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Abstract

We study questions posed by Sarnak in his letter to S. Aaronson and A. Pollington, on “the Solovay-
Kitaev Theorem and Golden Gates” [Sarlba]. We give the optimal exponent for the strong approx-
imation problem for quadratic forms in 5 or more variables. We also give lower and upper bound
for the exponent of approximation for quadratic forms in 4 variables which recovers the best up-
per bound, known previously under the Ramanujan conjecture, without any assumption. Our lower
bound gives a nontrivial and numerically optimal bound on the diameter of LPS Ramanujan graphs.
More generally, our numerical results suggests that our lower bound for the exponent is optimal for
any quadratic forms in 4 variables. We consider the algorithmic aspect of the optimal strong ap-
proximation. As two applications of our algorithm, we develop and implement an algorithm in
polynomial time in the size of digits of input integers for the navigation problem on LPS Ramanujan
graphs and also the discrete log problem for the finite group PGLQ(%Z) by assuming one can factor
quickly and a standard conjecture in Number theory. Finally, our work fits into a more general
framework of studying small scale equidistribution of measures coming from number theory in the
optimal range. We give a definite answer to a conjecture of Lester and Rudnick on the small scale
equidistribution of orthonormal basis of eigenfunctions restricted to an individual eigenspace on the

flat torus T? for d > 5 and find the optimal range for equidistribution.
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Chapter 1

Introduction

This thesis is primarily concerned with giving the best possible exponent for the rate of approxi-
mation of points on a quadrics by integral points lying on that quadric. In the following concrete
example, we define this optimal exponent. We note that this exponent transforms easily to the
covering exponent that is defined by Sarnak in his letter [Sar15a]. Let F'(21,...,24) := 23+ -+ 13
and Vy = {X = (21,...,24) : F(X) = N} be the quadric associated to F at level N. We note
that Viv(Z) is the set of integral points lying on the sphere of radius VN in R* and by a classical
result of Jacobi when N is odd, Viy(Z) has N elements up to a bounded constant scalar. We project

points X € Viy(Z) onto the unit sphere % € 83 and ask the following question.

Question 1.0.1 Let r > 0. What is the minimal odd integer N such that for every point y € S3,

there exists X € Viy(Z) such that

X
= —vll <r

VN

We denote this value by N(r).

1.0.1 Trivial Lower bound on N(r)

We have about ~ r~2 disjoint boxes of size r on the unit sphere S3. Since for odd integer N, Vi (Z)

have about ~ N elements. Then

N(r) > r2.



1.0.2 Repulsion of integral points and Wright’s lower bound on N(r)

Wright [Wri33, Wri37] observed that there exists a point y € S3 with almost equal coordinates which
repels the projected integral points from Vi (Z). From his example one can give the following lower
bound on N(r)

N(r)>r—t

More generally, we can quantify this for every primitive integral point v € Z* with small norm
(primitive means the ged of all the coordinates is one and Wright example corresponds to v =
(1,1,1,1)). In Chapter 2, by an elementary argument, we show that in a small neighborhood of
the unit vector in the direction of v, they are points which repel the projected integral points from

Vn(Z). The size of these holes on the sphere of radius v/N is

=

N

Vvl

1.0.3 Ramanujan Conjecture and upper bound on N(r)

For giving an upper bound on N(r) in terms of r, we need to show that there exists points in
every box of size r. One way of showing this is to count integral points inside a box of size r by
circle method. In fact, Malyshev [Mal62] used Kloosterman’s method and proved a result about the
distribution of integral points of the quadric F(X) = N with 4 or more variables in small boxes. His
result shows that N(r) < r~# for some explicit power A. Sarnak in his letter [Sar15a] to Aaronson

and Pollington, showed that

N(r) < r= 0t

To show this he appealed to the Ramanujan bound on the Fourier coefficients of weight k-modular
forms. Furthermore, Sarnak states some open problems [Sarl5a, Page 24]. The first problem is to
show that N(r) < r~¢ for some « < 6 or even that & = 4. In Chapter 2, we consider this problem

for every quadratic from in 5 or more variables. In particular, we prove the following corollary:

Corollary 1.0.2 Let F(z1,...,xzq) == 25 + - + 22 where d > 5 and Vy := {X = (z1,...,24) :
F(X)= N}. Let N(r) be defined as in Question 1.0.1. Then

N(r) < r_(4+€)7



and /4 is the optimal exponent.
We also consider the p-adic version of Question 1.0.1 and we prove the following corollary:

Corollary 1.0.3 Let F(zy,...,2q) := 25 + -+ 22 where d > 5 and Vy = {X = (21,...,24) :
F(X)=N}. If

N> p4k:+e )

Then, for every \ € VN(Z%), there exists X € Vn(Z) such that X = X\ mod p* and / is the optimal

exponent.

1.1 Almost all exponent

One may ask the almost all version of Question 1.0.1.

Question 1.1.1 Let r > 0. What is the minimal value of odd N such that for almost all points

y € S with respect to natural measure on S, there exists X € Vn(Z) such that

E
VN

-yl <

We denote this value by N, (r).

It turns out that the big holes (boxes of size N —1/4 with no integral points inside) have a small
total measure on the unit sphere. In fact, if we want to approximate almost all points on the unit
sphere then the projection of integral points Vi (Z) onto the unit sphere are very well distributed.
They cover boxes as if we pick ||Vx(Z)|| random points on the unit sphere. So, we have points in
almost all boxes of size N~/3¢ and as a result

N,

/t(r) < 7"7(3+E) )

Note that the exponent 3 is optimal and equals to the trivial lower bound given by the covering
argument. By computing the variance of the number of points in random caps and using Chebyshev’s
inequality, Sarnak shows this in his letter [Sar15a] for Hecke orbits on S? and very recently for integral
points on S? [BRS16] assuming the Lindelof Hypothesis. In the expository paper of Ghosh-Gorodnik
and Nevo [GGN14], the more general problem of diophantine approximation for the homogeneous
varieties has been discussed. We briefly describe their method here. Given a homogeneous variety

X := G/H, the rational points or S-integral points of X are corresponded to the orbit of a lattice



I' C G acting on X. By the “Duality principle”, the question about the density of an orbit I' in X
corresponds to the mixing property of an orbit H in T'\G. Now, the question is about the decay
of the matrix coefficients of the representation of L?(I'\G) as a representation of H. In the cases
where the restriction of the automorphic representation of L?(T\G) to H is tempered (this is the
representation theory interpretation of the Ramanujan bound on modular forms) as a representation
of H, we have optimal diophantine approximation exponents for almost all points which matches
with the trivial exponent given by a covering argument. In Chapter 3, we study the combinatorial
version of this problem on k-regular Ramanujan graphs. We prove that the distance of almost all

pair of vertices is asymptotically

log_y (n). (1.1)

We use the Ramanujan bound on the eigenvalues of the adjacency matrix of the graph to give an
upper bound on the variance. We use Chebyshev’s inequality to show that the almost all diameter

of a k-regular Ramanujan graph equals the trivial lower bound given by a covering argument.

1.2 Algorithmic aspect of optimal strong approximation

A natural question after finding the optimal exponent for approximation is to develop an algorithm
which gives us an integral point inside a given box. Sarnak asks essentially the same question in his
letter for the existence of an algorithm for approximating SU(2) elements by arithmetic quantum
gates [Sarlba, Page 24 ]. Ross and Selinger develop and implement [RS14] an algorithm that, for any
rotation in the z-axis, returns an optimal word in quantum gates that approximate it up to given ¢
by assuming one can factor quickly. We develop and implement the p-adic version of the Ross and
Selinger algorithm which is of independent interest. In what follows we explain two applications of

our algorithm.

1.2.1 Discrete log problem

Suppose we are given a prime p and a primitive root of unity g mod p. The discrete logarithm of a

number 2 with respect to p and ¢ is the integer » mod (p — 1) (the order of g in (p%)*) such that

T

g" =z ( mod p).



Factorization problem and discrete log problem are generally thought to be computationally hard
on a classical computer. They are the source of hardness for several proposed cryptosystems. Shor
gave polynomial time algorithms in the number of digits of the input integers to factor integers and
find discrete logarithms on a hypothetical quantum computer [Sho97]. We consider the discrete
logarithm problem for the non-commutative group PGLg(qu). More precisely, for a specific family
of generator set S := {s7,...,s;} (LPS generators) for PGLQ(%Z) we develop and implement an
algorithm for expressing a diagonal element z of PGLQ(;LZ) in a shortest possible word by the LPS
generator set S. Note that since the Cayley graph of PGLg(q%) with respect to the LPS generator
set S is a Ramanujan graphs [LPS88] and as noted in 1.1 the almost diameter is optimally short
for every Ramanujan graph, therefore, for a typical g € PGLQ((I%) there exist a word in the LPS
generator set with the optimal length (1 + €)log,,_; » which expresses it. This indicates that the
LPS generators are natural choice as a symmetric generator set for PGLQ(%Z). One can use our
algorithm and decompose a typical element z in PGLQ(q%) into three Euler rotations and as a result

express it as a word with 3 times the optimal word length in LPS generators.

1.2.2 Navigation on Ramanujan graphs

We consider the problem of finding a shortest path between a given pair of vertices in the LPS
Ramanujan graphs X, ; where p is a fixed prime number and ¢ is an integer. We give a polynomial
time algorithm in log(g) which returns a shortest path between two diagonal vertices under a stan-
dard conjecture on the distribution of integers representable as sum of two squares and assuming
one can factor quickly. Numerically, for a typical pair of vertices corresponded to diagonal elements
the minimal path has a length about 3log(q) + O(1) while provably, there are pairs of points with
distance at least 4log(q) + O(1) . For a general pair of vertices, we write it as a product of three

Euler angles and as a result for a typical pair we find a path with distance 9log(q) + O(1).

1.3  Small scale equidistribution of measures coming from
Number theory

One can study the small scale behavior of other convergent sequence of measures coming form
Number Theory. One natural sequence is the probability measures associated to the square of
normalized Laplacian eigenfunctions as the eigenvalue goes to infinity. More precisely, given a

compact Riemannian manifold M equipped with laplacian-Beltramin operator A, and {¢,} an



orthonormal basis of L?(M,dvol) consisting of eigenfunctions of A. If the geodesic flow is ergodic
then Quantum Unique Ergodicity says that for any orthonormal basis {t,,}, there is a density one
subsequence of these eigenfunctions which are uniformly distributed in the unit cotangent bundle
S*M. In Chapter 4, we study the small scale equidistribution of eigenfunctions on flat tori. There is
a trivial lower bound known as the Planck scale for the small scale equidistribution of eigenfunction.
We show that there exists big holes where small scale equidistribution does not hold in that scale.
The existence of big holes was noted by Bourgain independently [LR15]. We show the optimal

exponent for the small scale equidistribution of eigenfunctions in the following corollary:

Corollary 1.3.1 Let T? := ]%Z be a d > 5 dimensional flat torus and {1;} an orthonormal basis
of eigenfunctions for the laplacian operator. Let E, be the associated eigenspace for eigenvalue
n€Z >0 and B, := E,N {1;} be the restriction of the orthonormal basis {¢;} to E,. Then there
exists a large subset Cy, C By, which means |Cy,| = (1 — 0(1))|By|, such that along any sequence of
{¥n 1 n € Cp}

|9 () |2dwol(z) — 1] = o(1), (1.2)

lim sup

v .
n=%0 B(y,r) UOZ(B(y7 ’f’)) B(y,r)

z(dl,fl) +o(1)

where B(y,r) is any ball of radius r > A centered at an arbitrary point x € T¢. The

— 1 (1
exponent —ﬁ is optimal. In fact there exists a sequence of balls with radius r ~ Ay > o
and an orthonormal basis {1;} where (1.2) does not hold for a positive proportion of eigenfunctions

n B,,.

This corollary gives a definite answer to a conjecture of Lester and Rudnick on the small scale
equidistribution of orthonormal basis of eigenfunctions restricted to an individual eigenspace on the

flat torus T¢ for d > 5 [LR15].

1.4 Outline of the Thesis

Chapter 2 is concerned with Question 1.0.1 for every integral quadratic form in 4 or more varables.
For a non-degenerate integral quadratic form F(z1,...,x4) in 5 (or more) variables, we prove an
optimal strong approximation theorem. Fix any compact subspace @ C R of the affine quadric
F(zy1,...,zq4) = 1. Suppose that we are given a small ball B of radius 0 < r < 1 inside 2, and an

integer m. Further assume that N is a given integer which satisfies N > (r~'m)**¢ for any € > 0.

Finally assume that we are given an integral vector (A1, ..., As) mod m. Then we show that there
exists an integral solution x = (z1,...,24) of F(xz) = N such that z; = \; mod m and \/’”—ﬁ € B,



provided that all the local conditions are satisfied. We also show that 4 is the best possible exponent.

Moreover, for a non-degenerate integral quadratic form F(z1,...,24) in 4 variables we prove the

6+¢ and some non-singular local conditions for N are satisfied. Based

same result if N > (r~tm)
on some numerical experiments on the diameter of LPS Ramanujan graphs, we conjecture that the
optimal strong approximation theorem holds for any quadratic form F(X) in 4 variables with the
optimal exponent 4.

Chapter 3 is concerned with Ramanujan graphs. We show that, for an infinite family of (p + 1)-
regular LPS Ramanujan graphs, we show that the diameter of these graphs is greater than or equal to
|(3)1og,(n)], where p is an odd prime number and n is the number of vertices. On the other hand, for
any k-regular Ramanujan graph we show that the distance of only tiny fraction of all pairs of vertices
is greater than (1 + €)log,_;(n). We also have some numerical experiments for LPS Ramanujan
graphs and random Cayley graphs which suggest that the diameters are asymptotically (%) logs_1(n)
and log,,_(n), respectively. These are consistent with Sarnak’s expectation on the covering exponent
of universal quantum gates and our conjecture for the optimal strong approximation for quadratic
forms in 4 variables.

Chapter 4 is concerned with small scale equidistribution of eigenfunctions on flat tori. Let Q(X) be
any integral primitive positive definite quadratic form with discriminant D and in k& variables where
k > 4. We give an upper bound on the number of integral solutions of Q(X) = n for any integer
n in terms of n, k and D. As a corollary, we give a definite answer to a conjecture of Lester and
Rudnick on the small scale equidistribution of orthonormal basis of eigenfunctions restricted to an
individual eigenspace on the flat torus T¢ for d > 5. Another application of our main theorem gives a
sharp upper bound on A4(n,t), the number of representation of the positive definite quadratic form
Q(x,y) = nx? + 2txy +ny? as a sum of squares of d > 5 linear forms where n — n@o M <t <.

This upper bound allows us to study the local statistics of integral points on the sphere.



Chapter 2

Optimal strong approximation for

quadratic forms

2.1 Introduction

2.1.1 Statement of results

Before stating our main theorem, we discuss three applications. The first addresses the question
of approximating real matrices by integral matrices. More precisely, let A be a 2 x 2 matrix of
determinant 1 and m be a positive integer. How well can one approximate A by m~%B , where B is

an integral matrix of determinant m? Tijdeman [Tij86], showed that there exists B such that

max |m_%bij —ai;| < Cm_%(logm)wg, (2.1)
i

where C' is a constant depending on maxa;;. Later, Harman [Har90] improved the exponent f%

1

5 and showed this exponent cannot be smaller than f%. Harman remarked that if Hooley’s R*

to —
Conjecture were true, then the exponent drops to fé. Subsequently, Chiu [Chi95] remarked that an
estimate of |a(p)| < 2p" for Maass cusp forms would yield an exponent of [(r+1/2)—1]/3. Therefore,

if one assumes the Ramanujan Conjecture for SL(2,7Z) Maass cusp forms, then the exponent drops

to —%. The best known bound toward the Ramanujan conjecture is 614 [Kim03] and this yields
—% - ﬁ, which slightly improves Harman’s bound. It is interesting that under the most favorable

conditions, the two different methods give the same exponen —%. Our theorem for the quadratic

form ¢(x1,...,24) = x124—x223 and the archimedean place co shows that the matrix approximation



is possible with the exponent —% without any assumptions.

Corollary 2.1.1 Fiz Q a compact subset of SL(2,R) and any 0 < € . Then for every matriz A € Q

and m € Z, there exists an integral matriz B € Maxo[Z] such that det(B) = m and
1 1.
A= —=B| <m™s7, (2.2)
m

where < only depends on € and ). Moreover, we cannot replace —% in the exponent with a number

smaller than —i.

