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Abstract

Regularity theory of minimal hypersurfaces has long been studied since last cen-
tury. A satisfactory regularity result for area-minimizing and stable minimal hy-
persurfaces in a manifold of dimension < 7 has been established over 40 years ago.
In higher dimensional spaces, area-minimizing or stable minimal hypersurfaces are
known to potentially have singular sets, and the wild behavior of these singulari-
ties obstructs us from further exploration of global geometric behaviors of minimal
hypersurfaces as well as applications in other fields.

In this thesis, we will discuss how singular sets affect the global behavior of mini-
mal hypersurfaces.

First, we generalize a Theorem of Hardt-Simon [HS85] to approximate any min-
imizing (resp. viscosity mean convex) hypercone by complete smooth minimizing
(resp. strictly mean convex) hypersurfaces. This suggests that singularity models for
minimizing hypersurfaces may all be smoothable.

Second, we develop the spectral analysis of the Jacobi operator on a closed locally
stable minimal hypersurface with strongly isolated singularities. This in particular
applies to all min-max minimal hypersurfaces in an eight manifold. We include pri-
mary application of this linear theory to obtain a local exitence and a local minimizing
property of minimal hypersurface under reasonable spectral assumptions.

Finally, in an ambient manifold of dimension 8, by further exploiting the linear
analysis of the Jacobi operators, joint with Yangyang Li, we prove that under generic
metric, every minimal hypersurface constructed by min-max approach are entirely

smooth.
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Chapter 1

Introduction

In a Riemannian manifold, an n-dimensional hypersurface ¥ is called minimal if it’s

a critical point of n-dimensional area functional, namely the first variation vanishes,
d Area[X] = 0.

The theory of minimal surfaces dates back to the investigations of Euler and La-
grange, in connection with the calculus of variations, during the second half of the
18th century, and still remains an active field of research to this day. The study of
minimal submanifolds also has applications in various fields. For example, in general
relativity, minimal surfaces appear as models for the apparent horizon of black holes,
and are used to settle the well-known positive mass theorem [SY79,5Y81] and Penrose

inequality [HIO1, Bra01]

1.1 Existence Theory

The general existence theory of minimal hypersurfaces goes back to Douglas [Dou31]
and Radé [Rad30] in the 1930’s, who solved the Plateau’s problem of finding minimal

surfaces in R? with prescribed boundary curve. Later in 1960s, De Giorgi [DG61],



Federer-Fleming [FF60], Reifenberg [Rei60] developed the geometric measure theory
and obtained the general existence of minimizing hypersurfaces in R"™! with pre-
cribed boundary and closed minimizing hypersurfaces in a nontrivial homology class
in general Riemannian manifolds (M"*! g). Their idea was to minimize area and
take limit in a larger family of weak notions of hypersurfaces (e.g. Caccioppoli sets,
integral currents). Combining the geometric identity of Simons [Sim68], these mini-
mizing hypersurfaces were proved by Federer [Fed70] to be smooth outside a closed
subset of Hausdorff dimension < n — 7.

The work of Bombieri-De Giorgi-Giusti [BDGGG69] indicates that the singularities

could exist in general. For example, the well-known Simons’ cone

C* = {(z,y) e R* x R* : 2| = [y},

is a minimizing hypersurface in R® with isolated singularity at 0, and C N B; is the
unique solution to Plateau’s problem with boundary C N'S”.

In general, minimizing hypercones are singularity models of an arbitrary mini-
mizing hypersurface >. More precisely, near each singularity p, consider the rescaled
hypersurfaces ¥, , := (£ — p)/r. Then after passing to a subsequence of r — 0, ¥,
converges to some minimizing hypercone C C R"*!, called a tangent cone of ¥ at p.

Without homological non-triviality, minimizers of area functional would be trivial.
In search of saddle points instead of global minimizers, Almgren [Alm62, Alm65] and
Pitts [Pit81] proposed a Morse-theoretic approach to find minimal hypersurfaces in an
arbitrary closed manifold (M"*! g). In particular, they shown that when 2 <n <5,
(M"*!, g) admits a nontrivial closed embedded smooth minimal hypersurface 3. Such
minimal hypersurface is no longer minimizing, but they are locally stable, i.e. every

p € M has a neighborhood U, C M such that the second variation with respect to



vector fields X supported in U, is non-negative,

6% Areax (X, X) >0, VX € 2.(U,).

Based on an e-regularity Theorem, Schoen-Simon [SS81] extended this result to arbi-
trary dimension, where the minimal hypersurfaces > through min-max construction
are still locally stable, smooth away from a closed subset of dimension < n — 7 and
having tangent cones at each singular point to be stable minimal hypercones in R"*!.
We shall use the abbreviation LSMH to denote locally stable minimal hypersurfaces
throughout the thesis.

The past decades witness the profound development of Almgren-Pitts min-max
theory led by F. Coda Marques and A. Neves, which promotes the solution to various
well-known open problems, such as Willmore conjecture [MN14] and Yau’s conjec-
ture on existence of infinitely many minimal hypersurfaces [MN17, IMN18, Son18].
Liokumovich-Marques-Neves [LMN18] derived the Weyl Law for volume spectrum,
which led to the generic denseness [IMN18] and generic equi-distribution [MNS19]
of minimal hypersurfaces. Marques-Neves [MN16] [MN21] also proposed the refined
Morse theory for area functional, estimating the index and multiplicity of min-max
minimal hypersurfaces; X. Zhou [Zho20] confirmed the Multiplicity 1 Conjecture,
showing that for bumpy metric (a generic condition on Riemannian metric which
roughly makes the area functional Morse), min-max minimal hypersurfaces can be
chosen of multiplicity 1. Marques-Montezuma-Neves [MMN20] derived a Morse in-
equality for area functional with bumpy metric.

Most of these results rely on the smoothness of minimal hypersurfaces and hence

is restricted to dimension 3 <n+1<7.



1.2 Partial Regularity and Generic Regularity

As is mentioned above, LSMH in an n+1-dimensional manifold obtained by minimiza-
tion or min-max approach can have closed singular set of Hausdorff codimension > 7.
Simon [Sim93] and Naber-Valtorta [NV20] shown that the singular set is n — 7 rectifi-
able, i.e. off an /"~ "-measure-zero set, Sing(3) is contained in a countable union of
n — 7 dimensional C'-submanifolds. On the other hand, Smale [Sma99, Sma00] con-
structed homologically area-minimizing hypersurfaces under certain metric, whose
singular set is a non-empty codimension 7 submanifold; Simon [Sim21b] recently con-
structed examples of stable minimal hypersurfaces in R"*12? with metrics arbitrarily
C>-close to the Euclidean metric, whose singular set can be an arbitrarily prescribed
closed subset in R"~7. Székelyhidi [Szé21] gave examples of minimizing hypersurfaces
in the unit ball of R""!=? under Euclidean metric which has an isolated singularity at
0 but has tangent cone at 0 to be CP? x R, namely, a cylindrical cone whose singular
set is R. These examples suggest that the singular set may not be avoidable and can
be bad in general.

On the other hand, Yau conjectured that,

Conjecture (Yau [Yau82]). A perturbation of the metric can eliminate the singular-

ities of a given area minimizing hypersurface in its homology class.

In their ground-breaking work, Hardt-Simon [HS85] shown that in the simplest
model case, i.e. for a minimizing hypercone C C R"*! with isolated singularity at
0, there exists a unique (up to scaling) minimizing hypersurface S C R"*! lying on
one side of C and asymptotic to C near infinity. Moreover, such S has no singularity
(See Theorem 2.4.1 for a precise statement). Based on this, Smale [Sma93] shown
that in an 8-manifold with a generic metric, any homologically area-minimizing hy-
persurface is smooth. Here generic is in the Baire category sense. This in particular

confirmed Yau’s conjecture in dimension 8. Recently, a breakthrough was made by



Chodosh-Mantoulidis-Schulze [CMS23] in confirming Yau’s conjecture in manifolds
of dimension 9 and 10.

Similar conjecture of Yau can be asked for min-max minimal hypersurfaces. In
this direction, Chodosh-Liokumovich-Spolaor [CLS20] proved that an 8-dimensional
manifold M?® with a generic metric of positive Ricci curvature admits at least one
smooth minimal hypersurface. The major difficulty in the min-max setting is that
tangent cones of LSMH are only stable but may not be minimizing a priori. Hence
Hardt-Simon’s local deformation doesn’t apply. What’s even worse, there’s no entire
minimal hypersurface lying on one-side of a stable-but-not-minimizing hypercone,

making it impossible to only do the perturbation locally.

1.3 Results from this Thesis and Organization

The primary goal of this thesis is to investigate how singularities affects the global

behavior of minimal hypersurfaces.

1.3.1 Regular foliation for general hypercones

In [Wan22a], we generalize the existence result by Hardt and Simon to arbitrary

minimizing hypercones, not necessarily with only isolated singularity.

Theorem 1.3.1 ( [Wan22a], c.f. Theorem 3.4.14). Let E C R"*! be a closed subset
such that C := OF is a minimizing hypercone in R"™'. Then there exists S C Int(E)
a properly embedded smooth minimizing hypersurface in R™™ with distant 1 to the

origin and C to be the tangent cone at infinity. Moreover, S is a radial graph over

Int(E£) NS".

We might expect this theorem to be a first step towards the full generic regularity
problem for minimizing hypersurfaces in general dimension. However, we assert that

the uniqueness (up to rescaling) of such one-sided smooth perturbation is still open,

5



even in the splitting case, i.e. when C = C, x RF for some regular minimizing
hypercone Cy. In [Sim21lal, uniqueness in the splitting case is proved under further
strict stability assumption. In [ES23], Edelen-Székelyhidi obtained the uniqueness
when Cj is strictly minimizing and strictly stable. We also mention that [Lohl18§]
claimed the existence and uniqueness of such one-sided minimizing perturbation, with
a seemingly incomplete proof.

When C is not minimizing in E, by a barrier argument (see Lemma 3.4.13), such
complete minimal hypersurface lying in the interior of E should not exist. [Lin87a]
shown that for n + 1 < 8, for a regular minimal hypercone C = 9F C R""!, there
exists a smooth mean convex hypersurface asymptotic to C near infinity. Ding [Din20]
shown that more generally, if the cone C is of arbitrary dimension, C3*regular and
mean convex, but not minimizing in E, then there exists a unique smooth strictly
mean convex self-expander sitting inside Int(F) and properly embedded in R**!'. Here

a self-expander is a hypersurface satisfying the equation,

where H is the mean curvature vector and X~ is the projection of position vector X
onto the normal direction. Self-expander was introduced in [EH89] as model of long
time behavior for mean curvature flow, and also studied by [Ilm98] as model for mean
curvature flow coming out of a singularity. See Section 3.4.2 for more on geometry of
self-expanders.

We also generalize Ding’s result to arbitrary mean convex hypercone, not neces-

sarily regular.

Theorem 1.3.2 ( [Wan22a], c.f. Theorem 3.4.15). Let E C R™™ be a closed subset
such that C := OF is a mean convex hypercone in R™™ and not minimizing in E.

Then there exists S C Int(E) a smooth strictly mean convex self-expander properly



embedded in R" ™! with C to be the tangent cone at infinity. In particular, S is a

radial graph over Int(E) N S™.

Here, mean convexity assumption for F is in viscosity sense, see Definition 3.4.1.
In particular, Theorem 1.3.2 applies when OF is a stationary minimal hypercone, pos-
sibly with singularities, which is not minimizing in £. On the other hand, uniqueness
is again unclear in this non-smooth case.

Combining Theorem 1.3.1 and 1.3.2, we confirm a conjecture of Lawson [Bro86,

Problem 5.7]:

Theorem 1.3.3 ( [Wan22a]). Given a stable minimal hypercone C C R™! and
every € > 0, there exists a properly embedded smooth hypersurface with positive mean

curvature in B'(0) within Hausdorff distant < e from C NB}T1(0).

1.3.2 Obstacle problem for min-max minimal hypersurfaces

Given a compact manifold M with non-empty boundary, it’s also natural to ask for

the existence theory of minimal hypersurface.
Question. Can we find a minimal hypersurface constrained in a (M, g)?

Clearly, the answer is no in general if one only focus on closed surfaces with
vanishing mean curvature. For example, any bounded domain in R"*! contains no
closed minimal hypersurface. Allowing an extension of subjects we would like to find,

two distinct aspects of this problem are frequently studied.

e Free boundary problem. A minimal hypersurface with free boundary in M is a
hypersurface with boundary in 9M, perpendicular to M and having vanishing mean
curvature. The study of free boundary minimal surfaces has a long history, we refer

the readers to [LZ21] for a beautiful survey of the development.



e Obstacle problem. Let (M,g) be a bounded smooth domain in (R™!, |dz|?),
Ey C R™™! be a bounded Caccioppoli set; Consider a minimizer E of the perimeter

of Caccioppoli sets (See the definition in Section 2.2) among

{E Cc R"" . EAE, C M}.

We assert that such a F is no longer a critical point of area functional, but instead
satisfies a variational inequality, and is known to be a solution to obstacle problem,
which has been widely studied in elliptic PDE settings. The regularity of boundary
of E is well studied in [Mir71, BM82, Tam82, Lin85], and a non-parametric version is
studied in [CK80,BKL74,L.S71, GP71] under weaker assumptions on M. We empha-
size here that in general, the optimal regularity for OF is C*! instead of C? where
OF touch M, and the mean curvature of E does not necessarily vanish. We refer
the readers to [Giull] for a brief introduction and generalizations when M is not
necessarily smooth. See also Section 4.2.3 for a more concrete discussion.

The min-max analogue of obstacle problem for area functional and other para-
metric elliptic integral is also studied recent years under further convexity assump-
tion on M, and hence the stationarity of solutions valid by maximum principle.
See [Son18,BW20b, DLR18, Mon20].

In [Wan22b], we obtained the existence and regularity of min-max minimal hy-
persurface with obstacle. More precisely, let m > 1, n > 2, Z,(M) be the space of
integral cycles (see its definition in Section 2.2) supported in M, I"™ := [0,1]™ be the
m-~dimensional unit cube; Let ®q : I"™ — Z,(M) be a continuous map. Let I be the
family of sequences of continuous maps S = {®; : [ — Z,(M)};>; which C°-tends

to Pglgrm restricted on OI™. Let

L(II) := inf  limsup sup M(®;(z));  Lagarm = sup M(Pg(x)).

S={®;}i>1€ll  js00 zelm zedIm



Theorem 1.3.4 ( [Wan22b|, c.f. Theorem 4.4.3). If L(Il) > Lg,orm, then there

exists an immersed CY1 hypersurface ¥ < M such that
o Areq(X) = L(II)

e X is minimal, locally stable and embedded with multiplicity and codimension > 7

singular set in the interior of M;

e Y is multiple C*' graphs near OM, and the mean curvature vector of ¥ on

YN OM points outward, i.e.

Hy, - vop <0,

for the inward normal field voy, of OM.

One application of this Theorem is the construction of the perturbation of singular

minimal hypersurface under small perturbation of metric. See Theorem 5.1.1.

1.3.3 Deformation theory for singular minimal hypersurfaces

Given a smooth closed manifold M™™ White [Whi91] studied the space of metric-

minimal-hypersurface pairs

M(M) :={(g,%) : g is a C** metric on M,% C (M, g) smooth minimal hypersurface}.

He shown that M (M) is a Banach manifold and the projection on to the first variable

IT: M(M) — (M) := {C" metrics on M},

is a Fredholm map of index 0. This in particular leads to the non-degeneracy of

every closed smooth minimal hypersurface under generic metric. Here a minimal



hypersurface > being nondegenerate means the Jacobi operator of 3,
LE = AE + ‘A2‘2 -+ RiCM(V, V),

has trivial kernel in C?(X). This fact is crucial in various recent results, for ex-
ample, the generic denseness [IMN18], generic equi-distribution [MNS19] of minimal
hypersurfaces, and generic multiplicity 1 of Almgren-Pitts min-max minimal hyper-
surfaces [Zho20] when 3 <n+1< 7.

A basic question in regularity theory is to understand what’s going on when X
are allowed to have singularities. Since any nearby minimal hypersurface is modeled
on solutions of Jacobi field equation on 3, the starting point may be to study the
spectral theory of the Jacobi operator Ly,. When Sing(X) # (), the spectral theory of
Ly, becomes subtle and, to the best of the author’s knowledge, was only known under
further strict stability assumptions on the tangent cones, see for example [MS94,
Sma99,SY17].

The simplest case is when every singularity p is strongly isolated, i.e. the tangent
cone of ¥ at p has only isolated singularity at the origin (Simon [Sim83a] shown that if
one tangent cone is of multiplicity 1 and isolated singularity, then it’s independent of
choice of blow up radius). In particular, every LSMH in an 8-dimensional Riemannian
manifold has only strongly isolated singularities. In [Wan20], we develop the spectral
theory for the Jacobi operator on a GENERAL locally stable minimal hypersurface

(LSMH) with only strongly isolated singularities.

Theorem 1.3.5 (cf. Proposition 5.3.5 & Lemma 5.3.9). Let ¥ C (M"™"! g) be a

closed two-sided LSMH with only strongly isolated singularities, then

(a) There ezists a constant Cs, > 1 such that for every ¢ € C°(X), the quadratic

form

1615 == /E L+ Csd® > /E &,

10



Hence this defines a norm || - || z(x).

ey (i

(b) The natural embedding B(3) = C*(X) — L*(X) is a compact embedding.

In particular, we have the spectral decomposition of —Lyx, on B(X). There exist

A < X < A3 < - 2 400 and finite dimensional pairwise L*-orthogonal linear

subspaces {E;};>1 of B(X) N C>®(X) such that

—Lyp = N\jo, Vo€ Ej;

and that
L2

L*(2) = PE,

j>1

The novelty of this Theorem is that we find the correct substitute of the Sobolev
space W12(X) in studying Jacobi operator Ly. In particular, we can define X to be
non-degenerate if the spectrum {\;};>; doesn’t contain 0. Note that the nonde-
generacy assumption is a generic assumption, see Proposition 5.3.5 (6).

This spectral theory allows us to develop the deformation theory of minimal hy-
persurfaces near ¥, see Theorem 5.1.1 and 5.1.3. It’s also fundamental in deriving
full generic regularity for minimal hypersurfaces in an eight manifold, which is the
joint work of the author with Yangyang Li [LW20,LW22|, and will be carried out in

detail in Chapter 6.

1.3.4 Full generic regularity in eight manifolds

In view of Yau’s conjecture [Yau82] on instability of singularities to area minimizing

hypersurfaces, a more optimistic conjecture is the generic regularity as following.

Conjecture (Full generic regularity I). For a closed smooth manifold M™ endowed
with a (Baire) C*-generic Riemannian metric g, every g-area homology minimizer

18 smooth.
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Since the min-max construction doesn’t produce area minimizers generally, it
is natural to extend this conjecture to min-max minimal hypersurfaces, i.e., those

generated from the min-max theory.

Conjecture (Full generic regularity II). For a closed smooth manifold M™ en-
dowed with a (Baire) C*-generic Riemannian metric g, every min-mazx g-minimal

hypersurface is smooth.
In [LW20,LW22], joint with Yangyang Li, we prove the following theorem.

Theorem 1.3.6 (Full Generic Regularity for 8 Manifolds). Let M be a closed smooth
manifold of dimension 8, k > 4 or k = oo, a € (0,1). Then for C** generic
metric g on M, every embedded locally stable minimal hypersurface is reqular and

nondegenerate.

Remark 1.3.7. This can be viewed as a weak generalization of B. White’s structure
theorem. In fact, we only need to verify the case where k is finite. As in [Whil7], we
can use similar arguments therein or [ACS17, Section 7.1] to extend our result to the

case k = o0.

Note that every minimal hypersurfaces obtained by Almgren-Pitts min-max theory
(or Allen-Cahn min-max theory) is locally stable. Therefore, we confirm the full

generic regularity conjecture II in dimension eight.

Corollary 1.3.8. Let M be a closed smooth manifold of dimension 8, k > 4 or
k = oco. Then for O generic metric g on M, every minimal hypersurface generated
from Almgren-Pitts min-maz theory (or Allen-Cahn min-maz theory) is reqular and

nondegenerate.

Organization of the Thesis.

Chapter 3 contains the author’s work [Wan22a] on studying general minimal hy-

percones C in higher dimension. In particular, we prove Theorem 1.3.1 and 1.3.2.
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We also prove a Harnack Inequality, Corollary 3.2.5, for stable minimal hypersurfaces
away from varifolds of higher multiplicity, which extends a previous work of Bombieri-
Giusti [BG72] for minimizing hypersurfaces. This enables us to obtain an optimal
growth estimate, Proposition 3.3.1, for positive Jacobi fields on a stable minimal hy-
persurface, extending a result of Simon [Sim08], which plays a key role in the proof
of Theorem 1.3.1 and 1.3.2.

Chapter 4 contains the author’s work [Wan22b] on min-max minimal hypersur-
faces with obstacle. In particular, we prove Theorem 1.3.4 based on the idea of min-
max construction by Pitts [Pit81] and the regularity result of Schoen-Simon [SS81].
One novelty of this proof is an analogous Schoen-Simon e-Regularity Theorem [SS81,
Theorem 1] for obstacle problem, see Theorem 4.1.1. We also include a local rigid-
ity result, discussing when solutions to the obstacle problem are genuine minimal
hypersurfaces, see Theorem 4.1.2.

Chapter 5 is based on the author’s work [Wan20] on Deformation Theory of sin-
gular minimal hypersurfaces. We develop the linear analysis of Jacobi operator on a
minimal hypersurface with strongly isolated singularities, and then prove the spectral
Decomposition Theorem 1.3.5. We then discuss two primary applications of them.
Under technical assumptions on the tangent cones, first we prove a local existence
Theorem of minimal hypersurface near a given non-degenerate singular minimal hy-
persurface; We also derive a local minimizing property for a strictly stable minimal
hypersurface. See Theorem 5.1.1 and 5.1.3 for the precise statement.

In Chapter 6, based on the linear analysis and spectral theory developed in Chap-
ter 5, as well as the joint work with Yangyang Li [LW20, LW22], we prove the full
generic regularity Theorem 1.3.6 for eight manifolds. As an application, we generalize
many generic geometric properties of Almgren-Pitts min-max minimal hypersurfaces,

previously only known in dimension between 3 and 7, to dimension 8.
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Chapter 2

Preliminary

2.1 Notations and Conventions

Throughout this thesis, let R"*! be the Euclidean space of dimension n + 1, n > 1;

Let

e B""(z) : the open ball of radius r in R"™ centered at x; We may omit
the superscript n + 1 if there’s no confusion about dimension; We may write

B, := B,(0) to be the ball centered at the origin 0;
e S":= OB : the unit sphere;
o A" (z;r s): the open annuli B"™!(x)\ Clos(B""!(x)) centered at z;

e C(&):={rw:we&CS"r >0} CR" be the cone generated by subset

EC S

e 7., : the map between R"™! maps y to r(y — z); We may omit subscript z if

xr =0; For E C R""! we denote for simplicity r - (E — z) := n,,.(F);
o % : the k-dimensional Hausdorff measure;

e wj, : the volume of k-dimensional unit sphere B*;
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® gou : the Euclidean metric on R,

For any smooth oriented Riemannian manifold (M, g) of dimension n + 1, write
e Int(A) be the interior of a subset A C M;

e Clos(A) be the closure of a subset A C M;

e 0A :=Clos(A) \ Int(A) be the topological boundary of A;

e dist, be the distant function over (M, g);

e BI(A) = BM(A) = BI(A,r) := {x € M : disty(z,A) < r} be the open r-

T

neighborhood of subset A C M;
e V, (or V9) be the Levi-Civita connection with respect to g;
e exp? be the exponential map of (M, g) on the tangent space T, M;

e injrad(z; M,g) be the injectivity radius of (M,g) at z; injrad(M,g) be the

infimum of injrad(x; M, g) over all z € M;
e Ric, be the Ricci curvature tensor of (M, g);

o Z.(U) be the space of compactly supported smooth vector field on an open
subset U C M;

e !X be the one-parameter family of diffeomorphism generated by X € 2.(U).

We may omit the super or subscript g if there’s no confusion. Also for two subsets
UV C M, write U CC V if Clos(U) is a compact subset of V.

For a sequence of closed subset {E;}1<j<e of M, we call E; converges to E
locally in the Hausdorff distant sense, if for every compact subset K C M and

every € > 0, there exists j(e, K) >> 1 such that Vj > j(e¢, K),

E;NK C B(Ey), ExNK C BJ(E;).
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Let ¥ C (M™™ g) be a C? hypersurface (need not be two-sided). Throughout
this thesis, unless otherwise stated, every such hypersurface ¥ is assumed to have

H(Y) < 400 and #"2(Clos(X) \ X) = 0. Let

e Reg(X) := {z € Clos(X) : Clos(X) is an embedded C? hypersurface near z};

e Sing(X) := Clos(X) \ Reg(X).

By adding points to X, we may identify without loss of generality that ¥ = Reg(X%).
Call ¥ regular if Sing(X) = 0.

For an open subset U C M, ¥ is called two-sided in U if there exists a globally
defined unit normal field » on ¥ N U; if not, then it’s called one-sided in U. If
3 is portion of the boundary of some specified domain, then it’s always two-sided.
Unless otherwise mentioned, we use the convention that v is chosen to be the outward
pointed normal field in this case. Also note that since 5" 2(Sing(X)) = 0, when U
is simply connected, ¥ is always two-sided in U.

When ¥ is connected and one-sided in M, there’s a unique double cover 7 : M —
M such that ¥ := 7 1(%) C (M,§ := 7*g) is a connected two-sided Zy-invariant
LSMH, where Z, acts on M by deck transformation. This also induces a natural

Zs-action on CP (2) by (=1,f) — f, where —1 € Z, is the nontrivial element,

loc

f(x) :== —f(—=z). For any subset .# C C?

loc

(), we denote by
Fl={feF f=f} (2.1.1)

The Riemannian metric on ¥ is induced from (M, g). Since we may deal with
families of minimal hypersurfaces and metrics, we may use subscript Vy 4, Ay, etc.
to emphasis that they are operators with respect to X, g, and may omit the subscript

if there’s no confusion. Let

o (As,)i = (e:-VY%;)* be the second fundamental form of &2, where {e;} is an or-

thonormal frame of ¥; (Ay 4);; == —(/_fg,g)ij -v be the scalar second fundamental
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form if a normal field v is specified;

° It_iz)’g := (&; - V9%;)* be the mean curvature vector of ¥; Hy, = try As, =

—ﬁg,g - v be the scalar mean curvature if a normal field v is specified.

Recall that ¥ is called minimal in (M, g) if and only if Hy,, = 0. Also note that
under this convention, the mean curvature vector does not depend on the choice
of normal field and points into the area-decreasing direction; And the scalar mean
curvature for unit sphere with respect to the outward pointed normal field is positive.
We call a hypersurface C C R™™! hypercone if it’s invariant under dilation 7,
for every A > 0. Call such C a regular hypercone, if further Sing(C) C {0}.
If > admits a global unit normal field v, for any £ C ¥ and function v : £ — R,

let

graphy ;(u) := {expi(u(z) - v(2)) 1 x € E},

be the graph of u over ¥, u will be called the graphical function. In Appendix A, we
carefully analyze the geometry of graphy, ,(u) in terms of u.

The following concept of regularity scale was introduced in [CN13].

Definition 2.1.1. For every x € X, we define the regularity scale rs(z) :=
rs(z; M, g, %) of ¥ at = to be the supremum among all » € (0,injrad(x; M, g)/2)

such that,
o || Rmy [|co po(z) + 72|V Rmy || o po(ry < 1/10;

o After pulling back by exp?, in T, M,
1 gr—1
;(expx) (X) N By = graph;, u N By,

for some linear hyperplane L C T, M and u € C3(L) with ||Jul/cs < 1/10.

It’s easy to check by definition that,
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(i) If (M, g,%) # (R™™ geue, R™), then rs < +o0;
(ii) rs is locally Lipschitz on ¥ and rs(x) — 0 when o — 25 € ¥\ X;
(iii) |As[*+|Rm,| < C, -r5? on ¥;

(iv) For a minimal hypersurface with only strongly isolated singularities, we can
bound the regularity scale from above and below by the distant function to the

singular set. See Corollary 2.3.2 for the precise statement.

We shall work with the following function spaces on Y. For every open subset

U C X and every integer k£ > 0, let
e LP(U) measurable functions f with [, |f[? < +oo0;

o W (U) measurable functions which restricts to W'2-function on each compact

smooth sub-domain in U;

e CF (U) functions on ¥ which admit up to k-th order continuous derivatives,

possibly unbounded on U;

Also let L2(U), W'2(U) and C*(U) be the space of functions with finite L?-, W12
and C*- norms respectively.

For ¢ € C"*(2), k € Zs, and « € [0,1], we define

loc

k
9llckeaq = sup 3 rs(V V3 01(@)
x =0
v 198,0() =V 0()] 242)
+ sup re(x) it . ’ :
T#YyeU, dZStg (J:a y)a

distg(z,y)<rs(z)

And we denote for simplicity ||¢| When U = 3, we may omit the

Cku,g — ||¢| Cf*o;z/{,g

subscript U and if there’s no ambiguity about choice of metric, then we may also omit

the subscript g. The reason we use this norm is that it’s invariant under rescalings,
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i.e. for every A > 0, we have that graphy, y»,(A¢) = graphy ,(¢) and that,

Al crineg = 1@l crrg -

2.2 Basics in GGeometric Measure Theory

Let (M™"! g) be a Riemannian manifold (not necessarily complete, isometrically
embedded in some R’ if necessary). We first list some notations in geometric measure

theory. Interested readers may refer to [Sim83b].

e 1,(M;Zy): the space of n-dimensional mod 2 flat chains in M endowed with F

metric;

e Z,(M;Zs): the space of n-dimensional mod 2 flat boundaries in M endowed

with F metric;

e My mass in an open subset U C M of flat chains in I,,(M;Zy). We omit U if
U = M hereafter;

e Fy: flat metric in an open subset U C M on L,(M;Z,),

Fu(S,T) :=inf{My(Q) + My(R) : S—T =Q + 0R, spt(R) CU};

e V,(M): the space of n-dimensional varifolds in M;

e IV, (M): the space of n-dimensional integral varifolds in M;
e Fy: varifold distant in an open subset U C M on V,,(M);

e spt(V) be the support of a varifold V' € Vi (M);

e f; be the push forward of currents or varifolds associated to a proper Lipschitz
map f.
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e |T'|: the associated integral varifold for T € I,,(M; Zs);

e ||T||: the associated Radon measure for T € I,(M; Zs,);

e ||V||: the associated Radon measure for V € 7V, (M);

e 0 (a,r) =06"(a,r;||V|,): the n-dimensional volume ratio of V' in BY(a,r);

For a hypersurface ¥ C (M, g), let |X|, € ZV(M) be the integral varifold associated to
¥; If further X is oriented, denote [X] € I,,(M) to be the associated integral current.
More generally, for T € I,(M), denote |T|,, ||T]|, to be the associated integral n-
varifold and Radon measure on M correspondingly. The metric subscript g above
will be omit if there’s no confusion.

For a smooth vector field X € Z.(U) and V € IV, (U), the first variation of the

area of V' with respect to X is

d -
oV(X)= 2| _IVIW) = /dw X dV(z, ),

Recall V' is called stationary in U if and only if §V(X) = 0, VX € Z.(U). By
constructing appropriate test vector fields, whenever V' is stationary in M, for every

x € M, the following

nAr

r e G, r) = V(B () = e - 65 (x,7)

is monotone non-decreasing in r € (0, injrad(z; M, g)), where

A=Az, r;g9) :==inf{C >0:V(p3) > 2(1 — Cp}) as a quadratic form, on B,(z)};

where p, := disty(-, x) is the distant function to z. And when ¢ = geyc, 0,(x, 73 [|V]]) is

constant in r if and only if V' is a cone. Also, denote 0(x; ||V]|) := lim,~ o 0,4(x, 7; [|V]])
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to be the density of V' at x.

Following [DG61, Sim83b], we call a Lebesgue measurable subset P C M a Cac-

cioppoli set, if for every open subset W CC M and every smooth vector field

X € Z.(W), there exists some constant C'(P, W) such that
|/ div(X) d#" | < O(P,W)|| X||co-
P

By [DG61, Sim83b], a Caccioppoli set P is naturally an integral n + 1-current [P] €
L. 1(M). ||O[P]||(W) is called the perimeter of P in W, and is usually denoted as

P(P;W). Also, we define the F-metric among Caccioppoli sets by
F(Pr, Py) := F (0[], 0[»]) + F([|0[PA]]], 0] 2]]])-

When E C M is a measurable subset, we call a Caccioppoli set P C M (ho-

mologically) perimeter minimizing in F if P C FE and for every open subset

W' cc W C M and every Caccioppoli set Q C M with PAQ C ENW’, we have
P(P;W) <P(Q;W).

If E C M is a closed subset, P C E is minimizing in £ and |0[P]| is stationary in
M, then the regular part of d[P] is a multiplicity one stable hypersurface (see Section
2.3 for the notion of stability); Being minimizing in £ guarantees that there’s no
singularity of 9[P] near which spt(9[P]) is a union of embedded C'** hypersurface-
with-boundary meeting along their common boundary. Hence, by [Wic14, Theorem
18.1], Reg(d[P]) is a stable minimal hypersurface in M with optimal regularity (See
Section 2.3 for the notion of optimal regularity)

The compactness of perimeter minimizing Caccioppoli sets in closed subsets is a
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little bit subtle, due to the lack of direct cut-pasting argument as in [Sim83b, Theorem
34.5].

Lemma 2.2.1 (Compactness). Let {E;}1<j<0o be a sequence of closed subsets in M
such that E; — E and OE; — OEy both in locally Hausdorff distant sense in M.
Let {g;}1<j<co be a sequence of smooth metrics on M such that g; smoothly converges
t0 goo. For 1 < j < o0, let P; C Ej be a Caccioppoli set in M minimizing perimeter
in Ej, with |0[P;]| stationary in M.

Then there exists some Caccioppoli set Py, C Ey with Reg(0[Px]) an optimally
reqular stable minimal hypersurface in (M, gs.), such that up to a subsequence of
j— oo, F(P;, Py) — 0.

Moreover, if E; = E, then Py is also perimeter minimizing in Eu.

Proof. For each smooth domain W CC M, by comparing the perimeter of P; with
P;\W, we know that the limsup ||0[FP;]||(W) < +o00. Hence by Fleming-Federer com-
pactness Theorem, 0[P;] subconverges in flat topology to some boundary of Cacciop-
poli set J[Px|; And by [SS81], the stable minimal hypersurfaces |0[P;]| subconverges
to some stationary integral varifold V., supported on a stable minimal hypersurace
in B.

Moreover, V,, must be of multiplicity 1, since otherwise, by [SS81, Theorem 1],
near some regular point x of higher multiplicity, ||0[P;]|| are multiple graphs over some
hyperplane through = € spt(V) C Es. When z € Int(Ey), since OF; converges to
OF ., locally in the Hausdorff distant sense, this is impossible by the local perimeter-
minimizing property of P; near x; When x € 0F, we know that for j >> 1, there
must be two adjacent graphs bounding a slab in P; near x. This violates that P; is
perimeter-minimizing in F; by subtracting a small ball from this slab.

Using Schoen-Simon’s Epsilon Regularity Theorem [SS81, Theorem 1], V., being

of multiplicity 1 implies that V., = |0[Px]|, hence P; subconverges to P, in F-metric.
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When E; = E, the cut-pasting argument in [Sim83b, Theorem 34.5] works here

to show that P, is perimeter minimizing in F. H

2.3 Locally Stable Minimal Hypersurfaces

Following [Sim68,SS81], a minimal hypersurface ¥ C (M™*!, g) is called stable in an
open subset U C M, if for every C? family of diffeomorphism {¢; : U — Ule(—1,1
such that ¢; = idy near OU, we have

d?

121, (9(X) 2 0.

By [SS81], the singular set of a stable minimal hypersurfaces ¥ in an n+1 dimensional
domain U satisfies

;

0, if3<n+1<7,;
Sing(X) = { isolated points, ifn4+1=38;

a closed subset of U with Hausdorff dimension <n — 7, ifn+1>09.

We say a hypersurface has optimal regularity, if its singular set satisfying this
estimate.
If > has a global unit normal field v = v5 4, in U, then X being stable in U is

equivalent to that

Qs (e, p) = / Vs g0? = (|As o|* + Ricy(v,v))p* > 0, Ve e CZH(ENU). (2.3.1)
>

We call ¥ a locally stable minimal hypersurface (LSMH) if for every p € M,
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there exists some neighborhood U, > p in which ¥ is stable. Let

Ly, := As, + |As4|* + Ricy (v, v), (2.3.2)

be the E-L operator associated to @)y 4, called Jacobi operator. Any solution u €

02

loc

Following [MN21,Dey19], the index of a two-sided LSMH ¥ C (M"*!, g) is defined

(X) to Ly yu = 0 is called a Jacobi field.

by

index(X) := sup { dim £ : £ C Z.(M) is a linear subsapce such that
d2
d?

(2.3.3)

A (e X(2)) <0, YO £ X € c}.

t=0

When n+1 = 8, it is proved in [Wan20] that a two-sided LSMH in a closed manifold
always has finite index, and coincides with the index of its Jacobi operator, see Section
5.3.1 for detail. Also, we define the index of a one-sided LSMH to be the index of its
two-sided double cover.

It is known from [SS81,1lm96] that near each singular point p, a LSMH ¥ € M™*!
is modeled on stable minimal hypercones. More precisely, for every r; ™\, 0, the blow
up sequence rj_l(Z — p) F-subconverges to some stable minimal hyercone C C R"*!
with multiplicity 1, which is called a tangent cone of 3 at p.

We assert that a priori, the tangent cone C might depend on the choice of blow-up
radii {r;}. A well-known conjecture in geometric measure theory, usually referred to
as the uniqueness of tangent cone conjecture, asserts that the tangent cones at a fixed
point p for any choice of r; \, 0 are the same. When one of the tangent cone C at
p is of multiplicity one and regular (this is always the case when n + 1 = 8 and X is
locally stable), in other words Sing(C) C {0}, then the uniqueness of tangent cone
is proved by Allard and Almgren [AAJ81] under further integrability assumption,

and then by L. Simon [Sim83a] in general. This allows us to denote this tangent
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cone of ¥ at p by C,X in this thesis. Moreover, by adapting the proof in [Sim83al,
Edelen [Ede21, Theorem 6.3] proved a quantitative version of uniqueness of tangent
cone. For sake of completeness, we include in Appendix D a brief discussion of this.

We call a stationary varifold V' € ZV, (M) have strongly isolated singularity at
p € M if the tangent cone of V' at p is a multiplicity one regular minimal hypercone.
The following Lemma, which is an easy consequence of Allard Regularity Theorem
[All72], guarantees that we can locally parametrize LSMH using their regular tangent

cone.

Lemma 2.3.1. Let V € IV, (U) be a stationary integral varifold under metric g,
p € spt(V)NU. Suppose the tangent cone C C T,M ~ R"™ of V at p is reqular
and of multiplicity 1. We let B, := CN B, Then there exists 0 < 79(2,U, g,C) <

injrad(p; U, g)/2 and a function u € C} (B,,) such that

ullcss,) < €(s), Vs e (0,7),

for some decreasing function € € C°([0,10]) with €(0) = 0; And after pulled back to
M by expj,

VLB, (p) = | graphc ,(u) |- B, (p) -

A direct consequence of this Lemma is that we can estimate the regularity scale

using the distant to the singular set. The proof is left to readers.

Corollary 2.3.2. Let ¥ be a LSMH in a closed manifold (M™, g) with only strongly

isolated singularities. Then there exists constant C(M,g,%) > 1 such that

C'rs < dist,(-,Sing(X)) < Crs.
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2.4 Minimal Hypercone

For every n +1 > 8 and A, A’ > 0, we define,
€y := {stable minimal hypercone C C R"*! : |C||(B;) < A}, (2.4.1)

equipped with F-metric in Bf™'. Note that by Schoen-Simon’s Compactness Theorem
[SS81] and Lemma 3.2.2 later, for each A > 0, €} is compact under F-metric.

Since R™*! is simply connected, every C € €} is two-sided. And by Ilmanen’s
strong maximum principle [[lm96], R"*! \ C has exactly 2 connected component,
denoted by EL. We can choose a unit normal field ¥ on C pointing in F, .

Now suppose that (C,v) C R™! is a regular area-minimizing hypercone, i.e.
Sing(C) C {0} and [C] is an area-minimizing current in R"™'. Hardt and Si-
mon [HS85] obtained the following groundbreaking result in smoothing minimizing

hypercones.

Theorem 2.4.1 ( [HS85, Theorem 2.1]). Let C # R™ be a nontrivial reqular minimiz-
ing hypercone as above; E be one of the components Ey. Then there exists an area-
minimizing hypersurface ¥ C E with Sing(X) = 0, distgn+1(0,X) = 1 and [X] = 0[P]
for some closed Caccioppoli set P C E.

Furthermore, there exist h € C*(C) and ¢ # 0 such that ¥ = graphg(h) outside

some large ball, and when R — 400, either

cRY wi(w) + O(RM ), >

¢R7 log R wi(w) + O(RM ),  if~f =~

Y

=

or

h(R,w) = cR™ wy(w) + O(R™ ), (2.4.3)
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where 7f is defined in (C.0.1).
Moreover, % foliates E by rescaling (and hence is usually refered to as a leaf of
Hardt-Simon foliation). And any other area-minimizing integral n-cycle Q) with

spt(Q) C E is a rescaling of [X].

Following Hardt-Simon [HS85], we call a regular minimizing hypercone C C R"!
strictly minimizing, if (2.4.2) holds for every of its Hardt-Simon foliation. Other-
wise, C is called non-strictly minimizing. Similarly, we call C strictly minimiz-
ing in F if its Hardt-Simon foliation in E satisfies (2.4.2).

We generalize the existence part of Hardt-Simon’s Theorem in Chapter 3 to abi-
trary minimizing or stable hypercones, not necessarily with only isolated singularity.
See Theorem 1.3.1 and 1.3.2.

We also prove an analogue of this Regularity Theorem for regular stable minimal
hypercone in Lemma 5.2.13, which plays an important role in deriving full generic
regularity for 8-dimensional manifolds.

More discussions of regular stable minimal hypercones are presented in Section

5.2 and Appendix C.
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Chapter 3

Analysis on Singular Minimal

Hypersurfaces, I

3.1 Introduction

In this chapter, we present the work in [Wan22a] to smooth out minimizing or mean
convex hypercones without isolated-singularity assumption. More precisely, we prove
Theorem 1.3.1 and 1.3.2. A key ingredient of the proof of both Theorem is the follow-

ing divergence of positive super-solution to Jacobi field equation near singularities.

Theorem 3.1.1 (c.f. Corollary 3.3.3). Let (M, g) be a smooth Riemannian manifold
(not necessarily complete), A > 0. Let X C M be a two-sided stable minimal hyper-

surface with singular set of codimension > 7. Let u € C2_(X) be a positive function

loc

such that

Asu + |AsPu — Au <0,

on X. Then for every x € Sing(X),

lim inf u(y) = +oo.
y—x
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Such behavior of u has been established by [Sim08] for minimizing hypersurfaces,
or more generally, for submanifolds belonging to a reqular multiplicity 1 class. A
phenomenon of similar spirit was also exploited in [SY17] for minimal slicings and
by [Wan20, Lemma 2.14] to study stable minimal hypersurfaces lying on one side of
a regular cone near infinity. In this chapter, we prove it for general stable minimal
hypersurfaces, following the strategy of [Sim08] but more directly by first proving a

Harnack inequality for stable minimal hypersurfaces.

Organization of the Chapter.

In Section 3.2, we prove a multiplicity 1 result for stable minimal hypersurfaces,
which enable us to derive a Neumann-Sobolev inequality and a Harnack inequality for
stable minimal hypersurfaces following the same argument as [BG72] for minimizing
boundaries. Using this, in Section 3.3 we prove a more precise asymptotic lower
bound for super-solution of Jacobi field equations on a stable minimal hypersurface,
and derive Theorem 3.1.1 as a corollary. Finally, we state and prove a more concrete

version of Theorem 1.3.1, 1.3.2 and finish the proof of Theorem 1.3.3 in Section 3.4.

3.2 Harnack Inequality for Minimal Hypersurfaces

By [SS81], the convergence of stable minimal hypersurfaces might result in multiplic-
ity in the limit. The first goal of this section is to show that if a stable minimal
hypersurface is away from higher multiplicity at scale 1, then so is it in every smaller
scales.

Let n > 3. Denote .# =2 to be the space of hypersurfaces with at least one piece
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of higher multiplicity , more precisely,

M= {V cIV,(B YV = Z m;|%;| for some disjoint minimal hypersurfaces

i>1
Y; C (By, g) and m; € N such that [|g — Geucl|cs1/2 < 1/10,

my > 2 and £, N Clos(By) # 0 }

Proposition 3.2.1. Let A > 0, € > 0. There exists 61(n,A) > 0 and ¥(e|n,A) €
(0,1) with the following property. If ¥ C (By, g) is a stable minimal hypersurface

with

19 = Geueller < 01, M(E) < A, F(|S|,.#2%%) > e (3.2.1)

Then for every r € (0,1/4) and = € spt(X) N By, we have
F]B4(|77x,r*1 (E”: %22) 2 \IJ(E|TL, A)

Here, ¥(¢e|n, A) denotes a function in €, n, A, which tends to 0 when n, A are fixed
and € — 0.

To prove Proposition 3.2.1, we need the following preparations.

Lemma 3.2.2. For every A > 0, there exists d3(n, A) > 0 such that for every stable

minimal hypercone C C R with ||C||(B;) < A, we have
Fg,(|C|, .#7%) > 10,.

Proof. Suppose otherwise, there exist stable minimal hypercones C; with uniformly
bounded density at origin such that Fg,(|C;|, .#=?) — 0. Then by [SS81] and defi-
nition of .#=? we have, |C;| — m|C| for some stable minimal hypercone C, and

integer m > 2. Also by the same argument as [Shal7, Section 4, Claim 5 & 6] we see
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that C; induces a positive homogeneous degree 1 Jacobi field u € C}5,

(Coo)-
The goal next is to show that such Jacobi field do not exist. Let I' := C,, NS,
and since u is homogeneous degree 1, we can write u(rw) = r - v(w), r > 0, w € T.

By rewriting the Jacobi field equation in polar coordinates we derive

—1 1
L0+ S (Ar+ [AP)(r - v)

0= (Ac, + |Ac.|P)u=[07 + o)

r

=r~ ' [Apv + (JAp|? +n — 1)v],
where Arv + |Ar|?> +n — 1 is the Jacobi operator of I' C S™. Since v > 0, this implies
[' € S™ is a stable minimal hypersurface, which is impossible. O

The following Almost Cone Rigidity Lemma follows directly from Schoen-Simon’s

Compactness Theorem [SS81, Theorem 2| and monotonicity of area.

