
1

τ (k)
aét //

Σ∞Gm
��

SptS
1

ét (k)
LHZ/`ΓS

!//

Σ∞Gm
��

Pro(Spt)HZ/`

Σ∞
S1
`

��

Sptτ (k)
aét // Sptét(k) // Pro(Spt)HZ/`

We need to construct the dotted functor

Sptét(k)→ Pro(Spt)HZ/`
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so that the lower right square commutes. We do so by first checking that the square

SptS
1

ét (k)ω F //

ΣGm
��

Pro(Spt)HZ/`

Σ
S1
`
��

SptS
1

ét (k)ω F // Pro(Spt)HZ/`,

where F := LHZ/`ΓS
! and SptS

1

ét (k)ω is the full subcategory of SptS
1

ét (k) spanned by

the ω-compact objects, commutes. Indeed, take Σa+∞
S1 X+, X a smooth k-scheme

and a ∈ Z. Such objects compactly generate SptS
1

ét (k) under colimits and extensions

(k is algebraically closed, and so a descent spectral sequence shows that SptS
1

ét (k) is

compactly generated), and our functors are exact and preserve colimits. It therefore

suffices to check commutativity of the above square on such objects. Note that if

Spcfin(k) is the full subcategory of Spc(k) generated by Sm/k under finite colimits,

then Ét`|Spcfin(k) : Spcfin(Sm/k)→ Pro(S)Z/` preserves finite products. This is lemma

6.1 of [46]. We remark that it is not necessarily true that Ét` preserves finite products

on all of Spc(k) because the Kunneth formula requires some finiteness conditions.

Using this, we deduce that

F (ΣGmΣa+∞
S1 X+) ' LHZ/`ΓS

! (Σ∞S1(ΣGmΣa
S1X+))

' Σ∞S1
`
LZ/`Γ!(ΣGmΣa

S1X+)

' Σa+1+∞
S1
`

LZ/`Γ!(X+)

' ΣS1
`
LHZ/`ΓS

! (Σa+∞
S1 X+)

' ΣS1
`
F (Σa+∞

S1 X+).

By proposition 5.5.7.8 of [65], Sptét(k)ω is the colimit

colim
(
SptS

1

ét (k)ω
ΣGm−−→ SptS

1

ét (k)ω
ΣGm−−→ . . .

)
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in Cat∞(ω), the ∞-category of small ∞-categories admitting ω-filtered colimits and

with morphisms those functors that preserve ω-filtered colimits. We can similarly

define Ĉat∞(ω), but with big ∞-categories instead. Cat∞(ω) ⊂ Ĉat∞(ω) preserves

colimits. Taking colimits of the above square in the category Ĉat∞(ω), we obtain the

commutative square

SptS
1

ét (k)ω F //

Σ∞Gm
��

Pro(Spt)HZ/`

Σ∞
S1
`
��

Sptét(k)ω F // Pro(Spt)HZ/`,

from which we get the commutative square

SptS
1

ét (k) F //

Σ∞Gm
��

Pro(Spt)HZ/`

Σ∞
S1
`
��

Sptét(k) F // Pro(Spt)HZ/`

by left Kan extensions. We thus obtain the commutative diagram

Ét` : Spcτ (k)
aét //

Σ∞
P1+
��

Spcét(k)
LZ/`Γ! //

Σ∞
P1+

��

Pro(S)Z/`

Σ∞
S2
`

+

��

Ét` : Sptτ (k)
aét // Sptét(k)

LHZ/`ΓS
!// Pro(Spt)HZ/`.

The lower row corresponds to an exact functor Ét`, which we call the stable `-adic

étale realization functor. Furthermore, it is not hard to see that this functor is oplax

monoidal as it is constructed from the pro-left adjoint of a monoidal functor.

3.5 Two Spectral Sequences

In this section, we discuss the convergence of Voevodsky’s slice spectral sequence

and that of the spectral sequence obtained from the stable `-adic étale realization of
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the slice tower. We show that both spectral sequences are strongly convergent under

suitable conditions. It is by comparing these two spectral sequences that we will

prove our main theorems.

Let Sptfin(k) to be the smallest full subcategory of Spt(k) containing Σn
P1Σ∞+X,

n ∈ Z, X ∈ Sm/k, and closed under finite colimits and extensions. Call such motivic

spectra finite motivic spectra. In [62], Levine calls them finite spectra as apposed to

finite motivic spectra. Given a finite effective motivic spectrum E ∈ Spteff
fin(k), we

obtain the slice tower

. . .→ ft+1(E)→ ft(E)→ . . .→ f1(E)→ f0(E) = E

as discussed in section 3.2. This gives rise to the following exact couple:

. . . π∗,0(fq+1(E))(k)
i // π∗,0(fq(E))(k) //

j

��

. . . π∗,0(f1(E))(k)
i // π∗,0(E)(k)

j

��

. . . π∗,0(sq(E))(k)

k

ii

. . . π∗,0(s1(E))(k).

k

hh

Since Z` is a flat Z-module, tensoring with Z` gives the exact couple

π∗,0(f•E)(S)⊗ Z`
i⊗Z` // π∗,0(f•E)(S)⊗ Z`

j⊗Z`uu

π∗,0(s•E)(S)⊗ Z`,
k⊗Z`

ii

where the • denotes the indices of the tower and the ∗ denotes the grading of the

homotopy groups. i decreases • by 1, while k has degree −1 (in ∗).