Remark 2.1.2 We conjecture that our theorem, which is optimal for 5 or more variables, holds with
the same optimal exponent 4 for quadratic forms in 4 variables. As a result, the matrixz approximation

is possible with the optimal exponent f%.

As the second application of our main theorem, we prove an asymptotic formula for the number
of lattice points in a small cap on the sphere, i.e. the intersection of a ball with a small radius and
the sphere. In the appendix of [BR12], an upper bound for the number of lattice points in such
small caps is given. Following a suggestion of Bourgain [Sarl5a, Page 23 | we promote this to a
lower bound and at the same time we prove this more general result, namely an asymptotic formula
for the number of lattice points in a small cap. We illustrate our main theorem in the following

application:

Corollary 2.1.3 Let S4(R) be any d-dimensional sphere of radius R such that N := R? is an
integer and d > 4. Suppose we are given a spherical cap of diameter Y where Y > RY?0 for any
0 > 0. Then the number of integral lattice points inside this spherical cap is given by the following
formula

yd yd

UOOG(N)i + 06,5(W)7

- (2.3)

where 0o and o(N) are the singular integral and series (see below), and O and € depend on 0 not
on the spherical cap or N. Moreover, Y > RY?%9 is necessary. For d =4, if Y > R?*/3%9 for any

§ >0 and N is not divisible by 2F where 2 > N€ for any e, then we have the same formula.

Remark 2.1.4 &(N) =[], 0,(N) is the singular series. The singular series is nonzero if and only
if op(N) # 0 for every p. The condition o,(N) # 0 is equivalent to having local points over the
p-adic integers Z,. If we have local points over every prime p we say that all the local conditions

are satisfied. For d > 5, if §(N) # 0 then &(N) is bounded form below and above by two positive



constants c¢1 and co where do not depend on N. For d = 4, we require some non-singular local

conditions on N which imply the following lower bound on the singular series G(N)
S(N)> N~

for any € > 0. The singular integral o is defined as

Vol (spherical cap of size Y')
Oco *= yd-1 )

Therefore, the main term dominates the error term.

On the other hand, for every primitive integral vector a, let a = R% be the parallel vector to

@ on the sphere S%~!(R). Then there is a cap of size cll\'}l—lﬁ| with no integral points inside the cap
a
centered at a with size 62%’ where ¢; and ¢ are universal constants. As a result, the covering
a

exponent of integral points on the sphere, that is defined in [Sarl5a], is

log (Number of integral points on S%~*(R))

K :=limsup
o Volume of S¢~1(R)
R= IOg (Volumc of the largest empty spherical cap)
_ log(R""?) (2.4)

log(R*z")
2

d—1

for d > 5 and is
4/3<K <2

for d = 4.

Remark 2.1.5 Sarnak in his letter [Sarl5a] to Aaronson and Pollington, showed that 4/3 < K < 2
for d =4. To show that K < 2 he appealed to the Ramanujan bound on the Fourier coefficients of
weight k-modular forms, while the lower bound 4/3 < K is a consequence of an elementary number
theory argument. Furthermore, Sarnak states some open problems [Sarl5a, Page 24]. The first one
is to show that K < 2 or even that K = 4/3. We congecture that the optimal strong approzimation

holds for quadratic forms in 4 variables which would imply that indeed K = 4/3.

Another application of the theorem 4.1.4 recovers the best known upper bound for the diameter

of the Ramanujan graphs constructed by Lubotzky, Phillips and Sarnak [LPS88] without appealing

10



to the Ramanujan bound on the Fourier coefficients of weight two modular forms [Eic54].

Corollary 2.1.6 Let q(x1,...,24) = Z‘Ll 2?2 where 5 < d. Suppose m and N are given inte-
gers where N > m**° for any 6 > 0, and assume that (\1,...,\q) is any integral vector where

q(A1, ..., Aa) = N mod m. Then we have integral solutions for
q(z1,...,2q) = N with x; = X\; mod m,

provided that all the local conditions are satisfied. For d = 4, we prove the same result when
N > mSt9 and N is not divisible by 2% where 25 > N€ for any e . In particular, we recover the
best known upper bound on the diameter of LPS Ramanujan graphs X, , by choosing N = p™ and

m = q where ¢°% < p" for any & > 0.

Remark 2.1.7 In [TS15] we demonstrated some numerical experiments on the diameter of the LPS

Ramanujan graphs that the diameter is asymptotically
. 4
diam = 3 log;,_1(n).

The numerical experiments for the diameter of LPS Ramanujan graphs support our conjecture for

the optimal strong approzrimation for quadratic forms in 4 variables.

The first form of our main theorem is the following.

Theorem 2.1.8 Fiz F(X) a non-degenerate quadratic form in 5 or more variables and let  be a
compact subset of the affine quadric F(X) = 1 over real numbers. Suppose that we are given any
small ball B of radius 0 < r < 1 inside 2, and an integer m. Further assume that N is a given
integer which satisfies

N> (r~tm)*o,

for any § > 0 where the constant for > only depends on Q2 and 8. Finally assume that we are given
an integral vector (A1,...,Aq) mod m. Then there exists an integral solution F(x1,...,xzq) = N

such that

(x1,...,24)

VN

provided that all the local conditions are satisfied. The exponent 4 is optimal in N > (r~1m)

z; = \; mod m and € B,

4+95
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For a quadratic form F(X) in 4 variables the same result holds provided that
N> (r~tm)5+°,
and we require non-singular local conditions on N which imply the singular series S(N) > N€ for

any € >0 . We cannot replace 6 in the exponent with a number smaller than 4.

Based on our numerical experiments on the diameter of the Ramanujan graph [TS15] and the
existence of the optimal lift for the case of SL2(Z) — SLQ(Q%) which is shown by an elementary

method by Sarnak [Sarl5b], we make the following conjecture.

Conjecture 2.1.9 We conjecture that for a quadratic form with 4 variables the same result holds

for
N> (r~tm)*+o.

Therefore, the exponent 4 is the optimal exponent for every quadratic form with 4 or more variables.

In what follows, we state a stronger theorem and as a result deduce our main theorem. We give
a formula for the number of integral points in an open neighborhood which is defined in the adelic

topology. For every prime number p, there is a natural norm ||.||, on the vector space (@g given by

o =yl = max. [z =yl (25)

For the archimedean place oo, we fix an arbitrary norm ||.||s on R?. For a place v of Q and a point

b € Q% we define the ball B, (b,7) centered at b and radius r as follows:
B,(b,r) :={z€Q: |z —b|, <r}. (2.6)

Note that for a non-archimedean place v, the radius r takes discrete values g]', where g, is the order

of the residue field and n € Z. We define the integral ring of adeles as the product

Ag =R x ]z (2.7)
p

and equip it with the product metric. We define a global ball B in A% to be the product of local

12



ones such that the radius of local balls is 1 for almost all places, i.e.
B = B(b,1) x I_IB(a(p),p_”")7
P

such that v, = 0 for almost all primes. Note that B(a(p),1) = Z¢. We define the norm of the global
ball B to be

|B| := er_”P.
P

Since v, = 0 for almost all primes, the norm is well defined for global balls. The following theorem

is the most general form of our main theorem.

Theorem 2.1.10 Fiz a non-degenerate quadratic form F(X) = XTAX in d > 5 variables and let
VN be the affine quadric F(X) — N = 0. Fiz Q a compact subset of the quadric V1(R) and consider

the following compact topological space:
0 =0 x [[v(z,).
P

Suppose that we are given a global ball B := B(b,r) x [[, B(a(p),p~"*) with the following lower
bound on the norm

|B| > N~it9,

where b x [[,a(p) € © and ged(a(p),p) = 1, i.e. |a(p)l, =1 . Let [Vn(Z) N B| be the number of

integral points inside B, then

[V (Z) N B = 000 (E,b) [[ op(alp), N)|BI*"'N*Z* 4 O(|B|*~' N “T* N—9), (2.8)

for some € > 0 where ¢ and O only depend on 2 and § and not on the global ball B or N. For a

non-degenerate quadratic form F(X) in 4 variables the same formula holds provided that
|B| > N5+,

and we require non-singular local conditions on N which imply the singular series S(N) > N~¢ for
any e > 0. On the other hand, fix any primitive integral vector q := (q1, . ..,4q4) , i-e. ged(qu,...,q4) =

1 where F(q) > 0. Let

B := B(axq,r) X HB(apQ»P_Vp)7

p
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where a, € Z, and a,q € VN(Zy) if vy # 0 and aoe = —~

. Note that there exists a, € Z, such

5
s

that az% = %q) if (%) = (%), where (—) is the Legendre symbol. Hence, for the finite set of

places where v, # 0, we require that (%) = (%). Assume that

N 1
Bl > e ——

Vil
then there exists a global B’ inside B with no integral points and a norm greater than

N—1

Vldl

|BI‘ > Co

where ¢ and ¢y are universal constants depends only on Q and F(X).

Remark 2.1.11 We have the following lower bounds on the product of local densities [Mal62, Re-
mark 7 Page 73]

ceN™ < 00 (F,0) [[ op(alp), N).

where ¢c. only depends on F(x) and €. Therefore, the error term is smaller by a factor of N~¢. If
ged(p*?,a1(p),...,aq(p)) = pr # 1 for some p, we can divide N by p*"» and replace the local balls
a(p)

at the place p by B(pr,pf("Pfhp)) and use the above theorem. Since the power of N is % and

the power of |B| is d — 1 in the formula 2.8, the main term would be multiplied by Hp ple.
2.1.2 Further motivations and techniques

In several papers, Wright proved various results about the representation of a number N as a
sum of squares “almost proportional” to assigned positive numbers A1, Ao, ..., A\g. For example in

[Wri33], he improved his previous result and showed in the case of sum of five squares, if

A +--+ X5 =1, where 0 < \;,
(2.9)

and 0 < ¢,

then a large enough integer N depending on € is representable by a sum of five squares satisfying

14



the following conditions

N:n?—i—---—&—né
In? — \iN| < U (2.10)

Nl—%—i—e S U.

Note that the inequality N'=st¢ < U is not sharp and can be improved to N'=ite < . He also
showed that the number of representation is
U4

i (2.11)

By an entirely elementary method Chowla and Auluck in [AC37] proved a sharp result for the special
point (A1,..., A1) = (1,1, 1, 3) and sum of four squares. They showed every positive integer N # 0

mod 8 is expressible in the form

where n; are integers satisfying

It follows from Wright’s result [Wri37] that the O(N%) in this theorem cannot be replaced by
o(N %). More generally, he considered the sum of d kth powers and proved the diagonal point
(a,...,a) repels the integral points. We will discuss this repulsion property in more detail in section
2.2.

In a recent paper [Dael0], Daemen gave a lower bound for the number of the integral points

(21,...,24) close to the diagonal point (a,...,a) such that

He proved that for every k there exists si such that if s > sy, if one takes a neighbourhood bigger by
a large constant than the repulsion neighbourhood of Wright [Wri37], then one has a lower bound
for the number of integral points which differs by a constant compared to the upper bound. For the
sum of squares, his result implies that s = 9. He remarked that by working a little harder, one can
replace the number 9 for s by 7. Our results show that this holds with 5 or more variables.

Our method is based on the Kloosterman circle method. This method has been developed by

Kloosterman to prove the local to global principal for quadratic forms in 4 variables; see [Klo27]. For
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the purpose of representation of integers by quadratic forms, if the number of variables is 5 or more
the classical circle method of “major and minor ” arcs works fine. However, for 4 variables it does
not work. Kloosterman introduced a new method of dissection by Farey sequence (and no minor
arcs) which deals with 4 variables. The problem of the distribution of integral points on quadrics
between different residue classes to a fixed integer m has been studied by Malyshev; see [Mal62].
Malyshev used Kloosterman’s method and proved a result about the distribution of integral points
of the quadric F(X) = N with 4 or more variables between residue class of an integer m. An
application of our main theorem 4.1.4 significantly improves the exponents of m and N in his main
theorem for F'(X) fixed. In our work, the method proves to be decisive in 5 or more variables as it
gives the optimal exponent for lifting solutions. Our small sets optimal result for 5 variables depends
crucially on the square root cancellation in the exponential sums and also relies on the refinement of
the Kloosterman method developed by Duke, Friedlander and Iwaniec that is called delta method;
see [DFI93]. In the delta method we use a smooth cut off function over the Farey dissections. The
delta method allows us to use the rapid decay of the Fourier transform of the weight function and
makes computations handier. For proving our main theorem 4.1.4, we are using a version of this
method developed by Heath-Brown in [HB96]. In that method we first apply the delta method and
then a Poisson summation over the sum of lattice points. We briefly describe the new method here
and its advantages compared to the classical circle method.

Assume that we have a smooth bounded function |F(z1,...,24)] < T defined on a bounded
region U C R? and it takes integral values on the integral points. We are interested in counting the
integral roots of F' inside U. We write N for the weighted number of the integral roots counted by
a smooth weight function w which is compactly supported on U. Since the function is bounded by

T, we have the following formula for N:

T-1

1 aF(x)
=371 2 w@ D elgr ) (2.12)

reZd a=0

Following the classical circle method, we collect the fractions 7 which are close to the g where ¢ is

much smaller than 7" in to the major arcs and estimate this sum which gives us the main term. We
give an upper bound for the complement of this set which is the minor arcs.
In the new circle method, the main idea is that we can expand the delta function on the integral

interval [T, —(T'—1),...,T — 1,T] with smoother functions than e(735). The dimension of the
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vector space of functions on this interval is 27"+ 1. If we take the following set of function

{e(%) : where ged(a,q) =1 and ¢ < Q = 10\/?} (2.13)

then this set spans the vector space of functions on the integral interval [-T,—(T —1),...,T—1,T].
We can write the delta function as a linear combination of these functions and by an averaging
argument we can assume without lost of generality that the coefficients ¢4, don’t depend on a mod

q. Hence for - T <n<T,

sy =53 cqyne(%). (2.14)

Note that ¢ is now bounded by 10v/T compared to 27+ 1 by the previous expansion, where we used

aF(x
e(zT(+1))‘

However, we need to control the smoothness of the coefficients ¢4, as a function of n.
Intuitively, we want to pay a higher cost for smaller value of ¢ since it is multiplied by a smoother
function e(%) and we want the whole function ¢gne(%?) be smooth. In other words, we want cg, »
be smoother than cy, , if k1 > ko. The existence of this expansion for the delta function has been
established by Iwaniec and Kowalski; see [IK04, Chapter 20]. They proved that there exists an

appropriate smooth function h(z,y), such that

= Gl o N
* 2.15
Co an., . ¢ n
) E E —h(=, =
( ) Q2 Q=1amodqe(q) (Q’ 2)

We construct and state the main properties of h(x,y) in Section 2.3.1. Using this expansion, we

have the following formula for N

*

S ¢ Flx)
Z Z Z . (é o2 Jw(). (2.16)

ZL’EZd

We change the order of the summation and apply the Poisson summation on the sum over z € Z.

We obtain

Z Z N Syla, )y (c). (2.17)

q=1a mod ¢ ceZd
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where P
I,(c):= /Rd h(%, CSZ) )w(x)e(—<c’ x>)dm

q

Z e(aF(m) + (x,c>).

q

n
Q
—
8

o
~

I

a mod q
From now on, we assume that the function F(z1,...,z4) is a non-degenerate quadratic form. We

sum the Gaussian sums S,(a,c) over > and obtain

a mod ¢q

> Sy(a0). (2.18)
a mod q
Sq(c) is a Kloostermann’s sum for even d or Salie’s sum for odd d. In either cases, we have square

root cancellation. Hence,

Zq_d D Sy( (2.19)

cezZd

We separate the nonzero terms and write

Z =45,(0 Z Al (2.20)

c£0€Z

We usually get the main term of the counting from the zero terms and bound the nonzero terms by

putting absolute value inside the sum. We give upper bounds on

Q
Q—QZ > 184(0)| Ly (0)] (2.21)

c£0€Z

Remark 2.1.12 Note that in the sum (2.21), we are using different upper bounds by algebraic tools
on Sq(c) and from analysis on Iy(c). The norm of c is not important in the sum Sq¢(c), it only
depends on the the congruence class of the integral vector ¢ mod q. On the other hand, the fact that
¢ is an integral vector is not important in I(c), the absolute value of I,(c) depends on the position

of this vector as a vector in R? and the support of the weight function w.

