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Abstract

Orders in number fields provide interesting examples of lattices. We ask: what lattices arise from
orders in number fields and how are they distributed? In the first chapter of this thesis, we prove
that all nontrivial multiplicative constraints on successive minima of orders come from multiplication.
Moreover, for infinitely many positive integers n (including all n < 18), we explicitly determine all
multiplicative constraints on successive minima of orders in degree n number fields. We also prove
analogous results for scrollar invariants of curves. Now suppose 3 < n < 5 and let G C S,,. An
order O of absolute discriminant A in a degree n number field has n successive minima 1 = Ay <
A1 <o < Ap—1. In the next three chapters, we compute for many G the distribution of the points
(loga A1, - .- loga A1) € R"™1 as O ranges across orders in degree n fields with Galois group G

as A — oo.
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Chapter 1

Introduction

Orders in number fields of degree n provide interesting examples of lattices via their natural embed-
dings into R™ using their real and complex places. The shapes of these lattices are constrained, due
to multiplication: the length of the product of two vectors is roughly bounded above by the product
of the lengths. In this thesis, we ask which lattices arise from orders in number fields and how these
lattices are distributed.

We study lattices via their successive minima; see Section 1.6 for a definition. Our first major
result, which we prove in Chapter 2, shows that all nontrivial multiplicative constraints on successive
minima of orders in number fields come from the multiplicative structure of the order. More precisely,

let G C S, be a permutation group. Each order O in a degree n number field gives rise to a point
po = (1oga M1, ..., loga An_1) € R*TL,

where here A is the absolute discriminant of @ and 1 = \g < A\; < --- < \,,_1 are the successive
minima of O. We prove that the set of limit points, in the Euclidean topology, of the multiset {pp} as
O ranges across orders in degree n number fields with Galois group G, is a finite union of polytopes.
Moreover, we show that all nontrivial facets of these polytopes “come from” multiplication. Inspired
by a conjecture of Lenstra, our second major result computes this finite union of polytopes for many
G. We also prove analogous results for scrollar invariants of curves, which are the function field
analogue of successive minima of orders.

In the case of successive minima, our results are inspired by and generalize work of Chiche-
lapierre, who computed these polytopes for n = 3,4 [14]; work of Bhargava, Shankar, Taniguchi,

Thorne, Tsimerman, and Zhao, and independently Pikert and Rosen, who proved that A,_1 < A\



for all i +j = n — 1 [6,29]; and unpublished work of Bhargava and Lenstra, who proved that
Aigj K MAjforalll <i <3 <i4 37 <n for orders in primitive number fields. In the case of
scrollar invariants, our work generalizes classical bounds on the Maroni invariant of trigonal covers
[25]; results of Ohbuchi bounding the sum of scrollar invariants [27]; and results of Deopurkar and
Patel bounding the smallest scrollar invariant [19].

In the next three chapters we ask: how many orders are there of bounded discriminant, fixed
Galois group, and almost prescribed successive minima? More precisely, fix a point p € R*™!, fix a
permutation group G C S,,, and let O denote an order in a degree n number field. What are the
asymptotics of

#{O | A< X and Gal(O ® Q) ~ G and pp is “close” to p} (1.1)

as X — oo? We will later quantify what “close” means. In the number field setting, this question
was first raised by Chiche-lapierre [14], who gave partial results when n = 3,4,5 and G = S,; in
the function field setting when n = 3 and G = Ss, this question was addressed by Zhao [34]; and
in the geometric setting, this question has been addressed for n = 3,4,5 and G = S,, by Patel
[28], who computed the dimensions of Maroni loci in an appropriate Hurwitz space. Patel’s results,
appropriately interpreted, are analogous to ours; see Section 1.5 for a treatment of the relationship
between Maroni loci of Hurwitz spaces and successive minima of orders in number fields.

Related distributional questions have been also addressed by Terr [32], who proved the equidis-
tribution of shapes of cubic fields; by Bhargava and H [5], who proved the equidistribution of shapes
of S,-fields for n = 4,5; and by Holmes [24], who proved the equidistribution of shapes in pure
prime degree number fields. Our approach differs from that of Terr, Bhargava, H, and Holmes in the
following meaningful sense; for n = 3,4, 5, when ordered by absolute discriminant, 100% of orders in
Sp-fields lie “near” the point ﬁ(l, ..., 1). Thus, equidistribution theorems only “see” that one
point, but give very refined information at that point. Conversely, our work is focused on computing
asymptotics of phenomena that occur with density 0.

In this thesis, we compute these asymptotics for various Galois groups G when n = 3,4, 5 using
Delone and Faddeev’s parametrization of cubic rings and Bhargava’s parametrization of quartic and
quintic rings respectively. We show that in many cases, (1.1) is < X4P) where d: R"1 — R>g is
a piecewise linear function supported on a convex body. These convex bodies can be interpreted as

a picture of the “cusp” of the corresponding prehomogeneous vector space’.

1This explicit, linear description of the “cusp” can be used to simplify the existing proofs that the number of
isomorphism classes of orders of absolute discriminant < X in Sp-fields is < X for n = 3,4,5. We also give a proof
using the parametrization of quartic rings that the number of quartic orders in Dy-fields of discriminant < X is < X
this is a very different method than that of the original proof of Cohen, Diaz y Diaz, and Olivier [16].



We compute these convex bodies and piecewise linear functions for n = 3,4,5 for many permu-
tation groups G, including G = S,,. Remarkably, although these convex bodies are defined through
Fuclidean geometry, we prove that the vertices often “correspond” to various interesting algebraic
families of orders. Some of these algebraic families have been studied extensively, such as the fam-
ily of monogenic orders in degree n fields and the family of orders arising from binary n-ic forms.
Others have received comparatively less attention, such as the family of quartic rings with a basis
of the form 1, z,y, zy; however, such families appear to have a particularly nice structure (in fact,
we prove that this particular family even admits a parametrization by the orbits of a group acting
on affine space!). The author hopes that the perspective explored in this thesis encourages further
study of such families. Furthermore, for general degree n we prove that the space of shapes of rank
n rings, appropriately interpreted, forms a polytope in R*~!; it would be interesting to ask whether
the vertices “correspond” to reasonable families of rank n rings?.

We use the geometry of numbers methods pioneered by Davenport, Heilbronn, and Bhargava;
our main point of departure from these methods is in how we “average”. In particular, even deep
in the cusp, our counting is no more complicated than counting the number of lattice points in a
box. In the cubic case, we show that a nondegenerate cubic ring that is “close” to p, is equipped
with a “short” basis, and has bounded discriminant gives rise to an integral point in a certain box in
Sym? R2; conversely, we show that every integral point of the box corresponds to a nondegenerate
cubic ring of bounded discriminant “close” to p equipped with a “short” basis. Using Davenport’s
lemma, we can easily count the number of lattice points in the box. We complete the proof by
estimating the number of “short” bases such a cubic ring has, i.e. how many times a ring appears

in the box. The quartic and quintic cases are completely analogous.

1.1 Bounds on Successive Minima of Orders in Number Fields
and Scrollar Invariants of Curves

Let n > 2 be any integer. An order O in a degree n number field has n successive minima 1 =
A0(0) < A (0) < -+ < X—1(0); see Section 1.6 for a precise definition. When O is implicit, we

simply write A;. In this paper, S will refer to an infinite set of isomorphism classes of orders in

20ne such reasonable family would be the family of monogenic rank n rings, which the author guesses corresponds
to the vertex 1/2(5)(1,...,n —1).



degree n number fields. We wish to understand which inequalities
1<s A Ay

hold for f1,...,fn_1 € Rand O € S. When S is “nice”, we prove that the inequality above is

equivalent to showing that the set of limit points, in the Euclidean topology, of the multiset

{(loga M1, - . 1oga Ano1)} g SR

is contained in the linear half space defined by 0 < fix1 + -+ fr_12n—1 (here z1,...,z,_1 are the
coordinates of R"~1 and A is the absolute discriminant of O). See Theorem 2.5.1 for more details.
In this paper, we will work with the latter perspective.

We call the set of limit points of the multiset above the successive minima spectrum of S and
denote it by Spectrum(S). For a permutation group G C S,,, let S(G) be the family of orders O in
degree n number fields such that O ® Q has Galois group isomorphic to G as a permutation group.
Our first theorem states that Spectrum(S(G)) is a finite union of polytopes of a very special form;
we now define these polytopes.

Let L/K be a degree n field extension and let [n] be the set {0,...,n —1}. A flag of L/K is
a sequence F = (Fp,..., F,_1) of K-vector spaces such that K = Fy C F; C --- C F,,_; = L and

dimg F; =7+ 1 for all 4. Associate to F the function

Tr: [n] x [n] — [n]

(i s ]) — mln{k‘ S [n] | FiFj - Fk}

Definition 1.1.1. The polytope Pr, of T is the set of x = (z1,...,2,-1) € R""! satisfying the

following conditions:
LY e =12
2.0z < <@y

3. and zp( ) < @y +xj for 1 <y j <.

Theorem 1.1.2. We have

Spectrum(S(G)) = UPTf
F



where F ranges across all flags of degree n number fields with Galois group G.

Condition (1) in the definition of Pr, comes from Minkowski’s second theorem, which states that
H?:_ll i <, A2 (see [31], Lecture 10, §6). Condition (2) derives from the fact that 1 < \; < --- <
An—1. Condition (3) “comes from multiplication”, in the following way. Every order O contains a

linearly independent set 1 = v, ..., v,—1 such that A; = | v; |; this set gives rise to a flag F of O ®Q

given by F; = span{vg,...,v;}. Then, for every 1 <i,j <n — 1, we have that

FiF; C span{v, ..., 07, (,5) )

and
FiFj g span{vg, e 7UT;(i,j)—1}~
Thus,
span({vo, . . ., V(i j)—1} U {virvj fo<ir<i, 0<jr<j) = spanf{vo, . . ., U7 (i 5 }
So
ATr(ig) = [VTr(ig) | < oy nax lvivj | < Jvi [vj | = XAy

So, Theorem 1.1.2 tells us that all nontrivial multiplicative constraints on successive minima come
from multiplication. See Section 2.6 for more information on the structure of Pr;.

Our next few theorems explicitly describe these multiplicative constraints. Let S,, be the set of
isomorphism classes of orders in degree n number fields. Our second theorem explicitly computes the
successive minima spectrum of S, for infinitely many n. This explicit description was conjectured
by Hendrik Lenstra. To state our theorem, we will need the following definitions.

A tower type is a t-tuple of integers (nq,...,n;) € Z%, for some t > 1. We say szl n; is the
degree of the tower type and t is the length of the tower type. Throughout this article, the variable

T will refer to a tower type of length ¢ and degree n.

Definition 1.1.3. Choose a tower type ¥ = (n1,...,n:) and ¢ € [n]. Writing ¢ in mized radiz notation

with respect to T means writing
= il + 7:2711 + ig(nlng) —+ -+ it(nl e nt_l)

where ig is an integer such that 0 < i < ng for 1 < s < t. Note that the integers i, are uniquely

determined.



Definition 1.1.4. Fix a tower type ¥ = (ny,...,n;) and integers 0 < 4,5 < i+j < n. Write 4, j, and

k =i+ j in mixed radix notation with respect to ¥ as
i =11 +iang +iz(ning) + - +ig(ng .. 1)

J =71+ jan1 +is(nine) + -+ je(na .. .ng—1)
k =k + kony + ]4}3(711’/12) 4+ -4 kt(nl . ..nt_l).

We say the addition i + j does not overflow modulo T if iy + js = ks for all 1 < s < t. Otherwise,

we say the addition i + j overflows modulo X.

Definition 1.1.5. The Lenstra polytope Len(T) of a tower type T is the set of x = (21,...,Z,-1) €

R" ! satisfying the following conditions:
L. Z?;ll Ty =1/2;
2.0z <22 < - Sy
3. and z;4; < z; + x; for 7 4 j not overflowing modulo T.
Recall that S, is the set of isomorphism classes of orders in degree n number fields.

Theorem 1.1.6. We have
Spectrum(S,,) = ULen(T)
T

where ¥ ranges across tower types of degree n if and only if n is a prime power, n is a product of 2

distinct primes, or n = 12.
Theorem 1.1.7. If G is the symmetric group on n letters, then
Spectrum(S(G)) = Len(n).

The Lenstra polytopes are polytopes of the form Pr, where F has a particularly nice structure.
Fix a tower type T = (n1,...,n;) and choose elements as, ..., a; € Q such that [Q(ay,...,a¢): Q] =
n and deg(a;) = n; for all 1 < ¢ < t. Define a basis B = {1 = vg,...,vp—1} of Q(ay,..., ) as

follows: for 0 < i < m, write ¢ in mixed radix notation with respect to ¥ as

L= il + iz(nl) + i3(n1n2) + - +it(n1 . .nt,l).



Set v; = ai' ... al*. Then Pr, = Len(%).
In the case of general n and G, we give the following combinatorial criterion to determine whether
the successive minima spectrum of S(G) lies in certain linear half spaces. For positive integers i, j,

let % denote the remainder of dividing ¢ by j.
Theorem 1.1.8. Choose 1 <i < j <i+j<n. The following are equivalent:
1. the region Spectrum(S(G)) is contained in the linear half space defined by x;1; < x; + ;;

2. for any integer m that occurs as the degree of a subfield of a degree n number field of Galois

group G, we have (i%m) + (j%m) = (i + j)%m.

We now change our focus and discuss analogous theorems in the geometric setting. Scrollar
invariants of covers of P! are the geometric analogue of the logarithms of successive minima. Let
C be a smooth projective geometrically irreducible curve of genus g over a field k equipped with a
finite morphism 7: C' — P! of degree n > 2. Let 0 = ap < a1 < as < -+ < a,_; be the unique
integers such that

W*OC >~ O]pl(—ao) &) O]pl(—al) D---P O]pl(—anfl).

We say a; is the i-th scrollar invariant of m. Let g be the genus of C' and let G be the Galois group
of m. Let K(C') be the function field of C' and let K(P') be the function field of P!.

Theorem 1.1.9. We have

ai Gp—1
ey el )P
(2(g—|—n—1) 2(g—|—n—1)) LfJ Tr

where F ranges across all flags of K(C)/K(P!).

Theorem 1.1.10. Let F range across all flags of degree n extensions of K(P'). We have
| Pr, = JLen(3)
F T

if and only if n is a prime power, n is a product of 2 distinct primes, or n = 12.

Theorem 1.1.11. Choose 1 <i < j <i+j <n. If a;y; > a; + a; then there exists an integer m

such that w: C — P! has a subcover of degree m and (i%m) + (j%m) # (i + j)%m.



We now briefly summarize our proofs. We first discuss the proof of Theorem 1.1.2; the multi-
plicative structure shows that

Spectrum(S(G)) C UPT]-"
f

To show the converse, we show that every function 7T'r arising from a flag of a degree n number field
with Galois group G arises from a “short” basis of an order. Given such an order O, we provide an
explicit construction to fill up the polytope Pr, with suborders of O. Note that these suborders are
in general not maximal; for general degree n, it is an interesting open question to fill up Pr, with
maximal orders.

The proofs of the remaining theorems consist of explicitly computing the elements Tr; the
methods come from additive combinatorics. The main question we address is the following: given
a multiplication table of a basis of a field extension, how many zeroes can there be, and in which

positions?

1.2 Counting cubic rings by successive minima

Henceforth, let R be a nondegenerate rank n ring of absolute discriminant A; such a ring naturally

has the structure of a lattice, and therefore we may speak of the successive minima

1
— < MR << A1 (R
7 < o(R) <+ < Apa(R)
of R. See Section 1.6 for more details. When R is implicit, we simply write \;. For a permutation
group G C S, we say R is a G-ring if Gal(R® Q) = G as permutation groups. We now summarize

the results of Chapter 3; henceforth assume that R is a nondegenerate cubic ring.

We ask: for a point p € R? and a permutation group G C S, what are the asymptotics of
#{R | A <X and R is a G-ring and (loga A1,loga A2) is “close” to p}

as X — 00?
To this end, we make the following definitions. For any point p = (p1,p2) € R?, any permutation
group G C Ss3, any positive real number €, and any X € R 1, define F(p,¢e,G, X) to be the set of

isomorphism classes of G-rings R with A < X and

€

log X~

?_—1%“ loga Ai(R) —pi|} <



The number #F (p, ¢, G, X) captures the number of cubic rings of bounded discriminant and fixed
Galois group that are “(e, X)-close” to p. One should think of € as being a large, fixed posi-
tive real number®. One might hope that Malle’s conjecture generalizes and #F(p,€,G, X) =<,
X4 (log X)B~1 for some real numbers A, B; in this paper, we are interested in the value A, which
we extract using the following definitions *. We define the following density function, which is takes
a point as input p and outputs the value A.

Define the density function d. g: R? — RU {*} which assigns to p € R? the value

lim log(#F(p,e,G, X) + 1)
X =00 log X

if the limit exists and else assigns *. We add 1 to #F(p, ¢, G, X) simply to avoid taking a logarithm
of zero.
Some our main theorems consist of computing such density functions; the first such result was

obtained by Chiche-lapierre.

Theorem 1.2.1. (Chiche-lapierre [14], Theorem 3.1.1) There ezists a positive real number C such

that for every e > C and every p = (p1,p2) € R?, we have:

) 1—(p2—p1) if pis contained in the closed line segment from (1/6,1/3) to (1/4,1/4)
de,Sg pr)=

0 else.

For a function f: R? — R U {x}, we say the support of f is the set of points in R? where f
is nonzero. Remarkably, the density function is linear on its support. We reprove Theorem 1.2.1
using simpler counting methods, which enable us to sieve for maximal Ss-rings. To that end, let
Fmax(p e, G, X) be the subset of F(p,e, G, X) consisting of maximal rings and define the density
function d°&: R — R U {x} which assigns to p € R? the value

lim log(#F™**(p,e,G, X) + 1)
X—o0 10gX

if the limit exists and else assigns .

3We encourage the reader to think of € as a fixed quantity that is large enough to make certain estimates work,
where here “large enough” depends only on the degree n. For 3 < n < 5, taking e to be one billion is certainly large
enough for all our theorem statements.

4Malle’s conjecture roughly says that the number of isomorphism classes of degree n number fields of fixed Galois
group and absolute discriminant bounded by X is =<, X4 (log X)B~1! for some explicit values of A and B.



Theorem 1.2.2. There exists a positive real number C' such that for every e > C, we have

de,s5 = d'sy-
We also compute the density functions of Z/27Z and the trivial group; they are presented in
Chapter 3. We also obtain a total density function, i.e. a density function where we do not impose
any Galois condition, as follows. Let F(p, e, X) be the set of isomorphism classes of nondegenerate

cubic rings R with A < X and

€
log X

max{|loga Ai(R) —p; [} <

and let d. 3 denote the corresponding density function. Similarly, let F3"**(p, e, X) be the subset of

F3(p, €, X) consisting of mazimal cubic rings and define the density function of maximal cubic rings

max
c5* as above.

Theorem 1.2.3. There exists a positive real number C' such that for every ¢ > C and every p =

(p1,p2) € R2, we have:

1—(p2 —p1) + max{0,1/2 —3p1} if p is contained in the closed line segment from
de3(p) = (0,1/2) to (1/4,1/4)

0 else.

1—(p2—p1) if pis contained in the closed line segment from (1/6,1/3) to (1/4,1/4)
5 (p) = 31 if p=1(0,1/2)

0 else.

Observe that the total density function d. 3 has a very particular structure; from 1 we subtract
piecewise differences of the coordinates (the term py — p;) and add in correction terms in the “cusp”
(the term max{0,1/2 — 3p;}). We observe this phenomenon in the quartic and quintic total density
functions as well.

The definitions of density functions and successive minima comes purely from Euclidean geom-
etry; however, we can show that the rings lying near the boundary of these line segments tend to

have to various interesting algebraic properties. In particular:

1. the point (1/6,1/3) “corresponds” to monogenic cubic rings (see Corollary 3.1.4);

10



2. irreducible cubic rings “tend” to lie "near” to (1/4,1/4) (see Corollary 3.1.5);
3. and reducible cubic rings “tend” to lie “near” to (0,1/2) (see Corollary 3.1.5).

(2) is also implied by Bhargava and H’s work on the equidistribution of orders in Ss-cubic fields [5],

although we give an independent proof.

1.2.1 Results on binary n-ic forms

By work of Delone and Faddeev [18], cubic rings are parametrized by orbits of binary cubic forms.
To prove our theorems on density functions of cubic rings, we prove lemmas on binary cubic forms,
many of which generalize to the case of binary n-ic forms for n > 3. Work of Birch and Merriman
[9] and work of Nakagawa [26] associates to a binary n-ic form f € Sym" Z? a rank n ring Ry. We
now give partial results on successive minima of rings arising from binary n—ic forms.

For an integer n > 3, a point p = (p1,...,pn_1) € R, any positive real number ¢, and any
X € Ry, define FP"(p, €, X) to be the set of GLg(Z)-orbits of Sym”™ Z? of absolute discriminant A

such that A < X and
€
log X

. —n | <
1r£{a<xn|logA)\l(Rf) pi| <

Birch and Merriman [9] prove that there are finitely many GLy(Z)-equivalence classes of integral

binary n-ic forms of fixed discriminant, which implies that the set " (p, ¢, X) is finite. Let

1

ATy )y

and define £ to be the closed line segment from (0,%k) to (k/2,k/2). Let L: £ — R"™! be the
linear map sending the point (0,%) to (k,2k,...,(n — 1)k) and sending the point (k/2,k/2) to
L_(1,...,1).

2(n—1)

Theorem 1.2.4. Forr = (ry,r2) € £, we have

FFINL(r), €, X) 3, XD/ Co=D=(ra=r),

In particular, specializing to 7 = (k/2, k/2) proves that there are > X ("+1)/(2n=2) G1,(Z)-orbits
of integral binary n-ic forms with A < X; this is precisely the content of Theorem 2 of [26]. For

n = 3,4,5, Theorem 1.2.4 in combination with the proofs of Theorem 1.2.3, Theorem 1.3.1, and

11



Theorem 1.4.1 respectively implies that

n+1

bin
L X) =, exp[X, 21—
RER(L(r), € X) =, explX, 250

- (7‘2 —7“1)].

1.3 Counting quartic rings by successive minima

We now move on to quartic rings and summarize the results of Chapter 4. We will consider pairs
(R,C), where R denotes a nondegenerate quartic ring equipped with a cubic resolvent ring C; see
Section 4.2 for background. Let A be the absolute discriminant of R, which is also the absolute
discriminant of C. We first define certain regions that will be the support of our density functions;
these are the analogues of the line segments from the cubic case.

For a permutation group G C Sy, define Poly,(G) to be the limit points of the multiset
{(loga A1(R),loga A2(R),loga As(R),loga A1(C), loga 22(C))} C R

in the Euclidean metric as we range over isomorphism classes of pairs (R, C) where R is a G-ring.
Define Poly, to be Ug Poly,(G) as we range over all permutation groups G C S4. We will prove
that Poly,(G) is a finite union of polytopes (Theorem 4.1.1). We also give explicit linear inequalities
defining Poly,(S4), Poly,(D4), and Poly,; see Theorem 4.1.2, Theorem 4.1.3, and Theorem 4.1.4.
We now define our density functions. Let p = (p1,Dp2,p3,q1,q2) € R® denote a point. For any
positive real number ¢, any X € Ry, and any permutation group G C Sy, define F(p,¢, G, X) to

be the set of isomorphism classes of pairs (R, C) such that R is a G-ring, A < X, and

€
) 0l < .
i:ljaQ),{SH 1OgA )\Z(R) Pi |} — 1ogX <1 2)
€
(C)—q; |} < . .
max{|loga M(C) —ail} < (1.3)

Define the density function de : R® — R U {x} which assigns to p € R® the value

Lo o #F (€, G X) + 1)
X —00 log X

if it exists and else assigns .
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Figure 1.1: Poly, projected onto

p1, p2, and ¢;. The color in-
dicates the value of the density
function d 4; blue is the highest
value.

Figure 1.2: Poly,(S4) projected
onto p1, p2, and ¢;. The color
indicates the values of the den-
sity function d. g,; blue is the

e T
0.00 0.05 T

Figure 1.3: Poly,(D,) projected
onto p1, p2, and q;. The color
indicates the value of the lower
bound on the density function
de.p, given in Theorem 1.3.3;

highest value.
blue is the highest value.

Theorem 1.3.1. There exists a positive real number M such that for every e > M and every p € R®,

1 —(p3—p2) — (p3—p1) — (P2 —p1) — (@2 —q1) if p € Poly,

de,4(p) = + Zigj,k maX{O, qk — Pi — p_]}

0 else.

As in the cubic case and quintic case, dc 4 has a very particular structure; from 1 we subtract
piecewise differences of the coordinates (the terms p; — p; and ¢; — ¢;) and add in correction terms
(the terms max{0,gr — p; — p;}). The density function for Sy is simply a restriction of the total

density function.

Theorem 1.3.2. There exists a positive real number M such that for every e > M and every p € R®

we have

dea(p) if p € Poly,(S4)

dE,S4 (p> =
0 else.

Theorem 1.3.3. There exists a positive real number M such that for every e > M and every p € R®,

the following statements hold.
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1. If p € Poly,(Dy) \ Poly,(S4), then

de.p,(p) = dea(p) =1 — (p3 —p2) — (p3 —p1) — (2 — 1) — (@2 — @1)

+ (g2 —2p1) + (g2 — p1 — p2) + (g2 — p1 — p3).

2. pr ¢ POIY4(D4); then de,D4(p) =0.

3. If p € Poly,(Dy), then

log(#F(p,e, Dy, X) + 1)

lim inf >1—(ps—p2)—(p3—p1) — (P2 —p1) — (@2 — q1)

X—00 log X

+ (g2 — 2p1) + (g2 — p1 — p2) + (g2 — p1 — p3)

020 =
f \\\\\

. B

Figure 1.4: Poly,(Ss) projected onto p1, p2, and  Figure 1.5: The other side of Poly,(Sy) pro-
q1- The colored regions are the regions on which  jected onto p1, p2, and ¢;.

de.s, is linear. The vertices are labelled by the

family of rings “corresponding” to them.

As in the cubic case, we observe algebraic phenomena at the vertices of these convex bodies. In
particular, Poly,(S4) is a polytope with 6 vertices. We give natural interpretations for 5 of these 6

vertices:
1. Sy-rings “correspond” to (1/6,1/6,1/6,1/4,1/4) by Theorem 4.1.5;
2. monogenic quartic rings “correspond” to (1/12,1/6,1/4,1/6,1/3) by Theorem 4.1.6;
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3. quartic rings arising from binary quartic forms “correspond” to (1/6,1/6,1/6,1/6,1/3) by
Theorem 4.1.7;

4. quartic rings with a basis of the form 1,x,y,zy with a pairing condition “correspond” to

(1/8,1/8,1/4,1/4,1/4) by Theorem 4.1.9;

5. and quartic rings with a basis of the form 1, z,y, 2% “correspond” to (1/10,1/5,1/5,1/5,3/10)
by Theorem 4.1.11.

The vertex missing from this list is (1/8,3/16,3/16,1/4,1/4); it would be interesting to have a
family of quartic rings naturally corresponding to this vertex! Moreover, one can show that Dy-
rings “correspond” to (0,1/4,1/4,0,1/2) by Theorem 4.1.5, and this point is the unique vertex of

Poly,(Dy) that is not a vertex of Poly,(Sy).

1.4 Counting quintic rings by successive minima

We now summarize the results of Chapter 5. We consider pairs (R, S) where R is a nondegenerate
quintic ring equipped with a sextic resolvent ring S; see Section 5.2 for background. Let A be the
absolute discriminant of R. We proceed as in the quartic case; we first define certain regions that
will be the support of our density functions, then compute our density functions, and then discuss
special families of quintic rings.

For a permutation group G C S5, define Poly;(G) to be the limit points of the multiset
{(loga M1 (R),. .., loga Aa(R),loga Ai(S), ..., loga As(S5))} € R?

in the Euclidean metric as we range over all pairs (R, S) where R is a G-ring. We compute Poly;(.S5)
and show that is a single polytope. For a positive number € and a permutation group G C S5, define
the density functions d. ¢, and d. 5 analogously to the quartic case; in this case they are functions
from R? to RU {*}; see Chapter 5 for more information. Let p = (p1,...,p4,q1,---,q5) € R? denote

a point.

Theorem 1.4.1. There exists a positive real number C such that for every e > C and every p € RY,

1- Zlﬁi<jﬁ4(pj —pi) — Zl§i<j§5(Qj —q;) if p € Polyj
des(p) = + 2 iy pmax{0, —1/2 4 q; + q; — p}

0 else.
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Figure 1.6: Poly;(S5) projected onto py, p2, and
p3- Figure 1.7: The other side of Polys(Ss) pro-
jected onto p1, po, and ps3.

Again, observe that the structure of d 5 is similar to that of dc 3 and d 4; from 1 we subtract

piecewise differences (3., ;<4(pj — pi) and 37, ;5(g;

i — ¢;)); and in the “cusp” we add in
correction terms (3_,_; , max{0,—1/2+ q; + ¢; — px})-

Theorem 1.4.2. There erists a positive real number C' such that for every e > C and every p € RY,

des(p) if p € Poly5(Ss)
de,Ss (p) =

0 else.

Again, the definitions of the density functions and Poly;(G)
are purely Euclidean, but we observe algebraic phenomena

along these convex bodies. In particular:

1. Ss-rings “correspond” to the vertex

(1/8,1/8,1/8,1/8,3/10,3/10,3/10,3/10,3/10)

Figure 1.8: Pol rojected to
of Poly;(S5) by Corollary 5.1.4; p1,g o, asmnd pi,f.s(SE)T)‘hi iJmage of
the projection of the vertex cor-
responding to Ss-rings is marked
“generic”. The projection of the
vertex corresponding to monogenic
rings is marked “monogenic”.

2. monogenic quintic rings “correspond” to the vertex

(1/20,2/20,3,/20,4/20,4/20,5/20,6/20,7,/20,8/20)
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of Poly;(Ss) by Theorem 5.1.7;

3. and quintic rings arising from binary quintic forms “cor-

respond” to the vertex
(1/8,1/8,1/8,1/8,1/4,1/4,1/4,3/8,3/8)

of Poly;(Ss) by Theorem 5.1.5.

There are 18 vertices of Poly;(S5); it would be interesting to give interpretations of the remaining

15 vertices!

1.5 The relationship between scrollar invariants and succes-
sive minima

For a permutation group G C S,, and a point p € R" ™!, we expect the asymptotics of
#{O | A< X and Gal(O ® Q) ~ G and pp is “close” to p} (1.4)

as X — oo to be closely related to the dimensions of loci in an appropriate Hurwitz space of covers
of P! with certain fixed invariants. In this section, we expound upon this relationship; in particular
for n = 3,4, 5, we explain how, appropriately interpreted, our density functions of orders in degree n
number fields with Galois group S, give the same quantities as results of Patel [28] on the dimensions
of loci in appropriate Hurwitz spaces with certain fixed invariants.

For positive integers n and g, let H,, 4 denote the Hurwitz space of simply branched genus g covers
of P1; it is a Deligne-Mumford stack of dimension 2n + 2g — 5. From a cover [r: C — P'] € H,, 4,

we obtain the sequence of sheaves:
0— Op1 - m.0c—EY =0

The sheaf £ is called the T'schirnhausen bundle of 7, and plays a crucial role in the study of covers of

P! and the geometry of the Hurwitz space of such covers. Casnati and Ekedahl [10,11] canonically
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defined a relative embedding:

Casnati and Ekedahl also constructed a canonical resolution for the ideal sheaf Ic. If n = 3, the
resolution has the form:

0— a"detE(-3) = I — 0. (1.5)

If n > 3, the resolution has the form:

0— a*detE(—n) = a*Ny—z(—n+2) = a*Nya(—n+3) = ... L6)
1.6
coo = PN (—4) = a*No(=3) = "N (=2) = Ic = 0

This resolution has a natural duality given by N; ~ N,Y , . @ det&. Thus, to such a cover m we
may canonically associate the sequence of locally free sheaves £,MN7,...,M,_3; it would be very
interesting to know which sequences of locally free sheaves we obtain from simply branched covers
of P! of fixed degree and genus °!

In what follows, we will only be interested in €& and N; in fact, when 3 < n < 5, the natural
duality of the resolutions (1.5) and (1.6) imply that the sheaves £ and N; determine the sequence
E, N1, ..., N,,_3 of sheaves”. To that end, if n > 3 then let F refer to N;. A straightforward
application of Riemann-Roch shows that £ has degree g +n — 1 and rank n — 1, and F has degree
(n—3)(g+n—1) and rank w

Conversely, given a locally free sheaf £ on P! of degree g +n — 1 and rank n — 1, we define the

Maroni locus of £ to be

ME)={[r:C—-PeH,,|E ~E}

This locus was implicitly considered by Maroni [25] in the case n = 3. Similarly, given a locally free
sheaf F on P! of appropriate degree and rank, define the Maroni-Casnati-Ekedahl locus of (€,F) to

be

MEF)={r:C—=PleH, | E =& Fr = F}.

5This is a natural generalization of the following classical question: which sheaves £ arise as Tschirnhausen bundles
of covers of P1? In Chapter 2, we prove strong constraints on such sheaves &, generalizing former work of Ohbuchi
and Patel [27,28].

61n fact, Castryck, Vermeulen, and Zhao [13] show that each syzygy bundle corresponds to an irreducible represen-
tation of Sy. Moreover, for every irreducible representation A of Sy, they naturally construct a locally free sheaf Ny
on P1. More generally, one could ask: which sequences of locally free sheaves { Ny} do we get from simply branched
covers 77

"In fact, for 3 < n < 5, in the simply branched case, results of Castryck, Vermeulen, and Zhao [13] imply that £
and N7 determine all locally free sheaves N, as we range across irreducible representations A of the symmetric group.
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Given a cover m € H,, 4, the Tschirnhausen bundle £ is a locally free rank n — 1 sheaf on P! and

thus decomposes as a sum of line bundles. We write:

E ~Op (al) O D Op (an,l)

for integers a1 < as < --- < a,—1. We say the integer a; is the i-th scrollar invariant of = (and
we also say that ap = 0 is the 0-th scrollar invariant of 7). The scrollar invariants of a cover are
the natural geometric analogues of the logarithms of the successive minima of an order in a number
field of degree n; see [22] for more details. Let O denote an order in a degree n number field with
absolute discriminant A. For simplicity, we restrict to the case of simply branched covers and orders
with squarefree discriminant respectively, and summarize the relationship between these two objects

in the following table.

Geometric object Number field object

simply branched covers of P! maximal orders O with squarefree discriminant
degree of the cover degree of the number field O ® Q

g+n—1 log VA

the i-th scrollar invariant a; log A;(O)

the point m(al, ceeyGp—1) the point (loga A1, ...,loga An—1)

One should think of the Maroni locus M(E) as being analogous to the set of maximal orders O
with squarefree discriminant such that log A is “approximately” 2¢g and log \;(O) is “approximately”

a;. Under this analogy, one might compare:
1. the dimension of Maroni loci, appropriately normalized, as g — oo;

2. the number of orders O, appropriately normalized, such that A is squarefree, A < X, and

(loga A1y ..., l0ga An—1) is “close” to m(al,...,an_l), as X — oo.

