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Abstract

Regularity theory of minimal hypersurfaces has long been studied since last cen-

tury. A satisfactory regularity result for area-minimizing and stable minimal hy-

persurfaces in a manifold of dimension ≤ 7 has been established over 40 years ago.

In higher dimensional spaces, area-minimizing or stable minimal hypersurfaces are

known to potentially have singular sets, and the wild behavior of these singulari-

ties obstructs us from further exploration of global geometric behaviors of minimal

hypersurfaces as well as applications in other fields.

In this thesis, we will discuss how singular sets affect the global behavior of mini-

mal hypersurfaces.

First, we generalize a Theorem of Hardt-Simon [HS85] to approximate any min-

imizing (resp. viscosity mean convex) hypercone by complete smooth minimizing

(resp. strictly mean convex) hypersurfaces. This suggests that singularity models for

minimizing hypersurfaces may all be smoothable.

Second, we develop the spectral analysis of the Jacobi operator on a closed locally

stable minimal hypersurface with strongly isolated singularities. This in particular

applies to all min-max minimal hypersurfaces in an eight manifold. We include pri-

mary application of this linear theory to obtain a local exitence and a local minimizing

property of minimal hypersurface under reasonable spectral assumptions.

Finally, in an ambient manifold of dimension 8, by further exploiting the linear

analysis of the Jacobi operators, joint with Yangyang Li, we prove that under generic

metric, every minimal hypersurface constructed by min-max approach are entirely

smooth.
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Chapter 1

Introduction

In a Riemannian manifold, an n-dimensional hypersurface Σ is called minimal if it’s

a critical point of n-dimensional area functional, namely the first variation vanishes,

δArea[Σ] = 0.

The theory of minimal surfaces dates back to the investigations of Euler and La-

grange, in connection with the calculus of variations, during the second half of the

18th century, and still remains an active field of research to this day. The study of

minimal submanifolds also has applications in various fields. For example, in general

relativity, minimal surfaces appear as models for the apparent horizon of black holes,

and are used to settle the well-known positive mass theorem [SY79,SY81] and Penrose

inequality [HI01,Bra01]

1.1 Existence Theory

The general existence theory of minimal hypersurfaces goes back to Douglas [Dou31]

and Radó [Rad30] in the 1930’s, who solved the Plateau’s problem of finding minimal

surfaces in R3 with prescribed boundary curve. Later in 1960s, De Giorgi [DG61],
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Federer-Fleming [FF60], Reifenberg [Rei60] developed the geometric measure theory

and obtained the general existence of minimizing hypersurfaces in Rn+1 with pre-

cribed boundary and closed minimizing hypersurfaces in a nontrivial homology class

in general Riemannian manifolds (Mn+1, g). Their idea was to minimize area and

take limit in a larger family of weak notions of hypersurfaces (e.g. Caccioppoli sets,

integral currents). Combining the geometric identity of Simons [Sim68], these mini-

mizing hypersurfaces were proved by Federer [Fed70] to be smooth outside a closed

subset of Hausdorff dimension ≤ n− 7.

The work of Bombieri-De Giorgi-Giusti [BDGG69] indicates that the singularities

could exist in general. For example, the well-known Simons’ cone

C3,3 := {(x, y) ∈ R4 × R4 : |x| = |y|},

is a minimizing hypersurface in R8 with isolated singularity at 0, and C ∩ B1 is the

unique solution to Plateau’s problem with boundary C ∩ S7.

In general, minimizing hypercones are singularity models of an arbitrary mini-

mizing hypersurface Σ. More precisely, near each singularity p, consider the rescaled

hypersurfaces Σp,r := (Σ − p)/r. Then after passing to a subsequence of r → 0, Σp,r

converges to some minimizing hypercone C ⊂ Rn+1, called a tangent cone of Σ at p.

Without homological non-triviality, minimizers of area functional would be trivial.

In search of saddle points instead of global minimizers, Almgren [Alm62,Alm65] and

Pitts [Pit81] proposed a Morse-theoretic approach to find minimal hypersurfaces in an

arbitrary closed manifold (Mn+1, g). In particular, they shown that when 2 ≤ n ≤ 5,

(Mn+1, g) admits a nontrivial closed embedded smooth minimal hypersurface Σ. Such

minimal hypersurface is no longer minimizing, but they are locally stable, i.e. every

p ∈ M has a neighborhood Up ⊂ M such that the second variation with respect to
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vector fields X supported in Up is non-negative,

δ2 AreaΣ(X,X) ≥ 0, ∀X ∈ Xc(Up).

Based on an ϵ-regularity Theorem, Schoen-Simon [SS81] extended this result to arbi-

trary dimension, where the minimal hypersurfaces Σ through min-max construction

are still locally stable, smooth away from a closed subset of dimension ≤ n − 7 and

having tangent cones at each singular point to be stable minimal hypercones in Rn+1.

We shall use the abbreviation LSMH to denote locally stable minimal hypersurfaces

throughout the thesis.

The past decades witness the profound development of Almgren-Pitts min-max

theory led by F. Codá Marques and A. Neves, which promotes the solution to various

well-known open problems, such as Willmore conjecture [MN14] and Yau’s conjec-

ture on existence of infinitely many minimal hypersurfaces [MN17, IMN18, Son18].

Liokumovich-Marques-Neves [LMN18] derived the Weyl Law for volume spectrum,

which led to the generic denseness [IMN18] and generic equi-distribution [MNS19]

of minimal hypersurfaces. Marques-Neves [MN16] [MN21] also proposed the refined

Morse theory for area functional, estimating the index and multiplicity of min-max

minimal hypersurfaces; X. Zhou [Zho20] confirmed the Multiplicity 1 Conjecture,

showing that for bumpy metric (a generic condition on Riemannian metric which

roughly makes the area functional Morse), min-max minimal hypersurfaces can be

chosen of multiplicity 1. Marques-Montezuma-Neves [MMN20] derived a Morse in-

equality for area functional with bumpy metric.

Most of these results rely on the smoothness of minimal hypersurfaces and hence

is restricted to dimension 3 ≤ n+ 1 ≤ 7.
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1.2 Partial Regularity and Generic Regularity

As is mentioned above, LSMH in an n+1-dimensional manifold obtained by minimiza-

tion or min-max approach can have closed singular set of Hausdorff codimension ≥ 7.

Simon [Sim93] and Naber-Valtorta [NV20] shown that the singular set is n−7 rectifi-

able, i.e. off an H n−7-measure-zero set, Sing(Σ) is contained in a countable union of

n− 7 dimensional C1-submanifolds. On the other hand, Smale [Sma99,Sma00] con-

structed homologically area-minimizing hypersurfaces under certain metric, whose

singular set is a non-empty codimension 7 submanifold; Simon [Sim21b] recently con-

structed examples of stable minimal hypersurfaces in Rn+1≥9 with metrics arbitrarily

C∞-close to the Euclidean metric, whose singular set can be an arbitrarily prescribed

closed subset in Rn−7. Székelyhidi [Szé21] gave examples of minimizing hypersurfaces

in the unit ball of Rn+1≥9 under Euclidean metric which has an isolated singularity at

0 but has tangent cone at 0 to be Cp,q ×R, namely, a cylindrical cone whose singular

set is R. These examples suggest that the singular set may not be avoidable and can

be bad in general.

On the other hand, Yau conjectured that,

Conjecture (Yau [Yau82]). A perturbation of the metric can eliminate the singular-

ities of a given area minimizing hypersurface in its homology class.

In their ground-breaking work, Hardt-Simon [HS85] shown that in the simplest

model case, i.e. for a minimizing hypercone C ⊂ Rn+1 with isolated singularity at

0, there exists a unique (up to scaling) minimizing hypersurface S ⊂ Rn+1 lying on

one side of C and asymptotic to C near infinity. Moreover, such S has no singularity

(See Theorem 2.4.1 for a precise statement). Based on this, Smale [Sma93] shown

that in an 8-manifold with a generic metric, any homologically area-minimizing hy-

persurface is smooth. Here generic is in the Baire category sense. This in particular

confirmed Yau’s conjecture in dimension 8. Recently, a breakthrough was made by
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Chodosh-Mantoulidis-Schulze [CMS23] in confirming Yau’s conjecture in manifolds

of dimension 9 and 10.

Similar conjecture of Yau can be asked for min-max minimal hypersurfaces. In

this direction, Chodosh-Liokumovich-Spolaor [CLS20] proved that an 8-dimensional

manifold M8 with a generic metric of positive Ricci curvature admits at least one

smooth minimal hypersurface. The major difficulty in the min-max setting is that

tangent cones of LSMH are only stable but may not be minimizing a priori. Hence

Hardt-Simon’s local deformation doesn’t apply. What’s even worse, there’s no entire

minimal hypersurface lying on one-side of a stable-but-not-minimizing hypercone,

making it impossible to only do the perturbation locally.

1.3 Results from this Thesis and Organization

The primary goal of this thesis is to investigate how singularities affects the global

behavior of minimal hypersurfaces.

1.3.1 Regular foliation for general hypercones

In [Wan22a], we generalize the existence result by Hardt and Simon to arbitrary

minimizing hypercones, not necessarily with only isolated singularity.

Theorem 1.3.1 ( [Wan22a], c.f. Theorem 3.4.14). Let E ⊂ Rn+1 be a closed subset

such that C := ∂E is a minimizing hypercone in Rn+1. Then there exists S ⊂ Int(E)

a properly embedded smooth minimizing hypersurface in Rn+1 with distant 1 to the

origin and C to be the tangent cone at infinity. Moreover, S is a radial graph over

Int(E) ∩ Sn.

We might expect this theorem to be a first step towards the full generic regularity

problem for minimizing hypersurfaces in general dimension. However, we assert that

the uniqueness (up to rescaling) of such one-sided smooth perturbation is still open,

5



even in the splitting case, i.e. when C = C0 × Rk for some regular minimizing

hypercone C0. In [Sim21a], uniqueness in the splitting case is proved under further

strict stability assumption. In [ES23], Edelen-Székelyhidi obtained the uniqueness

when C0 is strictly minimizing and strictly stable. We also mention that [Loh18]

claimed the existence and uniqueness of such one-sided minimizing perturbation, with

a seemingly incomplete proof.

When C is not minimizing in E, by a barrier argument (see Lemma 3.4.13), such

complete minimal hypersurface lying in the interior of E should not exist. [Lin87a]

shown that for n + 1 ≤ 8, for a regular minimal hypercone C = ∂E ⊂ Rn+1, there

exists a smooth mean convex hypersurface asymptotic to C near infinity. Ding [Din20]

shown that more generally, if the cone C is of arbitrary dimension, C3,α-regular and

mean convex, but not minimizing in E, then there exists a unique smooth strictly

mean convex self-expander sitting inside Int(E) and properly embedded in Rn+1. Here

a self-expander is a hypersurface satisfying the equation,

H⃗ − X⊥

2
= 0,

where H⃗ is the mean curvature vector and X⊥ is the projection of position vector X

onto the normal direction. Self-expander was introduced in [EH89] as model of long

time behavior for mean curvature flow, and also studied by [Ilm98] as model for mean

curvature flow coming out of a singularity. See Section 3.4.2 for more on geometry of

self-expanders.

We also generalize Ding’s result to arbitrary mean convex hypercone, not neces-

sarily regular.

Theorem 1.3.2 ( [Wan22a], c.f. Theorem 3.4.15). Let E ⊂ Rn+1 be a closed subset

such that C := ∂E is a mean convex hypercone in Rn+1 and not minimizing in E.

Then there exists S ⊂ Int(E) a smooth strictly mean convex self-expander properly

6



embedded in Rn+1 with C to be the tangent cone at infinity. In particular, S is a

radial graph over Int(E) ∩ Sn.

Here, mean convexity assumption for E is in viscosity sense, see Definition 3.4.1.

In particular, Theorem 1.3.2 applies when ∂E is a stationary minimal hypercone, pos-

sibly with singularities, which is not minimizing in E. On the other hand, uniqueness

is again unclear in this non-smooth case.

Combining Theorem 1.3.1 and 1.3.2, we confirm a conjecture of Lawson [Bro86,

Problem 5.7]:

Theorem 1.3.3 ( [Wan22a]). Given a stable minimal hypercone C ⊂ Rn+1 and

every ϵ > 0, there exists a properly embedded smooth hypersurface with positive mean

curvature in Bn+1
1 (0) within Hausdorff distant ≤ ϵ from C ∩ Bn+1

1 (0).

1.3.2 Obstacle problem for min-max minimal hypersurfaces

Given a compact manifold M with non-empty boundary, it’s also natural to ask for

the existence theory of minimal hypersurface.

Question. Can we find a minimal hypersurface constrained in a (M, g)?

Clearly, the answer is no in general if one only focus on closed surfaces with

vanishing mean curvature. For example, any bounded domain in Rn+1 contains no

closed minimal hypersurface. Allowing an extension of subjects we would like to find,

two distinct aspects of this problem are frequently studied.

• Free boundary problem. A minimal hypersurface with free boundary in M is a

hypersurface with boundary in ∂M , perpendicular to ∂M and having vanishing mean

curvature. The study of free boundary minimal surfaces has a long history, we refer

the readers to [LZ21] for a beautiful survey of the development.
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• Obstacle problem. Let (M, g) be a bounded smooth domain in (Rn+1, |dx|2),

E0 ⊂ Rn+1 be a bounded Caccioppoli set; Consider a minimizer Ê of the perimeter

of Caccioppoli sets (See the definition in Section 2.2) among

{E ⊂ Rn+1 : E∆E0 ⊂M}.

We assert that such a Ê is no longer a critical point of area functional, but instead

satisfies a variational inequality, and is known to be a solution to obstacle problem,

which has been widely studied in elliptic PDE settings. The regularity of boundary

of Ê is well studied in [Mir71,BM82,Tam82,Lin85], and a non-parametric version is

studied in [CK80,BKL74,LS71,GP71] under weaker assumptions on M . We empha-

size here that in general, the optimal regularity for ∂Ê is C1,1 instead of C2 where

∂Ê touch ∂M , and the mean curvature of ∂Ê does not necessarily vanish. We refer

the readers to [Giu11] for a brief introduction and generalizations when M is not

necessarily smooth. See also Section 4.2.3 for a more concrete discussion.

The min-max analogue of obstacle problem for area functional and other para-

metric elliptic integral is also studied recent years under further convexity assump-

tion on M , and hence the stationarity of solutions valid by maximum principle.

See [Son18,BW20b,DLR18,Mon20].

In [Wan22b], we obtained the existence and regularity of min-max minimal hy-

persurface with obstacle. More precisely, let m ≥ 1, n ≥ 2, Zn(M) be the space of

integral cycles (see its definition in Section 2.2) supported in M , Im := [0, 1]m be the

m-dimensional unit cube; Let Φ0 : Im → Zn(M) be a continuous map. Let Π be the

family of sequences of continuous maps S = {Φi : Im → Zn(M)}i≥1 which C0-tends

to Φ0|∂Im restricted on ∂Im. Let

L(Π) := inf
S={Φi}i≥1∈Π

lim sup
i→∞

sup
x∈Im

M(Φi(x)); LΦ0,∂Im := sup
x∈∂Im

M(Φ0(x)).

8



Theorem 1.3.4 ( [Wan22b], c.f. Theorem 4.4.3). If L(Π) > LΦ0,∂Im, then there

exists an immersed C1,1 hypersurface Σ ↪→M such that

• Area(Σ) = L(Π)

• Σ is minimal, locally stable and embedded with multiplicity and codimension ≥ 7

singular set in the interior of M ;

• Σ is multiple C1,1 graphs near ∂M , and the mean curvature vector of Σ on

Σ ∩ ∂M points outward, i.e.

H⃗Σ · ν∂M ≤ 0,

for the inward normal field ν∂M of ∂M .

One application of this Theorem is the construction of the perturbation of singular

minimal hypersurface under small perturbation of metric. See Theorem 5.1.1.

1.3.3 Deformation theory for singular minimal hypersurfaces

Given a smooth closed manifold Mn+1, White [Whi91] studied the space of metric-

minimal-hypersurface pairs

M(M) := {(g,Σ) : g is a Ck,α metric on M,Σ ⊂ (M, g) smooth minimal hypersurface}.

He shown that M(M) is a Banach manifold and the projection on to the first variable

Π : M(M) → Γ(M) := {Ck,α metrics on M},

is a Fredholm map of index 0. This in particular leads to the non-degeneracy of

every closed smooth minimal hypersurface under generic metric. Here a minimal
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hypersurface Σ being nondegenerate means the Jacobi operator of Σ,

LΣ := ∆Σ + |AΣ|2 + RicM(ν, ν),

has trivial kernel in C2(Σ). This fact is crucial in various recent results, for ex-

ample, the generic denseness [IMN18], generic equi-distribution [MNS19] of minimal

hypersurfaces, and generic multiplicity 1 of Almgren-Pitts min-max minimal hyper-

surfaces [Zho20] when 3 ≤ n+ 1 ≤ 7.

A basic question in regularity theory is to understand what’s going on when Σ

are allowed to have singularities. Since any nearby minimal hypersurface is modeled

on solutions of Jacobi field equation on Σ, the starting point may be to study the

spectral theory of the Jacobi operator LΣ. When Sing(Σ) ̸= ∅, the spectral theory of

LΣ becomes subtle and, to the best of the author’s knowledge, was only known under

further strict stability assumptions on the tangent cones, see for example [MS94,

Sma99,SY17].

The simplest case is when every singularity p is strongly isolated, i.e. the tangent

cone of Σ at p has only isolated singularity at the origin (Simon [Sim83a] shown that if

one tangent cone is of multiplicity 1 and isolated singularity, then it’s independent of

choice of blow up radius). In particular, every LSMH in an 8-dimensional Riemannian

manifold has only strongly isolated singularities. In [Wan20], we develop the spectral

theory for the Jacobi operator on a GENERAL locally stable minimal hypersurface

(LSMH) with only strongly isolated singularities.

Theorem 1.3.5 (cf. Proposition 5.3.5 & Lemma 5.3.9). Let Σ ⊂ (Mn+1, g) be a

closed two-sided LSMH with only strongly isolated singularities, then

(a) There exists a constant CΣ > 1 such that for every ϕ ∈ C∞
c (Σ), the quadratic

form

∥ϕ∥2B(Σ) :=

∫
Σ

−ϕ · LΣϕ+ CΣϕ
2 ≥

∫
Σ

ϕ2,

10



Hence this defines a norm ∥ · ∥B(Σ).

(b) The natural embedding B(Σ) := C∞
c (Σ)

∥·∥B
↪→ L2(Σ) is a compact embedding.

In particular, we have the spectral decomposition of −LΣ on B(Σ). There exist

λ1 < λ2 < λ3 < · · · ↗ +∞ and finite dimensional pairwise L2-orthogonal linear

subspaces {Ej}j≥1 of B(Σ) ∩ C∞(Σ) such that

−LΣϕ = λjϕ, ∀ϕ ∈ Ej;

and that

L2(Σ) =
⊕
j≥1

Ej

L2

.

The novelty of this Theorem is that we find the correct substitute of the Sobolev

space W 1,2(Σ) in studying Jacobi operator LΣ. In particular, we can define Σ to be

non-degenerate if the spectrum {λj}j≥1 doesn’t contain 0. Note that the nonde-

generacy assumption is a generic assumption, see Proposition 5.3.5 (6).

This spectral theory allows us to develop the deformation theory of minimal hy-

persurfaces near Σ, see Theorem 5.1.1 and 5.1.3. It’s also fundamental in deriving

full generic regularity for minimal hypersurfaces in an eight manifold, which is the

joint work of the author with Yangyang Li [LW20,LW22], and will be carried out in

detail in Chapter 6.

1.3.4 Full generic regularity in eight manifolds

In view of Yau’s conjecture [Yau82] on instability of singularities to area minimizing

hypersurfaces, a more optimistic conjecture is the generic regularity as following.

Conjecture (Full generic regularity I). For a closed smooth manifold Mn+1 endowed

with a (Baire) C∞-generic Riemannian metric g, every g-area homology minimizer

is smooth.

11



Since the min-max construction doesn’t produce area minimizers generally, it

is natural to extend this conjecture to min-max minimal hypersurfaces, i.e., those

generated from the min-max theory.

Conjecture (Full generic regularity II). For a closed smooth manifold Mn+1 en-

dowed with a (Baire) C∞-generic Riemannian metric g, every min-max g-minimal

hypersurface is smooth.

In [LW20,LW22], joint with Yangyang Li, we prove the following theorem.

Theorem 1.3.6 (Full Generic Regularity for 8 Manifolds). Let M be a closed smooth

manifold of dimension 8, k ≥ 4 or k = ∞, α ∈ (0, 1). Then for Ck,α generic

metric g on M , every embedded locally stable minimal hypersurface is regular and

nondegenerate.

Remark 1.3.7. This can be viewed as a weak generalization of B. White’s structure

theorem. In fact, we only need to verify the case where k is finite. As in [Whi17], we

can use similar arguments therein or [ACS17, Section 7.1] to extend our result to the

case k = ∞.

Note that every minimal hypersurfaces obtained by Almgren-Pitts min-max theory

(or Allen-Cahn min-max theory) is locally stable. Therefore, we confirm the full

generic regularity conjecture II in dimension eight.

Corollary 1.3.8. Let M be a closed smooth manifold of dimension 8, k ≥ 4 or

k = ∞. Then for Ck,α generic metric g on M , every minimal hypersurface generated

from Almgren-Pitts min-max theory (or Allen-Cahn min-max theory) is regular and

nondegenerate.

Organization of the Thesis.

Chapter 3 contains the author’s work [Wan22a] on studying general minimal hy-

percones C in higher dimension. In particular, we prove Theorem 1.3.1 and 1.3.2.
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We also prove a Harnack Inequality, Corollary 3.2.5, for stable minimal hypersurfaces

away from varifolds of higher multiplicity, which extends a previous work of Bombieri-

Giusti [BG72] for minimizing hypersurfaces. This enables us to obtain an optimal

growth estimate, Proposition 3.3.1, for positive Jacobi fields on a stable minimal hy-

persurface, extending a result of Simon [Sim08], which plays a key role in the proof

of Theorem 1.3.1 and 1.3.2.

Chapter 4 contains the author’s work [Wan22b] on min-max minimal hypersur-

faces with obstacle. In particular, we prove Theorem 1.3.4 based on the idea of min-

max construction by Pitts [Pit81] and the regularity result of Schoen-Simon [SS81].

One novelty of this proof is an analogous Schoen-Simon ϵ-Regularity Theorem [SS81,

Theorem 1] for obstacle problem, see Theorem 4.1.1. We also include a local rigid-

ity result, discussing when solutions to the obstacle problem are genuine minimal

hypersurfaces, see Theorem 4.1.2.

Chapter 5 is based on the author’s work [Wan20] on Deformation Theory of sin-

gular minimal hypersurfaces. We develop the linear analysis of Jacobi operator on a

minimal hypersurface with strongly isolated singularities, and then prove the spectral

Decomposition Theorem 1.3.5. We then discuss two primary applications of them.

Under technical assumptions on the tangent cones, first we prove a local existence

Theorem of minimal hypersurface near a given non-degenerate singular minimal hy-

persurface; We also derive a local minimizing property for a strictly stable minimal

hypersurface. See Theorem 5.1.1 and 5.1.3 for the precise statement.

In Chapter 6, based on the linear analysis and spectral theory developed in Chap-

ter 5, as well as the joint work with Yangyang Li [LW20, LW22], we prove the full

generic regularity Theorem 1.3.6 for eight manifolds. As an application, we generalize

many generic geometric properties of Almgren-Pitts min-max minimal hypersurfaces,

previously only known in dimension between 3 and 7, to dimension 8.
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Chapter 2

Preliminary

2.1 Notations and Conventions

Throughout this thesis, let Rn+1 be the Euclidean space of dimension n + 1, n ≥ 1;

Let

• Bn+1
r (x) : the open ball of radius r in Rn+1 centered at x; We may omit

the superscript n + 1 if there’s no confusion about dimension; We may write

Br := Br(0) to be the ball centered at the origin 0;

• Sn := ∂Bn+1
1 : the unit sphere;

• An+1(x; r, s) : the open annuli Bn+1
r (x) \ Clos(Bn+1

s (x)) centered at x;

• C(E) := {rω : ω ∈ E ⊂ Sn, r ≥ 0} ⊂ Rn+1 be the cone generated by subset

E ⊂ Sn;

• ηx,r : the map between Rn+1, maps y to r(y − x); We may omit subscript x if

x = 0; For E ⊂ Rn+1, we denote for simplicity r · (E − x) := ηx,r(E);

• H k : the k-dimensional Hausdorff measure;

• ωk : the volume of k-dimensional unit sphere Bk;
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• geuc : the Euclidean metric on Rn+1.

For any smooth oriented Riemannian manifold (M, g) of dimension n+ 1, write

• Int(A) be the interior of a subset A ⊂M ;

• Clos(A) be the closure of a subset A ⊂M ;

• ∂A := Clos(A) \ Int(A) be the topological boundary of A;

• distg be the distant function over (M, g);

• Bg
r (A) = BM

r (A) = Bg(A, r) := {x ∈ M : distg(x,A) < r} be the open r-

neighborhood of subset A ⊂M ;

• ∇g (or ∇g) be the Levi-Civita connection with respect to g;

• expg
x be the exponential map of (M, g) on the tangent space TxM ;

• injrad(x;M, g) be the injectivity radius of (M, g) at x; injrad(M, g) be the

infimum of injrad(x;M, g) over all x ∈M ;

• Ricg be the Ricci curvature tensor of (M, g);

• Xc(U) be the space of compactly supported smooth vector field on an open

subset U ⊂M ;

• etX be the one-parameter family of diffeomorphism generated by X ∈ Xc(U).

We may omit the super or subscript g if there’s no confusion. Also for two subsets

U, V ⊂M , write U ⊂⊂ V if Clos(U) is a compact subset of V .

For a sequence of closed subset {Ej}1≤j≤∞ of M , we call Ej converges to E∞

locally in the Hausdorff distant sense, if for every compact subset K ⊂ M and

every ϵ > 0, there exists j(ϵ,K) >> 1 such that ∀j ≥ j(ϵ,K),

Ej ∩K ⊂ Bϵ(E∞), E∞ ∩K ⊂ Bϵ(Ej).
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Let Σ ⊂ (Mn+1, g) be a C2 hypersurface (need not be two-sided). Throughout

this thesis, unless otherwise stated, every such hypersurface Σ is assumed to have

H n(Σ) < +∞ and H n−2(Clos(Σ) \ Σ) = 0. Let

• Reg(Σ) := {x ∈ Clos(Σ) : Clos(Σ) is an embedded C2 hypersurface near x};

• Sing(Σ) := Clos(Σ) \ Reg(Σ).

By adding points to Σ, we may identify without loss of generality that Σ = Reg(Σ).

Call Σ regular if Sing(Σ) = ∅.

For an open subset U ⊂ M , Σ is called two-sided in U if there exists a globally

defined unit normal field ν on Σ ∩ U ; if not, then it’s called one-sided in U . If

Σ is portion of the boundary of some specified domain, then it’s always two-sided.

Unless otherwise mentioned, we use the convention that ν is chosen to be the outward

pointed normal field in this case. Also note that since H n−2(Sing(Σ)) = 0, when U

is simply connected, Σ is always two-sided in U .

When Σ is connected and one-sided in M , there’s a unique double cover π : M̂ →

M such that Σ̂ := π−1(Σ) ⊂ (M̂, ĝ := π∗g) is a connected two-sided Z2-invariant

LSMH, where Z2 acts on M̂ by deck transformation. This also induces a natural

Z2-action on C0
loc(Σ̂) by (−1, f) 7→ f̌ , where −1 ∈ Z2 is the nontrivial element,

f̌(x) := −f(−x). For any subset F ⊂ C0
loc(Σ̂), we denote by

F Z2 := {f ∈ F : f̌ = f}. (2.1.1)

The Riemannian metric on Σ is induced from (M, g). Since we may deal with

families of minimal hypersurfaces and metrics, we may use subscript ∇Σ,g, ∆Σ,g etc.

to emphasis that they are operators with respect to Σ, g, and may omit the subscript

if there’s no confusion. Let

• (A⃗Σ,g)ij := (ei ·∇gej)
⊥ be the second fundamental form of Σ, where {ei} is an or-

thonormal frame of Σ; (AΣ,g)ij := −(A⃗Σ,g)ij ·ν be the scalar second fundamental
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form if a normal field ν is specified;

• H⃗Σ,g := (ei · ∇gei)
⊥ be the mean curvature vector of Σ; HΣ,g := trΣ,gAΣ,g =

−H⃗Σ,g · ν be the scalar mean curvature if a normal field ν is specified.

Recall that Σ is called minimal in (M, g) if and only if HΣ,g = 0. Also note that

under this convention, the mean curvature vector does not depend on the choice

of normal field and points into the area-decreasing direction; And the scalar mean

curvature for unit sphere with respect to the outward pointed normal field is positive.

We call a hypersurface C ⊂ Rn+1 hypercone if it’s invariant under dilation ηλ

for every λ > 0. Call such C a regular hypercone, if further Sing(C) ⊂ {0}.

If Σ admits a global unit normal field ν, for any E ⊂ Σ and function u : E → R,

let

graphΣ,g(u) := {expg
x(u(x) · ν(x)) : x ∈ E},

be the graph of u over Σ, u will be called the graphical function. In Appendix A, we

carefully analyze the geometry of graphΣ,g(u) in terms of u.

The following concept of regularity scale was introduced in [CN13].

Definition 2.1.1. For every x ∈ Σ, we define the regularity scale rS(x) :=

rS(x;M, g,Σ) of Σ at x to be the supremum among all r ∈ (0, injrad(x;M, g)/2)

such that,

• r2∥Rmg ∥C0,Bg
r (x) + r3∥∇Rmg ∥C0,Bg

r (x) ≤ 1/10;

• After pulling back by expg
x, in TxM ,

1

r
(expg

x)−1(Σ) ∩ B1 = graphL u ∩ B1,

for some linear hyperplane L ⊂ TxM and u ∈ C3(L) with ∥u∥C3 ≤ 1/10.

It’s easy to check by definition that,
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(i) If (M, g,Σ) ̸= (Rn+1, geuc,Rn), then rS < +∞;

(ii) rS is locally Lipschitz on Σ and rS(x) → 0 when x→ x0 ∈ Σ \ Σ;

(iii) |AΣ|2 + |Rmg | ≤ Cn · r−2
S on Σ;

(iv) For a minimal hypersurface with only strongly isolated singularities, we can

bound the regularity scale from above and below by the distant function to the

singular set. See Corollary 2.3.2 for the precise statement.

We shall work with the following function spaces on Σ. For every open subset

U ⊂ Σ and every integer k ≥ 0, let

• Lp(U) measurable functions f with
∫
U |f |p < +∞;

• W 1,2
loc (U) measurable functions which restricts to W 1,2-function on each compact

smooth sub-domain in U ;

• Ck
loc(U) functions on Σ which admit up to k-th order continuous derivatives,

possibly unbounded on U ;

Also let L2(U), W 1,2(U) and Ck(U) be the space of functions with finite L2-, W 1,2-

and Ck- norms respectively.

For ϕ ∈ Ck,α
loc (Σ), k ∈ Z≥0, and α ∈ [0, 1], we define

∥ϕ∥Ck,α
∗ ;U ,g := sup

x∈U

k∑
j=0

rS(x)j−1|∇j
Σ,gϕ|(x)

+ sup
x ̸=y∈U ;

distg(x,y)≤rS(x)

rS(x)k−1+α ·
|∇k

Σ,gϕ(x) −∇k
Σ,gϕ(y)|

distg(x, y)α
.

(2.1.2)

And we denote for simplicity ∥ϕ∥Ck
∗ ;U ,g = ∥ϕ∥Ck,0

∗ ;U ,g When U = Σ, we may omit the

subscript U and if there’s no ambiguity about choice of metric, then we may also omit

the subscript g. The reason we use this norm is that it’s invariant under rescalings,
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i.e. for every λ > 0, we have that graphΣ,λ2g(λϕ) = graphΣ,g(ϕ) and that,

∥λϕ∥Ck
∗ ;U ,λ2g = ∥ϕ∥Ck

∗ ;U ,g .

2.2 Basics in Geometric Measure Theory

Let (Mn+1, g) be a Riemannian manifold (not necessarily complete, isometrically

embedded in some RL if necessary). We first list some notations in geometric measure

theory. Interested readers may refer to [Sim83b].

• In(M ;Z2): the space of n-dimensional mod 2 flat chains in M endowed with F

metric;

• Zn(M ;Z2): the space of n-dimensional mod 2 flat boundaries in M endowed

with F metric;

• MU : mass in an open subset U ⊂M of flat chains in In(M ;Z2). We omit U if

U = M hereafter;

• FU : flat metric in an open subset U ⊂M on In(M ;Z2),

FU(S, T ) := inf{MU(Q) + MU(R) : S − T = Q+ ∂R, spt(R) ⊂ U} ;

• Vn(M): the space of n-dimensional varifolds in M ;

• IVn(M): the space of n-dimensional integral varifolds in M ;

• FU : varifold distant in an open subset U ⊂M on Vn(M);

• spt(V ) be the support of a varifold V ∈ Vk(M);

• f♯ be the push forward of currents or varifolds associated to a proper Lipschitz

map f .
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• |T |: the associated integral varifold for T ∈ In(M ;Z2);

• ∥T∥: the associated Radon measure for T ∈ In(M ;Z2);

• ∥V ∥: the associated Radon measure for V ∈ IVn(M);

• θnV (a, r) = θn(a, r; ∥V ∥g): the n-dimensional volume ratio of V in Bg(a, r);

For a hypersurface Σ ⊂ (M, g), let |Σ|g ∈ IV(M) be the integral varifold associated to

Σ; If further Σ is oriented, denote [Σ] ∈ In(M) to be the associated integral current.

More generally, for T ∈ In(M), denote |T |g, ∥T∥g to be the associated integral n-

varifold and Radon measure on M correspondingly. The metric subscript g above

will be omit if there’s no confusion.

For a smooth vector field X ∈ Xc(U) and V ∈ IVn(U), the first variation of the

area of V with respect to X is

δV (X) =
d

dt

∣∣∣
t=0

∥V ∥(U) =

∫
divπX dV (x, π),

Recall V is called stationary in U if and only if δV (X) = 0, ∀X ∈ Xc(U). By

constructing appropriate test vector fields, whenever V is stationary in M , for every

x ∈M , the following

r 7→ θ̃nV (x, r) :=
enλr

ωnrn
∥V ∥(Br(x)) = enλr · θnV (x, r)

is monotone non-decreasing in r ∈ (0, injrad(x;M, g)), where

λ = λ(x, r; g) := inf{C ≥ 0 : ∇2
g(ρ

2
x) ≥ 2(1 − Cρ2x) as a quadratic form, on Br(x)};

where ρx := distg(·, x) is the distant function to x. And when g = geuc, θ̃g(x, r; ∥V ∥) is

constant in r if and only if V is a cone. Also, denote θ(x; ∥V ∥) := limr↘0 θ̃g(x, r; ∥V ∥)
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to be the density of V at x.

Following [DG61,Sim83b], we call a Lebesgue measurable subset P ⊂ M a Cac-

cioppoli set, if for every open subset W ⊂⊂ M and every smooth vector field

X ∈ Xc(W ), there exists some constant C(P,W ) such that

|
∫
P

div(X) dH n+1| ≤ C(P,W )∥X∥C0 .

By [DG61, Sim83b], a Caccioppoli set P is naturally an integral n + 1-current [P ] ∈

In+1(M). ∥∂[P ]∥(W ) is called the perimeter of P in W , and is usually denoted as

P(P ;W ). Also, we define the F-metric among Caccioppoli sets by

F(P1, P2) := F(∂[P1], ∂[P2]) + F(∥∂[P1]∥, ∥∂[P2]∥).

When E ⊂ M is a measurable subset, we call a Caccioppoli set P ⊂ M (ho-

mologically) perimeter minimizing in E if P ⊂ E and for every open subset

W ′ ⊂⊂ W ⊂M and every Caccioppoli set Q ⊂M with P∆Q ⊂ E ∩W ′, we have

P(P ;W ) ≤ P(Q;W ).

If E ⊂ M is a closed subset, P ⊂ E is minimizing in E and |∂[P ]| is stationary in

M , then the regular part of ∂[P ] is a multiplicity one stable hypersurface (see Section

2.3 for the notion of stability); Being minimizing in E guarantees that there’s no

singularity of ∂[P ] near which spt(∂[P ]) is a union of embedded C1,α hypersurface-

with-boundary meeting along their common boundary. Hence, by [Wic14, Theorem

18.1], Reg(∂[P ]) is a stable minimal hypersurface in M with optimal regularity (See

Section 2.3 for the notion of optimal regularity)

The compactness of perimeter minimizing Caccioppoli sets in closed subsets is a
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little bit subtle, due to the lack of direct cut-pasting argument as in [Sim83b, Theorem

34.5].

Lemma 2.2.1 (Compactness). Let {Ej}1≤j≤∞ be a sequence of closed subsets in M

such that Ej → E∞ and ∂Ej → ∂E∞ both in locally Hausdorff distant sense in M .

Let {gj}1≤j≤∞ be a sequence of smooth metrics on M such that gj smoothly converges

to g∞. For 1 ≤ j < ∞, let Pj ⊂ Ej be a Caccioppoli set in M minimizing perimeter

in Ej, with |∂[Pj]| stationary in M .

Then there exists some Caccioppoli set P∞ ⊂ E∞ with Reg(∂[P∞]) an optimally

regular stable minimal hypersurface in (M, g∞), such that up to a subsequence of

j → ∞, F(Pj, P∞) → 0.

Moreover, if Ej ≡ E∞, then P∞ is also perimeter minimizing in E∞.

Proof. For each smooth domain W ⊂⊂ M , by comparing the perimeter of Pj with

Pj \W , we know that the lim sup ∥∂[Pj]∥(W ) < +∞. Hence by Fleming-Federer com-

pactness Theorem, ∂[Pj] subconverges in flat topology to some boundary of Cacciop-

poli set ∂[P∞]; And by [SS81], the stable minimal hypersurfaces |∂[Pj]| subconverges

to some stationary integral varifold V∞ supported on a stable minimal hypersurace

in E∞.

Moreover, V∞ must be of multiplicity 1, since otherwise, by [SS81, Theorem 1],

near some regular point x of higher multiplicity, ∥∂[Pj]∥ are multiple graphs over some

hyperplane through x ∈ spt(V∞) ⊂ E∞. When x ∈ Int(E∞), since ∂Ej converges to

∂E∞ locally in the Hausdorff distant sense, this is impossible by the local perimeter-

minimizing property of Pj near x; When x ∈ ∂E∞, we know that for j >> 1, there

must be two adjacent graphs bounding a slab in Pj near x. This violates that Pj is

perimeter-minimizing in Ej by subtracting a small ball from this slab.

Using Schoen-Simon’s Epsilon Regularity Theorem [SS81, Theorem 1], V∞ being

of multiplicity 1 implies that V∞ = |∂[P∞]|, hence Pj subconverges to P∞ in F-metric.
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When Ej ≡ E∞, the cut-pasting argument in [Sim83b, Theorem 34.5] works here

to show that P∞ is perimeter minimizing in E∞.

2.3 Locally Stable Minimal Hypersurfaces

Following [Sim68,SS81], a minimal hypersurface Σ ⊂ (Mn+1, g) is called stable in an

open subset U ⊂ M , if for every C2 family of diffeomorphism {ϕt : U → U}t∈(−1,1)

such that ϕt = idU near ∂U , we have

d2

dt2

∣∣∣
t=0

H n(ϕt(Σ)) ≥ 0.

By [SS81], the singular set of a stable minimal hypersurfaces Σ in an n+1 dimensional

domain U satisfies

Sing(Σ) =


∅, if 3 ≤ n+ 1 ≤ 7;

isolated points, if n+ 1 = 8;

a closed subset of U with Hausdorff dimension ≤ n− 7, if n+ 1 ≥ 9.

We say a hypersurface has optimal regularity, if its singular set satisfying this

estimate.

If Σ has a global unit normal field ν = νΣ,g in U , then Σ being stable in U is

equivalent to that

QΣ,g(φ, φ) :=

∫
Σ

|∇Σ,gφ|2 − (|AΣ,g|2 + Ricg(ν, ν))φ2 ≥ 0, ∀φ ∈ C2
c (Σ ∩ U). (2.3.1)

We call Σ a locally stable minimal hypersurface (LSMH) if for every p ∈ M ,
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there exists some neighborhood Up ∋ p in which Σ is stable. Let

LΣ,g := ∆Σ,g + |AΣ,g|2 + Ricg(ν, ν), (2.3.2)

be the E-L operator associated to QΣ,g, called Jacobi operator. Any solution u ∈

C2
loc(Σ) to LΣ,gu = 0 is called a Jacobi field.

Following [MN21,Dey19], the index of a two-sided LSMH Σ ⊂ (Mn+1, g) is defined

by

index(Σ) := sup
{

dimL : L ⊂ Xc(M) is a linear subsapce such that

d2

dt2

∣∣∣
t=0

H n(etX(Σ)) < 0, ∀0 ̸= X ∈ L
}
.

(2.3.3)

When n+ 1 = 8, it is proved in [Wan20] that a two-sided LSMH in a closed manifold

always has finite index, and coincides with the index of its Jacobi operator, see Section

5.3.1 for detail. Also, we define the index of a one-sided LSMH to be the index of its

two-sided double cover.

It is known from [SS81,Ilm96] that near each singular point p, a LSMH Σ ⊂Mn+1

is modeled on stable minimal hypercones. More precisely, for every rj ↘ 0, the blow

up sequence r−1
j (Σ − p) F-subconverges to some stable minimal hyercone C ⊂ Rn+1

with multiplicity 1, which is called a tangent cone of Σ at p.

We assert that a priori, the tangent cone C might depend on the choice of blow-up

radii {rj}. A well-known conjecture in geometric measure theory, usually referred to

as the uniqueness of tangent cone conjecture, asserts that the tangent cones at a fixed

point p for any choice of rj ↘ 0 are the same. When one of the tangent cone C at

p is of multiplicity one and regular (this is always the case when n + 1 = 8 and Σ is

locally stable), in other words Sing(C) ⊂ {0}, then the uniqueness of tangent cone

is proved by Allard and Almgren [AAJ81] under further integrability assumption,

and then by L. Simon [Sim83a] in general. This allows us to denote this tangent
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cone of Σ at p by CpΣ in this thesis. Moreover, by adapting the proof in [Sim83a],

Edelen [Ede21, Theorem 6.3] proved a quantitative version of uniqueness of tangent

cone. For sake of completeness, we include in Appendix D a brief discussion of this.

We call a stationary varifold V ∈ IVn(M) have strongly isolated singularity at

p ∈M if the tangent cone of V at p is a multiplicity one regular minimal hypercone.

The following Lemma, which is an easy consequence of Allard Regularity Theorem

[All72], guarantees that we can locally parametrize LSMH using their regular tangent

cone.

Lemma 2.3.1. Let V ∈ IVn(U) be a stationary integral varifold under metric g,

p ∈ spt(V ) ∩ U . Suppose the tangent cone C ⊂ TpM ≈ Rn+1 of V at p is regular

and of multiplicity 1. We let Br := C ∩ Bn+1
r . Then there exists 0 < τ0(Σ, U, g,C) <

injrad(p;U, g)/2 and a function u ∈ C3
loc(Bτ0) such that

∥u∥C3
∗(Bs) ≤ ϵ(s), ∀s ∈ (0, τ0] ,

for some decreasing function ϵ ∈ C0([0, τ0]) with ϵ(0) = 0; And after pulled back to

M by expg
p,

V ⌞Bg
τ0

(p) = | graphC,g(u)|⌞Bg
τ0

(p) .

A direct consequence of this Lemma is that we can estimate the regularity scale

using the distant to the singular set. The proof is left to readers.

Corollary 2.3.2. Let Σ be a LSMH in a closed manifold (Mn+1, g) with only strongly

isolated singularities. Then there exists constant C(M, g,Σ) > 1 such that

C−1rS ≤ distg(·, Sing(Σ)) ≤ CrS .
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2.4 Minimal Hypercone

For every n+ 1 ≥ 8 and Λ,Λ′ > 0, we define,

C n
Λ := {stable minimal hypercone C ⊂ Rn+1 : ∥C∥(B1) ≤ Λ} , (2.4.1)

equipped with F-metric in Bn+1
1 . Note that by Schoen-Simon’s Compactness Theorem

[SS81] and Lemma 3.2.2 later, for each Λ > 0, C n
Λ is compact under F-metric.

Since Rn+1 is simply connected, every C ∈ C n
Λ is two-sided. And by Ilmanen’s

strong maximum principle [Ilm96], Rn+1 \ C has exactly 2 connected component,

denoted by E±. We can choose a unit normal field ν on C pointing in E+.

Now suppose that (C, ν) ⊂ Rn+1 is a regular area-minimizing hypercone, i.e.

Sing(C) ⊂ {0} and [C] is an area-minimizing current in Rn+1. Hardt and Si-

mon [HS85] obtained the following groundbreaking result in smoothing minimizing

hypercones.

Theorem 2.4.1 ( [HS85, Theorem 2.1]). Let C ̸= Rn be a nontrivial regular minimiz-

ing hypercone as above; E be one of the components E±. Then there exists an area-

minimizing hypersurface Σ ⊂ E with Sing(Σ) = ∅, distRn+1(0,Σ) = 1 and [Σ] = ∂[P ]

for some closed Caccioppoli set P ⊂ E.

Furthermore, there exist h ∈ C∞(C) and c ̸= 0 such that Σ = graphC(h) outside

some large ball, and when R → +∞, either

h(R,ω) =


cRγ+

1 w1(ω) +O(Rγ+
1 −ϵ), if γ+1 > γ−1 ;

cRγ+
1 logR w1(ω) +O(Rγ+

1 −ϵ), if γ+1 = γ−1 ;

(2.4.2)

or

h(R,ω) = cRγ−
1 w1(ω) +O(Rγ−

1 −ϵ), (2.4.3)
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where γ±1 is defined in (C.0.1).

Moreover, Σ foliates E by rescaling (and hence is usually refered to as a leaf of

Hardt-Simon foliation). And any other area-minimizing integral n-cycle ∂Q with

spt(Q) ⊂ E is a rescaling of [Σ].

Following Hardt-Simon [HS85], we call a regular minimizing hypercone C ⊂ Rn+1

strictly minimizing, if (2.4.2) holds for every of its Hardt-Simon foliation. Other-

wise, C is called non-strictly minimizing. Similarly, we call C strictly minimiz-

ing in E if its Hardt-Simon foliation in E satisfies (2.4.2).

We generalize the existence part of Hardt-Simon’s Theorem in Chapter 3 to abi-

trary minimizing or stable hypercones, not necessarily with only isolated singularity.

See Theorem 1.3.1 and 1.3.2.

We also prove an analogue of this Regularity Theorem for regular stable minimal

hypercone in Lemma 5.2.13, which plays an important role in deriving full generic

regularity for 8-dimensional manifolds.

More discussions of regular stable minimal hypercones are presented in Section

5.2 and Appendix C.

27



Chapter 3

Analysis on Singular Minimal

Hypersurfaces, I

3.1 Introduction

In this chapter, we present the work in [Wan22a] to smooth out minimizing or mean

convex hypercones without isolated-singularity assumption. More precisely, we prove

Theorem 1.3.1 and 1.3.2. A key ingredient of the proof of both Theorem is the follow-

ing divergence of positive super-solution to Jacobi field equation near singularities.

Theorem 3.1.1 (c.f. Corollary 3.3.3). Let (M, g) be a smooth Riemannian manifold

(not necessarily complete), Λ > 0. Let Σ ⊂ M be a two-sided stable minimal hyper-

surface with singular set of codimension ≥ 7. Let u ∈ C2
loc(Σ) be a positive function

such that

∆Σu+ |AΣ|2u− Λu ≤ 0,

on Σ. Then for every x ∈ Sing(Σ),

lim inf
y→x

u(y) = +∞.
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Such behavior of u has been established by [Sim08] for minimizing hypersurfaces,

or more generally, for submanifolds belonging to a regular multiplicity 1 class. A

phenomenon of similar spirit was also exploited in [SY17] for minimal slicings and

by [Wan20, Lemma 2.14] to study stable minimal hypersurfaces lying on one side of

a regular cone near infinity. In this chapter, we prove it for general stable minimal

hypersurfaces, following the strategy of [Sim08] but more directly by first proving a

Harnack inequality for stable minimal hypersurfaces.

Organization of the Chapter.

In Section 3.2, we prove a multiplicity 1 result for stable minimal hypersurfaces,

which enable us to derive a Neumann-Sobolev inequality and a Harnack inequality for

stable minimal hypersurfaces following the same argument as [BG72] for minimizing

boundaries. Using this, in Section 3.3 we prove a more precise asymptotic lower

bound for super-solution of Jacobi field equations on a stable minimal hypersurface,

and derive Theorem 3.1.1 as a corollary. Finally, we state and prove a more concrete

version of Theorem 1.3.1, 1.3.2 and finish the proof of Theorem 1.3.3 in Section 3.4.

3.2 Harnack Inequality for Minimal Hypersurfaces

By [SS81], the convergence of stable minimal hypersurfaces might result in multiplic-

ity in the limit. The first goal of this section is to show that if a stable minimal

hypersurface is away from higher multiplicity at scale 1, then so is it in every smaller

scales.

Let n ≥ 3. Denote M≥2 to be the space of hypersurfaces with at least one piece
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of higher multiplicity , more precisely,

M≥2 :=
{
V ∈ IVn(Bn+1

4 ) : V =
∑
i≥1

mi|Σi| for some disjoint minimal hypersurfaces

Σi ⊂ (B4, g) and mi ∈ N such that ∥g − geuc∥C3,1/2 ≤ 1/10,

m1 ≥ 2 and Σ1 ∩ Clos(B2) ̸= ∅
}
.

Proposition 3.2.1. Let Λ > 0, ϵ > 0. There exists δ1(n,Λ) > 0 and Ψ(ϵ|n,Λ) ∈

(0, 1) with the following property. If Σ ⊂ (Bn+1
4 , g) is a stable minimal hypersurface

with

∥g − geuc∥C4 ≤ δ1, M(Σ) ≤ Λ, F(|Σ|,M≥2) ≥ ϵ. (3.2.1)

Then for every r ∈ (0, 1/4) and x ∈ spt(Σ) ∩ B1, we have

FB4(|ηx,r−1(Σ)|,M≥2) ≥ Ψ(ϵ|n,Λ).

Here, Ψ(ϵ|n,Λ) denotes a function in ϵ, n,Λ, which tends to 0 when n,Λ are fixed

and ϵ→ 0.

To prove Proposition 3.2.1, we need the following preparations.

Lemma 3.2.2. For every Λ > 0, there exists δ2(n,Λ) > 0 such that for every stable

minimal hypercone C ⊂ Rn+1 with ∥C∥(B1) ≤ Λ, we have

FB4(|C|,M≥2) ≥ 10δ2.

Proof. Suppose otherwise, there exist stable minimal hypercones Cj with uniformly

bounded density at origin such that FB4(|Cj|,M≥2) → 0. Then by [SS81] and defi-

nition of M≥2 we have, |Cj| → m|C∞| for some stable minimal hypercone C∞ and

integer m ≥ 2. Also by the same argument as [Sha17, Section 4, Claim 5 & 6] we see
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that Cj induces a positive homogeneous degree 1 Jacobi field u ∈ C∞
loc(C∞).

The goal next is to show that such Jacobi field do not exist. Let Γ := C∞ ∩ Sn,

and since u is homogeneous degree 1, we can write u(rω) = r · v(ω), r > 0, ω ∈ Γ.

By rewriting the Jacobi field equation in polar coordinates we derive

0 = (∆C∞ + |AC∞|2)u = [∂2r +
n− 1

r
∂r +

1

r2
(∆Γ + |AΓ|2)](r · v)

= r−1 · [∆Γv + (|AΓ|2 + n− 1)v],

where ∆Γv+ |AΓ|2 +n− 1 is the Jacobi operator of Γ ⊂ Sn. Since v > 0, this implies

Γ ⊂ Sn is a stable minimal hypersurface, which is impossible.

The following Almost Cone Rigidity Lemma follows directly from Schoen-Simon’s

Compactness Theorem [SS81, Theorem 2] and monotonicity of area.

Lemma 3.2.3 (Almost Cone Rigidity). For every ϵ > 0 and Λ > 0, there exists

δ3(ϵ,Λ, n) ∈ (0, 1) such that if Σ ⊂ (Bn+1
4 , g) is a stable minimal hypersurface with

Σ ∩ B1 ̸= ∅ and

∥g − geuc∥C4 ≤ δ3, ∥Σ∥(B4) ≤ Λ, θg(0, 4; ∥Σ∥) − θg(0, 1; ∥Σ∥) ≤ δ3.

Then there exists a stable minimal hypercone C ⊂ Rn+1 and m ∈ N such that

FB2(|Σ|,m|C|) ≤ ϵ .

Proof of Proposition 3.2.1. Take δ1 = δ3(δ2, n,Λ)/10, given by Lemma 3.2.2 and

3.2.3.

Suppose for contradiction, there exists some ϵ > 0 and stable minimal hypersur-

faces Σj ⊂ (B4, gj), xj ∈ spt(Σj) ∩ B1 and rj ∈ (0, 1/4) such that ∥gj − g∥C4 ≤ δ1,

FB4(|Σj|,M≥2) ≥ ϵ but FB4(|ηxj ,r
−1
j

(Σj)|,M≥2) → 0 when j → ∞. By unique con-
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tinuation for stable minimal hypersurfaces, rj → 0 as j → ∞. By possibly replace ϵ

by a smaller ϵ′ and translate-rescale Σ, WLOG xj ≡ 0.

For each j ≥ 1, let

Ij := {α ∈ N : θgj(0, 4
−α; ∥Σj∥) − θgj(0, 4

−α−1; ∥Σj∥) ≥ δ1} ∪ {+∞, 0}

Since θgj(0, r; ∥Σ∥) is non-decreasing in r, by the mass upper bound on Σj, we have

♯Ij ≤ C(Λ, n). Write

Ij =: {0 = α
(0)
j < α

(1)
j < ... < α

(♯Ij−1)
j = +∞}; αk

j := +∞, for k ≥ ♯Ij.

Consider

i0 := sup
{
i ∈ Z≥0 : for every sequence {0 < sj ∈ [4−α

(i)
j −1, 1/2)}j≥1,

lim inf
j→∞

FB4(|η0,s−1
j

(Σj)|,M≥2) > 0
}
.

By our contradiction assumption, 0 ≤ i0 < C(Λ, n) and for infinitely many j, α
(i0)
j <

+∞. Also by passing to a subsequence in j, there exists 0 < sj ∈ [4−α
(i0+1)
j −1, 4−α

(i0)
j −1)

such that FB4(|ηs−1
j

(Σj)|,M≥2) → 0 when j → ∞.

Denote for simplicity Σ̂j := η
4
α
(i0)
j

+1
(Σj), ĝj := 42α

(i0)
j +2 · η∗

4
−α

(i0)
j

−1
gj be the corre-

sponding rescaled metric, by definition of i0 and Schoen-Simon’s Compactness The-

orem [SS81], we have

|Σ̂j| → |Σ̂∞| in B2, (3.2.2)

for some multiplicity 1 stable minimal hypersurface Σ̂∞ in B2; Also, ŝj := sj ·4α
(i0)
j +1 ∈
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(0, 1) satisfies

F(|ηŝ−1
j

(Σ̂j)|,M≥2) → 0 as j → ∞. (3.2.3)

And by definition of Ij, for every integer l ∈ [0,− log4(ŝj) − 2), we have

θĝj(0, 4
−l; ∥Σ̂j∥) − θĝj(0, 4

−l−1; ∥Σ̂j∥) ≤ δ1. (3.2.4)

By (3.2.2) and (3.2.3), ŝj ↘ 0; By (3.2.4) and Lemma 3.2.3, for every j ≥ 1 and

l ∈ [1,− log4(ŝj) − 1), there exists some stable minimal hypercone C
(l)
j and integer

m
(l)
j ∈ N such that

FB2(|η4l(Σ̂j)|,m(l)
j |C(l)

j |) ≤ δ2. (3.2.5)

On the other hand, recall by [Ilm96], each tangent cone of a stable minimal hy-

persurface is a multiplicity 1 stable hypercone. Hence, by Lemma 3.2.2, there exists

some integer l0 = l0(Σ̂∞) >> 1 such that

FB4(|η4l0 (Σ̂∞)|,M≥2) ≥ 9δ2.

And since |Σ̂j| → |Σ̂∞|, we can choose j0 >> 1 such that for every j ≥ j0, ŝj < 4−l0−3

and

FB4(|η4l0 (Σ̂j)|,M≥2) ≥ 8δ2

Combine this with (3.2.5), we derive FB2(m
(l0)
j |C(l0)

j |,M≥2) ≥ 7δ2, and hence m
(l0)
j =

1. Moreover, recall for every two integral varifold V1, V2 ∈ IVn(Bn+1
2 ) and every λ > 1,

we have

FB2((ηλ)♯V1, (ηλ)♯V2) ≤ λ · FB2(V1, V2).
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Thus combined with (3.2.5) we see,

FB2(m
(l)
j |C(l)

j |,m(l+1)
j |C(l+1)

j |)

≤ FB2(m
(l)
j |C(l)

j |, |η4l+1(Σ̂j)|) + FB2(|η4l+1(Σ̂j)|,m(l+1)
j |C(l+1)

j |) ≤ 4δ2 + δ2 = 5δ2.

Therefore, using Lemma 3.2.2 and starting at l0, we can prove inductively that m
(l)
j =

1 for all integers l ∈ [l0,− log4(ŝj) − 1) and again by Lemma 3.2.2 and (3.2.5), we

have lim supj→∞FB4(|ηŝ−1
j

(Σ̂j)|,M≥2) ≥ δ2 > 0. This contradicts to (3.2.3).

Following the argument in [BG72], an immediate corollary of Proposition 3.2.1 is

the Neumann-Sobolev type inequality for stable minimal hypersurfaces,

Corollary 3.2.4 (Neumann-Sobolev Inequality). Let ϵ,Λ > 0; δ1 be in Proposition

3.2.1. Then there exists β(n, ϵ,Λ) ∈ (0, 1/2), C(n, ϵ,Λ) > 0 with the following prop-

erty. If Σ is a stable minimal hypersurface in (Bn+1
4 , g) satisfying (3.2.1). Then for

every f ∈ W 1,1(Σ), we have

inf
k∈R

∥f − k∥
L

n
n−1 (Bβ ;∥Σ∥) ≤ C ·

∫
B4

|∇Σf | d∥Σ∥.

Proof. We shall first show the following,

Claim. There exists β(n, ϵ,Λ) ∈ (0, 1/2), C̃(n, ϵ,Λ) > 0 with the following property.

If Σ is a stable minimal hypersurface in (Bn+1
4 , g) satisfying (3.2.1); T1, T2 ∈ In(B4)

are integral currents such that

[Σ] = T1 + T2; ∥Σ∥ = ∥T1∥ + ∥T2∥. (3.2.6)

Then we have for every x ∈ spt(Σ) ∩ B1,

MB4(∂T1) = MB4(∂T2) ≥ C̃−1 ·min{MBβ(x)(T1),MBβ(x)(T2)}
1−1/n. (3.2.7)
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Proof of Claim. By a translation and rescaling of Σ and considering a smaller ϵ,

WLOG x = 0. Suppose the Claim fails, then there are stable minimal hypersurfaces

Σj satisfying (3.2.1) and integral currents T j
1 , T

j
2 ∈ In(B4) such that [Σj] = T j

1 + T j
2 ,

∥Σj∥ = ∥T j
1∥ + ∥T j

2∥ and that

MB4(∂T
j
1 ) = MB4(∂T

j
2 ) <

1

j
·min{MBj−1 (T j

1 ),MBj−1 (T j
2 )}1−1/n. (3.2.8)

Also by slicing Theorem [Sim83b], for each T = T j
i (j ≥ 1, i = 1, 2) and a.e. s ∈

(j−1, 4),

MB4(∂(T⌞Bs)) ≤ MBs(∂T ) +
d

ds
MBs(T ).

Combined with (3.2.8) and Micheal-Simon inequality [Sim83b, Theorem 18.6], this

implies

MBs(T )
n−1
n ≤ S(n)

j
MBs(T )

n−1
n +

d

ds
MBs(T ), for a.e. s ∈ (j−1, 1). (3.2.9)

Take j ≥ 10S(n) in (3.2.9) and integrate over (j−1, t), we derive

MBt(T
j
i ) ≥ δ(n) · (t− j−1)n, ∀t ∈ (j−1, 1). (3.2.10)

By Proposition 3.2.1 and Schoen-Simon compactness, when j → ∞, |η0,j(Σj)| → |Σ∞|

in IVn(Rn) for some multiplicity 1 stable minimal hypersurface Σ∞. Moreover, since

the tangent cone C of Σ∞ at infinity is also some rescaled limit of Σj, we must have

by Proposition 3.2.1 that C is of multiplicity 1 and hence Σ∞ is connected.

By (3.2.8), Fleming-Federer Compactness Theorem and area monotonicity formula

for minimal hypersurfaces, we have

F((η0,j)♯T
j
i , T

∞
i ) → 0,
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for some T∞
i ∈ In(Rn+1) (i = 1, 2) such that

∂T∞
1 = ∂T∞

2 = 0; T∞
1 + T∞

2 = [Σ∞], ∥T∞
1 ∥ + ∥T∞

2 ∥ = ∥Σ∞∥.

And by (3.2.10), spt(T∞
1 ) ∩ B2 ̸= ∅, spt(T∞

2 ) ∩ B2 ̸= ∅. But by constancy The-

orem [Sim83b, Theorem 26.27], this is impossible for a connected stable minimal

hypersurface Σ∞. Hence the Claim is proved.

Now to prove Corollary 3.2.4, suppose WLOG f ∈ C1(Σ), and denote for simplic-

ity p := n/(n− 1). Choose k ∈ R such that

MBβ
({f > k}), MBβ

({f < k}) ≤ 1

2
MBβ

(Σ). (3.2.11)

Let f± := (f − k)± = max{±(f − k), 0}; A±(t) := [Σ]⌞{f± > t}. Then by co-area

formula, we have

∫
B4∩Σ

|∇Σf
+| d∥Σ∥ =

∫ ∞

0

MB4(∂A
+(t)) dt

≥ C̃−1

∫ ∞

0

MBβ
(A+(t))1/p dt

≥ C̃−1

(
p ·
∫ ∞

0

MBβ
(A+(t))tp−1 dt

)1/p

= C−1∥f+∥Lp(Bβ ;∥Σ∥),

where the first inequality follows from the Claim and choice of k; the second inequality

follows from the following Hardy-Littlewood-Polya Inequality: If p > 1 and η ≥ 0 is

a non-increasing function on (0,+∞), then

(∫ ∞

0

η1/p dt

)p

≥ p

∫ ∞

0

η(t)tp−1 dt.

Similarly one derive
∫
B4

|∇Σf
−| d∥Σ∥ ≥ C−1∥f−∥Lp(Bβ ;∥Σ∥). Hence Corollary 3.2.4 is
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proved.

By De Giorgi-Moser iteration process [GT01] and the abstract John-Nirenberg

Inequality [BG72, Section 4], Corollary 3.2.4 implies the following Harnack inequality

for stable minimal hypersurfaces.

Corollary 3.2.5 (Harnack Inequality). Let Σ be in Corollary 3.2.4. There exists

η(ϵ, n,Λ) ∈ (0, 1) such that if 0 < u ∈ W 1,2
loc (Σ) satisfies ∆Σu − Λu ≤ 0 on Σ in

the distribution sense, then for every p ∈ (0, n
n−2

), every x ∈ spt(Σ) ∩ B1 and every

r ∈ (0, η), we have

(
1

∥Σ∥(Br(x))

∫
Σ∩Br(x)

|u|p d∥Σ∥
)1/p

≤ C(p, ϵ,Λ, n) · inf
Σ∩Br(x)

u.

Remark 3.2.6. By a slight modification, a similar Neumann-Sobolev Inequality and

Harnack inequality still holds for minimal hypersurfaces with bounded index, where

the constant will also depend on the index upper bound.

On the other hand, the assumption in (3.2.1) that Σ is away from varifolds with

multiplicity ≥ 2 at scale 1 CANNOT be dropped. A typical counterexample is a

sequence of pairs of parallel hyperplanes Vj := |L(1)
j | + |L(2)

j | converging to a multi-

plicity 2 hyperplane, and a sequence of functions on spt(Vj) which is 1 on L
(1)
j and

1/j on L
(2)
j . Counterexample in unstable situation could be a blow down sequence of

catenoids converging to a multiplicity 2 hyperplane and a positive harmonic function

which approaches 1 on one end and 0 on the other end.

3.3 Growth Rate Lower Bound for Positive Jacobi

Fields

The goal of this section is to prove the following.
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Proposition 3.3.1. Let ϵ ∈ (0, 1), Λ > 0, n ≥ 7;

γn := −n− 2

2
+

√
(
n− 2

2
)2 − n+ 1

For every γ > γn, there exists C = C(ϵ,Λ, n, γ) > 0 and τ0(ϵ,Λ, n, γ) ∈ (0, 1/2) such

that the following hold.

Let Σ ⊂ (Bn+1
4 , g) be a two-sided stable minimal hypersurface satisfying (3.2.1);

u ∈ W 1,2
loc (Σ) be a positive super-solution of (∆Σ + |AΣ|2 − Λ)u = 0, i.e.

∫
Σ

∇Σu · ∇Σξ + (Λ − |AΣ|2)uξ ≥ 0, ∀ξ ∈ C1
c (Σ,R≥0).

Then for every p ∈ Sing(Σ) ∩ B1 and every r ∈ (0, τ0), we have

inf
Σ∩Br(p)

u ≥ C · ∥u∥L1(Σ∩Bτ0 (p))
· rγ. (3.3.1)

Note that the exponent γn is optimal and can be realized by a homogeneous

positive Jacobi field on Simons cone.

The key for the proof is the following Growth Lemma. Let

C =1
n (Λ) := {|C| : C ⊂ Rn+1 stable minimal hypercone with ∥C∥(B4) ≤ Λ}\{hyperplanes},

be the space of multiplicity 1 varifolds associated to nontrivial stable minimal hyper-

cones. For a function ϕ over Σ, p > 0 and a domain Ω ⊂ Σ, let

∥ϕ∥Lp
∗(Ω;∥Σ∥) :=

(
∥Σ∥(Ω)−1 ·

∫
Ω

|ϕ|p d∥Σ∥
)1/p

.

Lemma 3.3.2 (Growth Lemma). Let Λ > 0, γ > γn be fixed as in Prop 3.3.1. There

exists δ(n,Λ, γ) ∈ (0, 1) and r0(n,Λ, γ) ∈ (0, 1/2) with the following property.

Let Σ ⊂ (B4r−1
0
, g) be a two-sided stable minimal hypersurface with normal field ν,
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satisfying

Sing(Σ) ∋ 0, ∥g − geuc∥C4 ≤ δ, FB4(|Σ|,C =1
n (Λ)) ≤ δ. (3.3.2)

Let 0 < u ∈ W 1,2
loc (Σ) be a positive supersolution of ∆Σu + (|AΣ|2 − δ)u = 0 in the

distribution sense on Σ, in other words,

∫
∇Σu · ∇Σξ + (δ − |AΣ|2)uξ d∥Σ∥ ≥ 0, ∀ξ ∈ C1

c (Σ,R≥0). (3.3.3)

Then u ∈ L1(B1; ∥Σ∥) and

∥u∥L1
∗(Br;∥Σ∥) ≥ ∥u∥L1

∗(B1;∥Σ∥) · rγ, ∀r ∈ [r0/2, r0].

In [Sim08, Theorem 1], a general Growth Theorem is established for multiplic-

ity 1 class of minimal submanifolds. It follows directly from Proposition 3.2.1 that

minimal hypersurfaces in Euclidean balls together with their blow-up limits forms

a multiplicity 1 class of hypersurfaces. Hence Simon’s result applies here to obtain

Lemma 3.3.2. For sake of completeness, we include in Section 3.3.1 a direct proof

using Harnack Inequality in Corollary 3.2.5.

Proof of Proposition 3.3.1. WLOG p = 0. Let τ := min{rN+1
0 : rN0 ≥ η(ϵ,Λ, n)/4}

be given by Lemma 3.3.2 and Corollary 3.2.5; τ0 := τ 2. By definition, τ, τ0 only

depend on ϵ,Λ, n, γ. Let

J := {j ∈ Z≥2 : η−1
τ j

(Σ)∩B4r−1
0

⊂ (B4r−1
0
, τ−2jη∗τ jg) satisfies (3.3.2), u◦ητ j satisfies (3.3.3)}.

By area monotonicity, Lemma 3.2.3 and Proposition 3.2.1, we see that

♯(N \ J) ≤ N(n,Λ, ϵ, γ) < +∞. (3.3.4)
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Denote for simplicity Iu(r) := ∥u∥L1
∗(Br;∥Σ∥). Note that by Corollary 3.2.5, for every

j ≥ 1,

Iu(τ j+1) ≥ ∥Σ∥(Bτ j)

∥Σ∥(Bτ j+1)
inf
B
τj

u ≥ c(n,Λ, ϵ, γ)Iu(τ j). (3.3.5)

And for every j ∈ J , by Lemma 3.3.2, we have better estimate,

Iu(τ j+1) ≥ Iu(τ j) · τ γ. (3.3.6)

Now for every r ∈ (0, τ0), let l ∈ Z≥2 be such that τ l+1 ≤ r < τ l. Combining Corollary

3.2.5, (3.3.4), (3.3.5) and (3.3.6) we have,

inf
Σ∩Br

u ≥ c(n,Λ, ϵ)∥u∥L1
∗(Bτl;∥Σ∥)

= c(n,Λ, ϵ)

(
l−1∏
j=2

Iu(τ j+1)

Iu(τ j)

)
· ∥u∥L1

∗(Bτ0 ;∥Σ∥)

= c(n,Λ, ϵ)

( ∏
2≤j≤l−1;j∈J

Iu(τ j+1)

Iu(τ j)

)
·

 ∏
2≤j≤l−1;j /∈J

Iu(τ j+1)

Iu(τ j)

 · ∥u∥L1
∗(Bτ0 ;∥Σ∥)

≥ c(n,Λ, ϵ) · (τ γ)l−♯(N\J) · c(n,Λ, ϵ, γ)♯(N\J) · ∥u∥L1
∗(Bτ0 ;∥Σ∥)

≥ c(n,Λ, ϵ, γ)∥u∥L1
∗(Bτ0 ;∥Σ∥) · rγ.

This finishes the proof of the Proposition.

Since γn < −1 < 0, a direct corollary of Proposition 3.3.1 is,

Corollary 3.3.3. Let (M, g) be a smooth Riemannian manifold (not necessarily com-

plete), Λ > 0. Let Σ ⊂ M be a two-sided stable minimal hypersurface with optimal

regularity. Let u ∈ C2
loc(Σ) be a positive function such that

∆Σu+ |AΣ|2u− Λu ≤ 0,
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on Σ. Then for every x ∈ Sing(Σ),

lim inf
y→x

u(y) = +∞.

