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Abstract

In this thesis, we present some results about (1, 1)-knots and L-space conjecture. In
particular, we prove that (1) L-space twisted torus knots of form T;:Z; ,, are closures
of 1-bridge braids; (2) the L-space conjecture holds for the L-spaces obtained from
Dehn surgery on closures of iterated 1-bridge braids, and for 3-manifolds obtained
from Dehn fillings on the hyperbolic Q-homology solid torus v2503; (3) there are

infinitely many (1, 1)-knots which are topologically slice but not smoothly slice.
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Chapter 1

Introduction

The purpose of the thesis is to present some works [38], 39] of the author on (1, 1)-knots
and the L-space conjecture.

The L-space conjecture is a conjectural relation of having the simplest Heegaard
Floer homology (that is, being L-spaces), the left-orderability of their fundamental
groups and the existence of taut foliation for irreducible rational homology 3-spheres.
The existence of taut foliation is a central open problem in the foliation theory of 3-
manifolds, and if this conjecture holds true, we will have a group theoretic criteria and
a Heegaard Floer homological criteria for the taut foliation condition. While the L-
space conjecture is verified for geometric non-hyperbolic 3-manifolds, 2-fold branched
covers of non-split alternating links and graph manifolds, there are still many 3-
manifolds for which the problem is open. A general way to construct 3-manifolds is
via Dehn surgery.

(1,1)-knots are knots which admit (1, 1)-decompositions in S®. They are defined
with a compatible Heegaard splitting of S® of genus 1. As a result, the knot Floer

homology of (1, 1)-knots is arguably the simplest to compute.



On one hand, nontrivial knots which are closures of 1-bridge braids are (1,1) L-
space knots, which means the Dehn surgeries yield many L-spaces for which we can
test the L-space conjecture.

In Chapter , we will prove that the L-space twisted torus knots of form T;l):Z;; 11
which form another widely studied family of (1,1) L-space knots, are closures of
1-bridge braids.

In Chapter |3 we will prove that the L-space conjecture holds for the L-spaces
obtained from Dehn surgery on closures of iterated 1-bridge braids.

In Chapter [ we will prove that the L-space conjecture holds for 3-manifolds
obtained from Dehn fillings on the hyperbolic Q-homology solid torus v2503 using
the same technique as in Chapter [3]

On the other hand, in Chapter [5, we will use the Alexander polynomial and the
7 invariant from knot Floer homology to prove that infinitely many (1, 1)-knots are

topologically slice but not smoothly slice.

1.1 L-space conjecture

1.1.1 Heegaard Floer homology and knot Floer homology

The Heegaard Floer homology is a collection of 3-manifold invariants constructed
by combining the ideas of Heegaard splitting and pseudo-holomorphic disk counting.
The knot Floer homology is a closely related collection of knot invariants. Among all
different versions, the hat version HF and HKF are the simplest. A basic construc-
tion of HF and HKF by multi-pointed Heegaard diagrams can be found in Section
2 in Récz’s thesis [45]. As defined in [42], the 7 invariant is the least integer m with

non-trivial induced map

H.(F(K,m)) — H.(CF(S%))
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where the chain complex 6’?(53) and the subcomplex F (K, m) C 6’?7(5’3) generated
by intersection points with Alexander grading less than or equal to m are defined in
the construction of Heegaard Floer homology and knot Floer homology.

For the Heegaard Floer homology HF of a rational homology 3-sphere, the fol-

lowing relation was proved.

Theorem 1.1.1. For a rational homology 3-sphere Y, we have X(ﬁ]\T(Y)) =
|H1(Y;Z)].

In particular, for a rational homology 3-sphere Y, the rank of HF (Y) is at least
|H1(Y;Z)|. We define the L-spaces as the rational homology 3-spheres with minimal

Heegaard Floer homology in the following sense.

Definition 1.1.1. An L-space is a rational homology 3-sphere Y with the rank of
ﬁ(Y) equal to |H,(Y;Z)|.

Many L-spaces are constructed via Dehn surgery, so we define the L-space knots

as follows.

Definition 1.1.2. A (positive) L-space knot is a knot K in S® such that there exists

a positive Dehn surgery along K which yields an L-space.

For any knot in S3, the set of L-space surgery slopes is always an interval. More

specifically, the following theorem was proved in [24] [43].
Theorem 1.1.2. For any nontrivial L-space knot K in S3, the Dehn surgery along

K with slope § yields an L-space if and only if§ >29(K)—1.

1.1.2 Taut foliations

In foliation theory, a codimension k foliation F of an n-manifold M" is defined as

follows.



Definition 1.1.3. A codimension k foliation F of an n-manifold M™ is a partition
of M™ into leaves { L }aca, such that, there exists a cover of M™ by open sets U; with
diffeomorphisms ¢ : U; — R™ sending each L, NU into a union of parallel copies of

the standard R* in R™.
Taut foliation is a foliation with the following property.

Definition 1.1.4. A taut foliation is a codimension one foliation F of a 3-manifold

Y such that there ezists a transverse circle intersecting every leaf L, (o € A).

There are also other equivalent topological and geometric formulations of tautness.
Having a taut foliation restricts the topology of the 3-manifold. For a long time,
mathematicians wonder what exactly the restriction is. Later it was proved that

[3, 31, [40] an L-space does not admit co-orientable taut foliations.
Theorem 1.1.3. L-spaces do not admit co-orientable taut foliations.

However, the converse of Theorem remains open.

1.1.3 Left orderable groups

The left-orderability is a combinatorial property of groups defined as follows.

Definition 1.1.5. A left order < on G is a total order which is invariant under left

multiplication, that is, g < h implies fg < fh for any f,g,h in G.

Definition 1.1.6. A left orderable group G is a nontrivial group which admits a left

order.

Note that the trivial group is not left orderable, which is intentional.

The studies of left-orderable 3-manifold groups brings interests among topologist
after the works [b] of Boyer, Rolfsen and Wiest. Later Boyer, Gordon and Watson
conjectured [47] that an irreducible rational homology 3-sphere is an L-space if and

only if its fundamental group is not left-orderable.
4



1.1.4 Formulation of the L-space conjecture

Combining the conjectures in Section[I.1.2]and in Section [I.1.3] we have the following

L-space conjecture.

Conjecture 1.1.1. For an irreducible rational homology 3-sphere Y, the following

statements are equivalent,
(a) Y is an L-space;
(b) m(Y) is not left orderable;
(¢) Y does not admit a co-orientable taut foliation.

Boyer, Gordon and Watson also proved that [47] Conjecture holds for geo-
metric, non-hyperbolic 3-manifolds and 2-fold branched covers of non-split alternating

links.

1.2 Definition and basic properties of (1,1)-knots

The following definition of (g, b)-knot is from [14].

Definition 1.2.1. A knot K in S* is called a (g,b)-knot, if there is a Heegaard
splitting S® = Uy U U, of genus g, such that each of K N Uy and K NU; consists of b

trivial arcs.

By definition, the (0, b)-knots are the b-bridge knots. So the (1, 1)-knots can be
seen as 1-bridge knots on the standard torus. All 2-bridge knots and torus knots are
(1, 1)-knots.

For a (1,1)-knot K, the intersection of K and the standard torus consists two
basepoints w and z. The information we need to determines the knot is the trivial
arcs connecting w and z inside and outside the standard torus. However, knowing

how to embed the two trivial arcs on the standard torus is more than enough. The
5



meridian disks of the 1-handles inside and outside the standard torus which does not
intersect K determines the knot K. The boundary of the meridian disks are called
the o curve and the 3 curve. A torus with a pair of basepoints w and z and a pair of
curves v and (3 on it, is called a (1, 1)-diagram, if a and g are embedded closed curves
on the complement of {w, z} and have the algebraic intersection number +1. We can
use four parameters to specify a (1,1)-diagram or a (1, 1)-knot, which is called the
Rasmussen’s notation K (p,q,r,s), as in [44].

The general methods of computing the knot groups and knot Floer homology of
(1,1)-knots are discussed in Subsection 3.4.2 and Section 3.5 in Récz’s thesis [45]
respectively.

Given a (1,1)-knot K = K(p,q,r,s), we can find [19] the boundary operator of
the chain complex CFK* (53, K). Moreover, the 7 invariant can be found as it only

relies on CFK™ (5% K).

1.3 Main results

1.3.1 Families of (1,1) L-space knots

The 1-bridge braids are defined as follows. They are also called Berge-Gabai knots.

Definition 1.3.1. A (positive) 1-bridge braid in S* x D? is a positive braid isotopic
to a union of two arcs yUd, where v C 9(S* x D?) transverses to each meridian, and

the bridge o is properly embedded in some meridional disk D.

Alternatively, we can equivalently [I7] define the 1-bridge braid as the braid

B(w, t,b) represented by the word

(UbUb—l e '0201)(0w—10w—2 T 0201)t



on w strands, where 0 < b < w — 2 and t > 1, given that the braid is a knot, rather
than a link.

By definition, closures of 1-bridge braids are (1,1)-knots. It was shown [22] that
they are also L-space knots.

In the literature, another family of (1,1) L-space knots was studied extensively.

To define this family, we first define the twisted torus knots as follows.

Definition 1.3.2. A twisted torus knot T]ﬁzg” is the knot obtained from the (p, q)-torus

knot by twisting | strands m full times.

Alternatively, we can equivalently define the twisted torus knot T]é:;” as the closure

of the braid

(01—101—2 T 0201)lm(0p—10p—2 T 0201)q

on ¢ strands. For positive integers p, k,l,m with 0 < [ < p, Vafaee proved that [50]

the twisted torus knot T;:Z; 1, is an L-space knot if and only if
(a) l=p—1,o0r
(b)) m=1and =2, or
(c) m=1landl=p-—2.

In addition, he proved that T;:Z;ﬂ is a (1, 1)-knot in the above cases.

The (—2,3,2n + 1)-pretzel knots with n > 3 and their mirror images are the only
hyperbolic L-space knots among all Montesinos knots by [2]. These knots lie in the
family of L-space twisted torus knots T;ZZ; 4, Explicitly, the (—2,3,2n + 1)-pretzel

2,n—2

knot and the twisted torus knot 735"~ are the same.

