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June 2018



c© Copyright by Artem Kotelskiy, 2018.

All Rights Reserved



Abstract

In this thesis we present two projects. In the first project, which covers Chapters 2

and 3, we construct an algebraic version of Lagrangian Floer homology for immersed

curves in a surface with boundary. We first associate to the surface an algebra A1.

Then to an immersed curve L inside the surface we associate an A∞ module M(L)

over A1. Then we prove that Lagrangian Floer homology HF∗(L0, L1) is isomorphic

to a suitable algebraic pairing of modules M(L0) and M(L1). We apply this theory

to the pillowcase homology construction; namely we enhance it by extending the

construction from knots to tangles: given a 4-ended tangle inside a 3-ball, after

associating to it an immersed unobstructed curve inside the pillowcase, one can further

associate an A∞ module to that curve.

In the second project, which is described in Chapter 4, we compare two different

types of mapping class invariants: the Hochschild homology of A∞ bimodules coming

from bordered Heegaard Floer homology, and fixed point Floer cohomology. We

first develop effective methods to compute bimodule invariants and their Hochschild

homology in the genus two case. We then compare the resulting computations to fixed

point Floer cohomology, and make a conjecture that the two invariants are isomorphic.

We also discuss a construction of a map potentially giving the isomorphism. It comes

as an open-closed map in the context of a surface being viewed as a 0-dimensional

Lefschetz fibration over C.
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Chapter 1

Introduction

In the introduction we will first describe broadly the area of homological invariants

in low-dimensional topology. Then we will outline the alternative Fukaya categorical

approach of Auroux to bordered Heegaard Floer homology, which is the basis for both

of our projects. After that we will present our results.

1.1 Modern homological invariants in low-dimensional

topology

1.1.1 Symplectic geometry

Here I will outline important constructions in symplectic geometry, which are used

in low-dimensional topology. Omitting a large amount of details and certain technical

conditions, Lagrangian Floer homology [Flo88b] is a homological invariantHF∗(L1, L2)

of two Lagrangians inside a symplectic manifold L1, L2 → M2n, which is invariant

under Hamiltonian isotopies of each Lagrangian. The underlying chain complex is

generated by intersections: CF∗(L1, L2) =< L1 ∩ L2 >F2 . After picking an almost

complex structure, the differential d : CF∗(L1, L2)→ CF∗(L1, L2) comes from count-

ing rigid pseudo-holomorphic discs between the intersection points, with Lagrangian
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boundary conditions on L1 and L2: a pseudo-holomorphic disc schematically drawn

below contributes 1 to the coefficient cxy in d(x) =
∑

y cxy · y.

x

y

L1L2

Another invariant, which is relevant to low-dimensional topology, is the Fukaya

category of a symplectic manifold F(M2n) [FukOhOhtOno09a], [Sei08], [Aur14]. It

is a unified structure, which captures how all Lagrangians intersect with each other.

The objects in this category are Lagrangians Li, and morphism spaces are Lagrangian

Floer complexes CF∗(Li, Lj). The product CF∗(L1, L2)⊗CF∗(L2, L3)→ CF∗(L1, L3)

is given by counting pseudo-holomorphic triangles. It is not associative, and only is

associative up to homotopy, given by counting pseudo-holomorphic rectangles. Thus

F(M2n) is not a regular category, but rather is an A∞ category (higher operations

are given by counting pseudo-holomorphic polygons).

In the case 2n = 2, where Lagrangians are curves on the surface, counting rigid

pseudo-holomorphic discs is equivalent to counting immersed discs with convex angles

at intersections. The Fukaya category in this case is similar to a curve complex, only

it captures more information: minimal intersection numbers between the curves, and

also all the immersed convex polygons with boundary sides on multiple curves.

1.1.2 Heegaard Floer theory

One of the main 3-manifold techniques in the field is called Heegaard Floer ho-

mology, developed by Ozsváth and Szabó in [OzsSza04d], [OzsSza04c]. The con-

struction works as follows: first one picks a Heegaard splitting of a 3-manifold

along a surface: Y 3 = U1 ∪Σg U2. Second, one constructs a symplectic manifold:

Symg(Σg) = (Σg)
g/Sg. Then, having picked a Heegaard diagram with a basepoint for

2



the Heegaard splitting, one obtains two Lagrangian tori: T(U1),T(U2) ⊂ Symg(Σg).

At last, Heegaard Floer homology of Y 3 is Lagrangian Floer homology of these two

tori: HF∗(T(U1),T(U2)). There are different versions of Heegaard Floer homology

depending on how one incorporates the basepoint in the diagram: they are denoted

by ĤF (Y ), HF−(Y ), HF+(Y ), HF∞(Y ). Among various applications, this theory

can be used to effectively study surgery problems (for example, one can reprove prop-

erty P [OzsSza04a]), homology cobordism group [OzsSza03a], and contact structures

[OzsSza05]. One can also obtain such foundational 4-dimensional results as Donald-

son’s diagonalizability theorem and symplectic Thom conjecture for CP 2 [OzsSza03a].

An analogous theory for knots, discovered independently in [OzsSza04b] and

[Ras03], is called knot Floer homology ĤFK(K). It categorifies the Alexander

polynomial in the same way Khovanov homology categorifies the Jones polynomial.

ĤFK(K) also detects the genus of the knot [OzsSza04a], detects if the knot is fibered

[Ghi08], [Ni07], and provides lower bounds for the 4-dimensional genus of the knot

[OzsSza03b]. Another feature of knot Floer homology is that it contains essential

information for studying Heegaard Floer homology ĤF (Sp/q(K)) of surgeries on a

knot [OzsSza11], [ManOzs10].

One of the advantages of Heegaard Floer homology is that it can be computed

for a large number of 3-manifolds (with small Heegaard diagrams) directly from its

definition and properties. However, the construction of Heegaard Floer homology

involves a choice of almost complex structure and subsequent counting of pseudo-

holomorphic discs, and therefore a difficult and important question is how computable

these invariants are in general. The first general algorithm to compute ĤF (Y ) was

discovered by Sarkar and Wang in [SarWan10]. An effective algorithm to compute

ĤF (Y ) was developed in [LipOzsThu14]. Other versions of Heegaard Floer homology

are theoretically algorithmically computable [ManOzsThu09], but the methods are

not practical.
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Importantly, Heegaard Floer homology fits into 3+1 TQFT framework. It means

that for 3-manifolds it assigns vector spaces, and for 4-dimensional cobordisms it

assigns maps between the vector spaces, which satisfy the composition law.

1.1.3 Gauge theory and Instantons

There exists a 3-manifold theory called monopole Floer homology, which is parallel

to Heegaard Floer theory. It is constructed using gauge theory by Kronheimer and

Mrowka in [KroMro07], and is isomorphic to Heegaard Floer theory [KutLeeTau10a],

[ColGhiHon11]. This means that Heegaard Floer homology, at its core, allows one to

solve in a geometric way Seiberg-Witten differential equations on a 3-manifold.

There is another pair of parallel Floer homology theories for 3-manifolds. The

one coming from gauge theory is instanton homology I(Y 3), developed in [Flo88a]

for integer homology sphere by Floer using anti-self-dual Yang-Mills equations. The

following is an original formulation of the Atiyah-Floer conjecture, which describes

what should be the parallel symplectic geometric theory. Having a Heegaard split-

ting Y 3 = U1 ∪Σg U2, associate to Ui and Σg their SU(2) representation varieties

R(Ui), R(Σg). One then has maps R(Ui) → R(Σg). It was conjectured in [Ati88]

that instanton Floer homology I(Y 3) should be equal to Lagrangian Floer homology

HF∗(R(U1), R(U2)). The spaces R(U1), R(U2), R(Σg) are singular, and thus symplec-

tic instanton Floer homology HF∗(R(U1), R(U2)) was not possible to define at the

moment. The symplectic side of the isomorphism, as well as the proof of Atiyah-

Floer conjecture, are still under development [DaeFuk17], [DosSal94].

1.1.4 Bordered invariants

Heegaard Floer homology was extended down to 2+1 TQFT by bordered Heegaard

Floer homology theory, which was developed by Lipshitz, Ozsváth and Thurston in

[LipOzsThu08], [LipOzsThu15]. This theory assigns a dg-algebra A to the parame-
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terized surface Σ = F (Z) (see Construction 4.1.2), and an A∞ module ĈFA(Y1)A or

a D structure A
op
ĈFD(Y1) to a 3-manifold (Y1, ∂Y1 = Σ). A gluing theorem, needed

for TQFT structure, states that if Y 3 = Y1 ∪Σ Y2, then ĤF (Y 3) ∼= ĈFA(Y1)A �A

ĈFD(−Y2), where � is an appropriate version of a tensor product. Appropriate ob-

jects called bimodules are assigned to 3-dimensional cobordisms between the surfaces,

and the corresponding gluing theorems hold true.

1.2 Symplectic geometric approach to bordered in-

variants

The starting point for our work is a construction of Auroux [Aur10b], which relates

the partially wrapped Fukaya category F(Symg(Σg \1pt), {z}) to bordered Heegaard

Floer theory. This construction assigns the category F(Symg(Σg \1pt), {z}) (see Sec-

tion 2.3.2 for the definition of the category F(Σ, Zbps) for surfaces) to a surface Σg, and

an object TY1 inside F(Symg(Σg \1pt), {z}) to a 3-manifold (Y1, ∂Y1 = Σg). A gluing

theorem states that if Y 3 = Y1∪ΣgY2, then ĤF (Y 3) ∼= homF(Symg(Σg\1pt),{z})(TY1 ,T−Y2)

(which is equal to CF∗(TY1 ,T−Y2) in case TYi are embedded compact Lagrangians).

A striking result1 is the equivalence of this approach and bordered Heegaard Floer

theory, which is addressed in [Aur10b, Theorems 1.2-1.4], where it is proved that

ĈFA(Y1) = Y(TY1), the image of TY1 under Yoneda embedding w.r.t. a certain

generating set of Lagrangians in Symg(Σg \ 1pt), see [Aur10b, Theorem 1.3] for the

description of the generating set. See also Section 4.4, and in particular Figure 4.22,

where we explain the connection between the algebra from bordered Heegaard Floer

theory and the partially wrapped Fukaya category.

Let us explain on a very simple example the difference between Auroux’s and

bordered Heegaard Floer theory approaches.

1The full proof of this result was not written up, see [Aur10b, p.5, Caveat].
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Suppose Y1 and Y2 are given by the following bordered Heegaard diagrams (see

[LipOzsThu08, Section 4.1] for the definition of such diagrams):

H1 = (Σ1, β1, α
arcs
1 , {z1}) H2 = (Σ2, β2, α

arcs
2 , {z2})

Suppose Y 3 = Y1 ∪Σ Y2 where the gluing is specified by the parameterizations of

∂Yi = Σi = Σ by arcs. And suppose we are interested in computing ĤF (Y 3) in the

“divide and conquer” fashion, i.e. we want to associate certain algebraic objects to Y1

and Y2 and then obtain ĤF (Y 3) by pairing those objects. Then we have the following

two possibilities:

(1) Notice that the Heegaard diagram

H = H1 ∪∂ H2 = (Σg=2 = Σ1 ∪S1 Σ2, β
curves, αcurves, {z})

represents the manifold Y 3 = Y1∪ΣY2, see [LipOzsThu08, Lemma 4.30]. Because

ĤF (Y 3) = CF∗(Tα,Tβ), a Lagrangian Floer complex inside Sym2(Σg=2 \ {z}),

the task is to compute the differential on this complex, which is given by count-

ing pseudo-holomorphic curves in Sym2(Σg=2\{z}). One can try to understand

these curves by cutting Σg=2 = Σ1 ∪S1 Σ2 along S1 (and possibly degenerating

the complex structure near it), and then studying pseudo-holomorphic curves in

the two halves. The great achievement of bordered Heegaard Floer homology

6



[LipOzsThu08] is the realization of this approach. There the bordered alge-

bra A comes as a convenient algebraic gadget to keep track of those pseudo-

holomorphic curves inside symmetric products of [0, 1] × S1 with Lagrangian

boundary conditions on 2g parallel different red arcs [0, 1]× pt, which come off

in the degeneration process of stretching along S1 in Σ1 ∪S1 Σ2.

(2) Notice that a different Heegaard diagram

H′ = (Σclosed = Σ1 ∪D2 = Σ2 ∪D2, β1, β2, {z})

also represents the manifold Y 3 = Y1 ∪Σ Y2. Thus ĤF (Y 3) = CF∗(β1, β2),

Lagrangian Floer complex inside Σclosed \ Nbd(z) = Σ = Σi. One could try to

understand the Lagrangian Floer complex CF∗(β1, β2) by understanding β1 and

β2 as objects in the partially wrapped Fukaya category F(Σ, {z}). Having a

parameterization of Σ (which in our case is given by arcs α1, α2), there are two

convenient ways to algebraically represent an object β inside F(Σ, {z}):

(a) To try to represent β as an iterated mapping cone of objects α1 and α2. The

algebraic object one gets at the end is a twisted complex, or equivalently

a bounded D structure2, see [HaiKatKon17, Section 4.1] for the details in

the case of the partially wrapped Fukaya category of a surface.

(b) To understand how an object β intersects with the basic objects α1, α2.

The algebraic object one gets at the end is an A∞ module

Y(β) =
⊕
i=1,2

homF(Σ,{z})(β, αj) over the algebra

2See [LipOzsThu15, Remark 2.2.37] for the explanation of why D structures and twisted com-
plexes are essentially equivalent objects.
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A1(Σ) =
⊕

16i,j62

homF(Σ,{z})(αj, αi). Then the Heegaard Floer homology is

recovered algebraically: ĤF (Y 3) = CF∗(β1, β2) = Mor(Y(β2),Y(β1)).

Auroux systematically develops approach (2b) in [Aur10b], and we adopt it in this

thesis. In the first project (Chapters 2 and 3) we translate approach (2b) to the case

of 4-ended tangles in the pillowcase homology setting. In the second project (Chapter

4) approach (2) allows us to connect the Hochschild homology of an A∞ bimodule

N(φ) associated to a surface automorphism φ to the fixed point Floer cohomology

HF ∗(φ).

1.3 Summary of results

1.3.1 Recovering Lagrangian Floer homology algebraically

In Chapter 2 we construct an algebraic version of Lagrangian Floer homology for two

immersed curves inside a surface with any non-zero number of basepoints {zi} = Zbps

on each of the components of its boundary (Σ, Zbps ⊂ ∂Σ 6= ∅). We first parameterize

the surface by arcs αarcs (see Definition 2.4.1). Then to a parameterized surface

(Σ, Zbps, αarcs) we associate an algebra A1 = A1(Σ, Zbps, αarcs) (see Definition 2.4.3).

To an immersed curve L (circle or arc with ends on ∂Σ\Zbps) inside Σ we associate an

A∞ module M(L)A1 (see Section 2.5.2). Then, we prove the following pairing result:

Theorem 1.3.1. Let L0, L1 be two admissible unobstructed immersed curves in the

parameterized surface (Σ, Zbps, αarcs). Then their Lagrangian Floer complex is chain

homotopy equivalent to the algebraic pairing of curves:

CF∗(L0, L1) 'M(L1)A1 �
A1 barr

A1 �A1 M(L0).

Terms “admissible” and “unobstructed” are defined in Section 2.2, A1M(L0)) de-
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notes a dual module, and A1barr
A1 is a specific type DD structure constructed in such

a way, that the above homotopy equivalence is true. From this homotopy equivalence

it follows that

HF∗(L0, L1) ∼= H∗(M(L1)A1 �
A1 barr

A1 �A1 M(L0)).

Theorem 1.3.1 above proves that the Yoneda embedding functor

L 7→
⊕

αi∈αarcs

homF(Σ,Zbps)(L, αi)

of the partially wrapped Fukaya category of a surface F(Σ, Zbps) into the category

of A∞ modules ModA1 is fully-faithful (see Section 2.3 and Remark 2.5.3 for more

on this). The result was known before, at least for embedded curves it follows

from the concept of split-generation of A∞ categories (see [Sei08]), and for immersed

curves it follows once one realizes that they are objects of the Fukaya category (see

[HaiKatKon17, Theorem 4.3]). Our proof is simple and geometric, and doesn’t rely

on algebraic machinery and generation results.

Also, the algebraic pairing H∗(M(L1)A1 �
A1 barr

A1 �A1 M(L0)) gives an algo-

rithm for computing geometric (i.e. minimal) intersection number of two curves, and

geometric self-intersection number of one curve, on a surface with boundary3.

Our main motivation behind the algebraic pairing theorem was to construct al-

gebraic invariants of tangles in the context of pillowcase homology. We now describe

this construction.

3One should treat the case of Per(L0, L1) = Z separately, and subtract 2 from rk(H∗) in order
to obtain the geometric intersection number.
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1.3.2 Bordered theory for pillowcase homology

Floer in [Flo90] and Kronheimer and Mrowka in [KroMro10] constructed a knot in-

variant called sutured instanton knot homology KHI(K). It has properties similar to

knot Floer homology, like detecting the genus of a knot (non-vanishing result). In fact,

KHI(K) is conjectured to be isomorphic to knot Floer homology ĤFK(K) (both of

them categorify the Alexander polynomial of a knot). In [KroMro11b], [KroMro11a]

Kronheimer and Mrowka constructed another knot invariant called singular instanton

knot homology, which is denoted by I\(K). In [KroMro11a] they proved that there

is a spectral sequence from Khovanov homology Kh(K) to I\(K), and that I\(K)

is, in fact, isomorphic to KHI(K). This, together with the non-vanishing result for

KHI(K), proved that Khovanov homology detects the unknot.

On the instanton side only gauge theoretic constructions of knot invariants are

fully developed. We are interested in the potential symplectic counter-parts. The

construction called pillowcase homology was developed by Hedden, Herald, and Kirk

in [HedHerKir14a] and [HedHerKir14b], in order to better understand and compute

I\(K). This geometric construction potentially gives a knot invariant, which we

denote by Hpil(K). It should be the symplectic side of Atiyah-Floer conjecture for

singular instanton knot homology I\(K), see [HedHerKir14b, Conjecture 6.5].

The bordered construction

Based on the constructions from Chapter 2, in Chapter 3 we will enhance the con-

struction of pillowcase homology, extending algebraic invariants from knots to tangles.

A quick pictorial plan of the construction is on the Figure 1.1. Having a knot in

K ⊂ S3, find a 2-sphere that intersects the knot in 4 points and thus divides it into

two tangles Q∪ T = K, such that one of the two resulting tangles Q is trivial. Then

proceed by applying applying traceless representation variety functor to the spaces

(D3, Q) ← (S2, 4pts) → (D3, T ). The variety for the 2-sphere turns out to be the
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pillowcase, i.e. a torus factorized by the elliptic involution, which is a 2-sphere with 4

singular conical points: P = R(S2, 4) = {h ∈ hom(π1(S2 \ 4pt), SU(2)) | tr(h(γi)) =

0}/conj. = T 2/τ . The other ones are slightly trickier, because they involve holonomy

perturbations π and a certain condition regarding the green earring (circle H + arc

W ) inside (D3, Q = A1 + A2):

LQ = R\
π(D3, A1 ∪ A2),

LT = Rπ(D3, T = T1 + T2),

R(D3,T=T1+T2)={h ∈ hom(π1(D3\T ),SU(2)) | tr(µTi )=0 }/conj.,

R\(D3,A1∪A2)={h ∈ hom(π1(D3\(A1∪A2∪H∪W )),SU(2)) | tr(h(µAi
))=tr(h(µH))=0, h(µW )=−I }/conj.

After having done all this, one obtains pillowcase homology of a knot as Lagrangian

Floer homology Hpil(K) = HF∗(LQ, LT ) inside P ∗ = P \ 4pts. In spite of the fact

that it was not proved that Hpil(K) is a knot invariant, it was calculated in many

examples and verified to be isomorphic to I\(K).

Our construction in Chapter 3 is an algebraic enhancement of pillowcase homology.

It answers the following question: what algebraic structures should one associate to

LQ and LT , in order to be able to recover Hpil(K) = HF∗(LQ, LT ) algebraically,

without looking at the intersection picture on the pillowcase. The relevant objects

can be seen in the third column of Figure 1.1. Using constructions from Chapter

2, we associate to the pillowcase with four small discs (containing singular points)

removed P = P \ D1 ∪ D2 ∪ D3 ∪ D4 an algebra A1(P ) = Ap, and to an immersed

curve (circle or arc with ends on the boundary) LT , LQ inside P ∗ an A∞ modules

M(LT )Ap ,M(LQ)Ap . Then Theorem 1.3.1 implies

Hpil(K) = HF∗(LQ, LT ) ∼= H∗(M(LT )Ap �
Ap barr

Ap �Ap M(LQ)).

11



• Hpil(K)=HF*(LQ ,LT)

• algebra Ap

• A∞ module M(LQ)Ap

• A∞ module M(LT)Ap

• curve LQ in P
• pillowcase P

(Lagrangian Floer homology in P*=P\{4pts})

• curve LT  in P

• 2-sphere (S2,4pts)

• knot Q+T=K

• triv. tangle (D3,Q)
• tangle (D3,T)

→ 

→

→
→

→ 
→
→

• H*(M(LT)Ap 
 Ap barr

 Ap  Ap
M(LQ))

(D3,T) ← (S2,4pts) → (D3,Q)

LT → P ← LQ

Figure 1.1: The pillowcase homology construction (1st and 2nd columns), and its
algebraic extension (3rd column).

Potential applications of the bordered construction

Let us now describe the motivation behind the bordered construction. First, it

provides a natural candidate for an algebraic invariant of a 2-stranded tangle T

inside a ball D3. To such a tangle one can associate an immersed Lagrangian

L(T ) : Rπ(D3, T ) # R(∂D3, 4) = P , and then an A∞ module M(L(T ))Ap
4. As

with pillowcase homology, there are missing ingredients in this construction: it needs

to be proved that L(T ) is unobstructed, and the homotopy type of M(L(T ))Ap does

not depend on the perturbation π.

Building on this idea, one can isolate the part of Hpil(K) which depends on LK .

I.e., if one changes LK in some way, it is more natural to understand how M(LK)Ap

changes, rather than Hpil(K) = H∗(M(LK)Ap �
Ap barr

Ap �Ap M(L\)).

4Here one must be careful. The definition of M(L(T ))Ap
requires a parameterization of the

pillowcase R(∂D3, 4). Thus there needs to be additional information, for this parameterization to
be fixed. Namely, the boundary of the tangle (∂D3, 4) must be bordered, i.e. parameterized by a
standard fixed (S2, 4).
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A very interesting direction of research is to further develop bordered theory for

pillowcase homology Hpil(K) into full bordered theory. Let us briefly describe the

way such a theory would work. The strategy is the following:

Step (1) To understand what algebra should be associated to 2n punctured sphere (S2, 2n).

Step (2) To understand what bimodules (over the algebras from the previous step) cor-

respond to tangles inside S2 × I, which connect (S2, 2k) to (S2, 2(k + 1)).

Step (3) To build up a chain complex Calg(K), and prove that its homology Halg(K) is

a knot invariant. The construction of Calg(K) should involve composing (via

derived tensor product, or morphism space pairing) bimodules from the second

step, and modules that correspond to trivial tangles M(LU),M(L\) (examples

3.3.1, 3.3.2).

Step (4) To prove that this construction, in fact, computes singular instanton knot ho-

mology: Halg(K) ∼= I\(K).

This is a difficult project. Even completing the step (1) is hard. The desired

algebra should be the algebra of the Fukaya category of the smooth stratum of repre-

sentation variety R(S2, 2n). After the pillowcase R(S2, 4), the next space of interest

is R(S2, 6). It is already a complicated singular 6-dimensional manifold, see [Kir17].

See also [HerKir15] for the study of R(S2, 2n). Let us note that additional structures

on representation spaces could help to compute their Fukaya category. For example,

in the case of Heegaard Floer homology, the Fukaya category of Symg(Σg \ 1pt) was

computed in [Aur10b] using the structure of Lefschetz fibration over C.

Nevertheless, if one manages to guess the algebras and bimodules, one can dismiss

the underlying geometry and try to prove that the knot invariant is well defined

algebraically (step (3)).

Examples of analogous bordered theories developed for other invariants are: bor-

dered Heegaard Floer homology [LipOzsThu08], [LipOzsThu15]; bordered theory for
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knot Floer homology [OzsSza17b], [OzsSza16], [OzsSza17a]; bordered theories for

Khovanov homology [Rob16a], [Rob16b], [Man17]. Step (3) for Heegaard Floer ho-

mology was done in [Zha16], and for knot Floer homology in [OzsSza16], [OzsSza17a].

Let us mention that there is a related work by Zibrowius [Zib17]: by a different

construction he associates an algebra to a 4-punctured 2-sphere and modules to 2-

stranded tangles, and has a pairing theorem resulting in knot Floer homology.

1.3.3 Comparing homological invariants of mapping classes

of surfaces

Overview

Consider a strongly based mapping class group MCG0(Σg, ∂Σg = S1), which consists

of all orientation preserving self-diffeomorphisms φ : (Σg, ∂Σg)→ (Σg, ∂Σg) fixing the

boundary, up to isotopy. Suppose we are given a mapping class φ ∈MCG0(Σg, ∂Σg =

S1). In Chapter 4 to such an object we assign two homological invariants:

(1) An A∞ bimodule N(φ) (or, more precisely, its A∞ homotopy equivalence class),

and its Hochschild homology HH∗(N(φ)), which is Z2-graded. The bimodule

N(φ) comes from bordered Heegaard Floer theory: one constructs a Heegaard

diagram for a mapping cylinder of φ, then considers certain intersections be-

tween α and β curves as generators, and then obtains a differential via pseudo-

holomorphic curve theory. For the definitions see [LipOzsThu13], where our

bimodule is also denoted by N(φ), and the original paper [LipOzsThu15], where

the corresponding bimodule is denoted by ĈFDA(φ,−g + 1). In Section 4.4.2,

we also give an equivalent construction of this bimodule using the partially

wrapped Fukaya category of the surface. This construction will be useful in

understanding the connection with the next invariant.

(2) Suppose for a moment that φ is a mapping class of a closed surface, and pick
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a generic area-preserving representative φ in that mapping class. Then we

consider a cohomology theory HF ∗(φ), where the generators are non-degenerate

constant sections of the mapping torus Tφ → S1 (i.e. non-degenerate fixed

points), and the differentials are pseudo-holomorphic cylinder sections of Tφ ×

R → S1 × R. Sometimes the same theory can be set up using fixed points as

generators and pseudo-holomorphic discs in Lagrangian Floer cohomology of

graphs of id and φ as differentials, but we will use the sections and cylinders

approach. This invariant HF ∗(φ) is called fixed point Floer cohomology, or

symplectic Floer cohomology. It is Z2-graded by the sign of det(dφ− Id) at the

fixed points of φ.

In order to generalize this construction to mapping classes fixing the boundary,

one has to specify in which direction to twist the boundary slightly to eliminate

degenerate fixed points. There are two choices (we call them + and −) for each

boundary, see Figure 4.17 for the conventions.

In our case of a mapping class φ ∈MCG0(Σg, ∂Σg = S1 = U1), we actually con-

sider the induced mapping class φ̃ : (Σ̃g, ∂Σ̃g = U1∪U2)→ (Σ̃g, ∂Σ̃g = U1∪U2),

where the surface Σ̃g = Σg \ D2 is obtained by removing a disc in the small

enough neighborhood of the boundary U1, such that representative φ is iden-

tity on that neighborhood. We then consider fixed point Floer cohomology

HF ∗(φ̃ ; U2+, U1−) with two different perturbation twists on the two bound-

aries.

The bimodule invariant N(φ) was computed for mapping classes of the genus 1

surface in [LipOzsThu15, Section 10]. In Section 4.1.5, we compute N(φ) in the case

of the genus 2 surface; we do it by explicitly describing the bimodules associated to

Dehn twists τl, which generate the mapping class group. For that we write down

the bimodules based on a holomorphic curve count, and then use the description of

arc-slide DD bimodules from [LipOzsThu14] to prove that the bimodules N(τl) are
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the correct ones.

We also describe how to compute the Hochschild homology of the bimodule. There

is a problem one faces in computing Hochschild homology: none of the smallest

models of bimodules N(φ) for the Dehn twists are bounded, and thus their Hochschild

complex is infinitely generated. We write down a certain bounded identity bimodule

[I]b in the genus 2 case, so that the bimodule [I]b�N(φ)� [I]b is bounded and belongs

to the same A∞ homotopy equivalence class as N(φ). Thus by replacing N(φ) with

[I]b �N(φ)� [I]b we solve the problem of N(φ) being not bounded.

In Section 4.3, based on our computations of the Hochschild homology HH∗(N(φ))

in the genus 2 case, and the corresponding computations of the fixed point Floer

cohomology, we make the following conjecture.

Conjecture 1.3.2. For every mapping class φ ∈ MCG0(Σg, ∂Σg = S1 = U1) there

is an isomorphism of Z2-graded vector spaces

HH∗(N(φ−1)) ∼= HF ∗+1(φ̃ ; U2+, U1−).

We explain where such an isomorphism may come from. In Section 4.4, we sketch

a symplectic geometric interpretation of bordered Heegaard Floer homology by De-

nis Auroux, which is based on the partially wrapped Fukaya categories of punctured

surfaces and their symmetric products. In the framework of Fukaya categories of

symplectic manifolds, if one wants to compare the Hochschild homology of the graph

bimodule to fixed point Floer cohomology via open-closed map, one needs to consider

the same kind of Hamiltonian perturbations for both invariants. Specifically, in par-

tially wrapped theory, one needs to consider perturbations at infinity coming from

non-constant Hamiltonian on the boundary. We denote the corresponding version of

fixed point Floer cohomology by HF 1bp(φ). This kind of fixed point Floer cohomol-

ogy was not considered before, but could be defined analogously to other versions.
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Instead we choose to work with the version HF ∗(φ̃ ; U2+, U1−), defined in terms of

existing invariants. We then explain our choice, i.e. why HF ∗(φ̃ ; U2+, U1−) is natu-

rally isomorphic to HF 1bp(φ). After this, in Section 4.5, we show how our conjecture

(the double basepoint version of it, to be precise) can be viewed as an instance of a

more general conjecture in symplectic geometry. It states that the open-closed map

in the Fukaya-Seidel category of a Lefschetz fibration is an isomorphism.

Notably, assuming the conjecture is true, our computational methods allow one

to effectively compute the number of fixed points of a mapping class φ̃ by simply

running a program, even in the pseudo-Anosov case. For example, if one takes a

mapping class ψ = τAτBτCτDτCτAτBτE (see Figure 4.6), then the program [Kot18]

finds:

Automorphism Number of fixed points Time in seconds

ψ 5 0.2

ψ2 5 0.5

ψ3 11 4.7

ψ4 23 16

ψ5 52 59.1

ψ6 103 271.6

As a byproduct of the simplicity of the computations, we can determine if the mapping

class is periodic, reducible with all components periodic, or pseudo-Anosov: the rank

of HH∗(N(φn)) is respectively bounded, grows linearly, or grows exponentially (see

[LipOzsThu13, Corollary 4.2], [Cot09, Corollary 1.7]).

Context

There is another isomorphism of invariants of mapping classes of surfaces, which

is directly related to our work. Consider a 3-manifold Y 3
φ , where the subscript φ

indicates that the manifold fibers over the circle Y 3
φ → S1 with a monodromy φ :
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Σclosed → Σclosed. The statement says that the Heegaard Floer homology in the second

lowest spinc structures (evaluating to −2g+ 4 on the fiber) is equal to the fixed point

Floer cohomology of the corresponding monodromy: HF+
∗ (Y 3

φ ; −2g+ 4) ∼= HF ∗(φ).

Assuming the genus is greater than 2, this isomorphism follows from the following

chain of isomorphisms:

• HF ∗(φ) ∼= HP ∗degree=1(φ),

where HF ∗(φ) is fixed point Floer cohomology of mapping class φ of a closed

surface, see [Sei02], and HP ∗degree=1(φ) is periodic Floer cohomology, see [Hut-

Sul05]. This isomorphism is addressed in [LeeTau12, Appendix B].

• HP ∗degree=1(φ) ∼= ~HM∗(Y
3
φ , c+ ; −2g + 4),

where Y 3
φ is a 3-manifold fibered over the circle with a monodromy φ, and

~HM∗(Y
3
φ , c+ ; −2g + 4) denotes an invariant of a 3-manifold called monopole

Floer homology, defined in [KroMro07]. The c+ indicates the version of ~HM∗

where one uses a monotone positive perturbation. The isomorphism was proved

in [LeeTau12]. The positivity of the perturbation comes from the genus being

greater than 2.

• ~HM∗(Y
3
φ , c+ ; −2g + 4) ∼= ~HM•(Y

3
φ , c+ ; −2g + 4),

where • indicates the negative completion of the coefficient ring. The definition

of }CM∗ does not depend on the negative completion, so the above groups are

isomorphic, see [KroMro07, p. 606].

• ~HM•(Y
3
φ , c+ ; −2g + 4) ∼= ~HM•(Y

3
φ ; −2g + 4),

where the absence of c+ indicates exactness of the perturbation in the definition

of ~HM•. The isomorphism is proved in [KroMro07, Theorems 31.1.2].

• ~HM•(Y
3
φ ; −2g + 4) ∼= ~HM•(Y

3
φ , cb ; −2g + 4),

where cb indicates the balanced perturbation in the definition of ~HM•. The

isomorphism is proved in [KroMro07, Theorems 31.1.1].
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• ~HM•(Y
3
φ , cb ; −2g + 4) ∼= ~HM∗(Y

3
φ , cb ; −2g + 4),

which again follows from the fact that the negative completion of the coefficient

ring does not affect ~HM∗.