3.3.1 Proof of Growth Lemma 3.3.2

The goal of this section is to prove Lemma 3.3.2. We begin with the following uniform

control of first eigenfunction for Jacobi operator of cross section. For every C ∈

C =1
n (Λ), let Γ = Γ(C) := C ∩ Sn be the cross section of C, and for each domain

Ω ⊂ Γ, let

µ1(Ω) := inf{
∫
Γ

|∇Γϕ|2 − |AΓ|2ϕ2 : ϕ ∈ C1
c (Ω), ∥ϕ∥L2(Γ) = 1}.

Denote for simplicity µ1(C) := µ1(Γ(C)). Recall by [Law69, Per02, Zhu18], µ1(C) ≤

−(n− 1), and equality holds if and only if C is a quadratic cone.

For each x ∈ Γ(C), following [CN13], let

rΓ(x) := sup{r ∈ (0, 1) : |AΓ| ≤ r−1 on Br(x) ∩ Γ},

be the regularity scale. Clearly, rΓ is continuous in x and in smooth convergence of

Γ. For each δ > 0, denote Ωδ(C) := {x ∈ Γ : rΓ(x) > δ}.

Lemma 3.3.4. There exists ρ0(n,Λ) > 0 such that µ1(Ωρ0(C)) ≤ −(n− 1) for every

C ∈ C =1
n (Λ).

Proof. Suppose otherwise, there are Cj ∈ C =1
n (Λ) such that µ1(Ω1/j(Cj)) > −(n−1).

Suppose Cj → C∞ ∈ C =1
n (Λ) and write Γj := Cj ∩ Sn, 1 ≤ j ≤ ∞. Then we

must have µ1(C∞) = −(n− 1). Since otherwise by [Zhu18], µ1(C∞) < −(n− 1) and
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thus there exists ψ ∈ C1
c (Γ(C∞)) such that

∫
Γ∞

|∇Γ∞ψ|2 − |AΓ∞|2ψ2 < −(n− 1)

∫
Γ∞

ψ2.

Since the convergence of Γj is smooth near spt(ψ) and rΓj
is continuous in j and x

near spt(ψ), this is a contradiction to µ1(Ω1/j(Cj)) > −(n− 1).

Now that µ1(C∞) = −(n − 1). By [Zhu18], C∞ is a quadratic cone, which

has smooth cross section; Then by Allard Regularity, for j >> 1, µ1(Ω1/j(Cj)) =

µ1(Cj) ≤ −(n− 1), that’s a contradiction.

Lemma 3.3.5. For every Λ > 1, there exists a constant C(n,Λ) > 1 with the follow-

ing property. Let δ2(n,Λ) > 0 be in Lemma 3.2.2 and η(n,Λ) = η(δ2/2, n,Λ) ∈ (0, 1)

be in Corollary 3.2.5; Also let γn be in Proposition 3.3.1.

If C ∈ C =1
n (Λ) is a stable minimal hypercone; 0 < u ∈ C∞

loc(C∩B4η−1) is a Jacobi

field, i.e. ∆Cu+ |AC|2u = 0. Then,

∥u∥L1
∗(Br;∥C∥) ≥ C(n,Λ)−1rγn · ∥u∥L1

∗(B1;∥C∥), for every r ∈ (0, 1).

Proof. Let Γ := C ∩ Sn be the cross section of C in Lemma 3.3.5; ρ0 be in Lemma

3.3.4. Let Ω be a smooth domain in Γ such that Ωρ0(C) ⊂ Ω ⊂ Ωρ0/2(C), and 0 < φΩ

be a first Dirichlet eigenfunction of −∆Γ − |AΓ|2, i.e.


−(∆Γ + |AΓ|2)φΩ = µ1(Ω)φΩ, on Ω;

φΩ = 0, on ∂Ω if ∂Ω ̸= ∅.
(3.3.7)

with eigenvalue µ1(Ω) ≤ µ1(Ωρ0(C)) ≤ −(n − 1) by Lemma 3.3.4. By definition of

Ω, |AΓ| ≤ 2ρ−1
0 on Bρ0/2(Ω). Hence by covering Ω with ball of radius ρ0 and applying
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classical elliptic estimates [GT01] we see,

sup
Ω

|φΩ| ≤ C(n,Λ)∥φΩ∥L1 . (3.3.8)

Now let U(r) :=
∫
Ω
φΩ(ω)u(rω) dω. Since

0 = (∆C + |AC|2)u = ∂2ru+
n− 1

r
∂ru+

1

r2
(∆Γ + |AΓ|2)u.

We then have for r ∈ (0, 1],

U ′′(r) +
n− 1

r
U ′(r) = − 1

r2

∫
Ω

φΩ(ω)(∆Γ + |AΓ|2)u(rω)

= − 1

r2

∫
Ω

(∆Γ + |AΓ|2)φΩ(ω) · u(rω) +
1

r2

∫
∂Ω

∂ζφΩ · u

≤ µ1(Ω)

r2

∫
Ω

φΩ(ω)u(rω)

≤ −n− 1

r2
U(r),

(3.3.9)

where the first inequality follows from (3.3.7) as well as positivity of u and the inward

normal derivative −∂ζφ once ∂Ω ̸= ∅; the second inequality follows from µ1(Ω) ≤

−(n− 1) by Lemma 3.3.4. Let

γn = −n− 2

2
+

√
(
n− 2

2
)2 − (n− 1), βn := 2

√
(
n− 2

2
)2 − (n− 1).

And set W (s) := U(s−1/βn) · sγn/βn , s ≥ 1, then (3.3.9) is equivalent to W ′′(s) ≤ 0

on s ≥ 1. Since u > 0 on C and then W > 0 on [1,+∞), we must have W ′ ≥ 0 on

[1,+∞). Thus,

U(r) ≥ U(1) · rγn , ∀r ∈ (0, 1). (3.3.10)
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We then have for every r ∈ (0, 1),

∥u∥L1(Br;∥C∥) sup
Ω
φΩ ≥

∫
Br

φΩ(
x

|x|
)u(x) d∥C∥(x)

=

∫ r

0

sn−1U(s) ds ≥
∫ r

0

sn−1+γnU(1) ds

= cnr
n+γn ·

∫
Ω

φΩ(ω)u(ω) dω

≥ cnr
n+γn · ∥φΩ∥L1 inf

B1

u

≥ C(n,Λ)−1rn+γn · sup
Ω
φΩ · ∥u∥L1(B1;∥C∥),

where the second inequality follows from (3.3.10), the last inequality follows from

(3.3.8) and Corollary 3.2.5. This finish the proof.

Lemma 3.3.6. Let Σ ⊂ (B4, g) be a two-sided minimal hypersurface under metric g

such that, the Hessian of distant function square satisfies ∇2
g(distg(0, ·)2) ≥ 1 on B2.

(Note that this is automatically true when g is C2 close to geuc.)

Let u ∈ W 1,2
loc (Σ) be a positive super-solution of ∆Σu+ (|AΣ|2 − δ)u = 0 in distri-

bution sense, i.e.

∫
∇Σu · ∇Σξ + (δ − |AΣ|2)uξ d∥Σ∥ ≥ 0, ∀ξ ∈ C1

c (Σ,R≥0), (3.3.11)

where δ ≤ n/2. Then there exists v ∈ C2
loc(Σ∩B1) solving ∆Σv+ (|AΣ|2 − δ)v = 0 on

Σ ∩ B1 such that

1

2
inf
B1

u ≤ v ≤ u

Proof. Claim. With a positive u ∈ W 1,2
loc (Σ) satisfying (3.3.11), we have

∫
|∇ϕ|2 + (δ − |AΣ|2)ϕ2 d∥Σ∥ ≥ 0, ∀ϕ ∈ C1

c (Σ),

with equality if and only if ϕ ≡ 0.
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Proof of the Claim. For every ϕ ∈ C1
c (Σ), let ψ := u−1ϕ ∈ W 1,2

0 (Σ). Take ξ = uψ2 =

ϕψ in (3.3.11), we have

0 ≤
∫

∇u · ∇(ϕψ) + (δ − |AΣ|2)ϕ2 d∥Σ∥ =

∫
|∇ϕ|2 + (δ − |AΣ|2)ϕ2 − u2|∇ψ|2 d∥Σ∥.

This finishes the proof of Claim.

Now we turn to the proof of Lemma 3.3.6. By a renormalization, suppose WLOG

that infB1 u = 1. Consider for every smooth domain Ω ⊂⊂ Σ ∩ B1, minimize

JΩ[ϕ] :=

∫
|∇ϕ|2 + (−|AΣ|2 + δ)ϕ2 d∥Σ∥,

among {ϕ : ϕ − 1 ∈ W 1,2
0 (Ω)} to get a minimizer vΩ ∈ C2(Clos(Ω)) solving ∆ΣvΩ +

(|AΣ|2 − δ)vΩ = 0 in Ω. Since u ≥ 1 on Σ∩B1, we know that (vΩ − u)+ ∈ W 1,2
0 (Σ) is

supported in Clos(Ω), thus by taking ξ = (vΩ − u)+ in (3.3.11) we have,

0 ≥
∫

−∇u · ∇(vΩ − u)+ − (δ − |AΣ|2)u(vΩ − u)+ d∥Σ∥

=

∫
∇(vΩ − u) · ∇(vΩ − u)+ + (δ − |AΣ|2)(vΩ − u) · (vΩ − u)+ d∥Σ∥

=

∫
|∇ξ|2 + (δ − |AΣ|2)ξ2 d∥Σ∥ ≥ 0,

where the first equality follows by integration by parts and the equation satisfied

by vΩ; the last inequality follows from the Claim. Hence the Claim guarantees that

(vΩ − u)+ = 0, in other words vΩ ≤ u in Ω. On the other hands, let w := (1 +

distg(·,0))/2 ≤ 1 on Σ ∩ B1, a simple computation shows that

∆Σw + (|AΣ|2 − δ)w ≥ 0 on Σ ∩ B1.
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This provides a sub-solution to the equation. Repeat the same process above gives

vΩ ≥ w ≥ 1/2 on Ω.

Now take Ωj be an increasing family of smooth domain approximating Σ ∩ B1,

1/2 ≤ vΩj
≤ u be the solution constructed above relative to Ωj. By classical Har-

nack inequality for Elliptic equations [GT01], vΩj
subconverges to some solution

v ∈ C2
loc(Σ ∩ B1) of ∆Σv + (|AΣ|2 − δ)v = 0 which satisfies 1/2 ≤ v ≤ u, thus

finishes proof of the Lemma.

Proof of Lemma 3.3.2. Take r0 = r0(n,Λ, γ) ∈ (0, η(δ2,Λ, n)/8) TBD, where δ2 =

δ2(n,Λ) be given by Lemma 3.2.2 and η is given by the Harnack inequality Corollary

3.2.5.

Suppose for contradiction that there exists γ > γn and stable minimal hypersur-

faces Σj ⊂ (B4, gj) such that 0 ∈ Sing(Σj), gj → geuc in C4 and FB
4r−1

0

(|Σj|, |C|) → 0

for some stable minimal hypercone C ⊂ Rn+1; But there are uj ∈ W 1,2
loc (Σj) weak su-

persolutions to ∆Σj
uj + (|AΣj

|2 − 1/j)uj = 0 and rj ∈ [r0/2, r0], rj → r∞ ∈ [r0/2, r0]

satisfying

∥uj∥L1
∗(Brj ;∥Σ∥) < ∥uj∥L1

∗(B1;∥Σ∥) · rγj (3.3.12)

Note that by Lemma 3.2.2 and FB
4r−1

0

(|Σj|, |C|) → 0, we have for sufficiently large j,

FB
4r−1

0

(|Σj|,M≥2) ≥ δ2(n, 2Λ). Hence the Harnack inequality Corollary 3.2.5 applies

for functions on Σj.

Also by Lemma 3.3.6, we can take vj ∈ C2
loc(Σj ∩ B1) such that on Σj ∩ B1,

0 <
1

2
inf

Σj∩B1

uj ≤ vj ≤ uj; ∆Σj
vj + (|AΣj

|2 − 1/j)vj = 0. (3.3.13)

Thus by applying Harnack inequality Corollary 3.2.5 on uj and (3.3.12), (3.3.13), we
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have

∥vj∥L1
∗(Brj )

≤ C(n,Λ) inf
Σj∩B1

uj · rγj ≤ C(n,Λ) inf
Σj∩B1

vj · rγj . (3.3.14)

On the other hand, fix a regular point x∞ ∈ C∩Bη/4 and suppose Σj ∋ xj → x∞.

Renormalize vj such that vj(xj) = 1. Then by classical Harnack inequality [GT01],

after passing to a subsequence, vj → v∞ in C2
loc away from Sing(C) for some positive

Jacobi field v∞ ∈ C∞
loc(C∩B1), i.e. (∆C+ |AC|2)v∞ = 0. Again by Harnack inequality

Corollary 3.2.5, for every p ∈ (1, n/(n− 2)) we have,

∥vj∥Lp(Bη/4; ∥Σj∥) ≤ C(p, n,Λ)vj(xj) = C(p, n,Λ).

Hence by Hölder inequality, for every small neighborhood N ⊂ Bη/4 of Sing(C)∩Bη/8,

we have

∥vj∥L1(N ;∥Σj∥) ≤ ∥vj∥Lp(N ;∥Σj∥) · ∥Σj∥(N )(p−1)/p ≤ C(p, n,Λ) · ∥Σj∥(N )(p−1)/p.

This guarantees that vj are not L1-concentrating near Sing(Σj) ∩ Bη/8. Hence vj

subconverges to v∞ also in L1(Bη/8). By (3.3.14) and Lemma 3.3.5, we derive,

∥v∞∥L1
∗(Br∞ ;∥C∥) ≤ C(n,Λ) inf

C∩Bη/8

v∞ · rγ∞

≤ C(n,Λ)∥v∞∥L1
∗(Bη/8;∥C∥) · rγ∞

≤ C̄(n,Λ)∥v∞∥L1
∗(Br∞ ;∥C∥) · (

η

8r∞
)γn · rγ∞ ,

which then implies

C̄(n,Λ) · (
η

8
)γn ≥ rγn−γ

∞ ≥ rγn−γ
0 .

This will be a contradiction if we take r0 <
(
C̄(n,Λ) · (η/8)γn

)1/(γn−γ)
.
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3.4 Mean Convex Smoothing of Mean Convex Hy-

persurfaces

We shall prove in this section Theorem 1.3.1 and 1.3.2. We start with the mean convex

approximation Theorem in Section 3.4.1 and some preliminaries on self-expanders

and weak mean curvature flow in Section 3.4.2 and 3.4.3. It’s worth noting that

the preliminaries on self-expanders and weak mean curvature flow are only used in

proving Theorem 1.3.2. Readers interested in Theorem 1.3.1 can skip Section 3.4.2

and 3.4.3.

3.4.1 Mean convex approximation

Definition 3.4.1. We call a closed subset E ⊂ M viscosity mean convex, if

E = Clos(Int(E)) and for every smooth open domain Ω ⊂ E with x ∈ ∂Ω ∩ ∂E,

the mean curvature with respect to the outward pointed normal field of ∂Ω at x is

H∂Ω(x) ≥ 0.

We call a closed viscosity mean convex subset E ⊂Mn+1 C1,1-optimally regular,

if there exists a closed subset S ⊂ ∂E with Hausdorff dimension ≤ n − 7, such

that ∂E \ S is a C1,1 embedded hypersurface and ∀x ∈ S, ∂E is a stable minimal

hypersurface with optimal regularity near x. Call the smallest such S ⊂ ∂E the

singular set of ∂E.

Without assuming E = Clos(Int(E)), the notion of viscosity mean convex was

introduced and studied in [ISZ98, Definition 3.1], where it was called barrier for

minimal surface equation.

Remark 3.4.2. (1) By [SW89], the support of every Caccioppoli set in M with

stationary boundary is viscosity mean convex. In particular, every stable minimal

hypercone in Rn+1 bounds a viscosity mean convex subset.
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(2) It follows directly from the definition that if E ⊂ M is a viscosity mean convex

closed subset, then for every connected component U of Int(E), Clos(U) is also

viscosity mean convex. Hence, in the following discussion, we may additionally

assume that a viscosity mean convex subset has connected interior.

(3) When a closed viscosity mean convex set E ⊂ M is C1,1-optimally regular, on

its regular part, we can define the mean curvature vector H⃗∂E ∈ L∞(∂E) almost

everywhere. And E being viscosity mean convex guarantees that ⟨H⃗∂E, ν⟩ ≤ 0,

where ν is the outward pointed normal field.

The rest of this subsection is devoted to proving that any compact viscosity mean

convex subset can be approximated by C1,1-optimally regular mean convex subset

(see Corollary 3.4.5). We start with a minimization process with obstacle.

Theorem 3.4.3. Let E be a compact viscosity mean convex subset in a Riemannian

manifold (M, g) of dimension n + 1; Let Z ⊂ Int(E) be a closed C2 domain. Then

there exists a closed subset P with the following properties,

(i) Z ⊂ P ⊂ E;

(ii) The topological boundary ∂P is a stable minimal hypersurface with optimally

regularity in the portion M \ Z and is C1,1 near each point of ∂P ∩ ∂Z;

(iii) For every Caccioppoli set Q such that Z ⊂ Q ⊂⊂ Int(E), we have P(P ) ≤

P(Q);

(iv) If (M, g) ∼= (Sn+1, ground) is isometric to the round sphere, then one can choose

so that P ⊂ Int(E).

In particular, P is a C1,1-optimally regular mean convex subset.

In the Euclidean space, such existence-with-barrier result was established by

[ISZ98, Theorem 3.6]. Here we shall use a similar argument. The only difficulty is
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that in a general Riemannian manifold, there’s usually no isometric translations. So

instead of minimizing area, we shall first minimize an Aϵ functional to find prescribed

mean curvature approximations. Such Aϵ functional was introduced and carefully

studied by [ZZ20].

Proof. Suppose WLOG that injrad(M, g) > 1 and every ball of radius < 1 in (M, g)

is strictly convex. Let d(x) := distg(x,E
c) be the distant function defined in E; Then

there exists j0 >> 1 such that Z ⊂ {d > 1/j0}; Let η ∈ C∞(M ; [0, 1]) be a cut-off

function such that η = 0 in a neighborhood of Z and η = 1 on {d ≤ 1/(2j0)}.

Let ϵ ∈ (0, 1), consider the the following Aϵ-functional [ZZ20] for a Caccioppoli

set Q,

Aϵ(Q) := P(Q) +

∫
Q

ϵ · η(x) dH n+1(x).

By first variation [ZZ20], a stationary Caccioppoli set for Aϵ has boundary mean

curvature equals to ϵ · η.

Claim 1. There exists jϵ ≥ 4j0 + 1/ϵ such that for every j > jϵ, there exists a closed

Caccioppoli set Z ⊂ Qj ⊂ {d > 1/j} which minimize Aϵ among

Tj := {Q : Z ⊂ Q ⊂ {d ≥ 1/j}}. (3.4.1)

In particular, ∂Qj is optimally regular and stable in M \ Z and C1,1 near each point

on ∂Z.

With this Claim 1, choose Qϵ := Qjϵ+1 and send ϵ ↘ 0, by spirit of Lemma

2.2.1 and [Lin85, Chapter 2], Qϵ F-subconverges to some closed Caccioppoli set P =

spt[P ] ⊂ E, with ∂P stable minimal hypersuraces in M \ Z and C1,1 near ∂Z. This

proves (i) and (ii). Also since P is the F-limit of Aϵ-minimizer Qϵ, (iii) also holds

for P . When (M, g) ∼= (Sn+1, ground), since ∂Qϵ is Aϵ-stationary and thus has mean

curvature > 0 on {d < 1/(2j0)}, by a rotation of Sn+1 and viscosity mean convexity
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of E, we must have d ≥ 1/(2j0) along Qϵ and then along P . This proves (iv), and

finish the proof of Theorem 3.4.3.

Proof of Claim 1. Let jϵ = j(ϵ, g) ≥ 4j0 + 1/ϵ to be determined later.

For j > jϵ, let Q̄j ∈ Tj be a general Aϵ-minimizer among Tj, where Tj is defined

in (3.4.1). For every x ∈ spt[Q̄j] ∩ {d = 1/j}, consider minimize Aϵ among

{R ⊂M : R∆Q̄j ⊂ B1/j(x)},

to find a Caccioppoli set Q̃j.

Claim 2. By taking jϵ large, for every y ∈ spt[Q̃j] ∩B1/j(x), we have d(y) > 1/j.

With this Claim 2, Q̃j ∈ Tj is also an Aϵ-minimizer among Tj, and whenever Q̄j

is Aϵ-stationary and optimally regular in an open subset W ⊂ {d > 1/j}, by unique

continuation of CMC hypersurfaces [ZZ20], Q̃j must be Aϵ-stationary and optimally

regular in W ∪B1/j(x). Hence by covering {d = 1/j} with finitely many ball of radius

1/j and repeat the replacement process, we can find Qj satisfying the assertion of

Claim 1.

Proof of Claim 2. Let jϵ = j(ϵ, g) ≥ 4j0 + 1/ϵ TBD. By definition of Q̃j and strict

convexity of B1/j(x), we must have

spt[Q̃j] \B1/j(x) ⊂ spt[Q̄j] \B1/j(x) ⊂ {d ≥ 1/j}.

If Claim 2 fails, then there exists y ∈ spt(∂[Q̃j]) ∩ B1/j(x) realizing inf{d(z) : z ∈

spt(Q̃j) ∩B1/j(x)}. Let y′ ∈ ∂E and 0 < d0 ≤ 1/j be such that distg(y, y
′) = d(y) =

d0. Since Bd0(y
′) ∩ spt(Q̃j) = ∅, the tangent cone of ∂∗Q̃j at y must be a plane,

and hence by Aϵ-minimizing of Q̃j in B1/j(x), we know that y is a regular point of

∂[Q̃j]. Moreover, by comparing the second fundamental form Ãj of ∂[Q̃j] and second

fundamental form of ∂Bd0(y
′), together with the fact that the mean curvature of ∂[Q̃j]
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at y is ϵ by first variation of Aϵ, we know that,

|Ãj(y)| ≤ C(n, g) · d−1
0 . (3.4.2)

On the other hand, let Ly be the image of Bϵ(0) ∩ ν̃⊥y ⊂ TyM under exponential

map under metric g centered at y, where ν̃y is the unit normal vector of ∂[Q̃j] at y

pointing towards y′. We shall work under Fermi coordinates

Φ : Ly × (−ϵ, ϵ) →M, (z, t) 7→ expg
z(t · νL(z)),

where νL be the unit normal field of Ly such that νL(y) = ν̃y.

ConsiderR := Φ({(z, t+d0) : Φ(z, t) ∈ spt(Q̃j)∩B1/j(x)}). Since distg(Φ(z, t),Φ(z, t+

d0)) ≤ d0, we have R ⊂ E and y′ = Φ(y, d0) ∈ R is a regular point of ∂R. Moreover,

by (3.4.2) and the following Lemma 3.4.4, the mean curvature H∂R(y′) of ∂R at y′

satisfies,

H∂R(y′) ≤ H̃j(y) + C̄(n, g) · d0 ≤ −ϵ+ C̄(n, g) · j−1
ϵ ,

where recall the mean curvature of ∂[Q̃j] at y is H̃j(y) = −ϵ. Choosing jϵ > C̄(n, g) ·

ϵ−1, we have H∂R(y′) < 0, violates the viscosity mean convexity of E and hence is a

contradiction. This finish the proof of Claim 2.

Lemma 3.4.4. Let {gt}t∈(−1,1) be a smooth family of Riemannian metric on L :=

Bn
1 (0) (not necessarily complete); Let {At := 1

2
d
dt

(gt)}t∈(−1,1) be the family of symmet-

ric 2-tensors of derivative of gt. Assume that A0(0) = 0.

Consider on the cylinder L × (−1, 1), the metric g := gt ⊕ dt2. Assume that the

Riemannian curvature tensor of g satisfies |Rmg | ≤ 1/2n on L× (−1, 1).

Let u be a C2-function on some small ball Br(0) ⊂ L taking value in (−1, 1) such

that u(0) =: a and du(0) = 0. Let Γu := {(z, u(z)) : z ∈ Br} ⊂ L × (−1, 1) be a C2
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hypersurface. Let {zi}1≤i≤n be a normal coordinates of g0 defined near 0 on L. Then

the mean curvature of Γu at (0, a) with respect to the upper-pointed normal field is

given by

HΓu(0, a) = −(∇2
g0
u(0) − Aa(0))ij · ga(0)ij,

In particular, the difference between mean curvature of Γu at (0, a) and Γu−a at

(0, 0) has estimate

|HΓu(0, a) −HΓu−a(0, 0)| ≤ C(n)(a2|AΓu−a|(0, 0) + |a|).

Proof. First note that {z1, ..., zn, t} is a local coordinates of L × (−1, 1) with the

coordinate vector fields denoted by {∂1, ..., ∂n, ∂t}. By [Pet06], under this,

2At(∂i, ∂j) =
d

dt
gt(∂i, ∂j) = ∇g

∂t
(g(∂i, ∂j)) = 2g(∇g

∂i
∂t, ∂j);

d

dt
At(∂i, ∂j) =

1

2
g(∇g

∂t
∇g

∂i
∂t, ∂j) +

1

2
g(∇g

∂t
∇g

∂j
∂t, ∂i) + g(∇g

∂i
∂t,∇g

∂j
∂t)

= Rmg(∂t, ∂i, ∂t, ∂j) + At(∂i, ∂k)At(∂j, ∂l)g
kl
t ,

where [gklt ] is the inverse of matrix [gtij]. In particular, by a bootstrap argument, we

have

|At(∂i, ∂j)| ≤
t

2
, |gtij − δij| ≤

t2

2
. (3.4.3)

Let Φu : z 7→ (z, u(z)) be a parametrization of Γu. Then the upward pointed

normal field of Γu at (0, a) is

νu(0, a) =
−∂iu · giju ∂j + ∂t√

1 + ∂iu∂ju · giju
= ∂t;
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The induced metric of Γu under this parametrization is

g(∂iΦu, ∂jΦu) = g(∂i + ∂iu · ∂t, ∂j + ∂ju · ∂t);

And the second fundamental form of Γu at (0, a) is

AΓu(∂iΦu, ∂jΦu)|(0,a) = ⟨∇g
∂i+∂iu·∂t(∂j + ∂ju · ∂t), νu⟩|(0,a) = −Aa(0) + ∇2

g0u(0)(∂i, ∂j).

Hence the mean curvature of Γu at (0, a) is

HΓu(0, a) = −(∇2
g0u(0) − Aa(0))ij · ga(0)ij;

The estimate on the difference of mean curvature follows from the estimate (3.4.3).

Corollary 3.4.5. Let E ⊂ (Sn+1, ground) be a closed viscosity mean convex subset

with connected interior. Then there exists an increasing sequence of closed connected

C1,1 optimally regular mean convex subsets {Ej ⊂ Int(E)}j≥1 such that when j → ∞,

Ej → E, ∂Ej → ∂E both in Hausdorff distant sense. Furthermore, if the topological

boundary ∂E is n-rectifiable (In particular E is a Caccioppoli set), then we can choose

so that

lim
j→∞

P(Ej) = P(E).

Proof. Let dE := distSn+1(·, Ec) be the distant function to the boundary defined in

E . d̃E be a smooth function on Int(E) such that dE ≤ d̃E ≤ 2dE . Let ϵj ↘ 0 be a

sequence of regular value of d̃E , and Zj := {d̃E ≥ ϵj} ⊂ Int(E) are compact smooth

domains.

By Theorem 3.4.3, there exists C1,1-optimally regular closed mean convex subset

Zj ⊂ Pj ⊂ Int(E). Clearly by definition, Pj → E and ∂Pj → ∂E both in Hausdorff

distant sense. Also, let j0 >> 1 such that Zj0 ̸= ∅ and fix ω0 ∈ Zj0 ; Take Ej to be

the connect component of Pj containing ω0, we know that since Int(E) is connected,
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Ej → E , ∂Ej → ∂E also in Hausdorff distant sense.

If further ∂E is n-rectifiable, by [Fed69, Theorem 3.2.39] and co-area formula,

there exists Rj := {dE ≥ δj} ⊂ Int(E) such that limj→∞ P(Rj) = P(E). Then by

Theorem 3.4.3 (iii) and upper semi-continuity of perimeter under convergence, we

have limj→∞P(Ej) = P(E).

3.4.2 Self-expanders

For a hypersurface Σ ⊂ Rn+1 and a bounded open subset W ⊂ Rn+1, define the

E-functional of Σ in W to be,

E[Σ;W ] :=

∫
W

e|x|
2/4 d∥Σ∥(x).

Such E-functional is introduced in [Ilm98, Lecture 2 C] in which it’s named

K-functional, and frequently studied by Bernstein-Wang [BW18, BW19a, BW19b,

BW20b, BW21a, BW21b] and by Ding [Din20]. Here we keep the notations with

Bernstein-Wang. Critical points Σ of E are known to be self-expanders, i.e. it

satisfies the following equation

H⃗Σ − X⊥

2
= 0,

where X⊥ denotes the projection of position vector onto normal direction of Σ. Equiv-

alently, by [EH89], {η√t(Σ)}t>0 is a family of hypersurfaces flowing by mean curvature.

Clearly, the E-functional can be extended to any Radon measure µ on Rn+1,

E[µ;W ] :=

∫
W

e|x|
2/4 dµ(x).

We also denote for simplicity that for a Caccioppoli sets P ⊂ Rn+1, E[P ;W ] :=

E[∥∂[P ]∥;W ] and for an n-varifold V , E[V ;W ] := E[∥V ∥;W ].
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For a bounded open subset W ⊂ Rn+1, we call a Caccioppoli set P ⊂ Rn+1

E-minimizing in W , if for every Caccioppoli set Q∆P ⊂⊂ W ′ ⊂⊂ W , we have

E[Q;W ′] ≥ E[P ;W ′].

And we call an integral n-varifold V ∈ IVn(W ) E-stationary in W , if for every

X ∈ Xc(W ),

δE[V ;W ](X) :=
d

dt

∣∣∣
t=0

E[etX♯V ;W ] = 0;

Call V E-stable if it’s E-stationary and for every X ∈ Xc(W ),

δ2E[V ;W ](X,X) :=
d2

dt2

∣∣∣
t=0

E[etX♯V ;W ] ≥ 0.

Note that for an n-varifold, E-functional is the n-th area-functional under the metric

ĝ := e|x
2|/2n · geuc on Rn+1. Hence, being E-stationary (resp. E-stable, E-minimizing)

is equivalent to being stationary (resp. stable, minimizing) with respect to the area

functional under ĝ.

For a 2-sided hypersurface Σ ⊂ W , by [Din20, (3.16)], being E-stable is equivalent

to that for every ϕ ∈ C1
c (Σ ∩W ),

∫
W

[|∇ϕ|2 − (|AΣ|2 −
1

2
)ϕ2] · e|x|2/4d∥Σ∥(x) ≥ 0. (3.4.4)

The Euler-Lagrangian operator of the quadratic form on the left hand side of (3.4.4)

is,

LΣ := ∆Σ +
X

2
· ∇Σ + |AΣ|2 −

1

2
. (3.4.5)

Moreover, if denote ∆̂Σ, ÂΣ to be the laplacian and second fundamental form of Σ
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under metric ĝ, then a simple computation shows that for every function u on Σ,

LΣu = e
|x|2
4n ·

(
∆̂Σ + |ÂΣ|2 − e−

|x|2
2n (1 +

n− 1

4n2
|XΣ|2)

)
(e

|x|2
4n u), (3.4.6)

where XΣ is the projection of the position vector X onto TΣ.

Let E ⊂ Sn be a closed subset; Let E = C(E) be the closed cone over E in Rn+1.

We call a closed set P ⊂ Rn+1 distant asymptotic to E near infinity if locally in

the Hausdorff distant sense, when R → +∞, η1/R(P ) → E and η1/R(∂P ) → ∂E.

For a unit vector v ∈ Sn and α ∈ (0, π), define

C(v;α) := {x ∈ Rn+1 \ {0} : ⟨x/|x|, v⟩ > cosα},

be the open cone in v direction with open angle α. O(n)-invariant self-expanders

distant asymptotic to Clos(C(v;α)) are constructed in [AIC95, Lemma 2], and also

studied using variational approach in [Din20, Section 4]. We summarize the results

here. By a rotation, WLOG v = en+1.

Theorem 3.4.6 ( [AIC95, Din20]). For each α ∈ (0, π/2), there exists a unique

O(n)-symmetric convex closed smooth domain F (en+1;α) ⊂ C(en+1, α) minimizing

E-functional in Rn+1 and distant asymptotic to Clos(C(en+1;α)) near infinity.

Moreover, F (en+1, α) is an O(n)-symmetric super graph, i.e. there exists uα ∈

C∞([0,+∞)) such that

F (en+1, α) = {(x, z) : x ∈ Rn, z ≥ uα(|x|)},

and uα satisfies

(i) uα(0) > 0, u′α(0) = 0, u′α(r), u′′α(r) > 0 for r > 0 and u(r)/r → cotα when

r → +∞;
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(ii) uα is continuous and strictly monotone in α and for every fixed r ≥ 0,

uα(r) → +∞ when α → 0, uα(r) → 0 when α → π/2.

In particular, {∂F (en+1, α)}α∈(0,π/2) foliates Rn × (0,+∞).

Proof. For each α ∈ (0, π/2), in [AIC95] and [Din20], a unique O(n)-invariant entire

convex graph Sα ⊂ C(en+1, α) solving self-expanding equation and asymptotic to

∂C(en+1;α) is constructed, where the graphical function uα satisfies (i). Moreover,

the uniqueness of Sα guarantees they varies continuously in α. Let F (en+1, α) be the

closed domain above Sα.

As an entire graph, by [Din20, Lemma 3.1], Sα are E-minimizing in Rn+1. Since

when α ↘ 0, Clos(C(en+1, α)) → {r · en+1 : r ≥ 0} locally in the Hausdorff distant

sense, by compactness of minimizing boundary we must have, dist(0, Sα) → +∞

when α ↘ 0, hence for each r ≥ 0, uα(r) → +∞ when α ↘ 0. This also implies

that for each α ∈ (0, π/2), when α′ sufficiently close to 0, Sα′ ⊂ F (en+1, α). Let

ᾱ := sup{β ∈ (0, α] : St ⊂ F (en+1, α) for every t ∈ (0, β)}. By strong maximum

principle for E-functional, ᾱ = α and St ⊂ IntF (en+1, α) whenever t ∈ (0, α). In

other words, uα is strictly monotone in α.

Note that (i) in the Theorem also implies that 0 ≤ u′α < cotα on [0,+∞) and

is monotone increasing. Hence when α ↗ π/2, uα converges to a constant function

whose graph is also a self-expander, hence must be 0. This finishes the proof of

(ii).

For every unit vector v ∈ Sn and α ∈ (0, π/2), let T ∈ O(n+ 1) be an orthogonal

transform mapping en+1 to v, and denote F (v;α) := T (F (en+1, α)) ⊂ C(v;α) to

be the domain with E-minimizing boundary and distant asymptotic to C(v;α) near

infinity, where F (en+1, α) is given by Theorem 3.4.6. This family of self-expanders

are good barriers for general asymptotic conic self-expanders.

58



Corollary 3.4.7. Let E ⊂ Sn be a closed subset such that Clos(Int(E)) = E, let

0 < R ≤ +∞. Suppose F = spt[F ] ⊂ Rn+1 is a closed subset distant asymptotic

to C(E) near infinity with |∂[F ]| being E-stationary in (Rn+1 \ ∂C(E)) ∪ BR and

coincide with C(E) outside BR, i.e. F \ BR = C(E) \ BR. (We use the convention

that BR = Rn+1 if R = +∞.) Then,


F (v, α) ⊂ F, if C(v;α) ∩ Sn ⊂ E ;

F (v, α) ∩ F = ∅, if Clos(C(v;α) ∩ Sn) ∩ E = ∅.

Proof. We prove for R < +∞; The case when R = +∞ will be similar. Since

F \BR = C(E)\BR, by Theorem 3.4.6 (ii), for sufficiently small β ∈ (0, α), F (v, β) ⊂

F . Consider

ᾱ := sup{β ∈ (0, α) : F (v, β) ⊂ F},

If ᾱ < α, then by continuity of F (v, β) in β from Theorem 3.4.6, F (v, ᾱ) ⊂ F and

∂F (v, ᾱ) ∩ spt(∥∂[F ]∥) ̸= ∅. Since |∂[F ]| and |∂F (v, ᾱ)| are both E-stationary in

(Rn+1 \ ∂C(E)) ∪ BR, by strong maximum principle [SW89], ∂F (v, ᾱ) ⊂ spt(∂[F ]),

contradicts to that Clos(C(v; ᾱ)) \BR ⊂ Int(F ) \BR. Hence ᾱ = α and F (v, α) ⊂ F .

Similarly, when Clos(C(v;α) ∩ Sn) ∩ E = ∅, the argument above provides,

sup{β ∈ (0, π/2) : F (v, β) ∩ F = ∅} > α.

Hence by Theorem 3.4.6, F (v, α) ∩ F = ∅.

Note that using Corollary 3.4.7, one can also prove the existence of E-minimizing

closed subset distant asymptotic to C(E) near infinity, as is sketched in [Ilm98, Lecture

2 F] and proved for C2-domains E in [Din20, Theorem 6.3].

In Section 3.4.4, we need the following existence result with constraint.

Lemma 3.4.8. Let E ⊂ Rn+1 be a closed C1,1-optimally regular mean convex cone,
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which is not perimeter minimizing itself in E. Then there exists a closed Caccioppoli

set F ⊂ Int(E) such that F = spt[F ] is distant asymptotic to E near ∞, and that

∂[F ] minimizes E-functional among

{∂[Q] : Q∆F ⊂ E}.

In particular, ∂[F ] is a self-expanding integral cycle with optimal regularity.

Proof. For R ≥ 1, minimize E-functional in B2R among Caccioppoli sets

{Q ⊂ Rn+1 : E \ BR ⊂ Q ⊂ E}

to find a Caccioppoli set FR ⊂ E. Since ∂BR and Reg(∂E) are both expander mean

convex (i.e. H⃗ − X⊥/2 either vanishes or points inward), by [Lin85, Chapter 2],

|∂[FR]| is E-stationary in (Rn+1 \ ∂E)∪BR. WLOG FR = spt(FR). When R → +∞,

by Lemma 2.2.1 and Corollary 3.4.7, FR subconverges in F-metric to some closed

Caccioppoli set F ⊂ E which is distant asymptotic to E near infinity, E-minimizing

in E and E-stationary in Rn+1. In particular, ∂F is optimally regular.

By strong maximum principle [SW89, Ilm96], since F ̸= E (Otherwise E is E-

minimizing in E, and by blowing up E at 0, E is perimeter minimizing in E, which

is a contradiction), we must have F ⊂ Int(E).

3.4.3 Weak set flow and level set flow

Level set flow in the Euclidean space is introduced by [ES91] and independently

by [CGG91], and is later generalized to defined on manifolds by [Ilm92,Ilm93]. Here,

we shall use the notion of weak (set) flow and level set flow possibly with boundary,

developed by [Whi95].

Definition 3.4.9 ( [Whi95]). Let M be a compact n-manifold, possibly with bound-
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ary, f : M×[a, b] → Rn+1 be a continuous map. Call M := {(f(t, x), t) : t ∈ [a, b], x ∈

M} ⊂ Rn+1 × R a classical flow if,

• f is smooth on Int(M) × (a, b];

• f(·, t) is one-to-one on M for each t ∈ [a, b] and is a smooth embedding on

Int(M) for each t ∈ (a, b];

• For each (x, t) ∈ Int(M) × (a, b], we have

(
∂

∂t
f(x, t))⊥ = H⃗(x, t),

where ⊥ means projection onto normal direction of f(M, t), and H⃗(x, t) denotes

the mean curvature vector of f(M, t) at f(x, t).

We call

∂hM := {(f(x, t), t) : either t = a and x ∈M, or t ∈ [a, b] and x ∈ ∂M},

the heat boundary of M.

Given a closed subset Γ ⊂ Rn+1 × R+, we call a closed subset M ⊂ Rn+1 × R+ a

weak (set) flow generated by Γ at t = 0, if

• M(0) = Γ(0);

• For every classical flow M′ with ∂hM′ ∩ M = ∅ and M′ ∩ Γ = ∅, we always

have M′ ∩M = ∅.

In this chapter, we need the following

Theorem 3.4.10 ( [Whi95, Theorem 4.1]). Let i = 1, 2, Mi be weak flow generated

by Γi at t = 0. Suppose for each τ ≥ 0, {(t, x) ∈ Ma : t ≤ τ} is compact. Suppose
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also that at some T > 0,

distT (M1,M2) < mini ̸=jdistT (Mi,Γj).

Then distt(M1,M2) ≥ distT (M1,M2) for t on some interval [T, T + ϵ].

Here distt(M1,M2) := distRn+1(M1(t),M2(t)), where Mi(t) := {x ∈ Rn+1 :

(x, t) ∈ Mi}. In particular, this Theorem implies that whenever M1∩Γ2 = M2∩Γ1 =

∅ in Theorem 3.4.10, we always have M1 ∩M2 = ∅.

[Whi95] also provide the construction of level set flow under this definition.

Proposition 3.4.11 ( [Whi95, Proposition 5.1]). Given a closed subset Γ ⊂ Rn+1 ×

R+, there’s a unique weak flow M generated by Γ at t = 0 (known as the level set

flow) such that it contains every weak flow generated by Γ at t = 0.

We end up this section with an example, which is used in the proof of Theorem

3.4.15.

Lemma 3.4.12. Let W ⊂ Rn+1 be an open subset; Σ ⊂ W be an E-stable hypersur-

face with optimal regularity. Then for every compact W ′ ⊂ W and every λ ≥ 0,

M :=
⊔
t≥λ

η√t(W
′ ∩ Clos(Σ)) × {t− λ},

is a weak (set) flow generated at t = 0 by

Γ = η√λ(W ′ ∩ Clos(Σ)) × {0} ∪
⊔
t≥λ

η√t(∂W
′ ∩ Clos(Σ)) × {t− λ}.

Proof. Since the restriction of weak flow onto a sub-interval is also a weak flow, we

can assume WLOG that λ = 0. Suppose for contradiction that there exists a classical

flow M′ over [a, b] ⊂ (0,+∞) such that M′ ∩ Γ = ∂hM′ ∩M = ∅ but M′ ∩M ̸= ∅.
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By definition,

d(t) := distRn+1(M(t),M′(t)),

is a continuous function in t ∈ [a, b] and vanishes at some point in (a, b]; And

d∂(t) := min{distRn+1(M(t), ∂hM′ (t)), distRn+1(Γ(t),M′(t))},

has infimum > 0, and d(a) = d∂(a). Let

T := inf{s ∈ [a, b] : d(s) = 0} ∈ (a, b],

Then since d∂(T ) > 0 and Int(M′(t)) is smooth, we know that R := M(T ) ∩

M′(T ) ̸= ∅ is a closed subset contained in Reg(M(T )) \ Γ(T ) = η√T (Int(W ′) ∩ Σ).

Take a smooth closed neighborhood N ⊃ η1/
√
T (R) in Σ ∩ Int(W ′), we know that

⊔t∈[a,T ]η√t(N ) × {t} and restriction of M′ on [a, T ] are two classical flows over [a, T ]

which intersects along t = T but not intersects along the heat boundary. This violates

the maximum principle for classical flows [Whi95, Lemma 3.1].

Note that a more general result can be proved for integral Brakke motions with

codimension 1 restricted to a spacetime closed subset, using the same argument as

[Ilm94, 10.5]. But we don’t need it in this thesis.

3.4.4 Proof of Theorem 1.3.1 and 1.3.2

Throughout this subsection, let E ⊂ Rn+1 be a closed viscosity mean convex cone

with connected nonempty interior. Then E := E ∩ Sn is a closed viscosity mean

convex domain in Sn. Let’s start with the following regularity Lemma.

Lemma 3.4.13. Suppose ∂[E] is not minimizing in E (This is automatically true if

E is not a Caccioppoli set). Then there exists a closed subset P ⊂ E such that,
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(i) P ⊃ E \ B1 and P ∩ B1 ⊂ Int(E);

(ii) ∂P ∩ B1 is a smooth radial graph over Int(E) ∩ Sn, i.e., there exists v ∈

C∞(Int(E); (0, 1)) such that

P ∩ B1 = {rω : ω ∈ Int(E), v(ω) ≤ r < 1};

(iii) ∂[P ]⌞B1 is area-minimizing in B1 ∩ Int(E).

Proof. Let’s first further assume that ∂E ∩ Sn is C1,1 optimally regular mean convex

in Sn. Consider minimize perimeter in B2 among family of Caccioppoli sets

{Q : E \ B1 ⊂ Q ⊂ E},

to get a Caccioppoli set P ⊂ E. Since ∂[E] is not minimizing in E, we must have

P ̸= E. By [Lin85, Chapter 2], since E and Clos(B1) are C1,1 mean convex away

from a low dimensional subset, we know that ∥∂[P ]∥ is a stationary integral varifold

in (Rn+1 \ ∂E) ∪ B1. Then by Solomon-White’s strong maximum principle [SW89]

and Ilmanen’s strong-maximum principle [Ilm96], either E = P (which is impossible)

or spt(P ) ∩ ∂E ∩ B1 ⊂ {0}. If 0 ∈ spt(P ), then by Lemma 2.2.1, any tangent cone

P ′ of P at 0 is also perimeter-minimizing in E, hence cannot coincide with E, this

also violates the strong maximum principle for cross sections of E and P ′ in Sn.

Now we have shown that spt(P ) ∩ B1 ⊂ Int(E), since P minimize perimeter in

E ∩B1, we have dim Sing(∂[P ]) ≤ n− 7. In particular, WLOG P = spt[P ]. Consider

the rescalings of P and

r := sup{s > 0 : ηt(P ) ⊃ P, ∀t ∈ (0, s)} ∈ (0, 1]. (3.4.7)

If r < 1, then there exists y ∈ B1 ∩ ∂P ∩ ηr(∂P ) being a touching point of P ⊂ ηr(P )
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on the boundary, which violates strong maximum principle [Ilm96]. Hence r = 1.

Let νP be the inward pointed normal field defined on Reg(∂P ). Consider the

Jacobi field ϕ := X · νP on Reg(∂P ) induced by rescalings, where X is the position

vector. Since r = 1 in (3.4.7), we know that ϕ ≥ 0 on Reg(∂P ∩ B1). And since ϕ

satisfies the Jacobi field equation

∆ϕ+ |A∂P |2ϕ = 0,

by strong maximum principle, either ϕ ≡ 0 (which then implies P being a cone,

contradicts to that 0 /∈ P ), or ϕ > 0 on regular part of ∂P . Then by Corollary 3.3.3

and that ϕ ≤ 1, we know that Sing(∂P ∩ B1) = ∅. And thus, by ϕ > 0 and r = 1 in

(3.4.7), we know that the projection x 7→ x/|x| is injective restricting to ∂P ∩B1 and

onto E ⊂ Sn, which indicates that ∂P ∩ B1 is a radial graph.

Now for a general E, by Corollary 3.4.5, we can approximate E from interior by

a family of connected C1,1-optimally regular mean convex closed subset Ej ⊂ Sn.

Let Pj ⊂ C(Ej) be the corresponding closed subset given above, which is perimeter

minimizing in C(Ej)∩B1 and has stationary boundary in (Rn+1 \ ∂C(Ej))∪B1, with

inward pointed normal vector νj on ∂Pj ∩ B1, and ϕj := r∂r · νj be the Jacobi field

on ∂Pj ∩ B1 induced by rescaling. Let j → ∞, by Lemma 2.2.1, after passing to

a subsequence, Pj converges to some closed subset P ⊂ E locally in the Hausdorff

distant sense, where P ⊃ E \B1 and |∂P | is a stable minimal hypersurface in (Rn+1 \

∂E) ∪ B1. Thus by mean convexity of Clos(B1), we have Clos(P ∩ B1) ∩ Sn = E .

Also, on Reg(∂P ∩ B1), ϕj subconverges to ϕ = X · ν∂P ≥ 0, which is a Jacobi field

on ∂P ∩ B1. By strong maximum principle, either ϕ ≡ 0 (which implies that P is

a cone, and then E = P with boundary being a stable minimal hypercone, reduces

to the previous situation), or ϕ > 0 everywhere. Repeat the argument above using

Corollary 3.3.3, we know that P is also a smooth radial graph over E ⊂ Sn.
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Now we are ready to prove the following stronger version of Theorem 1.3.1.

Theorem 3.4.14. Let E ⊂ Rn+1 be closed and invariant under scaling. Suppose

C = ∂[E] is a stationary integral cone and is area-minimizing in E. Then there

exists a smooth hypersurface S ⊂ Int(E) minimizing area in E and foliating Int(E)

by rescaling.

Proof. By Corollary 3.4.5, there exists an increasing sequence of connected closed

C1,1 optimally regular mean convex domain Ej ⊂ Int(E) approximating E such that

lim supj ∥∂Ej∥(Sn) = ∥∂E∥(Sn). And since Ej ⊂ Int(E), by Frankel property of mini-

mal hypersurfaces in Sn, for j >> 1, Ej := C(Ej) do not have stationary boundary,

hence are not perimeter minimizing in Ej. By Lemma 3.4.13, there exist closed subsets

Pj ⊂ C(Ej) such that Pj∩B1 are smooth minimizing radial graphs in Int(C(Ej))∩B1.

When j → ∞, by Lemma 2.2.1, Pj F-subconverges to some Caccioppoli set P∞ ⊂ E

with ∂P∞ a stable minimal hypersurface in (Rn+1 \ ∂E) ∪ B1 and P∞ coincide with

E on Bc
1. Moreover, as a minimizing boundary in C(Ej), ∂[Pj] satisfies

∥∂Pj∥(B2) ≤ ∥∂[Ej]∥(B2).

Hence by taking j → ∞ we have,

∥∂[P∞]∥(B2) ≤ ∥∂[E]∥(B2). (3.4.8)

Since E is perimeter minimizing in E, (3.4.8) implies that P∞ also minimizes perime-

ter in B2∩E. Hence by unique continuation of stable minimal hypersurfaces, P∞ = E.

Therefore, when j → ∞,

dj := dist(0, Pj) ↘ 0.

By Lemma 2.2.1, when j → ∞, P̂j := η1/dj(Pj) are perimeter-minimizing in

B1/dj ∩ Ej and hence F-subconverges to some P̂∞ ⊂ E, minimizing perimeter in
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Int(E) and has ∂P̂∞ a stable minimal hypersurface in Rn+1. Since

dist(0, spt(P̂∞)) = lim
j→∞

dist(0, P̂j) = 1,

we know that ∂P̂∞ is not supported on ∂E. Hence by strong maximum principle

[SW89, Ilm96], spt(P̂∞) ⊂ Int(E) and P̂∞ also minimize perimeter in E.

Let ν̂j be the inward pointed normal field of P̂j on ∂P̂j ∩ B1/dj , 1 ≤ j ≤ ∞;

ψj := X · ν̂j be the Jacobi field induced by rescaling defined on Reg(∂P̂j) ∩ B1/dj .

Since P̂j are also radial graphs, when j < ∞, ψj > 0. When j → ∞, ψj smoothly

subconverges to ψ∞ on Reg(∂P̂∞). Hence ψ∞ ≥ 0. Again by strong maximum

principle for Jacobi field equation, either ψ∞ ≡ 0 (which implies P̂∞ is a cone and

violates that dist(0, P̂∞) = 1), or ψ∞ > 0 everywhere. Then by Corollary 3.3.3,

Sing(∂P̂∞) = ∅ and S = ∂P̂∞ ⊂ Int(E) is area-minimizing in E. Furthermore,

ψ∞ > 0 everywhere implies, by the same argument as Lemma 3.4.13, that S is a

smooth radial graph over E , hence foliates Int(E) by rescalings.

Now we turn to the non-minimizing case,

Theorem 3.4.15. Let E ⊂ Rn+1 be a closed, viscosity mean convex cone with con-

nected interior. Suppose C = ∂[E] is NOT minimizing in E (This is the case when

E is not a Caccioppoli set).

Let D :=
⋃

t≥0Dt × {t} ⊂ Rn+1 × R be the level set flow of D0 := Rn+1 \ Int(E).

Then Dt = η√t(D1), ∀t > 0; D1 is a smooth domain and ∂D1 is a self-expander

supported in Int(E) and minimizing E-functional in Int(E).

Moreover, ∂D1 is a radial graph over E, i.e. there exists v ∈ C∞(E ; (0,+∞))

which diverges near ∂E such that

Dc
1 = {rω : ω ∈ E , r > v(ω)}.
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In particular, the mean curvature of ∂D1 with respect to outward pointed normal field

is positive along ∂D1.

Proof. That Dt = η√t(D1) follows from scaling invariance of D0 and the uniqueness

of level set flow, see Proposition 3.4.11;

Now let Ej ⊂ Int(E) be the C1,1-optimally regular closed connected mean convex

approximation given by Corollary 3.4.5; Thus Ej := C(Ej) satisfies the assumption

in Lemma 3.4.8. Let Dj
0 := Rn+1 \ Int(Ej). We know that Int(Dj

0) ⊃ D0 \ {0} and

∂Dj
0 → ∂D0 locally in Hausdorff distant sense as j → ∞.

Fix j ≥ 1, by Lemma 3.4.8, there exists a closed Caccioppoli set F j ⊂ (Dj
0)

c =

Int(Ej) minimizing E-functional in Ej and distant asymptotic to Ej near infinity. In

particular, ∂F j is a self-expander in Rn+1 with optimal regularity. We now Claim

that

ηλ(F j) ∩ Int(D1) = ∅; ηλ(Int(F j)) ∩D1 = ∅, ∀λ ≥ 1. (3.4.9)

To see this, recall that by avoidance principle of level set flow, we have, locally in the

Hausdorff distant sense,

lim
λ↘0

Dλ = lim
λ↘0

ηλ(D1) ⊂ D0 ⊂ Int(Dj
0) ∪ {0}.

Hence there exists ϵj > 0 and λj ∈ (0, 1) such that for every 0 < λ ≤ λj and every

µ ∈ (0, 1],

dist(Dλµ ∩ A, η√λ(F j) ∩ A) ≥ 1

2
dist(D0 ∩ A, (Dj

0)
c ∩ A) ≥ ϵj, (3.4.10)

where A := A(0; 1/2, 1). In particular, (3.4.10) implies that for every µ ∈ (0, 1],

F j ∩Dµ \ B1/
√

λj
= ∅.
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Hence (3.4.9) follows from Theorem 3.4.10 and Lemma 3.4.12 by comparing D with

the weak set flow

t 7→ η√t+ϵ

(
spt(∂[F j]) ∩ Clos(B

2/
√

λj
)
)
,

for every ϵ > 0 and then send ϵ↘ 0.

Now let j → ∞ in (3.4.9), by E-minimizing property of F j, Corollary 3.4.7 and

Lemma 2.2.1, we have F j → F∞ in F-metric, where F∞ = spt[F∞] ⊂ E is a closed

Caccioppoli set distant asymptotic to E near infinity, and has S∞ := ∂F∞ an E-

stable hypersurface with optimal regularity, minimizing E-functional in Int(E). By

(3.4.9), we have

ηλ(F∞) ∩ Int(D1) = ∅, ηλ(Int(F∞)) ∩D1 = ∅, ∀λ ≥ 1. (3.4.11)

Also, we assert that F∞ is not a cone. In fact otherwise, E = F∞ whose bound-

ary is a stable minimal hypercone. In particular, 0 ∈ F∞. Hence when j → ∞,

dj := distRn+1(0, F j) → 0, and by Lemma 2.2.1, η1/j(F
j) F-subconverges to some

Caccioppoli set F̂∞ = spt[F̂∞] ⊂ E with distant 1 to the origin and an optimally reg-

ular stable minimal boundary. By maximum principle [SW89, Ilm96], F̂∞ ⊂ Int(E).

But since E is not minimizing, by comparing rescalings of F̂∞ with the Caccioppoli

set constructed in Lemma 3.4.13 and using maximum principle [SW89,Ilm96], we get

a contradiction.

On the other hand, by Lemma 3.4.12, t 7→ Rn+1 \ η√t(Int(F∞)) is a weak-set flow

from D0. Hence by Proposition 3.4.11, we have D1 ⊃ Rn+1 \ Int(F∞). Combined

with (3.4.11) when λ = 1, we have ∂D1 = ∂F∞ and Int(D1) = Rn+1 \ F∞.

Finally by (3.4.11), we have ηλ(F∞) ⊂ F∞ for λ ≥ 1. Hence ϕ := 2HS∞
=

X · νS∞ ≥ 0 on regular part of S∞ and is not identically 0 since S∞ is not a cone.

Recall that by self-expanding equation [Din20, (3.9)], we have (LS∞ + 1)ϕ = 0, where

LS∞ is the Jacobi operator for E-functional defined in (3.4.5). By (3.4.6), this is also
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a Jacobi-type equation. Hence by strong maximum principle, ϕ > 0 and is bounded

on regular part of S∞ in each ball. And therefore by Corollary 3.3.3, Sing(S∞) = ∅

and spt(S∞) is a radial graph over Int(E).

Proof of Theorem 1.3.3. Let E ⊂ Rn+1 be a closed cone bounded by C. Recall by

Remark 3.4.2 (1), E is viscosity mean convex. If E is not perimeter minimizing in

E, then Theorem 3.4.15 provides entirely smooth, strictly mean convex self-expander

S ⊂ Int(E) and distant asymptotic to E near infinity. Thus the blow-down of S

restricted to B1 will be strictly mean convex hypersurface approximating C ∩ B1 in

the Hausdorff distant sense.

If E minimizes perimeter in E, Theorem 3.4.14 provides a smooth minimizing

hypersurface S ⊂ Int(E) with C to be the tangent cone at infinity. Blow-down ηλ(S)

(λ↘ 0) also converges to C locally in the Hausdorff distant sense, and restricting to

B1, ηλ(S) are strictly stable. Let ϕ1 > 0 be the first eigenfunction of Jacobi operator

Lηλ(S) on the domain ηλ(S) ∩ B1, then for sufficiently small ε,

{x− εϕ1(x) · νηλ(S) : x ∈ ηλ(S) ∩ B1},

is a properly embedded smooth hypersurface in B1 with positive mean curvature, and

still approximate C ∩ B1 in Hausdorff distant sense.
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Chapter 4

Min-max Minimal Hypersurafces

with Obstacle

The work described in this chapter was first presented in [Wan22b].

4.1 Introduction

We consider in this Chapter min-max problem in a manifold with boundary.

The first goal of this Chapter is to prove the existence Theorem 1.3.4 for min-max

minimal hypersurface with obstacle. For the precise statement, see Theorem 4.4.3

and the set-up in Section 4.4.

Our proof is based on the idea of min-max construction in [Pit81] and the reg-

ularity result in [SS81]. Two major difficulties are the lack of Schoen-Simon-type

regularity for stable varifolds near ∂M , and the invalidity of unique continuation

result for minimal hypersurface with obstacle. To fix this, we propose a general

structure theorem for a certain class of varifolds V near ∂M , which may be viewed as

generalization of ϵ-regularity results in [Mir71] to the stable case analogous to [SS81].

Theorem 4.1.1 (c.f. Theorem 4.3.2.). Let U be a relatively open subset in M with
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U ∩ ∂M ̸= ∅. Suppose Σ is an integral varifold in U such that

• Restricted to the interior of M , Σ is a stable minimal hypersurface in U with

multiplicities;

• Σ satisfies the following variational inequality, the first variation of area

δArea[Σ](X) ≥ 0,

for every vector field X ∈ Xc(M) which points inward or tangent to the bound-

ary along ∂M .

Then Σ is the sum of finitely many C1 graphs over ∂M near each point p ∈ ∂M∩U .

The improved regularity of min-max solution then follows from a standard re-

placement argument together with a uniform C1,1 estimate for graphs satisfying a

variational inequality. Based on this, the compactness is also proved for a family of

constrained embedded stable minimal hypersurfaces, see Corollary 4.3.3.

A natural question is when the hypersurface we construct above has vanishing

mean curvature. By strong maximum principle [Whi10], this is the case when M is

weakly mean convex. Without mean convexity, in Section 4.5, we prove the following

rigidity theorem,

Theorem 4.1.2. Let Σ ⊂ Nn+1 be a two-sided, non-degenerate smooth closed min-

imal hypersurface; ϵ ∈ (0, 1). Then there’s s0 = s0(Σ, N, ϵ) > 0 such that if δ ∈

(0, s0), then any constrained embedded minimal hypersurface in the δ-neighborhood

Clos(Bδ(Σ)) of Σ with the mass between H n(Σ) and (2 − ϵ)H n(Σ) is Σ itself.

In view of the local min-max property by [Whi94], we can see from Theorem 4.4.3

and Theorem 4.1.2 that a non-degenerate two-sided smooth minimal hypersurface

could be reconstruct from min-max in a sufficiently small neighborhood. In Chapter
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5, we generalize the approach above to construct minimal hypersurfaces lying nearby

certain singular minimal hypersurface under any sufficiently small perturbation of the

metric. See Section 5.5 for the precise statement.

Organization of the Chapter.

In Section 4.2, we introduce some notations and preliminaries for constrained station-

ary varifold, an object we shall deal with throughout this chapter. We also include a

brief survey on obstacle problem in the minimizing setting in Section 4.2.3 and two

C1,1-regularity theorems we shall use later, the proof of which are in Appendix B;

Section 4.3 is devoted to the proof of main structure theorem for constrained station-

ary varifolds that are stable in the interior. In Section 4.4, we discuss the min-max

constructions and prove a precise version of Theorem 1.3.4. Section 4.5 discusses

Theorem 4.1.2.

4.2 Preliminaries

Throughout this chapter, let (M, g) be a compact oriented n+ 1-dimensional smooth

manifold with boundary ∂M ̸= ∅, n ≥ 2; For the sake of simplicity, we can always

extend (M, g) to a closed n + 1-manifold (M̃, g̃) isometrically embedded in RL. We

always work under the intrinsic topology of M̃ . Write

• Br(p) the open geodesic ball in ∂M of radius r centered at p ∈ ∂M ;

• ν∂M the inward unit normal field of ∂M with respect to M , extended to a

neighborhood of ∂M by ∇ν∂Mν∂M = 0; The scalar mean curvature H∂M and

second fundamental form A∂M of ∂M in this chapter are with respect to this

inward normal field;

• T+
p M := {v ∈ TpM : v · ν∂M ≥ 0}, the inward pointing vectors in TpM ;

73



• Xc(U) the space of compactly supported smooth vector fields in a relative open

subset U ⊂M ;

• X +
c (U) := {X ∈ Xc(U) : Xp ∈ T+

p M, ∀p ∈ ∂M};

• X tan
c (U) := {X ∈ Xc(U) : Xp ∈ Tp∂M, ∀p ∈ ∂M}.

Let rM be the relative injectivity radius of ∂M in M̃ , i.e.,

rM := min
{

injrad(∂M), sup{r : (x, s) 7→ expM
x (s · ν∂M(x))

is a diffeomorphism on ∂M × (−r, r)}
}
.

(4.2.1)

We shall work under Fermi coordinates in BrM (∂M),

Φ : ∂M × (−rM , rM) → BrM (∂M), (x, s) 7→ expM
x (s · ν∂M(x)),

and shall simply write a point p = Φ(x, s) ∈ BrM (∂M) as (x, s). Under this notation,

for u ∈ C1(U , (−rM , rM)) on some domain U ⊂ ∂M , we have

graph∂M(u) := {(x, u(x)) : x ∈ U} .

For x ∈ ∂M and r ∈ (0, rM) write

• Cr(x) := {(y, s) : dist∂M(y, x) < r, |s| < r} the open cylinder in M̃ ;

• C+
r (x) := {(y, s) : dist∂M(y, x) < r, 0 < s < r} the open half cylinder in M ;

• ∂+Cr(x) := {(y, r) : dist∂M(y, x) < r} the top boundary of Cr(x);

• ∂sCr(x) := {(y, s) : dist∂M(y, x) = r, |s| < r} the side boundary of Cr(x).
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4.2.1 Constrained stationary varifolds

Throughout this subsection, let M be a compact n + 1-manifold with boundary as

above, 1 ≤ k ≤ n, U ⊂ M be a bounded relatively open subset. We note that

the following definitions also generalize directly to properly embedded M ⊂ RL, not

necessarily compact.

Definition 4.2.1. Call V ∈ Vk(M) stationary in U if

δV (X) = 0, ∀X ∈ Xc(U);

Call V ∈ Vk(M) constrained stationary along ∂M in U if

δV (X) ≥ 0, ∀X ∈ X +
c (U);

Call V stationary with free boundary along ∂M in U if

δV (X) = 0, ∀X ∈ X tan
c (U).

We shall omit the description along ∂M in both cases if there’s no ambiguity.

The same condition of a constrained stationary varifold is studied in [Whi10],

where it is called varifold minimizes area to first order. The notion of stationary

varifold with free boundary was introduced in [GcLZ20] for the study of free boundary

minimal surfaces. Since X tan
c (U) ⊂ X +

c (U) and X ∈ X tan
c (U) iff −X ∈ X tan

c (U) by

definition, every constrained stationary varifold in U is stationary with free boundary.

We list some basic results about constrained stationary varifolds, which will be

used in the next few sections.

Lemma 4.2.2 (Compactness). Let (Mj, gj) ⊂ RL be a family of manifolds with

boundary, converging to (M, g) in C2
loc, U ⊂ RL be an open subset such that U =
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U ∩M ; Let Vj ∈ Vk(Mj) be constrained stationary in U ∩Mj and Vj
∗
⇀ V ∈ Vk(RL).

Then, V ∈ Vk(M) is constrained stationary in U .

Proof. By the continuity of δV (X) in V w.r.t. varifold topology and in X w.r.t. to

C1 topology.

Lemma 4.2.3 (Boundary Monotonicity). Let K ⊂ U ∩ ∂M be a compact subset.

Then there exists R0 = R0(M,U,K) > 0, Λ = Λ(M) > 0 such that if V ∈ Vk(M) is

a stationary varifold with free boundary along ∂M in U , p ∈ K, then the function

r 7→ eΛr

rk
∥V ∥(BL

r (p))

is non-decreasing in r ∈ (0, R0). Moreover, when (U,M, g) = (Rn+1
+ ,Rn+1

+ , |dx|2) and

p = 0, if ∥V ∥(Br(0))/rk is constant in r ∈ (0,+∞), then V is a cone, i.e.

(η0,r)♯V = V, ∀r ∈ (0,+∞).

This is a corollary of [GcLZ20, Theorem 3.4], where N = ∂M and an explicit

monotonicity formula is proved.

Corollary 4.2.4. Suppose V ∈ IVk(M) is a stationary integral varifold with free

boundary along ∂M in U ; x ∈ spt(V ) ∩ U ∩ ∂M , then

θk(x, ∥V ∥) ≥ 2−k.

Proof. Since V is integer multiplicity k-rectifiable, there exist (under Fermi coordi-

nates) pj = (xj, tj) → x such that θk(pj, ∥V ∥) ≥ 1. Let rj := |x − xj|. Suppose

WLOG that either tj ≡ 0 or tj > 0 for all j ≥ 1. For every 0 < r << 1, take j >> 1
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such that r − rj > 2tj. In the first case, by Lemma 4.2.3

eΛr

ωkrk
∥V ∥(BL

r (x)) ≥ lim sup
j→∞

eΛ(r−rj)

ωk(r − rj)k
∥V ∥(BL

r−rj
(xj)) ≥ 1

While in the second case,

eΛr

ωkrk
∥V ∥(BL

r (x)) ≥ lim sup
j→∞

eΛr

ωk(r − rj)k
∥V ∥(BL

r−rj
(xj))

≥ lim sup
j→∞

eΛ2tj

ωk(2tj)k
∥V ∥(BL

2tj
(xj))

≥ lim sup
j→∞

eΛ2tj

2k · ωktkj
∥V ∥(BL

tj
(pj)) ≥ 2−k.

where the second inequality follows from Lemma 4.2.3, and the last inequality follows

from interior monotonicity formula for stationary varifolds. Let r → 0, the corollary

is proved.

Lemma 4.2.5 (Strong maximum principle). Suppose W := U ∩∂M is connected and

mean convex, i.e. H⃗∂M ·ν∂M |W ≥ 0; V ∈ IVn(M) be a constrained stationary integral

varifold along ∂M in U . Suppose spt(V ) ∩W ̸= ∅, then

(1) W ⊂ spt(V ) and H⃗∂M = 0 on W.

(2) Moreover, V ⌞U = Vb+VI where Vb = m|W| for some m ∈ N and spt(VI)∩W =

∅.

Proof. (1) is proved in [Whi10, Theorem 4], so is (2) under the additional assumption

that V is stationary. The only place stationarity is used is that x ∈ spt(V ) ∩ W

implies θn(x, ∥V ∥) ≥ 1, which also holds for constrained stationary integral varifolds

in mean convex domain by combining (1) and the proof of Corollary 4.2.4.

The following lemma guarantees that constrained stationary varifolds have locally

bounded first variation when viewed as a varifold in M̃ . Recall rM is defined in

(4.2.1).
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Lemma 4.2.6. Let V ∈ Vk(M) be constrained stationary in U with ∥V ∥(U) ≤ Λ;

U ′ ⊂⊂ U . Then ∃ C = C(M,U,U ′) > 0 s.t.

|δV (X)| ≤ C∥V ∥(U) · ∥X∥C0 , ∀X ∈ Xc(U
′).

Proof. We shall work under Fermi coordinate in BrM (∂M), where ν∂M is extended

by ∇ν∂M (ν∂M) = 0. Let η ∈ C1
c (BrM (∂M) ∩ U), [0, 1]) and equal to 1 near ∂M ∩ U ′.

For every X ∈ Xc(U
′) with ∥X∥C0 ≤ 1, let X0 := X − η · ⟨X, ν∂M⟩ν∂M . Notice that

±X0 ∈ X +
c (U) and 1 ± ⟨X, ν∂M⟩ ≥ 0, hence

δV (X) =

∫
divSX0 + divS(η · ⟨X, ν∂M⟩ν∂M) dV (x, S)

=

∫
divS(η · (⟨X, ν∂M⟩ − 1)ν∂M) dV (x, S) +

∫
divS(η · ν∂M) dV (x, S)

≤
∫
divS(η · ν∂M) dV (x, S) ≤ C(M,U,U ′)∥V ∥(U).

where the first inequality follows from that η ·(1−⟨X, ν∂M⟩)ν∂M ∈ X +
c (U). Similarly,

δV (X) =

∫
divS(η · (⟨X, ν∂M⟩ + 1)ν∂M) dV (x, S) −

∫
divS(η · ν∂M) dV (x, S)

≥ −
∫
divS(η · ν∂M) dV (x, S) ≥ −C(M,U,U ′)∥V ∥(U).

where C(M,U,U ′) := ∥η · ν∂M∥C1 .

Corollary 4.2.7. Let V ∈ IVn(M) be a constrained stationary integral varifold in

U . Then ∀x ∈ spt(V ) ∩ U ∩ ∂M , the tangent varifold of V at x exists and equals to

m|Tx∂M | for some m ∈ N.

Proof. By Lemma 4.2.2, 4.2.3, 4.2.6 and Allard Compactness Theorem [Sim83b,

Chapter 8, 42.7, 42.8], up to a subsequence of rj → 0, (ηx,rj)♯V
∗
⇀ C ∈ IV(T+

x (M)).

Moreover, by the rigidity part of Lemma 4.2.3, C is a constrained stationary cone

along Tx(∂M) centered at 0. Since 0 ∈ spt(C), by Lemma 4.2.5, C = m|Tx(∂M)|+CI
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for some stationary varifold CI supported in T+
x M \Tx(∂M) and m ∈ N. But since CI

is also a cone, CI = 0 and C = m|Tx(∂M)| and hence is unique since m = θn(x, ∥V ∥)

is independent of the converging sequences.