For the integral I,(c), we have

1@ = [ 1 e

2
@ @ Fz) () (2.22)
x ¢, T
= g w(x)e — 27V dxdg,
[ r5©) [ wete s = " aade
where p,.(§) :== [ h( (—x€)dx, is the Fourier transform of h(r,x) in variable . We consider the
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function I,(kc) as a function of k € Z in the direction of the vector c. We prove that, we have either
an exponential decay or a polynomial decay in k. If we don’t have a critical point in the oscillatory

— % on the support of w(x), then we have exponential decay in k and this is the

function & %
content of the Lemma 2.5.1. Otherwise, we have polynomial decay and this is the content of the
Lemma 2.5.2. Following this strategy, we prove our main theorem 4.1.4 in section 2.6.

In a series of lectures and notes; see [Sarlbal, Sarnak revisited the Solovay-Kitaev theorem. The
general question comes from theoretical quantum computing. We briefly state the problem here and
mention its relevance to our work. Assume that we have a compact group G, ( for example SLs(Z,)
or PU(2)). We want to find a finite set g := {51, S9,.. .7sv} such that the group T' := (s1,...,8,)

generated by g is topologically dense in G and covers G with a “fast mixing rate”. Sarnak defined

the covering exponent K (g) in [Sar15a] and proved for example the following special case:

Example 2.1.13 Let G = PU(2) and

+ + +
1 |14+2¢ 0

a={ = 1 1 )
V5 0 1—2i V5 2i 1 V5 -2 1
then we have the following bound for the covering exponent

< K(g) <2 (2.23)

L W~

The inequalities (2.23) is another presentation of our main theorem 4.1.4 for the diophantine equation
22 4 --- + 22 = 5", The lower bound % < K(g) comes from the repulsion of the integral points, in
another words the fact that the lower bound r~* < 5" is optimal in our main theorem 4.1.4. The
upper bound K(g) < 2 comes from the special case d = 4 in our main theorem 4.1.4 and the lower
bound r~% <« 5" in this case. In a letter to Scott Aaronson and Andy Pollington, Sarnak wrote
[Sarl5a, Page 23]:

“ For n > 3 the determination of K (the covering exponent) for S-arithmetic points on S™
becomes easier. As pointed out to me by Bourgain, an application of the circle method as done in
the Appendix [BR12], can be promoted to an asymptotic (and not just an upper bound) when one
has this many variables, for counting these points in small caps. As a consequence we have together
with the repulsion that for n > 3

1 2

K(S*ZE) =2~ (2.24)
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This was our main motivation to run the circle method which allowed us to prove our main
theorem 4.1.4. We are very grateful for this suggestion.

In the recent work of Kleinbock and Merrill [KM13], they proved the analogue of the Dirichlet’s
Theorem for the rational points on spheres. Their result implies that the covering exponent for the
rational points on spheres is 2:

K(S",Q) = 2. (2.25)

Their method is quite interesting. It links the problem of the rational approximation to the following
standard question in dynamical systems: whether the orbit of a point hits a “shrinking target”. In the
expository paper of Ghosh-Gorodnik and Nevo [GGN14], the more general problem of diophantine
approximation for the homogeneous varieties has been discussed. We briefly describe their method
here. Given a homogeneous variety X := G/H, the rational points or S-integral points of X are
associated to the orbit of a lattice I' C G acting on X. The “Duality principle” links the question
about the density of the orbit I" in X to the mixing property of H acting on I'\G. Now, the question
is about the decay of the matrix coefficients of the representation of L?(T'\G) as a representation
of H. In the cases, where the restriction of the automorphic representation of L?(I'\G) to H is

tempered as a representation of H, we have optimal diophantine approximation exponents.

2.1.3 Outline of the chapter

In section 2.2, we prove that the exponent 4 in the main theorem 4.1.4 is the best possible
exponent, i.e., we construct an example where N > r—4 Hp Ty 4 and for which we do not have any
integral points on F(x) = N in the corresponding local neighborhood. We explain briefly the main
idea here. We take a point a € {F(x) = N}, so that the tangent space of this point is defined by
a hyperplane with integral coefficients. We consider those integral points which satisfy the mod m
congruence condition F(ay,...,aq) =1 mod m. Then if we slice our variety with the hyperplanes
passing through these integral points and are parallel to this tangent space, the distance of those
parallel hyperplanes is of order m. However, if we restrict our integral point to those on the variety
F(z) = N, then the congruence condition F(aq,...,aq) =1 mod m, impose a congruence condition
mod m? and as a result, the distance of those parallel hyperplanes is of order m2. Hence, we don’t
have any integral points with the given congruence condition between these slices and this gives us
the repulsion that we need.

In section 2.3, we describe the delta method. We cite the main properties of the weight function

h(z,y) in lemma 2.3.3 and lemma 2.3.4. These are standard lemmas and can be found in the
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literature [HB96]. Lemma 2.3.4 is crucial in the upper bound that we give on the integral I,,,4(c).

In section 2.4, we give an upper bound for the quadratic exponential sums S,4(c). First in
Lemma 2.4.1, we show that this exponential sum is nonzero for certain congruence class ¢ mod m.
We reduce the sum S,,4(c) to the Kloostermann’s sum (Salie’s sum) for even ( odd) dimension. We
use the well known bounds on the Kloostermann’s sum (Salie’s sum) to prove the main Lemma
2.4.4.

In section 2.5, we give an upper bound on the integral I,,,(c). In the subsection 2.5.1, we prove
an upper bound on the integral I,,4(c) from the decay of the Fourier transform of h(x,y) given in
the lemma 2.3.4. In subsection 2.5.2, we use the stationary phase theorem to give an upper bound
on the integral I,,,4(c) . We improve the exponent 1 — % in the [HB96][Lemma 22; Page 39] of the
Heath-Brown paper to —”T_l. This improvement is essential in our treatment to get an optimal

strong approximation result and this is the subject of Lemma 2.5.2. Finally, in the section 2.6 we

prove our main theorem 2.1.10.

2.2 Repulsion of integral points

In this section we prove that the exponent 4 in our main theorem cannot be replaced by a smaller
number. In fact we prove the second part of Theorem 2.1.10 which is a stronger result.
Let F(X) = XT AX be our non-degenerate quadratic form with 4 or more variables and discrim-

inante A = det(A). We recall that
0 =0 x [[Vn(zZ,).
P
For every primitive integral vector ¢, a positive real number 0 < r < 1 and an integer m where
ged(m, F(g)NA) = 1,

and

(%) = <Fl(7q>) for every prime p|m ,

where (—) is the Legendre symbol and (;) is the sign function. We define a global ball B inside
O as

B := Blaceq,) [ [ Blapa, p= ™),
p
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where a, € Z,, such that a,q € Vi (Z,) if p|m and as = % Note that |B| = rm~!.
q

Remark 2.2.1 Note that a,q € V(Z,) implies that agF(q) = N in Z,. Hence, ag = %. Since

(%) = (%), we have two solutions +a, for af) = % in Z, and for every choice of square root

at any prime divisor of m we have a different global ball B.

Theorem 2.2.2 Assume that

N 1
B > c1~—

Nk

then there exists a global B’ inside B with no integral points and a norm greater than

N 1
IB/| > cpm—

Vldl

where ¢1 and co are universal constants and depend only on Q@ and F(X).

Proof: First, we consider the integral points inside By, the finite part of the global ball B, namely

By := [ Blayq,p~" ™).

p

We assume that x is an integral point such that x € By. Hence,

ordy, (m)

x = ap,q mod p , for every p|m.

By the Chinese remainder theorem there exists « such that

T = aqg mod m,

ordp (m)

where oo = a, mod p Hence, x = mt + aq for some integral vector t. We write the Taylor

expansion of F(mt + aq) at aq , i.e.
F(tm + aq) = m*F(t) + 2mtT Aag + F(aq) = N.

Since ged(ga, m) = 1, we deduce that

N — F(aq)
mo

tTAq = mod m.
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Therefore, there exists a fixed number Iy mod m? such that

(z,Aq) = (mt + agq, Ag) mod m?
(2.26)

lp.

Now consider the infinite part of the global ball B, namely
B := B(axq, 1)

Our strategy is to find a shell inside this ball which avoids the integral points Vy(Z). Inside By, we

let ¢ be a real point in Viy(R) such that

2
(G, Aq) = % + 1y + km? for some k € Z,
(2.27)

and |§ — asoq| is minimal.

Note that ¢ lies on the nearest parallel hyperplanes (z, Agq) = %2 + 1y + km?2, when we vary k € Z,

t0 Googq. Assume that x = ¢+ & is an integral point inside the global ball B with F(x) = N. We

write the Taylor expansion of of F(x) at ¢
F(G+¢€) = F(q) +2¢" A + F ().
Since F'(z) = F(q) = N, we deduce that
26T AE+ F(&) = 0.
We give a lower bound on |2¢7 A¢| = (2¢, AG). Note that
(26, Aq) | = (26, aco Aq) | — | (26, A(G — aoq)) |-

By the definition of ¢ given in (2.27), we have (2¢, Ag) > m? and we also use the Cauchy inequality

o get | (26, A(G — a0eq)) | < 2/€]|All(G — aocq)]. Therefore,

247 A& > mas — 2/€[|A]|(G — asoq)|-
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Therefore, 247 A¢ + F(£) = 0 implies

[F(6)] = m*ace — 2/€[|Al/(G — acoq)]- (2.28)

From the minimality condition in (2.27), we give an upper bound on |§ — asgq|. We have

F(g) =N,

(4 — acoq) + q)" Al(§ — aooq) + aoeg) = N.

Hence

((j - aooq)TA(q - aoo‘]) + 2((1 - aooq)TAaooq = 0.

From the minimality condition, one can check that § — an.q is the maximal eigenvector for A, hence

(q— aooQ)TA((j — (x0q) = ‘AH((I - aooQ)|27

and moreover

12(G — aooq)TAaooq\ < 2a.om?>.

Therefore,

|A|[(§ — axq)|? < 2a0om?.

Hence,

|A[[(@ — aceq)| < mall?y/2]A]. (2.29)

We plug in this upper bound in the inequality (2.28), and obtain

[F(6)] = mPace — 2[€[mail®v/2]Al.

Since |F(€)| < |€]?|A], we deduce that

2 2V/2 12
g2 > e V2l maze” (2.30)

A VIA|
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From the above inequality, it is easy to check that

1/2
macx/,

&l >
€] A

Since VN = aoo|F(q)|"/?, there exists a constant ¢, depending on A such that

e, m
VN = Tl |F(q) |12

We deduce that we don’t have any integral point inside the following global ball

q —ordy(m)
I 1 B apq,p P ) (231)
VR QIS
We also note that
Bl = ﬁmfl
=
> cpar PP (q)| 71
(2.32)
> eoN~V4F(q)| 714
C2N—1/4

~ 1AVl

Therefore, we conclude the second part of our main theorem 2.1.10.07

2.3 The delta method

In this section, we give a formula for the weighted number of the integral points in a small neighbor-
hood of a point b on the quadric F(X) = N. We use a smooth weight function w which is supported
in a neighborhood of the point b with radius v/N. We also impose some congruence conditions mod
m on the integral points. We use the additive character 6(2‘””) to cut these congruence conditions.
We begin with the following expansion of the delta function which is developed by Duke, Friedlander

and Iwaniec. We cite this theorem from [HB96, Theorem 1 Page 3 |.

Theorem 2.3.1 For any integer n let

1ifn=0,
Op = (2.33)

0 otherwise.
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Then for any @Q > 1 there is a positive constant Cq, and an infinitely differentiable function h(x,y)

defined on the set (0,00) x R, such that
i an, ,q n

= ae(z/qz)

The constant Cq satisfies
Co=1+0x(Q™) (2.35)

for any N > 0. Moreover h(z,y) < x~! for all y, and h(z,y) is non-zero only for x < max(1,2|y|).

We assume that F'(X) = X7 AX is a non-degenerate quadratic form and we impose the following

congruence conditions mod m on the integral points X = (x1,...,x4) such that F(X) = N:
z; = \; mod m. (2.36)
We let

F(t1m+)\1,...,tdm+)\d) =N,

m2F(ty,...,tg) +2mA\T At = N — F(\).

We define km := N — F()\). Then,

1
F(ty,...,ta) + —2 At —k) =0 (2.37)

m
We also define

F(mt+X)—N

1
t, .o ty) = F(ty,... t —2\TAt — k) =
G( 1 5 d) (17 ) d)+m( )\ ) m2

We let w be a smooth compactly supported weight function such that

w(z) =0 if |z — b] > rV/N.
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We write N (a,w) for the weighted number of the integral points on the quadric F/(X) = N subjected

to the the congruence condition (2.36). We have the following formal expansion for N(a,w)

N(a,w) = Z W(t)(s(g(t)). (2.38)
tezd
% 2 Z (- (AT At = K)w(t)3(C ., 1a) (2.30)
mod m tezZd

Remark 2.3.2 Note that the summation on | mod m is non-zero only if
2AT At — k=0 mod m.
Hence, if G(t1,...,tq) has non-integral values then this summation is zero. For the integral values

of G(t), we use the delta expansion (2.34) to cut out the non-zero integral values of G(t).

From the assumption of the theorem 4.1.4, we have N = (mr~1)4t2 for some § > 0. We take
Q = (mr~1'*9 in the delta expansion (2.34). Therefore, from Remark 4.13, we have the following

expression for N(a,w)

C - lg+a)(2AT At — k) + amF(t
N(a7w):mgzzzzze((q4' )( o ) + ())

l q a t

( (2.40)
q F(mt+X)-N w
h’(Q’ m2Q2 ) (t)

We apply the Poisson summation formula on the ¢ variable to obtain

N(a,w mQ2 ZZZZ mq) S g (a1, ) Img(c), (2.41)

where

Tng(c) = /h%, F(tl"ﬁé’é‘;) N ute( - <;;2>)dt1...dtd7 (2.42)
a T — am C
Soala,1,¢) = Z 6((lq+ Y(2AT At Tl;)q—k F(b) + ( ,b>). (2.43)
be L

27



We define the sum S,,4(c), as :

Sing(c) == Z Z Smqla,l;c). (2.44)

!l mod m a mod ¢q

1+0

From the assumption, @ = (r~'m)'*%. In the next section we prescribe a smooth compactly

supported function w such that if w(t) # 0 then

F(;(Q)C;QN _ G(tla@;atd) <1 (2.45)

Since the support of the smooth function h(z,y) is inside the interval 0 < x < max(2y,1). Hence,

the summation on ¢ is restricted to 1 < ¢ < Q.

2.3.1 The properties of the function h(x,y)

In this section we cite the basic properties of the smooth function h(z,y) from [HB96]. The following
lemma shows h(z,y) converges to the delta function rapidly as x — 0. For the proof we refer the

reader to [HB96, Lemma 9.

Lemma 2.3.3 Let f be a smooth function with compact support. Then if v < 1 we have

/ F@)h(,y)dy = £(0) + Opr(#™). (2.46)

The following lemma shows the smooth property of the h(z,y) in the y variable. Since, it
converges to the delta function from the previous lemma, as  — 0 the decay rate of the Fourier

transform is slower as  — 0. For the proof, we refer the reader to [HB96, Lemma 17]

Lemma 2.3.4 Let w be a smooth compactly supported weight function and p(t) be the Fourier trans-

form of w(y)h(z,y), i.e.,

oo = [ " ), g)e(~ty)dy. (2.47)

— 0o

Then, p(t) decays faster than any polynomial in variable rt, i.e. for every N >0

p(t) <o n (2t)7N. (2.48)
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2.4 Quadratic exponential sums S,,,(c)

In this section, we give upper bounds for the quadratic exponential sums Sp,4(c). We show that this
exponential sum is nonzero for certain congruence class ¢ mod m. By Chinese remainder theorem,

we write the sum Sy,4(c) as a product of two summation:
qu(c) = 5152

In Lemma 4.3.1, we give an upper bound on S; from the generalized Kloostermann’s sum (Salie’s
sum) for even ( odd) dimension . In Lemma 2.4.3, by applying a Cauchy inequality and next
computing the square norm, we obtain an upper bound on S5. Finally, we show in Lemma 2.4.4
that we have square root cancellation on average for the exponential sum Sy,4(c).

In the following lemma we show that Sy,4(a,l;¢) = 0 unless ¢; = —2(Ig + a)A\; mod m for every

1<i<d.

Lemma 2.4.1 We let F(X) = XTAX be a non degenerate quadratic form and

a T Ab - am c
Smalalic) = 3 e((lq+ )2AT Ab — k) + F(b)+<,b>).

be L md

maZ

Then
Smqla,l;¢) =0,

unless ¢ = —2(lg + a)AX mod m. As a result Spq(c) =0, unless
c = aAM for some scalar a mod m.

where A = (A1,...,Aq) mod m.