For each q, consider the filtration

F n,q := Filtnπ∗,0(fq(E))(k)[1/p] := Im(i(n) : π∗,0(fn+q(E))(k)→ π∗,0(fq(E))(k))[1/p].
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By theorem 7.3 of Levine [62], since E finite, we have that F n,q = 0 for n � 0,

where this lower bound is not universal and depends on ∗. Note that F n,q ⊗Z Z` =

Im(i(n)) ⊗Z Z` ∼= Im(i(n) ⊗Z Z`). The claim is that this last exact couple induces a

strongly convergent spectral sequence

E2
p,q = πp+q,0(sqE)(k)⊗Z Z` =⇒ πp+q,0(E)(k)⊗Z Z`

where the differentials on the r-th page are given by

drp,q : Er
p,q → Er

p−r,q+r−1.

Let Qq :=
⋂
n(F n,q ⊗Z Z`) and RQs := R limn F

n,q ⊗Z Z`. In our case, Qq = 0 for

every q by what was said above. It is also easy to see that since F n,q ⊗Z Z` = 0 for

n � 0, RQs = 0. Note that limq π∗,0(fq(E))(k) ⊗Z Z` = limqQ
q = 0, and so the

spectral sequence is Hausdorff. By the Mittag-Lefler condition,

0 // R limqQ
q // R limq(π∗,0(fq(E))(k)⊗Z Z`) // limq RQ

q // 0,

and these conditions, we deduce that R limq(π∗,0(fq(E))(k) ⊗Z Z`) = 0, i.e. the

associated spectral sequence is complete. We conclude that the spectral sequence

E2
p,q = πp+q,0(sq(E))(k)⊗Z Z` =⇒ πp+q,0(E)(k)⊗Z Z`

is at least conditionally convergent. Consider the exact sequence

0 // F
n,0⊗ZZ`

Fn+1,0⊗ZZ`
// En
∞

// Qn+1 // Qn // REn
∞

// RQn+1 // RQn // 0

of lemma 5.6 of Boardman [16]. Since Qn = 0 for all n, we conclude from the exact

sequence that REn
∞ = 0. As a result of conditional convergence, REn

∞ = 0, and the
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fact that Er
s = 0 for s < 0, we can conclude the following proposition via Theorem

7.1 of Boardman [16].

Proposition 3.5.1. If E ∈ Spteff
fin(k) is a finite effective motivic spectrum over an

algebraically closed field k, we have a strongly convergent spectral sequence

E2
p,q = πp+q,0(sq(E))(k)⊗Z Z` =⇒ πp+q,0(E)(k)⊗Z Z`,

where the differentials on the r-th page are given by

drp,q : Er
p,q → Er

p−r,q+r−1.

We will now study the stable `-adic étale analogue of the slice tower above. Applying

the stable `-adic étale realization Ét`, we obtain the tower

. . .→ Ét` (ft+1(E))→ Ét` (ft(E))→ . . .→ Ét` (E) .

Since Ét` is an exact functor, we obtain a spectral sequence

E2
p,q = πp+q

(
Ét` (sq(E))

)
=⇒ πp+q

(
Ét` (E)

)
,

where the differentials on the r-th page are given by

drp,q : Er
p,q → Er

p−r,q+r−1.

In order to establish the strong convergence of this spectral sequence, we need the fol-

lowing connectivity result. Recall that a motivic spectrum E ∈ Spt(k) is topologically

N-connected if for all a ≤ N and b ∈ Z, πa,b(E) = 0.

Proposition 3.5.2. If E ∈ Spt(k) is topologically (N−1)-connected, then Ét`(fq(E))

is (q +N − 1)-connected.
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Proof. Note that Σm,nΣ∞+X has stable `-adic étale realization Σm+n
S1
`

Σ∞
S2
`
Ét`X+ which

is (m+ n− 1)-connected. Spt(k)≥(N,q) is generated under homotopy colimits and ex-

tensions by {Σm,nΣ∞+ Y |Y ∈ Sm/k,m ≥ N and n ≥ q}, and so every E ∈ Spt(k)≥(N,q)

has étale realization that is (N + q − 1)-connected. Therefore, by proposition 4.7 of

Levine [63], if E is topologically (N − 1)-connected, then Ét`(fq(E)) is (q + N − 1)-

connected, as required.