In Chapter 2] we will prove the following theorem.

Main Theorem 1. If one of the following conditions holds for the positive integers

p,q, l7 n,



(a) ¢g>1+1=np,

(b) q =1 divides n, and ged(p,q) = 1,

(¢c) l=n=2 and ged(p,q) =1,

(d) l=n=p—2and q=kp=L1 for some positive integer k,

then there exist integers w,t,b with 0 < b <w —2 and t > 1, such that the closure of

the braid

n q
01-10]— 0920 Op—10p— 090
( 1—101-2 2 1) ( 1Vp—2 2 1)

and the closure of the braid
(UbUb—l e '0201)(0w—10w—2 T 0201)t

represent the same oriented link in S3.

In particular, all the (1,1) L-space knots constructed in this section are closures

of 1-bridge braids.

1.3.2 Non-left-orderability for 1-bridge braids

A number of research papers [6], 8, 27, 28, 30, [36, 37, [48] have been devoted to study
non-left-orderable surgeries on subfamilies of the L-space twisted torus knots T ;:Z; 11
Recently, Tran proved [49] that the fundamental group of the manifold obtained by

Dehn surgery on an L-space twisted torus knot of form T;:Z; 4, with slope at least

Zg(TZi:Z; +;) — 1 is not left orderable. Combined with Theorem [1.1.2) and Theorem

[[.1.3) Tran’s result verifies the L-space conjecture for the L-spaces obtained from
Dehn surgery on twisted torus knots of form T;:Z; 11

As for 1-bridge braids, Liang proved [33] that if

(a) t =1+ mw and b= 2k, or



(b) w=2n+1,t=2n—1+ mw and b = 2k, or
(c) w=2n,t=2n—2+mw and b =2k — 1,

then fundamental group of the manifold obtained by Dehn surgery on the closure of
B(w, t,b) with slope at least wt 4+ b — t is not left orderable.

In Section [3.4] we will prove the following theorem.

Main Theorem 2. The fundamental group of the manifold obtained by Dehn surgery
on the nontrivial knot K which is the closure of a 1-bridge braid B(w,t,b) with slope

§ > wt+b—1t—w is not left orderable.

As the surface obtained by applying Seifert’s algorithm to a positive diagram is a
minimal genus Seifert surface [10], the genus of K equals %(#crossings — #strands +
1) =3((w—1)t+b—w+1). So we have wt+b—t —w = 2g(K) — 1. Therefore, Main
Theorem [2] generalizes Tran’s result on L-space twisted torus knots of form T;:Z; 11
and Liang’s result on closures of certain 1-bridge braids. Combined with Theorem
and Theorem [I.1.3] the L-space conjecture holds for the L-spaces obtained from
Dehn surgery on closures of 1-bridge braids.

Let us list some approaches of proving the non-left-orderability in the literature.

1. Brute force search in possible left orders — Whenever we find a selected ele-
ment for which we cannot decide its positivity, we consider the problem in two
scenarios, in one we assume the element is positive, in the other we assume it
is negative. See [I] as an example of extensive use of brute force search. For
any finitely generated non left orderable group, the brute force search always

terminates and produce a proof of non-left-orderability [9].

2. The fixed point method — It is known that [25] a countable group is left or-
derable if and only if it acts on the real line by orientation preserving homeo-

morphisms without global fixed points. For a certain element k in the group, if
9



there exists a real number s fixed by k, then we try to prove that s is a global
fixed point; otherwise, all conjugates of k have the same sign. See [27, [49] for

example.

3. [8, Theorem 2.1] gives a criteria to deduce the non left orderability of (M (2))
from the signs of A% and p”' A" where 2 < & < 2 under certain conditions.
This theorem is used to derive the non left orderability of a two-parameter

family of groups.

4. For a Seifert fibred space M, one can construct [5] a horizontal foliation on M
from the representation 71 (M) — Homeo™ (R) under certain conditions. Since
it is known [15], 29 35] which Seifert bundles admit horizontal foliations, one

can derive the non-left-orderability of m (M).

To prove Main Theorem [2, we make full use of the second technique as follows.
Assume the theorem does not hold. First, we find an element k£ in the group which
represents a self-homeomorphism on R without fixed points. By continuity, the self-
homeomorphism is pointwise greater than or pointwise less than the identity map.
Naturally, we define the pointwise partial order < on the set of self-homeomorphisms,
or equivalently, on the group with a left order, then the partial order < is invariant
not only under left multiplication but also under right multiplication.

Suppose k represents a self-homeomorphism which is pointwise greater than (resp.,
pointwise less than) the identity map, by k we generate a subset of the left orderable
group, which is closed under multiplication, conjugation and taking roots, and whose
elements have the same property. Then, this subset does not contain the identity
element. Equivalently, we take this subset as a positive cone to define a preorder <y
on the group. As < is an extension of <, (resp., the inverse of <), the preorder <y

has to be a partial order. However, we prove the negation.

10



Notice that the preorder <, does not depend on the choice of left order, but
only on the group element k. So our method is computationally lighter and more

human-readable than the first approach.

1.3.3 Non-left-orderability for iterated 1-bridge braids

Knot cabling is one way to produce L-space knots. By definition, the (p, q)-cable of
a knot K is the satellite knot P(K) with pattern P being the (p, ¢)-torus knot. The
(p, q)-cable of a nontrivial knot K is an L-space knot if and only if [24, 26] K is an
L-space knot and 1 > 2¢(K) — 1.

Hom, Lidman and Vafaee extended [34] the above result to the satellite knot
P(K) with pattern P being 1-bridge braid. They proved that, if the pattern P is the
1-bridge braid B(w,t,b) and the companion K is nontrivial, then the satellite knot
P(K) is an L-space knot if and only if K is an L-space knot and £ > 2g(K) — 1.
(The formula in the original paper is b:# >29(K)—1. As0<b<w-—2and w,tb
and g(K) are integers, it is equivalent to the formula here.) They also proved that
if the pattern P is a negative braid, then the satellite knot P(K) is not a (positive)
L-space knot.

Clay and Watson introduced [7] the concept of r-decayed knots. Then they proved
that the (p, ¢)-cable of an r-decayed knot is pg-decayed if % > r, and that sufficiently
positive surgeries on decayed knots yield manifolds with non-left-orderable fundamen-
tal groups. The decayed knots were defined as follows to relate the left orders on the
knot group and the left orders on the fundamental group of the manifold obtained by

Dehn surgery.

Definition 1.3.3. For a nontrivial knot K with i and X\ representing a meridian and
a longitude in the knot group, we say K is r-decayed, if for any positive cone P in

the knot group, either PN S, = S, or PN S, =0, where S, is the set {up)\q|§ > r}.

11



As an analog of the concept of decayed knots, we define the property (D) for

nontrivial knots as follows.

Definition 1.3.4. For a nontrivial knot K with v and X\ representing a meridian and

a longitude in the knot group, we say K has property (D) if

(a) for any homomorphism p from m(S®\ K) to Homeo, (R), if s € R is a common
fized point of p(p) and p(N\), then s is a fived point of every element in m (S*\K),

and,

(b) v is in the root-closed, conjugacy-closed submonoid generated by p29 =N and

-1

I

Two major differences between our definition of property (D) and the definition

of decayed knots are the follows.

1. In the viewpoint of fixed points, there is a common condition on left orders
on the fundamental groups of the manifolds obtained by all nonzero surgeries,
but not on left orders on the knot group: p(u) and p(A) have the same set of
fixed points. Without referring to the homomorphism p, the condition can be
rewritten as, for any element g, we have ug < ¢ if and only if ¢ < Ag if the
surgery slope is positive, and pg < g if and only if A\g < g if the surgery slope

is negative.

2. We impose our condition on a preorder instead of the set of left orders. One
technical difficulty of using the left orders is that they are total orders, so the
relation between left orders on the knot group and left orders on the fundamental

group of the manifold obtained by Dehn surgery is complicated.

If a knot K has property (D), we will prove that the fundamental group of the

manifold obtained by Dehn surgery on K with slope %’ > 2g(K) — 1 is not left

12



orderable. Combined with Theorem and Theorem [I.1.3] the L-space conjecture
holds for the L-spaces obtained from Dehn surgery on knots with property (D).

The following theorem is slightly stronger than Main Theorem [2 We only need to
work in the knot group, instead of the fundamental group of the manifold obtained

by Dehn surgery.

Main Theorem 3. Nontrivial knots which are closures of 1-bridge braids have prop-

erty (D).

The purpose of defining decayed knots was to prove the non-left-orderability for
L-space cable knots. Likewise, the purpose of defining property (D) is to prove the
non-left-orderability for L-space satellite knots with 1-bridge braid patterns.

In Section [3.5] we will prove the following theorem by utilizing an element without

fixed points.

Main Theorem 4. Let the pattern P be a 1-bridge braid B(w,t,b), and the compan-
ion K be a nontrivial knot with property (D). Suppose that £ > 2g(K) — 1, then the

satellite knot P(K) has property (D).

Combining Main Theorem [3] and Main Theorem [}, we can generate many knots
with property (D), which we may call them L-space iterated 1-bridge braid knots.
In particular, the L-space iterated torus knots have property (D). It is known that
[21] surgeries on iterated torus knots always yield graph manifolds, and that [4, 23]
a graph manifold has a non-left-orderable fundamental group if and only if it is an
L-space. Historically, the proof of the if part used the fourth method listed in Section
[1.3.2] and the third approach was also exercised [32] on certain pairs of (p,¢)-cable

knots of torus knots.
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1.3.4 Non-left-orderability for 12503

Culler and Dunfield [I2] found that every non-longitudinal Dehn filling on the hy-
perbolic Q-homology solid torus v2503 is an L-space, and suggested the readers to
prove that every Dehn filling on v2503 yields a manifold with a non-left-orderable
fundamental group. Varvarezos [51] proved that, for a certain homological framing,
the fundamental group of the manifold obtained by Dehn filling on v2503 with slope
£ < —1is not left orderable.

In Section [4.1] we will extend the result to every Dehn filling on v2503 also by

utilizing an element without fixed points.

Main Theorem 5. The fundamental group of an manifold obtained by Dehn filling

on v2503 is not left orderable.