4.2.2 Constrained embedded hypersurfaces

A major problem in the regularity theory of constrained stationary varifolds is that

one should not expect embeddedness near ∂M . Consider for example, M = Rn+1 \

Bn+1
1 (0), V = |Sn

1 (0)| + |{xn+1 = 1}| ∈ IVn(M) is constrained stationary in M but

is supported on an immersed submanifold with self-touching points. We introduce

in this Subsection the following notion of constrained embedded hypersurfaces in

order to describe the optimal regularity for constrained stationary varifolds. Suppose

U ⊂M is a relatively open subset. Recall Int(U) = U \ ∂M .

Definition 4.2.8. Call V ∈ IVn(U) a constrained embedded hypersurface with

optimal regularity if ∀p ∈ U , there’s a neighborhood Up of p in U , m ∈ N ∪ {0} and

C1,1 embedded hypersurfaces Σj ⊂ Up without boundary, 1 ≤ j ≤ m such that

(1) V ⌞Up =
∑m

j=1 |Σj|,

(2) ∂M ∩ Up ∩ Clos(Σj) \ Σj = ∅ and H n−2(Up ∩ Clos(Σj) \ Σj) = 0,

(3) If q ∈ Up∩Clos(Σi)∩Clos(Σj), then either q ∈ ∂M or Clos(Σi)∩Int(Up) coincide

with Clos(Σj) ∩ Int(Up) on the connected component containing q.

Let

Sing(V ) := {p ∈ spt(V )∩Int(U) : p is not a regular point of hypersurfaces above in Up} .

Here a hypersurface Σ ⊂ M is called C1,α if locally it’s the graph of some C1,α

function over some n-plane.
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Remark 4.2.9. (1) When a constrained embedded V is constrained stationary along

∂M , it’s clear that spt(V )∩Int(U) is a minimal hypersurface in Int(U); Also for every

x ∈ ∂M ∩U , suppose for some neighborhood Ux of x that V ⌞Ux =
∑

j | graph∂M(uj)|,

since uj are C1,1 and by Lemma 4.2.5, {uj = 0} ⊂ {y ∈ ∂M : H∂M ≥ 0}. Hence

∇∂Muj(x) = 0, ∆∂Muj(x) = 0 for a.e. x ∈ {uj = 0}. And as a C1,1 graph,

graph∂M(uj) has mean curvature of form

H = a(x, uj,∇∂Muj) · ∇2
∂Muj + b(x, uj,∇∂Muj),

whenever uj is differentiable up to second order. In particular, | graph∂M(uj)| has

L∞-mean curvature, which vanishes in Int(M) and equals to H∂M − ∆∂Muj = H∂M

for a.e x ∈ {uj = 0}. And thus, | graph∂M uj| is constrained stationary in U along

∂M .

(2) Also note that a constrained embedded hypersurface V could be viewed as

the associated varifold of some immersed hypersurface. More precisely, consider Σ ⊂

M × N defined by

Σ := {(p, j) : p ∈ spt(V ) \ Sing(V ), 1 ≤ j ≤ θn(p, ∥V ∥)},

and endow topology on Σ by specifying neighborhoods of points in Σ:

• If (p, j) ∈ Int(M)×N∩Σ, O ⊂ Σ is a neighborhood of (p, j) iff ∃U ∋ p an open

subset of M such that U × {j} ⊂ O;

• If (p, j) ∈ ∂M × N ∩ Σ, let Up be a neighborhood of p in M such that V ⌞Up =∑mp

i=1 | graph∂M(ui)|, where 0 ≤ u1 ≤ u2 ≤ ... ≤ ump are C1,1 functions over

Up ∩ ∂M ; And such that for every x ∈ Up ∩ ∂M , if ui(x) = uj(x), then either

they both vanish or ui = uj on the connected component of {ui > 0} containing

x. By definition of Σ, mp ≥ j; for each x ∈ Up ∩ ∂M , define lj(x) := inf{l ∈ N :
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ul(x) = uj(x)}.

Now, O ⊂ Σ is a neighborhood of (p, j) iff ∃U ⊂ ∂M ∩U an open neighborhood

of p in ∂M such that

{(x, uj(x), j − lj(x) + 1) : x ∈ U} ⊂ O,

where recall that (x, uj(x)) represent a point in spt(V ) under Fermi coordinate

near ∂M .

We leave it to readers to verify that such Σ admits a natural C1,1 structure making

Σ →M by projection onto first factor a C1,1 immersion, whose associated varifold is

V .

Definition 4.2.10. Let {Vj}, V be constrained embedded hypersurfaces with optimal

regularity in U . Call Vj C
1-converges to V if F(V, Vj) → 0 and ∀p ∈ spt(V ) \

Sing(V ), there’s some neighborhood Up ∩ Sing(V ) = ∅ of p such that

(1) If p ∈ Int(U), then Up ∩ ∂M = ∅, V ⌞Up = m|Σ| for some m ∈ N, Σ ⊂ Up

properly embedded hypersurface and Vj⌞Up =
∑m

i=1 | graphΣ(v
(i)
j )| for some v

(i)
j

with |v(i)j |C1(Σ) → 0 as j → ∞.

(2) If p ∈ ∂M , then V ⌞Up =
∑m

i=1 | graph∂M(u(i))|, Vj⌞Up =
∑m

i=1 | graph∂M(u
(i)
j )|

for some m ∈ N, u(i), u
(i)
j ∈ C1,1(∂M ∩ Up) and |u(i) − u

(i)
j |C1 → 0.

4.2.3 Obstacle problem

Here we only focus on minimal hypersurfaces with smooth obstacle. Problems in two

different settings are well studied, mainly for hypersurfaces in the Euclidean spaces.

• Non-parametric obstacle problem. Let Ω ⊂ Rn be a smooth bounded convex

domain. ψ ∈ C2(Ω̄), φ ∈ C2(∂Ω). Consider the problem
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(N) Minimize

A (u) :=

∫
Ω

√
1 + |∇u|2 dx

among all Lipschitz functions u such that u = φ on ∂Ω and u ≥ ψ in Ω.

The existence and uniqueness of solutions to problem (N) was studied by [LS71]

and [GP71] under weaker assumptions on ψ, φ and Ω. See also [Giu11].

The regularity of minimizer ū in problem (N) was also studied in [LS71] and

[GP71]. Assuming ψ ∈ H2,p, they are able to prove ū ∈ H2,p, ∀n < p < +∞. Using

an approximation argument, [BKL74] shown that ū is C1,1 provided ψ ∈ C2(Ω̄).

A linearization of problem (N) is studied in [CK80], where they considered the

minimizer of enegry functional E (u) :=
∫
Ω
|∇u|2 dx instead of area functional A , and

obtained C1,α-regularity for minimizers by a Harnack-type inequality only assuming

ψ ∈ C1,α(Ω̄), 0 ≤ α ≤ 1. Their approach was generalized in [Lin85] to deal with the

non-parametric obstacle problem for area functional.

The regularity result we shall use in the rest of this chapter is

Theorem 4.2.11 (Interior Regularity). Let M ⊂ RL be as in Section 4.2, α ∈

(0, 1). Then there exists r0 = r0(M) ∈ (0, rM/2) such that, if r < r0, y ∈ ∂M ,

u ∈ C1(Br(y), [0, r)) ∩C1,α
loc (Br(y) \ {y}) with |∇u| ≤ 1 and | graph∂M(u)| constrained

stationary in Cr(y) along ∂M , then u ∈ C1,1
loc (Br(y)) and for every compact subset

K ⊂ Br(y),

|∇u(x) −∇u(x′)| ≤ C(M,K, r0)|x− x′|, for every x, x′ ∈ K.

For later applications, we include the case with isolated singularity. The proof

essentially follows [Lin85]. For some technical reason, we have to assume a-priori

C1,α regularity instead of only C1 regularity. But the point is we don’t need a-priori

a uniform C1,α bound. For sake of completeness, we include in Appendix B the proof

of Theorem 4.2.11 and the following Theorem 4.2.12.
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• Parametric obstacle problem. Let Ω ⊂ Rn+1 be a bounded domain, E0 ⊂ Rn+1

be a set of finite perimeter. Consider the following obstacle problem for minimizing

boundary

(P) Minimize M(∂[E]) among all Cacciappoli sets E ⊂ Rn+1 with spt([E]− [E0]) ⊂

Ω̄.

Regularity of solution Ē to Problem (P) was first studied by [Mir71], in which he

shown ∂∗Ē is of class C1 near ∂Ω provided ∂Ω is C1 ( Call a hypersurface of class Ck,α

if locally it’s the graph of some Ck,α function ). Combined with the result in non-

parametric problem, ∂∗Ē is C1,α if ∂Ω is C1,α, 0 ≤ α ≤ 1. Different approaches were

exploited in [BM82] and [Tam82] where C1,α regularity (α ∈ (0, 1)) of ∂∗Ē is proved

assuming H2,p or C1,α regularity of ∂Ω correspondingly. We assert that [Tam82]

proves a general regularity result on the reduced boundary with good excess estimate

(see also [Alm75, Bom82] ), hence directly generalizes to minimizing boundary with

obstacle in a manifold. The following regularity for minimizing currents with obstacle

in a compact manifold with boundary will be used in Section 4.4.

Theorem 4.2.12. Let M ⊂ RL be as in Section 4.2, U ⊂ M be a relative open

subset with non-empty intersection with ∂M . Suppose T ∈ Zn(U) minimizes mass in

{S ∈ Zn(U) : spt(T − S) ⊂⊂ U}. Then ∀y ∈ U ∩ ∂M , there’s a neighborhood Uy of

y and C1,1 functions u1 ≥ u2 ≥ ... ≥ uq ≥ 0, |∇uj| ≤ 1 such that

(1) ±T⌞Uy =
∑q

j=1[graph∂M(uj)]⌞Uy.

(2) For every x ∈ Uy ∩ ∂M , if ui(x) = uj(x), then either ui(x) = uj(x) = 0, or

ui ≡ uj on the connected component of {ui > 0} containing x.
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4.3 A Structure Theorem near the Boundary

The goal of this Section is to prove the following structure theorem for a class of

constrained stationary varifold near ∂M . Throughout the section, U ⊂ M be a

relatively open subset with nonempty intersection with ∂M , K ⊂ ∂M ∩ U be a

compact subset. Keep working under Fermi coordinates near ∂M . Use x, y, z to

denote points on ∂M and p = (x, t), q = (y, s) to denote points in Int(M). We shall

not distinguish between x and (x, 0).

Definition 4.3.1. Call V ∈ Vn(Int(U)) a stable minimal hypersurface with

multiplicity, if there exists a countable family of disjoint properly embedded stable

minimal hypersurfaces {Σj}j≥1 with optimal regularity in Int(U) (i.e. Sing(Σj) ∩

Int(U) are of Hausdorff dimension ≤ n− 7.) and mj ∈ N such that

•
⋃

j≥1 Σj has no accumulation point in Int(U), i.e. Clos(
⋃

j≥1 Σj) ∩ Int(U) =⋃
j≥1 Σj;

• V =
∑

j mj|Σj|.

Call points in
⋃

j≥1Reg(Σj) regular points of V in Int(U).

Call V ∈ IV(U) constrained stable varifold if V is constrained stationary in U

and a stable minimal hypersurface with multiplicity in Int(U). Call it constrained

embedded stable minimal hypersurface if in addition it’s a constrained embed-

ded hypersurface.

Theorem 4.3.2. Suppose V ∈ IVn(M) be a constrained stable varifold in U along

∂M with ∥V ∥(U) ≤ Λ.

Then ∃ r0 = r0(M,U,K,Λ) ∈ (0, dist(K, U c)/4), m0 = m0(M,U,K,Λ) < +∞

such that, for every y ∈ K,

V ⌞Cr0(y) = V0 + V+,
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where V+ is a stable minimal hypersurfaces with multiplicity in Cr0(y) and spt(V+) ∩

Br0/2(∂M) = ∅; V0 =
∑m

j=1 | graph∂M(uj)| for some 0 ≤ m ≤ m0 and C1 functions

uj : Br0(y) → [0, 3r0/4) satisfying

(1) spt(V0) ∩ spt(V+) = ∅;

(2) u1 ≥ u2 ≥ ... ≥ um, |∇uj| ≤ 1/2;

(3) If y′ ∈ Br0(y) such that ui(y
′) = uj(y

′), then either ui(y
′) = 0 or ui ≡ uj on the

connected component of {ui > 0} containing y′.

If further, uj ∈ C1,1(Br0(y)), then | graph∂M(uj)| is a constrained stationary varifold

in Cr0(y).

An interesting analytic question is whether one can directly conclude that uj ∈

C1,1.

In view of Theorem 4.2.11, a direct corollary of Theorem 4.3.2 is the compactness

of constrained embedded stable minimal hypersurfaces. The proof is left to readers.

Corollary 4.3.3. Let {Vj}j≥1 be a sequence of constrained embedded stable minimal

hypersurfaces in U along ∂M , with ∥Vj∥(U) ≤ Λ. Then up to a subsequence, there

exists a constrained embedded stable minimal hypersurface V∞ ∈ IVn(U) such that Vj

converges to V in varifold sense and in C1 sense (see definition 4.2.10).

The rest of this Section is devoted to the proof of Theorem 4.3.2. We start with

a tilt estimate of constrained stable varifolds near ∂M .

Lemma 4.3.4. Let V be in Theorem 4.3.2. There exists a continuous function ρ :

(0, 1/2) → (0, dist(K, U c)/2) depending only on M,U,K,Λ such that, for every ϵ ∈

(0, 1/2), if p = (y, t) ∈ K × (0, ρ(ϵ)) ∩ spt(V ), then V is regular near p and 1 − |νV ·

ν∂M |(p)2 < ϵ, where νV denotes the unit normal of V .
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Proof. We shall argue by contradiction. If the statement is not true, then there’s

some ϵ > 0, Vi ∈ IVn(M) constrained stationary in U , stable minimal hypersurfaces

in Int(U) with ∥Vi∥(U) ≤ Λ and pi = (yi, ti) ∈ spt(Vi) ∩ Int(U) with ti → 0, yi ∈ K

such that one of the following holds,

(a) pi is a singular point of Vi⌞Int(U);

(b) pi is a regular point but 1 − |νVi
· ν∂M |(p)2 ≥ ϵ.

Suppose yi → y0 ∈ K. By Lemma 4.2.6, 4.2.3, 4.2.2 and Allard compactness [Sim83b],

up to a subsequence,

(ηyi,ti)♯Vi
∗
⇀ P,

for some P ∈ IVn(T+
y0
M) constrained stationary along Ty0∂M . Thus by Lemma 4.2.5,

P = k|Ty0∂M |+PI for some k ∈ {0}∪N and stationary integral varifold PI in Ty0M

with spt(PI) ⊂ Int(T+
y0
M).

On the other hand, since Vi⌞Int(U) are stable minimal hypersurfaces, by Schoen-

Simon compactness [SS81], PI is a stable minimal hypersurface in Ty0M . Since

spt(PI) ⊂ Int(T+
y0
M), any tangent cone C of PI at infinity is also supported in the

half space T+
y0
M . Since 0 ∈ spt(C) and C is a cone, by the strong maximum princi-

ple [Ilm96], C is an integer multiple of |Ty0∂M |. Then by Schoen-Simon’s ϵ-regularity

Theorem [SS81, Theorem 1], PI =
∑

j |Lj| for some hyperplane Lj ⊂ Ty0M parallel

to Ty0∂M .

Now that, consider (up to a subsequence) ηyi,ti(pi) → p0 ∈ Int(T+
y0
M). Since p0 is

a smooth point of PI with tangent plane parallel to Ty0∂M , by [SS81, Theorem 1],

neither of (a) (b) is true.

From now on, let ρ be the function in Lemma 4.3.4 with respect to some K′ ⊂ U ∩

∂M such that K ⊂ Int(K′). We shall also assume, WLOG, that ρ < min{1, dist(K, (K′)c)}.

The following is a direct corollary of Lemma 4.3.4, and the proof is left to the readers.
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Corollary 4.3.5. For every k ∈ N and p = (y, t) ∈ K × (0, ρ(1/(10k2))/2) ∩ spt(V ),

the connected component of spt(V )∩Ckt(y) containing p is the graph of some function

u ∈ C∞(Bkt(y)) with

0 < |u| < 2t, |∇u| < 1/(2k).

Now we proceed with the proof of Theorem 4.3.2. For y ∈ K, let r0 = ρ(1/4000)/2.

Suppose V ⌞C+
3r0

(y) =
∑

j≥1mj|Σj| where Σj are connected, disjoint regular stable

minimal hypersurfaces. Let J := {j ≥ 1 : Σj ∩ Br0/2(∂M) = ∅}; V+ :=
∑

j∈J mj|Σj|

and V0 = V ⌞C3r0(y) − V+. By Corollary 4.3.5, spt(V0) ⊂ B3r0/4(∂M), spt(V0) ∩

spt(V+) = ∅ and V0 is also constrained stationary in C3r0(y) ∩M along ∂M .

Define m : Br0(y) → Z ∪ {+∞} by

m(x) :=


0, if V0 = 0;∑
p=(x,t)∈spt(V0)

θn(p, ∥V0∥), if V0 ̸= 0.
(4.3.1)

Note that by Corollary 4.2.7 and Lemma 4.3.4, θn(p, ∥V ∥) ∈ Z for p ∈ spt(V0)∩Cr0(y),

hence m(x) ∈ Z ∪ {+∞}. We shall show that m is constant on Br0(y0), bounded

uniformly from above.

Lemma 4.3.6. m(x) ≤ m0 for some m0 = m0(M,U,K,Λ, r0) and every x ∈ Br0(y).

Proof. For every x ∈ Br0(y) fixed, let {t > 0 : (x, t) ∈ spt(V0)} = {t1 > t2 > ...(> 0)},

t1 < 3r0/4; and let ni := θn((x, ti), ∥V0∥) ∈ N. By Corollary 4.3.5, for each i ≥ 1, the

connected component of spt(V0⌞C2ti(x)) containing (x, ti), denoted by Si, is a smooth

minimal graph over B2ti(x), and {Si}i≥1 are disjoint. Moreover

∥Si∥(B2ti(x)) ≥ e−Λ1ti · ωnt
n
i

for some Λ1 = Λ(M) ≥ 0 by interior monotonicity of area.
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Also, by Lemma 4.2.3, suppose WLOG Λ1 ≥ 0 such that t 7→ eΛ1t∥V0∥(Bt(x))/tn

is non-decreasing on (0, 2r0). Therefore,

eΛ12r0

ωn(2r0)n
∥V0∥(B2r0(x)) ≥ eΛ1·(2t1)

ωn(2t1)n
∥V0∥(B2t1(x))

=
eΛ1·(2t1)

ωn(2t1)n
· n1∥S1∥(B2t1(x)) +

eΛ1·(2t1)

ωn(2t1)n
∥V̂1∥(B2t1(x))

≥ n1 · 2−n +
eΛ1·(2t2)

ωn(2t2)n
∥V̂1∥(B2t2(x))

= n1 · 2−n +
eΛ1·(2t2)

ωn(2t2)n
· n2∥S2∥(B2t2(x)) +

eΛ1·(2t2)

ωn(2t2)n
∥V̂2∥(B2t2(x))

≥ (n1 + n2) · 2−n +
eΛ1·(2t3)

ωn(2t3)n
∥V̂2∥(B2t3(x))

...

≥ (
∑
i≥1

ni) · 2−n + θn(x, ∥V0∥),

where V̂i is a constrained stationary integral varifold in C2ti(x) defined inductively by

V̂0 := V0; V̂i := (V̂i−1 − ni|Si|)⌞C2ti(x).

Hence, the lemma follows from ∥V0∥(U) ≤ ∥V ∥(U) ≤ Λ.

Let m̄ := supx∈Br0 (y)
m(x). WLOG m̄ > 0. We are going to define inductively the

functions ui in Theorem 4.3.2. Let

• V̄0 := V0⌞Cr0(y);

• For 1 ≤ i ≤ m̄, ui(x) := sup{t : (x, t) ∈ spt(V̄i−1)}, x ∈ Br0(y);

• For 1 ≤ i ≤ m̄, V̄i := V̄i−1 − | graph∂M(ui)|;
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• For 1 ≤ i ≤ m̄, x ∈ Br0(y),

mi(x) :=


0, if V̄i = 0;∑
p=(x,t)∈spt(V̄i)

θn(p, ∥V̄i∥), if V̄i ̸= 0,

where we set sup ∅ = −∞. The following lemma guarantees they are well-defined.

(We set m0(x) := m(x).)

Lemma 4.3.7. For ui, V̄i defined above, 1 ≤ i ≤ m̄,

(1) ui are nonnegative C1 functions on Br0(y), and is C∞ in {x : ui(x) > 0}.

(2) V̄i are integral varifolds in Cr0(y) such that V̄i⌞C+
r0

(y) are stable minimal hyper-

surfaces with multiplicity supported in spt(V0).

(3) ∀x ∈ spt(V̄i) ∩ Br0(y), the tangent varifold of V̄i at x is k|Tx∂M | for some

positive k ∈ N.

(4) mi(x) = mi−1(x) − 1, ∀x ∈ Br0(y).

Remark 4.3.8. By (4) of Lemma 4.3.7 and that mi ≥ 0, we see mm̄ ≡ 0 and

V0 =
∑m̄

i=1 | graph∂M(ui)|. Together with (1), this proves the first part of Theorem

4.3.2.

If further, uj ∈ C1,1(Br0(y)), then (denote | graph∂M(uj)| by Γ for simplicity) the

mean curvature of Γ is in L∞(M, ∥Γ∥) satisfying

H⃗Γ = H⃗∂M H n-a.e. on {ui = 0}.

Combined with Lemma 4.2.5, we see H⃗Γ · ν∂M ≤ 0, hence Γ is constrained stationary

in Cr0(y) along ∂M . This proves the second part of Theorem 4.3.2.
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Proof of Lemma 4.3.7. : It’s sufficient to prove (1)-(4) inductively in i assuming they

hold for 1 ≤ l ≤ i−1. i = 1 case is treated in the same way without a-priori inductive

assumption.

(1) ui is clearly upper semi-continuous by definition; While by Corollary 4.3.5,

together with the assumption that spt(V̄i−1) ⊂ spt(V0) and V̄i−1⌞C+
r0

(y) is a stable

minimal hypersurface with multiplicity, we know that ui is lower semi-continuous,

and then smooth, in open subset {ui > 0} ⊂ Br0(y).

Note also that by assumption (4) for 1 ≤ l ≤ i − 1 < m̄, spt(V̄i−1) ̸= ∅. Hence

{ui ≥ 0} ̸= ∅. To prove the continuity of ui, it suffices to verify that ui ≥ 0. If not,

then by upper semi-continuity of ui, there exists an open ball B ⊂ {ui < 0} and some

point z ∈ ∂B ∩ {u ≥ 0}. Moreover, by the continuity of ui on {ui > 0}, ui(z) = 0.

By definition, z ∈ spt(V̄i−1), then by the assumption (3) for i − 1 when i ≥ 2 and

Corollary 4.2.7 when i = 1, we have

(ηz,λ)♯V̄i−1
∗
⇀ k|Tz∂M |, as λ→ 0,

for some k ≥ 1. On the other hand, by definition, B× (−r0, r0)∩ spt(V̄i−1) = ∅, hence

the weak limit above should be supported in a half space. Here comes a contradiction.

That ui is differentiable and C1 on Br0(y) follows from Corollary 4.3.5 and Lemma

4.3.4.

(2) Integrality of V̄i follows from assumption (3) for i− 1 if i ≥ 2, from Corollary

4.2.7 if i = 1, from that ui ∈ C1(Br0(y)) by (1) and from that graph∂M(ui) ⊂ spt(V̄i−1)

by definition. Hence spt(V̄i) ⊂ spt(V̄i−1) ⊂ ... ⊂ spt(V0). Since V0⌞C+
r0

(y) is smooth

minimal hypersurface with multiplicity and {ul}1≤l≤i are C1, V̄i⌞C+
r0

(y) is also a

smooth minimal hypersurface with multiplicity.
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(3) ∀x ∈ spt(V̄i∩Br0(y)) fixed, by assumption (3) for i−1 and that ui ∈ C1(Br0(y)),

(ηx,λ)♯V̄i = (ηx,λ)♯V̄i−1 − (ηx,λ)♯| graph∂M(ui)|
∗
⇀ k|Tp∂M |, as λ→ 0,

for some non-negative k ∈ Z. Thus, to prove (3) for i, it suffices to verify that

θn(x, V̄i) > 0. The proof is similar to the one of Corollary 4.2.4. The only difference

is that it’s unclear whether V̄i is constrained stationary in Cr0(y) or not, so Lemma

4.2.3 does not apply directly. In what follows, we shall establish a quasi-volume

monotonicity for V̄i.

Claim: ∀ϵ > 0, there’s an r1 ∈ (0, r0) depending on ϵ such that, for every 0 < σ <

η < r1 and every x ∈ Br0(y) such that BL
2η(x) ⊂ Cr0(y), we have

eΛη

ωnηn
∥V̄i∥(BL

η (x)) ≥ eΛσ

ωnσn
∥V̄i∥(BL

σ (x)) − 2m̄2ϵ, (4.3.2)

where Λ is in Lemma 4.2.3. Notice that by taking ϵ sufficiently small in (4.3.2), the

proof of Corollary 4.2.4 generalizes directly here to prove the density lower bound at

every point in spt(V̄i).

Proof of the claim: First notice that ∃ r2 > 0 and k > 4 both depend on ϵ such that,

for every 0 < r < r2, every Br(z) ⊂ Br0(y) and an arbitrary function v ∈ C1(B2r(z))

satisfying

1

r
|v| + |∇∂Mv| ≤

1

k
on B2r(z),

by area formula we always have,

1 − ϵ ≤ eΛr

ωnrn
∥ graph∂M(v)∥(BL

r (z)) ≤ 1 + ϵ, (4.3.3)

Note that we don’t require v to satisfy any equation at this point.

Now take r1 := min{r2, ρ(1/(40k2)), 1/k}/10, where ρ is specified in Corollary
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4.3.5. For every 0 < r < r1 and every Br(x) ⊂ Br0(y), by our choice of r1 and

Corollary 4.3.5, ∀1 ≤ l ≤ i, either

1

r
|ul| ≤

1

2k
, |∇∂Mul| ≤

1

2k
, {ul = 0} ≠ ∅, on B2r(x); (4.3.4)

or

ul > 0, on B2r(x). (4.3.5)

Note that if ul satisfies (4.3.5) on B2r(x), then it satisfies (4.3.5) on every Bt(x) ⊂

B2r(x). Also note that once ul > 0 on B2r(x), | graph∂M(ul)| is a stationary varifold in

B2r(x)× (−r0, r0) and hence V0−| graph∂M(ul)| is constrained stationary in B2r(x)×

(−r0, r0).

Now that ∀0 < σ < η < r1, ∀B2η(x) ⊂ Br0(y), let

I1 := {l : 1 ≤ l ≤ i, ul satisfies (4.3.4) for every r ∈ [σ, η]};

I2 := {l : 1 ≤ l ≤ i, ul satisfies (4.3.5) with r = η};

I3 := {1, 2, ..., i} \ (I1 ∪ I2).

And for l ∈ I3, let tl := inf{t ∈ [σ, η] : (4.3.5) fails with r = t}. After relabeling the

index, WLOG I3 = {1, 2, ...q} and t1 ≤ t2 ≤ ...tq, q ∈ N ∪ {0}. Denote for simplicity,

a(x, t;V ) :=
eΛt

ωntn
∥V ∥(BL

t (x)); al(x, t) := a(x, t; | graph∂M(ul)|),

and Γl := | graph∂M(ul)|. Then by the discussion above, for every l ∈ I1, by (4.3.3),

we have

|al(x, η) − al(x, σ)| ≤ |al(x, η) − 1| + |al(x, σ) − 1| ≤ 2ϵ. (4.3.6)
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And for every l ∈ I3, by definition of tl and (4.3.3), we have

|al(x, η) − al(x, t)| ≤ |al(x, η) − 1| + |al(x, t) − 1| ≤ 2ϵ, ∀tl ≤ t ≤ η. (4.3.7)

Also for every 1 ≤ q′ ≤ q + 1, and for every l ∈ I3 such that q′ ≤ l ≤ q, we have

spt(Γl) ∩ B2tl = ∅. Thus we know that V0 −
∑

l∈I2 Γl −
∑

q′≤l≤q Γl is constrained

stationary in B2tq′
(x) × (−r0, r0). By Lemma 4.2.3 we then have,

t 7→ a(x, t;V0 −
∑
l∈I2

Γl −
∑

q′≤l≤q

Γl) is monotone nondecreasing in t ∈ (0, tq′).

(4.3.8)

Here we use the convention that tq+1 := η. Combining (4.3.6), (4.3.7) and (4.3.8), we

have,

a(x, η; V̄i) = a(x, η;V0 −
∑
l∈I2

Γl) −
q∑

l=1

al(x, η) −
∑
k∈I1

ak(x, η)

≥ a(x, tq;V0 −
∑
l∈I2

Γl) −
q∑

l=1

(al(x, tq) + 2ϵ) −
∑
k∈I1

(ak(x, σ) + 2ϵ)

≥ a(x, tq;V0 −
∑
l∈I2

Γl − Γq) −
q−1∑
l=1

al(x, tq) −
∑
k∈I1

ak(x, σ) − 2m̄ϵ

≥ a(x, tq−1;V0 −
∑
l∈I2

Γl − Γq) −
q−1∑
l=1

(al(x, tq−1) + 2ϵ) −
∑
k∈I1

ak(x, σ) − 2m̄ϵ

≥ a(x, tq−1;V0 −
∑
l∈I2

Γl − Γq − Γq−1) −
q−2∑
l=1

al(x, tq−1) −
∑
k∈I1

ak(x, σ) − 4m̄ϵ

... ...

≥ a(x, t1;V0 −
∑
l∈I2

Γl −
q∑

l=1

Γl) − 0 −
∑
k∈I1

ak(x, σ) − 2qm̄ϵ

≥ a(x, σ;V0 −
∑

l∈I2∪I3

Γl) −
∑
k∈I1

ak(x, σ) − 2qm̄ϵ

≥ a(x, σ; V̄i) − 2m̄2ϵ,
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Here we also use the fact that q = #I3 ≤ i ≤ m̄. This completes the proof of claim.

(4) follows immediately from (3) and Corollary 4.3.5.

Remark 4.3.9. From the proof we can also see that r0 = r0(M,U,K,Λ) can be

chosen to depend continuously on (M,∂M) in C2 topology.

4.4 Min-max with Obstacle

4.4.1 Almost minimizer and regularity

The notion of almost minimizing varifolds was introduced in [Pit81] to prove the

regularity of stationary varifolds obtained from min-max construction. We employ

similar notions here. The only difference is that everything is supported in an ambient

manifold with boundary, making the regularity result more subtle near the boundary.

M will be as in Section 4.2, U ⊂M be a relatively open subset.

Definition 4.4.1. Call {T (l)}ql=0 ⊂ In(U) a δ-sequence in U starting at T (0) if

∀1 ≤ l ≤ q,

• spt(T (l) − T (0)) ⊂⊂ U ;

• MU(T (l)) ≤ MU(T (0)) + δ;

• MU(T (l) − T (l−1)) ≤ δ.

Call V ∈ Vn(M) almost minimizing in U , if there exist ϵi → 0, δi → 0, Ti ∈ In(M)

with |Ti| → V such that for every i and every δi-sequence {T (l)
i }qi=0 in U start at Ti,

we have

MU(T
(q)
i ) ≥ MU(Ti) − ϵi.
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Note that by definition, if V is not almost minimizing in U , then ∃ ϵ > 0 such that

∀T ∈ In(M) with F(|T |, V ) < ϵ and ∀δ > 0, there exists some δ-sequence {T (l)}ql=0

start at T with

MU(T (q)) ≤ MU(T ) − ϵ

Theorem 4.4.2. Let V ∈ Vn(M) be almost minimizing in U . Then V is a constrained

embedded stable minimal hypersurface in U with optimal regularity.

Proof. First see that by [Pit81], V ⌞Int(U) is a stable minimal hypersurface with

optimal regularity; moreover, a similar argument in [Pit81, 3.3] yields that V is con-

strained stationary in U . Now we focus on the behavior of V near ∂M . The proof of

integrality of V is almost the same as in [Pit81, Chapter 3], with aid of the lemma in

Subsection 4.2.1. We briefly go through the proof.

• Replacement. ∀U ′ ⊂⊂ U be a subdomain. Since V is almost minimizing in U ,

let ϵi → 0, δi → 0 and |Ti| → V be as in the definition. For each i, let T ∗
i be a mass

minimizer among

E (Ti,Clos(U ′)) := {T (q) : ∃ δi-sequence {T (l)}ql=0 start at Ti

such that spt(T (l) − Ti) ⊂ Clos(U ′)}

The existence of such T ∗
i ∈ E (Ti,Clos(U ′)) follows from Federer-Fleming Compact-

ness [FF60] and Discretization-Interpolation Theorem [MN14, 13.1, 14.1].

Moreover, T ∗
i is locally constrained minimizing in U ′ and satisfies the mass bound

∥Ti∥(U ′) − ϵi ≤ ∥T ∗
i ∥(U ′) ≤ ∥Ti∥(U ′).

Hence, by Theorem 4.2.12, |T ∗
i |⌞U ′ is a constrained embedded stable minimal hyper-

surface in U ′. Then by Corollary 4.3.3, when i→ ∞, |T ∗
i | → V ∗ ∈ Vn(U) satisfying

(a) V ∗ is almost minimizing in U and V ∗⌞U ′ is a constrained embedded stable
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minimal hypersurface;

(b) V ∗⌞Clos(U ′)c = V ⌞Clos(U ′)c;

(c) ∥V ∗∥(U) = ∥V ∥(U).

Those V ∗ ∈ Vn(U) satisfying (a)-(c) above will be called replacements of V in U ′.

• Rectifiability. Thanks to Allard Rectifiability Theorem [Sim83b, Chapter 8, 42.4]

and Lemma 4.2.6, it suffices to show that θn(x, ∥V ∥) > 0 ∥V ∥-a.e. x ∈ ∂M ∩ U .

∀x ∈ spt(V ) ∩U ∩ ∂M , let rj ∈ (0, distM(x,M \U)/2), rj → 0; V ∗
j be a replacement

of V in Arj ,2rj(x). Then by Lemma 4.2.3, ∥V ∗
j ∥(A5rj/4,7rj/4) > 0 for j >> 1. By the

same trick as in Corollary 4.2.4, ∥V ∗
j ∥(Arj ,2rj) ≥ c(n,M)rnj for some c(n,M) > 0.

Hence, θn(x, ∥V ∥) ≥ c′(n,M) > 0.

• Integrality. For V ∗
j constructed above, by Lemma 4.2.2 and 4.2.3, up to a sub-

sequence, (ηx,rj)♯V → P , (ηx,rj)♯V
∗
j → Q, where P,Q ∈ Vn(Rn+1

+ ) are constrained

stationary along Rn × {0}. ( We identify (T+
x M,Tx∂M) with (Rn+1

+ ,Rn × {0}) for

simplicity. ) Moreover, by definition of replacements, Q⌞An+1
1,2 (0) is constrained em-

bedded stable minimal hypersurface, hence stable minimal hypersurface by Lemma

4.2.5; And P = Q outside Clos(An+1
1,2 (0)). By Lemma 4.2.3, P,Q are cones and

hence P = Q is a stable minimal cone with optimal regularity supported in Rn+1
+ .

By strong maximum principle, P = Q = m|Rn × {0}| for some m ∈ N. Therefore

θn(x, ∥V ∥) = m ∈ N. This proves V ∈ IVn(U).

Now by Theorem 4.3.2, V is locally multiple C1 graphs near ∂M . To get C1,1

regularity of the graphical function, we use again the replacements. In what follows,

we keep working under Fermi coordinates.

Let x ∈ ∂M ∩ U , r0 = r0(M,U, {x}, ∥V ∥(U)) > 0 be in Theorem 4.3.2; Ux ⊂

Cr0(x) be a neighborhood of x such that V ⌞Ux =
∑m

i=1 | graph∂M(ui)|, where u1 ≥
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u2 ≥ ... ≥ um ∈ C1(Ux ∩ ∂M,R+), |∇ui| ≤ 1/2 and {u1 = 0} ̸= ∅. For any

p = (y, t) ∈ graph∂M(ui)∩ Int(M), let V ∗ be a replacement of V in Ux \Clos(Bt/2(p)).

By Theorem 4.3.2, V ∗⌞Ux = | graph∂M(u∗)|+ V̂ ∗ for some V̂ ∗ ∈ IVn(Ux) and u∗ = ui

on the connected component of {ui > 0} containing y by unique continuation; Since

V ∗ is a constrained embedded stable minimal hypersurface in Ux, by Theorem 4.2.11,

u∗ ∈ C1,1(∂M ∩ U) and for every K ⊂ ∂M ∩ U compact,

∥u∗∥C1,1(K) ≤ C(M, r0,K).

By applying the replacement on every connected component of spt(V ) ∩ Int(Ux), we

see ui ∈ C1,1
loc (∂M ∩ Ux). By the arbitrariness of i and x and second part of Theorem

4.3.2, V is a constrained embedded stable minimal hypersurface in U .

4.4.2 Min-max construction

In this subsection, we describe the min-max construction with obstacle following

the idea from [Pit81]. The notions coincide with [MN14, Section 7,8] for the cell

complexes, subcomplex and homotopy relations. We also use the notions of relative

homotopy classes in [Zho20].

Suppose m ≥ 1, M be described in Section 4.2. Let (X,Z) be a pair of cubical

complex in Im with Z ⊂ X. Fix Φ0 : X → (Zn(M),F) be a continuous map

(i.e. continuous in F-metric). Let Π be the space of sequence of continuous maps

S = {Φi : X → (Zn(M),F)}i≥1 satisfying

sup{F(Φi(x),Φ0(x)) : x ∈ Z} → 0 as i→ ∞
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And define the width

L(S) := lim sup
i→∞

sup
x∈X

M(Φi(x)),

L(Π) := inf
S∈Π

L(S),

LΦ0,Z := sup
x∈Z

M(Φ0(x)).

The goal of this Section is to prove

Theorem 4.4.3. Let (M, g) be a compact n + 1 manifold with boundary, Φ0 : X →

(Zn(M),F) be a continuous map as above. If L(Π) > LΦ0,Z, then there’s a con-

strained embedded minimal hypersurface V ∈ IVn(M) with optimal regularity such

that ∥V ∥(M) = L(Π).

With aid of Theorem 4.4.2, the proof is almost the same as in [Pit81, Chapter 4].

We briefly go through the major part of the argument.

• Minimizing sequence and pull tight. By a diagonalization process, there exists

some S ∈ Π such that L(S) = L(Π). Call such S a minimizing sequence.

For a minimizing sequence S = {Φ}i ∈ Π, denote

C(S) := {V ∈ Vn(M) : Vn = lim
j→∞

|Φij(xj)|, ∥V ∥(M) = L(S)},

called the critical set of S. Following [Pit81, 4.3] and [ZZ20], we can construct

H : [0, 1]×Zn(M)∩{∥T∥(M) ≤ 2L(Π)} → Zn(M)∩{∥T∥(M) ≤ 2L(Π)} continuous

in F-metric such that

(i) H(0, -) = id;

(ii) H(t, T ) = T , ∀t ∈ [0, 1], ∀|T | ∈ V∞ := {constrained stationary varifolds in M}∪

{|Φ(x)| : x ∈ Z};
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(iii) There’s an L : [0,+∞) → [0,+∞) continuous, L(0) = 0, L(τ) > 0 if τ > 0 such

that

∥H(1, T )∥(M) ≤ ∥T∥(M) − L(F(|T |,V∞));

(iv) ∀ϵ > 0, ∃ δ > 0 such that if F(|T |, |Φ0(x)|) ≤ δ for some x ∈ Z, then

F(H(t, T ), |Φ0(x)|) ≤ ϵ for all t ∈ [0, 1].

Hence, if S ∈ Π is a minimizing sequence, then S ′ := {H(1,Φi)}i≥1 ∈ Π is also a

minimizing sequence such that ∅ ̸= C(S ′) ⊂ C(S) consists of constrained stationary

varifolds in M . Call such S ′ ∈ Π a pulled tight sequence.

• Discretization and interpolation. Given a pulled-tight sequence S = {Φi}i≥1 ∈

Π, by the Interpolation Theorem [MN14, 13.1] and diagonalization process, there

exist ki ↗ ∞, δi → 0 and φi : X(ki) → Zn(M) such that

(i) sup{F(φi(x),Φi(x)) : x ∈ X(ki)0} ≤ δi;

(ii) sup{F(φi(x), φi(y)) : x, y ∈ α ∩X for some α ∈ I(m, ki)m} ≤ δi;

(iii) f(φi) → 0 as i→ ∞;

(iv) L({φi}i) := lim supi→∞ supx∈X(ki)0
∥φi(x)∥(M) = L(Π).

In particular,

C({φi}i≥1) := {V : V = lim
j→∞

|φij(xj)| for some ij → ∞ and xj ∈ X(kij)0;

∥V ∥(M) = L(Π)} ⊂ C(S).

Conversely, given a sequence of ki ↗ ∞, δi → 0 and φi : X(ki)0 → Zn(M)

satisfying (ii), (iii) above and

(i’) sup{F(φi(x),Φ0(x)) : x ∈ Z(ki)0} ≤ δi.
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By the Interpolation Theorem in [Alm62, Section 6], (see also [MN14, 14.1]), there

exists S = {Φi}i≥1 ∈ Π such that

L(S) = L({φi}i≥1).

• Pitts’ deformation. Let {φi : X(ki)0 → Zn(M)}i≥1 be satisfying (i’), (ii), (iii)

above and such that

L({φi}i≥1) > LΦ0,Z , C({φi}i≥1) ⊂ {constrained stationary varifolds in M}

Assuming ∀V ∈ C({φi}i), ∃ x ∈ M such that ∀r > 0, ∃s ∈ (0, r) with V not

almost minimizing in As,r(x), [Pit81] introduced a deformation process to construct

{φ′
i : X(k′i)0 → Zn(M)} satisfying (i’), (ii), (iii) and

L({φ′
i}i≥1) < L({φi}i≥1).

Applying this to the interpolation theorem above, one see that given a pulled-tight

minimizing sequence S ∈ Π, ∃ V ∈ C(S) such that ∀x ∈ M , ∃r = rx > 0 and V

being almost minimizing in As,r(x), ∀s ∈ (0, r). By Theorem 4.4.2 and 4.2.11, V is

a constrained embedded minimal hypersurface. This complete the proof of Theorem

4.4.3.

Remark 4.4.4. By Pitts’ combinatorial argument [Pit81, 4.9, 4.10], there’s a con-

stant N(m) ∈ N such that in Theorem 4.4.3, we can choose V such that if p ∈ M

and {Aj := Arj ,sj(p)}
N(m)
j=1 is a family of annuli in M̃ such that sj > rj > 4sj+1 for

every j, then V is almost minimizing in at lease one of Aj ∩M . Hence in particular

V is a constrained embedded stable minimal hypersurface in that Aj ∩M .
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4.5 A Local Rigidity for Constrained Embedded

Minimal Hypersurfaces

We close this chapter by pointing out the following local rigidity theorem for con-

strained embedded minimal hypersurface. A slightly modified version is discussed in

Section 5.5.2 in singular minimal hypersurface setting.

Let (N, g) be a closed n+1 manifold; (Σ, ν) ⊂ N be a connected, two-sided, closed

smooth minimal hypersurface; rΣ be the injective radius of Σ in N , i.e.

rΣ := sup{r : Φ : Σ×(−r, r) → N, (x, t) 7→ expN
x (tν(x)) is a diffeomorphism onto its image}.

Work under Fermi coordinates in Φ(Σ×(−rΣ, rΣ)). ForK > 1 and w± ∈ C∞(Σ, (0, rΣ)),

call the domain

Nw± := {(x, t) ∈ N : x ∈ Σ,−w− ≤ t ≤ w+}

a K-uniform neighborhood of Σ, if

(1) supx∈Σ,i∈{±}w
i(x) ≤ K infx∈Σ,i∈{±}w

i(x);

(2) The mean curvature H± of graphΣ(±w±) satisfies

|H±| ≤ K sup
Σ
w±.

Note that for a smooth minimal hypersurface as above, the δ-neighborhood Nδ :=

{p ∈ N : distN(p,Σ) ≤ δ} and the neighborhoods Nδw1 := {(x, t) : x ∈ Σ, |t| ≤

δw1(x)} given by first eigenfunction w1 of Jacobi operator of Σ are both K-uniform

neighborhood of Σ for every sufficiently small δ and K independent of δ.

Theorem 4.5.1. Let Σ ⊂ N be a non-degenerate closed minimal hypersurface as
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above; K > 1; ϵ ∈ (0, 1). Then ∃ s0 = s0(K, ϵ,Σ, N) > 0 such that if N = Nw± is a

K-uniform neighborhood of Σ and supΣ |w±| ≤ s0, and V is a constrained embedded

minimal hypersurface in N with

H n(Σ) ≤ ∥V ∥(N) ≤ (2 − ϵ)H n(Σ),

then V = |Σ|.

We emphasis that the mass two-side bound is crucial for such a theorem to be

true. In fact, for an unstable minimal hypersurface Σ, let w+ = w− = δw1, where w1

be the first eigenfunction of Jacobi operator, δ << 1, then each component of ∂Nw±

is constrained embedded minimal in Nw± , and so is their union.

Proof. We prove by contradiction. First recall some basic facts on minimal surface

equation on Σ. Let F = F (x, z, p), x ∈ Σ, z ∈ (−rΣ, rΣ), p ∈ TxΣ be the area

integrand for graph over Σ, i.e.

H n(graphΣ(ϕ)) =

∫
Σ

F (x, ϕ(x),∇ϕ(x)) dx, ∀ϕ ∈ C1(Σ, (−rΣ, rΣ)).

Here are some basic properties we shall use later, see also Appendix A.

(a) F (x, 0, 0) = 1; Fz(x, 0, 0) := ∂zF (x, 0, 0) = 0, Fp := ∂pF (x, 0, 0) = 0;

Fpp(x, 0, 0)ij = δij, Fzp(x, 0, 0) = Fpz(x, 0, 0) = 0, Fzz(x, 0, 0) = −|AΣ|2 −

RicN(νΣ, νΣ).

(b) ∥F∥C3 ≤ C(Σ, N).

(c) If further ϕ ∈ C1 ∩W 2,2(Σ), then

Mϕ := −divFp(x, ϕ,∇ϕ) + Fz(x, ϕ,∇ϕ) = G̃(x, ϕ,∇ϕ) ·H,
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where H is the mean curvature of graphΣ(ϕ) with normal field having positive

inner product with ν; G̃ is a positive smooth function, with a positive upper

and lower bound only depend on M , g, Σ.

(d) LΣϕ := d
ds

∣∣
s=0

M (sϕ) = −(∆ + |AΣ|2 + RicN(ν, ν))ϕ is the Jacobi operator of

Σ.

Suppose otherwise, K > 1 and there are K-uniform neighborhood Nj = Nw±
j

of Σ with sup |w±
j | → 0 and |Σ| ̸= |Γj| ∈ IVn(Nj) constrained embedded minimal

hypersurfaces in Nj with ∥Γj∥(N) ∈ [∥Σ∥(N), (2 − ϵ)∥Σ(N)∥]. The strategy is to

show that these {Γj} induces a nontrivial Jacobi field on Σ, which contradicts to the

non-degeneracy assumption.

Recall by Remark 4.2.9 (1), Γj has mean curvature uniformly bounded by the

mean curvature of ∂Nj, hence tends to 0 in L∞. By Allard Compactness Theorem

[All72, Sim83b], up to a subsequence, Γj → Γ∞ for some stationary integral varifold

Γ∞ ∈ IVn(N) supported in Σ and having mass between ∥Σ∥(N) and (2− ϵ)∥Σ∥(N).

Hence Γ∞ = |Σ|, and by Allard Regularity Theorem [All72,Sim83b], for j >> 1, there

exist uj ∈ C1,α ∩W 2,2(Σ) such that Γj = | graphΣ(uj)|, uj → 0 in Cα, not identically

0 and

Muj = 0 on {−w−
j < uj < w+

j };

uj · Muj ≤ 0 on Σ;

|Muj| ≤ C(M, g,Σ) · sup
i∈{±},x∈Σ

Kwi
j(x) on Σ,

(4.5.1)

where the last two inequality follows from (c) and Remark 4.2.9 (1). Note that

{uj = ±w±
j } ≠ ∅, otherwise by standard elliptic estimate, uj/∥uj∥L2 will C∞-converge

to some nontrivial Jacobi field on Σ. Thus,

inf w±
j ≤ ∥uj∥C0(Σ) ≤ supw±

j . (4.5.2)
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Also by standard elliptic estimate,

∥uj∥C1,α + ∥uj∥W 2,2 ≤ C(Σ, N)(∥uj∥C0 + |Muj|C0) ≤ C(Σ, N,K)∥uj∥C0 .

Hence, let cj := ∥uj∥C0 , up to a subsequence, ûj := uj/cj → û∞ ∈ C1,α ∩W 2,2(Σ)

in C1. Moreover, ∥û∞∥C0 = 1 and by (4.5.1), (4.5.2) and definition of K-uniform

domain,

LΣû∞ = 0 on {|û∞| < 1/K};

û∞ · LΣû∞ ≤ 0 on Σ.

(4.5.3)

Now we make use of the lower bound on mass to show that
∫
Σ
û∞ · LΣû∞ ≥ 0.

Combining this with (4.5.3), we see that û∞ is a nontrivial Jacobi field on Σ, which

contradicts to the non-degeneracy.

Observe that

0 ≤ ∥Γj∥(N) − ∥Σ∥(N) =

∫
Σ

F (x, uj,∇uj) − 1 dx

=

∫
Σ

(

∫ 1

0

Fp(x, suj, s∇uj) ds) · ∇uj + (

∫ 1

0

Fz(x, suj, s∇uj)) · uj dx

=
1

2

∫
Σ

Fp(x, uj,∇uj) · ∇uj + Fz(x, uj,∇uj)uj dx + R,

(4.5.4)

where by (a),(b) and standard elliptic estimate, |R| ≤ C(Σ, N,K)c3j . Here we use

the fact that

∫ 1

0

f(s) ds− 1

2
(f(0) + f(1)) =

1

2

∫ 1

0

f ′′(s)(s2 − s) ds.

Multiply (4.5.4) by c−2
j and let j → ∞ one gets,

∫
Σ

û∞ · LΣû∞ =

∫
Σ

|∇û∞|2 − (|AΣ|2 + RicN(ν, ν))û2∞ dx ≥ 0,
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which completes the proof.

Remark 4.5.2. An interesting question is when the constrained embedded minimal

hypersurface obtained by min-max construction in Theorem 4.4.3 is a minimal hy-

persurface (i.e. has vanishing mean curvature). When ∂M is minimal, this is clearly

true by strong maximum principle; In general, is this true when one assume further

that the width is invariant under local perturbation of ∂M in M̃? Is this true under

assumption above for generically perturbed boundary?
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Chapter 5

Analysis on Singular Minimal

Hypersurfaces, II

The work described in this chapter was first presented in [Wan20].

5.1 Introduction

In this chapter, we study how the singular set of a minimal hypersurface affects its

global behavior in different aspects. We first develop the analysis on singular minimal

hypersurfaces and prove the spectral Theorem 1.3.5. Then we discuss the following

two primary applications.

• Local Moduli. White [Whi91,Whi17] studied the space Γ of Riemannian metrics

and smooth minimal surfaces pairs (g,Σ), which admits a natural Banach manifold

structure and makes the projection onto the first variable a Fredholm mapping with

index 0.

When Σ is allowed to have singularities, no local structural result of Γ is known in

the literature. In fact, when g is Euclidean, possible singular structures for minimal

hypersurfaces in a neighborhood of Σ near singular set of Σ was studied in [CHS84,
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SS86,CES17,ES19], for certain classes of singularity models. And it was shown that

nearby minimal surface might have different singularity type from Σ, making it hard

to study the local structure of Γ using parametric approach.

In this chapter, we shall address the following local existence problem,

Question. Given a closed singular minimal hypersurfaces Σ0 in a Riemannian man-

ifold (M, g0) and a smoothly perturbed metric g of g0, is there always at least one,

possibly singular, hypersurface Σ ⊂ M minimal with respect to g and staying close

to Σ0?

Our first application provide partial answers to the question above when the sin-

gular set are strongly isolated, in other words, every tangent cone of Σ is a regular

cone with multiplicity 1.

Theorem 5.1.1. Suppose Σ ⊂ (M, g) is an optimally regular, locally stable, two-sided

minimal hypersurface with only strongly isolated singularities. Also suppose that

(1) Σ is nondegenerate, i.e. in the notation of Theorem 1.3.5, 0 is not an eigenvalue

of −LΣ;

(2) the tangent cone at each singularity is strictly minimizing;

(3) the tangent cone at each singularity is strictly stable.

Then for every ϵ > 0, there’s some δ > 0 depending on Σ,M, g, ϵ, such that if g′ is a

smooth metric with ∥g′− g∥C4 ≤ δ, then there exists a hypersurface Σ′ ⊂M minimal,

locally stable under g′ with optimal regularity, lying in the ϵ-neighborhood of Σ and

satisfying

F(|Σ′|g′ , |Σ|g) ≤ ϵ .

The notions of strictly minimizing and strict stability are introduced in Section

2.4, 5.2 respectively. Also note that Theorem 5.1.1 fails if we drop the assumption

(2), see Proposition 5.5.9.
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Examples of minimal hypercones have been constructed in [HLJ71,FKM81,FK85],

many of which were verified to be area-minimizing by [Law72,Sim74,Law91,WS94].

It’s also worth mentioning that all examples of area-minimizing hypercones in the

literature above were proved to be strictly stable and strictly minimizing, see [WS94,

TZ20]. Therefore, Theorem 5.1.1 applies for these cones to be the tangent cones.

Unlike the case when Sing(Σ) = ∅, Theorem 5.1.1 is not derived by fixed point

method when singularities exist. In fact, unlike in the smooth setting, the uniqueness

of such nearby minimal hypersurfaces under a fixed perturbed metric is not known

(and even not expected in general).

One key step in proving Theorem 5.1.1 is to control the behavior of graphical

functions of minimal hypersurfaces near a minimal hypercone. To do so, one first

need to study minimal hypersurfaces asymptotic to a given cone near infinity. This

subject was studied in [BDGG69,HS85,SS86,Whi89,WS94,Cha97,Maz17,ES19], most

focusing on minimizing hypersurfaces and hypercones. In Section 5.2.2, we prove the

following generalization of Hardt-Simon’s Regularity Theorem 2.4.1 in stable case,

which is not only interesting itself, but also useful in obtaining full generic regularity

in eight manifolds in Chapter 6.

Theorem 5.1.2 (cf. Theorem 5.2.12). Let Σ ⊂ Rn+1 be a stable minimal hypersurface

with optimal regularity asymptotic to a regular minimal hypercone C ⊂ Rn+1 near

infinity. If write Σ as the graph over C of some function u outside a large ball, then

we have

lim inf
R→+∞

R−2γ−
1 −n

∫
AR,2R

u2 > 0 ,

where AR,2R is the annulus in C and −(n − 2) < γ−1 ≤ −(n − 2)/2 is a geometric

constant depending on C, defined in Section 5.2.

Moreover, if Σ lies on one side of C near infinity, then Sing(Σ) = ∅ and Σ is

contained entirely in that side and foliate the component of Rn+1 \C containing it by
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rescaling.

• Local Minimizing Property. A natural question by Lawlor [Law91] is that

given a (strictly) minimizing hypercone C ⊂ Rn+1, is every minimal hypersurface Σ

with C to be the tangent cone at some singularity p minimizing in some neighborhood

of p? When C is strictly stable or the asymptotic rate of Σ to C near p is strictly

greater than 1, [HS85, Theorem 4.4] confirmed this question.

We get a positive answer in this chapter to a more general version of the question

under stability assumption.

Theorem 5.1.3 (cf. Theorem 5.4.1). Suppose Σ ⊂ (M, g) is a stable minimal hy-

persurface with only strongly isolated singularities, satisfying (1) and (2) in Theorem

5.1.1. Then there’s a small neighborhood U of Clos(Σ) which admits a mean con-

vex foliation. More precisely, there’s a family of piecewisely smooth mean convex

neighborhood {Ut}t∈(0,1) of Clos(Σ) such that

(1) Ut1 ⊂ Ut2, if t1 ≤ t2;

(2) U =
⋃

t∈(0,1) Ut, Clos(Σ) =
⋂

t∈(0,1] Ut; Us =
⋃

t<s Ut; Clos(Us) =
⋂

t>s Ut,

∀s ∈ (0, 1).

In particular, Σ is homologically area-minimizing in U and is the unique stationary

varifold in U up to multiplicity.

For a precise description of mean convexity of piecewise smooth domain, see The-

orem 5.4.1.

Similar local minimizing property was proved by a contradiction argument in

[Sma99, Section 3, Lemma 4] assuming that each tangent cone are strictly stable

and strictly minimizing, and that Σ is a minimal cone in the Euclidean space near

each singularity; By a calibration argument, [Zha18] obtained similar local minimiz-

ing result for singular minimal submanifolds of higher codimension with Lawlor’s
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cones in [Law91] to be the tangent cone, and with specifically chosen metrics away

from singular points. The calibration method was recently exploited by Zhenhua

Liu [Liu21, Liu22] to construct area-minimizing cycles of higher codimensions with

fractal or nonsmoothable singular sets.

Organization of the Chapter.

In Section 5.2, we study asymptotic analysis of functions on a stable minimal hy-

percone. This has applications to the asymptotic behavior near infinity of entire

minimal hypersurfaces in Rn+1, as well as the asymptotic behavior near singular set

of the graphical functions for a family of converging stable minimal hypersurfaces. In

particular, this enables us to prove Theorem 5.1.2.

In Section 5.3, we study the analytic behavior of the linearized minimal surfaces

operator, namely, the Jacobi operator LΣ, on a singular minimal hypersurface Σ. The

key property is the L2-compactness of a family of functions with uniformly bounded

L2-norm and uniformly bounded quadratic form associated to LΣ. Similar compact-

ness has been proved by Schoen-Yau using a uniform L2-nonconcentration property

and coercivity in [SY17] for the operators associated to the specific quadratic form of

minimal slicings and by Lohkamp using the associated skin structure in [Loh19] for

the S-adapted Schrödinger operators. In fact, their argument is sufficient to obtain

the desired compactness if each tangent cone is strictly stable.

For a general Σ, the coercivity of LΣ might fail. Hence, we establish another

L2-compactness in Section 5.3.1 and 5.3.2 when Σ has strongly isolated singularities,

which allows us to still get spectral decomposition of LΣ as stated in Theorem 1.3.5

and define the Green’s function. We also derive an asymptotic estimate of Green’s

function near singularities in Section 5.3.4, which is used in Section 5.4 to deduce

certain mean convexity of one-sided perturbations of minimal hypersurfaces.

In Section 5.4, we prove Theorem 5.1.3. The key is an existence theorem of mini-
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mal graph over compact subset of regular part with weighted estimate, see Theorem

5.4.3. Note that this estimate doesn’t require the tangent cone to be minimizing.

In Section 5.5, we carry out the proof of Theorem 5.1.1. To do this, inspired

by [Whi94], we first prove in Section 5.5.1 an analogue of strong min-max property

for Σ in Theorem 5.1.1 in a sufficiently small neighborhood U . The proof closely

follows the argument in [Whi94], except that we have to estimate error terms near

singularities using using a growth estimate obtained in Section 5.2.3. This allows us to

construct an admissible family of sweepouts under any perturbed metric, with width

close to the volume of Σ. Then by applying the min-max theory for obstacle problem

in Chapter 4, for any slightly perturbed metric g′, there’s a constrained embedded

minimal hypersurface Σ′ ⊂ (Clos(U), g′).

To conclude that Σ′ doesn’t intersect ∂U for certain small U and g sufficiently

close to g0, we prove in Section 5.5.2 a local rigidity result for constrained embedded

minimal hypersurfaces, as an analogue of Theorem 4.5.1.

5.2 Geometry of Regular Stable Minimal Hyper-

cone

We introduce the following space of uniformly regular stable minimal hypercone,

C n
Λ,Λ′ := {C ∈ C n

Λ : r−1
S ≤ Λ′ on C ∩ Sn} , (5.2.1)

where recall C n
Λ is defined in (2.4.1), rS is the regularity scale defined in Definition

2.1.1. Note that

C n :=
⋃

Λ,Λ′>1

C n
Λ,Λ′ = {regular stable minimal hypercones in Rn+1} .
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Moreover, for each Λ,Λ′ > 0, C n
Λ,Λ′ is a closed subset in (C n

Λ ,F), and it’s also compact

in C∞-topology, i.e. any sequence {Cj ∈ C n
Λ,Λ′}j≥1 contains a subsequence whose cross

section converges smoothly to the cross section of some C∞ ∈ C n
Λ,Λ′ . And if n+1 = 8,

then Schoen-Simon’s Regularity Theorem [SS81] guarantees that there’s a function

C(Λ) >> 1 in Λ such that C 7
Λ,Λ′ = C 7

Λ whenever Λ′ ≥ C(Λ).

Since C n
Λ,Λ′ are compact under smooth topology, by the  Lojasiewicz-Simon inequal-

ity [Sim83a], the densities of stable minimal hypercones in C n
Λ,Λ′ is a finite subset of

R. In particular, when n + 1 = 8, we can label the set of density of stable minimal

hypercones in R8 by at most countably many real numbers:

{θC(0) : C ∈ C 7} = {1 = θ0 < θ1 < θ2 < . . . } . (5.2.2)

Let C ⊂ Rn+1 be a regular stable minimal hypercone. Thus S := C ∩ Sn is a

regular minimal hypersurface in Sn. We parametrize C by

(0,+∞) × S → C, (r, ω) 7→ x = rω. (5.2.3)

And denote for simplicity Br := Bn+1
r (0) ∩ C, and A(r, s) := Ar,s(0) ∩ C. Recall

by [Sim68], the Jacobi operator of C is decomposed under this parametrization as

LC = ∂2r +
n− 1

r
∂r +

1

r2
(∆S + |AS|2) ,

where AS is the second fundamental form of S in Sn.

In Appendix C, we include a precise discussion of Jacobi fields on C. We list some

basic notations and facts here to build up intuitions. To start with, let

µ1 < µ2 ≤ µ3 ≤ · · · ↗ +∞
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be the eigenvalues of −(∆S + |AS|2), and φ1, φ2, . . . be the corresponding L2(S)-

orthonormal eigenfunctions, where φ1 > 0. By [Sim68], the stability of C is equivalent

to that µ1 ≥ −(n − 2)2/4. Following [CHS84], we call C strictly stable, if µ1 >

−(n− 2)2/4.

Clearly, if {Ck}1≤k≤∞ is a family of regular cone such that F(|Ck|, |C∞|) → 0,

then the asymptotic spectrum also converges: For every j ≥ 1, as k → ∞, µj(Ck) →

µj(C∞).

By [CHS84], a general Jacobi field v ∈ C∞(C) is given by a linear combination of

homogeneous Jacobi fields,

v(r, ω) =
∑
j≥1

(v+j (r) + v−j (r))φj(ω), (5.2.4)

where

v+j (r) = c+j · rγ
+
j ;

v−j (r) =


c−j · rγ

−
j , if µj > − (n−2)2

4
;

c−j · rγ
−
j log r, if µj = − (n−2)2

4
.

(5.2.5)

for some c±j ∈ R and

γ±j = γ±j (C) := −n− 2

2
±
√
µj +

(n− 2)2

4
. (5.2.6)

Note that µj = −(n− 2)2/4 if and only if j = 1 and γ+1 = γ−1 = −(n− 2)/2.

In view of (5.2.4) and (5.2.5), we define the asymptotic spectrum of C by

Γ(C) := {γ±j : j ≥ 1} . (5.2.7)

Heuristically, Γ(C) consists of all possible degrees of homogeneous Jacobi fields on
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C. For later reference, we also denote for γ ∈ {γ±j },

Wγ := L2(S)-eigenspace of (∆S + |AS|2) with eigenvalue µj . (5.2.8)

Lemma 5.2.1. For every Λ,Λ′ > 0,

γngap;Λ,Λ′ := inf{γ+2 (C) − γ+1 (C) : C ∈ C n
Λ,Λ′} > 0 ;

γgap,Λ := inf
Λ′>1

γ7gap;Λ,Λ′ > 0 .

Here we use the convention that inf ∅ = +∞.

Proof. Since C n
Λ,Λ′ is C∞-compact and γ+2 (C) − γ+1 (C) is continuous w.r.t. the C∞-

metric, γngap,Λ,Λ′ (if not +∞) is realized by some C ∈ C n
Λ,Λ′ , and hence is positive. And

since when n = 7, C 7
Λ,Λ′ = C 7

Λ for Λ′ ≥ C(Λ), we then have γgap,Λ = γ7gap;Λ,C(Λ) > 0.

5.2.1 Asymptotic rate of Jacobi-field-type functions

The following Lemma on Growth Rate Monotonicity is proved in Appendix C ,

Lemma 5.2.2 (c.f. Lemma C.0.6). For σ > 0, Λ,Λ′ > 1, there exists K =

K(σ,Λ,Λ′) > 2 with the following property. Let γ ∈ R, C ∈ C n
Λ,Λ′ be a stable minimal

hypercone satisfying

distR(γ,Γ(C) ∪ {−(n− 2)/2}) ≥ σ .

Suppose that u ∈ C2
loc(A(K−3, 1)) ∩ L2(A(K−3, 1)) solves LCu = 0. Then

Jγ
K(u; r) :=

∫
A(K−1r,r)

u2 · |x|−2γ−nd∥C∥ , (5.2.9)

satisfies

Jγ
K(u;K−2) − 2Jγ

K(u;K−1) + Jγ
K(u; 1) ≥ 0 .
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Moreover, the equality holds if and only if u ≡ 0.

For later reference, we need the following quantitative version of this Lemma.

Corollary 5.2.3 (Perturbed version of Lemma 5.2.2). For σ > 0 and Λ,Λ′ > 1, let

K(σ,Λ,Λ′) > 2 be the same as in Lemma 5.2.2. Then there exists ε(σ,Λ,Λ′) > 0

small enough satisfying the following property.

For γ ∈ (−Λ,Λ) and any stable hypercone C ∈ C n
Λ,Λ′ satifying

distR(γ,Γ(C) ∪ {−(n− 2)/2}) ≥ σ ,

suppose that 0 ̸= u ∈ W 1,2
loc (A(K−3, 1)) ∩ L2(A(K−3, 1)) is a weak solution to

divC(∇Cu+ b⃗0(x)) + |AC|2u+ |x|−1b1(x) = 0, (5.2.10)

where b⃗0, b1 satisfy the following estimates pointwisely,

|⃗b0|(x) + |b1|(x) ≤ ε
(
|x|−1|u|(x) + |∇u|(x) + ∥u∥L2(A(K−3,1))

)
, (5.2.11)

on A(K−3, 1). Then we have,

Jγ
K(u;K−2) − 2(1 + ε)Jγ

K(u;K−1) + Jγ
K(u; 1) > 0.

Remark 5.2.4. When Σ := graphC(ϕ) ∩ A(0, K−3/2, 2) is a minimal hypersurface

under the metric g parametrized by the cone C, with

∥ϕ∥C2
∗ + ∥g − geuc∥C2 ≤ ϵ,

then by Appendix A, any Jacobi field u on Σ, viewed as a function over C under this
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parametrization, solves an equation of form (5.2.10) with

|⃗b0| + |b1| ≤ Ψ(ϵ|C, K) · (|u| + |∇u|).

where Ψ(ϵ|C, K) is a constant tending to 0 when C, K is fixed and ϵ→ 0. Therefore,

Corollary 5.2.3 applies when ϵ << 1.

Proof of Corollary 5.2.3. First note that by multiplying (5.2.10) with u · η2 and inte-

gration by parts (η is some smooth cut-off function) and using (5.2.11) with ε < 1/2,

we have for every domain Ω ⊂⊂ A(K−3, 1),

∫
Ω

|∇Cu|2d∥C∥ ≤ C(n,K,Ω)

∫
A(K−3,1)

(1 + |AC|2)u2. (5.2.12)

Now to prove the corollary, suppose for contradiction that there exist σ > 0, Λ,Λ′ > 0,

a sequence of Cj ∈ C n
Λ,Λ′ , a sequence of real number {γj} ⊂ (−Λ, 1) with

distR(γj,Γ(Cj) ∪ {−(n− 2)/2}) ≥ σ ,

and a sequence of nonzero function uj ∈ W 1,2
loc (A(K−3, 1))∩L2(A(K−3, 1)) satisfying

(5.2.10) and (5.2.11) with C = Cj and ε = 1/j, but

J
γj
K (uj, K

−2) − 2(1 +
1

j
)J

γj
K (uj, K

−1) + J
γj
K (uj, 1) ≤ 0. (5.2.13)

By a renormalization of uj, WLOG, we can assume J
γj
K (uj, K

−1) = 1. By the C∞-

compactness of C n
Λ,Λ′ , we can assume by passing to a subsequence of j → ∞ that Cj

will smoothly converge to C∞ ∈ C n
Λ,Λ′ , and γj → γ∞. And then by the continuity of

asymptotic spectrum under smooth convergence, we have

distR(γ∞,Γ(C∞) ∪ {−(n− 2)/2}) ≥ σ .
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By (5.2.12), (5.2.13) and Reilly compactness, we have uj subconverges to u∞ ∈

W 1,2
loc (A(K−3, 1)) ∩ L2(A(K−3, 1)) in L2

loc(AK−3,1(0)) with Jγ∞
K (u∞, K

−1) = 1, and

(∆C∞ + |AC∞|2)u∞ = 0

on A(K−3, 1), but (5.2.13) then implies

Jγ∞
K (u∞, K

−2) − 2Jγ∞
K (u∞, K

−1) + Jγ∞
K (u∞, 1) ≤ 0.

This contradicts Lemma 5.2.2.

To finish this Section, we introduce the following notion of asymptotic rate, which

plays a crucial role in studying Jacobi fields on a general LSMH with strongly isolated

singularities.

Definition 5.2.5. For a function v ∈ L2
loc(Br) defined on C near 0, defined the

asymptotic rate of v at 0 to be,

AR0(v) := sup

{
γ : lim

s↘0

∫
A(s,2s)

v2 · |x|−n−2γ d∥C∥(x) = 0

}
∈ [−∞,+∞],

Here we use the convention that sup ∅ = −∞ and supR = +∞. Heuristically, if v

grows like rγ near 0, then AR0(v) = γ.

We can also define the asymptotic rate at infinity of some function v ∈ L2
loc(C\

BR):

AR∞(v) := inf

{
γ : lim

s↗+∞

∫
A(s,2s)

v2 · |x|−n−2γ d∥C∥(x) = 0

}
∈ [−∞,+∞] .