We explicitly make this comparison below when n = 3,4,5. We show that, appropriately inter-
preted, both quantities are the same. Observe that if A is squarefree, then O is an order in a degree
n Sp-number field. In our analysis below, we do not impose the condition that A is squarefree;
instead we impose the weaker condition that O lies in an S,-field. We expect the same results to
hold if one were to restrict to orders with squarefree discriminant, but we do not prove this. We
first analyze the case n = 3; the following proposition computes the dimension of the Maroni loci in

this case.

19



Proposition 1.5.1 (Patel [28], Proposition 1.4). Let n = 3 and suppose we have a locally free sheaf
€ =0(a1) ® O(az)

such that a1 < ag and deg(€) = g+ n — 1. Then if (a1,a2) lies in the cone over the closed line

segment from (1/6,1/3) to (1/4,1/4), we have
dim M(E) = dimHs , — h' (End(E)).

Else, M(E) = 0.

We'll now show how Proposition 1.5.1 above is analogous to the density function for S3-cubic
rings, given in Theorem 1.2.1. To make this comparison, we will fix a point p = (p1,p2) € Q? with

p1 + p2 = 1/2 and compare the dimensions of Maroni loci
M(O(2p1(g +2)) © O2p2(g +2))) € Hag

as g — oo for values of g such that 2p; (g + 2),2p2(g + 2) € Z. To this end, we’ll need the following
notation. For any positive integer k a point p = (p1,...,pr) € R¥ and positive integers g and n,
define the point

Py, =2(g+n—1)(p1,...,pr) € R~

If P, , € ZF, define the locally free sheaf
Epgn =0R(g+n—1)p1) @ ---®O2(g+n—1)pg).

For a point p = (p1,p2) € Q? with p; + p2 = 1/2, combining Proposition 1.5.1 and Theorem 1.2.1

shows that for e sufficiently large, we have:

lim dimM(gp,g,g)

. =dc,s,(p
g—00, Py 3€Z? dlm%ghg © 3( )

Therefore dimensions of Maroni loci of trigonal covers can be compared to asymptotics of orders in
cubic S3-fields with almost prescribed successive minima. In other words, our density function d. g,
is capturing dimensions of Maroni loci in the limit as g — oc.

We now analyze the case n = 4. In the number field case, we considered pairs (R, C) of quartic
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rings equipped with a cubic resolvent ring. In the geometric case, for a cover m € H,4 4, we consider
the Tschirnhausen bundle £ along with the first syzygy bundle F. From a tetragonal cover m € Hy g4,
a classical construction of Recillas [30] obtains a trigonal cover of P! of genus g + 1. We think of
this trigonal cover as being analogous to the cubic resolvent ring C. Moreover, the Tschirnhausen
bundle of the trigonal cover is precisely the first syzygy bundle F, as observed by Casnati [12] and

further discussed by Deopurkar and Patel [19]. Therefore, if we write
F=0(b1) ® O(b2)

for integers by < bo, then log A;(C) is analogous to b; for ¢ = 1,2. The following proposition
computes the dimension of the Maroni-Casnati-Ekedahl loci in the quartic case. As given in [28§],
the proposition does not explicitly state when the Maroni-Casnati-Ekedahl locus is empty, so we

have amended the statement below to account for this.

Theorem 1.5.2 (Patel [28], Proposition 1.5). Let n = 4. Suppose we are given a locally free sheaf €
on P! of degree g+n—1 and rank n—1 and a locally free sheaf F on P! of degree (n—3)(g+mn—1)
and rank w Write

E =0(a1) ® O(az) ® O(as)
F=0(b) & O(by)

so a; < as <az and by < by. Then if (a1, a2,a3,b1,b2) lies in the cone over Poly,(Sy), we have
dim(M(E, F)) = dim(Ha,g) — R (End(E)) — h*(End(F)) + h*(FY ® Sym?&).

Else, M(E,F) = 0.

For a point p = (p1,p2,p3) € Q% and ¢ = (q1,¢2) € Q* with p1 +p2+ps = 1 + ¢2 = 1/2, we

have

. dim M(Ep. .4, Eq.9.4)

g—00, (pg,4,qg,4)EL® dim rH47g

= de,S4 (pa Q)a

for € sufficiently large (here ¢4 4 and & 4.4 are defined identically to py 4 and &, 44). Again, we see
that when n = 4, the dimensions of Maroni-Casnati-Ekedahl loci are captured, in the limit, by our
density functions.

We now analyze the case n = 5. In the number field case, we considered pairs (R, S) of quintic
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rings equipped with a sextic resolvent ring. Again, in the geometric case we consider the pair (£, F)
attached to a cover m € Hs 4. There is a natural construction that attaches to the quintic cover =
a sextic cover of P! of genus 3g + 7; see Corollary 37 of [13] for details. We think of sextic cover as
being analogous to the sextic resolvent ring S. Moreover, [13] proves that the Tschirnhausen bundle
of this sextic cover is precisely the second syzygy bundle N3! By the duality of the resolution (1.6),
we have Ny ~ VY @ det € ~ FY(g+n —1). So, if we write

F=0b1)® - ®0O(bs)

for integers by < --- < by, then we should think of log A;(S) as being analogous to —bs_; + (g+n—1)
for 1 <i <5.

The following proposition computes the dimension of the Maroni-Casnati-Ekedahl loci in the
quintic case; again, as given in [28], the proposition did not explicitly state when the Maroni-

Casnati-Ekedahl locus was empty, so we have amended the statement to account for this.

Theorem 1.5.3 (Patel [28], Proposition 1.18). Let n = 5. Suppose we are given a locally free sheaf
E on P! of degree g+n—1 and rank n—1 and a locally free sheaf F on P* of degree (n—3)(g+n—1)

and rank w Write

E=0(a1)® - ®O(aq)

F=0bh)® - e 0(bs)
sothatay <---<aq andby <--- <bs. If
(a1,...,a4,—bs +(g+n—1),...,=by + (g+n—1))
lies in the cone over Polyg(Ss), we have
dim(M(E, F)) = dim(Ha,4) — h' (End(E)) — R (End(F)) + RH N F @ € @ det £Y).

FElse, we have M(E,F) = 0.

Again, we see that for a point p = (p1,...,ps) € QY and ¢ = (q1,...,¢5) € Q% withpy+---+ps =
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1/2 and g1 + -+ + g5 = 3/2, we have

' dim M(&p g5, .5 @ det &, 45)
lim n

- =d ,
g—0, (Pg,5,4g.5) €LY dim Hs 4 © 55 (.q)

for e sufficiently large. Again, we see that when n = 5, the dimensions of Maroni-Casnati-Ekedahl

loci are captured, in the limit, by our density functions.

1.6 Setup

We now introduce the precise setup and notation used throughout this paper. Let n > 2 be any
integer. A rank n ring is a commutative unital ring that is isomorphic to Z™ as a Z-module. We
attach to any such ring R the trace function Tr: R — Z which assigns to any element o € R the
trace of the endomorphism R =% R. The discriminant Disc(R) of any such ring R is defined to
be the determinant det(Tr(a;¢;)) € Z, where {o;}]; is any Z-basis of R. We say a ring of rank n
is mondegenerate if its discriminant is nonzero. For a nondegenerate rank n ring R, the Q-algebra
R ® Q is étale of degree n.

We now define the successive minima of a nondegenerate rank n ring. For any étale algebra K

of degree n over QQ, denote the homomorphisms of K into C by o1, ...,0,, and define

for x € K. Observe that |z | does not depend on the ambient étale algebra containing . Let £ C K
be a subgroup that is isomorphic to Z" as a Z-module. The norm above gives £ the structure
of a lattice. Let [n] be the set {0,...,n — 1}. For i € [n], the i-th successive minimum A;(L) of
L is defined to be the smallest positive real number r such that £ contains at least ¢ + 1 linearly
independent elements of length < r. When L is implicit, we will refer to the i-th successive minimum
of L by \;.

What constraints exist on the successive minima of rank n rings? By definition, we have that

0< X <A1 <--- <A\ —1. There are two additional constraints that are not too difficult to show.

Lemma 1.6.1. For any nondegenerate rank n ring R, we have 1/y/n < X\ < 1. If R is an order in

a number field, then Ao = 1.

Proof. Note that |1| = 1s0 A\g < 1. Suppose first that R is an order in a number field. Let 01,...,0,,

be the nonzero homomorphisms of R into the real numbers and let oy, 41,0, 515+, Ory+ros Orytrg
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be the nonzero homomorphisms of R into the complex numbers whose image does not lie in the real

numbers. Then for any nonzero x € R:

af? = i(;zllwf - 2o

i=r1+1
1 r1+T2
> Hai(m)z H | ()] by the AM-GM inequality
=1 i=r1+1
1 T1+T2
= oi@? ] oile)?m()?
1=1 1=r1+1

= |Nrgo/(@)*"

>1

)

Thus, \g > 1.
Now suppose R is any nondegenerate rank n ring. Write R ® Q as Hle K; where K; are all

fields. For any = € R, write z = (z;) € [[,; K;. If  is nonzero then:

t t
nlel® =Y deg(Ki) w2y |zi|" 2 1.
i=1 i=1

O

There is an additional serious constraint on successive minima of lattices, coming from Minkowski’s

second theorem (see [31], Lecture 10, §6), which states that
n—1
H Ai =<y, Covol(L).

=0

For a nondegenerate rank n ring R, we have Covol(R) =,, | Disc(R) |.
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Chapter 2

Bounds on Successive Minima of
Orders in Number Fields and

Scrollar Invariants of Curves

2.1 Successive minima spectra are finite unions of polytopes

Let S be an infinite set of isomorphism classes of orders in degree n number fields. In this section
we provide a method to construct points in Spectrum(S,,); we then use this construction to prove

Theorem 1.1.2.
Proposition 2.1.1. The set Spectrum(S) is closed.

Proof. The set Spectrum(S) is defined to the be the set of limit points of a multiset; therefore it is
closed. O

Definition 2.1.2. Let S be an infinite set of isomorphism classes of orders in degree n number fields.

If

I (1 1 n_)
Olgls 0gA A1, JJoga An—1

exists in R" ™!, call the limit the Minkowski type of S and denote it by xs.

Given x € R"!, when and how can we produce a set S such that xs = x? Proposition 2.1.3 pro-
vides an explicit construction of § when x satisfies certain constraints. Let B = {1 = v, vy ...,05-1}

be a basis of a degree n number field K. For ¢ € [n] and v € K, let m; g(v) be the coefficient of
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v; in the expansion of v with respect to the basis B. Let F = {Fj};cn be the flag given by

F; = span{vg,...,v; }.

Proposition 2.1.3. Choose x = (21,...,%n_1) to be a rational point in the relative interior of Pr,.

Define M to the set of M € Z>1 such that M™% =%k my g(v;v;) € Z for all i,j,k € [n]. Then
{OM = Z<]., le'l}l, ey Mx"fl’vn,ﬁ}MeM

is an infinite set of isomorphism classes of orders with Minkowski type X.
If Z{1 = vg,v1 ..., vn—1) is an order, then it suffices to let x = (x1,...,T,—1) be a rational point

mn PT;-

Proof. Let zg =0. For M € M,

(M%) (M%) = Z M&FFE =Tk g (vv;) (M vy).
ké€[n]

Suppose x is in the relative interior of Pr,. Then we have 0 < z; < -+ < xp—1 and z < z; +
for any 1 < 4,4,k < nsuch that k < Tx(i,j). For any i, j, k € [n], if 7 g(viv;) # 0, then k < T (3, )
so x; +x; — x> 0. Because x is rational, z; + x; — x) is a positive rational number. Therefore, M
is an infinite set.

Now suppose instead that Z(1 = vg,v1...,vp—1) is an order and x € Pr,. Then 7 g(v;v;) € Z
and 7y g(v;v;) # 0 implies x; + ; — x > 0, so M is an infinite set.

Because M*iT%i =%k g(v;v,) € Z for all i, j, k € [n], the lattice Oy is an order for all M € M.

For an order Oy, we have Ap,, =<p M2@1t+2n-1) — M Thus, we obtain:

M1/2 =B Al/z

Oum
n—1
= H 2i(Owm) by Minkowski’s second theorem
i=1
<«g ME T TEn-1 because \;(Oy) < M™
_ agl/2 _
=M because x1 + -+ + xp—1 = 1/2

This implies that:

)\z(OM) =g M7".
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Therefore,

A/lflé%/l loga, - Xi(Onm) = Nl{lg}/llogM M = x;.
Thus, the infinite set of isomorphism classes of orders {Ops} prem has Minkowski type x. O

The infinite set of isomorphism classes of orders constructed in Proposition 2.1.3 will be essential in

proving the theorems in this paper, so we give them a name.

Definition 2.1.4. Suppose B = {1 = vg,...,v,_1} is a basis of a degree n number field, M C Z>;

is an infinite subset, and x = (z1,...,7,_1) € R"~! satisfies 2y < -+ < x,_; and Yo =1/2.

Moreover, suppose that for all M € M, the lattice Oy = Z(1, M*1vy,..., M* =1y, 1) is an order.

Then, define S(B, M, x) to be {Onp}arem.

The infinite set S(B, M, x) has Minkowski type x, as Ao,, <sn,mx) M and X\i(Onr) <Xsi,m,x) M7
Given a basis B of a degree n number field, for which x € R”~! does there exist a infinite set

of the form S(B, M,x)? Proposition 2.1.3 gives sufficient conditions on x for an infinite set of the

form S(B, M, ) to exist; we will now prove necessary conditions on x.

Proposition 2.1.5. Choose a set of the form S(B, M,x). Let F be the flag arising from B. Then

X € PT; n anl.

Proof. Again let ©p = 0. By the definition of S(B, M,x), we have 0 < z; < --- < z,_; and
doiwi = 1/2. Write B = {1 = vo,...,vp—1}. As Z(1,M™vy,...,M*~v,_;) is a ring for all
M e M and

(M* ;) (M* ;) = Z M®HE =Ty (vi0;) (M vy),
ken]

we must have that M*%i~%kmy g(v;v;) € Z for all M € M. Thus x € Q" ! and z, < z; + xj if

kag(vi’l)j) 75 0. O

Theorem 1.1.2. We have
Spectrum(S(G)) = U Pr,
F

where F ranges across all flags of degree n number fields with Galois group G.

Proof. Choose O € §(G). Choose a set of linearly independent elements 1 = vy, ...,v,-1 € O such

that A;(O) = |v; | and let F be the flag given by the basis. For every 1 <4, j < n, we have

A6, ) (O) = [vreigy | < Vnlvil|v; | = M(O)A;(O).
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Therefore, Spectrum(S(G)) is contained in the union of polytopes Pr, for every flag F in a
degree n number field with Galois group G.

On the other hand, pick a flag F of a degree n number field K with Galois group G. Then
there exists a basis {1,vq,...,v,—1} of K giving rise to F. For any point x in the relative interior
of the polytope Pr,, Proposition 2.1.3 shows that x € Spectrum(S(G)). By Proposition 2.1.1,
Pr C Spectrum(S(G)). O

2.2 Computing the successive minima spectrum for S,

In this section we prove Theorem 1.1.7 and Theorem 1.1.8 using some theorems from additive

combinatorics and the construction discussed in the previous section.

Lemma 2.2.1 (Bachoc, Serra, Zémor [1], Theorem 2). Let L/K be a field extension of degree n.
Choose integers 0 < i,j,i+j < mn. Let I,J be dimension i+ 1 (resp. j+ 1) K-vector subspaces of L
and suppose dimg I.J < i+ j. Set m = dimg (Stab(I.J)) and write i and j in mized radiz notation

with respect to (m,n/m) as
1t =1 +iam
J =7+ jam.
Then m > 1, the addition i+j overflows modulo m, dimg Stab(IJ)I = (iz+1)m, dimg Stab(I.J)J =
(jo + 1)m, and dimg IJ = (iz + jo + 1)m.
Theorem 1.1.8. Choose 1 <i < j < i+ j<mn. The following are equivalent:
1. the region Spectrum(S(G)) is contained in the linear half space defined by x4 ; < x; + x;;

2. for any integer m that occurs as the degree of a subfield of a degree n number field of Galois

group G, we have (i%m) + (j%m) = (i + j)%m.
Proof. By Theorem 1.1.2,

Spectrum(S(G)) = UPTf'
F

We first prove (2) = (1). Let F be a flag of a degree n number field K with Galois group
G. If dim F;F; > i+ j then Tx(i,j) > i+ j so Pp, lies in the linear halfspace z;4; < z; + ;. If
dim F; F; < i+ j then by Lemma 2.2.1, Stab(F; F;) is a nontrivial subfield of K of degree m. Thus,
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we may write

1 =11+ iom

J=Ji1+jam

and 71 + 71 < m. So,

which is a contradiction.

Conversely, suppose condition (2) does not hold. Then there exists a number field K with Galois
group G and a nontrivial proper subfield L of degree m such that (i%m) + (j%m) = (i + j%m).
Let « be a generator of the extension L/Q and let S be a generator of the extension K/L. For
¢ € [n], write £ = £1 + £2m in mixed radix notation with respect to (m,n/m); then construct a basis
{1 =wvg,...,v,_1} of K as follows. Set v; = a’*32. A computation shows that the polytope Tr is

not contained in the linear half space given by z;1; < z; + ;. O

Theorem 1.1.7. If G is the symmetric group on n letters, then
Spectrum(S(G)) = Len(n).

Proof. Theorem 1.1.2 shows that
Spectrum(S,,) = U Pr.
F

where F ranges across flags in degree n extensions K with Galois group S,,. So, it suffices to show

that

UPTf = Len(n).

F

Theorem 1.1.8 shows that

U Pr, C Len(n)
f

because a degree n number field with Galois group S,, has no nontrivial proper subfields. On the
other hand, pick a basis of the form 1,a,...,a" ! of a degree n number field K with Galois group

Sy and let F be the corresponding flag. Then a computation shows that Pr, = Len(n), so

Len(n) C UPTf'
F
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2.3 Bounds on scrollar invariants of curves

Let C' a smooth projective geometrically irreducible curve of genus g over a field k equipped with
a finite morphism 7: C' — P! of degree n > 2. Let 0 = ag < a1 < as < --- < a,_1 be the unique
integers such that

m.0c =~ Opi(—ag) ® Op1(—a1) @ -+ @ Op1 (—an-1)-

We say a; is the i-th scrollar invariant of w. Let g be the genus of C and let G be the Galois group

of m. An application of Riemann—Roch shows that:
l.ag+-4+ap-1=9g+n—1;
2. and ag =0 and a; > 0 for any 1 < i < n.

Let K(C) be the function field of C' and let K (P!) be the function field of P!.

Theorem 1.1.9. We have

ai Gp—1
ey el P
(2(g—|—n—1) 2(g—|—n—1)) LfJ Tr

where F ranges across all flags of K(C)/K(P!).

Proof. The multiplication map ¢: Oc ® Oc — O¢ induces an action map
1}: 1.0c @ m.Oc — m,.O¢

via the pushforward. Let 1 denotes the generic point of C, let L be the function field of C', let v be

the generic point of P! and let K be the function field of P!. The map 7 induces an isomorphisms

¢: (Oc)y ~ (m.0¢)),
making the following diagram commutes:

(Oc)iy @ (Oc)yy ——— (Oc)yy

oo e

(7 (O @ (7 (O — (1.06) .-
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The top map (Oc), ®(Oc), — (Oc)), is multiplication in the field L, represented as a K-vector

space, because (O¢)|, = L. Define the flag over K given by F = {F;};c[n) given by

Fy=o7t ((Opl(ao) @ OJPI(*%)) |V>
Choose 1 < i < j<i+4j < n. Recall that
Tr(i,7) = min{k € [n] | FiF; C Fy,}.
Thus, there is nonzero homomorphism
Op1(—a;) ® Op1(—a;) = Opi(—ar,(i,5)

which implies that ar,(; ;) < a; + a;j. Thus, the point lies in Pr. O

Theorem 1.1.10. Let F range across all flags of degree n extensions of K(P'). We have

U Pr = JLen(%)
F T

if and only if n is a prime power, n is a product of 2 distinct primes, or n = 12.
Proof. This is a direct corollary of Theorem 2.7.1. O

Theorem 1.1.11. Choose 1 <i < j <i+j <n. If aiy; > a; + a; then there exists an integer m

such that w: C — P! has a subcover of degree m and (i%m) + (i%m) # (i + j)%m.

Proof. We prove the contrapositive. Suppose for all integers m that occur as degrees of subcovers
of m, we have (:%m) + (j%m) = (i + j)%m. Let F be a flag of K(C). If dim F;F; > i + j then
Tr(i,j) > i+7s0 airj < a;+a;. If dim F;F; <i+j then by Lemma 2.2.1, Stab(F;F}) is a nontrivial

subfield of K(C) of degree m. Thus, we may write

1 =11+ iom

J=Ji1+jam

and i +j1 <m. SO,
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which is a contradiction. ]

Given a line bundle £ on C, one could define the scrollar invariants of £ to be the numbers, in
increasing order, given by the vector bundle 7, (£)Y; denote these by ag(L), ..., a,—1(L). The proof
of Theorem 1.1.11 can be generalized to show that if a;4;(L) > a;(Oc¢) + a;(L), then there exists
an integer m such that = has a subcover of degree m and (i%m) + (j%m) = (i + j)%m; one simply

replaces the multiplication map

00 —=0

with the multiplication map

0L — L.

2.4 Some theorems with exact constants

In this section, we prove a few theorems on successive minima with exact constants.

Lemma 2.4.1. Suppose we have xz,y € K for some number field K of degree n. Then |zy| <
valz|lyl.

Proof. We have

Theorem 2.4.2. Let 1 = k1 < ko < -+ < kg = n be positive integers such that ks | n for all

1 < s <l Choose any integers 0 < i,j < i+ j <n. The following statements are equivalent:

1. There exists a number field K of degree n whose subfields have precisely the degrees ki, ..., ks
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and there ezists a constant cx € R~ depending only on K such that

Aitji(0) < exAi(0)A;(0)

for every order O C K.

2. There exists a number field K of degree n whose subfields have precisely the degrees k1, ..., kg

and there ezists a constant cx € R~ depending only on K such that

it (1) < cxNi(I)A;(O)

for every order O C K and every fractional ideal I of O.

3. For every order O in a degree n number field such that O ® Q has subfields of precisely the

degrees ki, ..., ke, we have

Airi(0) < VnAi(0)A;(0).

4. For every order O in a degree n number field such that O ® Q has subfields of precisely the

degrees ki, ..., kg and every fractional ideal I of O, we have

Aij (1) < VnXi(1)A;(0).

5. We have
(1% ks) + (j %o ks) = (i +7) Yo ks

foralll <s<U/.

Proof. Clearly, (4) = (3) = (1) and (4) = (2) = (1).
We will show that (5) = (4) by Lemma 2.2.1. Suppose that (i % ks)+(j % ks) = (i+7) % ks for
all 1 < s <t. Let O be an order in a degree n field with subfields of precisely the degrees ki, ..., k.
Let I be a fractional ideal of . Choose linearly independent elements 1 = vy, ...,v,-1 € O such
that \;(O) = | v; | and choose linearly independent elements wy, . .., v,—1 € I such that \;(I) = |w; |.
By Lemma 2.2.1, dimgQ(1,ws,...,w;)dimgQ(1,v1,...,v;) > i+ j + 1 because (i %ks) +

(j%ks)=(i+7) %k for all 1 < s <t. Because I is an O-module,

Aigi (1) < Jwivs| < vnlwi | vy | = XN(1)A;(0),
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where |w;v;| < v/nlw;||v;| by Lemma 2.4.1.

Now it suffices to show that (1) = (5); pick any number field K with a nontrivial proper
subfield L of degree m such that (i%m)+ (j%m) = (i+j%m). Let a be a generator of the extension
L/Q and let 5 be a generator of the extension K/L. For ¢ € [n], write £ = {1 + om in mixed radix
notation; then construct a basis {1 = vg,...,v,_1} of K as follows. Set v; = a’*3%2. A computation
shows that the polytope T’r is not contained in the linear half space given by z;;; < x; +;. Choose
a rational point x in the relative interior of T'r such that x;;; > z; + ;. Then Proposition 2.1.3
gives an infinite family S of orders in K such that

lim Xi(0)A;(0)

oes )\H_j(O) =0

For a number field K, let S(K) be the family of orders in K.

2.5 Taking logarithms of successive minima is not lossy

Let f, f1,..., fn_1 € R. In this section, we prove that for “nice” families S, the inequality

A < M A

ctn—1

for O € § is equivalent to Spectrum(S) being contained in the linear half space defined by 0 <
fix1 + -+ + fn_1%n_1, where here z1,...,2,_1 are the coordinates of R»~!. In other words, we

prove that taking logarithms of successive minima is not lossy.

Theorem 2.5.1. Choose f, f1,..., fun_1 € R. The following are equivalent:
1. and Spectrum(S(G)) is contained in the linear half space defined by f < fre1+- -+ fan—1%n—1;
2. and there exists a constant ¢ € Rsq such that AS < c)\{l e )\fl":f for all O € S(G);

Proof. Clearly, (2) = (1). We now prove that (1) = (2). For every order O € S(G), we pick
a Minkowski basis {1 = vy, ...,v,—1} of O. The Minkowski basis gives rise to flag giving rise to a
function Tr. As we range across all orders in S(G), we will obtain finitely many such functions; call

them T4, ..., Tk. For 1 < /¢ <k, let S; be the subset of S(G) such that our chosen Minkowski basis
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gives rise to the function Ty. Then for all O € Sy and all 1 <4,j < n, we have
A1, (0) < Ai(0)A;(0) (2.1)

so Spectrum(Sy) C Pr,. Applying the construction in Proposition 2.1.3 to the chosen Minkowski
basis shows that the relative interior of Pr, is contained in Spectrum(S,). Proposition 2.1.1 implies
that Spectrum(Sy) is closed, which implies that Spectrum(S,) = Pr,.

Fix ¢. Assume Spectrum(Sy) is contained in the linear half space defined by f < fiz1 +--- +
fa_1Zn_1. It suffices to show that ¢, € Ry such that Af < cz)\{l ...)\i":ll for all O € S;. To this

end, recall that the defining equations of Ty are:
1o+ +x =1/2;
2.0 < <@y
3. and xr,(; ;) < x; +x; for all i, j.
Analogously, define the following affine linear functions on R™:
L px)=a1+ 4+ xp_1—1/2
2. q1(x) =z and g;(x) = x; — a1 for 1 <i < n;
3. and 75 j(x) = x5 + 2 — T7,3,5) for all 1 <4, 5 < n.

Let s(x) = fix1+ ... fn—1Zn—1 — f. Then we because T} is in contained in the linear half space

defined by f < fiz1 + -+ fn_12,_1, We can write

s(x) = epp(x) + Z €q,iqi (%) + Z Cr.ijTi(X)

1<i<n 1<i,j<n

where ¢, is a real number and all the ¢;; and ¢;;; are nonnegative real numbers. Then, for any
O € §;, we may write

1. Al/2 <e, (A1... Ay_1)° due to Minkowski’s second theorem;

2. 1< AT and 1 < AP A% for 1 < i < m;

3. and 1 <, ; AN /\%;(ii?j) for all 1 <4,j < n due to (2.1).

Multiplying these inequalities out gives

A< A Ay
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as we range across O € Sy. O

2.6 The polytopes associated to a flag type T

In this section we discuss the polytopes associated to a flag type and prove some crucial lemmas.

Let T be any flag type of degree n. In this section, we will prove Theorem 2.6.5.

Definition 2.6.1. A flag type of degree n is a function T': [n] x [n] — [n] such that for any i, j € [n],

we have:
1. T(,j) = T(j,i);
2. T(i,0) =
3. and T(i,5) <T(i+1,5) ifi <n— 1

Definition 2.6.2. Let Pr be the set of x = (x1,...,2,_1) € R" ! such that x1 + -+ +z,_1 = 1/2

and 0<z; <---<ux,_1 and Treg) < T+ 1w forall 1 <i,j <n.
Proposition 2.6.3. The set Pr is a bounded polyhedron of dimension n — 2.

Proof. We will show that Pr has dimension n — 2 by producing n — 1 linearly independent points

in the cone over Pr. For i € [n — 1], define x* = (2%,...,2¢_;) € R""! by

It is easy to verify that x’ is in the cone over Pr. The (n — 1) x (n — 1) matrix whose rows consist
of the (n — 1)-tuples 2°,...,2"~2 has rank (n — 1); this can be seen via elementary row and column

operations. O

Definition 2.6.4. For 0 < i,j < n, say (¢,7) is a corner of T if T(i —1,5) < T(i,j) and T(i,5 — 1) <

T(i, ).

Theorem 2.6.5. For i,j,k € [n], the inequality x), < z; + x; defines a facet of Pr if and only if

(i,7) is a corner and T'(i,j) = k.

Proof. Suppose (i, ) is not a corner of T'. Then, there exists a corner (i, j') with i <4, 7/ < j and

T(i',5") =T(i,5). We will show that xp(; j) < ;4 x; does not define a facet of Pr by showing that
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Prn{x e R" ! | &y ) = i + x; } strictly contains Pr N {x € R" ™! | x7(; ;) = x; + 2;}. In other

words, we will produce x in the cone over Pr with xp(; ;) = i + xj0 # ©; + x;.

It &' # j', set x = (x1,...,2,—1) Where
xl,...,a:ir:2
Lil 1y -y Lyt =3
xj/+1,...,.’1}T(i’j),1 =4
IT(i,j)’“-;In—l = 5.

If ' = j', set x = (x1,...,2p—1) Where

.1'1,...,131‘/:2
Tirg1y - TT(ig)—1 = 3
Tr(i,5) -+ >Tn—1 =4.

A computation verifies that x7(; j) = @y +w;, # x;+x;, and x is in the cone over Pr. Therefore,
Pr is the set of x = (x1,...,2,_1) € R" ! such that o1 + - + 2,1, 0 < 77 < --- < 3,1, and
xp,) < x; + x; for all corners (i,j) of T. Now, suppose (i,j) is a corner of T. To show that
Ty, < x; +x; defines a facet of Pr, it suffices to produce a point x = (z1,...,2,-1) € R"~! such

that 0 <21 <--- <1, and zp(; ) > 2 + 25 and 2@y jy) <z + 25 for any other corner (i, 5").

Set x = (x1,...,&n—1) where If i # j, set x = (21,...,2,-1) where
Llye-oy Xy =2
$i+1,...,$j:3
Tjt1s. 5T -1 =4
-’L‘T(i,j)anwmnfl = 6.
If i = j, set x = (x1,...,2,-1) where
X1, y Lg =2
Titl,- - TT(i,5)—1 = 3
xT(i,j),...,xn_l = 5.
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A computation verifies that x satisfies the necessary conditions. O

We define a partial ordering < on the set of flag types. For any two flag types T and T”, say

T<T it T(i,j) <T'(3,j) for all 4,j € [n]. We obtain the following lemma.
Lemma 2.6.6. The map from flag types to polyhedra sending T to Pr is an injection.
So, the poset of polyhedra Pr is canonically dual to the poset of flag types.

Proof. A flag type is determined by its corners, and a polyhedra is determined by its facets. Apply

Theorem 2.6.5 to complete the proof. O

Fix a tower type ¥ = (n1,...,n). Let ai,...,a4—1 be a sequence of algebraic numbers such
that [Q(a1,...,a0): Q(ag,...,ap —1)] =mnp for 1 < € < t. Write ¢ = iy +i2(n1) +i3(ning) +--- +
it(nq ...ng_1) in mixed radix notation with respect to (n1,...,n;) and define a basis 1 = vg, ..., vp_1

of Q(a,. .., o) as follows; set v; = ai' ... a}". Define the flag F(T) = {F;}icn) by Fi = {vo, ..., v;}.
Definition 2.6.7. Let T(%) be the flag type of F(T).

Observe that Len(T) = Pp(g).
Corollary 2.6.8. For any tower type T and 0 < 4,j,i+ j < n, the following are equivalent:
1. i+ j does not overflow modulo T;
2. (i,7) is a corner of Len(¥) ;
3. and T(%)(4,j5) =1i+].
Proof. This follows from the definition of T'(T). O
We may compare flag types using corners.

Lemma 2.6.9. For any two flag types T and T' such that T 2 T', there exists a corner (i,7) of T
such that T(i,7) <T'(i,7).

Proof. Because T' # T, we have Pr ¢ Pr.. Thus, there exists integers 1 < 4,5 < n such that

Pr C{x=(z1,...,2p-1) ER"! | Ty < T+ xy),

PT' §Z {X = (.’1’,‘1, ce ,xn_l) S Rn_l ‘ :I:T’(i,j) < ZT; —l—xj},
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and the linear inequality z7/; ;) < @; + x; defines a facet of Pr. Thus Theorem 2.6.5, there
exists a corner (i,7) of T” such that Pp N {x € R™ ' | ap( ;) > @ +a;} # 0. Because

PrC{xeR"! | Trag) < 2+ x5}, we have T'(i,5) < T'(4, 7). O
The following statement will be useful.

Theorem 2.6.10 (Bachoc, Serra, Zémor [1], Theorem 2). For all field extensions L/ K and nonempty

K -subvector spaces A, B C L of positive finite dimension, we have

dimg AB > dimg A+ dimg B — dimg Stab(AB)

Theorem 2.6.11. For a flag F and every corner (i,7) of Tr, we have Tr(i,5) > i+ j.

Proof. Let (i,7) be a corner of T' and suppose for the sake of contradiction that T'(¢,j) < + j.

FFy_ = FF}

which would imply that (4, ) is not a corner.

To this end, set M = Stab(F;F;) and m = dim Stab(M). Note that m > 1. Write ¢ and j in
mixed radix notation with respect to (m,n/m) as i = ay + agm and j = 1 + B2m and note that
a1+ 51 > m (because k # i + j). Thus, 81 # 1.

Note that m~*dim MF;_; > [j/m] = B2 + 1 and m~'dim M F; = 3 + 1, so

MF;_y = MF;.

Note that Stab(MF;MF;_1) = M. Define

M/ = Stab(FiFj_l)

and set m’ = dim M’. Note that because

Stab(Fiijl) g Stab(MFiMijl),

we have M’ C M and thus m’ | m.
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First suppose a1 + 81 — 1 — m < m/. By Theorem 2.6.10, we have
dimFiFj,l = (041 + 61 + 1)m

and thus

FiFj,1 = FZFJ

Now suppose a3 + 81 — 1 —m >m'. If M’ ## M, then
dim F; F;_y > dim F; F},
which is a contradiction. Thus we must have M’ = M so by Theorem 2.6.10, we have
dim F;Fj_1 = (a1 + 1+ )m

and thus F;F;_; = F;F};. Thus, we have a contradiction so & > i+ j. O

We say a flag type is realizable if it arises from a flag of a field extension. We say it is realizable
over K if it arises from a flag of a field extension of K. In contrast to Theorem 2.6.11, there exist

realizable flag types T with a corner (7, ) such that T'(i + j) > i + j.

Remark 2.6.12. For a tower type T = (nq,...,n;), we denote the tower type T(%) = T((n1,...,n¢))
by T'(n1,...,nt). When t = 2, we caution the reader to not confuse T'(n1,ng) with evaluating some

flag type T at the numbers n; and ns.

2.7 The successive minima spectrum when n is a prime power,
a product of two primes, or 12

Theorem 1.1.6. We have
Spectrum(S,,) = ULen(f)
T

where T ranges across tower types of degree n if and only if n is a prime power, n is a product of 2

distinct primes, or n = 12.
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Proof. Theorem 1.1.2 shows that
Spectrum(S,,) = U Pr,.
F

So, it suffices to show that

U Prr = JLen(%).
F T
This is precisely the content of Theorem 2.7.1. O

In this following two sections, we prove the following theorem. Let K be a field with extensions

of all finite degrees.