• ~HM∗(Y
3
φ , cb ; −2g + 4) ∼= HF+

∗ (Y 3
φ ; −2g + 4),

which is a deep and very difficult theorem, despite the fact that the definition of

Heegaard Floer homology was inspired by monopole Floer homology type con-

structions. It was proved via passing through another invariant, called embed-

ded contact homology (ECH), in [KutLeeTau10a], [KutLeeTau10b], [KutLee-

Tau10c], [KutLeeTau11], [KutLeeTau12], and [ColGhiHon11], [ColGhiHon12a],

[ColGhiHon12b], [ColGhiHon12c].

Our Conjecture 1.3.2 is analogous to the proved isomorphismHF+(Y 3
φ ; −2g+4) ∼=

HF ∗(φ). We work in a slightly different 3-manifold. Suppose we fix a lift of φ from

the mapping class group of the closed surface MCG(Σclosed) to the strongly based

mapping class group MCG0(Σg, ∂Σg = U1). Then, instead of the fibered manifold

Y 3
φ , we consider the open book corresponding to φ, which we denote by M◦

φ. From

Y 3
φ one can obtain M◦

φ by 0-surgery on the constant section of Y 3
φ → S1, which comes

from the lift of φ. From M◦
φ one can obtain Y 3

φ by 0-surgery on the binding K of

M◦
φ. Instead of HF+(Y 3

φ ; −2g+ 4) we are working with the knot Floer homology of

the binding (in the second lowest Alexander grading) ĤFK(M◦
φ, K ; −g + 1). It is

equal to the Hochschild homology HH∗(N(φ)) (see [LipOzsThu15, Theorem 14]) with

which we are actually working in this thesis. The relevant version of fixed point Floer

cohomology turns out to be HF ∗(φ̃ ; U2+, U1−). It is possible that the Conjecture

1.3.2 can be deduced from HF+(Y 3
φ ; −2g + 4) ∼= HF ∗(φ).

It is also interesting to compare our results to the work of Spano [Spa17]. He

develops the full version of embedded contact knot homology ECK(Y,K, α), and

conjectures it to be isomorphic to HFK−(Y,K). In [Spa17, Section 3.3.1], the con-

nection to symplectic Floer homology is explained. Namely, in case of the knot
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being a binding of an open book, the embedded contact knot homology is equal

to a certain periodic Floer homology, see [Spa17, Theorem 3.19]. In the degree 1

case, it follows that if ECK(Y,K, α) ∼= HFK−(Y,K), then one has HF ∗(φ, U1+) ∼=

HFK−(M◦
φ, K ; −g+1). Thus one can view our Conjecture 1.3.2 as the “hat” version

of the conjecture of Spano.

Working in the “hat” version allows us to consider the Hochschild homology of the

bimodule HH(N(φ)) instead of the knot Floer homology ĤFK(M◦
φ, K ; −g+1). This

transition is quite powerful, because two things become possible: computations using

bordered Floer theory, and the connection to the Fukaya category of a surface (in the

“hat” version: to the partially wrapped Fukaya category of a surface), specifically

to twisted open-closed maps there. The latter connection provides hope that the

Conjecture 1.3.2 can be proved by more algebraic methods, using the structure of the

Fukaya category. In this direction see [Gan12], where it is proved that the untwisted

open-closed map is an isomorphism for the non-degenerate wrapped Fukaya category,

in the exact setting.

1.4 Assumptions, conventions

• We will be using the F2 coefficient field.

• By differential we will mean not only a map of vector spaces d : C → C satisfying

d2 = 0, but also the following. Having a distinguished basis {yj} of C, if, for

example, d(y7) = y1 + y2 + y3, then we will say that there is a differential

from y7 to y1 (and from y7 to y2, and from y7 to y3). We will denote these

differentials by arrows: y7 → y1. We will always have a distinguished basis

of chain complexes, because chain complexes will be generated by geometric

objects, such as intersections of curves or fixed points of maps.

• We will work with Lagrangian Floer homology, as opposed to cohomology, ex-
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cept in Sections 2.3.2 and 4.4 where we adopt Auroux’s cohomological conven-

tion.

• We will work with fixed point Floer cohomology, as opposed to homology.

• We will usually denote by φ not only the diffeomorphism of a surface, but also

the mapping class which it represents.

• We will use the convention ω(XH , ·) = −dH for Hamiltonian vector fields.

21



Chapter 2

From geometry to algebra

2.1 A∞ algebraic notions

An overall broad goal in this section is to introduce algebraic machinery for cut and

paste techniques in low-dimensional topology. Because we mainly work with Floer-

theoretic homological invariants of 3-manifolds and links, we would like to be able

to “decompose” chain complexes. I.e., suppose we have two 3-manifolds with one

boundary component and with (possibly empty) tangles inside:

(
Y1, T1 ⊂ Y1, ∂(Y1, T1) = (Σ, 2k points)

)
,(

Y2, T2 ⊂ Y2, ∂(Y2, T2) = (Σ, 2k points)
)
.

Then we are looking for algebraic structures on F2-vector spaces M(Y1, T1) and

K(Y2, T2), such that M(Y1, T1) ⊗K(Y2, T2) is naturally a chain complex, which will

correspond to a 3-manifold with a link obtained from gluing:

(Y, L) = (Y1, T1) ∪(Σ,2k) (Y2, T2).

Definition 2.1.1. A chain complex is an F2-vector space C equipped with a differ-
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ential d : C → C, satisfying d2 = 0.

Definition 2.1.2. A dg-algebra1 A is chain complex (A, d) equipped with a product

µ2 : A ⊗ A → A, satisfying the associativity law (ab)c = a(bc) and the Leibniz rule

d(ab) = d(a)b+ ad(b).

Definition 2.1.3. A right dg-module MA over dg-algebra A is a chain complex (M,d)

together with an action of the algebra m1,1 : M⊗A →M , satisfying dM(m1,1(x, a)) =

m1,1(dMx, a) +m1,1(x, dAa).

The notion of left dg-module is defined analogously.

Definition 2.1.4. A tensor product of left and right dg-modules (M1)A and A(M2) is

a quotient chain complex M1⊗AM2 = M1⊗F2M2/(xa⊗y = x⊗ay) with a differential

d(x⊗ y) = dx⊗ y + x⊗ dy.

Although the above algebraic structures satisfy our needs of being able to “decom-

pose” chain complexes, it turns out that they are not rich enough. For example, if one

wants to recover the structure of a dg-algebra A from its homology H∗(A), it is not

enough to remember the product on H∗(A), see [Kel01]. Analogously, if one wants

to recover the structure of dg-module M from its homology H∗(M), it is not enough

to remember the action of the algebra. Exactly the same kind of problems arise in

symplectic geometry, when one wants to study Lagrangians in symplectic manifolds

via their intersections with other Lagrangians, see [Smi15, Section 3.8] for the mo-

tivation in that context. The following are generalizations of dg-algebraic notions,

which allow one to have more flexibility.

Definition 2.1.5. An A∞ algebra is an F2-vector space A equipped with a family of

1We will not introduce gradings on our objects, but to avoid confusion we will keep the standard
name “dg-algebra”, which is derived from “differential graded algebra”.
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operations µk : A⊗k → A for each k > 1, satisfying A∞ relations

∑
l+k=n+1

µk(a1, . . . , aj, µl(aj+1, . . . , aj+l), aj+l+1, . . . , an) = 0

for any n > 1 elements a1, . . . , an ∈ A.

It is convenient to think about the multiplication geometrically, in terms of trees.

Namely, if µk(a1, . . . , ak) = b, we will denote it like this:

a1
...

a2 ak−1 ak

b

µk

The A∞ relations, for each n > 1, can then be rewritten like so:

∑
trees with n inputs

l+k=n+1
06j<n

µl

µk

= 0

j inputs

In the future we will often utilize such pictorial descriptions of maps.

If one thinks of µ1 as a differential and µ2 as a product, then the first two A∞

relations are the conditions for being a dg-algebra, with the third relation implying

that the associativity holds up to homotopy. Thus an A∞ algebra with µk = 0 for

k > 3 is the same notion as a dg-algebra.

Because we will be working almost exclusively with dg-algebras, rather than A∞

algebras, in what follows we will assume that A is a dg-algebra, despite the fact that

it is possible to define the structures below over A∞ algebras.
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Definition 2.1.6. A right A∞ module MA over a dg-algebra A is an F2-vector space

M equipped with a family of actions m1,k : M ⊗A⊗k →M for each k > 0, satisfying

A∞ relations (for each n > 0):

∑
trees with
n+1 inputs
l+k=n m1,l

m1,k

= 0

j

m1,n−1

µ2

m1,n

µ1

+ +

∑
trees with
n+1 inputs
16j6n−1

∑
trees with
n+1 inputs

16j6n

j

Sometimes A∞ modules are also called A modules. The notion of left A module

can be defined analogously.

Definition 2.1.7. A left type D structure AK over a dg-algebra A is an F2-vector

space N equipped with a map δ1 : A⊗N → A, satisfying equation

δ1

δ1

µ2

+

δ1

µ1 = 0

The notion of right type D structure can be defined analogously. We will often

omit the word “type”.

Remark 2.1.8. A type D structure over a dg-algebra has a natural dg-module asso-

ciated to it. Namely, a type D structure AK gives rise to an A module AAA �A K,

where the algebra A is viewed as an A-bimodule AAA over itself, see [LipOzsThu08,

Lemma 2.20] and the discussion below on bimodules and box tensor products. This

A module AAA �A K is in fact a dg-module, i.e. actions mk,1 vanish for k > 1.
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Before we proceed, we need to introduce an additional structure on our algebraic

objects. In bordered Floer theory, we often have a distinguished subalgebra I ⊂

A, which is a vector space over F2 generated by the idempotent elements of A.

Each distinguished generator x of A will have its own left and right idempotent

ix,left, ix,right ∈ I. This defines actions A x I and I y A by setting ix,left · x =

x · ix,right = x, and other actions to 0. Notice that the sum of all the idempotents is a

unit in A, and thus we denote it by 1. Analogous idempotent action structure I y N

and M x I will hold for D structures AK and A modules MA, i.e. each distinguished

generator will have its unique left (or right) idempotent which preserves it. In our

notation in the future it will mean that unique left idempotent of the generator t is i.

We call the structure described above idempotent subalgebra structure on A . It

comes naturally if one obtains the algebra as the endomorphism algebra
⊕

Li,Lj∈L
hom(Li, Lj)

of a set of objects L = {Li} in a strictly unital A∞ or dg category. The idempotents

are the units of the objects.

Idempotents will be required to “match” in all algebra actions. This can be

conveniently rephrased by saying that all tensor products over F2 are replaced by

tensor products over I in the previous 3 definitions. In more details, in those defi-

nitions we should say that our dg or A∞ algebras are I-bimodules, the A modules

and D structures are I-modules, and that all structure maps µk : A(⊗I)k → A,

m1,k : M ⊗I A(⊗I)k →M and δ1 : A⊗I N → A are I-linear.

Definition 2.1.9. Given a left D structure AK and a right A module MA over a

dg-algebra A, the box tensor product M � N is a chain complex M ⊗I N , with the

differential defined as follows:
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d(xi ⊗i y) =

k times

m1,0

xi ⊗i y

m1,1
m1,k

+ . . . + + . . .+

δ1 δ1

δ1

δ1

...

xi ⊗i y xi ⊗i y

The sum above is well-defined in case where the D structure or the A module

satisfy certain boundedness conditions, see [LipOzsThu15, Section 2.2]. In bordered

Heegaard Floer theory this corresponds to admissibility of Heegaard diagrams.

The A∞ relations for the type D structure and the A module imply that the

differential squares to zero, i.e. MA�AK is indeed a chain complex, see [LipOzsThu08,

Lemma 2.30] for the proof.

The box tensor product is a model for the A∞ (or derived) tensor product, see

[LipOzsThu08, Sections 2.2,2.4] for the explanation of that.

We will be gluing 3-manifolds (possibly with a tangle inside) not only with one

boundary component, but also with two. Thus we need to introduce bimodules.

Definition 2.1.10. An opposite dg or A∞ algebra Aop is an algebra with the same

underlying F2-vector space, the same differential, but different higher operations:

µnewk (a1, . . . , ak) = µk(ak, . . . , a1).

A left type D structure AK as an object is equivalent to a right type D structure

KA
op

. Analogously, a left A module AM as an object is equivalent to a right A module

MAop .

Definition 2.1.11. A left-right type DD structure AV B over two dg-algebras A and

B is a left type D structure over a dg-algebra A ⊗F2 Bop, where the product is a1 ⊗

b1 · a2 ⊗ b2 = a1 · a2 ⊗ b1 · b2 and the differential is defined using the Leibniz rule.

Left-left and right-right type DD structures are defined analogously.
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Definition 2.1.12. A left-right A∞ bimodule2
APB over two dg-algebras A and

B (with the idempotent subalgebras I and J respectively) is a left-right (I,J )-

bimodule P together with a family of (I,J )-bilinear A∞ actions

ml,1,k : A(⊗I)l ⊗I P ⊗J B(⊗J )k → P

for each l, k > 0, satisfying the following relations (for each n, s > 0):

∑
n1+n2=n
s1+s2=s mn2,1,s2

mn1,1,s1

+

j

mn,1,s−1

µ2

mn,1,s

µ1

+ +

∑
16j6s−1

∑
16j6s

j

= 0

j

mn−1,1,s

µ2

mn,1,s

µ1

+

∑
16j6n−1

∑
16j6n

j

+

Definition 2.1.13. A left-right DA bimodule ANB over two dg-algebras A and B is

a left-right (I,J )-bimodule N together with a family of (I,J )-bilinear A∞ actions

δ1
1+k : N ⊗J B(⊗J )k → A⊗I N

satisfying the following relations (for each n > 0):

2Sometimes also called AA bimodule.
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∑
k+l=n

δ1
1+k

= 0

j

+ +

∑
16j6n−1

∑
16j6n

j

δ1
1+l

δ1
1+(n−1) δ1

1+n

µ2

µ2
µ1

δ1
1+n

+µ1

The notions of left-left and right-right type DA structures are defined analogously.

The box tensor product operation allows to pair not only an A module to a D

structure, but also allows to pair any two bimodules, modules or D structures as long

as one pairs the right (left) A side to the left (right) D side, and certain boundedness

conditions are met, see [LipOzsThu15, Section 2.3.2].

Suppose we are given two chain complexes C1 and C2. The space HomF2(C1, C2)

has a natural chain complex structure: d(f) = d ◦ f + f ◦ d. The cycles in this space

are called chain maps, and when two cycles are homologous f1 − f2 = d(g) we say

that f1 is chain homotopic to f2. Then, instead of studying chain complexes up to

isomorphisms, i.e. isomorphisms of vector spaces preserving the differential structure,

we can study them up to chain homotopy equivalence. Two chain complexes C1 and

C2 are called chain homotopy equivalent if there are chain maps f : C1 → C2 and

g : C2 → C1 such that both of their compositions are homotopic to identities. It

is very often the case that we assign a chain homotopy equivalence class of chain

complexes as an algebraic invariant to a topological object. Homology of a chain

complex is invariant w.r.t. chain homotopy equivalence, and this is why we often

have homological invariants of topological objects.

A very similar situation happens with the other structures we have defined. Sup-

pose S1 and S2 are either two type D structures, or two A modules, or two bimodules

of the same type. There is an appropriate notion of morphisms between them, which

form a chain complex (Mor(S1, S2), d). Cycles in this morphism space are sometimes
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called A∞ homomorphisms, and two cycles are called homotopic if they are homol-

ogous. A corresponding notion of A∞ homotopy equivalence between S1 and S2 can

be introduced. We refer the reader to [LipOzsThu15, Section 2.2] for the definitions.

Later in the thesis invariants of 3-manifolds with boundary, possibly with a tangle

inside, will be A∞ homotopy equivalence classes of either type D structures, or A

modules, or bimodules.

2.2 Lagrangian Floer theory on a surface

2.2.1 Setup

Fix a compact smooth oriented surface with non-empty boundary, along with a finite

set of basepoints {zl} = Zbps on its boundary:

(Σ, Zbps ⊂ ∂Σ 6= ∅).

Assumption 2.2.1. Throughout all of the chapters of this thesis we require that

each boundary component of Σ contains at least one basepoint.

By a curve L we will mean an immersed circle or arc in the surface: L : S1 # Σ

or L : [0, 1] # Σ. We will often denote by L both the map and the image Im(L)

inside Σ. Such a curve must satisfy the following properties:

• L is smoothly immersed, i.e. the differential of the map is injective. This implies

that locally L is an embedding.

• If L is a circle, it is contained in the interior int(Σ). If L is an arc then

the endpoints of it are mapped to ∂Σ \ Zbts, and the interior points of it are

mapped to int(Σ). Also the endpoints of L should be distinct points on ∂Σ,

and transverse to the boundary ∂Σ.
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• All self-intersections of L are transverse, and there are no triple self-intersections.

• L is unobstructed, i.e. it lifts to an embedded arc (if L is an arc) or properly

embedded line (if L is a circle) in the universal cover of Σ. This is equivalent

(see [Abo08, Lemma 2.2]) to saying that there is no fishtail (see Figure 2.1),

and L is not null-homotopic. In other words, there should be no discs with

boundary on L with 0 or 1 “switches” at self-intersections of L.

Figure 2.1: Fishtail.

Further in the text we will assume that these properties are satisfied, and call such

immersed curves either “unobstructed curves”, or simply “curves”.

Lagrangian Floer homology is a homology theory for an ordered pair of curves,

denoted by HF∗(L0, L1). Often we will need pairs of curves to satisfy the following

properties:

• All intersection points are transverse.

• There are no triple intersection points.

• If both curves L0 and L1 are arcs then the following condition should be satisfied.

Suppose l0 ∈ ∂L0, l1 ∈ ∂L1, and l0 and l1 lie in the same connected component

of ∂Σ \ Zbts. Then, w.r.t. the induced orientation of ∂P , the order of the

endpoints should be first l0, then l1.

L0

L1
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• There is no essential immersed annulus with boundary on L0 and L1

A : (S1 × [0, 1], S1 × {0}, S1 × {1})→ (Σ, L0, L1)

with no “switches” allowed. The latter means that boundaries of the annulus

factor through L0 and L1, i.e. one has A|S1×{i} = Li ◦ f : S1 → Σ for some

f : S1 → S1 (or f : S1 → [0, 1] if Li is an arc).

We will call pairs of curves satisfying the above properties admissible.

Assumption 2.2.2. Throughout Chapter 2, when we state different Lagrangian

boundary conditions, we will always assume that the maps on the boundaries of

discs and polygons can be factored through the corresponding Li, or equivalently

(and intuitively more clear), that there are no switches allowed.

Convention. We will use notationHF∗(L0, L1) for Lagrangian Floer homology of two

curves, which are required to be admissible. We will use notation HF pw
∗ (L0, L1) for

Lagrangian Floer homology of curves which are not necessarily admissible. Namely,

we denote by HF pw
∗ (L0, L1) the homology HF∗(L

′
0, L1) one gets after the curve L0 is

perturbed to L′0, in order to make (L0, L1) fully admissible. The superscript pw stands

for partial wrapping, and indicates that the perturbation we use is the same kind of

perturbation one does in the definition of the partially wrapped Fukaya category, see

Section 2.3.2.

Our first goal is to define Lagrangian Floer homology HF pw
∗ (L0, L1) for a pair of

immersed unobstructed L0, L1 in the surface Σ. We will describe the construction

following closely [Abo08], [SilRobSal14], [HedHerKir14b], [HanRasWat16].

Step (1) For the homology to be well-defined one needs to restrict the class of curves they

consider — the appropriate class for us are admissible pairs of unobstructed

curves (the same setup as in [HanRasWat16]). Thus, having two unobstructed
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curves (L0, L1), one needs to know how to isotope L0 to L′0 so that (L′0, L1) is

admissible.

Step (2) By definition, the chain complex CF∗(L
′
0, L1) is generated over F2 by the in-

tersection points L′0 ∩ L1. The differential ∂ : CF∗(L
′
0, L1) → CF∗(L

′
0, L1) is

defined on the generators as mod 2 sum

∂x =
∑

y∈L′0∩L1

M(x, y) · y,

whereM(x, y) counts the number of immersed discs from x to y in the surface.

An immersed disc from x to y is an immersion of a lune, i.e. a disc with two

convex corners, with right boundary on L′0 and left boundary on L1 (no switches

allowed), see Figure 2.2. One requires these maps to be orientation preserving,

and counts them up to reparameterizations, which are orientation preserving

self-diffeomorphisms of the lune. Notice that the map is required to be an

immersion on the boundary of the lune too, which guarantees that the angles

of the disc at x and y are convex. The main difficulty in this step is to prove

that M(x, y) is finite for any two generators x, y ∈ L′0 ∩ L1.

x

y

L0

L1

∂Σ

Figure 2.2: Immersed disc from x to y. Note that there are no fishtails due to the
presence of ∂Σ.

Step (3) One proves that ∂2 = 0, and, more generally, that A∞ relations hold. Then
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Lagrangian Floer homology is defined to be the homology of the chain complex:

HF pw
∗ (L0, L1) = H∗(CF

pw
∗ (L0, L1)) := H∗(CF∗(L

′
0, L1), ∂).

The fact that Lagrangian Floer homology is well-defined follows from the fol-

lowing two steps.

Step (4) Suppose two curves are homotopic as maps L0 ∼ L′0, where the only restriction

is that the ends of immersed arcs are required to stay in ∂Σ \ Zbts. Then

if (L0, L1) and (L′0, L1) are both admissible pairs, then they can be connected

through elementary isotopies (of both L0 and L1) called finger moves (see Figure

2.3) such that admissibility is preserved at each step.

L’0

L1

L0

L1

Figure 2.3: Finger move isotopy.

Step (5) If an admissible pair (L0, L1) is connected to an admissible pair (L′0, L1) by one

finger move, then HF∗(L0, L1) = HF∗(L
′
0, L1).

The statements from the last two steps also imply that Lagrangian Floer ho-

mology is invariant with respect to isotopies.

2.2.2 Lagrangian Floer homology is well-defined

We will follow the plan outlined in the previous section, giving more attention to

the admissibility condition — the only place where our setup is different from [Hed-

HerKir14b, Sections 2, 3].
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Step 1. Isotoping (L0, L1) to an admissible pair (L′0, L1).

The only problematic part in making (L′0, L1) admissible is making essential immersed

annuli disappear. Let us first understand when essential annuli exist at all.

Definition 2.2.3. A periodic map is a smooth annulus A : (S1× [0, 1], S1×{0}, S1×

{1})→ (Σ, L0, L1) (as always, we assume that no switches are allowed).

Denote by Per(L0, L1) the set of homotopy classes of periodic maps. Having a a

closed curve L : S1 # Σ and an integer p denote by pL the curve L◦(·)p : S1 → S1 #

Σ with a slight perturbation so that all the self-intersections are transverse. The map

(·)p : S1 → S1 is the p-power map of the complex plane where S1 is the unit circle.

Lemma 2.2.4. Per(L0, L1) = Z or {0}. Essential annuli can exist only if Per(L0, L1) =

Z. The condition Per(L0, L1) = Z is equivalent to the condition pL0 ∼ qL1 for some

co-prime integers p and q (in particular, both curves should be closed immersed cir-

cles).

Proof. Assume Li : Si # Σ. No switches on the boundaries of annulus A allows one

to compose boundaries with Li, i.e. A : S1×{i} → Si
Li−→ Σ. Thus, after introducing

an intersection point between L0 and L1 via isotopy if necessary, one gets the following

sequence of maps:

Per(L0, L1)→ π1(S0 × S1) = π1(S0)× π1(S1)
L0∗+L1∗−−−−−→ π1(Σ).

The statement of the lemma follows from the fact that

Per(L0, L1) ∼= Ker(L0∗ + L1∗).

Surjectivity is straightforward, while injectivity follows from the fact that π2(Σ) = 0.

The latter is true because ∂Σ 6= ∅, and thus Σ is homotopy equivalent to a wedge
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of circles. Wedges of circles always has a contractible universal cover, and because

covering maps preserve higher (> 2) homotopy groups, one concludes that the wedge

of circles has trivial second homotopy group, and so does Σ.

Definition 2.2.5. A shadow of a periodic annulus A is a two-chain

Sh(A) =
∑

open Di ⊂ Σ\(L0∪L1)

deg(A|Di
) ·Di.

inside C2(Σ, (L0 ∪ L1)).

It is clear that Sh(A) depends only on the homotopy class [A] ∈ Per(L0, L1). The

key observation is that for [A] to have immersed orientation preserving representative

requires Sh([A]) to have all coefficients positive. We call such shadows positive. In

fact, we have:

Lemma 2.2.6. The following four statements are equivalent:

a) There exists an essential immersed periodic map A : (S1× [0, 1], S1×{0}, S1×

{1})→ (Σ, L0, L1) (in particular (L0, L1) is not admissible).

b) There exists a periodic map A with positive shadow for a pair (L0, L1) in Σ.

c) There exists a periodic map A, such that L̃0 ∩ L̃1 = ∅, where L̃i is a lift of Li

to a covering Σ̃A corresponding to the subgroup Im(A∗) ⊂ π1(Σ).

d) There exists a periodic map A, such that a pair (L̃0, L̃1) in Σ̃A has a periodic

map with positive shadow.

Proof. Suppose, after possibly choosing a connecting path between L0 and L1 if L0 ∩

L1 = ∅, we have π1(Σ) ⊃ Im(A∗) =< pL0 >=< qL1 >=< γ >6= 0 . Then

Σ̃A := Σ̃/< Γ >, where Σ̃ is the universal cover, < Γ >= Z, and Γ acts on Σ̃ via

action α̃ 7→ γ̃ · α, where α̃ is a lift of a path α : [0, 1]→ Σ to Σ̃. It follows that Σ̃A is

36



a space obtained by gluing a band (2 dimensional index 1 handle) to a contractible

subset H ⊂ Σ̃, which is the fundamental domain of the Z-action by < Γ >. The

fact that H is contractible follows from the standard description of Σ̃ as a thickened

universal cover of a wedge of circles.

This implies that int(Σ̃A) is homeomorphic to a cylinder S1×R. It is now straight-

forward to see that d) is equivalent to all other statements, because L̃0 and L̃1 are

not self-intersecting curves on a cylinder.

Now we are prepared to make any pair (L0, L1) admissible. Suppose there is an

essential immersed periodic annulus A. Then isotope one of the curves (say L̃0) in

the covering Σ̃A to introduce an intersection with another curve, and then push the

isotopy down to the surface. Note that if Im(A∗) =< pL0 >=< qL1 >, then one

needs to do isotopies of L̃0 in p different points, so that it projects down to an isotopy

of L0.

Step 2. Finiteness of immersed discs.

Here we need to show thatM(x, y) is finite, assuming (L0, L1) is admissible. Denote

by π2(x, y) the space of homotopy classes of smooth discs from x to y. The shadow of

an element φ ∈ π2(x, y) is defined in the same way as for A ∈ Per(L0, L1). We first

show that there are finite number of elements φ ∈ π2(x, y), which can possibly have

immersed representatives (the relevant condition is shadow Sh(φ) being positive).

Then we argue that every such class φ has exactly one immersed representative from

M(x, y).

Lemma 2.2.7. In case π2(x, y) 6= ∅, we have a free and transitive action

Per(L0, L1) ∼= π2(x, x) y π2(x, y).
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Proof. The definition of multiplication

π2(x, y)× π2(y, z)→ π2(x, z), (φ, ψ) 7→ φ ∗ ψ

is given by pinching an arc in the middle of the disc and considering maps φ and ψ

on the resulting two discs (which are connected by one point). The action π2(x, x) y

π2(x, y) is given by multiplying the elements, and the statement now becomes clear.

This implies that π2(x, y) = {φ}, Z or ∅. Next, let us prove that in case π2(x, y) =

Z we have only finite number of elements with immersed representatives.

Proposition 2.2.8. Only a finite number of elements in π2(x, y) have positive shadow,

and thus can have an immersed representative from M(x, y).

Proof. Every 0 6= φ ∈ π2(x, x) has a shadow with both negative and positive co-

efficients because (L0, L1) is admissible (see Lemma 2.2.6). For ψ ∈ π2(x, x) ∼=

Per(L0, L1) and φ ∈ π2(x, y) one has Sh(ψ ∗ φ) = Sh(ψ) + Sh(φ). This, along with

Lemma 2.2.7, implies the statement of the proposition.

Proposition 2.2.9. Element φ ∈ π2(x, y) with a positive shadow Sh(φ) can have at

most one immersed representative, up to smooth reparameterizations.

Proof. This follows from the fact that φ ∈ M(x, y) can be reconstructed from its

positive shadow, see the proof of [SilRobSal14, Theorem 6.8], which applies in our

case after passing to the universal cover and considering its compact simply connected

subset containing immersed discs in question. Alternatively, one can argue as in

[HedHerKir14b, Remark 3.14].
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Step 3. ∂2 = 0 and A∞ relations.

Suppose L0, L1, . . . , Lk are pairwise admissible unobstructed immersed curves with

no triple intersections inside (Σ, Zbps). Then we define higher operations

µk : CF∗(L0, L1)⊗ · · · ⊗ CF∗(Lk−1, Lk)→ CF∗(L0, Lk)

µk(p0, p1, . . . , pk−1) =
∑

qk∈L0∩Lk

M(p0, p1, . . . , pk−1, qk) · qk,

where M(p0, p1, . . . , pk−1, qk) counts mod 2 the number of orientation preserving im-

mersed polygons in Σ with k + 1 convex angles up to smooth reparameterizations,

see the picture below.

p0

L0

pk−1

Lk

Lk−1

L1

...

qk

Figure 2.4

The finiteness ofM(p0, p1, . . . , pk−1, qk) can be proved in the same way as finiteness of

the space of immersed discsM(x, y); the difference is that one has to define an analog

of periodic maps for multiple curves Per(L0, L1, . . . , Lk), and give an algorithm of how

to make all the elements of Per(L0, L1, . . . , Lk) have non-positive shadows (i.e. one

has to introduce a new notion of admissible tuples of curves). We do not give this

argument here, because we do not need the higher products structure for our work.

Remark 2.2.10. In the definition of the Fukaya category in the exact setting the finite-

ness of moduli space of pseudo-holomorphic polygons M(p0, p1, . . . , pk−1, qk) follows

from Gromov compactness and the uniform area bound, where the bound comes from

Stokes theorem, see the top of [Aur14, Page 6]. In fact, we are using the same kind

of mechanism: admissibility of (L0, L1, . . . , Lk) corresponds to making it possible for
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all L0, L1, . . . , Lk to be exact w.r.t. some area form ω on Σ. The fact that all ele-

ments of Per(L0, L1, . . . , Lk) have non-positive shadow corresponds to the fact that

all periodic maps have area 0 w.r.t. ω (see [OzsSza04d, Lemma 4.12]). In the light

of this correspondence the easiest way to make L0, L1, . . . , Lk admissible would be to

isotope each Ll to an exact representative w.r.t. some exact area form on a surface

Σ̂, which is the initial surface Σ completed by cylindrical ends at the boundaries, see

Section 2.3.2 for the construction of such completion.

Proposition 2.2.11. Suppose L0, L1, . . . , Ln are pairwise admissible unobstructed

immersed curves with no triple intersections inside (Σ, Zbps). Then, assuming the

finiteness of M(p0, p1, . . . , pk−1, qk), higher operations satisfy A∞ relations

∑
l+k=n+1

µk(a1, . . . , aj, µl(aj+1, . . . , aj+l), aj+l+1, . . . , an) = 0

for any n > 1 elements a1 ∈ CF∗(L0, L1), . . . , an ∈ CF∗(Ln−1, Ln).

Remark 2.2.12. The definition of µ1 coincides with the definition of ∂, and the first

A∞ relation states that µ2
1 = ∂2 = 0. The second A∞ relation states that the product

µ2 satisfies the Leibniz rule. The third A∞ relation states that the product µ2 is

associative up to homotopy H = µ3.

The main idea behind proving µ2
1 = ∂2 = 0 is that tuples of two consecutive im-

mersed discs with convex angles come in pairs (here one uses the absence of fishtails),

and so they cancel each other. The higher A∞ relations are proved analogously, with

the difference that one has to consider tuples of two consecutive immersed polygons.

For the proofs here we refer to [Abo08, Lemmas 2.11, 3.6].

Step 4. How to keep the isotopies admissible.

Suppose we are given an isotopy Lt0 from an admissible pair (L0 = Lt=0
0 , L1) to an

admissible pair (Lt=1
0 , L1). One has problems with keeping this isotopy admissible at
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each step only if Per(L0, L1) = Z. Suppose A is a generator of that group. Then,

passing to the covering Σ̃A corresponding to the subgroup Per(L0, L1) ∼= Im(A∗) ⊂

π1(Σ), just like in Lemma 2.2.6, we can:

1) Isotope L̃1 = L̃s=0
1 to L̃s=1

1 preserving L̃0 ∩ L̃s1 6= ∅ and L̃t=1
0 ∩ L̃s1 6= ∅ for each

s, but so that at the end point s = 1 all isotopies of the 0th curve L̃t0 intersect

L̃s=1
1 .

2) Make an isotopy Lt0 from L0 to Lt=1
0 .

3) Isotope L̃s=1
1 back to L̃s=0

1 .

Both steps 1) and 3) can be done in such a way that the isotopies can be projected

to Σ. This sequence of isotopies keeps the pair admissible all the time.

Step 5. Finger move isotopy does not change Lagrangian Floer homology.

One possibility here is to use A∞ relations to define chain maps between CF∗(L0, L1)

and CF∗(L
′
0, L1) and prove that their compositions are homotopic to the identity, see

[HedHerKir14b, Lemma 4.2] (with an appropriate change of argument because of the

weaker notion of admissibility in our case).