Proof: We write vector b in the summation as

b= qbl +b27

where by is a vector mod m and b is a vector mod ¢q. Then we write S,,4(a,l;c) as a summation
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over b; and by. We obtain

Smglarli) =3 e( (lg + a)(2AT Aby — k) + amF (b2) + (e, b2>> 3 e((lq + a)2XT Aby + (¢, by) )

mq m

b2 bl

(2.49)

It is easy to check that the summation on b; is zero unless
¢ = —2(lg + a)AX mod m.

Since

Sing(c) == Z Z Smqla,l;c),

!l mod m a mod ¢q

if Spq(c) # 0, then for some a mod ¢ and [ mod m, Syq(a,l;c) # 0. Therefore,
c=—2(lg + a)AX mod m.

Hence, we conclude the lemma 1.
In the rest of this section, we give an upper bound for S,,,(c) when this summation is nonzero.
We let
A:=detA

where A is the symmetric matrix corresponded to our non-degenerate quadratic form F(X) =

XT AX. We note that

Smq(c) = Z Z Smaq(a, ; ),

! mod m a mod ¢q

since the summation over [ is nonzero only if m|2A\T Ab — k and it is m when m|2A\T Ab — k, then we

have

Son(c) = mbz: e(a(2>\ Ab—k) ;ZmF(b) + (c, b) ) (2.50)

. . * d
where the summation is over a € ( L ) and vectors b € (L) such that

qZ maqZ

m|2\T Ab — k.

We assume that

q = q192,
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where ged(gr,2Am) = 1 and the set of primes which divide g is a subset of primes in Am. As a
result ged(qr,mge) = 1. Therefore, we can write k = mgoky + q1 ko for some integers k1 and ks, and

also from the Chinese remainder theorem we obtain

b =mg2b1 + q1b2, (2.51)

where by € (q%)d and moreover by € (ﬁ)d and m|2A\T Ab — k. We can also write

a = q2a1 + G102, (2.52)

where a1 € (q%)* and ay € (@%)*. We substitute these values of k = mqoky + q1 k2, a = gaa1 + q1as

and b = mgab1 + q1b2 in the formula (2.50) for S,,4(c) to obtain

Smglc) = > 6(QMMTAbl + a1(mg)2F (by) + (¢, b)) + mlkl)

a1 .1 q1
’ ., , (2.53)
m Z 6(2%@2)\ Aby + azmai F(bz) + (c, b2) + Q1a2k2)
mqsz ’
az,ba
where m|2AT Aby — ky. We define
T 2 b k
S, = Z 6(2(]2@1)\ Aby + a1(mg2)?F(b1) + (¢, b1) + qaaq 1)’ (2.54)
b q1
ai,01
and
T 2 k
Sy i=m Z 6(2%&2)\ Abs + azmqifc]ibz) + (¢, b2) + quas 2)’ (2.55)

az,bz

where m|2AT Aby — k. In the following lemma we give upper bounds for S;.

Lemma 2.4.2 Let F(X) := XTAX be a quadratic form such that A := det(A) # 0. Assume that

q s an odd integer such that ged(q,2A) =1 and let

F(b ' by + k b
S(F,c,c k) ;:Ze(“[ () + (c,b) + K] + e, >), (2.56)
q
a,b
where a varies in units (%Z)* and b varies in (q%)d. Then
_ A d /
S = (;)Tq KI(F,c,¢ k) (2.57)
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where T, 1= er(%z) 1s the Gauss sum, (—) is the Legendre symbol and KI(F,c,c' k) is either a

Kloosterman’s sum or a Salie’s sum. Therefore we have the following upper bound on S(F,c,c', k)
/ af 1/2
S(F,e,c' k) <q 2 7(q)ged(q, N)*/=. (2.58)

Proof: Since ¢ is odd, we can diagonalize our quadratic form F(z) mod g. Therefore, without loss

of generality we assume that our quadratic form is a diagonal quadratic form

d
F(z) = Z x?
i=1

Hence,
d 2 ’
alaib® + b+ k] + c;b
S(F,c,c k) ::ZHZe( 2 J I+ )
a j=1 b q
We complete the square to obtain
d ao; b—l—ac}ﬁj >+ ak — (ac;.+c?-)
S(F,c,d k) ::ZHZG( i Qaaj) 2oy )
a j=1 b q
(B)eZ 3o (2) (I R ),
:T —_— S — —
“\q 2q q q

Note that for odd d we get the Salie’s sum and for even d we have Kloosterman’s sum. Therefore,
we conclude the lemma.[]

In this lemma we give an upper bound on S,.

Lemma 2.4.3 Let

2 (l)\ Ab +(1 m 2Fb + b + (lk
Sy i =m E e( 4192 2 21 (2) <C7 2> N 2) (2.59)
o maqs
2,02
where m\2)\7 Abg — ks. Then,
Sy <A mdq; d/z. (2.60)

Proof: From the Cauchy inequality on ag variable we have

2q1aa AT Aby + aamqi F(by) 4 (¢, ba) + qragks \ |2
S22 < m2(a2) 30 | e )|

m
az bo 42
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< m2o(@? Y 6(2Q1a2ATA(bz — by) + aamai (F(ba) — F(b)) + (e, ba — b’2>)7

m
b0 q2

where m|2AT Aby — ko and m|2)\T Ab, — ky. We change the variables and write u = by — b}. Hence,

‘52|2 < m2¢(q2)2 Z 6<2q1a2)\TAu + aamq? (2by Au + F(u)) + (c,u) )

m
wibe q2

where m|2AT Aby — ky and m|2AT Au. The summation over by is unless go|A ged(u). Therefore,

1S2]? <A ¢(g2)%(mPq2)".

Hence,

1+4¢
|S2] <a mdq2 N

Therefore we conclude the lemmall.
In the last lemma of this section we prove an average result on the norm of the exponential sums

Sqm(c) with respect to g.

Lemma 2.4.4 We have the following upper bound
X d+1
Zm_dq_T\Sqm(C)\ <amextte (2.61)
g=1

Proof: This is an easy consequence of Lemma 4.3.1 and Lemma 2.4.3. We factor

q = 4192,

where ged(g1,2mA) = 1 and prime factors of go are subset of prime factors of mA. From the
formula (2.53), we deduce that
Smq(c)] = [51]|52]-

One can easily check that Lemma 4.3.1 implies

d+1
Sl S q12 +€.

Lemma 2.4.3 implies that

Sy € mdq;+d/2.
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Therefore, we have

X X X
—d -4l 1/2 1/2
Zm Y2 |Sym(0)| < quqQ/ §X€Zq2/ )
q=1 q=1 q=1
Note that the prime factors of go are subsets of prime factors of mA, hence

X
S a? < Xeme,

g=1

Therefore, we conclude the lemma.

2.5 The integral I,,,(c)

In this section we give upper bounds on the integral I,,,4(c) that appears in the expansion (2.42). We
partition the integral vectors ¢ # 0 € Z¢ into two sets. We call them by ordinary and exceptional
vectors. In section 2.5.1, we give an upper bound on I,,,,(¢c) where ¢ is an ordinary vector. We give
a different upper bound on I,,,4(c) for the exceptional vectors in section 2.5.2. The definition of the
ordinary and exceptional vectors is based on a choice of a point b € Z? where F(b) = N and b is in
the support of w.

Fix a point b € Z% such that F(b) = N and w(b) # 0. In order to simplify the integral I,,,(c).
We change our standard basis to a new basis given by an orthonormal basis of the d — 1 dimensional
tangent space at b on the hyper-surface F(z) = N and the normal vector at b.

We assume that F(X) is a non-degenerate quadratic form with symmetric matrix A
F(x1,...,2q) = XTAX.

We assume that the smooth weight function w is compactly supported inside an open set given by
fattening of the tangent space of the hyper-surface F(X) = N at b. We give a precise description
of the weight function w(z) in what follows . The gradient of F(z1,...,24) = X7 AX at point b is
given by

VFj, = 2Ab. (2.62)

We let eq be the norm 1 vector in the direction of VF},. The tangent space of the level set F'(X) = N

at b is the orthogonal complement of e; and we denote it by
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We restrict the quadratic from F(X) to the d — 1 dimensional subspace Ty(F). By a standard
theorem in linear algebra we can find an orthogonal basis B := {ey,...,e4—1} for Tp(F') such that

F is diagonal in this basis. Namely,

d—1 d—1
i=1 i=1
We write the integral vectors ¢ in the orthonormal basis
By :={e1,...,e4-1,€d}- (2.64)

We remark that ¢ does not necessarily have integral coordinates anymore.

d
c= Zciei (2.65)
i=1

We define two types of the ordinary vectors. We call them ordinary of type I and type II. Type I

ordinary vectors c are the integral vectors c such that their norm are large, more precisely
el = (mr=t)t*e, (2.66)

where |.| = max; ¢;, and € > 0 is any positive number which is independent of . The type II vectors
c are the integral vectors ¢ such that there exist 1 <7 < d — 1 where
ci > m(mr—1)e.

(2.67)

el < (mr=)™,

We call the complement of these integral vectors the exceptional integral vectors.
We give a change of variable formula for the integral I,,,(c) where we use in the subsequent

subsections. Recall that

Tg(c) = /h(é7W)w(t)e( - i;?)dtl....dtd, (2.68)

Since F(b) = bTAb = N # 0, then By := {e1,...,eq4_1,b} is also a basis and we express the
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vector X — b in two basises B; and By as follows:

d—1
X-—-b= Z mu;e; + maegq,
i=1
d—1
X —b=> mie; +mpb,

i=1

where if b = Zle b;e; then

u; = u; + by,

o = ﬁbd

(2.69)

(2.70)

(2.71)

(2.72)

We choose w so that if w(X) # 0 then u; are bounded by @. Since {ey,...,eq} is an orthonormal

basis then
dX = midu; . ..dug_ do.
Let y := Ffig)Q_QN, hence g—z = XWTLSSUL
8 —1
duy ...dug_1da = el duy ...dug_1dy,
Oa
mQ?
= dui ...dug_1dy.
XT Aey “ td—10Y

Recall that X = mt + a, hence

dX = m4dt.
Therefore,
mQ?
dt = XTAc, duy . ..dug_1dy.

We substitute b = mty + a and also dt;...dtg = XmTig;dul ...dug_1dy, hence

Ing(c) = /h(%, %)w@e( - %)dtl cdtg

d
:€(<c,to>)mQ2/ R h(g,y)w(t)e(w)dul---dud—ldy-

XTAed

mq R Q mq

2.5.1 Upper bound on the integral I,,,(c) for ordinary vectors
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In this section we prove a decay rate for I,,,4(c) when cis an ordinary vector. These are the integral
vectors such that I,,,,(c) decays fast as ¢ — co. In the following lemma, we give an upper bound for
the integral I,,,,(c), when c is an ordinary vector. Moreover, we show that their contribution in the

delta method is bounded.

Lemma 2.5.1 Let ¢ be an ordinary type vector. Then for any N > 0, we have the following upper

bounds on Inmq(c) if ¢ is an ordinary type I vector:
LN
Ing(¢) < (\cw m) , (2.77)
and if ¢ is an ordinary type II vector we have
-N
Img(c) <n (r_1m> . (2.78)

As a corollary, we show that their contribution is bounded in the delta method, namely

Cq
mQ)?

D0 (ma) S mg(€) Img(c) < 1. (2.79)
q c
Proof: Recall that

Ing(c) = /h(%, W)w(t)e( — %?)dtl cdig. (2.80)

Without lost of generality, we assume that the weight function w is a product of two compactly

supported weight function as follows:

w(t) = wo(t)wi(y), (2.81)
where y = W We let py (&) be the Fourier transform of h(%,m)wl(x), ie.,
por(© = [ wi@hlafo)e(~go)da, (2.52)

Therefore,

uﬂazémmwlmmww—“@mt (2.83)

mq
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Recall that X = mt + a.

d—1
X—-b= Z mu;e; + maeg, (2.84)
i=1
d—1
X —b="> " mie; +mpb, (2.85)
i=1
where if b = Zle b;e; then

We also have the following formula for the volume form

dt = (b, eq) di;dp

We express y in terms of u; and

F(X)-N
V=g
(Zmﬁiei+(1+mﬂ)b)TA(Zmﬂiei+(1+m[3)b) - N 9 88
= Tos (2.88)
S amAh + (14 mB)*N — N
- m2Q? :
Using the above expression for y, and also the following expansion for the inner product
d
(t,c) = (to,c) + Y _ cits,
i=1
where b = mty + a. We obtain
<Cv t0> /
L, = b,
(0 = () i) [ pald)
. _ £8(2/m+ B)N  B(b,c)
/,3,71 wo(un, - -, a1, B)e( 02 + ma ) (2.89)
d—1 - -
ENTE ¢t _
x e i:1[ B + e 1) dBdiqé

{(c,to)

Since we are only concerned about the norm |I,,,4(c)|, so we drop e T

). From the assumptions,

we needed y to be bounded, so this restricts the range of w; and § . Hence, we let w; vary between
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—Q < 1u; < Q and —mQ?/N < 8 <mQ?/N. We normalize the variables and write

T =i/ Q, (2.90)

zq = BN/m@Q?>. (2.91)

The range of each integral is on the interval [—1, 1] now. Therefore,

d+1
ng(€)] = w\ / Pasale)
2 2,122
/ / wo(z xd (26 + Q q<‘]\/.b7 C>) + fxd;r\t. Q ) (2.92)

(Z[&Al 22 cthl])dxl...dxddf.

i=1

At this point, we assume that ¢ is an ordinary vector of type II, i.e., there exist 1 < i < d — 1 such
that

ci > m(mr~)<.

We split the integral I,,4(c) as a sum of two.

I’mQ(c) = Imq(c)l + Imq(c)27

where Ip,4(c)1 is the integral over ¢ where || < (rilm)e/Q% and I,q(c)s is the integral over the

complement when |£| > (r’lm)e/z%. First, we show that
[Tng(€)2] < (r~tm) =, (2.93)
This is a consequence of the Lemma 2.3.4. Recall that

Pa/Q(€) < (I€la/@Q)~"

Since [¢] > (rilm)ﬁ/zg, we deduce the claimed upper bound on |I4n(c)2|. It remains to show that
[Img(c)1] < (r~tm) =Y.

Then by Fubini’s theorem, we change the order of integration, and first take integration on the x;
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variable

d+1m e
a0l = S5 [0

Q2 <b, C> §x2m2Q2
/1 /wo xd2£+ N )+ dN )

(2.94)
(Z[gxz 2 Clel])dzl...d}ci...dxddf

=1

1
/ w()(x(),...7mi7.. ) (f)\(E + IQ Z)dLUZ

-1

Note that since |£]| < (r’lm)e/z% and ¢; > m(mr~1)¢ we deduce that following lower bound on the

derivative of the oscillatory in the x; variable

A(ENix} + 762?? ) Qu;
>
ox; mq
(mr~1)Q (2.95)
q

>
> (mr1)e.

By integrating by part multiple times in the z; variable we have a fast decay for I, (c)1. Because
/ w(z;)e(ENz? + ciQr Z)d <y (mrt)=Ne, (2.96)
L

for every N > 0 . Hence, if ¢ is a type II vector, we proved the claimed upper bound on I, (c); and
therefore on I, (c). In order to show that the contribution of the type II vectors is bounded in the

delta method, namely

)" g () g (c) <c 1. (2.97)

q 1 ¢
Note that @ = (r~'m) and since |c| < (r~!m)'*¢ the number of type II vectors is bounded by
(r~tm)?01+e)  Therefore if we choose N > ¢~12d. We conclude the lemma for type II vectors.
It remain to prove the lemma for type I vectors c. We proceed as before and split the integral

In4(c) as a sum of two.

Imq(c) = Imq(c)l + Imq(c)27

But this time, I,,,4(c)1 is the integral over £ where |{| < (|c|r’1m)6/2% and Ipnq(c)2 is the integral
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over [¢] > (|c|r‘1m)5/2% From the same line as in (2.93), we deduce
[Img(c)2] < (lefr=tm)=". (2.98)

It remains to prove Inmg(c)1 < (Je|mr=1)=" for the type I vectors c. If |c4| # max; |c;|, we proceed
as before. So, we assume the harder case where ¢4 = |c|, because our lower bound for the partial
derivative in x4 variable is worse than other variables. We proceed the same strategy and use the
Fubuni’s theorem. We first take integration along the x4 variable and we give a lower bound for the

partial derivative of the oscillatory function in x4 variable.