Theorem 2.7.1. We have
U Len(%) = U Pr,
T F

as F ranges across flags over K if and only if n is a prime power, n is a product of 2 distinct primes,

orn =12.
Proof. Combine Lemma 2.7.2 and Theorem 2.8.1. O

The rest of this section is dedicated to proving Lemma 2.7.2. The next section will prove

Theorem 2.8.1.

Lemma 2.7.2. Ifn is a prime power, n is a product of 2 primes, or n = 12 then

JLen(z) = Pr,
T F

as F ranges across flags over K.
Proof. We separate into the following cases:
1. for n = p* for p prime and k > 1, apply Proposition 2.7.5;
2. for n = 2p for p an odd prime, apply Proposition 2.7.3;
3. for n = pq for p and ¢ distinct odd primes, apply Proposition 2.7.4;

4. and for n = 12, apply Proposition 2.7.6.
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The rest of this section is devoted to proving Proposition 2.7.3, Proposition 2.7.4, Proposi-

tion 2.7.5, and Proposition 2.7.6. We will first need the following definitions.

Proposition 2.7.3. Suppose n = 2p for p an odd prime. For every realizable flag type T, we have
T>T(2,p) orT>T(p,2).

Proof. Assume for the sake of contradiction that there exists a flag F of K such that Tr % T(p,2)
and Tr # T(2,p). By Lemma 2.6.9, there exists integers 0 < iy < jo < ia + jo < 2p such that
12 + j2 does not overflow modulo (p,2) and Tx(is, j2) < iz + jo. By Lemma 2.2.1 we must have that

F;, + F;, overflows modulo 2. Moreover,
dim Stab(FiszQ)FiZ = dim F’i2 .

Hence F;, is a vector space over Stab(F;, F},) and Stab(F;, Fj;,) is a quadratic field.

Similarly, because Tr # T'(2,p), there must exist integers 0 < 4, < jp < 1p + jp < 2p such that
ip + jp does not overflow modulo (2,p) and Tr7(ip, jp) < ip + jp. Again, by Lemma 2.2.1 we must
have that i, + j, overflows modulo p and Stab(F; Fj,) is a field of degree p; therefore F; F; # K;
therefore F; is contained in the degree p field Stab(F; F},).

Because Fj, is a vector space over a quadratic field, it cannot be contained in a degree p field.

Therefore, we must have F; C Fi, and hence

= dim Stab(F}, F;,) Fi,
> dim Stab(Fig Fj2)Fjp

1
2(13;“) =p+3.

The last step is because j, > % and F}, is contained in a degree p field. Thus i2 + j2 > 2p, which

is a contradiction. O
Proposition 2.7.4. Suppose n = pq for p and q distinct odd primes. Then for every realizable flag
type T, we have T > T(p,q) or T > T(q,p).

Proof. Assume for the sake of contradiction that there exists a flag F of K such that Tr 2 T(p,q)
and Tr # T'(¢,p). By Lemma 2.6.9, there exists integers 0 < iy < j, < 94+ jg < pg such that i, + j,
does not overflow modulo (p, q), but T’z (iq, jq) > iq + j,- By Lemma 2.2.1 we must have that i, + j,

overflows modulo ¢ and K, = Stab(F; F},) is a group of order g.
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Similarly, because Tr # T'(g,p), there must exist integers 0 < i, < j, < ip + jp < pg such that
ip + jp does not overflow modulo (g, p), but T'(ip, jp) > ip + jp. By Lemma 2.2.1 we must have that
ip + jp overflows modulo ¢ and K, = Stab(F;, F},) is a field of degree p.

If i, <14p and jq < jp, then

K, C F; F;, CF, F,

p?

and because F; Fj is a Kpy-vector space, we have

K = K,K,C F, F;

p?

which is a contradiction. Similarly, it is not possible for i, < i, and j, < j,;. Hence without loss of
generality we may suppose i, < iq < jg < jp. Write 7, and j, in mixed radix notation with respect

to (p,q) and write i, and j, in mixed radix notation with respect to (¢,p) as

ip =11,pP +i2,p
Jp = J1pP + J2,p
lg = 11,90 + 12,4

Jq = J1,44 + J2.4-
By Lemma 2.2.1, we have that

dim K, F;, = (dim K,,) (i1, + 1)
dim K, Fj, = (dim K,,) (j1,p + 1)
dim K, F;, = (dim K,)(i1,4 + 1)

dim K, Fj, = (dim K,)(j1,4 + 1)

Note that

dim K F;, dim K, F;, ) dim K, Fj,
f . S (Zl,q + ) .
dim K, dim K, dim K,

ig+1=dimF;, < = (i1, +D01p+1)

dim K, F;, dim K, F},
dim K, dim K,

dim K, Fj,
dim K,

Jg+1l=dimFj; < < (1qt+1) = (J1,q + D(1p + 1)
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Thus

Z'q + jq < (i17q + 1)(.71,p + 1) + (qu + 1)<j1,p + 1)
= (il,q +jl,q + 2)(j1,p + 1)
< p(jl,p + 1)

< Jp-

Because iy + j, < jp, we have K, C Fj ;.1 C Fj;, and because F; F; is a Kp-vector space, we
have

K = K,K, C F; F;

Ip?
which is a contradiction. O

Proposition 2.7.5. Suppose n = p* for p and odd prime and k > 1. Then for every realizable flag

type T, we have T > T(p,...,p).

Proof. Suppose there exists a realizable flag type T such that Tr 2 T(p,...,p). By Lemma 2.6.9,
there exists integers 0 < ¢ < j < n such that ¢ + j does not overflow modulo (p,...,p) and
T(i,j) <i+j. By Lemma 2.2.1, i + j must overflow over some positive integer m such that m | ",

which is a contradiction. O

Proposition 2.7.6. Suppose n = 12. Then for every realizable flag type T, we have T > T'(3,2,2)
orT>1T(2,3,2) orT >T(2,2,3).

Proof. Assume for the sake of contradiction that there exists a flag F over K such that Tr *
7(3,2,2), Tr # T(2,3,2), and Tr # T(2,2,3). By Lemma 2.6.9, there exists i1, ia, i3, j1, j2, J3

such that

O0<i <1 <1+ <12
0<ig <jo<inot+jo <12

0<ig <js<ig—+js <12,
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and i1 + j1 (resp. 2 + jo, i3 + j3) does not overflow modulo (3,2,2) (resp. (2,3,2), (2,2,3)), and

Tr(iv+j1) > i1+ 1
Tr(iz + j2) > i2 + jo
T]:(ig + ]3) > i3 + j3.
By Lemma 2.2.1 we have that
K1 = Stab(Filel)
Kg = Stab(FiQFjQ)
K3 = Stab(FlgFB)
are a nontrivial proper subgroups; let m; = dim K1, let ms = dim K5, and let m3 = dim K3.
The list of possible triples (i1, j1,m1) for which 0 < i3 < j; < i1 + j1 < 12, the addition i1 + j;

overflows modulo my, we have 1 < m; < 12, we have my | 12, and the addition i; + j; does not

overflow modulo (3, 2,2) is

{(1,1,2),(1,3,2),(1,3,4),(1,7,2),(1,7,4),(1,9,2),(2,3,4),(2,6,4),(3,6,4),(3,7,2), (3, 7,4)}.

The list of possible triples (i, ja,mg) for which 0 < iy < jo < i9 + jo < 12, the addition is + jo
overflows modulo mg, we have 1 < mg < 12, we have mqy | 12, and the addition iy + jo does not

overflow modulo (2,3,2) is

{(1,2,3),(1,8,3),(2,2,3),(2,2,4), (2,3,4),(2,6,4),(2,7,3),(2,7,4), (2,8,3),(3,6,4) }.

The list of possible triples (i3, j3,mg) for which 0 < i3 < j3 < i3 + j3 < 12, the addition i3 + j3
overflows modulo mg, we have 1 < m3 < 12, we have m3 | 12, and the addition i3 + j; does not

overflow modulo (2,2, 3) is

{(1,2,3),(1,8,3),(2,4,3),(2,4,6),(2,5,3),(2,5,6),(2,8,3),(3,4,6),(4,4,6),(4,5,3), (4,5,6) }.

We will show that every combination of integers (i1,71,m1), (i2,J2, m2), and (is, j3,m3) from the
lists above give rise to a contradiction.

Then because i; < mq, by Lemma 2.2.1, we have K1 F;, = Ky so F;; C K;. Write F; = {1,v1}.
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Then deg(vy) | mq | 4.

If deg(v1) = 4 then as deg(v1) | m1 | 4, we have that my = 4. If i3 < mg then F;; C K3 and
thus deg(v1) | ms | 6, which is a contradiction. Hence i3 > m3 so we must have mz = 3 and i3 =4
and j3 = 5. Moreover, by Lemma 2.2.1, dim K3F5 = 2dim K3. Because m; = 4 and mg = 3 are
coprime, we have F;,) C K; and

dim K3F;, _ dim K3 Fs

L +1=dimF, = < — 9,
ut M = T Ky dim Ko

which is a contradiction.
Thus deg(vy) = 2, and therefore without loss of generality we may suppose i; = j1 = 1 and
my = 2, as deg(v1) = 2 implies that

nE = .

Notice that ia < ma, so F;, C K5 and thus deg(v;) = 2 | deg(K>); hence mqy = 4.
If mg = 3, then if i3 < m3 we have F;,) C K3 and thus deg(vy) | K3 | 3, which is a contradiction.

Thus i3 > ms3, so i3 =4 and j3 = 5. By Lemma 2.2.1, | K3F5 | = 2| K3 |; thus

Fs = K3F

is a group of order 6. However,

K3F1 = Stab(F5)
C Stab(F,Fy)

= K37

which is a contradiction.
Hence, m3 = 6. Because io < my and i3 < mg and 2 < iy, i3, we have Fy C Ky N K3, which is a
contradiction, because

| Ko N K3 < ged(ma,mg) = ged(4,6) = 2.
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2.8 The successive minima spectrum when n is not a prime
power, a product of two primes, or 12

In this section, we prove Theorem 2.8.1.

Theorem 2.8.1. Suppose n is not of the following form:
1. n=p*, with p prime and k > 1;
2. n=pq, with p and q distinct primes;
3. orn =12.

Then there exists a flag type T, realizable over Q, such that

Pr ¢ | JLen(%).
T

Proof. By Lemma 2.8.2, proving the statement of Theorem 2.8.1 for degree n implies the statement
of Theorem 2.8.1 for degree nt for any positive integer ¢. Therefore, it suffices to prove the theorem

when:

1. n = p?q for two distinct odd primes p and ¢ with p < ¢, in which case Proposition 2.8.3

provides a proof;

2. n = pqr for three primes p, ¢, and r with p < ¢ < r, in which case Proposition 2.8.6 provides

a proof;
3. n =4p for a prime p # 2, 3, in which case Proposition 2.8.7 provides a proof;
4. or n = 24, in which case Proposition 2.8.8 provides a proof.

O

The rest of this section is dedicated to proving Lemma 2.8.2, Proposition 2.8.3, Proposition 2.8.6,

Proposition 2.8.7, and Proposition 2.8.8.

Lemma 2.8.2. Let n,m € Z~1 be such that m | n. If there exists a realizable flag type T of degree

m such that

Pr ¢ U Len(p1,...,pt)
(P1s--5pt)
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where (p1,...,pt) range across all tuples with prime entries such that py ... p, = m, then there erists

a realizable flag type T' of degree n such that

where (p},...,p;) range across all tuples with prime entries such that p} ...p, = n.

Proof. The polyhedron Pr has dimension m — 2. Therefore, the set

S = (PT\ U Len(pl,...,pt)> N{xeR™ ! |y #xi+2,;V1<i,5,k<m}
(P1-pt)
is nonempty.

Let K be a field of degree m with a flag F realizing T. Let {v,...,vm—1} be a sequence of
elements in K such that F; = span(vg, ..., v;).

Let L be a degree p extension of K. Let o be a generator of L/K. Define the sequence {1 =
Vs -y Uh_1} by v) = v;,at for i =iy + i2p in mixed radix notation with respect to (p,m). Define
a flag ' = (F})iepn) of G' by F} = span(vy, ...,v;).

Choose x = (1,...,Tm—1) € S. Let

€= 13%%—1{%“ — @i}

and note that € # 0. Define the point x' = (z/,...,2/,_;) € R"~! by

n—1

P b

x; :e2p—|—xi2.

We will show that x’ € Prr. We first show that 0 < 2} <--- < x;npfl. For 1 <i<n-—1, write

i =11 + i2p in mixed radix notation with respect to (p,m). If iy # p — 1, then

11 +1 1
x§+1:el27p+xi2 Zei—l—xh =1,

If iy =p—1 then

i1
! !
Tit1 = Tip41 = €+ Ty, = €— + 14, = ;.

2p
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For any 1 < ,7,k <mn, we now show that a:iffl ) < x; + ). Let k =Tr (i, j). Write

(4,3

=11 + 12D
J=Ji1+jop
k=Fk +kop

in mixed radix notation with respect to (p, m). Then we have k; < i1 + j1 so xx, < 2;, +2;,. Then

1 1
T, =€—+x
k 2 ko

k1

—+
€2p Ty

i1, )1
< 6<2p+ 2p) + a5, + 25,

IN

i1 J
6% +xi2 + 6% +x]2

IN

/ !/
<zt

We will now prove that x’ is not contained in the cone over

U Len(p!,...,p})
PhyeeesPt

( )

where (p1,...,p:) ranges across all tuples with prime entires such that [[, p; = n. Fix such a tuple

(PYs---5pp). I p} # p then

/ / _6< o
m1+xp71—§ T =

p7
so x’ is not in the cone over Len(py, ..., p:) because 14 (p— 1) does not overflow modulo (p1,...,p:)
and xj, > ] + x5, ;. If pj = p then p;...p; = m. Because x is not in the cone over Len(p}, . .., p;),
we can choose 1 < i < j < i+ j < m such that ¢ + j does not overflow modulo (p},...,p}) and

Tit; > x; + xj. Note that pi + pj does not overflow modulo (p1,...,p;) and

/ _ o . L At /
Tpigpj = Titj > Ti T Tj = Tp; + Tppje

Thus x’ not in the cone over Len(pi,...,p}). O

Proposition 2.8.3. Let p and q be two distinct odd primes with p < q and let n = pq. Then there
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exists a realizable flag type T such that

Pr & Len(p,p,q) ULen(p, ¢, p) U Len(q, p, p).

Proof. Let e1,ez,e3 € Q be such that e; and e, have degree p, the element e3 has degree ¢, and
deg(Q(e1, e2,e3)) = p*q.
Define a sequence {1 = vy, ...,v,_1} as follows. For 0 < i < ¢, set v; = et. For ¢ <i < n and

1 < < n, write i’ = i] + i4p + i4pq in mixed radix notation with respect to (p,q,p). Inductively
iy

g iy ih if i i
define v; as follows. Choose ¢’ minimal such that ey'e?es’ ¢ {vo,...,v;—1}, and set v; = ey'e®es’.

Observe that for i > pq, eél ei"‘eé3 = e? e’f eff’. Define a flag F = (F;);ie[n) by Fi = span(vo, ..., v;).

Because
Fy = span(1,e;)
qul = Q(el)
Fpg+1 = Q(eq, e2) + span(es, ezes)

Fpgip—1 = Q(e1, e2) + Q(e2) span(e3) = Q(e2)(Q(e1) + span(es))

Fopgip—1 = Q(e1, e2) span(1, e3) + Q(e2) span(e3),
we have

FiF, 1 =F,

and

Fpg+1Fpgp—1 = (Q(e1, e2) + span(es, eze3))(Q(e2)(Q(e1) + span(es)))
= Q(eq, e2) span(1, e3) + Q(es) span(e?)

= Fopgip-1-

We claim there exists x in the cone over Pr, such that x, > z1 + 241 and Zapgyp > Tpgr1 +
Tpg+p—1- In particular, for 1 < ¢ < g set z; = i. For g < i < pq set x; = 1. For pg < i < p?q write
i =11 + i2p + i3pg in mixed radix notation with respect to (p,q, p) and set z; = ilﬁ + i22—1q + i3.

We first show that 0 < z; <...z,_1. If 1 <i<q—1, then

i+l i
2q T 2q

Tit1 = = T;.
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Note also that

If g <i<pqg—1,

Tit+1 = 1= X;.

If pg <i<mn—1then write i +1 = (i + 1)1 + (¢ + 1)2p + (¢ + 1)3pq in mixed radix notation with
respect to (p,q,p) as well. Then if iy =p—1and i =g —1then (i+1); =0 and (i+ 1) =0 and

(i+1)3 =i3+ 1. Then

Tip1 = (i+1)1ﬁ + (i—i—l)z% +(i+1)3
= (i3 +1)
> 1'1L —ﬁ-izi + i3
dpg " 2q
= ;.

Instead if i =p—1and i3 # ¢ — 1 then (i+1); =0 and (i + 1)2 =iz + 1 and (¢ + 1)3 = ¢3. Then

1 1
i1 = (t+1)— 4 1)y — 41
g1 = (1 + )14pq+(2+ )22q+(1+ )3

Finally, if i1 #p— 1 then (¢ +1); =41 + 1 and (i + 1)2 = iz and (i + 1)5 = i3. Then

1
+(i+1)3

1
,’Ei1:i+117+i+12f
=G g+ Doy

4pq
1 1
=(i1+1)— 4 is— + i3
( )4pq 2q
> 1 L 1 y
11— T 27— T13
dpq 2q

= ;.

Therefore, 0 < xz1 < ...Zn,_1.

We now show that for all 1 <4,j < n, we have xp(; ;) < x; + ;. Let k = T(4, ).
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Case 1: 1 <i<qgand 1l<j<gq. Then k¥ =min(q— 1,7+ j). Thus

1
Tp = <2—q+

k
2— =x; + x;.

J
2q
Case 2: 1 <i<gand g <j<pq. Then as Fps—1 = Q(e1, e2), we have j < k < pg. Thus
)
xk:1§2—q+1:xi+xj.

Case 3: 1 <i< g and pqg <j <n. Write j = j; + jop + japg in mixed radix notation with respect

to (p,q,p). Then j < k < j; +min(q — 1,7 + j2)p + japg. Then

Tk < Tj) fmin(g—1,i+32)p+ispg

o1 + min( 1‘+')1+‘
= 91— 4+ min(qg — 1,1 —
]14pq q s J22q J3

1 1
Ji— +J2—+ 73

<
_2+ 4pq 2q

=x; + x5.
Case 4: ¢ <i<pg and ¢ < j < pg. Then as Fpq_1 = Q(e1, e2), we have j < k < pg. Thus

r,=1< 2—+17:c1+xj

Case 5: ¢ <1 < pq and pqg < j < n. Write j = j; + jop + j3pq in mixed radix notation with respect

to (p,q,p). Because Fpy—1 = Q(e1,e2), then j <k < (p—1)+ (¢ — 1)p + jspg. Then

Tk < T (p—1)+(q—1)p+japq

:(pfl)iﬂq*l)iﬂ's

4pq 2q
<1473
=1+ L + ! +
= 114 322 J3
:l’1+$]
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Case 6: pg < i < n. Write

1 =11 + i2p + i3pq

J =J1+ J2p + japq

in mixed radix notation with respect to (p,q,p). Recall that for ¢ > pgq, we have v; = eél elfeg?’.

Thus, j <k <min(p — 1,41 + j1) + min(q — 1,42 + j2)p + (i3 + j3)pg. Then

Tk < Tmin(p—1,i1441)+min(q—1,ia+j2)p+(is+is)pq

. ) o1 . . 1 . )
=min(p — 1,4 +]1)% + min(q — 1,49 +32)2—q + (is + J3)

1 1 1 1
Sti—Fia— izt ji— +tJ2- + s
4pq 2q 4pq 2q

=x; + T;.

Thus, for all 1 <4,j < n, we have if x7(; ;) < x; + x;. Moreover, we have that

1> Loy
Ty = — +— =11+ 24
q 2q 2q 1 q—1
and
1 1 p—1
P U R N B R
Moreover
Len(p, p,q) ULen(p,q,p) C {x € R¥47! |z, < 2y + a1}
and

2 —
Len(q,p,p) C {x € R 1 ! | T2pgtp < Tpg+1 + Tpg+p—17-

However, x is not in the cone over

Len(p, p,q) U Len(p, ¢, p) U Len(q, p, p),

which completes our proof. O

Lemma 2.8.4. Let q be an odd prime. For a € Z/qZ, we have

qg+1 qg+1
a{Q,...,ql}{Q,...,ql} (mod q)
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if and only if a =1 (mod q).

Proof. The statement

qg+1 g+1
a{27...,q—1}:{2,...7q—1} (mod q)

is equivalent to the statement

font32)-|

If ¢ = 3, it is clear that a = 1 (mod q); assume ¢ # 3, and hence ¢ > 5. Then as a(q — 1) = —a €

1,...,(121} (mod q).

{q;r—l, ...,q—1} (mod ¢), we must have a € {1,..., qg—l} (mod ¢). If a # 1 (mod ¢), then there exists

bedl,..., q;—l} (mod ¢) such that ab € {%1, ...,q—1} (mod ¢), which is a contradiction. O

Lemma 2.8.5. Let p, q, and r be odd prime numbers such that p < g < r. There exists an integer
m such that

g <m<|qr/2],

the addition pm + pm overflows modulo q, and the addition m + m does not overflow modulo q or

modulo r.

Proof. If ¢ = r then let

el

Note that m % q = |g/p], as 0 < |g/p] < ¢q. As 0 < ZL%J < 2q/p < q, we have (2m) %q = 2|q/p]
and thus m % q +m %q = (2m) % q, so m + m does not overflow modulo g.
On the other hand, pm = pg+p|q/p] and 0 < p|q/p| < g, so (pm) % q = p|q/p]. Because p < g,

we have ¢ % p < ¢q/2. Therefore,

(pm) % q + (pm) % q = 2p EJ

so the addition pm + pm overflows modulo gq.
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Because p~! # 1 (mod ¢), by Lemma 2.8.4 the set

{1,...,(];1}017_1{(1_'2_1,...,61—1} (mod q)

is nonempty. Choose an element ¢ € Z/qZ contained in the set above. Observe that

o -/2+ - 1/2= | 5.

and let

g<ti, . lep

be the lifts of £ to [g, |gr/2]]. Because q # r, the lifts ¢y, ... 72% all have distinct values modulo r

by the Chinese remainder theorem. Thus, there exists ¢;, such that ¢ € {0,..., 251} (mod r). Set
m = Ek.
To see that the addition pm + pm overflows modulo ¢, notice that m € p’l{%l,...,q -

1} (mod q), so (pm) % ¢ > “EL, and hence
(pm) % q+ (pm) % q > q+ 1.

To see that the addition m~+m does not overflow modulo ¢ or r, observe that m € {1,..., %1} (mod q),

hence

m%qg+m%qg<q.

r—1

Similarly, since m € {1,..., 5

} (mod r), we have

m%r+m%br <r.

O

Proposition 2.8.6. Let n = pqr for primes p, q, and r with p < q < r. Then there exists a

realizable flag type T' such that

Pr € Len(p, q,7) U Len(p, r,q) ULen(q,p,r) ULen(q,r,p) U Len(r, p, q) U Len(r, ¢, p).

Proof. Let eq, ez, e3 € Q be such that the element e; has degree p, the element ey has degree g, the

element ey has degree r, and deg(Q(eq, €2, e3)) = pq.
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Define a sequence 1 = vy, ...,v,_1 as follows. For 0 < i < p, set v; = e¢%. For p < i < n and

1 < i < n, write ¢’ = i} + i5q + i4pq in mixed radix notation with respect to (g, p,r). Inductively

./ ./ . v -/ -/
. o . 1 2 K3 7 (2 3
define v; as follows. Choose ¢ minimal such that ej'e?es ¢ {vo,...,vi—1}. Set v; = ej'ees.

Observe that for i > pg, we have i = 4’. Define a flag F = (F});c[n) by Fi = span(vo, ..., v;).

By Lemma 2.8.5, there existss an integer m such that
qg<m<|qr/2],

the addition pm + pm overflows modulo ¢, and the addition m + m does not overflow modulo ¢ or
modulo r. Moreover,

2pm < 2p|qr/2] < pgr.

Write pm = (pm)1 + (pm)2q + (pm)3pg in mixed radix notation with respect to (g, p,r). Then

we have

Fy =span(l,ep)
Fp_1=Q(e1)
Fpm = span{eéle?eg3 | 41 +i2g+i3pg < pm, 0<1i3 <q, 0<iy<p, 0<i3}

Fopm—1 = span{eéle’feg3 | 41 +i2g+ispg <2pm—1, 0<1i3 <gq, 0<is <p, 0<is}.

We have
FiFy_ 1 =F,_.

Moreover, because the addition pm + pm overflows modulo ¢, we have (pm); + (pm)1 > q. We have

that

Fpm Fpm C {ebe?el® | i1 +i2q +i3pg < (g — 1) + min(p — 1,2(pm)2)q + 2(pm)3pq,

0§¢1<q» OS’LQ <p, O§Z3}
Because i1 4 i2¢ + i3pq < (¢ — 1) + min(p — 1,2(pm)2)q + 2(pm)3pq < 2pm — 1, we have
Fmepm g F2pm—1-

We claim there exists x € Pr, such that z, > x; + 2p—1 and xapy > 22py,. For 1 < i < p set
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xi:i. For p <7 < pgset z; = 1. For pg < i < pqr write ¢
notation with respect to (¢, p,r) and set x; = ilﬁq + izﬁ + 3.

We first show that 0 < xy <--- < x,_1. If 1 <i<p—1, then

141 i
Tiy1 = % > % = ;.
Note also that
p—1
xp = ]. > ? == {Ep,1

Iftp<i<pq-—1,

Tit1 =1 =m;.

= i1 + i2q + i3pq in mixed radix

If pg <i<n-—1then writei+ 1= (i+1); + (i + 1)2¢ + (i + 1)pg in mixed radix notation with

respect to (¢,p,7). If iy =gq—1andig =p—1then (i +1); = (i+ 1) =0 and (i + 1)5 = i3 + 1.

Then

. 1 . 1 .
Tip1 = (i+ 1)1% + @+ 1o+ (i+1);

2p

Instead if iy = ¢—1 and i3 #p—1then (i+1); =0 and (i +1)2 =iy + 1 and (i + 1)3 = 43.

Then

Tip1 = (i +1) +(E+1)

1
15 25
4pq 2p
1
pu— ) 1 —_— )
(12 + )2p + 13

1
+2—+13

> 11—
4pq 2p

= ;.
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Finally, if ¢ 2 ¢ — 1 then (i +1); =43 + 1 and (i + 1)2 =43 and (i + 1)3 = ¢3. Then

1
+(i+1)3

Tipr = (i+1) + (i + 1)2%

1
—
dpq
1 1
= (i1 4+1)— +ig— + i3
( )4pq 2p
> 1 4 1 +i
11— 19— 13
4pq 2p

= T;.

Therefore, 0 < z1 < --- < @,_1.
We now show that for all 1 <4,j5 < n, we have x7,(; j) < T; + ;.
Case 1: 1<i<pand 1<j<p. Then k =min(p—1,i+ j). Then
k J

)
T = — < — — =X xTi.

Case 2: 1 <i<pand p<j<pg Then as Fp,_1 = Q(e1,e2), we have j < k < pqg. Thus
)

Case 3: 1 <i<pand pg <j<n. Write j = j1 + j2q + j3pgq in mixed radix notation with respect

to (q,p,7). Then j < k < j; + min(p — 1,¢ + j2)q + jspg. Then

Tk < Tjy fmin(p—1,i+j2)g+japg
1

o1 . L. .
= ji— + min(p — 1,Z+32)2p + js

dpq

< i ny 1 ny 1 ny
< o—+Jji7— +jes— +J3
2p 4pq 2p
:xl—i—xj

Case 4: p<i<pqg and p < j < pg. Then as F,q_1 = Q(e1, e2), we have j < k < pg. Thus

xk:1§2iq+1:xi+xj.

Case 5: p <i < pqand pq < j <n. Write j = j1 + j2q+ jspq in mixed radix notation with respect
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to (¢, p,r). Because Fpy_1 = Q(e1,e2), we have j < k < (¢ —1)+ (p — 1)q + jspg. Then

T < T(g—1)+(p—1)g+7jspa

:(qfl)iﬂp*l)iﬂ'g

4pq 2p
<1473
1 o1 )
=1+j15—+Jjo5-+73
dpq 2p
=X; +£17j.

Case 6: pg < i < n. Write

1 =11 +i2q + i3pq

J =71+ J2q + j3pq

in mixed radix notation with respect to (g, p,r). Recall that for i > pq, we have v; = eél e? eff’. Thus,

j <k <min(qg — 1,41 + j1) + min(p — 1,42 + j2)g + (i3 + j3)pg. Then

Tk < Tmin(g—1,i1+j1)+min(p—1,ia+ja)p+(is+j3)pq
1 1
=min(qg — 1,4 + j1)— + min(p — 1,42 + j2) — + (i3 + Js3)
( )4pq ( 5

<(.1+,1+,)+(_1+,1+,)
Sl17— Tl27—T13 J17— TJ275- T3
dpq 2p 4pq 2p

=x; + T;.

Thus, for any integers 1 <4, j < n, we have x7,(; j) < z; + x;. Moreover, we have that

Write:

pm = (pm)1 + (pm)2q + (pm)3pq

2pm = (2pm)1 + (2pm)2q + (2pm)3pq

in mixed radix notation with respect to (¢,p,r) and recall that pm + pm overflows modulo g.

Therefore, either (2pm)s = 2(pm)s and (2pm)s = 2(pm)s + 1, or (2pm)s = 2(pm)s + 1. If (2pm)3 =
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2(pm)s and (2pm)s > 2(pm)2 + 1 then

1
2 — 2
+@om)ay + (2om)s

1
To2pm = (2pm)1%

> (2(pm)s + 1) + 2(pm)3

2p

> 2(pm)1L + 2(pm)2i + 2(pm)s
4pq 2p

= 2T pm.

Otherwise, if (2pm)s = 2(pm)s + 1, then
Tagm = (2pm)1—— + (2pm)a— + (2pm)s

4pq 2p

> 2(pm)s + 1

> 2(pm)1—— + 2(pm)a - + 2(pm)s
4pq 2p

= 2Tpm.

Further note that

Len(q, p,7) ULen(q, 7, p) ULen(r,q,p) ULen(r,p,q) C {x e R" ' |z, < &1 + 2p_1}

and
Len(p, ¢,r) ULen(p,r,q) C {x € R | Zapm < 2Tpm }-

We have z, > 21 + -1 and Zapm > 2Tpm, and thus our proof is complete. O

Proposition 2.8.7. Let n = 4p for p a prime not equal to 2 or 3. Then there exists a realizable
flag type T such that
Pr ¢ Len(2,2,p) ULen(2,p,2) ULen(p, 2,2).

Proof. Let e1, ez, e3 € Q be such that the element e; has degree p, the element ey has degree 2, the
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element ey has degree 2, and deg(Q(es, ez, €3)) = 4p. Define the basis {vo, ..., vap—1} as follows. Set

Vo = 1
V1 = €1
Vg = €9
V3 = €3€1
Vyq = 8%
Vs = 626%
Vg = 8:15
vy = 626?.

For 8 <i < nand 1 <4 < n, write and ¢/ = i} + ip + i52p in mixed radix notation with respect
to (p,2,2). Inductively define v; as follows. Choose ¢’ minimal such that ezf e? eff‘ ¢ {vo,...,Vi—1}

Set v; = elf e? eéj". Observe that for ¢ > 2p, we have i = i’. Let F be the corresponding flag.

Note that
Fy =span(l,e;)
F3 = Q(ez) span(1,e;)
Fs = Q(ez) span(1, ey, e%)
F; = Q(e2)spanl, ey, e, e})
F5,_1 = Q(e1) span(1, ez, e3).
Therefore

FlFSpfl = F3p71

FyFy = Fy

F3Fy = Fy.
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Suppose p = 5. Then let x € R? be as follows:

.’1?1—1
To,x = 1.4

Xg,T5 =2

5136,1'7—3

xg,...,T14 =4
T15,...,%19 = 5.1

We claim that x € Pr, and 23 > x5 + 23 and =15 > 21 + 14. It is clear that 0 <27 < ---

We now show that for all 1 <1,j < n, we have x7,¢; ;) < x; +x;. Let k = Tx(4,7).

Case 1: i =1. If j =1 then k =4 and

$4:2§2$1.

Observe that if j = 2,3 then k = 4,5, and

T, =2<14+1< 21 + 5.

If j = 4,5, then £ = 6,7, and

Z‘k:3§2+1:l‘1+1‘]

If j =6,7, then k£ < 10, and

T <4< 3+1=x1 +x5.

If 8 < j < 15, then as v; = ey and Fi4 = (e1){1, €2, e3}, we have that j < k < 14. Thus

2 <4<4+1=21 + 25

If 15 < j < n then

$k§5.1§5.1+1§$1+$j.

Case 2: i =2,3. If j =2,3, then k =4,5 so

,=2<14+14=x; +x;.
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If j =4,5 then k =6,7 so

$k:3g2+14:$1—|—$]

If j =6,7 then k < 15 so

T, <4<3+14<x; +x5.

If 8 < j < n then

2 <51<4+14 <2 +x;.

Case 3: i =4,5 If j < 10 then because Fy = Q(e1,ez) we have k < 10. Thus

r <4<24+2< 2 + 5.

If 10 < j < n then

2 <51 <442 < x; + ;.

Case 4: ¢ > 6. Then

2 <51 <3+ 3 <z + .

Thus x is in the cone over Pr.. One can see explicitly that zgs > x5 + 23 and z15 > z1 + 214.
Because

Len(2,2,5) ULen(2,5,2) C {x € R | x5 < 21 + 214}

and

Len(5,2,2) C {x € R | xg < a5 + 3},

our proof is complete for p = 5.

If p # 5, let x € R*~1 be as follows.

X1 =1

o, X3 = 1.4
Ty,T5 = 2

L6y -y L3p—1 = 2.9
L3py«--yLap—1 = 4.

We claim that x is in the cone over Pr, and z¢ > x3 + x3 and x3, > =1 + 23,—1. It is clear that
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0<z; <~ <wp_1. We now show that for all integers 1 <4, j < n, we have xp(; j) < z; + ;. Let
k=T(,j).
Case 1: i =1. If j =1, then k =4 and

$4:2§2$1.

Observe that if j = 2,3, then k = 4,5, and

rp <5 =2<144+1< 21 + 2.

If j = 4,5, then £ = 6,7, and

If 6 < j < 3p, then as v1 = e; and F3,_1 = Q(e1) span(1, ez, e3), we have j < k < 3p. Thus

$k:2.9§2.9+1:l‘j+’l}1.

If 7 > 3p, then

T =4<44+1< 2 +25.

Case 2: 1 =2,3. If j = 2,3, then £k <5 and

T =2<14+14=x; + ;.

If j =4,5 then k£ < 7 and

2 <29<2+14 =2 +x;.

If j > 6, then

T <4 <29+ 14 =x; + 5.

Case 3: ¢ > 4. Then we have

2 <4<242< 3 +xy.