Combined with Theorem [I.1.3] the L-space conjecture holds for the 3-manifolds
obtained from Dehn filling on v2503.

Motivated by these results, we speculate that the existence of a specific element
without fixed points could be a key step to prove the non-left-orderability for funda-
mental groups of L-spaces obtained by Dehn surgeries. The author wonders whether

the following statement holds.

Conjecture 1.3.1. Let K be an L-space knot. Let p and X\ represent a meridian and
a longitude in the knot group. Then there exists an element k in the knot group, such
that for any homomorphism p from 7 (S®\ K) to Homeo,(R) without global fized
points, if p(u) and p(\) have the same set of fized points, then p(k) does not have

fixed points.
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1.3.5 (1,1)-knots which are topologically slice but not

smoothly slice

The smooth (resp., topological) slice genus of a knot K is the minimal genus of a con-
nected, orientable 2-manifold smoothly (resp., locally flatly) embedded in the 4-ball
D* whose boundary is the knot K. A knot K is called smoothly (resp.,topologically)
slice, if its smooth (resp., topological) slice genus is zero. While it is known that
[20] there exist infinitely many topologically slice knots which are not smoothly slice,
we prove that it is still true if we restrict the knots to be (1,1)-knots, which was a
conjecture proposed in Récz’s thesis [45]. In other words, we are going to prove the

following theorem.

Main Theorem 6. There are infinitely many (1,1)-knots which are topologically

slice, but not smoothly slice.

To prove Main Theorem [6] we will construct a one-parameter family of (1, 1)-knots
K, (n=0,1,...) as a valid example.

In Section [5.1] we construct the family of knots and prove they are indeed (1, 1)-
knots by deriving the (1, 1)-diagrams for them.

In Section |5.2] we compute the knot Floer homology of each K,,. Then we prove
these knots have trivial Conway polynomials, and therefore are topologically slice.

In Section [5.3] we first compute the 7 invariant of K,. By certain inequalities for
7 invariants in [42], we prove the 7 invariant and the smooth slice genus of each K,
are 1, and therefore these knots are not smoothly slice.

The pictures of knots are generated by the software KnotPlot [46].
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Chapter 2

L-space twisted torus knots of form

Thm ppt] are closures of 1-bridge

braids

2.1 Main Theorem [1]

In the subsequent sections, we will prove the following theorem algebraically using

the Markov braid theorem.

Theorem 2.1.1. If one of the following conditions holds for the positive integers

p:q,l,m,
(a) ¢>1+1=p,
(b) q =1 divides n, and ged(p,q) =1,
(¢c) l=n=2 and ged(p,q) =1,

(d) l=n=p—2and q=kp=L1 for some positive integer k,

16



then there exist integers w,t,b with 0 < b <w —2 and t > 1, such that the closure of
the braid

(Ul—lUl—2 te 0201>n(0p—10p—2 e 'UZUl)q

and the closure of the braid
(ob0p1 - 0201 ) (001002 - 0201)t

represent the same oriented link in S3.

In particular, the following corollary follows directly from Theorem [2.1.1] and

Vafaee’s result [50].

Corollary 2.1.1. L-space twisted torus knots of form T;:Z;ﬂ for positive integers

p, k. l,m with 0 <[ < p are closures of 1-bridge braids.

2.2 Braid group identities

For any positive integer m, let 7, denote the word o,,0,,_1 - - - 01, and let II,, denote
the word mymy - - - m,,. As II,, denotes the half twist on the first m — 1 strands and
7+ denotes the full twist on the first m — 1 strands, we have

m—+1 __ 2
m =117 .

We also have

m+1l _ _m+1

O;T ;

and

UiHm = Hm0m+1—i

for each integer ¢ with 1 <i < m.

17



For each integer ¢ with 1 <7 <m — 1, we have

OiTm = 0i(OmOm_1 - 01)
= (OmOm_1- " 012)(0:01410;) (041049 - 07)
= (OmOm-1-+042)(0:310:0141) (01042 - - 01)
= (OmOm—1-""01)0i11

= Tm0i+1-

Then we have

T, = T (OOt - - 1)
— O'm_lﬂ'm(o'm_lo‘m_Z e 0-1)

= (Um—10'm_2)7Tm(O'm_20‘m_3 . e 0—1)

= (Jm—lam—Q T 0—1)7Tm01
= Tm—-1Tm01,

and

OmT o = O Tm—1Tm01

_ 2
= T,,01.

For a positive integer s with 2 < s < m, we have

2

»

T = ﬂ-mflﬂ-malﬂ-rs{

_ 2 s—3
= 7Tm_17Tm0'27Tm

18



= Mm—1T,, Os—1.

Then we have

= L mm(o1og - 0e_1).

2.3 Condition (a) and condition (b)

By Markov braid theorem, the closure of two braids f and ¢ represent the same
oriented link if and only if one can be transform into another by a sequence of Markov
moves. In this case, we say f ~ g.

Suppose that t < b < w — 1, then we have

t t—1
TpTy—1 = 7Tb7Tw—27Tw—1(0102 s 'Ut—l)

~ Tyl (o109 0y_q)
= My, _yTw2(0102 - - 0p_1)?
~ il s(o109 -0y q)?

~ m (Gyoy oy g

t+1 w—b—1

~ 7Tt (0'10'2 e O't)b_t(0'10-2 oo Ut—l)
~ Lt (o0 - 0) ooy - -0y

b+1

= (O-to-t—l e O_Z)w—b—l
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_ _b_w—-b-1
=m/ T T

~ b
When ¢ > [+ 1 = p, we have 7 7} | = 7} o7} | ~ Wq—lﬂﬁjﬂlzfl- Therefore
Theorem holds with condition (a).
When ¢ = [ divides n and ged(p, ¢) = 1, by definition, the twisted torus knot T; K

is the torus knot 7,4, 4. So Theorem holds with condition (b).

2.4 Condition (c)

If p = 2, then the twisted torus knot T; qu is the torus knot 75 ,45. If ¢ = 1, then the
twisted torus knot T ]i 11 is the torus knot T5 3. If ¢ = 2, then the twisted torus knot
T2} is the torus knot T,i2,2. SO we assume p,q > 3.

D,2

We prove the following elementary number theoretic lemma.

Lemma 2.4.1. Suppose p,q > 3 are coprime positive integers. Let x be the multi-
plicative inverse of p modulo q with 0 < x < q, and y be the multiplicative inverse of

q modulo p with 0 <y <p. Thenx < 4 ory < L.

Proof. The integer 2pq — pxr — qy + 1 is a multiple of p and a multiple of ¢, so
2pq — pr — qy +1is a multiple of pg. If I <2 <g—1and § <y <p—1, as either
T > q;r—l ory > ’%1, we have 0 < p+q+1 < 2pg—xq—yp+1 < pq—% min(p, q)+1 < pg,

which is a contradiction. O

For each integer i,j with 1 <i,j5 <p—1and j =i+ ¢ (mod p), we have

ol =7, o mi]
ihp—1 — p—1Vi+17p 1

_ 2 ) q
- 7rp— 1 O-H-Qﬂ-pfl
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__kp—1—t
=Ty 4

q—(kp—1—i)

kp+1—i —(kp+1—i
p+ Zamq (kp )

p—1

If there exists a multiplicative inverse y of ¢ modulo p with 0 < y < £, then
1+ sq # 0 (mod p) for s = 1,2,...,y — 1. Therefore there exists a sequence 1 =
ig, 11,92, ..., 1, = 2such that iy = i,_1+¢ (mod p)fors =1,2,...,yand 3 < iy < p—1

fors=1,2,...,y — 1.

2_q _ 4
O\ Tp_1 = 0104, 1
_ a
= 01T, 104,
, q
~ 0 01T,

— q
= 0-10-1’17Tp71

Suppose that a multiplicative inverse z of p modulo ¢ satisfies 0 < x < 1. By

definition, the twisted torus knot 77, is the twisted torus knot T72'. So we have

2_4q 2P
p

Therefore Theorem holds with condition (c).
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2.5 Condition (d)

Since we have

p—2__kp+1 __

p—

37'('

-1

5 gﬂkp?(%ﬂap% "+ 02)
(0p—20p—3 - 'Uz)ﬂfo) gﬂkp?
Tp— 27T gﬂp 47Tka1rl
Tp—oT)_ ;17Tkp+1(ap_3ap_4 e 09)
(0p—30p—a- - 02)Tp om," éﬁkpﬂ
Tp—2(0p—20p_3 - 03)T)_ gﬁkpﬂ
7T;2: 2T gﬂp 57Tkarl
LA

Theorem with condition (a) implies Theorem with condition (d) and ¢ =

kp+ 1.

By definition, the twisted torus knot Tp

we have

~

71'

Tp

p—2_p
—3Tkp—2

p—3

(Uzp—302p—4 “Op+l

p—3
Tp—3 (02p—302p—4 o

p—3
Tp—3 (O'kpfSUkpféL T

7T

p—3
37Tkp 2

(Up 20p-3"

22

1 is the twisted torus knot

p
—37Tkp72(02p—302p—4 e Opi)

p—3,p
)ﬂ—p—37rl<:p72

P
'O—P+1)7Tkp—2

p
U(k_l)P+1)7Tkp—2

- 09).

p—3,1
Tkp 1,p’

SO



As in the case with condition (d) and ¢ = kq + 1, we have

kp—
p—1

p—2
p—3

1
~ T

~J

N’ﬂ'

p—2

p— 37Tkp 2

p—3,_p
p—3Tkp—2

p—3,_p
—2Tkp—2-

(Up—2‘7p—3 o

.02)

If £ =1, then the closure of the braid is a torus knot.

Suppose that k£ > 2. As in the case with condition (a), we have

p—2
-3

~Y

Tp

~Y

~Y

p3p
p27Tkp2

p—3_Dp
p—2 7T-/§p—3

p—3_D
p—2Tkp—4

p—

<0'10'2 oo

<0'10'2 ...