By proposition 3.5.2, Ét` (fq(E)) is (q − 1)-connected in Pro(Spt)HZ/`, and so this

spectral sequence is also strongly convergent. As a result, we conclude that

Proposition 3.5.3. If E ∈ Spteff
fin(k) is a finite effective motivic spectrum over an

algebraically closed field k, the stable `-adic étale realization of the slice tower gives a

strongly convergent spectral sequence

E2
p,q = πp+q

(
Ét` (sq(E))

)
=⇒ πp+q

(
Ét` (E)

)
,

where the differentials on the r-th page are given by

drp,q : Er
p,q → Er

p−r,q+r−1.

3.6 Proof of the Main Theorem

In this section, we prove our main result saying that up to inversion of the exponen-

tial characteristic p, classical stable homotopy theory is subsumed by stable motivic

homotopy theory.

Before stating our theorem, we need to state some generalities about inverting

primes in stable ∞-categories. Suppose C is a presentable stable ∞-category. Let

C[1/p] be the full subcategory of p-local objects, that is, those objects E ∈ C such
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that p · idE is an isomorphism. It can be shown that if C is compactly gener-

ated presentable ∞-category, for example Spt, the inclusion C[1/p] ↪→ C admits a

left adjoint which we denote by (−)[1/p], and that C[1/p] is the Verdier quotient

by the smallest localizing subcategory containing the cofibers of p · idE for each

compact E in C. Furthermore, if E is compact in C and F is also in C, then

MapC(E,F )[1/p] → MapC[1/p](E[1/p], F [1/p]) is an equivalence. See proposition

A.2.8 and corollary A.2.12 of Kelly [56]. Both categories Spt and Spt(k) have this

kind of localization.

Let ΣGm : S∗ → Spc∗(k) be the functor that suspends pointed spaces by Gm.

We can stabilize this functor to obtain the functor c := Σ∞Gm : Spt → Spt(k), which

is a left adjoint. Localizing, we obtain c[1/p] : Spt[1/p] → Spt(k)[1/p]. One of the

two main theorems of this chapter is that away from the exponential characteristic

of k, k an algebraically closed field, c is fully faithful.

Theorem 3.6.1. Let k be an algebraically closed field of exponential characteristic p.

Then

c[1/p] : Spt[1/p]→ Spt(k)[1/p]

is a fully faithful functor of stable ∞-categories.

We deduce this theorem as a corollary of the following special case.

Theorem 3.6.2. Let k be an algebraically closed field of exponential characteristic p.

Then for every prime ` 6= p, the stable `-adic étale realization induces an isomorphism

Ét`∗ : π∗,0(1k)(k)⊗Z Z` → π∗ (S)⊗Z Z`.

Indeed, assuming thereom 3.6.2, we prove theorem 3.6.1 as follows.
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Proof of theorem 3.6.1. Note that for any space X ∈ S,

Ét` ◦ c(Σ∞S1X+) ' Ét`(Σ
∞
P1
X+) ' Σ∞S2

`
Ét`X+

the latter spectrum being in Pro(Spt)HZ/`. This follows from lemma 3.4.4 and, by con-

struction, the compatibility of the stable `-adic realisation functor with its unstable

version. For each ` 6= p any prime, the composition

[
ΣnS1S,S

]
Spt
⊗ Z`

c∗⊗Z`−−−−→
[
ΣnS11k,1k

]
Spt(k)

⊗ Z`
Ét`∗−−−→

[
ΣnS1

`
LHZ/`S, LHZ/`S

]
Pro(Spt)HZ/`

is an isomorphism. Since theorem 3.6.2 implies that the second map is an isomorphism

as well, we deduce that c∗ ⊗ Z` is an isomorphism. Since Z(`) is a local Noetherian

ring, its completion Z` is a faithfully flat Z(`)-module. Therefore, c∗ ⊗ Z(`) is an

isomorphism for each ` 6= p, which, in turn, implies that c∗[1/p] is an isomorphism.

Let R be the full subcategory of Spt[1/p] having all objects E ∈ Spt[1/p] such that

c[1/p]∗ : [Σn
S1S[1/p], E]Spt[1/p] → [c(Σn

S1S[1/p]), c(E)]Spt(k)[1/p]

is an isomorphism for every n. c[1/p]∗ preserves small colimits and both Σn
S1S[1/p]

and c(Σn
S1S[1/p]) ' Σn

S11k[1/p] are compact. By the above calculations, S[1/p] ∈ R.

Indeed, as stated above, by corollary A.2.12 of Kelly [56], the isomorphism above is

implied by theorem 3.6.2 above and the calculations at the beginning of this proof.

Since the stable ∞-category Spt[1/p] is compactly generated by S[1/p], we conclude

that R = Spt[1/p], that is

c[1/p]∗ : [Σn
S1S, E]Spt[1/p] → [c(Σn

S1S), c(E)]Spt(k)[1/p]
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is an isomorphism for every E ∈ Spt[1/p]. We can define L as the full subcategory

of Spt[1/p] of p-local spectra E such that

c[1/p]∗ : [E,F ]Spt[1/p] → [c(E), c(F )]Spt(k)[1/p]

is an isomorphism for every F ∈ Spt[1/p]. Indeed, fix an F ∈ Spt[1/p]. By the

argument above, we know that the map is an isomorphism for E = Σn
S1S[1/p]. Note

that if E = colim Ei is a small colimit of compact objects in the stable ∞-category

of p-local spectra, then [E,F ]Spt[1/p] = lim[Ei, F ]Spt[1/p] by the universal property of

colimits. Furthermore, c[1/p] preserves colimits as it is a (colimit of) left adjoint(s).