Therefore, for any integers 1 < i,j < n, we have xr,(; jy < z; + x5, so x is in the cone over Pr,.

Moreover, it is clear that xs > x3 + 23 and x3, > 1 + T3p—1.
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Again, we have

Len(2,2,p) ULen(2,p,2) C {x € R | 23, <y + 33,1}

and because p > 7, we have

Len(p,2,2) C {x € R | 26 < z3 + 23},

and thus our proof is complete. O

Proposition 2.8.8. Let n = 24. Then there exists a realizable flag type T such that

Pr ¢ Len(2,2,2,3) ULen(2,2,3,2) ULen(2,3,2,2) ULen(3,2,2,2)

Proof. Let eq, eq,e3,e4 € Q be such that eq, e, e3 have degree 2, the element e, has degree 3, and

deg(Q(eq, e2,e3,e4)) = 24.

Define a flag F such that

F, =span(1,ey4)

Fy = Q(es)

Fr = Q(e1) span(1, eq, €2, es)
Fi3 = Q(e1) span(l, eq, €2, ea, e4e9, €25, €3)

2 2 2
Fi9 = Q(eq) span(1, eq, €], €2, €4€2, €5€2, €3, €4€3, €1€3, €2€3)

Then, we have

B Fy=F,

and

FrFi3 = Fig.

A computation shows that there exists x in the cone over Pr, such that 3 > 29 + z1 and x99 >
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r7 + x13. However, we have that

Len(2,2,2,3) ULen(2,2,3,2) ULen(2,3,2,2) C {x € R | x3 <@y + 21}

and

Len(3,2,2,2) C {x € R® | wy9 < x7 + 713}

so our proof is complete.
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Chapter 3

Counting cubic rings by successive

minima

3.1 Statement of results

For the rest of this section, let R denote a nondegenerate cubic ring of absolute discriminant A; such
a ring naturally has the structure of a lattice (see Section 1.6), and therefore we may speak of the

SUCCESSIVE MINIMA

L M(R) < M(R) < Ma(R)

&

of R. For a permutation group G C S3, we say R is a G-ring if Gal(R ® Q) = G as permutation
groups. For any point p = (p1,p2) € R?, any permutation group G' C S3, any positive real number
¢, and any X € Rsq, define F(p,e, G, X) to be the set of isomorphism classes of G-rings R with

A < X and
€
log X~

max{[loga Ai(R) —pi [} < (3.1)

Define the density function deg: R? — R U {x} which assigns to p € R? the value

1o o #F (€, G X) + 1)
X 00 log X

if the limit exists and else assigns *. Our main theorems consist of computing such density functions;

the first such result was obtained by Chiche-lapierre.
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Theorem 1.2.1. (Chiche-lapierre [14], Theorem 3.1.1) There exists a positive real number C such

that for every e > C and every p = (p1,p2) € R?, we have:

) 1—(p2—p1) ifpis contained in the closed line segment from (1/6,1/3) to (1/4,1/4)
de,Sg p)=

0 else.

We give a proof of Theorem 1.2.1 that is different than Chiche-lapierre’s. Our counting methods
are notably simpler, and allow us to sieve for maximal orders. Define F™**(p, e, G, X) to be the

subset of F(p, e, G, X) consisting of mazimal G-rings and denote the corresponding density function
max

€,G

Theorem 1.2.2. There exists a positive real number C' such that for every e > C, we have

__ gmax

dE,Sa — Y€, S5

Define F(p, ¢, X) to be the set of isomorphism classes of nondegenerate cubic rings R such
that A < X and (3.1) is satisfied, and denote the corresponding density function d.3. Define

Fmax(p, e, X) to be the subset of F(p, €, X) consisting of maximal rings, and denote the correspond-

max

ing density function d¢'$™.

Theorem 1.2.3. There exists a positive real number C' such that for every ¢ > C and every p =

(p1,p2) € R2, we have:

1—(p2 —p1) + max{0,1/2 —3p1} if p is contained in the closed line segment from
de3(p) = (0,1/2) to (1/4,1/4)

0 else.

1—(p2—p1) if pis contained in the closed line segment from (1/6,1/3) to (1/4,1/4)

di3™(p) = § 1 ifp=1(0,1/2)

0 else.

Theorem 3.1.1. There exists a positive real number C such that for every e > C and any p =
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(p1,p2) € R?, we have:

1—p1 if p is contained in the closed line segment from (0,1/2) to (1/4,1/4)
dez)22(p) =
0 else.
1 ifp=1(0,1/2)
ez)22(P) =
0 else.

Let E denote the trivial group.

Theorem 3.1.2. There exists a positive real number C such that for every e > C and any p =

(p1,p2) € R2, we have:

1/2 if p is contained in the closed line segment from (0,1/2) to (1/4,1/4)

0 else.

We do not compute the density function for Z/3Z-rings but we can compute the following region.

Corollary 3.1.3. The set of limit points of the multiset (loga A1,loga A2) as R ranges across orders

in cyclic cubic fields is the closed line segment from (1/6,1/3) to (1/4,1/4).

Proof. This is a corollary of Corollary 3.4.1. O

Special families of cubic rings

Remarkably, there is a relationship between rings that have extremal successive minima and rings
that are extremal in an algebraic sense, as we will see in the following theorems. Via this relationship,
the endpoints of our line segments “correspond” to various interesting algebraic families of rings.
The following results have appeared in various forms in the literature, but we state and reprove
them here in the language of density functions.

We'll now formalize what “correspond” means. Let F be an infinite set equipped with a map
H: F — Ry such that for all X, theset {f € F | H(f) < X} is finite. We call H the height function
of F. Further suppose that F is also equipped with a map v from F to the set of isomorphism

classes of nondegenerate cubic rings!.

1 As a motivating example, consider the case when F is the set of integral binary cubic forms of nonzero discriminant
and H is the naive height, i.e. the maximum of the absolute value of the coefficients.
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For € € Ryg and X € R.1, we say a cubic ring R and a point p € R? are (e, X)-close if

€
loga i — pi |} < ——.
migillosa i =pil} < o

For a point p contained in the closed line segment from (0,1/2) to (1/4,1/4), we say the triple
(F, H,v) corresponds to p if

#{feF | H(f) < X and ¢(f) is (¢, X )-close to p} _

Jim lim inf HfeF | Hf) <X} 1 (3:2)
and there exists a constant C' such that for all € > C,
. HHREF(p,e,X) | ReY(F)}
1 f . .
i #F(p.e.X) -0 33

When H or ¢ are implicit, we simply write that F corresponds to p. Heuristically, (3.2) says that
“most” elements of F, when ordered by height, are “near” p, and (3.3) says that when ordered by
absolute discriminant, a positive proportion of rings “near” p come from F.

We first study monogenic rings via monic polynomials with integral coefficients. Given a poly-
nomial

f(x) =a" +a2® + -+ a, € Z[],

the root height of f is denoted H.(f) and is defined to be max;{]|a; |1/i}. The polynomial f(z)
gives rise to the monogenic rank n ring Ry = Z[z]/(f(x)). Our first results shows that when monic
integral cubic polynomials are ordered by root height, the corresponding lattices tend to be skew;

moreover skew rings tend to be monogenic.

Corollary 3.1.4. Let F3"°" be the set of monic cubic polynomials with integral coefficients and

nonzero discriminant. Then (F3°", H,) corresponds to (1/6,1/3).

In fact, our proof can be adapted to show that for any nonzero integer k, the set of polynomials
f(x) = ka"+a12%+ - -+ay, € Z[z] of nonzero discriminant equipped with the root height corresponds
to (1/6,1/3).

One might guess at the above result by guessing that for a monogenic cubic ring Z[a] satisfying
o] =min{a+i]}

a “short” basis of Z[a] might look like 1,a,a?. Conversely, suppose R is a cubic ring “near”
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(1/6,1/3), and suppose a € R\Z is such that |a| = A;. Then Z[a] is a monogenic subring of R

with small index, because
| Disc(Z[a]) |Y? < ||| < Arhe = | Dise(R) |2

One might further guess that the index of Z[a] in R has a positive probability of being 1. Corol-
lary 3.1.4 formalizes this heuristic reasoning.
Our next result shows that a general irreducible cubic ring is not very skew at all, and a general

reducible ring is as skew as possible.

Corollary 3.1.5. Let F'* be the set of isomorphism classes of nondegenerate irreducible cubic rings,
and let H be the absolute discriminant. Then (F™, H) corresponds to (1/4,1/4). Let F™ be the
set of isomorphism classes of nondegenerate reducible cubic rings, and again let H be the absolute

discriminant. Then (F**4, H) corresponds to (0,1/2).

The statement above about F''* is in fact a corollary of Terr’s work [32] on the equidistribution

of shapes of cubic orders, but we give an independent proof.

3.2 The parametrization of cubic rings

Our proofs utilize a theorem of Delone-Faddeev parametrizing isomorphism classes of cubic rings by
GLy(Z)-equivalence classes of integral binary cubic forms. An element v € GLy(Z) acts on a binary
cubic form f(z,y) by

(vf)(@,y) F((@,y)7).

- dety

A based rank n ring is a rank n ring R equipped with an ordered Z-basis of R/Z. The group GL2(Z)

naturally acts on based cubic rings by change of basis.

Theorem 3.2.1 (Delone, Faddeev [18]). There is a canonical discriminant—preserving bijection
between the set of based cubic rings and integral binary cubic forms. Under the action of GLa(Z),
this bijection descends to a bijection between the set of isomorphism classes of cubic rings and the

set of GLa(Z)-orbits of integral binary cubic forms.

We now describe a few important details of the Delone-Faddeev bijection. Given a cubic ring R

with basis {1,w, 8} and an element a € R, let M,, be a 3 x 3 matrix such that

TR

71



One may define a map ¢: R — Z given by sending « to det M,,. This descends to a map ¢: R/Z — Z.
The map ¢ is a cubic map and so the basis {@, 0} of R/Z expresses ¢ as an integral binary cubic
form. In fact, the binary cubic form is determined by the basis {@, 6} of R/Z.

Conversely, from an integral binary cubic form f(z,y) = az® + bx?y + cxy? + dy?, we obtain a

cubic ring R; with basis {1,w, 8} defined by the following multiplication table:

wh = —ad
w? = —ac+bw — ab (3.4)

6% = —bd + dw — 0

3.3 Reduction theory of cubic rings

In this section, we develop the relationship between “small” bases of cubic rings and integral binary
cubic forms with “small” coefficients. Let Vg denote the set of real binary cubic forms and let V7, C Vi
denote the lattice of integral binary cubic forms. For a point p = (p1,p2) € R? and a positive real
number X, define the box B(p, X) to be the set of real binary cubic forms az® + bx?y + cxy? + dy?

such that:

‘CL| < X3p171/2
‘b| < X2p1+102—1/2
‘C| < Xp1+2102*1/2

|d| < X3p2—1/2
We now fix some notation that we use throughout this section. Let
flz,y) = az® + ba’y + coy® + dy® € Sym® Z?

be a form of nonzero discriminant, let B¢ denote the cubic ring associated to f under the Delone-
Faddeev correspondence, let A = | Disc(f) | = | Disc(Ry) |, let p = (p1,p2) denote a point in R?, let
€ denote a positive real number, let C, D denote real numbers > 1, and let X € R~;. We say a pair
(f,p) is (¢, X)-close if Ry and p are (¢, X)-close. We say f comes from a Minkowski basis if there
exists a Minkowski basis of Ry giving rise to f under the Delone-Faddeev correspondence (see [31],
Lecture 10, §6 for a definition of Minkowski basis). Our first result shows that Minkowski bases of

cubic rings give rise to binary cubic forms with “small” coefficients.
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Lemma 3.3.1. There exists C such that for all e, f, and p, if A > 1 and (f,p) is (¢, A)-close and
f comes from a Minkowski basis, then f € Ce3¢B(p, A).

Proof. Let (f,p) be an (e, A)-close pair with A > 1 coming from a Minkowski basis {1,w, 8} of Ry.
Then:

|w| = A (Rf) < e‘AP
0] < X2(Ry) < e“AP?

Let 01, 02,03 be the 3 homomorphisms of Ry into the complex numbers. For integers x and y, we

have:
1 .. 1
| Disc(Z[zw + y0)) [ =| zo1(w) +yor(8) ... zos(w) + yos(6)
(zo1(w) +yoi(0))* ... (zo3(w) +yos(6))?

Expand out and collect monomials, now treating = and y as variables. Because |o;(w) | < |w]| and
|0:(8) | < | 8], the absolute value of the coefficient of 213" in the expression above is < |w|" |6 ° .

Because | f(x,y) | is the index of Z[zw + yf] in Ry, we have:

la] < wlP A2 « a1/
1b] < |w|? 0] A~Y? < P AZPrHPa=1/2
le| < |w] [0 A™Y2 « BeAP1H2p2—1/2

[d| < [0]7 ATY2 < e pdrl/2

O

Our next result is a lower bound on the number of distinct binary cubic forms with “small”

coefficients giving rise to isomorphic cubic rings. Let ¢; be the closed line segment from (0,1/2) to

(1/4,1/4).

Lemma 3.3.2. There exists D such that for every p € {1, every f, and every C, X, if f € CB(p, X)
then #{f' € DCB(p,X)NVz | Ry ~ Ry} > XP2~P1,

Proof. Act on f by elements of GLy(Z) of the form
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where |u| < XP27P1, O

For a form f, let {1,w,#} denote the basis of Ry specified by the explicit multiplication table

(3.4). The following lemma shows if f has “small” coefficients, then {1,w, 8} is a “small” basis.

Lemma 3.3.3. For every p € {1, every C, X, and every f, if f € CB(p,X) then |w| <c XP* and

|0] <o XP2.

Proof. The explicit multiplication coefficients imply that:

|w]? < |w?|
<c¢ max{|acl|,[b]|w],[al|0]}

<o max{ X XP|w|, X#1P2 |9}

10° < |6%]
<c max{|bd|,|d||w],|c||0]}

<o max{X?2 X271 || XP2 |0}

Applying Lemma 6.0.2 completes the proof. O

Our next lemma shows an upper bound on the number of distinct binary cubic forms with “small”

coefficients giving rise to isomorphic cubic rings.

Lemma 3.3.4. For every C, X, every f, and every p € {1, if f € CB(p,X) and X/2 < A < X,

there are <o XP>~Pv distinct binary cubic forms f' € CB(p, X) such that Ry ~ Ry.

Proof. Let {1,w, 0} be the basis of R specified by (3.4). We have:

X2 < AV because X/2 < A< X
< |wl[0]
<Lc XPitp2 by Lemma 3.3.3
:X1/2

Therefore, |w||0] <o A2
Suppose f' € CB(p, X) is an integral binary cubic form such that Ry ~ Ry. Let {1,w’, 6’} denote

the basis corresponding to f’. Then Lemma 3.3.3 implies that |w'| <¢ XP* and |0']| <¢ XP2.
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Express w’ and 0 in terms of the basis {1,w, 0}, i.e. write

where a,b,c,d, e, f € Z.

Because |w|| 6| <¢ A2, we have:

w =a+bw+ch

O =d+ew+ f0

|| =c max{|al,[b]|w][c]|60]}

10" <c max{|d|,|e[|w],[f]6]}

The integral binary cubic form f’ is determined by the choice of b, ¢, e, and f. The number of

choices of b, ¢, and f is <¢ 1. The number of choices of e is < XP27P1. Therefore there are

< ¢ XP>7P distinct integral binary cubic forms f’ € CB(p, X) such that Ry ~ Ry. O

The following lemma explicitly bounds the successive minima of Ry for f with “small” coefficients.

Lemma 3.3.5. For every C, X, every p € {1, and every f, if f € CB(p,X) and % < A then

fori=1,2.

Proof. We have:
<<C XPlXP2
< API Apz

< A1/2

= )\1 (R))\Q (R)

Thus,

fori=1,2.

)\z(Rf) =c AP?

by definition of successive minima
by Lemma 3.3.3

because X/2 < A

because p; + py = 1/2

by Minkowski’s second theorem

)\z(Rf) =c AP?
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3.4 Computing density functions of cubic rings

Recall that ¢; denotes the closed line segment from (0,1/2) to (1/4,1/4). We will also need the
following two line segments. Let ¢5 denote the closed line segment from (0,1/2) to (1/6,1/3) and
let ¢35 denote the closed line segment from (1/6,1/3) to (1/4,1/4).

Corollary 3.4.1. For any permutation group G C Ss, the function dcc has support contained in

0. If G is transitive, then d. g has support contained in {s.

Proof. This is a corollary of Theorem 1.1.2. O

For positive real numbers C' and D, let exp[C, D] denote C.

Lemma 3.4.2 (Davenport’s Lemma [17]). Let B be a bounded, semi-algebraic set in R™ which is
defined by at most k polynomial inequalities each having degree at most £. Then the number of

integer lattice points contained in the region B is

Vol(B) + O(max{Vol(B),1}),

where Vol(B) denotes the greatest d-dimensional volume of any projection of B onto a coordinate
subspace obtained by equating n — d coordinates to zero, where d takes all values from 1 to n — 1.

The implied constant in the second summand depends only on n, k, and .

Lemma 3.4.3. For any C, X and p € {1, we have:
exp[X, 1+ max{0,1/2 — 3p, }] <, #{Vz N CB(p,X)} < C*exp[X, 1 + max{0,1/2 — 3p; }].

In particular, the first implicit constant is independent of C' and X, and the second implicit constant

is independent of C, X, and p.

Proof. First suppose that p € 3 and p # (1/6,1/3). Then Vol(CB(p, X)) = 2*C*X. In this case,
one sees that the projection of CB(p, X) onto a = 0 has volume 23C% exp[X, 1 — (3p; — 1/2)], and
the volume of any other coordinate projection is bounded above by this quantity. Lemma 3.4.2 now

shows that there exists a constant D > 1, independent of C'; X, and p, such that:

#{Vz2NCOB(p, X)} < 2'C*X +2°C*Dexp[X, 1 — (3p; — 1/2)]
<2°DC*X

< C*X
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We obtain the lower bound as follows:

>2'X — D23 exp[X, 1 — (3p; — 1/2)]

>, X

Now suppose p € £5 and p # (0,1/2). Then every lattice point in CB(p, X) satisfies |a| < C.
For an integer —C < i < C, let B; C R3 denote the subset of CB(p, X) with a = i, projected onto
a = 0. We will count the number of lattice points in each region B;. An application of Lemma 3.4.2

shows that there exists a constant D > 1, independent of C'; X and p, such that:

C
#{(VanCB(p,X)} = Y #{Van Bi(p, X)}
i=—C

< (2C 4+ 1)(22C3 exp[X, 1+ (1/2 — 3p1)] + 22C%*Dexp[X, 1+ (1/2 — 3p1) — p1))

< C*exp[X, 1+ (1/2 — 3py)]
Again, the lower bound follows from the fact that:

> 2% exp[X, 1+ (1/2 — 3p1)] — 22D exp[X, 1+ (1/2 — 3p1) — p1]

>, exp[X, 1+ (1/2 — 3p1)]

An analogous argument proves the lemma when p = (0,1/2). O

Proposition 3.4.4. We have #F3(p, e, X) < e'?“exp[X, 1 — (p2 — p1) + max{0,1/2 — 3p; }] where

the implicit constants are independent of €, X, and p.

Proof. Let S be the set of binary cubic forms arising from Minkowski bases of cubic rings in
F3(p,e, X). Lemma 3.3.1 implies that there exists a global constant C such that f € Ce3¢B(p, X)
for all f € S. By Lemma 3.3.2, there exists a global constant D such that #{f’ € DCe*>*B(p, X) |
Ry ~ Ry} > XP27P1 for all f € S. Without loss of generality, we may suppose D > 1. Therefore,

for all f € S, we have f € DCe**B(p, X) and the ring Ry is obtained by at least XP27P! distinct
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forms in DCe3*B(p, X). Therefore,

#{DC’e3€B(p, X)n VZ}
exp[X,p2 *Pl]

#f3(p76aX) S

< e exp[X, 1+ max{0,1/2 — 3p1} — (p2 — p1)]. by Lemma 3.4.3

Recall that E is the trivial group.

Proposition 3.4.5. There exists a constant C' such that for all € > C, we have:
1. if p € £y, then #F3(p, €, X) >p exp[X, 1+ max{0,1/2 — 3p1} — (p2 — p1)};
2. if p € Ly, then #F(p,€,S3,X) >, exp[X,1 — (p2 —p1)];
3. if p € by, then #F (p,e,Z/2Z, X) >, exp[X,1 — p1];
4. and if p € {1, then #F(p,e, E, X) >, exp[X,1/2].

Proof. We first prove (1). Fix p € ¢; and let f denote any integral binary cubic form. Lemma 3.3.5
shows that there exists a constant C' such that for all e > C, if f € B(p, X) and % < A, then f is

(e, X)-close to p. Let S = {f € B(p, X)NVz | & < A < X}. Therefore for all € > C, we have

#S
‘F b 7X Z
#a e X 2 s AP € Bl X) N Vs | By = Ry

- #{f € B(p,X)NVyz}
P maxses #{f € B(p,X)NVz | Ry ~ Ry}
> #f € BpX) 0 Va) by Lemma 3.3.4
exp[X, p2 — pi1]
exp[X, 1+ max{0,1/2 — 3p1 }]

exp[X, p2 — p1]
= exp[X, 1+ max{0,3p; — 1/2} — (p2 — p1)]

by the definition of B(p, X)

by Lemma 3.4.3

p

If an integral binary cubic form is irreducible and has a nonsquare discriminant, then it has
Galois group S3. Therefore, to prove (2) it suffices to show that there exists a constant C' such that

the set

(FeCBB.X) V| S

<A <X, A=5 (mod5), fis irreducible modulo 7}
forms a positive proportion of S as S — oco. As these are congruence conditions, the statement
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above follows from the fact that there exists C and f such that A =5 (mod 5) and f is irreducible
modulo 7, and for every p € £3, there exists a form f € |Jy CB(p, X).
Similarly, if an integral binary cubic form has precisely one root with multiplicity 1, then it has

Galois group Z/27. So, to prove (3) we simply replace S with
SNn{feB{p,X)NVz |a=0, Disc(f)# 0 (mod 5) and f has precisely 1 root modulo 5}.
Again, it is necessary (but easy) to check that for p € ¢; and for X sufficiently large we have
SN{feB{p,X)NVz |a=0, Disc(f)# 0 (mod 5) and f has precisely 1 root modulo 5} # (.

If an integral binary cubic form has 3 distinct roots, then its Galois group is trivial. So, to prove

(4) it suffices to replace S with
SNn{feB({pX)NVz | Disc(f) # 0 (mod 5) and a = d = 0}.
Again, it is necessary (but easy) to check that for p € ¢; and for X sufficiently large we have

SN{feB(p,X)NVz | Disc(f) # 0 (mod 5) and a =d = 0} # 0.

We now easily compute the density function of S3-rings.

Proof of Theorem 1.2.1. Corollary 3.4.1 shows that the support of d. g, is contained in £3. If p € /3,
then combining Proposition 3.4.4 and Proposition 3.4.5 shows that there exists a constant C such

that for all € > C, we have #F (p, €, 53, X) =<p. X1=(2=p1) Thus for all p € f5, we have

1—(p2—p1)
desy(p) = lim O8I e S X)+1) - log(X TI7RY)

=1- - .
X —o0 10g X X —o0 logX (p2 pl)

O

We now produce an upper bound for Z/2Z-rings “near” p. The following proof is a slightly

modified version of the argument given by Bhargava, Shankar, and Tsimerman in Lemma 21 of [7].

Lemma 3.4.6. For all p € ¢1 and v € Rsq, the number of reducible integral binary cubic forms in

B(p, X) is <, X3/2=3ptv,
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Proof. By Davenport’s lemma, the number of forms f € B(p,X) with a = 0 is < X3/2-3P1,
Similarly, the number of forms f € B(p, X) with d = 0 is <« X?3/273P2 < X3/2-3p1

Let’s now count the number of reducible integral binary cubic forms f(z,y) € B(p, X) with
ad # 0. The total number of possibilities for the triple (a,b,d) is O(X'7P2). Suppose the values
a, b, d are now fixed, and consider the possible number of values ¢ such that the resulting form f(x,y)
is reducible. For f(z,y) to be reducible, it must have some linear factor rz + sy where r, s € Z are
relatively prime. Then r must be a factor of a, while s must be a factor of d; thus they are both
determined up to O, (X") possibilities. Once r and s are determined, computing f(—s,r) and setting
it equal to zero then uniquely determines ¢ (if it is an integer at all) in terms of a, b, d,r, s. Thus the

total number of reducible forms f with ad # 0 is <, X17P21¥ &, X3/2=3p1tv, O
Lemma 3.4.7. If p € {1, then #F(p,€,2/27, X) <, X1 71TV,
Proof. To obtain a proof of this lemma, take the proof of Proposition 3.4.4 and

1. replace F3(p, €, X) with F(p, €, Z/27, X );

2. replace {DCe3B(p, X) N Vz} with {f € DCe**B(p, X)NVz | f is reducible};

3. and replace the use of Lemma 3.4.3 with Lemma 3.4.6.

We can now compute the density function of Z/2Z-rings.

Proof of Theorem 3.1.1. Corollary 3.4.1 shows that the support of d. 707 is contained in £;. If
p € {1, then combining Lemma 3.4.7 and Proposition 3.4.5 shows that there exists a constant C

such that for all e > C, we have
X' <, #F(p, 6, 2)22, X) <, o X1TP1H

Thus for all p € £1, we have

o ORHF(Z/2ZX)+1) | log X
dezyz(p) = Jim log X R s o

We now compute d?§72z~ Maximal Z/2Z-rings are precisely rings that can be written as Z & O

where O is a maximal order in a quadratic field; moreover, Disc(Z & O) = Disc(O). Hence, for
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any maximal Z/2Z-ring, we have \; = |(1,0) | = 1/4/3. Moreover, the number of quadratic fields of

absolute discriminant < X is < X. Hence, for € sufficiently large, we have:

1 ifp=1(0,1/2)
c7)22(P) =
0 else

O

Lemma 3.4.8. For any p € {1, the number of integral totally reducible binary cubic forms with

nonzero discriminant in B(p, X) is <, X1/2+®2=pi)tv,
Proof. The proof proceeds in cases.
1. The number of forms with a = d = 0 is < X /2.

2. Now suppose a = 0 and d # 0. Then the total number of possibilities for the pair (b,d) is
O(XP1H+3p2=1/2) 1f b = 0 as well, then the discriminant of the form is 0. So, we may assume
b # 0. Suppose the values of b and d are now fixed and consider the possible number of values ¢
such that that the resulting form f(z,y) is totally reducible. For f(x,y) to be totally reducible,
it must have some linear factor rx + sy where r, s € Z are relatively prime and rs # 0. Then
r must be a factor of b, while s must be a factor of d; thus they are both determined up to
0, (X") possibilities. Once r and s are determined, computing f(—s,r) and setting it equal to
zero then uniquely determines ¢ (if it is an integer at all) in terms of b,d, r, s. Thus the total

number of such forms is O, (XP1+3p2—1/2+v),

3. Now suppose a # 0 and d = 0. An analogous argument to the previous case shows that the

total number of such forms is O, (XP2F3P1=1/2+v),

4. If ad # 0, then the total number of possibilities for the tuple (a,d) is O(X3P1T3P2=1) For
f(z,y) to be totally reducible, it must have two distinct linear factor r1x + s1y and rox + say
where r;,s; € Z are relatively prime. As before, r; must be a factor of a, while s; must be
a factor of d; thus they are both determined up to O, (X") possibilities. The two equations

f(=s1,71) =0 and f(—s2,72) = 0 determine b and ¢, unless
2 2
s$ir1  —81r

det( ! ! ) =0.
S%TQ —827“3
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Suppose the above determinant is zero. We expand out the determinant to see that

S%T’l 7817"%

O:det<

) = 817"5857"2 — 8?7‘1827‘%.

S%TQ 7827"%

Because ad # 0, we have s17r1827r2 # 0, S0 7182 = s179. Because (4, ;) are relatively prime,
we have r;1 = ro and s; = s9, which is a contradiction because we assumed the linear factors

rix+s1y and rox+soy are distinct. Thus the total number of such forms is <, (X3p1+3p2_1+”).

O
Let E denote the trivial group.
Lemma 3.4.9. If p € {1, then #F3(p,¢, B, X) <, X'/2%V.
Proof. To obtain a proof of this lemma, take the proof of Proposition 3.4.4 and
1. replace F3(p, e, X) with F(p,¢, E, X);
2. replace {DCe3*B(p, X) N Vz} with
{f € DCe**B(p, X)NVz | [ is totally reducible and nondegenerate};
3. and replace the use of Lemma 3.4.3 with Lemma 3.4.8.
O

Proof of Theorem 3.1.2. Corollary 3.4.1 shows that the support of d. g is contained in ¢;. If p € ¢4,
then combining Lemma 3.4.9 and Proposition 3.4.5 shows that there exists a constant C' such that
for all e > C,

XV2 <, #F(p,e, B, X) <, X1/2H

max

Thus for all p € £1, we have de p(p) = 1/2. We now compute d'z*. There is a unique maximal

E-ring (which is Z ® Z ® Z) so dg* = 0. O

3.5 Reduction theory of binary n-ic forms

We now generalize the reduction theory of binary cubic forms that we developed in Section 3.3 to

general degree n. This will be useful to prove our later results on binary quartic and binary quintic
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forms. In this section, we will discuss Birch, Merriman, and Nakagawa’s [9,26] construction of a

rank n ring from an integral binary n-ic form. We develop the relationship between:

1. nondegenerate rank n rings R equipped with “small” bases arising from integral binary n-ic

forms;
2. and integral binary n-ic forms with “small” coefficients.

For the rest of this section, let f = foz™ + -+ + f,y"™ € Sym™ Z? denote a binary n-ic form. To
a form f, Birch, Merriman, and Nakagawa [9,26] associated a rank n ring R; equipped with a basis

{¢o=1,C1,...,Cn—1}. The multiplication table of the basis {(p = 1,¢1,...,{n—1} is given by:

GiGj = > fitj—kCr + > fitj—kCr

max{i+j—n,1}<k<i j<k<min{i+j,n}

for 1 <1i,j <n—1 where (, = —f,. An element v € GLy(Z) acts on f via

(YN (=, y) = f((2,9)7);

this action of GL2(Z) on Sym" Z? induces an action of GL2(Z) on the basis {(1,...,(,—1} of Ry /Z.
This action has an invariant called the discriminant, which is a homogeneous polynomial of de-
gree 2n — 2 in the coefficients of f. Nakagawa’s construction is discriminant—preserving: we have
Disc(Ry) = Disc(f). In this section, let A = |Disc(f)|. We say a form f is nondegenerate if A # 0.
For the rest of this section, any f we consider will be nondegenerate.

Recall that in Section 3.3, for any point p € R? and any positive real number X, we defined
a box B(p,X) C Sym®R2. We roughly showed that integral binary cubic forms lying in this box
correspond to cubic rings of discriminant < X equipped with a “short” basis that were “close” to p.

We’ll now generalize our definition of the box B(p, X) C Sym?® R? for general binary n-ic forms. Let

1

i D))

and define ¢ to be the closed line segment from (0, k) to (k/2,k/2).
Let L: £ — R"~! be the linear map sending the point (0, k) to (k,2k, ..., (n — 1)k) and sending
the point (k/2,k/2) to ﬁ(l, ..., 1). For a point r = (r1,72) € £ and a positive real number X,

define BP™(r, X) to be the subset of Sym™ R? such that:

‘f1| S X(n—i)r1+ir2
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for all 0 < i < n. The boxes Bb"(r, X) C Sym" R? are the natural generalization of the box

B(p, X) C Sym®R? that we defined in Section 3.3. if n = 3, then a computation shows that
BY™(r, X) = B(L(r), X).

In what follows, we will relate a form being in B2 (r, X) to the ring Ry being “close” to L(r).
We'll first show that if Ry is “close” to L(r) and {1,(i,...,{n—1} is “small”, then f is roughly

contained in this box BP™(r, X). Our proof will require the following beautiful formula of Fess.

Given a nondegenerate rank n ring R equipped with a basis 1,(1,...,(,—1 and an element o € R,

let M, be an n x n matrix such that

|:1 a ... 042:| = M, |:1 Cl - Cn—l

A nondegenerate rank n ring R equipped with a basis 1, (1, ..., (,_1 naturally gives rise to an index

form, defined by:

I:R/Z — T

a — det(M,,)

The basis {(1,...,(,—1} of R/Z presents the index form as a homogeneous polynomial with integer
coefficients of degree (g) in n — 1 variables. In this way, a nondegenerate integral binary n-ic form

f naturally gives rise to a homogeneous polynomial Iy of degree (Z) in n — 1 variables.

Theorem 3.5.1 (Fess [21], Theorem 3.2.4). For any f € Sym" Z?, we have:

Our proof strategy is as follows. Suppose Ry is “close” to L(r) and {1,¢1,...,{p—1} is “small”.
Then we use this information to bound the sizes of the coefficients of the index form /¢, and hence the

sizes of the coefficients of the binary form I;(z"~2, 2"~3

Y, ...,y" ?). By Fess’ index formula, we have
obtained a bound on the coefficients of f(z, y)(ngl); a classical theorem of Gelfand (Lemma 3.5.3)
then gives a bound on the coefficients of f(z,y).

Let 6 denote a positive real number. We say f gives rise to a 0-reduced basis if every pair of

elements of the basis 1,(i,...,(,—1 of Ry have angle greater than # in the Minkowski embedding of
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Ry. For a positive real number €, we say f is (¢, A)-close to a point p € R*™1 if A > 1 and Ry is

(e, A)-close to p. Let r = (ry,r3) € {1 denote a point.

Proposition 3.5.2. For all 0, € Rs and all n € Z~1, there exists Cy 9, € Rso such that for all
nondegenerate f € Sym™ Z? and all v € £, if A > 0 and f is (¢, A)-close to L(r) and f gives rise to

a O-reduced basis, then f € C, 9 . B2 (r, A).

Proof. View Iy as a homogeneous polynomial of degree (Z) with integer coefficients in n—1 variables
Z1,y...,Zp—1. For any k = (k1,...,k,—1) € Z’;Bl such that Z?;ll ke = (g), let ax denote the
coefficient of Hz 1 xé in Iy. We now bound ax. Let o4,...,0, be the n homomorphisms of Ry

. -1
into the complex numbers. For an element o = Z?:o x¢(p, we have:

1 1

| Disc(Z[a]) [/? = Siso wmer(G) e Xy weon ()

(Cisg zeor (C)™ ™t oo (75g weon(C))" !