Another approach is to note that a finger move (see Figure 2.3) on the level

of Lagrangian Floer chain complex corresponds to a cancellation of the differential

(see [SilRobSal14, Appendix C]). Here one needs to prove that there is exactly one

immersed disc between the two points on the left of Figure 2.3. There is only one

other possibility, which is a disc covering lower left and lower right domains on the

left of Figure 2.3. But if such immersed disc exists, one would have an immersed

annulus on the right of Figure 2.3, and this would contradict admissibility.
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2.3 Partially wrapped Fukaya category of a surface

2.3.1 Different approaches

Definition 2.3.1. An A∞ category C consists of a set of objects Ob(C), a vector space

homC(X0, X1) for any pair of objects, and composition maps (higher operations) for

each k > 1

µk : homC(X0, X1)⊗ · · · ⊗ homC(Xk−1, Xk)→ homC(X0, Xk),

satisfying A∞ relations
∑

l+k=n+1 µk(a1, . . . , aj, µl(aj+1, . . . , aj+l), aj+l+1, . . . , an) = 0.

All unobstructed curves on a surface (Σ, Zbps ⊂ ∂Σ) comprise an A∞ category

called partially wrapped Fukaya category, which we denote by F(Σ, Zbps). Following

the construction in the previous section, one might try to define it in the following

way: for transverse L0, L1 define homF(Σ,Zbps)(L0, L1) := CF∗(L0, L1), define µk maps

via counting immersed polygons with convex angles, and A∞ relations follow from

Proposition 2.2.11. However, there is a big problem one immediately encounters —

since the curve is not transverse to itself homF(Σ,Zbps)(L0, L0) is not defined. One can

remedy that by perturbing the first Lagrangian L0  L′0 as we did in the previous

section and define homF(Σ,Zbps)(L0, L1) := CF pw
∗ (L0, L1), but then one encounters

another problem — higher operations were defined only for admissible curves. For

example it is not clear how to define CF pw
∗ (L0, L0)⊗CF pw

∗ (L0, L1)→ CF pw
∗ (L0, L1).

There are different ways to resolve these problems, which correspond to different

ways of defining the Fukaya category:

(1) To simply work with the structure at hand, i.e. to work with A∞ categories

where hom spaces are defined only partially, for transverse pairs (these are

called A∞ pre-categories). This approach was developed in [KonSoi01] and

implemented in the case of curves on a surface in [Abo08].
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(2) To first pick for each pair (L0, L1) a perturbation data, i.e. a certain Hamilto-

nianH0,1, and define homF(Σ,Zbps)(L0, L1) = CF∗(φ
1
XH0,1

(L0), L1) ∼= CF pw
∗ (L0, L1)

(this is essentially what we did in the previous section). Then it turns out

that one can choose additional perturbation data for each set of Lagrangians

{L0, L1, . . . , Lk} in Σ, so that counting solutions of perturbed Cauchy-Riemann

equation for polygons gives higher operations µk satisfying A∞ relations. This

approach was realized in details in [Sei08], and was implemented in the relevant

for us partially wrapped case in [Aur10b], [Aur10a].

(3) To define an A∞ category on a certain partially ordered countable set of La-

grangians3, and then identify Hamiltonian isotopic curves by inverting certain

morphisms. This process is called localization of A∞ categories, and was imple-

mented in the relevant for us partially wrapped case (which is a special case of

Liouville sectors) in [GanParShe17].

(4) To define the partially wrapped Fukaya category combinatorially. For that one

needs to parameterize (see Definition 2.4.1) the surface by a set of arcs αarcs.

From that one obtains an algebra A1 = A1(Σ, Zbps, αarcs) (see Definition 2.4.3

and the remark afterwards explaining the connection to approach (2)). Then

one can define F(Σ, Zbps) as

(a) A dg category4 A1Mod of left D structures over the algebra A1. This

approach was implemented in [HaiKatKon17], where A1Mod is denoted by

TwFA(S,M). The equivalence of approaches (4a) and (2) on the level of

homology is proved in [Zib17].

(b) A dg category ModA1 of right A modules over the algebra A1. This is

3Having a poset of Lagrangians satisfying Li > Lj =⇒ Li t Lj one can define an A∞ Fukaya
category by Li > Lj =⇒ hom∗(Li, Lj) = CF∗(Li, Lj), Li = Lj =⇒ hom∗(Li, Lj) =< idLi >F2 ,
Li < Lj =⇒ hom∗(Li, Lj) = 0.

4The category AMod is an A∞ category if the algebra A is an A∞ algebra, see [LipOzsThu15,
Lemma 2.2.27].
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the approach we take in this thesis. Our main result in this chapter is

Theorem 2.6.10, which proves the equivalence of approaches (4b) and (2)

on the level of homology.

Remark 2.3.2. All of the approaches above work in the general case of high dimen-

sional Liouville manifold instead of a surface, see [AboSei10], [Aur10b], [Syl15] for

approach (2), and [GanParShe17] for approach (3). It should be noted that finding

an algebra A1 for approach (4) is the same task as what is called “computing” the

Fukaya category; it is highly non-trivial and is one of the main problems in symplectic

topology, see [Smi15, Section 4.5]. In the case where M2n is compact approach (3)

does not work (because it uses the directive nature of wrapping around infinity), but

there is another approach (5): to develop “Morse-Bott” Floer theory, as in [FukOhO-

htOno09a][FukOhOhtOno09b]. There one defines homF(M2n,ω)(L0, L1) := C∗(L0∩L1)

in case of “clean intersection”, i.e. L0 ∩ L1 is smooth. The higher operations are de-

fined by pulling back and intersecting the chains inside the moduli spaces of pseudo-

holomorphic polygons, see the end of http://www-math.mit.edu/~auroux/18.969/

mirrorsymm-lect14.pdf.

Remark 2.3.3. One can mix the approaches (4a) and (4b) and define Lagrangian

Floer homology CF∗(L0, L1) as a box tensor product of A module M(L0)A1 and a D

structure A1K(L1). An approach very close to this (a certain hyperelliptic involution

bimodule has to be inserted there) was taken in [HanRasWat16].

We will outline below the setup of the approach (2), as it is the motivation behind

the approach (4b), to which we devote the rest of the chapter. In the discussion below

the most important part for us is the behavior of the Hamiltonian perturbation near

the boundary, which motivates the definition of the algebra A1 in the next section.
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2.3.2 Auroux’s construction of the partially wrapped Fukaya

category

This construction was developed in [Aur10b], [Aur10a] by Auroux in order to rein-

terpret bordered Heegaard Floer theory using Fukaya categories. Notice that in this

subsection we follow Auroux’s conventions and work with cohomology.

Having (Σ, Zbps ⊂ ∂Σ), fix a Liouville domain structure on Σ, i.e. an exact

symplectic form ω = dθ, such that the Liouville vector field Xθ dual to θ points

outwards the boundary. Then one associates to that data the partially wrapped

Fukaya category F(Σ, Zbps) (Auroux also considers Fukaya categories of symmetric

products of higher powers, but we only need the first one, i.e. the surface itself).

Denote by Σ̂ a Liouville manifold, which is obtained by a completion of the surface by a

cylindrical end. I.e. consider a symplectization of the boundary ([0,+∞)×∂Σ, d(r·θ)),

and glue its negative part to the Liouville flow collar neighborhood of ∂Σ by i :

((0, 1]× ∂Σ, d(r · θ))→ ((−∞, 0]× ∂Σ, ω) ⊂ Σ, s.t. i((r, x)) = (er, x).

Objects of the partially wrapped Fukaya category F(Σ, Zbps) consist of closed

exact embedded curves in Σ̂, as well as non-compact properly embedded ones such

that the ends stabilize to be rays in a cylindrical end, see [Aur10b] for the details.

Morphism spaces are Lagrangian Floer cochain complexes homF(Σ,Zbps)(L0, L1) =

CF ∗(L̃0, L1), where L̃0 is a Lagrangian submanifold perturbed by a generic Hamilto-

nian. Because of non-compact Lagrangians, the behavior of Hamiltonian perturba-

tion at infinity of Σ̂ needs to be specified. Specifically the constructed Hamiltonian

wraps the ray of the arc around the cylindrical end until it reaches the “stop”, i.e.

one of the rays in Zbps × [1,+∞). See [Aur10b] for the details, and Figure 2.5 for

a schematic picture. Note that this specific behavior of perturbation ensures that

homF(Σ,Zbps)(L0, L1) = CF ∗(L̃0, L1) ' CF pw
∗ (L1, L0), where the latter group was
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defined in Section 2.2. The A∞ operations

homF(Σ,Zbps)(L0, L1)⊗ . . .⊗ homF(Σ,Zbps)(Ld−1, Ld)→ homF(Σ,Zbps)(L0, Ld)

are given by counting holomorphic discs with d+ 1 marked points on the boundary.

z

Figure 2.5: Perturbation near infinity for the partially wrapped Fukaya category of a
surface.

2.4 From a surface to an algebra

As in the previous section, we fix a compact smooth oriented surface with non-empty

boundary, along with a finite set of basepoints {zl} = Zbts on its boundary: (Σ, Zbps ⊂

∂Σ 6= ∅). We will also continue to assume that each boundary component of Σ

contains at least one basepoint.

In this section we will first parameterize the surface (Σ, Zbps ⊂ ∂Σ) by arcs. Then

we will associate to this parameterization a dg-algebra A1.

Definition 2.4.1. A parameterization of the surface Σ consists of a set {αk} = αarcs

of non-intersecting embedded arcs with ends on ∂Σ\Zbts, such that cutting along the

arcs results into a set of discs each having exactly one basepoint on the boundary.

Sometimes we will refer to the parameterizing arcs as red arcs.

A parameterization of Σ specifies a graph Γ(Σ, Zbps, αarcs) — the vertices are the
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arcs in the parameterization, and the edges are chords between the arcs on ∂Σ which

do not pass through basepoints. The orientation on the graph is induced by the

orientation of chords, which in turn is induced by the orientation of Σ via the usual

rule “outward normal first”.

Example 2.4.2. This will be our running example. Consider a surface P (pillowcase)

in the figure below:

=

Figure 2.6: Pillowcase P .

An example of a parameterization of this surface is on the left of Figure 2.7. The

corresponding graph is on the right.
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Figure 2.7: Parameterization of the pillowcase, and the corresponding graph.

Definition 2.4.3. The Algebra A1 associated to a parameterized surface is a path

algebra A1(Σ, Zbps, αarcs) = A1 of the graph Γ(Σ, Zbps, αarcs) with certain relations.

Path algebra means that it is generated over F2 by paths in Γ(Σ, Zbps, αarcs), and

concatenating of paths corresponds to multiplication. When concatenating is not

possible, the multiplication is defined to be zero. Additional relations are defined

locally for every arc αk in the figure below:

p1

p2 q1

q2

=⇒ p1q2 = q1p2 = 0

We can promote the algebra A1 to a dg-algebra by defining its differential to be 0.

Also notice that the subalgebra generated by vertices of the graph Γ(Σ, Zbps, αarcs) is
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naturally an idempotent subalgebra, and we denote it by I.

Remark 2.4.4. Consider the partially wrapped Fukaya category F(Σ, Zbps). The pa-

rameterization of Σ by αarcs corresponds to picking a set of objects αarcs ⊂ F(Σ, Zbps).

The algebraA1 is in fact quasi-isomorphic (isomorphic if one picks the simplest Hamil-

tonian perturbations) to the hom-algebra

⊕
αi,αj∈αarcs

homF(Σ,Zbps)(αi, αj) =
⊕

αi,αj∈αarcs

CF pw
∗ (αj, αi),

see Example 4.4.4 for an illustration. Note that, if one one makes sure to apply

consistent perturbations to the curves, the A∞ structure on
⊕

16i,j6k
CF pw
∗ (αi, αj) can

be seen by counting immersed polygons. One also should be careful with orientations,

and in this case, due to cohomological conventions in [Aur10b], the higher operations

are defined by counting not the polygons in Figure 2.4, but rather their mirror images.

Example 2.4.5 (Explicit description of A1 for the pillowcase).

Algebra Ap = A1(P ,Zbps, {i0, i1, i2, j0, j1, j2}) is a path algebra of the graph

Γ(P ,Zbps, {i0, i1, i2, j0, j1, j2}) in the Figure 2.7, with relations specified in the defini-

tion of A1. The algebra is generated by the following elements (we specify here only

those non-trivial multiplications which do not involve vertices):

Ap = A1(P ) =<i0, i1, i2, j0, j1, j2, (2.1)

ρ0, ρ2, ξ1, ξ2, ξ3, η1, η2, η3,

ξ12 = ξ1ξ2, ξ23 = ξ2ξ3, ξ123 = ξ1ξ2ξ3 = ξ12ξ3 = ξ1ξ23,

η12 = η1η2, η23 = η2η3, η123 = η1η2η3 = η1η23 = η12η3 >F2 .

Regarding multiplications which involve vertices: constant paths (i.e. the vertices)

are idempotents, and every path in Ap has its own left and right idempotent. These

idempotents correspond to vertices of the start and the end of the path. All other
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vertices annihilate the path. For example, for the path ξ12 we have i1ξ12j2 = ξ12, and

multiplication by other idempotents results in zero.

We will call a parameterized surface (Σ, Zbps, αarcs) directed if Γ(Σ, Zbps, αarcs) has

no cycles (acyclic). We will call an algebraA with an idempotent subalgebra structure

directed5 if there is an order on all of the idempotents {i1, i2, . . .} = I s.t. ik ·A· il = 0

if k > l. It is clear that if (Σ, Zbps, αarcs) is directed then so is A1(Σ, Zbps, αarcs).

One can make any parameterized surface directed by adding some basepoints and

arcs to the surface. Let us explain how this works. We will call an arc final if there

are no chords coming out of it, i.e. if there are basepoints right after them on both

of its ends (w.r.t. orientation of ∂Σ), i.e. if there are no edges going out of the

corresponding vertex in Γ.

final arc

Suppose now that (Σ, Zbps, αarcs) is not a directed parameterization. Then pick a cycle

in Γ, and pick any edge in that cycle. Put a basepoint on the corresponding chord in

∂Σ. By this we reduced the number of cycles in the graph, but our parameterization

is no longer valid, because the arcs now cut the surface into discs, among which one

has two basepoints. We then add one additional arc to make the parameterization

valid, and this arc will be the final arc for those two basepoints.

Adding a final arc to make Γ acyclic:

Because adding the final arc doesn’t introduce any new cycles in Γ, we conclude that

5This definition is analogous to the definition of directedness in [Sei08, Page 75].
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by adding one basepoint and one arc one can reduce the number of cycles in Γ. This

implies that we can make Γ acyclic, i.e. (Σ, Zbps, αarcs) directed.

2.5 From curves to A∞ modules

Assumption 2.5.1. Throughout Chapter 2 we assume that the parameterized sur-

face (Σ, Zbps, αarcs) is directed. This implies that Γ = Γ(Σ, Zbps, αarcs) is acyclic, and

A1 = A1(Σ, Zbps, αarcs) is directed.

Remark 2.5.2. Strictly speaking we do not need this assumption for our theory. But

we find this assumption convenient, because then the module M(L)A1 , which we

define below, has finitely many A∞ actions. Moreover, this assumption is not very

restrictive, as one can make the parameterized surface directed by adding basepoints

and arcs.

To an immersed curve L in (Σ, Zbps, αarcs) we associate a right A∞ module M(L)A1

over the algebraA1. Before defining the module, one needs to isotope L appropriately.

2.5.1 Preliminary isotopies of L

First, if L is an arc, one makes a perturbation of L in the small neighborhood of ∂Σ

by applying a twist along the orientation of ∂Σ, such that the end comes close to its

closest basepoint, passing all the parameterizing arcs on its way, see Figure 2.8. This

ensures that all the parameterizing arcs i are admissible with L as a pair (i, L).

In fact, this perturbation is enough to define M(L) up to A∞ homotopy equiv-

alence of A∞ modules, but for further simplification of M(L), and for defining a

concrete M(L) rather than its A∞ homotopy equivalence class, we will do the follow-

ing extra isotopy.

Denote the discs cut out by arcs by {Bk} = Σ \ (αarcs ∪ ∂Σ), see the left of

Figure 2.7 for the pillowcase example. We call these discs big domains. Consider
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Figure 2.8: Perturbation near the boundary.

a process of traversing along L — this traversing (up to isotopies of L which do

not change the intersections with arcs) is encoded in the cyclic sequence S(L) of big

domains Bk, which are visited by L, as well as the connecting arcs between them.

For example for the curve L\ in Figure 2.11 we have a cyclic sequence S(L\) =

B1j2B4i2B1i0B2j0B1j1B3i1. If L is an arc then the sequence is not cyclic.

We isotope a curve L further, so that the sequence S(L) it gives does not have

the same arcs around one big domain, i.e. it does not have a pattern iBli. Such an

isotopy exists because if one has such a pattern, there is a finger move isotopy of L

removing iBli from the sequence S(L), see Figure 2.3. The length of the sequence

decreases, so the process of doing such finger move isotopies has to stop.

2.5.2 Definition of M(L)

We now assume that L is isotoped according to the previous section. A right A∞

module M(L)A1 is defined as follows. Over F2 it is generated by all intersection of

the curve L with the red arcs:

M(L) =< L ∩ αarcs >F2

For example, for the curve L\ in Figure 2.11 we have M(L\) =< z,w, s, t, y, x >F2 .

The idempotent subalgebra action M(L) x I ⊂ A1 is defined as follows. Every

generator has a unique right idempotent which preserves that generator. This idem-
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potent corresponds to the arc on which the generator is sitting. Other idempotents

annihilate the generator. For example for M(L\) in Figure 2.11 one gets the following

idempotents (in the subscripts) for the generators: zi0 , wj0 , sj1 , ti1 , yj2 , xi2 .

The final piece of the A∞ module structure, i.e. I-linear A∞ actions

M(L)⊗I A⊗n1 →M(L)

are defined by counting immersions (in fact they are all embeddings, because (1) we

did the isotopies above and (2) graph Γ does not have cycles) of polygons, missing

basepoints, from one generator to another generator, such that one side of the polygon

is mapped to L, other sides are mapped to αarcs∪∂Σ, and all the angles are convex —

see Figure 2.9. Such maps are counted up to orientation preserving smooth reparame-

terizations of the domain polygon. Non-idempotent elements of the algebra a1, . . . , an

which such map picks up on ∂Σ give an A∞ action x⊗I a1 ⊗I a2 ⊗I . . .⊗I an → y.

L
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y

y

a
1

a
1

a
2

a
2

a
n

a
n...

gives action

Figure 2.9: Immersed polygons of this type define A∞ actions of the algebra A1 on
the module M(L).

Remark 2.5.3. The module M(L)A1 is A∞ homotopy equivalent to a module

⊕
αi∈αarcs

homF(Σ,Zbps)(L, αi) =
⊕

αi∈αarcs

CF pw
∗ (αi, L),

the image of L under Yoneda embedding F(Σ, Zbps) → ModA1 w.r.t. the set αarcs
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(see [Aur14, Section 3.4]). We do not define it this way, because the partially wrapped

Fukaya category was not defined for immersed Lagrangians.

Now, let us explain how M(L) can be recovered combinatorially, by doing it on the

example curve L\ in Figure 2.11. First, let us count all the “basic” discs, which are

contained entirely in one of the big domains Bl. Because there is one basepoint in each

big domain Bl, there is exactly one basic disc between two consecutive generators.

For the curve L\ from Figure 2.11 here are all the basic discs: z
D2−→ x, y

D0−→ x,

t
D6−→ y, t

D4+D3−−−−→ s, w
D1−→ s, z

D4+D5−−−−→ w. Thus first we get a circle (if L is an arc

one gets a sequence) of generators and actions between them, see Figure 2.10. Notice

that in addition to the basic actions that form a circle there are two extra actions:

z
D1+D4+D5−−−−−−−→ s, t

D0+D6−−−−→ x. These are the actions which correspond to discs which are

formed by juxtaposing basic discs along the arcs. These discs ensure that A∞ relations

are satisfied in our A∞ module. Note that every immersed disc can be decomposed

into basic discs. Also every basic disc is contained in the finite number of discs —

otherwise one would have a cycle in the the graph Γ. Thus we can combinatorially

recover all the finite number of actions by adding all the possible juxtapositions of

the basic discs.

wz

x

y t

s

ρ0

η3

η2

(ξ1, ρ2)

ξ2

(η1, ξ1)

(η1, ξ12)

η23

Figure 2.10: M(L\)A1 , where L\ is from Figure 2.11.
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Figure 2.11: Curve L\ on the pillowcase.
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2.6 Recovering Lagrangian Floer homology alge-

braically

2.6.1 Algebra A†h1 and bimodule A1barr
A1

Definition 2.6.1. The algebra A†h1 (Σ, Zbps, αarcs) = A†h1 6 associated to a parame-

terized surface is a path algebra of the graph Γ(Σ, Zbps, αarcs) with local relations:

p1

p2 q1

q2

=⇒ p1p2 = q1q2 = 0

We can promote algebra A†h1 to a dg-algebra by defining its differential to be 0. Also

notice that subalgebra generated by vertices of the graph Γ(Σ, Zbps, αarcs) is naturally

an idempotent subalgebra, and we denote it by I.

Remark 2.6.2. Algebras A1 and A†h1 are related. First, denote by A†1 the (|αarcs|−1)-

strands moving algebra associated to the parameterized surface (Σ, Zbps, αarcs), see

[Zar09, Section 2] for the definition. Then, analogously to [LipOzsThu11, Proposi-

tion 8.17], one can prove that A†1 is Koszul dual to A1. One can also prove that

A†1, analogously to the algebra C(Z) in [LipOzsThu13, Section 2.3], is formal, and

H∗(A†1) = A†h1 . This implies that algebras A1 and A†h1 are Koszul dual. Alternatively,

one can prove Koszul duality by writing down the dualizing rank-1 DD bimodule, and

proving that it is invertible. This bimodule comes from a certain α−β-bordered Hee-

gaard diagram analogous to the diagram D(id) from the left of [LipOzsThu11, Figure

6]. Moreover, there is a dual parameterized surface Σ†, s.t. A1(Σ†) = A†h1 (Σ)).

By ek we denote “short” chords, i.e. those chords which correspond to paths of

length 1 in Γ. Denote by a†h(e1, . . . , el) an element of A†h1 (possibly equal to 0) which

6The author thanks Claudius Zibrowius for pointing him to this definition, which simplified the
exposition.

56



corresponds to the path (e1, . . . , el) in Γ. Analogously a(e1, . . . , el) will be used for

the elements of the algebra A1.

Example 2.6.3 (Explicit description of elements of A†h1 for the pillowcase). Alge-

bra A†h1 (P ,Zbps, {i0, i1, i2, j0, j1, j2}) is constructed as a path algebra of the graph

Γ(P ,Zbps, {i0, i1, i2, j0, j1, j2}) in the Figure 2.7, with relations specified in the defini-

tion of A†h1 . Over F2 the algebra is generated by the following elements:

A†h1 (P ) =<a†h(i0), a†h(i1), a†h(i2), a†h(j0), a†h(j1), a†h(j2),

a†h(ρ0), a†h(ξ2), a†h(η2),

a†h(η1), a†h(ξ1), a†h(ρ2), a†h(ξ3), a†h(η3),

a†h(η1, ξ1), a†h(ξ1, ρ2), a†h(ρ2, ξ3), a†h(ξ3, η3),

a†h(η1, ξ1, ρ2), a†h(ξ1, ρ2, ξ3), a†h(ρ2, ξ3, η3),

a†h(η1, ξ1, ρ2, ξ3), a†h(ξ1, ρ2, ξ3, η3),

a†h(η1, ξ1, ρ2, ξ3, η3) >F2 .

The multiplication corresponds to concatenation of paths.

Definition 2.6.4. The dual reduced small bar resolution A1barr
A1 of the algebra A1 =

A1(Σ, Zbps, αarcs) is a type DD structure, elements of which are in 1-1 correspondence

with elements of A†h1 = A†h1 (Σ, Zbps, αarcs):

ja
†h(e1, . . . , el)i 7→i b(−el, . . . ,−e1)j,
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with a type DD structure map δ1 defined by:

δ1 : barr → A1 ⊗I barr ⊗I A1,

δ1(ib(−e1, . . . ,−el)j) =
∑

e∈Edges(Γ), end(e)=j

1⊗i b(−e1, . . . ,−el,−e)k ⊗ ka(e)j+

+
∑

e∈Edges(Γ), start(e)=i

ia(e)k ⊗ kb(−e,−e1, . . . ,−el)j ⊗ 1.

It is easy to check that the type DD structure relation is satisfied for A1barr
A1 .

We can interpret the generators of A1barr
A1 as paths (against orientation) on the

boundaries of big domains Bk and encoding algebra elements one encounters on that

path. The δ1 map then corresponds to prolonging paths by one chord. See Figure

2.12 for an example of this geometric interpretation of the differential.

i
1

i
0

i
2

j
2

i
1

i
0

i
2

j
2

prolongation of the path

corresponds to di!erential

Figure 2.12: Geometric interpretation of the differential in A1barr
A1 .

Example 2.6.5 (Explicit description of A1barr
A1 for the pillowcase algebra). If

A1 = A1(P ) is the pillowcase algebra described in the examples above, then A1barr
A1

58



consists of the following 24 generators (we list them with their idempotents):

A1barr
A1 =<i2b(i2)i2 ,i0 b(i0)i0 ,j1 b(j1)j1 ,j2 b(j2)j2 ,j0 b(j0)j0 ,i1 b(i1)i1 ,

j0b(−ρ0)i0 ,j1 b(−η2)i1 ,j2 b(−ξ2)i2 ,

j0b(−η3)j1 ,j1 b(−ξ3)j2 ,j2 b(−ρ2)i2 ,i2 b(−ξ1)i1 ,i1 b(−η1)i0 ,

j2b(−ρ2,−ξ1)i1 ,j1 b(−ξ3,−ρ2)i2 ,j0 b(−η3,−ξ3)j2 ,i2 b(−ξ1,−η1)i0 ,

j0b(−η3,−ξ3,−ρ2)i2 ,j1 b(−ξ3,−ρ2,−ξ1)i1 ,j2 b(−ρ2,−ξ1,−η1)i0 ,

j1b(−ξ3,−ρ2,−ξ1,−η1)i0 ,j0 b(−η3,−ξ3,−ρ2,−ξ1)i1 ,

j0b(−η3,−ξ3,−ρ2,−ξ1,−η1)i0 >F2 .

The differential δ1 : barr → A1 ⊗I barr ⊗I A1 is described below by arrows:

b(−η3,−ξ3,−ρ2,−ξ1) −→ 1 ⊗ b(−η3,−ξ3,−ρ2,−ξ1,−η1) ⊗ η1, b(−ρ2,−ξ1,−η1) −→

ξ3⊗b(−ξ3,−ρ2,−ξ1,−η1)⊗1, b(−η3) −→ 1⊗b(−η3,−ξ3)⊗ξ3, b(i2) −→ ξ2⊗b(−ξ2)⊗1,

b(i2) −→ 1 ⊗ b(−ξ1) ⊗ ξ1, b(i2) −→ ρ2 ⊗ b(−ρ2) ⊗ 1, b(j1) −→ η3 ⊗ b(−η3) ⊗ 1,

b(j1) −→ 1 ⊗ b(−ξ3) ⊗ ξ3, b(j1) −→ 1 ⊗ b(−η2) ⊗ η2, b(j2) −→ 1 ⊗ b(−ξ2) ⊗ ξ2,

b(j2) −→ ξ3 ⊗ b(−ξ3) ⊗ 1, b(j2) −→ 1 ⊗ b(−ρ2) ⊗ ρ2, b(j0) −→ 1 ⊗ b(−ρ0) ⊗ ρ0,

b(j0) −→ 1⊗b(−η3)⊗η3, b(−ξ3,−ρ2,−ξ1,−η1) −→ η3⊗b(−η3,−ξ3,−ρ2,−ξ1,−η1)⊗1,

b(i1) −→ ξ1 ⊗ b(−ξ1) ⊗ 1, b(i1) −→ 1 ⊗ b(−η1) ⊗ η1, b(i1) −→ η2 ⊗ b(−η2) ⊗ 1,

b(−ρ2,−ξ1) −→ 1⊗ b(−ρ2,−ξ1,−η1)⊗ η1, b(−ρ2,−ξ1) −→ ξ3⊗ b(−ξ3,−ρ2,−ξ1)⊗ 1,

b(i0) −→ ρ0⊗ b(−ρ0)⊗ 1, b(i0) −→ η1⊗ b(−η1)⊗ 1, b(−ξ1) −→ ρ2⊗ b(−ρ2,−ξ1)⊗ 1,

b(−ξ1) −→ 1 ⊗ b(−ξ1,−η1) ⊗ η1, b(−η1) −→ ξ1 ⊗ b(−ξ1,−η1) ⊗ 1, b(−ξ3) −→ 1 ⊗

b(−ξ3,−ρ2) ⊗ ρ2, b(−ξ3) −→ η3 ⊗ b(−η3,−ξ3) ⊗ 1, b(−ρ2) −→ 1 ⊗ b(−ρ2,−ξ1) ⊗ ξ1,

b(−ρ2) −→ ξ3 ⊗ b(−ξ3,−ρ2) ⊗ 1, b(−η3,−ξ3,−ρ2) −→ 1 ⊗ b(−η3,−ξ3,−ρ2,−ξ1) ⊗

ξ1, b(−ξ3,−ρ2,−ξ1) −→ η3 ⊗ b(−η3,−ξ3,−ρ2,−ξ1) ⊗ 1, b(−ξ3,−ρ2,−ξ1) −→ 1 ⊗

b(−ξ3,−ρ2,−ξ1,−η1)⊗η1, b(−ξ3,−ρ2) −→ η3⊗b(−η3,−ξ3,−ρ2)⊗1, b(−ξ3,−ρ2) −→
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1⊗ b(−ξ3,−ρ2,−ξ1)⊗ ξ1, b(−η3,−ξ3) −→ 1⊗ b(−η3,−ξ3,−ρ2)⊗ ρ2, b(−ξ1,−η1) −→

ρ2 ⊗ b(−ρ2,−ξ1,−η1)⊗ 1.

2.6.2 Algebraic pairing recovers Lagrangian Floer homology

Let us refer to [LipOzsThu11, Definition 2.8] for the definitions of dual A∞ modules.

Having an A∞ module MA1 , we denote its dual by A1M . Now we are ready to define

an algebraic pairing of curves on the surface.

Definition 2.6.6. An algebraic pairing of two curves L0, L1 in the parameterized

surface (Σ, Zbps, αarcs) is given by a chain complex

M(L1)A1 �
A1 barr

A1 �A1 M(L0).

Remark 2.6.7. Note that A1barr
A1 does not have δ1 differentials with non-idempotent

algebra elements outgoing on both sides. Such type DD structures are called “sepa-

rated”. This property implies that the chain complex structure of algebraic pairing

does not depend on the brackets placement:

(M(L1)A1 �
A1 barr

A1)�A1 M(L0) = M(L1)A1 � (A1barr
A1 �A1 M(L0)) =

= M(L1)A1 �
A1 barr

A1 �A1 M(L0).

Usually only the chain homotopy equivalence class of the box tensor product does

not depend on the brackets placement.

Remark 2.6.8. The fact that the differential on M(L1)A1 �
A1 barr

A1 �A1 M(L0) is

well-defined follows from the fact that A1barr
A1 is a bounded type DD structure (see

[LipOzsThu15, Definition 2.2.56] for the definition of being bounded). This in turn

follows from the geometric interpretation of its differential. Each time one applies the

differential to an element, the path that element represents gets longer. Because there
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is an upper bound on the length of possible paths, eventually (δ1)k has to become 0.

Remark 2.6.9. Moreover the modules M(L0),M(L1) are also bounded, because they

have finite number of A∞ actions, which in turn follows from our assumption that

(Σ, Zbps, αarcs) is directed.

Theorem 2.6.10. Let L0, L1 be two admissible unobstructed immersed curves in the

parameterized surface (Σ, Zbps, αarcs). Then their Lagrangian Floer complex is chain

homotopy equivalent to the algebraic pairing of curves:

CF∗(L0, L1) 'M(L1)A1 �
A1 barr

A1 �A1 M(L0).

Remark 2.6.11. Here we describe the motivation behind this theorem. By [Aur10a,

Theorem 1], one knows that αarcs generate7 the category F(Σ, Zbps), which consists

of embedded Lagrangians. This follows from the fact that Lefschetz thimbles generate

the Fukaya-Seidel category associated to a Lefschetz fibration, see [Sei08, Theorem

18.24]. The Fukaya-Seidel category is closely related to the partially wrapped Fukaya

category, see Section 4.5.

Having a finite set of generating objects αarcs is very useful, because the Yoneda

embedding construction (see [Aur14, Section 3.4]) then gives a fully faithful embed-

ding of the A∞ category F(Σ, Zbps) into the dg-category of A∞ modules over the

hom-algebra
⊕

αi,αj∈αarcs

homF(Σ,{z})(αi, αj) = A1 (see [Sei08, Corollary 2.13]). I.e. if

L0, L1 are embedded Lagrangians, then one has

HF pw
∗ (L0, L1) = H∗(homF(Σ,Zbps)(L1, L0)) ∼= H∗(MorModA1

(M(L0),M(L1))).

In this theorem we extend this result to immersed Lagrangians8 in a surface, and

7This means that in certain enlarged category of twisted complexes TwF(Σ, Zbps) every object
in F(Σ, Zbps) is quasi-isomorphic to a direct summand of iterated mapping cones between the
generating objects, see [Aur14, Section 3] for the details.

8One could actually derive this from the previous results because one could argue that the im-
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more importantly, we prove the result in a geometric way, as opposed to proving

generation of the Fukaya category by the parameterizing arcs.

The following is the precise underlying reasoning for the statement of the theorem.