Therefore, [c(E), c(F )]Spt(k)[1/p] = lim[c(Ei), c(F )]Spt(k)[1/p]. In fact, the map above is

the limit of the maps [Ei, F ]Spt[1/p] → [c(Ei), c(F )]Spt(k)[1/p]. Since S[1/p] compactly

generates Spt[1/p], the same argument as above shows that L = Spt[1/p]. We con-

clude that c[1/p] is a fully faithful functor.

A direct corollary of theorem 3.6.2 is motivic Serre finiteness for algebraically closed

fields.

Corollary 3.6.3 (Special Case of Motivic Serre Finiteness). For k an algebraically

closed field and n > 0 an integer, πn,0(1k)(k)⊗Q = 0.

Remark 3.6.4. It is now a theorem of Ananyevskiy, Levine, and Panin that motivic

Serre finiteness is valid for all fields k [2].

In order to prove theorem 3.6.2, we compare the two spectral sequences of the previous

section to prove a number of comparison theorems. In combination, these comparison

theorems will give us the above theorem. Given a triangulated category T, we define

Ttor to be the full subcategory with objects E such that HomT(A,E) ⊗ Q = 0 for

every compact object A in T. These objects will be called torsion objects. Given a

stable ∞-category C, Ctor is the full subcategory consisting of the torsion objects in

its homotopy category hC which is a triangulated category.
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Definition 3.6.5. For each commutative ring R, MR is the Eilenberg-Maclane spec-

trum representing motivic cohomology with coefficients in R. It can be defined as the

motivic spectrum

MR := colim n→∞Σ−nP1 Σ∞P1K(R(n), 2n).

We need the following result of Hoyois, Kelly, and Østvaer.

Lemma 3.6.6. (Theorem 5.8 of [48]) Let k be a perfect field of exponential char-

acteristic p, and let R be a commutative ring in which p is invertible. There is a

symmetric monoidal Quillen equivalence

Φ : ModMR � DM(k;R) : Ψ.

Taking R = Z[1/p], we obtain an equivalence Ψ : DM (k;Z[1/p])
∼−→ModMZ[1/p].

Definition 3.6.7. Let

EM : DM (k;Z[1/p])→ Spt(k)

be the functor given by the equivalence DM (k;Z[1/p]) ' ModMZ[1/p] followed by the

forgetful functor ModMZ[1/p] → Spt(k). Furthermore, let

Z[1/p]tr : Spt(k)→ DM (k;Z[1/p])

be the left adjoint of EM.

The functors in definition 3.6.7 have the property that (EM ◦ Z[1/p]tr)(X) =

MZ[1/p] ∧X+ for every X ∈ Sm/k. We claim that EM preserves small (homotopy)

colimits.

Lemma 3.6.8. EM preserves small (homotopy) colimits.
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Proof. Indeed, it is easy to show that an ∞-functor R : A→ B between cocomplete

compactly generated stable ∞-categories preserves all small colimits if it has a left

adjoint L : B→ A with the property that L(B) is compact for B in a set of compact

generators of B. Applying this to R = EM and L = Z[1/p]tr, choosing the compact

generators Σp,qΣ∞P1X+, p, q ∈ Z, X ∈ Sm/k, and noting that Z[1/p]tr(Σp,qΣ∞P1X+) '

Z[1/p]tr(X)(q)[p + q] is compact in DM (k;Z[1/p]), we deduce that EM preserves all

small (homotopy) colimits.

By theorem 3.6.22 of Palaez [75], for each motivic spectrum E, sqE has the nat-

ural structure of an MZ-module, and so sq(E)[1/p] is an MZ[1/p]-module. By

the above discussion, sq(E)[1/p] = EM(πµq (E)(q)[2q]) for some motive πµq (E) ∈

DMeff(k;Z[1/p]).

Lemma 3.6.9. (Lemmas 6.1 and 6.2 of [63]) Suppose k is a field of finite cohomo-

logical dimension. Then for X ∈ Sm/k of dimension d over k, and for q ≥ d + 1,

fq(Σ
∞
P1X+) and sq(Σ

∞
P1X+) are in Spt(k)tor, and πµq (Σ∞P1X+) is in DMeff(k)tor. In

particular, for q ≥ 1, fq(1) and sq(1) are in Spt(k)tor, and πµq (1) is in DMeff(k)tor.

Lemma 3.6.10. (Lemma 6.3 of [63]) If E ∈ Spt(k)tor, then for all q, fq(E), sq(E) ∈

Spt(k)tor and πµq (E) ∈ DMeff(k)tor.