Expand the determinant above and collect monomials. Observe that because | 0;((¢) | <n | e |, the

coefficient of Hz | 2} in the determinant of the matrix above is <, H;:ll |¢¢|™. Because

| I(a) | = | Disc(Z[a]) [/ A71/2,

we have:
n—1
la| < ATV 1 ¢ ™
=1
n—1
<<6 o.n A—l/Z H AkzL('l")g
=1
< explA, —1/2+ Z ko L(r),] (3.5)
n—1
< explA (n=1—=0L(r)1+ (¢ —1)L(r)p-1)]
L(’I") n—1
< _ A )n—1 _
< exp[A, 1/2+ ; )+ = ;m(e 1)]

We now use (3.5) to bound the coefficients of I;(z"2,2" 3y,...,y" 2). For any 0 < i < (n—2) (Z),

let b; denote the coefficient of x("_2)(g)_iyi in Ip(z" 22" 3y,...,y"%). We can express b; as a
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linear polynomial in the variables ax. Suppose ax = a,,....k appears in the expansion of b;.

n—1)

Then substituting in 2"~ ~*y*~! for z; in HZ:_11 zh? gives x(”_Q)(Z)_iyi

, SO:
n n—1
(n2)(2) fi:;kg(ane)
ol (3.6)
i=> k(-1
=1
Substituting (3.6) into (3.5), we obtain:
L(r n N L(r)p—1.
|ax | Kn,e,0 explA, —1/2 + %((n -2) <2) —1) + 1(1 )_ 211], (3.7)
Note that (3.7) is not dependent on the choice of ay! Thus:
L(r), n ~ o L(r)p-1.
|bl | <<n,e,9 eXp[A7 1/2 + m((n 2) (2> Z) + ﬁl} (38)
We can write out the linear map L explicitly and obtain:
n—1
5 (L(r)1 + L(r)p—1) =1/2 (3.9)
( : ) ;
1 2(n—1 2(m
L(r), = 2(n> + 1 ( )Tl (3.10)
2 4(3)
ﬁ _n=1
—1 2(-D) 37 1
L(F)n_y = T; — 1(2 (rz ~ 5 ) (3.11)
(2) @ o @ (2)
Substitute (3.9), (3.10), and (3.11) into (3.8) and simplify to obtain:
[ b; | Kn.e.0 explA, ((n—2) (g) — 41y + irs] (3.12)

Recall that Theorem 3.5.1 says:

Let M = |A™7"] and let g(z,y) = f(Mz,y). For any 0 < i < (n — 2)(}), let ¢; denote the
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coefficient of x(”72)(3)7iyi in g(m,y)(ngl). By Theorem 3.5.1, we have
gla, )2 ) = L (=202 M3ty )
Note that ¢; = M("_Q)(g)_ibi; substituting in (3.12) gives:

lci| <neo exp|A, (n —2) <Z) o]

For 0 < i < n let g; be the coefficient of 2" %y’ in g(x,y). By Lemma 3.5.3, for all 0 < i < n we
have

|gz | <<n,e,9 A2,

Because g; = M"* f;, we have

| fi| Knyesp ATTDTaFr2
for 0 <4 < n, completing the proof of the proposition. O

For a polynomial f(z1,...,Zm) € Z[z1,...,Tn], let H(f) be the maximum of the absolute value

of the coeflicients of f.

Lemma 3.5.3 (Gelfand’s Inequality [23], Proposition B.7.3). Let di,...,d,, be integers, and let

Jisoooo fr € Zlxy, ..., 2] be polynomials whose product satisfies deg, (fi...fr) = dm for each

1<i:<r. Then

[THG) < e m(f ... 1),

For the rest of this section, let C, D denote positive real numbers, let X € R.q, let n € Z~1, and

let r € /.

Lemma 3.5.4. If f € OBP"(r, X) then
|G| <o XHO

foralll <i<n.

Proof. Let L(r)o = 0. The explicit multiplication coefficients imply that

2 r)i=L(r)j | ¢
|G <o max {X2EOEO ¢ )

87



Applying Lemma 6.0.2 completes the proof. O

Lemma 3.5.5. If f € OBP"(r, X) and X/2 < A then
Ni(Ry) =cp XE)i

for1<i<n-—1.

Proof. Follows from Lemma 3.5.4, Minkowski’s second theorem, and the fact that

Z_: L(r); = 1/2.

Lemma 3.5.6. If f € OCBP"(r, X) and A > X/2, we have
#{f € OBM™(r, X)NSym™ Z? | Iy € GLo(Z) s.t. f' =~f} <o X277

Proof. By Lemma 3.5.4, the form f gives rise to a basis {(1,...,(n—1} of Ry/Z with the property
that

|G| <om XE =0, Mi(Ry)

for 1 <i<n—1. Let v € GL2(Z) be such that f’ =~f and f’ € BX™(r, X). Let {¢},...,¢,_1} be

the basis of Ry/Z be the basis corresponding to f’. Then again by Lemma 3.5.4, we have
1] <em XEE <0 Mi(Ry).

Write

for an element v € GLo(Z). As given by Nakagawa [26], the action of v on the bases is given by the

following matrix equation:

an—2 @n—Sb L abn—S bn—2 Cl Ci
-2 -3 -3 —2 /
2 3 ed A2 |G L
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For our purposes, it is not important what the ... entries are. Thus:

Gl =0 |G <o max (a7 [ G ]}

(Gt =om |G | o max {|em a1}

Thus, the number of choices of a, b,d is < ¢,y 1, and the number of choices of ¢ is <¢,, X™7 ™. O

Lemma 3.5.7. There exists D such that for all f, n, v, and X, if f € CBP™(r, X) then
#{f' € DCB>™(r, X)NSym" Z? | 3y € GLy(Z) s.t. f =~f} > X2

Proof. Act on f by elements of GLy(Z) of the form

where |u| < X277, O
The following theorem will be useful later.

Theorem 3.5.8 (Evertse, Gydry [20]). For any nondegenerate rank n ring R, there are at most

257" classes of integral binary n-ic forms f such that R ~ R;.

Proof of Theorem 1.2.4. By Lemma 3.5.5, there exists a constant C' such that for all ¢ > C, if
f € BE(r,X) and X/2 < A and 1 < A, then Ry is (e, A)-close to L(r). By Lemma 3.5.6, for
a form f € BP(r, X) with X/2 < A, there are <,, X"2~" GL3(Z) conjugates of f contained in

BPn(r, X). Thus,

#{ By (r, X) N Sym"™ 2% | X/2 < A < X}

#FNL(r) €, X) >y,

Xr2—T1
#{Bb"(r, X) N Sym™ Z?}
>0 o= (3.13)
exp[X, Yoo (n — i)rq + irg)
o exp[X,ro — rq]
Now observe that:
- 1 1
;(n—i)rl +irg = (n;— )(7"1 +719) = QT;—E2. (3.14)
Substituting (3.14) into (3.13) proves the theorem. O

89



3.6 Special families of cubic rings

In this section we will prove Corollary 3.1.5 and Corollary 3.1.4.

Proof of Corollary 3.1.5. Let F™ be the set of isomorphism classes of irreducible nondegenerate
cubic rings, let H: F'™™ — R be the absolute discriminant, and let p = (1/4,1/4). We will prove
that (F**, H) corresponds to p.

We first prove (3.2) by demonstrating that:

#{R e F" | A <X and R is not (¢, X)-close to p}

lim li - . 1
Bz, i eup #REF [ A<X) ’ (319)
We bound the denominator using Proposition 3.4.5 and obtain:
#{RecF™ | A<X}>X. (3.16)

We will now upper bound the numerator; our proof strategy is as follows. We fix a positive integer
k and count the number of rings R € F™ of bounded discriminant that are (e/k, X)-close to some
other point p’ on the line segment ¢; with the property that that p’ has distance at least €/ log X
from p. We conclude by summing up across an appropriate set of points p’.

Let kK = 6 and let

e(ik™ +1) e(ik™' +1) 9
e = — , R
Pie <p1 ogx 2T T ex )€

oy .
Let jx . be the smallest integer such that p; — %Xﬂ) < 1/6. The set {p;}:=; will be our
appropriate set of points. By Minkowski’s second theorem, there exists a global constant C' such
that for all € > C, every element of R € F'™" is (¢, A)-close to some point on the closed line segment

from (1/6,1/3) to (1/4,1/4). Thus, for any ¢ > C, we have:

#{RcF™ | A< X and R is not (e, X)-close to (1/4,1/4)} (3.17)
JX,e

< Z #{R e F™ | A< X and R is (¢/k, X)-close to p; .} (3.18)
i=1

Proposition 3.4.4 proves that each of the terms in the sum in (3.18) is

—2e(ik ™" k
<e 2e(i +1)el26/ ){7
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where the implied constant is independent of ¢ and €. Thus, we obtain that (3.18) is

JX,e
< Xel2e/k Z e 2e(ik™1+1) (3.19)
i=1
. e—2e(k71+1)
S X€12 /kl_ew (320)

Plugging (3.20) into the numerator of (3.15), and plugging (3.16) into the denominator of (3.15),

we obtain:
. . _9¢ 1
Jimn sup #ReF™ | A<X an.d R is not (e, X)-close to p} < ol2¢/k € 2e(k +ji (3.21)
X300 #{Re Fir | A <X} 1— e 2k

where the implicit constant is independent of €. Now observe that:

2e(k~141) e—2ek™!

. e .
lim @126/}6#’{:_1 = lim 1 o _2ek-T =0.
€—00 1 —e2¢ e—o0 | — e 2€

This proves (3.15), and (3.3) is a corollary of Proposition 3.4.4 and Proposition 3.4.5.

Now let F™d be the set of isomorphism classes of reducible nondegenerate cubic rings, let
H: Frd 5 R be the absolute discriminant, and let p = (0,1/2). We will now prove that (F*4, i)
corresponds to p. The second condition is easy to see; observe that for any fixed ¢ and A large enough
with respect to €, Theorem 1.1.2 implies that any ring (e, A)-close to p is reducible. Hence, (3.3)
follows immediately from Proposition 3.4.4 and Proposition 3.4.5. We now prove that (3.2) holds

by demonstrating:

- #{Re F*d | A< X and R is not (e, X)-close to p}
lim lim sup =

22
Do X o FHRcFe | A<X] 0 (3.22)

By considering maximal reducible orders, we obtain: {R € F*4 | A < X} > X. Again let k be

some integer, to fixed later, and let

e(ik™' +1) e(ik™t + 1)) cR2.

Die = (pl + log X ,D2 — log X

Let jx . be the largest integer such that p; +€(jx k™' +1)log X < 1/6 and let kx  be the smallest

integer such that p; +€(jix, k™' +1)log X > 1/4. There exists a constant C such that for all e > C,
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we have:

#{Rec F*d | A< X and R is not (e, X)-close to p}

Jx,e
< Z#{R € F*d | A< X and R is (¢/k, X)-close to p;.c}
i=1
kx,e
+ Z #{Rec F*! | A< X and R is (¢/k, X)-close to p; .}
i=jx,e+1

Using Lemma 3.4.6, we see the second term is

kx e
e Y. XV < X/ og X = o(X).

i=jx,et+1

As before, for 1 <1 < jx ., Proposition 3.4.4 implies:
#{Rec F° | A< X and Ris (¢/k, X)-close to p; .} < e12e/k Y o= 2e(ih ™ +1)

Fixing k to be large enough and summing the first term proves (3.22).

O

In fact, in the proof of Corollary 3.1.5, we showed that the number of isomorphism classes of
irreducible cubic rings of absolute discriminant < X is =< X! We also showed that the number of

isomorphism classes of reducible cubic rings of absolute discriminant < X is =< X.

Proof of Corollary 3.1.4. Let F3*°" be the set of monic cubic polynomials with integer coefficients
and nonzero discriminant and let p = (1/6,1/3). If f € Fi*°" then a computation shows that
H,.(f) < X6 if and only if f € B(p, X). Let C be any positive real number. By Lemma 3.3.5, if
A > X%/C and H,(f) < X'/ then

Xi(Ry) <o AP

To prove (3.2), it suffices to show:

mon 6
pp B EFPO | Hy(f) < X and A > X9/C)

o HFeFpor | B () < X) b

Because the number of monic integral cubic forms with H,(f) < X and A = 0 is o(X°), the

denominator is equal to X6 + o(X®). Let Disc € Zla, b, ¢, d] denote the discriminant polynomial for
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binary cubic forms. By Davenport’s lemma, we have

#{f | H.(f) <X and A > X°/C}
= #{(b,c,d) € Z® | max{|b|°,|c|’,|d|*} < X® and |Disc(1,b,¢,d)| > X/C}
= Vol{(b,c,d) € R* | max{|b|°,|c|?,|d|*} < X® and |Disc(1,b,c,d)| > X°/C} + O(X?)
= Vol{(b,c,d) € R® | max{|b|%|c|* |d[*} < X© and
| Disc(1,0X 1, cX 2, dX )| > 1/C} + O(X®)

= XSVol{(b,c,d) € R* | max{|b|,|c|,|d|} <1 and |Disc(l,b,c,d)| >1/C}+ O(X®).

Thus:

o A{feFmon | Hof)< X and A > X$/C}
o uf H{F e Fpo | B() < X)

= lim Vol{(b,c,d) € R® | max{|b|,|c|,|d|} <1 and |Disc(1,b,¢,d)| > 1/C}

C'—o0

=1

We obtain (3.3) by observing that a positive proportion (depending on €) of lattice points in B(p, X)

lie on the hyperplane a = 1, and then executing the proof of Proposition 3.4.4. O

3.7 Sieving for maximal orders in S3-cubic fields

In this section, we will prove Theorem 1.2.2 by sieving for maximal orders in Ss-cubic fields.
Throughout this section, let p = (p1,p2) € ¢35 be a point and let ¢ denote a prime number. As
before, let f denote an integral binary cubic form and let X € Ry ;. We will need the following tail
estimate for “small” primes. Let Disc € Zl[a, b, ¢, d] be the discriminant polynomial of binary cubic

forms.

Lemma 3.7.1. If { < VX3:2=1/2 then
#{f € B(p,X)NVz | Disc(f) =0 (mod £2)} < X/¢?

where the implicit constant is independent of X, p, and £.
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Proof. Without loss of generality suppose ¢ # 2,3. Fix integer values of a, b, and ¢ such that:

‘al < X3p1—1/2
‘b| < X2P1+P2*1/2

‘C| < X P1t2p2—1/2

We will count the number of integer values of d where |d| < X3P2=1/2 and ¢? | Disc(a, b, ¢, d). We

separate into the following 3 cases:
1. 22| a;
2. ¢ ] aand % 1a;
3. and /1 a.

We first analyze case (1). If £ < vV X3P1=1/2 Case (1) occurs with probability 1/¢2. If £ > v/ X3r1—1/2
then case (1) never occurs. Therefore we may bound the quadruples (a, b, ¢, d) with £2 | a by O(X/¢?).
Similarly, if £ > X?P1=1/2 then case (2) never occurs. If £ < X3P1~1/2 case (2) occurs with
probability 1/¢. Suppose we have a quadruple (a, b, ¢, d) such that £ | a and ¢ { a and write o'/ = a.
We have
Disc = (18a’¢bc — 4b*)d + (b*c* — 4a’¢c®)  mod ¢2

The above expression has more than 1 solution for d modulo ¢2 if and only if £ | b and ¢ | ¢, which
occurs with probability 1/¢2; in this case, we have 2 solutions for d modulo ¢2. Therefore we may
bound the number of quadruples (a, b, ¢, d) with £ | a and ¢? t a and ¢? | Disc(a, b, ¢, d) by O(X/£3).

Now suppose we have a quadruple (a, b, ¢,d) with £ 1 a: then either (¢): Disc, when considered
as a monic quadratic polynomial in d, has no double roots modulo ¢; or (i7): Disc, when considered
as a monic quadratic polynomial in d has a double root modulo £. We write the discriminant of a

binary cubic form f(z,y) = ax® + bx’y + cxy® + d° as
Disc(f) = (27a%)d* + (18abc — 4b%)d + (b*c* — 4ac®).

In subcase (i), Hensel’s lemma shows that there are at most 2 solutions for d modulo £?; because
¢ <V X32-1/2 and d is chosen in the range [—X?P2=1/2 X3P2=1/2] the number of such quadruples
is O(X/¢?). In subcase (ii) there are at most £ solutions for d modulo ¢? because f # 0 (mod ¢), so

it suffices to show that the second subcase occurs with probability 1/£. The second case only occurs
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if the discriminant of Disc(a, b, ¢, d), when Disc(a, b, ¢, d) is considered as a quadratic polynomial in

d, is divisible by ¢. The discriminant of Disc(a, b, ¢, d), when considered this way, is:

(18abc — 4b%)* — 4(27a*)(b*c* — 4ac?)

which we simplify to:

166° — 144ab*c + 216a°b%c? + 432a33.

Recall that we have assumed ¢ 1 a. Therefore, each choice of a and b gives at most 3 values for ¢
modulo /. Recall that c is chosen in the range [~ XP12P2=1/2 _ XP1+2p2=1/2] apnd XP1+2r2-1/2 > 4,
so the probability that the discriminant of Disc(a, b, ¢, d) is divisible by ¢ is O(1/¢). Therefore, the

number of such quadruples is O(X/¢?). O
For “big” primes, we use the following tail estimate of Bhargava, Shankar, and Tsimerman.

Proposition 3.7.2 (Bhargava, Shankar, Tsimerman [7], Proposition 29). The number of isomor-
phism classes of nondegenerate cubic rings such of absolute discriminant < X that are not mazximal

at a prime £ is O(X/0?), where the explicit constant is independent of X and .

We can now combine these two tail estimates and prove our theorem on the density function of

maximal orders in S3-cubic fields.

Proof of Theorem 1.2.2. For any prime ¢, let U, denote the subset of V7, corresponding to maximal
cubic rings over Zy. Let u; be the Haar measure on Vz,, normalized such that pe(Vz,) = 1. Let
U = Nely. Then U is the set of f € Vg corresponding to maximal cubic rings over Z.

Let p = (p1,p2) € ¢3. By Proposition 3.4.4 and the fact that 100% of the integral forms in
B(p, X) are irreducible, it suffices to show that a positive proportion of forms in B(p, X) have

squarefree discriminant. For any positive integer Y, we have

lim inf

X—00 X

s U € Nyl 0 B, X) NV | A2 X/2) = 5y #7 €Te 0 B, X) 1 V2 | A > X/2)
T X—oo X
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We lower bound the right hand side by:

#{f € Ne<yUy N B(p, X)N V5 | A > X/2}

lim inf 2
i X (3:29)
ceUyNB(p, X)NVyz | A>X/2
— lim sup Zby #if i <§7 ) ALER), (3.24)
X —00

We estimate the second term of (3.23). Using the tail estimates given in Lemma 3.7.1 and Proposi-

tion 3.7.2 and the bound in Lemma 3.3.4, we obtain:

S #{felhnB(p,X)NVz | A>X/2} (3.25)

>Y

< > OX/P)+ > OXMrrre?) (3.26)
Y <<V X3p2-1/2 YV X3P2-1/244

The fact that vV X3P2—1/2 < ¢ in the second term of (3.25) implies that there exists a positive real

number 7 such that the second term of (3.25) is bounded above by:

> oxtet
Y,V X3r2-1/2<y

Therefore, o
S #F €U N B, X) NV | A > X/2)
lim limsup =0
Y=o X 300 X

We now estimate the first term of (3.23). First suppose p # (1/6,1/3). Then, because B(p, X) is a

box expanding in all coordinates with volume X, we have

lim #{f € Ne<yUy NBp, X)NVz | A> X/Q}
X —o00 X

= ] me@to).

<Y

Letting Y tend to infinity completes the proof, as a computation of the local densities, given in [7],
shows the the product of the local densities is nonzero. An analogous proof proves the theorem for
p = (1/6,1/3), given that one restricts B(p, X) to the subset where @ = 1. The same estimate of
the first term of (3.23) applies, but but we obtain a different set of local densities. A computation
shows that in this case, the product of relevant local densities is still nonzero, which completes the

proof. O
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Chapter 4

Counting quartic rings by

successive minima

In this chapter, we compute density functions of quartic rings. We will make use of the notion of
cubic resolvent rings throughout; see Section 4.2 for background. In this chapter let R denote a
quartic ring and let C' denote a cubic resolvent ring of R. Let A = |Disc(R)| = | Disc(C)|. We
say a pair (R,C) is nondegenerate if A # 0; in this chapter, all pairs (R, C) are assumed to be

nondegenerate.

4.1 Statement of results

In the cubic case, the support of our density functions were contained in the line segments obtained
by taking appropriate sets of limit points. We now adapt this notion to the quartic case. Let G C Sy

be a permutation group and define Poly,(G) to be the set of limit points of the multiset
{(logs M1(R),1ogs A2(R),loga A3(R),loga A1 (C), loga A2(C))} € R

in the Euclidean metric as we range over isomorphism classes of pairs (R, C) where R is a G-ring.
Define Poly, to be the union Ug Poly,(G) as we range over all permutation groups G C Sy. Our
results are threefold: we explicitly compute Poly,(G) for various G, we compute various density
functions, and then we discuss how various interesting families of quartic rings correspond to various

vertices of Poly,(G).
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4.1.1 Computing Poly,(G)

Theorem 4.1.1. For every permutation group G C Sy, the set Poly,(G) is a finite union of polytopes

of dimension 3.

Theorem 4.1.1 is a natural generalization of Theorem 1.1.2 when n = 4. See Theorem 4.4.2 for
an even more explicit description of these polytopes. For many applications it is useful to provide
explicit linear inequalities defining Poly, (G); in the following two theorems, we do this when G = Sy
or G = Dy. Let p = (p1,p2,P3,q1,G2) be the coordinates of R®. By the definition of successive

minima and Minkowski’s second theorem, the set Poly,(G) satisfies the following constraints:

0<p1<ps<ps; 1/2=pi+p2+ps; 0<q <qo; and1/2=gqs+ . (4.1)

Theorem 4.1.2. The set Poly,(S,) consists of the points p € R5 satisfying (4.1) and

g2 <p1+p3; q <2p1; and gy < 2ps.
Theorem 4.1.3. The set Poly,(D,) consists of the points p € R® satisfying (4.1) and
@ <2p1 and g2 < 2ps.
Theorem 4.1.4. The set Poly, is the union of three polytopes. The first polytope consists of the
points p € R® satisfying (4.1) and
72 < p2+p3 and g1 < 2p;.

The second polytope consists of the points p € R® satisfying (4.1) and

g2 < p1+p3 and g1 < p1+po.

The third polytope consists of the points p € RS satisfying (4.1) and

g2 < p1+p3 and g2 < 2ps.

Tt is interesting to note that Poly,(S4) is the intersection of all three polytopes given in Theo-

rem 4.1.4.

4.1.2 Density functions of quartic rings

We now define our density functions. Let p = (p1,p2,P3,q1,¢2) € R® denote a point. For every

€ € Ry, p € R®, X € Roq, and permutation group G C Sy, define F(p,¢,G, X) to be the set of
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isomorphism classes of pairs (R, C) such that R is a G-ring, A < X, and

. — D <
151?2)33{' loga Ai(R) — pi |} <

€
log X

€
. —_ 0l < .
max{[loga M(C) —ail} < s

Define the density function de: R® — R U {x} which assigns to p € R® the value

Lo o #F (€, G X) + 1)
X 00 log X

if it exists and else assigns *. Similarly, let F(p,e, X) be the set of isomorphism classes of pairs
(R,C) such that A < X, (4.2) holds, and (4.3) holds. Let d.4 denote the corresponding density
function. We now compute the total density function for quartic rings, the Sy-density function, and

prove partial results on the D4-density function.

Theorem 1.3.1. There erists a positive real number M such that for every e > M and every p € R®,

1—(ps—p2) — (p3 —p1) — (P2 — 1) — (@2 — q1) if p € Poly,
dea(p) = + Zigj,k max{0, qx — pi — p;}

0 else.

Theorem 1.3.2. There exists a positive real number M such that for every e > M and every p € R®

we have

dea(p) if p € Poly,(S4)
dE,S4 (p> =

0 else.

We compute the density function for Dy on the complement of Poly,(S4); this is not an empty

statement because Poly,(Dy) strictly contains Poly,(Sy).

Theorem 1.3.3. There exists a positive real number M such that for every e > M and every p € R®,

the following statements hold.

1. If p € Poly,(D4) \ Poly,(S4), then

de.p,(p) = dea(p) =1 — (p3 —p2) — (p3 —p1) — (P2 — 1) — (@2 — @1)

+ (g2 — 2p1) + (g2 — p1 — p2) + (g2 — p1 — p3).
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2. If p ¢ Poly,(Ds), then de p,(p) = 0.

3. If p € Poly,(Dy), then

i inf log(#F(p,e, Dy, X) + 1)

> — 0 — _ o — _ _ _ _
im inf log X >1—(ps—p2)—(p3—p1) — (P2 —p1) — (@2 — @1)

+ (g2 — 2p1) + (g2 — p1 — p2) + (2 — P1 — p3)

4.1.3 Special families of quartic rings

Unsurprisingly, rings with extremal successive minima tend to also be extremal in an algebraic sense;
in other words the vertices of our polytopes “correspond” to various interesting families of quartic
rings. As in the cubic case, we first formalize what the word “correspond” means for families of
quartic rings. We say a pair (R, C) is (e, X)-close to p if:

€

log X
€

X —p; |} <
11’2?%{3{| IOgA >\’L(R) Di |} =

. —a0l <
@%{I loga Ai(C) —qi |} < oz X

Let F be an infinite set equipped with a map H: F — R such that for all X, we have
#{f e F| Hf) < X} < co. We call H the height function of F. Further suppose that F
is equipped with a map v from F to isomorphism classes of nondegenerate pairs of quartic rings

equipped with a cubic resolvent ring. For a point p € Poly,, we say the triple (F, H, ) corresponds

to p if
L JH#HfeF | H(f) £ X and ¢(f) is (e, X)-close to p}
lim liminf =1 4.4
A ln FITHD <X} 4
and there exists a constant M such that for all € > M, we have
. HH(RC) € F(pe, X) | (R,C) €9(F)}
lgriglof (e, X) > 0. (4.5)

When H or ¢ are implicit, we simply write that F corresponds to p.

Theorem 4.1.5. The set of isomorphism classes of Sy-rings (where H is the absolute discriminant)

corresponds to

(1/6,1/6,1/6,1/4,1/4).
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The set of isomorphism classes of Dy-rings (where H is the absolute discriminant) corresponds to
(0,1/4,1/4,0,1/2).
The points above are vertices of Poly,(S4) and Poly,(D4) respectively.

Vertices of Poly,(S4)

We now discuss various special families of quartic rings that correspond to the vertices of Poly,(S4).

The vertices of Poly,(Sy) are:
1. (1/6,1/6,1/6,1/4,1/4);
2. (1/6,1/6,1/6,1/6,1/3);
3. (1/8,1/8,1/4,1/4,1/4);
4. (1/8,3/16,3/16,1/4,1/4);
5. (1/10,1/5,1/5,1/5,3/10);
6. and (1/12,1/6,1/4,1/6,1/3).

We will give families that correspond to each vertex except (1/8,3/16,3/16,1/4,1/4). Recall that
we define the root height H, of a monic degree n polynomial f(z) = 2™ + ay2? + - -- + a, € Z[z] by
H,(f) = max;{|a; |1/i}. Given a binary n-ic form f(z,y) = apz™ + - - - + any™, define the coefficient
height of f to be H.(f) = max;{|a; |}. Wood [33] constructed a map from integral binary quartic
forms into pairs of integral ternary quadratic forms; thus from an integral binary quartic form, we
canonically obtain a quartic ring and a cubic resolvent ring. This construction is compatible with

that of Birch and Merriman [9], i.e. both constructions give isomorphic quartic rings.

Theorem 4.1.6. Let F}"°" be the set of integral monic quartic polynomials with nonzero discrimi-

nant. Then (F°", H,) corresponds to (1/12,1/6,1/4,1/6,1/3).

As in the monogenic cubic case, one might guess at the above result by guessing that for a

monogenic quartic ring Z[a] satisfying
] = minf] o+ i),

a “short” basis of Z[a] might “look like” 1, a, a?, a3. Moreover, the (unique) cubic resolvent ring of

a monogenic quartic ring is monogenic as well.
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Theorem 4.1.7. Let FP™ be the set of integral binary quartic forms with nonzero discriminant.

Then (FP™, H.) corresponds to (1/6,1/6,1/6,1/6,1/3).

One might guess at the above result by recalling from work of Wood [33] that a pair (R, C) arises
from a binary quartic form if and only if C' is monogenic. We now discuss the other vertices of
Poly,(S4), first considering the vertex (1/8,1/8,1/4,1/4,1/4). One might look at the coordinates
of this vertex and immediately consider the family of nondegenerate quartic rings having a basis of
the form 1, z, y, xy; however this is not quite the right family to consider. This is because monogenic

rings also have a basis of the form 1, x,y,zy, and for € sufficiently large,

de,4((1/8’ 1/8a 1/47 1/47 1/4)) - de,4((1/12a 1/67 1/47 1/67 1/3)) = 3/4

In fact, these two vertices are adjacent in Poly,(S4) and the entire edge between these two vertices
evaluates to 3/4 under the density function d. 4. Thus, to restrict to the vertex (1/8,1/8,1/4,1/4,1/4),
we must impose one more condition. Consider triples (R, z,y) where R is a quartic ring and z,y € R
have the property that R = Z({1,z,y,zy) and ¢(z + y) = ¢(z) + ¢(y) (here, ¢ denotes the cubic
resolvent map). We say two such triples (R, z,y) and (R',2',y’) are isomorphic if there exists a ring
isomorphism a: R — R’ such that a(z) = 2’ and a(y) = y’. We say such a triple is nondegenerate
if R is nondegenerate. Let F*¥®Y be the set of isomorphism classes of nondegenerate such triples
(R, x,y).

We will embed F#¥%*Y in the space of pairs of integral ternary quadratic forms, and use this
embedding to define a height function on F*¥*¥. In particular, consider the set of pairs of ternary

quadratic forms of the form!:

(A,B)= |- 0 *|,|— 1 =x|- (4.6)

Similarly, now consider quadruples (R, z,y,¢) where x,y € R, e = £1, and 1, 2, y,exy is a basis
of R. Again, we say such a quadruple is nondegenerate if R is nondegenerate. We say two such
quadruples (R, z,y,¢) and (R',2’,y’, ') are isomorphic if ¢ = &’ and there exists a ring isomorphism

a: R — R’ such that a(z) = 2’ and a(y) =y'.

IThe * symbol means any real number is permitted to be in this entry, and — means that this entry is determined
by symmetry.
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Theorem 4.1.8. There is a canonical discriminant-preserving bijection between:

isomorphism classes of

nondegenerate quadruples (R, x,y,€) nondegenerate pairs of
where x,y € R are such that — integral ternary quadratic forms
R=7(1,z,y,zy) and of the form (4.6)

olx+1y) =)+ ply) and e = +1

For a triple T' € F*¥*¥ we attach a pair of nondegenerate ternary quadratic forms via the map

above (setting € = 1); define the height to be
H(T) = max{|as |*, | azs |*, | b1z |*, | bas |°, | azs |, | b3z |},

where here a;;,b;; are the entries of (A, B); see (4.8) for more details®>. Moreover, observe that
the theorem above canonically attaches a cubic resolvent ring to a triple (R,z,y) € Foue® vig
Bhargava’s parametrization of quartic rings. Refer to the forward direction of the map from The-
orem 4.1.8 as v; via Bhargava’s parametrization of quartic rings [2], it can be interpreted as map

from such triples to pairs of based quartic rings equipped with a based cubic resolvent ring.
Theorem 4.1.9. The pair (F*Y*Y H, 1) corresponds to (1/8,1/8,1/4,1/4,1/4).

We now discuss the vertex (1/10,1/5,1/5,1/5,3/10) of Poly,(S4). The coordinates of this vertex
suggest considering the family of quartic rings having a basis of the form 1,x,y,z?. We consider
a slight variant; consider triples (R, x,y) where R is a quartic ring, x € R, y € R/Z, and z,y, 2>
forms a basis of R/Z. We say two such triples (R, x,y) and (R,2’,y’) are isomorphic if there exists
a ring isomorphism «: R — R’ with the property that a(z) = 2’ and a(y) = a(y’) (mod Z). We say
such a triple is nondegenerate if R is nondegenerate. Let Fo92” be the set of isomorphism classes
of nondegenerate such triples (R, z,y). We employ the same strategy as previously.

Consider the set of pairs of ternary quadratic forms of the form:

1 0 %| |0 1/2 0

We consider quintuples (R, z,y,e,v) where x € R, y € R/Z, ¢ = +1, v € {0,1}, and z,y,2? is

2 Another natural height function would be the H((R,z,y)) = max{|z|,|y|}. The author expects that with
respect to this height function, the family F*¥:*¥ still corresponds to (1/8,1/8,1/4,1/4,1/4).
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a basis of R/Z. We say such a quintuple is nondegenerate if R is nondegenerate. We say two such
quintuples (R, z,y,e,v) and (R, 2',y’,¢’,v') are isomorphic if e = ¢/, v = 1/, and there exists a ring

isomorphism «: R — R’ such that a(z) = 2’ and a(y) =y’ (mod Z).

Theorem 4.1.10. There is a canonical discriminant-preserving bijection between:

isomorphism classes of
nondegenerate pairs of
nondegenerate quintuples (R, x,y,€,v)
— integral ternary quadratic forms
where x € R and y € R/7Z are such that
of the form (4.7)

x,y, 2% is a basis of R/7Z and ¢ = £1 and v € {0,1}

For a triple T' € Fo92” we attach a nondegenerate pair of integral ternary quadratic forms via

the map above (setting € = 1 and v = 0); define the height to be
2 2 2 2
H(T) = max{|a13|", [ a2z |, |a23 |, a3 |, [ b22 |", [ b23 ", | b2 |"}.

As in the previous case, the theorem above canonically attaches a cubic resolvent ring to a triple
(R,z,y) in .F””’y’IQ; we will prove that this is the unique cubic resolvent ring of R. Refer to the

forward direction of map from the theorem above as 1.

Theorem 4.1.11. The pair (]:”’y*ﬁ,H,w) corresponds to (1/10,1/5,1/5,1/5,3/10).

4.2 The parametrization of quartic rings

Our primary tool will be Bhargava’s parametrization of quartic rings, which we now briefly summa-
rize. Let Vg = R? @ Sym? R3. We write an element of (A, B) € Vg as a pair of 3 x 3 real symmetric

matrices as follows:

2a11 a2 a3 2b11 bz bis
2(A,B) = ( a2 2a22 a3 |5 | b1z 2bya  bog ) (4.8)
a13 a3 2asz b1z baz  2b33

An element (A, B) is said to be integral if a;;,b;; € 7Z, and the lattice of integral elements is

denoted V7. The group G(R) = GLa(R) x GL3(R) acts on Vg in the following way; an element
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(92, 93) € G(R) sends (A, B) to
(rgsAgs + sgsBgs, tgs Agh + ugs Bgs)

where we write

The subgroup G(Z) acts on Vg and preserves the lattice V7. The action of Gz on Vg has a unique
polynomial invariant given by the formula Disc(4 Det(Bxz — Ay)). This fundamental invariant is
known as the discriminant and is denoted Disc(A, B). The orbits of Gz acting on Vz parametrize

quartic rings equipped with a cubic resolvent ring; see [2] for more details.

Theorem 4.2.1 (Bhargava, [2]). There is a canonical, discriminant-preserving bijection between
Vz and isomorphism classes of pairs (R,C) where R is a based quartic ring and C is a based cubic
resolvent ring of R. Under the action of Gz, this bijection descends to a bijection between the set of
Gy, orbits of Vg and the set of isomorphism classes of pairs (R,C) where R is a quartic ring and C

is a cubic resolvent ring of R.

We now describe a few important details of this bijection. A cubic resolvent ring C' of a quartic
ring R comes equipped with a quadratic map ¢: R/Z — C/Z called a cubic resolvent map. Choosing
bases for R/Z and C/Z gives rise to an element of V7. Conversely, for an element (A, B) € V7,
Bhargava constructed certain polynomials in the a;j,b;; that form the structure coefficients for a
basis of R. Moreover, the binary cubic form 4 Det(Bxz — Ay) via (3.4) gives structure coefficients for

a basis of C.