Q2<b,c> £m2m2Q2
ox; qN N
Recall that N = Q?m?r~—2, and [¢] < (|c|r*1m)6/2%, hence
2 c m2m2 2
Owa(2 + TF) + L) Q2 (b,
>
Oxq qN (2.100)
> (Je|mr—h)e.
By integrating by part multiple times in the x4 variable we deduce
—-N
Tng(0)1 < (|c|r*1m) . (2.101)

Therefore we concluded the claimed upper bound (2.77) for the type I vectors. In order to prove

the lemma it remains to show

Cq
mQ?

Q
DD (M) Smg () Img(e) < 1. (2.102)

g=1 ¢

where the sum is over the ordinary type I vectors. We note that the following sum is bounded over

c € Z% and as a result over the type I integral vectors.

1
> T < 1. (2.103)
c€Z

Hence, by choosing N > 2d in (2.101), we deduce the lemma. O
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2.5.2 Upper bound on the integrals I,,,(c) for exceptional vectors

In this section we prove an upper bound for I,,,4(c) when c is an exceptional vector. These are

the complement of the ordinary vectors, i.e. the integral vectors ¢ with the following conditions

lei] < m(mr_l)e,
(2.104)

el < (r7tm)'e,
where we used the basis By defined in (2.64) to express ¢ =), cie;.

Lemma 2.5.2 Let ¢ be an exceptional integral vector then we have the following upper bound on

Ing(c)

[ mq(c)] <<Qd71 min[( Qlc| )_%;1,1]' (2.105)

mQ? R mr—1

Recall that R = VN = Qmr~" and Q = (mr—1)+9.

Proof: We recall from the formula (2.76)

mQ>? R q E?Zl cu; + acy
|Imq(C)| = R / XTAedh(aay)w(t)e(m—q)dul A dud_ldy.

We want to separate the variables in the oscillatory function and write « in terms of uq, ..., ug—1
and y. First, we give the taylor expansion of « in terms of uy,...u4—1,y. Recall that

F(X)-N

Y= T2

_ (X mae; + (1 + mﬁ)b)TA( Somiie; + (1 4+mpB)b) —

mQQZ

Hence,

y—zuz m?\; + (1 +mpB)%bT Ab — N.

Since bT Ab = N, then
2_N—|—m ZzlmQQQ)\i

Therefore,
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From the taylor expansion, we obtain

B m2Q2y d*1m2~i2 745%2
mB =7 +1—1+1/2[—‘ - )\Z}—FO(T 50 (2.106)

Since, we are going to use the stationary phase theorem in variables x; := % and outside a small

neighborhood of the critical point the integration decay rapidly we can ignore the error term in the

Tylor expansion and localize the integral around the critical point with radius of the squre root of

the coefficient of 22 . Therefore,

d—1 ~ 92

N bq szy mu; 4 1
a—?{ N —Z N )\Z:|—|-O(R7“ m”) (2.107)

i=1

We use the above expansion in the following formula for |I,,q(c)|

mQ? R q Z'il ciu; + acy
Ino(€)] = 4 Lz QU T Ay g g dy.
@) = "5 [ S e (=L gy

We use the Fubini’s theorem and first take integration on x1,...,x4_1.

[Img(c)] _ Q! dl—[l/ R ( ,y)e(Qxci + (¢, b) m_1r2)\¢x2/2)dw

w(z
me? R o) XTAeg e (2.108)

h(% y)e(2(<c’b>y)dy,

mr—1)2q

From the stationary phase theorem we obtain the following upper bound

Glw) :/XTRAedw(x,y)e(Qxci—'—@’wm1r2)\ix2/2)dx<<min{(W)_w,l}-

mq mq
(2.109)
We note that |c| = ¢4 and by =~ R. Therefore,
(¢, b) = R|c|.
We also recall that R = mr~1Q. Therefore after simplifying (2.109), we deduce
o Qlel =
Gly) < ( ) 1.
() < minf (- 2) 77
Therefore,
[Img(c)| _ Q7! / q (c,b)y
— Gyh(L, (7)d . 2.110
mQ? 7 () (Q y)e Samr—1y2g) ¥ (2.110)



Assume that the test function w(z,y) that we are using in equation 2.109 is the product of two test

functions, namely

w(z,y) = w1 (x1, ..., Tq—1)w2(y)

From Fubini’s theorem, we can separate the integral and write g(y) as the product of the integral

over y and (x1,...x(d — 1)) coordinates. So we have

Gy) = G(0) / w(y)h(a/Q. y)e(Ay)dy

Finally, we apply lemma 2.3.4 on fy w(y)h(q/Q,y)e(Ay)dy for N = 0 to obtain

[Img(c)] _ Q41 {c.b)y
mle n /G (Q(mr 1)2q>dy
Qd ' (2.111)
< 7 G(0). .
Q' . Q -4
< Rmm[(mr@q) Al

Therefore, we conclude the lemma.[]

2.5.3 Bounding the sum over the exceptional vectors

In this section we give an upper bound on the contribution of the exceptional integral vectors ¢ in
the delta method. First, we show the number of exceptional eigenvalues with a norm less than X is
less than X (r~'m)¢. This upper bound on the number of exceptional vectors and the upper bound
on the integral I, (c) allow us to bound the contribution of the exceptional integral vectors in the

delta method.

Lemma 2.5.3 The number of exceptional integral vectors ¢ such that

c = aa mod m,

or a € Z/mZ and a € Z/mZ%, and
f / ;

is bounded by X (r~1m)e.
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d—

Proof: The proof is based on the covering of R? by boxes of volume m?~! around the integral points

with the following congruence condition

¢ = aa mod m.

From the definition of the exceptional vectors we know that

il < m(mr™)e. (2.112)

Therefore, all the exceptional vectors with |¢| < X lies in a box with size

X xm(mr=H x - x m(mrh)e

Therefore the number of exceptional vectors is less than

Xmd—1 (mr—l)(d—l)s

Volume of the box

= X (mr~1)ld=De,

By choosing € small enough in the definition of the exceptional vectors we conclude the lemma. [J.
We are ready to give an upper bound on the contribution of the exceptional vectors in the delta

method. In order to do that we need two more auxiliary lemmas.

Lemma 2.5.4 We have the following upper bound on the sum over the exceptional vectors with

norm |c| > Z and 1 < ¢ < X for every e > 0

m d—3

X d+1 5
D D (M) Sy (O)Img(0) € —H— X (r~tm) 2Tz (2.113)

q=1|c|>Z

Proof: From Lemma 2.4.1 S,,4(c) = 0, unless ¢ = wa mod m. So, without loss of generality, we
assume that ¢ = ca mod m. We use the upper bound on I,,,4(c) that is proved in Lamma 2.5.2 to

derive,

X X

mQ4t! c -4t
3 (1) S ) g(e) < "L S S gm0 (-2 )

—1
T m
=1 |c]>2 =1 c>2 q
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From Lemma 2.4.4, we have
X d+1
Z m= g™ |Sym(c)] <a meX 1T
g=1

Therefore,

X d+1 a1
g4 _dtl m e — 8 (g— 1
q§_1:m dq = |Sqm(0)| < ?R X+ (7, lm) $(d-1) E (7> pl '

From the Lemma 2.5.3, we deduce that

> (4) T etz 114
[e|]>Z

Since X < @ = (r~'m)'*?, a small enough choice for ¢ in the definition of the exceptional vectors

¢ concludes the lemma. O

Lemma 2.5.5 We have the following upper bound on the sum over X < q < @ and exceptional

vectors with |c| < Z

de-H

Q
ST N (m0) g () Img0) < ZR X5 (2.115)
=X |c|<Z
Proof: We use the trivial upper bound on I,4(c), i.e.
d+1
[Img(c)] < m% (2.116)
Using this and Lemma 2.4.4, we have
Q@ d+1
_ m cyr_d=3
>N (mg) " Simg(€) Ing(c) < QX doL (2.117)
=X |c|<Z le|<Z
From Lemma 2.5.3, we obtain
Z 1< Z(mr™ e
le|<Z
Hence,
< m d+1 d—3
> D (M) g Iimale) < T ZQ X (2.118)

=X |c|<Z
Therefore, we conclude the lemma.[]

In the following lemma we apply the alternative use of the Lemma 2.5.4 and Lemma 2.5.5 to
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improve an upper bound on the contribution of the exceptional vectors. We make an increasing

sequence of (X, Zy) of integers
X]g < Xk+]_ and Zk < Zk+1.

such that the contribution of the exceptional vectors is negligible in the delta method if either
le] < Zy, or ¢ < Xi. Our strategy to bound the contribution of the exceptional vectors c is to find a

k such that Q < Xy or (r~'m)'*c < Z;. We show such a k exists in the following lemma.

Lemma 2.5.6 For every integer k > 0, there exists ann > 0 such that if X} = (r‘lm)%(d_l) [Z?ﬂ(%)m}_"
and Zy = (r‘lm)%(d_l)[ELC’(%FFI]_", then we have the following upper bound on the the sum

over the exceptional integral vectors c

—dg < —d mQt! —e
ZZ (ma) =" Smq()Ima() = D D~ (M) Sing(€)Img(c) < —5—Q (2.119)

g=1 ¢ q=Xx |c|>Z}

s(d—1)
2

Proof: We prove this lemma by induction on k. For k = 0, we let Xo = (r~'m) " and Zy = 1.
Hence, it suffices to show that
mOd+1
Z D (1) " Sing () Img(c) < % Q. (2.120)

q=1 ¢

Note that this is implied from Lemma 2.5.4 for X = (7"_1771)3(4_1)_E and Z = 1. Next, we prove

the inductive step. So, we assume the lemma holds for k. From the inductive hypothesis, we have

—d —d Qd+1 —e
szq Sma(c) Z Z mq)~“Smq(€)Imq(c) < R Q

=1 c 4=Xy, |c|>Z

where X} = (r‘lm)g(d_l)[ = (¥ and 7, = (r‘lm)%(d_l)[ =o(Z* =1 Note that

Q Q
S ST (10) S (€) iy () S 0 S OLugle)  (2121)
q=Xp |c|>Zy, q=Xk+1 |c|>Zri1

Xkt1

+ Z Z mq dqu( ) mq( ) (2122)

=Xk |c|>Zk41

Q
* Z Z (mq)idsm‘l(c)lmq(c)- (2123)

=X Zi<|c|<Zk41

47



From Lemma 2.5.4, the middle sum (2.122) is bounded above by

_d=3
S ) S (Ongle) € P X (7 ) g
q=Xp |c|>Zy 11 (2.124)
de—H .
< R Q" °c.

From Lemma 2.5.5, the last sum (2.123) is also bounded above by

Q d+1 d—3
S () Smg()Imgl0) < me Zi1Q°X, 7 (2.125)
=Xk Zp<|c|<Zp41
d+1
< m% Q. (2.126)

Hence the lemma holds for k 4 1, and hence, we conclude the lemma [J.

Corollary 2.5.7 Let 6 > 0 if the quadratic form F(x) has d > 5 variables, and 6 > 1 if d = 4.

Then there exists an € > 0 which only depends on d and § such that

de-‘,—l

Q
D (M) Smg(€)Img(0) < 7 (2.127)

q=1 c#£0

Proof: From the Lemma 2.5.6, it suffices to find a k such that X > Q or Z > (r~tm)**e. If d > 5,
this is trivial, since % > 1 and in fact X} and Zj go to infinity as k — oo. For d = 4, It is easy to

check there exists k such that Xy > Q or Zg > (r—'m)'*e.

2.6 The main theorem

In this section, we derive the main term of the smooth counting and as a result prove our optimal
strong approximation theorem. The main term comes from ¢ = 0 and summing over 1 < g < ). We
estimate the integral I,4(0) it turns out that the main term of the integrals I,,4(0) is independent
of gif 1 < ¢ < Q'¢, and the value is equal to the singular integral which appears in the circle
method. On the other hand if Q'~¢ < ¢ < Q the exponential sum is bounded by Lemma 2.4.4

< —d 32d ¢

D (mg) S, (0)] < @7 (2.128)

q=QR™¢

Hence, their contributions are negligible in the main term. Therefore, the main term is the product

of the singular integral with the sum of S,,,(0) over 1 < ¢ < Q'~¢. This sum is converging to the
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singular series. As claimed, we derive a smooth counting formula with a power saving error term

which is the product of the singular series with the singular integral.

2.6.1 Singular integral

In the following lemma, we estimate the integral I,,,(0) for 1 < ¢ < Q'™

Lemma 2.6.1 Suppose that 1 < ¢ < Q'~¢. Then

de-‘,—l
R

I1nq(0) = 0o (F,w) +0n(@Q™Y) (2.129)

for any N > 0, where o0 (F,w) is the singular integral and equals to

R
Ooo(Fyw) = / ———w(x)dzy...dxg_1
y(a)=0 X Aeq (2.130)
Jo< ()< w(z)dry ... drg '
= lim Y
e—0 €

where we normalize the variable so that —1 < x; < 1.

Proof: We change the variables from (¢1,...tq) to (u1,...,u4—1,y). We recall the formula (2.76)

and plug in ¢ = 0 in the formula to obtain

/h q Pmtta) =Ny o dtg

m2Q2

_m@? R . q
R /XTAedh(va)w(t)dul~--dud—1dy~ (2.131)

We normalize variables again so that they lies in the interval [—1, 1].

Qz; = uy,

mQ?
R

Tqd = Uq-
Therefore, we obtain

mQ*! R q
I,4(0) = 7 XTAedh(a7 y)w(x,y)dxy ... drg_1dy.
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We apply the Fubini’s theorem and first take integration over y

mQt R q
Iinq(0) = R XTAeddSUln-dwdA /h(a,y)w(x,y)dy.

We invoke Lemma 2.3.3 and estimate the integral over y

mQt! R _
Lng(0) = 7 /XTAedw(x,O)dxl...dxd_l+ON(Q Ny,

By definition of o4 (w, F'), we deduce that

de+1
R

Iqg(0) = 000 (Fyw) —l—ON(Q_N).

Note that
oy 1 R
O(xq) T XTAey’

Therefore, by change of variable formula we conclude

R
O'ooF;'lU: 7U}£L’dxdx7
(Fw) /W)_O @) dray .
: f0<y(w)<e w(x)dxl e d(ﬂd

= lim '

e—0 €

O

2.6.2 Singular series

In this section, we show the sum S,,,4(0) over 1 < ¢ < Q'~¢ is convergent to the singular series
&(N,p) . In the following lemma, we show the contribution of Q'~¢ < ¢ < @Q is negligible in the

delta method.

Lemma 2.6.2 We have the following upper bound on the sum over Q' ¢ < ¢ < Q

< d m d+1 3—d
D (M) 8 (0)Ing(0) e —5H—QF 1 (2.133)
q=Q' "¢
Proof: We use the trivial bound on I,,,4(0) and we obtain
d+1
I,0) <« ™ (2.134)

R
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From Lemma 2.4.4, we have
Q

ST (mg)~9S,(0)| < QT (2.135)
q=QR~¢

Hence, we conclude the Lemma. [
We invoke the following lemma; see [HB96, Page 50; Lemma 31] which shows that the sum
Smq(0) over 1 < g < Q'€ is convergent to the singular series (N, p) and the singular series is the

product of the local densities [[, 0.

Lemma 2.6.3 Let F(x) be a non-degenerate quadratic form in d variables where d > 4, then

D (gm)Smg(0) = [[ o + Oc(X*~4/24Q) (2.136)
1<g<X p
As a result
> (gm) T Smg(0) = [ [ op + O(Q*~42T) (2.137)
1<g<Q = p

We can now state and prove our main theorem.

Theorem 2.6.4 Let F(X) be a non-degenerate quadratic form in d variables. Let m be an integer
and a € (%)d is any mod m solution for F(a) =1 where | € Z/mZ. Let b be a real point such that

F(b) =1 and let B(b,r) be the r neighborhood of the point b on the variety F(x) =1, i.e.

B(b,r) :={x: F(z) =1 and dist(z,b) <r}.

Let 6 >0 ifd>4 and 0 > 1 if d = 4. Assume that N is a positive integer such that
N := R? where R > (mr—1)?%9,

and

Q:= Rl.

mr—

We let y(X) = quf?Q;N and w(x) be a compactly supported smooth weight function which is sup-

ported inside a convex region where y is bounded by a constant. Define

N(a,w) =Y _ w(mt + a)dp(mita)-n- (2.138)

tezd
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Then we have the following formula:

N(a,w) = 0 (F, w)Hap(a, N) R™), (2.139)

for some € > 0.