In order to prove the next crucial proposition, we need the following lemma on motivic

cohomology. Though this is well-known, we provide its short proof for the convenience

of the reader. Suppose τ ∈ {ét,Nis} is a choice of a Grothendieck topology, R

a commutative ring, and k any field of finite cohomological dimension. Designate

by Dτ := D(Shvtrτ (k;R)) the unbounded derived category associated to the abelian

category of τ -sheaves of R-modules with transfers Shvtrτ (k;R).

Lemma 3.6.11. For every smooth k-scheme X, every complex K ∈ Dτ , and every

i ∈ Z, we have

ExtiShvtrτ (k;R)(Rtr(X), K) = Hi
τ (X;K).
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Proof. First, we reproduce the proof of this when the complex K is a single τ -sheaf

of R-modules with transfers (concentrated in degree 0), i.e. we show that if F is a

τ -sheaf of R-modules with tranfer, then for each smooth k-scheme X and each i ∈ Z

we have

ExtiShvtrτ (k;R)(Rtr(X), F ) = Hi
τ (X;F ).

This is proved in lemma 6.23 of [68] for τ = ét and in lemma 13.4 of [68] for τ = Nis.

For i = 0, Hom(Rtr(X), F ) = F (X) by the Yoneda lemma. For i > 0, it suffices to

prove that if F is an injective τ -sheaf of R-modules with transfers then H i(X;F ) = 0.

For the canonical flasque resolution E∗(F ) of F by étale sheaves, we have that the

inclusion F → E0 splits by the injectivity of F . Therefore, F is a direct summand of

E0 in Shvtrτ (k;R). Since H i
τ (X;F ) is a direct summand of H i

τ (X;E0), it must vanish

for i > 0.

We prove the general theorem for the complex K using the hypercohomology

spectral sequence. Indeed, we have the following morphism of spectral sequences

Ep,q
2 := Extp

Shvtrτ (k;R)
(Rtr(X),Hq(K)) +3

��

Extp+q
Shvtrτ (k;R)

(Rtr(X), K)

��

Ep,q
2 := Hp

τ (X,Hq(K)) +3 Hp+q
τ (X,K).

By the result for sheaves, we have an isomorphism on the E2 page, and so an isomor-

phism on the abutment. The conclusion follows.

Remark 3.6.12. This is not optimal. See proposition 2.2.3 of [24] in which the

étale version is proved for all S-schemes where S is any fixed Noetherian base scheme

without cohomological finiteness assumptions. Also, if S is a Noetherian scheme

of finite Krull dimension d, then its Nisnevich cohomological dimension is bounded
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above by d. Therefore, the lemma is valid at least for Noetherian base schemes of

finite Krull dimension.

Here, we prove an important proposition pertaining to the function EM defined in

definition 3.6.7. Though an analogue of Levine’s corollary 5.12 in [63], its proof in

our étale setting is different.

Proposition 3.6.13. Suppose k is algebraically closed of exponential characteristic p,

and suppose M ∈ DMeff(k;Z[1/p])tor. For every prime ` 6= p, we have isomorphisms

Ét`∗ : πn,0 (EM(M)) (k)⊗ Z` → πn(Ét`(EM(M))).

Proof. Let π : ShvNis∞ (Sm/k)→ Shvét
∞(Sm/k) be the morphism of topoi. We can then

write Ét` = LHZ/`ΓS
! π
∗. For simplicity of notation, let F be the functor LHZ/`ΓS

! .

Whenever π∗ appears, it is the natural map induced by étale sheafification, unless

otherwise stated. We show that

Ét`∗ : πn,0 (EM(M)) (k)⊗ Z` → πn(Ét`(EM(M)))

is an isomorphism by showing that

π∗ : πn,0 (EM(M)) (k)⊗ Z` → πét
n,0 (π∗EM(M)) (k)⊗ Z`

and

F : πét
n,0 (π∗EM(M)) (k)⊗ Z` → πn(Ét`(EM(M)))

are isomorphisms. Here, πét
a,b is defined as in πa,b but with the Nisnevich topology

replaced by the étale topology. We show that the two morphisms above are isomor-

phisms by showing that the morphisms

MapSpt(k)(1k,EM(M))
π∗−→ MapSptét(k)(π

∗1k, π
∗EM(M))
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and

MapSptét(k)(π
∗1k, π

∗EM(M))
F−→ MapPro(Spt)HZ/`(Fπ∗1k, Fπ

∗EM(M))

are weak equivalences. By a density argument, the weak equivalence of π∗ need only

be checked for M = Z[1/p]tr(X)[s]/N for all X smooth projective k-scheme, and

all N > 1 coprime to p. Indeed, Z[1/p]tr(X)[n]/N , where n ∈ Z, N > 1 coprime

to p, and X smooth projective k-scheme, compactly generate DMeff(k;Z[1/p])tor

(see proposition 5.5.3 of [56]). Remember that by lemma 3.6.8 EM preserves small

colimits.