4.3 Reduction theory of quartic rings

We now fix some notation we use throughout this section. Unless otherwise specified, (A4, B) will
denote a nondegenerate element of V7 and (R, C) will denote the corresponding quartic ring and
cubic resolvent ring respectively. Let A = |Disc(A, B)|. Analogously to the cubic case, in this

section we develop the relationship between:
1. pairs (R, C) equipped with “small” bases;
2. and pairs (A4, B) with “small” coefficients.

Our proofs are almost identical to those in the cubic case.
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Lemma 4.3.1. Let {1,v1,v2,v3} and {1, w1, wa} be Minkowski bases of any nondegenerate quartic
ring R and any cubic resolvent ring C' of R. Let (A, B) be the corresponding matrices given by the

cubic resolvent map. Then |a;; | < |vi||vj|/|w1] and |bi; | < Jv; || v;|/]ws].

Proof. Let 01, ...,04 be the 4 nonzero homomorphisms of R into the complex numbers. The cubic

resolvent map ¢: R/Z ® R/Z — $C/4Z is given by

plz®y) = %(01(35)02(21) + o2(x)o1(y) + o3(z)oa(y) + 03(y)oa(w))

For an element z € C ® Q, let (w;)z denote the coefficient of z with respect to the basis {1, w;, ws}.

Because {1,v1,v2,v3} and {1, w;,ws} are Minkowski bases,

laij | =< (wi1)(p(vi @ v;))

|p(vi @ vy) |

<
|wy |

<<|Uz‘|lvj|.
|wy |

An analogous argument shows that |b;; | < |v; | |v;|/| w2 ]. O

For any p = (p1, D2, P3,q1, g2) € R® and any positive real number X, define B(p, X) to be the set of
elements (A, B) € Vi such that a;; < XPi+Pi=9 and b;; < XPitPi~92. Let p = (p1,pe,ps,q1,q2) € R®
denote a point. Moreover e will denote a positive real number, M, D will denote real numbers > 1,

and X will denote a real number > 1. Recall that we say the pair (R, C) is (e, X )-close to p if

€
. —m |l <
Jnax {[loga Ai(R) —pil} < Tog X

€
. —a ]l < .
max{lloga MilC) —ail} < o~

We say ((4, B),p) are (e, X )-close if the corresponding rings (R, C) and p are (e, X)-close. We say
(A, B) comes from Minkowski bases if there exist Minkowski bases of the corresponding rings (R, C)

giving rise to (A, B).

Lemma 4.3.2. There exists M such that for every pair (A, B), point p, and positive real number
€, the following statement holds: if A > 1 and ((A, B),p) are (¢, A)-close and (A, B) comes from
Minkowski bases, then (A, B) € Me3“B(p, A).

Proof. Let {1,v1,v2,v3} and {1, w1, w2} be the Minkowski bases of (R, C) giving rise to (4, B). We
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have

la; ;| < M by Lemma 4.3.1
| wr |
_ AN (R)
M(0)
< e3CAPITPITD because ((4, B),p) is (e, A)-close.
An analogous argument shows that | b; ; | < e3¢ APitPi—a2, 0

Lemma 4.3.3. There exists D such that for all p satisfying (4.1), all (A, B), and all M, X the
following statement holds: if (A, B) € MB(p, X) then

#{(A",B") e DMB(p,X)NVz | (R,C) ~ (R',C")} > exp[X, (p3—p2)+(p3—p1)+(p2—p1)+(q2—q1)]}

where here (R, C") is the quartic ring and cubic resolvent ring arising from the pair (A', B').

Proof. Recall that Vz admits an action of Gz = GL2(Z) x GL3(Z). Act on (A, B) by elements of

Gy, of the form

where |n;; | < [XPi7Pi] and |m| < [X¢~1]. 0

For a pair (A, B), let {1,v1,v2,v3} and {1, w;, w2} denote the explicit bases of R and C obtained

from the structure coefficients.

Lemma 4.3.4. For every p satisfying (4.1), every (A, B), and every M, X the following statement
holds: if (A, B) € MB(p, X), then |v;| <p XP¢ fori=1,2,3 and |w; | <pr X% fori=1,2.

Proof. The binary cubic form corresponding to the basis {1,w;,ws} is given by 4 Det(Bxz — Ay).
Lemma 3.3.3 implies that |w; | < X% for i = 1,2. The formulae in [2] of the explicit structure
coefficients for the basis {1 = vy, v1,v2,v3} imply that if (A, B) € M B(p, X) then the v;-coefficient

of v? is <y X?Pi~Pi. Let pg = 0. Thus,

o |* < ;hax 3{X2p"’_pj | vj [} (4.9)

Applying Lemma 6.0.2 completes the proof. O
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Lemma 4.3.5. For every p satisfying (4.1) and every (A, B), X, and M, the following statement

holds: if
(A4,B) € MB(p, X)

and X/2 < A < X, then there are <y exp[X, (p3s —p2) + (ps — p1) + (p2 — p1) + (g2 — q1)] distinct
elements (A’, B') € MB(p, X) N Vy such that (R',C") ~ (R,C).

Proof. Let {vg = 1,v1,v2,v3} and {wo = 1, w1, wa} be the explicit bases of R and C obtained from
(A, B). By Lemma 4.3.4, we have |v; | <y XPi for i = 1,2,3 and |w;| <p X% for i = 1,2.
Because

X2 = AYE <o |[vg || vg | g XPHIP2EPS — X1/

and

XV2 = AV < wy | |wy | <pp XOF92 = X1/2,

we have |v; | <pr XPi for i =1,2,3 and |w; | < X% fori=1,2.
Suppose (A’,B") € MB(p,X) NV is such that (R',C") ~ (R,C). Let {1,v],v5,v5} and
{1, w}, wh} denote the bases of R' and C' given by (A4’, B’). By Lemma 4.3.4, we have | v} | <5 X?

for i =1,2,3 and |w} | <p X% for i = 1,2. Moreover, write

3
v; = cio + Z CijVj
J=0
2
w; =d;o + Zdijwj.

=0

The pair (A’, B’) is determined by the choices of ¢;; for 1 < 4,5 < 3 and d;; for 1 <i,j < 2. We

have:
XPi = | vl | =< max {|¢i||vi |} =< max {| ¢ | XP
ot =ar g {less |0 [} =ar e {] iy | X7)
X% =5 |w! | < max {|cii | |w; |} <ar max {| ¢ | X%
o e (L iy |y [} =ar max {]ess | X}
where py = go = 0. If j <4, the number of choices for ¢;; and d;; is <5 1. If j > 4, the number
of choices for ¢;; is < XP~P* and the number of choices for d;; is <3 X% ~%. Hence, there are

< explX, (ps —p2) + (p3s — p1) + (P2 — p1) + (g2 — q1)] distinct integral (A’, B') € M B(p, X) such
that (R',C") ~ (R, C). O

Lemma 4.3.6. For all p satisfying (4.1) and all (A, B), M, and X the following statement holds:
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if (A,B) € MB(p,X) and % < A then

)\1<R) =M AP,

fori=1,2,3 and
)\1(0) =M A%,
fori=1,2.

Proof. Lemma 3.3.5 immediately implies that \;(C) xp; A% for i = 1,2. We have

A (R)A2(R)A3(R) < |vi | |v2|]vs ] by definition of successive minima
KL XPrXP2XPs by Lemma 4.3.4
= X1/? because p; + p2 +p3 = 1/2
= A2 because A > X/2 and (A, B) € MB(p, X)
=< A (R)A2(R)A3(R). by Minkowski’s second theorem
Thus A\;(R) =< AP: fori=1,2,3. O

4.4 Computing Poly,(G)

In this section, we will compute Poly,(G) and Poly,. Let p = (p1,p2,p3,q1,q2) € R be any point
in R®. Let K denote a quartic étale algebra over Q and L denote the cubic resolvent algebra of K.
Let p: K/Q® K/Q — L/Q denote the symmetric bilinear form given by the cubic resolvent map.
A flag (F,G) of (K, L) is a pair of sequences F = (Fy, Fy, Fs, F3) and G = (G, G1, G2) of Q-vector
spaces such that

Q:F0CF1CF2CF3:K
Q=GycGiCcGy=1L

and dimg F; = i+1 and dimg G; = i+1. For a positive integer n, let [n] refer to the set {0,...,n—1}.

Associate to a flag (F,G) the function

Trg: [4] x [4] — [3]

(i, J) = min{k € 3] | p(F; @ Fj) C Gy}
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Definition 4.4.1. Let Pr g be the set of p = (p1,p2,p3,q1,2) € R® satisfying (4.1) and the following

condition: for all 1 <1¢,j <3, if Tr(¢,7) > 0 then

ATr g(i,5) < Pi T Dj-

The proof of the following theorem is almost exactly analogous to that of Theorem 1.1.2; the
reader is encouraged to refer to the proof of Theorem 1.1.2 for more details. We will need the

following definition, which we recall from Chapter 2.

Theorem 4.4.2. We have Poly,(G) = Uz g) Pr.g where (F,G) ranges across flags of pairs (K, L)

with the property that Gal(K) ~ G as a permutation group.

Proof. We will first show that Poly, (&) is contained in |, 7 g) Pr.g. By Minkowski’s second theorem
and the definition of successive minima, Poly,(G) satisfies the linear inequalities given in (4.1). Let
R be any nondegenerate quartic G-ring and let C be a cubic resolvent ring of R. Let K = R® Q
and let L = C ® Q. Picking Minkowski bases {vg = 1,v1,v2,v3} and {wo = 1, w;, w2} of R and C
respectively gives rise to a flag (F, G) of (K, L) given by F; .= Q(vp, . ..,v;) and G; = Q(wy, . .., w;).

For every 1 < i,j < 3 such that Tr (4, j) > 0, we have

©(Z(vo, - - -, vi) @ Z{vo, - - -, v5)) S Z{wo, - -+, Wy 4(i5))

and

P(Z(vo, - .., v;) ® L(vo, - - ., v3)) £ Z{wo, . . . 7wT;,g(i,j)—1>-

Therefore, there exists 0 < i’ <4 and 0 < j’ < j such that (wr, ;)¢ (vir @ vjr) # 0. So,

| Wiy gi.g) | < (i @ vj) | < Joir [ oy | < vi ][ vs]-

This implies that Poly,(G) is contained in the set |J r g Prg where (F,G) ranges across flags of
(K, L) with the property that Gal(K) ~ G.
Now let (F,G) be a flag of a pair (K, L) with the property that that Gal(K) ~ G. Choose bases

{vo = 1,v1,v2,v3} and {wy = 1, w1, w2} of K and L giving rise to the flag (F,G). Writing the
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symmetric bilinear map ¢ with respect to these bases gives a pair (A4, B) € Vg, which we write as

2a11 a2 a3 2b11 bz bis
2(A,B) = ( a1z 2a22 a3 |5 | bz 2bya  bog )
a13 a3 2aszz b1z baz  2b33

For a positive integer M, define the pair of matrices (Ar, Bas) to be

2a1 MPrHPi—ar g o MP1tP2— @ a1g MP1TPa—a
24 = Ao MP1TP2=01 2,0 M[P2TP2—01 oo M[P2FP2—01
MP1H+P3—q1

ais Ao MP2HP3=01  2qaq \[P3tPs—@

2by  MPrtP1—22  po \fP1HP27a2 bz MP1pPa—az

2Byr = | bygMP1HP2=02  Qpy, MP2HP2=02  poq NP2 P30

by MP1+Ps—az oo \[P2FPs—az  Qfa. |[P3tPa—a2
For a rational point p in the relative interior of Pr g, one may check that there exists an infinite
set M C Z~ such that for all M € M, the pair (Aps, Bys) is contained in Vz; the proof is exactly
identical to that of Proposition 2.1.3. Each M € M gives rise to a distinct quartic ring and cubic
resolvent ring (Rps, Cps) with absolute discriminant Ayy; for each M € M, write the bases of Ry,

and C)s obtained from (Ayr, By ) by {1, v1, 0, - - -, 03,0} and {1, w1 ar, w2 ar} respectively. Then for

M,N € M, we have:

NAy = MApN
NPiy; pp = MPiv;

Nq"win = Mq'i’wi,N
Therefore,

1\}12/\1/1 <IOgAM A (Rar), .-, loga,, )\S(RM)) = (p1,p2,P3)

Jim (loga,, A1(Car),loga,, X2(Car)) = (@1,42)

Therefore, p € Poly,(G). Because Poly,(G) is defined to be a set of limit points, it must be closed,;

therefore Pr ¢ is contained in Poly,(G), which completes the proof of the theorem. O
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Proof of Theorem 4.1.1. Theorem 4.4.2 expresses Poly,(G) as a finite union of polytopes. A com-

putation shows that these polytopes all have dimension 3. O

Proof of Theorem 4.1.4. Let p € Poly, be any point. Suppose that g2 > p; +p3. By Theorem 4.4.2,
Poly,(G) = Uz g) Pr.g where (F,G) ranges across flags of pairs (K, L) where K is a quartic étale
algebra. Choose such a flag (F,G) such that Pr g contains p. Choose bases of K and L giving rise

to that flag; in these bases, the cubic resolvent map is a pair (A, B) € Vg of the form

*
*
*
(en)
(e
(en)

(4, B)

|
|
*
|
|
*

If go > po + p3 then boy = b3z = 0. If g1 > 2p; then ay; = 0. In what ensues, we will show that
neither of these events occur.

Because Disc(A, B) # 0, the binary cubic form Det(Bx + Ay) does not have a double root, and
hence Rank(B) > 1. Therefore we cannot have both bos = 0 and by3 = 0. Now let Q4 and Qg be the
conics in P? given by A and B respectively. Because Disc(A, B) # 0, the intersection Q4 N Qp is 4
geometric points in P? with the property that no 3 are collinear. If a;; = 0 then [1: 0: 0] € Q4NQ5;
however because Rank(B) = 2, the conic @ p is a union of two lines intersecting at the point [1: 0: 0],
which forces three of the 4 points in Q4 N @ p to be collinear, contradiction. Hence, a1 # 0.

A computation shows that there exists (A4, B) € Vg of the form

* ok % 0 0 O

generating a nondegenerate quartic ring. The pair (A, B) gives rise to a flag (F,G) via the explicit
structure coefficients. It is easy to see that Prg is precisely the first polytope in the theorem
statement. Therefore, the first polytope specified in the theorem statement is contained in Poly,
and the subset of Poly, with g2 > p1 + p3 is contained in the first polytope specified in the theorem
statement.

Now suppose that p € Poly,(S4) is any point with g2 < p1 + ps and ¢1 > 2p;. Let (A, B) € Vg
be the set of matrices arising from an appropriate flag generating a nondegenerate quartic étale
algebra; then a1; = b1; = 0. If ¢ > 2po then further bio = bys = 0. So, the quadric Qp contains

the line z = 0, where x,y, z are the coordinates of P?; thus we may suppose two distinct points on
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the line z = 0 are contained in the intersection @4 NQ p; hence a12 # 0 so ¢; < p1 + p2. Therefore if
g2 < p1+p3 and ¢; > 2p; then ¢1 < p; + p2 or g2 < 2ps. This shows that the part of Poly,(S4) not
lying in the first polytope stated in the theorem statement is contained in the union of the second
polytope and third polytope stated in the theorem statement. Similarly, a computation shows that

there exists (A, B) € Vg of the form

and

(A,B)=<—>k>k,—**>

generating a nondegenerate quartic ring, so Theorem 4.4.2 implies that the second and third poly-

topes in the theorem statement are contained in Poly,. O

Proof of Theorem 4.1.53. As in the proof of Theorem 4.1.4, to show that Poly,(D,) is contained in
the given region, it suffices to show that for any element (A, B) € Vg giving rise to a quartic étale

algebra K, we have:
1. if a;1 = b1y = 0, then K is reducible;
2. if by1 = b1a = bas = 0, then K is reducible.

Suppose K is a quartic étale algebra given by a pair (A,B) € Vg, and let Q4 and Qp be the
quadratic forms in 113’(2@. Then

K ~T(V(Qa,@B))

If a1; = by; = 0 then [1: 0: 0] is a common intersection of the conics defined by A and B, which
implies that K is reducible. Similarly, if b1; = b1a = bas = 0 then the conic by B in P? is of the
form axz + brz + cz? = z(ax + by + cz), where here z,y, 2z are the coordinates of P?; this implies
that K is reducible. Therefore, the set Poly,(D,) is contained in the region specified in the theorem

statement.
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A computation shows that there exists (A, B) € Vg of the form

generating a Dj-quartic field, so Theorem 4.4.2 implies the region in the theorem statement is

contained in Poly,(Dy). O

Proof of Theorem 4.1.2. Let p € Poly,(S4) be any point. The proof of Theorem 4.1.3 shows that
g1 < 2pp and g2 < 2ps. As in the proof of Theorem 4.1.4, to show that Poly,(Sy) is contained in
the given region, it suffices to show that for any element (A, B) € Vg giving rise to a quartic étale
algebra K, we have that if by; = bjo = b3 = 0 then Gal(K) % Sy. If b1; = b1a = by3 = 0 then (1,0)
is a root of the cubic resolvent polynomial Det(By — Ax), which implies that the cubic resolvent
algebra of K is reducible, which implies that Gal(K) % Sy. Therefore, the set Poly,(Sy) is contained
in the region specified in the theorem statement.

A computation shows that there exists (A4, B) € Vg of the form

* ok % 0 0 =«
(A,B)z( — % x|, |= x % )
- — % - — %

generating a Sy-quartic field, so Theorem 4.4.2 implies the region in the theorem statement is

contained in Poly,(Sy). O

4.5 Computing density functions of quartic rings

We now define some notation we use throughout this section to shorten our formulae. For a point
p € R?, let

flp) =1+ > max{0, g — pi — p;}

1<i<;j<3,1<k<2
and

g(p) = (p3 —p2) + (p3 — p1) + (2 — p1) + (@2 — q1).

As before, € will denote a positive real number, M, D will denote real numbers > 1, X will denote a

real number > 1, and (A4, B) will denote a nondegenerate pair in V7. As usual, p will denote a point
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in R5.

Lemma 4.5.1. For any M, X, and p satisfying (4.1), we have

exp[X, f(p)] <p #{V2 N MB(p, X)} < M exp[X, f(p)].

The first implicit constant is independent of X and M and the second implicit constant is independent

of p, X, and M.

Proof. Let Sy denote the set of pairs (i, j) such that ¢, > p; +p; for k = 1,2. Then for every (i, j) €
S1 and every lattice point (A4, B) € M B(p, X), we have |a;; | < M. Similarly, for every (i,5) € Sa
and every lattice point (A, B) € MB(p, X), we have | b;; | < M. Let m: Vg — RI2-#51-#52 denote

the projection map away from a;; for every pair (4, ) € S1 and b;; for every pair (7,5) € Sa. Then

#{m(B(p, X)) NZ2~#5=#52} <4 {MB(p, X) N Vz}

< M#SHES2 Y (M B(p, X)) N 227 #517#52,

Davenport’s lemma implies that

#{r(MB(p, X)) NZ12#5#82} = Vol (r(MB(p, X)) + O <V01<W(Mf<p, X>>>>

where

Y =M min {exp[X,p; +p; —qx] | (4,5) ¢ Sk}

(i,3,k)

and the implicit constant is independent of p, M, and X. To finish, a computation shows that

Vol(r(MB(p, X))) = M #517#52 exp X, f(p)].

Lemma 4.5.2. We have

#Fs(p, e, X) < €*“exp[X, f(p) — g(p)]

where the implicit constant does not depend on X, p, or €.

Proof. Let S be the set of (A, B) arising from Minkowski bases of pairs (R,C) € Fu(p, e, X).

Lemma 4.3.2 implies that there exists a constant M such that (A, B) € Me**B(p, X) for all
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(A, B) € S. By Lemma 4.3.3, there exists D > 1, independent of X, p, M, and ¢, such that
#{(A",B") € DMe**B(p, X) | (R,C) ~ (R',C")} > exp[X, g(p)]

for all elements of S. Therefore,

#{DMe* B(p, X) N Vz}

#Fa(p, e, X) < exp[X, g(p)]

Applying Lemma 4.5.1 to estimate the numerator completes the proof. O
Lemma 4.5.3. There exists a constant M such that for all € > M, we have:

1. if p € Poly,, then

#.F4(p,6,X) >>p,é eXp[X,f(p) - g(p)]v

2. if p € Poly,(S4), then

#]:(pa €, S4aX) >>p,e eXp[Xa f(p) - g(p)]v

3. if p € Poly,(D4), then

#F(p,€, Dy, X) >p c exp[X, 1 —g(p) + (g2 — 2p1) + (q2 — p1 — p2) + (q2 — p1 — p3)]-

Proof. We first prove (1). Choose p € Poly,. Lemma 4.3.6 shows that there exists a constant M
such that for all e > M, if (A, B) € B(p, X)NVz and X/2 < A, then (A4, B) is (¢, X)-close to p. Let
S={(A,B)e B(p,X)NVz | X/2 <A < X}. Therefore

#S
max(A,B)es #{(A",B’) € B(p,X) | (R, C") = (R,C)}
#{(4, B) € B(p, X) N Vz}
max(4,p)es #{(A’, B') € B(p, X) | (R, C") ~ (R, C)}

#f4(p767X) Z

by the definition of B(p, X).

Applying Lemma 4.5.1 to estimate the numerator and applying Lemma 4.3.5 to upper bound the
denominator completes the proof of (1).
The argument above also proves (2), with the additional input that there exists D € R>; such

that a positive proportion, as X — oo, of the lattice points in DB(p, X) N Vz have Galois group Sy
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and A > X/2. In fact, we may replace the A > X /2 condition with A > X/M for arbitrarily large

M. Observe that

m L A B) € DB, X)NVy | A> X/M}

1.
M—00 X —00 #(DB(p, X)NVyz)

Thus it suffices to prove that that there exists D € R>; such that a positive proportion of the
lattice points in DB(p, X) N Vz have Galois group Sy as X — oo. Consider the subset of lattice
points of DB(p, X) such that A =5 (mod 25), the ring R is irreducible modulo 7, and the ring C' is
irreducible modulo 11; every element of this subset has Galois group Sy. If this set is nonempty for
large enough X, then it forms a positive proportion of DB(p, X). The nonemptiness follows from

the fact that there exists a pair of integral ternary quadratic forms

¥k ok 0 0 =
(A’B):< — ok k|, | = k% )
- — % - — %

such that A =5 (mod 25), the ring R is irreducible modulo 7, and the ring C'is irreducible modulo

11. Choosing D to be large enough such that (A4, B) € DB(p, X) completes the proof of this case.
Similarly, to prove (3) we will show that there exists D € R>1 such that a positive proportion,

as X — oo, of the lattice points (A, B) € B(p, X) N V4 satistfying b3 = b1a = b1z = 0 have Galois

group Dy. First, it is easy to see that there exists a pair of integral ternary quadratic forms

giving rise to a Dy-ring. Choose D large enough so that (A, B) € DB(p, X). Let S = {(4,7): qx =
pi +p;}t for k=1,2. Let
Z={(A,B)eVy|V(ij) €S, a

, ,

/’j = Qj; and V(Z,j) S Sg, b/»j = b” and bll = b12 = b13 = 0}

Observe that ZNDB(p, X ) contains a positive proportion of the lattice points in DB(p, X ). Further,
observe that a general pair of integral ternary quadratic forms in Z gives rise to a D4-ring. Thus, by
Hilbert’s irreducibility theorem, the subset of Z with Galois group # Dy is a thin set; an application

of quantitative Hilbert irreducibility (specifically Theorem 2.1 of [15]) shows that the density, as
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X — o0, of lattice points in Z with Galois group # Dy is 0. O

Proof of Theorem 1.3.1. Clearly, the support of dc4 is contained in Poly,. If p € Poly,, then
combining Lemma 4.5.2 and Lemma 4.5.3 shows that there exists a constant M such that for all

€ > M, we have

#F1(p,e, X) =<cp exp[X,1—(p3 —p2) — (p3 —p1) — (P2 — 1) — (2 — ¢1)

+ Y max{0,q — pi — p;};
i<jk

O

Proof of Theorem 1.3.2. The proof is analogous to that of Theorem 1.3.1. Combine Theorem 4.1.2,

Lemma 4.5.2, and Lemma 4.5.3. O

Proof of Theorem 1.3.3. Again, the proof is analogous to that of Theorem 1.3.1. Combine Theo-

rem 4.1.3, Lemma 4.5.2, and Lemma 4.5.3. O

4.6 The generic points of D, and 5,

In this section, we prove Theorem 4.1.5, first for D, and then for S4. To prove Theorem 4.1.5 for

Dy, we will need the following lemma3.

Lemma 4.6.1. Choose p € Poly,(S4) such that p; +pj —qi, >0 for all 1 <i,5 <3 and1 <k < 2.

Then
#{(R,C)| A<X, R isaDy-ring, and R is (¢, X)-close to p} K¢~ exp[X,1— 6, + 7]

where §p, = %max1§i7j§371§k§2{pi +p; —¢;}. Moreover, the implicit constant is independent of p.

Proof. By Lemma 4.3.2, it suffices to show that for any M > 1, we have
{(A,B) e MB(p, X) | R is a Dy-ring and A < X} <z, X104y,

Observe that if (A, B) gives rise to a Dy-ring, then the binary cubic form Det(Ax + By) is reducible.
We now use a version of quantitative Hilbert irreducibility (specifically an easy generalization of

Theorem 2.1 of [15]) and Lemma 4.5.1 to conclude. O

3This lemma can be strengthened significantly, but for our application this statement suffices.
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Proof of Theorem 4.1.5 for Dy. Let p(D4) = (0,1/4,1/4,0,1/2). We prove (4.4) for D4 by demon-

strating the following equivalent statement:

L #{(R,C) | A <X and R is a Dy-ring that is not (e, X)-close to p(D4)}
lim lim sup

=0. (4.1
=00 ¥ _yog #{(R,C) | A< X and R is a Dy-ring} 0 (4.10)

It is easy to bound the denominator; when ordered by absolute discriminant, 100% of quadratic
extensions of Q(i) are quartic Dy-extensions, and there are < X quadratic extensions of Q(¢) of

absolute discriminant < X. Hence
#{(R,C) | A< X and R is a Dy-ring} > X. (4.11)

We now focus our attention on bounding the numerator of (4.10). Let £ < k be positive integers
whose values we fix their value later. Our proof strategy is very similar to that of Corollary 3.1.5;
we count the number of Dy-rings of absolute discriminant < X that are (e/¢, X)-close to some other
point p’ on Poly,(D,) with the property that p’ has distance at least €/log X from p. We then sum
over an appropriate set of points p’; we evaluate this sum by splitting it into a main term and a
cusp. We bound both the main term and the cusp to conclude.

To this end, there exists a constant M such that for all e > M, we have:

#{(R,C) | A < X, Ris a Dyring, and R is not (e, X)-close to p(Dy4)}

< Main + Cusp
where:

Main :== #{(R,C) | A <X, Ris a Dy-ring, and R is (¢/k, X )-close to a point in

€
Poly,(D4) N {p € R? | e X < p1 < 1/100}

Cusp = #{(R,C)| A< X, Risa Dy-ring, and R is (¢, X)-close to a point in

Poly,(D4) N {p € R* | p; > 1/100}

Therefore, to prove (4.10) it suffices to show that

C
lim lim sup = lim limsup P _o. (4.12)

€20 X _so0 €0 X 30 X
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We begin by evaluating Main. Choose values of ¢ and k such that:
1. ¢ > 36;
2. and for any point (p1,p2,ps,q1,q2) € Poly, and any pair (R, C), if

€
|loga A1 (R) —p1| <

klog A
€
| <
[loga A2(R) —pa2| < Flog A
€
1 — <
| OgA)\1<C) QI|— klogA7

then (R, C) is (¢/¢, A)-close to (p1,p2,P3,q1,q2).

We now define our appropriate set of points; they will form a grid whose points are spaced m
distance apart and lie in the subset of Poly,(D4) where p; < 1/100. For any integers x, y, and z,

define the point

Payz = (pl(z)7p2(x7 y)ap3(x7 y)a q1 (I, Y, Z)7 QQ(I, Y, Z))
via the following formulae:

€ €T

“logX | ElogX
1 1 €
pa(w,y) = <4 - pl(x)) Y

p1(x) :

2  klog X

p3(z,y) = 1/2 = p1(x) — pa(z,y)

=1/2-2 T
q(z,y,2) =1/ pa(z,y) + Flog X

@2(r,y,2) =1/2 = q(z,y, 2)
Let M be the smallest positive integer such that
p1(M) > 1/100.

For any nonnegative integer x, let N, be the smallest positive integer such that

1
pa(x, Ny) < 1 —p1(x).
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For any nonnegative integers = and y, let L, be the smallest positive integer such that

q1 (LIZ‘, Y, L:Ey) Z 2]71 (-7;)

The values M, N, and Lg, indicate where the grid meets the boundaries of Poly,(Ds); see Theo-

rem 4.1.3 for an explicit description of the facets. Thus, we may write Main as the following triple

sum4:
M N;z Lmy
Main <> > "> "#{(R,C) | A < X, Ris a Dyring, and R is (¢/£, X)-close t0 pryz}  (4.13)
z=0y=0 2=0

Without loss of generality, fix € to be large enough so that d. ;. 4 does not depend on ¢; for conciseness,
let b = d./i4. We now bound the inner sum of (4.13); choose positive integers x and y such that

0<z<Mand0O<y<N,. Then:

Lay
Z #{(R,C) | A <X, Ris a Dyring, and R is (¢/¢, X)-close t0 pyy. }
z=0
Lay
< Z 25/ exp[ X, h(pay-)] by Lemma 4.5.2
z=0
Lay
= Z 39/ exp[ X, h(payo)]| X ~c2/Floe X by Theorem 1.3.1
z=0
Lay
— e366/[ exp[X, h(pxyo)] Z efez/k
z=0
< 36¢/t [X h( )];
s € €xXp ) p:z:yO 1—676/]“

Moreover, the implicit constants are independent of x, y, and e. We now bound the second sum,
also using Lemma 4.5.2 and Theorem 1.3.1. Fix a positive integer 0 < & < M; there exists a positive

real number s such that:

N, N,

Z eXp[X, h(p:cyo)] = BXp[X, h(P;coo)] Z XfeSy/k log X
y=0 V=0
1
< eXP[X, h(prO)] 1—67_6%

We bound the outer sum in exactly the same way; again Lemma 4.5.2 implies that there exists a

4This is essentially Riemann integration on Poly,(Da4)!
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positive real number ¢ such that:

M M

Z ex}O[X7 h(ono)] = exp[X, h(p000>] Z x —etw/klog X

e=0 z=1

< exp[X, h(pOOO)]m.
Thus,
Main 36¢/6 3 —1 1 1 )
—— K e X7 explX, h(pooo)] Ty T —T
1 1 1

_ e36e/€X—e/ log X

1—e€t/k] —e—€s/k 1 — e—€/k

_ 636€/f76 1 1 1
1 —e€t/k 1 —e—€s/k ] — g—¢/k

where the implicit constant is independent of €. Because £ > 36, we have

1 1 1
: 36¢/0—e _
Eli,ngoe 1 —e—€t/k ] —e—€s/k 1 — ec/k
So,
Main

=0.

lim lim sup
€00 x_ oo X

We now bound Cusp. For p € Poly,, Lemma 4.5.2 implies that:

#{(R,C)| A <X, Risa Dyring, and R is (¢, X)-close to p} < e3¢ exp[X, h(p)] (4.14)

where the implicit constant is independent of € and p. Let B be an open ball of radius 1/100 around

(1/6,1/6,1/6,1/4,1/4). For p € BN Poly,(S4), Lemma 4.6.1 shows that

#{(R,C)| A<X, Risa Dyring, and R is (¢, X)-close to p} <., exp[X,1 -4, +7] (4.15)

where 6, = % maxj Si’jgg’lgkgg{pi +p; —g; } and the implicit constant is independent of p. Combining
(4.14) and (4.15), we conclude there exists a positive real number 1 < 1 such that for every p €

Poly,(D4) with p; > 1/100, we have

#{(R,C)| A< X, Risa Dgring, and R is (e, X)-close to p} <, exp[X, 1],

with an implicit constant independent of p. Summing over an appropriate grid in Poly,(D4), we see
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that:

Cusp <. (log X)* exp[X, n].

Thus

C
lim lim P _ 0.
e—o00 X —o00

We now show (4.5), which translates to showing that

i inf #{(R,C) | A <X and (R,C) is a Dy-ring and is (e, X)-close to p(D4)}

X—r00 #{(R,C) | A< X and (R,O) is (¢, X)-close to p(Dy)} > 0.

Combining Lemma 4.5.2 and Lemma 4.5.3 shows that the denominator is <, X.

We now show that the numerator is > X. When ordered by absolute discriminant, 100% of
quadratic extensions of Q(i) are quartic Dgs-extensions. Let R be a maximal order in a quartic
Dy-extension containing Q(¢). Then ¢ € R, so A\1(R) = 1; moreover, let v € R\ Z[i] be such that
|v] = A2(R); then |iv| = |v], so A3(R) = A2(R). Moreover, R has a unique cubic resolvent ring
C; let p: R/Z — C/Z be the cubic resolvent map. Then because R is irreducible, ¢(7) must be
a nonzero element of C/Z; moreover, A\1(C) < | ()| < 1. Therefore there exists a positive real
number M such that for all e > M, every such ring R is (e, A)-close to p(D,). Observing that there

are < X many quadratic extensions of Q(4) of absolute discriminant < X concludes the proof. [

To prove Theorem 4.1.5 when G = S, we appeal to upcoming work of H and Vincent. Given a
nondegenerate rank n ring R, we consider the rank (n — 1) sublattice Lr = {x € Z+nR | Tr(x) =

0}, up to isometry. It is naturally seen as an element of the double coset space

Sp_1 = GLyp_1(Z)\ GLy_1(R)/ GOpn_1(R).

The space S,,—1 has a natural measure pu,_1, obtained from the Haar measure on GL,_;(R) and
GO,—1(R). To a nondegenerate pair (R,C) we associate an element (Lg,Lc) € Sz x So; we call

this the shape of the pair (R, C).

Theorem 4.6.2 (H, Vincent). When ordered by absolute discriminant, the shapes of pairs (R,C')

where R is an S4-ring are equidistributed with respect to ps X po.

Proof of Theorem 4.1.5 when G = Sy4. Let p(Sy) = (1/6,1/6,1/6,1/4,1/4). We will first prove
(4.4). For an integer n > 2, an element £ € S, and an integer 0 < i < n, define \;(£) to be

the i-th successive minimum of a lattice representing £ with determinant 1. For a positive real

123



number € and an integer n > 2, define
= ; < e€}.
Sne={LeS,| 11;11?2(n{1og ML)} < e}
Then

lim lim inf #{(R,C) | A< X and R is a Sy-ring that is (e, X)-close to p(S4)}

00 X 300 #{(R,C) | A< X and R is a Sy-ring}
.. H#H{(R,C) | A< X and Ris a Sy-ring and (Lg,L¢) € Sz, X Sao.c}
> lim liminf - - : .
=00 X300 #{(R,C) | A <X and R is a Sy-ring}
iy P8 X H2)(Ss.e X S.e)

eo0 (ug X pi2)(S3 x S2)
=1

We prove (4.5) with the following observation: Lemma 4.5.2 and Lemma 4.5.3 combine to prove
that there exists a positive real number M such that for all € > M, a positive proportion of rings in

F(p(S4),€,X) as X — oo are Sy-rings. O

4.7 Special families of quartic rings

4.7.1 Quartic rings with a basis of the form 1, x,y, xy

The following index formula of Bhargava [2] is essential to our study of quartic rings equipped with a
basis of the form 1, z, y, xy. For a rank n ring R and n elements vy, ..., v, € R, define Ind (v, ..., v,)

to be the index of Z{vy,...,v,) in R if vy,...,v, are linearly independent, and 0 otherwise.
Proposition 4.7.1 (Bhargava [2], Lemma 9). If R is a quartic ring and C is a cubic resolvent ring

of R, then for any x,y € R,

Ind(1, z,y, zy) = Ind(1, o(x), ©(v)).