Proof: We write the smooth expansion of the delta function as stated in Lemma 2.3.1

Q
N(@,w) = 25 57 (11g) 8 (€) g ). (2.140)

From Corollary 2.5.7 and Lemma 2.6.2, we can drop the nonzero integral vectors ¢ and restrict the

sum over ¢ to 1 < ¢ < Q'¢, hence

CQ Ql—s . Qdf]_
N(a,w) = —2 " (mq) ™" Spq(0)Ing(0) + Oc(F5—R7°). (2.141)
me = R
From Lemma 2.6.1, we have
de+1 Qd—l .
I (0) = 000 (Fyw) I + O ( 7 R™°)

Therefore,

a-1 Q" d-1
N(a,w) = 0o (F,w) e Z (mq)~%S,mq(0) + OG(Q R™).

Finally, from Lemma 2.3.3, we obtain

Qdfl Qdfl

R

N(a,w) ZUOO(F,w)Hap(a,N) + O ( R™°),

Therefore, we conclude our theorem.[]

Since we derived a smooth counting formula for the number of integral points with a power
saving error term. By a standard method in analysis we can find two smooth weight function wy ()
and wsy(z) such that they approximate from below and above the characteristic function y(z) of the
open ball B(b,r), i.e.

w () < x(z) < wa(x). (2.142)

Therefore we deduce our counting formula and Theorem 2.1.10.
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Chapter 3

Diameter of Ramanujan Graphs

and Random Cayley Graphs

3.1 Introduction

3.1.1 Motivation

The diameter of any k-regular graph with n vertices is bounded from below by log,_;(n) trivially.
While the diameter of a general connected k-regular graph may be as large as a scalar multiple of the
number of vertices n, it is known that the diameter of any k-regular Ramanujan graph is bounded
from above by 2(1 + €)log;,_;(n) [LPS88]. Lubotzky, Phillips and Sarnak constructed a family of
(p + 1)—regular Ramanujan graphs X?¢ [LPS88|, where p and ¢ are prime numbers. X?'? is the
Cayley graph of PGLQ((;AZ) with p 4+ 1 explicit generators. Their construction can be modified for
every integer ¢; see [DSV03] or [Lub10]. It was expected that the diameter of the LPS Ramanujan
graphs to be bounded from above by (1 + €)log,_;(n); see [Sar90, Chapter 3]. However, we show
that the diameter of an infinite family of p 4+ 1-regular LPS Ramanujan graphs is greater than or
equal to
[(5) o, (m)]. (3.1)
While there are points  and y whose distances is large in a LPS Ramanujan graph, we prove
that the distance of almost all pairs of vertices in any k-regular Ramanujan graph G is less than

(1+ €)logy_;(n). In other words, almost all diameter is asymptotic to
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(14 €)logy,_(n).

In fact, we prove a stronger result, we show that for every vertex z in a k-regular Ramanujan
graph G the number of points which can’t visited by exactly [ steps, where I > (1+4¢) log;,_;(n), is less
than n'~¢. So the number is exponentially decaying. In particular, it also recovers 2(1+¢) log,_;(n)
as an upper bound on the diameter of k-regular Ramanujan graph. Furthermore, we give some
numerical datas for two families of 6-regular graphs. The first family of graphs are the 6-regular
LPS Ramanujan graphs and we denote them by X?4. The second family are the 6-regular random
Cayley graphs PSLQ(%Z), i.e. the Cayley graphs that are constructed by 3 random generators of
PSLQ(%Z) and their inverses {57, s3, s3 }. We denote these graphs by Z?. The numerical experiments
suggest that the diameter of the (number theoretic) LPS Ramanujan Graphs is asymptotic to

(3) loss(n). (32)
This is consistent with our conjecture on the optimal strong approximation for quadratic forms in 4
variables [TS15]. On the other hand, the numerical data suggests that the diameter of the random

Cayley graph equals that of a random 6-regular graph [BFdIV82], that is

logs(n). (3.3)

These are consistent with Sarnak’s expectation. Sarnak suggested that the covering exponent of a
thin set of gates may achieve the trivial lower bound 1 and the covering exponent of arithmetic gates
are 5 [Sar15b]. The archimedean analog of our question has been discussed there; see [Sar15b]. For
instance, the diameter of the LPS Ramanujan Graphs is bounded from above by 3 (1 + €)log;,_; (n)
is analogous to the covering exponent being bounded from above by %. This question is related
to the theory of quadratic Diophantine equations; see [T'S15]. Sarnak showed that the almost all
covering exponent is 1; see [Sar15b, Page 28]. Our Theorem 4.16 is the p-adic analogue of Sarnak’s
theorem. In other words, these theorems state that the almost all diameter and the almost all
covering exponent are equal to the trivial lower bound given by pigeonhole principle. In a recent
paper [LP15], Peres and Lubetzky show the simple random walk exhibits cutoff on Ramanujan
Graphs. As a result they give a more detailed version of our Theorem 4.16. In a similar work,

for the family of LPS bipartite Ramanujan graphs, Biggs and Boshier determined the asymptotic
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behavior of the girth of these graphs; see [BB90]. They showed that the girth is asymptotic to
4
(5) logi_1 ()

3.1.2 Statement of results

We begin by the description of the LPS Ramanujan graphs. The idea of the construction comes from
number theory, i.e. generalized Ramanujan conjecture. More precisely, we consider the symmetric
space PGL2(Q,)/PGL2(Z,) which can be identified with a regular (p+1)-infinite tree. We note that
PGL2(Z[1/p]) acts from the left on PGL2(Q,)/PGL2(Z,). The generalized Ramanujan conjecture,
which is a theorem in this case, implies that the quotient of PGL2(Q,,)/PGL2(Z,) by any congruence
subgroup of PGLy(Z[1/p]) which is a p 4+ 1-regular graph is a Ramanujan graph. By considering an
appropriate congruence subgroup of PGLy(Z[1/p]) we can identify the quotient of this symmetric
space with a Cayley graph of PSLQ(%) with p 4+ 1 generators. These are LPS Ramanujan graphs.
We show that the diameter of the LPS Ramanujan graphs is greater than

(%) = (3)log, 2

(%) logp(n) —4log,
provided that g|m, where ¢ is a prime power and g # m. Note that these graphs are congruence
cover of the LPS Ramanujan graphs X9,

In what follows, we give an explicit description of the LPS Ramanujan graphs in terms of the
Cayley graphs of PSLQ(%). Assume that ¢ is a prime number and ¢|m where m is an integer and
—1 is quadratic residue mod m. Let p be a prime number such that p = 1 mod 4 and p is quadratic
residue mod m. We denote the representatives of square roots of —1 and p mod m by ¢ and /P,
respectively. We are looking at the integral solutions oo = (g, 21, 2, x3) of the following diophantine
equation

x3 + 2% + 23 + 235 =p, (3.4)

where zy > 0 and is odd and z1, x2, x3 are even numbers. There are exactly p + 1 integral solutions
with such properties . To each such integral solution «, we associates the following matrix « in
PSLy(-%) :

1 To+ir1  To +iT3

o= — . (3.5)
\/IS —Z2 + il’g To — il‘l

This gives us p + 1 matrices in PSLZ(%). Lubotzky [Lubl0, Theorem 7.4.3] showed that they
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generate PSLQ(%) and the associated Cayley graph is a non-bipartite Ramanujan graph. We

denote this graph by X?™. Furthermore, Lubotzky showed that
e diam X7 < 2log,(n) + 2log,2 + 1.

e girth XP™ > glogp(n) — 2log, 2.

Our first theorem shows that either the distance between the identity matrix I and I’ := 1 or
0 1
1

between I and W := in XP™ is larger than

-1 0

4 m 2
(g) log, (n) — 410&(;) - (g) log,, 2.
As a result,
4 m 1 . pm
(g)logp(n) - 4logp(;) - (g) log, 2 < diam(XP"™). (3.6)

We state our first theorem which we prove in Section 4.1.2.

Theorem 3.1.1 Let m be an integer such that —1 is quadratic residue mod m. Assume that q is an
odd prime power such that qlm and g # m. Let p be an odd prime number, such that p is quadratic
residue mod m. Let XP™ be the LPS Ramanujan graph. Then we have the following lower bound
on the diameter of the LPS graph XP™

4

3 -G

)log,(n) — 4log,( . 3) log, 2 < diam(XP™). (3.7)

Corollary 3.1.2 Let p and q be prime numbers that are congruent to 1 mod 4 and p > 1250. Then
the diameter of the LPS Ramanugjan graph XxPoa" for any integer k is greater than or equal to

4

L(5)1og, . (3.8)

By contrast, we prove that the distance of almost all pairs of vertices in any k-regular Ramanujan

graph G is less than (14 ¢€)log;_;(n). We use the Ramanujan bound on the nontrivial eigenvalues of

the adjacency matrix to prove the distance of almost all pairs of vertices is less than (1 + €) log, (n).

The archimedean version of this problem has been discussed in Sarnak’s letter to Scott Aaronson

and Andy Pollington [Sar15b, Page 28]. More precisely, we prove the following stronger result in

Section 3.3:
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Theorem 3.1.3 Let G be a k-regular Ramanujan graph and fix a vertex x € V(G). Let R be an
integer such that R > (1+¢€)log,_,(n). Define M(x, R) to be the set of all vertices y € G such that
there is no path from x to y with length R (we allow to pass from an edge multiple times but not
immediately after ). Then,

|M(z,1)| <n'~¢(1+ R)>. (3.9)

3.1.3 Outline of the chapter

In Section 4.1.2, we prove Theorem 3.1.1. The proof uses some elementary facts in Number Theory
and is short. In Section 3.3, we prove Theorem 4.16. As a corollary, we prove that the distance of

almost all pair of vertices is less than

(14 €)logy_(n).

We use the Chebyshev’s inequality by giving an upper bound for the variance. We use the Ramanujan
bound on the eigenvalues of the adjacency matrix of the graph to give an upper bound on the
variance. Finally in Section 3.4, we compute the diameter of two families of 6-regular graphs. From
our numerical experiments, we expect that the diameter of the LPS Ramanujan graphs [Sarl5a] is
asymptotic to

(%) log,, (n). (3.10)

We define a random 6 regular Cayley graph Z¢ , by considering the Cayley graph of PSLQ(%Z)
relative to the generating set S = {sf, 33[, s?%}, where s1, s9, s3 are random elements of PSLQ(q%).
From the numerical experiments , we show that in fact the random Cayley graph has a shorter
diameter and break the %log5n lower bound for the LPS Ramanujan graphs. For example, We

obtained a sample from the random Cayley graph of PSLQ(ﬁ), such that
diam (Z?%) < 1.23log n. (3.11)

We expect that the diameter of the random Cayley graph would be as small as possible. More

precisely, for € > 0

diam(Z?) < (1 + €) logs(n) + ¢, almost surely as ¢ — oo. (3.12)
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3.2 Lower bound for the diameter of the Ramanujan graphs

In the rest of this section, we give a proof of Theorem 3.1.1.

0 1 1 ¢
Recall that W := and I’ := . We show that

-1 0 0 1
. / . 4 m 2
max( dist (I,I"), dist (I,W)) > (g) log,(n) — 4logp(?) - (g)logp 2. (3.13)
Assume the contrary that
. , . 4 m 2
max( dist (I,1'), dist (I, W)) < (g) log,(n) — 410gp(;) - (g)logp 2. (3.14)
Since n = %7 the above assumption is equivalent to
¢
max( dist (I,1'), dist (I,W)) < log, T (3.15)

dist(1,1") < log, % gives us a solution to the following diophantine equation

a? + b+ +d? =ph, (3.16)

where b = ¢ = d = 0 mod 2¢ and a = 1 mod 2. At least one of b, c,d is nonzero. From this we
deduce that
a? = p* mod ¢? and 4¢% < p*. (3.17)

We consider two cases: k even and k odd.

If k is even and k = 2¢. From 3.17 we deduce that

a = +p' mod ¢°. (3.18)

2

Ifpt > %4,
4

dist(I,I') = 2t > log, qz, (3.19)

a contradiction. Consequently, p* < g. Since a # +p?, we deduce that

a=p'+1q* for 1 # 0. (3.20)
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Therefore

1
lall = 54 (3.21)
Hence,

p* >

4
q
—, and so
47

\ (3.22)

dist (I, ') = 2t > log,, qz.

a contradiction. Hence k is odd and k = 2¢ + 1.
We want to use a similar argument to show that dist (I, W) = 2t; + 1 is an odd number.

dist (I, W) < glogp(n) gives us a solution to the following diophantine equation
a? + 0% + 2+ d? = pP. (3.23)
Where b =a=d =0 mod ¢ and ¢ = 0 mod 2. Since a is odd, then g < ||a||. We deduce that
¢? = p* mod ¢% and ¢ < p*. (3.24)

We consider two cases: k even and k odd.

If k is even and k = 2¢, from 3.24 we deduce that

c = +p' mod ¢°. (3.25)

4
dist(I,W) = 2t > log, qz (3.26)

a contradiction. Consequently, p* < g Since c is even, then ¢ # £p’. We deduce that
c=+p' +1¢* for I #0. (3.27)

Therefore,

7. (3.28)

N | =
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Hence,

1
p2t 2 1‘]47
1 (3.29)
. q
dist(I,W) = 2t > log,, T
This is a contradiction. Therefore k = 2ty + 1 for some tg.
We now investigate the case where
¢
dist (I,I') =2t +1 < log, T
and
¢
dist (I, W) = 2to +1 < log, T
dist (I,1") = 2t + 1 gives us a solution to the following diophantine equation
¢
a® +b* 4+ +d? =p*tt < T (3.30)
Where b = ¢ =d =0 mod 2¢q and a = 1 mod 2. At least one of b, ¢, d is nonzero. Hence
4% < P < ¢t (3.31)
4
dist (I, W) = 2to + 1 < log, 4, gives us a solution to the following diophantine equation
ag + b3 + c2 +d3 = pPott < ¢t/4. (3.32)
Where by = ag = dy = 0 mod q and ag = 1 mod 2. From 3.30 and 3.32 we deduce that
a® = p***! mod ¢% and a is odd a < ptt1/? < 7?/2,
(3.33)
¢ = p? mod ¢2 and ¢ is even ¢ < pot/2 < ¢%/2.
Without loss of generality we assume that ¢y > ¢, from 4.1.4 we deduce that
+ap Tt = c. (3.34)

However, this is incompatible with the parities of a and ¢. Hence, we conclude Theorem 3.1.1.
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3.3 Visiting almost all points after (1 + ¢)log,_;(n) steps

In this section, we show that if we pick two random points from a k-regular Ramanujan graph G,

then almost surely they have a distance less than
(14 ¢€)logy,_q(n). (3.35)

The idea is to use the spectral gap of the adjacency matrix of the Ramanujan graphs to prove an
upper bound on the variance. A similar strategy has been implemented by Sarnak ; see [Sarl5b,
Page 28].

Let A(z,y) be the adjacency matrix of the Ramanujan graph G, i.e.

lifz=y
Az, y) == . (3.36)

0 otherwise

Since A(z,y) is a symmetric matrix, so it is diagonalizable. We can write the spectral expansion

of this matrix by the set of its eigenfunctions. Namely,
k
Alw,y) = 1ap + 2 i@ ), (3.37)
J

where {qu} is the orthonormal basis of the nontrivial eigenfunctions with eigenvalues {)\j} for the
adjacency matrix A(x,y). Since we assumed that G is a Ramanujan graph, then |\;| < 2vk —1.

We change the variables and write

Aj =2VEk —1cosb;. (3.38)

We define S(R) := (k — 1)2 Ug( 5 \/‘%), where Ug(x) is the Chebyshev polynomial of the second

kind, i.e.
sin((R + 1) arccos z)

U =
R (@) sin(arccos )

(3.39)
The following is the spectral expansion of S(R):

(= 1) Un(zA=) DY
S(R)@.y) == ———ar 2+ (k= DEURG ) @)y, (340)

Remark 3.3.1 Note that if we lift the linear operator S(R) to the universal covering space of the
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k-regular graph G, (which is an infinite k-reqular tree), then S(R) is the linear operator, which takes

the average of a function on a sphere with radius R. Namely,

SR)f(x):== > f) (3.41)

y,dist(z,y)=R

From the formula for the kernel of S(R) given in 3.40, we obtain

_ )R- Ve .
S(R)(w.9) = o — X0 v

|

¢ (2)9;(y). (3.42)

We calculate the variance over y. For ¢ # j, we have ZyEG ¢:i(y)o;(y) = 0 and ZyEG di(y)? =1,

So only the diagonal terms remain in the following summation:

: Ck(k-1)

Var () = 2 IS(R)(e !
(sin(R +1)6;)* (3.43)

= 2=

Since {¢j} is an orthonormal basis, we have

L= 3 by = o+ 3 os(a) (3.44)

yeG

We also have the following trivial trigonometric inequality, which is derived from the geometric series

summation formula :

sin(R + 1)0 R 0
—_— | = W< 1. 4
= 1 < R (3.45)
From 3.44 and 3.45, we obtain
Var < (R+1)*(k—1)%, (3.46)
We define
M :={y:S(R)(x,y) =0}. (3.47)

Note that M is the set of all vertices y € G, such that there is no path from z to y with length R.
Therefore, this is exactly the set M (z, R) as defined in the Theorem 4.16. By the definition of the

Var given in 3.43,

k(k —1)F-1
( ) | < Var. (3.48)

M| === " <
G
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From 3.48 and 3.46, we have
1M1k = DF) < IGIP(R + 1)%. (3.49)
If we choose R > (1 +¢€)log;,_(n), Hence
| M|| <n'~¢(1+ R). (3.50)

Therefore, we conclude the Theorem 4.16.