0p-1)

Up—1)2

~ T

p—

= T

p—

= T

p—

= T

p—

=T

2p—4
2

2p—4
2

2p—4
2

2p—4

3_p
5T (o109 -

. O-p—l

M1 (0102 - 0y

Tp—1 (Hp—lﬂp—lnp—l

7Tp_1Hp 17Tz()k 1)pH_

TN § Y | il ¥

)(k—l)p—l

k—1)p

1 )(k—l)p

p—2

2p—4 Z(k 1)
=T, o Tp—11L"

2p—4_ (k-1
D 7T(

)p+1
2 "p—1 :

7Tp_

Theorem with condition (a) implies Theorem with condition (d) and ¢ =
kp — 1.

Therefore, Theorem [2.1.1] is proved.
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Chapter 3

Non-left-orderability for iterated

1-bridge braids

3.1 Knot group of 1-bridge braids

In this section, we compute the knot group of a 1-bridge braid.

Let B(w,t,b) be a 1-bridge braid in S* x D?. The meridional disk D of the solid
torus S' x D2, the arc « and the bridge § are explained in the definition of 1-bridge
braid in Section[L.3.1] Let the solid torus S* x D? lie in the interior of a slightly larger
solid torus N(S! x D?). Then the knot group of B(w,t,b) is m (N (S x D?)\ (yUJ)).

The bridge 0 divides D into two oriented embedded disks D, and D,,, where «y
intersects 0D, positively in b points, and 7 intersects 0D, positively in w — b — 1
points. The fundamental group of (S* x D?)\ § is the free group generated by z and
y, where x represent a loop which intersects D, positively once and does not intersect
D,, and y represent a loop which does not intersect D, and intersects D, positively

once.
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The space N(S' x D?)\ (S' x D?) is homotopy equivalent to a torus, so its
fundamental group is Z x Z, generated by a meridian r, and a longitude ry of N(S* x
D?) in the knot group.

The space (S* x D?)\ § is a genus two handlebody, so its fundamental group is
freely generated by two elements x and y, where x represents a curve in (S* x D?)\ §
which intersects D, positively once and does not intersect D,, and y represents a
curve in (S' x D?)\ § which intersects D, positively once and does not intersect D,.

The space 9(S* x D?) \ v is homotopy equivalent to a punctured torus, so its
fundamental group is freely generated by two elements, which represent a homotopical
meridian and a homotopical longitude of S' x D? which does not intersect the arc 7.
In particular, the inclusion map 9(S' x D?)\ v = N(S* x D?)\ (S' x D?) induces
an epimorphism in fundamental groups.

The knot complement N (S x D?)\ (yU4d) can be obtained by gluing (S* x D?)\ §
with N(S* x D?)\ (S! x D?) along 9(S' x D?)\ 7. By Seifert-van Kampen theorem,
the knot group of B(w,t,b) is generated by z and y, with a relation r,ry = ryr,,
where 7, and 7, are elements generated by x and y, which represent a homotopical
meridian and a homotopical longitude of S' x D? which does not intersect the arc 7,

i.e., we have

T (N(S' x D)\ (YU d)) = (@, ylrura = rary, 1w = (@, y),7a = ra(z,y)).

By definition, the element

represent a meridian of B(w,t,b).
To find the functions r,(z,y) and r\(z,y), we first consider a meridian and a lon-
gitude of S x D%, Assume that the meridian intersects the arc v in w points, namely

Q1,Q2,...,Q.,, and it does not intersect dD. Assume that the longitude intersects
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0D, positively once and then intersects the arc v in ¢ points, namely P, P_1,..., P
in order. Then, we isotope the curve so that the intersection points Q1,Qs,...,Q,
and P, P,_1, ..., P, move in the positive direction of the arc v past its endpoint. The
resulting curves are represented by 7, and 7).

Let Py be the starting point of the arc . For each integer ¢ with 0 < ¢ < ¢
(resp., each integer j with 1 < j < w), in the process when the crossing point F;
(resp., ;) moves in the positive direction of the arc vy towards its endpoint, starting
from identity, each time the point goes past 0D, we right multiply the element by z,
and each time the point goes past 9D, we right multiply the element by y. Let the

resulting element be g; (resp., h;). Then we have

ru = (huphy ) (haphy ) - - (hophy'),
and
=y g ) g g h) - (g o)
Furthermore, we have the following properties.
1. g (1 <i<t)and h; (1 <j <w) are suffixes of go;
2. If i =5 (mod w), then g; = h;.

The longitude of B(w,t,b) is represented by A = ygou” for some integer k to cancel
out the linking number. In H; (N (S x D*)\ (vU§))/[r,], we have 0 = [ry] = [y] —t[u],
so [y] = t[u]. We also have [A] = [y] + [g0] + K[u] = bla] + (w = O)[y] + k[u] =

wly] + (k +b)[u] = (wt + k + b)[u]. So we have k = —wt — b. Therefore we have

A =ygop .
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3.2 Partial order <g, root-closed, conjugacy-
closed submonoid and preorder <;

In this section, we will define a few terms and prove relevant theorems to describe
our method of proving non-left-orderability.

Let G be a group with a left order <. We define a binary relation <. as follows.
Definition 3.2.1. For f,g € G, we say f < g when fh < gh for every h € G.
Then <¢ has the following properties.

Theorem 3.2.1. The binary relation <c s a partial order which is invariant under

left multiplication and right multiplication.

Proof. The reflexivity, transitivity and antisymmetry of < implies the reflexivity,
transitivity and antisymmetry of <c respectively. Therefore <. is a partial order.
Suppose f < g. By definition, fh < gh for every h € G. Because < is invariant
under left multiplication, we have h'fh < h'gh for every h',h € G. Because h is
arbitrary, we replace h with h”h to deduce that h'fh”h < h'fh"h for every h',h"” h €

G. By definition, h'fh"” <c h'fh" for every I/, ' € G. O
Theorem 3.2.2. Forn € N and f € G, if f" <¢ 1, then f <¢ 1.

Proof. Suppose f* <o 1. Let g be an arbitrary element in G. By definition, we have
"9 <y

If g < fg, then f*g < f*1g for any integer k. Hence we have fg < f2g < --- <
f"g < g. Since we have fg < g if ¢ < fg, and < is a total order, we always have

fg < g. By definition, we have f < 1. O
Theorem 3.2.3. The total order < is a linear extension of <c.

Proof. By taking h = 1 in the definition of <., we have that f <, gimplies f < g¢g. [

27



We summarize the properties of its positive cone in the following definition.

Definition 3.2.2. The root-closed, conjugacy-closed submonoid M of G generated
by a set S is defined as the minimal subset of G containing S and identity, with the

following properties:
(a) If f,g € M, then fg € M;
(b) If f € M and g € G, then gfg~' € M;
(¢c) If n € Nt and f* € M, then f € M.

It was shown [25] that there exists a monomorphism p : G — Homeo, (R) without
global fixed points, such that f < g if and only of p(f)(0) < p(g)(0) for every
f,g € G. Suppose that, for some specific set Sy of elements g in G, we have proved
the homeomorphisms p(g) (g € Sk) are either all pointwise not less than the identity
map, or all pointwise not greater than the identity map. Then we define another

useful binary relation as follows.

Definition 3.2.3. For f,g € G, we say f <, g when f~'g is in the root-closed,

conjugacy-closed submonoid generated by the subset Sy of G.

Notice that < does not depend on the choice of the left order <, but only depend
on the generating set Si. The following two properties of <; are similar to Theorem

and Theorem [3.2.2] and they even do not rely on the existence of a left order.

Theorem 3.2.4. The binary relation <y is a preorder which is invariant under left

multiplication and right multiplication.

Proof. Let the root-closed, conjugacy-closed submonoid generated by S be M. My
has an identity element, so <y is reflexive. M}, is closed under multiplication, so <j

is transitive. Therefore <j, is a preorder.
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Suppose f <, g. When f and g are both left multiplied by an element, f~'g does
not change. So <j is invariant under left multiplication. When f and g are both
right multiplied by an element, f~'g changes to its conjugation. M, is closed under

conjugation, so <y is invariant under right multiplication. O
Theorem 3.2.5. Forn € Nt and f € G, if [ <y 1, then [ < 1.

Proof. Since a root-closed, conjugacy-closed submonoid is closed under taking roots,

the theorem holds. O

For a left orderable group G, the preorder <j has the following property, which is
similar to Theorem [3.2.3]

Theorem 3.2.6. For the group G with a left order < and a compatible monomorphism
p, suppose that the homeomorphisms p(g) (g € Sk) are either all pointwise not less
than the identity map, or all pointwise not greater than the identity map. Then the

partial order <o s either an extension of <, or an extension of the inverse of <.

Proof. If the homeomorphisms p(g) (¢ € Sk) are all pointwise not less than the
identity map, then for an arbitrary choice of h € G, we have p(gh)(0) = p(g)p(h)(0) >
p(g9)(0). By definition of p, we have gh > h for every g € Sy and h € G, that is,
g >c¢ 1 for any g € S. By Theorem and Theorem [3.2.2) h >¢ 1 for every h in
the root-closed, conjugacy-closed submonoid generated by S;. By taking h = f~1g,
we have that f <, g implies f <¢ g¢.

If the homeomorphisms p(g) (g € Sk) are all pointwise not greater than the

identity map, similarly we have that f <, ¢ implies g <¢ f. n

Corollary 3.2.1. With the conditions of Theorem[3.2.6], the preorder <y is a partial

order.
Proof. The antisymmetry of < implies the antisymmetry of <j. O
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3.3 Definition of property (D) and a relevant the-
orem

As in Section we define property (D) for nontrivial knots as follows.

Definition 3.3.1. For a nontrivial knot K with p and \ representing a meridian and

a longitude in the knot group, we say K has property (D) if

(a) for any homomorphism p from m(S3\ K) to Homeo, (R), if s € R is a common
fized point of p(i) and p(N\), then s is a fived point of every element in m (S®\K),

and,

is in the root-closed, conjugacy-closed submonoid generate X\ an
(b) p is in th t-closed jugacy-closed sub id g ted by 91N\ and

-1

1

Now we prove that property (D) implies the non-left-orderability.

Theorem 3.3.1. Suppose a nontrivial knot K has property (D), then the fundamental
group of the manifold obtained by Dehn surgery on K with slope § > 2g9(K) —11s

not left orderable.