Lemma 3.2.3 (Almost Cone Rigidity). For every e > 0 and A > 0, there exists
83(e,A,n) € (0,1) such that if © C (B;*?, g) is a stable minimal hypersurface with
XN ]Bl # @ and

19 = geuellor < 05, [[E[[(Ba) <A, 050,45 [[X]]) — 0,(0,1; |Z]]) < .
Then there exists a stable minimal hypercone C C R™"™! and m € N such that
Fi, (2], m|C|) <e.

Proof of Proposition 3.2.1. Take §; = d3(d9,n,A)/10, given by Lemma 3.2.2 and
3.2.3.

Suppose for contradiction, there exists some € > 0 and stable minimal hypersur-
faces X; C (B4, g;), x; € spt(X;) N By and r; € (0,1/4) such that ||g; — g]|cs < 01,

Fp, (|%],.#=*) > € but Fy,(|n,, ,—1(%))],.#=*) — 0 when j — oco. By unique con-
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tinuation for stable minimal hypersurfaces, r; — 0 as j — 0o. By possibly replace €
by a smaller € and translate-rescale ¥, WLOG z; = 0.

For each j > 1, let
I = {0 € N: 0, (0,47 [S5]1) — 0,,(0,47°7 [S,]1) = 6.} U { 00,0}

Since 6y, (0,7;[[X]|) is non-decreasing in r, by the mass upper bound on X;, we have
tl; < C(A,n). Write

I, =:{0= a§0) < a§-1) <. < aﬁ-m_l) = +oo}; af = to0, for k> {I;.

Consider

O]
ip 1= sup {z € Zsp : for every sequence {0 < s; € [47% ~1,1/2)},51,

lim inf F, (10,, 1 (%), .#>%) > 0}.

11—

By our contradiction assumption, 0 < ig < C'(A,n) and for infinitely many j, ag»i‘)) <

(ig+1) (i)
+00. Also by passing to a subsequence in j, there exists 0 < s; € [4™% ’ L4 ’ -1

such that Fg, (|n,-1(3;)|, #>*) — 0 when j — ooc.

. .. ~ . (io) N
Denote for simplicity X; := 774a§_i0>+1(2j), g =42 12 ,a;_iO),lgj be the corre-
sponding rescaled metric, by definition of 7y and Schoen-Simon’s Compactness The-

orem [SS81], we have
5,] = 2] in By, (3.2.2)

. (i)
for some multiplicity 1 stable minimal hypersurface ¥ in By; Also, §; := s;-4% CHl ¢
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(0, 1) satisfies
F(‘T]gj—l(ij)‘,%zQ) —0 asj— 0. (3.2.3)
And by definition of [;, for every integer [ € [0, —log,(5;) — 2), we have
03, (0,475 151 — 65, (0,471 [, < 6. (32.)

By (3.2.2) and (3.2.3), §; N\, 0; By (3.2.4) and Lemma 3.2.3, for every j > 1 and
l € [1,—1log,(5;) — 1), there exists some stable minimal hypercone Cy) and integer

BQ T]4l bl ’m] 7 ). .2.!3

On the other hand, recall by [[Im96], each tangent cone of a stable minimal hy-
persurface is a multiplicity 1 stable hypercone. Hence, by Lemma 3.2.2, there exists

~

some integer Iy = lo(Xo,) >> 1 such that
Fi, (|40 (So0)|, A Z2) > 955

And since |;] = |3a0|, we can choose jo >> 1 such that for every j > jo, §; < 4703
and

FB4(|77410 (2J)|7 «//22> > 80y

Combine this with (3.2.5), we derive Fp, (m§l°)|C§l°)|, M >?) > Tdy, and hence mg.l(’) —
1. Moreover, recall for every two integral varifold V1, Vo € ZV,(B3") and every A > 1,
we have

Fg,((m)sV1, (ma)sV2) < X - Fg, (V1, 15).
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Thus combined with (3.2.5) we see,

l [ I+1 [+1
Fa,(m{|CV ], m{*V) )

< Fi, (m|CV], g (5)]) + Fa, (|nae: ()], m{TV|CYV)) < 48, + 6, = 56s.

Therefore, using Lemma 3.2.2 and starting at [y, we can prove inductively that mg-l)

1 for all integers [ € [ly, —log,(8;) — 1) and again by Lemma 3.2.2 and (3.2.5), we

have limsup;_, Fi,(|n,-1(%,)|, .#4>%) > 6, > 0. This contradicts to (3.2.3). O

Following the argument in [BG72], an immediate corollary of Proposition 3.2.1 is

the Neumann-Sobolev type inequality for stable minimal hypersurfaces,

Corollary 3.2.4 (Neumann-Sobolev Inequality). Let e, A > 0; 0; be in Proposition
3.2.1. Then there ezists f(n,e,A) € (0,1/2), C(n,e, A) > 0 with the following prop-
erty. If ¥ is a stable minimal hypersurface in (B}, g) satisfying (3.2.1). Then for
every f € WHH(X), we have

P

Proof. We shall first show the following,

Claim. There exists (n,e,A) € (0,1/2), C(n, e, A) > 0 with the following property.
If ¥ is a stable minimal hypersurface in (B}, g) satisfying (3.2.1); Ty, Ty € I"(By)

are integral currents such that
2] =T+ T 10 = [T+ 1172 (3.2.6)
Then we have for every = € spt(X) N By,

Mg, (0T) = Mg, (0T3) > C™ - min{Msg, ) (T1), Mg, o) (T2) }' /™. (3.2.7)
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Proof of Claim. By a translation and rescaling of > and considering a smaller e,
WLOG z = 0. Suppose the Claim fails, then there are stable minimal hypersurfaces
>V satisfying (3.2.1) and integral currents 77,7 € 1, (B,) such that [%7] = TV + T3,
11 = 79 + | T3] and that

, . 1 , .
Mg, (0T)) = Mg, (0TY) < r min{Mg__, (T{), Mg__, (T3)}'~"/". (3.2.8)

Also by slicing Theorem [Sim83b), for each T'=T7 (j > 1, i = 1,2) and a.e. s €
(771 4),
d

Mg, (0(T B,)) < Mg, (0T) + EMBS(T)-

Combined with (3.2.8) and Micheal-Simon inequality [Sim83b, Theorem 18.6], this

implies

n—1 n—1 d
Mg, (T) 5 < @MBS(TW + Mg (T), forae se(j7'1).  (3.29)

Take j > 10S(n) in (3.2.9) and integrate over (j7',¢), we derive
Mg, (T/) > 6(n) - (t—j7")", Vte (5,1). (3.2.10)

By Proposition 3.2.1 and Schoen-Simon compactness, when j — 0o, |ng ;(X7)| — |2
in ZV, (R™) for some multiplicity 1 stable minimal hypersurface £>°. Moreover, since
the tangent cone C of ¥ at infinity is also some rescaled limit of 37, we must have
by Proposition 3.2.1 that C is of multiplicity 1 and hence »*° is connected.

By (3.2.8), Fleming-Federer Compactness Theorem and area monotonicity formula

for minimal hypersurfaces, we have

F((n0)sT, T7%) = 0,

35



for some T° € I,(R™*1) (i = 1,2) such that
1y = 9157 = 0; e+ 157 = (57, [l Vel (P g

And by (3.2.10), spt(77°) N By # 0, spt(75°) N By # (. But by constancy The-
orem [Sim83b, Theorem 26.27], this is impossible for a connected stable minimal

hypersurface ¥X*>°. Hence the Claim is proved. O

Now to prove Corollary 3.2.4, suppose WLOG f € C''(X), and denote for simplic-
ity p:=n/(n —1). Choose k € R such that

M, ({f > K}), M, ({f < K}) < 5Ms, (). (3.2.11)

Let f* := (f — k)* = maz{E(f — k),0}; AX(t) := [Z].{f* > t}. Then by co-area

formula, we have

/ Veft] dIZ] = / " Mz, (947 (1)) dt
BsNX 0

Cc! /0 Mg, (A* ()" dt

v

> (! <p : /OOO Mg, (AT ()" dt) "

= C N le@aizhs

where the first inequality follows from the Claim and choice of k; the second inequality
follows from the following Hardy-Littlewood-Polya Inequality: If p > 1 and n > 0 is

a non-increasing function on (0, +00), then

[e.e] p o
(/ n'/r dt) > p/ n(t)tPt dt.
0 0

Similarly one derive [, [V f~| d|Z]| > C7Y|f~ | Lo(,ys))- Hence Corollary 3.2.4 is
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proved. O

By De Giorgi-Moser iteration process [GT01] and the abstract John-Nirenberg
Inequality [BGT72, Section 4], Corollary 3.2.4 implies the following Harnack inequality

for stable minimal hypersurfaces.

Corollary 3.2.5 (Harnack Inequality). Let ¥ be in Corollary 3.2.4. There exists
n(e,n, A) € (0,1) such that if 0 < u € W,S*() satisfies Asu — Au < 0 on ¥ in
the distribution sense, then for every p € (0, -"3), every x € spt(X) N By and every

r € (0,n), we have

1 / )1/p .
TSR ulP d||> <C(p,e,A,n)- inf .
(1@ SN (e M) inf

Remark 3.2.6. By a slight modification, a similar Neumann-Sobolev Inequality and
Harnack inequality still holds for minimal hypersurfaces with bounded index, where
the constant will also depend on the index upper bound.

On the other hand, the assumption in (3.2.1) that 3 is away from varifolds with
multiplicity > 2 at scale 1 CANNOT be dropped. A typical counterexample is a
sequence of pairs of parallel hyperplanes V; := |L§1) | + |L§-2)| converging to a multi-
plicity 2 hyperplane, and a sequence of functions on spt(V;) which is 1 on Lg-l) and
1/j on L§2). Counterexample in unstable situation could be a blow down sequence of
catenoids converging to a multiplicity 2 hyperplane and a positive harmonic function

which approaches 1 on one end and 0 on the other end.

3.3 Growth Rate Lower Bound for Positive Jacobi

Fields

The goal of this section is to prove the following.
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Proposition 3.3.1. Lete € (0,1), A >0, n>7;

n—2 n—2
= — 2 1
e

For every ~y > ~,, there exists C' = C(e,A,n,7y) > 0 and 19(e, A,n,7y) € (0,1/2) such
that the following hold.
Let ¥ C (B}, g) be a two-sided stable minimal hypersurface satisfying (3.2.1);

u € WE(2) be a positive super-solution of (Ay + |Ag|> — A)u =0, i.e.

loc
/ Vst - Vsé + (A — [Ag)ué >0, VE€ CHE,Rs).
2
Then for every p € Sing(X) N By and every r € (0,7), we have

inf > (- -, 3.1
Zr%lr(p)u_c [ull L2 (2B, ) - T (3.3.1)

Note that the exponent -, is optimal and can be realized by a homogeneous
positive Jacobi field on Simons cone.

The key for the proof is the following Growth Lemma. Let

€¢='(A) :={|C| : C Cc R"*! stable minimal hypercone with ||C||(B,) < A}\{hyperplanes},

n

be the space of multiplicity 1 varifolds associated to nontrivial stable minimal hyper-

cones. For a function ¢ over X, p > 0 and a domain €2 C %, let

¢

_ 1
s = (1@ / op dIs|)™”.

Lemma 3.3.2 (Growth Lemma). Let A > 0, v > =, be fized as in Prop 3.5.1. There
exists (n, A,v) € (0,1) and ro(n,A,~) € (0,1/2) with the following property.

Let 3. C (B4r61,g) be a two-sided stable minimal hypersurface with normal field v,
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satisfying
Sing(%) > 0, 19 = Genellor <9, Fi, (12,471 (0) < 6. (3.3.2)

Let 0 < u € WEA(2) be a positive supersolution of Asu + (|As|? — 0)u = 0 in the

distribution sense on X3, in other words,
/Vgu Vsl + (6 — |As]P)ué d||3|| >0, V&€ CHE, Rsp). (3.3.3)

Then u € L'(By; ||2|]) and

ullr. s = Nullci@gs)y -7 Vr € [ro/2, o).

In [Sim08, Theorem 1], a general Growth Theorem is established for multiplic-
ity 1 class of minimal submanifolds. It follows directly from Proposition 3.2.1 that
minimal hypersurfaces in Euclidean balls together with their blow-up limits forms
a multiplicity 1 class of hypersurfaces. Hence Simon’s result applies here to obtain
Lemma 3.3.2. For sake of completeness, we include in Section 3.3.1 a direct proof

using Harnack Inequality in Corollary 3.2.5.

Proof of Proposition 3.3.1. WLOG p = 0. Let 7 := min{r) ™ : 7}/ > n(e, A,n)/4}

2

be given by Lemma 3.3.2 and Corollary 3.2.5; 79 := 7°. By definition, 7,7y only

depend on €, A, n,vy. Let
J:={j €Z>y: n;l(E)ﬂB4ral C (B4ral77—_2j7]:]‘g) satisfies (3.3.2), uon,; satisfies (3.3.3)}.
By area monotonicity, Lemma 3.2.3 and Proposition 3.2.1, we see that

t(N\ J) < N(n,Ae,7v) < +o0. (3.34)
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Denote for simplicity I,(r) := ||u||t1(s,;x|)- Note that by Corollary 3.2.5, for every
J=1
. YIIB.;) . .
L(r7) > IZ](B,) infu > c(n, A, e,v)L,(77). (3.3.5)

= (B .) B

And for every j € J, by Lemma 3.3.2, we have better estimate,
L(77Y) > I(r7) - 7. (3.3.6)

Now for every r € (0,79), let | € Zx5 be such that 7/t1 < r < 7!, Combining Corollary

3.2.5, (3.3.4), (3.3.5) and (3.3.6) we have,

1 >
Jnf w2 cn, A, €)|ul

LBtz
j+1)

=c(n, A, €) (H %) ]

=2

I,(ri+1 I, (rtt
:c(n,A,e)( I %) T 555

2<j<i-1ije] 2<j<l-1;j¢7

Ly (Bro; 151

L (BroslI121)

> c(n, A, €) - (1) T e(n, A, e, )Nl e, s

> c(n, A, e, V) |ull L@z - 77

This finishes the proof of the Proposition. O
Since 7, < —1 < 0, a direct corollary of Proposition 3.3.1 is,

Corollary 3.3.3. Let (M, g) be a smooth Riemannian manifold (not necessarily com-
plete), A > 0. Let ¥ C M be a two-sided stable minimal hypersurface with optimal

reqularity. Let u € C3(3) be a positive function such that

loc

Asu + |AsPu — Au <0,
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on . Then for every x € Sing(X),

lim inf u(y) = +oo.

Yy—T

3.3.1 Proof of Growth Lemma 3.3.2

The goal of this section is to prove Lemma 3.3.2. We begin with the following uniform

control of first eigenfunction for Jacobi operator of cross section. For every C €

€71 (A), let T = I'(C) := CNS" be the cross section of C, and for each domain

n

QCT, let
1 (Q) = inf{/ IVré|? — |Ar[?¢? : ¢ € CHQ), ||l 2y = 1}
r

Denote for simplicity p;(C) := p1(I'(C)). Recall by [Law69, Per02, Zhul8]|, 1, (C) <
—(n — 1), and equality holds if and only if C is a quadratic cone.
For each z € I'(C), following [CN13], let

rr(x) :=sup{r € (0,1) : |Ar| <7 ' on B,(x) N T},
be the regularity scale. Clearly, rp is continuous in x and in smooth convergence of

I'. For each 6 > 0, denote Q5(C) :={x € I" : rp(z) > 0}.

Lemma 3.3.4. There exists po(n,A) > 0 such that 111(2,,(C)) < —(n—1) for every
Ceé:'(N).

Proof. Suppose otherwise, there are C; € €7 '(A) such that p1(Q4/;(C;)) > —(n—1).
Suppose C; — Cy € €' (A) and write I'; := C; NS", 1 < j < co. Then we

must have 11 (Cs) = —(n — 1). Since otherwise by [Zhul8], 11(Cw) < —(n — 1) and
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thus there exists ¢ € C}(T'(Cy)) such that

/ |vrmw12—|Arm|2w2<—(n—1>/ 2.
T'eo I'so

Since the convergence of I'; is smooth near spt(¢)) and rr, is continuous in j and
near spt(¢), this is a contradiction to 11(£21/;(C;)) > —(n — 1).

Now that u1(Cs) = —(n — 1). By [Zhul8], C, is a quadratic cone, which
has smooth cross section; Then by Allard Regularity, for j >> 1, 11(€21/;(C;)) =

11(C;) < —(n — 1), that’s a contradiction. O

Lemma 3.3.5. For every A > 1, there exists a constant C(n, ) > 1 with the follow-
ing property. Let da(n,\) > 0 be in Lemma 3.2.2 and n(n, A) = n(d2/2,n,A) € (0,1)
be in Corollary 3.2.5; Also let vy, be in Proposition 3.5.1.

If C € €;1(A) is a stable minimal hypercone; 0 < u € Ci2(CNBy,-1) is a Jacobi

field, i.e. Acu+ |Ac|?>v=0. Then,

lullzy@aion = Cn, M)~ - ullsyegey,  for every r € (0,1).

Proof. Let I' := C N S"™ be the cross section of C in Lemma 3.3.5; py be in Lemma
3.3.4. Let ©2 be a smooth domain in I" such that Q,,(C) C 2 C €,,/2(C), and 0 < pq

be a first Dirichlet eigenfunction of —Ar — |Ar|?, i.e.

—(Ar + |Ar|)pa = 11 (Q)pq,  on
(3.3.7)

o =0, on 0 if 90 # 0.

with eigenvalue () < 11(92,,(C)) < —(n — 1) by Lemma 3.3.4. By definition of

Q, |Ar| < 2py" on B, 2(£2). Hence by covering § with ball of radius py and applying
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classical elliptic estimates [GT01] we see,

sup [pal < C(n, Aol (3.3.8)
Now let U(r) := [, pao(w)u(rw) dw. Since

0= (e + [Aclu = Ofut = =0t (A + [Arf)u

We then have for r € (0, 1],
n—1 1

U(r) = =5 | ealt)(Ar + |ArP)ulre)

1 1
- __2/(AF+|AF|2)SOQ(W)'U(TW)‘f——g/ Depa - u
™ Ja = Joq

< 1 [ pateputre)

r

U/I(r) +

r

(3.3.9)

n—1
S_

U(r),

r2

where the first inequality follows from (3.3.7) as well as positivity of u and the inward
normal derivative —0.¢ once 992 # (); the second inequality follows from gy () <

—(n —1) by Lemma 3.3.4. Let

n—2 n—2 n—2
V[ A SR 1Y (2 )
And set W(s) := U(s7/Bn) . 57/ s > 1, then (3.3.9) is equivalent to W"(s) < 0
on s > 1. Since u > 0 on C and then W > 0 on [1,+00), we must have W’ > 0 on

[1,400). Thus,

Ur)>U®1)-r™, ¥re(0,1). (3.3.10)

43



We then have for every r € (0,1),

T
Jullss, e supon > [ polyulz) dIC] (z)
Q B, ||
= / s"MU(s) ds > / "M U(1) ds
0 0
= ¢,y / va(w)u(w) dw
Q
> e, a1 i%.}fu

> C(n, )"l tm “SUp g - [ull 2 @yspc)

where the second inequality follows from (3.3.10), the last inequality follows from

(3.3.8) and Corollary 3.2.5. This finish the proof. ]

Lemma 3.3.6. Let ¥ C (By, g) be a two-sided minimal hypersurface under metric g
such that, the Hessian of distant function square satisfies Vf](distg(ﬂ, )%) > 1 on B,.
(Note that this is automatically true when g is C* close t0 geue.)

Let u € W,22(2) be a positive super-solution of Asu + (|As|? — 6)u = 0 in distri-

bution sense, i.e.
[ Vsu- Ve 6~ 1AsPiug dIT] 20, ¥ € CAE Roo), (3.3.11)

where § < n/2. Then there exists v € C}

loc

(X NBy) solving Asv + (|As|> —6)v =0 on
XN By such that

—infu<v<u
By

Proof. Claim. With a positive u € W,.?(X) satisfying (3.3.11), we have
[1968+ G~ 1asP) dig] 2 0. v6 e C(S),
with equality if and only if ¢ = 0.
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Proof of the Claim. For every ¢ € C1(X), let 1 := u'p € W, ?(X). Take & = u)® =
¢ in (3.3.11), we have

0< /Vu V(o0) + (6 — |As)* d|[Z] = / [Vo? + (8 — [Ag[*)¢* — w?|Vy[* d|[Z]).

This finishes the proof of Claim. O]

Now we turn to the proof of Lemma 3.3.6. By a renormalization, suppose WLOG

that infg, u = 1. Consider for every smooth domain 2 CC X N B;, minimize

Jold] = / VoP + (—|AsP + &) dIE].,

among {¢ : ¢ — 1 € W, *(Q)} to get a minimizer vg € C?(Clos(Q)) solving Agvg +
(JAg|? = 6)vg = 0 in Q. Since u > 1 on ¥ NBy, we know that (vg —u)* € W, ?(2) is

supported in Clos(Q2), thus by taking £ = (vq — u)* in (3.3.11) we have,

0> /—Vu V(vg —u)t — (6 — |As])u(vg — uw) ™ d||2]|
= /V(Uﬂ —u) - V(vg —u)" + (6 — [As|*)(va — u) - (va —u)* d||Z]|

_ / VEP+ (5 — |AsP)E d|]| > 0,

where the first equality follows by integration by parts and the equation satisfied
by vq; the last inequality follows from the Claim. Hence the Claim guarantees that
(v — u)t = 0, in other words v < w in . On the other hands, let w := (1 +

disty(-,0))/2 <1 on ¥ N By, a simple computation shows that

Agw + <|Ag|2 - (5)’(1] Z 0 onX ﬂBl.
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This provides a sub-solution to the equation. Repeat the same process above gives
v > w > 1/2 on .

Now take 2; be an increasing family of smooth domain approximating > N By,
1/2 < vg, < u be the solution constructed above relative to };. By classical Har-
nack inequality for Elliptic equations [GTO1], vg, subconverges to some solution
v € C3 (X NBy) of Agv + (|[Ag|*> — 6)v = 0 which satisfies 1/2 < v < wu, thus

finishes proof of the Lemma. O]

Proof of Lemma 3.3.2. Take ro = ro(n,A,v) € (0,7(d2,A,n)/8) TBD, where §, =
da(n, A) be given by Lemma 3.2.2 and 7 is given by the Harnack inequality Corollary
3.2.5.

Suppose for contradiction that there exists v > 7, and stable minimal hypersur-
faces ©; C (By, g;) such that 0 € Sing(%;), gj — genc in C* and FB4rgl<|Zj|’ IC|) =0
for some stable minimal hypercone C C R**'; But there are u; € W?(%;) weak su-

persolutions to Ay u; + (|As,|* — 1/j)u; = 0 and r; € [ro/2,70], 7 = roe € [10/2,70]

satisfying

luiller, iz < lwglli@asn - 7) (3.3.12)

Note that by Lemma 3.2.2 and Fz__, (|;],|C[) — 0, we have for sufficiently large j,
"o
Fr (|5, #>?) > 63(n,2A). Hence the Harnack inequality Corollary 3.2.5 applies
4r0
for functions on ;.

Also by Lemma 3.3.6, we can take v; € CZ.(X; NB;) such that on X; N By,
1
0< § inf Uj < Vj < Uj; Azjvj + (|A21’2 — 1/])?]] =0. (3313)

Ejﬂ]Bl

Thus by applying Harnack inequality Corollary 3.2.5 on u; and (3.3.12), (3.3.13), we
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have

[vjllie,,) < Cn, A) Einf uj-r) <C(n,A) inf vj-r]. (3.3.14)

jﬂ]Bl J Zjﬁ]Bl

On the other hand, fix a regular point z,, € CNB, /4, and suppose X; 3 x; — 2.
Renormalize v; such that v;(z;) = 1. Then by classical Harnack inequality [GT01],

after passing to a subsequence, v; — v, in C7, away from Sing(C) for some positive

loc

Jacobi field vy, € C72(CNBy), ie. (Ac+|Ac)?)ve = 0. Again by Harnack inequality

Corollary 3.2.5, for every p € (1,n/(n — 2)) we have,
[0l e Byya [[551]) < Cp,m, A)vj(5) = Clp, n, A).

Hence by Holder inequality, for every small neighborhood N” C B, /4 of Sing(C)NB,, s,

we have
losll s sy < loslleoavis, iy - ISP < Clpyn, A) - [[55][(A) @D,

This guarantees that v; are not L'-concentrating near Sing(¥;) N B, 5. Hence v,

subconverges to vo also in L'(B,/s). By (3.3.14) and Lemma 3.3.5, we derive,

[ llz2@,ocien < 0, A) Jinf v 75,

< C(n, A)|lveo|

Y
LiB,/slCl) " Too

_ n 5
< Cn, Mllvoollzy@rcsien - (g =)™ 7%
TOO
which then implies
Cln, M)+ (G 2 2.
. . .. . ~ 1/(yn—")
This will be a contradiction if we take ro < (C(n, A) - (n/8)™) : O
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3.4 Mean Convex Smoothing of Mean Convex Hy-
persurfaces

We shall prove in this section Theorem 1.3.1 and 1.3.2. We start with the mean convex
approximation Theorem in Section 3.4.1 and some preliminaries on self-expanders
and weak mean curvature flow in Section 3.4.2 and 3.4.3. It’s worth noting that
the preliminaries on self-expanders and weak mean curvature flow are only used in
proving Theorem 1.3.2. Readers interested in Theorem 1.3.1 can skip Section 3.4.2
and 3.4.3.

3.4.1 Mean convex approximation

Definition 3.4.1. We call a closed subset £ C M viscosity mean convex, if
E = Clos(Int(£)) and for every smooth open domain  C E with x € 02N JFE,
the mean curvature with respect to the outward pointed normal field of 9Q) at z is
Haq(z) > 0.

We call a closed viscosity mean convex subset £ C M"™*! Cll-optimally regular,
if there exists a closed subset S C OF with Hausdorff dimension < n — 7, such
that OF \ S is a CY' embedded hypersurface and Vz € S, OF is a stable minimal
hypersurface with optimal regularity near x. Call the smallest such S C OF the

singular set of OF.

Without assuming £ = Clos(Int(F)), the notion of viscosity mean convex was
introduced and studied in [[SZ98, Definition 3.1], where it was called barrier for

minimal surface equation.

Remark 3.4.2. (1) By [SW89], the support of every Caccioppoli set in M with
stationary boundary is viscosity mean convex. In particular, every stable minimal

hypercone in R**! bounds a viscosity mean convex subset.
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(2) It follows directly from the definition that if £ C M is a viscosity mean convex
closed subset, then for every connected component U of Int(E), Clos(U) is also
viscosity mean convex. Hence, in the following discussion, we may additionally

assume that a viscosity mean convex subset has connected interior.

(3) When a closed viscosity mean convex set F C M is C™'-optimally regular, on
its regular part, we can define the mean curvature vector Hyp € L (OF) almost
everywhere. And FE being viscosity mean convex guarantees that (ﬁaE, v) <0,

where v is the outward pointed normal field.

The rest of this subsection is devoted to proving that any compact viscosity mean
convex subset can be approximated by C'-optimally regular mean convex subset

(see Corollary 3.4.5). We start with a minimization process with obstacle.

Theorem 3.4.3. Let E be a compact viscosity mean convexr subset in a Riemannian
manifold (M, g) of dimension n + 1; Let Z C Int(E) be a closed C* domain. Then

there exists a closed subset P with the following properties,
(i) ZC PCE;

(ii) The topological boundary OP is a stable minimal hypersurface with optimally

reqularity in the portion M \ Z and is C*' near each point of OP NOZ;

(111) For every Caccioppoli set () such that Z C Q CC Int(E), we have P(P) <
P(Q);

(w) If (M, g) = (S"", ground) is isometric to the round sphere, then one can choose

so that P C Int(E).
In particular, P is a C*'-optimally reqular mean convex subset.

In the Euclidean space, such existence-with-barrier result was established by

[ISZ98, Theorem 3.6]. Here we shall use a similar argument. The only difficulty is
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that in a general Riemannian manifold, there’s usually no isometric translations. So
instead of minimizing area, we shall first minimize an A functional to find prescribed
mean curvature approximations. Such A¢ functional was introduced and carefully

studied by [2Z20].

Proof. Suppose WLOG that injrad(M, g) > 1 and every ball of radius < 1 in (M, g)
is strictly convex. Let d(z) := disty(x, E°) be the distant function defined in E£; Then
there exists jo >> 1 such that Z C {d > 1/jo}; Let n € C*>°(M;][0,1]) be a cut-off
function such that 7 = 0 in a neighborhood of Z and n =1 on {d < 1/(2jo)}.

Let € € (0,1), consider the the following A°-functional [ZZ20] for a Caccioppoli
set (),

AQ) = P(Q) + /Q e n(z) dA"(z).

By first variation [ZZ20], a stationary Caccioppoli set for A° has boundary mean
curvature equals to € - 7.
Claim 1. There exists j. > 4jo + 1/€e such that for every j > j., there exists a closed

Caccioppoli set Z C Q; C {d > 1/j} which minimize A° among

T ={Q:ZcQc{d>1/j}}. (3.4.1)

In particular, 9Q; is optimally regular and stable in M \ Z and C'*! near each point
on 0Z.

With this Claim 1, choose Q¢ := @;.41 and send € , 0, by spirit of Lemma
2.2.1 and [Lin85, Chapter 2|, Q¢ F-subconverges to some closed Caccioppoli set P =
spt[P] C E, with 9P stable minimal hypersuraces in M \ Z and C*! near 9Z. This
proves (i) and (ii). Also since P is the F-limit of A“-minimizer Q¢, (iii) also holds
for P. When (M, g) = (S, giouna), since 0Q¢ is A°-stationary and thus has mean

curvature > 0 on {d < 1/(2jo)}, by a rotation of S"™! and viscosity mean convexity
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of E, we must have d > 1/(2jy) along Q¢ and then along P. This proves (iv), and

finish the proof of Theorem 3.4.3.

Proof of Claim 1. Let j. = j(e,g) > 4jo + 1/€ to be determined later.
For j > j., let Q; € 7; be a general A“-minimizer among .7;, where .J; is defined

in (3.4.1). For every x € spt[Q;] N {d = 1/j}, consider minimize A° among
{R CM: RAQJ C BUj(iL‘)},

to find a Caccioppoli set Qj.

Claim 2. By taking j. large, for every y € spt[Q;] N By jj(x), we have d(y) > 1/j.
With this Claim 2, Qj € J; is also an A°-minimizer among .7;, and whenever Q;

is A¢-stationary and optimally regular in an open subset W C {d > 1/;}, by unique

continuation of CMC hypersurfaces [ZZ20], Qj must be A°-stationary and optimally

regular in WU B ;(x). Hence by covering {d = 1/j} with finitely many ball of radius

1/ and repeat the replacement process, we can find @), satisfying the assertion of

Claim 1. O

Proof of Claim 2. Let j. = j(e,9) > 4jo + 1/e TBD. By definition of Q; and strict

convexity of By/;(x), we must have

spt[Q;] \ Buy;(z) C spt[Q;] \ By;(x) C {d > 1/5}.

If Claim 2 fails, then there exists y € spt(9[Q;]) N Byyj(z) realizing inf{d(z) : » €
spt(Q;) N Byjj(x)}. Let y € OF and 0 < dy < 1/j be such that dist,(y,y') = d(y) =
dy. Since By, (y') Nspt(Q;) = 0, the tangent cone of 9,Q; at y must be a plane,
and hence by A°-minimizing of Q]- in By/j(x), we know that y is a regular point of
d[Q;]. Moreover, by comparing the second fundamental form A; of 9[Q,] and second

fundamental form of 9By, (y'), together with the fact that the mean curvature of 9[Q;]
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at y is € by first variation of A, we know that,

4 () < Cln,g) - dy™". (3.4.2)

On the other hand, let L, be the image of B.(0) N z,~ C T,M under exponential
map under metric g centered at y, where 7, is the unit normal vector of G[Qj] at y

pointing towards . We shall work under Fermi coordinates
O L, x (—e,€) = M, (z,t)— expl(t-v¥(2)),

where v be the unit normal field of L, such that v*(y) = .

Consider R := ®({(z,t+dp) : ®(2,t) € spt(Q;)NBy/;(2)}). Since dist,((z,t), D(z, t+
do)) < do, we have R C E and ¢y = ®(y,dy) € R is a regular point of dR. Moreover,
by (3.4.2) and the following Lemma 3.4.4, the mean curvature Hyr(y') of OR at v/
satisfies,

Hor(y') < Hj(y) +C(n,g) - dy < —e+ C(n,g) - j*,

where recall the mean curvature of 8[@]-] at y is flj (y) = —e. Choosing j. > C(n,g) -
e, we have Hyp(y') < 0, violates the viscosity mean convexity of E and hence is a

contradiction. This finish the proof of Claim 2. m

]

Lemma 3.4.4. Let {¢'}ic(—11) be a smooth family of Riemannian metric on L =
B (0) (not necessarily complete); Let { A := %%(gt)}te(,l,l) be the family of symmet-
ric 2-tensors of deriative of g'. Assume that A°(0) = 0.

Consider on the cylinder L x (—1,1), the metric g := g' ® dt*. Assume that the
Riemannian curvature tensor of g satisfies |Rm, | < 1/2n on L x (—1,1).

Let u be a C*-function on some small ball B,(0) C L taking value in (—1,1) such

that uw(0) =: a and du(0) = 0. Let Ty := {(z,u(2)) : 2z € B,} C L x (—1,1) be a C?
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hypersurface. Let {z'}1<i<n be a normal coordinates of ¢° defined near 0 on L. Then
the mean curvature of Iy, at (0,a) with respect to the upper-pointed normal field is
given by

Hr,(0,a) = =(Vg,u(0) — A%(0));; - 9a(0)",

In particular, the difference between mean curvature of I, at (0,a) and T',_, at

(0,0) has estimate
|Hr,(0,a) — Hr,_,(0,0)] < C(n)(a*|Ar,_,(0,0) + |al).

Proof. First note that {z',...,2" ¢} is a local coordinates of L x (—1,1) with the

coordinate vector fields denoted by {01, ..., 05, 0;}. By [Pet06], under this,

d
2A'(0;,0;) = agt(auaj) = V3,(9(0:,0;)) = 29(V} 01, 05);
d 1 1
%At(a“ 8]) = §g(Vgth18t, (9j) + ig(VgtV%]c?t, 82) + g(Vgﬁt, Vgﬁ@t)

= ng(@, 8¢, &5, 83) + At(@, ak)At(ﬁj, Gl)gfl,

where [g}"] is the inverse of matrix [g;]. In particular, by a bootstrap argument, we

have

2

t
|A(8;,0;)] < 95— 0l < 5 (3.4.3)

N | o+

Let ®, : z — (z,u(z)) be a parametrization of I',. Then the upward pointed

normal field of T', at (0,a) is

—aiu . gZuJ@J + at

v*(0,a) = =
\/1 + Oiud;u - g

= O
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The induced metric of ', under this parametrization is
9(0;®,,,0;®,) = g(0; + Oyu - 0y, 0; + Oju - Oy);
And the second fundamental form of ', at (0, a) is
Ar, (0i®u, 9;Pu)| 0,0) = (Vi 1000, (05 + O~ 00), ") |(0,.0) = —A%(0) + Viou(0)(8;, 0).
Hence the mean curvature of ', at (0, a) is
Hr,(0,a) = —(VZu(0) — A%(0));; - 9a(0)";

The estimate on the difference of mean curvature follows from the estimate (3.4.3). O

Corollary 3.4.5. Let £ C (S™, gyouna) be a closed viscosity mean convexr subset
with connected interior. Then there exists an increasing sequence of closed connected
CH optimally regular mean conver subsets {E€; C Int(E)};>1 such that when j — oo,
E — &, 08; — OE both in Hausdorff distant sense. Furthermore, if the topological
boundary OE is n-rectifiable (In particular € is a Caccioppoli set), then we can choose
so that

lim P(&;) = P(€).

j—ro0

Proof. Let dg := distgn+1(+,E°) be the distant function to the boundary defined in
E. dg be a smooth function on Int(€) such that dg < de < 2dge. Let €; N\ 0 be a
sequence of regular value of dg, and Z; := {ds > ¢;} C Int() are compact smooth
domains.

By Theorem 3.4.3, there exists C''1-optimally regular closed mean convex subset
Z; C P; C Int(&). Clearly by definition, P; — £ and 0P; — 0€ both in Hausdorff
distant sense. Also, let jo >> 1 such that Z;, # 0 and fix wy € Z;,; Take & to be

the connect component of P; containing wy, we know that since Int(€) is connected,
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E — & ,0E; — O also in Hausdorfl distant sense.

If further O€ is n-rectifiable, by [Fed69, Theorem 3.2.39] and co-area formula,
there exists R; := {dg > ¢;} C Int(€) such that lim; ., P(R;) = P(E). Then by
Theorem 3.4.3 (iii) and upper semi-continuity of perimeter under convergence, we

have lim;_,. P(&;) = P(E). O

3.4.2 Self-expanders

For a hypersurface ¥ € R™"! and a bounded open subset W C R™! define the

E-functional of ¥ in W to be,
B[S: W] = / T g1 (2).
w

Such E-functional is introduced in [Ilm98, Lecture 2 C] in which it’s named
K-functional, and frequently studied by Bernstein-Wang [BW18, BW19a, BW19b,
BW20b, BW21la, BW21b] and by Ding [Din20]. Here we keep the notations with
Bernstein-Wang. Critical points X of E are known to be self-expanders, i.e. it
satisfies the following equation

fy = == =0,

where X+ denotes the projection of position vector onto normal direction of ¥.. Equiv-
alently, by [EH89], {n,7(X)}+>0 is a family of hypersurfaces flowing by mean curvature.

Clearly, the E-functional can be extended to any Radon measure p on R™"+!,

E[u; W] = /Wel"”2/4 du(z).

We also denote for simplicity that for a Caccioppoli sets P C R" E[P;W] =

E[||0[P]|; W] and for an n-varifold V', E[V; W] := E[||V||; W].
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For a bounded open subset W C R"*' we call a Caccioppoli set P C Rt

E-minimizing in W, if for every Caccioppoli set QAP cc W’ cc W, we have
E[Q; W] > E[P; W]

And we call an integral n-varifold V' € IV, (W) E-stationary in W, if for every
X e Z.(W),

SE[V:W](X) = &

E[e™,V: W] =0;
dt [e gV ] )

t=0

Call V E-stable if it’s E-stationary and for every X € Z.(W),

2

SE[V; W](X, X) := L

= E[e"*,V; W] > 0.

t=0

Note that for an n-varifold, E-functional is the n-th area-functional under the metric
g :=el”l2n . g . on R*. Hence, being E-stationary (resp. E-stable, E-minimizing)
is equivalent to being stationary (resp. stable, minimizing) with respect to the area
functional under g.

For a 2-sided hypersurface ¥ C W, by [Din20, (3.16)], being E-stable is equivalent

to that for every ¢ € CLH(XNW),

L1990 = (4 = )67 - e a =) @) > (3:4.4)

The Euler-Lagrangian operator of the quadratic form on the left hand side of (3.4.4)

is,

X 1
Ez = AE + 5 . Vg + |AE|2 — 5 (345)

Moreover, if denote Az, As, to be the laplacian and second fundamental form of X
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under metric g, then a simple computation shows that for every function u on X,

||

IXE[2)) (e w), (3.4.6)

L u—el%ﬁ~(A +]A |2—e’|;ﬁ*|2(1+n_1
U = 2 2 e

where X~ is the projection of the position vector X onto T'%.

Let £ C S" be a closed subset; Let E = C(&) be the closed cone over £ in R"".
We call a closed set P C R""! distant asymptotic to E near infinity if locally in
the Hausdorff distant sense, when R — 400, 11/r(P) — E and 1,/r(0P) — OE.

For a unit vector v € S™ and « € (0, 7), define

C(v;a) = {z € R"™\ {0} : (z/|z|,v) > cosa},

be the open cone in v direction with open angle a. O(n)-invariant self-expanders
distant asymptotic to Clos(C(v; «)) are constructed in [AIC95, Lemma 2|, and also
studied using variational approach in [Din20, Section 4]. We summarize the results

here. By a rotation, WLOG v = e,,41.

Theorem 3.4.6 ( [AIC95, Din20]). For each o € (0,7/2), there exists a unique
O(n)-symmetric convex closed smooth domain F(eny1;a) C C(eni1, @) minimizing
E-functional in R™™' and distant asymptotic to Clos(C(e,y1; @) near infinity.

Moreover, F(eni1, ) is an O(n)-symmetric super graph, i.e. there exists u, €

C>([0,400)) such that

Flepi1,0) ={(x,2) : x € R", 2 > uy(|z]) },

and u, satisfies

(1) ua(0) > 0, u,(0) =0, u. (r),u2(r) > 0 for r > 0 and u(r)/r — cota when

T — +00;
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(11) ug is continuous and strictly monotone in « and for every fized r > 0,

Uo(r) = +00 when a — 0,  uy(r) =0 when a — 7/2.

In particular, {OF (en+1, @) Yac(o,x/2) foliates R™ x (0,4-00).

Proof. For each a € (0,7/2), in [AIC95] and [Din20], a unique O(n)-invariant entire
convex graph S, C C(ent1,a) solving self-expanding equation and asymptotic to
OC(ent1; @) is constructed, where the graphical function w, satisfies (i). Moreover,
the uniqueness of S, guarantees they varies continuously in «. Let F(e, 1, @) be the
closed domain above S,,.

As an entire graph, by [Din20, Lemma 3.1], S, are E-minimizing in R"*!. Since
when a N\, 0, Clos(C(ept1,@)) — {r-eus1 : 7 > 0} locally in the Hausdorff distant
sense, by compactness of minimizing boundary we must have, dist(0,S,) — +oo
when a \ 0, hence for each r > 0, u,(r) — +o0o when « \, 0. This also implies
that for each o € (0,7/2), when o sufficiently close to 0, Sy C F(eny1,a). Let
a = sup{f € (0,a] : S; C F(ey,1,q) for every t € (0,5)}. By strong maximum
principle for E-functional, & = « and S; C Int F'(e,41, @) whenever t € (0,a). In
other words, u, is strictly monotone in «.

Note that (i) in the Theorem also implies that 0 < u], < cota on [0,400) and
is monotone increasing. Hence when o 7 7/2, u, converges to a constant function
whose graph is also a self-expander, hence must be 0. This finishes the proof of
(ii). O

For every unit vector v € S" and a € (0,7/2), let T' € O(n + 1) be an orthogonal
transform mapping e, 41 to v, and denote F(v;a) := T(F(ept1,a)) C C(v;a) to
be the domain with E-minimizing boundary and distant asymptotic to C(v; «) near

infinity, where F'(e,.1,«) is given by Theorem 3.4.6. This family of self-expanders

are good barriers for general asymptotic conic self-expanders.
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Corollary 3.4.7. Let £ C S™ be a closed subset such that Clos(Int(€)) = &, let
0 < R < +oo. Suppose F' = spt[F] C R"™ is a closed subset distant asymptotic
to C(E) near infinity with |0[F]| being E-stationary in (R \ 0C(E)) U Br and
coincide with C(&) outside Bg, i.e. F\Bgr = C(€) \ Br. (We use the convention
that Br = R"™ if R = 400.) Then,

F(v,a) C F, if C(v;a)NS" CE;

Fu,o)NnF =0, 4f Clos(C(v;a)NS")NE = 1.

Proof. We prove for R < +o0o; The case when R = 400 will be similar. Since
F\Bg = C(€)\Bg, by Theorem 3.4.6 (ii), for sufficiently small g € (0, «a), F(v,5) C
F. Consider

& = sup{B € (0,0) : F(v, B) C F),

If @ < «, then by continuity of F(v, ) in  from Theorem 3.4.6, F(v,&) C F and
OF (v, &) Nspt(||O[F]||) # 0. Since |9[F]| and |0F(v,&)| are both E-stationary in
(R™1\ OC(€)) U Bg, by strong maximum principle [SW89], OF (v, a) C spt(9[F]),
contradicts to that Clos(C(v; @)) \ Bg C Int(F') \ Bg. Hence @ = o and F(v,«) C F.

Similarly, when Clos(C(v; ) NS™) N E = (), the argument above provides,

sup{f € (0,7/2) : F(v,8)NF =0} > a.

Hence by Theorem 3.4.6, F(v,a) N F = 0. O

Note that using Corollary 3.4.7, one can also prove the existence of E-minimizing
closed subset distant asymptotic to C(£) near infinity, as is sketched in [[lm98, Lecture
2 F] and proved for C%-domains & in [Din20, Theorem 6.3].

In Section 3.4.4, we need the following existence result with constraint.

Lemma 3.4.8. Let E C R™™ be a closed CY-optimally reqular mean convex cone,
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which is not perimeter minimizing itself in E. Then there exists a closed Caccioppoli
set F' C Int(E) such that F' = spt[F] is distant asymptotic to E near oo, and that

J[F| minimizes E-functional among

{0]Q] : QAF C E}.

In particular, O[F] is a self-expanding integral cycle with optimal regularity.

Proof. For R > 1, minimize E-functional in B,z among Caccioppoli sets

{QCcR"™ :E\BrCQC FE}

to find a Caccioppoli set Fr C E. Since OBr and Reg(0F) are both expander mean
convex (i.e. H — X*/2 either vanishes or points inward), by [Lin85, Chapter 2],
|0[FR]| is E-stationary in (R"™!'\ 0E) UBR. WLOG Fx = spt(Fg). When R — +o00,
by Lemma 2.2.1 and Corollary 3.4.7, Fg subconverges in F-metric to some closed
Caccioppoli set F' C E which is distant asymptotic to E near infinity, E-minimizing
in £ and E-stationary in R**!. In particular, OF is optimally regular.

By strong maximum principle [SW89, 1lm96], since F' # E (Otherwise E is E-
minimizing in F, and by blowing up F at 0, E is perimeter minimizing in £, which

is a contradiction), we must have F' C Int(F). O

3.4.3 Weak set flow and level set flow

Level set flow in the Euclidean space is introduced by [ES91] and independently
by [CGGI1], and is later generalized to defined on manifolds by [[lm92,1lm93|. Here,
we shall use the notion of weak (set) flow and level set flow possibly with boundary,

developed by [Whi95].
Definition 3.4.9 ( [Whi95]). Let M be a compact n-manifold, possibly with bound-
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ary, f : M x[a,b] — R™"! be a continuous map. Call M := {(f(t,),t) : t € [a,b],2 €

M} C R*! x R a classical flow if|
e f is smooth on Int(M) x (a, b];

e f(-,t) is one-to-one on M for each t € [a,b] and is a smooth embedding on

Int(M) for each t € (a, b];

e For each (z,t) € Int(M) X (a,b], we have

where + means projection onto normal direction of f(M,t), and H (z,t) denotes

the mean curvature vector of f(M,t) at f(x,t).