3.4 Numerical Results

In this section, we present our numerical experiments for the diameter of a family of 6-regular LPS
Ramanujan graphs X9 and compare it with the diameter of a family of 6-regular random Cayley
graphs Z4. Our numerical experiments show that the ratio of the diameter by the logarithm of the

number of vertices logdiam converges to 4/3 as ¢ — oo for the LPS Ramanujan graphs X9 . On

5 [ X2

the other hand 102;7% converges to 1 as ¢ — oo for the random Cayley graphs Z9 .

We give the detailed construction of the LPS Ramanujan graphs X>2° in what follows. The
construction of LPS Ramanujan graphs X requires that 5 and —1 to be quadratic residues mod
q. From the reciprocity law we deduce that all the prime factors of ¢ are congruent to 1 or 9 mod
20. The least ¢ with such properties is 29. We take the integral solutions a = (zg, 21, z2, 3) of the
following diophantine equation

x2 + a2t + 2k + 2k =5, (3.51)

where zo > 0 is odd and x1,x2,x3 are even numbers. There are exactly 6 integral solutions with

such properties which are listed below:

{(1,4£2,0,0),(1,0,£2,0),(1,0,0,£2)}.

To each such integral solution a = (29, 21, T2, z3), we associates the following matrix in PSLy(55>) :

i) + 7:1’1 X9 + ing (3 52)

—Z2 + il‘g o — ifEl

Sl

63



where v/5 and i are the square root of 5 and —1 mod 29 respectively. We obtain the following 6

matrices in PSLa(525)

) ) ) )

{100 3 0 8 16 21 16 21 11 811}
0 3 0 10 13 8 13 21 11 21 11 8

which generate PSLQ(QQLZ). The LPS Ramanujan graph X°29 is the Cayley graph of PSLQ(QQLZ) with

the generator set S. The Ramanujan graph X°2° has 12180 vertices with diameter 8. We note that

4
[g log;(12180)] = 8.

10
We show the level structure of X*2? with root in table 3.1. We note that the girth of this
01

graph is 8

girth(X %) = 8.

and this means a ball of radius 4 in the graph X°2° is a tree as illustrated in Figure 3.1. For the
family of LPS bipartite Ramanujan graphs, Biggs and Boshier determined the asymptotic behavior

of the girth of these graphs; see [BB90]. They showed that the girth is asymptotic to

(5) 1081 (n).

r (Distance from Ll) ﬂ) N(r) (Number of vertices of X529 with distance r from B ﬂ)
1

6

30

150

750

3026

5970

2195

52

O O Ul W N+~ O

Table 3.1: Level structure of the LPS Ramanujan graphs X %29

We give the diameter of the LPS Ramanujan graphs X9 for 1 < ¢ < 229 in Table 3.2.

12?1711 are close to 2. These numerical experiments are consistent with our con-
5

We note that 3

jectures on optimal strong approximation for quadratic forms in 4 variables [TS15]. The conjec-
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Figure 3.1: A ball of radius 4 in the LPS Ramanujan graphs X°>2°.

q number of vertices of X%9 | Diameter g;%
29 12180 8 1.36
41 | 34440 9 1.38
61 113460 9 1.24
89 | 352440 11 1.38
101 | 515100 11 1.34
109 | 647460 11 1.32
149 | 1653900 12 1.34
181 | 3375540 14 1.51
229 | 6004380 13 1.34

Table 3.2: LPS Ramanujan graphs X°¢

ture implies that for the LPS Ramanujan graphs XP?¢ where p is a fixed prime number, the ratio

diam(XP9)

4
Tog, _, | X7-a] COTVerges to 3 as ¢ — oo.

Finally, we give our numerical experiments for the diameter of the 6-regular random Cayley
graphs PSLo( qlz). To compare the diameter of the random Cayley graphs with that of the LPS

Ramanujan graphs given above, we choose the same set of integers q. We generate 8 random

samples for each ¢, and we give the averaged ratio 1?;;“; in the last column of Table 3.3.

(8%69%2 means that 6 of our random samples are 8 and 2 of them are 9). We note that the
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q number of vertices of Z7 | Diameter lfl)ig%
29 | 12180 8x69gx2 1.50
41 | 34440 gx4gx4 1.30
61 | 113460 9%510%3 | 1.29
89 | 352440 10%511%3 | 1.30
101 | 515100 10%511%3 | 1.26
109 | 647460 10%411%* | 1.26
149 | 1653900 11%612%2 | 1.25
181 | 3375540 11%312%5 | 1.24
229 | 6004380 12%8 1.23

Table 3.3: Random Cayley graphs PSLQ(%Z) with 6 generators

empirical mean of the ratio ﬁzml(gql) is decreasing in ¢ and one can easily show that
5 q
diam(Z,)
logs | Zg| — .

diam(Z,)
logs [Z,4]

Based on our numerical experiments, we expect that converges to 1 in probability as ¢ — oo

for random Cayley graphs Z9 .
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Chapter 4

Quadratic forms and semiclassical
eigenfunction hypothesis for flat

tori

4.1 Introduction

4.1.1 Semiclassical eigenfunction hypothesis for flat tori

We begin by describing the main application of this Chapter. Let T¢ := ]%j be the flat torus of
dimension d > 2 with the laplacian operator A := ﬁ(% + %), and {t;} an orthonormal
basis of eigenfunctions. Marklof and Rudnick [MR12] showed that for flat torus T¢ there is a density
2

one subsequence of any orthonormal basis {¢;} such that [¢;|* converges weakly to the uniform

distribution in T¢, i.e. for any continuous function f on T¢

/ [ ()| f (z)dvol(x) — / f(z)dvol(x) as n — oo.
Td Td

M.V. Berry [Ber77, Ber83] in his work on the “ Semiclassical Eigenfunction Hypothesis” suggested
to go beyond this weak convergence, and study the equidistribution of |1/,,|? on small scale. Recently,
Lester and Rudnick [LR15] prove the equidistribution of a density one subsequence of {¢;} in an
optimal small scale on the flat torus T¢ for d > 2. Density one means if we order the eigenfunctions

by their eigenvalue then the subsequence contains a density one subset of the basis. More precisely,
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they show that along a density one subsequence of the orthonormal basis {¢, },

| (x)|?dvol(x) — 1| = 0, (4.1)

lim sup

o,
n=%0 B(y,r) VOI(B(y7T)) B(y,r)

— 1 _40(1
where 1, is an eigenfunction with eigenvalue \,, and B(y,r) is any ball of radius r > A, >~ " o

centered at an arbitrary point z € T¢. The exponent —ﬁ, for the size of the ball, is optimal.
Moreover, for dimension 3 and 4, they prove a stronger result. They prove the small scale equidis-
tribution holds for almost every eigenfunction in individual eigenspace with the optimal exponent
—ﬁ and they conjecture that the same result holds for every d > 5 . The main application of
this Chapter is to resolve this conjecture. In what follows, we explain their result and conjecture in
detail and how it is reduced to counting pairs of integral points with small distance on sphere.

We note that if d > 4 then the set of eigenvalues of the laplacian A on T? are given by the
set of non-negative integers {n € Z : n > 0}. We denote the associated eigenspace by F,. It is
well-known that the dimension of this space is equal to the number of integral points on sphere of
radius y/n in RY. Therefore, for d > 5, the multiplicity of each eigenvalue n is large and grow like a
scalar multiple of n“z". The intersection of the orthonormal basis of eigenfunctions {v;} with E,
gives us an orthonormal basis of eigenfunctions for E,,. We denote this orthonormal basis of E,, by

B, := E, N B. Lester and Rudnick [LR15] prove that there exists a large subset C,, C B,,, which

means |Cy| = (1 — 0(1))| By, such that along any sequence of {1, : ¥, € Cy,}

1
lim sup 7/ | ()2 dvol(x) — 1] = o(1), (4.2)
n—0o0 B(y,r) VOI(B(y, T)) B(y,r) ( ( )
1
where B(y,r) is any ball of radius » > A, >~ " ol centered at an arbitrary point z € T?¢. This

means that we can choose our density one subsequence so that it contains a large proportion of the

basis restricted to each eigenspace. In this thesis we prove the analogue of this result for d > 5.

Corollary 4.1.1 Let T¢ := R%/Z% be a d > 5 dimensional flat torus and {;} an orthonormal
basis of eigenfunctions for the laplacian operator. Let E, be the associated eigenspace for eigenvalue
n €7Z >0 and By, := E,N {¢;} be the restriction of the orthonormal basis {¢;} to E,. Then there
exists a large subset Cp, C By, which means |Cy,| = (1 — o(1))|By|, such that along any sequence of
{tn : ¥ € Cn}

[ ()2 dvol(z) — 1| = o(1), (4.3)

1
lim sup 7/
n=%0 B(y,r) UOZ(B(:%T)) B(y,r)

2(d1—1)+°(1)

where B(y,r) is any ball of radius v > A centered at an arbitrary point x € T, The
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—_1 (1
exponent —ﬁ is optimal. In fact there exists a sequence of balls with radius r ~ Ay >~ o

and an orthonormal basis {1;} where (4.3) does not hold for a positive proportion of eigenfunctions

m By,.

4.1.2 Local statistics of integral points on sphere

In this section we explain Lester and Rudnick’s [LR15][Remark 5.4] observation that the small scale
equidistribution for individual eigenspace on flat tori is related to counting pairs of integral points
with small distance on sphere.

Let ¢ € B, be an orthonormal function in our basis then we can write

vO)= Y a@e((n0), (4.4)

AEZA || X]|2=n

where

Yoo la@F=1. (4.5)

AEZA, || A[]2=n
Since B,, is an orthonormal basis for E,,, similarly if we fix A\ € Z? we also obtain

> le@)? =1 (4.6)

PEB,

Lester and Rudnick estimate the indicator function of the ball B(x,r) by the majorant and minorant

Beurling-Selberg trigonometric polynomials a* () on the flat torus T¢ such that

a@)* = Y al€)e((6,6)),
at(0)F = f/j(dB(m,r))JrO(rdo(l)),
a(e)* = 0if ¢ > nz W,
a(9)*| < o

Then one can estimate from below and above the local integral (4.3) by using the trigonometric

polynomials a® and reduce the problem into counting pairs of integral points with small distance
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on the sphere. We include a brief exposition of this reduction in what follows

2.+ 2 a*
Jue I (O)<9>d9_1 = [IZ e (Zaige““”)‘”
A

3
&i
= Z C)\(LZJ)E)\/ igg)

A—N=¢

< > lex(@)II* + llex ().

—o(1)

1
0<[[A=N||<n 2@

Average this inequality over ¢ € B,, and use the identity (4.6) to obtain

vol(B(y, 1) /B(w) [0()Pavol(z) ~1]]

1
= 1B()] 2 b

1
0<|A=N||<nZ@-1 ~°M

[ sup
PEB, B(y,r)

Note that the right hand side of the above inequality is the average over the pair of integral points
A # X on the sphere of radius \/n where their distance is less than n7@ M For a large integer
n, let
E(n) = Eq(n) = {z € 2% : |2> = n},
be the set of integral lattice points on the sphere /nS?~! of radius /n. For any Y < /0, and
|z|2 = n, let
cap(z;n,Y) == {y € vVnS¥ ! |z —y| <Y},

be the spherical cap of size Y around the point = on the sphere v/nS%~!. Given a point x € E(n),
let

w(z;n,Y) = |cap(x;n, V)N Z — 1,

be the number of other lattice points in the cap around x. The mean of p(z;n,Y), averaged over

all lattice points E(n) is:

on == cap(z;n 4 —1).
<:U‘(a vY)> |E(n)|x§n)(| p( ) ,Y)QZ| 1)

We note that |E(n)| = n“z> when d > 5 and the volume of VnS1 s ~ n“z . Heuristically, if
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we assume that the integral points are uniformly distributed, then we expect to have Yd; integral
n2

1
points inside a cap of size Y. So, if ¥ <« n=@0°W then we expect to have no integral points

inside a cap of size Y. On the other hand, if n@n o) < Y then we expect to have many points.

In fact, we have the following corollary of our main theorem that makes this heuristic rigorous.

Corollary 4.1.2 Let d > 5. Assume that Y, the size of the caps, satisfies

nramte) Y« nl/2,

Then the probability that a cap of size Y centered at integral point has more than log(n) points is

greater than 1/2

Pu(e;n,Y) > log(n)] > 1/2,

as a result

(u(e;n,Y)) — 00 as n — oo.

1

On the other hand, if Y < n=@ 0 °W  thep

(u(o;n,Y)) = 0 as n — oo.

Remark 4.1.3 Lester and Rudnick [LR15][Remark 5.4] remarked that the small scale equidistributin

for individual eigenspace as stated in Corollary 4.1.1 is implied from
(u(o;n,Y)) = 0 as n — oo,

where Y < nzan 00 Bourgain [LR15][Theorem 4.1] show that the exponent —ﬁ is optimal
by using the fact that

Plu(e;n,Y) > 2] > 1/2.

Therefore corollary 4.1.2 implies the corollary 4.1.1.
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4.1.3 Main theorem

In our main Theorem (4.1.4), we give an uniform upper bound on the number of integral points on
a quadric that is defined by any positive definite integral primitive quadratic form with discriminant

D in k > 4 variables. First, we state our main theorem.

Theorem 4.1.4 Let n be any integer, and let Q(X) be any primitive positive definite integral
k—3
quadratic form of discriminant D in k > 4 variables. If D < n*®=2  then the number of inte-

gral solutions of Q(X) = n is bounded from above by
k=2
n-z

cd(D,n)Y?ne, 4.7
Nk (D,n) (4.7)

Ce

where ¢ is a constant which depends only on € and not on Q(X) or n.

4.1.4 Outline of the chapter

We give a brief outline of this chapter. In section (4.2), we show that corollary (4.1.2) is a consequence
of our main Theorem (4.1.4). Next, we give a proof of our main Theorem (4.1.4). In the proof of
Theorem (4.1.4), we use an improved version of a lemma in Blomer’s papers [Blo04, Lemma 4.2] or
[Blo08, Lemma 3]. Professor Blomer provided us a proof for this improved version of his previous
lemma.We include his proof in our appendix. We are responsible for any gap or typo in the appendix.

We begin by introducing some notations. We write (@, n) for the number of integral solutions

of
Q(X)=n.

We consider the Theta series associated to this quadratic form

O(z) = Z r(Q,n)e(nz).

n

This is a modular form of weight k/2 and level N, where N is the smallest integer such that NL™! is
an integral matrix where L is the symmetric matrix associated to the quadratic form @ . From the
theory of modular forms we can write ©(z) uniquely as a sum of standard Eisenstein series E(z, Q)

(the Eisenstein series of the form Q) and a cusp form F(z, Q)
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From this decomposition

r(@,n) = p(n, Q) +7(n, Q).

where, p(n, Q) and 7(n, Q) are the n-th Fourier coefficients of E(z, Q) and F(z, Q) respectively. In
Lemma (4.3.1), we use the Siegel product formula (The main term of the Hardy-Littlewood formula)
to give an upper bound on p(n,@). In Lemma (4.3.3), we invoke the upper bound of Blomer [Blo04,
Lemma 4.2] on ||F(z,Q)||? and then we apply the Petersson trace formula to give an upper bound

on 7(n, Q). The theorem is a consequence of lemma (4.3.1) and lemma (4.3.3).

4.2 Proof of corollary (4.1.2)

We begin by proving the first part of Corollary (4.1.2) when the size of the caps is large, i.e.

nramte) «y « nl/2,

This part is elementary; we use a covering argument in combination with a pigeonhole argument.