We first note that the morphism complex can be described in the following way via

bar resolution, see [LipOzsThu11, Proposition 2.10]: MorModA1
(M(L0),M(L1)) ∼=

M(L1) �A1 Barr(A1) �A1 M(L0). It can be proved that A1barr
A1 ' A1Barr(A1)A1

and so Mor(M(L0)A1 ,M(L1)A1) ' M(L1)A1 �
A1 barr

A1 �A1 M(L0). Now, suppose

we have two immersed curves L0, L1 in the surface Σ. [Aur10a, Theorem 1] suggests

that HF pw
∗ (L0, L1) = homF(Σ,Zbps)(L1, L0) ∼= H∗(Mor(M(L0),M(L1))). The way we

constructed A1barr
A1 suggests that

H∗(Mor(M(L0),M(L1))) ∼= H∗(M(L1)A1 �
A1 barr

A1 �A1 M(L0)). We now dismiss

the morphism complex, and prove that HF pw
∗ (L0, L1) ∼= H∗(M(L1)A1�

A1 barr
A1�A1

M(L0)) using the geometric interpretation of A1barr
A1 .

Proof. The plan for the proof is the following:

Step (1) We first isotope curves L0, L1 in a certain way.

Step (2) We prove that the isotoped pair (L0, L1) is admissible.

Step (3) We then prove that the two chain complexes we consider are isomorphic: CF∗(L0, L1) ∼=

M(L1)A1 �
A1 barr

A1 �A1 M(L0), in two steps:

a) We first see that the generators of complexes are in 1-1 correspondence.

b) We then prove that the differentials coincide. This is done by “localizing”

the differential in the geometric pairing, i.e. by noting that every disc

contributing to the differential is contained almost entirely in one of the

big domains Bk.

mersed Lagrangians are inside the derived partially wrapped Fukaya category, see [HaiKatKon17,
Theorem 4.3]
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We will be illustrating each step on our running example of curves: L0 = L\ — the

curve in Figure 2.11, and L1 = Lb — the horizontal belt around the pillowcase on

the left of Figure 2.6. For A∞ actions on the dual module A1M(L\) see Figure 2.13,

and A∞ actions on M(Lb)A1 =< x, s, z, w >F2 (see Figure 2.16 where the intersection

of blue curve with red arcs Lb ∩ αarcs = {x, s, z, w} are depicted) are as follows:

z ⊗ (ξ3, η3)→ x, z ⊗ ρ0 → x, z ⊗ (η1, ξ1)→ w, w ⊗ ξ2 → s.

w*z*

x*

y* t*

s*

ρ0

η3

η2

(ξ1, ρ2)

ξ2

(η1, ξ1)

(η1, ξ12)

η23

Figure 2.13: A1M(L\)

Step (1). For a short visual description of the required isotopy one may look at

Figure 2.16. Let us describe it now.

First and foremost, one needs to isotope both curves L0, L1 in the way required

for the definition of modules M(L0)A1 ,M(L1)A1 , see Section 2.5.1.

Let us describe further isotopies of L0. Mark points bk in the big domains Bk

sufficiently far away from ∂Bk, like in Figure 2.16, and call them centers of the big

domains. Also let us choose a center point for each red arc α which is sufficiently

far away from ∂α. Then isotope the curve L0 in the following way: first make it

intersect every red arc near its center (as in Figure 2.16). Then isotope L0 so that

in big domains it goes from the centers of big domains straight to the centers of red

arcs (or, if L0 is an arc, to the point on ∂Σ, see Figure 2.15). See Figure 2.16 for how

the isotoped L0 looks like in the case of L0 = L\ : S1 # P .

Concerning the curve L1, we also make it intersect the red arcs near their centers.

But the rest of the isotopy is different from L0. First, tilt the angle in which it
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intersects the centers of the red arcs, so that the following is true. 1) L1 is almost

parallel to the red arcs and intersects each nearby piece of L0 exactly once. 2) Going

clockwise around the center of the red arc, one encounters the rays in the following

order: red arc, all the pieces of L1, all the pieces of L0. See Figure 2.14.

L
0

L
1

Figure 2.14: Perturbation near the centers of red arcs.

Next, we make the final isotopy of the L1 curve, which has to do with the way

it behaves inside the big domains. Divide L1 into segments by intersections with

red arcs. We already specified how L1 looks near those intersections. Now we will

describe how each segment between those intersections is isotoped, by traversing L1.

First, it is important to note, the whole L1 will not leave a small neighborhood of

∂Σ∪{red arcs}. One starts at the center of the red arc, enters one of the big domains,

and then goes near ∂Σ ∪ {red arcs} in that domain until it reaches a basepoint. If

this is the end segment of L1 being an arc, then L1 is connected to ∂P near that

basepoint, such that (L0, L1) is admissible, see Figure 2.15. Otherwise L1 turns by

180◦ (in the direction towards the other end of the segment, i.e. such that it does not

introduce a fishtail), and goes backwards until it reaches the other end of the segment.

See Figure 2.16 for how the isotoped L1 looks like in the case of L1 = Lb : S1 # P .

Step (2). Let us prove admissibility of the pair (L0, L1) after the isotopies above. All

the non-smooth corners, triple intersections, and non-transverse intersections are elim-

inated by introducing a slight perturbation. There are no immersed annuli because
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Figure 2.15: Perturbation of the end segments of the arcs.

of intersections near centers of red arcs introduced in Figure 2.14: if pL0 ∼ qL1, and

so Per(L0, L1) = Z, those intersections lift to the covering from the Lemma 2.2.6(d).

If L0, L1 are arcs, they are in admissible position relative to basepoints because we

ensured it while isotoping L1, see Figure 2.15.

Step (3a). Here we assume that the required isotopies of L0, L1 were already made.

Generators of CF∗(L0, L1), as well as generators of M(L1)A1�
A1barr

A1�A1M(L0), are

in 1-1 correspondence with the set of paths along the boundaries of big domains ∂Bk,

from intersections L1 ∩ αarcs = {generators of M(L1)} to intersections L0 ∩ αarcs =

{generators of M(L0)}. The paths are against the natural orientations of ∂Bk, and

consist of chords −el of length 1 (which are also elements of A1). Below we explain

how to see the correspondence paths↔generators for both chain complexes.

Remember that elements of A1barr
A1 naturally correspond to such paths, see Fig-

ure 2.12. Each generator u ⊗ b ⊗ v ∈ M(L1)A1 �
A1 barr

A1 �A1 M(L0) has the cor-

responding element b ∈ A1barr
A1 , and that describes the path from the generator

u ∈ M(L1) to the generator v ∈ M(L0). For the generators of CF∗(L0, L1), the

desired path can be traversed along the L1, see Figure 2.16. Notice that “0 length”

paths are included, which correspond to intersections introduced when both L0, L1

cross the same red arc, see Figure 2.14.

Considering the example in Figure 2.16, we have:

M(L1) =< x, s, z, w >F2 , M(L0) =< x∗, s∗, z∗, w∗, t∗, y∗ >F2 .
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Figure 2.16: Isotopies of L0 = L\ and L1 = Lb so that the chain complexes of
geometric and algebraic pairings become isomorphic: CF∗(L0, L1) ∼= M(L1)A1 �

A1

barr
A1 �A1 M(L0).
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The intersection points L0∩L1 in Figure 2.16 correspond to the generators ofM(L1)A1�
A1

barr
A1 �A1 M(L0) as follows:

w ⊗ b(i2)⊗ w∗ ↔ w,

s⊗ b(j2)⊗ s∗ ↔ s,

x⊗ b(j0)⊗ x∗ ↔ x,

z ⊗ b(i0)⊗ z∗ ↔ z,

s⊗ b(−ρ2,−ξ1,−η1)⊗ z∗ ↔ p3,

s⊗ b(−ρ2)⊗ w∗ ↔ p9,

s⊗ b(−ξ2)⊗ w∗ ↔ p11,

s⊗ b(−ρ2,−ξ1)⊗ t∗ ↔ p6,

w ⊗ b(−ξ1,−η1)⊗ z∗ ↔ p2,

w ⊗ b(−ξ1)⊗ t∗ ↔ p7,

x⊗ b(−η3)⊗ y∗ ↔ p12,

x⊗ b(−η3,−ξ3,−ρ2,−ξ1,−η1)⊗ z∗ ↔ p4,

x⊗ b(−η3,−ξ3)⊗ s∗ ↔ p10,

x⊗ b(−η3,−ξ3,−ρ2,−ξ1)⊗ t∗ ↔ p5,

x⊗ b(−η3,−ξ3,−ρ2)⊗ w∗ ↔ p8,

x⊗ b(−ρ0)⊗ z∗ ↔ p1.

Step (3b). Here we want to show that the differentials in CF∗(L0, L1) andM(L1)A1�
A1

barr
A1�A1M(L0) coincide. We will do it by partitioning both differentials into smaller

groups, and showing how the smaller groups correspond to each other.

Lemma 2.6.12. Every immersed disc contributing to the differential in CF∗(L0, L1)

is contained inside a small neighborhood of one of the big domains Bk.
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Proof. For an immersed disc to enter two consecutive big domains it must pass

through an intersection of type u⊗b(i)⊗v (where i ∈ V ertices(Γ)), because the disc

is not allowed to touch the ∂Σ. Here, in the notation, we use the 1-1 correspondence

between generators of CF∗(L0, L1) and generators of M(L1)A1�
A1 barr

A1�A1M(L0).

Such intersections happen when both L0 and L1 cross the red arc, see Figure 2.14.

Also only two opposite parts of the intersection u⊗ b(i)⊗ v ∈ L0 ∩L1 are allowed

to be filled by the disc. Thus the disc cannot pass through such an intersection point,

as such a disc cannot be immersed.

Remark 2.6.13. We need to consider small neighborhoods of the big domains, as

intersections of type u⊗ b(i)⊗ v are not happening exactly on the red arc, but rather

somewhere close to its center, see Figure 2.14.

Lemma 2.6.14. Every differential in M(L1)A1 �
A1 barr

A1 �A1 M(L0) contains A∞

action either on the M(L1) side (Figure 2.17), or on the M(L0) side (Figure 2.18),

but not on both sides. Moreover, every such A∞ action comes from a “basic” disc in

the definition of M(Li)A1, i.e. a disc contained entirely in one of the big domains.

Proof. The fact that type DD structure A1barr
A1 is separated implies that the differ-

ential in M(L1)A1 �
A1 barr

A1 �A1 M(L0) is either on the M(L1) side (Figure 2.17),

or on the M(L0) side (Figure 2.18). We call them 1st and 2nd types of differentials.

Note that the δ1 arrows in A1barr
A1 do not contain outgoing algebra elements

of chord length more then 1. This observation implies the last statement of the

lemma.

Now let us take one connected segment l0 of L0, cut out by a small neighborhood

of a big domain N(Bk). And also take one connected segment l1 of L1 cut out by the

same neighborhood N(Bk). These segments almost coincide with two of the segments

from the division of L0 and L1 by the intersections with red arcs. The behavior of

l0, l1 inside N(Bk) is completely described by our isotopy in step (1). Also note, that
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such segments correspond to basic discs in the definition of M(Li)A1 . These basic

discs have a chance to contribute to differential in M(L1)A1 �
A1 barr

A1 �A1 M(L0).

Due to the first lemma above, the differential in CF∗(L0, L1) is partitioned into

differentials with boundaries on segments l0, l1. We will denote such groups of differ-

entials by CF∗(l0, l1). Due to the second lemma above, the differential in M(L1)A1�
A1

barr
A1 �A1 M(L0) is partitioned into differentials using different basic discs. We will

denote such groups of differentials by M(l1)A1 �
A1 barr

A1 �A1 M(l0), as basic discs

correspond to the segments.

We are left to show how differentials in CF∗(l0, l1) correspond to differentials in

M(l1)A1 �
A1 barr

A1 �A1 M(l0). We will do it by considering the 1st and 2nd type of

differentials in M(l1)A1 �
A1 barr

A1 �A1 M(l0) separately.

The 1st type. In this case the differentials in M(l1)A1 �
A1 barr

A1 �A1 M(l0) have

outgoing algebra elements on the left, see Figure 2.17. This corresponds to pro-

longation of paths in the backward direction, i.e. when new length one chords are

concatenated to paths from the back. We use the following notation in Figure 2.17:

i, k are the red arcs intersecting l1 at (u1) and (u2), j is the red arc intersecting l0 at

(v), and γ1, . . . , γm represent chord length one elements of A1.

(u1)i ib(path)j j(v)⊗ ⊗

⊗ ⊗(u2)k kb(−γm, . . . ,−γ2,−γ1, path)j j(v)

...

γ 1

γ2

γm

Figure 2.17: 1st type of differentials in M(L1)A1 �
A1 barr

A1 �A1 M(L0).
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Let us describe the corresponding disc differentials in CF∗(l0, l1). Suppose the

disc goes from p to q. First, note that all intersections l0 ∩ l1 are happening near one

of two ends of segment l0. Points p and q can be on one end of the segment l0, or on

the different ends. Let us consider those pairs which are on one end of the segment

l0. For this to happen, traversing the l1 boundary of the disc, the l1 must pass the

180◦ rotation point and come back. See, for example, the disc from p6 to p5 in Figure

2.16. We say that such differentials are of the 1st type in CF∗(l0, l1).

These are precisely the discs that correspond to the 1st type of differentials in

M(l1)A1 �
A1 barr

A1 �A1 M(l0). The reason is that both 1st type of differentials in

M(l1)A1�
A1 barr

A1�A1 M(l0), and 1st type of differentials in CF ∗ (l0, l1) exist if and

only if (u2)k is before (u1)i, which is before j(v) w.r.t. the direction against natural

orientation of ∂Bk. For example, in Figure 2.16, the disc from p6 to p5 corresponds

to the differential s⊗ b(−ρ2,−ξ1)⊗ t∗ → x⊗ b(−η3,−ξ3,−ρ2,−ξ1)⊗ t∗.

The 2nd type. In this case the differentials M(l1)A1�
A1 barr

A1�A1 M(l0) have outgo-

ing algebra elements on the right, see Figure 2.18. This corresponds to prolongation

of paths in the forward direction, i.e. when new length one chords are concatenated

to the front of paths. We use the following notation in Figure 2.18: i is the red arc

intersecting l1 at (u), j, o are the red arcs intersecting l0 at (v1) and (v2), and γm

represent chord length one elements of A1.

The corresponding 2nd type of disc differentials in CF ∗ (l0, l1) are those, which

have their corners on two different ends of segment l0. They do not pass through the

180◦ rotation point of l1, but instead they pass through the center of the big domain,

see the disc from p10 to p5 in Figure 2.16.

Both 2nd type differentials in M(l1)A1 �
A1 barr

A1 �A1 M(l0), and 2nd type dif-

ferentials in CF∗(l0, l1) exist if and only if (u)i is before j(v1), which is before o(v2)

w.r.t. the direction against the natural orientation of ∂Bk. For example, in Figure
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(u)i ib(path)j j(v1)⊗ ⊗

⊗ ⊗(u)i ib(path,−γ1,−γ2, . . . ,−γm)o o(v2)

...

γ
1

γ
2

γm

Figure 2.18: 2nd type of differentials in M(L1)A1 �
A1 barr

A1 �A1 M(L0).

2.16, the disc from p10 to p5 corresponds to the differential x ⊗ b(−η3,−ξ3) ⊗ s∗ →

x⊗ b(−η3,−ξ3,−ρ2,−ξ1)⊗ t∗.
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Chapter 3

Bordered theory for pillowcase

homology

3.1 Pillowcase homology

We sketch how the pillowcase homology construction (from [HedHerKir14a] and [Hed-

HerKir14b]) works in the first two columns of Figure 3.1. Having a knot in K ⊂ S3,

find a Conway sphere, i.e. a 2-sphere that intersects the knot in 4 points (denote it

by (S2, 4)). The knot is decomposed into two tangles by this 2-sphere, and we require

one of the tangles to be a trivial tangle that consists of two arcs. Then proceed as

follows:

(1) To that Conway sphere with four marked points (denote by γi, i = 1, 2, 3, 4,

loops around those points) associate a traceless character variety:

R(S2, 4) = {h ∈ hom(π1(S2 \ 4pt), SU(2)) | tr(h(γi)) = 0}/conj.

It happens to be homeomorphic to the pillowcase — a torus factorized by the
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Figure 3.1: The pillowcase homology construction (1st and 2nd columns), and its
algebraic extension (3rd column).

elliptic involution

R(S2, 4) ∼= P = S1 × S1/((γ, θ) ∼ (−γ,−θ)),

see [HedHerKir14a, Proposition 3.1] for the proof, and the 1st row 2nd column

of Figure 3.1 for the picture of the pillowcase.

(2) To a trivial tangle, which consists of two arcs A1, A2, associate an immersed

curve L\ in the pillowcase by the following procedure. First, add to the tangle

a circle H with an arc W as shown on the left of the second row of Figure 3.1.
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Then form a space of traceless reresentations:

R\(D3, A1 ∪ A2) = {h ∈ hom(π1(D3 \ (A1 ∪ A2 ∪H ∪W )), SU(2)) |

| tr(h(µAi
)) = tr(h(µH)) = 0, h(µW ) = −I }/conj.

Because S\4pt ⊂ D3\(A1∪A2∪H∪W ), there is a map in the reversed direction

R\(D3, A1∪A2)→ R(S2, 4). Because this map is singular, and R\(D3, A1∪A2)

is not 1-dimensional, one needs to do a holonomy perturbation of the space.

After a specifically defined perturbation (see [HedHerKir14a, Section 7]), one

gets an immersed circle L\ : R\
π(D3, A1∪A2)# P , which forms a “figure eight”

depicted in the 2nd row 2nd column of Figure 3.1.

(3) With the tangle K \ (A1 ∪ A2) from the other side one does almost the same

procedure. The only difference is that the circle H and the arc W are not

added (this is why here the image will often pass through a singular point).

One still needs to perturb R(D3, K \ (A1 ∪ A2)) in this case (see, for example,

[HedHerKir14b, Section 11.6] for the case of (3,4) torus knot). This results in

the immersion LK : Rπ(D3, K \ (A1 ∪ A2)) # P 1. An example of such an

immersion for a tangle T(2,3) \ (A1∪A2) (coming from the (2, 3)-torus knot) is in

the 3rd row 2nd column of Figure 3.1. Examples of such immersions for other

torus knots (with two arcs removed) are depicted in Figure 3.2.

(4) Having done all that, one associates to the initial knot K a vector space called

pillowcase homology. It is equal to Lagrangian Floer homology Hpil(K) =

HF∗(L
\, LK) inside P , where P is the pillowcase with small neighborhoods of 4

singular points deleted2, see Figure 2.6.

1Let us stress that the map LK depends on the tangle decomposition of a knot. We chose this
misleading notation for simplicity.

2One actually obtains Lagrangians in P and should consider Floer homology where discs do not
cross singular points. But one can delete small neighborhoods of singular points to get P , and the
corresponding Lagrangian Floer complex will be unchanged.
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On the level of chain complexes, the vector space isomorphism between the pil-

lowcase chain complex and the singular instanton chain complex

Cpil(K) = CF∗(L
\, LK) ∼= CI\(K)

is true by construction. In [HedHerKir14b] the authors provided lots of examples

where the homologies of these chain complexes are indeed isomorphic.

Let us list the missing ingredients for Hpil(K) to be a knot invariant. In the

construction one makes certain choices. First, there is a tangle decomposition of a

knot along the Conway sphere, and the map R(D3, K\(A1∪A2))# P depends on this

decomposition. Second, there is a generic small perturbation of R(D3, K\(A1∪A2)) in

order to obtain a non-singular immersed Lagrangian LK : Rπ(D3, K \(A1∪A2))# P .

Thus, in order to obtain a knot invariant, one needs to prove that Hpil(K) does not

depend on those two choices. Moreover, one needs to prove that, after those choices,

the resulting immersion LK is unobstructed, and admissible w.r.t. to L\, so that

HF∗(L
\, LK) is defined without difficulties.

3.2 The bordered construction

By applying constructions from Chapter 2, we obtain an algebraic enhancement of

pillowcase homology. This answers the following question: what algebraic struc-

tures should one associate to L\ and LK in order to be able to recover Hpil(K) =

HF∗(L
\, LK) algebraically, without looking at the intersection picture on the pillow-

case. The relevant objects can be seen in the third column of Figure 3.1. Let us

describe them:

(1) To a 4-punctured 2-sphere we have associated a pillowcase P , and now further

associate an algebra Ap via the construction in Section 2.4. This is done by

picking four basepoints on ∂P as in Figure 2.6, parameterizing the pillowcase
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as in Example 2.4.2, and associating to this parameterization an algebra Ap =

A1(P ) as in Example 2.4.5.

(2) To a trivial 2-stranded tangle we have associated an immersed circle L\ in P ,

and now further associate a specific module M(L\)Ap , see Figure 2.10, via the

construction in Section 2.5.

(3) To a tangle from the other side K \ (A1 ∪A2), similarly already having LK , we

associate a module M(LK)Ap .

(4) To a union of these two tangles, i.e. to a knot K, we associate a homology

H∗(M(LK)Ap �
Ap barr

Ap �Ap M(L\)). The fact that this algebraic pairing is

equal to pillowcase homology Hpil(K) = HF∗(L
\, LK) follows from Theorem

2.6.10, assuming LK is unobstructed and (L\, LK) is admissible.

3.3 Examples of modules associated to tangles

Here we give examples of modules M(LK)Ap associated to tangles K −A1 −A2. We

use calculations from [HedHerKir14b][Sections 7,11] to get immersed curves LK in

the pillowcase, see Figure 3.2.

Example 3.3.1 (Trivial tangle to pair with). First we consider a trivial tangle A1∪A2

inside the Conway sphere, see the 2nd row 1st column in Figure 3.1. For that tangle

(decorated with an additional arc and circle to avoid reducibles) one associates a

curve L\ in Figure 2.11, and to that curve one associates a module drawn in Figure

2.10.

In the algebraic pairing M(LU)Ap �
Ap barr

Ap �Ap M(L\) there is a dual module

ApM(L\) involved. This module was described in Figure 2.13.

In the next examples we also compute pillowcase homology via algebraic pairing,

using a computer program [Kot18] for box tensor product of modules. Another way
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to see the chain complex and differentials is to isotope LK as in the proof of Theorem

2.6.10, and then use Lagrangian Floer homology CF∗(L
\, LK).

Example 3.3.2 (The unknot). The next example is a trivial knot tangle U−A1−A2.

Depending on how one picks the second tangle for the trivial knot (the first tangle is a

vertical smoothing )(= A1∪A2), the resulting curve on the pillowcase can be different.

It is either an arc {γ = π} (in case the second tangle looks like a crossing ×), or an

arc {θ = 0} (in case the second tangle is horizontal smoothing of that crossing). Note

that one cannot pick a vertical smoothing )( of a crossing, as it results in two circles

if paired with )(= A1∪A2. On the left of Figure 3.2 we depicted an arc {θ = 0} = LU

for a crossing ×.

The corresponding module M(LU)Ap is qj1
η3−→ pj0 . The algebraic pairing chain

complex M(LU)Ap �
Ap barr

Ap �Ap M(L\) has 13 generators and 12 differentials. Pil-

lowcase homology then has rank one: HF∗(L
\, LU) = H∗(M(LU)Ap �

Ap barr
Ap �Ap

M(L\)) = F2, which coincides with singular instanton knot homology I\(U).

Example 3.3.3 (T(2,3)). An immersed curve for the right-handed trefoil is depicted

on the left of Figure 3.2.

The corresponding module M(LT(2,3)
)Ap has generators:

ui0 , ej1 , vj1 , qi1 ,

and actions:

u⊗ (η1, ξ1, ρ2, ξ3) −→ e, q ⊗ (η2) −→ e, q ⊗ (ξ1, ρ2, ξ3) −→ v.

The algebraic pairing chain complex M(LU)Ap �
Ap barr

Ap �Ap M(L\) has 15 genera-

tors and 10 differentials. Pillowcase homology then has rank three: HF∗(L
\, LT(2,3)

) =

H∗(M(LT(2,3)
)Ap �

Ap barr
Ap �Ap M(L\)) = (F2)3, which coincides with singular in-
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stanton knot homology I\(T(2,3)).

In the next three examples immersed curves are different unions of curvesR0, R1, R3, R4,

see the right of Figure 3.2. Notice that R3 differs from R0 by a twist around the

boundary, and thus their pairings with L\ are the same (because L\ is not an arc).

We describe the modules M(LRi
)Ap for i = 0, 1, 4 below.

Module M(LR0)Ap.

4 generators with their idempotents: aj1 ,cj1 ,bi1 ,dj0 .

Actions: a⊗ η3 −→ d, b⊗ η23 −→ d, b⊗ (ξ1, ρ2, ξ3) −→ c, b⊗ η2 −→ a.

Algebraic pairing with the trivial tangle module:

H∗(M(LR0)Ap �
Ap barr

Ap �Ap M(L\)) = F2.

Module M(LR1)Ap.

4 generators with their idempotents: xj1 ,yj1 ,zi1 ,ti1

Actions: z ⊗ (ξ1, ρ2, ξ3) −→ y, t⊗ η2 −→ y, z ⊗ η2 −→ x, t⊗ (ξ1, ρ2, ξ3) −→ x.

Algebraic pairing with the trivial tangle module:

H∗(M(LR1)Ap �
Ap barr

Ap �Ap M(L\)) = (F2)4.

Module M(LR4)Ap.

4 generators with their idempotents: ai0 , ci1 , bi0 , ei1 , di1 , gi1 , hi1 , mj1 , lj1 , qj2 , pj2 , si2 ,

ri1 , uj1 , ti2 , wj0 , vj1 , yj1 , xj1 , zj0 .

Actions: a⊗ η3 −→ d, b⊗ η23 −→ d, b⊗ (ξ1, ρ2, ξ3) −→ c, b⊗ η2 −→ a, p⊗ ξ3 −→ u,

t⊗ξ2 −→ q, d⊗(ξ1, ρ2, ξ3) −→ l, y⊗η3 −→ z, a⊗η1 −→ g, s⊗ξ2 −→ p, c⊗η2 −→ x,

r⊗ ξ123 −→ u, e⊗ η2 −→ m, d⊗ η2 −→ y, s⊗ ξ23 −→ u, h⊗ η2 −→ v, c⊗ η23 −→ w,

r ⊗ ξ12 −→ p, q ⊗ ξ3 −→ v, r ⊗ ξ1 −→ s, a ⊗ ρ0 −→ w, t ⊗ ξ23 −→ v, b ⊗ η1 −→ h,

b ⊗ η12 −→ v, d ⊗ η23 −→ z, r ⊗ η2 −→ l, x ⊗ η3 −→ w, c ⊗ (ξ1, ρ2, ξ3) −→ m,
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e⊗ ξ12 −→ q, a⊗ η12 −→ u, b⊗ ρ0 −→ z, e⊗ ξ123 −→ v, g ⊗ η2 −→ u, e⊗ ξ1 −→ t.

Algebraic pairing with the trivial tangle module:

H∗(M(LR4)Ap �
Ap barr

Ap �Ap M(L\)) = (F2)4.

Using these modules we compute three more examples for tangles:

Example 3.3.4 (T(3,7)). The corresponding immersed curve is depicted on the right

of Figure 3.2.

The corresponding module is M(LT(3,7)
) = M(LR0)⊕M(LR1)⊕M(LR1). Pillow-

case homology then has rank 9: HF∗(L
\, LT(3,7)

) = H∗(M(LT(3,7)
)Ap �

Ap barr
Ap �Ap

M(L\)) = (F2)⊕ (F2)4 ⊕ (F2)4 = (F2)9, which coincides with singular instanton knot

homology I\(T(3,7)).

Example 3.3.5 (T(5,11)). The corresponding immersed curve is depicted on the right

of Figure 3.2.

The corresponding module isM(LT(5,11)
) = M(LR0)⊕M(LR1)⊕M(LR1)⊕M(LR4)⊕

M(LR4). Pillowcase homology then has rank 17: HF∗(L
\, LT(5,11)

) = H∗(M(LT(5,11)
)Ap�

Ap

barr
Ap �Ap M(L\)) = (F2)⊕ (F2)4 ⊕ (F2)4 ⊕ (F2)4 ⊕ (F2)4 = (F2)17.

Singular instanton Floer homology is not known for T(5,11).

Example 3.3.6 (T(3,4)). The corresponding immersed curve is depicted on the right

of Figure 3.2. This is an example where one actually needs to perturb LT(3,4)
in order

to get an immersed 1-manifold.

The corresponding module is M(LT(3,4)
) = M(LR1)⊕M(LR3). Pillowcase homol-

ogy then has rank 5: HF∗(L
\, LT(3,4)

) = H∗(M(LT(3,4)
)Ap �

Ap barr
Ap �Ap M(L\)) =

(F2)4 ⊕ F2 = (F2)5, which coincides with singular instanton knot homology I\(T(3,4)).

See [HedHerKir14b] and [FukKirPin17] for other examples of immersed curves

associated to tangles.
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Figure 3.2: Different immersions associated to tangles. L\ denotes an immersed curve
associated to a trivial tangle consisting of two arcs A1, A2, see Figure 3.1. LK denotes
an immersed curve associated to a tangle K \ (A1 ∪ A2).
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Chapter 4

Comparing homological invariants

of mapping classes of surfaces

4.1 Bimodule invariant coming from bordered Hee-

gaard Floer homology

Everything in this section is based on bordered Heegaard Floer homology theory. It

was developed by Lipshitz, Ozsváth, and Thurston in [LipOzsThu08] and [LipOzsThu15].

4.1.1 Pointed matched circles

We will be considering parameterized surfaces, with one boundary component, with

one basepoint on that component. In this chapter, though, we will take a slightly

different approach to this object: the basic building block will be the combinatorics

of the parameterization, instead of the parameterized surface itself.

Definition 4.1.1. A pointed matched circle is an oriented circle Z, equipped with a

basepoint z on it, and additional 4g points coming in pairs (distinct from each other

and z) such that performing surgery on all 2g pairs results in one circle.
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Construction 4.1.2 (surface associated to a pointed matched circle). Given a pointed

matched circle Z, we can associate a surface whose boundary is a circle Z, viewing

2g pairs of points as feet of 1-handles. Specifically, one has to thicken Z into a band

Z × [0, 1], then glue the 1-handles to Z ×{1}, and then cap off the boundary compo-

nent which is not Z ×{0} (see below Figure 4.1 and [LipOzsThu08, Figure 1.1]). We

denote this surface by F ◦(Z), and the orientation on it is induced from the boundary

via the usual rule “outward normal first”. The surface F ◦(Z) is naturally parameter-

ized by the 1-handles, and has a basepoint on the boundary z ∈ ∂F ◦(Z) = Z. Let

F (Z) denote the result of filling in a disc DZ to the boundary component of F ◦(Z)

(so mapping classes of F ◦(Z) fixing the boundary naturally correspond to mapping

classes of F (Z) fixing the disc DZ). Note that any two surfaces specified by the same

pointed matched circle are homeomorphic, via a homeomorphism which is uniquely

determined up to isotopy.

Example 4.1.3. Below in Figure 4.1 one can see an example of a pointed matched

circle in the g = 2 case, and its corresponding surface of genus 2. In our computations

of mapping class invariant we will be using this pointed matched circle, which we

denote by Zg=2. Notice that there are other pointed matched circles for a genus 2

surface, not isomorphic to Zg=2. We could have used them. Thus here we make

a particular choice which can be understood as a choice of a parameterization of a

surface by specifying the 0-handle (the preferred disc) and the 1-handles.
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z z

g=2
g=2

Figure 4.1: An example of a pointed matched circle for g = 2, and its corresponding
genus 2 surface.

Having a pointed matched circle Z, by −Z we denote the same circle but with

the reversed orientation. The corresponding surface will also be the previous one, but

with the reversed orientation: F ◦(−Z) = −F ◦(Z).

Consider now the genus g strongly based mapping class groupoid, which is a cat-

egory where objects are pointed matched circles with 4g points, and morphism sets

are

MCG0(ZL,ZR) = {φ : F ◦(ZL)
∼=−→ F ◦(ZR)| φ(zL) = zR}/isotopy,

i.e. isotopy classes of orientation preserving diffeomorphisms respecting the boundary

and the basepoint. For any pointed matched circle Z with 4g points the corresponding

group of self-diffeomorphisms MCG0(Z,Z) ∼= MCG0(Σg, ∂Σg) is the mapping class

group of the genus g surface with one boundary component.

Below in Figure 4.2 there is a plan for the rest of the section. If we take ZL = ZR,

then we will produce an invariant of a mapping class of a surface. Now we explain

the different pieces of this diagram.
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MCG0(ZL,ZR)

Mapping cylinders up to isomorphisms

Heegaard diagrams of mapping cylinders up

to isotopies, handleslides and stabilizations

A∞ bimodules A1(ZL)NA1(ZR)

up to homotopy equivalence

1-1

1-1

Figure 4.2: Plan for Section 4.1.

4.1.2 Mapping cylinders

We need a notion of strongly bordered 3-manifold Y with two boundary components

∂1Y and ∂2Y . It consists of the following data (following [LipOzsThu15, Definition

5.1]):

(1) a preferred disc and a basepoint (on the boundary of that disc) in each boundary

component;

(2) parameterizations by some fixed surfaces ψi : (Fi, Di, zi) → ∂iY of boundaries

respecting distinguished discs and basepoints;

(3) a framed arc connecting basepoints such that the framing on boundaries points

into the distinguished discs.

If we fix surfaces F1 and F2 by which we parameterize the boundaries of Y , then

there is a natural notion of an isomorphism of strongly bordered 3-manifolds — it is

a diffeomorphism of the corresponding 3-manifolds, which respects every piece of the
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additional data, i.e. parameterizations of boundaries, arcs connecting the basepoints,

and their framings.

Having a strongly based mapping class we want to form a corresponding strongly

bordered 3-manifold, which we call a mapping cylinder.