We call
OpM = {(f(z,t),t) : either t =a and x € M, or t € [a,b] and x € OM},

the heat boundary of M.
Given a closed subset I' C R"*! x R, we call a closed subset M C R"™ x R, a

weak (set) flow generated by I' at ¢t = 0, if
o M(0) = T(0);

e For every classical flow M’ with M’ N M = and M'NT = ), we always

have M'N M = ().
In this chapter, we need the following

Theorem 3.4.10 ( [Whi95, Theorem 4.1]). Let i = 1,2, M; be weak flow generated

by T; at t = 0. Suppose for each 7 > 0, {(t,x) € M, : t < 7} is compact. Suppose
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also that at some T > 0,
diStT(Mh Mz) < min#jdz’stT(Mi, Fj).

Then disty(My, Ms) > distp(My, Ms) fort on some interval [T, T + €.

Here disty(My, My) := distgn+1(M;(t), Ma(t)), where M;(t) = {z € R"*! :
(x,t) € M;}. In particular, this Theorem implies that whenever M;NI'y = MoNI'; =
() in Theorem 3.4.10, we always have M; N My = 0.

[Whi95] also provide the construction of level set flow under this definition.

Proposition 3.4.11 ( [Whi95, Proposition 5.1]). Given a closed subset ' C R"*1 x
R, there’s a unique weak flow M generated by T' at t = 0 (known as the level set

flow) such that it contains every weak flow generated by I' at t = 0.

We end up this section with an example, which is used in the proof of Theorem

3.4.15.

Lemma 3.4.12. Let W C R™™! be an open subset; X C W be an E-stable hypersur-

face with optimal reqularity. Then for every compact W' C W and every A > 0,

M= |ns(W' N Clos()) x {t — A},

t>A

is a weak (set) flow generated att =0 by

I = n5(W' N Clos(T)) x {0} U|_|n,4(0W N Clos(X)) x {t — A}.

t>\

Proof. Since the restriction of weak flow onto a sub-interval is also a weak flow, we
can assume WLOG that A = 0. Suppose for contradiction that there exists a classical

flow M’ over [a,b] C (0,+00) such that M'NT = 9M' N M =0 but M’ N M # 0.
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By definition,
d(t) := distgn+1(M(t), M’(t)),

is a continuous function in ¢ € [a, b] and vanishes at some point in (a, b]; And
dy(t) := min{distgn+1(M(t), M’ (1)), distgn+1(T(t), M'(t))},
has infimum > 0, and d(a) = dy(a). Let
T :=inf{s € [a,b] : d(s) = 0} € (a,b],

Then since dg(T) > 0 and Int(M'(f)) is smooth, we know that R := M(T) N
M'(T') # 0 is a closed subset contained in Reg(M(T)) \ I'(T") = n 7(Int(W') N'%).
Take a smooth closed neighborhood A" O 7, 7#(R) in ¥ N Int(W’), we know that
Utela,r)g(N) x {t} and restriction of M’ on [a,T] are two classical flows over [a,T]
which intersects along t = T" but not intersects along the heat boundary. This violates

the maximum principle for classical flows [Whi95, Lemma 3.1]. ]

Note that a more general result can be proved for integral Brakke motions with
codimension 1 restricted to a spacetime closed subset, using the same argument as

[Ilm94, 10.5]. But we don’t need it in this thesis.

3.4.4 Proof of Theorem 1.3.1 and 1.3.2

Throughout this subsection, let E C R™™! be a closed viscosity mean convex cone
with connected nonempty interior. Then £ := E N S" is a closed viscosity mean

convex domain in S”. Let’s start with the following regularity Lemma.

Lemma 3.4.13. Suppose O[E| is not minimizing in E (This is automatically true if

E is not a Caccioppoli set). Then there exists a closed subset P C E such that,
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(i) P> E\B, and PN B, C Int(E);

(i1) OP N By is a smooth radial graph over Int(E) N'S", i.e., there ezists v €
C*>*(Int(€); (0,1)) such that

PNB; ={rw:went(f),v(w) <r <1}

(i1i) O[P].By is area-minimizing in By N Int(E).

Proof. Let’s first further assume that 9E N'S" is CY! optimally regular mean convex

in S”. Consider minimize perimeter in By among family of Caccioppoli sets

{Q:E\B1CQCE},

to get a Caccioppoli set P C E. Since J[E] is not minimizing in F, we must have
P # E. By [Lin85, Chapter 2], since F and Clos(B;) are C'*' mean convex away
from a low dimensional subset, we know that ||0[P]| is a stationary integral varifold
in (R"*'\ 9F) U B;. Then by Solomon-White’s strong maximum principle [SW89)
and Ilmanen’s strong-maximum principle [[lm96], either £ = P (which is impossible)
or spt(P)NOE N B, C {0}. If 0 € spt(P), then by Lemma 2.2.1, any tangent cone
P’ of P at 0 is also perimeter-minimizing in F, hence cannot coincide with F, this
also violates the strong maximum principle for cross sections of £ and P’ in S".
Now we have shown that spt(P) N B; C Int(E), since P minimize perimeter in
ENB,, we have dim Sing(9[P]) < n— 7. In particular, WLOG P = spt[P]. Consider

the rescalings of P and

r:=sup{s > 0:n(P) D> PVt e (0,s)} € (0,1]. (3.4.7)

If » < 1, then there exists y € By N9P Nn,.(OP) being a touching point of P C 7,(P)
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on the boundary, which violates strong maximum principle [Ilm96]. Hence r = 1.
Let vp be the inward pointed normal field defined on Reg(0P). Consider the

Jacobi field ¢ := X - vp on Reg(OP) induced by rescalings, where X is the position

vector. Since r = 1 in (3.4.7), we know that ¢ > 0 on Reg(0P NB;). And since ¢

satisfies the Jacobi field equation

Agb + |A8P|2¢ = 07

by strong maximum principle, either ¢ = 0 (which then implies P being a cone,
contradicts to that 0 ¢ P), or ¢ > 0 on regular part of 9P. Then by Corollary 3.3.3
and that ¢ < 1, we know that Sing(OP NB;) = 0. And thus, by ¢ > 0 and r =1 in
(3.4.7), we know that the projection x +— x/|z| is injective restricting to 0P NB; and
onto & C S", which indicates that 9P N By is a radial graph.

Now for a general E, by Corollary 3.4.5, we can approximate £ from interior by
a family of connected C'!-optimally regular mean convex closed subset & C S™.
Let P; C C(&;) be the corresponding closed subset given above, which is perimeter
minimizing in C(£;) NB; and has stationary boundary in (R"*!\ dC(&;)) UBy, with
inward pointed normal vector v; on OFP; N By, and ¢; := r0, - v; be the Jacobi field
on OP; N B; induced by rescaling. Let j — oo, by Lemma 2.2.1, after passing to
a subsequence, P; converges to some closed subset P C E locally in the Hausdorff
distant sense, where P O F '\ B; and |0P)| is a stable minimal hypersurface in (R"!\
OF) UB;. Thus by mean convexity of Clos(B;), we have Clos(P NB;) N S™ = &.
Also, on Reg(0P N'By), ¢; subconverges to ¢ = X - vyp > 0, which is a Jacobi field
on OP NB;. By strong maximum principle, either ¢ = 0 (which implies that P is
a cone, and then £ = P with boundary being a stable minimal hypercone, reduces
to the previous situation), or ¢ > 0 everywhere. Repeat the argument above using

Corollary 3.3.3, we know that P is also a smooth radial graph over & C S". O
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Now we are ready to prove the following stronger version of Theorem 1.3.1.

Theorem 3.4.14. Let E C R"" be closed and invariant under scaling. Suppose
C = J[F] is a stationary integral cone and is area-minimizing in E. Then there
exists a smooth hypersurface S C Int(E) minimizing area in E and foliating Int(E)

by rescaling.

Proof. By Corollary 3.4.5, there exists an increasing sequence of connected closed
CH! optimally regular mean convex domain &; C Int(£) approximating £ such that
lim sup; [|0&;||(S™) = [|O€]|(S™). And since &; C Int(£), by Frankel property of mini-
mal hypersurfaces in S”, for j >> 1, E; := C(&;) do not have stationary boundary,
hence are not perimeter minimizing in F;. By Lemma 3.4.13, there exist closed subsets
P; ¢ C(&;) such that P;NB; are smooth minimizing radial graphs in Int(C(&;)) NB;.
When j — oo, by Lemma 2.2.1, P; F-subconverges to some Caccioppoli set Py, C E
with P, a stable minimal hypersurface in (R"*!\ 9F) UB; and P, coincide with

E on BS. Moreover, as a minimizing boundary in C(&;), 0[P;] satisfies
10F;]|(B2) < |[O[E;][|(Bz).
Hence by taking j — oo we have,
101Ps][(B2) < [|O[ET[|(B2)- (3.4.8)

Since E is perimeter minimizing in F, (3.4.8) implies that P., also minimizes perime-
ter in BoNE. Hence by unique continuation of stable minimal hypersurfaces, P,, = F.
Therefore, when 7 — oo,

d; := dist(0, P;) \, 0.

A

By Lemma 2.2.1, when j — oo, P; := ny/4,(P;) are perimeter-minimizing in

By/4, N E; and hence F-subconverges to some P, C E, minimizing perimeter in
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Int(E) and has AP, a stable minimal hypersurface in R**'. Since

dist(0,spt(Py)) = lim dist(0, Py =1,

we know that 9P, is not supported on E. Hence by strong maximum principle
[SW89, IIm96], spt(Ps) C Int(E) and P, also minimize perimeter in E.

Let 7; be the inward pointed normal field of ]3] on 315]- N By, 1 < j < o0
Y; == X - U; be the Jacobi field induced by rescaling defined on Reg(@]sj) N Big,.
Since P] are also radial graphs, when j < oo, ¥; > 0. When j — o0, 1; smoothly
subconverges to 1 on Reg(afjoo). Hence 1o, > 0. Again by strong maximum
principle for Jacobi field equation, either ¢, = 0 (which implies P is a cone and
violates that dist(O,Poo) = 1), or oo > 0 everywhere. Then by Corollary 3.3.3,
Sing(dP) = 0 and S = AP, C Int(E) is area-minimizing in E. Furthermore,
s > 0 everywhere implies, by the same argument as Lemma 3.4.13, that S is a

smooth radial graph over &, hence foliates Int(E) by rescalings. [
Now we turn to the non-minimizing case,

Theorem 3.4.15. Let E C R™ be a closed, viscosity mean convexr cone with con-
nected interior. Suppose C = J[FE] is NOT minimizing in E (This is the case when
E is not a Caccioppoli set).

Let D := ;s Dr x {t} CR™ ! xR be the level set flow of Dy := R"!\ Int(E).
Then Dy = n.;(D1), Vt > 0; Dy is a smooth domain and 0D is a self-expander
supported in Int(E) and minimizing E-functional in Int(E).

Moreover, 0Dy is a radial graph over £, i.e. there exists v € C*(&;(0,+00))

which diverges near OE such that

Di={rw:we&r>uvw)}
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In particular, the mean curvature of 0Dy with respect to outward pointed normal field

is positive along 0D .

Proof. That D; = 1 ,(D1) follows from scaling invariance of Dy and the uniqueness
of level set flow, see Proposition 3.4.11;

Now let £; C Int(€) be the C'-optimally regular closed connected mean convex
approximation given by Corollary 3.4.5; Thus E; := C(&;) satisfies the assumption
in Lemma 3.4.8. Let DJ := R**\ Int(E;). We know that Int(D}) D Dy \ {0} and
8Dé — 0Dy locally in Hausdorff distant sense as j — oo.

Fix 7 > 1, by Lemma 3.4.8, there exists a closed Caccioppoli set F7 C (Dg)c =
Int(E;) minimizing E-functional in F; and distant asymptotic to E; near infinity. In
particular, F7 is a self-expander in R"*! with optimal regularity. We now Claim

that
M (F)NInt(Dy) = 0; m(Int(FY)) N Dy =0, VA>1. (3.4.9)

To see this, recall that by avoidance principle of level set flow, we have, locally in the
Hausdorff distant sense,

. T j
}\1{1{1} D, = /1\1{‘% 77)\(D1) C Dy C IHt(DO) U {O}

Hence there exists ¢; > 0 and \; € (0,1) such that for every 0 < A < A; and every

r e (0,1],

1

dist(Dy, N A, 5(F7) N A) > =dist(Dy N A, (D) NA) > ¢, (3.4.10)

N |

where A := A(0;1/2,1). In particular, (3.4.10) implies that for every p € (0, 1],

FIND,\B,, 5 =0.
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Hence (3.4.9) follows from Theorem 3.4.10 and Lemma 3.4.12 by comparing D with

the weak set flow

t = nyrse (spt(O1F)) N Clos(B,, /5-))

for every € > 0 and then send € 0.

Now let j — oo in (3.4.9), by E-minimizing property of F7, Corollary 3.4.7 and
Lemma 2.2.1, we have F7 — F> in F-metric, where F'* = spt[F’>*] C F is a closed
Caccioppoli set distant asymptotic to E near infinity, and has S := dF* an E-
stable hypersurface with optimal regularity, minimizing E-functional in Int(E). By

(3.4.9), we have
m(EF)NInt(Dy) =0, m(Int(F>))N Dy =0, VA>1. (3.4.11)

Also, we assert that F'* is not a cone. In fact otherwise, £ = F** whose bound-
ary is a stable minimal hypercone. In particular, 0 € F*°. Hence when j — oo,
d; == distgn+1(0,F7) — 0, and by Lemma 2.2.1, 7;,;(F’) F-subconverges to some
Caccioppoli set Foo = spt[ﬁ *] C F with distant 1 to the origin and an optimally reg-
ular stable minimal boundary. By maximum principle [SW89, Ilm96], F> C Int(E).
But since F is not minimizing, by comparing rescalings of F with the Caccioppoli
set constructed in Lemma 3.4.13 and using maximum principle [SW89, TIm96], we get
a contradiction.

On the other hand, by Lemma 3.4.12, t — R\ _;(Int(F>)) is a weak-set flow
from Dy. Hence by Proposition 3.4.11, we have D; D R"™! \ Int(F>). Combined
with (3.4.11) when A = 1, we have dD; = 9F*> and Int(D;) = R""!\ F>.

Finally by (3.4.11), we have ny(F>®) C F>® for A\ > 1. Hence ¢ = 2H"" =
X - Vg > 0 on regular part of S* and is not identically 0 since S* is not a cone.
Recall that by self-expanding equation [Din20, (3.9)], we have (Lg~ +1)¢ = 0, where

L is the Jacobi operator for E-functional defined in (3.4.5). By (3.4.6), this is also
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a Jacobi-type equation. Hence by strong maximum principle, ¢ > 0 and is bounded
on regular part of S°° in each ball. And therefore by Corollary 3.3.3, Sing(S*°) = ()

and spt(S) is a radial graph over Int(E). O

Proof of Theorem 1.5.5. Let E C R™! be a closed cone bounded by C. Recall by
Remark 3.4.2 (1), E is viscosity mean convex. If F is not perimeter minimizing in
E then Theorem 3.4.15 provides entirely smooth, strictly mean convex self-expander
S C Int(F) and distant asymptotic to E near infinity. Thus the blow-down of S
restricted to B; will be strictly mean convex hypersurface approximating C N B; in
the Hausdorff distant sense.

If £ minimizes perimeter in E, Theorem 3.4.14 provides a smooth minimizing
hypersurface S C Int(F) with C to be the tangent cone at infinity. Blow-down 7,(.5)
(A N\ 0) also converges to C locally in the Hausdorff distant sense, and restricting to
By, n\(S) are strictly stable. Let ¢; > 0 be the first eigenfunction of Jacobi operator

Ly, (s) on the domain 7, (S) N By, then for sufficiently small €,

{x —ep1(2) - vy, s) @ € Ma(S) N By},

is a properly embedded smooth hypersurface in B; with positive mean curvature, and

still approximate C N'B; in Hausdorff distant sense. O
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Chapter 4

Min-max Minimal Hypersurafces

with Obstacle

The work described in this chapter was first presented in [Wan22b).

4.1 Introduction

We consider in this Chapter min-max problem in a manifold with boundary.

The first goal of this Chapter is to prove the existence Theorem 1.3.4 for min-max
minimal hypersurface with obstacle. For the precise statement, see Theorem 4.4.3
and the set-up in Section 4.4.

Our proof is based on the idea of min-max construction in [Pit81] and the reg-
ularity result in [SS81]. Two major difficulties are the lack of Schoen-Simon-type
regularity for stable varifolds near OM, and the invalidity of unique continuation
result for minimal hypersurface with obstacle. To fix this, we propose a general
structure theorem for a certain class of varifolds V' near 0M, which may be viewed as

generalization of e-regularity results in [Mir71] to the stable case analogous to [SS81].

Theorem 4.1.1 (c.f. Theorem 4.3.2.). Let U be a relatively open subset in M with
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UNOM # 0. Suppose X is an integral varifold in U such that

e Restricted to the interior of M, ¥ is a stable minimal hypersurface in U with

multiplicities;

e X satisfies the following variational inequality, the first variation of area

d Area[X](X) > 0,

for every vector field X € Z.(M) which points inward or tangent to the bound-

ary along OM .
Then Y is the sum of finitely many C graphs over OM near each point p € OMNU.

The improved regularity of min-max solution then follows from a standard re-
placement argument together with a uniform C'! estimate for graphs satisfying a
variational inequality. Based on this, the compactness is also proved for a family of
constrained embedded stable minimal hypersurfaces, see Corollary 4.3.3.

A natural question is when the hypersurface we construct above has vanishing
mean curvature. By strong maximum principle [Whil0], this is the case when M is
weakly mean convex. Without mean convexity, in Section 4.5, we prove the following

rigidity theorem,

Theorem 4.1.2. Let ¥ C N™™! be a two-sided, non-degenerate smooth closed min-
imal hypersurface; € € (0,1). Then there’s s = so(X, N,e) > 0 such that if 6 €
(0,50), then any constrained embedded minimal hypersurface in the d-neighborhood

Clos(Bs(X)) of ¥ with the mass between " (X) and (2 — €)F"(X) is 3 itself.

In view of the local min-max property by [Whi94], we can see from Theorem 4.4.3
and Theorem 4.1.2 that a non-degenerate two-sided smooth minimal hypersurface

could be reconstruct from min-max in a sufficiently small neighborhood. In Chapter
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5, we generalize the approach above to construct minimal hypersurfaces lying nearby
certain singular minimal hypersurface under any sufficiently small perturbation of the

metric. See Section 5.5 for the precise statement.

Organization of the Chapter.

In Section 4.2, we introduce some notations and preliminaries for constrained station-
ary varifold, an object we shall deal with throughout this chapter. We also include a
brief survey on obstacle problem in the minimizing setting in Section 4.2.3 and two
OYl-regularity theorems we shall use later, the proof of which are in Appendix B;
Section 4.3 is devoted to the proof of main structure theorem for constrained station-
ary varifolds that are stable in the interior. In Section 4.4, we discuss the min-max
constructions and prove a precise version of Theorem 1.3.4. Section 4.5 discusses

Theorem 4.1.2.

4.2 Preliminaries

Throughout this chapter, let (M, g) be a compact oriented n + 1-dimensional smooth
manifold with boundary dM # (), n > 2; For the sake of simplicity, we can always
extend (M, g) to a closed n 4 1-manifold (M, §) isometrically embedded in R*. We

always work under the intrinsic topology of M. Write
e B.(p) the open geodesic ball in M of radius r centered at p € OM;

e vy the inward unit normal field of OM with respect to M, extended to a
neighborhood of M by V,,,,van = 0; The scalar mean curvature Hyys and
second fundamental form Agy; of OM in this chapter are with respect to this

inward normal field;

o TFM :={v & T,M:v-vgy > 0}, the inward pointing vectors in T}, M;
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e Z2.(U) the space of compactly supported smooth vector fields in a relative open

subset U C M;
o 2F(U)={Xe2U): X, €T M, ¥pecIM};
o Zln(U):={X e 2.(U): X, eT,0M, Vp e OM}.

Let s be the relative injectivity radius of M in M, i.e.,

ra = min{ injrad(9M), sup{r : (z, s) — expl’ (s - vou())
(4.2.1)
is a diffecomorphism on OM x (—r,7)}}.

We shall work under Fermi coordinates in B,,,(OM),

$:OM x (_TMJTM) - BTM<8M)7 (LZ',S) = eXpy(S ’ V8M<x))7

and shall simply write a point p = ®(z, s) € B,,,(0M) as (x, s). Under this notation,

for u € CY(U, (—rps,mar)) on some domain U C OM, we have

graphy,,(u) = {(z,u(z)) : z € U}.

For x € OM and r € (0,7)) write
o C.(x):={(y,s) : distorr(y,2) <7, |s| <7} the open cylinder in M:;
o CH(x):={(y,s) : distoy(y,z) <r,0 < s <r} the open half cylinder in M;
e 07C,.(x) :={(y,r) : distop(y,x) < r} the top boundary of C,.(x);

o 0°C\(x) :=={(y,s) : distor(y,z) = r,|s| <r} the side boundary of C,(z).
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4.2.1 Constrained stationary varifolds

Throughout this subsection, let M be a compact n + 1-manifold with boundary as
above, 1 < k < n, U C M be a bounded relatively open subset. We note that
the following definitions also generalize directly to properly embedded M C R%, not

necessarily compact.

Definition 4.2.1. Call V € V(M) stationary in U if

SV(X)=0, VX e 2.U);

Call V € V(M) constrained stationary along OM in U if

SV(X)>0, VX e 2U);

Call V' stationary with free boundary along OM in U if

SV(X)=0, VXeZ!"(U).

We shall omit the description along OM in both cases if there’s no ambiguity.

The same condition of a constrained stationary varifold is studied in [Whil0],
where it is called varifold minimizes area to first order. The notion of stationary
varifold with free boundary was introduced in [GcLZ20] for the study of free boundary
minimal surfaces. Since Z["(U) C Z.7(U) and X € Z!(U)iff —X € Z!*"(U) by
definition, every constrained stationary varifold in U is stationary with free boundary.

We list some basic results about constrained stationary varifolds, which will be

used in the next few sections.

Lemma 4.2.2 (Compactness). Let (M;,g;) C RV be a family of manifolds with

boundary, converging to (M, g) in C2,, % C RY be an open subset such that U =

locy
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U M ; Let V; € Vi(M;) be constrained stationary in % NM; and V; = V € Vi (RE).

Then, V € Vi (M) is constrained stationary in U.

Proof. By the continuity of §V(X) in V w.r.t. varifold topology and in X w.r.t. to

C'! topology. O]

Lemma 4.2.3 (Boundary Monotonicity). Let X C U N IM be a compact subset.
Then there exists Ry = Ro(M,U,K) > 0, A = A(M) > 0 such that if V € V(M) is

a stationary varifold with free boundary along OM in U, p € IC, then the function

61\7“

r= VI8 ()

rk

is non-decreasing in r € (0, Ry). Moreover, when (U, M, g) = (RTT RT |dx|*) and

p=0, if ||[V|(B.(0))/r* is constant in r € (0,+00), then V is a cone, i.c.

(o )sV =V, Vr € (0, +00).

This is a corollary of [GcLZ20, Theorem 3.4], where N = OM and an explicit

monotonicity formula is proved.

Corollary 4.2.4. Suppose V' € IV (M) is a stationary integral varifold with free
boundary along OM in U; x € spt(V)NU NOM, then

0" (x, IV]) = 27"

Proof. Since V is integer multiplicity k-rectifiable, there exist (under Fermi coordi-
nates) p; = (z;,t;) — x such that 6%(p;,||V|) > 1. Let r; := |x — x;|. Suppose

WLOG that either ¢; =0 or t; > 0 for all j > 1. For every 0 <r << 1, take j >>1
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such that r —r; > 2¢;. In the first case, by Lemma 4.2.3

 VIEE@) > 1 )
x)) > limsu
wyr* " - j%opwk(r—rj)

e

| VIBE, (2;)) > 1

While in the second case,

eAr Ar
VI||(BE(x)) > 1 VI||(BE, (z;
AIVIENE) = tmsip V(B (x,)
AQt]' I
> i —— | V||(B ;
A2tj
> limsup

€ L —k
W||V|’(Etj(29j)) >27"

j—o0 2

where the second inequality follows from Lemma 4.2.3, and the last inequality follows
from interior monotonicity formula for stationary varifolds. Let » — 0, the corollary

is proved. O

Lemma 4.2.5 (Strong maximum principle). Suppose W := UNIM is connected and
mean convez, i.e. H@M Vamlw > 0; V €IV, (M) be a constrained stationary integral

varifold along OM in U. Suppose spt(V) NW £ ), then
(1) W C spt(V) and Hypy =0 on W.

(2) Moreover, VLU = Vy,+V; where Vi, = m|W| for some m € N and spt(V;)NW =
0.

Proof. (1) is proved in [Whil0, Theorem 4], so is (2) under the additional assumption
that V is stationary. The only place stationarity is used is that x € spt(V) N W
implies 6" (x, ||[V'||) > 1, which also holds for constrained stationary integral varifolds

in mean convex domain by combining (1) and the proof of Corollary 4.2.4. O]

The following lemma guarantees that constrained stationary varifolds have locally
bounded first variation when viewed as a varifold in M. Recall 7y, is defined in

(4.2.1).
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Lemma 4.2.6. Let V € V(M) be constrained stationary in U with |V ||(U) < A;
U ccU. Then3 C=C(M,U,U") >0 s.t.

V(X < CIIVIIU) - IXlco, VX € Ze(U).

Proof. We shall work under Fermi coordinate in B,,,(0M), where vy, is extended
by Vg Vanr) = 0. Let n € CH(B,,,(0M)NU),|0,1]) and equal to 1 near OM NU".
For every X € Z.(U") with || X||co <1, let Xg:= X —n - (X, von)von. Notice that
+Xo€ Z7(U) and 1 £ (X, vgp) > 0, hence

W (X) = /divSXo + divS (n - (X, vorr)von) dV (z, S)
= /divs(n (X, vor) — Dvan) dV(z, S) + /divs(n Vo) dV (z, S)

< [ vour) dV(2.5) < COLUUV(O)
where the first inequality follows from that n-(1— (X, var))ven € Z.F(U). Similarly,

SV(X) = / div® (n - (X, vors) + Vvons) dV (z, ) — / div® (1 - vory) dV (z, S)

> / div® (- vorr) dV (z, §) > —C(M, U, U")||V|[(U).

where C(M,U,U") :=||n - voum||cr- O

Corollary 4.2.7. Let V € IV, (M) be a constrained stationary integral varifold in
U. Then Vzx € spt(V)NU NOM, the tangent varifold of V at x exists and equals to
m|T,0M| for some m € N.

Proof. By Lemma 4.2.2, 4.2.3, 4.2.6 and Allard Compactness Theorem [Sim83b,
Chapter 8, 42.7, 42.8], up to a subsequence of r; = 0, (n,.,,);V = C € IV(T,F (M)).
Moreover, by the rigidity part of Lemma 4.2.3, C is a constrained stationary cone

along T,(OM) centered at 0. Since 0 € spt(C), by Lemma 4.2.5, C = m|T,.(0M)|+C;
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for some stationary varifold C; supported in 7,7 M\ T,(0M) and m € N. But since C;
is also a cone, C; = 0 and C = m|T,.(OM)| and hence is unique since m = 0" (z, ||V'|)

is independent of the converging sequences. O]

4.2.2 Constrained embedded hypersurfaces

A major problem in the regularity theory of constrained stationary varifolds is that
one should not expect embeddedness near 9M. Consider for example, M = R""!\
B (0), V = |S}(0)| + [{zns1 = 1}| € TV, (M) is constrained stationary in M but
is supported on an immersed submanifold with self-touching points. We introduce
in this Subsection the following notion of constrained embedded hypersurfaces in
order to describe the optimal regularity for constrained stationary varifolds. Suppose

U C M is a relatively open subset. Recall Int(U) = U \ M.

Definition 4.2.8. Call V € 7V, (U) a constrained embedded hypersurface with
optimal regularity if Vp € U, there’s a neighborhood U, of p in U, m € NU {0} and

C*H! embedded hypersurfaces ; C U, without boundary, 1 < j < m such that
(1) ViU, = 3255 1551,
(2) OM NU,NClos(%Z;) \ X; =0 and " 2(U, N Clos(%;) \ X;) =0,

(3) If ¢ € U,NClos(X;)NClos(X;), then either ¢ € OM or Clos(X;)NInt(U,) coincide

with Clos(X;) N Int(U,) on the connected component containing q.

Let

Sing(V') := {p € spt(V)NInt(U) : p is not a regular point of hypersurfaces above in U, } .

Here a hypersurface ¥ C M is called O if locally it’s the graph of some C1®

function over some n-plane.
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Remark 4.2.9. (1) When a constrained embedded V' is constrained stationary along
OM , it’s clear that spt(V)NInt(U) is a minimal hypersurface in Int(U); Also for every
x € OMNU, suppose for some neighborhood U, of z that VLU, =}, | graphg, (u;)|,
since u; are C*' and by Lemma 4.2.5, {u; = 0} C {y € OM : Hyy > 0}. Hence
Vomuj(z) = 0, Agyuj(z) = 0 for ae. z € {u; = 0}. And as a CH' graph,

graphy,,(u;) has mean curvature of form

H = a(z,uj, Vonuj) - Vo, + b(x, uy, Vorruy),

whenever u; is differentiable up to second order. In particular, |graphy,,(u;)| has
L*>-mean curvature, which vanishes in Int(M) and equals to Hoyr — Agnrv; = Honr
for a.e x € {u; = 0}. And thus, |graphy,, u;| is constrained stationary in U along
oM.

(2) Also note that a constrained embedded hypersurface V' could be viewed as
the associated varifold of some immersed hypersurface. More precisely, consider > C

M x N defined by

X={(p,Jj) :p€spt(V)\Sing(V),1 <j <0"(p, |VI)},

and endow topology on ¥ by specifying neighborhoods of points in 3:

e If (p,j) € Int(M)xNNX, O C X is a neighborhood of (p, j) iff 3U > p an open
subset of M such that U x {j} C O;

o If (p,j) € OM x NN X, let U, be a neighborhood of p in M such that V. U, =
S | graphyy, (u;)|, where 0 < uy < uy < ... < uy,, are CH' functions over
U, N OM; And such that for every x € U, N OM, if u;(x) = u;(z), then either
they both vanish or u; = u; on the connected component of {u; > 0} containing

x. By definition of ¥, m, > j; for each x € U, NOM, define [;(z) := inf{l € N :
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Now, O C X is a neighborhood of (p, j) iff U C OM NU an open neighborhood

of p in OM such that
{(z,uj(x),j—lj(z)+1):xeU} CO,

where recall that (z,u;(z)) represent a point in spt(V') under Fermi coordinate

near OM.

We leave it to readers to verify that such ¥ admits a natural C*! structure making

Y. — M by projection onto first factor a C''! immersion, whose associated varifold is

V.

Definition 4.2.10. Let {V}}, V be constrained embedded hypersurfaces with optimal
regularity in U. Call V; C'-converges to V if F(V,V;) — 0 and Vp € spt(V) \
Sing(V), there’s some neighborhood U, N Sing(V') = 0 of p such that

(1) If p € Int(U), then U, N OM = 0, V.U, = m|X| for some m € N, ¥ C U,

properly embedded hypersurface and V;LU, = > | | graphy, (vﬁz))\ for some U](-i)

with [0 |c1(z) = 0 as j — oo

(2) If p € OM, then VLU, = 37 | graphyy, (u®)], ViLU, = 37 | graphyy, (ul”)]

for some m € N, u®, uy) € CH(OM NU,) and |[u® — u§i)|c1 — 0.

4.2.3 Obstacle problem
Here we only focus on minimal hypersurfaces with smooth obstacle. Problems in two

different settings are well studied, mainly for hypersurfaces in the Euclidean spaces.

e Non-parametric obstacle problem. Let (2 C R" be a smooth bounded convex

domain. ¢ € C?%(Q), ¢ € C?*(99). Consider the problem
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(N) Minimize

o (u) ::/Q\/l—l—|Vu|2 dx

among all Lipschitz functions u such that u = ¢ on 92 and u > ¥ in €.

The existence and uniqueness of solutions to problem (N) was studied by [LS71]
and [GP71] under weaker assumptions on 1, ¢ and €. See also [Giull].

The regularity of minimizer @ in problem (N) was also studied in [LS71] and
[GPT71]. Assuming ¢» € H?P, they are able to prove 4 € H*P, ¥n < p < +oo. Using
an approximation argument, [BKL74] shown that @ is C*! provided v € C2(Q).

A linearization of problem (N) is studied in [CK80], where they considered the
minimizer of enegry functional & (u) := [, |Vu|* dx instead of area functional <7, and
obtained Ch®-regularity for minimizers by a Harnack-type inequality only assuming
P € Ch(Q), 0 < a < 1. Their approach was generalized in [Lin85] to deal with the

non-parametric obstacle problem for area functional.

The regularity result we shall use in the rest of this chapter is

Theorem 4.2.11 (Interior Regularity). Let M C RY be as in Section 4.2, a €
(0,1). Then there exists rg = ro(M) € (0,7a/2) such that, if r < ro, y € OM,
ue CYB.(y),[0,7) NCLY(B,(y) \ {y}) with |Vu| < 1 and | graphy,,(u)| constrained

loc

stationary in C,(y) along OM, then u € C. (B.(y)) and for every compact subset

loc

’C - Br(y)7
IVu(z) — Vu(z")| < C(M,K,ro)|x — 2’|,  for every x, 2" € K.

For later applications, we include the case with isolated singularity. The proof
essentially follows [Lin85]. For some technical reason, we have to assume a-priori
Obe regularity instead of only C* regularity. But the point is we don’t need a-priori
a uniform C1® bound. For sake of completeness, we include in Appendix B the proof

of Theorem 4.2.11 and the following Theorem 4.2.12.
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e Parametric obstacle problem. Let Q C R"*! be a bounded domain, £, C R**!
be a set of finite perimeter. Consider the following obstacle problem for minimizing
boundary

(P) Minimize M(J[E]) among all Cacciappoli sets E C R""! with spt([E] — [Eo]) C

Q.

Regularity of solution £ to Problem (P) was first studied by [Mir71], in which he
shown 0, F is of class C' near 992 provided 92 is C* ( Call a hypersurface of class C*
if locally it’s the graph of some C*® function ). Combined with the result in non-
parametric problem, 0,F is Cb® if 9 is C**, 0 < o < 1. Different approaches were
exploited in [BM82] and [Tam82] where C%¢ regularity (a € (0,1)) of 9,F is proved
assuming H?? or C'%® regularity of 9§ correspondingly. We assert that [Tam82]
proves a general regularity result on the reduced boundary with good excess estimate
(see also [Alm75,Bom82] ), hence directly generalizes to minimizing boundary with
obstacle in a manifold. The following regularity for minimizing currents with obstacle

in a compact manifold with boundary will be used in Section 4.4.

Theorem 4.2.12. Let M C R” be as in Section 4.2, U C M be a relative open
subset with non-empty intersection with OM. Suppose T € Z,(U) minimizes mass in
{Se€zZ,(U):spt(T"—S) cCcU}. ThenVy € UNOM, there’s a neighborhood U, of
y and CH functions uy > ug > ... > u, > 0, |Vuy| <1 such that

(1) £T U, = 371 [graphyy, (u)] Uy

(2) For every x € U, N OM, if u;(z) = u;(z), then either w;(x) = uj(x) = 0, or

u; = u; on the connected component of {u; > 0} containing x.
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4.3 A Structure Theorem near the Boundary

The goal of this Section is to prove the following structure theorem for a class of
constrained stationary varifold near OM. Throughout the section, U C M be a
relatively open subset with nonempty intersection with oM, K € OM NU be a
compact subset. Keep working under Fermi coordinates near OM. Use x,y,z to
denote points on OM and p = (z,t),q = (y, s) to denote points in Int(M). We shall

not distinguish between x and (z,0).

Definition 4.3.1. Call V' € V,(Int(U)) a stable minimal hypersurface with
multiplicity, if there exists a countable family of disjoint properly embedded stable
minimal hypersurfaces {¥;},>1 with optimal regularity in Int(U) (i.e. Sing(X;) N

Int(U) are of Hausdorff dimension < n —7.) and m; € N such that

° Uj21 ¥; has no accumulation point in Int(U), i.e. Clos(UjZl ) NInt(U) =
Uj21 25

o V=22 myl%l.

Call points in (J;5, Reg(X;) regular points of V' in Int(U).

Call V € ZV(U) constrained stable varifold if V' is constrained stationary in U
and a stable minimal hypersurface with multiplicity in Int(U). Call it constrained
embedded stable minimal hypersurface if in addition it’s a constrained embed-

ded hypersurface.

Theorem 4.3.2. Suppose V€ IV, (M) be a constrained stable varifold in U along
OM with |V|[(U) < A.
Then 3 rqg = ro(M,U,KC,A) € (0,dist(K,U)/4), mg = mo(M,U,K,A) < 400
such that, for every y € KC,
VLG (y) = Vo + Vi,
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where V. is a stable minimal hypersurfaces with multiplicity in Cy,(y) and spt(Vy) N
By jpo(OM) = 0; Vo = 377 | graphy,(u;)| for some 0 < m < mg and C* functions

w; : By (y) = [0,3r0/4) satisfying
(1) spt(Vo) Nspt(Vy) = 0;
(2) ug > ug > ... > Uy, |Vu| <1/2;

(3) If y' € B, (y) such that w;(y') = u;(y'), then either u;(y') =0 or u; = u; on the

connected component of {u; > 0} containing y'.

If further, u; € CYY(B,,(y)), then | graphyy,(u;)| is a constrained stationary varifold
in Cro(y)-

An interesting analytic question is whether one can directly conclude that u; €
oL,
In view of Theorem 4.2.11, a direct corollary of Theorem 4.3.2 is the compactness

of constrained embedded stable minimal hypersurfaces. The proof is left to readers.

Corollary 4.3.3. Let {V;};>1 be a sequence of constrained embedded stable minimal
hypersurfaces in U along OM, with ||V;||[(U) < A. Then up to a subsequence, there
exists a constrained embedded stable minimal hypersurface Voo € IV, (U) such that V;

converges to V in varifold sense and in C' sense (see definition 4.2.10).

The rest of this Section is devoted to the proof of Theorem 4.3.2. We start with

a tilt estimate of constrained stable varifolds near M.

Lemma 4.3.4. Let V' be in Theorem 4.3.2. There exists a continuous function p :
(0,1/2) — (0,dist(IC,U*)/2) depending only on M,U,K, A such that, for every e €
(0,1/2), if p= (y,t) € K x (0, p(€)) Nspt(V), then V is reqular near p and 1 — |vy -

voum|(p)? < €, where vy denotes the unit normal of V.
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Proof. We shall argue by contradiction. If the statement is not true, then there’s
some € > 0, V; € IV, (M) constrained stationary in U, stable minimal hypersurfaces
in Int(U) with |V;||(U) < A and p; = (y;,t;) € spt(Vi) N Int(U) with t; — 0, y; € K

such that one of the following holds,
(a) p; is a singular point of V;LInt(U);
(b) p; is a regular point but 1 — |ty - vau|(p)? > €.

Suppose y; — yo € K. By Lemma 4.2.6, 4.2.3, 4.2.2 and Allard compactness [Sim83b],

up to a subsequence,

(nyivti)ﬁw = P7

for some P € IV, (T,; M) constrained stationary along 7,,,0M. Thus by Lemma 4.2.5,
P = k|T,,0M| + Py for some k € {0} UN and stationary integral varifold Py in T, M
with spt(Pr) C Int(T,} M).

On the other hand, since V;_Int(U) are stable minimal hypersurfaces, by Schoen-
Simon compactness [SS81], P; is a stable minimal hypersurface in T, M. Since
spt(Pr) C Int(T,F M), any tangent cone C' of P; at infinity is also supported in the
half space T;gM . Since 0 € spt(C) and C' is a cone, by the strong maximum princi-
ple [IIm96], C' is an integer multiple of |T,,0M|. Then by Schoen-Simon’s e-regularity
Theorem [SS81, Theorem 1], Pr = 3 |L;| for some hyperplane L; C Ty, M parallel
to T,,0M.

Now that, consider (up to a subsequence) n,, ,(p;) — po € Int(T,; M). Since py is
a smooth point of P; with tangent plane parallel to T,,,0M, by [SS81, Theorem 1],

neither of (a) (b) is true. O

From now on, let p be the function in Lemma 4.3.4 with respect to some K’ C UN
OM such that K C Int(K'). We shall also assume, WLOG, that p < min{1, dist(IC, (K))}.

The following is a direct corollary of Lemma 4.3.4, and the proof is left to the readers.
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Corollary 4.3.5. For every k € N and p = (y,t) € K x (0, p(1/(10k?))/2) Nspt(V),
the connected component of spt(V)NCr(y) containing p is the graph of some function
u € C®(Br(y)) with

0<|ul <2t, |Vu|<1/(2k).

Now we proceed with the proof of Theorem 4.3.2. Fory € K, let o = p(1/4000)/2.

Suppose VL.C5

5o (Y) = D2 ;51 my|X;| where ¥; are connected, disjoint regular stable

minimal hypersurfaces. Let J := {j > 1:%; N B, 2(OM) = 0}; Vi =3 ;my|%;]
and Vy = ViCs,,(y) — V4. By Corollary 4.3.5, spt(Vy) C Bsyya(0M), spt(Vp) N
spt(Vy) = () and Vj is also constrained stationary in Cs,,(y) N M along OM.

Define m : B,,(y) = Z U {400} by

0, if Vo = 0;
m(@) = (4.3.1)
ST vl Ve £0.

p=(z,t)espt(Vo)

Note that by Corollary 4.2.7 and Lemma 4.3.4, 0™ (p, ||V'||) € Z for p € spt(Vo)NC,, (y),
hence m(z) € Z U {4+00}. We shall show that m is constant on B,,(yo), bounded

uniformly from above.
Lemma 4.3.6. m(x) < mq for some mo = mo(M,U, K, A, r¢) and every x € B,,(y).

Proof. For every x € B, (y) fixed, let {t > 0: (x,t) € spt(Vp)} = {t1 > t2 > ...(> 0)},
t1 < 3ro/4; and let n; := 6™((x,t;),||Vo]]) € N. By Corollary 4.3.5, for each ¢ > 1, the
connected component of spt(VoLCy, (x)) containing (x,t;), denoted by S;, is a smooth

minimal graph over By, (z), and {S;};>1 are disjoint. Moreover
15| (Bar, () > e - ot}
for some A; = A(M) > 0 by interior monotonicity of area.
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Also, by Lemma 4.2.3, suppose WLOG A; > 0 such that ¢ — e||Vy||(By(z)) /"

is non-decreasing on (0, 2r(). Therefore,

€A127’0 6A1~(2t1)
—— ||V [ (B - > ||[VLHI(B L
oy Vo B () 2 V0l (B ()
eAl.(2t1) 6A1~(2t1) R
= ———— n||S||(B —|W||(B
iy IS B, @) + S V(B ()
6A1~(2t2) R
> 27+ ——— |V ||[(B
5] +(Un(2t2)n|| 1||( 2t2($))
6Al.(21;2) eAl.(QtQ) R
=0 27 | S| (B A ATl
n +wn(2t2)” n2|| 2”( 2t2<x))+wn(2t2)n” 2”( 2t2(‘r))
A1-(2t3) R
> 27— || VL ||[(B
> (n1 + n2) +wn(2t3)"” 2| (Bay, ()

> (Y )27+ 0", Vol

i>1

where V; is a constrained stationary integral varifold in Cy, (z) defined inductively by
Vo i=Vo;  Vii= (Viet — il Si )L Cla, ().

Hence, the lemma follows from [|[V,||(U) < ||[V[[(U) < A. O

Let m := sup,ep, () m(z). WLOG m > 0. We are going to define inductively the
functions u; in Theorem 4.3.2. Let
o Vo= VorChy(y);

e For 1 <i<m, u;(x) :=sup{t: (z,t) € spt(Vi_1)}, © € By, (y);

e For 1 <i<im, V;:=V,_; — |graphy,, (u)|;
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e For1<i<m,xeBy(y),

0, if V;, =0;
m;(z) = ~ ~
S IViD, iV #£0,
p=(x,t)€spt(V;)
where we set sup) = —oo. The following lemma guarantees they are well-defined.
(We set mg(x) := m(x).)

Lemma 4.3.7. For u;, V; defined above, 1 <i < m,
(1) u; are nonnegative C functions on B, (y), and is C* in {z : u;(x) > 0}.

(2) Vi are integral varifolds in Cy,(y) such that V,LC)t (y) are stable minimal hyper-

surfaces with multiplicity supported in spt(Vp).

(3) Yz € spt(Vi) N B,,(y), the tangent varifold of V; at x is k|T,0M| for some

positive k € N.
(4) mi(x) = mi(x) =1, Vo € By, (y).

Remark 4.3.8. By (4) of Lemma 4.3.7 and that m; > 0, we see m; = 0 and
Vo = 3.7 | graphy,,(u;)|. Together with (1), this proves the first part of Theorem
4.3.2.

If further, u; € CH(B,,(y)), then (denote | graphy,,(u;)| by T for simplicity) the

mean curvature of I' is in L>(M, ||['||) satisfying

Hp = Hyyy  Aace. on {u; = 0}.

Combined with Lemma 4.2.5, we see ﬁp -vom < 0, hence T is constrained stationary

in C,,(y) along OM. This proves the second part of Theorem 4.3.2.
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Proof of Lemma 4.3.7. : 1t’s sufficient to prove (1)-(4) inductively in ¢ assuming they
hold for 1 <1 <i—1. i =1 case is treated in the same way without a-priori inductive

assumption.

(1) w; is clearly upper semi-continuous by definition; While by Corollary 4.3.5,
together with the assumption that spt(V;_;) C spt(Vy) and Vi1 Cif (y) is a stable
minimal hypersurface with multiplicity, we know that w; is lower semi-continuous,
and then smooth, in open subset {u; > 0} C B,,(y).

Note also that by assumption (4) for 1 <1 <i—1 < m, spt(V;_;) # 0. Hence
{u; > 0} # 0. To prove the continuity of w;, it suffices to verify that w; > 0. If not,
then by upper semi-continuity of u;, there exists an open ball B C {u; < 0} and some
point z € OB N {u > 0}. Moreover, by the continuity of u; on {u; > 0}, w;(z) = 0.

By definition, z € spt(V;_1), then by the assumption (3) for i — 1 when ¢ > 2 and

Corollary 4.2.7 when ¢ = 1, we have

(n22)3Viea S kT, 0M|, as A —0,

for some k > 1. On the other hand, by definition, B X (—rg, ro) Nspt(V;_1) = (), hence
the weak limit above should be supported in a half space. Here comes a contradiction.

That v; is differentiable and C* on B,,(y) follows from Corollary 4.3.5 and Lemma
4.3.4.

(2) Integrality of V; follows from assumption (3) for i — 1 if i > 2, from Corollary
4.2.7ifi = 1, from that u; € C(B,,(y)) by (1) and from that graph,,,(u;) C spt(V;_1)
by definition. Hence spt(V;) C spt(Vi—1) C ... C spt(Vp). Since Vo Cyt (y) is smooth
minimal hypersurface with multiplicity and {w;}i<<; are C, Vil_C;g(y) is also a

smooth minimal hypersurface with multiplicity.