A direct application of Corollary 5.2.3 is the following quantization of asymptotic

rate for solutions to Jacobi-field-type equations.
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Corollary 5.2.6. Let C be a regular stable minimal hypercone, 0 ̸= u ∈ W 1,2
loc (B1) be

solving (5.2.10) on B1, with b⃗0 and b1 satisfying

|⃗b0|(x) + |b1|(x) ≤ ε(|x|)
(
|x|−1|u|(x) + |∇u|(x) + 1

)
; (5.2.14)

for some decreasing function ε ∈ C0([0, 1]) such that ε(0) = 0. Also assume that

γ := AR0(u) ∈ (−∞, 1) .

Then γ ∈ Γ(C); And for every sequence tj ↘ 0, ûj(x) := J0
2 (u; tj)

−1/2u(tjx) will

subconverges in L2
loc to some Jacob field û∞ on C given by

û∞ = rγ(c+ c′ log r)w , (5.2.15)

where 0 ̸= w ∈ Wγ(C) is the corresponding eigenfunction of γ; (c, c′) ̸= (0, 0) and

c′ = 0 unless γ = −(n− 2)/2.

Similar result also holds for functions defined on C \B1.

Proof. We only prove the corollary for B1, the one for C \ B1 is similar. Suppose

Λ,Λ′ > 1 such that C n
Λ,Λ′ ∋ C; Since −∞ < γ < 1 and Γ(C) is discrete, we can choose

σ > 0 such that γ + σ < 1 and [γ − σ, γ + σ] ∩ Γ(C) ⊂ {γ}. Let K(Λ,Λ′, σ) > 2 be

given by Lemma 5.2.2.

By definition of AR0(u), there exists a sequence of rj ↘ 0 such that

Jγ+σ
K (u,K−1rj) ≥ Jγ+σ

K (u, rj) ≥ 1 .

Also notice that for every λ ∈ (0, 1), u(λ)(x) := λ−1u(λx) and b
(λ)
j (x) := bj(λx)
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satisfies,

divC(∇u(λ) + b⃗
(λ)
0 ) + |AC|2u(λ) + |x|−1b

(λ)
1 = 0 ,

|⃗b(λ)0 (x)| + |b(λ)1 (x)| ≤ ε(λ) · (|x|−1|u(λ)| + |∇u(λ)| + 1) ,

(5.2.16)

on A(K−3, 1). Also, since

∥u(λ)∥2L2(A(K−2,K−1)) =

∫
A(λK−2,λK−1)

λ−n−2u2

≥ c(K, γ)λ2(γ+σ)−2 · Jγ+σ
K (u,K−1λ) ,

(5.2.17)

and γ + σ < 1, we can thus choose j0 >> 1 such that ∥u(rj0 )∥2L2(A(K−2,K−1)) ≥ 1 and

ε(rj0) less than the constant ε(σ,Λ,Λ′) given by Corollary 5.2.3. Therefore, Corollary

5.2.3 applies to u(rj0 ) which gives,

Jγ+σ
K (u,K−2rj0) − Jγ+σ

K (u,K−1rj0) ≥ Jγ+σ
K (u,K−1rj0) − Jγ+σ

K (u, rj0) ≥ 0 .

Repeat the process above with rj0 replaced by λl := K−lrj0 , l ≥ 1, we get

|⃗b(λl)
0 (x)| + |b(λl)

1 (x)| ≤ ε ·
(
|x|−1|u(λl)| + |∇u(λl)| + ∥u(λl)∥L2(A(K−2,K−1))

)
,

Jγ+σ
K (u,K−iλl) ≥ Jγ+σ

K (u, λl), ∀i ≥ 0 .

(5.2.18)

On the other hand, by definition of γ − σ < AR0(u), there exists l0 >> 1 such that

Jγ−σ
K (u,K−1λl0) ≤ Jγ−σ

K (u, λl0) .

Thus by (5.2.16) and (5.2.18), Corollary 5.2.3 applies again iteratively to give for

every l ≥ l0,

Jγ−σ
K (u,K−iλl) ≤ Jγ−σ

K (u, λl), ∀i ≥ 0 . (5.2.19)
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Now suppose tj ↘ 0 be an arbitrary sequence. By first passing to a subsequence,

let t̄j ∈ {λl}l≥l0 be such that t̄j ∈ (K−1tj, tj]. Let ũj(x) := J0
K(u; t̄j)

−1/2u(t̄jx). Note

that estimates (5.2.18) and (5.2.19) implies that for every R > 1, there exists jR >> 1

such that whenever j ≥ jR,

∥ũj∥L2(A(1,R)) ≤ C(C, K, γ)Rγ+σ∥ũj∥L2(A(K−1,1)) ≤ C(C, K, γ)Rγ+σ ,

∥ũj∥L2(A(R−1,1)) ≤ C(C, K, γ)R−γ+σ∥ũj∥L2(A(K−1,1)) ≤ C(C, K, γ)R−γ+σ .

(5.2.20)

This gives the L2
loc(C)-estimate with coefficients independent of j. And by combining

with (5.2.18), the equation (5.2.16) also provides uniformW 1,2
loc bounds for ũj. Thus, ũj

subconverges in L2
loc(C) to some ũ∞ which is non-zero by the way of renormalization,

solves LCũ∞ = 0 on C and satisfies the same growth estimates as in (5.2.20) near 0

and ∞. By our choice of σ and Lemma C.0.2, ũ∞ must be of form (5.2.15), and so is

û∞ since it’s just obtained by an equivalent normalization.

5.2.2 Asymptotics of minimal hypersurfaces near infinity

The goal of this subsection is to study minimal hypersurfaces Σ ⊂ Rn+1 which asymp-

totic to a given regular stable minimal hypercone C near infinity. First notice that

since S := C ∩ Sn is a smooth minimal hypersurface in Sn, by Frankel property, S is

connected and Rn+1 \ C has 2 connected components, denoted by E±. We let ν be

the unit normal field of C pointing into E+.

Definition 5.2.7. We call an integral varifold V ∈ IVn(Rn+1 \ BΛ) asymptotic to

C near infinity, if there’s a function h ∈ C2(C) and R0 > Λ such that

∥h∥C2
∗ ,A(R,2R) := sup

A(R,2R)

(
R−1|h| + |∇Ch| +R|∇2

Ch|
)
→ 0, as R → +∞ . (5.2.21)
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and that

| graphC(h)|⌞(Rn+1 \ BR0) = V ⌞(Rn+1 \ BR0) (5.2.22)

For such V , following Definition 5.2.5, we can define the asymptotic rate of V to

C at infinity by,

AR∞(V ) = AR∞(V ;C) := AR∞(h) .

Note that by our convention, AR∞(V ;C) = −∞ if V coincide with C outside a large

ball.

If Σ ⊂ Rn+1 \ BΛ is a hypersurface, we denote AR∞(Σ) := AR∞(|Σ|).

For stationary integral varifolds with finite density at infinity, by Allard regularity

[All72,Sim83b], being asymptotic to C is equivalent to having |C| to be the tangent

varifold at ∞.

Remark 5.2.8. By (5.2.21), it’s clear that AR∞(V ) = AR∞(λ · V ) ≤ 1, ∀λ > 0.

And since the graphical function h satisfies the minimal surface equation on cone,

by combining Corollary 5.2.6 and Theorem A.0.1, we know that AR∞(V ) ∈ Γ(C) ∪

{−∞}. In Lemma 5.2.9 below, this will be refined to a decomposition of h into degree

AR∞(V ) part and faster decaying part.

Lemma 5.2.9. Suppose Σ ⊂ Rn+1 \ B1 is a minimal hypersurface asymptotic to C

near infinity, with γ := AR∞(Σ) ∈ (−∞, 1). Let h be the graphical function as in

(5.2.22), then

h(r, ω) = rγ(c+ c′ log r)w(ω) +O2(r
γ−ϵ) ,

for some (c, c′) ̸= (0, 0), where c′ = 0 unless γ = γ+1 = γ−1 (in which case C is not

strictly stable); Here ϵ = ϵ(C, γ) > 0; w ∈ Wγ is a unit eigenfunction of (∆S + |AS|2);

O2(r
γ−ϵ) means a function with C2

∗ -norm decaying like rγ−1−ϵ on C \ B1.

121



This characterization is well-known, at least when γ = γ±1 , in [HS85, 1.9]. For sake

of completeness, we sketch the proof here. In what follows, every constant depends

on the cone C.

Proof. Since Σ is minimal, h satisfies the minimal surface equation

MCh = −LCh+ RCh = 0

where by [CHS84, (2.2)],

RCh (r, ω) := N(rω, h/r,∇h) · ∇2h+ r−1P (rω, h/r,∇h) ;

|P (x, z, p)| ≤ C(|z| + |p|)2 ,

|N(x, z, p)| + |Pz(x, z, p)| + |Pp(x, z, p)| ≤ C(|z| + |p|) ,

r(|Nx(x, z, p) + Px(x, z, p)|) + |Nz(x, z, p)| + |Np(x, z, p)| ≤ C .

By elliptic estimate, for R >> 2R0,

∥∇Ch∥C0(A(R,2R)) +R∥∇2
Ch∥C0(A(R,2R)) ≤ CR−1−n/2∥h∥L2(A(R/2,4R)) .

Hence by definition, for any δ > 0, since R−γ−δ−n/2∥h∥L2(A(R,2R)) → 0 as R → +∞,

we have

|RCh|(R,ω) ≤ CδR
γ−2+(γ−1+2δ), ∀R >> 2R0 .

Fix δ > 0 such that γ − 1 + 3δ < 0 and σ := γ + (γ − 1 + 3δ) /∈ Γ(C). By Lemma

C.0.4, ∃u ∈ C∞(C \B2R0) solving LCu = RCh and

∥u(R, ·)∥L2(S) ≤ CRσ

But since LC(h − u) = 0 and ∀δ′ > 0, lim supR→∞R−γ+δ′∥h(R, ·)∥C0(S) > 0, by
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(C.0.4), h+ u = rγ(c+ c′ log r) + l.o.t. and so does h.

Example 5.2.10. (1) One natural example of minimal hypersurface asymptotic to

a given are-minimizing cone C near infinity is the Hardt-Simon foliation [HS85]

(see also Theorem 2.4.1), which lies on one side of C. Notice that by (2.4.2) and

(2.4.3), each of the Hardt-Simon foliation Σ ⊂ E+ has asymptotic rate,

AR∞(Σ;C) =


γ+1 , if C is strictly minimizing in E+ ;

γ−1 , if C is not strictly minimizing in E+ .

On the other hand, since the only eigenfunction of (∆S + |AS|2) that has a sign is

the first eigenfunction, Lemma 5.2.9 above guarantees that if V ∈ IVn(Rn+1\BΛ)

is a stationary integral varifold asymptotic to C near infinity. Then AR∞(V ;C) ∈

{γ±1 } if and only if spt(V ) lies on one side of C outside a sufficiently large com-

pact subset.

(2) Another typical example is the translation of the cone in Rn+1, which has asymp-

totic rate 0 near infinity by the following Lemma.

Lemma 5.2.11. Let C ⊂ Rn+1 be a regular minimal hypercone and x ̸= 0. Then

AR∞(C + x;C) = 0 .

Proof. First by implicit function theorem, there exists δ(C) ∈ (0, 1) such that for

every x ∈ Rn+1 with |x| ≤ δ(C), the map

Πx : C ∩ A(0, 1/4, 4) → C, p 7→ nearest point projection of p+ x onto C,

is a diffeomorphism onto its image, and its image contains A(0, 1/2, 3) ∩C. Also, if
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write ux be the graphical function of C+x over C in A(0, 1/2, 3), then we know that

ux(q) = ⟨Π−1
x (q) − q + x, νC(q)⟩, ∀q ∈ A(0, 1, 2).

And since ⟨Π−1
x (q) − q, νC(q)⟩ = O(|x|2), we have,

|ux(q) − ⟨x, νC(q)⟩| ≤ C(C) · |x|2. (5.2.23)

Now for a general x ∈ Rn+1 \0, since (C+x)/R = C+x/R, we know that C+x

is graphical over C outside the ball B|x|/δ(C), and the graphical function satisfies

ux(p) = Rux/R(p/R). Hence, for every |p| > |x|/δ(C) we have,

|ux(p) − ⟨x, νC(p)⟩| = R · |ux/R(p/R) − ⟨x/R, νC(p/R)⟩| ≤ C(C) · |x|2/|p|, (5.2.24)

where the last inequality follows by taking R = |p| and applying (5.2.23).

Also, observe that ⟨x, νC⟩ is a homogeneous function on C of degree 0, which

is not identically 0 since otherwise, C splits in x-direction and is not of isolated

singularity. By combining this with (5.2.24), one can check that AR∞(ux;C) = 0

from the definition.

The rest of this Subsection is devoted to proving the following asymptotic rate

lower bound of minimal hypersurface towards it’s tangent cone at infinity.

Theorem 5.2.12. Suppose V ∈ IVn(Rn+1) is a stationary integral varifold asymp-

totic to a regular stable minimal hypercone C near infinity, and V ̸= |C|. Then

(1) If C is one-sided minimizing (resp. strictly minimizing), then AR∞(V ) ≥

γ−1 (resp. γ+1 ). Moreover, if C is area minimizing and AR∞(Σ) = γ±1 , then Σ

has no singularity and lies on one side of C.

(2) If V = |Σ| for some stable minimal hypersurface Σ ⊂ Rn+1, then AR∞(Σ) ≥
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γ−1 . If further, AR∞(Σ) = γ±1 , then Σ has no singularity and lies on one-side

of C, inside which Σ and C are minimizing.

We start with some preparation. The following lemma is an analogue of [HS85,

Theorem 2.1] for stable minimal cones.

Lemma 5.2.13. Suppose Σ ⊂ Rn+1 be a connected stable minimal hypersurface with

finite density at infinity; Also suppose that Σ is contained in E+ outside a large ball,

i.e. ∃ R0 > 1 such that Σ \ BR0 ⊂ E+. Then

(1) Sing(Σ) = ∅, Σ is contained entirely in E+ and area-minimizing in E+.

(2) C is area-minimizing in Clos(E+).

(3) {r · Σ}r>0 foliates E+.

(4) Any stationary integral n-varifold V ∈ IVn(Rn+1) with sptV ⊂ E+ and having

the same density at ∞ as C is a rescaling of |Σ|.

Remark 5.2.14. (1) When C is a priori assumed to be area-minimizing, (1), (3),

(4) of Lemma 5.2.13 is a corollary of [HS85, Theorem 2.1] by a barrier argu-

ment. However, in the proof we present here, (1), (3) are established first based

on Theorem 3.1.1, and the one-sided minimizing property of C is part of the

conclusion. With (1) and (2), the proof of (4) is similar to [HS85]. For sake of

completeness, we also sketch the idea of (4).

(2) By solving Plateau problem with one-sided perturbed boundary, [HS85] shown

that such Σ in Lemma 5.2.13 do exist if C is area-minimizing. The similar argu-

ment also works for one-sided area-minimizers and even for irregular minimizing

hypercone, as is carried out in Section 3.4.4.

(3) We assert here that the stability assumption on Σ can’t be dropped. In fact

when

C = C5,1 := {(x, y) ∈ R6 × R2 : |x|2 = 5|y|2} ⊂ R8 ,
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is the Simons cone over S5 × S1, [Maz17] constructed two distinct families of

O(6) ×O(2)-invariant smooth minimal hypersurfaces asymptotic to C near in-

finity, each of which is closed under homothety. Recall that by [Sim74,Law91],

C5,1 is minimizing only in one side, hence Lemma 5.2.13 suggests that one of

the two families above is unstable. An interesting question, which we don’t have

space to discuss here, would be to determine its index.

Proof. To save the notation, we denote BR := Bn+1
R ∩Σ in this proof. Since Σ is stable

with finite density at infinity, by [SS81], any tangent varifold V∞ of |Σ| at infinity

is a stable minimal cone. And since Σ is contained in E+ outside a large ball, we

have spt(V∞) ⊂ Clos(E+). Then by 0 ∈ sptV∞ ∩ C and strong maximum principle

[SW89, Ilm96], we have spt(V∞) = C; Since C is regular, by [SS81] and [CSZ97], Σ

has only one end and hence V = |C|, i.e. Σ is asymptotic to C near infinity. Take

R0 > 1 and h ∈ C2(C) such that (5.2.21) and (5.2.22) holds.

Since Σ is contained in E+ near ∞, by a blow down argument and combining

Lemma C.0.3 and 5.2.9, see also [HS85, 1.9], we have when R → +∞,


either h(R,ω) = (c1 + c2 logR)Rγ+

1 w1(ω) +O2(R
γ+
1 −ϵ) ,

or h(R,ω) = c1R
γ−
1 w1(ω) +O2(R

γ−
1 −ϵ) ,

(5.2.25)

for some ϵ > 0; c1 + c2 logR > 0 for R > R0; c2 = 0 if and only if γ+1 = γ−1 =

−(n− 2)/2.

Let νΣ be the normal field of Σ, pointing away from C. Consider the function

ψ = (∇Rn+1|x|2) · νΣ on Σ. Note that |∇ψ|(x) ≤ |x| · |AΣ|x and LΣψ = 0; And

by [CN13], |AΣ| ∈ L7
weak(BR), |∇AΣ| ∈ L

7/2
weak(BR), thus ψ ∈ W 1,2(BR) for each

R > 0. By (5.2.25), ψ > 0 outside some large ball BR1 , R1 > R0; Hence by stability

of Σ and weak maximum principle, ψ > 0 on the whole Σ. Hence by Theorem 3.1.1,

ψ(x) → +∞ as x → Sing(Σ). But notice that by its definition, ψ is bounded on
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every BR. This means Sing(Σ) = ∅ and 0 /∈ Σ.

To show that Σ ⊂ E+, let Ω+ := E+ ∩ Sn and consider the smooth map

p : Σ → Sn x 7→ x

|x|

By ψ > 0, p is a diffeomorphism locally; By (5.2.25), p is diffeomorphism between

Σ \ BR1 and a collar neighborhood of S = ∂Ω+ in Ω+. By the following topological

Lemma 5.2.15, we see that p is a glocal diffeomorphism onto Ω+. Hence, Σ ⊂ E+ and

{r · Σ}r>0 foliates E+.

To show that Σ and C are area-minimizing in Clos(E+), it suffices to observe that

{r ·Σ}r>0 determines a calibration Θ := ιν+ dVolRn+1 on Clos(E+) \ {0}, where ν+ be

the normal vector field of {r · Σ}r>0, C
1 extended to Clos(E+) \ {0}. Hence, for any

R > 0, and any integral cycle T ∈ Zn(Rn+1),

MBR
(T ) ≥ ⟨T,Θ⟩ = ⟨[C],Θ⟩ = MBR

([C]) if spt([C] − T ) ⊂ BR

MBR
(T ) ≥ ⟨T,Θ⟩ = ⟨[Σ],Θ⟩ = MBR

([Σ]) if spt([Σ] − T ) ⊂ BR

We finally sketch the idea of (4). If V is a stationary integral n-varifold with the

same density at ∞ as C and sptV ⊂ E+, then by a similar argument as the first

part of this proof, |C| is the tangent varifold of V at infinity, and hence V could be

parametrized as a graph over C near infinity as in (5.2.22) and (5.2.25). Let

r+ := inf{r : for any R > r, sptV ∩R · Σ = ∅}

r− := sup{r : for any R < r, sptV ∩R · Σ = ∅}

By (5.2.25) and strong maximum principle, 0 < r− = r+ <∞ and V = |r+ · Σ|.

Lemma 5.2.15. Let N be a connected compact n manifold with nonempty boundary,

M be a closed simply connected n manifold, p : N → M be a local diffeomorphism
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onto its image, and restricted to a bijection near ∂N . If M \ p(∂N) = M+ ⊔M− has

2 connected component, with p(N) ∩M+ ̸= ∅, then p is a diffeomorphism onto M+.

Proof. Notice that the glued map p∪∂N idM− : N ∪∂N M− →M is a local homeomor-

phism between closed manifolds, hence a covering map. Since N is connected and M

is simply connected, this is a bijection, so is p.

Lemma 5.2.16. Let Σ ⊂ Rn+1 be a stable minimal hypersurface. Then the space of

positive Jacobi field on Σ is nonempty, i.e.

G(Σ) := {u ∈ C∞(Σ) : LΣu = 0, u > 0} ≠ ∅ .

Moreover, if Σ is asymptotic to C near infinity for some regular minimal hypercone

C, assume WLOG (by a rescaling) Sing(Σ) ⊂ B1, then for every ϵ > 0,

u(x) ≥ C(Σ, ϵ, u)|x|γ
−
1 −ϵ > 0, ∀x ∈ Σ \ B2 .

Proof. To see G(Σ) ̸= ∅, consider an exhaustion {Ui}i≥1 of Σ and Bi := Bri(pi)∩Σ ⊂⊂

Ui, where pi → ∞, ri ∈ (0, 1). Let ui ∈ W 1,2
0 (Ui) be the solution of LΣui = 0 on

Ui \Bi and ui = 1 on Bi. By the stability of Σ and maximum principle, ui > 0 on Ui;

Also let q ∈ Σ be fixed. Then by Harnack inequality, up to a subsequence,

ui/ui(q) → u∞ in C∞
loc(Σ) ,

for some positive Jacobi field u∞ ∈ G(Σ).

To deduce the lower bound of u near infinity, suppose WLOG that h ∈ C∞(C)

and R0 = 1 such that (5.2.21) and (5.2.22) holds for V = |Σ|. Parametrize Σ \ B1 by

C → Σ x 7→ x+ h(x)ν(x)
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By (5.2.21), under this parametrization and the normal coordinates of C, LΣ =

a0 · ∂i(aij∂ju) + |AΣ|2u, where

sup
ω∈S

|a0 − 1|(R,ω) + |aij − δij|(R,ω) +R2
∣∣|AΣ|2 − |AC|2

∣∣(R,ω) → 0 as R → ∞ .

Consider for each R > 2, vR ∈ C∞(C \ B2/R) defined by

vR(r, ω) := u(rR, ω)/ inf
∂BR

u

By elliptic estimate, up to subsequences, vR → v∞ in C0
loc(C) for some positive Jacobi

fields v∞ on C with infSn∩C v∞ = 1. By Lemma C.0.3,

v∞(r, ω) ≥ C(S)rγ
−
1 . (5.2.26)

The lower bound of decaying rate for u then follows from (5.2.26) and an approxima-

tion argument.

Proof of Theorem 5.2.12 (1). Let Σ+ = ∂P+ be the leaf of Hardt-Simon foliation in

Theorem 2.4.1 lying on the side E where C is minimizing (resp. strictly minimizing),

P+ ⊂ E; Let h+, h be the garphical functions of Σ+ and V correspondingly over C.

Suppose for contradiction that AR∞(V ) < γ−1 (resp. γ+1 ). Then by Lemma 5.2.9,

(2.4.2) and (2.4.3), h+ > h near infinity. Hence for R >> 1, R · P+ ∩ spt(V ) = ∅. By

considering

inf{R : s · P+ ∩ spt(V ) = ∅, ∀s > R} ,

and using the strong maximum principle [SW89], we see that spt(V ) ⊂ Rn+1\Clos(E),

i.e. lying on the other side of C. Then by Lemma 5.2.13 and Theorem 2.4.1, V is a

rescaling of Hardt-Simon foliation on the compliment of Clos(E) and thus AR∞(V ) ≥

γ−1 (resp. = γ+1 ), from which we get a contradiction.
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If AR∞(V ) ∈ {γ±1 }, then by Lemma 5.2.9, spt(V ) lies on one side of C near

infinity. By using the Hardt-Simon foliation on the other side and strong maximum

principle as above, one see that spt(V ) lies entirely on one side of C, hence becomes

a leaf of Hardt-Simon foliation by Theorem 2.4.1.

Proof of Theorem 5.2.12 (2). Consider ψ := ∇Rn+1|x|2 · νΣ. By Lemma 5.2.9, if

AR∞(Σ) < γ−1 , then for each ϵ > 0, ∃ R(Σ, ϵ) > 1 such that

|ψ(x)| ≤ |x|γ
−
2 +ϵ, ∀|x| > R(Σ, ϵ) .

On the other hand, let v ∈ G(Σ) be a positive Jacobi field on Σ. By Theorem 3.1.1,

Lemma 5.2.16 and weak maximum principle, ∃ c > 0 such that cv > ψ on Σ. Consider

the smallest one among all such c and using strong maximum principle, we conclude

that ψ = 0 and thus Σ = C, which contradicts to our assumption. This proves the

lower bound on AR∞(Σ).

When AR∞(Σ) ∈ {γ±1 }, the conclusion follows from Lemma 5.2.9 and 5.2.13.

5.2.3 A general local growth dichotomy

We close this section by the following local growth dichotomy, which plays a central

role in studying induced Jacobi fields and full generic regularity in Chapter 6.

Lemma 5.2.17. Let Λ,Λ′ > 1, σ > 0, κ > 0; K(σ,Λ,Λ′) > 2 be given by Corollary

5.2.3. Then there exists δ0(Λ,Λ
′, σ, κ) > 0 with the following significance.

Let C ∈ C n
Λ,Λ′ be a regular stable minimal hypercone; γ ∈ (−Λ, 1) be such that

distR(γ,Γ(C) ∪ {−(n− 2)/2}) ≥ σ.

Let {(gij, V
i
j )}1≤j≤∞,i=0,1 be a family of pairs such that
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(a) gij are C4 Riemannian metrics on Bn+1
2 such that

∥g1j − g0j∥C4 → 0 as j → ∞, ∥g0j − geuc∥C4 ≤ δ0 for every j ≥ 1 ;

(b) V i
j ∈ IVn(Bn+1

2 ) are gij-stationary such that,

FB2(V
1
j , V

0
j ) → 0 as j → ∞; V 0

j = | graphC,geuc(v
0
j )|⌞Bn+1

2 ,

for some v0j ∈ C4(C) with ∥v0j∥C2
∗ ,B2

≤ δ0.

We further assume that Σj := spt(V 0
j ) is a g0j -minimal hypersurface in B2 with isolated

singularity at 0; And let

τj := inf{t ∈ (0, 1) : V 1
j ⌞A(0; t, 1) = | graphΣj ,g0j

(uj)|⌞A(0; t, 1), with ∥uj∥C2
∗ ≤ δ0}.

(5.2.27)

Then after passing to a subsequence, either of the following hold for j ≥ 1,

(i) τj > 0 and there exists a linear map T ∈ GLn+1(R) δ0-close to idRn+1 such

that τ−1
j · T♯V 1

j F-converges to some geuc-stationary V̂∞ ∈ IVn(Rn+1) which

doesn’t equal to |C| and asymptotic to C near infinity, with asymptotic rate

AR∞(V̂∞,C) < γ. We call such V̂∞ a minimal blow-up limit of {V 1
j }j≥1;

(ii) For every t ∈ (2K3τj, 1), we have

max{Jγ
K(uj;K

−1t), κ∥g1j − g0j∥C4} ≤ max{Jγ
K(uj; t), κ∥g1j − g0j∥C4} ,

where uj is the graphical function in (5.2.27), Jγ
K = Jγ

K;Σ0
j ,g

0
j
is defined by

Jγ
K;Σ,g(u; r)2 :=

∫
Ag(0,K−1r,r)

u2(x) · |distg(0, x)|−2γ−n d∥Σ∥g(x) . (5.2.28)
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Note that by its definition we have,

C(K,Λ)−1 ≤
Jγ
K;Σ,g(u; r)rγ+n/2

∥u∥L2(Ag(0,K−1r,r);∥Σ∥g)
≤ C(K,Λ). (5.2.29)

Thus, Lemma 5.2.17 (ii) provides a growth rate bound between different scales.

Proof of Lemma 5.2.17. By composing with a linear map δ0-close to idRn+1 , we can

assume that

∥g0j |0 − geuc∥ → 0, lim sup
r↘0

lim sup
j→∞

∥v0j∥C2
∗ ,Br

= 0 .

First note that by Allard Regularity Theorem [All72], τj → 0 as j → ∞. We

parametrize Σ0
j graphically by C such that distΣ0

j ,g
0
j
(0, ·) = distC(0, ·); And we view

the graphical function uj given by (5.2.27) as a function on C by this parametrization.

Let ε = ε(σ,Λ,Λ′) be given by Corollary 5.2.3. Then by Theorem A.0.1, we can choose

δ0(σ,Λ,Λ
′, κ) << 1 such that

(1 − ε/10) ≤
Jγ

K;Σ0
j ,g

0
j
(v; r)

Jγ
K;C,geuc

(v; r)
≤ (1 + ε/10), ∀v ∈ L2

loc(B1) and r ∈ (0, 1) . (5.2.30)

and that every rescaling u
(r)
j (x) := r−1uj(rx), r ∈ (K3τj, 1) satisfies equation on

A(0; 2τj/r, 1) of the following form

divC(∇Cu
(r)
j + b⃗0) + |AC|2u(r)j + b1 = 0 , (5.2.31)

|⃗b0(x)| + |b1(x)| ≤ ε
(
|x|−1|u(r)j | + |∇u(r)j | + C(K,Λ) · κ∥g1j − g0j∥C4(B2)

)
. (5.2.32)

Here C(K,Λ) is given by (5.2.29).

Now suppose (ii) of Lemma 5.2.17 fails for any subsequence, namely for j >> 1,
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there exists tj ∈ (2K3τj, 1) such that

Jγ

K;Σ0
j ,g

0
j
(uj;K

−1tj) > max{Jγ

K;Σ0
j ,g

0
j
(uj; tj), κ∥g1j − g0j∥C4(B2)} .

This means ûj := u
(tj)
j satisfies

Jγ
K;C,geuc

(ûj;K
−1) > (1 + ε)−1max{Jγ

K;C,geuc
(ûj; 1), tγ−1

j κ∥g1j − g0j∥C4(B2)} ,

Hence by combining (5.2.29) and (5.2.32) we see that ûj satisfies (5.2.31) with point-

wise error estimate,

|⃗b0(x)| + |b1(x)| ≤ ε
(
|x|−1|ûj| + |∇ûj| + ∥ûj∥L2(A(0;K−2,K−1))

)
.

Therefore, Corollary 5.2.3 applies to imply that

Jγ
K;C,geuc

(ûj;K
−2) > (1 + ε)Jγ

K;C,geuc
(ûj;K

−1) .

Repeat the argument above inductively for u
(tj ·K−l)
j , 0 ≤ l < logK(tj/τj) − 3, and by

combining (5.2.30) we deduce that

l 7→ Jγ
K(uj; tjK

−l) is increasing in 0 ≤ l < logK(tj/τj) − 2 . (5.2.33)

Since γ < 1, by (5.2.29) and definition of τj, we see that τj > 0; By Allard Compact-

ness Theorem, τ−1
j · V 1

j will F-subconverges to some geuc-stationary V̂∞ ∈ IVn(Rn+1)

which is graphical over C outside Bn+1
2 and not equal to |C|; And by (5.2.33), the

definition of asymptotic rate and Remark 5.2.8, we know that AR∞(V̂∞;C) < γ.

This means (i) holds in Lemma 5.2.17.

Here’s a direct Corollary of this growth dichotomy. For more applications, see

Section 6.7.
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Corollary 5.2.18. Suppose Σ ⊂ (Bn+1
2 , g) is a LSMH with 0 ∈ Sing(Σ) such that the

tangent cone C0 is strictly minimizing. Let {Vj}j≥1 be a family of stationary integral

varifold in (B2, g) which converges in varifold sense to |Σ|⌞(B2, g).

Let σ ∈ (−∞, γ+1 ) \ (Γ(C0) ∪ {−(n − 2)/2}) be fixed; Then there exist constants

K(C0, σ) > 2, δ1(C0, σ) ∈ (0, 1) and s0(Σ,C0, σ) ∈ (0, 1/2) such that the following

holds.

Suppose ∥g − geuc∥C3 ≤ δ1; rj ↘ 0+ and ∥vj∥∗2,Arj ,1
≤ δ1 is the graphical function

of Vj over Σ, i.e. Vj⌞A
g
rj ,1

= | graphΣ(vj)|⌞Ag
rj ,1

. Let ρ be the distant function on Σ

to 0. Then for j >> 1, the following pointwise bound holds on AKrj ,s0/K,

|vj|/ρ+ |∇vj| ≤ C(σ,C0,Σ)ρσ−1 ·

(∫
As0/K,s0

v2j

)1/2

.

Proof. Lemma 5.2.17 applies by first rescaling Σ. And by Theorem 5.2.12, there’s

no non-conic geuc-stationary integral varifold with asymptotic rate < γ+1 to a strictly

minimizing hypercone. Hence the dichotomy (ii) happens in Lemma 5.2.17, allowing

us to get an L2 bound of vj on each Ar,Kr in terms of
∫
As0/K,s0

v2j ; Then since vj solves

the minimal surface equation, classical interior Schauder estimate [GT01] yields the

pointwise C1 bound in the Corollary.

5.3 Spectral Analysis on LSMH

Throughout this Section, let Σ ⊂ (M, g) be a two-sided locally stable minimal hyper-

surface (LSMH) in a Riemannian manifold with a unit normal field ν; U ⊂⊂M will

always be a smooth domain with ∂U transversely intersect with Reg(Σ); U := U ∩Σ

and Ū := Clos(U)∩Σ. Let LΣ, QΣ be the Jacobi operator and its associated quadratic

form as in (2.3.2), (2.3.1), where we omit subscript g to save notation. For our ap-
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plications below, we may also deal with the weighted quadratic forms

Qh
Σ(ϕ, ϕ) := QΣ(ϕ, ϕ) +

∫
Σ

hϕ2 ,

for a given h ∈ L∞(Σ), and its associated operator LΣ − h.

5.3.1 Linear analysis in large

Note that we do not require Sing(Σ) to be isolated in this subsection. We start with

a basic observation,

Lemma 5.3.1. There’s a constant C0 = C0(Σ,M, g, U) > 0 such that ∀ϕ ∈ C1
c (U),

QΣ(ϕ, ϕ) + C0∥ϕ∥2L2(Σ) ≥ 0 .

Proof. Let {Uj ⊂M} be a finite open cover of Clos(U) such that Σ is stable in each

Uj; Let {η2j} be a partition of unity on {Uj} such that ηj is also smooth. Then

∀ϕ ∈ C1
c (U ∩ Σ), since ηj · ϕ is support in Uj,

QΣ(ϕ, ϕ) =

∫
Σ

∑
j

|∇ϕ|2η2j −
∑
j

(|AΣ|2 +RicM(ν, ν))ϕ2η2j

=
∑
j

QΣ(ϕηj, ϕηj) −
∑
j

∫
Σ

(
∇(ϕ2) · ηj∇ηj + ϕ2|∇ηj|2

)
=
∑
j

QΣ(ϕηj, ϕηj) +
∑
j

∫
Σ

ϕ2
(
div(ηj∇ηj) − |∇ηj|2

)
≥
∫
Σ

(∑
j

ηj · ∆ηj

)
ϕ2 .

(5.3.1)

Since Σ is minimal,

|∆ηj| = |∆Mηj −∇2
Mηj(ν, ν)| ≤ n|∇2

Mηj| .
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Hence,
∑

j ηj ·∆ηj is bounded from below by some constant −C0 = −C0(M, g,Σ, U).

This proves the Lemma.

Such C0 in the Lemma will be fixed throughout this Section. Consider the Hilbert

space given by metric completion B(U) := C1
c (Ū)

∥·∥B
and B0(U) := C1

c (U)
∥·∥B

where

∥ϕ∥2B(U) := QΣ(ϕ, ϕ) + (C0 + 1)∥ϕ∥2L2(U) . (5.3.2)

Note that by definition and Lemma 5.3.1,

−C0∥ϕ∥2B(U) ≤ QΣ(ϕ, ϕ) ≤ ∥ϕ∥2B(U) , ∀ϕ ∈ C1
c (Ū) .

Hence, the quadratic form QΣ extends to a bilinear form on B(U).

B(U) (resp. B0(U)) will play the similar role as W 1,2(U) (resp. W 1,2
0 (U)) for

inverting LΣ or finding eigenfunctions. In fact, B0(U) = W 1,2
0 (U) provided L = LΣ

satisfies the coercivity condition

∫
Σ

|∇ϕ|2 ≤ δ−1(

∫
Σ

−ϕ · Lϕ+

∫
Σ

ϕ2), ∀ ϕ ∈ C2
c (Σ ∩ U) . (5.3.3)

for some δ > 0. In particular, this is true when every singularity is strongly isolated

and strictly stable. However, when Σ has non-strictly stable tangent cones, this will

always fail, and W 1,2
0 ⊊ B0. See the following Example 5.3.3.

On the other hand, Lemma 5.3.1 asserts that ∥ϕ∥B ≥ ∥ϕ∥L2 , hence there’s a

natural continuous embedding B(U) ↪→ L2(U). It’s convenient to have the following

characterization for ϕ ∈ L2(U) to be in B(U).

Lemma 5.3.2. Suppose ϕ ∈ L2(U). Then the following are equivalent,

(1) ϕ ∈ B(U) (resp. B0(U));

(2) ϕ ∈ W 1,2
loc (U); And for any decreasing family . . . Vj ⊃⊃ Vj+1 . . . of neighborhood
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of Sing(Σ) with
⋂

j Vj = Sing(Σ), there are ϕj ∈ W 1,2(U) (resp. W 1,2
0 (U)) such

that spt(ϕj − ϕ) ⊂ Vj, spt(ϕj) ∩ VNj
= ∅ for some Nj >> j, and supj ∥ϕj∥B <

+∞.

(3) ∃ϕj ∈ B(U)∩L2 (resp. B0(U)∩L2) such that ϕj → ϕ a.e. and lim sup ∥ϕj∥B <

+∞.

Proof. Clearly (2) implies (3); To see (3) implies (1), first observe that by weak

compactness of Hilbert space and Banach-Saks Theorem, if ϕj is uniformly bounded

in B, then there’s a subsequence ϕkj such that (
∑m

j=1 ϕkj)/m → ϕ′ in B(U) (resp.

in B0(U)) as m→ ∞. Since B ↪→ L2 and that ϕj → ϕ a.e., we have ϕ = ϕ′ ∈ B(U)

(resp. ϕ ∈ B0(U)).

Now we shall prove (1) implies (2) beginning with ϕ ∈ B0(Σ); the proof when

ϕ ∈ B(Σ) is similar.

Claim. If Ω ⊂⊂ U , then for every φ ∈ C1
c (U),

∥φ∥W 1,2(Ω) ≤ C(Ω,U ,Σ,M, g)∥φ∥B(U) .

Proof of the Claim. Take a finite open cover {Wl}l≥0 of Clos(U) in M such that

Clos(Ω) ⊂ W0 ⊂⊂ M \ Sing(Σ), and that Wl ∩ Ω = ∅ and Σ is stable in Wl for

l ≥ 1. Let {η2l }l≥0 be a partition of unity for {Wl} such that ηl are also smooth. By

the same computation in (5.3.1) we have,

QΣ(φ, φ) = QΣ(η0φ, η0φ) +
∑
l≥1

QΣ(ηlφ, ηlφ) +
∑
l≥0

∫
φ2(ηl∆Σηl)

≥ QΣ(η0φ, η0φ) − C({ηl})∥φ∥2L2 ≥
∫
Ω

|∇φ|2 − C(Ω, {ηl})∥φ∥2L2 .

Together with the fact that ∥φ∥L2 ≤ ∥φ∥B, this completes the proof of Claim.

Now to prove (1) implies (2), let φk ∈ C1
c (U) be a Cauchy sequence in B0(U)
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which converges to ϕ. Then by the claim, ϕ ∈ W 1,2
loc (U).

For every nested neighborhood {Vj}j≥1 in (2), let ξj ∈ C∞
c (Vj, [0, 1]) be a cut-off

which equals to 1 on Vj+1. For each fixed j, let ψk := ψ
(j)
k := (1 − ξj)ϕ+ ξjφk. Then

by the similar computation as in (5.3.1) we have,

QΣ(ψk − ψk′ , ψk − ψk′)

=

∫
U
−ξj∆ξj(φk − φk′)

2 + ξ2j
(
|∇(φk − φk′)|2 − (|AΣ|2 +RicM(ν, ν))(φk − φk′)

2
)

≤ C(ξj)∥φk − φk′∥2L2 +QΣ(φk − φk′ , φk − φk′)

+

∫
U\Vj+1

|∇(φk − φk′)|2 +
∣∣|AΣ|2 + RicM(ν, ν)

∣∣ (φk − φk′)
2

≤ C(ξj, Vj, Vj+1)∥φk − φk′∥2B ,

where the last inequality follows form the Claim. Hence {ψk}k≥1 is also a Cauchy

sequence in B0(U), which still converges to ϕ. Thus we can choose kj >> j such that

∥ψ(j)
kj

− ϕ∥B ≤ 2−j, and Nj >> j such that spt(ψj
kj

) ∩ VNj
= ∅. Thus ϕj := ψ

(j)
kj

is

what we want in (2).

The following example shows that for non-strictly stable singularity model, B0 ̸=

W 1,2
0 . It also suggests a unified behavior of the spectral theory for non-strictly stable

and strictly stable minimal cones.

Example 5.3.3. Let Σ = C ⊂ Rn+1 be a regular stable minimal hypercone which

is not strictly stable, i.e. µ1 = −(n−2
2

)2; Let U = Bn+1
1 and U = B1 ⊂ C. Use the

notations and parametrization as in (5.2.3). Let u(r, ω) := r−(n−2)/2w1(ω). Then

∥∇u∥2L2(B1(0))
=

∫ 1

0

rn−1 dr

∫
S

|∂ru|2 +
1

r2
|∇Su|2 dω = +∞ .
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But we can construct

uj(r, ω) := max{r, 1

j
}−(n−2)/2 · w1(ω) .

Clearly uj ∈ W 1,2(U) ⊂ B(U) and uj → u pointwisely. We verify now that supj ∥uj∥B <

+∞. In fact, notice that LCu = 0 on B1 \B1/j, thus,

QC(uj, uj) =

∫
B1\B1/j

|∇u|2 − |AC |2u2 +

∫
B1/j

|∇uj|2 − |AC |2u2j

=

∫
∂B1

u∂ru−
∫
∂B1/j

u∂ru−
∫
A(1/j,1)

u · LCu

+

∫ 1/j

0

rn−1 dr

∫
S

r−2(|∇Suj|2 − |AS|2u2j) dω

=

∫
∂B1

(−n− 2

2
) · r−n+1w2

1 −
∫
∂B1/j

(−n− 2

2
) · r−n+1w2

1 − 0

+

∫ 1/j

0

rn−3 dr

∫
S

jn−2 · (|∇Sw1|2 − |AS|2w2
1) dω

≤ C(n) .

And ∥uj∥2L2 ≤ ∥u∥2L2 ≤ C(n). Therefore, by Lemma 5.3.2, u ∈ B(U).

On the other hand, let v = −r−(n−2)/2 log r · w1 on B1, then v ∈ W 1,2
loc (C) and v

solves the equation LCv = 0 on B1. However, we shall see that that v /∈ B(U). In

fact, by Lemma 5.3.2, consider ∀0 < s < t < 1, the function vs,t that achieves,

inf{QC(ϕ, ϕ) : ϕ ∈ C1
c (C), ϕ = v on C \Bt, spt(ϕ) ∩Bs = ∅} .

139



By writing down the Euler-Lagrangian equation and solving an ODE, we have

vs,t(r, ω) =



v(r, ω), if t ≤ r ≤ 1 ;(
log t · log s

log t− log s
− log t

log t− log s
log r

)
· r−

n−2
2 w1(ω), if s ≤ r ≤ t ;

0, if 0 < r < s .

Therefore,

QC(vs,t, vs,t) = (− log t) +
(− log t)2

log t− log s
≥ (− log t) .

And then ∥vs,t∥B → +∞ when t→ 0. Hence by Lemma 5.3.2, v /∈ B(U).

As a final remark, by comparing solutions to LCu = 0 on B1 with harmonic

functions on Bn
1 \{0}, the calculation above suggests that we should view r−(n−2)/2 ·w1

as a solution with finite energy, and view r−(n−2)/2 log r · w1 as a Green’s function.

To study the spetral theory of LΣ, we may wish that B ↪→ L2 is also compact.

Definition 5.3.4. We call Σ satisfy the L2-nonconcentration property in U , if

for any ϵ > 0, there’s a sufficiently small neighborhood Vϵ ⊃ Sing(Σ) ∩ U such that

∫
Σ∩Vϵ

ϕ2 ≤ ϵ · ∥ϕ∥2B, ∀ϕ ∈ C1
c (U) . (5.3.4)

Proposition 5.3.5. Suppose Σ satisfies the L2-nonconcentration property in U ; h ∈

L∞(U). Then,

(1) B0(U) ↪→ L2(U) is compact.

(2) ∃ λ1 < λ2 < λ3 < ... ↗ +∞ and finite dimensional pairwise L2-orthogonal

linear subspaces {Ej}j≥1 of B0(U) ∩ C∞(U) such that

(−LΣ + h)ϕ = λjϕ, ∀ϕ ∈ Ej ;
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and that

L2(U) =
⊕
j≥1

Ej

L2

; B0(U) =
⊕
j≥1

Ej

B

.

Moreover, dimE1 = 1 and any 0 ̸= ϕ1 ∈ E1 is nowhere vanishing in U .

(3) If (LΣ − h)
∣∣
B0

is nondegenerate, i.e. λj ̸= 0 for all j ≥ 1 in (2). Then for

each f ∈ L2(Σ),

(−LΣ + h)ϕ = f, on U ,

has a unique solution ϕ ∈ B0(U). Moreover, we have energy-type estimate

∥ϕ∥B(U) ≤ C(h,Σ, U,M, g)∥f∥L2 .

(4) Suppose −LΣ + h is strictly positive, i.e. λ1 > 0 in (2). Suppose u ∈ B(U)

satisfies (−LΣ + h)u ≥ 0 in the distribution sense, i.e. ∀ϕ ∈ C∞
c (U ;R+),

∫
U
∇u · ∇ϕ− (|AΣ|2 + RicM(ν, ν) − h)u · ϕ ≥ 0 .

Also assume that either ∂U ∩ Sing(Σ) = ∅ and u|∂U ≥ 0, or u ∈ B0(U). Then

u ≥ 0 on U .

(5) There exists ϑ ∈ C∞
c (Ū) such that −LΣ + h+ ϑ is strictly positive on B0(U).

(6) {f ∈ C∞
c (U) : (−LΣ+h+f)|B0 is nondegenerate} is open and dense in C∞

c (U).

Remark 5.3.6. Proposition 5.3.5 (4) is usually called weak maximum principle

for −LΣ + h. The techinical assumption on boundary value of u, which is used to

guarantee that u− ∈ B0(U), is conjectured to be simply replaced by u|∂U ≥ 0.

Proposition 5.3.5 (6) shows that −LΣ + h being non-degenerate is a generic prop-

erty.

Proof of Proposition 5.3.5. (1) Suppose {ϕk} is a bounded sequence in B0(U), WLOG
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∥ϕk∥B ≤ 1. Then by the proof of Lemma 5.3.2, for every subdomain Ω ⊂⊂ Σ,

∥ϕk∥W 1,2 ≤ C(Σ,M, g,Ω). By Reilly Compactness Theorem [GT01] and Lemma

5.3.2, up to a subsequence of k → ∞, ϕk → ϕ in L2(Ω) for some ϕ ∈ B0(U),

∀Ω ⊂⊂ Σ. We shall see that ∥ϕk − ϕ∥L2 → 0, which proves the compactness. In fact,

∀ϵ > 0, let Vϵ be the neighborhood of Sing(Σ) in Definition 5.3.4, then

lim sup
k→∞

∫
Σ

(ϕk − ϕ)2 ≤ lim sup
k→∞

∫
Vϵ

(ϕk − ϕ)2 + lim
k→∞

∫
V c
ϵ

(ϕk − ϕ)2

≤ 4ϵ∥ϕk∥2B + 0 ≤ 4ϵ .

Let ϵ→ 0, we see that ϕk → ϕ in L2(Σ).

(2) and (3) follows directly from (1) and the standard method in spectral theory. We

omit the proof here.

To prove (4), notice that in either case, there exists uj ∈ C1(Ū) converges to u

in B(U) such that u−j := (|uj| − uj)/2 ∈ W 1,2
0 (U). And since u−j → u− a.e. and

∥u−j ∥B ≤ ∥uj∥B, by Lemma 5.3.2, u−j weakly converges to u− in B0(U) as j → ∞.

Using u− as a text function we have,

0 ≤ QΣ(u, u−) +

∫
U
h · uu−

= lim
j→∞

QΣ(uj, u
−
j ) +

∫
U
h · uju−j

= lim
j→∞

−QΣ(u−j , u
−
j ) −

∫
U
h · (u−j )2 ≤ −λ1 · lim inf

j→∞
∥u−j ∥L2(U).

This means u− = 0, i.e. u ≥ 0.

To prove (5), first observe that since Σ satisfies the L2-nonconcentration property

in U , there exists a small neighborhood V0 ⊃ Sing(Σ) such that ∀ϕ ∈ C1
c (U ∩ V0),

Qh
Σ(ϕ, ϕ) := QΣ(ϕ, ϕ) +

∫
Σ

hϕ2 ≥ 0 .
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Let V1 ⊂⊂M\Sing(Σ) be an open subset such that V0∪V1 ⊃ Clos(U). Let {η20, η21} be

the partition of unity corresponding to V0,V1. Let β(> −∞) be the first eigenvalue of

−LΣ +h on B0(V1∩Σ). Then by the same argument as (5.3.1), for each ϕ ∈ C∞
c (U),

Qh
Σ(ϕ, ϕ) = Qh

Σ(ϕη0, ϕη0) +Qh
Σ(ϕη1, ϕη1) +

∫
Σ

ϕ2(η0∆η0 + η1∆η1)

≥
∫
V1

ϕ2(βη21 + η0∆η0 + η1∆η1) .

(5.3.5)

Hence take ϑ ∈ C∞
c (Ū ;R+) such that ϑ ≥ 1 + |β+ η0∆η0 + η1∆η1| on V1, we see from

(5.3.5) that −LΣ + h+ ϑ is strictly positive on B0(U).

To prove (6), first note that openness follows directly from (2); To see denseness,

denote for simplicity Lh := LΣ−h and K := Ker(−Lh) ⊂ B0(U). By arbitrariness of

h, it suffices to show that if K ̸= 0, then there exists f ∈ C∞
c (U) such that −Lh + tf

is non-degenerate on B0(U) for sufficiently small |t|.

Choose f by the following approach. Let {Ul ⊂⊂ U}l≥1 be an increasing exhaus-

tion of U , and fl ∈ C∞
c (U ; [0, 1]) be a family of cut-off which restricts to 1 on Ul.

Clearly, fl → 1 on U weakly in L∞, hence for sufficiently large l, the bilinear form on

K ×K, (ϕ1, ϕ2) 7→
∫
U flϕ1ϕ2 dx is nondegenerate. Choose f = fl for such l.

To show −Lh + tf is non-degenerate for |t| << 1, suppose for contradiction that

∃ ti → 0 and ui ∈ Ker(−Lh+tif)∩B0(U) with ∥ui∥L2 = 1. Let vi be the L2-orthogonal

projection of ui onto K; And let {Ej}j≥1 be the L2-orthogonal eigensubspaces of −Lh

given in (2), with corresponding eigenvalues λ1 < λ2 < ... ↗ +∞. Multiply the

equation Lh(ui − vi) = tifui with ϕ ∈ Ej, integrate by parts and take sum over j we

see that

∥ui − vi∥L2 ≤ λ−1|ti|∥f∥L∞

where λ := inf{|λj| : λj ̸= 0} > 0. Let ûi := (ui − vi)/ti, since ûi satisfies the

equation Lhûi = fui and the L2 bound above, by integration by part we have

lim supi ∥ûi∥B(U) ≤ C < +∞; Also, since vi ∈ K and ∥vi∥L2 ≤ 1, we have lim supi ∥vi∥B <
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+∞.

By compactness assumption for B0(U) ↪→ L2 we conclude that up to a subse-

quence, ûi → û∞, vi → v∞ both in L2(U); And they satisfy ∥v∞∥L2 = 1, Lhû∞ = fv∞.

Multiply by ϕ ∈ K and take integration by part, we see that

∫
U
fv∞ · ϕ = 0 for every ϕ ∈ K

This contradicts to the choice of f .

We finish this Subsection by discussing a corollary of the L2-nonconcentration

property. First recall (2.3.3) the index of a singular minimal hypersurface Σ in U ⊂M

is defined by

index(Σ, U) := sup
{

dim V : V ⊂ Xc(U) be a linear subspace such that

d2

ds2

∣∣∣
s=0

H n(esX(Σ)) < 0, ∀0 ̸= X ∈ V .
}

Corollary 5.3.7. Suppose Σ satisfies the L2-nonconcentration property in U . Let

λ1 < λ2 < λ3 < ...↗ +∞ be the spectrum of LΣ on B as in Proposition 5.3.5, where

h = 0; and Ej be the L2-eigenspaces. Then

index(Σ, U) =
∑
λj<0

dimEj .

In particular, Σ has finite index.

Combined with Lemma 5.3.9 in next Subsection, this partially answers a question

proposed by A. Neves.

Corollary 5.3.8. Let Σ be a closed, locally stable minimal hypersurface in an 8

dimensional manifold, then Σ has finite index.
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Proof of Corollary 5.3.7. First recall that if X ∈ Xc(U), then ϕ := X · ν ∈ W 1,2
0 (U),

and

d2

ds2

∣∣∣
s=0

H n(esX(Σ)) < 0 if and only if QΣ(ϕ, ϕ) < 0 . (5.3.6)

Hence, we define

indexc(Σ, U) := sup{dim Vc : Vc ⊂ C∞
c (Σ ∩ U) and QΣ(ϕ, ϕ) < 0, ∀0 ̸= ϕ ∈ Vc} ;

indexB(Σ, U) := sup{dim VB : VB ⊂ B0(U) and QΣ(ϕ, ϕ) < 0, ∀0 ̸= ϕ ∈ VB} .

Since for each ϕ ∈ C∞
c (U), ϕν could be extended to a smooth vector field in M

supported in U , by (5.3.6) and Proposition 5.3.5, we have

indexc(Σ, U) ≤ index(Σ, U) ≤ indexB(Σ, U) =
∑
λj<0

dimEj .

On the other hand, since C∞
c (U) is dense in B0(U), we conclude that indexc(Σ, U) =

indexB(Σ, U).

5.3.2 L2-nonconcentration for strongly isolated singularities

In this subsection, we keep assuming that Σ has only strongly isolated singularities.

The goal of this Subsection is the following.

Lemma 5.3.9. Suppose Σ has only strongly isolated singularities and ∂U∩Sing(Σ) =

∅. Then, Σ satisfies the L2-nonconcentration property in U .

The proof is based on a refined analysis near singularities. Since Σ has only

strongly isolated singularities, by a cut-off argument similar to the proof of Lemma

5.3.1, it suffices to work near each singularity p. In the proof below, we shall view

Bg
τ0

(p) as a open ball in TpU by exponential map, and parametrize Σ ∩ Bg
τ0

(p) by
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the tangent cone Cp = CpΣ as in Lemma 2.3.1. Recall that Br denote the r-ball

in Cp centered at origin, and we shall abuse the notation to also view it as an open

subset in Σ by the parametrization. We may write for simplicity C := Cp. And let

S := C ∩ Sn; r2 = r2(Σ,M, g) ∈ (0, τ0/10) be fixed such that Σ is stable in Bg
3r2

(p)

and that for every ϕ ∈ C2
loc(Br2),

|LΣϕ− LCϕ| ≤
(

100n4∥φ1∥C2,S/(inf
S
φ1)
)−1 (

|∇2
Cϕ| + r−1|∇Cϕ| + r−2|ϕ|

)
, (5.3.7)

where φ1 is the first eigenfunction of the Jacobi operator of S ⊂ Sn. The existence

of such r2 is guaranteed by Lemma 2.3.1 and Theorem A.0.1 (iv).

We shall prove Lemma 5.3.9 when U∩Σ = Br2 . To do so, first observe since we can

isometrically embed U into some large RN , by the Michael-Simon Inequality [Sim83b,

18.6] and Hölder inequality, we have ∀ϕ ∈ C1
c (Σ ∩ U) and ∀W ⊂ Σ,

∫
Σ

|∇Σϕ|2 + ϕ2 d∥Σ∥ ≥ c(U, g) ·
(∫

Σ

ϕ2n/(n−2)

)(n−2)/2n

≥ c(U, g) · ∥Σ∥(W)−2/n ·
∫
Σ

ϕ2 .

(5.3.8)

As a consequence, if Cp is strictly stable, then by Lemma 2.3.1 and C.0.1, ∃ r3(Σ, p) ∈

(0, r2) and δCp > 0 such that

δCp

∫
Σ

|∇ϕ|2 ≤ QΣ(ϕ, ϕ), ∀ϕ ∈ C1
c (Br3) .

Hence Lemma 5.3.9 holds directly by (5.3.8) and a cut-off argument. Thus, it suffices

to deal with non-strictly stable tangent cones. From now on, assume µ1(Cp) =

−(n− 2)2/4.

Consider for each s ∈ (0, 1), the perturbed Jacobi operator

Ls
Σ := LΣ − s|AΣ|2 = ∆Σ + (1 − s)|AΣ| + Ric(ν, ν) ,
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and its assciated quadratic form

Qs
Σ(ϕ, ϕ) = QΣ(ϕ, ϕ) + s

∫
Σ

|AΣ|2ϕ2 =

∫
Σ

|∇Σϕ|2 −
(
(1 − s)|AΣ|2 + Ric(ν, ν)

)
ϕ2 .

The advantage of Qs
Σ is that it’s coercive: for every ϕ ∈ C1

c (B3r2),

Qs
Σ(ϕ, ϕ) ≥ (1 − s)QΣ(ϕ, ϕ) + s

∫
Σ

|∇ϕ|2 − s∥RicM ∥L∞

∫
Σ

ϕ2

≥ s

∫
Σ

|∇ϕ|2 − s∥RicM ∥L∞

∫
Σ

ϕ2 ,

(5.3.9)

Thus by (5.3.8) and (5.3.9), there’s a continuous function 1 ≤ α(r, ω) ≤ 1 + log(r1/r)

on B2r2 (independent of choice of s) such that

α(x) → ∞, as x→ Sing(Σ) = {p} , (5.3.10)

and that for each ϵ > 0 and s ∈ (0, 1), there’s a neighborhood Vϵ,s ∋ p such that

∀ϕ ∈ C1
c (B2r2), ∫

Σ∩Vϵ,s

ϕ2 · α ≤ ϵ ·
(
Qs

Σ(ϕ, ϕ) +

∫
Σ

ϕ2

)
.

Hence, by the similar argument as Proposition 5.3.5, there’s a unique u(s) ∈ C0
loc∩

W 1,2
0 (B2r2) with

u(s)(r, ·)


= 0 if r ≥ r2

> 0 if r < r2

;

∫
Σ

(u(s))2 · α = 1 . (5.3.11)

and

λs := Qs
Σ(u(s), u(s)) = inf{Qs

Σ(ϕ, ϕ) : ϕ ∈ C1
c (Br2),

∫
Σ

ϕ2 · α = 1} . (5.3.12)
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In particular, u(s) satisfies the equation

−Ls
Σu

(s) = λs · α · u(s) on Br2 (5.3.13)

Also by definition and stability of Σ in B2r2 , for any 0 < s1 < s2 < 1 and any

ϕ ∈ C1
c (Br2), 0 ≤ Qs1

Σ (ϕ, ϕ) ≤ Qs2
Σ (ϕ, ϕ). Together with (5.3.11) we see, 0 ≤ λs1 < λs2 .

We need a uniform lower bound on u(s) away from singularities. To derive it, we

need the following Lemma 5.3.10. In fact, this is the only place where structures of

strongly isolated singularity is essentially made use of.

Lemma 5.3.10. There exist s0 = s0(Σ,M, g) ∈ (0, 1), δ = δ(Σ,M, g) > 0 such that

for any 0 < s < s0,

sup{u(s)(r, ω)2 :
r2
2
< r < r2} ≥ δ .

Proof. For each 0 < r < r2, s ∈ (0, 1), let m(s)(r) := inf{u(s)(r, ω) : ω ∈ S}. By

(5.3.11) and Harnack inequality, there’s a C1 = C1(Σ,M, g) > 0 (independent of s

and r) such that,

u(s)(r, ω) ≤ C1m
(s)(r), ∀0 < r < r2/2, ∀s ∈ (0, 1), ∀ω ∈ S . (5.3.14)

On the other hand, let 0 < s0 << 1 such that,

r2|AΣ|2(r,·) ≤
1

10n · s0
, ∀ 0 < r < r1 .

Let U(r) := ( r
r2

)−(n−1)/2 − ( r
r2

)γ, where γ := −(n− 3)/2 − 1/(4n− 4). The choice of

the exponents guarantees that U(r) > 0, U ′(r) < 0 on r ∈ (0, r2), and that

U ′′(r) +
n− 1 + 1/(4n− 4)

r
U ′(r) +

1

r2

(
(
n− 2

2
)2 − 1

8

)
U(r) = 0 ,

LC(U(r)φ1(ω)) ≥ r−2

4n− 4
(r|U ′(r)| + |U(r)|)φ1(ω) .

(5.3.15)
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In particular, for any s ∈ (0, s0) and any constant D > 0, we have

Ls
Σ(D · U(r)φ1(ω))

≥ D ·
(
LC(Uφ1) −

r−2

100n4

(
r2|U ′′| + r|U ′| + |U |

)
φ1 − s|AΣ|2Uφ1

)
≥ D ·

(
1

4n− 4
(r|U ′| + |U |) − 1

4n2
(r|U ′| + |U |) − 1

10n
|U |
)
r−2φ1(ω)

≥ 0 ≥ −λsα · u(s) = Ls
Σu

(s) ,

on Br2 , where the first inequality and follows from the choice of r2, the second inequal-

ity follows from (5.3.15), the third inequality is a direct calculation since n ≥ 7 as as-

sumed, and the last is by (5.3.11). Hence, by weak maximum principle, ∀0 < r3 < r2,

if

D · U(r3) sup
S
w1 ≤ m(s)(r3) ,

then,

D · U(r) sup
S
w1 ≤ m(s)(r), ∀r3 < r < r2 . (5.3.16)

Choose D > 0 such that,

D · U(r2/2) sup
S
w1 = m(s)(r2/2) .

By (5.3.16), for any 0 < r < r2/2,

m(s)(r) ≤ D · U(r) sup
S
w1 = m(s)(r2/2) · U(r)

U(r2/2)
. (5.3.17)
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Thus, by (5.3.11),

1 =

∫
Σ

(u(s))2 · α =

∫
Br2\Br2/2

(u(s))2 · α +

∫
Br2/2

(u(s))2 · α

≤ C(Σ,M, g)

(
sup

Br2\Br2/2

(u(s))2 +

∫ r2/2

0

rn−1| log r|
∫
S

(u(s))2(r, ω) dω dr

)

≤ C(Σ,M, g)

(
sup

Br2\Br2/2

(u(s))2 +

∫ r2/2

0

rn−1| log r| ·m(s)(r)2 dr

)

≤ C(Σ,M, g, r2)

(
sup

Br2\Br2/2

(u(s))2 +

∫ r2/2

0

rn−1| log r| ·m(s)(r2/2)2U(r)2 dr

)

≤ C2(Σ,M, g, r2) · sup
Br2\Br2/2

(u(s))2 ,

Where the first inequality follows by definition of α and Lemma 2.3.1, the second

inequality follows from (5.3.14), the third inequality is by (5.3.17) and the last in-

equality is by ∫ 1

0

rn−1 log r · U(r)2 < +∞ dr .

Hence, the Lemma is proved by choosing δ = C2(Σ,M, g, r2)
−1.

Proof of Lemma 5.3.9. Recall that u(s) satisfies the equation (5.3.13) and (5.3.11),

where λs > 0 is decreasing in s. Let s→ 0. Then by classical elliptic estimates [GT01],

up to a subsequence,

u(s) → u0 in C2
loc(Br2) ∩W

1,2
loc ∩ C0

loc(Br1), λs → λ0 . (5.3.18)

Clearly,

λ0 ≥ inf{QΣ(ϕ, ϕ) : ϕ ∈ C1
c (Br2),

∫
Σ

ϕ2 · α = 1} ≥ 0 ;

and the following equation holds in Br2 ,

−LΣu0 = λ0α · u0 . (5.3.19)
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Also, by Lemma 5.3.10, u0 ̸= 0.

Claim. λ0 > 0.

We first complete the proof assuming this Claim to be true. For each ϵ > 0, let

Vϵ := {x ∈ Br2 : α(x) > 1/(λ0 · ϵ)}. By (5.3.10), Vϵ ̸= ∅ is a neighborhood of

Sing(Σ) ∩Bg
r1

(p) = {p}. For any ϕ ∈ C1
c (Br2) fixed,

QΣ(ϕ, ϕ) = lim
s→0

Qs
Σ(ϕ, ϕ) ≥ lim

s→0
λs ·

∫
Σ

ϕ2 · α = λ0 ·
∫
Σ

ϕ2 · α =
1

ϵ

∫
Vϵ

ϕ2 .

Hence, Σ satisfies the L2-nonconcentration property in Br2 .

Proof of the Claim. We shall argue by contradiction. Suppose λ0 = 0. By (5.3.11),

(5.3.18) and (5.3.19) we have,

LΣu0 = 0 on Br2 ; u0(r, ·)


= 0 if r > r2

≥ 0 if 0 < r < r2

. (5.3.20)

Also notice that for s ∈ (0, 1/2),

QΣ(u(s), u(s)) ≤ Qs
Σ(u(s), u(s)) = λs ≤ λ1/2 .

Hence combined with (5.3.18), (5.3.20) and Lemma 5.3.2, u0 ∈ B0(B2r2) andQΣ(u0, u0) ≤

λ0 = 0.

On the other hand, recall that Σ is stable in B2r2 , i.e. QΣ(ϕ, ϕ) ≥ 0, ∀ϕ ∈

C1
c (B2r2). Therefore, u0 ̸= 0 achieves the infimum of QΣ in B0(B2r2). The Euler-

Lagrangian equation gives

LΣu0 = 0, on B2r2 .

However, (5.3.20) contradict to the strong maximum principle of u0 in B2r2 . This

completes the proof of the Claim.
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5.3.3 Asymptotic rates on LSMH

Let Σ be an LSMH in a closed manifold (M, g) with a strongly isolated singularity p.

For a L2
loc(Σ)-function v defined near p, in view of Definition 5.2.5, we can also define

the asymptotic rate of v at p to be,

ARp(v) := sup{γ : lim
s↘0

∫
Ag(p;s,2s)

v2 · ρ−n−2γ d∥Σ∥ = 0}, (5.3.21)

where ρ(x) := distg(x, p) is the distance function to the singular point, and Ag(p; s, t)

is the geodesic annulus in (M, g) centered at p with inner radius s and outer radius

t. Recall that heuristically, if v grows like ργ near p, then ARp(v) = γ. Note that

by Lemma 2.3.1, by parametrizing Σ using Cp := CpΣ near p, v can be viewed

as a function on C near the origin, and by Theorem A.0.1, the definition above is

compatible with Definition 5.2.5 for function on cones. In particular, the following

Lemma is a direct consequence of Lemma 2.3.1 and Corollary 5.2.6.

Lemma 5.3.11. Let h ∈ L∞(M), Lh := LΣ − h. Suppose u ∈ W 2,2
loc (Σ) satisfies

Lhu ∈ L∞(Σ). Then

ARp(u) ∈ {−∞} ∪ Γ(Cp) ∪ [1,+∞] .

Moreover, if γ := ARp(u) ∈ (−∞, 1), then by viewing u as a function on Cp we

have, for every tj ↘ 0, uj(x) := u(tjx)/(∥u∥L2(A(tj ,2tj)) · t
−n/2
j ) will L2

loc-subconverges

to some Jacobi field û∞ on Cp given by

û∞ = rγ(c+ c′ log r)w ,

where 0 ̸= w ∈ Wγ(Cp) is the corresponding eigenfunction of γ; (c, c′) ̸= (0, 0) and

c′ = 0 unless γ = −(n− 2)/2.
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We list some applications of this Lemma. In what follows, let h ∈ L∞(M),

Lh := LΣ − h; U ⊂ M be a smooth domain such that Clos(U) ∩ Sing(Σ) = {p},

U := U ∩ Σ.

Corollary 5.3.12. Suppose u ∈ W 2,2
loc (U) such that Lhu ∈ L∞(U). Then

(i) If u > 0 and Lhu vanishes near p, then ARp(u) ∈ {γ±1 (CpΣ)};

(ii) If u ∈ B(U), then ARp(u) ≥ γ+1 (CpΣ);

(iii) If ARp(u) > −(n− 2)/2, then

∫
U
|∇Σu|2 + ρ−2u2 d∥Σ∥ < +∞ .

In particular, if u, v ∈ W 2,2
loc (Σ) such that Lhu, Lhv ∈ L∞(Σ) and that ARq(u) >

−(n − 2)/2, ARq(v) > −(n − 2)/2 for every q ∈ Sing(Σ), then we can do the

following integration by parts,

∫
Σ

u · Lhv d∥Σ∥ =

∫
Σ

v · Lhu d∥Σ∥ .

Proof. To prove (i), first notice that by classical Harnack inequality for u, we have

a rough lower bound ARp(u) ≥ −C(Cp); While by Proposition 3.3.1, ARp(u) < 0.

Therefore, Lemma 5.3.11 and the classification Lemma C.0.3 of positive Jacobi field

together implies that ARp(u) ∈ {γ±1 (Cp)}.

To prove (ii), first by Lemma 5.3.9, we can take another sufficiently small smooth

neighborhood U ′ ⊂⊂ U of p such that ∂U ′ is transverse to Σ and that the first

L2-eigenvalue λ1 = λ1(−Lh) > 1 on B0(U ′). Also by classical elliptic estimate,

u ∈ L∞
loc(U). Therefore by a renormalization of u, we can assume WLOG that |u| ≤ 1

near ∂U ′ and |Lhu| ≤ 1 on U ′. By Proposition 5.3.5 (3), we can find ξ ∈ B(U ′)
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solving,


−Lhξ = ξ, on U ′ ,

ξ = 1, on ∂U ′ .

And by Proposition 5.3.5 (4), we have infU ′ ξ > 0 and |u| ≤ ξ/ infU ′ ξ on U ′. And

by (i), ARp(ξ) ∈ {γ±1 (Cp)}. Therefore it suffices to show that if γ−1 ̸= γ+1 (i.e. Cp

is strictly stable, and in this case γ−1 < −(n − 2)/2 < γ+1 ), then ARp(ξ) ̸= γ−1 .

In viewing of Lemma C.0.1 and the fact that B(U ′) = W 1,2(U ′) in this case, this

immediately follows from the fact that

lim inf
s→0

∫
Ag(p;s,2s)

(ρσ)2 · ρ−2 d∥Σ∥ = +∞, ∀σ < −(n− 2)/2 .

To prove (iii), first note that ARq(u) > −(n − 2)/2 implies the existence of

γ > −(n− 2)/2 and s0 > 0 satisfying that for every s ∈ (0, s0),

∫
Ag(q,s,2s)

u2 d∥Σ∥ ≤ sn+2γ. (5.3.22)

By taking sum of (5.3.22) over s = 2−ls0, l ≥ 1 and all singularities, we get

∫
Bg(Sing(Σ),s0)

u2ρ−2 d∥Σ∥ < +∞. (5.3.23)

Now to estimate the energy, let φ ∈ C∞
c ((1/2,+∞), [0, 1]) be a non-negative cut-off

function which equals to 1 on [1,+∞). Then for every 0 < r << 1, let φr := φ(ρ/r),

and we have an energy estimate,

∫
Σ

|∇Σ,gu|2φ2
r ≤

∫
Σ

C(n, g)(|∇φr|2 + 1 + |AΣ,g|2)u2 + |LΣ,gu| · |u| · φ2
r, (5.3.24)

Since |∇φr| ≤ C(φ)r−1 · χ{r/2≤ρ≤r} ≤ C ′(φ)ρ−1, |AΣ,g| ≤ C(g,Σ)ρ−1 and LΣ,gu ∈

154



L∞(Σ), (5.3.23) implies that the right hand side is bounded as r → 0. In particular,

we have ∫
Σ

|∇Σ,gu|2 + ρ−2u2 d∥Σ∥g < +∞.