Construction 4.1.4 (mapping cylinder). Fix pointed matched circles ZL, ZR and

a mapping class φ : (F (ZL), DL, zL) → (F (ZR), DR, zR). We can form a mapping

cylinder Mφ =φ ([0, 1] × F (ZR))Id, which is a strongly bordered 3-manifold Y =

[0, 1]× F (ZR) with the following data:

(1) a parametrization of its boundary given by

ψL = −φ : −F (ZL)→ ∂LY = −F (ZR) = {0} × −F (ZR) (note the twisting by

φ)

and ψR = Id : F (ZR)→ ∂RY = F (ZR) = {1} × F (ZR);

(2) two distinguished discs {0} ×DR in ∂LY and {1} ×DR in ∂RY ;

(3) a framed path γz = [0, 1] × {zR} between zL ∈ ∂LY and zR ∈ ∂RY such that

the framing points into the distinguished discs DR at every fiber {t} × F (ZR).

See Figure 4.3.

The following lemma, the proof of which can be found in [LipOzsThu15, Lemma

5.29], allows us to talk about mapping cylinders instead of mapping classes (and vice

versa), i.e. it explains the first correspondence in Figure 4.2.

Lemma 4.1.5. Fix pointed matched circles ZL and ZR. Then any strongly bordered

3-manifold Y, whose boundary is parameterized by F (ZL) and F (ZR), and whose

underlying space can be identified with a product of a surface with an interval (so that

arc γz is identified with the product of a point with the interval, respecting the framing)

is of the form Mφ for some choice of strongly based mapping class φ : F ◦(ZL) →

F ◦(ZR). Moreover, two such strongly bordered three-manifolds are isomorphic if and

only if they represent the same strongly based mapping class.
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Figure 4.3: Mapping cylinder of φ : (F (ZL), DL, zL)→ (F (ZR), DR, zR).

4.1.3 Heegaard diagrams

Now, having constructed the mapping cylinder Mφ, we would like to have a 2-

dimensional presentation of it. Following [LipOzsThu15, Definition 5.4], we introduce

the following object.

Definition 4.1.6. An arced bordered Heegaard diagram with two boundary compo-

nents is a quadruple (Σ,α,β, z) where

• Σg is an oriented compact surface of genus g with two boundary components,

∂LΣ and ∂RΣ;

• α = {αarc,left1 , . . . , αarc,left2l , αarc,right1 , . . . , αarc,right2r , . . . , αcurve1 , . . . , αcurveg−l−r} is a col-

lection of pairwise disjoint 2l embedded arcs with boundaries on ∂LΣ, 2r em-

bedded arcs with boundaries on ∂RΣ, and g − l − r circles in the interior (in

particular g > l + r);

• β = {β1, · · · , βg} is a g-tuple of pairwise disjoint curves in the interior of Σ;

• z is a path in Σ \ (α ∪ β) between ∂LΣ and ∂RΣ;

These are required to satisfy:

86



• Σ \α and Σ \ β are connected;

• α intersect β transversely.

L

L

M

M

Figure 4.4: A Heegaard diagram for Mid, where id : F ◦(Zg=2) → F ◦(Zg=2) is the
identity mapping class of the genus 2 surface. The pointed matched circle Zg=2 is the
one from Figure 4.1. We also indicate here the orientations of the α and β curves,
because later they will give Z2-grading on Hochschild homology.

Notice that two boundaries of any Heegaard diagram specify two pointed matched

circles. In Figure 4.4 one can see an example of a Heegaard diagram of the mapping

cylinder of id : Σg=2 → Σg=2.

The following proposition, which follows from [LipOzsThu15, Propositions 5.10,

5.11], provides the second correspondence in Figure 4.2.
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Proposition 4.1.7. Any arced bordered Heegaard diagram with two boundary com-

ponents gives rise to a strongly bordered 3-manifold. For the other direction, sup-

pose a strongly bordered 3-manifold has a boundary parameterized by F (Z1) and

F (Z2). Then this 3-manifold has an arced bordered Heegaard diagram, boundary

pointed matched circles of which are Z1 and Z2. Diffeomorphism type of this Hee-

gaard diagram is unique up to the following moves:

• Isotopies of α- and β- curves and arcs;

• Handleslides among the α-circles and among the β-circles;

• Handleslides of an α-arc over an α-circle;

• Stabilization of the diagram.

The procedure of getting a strongly bordered 3-manifold from an arced bordered

Heegaard diagram consists of thickening the surface, attaching 2-handles along the

circles (along the β-circles from one side, and along the α-circles from the other

side), and then carefully analyzing what happens on the α side of the boundary.

There one has two surfaces of genera l and r with parameterizations coming from

the Heegaard diagram, which are connected by an annulus, with the path z in it.

This annulus, along with the path z in it, specify the framed arc γz by which the two

boundary surfaces are connected in the definition of a strongly bordered 3-manifold.

The existence of a Heegaard diagram (and the uniqueness up to the set of moves)

follows from Morse theory. See [LipOzsThu08, Proposition 4.10] for the proof.

4.1.4 Bimodules

The invariant which we are going to investigate was defined in [LipOzsThu15] and

then subsequently studied in [LipOzsThu13]. Here we give a classical definition of

the bimodule from the original paper [LipOzsThu15], whereas in [LipOzsThu13] the
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authors took another approach, which is similar in spirit to the definition we give in

Section 4.4.2. See also [Sie] for the combinatorial geometric proof of correctness of

the bimodule definition from [LipOzsThu13].

First, we need to specify the algebra.

Definition 4.1.8 (dg-algebra associated to a pointed matched circle). To a pointed

matched circle Z one can associate a dg-algebra A1(Z) := A1(F ◦(Z)) via Definition

2.4.3, keeping in mind that the surface F ◦(Z) is naturally marked with a basepoint

and parameterized by 1-handles. The algebra A1(Z) is denoted by A(Z,−g + 1) in

[LipOzsThu15] (i.e. we have only one strand moving). Below in Figure 4.5 there is

an example of a pointed matched circle and the corresponding algebra in the genus 2

case.

z

g=2

i0 i1 i2 i3

ρ1

ρ2

ρ3

ρ5

ρ6

ρ7

ρ4Path algebra
over F2

Relations ρ1ρ4 = ρ4ρ7 = ρ2ρ1 = ρ3ρ2 = ρ6ρ5 = ρ7ρ6 = 0

A1(Zg=2) =

Figure 4.5: A genus 2 example of how to get a dg-algebra from a pointed matched
circle.

Now we turn to the construction of the bimodule, following [LipOzsThu15, Section

6.3]. The notation N(φ) is taken from [LipOzsThu13], and in [LipOzsThu15] this
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bimodule was denote by ĈFDA(φ,−g+1) ⊂ ĈFDA, see the subsection “Other type

of bimodules” below for the explanation of the notation.

Construction 4.1.9 (A∞ bimodule associated to a mapping class). Fix a sur-

face with one boundary component (Σ, ∂Σ = S1) = F ◦(Z). A mapping class

φ ∈MCG0(Σ, ∂Σ) = MCG0(Z,Z) gives rise to a strongly bordered 3-manifold Mφ,

the mapping cylinder of φ. After this we can consider a Heegaard diagram H(Mφ)

representing Mφ, with pointed matched circles Z and Z on the boundaries. To such

a Heegaard diagram one can associate an A∞ bimodule A1(Z)N(φ)A1(Z) of DA type,

over the algebra A1(Z) from both sides.

The generators of the underlying F2-vector space of the bimodule consist of tuples

x of intersections between α- and β- curves such that every α and β circle gets 1 point,

only one α-arc on the right boundary gets 1 point (denote this α-arc by αarc,rightx ), and

all except one α-arc on the left boundary get 1 point (denote this α-arc by αarc,leftx ).

See an example in Figure 4.11, where we marked all the generators on a Heegaard

diagram.

The idempotent subalgebra I of A1(Z) acts on these generators in the following

way. Each α-arc in H(Mφ) is comes from a matched pair in Z, and thus has the

corresponding idempotent in A1(Z), which we denote by i(αarc). For a generator x,

we have actions i(αarc,leftx ) ·x = x, x · i(αarc,rightx ) = x, while other idempotent actions

are zero.

Other I-linear A∞ actions of DA type δ1
1+k : N ⊗I A1(Z)⊗k → A1(Z) ⊗I N are

defined using counting of pseudo-holomorphic curves. Along the way of the definition,

one has to make an analytic choice of a family of almost complex structures on

some space. If one makes a different analytic choice, or chooses a different Heegaard

diagram for Mφ, the resulting bimodule will be the same up to homotopy equivalence.

For the definitions and the proof of invariance see [LipOzsThu15, Section 6.3] and

references there.
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This finishes the explanation of how to a mapping class φ ∈ MCG0(Σ, ∂Σ =

S1) = MCG0(Z,Z) one can associate an A∞ homotopy equivalence class of bi-

modules A1(Z)N(φ)A1(Z). Along the way one makes a choice of a particular pointed

matched circle Z, and an identification (Σ, ∂Σ) with a parameterized surface F ◦(Z).

It turns out that for us this choice is not important. Mapping class groups with differ-

ent parameterizations of the surface (Σ, ∂Σ) ∼=1 F
◦(Z) and (Σ, ∂Σ) ∼=2 F

◦(Z ′) (note

that if pointed matched circles are equal, it does not mean that the identifications are

the same, for example they can differ by a Dehn twist) can be bijectively identified via

conjugation by some element a ∈ MCG0(F ◦(Z), F ◦(Z ′)). Conveniently, the bimod-

ules are also related: N(φ) ' N(a−1)�N(ψ)�N(a) for φ = aψa−1 ∈MCG0(Z,Z)

and ψ ∈ MCG0(Z ′,Z ′), see the next paragraph for the explanation of this formula.

Moreover, the main invariant for us is going to be the Hochschild homology of a

bimodule, which is invariant w.r.t. conjugation of a mapping class.

An important feature of this mapping class invariant is that there is an operation

which corresponds to multiplication in the mapping class group. Namely, if we have

a mapping class φ = φ1 ◦ φ2 = φ1φ2, then Mφ1φ2
∼= Mφ2∂R ∪∂L Mφ1 , and for Heegaard

diagrams we also have Hφ1φ2
∼= Hφ2∂R ∪∂L Hφ1 . The main theorem in bordered

Heegaard Floer theory, the pairing theorem [LipOzsThu15, Theorem 12], implies

that the corresponding operation for the bimodules is the box tensor product, and

we have the following A∞ homotopy equivalence of bimodules:

A1(Z)N(φ1φ2)A1(Z) 'A1(Z) N(φ2)A1(Z) �
A1(Z) N(φ1)A1(Z). (4.1)

Other types of bimodules

Our algebra is a direct summand of a bigger algebra A(Z) =
⊕

−g6k6g
A(Z, k), namely

A1(Z) = A(Z,−g + 1). See [LipOzsThu08, Section 3] for the definition of A(Z).

Denote the algebra A(Z, g − 1) by A†1(Z). It is Koszul to A1(Z), and in general
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we have Koszul duality of A†(Z,−l) := A(Z, l) and A(Z,−l), see [LipOzsThu11,

Section 8] for that.

To a Heegaard diagramH(Mφ) one can associate not only a DA type A∞ bimodule

A1(Z)N(φ)A1(Z) =A1(Z) ĈFDA(φ,−g+ 1)A1(Z) (we will be dropping the index −g+ 1

later for this bimodule), but also DD and AA type bimodules A1(Z)ĈFDD(φ)A
†
1(Z)

and A†1(Z)ĈFAA(φ)A1(Z) (note the changes of the algebra to its Koszul dual), see

[LipOzsThu15, Section 6] for the definitions. The sets of generators for these three

bimodules are the same, but the A∞ actions are different. Note that all these three bi-

modules are direct summands of bigger bimodules A(Z)ĈFDA(φ)A(Z),
A(Z)ĈFDD(φ)A(Z),

and A(Z)ĈFAA(φ)A(Z), over the algebrasA(Z) andA†(Z) = A(Z). These summands

are characterized by the number of arcs generators occupy on the left and right side

of a Heegaard diagram — for us it is 2g-1 on the left, and 1 on the right. Equivalently,

one can say that these generators are in such spinc structures of Mφ, that its Chern

class evaluates to −2g + 2 on the boundary surfaces of Mφ.

Hochschild homology

In order to relate the bimodule N(φ) to fixed point Floer cohomology, one needs to

apply an algebraic operation to the bimodule, which is called Hochschild homology. It

is a homology theory for A∞ bimodules over the same algebra from both sides, which

is obtained by a self-tensoring procedure. We refer to [LipOzsThu15, Section 2.3.5]

for the algebraic definitions, basic properties, and a way to compute the Hochschild

homology for bounded DA type bimodules.

There are two important points about this algebraic structure. First, Hochschild

homology depends only on the A∞ homotopy equivalence class of the bimodule. Thus,

taking HH∗(
A1(Z)N(φ)A1(Z)) would give us an invariant of a mapping class. Second,

HH∗(
A1(Z)N(φ)A1(Z)) is in fact naturally identified with a knot Floer homology of

the binding of the open book M◦
φ with a monodromy φ : (Σ, ∂Σ)→ (Σ, ∂Σ):
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HH∗(N(φ)) ∼= ĤFK(M◦
φ, K ; −g + 1).

Following [LipOzsThu15, Section 5], this open book is obtained from Mφ by iden-

tifying the two boundaries (thus the path γz becomes a circle) and then doing a

surgery on γz with respect to the framing we had in Construction 4.1.4 of Mφ.

The construction of a Heegaard diagram for this open book is as follows. First

take an arced bordered Heegaard diagram H(Mφ) for the mapping cylinder Mφ, and

glue the left boundary to the right one (on the algebraic level this corresponds to

self-tensoring the bimodule). Then do a surgery on the arc z (which became a circle

after self-gluing). Note that in order to block those discs which we did not count, one

needs to place two basepoints on the two sides after surgery — these two basepoints

specify a knot, which is the binding of the open book.

Up to the self-pairing procedure, this explains why ĤFK(M◦
φ, K ; −g + 1) ∼=

HH∗(N(φ)), see [LipOzsThu15, Theorem 14] for the details. Because we work in the

second lowest spinc structure, we only get the Alexander grading −g + 1 summand.

Remark 4.1.10. This implies that HH∗(N(φ)) is invariant w.r.t. conjugation of φ.

Using this interpretation of the Hochschild homology, we can endow it with a

Z2-grading — it corresponds to the sign of intersections of the tori Tα and Tβ in the

definition of generators of knot Floer homology. Because the Heegaard diagram for the

open book is constructed via self-gluing, the Z2-grading, i.e. the choice of orientations

on Tα, Tβ, amounts to the choice of orientations on β and α curves on the Heegaard

diagram for Mφ (s.t. they are consistent, i.e. after gluing the orientations of the left

arcs match with the orientations of the right arcs). Let us choose these orientations

as in Figure 4.4. To obtain a consistent Z2-grading on HH∗(N(φ)) in general case for

φ : MCG0(Σg, ∂Σg), one needs to make such choices of orientations in the standard

Heegaard diagram for Mφ (see [LipOzsThu15, Section 5.3] or the next subsection 4.1.5
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for a construction of the standard H(Mφ)), so that the gradings of all 2g generators

of HH∗(N(id)) are zero.

Cancellation

Let us finish this section by describing what cancellation is. Suppose there are two

generators ixj and iyj (the subscripts indicate their left and right idempotents) in

a DA bimodule P such that the only action between them is δ1
1(ixj) = i ⊗i yj (an

example of such two generators is x2 and t12 in Figure 4.14). Then one can cancel these

two generators, i.e. erase x and y and the arrows involving them from the bimodule,

and then add some other arrows between the generators left in the bimodule, guided

by a certain cancellation rule. The outcome is a bimodule P ′ with less generators,

but which is homotopy equivalent to the previous one, P ′ ' P . See [Zha16, Section

3.1] for the details of how cancellation works.

4.1.5 Computations

In this section we compute the DA bimodules for mapping classes of a genus 2 surface.

We also describe an algorithm for computing the Hochschild homology.

First, fix a genus 2 surface Σg=2 with one boundary component, and a set of curves

on it as in Figure 4.6.

A

B

C

D

E

Figure 4.6: Dehn twists along these curves generate MCG0(Σg=2).
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The following is a presentation of the mapping class group of the genus 2 surface

with one boundary component (see [Waj99, Theorem 2]):

MCG0(Σg=2, ∂Σg=2) =< τA, τB, τC , τD, τE| commuting relations, braid relations,

(τEτDτCτB)5 = τAτBτCτDτEτEτDτCτBτA >,

where τl is a right handed Dehn twist around the curve l. By commuting relations

we mean that if curves l1 and l2 do not intersect, then τl1τl2 = τl2τl1 . By braid

relations we mean that if curves l1 and l2 intersect at a single point transversely, then

τl2τl1τl2 = τl1τl2τl1 .

Now we explain how to compute the bimodule invariant for a mapping class of

the genus 2 surface. Every mapping class can be represented by a product of Dehn

twists τA, τB, τC , τD, τE (or their inverses). We also know how the bimodule invariants

behave with respect to composition of mapping classes: the corresponding operation

is the box tensor product. Thus it is enough to compute N(φ) only for these Dehn

twists and their inverses (10 bimodules in total).

Remark 4.1.11. Notice, that after this computation is done, one can redefine the

bimodule invariant for φ in a combinatorial way. Namely, for a factorization of φ

into Dehn twists above, let us assume it is φ = τAτCτ
−1
E for example, one associates a

tensor product of the corresponding bimodules N(τ−1
E )�N(τC)�N(τA). To make sure

this definition is correct, one needs to check the mapping class group relations. For

example for a relation τAτBτA = τBτAτB one needs to check the following homotopy

equivalence: N(τA) � N(τB) � N(τA) ' N(τB) � N(τA) � N(τB). After we wrote

down the 10 bimodules, we checked the relations using a computer program [Kot18],

and indeed they are satisfied. The homotopy equivalence actually always came as an

isomorphism of bimodules after all possible cancellations were made.

This is a good strategy to assign Floer theoretic invariants to topological objects
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without referring to pseudo-holomorphic theory. See the paper of Zhan [Zha16] for

a combinatorial definition of ĈFDA(φ, 0) (it is an analogue of our invariant, where

generators occupy g arcs on the left and g arcs on the right boundary of the Heegaard

diagram). There he uses arc-slides (as opposed to Dehn twists) as generators of the

mapping class groupoid. Moreover, using this combinatorial definition for ĈFDA(φ),

he then defines combinatorially the “hat” version of Heegaard Floer homology of a

3-manifold ĤF (Y 3).

First we need to fix a parameterization of our surface (Σg=2, ∂Σg=2) ∼= F ◦(Zg=2).

This will specify a dg-algebra. We use a pointed matched circle Zg=2 and its corre-

sponding algebra A1(Zg=2) from Figure 4.5. For an identification see Figure 4.7.

A

B

C

D

E

Figure 4.7: Parameterization of the surface Σg=2
∼= F ◦(Zg=2).

For every Dehn twist τl ∈ MCG0(Σg=2,Σg=2) we need to specify a Heegaard

diagram for a mapping cylinder Mτl . Following [LipOzsThu15, Section 5.3], first of

all, consider the standard Heegaard diagram H(Mid) for id : F ◦(Zg=2) → F ◦(Zg=2),

see Figure 4.8. There is a shaded region of the diagram on the right that is identified

with the right boundary F ◦(Zg=2)\D2 of the mapping cylinder. Analogously there is a

shaded region on the left part of the diagram which is identified with−(F ◦(Zg=2)\D2).

There are also curves A, B, C, D and E on both of these surfaces, via the specified
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above identification F ◦(Zg=2) ∼= Σg=2.

L

M

L

M

BrBl

Al

Cl

Dl Dr

El

Er

Cr

Ar

Figure 4.8: Heegaard diagram H(Mid) of identity mapping class with curves over
which we do the Dehn twists.

Now, suppose we want to draw a Heegaard diagram for MτE . Then it is enough to

change all the alpha arcs of the left side ofH(Mid) by applying τE. This corresponds to
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a parameterization −τE : −F ◦(Zg=2)→ ∂LMτE . So we apply the right handed Dehn

twist τEl
to the alpha arcs. Alternatively one can apply τ−1

El
to all the beta curves

(this corresponds to applying self-diffeomorphism τ−1
El

to the Heegaard diagram). We

also could have applied τEr to all the alpha arcs and curves, or τ−1
Er

to all the beta

curves. All these possibilities are depicted in Figure 4.9. One can see that all these

4 diagrams are equivalent up to the equivalence moves from Proposition 4.1.7 and

self-diffeomorphisms applied to the diagrams. The resulting Heegaard diagrams here

are analogous to the ones for the genus 1 case in [LipOzsThu15, Section 10.2].

Remark 4.1.12. The orientation convention (essentially the signs of the Dehn twists

on the diagrams) is chosen so that the map φ goes “from left to right” on the mapping

cylinder and the Heegaard diagram, see [LipOzsThu11, Appendix A]. This ensures

the desired behavior with respect to gluing: Hφ1φ2
∼= Hφ2∂R ∪∂L Hφ1 .

We will compute the bimodule N(τE) via the second type of Heegaard diagram

for τE, and we will compute N(τ−1
C ) via the third type of diagram for τ−1

C . All other

8 bimodules can be computed analogously: for τ−1
E , τD, τ

−1
D the bimodules can be

computed very similarly to the τE case, and the other five bimodule invariants for

τ−1
A , τA, τ

−1
B , τB, τC can be deduced from the previous five by using a reflection of the

diagrams about x-axis. We list all ten bimodules at the end in the appendix. For

a general mapping class one first factorizes it into Dehn twists, and then box tensor

multiplies all the bimodules for these Dehn twists.

Computation 4.1.13 (N(τE)). In Figure 4.11 we draw the Heegaard diagramH(MτE)

along with the marked generators of the bimodule, and also the idempotents cor-

responding to the arcs. Notice that we reversed the orientation of the boundary

on the left, because it corresponds to the D side of the bimodule, which is over

A1(−(−Zg=2)) = A1(Zg=2). In Figure 4.12 we draw the candidate DA bimodule.

The subscripts of generators of the DA bimodule represent the underlying left and

right idempotents. The arrow between generators x and y with the label a ⊗ (b, c)
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L

M

L

M

(a) 1st type.

L

M

L

M

(b) 2nd type.

L

M

L

M

(c) 3rd type.

L

M

L

M

(d) 4th type.

Figure 4.9: Four Heegaard diagrams for a Dehn twist along the curve E.
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means that there is a DA type action x ⊗ b ⊗ c → a ⊗ y. If there is 1 in the label

on the right, it means that there is no incoming algebra elements in that action. If

there is 1 in the label on the left, it means that the corresponding action’s outgoing

algebra element is an idempotent. The notation refers to the fact that the sum of the

idempotents in the algebra is a unit.

Let us denote for a moment our candidate bimodule by N ′(τE), and the bimodule

N(τE) will be the one which corresponds to the Heegaard diagram in Figure 4.11.

Thus we want to prove that N ′(τE) ' N(τE). There are two ways to do it. One is

to use directly the definition of A∞ actions via pseudo-holomorphic curves. In the

genus 1 case such computations were done in [LipOzsThu15, Section 10.2], and it is

possible to generalize them to compute N(τE). However, it is more difficult to do

this for N(τ−1
C ), which is our next computation. Thus we choose another approach,

which we will also use to compute N(τ−1
C ).

Before proceeding to the proof of N ′(τE) ' N(τE), let us describe the necessary

background material.

Just as the behavior of DA bimodules with respect to composition of mapping

classes (4.1), the following homotopy equivalences follow from the pairing theorem

[LipOzsThu15, Theorem 12] (we use here the notation ĈFDA(φ) instead of N(φ)

just to emphasize that D sides are paired with A sides) :

A1(Z)ĈFDD(φ)A
†
1(Z) �A†1(Z) ĈFAA(ψ)A1(Z) 'A1(Z) ĈFDA(ψφ)A1(Z),

A1(Z)ĈFDA(φ)A1(Z) �
A1(Z) ĈFDD(ψ)A

†
1(Z) 'A1(Z) ĈFDD(ψφ)A

†
1(Z).

Arc-slides are generators of the mapping class groupoid, see [LipOzsThu14, Figure

3] for a definition of an arc-slide. In particular, they generate Dehn twists, and there

is a standard way to decompose a Dehn twist τl : (Σ, ∂Σ)→ (Σ, ∂Σ) into a product of

arc-slides. First, we pick a parameterization of a surface (Σ, ∂Σ) ∼= F ◦(Z) such that
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l is isotopic to an arc α ⊂ F ◦(Z), whose ends are connected along the part of the

boundary which does not contain a basepoint — we denote this part by Iα. Then we

consider the composition of arc-slides, where each slide moves a point on Iα, in turn,

once along the α. This will be the desired Dehn twist. For example, see Figure 4.7,

where the curve E is in the correct position with the arc αE. Thus the Dehn twist τE

is equal to the single arc-slide over that arc, which is indicated on the picture. There

is also a standard Heegaard diagram for an arc-slide. In our example, this is the 3rd

type of the diagram in Figure 4.9.

The DD type bimodules for arc-slides were computed in [LipOzsThu14]. Let us

mention that DD type bimodules are dg-bimodules (as opposed to A∞ bimodules),

and there are less moduli spaces of pseudo-holomorphic curves involved in their defi-

nition, compared to DA and AA type bimodules.

Lastly, we quote [LipOzsThu15, Theorem 4], which says that A1(Z)N(id)A1(Z) 'A1(Z)

[I]A1(Z) is the identity DA bimodule, i.e. it has generators ikikik for every idempotent

of A1(Z), and actions (ikikik , a) → a ⊗il ilil for every element ikail = a in algebra

A1(Z) (see [LipOzsThu15, Definition 2.2.48]). From the definition it follows that the

box tensor product operation with A1(Z)[I]A1(Z) does not change a bimodule.

Let us return to the proof of N ′(τE) ' N(τE). We first prove the following

homotopy equivalence (which is, in fact, isomorphism):

A1(Zg=2)N ′(τE)A1(Zg=2) �
A1(Zg=2) ĈFDD(id)A

†
1(Zg=2) 'A1(Zg=2) ĈFDD(τE)A

†
1(Zg=2).

All the terms are known: N ′(τE) is our candidate bimodule, A1(Zg=2)ĈFDD(id)A
†
1(Zg=2)

is the identity DD bimodule described in [LipOzsThu14, Section 3], and

A1(Zg=2)ĈFDD(τE)A
†
1(Zg=2) is an arc-slide DD type bimodule described in the same

paper. See [LipOzsThu14, Definition 1.7] for the criterion for checking if a bimodule

is an arc-slide bimodule, and [LipOzsThu14, Section 4] for a complete description of
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arc-slide bimodules. Both sides of the homotopy equivalence above are equal to the

DD bimodule 4.6.11, which we describe in appendix (including the types of differ-

entials involved in the arc-slide bimodule). There, for elements of A†1(Zg=2) we use

the strand diagram notation: strands are on the horizontal lines numbered by 0 to 7,

and, as an example, —(0, 2), (1, 3), (4 → 5)— means an element of the algebra cor-

responding to the chord from the 4th to the 5th line supplemented with idempotents

(0, 2) and (1, 3) (this makes this an element of three-strands-moving algebra). See

[LipOzsThu08, Section 3] for a description of A†1(Z) = A(Z, g − 1) (and the whole

A(Z)) in terms of strand diagrams.

Now, using the pairing theorem [LipOzsThu15, Theorem 12], we finish the proof:

N ′(τE)� ĈFDD(id) ' ĈFDD(τE)⇒

N ′(τE)� ĈFDD(id)� ĈFAA(id) ' ĈFDD(τE)� ĈFAA(id)⇒

N ′(τE)� ĈFDA(id) ' ĈFDA(τE)⇒

N ′(τE) ' ĈFDA(τE) ' N(τE).

Let us finish this computation by describing the way we wrote down the candidate

bimodule N ′(τE). Following closely [LipOzsThu15, Section 10.2], first we spotted the
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following actions:

x0 ⊗ ρ1 → ρ1 ⊗ x1,

r → ρ2 ⊗ x0,

r ⊗ ρ3 → x1,

x1 ⊗ ρ4 → ρ4 ⊗ x2,

x2 ⊗ ρ5 → ρ5 ⊗ x3,

x3 ⊗ ρ6 → ρ6 ⊗ x3,

x2 ⊗ ρ7 → ρ7 ⊗ x3,

x1 ⊗ ρ2 → ρ23 ⊗ r,

x0 ⊗ (ρ3, ρ2)→ ρ3 ⊗ r.

All but one corresponding domains are polygons, and thus have a unique holo-

morphic representative. The domain for the action x0 ⊗ (ρ3, ρ2) → ρ3 ⊗ r has a cut

from x0 to the right boundary, and so it is an annulus with cut parameters at r going

to the opposite boundaries, and so it also has a unique holomorphic representative.

These are the actions which correspond to short near-chords, see [LipOzsThu14, Def-

inition 1.6] (notice that, in the notation of that paper, our Dehn twist is a degenerate

under-slide, and so one has to add two extra short near-chords). Then we filled out

the other actions, so that A∞ relations are satisfied (always first looking to add an

action which contributes to the d2 by factorizing the algebra element on the A side).

Remark 4.1.14. In the case of the arc-slide DD bimodules (see [LipOzsThu14, Def-

inition 1.7]), all actions in the bimodule follow from the short near-chord actions,

A∞ relations, and the fact that domains which contribute to the actions should have

Maslov index 1 (this corresponds to having an appropriate grading on the bimodule).

This is not the case for the arc-slide DA bimodules. In our case above we have a
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degenerate under-slide, and in this particular case short near-chord domains imply

all other actions. However, in other cases of arc-slides (which we will need below),

one should also add “by hand” one more action, which corresponds to the domain

containing σ and touching both boundaries by chords of length 2, see [LipOzsThu14,

Figure 16] for the notation. On that figure this domain is σ + σ− on the left and

σ + σ+ on the right.

Computation 4.1.15 (N(τ−1
C )). In Figure 4.13 we draw the Heegaard diagram

H(Mτ−1
C

) along with the marked generators of the bimodule. Because there are many

generators, for the generators ti we only mark an intersection point on the right side

of the diagram; its corresponding 2g − 1 = 3 intersections on the left are uniquely

determined. In Figure 4.14 we draw the candidate DA bimodule. On some arrows

(which are a little lighter on the picture) we did not write the actions; those actions

correspond to all the rectangles in the rectangle area with vertices t0, t12 and the right

edge ρ23456.

Let us denote for a moment our candidate bimodule by N ′(τ−1
C ), and the bimodule

N(τ−1
C ) will be the one which corresponds to the Heegaard diagram in Figure 4.13 .

Thus we want to prove that N ′(τ−1
C ) ' N(τ−1

C ).

First, we factorize the Dehn twist τ−1
C into the product of arc-slides. In Figure 4.7,

consider a slide of the arc αE over the arc αA, and let us call this arc-slide η. Then

one gets a new parameterization of the surface, where instead of the arc αE one has

a new arc α′E which is isotopic to the curve C ′ ∼ η(C), if one connects the ends of

the arc α′E. So the Dehn twist τ−1
C′ can be factorized into four arc-slides µ1, µ2, µ3, µ4

along the arc α′E, which we picture in Figure 4.10. Now, by a mapping class group

relation fτlf
−1 = τf(l) we get the desired factorization:

τ−1
C = τ−1

η−1(C′) = η−1τ−1
C′ η = η−1µ4µ3µ2µ1η.
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Figure 4.10: Composition of these 6 arc-slides gives a left handed Dehn twist around
the curve C in Figure 4.7, i.e. τ−1

C = η−1µ4µ3µ2µ1η.

From this factorization we get

N(η)�N(µ1)�N(µ2)�N(µ3)�N(µ4)�N(η−1) ' N(τ−1
C′ ),

and so to compute N(τ−1
C′ ) it is left to compute the bimodules for 6 arc-slides.

We computed them using exactly the same method we used in the previous com-

putation of N(τE) (with the exception which is described in the remark at the end of

Computation 4.1.13). We list them all at the end of the appendix.

For computing N(η) � N(µ1) � N(µ2) � N(µ3) � N(µ4) � N(η−1) we wrote a

computer program [Kot18]. After tensoring all the six arc-slide bimodules, and then

doing all possible cancellations, we get a bimodule, which is isomorphic to the one

in Figure 4.14 with canceled differential x2 → t12. This proves the desired homotopy

equivalence:

N ′(τ−1
C′ ) ' N(η)�N(µ1)�N(µ2)�N(µ3)�N(µ4)�N(η−1) ' N(τ−1

C′ ).

Computation 4.1.16 (Hochschild homology). It is the Hochschild homology of a
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bimodule that we are going to equate with a version of fixed point Floer cohomol-

ogy. Thus we would like to have an algorithm for computing it. The method from

[LipOzsThu15, Section 2.3.5] for computing the Hochschild homology for type DA

bimodules works well, as long as the DA bimodule is bounded (see [LipOzsThu15,

Definition 2.2.46]. All bimodules in the genus 2 case that we computed previously

are not bounded. To fix this problem, we multiply a bimodule by a certain bounded

bimodule from the left and from the right such that the A∞ homotopy equivalence

class does not change: [I]b � N(φ) � [I]b ' N(φ). Now we describe the bimodule

A1(Zg=2)[I]bA1(Zg=2).

We know that tensoring with the identity bimodule A1(Zg=2)N(id)A1(Zg=2) 'A1(Zg=2)

[I]A1(Zg=2) does not change the A∞ homotopy equivalence class. Thus it is left to make

A1(Zg=2)[I]A1(Zg=2) bounded, while not changing its A∞ homotopy equivalence class.