90



(3) Vz € spt(ViNnB,,(y)) fixed, by assumption (3) for i—1 and that u; € C1(B,,(y)),

(M2)eVi = (Mo )i Viet — (720)¢] graphyy, (u;)] = k|T,0M|,  as A — 0,

for some non-negative k € Z. Thus, to prove (3) for i, it suffices to verify that
0™ (z,V;) > 0. The proof is similar to the one of Corollary 4.2.4. The only difference
is that it’s unclear whether V; is constrained stationary in C,,(y) or not, so Lemma
4.2.3 does not apply directly. In what follows, we shall establish a quasi-volume
monotonicity for V;.

Claim: Ve > 0, there’s an r; € (0,79) depending on € such that, for every 0 < o <

n <y and every x € By, (y) such that B (z) C C,,(y), we have

eA'r] B . Ao
Vil (B, (z)) =

Vi||(BE —2m? 4.3.2
o [Vil|(By () — 2m7e, (4.3.2)

wWpo™

where A is in Lemma 4.2.3. Notice that by taking e sufficiently small in (4.3.2), the
proof of Corollary 4.2.4 generalizes directly here to prove the density lower bound at
every point in spt(V;).

Proof of the claim: First notice that 4, > 0 and k£ > 4 both depend on € such that,

for every 0 < r < ry, every B,(z) C B,,(y) and an arbitrary function v € C'(Bs,.(2))

satisfying
1 1
—|v| +|Vamv| < = on Bay.(z),
r k
by area formula we always have,
eAr
1~ < | graphoy (0) | (B(2) < 1+ ¢, (4.3.3)

Note that we don’t require v to satisfy any equation at this point.

Now take r; := min{ry, p(1/(40k?)),1/k}/10, where p is specified in Corollary
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4.3.5. For every 0 < r < 7 and every B,.(x) C B,,(y), by our choice of r; and

Corollary 4.3.5, V1 <[ < i, either

1

1\ | <
_u R
=g

1
|Vorruw| < o {w; =0} #0, on By (x); (4.3.4)
or
w >0, on By(x). (4.3.5)

Note that if u; satisfies (4.3.5) on B, (x), then it satisfies (4.3.5) on every By(z) C
By, (x). Also note that once u; > 0 on By, (), | graphy,,(w;)| is a stationary varifold in
B, (x) X (=719, 70) and hence Vi — | graphy,,(u;)| is constrained stationary in B, (x) X
(—70,70)-

Now that V0 < o < n < 11, VBy,(x) C B,,(y), let
I :={l:1<1<i,u satisfies (4.3.4) for every r € [o,7n]};
I :={l:1<1<i,u satisfies (4.3.5) with r = n};
I3 :={1,2,...,i} \ (L U Iy).

And for | € I3, let t; := inf{t € [o,n] : (4.3.5) fails with r = ¢}. After relabeling the

index, WLOG I3 = {1,2,...¢} and t; <ty < ..t;, ¢ € NU{0}. Denote for simplicity,

At
a(z,t; V) = ‘

— VI (2)); ae,t) == a(e,t; | graphay (w)]),

and I'; := | graphy,,(w;)|. Then by the discussion above, for every [ € I, by (4.3.3),

we have

au(a,m) — alw, )] < la(e.n) — 1] + la(e.0) — 1] < 2. (4.3.6)
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And for every [ € I3, by definition of ¢; and (4.3.3), we have
lai(x,n) — a(z,t)| < |a(x,n) — 1| + |a(x,t) — 1] <2, Vi <t <. (4.3.7)

Also for every 1 < ¢ < ¢+ 1, and for every [ € I3 such that ¢ < [ < ¢, we have
spt(I')) N By, = 0. Thus we know that Vy — doen i — Zq/glgq I'; is constrained

stationary in By, () X (—70,79). By Lemma 4.2.3 we then have,

t— a(z,t; Vo — Z r,— Z I';) is monotone nondecreasing in ¢t € (0,,).

lelr q'<l<q

(4.3.8)

Here we use the convention that ¢, := 7. Combining (4.3.6), (4.3.7) and (4.3.8), we

have,

a(x,n;V)—axn,%—ZFl Zalxn) Zak(ac,n)

lely =1 kel
> a(x,ty; Vo — ZF; Zal:vt)+2e)—2(ak(x,0)+26)

le]y =1 kel

q—1

> a(z,ty; Vo — ZI’[ Zal Z ap(z,0) — 2me

lely =1 kel

q—1
> a(w, ty—1; Vo — ZFI (ar(z,ty—1) + 2€) — Zakxa—2me
lely 1=1 kel
q—2
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Here we also use the fact that ¢ = #1I3 < i < m. This completes the proof of claim.

(4) follows immediately from (3) and Corollary 4.3.5. O

Remark 4.3.9. From the proof we can also see that ro = ro(M,U,K,A) can be

chosen to depend continuously on (M, M) in C? topology.

4.4 Min-max with Obstacle

4.4.1 Almost minimizer and regularity

The notion of almost minimizing varifolds was introduced in [Pit81] to prove the
regularity of stationary varifolds obtained from min-max construction. We employ
similar notions here. The only difference is that everything is supported in an ambient
manifold with boundary, making the regularity result more subtle near the boundary.

M will be as in Section 4.2, U C M be a relatively open subset.

Definition 4.4.1. Call {TW}/_, C I,(U) a é-sequence in U starting at T if

V1<i<gq,
e spt(T0 —TO) cc U;
o My (TW) < My(T®) + 6;
o My(TW —TU=1) <4,

Call V € V,(M) almost minimizing in U, if there exist ¢, - 0, 6; — 0, T; € I,,(M)
with |T;] — V such that for every ¢ and every d;-sequence {T}’)};?:O in U start at T;,

we have
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Note that by definition, if V' is not almost minimizing in U, then 3 € > 0 such that
VT € I,(M) with F(|T|,V) < € and V§ > 0, there exists some d-sequence {T}1_
start at 17" with

My (T9) < My(T) — ¢

Theorem 4.4.2. Let V € V, (M) be almost minimizing in U. Then 'V is a constrained

embedded stable minimal hypersurface in U with optimal reqularity.

Proof. First see that by [Pit81], ViInt(U) is a stable minimal hypersurface with
optimal regularity; moreover, a similar argument in [Pit81, 3.3] yields that V' is con-
strained stationary in U. Now we focus on the behavior of V' near M. The proof of
integrality of V' is almost the same as in [Pit81, Chapter 3], with aid of the lemma in

Subsection 4.2.1. We briefly go through the proof.

e Replacement. YU’ CC U be a subdomain. Since V' is almost minimizing in U,
let ¢, — 0, 0; — 0 and |T;| — V be as in the definition. For each i, let 7} be a mass

minimizer among

&(T;, Clos(U")) := {T9 : 3 §-sequence {TW}L, start at T;
such that spt(T" — T;) c Clos(U’)}
The existence of such T} € &(T;, Clos(U’)) follows from Federer-Fleming Compact-

ness [FF60] and Discretization-Interpolation Theorem [MN14, 13.1, 14.1].

Moreover, T} is locally constrained minimizing in U’ and satisfies the mass bound

ITN(U) — e < 17U < TN,

Hence, by Theorem 4.2.12, |T7*| .U’ is a constrained embedded stable minimal hyper-

surface in U’. Then by Corollary 4.3.3, when ¢ — oo, |T| — V* € V,(U) satisfying
(a) V* is almost minimizing in U and V* .U’ is a constrained embedded stable
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minimal hypersurface;
(b) V*LClos(U")¢ = VLClos(U")¢;
(e) [V*IIU) = [IVII).

Those V* € V,(U) satistying (a)-(c) above will be called replacements of V in U’.

e Rectifiability. Thanks to Allard Rectifiability Theorem [Sim83b, Chapter 8, 42.4]
and Lemma 4.2.6, it suffices to show that 6"(x, ||[V]]) > 0 ||V|-a.e. x € OM NU.
Vo € spt(V)NUNOM, let r; € (0,disty(x, M\ U)/2), r; — 0; V;* be a replacement
of Viin A, o (7). Then by Lemma 4.2.3, |V} ||(As,/a,7r;74) > 0 for j >> 1. By the
same trick as in Corollary 4.2.4, [|[V}|(Ar, 2r;) > c(n, M)r} for some c(n, M) > 0.

Hence, 0"(x,||V||) > ¢ (n, M) > 0.

e Integrality. For V" constructed above, by Lemma 4.2.2 and 4.2.3, up to a sub-
sequence, (Nzr;)V — P, (e )V — Q, where P,Q € V,(RTH1) are constrained
stationary along R™ x {0}. ( We identify (T} M, T,0M) with (R, R" x {0}) for
simplicity. ) Moreover, by definition of replacements, QLA?EI(O) is constrained em-
bedded stable minimal hypersurface, hence stable minimal hypersurface by Lemma
4.25; And P = Q outside Clos(A73'(0)). By Lemma 4.2.3, P,Q are cones and
hence P = () is a stable minimal cone with optimal regularity supported in RTI.

By strong maximum principle, P = @ = m|R"™ x {0}| for some m € N. Therefore

0™ (x,||V]]) = m € N. This proves V € ZV,(U).

Now by Theorem 4.3.2, V is locally multiple C! graphs near M. To get CU!
regularity of the graphical function, we use again the replacements. In what follows,
we keep working under Fermi coordinates.

Let x € OM N U, rg = ro(M,U,{x},||V|[(U)) > 0 be in Theorem 4.3.2; U, C

Cr,(x) be a neighborhood of = such that VLU, = > 7", | graphy,,(u;)|, where u; >

96



Uy > .. > Uy, € CHU, NOM,RY), |Vu;| < 1/2 and {u; = 0} # 0. For any
p = (y,t) € graphy,,(u;) NInt (M), let V* be a replacement of V' in U, \ Clos(B;/2(p)).
By Theorem 4.3.2, V*LU, = | graphy,, (u*)| + V* for some V* € ZV,(U,) and u* = u;
on the connected component of {u; > 0} containing y by unique continuation; Since

V* is a constrained embedded stable minimal hypersurface in U,, by Theorem 4.2.11,

u* € CH(OM NU) and for every K C OM NU compact,

w1y < C(M, 19, K).

By applying the replacement on every connected component of spt(V') N Int(U,), we
see u; € CLH(OM NU,). By the arbitrariness of ¢ and 2 and second part of Theorem

loc

4.3.2, V is a constrained embedded stable minimal hypersurface in U. O]

4.4.2 Min-max construction

In this subsection, we describe the min-max construction with obstacle following
the idea from [Pit81]. The notions coincide with [MN14, Section 7,8] for the cell
complexes, subcomplex and homotopy relations. We also use the notions of relative
homotopy classes in [Zho20].

Suppose m > 1, M be described in Section 4.2. Let (X, Z) be a pair of cubical
complex in /™ with Z C X. Fix &, : X — (Z,(M),F) be a continuous map
(i.e. continuous in F-metric). Let IT be the space of sequence of continuous maps

S={0;: X = (2,(M),F)};> satisfying

sup{F(®;(z), Po(x)) :x € Z} - 0asi — o0
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And define the width

L(S) := lim sup sup M(®;(z)),

i—oo  x€X

L(IT) := glellfIL(S)’

Lg,,7 := sup M(®o(z)).

T€EZ
The goal of this Section is to prove

Theorem 4.4.3. Let (M, g) be a compact n + 1 manifold with boundary, g : X —
(Z,(M),F) be a continuous map as above. If L(Il) > Lg, 7, then there’s a con-

strained embedded minimal hypersurface V- € IV, (M) with optimal regularity such
that ||V||(M) = L(II).

With aid of Theorem 4.4.2, the proof is almost the same as in [Pit81, Chapter 4].

We briefly go through the major part of the argument.

e Minimizing sequence and pull tight. By a diagonalization process, there exists
some S € II such that L(S) = L(II). Call such S a minimizing sequence.

For a minimizing sequence S = {®}; € II, denote
C(S) =A{V € Va(M) : Vo = lim [@;, (z;)], |[V[|(M) =L(S)},

called the critical set of S. Following [Pit81, 4.3] and [ZZ20], we can construct
H: 0,1 x Z,(M)n{||T|(M) <2L(II)} — Z,(M)n{||T||[(M) < 2L(II)} continuous

in F-metric such that

(i) H(t,T)="T,Vt € [0,1],V|T| € V> := {constrained stationary varifolds in M }U
{lo(@)] 2z € Z};
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(iii) There’s an L : [0, +00) — [0, 4+00) continuous, L(0) = 0, L(7) > 0 if 7 > 0 such
that
[1H (1, T[(M) < [[T|(M) = LE(T], V=));

(iv) Ve > 0, 3 0 > 0 such that if F(|T|,|®o(x)|) < 0 for some z € Z, then
F(H(t,T),|®o(x)|) <eforalltel01l]

Hence, if S € II is a minimizing sequence, then S’ := {H(1,®;)};>; € Il is also a
minimizing sequence such that () # C(S") C C(S) consists of constrained stationary

varifolds in M. Call such S’ € IT a pulled tight sequence.

e Discretization and interpolation. Given a pulled-tight sequence S = {®;},>1 €
I1, by the Interpolation Theorem [MN14, 13.1] and diagonalization process, there
exist k; /00, §; — 0 and ¢; : X (k;) — Z,(M) such that

(i) sup{F(pi(z), ®i(x)) : v € X(ki)o} < di;

(i) sup{F(g:(x), 2i(y)) : 2.y € a N X for some & € I(m, k;)m} < 0;
(iii) £(;) — 0 as i — oo;
(iv) L({wi}:) := Hmsup; o SUPgex (r,), i (2)][(M) = L(II).

In particular,

C({gi}iz1) :={V : V = lim |¢;, (x;)| for some i; — oo and x; € X (ks )o;
j—}OO N
IVI[(M) = LI} c C(S).
Conversely, given a sequence of k; 7 oo, 6; — 0 and ¢; : X(k;)og = Z.(M)
satisfying (ii), (iii) above and

(i) sup{F(p;(z), Po(x)) : x € Z(ki)o} < 0;.
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By the Interpolation Theorem in [Alm62, Section 6], (see also [MN14, 14.1]), there

exists S = {®;};>1 € II such that

L(S) = L({pi}i>1).

e Pitts’ deformation. Let {p; : X (k;)o — Z,(M)};>1 be satisfying (i7), (i), (iii)

above and such that
L({pi}i>1) > Layz, C({pi}i>1) C {constrained stationary varifolds in M}

Assuming VV € C({y;}:), 3 * € M such that Vr > 0, 3s € (0,r) with V not
almost minimizing in A, (x), [Pit81] introduced a deformation process to construct

{¢h + X (K)o — Z,(M)} satistying (i’), (ii), (iii) and

L({¢}iz1) < L({pi}iz1)-

Applying this to the interpolation theorem above, one see that given a pulled-tight
minimizing sequence S € II, 3 V € C(S) such that Vo € M, Ir = r, > 0 and V
being almost minimizing in A, ,(x), Vs € (0,7). By Theorem 4.4.2 and 4.2.11, V is
a constrained embedded minimal hypersurface. This complete the proof of Theorem

4.4.3.

Remark 4.4.4. By Pitts’ combinatorial argument [Pit81, 4.9, 4.10], there’s a con-
stant N(m) € N such that in Theorem 4.4.3, we can choose V such that if p € M
and {A; = A, (p)}jV:(T) is a family of annuli in M such that s; > r; > 4s;,, for

every j, then V is almost minimizing in at lease one of A; N M. Hence in particular

V' is a constrained embedded stable minimal hypersurface in that A; N M.
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4.5 A Local Rigidity for Constrained Embedded
Minimal Hypersurfaces

We close this chapter by pointing out the following local rigidity theorem for con-
strained embedded minimal hypersurface. A slightly modified version is discussed in
Section 5.5.2 in singular minimal hypersurface setting.

Let (N, g) be a closed n+1 manifold; (X, 7) C N be a connected, two-sided, closed

smooth minimal hypersurface; rs; be the injective radius of ¥ in N, i.e.
ry i=sup{r: ®: Ux(—r,r) = N, (z,t) — exp’ (tv(r)) is a diffeomorphism onto its image}.

Work under Fermi coordinates in ®(Xx (—rg,ry)). For K > 1 and w® € C®(3, (0, ry)),

call the domain
Npr ={(z,t) EN:z€X,—w <t<w'}

a K-uniform neighborhood of ¥, if

(1) SUPzex ic{+} w'(z) < Kinfoesicqs) w'(z);

(2) The mean curvature H. of graphy(dw™) satisfies

|H.| < K supw®.
s

Note that for a smooth minimal hypersurface as above, the d-neighborhood A5 :=
{p € N : disty(p,¥) < 6} and the neighborhoods A5, = {(z,t) : z € %, [t| <
dwy(x)} given by first eigenfunction w; of Jacobi operator of ¥ are both K-uniform

neighborhood of ¥ for every sufficiently small 6 and K independent of 4.
Theorem 4.5.1. Let > C N be a non-degenerate closed minimal hypersurface as
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above; K > 1; € € (0,1). Then 3 so = so(K,€,5, N) > 0 such that if N/ = N+ is a
K -uniform neighborhood of ¥ and supy, |[w*| < so, and V is a constrained embedded

manimal hypersurface in A with
A" (2) < VI(N) < (2 =€) (2),

then V = |X].

We emphasis that the mass two-side bound is crucial for such a theorem to be
true. In fact, for an unstable minimal hypersurface 3, let w™ = w™ = dw,, where w,
be the first eigenfunction of Jacobi operator, 6 << 1, then each component of J.4,,+

is constrained embedded minimal in .4,,+, and so is their union.

Proof. We prove by contradiction. First recall some basic facts on minimal surface
equation on ¥. Let F = F(z,z,p), x € 3, z € (—rg,rs),p € T, X be the area

integrand for graph over X, i.e.

A" (graphy(¢)) = / F(z,¢(2),Vo(x)) dv, Vo€ C(Z, (~rs,rs)).

b
Here are some basic properties we shall use later, see also Appendix A.

(a) F(z,0,0)=1; F,(2,0,0) := 0,F(x,0,0) =0, F, := 0,F(x,0,0) = 0;

Fpp(2,0,0)9 = 6%, F,,(2,0,0) = F,.(2,0,0) = 0, F..(z,0,0) = —|As|* —

RiCN(VE,VE>.
(b) [IFles < C(5,N).

(c) If further ¢ € C* N W22(X), then

M = —divFy(z,0, V) + F.(z,6,V¢) = G(x,0, V) - H,
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where H is the mean curvature of graphy.(¢) with normal field having positive
inner product with v; G is a positive smooth function, with a positive upper

and lower bound only depend on M, g, X..

(d) Lyo = %’SZO,///(SQS) = —(A + |As|* + Ricy(v,v))¢ is the Jacobi operator of
.

Suppose otherwise, ' > 1 and there are K-uniform neighborhood .4} = ,/I{U]i
of ¥ with sup |wji| — 0 and |X| # |I';| € ZV,(4;) constrained embedded minimal
hypersurfaces in .4 with [[I;[[(N) € [[IZ][(N), (2 = )[[E(N)[l]. The strategy is to
show that these {I';} induces a nontrivial Jacobi field on ¥, which contradicts to the
non-degeneracy assumption.

Recall by Remark 4.2.9 (1), I'; has mean curvature uniformly bounded by the
mean curvature of 0.4}, hence tends to 0 in L*°. By Allard Compactness Theorem
[All72, Sim83b], up to a subsequence, I'; — I's for some stationary integral varifold
['w € ZV,(N) supported in ¥ and having mass between || X||(N) and (2 — €)||X||(N).
Hence I'y, = |X]|, and by Allard Regularity Theorem [All72,Sim83b], for j >> 1, there
exist u; € CY* N W?22(X) such that T'; = | graphy(u;)|, u; — 0 in C%, not identically

0 and

Muj =0 on {—w; <u; <w};
wj - Mu; <0 onX; (4.5.1)

| M| < C(M,g,%)- sup Kuj(r) on3,
ie{L},zeX

where the last two inequality follows from (c) and Remark 4.2.9 (1). Note that
{u; = :I:w;[} # (), otherwise by standard elliptic estimate, u; /| u;|| 2 will C*°-converge

to some nontrivial Jacobi field on Y. Thus,

infw]j.E < ujlleory < supw]j.:. (4.5.2)
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Also by standard elliptic estimate,
[ujllere + [[ujllwze < C(Z, N)([lujllco + [Auj|co) < C(E, N, K)||uj|co.

Hence, let ¢; := ||uj||co, up to a subsequence, @; := u;/c; — o € CH* N W22(X)
in C*. Moreover, |[ix|/co = 1 and by (4.5.1), (4.5.2) and definition of K-uniform
domain,

Lyiiee =0 on {|tie] < 1/K};
(4.5.3)

Uoo - Lytlee <0 on X.

Now we make use of the lower bound on mass to show that fz U + Lxllse > 0.
Combining this with (4.5.3), we see that ., is a nontrivial Jacobi field on ¥, which
contradicts to the non-degeneracy.

Observe that
0 < I, 1(V) — [SI(N) = / F(x,u;, Vu;) — 1 do

1 1
= /(/ Fy(x, suj, sVuy) ds) - Vu; + (/ F.(x,suj, sVu;)) - u; dx (4.5.4)
= Jo 0

1
= 5/ F,(z,u;,Vu;) - Vuj + F,(z,uj, Vuj)u; dv + %,
)

where by (a),(b) and standard elliptic estimate, |%| < C(X, N, K)c}. Here we use

the fact that

1 1 1 !
| ) as= 5000+ s = 5 [ 1602 =) s
Multiply (4.5.4) by cj’2 and let 7 — oo one gets,

/ fioo - Lisficn = / Vit — (|As]? + Ricx (v, v))i. dz > 0,
> >
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which completes the proof. O]

Remark 4.5.2. An interesting question is when the constrained embedded minimal
hypersurface obtained by min-max construction in Theorem 4.4.3 is a minimal hy-
persurface (i.e. has vanishing mean curvature). When dM is minimal, this is clearly
true by strong maximum principle; In general, is this true when one assume further
that the width is invariant under local perturbation of M in M? Is this true under

assumption above for generically perturbed boundary?
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Chapter 5

Analysis on Singular Minimal

Hypersurfaces, 11

The work described in this chapter was first presented in [Wan20].

5.1 Introduction

In this chapter, we study how the singular set of a minimal hypersurface affects its
global behavior in different aspects. We first develop the analysis on singular minimal
hypersurfaces and prove the spectral Theorem 1.3.5. Then we discuss the following

two primary applications.

e Local Moduli. White [Whi91, Whil7] studied the space I" of Riemannian metrics
and smooth minimal surfaces pairs (g, %), which admits a natural Banach manifold
structure and makes the projection onto the first variable a Fredholm mapping with
index 0.

When ¥ is allowed to have singularities, no local structural result of I' is known in
the literature. In fact, when ¢ is Euclidean, possible singular structures for minimal

hypersurfaces in a neighborhood of ¥ near singular set of ¥ was studied in [CHS84,
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SS86, CES17,ES19], for certain classes of singularity models. And it was shown that
nearby minimal surface might have different singularity type from ¥, making it hard
to study the local structure of I' using parametric approach.

In this chapter, we shall address the following local existence problem,

Question. Given a closed singular minimal hypersurfaces >y in a Riemannian man-
ifold (M, go) and a smoothly perturbed metric g of go, is there always at least one,
possibly singular, hypersurface ¥ C M minimal with respect to ¢ and staying close

to EO?

Our first application provide partial answers to the question above when the sin-
gular set are strongly isolated, in other words, every tangent cone of ¥ is a regular

cone with multiplicity 1.

Theorem 5.1.1. Suppose > C (M, g) is an optimally reqular, locally stable, two-sided

mainimal hypersurface with only strongly isolated singularities. Also suppose that

(1) ¥ is nondegenerate, i.e. in the notation of Theorem 1.5.5, 0 is not an eigenvalue

Of _LE;
(2) the tangent cone at each singularity is strictly minimizing;

(3) the tangent cone at each singularity is strictly stable.

Then for every e > 0, there’s some § > 0 depending on 3, M, g, €, such that if ¢’ is a
smooth metric with ||g' — gl|ce < 9, then there exists a hypersurface ¥’ C M minimal,
locally stable under g with optimal regqularity, lying in the e-neighborhood of ¥ and
satisfying

F (Y|, Z],) <.

The notions of strictly minimizing and strict stability are introduced in Section
2.4, 5.2 respectively. Also note that Theorem 5.1.1 fails if we drop the assumption

(2), see Proposition 5.5.9.
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Examples of minimal hypercones have been constructed in [HLJ71,FKM81,FK85],
many of which were verified to be area-minimizing by [Law72,Sim74, Law91, WS94].
It’s also worth mentioning that all examples of area-minimizing hypercones in the
literature above were proved to be strictly stable and strictly minimizing, see [WS94,
TZ20]. Therefore, Theorem 5.1.1 applies for these cones to be the tangent cones.

Unlike the case when Sing(X) = (), Theorem 5.1.1 is not derived by fixed point
method when singularities exist. In fact, unlike in the smooth setting, the uniqueness
of such nearby minimal hypersurfaces under a fixed perturbed metric is not known
(and even not expected in general).

One key step in proving Theorem 5.1.1 is to control the behavior of graphical
functions of minimal hypersurfaces near a minimal hypercone. To do so, one first
need to study minimal hypersurfaces asymptotic to a given cone near infinity. This
subject was studied in [BDGG69,HS85,5586, Whi89, WS94,Cha97,Maz17,ES19], most
focusing on minimizing hypersurfaces and hypercones. In Section 5.2.2, we prove the
following generalization of Hardt-Simon’s Regularity Theorem 2.4.1 in stable case,
which is not only interesting itself, but also useful in obtaining full generic regularity

in eight manifolds in Chapter 6.

Theorem 5.1.2 (cf. Theorem 5.2.12). Let ¥ C R"™! be a stable minimal hypersurface
with optimal reqularity asymptotic to a reqular minimal hypercone C C R near
infinity. If write X2 as the graph over C of some function u outside a large ball, then
we have

R—+o00

lim inf R_%’l—_”/ u? >0,
AR2R

where Agog is the annulus in C and —(n —2) < 7 < —(n —2)/2 is a geometric
constant depending on C, defined in Section 5.2.
Moreover, if X lies on one side of C near infinity, then Sing(X) = 0 and X is

contained entirely in that side and foliate the component of R"1\ C containing it by
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rescaling.

e Local Minimizing Property. A natural question by Lawlor [Law91] is that
given a (strictly) minimizing hypercone C C R™*!  is every minimal hypersurface %
with C to be the tangent cone at some singularity p minimizing in some neighborhood
of p? When C is strictly stable or the asymptotic rate of ¥ to C near p is strictly
greater than 1, [HS85, Theorem 4.4] confirmed this question.

We get a positive answer in this chapter to a more general version of the question

under stability assumption.

Theorem 5.1.3 (cf. Theorem 5.4.1). Suppose ¥ C (M, g) is a stable minimal hy-
persurface with only strongly isolated singularities, satisfying (1) and (2) in Theorem
5.1.1. Then there’s a small neighborhood U of Clos(X) which admits a mean con-
vex foliation. More precisely, there’s a family of piecewisely smooth mean convex

neighborhood {U, }ie0,1y of Clos(X) such that
(1) Ut1 C Ut2, ’Lftl S tz,’

(2) U = Ute(o,l) U, Clos(¥) = ﬂte(O,I] Uy Us = U Uiy Clos(Us) = Mo Us,
Vs e (0,1).

In particular, ¥ is homologically area-minimizing in U and is the unique stationary

varifold in U up to multiplicity.

For a precise description of mean convexity of piecewise smooth domain, see The-
orem 5.4.1.

Similar local minimizing property was proved by a contradiction argument in
[Sma99, Section 3, Lemma 4] assuming that each tangent cone are strictly stable
and strictly minimizing, and that X is a minimal cone in the Euclidean space near
each singularity; By a calibration argument, [Zhal8] obtained similar local minimiz-

ing result for singular minimal submanifolds of higher codimension with Lawlor’s
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cones in [Law91] to be the tangent cone, and with specifically chosen metrics away
from singular points. The calibration method was recently exploited by Zhenhua
Liu [Liu21, Liu22] to construct area-minimizing cycles of higher codimensions with

fractal or nonsmoothable singular sets.

Organization of the Chapter.

In Section 5.2, we study asymptotic analysis of functions on a stable minimal hy-
percone. This has applications to the asymptotic behavior near infinity of entire
minimal hypersurfaces in R"*!, as well as the asymptotic behavior near singular set
of the graphical functions for a family of converging stable minimal hypersurfaces. In
particular, this enables us to prove Theorem 5.1.2.

In Section 5.3, we study the analytic behavior of the linearized minimal surfaces
operator, namely, the Jacobi operator Ly, on a singular minimal hypersurface . The
key property is the L2-compactness of a family of functions with uniformly bounded
L?-norm and uniformly bounded quadratic form associated to Ly. Similar compact-
ness has been proved by Schoen-Yau using a uniform L2-nonconcentration property
and coercivity in [SY17] for the operators associated to the specific quadratic form of
minimal slicings and by Lohkamp using the associated skin structure in [Loh19] for
the S-adapted Schrodinger operators. In fact, their argument is sufficient to obtain
the desired compactness if each tangent cone is strictly stable.

For a general X, the coercivity of Ly, might fail. Hence, we establish another
L2-compactness in Section 5.3.1 and 5.3.2 when X has strongly isolated singularities,
which allows us to still get spectral decomposition of Ly, as stated in Theorem 1.3.5
and define the Green’s function. We also derive an asymptotic estimate of Green’s
function near singularities in Section 5.3.4, which is used in Section 5.4 to deduce
certain mean convexity of one-sided perturbations of minimal hypersurfaces.

In Section 5.4, we prove Theorem 5.1.3. The key is an existence theorem of mini-
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mal graph over compact subset of regular part with weighted estimate, see Theorem
5.4.3. Note that this estimate doesn’t require the tangent cone to be minimizing.

In Section 5.5, we carry out the proof of Theorem 5.1.1. To do this, inspired
by [Whi94], we first prove in Section 5.5.1 an analogue of strong min-max property
for ¥ in Theorem 5.1.1 in a sufficiently small neighborhood U. The proof closely
follows the argument in [Whi94], except that we have to estimate error terms near
singularities using using a growth estimate obtained in Section 5.2.3. This allows us to
construct an admissible family of sweepouts under any perturbed metric, with width
close to the volume of . Then by applying the min-max theory for obstacle problem
in Chapter 4, for any slightly perturbed metric ¢, there’s a constrained embedded
minimal hypersurface ¥’ C (Clos(U), ¢').

To conclude that ¥’ doesn’t intersect OU for certain small U and ¢ sufficiently
close to gg, we prove in Section 5.5.2 a local rigidity result for constrained embedded

minimal hypersurfaces, as an analogue of Theorem 4.5.1.

5.2 Geometry of Regular Stable Minimal Hyper-
cone

We introduce the following space of uniformly regular stable minimal hypercone,
Crp ={CeCy :rg' <N onCNS"}, (5.2.1)

where recall €} is defined in (2.4.1), rs is the regularity scale defined in Definition

2.1.1. Note that

C" = U @Gy pr = {regular stable minimal hypercones in R}
AA>1
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Moreover, for each A, A" > 0, €, is a closed subset in (6}, F), and it’s also compact
in C*°-topology, i.e. any sequence {C; € G };>1 contains a subsequence whose cross
section converges smoothly to the cross section of some Co, € €} \,. Andif n+1 =3,
then Schoen-Simon’s Regularity Theorem [SS81] guarantees that there’s a function
C(A) >> 1 in A such that €y ,, = € whenever A’ > C(A).

Since €}’ ,, are compact under smooth topology, by the Lojasiewicz-Simon inequal-
ity [Sim83a], the densities of stable minimal hypercones in €} , is a finite subset of
R. In particular, when n + 1 = 8, we can label the set of density of stable minimal

hypercones in R® by at most countably many real numbers:

{0c(0):CeCy={1l=0<0, <0< ...}. (5.2.2)

Let C C R""! be a regular stable minimal hypercone. Thus S := CNS" is a

regular minimal hypersurface in S*. We parametrize C by

(0,400) xS = C, (rw)—z=rw. (5.2.3)

And denote for simplicity B, := B*™(0) N C, and A(r,s) := A, ,(0) N C. Recall

by [Sim68], the Jacobi operator of C is decomposed under this parametrization as

Lo=0+1=

11 ,
. 3r+ﬁ(As+|AS| )

where Ag is the second fundamental form of S in S™.
In Appendix C, we include a precise discussion of Jacobi fields on C. We list some

basic notations and facts here to build up intuitions. To start with, let

py < pg < pg < --- 400
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be the eigenvalues of —(Ag + |As|?), and @1, @s,... be the corresponding L*(S)-
orthonormal eigenfunctions, where ¢; > 0. By [Sim68], the stability of C is equivalent
to that u; > —(n — 2)%/4. Following [CHS84], we call C strictly stable, if y; >
—(n—2)?/4.

Clearly, if {Cg}1<k<oo is a family of regular cone such that F(|Cyl,|Cu|) — 0,
then the asymptotic spectrum also converges: For every j > 1, as k — oo, p;(Cy) —
11j(Coc).-

By [CHS84], a general Jacobi field v € C*(C) is given by a linear combination of

homogeneous Jacobi fields,

v(rw) =Y (0] (r) +v; (r)p;w), (5.2.4)

Jj=1

where

s=3""" 2
cj -l logr, if py = _(n—T2).
for some cf € R and
n—2 n — 2)2
V;E = W;E(C) =—— + 1/ 1+ ( 1 ) . (5.2.6)

Note that u; = —(n —2)?/4 if and only if j = 1 and v =7 = —(n —2)/2.

In view of (5.2.4) and (5.2.5), we define the asymptotic spectrum of C by
I(C):={y:j>1}. (5.2.7)

Heuristically, T'(C) consists of all possible degrees of homogeneous Jacobi fields on
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C. For later reference, we also denote for v € {fyf},
W, .= L*(S)-eigenspace of (Ag + |Ag|?) with eigenvalue p; . (5.2.8)
Lemma 5.2.1. For every A, A’ > 0,

Veap: A A, i= inf{7; (C) =~ (C): C e Cant>0;

O 7
’Ygap,A T /{/1’1>f1 rygap;A,A’ >0.

Here we use the convention that inf ) = 4o00.

Proof. Since €y, is C*-compact and 75 (C) — ;" (C) is continuous w.r.t. the C'*-
metric, g, o o (if not +00) is realized by some C € €}/, and hence is positive. And

since when n =7, €{ , = ¢} for A’ > C(A), we then have Ygapa = Vgapn c(a) > 00 O

5.2.1 Asymptotic rate of Jacobi-field-type functions
The following Lemma on Growth Rate Monotonicity is proved in Appendix C ,

Lemma 5.2.2 (c.f. Lemma C.0.6). For o > 0, A,A" > 1, there exists K =
K(o, A, A") > 2 with the following property. Lety € R, C € €, be a stable minimal

hypercone satisfying
distg(7,T(C)U{—(n—2)/2}) > 0.

Suppose that u € C3 (A(K2,1)) N L*(A(K3,1)) solves Lcu = 0. Then

loc

T (u;r) = / u? - |:17|_2”’_”d||C|| , (5.2.9)
A(K—1rr)

satisfies

JE(u K2) = 200 (u; K1) + J(u; 1) > 0.
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Moreover, the equality holds if and only if u = 0.
For later reference, we need the following quantitative version of this Lemma.

Corollary 5.2.3 (Perturbed version of Lemma 5.2.2). For o > 0 and A, A" > 1, let
K(o,A;\') > 2 be the same as in Lemma 5.2.2. Then there exists (o, A, A") > 0
small enough satisfying the following property.

For v € (=A, A) and any stable hypercone C € €}, satifying
distg(y, T(C)U{-(n -2)/2}) > 0,
suppose that 0 #u € W22 (A(K3,1)) N L2(A(K~3,1)) is a weak solution to
dive(Veu + bo(z)) + |Acu + |z ~'by (z) = 0, (5.2.10)

where l;o, by satisfy the following estimates pointwisely,

Bol(2) + Poal(w) < & (o Yul(@) + [Vul(@) + el sacesny) s (B:211)
on A(K3,1). Then we have,

T (u; K72) = 2(1 + &) T (u; K=Y + J(u; 1) > 0.

Remark 5.2.4. When ¥ := graphs(¢) N A(0, K3/2,2) is a minimal hypersurface

under the metric g parametrized by the cone C, with

1]

C2 + ||g - geucHC2 <€,

then by Appendix A, any Jacobi field v on %, viewed as a function over C under this
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parametrization, solves an equation of form (5.2.10) with
[Bo| + [ba] < (e|C, K) - (Jul + |Vul).
where WU (¢|C, K) is a constant tending to 0 when C, K is fixed and € — 0. Therefore,

Corollary 5.2.3 applies when € << 1.

Proof of Corollary 5.2.3. First note that by multiplying (5.2.10) with - n? and inte-
gration by parts (7 is some smooth cut-off function) and using (5.2.11) with ¢ < 1/2,

we have for every domain Q CC A(K73,1),

/|ch|2d\|C|| gC(n,K,Q)/ (1+ | AgP ). (5.2.12)
Q A

(K=3,1)

Now to prove the corollary, suppose for contradiction that there exist o > 0, A, A’ > 0,

a sequence of C; € €7/, a sequence of real number {v;} C (—A, 1) with
distr(7;, T(C;) U{=(n=2)/2}) > 0,

and a sequence of nonzero function u; € Wo?(A(K—3,1)) N L2(A(K~2,1)) satisfying

loc

(5.2.10) and (5.2.11) with C = C; and € = 1/7, but
, 1. |
T (uj, K72) —2(1 + E)J]g (uj, K~') + J% (uj, 1) < 0. (5.2.13)

By a renormalization of u;, WLOG, we can assume J? (u;, K~1) = 1. By the C*>-
compactness of €}’ ,,, we can assume by passing to a subsequence of j — oo that C;
will smoothly converge to C € €} y/, and 7; — Yoo. And then by the continuity of

asymptotic spectrum under smooth convergence, we have
distr (Yoo, ['(Coo) U{—(n —2)/2}) > 0.
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By (5.2.12), (5.2.13) and Reilly compactness, we have u; subconverges to ., €
Wh(A(K=3,1)) N L*(A(K3,1)) in L?

loc loc

(AK*:”J(O)) with J}Y{oo (Uoo,Kil) = 1, and

on A(K31), but (5.2.13) then implies

T (Uoo, K2) — 2072 (U, K1) 4 J32° (oo, 1) < 0.

This contradicts Lemma 5.2.2. Il

To finish this Section, we introduce the following notion of asymptotic rate, which
plays a crucial role in studying Jacobi fields on a general LSMH with strongly isolated

singularities.

Definition 5.2.5. For a function v € L} (B,) defined on C near 0, defined the

loc

asymptotic rate of v at 0 to be,

AR (v) := sup {’y : lim v? - x| d||C|(z) = O} € [—o0, +0o9],
SNO S A (s,25)
Here we use the convention that sup() = —oo and supR = +oo. Heuristically, if v

grows like 77 near 0, then AR (v) = 7.

We can also define the asymptotic rate at infinity of some function v € L2 (C\

BR):

AR o (v) := inf {'y : lim v? - x| d)|Cll(x) = O} € [—o0,+o0].
s/400 J A(s,25)

A direct application of Corollary 5.2.3 is the following quantization of asymptotic

rate for solutions to Jacobi-field-type equations.
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Corollary 5.2.6. Let C be a regular stable minimal hypercone, 0 # u € Wl’z(Bl) be

loc

solving (5.2.10) on By, with by and b, satisfying
Bol(2) + brl (@) < e(al) (1o M ul(a) + [Vul@@) +1) 5 (52.14)
for some decreasing function e € C°([0,1]) such that £(0) = 0. Also assume that
v = ARo(u) € (—00,1).

Then v € T(C); And for every sequence t; N\, 0, dj(z) := J3(u;t;) "V 2u(t;z) will

2

ive to some Jacob field o, on C given by

subconverges in L
oo = 17 (c + ' logr)w , (5.2.15)

where 0 # w € W,(C) is the corresponding eigenfunction of v; (c,c’) # (0,0) and
d =0 unless v = —(n —2)/2.

Similar result also holds for functions defined on C\ B;.

Proof. We only prove the corollary for By, the one for C \ B; is similar. Suppose
A, A" > 1 such that €} ,, > C; Since —oo < 7 < 1 and I'(C) is discrete, we can choose
o > 0 such that y+ o0 <1 and [y — 0,7+ o] NT(C) C {y}. Let K(A,AN,0) > 2 be
given by Lemma 5.2.2.

By definition of ARg(u), there exists a sequence of ; \, 0 such that
T (u, Kry) > T (u,ry) > 1.

Also notice that for every A € (0,1), u™(z) := A lu(\z) and bg-/\)(x) = bj(\r)
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satisfies,

dive(Vu® + 50%) + | AcPu® + 2|07 = 0,

(5.2.16)
b3 ()] + (B ()] < e(N) - (|2 HuD] + [ Vu®] + 1),
on A(K731). Also, since
Hu()\)H%?(A(K*Q,K*)) :/ o AT 2y?
AQKTZAKT) (5.2.17)

> (K, y)N20+0=2 . oy, K71N)

and v+ o < 1, we can thus choose jo >> 1 such that Hu(”‘jo)’|%2(A(K—27K—1)) > 1 and
e(rj,) less than the constant e(o, A, A’) given by Corollary 5.2.3. Therefore, Corollary

5.2.3 applies to ul™) which gives,
JZ(JFU(uv K_2rjo) - JZ{JF(T(u? K_lrrjo) > J;(+U(u7 K_lrjo) - ‘]?(JFU(UH Tjo) > 0.
Repeat the process above with r;, replaced by A; := K _lrjo, [ >1, we get

55 ()] + [ ()] < e - (2] u] + Va4 1 2a-2x-1)
(5.2.18)
T, KN = T (), Vi 0.

On the other hand, by definition of v — o < ARg(u), there exists Iy >> 1 such that
T (u, K™MN\g) < T30 (u, Ay) -

Thus by (5.2.16) and (5.2.18), Corollary 5.2.3 applies again iteratively to give for

every [ > o,

T (u, K7IN) < T (u ), V> 0. (5.2.19)
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Now suppose t; \, 0 be an arbitrary sequence. By first passing to a subsequence,
let £; € {\}151, be such that £; € (K~1t;,t;]. Let @;(z) := J%(u;t;) " ?u(t;z). Note
that estimates (5.2.18) and (5.2.19) implies that for every R > 1, there exists jp >> 1

such that whenever j > jg,

5]l 2a01,m) < C(C K,y RN 2 a1y < C(C, K,y ) R, (5.2.20)

]| z2(a(r-11y) < C(C, K, )R\ 2 ax—1,1) < C(C, K, v) R

This gives the L2 (C)-estimate with coefficients independent of j. And by combining

loc

with (5.2.18), the equation (5.2.16) also provides uniform W,* bounds for @;. Thus, ii;

2

i.(C) to some @y, which is non-zero by the way of renormalization,

subconverges in L
solves Lclio = 0 on C and satisfies the same growth estimates as in (5.2.20) near 0
and oco. By our choice of ¢ and Lemma C.0.2, 1, must be of form (5.2.15), and so is

1l Since it’s just obtained by an equivalent normalization. O]

5.2.2 Asymptotics of minimal hypersurfaces near infinity

The goal of this subsection is to study minimal hypersurfaces ¥ C R"*! which asymp-
totic to a given regular stable minimal hypercone C near infinity. First notice that
since S := CNS" is a smooth minimal hypersurface in S”, by Frankel property, S is
connected and R™™! \ C has 2 connected components, denoted by E.. We let v be

the unit normal field of C pointing into E .

Definition 5.2.7. We call an integral varifold V' € ZV,(R"™! \ B,) asymptotic to

C near infinity, if there’s a function h € C?(C) and Ry > A such that

|5

C2,A(R2R) = A?;;;R) (R7'h| +|Vch|+ R|VEh|) =0, as R — +oo. (5.2.21)
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and that

| graphg (B)|L(R™! \ Bp,) = VL(R™ \ Bg,) (5.2.22)

For such V', following Definition 5.2.5, we can define the asymptotic rate of V' to
C at infinity by,
AR (V) = AR (V;C) := AR (h) .

Note that by our convention, AR (V;C) = —oc if V coincide with C outside a large
ball.
If X C R*™\ B, is a hypersurface, we denote AR (2) := AR (|X]).

For stationary integral varifolds with finite density at infinity, by Allard regularity
[All72, Sim83b], being asymptotic to C is equivalent to having |C| to be the tangent

varifold at oo.

Remark 5.2.8. By (5.2.21), it’s clear that AR (V) = ARL(A-V) < 1, YA > 0.
And since the graphical function h satisfies the minimal surface equation on cone,
by combining Corollary 5.2.6 and Theorem A.0.1, we know that AR (V) € I'(C) U
{—o0}. In Lemma 5.2.9 below, this will be refined to a decomposition of h into degree

AR (V) part and faster decaying part.

Lemma 5.2.9. Suppose ¥ C R"™ \ By is a minimal hypersurface asymptotic to C
near infinity, with v := AR (X) € (—00,1). Let h be the graphical function as in
(5.2.22), then

h(r,w) =17(c+ ' log r)w(w) + Oo(r’ ™),

for some (c,c) # (0,0), where ¢ = 0 unless v = v = 7 (in which case C is not
strictly stable); Here e = ¢(C,~y) > 0; w € W, is a unit eigenfunction of (As+|As|?);

Oq(r7=¢) means a function with C2-norm decaying like r7~1=¢ on C\ B;.

121



This characterization is well-known, at least when v = 7", in [HS85, 1.9]. For sake
of completeness, we sketch the proof here. In what follows, every constant depends

on the cone C.

Proof. Since ¥ is minimal, h satisfies the minimal surface equation
Mch = —Lch + Zch =0
where by [CHS84, (2.2)],

Hch (r,w) = N(rw,h/r,Vh)-V?h+r"tP(rw, h/r,Vh);
|P(2,2,p)] < C(|2] + Ip])*
[N (2, 2,p)| + [Pz, 2, p)| + [Po(, 2, p)| < C(l2] + Ipl)

r(INa(z, z,p) + Pu(®, 2,p)|) + [Na(2, 2,p)| + [Np(z, 2,p)| < C.
By elliptic estimate, for R >> 2R,,
IVchllcoairary + BRI Vehllcoamary < CR™ 2R 2 (a(r/2.4m) -

Hence by definition, for any ¢ > 0, since R_7_6_n/2HhHL2(A(R72R)) — 0 as R — o0,
we have

|Zch|(R,w) < CsRY*0-142) YR >> 2R, .

Fix § > 0 such that y —1+4+30 < 0 and 0 := v+ (y — 1+ 30) ¢ I'(C). By Lemma
C.0.4, Ju € C*(C \ Bag,) solving Lcu = Zch and

[u(R, )25y < CR?