We assume that nz@ 0" « V. Call an integral point p € E(n) bad if

u(p;n,Y) <log(n).

We denote the number of bad points by B. Assume to the contrary that B > %\E(n)| Hence, using

|E(n)| ~ n“z", B> n"z . Consider balls of radius X centered at each bad point. Each point of
the sphere is covered by at most log(n) of these balls; otherwise, there are more than log(n) bad
points with distance at most Y, contradicting the definition of a bad point. Therefore, we have the

following inequality from a covering argument

B(Y/2)"" < n7 log(n).

Hence,

V4t « nt/?log(n).

73



This is a contradiction to ¥ > nz@ 0 00, Therefore, B < 1|E(n)|. Consequently,
P[(u(e:n,Y)) > log(n)] > 1/2,

Therefore,

((e;m,Y)) — 00 as n — oo.

This concludes the proof of the first part.

Lemma 4.2.1 The second part of the Corollary (4.1.2) is a consequence of the inequality

-3

Aa(n,t) < 07 ¥ ged(n, ) (n — 1) 7,
= —o(1)
where n —n @1 <t<nandb <d.
Proof 4.2.2 For the second part of Corollary (4.1.2), when the size of caps is small, i.e.

Y < nzan oW,

we follow the technique in the argument for [LR15, lemma 11 ] to prove lemma (4.2.1). Let Ag(n,t)
be the number of ordered pairs of distinct integral lattice points (p,q) € Z¢ x Z¢ such that |p|* =

lq|> =n and |p — q|* = 2(n — t). Note that a change of summation argument gives us the equality

1
o V) = gy D2 Adlnot)

n—YTQ<t<n

1 1
Since Y < n¥an M gnd n — YTQ <t<mn, son— n@0°M <t < n and we can apply the
inequality

3

Ag(n,t) < n = T ged(n, t)2(n — )=,
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and we obtain

1 _s _
(u(osm.Y)) < (g Y T e ged(n, )2 (n— 1) T
n
nfyT2<t<n
H%Jrg d—3
< = Y. ged(n, ) P(n—1)7
[E(m)] 4
n—-5-<t<n
nd2;3+6 d—3
L = Z ged(n, s)/2s° % (where s :=n —t)
[E(n)| .
I<s< X~

d—3
nTJreydflns

< TTTEMm)

Using |E(n)| = n T and Y < n2(d1—1)70(1), we get
(p(o:n,Y)) < nf°M 0 as n — .

Lemma (4.2.3) is devoted to showing that the following inequality in lemma (4.2.1) is true:

3

Ag(n,t) < nTte ged(n, t)/2(n —t) B

for n —n@ 00 < ¢ < pand 5 <d.

Lemma 4.2.3 Theorem (4.1.4) implies that
Ag(n,t) < nete ged(n, 1) (n — t)%
where n —n@ 0 W <t < p and 5 < d.
Proof 4.2.4 Recall that Ag(n,t) is the number of ordered pairs of distinct integral lattice points

(p,q) € Z% x Z% such that |p|®> = |q|*> =n and |p — q|*> = 2(n —t). Let v:=p— q. Note that v is an

integral vector of length \/2(n —t) and so, up to a constant, we have at most

(n—t)z (4.8)
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choices for v, because d >5 . Note that

(p+q,v) =0,

and

Ip+q> = 2(n +1).

Let L be the (d — 1)-dimensional lattice that is given by the intersection of Z and the hyperplane
orthogonal to v. Therefore, p + q lies inside the lattice L and the sphere of radius \/2(n +t). The
fundamental domain of the lattice L has volume |v'| where v’ is the primitive integral vector in the

direction of v. We take an integral basis for the lattice L and denote it by
{e1, .. €ed—1}
We define the symmetric matriz A by
A= [<ei7ej>1§i,j§d71]'
We define the quadratic form Q(X) by
Q(X) = XTAX.

This quadratic from is a primitive quadratic form in (d — 1) > 4 wvariables with discriminant D =

|v'|2. We have the following upper bound on the discriminant of Q

D=p*< pan o),

Since (dil) < 2(‘id143) when d > 5 we also have

d—3
D « n2@-2),

We can apply theorem 4.1.4, and as a consequence we have the following bound on the number of

lattice points of L with norm 2(n + t)

2n+1t)= n's

|v'] ged(2(n — 1),2(n + 1))?(2(n + 1)) < [v'| ged(n, t)/2nc.

Ce
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=1 s less than

Recall that [v|?> = |p — q|*> = 2(n — t) and the number of integral points v where

(n—t)%""e

B up to a constant. We give an upper bound on Ag(n,t) by first choosing v =p — q and

then p+ q
d—3
— t _ 2
Ag(n,t) < Z (an)dTZ ?/% ged(n, t)/?ne.
12(2(n—t) T
Therefore,

d—3

Ag(n,t) < n = T ged(n, t)/2(n — )=

4.3 Proof of the Main thoerem

We write (@, n) for the number of integral solutions of
Q(X) = .

We consider the theta series associated to this quadratic form

(=) = 3 1(Q.n)e(nz),

n

This is a modular form of weight g and level N, where N is the smallest integer such that NL ™!
is an integral matrix . From the theory of modular forms we can write ©(z) uniquely as a sum of

standard Eisenstein series E(z, Q) (the Eisenstein series of the form Q) and a cusp form F(z, Q)

O(z2) = E(2,Q) + F(2,Q).

From this decomposition

r(@,n) = p(n, Q) +7(n, Q).

where, p(n, Q) and 7(n, Q) are the n-th Fourier coefficients of E(z,Q) and F(z, Q) respectively. In
Lemma 4.3.1, we use the Siegel product formula (The main term of the Hardy-Littlewood formula)
to give an upper bound on p(n,Q). In Lemma 4.3.3, we invoke the upper bound of Blomer on
|F(z,Q)|* in Lemma (4.3.5) that is proved in our appendix. Finally we apply the Petersson trace
formula together with a Cauchy inequality to give an upper bound on the n-th Fourier coefficient

7(n,Q) of F(z,Q). Theorem (4.1.4) is a consequence of lemma (4.3.1) and lemma (4.3.3).

The following lemma proved by Blomer [Blo08, page 6] for kK = 3. We follow his strategy and

7



give a proof for every k > 4.

Lemma 4.3.1 We have the following upper bound on the n-th Fourier coefficient of the Eisenstein

series of the form Q
k—2
n-2

VD

where N is the level of the quadratic from Q.

p(n, Q) < c ged(N,n)' /2 (nN)*,

Proof 4.3.2 p(n,Q), the n-th Fourier coefficient of the Fisenstein series, coincides with the main
term of the Hardy-Littlewood formula. The main term of the Hardy-Littlewood formula, is given by

the product of local densities

p(n, Q) = 71%000 Ho'p~
p

We have the following formula for the local densities:

UP = Z S(pt)a
t=0
where
N - a(Q(b) —n)
0= e ()

(>=" means ged(a, p) = 1 and that a varies mod pt, b is a vector that varies mod p'Z, and S(1)=1).

We give an upper bound for each place. First, we start with co. The density at oo is given by

1dzy ...dxp

. f1< X)<1
0o = lim QEX)<1te
e—0 €

We diagonalize Q(X) in an orthonormal coordinates Y := (y1,...,yr) such that
QUY) i=mayl + -+ + miyp.

where ny,...,ng are the eigenvalues of the symmetric matric A. We change the wvariables to

(Y1, yx) to get

1 _
= \/ﬁvol(sk 1).

Next, we give an upper bound on the local densities o), where p # 2. Since p is an odd prime number,

we can diagonalize our quadratic form Q(X) over the local ring Z,. Without loss of generality we
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assume that

k
Qz1,...,x5) = Zaipo"‘xf,
i=1

where ged(a;, p) =1 and a; € Z,,. We substitute the diagonal expansion of Q(z1,...,x) to compute

S(p")

ntk t
b= E p
1 ¢ a(3,_y aip™b; —n)
= ik Z Z e( Lt )
P ey P
1 « —an k aa;p®ib>
:WD( Iz ) 6(712 )
a i=1b mod pt

We note that the last summation is a Gauss sum. Let G(h,m) =% me(hffi) be the Gauss

sum, and let €, =1 if m = 1( mod 4) and €, =i if m = 3( mod 4). Then if gcd(h,m) = 1 we have

em(%>m1/2 if m is odd ,
G(h,m) == § (1 + x_4(h))ym*/2 if m =4,

(xs(h) +ix_s(h))m'/? ifm=24%a > 1.

where (%) s the Jacobi symbol. We have

—an
t

k
) Hpmin(ai,t)G(aa}i’ptfai).
p

i=1

Sp') = pikz;e(

We define G(e,p'~%) := 1 when t < ;. We substitute the values of G and obtain,

a;tt

5yt = Tz Ty ey ()

p b

b

where k' is the number of integers i such that 1 <1i < k and t — «; 1s a positive odd integer. Assume
that n = pPn’, where ged(n',p) = 1. If k' is an odd number then the inner sum is a Gaussian sum,

and we obtain

, b ifpeto1,
I ATOTES S

a mod pt 0 otherwise .
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Hence, if k' is odd we deduce that

[T, pmt it 0 1
. = pw b2 ifg=t-1,
1S(p")| = (4.9)

0 otherwise.

On the other hand, if k' is even then the inner sum is a Ramanujan sum cy(n),

0 if g <t—1,
- —an
)= e(Sr) =t p=t-1,
op') b=t
Hence, if k' is even we deduce that
0 Zfﬁ <t-— ]-7
min( 2t 4
S = § Hear™ 50 o sy (410)
k min ( ai+t.t) .
¢(pt)Hl:1ppf—,k2 if B>t

Without loss of generality suppose that a; < ae < --+ < . Since Q(X) is primitive we deduce

that oy = 0. If k' is odd (4.9) and if k' is even (4.10), we deduce that

B+1 k min( 2 4)
lo,| < Zpt/Q [li—pp _ 2 pmin(t,#)
p
t=0

(4.11)

B+1 pt/2p(k71) min( ak;—t ,t)pmin(t,%)

<

tk
t=0 p

From the above inequality and the condition that k > 4, we give an upper bound on the product of

local densities Hm% N Op as follows.

o< [Ta+r ™)

pt2nN pf2nN

~ (4.12)
< Z —5 = 0(1)

If p is an odd prime number from the inequality (4.11), we obtain

min(ag,B)
2

op L P
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Hence, for odd prime numbers where p|nN we have

H op < (nN)€ ged(n, N)Y/? (4.13)
plnN
Finally, we assume that p = 2. One can write any quadratic form Q(X), after a change of variables
over the 2-adic integers Zs, as a direct sum of scalar multiples of qo(x) := 22, q1(x1,22) 1= T179

and qa(z1,22) := 22 + 129 + 3. The corresponding Gauss sums can be evaluated for odd h:

o
6(2 l$1=’172h) _ gmin(t-+ai,2t)

Z 2t N ’
bl,bz mod 2t

and

Z e(2a1 ($2 + 129 + xz)h) _ omin(t+ay,2t)

ot
bl ,b2 mod 2t

We substitute the values of these Gauss sums and obtain

B+1 k min( 2kt t)
Hi: 2 ( : min(t, 22
@y < 3 2o T2 2D g
t=0
o T (4.14)
2t/22(k—1)mln(T,t)2m1n(t,T)
< =
t=0
From the inequality (4.14), we obtain
min(ay,,B)
Q) <2 =

This inequality together with inequality (4.13) for odd primes p implies

H op < ged(N, D)2,
pl ged(D,N)

Therefore, we conclude the lemma.

In Lemma 4.3.3, we invoke a result of Blomer, proved in Appendix 1, and then we apply the
Petersson trace formula together with a Cauchy inequality to give an upper bound on 7(n, Q).

Theorem (4.1.4) is a consequence of lemma (4.3.1) and lemma (4.3.3).

Lemma 4.3.3 Let Q(X) be a quadratic form in k > 4 variables and discriminant D < n2<kk:32>.

Then we have the following upper bound on the n-th Fourier coefficient of the cusp form part of the
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theta series associated to Q)
|T(7’l, Q>| <<d’5 D@n(k_l)/4 ng(?’L, D)1/47’le.

In particular
k—2

n-z
|T(TL, Q)| < Ceﬁ

Proof 4.3.4 We take an orthonormal basis {f;} for the space of cusp forms of weight k/2 and level

ged(D,n)4ne.

N. We write F(z,Q) as a linear combination of them

z) = Z C(Q, fi) fi(2).

fi

We obtain

Q) => 0@ fps(n).

i

We apply Cauchy inequality to obtain
(n.Q) < ZIC QNP Zw (4.15)

Since we take an orthonormal basis for the space of cusp forms we deduce that

IFIP =) 1C(@Q. f)l?
fi

We invoke a result of Blomer. The proof is included in Appendiz 1.

Lemma 4.3.5 We have
IF||? < NE(N*=% + N*5" D2 4 pI-V/k),

for k> 4. As a corollary,

| F||*> < NDF=3te, (4.16)

Next, we give an upper bound on the sum over the square norm of the n-th Fourier coefficients

of {fi}
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( Z |pfi (n) 2)
fi

We apply the Petersson formula for the modular forms of weight k/2 . See [lwa87, Lemma 1 ]

k/2 —k/2 47n

(dn) 72 1Z|pfl 214 2mi Z Jk./g 1(— - VK (n,n;c).
c=0 mod N

In order to give an upper bound on K(n,n;c), we apply the bound on Salie’s sum for odd dimensions

k and Weil’s bound on the Kloosterman’s sum for even dimensions k. We invoke the following

formula [IK04, Corollary 14.24 ]

ri-1) 7(N) nl/2
2 =14 0(73(n)ged(n, N)Y/?nt/22Log (1 + ,
ZraE Zm (7a(m) gedn, )Y/ 20/2 2 og (14 2))
where | = k/2. Since the discriminant D < RT3 and N|D then
(k=1)/2
> s ()] < nTn ged(n, D)2 (4.17)

From the inequalities (4.15), (4.16) and (4.17) we deduce that
70, Q) e DV 0lb /2 gec(n, D) 2

k—3
This concludes the first part of the lemma. For the second part, D < n2®=2 implies that

Hence,

| (n Q)| < c6 \/E ng(D n)1/4 €

The main theorem (4.1.4) is a consequence of lemma (4.53.5) and lemma (4.3.1).

4.4 Appendix

In this appendix, we include Valentin Blomer’s paper to us. We are responsible for any gap or typo

in this section.
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Let

QX) = %XTAX

be a primitive positive definite integral k-dimensional quadratic form (k > 3) of discriminant D and
level N. For n € N let r(n, Q) denote the number of representations of n by @ and let p(n, Q) be the
main term given by a formal application of the circle method. Denote by p1, ... pux the successive

minima (see [Cas78, Chapter 12] ) of Q(X). We can write

Q(X) :==hi(z1 + croze + -~ + Clnmk)2 + hkl'ﬁ
with ¢;, h; € Q such that
hj = -
Let ©(Q, z) denote the corresponding theta-series and F(z, Q) the orthogonal projection onto the
space of cusp forms. The following lemma uses only reduction theory and the Lipschitz principle.
Lemma 4.4.1 We have

1/2 k-2

r(Q,n) K (1+n + + —|—7)n5
’ s (p3pa)t/? (p3 - - - g )1/

and

o
r(@Q,n) € max ————.
2 r(@n) i<k (pn .. .opg)t/?

n<z

Proof 4.4.2 We choose xj,xk_1,...,T3 in

n n
<14+ a4 22
M s
ways. Then we are left with an inhomogeneous binary problem that has O(n) solutions (see [BM13,
Lemma 3af), uniformly for all choices of xy,...,x3. To prove the second part, we choose Ty, ...,
mn

< 1+ S22y

22 H1
ways.
Corollary 4.4.3 We have
k-3 k—1
2 ef k=2 L 2 z
> r(@n)? < (9‘" T T Dl—l/k)'



Finally, we give a proof of Lemma (4.3.5). It suffices to show that

k—3
2

||F(27Q)||2 < NE(N]C72 +N D1/2 +D171/k).

Note that if & > 4, then the right hand side is <« ND*F=3F¢,

Proof 4.4.4 We follow the argument of [Blo04, Lemma 4.2] or [Blo08, Lemma 3]. This gives

[FGQIE < N (+ [ 57 (r(@un)? il Qun)e 552 2ay)

1/2 , 4
1

where Q(X) = s XT(NA™YX has determinant N*D™" and level N. Inserting Lemma 4.3.1 and

Corollary 4.4.3, we obtain after a short computation the desired bound.
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