Therefore, that we can do the integration by parts simply follows from a standard

cut-off argument with the estimates above.

The following Lemma, which plays a key role in the next chapter in globally

smoothing out singularities, shows that having top asymptotic growth rate near each

singularity is a generic property for solutions of Lhu = f .

Lemma 5.3.13. Suppose p ∈ Sing(Σ). Then there exists an open subset Vp ⊂ L∞(Σ)

satisfying

(1) f ∈ Vp implies cf ∈ Vp, ∀c ∈ R \ {0};

(2) If f ∈ Vp and g ∈ L∞(Σ) \ Vp, then f + g ∈ Vp;

(3) Vp ∩ C∞
c (Σ) is dense in C∞

c (Σ);

(4) If u ∈ B0(Σ) is the solution of Lhu = f for some f ∈ Vp, then ARp(u) =

γ+1 (Cp).

In particular, for every k ∈ Z≥1 and α ∈ [0, 1],

T k,α := {f ∈ Ck,α(M) : whenever u ∈ B(Σ) solves Lhu = νΣ(f),

we have ARp(u) = γ+1 (Cp) for some p ∈ Sing(Σ)}

contains an open dense subset of Ck,α(M).

Proof. Let 0 < τ0 << 1 be a constant such that {Bg
2τ0

(p)}p∈Sing(Σ) are pairwise

disjoint, and that −Lh is strictly positive on each Bg
2τ0

(p)∩Σ. For each p ∈ Sing(Σ),
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we define ξp, ξ̌p ∈ B(Bτ0(p)) to be the solution of


Lhξp = 0, on Bτ0(p) ;

ξp = 1, on ∂Bτ0(p) ;


(−Lh + 1)ξ̌p = 0, on Bτ0(p) ;

ξ̌p = 1, on ∂Bτ0(p) .

Then by weak maximum principle, ξp ≥ ξ̌p > 0 on Bτ0(p) for every p ∈ Sing(Σ), and

by Corollary 5.3.12, we have ξ̌p(x) → +∞ as x→ p.

Now for fixed p, we define Vp by,

• Vp := {f ∈ L∞(Σ) : u := (Lh)−1f ∈ B0(U) satisfies lim supx→p |u|(x)/ξp(x) >

0}, if Lh is non-degenerate;

• Vp := {f ∈ L∞(Σ) : Lhu = f has no solution u ∈ B(Σ)}, if Lh is degenerate.

Then (1), (2) directly follows from this definition; (4) follows from Corollary 5.3.12

(i) and (ii). If (1)-(4) and openness of Vp are verified, then notice that

T k,α ⊃
⋃

p∈Sing(Σ)

{f ∈ Ck,α : νΣ(f) ∈ Vp} ,

where the right hand side is open and dense in Ck,α(M).

Now we proceed to prove (3) and openness of Vp in L∞.

Proof of Openness. When Lh is degenerate, the openness of Vp follows directly from

that

L∞(Σ) \ Vp = L∞(Σ) ∩ (KerLh)⊥ , (5.3.25)

is a closed proper linear subspace. In case when Lh is non-degenerate, clearly, it

suffices to show that there exists a C = C(h,Σ,M, g) > 0 such that for every
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∥f∥L∞(Σ) ≤ 1 we have

lim sup
x→p

|(Lh)−1f |(x)/ξp(x) ≤ C (5.3.26)

To prove this bound, denote (Lh)−1f by v. First recall that by Proposition 5.3.5

(3) and interior C0-estimate, |v| ≤ C1 = C1(h,Σ,M, g, r2) on Aτ0/2,τ0(p). Let κ :=

infBτ0 (p)
ξ̌p(> 0), C := max{1, C1}/κ. Then by

|Lhv| ≤ 1 ≤ −C · Lh(2ξp − ξ̌p) on Bτ0(p), |v| ≤ Cκ ≤ C(2ξp − ξ̌p) on ∂Br2(p) .

and weak maximum principle, we see that |v| ≤ C(2ξp− ξ̌p) on Br2(p). Hence (5.3.26)

is proved.

Proof of (3). By (1) and (2), it suffices to show that Vp ∩ C∞
c (Σ) ̸= ∅. When Lh is

degenerate, this follows immediately by (5.3.25), the L2-denseness of C∞
c (Σ) and that

(KerLh)⊥ is a proper closed linear subspace of L2(Σ).

When Lh is non-degenerate, first recall that by Proposition 5.3.5 (5), there exists

ϑ ∈ C∞
c (Σ;R+) such that −Lh+ϑ is strictly positive.

Let w := (−Lh+ϑ)−1(ϑ) ∈ B(Σ), then w > 0 on Σ by weak and strong maximum

principle; Let τ1 ∈ (0, τ0) such that Bτ1(p)∩ spt(ϑ) = ∅. Then w satisfies the equation

−Lhw = ϑ − ϑw = 0 on Bτ1(p), and by weak maximum principle, w ≥ εξp for some

ε > 0. Therefore, ϑ− ϑw ∈ Vp ∩ C∞
c (Σ).

5.3.4 Green’s functions

In this subsection, we introduce the notion of Green’s function for Jacobi field type

operator on a LSMH. This will be used in Section 5.4 to construct a mean convex

foliation of a strictly stable minimal hypersurface with certain tangent cones. We
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keep the assumptions on Σ, (M, g), U , p ∈ Sing(Σ)∩U and r2 > 0 as in Section 5.3.2.

Also keep parametrizing Σ ∩ BM
r2

(p) by the tangent cone Cp and using the notation

that Br := Cp ∩ Br(0). Recall that −LΣ is strictly positive on B0(Br2). For later

applications, we shall consider operators of a more general form.

Lh := LΣ − h, Qh(ϕ, ϕ) := QΣ(ϕ, ϕ) +

∫
Σ

h · ϕ2 ,

where h ∈ L∞(Σ) be fixed throughout this subsection. By choosing an even smaller

r2, we can assume WLOG that −Lh is also strictly positive on B0(Br2).

We first slightly extend the function space we are dealing with.

Lemma 5.3.14. Up to a normalization, there exists a unique G ∈ C∞
loc(Clos(Br2))

such that LhG = 0 on Br2(p), G > 0 on Br2, G = 0 on ∂Br2.

Proof. We first prove the existence. Consider (r2/2 >)tj → 0+ and the solution

uj of Lhuj = 0 on Atj ,r2 , uj = 0 on ∂Br2 , uj = 1 on ∂Btj . By weak maximum

principle, uj > 0 on Atj ,r2 . By Harnack inequality and standard elliptic estimate,

uj/ sup∂Br2/2
uj → G in C∞

loc(Clos(Br2)) and G > 0 on Br2 , G = 0 on ∂Br2 .

To see the uniqueness, if G′ is another positive smooth function vanishing on

∂Br2 and satisfies the equation above, first note that by weak maximum principle,

∀t ∈ (0, r2),

sup
At,r2

G/G′ = sup
∂Bt

G/G′ , inf
At,r2

G/G′ = inf
∂Bt

G/G′ . (5.3.27)

And by Harnack inequality, sup∂Bt
G/G′ ≤ C(Σ) inf∂Bt G/G

′, ∀t ∈ (0, r2/2). Hence,

0 < a− := inf
Br2

G/G′ ≤ a+ := sup
Br2

G/G′ < +∞

We now show that a− = a+, with which the Lemma is proved.

By (5.3.27), a− = lim inft→0+ inf∂Bt G/G
′ and a+ = lim inft→0+ inf∂Bt G/G

′. Thus,
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up to a subsequence of t→ 0+, Gt(x) := G(tx)/ inf∂Bt G→ G0, G
′
t(x) := G′(tx)/ inf∂Bt G→

G′
0 and G0, G

′
0 are positive Jacobi fields on Cp with a− = inf∂B1 G0/G

′
0, a+ =

sup∂B1
G0/G

′
0. By Lemma C.0.3, a− = a+.

We call such G in Lemma 5.3.14 a Green’s function of Lh at p in Br2 . Since

−Lh is strictly positive on B0(Br2), G doesn’t belong to B(Br2). Just like Green’s

functions in a smooth domain, G dominates functions in B(Br2):

Lemma 5.3.15. Let φ1 ∈ B0(Br2) be the first eigenfunction of −Lh in B0(Br2) with

∥φ1∥L2 = 1; λ1 > 0 to be the corresponding eigenvalue, i.e.

λ1 = inf{Qh(ϕ, ϕ) : ϕ ∈ B0(Br2), ∥ϕ∥L2 = 1} = Qh(φ1, φ1) > 0 .

Then limr→0 sup∂Br
(φ1/G) = 0. In particular, if u ∈ B(Br2) satisfies Lhu ∈

L∞(Br2), then limr→0 sup∂Br
(|u|/G) = 0.

Proof. By weak maximum principle and Harnack inequality, for each r ∈ (0, r2),

sup
∂Br

φ1/G ≤ C(Σ) inf
∂Br

φ1/G = C(Σ) inf
Ar,r2

φ1/G .

Hence, if assume for contradiction that lim supr→0 sup∂Br
(φ1/G) > 0, then by a

renormalization in G, WLOG G ≤ φ1 on Br2 .

For each r < r2, consider the minimizer vr of Qh(ϕ, ϕ) among

{ϕ ∈ B0(Br2) : ϕ = φ1 in Br} .

The existence of such minimizer follows from Proposition 5.3.5 and Lemma 5.3.9.

Moreover, Lhvr = 0 on Ar,r2 ; G ≤ vr ≤ φ1 on Br2 by weak maximum principle;

∥vr∥B(Br2 )
≤ (1 + ∥h∥L∞)∥φ1∥B(Br2 )

by definition. Let r → 0+, up to a subsequence,

vr → v0 in C∞
loc(Clos(Br2)) for some v0 ∈ B0(Br2) satisfying Lhv0 = 0 on Br2 and
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G ≤ v0. But since Lh is nondegenerate in B0(Br2), v0 ≡ 0, contradicts to that G > 0

on Br2 .

To see that near p, G also dominates u ∈ B(Br2) with Lhu ∈ L∞(Br2), first

observe that by Harnack inequality, Lemma C.0.3 and a blow up argument, φ1(x) →

+∞ as x → p. Hence there exists C >> 1 depending on u and φ1 such that

|Lhu| ≤ −C ·Lhφ1 in Br2/2 and |u| ≤ Cφ1 on ∂Br2/2. Then by Proposition 5.3.5 (4),

|u| ≤ Cφ1 on Br2/2 and the Lemma is proved.

The study of asymptotic rate in Section 5.3.3 also has a direct implication on

Green’s function.

Corollary 5.3.16. Let G be a Green’s function of Lh in Br2 at p; φ1 ∈ B0(Br2) be

the first eigenfunction of −Lh in B0(Br2); ξ ∈ B(Br2) be the solution of −Lhξ = 0

on Br2 and ξ = 1 on ∂Br2. Then ARp(G) = γ−1 , ARp(φ1) = ARp(ξ) = γ+1 .

Proof. By weak maximum principle, φ1, ξ > 0; Also by definition, G > 0. By Lemma

5.3.11, Lemma C.0.3 and Harnack inequality, ARp(G),ARp(φ1),ARp(ξ) ∈ {γ±1 }.

And to distinguish them, it suffices to assume in addition that Cp is strictly stable,

in which case γ+1 > −(n− 2)/2 > γ−1 .

With this assumption, by Lemma C.0.1, 2.3.1 and A.0.1, ∥ · ∥B ∼ ∥ · ∥W 1,2 and in

particular B0(Br2) = W 1,2
0 (Br2). Therefore, combined with Corollary 5.3.12 (iii) and

the standard elliptic estimate, we have for every u ∈ {φ1, G, ξ}, ARp(u) = γ+1 if and

only if u ∈ W 1,2
0 (Br2). Thus proves the corollary.

Corollary 5.3.17. Let G be a Green’s function of Lh in Br2 at p. Then

lim
r→0+

G(rx)/ inf
∂Br

G = G0(x) ,

where G0(r, ω) = rγ
−
1 φ1(ω)/ inf∂B1 φ1 is a homogeneous positive Jacobi field on Cp

with fast asymptotic rate. Moreover, the convergence is in C∞
loc(Cp).
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Proof. First note that by Harnack inequality, when r → 0+, G(r)(x) := G(rx)/ inf∂Br G

always subconverges in C∞
loc(Cp) to some positive Jacobi field on Cp with infimum 1

on ∂B1. To see this limit is independent of the choice of subsequence, notice that if

Cp is not strictly stable, then by Lemma C.0.3, this is the only positive Jacobi field

on Cp. While if Cp is strictly stable, then by Corollary 5.3.16, ARp(G) = γ−1 ; And

by Lemma 5.3.11, for every sequence rj → 0+,

G(rj) → rγ
−
1 φ1/ inf φ1 .

This finishes the proof of the Corollary.

Corollary 5.3.18. Suppose u ∈ W 2,2
loc (Br2) with Lhu ∈ L∞(Br2). G be a Green’s

function of Lh in Br2 at p. Then,

(1) If u ∈ B(Br2), then ARp(u) ≥ γ+1 ;

(2) If ARp(u) ≥ γ−1 , then there exists a unique c ∈ R such that u−c·G ∈ B(Br2/2).

Proof. (1) follows directly from weak maximum principle and Lemma 5.3.16, which

assert that ARp(φ1) = γ+1 .

To prove (2), consider v ∈ B(Br2/2) be the solution of Lhv = Lhu on Br2/2, v = u

on Ar2/2,r2 . Let w := u − v. By (1) and definition we see that ARp(w) ≥ γ−1 and

Lh(u− v) = 0 on Br2/2, w = 0 outside Br2/2.

If ARp(w) > γ−1 , then by Corollary 5.3.16, lim supt→0+ sup∂Bt
|w|/G′ = 0, where

G′ denotes the Green’s function of Lh at p in Br2/2. Then by weak maximum principle,

w = 0.

If ARp(w) = γ−1 , then by Lemma 5.3.11 and Lemma C.0.2, WLOG there exists

tj → 0+ such that w > 0 on ∂Btj . Then by classical weak and strong maximum

principle for elliptic PDE, w > 0 on Br2/2. Hence by Lemma 5.3.14, w = c′G′ for

some c′ ∈ R\{0}. To go back to a Green’s function on Br2 , consider η ∈ C∞
c (BM

r2/4
(p))
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which equals to 1 near p and the solution ψ ∈ B0(Br2) of Lhψ = Lh(η · w) on Br2 .

By Lemma 5.3.15 and weak maximum principle, −ψ + η · w is a Green’s function at

p in Br2 , combined with Lemma 5.3.14, u − cG ∈ B(Br2/2) for some c ∈ R, which

completes the proof.

Now we turn to the globally defined functions on Σ. Recall that U := U ∩ Σ.

Denote Gr,p to be a Green’s function of Lh in Br(p), where p ∈ Sing(Σ), r ∈ (0, r2].

Definition 5.3.19. Define B0(U)
⊕

RLh⟨Sing(Σ) ∩ U⟩ to be the function space lin-

early generated by B0(U) and Gr,p, p ∈ Sing(Σ) ∩ U .

The proof of Corollary 5.3.18 (2) actually guarantees that this space depends only

on Σ, U and p, but not on the choice of r.

Corollary 5.3.20. Suppose Lh be nondegenerate on B0(U). Then, for each p ∈

Sing(Σ)∩U , there is a unique (up to normalization) 0 ̸= Gp ∈ B0(U)
⊕

RLh⟨Sing(Σ)∩

U⟩ such that LhGp = 0 on U , Gp ∈ B(U\Clos(BM
r2

(p)). Moreover, B0(U)
⊕

RLh⟨Sing(Σ)∩

U⟩ is linearly generated by B0(U) and {Gp : p ∈ Sing(Σ) ∩ U}.

If further −Lh is strictly positive on B0(U), then Gp can be chosen positive on U .

We call such Gp a Green’s function of Lh on U at p.

Proof. The existence of Gp follows the same construction as in the proof of corollary

5.3.18 (2) from G′ to G; The uniqueness of such Gp up to normalization follows

directly from Lemma 5.3.14, 5.3.15 and Corollary 5.3.16, 5.3.18; The positivity of Gp

when −Lh is strictly positive follows from weak maximum principle.

5.4 Local Minimization of Strictly Stable Minimal

Hypersurfaces

Throughout this section, let (Σ, ν) ⊂ (M, g) be a strictly stable, closed minimal

hypersurface with strongly isolated singularities, i.e. −LΣ is strictly positive on B0(Σ)

162



as in Proposition 5.3.5 (4). Here “closed” means Clos(Σ) is compact. Suppose M \

Clos(Σ) has 2 connected component M±. This is always possible if we replace M by

a small neighborhood of Σ. Suppose M+ be the one which ν points in.

Let λ1 > 0 be the first L2-eigenvalue of −LΣ on B0(Σ); Λ ∈ (0, λ1/2] be fixed

throughout this section. Note that by definition we have,

QΣ(ϕ, ϕ) ≥ 2Λ

∫
Σ

ϕ2, ∀ϕ ∈ C1
c (Σ) . (5.4.1)

The aim of this section is to prove the following Theorem.

Theorem 5.4.1. Let Σ,M be as above. Suppose each tangent cone of Σ is strictly

minimizing. Then there exist a constant τ = τ(Σ,M, g) > 0 and a family of piecewise

smooth neighborhood {Ut}t∈(0,1] of Clos(Σ) such that

(1) Ut1 ⊂⊂ Ut2 for any t1 < t2;

(2)
⋂

t∈(0,1] Ut = Clos(Σ);
⋂

s∈(t,1] Us = Clos(Ut) and
⋃

s∈(0,t) Us = Ut, ∀t ∈ (0, 1];

(3) There exist smooth domains {Ωt}t∈(0,1] such that, Σ \BM
τ (Sing(Σ)) ⊂ Ωt ⊂⊂ Σ

and we have decomposition

∂Ut ∩M± = Σ̄±,ext
t ∪

⋃
p∈Sing(Σ)

Σ̄±,int
t,p ,

where Σ̄±,ext
t are smooth minimal graphs over Ωt with smooth boundaries; Σ̄±,int

t,p

are smooth minimal hypersurfaces in BM
τ (p) with boundary ∂Σ̄±,int

t,p = ∂Σ̄±,ext
t ∩

BM
τ (p).

(4) Along their intersection, Σ̄±,ext
t and Σ̄±,int

t,p forms a convex wedge.

In particular, [Σ] is homological area-minimizing in Clos(U1); And every stationary

integral varifold in Clos(U1) is supported on Clos(Σ).
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Remark 5.4.2. Note that ∂Ut are Lipschitz hypersurfaces. Hence by [EH91], by

running mean curvature flow starting from ∂Ut, we see from (3) and (4) above that

Ut can be approximated by smooth mean convex domains.

We first sketch the construction of Ut. Let

ρ(x) := min{distΣ(x, p) : p ∈ Sing(Σ)} .

And by Lemma 2.3.1, we can find τ(Σ,M, g) << 1 such that {Bg
4τ (p)}p∈Sing(Σ) are

disjoint, and that for each singular point p, Σ ∩ Bg
4τ (p) can be parametrized by the

tangent cone Cp of Σ. When working near a certain singularity p, we shall stick

to this parametrization. We may abuse the notations and simply write any point

x ∈ B2τ (p) as x = rω. Then near each p ∈ Sing(Σ), ρ(r, ω) ∼ r if r ≤ 2τ .

Denote for simplicity L = LΣ and LΛ := L + Λ. By (5.4.1), −LΛ is strictly

positive, with the first L2-eigenvalue ≥ Λ > 0. Fixed p0 ∈ Σ \B4τ (Sing(Σ)). For each

p ∈ Sing(Σ), let Gp be the Green’s function of LΛ at p constructed in Corollary 5.3.20

with Gp(p0) = 1. Let G :=
∑

p∈Sing(Σ)Gp. By Corollary 5.3.20 and 5.3.16, G > 0

satisfies the equation LG = −Λ ·G on Σ and growth estimate

G(x)/ρ(x)γ
−
1 (Cp)+ϵ → +∞, as x→ p ,

for every ϵ > 0, where recall γ−1 (Cp) is an asymptotic spectrum of Cp defined in

(5.2.6). Therefore, there’s a sufficiently large T0 > 0 such that

{x ∈ Σ : G(x)ρ(x)−1 > T0} ⊂ Bτ (Sing(Σ)) .

From now on in this section, every constant will depend at least on

M, g,Σ, Λ, τ, p0.
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For each T > T0 and p ∈ Sing(Σ), let

rp(T ) := sup{R : G(x)ρ(x)−1 > T on BR(p)} ; (5.4.2)

ΣT := Σ \
⋃

p∈Sing(Σ)

Brp(T )(p) . (5.4.3)

By Corollary 5.3.17, there’s a T1 > T0 such that on [T1,+∞), rp(T ) varies continuously

in T , ΣT are smooth manifolds with boundary; Also by Harnack inequality, for every

p ∈ Sing(Σ),

T · rp(T ) = inf
∂ΣT∩Bτ (p)

G ≤ sup
∂ΣT∩Bτ (p)

G ≤ C(Σ,Λ, τ)T · rp(T ) . (5.4.4)

ΣT will be the spaces on which we shall build graph.

For each T >> T1, we shall choose specific small positive function φ+ ∈ C∞(∂ΣT )

and construct a graph of some positive function u+ ∈ C∞(ΣT ) with vanishing mean

curvature and boundary graphΣ φ
+. Such a graph will be called an exterior hyper-

surface with boundary φ+.

Then near each singularity p, we solve Plateau problem with boundary graphΣ(φ+)

in Bτ (p) to find a minimizing hypersurface, called an interior hypersurface with

boundary φ+ near p. The union of these exterior and interior hypersurfaces, denoted

by Σ+
T , is piecewise smooth and will lie in M+ for sufficiently large T . Repeat the same

process to construct Σ−
T lying in M−. Then for each t ∈ (0, 1), a reparametrization

T = T (t) ≥ T1 will be specified below such that regions Ut bounded by Σ±
T (t) are what

we want.

The mean convexity of ∂Ut will be derived by a blow up argument letting T → +∞

and using the Hardt-Simon foliation as barriers. To make it precise, we need an

existence result of exterior graphs over ΣT with uniform growth estimate near each

singularity. We assert here that this existence result does NOT require the tangent

cones of Σ to be strictly stable or minimizing.
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Theorem 5.4.3. Let α ∈ (0, 1). Then there exists C = C(α) > 1, T2(α) > T1 and

δ5 = δ5(α) > 0 sufficiently small such that, for each T ∈ (T2,+∞), each 0 < δ ≤ δ5

and each φ ∈ C2,α(∂ΣT ) with estimate near each singularity p,

1

rp(T )
|φ| + |∇φ| + rp(T )|∇2φ| ≤ δ , (5.4.5)

there’s a unique u ∈ C2,α(ΣT ) solving


MΣu(x) = 0, on ΣT ;

u = φ, on ∂ΣT .

(5.4.6)

and satisfying the pointwise estimate: for every x ∈ ΣT ,

|u(x)|
ρ(x)

+ |∇u(x)|+

sup

{
ρ(x)α · |∇u(x) −∇u(y)|

distΣ(x, y)α
: y ∈ ΣT ,

1

10
≤ ρ(x)

ρ(y)
≤ 10

}
≤ Cδ · G(x)

Tρ(x)
.

(5.4.7)

where MΣ := M g is the minimal surface operator on Σ specified in Theorem A.0.1.

Remark 5.4.4. By the uniqueness of solution above and the estimate (5.4.7), we

know further that u varies continuously with respect to φ in C2-norm and in T .

We first finish the proof of Theorem 5.4.1 assuming Theorem 5.4.3 to be true.

Proof of Theorem 5.4.1. Let δ5 be determined in Theorem 5.4.3. For each singularity

p with strictly minimizing tangent cone (Cp, νp) at p, let Sp be the cross section of Cp.

For sufficiently small δ6 < δ5/2, there’s a leaf of Hardt-Simon foliation Σ+
p ⊂ Rn+1

and a positive function u+p ∈ C∞(Cp) satisfying,

Σ+
p \ Bn+1

1/4 = graphCp
(u+p ) \ Bn+1

1/4 ;

∥u+p (1, ·)∥C2(Sp) = δ6 ≤ C inf
Sp

u+p (1, ·) .
(5.4.8)
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We fix such a δ6 from now on so that (5.4.8) is true with certain u+p for every p ∈

Sing(Σ).

Now for each T > T2, define φ+
T ∈ C2(∂ΣT ) to be

φ+
T (rp(T ), ω) := rp(T )u+p (1, ω), ∀ω ∈ Sp . (5.4.9)

By a standard compactness argument we have, for sufficiently large T , φ+
T satisfies

(5.4.5) near each singularity p with δ = 2δ6, and

inf
∂ΣT

φ+
T /rp(T ) ≥ δ6/C .

Let u+T be the solution to (5.4.6) with φ = φ+
T satisfying the pointwise estimate (5.4.7).

Then Σ+,ext
T := graphΣT

(u+T ) is a smooth minimal graph over ΣT with boundary

graphΣ(φ+
T ).

Claim 1. u+T > 0 for every T ∈ (T2,+∞).

Proof of Claim 1. For fixed T > T1 and every s ∈ (0, 1], consider the solution u+T,s

of (5.4.6) on ΣT with φ = sφ+
T . Then by Theorem 5.4.3, u+T,s is unique and varies

continuously in s. Moreover, by (5.4.7) and the definition of φ+
T we have, u+T,s > 0 in

some neighborhood of ∂ΣT independent of s.

When s → 0+, by (5.4.7) and classical elliptic estimate [GT01], u+T,s/s → u+T,0 in

C2(ΣT ) for some u+T,0 satisfying Lû+T,0 = 0 on ΣT and û+T,0 = φ+
T > 0 on ∂ΣT . Then

by the strict positivity of −L, û+T,0 > 0 on ΣT . Hence u+T,s > 0 on ΣT for s << 1.

Suppose for contradiction that {u+T ≤ 0} ̸= ∅. Consider inf{s ∈ (0, 1] : {u+T,s ≤

0} ≠ ∅} =: s0 > 0. By continuous dependence of u+T,s in s, u+T,s0 ≥ 0, nonzero on ∂ΣT

and vanishes somewhere in Int(ΣT ). This contradicts to strong maximum principle

since 0 is also a solution to (5.4.6) with φ = 0.

Now for each p ∈ Sing(Σ), let Σ+,int
T,p be the minimizing hypersurface with bound-
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ary ∂Σ+,ext
T ∩ Bτ (p). Such hypersurface is unique and smooth for T ∈ (T3,+∞) for

some T3 > T2 by the uniqueness of Hardt-Simon’s foliation Σ+
p , nondegeneracy of LΣ+

p

on bounded subsets, Allard regularity theorem [All72, Sim83b] and implicit function

theorem. Let

Σ+
T := Σ+,ext

T ∪

 ⋃
p∈Sing(Σ)

Σ+,int
T,p

 ,

with normal field ν+T in M pointing away from Σ, defined in the interior of each

smooth component.

Claim 2. For each p ∈ Sing(Σ), let ν+,ext
T := ν+T |Σ+,ext

T
be the normal field of Σ+,ext

T in

M (pointing away from Σ), and ξ+,int
T,p be the inward normal field of ∂Σ+,int

T,p in Σ+,int
T,p .

Then there exists T4 > T3 such that for every T ∈ (T4,+∞),

ν+,ext
T · ξ+,int

T,p < 0, on ∂Σ+,int
T,p .

Proof of Claim 2. Identify Σ+,ext
T as a hypersurface with boundary in TpM ≈ Rn+1

using expM
p . Suppose up to a subsequence,

1

rp(T )
Σ+,ext

T → Σ+,ext
p , as T → +∞ .

By (5.4.7), the convergence is in C1 sense as an exterior graph over Cp, and Σ+,ext
p

is a smooth graph of some u+,ext
p > 0 over Cp \ Bn+1

1 with vanishing mean curvature.

Moreover, by the boundary condition (5.4.8) & (5.4.9) in (5.4.6),

u+,ext
p (1, ω) = u+p (1, ω), for every ω ∈ Sp ;

and by (5.4.7), Corollary 5.3.17 and the definition of strictly minimizing, we have

u+,ext
p < u+p near ∞. Hence, by considering inf{R > 1 : R · Σ+

p lies above Σ+,ext
p } and
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using strong maximum principle for minimal hypersurfaes, we see that

u+,ext
p < u+p on Cp \ Clos(Bn+1

1 ) . (5.4.10)

Since both u+,ext
p and u+p satisfies the minimal surface equation on Cp \ Clos(Bn+1

1 ),

by (5.4.10) and Hopf boundary lemma,

∂ru
+,ext
p (1, ω) < ∂ru

+
p (1, ω), for every ω ∈ Sp .

And since the convergence of 1
rp(T )

Σ+,ext
T is in C1 sense, the strict inequality in claim

2 is true for sufficiently large T .

With Claim 2, (Σ+
T , ν

+
T ) is mean convex in BM

2τ (p) for each p ∈ Sing(Σ) and all

T > T4 in a viscosity sense. Let U+
T be the open domain bounded by Σ+

T and Clos(Σ).

Using the same blow up argument as Claim 2, one can show that there’s a T5 > T4

such that for every T ∈ (T5,+∞),

∂Σ+,int
T+s ⊂ U+

T , ∀s > 0 .

Hence by the uniqueness of solutions to (5.4.6), the uniqueness of Σ+,int
T,p and a barrier

argument similar to Claim 1, we see that for every T > T ′ > T5, Σ+
T ⊂ U+

T ′ . In

particular, combined with the uniqueness of solutions to (5.4.6) and Σ+,int
T,p , we have

{Σ+
T ′}T>T ′ forms a foliation of U+

T ′ .

Similarly, one can construct Σ−
T on the other side of Σ satisfying the similar

properties for T > T6.

Let T̄ = max{T5, T6} and Ut be the domain bounded by Σ+
T̄+1/t−1

and Σ−
T̄+1/t−1

,

t ∈ (0, 1). (1)-(4) in Theorem 5.4.1 are easily verified by the constructions above.

Now we start to prove Theorem 5.4.3. We first introduce the following weighted
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norms for functions u defined on E ⊂ Σ. Let α ∈ (0, 1), q ≥ 1, k ∈ N.

∥u∥Ck,α
G (E) :=

k∑
j=0

∥∇ju · ρ
j

G
∥C0(E)

+ sup

{
|∇ku(x) −∇ku(y)|

distΣ(x, y)α
· ρ(x)k+α

G(x)
: x ̸= y ∈ E,

1

10
<
ρ(x)

ρ(y)
< 10

}
;

∥u∥Lq
G(E) := sup

t>0

(
t−n ·

∫
E∩{t≤ρ≤100t}

(u/G)q dH n(x)

)1/q

;

∥u∥Wk,q
G (E) :=

k∑
j=0

∥|∇ju|ρj∥Lq
G(E) .

(5.4.11)

By applying Morrey’s inequality in every annuli At,100t(p) ⊂ ΣT , for q ≥ n/(1 − α)

we have,

∥u∥C1,α
G (ΣT ) ≤ C(α, q)∥u∥W 2,q

G (ΣT ) , (5.4.12)

for every u and T > T1. We emphasis that by Harnack inequality for G, the constant

here doesn’t depend on T .

Fix q = n/(1 − α) from now on, and define for each T > T1, ∥u∥XT
:= T ·

∥u∥W 2,q
G (ΣT ). Note that (5.4.5) hold for all p ∈ Sing(Σ) is equivalent to that T ·

∥φ∥C2
G(∂ΣT ) ≤ δ, and (5.4.7) is equivalent to T · ∥u∥C1,α

G
≤ Cδ, hence is implied by

that ∥u∥XT
≤ Cδ by (5.4.12).

Let R be the error term operator given by

MΣu(x) =: −Lu+ Ru .

By Lemma 2.3.1 and Theorem A.0.1, there exists 0 < δ′2 << 1 such that if ∥u1∥XT
, ∥u2∥XT

≤
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θ ≤ δ′2, then the following pointwise inequality holds,

|Ru1 − Ru2| ≤ C1θ ·
G

ρ3T
· f , (5.4.13)

where

f :=

[
(|u1 − u2| + ρ|∇(u1 − u2)|) (1 +

ρ2|∇2u2| · T
G · θ

) + ρ2|∇2(u1 − u2)|
]
.

Note that by definition and (5.4.12) we have,

∥f∥Lq
G(ΣT ) ≤ C

[(
∥|u1 − u2|

G
∥C0 + ∥ρ|∇(u1 − u2)|

G
∥C0

)
· (1 + ∥u2∥W 2,q

G
· T
θ

) + ∥u1 − u2∥W 2,q
G

]
≤ C ′

1∥u1 − u2∥XT
· T−1 .

(5.4.14)

The following linear estimate is the key part of the proof.

Lemma 5.4.5. ∃ C2 = C2(q) > 1, T2(q) > T1 such that, if T > T2, v ∈ W 2,q(ΣT ) is

the solution to 
Lv = G

ρ3T
· f, on ΣT ;

v = ϕ, on ∂ΣT .

(5.4.15)

Then

∥v∥XT
≤ C2T (∥f∥Lq

G(ΣT ) + ∥ϕ∥C2
G(∂ΣT )) .

Proof. The key is that C2 doesn’t depend on T . Note that by (5.4.3) and (5.4.4),

G/ρ3T ∼ ρ−2 near ∂ΣT . Hence, we need to carefully deal with the estimate near

∂ΣT .

Step 1 (Local estimate) We shall work near any fixed singularity p of Σ and

parametrize Σ ∩ B2τ (p) by the tangent cone Cp or by (0,+∞) × Sp as in Section
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5.2. By Corollary 5.3.17, ρ(x) · ∂rG/G(x) → γ−1 (Cp) as x → p. Hence by Harnack

inequality and the definition (5.4.2) of rp(T ), for every σ < γ−1 (Cp) < σ′ and every

T > T1,

C(Σ, σ)(
ρ

rp(T )
)σ ≤ G

rp(T )T
≤ C(Σ, σ′)(

ρ

rp(T )
)σ

′
, (5.4.16)

on ΣT∩B4τ (p). We now fix a choice of σp ∈ (−∞, γ−1 (Cp))\ΓCp and σ′
p ∈ (γ−1 (Cp), (1+

σp)/2).

Let tp = tp(σp,Σ,M) ∈ (0, τ) such that L = LCp + Rp satisfies the condition in

Corollary C.0.5. The existence of such tp is guaranteed by Lemma 2.3.1 and Theorem

A.0.1. Also let T2,p > T1 such that rp(T2,p) < tp/10. By Corollary C.0.5, for every T >

T2,p, there exists a solution vp ∈ W 2,2
σp

(Btp(p)) to the equation Lvp = χΣT
fG/(ρ3T )

on Btp(p) satisfying the weighted estimate,

sup
t∈(0,tp)

∥vp(t, ·)∥L2(Sp) · t−σp ≤ C(σp, tp)∥
G

ρ3T
· χΣT

f∥L2
σp−2(Btp (p))

. (5.4.17)

And if we denote for simplicity Aj := A100−jtp,100−j+1tp(p), then by definition,

∥ G

ρ3T
· χΣT

f∥2L2
σp−2(Btp (p))

=

∫
Btp (p)

χΣT
· (

G

ρ3T
f)2ρ−2σp+4−n dx

= T 2 ·
∑
j≥1

∫
Aj

(
f

G
)2ρ−2n/q · χΣT

· (
G

T
)4ρ−2σp−2−n+2n/q dx

≤ C(q)T 2∥f∥2Lq
G(ΣT ) ·

∑
j≥1

( ∫
Aj

χΣT
(
G

T
)4q

′
ρ(−2σp−2)q′−n dx

)1/q′
≤ C(q, σp, σ

′
p, tp)T

2∥f∥2Lq
G(ΣT ) ·

∫
Arp(T ),tp (p)

rp(T )4(
ρ

rp(T )
)4σ

′
p · ρ−2σp−2−n dx

≤ C(q, σp, σ
′
p, tp)rp(T )2−2σpT 2∥f∥2Lq

G(ΣT ) ,

where the first inequality is by Holder inequality with q′ = q/(q − 2); the second
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inequality is by RHS of (5.4.16) and the last inequality is true since we choose σ′
p <

(1 + σp)/2. Combined with (5.4.17), the interior Lq estimate for elliptic equations

and the Morrey’s inequality we get the pointwise estimate on Btp/2(p),

|vp| + ρ|∇vp| ≤ C(q, σp, σ
′
p, tp)(

ρ

rp(T )
)σp · rp(T )T · ∥f∥Lq

G(ΣT ) ≤ C∥f∥Lq
G(ΣT ) ·G ,

(5.4.18)

where the last inequality above follow from LHS of (5.4.16). Since we have fixed the

choice of σp, σ
′
p, tp, from now on every constant might depend on them in this proof.

Step 2 (Global C0 estimate) Now let T > T2 := supp∈Sing(Σ) T2,p; Let v be the

solution to the equation (5.4.15). Let v̄ := v −
∑

p∈Sing(Σ) ηpvp, where vp is given

by Step 1 satisfying the estimate (5.4.18) in Btp/2(p); ηp ∈ C∞
c (Btp/2(p)) is a cut-off

function which equals to 1 on Btp/4(p) and has |∇ηp| + |∇2ηp| ≤ C(tp).

By definition of vp we have

Lv̄ =
G

ρ3T
· f(1 −

∑
p∈Sing(Σ)

ηp) −
∑

p∈Sing(Σ)

(2∇ηp · ∇vp + vp∆ηp) .

In particular, spt(Lv̄) ⊂ Σ\
⋃

p∈Sing(Σ) Btp/4(p) and by (5.4.18), ∥Lv̄∥Lq(Σ) ≤ C∥f∥Lq
G(ΣT ),

where C is independent of T .

Let U0 := Σ \
⋃

p∈Sing(Σ) Btp/8(p) and v̄0 ∈ W 1,2
0 (U0) be the solution of Lv̄0 = Lv̄

on U0. Then by global Lq estimate and Morrey’s inequality,

∥v̄0∥C1
G(U0) ≤ C∥v̄0∥W 2,q

G (U0)
≤ C∥f∥Lq

G(ΣT ) . (5.4.19)

Let η0 ∈ C∞
c (U0) be a cut-off function with value 1 on Σ \

⋃
p∈Sing(Σ) Btp/4(p) and

|∇η0| + |∇2η0| ≤ C(U0). Then by (5.4.18) and the boundary condition in equation
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(5.4.15), we have


|L(v̄ − η0v̄0)| = |2∇η0 · ∇v̄0 + v̄0∆η0| ≤ C∥f∥Lq

G(ΣT ) ·G, on ΣT ;

|v̄ − η0v̄0| = |v −
∑

p∈Sing(Σ) vp| ≤ C(∥f∥Lq
G(ΣT ) + ∥ϕ∥C0

G(∂ΣT )) ·G, on ∂ΣT .

But recall that by definition, −LG = Λ · G and −L is strictly positive on Σ, hence

by weak maximum principle for v̄ − η0v̄0 and the estimate (5.4.18) (5.4.19), we have

the following weighted C0 estimate for v,

|v| ≤ C(∥f∥Lq
G(ΣT ) + ∥ϕ∥C0

G(∂ΣT )) ·G on ΣT , (5.4.20)

where the constant C is independent of f, ϕ, T .

Step 3 (Global W 2,q
G estimate) Note that since 0 < G/ρT ≤ C(Σ) on ΣT , we

have |Lv| ≤ C(Σ)f/ρ2. Hence the desired estimate for ∥v∥XT
follows from (5.4.20)

and interior and boundary Lq estimate on every domain {t < ρ < 100t}∩ΣT , ∀t > 0.

This completes the proof of Lemma 5.4.5.

Proof of Theorem 5.4.3. Let C̄ > 1 and δ5 ∈ (0, 1/2C̄) TBD subsequently. For every

T > T1, δ ∈ (0, δ5] and φ ∈ C2(∂ΣT ) with T · ∥φ∥C2
G(∂ΣT ) ≤ δ, define

XT,C̄δ := {u ∈ W 2,q(ΣT ) : ∥u∥XT
≤ C̄δ} .

Consider the map T : XT,C̄δ → W 2,q(ΣT ), T u =: v solves


Lv = Ru, on ΣT ;

v = φ, on ∂ΣT .

Note that by non-degeneracy of L, the equation above has a unique solution. We

shall appropriately choose C̄ and δ5 to make T a contraction map from XT,C̄δ to
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itself.

For every u ∈ XT,C̄δ, let v := T u. By taking u1 = u and u2 = 0 in (5.4.13) and

applying (5.4.14) and Lemma 5.4.5,

∥v∥XT
≤ C2(C1C

′
1C̄δ · ∥u∥XT

+ δ) ≤ C2(C1C
′
1C̄

2δ2 + δ) . (5.4.21)

For every u1, u2 ∈ XT,C̄δ, let vi := T ui. Also by (5.4.13), (5.4.14) and Lemma

5.4.5,

∥v1 − v2∥XT
≤ C2(C1C

′
1C̄δ · ∥u1 − u2∥XT

+ 0) . (5.4.22)

Hence, taking C̄ := 4C2 and δ5 := 1/(C1C
′
1C̄

2), we see from (5.4.21) and (5.4.22) that

T is a contraction map from XT,C̄δ to itself. Therefore, the Theorem follows from

Banach fixed point theorem.

Remark 5.4.6. The uniqueness of solution u in the statement of Theorem 5.4.3 seems

slightly stronger since we only assume ∥u∥C1,α
G

bound. However, by similar argument

as Step 3 in the proof of Lemma 5.4.5, for sufficiently small δ′ (not depending on T ),

(5.4.7) hold for u with δ = δ′ implies ∥u∥XT
≤ C ′δ′. Thus reduce the uniqueness of

solutions with (5.4.7) estimate to the uniqueness of solutions in XT,C̄δ above, which

comes from Banach fixed point theorem.

Remark 5.4.7. By Theorem 5.4.1 and strong maximum principle [SW89], Σ is ho-

mologically area minimizing in Clos(U1) and is the unique stationary integral varifold

supported in Clos(U1).

Also notice that, directly by a compactness argument, Theorem 5.1.1 is proved in

case when Σ is nondegenerate stable, even without assuming (3).

Remark 5.4.8. Theorem 5.4.1 also guarantees that a locally stable minimal hyper-

surface Σ must be uniquely area-minimizing near the singular point p at which the
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tangent cone is regular and strictly minimizing. In fact, by Proposition 5.3.5 (5), one

can change the metric outside a small neighborhood of a p to make Σ strictly stable.

Then Theorem 5.4.1 provides a mean convex foliation of Clos(Σ), hence contains a

small neighborhood of p, inside which [Σ] is uniquely area minimizing.

5.5 Local Existence of LSMH under Metric Per-

turbation

The goal of this Section is to prove Theorem 5.1.1.

Let’s begin with the basic set up and assumptions.

(S1) Let (Σ, ν) ⊂ (Mn+1, g) be a two-sided closed LSMH with only strongly isolated

singularities; M \ Clos(Σ) = M− ⊔M+ where ν points into M+.

(S2) The Jacobi operator LΣ is nondegenerate in B0(Σ) with I := index(Σ;M) ≥ 1;

(S3) ∀p ∈ Sing(Σ), the tangent cone Cp of Σ at p is strictly minimizing and strictly

stable.

(S4) τ ∈ (0, τ0/10), where τ0 is given by Lemma 2.3.1, K > 1; {Uj}j≥1 is a decreasing

family of smooth domains satisfying

•
⋂

j≥1 Uj = Clos(Σ);

• ∂Uj are mean convex in BM
4τ (Sing(Σ));

• ∂Uj ∩M± are graphs of smooth functions u±j ∈ C2(Σ) in M \BM
τ (Sing(Σ))

such that

|∇u±j | + |∇2u±j | ≤ K|u±j | on Σ \BM
τ (Sing(Σ)) ;

sup
Σ\BM

τ (Sing(Σ))

|u±j | ≤ K · inf
Σ\BM

τ (Sing(Σ))
|u±j | → 0+ as j → ∞ .
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Assuming (S1)-(S3), the existence of such K, τ and {Uj}j≥1 in (S4) can be seen

from the following argument. By Remark 5.4.8, for each p ∈ Sing(Σ), let Op ⊂ M

be a smooth convex neighborhood of p in which [Σ] is uniquely area-minimizing; Let

Σ±
p,j ⊂M±∩Op be a family of area-minimizing hypersurfaces in Op which converges to

Σ∩Op from both side; Such Σ±
p,j exists by solving Plateau problem with boundary to

be the one-sided perturbation of ∂Op∩Σ; For every compact subset Z ⊂ Op, we have

Sing(Σ±
p,j) ∩ Z = ∅ for j >> 1 by Allard Regularity [All72, Sim83b], Theorem 2.4.1

and a blow-up argument similar to [Sma93]. Hence Uj in (S4) can be constructed

by (passing to a subsequence if necessary) gluing these Σ±
p,j with a constant function

over a neighborhood of Σ \
⋃

p∈Sing(Σ)Op by partition of unity.

Throughout this section every constant will depend on the quantities in (S1)-(S4).

The proof of Theorem 5.1.1 is devided into the following two facts.

Theorem 5.5.1 (Strong min-max property). There exists k1 ≥ 1, Φ0 : Clos(BI
1) →

Zn(Clos(Uk1)) F-continuous and ϵ : (0, 1] → (0, 1) non-decreasing such that

(i) Φ0(0) = [Σ];

(ii) M(Φ0(z)) ≤ M(Σ) − ϵ(r) for every z ∈ ∂BI
r;

(iii) If r ∈ (0, 1] and {Φi}i≥1 : Clos(BI
r) → Zn(Clos(Uk1)) is a family of F-continuous

map such that

lim sup
i→∞

sup{F(Φ0(z),Φi(z)) : z ∈ ∂BI
r} = 0 .

Then we have

lim inf
i→∞

sup{M(Φi(z)) : z ∈ BI
r} ≥ M(Σ) .

Also recall that we have introduced the notion of constraint embedded minimal

hypersurfaces in Section 4.2. The following Lemma is a slight modification of Theorem

4.5.1.
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Lemma 5.5.2 (c.f. Lemma 5.5.8). Let ϵ ∈ (0, 1). There exists k2 = k2(ϵ) ≥ 1 such

that for every j ≥ k2(ϵ), if V is a constrained embedded minimal hypersurface in

Clos(Uj) with

H n(Σ) ≤ ∥V ∥(M) ≤ (2 − ϵ)H n(Σ) ,

then V = |Σ|.

Proof of Theorem 5.1.1. First recall that by Remark 5.4.7, Theorem 5.1.1 is already

proved when Σ is non-degenerate stable. We now assume index(Σ) ≥ 1.

Since Σ ⊂ (M, g) in Theorem 5.1.1 satisfies (S1)-(S3) above, we can choose K, τ

and {Uj}j≥1 as in (S4).

Let k1 ≥ 1 be given in Theorem 5.5.1, k2 ≥ 1 be given in Lemma 5.5.2; Let k̄ ≥

max{k1, k2(1/2)} be fixed; RΣ ∈ (0, 1) is also fixed such that spt(Φ0(x)) ⊂ Uk̄+1 for all

x ∈ Clos(BI
RΣ

), where Φ0 is specified in Theorem 5.5.1. Also let η ∈ C∞
c (Uk̄+1, [0, 1])

be a fixed cut off function with η|Uk̄+2
= 1.

Let Π be the family of sequences of F-continuous maps S = {Φi : Clos(BI
RΣ

) →

Zn(Clos(Uk̄))}i≥1 such that

sup{F(Φi(z),Φ0(z)) : z ∈ ∂BI
RΣ

} → 0 as i→ ∞ .

Hence by Theorem 5.5.1 we have

L(Π; g) := inf
S={Φi}i≥1∈Π

lim sup
i→∞

sup
z∈BI

RΣ

Mg(Φi(z)) = H n(Σ)

> LΦ0,∂;g := sup
z∈∂BI

RΣ

Mg(Φ0(z)) .

Observe that L(Π; g) and LΦ,∂;g is Lipschitz in g in C0
loc sense. Therefore, ∃ ϵ1 > 0 such

that for every ∥g′ − g∥C4 ≤ ϵ1, if write g′η := ηg′ + (1 − η)g, then L(Π; g′η) > LΦ0,∂;g′η .

By Theorem 4.4.3, there exists a constrained embedded minimal hypersurface Vg′
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in (Clos(Ut), g
′
η) with ∥Vg′∥(M) = L(Π; g′η). Moreover, by Remark 4.4.4, there’s a

constant NI only depending on I such that, we can choose Vg′ satisfying the following,

For every p ∈ M , if {Al = AM
rl,sl

(p)}NI
l=1 be a family of disjoint annuli in M

centered at p with sl > rl > 4sl+1; Then V is a constrained embedded stable minimal

hypersurface in at least one of {Al}.

From this fact, we see that if g′j → g in C4, then Vg′j will subconverges in varifold

sense to some constrained stationary integral varifold Vg in Clos(Uk̄, g) with the same

mass as Σ, which is stable locally in every sufficiently small annuli. Hence by Theorem

4.2.11 and 4.3.2, Vg is a constrained embedded stable minimal hypersurface; And by

Lemma 5.5.2, we see that Vg = |Σ|.

Also note that since Vg′j has uniformly bounded mean curvature (bounded by

the mean curvature of ∂Uk̄), spt(Vg′j) → spt(Vg) = Σ in Hausdorff distant sense.

Therefore, for g′ sufficiently close to g, we have spt(Vg′) ⊂ Uk̄+2. In particular, Vg′ is

a locally stable minimal hypersurface in (M, g′) and can be arbitrarily close to Σ by

taking ∥g′ − g∥C4 small enough. This finishes the proof of Theorem 5.1.1.

5.5.1 Strong min-max property for singular minimal hyper-

surfaces

The goal of this subsection is to prove the strong min-max property, namely Theorem

5.5.1. The proof closely follows the argument in [Whi94], The only difference is the

treatment of singularities, which is based on the results in Section 5.2 and 5.4.

We start with some analytic preparation. Recall (2.3.1), QΣ is the quadratic form

of second variation of Σ.

Lemma 5.5.3. There exists ϕ1, ϕ2, ...ϕI ∈ C∞
c (Σ) and λ, µ > 0 such that
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(i) For every u ∈ span1≤i≤I{ϕi},

QΣ(u, u) ≤ −λ∥u∥2L2(Σ) ;

(ii) For every v ∈ C1
c (Σ),

QΣ(v, v) + µ2

I∑
i=1

(

∫
Σ

v · ϕi )2 ≥ λ

∫
Σ

|∇v|2 + v2/ρ2 ;

(iii) The matrix [⟨ϕi, ϕj⟩L2(Σ)](i,j)∈I×I is nondegenerate.

Proof. Let ψ1, ..., ψI ∈ B0(Σ) be the first I pairwise orthogonal unit L2-eigenfunctions

of −LΣ. Since C∞
c (Σ) is dense in B0(Σ), we can find ϕi ∈ C∞

c (Σ) such that

sup1≤i≤I ∥ϕi − ψi∥B(Σ) ≤ ε, where ε ∈ (0, 1) TBD.

To prove (i), notice that for every a ∈ RI ,

QΣ(
∑
i

aiψi,
∑
i

aiψi) ≤ −|λ′|
∑
i

a2i ,

where λ′ be the largest negative eigenvalue of −LΣ; Also notice that

|QΣ(
∑
i

aiϕi,
∑
i

aiϕi) −QΣ(
∑
i

aiψi,
∑
i

aiψi)|

= |
∑

1≤i,j≤I

aiaj(QΣ(ϕi, ϕj) −QΣ(ψi, ψj))| ≤ C(Σ, I)ε ·
∑
i

a2i .

Hence by taking ε < |λ′|/2C(Σ, I), we have (i) for λ ≤ |λ′|/2.

To prove (ii), first notice that for every v ∈ B0(Σ),

QΣ(v, v) + |µ′|
I∑

i=1

(

∫
Σ

v · ψi )2 ≥ λ′′∥v∥2L2(Σ) ,

where λ′′ be the smallest positive eigenvalue of −LΣ and µ′ be the difference between
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λ′′ and the first eigenvalue of −LΣ. Also note that,

(

∫
Σ

v · ψi )2 − (

∫
Σ

v · ϕi )2 ≤ C ′(Σ)ε · ∥v∥2L2 .

Hence if take ε < λ′′/(2I|µ′|C ′(Σ)), µ2 ≥ |µ′| and λ ≤ λ′′/2, then we have,

QΣ(v, v) + µ2

I∑
i=1

(

∫
Σ

v · ϕi )2 ≥ λ∥v∥2L2(Σ) . (5.5.1)

Also note that since each tangent cone of Σ is strictly stable, by Lemma C.0.1 and

Lemma 2.3.1, there is some small neighborhood V of Sing(Σ) and constant ϑ(Σ) > 0

such that,

QΣ(v, v) − ϑ

∫
V
v2/ρ2 ≥ 0, ∀v ∈ C1

c (V) .

Hence by a similar argument as Lemma 5.3.1 we have, for some C ′′(Σ) > 0,

QΣ(v, v) − ϑ

∫
Σ

v2/ρ2 + C ′′∥v∥2L2(Σ) ≥ 0, ∀v ∈ C1
c (Σ) . (5.5.2)

Also by Lemma 2.3.1,
∣∣|AΣ|2 + RicM(ν, ν)

∣∣ ≤ C ′′′(Σ)/ρ2 on Σ, hence ∀v ∈ C1
c (Σ),

(1 + a)
(
QΣ(v, v) + C ′′∥v∥2L2(Σ)

)
≥ a

∫
Σ

|∇v|2 +

(
QΣ(v, v) − ϑ

∫
Σ

v2/ρ2 + C ′′∥v∥2L2(Σ)

)
≥ a

∫
Σ

|∇v|2 ,
(5.5.3)

where 0 < a ≤ ϑ/C ′′′. Hence Lemma 5.5.3 (ii) follows by combining (5.5.1), (5.5.2)

and (5.5.3) and take 0 < λ ≤ min{1, λ′′/(2C ′′)} ·min{ϑ, a/(1 + a)}/2 .

To prove (iii), it suffices to notice that |⟨ϕi, ϕj⟩L2(Σ) − δij| ≤ 10ε and take ε <

1/100I2.

Remark 5.5.4. We see from its proof that Lemma 5.5.3 (i) and (5.5.1) holds for

any Σ satisfying L2 nonconcentration property; while the proof of (ii) essentially use

strictly stability of tangent cones of Σ.
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Now we take f⃗ = (f1, ..., fI) ∈ C∞
c (M \ Sing(Σ);RI) such that f⃗ = 0 on Σ and

ν(fi) = µϕi on Σ; Let τ̄ ∈ (0, τ) be such that BM
τ̄ (Sing(Σ)) ∩ spt(f⃗) = ∅.

Let ζ ∈ C2(RI ; [0,+∞)) such that ζ(0) = 0, ∇2ζ(0) = id and supRI |∇ζ| ·

supM |f⃗ | < 1. Define for T ∈ Zn(M),

A∗(T ) := M(T ) + ζ

(∫
M

f⃗(x) d∥T∥(x)

)
.

Lemma 5.5.5. A∗ is lower semi continuous in flat topology.

Proof. The proof is the same as [Whi94, Section 3, Claim 2].

For a general parametric elliptic integrand F , the regularity problem of (F, ctα, δ)-

almost minimizing surfaces is studied in [Alm75,SS82,Bom82], and is used in [Whi94]

to gain better regularity of convergence of minimizers for F ∗ in a smaller and smaller

neighborhood of the given surface stationary with respect to F . F ≡ 1 corresponds

to the mass functional.

Now we observe that since Uj are mean convex near Sing(Σ) and f⃗ vanishes near

Sing(Σ), minimizers of A∗ in Clos(Ut) are minimal near each singularity. Hence the

same argument in [Whi94, Section 3, Claim 1] yields the following,

Lemma 5.5.6. For every α ∈ (0, 1), there exists some constant c, k2 > 0 such that

for j ≥ k2, every minimizer T ∈ Zn(Clos(Uj)) of A∗ among cycles homologous to [Σ]

in Uj is (ctα, δ7)-almost minimizing in M .

In particular, if Tj is a minimizer of A∗ in Clos(Uj) homologous to [Σ], then

Tj → [Σ] in flat topology as j → ∞ and

(i) Tj are homologically area minimizing in BM
τ̄ (Sing(Σ)) ∩ Clos(Uj);

(ii) There are uj ∈ C1(Σ) such that for every U ⊂⊂M \ Sing(Σ),

Tj⌞U = [graphΣ(uj)]⌞U, for j >> 1 .
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Lemma 5.5.7. There exists k1 ≥ k2 such that [Σ] is the only A∗-minimizer in its

homology class in Zn(Clos(Uk1)).

Proof. The proof closely follows [Whi94, Theorem 2]. The major extra effort is made

to estimate error terms near singularities.

Suppose for contradiction that after passing to a subsequence, there are [Σ] ̸=

Tj ∈ Zn(Clos(Uj)) homologous to [Σ], i.e. Tj − [Σ] = ∂Pj for some Pj ∈ In+1(M)

supported in Clos(Uj), which minimize A∗ among its homology class in Zn(Clos(Uj)).

Let 0 ̸= uj be the graphical functions of Tj over Σ as described in Lemma 5.5.6

(ii). Moreover, for each p ∈ Sing(Σ), since each Cp is strictly stable, one can take

σ ∈
(
− (n− 2)/2, infp∈Sing(Σ) γ

+
1 (Cp)

)
; Let

rj(p) := inf{t > 0 : Tj⌞A
M
t,2τ (p) = [graphΣ(uj)]⌞A

M
t,2τ (p) and ∥uj∥∗2,At,2τ (p)

≤ δ1} ,

where δ1 = δ1(Cp, σ) is specified in Corollary 5.2.18. Clearly, rj(p) → 0+ as j → ∞;

WLOG rj(p) < τ .

By Corollary 5.2.18, there exists Ω0 ⊂⊂ Σ such that for j >> 1,

|uj|/ρ+ |∇uj| ≤ C(σ)ρσ−1 · (

∫
Ω0

u2j )1/2 on A2rj(p),τ (p) (5.5.4)

Claim. lim infj→∞ rj(p)
2σ−2

∫
Ω0
u2j > 0.

Proof of Claim. Otherwise, consider V̂j := (ηp,rj(p))♯Vj. By (5.5.4), up to a subse-

quence, V̂j → V̂∞ for some stationary integral varifold V̂∞ equal to |Cp| outside the

ball of radius 2. Since Cp is area minimizing, by a barrier argument using Hardt-

Simon foliations, V̂∞ = |Cp| in Rn+1. By Allard regularity, this contradict to the

minimality of rj(p).

Let Ũj := Σ \
⋃

p∈Sing(Σ) B2rj(p)(p); Uj := Σ \
⋃

p∈Sing(Σ) B4rj(p)(p). Take j >> 1

such that Uj ⊃ Ω0 ∪ (Σ ∩ spt(f⃗)).
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Let ξj ∈ C∞
c (Ũj) be a cut-off function which equal to 1 on Uj and |∇ξj| ≤ 10/rj(p)

on Bτ (p); Let ũj := uj · ξj. Note that by (5.5.4),

∫
B4rj(p)

(p)

|∇ũj|2 + ũ2j/ρ
2 ≤ C(σ)rj(p)

2σ−2+n ·
∫
Ω0

u2j . (5.5.5)

Now we are ready to estimate A∗(Tj)−A∗(Σ). Work under Fermi coordinate near

Σ, let F (x, z, p) = F 0(x, z, p) be the volume element for graphs over Σ as in Theorem

A.0.1, we have

0 ≥ A∗(Tj) −A∗(Σ)

≥
∫
Uj

(
F (x, uj,∇uj) − 1

)
− H n(Σ \ Uj) + ζ

( ∫
Σ

f⃗(x, uj(x))F (x, uj,∇uj) dH n(x)
)

≥
[ ∫

Uj

dx

∫ 1

0

∂pF (x, suj, s∇uj) · ∇uj + ∂zF (x, suj, s∇uj) · uj ds
]

︸ ︷︷ ︸
(I)

−H n(Σ \ Uj)︸ ︷︷ ︸
(II)

+ ζ
( ∫

Σ

f⃗(x, uj(x))F (x, uj,∇uj) dH n(x)
)

︸ ︷︷ ︸
(III)

.

(5.5.6)

To estimate (I), notice that by Theorem A.0.1,

|∂pF (x, z, p) − p| + ρ
∣∣∂zF (x, z, p) + (|AΣ|2 + RicM(ν, ν))z

∣∣ ≤ C(|z|/ρ+ |p|)2 .

Hence, combined with (5.5.4) and (5.5.5) we have,

(I) ≥ 1

2

∫
Uj

|∇uj|2 −
(
|AΣ|2 + RicM(ν, ν)

)
u2j − C(|∇uj| + |uj|/ρ)3

≥ 1

2

∫
Σ

|∇ũj|2 −
(
|AΣ|2 + RicM(ν, ν)

)
ũ2j dH

n

− C(σ,Ω0)

∫
Σ

(|∇ũj| + |ũj/ρ| + rj(p)
2σ−2+n) · (|∇ũj|2 + ũ2j/ρ

2)

=
1

2

∫
Σ

|∇ũj|2 −
(
|AΣ|2 + RicM(ν, ν)

)
ũ2j dH

n + o(

∫
Σ

|∇ũj|2 + ũ2j/ρ
2) .

(5.5.7)
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To estimate (II), it suffices to notice that by Claim 1, rj(p)
n = o(

∫
Ω0
u2j) as

j → ∞. Hence,

(II) ≤
∑

p∈Sing(Σ)

H n(B4rj(p)(p)) ≤ C(Σ) ·
∑
p

rj(p)
n = o(

∫
Σ

|∇ũj|2 + ũ2j/ρ
2) . (5.5.8)

To estimate (III), note that by definition, ζ(v) ≥ |v|2/2−Cζ |v|3 for some Cζ > 0;

and by the choice of f ,

|
∫
Σ

f⃗(x, uj(x))F (x, uj,∇uj) − µϕ⃗ · ũj dH n(x)| ≤ C(f)

∫
Σ

|∇ũj|2 + ũ2j/ρ
2 .

Hence, we have

(III) ≥ µ2

2

∣∣ ∫
Σ

ũj · ϕ⃗ dH n
∣∣2 − o(

∫
Σ

|∇ũj|2 + ũ2j/ρ
2) . (5.5.9)

Now, plug (5.5.7), (5.5.8) and (5.5.9) into (5.5.6) and apply Lemma 5.5.3 (ii), we

get,

0 ≥ QΣ(ũj, ũj) + µ2
∣∣ ∫

Σ

ũj · ϕ⃗ dH n
∣∣2 − o(

∫
Σ

|∇ũj|2 + ũ2j/ρ
2)

≥ λ

∫
Σ

|∇ũj|2 + ũ2j/ρ
2 dH n − o(

∫
Σ

|∇ũj|2 + ũ2j/ρ
2) .

This contradicts to that λ > 0 in Lemma 5.5.3 and that uj ̸= 0. Thus the proof is

completed.

Proof of Theorem 5.5.1. Let k1 be specified in Lemma 5.5.7. Define Φ0 : Clos(BI
1) →

Zn(Clos(Uk1)) by

Φ0(z) :=
[
graphΣ

(
t̄ · (z1ϕ1 + z2ϕ+ ...+ zIϕI)

)]
,

where t̄ ∈ (0, 1) small enough such that the image of Φ0 is contained in Zn(Clos(Uk1))
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and that (ii) in Theorem 5.5.1 hold for some ϵ(r) > 0. Such t̄ and ϵ(r) exists by

Lemma 5.5.3 (i).

Also by Lemma 5.5.3 (iii), we can take t̄ > 0 even smaller such that

f⃗Φ0 : Clos(BI
1) → RI , z 7→

∫
M

f⃗ d∥Φ0(z)∥ .

has non-zero degree at 0 ∈ RI . Fix the choice of t̄ and then Φ0 from now on.

Now if {Φi}i≥1 be a family of F-continuous sweepouts described in Theorem 5.5.1

(iii), then

f⃗Φi : Clos(BI
1) → RI , z 7→

∫
M

f⃗ d∥Φi(z)∥

C0-converges to Φ0 restricted to ∂BI
1, and hence also has non-zero degree at 0 for

i >> 1. In particular, ∃ zi ∈ BI
1 such that f⃗Φi(z) = 0I . Therefore, by Lemma 5.5.7,

sup{M(Φi(z)) : z ∈ BI
1} ≥ M(Φ(zi)) = A∗(Φ(zi)) ≥ A∗([Σ]) = M(Σ) ,

for i >> 1, thus proves (iii) of Theorem 5.5.1.

5.5.2 A rigidity result for constrained minimal hypersurfaces

As is introduced in Section 4.2, for a smooth domain U ⊂ (M, g), an integral varifold

V ∈ IVn(Clos(U)) is called a constrained embedded minimal hypersurface in Clos(U)

if it’s a locally stable minimal hypersurface with optimal regularity inside U , locally

sum of C1,1 graphs with multiplicity near ∂U , possibly with self-touching on ∂U , and

satisfies the variational inequality

δV (X) ≥ 0 ,
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for every vector field X ∈ X (M) which is tangent to ∂U or pointing inward U along

∂U . Note that by [Wan22b, Remark 2.9, (1)], the mean curvature vectors of these

C1,1 graph comprising V all points outward U along ∂U and equals to the mean

curvature of ∂U almost everywhere on spt(V ) ∩ ∂U . This is the only additional fact

we shall use in the proof of Lemma 5.5.8.

[Wan22b] discusses the existence of such constrained embedded minimal hypersur-

face through min-max construction, as well as a local rigidity result [Wan22b, Theo-

rem 5.1] near a smooth nondegenerate minimal hypersurface. The goal of this section

is to prove an analogue of this local rigidity in the singular setting. The proof is

almost the same, but additional efforts will be made to deal with error terms near

singularities.

We still assume (S1)-(S4) holds in this subsection. Note that by strong maximum

principle and mean convexity of ∂Uj in (S4) inside BM
4τ (Sing(Σ)), any constrained

embedded minimal hypersurface V in Clos(Uj) must be stationary (i.e have vanishing

mean curvature) in BM
4τ (Sing(Σ)).

Lemma 5.5.8. Let ϵ ∈ (0, 1). There exists k2 = k2(ϵ) ≥ 1 such that for every

j ≥ k2(ϵ), if V is a constrained embedded minimal hypersurface in Clos(Uj) with

H n(Σ) ≤ ∥V ∥(M) ≤ (2 − ϵ)H n(Σ) ,

then V = |Σ|.

Proof. We shall argue by contradiction as is done in [Wan22b, Theorem 5.1].

Suppose for sake of contradiction that after passing to a subsequence, there exist

constrained embedded minimal hypersurfaces |Σ| ≠ Vj ∈ IVn(Clos(Uj)), j → ∞.

Since by the choice of {Uj}j≥1 in (S4), the mean curvature of ∂Uj on spt(h) tends to

0 as j → ∞, we see that the mean curvature of Vj converges to 0 in L∞. Hence by

Allard Compactness Theorem [All72,Sim83b], up to a subsequence, Vj → V for some
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stationary integral varifold V ∈ IVn(M) supported in Clos(Σ) and has H n(Σ) ≤

∥V ∥(M) ≤ (2−ϵ)H n(Σ). This implies V = |Σ|. Thus by Allard Regularity Theorem

[All72,Sim83b], this convergence is in C1,α-graphical sense on each compact subset of

Σ, ∀α ∈ (0, 1).

Let α ∈ (0, 1) be fixed from now on; For each singularity p, since the tangent

cone CpΣ is strictly stable and strictly minimizing, we can choose σp ∈ (−(n −

2)/2, γ+1 (Cp)). Let δ1 = δ1(Cp, σ) > 0 be specified in Corollary 5.2.18, vj ∈ C1,α(Σ)

be the graphical function of Vj over Σ, rj(p) → 0+ be such that

rj(p) = inf{t > 0 : Vj⌞A
M
t,2τ (p) = | graphΣ(vj)|⌞AM

t,2τ (p), ∥vj∥∗2;At,2τ (p)
≤ δ3} .

We take j >> 1 such that rj(p) < τ/2. Let σ := infp∈Sing(Σ) σp > −(n − 2)/2. By

Corollary 5.2.18, there exists Σ \ Bτ (Sing(Σ)) ⊂ Ω0 ⊂⊂ Σ such that for j >> 1,

|vj|/ρ+ |∇vj| ≤ C(σ)ρσ−1 ·
(∫

Ω0

v2j

)1/2

, on A2rj ,τ (p) , (5.5.10)

where recall that ρ is the distant function on Σ to p. Hence by the same argument

as in the proof of Lemma 5.5.7, Claim, we have,

lim inf
j→∞

rj(p)
2σ−2

∫
Ω0

v2j > 0 . (5.5.11)

Let F = F 0(x, z, p) be the area integrand of graph over Σ defined in Theorem

A.0.1;

Mu := M gu = −divΣ(∂pF (x, u,∇u)) + ∂zF (x, u,∇u) ,

be the minimal surface operator. Also for each j ≥ 1, let Uj := Σ\
⋃

p∈Sing(Σ) B4rj(p)(p);

and let u±j be C2 functions over Ω0 such that under Fermi coordinates of M near Σ,

{(x, t) : x ∈ Ω0, u
−
j (x) < t < u+j (x)} \BM

2τ (Sing(Σ)) = Uj \BM
2τ (Sing(Σ)) .
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Since Vj are constrained embedded minimal hypersurfaces in Clos(Uj), we have


vj · M vj ≤ 0, weakly on Ω0;

M vj = 0, on {u−j < vj < u+j } ∪ (Uj \ Ω0);

|M vj| ≤ C|vj|, weakly on Uj.

(5.5.12)

Let c2j :=
∫
Ω0

|∇vj|2 + v2j/ρ
2, then by (5.5.10), (5.5.12), Theorem A.0.1 and standard

elliptic estimate [GT01], we know that up to a subsequence, vj/cj → v̂∞ in W 1,2
loc ∩

C0
loc(Σ) for some 0 ̸= v̂∞ ∈ W 1,2

loc (Σ) satisfying


−v̂∞ · LΣv̂∞ ≤ 0, weakly on Σ;

−LΣv̂∞ = 0, on ({û−∞ < v̂∞ < û+∞} ∩ Ω0) ∪ Σ \ Ω0 ,

(5.5.13)

where û±∞ are the subsequential limit of u±j /cj, which is either everywhere ±∞ or ev-

erywhere finite and nonzero by the assumption in (S4) and that |vj| ≤ max{|u+j |, |u−j |}

on Ω0 for j ≥ 1. Moreover by (5.5.10), ARp(v̂∞) ≥ σ > γ−1 (Cp) for every singular

point p. Hence by Corollary 5.3.18 (2) and Corollary 5.3.16, we have v̂∞ ∈ B0(Σ).

Claim.

∫
Σ

−v̂∞ · LΣv̂∞ =

∫
Σ

|∇v̂∞|2 − (|AΣ|2 + RicM(ν, ν))v̂2∞ dx ≥ 0 .