Note that via the adjunction given in definition 3.6.7, π∗ is equivalent to the

morphism

MapModMZ/N
(MZ/N,MZ/N ∧X+)

π∗−→ MapModMétZ/N
(π∗MZ/N, π∗(MZ/N ∧X+))

which we abuse notation and also write π∗. The equivalences of tensor triangu-

lated categories DM(k;Z/N) ' ModMZ/N (see lemma 3.6.6) and DMét(k;Z/N) '

ModMétZ/N induce the commutative square

MapModMZ/N
(MZ/N,MZ/N ∧X+) π∗//

∼
��

MapModMétZ/N
(π∗MZ/N, π∗(MZ/N ∧X+))

∼
��

MapDM(k;Z/N)((Z/N)tr, (Z/N)tr(X)) SV //MapDMét(k;Z/N)((Z/N)tr, (Z/N)tr(X)).

Note that we have labeled the lower horizontal map, which is induced by étale sheafi-

fication, as SV . For a Grothendieck topology τ , recall that Dτ := D(Shvtrτ (k;Z/N)).

Let C∗ := C∗(Z/N)tr(X). Consider the following commutative diagram

HnNis(Spec k, C∗)

=aét

��

∼ // ExtnDNis
((Z/N)tr, C∗)

=

��

∼// π−nMapDM(k;Z/N)((Z/N)tr, (Z/N)tr(X))

π−nSV

��

Hnét(Spec k, C∗)
∼ // ExtnDét

((Z/N)tr, C∗)
∼// π−nMapDMét(k;Z/N)((Z/N)tr, (Z/N)tr(X))
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Since C∗ is A1-local and DMeff(k;Z/N) and DMeff
ét (k;Z/N) embed fully faithfully

into DM(k;Z/N) and DMét(k;Z/N), respectively, the upper and lower right mor-

phisms are isomorphisms. Furthermore, both upper and lower left morphisms are

also isomorphism by lemma 3.6.11. Since k is algebraically closed, H i
τ (Spec k;−)

vanishes for i > 0. Consequently H0
τ (Spec k;−) is an exact functor. Therefore,

H∗τ (Spec k;K) = H∗(K(Spec k)). As a result, the left vertical map is also an

isomorphism. We conclude that SV is a weak equivalence. By the commutative

square above relating π∗ to SV , we deduce that π∗ is a weak equivalence.

We use another density argument to prove that

F : πét
n,0 (π∗EM(M)) (k)⊗ Z` → πn(Ét`(EM(M)))

is an isomorphism. For M = Z[1/p]tr(X)/N as before, π∗M ∈ DMeff
ét (k;Z/N) '

ModHZ/N . Since this category is compactly generated by the constant sheaf Z/N ,

and since our functors are exact functors preserving colimits, it suffices to check that

MapSptét(k)(π
∗1k, π

∗MZ/`m)
F−→ MapPro(Spt)HZ/`(Fπ∗1k, Fπ

∗(MZ/`m))

is a weak equivalence. However, note that π∗(MZ/`m) ' HZ/`m is in the image of

the constant functor c : Spt → Shvét
∞(Sm/k, Spt). Since F is a pro-left adjoint to c,

the last map above is formally a weak equivalence.

In order to prove the next proposition, we need the following lemma.

Lemma 3.6.14.

Ét`(MZ[1/p]) ' HZ`

is a weak equivalence in Pro(Spt)HZ/`.
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Proof. Recall that from definition 3.6.5,

MZ[1/p] = colim n→∞Σ−nP1 Σ∞P1K(Z[1/p](n), 2n).

Since Ét` preserves colimits, we obtain

Ét`(MZ[1/p]) ' colim n→∞Ét`(Σ
−n
P1 Σ∞P1K(Z[1/p](n), 2n))

' colim n→∞Σ−n
S2
`

Σ∞S2
`
Ét`(K(Z[1/p](n), 2n))

'∗ colim n→∞Σ−n
S2
`

Σ∞S2
`
K(Z`, 2n)

' LHZ/`colim n→∞Σ−nS2 Σ∞S2K(Z, 2n)

' LHZ/`HZ ' HZ`,

where the equivalence '∗ follows from corollary 8.5 of [46].

The proof of the following proposition is more or less a variant of its Betti analogue

as proved by Levine in proposition 6.4 of [63].

Proposition 3.6.15. For every q and n, the map

Ét`∗ : πn,0 (sq(1k)) (k)⊗ Z` → πn

(
Ét`(sq(1k))

)

is an isomorphism.

Proof. Note that 1k ∈ Spteff(k), hence for q < 0, sq(1) = 0. For q = 0, s0(1) 'MZ by

[61]. As a result of this and the previous lemma, Ét`(s0(1)) = Ét`(MZ[1/p]) ' HZ`

in Pro(Spt)HZ/`. Therefore,

πn,0(s0(1))(k) = πn,0(MZ) = HSus
n (k;Z) =


0 for n 6= 0

Z for n = 0.
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On the other hand,

πn(HZ`) =


0 for n 6= 0

Z` for n = 0.