But since Lo(h —u) = 0 and V&' > 0, limsupg_,.o R A(R,)|cosy > 0, by
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(C.04), h+u=r"(c+ logr)+ lo.t. and so does h. O

Example 5.2.10. (1) One natural example of minimal hypersurface asymptotic to
a given are-minimizing cone C near infinity is the Hardt-Simon foliation [HS85]
(see also Theorem 2.4.1), which lies on one side of C. Notice that by (2.4.2) and

(2.4.3), each of the Hardt-Simon foliation ¥ C E has asymptotic rate,

v, if C is strictly minimizing in E ;
AR (%;C) =
Y, if C s not strictly minimizing in E .

On the other hand, since the only eigenfunction of (As+|As|?) that has a sign is
the first eigenfunction, Lemma 5.2.9 above guarantees that if V€ IV, (R"1\B,)
is a stationary integral varifold asymptotic to C near infinity. Then AR..(V;C) €
{7iY if and only if spt(V) lies on one side of C outside a sufficiently large com-

pact subset.

noiner typicar exampie 1S ¢ transiation o e cone in , wnic as asymp-
2) Another typical le is the translation of th in R which h

totic rate 0 near infinity by the following Lemma.

Lemma 5.2.11. Let C C R™™! be a reqular minimal hypercone and x # 0. Then

AR(C+x,C) =0.

Proof. First by implicit function theorem, there exists §(C) € (0,1) such that for

every x € R""! with |x| < §(C), the map

I, : CNA(0,1/4,4) — C, p > nearest point projection of p + x onto C,

is a diffeomorphism onto its image, and its image contains A(0,1/2,3) N C. Also, if
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write uy be the graphical function of C+x over C in A(0, 1/2,3), then we know that

ux(q) = (' (q) — g+ x,vc(q)), Vg€ A0,1,2).

And since (IT;'(q) — ¢, vc(q)) = O(]x]?), we have,

lux(q) — (x,vc(@)] < C(C) - [x[*. (5.2.23)

Now for a general x € R"™!\ 0, since (C +x)/R = C+x/R, we know that C +x
is graphical over C outside the ball Bjy|/5(c), and the graphical function satisfies

ux(p) = Rux/r(p/R). Hence, for every |p| > |x|/0(C) we have,

lux(p) — (x,vc(p))| = R [ux/r(p/R) — (x/R,vc(p/R))| < C(C) - [x[*/Ipl, (5.2.24)

where the last inequality follows by taking R = |p| and applying (5.2.23).

Also, observe that (x,v¢c) is a homogeneous function on C of degree 0, which
is not identically 0 since otherwise, C splits in x-direction and is not of isolated
singularity. By combining this with (5.2.24), one can check that AR (ux;C) = 0

from the definition. O

The rest of this Subsection is devoted to proving the following asymptotic rate

lower bound of minimal hypersurface towards it’s tangent cone at infinity:.

Theorem 5.2.12. Suppose V € IV,(R"™) is a stationary integral varifold asymp-

totic to a reqular stable minimal hypercone C near infinity, and V # |C|. Then

(1) If C is one-sided minimizing (resp. strictly minimizing), then AR (V) >
vy (resp. ). Moreover, if C is area minimizing and AR(X) = 7i, then ¥
has no singularity and lies on one side of C.

(2) If V.= |X| for some stable minimal hypersurface ¥ C R™™! then AR (X) >
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vy . If further, AR« (%) = 1f, then ¥ has no singularity and lies on one-side

of C, inside which % and C are minimizing.

We start with some preparation. The following lemma is an analogue of [HS85,

Theorem 2.1] for stable minimal cones.

Lemma 5.2.13. Suppose 3 C R™™! be a connected stable minimal hypersurface with
finite density at infinity; Also suppose that X is contained in E, outside a large ball,
i.e. 3 Ro > 1 such that ¥\ Bg, C E,. Then

(1) Sing(X) =0, 3 is contained entirely in Ey and area-minimizing in E. .
(2) C is area-minimizing in Clos(E, ).
(3) {r-X},~0 foliates E .

(4) Any stationary integral n-varifold V€ TV, (R"™) with sptV C E, and having

the same density at oo as C is a rescaling of |X|.

Remark 5.2.14. (1) When C is a priori assumed to be area-minimizing, (1), (3),
(4) of Lemma 5.2.13 is a corollary of [HS85, Theorem 2.1] by a barrier argu-
ment. However, in the proof we present here, (1), (3) are established first based
on Theorem 3.1.1, and the one-sided minimizing property of C is part of the
conclusion. With (1) and (2), the proof of (4) is similar to [HS85]. For sake of

completeness, we also sketch the idea of (4).

(2) By solving Plateau problem with one-sided perturbed boundary, [HS85] shown
that such ¥ in Lemma 5.2.13 do exist if C is area-minimizing. The similar argu-
ment also works for one-sided area-minimizers and even for irregular minimizing

hypercone, as is carried out in Section 3.4.4.

(3) We assert here that the stability assumption on 3 can’t be dropped. In fact

when

C=C"" = {(x,y) € R* xR?: |z|* = 5]y|*} C R®,
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is the Simons cone over S° x S!, [Maz17] constructed two distinct families of
0(6) x O(2)-invariant smooth minimal hypersurfaces asymptotic to C near in-
finity, each of which is closed under homothety. Recall that by [Sim74, Law91],
C%! is minimizing only in one side, hence Lemma 5.2.13 suggests that one of
the two families above is unstable. An interesting question, which we don’t have

space to discuss here, would be to determine its index.

Proof. To save the notation, we denote Br := B?{rl MY in this proof. Since X is stable
with finite density at infinity, by [SS81], any tangent varifold V., of |¥| at infinity
is a stable minimal cone. And since ¥ is contained in E outside a large ball, we
have spt(Vy) C Clos(Ey). Then by 0 € spt V., N C and strong maximum principle
[SW89, Ilm96], we have spt(V,) = C; Since C is regular, by [SS81] and [CSZ97], X
has only one end and hence V' = |C|, i.e. X is asymptotic to C near infinity. Take
Ry > 1 and h € C?*(C) such that (5.2.21) and (5.2.22) holds.

Since X is contained in E, near oo, by a blow down argument and combining

Lemma C.0.3 and 5.2.9, see also [HS85, 1.9], we have when R — +o0,

either  A(R,w) = (1 + ¢2log R)RMW wy (w) + Ox( R ~¢)
(5.2.25)

or h(R,w) = c; R wy(w) + Og(RM ~¢)

for some € > 0; ¢; + cologR > 0 for R > Ry; ¢, = 0 if and only if 4 = 7] =
—(n—2)/2.

Let vs be the normal field of ¥, pointing away from C. Consider the function
Y = (Vgnti|z]?) - vg on 3. Note that |Vi|(z) < |z] - |As|, and Ly = 0; And
by [ON13], |As| € LT, (Bg), [VAs| € L2 (Bg), thus 1 € WY%(By) for each
R > 0. By (5.2.25), ¥ > 0 outside some large ball Bg,, R; > Ry; Hence by stability

of ¥ and weak maximum principle, ¢ > 0 on the whole ¥. Hence by Theorem 3.1.1,

¥(x) — +oo as x — Sing(X). But notice that by its definition, ¢ is bounded on
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every Br. This means Sing(X) = () and 0 ¢ X.
To show that X C E, let Q. := E, NS" and consider the smooth map

T
p:X—=S" r— —

]

By ¢ > 0, p is a diffeomorphism locally; By (5.2.25), p is diffeomorphism between
¥\ Bg, and a collar neighborhood of S = 02, in 2,. By the following topological
Lemma 5.2.15, we see that p is a glocal diffeomorphism onto €2,. Hence, ¥ C E, and
{r - X}~ foliates E, .

To show that ¥ and C are area-minimizing in Clos(E} ), it suffices to observe that
{r-X},50 determines a calibration © := ¢, dVolgn+1 on Clos(Ey )\ {0}, where v, be
the normal vector field of {r - X},-¢, C'! extended to Clos(E,) \ {0}. Hence, for any

R > 0, and any integral cycle T' € Z,(R"*1),

Mg, (T) = (T',0) = ([C],0) = Mg, ([C]) if spt([C] —T) C Br

Ms, (T) > (T, 0) = ([3],0) = My, ([5)) if spt(S] - T) By

We finally sketch the idea of (4). If V' is a stationary integral n-varifold with the
same density at oo as C and sptV C F,, then by a similar argument as the first
part of this proof, |C| is the tangent varifold of V' at infinity, and hence V' could be

parametrized as a graph over C near infinity as in (5.2.22) and (5.2.25). Let

ry :=inf{r: for any R > r;spt VN R-X = (}}

r_:=sup{r:forany R<rsptVNR-X=(}

By (5.2.25) and strong maximum principle, 0 <r_ =r, <ocand V =|r - X|. O

Lemma 5.2.15. Let N be a connected compact n manifold with nonempty boundary,

M be a closed simply connected n manifold, p : N — M be a local diffeomorphism
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onto its image, and restricted to a bijection near ON. If M\ p(ON) = M, U M_ has

2 connected component, with p(N) N M, # (), then p is a diffeomorphism onto M,

Proof. Notice that the glued map pUgn idy : N Ugy M_ — M is a local homeomor-
phism between closed manifolds, hence a covering map. Since /N is connected and M

is simply connected, this is a bijection, so is p. O

Lemma 5.2.16. Let ) C R™"! be a stable minimal hypersurface. Then the space of

positive Jacobi field on X is nonempty, i.e.

GgE)={ueC®X): Lyu=0, u>0}#0.

Moreover, if X is asymptotic to C near infinity for some reqular minimal hypercone

C, assume WLOG (by a rescaling) Sing(3) C By, then for every e > 0,

u(z) > O, 6, u)|z| >0, VreX\B,.

Proof. To see G(X) # 0, consider an exhaustion {{;};>1 of ¥ and B; := B, (p;)NE CC
U;, where p; — oo, r; € (0,1). Let u; € WOI’Q(L{i) be the solution of Lyu; = 0 on
U;\ B; and u; = 1 on B;. By the stability of ¥ and maximum principle, u; > 0 on U;;

Also let ¢ € ¥ be fixed. Then by Harnack inequality, up to a subsequence,

ui/ui(q) = oo in Cpp(3)

for some positive Jacobi field uy, € G(X).
To deduce the lower bound of w near infinity, suppose WLOG that h € C*°(C)

and Ry = 1 such that (5.2.21) and (5.2.22) holds for V' = |X|. Parametrize ¥\ By by

C—X z—ax+h(z)r(r)
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By (5.2.21), under this parametrization and the normal coordinates of C, Ly =

ao - 0i(a0;u) 4+ | As|*u, where

sup [ag — 1|(R,w) + |a” — 67|(R,w) + R*||As|* — |Ac|*|(R,w) -0 as R — oco.

wesS

Consider for each R > 2, vg € C°°(C \ By/g) defined by
vr(r,w) = U(TR’W>/31%£U

By elliptic estimate, up to subsequences, vg — Vs in C

1.(C) for some positive Jacobi

fields v5 on C with infsnnc v = 1. By Lemma C.0.3,
Voo (T, w) > C(S)r . (5.2.26)

The lower bound of decaying rate for u then follows from (5.2.26) and an approxima-

tion argument. O

Proof of Theorem 5.2.12 (1). Let ¥, = 0Py be the leaf of Hardt-Simon foliation in
Theorem 2.4.1 lying on the side E where C is minimizing (resp. strictly minimizing),
P, C E; Let hy, h be the garphical functions of >, and V' correspondingly over C.
Suppose for contradiction that AR, (V) < 7; (resp. ;). Then by Lemma 5.2.9,
(2.4.2) and (2.4.3), hy > h near infinity. Hence for R >> 1, R- P, Nspt(V) = (). By
considering

inf{R:s- P, Nspt(V) =0, Vs > R},

and using the strong maximum principle [SW89)], we see that spt(V) C R\ Clos(E),
i.e. lying on the other side of C. Then by Lemma 5.2.13 and Theorem 2.4.1, V is a
rescaling of Hardt-Simon foliation on the compliment of Clos(F) and thus AR (V') >

vy (resp. = ~;"), from which we get a contradiction.
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If AR.(V) € {7}, then by Lemma 5.2.9, spt(V) lies on one side of C near
infinity. By using the Hardt-Simon foliation on the other side and strong maximum
principle as above, one see that spt(V') lies entirely on one side of C, hence becomes

a leaf of Hardt-Simon foliation by Theorem 2.4.1. m

Proof of Theorem 5.2.12 (2). Consider v := Vgn+1|z|? - v5. By Lemma 5.2.9, if
AR (2) < 71, then for each € > 0, 3 R(X,€) > 1 such that

()] < Ja= 7, Vx| > R(Z€).

On the other hand, let v € G(X) be a positive Jacobi field on ¥. By Theorem 3.1.1,
Lemma 5.2.16 and weak maximum principle, 3 ¢ > 0 such that cv > ¢ on ¥. Consider
the smallest one among all such ¢ and using strong maximum principle, we conclude
that ¥ = 0 and thus ¥ = C, which contradicts to our assumption. This proves the
lower bound on AR (X).

When AR () € {~i°}, the conclusion follows from Lemma 5.2.9 and 5.2.13. [

5.2.3 A general local growth dichotomy

We close this section by the following local growth dichotomy, which plays a central

role in studying induced Jacobi fields and full generic regularity in Chapter 6.

Lemma 5.2.17. Let A\ N > 1,0 >0, k >0; K(o,A,\") > 2 be given by Corollary
5.2.8. Then there exists do(A, N, o, k) > 0 with the following significance.

Let C € €}y be a regular stable minimal hypercone; v € (—A, 1) be such that

distg(v,[(C)U{—(n—2)/2}) > 0.

Let {(g5,V}) Y i<j<ooizo e a family of pairs such that
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(a) g¢ are C* Riemannian metrics on By* such that

ngl - 9?”04 —0 asj— oo, ||g? — Geucllcs < g for every j > 1;

(b) VieIV,(By*) are gi-stationary such that,
Fo,(V, V) 20 asj—o0; V) =|grapheg,, (o)) By,

for some v} € C*(C) with ||[v]]|c2.8, < do.
We further assume that 3; := Spt(VjO) s a g?—mz'm’mal hypersurface in By with isolated

singularity at 0; And let

7= inf{t € (0,1) : V'LA(0;2,1) = \graphzﬁg?(uj)\LA(O;t, 1), with ||u;|lc2 < 6o}
(5.2.27)

Then after passing to a subsequence, either of the following hold for j > 1,

(i) 7; > 0 and there ezists a linear map T € GL,41(R) dg-close to idgn+1 such
that Tj_l . Tﬁle F-converges to some geuc-stationary V. € IV, (R™1) which

doesn’t equal to |C| and asymptotic to C near infinity, with asymptotic rate

~

AR (Vao, C) < . We call such Vs, a minimal blow-up limit of {Vi'}iz1s

(ii) For every t € (2K°1;,1), we have
maz{Jy (u;; K='), 6]lgj — g} llor} < maz{ T3 (ugst), wllg; — gfllost
where uj is the graphical function in (5.2.27), Ji = J}. oo g0 15 defined by
2509

Jpeis (s 7)? = / w?(x) - |disty(0,2)] 727" d||S]lg(z) . (5.2.28)
A9(0,K—1r,r)

131



Note that by its definition we have,

JL : y+n/2
C(K, A)fl < K,Z,g(u r)r

= ullzzcas 0,512,

< C(K,A). (5.2.29)

Thus, Lemma 5.2.17 (ii) provides a growth rate bound between different scales.

Proof of Lemma 5.2.17. By composing with a linear map dgp-close to idgn+1, we can

assume that

Hg?\o — Geuc|| — 0, lim sup lim sup HU?\

CE,Br - 0 .
™\0 j—oo

First note that by Allard Regularity Theorem [All72], 7, — 0 as j — oco. We
parametrize E? graphically by C such that distg?,g? (0,-) = distc(0,-); And we view
the graphical function u; given by (5.2.27) as a function on C by this parametrization.
Let ¢ = (o, A, A’) be given by Corollary 5.2.3. Then by Theorem A.0.1, we can choose

do(o, A, N, k) << 1 such that

(1-2/10) < T

< = <(1+4¢/10), Vo€ L} (By)andr € (0,1). (5.2.30)
JK;C,geuc <U7 T)

(r)

and that every rescaling u;”’(x) := r~'u;(rz), r € (K%7;, 1) satisfies equation on

A(0;27;/r,1) of the following form

dive(Veul” +bo) + [AcPul” + b =0, (5.2.31)

|bo(2)] + |by(z)| < & (|a:|-1|u§?“>| + VUl |+ C(K,A) - K] gt — g?”cz;(BQ)) . (5.2.32)

Here C(K, A) is given by (5.2.29).

Now suppose (ii) of Lemma 5.2.17 fails for any subsequence, namely for j >> 1,
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there exists t; € (2K®7;,1) such that

J;;gg,gjo(“ﬁ Kﬁltj) > max{JZ(;g?,gg (uj3t5), ’ngg1 - Q?HC‘*(IBQ)} :

(t5)

This means 4 := u; satisfies

Jg{;C,geuc (ay; K> 1+ 8)_1max{<]](;c7geuc (a;;1), t}flmﬂg} — g;-)]\c4(32)} ,

Hence by combining (5.2.29) and (5.2.32) we see that ; satisfies (5.2.31) with point-

wise error estimate,
[bo(@)] + [b1(@)] < & (Je| 7 ] + V| + 1|yl 2 cacoim-2,5-1) -
Therefore, Corollary 5.2.3 applies to imply that

J5:C gone (055 K72 > (1+ ). gene (055 K1),

(t5-K
J

Repeat the argument above inductively for u 4), 0 <1 <logk(t;/T;) — 3, and by

combining (5.2.30) we deduce that
I J)(uj;t; K71 s increasing in 0 <1 < logg(t;/7;) — 2. (5.2.33)

Since v < 1, by (5.2.29) and definition of 7;, we see that 7; > 0; By Allard Compact-
ness Theorem, Tj_l . le will F-subconverges to some geu.-stationary f/oo € IV, (R™1)
which is graphical over C outside B, and not equal to |C|; And by (5.2.33), the
definition of asymptotic rate and Remark 5.2.8, we know that AROO(VOO; C) <n.

This means (i) holds in Lemma 5.2.17. O

Here’s a direct Corollary of this growth dichotomy. For more applications, see

Section 6.7.
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Corollary 5.2.18. Suppose ¥ C By, g) is a LSMH with O € Sing(X) such that the
tangent cone Cq is strictly minimizing. Let {V;};>1 be a family of stationary integral
varifold in (Ba, g) which converges in varifold sense to |X|L(Ba, g).

Let 0 € (—00,7{) \ (T(Co) U {—(n — 2)/2}) be fized; Then there exist constants
K(Cop,0) > 2, 01(Co,0) € (0,1) and so(X,Co,0) € (0,1/2) such that the following
holds.

Suppose ||g — Geucllcs < 015 75 \( 04 and ij||§7ATj,1 < 0y is the graphical function
of Vj over ¥, i.e. Vi A] | = |graphy(v;)|L AL 1. Let p be the distant function on ¥

to 0. Then for j >> 1, the following pointwise bound holds on Ak, s K

1/2
|UJ|/IO+ ‘ijl < 0(07 0072>p071 ’ (/ UJ2> ’
ASo/K,SO

Proof. Lemma 5.2.17 applies by first rescaling 3. And by Theorem 5.2.12, there’s
No non-conic geye-stationary integral varifold with asymptotic rate < ;" to a strictly
minimizing hypercone. Hence the dichotomy (ii) happens in Lemma 5.2.17, allowing

us to get an L? bound of vj on each A, g, in terms of f A 1)]2-; Then since v; solves

so/K,sqg
the minimal surface equation, classical interior Schauder estimate [GTO01] yields the

pointwise C'! bound in the Corollary. O

5.3 Spectral Analysis on LSMH

Throughout this Section, let 3 C (M, g) be a two-sided locally stable minimal hyper-
surface (LSMH) in a Riemannian manifold with a unit normal field v; U CC M will
always be a smooth domain with QU transversely intersect with Reg(X); U := U NX
and U := Clos(U)NY. Let Ly, Qx be the Jacobi operator and its associated quadratic

form as in (2.3.2), (2.3.1), where we omit subscript g to save notation. For our ap-
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plications below, we may also deal with the weighted quadratic forms

QL(6.6) = Qs(6, ) + / he?,
>

for a given h € L>(X), and its associated operator Ly, — h.

5.3.1 Linear analysis in large

Note that we do not require Sing(X) to be isolated in this subsection. We start with

a basic observation,

Lemma 5.3.1. There’s a constant Co = Co(3, M, g,U) > 0 such that V¢ € CL{U),

Proof. Let {U; C M} be a finite open cover of Clos({/) such that ¥ is stable in each
Uj; Let {n?} be a partition of unity on {U;} such that 7; is also smooth. Then

Vo € CH({UN'Y), since n; - ¢ is support in U;,
o(6,6) = / Z Vol Z<|Az|2 + Ricar(v,0)) 6%
= ZQE 15, $115) Z/ ) -1V + [V )
- Ejjczzwm, ony) + Z /E ¢ (div(n; V) — [V, )

Z/E<§j:nj-m]j) ¢’

Since Y is minimal,

(5.3.1)

’Anjl = |AM779 an](V V)| < ”‘anjl
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Hence, >, n; - Anj is bounded from below by some constant —Cy = —Co(M, g, %, U).
This proves the Lemma. ]

Such Cj in the Lemma will be fixed throughout this Section. Consider the Hilbert

e

space given by metric completion Z(U) := CL(U)

C

and By(U) := C’l(Z/l)M% where

Cc

1915 = Q=(9,9) + (Co + D)6l 72 - (5.3.2)

Note that by definition and Lemma 5.3.1,

—Collol % < Qs(,9) < 10l %0, Vo€ CHU).

Hence, the quadratic form @y extends to a bilinear form on Z(U).
BU) (resp. Bo(U)) will play the similar role as Wh2(U) (resp. W, *(U)) for
inverting Ly, or finding eigenfunctions. In fact, By(U) = Wy*(U) provided L = Ly

satisfies the coercivity condition

/|v¢>|2 35—1(/ —¢-L¢+/¢2), VoeCHENU). (5.3.3)
Y Y ¥

for some & > 0. In particular, this is true when every singularity is strongly isolated
and strictly stable. However, when > has non-strictly stable tangent cones, this will
always fail, and VVO1 2 C Hy. See the following Example 5.3.3.

On the other hand, Lemma 5.3.1 asserts that ||¢||s > ||¢||z2, hence there’s a
natural continuous embedding B(U) < L?(U). Tt’s convenient to have the following

characterization for ¢ € L*(U) to be in ZB(U).
Lemma 5.3.2. Suppose ¢ € L*(U). Then the following are equivalent,
(1) ¢ € BU) (resp. Bo(U));

(2) ¢ € WE2(U); And for any decreasing family ... V; DD Viyy ... of neighborhood

loc
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of Sing(X) with (), V; = Sing(X), there are ¢; € WH(U) (resp. Wy (U)) such
that spt(¢; — ¢) C Vj, spt(d;) N Vi, = 0 for some N; >> j, and sup;, ||¢;]|2 <

+00.

(3) 3p; € BU)NL? (resp. Bo(U)NL?) such that ¢p; — ¢ a.e. and limsup ||¢;]|z <

+00.

Proof. Clearly (2) implies (3); To see (3) implies (1), first observe that by weak
compactness of Hilbert space and Banach-Saks Theorem, if ¢; is uniformly bounded
in %, then there’s a subsequence ¢y, such that (37", ¢x;)/m — ¢’ in BU) (resp.
in Bo(U)) as m — oo. Since B — L? and that ¢; — ¢ a.e., we have ¢ = ¢/ € B(U)
(resp. ¢ € Zo(U)).

Now we shall prove (1) implies (2) beginning with ¢ € %,(X); the proof when
¢ € B(X) is similar.
Claim. If Q CC U, then for every ¢ € C}(U),

lellwrz@) < CQU,E M, g)llellzw -

Proof of the Claim. Take a finite open cover {W;};>¢ of Clos(U) in M such that
Clos(2) € Wy, cC M \ Sing(¥), and that W; N Q = () and X is stable in W, for
[ > 1. Let {n?};>0 be a partition of unity for {W;} such that 7, are also smooth. By

the same computation in (5.3.1) we have,

Qs(p,9) = Qu(nop. o) + > Qulmep,me) + Y / o (mAsm)

1>1 >0

> Qs(mog; mow) — C{mPlelli> > /Q [Vel* = C(Q {m})llelz- -

Together with the fact that ||¢||zz < ||¢]|%, this completes the proof of Claim. O

Now to prove (1) implies (2), let ¢, € CH{U) be a Cauchy sequence in %By(U)
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which converges to ¢. Then by the claim, ¢ € W,2*(U).

loc

For every nested neighborhood {V;};>1 in (2), let & € C°(V},[0,1]) be a cut-off
which equals to 1 on V4. For each fixed j, let ¢y, := 1/1,(;) = (1—¢&)¢+ &gk Then

by the similar computation as in (5.3.1) we have,

sk — Y, Y — Ywr)
/ —&0E(or — ow)* + & (IV(er — or)? = (|As]? + Ricy (v, v)) (o — ow)?)
< CENNpr — w72 + Qs(pr — s or — 1)

T / 1V (0x — o) + || Asl? + Ricys (v, )| (1 — o)
U\Vjn

< C(&, Vi, Vis) llow — owll %

where the last inequality follows form the Claim. Hence {¢}}r>1 is also a Cauchy
sequence in (U ), which still converges to ¢. Thus we can choose k; >> j such that
ng) — ¢llz <277, and N; >> j such that spt(wij) NV, = 0. Thus ¢; := w,g) is

what we want in (2). O

The following example shows that for non-strictly stable singularity model, %, #
VVO1 2 Tt also suggests a unified behavior of the spectral theory for non-strictly stable

and strictly stable minimal cones.

Example 5.3.3. Let ¥ = C C R""! be a reqular stable minimal hypercone which
is not strictly stable, i.e. py = —(%52)%; Let U = B{™ and U = B, C C. Use the

notations and parametrization as in (5.2.3). Let u(r,w) := r~"=2/2,(w). Then

1
1
||VUH%2(131(0)) = / ! dr/ |0,ul? + ﬁ|Vsu|2 dw = +00.
0 S
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But we can construct

1
w;(r,w) == max{r, —,}’("’2)/2 cwq (w) .
J

Clearlyu; € WH(U) C BU) andu; — u pointwisely. We verify now that sup; ||u;l|z <

+00. In fact, notice that Lcu = 0 on By \ Byy;, thus,

Qotww) = [ [VuP =~ [AcPut+ [ Vu - AP

Bi1\By/; B,yy;

:/ u@ru—/ u@ru—/ u- Lou
8B 9By A(1/5,1)

1/j
+/ et dr/r_2(|Vguj|2 — |As|2U?) dw
0 S

-2 -2
G Bt R G

1/j

+/ 3 dr/j“-quwlﬁ— AsPu?) dw
0 S

<C(n).

And |Ju;|3, < |lul|3. < C(n). Therefore, by Lemma 5.3.2, u € BU).

On the other hand, let v = —r~"=2/2logr - w, on By, then v € W22

(C) and v

solves the equation Lcv = 0 on By. However, we shall see that that v ¢ B(U). In

fact, by Lemma 5.3.2, consider V0 < s <t < 1, the function vy, that achieves,

inf{Qc(¢,¢) : ¢ € C,(C), ¢ =v on C\ By, spt(¢) N B, = 0}.
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By writing down the Fuler-Lagrangian equation and solving an ODE, we have

p

v(r,w), ift<r<1;
1 tl 1 t n—2
Vs t(r,w) = oelr o8t °8 logr ) -r~ 2w (w), ifs<r<t;
logt —logs logt—logs
0, if0<r<s.
\
Therefore,
—logt)?
QC(Us,t7 Us,t) - <_ log t) + & > (— IOg t) .

logt — log s
And then ||vs¢||z — +oo when t — 0. Hence by Lemma 5.3.2, v ¢ BU).

As a final remark, by comparing solutions to Lcu = 0 on By with harmonic
functions on B? \ {0}, the calculation above suggests that we should view r~"=2)/2.q,

as a solution with finite energy, and view r~—"=2/2logr - w; as a Green’s function.
To study the spetral theory of Ly, we may wish that £ — L? is also compact.
Definition 5.3.4. We call ¥ satisfy the L?-nonconcentration property in U, if

for any € > 0, there’s a sufficiently small neighborhood V; D Sing(¥) N U such that

¢ <e oy, voeCU). (5.3.4)

YNVe

Proposition 5.3.5. Suppose ¥ satisfies the L?-nonconcentration property in U; h €

L>(U). Then,
(1) BoU) — L*(U) is compact.

1 < Ay < A3 < ... +00 an nite dimenstonal pairwise -orthogona
(2) 3N < X < A Va d finite dimensional pairwise L*-orthogonal

linear subspaces {E;};>1 of Bo(U) N C>®(U) such that

(=Ls +h)p =N, Vo€ Ej;
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(3)

(4)

(5)
(6)

and that
L2 B
LUy =PE : U =EPE; .

Jj=21 j21

Moreover, dim Ey = 1 and any 0 # ¢, € Ey is nowhere vanishing in U.

If (Ls — h) P nondegenerate, i.e. \; # 0 for all j > 1 in (2). Then for

each f € L*(X),

<_L2+h)¢:f> OTLZ/{,

has a unique solution ¢ € By(U). Moreover, we have energy-type estimate
16l 2@ < C(h,Z,U, M, g)|| f]|z2-

Suppose — Ly, + h is strictly positive, i.e. \y > 0 in (2). Suppose u € B(U)

satisfies (—Ls, + h)u > 0 in the distribution sense, i.e. Yo € C(U;R ),
/ Vu- V¢ — (JAg|* + Ricy (v, v) — h)u- ¢ > 0.
u

Also assume that either OU N Sing(X) = 0 and u|gy > 0, or u € Bo(U). Then

u>0onlU.

There exists ¥ € CX°(U) such that —Ls, + h + v is strictly positive on By(U).

{feC>U): (—Ls+h+f)|z, is nondegenerate} is open and dense in C°(U).

Remark 5.3.6. Proposition 5.3.5 (4) is usually called weak maximum principle

for —Ly, + h. The techinical assumption on boundary value of u, which is used to

guarantee that u~ € %y(U), is conjectured to be simply replaced by u|gs > 0.

Proposition 5.3.5 (6) shows that — Ly, + h being non-degenerate is a generic prop-

erty.

Proof of Proposition 5.3.5. (1) Suppose {¢4} is a bounded sequence in %, (U), WLOG
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|lokllz < 1. Then by the proof of Lemma 5.3.2, for every subdomain Q CC ¥,
|orllwie < C(X,M,g,8). By Reilly Compactness Theorem [GT01] and Lemma
5.3.2, up to a subsequence of k — 0o, ¢p — ¢ in L*(Q) for some ¢ € By(U),
VQ CC . We shall see that ||¢r — ¢||z2 — 0, which proves the compactness. In fact,
Ve > 0, let V¢ be the neighborhood of Sing(3) in Definition 5.3.4, then

lim Sup/(qbk — ¢)* < lim Sup/ (b — d)* + klim ; (b — @)?
» g e Jve

k—o0 k—o0

< de|prl|% + 0 < 4e.

Let € — 0, we see that ¢p — ¢ in L*(2).

(2) and (3) follows directly from (1) and the standard method in spectral theory. We
omit the proof here.

To prove (4), notice that in either case, there exists u; € CHU) converges to u
in ZU) such that u; = (Ju;| —u;)/2 € Wy (U). And since u; — u” ae. and
|u |z < |lujllz, by Lemma 5.3.2, u; weakly converges to u™ in %y(U) as j — oo.

Using u™~ as a text function we have,

OgQE(u,u)—l—/h-uu
u
zjlirgoQg(uj,u;)+/L{h~uju;

= lim —Qx(u;,u; ) — / h - (uj_)2 < = Ay - liminf Jlu [z
U j—o00

‘]ﬁOO

This means u~ =0, i.e. u > 0.
To prove (5), first observe that since ¥ satisfies the L2-nonconcentration property

in U, there exists a small neighborhood Vy D Sing(X) such that V¢ € CL(U N V),

Qi 0) == Qs 6) + / ho? > 0.
>
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Let V; CC M\Sing(X) be an open subset such that V,uV; D Clos(U). Let {n2,n?} be
the partition of unity corresponding to Vy, V;. Let (> —o0) be the first eigenvalue of
—Ly+h on By(V1NE). Then by the same argument as (5.3.1), for each ¢ € C2(U),

Q. 6) = Q(b10, o) + Q(dm, ) + / & (oo + Ay
> (5.3.5)

> [ ¢*(Bnf + nolno +mAn).
V1

Hence take ¥ € C2°(U; R,) such that 9 > 1+ |8+ noAny +niAn| on Vi, we see from
(5.3.5) that — Ly, + h + ¥ is strictly positive on %y (U).

To prove (6), first note that openness follows directly from (2); To see denseness,
denote for simplicity L" := Ly, — h and K := Ker(—L") C %y(U). By arbitrariness of
h, it suffices to show that if K # 0, then there exists f € C>°(U) such that —L" + ¢ f
is non-degenerate on %B,(U) for sufficiently small |¢|.

Choose f by the following approach. Let {{j CC U};>; be an increasing exhaus-
tion of U, and f; € CX(U;|0,1]) be a family of cut-off which restricts to 1 on .
Clearly, f; — 1 on U weakly in L*°, hence for sufficiently large [, the bilinear form on
K x K, (¢1,02) = [, fior¢2 dx is nondegenerate. Choose f = f; for such I.

To show —L" + tf is non-degenerate for |[t| << 1, suppose for contradiction that
Jt; — 0and u; € Ker(—L"+t;f)N%Bo(U) with ||usz2 = 1. Let v; be the L?-orthogonal
projection of u; onto K; And let {E;};>1 be the L*-orthogonal eigensubspaces of —L"
given in (2), with corresponding eigenvalues A\; < Ay < ... / +00. Multiply the
equation L"(u; — v;) = t; fu; with ¢ € E;, integrate by parts and take sum over j we
see that

lui = vill e < A7Htl[]F e

where A := inf{|\;| : A\; # 0} > 0. Let @; := (u; — v;)/t;, since u; satisfies the
equation L"i; = fu; and the L? bound above, by integration by part we have

lim sup; ||1;]| @) < C < +00; Also, since v; € K and ||v;]|z2 < 1, we have lim sup; ||v; || <
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+00.
By compactness assumption for %y(U) — L? we conclude that up to a subse-
quence, i; — G, V; — Uso both in L2(U); And they satisfy |[veo||z2 = 1, LMico = fUso-

Multiply by ¢ € K and take integration by part, we see that

/fvoo-qb—o for every ¢ € K
u

This contradicts to the choice of f. m

We finish this Subsection by discussing a corollary of the L2-nonconcentration
property. First recall (2.3.3) the index of a singular minimal hypersurface ¥ in U C M
is defined by

index(3,U) := sup { dim¥ : ¥ C Z.(U) be a linear subspace such that
d2
d_$2 s=0

X (D) <0, VO£ X eV }

Corollary 5.3.7. Suppose ¥ satisfies the L?-nonconcentration property in U. Let
A < Ay < A3 < ... N+ be the spectrum of Ly, on 9B as in Proposition 5.5.5, where

h = 0; and E; be the L*-eigenspaces. Then

index(S,U) = ) dimE; .

A;<0
In particular, ¥ has finite indez.

Combined with Lemma 5.3.9 in next Subsection, this partially answers a question

proposed by A. Neves.

Corollary 5.3.8. Let X be a closed, locally stable minimal hypersurface in an 8

dimensional manifold, then ¥ has finite index.
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Proof of Corollary 5.3.7. First recall that if X € Z,(U), then ¢ := X - v € Wy *(U),

and

d?

e _Oﬁn(esx(Z)) <0 ifandonly if Q@x(¢,¢) <0. (5.3.6)

Hence, we define

index.(X,U) :=sup{dim ¥, : ¥. C C(XNU) and Qx(¢,p) <0, V0 # ¢ € ¥.};

indexz(X,U) 1= sup{dim ¥ : ¥ C HBo(U) and Qx(p,¢p) <0, Y0 # ¢ € V}.

Since for each ¢ € CX(U), ¢v could be extended to a smooth vector field in M

supported in U, by (5.3.6) and Proposition 5.3.5, we have

index.(3,U) < index(X,U) < indexz(X,U) = Z dim E; .

A;<0

On the other hand, since C2°(U) is dense in HBy(U), we conclude that index.(X,U) =
index (X, U). O

5.3.2 L?-nonconcentration for strongly isolated singularities

In this subsection, we keep assuming that > has only strongly isolated singularities.

The goal of this Subsection is the following.

Lemma 5.3.9. Suppose ¥ has only strongly isolated singularities and OU NSing(X) =

(). Then, 3 satisfies the L?-nonconcentration property in U.

The proof is based on a refined analysis near singularities. Since ¥ has only
strongly isolated singularities, by a cut-off argument similar to the proof of Lemma
5.3.1, it suffices to work near each singularity p. In the proof below, we shall view

B (p) as a open ball in T,U by exponential map, and parametrize ¥ N B (p) by
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the tangent cone C, = C,X as in Lemma 2.3.1. Recall that B, denote the r-ball
in C,, centered at origin, and we shall abuse the notation to also view it as an open
subset in ¥ by the parametrization. We may write for simplicity C := C,. And let
S = CNS" ry =1(X,M,g) € (0,70/10) be fixed such that ¥ is stable in B, (p)

and that for every ¢ € C} .(B,,),

loc

L56 — Lol < (1000 orllcn s/ (inf @) (IV26] + 7~ [Vod] +72l6]) . (537)

where 5 is the first eigenfunction of the Jacobi operator of S C S™. The existence
of such 5 is guaranteed by Lemma 2.3.1 and Theorem A.0.1 (iv).

We shall prove Lemma 5.3.9 when UNY = B,.,,. To do so, first observe since we can
isometrically embed U into some large R, by the Michael-Simon Inequality [Sim83b,
18.6] and Hélder inequality, we have V¢ € CH(X N U) and YW C X,

(n—2)/2n
/ |V2q§|2 + ¢2 dHEH > c(U, g) . (/ ¢2n/(n2))
)

() [SIow) - [ .

As a consequence, if C,, is strictly stable, then by Lemma 2.3.1 and C.0.1, 3r5(X, p) €

(5.3.8)

(0,72) and ¢, > 0 such that

e, /E VP < Qu(é.d). VoeC\(B,,).

Hence Lemma 5.3.9 holds directly by (5.3.8) and a cut-off argument. Thus, it suffices
to deal with non-strictly stable tangent cones. From now on, assume pu;(C,) =
—(n —2)%/4.

Consider for each s € (0, 1), the perturbed Jacobi operator
L = Ly — s|As|* = As + (1 — 5)|Ag| + Ric(v, v)
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and its assciated quadratic form

Qx(0,0) = Qu(6,0) +5 / [As[e* = / [VE6I* = (1= 9)|As|* + Ric(v, 1)) &
> 5
The advantage of Q3 is that it’s coercive: for every ¢ € C}(Ba,,),

Q3(6.6) > (1 - $)Qu(6,0) + 5 / V6P — s|| Ricar || / &

> / V6P — || Rica [ / &,
> >

Thus by (5.3.8) and (5.3.9), there’s a continuous function 1 < a(r,w) < 1+ log(ry/r)

(5.3.9)

on Bs,, (independent of choice of s) such that
a(x) = oo, asz — Sing(X) = {p}, (5.3.10)

and that for each ¢ > 0 and s € (0,1), there’s a neighborhood Vs 3 p such that

/mezs2-as€- <Q§(¢,¢)+/Z¢2) |

Hence, by the similar argument as Proposition 5.3.5, there’s a unique u(*) € C N

Vo € C}(Bay,,),

W, ?(Ba,,) with
=0 ifr>mry
u®(r, ) ; /(u<s>)2 ca=1. (5.3.11)
b

and

As = QL (u®, u®) = inf{Q%L(¢, ) : ¢ € CH(B,,), /Eng ca=1}. (5.3.12)
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In particular, u(®) satisfies the equation
—Liu® =X, -a-u®  on B, (5.3.13)

Also by definition and stability of ¥ in B,,,, for any 0 < s; < s3 < 1 and any
¢ € CLB,,), 0 < Q3 (p,0) < Q2(¢, ¢). Together with (5.3.11) we see, 0 < A, < A, .

We need a uniform lower bound on u®) away from singularities. To derive it, we
need the following Lemma 5.3.10. In fact, this is the only place where structures of

strongly isolated singularity is essentially made use of.

Lemma 5.3.10. There exist so = so(X, M, g) € (0,1), 6 = (3, M, g) > 0 such that
for any 0 < s < s,

sup{u'® (1, w)? : % <r<ry}>90.

Proof. For each 0 < 7 < g, 5 € (0,1), let m®(r) := inf{u®¥(r,w) : w € S}. By
(5.3.11) and Harnack inequality, there’s a C; = C1(3, M, g) > 0 (independent of s

and ) such that,
u® (r,w) < Om(r), YO<r<ry/2, Vse(0,1), Vwe S. (5.3.14)

On the other hand, let 0 < sg << 1 such that,

7"2|A2|%r < VOo<r<r.

) = 10n - s

Let U(r) := (£)~(=D/2 —(2)7 where v := —(n — 3)/2 — 1/(4n — 4). The choice of

r
r2 T2

the exponents guarantees that U(r) > 0, U'(r) < 0 on r € (0,72), and that

n—2

+”—1+1/<4”_4>U’(r)+7%(( : )2_%)U(r)=0,

r

Le(U(r)pr(w)) =

U//(,r)

-2

4n — 4

(rU" ()| + [U(r)pr(w)
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In particular, for any s € (0, so) and any constant D > 0, we have

L(D - U(r)es(w))

T—Q
> D+ (LelUpn) = 1550 (P10 4 71U7]+ W) 1 = slAsPUe
1 1
> ! ! -2
> (4n_ A1 101D = g (10 D) = =101 ) )
>0 >- ”zL‘;u‘S),

on B,,, where the first inequality and follows from the choice of r5, the second inequal-
ity follows from (5.3.15), the third inequality is a direct calculation since n > 7 as as-
sumed, and the last is by (5.3.11). Hence, by weak maximum principle, V0 < r3 < 9,
if

D - U(rs)supw; < m®(rs),
S

then,
D-U(r)supwy <m¥(r), Vrs<r<ry. (5.3.16)

S

Choose D > 0 such that,
D -U(ry/2)supwy = m®) (r5/2).
s

By (5.3.16), for any 0 < r < r9/2,

m®(r) < D-U(r)supw, = m® (ry/2) - (5.3.17)
S
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Thus, by (5.3.11),

1:/<u<s>>2.a:/ (u(s>>2.a+/ (W) o
s B,,\B,, 2 B

ro/2

ro/2
< C(3,M,g) ( sup (u(s))2 +/ 7‘”_1| log 7| /(u(s))Q(r,w) dw dr)
0 S

B”‘2 \Br2/2

ro/2
< C(3,M,g) ( sup (u(“”))2 —i—/ " !logr| -m(s)(r)2 dr)
0

ISTQ\I3r2/2

ro/2
SO@,M,g,m( sup (u®)? + / r"logr| - m (ry/2)*U(r)? dr)
0

BT2 \Br2/2

S 02(27 M7g7 T2> : Sup (U(S))2 Y
B”'Q\BTQ/Q

Where the first inequality follows by definition of o and Lemma 2.3.1, the second
inequality follows from (5.3.14), the third inequality is by (5.3.17) and the last in-
equality is by
/17‘"1 logr - U(r)? < +oo dr.
0

Hence, the Lemma is proved by choosing § = Co(X, M, g,79) 1. m

Proof of Lemma 5.8.9. Recall that u® satisfies the equation (5.3.13) and (5.3.11),
where Ay > 0is decreasing in s. Let s — 0. Then by classical elliptic estimates [GT01],

up to a subsequence,

u® =y in C2(B,,)NW.2NCL.(B,), A — Xo. (5.3.18)

loc

Clearly,
Mo > inf{Qu(6,8) : 6 € CL(B,,), / $oa=1}>0
>

and the following equation holds in B,.,,

—LEUO = /\00& - U - (5319)
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Also, by Lemma 5.3.10, ug # 0.

Claim. )y > 0.

We first complete the proof assuming this Claim to be true. For each ¢ > 0, let
V. :={zx € B, : a(z) > 1/(\o-€)}. By (5.3.10), V. # 0 is a neighborhood of
Sing(X) N BY (p) = {p}. For any ¢ € C.(B,,) fixed,

1
QZ(¢,¢):£%Q;(¢,¢>zg%xs./ngz.azxo./zqsz.&:E/egzsz.

Hence, ¥ satisfies the L?-nonconcentration property in B,,.
Proof of the Claim. We shall argue by contradiction. Suppose A\g = 0. By (5.3.11),
(5.3.18) and (5.3.19) we have,

=0 ifr>mry
Lyug =0 on B,,; uo(r, *) ) (5.3.20)

>0 f0<r<mry

Also notice that for s € (0,1/2),
Qg(u(s),u(s)) < Q%(U(S),U(s)) =X < Aija

Hence combined with (5.3.18), (5.3.20) and Lemma 5.3.2, ug € %y(Ba,,) and Qs (ug, ug) <
Ao = 0.

On the other hand, recall that X is stable in By,,, i.e. Qx(¢,¢) > 0, Vo €
Cl(B,,,). Therefore, uy # 0 achieves the infimum of Qs in %y(B,,,). The Euler-
Lagrangian equation gives

LEUO = O, on B2T2 .

However, (5.3.20) contradict to the strong maximum principle of uy in Bs,.,. This

completes the proof of the Claim. n
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5.3.3 Asymptotic rates on LSMH

Let ¥ be an LSMH in a closed manifold (M, g) with a strongly isolated singularity p.
For a L?

ibe(X)-function v defined near p, in view of Definition 5.2.5, we can also define

the asymptotic rate of v at p to be,

AR, (v) :=sup{~v : lim v? - p " |3 = 0}, (5.3.21)
550 J A9 (p;s,25)

where p(z) := disty(x,p) is the distance function to the singular point, and A9(p; s, t)
is the geodesic annulus in (M, g) centered at p with inner radius s and outer radius
t. Recall that heuristically, if v grows like p” near p, then AR,(v) = 7. Note that
by Lemma 2.3.1, by parametrizing ¥ using C, := C,X near p, v can be viewed
as a function on C near the origin, and by Theorem A.0.1, the definition above is
compatible with Definition 5.2.5 for function on cones. In particular, the following

Lemma is a direct consequence of Lemma 2.3.1 and Corollary 5.2.6.

Lemma 5.3.11. Let h € L>®(M), L" := Ly — h. Suppose u € W2*(X) satisfies

loc

Lhu € L>=(X). Then

AR, (u) € {~00} UT(C,) UL, +od]

Moreover, if v := AR,(u) € (—o0,1), then by viewing u as a function on C, we

have, for every t; N\, 0, uj(w) := u(tjz)/(||ullL2(aq, 2t,)) - t;n/2) will L} -subconverges

to some Jacobi field i, on C, given by

oo = 17 (c+ ' logr)w,

where 0 # w € W,(C,) is the corresponding eigenfunction of v; (c,c’) # (0,0) and

d =0 unless v = —(n—2)/2.
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We list some applications of this Lemma. In what follows, let h € L>*(M),
LM .= Ly — h; U C M be a smooth domain such that Clos(U) N Sing(¥) = {p},
U:=Un3x.