Note that by combining this Claim with (5.5.13), we see that v̂∞ actually satisfies

the Jacobi field equation LΣv̂∞ = 0 on Σ. Together with that v̂∞ ∈ B0(Σ), this

contradicts to the non-degeneracy of LΣ and completes the proof of Lemma 5.5.8.
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Proof of the Claim. By Theorem A.0.1,

0 ≤ ∥Vj∥(M) − H n(Σ)

≤
∫
Uj

F (x, vj,∇vj) − 1 dH n(x) +
∑

p∈Sing(Σ)

∥Vj∥(BM
8rj(p)

(p))

≤
∫
Uj

dx

∫ 1

0

∂pF (x, svj, s∇vj) · ∇vj + ∂zF (x, svj, s∇vj) · vj ds

+
∑

p∈Sing(Σ)

∥Vj∥(BM
8rj(p)

(p))

=
1

2

∫
Uj

∂pF (x, vj,∇vj) · ∇vj + ∂zF (x, vj,∇vj) · vj dx︸ ︷︷ ︸
(I)

+ E

+
∑

p∈Sing(Σ)

∥Vj∥(BM
8rj(p)

(p))︸ ︷︷ ︸
(II)

,

(5.5.14)

where by the fact that

∫ 1

0

f(s) ds− (f(0) + f(1))/2 = (

∫ 1

0

f ′′(s)(s2 − s) ds)/2 ,

and Theorem A.0.1, we have

|E | ≤ C

∫
Uj

sup
s∈[0,1]

[
|∂3pppF (x, svj, s∇vj)||∇vj|3 + |∂3ppzF (x, svj, s∇vj)||∇vj|2|vj|

+ |∂3pzzF (x, svj, s∇vj)||∇vj||vj|2 + |∂3zzzF (x, svj, s∇vj)||vj|3
]
dx

≤ C

∫
Uj

(|∇vj| + |vj|/ρ)3 dx = o(c2j) .

(5.5.15)

Here the last equality follows from (5.5.10) and the definition of cj; And by (5.5.11)
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and volume monotonicity for stationary varifolds in M ,

(II) ≤
∑

p∈Sing(Σ)

C(τ)rj(p)
n · ∥Vj∥(BM

τ (p)) = o(c2j) . (5.5.16)

Now to estimate (I), first observe by

|∂pF (x, z, p) − p| + ρ
∣∣∂zF (x, z, p) +

(
|AΣ|2 + RicM(ν, ν)

)
z
∣∣ ≤ C(τ)(|p| + |z|/ρ(x))2 .

Hence,

(I) ≤ 1

2

∫
Uj

|∇vj|2 − (|AΣ|2 + RicM(ν, ν))v2j dx+ C(τ)

∫
Uj

(|∇vj| + |vj|/ρ)3

≤ 1

2

∫
Uj

|∇vj|2 − (|AΣ|2 + RicM(ν, ν))v2j dx+ o(c2j) .

(5.5.17)

Note that by (5.5.10), as j → ∞,

∫
Uj

|∇(vj/cj)|2−
(
|AΣ|2 + RicM(ν, ν)

)
(vj/cj)

2 dx→
∫
Σ

|∇v̂∞|2−
(
|AΣ|2 + RicM(ν, ν)

)
v̂∞ dx .

Therefore, combined with (5.5.17), (5.5.16) and (5.5.15), by dividing (5.5.14) by c2j

and taking j → ∞, the proof of Claim is completed.

5.5.3 Failure of local existence

We point out at the end of this Section that the strict minimizing assumption in

Theorem 5.1.1 can not be dropped. In fact, we have the following example.

Proposition 5.5.9. There exist a Riemannian manifold (M, g) and a two-sided

strictly stable minimal hypersurface (Σ, ν) ⊂ (M, g) with only strongly isolated singu-

larities satisfying (1), (3) but not (2) in Theorem 5.1.1, together with a neighborhood
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U of Clos(Σ) and a family of metrics gj → g in C∞ on M , such that there’s no

stationary integral varifold supported in U under each gj.

Recall that by [Sim68,Lin87b,Sim74,Law91], the Simons cone over S5 × S1,

C5,1 = {(x, y) ∈ R6 × R2 : |x|2 = 5|y|2} ⊂ R8 ,

is strictly stable but only minimizing in one side. Using this cone as the singularity

model and applying the following Lemma 5.5.10, one can derive Proposition 5.5.9 by

the following steps, the detailed proof of which is left to readers.

(i) Consider Σ := C5,1×R∩S8, a LSMH in (S8, g0 := ground), with two singularities

and a unit normal field ν pointing into the non-minimizing direction of C5,1. By

Proposition 5.3.5 (5), there’s a 0 ≤ ϑ ∈ C∞
c (Σ) such that −LΣ,g0 + ϑ is strictly

positive on B(Σ). Let f1 ∈ C∞
c (S8 \ Sing(Σ)) be such that

f1|Σ = 0, ∇f1|Σ = 0, ∇2
g0
f1(ν, ν)|Σ = ϑ .

Thus Σ is minimal and strictly stable in (S8, g := ef1g0).

(ii) Using the same argument as Theorem 5.4.1, one can construct piecewise smooth

mean convex hypersurfaces {Σt}t∈(−1,1) foliating a neighborhood of Clos(Σ) with

Σ0 = Σ, such that the mean curvature vector of Σt point into ν’s direction for

every t ̸= 0, and that on a domain containing spt(f) ∩ Σ, Σt are graphs over Σ.

(iii) Take a non-zero 0 ≤ ϱ ∈ C∞
c (Σ) supported in spt(ϑ), let f2 ∈ C∞(S8) be

supported in spt(f1) such that f2|Σ = 0, ν(f2)|Σ = −ϱ. Thus for |t| ≤ δ << 1

and every j ≥ 1, under metric gj := ef2/jg, Σt still all have mean curvature

pointing in the same direction as ν. Moreover, none of Σt are entirely minimal.

Therefore, by strong maximum principle, there’s no stationary integral varifold

under gj supported in the region bounded by Σ±δ.
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Lemma 5.5.10. Let C ⊂ Rn+1 be a regular stable minimal hypercone which is min-

imizing only in one-side. Let E− be the component of Rn+1 \ C in which C is not

minimizing, νC be the normal field pointing away from E−.

Then the area-minimizer S among all integral currents with boundary ∂[C∩Bn+1
1 ]

is unique and is a smooth minimal hypersurface supported in Clos(E−) with boundary

C ∩ ∂Bn+1
1 . Moreover,

(1) {r · S}r>0 foliates E−;

(2) S is a minimal graph over C near ∂S of some function h satisfying

h(r, ω) ≤ 0, h(1, ω) = 0; ∂rh(1, ω) > 0, ∀ω ∈ C ∩ ∂Bn+1
1 . (5.5.18)

Proof. First note that since C is area-minimizing in the other side, by compar-

ing mass, spt(S) ⊂ Clos(E−). Hence by strong maximum principle [Ilm96] and

that C isn’t minimizing in E−, we have spt(S) ∩ C = C ∩ ∂Bn+1
1 . In particular,

dist(0, spt(S)) > 0. Also, by [HS79], S is smooth near boundary. We may abuse the

notation and do not distinguish between S and spt(S).

The fact that {r·S}r>0 foliates E− follows by considering sup{r ∈ (0, 1) : r·S∩S =

∅} and using strong maximum principle [Sim87,Ilm96]. The uniqueness of such S also

follows from the foliation structure.

Consider the Jacobi field u := νS · ∇Rn+1|x|2/2, where νS is the normal field of

S− pointing away from C. Then since {r · S}r>0 foliates E−, 0 ≤ u ≤ 1 and is

not identically 0. By strong maximum principle for LS, u > 0 on Int(S), hence by

Theorem 3.1.1, Sing(S) = ∅.

Also by weak maximum principle for ∆S, we have u|∂S ≤ infS u < 1. Hence S is a

minimal graph over C near ∂S. By Hopf boundary Lemma, u > 0 on ∂S and hence

(5.5.18) holds.
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Chapter 6

Analysis on Singular Minimal

Hypersurfaces, III

The work described in this chapter is a combination of [Wan20,LW20,LW22].

6.1 Introduction

In this chapter, we prove the Full Generic Regularity Theorem 1.3.6 and then discuss

its applications to the min-max theory.

Outline of the Proof

The starting point is a Regular Deformation Theorem. Let Σ ⊂ (M8, g) be a LSMH

with Sing(Σ) ̸= ∅, by exploiting Theorem 5.2.12, we shall prove that under a technical

semi-nondegenerate assumption, there’s a generic way to conformally perturb the

metric g to g′, under which every LSMH sufficiently close to Σ must be regular near

some singular point of Σ. For the precise statement, see Theorem 6.2.4. Heuristically,

this means we can smooth out at least one singularity of Σ by perturbing metric.

There are two difficulties in applying this Regular Deformation Theorem induc-
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tively and eventually eliminate all singularities. The first one is that the technical

semi-nondegenerate assumption may not be preserved under perturbation a priori;

The second one is, although those LSMH Σ′ under perturbed metric is regular near

some p ∈ Sing(Σ), it’s still possible that near some other p′ ̸= p ∈ Sing(Σ), Σ′ has

multiple singularities. Note that if this happens, then the TOTAL NUMBER of

singular points does NOT drop under metric perturbation.

To deal with the second problem, we introduce a way to count the number of

singular points weighted by their tangent cones, such that this counting is upper-

semi-continuous under F-convergence of LSMH. We show that there exists a finite

weighted singular-set-counting like this, which we call singular capacity. See Theorem

6.2.5.

To deal with the first problem, our goal is to first derive a Sard-type Theorem

asserting that under generic metric, every LSMH is semi-nondegenerate. To achieve

this, for each LSMH Σ ⊂ (M8, g), we introduce a canonical pseudo neighborhood

of (g,Σ), which roughly speaking consists of metric-LSMH pairs (g′,Σ′) that are

bi-Lipschitzly close to (g,Σ). Inside this canonical pseudo neighborhood, inspired

by White’s Bumpiness Theorem [Whi91, Whi17], we are able to establish a local

Sard Theorem by artificially unwrapping the proof Sard-Smale Theorem for smooth

Fredholm map between Banach manifolds, see Theorem 6.2.8 for its precise statement.

Then to obtain the Sard-type Theorem globally, we adapt the proof in a recent work

by N. Edelen [Ede21] to find countable cover of the space of all metric-LSMH pairs

(ḡ, Σ̄) by canonical pseudo neighborhoods.

After overcoming these two techical difficulties, the proof of Full Generic Regu-

larity can be carried out by induction in the singular capacity of LSMH.
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Organiztion of the Chapter

In Section 6.2, we introduce some technical notions ralated with locally stable mini-

mal hypersurfaces, and state the Regular Deformation Theorem 6.2.4, the Existence

Theorem 6.2.5 of Singular Capacity, the Local Sard Theorem 6.2.8 and the Countable

Cover Theorem 6.2.9. Assuming these Theorems, the detailed proof of Theorem 1.3.6

will be carried out in Section 6.3, followed by several applications of the Full Generic

Regularity Theorem to min-max Theory in 8-manifolds.

In Section 6.5, we prove the Existence Theorem 6.2.5 of Singular Capacity.

In Section 6.6, inspired by Edelen’s cone decomposition, we introduce a two-step

decomposition scheme to show that countably many “canonical (pseudo-)neighborhoods”

could cover the whole space. In particular, we prove the Countable Cover Theorem

6.2.9.

In Section 6.7, we collected several facts on induced Jacobi fields from a converging

sequence of minimal hypersurfaces or minimal hypersurfaces pairs. This allows us to

establish the Regular Deformation Theorem 6.2.4, which serves as an induction step

in proving full generic regularity.

In Section 6.8, based on the knowleadge of certain induced Jacobi fields, we unwrap

the Sard-Smale type arguments in White’s Structure Theorem to derive the Local

Sard Theorem 6.2.8.

6.2 Preliminaries

Let Σ be an LSMH in a closed manifold (M8, g) with a singularity p. For a L2
loc-

function v defined near p, recall that we have defined and discussed the asymptotic

rate of v at p in Section 5.3.3 to be,

ARp(v) := sup{γ : lim
s↘0

∫
Ag(p;s,2s)

v2 · ρ−n−2γ d∥Σ∥ = 0},
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where ρ(x) := distg(x, Sing(Σ)) is the distance function to the singular set, and

Ag(p; s, t) is the geodesic annulus in (M, g) centered at p with inner radius s and

outer radius t. Heuristically, if v grows like ργ near p, then ARp(v) = γ. Note

that by Lemma 2.3.1, by parametrizing Σ using CpΣ near p, v can be viewed as a

function on C near the origin, and by Theorem A.0.1, the definition above coincide

with Definition 5.2.5 for function on cones.

The advantage of this asymptotic rate is that it relates the behavior of Jacobi

fields on Σ near p with the asymptotic spectrum of CpΣ. We collect our analysis in

Section 5.2.1 by the following Lemma.

Lemma 6.2.1. Suppose that a nonzero function u ∈ W 2,2
loc (Σ) satisfies LΣ,gu ∈

L∞(Σ). Then ARp(u) ∈ {−∞} ∪ Γ(CpΣ) ∪ [1,+∞]. In addition,

(i) If u ∈ W 1,2(Σ), then ARp(u) ≥ γ+1 (CpΣ);

(ii) If u > 0 and LΣ,gu vanishes near p, then ARp(u) ∈ {γ±1 (CpΣ)};

(iii) If ARq(u) > −(n− 2)/2 for every q ∈ Sing(Σ), then

∫
Σ

|∇Σ,gu|2 + ρ−2u2 d∥Σ∥ < +∞.

In particular, if u, v ∈ W 2,2
loc (Σ) such that LΣ,gu, LΣ,gv ∈ L∞(Σ) and that

ARq(u) > −(n − 2)/2, ARq(v) > −(n − 2)/2 for every q ∈ Sing(Σ), then

we can do the following integration by parts,

∫
Σ

u · LΣ,gv d∥Σ∥ =

∫
Σ

v · LΣ,gu d∥Σ∥.

Proof. Combine Lemma 5.3.11 and Corollary 5.3.12.
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6.2.1 Jacobi fields of slower growth

Definition 6.2.2 (Slower growth). A function u ∈ L2
loc(Σ) is a function of slower

growth, if ∀p ∈ Sing(Σ),

ARp(u) ≥ γ+2 (CpΣ) .

In particular, if Sing(Σ) = ∅, the condition is always satisfied for any L2 function.

Similarly, when Σ is two-sided, a Jacobi field on Σ is a Jacobi field of slower

growth if it is a function of slower growth. We denote by Ker+ LΣ,g the space of all

the Jacobi fields of slower growth on Σ ⊂ (M, g).

A two-sided LSMH Σ is called semi-nondegenerate, if

Ker+ LΣ,g = {0} .

Following the notation in (2.1.1), a one-sided connected LSMH Σ is called semi-

nondegenerate, if its connected two-sided double cover Σ̂ has

(Ker+ LΣ̂,ĝ)
Z2 = {0} .

Remark 6.2.3. By definition, if Sing(Σ) = ∅, then Σ is semi-nondegenerate if and

only if Σ is nondegenerate.

By Lemma 5.2.1, for every stable minimal hypercone in R8, we have γ+2 > γ+1 ≥

−(n− 2)/2. Thus by Lemma 6.2.1, a Jacobi field of slower growth has finite energy.

The following Regular Deformation Theorem will be the induction step to proving

full generic regularity. The proof is based on the analysis of induced Jacobi field from

a converging sequence of LSMH, which will be discussed in Section 6.7.

Theorem 6.2.4. Let k ≥ 4 be an integer, α ∈ (0, 1), and Σ ⊂ (M8, g) be a semi-

nondegenerate LSMH with Sing(Σ) ̸= ∅. Then there exists an open dense subset
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F k,α ⊂ Ck,α(M) depending on Σ,M, g with the following property. For any f ∈ F k,α,

and j ≥ 1, Suppose that

(a) gj = (1 + tjfj)g is a family of metrics, where either R ∋ tj ↘ 0 and fj → f in

C4(M) as j → ∞, or tj ≡ 0 for all j.

(b) Σj ⊂ (M, gj) is an LSMH with

index(Σj) = index(Σ) ; F(|Σj|gj , |Σ|g) → 0 as j → ∞ .

Then there exists p ∈ Sing(Σ) and some neighborhood Up ⊂M both depending on the

sequence {(gj,Σj)} such that for infinitely many j >> 1,

Sing(Σj) ∩ Up = ∅.

6.2.2 Singular capacity

Let M be the space of triples (Σ, N, g), where (N, g) is a Riemannian manifold of

dimension 8, not necessarily complete; Σ ⊂ (N, g) be a connected LSMH with finitely

many singularities. Let M 2-sided be the space of triples (Σ, N, g) ∈ M such that Σ is

two-sided. As before, we endow topology on M and M 2-sided by C4
loc convergence in

(N, g) and F convergence in Σ with multiplicity 1.

Singular capacity, first introduced in [LW20, Section 4] as a funcational defined

on M 2-sided, serves as a way to count the number of singularities with weight such

that it is upper semi-continuous under convergence.

In this chapter, we shall need a modified singular capacity, which is still upper

semi-continuous under convergence with multiplicities.

Theorem 6.2.5. There exists a functional SCap∗ : M → N, which we call singular

capacity, with the following properties.
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(i) For every nontrivial stable minimal hypercone C ⊂ R8, we have

1 ≤ SCap∗(C,R8, geuc) < +∞.

We denote for simplicity SCap∗(C) := SCap∗(C,R8, geuc);

(ii) For every triple (Σ, N, g) ∈ M ,

SCap∗(Σ, N, g) :=


∑

p∈Sing(Σ)

SCap∗(CpΣ) if Σ is two-sided;

2
∑

p∈Sing(Σ)

SCap∗(CpΣ) if Σ is one-sided.

(6.2.1)

Conventionally, SCap∗(Σ, N, g) = 0 if Sing(Σ) = ∅;

(iii) Given an integer I ≥ 0, Suppose that (Σj, N, gj) → (Σ∞, N, g∞) in M , where

∀1 ≤ j ≤ +∞, index(Σj) ≡ I, and either all two-sided or all one-sided.

Then for every open subset U ⊂ N with ∂U ∩ Sing(Σ) = ∅, we have

lim sup
j→∞

SCap∗(Σj, U, gj) ≤ SCap∗(Σ∞, U, g∞). (6.2.2)

(iv) Suppose N is a closed 8-manifold. Let {gj} be a family of C4 metrics on N ,

and Σj ⊂ (N, gj) be connected stable minimal hypersurfaces, 1 ≤ j ≤ ∞, such

that when j → ∞, gj → g∞ in C4, |Σj| F-converges to m|Σ∞| for some integer

m ≥ 2.

If Sing(Σ∞) ̸= ∅, then we have,

lim sup
j→∞

SCap∗(Σj, N, gj) ≤ SCap∗(Σ∞, N, g∞) − 1. (6.2.3)

The construction of such a functional is based on the density quantization (5.2.2)
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of stable minimal hypercones. It also uses a fact about the multiplicity of limiting

connected stable minimal hypersurface. See Section 6.5 for details of the proof.

6.2.3 Canonical pseudo neighborhoods

Throughout this section, let M be a closed smooth manifold of dimension 8, k ≥ 4

be an integer, and α ∈ (0, 1). Let

• Gk,α(M) be the space of Ck,α-Riemannian metrics on M , which is naturally a

Banach manifold;

• Mk,α(M) be the space of pairs (g,Σ), where g ∈ Gk,α(M) and Σ is a connected

LSMH, two-sided or one-sided, in (M, g); Endow topology on Mk,α by Ck,α-

convergence in g and multiplicity 1 F-convergence in Σ;

• Π : Mk,α(M) → Gk,α(M) be the projection onto the first factor.

Definition 6.2.6. Let g be a Ck,α-metric on M , Σ ⊂ (M8, g) be a LSMH, Λ ≥ 1,

and δ > 0. We denote

injrad(g,Σ) := min{injrad(M, g),min{distg(p, p′)/2 : p ̸= p′ ∈ Sing(Σ)}}.

We define Lk,α(Σ, g; Λ, δ) to be the space of all pairs (g′,Σ′) ∈ Mk,α(M) such that,

• g′ is a Ck,α metric on M with ∥g′∥Ck,α ≤ Λ and ∥g′ − g∥Ck−1,α ≤ δ;

• Σ′ is a LSMH in (M, g′) satisfying

F(|Σ|g, |Σ′|g′) ≤ δ, index(Σ′; g′) ≤ Λ ;

• For every p ∈ Sing(Σ), there exists p′ ∈ Sing(Σ′)∩Bg(p, injrad(g,Σ)) such that

θ|Σ′|(p
′) = θ|Σ|(p) .
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Here, the norms of tensors are all measured under metric g.

Lk,α(Σ, g; Λ, δ) is called a canonical (pseudo-)neighborhood of (g,Σ) in Mk,α(M),

and its topology is induced from Mk,α(M).

Clearly, when g,Σ is fixed, Lk,α(Σ, g; Λ, δ) is monotonely increasing in Λ, δ. Also

note that in general, Lk,α(g,Σ; Λ, δ) is NOT a genuine neighborhood of (g,Σ) in

Mk,α(M). In other words, there might be (g′,Σ′) ∈ Mk,α(M) arbitrarily close to

(g,Σ) but not contained in Lk,α(g,Σ; Λ, δ).

Lemma 6.2.7 (Compactness of Lk,α). For every (g,Σ) ∈ Mk,α(M) and every Λ > 1,

there exists δ0(g,Σ,Λ, k, α) ∈ (0, 1) with the following property. For every δ ∈ (0, δ0),

Lk,α(g,Σ; Λ, δ) is compact under Ck−1,α-norm in metric and F-metric in minimal

hypersurfaces.

Proof. Suppose otherwise, there exists δj ↘ 0 and for each j ≥ 1, a sequence of pairs

{(gqj ,Σ
q
j)}q≥1 in Lk,α(g,Σ; Λ, δj) with no limit point in Lk,α(g,Σ; Λ, δj). By compact

embedding of Ck,α into Ck−1,α and Schoen-Simon’s Compactness Theorem [SS81],

after passing to a subsequence, when q → ∞,

gqj → ḡj in Ck−1,α, Σq
j → V̄j in F-metric of varifolds,

where V̄j is a LSMH with multiplicity. Moreover, F(|Σ|g, V̄j) ≤ δj → 0 as j → ∞.

Hence by connectivity of Σ and upper semi-continuity of density, for j >> 1, V̄j =

|Γj|ḡj for some LSMH Γj ⊂ (M, ḡj) with index ≤ Λ.

By the contradiction assumption, (ḡj,Γj) /∈ Lk(g,Σ; Λ, δj). Therefore, by Allard’s

Regularity Theorem [All72] and the upper semi-continuity property of density under

the convergence |Σq
j | → |Γj|, after passing to a subsequence, there exists p ∈ Sing(Σ),

pj ∈ Sing(Γj) such that

θ(CpjΓj) > θ(CpΣ
q
j) = θ(CpΣ) , pj → p ,
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as j → ∞. Since by (5.2.2), the density of stable minimal hypercones form a discrete

subset of R, we then have

lim sup
j→∞

θ(CpjΓj) > θ(CpΣ),

which violates the upper semi-continuity of density under convergence |Γj| → |Σ|.

The main reason to consider canonical neighborhoods is that the following Local

Sard-Smale-type Theorem holds.

Theorem 6.2.8. For every (g,Σ) ∈ Mk,α(M) and every Λ > 0, there exists κ0 =

κ0(g,Σ,Λ) > 0 such that

Gk,α(g,Σ; Λ, κ0) := {g′ ∈ Gk,α(M) : either g′ /∈ Π(Lk,α(g,Σ; Λ, κ0)), or every

Σ′ with (g′,Σ′) ∈ Lk,α(g,Σ; Λ, κ0) is semi-nondegenerate}.

is an open dense subset of Gk,α(M).

Heuristically, one can view Gk,α(g,Σ; Λ, κ0) as the set of regular values of Π|Lk,α(g,Σ;Λ,κ0).

When we only focus on regular minimal hypersurfaces, such a Sard-Smale Theorem

was proved in [Whi91, Whi17] by showing that Mk,α is a Banach manifold, and Π

is a Fredholm map with Fredholm index 0. Here, however, it’s hard to expect any

Banach manifold structure on Lk(g,Σ; Λ, δ). The way we prove Theorem 6.2.8 is by

unwrapping the proof of infinite dimensional Sard-Smale Theorem by hand. More

precisely, we need

(i) A controlled behavior of Jacobi fields of slower growth under convergence in

Lk,α(g,Σ; Λ, κ0);

(ii) A good way to slice Gk,α(M) into union of finite dimensional subspaces {Fg′,Σ′}

such that each Π−1(Fg′,Σ′)∩Lk,α(g,Σ; Λ, κ0) is bi-Lipschitz to a compact subset

in the finite dimensional vector space Ker+ LΣ′,g′ .
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Both of these rely on a good control on growth rate of certain functions (Jacobi fields

or graphical functions of nearby LSMH) on (g′,Σ′) ∈ Lk,α(g,Σ; Λ, κ0), where we make

full use of the technical definition of Lk,α(g,Σ; Λ, δ) and Jacobi fields of slower growth.

The proof of Theorem 6.2.8 is carried out in Section 6.8.

To derive a Global Sard-Smale type Theorem on Mk,α(M), it suffices to show

that it can be covered by countably many canonical neighborhoods.

Theorem 6.2.9. Let κ : Mk,α(M) × R+ → (0,+∞) be a positive function, not nec-

essarily continuous. Then there exists a countable number of triples {(gj,Σj; Λj)} ∈

Mk,α(M) × R+ such that

Mk,α(M) =
⋃
j≥1

Lk,α(gj,Σj; Λj, κj),

where κj := κ(gj,Σj; Λj).

Theorem 6.2.9 will be proved in Section 6.6, based on decomposition arguments

inspired by the work [Ede21].

A direct corollary of Theorem 6.2.8 and 6.2.9 is the genericity of semi-nondegeneracy.

Corollary 6.2.10. Given an integer k ≥ 4, α ∈ (0, 1) and a eight-dimensional closed

smooth manifold M8, let Gk,α
0 (M) be the space of metrics g ∈ Gk,α(M) such that

• every regular connected minimal hypersurface Σ under g is strongly nonde-

generate, i.e. either Σ is two-sided and nondegenerate, or Σ is one-sided and

has a non-degenerate double cover;

• every connected LSMH under g is semi-nondegenerate.

Then Gk,α
0 (M) is a generic subset of Gk,α(M) in the Baire Category sense, i.e. Gk,α

0 (M)

contains a countable intersection of open dense subsets in Gk,α(M).
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Proof. In Theorem 6.2.9, by choosing κ to be κ0 in Theorem 6.2.8, we have

Mk,α(M) =
⋃
j≥1

Lk,α(gj,Σj; Λj, κj),

where κj = κ0(gj,Σj; Λj). For each Lk,α(gj,Σj; Λj, κj), Theorem 6.2.8 generates an

open dense subset Gk,α(gj,Σj; Λj, κj), and we can define

G̃k,α(M) :=
∞⋂
j=1

Gk,α(gj,Σj; Λj, κj),

which by definition is clearly generic.

By White’s Structure Theorem [Whi91, Whi17], there exists a generic subset

Gk,α
bumpy(M) of Gk,α(M), such that every regular connected minimal hypersurface Σ

under g is strongly nondegenerate.

It suffices to show that G̃k,α(M) ∩ Gk,α
bumpy(M) ⊂ Gk,α

0 (M). Indeed, for any g ∈

G̃k,α(M) ∩ Gk,α
bumpy(M) ⊂ Gk,α

0 (M), and any LSMH Σ ⊂ (M, g), there exists a j ∈

N+ such that (g,Σ) ∈ Lk,α(gj,Σj; Λj, κj). Hence, by the fact that g ∈ G̃k,α(M) ⊂

Gk,α(gj,Σj; Λj, κj), we have Σ is semi-nondegenerate. If further Σ is regular, then

by the definition of Gk,α
bumpy(M), it is also strongly non-degenerate. In summary, the

inclusion holds and Gk,α
0 (M) is also generic.

6.2.4 G-invariant minimal hypersurfaces

To deal with one-sided and two-sided cases simultaneously, we also slightly extend

the notions of canonical neighborhoods Lk,α and Jacobi fields of slower growth to

manifolds with symmetry.

Definition 6.2.11. Let G ⊂ Diff(M) be a discrete subgroup of the diffeomorphism

group of M . We call a two-sided LSMH Σ ⊂ (M, g) G-invariant if for every γ ∈ G,
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we have

γ∗g = g, γ(Σ) = Σ.

Given a G-invariant two-sided LSMH Σ ⊂ (M, g) with a unit normal field ν, there

is an induced G-representation on C0
loc(Σ) given by

(γ · f)(x) := ⟨ d
dt

∣∣∣
t=0
γ(expg

y(t · f(y)ν(y))), ν(γ(y))⟩g
∣∣∣
y=γ−1(x)

= f(γ−1(x)) · ⟨γ∗ν(γ−1(x)), ν(x)⟩g,

for every γ ∈ G, f ∈ C0
loc(Σ), x ∈ Σ. Under this representation, for every subset

K ⊂ C0
loc(Σ) (resp. C0(M)), let KG be the set of all G-invariant elements in K, i.e.

KG := {f ∈ K : γ · f = f (resp. f ◦ γ = f), ∀γ ∈ G}.

We call a G-invariant two-sided LSMH Σ ⊂ (M, g) G-semi-nondegenerate if

(Ker+ LΣ,g)
G = {0}. We also use the notation

Lk,α(g,Σ; Λ, δ)G := {(g′,Σ′) ∈ Lk,α(g,Σ; Λ, δ) : γ∗g′ = g′, γ(Σ′) = Σ′,∀γ ∈ G}.

Remark 6.2.12. Throughout this section, unless otherwise stated, G < Diff(M) is

fixed and Σ ⊂ (M, g) is a connected G-invariant two-sided LSMH.

(i) Under the induced G-representation on C0
loc(Σ), we have, for every γ ∈ G and

every f ∈ C0
loc(Σ),

γ(graphΣ(f)) = graphΣ(γ · f).

(ii) If Σ0 ⊂ (M0, g0) be a connected one-sided LSMH, let π : M̂0 → M0 be the

double cover given by Section 2.1 such that Σ̂0 := π−1(Σ0) ⊂ (M̂0, ĝ0 := π∗g0) is

a connected two-sided LSMH. This makes Σ̂0 ⊂ (M̂0, ĝ0) a Z2-invariant LSMH,
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where Z2 acts on M̂0 by deck transformation. It’s not hard to verify that

Lk,α(ĝ0, Σ̂0; Λ, δ)Z2 ⊂ {(π∗g′, π−1(Σ′)) : (g′,Σ′) ∈ Lk,α(g0,Σ0; Λ, δ)}

⊂ Lk,α(ĝ0, Σ̂0; 2Λ, 2δ)Z2

Note that functions of slower growth are preserved under convergence in (Lk,α)G.

6.3 Proof of Generic Regularity

The goal of this section is to prove Theorem 1.3.6 assuming Theorem 6.2.4, 6.2.5,

6.2.8 and 6.2.9 . Recall that Gk,α
0 (M) defined in Corollary 6.2.10 is shown to be a

generic subset of Gk,α(M).

Now for Λ > 0 and integer I ≥ 1, we can define

Gk,α
Λ,I (M) :=

{
g ∈ Gk,α

0 (M) : every Σ with (g,Σ) ∈ Mk,α(M), index(Σ) ≤ I − 1

and ∥Σ∥g(M) ≤ Λ is regular
}
.

(6.3.1)

For simplicity, we may omit the superscript k, α. For any Λ > 0, we also write

GΛ,0(M) := Gk,α
0 (M). (6.3.2)

Lemma 6.3.1. For every Λ > 0 and integer I ≥ 0, GΛ,I(M) is relatively open and

dense in Gk,α
0 (M).

Theorem 1.3.6 will be a direct consequence of Lemma 6.3.1 by taking countable

cover in Λ and I. To prove Lemma 6.3.1, we start with some preparation. Given
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g ∈ Gk,α
0 (M), Λ > 0 and integer I ≥ 0, let

M(g; Λ, I) := {(g,Σ) ∈ Mk,α(M) : ∥Σ∥g(M) ≤ Λ, index(Σ) = I};

SCap∗(g; Λ, I) :=


sup{SCap∗(Σ,M, g) : (g,Σ) ∈ M(g; Λ, I)}, if M(g; Λ, I) ̸= ∅;

0, if M(g; Λ, I) = ∅;

Mmax(g; Λ, I) := {(g,Σ) ∈ M(g; Λ, I) : SCap∗(Σ,M, g) = SCap∗(g; Λ, I)}.

Note that by definition, for every g ∈ GΛ,I(M),

SCap∗(g; Λ, I) = 0 if and only if g ∈ GΛ,I+1(M). (6.3.3)

Lemma 6.3.2. Let Λ > 0, integer I ≥ 0 and g ∈ GΛ,I(M). If {(g,Σj)}j≥1 is a

sequence in M(g; Λ, I), then |Σj| subconverges to m|Σ∞|, where

(i) (g,Σ∞) ∈ M(g; Λ, I);

(ii) Either m = 1, or m ≥ 2 and I = 0.

In particular, SCap∗(g; Λ, I) < +∞.

Proof. By [SS81] and connectedness of Σj, |Σj| F-subconverges to m|Σ∞| for some

connected LSMH Σ∞ ⊂ (M, g) and integer m ≥ 1 with

m∥Σ∞∥g(M) ≤ Λ, m · index(Σ∞) ≤ I .

To see (i), suppose for contradiction index(Σ∞) ≤ I − 1, and hence I ≥ 1. Since

g ∈ GΛ,I(M), we know from definition that Σ∞ is regular and strongly nondegenerate.

Hence by [Sha17], m = 1 and Σj ≡ Σ∞ for j >> 1. This contradicts to the fact that

index(Σj) = I. Therefore,

index(Σ∞) = I .
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(ii) also follows from [Sha17].

By Theorem 6.2.5, for any {(g,Σj)}j≥1 ⊂ M(g; Λ, I), up to a subsequence,

lim sup
j→∞

SCap∗(Σj,M, g) ≤ SCap∗(Σ∞,M, g) < +∞ .

Hence, we have SCap∗(g; Λ, I) < +∞.

Lemma 6.3.3. For every Λ > 0, integer I ≥ 0 and every g ∈ GΛ,I(M), Mmax(g; Λ, I)

is a finite set.

Proof. Suppose otherwise, there exists a pairwise distinct sequence

{(g,Σj)}j≥1 ⊂ Mmax(g; Λ, I) .

By [SS81] and Lemma 6.3.2, |Σj| F-subconverges to m|Σ∞| for some (g,Σ∞) ∈

M(g; Λ, I). And by the definition of Mmax, we have

SCap∗(Σ∞,M, g) ≤ SCap∗(g; Λ, I) = SCap∗(Σj,M, g). (6.3.4)

Then by Theorem 6.2.5, either m = 1 or Sing(Σ∞) = ∅. Since g ∈ GΛ,I(M) ⊂

Gk,α
0 (M), the latter case can’t happen by the strong nondegeneracy of Σ∞. In other

words, we have m = 1.

Applying Theorem 6.2.4 to Σj → Σ∞, we know that ∃ p ∈ Sing(Σ∞) near which

Sing(Σj) has no singularity for infinitely many j >> 1. Then by Theorem 6.2.5,

lim inf
j→∞

SCap∗(Σj,M, g) ≤ SCap∗(Σ∞,M, g) − 1,

which contradicts to (6.3.4).

Lemma 6.3.4. For every Λ > 0, integer I ≥ 0 and every g ∈ GΛ,I(M)∩Int(Clos(GΛ,I(M)))

such that SCap∗(g; Λ, I) ≥ 1, there exists a sequence of metrics gj ∈ GΛ,I(M) ∩

209



Int(Clos(GΛ,I(M))), j ≥ 1, such that gj → g in Ck,α and

SCap∗(gj; Λ, I) ≤ SCap∗(g; Λ, I) − 1. (6.3.5)

Proof. By Lemma 6.3.3, we can write

Mmax(g; Λ, I) =: {(g,Σ(1)), (g,Σ(2)), . . . , (g,Σ(q))} .

For each 1 ≤ l ≤ q, let F (l) ⊂ Ck,α(M) be the open dense subset associated to

(g,Σ(l)) given by Theorem 6.2.4. Thus F :=
⋂q

l=1 F (l) ̸= ∅.

Take f ∈ F , and there exists a sequence of metrics

gj = (1 + fj/j)g ∈ GΛ,I ∩ Int(Clos(GΛ,I(M))) ,

such that fj → f in Ck,α when j → ∞. We now claim that by passing to a subse-

quence, gj satisfies (6.3.5).

To see this, suppose for contradiction that when j >> 1, there exists (gj,Σj) ∈

M(gj; Λ, I) such that

SCap∗(Σj,M, gj) ≥ SCap∗(g; Λ, I) ≥ 1 . (6.3.6)

By [SS81] and the connectedness of Σj, |Σj| F-subconverges to m|Σ∞| for some

connected LSMH Σ∞ ⊂ (M, g) and integer m ≥ 1 with m∥Σ∞∥g(M) ≤ Λ and

m index(Σ∞) ≤ I.

We shall deal with the following cases separately.
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Case I index(Σ∞) = I and m = 1. Then (g,Σ∞) ∈ M(g; Λ, I), and by Theorem

6.2.5 (iii) and (6.3.6),

SCap∗(Σ∞,M, g) ≥ lim sup
j→∞

SCap∗(Σj,M, gj) ≥ SCap∗(g; Λ, I).

This means (g,Σ∞) ∈ Mmax(g; Λ, I). WLOG Σ∞ = Σ(1). But since f ∈ F ⊂ F (1),

by the choice of gj and Theorem 6.2.4 we have,

SCap∗(Σ∞,M, g) − 1 ≥ lim sup
j→∞

SCap∗(Σj,M, gj)

≥ SCap∗(g; Λ, I) = SCap∗(Σ∞,M, g) ,

which is a contradiction.

Case II index(Σ∞) = I and m ≥ 2. Then I = 0 and (g,Σ∞) ∈ M(g; Λ, I).

• Case II (1). Sing(Σ∞) = ∅. Since Σj’s are stable minimal hypersurfaces, by

[SS81], for large enough j, Σj is a multi-graph over Σ∞, and thus,

Sing(Σj) = ∅ ,

contradicting (6.3.6).

• Case II (2). Sing(Σ∞) ̸= ∅. By Theorem 6.2.5 (iv) and (6.3.6) we have,

SCap∗(Σ∞,M, g) ≥ lim sup
j→∞

SCap∗(Σj,M, gj) + 1

≥ SCap∗(g; Λ, I) + 1 ≥ SCap∗(Σ∞,M, g) + 1 ,

which is a contradiction.
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Case III index(Σ∞) ≤ I − 1 and m = 1. Then I ≥ 1 and by the definition of

g ∈ GΛ,I(M), Σ∞ is both regular and strongly nondegenerate. By Allard’s Regularity

Theorem [All72], Sing(Σj) = ∅ for j >> 1, contradicting (6.3.6).

Case IV index(Σ∞, g) ≤ I − 1 and m ≥ 2. Then again I ≥ 1 and Σ∞ is regular

and strongly nondegenerate. By Sharp’s Compactness Theorem [Sha17], either Σ∞

is two-sided and {Σj} induces a bounded positive Jacobi field on Σ∞, or Σ∞ is one-

sided and after passing to double covers, {Σj} induces a bounded positive Jacobi field

on the two-sided double cover Σ̂∞ of Σ∞. Both violate the strong nondegeneracy of

Σ∞.

Proof of Lemma 6.3.1. To prove the relative openness, let’s consider an arbitrary

family of metrics {gj}j ⊂ Gk,α
0 (M) \ GΛ,I(M) such that

gj → g∞ ∈ Gk,α
0 (M) in Ck,α .

The choice of gj guarantees that there exists an LSMH Σj ⊂ (M, gj) with index(Σj) ≤

I − 1, vol(Σj) ≤ Λ and Sing(Σj) ̸= ∅. By Sharp’s compactness again, |Σj| F-

subconverges to some LSMH with multiplicitym|Σ∞| with area ≤ Λ and index ≤ I−1.

We now assert that g∞ /∈ GΛ,I(M), to conclude the proof of relative openness. If

g∞ ∈ GΛ,I(M), by definition, Σ∞ is both regular and strongly nondegenerate. Hence

m = 1 and then by Allard’s Regularity Theorem [All72], for sufficiently large j,

Sing(Σj) = ∅, which contradicts the choice of Σj.

To prove denseness, we shall do the induction in I ≥ 0.

• Case I = 0 follows directly from (6.3.2).

• Now suppose I ≥ 0 such that GΛ,I(M) is dense in Gk,α
0 (M), and then by Corol-

lary 6.2.10, it’s also dense in Gk,α(M). To prove the denseness of GΛ,I+1(M), it
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suffices to show that every metric g ∈ GΛ,I(M) can be approximated by metrics

in GΛ,I+1(M).

Note that by inductive assumption, Clos(GΛ,I(M)) = Gk,α(M). By Lemma

6.3.2, SCap∗(g; Λ, I) < ∞. For any ϵ > 0, we can apply Lemma 6.3.4 finitely

many times to find a metric ḡϵ ∈ GΛ,I(M) such that ∥g − gj∥Ck,α < ϵ and

SCap(ḡj; Λ, I) = 0. By (6.3.3), ḡϵ ∈ GΛ,I+1(M). In conclusion, the arbitrariness

of ϵ implies that GΛ,I+1(M) is dense in GΛ,I(M) and thus dense in Gk,α
0 (M).

Proof of Theorem 1.3.6. By Corollary 6.2.10 and Lemma 6.3.1, we know that

Gk,α
∞ (M) :=

⋂
integer Λ>0,I≥0

GΛ,I(M),

is a generic subset of Gk,α(M) in the Baire category sense. By (6.3.1), (6.3.2) and

the definition of Gk,α
0 (M) in Corollary 6.2.10, for every g ∈ Gk,α

∞ (M), every LSMH

Σ ⊂ (M, g) is regular and strongly non-degenerate.

6.4 Applications

In this section, we shall sketch proofs of various properties of min-max minimal hy-

persurfaces in an 8-dimensional closed manifold, as applications of our main generic

smoothness result. In what follows, we will use Greg(M) to denote the set of all

metrics where every embedded locally stable minimal hypersurface is smooth, and

Greg,Λ,I to denote the set of all metrics where every embedded locally stable mini-

mal hypersurface with both Morse index upper bound I and area upper bound Λ is

smooth.
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• Generic Denseness. In 2017, using the Weyl law for volume spectra proved by

Liokumovich-Marques-Neves [LMN18], Irie-Marques-Neves [IMN18] showed that for

a generic metric g on a closed Riemannian manifold with dimension between 3 and 7,

the union of all closed, smooth, embedded minimal hypersurfaces is a dense subset in

the ambient manifold. In 2019, Y. Li [Li19] improved the density result and proved

that the union of all min-max minimal hypersurfaces is also dense under the same

dimensional conditions.

The denseness result can be extended to dimension 8 with the aid of generic

smoothness.

Theorem 6.4.1 (Density of min-max minimal hypersurfaces). For a generic metric

on a closed manifold M8, the union of all (smooth) minimal hypersurfaces generated

from Almgren-Pitts min-max theory is dense in M .

Sketch of proof. Near the end of [Li19], it is noted that the generic density of all

min-max minimal hypersurfaces with optimal regularity APR(M, g) follows from

Conjecture 4.2 therein.

Theorem 1.3.6 together with Sharp’s compactness theorem [Sha17] implies that

for generic metric g on M8, there are only countably many embedded locally stable

minimal hypersurfaces, i.e., countably many singular minimal hypersurfaces with op-

timal regularity. This confirms Conjecture 4.2, and thus, the generic density result

holds.

• Multiplicity One. In [MN16], F. C. Marques and A. Neves conjectured that for

bumpy metrics, min-max minimal hypersurfaces should have multiplicity exactly one,

and they proved this for the first width minimal hypersurface. This multiplicity one

conjecture was confirmed by X. Zhou [Zho20] for dimensions 3 ≤ n+ 1 ≤ 7, where he

applied the min-max construction for hypersurfaces with prescribed mean curvature

developed by J. Zhu and himself [ZZ20].
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Let’s denote by Gbumpy(M) all the metrics where every immersed smooth minimal

hypersurface is non-degenerate. B. White has proved that it is also generic in the

Baire sense [Whi91,Whi17].

Theorem 6.4.2 (Multiplicity one). Given a closed manifold M8, for any metric

g ∈ Greg(M)∩ Gbumpy(M) and any k ∈ N, there exists a disjoint collection of smooth,

connected, closed, embedded, two-sided minimal hypersurfaces
{

Σk
i : i = 1, · · · , lk

}
,

such that

ωk(M, g) =

lk∑
i=1

volg(Σ
k
i ) ,

lk∑
i=1

index(Σk
i ) ≤ k .

where ωk(M, g) is the volume spectrum.

Sketch of proof. This essentially follows the proof of [Zho20, Theorem 5.2], and it

suffices to show that we can construct suitable min-max PMC hypersurfaces to ap-

proximate min-max minimal hypersurfaces as in the proof of [Zho20, Theorem 4.1].

First, since every minimal hypersurface in (M, g) is smooth and nondegenerate,

we can also find good h ∈ S(g) as in Lemma 4.2 therein.

Then, the existence and regularity of h-PMC hypersurfaces with optimal regularity

follows from [ZZ20] together with the regularity theory by Bellettini-Wickramasekera

[BW20a].

Finally, we can obtain the Morse index upper bound from the constrained min-

max theory in [Li20a]. This resolves the difficulty of the lack of good pairs for singular

PMC hypersurfaces as in Section 3.3 therein.

• Morse Index. In [MN21], Marques-Neves shows that for bumpy metrics on

Mn+1(3 ≤ n + 1 ≤ 7), the Morse index of a p-width min-max minimal hypersur-

face of multiplicity one exactly equals to p. This together with X. Zhou’s affirmation

of multiplicity one conjecture gives a fine geometric description of min-max minimal

hypersurfaces.
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Theorem 6.4.3 (Morse index estimates). Given a closed manifoldM8, for any metric

g ∈ Greg(M)∩ Gbumpy(M) and any k ∈ N, there exists a disjoint collection of smooth,

connected, closed, embedded, two-sided minimal hypersurfaces
{

Σk
i : i = 1, · · · , lk

}
,

such that

ωk(M, g) =

lk∑
i=1

volg(Σ
k
i ) ,

lk∑
i=1

index(Σk
i ) = k .

where ωk(M, g) is the volume spectrum.

Sketch of proof. Most of the proofs in [MN21] can also work in our setting, and it

suffices to prove Proposition 8.5 therein for M8.

Indeed, one only needs to replace Up,α by Up,α ∩ Greg,p,α(M). Then the denseness

follows from the fact that both Up,α and Greg,p,α(M) are residual. It is also easy to prove

the openness of Up,α∩Greg,p,α(M) with the aid of Allard’s Regularity Theorem [All72].

Hence, Propostion 8.5 therein still holds for M8.

• Geometric Complication. In [CM19], Chodosh-Mantoulidis shows that for

bumpy metrics Mn+1(3 ≤ n + 1 ≤ 7), there exists a sequence of connected mini-

mal hypersurfaces whose areas tend to infinity. Later in [Li20b], Y. Li improve their

results and show that the sequence can have unbounded Morse indices simultane-

ously. With the generic full regularity in dimension 8, we can also extend the result

to dimension 8 via the same arguments.

Theorem 6.4.4 (Main Theorem). Given any closed Riemannian manifold M8 with

a generic metric g ∈ Greg(M)∩Gbumpy(M), there exists a sequence of connected closed

embedded two-sided minimal hypersurfaces {Γi} such that

lim
i→∞

Area(Γi) = +∞ , lim
i→∞

index(Γi) = +∞ . (6.4.1)
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6.5 Singular Capacity

The goal of this section is to prove Theorem 6.2.5. To deal with multiplicity, we

first derive a singular sheeting theorem for stable minimal hypersurfaces in dimension

eight, extending the well-known smooth sheeting theorem [SS81, Theorem 1]. This

is equivalent to the affirmative answer to a question asked by Ilmanen in dimension

eight.

Question ( [Ilm96, Question 4]). Show that if a stable hypersurface M lies within

an ε-neighborhood of another stable hypersurface N , then on a smaller ball, M de-

composes into disjoint components, each of which is weakly close to N as a Radon

measure (that is, constitutes a single layer over N).

Let’s start with the following multiplicity one Lemma.

Lemma 6.5.1. Let Σ ⊂ Rn+1 be a connected stable minimal hypersurface with optimal

regularity and a varifold tangent cone m|C| near infinity, i.e.

lim
r↘0

F(|η1/r(Σ)|,m|C|) = 0 .

If C ⊂ Rn+1 is a regular cone, then m = 1.

Proof. This is a direct consequence of [SS81] and [CSZ97], which combine to show

that Σ has only one end and thus, m = 1.

Proposition 6.5.2. Let {Σj ⊂ (B8
2, gj)}j be a family of two-sided stable minimal

hypersurfaces, with

gj → geuc in C
4
loc, |Σj| F-converges to m|C| in B2 ,

where C ⊂ R8 is a stable minimal hypercone, and m ≥ 1 is an integer. If all Σj’s are

connected in B1, then m = 1.
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Proof. Recall in (5.2.2), the densities of stable minimal hypercones in R8 form a

discrete set, denoted by

{θC(0) : C ⊂ R8 stable minimal hypercone} = {1 = θ0 < θ1 < θ2 < · · · ↗ +∞}.

We shall prove the lemma by induction on θl.

Note that when θC(0) = 1, by volume monotonicity, C is a hyperplane. Hence

by [SS81, Theorem 1], Σj is a multi-graph over C in B1, and the connectedness of

Σj ∩ B1 implie that this should be a graph, so m = 1.

Now fix l ≥ 0 and suppose the lemma holds for stable minimal hypercones with

density ≤ θl. Consider C with θC(0) = θl+1 and suppose for contradiction that

m ≥ 2. By [SS81, Theorem 1] again, when j >> 1, Σj ∩ Agj(0, 1/2, 1) is a disjoint

union of m graphs over C.

Fix an ϵ ∈ (0, 1) (To be determined later) and let

rj := inf{s ∈ (0, 1/16) : ∃p ∈ Bgj(0, 1/16) s.t. θ|Σj |(p, 1) − θ|Σj |(p, s) ≤ ϵ}.

And the multi-graphical property mentioned above implies that rj → 0 when j → ∞.

By Lemma D.0.1, we can take ϵ = ϵ(θl+1, θl,C) << 1, such that there exists pj ∈

Bgj(0, 1/4) and Σj ∩ Agj(pj, 2rj, 1) is a disjoint union of m graphs over translated

cone C + pj with graphical functions of small C2
∗ -norm. Note that pj → 0.

Since m > 1, by Ilmanen’s strong maximum principle [Ilm96, Theorem A], we

have rj > 0. Note that the rescaled minimal hypersurface Σ̂j := ηpj ,4rj(Σj) ↪→

(B1/(2rj), (4rj)
−2(η−1

pj ,4rj
)∗gj) is still connected in BR for every 1 ≤ R ≤ 1/2rj. When

j → ∞, |Σ̂j| F-subconverges to some m′|Σ̂∞|, where Σ̂∞ ⊂ (R8, geuc) is a connected

stable minimal hypersurface, and a multi-graph over C outside B1/2. By Lemma

6.5.1, Σ̂∞ is a single graph over C outside B1/2. Therefore, m′ = m ≥ 2 and by the

choice of rj, Σ̂∞ is not a translation of a cone.
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Now either

• Sing(Σ̂∞) = ∅, or

• by volume monotonicity and the fact that C is the tangent cone of Σ̂ at infinity,

every p̂ ∈ Sing(Σ̂∞) has density strictly less than θ|Σ̂∞|(∞) = θl+1. Hence,

∀p̂ ∈ Sing(Σ̂∞), θ|Σ̂∞|(p̂) ≤ θl.

Moreover, since Σ̂∞ is a single graph over C outside B1/2, Sing(Σ̂∞) ⊂ B1. We are

going to obtain contradictions in either case.

• If Sing(Σ̂∞) = ∅, then Σ̂j is a disjoint union of m graphs over Σ̂∞, which

contradicts the connectedness of Σ̂j ∩ B1.

• If Sing(Σ̂∞) ̸= ∅, then there should be only finitely many points, i.e.

Sing(Σ̂∞) = {pi}Li=1 ⊂ B1 .

Hence, there exists a strictly increasing sequence {jk} ⊂ N satisfying the fol-

lowing property.

For every k, there exists a radius rk ∈ (0, 1/k), such that

(1) Σ̂jk∩B1 is a disjoint union ofm graphs over Σ̂∞∩B1 outside B(Sing(Σ̂∞), rk);

(2) For each i ∈ {1, 2, · · · , L}, Σ̂jk ∩ ∂B(pi, rk) is a disjoint union of m con-

nected hypersurfaces;

(3) For each i ∈ {1, 2, · · · , L}, FB1(|ηpi,rk(Σ̂jk)|,m|ηpi,rk(Σ̂∞)|) < 1/k;

(4) There exists an ik ∈ {1, 2, · · · , L}, such that Σ̂jk∩B(pik , rk) has a connected

component Γ̂jk with

FB1(|ηpik ,rk(Γ̂jk)|,mk|ηpik ,rk(Σ̂∞)|) < 1/k ,
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for some mk ∈ {2, · · · ,m}. In particular, since L and m are finite, by

taking a subsequence, we may replace ik and mk by some fixed i0 and

m0 ≥ 2 independent of k.

The last property follows from the connectedness of Σ̂j ∩ B1 and the other

three properties. Moreover, ηpi0 ,rk(Σ̂∞) would F-converge to its tangent cone

Cpi0
(Σ̂∞), and thus,

FB1(|ηpi0 ,rk(Γ̂jk)|,m0|Cpi0
(Σ̂∞)|) → 0 .

This violates our inductive hypothesis as θCpi0
(Σ̂∞)(0) ≤ θl.

In summary, we obtain that m = 1 for any stable hypercone in R8.

Corollary 6.5.3. Let gj be a family of C4 metrics on a closed manifold M8, Σj ⊂

(M, gj) be connected stable minimal hypersurfaces, 1 ≤ j ≤ ∞. Suppose that when

j → ∞,

gj → g∞ in C4, |Σj| F-converges to m|Σ∞| ,

for some integer m ≥ 1. Then

(i) If Σ∞ is two-sided, then so are Σj when j >> 1, and m = 1.

(ii) If Σ∞ is one-sided, then either m = 1 and Σj are one-sided, or m = 2 and Σj

are two-sided, when j >> 1.

Proof.

(i) By [SS81], for j sufficiently large, away from Sing(Σ∞), every Σj is a disjoint

union of m graphs over Σ∞. As the part in the proof of Proposition 6.5.2 dealing with

Σ̂∞, the multiplicty m should be 1. Moreover, since every LSMH in a contractible

space is two-sided, Σj ∩ Bg∞(Sing(Σ∞), r0) is two-sided for small enough r0. When
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j >> 1, a unit normal field over Σ∞ induces a unit normal field on Σj away from

Sing(Σ∞), and by the previous statement, can extend globally to Σj. This proves

that Σj is two-sided for j >> 1.

(ii) Let π : M̂ → M be the double cover associated to Σ∞ such that π−1(Σ∞)

is connected and two-sided in M̂ . Then π−1(Σj) are either connected or have two

connected components, which corresponding to Σj being one-sided or two-sided. Since

|π−1(Σj)| F-converges tom|Σ̂∞|, by (i), we havem = 1 or 2. And since Σj is connected

and π is a double cover, for sufficiently large j, we must have that Σj is two-sided

provided m = 2, and one-sided provided m = 1.

Theorem 6.5.4 (Singular sheeting theorem). Given a closed Riemannian manifold

(M8, g) and a connected stable two-sided minimal hypersurface Σ, for any Λ > 0 and

δ > 0, there exists a constant ε = ε(M, g,Σ,Λ, δ) > 0 with the following property.

For any stable minimal hypersurface Σ′ in (M, g) with

H 7(Σ′) ≤ Λ, distH(Σ′,Σ) ≤ ε ,

then Σ′ can be decomposed into finitely many disjoint minimal hypersurfaces {Σ′
i}

with

F(|Σ|, |Σ′
i|) < δ .

Proof. We take {Σ′
i} to be the disjoint union of connected components of Σ′, each of

which is obviously a stable minimal hypersurface. Since H 7(Σ′) ≤ Λ, the collection

is finite.

Let’s suppose for contradiction that there exists a sequence of connected stable

minimal hypersurfaces
{

Σ′′
j

}∞
j=1

with

Σ′′
j ⊂ Bg(Σ, 1/j), H 7(Σ′′

j ) ≤ Λ ,
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but

F(|Σ|, |Σ′′
j |) ≥ δ .

By [SS81] again, we know that |Σ′′
j | F-subconverges to some m|Σ′′

∞| whose support

Σ
′′
∞ is a stable minimal hypersurface. Moreover, it follows from Σ′′

j ⊂ Bg(Σ, 1/j) that

Σ
′′
∞ ⊂ Σ ,

which, by the constancy theorem, indicates that Σ′′
∞ = Σ.

By Corollary 6.5.3 (i), m = 1, which contradicts our assumption that F(|Σ|, |Σ′′
j |) ≥

δ.

Lemma 6.5.5. Let C ⊂ R8 be a stable minimal hypercone, and {gj}j≥1 be a sequence

of Riemannian metrics on B2 which C4
loc-converges to geuc. For each j ≥ 1, let

Σ
(1)
j ,Σ

(2)
j be two disjoint stable minimal hypersurfaces in (B2, gj), and such that when

j → ∞, |Σ(i)
j | F-converge to |C|, i = 1, 2.

Then for j >> 1, at least one of the following holds.

(a) At least one of the Σ
(i)
j ’s has no singularity in B1;

(b) For every i = 1, 2 and every p ∈ Sing(Σ
(i)
j ) ∩ B1, we have

θ|Σ(i)
j |(p) < θC(0).

Proof. By passing to a subsequence, suppose WLOG that (b) doesn’t hold for j ≥ 1.

By the upper-semi continuity of the density function at singular points under F-

convergence, suppose WLOG that pj ∈ Sing(Σ
(1)
j ) ∩ B1 has θ|Σ(1)

j |(pj) = θC(0). The

goal is to show that under these assumptions, Σ
(2)
j is smooth for j >> 1.
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First note that by the volume monotonicity,

lim sup
j→∞

(
θ|Σ(1)

j |(pj, 1) − θ|Σ(1)
j |(pj)

)
= θC(0, 1) − θC(0) = 0.

Hence by Lemma D.0.1, for every sequence {sj ↘ 0}, |ηpj ,sj(Σ
(1)
j )| F-converges to |C|

as j → ∞.

Let rj be the infimum among all s ∈ (0, 1) such that

Σ
(2)
j ∩ Agj(pj, s, 1) = graph

Σ
(1)
j

(uj) ∩ Agj(pj, s, 1),

for some uj ∈ C2(Σ
(1)
j ) satisfying ∥uj∥C2

∗ ≤ 1. Since Σ
(i)
j are disjoint, and so are their

closures by Ilmanen’s strong maximum principle [Ilm96], we know that rj > 0. Also

by Allard’s Regularity Theorem [All72], rj → 0 when j → ∞. And by the definition

of rj, for j >> 1.

Sing(Σ
(2)
j ) ∩ Agj(pj, 2rj, 3/2) = ∅. (6.5.1)

Consider the blow-up sequence Σ̂
(i)
j := ηpj ,rj(Σ

(i)
j ). By the discussion above, when

j → ∞, |Σ̂(1)
j | F-converges to |C|, and Σ̂

(2)
j F-subconverges to some stable minimal

hypersurface Σ̂∞ ⊂ (R8, geuc), which is different from C by the choice of rj. Therefore,

Σ̂∞ is disjoint from C again by the strong maximum principle. Finally, by Lemma

5.2.13 (see also [HS85]), Sing(Σ̂∞) = ∅, and thus, by Allard’s Regularity Theorem

[All72] again,

Sing(Σ
(2)
j ) ∩Bgj(pj, 3rj) = ∅ ,

for j >> 1. Together with (6.5.1), we obtain the smoothness of Σ
(2)
j for j sufficiently

large.

Before proceed the proof of Theorem 6.2.5, we also need the following uniform
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bound on the number the singularities of stable minimal hypersurfaces near 7-dimensional

minimal hypercones.

Lemma 6.5.6. For every Λ > 1, there exists N(Λ) ≥ 1 such that, for every C ∈ C 7
Λ

and any sequence of stable minimal hypersurfaces Σj ⊂ (B8
6, gj) satisfying (Σj;B6, gj) →

(C;B6, geuc) in M , we have

lim sup
j→∞

#(Sing(Σj) ∩ B4) ≤ N(Λ) . (6.5.2)

Proof. The lemma essentially follows from [CN13] in dimension 8. For completeness,

here we give a simpler and more self-contained proof by induction on quantized den-

sities {θk}k≥0 in (5.2.2). More precisely, we shall prove that (6.5.2) holds for every

Λ = Λk := ω7 · θk.

For k = 0, by volume monotonicity formula and Allard regularity, (6.5.2) holds

and the upper bound could be taken to be 0.

Suppose for contradiction that there’s some k ≥ 1 such that (6.5.2) holds for

Λ = Λk−1 but fails for Λk, and then there exists a family of stable minimal hypersur-

faces Σj ⊂ (B6, gj), with (Σj;B6, gj) → (C;B6, geuc) in M for some stable minimal

hypercone C with density θC(0) = θk; But ♯(Sing(Σj) ∩ B4) → ∞.

Let xj ∈ Sing(Σj) ⊂ B8
1, δ3 = δ3(ϵ, 2Λk, 7) > 0 be given by Lemma 3.2.3, where

ϵ is a dimensional constant chosen sufficiently small such that any stable minimal

hypersurface Σ satisfying

FB2(|Σ|,C 7
2Λk

) ≤ ϵ ,

must be regular in A(0; 1/2, 3/2). Such ϵ exists by Schoen-Simon’s Regularity Theo-

rem [SS81]. We can then define

rj := inf{r > 0 : θ|Σj |(xj, 4) − θ|Σj |(xj, r) ≤ δ3/2} .
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By Schoen-Simon Compactness, xj → 0 ∈ R8 and rj → 0+. And since by our

assumption, Σj has at least two singular points, we then have rj > 0 and

θ|Σj |(xj, rj) = θ|Σj |(xj, 4) − δ3/2 . (6.5.3)

By Proposition 3.2.1 and Schoen-Simon’s Compactness, Σ̂j := r−1
j (Σj − xj) F-

subconverges to some multiplicity 1 stable minimal hypersurface Σ∞ ⊂ (R8, geuc).

Moreover, Sing(Σ∞) ⊂ B3 is a finite set containing 0, and by volume monotonicity

formula and (6.5.3) we have,

θ|Σ∞|(0,∞) ≤ θC(0) = θk , θ|Σ∞|(0, 1) ≤ θC(0) − δ3/2 .

By the rigidity case in the Monotonicity formula, this implies that every singular

point of Σ∞ has density strictly less than θk, hence less or equal to θk−1.

Since ♯(Sing(Σ̂j) ∩ B4) → +∞ but Σ∞ only has finitely many singular points,

there exists x̂ ∈ Sing(Σ∞)∩B4 and ρj → 0+ such that ♯
(
Bρj(x̂)∩Sing(Σ̂j)

)
→ ∞. As

the tangent cone Cx̂Σ∞ has density ≤ θk−1, the blow-up picture contradicts to the

inductive assumption.

By induction, we conclude the existence of such finite N(Λ).

Proof of Theorem 6.2.5. For all cones C ∈ C 7 which are not hyperplanes, we shall

define SCap∗ as follows,

SCap∗(C) := 1 + sup{lim sup
j→∞

SCap∗(Σj ∩ B1,B1, gj)}, (6.5.4)

where the supremum is taken over all sequence of pairs (Σj, gj) satisfying,

(i) gj is a Riemannian metric on B2, Σj ⊂ (B2, gj) is a stable minimal hypersurface;

(ii) When j → ∞, gj → geuc in C4
loc, and |Σj| F-converges to |C|;
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(iii) For every pj ∈ Sing(Σj) ∩ B1, θ|Σj |(pj) < θC(0).

And if there is no such a sequence of pairs for C, then we simply define SCap∗(C) = 1.

Recall that by (5.2.2), the densities of stable minimal hypercones form a discrete

subset of R, denoted by {1 = θ0 < θ1 < θ2 < . . . }. We denote

C (l) := {C ∈ C 7 : θC(0) = θl}.

By Lemma 3.2.2 and Schoen-Simon’s Compactness Theorem [SS81], C (l) is F-compact

for every l ≥ 1. We also denote C (≤ l) :=
⋃

1≤j≤l C (l).

Now, (6.5.4) should be viewed as an inductive definition on θl. For C ∈ C (1),

we can define SCap∗(C) = 1. Then for every l ≥ 1, once SCap∗ is defined for

cones C ∈ C (≤ l), we can define SCap∗(Σ, N, g) following (6.2.1) for every triple

(Σ, N, g) ∈ M such that ∀p ∈ Sing(Σ), CpΣ ∈ C (≤ l). And then we can define

SCap∗ for cones C ∈ C (l + 1) following (6.5.4) above.

Under this inductive definition, we first verify inductively that

SCap∗(C) < +∞

for every C ∈ C. In fact, for every l ≥ 1, suppose this has been established for

cones in C (≤ l). And by a diagonal argument, we can see that SCap∗ is upper

semi-continuous on C (l). Then it follows from the F-compactness of C (l) that

sup
C∈C (≤l)

SCap∗(C) < +∞ .

Now consider a cone C ∈ C (l + 1), and let (Σj,B2, gj) be a maximizing sequence of
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(6.5.4) satisfying (i)-(iii) above. Then

SCap∗(C) ≤ 1 + (lim sup
j→∞

# Sing(Σj) ∩ B1) · sup
C′∈C (≤l)

SCap∗(C′)

≤ 1 +N(ω7θl+1) · sup
C′∈C (≤l)

SCap∗(C′)

< +∞,

where the second and the last inequality follow from Lemma 6.5.6.

Proof of (iii) in Theorem 6.2.5. For any p ∈ Σ∞, there exists a radius rp > 0, such

that Σ∞ \ Bg∞(p, rp) has index I. Since index(Σj) = I, by Sharp’s compactness, for

j large enough, Σj \Bg∞(p, rp) also has index I and thus Σj ∩Bg∞(p, rp) is stable.

Therefore, by rescaling, it suffices to prove the inequality when Σj’s are stable

and (Σ∞, N, g∞) = (C,B2, geuc) for some cone C ∈ C. By the definition (6.5.4), one

only needs to verify the case when there exists some pj ∈ Sing(Σj) ∩ B1 such that

θ|Σj |(pj) = θC(0). By the volume monotonicity,

lim sup
j→∞

θ|Σj |(pj, 1) − θ|Σj |(pj) = θC(0, 1) − θC(0) = 0.

Hence by Lemma D.0.1 and Corollary D.0.3, Sing(Σj) ∩ B1 = {pj}, and Cpj(Σj)

F-converges to C. It follows from the upper semi-continuity of SCap∗ on C (l) that

lim sup
j→∞

SCap∗(Σj,B1, gj) = lim sup
j→∞

SCap∗(Cpj(Σj)) ≤ SCap∗(C) .

Proof of (iv) in Theorem 6.2.5. By the connectedness of Σj and Corollary 6.5.3, we

know that m = 2 and Σ∞ is one-sided while Σj are all two-sided for j >> 1. Let

π : N̂ → N be the double cover such that Σ̂∞ := π−1(Σ∞) is connected and two-sided.

Then for j >> 1, π−1(Σj) has two connected components Σ±
j , each isometric to Σj.

Moreover, Σ̂∞ and Σ±
j are two-sided stable minimal hypersurfaces in (N̂ , ĝj := π∗gj),
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and |Σ±
j | F-converges to |Σ̂∞| when j → ∞. Let p ∈ Sing(Σ̂∞), and Wp be a small

neighborhood of p such that Sing(Σ̂∞) ∩ Clos(Wp) = {p}. By definition (6.5.4) and

Lemma 6.5.5, we have

lim sup
j→∞

min{SCap∗(Σ±
j ,Wp, ĝj)} ≤ SCap∗(Σ̂∞,Wp, ĝ∞) − 1 . (6.5.5)

WLOG, let’s assume that Σ+
j corresponds to the one with smaller SCap∗. Therefore,

by Theorem 6.2.5 (iii) and (6.5.5), we obtain

SCap∗(Σ∞, N, g∞) = SCap∗(Σ̂∞, N̂ , ĝ∞)

≥ lim sup
j→∞

SCap∗(Σ+
j , N̂ \ Clos(Wp), ĝj) + SCap∗(Σ+

j ,Wp, ĝj) + 1

= lim sup
j→∞

SCap∗(Σj, N, gj) + 1.

6.6 Almost Cone Decomposition

The goal for this section is to prove Countable Decomposition Theorem 6.2.9. This

proof is inspired by a recent work of N. Edelen [Ede21], which we shall review in

Section 6.6.1.

Then the proof is carried out in Section 6.6.2 and 6.6.3 by a two-step decomposition

of Mk,α(M), where the first step is a refinement of Edelen’s cone decomposition while

the latter is obtained by a compactness argument.

6.6.1 Cone decompositions à la Edelen

In the recent work of N. Edelen [Ede21], he proved a finite parametrization result

of all the minimal hypersurfaces near a given minimal hypersurface in a closed 8-
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dimensional Riemannian manifold. The main difficulty lies in the parametrization

near a singular point. Therein, Edelen introduces a notion of cone decomposition to

overcome this issue.

Definition 6.6.1 (Strong Cone Region, [Ede21, Definition 6.0.3]). Let g be a C2

metric on B(a,R) ⊂ R8, and V an integral varifold on (B(a,R), g). Given C ∈ C,m ∈

N, β, τ, σ ∈ [0, 1/4], ρ ∈ [0, R], we say that V ⌞(A(a, ρ, R), g) is a (C,m, β)-strong-

cone region if there are C2 functions

{
uj : (a+ C) ∩ A(a, ρ/8, R) → C⊥}m

j=1

so that for any r ∈ [ρ,R] ∩ (0,∞),

1. Small C2 norms: r−1|uj| + |∇uj| + r|∇2uj| ≤ β, for any j = 1, · · · ,m;

2. Almost constant density ratios: mθC(0) − β ≤ θV (a, r) ≤ mθC(0) + β;

3. Multigraph: V ⌞A(a, ρ/8, R) =
∑m

j=1 | grapha+C(uj) ∩ A(a, ρ/8, R)|.

In this case, for simplicity, we will also call A(a, ρ, R) a strong-cone region for V .

Definition 6.6.2 (Smooth model, [Ede21, Definition 7.0.1]). Given Λ, γ ≥ 0, σ ∈

(0, 1/3), a tuple (S,C, {(Cα,B(yα, rα))}α) is called a (Λ, σ, γ)-smooth model if

• S is a stationary integral 7-varifold in (R8, geucl) with

θS(0,∞) ≤ Λ ;

• C, {Cα}α ⊂ CΛ;

• {B(yα, 2rα)} is a finite collection of disjoint balls in B1−3σ;

such that the following are satisfied:
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1. S can be represented by a union of disjoint closed smooth embedded minimal

hypersurfaces in R8 \ {yα}α with multiplicities, i.e.,

S = m1|S1| +m2|S2| + · · · +mk|Sk| ;

2. S⌞(A(0, 1,∞), geuc) is a (C,m, γ)-strong-cone region;

3. For each α, there is a j so that sptS ∩A(yα, 0, 2rα) = Sj ∩A(yα, 0, 2rα), and it

is a (Cα, 1, γ)-strong-cone region.