The unit in π0,0(MZ[1/p])(k)⊗Z` is induced by 1→MZ[1/p] which goes to the unit

LHZ/`S → HZ` in π0(HZ`) under the stable `-adic étale realization. Therefore, we

have the isomorphism when q ≤ 0. For q > 0, πµq (1) is in DMeff(k)tor by lemma 3.6.9.

Since sq(1) = EM(πµq (q)[2q]) (see discussion immediately before lemma 3.6.9), we

have the isomorphism by proposition 3.6.13. The conclusion follows.

Using this proposition, a comparison of the two spectral sequences of the previous

section gives us our main theorem. This is an étale analogue of theorem 6.7 of Levine

in [63]. The idea of our proof is the same as that of Levine.

Theorem 3.6.16. Let k be an algebraically closed field of exponential characteristic p.

Then for every prime ` 6= p, the stable `-adic étale realization induces an isomorphism

Ét`∗ : π∗,0(1k)(k)⊗Z Z` → π∗ (S)⊗Z Z`

Proof. We prove this via a comparison of spectral sequences. Recall that we have a

morphism

IE
2
p,q := πp+q,0(sq(1))(k)⊗ Z` +3

Ét`∗
��

πp+q,0(1)(k)⊗ Z`

Ét`∗
��

IIE
2
p,q := πp+q

(
Ét` (sq(1))

)
+3 πp+q

(
Ét` (1)

)
of strongly convergent (using propositions 3.5.1 and 3.5.3) spectral sequences. By

proposition 3.6.15, Ét`∗ is an isomorphism on the E2-page, and so it is an isomorphism

on the abutment. The conclusion follows.
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3.7 Generalized Étale Suslin-Voevodsky Theorem

The Suslin-Voevodsky theorem gives an isomorphism between Suslin (co)homology

and singular or étale (co)homology, all with Z/N coefficient with (N, p) = 1 (p the

exponential characteristic of k), of a finite type separated k-scheme, k algebraically

closed. In theorem 7.1 of [63], Levine proved a homotopy theoretic generalization

of the Suslin-Voevodsky theorem relating motivic cohomology to singular cohomol-

ogy. Here, we prove a homotopy theoretic generalization of the étale variant of this

theorem.

Theorem 3.7.1. Suppose k is an algebraically closed field of exponential character-

istic p, E ∈ Spteff(k)tor is a effective torsion motivic spectrum, and ` 6= p is a prime.

Then

Ét`∗ : πn,0(E)(k)⊗ Z` → πn

(
Ét`(E)

)
is an isomorphism.

Before proving this lemma, let us justify why this is a generalization of the usual

Suslin-Voevodsky theorem. We need the following lemma.

Lemma 3.7.2. Given a prime number ` different from the exponential characteristic

p of k, and given a smooth k-scheme X,

Ét`(MZ/N ∧X+)→ Ét`(MZ/N) ∧ Ét`X+ ' HZ/`m ∧ Ét`X+

is a weak equivalence in Pro(Spt)HZ/` for every positive integer N > 1 coprime to p

with `-adic valuation m.

Proof. Note that

MZ/N ∧X+ ' colim n→∞Σ−nP1 Σ∞P1K(Z/N(n), 2n) ∧X+.
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Since Ét` preserves colimits, we obtain

MapPro(Spt)HZ/`(Ét`(MZ/N ∧X+), HZ/`)

' MapPro(Spt)(colim n→∞Ét`(Σ
−n
P1 Σ∞P1K(Z/`m(n), 2n) ∧ (Σ∞P1X+)), HZ/`)

'(∗) MapPro(Spt)(colim n→∞(Σ−n
S2
`

Σ∞S2
`
Ét`K(Z/`m(n), 2n) ∧ Ét`X+), HZ/`)

' MapPro(ModHZ/`)
(colim n→∞(Σ−n

S2
`

Σ∞S2
`
K(Z/`m, 2n) ∧ Ét`X+ ∧HZ/`), HZ/`)

'(∗∗) MapPro(ModHZ/`)
((colim n→∞Σ−n

S2
`

Σ∞S2
`
K(Z/`m, 2n)) ∧ (Ét`X+ ∧HZ/`), HZ/`)

' MapPro(ModHZ/`)
(HZ/`m ∧ Ét`X+ ∧HZ/`,HZ/`)

' MapPro(Spt)(HZ/`m ∧ Ét`X+, HZ/`),

where the equivalence (∗) follows from the construction of the stable `-adic realiza-

tion functor (its compatibility with the unstable `-adic realization functor and from

corollary 8.5 of [46], (∗∗) follows from Σ∞
S2
`
Ét`X+ ∧ HZ/` being homotopy equiv-

alent to a space (by rigidity, it corresponds to a simplicial object in the category

of finite dimensional Z/`-vector spaces), not just a pro-space. We conclude that

Ét`(MZ/N ∧ X+) → HZ/`m ∧ Ét`X+ is a weak equivalence in Pro(Spt)HZ/`, as

required.