Corollary 5.3.12. Suppose u € W22 (U) such that L'y € L=U). Then
(i) If u > 0 and L"u vanishes near p, then AR, (u) € {7 (C,X)};
(ii) If u € BU), then AR,(u) >~ (C,%);

(111) If AR,(u) > —(n —2)/2, then
/ |Vsul® + p~2u® d||3|| < +oo.
u

In particular, if u,v € W22(%) such that L', L'v € L=(X) and that AR,(u) >
—(n—2)/2, AR, (v) > —(n — 2)/2 for every q € Sing(X), then we can do the

following integration by parts,
/u~th dIs| —/U~Lhu dlI)].
b b

Proof. To prove (i), first notice that by classical Harnack inequality for u, we have
a rough lower bound AR,(u) > —C(C,); While by Proposition 3.3.1, AR,(u) < 0.
Therefore, Lemma 5.3.11 and the classification Lemma C.0.3 of positive Jacobi field
together implies that AR, (u) € {77 (C,)}.

To prove (ii), first by Lemma 5.3.9, we can take another sufficiently small smooth
neighborhood U’ CC U of p such that 0U’ is transverse to ¥ and that the first
L2-eigenvalue \; = M\ (—L") > 1 on By(U'). Also by classical elliptic estimate,
u € L2 (U). Therefore by a renormalization of u, we can assume WLOG that |u| <1

loc

near OU’ and |L"u| < 1 on U’. By Proposition 5.3.5 (3), we can find £ € B(U’)
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solving,

~IM=¢  onll,

£=1, on oU" .

And by Proposition 5.3.5 (4), we have infys & > 0 and |u| < &/infy € on U'. And
by (i), AR,(€) € {7 (C,)}. Therefore it suffices to show that if 47 # ~ (i.e. C,
is strictly stable, and in this case v; < —(n — 2)/2 < ~{), then AR,(§) # 77 .
In viewing of Lemma C.0.1 and the fact that Z(U’) = W?(U’') in this case, this

immediately follows from the fact that

liminf/ (p")? - p 2 d||S]] = 40, Vo< —(n—2)/2.
A9(p;s,25)

s—0

To prove (iii), first note that AR,(u) > —(n — 2)/2 implies the existence of

v > —(n—2)/2 and sy > 0 satisfying that for every s € (0, so),

/ u? d|| 3| < 5" (5.3.22)
A9(q,s,2s)

By taking sum of (5.3.22) over s = 27!sy, [ > 1 and all singularities, we get

/ u?p? d||2|| < +oo. (5.3.23)
B (Sing(S),50)

Now to estimate the energy, let ¢ € C°((1/2,+00),[0,1]) be a non-negative cut-off
function which equals to 1 on [1,+00). Then for every 0 < r << 1, let ¢, := p(p/r),

and we have an energy estimate,

[ 195506t < [ Clong)IDel? + 1+ 1wy P + Lyl -Jul -2, (5:3:20
b P
Since |Vip,| < C(p)r™" - Xgjagpery < C(0)p7" [Asg| < C(g,2)p™" and Lygu €
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L>(¥), (5.3.23) implies that the right hand side is bounded as r — 0. In particular,
we have

[ 19sgul + 572 i) < o
b

Therefore, that we can do the integration by parts simply follows from a standard

cut-off argument with the estimates above. O]

The following Lemma, which plays a key role in the next chapter in globally
smoothing out singularities, shows that having top asymptotic growth rate near each

singularity is a generic property for solutions of L"u = f.

Lemma 5.3.13. Suppose p € Sing(X). Then there ezists an open subset ¥, C L>(X)

satisfying
(1) f € ¥, implies cf € ¥,, Ve € R\ {0};
(2) If f €V, and g € L®(X)\ ¥, then f+ g € ¥,;
(3) V,NCX(X) is dense in C°(X);

(4) If u € Bo(X) is the solution of L'"u = f for some f € ¥,, then AR,(u) =

’YfL(Cp)-
In particular, for every k € Z>y and o € [0, 1],

The = {f e CP(M) : whenever u € B(X) solves L"u = vg(f),

we have AR,(u) = ~; (C,) for some p € Sing(X)}

contains an open dense subset of C**(M).

Proof. Let 0 < 75 << 1 be a constant such that {BJ, (p)}pesing(x) are pairwise

2710

disjoint, and that —L" is strictly positive on each B§, (p) NX. For each p € Sing(%),
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we define &,, &, € B(B,,(p)) to be the solution of

L', =0, on By (p); (=L + 1), =0, on By (p);
& =1, on 9B, (p) ; & =1, on 9By, (p) -
Then by weak maximum principle, &, > £, > 0 on By, (p) for every p € Sing(¥), and

by Corollary 5.3.12, we have &,(x) — +o00 as x — p.

Now for fixed p, we define ¥, by,

o Yy :={f e LX) :u:=(L")"'f € Bo(U) satisfies limsup,_,, |u|(x)/&(x) >

0}, if L" is non-degenerate;
o ¥,:={f € L>®(): L'u = f has no solution u € Z(%)}, if L" is degenerate.

Then (1), (2) directly follows from this definition; (4) follows from Corollary 5.3.12

(i) and (ii). If (1)-(4) and openness of ¥, are verified, then notice that

Fh s | {f e m(f) e K}

p€eSing(X)

where the right hand side is open and dense in C*(M).

Now we proceed to prove (3) and openness of 7, in L.

Proof of Openness. When L" is degenerate, the openness of ¥, follows directly from

that
L=(S)\ ¥, = L=(X) N (Ker LM)*, (5.3.25)

is a closed proper linear subspace. In case when L" is non-degenerate, clearly, it

suffices to show that there exists a C' = C(h,%, M,g) > 0 such that for every
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| fllzee(zy < 1 we have

limsup | (L")t f|(x) /&, (x) < C (5.3.26)

T—p

To prove this bound, denote (L")~'f by v. First recall that by Proposition 5.3.5
(3) and interior C%-estimate, [v] < Cy = Ci(h, X, M, g,r2) on Ay o (p). Let K =
infgs, () £,(>0), C := max{1,C;}/k. Then by

|th| <1<-C- Lh@fp - gp) on By (p), [v|<Ck< (26, — gp) on 9B, (p) -

and weak maximum principle, we see that [v] < C(2£, —&,) on B,,(p). Hence (5.3.26)

is proved. O

Proof of (3). By (1) and (2), it suffices to show that ¥, N C>°(X) # (). When L" is
degenerate, this follows immediately by (5.3.25), the L?-denseness of C°(¥) and that
(Ker L")+ is a proper closed linear subspace of L?(X).

When L" is non-degenerate, first recall that by Proposition 5.3.5 (5), there exists
¥ € C=(%; R, ) such that —L"*7 is strictly positive.

Let w := (—=L"7)~1(9) € B(X), then w > 0 on ¥ by weak and strong maximum
principle; Let 71 € (0, 79) such that B, (p) Nspt(¥) = 0. Then w satisfies the equation
—L"w =9 —Yw = 0 on By, (p), and by weak maximum principle, w > £§, for some

e > 0. Therefore, ¥ —Jw € ¥, N CX (). O

]

5.3.4 Green’s functions

In this subsection, we introduce the notion of Green’s function for Jacobi field type
operator on a LSMH. This will be used in Section 5.4 to construct a mean convex

foliation of a strictly stable minimal hypersurface with certain tangent cones. We
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keep the assumptions on X, (M, g), U, p € Sing(X)NU and 5 > 0 as in Section 5.3.2.
Also keep parametrizing > N B,{\f (p) by the tangent cone C, and using the notation
that B, := C, N B,(0). Recall that —Ly, is strictly positive on %y(B,,). For later

applications, we shall consider operators of a more general form.

L' e Ly —h, Q" (6,6) = Qz(¢,¢)+/h-¢2,

¥

where h € L*°(X) be fixed throughout this subsection. By choosing an even smaller
19, we can assume WLOG that —L" is also strictly positive on %,(B,.,).

We first slightly extend the function space we are dealing with.

Lemma 5.3.14. Up to a normalization, there exists a unique G € C;2(Clos(B,,))

loc

such that L"G =0 on B,,(p), G >0 on B,,, G =0 on dB,,.

Proof. We first prove the existence. Consider (ry/2 >)t; — 04 and the solution
u; of Lhuj =0on Ay, uj = 0 on IB,,, u; = 1 on JB;;. By weak maximum
principle, u; > 0 on Ay ,,. By Harnack inequality and standard elliptic estimate,
Uj/SUPaBTQ/Q u; = G in C2 (Clos(B,,)) and G > 0 on B,,, G =0 on 0B,,.

To see the uniqueness, if G’ is another positive smooth function vanishing on
0B,, and satisfies the equation above, first note that by weak maximum principle,

Vt S (O, 7"2),

sup G/G' =sup G/G’, jinf G/G = (iaréf G/G" . (5.3.27)

At,r2 0B t,m9

And by Harnack inequality, supyg, G/G’ < C(X) infsp, G/G', Vt € (0,72/2). Hence,

0<a_:= ]i3nf G/G' <ay:=supG/G" < +o0
T2

T2

We now show that a_ = a,, with which the Lemma is proved.

By (5.3.27), a— = liminf, o, infsg, G/G’ and a; = liminf, o, infsg, G/G’. Thus,
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up to asubsequence of t — 0, Gi(z) := G(tx)/infos, G — Gy, G}(z) := G'(tx)/ infsp, G —
G and Gy, Gy, are positive Jacobi fields on C, with a_ = infyg, Go/Gy, ar =

supgg, Go/GY. By Lemma C.0.3, a_ = a. O

We call such G in Lemma 5.3.14 a Green’s function of L" at p in B,,. Since
— LM is strictly positive on %y(B,,), G doesn’t belong to Z(B,,). Just like Green’s

functions in a smooth domain, G dominates functions in #(B,,):

Lemma 5.3.15. Let o1 € By(B,,) be the first eigenfunction of —L" in By(B,,) with

le1llzz = 1; AL > 0 to be the corresponding eigenvalue, i.e.

A= inf{Q"(¢,9) : ¢ € Bo(Br,), 6]z = 1} = Q"(¢1, 1) > 0.
Then lim,_osupyg, (¢1/G) = 0. In particular, if u € PB(B,,) satisfies L'u €
L>(B,,), then lim,_,qsupyg (Ju|/G) = 0.

Proof. By weak maximum principle and Harnack inequality, for each r € (0,rs),

sup 1/G < C(X) inf ¢1/G = C(¥) inf ¢, /G.
0B, 0B, A

.79

Hence, if assume for contradiction that limsup,_,supsg (¢1/G) > 0, then by a
renormalization in G, WLOG G < ¢y on B,,.

For each r < ry, consider the minimizer v, of Q"(¢,¢) among

{6 € By(B,,) : =1 in B,.}.

The existence of such minimizer follows from Proposition 5.3.5 and Lemma 5.3.9.
Moreover, L'v, = 0 on A,.,; G < v < ¢ on B, by weak maximum principle;
[vrllz®,,) < (1+[[hll<) @1l 2®,,) by definition. Let 7 — 04, up to a subsequence,

v, — vg in C°(Clos(B,,)) for some vy € %y(B,,) satisfying L"vy = 0 on B,, and
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G < vp. But since L" is nondegenerate in %y(B,,), vo = 0, contradicts to that G > 0
on B,,.

To see that near p, G also dominates u € %(B,,) with L"u € L>(B,,), first
observe that by Harnack inequality, Lemma C.0.3 and a blow up argument, ¢;(z) —
+00 as © — p. Hence there exists C' >> 1 depending on u and ¢; such that
|L"u| < —C'- L"p; in B,, /3 and |u| < C; on 0B,, /5. Then by Proposition 5.3.5 (4),

lu| < C¢; on B,, /s and the Lemma is proved. O

The study of asymptotic rate in Section 5.3.3 also has a direct implication on

Green’s function.

Corollary 5.3.16. Let G be a Green’s function of L" in B,, at p; 1 € B(B,,) be
the first eigenfunction of —L" in By(B,,); £ € B(B,,) be the solution of —L"¢ =0
on B, and £ =1 on 0B,,. Then AR,(G) =71, AR, (1) = AR, () = 1.

Proof. By weak maximum principle, ¢1,& > 0; Also by definition, G > 0. By Lemma
5.3.11, Lemma C.0.3 and Harnack inequality, AR,(G), AR,(¢1), AR,(&) € {7}
And to distinguish them, it suffices to assume in addition that C, is strictly stable,
in which case v{7 > —(n —2)/2 > 17 .

With this assumption, by Lemma C.0.1, 2.3.1 and A.0.1, || - ||z ~ || - [[w12 and in
particular %y(B,,) = W,*(B,,). Therefore, combined with Corollary 5.3.12 (iii) and
the standard elliptic estimate, we have for every u € {p1, G,£}, AR, (u) =~ if and

only if u € Wy*(B,,). Thus proves the corollary. O

Corollary 5.3.17. Let G be a Green’s function of L" in B,, at p. Then

lim G(rz)/ é%ﬁ G = Gy(z),

T—>O+

where Go(r,w) = 17 p1(w)/ infap, p1 is a homogeneous positive Jacobi field on C,

with fast asymptotic rate. Moreover, the convergence is in Cp,

(Cyp)-
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Proof. First note that by Harnack inequality, whenr — 0., G, (z) := G(rx)/infss, G
always subconverges in Cp%(C,) to some positive Jacobi field on C, with infimum 1
on 0B;. To see this limit is independent of the choice of subsequence, notice that if
C, is not strictly stable, then by Lemma C.0.3, this is the only positive Jacobi field
on C,. While if C, is strictly stable, then by Corollary 5.3.16, AR,(G) = 77 ; And

by Lemma 5.3.11, for every sequence r; — 0,
Gryy = 77 1/ inf ;.

This finishes the proof of the Corollary. O

Corollary 5.3.18. Suppose u € W2*(B,,) with L'u € L®(B,,). G be a Green’s

function of L" in B,, at p. Then,
(1) If u € B(B,,), then AR,(u) >, ;
(2) If AR,(u) >~ , then there exists a unique ¢ € R such thatu—c-G € B(B,,5).

Proof. (1) follows directly from weak maximum principle and Lemma 5.3.16, which
assert that AR, (p1) =7

To prove (2), consider v € %(B,,2) be the solution of L"v = L"u on B,, 5, v = u
on A, /2., Let w:=u—v. By (1) and definition we see that AR,(w) > v; and
L"u —v)=0on B,, /2, w = 0 outside B, s.

If AR,(w) > =, then by Corollary 5.3.16, limsup,_,,, supyg, |w|/G" = 0, where
G’ denotes the Green’s function of L" at p in By, 5. Then by weak maximum principle,
w = 0.

If AR,(w) = ~v;, then by Lemma 5.3.11 and Lemma C.0.2, WLOG there exists
t; — 04 such that w > 0 on dB;,. Then by classical weak and strong maximum
principle for elliptic PDE, w > 0 on B,,/;. Hence by Lemma 5.3.14, w = ¢G" for

some ¢ € R\{0}. To go back to a Green’s function on B,,, consider n € C(?O(Bﬂ‘f/4(p))
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which equals to 1 near p and the solution v € %,(B,,) of L") = L"(n-w) on B,,.
By Lemma 5.3.15 and weak maximum principle, —1 4+ 7 - w is a Green’s function at
p in B,,, combined with Lemma 5.3.14, u — ¢G € %#(B,,)2) for some ¢ € R, which

completes the proof. O

Now we turn to the globally defined functions on 3. Recall that &4 := U N X.

Denote G,., to be a Green’s function of L" in B,(p), where p € Sing(X), r € (0, 79].

Definition 5.3.19. Define %,(U) P R, (Sing(X) NU) to be the function space lin-
early generated by %y(U) and G, ,, p € Sing(X)NU.

The proof of Corollary 5.3.18 (2) actually guarantees that this space depends only

on X, U and p, but not on the choice of r.

Corollary 5.3.20. Suppose L" be nondegenerate on Bo(U). Then, for each p €
Sing(X)NU, there is a unique (up to normalization) 0 # G, € HBo(U) P Rpx (Sing(X)N

U) such that L"G, = 0 onU, G, € B(U\Clos(BY (p)). Moreover, By(U) B Ry (Sing(X)N
U) is linearly generated by HBo(U) and {G, : p € Sing(X) N U}.

If further —L" is strictly positive on Bo(U), then G, can be chosen positive on U.

We call such G, a Green’s function of L" on U at p.

Proof. The existence of G, follows the same construction as in the proof of corollary
5.3.18 (2) from G’ to G; The uniqueness of such G, up to normalization follows
directly from Lemma 5.3.14, 5.3.15 and Corollary 5.3.16, 5.3.18; The positivity of G,

when —L" is strictly positive follows from weak maximum principle. n

5.4 Local Minimization of Strictly Stable Minimal
Hypersurfaces

Throughout this section, let (X,v) C (M, g) be a strictly stable, closed minimal

hypersurface with strongly isolated singularities, i.e. — Ly is strictly positive on %y(2)
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as in Proposition 5.3.5 (4). Here “closed” means Clos(X) is compact. Suppose M \
Clos(2) has 2 connected component M. This is always possible if we replace M by
a small neighborhood of Y. Suppose M, be the one which v points in.

Let A\; > 0 be the first L?-eigenvalue of —Lsx on %y(X); A € (0,);/2] be fixed

throughout this section. Note that by definition we have,

Qs(0,8) > 2A /E 0. Voe (). (5.4.1)

The aim of this section is to prove the following Theorem.

Theorem 5.4.1. Let ¥, M be as above. Suppose each tangent cone of ¥ is strictly
minimizing. Then there exist a constant 7 = 7(X, M, g) > 0 and a family of piecewise

smooth neighborhood {Uy}ie(o) of Clos(E) such that
(1) Uy, CC Uy, for any tq < to;
(2) Micion Ut = Clos(E); Nyeqe Us = Clos(Uy) and U,e o Us = Uy, VE € (0,1];
(3) There exist smooth domains {Q4}ie(0,1] such that, ¥\ BM (Sing(X)) C , CC X

and we have decomposition

oUNM: =570 ) =™,

t,p
pESing(X)

b oont N . - eint
where ¥, are smooth minimal graphs over Qy with smooth boundaries; ¥;;"

are smooth minimal hypersurfaces in B (p) with boundary 822’: I’f"t = 95" N

B (p).
(4) Along their intersection, 7" and if;”t forms a convex wedge.

In particular, [3] is homological area-minimizing in Clos(Uy); And every stationary

integral varifold in Clos(Uy) is supported on Clos(X).
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Remark 5.4.2. Note that OU; are Lipschitz hypersurfaces. Hence by [EH91], by
running mean curvature flow starting from 0U;, we see from (3) and (4) above that

U, can be approximated by smooth mean convex domains.

We first sketch the construction of U;. Let

p(x) := min{dists(z,p) : p € Sing(X)} .

And by Lemma 2.3.1, we can find 7(X, M, g) << 1 such that {B] (p)}pesing(x) are
disjoint, and that for each singular point p, ¥ N B{ (p) can be parametrized by the
tangent cone C, of ¥. When working near a certain singularity p, we shall stick
to this parametrization. We may abuse the notations and simply write any point
x € Ba-(p) as © = rw. Then near each p € Sing(X), p(r,w) ~ r if r < 27.

Denote for simplicity L = Ly and Ly := L+ A. By (5.4.1), —L, is strictly
positive, with the first L?-eigenvalue > A > 0. Fixed py € ¥\ By, (Sing(X)). For each
p € Sing(X), let G, be the Green’s function of L at p constructed in Corollary 5.3.20
with Gy(po) = 1. Let G 1= }° g0 Gp- By Corollary 5.3.20 and 5.3.16, G > 0

satisfies the equation LG'= —A - G on ¥ and growth estimate
G(z)/p(x)r CIT & 400, asx —p,

for every € > 0, where recall v, (C,) is an asymptotic spectrum of C, defined in

(5.2.6). Therefore, there’s a sufficiently large Ty > 0 such that

{r € ¥ :G(z)p(z)™! > Tp} C B,(Sing(%)) .

From now on in this section, every constant will depend at least on

Magaza AvTap()'
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For each T' > T, and p € Sing(X), let

r(T) :=sup{R : G(x)p(x)™" > T on Br(p)}; (5.4.2)
Sre=3\ {J B,mP)- (5.4.3)
pESing(X)

By Corollary 5.3.17, there’s a T} > Tj such that on [T}, +00), 7,(1") varies continuously

in 7', X7 are smooth manifolds with boundary; Also by Harnack inequality, for every

p € Sing(%),

T-r(T)= inf G< sup G<CEANTT-r(T). (5.4.4)
9%rNB-(p) 9X7NB- (p)

Y will be the spaces on which we shall build graph.

For each T' >> Tj, we shall choose specific small positive function ¢t € C*(9%Xr)
and construct a graph of some positive function u™ € C°°(Xr) with vanishing mean
curvature and boundary graphy, . Such a graph will be called an exterior hyper-
surface with boundary ¢*.

Then near each singularity p, we solve Plateau problem with boundary graphy,(¢™)
in B,(p) to find a minimizing hypersurface, called an interior hypersurface with
boundary ¢+ near p. The union of these exterior and interior hypersurfaces, denoted
by X7, is piecewise smooth and will lie in M, for sufficiently large T'. Repeat the same
process to construct X, lying in M_. Then for each ¢ € (0,1), a reparametrization
T = T(t) > T, will be specified below such that regions U; bounded by Ef_ﬁ( p are what
we want.

The mean convexity of OU; will be derived by a blow up argument letting T — 400
and using the Hardt-Simon foliation as barriers. To make it precise, we need an
existence result of exterior graphs over Xp with uniform growth estimate near each
singularity. We assert here that this existence result does NOT require the tangent

cones of ¥ to be strictly stable or minimizing.
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Theorem 5.4.3. Let a € (0,1). Then there exists C = C(a) > 1, To(a) > T} and
05 = 05(a) > 0 sufficiently small such that, for each T € (T, +00), each 0 < § < 05

and each ¢ € C**(0%7) with estimate near each singularity p,

2
< 4.
el Vel TVl <5, (545)

there’s a unique u € C**(Xr) solving

Msu(x) =0,  on Xr;

(5.4.6)
U=, on 0Xr .
and satisfying the pointwise estimate: for every x € X,
% + [Vu(z)|+
i Vu(s) - Vuly) e G 7
su x) - , Yy EYXy, — < —= <10, <09 -
e R LR e R S v e

where My, := M7 is the minimal surface operator on X specified in Theorem A.0.1.

Remark 5.4.4. By the uniqueness of solution above and the estimate (5.4.7), we

know further that u varies continuously with respect to ¢ in C?-norm and in 7.
We first finish the proof of Theorem 5.4.1 assuming Theorem 5.4.3 to be true.

Proof of Theorem 5.4.1. Let 05 be determined in Theorem 5.4.3. For each singularity
p with strictly minimizing tangent cone (C,, v,) at p, let S, be the cross section of C,,.
For sufficiently small dg < d5/2, there’s a leaf of Hardt-Simon foliation ¥} C R+
and a positive function w} € C*(C,) satisfying,

¥y \ By} = graphg, (u;) \ By ;

(5.4.8)
[y (1, )le2(s,) = 06 < Ciafu;(l, .
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We fix such a dg from now on so that (5.4.8) is true with certain w} for every p €

Sing(X%).
Now for each T' > Ty, define ¢. € C*(9%7) to be

or(rp(T),w) :=rp(T)u) (1,w), YweS,. (5.4.9)

By a standard compactness argument we have, for sufficiently large T', ¢ satisfies

(5.4.5) near each singularity p with § = 206, and
inf o /r,(T) > d6/C'.
Ghs

Let uf. be the solution to (5.4.6) with ¢ = (1. satisfying the pointwise estimate (5.4.7).
Then L1 .= graphy,_(uf) is a smooth minimal graph over Y7 with boundary
graphy, (7).

Claim 1. u > 0 for every T € (Ty, +00).

Proof of Claim 1. For fixed T > T; and every s € (0, 1], consider the solution u}}s
of (5.4.6) on Y7 with ¢ = spf. Then by Theorem 5.4.3, U;S is unique and varies
continuously in s. Moreover, by (5.4.7) and the definition of ¢7. we have, uz,, > 0 in
some neighborhood of 0%7 independent of s.

When s — 04, by (5.4.7) and classical elliptic estimate [GTO1], u7,,/s — uj, in
C?(Xr) for some uy, satistying Lug,, = 0 on X and d7, = @7 > 0 on 9¥7. Then
by the strict positivity of —L, ﬁ;o > 0 on X7. Hence u}is > 0 on Xp for s << 1.

Suppose for contradiction that {uf < 0} # 0. Consider inf{s € (0,1] : {uz, <
0} # 0} =: 50 > 0. By continuous dependence of uy,, in s, uz,,, > 0, nonzero on %
and vanishes somewhere in Int(X7). This contradicts to strong maximum principle

since 0 is also a solution to (5.4.6) with ¢ = 0. ]

Now for each p € Sing(X), let E;”;m be the minimizing hypersurface with bound-
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ary 0% N B,(p). Such hypersurface is unique and smooth for T' € (T3, 4+o00) for
some T3 > Ty by the uniqueness of Hardt-Simon’s foliation E; , nondegeneracy of Lz;
on bounded subsets, Allard regularity theorem [All72,Sim83b| and implicit function

theorem. Let

+ . yvtext +,int
She=Sptu| o st

pESing(X)
with normal field v/ in M pointing away from X, defined in the interior of each
smooth component.
Claim 2. For each p € Sing(%), let v} := Vﬂz?m be the normal field of " in
M (pointing away from ), and f;f;m be the inward normal field of 02;;;”'5 in Z}Li"t.

Then there exists Ty > T such that for every T' € (T}, +00),
V;:,emt . é-[}-éﬂi < 07 on 82;:17;7115 )

Proof of Claim 2. Identify ¥} as a hypersurface with boundary in 7,M ~ R"*!

using exp}],” . Suppose up to a subsequence,

——yhert _yyhert  as T 400
Tp(T) 4 P

By (5.4.7), the convergence is in C' sense as an exterior graph over C,, and X
is a smooth graph of some ul‘f’m > 0 over C, \ Bf™" with vanishing mean curvature.

Moreover, by the boundary condition (5.4.8) & (5.4.9) in (5.4.6),

+.,ext _ T .
uy (1, w) = u, (1,w),  for every w € Sp;

and by (5.4.7), Corollary 5.3.17 and the definition of strictly minimizing, we have

ub " < ul near co. Hence, by considering inf{R > 1: R- X} lies above X1} and
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using strong maximum principle for minimal hypersurfaes, we see that

uht <ut  on C,\ Clos(Byt). (5.4.10)

p p

Since both u*"" and ! satisfies the minimal surface equation on C,, \ Clos(B}*"),

by (5.4.10) and Hopf boundary lemma,

+,ext +
Oruy ™ (1,w) < druy (1,w),  for every w € Sy,

And since the convergence of ﬁlT)Z;’m is in O sense, the strict inequality in claim
p

2 is true for sufficiently large T O

With Claim 2, (X7, 74) is mean convex in B! (p) for each p € Sing(¥) and all
T > T, in a viscosity sense. Let U} be the open domain bounded by 1 and Clos(X).
Using the same blow up argument as Claim 2, one can show that there’s a T5 > T}

such that for every T € (T5, +00),
oS " C Uf, Vs> 0.

Hence by the uniqueness of solutions to (5.4.6), the uniqueness of Z;’;m and a barrier
argument similar to Claim 1, we see that for every T > T' > T5, 5 C Uj,. In
particular, combined with the uniqueness of solutions to (5.4.6) and E;’;m, we have
{33, }r~1 forms a foliation of U,.

Similarly, one can construct X, on the other side of ¥ satisfying the similar
properties for 1" > Tg.

Let T = maz{Ts, Ts} and U; be the domain bounded by E%H/tfl and E;H/til,

t €(0,1). (1)-(4) in Theorem 5.4.1 are easily verified by the constructions above. [

Now we start to prove Theorem 5.4.3. We first introduce the following weighted
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norms for functions u defined on £ C ¥. Let a € (0,1), g > 1, k € N.

k .
S v 2
||UHCZ’Q(E) = ||V]U . EHCO(E)
i=0

[VFu(z) = VFu(y)]  plo)+e
+sup { dists(z,y)” G(z)

, L _ p@) _
.$7éy€E,1—O<@<1O},

1/q
lallgr=swp (0 [ e arr@)
t>0 En{t<p<100t}
k
gy = S NVl iy
=0

(5.4.11)

By applying Morrey’s inequality in every annuli A 100:(p) C X, for ¢ > n/(1 — )

we have,

lull et sy < Clen @ llullzas,, (5.4.12)

for every u and T" > T. We emphasis that by Harnack inequality for G, the constant
here doesn’t depend on T'.

Fix ¢ = n/(1 — «) from now on, and define for each 7" > Ty, |u|lx, = T -
HuHWé‘q(ET)‘ Note that (5.4.5) hold for all p € Sing(¥) is equivalent to that T -
lollez@onr) < 0, and (5.4.7) is equivalent to T - HuHCé,a < €4, hence is implied by
that ||u||x, < Co by (5.4.12).

Let Z be the error term operator given by
Msu(r) =1 —Lu+ Zu.

By Lemma 2.3.1 and Theorem A.0.1, there exists 0 < 0, << 1 such that if ||uy || x;., [|Ju2l|x, <
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6 < 9}, then the following pointwise inequality holds,

G

where
2 VQ .T
J= {(|U1 — ug| + p|V(uy —ug)|) (1 + %) + p? |V (ug — U2)|} .

Note that by definition and (5.4.12) we have,

p|V (ur — uy)

\ul—u2\ ’ T
Iz < € [0 2 o+ 1P =2 M ) (0 g ) 4 s = il

G
< Cllur = us|lx, - T

(5.4.14)
The following linear estimate is the key part of the proof.

Lemma 5.4.5. 3 Cy = Cy(q) > 1, Ta(q) > Ty such that, if T > Ty, v € W?4(Z7) is

the solution to
(5.4.15)

Then

[l xr < CaT (| fllzeer) + 19l 050)) -

Proof. The key is that Cy doesn’t depend on 7. Note that by (5.4.3) and (5.4.4),
G/p*T ~ p~2 near OXr. Hence, we need to carefully deal with the estimate near
OXr.

Step 1 (Local estimate) We shall work near any fixed singularity p of ¥ and

parametrize ¥ N By, (p) by the tangent cone C), or by (0,4+00) x S, as in Section
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5.2. By Corollary 5.3.17, p(z) - 0,G/G(x) — ~, (C,) as x — p. Hence by Harnack
inequality and the definition (5.4.2) of r,(T), for every o < v, (C,) < o’ and every

T >11,

o)Ly < — & om0y (L) (5.4.16)

on ¥rNBy-(p). We now fix a choice of o, € (—00,7, (C,))\I'c, and 0y, € (7, (Cy), (1+
5)/2).

Let t, = ty(0p, X, M) € (0,7) such that L = L¢, + %, satisfies the condition in
Corollary C.0.5. The existence of such ¢, is guaranteed by Lemma 2.3.1 and Theorem
A.0.1. Also let Ty, > T such that r,(13,) < t,/10. By Corollary C.0.5, for every T' >
Ty, there exists a solution v, € W2*(By,(p)) to the equation Lv, = xz,fG/(p°T)

on By, (p) satisfying the weighted estimate,

. G
sup [|vp(t, )l z2(s,) - 77" < Clop, )

— Xz f 2
t€(0,tp) p*T g HL

op—2

(Btp(p)) . (5.4.17)

And if we denote for simplicity A; := Ajgo-it,,100-7+1¢, (p), then by definition,

G 2
“,03_T : XETfHLgp_z(Btp(p))

G 2 g ta-
= Xsp (5 f)p 7 da
/Bt,,(p) TopiT
G
— T2, Z/ (i)2p*2n/q Xz - (_)4p720'p727n+2n/q dr
j>1 A G T
<C 2 2 G 4q (—20p—2)¢' —n 1/q
< C@OT s - 2 ([ xoe()*p da )
i1 YA
P Nio!  —20,-2-n
< O(g,0, 0, t,) T2 f]I2 / TV Lyt .y am2n gy
e LG(ZT) Arp(T),tp(p) g Tp(T)

< Cq,0p, Oty (T 2T I 50

where the first inequality is by Holder inequality with ¢ = ¢/(q — 2); the second
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inequality is by RHS of (5.4.16) and the last inequality is true since we choose o, <
(1 + 0,)/2. Combined with (5.4.17), the interior L7 estimate for elliptic equations

and the Morrey’s inequality we get the pointwise estimate on By, /2(p),

[vpl + pIVupl < C(q, 09,0, 1) (=) 1o(T)T - [ fllzg50) < Cll g er) - G

rp(T)
(5.4.18)

where the last inequality above follow from LHS of (5.4.16). Since we have fixed the
choice of 0y, 0,,t,, from now on every constant might depend on them in this proof.
Step 2 (Global C° estimate) Now let T > Ty := Sup,cging(s) T2; Let v be the

solution to the equation (5.4.15). Let v := v — > n,vp, wWhere v, is given

pESing(x)
by Step 1 satisfying the estimate (5.4.18) in By, /2(p); n, € CZ(By,2(p)) is a cut-off
function which equals to 1 on By /4(p) and has |Vn,| + [V?n,| < C(¢,).

By definition of v, we have

Lv = p3_T.f<1_ Z p) — Z 2V - Vo, + v,Anp) .
pESing(X) p€ESing (%)
In particular, spt(L0) C X\, esing(s) Brp/a(p) and by (5.4.18), | L0|[rais) < Ol fll Ly, 2
where C' is independent of T

Let Uy ==X\ (s Br,/s(p) and vy € Wy (Uy) be the solution of Lty = Lo

peSing

on Uy. Then by global L? estimate and Morrey’s inequality,

1Pollcy @) < Cllvollwzae) < Cllfllzg s - (5.4.19)

Let no € C2°(Up) be a cut-off function with value 1 on X\ U, cging(x) Bt,/4(p) and

Vol + | V21| < C(Uy). Then by (5.4.18) and the boundary condition in equation
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(5.4.15), we have

| L(v — novo)| = 2V - Vo + DoAno| < C| fllza,sq) - G, on X ;

[0 =m0V = [v = X esingm) Vol < CUlfllLy,mr) + [[8llcoom,) - G: on 0.

But recall that by definition, —LG = A - G and —L is strictly positive on X, hence
by weak maximum principle for v — 199y and the estimate (5.4.18) (5.4.19), we have

the following weighted C estimate for v,

vl < CUIflleesry + 1@llco@nry) -G on Er, (5.4.20)

where the constant C' is independent of f, ¢, T.

Step 3 (Global W2? estimate) Note that since 0 < G/pT < C(X) on Zp, we
have |Lv| < C(X)f/p*. Hence the desired estimate for ||v||x, follows from (5.4.20)
and interior and boundary L? estimate on every domain {t < p < 100t} N Xz, Vt > 0.

This completes the proof of Lemma 5.4.5. O]

Proof of Theorem 5.4.3. Let C > 1 and d5 € (0,1/2C) TBD subsequently. For every
T >T, d€(0,05) and p € C*(0%r) with T'- [l¢llczox,) < 9, define

Xres = {u e WQ’q(ET) lullx, < C_’(S}
Consider the map 7 : Xp55 = W4(Xr), Ju =: v solves

Lv=%u, onXp;

v =, on 0.

Note that by non-degeneracy of L, the equation above has a unique solution. We

shall appropriately choose C' and d5 to make .7 a contraction map from Xres to
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itself.
For every u € Xr g5, let v := Ju. By taking vy = v and uy = 0 in (5.4.13) and

applying (5.4.14) and Lemma 5.4.5,

For every uy,uy; € Xpgs, let v; == Ju;. Also by (5.4.13), (5.4.14) and Lemma
5.4.5,

||U1 - ’UQHXT S 02(01010(5 : Hu1 - UQ”XT -+ 0) . (5422)

Hence, taking C' := 4Cy and 05 := 1/(C,C;C?), we see from (5.4.21) and (5.4.22) that
J is a contraction map from Xy g5 to itself. Therefore, the Theorem follows from

Banach fixed point theorem. O

Remark 5.4.6. The uniqueness of solution v in the statement of Theorem 5.4.3 seems
slightly stronger since we only assume ||u”cé,a bound. However, by similar argument
as Step 3 in the proof of Lemma 5.4.5, for sufficiently small §’ (not depending on T'),
(5.4.7) hold for u with 6 = ¢’ implies ||u||x, < C"d’. Thus reduce the uniqueness of
solutions with (5.4.7) estimate to the uniqueness of solutions in X7 55 above, which

comes from Banach fixed point theorem.

Remark 5.4.7. By Theorem 5.4.1 and strong maximum principle [SW89], ¥ is ho-
mologically area minimizing in Clos(U;) and is the unique stationary integral varifold
supported in Clos(Uy).

Also notice that, directly by a compactness argument, Theorem 5.1.1 is proved in

case when ¥ is nondegenerate stable, even without assuming (3).

Remark 5.4.8. Theorem 5.4.1 also guarantees that a locally stable minimal hyper-

surface > must be uniquely area-minimizing near the singular point p at which the
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tangent cone is regular and strictly minimizing. In fact, by Proposition 5.3.5 (5), one
can change the metric outside a small neighborhood of a p to make ¥ strictly stable.
Then Theorem 5.4.1 provides a mean convex foliation of Clos(X), hence contains a

small neighborhood of p, inside which [¥] is uniquely area minimizing.

5.5 Local Existence of LSMH under Metric Per-
turbation

The goal of this Section is to prove Theorem 5.1.1.

Let’s begin with the basic set up and assumptions.

(S1) Let (3,v) C (M™, g) be a two-sided closed LSMH with only strongly isolated

singularities; M \ Clos(X) = M_ U M, where v points into M.
(S2) The Jacobi operator Ly is nondegenerate in %y (X) with [ := index(X; M) > 1;

(S3) Vp € Sing(X), the tangent cone C, of ¥ at p is strictly minimizing and strictly

stable.

(S4) 7 € (0,79/10), where 79 is given by Lemma 2.3.1, K > 1; {U;};>1 is a decreasing
family of smooth domains satisfying
° mj21 U; = Clos(2);
e JU; are mean convex in B (Sing(%));

e OU;N My are graphs of smooth functions uj[ € C%*(X) in M\ B¥(Sing(X))

such that

V] + V2] < K| on £\ BY (Sing(E))

+ . + .
sup ur| < K- inf ur| — 0 as j — 00.
Z\B;Vf(smg(z))’ ! | E\BN(Sing(E))| ! | i
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Assuming (S1)-(S3), the existence of such K, 7 and {U;};>; in (S4) can be seen
from the following argument. By Remark 5.4.8, for each p € Sing(X), let O, C M
be a smooth convex neighborhood of p in which [¥] is uniquely area-minimizing; Let
E;'fj C M1NO, be a family of area-minimizing hypersurfaces in O, which converges to
XN O, from both side; Such E;t’j exists by solving Plateau problem with boundary to
be the one-sided perturbation of 00, NYE; For every compact subset Z C O,,, we have
Sing(E;'fj) NZ =0 for j >> 1 by Allard Regularity [All72,Sim83b], Theorem 2.4.1
and a blow-up argument similar to [Sma93]. Hence U; in (S4) can be constructed
by (passing to a subsequence if necessary) gluing these Z;'fj with a constant function

over a neighborhood of ¥\ (J ) Op by partition of unity.

peSing (X

Throughout this section every constant will depend on the quantities in (S1)-(S4).

The proof of Theorem 5.1.1 is devided into the following two facts.

Theorem 5.5.1 (Strong min-max property). There exists k1 > 1, &y : Clos(B!) —

Z,(Clos(Uy,)) F-continuous and € : (0,1] — (0,1) non-decreasing such that
(1) ®0o(0) = [X];
(ii) M(®Pg(2)) < M(Z) — €(r) for every z € OBL;

(iii) If r € (0,1] and {®;}i>1 : Clos(BL) — Z,(Clos(Uy,)) is a family of F-continuous

map such that

lim sup sup{F(®y(z), ®;(2)) : z € OB} = 0.

1—00

Then we have

liminf sup{M(®;(z)) : z € B!} > M(X).

1—00

Also recall that we have introduced the notion of constraint embedded minimal

hypersurfaces in Section 4.2. The following Lemma is a slight modification of Theorem

4.5.1.
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Lemma 5.5.2 (c.f. Lemma 5.5.8). Let € € (0,1). There exists ko = kao(€) > 1 such
that for every j > ko(e), if V is a constrained embedded minimal hypersurface in
Clos(U;) with

H(E) < V(M) < 2 - 27 (5),

then V = |3].

Proof of Theorem 5.1.1. First recall that by Remark 5.4.7, Theorem 5.1.1 is already
proved when ¥ is non-degenerate stable. We now assume index(X) > 1.

Since ¥ C (M, g) in Theorem 5.1.1 satisfies (S1)-(S3) above, we can choose K, 7
and {U,};>1 as in (S4).

Let k; > 1 be given in Theorem 5.5.1, ky > 1 be given in Lemma 5.5.2; Let k >
maz{ki, ka(1/2)} be fixed; Ry, € (0, 1) is also fixed such that spt(®o(x)) C Ugy, for all
z € Clos(Bf,, ), where @ is specified in Theorem 5.5.1. Also let 7 € C°(Ug,, [0,1])
be a fixed cut off function with n|y,,, = 1.

Let II be the family of sequences of F-continuous maps S = {®; : Clos(B} ) —

Z,(Clos(Uy)) }i>1 such that
sup{F(®;(z), ®o(2)) : 2 € OBL_} -0 asi— oco.
Hence by Theorem 5.5.1 we have

L(IT; g) := inf  limsup sup M?(®,(2)) = 7" (%)

S={®;}i>1€0 oo Bl
Ry

> Loy o4 := sup MY (Py(2)).

I
zE@IBRZ

Observe that L(IT; g) and Lg ., is Lipschitz in g in C7, sense. Therefore, 3 ¢; > 0 such
that for every [|g' — gllos < €1, if write g; :=ng’ + (1 —n)g, then L(IL; g;) > La, 0,4 -

By Theorem 4.4.3, there exists a constrained embedded minimal hypersurface Vi,
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in (Clos(Ut), g,) with ||[Vy|[(M) = L(IT; g;). Moreover, by Remark 4.4.4, there’s a
constant Ny only depending on I such that, we can choose V satisfying the following,

For every p € M, if {4 = A, (p) N1 be a family of disjoint annuli in M
centered at p with s; > r; > 4s;.1; Then V' is a constrained embedded stable minimal
hypersurface in at least one of {A;}.

From this fact, we see that if g; — g in C*4, then Vg;_ will subconverges in varifold
sense to some constrained stationary integral varifold V; in Clos(Uy, g) with the same
mass as Y, which is stable locally in every sufficiently small annuli. Hence by Theorem
4.2.11 and 4.3.2, V is a constrained embedded stable minimal hypersurface; And by
Lemma 5.5.2, we see that V, = |X|.

Also note that since Vg; has uniformly bounded mean curvature (bounded by
the mean curvature of 0Uy), spt(Vy) — spt(Vy) = ¥ in Hausdorff distant sense.
Therefore, for ¢ sufficiently close to g, we have spt(Vy) C Uz,,. In particular, V, is
a locally stable minimal hypersurface in (M, ¢’) and can be arbitrarily close to ¥ by

taking ||¢’ — g||cs small enough. This finishes the proof of Theorem 5.1.1. O

5.5.1 Strong min-max property for singular minimal hyper-

surfaces

The goal of this subsection is to prove the strong min-max property, namely Theorem
5.5.1. The proof closely follows the argument in [Whi94], The only difference is the
treatment of singularities, which is based on the results in Section 5.2 and 5.4.

We start with some analytic preparation. Recall (2.3.1), @y is the quadratic form

of second variation of X.

Lemma 5.5.3. There exists ¢1, ¢a,...01 € C°(X) and A\, > 0 such that
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(i) For every u € spani<i<i{i},

Qs(u,u) < =XullZ2x ;

(ii) For every v € CL(X),

1

@s(v,v) WZ(/E“ 0 ) 2 A / Vol +0*/p;

i=1
(iii) The matriz [{¢i, ¢;) 12(x))@j)erx1 s nondegenerate.

Proof. Let )y, ...,1r € Bo(X) be the first I pairwise orthogonal unit L?-eigenfunctions
of —Ly. Since C*(X) is dense in Hy(X), we can find ¢; € CX(X) such that

To prove (i), notice that for every a € R7,

z(z a; Y, Z aih;) < —|N| Z a;,

where A be the largest negative eigenvalue of —Lsy;; Also notice that

|QE(Z a;ps, Z a;ip;) — QE(Z aii, Z a;t;)|
= Y aia;(@s(¢i¢5) — Qs(thi, )| < C(E,De- Y af.

1<4,j<I i

Hence by taking ¢ < |N[/2C(%, I), we have (i) for A < |N'|/2.

To prove (ii), first notice that for every v € %y(2),

(v, +|mZ / v )22 N ol

where \” be the smallest positive eigenvalue of — Ly, and i be the difference between
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A" and the first eigenvalue of —Ly. Also note that,

(Lo =([ oo <C@eolfe.

Hence if take e < X'/(2I|/|C"(2)), p? > |1/ and A < N”/2, then we have,

I
Qs(0,0) 42 3 [ 0+60)* 2 Aol (551)
i=1 /2

Also note that since each tangent cone of ¥ is strictly stable, by Lemma C.0.1 and
Lemma 2.3.1, there is some small neighborhood V of Sing(¥) and constant (%) > 0

such that,

Qz(v,v)—ﬁ/iﬂ/p? >0, YveClV).
1%

Hence by a similar argument as Lemma 5.3.1 we have, for some C”(3) > 0,
Os(v,v) — 19/2@2/,)2 T+ Cfo|2asy >0, Vo e CL(E). (5.5.2)

Also by Lemma 2.3.1,

|As;|? + Ricy (v,v)| < C"(E)/p? on I, hence Vv € CL(D),

(1+a) (Q@s(0,0) + C"uliEars))

> a/ |Vol? + (Qz(v,v) —19/1)2/p2+0”||”||%2(2)) 2 a/ Vol
by by by

where 0 < a < 9/C". Hence Lemma 5.5.3 (ii) follows by combining (5.5.1), (5.5.2)

(5.5.3)

and (5.5.3) and take 0 < A < min{1,\"/(2C")} - min{V,a/(1 +a)}/2 .
To prove (iii), it suffices to notice that |(¢;, ¢;)r2(x) — 6;5| < 10e and take ¢ <
1/10012. O

Remark 5.5.4. We see from its proof that Lemma 5.5.3 (i) and (5.5.1) holds for
any ¥ satisfying L? nonconcentration property; while the proof of (ii) essentially use

strictly stability of tangent cones of .
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Now we take f = (f1,..., f1) € C=(M \ Sing(X);R!) such that f = 0 on ¥ and
v(fi) = pd; on ; Let 7 € (0,7) be such that BM (Sing(X)) Nspt(f) = 0.
Let ¢ € C*R!;[0,+0c0)) such that ((0) = 0, V2¢(0) = id and supgs|V(] -

sup,, | f] < 1. Define for T' € Z,(M),

A =M+ ([ fo i)

Lemma 5.5.5. A™ is lower semi continuous in flat topology.