Proof. Let G denote the fundamental group of the manifold obtained by Dehn surgery
on K with slope 2 > 2(K)—1. Let y and A represent a meridian and a longitude. Let
p: G — Homeo, (R) be a monomorphism without global fixed points. As a pullback
by inclusion, p induces a homomorphism from 7;(S% \ K) to Homeo, (R) without
global fixed points. Since p? = A~9, we have p(u)? = A(A)7%, so p(u) and p(A) have
the same set of fixed points. Because K has property (D), p(u) does not have fixed
points.

By continuity, either p(u) is pointwise greater than identity map or p(u) is point-
wise less than identity map. We define the preorder <; on G generated by . Since

1 = pPX? = pp~ (9t~ (y20)=1\ya > - (1 29K)=1\)a by Theorem [3.2.5, we have
30



p29E) =1\ <, 1. Since pt < 1,029 71X <, 1 and p s in the root-closed, conjugacy-
closed submonoid generated by p29)='X\ and p~!, we have p < 1. As p(u) is dif-
ferent from the identity map, we know p and 1 are different, but pu <, 1 and 1 < p.

Therefore < is not a partial order. By Corollary [3.2.1] G is not left orderable. [

3.4 Main Theorem [2 and Main Theorem 3|

In this section, we will prove the following two theorems.

Theorem 3.4.1. The fundamental group of the manifold obtained by Dehn surgery
on the nontrivial knot K which is the closure of a 1-bridge braid B(w,t,b) with slope

§ > wt+b—t—w is not left orderable.

Theorem 3.4.2. Nontrivial knots which are closures of 1-bridge braids have property

(D).

Let the nontrivial knot K be the closure of a 1-bridge braid B(w,t,b). The
fundamental group G, meridian p, longitude A are defined in the proof of Theorem

3.3.1] As in Section [3.1], the group G has a presentation

G = (z,y|ry,=1,uPA" = 1).

Before we prove the part (a) of the property (D), we establish a theorem which

serves as a step towards a global fixed point.

Theorem 3.4.3. Suppose p is a homomorphism from a group G to Homeo, (R). Let
g1, g2 be elements in G, g3 be represented by a word with alphabet {g1, g2} and at least
one letter g1, and g4 be represented by a word with alphabet {g;*, g2} and at least one
letter g; . If s € R is a common fized point of p(gs) and p(gs), then s is a fived point
of p(g1)-
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Proof. The element g3 is represented by a word with alphabet {g1, g2} and at least
one letter ¢g;, hence the first condition is that ¢; is in the monoid generated by
{g:%, 95", 93}. The element g4 is represented by a word with alphabet {g; ', go} and
at least one letter g; ', hence the second condition is that g; is in the monoid generated
by {91, 92,95}
Suppose that s is a real number with p(g3)s = p(g4)s = s.
If p(g2)s > s and p(g1)s > s, then by the first condition we have p(g)s
If p(g2)s > s and p(g1)s < s, then by the second condition we have p
If p(g2)s < s and p(g1)s > s, then by the second condition we have p
If p(g2)s < s and p(g1)s < s, then by the first condition we have p(g;)s

In all cases, we have p(g1)s = s. O
Now, we prove the part (a) of the property (D).

Lemma 3.4.1. For any homomorphism p from 71(S*\ K) to Homeo, (R), if s € R
is a common fized point of p(u) and p(N), then s is a fizved point of every element in

(S \ K).

Proof. Since s is a fixed point of p(xy™') = p(u) and p(ygy) = p(p“t™N) =
p(p)“p(N), and ygq is represented by a word with b letter 2’s and w — b letter y’s,
by Theorem [3.4.3, we have p(y)s = s. Since x = uy, we have p(z)s = s. Since G is

generated by x and y, s is a fixed point of every element in 7 (S5® \ K). O]

Then, we prove the part (b) of the property (D).

Let go=1,G1,.--,9u-1 = 90, Jw = ygo be all suffixes of the word ygy, ordered by
length. For each integer ¢ with 0 < ¢ < w — 1, suppose that g; appears b; times in
g1,92,---,G:. Let [ be the index with g, = ¢;.

We define the preorder < generated by p and (p29)=1X\)~! on the knot group

1 (S?\ K) = (z,y|ry = 1).
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Since xy~! = p, we have x >, y. For each 0 < i < w — 1, since §j41 = xg; or

Jix1 = Yg;, we have g;11 > yg;. Because r) = 1, we have

y = (g1197 ") (921295 ) - - - (gepagy V)

> (gupgy ) (Gipg; )"
for each integer ¢ with 0 < ¢ < w — 1 and ¢ # [. Therefore

Jit1 >k YGi

> giigy Gip

By applying the inequality (3.1)) for 0 <i <[ — 1, we have

g1 =G
. sl
>k (g11097 1)lgoﬂzzzo b
-1,
= quulgy =0,

1+ 1y,
gl zk‘ ILL +Zz:0 .

By applying the inequality (3.1)) for I + 1 <i < w — 1, we have

Ygo = Gu+1

w—l—1~ S b

>r (q1pgr ") Jiy1ft

w—l-1_—1~ w1y,
= gip 91 G ppi=

-1 -1
w0 b gy gy i P

gy Y

T
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Since 2g(K) — 1 =wt+b—t —w, have

ygo = p 0N

= (a0

Sk /,Lt+w.

: —1
Since > ., b; = t, we have

ygr <k g1

We first consider the case where t > b;. In this case, let I’ be an index with
0 <!l <w-—1and " # [ such that by > % > 0. There exists an integer j with

0 < j < b, such that

bl >y

gi1p
= (gigy (921095 ) -+ (gerigy Meon
N/ x a1 —1\b—j

>y (91097 ) (Gr gy ) (91097 )" 1

= g7 g1 ' Gupdy g,

which is

gyt >k Grudgy

Therefore

yar = (g1pegy ) (g21g5 ") - - - (gepg, ) gu

bl+bl/ ~

> (qrpgy ) gu

_ ~ ., bi+b
_gl/lul l/.
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Since gy is a suffix of gyygy, we have

G >k Grygo

>k Y ar

> gl,MW(szrbu)7

which is

luterfw(lerbl/) > 1. (32)
Furthermore, we have

t+w—wlbi+by) <t+w—wh+ (b —t—by)

< —(w — 1)(bl —_ 1)

IN

0.

Then we consider the edge case where ¢ = by, that is, y = (gipg; V)t = giptor

Because g; is a suffix of g1ygg, we have

g1 2k 91990
>k Y0
= (qietgr ) o

= g,

which is

u)H*OJ*wt Zk 1. (33)

The exponent is not positive if and only if ¢ > 1. Now assume ¢ = 1. Since K is not

trivial, we have b > 1 Because g¢; is a suffix of ¢1ygo, there exists an integer j with
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0 <j <w—1, such that

Gt >k 1yg0
>r vy g
= (gipgy Y w(grpgr ) o

= g1 97 g,

which is

Y 2k

Since x = py > 1%, we have

p >0 yge >k pe Tt > p (3.4)

In every case, we have reached a loop (3.2) (3.3) (3.4 in the preorder <;. By

the definition of <;, we can construct a computation tree where each leaf is 1,
or (u29F)=1)\)~1 each non-leaf node represents multiplication, conjugation or taking
roots, and the root node is 1. Furthermore, although there are many edge cases, we
leave it to readers to check that in all cases, 1 appears in the leaves at least once. Then
every node in the computation tree is in the root-closed, conjugacy-closed submonoid

generated by p and (p29)=1X\)~1. We prove the following statement.

Lemma 3.4.2. Every ancestor of a leaf p is in the root-closed, conjugacy-closed

submonoid generated by p=' and p29)=1\.

Proof. Use induction on the depth of the node. When the depth is 0, the node is the
root node, which is identity. Suppose that the lemma is proved for nodes of depth
d — 1, consider a node P of depth d. Then consider the parent of P, we have three
cases. First, suppose it is a multiplication node. Then P is the multiplication of its

parent and the inverse of its sibling. Since its parent is in the root-closed, conjugacy-
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(K)=1), and its sibling is in the root-closed,

closed submonoid generated by ;! and p29
conjugacy-closed submonoid generated by p and (p29)=1)\)~1 the statement is true
for P. Second, suppose it is a conjugation node. Then P is a conjugate element of its

parent. Therefore the statement is true for P. Last, suppose it is a taking root node.

Then P is a positive power of its parent. Therefore the statement is true for P. [

Corollary 3.4.1. p is in the root-closed, conjugacy-closed submonoid generated by

ptand 291N

Combining Lemma and Corollary [3.4.1], we proved Theorem [3.4.2]
Combining Theorem and Theorem |3.3.1, we proved Theorem [3.4.1]

3.5 Main Theorem (4

In this section, we will prove the following theorem.

Theorem 3.5.1. Let the pattern P be a 1-bridge braid B(w,t,b), and the companion
K be a nontrivial knot with property (D). Suppose that £ > 2g(K) — 1, then the

satellite knot P(K) has property (D).

Let P denote the 1-bridge braid pattern B(w,t,b), and K denote a nontrivial knot
with property (D). Suppose that 2¢(K)—1 < L. Let ux and Ak represent a meridian
and a longitude of K in the knot group of K. Let 1 and A represent a meridian and
a longitude of P(K) in the knot group of P(K). As in Section [3.1] by Seifert—van

Kampen theorem, the knot group of P(K) is

T (S7\ P(K)) = (m(S°\ K) * (@) /(e = 7, A = 7).

First, we prove the part (a) of the property (D).
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Lemma 3.5.1. For any homomorphism p from 7(S® \ P(K)) to Homeo,(R), if
s € R is a common fixed point of p(p) and p(\), then s is a fized point of every
element in 7, (S®\ P(K)).

Proof. By reasoning similar to the proof of Lemma , we have p(z)s = p(y)s = s.
Since uxg = r, and Ag = ry are in the subgroup generated by = and y, we have
plur)s = p(Ak)s = s. Since K has property (D), s is a fixed point of every element
in m(S?\ K). Because 71(S%\ P(K)) is generated by z, y and elements of m; (5% \ K),

s is a fixed point of every element in 7 (S®\ P(K)). O

Then, we prove the part (b) of the property (D).

We define the preorder <; generated by p and (u29PE)=1\)=1 on the knot group
m(S?\ P(K)). Since zy~' = u, we have z > y. For each 0 < i < w — 1, since
Jit1 = Tg; OF Gi+1 = Ygi, we have g1 > ygi.