In particular, if X is a smooth k-scheme and E = MZ/` ∧ X+ with ` 6= p a prime,

then Ét`(E) ' HZ/` ∧ Ét`X+ by lemma 3.7.2. Note that πn,0(MZ/` ∧ X+)(k) =

[Σn
S11k,MZ/`∧X+]Spt(k) = [Σn

S1MZ/`,MZ/`∧X+]ModZ/` = HomDM(k;Z/`)(Z/`tr(k)[n],M(X)) =

Hn,0(X;Z/`) which is the nth motivic homology of X with coefficients in Z/`. Note

that Suslin homology Hsus
n (−;Z/`), defined as H∗(C∗(Z/`)tr(X)(k)) is isomorphic

to motivic homology (see proposition 14.18 of [68]). We define Suslin cohomology

with Z/` coefficients as the dual of Suslin homology with Z/` coefficients. On the

other hand, πn(HZ/` ∧ Ét`X+) = [Σn
S1S, HZ/` ∧ Ét`X+]Spt = Hn(Ét`X;Z/`) ∼=

Hn(Ét`X;Z/`)∗ ∼= Hn
ét(X;Z/`), where the second to last equivalence is a result of
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the universal coefficient theorem, and the last equivalence is by the fact that ÉtX is

the étale homotopy type of X. Applying theorem 3.7.1, we obtain the isomorphism

Hsus
n (X;Z/`) ' H ét

n (X;Z/`),

from which we get the Suslin-Voevodsky comparison theorem

Hn
sus(X;Z/`) ' Hn

ét(X;Z/`)

via Pontryagin dualization (see the above argument for the identification of the du-

alization of the right hand side with étale cohomology). We now prove the above

theorem 3.7.1.

Proof. The stable ∞-category Spteff(k)tor is compactly generated by the objects

{Σp,qΣ∞P1X+/N |q ≥ 0, p ∈ Z, (N, p) = 1, X ∈ Sm/k}. Therefore, it suffices to prove

the theorem for E ∈ Spteff
fin(k)tor. By proposition 3.5.1, the slice tower of E gives a

strongly convergent spectral sequence

E2
p,q = πp+q,0(sqE)(k)⊗ Z` =⇒ πp+q,0(E)(k)⊗ Z`.

By proposition 3.5.3, the étale realization of the slice tower gives the strongly con-

vergent spectral sequence

E2
p,q = πp+q(Ét`(sqE)) =⇒ πp+q(Ét`(E)).

In fact, it is clear that we have a morphism of spectral sequences from the former to

the latter spectral sequence induced by stable `-adic étale realization.

Since E is a effective torsion motivic spectrum, we know by lemma 3.6.10 that
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sqE ' EM(πµq (E)(q)[2q]) for some πµq (E) ∈ DMeff(k)tor, and so proposition 3.6.13

implies that we have an isomorphism of the E2-pages, and so an isomorphism on the

abutment. The conclusion follows.

Let k be an algebraically closed field of characteristic zero endowed with an inclusion

σ : k ↪→ C. Let ReσB be the stable Betti realization functor (see Levine’s paper [63]).

We can then use our main theorem 3.7.1 to deduce the following.

Corollary 3.7.3. Suppose k is an algebraically closed field of characteristic zero

endowed with an inclusion σ : k ↪→ C. Let E be an effective torsion motivic spectrum,

and let ` be a prime. Then for each n, there is an isomorphism

πn(Ét`(E)) ∼= πn(ReσB(E))⊗ Z`.

Proof. Combine theorem 3.7.1 above, and theorem 7.1 of [63].

Remark 3.7.4. If our algebraically closed field k is of characteristic zero, we can

replace `-adic Bousfield localization in our construction of the stable `-adic étale real-

ization with profinite completion. Going through the same proofs and constructions

tells us that when k has characteristic zero, there is a refinement of the results in

this chapter. More precisely, we may replace all `-completions with pro-finite com-

pletions, and all −⊗ Z` with −⊗ Ẑ. In particular, we may replace the isomorphism

of corollary 3.7.3 with the isomorphism

πn(Êt(E)) ∼= πn(ReσB(E))∧,

where Êt is our pro-finitely completed as opposed to the `-adic stable étale realization

functor we have constructed in this thesis.
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[24] ——, F. Déglise, Étale motives, Compositio Mathematica, vol. 152, 2016, pp.
556-666.

[25] R. Cluckers, F. Loeser, Constructible motivic functions and motivic integration,
Inventiones mathematicae, vol. 173, no. 1, 2008, pp. 23-121.

[26] ——, F. Loeser, Constructible exponential functions, motivic Fourier transform
and transfer principle, Annals of Mathematics, vol. 171, no. 2, 2010, pp. 1011-
1065.

[27] ——, T. Hales, Transfer Principle for the Fundamental Lemma, in On the Sta-
bilization of the Trace Formula, edited by L. Clozel, M. Harris, J.-P. Labesse and
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