The above proposition implies that any nondegenerate quartic ring with a basis 1, x,y, xy has
a unique cubic resolvent ring, namely Z(1, ¢(x), ¢(y)). Suppose R is a nondegenerate quartic ring
with a basis 1, z,y, xy. Let C be the unique cubic resolvent ring of R and equip C/Z with the basis

o(x), ¢(y). Choose a basis x, y, z for R/Z. Then, the cubic resolvent map ¢: R/Z — C/Z, expressed
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in these bases, has the form:

1 * % 0 *x =«
(AB)=|- 0 *|,[- 1 = (4.16)
- — % - — %

Conversely, a nondegenerate element of V(Z) of the form (4.16) gives rise to the following data: a

pair (R,C), a basis x,y, z of R/Z, and a basis ¢(x), p(y) of C/Z. Proposition 4.7.1 implies that

Ind(l,x,y, my) = Ind(L (p(x), @(y)) =1,

so x,y,xy is also a basis of R/Z. There are unique lifts X, Y € R of z,y € R/Z and a unique value
¢ = %1 such that z = eXY (mod Z). This discussion will prove Theorem 4.7.2, which we state after
making the following definitions.

Consider quadruples (R, z,y, z) where x,y,z € R/Z is a basis of R/Z and 1, X,Y, XY is a basis
of R for any lift X, Y € R of z,y. We say such a quadruple is nondegenerate if R is nondegenerate.
Moreover, we say two such quadruples (R, z,y, z) and (R, 2',y’, 2") are isomorphic if there exists a

ring isomorphism a: R — R’ such that:

alz) =2’ (mod Z)

a(y) =y’ (mod Z)

Similarly, now consider quadruples (R, X,Y,e) where X, Y € R, ¢ = £1, and 1, X,Y,eXY is
a basis of R. Again, we say such a quadruple is nondegenerate if R is nondegenerate. We say
two such quadruples (R, X,Y,¢) and (R, X', Y’ ') are isomorphic if € = ¢’ and there exists a ring

isomorphism a: R — R’ such that:

a(X) =X’

aY)=Y'

Theorem 4.7.2. There is a canonical discriminant-preserving bijection between the following three
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sets:

isomorphism classes of nondegenerate quadruples (R, x,y,z) such that

x,y,z € R/Z and x,y,z is a basis of RJ7Z and 1,X,Y, XY

is a basis of R for any lifts X, Y € R of x,y € R/Z

isomorphism classes of nondegenerate quadruples (R, X,Y,¢)

such that XY € R, e ==+1, and 1, X,Y,eXY is a basis of R

nondegenerate pairs of integral ternary

quadratic forms of the form (4.16)

Let H be the subgroup of GL2(Z) x GL3(Z) acting on pairs of matrices of the form (4.16); H is

generated by the following matrices:

+1 0 0
0 1 O
* * =1
- (4.17)
01 0
1 0 0

0 01

Suppose R is a nondegenerate quartic ring. Consider pairs (z,y) € R such that 1,z,y,xy is

a basis of R. Consider the equivalence relation on such pairs generated by (x,y) ~ (y,z) and

(z,y) ~ (£x + a,y) for any a € Z. We define a digenization of R to be such an equivalence class

(z,y). A digenized quartic ring is defined to be a nondegenerate quartic ring equipped with a

digenization®

. We say two digenized quartic rings (R, z,y) and (R’,z’,y’) are isomorphic if there

exists a ring isomorphism «: R — R’ such that (a(z), a(y)) ~ (2’,y'). Then we obtain:

Theorem 4.7.3. There is a canonical discriminant-preserving bijection between:

isomorphism classes of
—

digenized quartic rings

nondegenerate orbit classes of
pairs of integral ternary quadratic forms

of the form (4.16)

under the action of H

A theorem of Bhargava [4] proves that a nondegenerate quartic ring has at most 2760 many

5The notion of digenized quartic rings is a natural variant of the concept of a monogenized quartic ring.
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monogenizations; it is natural to ask if the number of digenizations of a quartic ring is uniformly
bounded! However, it is clear that a monogenic quartic ring has infinitely digenizations. It is

interesting to ask if there is a positive integer IV such that for every nondegenerate quartic ring R:
1. if R has infinitely many digenizations, then it is monogenic;
2. else, R has at most IV digenizations.

We now consider matrices of the form (4.6), which we repeat here:

We obtain the following theorem as a corollary of Theorem 4.7.2.

Theorem 4.1.8. There is a canonical discriminant-preserving bijection between:

isomorphism classes of

nondegenerate quadruples (R, x,y,€) nondegenerate pairs of
where x,y € R are such that A integral ternary quadratic forms
R=7(1,z,y,zy) and of the form (4.6)

oz +y) =¢(x)+ ¢(y) and e = £1

Recall that F%¥*¥ is defined to be the set of isomorphism classes of triples (R, x,y) where R is
a nondegenerate quartic ring and x,y € R are such that 1,z,y,zy is a basis of R and ¢(x +y) =
o(x) + p(y). Let W(Z) denote the set of matrices of the form (4.6) and let ¢ be the map from
triples (R, z,y) € F®¥*¥ to pairs of integral ternary quadratic forms referred to in Theorem 4.1.8

given by setting e = 1. We now prove Theorem 4.1.9. Let p = (1/8,1/8,1/4,1/4,1/4).

Proof of Theorem 4.1.9. Let T = (R, z,y) € F*¥*¥ be any such triple of absolute discriminant A
and let C' be the unique cubic resolvent ring. A computation shows that H(T) < X'/ if and only if
Y(T) € B(p, X); thus for any real numbers M > 1 and X > 1, an easy generalization of Lemma 4.3.6
implies that if A > X/M and H(T)* < X, then

)\Z(R) M APi

)\I(C) =M AT
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So, for each M > 1, there exists a positive real number €y, such that if A > X/M and H(T)* < X,

we have that ¢(T) is (epr, X )-close to p. Moreover, we may suppose limy;_,o €pr = 00. We now

prove (4.4). We have:

#{T € F>v*¥ | H(T) < X and 9(T) is (e, X)-close to p}

lim lim inf
oo Xbeo #{T e Frvov | H(T) < X}
T e Fruvmy | H(T) < XY* and ¢(T) is (e, X'/*)-close to p}
= lim liminf
e=00 X—00 #{T € Frvry | H(T) < X1/4}
T,Y,TY 4 < : _
_ lim limin #{T € F | H(T) = X and (T) is (4e, X)-close to p}
e—00 X —00 #{T c Fr.y,wy ‘ H(T)4 < X}
Z,Y,2Y 4 < ig _clos
— lim liminf #{T e F | H(T)* < X and ¢(T) is (e, X )-close to p}
e—00 X —00 #{T € F=v=yv | HT)* < X}
T,Y,TY 4 < >
> lim liminf#{TEJr | H(T) _XandA_X/M}.

T M—oo X—o0 #{T € Frvey | HT)* < X}

Davenport’s lemma gives:
1
T € Frov | H(T)' < X} = #{(A, B) € W(Z) 1 B(p, X) | Disc(4, B) £ 0}

= §Vol{(A, B) e W(R) N B(p,1)} + O(X7/®).

We now compute the numerator: Let

X-1/8 0 0
X4 0
gx = ( 10 X-1/8 0
0 X1/4
0 0 X—1/4

The element gx maps B(p, X) to B(p,1). By Davenport’s lemma, we have

#{T € F>¥™ | H(T)* < X and A > X/M}

= %#{(A,B) e W(Z)N B(p,X) | |disc(A, B)| > X/M}

= SH{(AB) e W(Z) N B(p. X) | |disc(g(A, B)| > 1/M)

= %X Vol{(A, B) e W(R)N B(p,1) | |disc(4, B)| > 1/M} + O(X"/®).

Note that W(R) lies on an affine linear subspace, so the “volume” above is taken relatively. Now

observe that

Jim Vol{(4,B) € W(R) N B(p,1) | |disc(A, B)| > 1/M} =1
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SO
T,y,TY < is _clos
fon g AL EF | H(T) < X and ¥(T) is (e, X)-close to p}

1.

We obtain Condition (3.3) via the proof of Lemma 4.5.2, using the additional observation that
a positive proportion (depending on €) of lattice points in B(p, X) lie on the affine linear subspace

defined by ajlp = b22 =1 and a1 = b12 = Q22 = b11 =0. O]

4.7.2 Quartic rings with a basis of the form 1, z,y, z*

As in the case of quartic rings with a basis of the form 1,x,y, zy, our proofs crucially rely on an

index formula.

Proposition 4.7.4. If R is a quartic ring and C is a cubic resolvent ring of R, then for any
T,y € R,

Ind(1,z,y,2%) = Ind(1, p(z), p(z +y) — o(x) — o(y)).

Proof. The proof proceeds exactly as that of Proposition 4.7.1. Namely, the assertion of the lemma

is equivalent to the following identity:

1 1 1 1
1 1 1
T ! z" z"
— mx’—i—x”x”’ xx”—l—x’x”’ xx"’—i—x’x”
’ 7 "
Y Y Y Y
h
1‘2 (l‘/)Q (.13”)2 (Z‘/”)Q f g

where
f — (x + y)((L_I + y/) + (x// + yll)(x/// + yl//) _ (:I::E/ + :I:llm//l) _ (yy/ +yl/y///)
g — (1_ +y>(1:” + yl/) + (x/ +y/)($//l +y///) _ (J::Z:/l _|_1:/1_/l/) _ (yyl/ + y/y///)
h — (.’I; + y)(l_ll/ + yll/) + (xl + y/)(x/l + y//) _ (:I:x//l + :I:/:L_//) _ (yy/ll + y/y//)'
The identity may be verified by direct calculation. O

From the above proposition, we see that any nondegenerate quartic ring with a basis of the form
1,z,y, 2% has a unique cubic resolvent ring, namely the ring spanned by the vectors 1, p(x), o(z +
y) —@(x) —o(y). Let R be a nondegenerate quartic ring equipped with the basis 1, z, y, 22 and let C

be the unique cubic resolvent ring; equip C/Z with the basis ¢(z), o(x +y) — ¢(x) — p(y). Choose a
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basis x,y, z for R/Z. Then, the cubic resolvent map ¢: R/Z — C/Z, expressed in these bases, has

the form:

0 1/2 =
- — %

Conversely, a nondegenerate element of V' (Z) of the form (4.18) gives rise to the following data: a

pair (R, C), a basis z,y, z of R/7Z, and a basis p(z), o(x+y) —p(z) — ¢(y) of C/Z. Proposition 4.7.4

implies that

Ind(1,z,y,2%) = Ind(1, o(z), o(z +y) — @(z) — o(y)) =1

so 1,X,Y, X? is a basis of R for any lifts X,Y € R of x,y € R/Z. This discussion proves the

following theorem.

Theorem 4.7.5. There is a canonical discriminant-preserving bijection between:

isomorphism classes of
nondegenerate quadruples (R,x,y, 2)
where x,y,z € R/Z are such that
1,X,Y,X? is a basis of R

for any lifts X, Y € R of z,y € R/Z

—

nondegenerate pairs of
integral ternary quadratic forms

of the form (4.18)

Let H be the largest subgroup of GLs(Z) x GL3(Z) acting on matrices of the form (4.18); H is

generated by of elements of the form:

_1 0
u 1
Kk
—1 0
0 1
0 0
_—1

0

0

(4.19)

Suppose R is a nondegenerate quartic ring. Consider pairs (r,y) € R such that 1,z,y,2? is a
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basis of R. Consider the equivalence relation on all pairs generated by (z,y) ~ (£z +a,b+ cx + ty)
for integers a, b, c € Z. Now consider triples (R, z,y) where x € R/Z, y € R/Z(1,x) are such that
R = Z{1,x,y,2%). We say the triple is nondegenerate if R is nondegenerate. We say two such
triples (R, z,y) and (R’,2’,y) are isomorphic if there exists a ring isomorphism «: R — R’ such

that a(x) = 2’ (mod Z) and a(y) =y’ (mod Z(1, z)). We obtain:

Theorem 4.7.6. There is a canonical discriminant preserving bijection between:

isomorphism classes of
nondegenerate orbit classes of
nondegenerate triples (R, x,y)
pairs of integral ternary quadratic forms
where x € R/Z, y € R/Z(1,x) are such that —
of the form (4.18)
R=7(1,X,Y,X?) for any lifts

under the action of H

X, Y €R of z,y
We now restrict our attention to matrices of the form (4.7), which we repeat here:

1 0 | [0 1/2 0

We consider quintuples (R, z,y,e,v) where 2 € R, y € R/Z, ¢ = £1, v € {0,1}, and z,y, 2>
is a basis of R/Z. We such a quintuple is nondegenerate if R is nondegenerate. We say two such
quintuples (R, x,y,e,v) and (R',2’,y’,&’,v') are isomorphic if ¢ = ¢/, v = //, and there exists a ring

isomorphism «a: R — R’ such that a(z) = 2’ and a(y) = ¢’ (mod Z).

Theorem 4.1.10. There is a canonical discriminant-preserving bijection between:

isomorphism classes of
nondegenerate pairs of
nondegenerate quintuples (R, x,y,€,v)
< { integral ternary quadratic forms
where x € R and y € R/Z are such that
of the form (4.7)

x,y, 22 is a basis of R/Z and ¢ = £1 and v € {0,1}

Proof. Given such a nondegenerate pair of integral ternary quadratic forms, Theorem 4.7.5 gives a
nondegenerate quartic ring with a basis x,y, z of R/Z with the property that 1, X,Y, X2 is a basis
of R for any lifts XY € R of z,y € R/Z. There is a unique lift X € R of z and a unique value
e =+1and v € {0,1} such that z = eX? +vX (mod Z(1,y)). We take the quintuple (R, X,y,¢,v).
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Conversely, given such a quintuple (R, x,y, €,v), there exists a unique integer a such that
o(x + (e2® + v + ay)) — (ex® + v + ay) = 0 (mod Z(1, ¢(x))).

Equip R/Z with the basis x,y,cx? + vz + ay. Let C be the unique cubic resolvent ring of R and
equip C//Z with the basis 1, (), o(z+y) —¢(z) — ©(y); taking the cubic resolvent map with respect
to these bases gives an element of (4.7). A computation shows that these two maps are inverse to

each other. O

Recall that F2¥¢ is defined to be the set of isomorphism classes of triples (R, z,y) where R is
a nondegenerate quartic ring and x € R and y € R/Z is such that z,y, 2% forms a basis of R/Z. Let
W (Z) denote the set of matrices of the form (4.7) and t be the map from triples (R, z,y) € F&¥:e’
to pairs of integral ternary quadratic forms referred to in Theorem 4.1.10 given by setting € = 1 and

v = 0. We now prove Theorem 4.1.11. Let p = (1/10,1/5,1/5,1/5,3/10).

Proof of Theorem 4.1.11. The proof is almost identical to that of Theorem 4.1.9. Let T = (R, x,y) €
Foue® he any triple of absolute discriminant A and let C' be the unique cubic resolvent ring. A
computation shows that H(T) < X'/5 if and only if ¢(T) € B(p,X); thus for any positive real

numbers M and X, Lemma 4.3.6 implies that if A > X/M, then

A (C) =ar A%

So, for each M there exists a constant e, such that if A > X/M and H(T)5 < X, we have that T

is (epr, X)-close to p. Moreover, we may suppose limu;_,o €3y = 00. We first prove (4.4).

o #{T e Frva® | H(T) < X and ¢(f) is (¢, X)-close to p}
lim liminf 5
e—00 X —o00 #{T € Fryz | H(T) < X}
z,y,m2 5 < >
> lim hminf#{TG}' | H(Z;) _XandA_X/M}.
M=o00 X—00 #{T € F=v=** | HT)> < X}

Davenport’s lemma gives:

#{T e F*v*" | HT)® < X} =< i#{(A, B) € W(Z) N B(p, X) | Disc(A, B) # 0}

= %Vol{(A, B) € W(R)N B(p, 1)} + O(X%/10).
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We now compute the numerator. Let

X100 0
X1/5 0
gx = < , 0 X1/ 0
0 x3/10
0 0 X-1/5

By Davenport’s lemma, we have

#{T € F=v=" | H(T)> < X and A > X/M}

= i#{(A,B) € W(Z) N B(p, X) | |disc(A, B)| > X/M}

= T#{(A.B) e W(Z) " B(p, X) | |disc(g(4, B)| > 1/M)

1
= ZX Vol{(4, B) € W(R) N B(p,1) | |disc(4, B)| > 1/M} + O(X°/19).
Now observe that
lim Vol{(A, B) € W(R) N B(p,1) | |disc(A, B)| > 1/M} =1
—00

0
,y,z” < i ,
limn Lim inf #{T eF | H(T) < X and ¥(f) is (e, X)-close to p}

1
e—00 X —o0 #{T € Foy,z? | H(T) < X}

We now prove Condition (4.5). Observe that a positive proportion of lattice points in B(p, X)
satisfy the conditions a1; = b2 = 1 and a2 = by; = 0. Moreover, there exists C such that for
every lattice point in B(p, X) with a1; = b2 = 1 and aj2 = by; = 0, there exists a GLo(Z)-translate
with a17 = b2 = 1 and a2 = b33 = b1z = 0 in CB(p, X). Thus, a positive proportion of lattice
points in CB(p, X) arise from elements of }"1"”’%3”2; combining this observation with the proof of

Lemma 4.5.2 shows that for e sufficiently large, we have:
#(F(p.e, X) NH(F=0)) < X0
Conversely, Lemma 4.5.3 shows that

#F(p,e, X) > X5,
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4.7.3 Binary quartic forms

Let f = fox* + frzdy + fox2y? + fsxy® + fay* € Sym? Z2 be a binary quartic form. Wood defines a
map Sym? Z? — 7Z2 ® Sym? Z3 which canonically attaches to a binary quartic form a based quartic
ring equipped with a cubic resolvent ring ([33]). In this thesis we use a slight variant of Wood’s

map®. In particular, we send a form f to the following element of Z? @ Sym? Z3:

fo fi/2 0 0 0 1/2
- 2 f3/2],]— 1 0
- - fa - -0

Let p = (1/6,1/6,1/6,1/6,1/3) and let ¢ denote the map from Sym?Z? — 7Z? @ Sym?Z3.
Observe that for any form f € Sym®* Z2, we have H.(f) < X'/ if and only if ¢)(f) € B(p, X).

Proof of Theorem 4.1.7. Again, the proof is almost identical to that of Theorem 4.1.9. Let M be
any constant. Let f € FP and let (R, C) be the corresponding rings. By Lemma 4.3.6, if A > X/M
and ¥ (f) € B(p, X), then

Ai(R) =<ps AP

To prove (4.4), it suffices to show that

bin 6
pp S E TP | H(f) < X and A > XO/M)

The denominator is clearly X° + o(X?®). By Davenport’s lemma, we have:

#{f € FY™ | Ho(f) < X and A > X5/M}
=#{(fo,..., f1) €Z° | max{| f;|} < X and |disc(fo,..., f1)| > X®/M}
= Vol{(fo,.-., f4) € R® | max{| f;[} < X and |disc(fo, ..., fs)| > X®/M} + O(X*)

= X°Vol{(fo,..., f5) €R® | max{| f; |} < 1and |disc(fo,..., f1)|>1/M}+O(X?)

We now prove (4.5). Observe that by Lemma 4.5.2, there exists a constant M such that for all

¢ > M, there are <, X°/ isomorphism classes of tuples (R, C) such that A < X and (R, C) is (¢, X)-

60ur map and the map of Wood send a form f to isomorphic quartic rings and cubic resolvent rings. The only
difference is a choice of basis of the quartic ring and cubic resolvent ring.
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close to p. Theorem 3.5.8 shows that there are at most 280 GLy(Z)-equivalence classes of binary
quartic forms giving rise to the same quartic ring. Therefore, it suffices to show that there are > X5/6
GLy(Z)-equivalence classes of binary quartics such that A < X and the corresponding rings (R, C)

are (e, X)-close to p; this is precisely the statement of Theorem 1.2.4 when r = (1/24,1/24). O

4.7.4 Monic quartic forms

Let p = (1/12,1/6,1/4,1/6,1/3). Observe that for any monic integral quartic form f, we have
H,.(f) < X2 if and only if H.(f) € B(p,X). Let Fi°" denote the set of monic quartic forms

with integral coefficients and nonzero discriminant.

Proof of Theorem 4.1.6. Again, the proof is almost identical to that of Theorem 4.1.9. Let M be any
constant. For any f € Fi"°" let (R, C) be the corresponding rings. By Lemma 4.3.6, if A > X/M

and ¢¥(f) € B(p, X), then

A (R) =p; AP
)\1(0) =M A,
To prove (4.4), it suffices to show that

. o #{fe]—'i“"“ | Hr(f)SXandAZXm/M} _
m L inf #HJ e Fron | Ho(f) < X} -

1.
The denominator is clearly X9 + o(X'?). By Davenport’s lemma, we have:

#{f e Fror | Ho(f) <X and A > X'2/M}
=#{(fr..... f0) € Z* | max{|£;|""} < X and |disc(L, f1,..., fa) | > X'2/M}
= Vol{(f1,....f0) €R* | max{| f; |} < X and |disc(1, f1,..., f)| > X'2/M} + O(X?)

= XVol{(f1,..., fs) € R* | max{| f;|} <1and |disc(1, f1,..., fs)| > 1/M} + O(X?)

We now prove (4.5). Observe that by Lemma 4.5.2, there exists a constant M such that for
all € > M, there are <. X3/* isomorphism classes of tuples (R, C) such that A < X and (R,C)
is (€, X)-close to p. Theorem 3.5.8 shows that there are at most 280 GLy(Z)-equivalence classes
of binary quartic forms giving rise to the same quartic ring. Therefore, it suffices to show that

there are > X3/* GLy(Z)-equivalence classes of binary quartics such that A < X, the binary
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quartic represents 1, and the corresponding rings (R,C) are (e, X)-close to p; this follows from

Theorem 1.2.4 when r = (0,1/12). O

4.8 Pictures of Poly,, Poly,(S,), and Poly,(Dy)

P1 0.15

Figure 4.1: Poly, projected onto pi, p2, and ¢;. The color indicates the value of the density function
de.4; blue is the highest value.
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0.0

P2
0.1
0.0
Q1
0.2
- |
0.05 0.00

0.15 0.10
P1

Figure 4.2: A rotated version of the previous image.
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0.25

0.20

P2

0.15

0.00 0.05 0.10
P1

0.15

Figure 4.3: Poly,(D,) projected onto py, pa, and ¢;. The color indicates the value of the lower
bound on the density function de p, given in Theorem 1.3.3; blue is the highest value.

138



0.25

0.20

P2

0.15

0.1
Q1

0.0

0.15 P1

0.10

0.05
0.00

Figure 4.4: A rotated version of the previous image.
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L—— ‘6_‘1_0 0.12

Figure 4.5: Poly,(S4) projected onto p1, ps, and g;. The color indicates the value of the density
function dc g,; blue is the highest value.
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0.20

0.18

P2~

o1 0.18

Figure 4.6: A rotated version of the previous image.
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Figure 4.7: Poly,(S4) projected onto pi, p2, and g;. The colored regions are the regions on which
de.s, is linear. The vertices are labelled by the family of rings “corresponding” to them.
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P2 Generic

Figure 4.8: A rotated version of the previous image.
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Chapter 5

Counting quintic rings by

successive minima

We now investigate density functions of quintic rings. We will need to make use of the notion of a
sextic resolvent ring of a quintic ring; see Section 5.2 for background. In this chapter, let R denote
a quintic ring and let S denote a sextic resolvent ring of R. We say a pair (R, S) is nondegenerate if
R is nondegenerate. Let A = | Disc(R) |; by the definition of sextic resolvent rings, A3 = | Disc(S) |.

Every pair (R, S) we reference in this chapter is assumed to be nondegenerate.

5.1 Statement of results

For a permutation group G C S5, define Poly(G) to be the set of limit points of the multiset
{(loga M(R),...,loga Aa(R),loga A1(S), ..., loga A5(9))} C R?

in the Euclidean metric as we range over isomorphism classes of pairs (R, S) where R is a G-ring.
Our results are threefold: we compute Poly;(S5), we compute various density functions for quintic

rings, and we discuss various interesting families of quintic rings.

5.1.1 Computing Poly;(G)

Theorem 5.1.1. For every permutation group G C S5, the set Poly;(G) is a finite union of polytopes

of dimension 7.
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In fact, the facets of these polytopes can be defined quite explicitly; see Theorem 5.4.2 for an
explicit description of these polytopes. Theorem 5.1.1 is a natural generalization of Theorem 1.1.2

in the quintic case. We now explicitly describe this finite union of polytopes when G = S5. Let

p:(p17...,p4,ql,...,qS) ERQ

refer to a point of R°. By the definition of successive minima and Minkowski’s theorem, the set

Poly;(G) satisfies the linear inequalities

0<pr <-—-<psy, 1/2=3pi, 0<qu<---<gs and3/2=3,q. (5.1)

Theorem 5.1.2. The set Poly;(Ss) is the set of points p € R? such that (5.1) and

124p>2qau+aq, 1/24p1 > g+ qo, 1/24p2 > q1 +gs, 1/2+p2 > g2 + qa,
1/24+p3>qgs+q2, 1/24+p3>qz3+q, andl/24+ps> g5+ gs.

Moreover, Poly(S5) = Ug Poly-(G) as G ranges across transitive subgroups of Ss.

Thus, we see that Poly;(S5) is in fact a single polytope! We now make a slight detour and
discuss successive minima of resolvent rings. A sextic resolvent ring of a quintic Ss-ring is a sextic
1(S5)-ring, where 1) is a transitive embedding 1: S5 < Sg; the embedding v is unique up to outer
automorphism. It is a natural question to ask if the successive minima of sextic resolvent rings
satisfy the same constraints as those of sextic 1)(S5)-rings. More precisely, is the set of limit points

of the multiset

{(10g pisc(s) | A1(S), - - - 108 pise(s) | As(9))} € R®

as S ranges across sextic resolvent rings of quintic Ss-rings equal to set of limit points of the multiset

{(108;\ Disc(S) | A(S)s-- -, log‘ Disc(S) | As(9))} € R
as S ranges across sextic ¥(S5)-rings? Let R; denote the first set of limit points and let Ry denote
the second.
Corollary 5.1.3. Ry is strictly contained in Ro.

Proof. The first region R; is 1/3 times the projection of Poly(S5) onto the last 5 coordinates of RY.
By Theorem 1.1.8, the second region Ry is contained in of the set of points ¢ = (q1,...,q5) € R®

such that:
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1. 1/2:CI1+"'+C]5;
2.0<q <00 < gs;
3.and ¢4 < ¢ +gjforall 1 <i<j<i+j<6.

Notice that this region is precisely Len(6); by Theorem 1.1.2, Len(6) is contained in Rs, as Len(6)
is the polytope of the flag generated by a monogenic basis of number field. In particular, the second

region contains the point %(1, 2,3,4,5) but the first does not. O

5.1.2 Density functions of quintic rings

Let p = (p1,...,pa,q1,---,q5) € RY denote a point. For any € € Rsg, X € Ry, and permutation
group G C Sy, define F(p,e,G, X) to be the set of isomorphism classes of pairs (R, S) such that R

is a G-ring, A < X, and

€

) o .
e {lloga M(R) —pil} < 1= (5.2)
€
(S) —a: |} < . .
max, {lloga Mi(8) —ail} < (= (5:3)

Define the density function deg: RY — R U {x} which assigns to p € R? the value

f O8#F(p € G X) +1)
X 00 log X

if it exists and else assigns *. Similarly, let F(p,e, X) be the set of isomorphism classes of pairs
(R, S) such that A < X, (5.2), and (5.3). Let d.5 denote the corresponding density function. We

now compute the total density function for quintic rings and the Ss-density function.

Theorem 1.4.1. There exists a positive real number C' such that for every e > C and every p € R,

1= 1cicjcaPi —Pi) = 2i<icj<s(45 — @) i p € Polys
des(p) = + i max{0, —=1/2+ g; + q; — px}

0 else.

Theorem 1.4.2. There exists a positive real number C such that for every e > C and every p € R,

des(p) if p € Polys(Ss)
ds,Ss (p) =

0 else.
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5.1.3 Special families of quintic rings

Again, we see that quintic rings with extremal successsive minima tend to also be extremal in an
algebraic sense. In the quartic case, we considered vertices of Poly,(S4) and showed that many
of these vertices corresponded to interesting families of quintic rings. The polytope Poly;(S5) is
significantly more complicated than Poly,(Sy); the polytope Poly;(Ss) has 18 vertices, and the
author believes that many of them likely give rise to interesting and natural families of quartic rings.

In this section, we discuss the following 3 of these vertices:

(1/8,1/8,1/8,1/8,3/10,3/10,3/10,3/10, 3/10)
(1/8,1/8,1/8,1/8,1/4,1/4,1/4,3/8,3/8)

(1/20,2/20,3,/20,4/20,4/20,5/20,6/20,7/20,8,/20)

We'll show that the first “corresponds” to generic Sy-rings, the second “corresponds” to binary
quintic forms, and the third “corresponds” to monogenic quintic rings. We now formalize our
definition of “correspond”.

We say a pair (R, S) is (e, X)-close to p if

€

) _p < .
ma (| logs M(B) ~ i} < (4
€
(S)—q; |} < . .
max {loga Ai(S) — g |} < og X (5.5)

Let F be an infinite set equipped with a map H: F — Ry such that for all X, we have
#{f e F|H(f) < X} < oo. We call H the height function of F. Further suppose that ¢ is a
map from F to isomorphism classes of nondegenerate pairs of quintic rings equipped with a sextic

resolvent. For a point p € Poly,, we say the triple (F, H, 1) corresponds to p if

#{feF | H(f) < X and ¢(f) is (¢, X )-close to p} _

lim liminf 1 5.6
R #(7 1 H(D < X) >0
and there exists a constant C' such that for all € > C, we have
AR S) € Fp,e, X) | (R,S) € 9(F)}
1 f . .
i #F(p.c.X) -0 7

When H or v are implicit, we simply write that F corresponds to p. The following is a corollary of

upcoming work of H.
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Corollary 5.1.4. The set of isomorphism classes of nondegenerate Ss-rings, where H is the absolute

discriminant, corresponds to
(1/8,1/8,1/8,1/8,3/10,3/10,3/10,3/10,3/10).

The root height of a monic degree n polynomial f(z) = 2" +a 22+ - -+a, € Z[x] is defined to be
H.(f) = max;{| a; |1/i}. Given a binary n-ic form f(z,y) = agz™ + - - -+ a,y™, define the coefficient
height of f to be H.(f) = max;{| a; |}. Fess [21] constructed a map from Sym® Z? — Z* ® A2Z5; via
Bhargava’s parametrization of quintic rings [3], this map canonically associates to an integral binary
quintic form the data of a quintic ring and a sextic resolvent ring. Fess’ construction is compatible
with that of Birch and Merriman [9]; both constructions give isomorphic quintic rings from a binary
quintic form. Let FP™ be the set of binary quintic forms with integral coefficients and nonzero

discriminant.

Theorem 5.1.5. Then (FY™, H.) corresponds to
(1/8,1/8,1/8,1/8,1/4,1/4,1/4,3/8,3/8).

As in the case of monogenic cubics, monogenic quartics, and quartic rings coming from binary
quartic forms (Corollary 3.1.4, Theorem 4.1.6, Theorem 4.1.7), there is a good reason to expect that
.7-"5131“ (equipped with the coefficient height) corresponds to the point above; this reason comes from
Fess’ characterization of pairs (R, S) arising from binary quintic forms. For a rank n ring R, let R:=
Hom(R/Z,Z). Recall that a pair (R,.S) comes equipped with a sextic resolvent map ¢: S®S — R.
For an basis {vg = 1,v1,...,v,—1} of a nondegenerate rank n ring, let {v{,v},...,v}_;} denote the

dual basis with respect to the trace pairing.

Theorem 5.1.6 (Fess [21], Theorem 5.1.4). Let (R,S) be a nondegenerate pair. There exists f €

Sym?® Z? giving rise to the pair (R, S) if and only if S has a basis {1,w, ... ,ws} such that
(w1, wa, ws) = 8 Disc(R) ((wi)?, 2wjws, (w})?) (mod Q)

and p(w},wi) =0.

From this classification, one might naively guess the following: if a pair (R, S) arises from a

nondegenerate binary quintic form and {1,ws,...,ws} is a Minkowski basis of S, then it is likely
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that

|wi | < Alws |7

[ws | = AJwg |7 ws |7

lws | = Alwy |7

For lack of other information, one might also guess that | wy | is of similar size to | ws | and that the
successive minima of the quintic ring R are roughly equal as well. Theorem 5.1.5 formalizes this
heuristic. A similar heuristic informs the monogenic case. Let F;"°" be the set of binary quintic

forms with integral coefficients and nonzero discriminant.

Theorem 5.1.7. Then (F"°", H,) corresponds to
(1/20,2/20,3/20,4/20,4,/20,5/20,6,/20,7/20,8/20).
Observe that, as case of Theorem 5.1.5, the vertex
(1/20,2/20,3/20,4/20,4/20,5/20,6/20,7/20,8/20)
satisfies the conditions:

g1 =1—2g5
G2=1-qs—gs

g3 =1—2q4

5.2 The parametrization of quintic rings

Our primary tool will be Bhargava’s parametrization of quintic rings; we now briefly summarize this

parametrization. Let Vg = R* @ A2R®. We write an element A = (A1, Ao, A3, A4) as a quadruple of
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5 x b real alternating matrices as follows:

k k k k
0 P ars aryy  ars
k k k k
—ajg 0 Qg3 Qg4  Qgs
= | _,k _ k k
A ais 0 azy  Azs

k k k k
—ayy —Qgq4 a3y 0 Q45

k k k k
| —@15 —Qg5 —a35 045 0_

An element A is said to be integral if afj € Z, and the lattice of integral elements is denoted V7.

The group GL4(R) x GL5(R) acts on Vi in a natural way; an element (g4, g5) sends A to

9514193

9514293
g4

g5 Asgt

| 954495 |

The subgroup G(Z) = GL4(Z) x GL5(Z) acts on Vg and preserves the lattice Vz. The action of Gz on
Vz has a unique polynomial invariant, denoted Disc(.A). The orbits of Gz acting on V7 parametrize

quintic rings equipped with a sextic resolvent ring; see [3] for more details.

Theorem 5.2.1 (Bhargava, [3]). There is a canonical, discriminant-preserving bijection between
Vz and isomorphism classes of pairs (R, S) where R is a based quintic ring and S is a based sextic
resolvent ring of R. Under the action of Gy, this bijection descends to a bijection between the set of
Gy orbits of Vi, and the set of isomorphism classes of pairs (R, S) where R is a quintic ring and S

is a sextic resolvent ring of R.