As in Section we have
rp = (hphy ) (hophs®) - - (hophyt),
rn=y(g g ) gap g ) - (g g,
We also have that g; = h; if i = j (mod w). Therefore, we have

29(K)

rafU ) = (g g0 ) (g1 ) - (Guiato 1011 gy 1) 11)

for each integer i with w(2¢g(K)—1) < i < t. Here we use the condition 2g(K)—1 <

€ |

As in Section[3.4] let go = 1,G1,- - -, Ju—1 = 9o, Gw = Ygo be all suffixes of the word

Y9o, ordered by length. For each integer ¢ with 0 <7 < w—1, suppose that g; appears

b; times in gy,(29(K)—1)+15 Gw(29(K)—1)42> - - - » §¢- Then we have
Tig(K)_lm < y(Gap g )"
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=Yg G
which implies

Jit1 >k YGi
(3.5)

>, (Tig(K)fl,,,/\)gmbi

for each integer ¢ with 0 <7 < w — 1.

By applying the inequality (3.5)) for 0 <i < w — 1, we have

By [II, Theorem 5.8.1], we have

9(P(K)) = g(P) + wy(K).

Because
S =t - w2g(K) 1)
and B
9(P) = 5((w=1)(t=1)+D)
we have

w—1

wt—i—b—Zbi:wt—t—w—i-b—l—ng(K)
=0

=29(P) + 2wg(K) — 1
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Therefore, we have

By Theorem [3.2.5 we have rig(K)_lm <i 1.

Because K has property (D), 7, is in the root-closed, normal submonoid generated

-1

. » as this relation is invariant under free multiplication and

by Tﬁg(K)_lm and r
quotient maps. Therefore we have r, <j 1, as rig(K)_lm < Land rt <; 1.
Since 1, is the product of w conjugates of u, p is in the root-closed, normal

1

submonoid generated by r, and p~. Therefore we have p <; 1, as r, <; 1 and

pt < 1
By the definition of <, we completed the proof of the part (a) of the property
(D). Combined with Lemma we proved Theorem [3.5.1]
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Chapter 4

Non-left-orderability for Dehn

fillings on the manifold v2503

4.1 Main Theorem 5l

In this section, we will prove the following theorem by using similar techniques as in

Chapter

Theorem 4.1.1. The fundamental group of an manifold obtained by Dehn filling on

v2503 s not left orderable.

According to the software SnapPy [I3] and Varvarezos’s computation [51], the

fundamental group of the manifold v2503 has the presentation
71 (v2503) = (a, bla*b~*ab2a’ba*baba’b = 1),
and a meridian g and a longitude A\ can be written as

pw=>b"2ab 2ab™!,
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and

A=a"2b"ta"?.
The following lemma is similar to Lemma and Lemma |3.5.1

Lemma 4.1.1. For any homomorphism p from m (v2503) to Homeo,(R), if s € R

is a fized point of p(p), then s is a fized point of every element in m (v2503).

Proof. Since

1 = a®b2ab"2a’ba’baba’®b

= a?pbaba*baba’b,

we have

=t = baba*baba*ba’.

By taking g; = b, g2 = a, g3 = ', g4 = p in Theorem [3.4.3] we get p(b)s = s.
By taking g1 = a,92 = b, 93 = p~ ', g4 = p~* in Theorem we get p(a)s = s.
Since the group m(v2503) is generated by a and b, s is a fixed point of every

element in 7 (v2503). O

The following theorem is an analog of the part (b) in the definition of property
(D).

Theorem 4.1.2. \ is in the root-closed, conjugacy-closed submonoid generated by
AL

Proof. We define the preorder <j generated by A on m;(v2503). Then A > 1 implies

that a?ba® <; b. Therefore, we have

1 = a?b2ab"2a*ba’baba’b

= a*b2ab %(a*ba*)bab(a*ba*)a?
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<k a’b~2abbbabba >

— a/2b72a262a72,

which is a® >}, 1. Therefore, we have

A=a"2b"ta"?
<p b71b
=1.

By the definition of preorder <j, A is in the root-closed, conjugacy-closed submonoid

generated by A7L. O

Now we prove Theorem 4.1.1]

By Seifert-van Kampen theorem, the fundamental group of an manifold obtained
by Dehn filling on v2503 with slope §7 denoted by G, is the quotient group of 7 (v2503)
by the relation p’A? = 1. Let p : G — Homeo, (R) be a monomorphism without
global fixed points. As a pullback by inclusion, p induces a homomorphism from
m1(v2503) to Homeo, (R) without global fixed points. Since p? = A%, we have
p(p)? = p(A)~9. By Lemma p(p) does not have fixed points.

If p # 0, then p(A\) does not have fixed points. By Corollary <) is a partial
order. By Theorem |4.1.2, we have 1 <, A <, 1, so A = 1 which contradicts to that
p(A) does not have fixed points.

If p = 0, then we get the equalities A = 1, a®?ba® = b and a®> = 1. Then G can
be simplified to Z  (Z/2Z). The existence of a nontrivial torsion element implies the
non-left-orderability.

Therefore, Theorem holds.
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Chapter 5

Topologically slice (1, 1)-knots

which are not smoothly slice

5.1 The (1,1)-knots K,

For each non-negative integer n, let K, be the knot with the following planar projec-

tion.

n full left hand twists

Figure 5.1: Knot K; as shown. The knot K, has n full left hand twists inside the

white circle.
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Theorem 5.1.1. K, is the (1,1)-knot K(64n + 31,24n + 12,16n + 6,32n + 18) in

Rasmussen’s notation.

Proof. A (1,1)-diagram of K, is essentially a doubly-pointed Heegaard diagram
(2, a, B,w, 2), where (3, a, 3) is a genus one Heegaard splitting of S* and w, z are
base points on the torus X. The following figure gives the torus X as the blue torus
and the base points w, z as labeled. The « circle is immediately known. The only
thing left to compute is the § circle. This can be found via a sequence of isotopies

of the space.

Figure 5.2: First Step.

Then, we move z along a longitude of the blue torus clockwise and move z around

w clockwise. Now we get the following figure.

Figure 5.3: Second Step.
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Then, we move z along a longitude of the blue torus counterclockwise, and then
move z along a meridian of the blue torus into the paper. Now we get the following

figure.

Figure 5.4: Third Step.

Now we move w around z clockwise n times, and we get the following figure.

Figure 5.5: Fourth Step.

Then, we move w along a longitude of the blue torus clockwise and and then move
w along a meridian of the blue torus out of the paper. Then we get the following

figure. Here an arc with a red number s on it represents a family of s parallel curves.
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8N+2
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d

)

Figure 5.6: Fifth Step.

Before we proceed to find the g curve, we simplify the a curve without moving

the basepoints w and z and get the following diagram.

Figure 5.7: Sixth Step.

Finally, it is straightforward to get the triviality of the outside arc, and a 8 curve

can be constructed as follows (the blue curve).
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Figure 5.8: Seventh Step.

By straightening the § curve, we obtain the following (1, 1)-diagram.

N+12
.W

Figure 5.9: Eighth Step.

Equivalently, we have the following (1, 1)-diagram. In Rasmussen’s notation, K,

is the (1,1)-knot K (64n + 31,24n + 12,16n + 6,32n + 18).
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Figure 5.10: Ninth Step.

5.2 The knot Floer homology of K,

Theorem 5.2.1. The Poincare polynomial of the knot Floer homology of K, is

HFy,(q.t) = Y q"t"rankg( HFK,,(S?, K, a))

m,a€Z

= — ¢ '+ 2n+ D¢t 21+ q)(1 + gt)*.

Proof. 1t is clear that the total rank of the knot Floer homology of K, is 64n + 31,
where the crossing points z; (i = 1,...,64n+31) between the a curve and the 8 curve
represent a basis of the knot Floer homology. To compute the knot Floer homology,
we need to find the Alexander grading a; and the Maslov grading m; of each crossing
point z; (i =1,...,64n + 31).

From each Whitney disk of unit Maslov index, we derive a equation for the Alexan-
der and Maslov grading of the vertices of the disk. With sufficient number of such

disks, we can obtain the relative Alexander and Maslov gradings.
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First, there is a disk from x; to x4g,125_; for each ¢+ = 1,...,24n 4+ 12, with a
single basepoint z inside. And there is a disk from z; to zgp,i39_; for each i =
16n +8,...,40n + 19, with a single basepoint w inside.

Then, we concentrate on the disk from xoy4, 112 t0 To4n113, and try to extend it into
larger disks while keeping the basepoint on it unchanged. Sequentially, we obtain disks
from g(n—i)+2 t0 Tg(n—i)+1 and disks from xg(n44)19 t0 Tgmniy+10 for i =0,...,n — 1.
Then we obtain a disk from x5 to z;. After that, we sequentially obtain disks from
T8(2n—i)+5 tO Tg(2n—i)+4 and disks from xg;¢ to xgir7 for i = 0,...,2n. All the disks
obtained here are Whitney disk of unit Maslov index with a single basepoint z inside.

Finally, we keep extending to obtain the disk from xg4, 131 t0 Z4g,105. TO argue
that the last one we got is an embedded disk in the universal covering space, we
notice that, in every previous step, the segment where the endpoints lie is moving
diagonally in the universal covering space, but in the last step, it is moving vertically,
so the disk has no self intersections. Therefore the last disk we obtained is a Whitney
disk of unit Maslov index with two z’s inside.

Similarly, we extend the disk from x4g,120 t0 Z40n+19 in the same way. Then
we sequentially obtain disks from xg(n44)45 t0 Tg(n1iy+6 and disks from zg(,—s)—2 to
Tg(n—i)—3 for i = 0,...,n—1. And then we obtain a disk from 6,45 to T16,46. Then
we sequentially obtain disks from xg; ;2 to xg; 43 and disks from xgan—i)+1 10 Tg(2n—i)
fori=0,...,2n — 1. And then we obtain a disk from ¢,12 to z16,13. All the disks
obtained here are Whitney disk of unit Maslov index with a single basepoint w inside.
And similarly, we obtain a Whitney disk of unit Maslov index with two w’s inside
from 1 to x16,47 in the final step.