If there is no ambiguity, we will refer to the smooth model as S for simplicity.

Definition 6.6.3 (Smooth model scale constant, [Ede21, Definition 7.0.2]). Given a

(Λ, σ, γ)-smooth model S, we let ϵS be the largest number ≤ min(1,minα {rα}) for

which the graph map

graphS : T⊥(
⋃
j

Sj) → R8, graphS(x, v) := x+ v ,

is diffeomorphism from
{

(x, v) ∈ T⊥(
⋃

j Sj) : x ∈ B2 \
⋃

α B(yα, rα/8), |v| < 2ϵS

}
onto

its image, and satisfies

∣∣D graphS |(x,v) − Id
∣∣ ≤ |ϵS|−1|v| .

Definition 6.6.4 (Smooth region, [Ede21, Definition 7.0.3]). Given a smooth model

S, a C2 metric g on B(a,R) ⊂ R8, and β ∈ (0, 1), we say that an integral varifold

V ⌞(B(a,R), g) is an (S, β)-smooth region if for each i = 1, · · · , k, there are C2

functions
{
uij : Si → S⊥

i

}mi

j=1
so that

((ηa,R)♯V ) ⌞(B1\
⋃
α

B(yα, rα/4)) =
k∑

i=1

mi∑
j=1

[
graphSi

(uij) ∩ B1 \
⋃
α

B(yα, rα/4)

]
R−2(η−1

a,R)∗g

,
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and

|uij|C2(Si) ≤ βϵS, ∀i, j ,

where ϵS is a scale constant in the previous definition.

In this case, for simplicity, we will also call B(a,R) a smooth region for V .

Definition 6.6.5 (Cone decomposition, [Ede21, Definition 7.0.4]). Given θ, γ, β ∈ R,

σ ∈ (0, 1/3), and N ∈ N, we let

• g be a Ck,α metric on B(x,R) ⊂ R8;

• V be an integral varifold in (B(x,R), g);

• S = {Ss}s be a finite collection of (θ, σ, γ)-smooth models.

A (θ, β,S, N)-cone decomposition of V ⌞(B(x,R), g) consists of the following pa-

rameters:

• Integers NC , NS satisfying NC+NS ≤ N , where NC is the number of strong-cone

regions and NS the number of smooth regions and ;

• Points {xa}a , {xb}b ⊂ B(x,R), where {xa} are centers of strong-cone regions

and {xb} centers of smooth regions;

• Radii {Ra, ρa|Ra ≥ 2ρa}a , {Rb}b, corresponding to radii of annuli in the defi-

nition of strong-cone regions and of balls in the definition of smooth regions,

respectively;

• Cones {Ca}a ⊂ C;

• Integers {1 ≤ ma ≤ [θ]}a;

• Indices {sb}b, corresponding to the smooth model Ssb ;

where a = 1, · · · , NC and b = 1, · · · , NS. Moreover, these parameters determine a

covering of balls and annuli satisfying:
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1. Every V ⌞(A(xa, ρa, Ra), g) is a (Ca,ma, β)-strong cone region and every V ⌞(B(xb, Rb), g)

is a (Ssb , β)-smooth region;

2. In (1), there is either a strong-cone region A(xa, ρa, Ra) for V with Ra = R and

xa = x, or a smooth region BRb
(xb) for V with Rb = R and xb = x;

3. If V ⌞A(xa, ρa, Ra) is a (Ca,ma, β)-strong-cone region and ρa > 0, then there

exists either a smooth region B(xb, Rb) for V with Rb = ρa, or another cone

region A(xa′ , ρa′ , Ra′) for V with Ra′ = ρa, xa′ = xa. If ρa = 0, then θCa(0) > 1;

4. If V ⌞(B(xb, Rb), g) is a smooth region with (S,C, {Cα̂, B(yα̂, rα̂)}α̂) ∈ S, then

for any α̂, there exists a point xb,α̂ and a radius Rb,α̂ satisfying

|xb,α̂ − (xb +Rb · yα̂)| ≤ βRbrα̂,
1

2
≤ Rb,α̂

Rbrα̂
≤ 1 + β ,

and either a strong-cone region A(xa′ , ρa′ , Ra′) for V with Ra = Rb,α̂, xa = xb,α̂,

or another smooth region B(xb′ , Rb′) with Rb′ = Rb,α̂ and xb′ = xb,α̂.

By (5.2.2), we can enumerate the set of densities with multiplicities, i.e.,

{
θ̃i

}
i

:= {mθi : m, i ∈ N,m > 0} , (6.6.1)

such that 1 = θ̃0 < θ̃1 < · · · .

Theorem 6.6.6 (Existence of Cone Decomposition, [Ede21, Theorem 7.1]). Given

l, I ∈ N, 0 < γ ≤ 1, σ ∈ (0, 1
100(I+1)

], there exist constants δl,I , N and a finite

collection of (θ̃l, σ, γ)-smooth models {Ss}s = S, all depending only on (l, I, γ, σ) with

the following property.

For any C3 metric g on B1 satisfying |g−geuc|C3(B1) ≤ δl,I , any stationary integral

varifold V in (B1, g) with index(sptV ) ≤ I, C ∈ C, and m ∈ N, if

• mθC(0) ≤ θ̃l;

232



• distH(sptV ∩B1,C ∩B1) ≤ δl,I ;

• (m− 1/2)θC(0) ≤ θV (0, 1/2) and θV (0, 1) ≤ (m+ 1/2)θC(0);

Then there exists a radius r ∈ (1−20(I+1)σ, 1) so that V ⌞(Br, g) admits a (θ̃l, γ,S, N)-

cone decomposition.

6.6.2 Tree representation and first decomposition

Now we go back to the proof of Theorem 6.2.9. First, we introduce a tree structure

representing the cone decomposition of a minimal hypersurface near a cone.

Definition 6.6.7 (Tree representation of cone decomposition). Given a (θ, β,S, N)-

cone decomposition of V ⌞(B(x,R), g) as in Definition 6.6.5 with parameters:

• Integers NS, NC satisfying NS +NC ≤ N ;

• Points {xa}a , {xb}b ⊂ B(x,R);

• Radii {Ra, ρa|Ra ≥ 2ρa}a , {Rb}b;

• Indices {sb}b;

• Integers {1 ≤ ma ≤ [θ]}a;

• Cones {Ca}a ⊂ C,

where a = 1, · · · , NC and b = 1, · · · , NS. The corresponding tree representation

of the cone decomposition is a rooted tree ( [CLRS22, Section B.5]) uniquely defined

by:

1. There are two types of nodes: every node of type I is labeled with (Ca,ma, xa, Ra, ρa),

while every node of type II with (Ssb , xb, Rb);

2. The root is labeled with either (Ca,ma, xa = x,Ra = R, ρa) or (Ssb , xb = x,Rb =

R);
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3. For any type-I node (Ca,ma, xa, Ra, ρa), either ρa = 0, θCa(0) > 1 and it is a

leaf; Or ρα > 0 and it has a unique child of either

• type I (Ca′ ,ma′ = ma, xa′ = xa, Ra′ = ρa, ρa′), or

• type II (Ssb′
, xb′ = xa, Rb′ = ρa);

4. For any type-II node (Ssb , xb, Rb) where Ssb = (S,C, {Cα̂,mα̂,B(yα̂, rα̂)}α̂∈Ib),

it has ♯Ib child nodes such that for each α̂, there exists Rb,α̂ and xb,α̂ such that

|xb,α̂ − (xb +Rb · yα̂)| ≤ βRbrα̂,
1

2
≤ Rb,α̂

Rbrα̂
≤ 1 + β ,

so that the corresponding child node is either

• of type I (Ca′ = Cα̂,ma′ = mα̂, xa′ = xb,α̂, Ra′ = Rb,α̂, ρa′), or

• of type II (Ssb′
, xb′ = xb,α̂, Rb′ = Rb,α̂);

The coarse tree representation of the cone decomposition is obtained by re-

labeling the rooted tree above, i.e., replacing the type-I node (Ca,ma, xa, Ra, ρa) by

(θCa(0),ma), and the type-II node (Ssb , xb, Rb) by Ssb .

Definition 6.6.8. For γ ∈ (0, 1/100), two (θ, β,S, N)-tree representaions with pa-

rameters

• (NS, NC , {xa} , {xb} , {Ra} , {ρa} , {Rb} , {ma} , {Ca} {sb}),

• (N ′
S, N

′
C , {x′a} , {x′b} , {R′

a} , {ρ′a} , {R′
b} , {m′

a} , {C′
a} , {s′b}),

are said to be γ-close if N ′
S = NS, N ′

C = NC and they have the same coarse tree

representations, s.t.

1. If the corresponding two nodes are both of type I, then

• distH(Ca ∩ ∂B1,Ca′ ∩ ∂B1) ≤ γ,
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• If ρa > 0, then

– |ρa − ρa′ | ≤ γmin(ρa, ρa′);

– |xa − xa′ | ≤ γmin(ρa, ρa′);

– |Ra −Ra′ | ≤ γmin(ρa, ρa′);

Otherwise ρa = 0, then

– ρa′ = 0;

– |xa − xa′ | ≤ γmin(Ra, Ra′);

– |Ra −Ra′ | ≤ γmin(Ra, Ra′).

2. If the corresponding two nodes are both of type II, then

• |xb − xb′ | ≤ γmin(Rb, R
′
b) minα̂∈Ib(rα̂),

• |Rb −Rb′ | ≤ γmin(Rb, R
′
b) minα̂∈Ib(rα̂).

In order to deal with minimal hypersurfaces in a closed Riemannian manifold

directly, we also introduce a large-scale cone decomposition for a minimal hypersurface

in a closed Riemannian manifold.

Definition 6.6.9 (Large-scale Cone Decomposition). Given θ, γ, β ∈ R+, σ ∈ (0, 1/3),

and N ∈ N, let

• g0, g be two Ck,α metrics on N ;

• Σ0, Σ be two minimal hypersurfaces in (N, g0) and (N, g) respectively;

• S = {Ss}s be a finite collection of (θ, σ, γ)-smooth models;

A large-scale (θ, β, g0,Σ0,S, N)-cone decomposition of Σ consists of:

• a collection of radii {rα̂}α̂ corresponding to the singular sets Sing(Σ0) = {pα̂}α̂,

such that {Bg(pα̂, rα̂)}α̂ are pairwise disjoint;
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• a (θ, β,S, N)-cone decomposition for each |Σ|⌞Bg(pα̂, rα̂);

• a C2 function u : Σ0\
⋃

pα̂∈Sing(Σ0)
Bg(pα̂, rα̂/2) → Σ⊥

0 so that for r0 = minα̂ {rα̂} >

0,

r−1
0 |u| + |∇u| + r0|∇2u| ≤ β ,

and Σ \Bg(pα̂, rα̂) coincides with graphΣ0
(u) \Bg(pα̂, rα̂);

Similarly, we can define the corresponding tree representation and the γ-closeness.

Definition 6.6.10 (Tree representation of Large-scale cone decomposition). Given a

large-scale (θ, β, g0,Σ0,S, N)-cone decomposition of Σ ⊂ (N, g) with parameters:

• Sing(Σ0) = {pα̂}α̂;

• radii {rα̂}α̂;

• (θ, β,S, N)-cone decompositions for each Σ ∩Bg(pα̂, rα̂);

The corresponding tree representation of the large-scale cone decomposition is a

rooted tree uniquely defined by:

1. The root node is a labeled by a tuple (Σ0, g0, {pα̂} , {rα̂});

2. The root node has ♯ Sing(Σ0) children, indexed by α̂. The corresponding sub-

tree rooted at the α̂-child is the tree representation of the (θ, β,S, N)-cone

decomposition for each |Σ|⌞Bg(pα̂, rα̂).

Similarly, the coarse tree representation will be the same directed rooted tree

with the subtrees above replaced by their corresponding coarse trees.

Definition 6.6.11. For γ ∈ (0, 1/100), two (θ, β, g0,Σ0,S, N)-tree representaions

(β ≤ γ) are said to be γ-close if

• Their root nodes have the same label;
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• Their subtrees corresponding to the α̂-child are γ-close for each α̂.

Theorem 6.6.12. For any given (g,Σ) ∈ Mk,α(M), β ∈ (0, 1/100), and I,Λ ∈ N

with

H 7(Σ, g) ≤ Λ, index(Σ, g) ≤ I ,

there exist δ(g,Σ, β,Λ, I) > 0 and l(g,Σ) > 0 satisfying the following property.

For a δ-“neighborhood” of (g,Σ),

Mk,α(g,Σ; Λ, I, β) :=
{

(g′,Σ′) ∈ Mk,α(M) : ∥g′∥Ck,α ≤ Λ; ∥g − g′∥Ck−1,α + F(Σ,Σ′) ≤ δ ,

H 7(Σ′, g′) ≤ Λ, index(Σ′, g′) ≤ I
}
.

we have

1. There exist a finite collection of (θ, σ, β)-smooth models S and an integer N , so

that any (g′,Σ′) ∈ Mk,α(g,Σ; Λ, I, β) admits a large-scale (θ̃l, β, g,Σ,S, N)-cone

decomposition, where l depends on (g,Σ) only;

2. There exists a countable collection {(gv,Σv)}v∈N ⊂ Mk,α(g,Σ; Λ, I, β) with fixed

large-scale (θ̃l, β, g,Σ,S, N)-cone decompositions with the following property.

Every (g′,Σ′) ∈ Mk,α(g,Σ; Λ, I) admits a large-scale (θ̃l, β, g,Σ,S, N)-cone de-

composition whose tree representation is β-close to that of some (gv,Σv).

Remark 6.6.13. By the second bullet of the theorem, for each v, we can define an

“intermediate canonical neighborhood” Lk,α
0 (gv,Σv; Λ, I, β) (we omit g and Σ here for

simplicity) consisting of those pairs (g′,Σ′)’s satisfying:

• ∥g′∥Ck,α ≤ Λ;

• ∥g − g′∥Ck−1,α + F(Σ,Σ′) ≤ δ;

• H 7(Σ′, g′) ≤ Λ, index(Σ′, g′) ≤ I;
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• (g′,Σ′) admits a large-scale (Λ, β, g,Σ,S, N)-cone decomposition whose tree rep-

resentation is β-close to that of (gv,Σv).

Then, the theorem implies that

Mk,α(g,Σ; Λ, I, β) =
⋃
v

Lk,α
0 (gv,Σv; Λ, I, β) .

Proof. (1) The first part follows from the existence theorem of cone decompositions,

i.e., Theorem 6.6.6.

Indeed, given (g,Σ), we can take l ∈ N so that θ̃l = supx∈SingΣ {θΣ(x, 0)}. Then

for each pα̂ ∈ Sing(Σ), there exists a radius rα̂ ∈ (0, 1) such that

• {Bg(pα̂, 2rα̂)} are pairwise disjoint;

• |(2rα̂)−2(η−1
pα̂,2rα̂

)∗g − geucl|C3(B1) ≤ δl,I/2;

• There exists a cone Cpα̂ ∈ C such that

distH(ηpα̂,2rα̂(Σ) ∩ B1,Cpα̂ ∩ B1) ≤ δl,I/2 ,

θCpα̂
(0) ≤ θ̃l ,

and

3

4
θCpα̂

(0) ≤ θηpα̂,2rα̂
(Σ)(0, 1/2), θηpα̂,2rα̂

(Σ)(0, 1) ≤ 5

4
θCpα̂

(0) .

By taking δ small enough, we may see that for any (g′,Σ′) ∈ Mk,α(g,Σ; Λ, I, β),

we have

• By Allard’s Regularity Theorem [All72], there exists a C2 function u : Σ \⋃
pα̂∈Sing(Σ)B

g(pα̂, rα̂/2) → Σ⊥ so that for r0 = min {rα̂},

r−1
0 |u| + |∇u| + r0|∇2u| ≤ β ,
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and Σ′ \
⋃
Bg(pα̂, rα̂) coincides with graphΣ(u) \

⋃
Bg(pα̂, rα̂);

• |(rα̂)−2(η−1
pα̂,rα̂

)∗g′ − geuc|C3(B1) ≤ δl,I for each pα̂;

•

distH(ηpα̂,rα̂(Σ′) ∩ B1,Cpα̂ ∩ B1) ≤ δl,I ,

and

1

2
θCpα̂

(0) ≤ θηpα̂,rα̂
(Σ′)(0, 1/2), θηpα̂,rα̂

(Σ′)(0, 1) ≤ 3

2
θCpα̂

(0) ;

By Theorem 6.6.6, the last two bullets imply the existence of a (θ̃l, β,Sα, Nα)-cone

decomposition for each Σ′ ∩ Bg(pα̂, rα̂). Together with the first bullet, we obtain a

large-scale (θ̃l, β, g,Σ,S, N)-cone decomposition of (Σ′, g′), where N =
∑

α̂Nα̂ and

S =
⋃

α̂ Sα̂.

(2) By (1), for each (g′,Σ′), we can fix a large-scale (θ̃l, β, g,Σ,S, N)-cone decompo-

sition, and its corresponding tree representation. It follows from the finiteness of N ,

S, mα̂’s and the discreteness of θ̃i’s that there are only finitely many distinct coarse

tree representations.

Let’s fix one such a coarse tree representation T̃ = (Ṽ , Ẽ), and consider the set

L′(T̃ ) of all the pairs (g′,Σ′) associated to this coarse tree representation. The goal

will be to find a countable covering of L′(T̃ ).

To begin with, we construct countable coverings for each node of the coarse tree.

(a) By the definition of coarse tree representation, all tree representations of pairs in

L′ have the same root node;

(b) Each type-I node ũ associated with Ssb = (S,C, {Cα̂,mα̂,B(yα̂, rα̂)}α̂∈Ib) ∈ S in

Ṽ corresponds to the set of type-I nodes in L′
ũ

L′
ũ =

{
(Ssb , xβ̂, Rβ̂)

}
β̂
,
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where xβ̂ ∈M and Rβ̂ ∈ (0,∞).

Let r0 = min(minα̂∈Ib(rα̂), 1/2) and define a countable collection of intervals

ICũ :=
{

Intk := [(1 +
γr0
2

)k, (1 +
γr0
2

)k+1]
}

k∈Z

which covers (0,∞) (“I” stands for interval and “C” for covering). For each k,

we associate it with a finite covering BCũ,k of (M, g) by geodesic balls of radius

no greater than

min(injrad(M, g), (1 +
γr0
2

)kγr0/10).

Therefore, we obtain a countable covering of the product space M × (0,∞),

PCũ := {(B, Intk) : k ∈ Z, B ∈ BCũ,k} .

Note that if (xβ̂, Rβ̂) and (xβ̂′ , Rβ̂′) are in the same (B, Intk) ∈ PCũ, then

(Ssb , xβ̂, Rβ̂) and (Ssb , xβ̂′ , Rβ̂′) satisfy the inequalities in the first part of the

definition of γ-closeness.

(c) Each type-II node w̃ associated with (θC(0),m) in Ṽ corresponds to the set of

type-I nodes in L′
w̃

L′
w̃ =

{
(Cβ̂,m, xβ̂, Rβ̂, ρβ̂)

}
where θCβ̂

(0) = θC(0), xβ̂ ∈M , Rβ̂ ∈ (0,∞) and ρβ̂ ∈ [0,∞).

By the compactness of stable cones with the same density θC(0), we can find a

finite set of cones

{Ci}Ni=1 ,

where N depends on γ such that any other stable cone C′ with θC′(0) = θC(0)

has

distH(Ci0 ∩ ∂B1,C
′ ∩ ∂B1) ≤ γ
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for some i0 ∈ {1, · · · , N}. Thus, we can define

CCw̃ := {{C′ : θC′(0) = θC(0), distH(Ci ∩ ∂B1,C
′ ∩ ∂B1) ≤ γ} : i = 1, · · · , N} .

To cover [0,∞) related to ρ, we first define a countable covering,

ICw̃ := {0} ∪
{

Intk := [(1 +
γ

2
)k, (1 +

γ

2
)k+1]

}
k∈Z

.

For the singleton {0}, we define a countable covering of (0,∞) related to R as

ICw̃,{0} :=
{

Int{0},k′ := [(1 +
γ

2
)k

′
, (1 +

γ

2
)k

′+1]
}

k′∈Z

and for each fixed k′, we consider a finite covering BCũ,{0},k′ of (M, g) by geodesic

balls of radius no greater than

min(injrad(M, g), (1 +
γ

2
)k

′
γ/10).

For each k, we define

ICw̃,k :=
{

Intk,k′ := [(1 +
γ

2
min(1, (1 +

γ

2
)k))k

′
, (1 +

γ

2
min(1, (1 +

γ

2
)k))k

′+1]
}
k′∈Z

and in this case, for each fixed k′, similarly, we consider a finite covering BCũ,k,k′

of (M, g) by geodesic balls of radius no greater than

min
(

injrad(M, g), (1 +
γ

2
min(1, (1 +

γ

2
)k))k

′
γmin(1, (1 +

γ

2
)k)/10

)
.

Therefore, for the product space {C′ : θC′(0) = θC(0)}×M × (0,∞)× [0,∞), we
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obtain a countable covering

PCw̃ := CCw̃ ⊗
{
{(B, Intk,k′ , Intk) : k, k′ ∈ Z, B ∈ BCw̃,k,k′}∪{

(B, Int{0},k′ , {0}) : k′ ∈ Z, B ∈ BCw̃,{0},k′
}}

.

As above, note that if (Cβ̂, xβ̂, Rβ̂, ρβ̂) and (Cβ̂′ , xβ̂′ , Rβ̂′ , ρβ̂′) are in the same

element of PCw̃, then (Cβ̂,m, xβ̂, Rβ̂, ρβ̂) and (Cβ̂′ , xβ̂′ , Rβ̂′ , ρβ̂) satisfy the in-

equalities in the first part of the definition of γ-closeness.

With the construction above, we see that the tree representations of all pairs in

L′(T̃ ) are contained in the countable union

PC(T̃ ) :=
⊗
ũ

PCũ ⊗
⊗
w̃

PCw̃ . (6.6.2)

Hence, we can find a countable subsets L′′(T̃ ) of L′(T̃ ) satisfying the following

property. For each element of PC(T̃ ) containing at least one tree representation of

pairs in L′(T̃ ), it contains exactly one tree representation of a pair in L′′(T̃ ).

In summary, it follows from the finiteness of coarse tree representations and the

construction above that the set of pairs

⋃
T̃ : coarse tree representation

L′′(T̃ ) (6.6.3)

is countable and satisfies the desired property.

For any Λ > 0 and any integer I > 0, let

Mk,α(M ; Λ, I) :=
{

(g,Σ) ∈ Mk,α(M) : ∥g∥Ck,α ≤ Λ; H 7(Σ′, g′) ≤ Λ, index(Σ′, g′) ≤ I
}
,
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and

Mk,α
>1 (M ; Λ, I, δ) :=

{
(g′,Σ′) ∈ Mk,α(M) : ∥g′∥Ck,α ≤ Λ; H 7(Σ′, g′) ≤ Λ, index(Σ′, g′) ≤ I ,

∥g − g′∥Ck−1,α + F(m|Σ|, |Σ′|) < δ for some (g,Σ) ∈ Mk,α(M ; Λ, I),m ∈ N>1 ,
}
.

It follows from Sharp’s compactness theorem [Sha17] that for any δ > 0, Mk,α(M ; Λ, I)\

Mk,α
>1 (M ; Λ, I, δ) is a compact set, and moreover,

Mk,α(M ; Λ, I) =
∞⋃
j=1

(
Mk,α(M ; Λ, I) \Mk,α

>1 (M ; Λ, I,
1

j
)

)
.

On the one hand, for any fixed Λ, I and j, by the compactness property, there

exist a finite collection of metrics on M , {gi} and a finite collection of gi-minimal

hypersurfaces {Σi}, such that

Mk,α(M ; Λ, I) \Mk,α
>1 (M ; Λ, I,

1

j
) ⊂

⋃
i

Mk,α(gi,Σi; Λ, I, β) . (6.6.4)

In other words, we have

Mk,α(M) =
∞⋃
I=0

∞⋃
Λ=1

Mk,α(M ; Λ, I)

=
∞⋃
I=0

∞⋃
Λ=1

∞⋃
j=1

Mk,α(M ; Λ, I) \Mk,α
>1 (M ; Λ, I,

1

j
)

=
∞⋃
I=0

∞⋃
Λ=1

∞⋃
j=1

⋃
i

Mk,α(gi,Σi; Λ, I, β) .

By relabeling all the indices, we obtain a countable covering

Mk,α(M) =
∞⋃
i=1

Mk,α(gi,Σi; Λi, Ii, β) . (6.6.5)
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On the other hand, by Remark 6.6.13,

Mk,α(gi,Σi; Λi, Ii, β) =
∞⋃
v=1

Lk,α
0 (gi,v,Σi,v; Λi, Ii, β) ,

By relabeling the indices {i, v}, we have

Mk,α(M) =
∞⋃
i=1

Lk,α
0 (gi,Σi; Λi, Ii, β) . (6.6.6)

6.6.3 Compactness and second decomposition

Proposition 6.6.14 (Sequential compactness of Lk,α
0 ). The intermediate “canonical

neighborhood” Lk,α
0 (gv,Σv; Λ, I, β) is sequentially compact. In other words, given a se-

quence {(gj,Σj)} ⊂ Lk,α
0 (gv,Σv; Λ, I, β), there exists a pair (g∞,Σ∞) ∈ Lk,α

0 (gv,Σv; Λ, I, β),

such that up to a subsequence, gj → g∞ in Ck−1,α, and Σj → Σ∞ in the varifold sense.

Proof. By definition, we have

• ∥gj∥Ck,α ≤ Λ;

• ∥gj − gv∥Ck−1,α + F(Σj,Σv) ≤ δ;

• H 7(Σj, gj) ≤ Λ, index(Σj, gj) ≤ I.

The compactness of Ck,α ↪→ Ck−1,α and Sharp’s compactness [Sha17] together imply

that there exists a pair (g∞,Σ∞) such that

• ∥g∞∥Ck,α ≤ Λ and Σ∞ is a LSMH;

• Up to a subsequence, gj → g∞ in Ck−1,α, and Σj → Σ∞ in the varifold sense;

• ∥g∞ − gv∥Ck−1,α + F(Σ∞,Σv) ≤ δ;

• H 7(Σ∞, g∞) ≤ Λ, index(Σ∞, g∞) ≤ I.
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Now, it suffices to show that (g∞,Σ∞) has a tree representation β-close to the one of

(gv,Σv).

Indeed, by large-scale cone decomposition and the constancy theorem, we know

that Σ∞ should be a multiplicity one minimal hypersurface. Moreover, the β-graphic

property indicates that the convergence are all smooth and thus, the coarse tree

representation will be the same. Since all the closeness property will be preserved

along the limiting process, (g∞,Σ∞) has a tree representation β-close to the one of

(gv,Σv).

Compactness is equivalent to the existence of a finite subcover of its open covers.

Hence, a finite decomposition of intermediate canonical neighborhoods as follows.

Proposition 6.6.15 (Finite covering of Lk,α
0 ). For any g,Σ,Λ, I, β as in (6.6.6) (with

subscripts omitted), there exists a countable set of pairs {(gv,Σv)}v ⊂ Lk,α
0 (g,Σ; Λ, I, β)

with corresponding {ϵv}v, such that

Lk,α
0 (g,Σ; Λ, I, β) ⊂

V⋃
v=1

Lk,α(gv,Σv; Λ′, κv) .

where Λ′ = Λ + I + 1, V ∈ N and κv = κ(gv,Σv; Λ′) defined in Theorem 6.2.9.

Proof. By Proposition 6.6.14, we know that Lk,α
0 (gi,Σi; Λi, I, β) is compact, so it

suffices to show that for any (g′,Σ′) ∈ Lk,α
0 (g,Σ; Λ, I, β) and δ′ > 0, the corresponding

canonical neighborhood Lk,α(g′,Σ′; Λ′, δ′) contains an open neighborhood of (g′,Σ′)

in Lk,α
0 (g,Σ; Λ, I, β).

Suppose otherwise that there exists some (g′,Σ′) and a sequence of {(gi,Σi)} ⊂

Lk,α
0 (g,Σ; Λ, I, β) \ Lk,α(g′,Σ′; Λ′, δ′) so that

(gi,Σi) → (g′,Σ′) .

For large enough i, we can verify that

245



• gi is a Ck,α metric on M with ∥gi∥Ck,α ≤ Λ′ and ∥g′ − gi∥Ck−1,α ≤ δ′;

• Σi is a LSMH in (M, gi) satisfying

F(|Σi|gi , |Σ′|g′) ≤ δ′, index(Σi) ≤ Λ′ ;

Furthermore, the last condition is implied by the β-closeness of tree representations

where β < 1/100.

In other words, for i large enough, (gi,Σi) ∈ Lk,α(g′,Σ′; Λ, I, ϵ′) which gives a

contradiction.

Proof of Theorem 6.2.9. By (6.6.6) and the previous covering proposition, we have

Mk,α(M) =
∞⋃
i=1

Lk,α
0 (gi,Σi; Λi, Ii, β)

=
∞⋃
i=1

Vi⋃
v=1

Lk,α(gi,v,Σi,v; Λ′
i, κi,v) ,

where Λ′
i = Λi + Ii + 1, Vi ∈ N and κi,v = κ(gi,v,Σi,v; Λ′

i).

Hence, Theorem 6.2.9 follows from relabeling the indices {i, v}.

6.7 Induced Jacobi Fields

Let (Σ, ν) ⊂ (M, g) be a two-sided minimal hypersurface with a unit normal field ν.

Let {gj} be a family of metrics smoothly converging to g0, Vj be a family of stationary

integral varifolds in (M, gj) different from |Σ| and converging to |Σ|. Then by Allard

Regularity Theorem [All72,Sim83b], the convergence is in C∞
loc(Σ).

Definition 6.7.1. We call a non-zero function ϕ ∈ C∞(Σ) a generalized Jacobi

field induced by {(Vj, gj)}j≥1, if there exist sequences tj → 0+ and vj ∈ C∞(Σ)
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such that vj/tj converges to ϕ in C∞
loc(Σ) and that for every U ⊂⊂M \ Sing(Σ),

| graphΣ(vj)|⌞U = Vj⌞U, for sufficiently large j .

Clearly by definition, if ϕ is an induced Jacobi field from {(Vj, gj)}j, then so is cϕ

for every constant c > 0. Also, if gj ≡ g and ϕ is induced by some {(Vj, g)}j, then ϕ

satisfies the Jacobi field equation LΣϕ = 0.

When g ≡ gj and Σ is regular, after passing to subsequences, the existence of

induced Jacobi field directly follows from Allard Regularity Theorem and elliptic

estimates, see for example [Sha17]. However, if Sing(Σ) ̸= ∅, even when gj = g, it’s

usually unclear whether for any such family of stationary integral varifolds {Vj}, there

exists an induced Jacobi field. The key difficulty is the lack of control on growth rate

toward singularities of the graphical functions. Here’s a toy example in the linear

case.

Example 6.7.2. Consider a sequence of harmonic functions on the two-dimensional

punctured disc D̄2 \ {0} given by

uk(reiθ) = (kr)−k cos kθ .

Then as k → ∞, these uk converge to 0 in C∞
loc(Clos(D) \ {0}) and satisfy

sup
∂D1/3

|uk| ≥ 2k · sup
∂D2/3

|uk| .

Thus, there don’t exist normalizing constants {ck > 0}k≥1 such that uk/ck converge

smoothly on D1 \ D1/4 to a non-zero function.

This example suggests that if we hope to find an induced Jacobi field from a con-

verging sequence of minimal hypersurface near singularity, then we need to first bound

the growth rate of graphical functions towards the singular set; And to achieve this,
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the infinitesimal behavior of these minimal hypersurfaces has be carefully addressed.

This section is devoted to the existence of induced Jacobi field under different

assumptions. In Section 6.7.1, we first prove several local growth estimates near

strongly isolated singularity, based on the growth dichotomy Lemma 5.2.17. The key

feature is that it provides link between the asymptotic rate of induced Jacobi field

and appropriate blow up limit of the converging minimal hypersurfaces. In particular,

based on our analysis on asymptotic conic minimal hypersurfaces in Section 5.2.2, we

derive the existence of induced Jacobi fields in Section 6.7.2, as well as how their

asymptotic rate reflects the information of the converging sequence, which enable us

to prove the Regular Deformation Theorem 6.2.4. We also study the induced Jacobi

field for converging pairs of minimal hypersurfaces in Section 6.7.3, which plays an

important role in deriving the Local Sard Theorem 6.2.8 in Section 6.8.

To save the notation, we introduce the following graphical function between two

singular hypersurfaces. Let (N8, g) be a Riemannian manifold, not necessarily com-

plete. For i = 0, 1, suppose Σi are hypersurfaces in N such that Clos(Σi) = ∂U i,

where U i ⊂ N is an open subset. Let νi be the unit normal field of Σi under metric

g, which points away from U i.

Define the graphical function over Σ0 of Σ1 under metric g as follows. For every

x ∈ Σ0,

GΣ1

Σ0,g(x) :=


sup{t ≥ 0 : expg

x(sν0(x)) ∈ U1 for every s ∈ [0, t]}, if x ∈ U1;

inf{t ≤ 0 : expg
x(sν0(x)) ∈ N \ U1 for every s ∈ [t, 0]}, if x /∈ U1.

(6.7.1)

Remark 6.7.3. We abuse the notation here since the definition of GΣ1

Σ0,g relies also

on the choice of U i and N . In applications, these are naturally chosen and there will

be no ambiguity.
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Heuristically, Σ1 is the graph of GΣ1

Σ0,g over Σ0. In fact, this is the case when Σi

are smooth hypersurfaces and are C2 close. In general however, GΣ1

Σ0,g need not be

even C0 but only L∞ along Σ0.

6.7.1 Local growth estimate of graphical functions

In this subsection, the ambient manifold N to define graphical function is fixed to be

Bn+1=8
2 . When two connected LSMH Σ0, Σ1 in B2 are sufficiently close, and Σ0 = ∂U0

for some U0 ⊂ N , there’s a unique choice of domain U1 bounded by Σ1 in N such

that U0∆U1 is also small. We shall fix this choice of U i in defining the graphical

functions.

We first recall the general dichotomy of growth rate for graphical function in

Lemma 5.2.17

Lemma 6.7.4. Let Λ,Λ′ > 1, σ > 0, κ > 0; K(σ,Λ,Λ′) > 2 be given by Corollary

5.2.3. Then there exists δ0(Λ,Λ
′, σ, κ) > 0 with the following significance.

Let C ∈ C n
Λ,Λ′ be a regular stable minimal hypercone; γ ∈ (−Λ, 1) be such that

distR(γ,Γ(C) ∪ {−(n− 2)/2}) ≥ σ.

Let {(gij, V
i
j )}1≤j≤∞,i=0,1 be a family of pairs such that

(a) gij are C4 Riemannian metrics on Bn+1
2 such that

∥g1j − g0j∥C4 → 0 as j → ∞, ∥g0j − geuc∥C4 ≤ δ0 for every j ≥ 1 ;

(b) V i
j ∈ IVn(Bn+1

2 ) are gij-stationary such that,

FB2(V
1
j , V

0
j ) → 0 as j → ∞; V 0

j = | graphC,geuc(v
0
j )|⌞Bn+1

2 ,
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for some v0j ∈ C4(C) with ∥v0j∥C2
∗ ,B2

≤ δ0.

We further assume that Σj := spt(V 0
j ) is a g0j -minimal hypersurface in B2 with isolated

singularity at 0; And let

τj := inf{t ∈ (0, 1) : V 1
j ⌞A(0; t, 1) = | graphΣj ,g0j

(uj)|⌞A(0; t, 1), with ∥uj∥C2
∗ ≤ δ0}.

(6.7.2)

Then after passing to a subsequence, either of the following hold for j ≥ 1,

(i) τj > 0 and there exists a linear map T ∈ GLn+1(R) δ0-close to idRn+1 such

that τ−1
j · T♯V 1

j F-converges to some geuc-stationary V̂∞ ∈ IVn(Rn+1) which

doesn’t equal to |C| and asymptotic to C near infinity, with asymptotic rate

AR∞(V̂∞,C) < γ. We call such V̂∞ a minimal blow-up limit of {V 1
j }j≥1;

(ii) For every t ∈ (2K3τj, 1), we have

max{Jγ
K(uj;K

−1t), κ∥g1j − g0j∥C4} ≤ max{Jγ
K(uj; t), κ∥g1j − g0j∥C4} ,

where uj is the graphical function in (6.7.2), Jγ
K = Jγ

K;Σ0
j ,g

0
j
is defined by

Jγ
K;Σ,g(u; r)2 :=

∫
Ag(0,K−1r,r)

u2(x) · |distg(0, x)|−2γ−n d∥Σ∥g(x) . (6.7.3)

Recall that as in 5.2.29 we have,

C(K,Λ)−1 ≤
Jγ
K;Σ,g(u; r)rγ+n/2

∥u∥L2(Ag(0,K−1r,r);∥Σ∥g)
≤ C(K,Λ). (6.7.4)

The following L2 growth estimate is an immediate consequence of Lemma 6.7.4.

Corollary 6.7.5 (L2 growth estimate). Let Λ > 0, 0 < σ < γgap,Λ/2, where γgap,Λ is

given by Lemma 5.2.1. Let K = K(σ,Λ) > 2 be given by Corollary 5.2.3. Then there

exists δ1 = δ1(σ,Λ) ∈ (0, 1) with the following property,
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Let Σi = ∂U i (i = 0, 1) be LSMH in (B8
2, g) with area ≤ Λ and index ≤ Λ. Assume

the following holds for δ = δ1,

(a) ∥g − geuc∥C4 ≤ δ; ∥u∥L2(Ag(0,1/2,1),∥Σ0∥g) ≤ δ, where u := GΣ1

Σ0,g ∈ L∞(Σ0);

(b) For i = 0, 1, there exists xi ∈ Sing(Σi) ∩ B1/2 such that x0 = 0 and

θ|Σi|(x
i, 1) − θ|Σi|(x

i) ≤ δ, θ|Σ1|(x
1) = θ|Σ0|(x

0).

Then,

(i) Σ1 ∩ Ag(0, K−3, 3/2) = graphΣ0,g(u) ∩ Ag(0, K−3, 3/2); x1 ∈ Bg
K−3(0) and

∥u∥C2
∗ ,A

g(0,K−2,1) ≤ C(σ,Λ) · ∥u∥L2(∥Σ0∥g).

(ii) We have L2-growth estimate for u,

J
γ+
2 −σ

K (u;K−1) ≤ J
γ+
2 −σ

K (u; 1); (6.7.5)

where γ+2 := γ+2 (C0Σ0); Jγ
K(u; r) is defined in (6.7.3) with Σ = Σ0.

Proof. Suppose for contradiction, there exists a family of LSMH Σi
j ⊂ (B2, gj) (i =

0, 1, j ≥ 1) satisfying (a) and (b) with area ≤ Λ, index ≤ Λ, δ = 1/j, gj → geuc in

C4 but either (i) or (ii) fails. Let uj := G
Σ1

j

Σ0
j ,gj

. By unique continuation of LSMH,

WLOG uj is not identically 0 on Agj(0, 1/2, 1).

When j → ∞, by [Sha17] and assumption (a), |Σi
j| subconverges to an LSMH with

multiplicity V∞, independent of i = 0, 1. Moreover, by assumption (b) and Corollary

D.0.3, V∞ = |C|⌞B2 for some stable minimal hypercone C ∈ CΛ. Hence for suffi-

ciently large j, (i) holds by Allard’s Regularity Theorem [All72] and classical elliptic

estimates. Thus (ii) fails for the sequence. Also by Corollary D.0.3, assumption (a)

and (b) in Lemma 6.7.4 holds with κ = 1, γ = γ+2 (C) − σ, gij = gj and V i
j = |Σi

j|gj
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when j >> 1. Therefore, Lemma 6.7.4 applies to deduce that appropriate blow up

around 0 produces a stationary integral varifold V̂∞ with AR∞(V̂∞;C) < γ+2 (C)−σ.

But by the density-almost-same assumption in Corollary 6.7.5 (b) and the rigidity

case of Monotonicity formula, V̂∞ must be a non-zero translation of C, which has

asymptotic rate = 0 > γ+2 − σ. This provides a contradiction.

By applying Corollary 6.7.5 to all suitable scales with a bootstrap argument, we

get,

Corollary 6.7.6. Let 0 < σ < γgap,Λ, σ
′ := γgap,Λ − σ. Let K = K(σ,Λ) > 2,

δ1 = δ1(σ,Λ) > 0 be in Corollary 6.7.5. There exists δ2(σ,Λ) ∈ (0, δ1) with the

following property.

Suppose Σi (i = 0, 1), g, γ+2 be in Corollary 6.7.5 with (a) (b) holds for δ ≤ δ2(σ,Λ)

and u := GΣ1

Σ0,g ∈ L2(Σ0). Let

ru := ∥u∥2/(n−σ′)
L2(Ag(0,K−1,1);∥Σ0∥g).

Then,

(i) u ∈ C2(Σ0 ∩ Ag(0, ru/2, 3/2)) and

graphΣ0,g(u) ∩ Ag(0, ru/2, 3/2) = Σ1 ∩ Ag(0, ru/2, 3/2) ;

(ii) For every r ∈ [ru, 1], we have

∥u∥C2
∗ ,A

g(0,r,1) ≤ C(σ,Λ)∥u∥L2(Ag(0,K−1,1);∥Σ0∥g) · rγ
+
2 −σ−1 ≤ C(σ,Λ)rσ

′/2
u .

Proof. Assume that u is not identically 0. Then by unique continuation of LSMH,

ru > 0.

252



For each τ ∈ (0, 1], let gτ := τ−2η∗0,τg, Σi
τ := η−1

0,τ (Σi), xiτ := η−1
0,τ (xi), i = 0, 1. By

the volume monotoncity formula for LSMH, we can choose δ′1(σ,Λ) ∈ (0, δ1) small

such that if (a), (b) hold for δ ≤ δ′1, then for every τ ∈ (0, 1], we have

∥gτ − geuc∥C3(B2) ≤ δ1, θ|Σi
τ |(x

i
τ , 1) − θ|Σi

τ |(x
i
τ ) ≤ δ1.

Let

l0 := sup
{
l ∈ N+ :∥u∥L2(Ag(0,τ/K,τ);∥Σ0∥g) ≤ δ′1 · τ 1+n/2,

∀τ = K−m ∈ [K−l+1, 1], m integer
}
.

Claim. By taking δ2(σ,Λ) ∈ (0, δ′1) small enough, we have ru ≥ K−l0 provided (a)

and (b) hold for δ < δ2.

Proof of the Claim. WLOG assume that l0 < +∞. Choose δ2(σ,Λ) ∈ (0, δ′1) small

enough such that

∥u∥L2(Ag(0,K−1,1);∥Σ0∥g) < ε,

where ε = ε(σ,Λ) < 1 small enough, which will be determined later.

By definition of l0 and Corollary 6.7.5, inductively on l we have, ∀1 ≤ l ≤ l0,

J
γ+
2 −σ

K (u,K−l) ≤ J
γ+
2 −σ

K (u, 1) ≤ C(σ,Λ)∥u∥L2(Ag(0,K−1,1);∥Σ0∥g).

Hence combined with (6.7.4) we have for every 1 ≤ l ≤ l0,

∥u∥L2(Ag(0,K−l−1,K−l)) ≤ C(σ,Λ)∥u∥L2(Ag(0,K−1,1);∥Σ0∥g) ·K−l(γ+
2 −σ+n/2). (6.7.6)
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Therefore if K−l0 > ru, then we must have,

∥u∥L2(Ag(0,K−l0−1,K−l0 )) ≤ C(σ,Λ)rσ
′/2

u · rn/2−σ′

u ·K−l0(γ
+
2 −σ+n/2)

≤ C(σ,Λ)rσ
′/2

u ·K−l0(n+γ+
2 −σ−σ′)

≤ C̄(σ,Λ)rσ
′/2

u ·K−l0(1+n/2),

(6.7.7)

where the first inequality follows from (6.7.6) and the definition of ru, the second

inequality follows by K−l0 > ru and σ′ < γgap,Λ < (n − 2)/2, the third inequality

follows by the fact that σ + σ′ = γgap,Λ and that

n− 2

2
+ γ+2 − γgap,Λ ≥ −γ+1 + γ+2 − γgap,Λ ≥ 0. (6.7.8)

Choose ε(σ,Λ) small enough such that C̄(σ,Λ)εσ
′/(n−σ′) ≤ δ′1/2. (6.7.7) contradicts

the choice of l0. This concludes the proof of the Claim. ■

Now by the Claim and Corollary 6.7.5, (i) holds; (ii) also holds by combining the

estimate (6.7.6) and (6.7.8).

For later applications, we also need to compare the graphical functions of different

hypersurfaces. This is also derived from Corollary 6.7.5.

Corollary 6.7.7. Let Σi = ∂U i (i = 0, 1, 2) be LSMH in (B8
2, g) with area ≤ Λ and

index ≤ Λ. Assume

(a) ∥g − geuc∥C4 ≤ δ, ∥u(i)∥L2(Ag(0,1/2,1);∥Σ0∥g) ≤ δ, where u(i) := GΣi

Σ0,g ∈ L∞(Σ0),

i = 1, 2;

(b) For i = 0, 1, 2, there exists xi ∈ Sing(Σi) ∩ B1/2 such that x0 = 0 and

θg(x
i, 1; ∥Σi∥g) − θ(xi; ∥Σi∥g) ≤ δ;

θ(x0; ∥Σ0∥g) = θ(x1; ∥Σ1∥g) = θ(x2; ∥Σ2∥g).
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Let 0 < σ < γgap,Λ/2, σ
′ := γgap,Λ − σ. Then for δ ≤ δ3(σ,Λ) and for r ∈

(40 sup{ru(1) , ru(2)}, 1/4), we have

∥u(1) − u(2)∥L2(Ag(0,r/2,r);∥Σ0∥g) ≤ C(σ,Λ)∥GΣ2

Σ1,g∥L2(∥Σ1∥g) · rn/2+γ+
2 (Cx1Σ

1)−σ.

Proof. Denote for simplicity, v := GΣ2

Σ1,g ∈ L∞(Σ1); We have,

∥u(2) − u(1)∥L2(Ag(0,r/2,r)) ≤ C(Λ)rn/2 · sup
Ag(0,r/2,r)∩Σ0

|u(2) − u(1)|

≤ C(Λ)rn/2 · sup
Ag(0,r/4,2r)∩Σ1

|v|

≤ C(Λ)rn/2+1 · ∥v∥C2
∗ ,A

g(x1,r/10,1)∩Σ1

≤ C(Λ, σ)rn/2+1 · rγ
+
2 (Cx1Σ

1)−σ−1∥v∥L2(∥Σ1∥g).

Here, the first inequality follows by volume upper bound for minimal hypersurface Σ0

in Ag(0, r/2, r); The second inequality, after taking δ sufficiently small, is given by the

following geometric Lemma 6.7.8 comparing GΣ2

Σ1,g with |u2−u1|; The third inequality

follows directly from definition of C2
∗ norm and that Ag(0, r/4, 2r) ⊂ Ag(x1; r/10, 1);

The last inequality is given by Corollary 6.7.6 (ii).

Lemma 6.7.8. There is a universal constant ε0 with the following property. Let

Σi = ∂U i (i = 0, 1, 2) be connected C2 hypersurfaces in B1. Suppose g is a C2 metric

on B1 such that

(a) |AΣ0 |g ≤ ε0 and 0 ∈ Σ0; ∥g − geuc∥C2 ≤ ε0;

(b) Σi = graphΣ0(u(i)) with ∥u(i)∥C2 ≤ ε0, i = 1, 2.

Then we have

|u(2)(0) − u(1)(0)| ≤ 2 sup
B1/4

|GΣ2

Σ1,g| ≤ 4 sup
B1/2

|u(2) − u(1)|.
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Proof. This follows directly from the triangle inequality.

6.7.2 Induced Jacobi field in general

The first goal of this section is to prove the following,

Theorem 6.7.9. Let (Mn+1, g) be a closed Riemannian manifold, (Σ, ν) be a two-

sided LSMH in (Mn+1, g) with only strongly isolated singularities, β be a symmetric

2-tensor on M such that

q(β) := divΣ,g(β(ν, ·)) − 1

2
trΣ(∇M

ν β) is not identically 0 on Σ .

Let {gj} be a family of Riemannian metrics such that either gj ≡ g for all j, or there

exist constants cj ↘ 0 and symmetric 2-tensors βj → β in C4 as j → ∞ such that

gj = g + cjβj.

Let {Vj ̸= |Σ|}j≥1 be a family of stationary integral varifolds in (M, gj), Vj F-

converges to |Σ|. Suppose for every p ∈ Sing(Σ), one of the following holds,

(A) the tangent cone Cp of Σ at p is area-minimizing at least in one side.

(B) there exists some neighborhood Up ⊂M of p such that Vj⌞Up are stable minimal

hypersurfaces (possibly with multiplicity) in (Up, gj), j >> 1.

Then after passing to a subsequence, {(Vj, gj)}j≥1 induces a generalized Jacobi field

ϕ satisfying ARp(ϕ) ≥ γ−1 (Cp) for every p ∈ Sing(Σ), and


LΣϕ = 0, if gj ≡ g ;

LΣϕ = cq(β) for some c ≥ 0, if gj = g + cjβj .

(6.7.9)

Moreover, if p ∈ Sing(Σ) be such that ARp(ϕ) < γ+2 (Cp), then there exists some

neighborhood Wp ⊂M of p such that Sing(Vj) ∩Wp = ∅ for infinitely many j.
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Proof. We first consider the simpler setting where gj ≡ g. For each p ∈ Sing(Σ), let

γp ∈ (γ−2 (Cp), γ
−
1 (Cp)) \ Γ(Cp) be fixed, σ := infp∈Sing(Σ) distR(γp,Γ(Cp)) > 0; Take

g0j = g1j = g, V 0
j = |Σ|g, V 1

j = |Σj|g, κ = 1, Λ,Λ′ be sufficiently large such that

Cp ∈ C n
Λ,Λ′ for every p ∈ Sing(Σ). Let K(σ,Λ,Λ′) > 2, δ̄0(σ,Λ,Λ

′, κ) ∈ (0, 1) be

given by Lemma 6.7.4. Working in TpM , by Lemma 2.3.1, there exists τp(Σ,M, g) ∈

(0, injrad(M, g)/4) such that (τ−1
p · V i

j , τ
−2
p η∗τpg

i
j) satisfies the asumption (a) (b) in

Lemma 6.7.4 with δ0 = δ̄0. And by a rescaling of g, WLOG τp = 1 for every p ∈

Sing(Σ).

By Theorem 5.2.12 and assumption (A) and (B) in Theorem 6.7.9, any blow up

limit from Lemma 6.7.4 (i) must have AR∞(V̂∞,Cp) ≥ γ−1 (Cp), only (ii) in Lemma

6.7.4 could happen for every singularity p with γ = γp. In particular, if let sj ↘ 0

and vj ∈ C2
loc(Σ) be such that

∥vj∥C2
∗ ,Σ\Bsj (Sing(Σ)) ≤ δ̄0

and that

Vj⌞M \Bg
sj

(Sing(Σ)) = | graphΣ(vj)|⌞M \Bg
sj

(Sing(Σ))

Then for each p ∈ Sing(Σ) and every r ∈ (2K2sj, 1),

∫
Ag(p;K−1r,r)

v2jρ
−n−2γp d∥Σ∥(x) ≤ C(Σ,M, g)

∫
Ag(p;K−1,1)

v2jρ
−n−2γp d∥Σ∥(x) ,

(6.7.10)

where ρ := distΣ(Sing(Σ), ·). In particular, ∀j >> 1 and ∀Ω ⊂ Σ \ Bg
sj

(Sing(Σ)), we

have

∫
Ω

v2j dx ≤ C(Σ,M, g, σ,Ω) ·
∫
Σ\Bg

s̄0
(Sing(Σ))

v2j dx . (6.7.11)

The key point of this estimate is that the constant on the right hand side does NOT
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depend on j.

We take aj := ∥vj∥L2(Σ\Bg

K−1 (Sing(Σ))) > 0 for j >> 1. Since Vj ̸= |Σ|, by Allard

Regularity Theorem [All72], unique continuation property of minimal surface equation

and assumption (A) (B) on Vj, we must have aj > 0 for j >> 1.

Let v̂j := vj/aj. By (6.7.11) and standard elliptic estimate, v̂j → v∞ in C3
loc(Σ)

and by the choice of aj, v∞ is not identically 0. Also by (6.7.10), the choice of γp and

the growth rate quantization Corollary 5.2.6, we know that ARp(v∞) ≥ γ−1 (Cp) for

all p ∈ Sing(Σ).

Moreover, if at some p, ARp(v∞) < γ+2 (Cp), then Corollary 5.2.6 yields ARp(v∞) ∈

{γ±1 (Cp)}. Again by Lemma 6.7.4, the minimal blow-up limit V̂∞ should satisfies

AR∞(V̂∞,Cp) ≤ γ+1 (Cp). Then by Theorem 5.2.12 and assumption (A), (B) above,

V̂∞ has no singularity, and so does the converging sequence near p by Allard Regu-

larity Theorem.

The proof for the case where gj = g + cjβj as in the statement of Theorem is

similar but more delicate in choosing the renormalizing constant. Since q(β) is not

identically 0, let Ω0 ⊂⊂ Σ such that spt(q(β)) ∩ Ω0 ̸= ∅. Let vj ∈ C2(Ω0) be the

graphical function of Vj over Ω, ∥vj∥C2 → 0.

Claim. lim infj→∞ ∥vj∥L2(Ω0)/cj > 0.

Proof of the Claim. Otherwise, up to a subsequence, vj/cj → 0 in L2(Ω0). Since Vj

is stationary in (M, gj), by Theorem A.0.1, for every ϕ ∈ C2
c (Ω0),

0 =

∫
Ω0

M gjvj · ϕ

=

∫
Ω0

aikgj(x, vj,∇vj)∂i(vj)∂kϕ+ bkgj(x, vj,∇vj)∂kϕ+ ∂zF
gj(x, vj,∇vj)ϕ

=

∫
Ω0

−vj · ∂i
(
aikgj(x, vj,∇vj)∂kϕ

)
+ bkgj(x, vj,∇vj)∂kϕ+ ∂zF

gj(x, vj,∇vj)ϕ .

(6.7.12)
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By multiplying both side of (6.7.12) by 1/cj and taking j → ∞, by Theorem A.0.1

and the assumption that (gj − g)/cj → β in C4(M), vj → 0 in C2(Ω0) and vj/cj → 0

in L2(Ω0), we get,

∫
Ω0

β(ν,∇Σϕ) +
1

2
trΣ(∇M

ν β) · ϕ = 0, ∀ϕ ∈ C2
c (Ω0) .

This contradicts to that spt(q(β)) ∩ Ω0 ̸= ∅. Thus the Claim is proved.

With this Claim, we see that ∃κ > 0 such that κ∥gj − g∥C4 ≤ ∥vj∥L2(Ω0). Now

repeat the previous proof by applying Lemma 6.7.4 with also taking κ > 0 specified

above. We still get a local-control-global typed L2-estimate as (6.7.11), and then the

conclusion holds immediately by elliptic estimate.

Now we shall use Theorem 6.7.9 to prove the Regular Deformation Theorem

6.2.4. The upshot is that semi-nondegeneracy of Σ and appropriate choice of metric

perturbation guarantees that every solution to equation (6.7.9) has asymptotic rate

∈ {γ±1 (Cp)} for some p ∈ Sing(Σ).

Given a two-sided LSMH (Σ, ν) in an 8-manifold, first recall that in Section 5.3, we

have introduced the function space B(Σ) to study the spectral theory of the Jacobi

opreator LΣ in place of W 1,2(Σ). By Proposition 5.3.5 and Lemma 5.3.9, we have a

spectral decomposition of L2(Σ) and B(Σ) into finite dimensional eigensubspaces of

LΣ. And Σ is called non-degenerate if LΣu = 0 has only zero solution in B(Σ).

Lemma 6.7.10. Suppose (Σ, ν) is a two-sided LSMH in (M, g); G < Diff(M) is a

finite group which acts fixed-point-freely on M , such that (Σ,M, g) is G-invariant in

the sense of Definition 6.2.11. Then the following F k,α
G contains an open dense subset

in Ck,α(M)G,

F k,α
G := {f ∈ Ck,α(M)G : LΣ,gu = ν(f) has no slower growth G-invariant solution u} .
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Proof. When G = {idM}, this is proved in Lemma 5.3.13. For a general G, we shall

slightly modify that proof based on the following observation.

Claim. If (KerLΣ,g)
G = 0, then for every f ∈ L2(Σ)G, there’s a unique solution

u ∈ B(Σ)G to LΣu = f . Here KerLΣ,g consists of Jacobi fields in B(Σ).

Proof of the Claim. The uniqueness follows by definition; To see the existence, first

notice that for every ϕ ∈ KerLΣ,g, since f is G-invariant, we have

⟨ϕ, f⟩L2 = ⟨ 1

#G

∑
γ∈G

γ · ϕ, f⟩L2 = 0 .

Here the last equality follows from that
∑

γ γ · ϕ ∈ (KerLΣ,g)
G = 0. Therefore by

Proposition 5.3.5, there exists u0 ∈ B(Σ) solving LΣ,gu0 = f . Then

u :=
1

#G

∑
γ∈G

γ · u0

will be a desired G-invariant solution.

Now we go back to the proof of Lemma 6.7.10. Following the proof of Lemma

5.3.13, for each p ∈ Sing(Σ), we define Vp by,

• Vp := {f ∈ L∞(Σ)G : u := (LΣ,g)
−1f ∈ B0(Σ)G satisfies lim supx→p |u|(x)/ξp(x) >

0}, if (KerLΣ,g)
G = 0;

• Vp := {f ∈ L∞(Σ)G : LΣ,gu = f has no solution u ∈ B(Σ)G}, if (KerLΣ,g)
G ̸=

0.

Here ξp is defined in the proof of Lemma 5.3.13. We can even choose ξγ(p) = γ · ξp for

every γ ∈ G. By the same argument as Lemma 5.3.13 with aid of the Claim, we have

F k,α
G ⊃

⋃
p∈Sing(Σ)

{f ∈ Ck,α(M)G : νΣ(f) ∈ Vp} ,
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and the right hand side is open and dense in Ck,α(M)G.

Remark 6.7.11. If Σ is semi-nondegenerate, by adapting the proof of Lemma 6.8.1

in the next section, one can also show that

{f ∈ Ck,α(M) : LΣ,gu = ν(f) has no solution u of slower growth},

is open and dense in Ck,α(M).

Proof of Theorem 6.2.4. First assume that Σ is two-sided. Let F k,α be given by

Lemma 6.7.10 with G = {idM}. Also let f ∈ F k,α and Σj, gj be given by Theorem

6.2.4 (a), (b). Then by Theorem 6.7.9, the induced Jacobi field u ̸≡ 0 satisfies

LΣ,gu = cν(f) for some c ≥ 0. Hence either c ̸= 0, or c = 0 and thus u ∈ KerLΣ,g.

By definition of F k,α and semi-nondegeneracy of Σ, we know that in both cases, u

is not a function of slower growth on Σ, in other words, there exists p ∈ Sing(Σ)

such that ARp(u) < γ+2 (CpΣ). Hence by Lemma 6.2.1, ARp(u) ∈
{
γ±1 (CpΣ)

}
and

Theorem 6.7.9 applies to conclude Theorem 6.2.4.

When Σ is one-sided, let Σ̂ ⊂ (M̂, ĝ) be its two-sided double cover. Then using

Lemma 6.7.10 with G = Z2 < Diff(M̂) to be the deck transformation, the same

argument as above proves Theorem 6.2.4.

6.7.3 Induced Jacobi field for pairs

Let Σ be a connected two-sided LSMH in a closed manifold (M8, g), with ν = νΣ,g to

be a global unit normal field. We also fix an integer k ≥ 4 and α ∈ (0, 1).

Since near each singularity, Σ is a C1,α diffeomorphic to a minimal hypercone

restricted in unit ball, we know that there exists an open subset N ⊂ M being a

sufficiently small neighborhood of Clos(Σ) such that N \ Clos(Σ) has two connected

component N+ ⊔ N− and ν points into N+. Moreover, for every (g′,Σ′) ∈ Mk,α(M)

close enough to (g,Σ), we know that Clos(Σ′) ⊂ N and that there is a unique
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connected component N ′
− of N \ Clos Σ′ such that

N ′
−∆N− ⊂⊂ N .

In this subsection, to define a graphical function as in (6.7.1), the ambient man-

ifold N is chosen to be N . Let δ4 = δ4(g,Σ,Λ) > 0 such that for every (g′,Σ′) ∈

Lk,α(g,Σ; Λ, δ4), Clos(Σ′) ⊂ N and bounds a unique N− as above. When defining

graphical functions between any two elements (g1,Σ1), (g2,Σ2) ∈ Lk,α(g,Σ; Λ, δ4) as

in (6.7.1), we always choose U i := N i
−.

We define a semi-metric on Lk,α(g,Σ; Λ, δ4) by

DL[(g1,Σ1), (g2,Σ2)] := ∥g1 − g2∥L∞(M) + ∥GΣ2

Σ1,g1
∥L2(∥Σ1∥g1 ) + ∥GΣ1

Σ2,g2
∥L2(∥Σ2∥g2 ).

Here, norms of tensors are taken with respect to metric g which we have fixed at

the beginning. By [SS81], (gj,Σj) converges to (g∞,Σ∞) in Lk,α if and only if

DL[(gj,Σj), (g∞,Σ∞)] → 0 and ∥gj − g∞∥Ck−1,α(M) → 0 when j → ∞.

The following Lemma is an application of Corollary 6.7.7.

Lemma 6.7.12. Let r ∈ (0, injrad(g,Σ)). Suppose for 1 ≤ j <∞,

(a) (g0j ,Σ
0
j) ̸= (g1j ,Σ

1
j) ∈ Lk,α(g,Σ; Λ, δ1) are distinct pairs, and (ḡj, Σ̄j) ∈ Lk,α(g,Σ; Λ, δ1)

such that when j → ∞, (gij,Σ
i
j) → (g,Σ) in Lk,α, i = 0, 1 and (ḡj, Σ̄j) → (g,Σ)

also in Lk,α;

(b) For i = 0, 1, gij = (1+tjf
i
j)ḡj, where tj ↘ 0, f i

j ∈ Ck,α(M) with uniformly bounded

Ck,α norms, such that spt(f i
j) ∩ Bg(Sing(Σ), r) = ∅, and that either f 0

j ≡ f 1
j (in

which case we set f∞ ≡ 0), or f 1
j − f 0

j → f∞ in Ck,α(M) satisfying that νΣ,g(f∞)

is not identically 0 along Σ.

Let dj := DL[(g0j ,Σ
0
j), (g

1
j ,Σ

1
j)] > 0 and u

(i)
j := G

Σi
j

Σ̄j ,ḡj
∈ L2(Σ̄j). Then we have, after
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passing to a subsequence of j → ∞,

(u
(1)
j − u

(0)
j )/dj → û∞ in C2

loc(Σ); tj(f
1
j − f 0

j )/dj → f̂∞ in C2(M),

where f̂∞ ∈ R≥0⟨f∞⟩, û∞ is a nonzero solution of

LΣ,gû∞ =
n

2
νΣ,g(f̂∞);

Moreover, û∞ satisfies ARp(û∞) ≥ γ+2 (CpΣ) for every p ∈ Sing(Σ). In other words,

û∞ is a function of slower growth.

Proof. Fix σ ∈ (0, γgap,Λ/2). By Corollary 6.7.6 and 6.7.7, there exists r0(σ, g,Σ,Λ) ∈

(0, r/4) and rj ↘ 0 such that

(i) For i = 0, 1, Σi
j \ Bḡj(Sing(Σ̄j), rj) = graphΣ̄j ,ḡj

(u
(i)
j ) \ Bḡj(Sing(Σ̄j), rj), and

when j → ∞,

∥u(i)j ∥C2
∗ ,Σ̄j\Bḡj (Sing(Σ̄j),rj)

→ 0.

(ii) For every p ∈ Sing(Σ̄j) and every τ ∈ [2rj, 2r0], let p0 ∈ Sing(Σ0
j) ∩ Bg0j (p, rj).

Then wj := u
(1)
j − u

(0)
j satisfies

∥wj∥L2(Aḡj (p,τ/2,τ);∥Σ̄j∥ḡj )
≤ C(g,Σ,Λ, σ, r0)dj · τn/2+γ+

2 (Cp0Σ
0
j )−σ. (6.7.13)

Also by Theorem A.0.1, for j >> 1, wj satisfies the following equation on Σ̄j \

Bḡj(Sing(Σ̄j), rj)

−LΣ̄j ,ḡjwj +
n

2
tjνΣ̄j ,ḡj(f

1
j − f 0

j ) = divΣ̄j ,ḡj(E
1
j ) +

1

ρj
E2
j , . (6.7.14)

where ρj be the distant function under ḡj to Sing(Σ̄), E1
j and E2

j are error terms with
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pointwise estimate,

|E1
j |, |E2

j | ≤ C(Σ, g) ·

[
1∑

i=0

(
|u(i)j |
ρj

+ |∇u(i)j | + tj

2∑
l=0

|∇l
Mf

i
j |)

]

·

(
|wj|
ρj

+ |∇wj| + tj

2∑
l=0

|∇l
M(f 1

j − f 0
j )|

)
.

(6.7.15)

Note that if f 0
j ̸= f 1

j , then by definition, for j >> 1,

dj ≥ ∥g1j − g0j∥L∞ ≥ C(g)tj · ∥f∞∥L∞ . (6.7.16)

Thus by assumption (b), after passing to a subsequence, we have,

1

dj
· tj(f 1

j − f 0
j ) → f̂∞ ∈ R≥0⟨f∞⟩ in Ck(M).

While if f 0
j ≡ f 1

j , then (6.7.16) and the convergence above hold automatically.

Let d′j := ∥wj∥L2(Σ̄j\Bḡj (Sing(Σ̄j),r0);∥Σ̄j∥ḡj )
.

Claim. lim infj→∞ dj/d
′
j ∈ (0,+∞).

Once the claim is established, recall by (6.7.13), (6.7.16) and elliptic estimate for

(6.7.14), up to a subsequence, we have for j >> 1,

∥wj∥C2,Σ̄j\Bḡj (Sing(Σ̄j),2r0)
≤ C(g,Σ, r0)(d

′
j + dj + tj∥f 1

j − f 0
j ∥C2(M)).

Thus combined with (6.7.13), (6.7.16) and the Claim, we have, after passing to a

subsequence of j → ∞, wj/dj → û∞ in C2
loc(Σ). By (6.7.14), (6.7.15) and the Claim,

we know that û∞ ̸= 0 and satisfies

−LΣ,gû∞ +
n

2
νΣ,g(f̂∞) = 0.
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Also by (6.7.13) and Corollary D.0.3, for every p ∈ Sing(Σ) and every τ ∈ (0, r0),

∥û∞∥L2(Ag(p;τ/2,τ);∥Σ∥g) ≤ Cτn/2+γ+
2 (CpΣ)−σ.

By definition of ARp, this means ARp(û∞) ≥ γ+2 (CpΣ) − σ. Therefore, by Lemma

6.2.1 we have,

ARp(û∞) ≥ γ+2 (CpΣ).

Proof of Claim. Suppose otherwise, c := lim infj→∞ dj/d
′
j is either 0 or +∞.

Case I. If c = 0, then using (6.7.13), (6.7.14), (6.7.15) and (6.7.16), we can apply the

same argument as above to obtain, after passing to a subsequence of j → ∞,

wj

d′j
→ w̃∞ in C2

loc(Σ),
tj(f

1
j − f 0

j )

d′j
→ 0 in Ck(M) .

And −LΣ,gw̃∞ = 0, ∥w̃∞∥L2(Σ\Bg(Sing(Σ)),r0) = 1. But by (6.7.13), w̃∞ ≡ 0 on Σ ∩

Bg(Sing(Σ), 2r0). This violates the unique continuation property for solutions to

elliptic equations.

Case II. If c = +∞, then again using (6.7.13), (6.7.14), (6.7.15) and (6.7.16), after

passing to a subsequence of j → ∞, we have

wj

dj
→ w̃∞ in C2

loc(Σ),
tj(f

1
j − f 0

j )

dj
→ f̂∞ .

And −LΣ,gw̃∞ + n
2
νΣ,g(f̂∞) = 0. But w̃∞ ≡ 0 on Σ \ Bg(Sing(Σ), r0), and by the

choice of r0, spt(f̂∞)∩Bg(Sing(Σ), 2r0) = ∅. Hence by unique continuation property,

w̃∞ ≡ 0, and then since νΣ,g(f∞) is not identically 0, we must have f̂∞ ≡ 0, in other

words,

∥g1j − g0j∥L∞/dj → 0. (6.7.17)
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We now show that this contradicts to the definition of dj.

Denote for simplicity

u
(0,1)
j := G

Σ1
j

Σ0
j ,g

0
j
∈ L∞(Σ0

j), u
(1,0)
j := G

Σ0
j

Σ1
j ,g

1
j
∈ L∞(Σ1

j),

d̃j := ∥u(0,1)j ∥
L2(Σ0

j\B
g0
j (Sing(Σ0

j )),r0/K)
+ ∥u(1,0)j ∥

L2(Σ1
j\B

g1
j (Sing(Σ1

j )),r0/K)
,

where K = K(σ,Λ) > 2 is given by Lemma C.0.6. First of all, by Lemma 6.7.8 and

the fact that wj/dj subconverges to 0 in C2
loc(Σ), we know that u

(0,1)
j /dj and u

(1,0)
j /dj

both subconverges to 0 in C2
loc(Σ). In particular,

lim inf
j→∞

d̃j/dj = 0. (6.7.18)

Also when j >> 1, by Corollary 6.7.6 (ii), on Σ0
j \ Bg0j (Sing(Σ0

j), sj), u
(0,1)
j is C2 and

pointwisely,

|u(0,1)j | ≤ C(Σ, g,Λ, σ, r0)d̃j · ρ−n/2+1
j,0 ,

where sj ≤ C(Σ, g, r0)d̃
2/(n−σ′)
j , and ρj,0 denotes the distance function to Sing(Σ0

j)

with respect to g0j . Here we are using the fact that γ+2 − σ ≥ γ+1 ≥ −n/2 + 1. In

particular,

∥u(0,1)j ∥L2(Σ0
j )
≤ d̃j + ∥u(0,1)j ∥

L2(A
g0
j (Sing(Σ0

j )),sj ,r0)
+ ∥u(0,1)j ∥

L2(B
g0
j (Sing(Σ0

j )),sj)

≤ d̃j + C(Σ, g,Λ, σ, r0)d̃j · ∥ρ−n/2+1
j,0 ∥

L2(A
g0
j (Sing(Σ0

j )),sj ,r0)

+ C(g)∥Σ0
j∥(Bg0j (Sing(Σ0

j)), sj)
1/2

≤ d̃j

(
1 + C(Σ, g,Λ, σ, r0) + C(g,Σ,Λ)d̃

σ′/(n−σ′)
j

)
= O(d̃j).