In the genus 2 case, we claim that the needed bimodule A1(Zg=2)[I]bA1(Zg=2) is de-

picted in Figure 4.16. The graph on that figure does not have any cycles, thus the

bimodule is bounded. Canceling four differentials c1 → c2, t1 → t2, z1 → z2, w1 →

w2 in A1(Zg=2)[I]bA1(Zg=2) gives A1(Zg=2)[I]A1(Zg=2), hence A1(Zg=2)[I]bA1(Zg=2) 'A1(Zg=2)

[I]A1(Zg=2).

We wrote down this bimodule using the diagram in Figure 4.15 (three intersections

on the left side of the diagram are omitted for generators z1, z2, c1, c2, t1, t2, w1, w2),

which is essentially the Heegaard diagram from Figure 4.4 but with perturbed β

curves so that there are no periodic domains.
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Figure 4.11: Heegaard diagram H(MτE) for the right handed Dehn twist along the
curve E.
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i2(x2)i2 i3(x3)i3

i0(x0)i0 i1(x1)i1

i1(r)i0

ρ56 ⊗ ρ56 ρ67 ⊗ ρ67

ρ23
⊗ ρ23

ρ6 ⊗ ρ6

ρ5 ⊗ ρ5

+ ρ7 ⊗ ρ7

+ ρ567 ⊗ ρ567

ρ1 ⊗ ρ1

+ρ3 ⊗ (ρ3, ρ23)
+ ρ123 ⊗ ρ123

1⊗
ρ 3

ρ 23
⊗
ρ 2ρ

2 ⊗
1

ρ
123 ⊗

ρ
12 +

ρ
3 ⊗

(ρ
3 , ρ

2 )

ρ
1
2
3
4
⊗
ρ

1
2
3
4

+
ρ

3
4
5
6
⊗

(ρ
3
,ρ

2
3
4
5
6
)

ρ
3
4
⊗

(ρ
3
,ρ

2
3
4
)

+
ρ

1
2
3
4
5
6
⊗
ρ

1
2
3
4
5
6

ρ 12
34

5
⊗ ρ

12
34

5

+
ρ 34

5
⊗ (ρ 3

, ρ 23
45
)

+
ρ 34

56
7
⊗ (ρ 3

, ρ 23
45

67
)

+
ρ 12

34
56

7
⊗ ρ

12
34

56
7

ρ
234 ⊗

ρ
234

+
ρ
4 ⊗
ρ
4 +
ρ
456 ⊗

ρ
456

+
ρ
23456 ⊗

ρ
23456

ρ
4
5
6
7
⊗
ρ

4
5
6
7

+
ρ

2
3
4
5
⊗
ρ

2
3
4
5

ρ
4
5
⊗
ρ

4
5

+
ρ

2
3
4
5
6
7
⊗
ρ

2
3
4
5
6
7

ρ
4 ⊗

ρ
3
4
+
ρ

4
5
6 ⊗

ρ
3
4
5
6

ρ 4
5
⊗
ρ 3

4
5

+
ρ 4

5
6
7
⊗
ρ 3

4
5
6
7

Figure 4.12: Bimodule A1(Zg=2)N(τE)A1(Zg=2).
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Figure 4.13: Heegaard diagram H(Mτ−1
C

) for the left handed Dehn twist along the
curve C.
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i2(x2)i2 i3(x3)i3

i0(x0)i0 i1(x1)i1

i2(t12)i2 i1(t11)i2

i2(t10)i3 i1(t9)i3

i2(t8)i2 i1(t7)i2

i2(t6)i1 i1(t5)i1

i3(t4)i0 i1(t3)i0

i2(t2)i1 i1(t1)i1

ρ56 ⊗ ρ56

ρ23
⊗ ρ23

ρ6 ⊗ ρ6

ρ5 ⊗ ρ5

ρ3 ⊗ ρ3

ρ2 ⊗ ρ2

ρ
2
3
4
5
⊗
ρ

2
3
4
5

ρ
4
5
⊗
ρ

4
5

ρ
3
4
5
6
⊗
ρ

3
4
5
6

ρ
3
4
⊗
ρ

3
4

ρ345
⊗ ρ345

ρ234 ⊗ ρ234

+ ρ4 ⊗ ρ4 + ρ456 ⊗ ρ456

+ ρ23456 ⊗ ρ23456

ρ4 ⊗ 1

ρ4 ⊗ 1

ρ4 ⊗ 1

ρ4 ⊗ 1

ρ4 ⊗ 1

ρ4 ⊗ 1

1⊗ ρ2

1⊗ ρ3

1⊗ ρ4

1⊗ ρ5

1⊗ ρ6

1⊗ ρ2

1⊗ ρ3

1⊗ ρ4

1⊗ ρ5

1⊗ ρ6

1⊗ ρ231⊗ ρ23

1
⊗
ρ

4
+
ρ

2
3 ⊗

ρ
2
3
4

ρ23456
⊗ 1

ρ 4
56
⊗

1

ρ
3 ⊗ ρ

34 + ρ
1 ⊗ ρ

123456

ρ
3
4
5
6 ⊗

1

ρ
5
6 ⊗

1

1

ρ 6
⊗ 1

ρ
1 ⊗

ρ
1

ρ
1 ⊗

ρ
12

ρ
1 ⊗
ρ

123

ρ
1 ⊗
ρ

1234

ρ
1 ⊗

ρ
12345

ρ 2
3
4
5
6
7
⊗
ρ 7

ρ 2
34

56
7
⊗
ρ 6

7

ρ 23
45

67
⊗
ρ 56

7

ρ 23
45

67
⊗
ρ 45

67

ρ 23
45

67
⊗
ρ 34

56
7

ρ 23
45

67
⊗
ρ 23

45
67

ρ1234567
⊗ ρ1234567

ρ 7
⊗

(ρ
4
, ρ

7
)

Figure 4.14: Bimodule A1(Zg=2)N(τ−1
C )A1(Zg=2).
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Figure 4.15: Heegaard diagram for Mid with no periodic domains, where id :
F ◦(Zg=2)→ F ◦(Zg=2) is the identity mapping class.
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i1(w2)i0 i1(w1)i0 i0(x0)i0 i1(x1)i1 i0(z1)i1 i0(z2)i1

i3(c2)i2 i3(c1)i2 i2(x2)i2 i3(x3)i3 i2(t1)i3 i2(t2)i3
1 ρ6 ⊗ ρ56

1⊗ ρ5

ρ6 ⊗ ρ567

ρ5 ⊗ 1

1⊗ ρ7

ρ6 ⊗ ρ6

ρ6 ⊗ ρ67

ρ7 ⊗ 1 1

1 ρ2 ⊗ ρ12

1⊗ ρ1

ρ2 ⊗ ρ123

ρ1 ⊗ 1

1⊗ ρ3

ρ2 ⊗ ρ2

ρ2 ⊗ ρ23

ρ3 ⊗ 1 1

ρ 4
5
6
⊗

(ρ
1
, ρ

4
5
6
7
)

ρ 4
⊗

(ρ
1
, ρ

4
, ρ

7
)

ρ 4
5
⊗

(ρ
1
, ρ

45
)

ρ 4
⊗

(ρ
1
, ρ

4
)

+
ρ 4

56
⊗

(ρ
1
, ρ

45
6
)

ρ
4
5 ⊗

(ρ
1 , ρ

4 )
ρ 23

45
6
⊗
ρ 12

34
56

7

ρ 2
34
⊗

(ρ
12

34
, ρ

7
)

ρ 2
34

5
⊗
ρ 1

23
45

ρ 2
3
4
5
6
⊗
ρ 1

2
3
4
5
6

+
ρ 2

3
4
⊗
ρ 1

2
3
4

ρ
2
3
4
5
⊗
ρ

1
2
3
4

ρ 3
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6
⊗
ρ 3

45
67ρ 3

4
⊗
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7
)
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Figure 4.16: Bimodule A1(Zg=2)[I]bA1(Zg=2).
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4.2 Fixed point Floer cohomology

At first fixed point Floer cohomology was defined for symplectomorphisms which

are Hamiltonian isotopic to the identity, by Floer in [Flo89]. It was extended to

other symplectomorphisms by Dostoglou and Salamon in [DosSal94]. Seidel in [Sei96]

studied fixed point Floer cohomology of Dehn twists on surfaces, and then defined

it for other mapping classes in [Sei02]. For the construction of fixed point Floer

cohomology we refer the reader to articles [Gau03], [Cot09], [Sei17], [Ulj17]. Here

we summarize how it works. We will be working with fixed point Floer cohomology,

rather than homology.

4.2.1 Setup

Construction 4.2.1 (for closed surfaces). Consider a closed oriented surface Σg with

genus g > 1. There is a classical version of fixed point Floer cohomology for orienta-

tion preserving mapping classes φ, which we denote byHF ∗(φ). The construction is as

follows. Choose a symplectic area form ω, and an area-preserving monotone represen-

tative φ of a mapping class (see [Sei02] for the definition of monotone, and particularly

for why Floer cohomology does not depend on this choice). Then the chain complex

CF∗(φ) is generated over F2 by the non-degenerate fixed points of φ. These are the

fixed points where det(dφ−Id) 6= 0. For generic φ all fixed points are non-degenerate

(hence are isolated). In the definition one can assume non-degeneracy, but in practice

to achieve it one perturbs φ by the time 1 isotopy ψ1
XHt

along the Hamiltonian vector

field XHt , where Ht : Σ→ R is a time-dependent generic Hamiltonian. So by consid-

ering φ ◦ψ1
XHt

if necessary, we assume now that fixed points of φ are non-degenerate.

Note that the fixed points of φ correspond to the constant sections of the mapping

torus Tφ = Σ × [0, 1]/(φ(x), 0) ∼ (x, 1). The differential ∂ : CF∗(φ) → CF∗−1(φ) is

defined by counting pseudo-holomorphic cylinder sections of Tφ×R→ S1×R, which
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limit to constant section at ±∞. One counts only index 1 cylinders (i.e. those which

come in 1-dimensional family), up to translation along R. The differential goes from

+ to −, as in Morse homology. An almost complex structure on Tφ × R comes by

picking a generic time-dependent almost complex structure on Σ and extending it

to the rest of the tangent space naturally, i.e. the direction of the circle inside Tφ

and the direction of R are interchanged. This differential satisfies ∂2 = 0, and pass-

ing to the homology of the dual complex HF ∗(φ) = H(CF ∗(φ), d) gives fixed point

Floer cohomology — an invariant, which depends only on the mapping class φ. The

Z2-grading on this invariant is provided by the sign of det(dφ− Id) at fixed points.

Construction 4.2.2 (for surfaces with boundary). There is a natural generalization

of the above invariant to surfaces with boundary. Suppose Σ = (Σ, ∂Σ = U1 ∪

U2 ∪ · · · ∪ Un) is an oriented surface with boundary, of any genus. We will consider

orientation preserving mapping classes φ ∈ MCG0(Σ) fixing the boundary. Choose

an exact area-preserving representative (see [Gau03, Appendix C], or [Ulj17, Lemma

3.3] for an explanation of why the definition does not depend on this choice). Because

we want every fixed point to be non-degenerate, we will need to perturb φ near the

boundary. Thus, in order to specify the perturbation, as an input we will also take

decorations of every boundary component with a sign. These decorations tell us how

the perturbation behaves near the boundary components. If Ui is decorated by (+),

then the perturbation in the neighborhood of Ui should be a twist in the direction of

the orientation of Ui (the same direction as the Reeb flow on the boundary). This

corresponds to perturbation along a Hamiltonian vector field with the Hamiltonian H

having a time-independent local maximum on Ui, see Figure 4.17. If Uj is decorated

by (−), then the perturbation should be a twist in the opposite direction of the

induced orientation, i.e. the Hamiltonian should have a local minimum on Cj. These

twists near the boundary should be small enough, i.e. 6 2π if one full twist is 2π. We

denote the resulting fixed point Floer cohomology by HF ∗(φ ; U1±, U2±, . . . , Un±) =
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HF ∗(φ ; U+, U−), where we denote U+ (respectively U−) to be a union of the

positively (respectively negatively) decorated components.

(–) perturbation twist by x
H

(+) perturbation twist by x
H

H

U
1
+

U
2
–

1

2

orientation

Figure 4.17: Perturbation twists near the boundary.

Remark 4.2.3. Notice that the naming of the twists comes from comparing the direc-

tion of the twist with the orientation on the boundary. It is not related to positive

or negative Dehn twists. In fact, positive (+) direction of twisting corresponds to

the left handed twisting, which appears in the negative (left handed) Dehn twists.

(−) direction of twisting corresponds to the right handed twisting, which appears in

positive (right handed) Dehn twist.

Remark 4.2.4. Note that paths of exact symplectomorphisms are Hamiltonian iso-

topies, see [Ulj17, Lemma 2.33].
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4.2.2 Existing computational methods

First of all, in the case of the identity mapping class the Floer cohomology is the

same as Morse cohomology with respect to the Hamiltonian we use for perturbing

id. See [Sei17, Lemma 3.9] for a proof and references to the original works. Thus we

have HF ∗(id ; U+, U−) = H∗(Σ, U−), because Hamiltonian is local minimum on

the curves in U− and local maximum for the curves in U+.

First computations for non-trivial mapping classes were done by Seidel in [Sei96].

Suppose φ is a composition of right handed Dehn twists along curvesR = {R1, R2, . . . , Rl}

and left handed Dehn twists along curves L = {L1, L2, . . . , Lk}. Suppose all the curves

are disjoint and their complement has no disc components, and that no Li is homo-

topic to Rj. Then HF ∗(φ ; U+, U−) = H∗(Σ− L, R ∪ U−). This result is achieved

again via reducing the computation to the Morse cohomology, where the Hamiltonian

is local minimum on the curves Ri and local maximum on the curves Lj.

Then Gautschi in [Gau03] computed fixed point Floer cohomology for algebraically

finite mapping classes (those consist of periodic mapping classes, and also reducible

ones where the map on each component is periodic). Eftekhary in [Eft04] then gen-

eralized Seidel’s work to Dehn twists along the curves which form a forest, see below.

The last computations were done by Cotton-Clay in [Cot09], where he showed how

to compute fixed point Floer cohomology for all pseudo-Anosov mapping classes and

for all reducible ones (including those with Pseudo-Anosov components). Thus there

is a way to compute fixed point Floer cohomology for any mapping class.

For our purposes we will need the following theorem (which is a generalization of

Eftekhary’s work to the case with boundary):

Theorem 4.2.5 (Eftekhary). Suppose Σ is a surface with boundary, and φ : MCG0(Σ)

is a mapping class fixing the boundary. Suppose φ is a composition of right handed

Dehn twists along the forest of transversely intersecting curves R = {R1, R2, . . . , Rl}

(i.e. there are no cycles in the intersection graph of the curves), along with left handed
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Dehn twists along the other forest of curves L = {L1, L2, . . . , Lm}. We assume that

L ∩ R = ∅, that no Li is homotopic to Rj, and all the curves are homologically

essential. Then

HF ∗(φ ; U+, U−) = H∗(Σ− L, R ∪ U−).

4.3 Conjectural isomorphism

4.3.1 Statement

As in Section 4.1 we consider the strongly based mapping class group MCG0(Σ)

of the genus g surface with one boundary component. Having a mapping class φ :

(Σ, ∂Σ = U1 = S1) → (Σ, ∂Σ = U1 = S1), let us consider the induced φ̃ : (Σ̃, ∂Σ̃ =

U1 ∪ U2) → (Σ̃, ∂Σ̃ = U1 ∪ U2), where Σ̃ = Σ \ D2 is obtained by removing a disc

in the small enough neighborhood of the boundary such that φ is identity on that

neighborhood.

Conjecture 4.3.1. For every mapping class φ ∈ MCG0(Σg, ∂Σg = S1 = U1) there

is an isomorphism of Z2-graded vector spaces

HH∗(N(φ−1)) ∼= HF ∗+1(φ̃ ; U2+, U1−).

We support this conjecture by computations in the genus 2 case below. Then, in

Section 4.4, we describe the symplectic geometric interpretation of bordered Heegaard

Floer homology. Based on that, in Section 4.5, we outline a construction of the map

potentially giving an isomorphism (in the double basepoint version of it). It comes

from an open-closed map in the context of the partially wrapped Fukaya category,

associated to a Lefschetz fibration.

Remark 4.3.2. The reason that on the left side of the isomorphism we have φ−1
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is because the bimodule coming from the bordered theory is homotopy equivalent

to
⊕
i,j

homF(Σ,{z})(αi, φ(αj)) (see Section 4.4 for the explanation of this), and the

bimodule defined in [Sei17] is
⊕
i,j

homF(Σ,{z})(φ(αi), αj) '
⊕
i,j

homF(Σ,{z})(αi, φ
−1(αj)),

see section 4.5.4 for more on this.

4.3.2 Computations

Here we perform computations in the genus 2 case. As in Section 4.1, we fix a set of

curves generating the mapping class group as in Figure 4.6, and use a parameterization

Σg=2
∼= F ◦(Zg=2) as in Figure 4.7.

For tensoring DA bimodules and for computing the Hochschild homology we used

a computer program [Kot18]. For computing fixed point Floer cohomology we will

use Theorem 4.2.5.

Computation 4.3.3 (φ = id). For φ = id we have that the Hochschild homology

is HH∗(N(id)) = (F2)4, which is generated by all the four generators of N(id) (note

that all of them have identical left and right idempotents, which means that they

contribute to HC∗(N(id))). All the four generators have grading 0. Fixed point

Floer cohomology in this case is HF ∗(ĩd ; U2+, U1−) = H∗(Σ̃g=2, U1) = (F2)4, all

concentrated in the grading 1, see Figure 4.18 for an illustration (by MH∗ we denote

Morse cohomology).

H

=

U
1
-

U
2
+

Figure 4.18: Computation for id : (Σg=2, ∂Σg=2)→ (Σg=2, ∂Σg=2).
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Computation 4.3.4 (φ = τl). Suppose φ = τl is a right handed Dehn twist around

any of the curves A, B, C, D,or E. Then we have the same ranks as for the identity:

the Hochschild homology is HH∗(N(τ−1
l )) = (F2)4. Fixed point Floer cohomology

in this case is HF ∗(τ̃l ; U2+, U1−) = H∗(Σ̃g=2, l ∪ U1) = (F2)4, which corresponds

to cutting Σ̃g=2 along l and computing Morse cohomology w.r.t. Hamiltonian which

looks like in Figure 4.19. Gradings for both invariants are the same as in the previous

computation.

U
1
-

U
2
+

=

H

Figure 4.19: Computation for one right handed Dehn twist τl : (Σg=2, ∂Σg=2) →
(Σg=2, ∂Σg=2).

Computation 4.3.5 (φ = τ−1
l ). For a left handed Dehn twist we have the same

answers, HH∗(N(τl)) = (F2)4, and HF ∗(τ̃l
−1 ; U2+, U1−) = H∗(Σ̃g=2−l, U1) = (F2)4,

which corresponds to cutting Σ̃g=2 along l and computing Morse cohomology w.r.t.

Hamiltonian which looks like in Figure 4.20. Gradings of both invariants are the same

as in the previous examples.

U
1
-

U
2
+

=

H

Figure 4.20: Computation for one left handed Dehn twist τ−1
l : (Σg=2, ∂Σg=2) →

(Σg=2, ∂Σg=2).
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Experimenting with mapping classes arising from two disjoint forests of curves (i.e.

those where one can use Eftekhary’s result), we always got equal ranks of homologies.

Let us highlight two more examples.

Computation 4.3.6 (φ = τAτBτCτD). This mapping class is a monodromy of an open

book on S3 with the binding a torus (5,2) knot, and a page being a genus 2 surface

with boundary. We get ĤFK(S3, T(5,2) ; 1 − g) = HH∗(N(τ−1
D τ−1

C τ−1
B τ−1

A ) = F2,

and HF ∗( ˜τAτBτCτD ; U2+, U1−) = H∗(Σ̃g=2, U1 ∪ A ∪ B ∪ C ∪ D) = F2. It is

the lowest rank that we observed in our computations. Interestingly, it is known

that rk(HH∗(N(φ))) > 0 always, see [BalVel18]. It is natural to pose the following

question.

Question. Is it true that all mapping classes φ ∈ MCG0(Σg=2, ∂Σg=2 = S1)

satisfy rk(HH∗(N(φ))) > 1, except the products of permutations of (τA, τB, τC , τD),

and their inverses?

If yes, this would almost prove that ĤFK(K) detects the torus (5,2) knot in S3,

using the fact that ĤFK(K) detects the genus of the knot [OzsSza04a], and detects if

the knot is fibered [Ghi08], [Ni07]. One would only be left with the cases of products

of permutations of (τA, τB, τC , τD), and their inverses (the first thing to check in these

case is if the ambient manifold M◦
φ is in fact S3).

Provided Conjecture 4.3.1 is true, one can try to answer the above question on

the fixed point Floer cohomology side, i.e. to prove that rk(HF ∗(φ̃ ; U2+, U1−)) > 1

using the results of Cotton-Clay [Cot09].

Computation 4.3.7 (φ = τ 5
AτBτCτDτ

5
E). This mapping class is pseudo-Anosov if

viewed as a mapping class of a closed genus 2 surface (see [Eft04]). In this case

HH∗(N(φ−1) = (F2)10, andHF ∗(φ̃; U2+, U1−) = H∗(Σ̃g=2, U1∪5A∪B∪C∪D∪5E) =

(F2)10.
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4.4 Alternative bimodule construction via the par-

tially wrapped Fukaya category

Material in this section serves as a preparation for the subsequent Section 4.5.

Let us repeat the way we associate a bimodule to a mapping class in Section 4.1.

To a surface one associates an algebraic structure, a dg-algebra in our case. To a

mapping class one associates an A∞ bimodule over that algebra. To a composition of

mapping classes one associates the tensor product operation of bimodules. Here we

describe another geometric way to arrive at the same mapping class invariant, which

is based on the partially wrapped Fukaya category associated to a surface with one

boundary component. Let us repeat that we follow Auroux’s conventions and work

with cohomology, i.e. homF(Σ,{z})(L0, L1) = CF pw
∗ (L1, L0).

4.4.1 Relationship between the partially wrapped Fukaya cat-

egory and bordered Heegaard Floer theory

The surface (F ◦(Z), {z}), associated to a genus g pointed matched circle Z, has a

distinguished set of generators of F(F ◦(Z), {z}), which corresponds to the 1-handles

coming from the matched pairs of points in Z, see the surface on the right of Figure

4.1.

Theorem 4.4.1 (Auroux). Suppose α1, . . . , α2g are the arcs in F ◦(Z) = Σ corre-

sponding to the matched pairs in Z. Then the bordered one-strand-moving dg-algebra

A1(F ◦(Z)) = A(Z,−g+1) is quasi-isomorphic to the A∞ hom-algebra of the partially

wrapped Fukaya category w.r.t. the generating set α1, . . . , α2g, i.e.

A1(F ◦(Z)) = A(Z,−g + 1) '
⊕

16i,j62g

homF(Σ,{z})(αi, αj).

Remark 4.4.2. The full statement of Auroux’s theorem involves all the summands of
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the bordered algebra and Fukaya categories of symmetric products: for 0 6 k 6 2g

one has A(Z,−g + k) '
⊕

16i,j6Ck
2g

homF(Symk(F ◦(Z)),z)(λi, λj), where {λi} is a set of

generators coming from the products of k arcs in α1, . . . , α2g.

Remark 4.4.3. Having a bordered Heegaard diagram for a bordered 3-manifold, Au-

roux identified not only the algebras, but also the type A bordered Heegaard Floer

module with the module coming from the Fukaya category via the Yoneda embedding

construction, see [Aur10b, Theorem 1.4].

Example 4.4.4 (torus algebra). Let us illustrate the above theorem on a torus.

The way to get the torus bordered algebra from a pointed matched circle is pictured

in Figure 4.21. One can see the corresponding elements of the algebra in Figure

4.22. They appear as generators of Lagrangian Floer complexes. One cannot see

the product structure (i.e. holomorphic triangles) on this picture, because for that

one needs to pick consistent perturbations for the three Lagrangians involved in the

product operation.

z

g=1

i0 i1

ρ1

ρ2

ρ3

Path algebra
over F2

Relations ρ2ρ1 = ρ3ρ2 = 0

A1(F ◦(Zg=1)) = A(Zg=1, 0) =

Figure 4.21: Torus bordered algebra, constructed from a pointed matched circle.
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z

i
1

i
0

Figure 4.22: Bordered algebra elements in the genus 1 case, viewed as elements of
morphism spaces between generating objects of the partially wrapped Fukaya category
of a torus.

4.4.2 Bimodule construction

An exact self-diffeomorphism of (Σ, ∂Σ = S1) fixing the boundary induces an exact

compactly supported self-diffeomorphism of a surface Σ̂ (Σ completed with a cylin-

drical end). There is a standard way to associate to it an A∞ bimodule over the

hom-algebra of the Fukaya category F (Σ, {z}) (which is the same as the bordered

algebra in our case). Namely, if α1, . . . , αk generate the Fukaya category, then the

bimodule as a vector space is equal to

NF (φ) =
⊕

16i,j6k

homF(Σ,{z})(αi, φ(αj)), (4.2)

and the higher actions are given using A∞ operations. For example the action m1|1|1 :

A(F(Σ, {z}))⊗NF (φ)⊗A(F(Σ, {z}))→ NF (φ) is given via the following operation

counting holomorphic discs with 4 marked points (“rectangles”):
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( ⊕
16i,j6k

homF(Σ,{z})(αi,αj)

)
⊗

( ⊕
16i,j6k

homF(Σ,{z})(αi,φ(αj))

)
⊗

( ⊕
16i,j6k

homF(Σ,{z})(φ(αi),φ(αj))

)
→

→
⊕

16i,j6k
homF(Σ,{z})(αi,φ(αj)).

Note that this bimodule is of AA type in the bordered theory terminology, whereas

N(φ) was of DA type. Now we unify the two constructions of bimodules over the

same algebra.

Proposition 4.4.5. Suppose α1, . . . , α2g are arcs in F ◦(Z) = Σ corresponding to the

matched pairs in the pointed matched circle Z. Then the two bimodules associated to

a mapping class φ ∈MCG0(F ◦(Z), F ◦(Z)) are A∞ homotopy equivalent:

N(φ) ' NF (φ).

For the proof we refer the reader to [AurGriWeh14, Lemma 4.2]. The main idea

is to use α-β-bordered Heegaard diagrams introduced in [LipOzsThu11].

4.5 Construction of a map in the double basepoint

version of isomorphism

In this section we are going to explain how we arrived to Conjecture 4.3.1. We will

state the double basepoint version of it, and will show that it is a special case of a

more general conjecture.
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4.5.1 From one basepoint to two: bimodule

Let us explain how to modify our previous constructions of bimodules if we want to

have two basepoints instead of one. First of all, the partially wrapped Fukaya category

was defined for any number of basepoints. In Figure 4.23 we draw a generating set

of Lagrangians (red curves) in the genus 2 case, together with their perturbations

(purple curves). Now we have five Lagrangian arcs as generators, instead of four in

the one basepoint case (Figure 4.1). In general the number of generating arcs will be

2g+1 and 2g for 2 and 1 basepoint cases, respectively.

z
1

z
2

Figure 4.23: Generators of the partially wrapped Fukaya category F(Σg=2, {z1, z2}).

After choosing this set of generators it is now clear what the corresponding pointed

matched circle looks like, as well as the corresponding algebra, see Figure 4.24.

It is now possible to define an A∞ bimodule (AA type) for a mapping class φ ∈

MCG0(Σ) via the partially wrapped Fukaya category:

N2bp
F (φ) =

⊕
16i,j6k

homF(Σ,{z1,z2})(αi, φ(αj)).
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z1

z2

g=2

i0 i1 i2 i3 i4

Path
algebra over F2

(composing
only the same
color paths)

A1(Z2bp
g=2) =

Figure 4.24: A genus 2 double basepoint example of how to get a dg-algebra out of a
pointed matched circle. Paths consisting of different color arrows are prohibited.

Though for computations one would prefer to have a DA type bimodule N2bp(φ).

Such a bimodule, as in the one basepoint case, comes from a Heegaard diagram

for the mapping cylinder, but equipped with two basepoints on each boundary, and

two arcs connecting them. Bordered Heegaard diagrams with multiple basepoints

were defined by Zarev in [Zar09]. In Figure 4.25 we draw a diagram for the identity

mapping class in the genus two case. The generalization to other mapping classes is

analogous to the 1 basepoint case. Two diagrams in Figure 4.25 are equivalent. On

the right there is Zarev’s bordered sutured Heegaard diagram, and on the left we drew

a double basepoint Heegaard diagram, which would be a natural generalization of the

one basepoint diagram. The two diagrams carry the same holomorphic information,

and the bimodules coming from them are the same. The reason why they are different

is that Zarev works with sutured manifolds and their bordered versions. In order to go

from the left diagram to the right, instead of drawing basepoints and basepoint arcs

one essentially deletes their neighborhoods and then says that the boundary coming

from these neighborhoods (drawn in green) is forbidden for holomorphic discs.
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M
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F

F

L

L

M

M

K

K

F

F

z
1

z
2 ~

Figure 4.25: Double basepoint diagrams for mapping cylinder of id : Σg=2 → Σg=2.

The Hochschild homologies of one and two basepoint bimodules are related, and

one actually has

rk(HH∗(N
2bp(φ)) = rk(HH∗(N(φ)) + 1.

The reason is that the Hochschild homology of the double basepoint bimodule is

equal to knot Floer homology of the binding of the corresponding open book in the

second lowest Alexander grading, where knot in a Heegaard diagram is specified

by four basepoints, instead of two: HH∗(N
2bp(φ)) = ĤFK

4bp
(M◦

φ, K ; −g). And

the difference between the four basepoint and the usual two basepoint knot Floer

homologies is known: ĤFK
4bp

(M◦
φ, K) = (F2)2⊗ĤFK(M◦

φ, K), where the Alexander
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gradings of two generators of (F2)2 are 0 and -1. Thus one has

rk(HH∗(N
2bp(φ)) = rk(ĤFK

4bp
(M◦

φ, K ; −g)) =

= rk(ĤFK(M◦
φ, K ; −g + 1)⊕ ĤFK(M◦

φ, K ; −g)) = rk(HH∗(N(φ)) + 1,

because the lowest −g Alexander grading of knot Floer homology of a fibered knot

(i.e. the binding of an open book) is always one.

4.5.2 From one basepoint to two: fixed point Floer cohomol-

ogy

Let us first explain the choice of fixed point Floer cohomology for the one basepoint

case.

There is a natural version of fixed point Floer cohomology HF 1bp(φ) which is

equal to HF ∗(φ̃ ; U2+, U1−), but defined without deleting a second disc from the

surface. In Section 4.2, we decided not to give a rigorous definition of it (which

would be analogous to [Sei17, Section 6]), and rather use existing methods and work

with HF ∗(φ̃ ; U2+, U1−). But let us indicate the setup — HF 1bp(φ) can be defined

only for infinite area surfaces with a cylindrical end, rather than compact surfaces

with boundary, and so one has to work with the induced compactly supported exact

self-diffeomorphisms on the completion Σ̂. Behavior of the Hamiltonian used for a

perturbation near infinity should be a very specific one, see Figure 4.26, the left

side. Upwards and downwards the Hamiltonian is linear w.r.t. radial coordinate.

Comparing the left and the the right side of the figure (on the right we glued the

blue boundaries together), one can also see why such Hamiltonian perturbation is

equivalent to considering HF ∗(φ̃ ; U2+, U1−) — the generators (fixed points) and the

differentials in Floer cohomology with perturbation on the left side and on the right

side are 1-1 correspondence.
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H

~

z
1

H

Figure 4.26: On the left: the behavior of Hamiltonian perturbation one actually needs
to consider in one basepoint case, and an equivalent to it theory on the right in terms
of classical version of fixed point Floer cohomology, where the Hamiltonian is constant
on the boundaries.

Let us explain why we call it a one basepoint case. The Hamiltonian on the left

side of the diagram could be used to define perturbations in the partially wrapped

Fukaya category with one basepoint. One should imagine that the basepoint is in

the bottom part of infinity, and Lagrangian arcs are allowed to go only to the upper

part of infinity. Then the perturbation will send all the arcs to the left, i.e. to the

basepoint.

Remark 4.5.1. When defining perturbations in the partially wrapped Fukaya category,

one has to make sure every Lagrangian arc will be wrapped enough to intersect the

other ones to the left of it at infinity (see Figure 4.22). Thus one actually cannot

consider a linear Hamiltonian w.r.t. radial coordinate H = r on the upper half

of infinity, as it is pictured in Figure 4.26. Instead, in order to make sure that

Hamiltonian has big enough derivative for every pair of Lagrangian arcs, one needs to

take a limit H = δr, δ → +∞, as it was done in [Aur10b, Definition 4.1]. But because

we always consider only finite number of generating arcs going to infinity, it is enough

to just consider linear Hamiltonian with big enough derivative H = δr, δ � 0.

Now we consider the double basepoint counterpart of the above construction. The
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corresponding behavior of Hamiltonian near infinity is pictured on the left of Figure

4.27, and we denote the resulting fixed point Floer cohomology by HF 2bp(φ). This co-

homology theory was developed in [Sei17, Section 6], where one considers a surface as

a total space of a 0-dimensional Lefschetz fibration over C. The corresponding version

of classical Floer cohomology (where Hamiltonian is constant on boundary compo-

nents) is depicted on the right — instead of one disc one needs to take out two discs

this time, and we denote the resulting Floer cohomology by HF ∗( ˜̃φ ; U2+, U3+, U1−).

H

~

z
1

z
2

x

H

Figure 4.27: On the left: behavior of Hamiltonian perturbation one actually needs
to consider in the two basepoints case (see [Sei17, Section 6] for a rigorous setup),
and an equivalent to it theory on the right in terms of classical version of fixed point
Floer cohomology, where Hamiltonian is constant on boundaries.