Now we extend the disk from xo4, 10 t0 T245,115 in the same way. Then we sequen-
tially obtain disks from xg(,—j)4+4 to Tg(,—i—1 and disks from zg(,1i)+7 t0 Tg(n44)412 for
1=0,...,n— 1. All the disks obtained here are Whitney disk of unit Maslov index

with a single basepoint z inside.
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Similarly, we extend the disk from 49,122 t0 Z40,117 in the same way. Then we
sequentially obtain disks from xg(,44)13 t0 Tg(n44)+s and disks from zg(,—s) t0 Tg(—i)—s
for i = 0,...,n — 1. Then we obtain a disk from zig,13 to 16,4s. All the disks
obtained here are Whitney disk of unit Maslov index with a single basepoint w inside.

Now we have found sufficient Whitney disks to get the relative Alexander and
Maslov gradings for the first 16n + 8 crossing points. By symmetry, we also get
the relative Alexander and Maslov gradings for the last 16n + 8 crossings. Via the
Whitney disks from x; to xgoni39-; (i = 16n + 8,...40n + 19), because we have a
common element x4, in the sets of crossing points, we get the relative Alexander
and Maslov gradings for the first 32n + 15 crossing points. By using the symmetry
and the Whitney disks for a second time, we get the relative Alexander and Maslov
gradings for all the crossing points.

The following is a solution to the relative Alexander gradings.

(agit1, .- - asi+8) = (—1,0,1,0,1,0,—1,0) for : =0,...,n — 1,
agny1 = —1,
(agni8it2y - - - Agnisivo) = (0,1,0,1,2,1,2,1) for i = 0,...,2n,
(A24m48i110s - - - » G2anysiiir) = (0,1,0,—1,0,—1,0,1) for i = 0,...,n — 1,

(a32n+107 v 70’3271—1—22) = (07 17 07 _17 07 _]-7 07 ]-7 07 ]-7 Oa _]-a O))

(a32n48i423; - - - » G32n+8i+30) = (—1,0,1,0,1,0,—1,0) for i =0,...,n — 1,

(Q40n48i423; - - - » Ggonssivso) = (—1,—2,—1,-2,—1,0,—1,0) for i =0, ..., 2n,
As6n+31 = 1,

(@s6nrsis32, - - - s Asonisivcas) = (0,1,0,—1,0,—1,0,1) for i = 0,...,n — 1.

By symmetry, the above is also a solution to the absolute Alexander gradings.
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The following is a solution to the relative Maslov gradings.

(msit1,- .., mgirs) = (—2,—1,0,0,1,0,—1,—-1) for i =0,...,n— 1

Ment1 = —2,
(Mgn18itas - -+, Mentsivo) = (—1,0,0,1,2,1,1,0) for i = 0,...,n,
(M16n+8i+10s - - - » Mienasic1r) = (—1,1,0,1,2,0,1,0) fori =0,...,n — 1,
(M2ant8i+10s - - - » Maantsiv17) = (—1,1,0,—1,0,—-2,—1,0) for i = 0,...,n — 1,

(m32n+107 B 7m32n+22) = (_17 17 07 _17 07 _27 _17 07 07 17 07 _17 _1>7

(m32n+gi+23, e ,m32n+8i+30) = (—2, —1, 0, 0, 1, O, —1, —1) fOI' = 0, o, — 1,
(m40n+gi+23, Ce ,m40n+8i+30) = (—2, —3, —2, —2, —]., 0, —1, —1> fOI' 1= 0, e, = 1,
(m48n+8i+237 e 7m48n+8i+30) - (_27 _37 _]-7 _27 _]-7 07 _27 _1> fOI' 1= 07 <N,

Mseny31 = 0,

(m56n+8i+32a e 7m56n+8i+39) = (—1, 1,0,-1,0,-2,—1, 0) fori=0,...,n—1.

To find the absolute Maslov gradings, we take a step back to look at Figure [5.9]
If we remove basepoint z, most of the crossing points can be easily reduced. In fact,
only the last three crossing points might survive. By analyzing the twisting part
of the a curve, we find that the crossing points xg4,120 and 4,130 can be reduced
from above. Therefore, the only survived crossing point xe4,431 has absolute Maslov
grading zero. So the relative Maslov gradings we got is also the absolute Maslov
gradings.

The Poincare polynomial is derived from counting the number of crossing points

with given Alexander and Maslov grading. O]
Corollary 5.2.1. K,, and K,, are non-isomorphic if m # n.

Proof. This is because they have different knot Floer homology. m
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Corollary 5.2.2. The Conway polynomial of K, is 1.

Proof. The Conway polynomial is [41] the graded Euler characteristic of the knot

Floer homology, so we have

Ag.(t) = HFg, (—1,8) = 1.

Corollary 5.2.3. K,, is topologically slice.

Proof. Any knot with trivial Conway polynomial is topologically slice, as proved in

[16, [18]. O

5.3 7 invariant and smooth slice genus

Lemma 5.3.1. The invariant 7(Ky) is 1.

Proof. To calculate the invariant 7(Kj,), we first compute the chain complex
CFK™(S3, Ky). By definition, the generators of CFK* (53, K;) is given by [x;, 7, j+a;]
(i=1,...,64n + 31,5 € Z), and the boundary operator on CFK>(S3, Kj) is given
by

Olxy, i+ 1,4 = [w7,9 — 1,i] — [x10,4,9] + [221,4,0 — 1] — [waq, 7+ 1,7 — 1],
Olzg,i+ 1,0+ 1] =[xy, + 1,1 — [x3,0,1 + 1] — [x9,4,7 + 1] — [wa3,7 + 1,7],
Olrs,i,i+ 1] = [wg,0 — 1,d] — [ws,0 — 1,0 4+ 1] + [x21,4,1 — 1] — [222,4, 1],
Olzy,i,i] = —[x7,i — 1,4 — [x91, 1,1 — 1],
Olxs,i,1+ 1] = [w4,4,7]) — [wg,0 — 1,7+ 1] — [220, 7, ],
Olzg,i — 1,i 4+ 1] = —[x7,i — 1,4] — 219,71 — 1,1],

8[x7,i — 1,1] = —[.Tlg,i — ]_,Z — ].],
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Olzs,i —1,i 4+ 1] = —[z17,7 — 1,1],
Olrg,i,i+ 1] = [xg,1 — 1,0+ 1] — [x10, ¢, 1] — [216, 1, 1],
Olz10,1,1] = —[x15,1,1 — 1],
Olzy1,i— 1,1] = —[z14,0 — 1,0 — 1],
Olr12,1,1] = [x11,1 — 1,4] — [213,4,1 — 1],
s, i,i — 1] = —[w1a,i — 1,0 — 1],
Olrra,i —1,i— 1] =0,
Olx15,1,1 — 1] =0,
Olr16,1,1) = 15,1, — 1] — [217,7 — 1,1],
Olz17,1—1,1] =0,
t1g,i — 1,0 —1] =0,
Olz19,7 — 1,1] = [218,7 — 1,0 — 1],
Ol20,4,4] = [19,7 — 1,4] — [wa1, 4,7 — 1],
Olzar, 4,1 — 1] = [w18,7 — 1,1 — 1],
Olzag, 1,1 = [x17,1 — 1,1],
Olzas, i + 1,i] = [x16,1,1] + [wa2,1,1] — [T24,7 4+ 1,7 — 1],
Olxog, i+ 1,0 — 1] = [215,1,1 — 1],
Olzas, 1,1 — 1] = [w14,7 — 1,0 — 1],
Olxog, i+ 1,0 — 1] = [213,1,1 — 1] + [w25,1,1 — 1],
Olzar, i+ 1,i] = [x12,4,1] + [wes, i + 1,1 — 1] — [w2g, 1, 1],
Olas, i, 1] = [w11,4 — 1,4] + [was, 4,0 — 1],
Olxa9,1 4+ 1,i] = [x10,4,7] — [x11,7 — 1,4] + [xo4, 0 + 1,4 — 1] — [2as5, 4,0 — 1],
Olxs0,1+ 1,1+ 1] = [wg, 4,7 + 1] + [e3,7 + 1,1] + [wa9, 7 + 1,4] — [w51,1,7 + 1],
Olxsr, i, 4+ 1] = [ws,i — 1,0 4+ 1] — [w11,7 — 1,4] + [w22,4,4] — [295,7,1 — 1],
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by counting all Whitney disks of unit Maslov index, where the signs are by an orien-
tation of the § curve.
By definition, the chain complex @(53) is generated by [x;,0,a;] (i = 1,...,64n+

31), and the boundary operator on CF (53) is given by

Ax1,0, —1] = —[224,0, —2],
0[x2,0,0] = [21,0, —1] — [x93,0, —1],
Jlx3,0,1] = [121,0, —1] — [222,0, 0],
0[x4,0,0] = —[221,0, —1],
Olxs,0,1] = [24,0,0] — [290,0,0],
0[xe,0,2] = —[27,0,1] — [219,0, 1],
Olx7,0,1] = —[21,0,0],
0[zs,0,2] = —[x17,0, 1],

[y, 0,1] = —[x10,0,0] — [216,0,0],
d[z10,0,0] = —[z15,0, —1],
dlz11,0,1] = —[z14,0,0],

8[51512, 07 0] - —[.'L'lg, 07 _1]7

8[17137 07 _1] = O’
a[mléb 07 0] = 07
8[1'157 07 _1] = 07

a[ﬁlﬁ, 0, 0] = [$157 07 _1]7
8[$17, 0, 1] =0,
8[55187 07 0] = 07

8[33197 07 1] = [x18? 0’ O]’
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8[3320, 0, 0] = _[3721, 07 _1]7

O[z21,0,—1] =0,

0]x22,0,0] =0,
O[x3,0, —1] = —[x24,0, 2],
0[r24,0,—2] =0,
O[z25,0,—1] =0,
O[x26,0,—2] =0,

O[x27,0, —1] = [226,0, —2],
Olwas, 0,0] = [225,0, —1],
0[xa9,0, —1] = [w24,0, 2],
O[30, 0,0] = [x23,0, —1] + [299,0, —1],

8[$317 07 1] = [21722, 07 O] - [-T25a 07 _1]

The homology of is generated by the cycle [z3,0, 1] 4 [24,0, 0] 4 [x2s, 0, 0] 4 [231, 0, 1].
Since [x3,0, 1] + [24,0, 0] + [22g,0,0] + [231,0, 1] € F(Ko, 1), we have 7(Ky) < 1.