We now describe a few important details of this bijection. Let R and S denote Hom(R/Z,Z)
and Hom(S/Z,Z) respectively. A sextic resolvent ring S of a quintic ring comes equipped with an
alternating map S®S — R. Choosing bases for R/Z and S/Z gives rise to an element of V.
Conversely, given an element A € Vz, we obtain bases for R and S via certain explicit polynomials

in the afj that form the structure coefficients for these bases.

5.3 Reduction theory of quintic rings

We now fix some notation we use throughout this chapter. Unless otherwise specified, let A =

(A1, Ag, A, Ay) denote an element of V7 and let (R, S) denote the corresponding quintic ring and
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sextic resolvent ring. Let A = |Disc(A)| = |Disc(R)|. For a basis {vg = 1,v1,...,0,—1} of a
nondegenerate rank n ring R, let {v,v,...,v}_;} denote the dual basis with respect to the trace
pairing and let R* = Hom(R,Z). Unless otherwise specified, {1 = vg,...,v4} and {1 = wo, ..., w5}
will denote bases of the quintic ring R and the sextic resolvent ring S respectively. Given a pair
(R, S) and bases {1 = vg,...,vs} and {1 = wy, ..., ws} respectively, we obtain a tensor A by writing
the resolvent ¢: S ® S — R map in terms of the bases {v},...,v}} and {w?,...,w} of R and S

respectively!. In this section, we develop the relationship between:
1. pairs (R, S) equipped with “small” bases;
2. and tensors A with “small” coefficients.

We will need to relate the lengths of {v,...,v;} and {w], ..., wi} to the lengths of {1,v1,...,v4}
and {1,wi,...,ws}, when the latter two bases are “short”; the content of the following lemma

consists of the relationship between these two lengths.

Lemma 5.3.1. Let R be any nondegenerate rank n ring and let {1 = vo,...,v,_1} be a basis of R.
Let 0 be a positive real number such that the angle between any v; and v; in R™ is bounded below by

0 in the Minkowski embedding of R. For all 0 <i <mn — 1, we have
|Ui| xn,@ )\’L(R) Xn,@ )\nflfi(R*)_l xn,@ |’U;k |71 .

Proof. Let r be the number of nonzero homomorphisms of R into R and let s be the number of
complex conjugate pairs of nonzero homomorphisms of R into C whose image does not lie in R. The

Minkowski embedding of R into R” is given via the composition of R — R" & C°® with the map

R"®C°* - R"

Y1y oy Ury 215 -5 25) = (Y1, -+, yr, Re(21),Im(21), ..., Re(zs), Im(zs)).

Because all norms on finite dimensional vector spaces are equivalent, it suffices to suppose that

all lengths are taken with respect to the Euclidean norm on R™, i.e. let |-| denote the Euclidean
norm. Note that vg,...,v,_1 form a set of linearly independent vectors in R™ via the Minkowski
embedding; let {vy,...,vY_,} denote the dual basis with respect to the standard Euclidean norm.

We will show that the length of v} is comparable to the length of v)’. Afterwards, we compute the

lengths of v,’.

IThis ordering is very important! We encourage the reader to keep this ordering of the basis elements in mind
throughout this chapter.
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On R"”, the trace form is given by the quadratic form

q(x1,...,2n) = Z %2 + Z (2x3+2i71 - 2$E+2i)-

1<ilr 1<i<s
Let o: R™ — R"™ be the map sending
1_ 1__

(ylv"'7y7'721a"'7zs) - (yla'”ay?“a 521;-"a525)'

For 0 <i <n —1 write v; = (v1,4,...,Vn) and v = (v);, ..., v ;).
\ _ Y 21 \% —1 \Y
qo)),v) = > vl + Y, ( S Vr+2k—1,iUr+2k—1,j ~ 25 Vpyok iUr+2k,5)
1<k<r 1<k<s

— \Y \ \Y
= E Vk,iVk,j T § (V) pok—1,iVr+2k—1j + Uy yok iVr+2k.5)
1<k<r 1<k<s

=6

Thus, o(v)) = v for all 0 < ¢ < n — 1. Moreover, the angle between v and v; is < com/2 where

0 < ¢y <1 and ¢y is dependent only on §. Hence

1=uv v because v, - v; = d;;
=g | v || v | because of the angle bound cqy
= o (W) ]| vi] because o(v,’) = v}

Moreover,
n—1 n—1 n—1
Covol(R) ™ =y [ 1vi™" =no [ 07 >0 [ Xi(R") =n Covol(R*) <, Covol(R)™".
i=0 i=0 i=0
Hence, | v} | <p.0 An—1—i(R"), which completes the proof. O

We now show that if the sextic resolvent map is expressed with respect to “short” bases of R
and S, then the coefficients of the map are “small”. To do so, we will need the following explicit

description of the sextic resolvent map. Let o1,...,06 be the 6 nonzero homomorphisms of S into
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the complex numbers. The sextic resolvent map ¢: S®S = Ris given by the formula:

1 1 1
_ /Disc(9)
plu@v) = 13 Disc(R) o1(u) +o2(u) os(u) +o6(u) o4(u)+ o5(u)

o1(v) + 02(v)  03(v) +06(v) 04(v) + 05(v)

Lemma 5.3.2. If {1,v1,...,v4} and {1,w1,...,ws} are Minkowski bases of R and S respectively,

then for any 1 <i,57 <4 and any 1 <k <5, we have:

A2 | ys
D
| we—i | | we—j |

Proof. From the definition of the sextic resolvent map, we have that:

| p(wg_; ® wg—j) |
|03 |
Al/2 | wg_; | ‘wgfj ‘
|v3_4 |
A1/2 |’U57k ‘

L 77— by Lemma 5.3.1
| we—i | | we—j |

|a’fj|<<

< by the explicit description of ¢

O

Let p= (p1,...,p4,q1,---,q5) € R? be any point. Let B(p, X) denote the set of elements A € Vi

such that

| afj | <expl[X,1/2 4 ps—k — q6—i — G6—j)-

We now fix more notation we use throughout this chapter. Let e denote a positive real number,
let C, D denote real numbers > 1, and let X denote a real number > 1. Recall that we say the pair

(R, S) is (e, X)-close to p if:

€

max {|loga Ai(R) —pi[} <

1<i<4 log X
€
. —a ]l <
121355{ [loga Ai(S) —qi |} < oz X

For an integral element A, we say (A, p) are (e, X)-close if the corresponding pair (R, S) is (e, X)-
close to p. We say an integral element A comes from Minkowski bases if there exist Minkowski bases

of the corresponding rings giving rise to A.
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Lemma 5.3.3. There exists C' such that for all €, A and p the following statement holds: if A > 1

and (A,p) are (¢,A)-close and A comes from Minkowski bases, then A € Ce3B(p, A).

Proof. Let {1,v1,...,v4} and {1,w1, ..., w5} be the Minkowski bases of (R, S) giving rise to .A. We

have:

A1/2 |1}5,k |
| we—; | | we—j |
A2 ,(R)
T Ae—i(S)A6—5(S)

|a§j | < by Lemma 5.3.2
by Lemma 5.3.1

< e*exp[X,1/2+ ps—k — d6—i — Go—j] because (A, p) is (e, A)-close

O

Lemma 5.3.4. There exists D such that for all p, X, C and A, the following statement holds: if p
satisfies (5.1) and A € CB(p, X) then

#{A € DCB(p,X)NVz | (R.S)= (R, SN} >explX, S (—p)+ > (a5 -}

1<i<j<4 1<i<j<5
where here (R',S") denotes the quintic ring and sextic resolvent ring arising from tensor A’.

Proof. Recall that Vz admits an action of Gz = GL4(Z) x GL5(Z). Act by elements of Gz of the

form
- - 1 0 0 0 0
1 ni2 niz nu
mi2 1 0 0 0
( 0 1 No23 N4 >
s |13 o3 1 0 0
0 0 1 N34
mis Moy m3ge 10
0 0 0 1
) T |mas maos mgs mas 1)
where [ n;; | < [exp[X, ps—; — ps—;]] and | my; | < [exp[X, g6—i — q6—;]]- O

Choose A € Vz and let {vg = 1,v1,...,v4} and {wg = 1,w1,..., w5} be the explicit bases of R

and S obtained from A via the explicit multiplication coefficients in [3].

Lemma 5.3.5. For all A, C, p, and X, the following statement holds: if p satisfies (5.1) and
A€ CB(p,X), then |v; | €c XPi fori=1,2,3,4 and |w; | <¢c X% fori=1,2,3,4,5.

Proof. Using the fact that A € B(p, X), we may bound the size of the multiplication coefficients
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given in [3]. We obtain:

2 .
[vi” <e max (X7 v, [}
2 i
wi |” <o max {X2070 [w; [}
Applying Lemma 6.0.2 completes the proof. O

Lemma 5.3.6. For all p satisfying (5.1), all X,C, and all A, the following statement holds: if
AeV;NCB(p,X) and X/2 < A < X, then there are

#{A € CB(p,X)NVz| (R,8) ~ (R,S)} <cexpX, > (pi—p)+ >, (¢—a)
1<i<j<4 1<i<j<5
Proof. Let {vg = 1,v1,v2,v3,v4} and {wg = 1, w1,...,ws} be the explicit bases of R and S obtained
from A. By Lemma 5.3.5, we have |v; | ¢ XPi fori =1,2,3,4 and |w; | ¢ X% fori=1,2,3,4,5.

Because
4

X122 AV2 < [[1vi] <c XEmr = x1/2
i=1

and

5
X3/2 = A3? « lei | <c¢ XX = x3/2

i=1

we have |v; | x¢ XPi for i =1,2,3,4 and |w; | x¢ X% for i = 1,2,3,4,5.
Suppose A" € CB(p, X)NVz is such that (R, S") ~ (R, S). Let {1,v1,...,v4} and {1, w],...,wi}
denote the bases of R’ and S’ given by A’. By Lemma 5.3.5, we have | v} | x¢ XPi for i = 1,2,3,4

and |w} | <x¢ X% for i =1,2,3,4,5. Moreover, write

4
/
v; = Cio + E CijV
Jj=1

5
/
w; = diO + E dijw]-.
j=1

The tensor A’ is determined by the choices of ¢;; and d;;. Letting po = go = 0, we have:

X7 <o i | <e max {|eij || v; [} <c max{0 < j <5}{] ey [ X7}
0<j<5

oy

X =¢ |w;| <o max {|d; | |w; [} <¢ max{0 < j < 6}{|di; | XV}
0<5<6

Thus if j < 4, the number of choices for ¢;; and d;; is <¢ 1. If § > 4, the number of choices

for ¢;; is ¢ XP/7P¢ and the number of choices for d;; is <¢ X% 7~%. Hence, there are <¢
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exp[X, D1 <icjca(Pi —Pi) + 21 <icj<5(¢; — @:)] distinct integral A" € C'B(p, X) such that (R, 5") ~
(R, S). O

Lemma 5.3.7. For all p satisfying (5.1), all X,C, and all A, the following statement holds: if
AeV;NCB(p,X) and % < A then
)\i(R) =c AP

fori=1,2,3,4 and
/\1(0) =c AY

fori=1,2,3,4,5.

Proof. We have

4 4
H Ai(R) < H | v; | by definition of successive minima
i=1 i=1
4
<o H XPi by Lemma 5.3.5
i=1
= X1/? because p1 + p2 + ps + pg = 1/2
= Al/? because A > X/2
4
= H Ai(R). by Minkowski’s second theorem

Thus A\ (R) <¢ APi for i = 1,2,3,4. The same argument shows, for the sextic resolvent, that

Xi(S) <¢ A% for i =1,2,3,4, 5. O

5.4 Computing Poly;(G)

Let K denote a quintic étale algebra over Q and L denote the sextic resolvent algebra of K. Let
K, denote the subspace of K with trace 0, and let Lo denote the subspace of L with trace 0. Let
p: Ly ® Ly — Ky denote the alternating bilinear form given by the sextic resolvent map. A flag
(F,G) of (K, L) is a pair of sequences F = (Fyp,...,F5) and G = (Gy,...,G4) of Q-vector spaces
such that

{O}ZF()CF1CF2C"'CF5:LO

{O}ZGQCG1CG1C"'CG4:KO
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and dimg F; = ¢ and dimg G; = i. Recall that for an integer n > 1, the set [n] = {0,...,n — 1}.

Associate to the flag (F,G) the function

Trg: [6] x [6] — [5]

Definition 5.4.1. The polytope Prg is the set of p = (p1,...,p1,q1,...,q5) € R? satisfying (5.1)

and the following condition: for all 1 < ¢ < j <5, if Tr g(i,5) > 0 then

P5—Tr g(ij) T 1/2 > q6—i + q6—;-

The proof of the following theorem is almost exactly analogous to that of Theorem 4.4.2.

Theorem 5.4.2. We have Poly;(G) = Uz g) Pr.g where (F,G) ranges across flags of pairs (K, L)

with the property that Gal(K) ~ G as a permutation group.

Proof. We first show that Poly;(G) is contained in (Jr gy Pr,g. By Minkowski’s second theorem
and the definition of successive minima, Poly,(G) satisfies the linear inequalities given in (5.1). Let
R be any nondegenerate quintic G-ring and let S be a sextic resolvent ring of G. Let K = R® Q
and let L = S ® Q. Picking Minkowski bases {vg = 1,...,v4} and {wg = 1,...,ws} of R and S
gives rise to dual bases {v{,...,v;} and {w{,...,ws} of R and S respectively. These give rise to a

flag (F,G) of (K, L) given by Fy = Gy := {0} and

= Qwz,...,wi_;)

F,L'Z
G; = Q(uy,...,vi_,).

Choose 1 <4 < j <5 and suppose Trg(i,7) > 0. Then if Trg(i,5) = 1 then

0 # p(Z(ws, ..., wg_;) @ L{ws, ..., wg_;)) € Z{v}, ... 7”;7T;1g(i,j)>~
If T]:g(i,j) > 1 then

P(Z(ws, ... wg_) @ L(WS, - -, we_j)) S L5 -+ V3 1y o3 )
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and

@<Z<U);, te 7wg—i> ® Z<w;7 s 7wg—j>> g Z<UZa s 7U;—T}-’g(i,j)+1>

In either case we obtain:

|05y g iy | < T | |wi_j | A2

which implies by Lemma 5.3.1 that
| V5— 7y (3,5) |7 < Jwes | | we—j NS
Multiplying out the inverses, we obtain
|we—i | [we—j | < |vs_17 g(i,5) | A2

So, Poly;(G) is contained in the set |z g) Pr,g where (F,G) ranges across flags of (K, L) with the
property that Gal(K) ~ G.

Now let (F,G) be a flag of a pair (K, L) with the property that Gal(K) ~ G. Choose bases
{vg = Lyv1,...,u4} and {wg = 1,wy,...,ws} of K and L giving rise to bases {v},...,vi} and
{wg,...,wi} of Ky and Ly. These bases give rise to a flag (F,G) of (K, L). Moreover, the dual

bases give rise to a tensor A € Vg. For a positive integer M, define gy € GL4(R) x GL5(R) to be

M~ 0 0 0 0
MPa 0 0 0
0 M~ 0 0 0
0 MP 0 0
gm = 0 0 M~ 0 0
0 0 MPr 0
0 0 0 M~ 0
0 0 0 M»
0 0 0 0 M-

Define Ay = VMg A. For a rational point p in the relative interior of Pr g, one may check that
there exists an infinite set M C Z~( such that for all M € M the tensor Ay, € Vz. Each M € M
gives rise to a distinct quintic ring and sextic resolvent ring (Rjs, Sps) with absolute discriminant

Apg; for each M € M, write the bases of Ry and Sy obtained from Ay by {1,v1,0,. .., 040}
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and {1, w1 ar,...,ws,a} respectively. Then for M, N € M, we have:

NAy = MAy
NP, v = MPioy

ququ == M%wi,N
Therefore,

A/lfigjlvt (10gAM A (Rar), ... loga >\4(RM)) = (p1,p2,P3,D4)
1\/1[1& (IOgAM A1(SM)7 te. alOgAM )\S(SM)) = (Qh 42,43, 44, q5)
Therefore, p € Poly;(G). Because Poly;(G) is defined to be a set of limit points, it must be closed,;

therefore Pr ¢ is contained in Poly;(G), which completes the proof of the theorem. O

Proof of Theorem 5.1.1. Theorem 5.4.2 expresses Poly;(G) as a finite union of polytopes. A com-

putation shows that these polytopes have dimension 7. O
To compute Polyg(S5), we will need the following lemma.

Lemma 5.4.3 (Bhargava [8], Lemma 10). Let A € Vg be an element such that all the variables in

one of the following sets vanish:

~

4 .4 4 4 4 4 4
. {a127a13»a14va157a23aa247a25}

NS}

4 4 4 4 4 4
- {afy, ai3, a1y, 053,54, a3, }

Co

4 4 4 4 3 .3 .3 3
. {a12a 13,014 als} U {as,, aiz, A1y a15}

4 4 4 4 4 3 .3 3 .3 3
4. {aiy, ais, aly, agz, a5, U {aty, ais, aiy, ass, as,}

[

. {041127 a%:a» aﬁ} U {a’?% ai’3» a?4} U {a%w a%Sa aﬂ}

D

. {‘141127 ‘141137 a‘213} U {a:fza ai’3, ‘133} U {0%27 Q%Sa a%s}

<

. {a%za a%za} U {a:{)ga a%} U {a%% a%3} U {a%Qv a%3}
Then A is reducible.

Proof of Theorem 5.1.2. Let (F,G) be any flag of a pair (K, L) such that Gal(K) is a transitive

subgroup of S5. Then the seven statements of Lemma 5.4.3 imply that:

159



1. Trg(2,5) =4
2. Trg(3,4) =4
3. Trg(1,5) >3
4. Trg(2,4) >3
5. Trg(1,4) > 2
6. Trg(2,3) > 2
7. Trg(1,3) > 1

The 7 statements above imply that Pr g satisfies the linear inequalities:

=

12> qu+aq
2.p1+1/2>q3+ ¢
3. p+1/2>g+q1
4. p2+1/2>qu+q
5.p3+1/2>¢5+ @
6. p3+1/2>qs+qs
T.ps+1/2> ¢+ g3

In total, this proves that Poly;(Gal(K)) is contained in the region stated in the theorem statement.
The converse is shown via computer calculation by producing an example of A = (A1, As, A3, Ay) €

Vg of the form

0 %« %] [ 0 0 %« «] [0 0 0 «][- 0 0 0 0
— — % k% — — % %k % - — 0 *x = - — 0 0 =
( — — — % x|, = = % x|,|= = = % x|,|=- = = x % )
- - - - x - - - - x - - - - x - - - - x
defining an S-quintic field. O
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5.5 Computing density functions of quintic rings

To make our formulas shorter, we use the following notation in this section. Define:

f)=1+ Y max{0,—1/2+q¢ +¢; —pi}

1<i<j<5,1<k<4
gp)= > wi-r)+ Y. (G—a)
1<i<j<4 1<i<j<5

Lemma 5.5.1. For any C, X and p € R® satisfying (5.1), we have
{VzNCB(p,X)} =c explX, f(p)]-

Proof. The argument is identical to that of Lemma 4.5.1. O

Lemma 5.5.2. For any €, X, and p € Polys, we have

#]:5(]),67)() <e eXp[X7f(p) - g(p)]

Proof. The proof is again completely identical to that of Lemma 4.5.2. O
Lemma 5.5.3. There is a constant C such that for all e > C we have:

1. if p € Polys, then
#f4(p,€,X) >>p,€ eXp[Xaf(p) - g(p)]7
2. if p € Poly;(Ss), then

#F(p,€, 55, X) >p. exp[X, f(p) — g9(p)];

Proof. The proof of (1) is completely analogous to that of (1) in Lemma 4.5.3. The argument in
Lemma 4.5.3 also proves (2), with the additional input that there exists D, M € R>; such that a
positive proportion, as X — oo, of the lattice points in DB(p, X) N Vz have Galois group S5 and
A > X/M; it suffices to drop the latter condition and simply prove that there exists D € R>; such
that a positive proportion of the lattice points in DB(p, X) N V7 have Galois group S5 as X — oo.

Consider the subset of lattice points of DB(p, X) such that A =5 (mod 25), the ring R is irreducible
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modulo 7, and the ring S is irreducible modulo 11; every element of this subset has Galois group Sj.
If this set is nonempty for large enough X, then it forms a positive proportion of DB(p, X). The

nonemptiness follows from the fact that there exists A of the form

0« « ] [0 0 « «] [=0 00 «][-0 0 0 0]
— — x ok x| |= — x *x x| |[=— — 0 x x| (= = 0 0 %
(**7**,**7**>
L T

such that A =5 (mod 25), the ring R is irreducible modulo 7, and the ring S is irreducible modulo

11. Choosing D to be large enough such that A € DB(p, X) completes the proof of this case. [
Proof of Theorem 1.4.1. This follows from Lemma 5.5.3 and Lemma 5.5.2. O

Proof of Theorem 1.4.2. This follows from Lemma 5.5.3 and Lemma 5.5.2. O

5.6 Special families of quintic rings

5.6.1 Binary quintic forms

Let f(z,y) = fox® + fizty + for®y® + faz?y® + fazy* + f55° € Sym® Z2 be a binary quintic form.
In [21], Fess defines a map Sym® Z? — Z* ® A?Z°; we modify this map slightly and send a form f

to the matrices?:

0 0 0 o[-0 10 o] [-00 -1 o]~ 00 o 1]
~ — 10 ol |-—01 o]l |- -0 0o -1|]- -0 0 o0
- - = 0 0] ==—0 —fz515|- = = - —fo| |- — — —fo O
- - - = —fs5 |- == = —faf |- - = - 0 - - - -0

Let p=(1/8,1/8,1/8,1/8,1/4,1/4,1/4,3/8,3/8). Call the map above 1. Observe that for any
form f € Sym® Z?, we have H.(f) < X'/8 if and only if ¢(f) € B(p, X).

Proof of Theorem 5.1.5. The proof is almost identical to that of Theorem 4.1.7. Let C' € R>;.

Let f € FP and let (R,S) be the corresponding rings. By Lemma 5.3.7, if A > X/C and

20ur map and the map of Fess send a form f to isomorphic quintic rings and sextic resolvent rings. The only
difference is a choice of basis of the quintic ring and sextic resolvent ring.
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¥(f) € B(p,X), then

)\,(R) =c APi

)\Z(S) =c A

To prove (5.6), it suffices to show that

bin 8
lim T inf #{feF™ | H(f) < X and A > X®/C} _

Jim i in 47 € P | () < X) -

The denominator is clearly X6 + o(X®). By Davenport’s lemma, we have:

#{f e FP™ | H.(f) < X and A > X8/C}
=#{(fo,.-,f5) €Z° | max{| f;|} < X and |disc(fo,..., fs5)| > X®/C}
= Vol{(fo,..., f5) €R® | max{| fi|} < X and |disc(fo,...,f5)| > X*/C}+O(X°)

= X%Vol{(fo,...,f5) € R® | max{| f; |} < 1and |disc(fo,...,[s5)|>1/C}+ O(X?)

We now prove (5.7). Observe that by Lemma 5.5.2; there exists a constant C' such that for all
¢ > C, there are <. X?/* isomorphism classes of tuples (R, S) such that A < X and (R, S) is
(e, X)-close to p. Theorem 3.5.8 shows that there are at most O(1) GL2(Z)-equivalence classes of
binary quintic forms giving rise to the same quintic ring. Therefore, it suffices to show that there
are > X°%/4 GL, (Z)-equivalence classes of binary quintics such that A < X and the corresponding
rings (R, S) are (€, X )-close to p; this follows from Theorem 1.2.4 when r = (1/40,1/40). O

5.6.2 Monic quintic forms

Let F2"°" denote the set of monic quintic forms with integral coeflicients and nonzero discriminant.
Let
p=(1/20,2/20,3/20,4/20,4/20,5/20,6/20,7/20,8/20).

Observe that for any monic integral quintic form f, we have H,(f) < X/20 if and only if ¢(f) €

B(p, X).

Proof of Theorem 5.1.7. Again, the proof is almost identical to that of Theorem 4.1.6. Let C' € R>;.

For any f € JF°" let (R,S) be the corresponding rings. By Lemma 5.3.7, if A > X/C and
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¥(f) € B(p,X), then

)\,(R) =c APi

)\Z(S) =c A

To prove (5.6), it suffices to show that

mon < > 20
lim liminf#{fe‘& | H.(f) <X and A > X=Y/C} _

e H(f e Fron [ H(f) < X) b

The denominator is clearly X1° + o(X1®). By Davenport’s lemma, we have:

#{f € F | H.(f) < X and A > X?°/C}
=#{(f1,.... fs) €Z° | max{|f;|""} < X and |disc(1, f1,....fs)| > X*/C}
=Vol{(f1,...,f5) € R® | max{| f;|""} < X and |disc(1, f1,...,f5)| > X2°/C} + O(X')

= XY Vol{(f1,...,fs5) €R® | max{| fi|} <1and |disc(1, f1,..., f5)| > 1/C} +O(X'*)

We now prove (5.7). Observe that by Lemma 5.5.2, there exists a constant M such that for
all € > M, there are <. X7/' isomorphism classes of tuples (R, S) such that A < X and (R, S)
is (e, X)-close to p. Theorem 3.5.8 shows that there are at most O(1) GLy(Z)-equivalence classes
of binary quintic forms giving rise to the same quintic ring. Therefore, it suffices to show that
there are > X7/10 GLy(Z)-equivalence classes of binary quintics such that A < X, the binary
quintic represents 1, and the corresponding rings (R,S) are (e, X)-close to p; this follows from

Theorem 1.2.4 when we let r = (0,1/20). O

5.6.3 The generic point of S

We now prove Corollary 5.1.4 by appealing to upcoming work of H. Given a nondegenerate rank
n ring R, we consider the rank (n — 1) lattice {x € Z+nR | Tr(z) = 0}, up to isometry. It is

naturally seen as an element of the double coset space
Sn—1=GL,_1(Z)\ GL,,—1(R)/ GO,,_1(R).

The space S,,—1 has a natural measure p,_1, obtained from the Haar measure on GL,_;(R) and

GO,,_1(R). To a nondegenerate pair (R,S), we can associate an element (Lgr,Ls) € Sy X Sy; we
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call this the shape of the pair (R, S).

Theorem 5.6.1 (H). When ordered by discriminant, the shapes of pairs (R,S), where R is an

Ss-1ing, are equidistributed with respect to g X s.

Proof of Corollary 5.1.4. Let p(Ss) = (1/8,1/8,1/8,1/8,3/10,3/10,3/10,3/10,3/10). We will first
prove (5.6). For an integer n > 2, an element £ € S, and an integer 0 < i < n, define A;(£) to
be the i-th successive minimum of a lattice representing £ with determinant 1. For a positive real

number € and an integer n > 2, define
Sn,e =1L € Sp | max {log Ai(L)} < e}

Then:

#{(R,S) | A <X and R is a Ss-ring that is (e, X )-close to p(S5)}

Mm lin inf #{(R,S) | A< X and R is a S5-ring}

> lim liminf #{(R,S) | A< X and R is a Ss-ring and (Lg,Ls) € Sye X S5}
T 00 X0 #{(R,S) | A< X and R is a S5-ring}

i (e X #5)(Sae X Ss.e)

€—00 (,u4 X /_L5)(S4 X 85)
=1

We prove (5.6) with the following observation: Lemma 5.5.2 and Lemma 5.5.3 combine to prove
that there exists a positive real number C' such that for all € > C', a positive proportion of rings in

F(p(Ss5),€,X) as X — oo are Ss-rings. O
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Chapter 6

Appendix

We will need the following lemma on directed graphs.

Lemma 6.0.1. Let G be any directed graph on > 2 wvertices. If every vertex of G has an outgoing

edge, then G has a cycle.

Proof. Start at a vertex and travel along an outgoing edge to another vertex. Continuing this way,
because the graph has finitely many vertices, we will eventually return to a vertex that we have been

at previously. Thus the graph contains a cycle. O

Lemma 6.0.2. Let n € Z>1, let a1,...,ay,,C be any positive real numbers, let X € R>1, and let

p=(p1,---,pn) ER". If

a; <C 1rélja§xn{X2”*_pjaj} (6.1)

for all 1 <i<mn, then a; < CXPi foralll <i<n.

Proof. We proceed by induction on n. If n =1 then a% < (CXPig; soap < CXPr,

Now fix n > 2 and suppose the lemma is true for all 1 < m < n. Let
S={1<i<nl|a <CXPi}.
Assume for the sake of contradiction that S = ); equivalently, assume that
a; > CXP: (6.2)
for all 1 <4 < n. Define the directed graph G on the set of vertices {1,2,...,n} as follows: draw
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an edge from ¢ to j if

a? < OX?*PiPig,. (6.3)

(6.1) and (6.2) together imply that every vertex of G has an outgoing edge. Lemma 6.0.1 implies
that G contains a cycle; choose any cycle of G and let T' denote the set of vertices of that cycle.

Multiplying (6.3) together for every edge in the cycle and dividing both sides by [, a:, we obtain

HCLZ’SO#THXZH.

€T €T

However, (6.2) implies that

C#THXW <1—[(J,i7

ieT ieT
and hence we have arrived at a contradiction. Thus, S # .

For all i ¢ S and for all j € S, we have

a? > C?X?Pi because i ¢ S

> CX?Pi~Pig;. because j € S
Therefore for all i ¢ S, we may rewrite (6.1) as
a? < Cmax{X?i"Prq;},
k¢S

Because S # () the induction assumption implies that a; < CXPi for all i ¢ S.

167



Bibliography

(1]

2

(3]

(4]

[5]

[7

[9]

(10]

(11]

(12]

(13]

14]

C. Bachoc, O. Serra, and G. Zémor, Revisiting Kneser’s theorem for field extensions, Combinatorica 38 (2018),

no. 4, 759-777.

M. Bhargava, Higher composition laws III: The parametrization of quartic rings, Annals of Mathematics 159

(2004), 1329-1360.

, Higher composition laws IV: The parametrization of quintic rings, Annals of Mathematics 167 (2008),
53-94.

, On the number of monogenizations of a quartic order (2022). preprint, https://arxiv.org/abs/2111.
04215.
M. Bhargava and P. H, The equidistribution of lattice shapes of rings of integers in cubic, quartic, and quintic

number fields, Compositio Mathematica 152 (2016), 1111-1120.

M. Bhargava, A. Shankar, T. Taniguchi, F. Thorne, J. Tsimerman, and Y. Zhao, Bounds on 2-torsion in class
groups of number fields and integral points on elliptic curves, Journal of the American Mathematical Society 33

(2020), 1087-1099.

M. Bhargava, A. Shankar, and J. Tsimerman, On the Davenport—Heilbronn theorems and second order terms,

Inventiones mathematicae 193 (2013), 439-499.

M. Bhargava, The Density of Discriminants of Quintic Rings and Fields, Annals of Mathematics 172 (2010),

no. 3, 1559-1591.

B.J. Birch and J.R. Merriman, Finiteness theorems for binary forms with given discriminant, Proceedings of the

London Mathematical Society 24 (1971), 385-394.

G. Casnati and T. Ekedahl, Covers of algebraic varieties 1. A general structure theorem, covers of degree 3,4

and Enriques’ surfaces, Journal of Algebraic Geometry 5 (1996), no. 3, 439-460.

G. Casnati, Covers of algebraic varieties II. Covers of degree 5 and constructions of surfaces, Journal of Algebraic

Geometry 5 (1996), 461-477.

, Covers of algebraic varieties I1I. The discriminant of a cover of degree 4 and the trigonal construction,

Transactions of the American Mathematical Society 350 (1998), no. 4, 1359-1378.

W. Castryck, G. Vermeulen, and Y. Zhao, Scrollar invariants, syzygies and representations of the symmetric

group, Journal fiir die reine und angewandte Mathematik (Crelles Journal) 796 (2023), 117-159.

V. Chiche-lapierre, Length of elements in a Minkowski basis for an order in a number field, University of Toronto,

2019. thesis, http://blog.math.toronto.edu/GraduateBlog/files/2019/06/val_chichelapierre_thesis.pdf.

168



(15]

(16]

(17]

(18]

19]

20]

21]

(22]

23]

(24]

(25]

[26]

27]

(28]

[29]

(30]

(31]

32]

(33]

(34]

S. D. Cohen, The Distribution of Galois Groups and Hilbert’s Irreducibility Theorem, Proceedings of the London

Mathematical Society s3-43 (1981), no. 2, 227-250.

H. Cohen, F. Diaz y Diaz, and M. Olivier, Enumerating quartic dihedral extensions of Q, Compositio Mathematica

133 (2002), 65-93.
H. Davenport, On a principle of Lipschitz, Journal of the London Mathematical Society 26 (1951), 179-183.

B. N. Delone and D.K. Faddeev, The theory of irrationalities of the third degree, Vol. 10, Translations of Math-

ematical Monographs, 1964.

A. Deopurkar and A. Patel, The Picard rank conjecture for the Hurwitz spaces of degree up to five, Algebra &
Number Theory 9 (2015), no. 2, 459 — 492.

J.H. Evertse and K. Gyéry, Discriminant Equations in Diophantine Number Theory, Cambridge University
Press, 2016.

D. Fess, Binary Forms, Quintic Rings and Sextic Resolvents, Princeton University, 2022. thesis, http://arks.

princeton.edu/ark:/88435/dsp01xd07gw83d.

F. Hess, Computing Riemann—Roch Spaces in Algebraic Function Fields and Related Topics, Journal of Symbolic

Computation 33 (2002), 425-445.
M. Hindry and J. Silverman, Diophantine Geometry, Springer, 2000.

E. Holmes, On the shapes of pure prime degree number fields (2022). preprint, https://arxiv.org/abs/2209.

10638.

A. Maroni, Le serie lineari speciali sulle curve trigonali, Annali di Matematica Pura ed Applicata 25 (1946),

no. 1, 341-354.
J. Nakagawa, Binary forms and orders of algebraic number fields, Inventiones Math 2 (1989), 219-234.

A. Ohbuchi, On some numerical relations of d-gonal linear systems, Journal of Math, Tokushima University 31

(1997), 7-10.

A. Patel, The geometry of the Hurwitz space, Harvard University, 2013. preprint, https://dash.harvard.edu/

bitstream/handle/1/11124835/Patel_gsas.harvard_0084L_10901.pdf.

C. Peikert and A. Rosen, Lattices that Admit Logarithmic Worst-Case to Average-Case Connection Factors,

Proceedings of the thirty-ninth annual ACM symposium on theory of computing, 2007, pp. 478-487.

S. Recillas, Jacobians of curves with a gi are Prym varieties of trigonal curves, Boletin de la Sociedad Matematica

Mexicana (1974), 9-13.
C. L. Siegel, Lectures on the Geometry of Numbers, Springer-Verlag, 1989.

D. Terr, The distribution of shapes of cubic orders, University of California, Berkeley, 1997. thesis, https:

//www.proquest.com/docview/304343539.

M. M. Wood, Quartic Rings Associated to Binary Quartic Forms, International Mathematics Research Notices

2012 (2011), no. 6, 1300-1320.

Y. Zhao, On sieve methods for varieties over finite fields, University of Wisconsin, Madison, 2013. thesis, https:

//www.proquest.com/docview/1440406524.

169