The one and two basepoint versions of fixed point Floer cohomology should be re-

lated, and for all the cases we considered, as in the case of the Hochschild homologies,

one has

rk(HF ∗( ˜̃φ ; U2+, U3+, U1−)) = rk(HF ∗(φ̃ ; U2+, U1−)) + 1.

We did not find a general explanation for this. The reason might be that if one

compares cochain complexes, then they are identical except CF ∗( ˜̃φ ; U2+, U3+, U1−)
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has one more generator x depicted on the right of Figure 4.27. This generator does

not have any differential going out of it, as they are gradient lines going up from x

for suitable Hamiltonian, and there are no generators above x. Most likely it also

does not have any differentials going in (or, rather, one can arrange the Hamiltonian

in such a way).

Now we are ready to state a double basepoint version of Conjecture 4.3.1. Namely,

the following should be true:

HH∗(N
2bp(φ−1)) ∼= HF ∗+1( ˜̃φ ; U2+, U3+, U1−).

4.5.3 Lefschetz fibration structure on the surface

Take an area preserving double branched cover of an exact surface with cylindrical end

over the complex numbers f : Σ̂g → C (as an example one might take a quotient by the

hyperelliptic involution, which we drew below). One can view this cover as an exact

symplectic fibration with singularities, as in [Sei17, Setup 5.1]. This fibration is in

fact a 0-dimensional Lefschetz fibration, with 2g+1 critical points. Being a Lefschetz

fibration corresponds to critical points not having more than order two branching

(i.e. triple and more branch covers also can be Lefschetz fibrations). We assume that

critical values p1, . . . , p2g+1 all satisfy Re(pi) = 0 and Im(p1) < · · · < Im(p2g+1). The

genus 2 case is drawn in Figure 4.28.

First, let us repeat that the structure of the exact symplectic fibration can be

used to define a particular version of fixed point Floer cohomology. Following [Sei17,

Section 6], having an exact compactly supported self-diffeomorphism φ : Σ̂ → Σ̂

of 0-dimensional Lefschetz fibration, one can consider fixed point Floer cohomology

HF ∗(φ, δ > 0, ε), where ε is not important to us because fibers of f : Σ̂ → C do not

have boundary, and δ is responsible for perturbation at infinity by the Hamiltonian
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f

Figure 4.28: 0-dimensional Lefschetz fibration structure on the genus 2 surface.

H(x) = δRe(f(x)). This theory depends only on the sign of δ, and for δ > 0 is the

cohomology theory from the previous subsection:

HF 2bp(φ) = HF ∗(φ, δ > 0).

The Lefschetz fibration structure over the complex plane can be also used to define

a special type of A∞ category Ff (Σ̂), which is called the Fukaya-Seidel category (see

[Sei01], [Sei08], and more recent articles [Sei12], [Sei17] for a more relevant setup for

us). In our double branched cover case the objects of the category are compact exact

Lagrangians in Σ̂ and also non-compact ones which are Lefschetz thimbles (in our case

they are just preimages) associated to admissible arcs in C. Admissible arcs in C are

proper rays which start at the critical value of f , do not pass over other critical values,

and at some point stabilize to be horizontal, oriented to the right rays. Perturbation

at infinity is defined by pulling back to Σ̂ the Hamiltonian H = δRe(z), δ � 0 on C.

It is exactly the same type of Hamiltonian perturbation as for F(Σ, {z1, z2}), see the

left side of Figure 4.27.

The Fukaya-Seidel category Ff (Σ̂) is closely related (quasi-equivalent) to the par-
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tially wrapped Fukaya category F(Σ, {z1, z2}), despite the fact that the non-compact

objects allowed are different. For a setup which mediates between the partially

wrapped category with two basepoints and the Fukaya-Seidel category see [Aur10b,

Section 3.2], where the Lefschetz fibration structure is used to define F(Σ, {z1, z2}).

For a generalization of that setup to the partially wrapped Fukaya category (which

does not use fibration structure) see [Aur10b, Section 4.1].

It was proved in [Sei08] that Lefschetz thimbles (one for each critical points) gen-

erate the Fukaya-Seidel category. If one chooses a generating set of thimbles for

the category Ff (Σ̂), then these thimbles also generate F(Σ, {z1, z2}). Moreover, the

hom-algebras are the same:
⊕

16i,j6k
homFf (Σ̂)(αi, αj) '

⊕
16i,j6k

homF(Σ,{z1,z2})(αi, αj) '

A1(Z2bp), and the bimodules corresponding to exact automorphisms φ : Σ̂ → Σ̂

are also the same
⊕

16i,j6k
homFf (Σ̂)(αi, φ(αj)) '

⊕
16i,j6k

homF(Σ,{z1,z2})(αi, φ(αj)) '

N2bp(φ).

An example of a generating set of Lefschetz thimbles in the genus two case is

drawn in Figure 4.28, and the same set of generators for F(Σ, {z1, z2}) was drawn in

Figure 4.23.

4.5.4 Open-closed map

The open-closed map is a map between the Hochschild homology of a bimodule cor-

responding to an automorphism of a symplectic manifold, and a fixed point Floer

cohomology. We refer the reader to [Sei17, Section 7] for the definition of this map in

the case where the symplectic manifold is an exact symplectic fibration with singu-

larities over C (which includes Lefschetz fibrations). This map counts isolated points

in the moduli space of holomorphic maps from a Riemann surface drawn in Figure

4.29 to Σ̂, with a twist φ along the gray line (compare with [Sei17, Figure 3]). These

maps have the following boundary conditions: a twisted orbit of Hamiltonian vec-

tor field XH on one end, which is equivalent to a constant section of Tφ◦ψ1
XH

, and a
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chain of Lagrangians on the other, with consistent perturbations. Along the gray line

the map has a twist φ. So the strip end with the gray line limits to an intersection

point of φ ◦ ψ1
XH

(L3) ∩ L1 to the left of the gray line, and to the intersection point

L3 ∩ (φ ◦ ψ1
XH

)−1(L1) to the right of the gray line.

In the Lefschetz fibration setting Seidel in [Sei17, Equation 7.15] defines a bi-

module P(φ, δ, ε) =
⊕

16i,j6k
hom(ψ1

XH
(φ(αi)), αj). The ε does not play any role for us,

because in our case of 0-dimensional Lefschetz fibration there is no boundary in a fiber.

The δ is responsible for the Hamiltonian H(x) = δRe(f(x)) which is used to perturb

φ at infinity. If one assumes δ � 0 (so that generating Lagrangians are wrapped

enough to intersect each other at infinity), then, in our case of a 0-dimensional Lef-

schetz fibration, this bimodule is

P(φ, δ � 0) =
⊕

16i,j6k

hom(ψ1
XH

(φ(αi)), αj) =
⊕

16i,j6k

homFf (Σ̂)(φ(αi), αj) =

=
⊕

16i,j6k

homF(Σ,{z1,z2})(φ(αi), αj) =
⊕

16i,j6k

homF(Σ,{z1,z2})(αi, φ
−1(αj)) = N2bp(φ−1).

Now we turn our attention to [Sei17, Conjecture 7.18], which is stated for Lefschetz

fibrations of any rank. In our case this amounts to the following — there is an open-

closed map which gives an isomorphism:

HH∗(P(φ, δ � 0)) −̃→ HF ∗+1
2bp (φ).

As a consequence, our double basepoint conjecture stating that

HH∗(N
2bp(φ−1)) ∼= HF ∗+1( ˜̃φ ; U2+, U3+, U1−)

is a special case of Seidel’s conjecture. The one basepoint version, i.e. Conjecture

4.3.1, most likely fits in a similar framework, where instead of the Fukaya-Seidel

134



category (which is quasi-equivalent to the partially wrapped Fukaya category with

two basepoints) one should work with the one basepoint partially wrapped Fukaya

category, and construct there an appropriate version of a twisted open-closed map.

L
3

L
1

L
2

Figure 4.29: The open-closed map counts such holomorphic objects inside Σ̂. Com-
pare this to [Sei17, Figure 3].

4.6 Appendix. Bimodules for Dehn twists in the

genus two surface

The set of curves that we consider in the genus two surface is pictured in Figure

4.6. We list ten DA type bimodules corresponding to the right and left handed Dehn

twists along the curves A,B,C,D and E. Then we describe a DD bimodule for the

Dehn twist τE, and also 6 arc-slide DA bimodules, which we used to compute N(τ−1
C )

via factorization τ−1
C = η−1µ4µ3µ2µ1η.

Bimodule 4.6.1. N(τA)

5 generators with their idempotents: i1(x2)i1, i0(x3)i0, i3(x0)i3, i2(x1)i2, i2(r)i3.

Actions: x2 ⊗ (r23) −→ r23 ⊗ x2, x2 ⊗ (r2) −→ r2 ⊗ x3, x2 ⊗ (r234567) −→
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r234567⊗x0, x2⊗(r4567) −→ r4567⊗x0, x2⊗(r456) −→ r456⊗x1, x2⊗(r23456) −→

r23456⊗x1, x2⊗(r234) −→ r234⊗x1, x2⊗(r4) −→ r4⊗x1, x2⊗(r45) −→ r456⊗r,

x2 ⊗ (r2345) −→ r23456 ⊗ r, x3 ⊗ (r123) −→ r123 ⊗ x2, x3 ⊗ (r1) −→ r1 ⊗ x2,

x3⊗ (r3) −→ r3⊗ x2, x3⊗ (r12) −→ r12⊗ x3, x3⊗ (r34567) −→ r34567⊗ x0, x3⊗

(r1234567) −→ r1234567⊗x0, x3⊗(r1234) −→ r1234⊗x1, x3⊗(r3456) −→ r3456⊗

x1, x3⊗(r34) −→ r34⊗x1, x3⊗(r123456) −→ r123456⊗x1, x3⊗(r345) −→ r3456⊗r,

x3 ⊗ (r12345) −→ r123456 ⊗ r, x0 ⊗ (r6, r567) −→ r67 ⊗ x0, x0 ⊗ (r6, r56) −→

r6⊗ x1, x0⊗ (r6, r5) −→ r6⊗ r, x1⊗ (r567) −→ r567⊗ x0, x1⊗ (r7) −→ r7⊗ x0,

x1⊗(r56) −→ r56⊗x1, x1⊗(r5) −→ r56⊗r, r⊗(r67) −→ r7⊗x0, r⊗() −→ r5⊗x0,

r ⊗ (r6) −→ 1⊗ x1.

Bimodule 4.6.2. N(τ−1
A )

5 generators with their idempotents: i1(x2)i1, i0(x3)i0, i3(x0)i3, i2(x1)i2, i2(r)i3.

Actions: x2 ⊗ (r23) −→ r23 ⊗ x2, x2 ⊗ (r2) −→ r2 ⊗ x3, x2 ⊗ (r234567) −→

r234567 ⊗ x0, x2 ⊗ (r4567) −→ r4567 ⊗ x0, x2 ⊗ (r23456, r5) −→ r2345 ⊗ x0,

x2 ⊗ (r456, r5) −→ r45 ⊗ x0, x2 ⊗ (r4) −→ r4 ⊗ x1, x2 ⊗ (r234) −→ r234 ⊗ x1,

x2 ⊗ (r456) −→ r456 ⊗ x1, x2 ⊗ (r23456) −→ r23456 ⊗ x1, x2 ⊗ (r45) −→ r4 ⊗ r,

x2 ⊗ (r2345) −→ r234 ⊗ r, x3 ⊗ (r1) −→ r1 ⊗ x2, x3 ⊗ (r3) −→ r3 ⊗ x2, x3 ⊗

(r123) −→ r123⊗ x2, x3⊗ (r12) −→ r12⊗ x3, x3⊗ (r1234567) −→ r1234567⊗ x0,

x3⊗(r123456, r5) −→ r12345⊗x0, x3⊗(r3456, r5) −→ r345⊗x0, x3⊗(r34567) −→

r34567 ⊗ x0, x3 ⊗ (r3456) −→ r3456 ⊗ x1, x3 ⊗ (r1234) −→ r1234 ⊗ x1, x3 ⊗

(r123456) −→ r123456 ⊗ x1, x3 ⊗ (r34) −→ r34 ⊗ x1, x3 ⊗ (r345) −→ r34 ⊗ r,

x3⊗(r12345) −→ r1234⊗r, x0⊗() −→ r6⊗r, x1⊗(r567) −→ r567⊗x0, x1⊗(r7) −→

r7 ⊗ x0, x1 ⊗ (r56, r5) −→ r5 ⊗ x0, x1 ⊗ (r56) −→ r56 ⊗ x1, x1 ⊗ (r5) −→ 1 ⊗ r,

r ⊗ (r67) −→ r567⊗ x0, r ⊗ (r6, r5) −→ r5⊗ x0, r ⊗ (r6) −→ r56⊗ x1.

Bimodule 4.6.3. N(τB)

5 generators with their idempotents: i1(x2)i1, i0(x3)i0, i3(x0)i3, i2(x1)i2, i3(s)i2.
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Actions: x2⊗ (r23) −→ r23⊗x2, x2⊗ (r2) −→ r2⊗x3, x2⊗ (r2345) −→ r2345⊗x0,

x2⊗(r234567) −→ r234567⊗x0, x2⊗(r45) −→ r45⊗x0, x2⊗(r4567) −→ r4567⊗x0,

x2 ⊗ (r234) −→ r234 ⊗ x1, x2 ⊗ (r4) −→ r4 ⊗ x1, x2 ⊗ (r456) −→ r4567 ⊗ s,

x2 ⊗ (r23456) −→ r234567 ⊗ s, x3 ⊗ (r1) −→ r1 ⊗ x2, x3 ⊗ (r3) −→ r3 ⊗ x2,

x3 ⊗ (r123) −→ r123 ⊗ x2, x3 ⊗ (r12) −→ r12 ⊗ x3, x3 ⊗ (r345) −→ r345 ⊗ x0,

x3⊗ (r12345) −→ r12345⊗ x0, x3⊗ (r34567) −→ r34567⊗ x0, x3⊗ (r1234567) −→

r1234567⊗x0, x3⊗(r34) −→ r34⊗x1, x3⊗(r1234) −→ r1234⊗x1, x3⊗(r3456) −→

r34567⊗ s, x3⊗ (r123456) −→ r1234567⊗ s, x0⊗ (r67) −→ r67⊗ x0, x0⊗ (r6) −→

r67⊗ s, x1⊗ (r7, r67) −→ r7⊗x0, x1⊗ (r567) −→ r567⊗x0, x1⊗ (r5) −→ r5⊗x0,

x1⊗(r7, r6) −→ r7⊗s, x1⊗(r56) −→ r567⊗s, s⊗(r7) −→ 1⊗x0, s⊗() −→ r6⊗x1,.

Bimodule 4.6.4. N(τ−1
B )

5 generators with their idempotents: i1(x2)i1, i0(x3)i0, i3(x0)i3, i2(x1)i2, i3(s)i2.

Actions: x2⊗ (r23) −→ r23⊗x2, x2⊗ (r2) −→ r2⊗x3, x2⊗ (r4567) −→ r4567⊗x0,

x2⊗(r234567) −→ r234567⊗x0, x2⊗(r45) −→ r45⊗x0, x2⊗(r2345) −→ r2345⊗x0,

x2 ⊗ (r234) −→ r234 ⊗ x1, x2 ⊗ (r4) −→ r4 ⊗ x1, x2 ⊗ (r4567, r6) −→ r456 ⊗ x1,

x2 ⊗ (r234567, r6) −→ r23456 ⊗ x1, x2 ⊗ (r23456) −→ r2345 ⊗ s, x2 ⊗ (r456) −→

r45 ⊗ s, x3 ⊗ (r1) −→ r1 ⊗ x2, x3 ⊗ (r3) −→ r3 ⊗ x2, x3 ⊗ (r123) −→ r123 ⊗ x2,

x3⊗ (r12) −→ r12⊗ x3, x3⊗ (r34567) −→ r34567⊗ x0, x3⊗ (r345) −→ r345⊗ x0,

x3⊗ (r12345) −→ r12345⊗ x0, x3⊗ (r1234567) −→ r1234567⊗ x0, x3⊗ (r34) −→

r34 ⊗ x1, x3 ⊗ (r1234567, r6) −→ r123456 ⊗ x1, x3 ⊗ (r1234) −→ r1234 ⊗ x1,

x3 ⊗ (r34567, r6) −→ r3456 ⊗ x1, x3 ⊗ (r3456) −→ r345 ⊗ s, x3 ⊗ (r123456) −→

r12345⊗ s, x0⊗ (r67) −→ r67⊗ x0, x0⊗ (r67, r6) −→ r6⊗ x1, x0⊗ (r6) −→ 1⊗ s,

x1 ⊗ (r567) −→ r567 ⊗ x0, x1 ⊗ (r5) −→ r5 ⊗ x0, x1 ⊗ (r567, r6) −→ r56 ⊗ x1,

x1⊗(r56) −→ r5⊗s, x1⊗() −→ r7⊗s, s⊗(r7) −→ r67⊗x0, s⊗(r7, r6) −→ r6⊗x1.

Bimodule 4.6.5. N(τC)

16 generators with their idempotents: i1(x2)i1, i0(x3)i0, i3(x0)i3, i2(x1)i2, i1(t8)i1,
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i2(t9)i0, i1(t6)i2, i2(t7)i1, i1(t4)i3, i2(t5)i2, i1(t2)i2, i2(t3)i3, i2(t1)i2, i1(t10)i0, i2(t11)i1,

i1(t12)i1.

Actions: x2⊗ (r23) −→ r23⊗x2, x2⊗ (r2) −→ r2⊗x3, x2⊗ (r2345) −→ r2345⊗x0,

x2 ⊗ (r45) −→ r45 ⊗ x0, x2 ⊗ (r23456) −→ r23456 ⊗ x1, x2 ⊗ (r4) −→ r4 ⊗ x1,

x2 ⊗ (r234) −→ r234 ⊗ x1, x2 ⊗ (r456) −→ r456 ⊗ x1, x3 ⊗ (r3) −→ r3 ⊗ x2,

x3⊗(r345) −→ r345⊗x0, x3⊗(r1234567) −→ r1234567⊗x0, x3⊗(r34) −→ r34⊗x1,

x3⊗(r3456) −→ r3456⊗x1, x3⊗(r12) −→ r123456⊗t9, x3⊗(r123) −→ r123456⊗t7,

x3⊗(r1234) −→ r123456⊗t5, x3⊗(r1, r4) −→ r1⊗t2, x3⊗(r12345) −→ r123456⊗t3,

x3⊗ (r123456) −→ r123456⊗ t1, x3⊗ (r1) −→ r123456⊗ t11, x0⊗ (r6) −→ r6⊗x1,

x1⊗(r5) −→ r5⊗x0, x1⊗(r56) −→ r56⊗x1, t8⊗() −→ r23⊗x2, t8⊗(r4) −→ 1⊗t6,

t8⊗() −→ r4⊗t7, t8⊗(r45) −→ 1⊗t4, t8⊗(r456) −→ 1⊗t2, t9⊗(r34567) −→ r7⊗x0,

t9⊗(r3) −→ 1⊗t7, t9⊗(r34) −→ 1⊗t5, t9⊗(r345) −→ 1⊗t3, t9⊗(r3456) −→ 1⊗t1,

t6⊗ () −→ r234⊗ x1, t6⊗ (r5) −→ 1⊗ t4, t6⊗ () −→ r4⊗ t5, t6⊗ (r56) −→ 1⊗ t2,

t7⊗(r4567) −→ r7⊗x0, t7⊗(r4) −→ 1⊗t5, t7⊗(r45) −→ 1⊗t3, t7⊗(r456) −→ 1⊗t1,

t4⊗() −→ r2345⊗x0, t4⊗(r6) −→ 1⊗t2, t4⊗() −→ r4⊗t3, t5⊗(r567) −→ r7⊗x0,

t5⊗ (r5) −→ 1⊗ t3, t5⊗ (r56) −→ 1⊗ t1, t2⊗ () −→ r23456⊗x1, t2⊗ () −→ r4⊗ t1,

t3⊗(r67) −→ r7⊗x0, t3⊗(r6) −→ 1⊗t1, t1⊗(r7) −→ r7⊗x0, t10⊗() −→ r2⊗x3,

t10⊗(r3) −→ 1⊗t8, t10⊗() −→ r4⊗t9, t10⊗(r34) −→ 1⊗t6, t10⊗(r345) −→ 1⊗t4,

t10 ⊗ (r3456) −→ 1 ⊗ t2, t11 ⊗ (r45) −→ r5 ⊗ x0, t11 ⊗ (r234567) −→ r7 ⊗ x0,

t11⊗(r4) −→ 1⊗x1, t11⊗(r456) −→ r56⊗x1, t11⊗(r2) −→ 1⊗ t9, t11⊗(r23) −→

1⊗ t7, t11⊗ (r234) −→ 1⊗ t5, t11⊗ (r2345) −→ 1⊗ t3, t11⊗ (r23456) −→ 1⊗ t1,

t12⊗ () −→ 1⊗x2, t12⊗ (r23) −→ 1⊗ t8, t12⊗ (r234) −→ 1⊗ t6, t12⊗ (r2345) −→

1⊗ t4, t12⊗ (r23456) −→ 1⊗ t2, t12⊗ (r2) −→ 1⊗ t10, t12⊗ () −→ r4⊗ t11.

Bimodule 4.6.6. N(τ−1
C )

16 generators with their idempotents: i2(x2)i2, i3(x3)i3, i0(x0)i0, i1(x1)i1, i2(t8)i2,

i1(t9)i3, i2(t6)i1, i1(t7)i2, i2(t4)i0, i1(t5)i1, i2(t2)i1, i1(t3)i0, i1(t1)i1, i2(t10)i3, i1(t11)i2,
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i2(t12)i2.

Actions: x2 ⊗ (r56) −→ r56 ⊗ x2, x2 ⊗ (r5) −→ r5 ⊗ x3, x2 ⊗ () −→ r56 ⊗ t8,

x2⊗() −→ 1⊗t12, x3⊗(r6) −→ r6⊗x2, x3⊗() −→ r6⊗t10, x0⊗(r34) −→ r34⊗x2,

x0 ⊗ (r3456) −→ r3456 ⊗ x2, x0 ⊗ (r345) −→ r345 ⊗ x3, x0 ⊗ (r1234567) −→

r1234567⊗ x3, x0⊗ (r3) −→ r3⊗ x1, x0⊗ (r12345) −→ r1⊗ t9, x0⊗ (r1234) −→

r1 ⊗ t7, x0 ⊗ () −→ r3456 ⊗ t4, x0 ⊗ (r123) −→ r1 ⊗ t5, x0 ⊗ (r12) −→ r1 ⊗ t3,

x0 ⊗ (r1) −→ r1 ⊗ t1, x0 ⊗ (r123456) −→ r1 ⊗ t11, x0 ⊗ (r34) −→ r3 ⊗ t11,

x1 ⊗ (r4) −→ r4 ⊗ x2, x1 ⊗ (r23456) −→ r23456 ⊗ x2, x1 ⊗ (r456) −→ r456 ⊗ x2,

x1 ⊗ (r234) −→ r234 ⊗ x2, x1 ⊗ (r45) −→ r45 ⊗ x3, x1 ⊗ (r2345) −→ r2345 ⊗ x3,

x1 ⊗ (r2) −→ r2 ⊗ x0, x1 ⊗ (r23) −→ r23 ⊗ x1, x1 ⊗ () −→ r456 ⊗ t6, x1 ⊗ () −→

r23456⊗ t2, x1⊗ (r234) −→ r23⊗ t11, x1⊗ (r4) −→ 1⊗ t11, t8⊗ (r5) −→ 1⊗ t10,

t8⊗ (r56) −→ 1⊗ t12, t9⊗ (r67) −→ r234567⊗x3, t9⊗ () −→ r4⊗ t10, t9⊗ (r6) −→

1 ⊗ t11, t6 ⊗ (r4) −→ 1 ⊗ t8, t6 ⊗ (r45) −→ 1 ⊗ t10, t6 ⊗ (r456) −→ 1 ⊗ t12,

t7⊗ (r567) −→ r234567⊗x3, t7⊗ () −→ r4⊗ t8, t7⊗ (r5) −→ 1⊗ t9, t7⊗ (r56) −→

1 ⊗ t11, t4 ⊗ (r34) −→ 1 ⊗ t8, t4 ⊗ (r3) −→ 1 ⊗ t6, t4 ⊗ (r345) −→ 1 ⊗ t10,

t4 ⊗ (r3456) −→ 1 ⊗ t12, t5 ⊗ (r4567) −→ r234567 ⊗ x3, t5 ⊗ (r45) −→ 1 ⊗ t9,

t5⊗() −→ r4⊗t6, t5⊗(r4) −→ 1⊗t7, t5⊗(r456) −→ 1⊗t11, t2⊗(r4, r7) −→ r7⊗x3,

t2⊗(r234) −→ 1⊗t8, t2⊗(r23) −→ 1⊗t6, t2⊗(r2) −→ 1⊗t4, t2⊗(r2345) −→ 1⊗t10,

t2 ⊗ (r23456) −→ 1 ⊗ t12, t3 ⊗ (r34567) −→ r234567 ⊗ x3, t3 ⊗ (r345) −→ 1 ⊗ t9,

t3⊗(r34) −→ 1⊗ t7, t3⊗() −→ r4⊗ t4, t3⊗(r3) −→ 1⊗ t5, t3⊗(r3456) −→ 1⊗ t11,

t1 ⊗ (r234567) −→ r234567 ⊗ x3, t1 ⊗ (r2345) −→ 1 ⊗ t9, t1 ⊗ (r234) −→ 1 ⊗ t7,

t1⊗(r23) −→ 1⊗t5, t1⊗() −→ r4⊗t2, t1⊗(r2) −→ 1⊗t3, t1⊗(r23456) −→ 1⊗t11,

t10⊗ (r6) −→ 1⊗ t12, t11⊗ (r7) −→ r234567⊗ x3, t11⊗ () −→ r4⊗ t12.

Bimodule 4.6.7. N(τD)

5 generators with their idempotents: i2(x2)i2, i3(x3)i3, i0(x0)i0, i1(x1)i1, i0(s)i1.

Actions: x2 ⊗ (r56) −→ r56 ⊗ x2, x2 ⊗ (r7) −→ r7 ⊗ x3, x2 ⊗ (r5) −→ r5 ⊗ x3,
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x2 ⊗ (r567) −→ r567 ⊗ x3, x3 ⊗ (r6) −→ r6 ⊗ x2, x3 ⊗ (r67) −→ r67 ⊗ x3, x0 ⊗

(r1234) −→ r1234⊗ x2, x0⊗ (r123456) −→ r123456⊗ x2, x0⊗ (r34) −→ r34⊗ x2,

x0 ⊗ (r3456) −→ r3456 ⊗ x2, x0 ⊗ (r12345) −→ r12345 ⊗ x3, x0 ⊗ (r1234567) −→

r1234567⊗x3, x0⊗(r345) −→ r345⊗x3, x0⊗(r34567) −→ r34567⊗x3, x0⊗(r12) −→

r12⊗ x0, x0⊗ (r123) −→ r123⊗ x1, x0⊗ (r3) −→ r3⊗ x1, x0⊗ (r1) −→ r12⊗ s,

x1 ⊗ (r2, r1234) −→ r234 ⊗ x2, x1 ⊗ (r2, r123456) −→ r23456 ⊗ x2, x1 ⊗ (r4) −→

r4⊗x2, x1⊗ (r456) −→ r456⊗x2, x1⊗ (r2, r12345) −→ r2345⊗x3, x1⊗ (r45) −→

r45 ⊗ x3, x1 ⊗ (r2, r1234567) −→ r234567 ⊗ x3, x1 ⊗ (r4567) −→ r4567 ⊗ x3,

x1 ⊗ (r2, r12) −→ r2 ⊗ x0, x1 ⊗ (r2, r123) −→ r23 ⊗ x1, x1 ⊗ (r2, r1) −→ r2 ⊗ s,

s⊗ (r23456) −→ r3456⊗x2, s⊗ (r234) −→ r34⊗x2, s⊗ (r234567) −→ r34567⊗x3,

s⊗(r2345) −→ r345⊗x3, s⊗(r2) −→ 1⊗x0, s⊗(r23) −→ r3⊗x1, s⊗() −→ r1⊗x1.

Bimodule 4.6.8. N(τ−1
D )

5 generators with their idempotents: i2(x2)i2, i3(x3)i3, i0(x0)i0, i1(x1)i1, i0(s)i1.

Actions: x2 ⊗ (r56) −→ r56 ⊗ x2, x2 ⊗ (r7) −→ r7 ⊗ x3, x2 ⊗ (r5) −→ r5 ⊗ x3,

x2 ⊗ (r567) −→ r567 ⊗ x3, x3 ⊗ (r6) −→ r6 ⊗ x2, x3 ⊗ (r67) −→ r67 ⊗ x3, x0 ⊗

(r123456) −→ r123456⊗ x2, x0⊗ (r34) −→ r34⊗ x2, x0⊗ (r1234) −→ r1234⊗ x2,

x0⊗(r3456) −→ r3456⊗x2, x0⊗(r12345) −→ r12345⊗x3, x0⊗(r345) −→ r345⊗x3,

x0⊗ (r1234567) −→ r1234567⊗ x3, x0⊗ (r34567) −→ r34567⊗ x3, x0⊗ (r12) −→

r12⊗x0, x0⊗ (r12, r1) −→ r1⊗x1, x0⊗ (r123) −→ r123⊗x1, x0⊗ (r3) −→ r3⊗x1,

x0⊗(r1) −→ 1⊗s, x1⊗(r456) −→ r456⊗x2, x1⊗(r4) −→ r4⊗x2, x1⊗(r4567) −→

r4567⊗ x3, x1⊗ (r45) −→ r45⊗ x3, x1⊗ () −→ r2⊗ s, s⊗ (r234) −→ r1234⊗ x2,

s ⊗ (r23456) −→ r123456 ⊗ x2, s ⊗ (r234567) −→ r1234567 ⊗ x3, s ⊗ (r2345) −→

r12345⊗x3, s⊗ (r2) −→ r12⊗x0, s⊗ (r23) −→ r123⊗x1, s⊗ (r2, r1) −→ r1⊗x1.

Bimodule 4.6.9. N(τE)

5 generators with their idempotents: i2(x2)i2, i3(x3)i3, i0(x0)i0, i1(x1)i1, i1(r)i0.

Actions: x2⊗ (r56) −→ r56⊗ x2, x2⊗ (r7) −→ r7⊗ x3, x2⊗ (r567) −→ r567⊗ x3,
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x2⊗(r5) −→ r5⊗x3, x3⊗(r6) −→ r6⊗x2, x3⊗(r67) −→ r67⊗x3, x0⊗(r123456) −→

r123456 ⊗ x2, x0 ⊗ (r3, r23456) −→ r3456 ⊗ x2, x0 ⊗ (r1234) −→ r1234 ⊗ x2,

x0⊗ (r3, r234) −→ r34⊗ x2, x0⊗ (r1234567) −→ r1234567⊗ x3, x0⊗ (r12345) −→

r12345 ⊗ x3, x0 ⊗ (r3, r2345) −→ r345 ⊗ x3, x0 ⊗ (r3, r234567) −→ r34567 ⊗ x3,

x0 ⊗ (r123) −→ r123 ⊗ x1, x0 ⊗ (r3, r23) −→ r3 ⊗ x1, x0 ⊗ (r1) −→ r1 ⊗ x1,

x0⊗(r3, r2) −→ r3⊗r, x0⊗(r12) −→ r123⊗r, x1⊗(r4) −→ r4⊗x2, x1⊗(r234) −→

r234⊗x2, x1⊗(r456) −→ r456⊗x2, x1⊗(r23456) −→ r23456⊗x2, x1⊗(r2345) −→

r2345⊗x3, x1⊗ (r4567) −→ r4567⊗x3, x1⊗ (r45) −→ r45⊗x3, x1⊗ (r234567) −→

r234567⊗x3, x1⊗(r23) −→ r23⊗x1, x1⊗(r2) −→ r23⊗r, r⊗(r3456) −→ r456⊗x2,

r ⊗ (r34) −→ r4 ⊗ x2, r ⊗ (r345) −→ r45 ⊗ x3, r ⊗ (r34567) −→ r4567 ⊗ x3,

r ⊗ () −→ r2⊗ x0, r ⊗ (r3) −→ 1⊗ x1.

Bimodule 4.6.10. N(τ−1
E )

5 generators with their idempotents: i2(x2)i2, i3(x3)i3, i0(x0)i0, i1(x1)i1, i1(r)i0.

Actions: x2⊗ (r56) −→ r56⊗ x2, x2⊗ (r7) −→ r7⊗ x3, x2⊗ (r567) −→ r567⊗ x3,

x2⊗(r5) −→ r5⊗x3, x3⊗(r6) −→ r6⊗x2, x3⊗(r67) −→ r67⊗x3, x0⊗(r1234) −→

r1234 ⊗ x2, x0 ⊗ (r123456) −→ r123456 ⊗ x2, x0 ⊗ (r12345) −→ r12345 ⊗ x3,

x0 ⊗ (r1234567) −→ r1234567 ⊗ x3, x0 ⊗ (r123, r2) −→ r12 ⊗ x0, x0 ⊗ (r123) −→

r123 ⊗ x1, x0 ⊗ (r1) −→ r1 ⊗ x1, x0 ⊗ (r12) −→ r1 ⊗ r, x0 ⊗ () −→ r3 ⊗ r,

x1 ⊗ (r4) −→ r4 ⊗ x2, x1 ⊗ (r234) −→ r234 ⊗ x2, x1 ⊗ (r456) −→ r456 ⊗ x2,

x1⊗ (r23456) −→ r23456⊗ x2, x1⊗ (r234567) −→ r234567⊗ x3, x1⊗ (r2345) −→

r2345⊗x3, x1⊗ (r4567) −→ r4567⊗x3, x1⊗ (r45) −→ r45⊗x3, x1⊗ (r23, r2) −→

r2⊗ x0, x1⊗ (r23) −→ r23⊗ x1, x1⊗ (r2) −→ 1⊗ r, r ⊗ (r3456) −→ r23456⊗ x2,

r ⊗ (r34) −→ r234⊗ x2, r ⊗ (r34567) −→ r234567⊗ x3, r ⊗ (r345) −→ r2345⊗ x3,

r ⊗ (r3, r2) −→ r2⊗ x0, r ⊗ (r3) −→ r23⊗ x1.