Consider the projection p : CF (S3) — Z that sends all generators to zero except
for p([x3,0,1]) = 1. Then p is a chain map which induces isomorphism on homology.
Since p maps all elements in F (K, 0) to zero, we have 7(Kj) > 1.

Therefore the invariant of 7(Kj) is 1. O
Theorem 5.3.1. The 7 invariant and the smooth slice genus of K,, are 1.

Proof. After changing n of the 2n positive crossings in white circle in Figure to
negative crossings, the new knot becomes Ky, therefore by [42] and Lemma , we
have gi(Kn) = 7(Ky) = 7(Ko) = 1.

By resolving one of the 2n positive crossings in white circle and the crossing a in

Figure 5.1} we get a new knot as follows.
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Figure 5.11: The knot obtained by resolving two crossings in /.

By straightening the blue part and the green part in Figure .11, we get the

following isotopic knot.

Figure 5.12: The knot obtained by resolving two crossings in .

By straightening the green part in Figure |5.12] it is now clear that our new knot

is the unknot.
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Hence, by resolving two crossings, we can construct a torus cobordism (a split
cobordism followed by a merge cobordism) between K,, and the unknot. By definition,
we have g4(K,) < 1.

Therefore, we have 7(K,,) = g4(K,,) = 1. O

5.4 Main Theorem

Now we can finally prove Main Theorem [6]

Theorem 5.4.1. There are infinitely many (1, 1)-knots which are topologically slice,

but not smoothly slice.

Proof. By Theorem [5.1.1, Corollary Corollary and Theorem [5.3.1} the

family of knots K, serves as an example. O

58



Bibliography

[1]

2]

[11]
[12]

[13]

Idrissa Ba. L-spaces, left-orderability and two-bridge knots. Journal of Knot
Theory and Its Ramifications, 28(3):1950019, 2019.

Kenneth L Baker and Allison H Moore. Montesinos knots, hopf plumbings, and
l-space surgeries. Journal of the Mathematical Society of Japan, 70(1):95-110,
2018.

Jonathan Bowden. Approximating c’-foliations by contact structures. Geometric
and Functional Analysis, 26(5):1255-1296, 2016.

Steven Boyer and Adam Clay. Slope detection, foliations in graph manifolds,
and L-spaces. arXiv:1510.02378, 2015.

Steven Boyer, Dale Rolfsen, and Bert Wiest. Orderable 3-manifold groups. An-
nales de institut Fourier, 55(1):243-288, 2005.

Katherine Christianson, Justin Goluboff, Linus Hamann, and Srikar Varadaraj.
Non-left-orderable surgeries on twisted torus knots. Proceedings of the American
Mathematical Society, 144(6):2683-2696, 2016.

Adam Clay and Liam Watson. On cabled knots, Dehn surgery, and left-orderable
fundamental groups. Mathematical Research Letters, 18(6):1085-1095, 2011.

Adam Clay and Liam Watson. Left-orderable fundamental groups and Dehn
surgery. International Mathematics Research Notices, 2013(12):2862-2890, 2013.

Paul Conrad. Right-ordered groups. The Michigan Mathematical Journal,
6(3):267-275, 1959.

Peter R Cromwell. Homogeneous links. Journal of the London Mathematical
Society, 2(3):535-552, 1989.

Peter R Cromwell. Knots and links. Cambridge university press, 2004.

Marc Culler and Nathan Dunfield. Orderability and Dehn filling. Geometry €
Topology, 22(3):1405-1457, 2018.

Marc Culler, Nathan Dunfield, and Jeffrey Weeks. SnapPy, a computer pro-
gram for studying the geometry and topology of 3-manifolds. http://snappy.
computop.org.

59


http://snappy.computop.org
http://snappy.computop.org

[14]

[15]

[16]

[17]

[18]

[19]

[21]

[22]

[23]

Helmut Doll. A generalized bridge number for links in 3-manifolds. Mathema-
tische Annalen, 294(1):701-717, 1992.

David Eisenbud, Ulrich Hirsch, and Walter Neumann. Transverse foliations of
Seifert bundles and self homeomorphism of the circle. Commentarii Mathematici
Helvetici, 56(1):638-660, 1981.

Michael H. Freedman and Frank Quinn. Topology of 4-manifolds. Princeton
Univ. Press, 1990.

David Gabai. 1-bridge braids in solid tori. Topology and its Applications,
37(3):221-235, 1990.

Stavros Garoufalidis and Peter Teichner. On knots with trivial alexander poly-
nomial. Journal of Differential Geometry, 67(1):167-193, 2004.

Hiroshi Goda, Hiroshi Matsuda, and Takayuki Morifuji. Knot floer homology of
(1,1)-knots. Geometriae Dedicata, 112(1):197-214, 2005.

Robert E Gompf. Smooth concordance of topologically slice knots. Topology,
25(3):353-373, 1986.

C. McA Gordon. Dehn surgery and satellite knots. Transactions of the American
Mathematical Society, 275(2):687-708, 1983.

Joshua Evan Greene, Sam Lewallen, and Faramarz Vafaee. (1,1) L-space knots.
Compositio Mathematica, 154(5):918-933, 2018.

Jonathan Hanselman, Jacob Rasmussen, Sarah Dean Rasmussen, and Liam Wat-

son. L-spaces, taut foliations, and graph manifolds. Compositio Mathematica,
156(3):604—612, 2020.

Matthew Hedden. On knot Floer homology and cabling: 2. International Math-
ematics Research Notices, 2009(12):2248-2274, 2009.

Charles Holland. The lattice-ordered groups of automorphisms of an ordered set.
The Michigan Mathematical Journal, 10(4):399-408, 1963.

Jennifer Hom. A note on cabling and L-space surgeries. Algebraic & Geometric
Topology, 11(1):219-223, 2011.

Kazuhiro Ichihara and Yuki Temma. Non-left-orderable surgeries and general-
ized Baumslag—Solitar relators. Journal of Knot Theory and Its Ramifications,
24(1):1550003, 2015.

Kazuhiro Ichihara and Yuki Temma. Non-left-orderable surgeries on negatively
twisted torus knots. Proceedings of the Japan Academy, Series A, Mathematical
Sciences, 94(5):49-52, 2018.

60



[29]

[30]

[31]

[32]

33]

[34]

[35]

[36]

[41]

[42]

[43]

[44]

Mark Jankins and Walter D. Neumann. Rotation numbers of products of circle
homeomorphisms. Mathematische Annalen, 271(3):381-400, 1985.

Jinha Jun. (—2,3,7)-pretzel knot and Reebless foliation. Topology and its Ap-
plications, 145(1-3):209-232, 2004.

William Kazez and Rachel Roberts. ¢? approximations of foliations. Geometry
€ Topology, 21(6):3601-3657, 2017.

Jianhui Li and Chun-Yin Siu. An Elementary Approach on Left-Orderability,
Cables of Torus Knots and Dehn Surgery. arXiv:1610.00898, 2016.

Shiyu Liang. Non-Left-Orderable ~ Surgeries on 1-Bridge Braids.
arXiv:1711.11389, 2017.

Tye Lidman, Jennifer Hom, and Faramarz Vafaee. Berge-Gabai knots and
L-space satellite operations. Algebraic € Geometric Topology, 14(6):3745-3763,
2015.

Ramin Naimi. Foliations transverse to fibers of Seifert manifolds. Commentarii
Mathematici Helvetici, 69(1):155-162, 1994.

Yasuharu Nakae. A good presentation of (—2,3,2s + 1)-type pretzel knot
group and R-covered foliation. Journal of Knot Theory and Its Ramifications,
22(1):125-143, 2013.

Zipei Nie. Left-orderablity for surgeries on (—2, 3, 2s+ 1)-pretzel knots. Topology
and its Applications, 261:1-6, 2019.

Zipei Nie.  Topologically slice (1,1)-knots which are not smoothly slice.
arXiv:1901.07774, 2019.

Zipei Nie. On 1-bridge braids, satellite knots, the manifold 2503 and non-left-
orderable surgeries and fillings. arXiv:2003.14296, 2020.

Peter Ozsvath and Zoltan Szabd. Holomorphic disks and genus bounds. Geom-
etry & Topology, 8(1):311-334, 2004.

Peter Ozsvath and Zoltdan Szab6. Holomorphic disks and knot invariants. Ad-
vances in Mathematics, 186(1):58-116, 2004.

Peter Ozsvath and Zoltan Szabd. Knot Floer homology and the four-ball genus.
Geometry € Topology, 7(2):615-639, 2003.

Peter Ozsvath and Zoltan Szabd. Knot Floer homology and rational surgeries.
Algebraic € Geometric Topology, 11(1):1-68, 2010.

Jacob Rasmussen. Knot polynomials and knot homologies. Geometry and topol-
ogy of manifolds, 47:261-280, 2005.

61



[45]

[46]
[47]

[48]

[49]

[50]

[51]

Béla Andras Racz. Geometry of (1,1)-Knots and Knot Floer Homology. PhD
thesis, Princeton University, 2015.

Robert Scharein. Knotplot. https://knotplot.com/.

Cameron McA Gordon Steven Boyer and Liam Watson. On L-spaces and left-
orderable fundamental groups. Mathematische Annalen, 356(4):1213-1245, 2013.

Anh T. Tran. Left-orderability for surgeries on twisted torus knots. Proceedings
of the Japan Academy, Series A, Mathematical Sciences, 95(1):6-10, 2019.

Anh T. Tran. Non-left-orderable surgeries on L-space twisted torus knots. Pro-
ceedings of the American Mathematical Society, 148(1):447-456, 2020.

Faramarz Vafaee. On the knot Floer homology of twisted torus knots. Interna-
tional Mathematics Research Notices, 2015(15):6516-6537, 2015.

Konstantinos Varvarezos. A Note on the Orderability of Dehn Fillings of the
Manifold v2503. arXiv:1904.07927, 2019.

62


https://knotplot.com/