Proof. The proof is the same as [Whi94, Section 3, Claim 2. ]

For a general parametric elliptic integrand F', the regularity problem of (F, ct®,d)-
almost minimizing surfaces is studied in [Alm75,5SS82,Bom82], and is used in [Whi94]
to gain better regularity of convergence of minimizers for F'* in a smaller and smaller
neighborhood of the given surface stationary with respect to F'. F' = 1 corresponds
to the mass functional.

Now we observe that since U; are mean convex near Sing(X) and f vanishes near
Sing(X), minimizers of A* in Clos(U;) are minimal near each singularity. Hence the

same argument in [Whi94, Section 3, Claim 1] yields the following,

Lemma 5.5.6. For every a € (0,1), there exists some constant c,ky > 0 such that
for j > ko, every minimizer T' € Z,(Clos(U;)) of A* among cycles homologous to [X]
in Uj is (ct®, 67)-almost minimizing in M.

In particular, if T; is a minimizer of A* in Clos(U;) homologous to [X], then

T; — [X] in flat topology as j — oo and
(i) T; are homologically area minimizing in B2 (Sing(X)) N Clos(U;);

(ii) There are u; € C*(X) such that for every U CC M \ Sing(X),

T; U = [graphy,(u;)| U,  forj >>1.
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Lemma 5.5.7. There exists ky > ko such that [X] is the only A*-minimizer in its

homology class in Z,(Clos(Uy,)).

Proof. The proof closely follows [Whi94, Theorem 2|. The major extra effort is made
to estimate error terms near singularities.
Suppose for contradiction that after passing to a subsequence, there are [X] #
T; € Z,(Clos(U;)) homologous to [X], i.e. Tj — [X] = 0P; for some P; € I,.1(M)
supported in Clos(U;), which minimize A* among its homology class in Z,,(Clos(U;)).
Let 0 # u; be the graphical functions of T over ¥ as described in Lemma 5.5.6

(ii). Moreover, for each p € Sing(X), since each C, is strictly stable, one can take

o c ( —(n—2)/2, infpeSing(E) Vr(cp)); Let
Tj(p) = mf{t >0: TJ'—A?,/[ZT(p) = [graphE(u])]LA%‘r(p) and Huj”;,/ltg-r(p) < 61}’

where 6; = 01(C,, o) is specified in Corollary 5.2.18. Clearly, r;(p) — 04 as j — o0;
WLOG rj(p) < 7.

By Corollary 5.2.18, there exists {29 CC X such that for j >> 1,

lusl/p + [Vu;| < Cla)p”" - (/Q W)Y on As e (p) (5.5.4)

Claim. liminf; . r;(p)* 2 [, u? > 0.

Proof of Claim. Otherwise, consider V; := (Mpr;(p))2Vj- By (5.5.4), up to a subse-
quence, ‘7] — Vo for some stationary integral varifold Vo equal to |C,| outside the
ball of radius 2. Since C, is area minimizing, by a barrier argument using Hardt-
Simon foliations, Ve = |C,| in R"*'. By Allard regularity, this contradict to the

minimality of r;(p). O

Let Z;{j =X\ UpGSing(E) Bory)(p); Us == X\ UpGSing(E) Bur,)(p). Take j >> 1
such that U; D Qo U (X Nspt(f)).
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Let & € C°(U;) be a cut-off function which equal to 1 on U; and |V&;| < 10/r;(p)

on B.(p); Let @; := u; - &. Note that by (5.5.4),

[ wupa < comere [ . (5.5.5)
B4rj(p)(p)

Qo

Now we are ready to estimate A*(7;) —A*(X). Work under Fermi coordinate near

¥, let F(x,z,p) = F°(z, 2, p) be the volume element for graphs over ¥ as in Theorem

A.0.1, we have

0> A*(T) — A*(%)

=,

J

(F(z,u, Vuy) — 1) — A"(S\ Uj) + C(/Ef(x,uj(x))F(x,uj,Vuj) A" (x))

1
> [/ dx/ OpF (z, suj, sVu;) - Vu; + 0,F (z, suj, sVu;) - u; ds] — " (X \ U,)
U; 0 —_——

J

— . (1D
)

¢ / Fl, i () F (2,05, Vuy) " (x))

%

(. /

(I17)

—

(5.5.6)

To estimate (), notice that by Theorem A.0.1,
10, F (2, 2,p) = pl + p|0:F (x, 2,p) + (|Ac]* + Rica (v, v))z| < C(I2|/p + p])*.
Hence, combined with (5.5.4) and (5.5.5) we have,

1 .
(1) 2 5 [ 1905 = (sl + Ricas(v,0) = C( Vi + /)

1
> 5/ Vi [2 — (Al + Ricas(v,v)) 2 doe”
> (5.5.7)
— C(0, %) /Z(|Vﬂj| + lag/pl +ri(p)* 2 - (IVa,]* + @5/ p%)

1 i , i . P
=3 /z Vi, |? — (|As]? + Ricy (v,v)) @5 dA”™ + O</z Vi ? + a5/ p%) .
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To estimate (II), it suffices to notice that by Claim 1, r;(p fQo ]

7 — oo. Hence,

(IN< 3 HBue®) < CE)- ) =o [ V5P + /). (559

p€eSing(X)

To estimate (I17), note that by definition, ((v) > |v|*/2— C¢|v|* for some C; > 0;

and by the choice of f,

I/Zf(fv’uj(f))F(%uj?VUj)—Mcz_ﬁ"ﬂj A" ()| SC(f)/E|Vﬂj|2+ﬂ§/pQ-

Hence, we have

(1= 2| [ 3l —o | (93, + 0. (5.5.9)

Now, plug (5.5.7), (5.5.8) and (5.5.9) into (5.5.6) and apply Lemma 5.5.3 (ii), we

get,

02 Qs 1) + 4| [ ;-3 ot~ of [ IVaf /)
by b

> )\/ IV |* + a3/ p® d%ﬂ"—o(/ IV |* + a3 /p%) .
% )

This contradicts to that A > 0 in Lemma 5.5.3 and that u; # 0. Thus the proof is

completed. O

Proof of Theorem 5.5.1. Let k; be specified in Lemma 5.5.7. Define ®; : Clos(B]) —
Z,(Clos(Uy,)) by

Dp(2) == [graphE (f- (2101 + 220 + ... + zl¢1))} ,
where ¢ € (0, 1) small enough such that the image of ® is contained in Z,,(Clos(Uy, ))

185



and that (ii) in Theorem 5.5.1 hold for some €(r) > 0. Such ¢ and €(r) exists by
Lemma 5.5.3 (i).

Also by Lemma 5.5.3 (iii), we can take ¢ > 0 even smaller such that
Foy: Clos(Bl) 5 R, = / F d|@o(2)].
M

has non-zero degree at 0 € R!. Fix the choice of  and then ®; from now on.
Now if {®;};>1 be a family of F-continuous sweepouts described in Theorem 5.5.1
(iii), then
Fo.: Clos(B)) SR/, zes / 7 o)
M
CP-converges to @, restricted to B!, and hence also has non-zero degree at 0 for

i >> 1. In particular, 3 z; € B! such that f®;(z) = 07. Therefore, by Lemma 5.5.7,
sup{M(®;(2)) : z € B} > M(®(z)) = A™(®(z)) > A*([Z]) = M(D),
for i >> 1, thus proves (iii) of Theorem 5.5.1. O

5.5.2 A rigidity result for constrained minimal hypersurfaces

As is introduced in Section 4.2, for a smooth domain U C (M, g), an integral varifold
V € IV, (Clos(U)) is called a constrained embedded minimal hypersurface in Clos(U)
if it’s a locally stable minimal hypersurface with optimal regularity inside U, locally
sum of C'*! graphs with multiplicity near OU, possibly with self-touching on OU, and

satisfies the variational inequality

SV (X) >0,
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for every vector field X € 2 (M) which is tangent to QU or pointing inward U along
OU. Note that by [Wan22b, Remark 2.9, (1)], the mean curvature vectors of these
CY! graph comprising V' all points outward U along OU and equals to the mean
curvature of QU almost everywhere on spt(V) N OU. This is the only additional fact
we shall use in the proof of Lemma 5.5.8.

[Wan22b] discusses the existence of such constrained embedded minimal hypersur-
face through min-max construction, as well as a local rigidity result [Wan22b, Theo-
rem 5.1] near a smooth nondegenerate minimal hypersurface. The goal of this section
is to prove an analogue of this local rigidity in the singular setting. The proof is
almost the same, but additional efforts will be made to deal with error terms near
singularities.

We still assume (S1)-(S4) holds in this subsection. Note that by strong maximum
principle and mean convexity of OU; in (S4) inside B} (Sing(X)), any constrained
embedded minimal hypersurface V in Clos(U;) must be stationary (i.e have vanishing

mean curvature) in B} (Sing(X)).

Lemma 5.5.8. Let € € (0,1). There exists ko = kao(€) > 1 such that for every

J > ko(e), if V is a constrained embedded minimal hypersurface in Clos(U;) with

A (E) < V(M) < (2—e)7(%),

then V = |3].

Proof. We shall argue by contradiction as is done in [Wan22b, Theorem 5.1].
Suppose for sake of contradiction that after passing to a subsequence, there exist
constrained embedded minimal hypersurfaces |X| # V; € IV, (Clos(U;)), j — oc.
Since by the choice of {U,};>; in (S4), the mean curvature of OU; on spt(h) tends to
0 as j — 00, we see that the mean curvature of V; converges to 0 in L>. Hence by

Allard Compactness Theorem [All72,Sim83b], up to a subsequence, V; — V for some
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stationary integral varifold V' € ZV, (M) supported in Clos(X) and has 7"(%) <
\VII(M) < (2—¢)7™(X). This implies V' = |3|. Thus by Allard Regularity Theorem
[A1172,Sim83b], this convergence is in C1*-graphical sense on each compact subset of
Y, Va € (0,1).

Let o € (0,1) be fixed from now on; For each singularity p, since the tangent
cone C,¥ is strictly stable and strictly minimizing, we can choose o, € (—(n —
2)/2,71(C,)). Let §; = 6,(C,, ) > 0 be specified in Corollary 5.2.18, v; € C1*(X)

be the graphical function of V; over X, r;(p) — 04 be such that

ri(p) = inf{t > 0: V;LAY, (p) = | graphy (v;)| A (p), 0il13.4, 0.0 < 95} -

We take j >> 1 such that r;(p) < 7/2. Let 0 := infpeging(z) 0p > —(n —2)/2. By

Corollary 5.2.18, there exists ¥\ B,(Sing(X)) C Qo CC X such that for j >> 1,

1/2
\vj|/p+|wsc<a>pﬂ-< / ) L on A, (). (5,5.10)
Qo

where recall that p is the distant function on ¥ to p. Hence by the same argument

as in the proof of Lemma 5.5.7, Claim, we have,

hminfrj(p)%z/ v; > 0. (5.5.11)
Qo

j—o0

Let F = F°(x,z,p) be the area integrand of graph over 3 defined in Theorem
A.0.1;
M = M = —divg(0,F (z,u, Vu)) + 0, F (z,u, Vu),

be the minimal surface operator. Also for each j > 1, let U, := Z\UpESing(E) Bar, ) (P);

and let uji be C? functions over €y such that under Fermi coordinates of M near X,

{(z,t) 2 € Qo,uj () <t <uj(x)}\ B! (Sing(X)) = U; \ By (Sing(%)) .
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Since V; are constrained embedded minimal hypersurfaces in Clos(U;), we have

;

vj - Mv; <0, weakly on Qo;

Mvj =0, on {u; <wv; <uj}U U\ Q); (5.5.12)

\ | vj| < Clvj|,  weakly on U;.

Let ¢f := [, [Vvj|* +v7/p?, then by (5.5.10), (5.5.12), Theorem A.0.1 and standard
elliptic estimate [GT01], we know that up to a subsequence, v;/c; — U in wh2n

loc

CY (%) for some 0 # 0y, € Wo2(X) satisfying

loc

—Uoo * LyUse < 0,  weakly on ¥;
(5.5.13)

— Ly = 0, on ({t, < Vs <UL}NQ)UE\Q,

+

where U

are the subsequential limit of uji /cj, which is either everywhere +oo or ev-
erywhere finite and nonzero by the assumption in (S4) and that |v;| < maz{|u] ], [u] |}
on Qy for j > 1. Moreover by (5.5.10), AR,(0s) > 0 > 77 (C,) for every singular
point p. Hence by Corollary 5.3.18 (2) and Corollary 5.3.16, we have 0o, € %y(X%).

Claim.
/ — Do - Lyylog = / |Vieo|? — (|As|?* + Ricy (v, v))02 dz > 0.
x >

Note that by combining this Claim with (5.5.13), we see that 0., actually satisfies
the Jacobi field equation L0, = 0 on 3. Together with that 0., € %y(X), this

contradicts to the non-degeneracy of Ly, and completes the proof of Lemma 5.5.8.
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Proof of the Claim. By Theorem A.0.1,

0 < V(M) — (%)
sLmeww—uwwm+§jnww%mm

J p€ESing ()

1
< / da:/ OpF (x, sv5,sVv;) - Vu; + 0, F(x, svj, sVv;) - v; ds
0

+ Z IVili( BSrg(p( ) (5.5.14)

p€eSing(X)

= 5/ O, F(x,v;, Vv;) - Vv + 0, F(x,vj,Vvj) - v; de + &
U;

>

g

()
+ D IVIll(BE, o)),

pESlng )

J/

-~

(1)

where by the fact that

/O f(s) ds = (f(0)+ f(1))/2 = (/0 f(s)(s* = s) ds)/2,
and Theorem A.0.1, we have

|éa‘ S C/Z/{ sup |:| ppp (I SUWSVU])HVUJP_'—’ ppz (ZL’, 8Uj,8VUj)HVUj‘2|Uj|

i s€[0,1]

‘ pzz (I’ SUJ7SVUJ)||VUJ||U]’2+‘

< [ (Vul+ /o) do = ofc).

U

ZZZ

F(:E,svj,vaj)ij]?’] dx

(5.5.15)

Here the last equality follows from (5.5.10) and the definition of ¢;; And by (5.5.11)
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and volume monotonicity for stationary varifolds in M,

(U< Y O IV;I(BY (p) = olc5). (5.5.16)

pESing(X)

Now to estimate (I), first observe by
|0,F (2, 2,p) = p| + p |0.F (2, 2,p) + (|As* + Ricar(v,v)) 2| < C(7)(|p| + |21 /p(x))?.

Hence,

(D=5 [ 90 (143 + w0 do 50 [ (9014 Iyl

: (5.5.17)

2

IN

/u. [V;? = (|As]® + Ricar (v, v)v] da + o(c3) .
Note that by (5.5.10), as j — oo,

/ IV (v;/c;)|?=(|As]? + Rica (v, v)) (v;/c;)? do — / Voo |*— (|As]? + Ricy (v, v)) Do dz .
U s

J

Therefore, combined with (5.5.17), (5.5.16) and (5.5.15), by dividing (5.5.14) by ¢;

and taking 7 — oo, the proof of Claim is completed. n

]

5.5.3 Failure of local existence

We point out at the end of this Section that the strict minimizing assumption in

Theorem 5.1.1 can not be dropped. In fact, we have the following example.

Proposition 5.5.9. There exist a Riemannian manifold (M,g) and a two-sided
strictly stable minimal hypersurface (3,v) C (M, g) with only strongly isolated singu-

larities satisfying (1), (3) but not (2) in Theorem 5.1.1, together with a neighborhood
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U of Clos(X) and a family of metrics g; — g in C> on M, such that there’s no

stationary integral varifold supported in U under each g;.

Recall that by [Sim68, Lin87b, Sim74, Law91], the Simons cone over S° x S,
C* = {(z,y) R x R*: [2|* = 5[y|’} C R,

is strictly stable but only minimizing in one side. Using this cone as the singularity
model and applying the following Lemma 5.5.10, one can derive Proposition 5.5.9 by

the following steps, the detailed proof of which is left to readers.

(i) Consider ¥ := C>! x RNS®, a LSMH in (S%, gy := grouna), With two singularities
and a unit normal field v pointing into the non-minimizing direction of C%!. By
Proposition 5.3.5 (5), there’s a 0 < € C°(X) such that —Ly, 4 + ¥ is strictly

positive on B(X). Let f; € C>°(S*\ Sing(X)) be such that

fils =0, Vfils =0, Ve, iy, v)ls =1.

Thus ¥ is minimal and strictly stable in (S8, g := e/1go).

(ii) Using the same argument as Theorem 5.4.1, one can construct piecewise smooth
mean convex hypersurfaces {3 };¢(—1,1) foliating a neighborhood of Clos(3) with
Yo = X, such that the mean curvature vector of ¥; point into v’s direction for

every t # 0, and that on a domain containing spt(f) N3, ¥; are graphs over 3.

(iii) Take a non-zero 0 < p € C®(X) supported in spt(d), let fo € C(S®) be
supported in spt(f;) such that fo|s = 0, v(fa)|s = —o. Thus for |t| < << 1
and every j > 1, under metric g; = el2/ig ¥, still all have mean curvature
pointing in the same direction as v. Moreover, none of ¥; are entirely minimal.
Therefore, by strong maximum principle, there’s no stationary integral varifold

under g; supported in the region bounded by X4s.
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Lemma 5.5.10. Let C C R""! be a reqular stable minimal hypercone which is min-
imizing only in one-side. Let E_ be the component of R"™ \ C in which C is not
minimizing, vc be the normal field pointing away from E_.

Then the area-minimizer S among all integral currents with boundary O[C B} ]

is unique and is a smooth minimal hypersurface supported in Clos(E_) with boundary

C N OB . Moreover,
(1) {r- S}ti=o foliates E_;

(2) S is a minimal graph over C near 0S of some function h satisfying

h(r,w) <0, h(l,w)=0; Oh(l,w)>0, VYwecCNIBI. (55.18)

Proof. First note that since C is area-minimizing in the other side, by compar-
ing mass, spt(S) C Clos(F_). Hence by strong maximum principle [[lm96] and
that C isn’t minimizing in £_, we have spt(S) N C = C N dB}*!. In particular,
dist(0,spt(S)) > 0. Also, by [HS79], S is smooth near boundary. We may abuse the
notation and do not distinguish between S and spt(5).

The fact that {r-S},¢ foliates E_ follows by considering sup{r € (0,1) : r-SNS =
()} and using strong maximum principle [Sim87,1lm96]. The uniqueness of such S also
follows from the foliation structure.

Consider the Jacobi field u := vg - Vgu+1|z|?/2, where vg is the normal field of
S_ pointing away from C. Then since {r - S},~o foliates F_, 0 < u < 1 and is
not identically 0. By strong maximum principle for Lg, u > 0 on Int(5), hence by
Theorem 3.1.1, Sing(S) = 0.

Also by weak maximum principle for Ag, we have u|ss < infsgu < 1. Hence S is a
minimal graph over C near 0S. By Hopf boundary Lemma, v > 0 on 05 and hence

(5.5.18) holds. O

193



Chapter 6

Analysis on Singular Minimal

Hypersurfaces, 111

The work described in this chapter is a combination of [Wan20, LW20, LW22].

6.1 Introduction

In this chapter, we prove the Full Generic Regularity Theorem 1.3.6 and then discuss

its applications to the min-max theory.

Outline of the Proof

The starting point is a Regular Deformation Theorem. Let 3 C (M8, g) be a LSMH
with Sing(X) # (), by exploiting Theorem 5.2.12, we shall prove that under a technical
semi-nondegenerate assumption, there’s a generic way to conformally perturb the
metric g to ¢/, under which every LSMH sufficiently close to ¥ must be regular near
some singular point of >. For the precise statement, see Theorem 6.2.4. Heuristically,
this means we can smooth out at least one singularity of ¥ by perturbing metric.

There are two difficulties in applying this Regular Deformation Theorem induc-
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tively and eventually eliminate all singularities. The first one is that the technical
semi-nondegenerate assumption may not be preserved under perturbation a priori;
The second one is, although those LSMH ¥’ under perturbed metric is regular near
some p € Sing(X), it’s still possible that near some other p’ # p € Sing(X), ' has
multiple singularities. Note that if this happens, then the TOTAL NUMBER of
singular points does NOT drop under metric perturbation.

To deal with the second problem, we introduce a way to count the number of
singular points weighted by their tangent cones, such that this counting is upper-
semi-continuous under F-convergence of LSMH. We show that there exists a finite
weighted singular-set-counting like this, which we call singular capacity. See Theorem
6.2.5.

To deal with the first problem, our goal is to first derive a Sard-type Theorem
asserting that under generic metric, every LSMH is semi-nondegenerate. To achieve
this, for each LSMH X C (M?,g), we introduce a canonical pseudo neighborhood
of (g,%), which roughly speaking consists of metric-LSMH pairs (¢’,%’) that are
bi-Lipschitzly close to (g,%). Inside this canonical pseudo neighborhood, inspired
by White’s Bumpiness Theorem [Whi91, Whil7], we are able to establish a local
Sard Theorem by artificially unwrapping the proof Sard-Smale Theorem for smooth
Fredholm map between Banach manifolds, see Theorem 6.2.8 for its precise statement.
Then to obtain the Sard-type Theorem globally, we adapt the proof in a recent work
by N. Edelen [Ede21] to find countable cover of the space of all metric-LSMH pairs
(g, %) by canonical pseudo neighborhoods.

After overcoming these two techical difficulties, the proof of Full Generic Regu-

larity can be carried out by induction in the singular capacity of LSMH.
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Organiztion of the Chapter

In Section 6.2, we introduce some technical notions ralated with locally stable mini-
mal hypersurfaces, and state the Regular Deformation Theorem 6.2.4, the Existence
Theorem 6.2.5 of Singular Capacity, the Local Sard Theorem 6.2.8 and the Countable
Cover Theorem 6.2.9. Assuming these Theorems, the detailed proof of Theorem 1.3.6
will be carried out in Section 6.3, followed by several applications of the Full Generic
Regularity Theorem to min-max Theory in 8-manifolds.

In Section 6.5, we prove the Existence Theorem 6.2.5 of Singular Capacity.

In Section 6.6, inspired by Edelen’s cone decomposition, we introduce a two-step
decomposition scheme to show that countably many “canonical (pseudo-)neighborhoods”
could cover the whole space. In particular, we prove the Countable Cover Theorem
6.2.9.

In Section 6.7, we collected several facts on induced Jacobi fields from a converging
sequence of minimal hypersurfaces or minimal hypersurfaces pairs. This allows us to
establish the Regular Deformation Theorem 6.2.4, which serves as an induction step
in proving full generic regularity.

In Section 6.8, based on the knowleadge of certain induced Jacobi fields, we unwrap
the Sard-Smale type arguments in White’s Structure Theorem to derive the Local

Sard Theorem 6.2.8.

6.2 Preliminaries

Let ¥ be an LSMH in a closed manifold (M8, g) with a singularity p. For a L7 -

function v defined near p, recall that we have defined and discussed the asymptotic

rate of v at p in Section 5.3.3 to be,

AR, (v) :=sup{v : lim v? - p " d||2] = 0},
SN0 J 49 (pis,25)
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where p(z) := dist,(x,Sing(X)) is the distance function to the singular set, and
A9(p; s,t) is the geodesic annulus in (M, g) centered at p with inner radius s and
outer radius ¢. Heuristically, if v grows like p” near p, then AR,(v) = . Note
that by Lemma 2.3.1, by parametrizing > using C,X near p, v can be viewed as a
function on C near the origin, and by Theorem A.0.1, the definition above coincide
with Definition 5.2.5 for function on cones.

The advantage of this asymptotic rate is that it relates the behavior of Jacobi
fields on X near p with the asymptotic spectrum of C,X. We collect our analysis in

Section 5.2.1 by the following Lemma.

Lemma 6.2.1. Suppose that a nonzero function u € W2(X) satisfies Ly u €

loc

L>(X). Then AR,(u) € {—oo} UT(C,X) U[1, +00]. In addition,
(i) If u € WH2(X), then AR, (u) > 7 (C,X);
(ii) If u >0 and Ly 4u vanishes near p, then AR,(u) € {7 (C,X)};
(111) If AR, (u) > —(n —2)/2 for every q € Sing(X), then
/ Vs ul? + p~2u® d||X]| < +o0.
s
In particular, if uw,v € W2A(Z) such that Ly gu,Ls,v € L®(X) and that

AR (u) > —(n —2)/2, AR, (v) > —(n — 2)/2 for every q € Sing(X), then

we can do the following integration by parts,

/u - Ly qv d||X]| = / v- Ly qu d|| X
o >

Proof. Combine Lemma 5.3.11 and Corollary 5.3.12. [
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6.2.1 Jacobi fields of slower growth

Definition 6.2.2 (Slower growth). A function u € L} (¥) is a function of slower

growth, if Vp € Sing(Y),
AR, (u) = 75 (CpX) .

In particular, if Sing(3) = (), the condition is always satisfied for any L? function.

Similarly, when ¥ is two-sided, a Jacobi field on ¥ is a Jacobi field of slower
growth if it is a function of slower growth. We denote by Ker® Ly, , the space of all
the Jacobi fields of slower growth on ¥ C (M, g).

A two-sided LSMH X is called semi-nondegenerate, if
Ker" Ly, = {0} .

Following the notation in (2.1.1), a one-sided connected LSMH ¥ is called semi-

nondegenerate, if its connected two-sided double cover S has
(Ker™ Lig)Z2 ={0} .

Remark 6.2.3. By definition, if Sing(X) = (), then X is semi-nondegenerate if and
only if ¥ is nondegenerate.
By Lemma 5.2.1, for every stable minimal hypercone in R®, we have v, > ~;" >

—(n —2)/2. Thus by Lemma 6.2.1, a Jacobi field of slower growth has finite energy.

The following Regular Deformation Theorem will be the induction step to proving
full generic regularity. The proof is based on the analysis of induced Jacobi field from

a converging sequence of LSMH, which will be discussed in Section 6.7.

Theorem 6.2.4. Let k > 4 be an integer, o € (0,1), and X C (M, g) be a semi-

nondegenerate LSMH with Sing(X) # (0. Then there exists an open dense subset
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Fhe c CH(M) depending on X, M, g with the following property. For any f € F*e,

and 7 > 1, Suppose that

(a) g; = (1 +t;f;)g is a family of metrics, where either R 3 t; \ 0 and f; — f in

C*(M) as j — oo, ort; =0 for all j.

(b) X; C (M,g;) is an LSMH with

index(X;) = index(X) ; F(|%]y,,[%]g) =0 asj— oo,

Then there exists p € Sing(X) and some neighborhood U, C M both depending on the

sequence {(g;,%;)} such that for infinitely many j >> 1,

6.2.2 Singular capacity

Let .# be the space of triples (X, N, g), where (N, g) is a Riemannian manifold of
dimension 8, not necessarily complete; 3 C (IV, g) be a connected LSMH with finitely
many singularities. Let .#**19¢d be the space of triples (X, N, g) € .# such that ¥ is
two-sided. As before, we endow topology on .# and %% by C}! = convergence in
(N, g) and F convergence in ¥ with multiplicity 1.

Singular capacity, first introduced in [LW20, Section 4] as a funcational defined
on A% serves as a way to count the number of singularities with weight such
that it is upper semi-continuous under convergence.

In this chapter, we shall need a modified singular capacity, which is still upper

semi-continuous under convergence with multiplicities.

Theorem 6.2.5. There exists a functional SCap™ : .# — N, which we call singular

capacity, with the following properties.
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(i) For every nontrivial stable minimal hypercone C C R®, we have
1 < SCap*(C,R?, geue) < +00.

We denote for simplicity SCap*(C) := SCap*(C,R8, geuc);

(ii) For every triple (X, N,g) € M,

Z SCap*(C,X) if 3 is two-sided;
SCap*(%, N, g) = { Pome® (6.2.1)
2 Z SCap*(C,X)  if ¥ is one-sided.

pESing(X)
Conventionally, SCap* (X, N, g) = 0 if Sing(X) = 0;
(111) Given an integer I > 0, Suppose that (¥;, N, g;) = (Xoo, N, goo) in A, where
V1l <j <400, indeX(Ej) = I, and either all two-sided or all one-sided.

Then for every open subset U C N with OU N Sing(X) = 0, we have

lim sup SCap*(%;,U, g;) < SCap* (X, U, goo)- (6.2.2)

Jj—o0

(iv) Suppose N is a closed 8-manifold. Let {g;} be a family of C* metrics on N,
and 3; C (N, g;) be connected stable minimal hypersurfaces, 1 < j < oo, such
that when j — 00, g; — goo in C*, |3;| F-converges to m|Xu| for some integer

m > 2.

If Sing (X)) # 0, then we have,

lim sup SCap*(X;, N, g;) < SCap* (X, N, ) — 1. (6.2.3)

Jj—o0
The construction of such a functional is based on the density quantization (5.2.2)
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of stable minimal hypercones. It also uses a fact about the multiplicity of limiting

connected stable minimal hypersurface. See Section 6.5 for details of the proof.

6.2.3 Canonical pseudo neighborhoods

Throughout this section, let M be a closed smooth manifold of dimension 8, k > 4

be an integer, and a € (0,1). Let

e GH(M) be the space of C**-Riemannian metrics on M, which is naturally a

Banach manifold;

o M" (M) be the space of pairs (g,X), where g € G&*(M) and X is a connected
LSMH, two-sided or one-sided, in (M, g); Endow topology on M*® by C*

convergence in g and multiplicity 1 F-convergence in 3;

o I1: MM (M) — GH*(M) be the projection onto the first factor.

Definition 6.2.6. Let g be a C*®-metric on M, ¥ C (M?, g) be a LSMH, A > 1,
and 0 > 0. We denote

injrad(g, ¥) := min{injrad(M, g), min{dist,(p,p')/2 : p # p" € Sing(X)}}.

We define £¥(3, g; A, §) to be the space of all pairs (¢/,Y') € M**(M) such that,
e ¢ is a C** metric on M with ||¢'||cke < A and ||g’ — gllcr-1.0 <

e Y/ is a LSMH in (M, ¢') satisfying

F(S],. [5,) <6, index(Z'5g) < A

e For every p € Sing(X), there exists p’ € Sing(¥’) N BY(p, injrad(g, X)) such that

O (p') = O5(p) -
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Here, the norms of tensors are all measured under metric g.
LF(3, g; A, §) is called a canonical (pseudo-)neighborhood of (g, %) in M~ (M),

and its topology is induced from M&(M).

Clearly, when g, is fixed, £5%(3, g; A, §) is monotonely increasing in A,d. Also
note that in general, £*%(g,%;A,d) is NOT a genuine neighborhood of (g,%) in
MP(M). In other words, there might be (¢',%') € M®%(M) arbitrarily close to
(g,%) but not contained in L:*(g,3; A, d).

Lemma 6.2.7 (Compactness of £**). For every (g,%) € M**(M) and every A > 1,
there exists do(g, 2, A, k, ) € (0, 1) with the following property. For every o € (0, ),
LF(g,3; A, 0) is compact under C*~1%-norm in metric and F-metric in minimal

hypersurfaces.

Proof. Suppose otherwise, there exists d; \, 0 and for each j > 1, a sequence of pairs
{(g],29)}g>1 in L"*(g,3; A, 6;) with no limit point in £5%(g, X; A, d;). By compact
embedding of C*® into C*~1* and Schoen-Simon’s Compactness Theorem [SS81],

after passing to a subsequence, when ¢ — oo,
g; — g; in Ch—be ¥ = V; in F-metric of varifolds,

where V; is a LSMH with multiplicity. Moreover, F(|2[,,V;) < §; — 0 as j — oo.
Hence by connectivity of 3 and upper semi-continuity of density, for j >> 1, V; =
IT'j]g, for some LSMH T'; C (M, g;) with index < A.

By the contradiction assumption, (g;,[';) & L£*(g, 3; A, ;). Therefore, by Allard’s
Regularity Theorem [All72] and the upper semi-continuity property of density under
the convergence |¥%| — |I';|, after passing to a subsequence, there exists p € Sing(%),

p; € Sing(T';) such that

0(Cp,T;) > 0(Cx5) = 0(Cpx), pj —p,
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as j — oo. Since by (5.2.2), the density of stable minimal hypercones form a discrete

subset of R, we then have

limsup 0(C,,T';) > 0(C,%),

j—00
which violates the upper semi-continuity of density under convergence |I';| — |X|. O

The main reason to consider canonical neighborhoods is that the following Local

Sard-Smale-type Theorem holds.

Theorem 6.2.8. For cvery (g,%) € MHY(M) and every A > 0, there exists kg =

ko(g, 2, A) > 0 such that

gk’o‘(g, YA ko) i ={g € g’W(M) . either g ¢ H(Ek’a(g, YA, Ke)), or every

Y with (¢', %) € L8(g, 25 A, ko) is semi-nondegenerate}.

is an open dense subset of GF*(M).

Heuristically, one can view G¥(g, ; A, k¢) as the set of regular values of I £r.0(g,5:A 0)
When we only focus on regular minimal hypersurfaces, such a Sard-Smale Theorem
was proved in [Whi91, Whil7] by showing that M*? is a Banach manifold, and II
is a Fredholm map with Fredholm index 0. Here, however, it’s hard to expect any
Banach manifold structure on £¥(g,%; A, d). The way we prove Theorem 6.2.8 is by
unwrapping the proof of infinite dimensional Sard-Smale Theorem by hand. More

precisely, we need
(i) A controlled behavior of Jacobi fields of slower growth under convergence in

LF(g, 35 A, ko);

(ii) A good way to slice GH*(M) into union of finite dimensional subspaces {F, s}
such that each I (Fy s ) N LF*(g, %5 A, Kg) is bi-Lipschitz to a compact subset

in the finite dimensional vector space Ker™ Ly .
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Both of these rely on a good control on growth rate of certain functions (Jacobi fields
or graphical functions of nearby LSMH) on (¢', %) € £LF%(g, ¥; A, ko), where we make
full use of the technical definition of LF%(g,¥; A, §) and Jacobi fields of slower growth.
The proof of Theorem 6.2.8 is carried out in Section 6.8.

To derive a Global Sard-Smale type Theorem on M*®(M), it suffices to show

that it can be covered by countably many canonical neighborhoods.

Theorem 6.2.9. Let x : M**(M) x R, — (0,400) be a positive function, not nec-

essarily continuous. Then there exists a countable number of triples {(g;, X;; A;)} €

MP(M) x Ry such that

Mk@(M) = U Ek,a(gj7 Zj) Aj: K’j)a

Jj=1
where k; = K(g;5, 253 Aj).

Theorem 6.2.9 will be proved in Section 6.6, based on decomposition arguments
inspired by the work [Ede21].

A direct corollary of Theorem 6.2.8 and 6.2.9 is the genericity of semi-nondegeneracy.

Corollary 6.2.10. Given an integer k > 4, a € (0,1) and a eight-dimensional closed

smooth manifold M®, let GI"*(M) be the space of metrics g € G&*(M) such that

o cvery reqular connected minimal hypersurface > under g is strongly nonde-
generate, i.c. either X is two-sided and nondegenerate, or ¥ is one-sided and

has a non-degenerate double cover;
o cvery connected LSMH under g is semi-nondegenerate.

Then Go® (M) is a generic subset of GH(M) in the Baire Category sense, i.e. Gi*(M)

contains a countable intersection of open dense subsets in G&(M).
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Proof. In Theorem 6.2.9, by choosing s to be kg in Theorem 6.2.8, we have

Mha(M) = U £k7a(gj7 2]7 Aj7 Kj)a
j=1
where k; = ro(g;, 3;;A;). For each £%(g;,%;; Aj, k;), Theorem 6.2.8 generates an

open dense subset G¥(g;,¥:: A;, k;), and we can define
J J J J

GH (M) == () 6" (95, 55 Ay, 57),
j=1
which by definition is clearly generic.

By White’s Structure Theorem [Whi9l, Whil7], there exists a generic subset
g,’;&py(M ) of GF*(M), such that every regular connected minimal hypersurface ¥
under ¢ is strongly nondegenerate.

It suffices to show that GF*(M) N GF® (M) c Go*(M). Indeed, for any g €

bumpy

G (M) N ﬁﬁipy(M) C GY*(M), and any LSMH ¥ C (M, g), there exists a j €
N* such that (g,%) € £F(g;,%;; A, k). Hence, by the fact that g € C;'m(M) C
G*(g;,%;; Aj, k), we have X is semi-nondegenerate. If further X is regular, then
by the definition of G (M), it is also strongly non-degenerate. In summary, the

bumpy

inclusion holds and Go®(M) is also generic. O

6.2.4 (G-invariant minimal hypersurfaces

To deal with one-sided and two-sided cases simultaneously, we also slightly extend
the notions of canonical neighborhoods £5® and Jacobi fields of slower growth to

manifolds with symmetry.

Definition 6.2.11. Let G C Diff(M) be a discrete subgroup of the diffeomorphism

group of M. We call a two-sided LSMH ¥ C (M, g) G-invariant if for every v € G,

205



we have

Given a G-invariant two-sided LSMH ¥ C (M, ¢g) with a unit normal field v, there

is an induced G-representation on C (X)) given by

(o D)=

= (7 (@) - (v (v (@), v(@))y,

v(expy(t - f(y)v(Y))), v(¥(y)))g

y=7"1(z)

for every v € G, f € C_(2), * € X. Under this representation, for every subset
Kcc

loc

() (resp. C°(M)), let K% be the set of all G-invariant elements in K, i.e.

KC:={feK:v-f=f(resp. foy=f), Vy€G}.

We call a G-invariant two-sided LSMH ¥ C (M, g) G-semi-nondegenerate if

(Ker™ Ly ,)¢ = {0}. We also use the notation

LR (g, %50, 0) = {(d, %) € LF(g, 55 A, 0) : 7v*g = ¢, y(X) =X, Vy € G}

Remark 6.2.12. Throughout this section, unless otherwise stated, G < Diff (M) is

fixed and ¥ C (M, g) is a connected G-invariant two-sided LSMH.

(i) Under the induced G-representation on C (3), we have, for every v € G and

loc

every f € Ol (%),

v(graphy(f)) = graphs (v - f).

(i) If X9 C (Mo, go) be a connected one-sided LSMH, let 7 : My — M, be the
double cover given by Section 2.1 such that 3 := T1(%) C (MO, Jo 1= T"gp) is
a connected two-sided LSMH. This makes > C (MO, Jo) a Zy-invariant LSMH,
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where Z acts on M, by deck transformation. It’s not hard to verify that

Ek’a(ﬁo,ﬁ)o;/\, 5)Z2 c{(r*q, 7 (X)) : (¢d,%)) € Ek’a(go,zo;/\,é)}

C L5(go, Xo; 21, 26)%2

Note that functions of slower growth are preserved under convergence in (£)¢.

6.3 Proof of Generic Regularity

The goal of this section is to prove Theorem 1.3.6 assuming Theorem 6.2.4, 6.2.5,
6.2.8 and 6.2.9 . Recall that Go**(M) defined in Corollary 6.2.10 is shown to be a
generic subset of G&<(M).

Now for A > 0 and integer I > 1, we can define

GYT(M) = {g € Gy (M) : every ¥ with (g, %) € M"*(M),index(Z) < I — 1
and ||X||4(M) < A is regular}.

(6.3.1)

For simplicity, we may omit the superscript k, «. For any A > 0, we also write
Gao(M) == GE™(M). (6.3.2)

Lemma 6.3.1. For every A > 0 and integer I > 0, Gp 1(M) is relatively open and
dense in G¥*(M).

Theorem 1.3.6 will be a direct consequence of Lemma 6.3.1 by taking countable

cover in A and I. To prove Lemma 6.3.1, we start with some preparation. Given
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g € GPh(M), A > 0 and integer I > 0, let

= {(9,%) € M(M) : [[Z]ly(M) < A,index(X) = T};
sup{SCap”(X, M, g) : (¢, %) € M(g; A, 1)}, if M(g; A1) # 0
SCap*(g; A
if M(g; A, 1) =0;
M™E (g AT = {(g,%) € M(g; A\, I): SCap*(X, M, g) = SCap*(g; A, I)}.
Note that by definition, for every g € G (M),
SCap*(g;A,I) =0 if and only if ¢ € Ga 141 (M). (6.3.3)

Lemma 6.3.2. Let A > 0, integer I > 0 and g € Gag(M). If {(9,%;)};>1 is a

sequence in M(g; A, I), then |3;| subconverges to m|X|, where
(i) (9, 2e0) € M(g; A, 1);
(i1) Eitherm =1, orm >2 and I = 0.
In particular, SCap*(g; A, I) < +00.
Proof. By [SS81] and connectedness of ¥;, |X;| F-subconverges to m|X,| for some
connected LSMH ¥, C (M, g) and integer m > 1 with

ml|Esollg(M) <A, m-index(E,) < 1.

To see (i), suppose for contradiction index(¥) < I — 1, and hence I > 1. Since
g € Ga (M), we know from definition that ¥ is regular and strongly nondegenerate.
Hence by [Shal7], m =1 and £; = ¥, for j >> 1. This contradicts to the fact that
index(X;) = I. Therefore,

index(Xy) = 1.
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(ii) also follows from [Shal7].

By Theorem 6.2.5, for any {(g,%;)};>1 C M(g;A,I), up to a subsequence,

lim sup SCap*(%;, M, g) < SCap*(Xw, M, g) < +00.

j—00
Hence, we have SCap*(g; A, I) < 400. ]

Lemma 6.3.3. For every A > 0, integer I > 0 and every g € Gy (M), M™*(g; A, I)

s a finite set.

Proof. Suppose otherwise, there exists a pairwise distinct sequence

{<g7 Ej)}jzl - Mmax(g;A’ [> :

By [SS81] and Lemma 6.3.2, |3;| F-subconverges to m|X.| for some (g,X«) €
M(g; A, I). And by the definition of M™** we have

SCap*(Xe, M, g) < SCap®(g; A, I) = SCap™(Z;, M, g). (6.3.4)

Then by Theorem 6.2.5, either m = 1 or Sing(X) = 0. Since g € Gy (M) C
g{; “*(M), the latter case can’t happen by the strong nondegeneracy of X,,. In other
words, we have m = 1.

Applying Theorem 6.2.4 to 3; — X, we know that 3 p € Sing(¥) near which
Sing(X;) has no singularity for infinitely many j >> 1. Then by Theorem 6.2.5,

lim inf SCap*(%;, M, g) < SCap*(Xo, M, g) — 1,

Jj—00
which contradicts to (6.3.4). O

Lemma 6.3.4. For every A > 0, integer I > 0 and every g € Gp ;(M)NInt(Clos(Ga 1 (M)))

such that SCap*(g; A, I) > 1, there exists a sequence of metrics g; € Ga (M) N
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Int(Clos(Ga 1(M))), j > 1, such that g; — g in C** and

SCap*(g;; A, I) < SCap*(g; A, I) — 1. (6.3.5)

Proof. By Lemma 6.3.3, we can write

M™E (g A T) =: {(g, 2(1))7 (g, 2(2))7 (g, 2(4))} )

For each 1 <1 < ¢, let U C C**(M) be the open dense subset associated to
(9,%") given by Theorem 6.2.4. Thus .Z := N, F U £ (.

Take f € %, and there exists a sequence of metrics

g; = 1+ f;/3)9 € Gar N Int(Clos(Ga r(M))),

such that f; — f in C** when j — co. We now claim that by passing to a subse-
quence, g; satisfies (6.3.5).
To see this, suppose for contradiction that when j >> 1, there exists (g;,2;) €

M(gj; A, I) such that

SCap*(%;, M, g;) > SCap™(g; A, ) > 1. (6.3.6)

By [SS81] and the connectedness of X;, |X;| F-subconverges to m|X| for some
connected LSMH Y., C (M, g) and integer m > 1 with m|[3.|,(M) < A and
mindex(X) < I.

We shall deal with the following cases separately.
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Case I index(X) =1 and m = 1. Then (g,X) € M(g; A, I), and by Theorem
6.2.5 (iii) and (6.3.6),

SCap* (X, M, g) > limsup SCap™(X;, M, g;) > SCap™(g; A, I).

Jj—00

This means (g, Xo) € M™(g: A, I). WLOG %, = X, But since f € .F c .FW),

by the choice of g; and Theorem 6.2.4 we have,

SCap*(Xw, M, g) — 1 > limsup SCap*(X;, M, g,)

Jj—00

> SCap”(g; A, I) = SCap* (X, M, g)

which is a contradiction.

Case IT index(X,) =1 and m > 2. Then I =0 and (g,X) € M(g; A, I).

e Case II (1). Sing(¥) = 0. Since X,’s are stable minimal hypersurfaces, by

[SS81], for large enough j, ¥; is a multi-graph over ¥, and thus,
Slng(Ej) = @,

contradicting (6.3.6).

e Case II (2). Sing(X) # 0. By Theorem 6.2.5 (iv) and (6.3.6) we have,

SCap* (X, M, g) > limsup SCap*(X;, M, g;) + 1

Jj—o0

> SCap*(g; A, I) +1 > SCap* (X, M, g) + 1,

which is a contradiction.
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Case IIT index(Xo) < I —1and m = 1. Then I > 1 and by the definition of
g € Ga (M), £ is both regular and strongly nondegenerate. By Allard’s Regularity
Theorem [All72], Sing(X;) = 0 for j >> 1, contradicting (6.3.6).

Case IV  index(X,g) < I —1and m > 2. Then again I > 1 and X, is regular
and strongly nondegenerate. By Sharp’s Compactness Theorem [Shal7], either 3.,
is two-sided and {X;} induces a bounded positive Jacobi field on X, or ¥, is one-
sided and after passing to double covers, {¥,} induces a bounded positive Jacobi field

on the two-sided double cover 3., of £o. Both violate the strong nondegeneracy of

Yo [l

Proof of Lemma 6.53.1. To prove the relative openness, let’s consider an arbitrary

family of metrics {g;}; C Go*(M) \ Ga;(M) such that
9 — Goo € GE™(M) in C* .

The choice of g; guarantees that there exists an LSMH ¥; C (M, g;) with index(X;) <
I —1, vol(¥;) < A and Sing(X;) # 0. By Sharp’s compactness again, |X;| F-
subconverges to some LSMH with multiplicity m|¥| with area < A and index < I—1.
We now assert that go, ¢ Ga (M), to conclude the proof of relative openness. If
G € Gar(M), by definition, ¥, is both regular and strongly nondegenerate. Hence
m = 1 and then by Allard’s Regularity Theorem [All72], for sufficiently large j,
Sing(%;) = 0, which contradicts the choice of ;.

To prove denseness, we shall do the induction in I > 0.

e Case I = 0 follows directly from (6.3.2).

e Now suppose I > 0 such that Gy ;(M) is dense in G¥"*(M), and then by Corol-

lary 6.2.10, it’s also dense in G*“(M). To prove the denseness of G r11(M), it

212



suffices to show that every metric g € G, ;(M) can be approximated by metrics
in Ga 141 (M).