Bimodule 4.6.11. A1(Zg=2)DD(τE)A†1(Zg=2)

5 generators with their idempotents:
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i2(x2)|(0,2),(1,3),(5,7)|,

i3(x3)|(0,2),(1,3),(4,6)|,

i0(x0)|(1,3),(4,6),(5,7)|,

i1(x1)|(0,2),(4,6),(5,7)|,

i1(r)|(1,3),(4,6),(5,7)|.

Every action in arc-slide bimodules has its type, see [LipOzsThu14, Definition 4.19]

for the relevant here case of an under-slide. We list all the actions grouped by their

types:

U-1 type:

x2 −→ r567 ⊗ x3 ⊗ |(0, 2), (1, 3), (4→ 7)|, x2 −→ r5 ⊗ x3 ⊗ |(0, 2), (1, 3), (4→ 5)|,

x2 −→ r7 ⊗ x3 ⊗ |(0, 2), (1, 3), (6 → 7)|, x3 −→ r6 ⊗ x2 ⊗ |(0, 2), (1, 3), (5 → 6)|,

x0 −→ r1234⊗x2⊗|(1, 3), (5, 7), (0→4)|, x0 −→ r123456⊗x2⊗|(1, 3), (5, 7), (0→6)|,

x0 −→ r1234567⊗x3⊗|(1, 3), (4, 6), (0→7)|, x0 −→ r12345⊗x3⊗|(1, 3), (4, 6), (0→

5)|, x0 −→ r1⊗ x1⊗ |(4, 6), (5, 7), (0→1)|, x0 −→ r123⊗ x1⊗ |(4, 6), (5, 7), (0→3)|,

x1 −→ r4 ⊗ x2 ⊗ |(0, 2), (5, 7), (3→ 4)|, x1 −→ r456 ⊗ x2 ⊗ |(0, 2), (5, 7), (3→ 6)|,

x1 −→ r23456⊗x2⊗ |(0, 2), (5, 7), (1→6)|, x1 −→ r234⊗x2⊗ |(0, 2), (5, 7), (1→4)|,

x1 −→ r4567⊗x3⊗|(0, 2), (4, 6), (3→7)|, x1 −→ r234567⊗x3⊗|(0, 2), (4, 6), (1→7)|,

x1 −→ r45⊗ x3⊗ |(0, 2), (4, 6), (3→5)|, x1 −→ r2345⊗ x3⊗ |(0, 2), (4, 6), (1→5)|.

U-2 type:

r −→ r2⊗ x0⊗ 1, r −→ 1⊗ x1⊗ |(4, 6), (5, 7), (2→3)|.

U-3 type:

r −→ r4 ⊗ x2 ⊗ |(1, 3), (5, 7), (2 → 4)|, r −→ r456 ⊗ x2 ⊗ |(1, 3), (5, 7), (2 → 6)|,

r −→ r45⊗ x3⊗ |(1, 3), (4, 6), (2→5)|, r −→ r4567⊗ x3⊗ |(1, 3), (4, 6), (2→7)|.

U-4 type:

x1 −→ r23⊗ r ⊗ |(4, 6), (5, 7), (1→2)|, x0 −→ r3⊗ r ⊗ |(4, 6), (5, 7), (1→3)|.

U-6 type:
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x0 −→ r34⊗x2⊗|(5, 7), (1→4), (2→3)|, x0 −→ r3456⊗x2⊗|(5, 7), (1→6), (2→3)|,

x0 −→ r345⊗x3⊗|(4, 6), (1→5), (2→3)|, x0 −→ r34567⊗x3⊗|(4, 6), (1→7), (2→

3)|.

Bimodule 4.6.12. N(η)

5 generators with their idempotents: i2(x2)|(3,5)|, i3(x3)|(4,7)|, i0(x0)|(0,2)|, i1(x1)|(1,6)|,

i2(r)|(1,6)|.

Actions: x2 ⊗ (|(3 → 5)|) −→ r56 ⊗ x2, x2 ⊗ (|(3 → 7)|) −→ r567 ⊗ x3, x2 ⊗

(|(5→ 7)|) −→ r7 ⊗ x3, x2 ⊗ (|(3→ 4)|) −→ r5 ⊗ x3, x2 ⊗ (|(5→ 6)|) −→ 1 ⊗ r,

x2⊗(|(3→6)|) −→ r56⊗r, x3⊗(|(4→5)|) −→ r6⊗x2, x3⊗(|(4→7)|) −→ r67⊗x3,

x3⊗(|(4→6)|) −→ r6⊗r, x0⊗(|(2→3)|) −→ r34⊗x2, x0⊗(|(2→5)|) −→ r3456⊗x2,

x0⊗(|(0→5)|) −→ r123456⊗x2, x0⊗(|(0→3)|) −→ r1234⊗x2, x0⊗(|(0→4)|) −→

r12345 ⊗ x3, x0 ⊗ (|(2→ 7)|) −→ r34567 ⊗ x3, x0 ⊗ (|(0→ 7)|) −→ r1234567 ⊗ x3,

x0 ⊗ (|(2→ 4)|) −→ r345 ⊗ x3, x0 ⊗ (|(0→ 2)|) −→ r12 ⊗ x0, x0 ⊗ (|(2→ 3)|, |(5→

6)|) −→ r3⊗x1, x0⊗ (|(0→1)|) −→ r1⊗x1, x0⊗ (|(0→3)|, |(5→6)|) −→ r123⊗x1,

x0⊗ (|(0→6)|) −→ r123456⊗ r, x0⊗ (|(2→6)|) −→ r3456⊗ r, x1⊗ (|(1→3)|) −→

r234 ⊗ x2, x1 ⊗ (|(1→ 5)|) −→ r23456 ⊗ x2, x1 ⊗ (|(1→ 7)|) −→ r234567 ⊗ x3,

x1 ⊗ (|(1→ 4)|) −→ r2345 ⊗ x3, x1 ⊗ (|(1→ 2)|) −→ r2 ⊗ x0, x1 ⊗ (|(1→ 3)|, |(5→

6)|) −→ r23 ⊗ x1, x1 ⊗ (|(1→ 6)|) −→ r23456 ⊗ r, x1 ⊗ () −→ r4 ⊗ r, r ⊗ (|(6→

7)|) −→ r7⊗ x3.

Bimodule 4.6.13. N(µ1)

5 generators with their idempotents: |(0,2)|(y1)|(0,3)|, |(3,5)|(y0)|(2,4)|, |(4,7)|(y3)|(5,7)|, |(1,6)|(y2)|(1,6)|,

|(1,6)|(r)|(2,4)|.

Actions: y1 ⊗ (|(0→ 3)|) −→ |(0→ 2)| ⊗ y1, y1 ⊗ (|(3→ 4)|) −→ |(2→ 3)| ⊗ y0,

y1 ⊗ (|(3→ 6)|, |(1→ 2)|) −→ |(2→ 5)| ⊗ y0, y1 ⊗ (|(0→ 4)|) −→ |(0→ 3)| ⊗ y0,

y1 ⊗ (|(0→ 6)|, |(1→ 2)|) −→ |(0→ 5)| ⊗ y0, y1 ⊗ (|(0→ 5)|) −→ |(0→ 4)| ⊗ y3,

y1 ⊗ (|(0→ 7)|) −→ |(0→ 7)| ⊗ y3, y1 ⊗ (|(3→ 5)|) −→ |(2→ 4)| ⊗ y3, y1 ⊗ (|(3→
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7)|) −→ |(2→ 7)| ⊗ y3, y1 ⊗ (|(3→ 6)|) −→ |(2→ 6)| ⊗ y2, y1 ⊗ (|(0→ 6)|) −→

|(0→6)| ⊗ y2, y1 ⊗ (|(0→1)|) −→ |(0→1)| ⊗ y2, y1 ⊗ (|(0→2)|) −→ |(0→1)| ⊗ r,

y0 ⊗ (|(4→ 6)|, |(1→ 2)|) −→ |(3→ 5)| ⊗ y0, y0 ⊗ (|(4→ 7)|) −→ |(3→ 7)| ⊗ y3,

y0 ⊗ (|(4→ 5)|) −→ |(3→ 4)| ⊗ y3, y0 ⊗ (|(4→ 6)|) −→ |(3→ 6)| ⊗ y2, y0 ⊗ () −→

|(5→6)| ⊗ r, y3⊗ (|(5→6)|, |(1→2)|) −→ |(4→5)| ⊗ y0, y3⊗ (|(5→7)|) −→ |(4→

7)| ⊗ y3, y3 ⊗ (|(5→ 6)|) −→ |(4→ 6)| ⊗ y2, y2 ⊗ (|(1→ 3)|) −→ |(1→ 2)| ⊗ y1,

y2 ⊗ (|(1→ 4)|) −→ |(1→ 3)| ⊗ y0, y2 ⊗ (|(1→ 6)|, |(1→ 2)|) −→ |(1→ 5)| ⊗ y0,

y2 ⊗ (|(1→ 5)|) −→ |(1→ 4)| ⊗ y3, y2 ⊗ (|(1→ 7)|) −→ |(1→ 7)| ⊗ y3, y2 ⊗ (|(6→

7)|) −→ |(6→ 7)| ⊗ y3, y2 ⊗ (|(1→ 6)|) −→ |(1→ 6)| ⊗ y2, y2 ⊗ (|(1→ 2)|) −→

1 ⊗ r, r ⊗ (|(2 → 3)|) −→ |(1 → 2)| ⊗ y1, r ⊗ (|(2 → 4)|) −→ |(1 → 3)| ⊗ y0,

r ⊗ (|(2 → 6)|, |(1 → 2)|) −→ |(1 → 5)| ⊗ y0, r ⊗ (|(2 → 7)|) −→ |(1 → 7)| ⊗ y3,

r ⊗ (|(2→5)|) −→ |(1→4)| ⊗ y3, r ⊗ (|(2→6)|) −→ |(1→6)| ⊗ y2.

Bimodule 4.6.14. N(µ2)

5 generators with their idempotents: |(1,6)|(y1)|(1,6)|, |(5,7)|(y0)|(2,7)|, |(0,3)|(y3)|(0,4)|, |(2,4)|(y2)|(3,5)|,

|(1,6)|(r)|(2,7)|.

Actions: y1 ⊗ (|(1→ 6)|) −→ |(1→ 6)| ⊗ y1, y1 ⊗ (|(6→ 7)|) −→ |(6→ 7)| ⊗ y0,

y1 ⊗ (|(1→ 7)|) −→ |(1→ 7)| ⊗ y0, y1 ⊗ (|(1→ 6)|, |(1→ 2)|) −→ |(1→ 5)| ⊗ y0,

y1⊗(|(1→4)|) −→ |(1→3)|⊗y3, y1⊗(|(1→5)|) −→ |(1→4)|⊗y2, y1⊗(|(1→3)|) −→

|(1→2)|⊗ y2, y1⊗ (|(1→2)|) −→ 1⊗ r, y0⊗ () −→ |(5→6)|⊗ r, y3⊗ (|(0→1)|) −→

|(0→1)| ⊗ y1, y3⊗ (|(4→6)|) −→ |(3→6)| ⊗ y1, y3⊗ (|(0→6)|) −→ |(0→6)| ⊗ y1,

y3 ⊗ (|(4→ 7)|) −→ |(3→ 7)| ⊗ y0, y3 ⊗ (|(4→ 6)|, |(1→ 2)|) −→ |(3→ 5)| ⊗ y0,

y3 ⊗ (|(0→ 6)|, |(1→ 2)|) −→ |(0→ 5)| ⊗ y0, y3 ⊗ (|(0→ 7)|) −→ |(0→ 7)| ⊗ y0,

y3 ⊗ (|(0→ 4)|) −→ |(0→ 3)| ⊗ y3, y3 ⊗ (|(0→ 5)|) −→ |(0→ 4)| ⊗ y2, y3 ⊗ (|(0→

3)|) −→ |(0→ 2)| ⊗ y2, y3 ⊗ (|(4→ 5)|) −→ |(3→ 4)| ⊗ y2, y3 ⊗ (|(0→ 2)|) −→

|(0→1)| ⊗ r, y2 ⊗ (|(5→6)|) −→ |(4→6)| ⊗ y1, y2 ⊗ (|(3→6)|) −→ |(2→6)| ⊗ y1,

y2⊗(|(5→6)|, |(1→2)|) −→ |(4→5)|⊗y0, y2⊗(|(3→6)|, |(1→2)|) −→ |(2→5)|⊗y0,
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y2⊗(|(3→7)|) −→ |(2→7)|⊗y0, y2⊗(|(5→7)|) −→ |(4→7)|⊗y0, y2⊗(|(3→4)|) −→

|(2→3)| ⊗ y3, y2 ⊗ (|(3→5)|) −→ |(2→4)| ⊗ y2, r ⊗ (|(2→6)|) −→ |(1→6)| ⊗ y1,

r ⊗ (|(2 → 6)|, |(1 → 2)|) −→ |(1 → 5)| ⊗ y0, r ⊗ (|(2 → 7)|) −→ |(1 → 7)| ⊗ y0,

r⊗ (|(2→4)|) −→ |(1→3)| ⊗ y3, r⊗ (|(2→5)|) −→ |(1→4)| ⊗ y2, r⊗ (|(2→3)|) −→

|(1→2)| ⊗ y2.

Bimodule 4.6.15. N(µ3)

5 generators with their idempotents: |(1,6)|(y1)|(1,6)|, |(3,5)|(y0)|(2,4)|, |(0,4)|(y3)|(0,5)|, |(2,7)|(y2)|(3,7)|,

|(1,6)|(r)|(2,4)|.

Actions: y1 ⊗ (|(1→ 6)|) −→ |(1→ 6)| ⊗ y1, y1 ⊗ (|(1→ 6)|, |(1→ 2)|) −→ |(1→

5)| ⊗ y0, y1 ⊗ (|(1→ 4)|) −→ |(1→ 3)| ⊗ y0, y1 ⊗ (|(1→ 5)|) −→ |(1→ 4)| ⊗ y3,

y1 ⊗ (|(6→ 7)|) −→ |(6→ 7)| ⊗ y2, y1 ⊗ (|(1→ 3)|) −→ |(1→ 2)| ⊗ y2, y1 ⊗ (|(1→

7)|) −→ |(1→7)| ⊗ y2, y1⊗ (|(1→2)|) −→ 1⊗ r, y0⊗ (|(4→6)|) −→ |(3→6)| ⊗ y1,

y0 ⊗ (|(4→ 6)|, |(1→ 2)|) −→ |(3→ 5)| ⊗ y0, y0 ⊗ (|(4→ 5)|) −→ |(3→ 4)| ⊗ y3,

y0 ⊗ (|(4→ 7)|) −→ |(3→ 7)| ⊗ y2, y0 ⊗ () −→ |(5→ 6)| ⊗ r, y3 ⊗ (|(0→ 6)|) −→

|(0→6)| ⊗ y1, y3⊗ (|(0→1)|) −→ |(0→1)| ⊗ y1, y3⊗ (|(5→6)|) −→ |(4→6)| ⊗ y1,

y3⊗(|(0→6)|, |(1→2)|) −→ |(0→5)|⊗y0, y3⊗(|(5→6)|, |(1→2)|) −→ |(4→5)|⊗y0,

y3 ⊗ (|(0→ 4)|) −→ |(0→ 3)| ⊗ y0, y3 ⊗ (|(0→ 5)|) −→ |(0→ 4)| ⊗ y3, y3 ⊗ (|(5→

7)|) −→ |(4→ 7)| ⊗ y2, y3 ⊗ (|(0→ 7)|) −→ |(0→ 7)| ⊗ y2, y3 ⊗ (|(0→ 3)|) −→

|(0→2)| ⊗ y2, y3 ⊗ (|(0→2)|) −→ |(0→1)| ⊗ r, y2 ⊗ (|(3→6)|) −→ |(2→6)| ⊗ y1,

y2 ⊗ (|(3→ 6)|, |(1→ 2)|) −→ |(2→ 5)| ⊗ y0, y2 ⊗ (|(3→ 4)|) −→ |(2→ 3)| ⊗ y0,

y2 ⊗ (|(3→ 5)|) −→ |(2→ 4)| ⊗ y3, y2 ⊗ (|(3→ 7)|) −→ |(2→ 7)| ⊗ y2, r ⊗ (|(2→

6)|) −→ |(1→6)| ⊗ y1, r⊗ (|(2→6)|, |(1→2)|) −→ |(1→5)| ⊗ y0, r⊗ (|(2→4)|) −→

|(1→ 3)| ⊗ y0, r ⊗ (|(2→ 5)|) −→ |(1→ 4)| ⊗ y3, r ⊗ (|(2→ 7)|) −→ |(1→ 7)| ⊗ y2,

r ⊗ (|(2→3)|) −→ |(1→2)| ⊗ y2.

Bimodule 4.6.16. N(µ4)

5 generators with their idempotents: |(1,6)|(y1)|(1,6)|, |(0,5)|(y0)|(0,2)|, |(3,7)|(y3)|(4,7)|, |(2,4)|(y2)|(3,5)|,
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|(1,6)|(r)|(0,2)|.

Actions: y1 ⊗ (|(1→ 6)|) −→ |(1→ 6)| ⊗ y1, y1 ⊗ (|(1→ 6)|, |(1→ 2)|) −→ |(1→

5)| ⊗ y0, y1 ⊗ (|(1→ 7)|) −→ |(1→ 7)| ⊗ y3, y1 ⊗ (|(1→ 4)|) −→ |(1→ 3)| ⊗ y3,

y1 ⊗ (|(6→ 7)|) −→ |(6→ 7)| ⊗ y3, y1 ⊗ (|(1→ 5)|) −→ |(1→ 4)| ⊗ y2, y1 ⊗ (|(1→

3)|) −→ |(1→2)| ⊗ y2, y1⊗ (|(1→2)|) −→ 1⊗ r, y0⊗ (|(0→6)|) −→ |(0→6)| ⊗ y1,

y0 ⊗ (|(0→ 1)|) −→ |(0→ 1)| ⊗ y1, y0 ⊗ (|(0→ 6)|, |(1→ 2)|) −→ |(0→ 5)| ⊗ y0,

y0 ⊗ (|(0→ 7)|) −→ |(0→ 7)| ⊗ y3, y0 ⊗ (|(0→ 4)|) −→ |(0→ 3)| ⊗ y3, y0 ⊗ (|(0→

5)|) −→ |(0→4)| ⊗ y2, y0⊗ (|(0→3)|) −→ |(0→2)| ⊗ y2, y0⊗ () −→ |(5→6)| ⊗ r,

y0 ⊗ (|(0→ 2)|) −→ |(0→ 1)| ⊗ r, y3 ⊗ (|(4→ 6)|) −→ |(3→ 6)| ⊗ y1, y3 ⊗ (|(4→

6)|, |(1→2)|) −→ |(3→5)|⊗y0, y3⊗(|(4→7)|) −→ |(3→7)|⊗y3, y3⊗(|(4→5)|) −→

|(3→4)| ⊗ y2, y2⊗ (|(5→6)|) −→ |(4→6)| ⊗ y1, y2⊗ (|(3→6)|) −→ |(2→6)| ⊗ y1,

y2⊗(|(5→6)|, |(1→2)|) −→ |(4→5)|⊗y0, y2⊗(|(3→6)|, |(1→2)|) −→ |(2→5)|⊗y0,

y2⊗(|(5→7)|) −→ |(4→7)|⊗y3, y2⊗(|(3→7)|) −→ |(2→7)|⊗y3, y2⊗(|(3→4)|) −→

|(2→3)| ⊗ y3, y2 ⊗ (|(3→5)|) −→ |(2→4)| ⊗ y2, r ⊗ (|(2→6)|) −→ |(1→6)| ⊗ y1,

r ⊗ (|(2 → 6)|, |(1 → 2)|) −→ |(1 → 5)| ⊗ y0, r ⊗ (|(2 → 7)|) −→ |(1 → 7)| ⊗ y3,

r⊗ (|(2→4)|) −→ |(1→3)| ⊗ y3, r⊗ (|(2→3)|) −→ |(1→2)| ⊗ y2, r⊗ (|(2→5)|) −→

|(1→4)| ⊗ y2.

Bimodule 4.6.17. N(η−1)

5 generators with their idempotents: |(3,5)|(x2)i2, |(4,7)|(x3)i3, |(0,2)|(x0)i0, |(1,6)|(x1)i1,

|(3,5)|(r)i1.

Actions: x2 ⊗ (r56) −→ |(3→ 5)| ⊗ x2, x2 ⊗ (r7) −→ |(5→ 7)| ⊗ x3, x2 ⊗ (r5) −→

|(3 → 4)| ⊗ x3, x2 ⊗ (r567) −→ |(3 → 7)| ⊗ x3, x3 ⊗ (r6) −→ |(4 → 5)| ⊗ x2,

x3 ⊗ (r67) −→ |(4→ 7)| ⊗ x3, x0 ⊗ (r1234) −→ |(0→ 3)| ⊗ x2, x0 ⊗ (r3456) −→

|(2→ 5)| ⊗ x2, x0 ⊗ (r123456) −→ |(0→ 5)| ⊗ x2, x0 ⊗ (r34) −→ |(2→ 3)| ⊗ x2,

x0⊗ (r1234567) −→ |(0→7)|⊗x3, x0⊗ (r34567) −→ |(2→7)|⊗x3, x0⊗ (r345) −→

|(2→ 4)| ⊗ x3, x0 ⊗ (r12345) −→ |(0→ 4)| ⊗ x3, x0 ⊗ (r12) −→ |(0→ 2)| ⊗ x0,
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x0⊗ (r1) −→ |(0→1)|⊗x1, x0⊗ (r123) −→ |(0→3)|⊗ r, x0⊗ (r3) −→ |(2→3)|⊗ r,

x1⊗ (r23456) −→ |(1→5)| ⊗ x2, x1⊗ (r234) −→ |(1→3)| ⊗ x2, x1⊗ (r234567) −→

|(1→ 7)| ⊗ x3, x1 ⊗ (r4, r7) −→ |(6→ 7)| ⊗ x3, x1 ⊗ (r2345) −→ |(1→ 4)| ⊗ x3,

x1 ⊗ (r2) −→ |(1→ 2)| ⊗ x0, x1 ⊗ (r23) −→ |(1→ 3)| ⊗ r, r ⊗ (r4) −→ 1 ⊗ x2,

r⊗(r456) −→ |(3→5)|⊗x2, r⊗(r45) −→ |(3→4)|⊗x3, r⊗(r4567) −→ |(3→7)|⊗x3,

r ⊗ () −→ |(5→6)| ⊗ x1.

147



Bibliography

[Abo08] M. Abouzaid. “On the Fukaya categories of higher genus surfaces”.

Adv. Math. 217.3 (2008), pp. 1192–1235. issn: 0001-8708. url: https:

//doi.org/10.1016/j.aim.2007.08.011.

[AboSei10] M. Abouzaid and P. Seidel. “An open string analogue of Viterbo

functoriality”. Geom. Topol. 14.2 (2010), pp. 627–718. issn: 1465-

3060. doi: 10.2140/gt.2010.14.627. url: https://doi.org/10.

2140/gt.2010.14.627.

[Ati88] M. Atiyah. “New invariants of 3-and 4-dimensional manifolds”. The

mathematical heritage of Hermann Weyl (Durham, NC, 1987) 48

(1988), pp. 285–299.

[Aur10a] D. Auroux. “Fukaya categories and bordered Heegaard-Floer homol-

ogy”. Proceedings of the International Congress of Mathematicians.

Volume II. Hindustan Book Agency, New Delhi, 2010, pp. 917–941.

url: https://arxiv.org/abs/1003.2962.

[Aur10b] D. Auroux. “Fukaya categories of symmetric products and bordered

Heegaard-Floer homology”. J. Gökova Geom. Topol. GGT 4 (2010),

pp. 1–54. issn: 1935-2565. url: https://arxiv.org/abs/1001.

4323.

[Aur14] D. Auroux. “A beginner’s introduction to Fukaya categories”. Con-

tact and symplectic topology. Vol. 26. Bolyai Soc. Math. Stud. János

148



Bolyai Math. Soc., Budapest, 2014, pp. 85–136. url: https://doi.

org/10.1007/978-3-319-02036-5_3.

[AurGriWeh14] D. Auroux, J. E. Grigsby, and S. M. Wehrli. “Khovanov-Seidel quiver

algebras and bordered Floer homology”. Selecta Math. (N.S.) 20.1

(2014), pp. 1–55. issn: 1022-1824. url: https://doi.org/10.1007/

s00029-012-0106-2.

[BalVel18] J. A. Baldwin and D. S. Vela-Vick. “A note on the knot Floer homol-

ogy of fibered knots” (2018). url: https://arxiv.org/abs/1801.

06563.

[ColGhiHon11] V. Colin, P. Ghiggini, and K. Honda. “Equivalence of Heegaard Floer

homology and embedded contact homology via open book decom-

positions”. Proceedings of the National Academy of Sciences 108.20

(2011), pp. 8100–8105. url: http://www.pnas.org/content/108/

20/8100.

[ColGhiHon12a] V. Colin, P. Ghiggini, and K. Honda. “The equivalence of Heegaard

Floer homology and embedded contact homology via open book de-

compositions I” (2012). url: https://arxiv.org/abs/1208.1074.

[ColGhiHon12b] V. Colin, P. Ghiggini, and K. Honda. “The equivalence of Heegaard

Floer homology and embedded contact homology via open book de-

compositions II” (2012). url: https://arxiv.org/abs/1208.1077.

[ColGhiHon12c] V. Colin, P. Ghiggini, and K. Honda. “The equivalence of Heegaard

Floer homology and embedded contact homology via open book de-

compositions III: from hat to plus” (2012). url: https://arxiv.

org/abs/1208.1526.

[Cot09] A. Cotton-Clay. “Symplectic Floer homology of area-preserving sur-

face diffeomorphisms”. Geom. Topol. 13.5 (2009), pp. 2619–2674. issn:

1465-3060. url: https://doi.org/10.2140/gt.2009.13.2619.

149



[DaeFuk17] A. Daemi and K. Fukaya. “Atiyah-Floer Conjecture: a Formulation,

a Strategy to Prove and Generalizations” (2017). url: https://

arxiv.org/abs/1707.03924.

[DosSal94] S. Dostoglou and D. A. Salamon. “Self-dual instantons and holo-

morphic curves”. Ann. of Math. (2) 139.3 (1994), pp. 581–640. issn:

0003-486X. url: https://doi.org/10.2307/2118573.

[Eft04] E. Eftekhary. “Floer homology of certain pseudo-Anosov maps”. J.

Symplectic Geom. 2.3 (2004), pp. 357–375. issn: 1527-5256. url:

http://projecteuclid.org/euclid.jsg/1118755325.

[Flo88a] A. Floer. “An instanton-invariant for 3-manifolds”. Comm. Math.

Phys. 118.2 (1988), pp. 215–240. issn: 0010-3616. url: http : / /

projecteuclid.org/euclid.cmp/1104161987.

[Flo88b] A. Floer. “Morse theory for Lagrangian intersections”. J. Differential

Geom. 28.3 (1988), pp. 513–547. doi: 10.4310/jdg/1214442477.

url: https://doi.org/10.4310/jdg/1214442477.

[Flo89] A. Floer. “Symplectic fixed points and holomorphic spheres”. Comm.

Math. Phys. 120.4 (1989), pp. 575–611. issn: 0010-3616. url: http:

//projecteuclid.org/euclid.cmp/1104177909.

[Flo90] A. Floer. “Instanton homology, surgery, and knots”. Geometry of low-

dimensional manifolds, 1 (Durham, 1989). Vol. 150. London Math.

Soc. Lecture Note Ser. Cambridge Univ. Press, Cambridge, 1990,

pp. 97–114.

[FukOhOhtOno09a] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. Lagrangian intersection

Floer theory: anomaly and obstruction. Part I. Vol. 46. AMS/IP Stud-

ies in Advanced Mathematics. American Mathematical Society, Prov-

idence, RI; International Press, Somerville, MA, 2009, pp. xii+396.

isbn: 978-0-8218-4836-4.

150



[FukOhOhtOno09b] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. Lagrangian intersection

Floer theory: anomaly and obstruction. Part II. Vol. 46. AMS/IP

Studies in Advanced Mathematics. American Mathematical Society,

Providence, RI; International Press, Somerville, MA, 2009, pages.

isbn: 978-0-8218-4837-1.

[FukKirPin17] Y. Fukumoto, P. Kirk, and J. Pinzón-Caicedo. “Traceless SU(2) rep-

resentations of 2-stranded tangles”. Math. Proc. Cambridge Philos.

Soc. 162.1 (2017), pp. 101–129. issn: 0305-0041. url: https://doi.

org/10.1017/S0305004116000360.

[Gan12] S. Ganatra. Symplectic Cohomology and Duality for the Wrapped

Fukaya Category. Thesis (Ph.D.)–Massachusetts Institute of Technol-

ogy. ProQuest LLC, Ann Arbor, MI, 2012, (no paging). url: http:

//gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_

val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:

pqm&rft_dat=xri:pqdiss:0828785.

[GanParShe17] S. Ganatra, J. Pardon, and V. Shende. “Covariantly functorial Floer

theory on Liouville sectors” (2017). url: https://arxiv.org/abs/

1706.03152.

[Gau03] R. Gautschi. “Floer homology of algebraically finite mapping classes”.

J. Symplectic Geom. 1.4 (2003), pp. 715–765. issn: 1527-5256. url:

http://projecteuclid.org/euclid.jsg/1092749567.

[Ghi08] P. Ghiggini. “Knot Floer homology detects genus-one fibred knots”.

Amer. J. Math. 130.5 (2008), pp. 1151–1169. issn: 0002-9327. url:

https://doi.org/10.1353/ajm.0.0016.

[HaiKatKon17] F. Haiden, L. Katzarkov, and M. Kontsevich. “Flat surfaces and sta-

bility structures”. Publ. Math. Inst. Hautes Études Sci. 126 (2017),

pp. 247–318. issn: 0073-8301. url: https://doi.org/10.1007/

s10240-017-0095-y.

151



[HanRasWat16] J. Hanselman, J. Rasmussen, and L. Watson. “Bordered Floer homol-

ogy for manifolds with torus boundary via immersed curves” (2016).

url: https://arxiv.org/abs/1604.03466.

[HedHerKir14a] M. Hedden, C. M. Herald, and P. Kirk. “The pillowcase and pertur-

bations of traceless representations of knot groups”. Geom. Topol.

18.1 (2014), pp. 211–287. issn: 1465-3060. url: https://doi.org/

10.2140/gt.2014.18.211.

[HedHerKir14b] M. Hedden, C. M. Herald, and P. Kirk. “The pillowcase and traceless

representations of knot groups II: a Lagrangian-Floer theory in the

pillowcase” (2014). url: https://arxiv.org/abs/1501.00028.

[HerKir15] C. M. Herald and P. Kirk. “Holonomy perturbations in a cylinder, and

regularity for traceless SU (2) character varieties of tangles” (2015).

url: https://arxiv.org/abs/1511.00308.

[HutSul05] M. Hutchings and M. Sullivan. “The periodic Floer homology of a

Dehn twist”. Algebr. Geom. Topol. 5 (2005), pp. 301–354. issn: 1472-

2747. url: https://doi.org/10.2140/agt.2005.5.301.

[Kel01] B. Keller. “Introduction to A-infinity algebras and modules”. Ho-

mology Homotopy Appl. 3.1 (2001), pp. 1–35. issn: 1532-0081. url:

https://arxiv.org/abs/math/9910179.

[Kir17] P. Kirk. “On the traceless SU(2) character variety of the 6-punctured

2-sphere”. J. Knot Theory Ramifications 26.2 (2017), pp. 1740009, 21.

issn: 0218-2165. url: https://doi.org/10.1142/S0218216517400090.

[KonSoi01] M. Kontsevich and Y. Soibelman. “Homological mirror symmetry and

torus fibrations”. Symplectic geometry and mirror symmetry. World

Scientific, 2001, pp. 203–263. url: https://arxiv.org/abs/math/

0011041.

152



[Kot18] A. Kotelskiy. Python program for algebraic computations in bordered

theories. 2018. url: https://github.com/artofkot/computing_

bordered.

[KroMro07] P. B. Kronheimer and T. S. Mrowka. Monopoles and three-manifolds.

Vol. 10. New Mathematical Monographs. Cambridge University Press,

Cambridge, 2007, pp. xii+796. isbn: 978-0-521-88022-0. url: https:

//doi.org/10.1017/CBO9780511543111.

[KroMro10] P. B. Kronheimer and T. S. Mrowka. “Knots, sutures, and excision”.

J. Differential Geom. 84.2 (2010), pp. 301–364. issn: 0022-040X. url:

http://projecteuclid.org/euclid.jdg/1274707316.

[KroMro11a] P. B. Kronheimer and T. S. Mrowka. “Khovanov homology is an

unknot-detector”. Publ. Math. Inst. Hautes Études Sci. 113 (2011),

pp. 97–208. issn: 0073-8301. url: https://doi.org/10.1007/

s10240-010-0030-y.

[KroMro11b] P. B. Kronheimer and T. S. Mrowka. “Knot homology groups from

instantons”. J. Topol. 4.4 (2011), pp. 835–918. issn: 1753-8416. url:

https://doi.org/10.1112/jtopol/jtr024.
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