(6.7.19)

Similarly,

∥u(1,0)j ∥L2(Σ1
j )
≤ O(d̃j). (6.7.20)
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Together with (6.7.18) and (6.7.17), (6.7.19) and (6.7.20) contract the definition of

dj. This finishes the proof of Claim. ■

6.8 Generic Semi-nondegeneracy

The goal of this section is to prove Theorem 6.2.8. Throughout this section, let

Σ ⊂ (M, g) be a connected G-invariant two-sided LSMH, and δ0 = δ0(g,Σ,Λ) > 0 be

as in Lemma 6.2.7.

Lemma 6.8.1 (Compactness of Jacobi fields of slower growth). Suppose that there

exists a sequence {(gj,Σj)}∞j=1 ⊂ Lk,α(g,Σ; Λ, δ0)
G satisfying

(a) (gj,Σj) → (g∞,Σ∞) ∈ Lk,α(g,Σ; Λ, δ0)
G in Lk,α;

(b) There exists 0 ̸= uj ∈ (Ker+ LΣj ,gj)
G a G-invariant Jacobi field of slower growth

on Σj with ∥uj∥L2(Σj) = 1.

Then uj subconverges to some G-invariant Jacobi field of slower growth u∞ in C2
loc(Σ∞),

with ∥u∞∥L2(Σ∞) = 1.

Proof. Fix σ ∈ (0, γgap,Λ/2), where γgap,Λ is defined in Lemma 5.2.1. Let K =

K(σ,Λ) > 2 be given by Lemma C.0.6.

By standard elliptic estimates, for every r > 0, there exist an integer j(r) > 0 and

a constant C(Σ, g, r) > 0 such that when j ≥ j(r), we have

∥uj∥C3(Σj\Bg(Sing(Σ),r)) ≤ C(Σ, g, r) .

Hence uj subconverges to some Jacobi field u∞ in C2
loc(Σ). Since all uj’s are G-

invariant, so is u∞.

The major effort here is to show ∥u∞∥L2(∥Σ∥g) = 1 and that u∞ is of slower growth.

267



First notice that for every p ∈ Sing(Σ), let pj ∈ Sing(Σj) such that pj → p as

j → ∞, then by the definition of Lk,α convergence and the monotonicity formula of

volume ratio, we have

lim sup
r→0

lim sup
j→∞

θ|Σj |(pj, r) − θ|Σj |(pj) = 0 . (6.8.1)

Hence by Lemma D.0.1, we can choose r0 = r0(Σ∞, g∞) ∈ (0, injrad(g,Σ)) such that

for j >> 1 and every pj ∈ Sing(Σj), we can parametrize Σj ∩ Br0 by CpjΣj using

Fj(x) := x+ ϕj(x)νj(x),

where νj be the unit normal field of CpjΣj, i.e.

Σj ∩ Br0 = graphCpjΣj
(ϕj) .

Furthermore, ϕj ∈ C2
loc(CpjΣj ∩ Br0) is the graphical function with estimates

∥ϕj∥C2
∗ ,Bs

≤ Ψ(s|g∞,Σ∞), ∀s ∈ (0, r0), ∀j ≥ js = j(s, g∞,Σ∞) . (6.8.2)

Here Ψ(s|g∞,Σ∞) is some positive constant depending only on s, g∞,Σ∞, increasing

in s and tending to 0 when s ↘ 0. We emphasis that the right hand side does not

depend on j provided j is sufficiently large. In addition, for every function uj on Σj,

we let ũj := uj ◦ Fj.

By (6.8.2) and Remark 5.2.4, there exists s0 = s0(g∞,Σ∞) ∈ (0, r0) such that

when j ≥ js0 , Corollary 5.2.3 applies to ũj on each A(0, K−3s, s) ∩ CpjΣj and we

obtain

J
γj
j,K(ũj;K

−2s) − 2J
γj
j,K(ũj;K

−1s) + J
γj
j,K(ũj; s) > 0 (6.8.3)
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for every s ∈ (0, s0). Here γj := γ+2 (CpjΣj) − σ and

Jγ
j,K(v; τ)2 :=

∫
A(0,K−1τ,τ)

v(x)2|x|−n−2γ d∥CpjΣj∥.

But since uj is of slower growth at pj, and γj < γ+2 (CpjΣj) ≤ ARpj(uj), we know

that

lim
s→0

J
γj
j,K(ũj; s) = 0 .

Thus for any N ∈ N+, there is some N0 > N and s = s0 ·K−N0 such that

J
γj
j,K(ũj;K

−1s) < J
γj
j,K(ũj; s).

And then inductively, (6.8.3) implies,

J
γj
j,K(ũj;K

−ls0) < J
γj
j,K(ũj; s0), ∀l ≥ 1, ∀j ≥ js0 .

By taking sum over l and change the parametrization, this implies (recall ∥uj∥L2(∥Σj∥gj ) =

1),

∥uj∥L2(Bgj (pj ,τ);∥Σj∥gj ) ≤ C(Σ, g, s0)τ
n/2+γ+

2 (CpjΣj)−σ, ∀τ ∈ (0, s0). (6.8.4)

The key is that the coefficients on RHS does not depend on j and τ .

Claim. If pj → p ∈ Sing(Σ), then up to a subsequence,

γ+2 (CpjΣj) → γ+2 (CpΣ) .

Proof of Claim. It suffices to show that CpjΣj F-subconverges to CpΣ.

By the fact that Σj F-converges to Σ and (6.8.1), there exists a sequence {rk}
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with rk → 0 such that

ηpjk ,rk(Σjk) → CpΣ

in B3, and furthermore,

lim
k
θ|ηpjk ,rk

(Σjk
)|(pjk , 2) − θ|ηpjk ,rk

(Σjk
)|(pjk) = 0

Therefore, by Corollary D.0.3, we know that CpjΣj F-converges to CpΣ. ■

Now, since

γ+2 (CpjΣj) − σ > γ+1 (CpjΣj) ≥ −n− 2

2
,

(6.8.4) then guarantees that there is no concentration of L2 norm for {uj}j≥1 near

Sing(Σ), i.e.

lim sup
τ→0

lim sup
j→∞

∥uj∥L2(Bg(Sing(Σj)),τ) = 0 ,

and thus ∥u∞∥L2 = 1. It also implies that for every p ∈ Sing(Σ),

ARp(u∞) ≥ γ+2 (CpΣ) − σ .

Then by Lemma 6.2.1, u∞ is of slower growth.

Corollary 6.8.2. There exists κ1(g,Σ,Λ, G) ∈ (0, δ0) such that for every (g′,Σ′) ∈

Lk(g,Σ; Λ, κ1)
G, we have dim(Ker+ LΣ′,g′)

G ≤ dim(Ker+ LΣ,g)
G.

Proof. Suppose otherwise, there exist (gj,Σj) → (g,Σ) in Lk,α(g,Σ; Λ, δ0)
G with

dim(Ker+ LΣj ,gj)
G > dim(Ker+ LΣ,g)

G =: I.

For each j ≥ 1, let u
(1)
j , ..., u

(I+1)
j be an orthonormal class in (Ker+ LΣj ,gj)

G, i.e.

⟨u(s)j , u
(t)
j ⟩L2(∥Σj∥gj ) = δst, 1 ≤ s, t ≤ I + 1.

By Lemma 6.8.1, for each 1 ≤ s ≤ I + 1, u
(s)
j subconverges to some slower growth
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Jacobi field u(s) in C2
loc(Σ), and

lim sup
r→0

lim sup
j→∞

∥u(s)j ∥L2(Bg(Sing(Σ),r);∥Σj∥gj ) = 0.

Hence {u(s)}1≤s≤I+1 ⊂ (Ker+ LΣ,g)
G are also orthonormal, contradicting to that

dim(Ker+ LΣ,g)
G = I.

Let

Lk,α
top (g,Σ; Λ, δ)G := {(g′,Σ′) ∈ Lk,α(g,Σ; Λ, δ)G : dim(Ker+ LΣ′,g′)

G = dim(Ker+ LΣ,g)
G} .

Lemma 6.8.1 and Corollary 6.8.2 implies that Lk,α
top (g,Σ; Λ, δ)G is closed in Lk,α(g,Σ; Λ, δ)G

for δ ≤ κ1.

Let I := dim(Ker+ LΣ,g)
G < ∞. For (ḡ, Σ̄) ∈ Lk,α

top (g,Σ; Λ, κ1)
G, let πL2,G

Σ̄,ḡ
:

L2(Σ̄) → (Ker+ LΣ̄,ḡ)
G be the L2-orthogonal projection to the finite dimensional

subspace. The following Lemma guarantees that we can parametrize slices of Lk,α
top by

compact subset of (Ker+ L)G.

Lemma 6.8.3. Let κ1 be as in Corollary 6.8.2. Then there exist constants κ2(g,Σ,Λ, G) ∈

(0, κ1), r0(g,Σ,Λ, G) > 0 and an I-dimensional linear subspace F ⊂ Ck,α
c (M \

Bg(Sing(Σ), 10r0))
G also depending only on Σ, g,Λ, G with the following property.

(i) For every (ḡ, Σ̄) ∈ Lk,α
top (g,Σ; Λ, κ2)

G, the map

F → (Ker+ LΣ̄,ḡ)
G, f 7→ πL2,G

Σ̄,ḡ
(νΣ̄,ḡ(f)), (6.8.5)

is a linear isomorphism with biLipschitz constant ≤ C(g,Σ,Λ, k, α,G).

In particular, for every nonzero f ∈ F , there is no G-invariant solution of

slower growth v to LΣ̄,ḡv = νΣ̄,ḡ(f).
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(ii) Denote for simplicity F · ḡ := {(1 + f)ḡ : f ∈ F}. For every (ḡ, Σ̄) ∈

Lk,α
top (g,Σ; Λ, κ2)

G, the map

Pḡ,Σ̄ : Lk,α
top (g,Σ; Λ, κ2)

G ∩ Π−1(F · ḡ) → (Ker+ LΣ̄,ḡ)
G,

(g′,Σ′) 7→ πL2,G

Σ̄,ḡ

(
GΣ′

Σ̄,ḡ · ζΣ̄,ḡ,r0

)
,

is bi-Lipschitz onto its image with bi-Lipschitz constant ≤ C(g,Σ,Λ, G) and

thus, injective, where

ζΣ̄,ḡ,r0(x) := ζ(distḡ(x, Sing(Σ̄))/r0) (6.8.6)

and ζ ∈ C∞(R; [0, 1]) is a cut-off function such that ζ ≡ 0 on (−∞, 1] and ζ ≡ 1

on [2,+∞).

Remark 6.8.4. In this lemma, we choose an L2(M)-metric on F . Since F is of finite

dimensional, this metric is equivalent to the Ck,α(M) metric. The semi-metric we use

on Lk,α
top is DL.

Proof. Fix a cut-off function ζ ∈ C∞(R; [0, 1]) such that ζ ≡ 0 on (−∞, 1] and ζ ≡ 1

on [2,+∞).

To prove (i), we start with specifying the choice of r0 and F . Take r0(g,Σ, ζ) ∈

(0, injrad(g,Σ)/40) small enough such that

(Ker+ LΣ,g)
G → (Ker+ LΣ,g)

G, v 7→ πL2,G
Σ,g (ζΣ,g,r0 · v)

is an isomorphism, where ζΣ,g,r0 is defined in (6.8.6). Take u1, ..., uI be an L2-

orthonormal basis of (Ker+ LΣ,g)
G and choose fi ∈ Ck,α

c (M \ Sing(Σ))G such that

νΣ,g(fi) = ζΣ,g,r0 · ui along Σ. We let

F := spanR⟨fi : 1 ≤ i ≤ I⟩ .
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To prove (6.8.5) is an isomorphism, since dim(Ker+ LΣ̄,ḡ)
G = dimF , it suffices to

verify that for small δ, for every f ∈ F and every (Σ̄, ḡ) ∈ Lk,α
top (g,Σ; Λ, δ)G,

∥πL2,G

Σ̄,ḡ
(νΣ̄,ḡ(f))∥L2(Σ̄) ≥ (L+ 1)−1∥f∥L2(M),

where L is the Lipschitz constant of the inverse of πL2,G
Σ,g

◦ νΣ,g

∣∣
F on (Ker+ LΣ,g)

G.

Suppose otherwise, there exists (gj,Σj) → (g,Σ) in Lk,α
top (g,Σ; Λ, κ1)

G and L2(M)-

unit fj ∈ F such that vj := πL2,G
Σj ,gj

(νΣj ,gj(fj)) has L2(Σj)-norm < (L+ 1)−1. Suppose

WLOG fj → f∞ ∈ F in Ck,α(M) and by Lemma 6.8.1, vj subconverges to v∞ ∈

(Ker+ LΣ,g)
G in C2

loc(Σ), where by Fatou’s Lemma ∥v∞∥L2(Σ) ≤ (L + 1)−1. Also by

Lemma 6.8.1, orthonormal bases of (Ker+ LΣj ,gj)
G subconverge to an orthonormal

basis of (Ker+ LΣ,g)
G. Thus

πL2,G
Σ,g (νΣ,g(f∞)) = lim

j→∞
vj = v∞,

which contradicts the choice of L.

To prove the second part, it suffices to show that if a slower growth function

v solves LΣ̄,ḡv = νΣ̄,ḡ(f) for some f ∈ F , then f ≡ 0. Multiply by elements of

(Ker+ LΣ̄,ḡ)
G on both sides of the equation and integrate over Σ̄. By Lemma 6.2.1

(iii), we can use integration by parts to derive

νΣ̄,ḡ(f) ⊥ (Ker+ LΣ̄,ḡ)
G, i.e. πL2,G

Σ̄,ḡ
(νΣ̄,ḡ(f)) = 0 ,

which implies f ≡ 0 by the isomorphism (6.8.5).

To prove (ii), we also argue by contradiction. Suppose Pḡj ,Σ̄j
is not uniformly bi-

Lipschitz for (ḡj, Σ̄j) ∈ Lk,α
top (g,Σ; Λ, κ1)

G with (ḡj, Σ̄j) → (g,Σ) in Lk,α. Then there

exists a sequence of pairs (g0j ,Σ
0
j), (g

1
j ,Σ

1
j) → (g,Σ) in Lk,α

top (g,Σ; Λ, δ)G such that

(a) gij = (1 + f i
j)ḡj, i = 0, 1, f i

j ∈ F ;
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(b) One of the following holds,

either ∥πL2,G

Σ̄j ,ḡj
((u

(1)
j − u

(0)
j )ζj)∥L2(Σ̄j) ≤

dj
j
, (6.8.7)

or ∥πL2,G

Σ̄j ,ḡj
((u

(1)
j − u

(0)
j )ζj)∥L2(Σ̄j) ≥ j · dj; (6.8.8)

where u
(i)
j := G

Σi
j

Σ̄j ,ḡj
is G-invariant; ζj := ζΣ̄j ,ḡj ,r0 , dj := DL((g0j ,Σ

0
j), (g

1
j ,Σ

1
j)).

Since F is of finite dimension and (6.8.5) is an isomorphism, Lemma 6.7.12 applies to

conclude that when j → ∞, (f 1
j − f 0

j )/dj subconverges in Ck,α(M) to some f̂∞ ∈ F ;

(u
(1)
j − u

(0)
j )/dj subconverges to some non-zero G-invariant slower growth û∞ in C2

loc,

solving

LΣ,gû∞ =
n

2
νΣ,g(f̂∞). (6.8.9)

And since ζj is supported away from Sing(Σ), by the convergence above and Lemma

6.8.1, we know that (6.8.8) can not hold for j >> 1.

Also, by (6.8.9) and (i), we derive f̂∞ = 0, in other words, 0 ̸= û∞ ∈ (Ker+ LΣ,g)
G.

Then since ζj(u
(1)
j −u(0)j )/dj subconverges in L2(Σ) to û∞ ·ζΣ,g,r0 , by (6.8.7), πL2,G

Σ,g (û∞ ·

ζΣ,g,r0) = 0. This violates the choice of r0 in (i).

Having established this, we can prove Theorem 6.2.8 by unwrapping the proof of

Sard Theorem. Let us start with the following abstract finite dimensional version of

the theorem.

Let Z ⊂ Rn be a compact subset; f : Z → Rn be a Lipschitz map. we call x ∈ Z

a critical point of f if there exists some proper linear subspace Tx ⊂ Rn such that

for every sequence of distinct points Z ∋ xj → x, if (f(xj) − f(x))/|xj − x| → v in

Rn, then v ∈ Tx. Let Critf be the set of critical points of f on Z.

Lemma 6.8.5 (Sard-Smale-type Theorem for Lipschitz Maps). Let Z ⊂ Rn be a
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compact subset and f : Z → Rn be a Lipschitz map. Then we have

H n(f(Critf )) = 0.

Proof. Fix some ϵ > 0. For every x ∈ Critf , let Bx be the collection of balls B in

Rn centered at x with radius ≤ 1 and such that H n(f(5B ∩ Z)) ≤ ϵH n(B), where

5B is the ball with same center and five times radius of B. The definition of Critf

guarantees that Bx contains balls with arbitrarily small radius.

By the Vitali covering lemma, there exists a disjoint family of balls {Bj}j≥1 ⊂⋃
x∈Critf

Bx such that Critf ⊂
⋃

j≥1 5Bj. Thus,

H n(f(Critf )) ≤
∑
j≥1

H n(f(5Bj ∩ Z)) ≤ ϵ
∑
j≥1

H n(Bj) ≤ ϵH n(B1(Z)).

Take ϵ→ 0, we derive H n(f(Critf )) = 0.

Theorem 6.8.6. Let G < Diff(M) be a fixed finite subgroup, Σ ⊂ (M, g) be a con-

nected G-invariant two-sided LSMH, Λ > 0, and κ2 = κ2(g,Σ,Λ, G) > 0 be given by

Lemma 6.8.3. Then for every δ ∈ (0, κ2),

G(g,Σ; Λ, δ)G :=
{
g′ ∈ Gk,α(M)G : either g′ /∈ Π(Lk,α(g,Σ; Λ, δ)G);

or ∀(g′,Σ′) ∈ Lk,α(g,Σ; Λ, δ)G,

we have (Ker+ LΣ′,g′)
G = {0}.

} (6.8.10)

is both open and dense in Gk,α(M)G := {g ∈ Gk,α(M) : γ∗g = g,∀γ ∈ G}.

Proof. We shall prove it inductively on I := dim(Ker+ LΣ,g)
G ≥ 0. Note that by

Corollary 6.8.2, when I = 0, we always have G(g,Σ; Λ, δ)G = Gk,α(M)G, which is

definitely open and dense. Now consider I ≥ 1.

Openness. If gj /∈ G(g,Σ; Λ, δ)G for 1 ≤ j < +∞ and gj → g∞ in Gk,α(M)G, then
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by definition, there exists (gj,Σj) ∈ Lk,α(g,Σ; Λ, δ)G with a non-trivial G-invariant

Jacobi field of slower growth uj ∈ (Ker+ LΣj ,gj)
G. By the compactness Lemma 6.2.7,

up to a subsequence, (gj,Σj) → (g∞,Σ∞) in Lk,α(g,Σ; Λ, δ)G, and by Lemma 6.8.1,

after renormalization, uj subconverges to some non-trivial G-invariant slower growth

Jacobi field u∞ ∈ (Ker+ LΣ∞,g∞)G, which implies g∞ /∈ G(g,Σ; Λ, δ)G. Therefore,

G(g,Σ; Λ, δ)G is an open subset.

Denseness. By induction, we can assume that the denseness has been established

for every pair (g,Σ) with dim(Ker+ LΣ,g)
G ≤ I − 1. The goal now is to prove it for

I(≥ 1).

Claim 1. For each ḡ ∈ Gk,α(M)G \ G(g,Σ; Λ, δ)G, there exists a sequence of metrics

gj ∈ F · ḡ \ Π(Lk,α
top (g,Σ; Λ, δ)G) such that gj → ḡ in Ck,α(M) when j → ∞.

We first finish the proof of denseness assuming this claim. It suffices to show that

each gj in the claim can be approximated by metrics in G(g,Σ; Λ, δ)G.

Let j ≥ 1 be fixed. Suppose WLOG that gj /∈ G(g,Σ; Λ, δ)G. Hence Π−1(gj) ∩

Lk(g,Σ; Λ, δ)G ̸= ∅. By definition of (Lk,α
top )G and Corollary 6.8.2 we have, for every

(gj,Σ
′) ∈ Lk,α(g,Σ; Λ, δ)G, dim(Ker+ LΣ′,gj)

G ≤ I − 1. Hence by the induction as-

sumption, there exists δgj ,Σ′ = δ(gj,Σ
′,Λ) > 0 such that G(gj,Σ

′; Λ, δgj ,Σ′)G is open

and dense in Gk,α(M)G. Since Lk,α(gj,Σ
′; Λ, δgj ,Σ′)G contains an open neighborhood

of (gj,Σ
′) in Lk,α(g,Σ; Λ, δ)G, and by Lemma 6.2.7, Π−1(gj)∩Lk,α(g,Σ; Λ, δ)G is com-

pact, we thus know that there exists a finite sequence of pairs (gj,Σ
(1)), (gj,Σ

(2)),

. . . , (gj,Σ
(q)) ∈ Π−1(gj) ∩ Lk,α(g,Σ; Λ, δ)G, 1 ≤ q < +∞, such that

q⋃
l=1

Lk,α(gj,Σ
(l); Λ, δgj ,Σ(l))G ⊃ Π−1(gj) ∩ Lk,α(g,Σ; Λ, δ)G. (6.8.11)

Since Gj :=
⋂q

l=1 G(gj,Σ
(l); Λ, δgj ,Σ(l))G is still open and dense in G(M)G, there exists

a sequence {g′m}m≥1 ⊂ Gj such that g′m → gj in Ck,α as m→ ∞.
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We now verify that g′m ∈ G(g,Σ; Λ, δ)G for m >> 1. Suppose otherwise, for

infinitely many m, there exists (g′m,Σ
′
m) ∈ Lk,α(g,Σ; Λ, δ)G with (Ker+ LΣ′

m,g′m)G ̸=

{0}. By Lemma 6.2.7, up to a subsequence of m → ∞, (g′m,Σ
′
m) → (gj,Σ

′) in

Lk,α(g,Σ; Λ, δ)G. By (6.8.11), WLOG (gj,Σ
′) ∈ Lk,α(gj,Σ

(1); Λ, δgj ,Σ(1))G, and so does

(g′m,Σ
′
m) for m >> 1. But since g′m ∈ Gj ⊂ G(gj,Σ

(1); Λ, δgj ,Σ(1))G, by its definition

(6.8.10), we must have (Ker+ LΣ′
m,g′m)G = {0} for those m, which contradicts the

choice of (g′m,Σ
′
m). This concludes the proof of denseness.

Proof of Claim 1. Suppose WLOG that (ḡ, Σ̄) ∈ Lk,α
top (g,Σ; Λ, δ)G, otherwise just

taking gj ≡ ḡ proves the Claim.

Recall by Lemma 6.8.3, Lk
top(g,Σ; Λ, δ)G ∩ Π−1(F · ḡ) is bi-Lipschitzly embedded

as a compact subset of finite dimensional Euclidean space (Ker+ LΣ̄,ḡ)
G. We denote

for simplicity Z := Pḡ,Σ̄(Lk
top(g,Σ; Λ, δ)G ∩Π−1(F · ḡ)). Consider the projection map,

Π̃ : Z ∼= Lk
top(g,Σ; Λ, δ)G ∩ Π−1(F · ḡ)

Π→ F · ḡ ∼= F .

More precisely, Π̃ is a Lipschitz map between (compact subset of) vector spaces of

same dimension, given by Π̃(Pḡ,Σ̄((1 + f)ḡ,Σ′)) = f .

We shall show that Z consists of critical points in the following Claim 2. Then by

Lemma 6.8.5, we see that Π(Lk,α
top (g,Σ; Λ, δ)G) is a compact subset of I-dimensional

measure 0 in F · ḡ ∼= F . Therefore, we can find gj ∈ F · ḡ \ Π(Lk,α
top (g,Σ; Λ, δ)G) to

approximate ḡ, and thus, finish the proof of Claim 1. ■

Claim 2. Z ⊂ CritΠ̃.

Proof of Claim 2. By the definition of Critf and biLipschitz property of Pḡ,Σ̄, it

suffices to show that whenever ((1 + fj)ḡ,Σ
′
j) → ((1 + f)ḡ, Σ̄′) in Lk,α

top (g,Σ; Λ, δ)G,

then we always have when j → ∞,

(fj − f)/dj → 0 , (6.8.12)
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where with dj := DL(((1 + fj)ḡ,Σ
′
j), ((1 + f)ḡ, Σ̄′)) > 0.

To see this, recall by Lemma 6.7.12, after passing to a subsequence,


uj/dj → û∞ in C2

loc(Σ̄
′);

(fj − f)/((1 + f)dj) → f̂∞ in Ck,α(M).

where uj := G
Σ′

j

Σ̄′,(1+f)ḡ
is the graphical function of Σ′

j over Σ̄′, û∞ is of slower growth,

and f̂∞ solves the equation

LΣ̄′,(1+f)ḡû∞ =
n

2
νΣ̄′,(1+f)ḡ(f̂∞).

But by Lemma 6.8.3 (i), this equation has no slower growth solution unless f̂∞ ≡ 0,

which proves (6.8.12). ■

Proof of Theorem 6.2.8. The case where Σ is two-sided follows immediately from

Theorem 6.8.6 with G = {idM}.

When Σ is one-sided, by Remark 6.2.12 (ii), we can consider the two-sided double

cover Σ̂ ⊂ (M̂, ĝ), a Z2-invariant LSMH. Recall that by definition, one-sided (g′,Σ′) ∈

Lk,α(g,Σ; Λ, δ) is semi-nondegenerate if and only if its double cover Σ̂′ is Z2-semi-

nondegenerate. Hence Theorem 6.8.6 also implies Theorem 6.2.8 with G = Z2.
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Appendix A

Minimal Surface Equation for

Graph

Let (Mn+1, g) be a Riemannian manifold without boundary (not necessarily complete)

and Σ ⊂M be an embedded two-sided C3 hypersurface (not necessarily proper) with

a unit normal field ν. Recall that for every x ∈ Σ, we have introduced the regularity

scale rS(x) := rS(x;M, g,Σ) of Σ at x in Definition 2.1.1. With aid of this, we defined

the Ck
∗ -norms of functions over Σ, which is invariant under rescalings.

For f ∈ Ck(M) (0 ≤ k ≤ 3 integer), β ∈ Sym(T ∗M ⊗T ∗M), and for every x ∈ Σ,

we also define

[f ]x,g,Ck
∗

:=
k∑

j=0

rS(x)j sup
Bg

rS (x)

|∇j
gf |; [β]x,g,Ck

∗
:=

k∑
j=0

rS(x)j sup
Bg

rS (x)

|∇j
gβ|

This is also a norm invariant under rescaling, more precisely, for every λ > 0, we have

[f ]x,λ2g,Ck
∗

= [f ]x,g,Ck
∗
; [λ2β]x,λ2g,Ck

∗
= [β]x,g,Ck

∗
.

We shall omit the subscript g if there’s no ambiguity.

Throughout this section, suppose (M, g,Σ) ̸= (Rn+1, geuc,Rn), and thus rS < +∞
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on Σ.

Theorem A.0.1. There exists δ = δ(n) ∈ (0, 1) and C = C(n) >> 1 with the

following properties.

(i) If u ∈ C1(Σ) with ∥u∥C1
∗ ≤ δ, then

Φu : Σ →M, x 7→ expg
x(u(x) · ν(x)),

is a C1 embedding;

(ii) There exists a C1 area density function F f = F f (x, z, ξ), where x ∈ Σ, z ∈ R

with r−1
S |z| < 1, ξ ∈ T ∗

xΣ with |ξ|g < 1, with pointwise estimate

|F f (x, z, ξ) − 1| ≤ C(n)(rS(x)−1|z| + |ξ| + [f ]x,C2
∗ );

And such that for every u ∈ C2(Σ) with ∥u∥C2
∗ ≤ δ, every f ∈ C2(M) with

[f ]x,C2
∗ ≤ δ, ∀x ∈ Σ, and every φ ∈ C0

c (M \ Sing(Σ)), we have

∫
M

φ(x) d∥ graphΣ(u)∥(1+f)g(x) =

∫
M

φ ◦ Φu(x) · F f (x, u(x), du(x)) d∥Σ∥g.

(iii) Let F f be in (ii); let M f : C2
∗(Σ) → C0

loc(Σ) be the minimal surface operator

(M f is only defined in the δ-neighborhood of 0), in other words, for every φ ∈

C1
c (Σ),

∫
Σ

M f (u) · φ d∥Σ∥g :=
d

dt

∣∣∣
t=0

∫
Σ

F f (x, u+ tφ, d(u+ tφ)) d∥Σ∥g.

Then for every pair f± ∈ C2(M) with [f±]x,C2
∗ ≤ δ along x ∈ Σ and every pair
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∥u±∥C2
∗ ≤ δ, we have

M f+

(u+) − M f−
(u−) = − LΣ,g(u

+ − u−) +
n

2
ν(f+ − f−)

+ divΣ,g(E1) + r−1
S E2,

where E1, E2 are functions on Σ satisfying the pointwise bound along x ∈ Σ,

|E1(x)| + |E2(x)| ≤ C(n)

(∑
i=±

[f i]x,C2
∗ + rS(x)−1|ui|(x) + |dui(x)|

)

·
(
[f+ − f−]x,C2

∗ + rS(x)−1|u+ − u−|(x) + |d(u+ − u−)|(x)
)
.

(iv) Let u ∈ C2(Σ) such that ∥u∥C2
∗ ≤ δ, g̃ be a metric on M such that [g̃−g]x,C3

∗ ≤ δ

for every x ∈ Σ. Denote for simplicity Σu = graphΣ,g(u). Then we have

pointwise estimate,

∣∣|AΣu,g̃|2g̃ ◦ Φu − |AΣ|2g
∣∣ ≤ C(n)

(
[g̃ − g]x,C3

∗ +
2∑

j=0

rj−1
S |∇j

Σ,gu|

)
· r−2

S ;

And for every ψ ∈ C2
loc(Σu), we have

(∆Σuψ) ◦ Φu − ∆Σ(ψ ◦ Φu) = divΣ(B⃗0) + r−1
S ·B1 ,

with pointwise estimate on error terms,

|B⃗0| + |B1| ≤ C(n)

(
[g̃ − g]x,C3

∗ +
2∑

j=0

rj−1
S |∇j

Σ,gu|

)
· |d(ψ ◦ Φu)|g ;

|divΣB⃗0| ≤ C(n)

(
[g̃ − g]x,C3

∗ +
2∑

j=0

rj−1
S |∇j

Σ,gu|

)
·
(
|∇2

Σ(ψ ◦ Φu)|g + r−1
S |d(ψ ◦ Φu)|g

)
.

Proof. First one can easily check that the Theorem is formulated invariant under

rescalings. Hence (i) follows immediately by renormalizing the metric with r−2
S near
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each point. To prove (ii)-(iv), by taking the Fermi coordinates, it suffices to work

under the following further assumptions.

(a) M ⊃ M0 := Bn
1 × (−1, 1) with global coordinates {x1, x2, . . . , xn, xn+1 = z} and

metric g|M0 = gz + dz2, where gz is a family of metric on Bn
1 parametrized by

z ∈ (0, 1) satisfying that,

• ∥g − geuc∥C3,M < 1/10;

• g0ij = δij, ∇g0

∂i
∂j = 0 both at 0 ∈ Bn

1 , ∀1 ≤ i, j ≤ n.

(b) Σ0 := Σ ∩M0 = Bn
1 × {0} ⊂M0, and thus Φu(x) = (x, u(x)) on Σ0;

(c) 1 ≤ rS ≤ Cn on Σ0;

(d) When estimating geometric quantities of graphΣ(u), we only need to work at

x = 0 and assuming ∥u∥C2,B1
+ ∥f∥C2,M0

≤ δn.

First note that, the smooth family of metric {gz}z∈(0,1) satisfies the ODE


∂zg

z
ij = −2Az

ij;

∂zA
z
ij = −Az

ikA
z
jlg

kl
z +Rz

ij,

(A.0.1)

where [gijz ] denotes the inverse matrix of [gzij]; R
z
ij := Rg(∂i, ∂z, ∂z, ∂j)|(x,z); A0

ij =

AΣ(∂i, ∂j).

To prove (ii), note that

∂iΦ
u(x) = (∂i + ui(x)∂z)|(x,u(x)), ∀1 ≤ i ≤ n ;

νu,f (x, u(x)) =
1√

(1 + f)(1 + giju uiuj)
· (∂z − giju ui(x)∂j) .

where νu,f is the upward unit normal field of Φu(Σ0) under (1 + f)g, uj := ∂ju.

Hence the area element of Φu(Σ0) at (x, u(x)) under metric (1 + f)g is given by
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F f (x, u(x), du(x)), where

F f (x, z, ξ) :=
√

(1 + f(x, z))n · det g0 [gz + ξ ⊗ ξ] (x).

Together with (A.0.1), this proves the estimate in (ii).

To prove (iii), notice that

M f (u)(x) = − div ∂ξF
f (x, u(x), du(x)) + ∂zF

f (x, u(x), du(x)) , (A.0.2)

and

∂ξF
f (x, z, ξ) = F f (x, z, ξ) · g0(x)G(x, z, ξ)−1ξ,

∂zF
f (x, z, ξ) = F f (x, z, ξ) ·

(
n∂zf

2(1 + f)

∣∣∣
(x,z)

+ tr(G−1∂zG)|(x,z,ξ)
)
,

where G(x, z, ξ) := [gz(x) + ξ ⊗ ξ]. Thus again by (A.0.1) we have,

∣∣∣(∂ξF f+|(x,z
+,ξ+)

(x,z−,ξ−)) − (ξ+ − ξ−)♯
∣∣∣ ≲n O(x, z±, ξ±, f±) ; (A.0.3)

where

O(x, z±, ξ±, f±) :=

∑
i∈{±}

|zi| + |ξi| + ∥f i∥C2,M0


·
(
|z+ − z−| + |ξ+ − ξ−| + ∥f+ − f−∥C2,M0

)
.

Also, since

∣∣∣tr(G−1∂zG)|(x,z
+,ξ+)

(x,z−,ξ−) +
(
|AΣ|2g0 + Ricg(∂z, ∂z)

)
· (z+ − z−)

∣∣∣ ≲n O(x, z±, ξ±) ,
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We thus have,

∣∣∣∣(∂zF f+ |(x,z
+,ξ+)

(x,z−,ξ−)) −
[
n∂z(f

+ − f−)

2

∣∣∣
(x,0)

−
(
|AΣ|2 + Ricg(∂z, ∂z)

)
(z+ − z−)

]∣∣∣∣
≲n O(x, z±, ξ±, f±) ;

(A.0.4)

(iii) is proved by combining (A.0.2), (A.0.3) and (A.0.4).

To prove (iv), the second fundamental form of Σu under g̃ is given by

AΣu,g̃(∂iΦ
u, ∂jΦ

u) = ⟨∇g̃
∂i+ui∂z

(∂j + uj∂z), ν̃⟩ ,

where ν̃ = ν̃j ·∂j+ν̃z ·∂z is the unit normal field of Σu under g̃, satisfying the pointwise

estimate

n∑
j=1

|ν̃j| + |ν̃z − 1| ≤ Cn([g̃ − g]C3,M0
+ |u| + |du|) ; (A.0.5)

Also by (A.0.1), the pull pack metric g̃u := (Φu)∗g̃ satisfies the pointwise estimate

|g̃u − g0|g0 + |∇g0 g̃u|g0 ≤ Cn

(
∥g̃ − g∥C3,M0

+ |u| + |du|g0 + |∇2u|g0
)

; (A.0.6)

And the Christoffel symbols of g̃ and g satisfies

|Γ̃K
IJ(0, z) − ΓK

IJ(0, 0)| ≤ Cn([g̃ − g]C3,M0
+ |z|), 1 ≤ I, J,K ≤ n+ 1 . (A.0.7)

Combining (A.0.5), (A.0.6) and (A.0.7) one proves the estimate on difference of second

fundamental forms.

To estimate Laplacian, note that ∆g̃uψ − ∆g0ψ = divg0(B⃗0) +B1, where

B⃗0(0) = (g̃iju − gij)∂jψ · ∂i|0; B1(0) =
1

2
g̃iju ∂i(log det[g̃u])∂jψ(0) ,
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and hence by (A.0.6), they satisfies the estimate in (iv).
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Appendix B

Improved Regularity for Obstacle

Problems

The goal of this chapter is to prove Theorem 4.2.11 and 4.2.12. First recall that

under local coordinate chart (U , xi) of ∂M , if u ∈ C1(U , (−rM/2, rM/2)), then

H n(graph∂M(u)) =
∫
U F (x, u, du), where 0 < F (x, z, p) ∈ C∞(U × (−rM , rM) × Rn)

satisfies

∂2ppF (x, z, p)ijξiξj ≥ λ(x, z, p)|ξ|2 > 0, ∀ξ ∈ Rn (B.0.1)

∥F∥C4(U×[−rM/2,rM/2]×Bn
R) ≤ C(M, g,R). (B.0.2)

If u ≥ 0 and graph∂M(u) is constrained stationary in M , then

0 ≤ d

dt

∣∣∣
t=0

∫
U
F (x, u+ tϕ, du+ tdϕ) dx

≤
∫
U
∂pF (x, u, du) · dϕ+ ∂zF (x, u, du)ϕ dx,

(B.0.3)

for every ϕ ∈ C1
c (U) such that 0 < t << 1, u+ tϕ ≥ 0.

We shall deal with more general quasi-linear 2nd order elliptic operator of di-
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vergence form. For simplicity, write Br(x) := Bn
r (x) ⊂ Rn, Br := Br(0) and

Ωr := Br × [−1, 1] × B1. Let λ,Λ > 0, α ∈ (0, 1) be constant, A = A(x, z, p) ∈

C3(B2 × R× Rn,Rn), B = B(x, z, p) ∈ C2(B2 × R× Rn) satisfying

∂pA
ij|B2×[−1,1]×B1 · ξiξj ≥ λ|ξ|2, ∀ξ ∈ Rn;

∥A∥C3(Ω2) + ∥B∥C2(Ω2) ≤ Λ.

(B.0.4)

Let Mu := −div(A(x, u,∇u)) + B(x, u,∇u). Consider the variational inequality for

a function u ∈ C1(B2,R+),

∫
B2

A(x, u,∇u) · ∇ϕ+B(x, u,∇u)ϕ dx ≥ 0, ∀ϕ ∈ C1
c (B2,R+);∫

B2

A(x, u,∇u) · ∇ϕ+B(x, u,∇u)ϕ dx = 0, ∀ϕ ∈ C1
c ({u > 0}).

(B.0.5)

Clearly, (B.0.3) implies (B.0.5), where A = ∂pF and B = ∂zF .

Theorem B.0.1. ∃δ0 = δ0(λ,Λ, n, α) ∈ (0, 1) such that if A,B satisfies (B.0.4),

0 ≤ u ∈ C1,α
loc (B2 \ {0}) ∩ C1(B2) satisfies (B.0.5) and that ∥u∥C1(B2) ≤ δ0, then

u ∈ C1,1
loc (B2) and

∥u∥C1,1(B1) ≤ C(λ,Λ, n, α).

In view of the proof of Lemma 4.3.4, Theorem 4.2.11 follows from Theorem B.0.1.

The major effort is made to prove the following lemma,

Lemma B.0.2. There exists δ0 = δ0(λ,Λ, n, α) ∈ (0, 1), η0 = η0(λ,Λ, n, α) ∈ (0, δ0)

s.t. if u be in Theorem B.0.1 and further satisfying

∥u∥C1,α(B2) ≤ 2δ0, (B.0.6)
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and η < η0 such that the elliptic coefficients satisfies

∥∂xA∥C2(Ω2) + ∥∂zA∥C2(Ω2) + ∥B∥C2(Ω2) ≤ η. (B.0.7)

Then ∥u∥C1,1(B1) ≤ C(λ,Λ, n, α)(∥u∥C1,α(B2) + η).

Proof of Theorem B.0.1. Observe that if x0 ∈ B1, r ∈ (0, 1), let ũ(y) := u(x0 +ry)/r,

then

Mu(x) =
1

r
[−divÃ(y, ũ(y),∇ũ(y)) + B̃(y, ũ(y),∇ũ(y))]y=(x−x0)/r,

where

Ã(y, z, p) := A(x0 + ry, rz, p);

B̃(y, z, p) := rB(x0 + ry, rz, p).

Hence, by Lemma B.0.2, for u satisfying the assumptions in Theorem B.0.1, u ∈

C1,1
loc (B2\{0}). Thus, for a.e. x ∈ B2\{0}, Mu(x) = B(x, 0, 0). Together with (B.0.5)

and that ∥u∥C1(B2) ≤ 1, by a cutting off argument, Mu(x) = B(x, 0, 0) ·χ{u=0} in the

weak sense on B2. Hence by standard elliptic estimate [GT01, Theorem 13.1], ∃β =

β(λ,Λ, n) ∈ (0, 1) such that ∥u∥C1,β(B3/2)
≤ C(λ,Λ, n). Then repeat the rescaling

argument above, by Lemma B.0.2, Theorem B.0.1 is proved.

Now we start to prove Lemma B.0.2.

Lemma B.0.3. ∃η1 = η1(λ,Λ, n, α) ∈ (0, 1) such that if η ≤ η1 and A,B satisfies

(B.0.4) and (B.0.7), ∥ϕ∥C1,α(∂B1) ≤ η1. Then the equation


Mu = 0 in B1

u = ϕ on ∂B1

(B.0.8)
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has a unique solution u ∈ C1,α(Clos(B1)) satisfying

∥u∥C1,α ≤ C(λ,Λ, n, α)(∥ϕ∥C1,α + η). (B.0.9)

The uniqueness follows directly from comparison principle, see [GT01, Chapter

10]; We assert that the existence result does not follow directly from the classical

Schauder estimate, since the latter requires boundary value to be C2,α. Instead, one

need to work in the space H
(b)
a introduced [GH80], where a = 2 + α, b = 1 + α.

By [GH80, Theorem 5.1] and a fixed point argument, there exists u ∈ H
(b)
a (B1)

satisfying (B.0.8) with uniformly bounded H
(b)
a -norm; and (B.0.9) follows from [GH80,

Lemma 2.1].

Proof of Lemma B.0.2. Let δ0, η0 ∈ (0, η1) to be determined; u be in Lemma B.0.2.

Step 1 ∀x0 ∈ B3/2 ∩ {u = 0}, ∀r ∈ (0, 1/2), let v = vx0,r ∈ C1,α(Br(x0)) be the

solution of 
M v = 0 in Br(x0)

v = u on ∂Br(x0)

given by Lemma B.0.3. Also, let v̄ be the solution of


M v̄ = 0 in Br(x0)

v̄ = 0 on ∂Br(x0).

Also note that ∥u∥C1(Br), ∥v∥C1(Br), ∥v̄∥C1(Br) ≤ C(λ,Λ, n, α)(η0 + δ0) and Mu ≥ 0

in the weak sense. Hence, by taking η0, δ0 << 1 and using the maximum principle
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[GT01, Theorem 10.10],

0 ≤ u(x) − v(x) ≤ C(λ,Λ, n, α) · sup
Br(x)∩∂{u>0}

(u− v) ≤ C(λ,Λ, n, α)∥v−∥C0(Br(x0)),

(B.0.10)

for every x ∈ Br(x0); And v̄ ≤ v on Br(x0). Applying the classical C0 estimate on

ṽ(y) := v̄(x0 + ry)/r, one get

∥v̄∥C0(Br(x0)) ≤ C(λ,Λ, n, α)r2∥B(·, 0, 0)∥C0(Br). (B.0.11)

Since v − v̄ ≥ 0 on Br(x0), M v = M v̄ = 0 and v(x0) ≤ u(x0) = 0, by (B.0.4) and

Harnack inequality,

∥v − v̄∥C0(Br/2(x0)) ≤ C(λ,Λ, n, α)(v(x0) − v̄(x0)) ≤ C(λ,Λ, n, α)|v̄(x0)|. (B.0.12)

Combining (B.0.10), (B.0.11) and (B.0.12) one derive

0 ≤ u ≤ C(λ,Λ, n, α)∥B(·, 0, 0)∥C0(Br(x0))r
2 on Br/2(x0). (B.0.13)

Step 2 ∀x0 ∈ {u = 0}, ∇u(x0) = 0; ∀x0 ∈ {u > 0} ∩B3/2, if l := dist(x0, {u = 0}) <

1/8, let y0 ∈ {u = 0} such that |x0 − y0| = l. Then by (B.0.13),

∥u∥C0(Bl(x0)) ≤ ∥u∥C0(B2l(y0)) ≤ C(λ,Λ, n, α)l2.

Hence by interior gradient estimate,

1

l
∥∇u∥C0(Bl/2(x0)) + ∥∇2u∥C0(Bl/2(x0)) ≤ C(λ,Λ, n, α). (B.0.14)

Now that, ∀x1, x2 ∈ B1, ρ := |x1 − x2| < 1/20, li := dist(xi, {u = 0}), l1 ≤ l2.
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(i) If l2 ≥ 1/8, then directly by gradient estimate

|∇u(x1) −∇u(x2)| ≤ ρ sup
Bρ(x2)

∥∇2u∥ ≤ C(λ,Λ, n, α)|x1 − x2|;

(2) If 2ρ ≤ l2 < 1/8, then by (B.0.14),

|∇u(x1) −∇u(x2)| ≤ ρ sup
Bl2/2

(x2)

∥∇2u∥ ≤ C(λ,Λ, n, α)|x1 − x2|;

(3) If l2 ≤ 2ρ, then also by (B.0.14),

|∇u(x1) −∇u(x2)| ≤ |∇u(x1)| + |∇u(x2)|

≤ C(λ,Λ, n, α)(l1 + l2) ≤ C(λ,Λ, n, α)|x1 − x2|.

This proves the C1,1 bound of u.

Proof of Theorem 4.2.12. The regularity results in literature focus on minimizing

boundaries; For general closed integral current, the strategy is to first decompose

them into sum of boundary of Caccioppoli sets. One subtlety is that a priori the

graphs may have incompatible orientations. We rule out this by choosing Uy small

enough.

Recall that Mn+1 ⊂ RL is a compact submanifold with boundary, extended to a

closed manifold M̃n+1 ⊂ RL; Ũ ⊂ M̃ is relatively open and U := Ũ ∩M . Suppose

U ∩ ∂M ̸= ∅. T ∈ Zn(U) minimize mass among {S ∈ Zn(U) : spt(T − S) ⊂⊂ U}.

Call such T constrained minimizing in U .

WLOG U, Ũ , V := Ũ \ U are contractible and MU(T ) > 0. By decomposition

theorem [Sim83b, Chap 6, 27.6], there’s a decreasing sequence of H n+1-measurable
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subsets {Uj ⊂ Ũ}j∈Z such that

T =
∑
j∈Z

∂[Uj]; ∥T∥ =
∑
j∈Z

∥∂[Uj]∥.

In particular, MW (T ) =
∑

j∈ZMW (∂[Uj]) for all W ⊂⊂ Ũ , spt(∂[Uj]) ⊂ U and

Tj := ∂[Uj] are also constrained minimizers in U (along ∂M). Thus for each j, either

spt[Uj] or spt([Ũ ] − [Uj]) contains V . WLOG, spt(∂[U0]) ∩ ∂M ̸= ∅ and spt[U0] ⊃ V .

Hence ∀j ≤ 0, spt[Uj] ⊃ V ; and ∀j > 0, either spt[Uj] ⊃ V or spt[Uj] ⊂ spt[U0] \ V .

Claim: ∀K ⊂ U ∩ ∂M compact, ∃ r1 = r1(M,U,K) > 0 such that if T0 = ∂[U0],

T1 = ∂[U1] are constrained minimizers in U and U0 ⊃ V , U1 ⊂ U0\V ; y ∈ K∩spt(T0).

Then U1 ∩Br1(y) = ∅.

Clearly, with this claim, for each j ∈ Z, Tj⌞Br1(y) = ∂[U ′
j]⌞Br1(y) is constrained

minimizing in Br1(y), where U ′
j := Uj∩Br1(y) is either empty or containing V . Hence,

by [Mir71] and [Tam82], Tj⌞Br1(y) is C1,α for some α ∈ (0, 1). Then by Theorem

4.2.11, T is C1,1 multiple graphs restricting to a smaller subset Uy. This proves (1)

of Theorem 4.2.12; and (2) follows from unique continuation of minimal hypersurfaces.

Proof of the claim: By [Mir71], for every δ ∈ (0, 1), ∃ r2 = r2(M,U,K, δ) > 0 and

u0 ∈ C1(U ∩ ∂M) such that ∀y ∈ K ∩ spt(T0),

T0⌞Br2(y) = [graph∂M(u)]⌞Br2(y) with |∇u| ≤ δ. (B.0.15)

Assuming the claim fails, then ∃ yj ∈ K ∩ spt(T
(j)
0 ), T

(j)
i = ∂[U

(j)
i ] being constrained

minimizing boundary in U , where i = 0, 1, j ≥ 1, U
(j)
0 ⊃ V , U

(j)
1 ⊂ U

(j)
0 \ V and

U
(j)
1 ∩B1/j(yj) ̸= ∅. Then spt(T

(j)
1 ) ∩B1/j(yj) ̸= ∅.

Let j → ∞, yj → y∞ ∈ K, and consider (ηyj ,1/j)♯T
(j)
1 → T

(∞)
1 being constrained

minimizing in T+
y∞M

∼= Rn+1
+ . The convergent is both in current and in varifold sense.
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Therefore, by (B.0.15) and that yj ∈ K ∩ spt(T
(j)
0 ) ⊂ ∂M , U

(j)
1 ⊂ U

(j)
0 \ V , we have

T
(∞)
1 = ∂[U

(∞)
1 ] for some spt(U

(∞)
1 ) ⊂ Ty∞∂M , which is n+1 negligible. In particular,

T
(∞)
1 = 0; On the other hand, by spt(T

(j)
1 )∩B1/j(yj) ̸= ∅, Lemma 4.2.3 and Corollary

4.2.4, T
(∞)
1 ̸= 0 and we get a contradiction.
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Appendix C

Jacobi Fields on Minimal

Hypercone

In this chapter, we disucss some facts about Jacobi fields on a regular stable minimal

hypercone in Rn+1. Most results here are well-known to experts, and many of them

can be found in [Sim83a,CHS84].

Let C ⊂ Rn+1 be a regular stable minimal hypercone. Thus S := C ∩ Sn is a

regular minimal hypersurface in Sn. Recall that we parametrize C as in (5.2.3) by

(0,+∞) × S → C, (r, ω) 7→ x = rω.

And denote for simplicity Br := Bn+1
r (0) ∩ C, and A(r, s) := Ar,s(0) ∩ C. Recall

by [Sim68], the Jacobi operator of C is decomposed under this parametrization as

LC = ∂2r +
n− 1

r
∂r +

1

r2
(∆S + |AS|2) ,

where AS is the second fundamental form of S in Sn.
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To describe the space of Jacobi fields on C, let

µ1 < µ2 ≤ µ3 ≤ · · · ↗ +∞

be the eigenvalues of −(∆S + |AS|2), and w1, w2, . . . be the corresponding L2(S)-

orthonormal eigenfunctions, where w1 > 0. By [Sim68], the stability of C is equivalent

to that µ1 ≥ −(n− 2)2/4. Recall that C is called strictly stable if µ1 > −(n− 2)2/4.

We have introduced the asymptotic spectrum of C in (5.2.7), Γ(C) := {γ±j }, which

consists of all possible degrees of homogeneous Jacobi field on C, where

γ±j = γ±j (C) := −n− 2

2
±
√
µj +

(n− 2)2

4
, (C.0.1)

are solutions to γ2+(n−2)γ−µj = 0. For later reference, we also denote for simplicity

bj :=
γ+j − γ−j

2
=

√
µj +

(n− 2)2

4
.

Note that µj = −(n−2)2/4 if and only if j = 1 and γ+1 = γ−1 = −(n−2)/2. For every

γ ∈ ΓC , recall that as in (5.2.8), Wγ = spanR{wj : γ±j = γ} is the corresponding

eigensubspace of (∆S + |AS|2).

By [CHS84, Section 1], for every 0 ≤ R1 < R2 ≤ +∞ such that 1 ∈ [R1, R2], a

general solution of LCu = f on AR1,R2(0) is given by

u(r, ω) =
∑
k≥1

(uk(r) + vk(r))wk(ω) , (C.0.2)
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where for each k,

uk(r, f) :=


−1

2bk

(
rγ

+
k

∫ 1

r

s−γ+
k +1fk(s) ds− rγ

−
k

∫ 1

r

s−γ−
k +1fk(s) ds

)
, bk ̸= 0 ,

r−
n−2
2

(
log r

∫ r

1

s
n
2 fk(s) ds−

∫ r

1

s
n
2 log s · fk(s) ds

)
, bk = 0 ;

(C.0.3)

is a special solution,

fk(r) :=

∫
S

f(r, ω)wk(ω) dω,

is the Fourier coefficients of f ; and

vk(r) = vk(r; c+k , c
−
k ) :=


c+k r

γ+
k + c−k r

γ−
k = r−

n−2
2 (c+k r

bk + c−k r
−bk), bk ̸= 0;

r−
n−2
2 (c+k + c−k log r), bk = 0.

(C.0.4)

are the general homogeneous solutions, c±k ∈ R.

We list some corollaries of this expansion formula.

Lemma C.0.1. For each ϕ ∈ C∞
c (C) we have,

∫
C

|∇Cϕ|2 − |AC|2ϕ2 ≥
(
µ1 + (

n− 2

2
)2
)∫

C

1

r2
ϕ2.

Proof. Write ϕ(r, ω) =
∑

k≥1 ϕk(r)wk(ω), plug in the integration and change vari-

ables. The Lemma follows from the Hardy inequality

∫ +∞

0

4a′(r)2 − a(r)2/r2 dr ≥ 0, ∀a ∈ C1
c (0,+∞).

• Growth estimate of Jacobi fields
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Lemma C.0.2. If γ ∈ R \ Γ(C), u is a Jacobi field on BR, i.e. LCu = 0 on BR,

(resp. C \BR). Suppose

I2u(r) :=

∫
A(r,2r)

u2(t, ω)t−n dx,

satisfies that for some r0 < R (resp. r0 > R) and C > 0,

I2u(r) ≤ Cr2γ, ∀ r < r0 (resp. ∀ r > r0) . (C.0.5)

Then

u(r, ω) =
∑
k≥1

vk(r; c+k , c
−
k )wk(ω),

where c±k = 0 if γ±k < γ (resp. γ±k > γ); vk(r; c+k , c
−
k ) is defined in (C.0.4).

Proof. We only prove for Jacobi fields on BR since the proof for Jacobi fields on

C \BR is similar. By (C.0.2),

vk(r; c+k , c
−
k ) =

∫
S

u(r, ω)wk(ω) dω ≤ (

∫
S

u(r, ω)2 dω)1/2.

Hence, for all r ∈ (0, r0),

∫ 2r

r

t−1vk(t; c+k , c
−
k )2 dt ≤

∫ 2r

r

t−1dt

∫
S

u(t, ω)2 dω ≤ C(n)I2u(r) ≤ Cr2γ+1.

And then by the expression (C.0.4) of vk(r; c+k , c
−
k ), c±k = 0 if γ±k < γ.

Combined with Harnack inequality and that wk changes signs when k ≥ 2, the

following Lemma is a corollary of Lemma C.0.2, and the proof is left to readers. See

also [Whi89, Lemma 4.2].
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Lemma C.0.3. If u is a positive Jacobi field on BR (resp. C \BR), then

u(r, ω) = v1(r)w1(ω) +
∑
k≥2

ckr
γ+
k wk(ω).

( resp. u(r, ω) = v1(r)w1(ω) +
∑
k≥2

ckr
γ−
k wk(ω). )

for some ck ∈ R, where v1 is defined in (C.0.4) for some c±1 such that v1 > 0 on BR

(resp. on C \BR).

In particular, if u is a positive Jacobi field on C, then

u =


(c+rγ

+
1 + c−rγ

−
1 )w1, if γ+1 > γ−1 ;

cr−
n−2
2 w1, if γ+1 = γ−1 .

for some c±, c ≥ 0.

(C.0.2) also guarantees the following existence of solutions with prescribed growth

or decaying bound, which is analogous to [CHS84, Theorem 1.1]. We start with some

notations.

For σ ∈ R \ Γ(C), define Π+
σ (resp. Π−

σ ) : L2(S) → L2(S) to be the orthogonal

projection onto
⊕

γ+
j >σWγ+

j
(resp.

⊕
γ−
j <σWγ−

j
). Note that 1−Π±

σ are the projection

onto their L2-orthogonal complement; When σ < γ+1 (resp. σ > γ−1 ), Π+
σ = id (resp.

Π−
σ = id).

For E ⊂ C and f ∈ L2
loc(E), define

∥f∥2L2
σ(E) :=

∫
E

|f(x)|2 · |x|−2σ−n dx. (C.0.6)

Also define for k ≥ 1, ∥f∥2
Wk,2

σ (E)
:=
∑k

j=0 ∥|∇jf |∥2
L2
σ−j

. L2
σ(E) and W k,2

σ (E) will be

the space of functions with finite ∥ · ∥L2
σ

and ∥ · ∥Wk,2
σ

norm respectively.

Lemma C.0.4. Suppose σ ∈ R \ Γ(C); φ, ψ ∈ L2(S); f ∈ L2
σ−2(B1) (resp. f ∈
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L2
σ−2(C\B1)). Then there’s a unique u ∈ L2

σ∩W
2,2
loc (B1) (resp. u ∈ L2

σ∩W
2,2
loc (C\B1))

such that
LCu = f on B1 (resp. LCu = f on C \B1),

Π+
σ u = Π+

σφ on ∂B1 (resp. Π−
σ u = Π−

σφ on ∂B1),

(1 − Π−
σ )∂ru = (1 − Π−

σ )ψ on ∂B1 (resp. (1 − Π+
σ )∂ru = (1 − Π+

σ )ψ on ∂B1).

Moreover, u satisfies the estimate,

sup
t∈(0,1)

∥u(t, ·)∥L2(S) · t−σ + ∥u∥L2
σ(B1)

≤ C(C, σ)(∥f∥L2
σ−2(B1) + ∥φ∥L2(S) + ∥ψ∥L2(S)),(

resp. sup
t∈(1,+∞)

∥u(t, ·)∥L2(S) · t−σ + ∥u∥L2
σ(C\B1)

≤ C(C, σ)(∥f∥L2
σ−2(C\B1) + ∥φ∥L2(S) + ∥ψ∥L2(S)) .

)
The proof is almost the same as [CHS84, Theorem 1.1] and is left to readers.

The following perturbed version of Lemma C.0.4 is used in Section 5.4.

Corollary C.0.5. Suppose σ ∈ R \ Γ(C). Then there exists ε = ε(C, σ) > 0 such

that, if f ∈ L2
σ−2(B1); R is a second order linear differential operator satisfying

∥Ru∥L2
σ−2(B1) ≤ ε∥u∥W 2,2

σ (B1)
, ∀u ∈ W 2,2

σ (B1).

Then there exists a unique solution u ∈ W 2,2
σ (B1) to the equation


LCu+ Ru = f on B1,

Π+
σ u = 0 on ∂B1,

(1 − Π−
σ )∂ru = 0 on ∂B1.

(C.0.7)
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Moreover, u satisfies the estimate,

sup
t∈(0,1)

∥u(t, ·)∥L2(S) · t−σ + ∥u∥L2
σ(B1) ≤ C(C, σ)∥f∥L2

σ−2(B1) .

Proof. Apply Banach fixed point theorem on T : W 2,2
σ (B1) → W 2,2

σ (B1), where v =

Tu solves,


LCv = f − Ru on B1,

Π+
σ v = 0 on ∂B1,

(1 − Π−
σ )∂rv = 0 on ∂B1.

Combining Lemma C.0.4 and the L2 estimate for elliptic PDE, one can show that T

is a contraction map provided ε is small enough.

• Growth rate monotonicity The following growth rate monotonicity, as an

application of the decomposition (C.0.2), which was in fact first introduced in [Sim83a]

in a different form, plays a central role in studying the behavior of Jacobi fields near

singularities in the thesis.

Lemma C.0.6 (Growth Rate Monotonicity). For σ > 0, Λ,Λ′ > 1, there exists

K = K(σ,Λ,Λ′) > 2 with the following property.

Let γ ∈ R, C ∈ C n
Λ,Λ′ be a stable minimal hypercone (see (5.2.1)) satisfying

distR(γ,Γ(C) ∪ {−(n− 2)/2}) ≥ σ .

Suppose that u ∈ C2
loc(A(K−3, 1)) ∩ L2(A(K−3, 1)) solves LCu = 0. Then

Jγ
K(u; r) :=

∫
A(K−1r,r)

u2 · |x|−2γ−nd∥C∥ ,

300



satisfies

Jγ
K(u;K−2) − 2Jγ

K(u;K−1) + Jγ
K(u; 1) ≥ 0 .

Moreover, the equality holds if and only if u ≡ 0.

Proof. By (C.0.2), we can write

u(r, ω) =
∑
j≥1

vj(r; c
+
j , c

−
j ) · wj(ω) ,

and by (C.0.4) and definition of Jγ
K(u; r), we have

Jγ
K(u; r) =

∫ r

K−1r

tn−1−n−2γ dt

∫
C∩Sn

u(t, ω)2 dω

=
∑
j≥1

∫ r

K−1r

t−1−2γ · vj(t; c+j , c−j )2 dt,

where

∫ r

K−1r

t−1−2γ · vj(t; c+j , c−j )2 dt

=


∫ r

K−1r
(c+j t

γ+
j −γ + c−j t

γ−
j −γ)2t−1 dt, if γ+j ̸= γ−j ;∫ r

K−1r
(c+j t

−(n−2)/2−γ + c−j t
−(n−2)/2−γ log t)2t−1 dt, if γ+j = γ−j .

Hence Lemma C.0.6 is an immediate corollary of the following Lemma C.0.7 and

C.0.8.

Lemma C.0.7. Suppose σ > 0. Then there exists a real number K1 = K1(σ) > 2

with the following property. For every α ̸= β ∈ R such that |α|, |β|, |α + β| ≥ σ and

every K ≥ K1, the following

IK(r; c, c′) :=

∫ Kr

r

(csα + c′sβ)2s−1 ds,
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satisfies that for every r > 0 and every (0, 0) ̸= (c, c′) ∈ R2 we have,

IK(K2r; c, c′) − 2IK(Kr; c, c′) + IK(r; c, c′) > 0.

Proof.

IK(r; c, c′) =

∫ Kr

r

(c2s2α−1 + 2cc′sα+β−1 + c′2s2β−1) ds

= c2r2α · K
2α − 1

2α
+ 2cc′rα+β · K

α+β − 1

α + β
+ c′2r2β · K

2β − 1

2β
.

Thus,

IK(K2r; c, 1) − 2IK(Kr; c, 1) + IK(r; c, 1)

= c2r2α · (K2α − 1)3

2α
+ 2cc′rα+β · (Kα+β − 1)3

α + β
+ c′2r2β · (K2β − 1)3

2β
.

And hence to prove the Lemma, it suffices to show that when K ≥ K1(σ), we have

∆(K;α, β) :=
[(Kα+β − 1)3

α + β

]2
− (K2α − 1)3

2α
· (K2β − 1)3

2β
< 0.

Since ∆(K;α, β) = ∆(K; β, α) = K6α+6β · ∆(K;−α,−β), we can assume WLOG

that α > β and α + β > σ > 0.

Case I. 0 < β < α. By a simple calculation, we have

∆(K;α, β) =
−(α− β)2

4αβ(α + β)2

[
K6α+6β −K5α+5β

(
6 + 3(α + β)2Λ1

)
+K4α+4β

(
15 + 3(α + β)2Λ2

)
−K3α+3β

(
20 + (α + β)2(Λ3 + 9Λ1)

)
+K2α+2β

(
15 + 3(α + β)2Λ2

)
−Kα+β

(
6 + 3(α + β)2Λ1

)
+ 1
]
,
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where for i = 1, 2, 3,

0 ≤ Λi :=
Kiα−iβ − 2 +Kiβ−iα

(α− β)2
≤ Kiα−iβ · (i logK)2.

Hence by taking K ≥ K1(σ) >> 1, K6α+6β dominates other terms in ∆(K;α, β). In

particular, we have ∆(K;α, β) < 0.

Case II. β < 0 < α. Then when K2σ > 2, we have K2α − 1 > K2α/2, 1−K2β > 1/2,

and hence,

∆(K;α, β) ≤ K6α+6β

(α + β)2
− K6α

256|αβ|
. (C.0.8)

And since

(α + β)2

|αβ|
≥


σ

2|β| , if α + β > α/2;

σ2

2|β|2 , if α + β ≤ α/2.

(C.0.8) then implies ∆(K;α, β) < 0 by taking K ≥ K1(σ) >> 1.

Lemma C.0.8. Suppose σ > 0. Then there exists a real number K2 = K2(σ) > 2

with the following property. For every α′ ∈ R such that |α′| ≥ σ and every K ≥ K2,

the following

ĨK(r; c, c′) :=

∫ Kr

r

(csα
′
+ c′sα

′
log s)2s−1 ds,

satisfies that for every r > 0 and every (0, 0) ̸= (c, c′) ∈ R2 we have,

ĨK(K2r; c, c′) − 2ĨK(Kr; c, c′) + ĨK(r; c, c′) > 0.

Proof. First note that the Lemma holds trivially if c′ = 0; Also by arbitrariness of

r > 0, we can assume WLOG that (c, c′) = (0, 1). Also for simplicity of notations, let

303



α := 2α′. Then,

ĨK(r; 0, 1) =

∫ Kr

r

sα−1(log s)2 ds

= rα(log r)2 · K
α − 1

α
+ rα log r · (

2Kα logK

α
− 2(Kα − 1)

α2
)

+ rα ·
(Kα(logK)2

α
− 2Kα logK

α2
+

2(Kα − 1)

α3

)
.

A direct calculation provides,

ĨK(K2r; 0, 1) − 2ĨK(Kr; 0, 1) + ĨK(r; 0, 1)

= rα(log r)2 · (Kα − 1)3

α

+ 2rα(log r) ·
[
3Kα logK · (Kα − 1)2

α
− (Kα − 1)3

α2

]
+ rα ·

[
Kα(logK)2 · (Kα − 1)(9Kα − 3)

α
−Kα logK · 6(Kα − 1)2

α2
+

2(Kα − 1)3

α3

]
.

Hence to prove the Lemma, it suffices to show that

∆(K;α) :=
[
3Kα logK · (Kα − 1)2

α
− (Kα − 1)3

α2

]2
− (Kα − 1)3

α
·[

Kα(logK)2 · (Kα − 1)(9Kα − 3)

α
−Kα logK · 6(Kα − 1)2

α2
+

2(Kα − 1)3

α3

]
=

(Kα − 1)4

α2
·
[
3Kα(logK)2 − (Kα − 1)2

α2

]
.

is less than 0 provided K ≥ K2(σ) >> 1. This is clear since when α > 0 (and then

by assumption, α ≥ 2σ), −K2α/α2 dominates the other terms, and when α < 0 (and

again by assumption, α ≤ −2σ), −1/α2 dominates the other terms.
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Appendix D

Quantitative Uniqueness of

Tangent Cone

In [Ede21, Theorem 6.3], Edelen proved a quantitative version of the uniqueness of

tangent cones for minimal hypersurfaces. We summarize this result below with a

different formulation.

Lemma D.0.1. Given ϵ > 0, integer I ≥ 0 and C a stable minimal hypercone in

Rn+1=8, there exists δ = δ(ϵ,C, I) > 0 with the following property.

Let g be a C4 metric on Bn+1
4 , V ∈ Rn(B4) be an stationary integral varifold sup-

ported on LSMH under g with index(spt(V ), g) ≤ I, and let r ∈ (0, 1/16). Suppose:

(a) ∥g − geuc∥C4 ≤ δ;

(b) θV (0, 2) ≤ θV (0, r) + δ;

(c) There exists s ∈ (2r, 1/2) and u ∈ C2(C) with ∥u∥C2
∗ ≤ δ such that

V ⌞Ag(0; s, 2s) = | graphC(u)|⌞Ag(0; s, 2s).
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Then, there exists ũ ∈ C2(C) with ∥ũ∥C2
∗ ≤ ϵ such that

V ⌞Ag(0; 2r, 1) = | graphC(ũ)|⌞Ag(0; 2r, 1).

Proof. It suffices to check the condition in [Ede21, Theorem 6.3] holds, i.e. V ⌞Ag(0; 8r, 1)

is a (C, 1,Ψ(δ|C, I))-cone region. Denote for simplicity Vt := η0,t♯V .

First of all, by (a) (b) and volume monotonicity, for every t ∈ (8r, 1), there exists

mt ∈ N and Ct ∈ C such that

FB2(Vt,mt|Ct|) ≤ Ψ(δ|C, I) , (D.0.1)

And by (c), one can choose (Cs,ms) = (C, 1). Since for every r ∈ (0, 1) and every

varifolds V1, V2,

FB2(η0,r♯V1, η0,r♯V2) ≤ FB2(V1, V2) · r−1 , ,

we then have for every t ∈ (8r, 1/2),

FB2(m2t|C2t|,mt|Ct|) ≤ FB2(m2t|C2t|, Vt) + FB2(mt|Ct|, Vt)

≤ 2FB2(m2t|C2t|, V2t) + FB2(mt|Ct|, Vt)

≤ 3Ψ(δ|C, I).

(D.0.2)

By Lemma 3.2.2, for every C1,C2 ∈ CΛ and every integer m ≥ 2, we have

FB2(|C1|,m|C2|) ≥ ϵ(Λ) ,

Hence by taking δ << 1, ms = 1 and (D.0.2) guarantees that mt = 1 for every

t ∈ (8r, 1). Then by Allard Regularity [All72], (D.0.1) implies that V ⌞Ag(0; t/8, t)

is a one-sheet Ψ(δ|C, I)-graph over Ct. Edelen’s Theorem thus applies by taking

δ ≤ δ(ϵ,C, I) << 1.
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Remark D.0.2. Using a similar argument as [Ede21], one can actually drop the

bounded-index assumption in Lemma D.0.1, but this is out of the scope of this paper.

This in particular implies the following result of convergence in all scales.

Corollary D.0.3. Let {Σj}j≥1 be a sequence of two-sided LSMH in (B8
4, gj) contain-

ing 0, with index(Σj, gj) ≤ Λ, ∥Σj∥(B4) ≤ Λ. Suppose when j → ∞,

(a) ∥gj − geuc∥C4 → 0;

(b) θ|Σj |(0, 2) − θ|Σj |(0) → 0.

Then there exists some stable minimal hypercone C ∈ C4nΛ such that after passing to

a subsequence,

FB3(|Σj|, |C|) → 0, FB3(|C0Σj|, |C|) → 0,

where C0Σj is the tangent cone of Σj at 0.

Proof. First recall that by [Ilm96, Theorem B], tangent cones at a singular point of a

LSMH are all of multiplicity 1. Denote for simplicity by Cj ∈ C4nΛ the tangent cone

of Σj at 0, and suppose when j → ∞, Cj F-converges to some C ∈ C4nΛ. By Allard’s

Regularity Theorem [All72], the convergence is in C2 sense away from 0. Hence by

Lemma D.0.1, |Σj| also F-subconverges to |C|.
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