Note that by inductive assumption, Clos(Ga;(M)) = GF¢*(M). By Lemma
6.3.2, SCap*(g; A, I) < co. For any € > 0, we can apply Lemma 6.3.4 finitely
many times to find a metric g € Ga (M) such that [|g — gjllcr.. < € and
SCap(g;; A, I) = 0. By (6.3.3), gc € Ga,1+1(M). In conclusion, the arbitrariness
of € implies that Ga r41(M) is dense in Gx /(M) and thus dense in Go*(M).

Proof of Theorem 1.3.6. By Corollary 6.2.10 and Lemma 6.3.1, we know that

Gho(M):= () Gaa(M),
integer A>0,I>0
is a generic subset of G&%(M) in the Baire category sense. By (6.3.1), (6.3.2) and
the definition of Go**(M) in Corollary 6.2.10, for every g € G&*(M), every LSMH

¥ C (M, g) is regular and strongly non-degenerate. O]

6.4 Applications

In this section, we shall sketch proofs of various properties of min-max minimal hy-
persurfaces in an 8-dimensional closed manifold, as applications of our main generic
smoothness result. In what follows, we will use Gee(M) to denote the set of all
metrics where every embedded locally stable minimal hypersurface is smooth, and
Greg,A,1 to denote the set of all metrics where every embedded locally stable mini-
mal hypersurface with both Morse index upper bound I and area upper bound A is

smooth.
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e Generic Denseness. In 2017, using the Weyl law for volume spectra proved by
Liokumovich-Marques-Neves [LMN18], Irie-Marques-Neves [IMN18] showed that for
a generic metric g on a closed Riemannian manifold with dimension between 3 and 7,
the union of all closed, smooth, embedded minimal hypersurfaces is a dense subset in
the ambient manifold. In 2019, Y. Li [Lil9] improved the density result and proved
that the union of all min-max minimal hypersurfaces is also dense under the same
dimensional conditions.

The denseness result can be extended to dimension 8 with the aid of generic

smoothness.

Theorem 6.4.1 (Density of min-max minimal hypersurfaces). For a generic metric
on a closed manifold M®, the union of all (smooth) minimal hypersurfaces generated

from Almgren-Pitts min-mazx theory is dense in M.

Sketch of proof. Near the end of [Lil9], it is noted that the generic density of all
min-max minimal hypersurfaces with optimal regularity APR(M,g) follows from
Conjecture 4.2 therein.

Theorem 1.3.6 together with Sharp’s compactness theorem [Shal7] implies that
for generic metric g on M8, there are only countably many embedded locally stable
minimal hypersurfaces, i.e., countably many singular minimal hypersurfaces with op-

timal regularity. This confirms Conjecture 4.2, and thus, the generic density result

holds. [l

e Multiplicity One. In [MNI16], F. C. Marques and A. Neves conjectured that for
bumpy metrics, min-max minimal hypersurfaces should have multiplicity exactly one,
and they proved this for the first width minimal hypersurface. This multiplicity one
conjecture was confirmed by X. Zhou [Zho20] for dimensions 3 < n+1 < 7, where he

applied the min-max construction for hypersurfaces with prescribed mean curvature

developed by J. Zhu and himself [Z2Z20].
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Let’s denote by Ghumpy (M) all the metrics where every immersed smooth minimal
hypersurface is non-degenerate. B. White has proved that it is also generic in the

Baire sense [Whi91, Whil7].

Theorem 6.4.2 (Multiplicity one). Given a closed manifold M®, for any metric
9 € Greg(M) N Goumpy (M) and any k € N, there exists a disjoint collection of smooth,
connected, closed, embedded, two-sided minimal hypersurfaces {Zf ci=1,--- ,lk},

such that

Uk g
we(M, g) =Y voly(SF), Y index(%f) < k.
=1

=1

where wi(M, g) is the volume spectrum.

Sketch of proof. This essentially follows the proof of [Zho20, Theorem 5.2], and it
suffices to show that we can construct suitable min-max PMC hypersurfaces to ap-
proximate min-max minimal hypersurfaces as in the proof of [Zho20, Theorem 4.1].

First, since every minimal hypersurface in (M, g) is smooth and nondegenerate,
we can also find good h € S(g) as in Lemma 4.2 therein.

Then, the existence and regularity of ~-PMC hypersurfaces with optimal regularity
follows from [ZZ20] together with the regularity theory by Bellettini-Wickramasekera
[BW20a].

Finally, we can obtain the Morse index upper bound from the constrained min-
max theory in [Li20a]. This resolves the difficulty of the lack of good pairs for singular

PMC hypersurfaces as in Section 3.3 therein. m

e Morse Index. In [MN21], Marques-Neves shows that for bumpy metrics on
M (3 < n+1 < 7), the Morse index of a p-width min-max minimal hypersur-
face of multiplicity one exactly equals to p. This together with X. Zhou’s affirmation
of multiplicity one conjecture gives a fine geometric description of min-max minimal

hypersurfaces.
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Theorem 6.4.3 (Morse index estimates). Given a closed manifold M8, for any metric
9 € Greg(M) N Ghumpy (M) and any k € N, there exists a disjoint collection of smooth,
connected, closed, embedded, two-sided minimal hypersurfaces {Ef ci=1,--- ,lk},
such that
lk lk
wr(M,g) = Zvolg(Zf) : Zindex(Ef) =k.
i=1 i=1

where wg(M, g) is the volume spectrum.

Sketch of proof. Most of the proofs in [MN21] can also work in our setting, and it
suffices to prove Proposition 8.5 therein for M?.

Indeed, one only needs to replace U, o by Up o N Greg p.a(M). Then the denseness
follows from the fact that both U, o and Gyeg .o (M) are residual. It is also easy to prove
the openness of U, o N Greg p.o (M) with the aid of Allard’s Regularity Theorem [All72].

Hence, Propostion 8.5 therein still holds for M?®. O

e Geometric Complication. In [CM19], Chodosh-Mantoulidis shows that for
bumpy metrics M"™1(3 < n+ 1 < 7), there exists a sequence of connected mini-
mal hypersurfaces whose areas tend to infinity. Later in [Li20b], Y. Li improve their
results and show that the sequence can have unbounded Morse indices simultane-
ously. With the generic full regularity in dimension 8, we can also extend the result

to dimension 8 via the same arguments.

Theorem 6.4.4 (Main Theorem). Given any closed Riemannian manifold M® with
a generic metric g € Greg(M) N Goumpy (M ), there ezists a sequence of connected closed

embedded two-sided minimal hypersurfaces {I';} such that

lim Area(I';) = +oo, lim index(I';) = +o0. (6.4.1)

1—>00 1—00
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6.5 Singular Capacity

The goal of this section is to prove Theorem 6.2.5. To deal with multiplicity, we
first derive a singular sheeting theorem for stable minimal hypersurfaces in dimension
eight, extending the well-known smooth sheeting theorem [SS81, Theorem 1]. This
is equivalent to the affirmative answer to a question asked by Ilmanen in dimension

eight.

Question ( [[lm96, Question 4]). Show that if a stable hypersurface M lies within
an e-neighborhood of another stable hypersurface N, then on a smaller ball, M de-
composes into disjoint components, each of which is weakly close to N as a Radon

measure (that is, constitutes a single layer over N).
Let’s start with the following multiplicity one Lemma.

Lemma 6.5.1. Let Y C R be a connected stable minimal hypersurface with optimal

reqularity and a varifold tangent cone m|C| near infinity, i.e.
limF Y C|)=0.
TI\I‘I(l) (|771/r( )|7m| |) 0

If C c R*"™ is a reqular cone, then m = 1.

Proof. This is a direct consequence of [SS81] and [CSZ97], which combine to show

that > has only one end and thus, m = 1. O]
Proposition 6.5.2. Let {¥; C (]B%g,gj)}j be a family of two-sided stable minimal
hypersurfaces, with

9i = Geue 1 Chhy, |55 F-converges to m|C| in By,

where C C R® is a stable minimal hypercone, and m > 1 is an integer. If all 3;’s are

connected in By, then m = 1.
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Proof. Recall in (5.2.2), the densities of stable minimal hypercones in R® form a

discrete set, denoted by
{6c(0) : C C R® stable minimal hypercone} = {1 =6y < 6, <y < --- 7 +o0}.

We shall prove the lemma by induction on 6.

Note that when 0c(0) = 1, by volume monotonicity, C is a hyperplane. Hence
by [SS81, Theorem 1], 3, is a multi-graph over C in By, and the connectedness of
¥; N By implie that this should be a graph, so m = 1.

Now fix [ > 0 and suppose the lemma holds for stable minimal hypercones with
density < 6,. Consider C with 6c(0) = 6,.; and suppose for contradiction that
m > 2. By [SS81, Theorem 1] again, when j >> 1, ¥; N Ay (0,1/2,1) is a disjoint
union of m graphs over C.

Fix an € € (0,1) (To be determined later) and let
r; = inf{s € (0,1/16) : Ip € BY(0,1/16) s.t. Oz, /(p, 1) — O,|(p, s) < €}.

And the multi-graphical property mentioned above implies that r; — 0 when j — oo.
By Lemma D.0.1, we can take € = €(6;41,0;,C) << 1, such that there exists p; €
B9%(0,1/4) and ¥; N A% (p;,2r;,1) is a disjoint union of m graphs over translated
cone C + p; with graphical functions of small C2-norm. Note that p; — O.

Since m > 1, by Ilmanen’s strong maximum principle [Ilm96, Theorem A], we
have r; > 0. Note that the rescaled minimal hypersurface ij = Ny, (B5) =
(B1/cr)), (4Tj)*2(77;j{4rj)*gj) is still connected in B for every 1 < R < 1/2r;. When
j — 00, |¥;| F-subconverges to some m/[%y|, where S, C (R, geye) is a connected
stable minimal hypersurface, and a multi-graph over C outside B;/,. By Lemma
6.5.1, Lo is a single graph over C outside B, /,. Therefore, m’ = m > 2 and by the

A

choice of r;, ¥ is not a translation of a cone.
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Now either
e Sing(¥.) =0, or

e by volume monotonicity and the fact that C is the tangent cone of S at infinity,
every p € Sing(ﬁ]oo) has density strictly less than (9@00‘(00) = 0,41. Hence,

Vp € Sing(Sa0), O (P) < 1.

Moreover, since f]oo is a single graph over C outside B, s, Sing(f]oo) C B;. We are

going to obtain contradictions in either case.

o If Sing(ioo) = (), then f]j is a disjoint union of m graphs over ﬁ)oo, which
contradicts the connectedness of f]j N B;.

~

e If Sing(X..) # 0, then there should be only finitely many points, i.e.

Sing(Yee) = {pi}izy CB1.

Hence, there exists a strictly increasing sequence {jx} C N satisfying the fol-

lowing property.

For every k, there exists a radius r; € (0,1/k), such that

(1) f]jk NB, is a disjoint union of m graphs over 3.,NB; outside B(Sing(ioo), T);

(2) For each i € {1,2,--- L}, %, NIB(p;, ;) is a disjoint union of m con-

nected hypersurfaces;
(3> For each i € {17 2, 7L}> F]B1(‘npi,7“k<ijk)’7 m|77pi77'k(200)|) < 1/k7

(4) There exists an iy, € {1,2,--- , L}, such that 3, NB(p;, , %) has a connected

component fjk with
Fg, (’Umk Tk (ij)|7 mk|77pik77'k (ZOO)D < 1/k )
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for some my, € {2,---,m}. In particular, since L and m are finite, by
taking a subsequence, we may replace i, and my by some fixed iy and

mg > 2 independent of k.

The last property follows from the connectedness of f]j N By, and the other

three properties. Moreover, 1y, ., (X0s) would F-converge to its tangent cone

~

Cp,, (Xe0), and thus,

FB1(|npio,T’k (f‘jk)|7m0|cpi0 (200)” — 0.

This violates our inductive hypothesis as 6 (5 ,(0) < 6.
Pig

)
In summary, we obtain that m = 1 for any stable hypercone in R®. O]

Corollary 6.5.3. Let g; be a family of C* metrics on a closed manifold M®, 3; C
(M, g;) be connected stable minimal hypersurfaces, 1 < j < oo. Suppose that when
J = 00,

gi = goo i O, || F-converges to m|Xy|,
for some integer m > 1. Then
(1) If ¥ is two-sided, then so are ¥; when j >> 1, and m = 1.

(11) If X is one-sided, then either m =1 and ¥; are one-sided, or m = 2 and %;

are two-sided, when 7 >> 1.

Proof.

(i) By [SS81], for j sufficiently large, away from Sing(X.), every ¥; is a disjoint
union of m graphs over ¥.,. As the part in the proof of Proposition 6.5.2 dealing with

Yoo, the multiplicty m should be 1. Moreover, since every LSMH in a contractible

space is two-sided, ¥; N B9 (Sing(X), ro) is two-sided for small enough ro. When
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J >> 1, a unit normal field over Y, induces a unit normal field on >; away from
Sing(¥), and by the previous statement, can extend globally to ;. This proves

that X; is two-sided for j >> 1.

(ii) Let m : M — M be the double cover associated to Yo such that 7~ 1(X)
is connected and two-sided in M. Then 71 (X;) are either connected or have two
connected components, which corresponding to ; being one-sided or two-sided. Since
|7=1(3;)] F-converges to m|Ya|, by (i), we have m = 1 or 2. And since %, is connected
and 7 is a double cover, for sufficiently large j, we must have that ¥; is two-sided

provided m = 2, and one-sided provided m = 1. O

Theorem 6.5.4 (Singular sheeting theorem). Given a closed Riemannian manifold
(M3, g) and a connected stable two-sided minimal hypersurface 3, for any A > 0 and
d > 0, there exists a constant ¢ = (M, g,%,A,0) > 0 with the following property.

For any stable minimal hypersurface X' in (M, g) with
HT(Y) <A, distg(Y, %) <e,

then X' can be decomposed into finitely many disjoint minimal hypersurfaces {3}
with

F([X[,[55]) < 6.

Proof. We take {¥!} to be the disjoint union of connected components of ¥’, each of
which is obviously a stable minimal hypersurface. Since J#7(¥') < A, the collection
is finite.

Let’s suppose for contradiction that there exists a sequence of connected stable

minimal hypersurfaces {E;’}j:l with
: 7
Y7 C B, /), HUE)) <A,
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but

F(I2],[Z5]) 2 6.

By [SS81] again, we know that |X| F-subconverges to some m|%/ | whose support

igo is a stable minimal hypersurface. Moreover, it follows from 7 C BY(%,1/j) that

Y.y,
which, by the constancy theorem, indicates that X7 = X.
By Corollary 6.5.3 (i), m = 1, which contradicts our assumption that F(|X], |X7]) >

J. ]

Lemma 6.5.5. Let C C R® be a stable minimal hypercone, and {g;};>1 be a sequence
of Riemannian metrics on By which Cﬁ)c-converges t0 Geue. For each 7 > 1, let
251), Egg) be two disjoint stable minimal hypersurfaces in (Bs, g;), and such that when

Jj — o0, ]Zgi)\ F-converge to |C|, i = 1, 2.

Then for 7 >> 1, at least one of the following holds.
(a) At least one of the Zgi) ’s has no singularity in By ;

(b) For everyi=1,2 and every p € Sing(Egi)) N By, we have
e‘zgi)|(p) < 9(3(0).

Proof. By passing to a subsequence, suppose WLOG that (b) doesn’t hold for j > 1.
By the upper-semi continuity of the density function at singular points under F-

convergence, suppose WLOG that p; € Sing(ZEl)) N By has ¢9|2<_1)‘(pj) = 0c(0). The
J
)

(2

goal is to show that under these assumptions, ¥.™ is smooth for j >> 1.

222



First note that by the volume monotonicity,

lim sup <9|2<.1)\(pj’ 1) — 9|2<.1)\(pj)) =0c(0,1) — 0c(0) = 0.
J—00 J J

Hence by Lemma D.0.1, for every sequence {s; \, 0}, |1, (Egl))| F-converges to |C]|

as j — 00.

Let r; be the infimum among all s € (0, 1) such that

25-2) NA%(p;,s,1) = graph2<_1)(uj) N A%(p;,s,1),
J

for some u; € 02(25-1)) satisfying ||u;||c2 < 1. Since Ey) are disjoint, and so are their
closures by Ilmanen’s strong maximum principle [Ilm96], we know that r; > 0. Also
by Allard’s Regularity Theorem [All72], r; — 0 when j — co. And by the definition

of r;, for j >> 1.

Sing(S\?) N A% (p;, 2r;,3/2) = 0. (6.5.1)

Consider the blow-up sequence f]gl) = npj,rj(Ey)). By the discussion above, when
Jj — o0, |f]§1)| F-converges to |C|, and EA]E.Q) F-subconverges to some stable minimal
hypersurface S C (R®, geuc), which is different from C by the choice of r;. Therefore,
S is disjoint from C again by the strong maximum principle. Finally, by Lemma
5.2.13 (see also [HS85]), Sing(Xs) = 0, and thus, by Allard’s Regularity Theorem
[All72] again,

Sing(2\7) N B (p;, 3r;) = 0,

for j >> 1. Together with (6.5.1), we obtain the smoothness of Ef) for j sufficiently

large. O]

Before proceed the proof of Theorem 6.2.5, we also need the following uniform
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bound on the number the singularities of stable minimal hypersurfaces near 7-dimensional

minimal hypercones.

Lemma 6.5.6. For every A > 1, there exists N(A) > 1 such that, for every C € €}
and any sequence of stable minimal hypersurfaces ¥; C (B, g;) satisfying (X;;Bg, g;) —

(C;Bg, Joue) in A, we have

lim sup #(Sing(¥;) N By) < N(A). (6.5.2)
j—00
Proof. The lemma essentially follows from [CN13] in dimension 8. For completeness,
here we give a simpler and more self-contained proof by induction on quantized den-
sities {0 }x>o0 in (5.2.2). More precisely, we shall prove that (6.5.2) holds for every
A=A, i =w;- 0.

For k£ = 0, by volume monotonicity formula and Allard regularity, (6.5.2) holds
and the upper bound could be taken to be 0.

Suppose for contradiction that there’s some k& > 1 such that (6.5.2) holds for
A = Aj_; but fails for Ay, and then there exists a family of stable minimal hypersur-
faces ¥; C (Bs, g;), with (3;;Bg, g;) = (C;Bg, geuc) in 4 for some stable minimal
hypercone C with density 0c(0) = 6;; But §(Sing(3;) N By) — oo.

Let z; € Sing(X;) C BY, 05 = d3(¢, 2A%, 7) > 0 be given by Lemma 3.2.3, where
€ is a dimensional constant chosen sufficiently small such that any stable minimal
hypersurface ¥ satisfying

Fz,(|5], €, <,

must be regular in A(0;1/2,3/2). Such € exists by Schoen-Simon’s Regularity Theo-
rem [SS81]. We can then define

rj = inf{r > 0: 05, (v;,4) — Oz, (z;,7) < d3/2} .
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By Schoen-Simon Compactness, z; — 0 € R® and r; — 0. And since by our

assumption, XJ; has at least two singular points, we then have r; > 0 and
9|2j|(x]" 7“]') = 9|2j‘(33j, 4) - 53/2 . (6.5.3)

By Proposition 3.2.1 and Schoen-Simon’s Compactness, 3; = rit (% — a;) F-
subconverges to some multiplicity 1 stable minimal hypersurface Yo, C (R®, goue)-
Moreover, Sing(¥.,) C Bs is a finite set containing 0, and by volume monotonicity

formula and (6.5.3) we have,
9|Ew‘(0, OO) S 90(0) = Qk, 9‘2m|(0, 1) S 90(0) — 53/2.

By the rigidity case in the Monotonicity formula, this implies that every singular
point of ¥, has density strictly less than 6, hence less or equal to 6;_.

Since ﬁ(Sing(ﬁIj) N B,;) — 400 but X, only has finitely many singular points,
there exists & € Sing(Xo) NB4 and p; — 0. such that £(B,, (z) ﬂSing(ij)) — 00. As
the tangent cone C;Y, has density < 6#,_;, the blow-up picture contradicts to the
inductive assumption.

By induction, we conclude the existence of such finite N(A). ]

Proof of Theorem 6.2.5. For all cones C € 47 which are not hyperplanes, we shall

define SCap”* as follows,

SCap™(C) := 1 + sup{limsup SCap*(X; N By, B4, g;) }, (6.5.4)

Jj—00
where the supremum is taken over all sequence of pairs (3;, g;) satisfying,
(i) g; is a Riemannian metric on By, 3; C (Bs, g;) is a stable minimal hypersurface;

(ii) When j — 00, g; = geuc in Cjf

loc)

and |X;| F-converges to |C|;
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(iii) For every p; € Sing(X;) N By, O5,/(p;) < 0c(0).

And if there is no such a sequence of pairs for C, then we simply define SCap*(C) = 1.
Recall that by (5.2.2), the densities of stable minimal hypercones form a discrete

subset of R, denoted by {1 =6y < 6, < 6y <...}. We denote

¢(l) == {C €€ 0c(0) = 0,}.

By Lemma 3.2.2 and Schoen-Simon’s Compactness Theorem [SS81], € (1) is F-compact
for every [ > 1. We also denote €(< 1) := U, ;o € ().

Now, (6.5.4) should be viewed as an inductive definition on ;. For C € %(1),
we can define SCap*(C) = 1. Then for every | > 1, once SCap” is defined for
cones C € € (< 1), we can define SCap* (X%, N, g) following (6.2.1) for every triple
(X,N,g) € A such that Vp € Sing(X), C,X € €(< I). And then we can define
SCap” for cones C € €'(I + 1) following (6.5.4) above.

Under this inductive definition, we first verify inductively that

SCap*(C) < o0

for every C € C. In fact, for every [ > 1, suppose this has been established for
cones in (< ). And by a diagonal argument, we can see that SCap” is upper

semi-continuous on €'(1). Then it follows from the F-compactness of € () that
sup SCap*(C) < +00.

Ce? (<)

Now consider a cone C € €(I + 1), and let (X;,Bo, g;) be a maximizing sequence of
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(6.5.4) satisfying (i)-(iii) above. Then

SCap*(C) < 1+ (limsup # Sing(X;) NB;) - sup SCap*(C')

j—+00 Cre? (<)

<1+ N(wrfi1) - sup SCap*(C')
C’'e? (<)

< 1400,

where the second and the last inequality follow from Lemma 6.5.6.

Proof of (iii) in Theorem 6.2.5. For any p € ¥, there exists a radius r, > 0, such

that Yo \ B9 (p,7,) has index I. Since index(X;) = I, by Sharp’s compactness, for

J large enough, 3, \ B9 (p,,) also has index I and thus X; N B9<(p,r,) is stable.
Therefore, by rescaling, it suffices to prove the inequality when X;’s are stable

and (Yoo, N, goo) = (C,Bg, geuc) for some cone C € C. By the definition (6.5.4), one

only needs to verify the case when there exists some p; € Sing(3;) N By such that

0z,/(p;) = 0c(0). By the volume monotonicity,

limsup Oys;;)(p;, 1) — O)s;5(p;) = 0c(0,1) — 6c(0) = 0.

Jj—00

Hence by Lemma D.0.1 and Corollary D.0.3, Sing(X3;) N B; = {p;}, and C,,(%;)

F-converges to C. It follows from the upper semi-continuity of SCap”* on %(I) that

limsup SCap™(X;, By, g;) = limsup SCap*(C,,(%;)) < SCap*(C).

j—o0 Jj—o0

Proof of (iv) in Theorem 6.2.5. By the connectedness of 3, and Corollary 6.5.3, we
know that m = 2 and ¥ is one-sided while ¥; are all two-sided for j >> 1. Let
7 : N — N be the double cover such that 3., := 71(X4) is connected and two-sided.
Then for j >> 1, 7~ (3;) has two connected components E;-t, each isometric to 3;.

Moreover, Y and Zf are two-sided stable minimal hypersurfaces in (]\7 LG5 =T"g;),
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and |X| F-converges to 20| When j — co. Let p € Sing(Xs), and W, be a small
neighborhood of p such that Sing(3.) N Clos(W,) = {p}. By definition (6.5.4) and

Lemma 6.5.5, we have

lim sup min{SCap*(XF, W, §;)} < SCap” (Lo, W, o) — 1. (6.5.5)

j—00

WLOG, let’s assume that Ej corresponds to the one with smaller SCap®. Therefore,
by Theorem 6.2.5 (iii) and (6.5.5), we obtain

SCap*(Ze, NV, goo) = SCap* (Se, N, o)

> limsup SCap* (X, N \ Clos(W,,), §;) + SCap* (X}, W,, ;) + 1

j—o0

= limsup SCap*(X;, N, g;) + L.

Jj—00

6.6 Almost Cone Decomposition

The goal for this section is to prove Countable Decomposition Theorem 6.2.9. This
proof is inspired by a recent work of N. Edelen [Ede21], which we shall review in
Section 6.6.1.

Then the proof is carried out in Section 6.6.2 and 6.6.3 by a two-step decomposition
of M®(M), where the first step is a refinement of Edelen’s cone decomposition while

the latter is obtained by a compactness argument.

6.6.1 Cone decompositions a la Edelen

In the recent work of N. Edelen [Ede21], he proved a finite parametrization result

of all the minimal hypersurfaces near a given minimal hypersurface in a closed 8-
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dimensional Riemannian manifold. The main difficulty lies in the parametrization
near a singular point. Therein, Edelen introduces a notion of cone decomposition to

overcome this issue.

Definition 6.6.1 (Strong Cone Region, [Ede21, Definition 6.0.3]). Let g be a C?
metric on B(a, R) C R® and V an integral varifold on (B(a, R), g). Given C € C,m €
N, B8,7,0 € [0,1/4],p € [0, R], we say that Vi (A(a,p, R),g) is a (C,m, §)-strong-

cone region if there are C? functions
{uj: (a+C)NA(a,p/8 R) — CL};“:1

so that for any r € [p, R] N (0, 00),
1. Small C? norms: 7 u,| + |[Vu,| + r|V?u;| < 8, for any j =1,--- ,m;
2. Almost constant density ratios: mfc(0) — 8 < Oy (a,r) < mbc(0) + 5;
3. Multigraph: ViLA(a,p/8, R) = > ", | graph,,c(u;) N A(a, p/8, R)|.
In this case, for simplicity, we will also call A(a, p, R) a strong-cone region for V.

Definition 6.6.2 (Smooth model, [Ede21, Definition 7.0.1]). Given A,y > 0,0 €
(0,1/3), a tuple (S, C,{(Cq,B(ya,7a))},,) is called a (A, 0,7)-smooth model if

e S is a stationary integral 7-varifold in (R®, geuq) with

95<07 OO) < A;

o C,{C,}, CCy;
o {B(ya,2r,)} is a finite collection of disjoint balls in By_3,;

such that the following are satisfied:
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1. S can be represented by a union of disjoint closed smooth embedded minimal

hypersurfaces in R® \ {y,}, with multiplicities, i.e.,

S = m1|51] —I—m2|52] +---+mk]5’k|;

2. SL(A(0,1,00), geue) is a (C, m,~y)-strong-cone region;

3. For each «, there is a j so that spt SN A(y,,0,2r,) = 5; N A(ya,0,2r,), and it

is a (C,, 1, 7)-strong-cone region.
If there is no ambiguity, we will refer to the smooth model as S for simplicity.

Definition 6.6.3 (Smooth model scale constant, [Ede21, Definition 7.0.2]). Given a
(A, 0,7)-smooth model S, we let €g be the largest number < min(1, min, {r,}) for

which the graph map
graphg : TL(U S;) — R®  graphg(z,v) =2 + v,
J

is diffeomorphism from {(x,v) € TH(U; Sj) : 2 € Bo \ Uy B(Yar 70 /8), [v] < 265} onto

its image, and satisfies
{D graphyg |(z,0) — Id‘ < les| vl .

Definition 6.6.4 (Smooth region, [Ede21, Definition 7.0.3]). Given a smooth model

S, a C? metric g on B(a,R) C R®, and 8 € (0,1), we say that an integral varifold

VL(B(a, R),g) is an (S, 3)-smooth region if for each i = 1,--- ,k, there are C?
. . J_ mz

functions {uij 0 S = S; }j:1 so that

k. my

((10,8)sV ) LB Byarma/4) = Y Y |graphs, (uig) N Bi\ | JB(Ya, ra/4) ,

=1 = Rk
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and

|uij|02(5i) S 565’7 Vivja

where €g is a scale constant in the previous definition.

In this case, for simplicity, we will also call B(a, R) a smooth region for V.

Definition 6.6.5 (Cone decomposition, [Ede21, Definition 7.0.4]). Given 6, v, § € R,

o€ (0,1/3), and N € N, we let
e g be a C** metric on B(z, R) C R;
e V' be an integral varifold in (B(z, R), g);
o S = {5}, be a finite collection of (f, o, y)-smooth models.

A (0,5,S, N)-cone decomposition of Vi (B(z, R), g) consists of the following pa-

rameters:

e Integers N, Ng satisfying No+Ng < N, where N¢ is the number of strong-cone

regions and Ng the number of smooth regions and ;

e Points {z,},,{xs}, C B(z, R), where {z,} are centers of strong-cone regions

and {x,} centers of smooth regions;

e Radii {R,, pa|Rs > 2pa}, , {Rs},, corresponding to radii of annuli in the defi-
nition of strong-cone regions and of balls in the definition of smooth regions,

respectively;
e Cones {C,}, C C;

o Integers {1 < m, < [0]},;

Indices {sp},, corresponding to the smooth model Ss,;

where a = 1,--- ,Ng and b = 1,---, Ng. Moreover, these parameters determine a

covering of balls and annuli satisfying:
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1. Every VL(A(zq4, pa, Ra), g) is a (C,, mg, B)-strong cone region and every Vi (B(zy, Rp), 9)

is a (Ss,, #)-smooth region;

2. In (1), there is either a strong-cone region A(z,, pq, R,) for V with R, = R and

x, = x, or a smooth region Bp, (z3) for V with R, = R and z;, = x;

3. If VLA(xq, pa, Ra) is a (Cg,, my, §)-strong-cone region and p, > 0, then there
exists either a smooth region B(x;, R,) for V' with R, = p,, or another cone

region A(Zy, por, Ryr) for V with Ry = pg, o = x4. If p, = 0, then 0¢,(0) > 1;

4. If VL(B(zp, Ry), g) is a smooth region with (S, C,{Cs, B(ya,ra)};) € S, then

for any &, there exists a point z; 5 and a radius R, 4 satistying

Ry s
Ryra

< <145,

N | —

|6 — (2 + Ry - ya)| < BRyra,

and either a strong-cone region A(xy, pyr, Ryr) for V with R, = Ry a, %4 = T a,

or another smooth region B(zy, Ry) with Ry = R4 and zy = xp 4.

By (5.2.2), we can enumerate the set of densities with multiplicities, i.e.,

{} = {mb; - m,i € N,m > 0}, (6.6.1)

)

suchthat1:9~0<9~1<~.

Theorem 6.6.6 (Existence of Cone Decomposition, [Ede21, Theorem 7.1]). Given

LI e N0O<~vy<1 0€(0 there exist constants 6,1, N and a finite

S ToO(TT) )
collection of (8;,0,~)-smooth models {Ss}, =S, all depending only on (I,1,~,0) with
the following property.

For any C? metric g on By satisfying |g — Geuc|c3(my) < 01,1, any stationary integral

varifold V' in (By, g) with index(spt V) < I, C € C, and m € N, if

o mQC(O) S 01,’
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o disty(sptV N B, CNBy) <65
e (m—1/2)0c(0) <0y (0,1/2) and 6y(0,1) < (m +1/2)0c(0),

Then there exists a radius v € (1—20(I41)0,1) so that V_(B,, g) admits a (6;,7,S, N)-

cone decomposition.

6.6.2 Tree representation and first decomposition

Now we go back to the proof of Theorem 6.2.9. First, we introduce a tree structure

representing the cone decomposition of a minimal hypersurface near a cone.

Definition 6.6.7 (Tree representation of cone decomposition). Given a (6, 5,S, N)-

cone decomposition of Vi (B(z, R),¢g) as in Definition 6.6.5 with parameters:

e Integers Ng, N¢ satistying Ng + No < N;

Points {z,},,{zv}, C B(z, R);

Radii {Ra, palRa > 2pa}, » {Bo}yi

Indices {sp},;

Integers {1 < mg < [0]},;

Cones {C,}, CC,

where a = 1,--- ,No and b = 1,--- , Ng. The corresponding tree representation
of the cone decomposition is a rooted tree ( [CLRS22, Section B.5]) uniquely defined
by:

1. There are two types of nodes: every node of type I is labeled with (C,, mq, T4, Ra, pa),
while every node of type II with (Ss,, zp, Rp);

2. Theroot is labeled with either (C,, mq, x, = 2, Ry = R, p,) or (S, tp = x, Ry =
R);
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. For any type-I node (C,, my, x4, Ry, pa), either p, = 0, 0c,(0) > 1 and it is a
leaf; Or p, > 0 and it has a unique child of either

o type [ (Ca/a Mag = Mg, Loy = La, Ry = Pmpa'), or

o type II (S, 7y = 24, Ry = pa);

. For any type-II node (Si,, 7y, ) where Sy, = (S, C,{Cas, ma, B(Ya,7a) }acr, )

it has #/;, child nodes such that for each &, there exists Ry s and ;4 such that

Ry s

<
Ryra

| b6 — (2 + Ry - ya)| < BRyra, <148,

N | —

so that the corresponding child node is either

e of type I (Cp = Ca,my = ma, o = Toa, R = Rpa, par), OF

o of type II (S, 7y = Tpa, Ry = Rpa);

The coarse tree representation of the cone decomposition is obtained by re-

labeling the rooted tree above, i.e., replacing the type-I node (C,, my, Ta, Ry, pa) by

(0c,(0),m,), and the type-1I node (S, , zs, Rp) by S, .

Definition 6.6.8. For v € (0,1/100), two (6, 5,S, N)-tree representaions with pa-

rameters

i (NSv Ne, {xa} ) {xb} ] {Ra} ) {pa} ) {Rb} ) {ma} ) {Ca} {Sb})7

o (Ng: Now{zat o Aapt {Rat Apad ARy} {met  {Cu {s3)),

are said to be vy-close if N; = Ng, N = N¢ and they have the same coarse tree

representations, s.t.

1. If the corresponding two nodes are both of type I, then

L] diStH(Ca N 331, Ca/ N aBl) S 7,
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o If p, > 0, then

= |pa = par| < ymin(pq, par);
- |xa - xa’| S VmiH(Pm pa’);
- |Ra - Ra’| S VmiH(Pmpa’)§

Otherwise p, = 0, then

— par = 0;
— |7q — 2| < ymin(R,, Ra);

— |Ry — Ry| < ymin(Ry, Ry ).
2. If the corresponding two nodes are both of type II, then

o |z, — zy| < ymin(Ry, R)) minaer, (1),

o |Ry, — Ry| < ymin(Ry, R)) minaey, (14)-

In order to deal with minimal hypersurfaces in a closed Riemannian manifold
directly, we also introduce a large-scale cone decomposition for a minimal hypersurface

in a closed Riemannian manifold.

Definition 6.6.9 (Large-scale Cone Decomposition). Given 6,v, 5 € Ry, o € (0,1/3),
and N € N, let

® go, g be two C*% metrics on N;
e Yo, X be two minimal hypersurfaces in (V, go) and (IV, g) respectively;
o S = {5}, be a finite collection of (6, o, v)-smooth models;

A large-scale (0, 3, go, X0, S, N)-cone decomposition of 3 consists of:

e a collection of radii {rs}, corresponding to the singular sets Sing(Xy) = {pa}

&

such that {BY(pa,7a)}, are pairwise disjoint;
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e a (0,3,S, N)-cone decomposition for each |X|.BY(ps,74);

o a C?function v : X\ ). _« BI(pa,ra/2) — Xt so that for ry = ming {rs} >
P& €Sing(2o) 0

0,

o |ul 4 [ Vul + 1| Vu| < 8,
and X\ BY(pa,r4) coincides with graphy, (u) \ B?(pa,ra);
Similarly, we can define the corresponding tree representation and the ~y-closeness.

Definition 6.6.10 (Tree representation of Large-scale cone decomposition). Given a

large-scale (6, 3, go, X0, S, N)-cone decomposition of 3 C (IV, g) with parameters:
e Sing(Xo) = {pa}s;
o radii {raly;
e (0,.5,S, N)-cone decompositions for each ¥ N BY(pa,4);

The corresponding tree representation of the large-scale cone decomposition is a

rooted tree uniquely defined by:
1. The root node is a labeled by a tuple (3, go, {pa},{ra});

2. The root node has #Sing(%y) children, indexed by &. The corresponding sub-
tree rooted at the d-child is the tree representation of the (0, 3,S, N)-cone

decomposition for each |X|.BY(pa,74)-

Similarly, the coarse tree representation will be the same directed rooted tree

with the subtrees above replaced by their corresponding coarse trees.

Definition 6.6.11. For v € (0,1/100), two (6,3, go, >0, S, N)-tree representaions

(8 < ) are said to be y-close if
e Their root nodes have the same label;
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e Their subtrees corresponding to the a-child are -close for each a.

Theorem 6.6.12. For any given (g,%) € M"*(M), 8 € (0,1/100), and I,A € N
with

H7(2,9) <A, index(%,9) < T,
there exist (g, %, B, A\, 1) > 0 and I(g,%) > 0 satisfying the following property.

For a 0-“neighborhood” of (g,%),

ME(g SN T B) = {(9’,2’) e MM (M) ||d|ore < A;llg — ¢ llr-ra + F(S, %) <6,

(Y, g) <A, index(X }
we have

1. There ezist a finite collection of (6,0, 3)-smooth models S and an integer N, so
that any (¢', %) € MP*(g,%: A, I, B) admits a large-scale (6, 8, g, %, S, N)-cone

decomposition, where | depends on (g,%) only;

2. There exists a countable collection {(gy, Xv)},eny C M5 (9,55 A, 1, B) with fized
large-scale (él,ﬂ,g,Z,S,N)—cone decompositions with the following property.
Every (¢', %) € M*(g,%; A, I) admits a large-scale (él,ﬁ,g, ¥, 8, N)-cone de-

composition whose tree representation is B-close to that of some (g, Xy).

Remark 6.6.13. By the second bullet of the theorem, for each v, we can define an
“intermediate canonical neighborhood” [,]S’a(gy, Yo; A, I, B) (we omit g and ¥ here for

simplicity) consisting of those pairs (¢’, ¥')’s satisfying:
o [|lg'llore <A
o lg—gllcrra + F(S,5) <6

o (Y, g) <A, index(Y,¢') < I;
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e (¢,Y') admits a large-scale (A, 3, g, 2, S, N)-cone decomposition whose tree rep-

resentation is S-close to that of (g,,%,).

Then, the theorem implies that
ME(g, 5 M T, B) = | £6% (90, Zos A1, B)

Proof. (1) The first part follows from the existence theorem of cone decompositions,
i.e., Theorem 6.6.6.
Indeed, given (g,%), we can take [ € N so that 6, = SUD,esing s 102(,0)}. Then

for each ps € Sing(X), there exists a radius 74 € (0, 1) such that
e {B9(pa,2rs)} are pairwise disjoint;
o |(2ra) (1, 20, )9 = Geuallcasy) < 011/2;

e There exists a cone C,, € C such that
dZ'StH(’I]pd,QT&<E) N Bl, Cp& N Bl) S 6111/2 5

0c,. (0) <0,

and

3 )

Zecpa (0) < an&,Zrd(E)(07 1/2)7 077;7&,2Td (Z)(07 1) < _Qcp& (0) .

By taking § small enough, we may see that for any (¢', %) € M**(g, ;A I, 3),

we have

e By Allard’s Regularity Theorem [All72], there exists a C? function u : X\

Up&esmg(z) BI(pa,ra/2) — Bt so that for 1o = min {rs},

ro ul + [Vul + 1| Vul < 8,

238



and X'\ | BY(pa, ra) coincides with graphy,(u) \ U BY(pa, ra);

. |(7“a)_2(77;d1,m)*9/ - geuc|C3(IB%1) < dy,r for each ps;

dZ'StH(’f]p&md(Z/) N Bl, Cp& N Bl) S 51,[ 3

and

1 3

500, (0) < by, (0, 1/2), Oy, 2(0,1) < Sbc,, (0);

By Theorem 6.6.6, the last two bullets imply the existence of a (él, B, Sa, Ny )-cone
decomposition for each ¥’ N BY(ps,rs). Together with the first bullet, we obtain a
large-scale (él,ﬁ,g,Z,S, N)-cone decomposition of (¥',¢’), where N = ", N and
S=U,;Sa.

(2) By (1), for each (¢',%'), we can fix a large-scale (él, B,9,%,S, N)-cone decompo-
sition, and its corresponding tree representation. It follows from the finiteness of NV,
S, ma’s and the discreteness of 6;’s that there are only finitely many distinct coarse
tree representations.

Let’s fix one such a coarse tree representation T = (f/, E), and consider the set
L'(T) of all the pairs (¢, X) associated to this coarse tree representation. The goal
will be to find a countable covering of £'(T).

To begin with, we construct countable coverings for each node of the coarse tree.

(a) By the definition of coarse tree representation, all tree representations of pairs in

L’ have the same root node;

(b) Each type-I node @ associated with S, = (5, C, {Ca,ma,B(ya,7a) }4ep,) € S in
V corresponds to the set of type-I nodes in L
c. = {(Ssb,mB,RB)}B ,
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where x5 € M and R € (0,00).

Let ro = min(minsey, (ra), 1/2) and define a countable collection of intervals

yr il
10s = {Inte = [(L+ GO L+ G

which covers (0,00) (“I” stands for interval and “C” for covering). For each k,
we associate it with a finite covering BCy ;. of (M, g) by geodesic balls of radius
no greater than

min(injrad(M, g), (1 + %)kvro/m).

Therefore, we obtain a countable covering of the product space M x (0, 00),

PC{L = {(B,Intk) ke Z,B S BC{LJ@} .

Note that if (3, R3) and (2, Rp) are in the same (B,Int;) € PCy, then
(Ssb,mB,RB) and (Ssb75153uR3/) satisfy the inequalities in the first part of the

definition of 7-closeness.

Each type-II node @ associated with (6¢(0),m) in V corresponds to the set of

type-I nodes in L],

where 0, (0) = 0c(0), x5 € M, Rj € (0,00) and pj € [0, 00).

By the compactness of stable cones with the same density 6c(0), we can find a

finite set of cones

{CiHY, .

where N depends on 7 such that any other stable cone C’ with 6c/(0) = 6¢(0)
has
d’iStH(CiO N 8B1, C/ N 831) S Y
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for some ig € {1, -, N}. Thus, we can define

CC@ = {{C/ . 9(3/(0) = 9(3(0), dZSt[jr((jZ N 83170/ ﬂaBﬁ S ’)/} 1= 1, cee ,N} .

To cover [0, 00) related to p, we first define a countable covering,

ICg := {0} U {Intk =[(1+ %)k’ (1+ %)kﬂ]}

kEZ

For the singleton {0}, we define a countable covering of (0, c0) related to R as

DAY Y\r
Icuj’{o} = {Int{o}’k/ = [(1 + §)k 5 (1 + §>k +1]}klez

and for each fixed k', we consider a finite covering BCy 10y, of (M, g) by geodesic

balls of radius no greater than

min(injrad(M, g), (1 + %)k,'y/l()).

For each k, we define

I i= {Intipe = (L4 min(1, (1+ 2)5)¥, (1+ 2 min(1, (14 )9 |

2 2 2 k€7

and in this case, for each fixed k', similarly, we consider a finite covering BCy j,

of (M, g) by geodesic balls of radius no greater than

min (injrad(M, g), (1+ %min(l, (1+ %)k))klv min(1, (1 + %)’“)/10) :

Therefore, for the product space {C' : 0c/(0) = 0c(0)} x M x (0,00) x [0, 00), we
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obtain a countable covering

PC&; = CCu*, X { {(B, Intkyk/, Intk) : k, = Z, B c BC@JQ’k/} U
{(B,Tntgoy . {0}) : K € Z, B € BCagoye} } _
As above, note that if (Cg, x5, Rs,p5) and (Cp, 25, Ry, pp) are in the same

element of PCy, then (CB,m,mB,RB,pB) and (CB”xB”Rﬁ”pB) satisfy the in-

equalities in the first part of the definition of y-closeness.

With the construction above, we see that the tree representations of all pairs in

L'(T) are contained in the countable union
PC(T) == Q) PCy @ (R PCy . (6.6.2)

Hence, we can find a countable subsets £”(T) of £'(T) satisfying the following
property. For each element of PC (T ) containing at least one tree representation of
pairs in £/(T), it contains exactly one tree representation of a pair in £"(T).

In summary, it follows from the finiteness of coarse tree representations and the

construction above that the set of pairs

U L"(T) (6.6.3)

T coarse tree representation
is countable and satisfies the desired property. O]

For any A > 0 and any integer I > 0, let

ME(V A T) = {(g, 2) € MEO(M) : ||gllore < A; 7 (S, ) < A, index(S, ¢') < 1} :
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and

MES(M; AL 1,8) = {(g, ) € MP(M) - [l lene < A3 27(S,9') < A, index(S,¢') <1,

g = ¢ llchre + F(m[S|, [Z]) < 8 for some (g, %) € ME(M; A, T),m € N*! }

It follows from Sharp’s compactness theorem [Shal7] that for any 6 > 0, M&*(M; A, I)\

M’;?(M, A, I,6) is a compact set, and moreover,

MEC(M A, T U (M'm (M; A, 1)\ MES(M; AL ;))

On the one hand, for any fixed A, and j, by the compactness property, there
exist a finite collection of metrics on M, {g¢;} and a finite collection of g;-minimal

hypersurfaces {¥;}, such that
MBS (M A, T\ MES (M A, 1 ) C UM’”“ 9,55 A1,5). (6.6.4)

In other words, we have

oo o0

MEe(M) = | | MP(M; A, T)
I=0A=1
(o) o0 o 1

= J U UM A, 1)\ MES (M5 AL T J)
I1=0 A=1 j=1

- JUUUM* (5. 5:A.1.5).

I=0A=1j=1 i

By relabeling all the indices, we obtain a countable covering

ME(M) = ME(g;, i A3 T, B) - (6.6.5)

=1
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On the other hand, by Remark 6.6.13,

o0

Mk’a(gz‘, 25 Ai; I;, 5) = U E’S’a(gi,v, Ei,v; Am I;, 5) s

v=1

By relabeling the indices {i,v}, we have

MPE(M) = Uﬁg’a(guzi;/\uIiﬁ)- (6.6.6)

=1
6.6.3 Compactness and second decomposition

Proposition 6.6.14 (Sequential compactness of ,c’g’a). The intermediate “canonical
neighborhood” £§’a(gv, Yoy A 1, B) is sequentially compact. In other words, given a se-
quence {(g;,%;)} C Ly (9o, S; A, I, B), there exists a pair (goo; Sos) € Lo (g0, Bu: A, T, B),

such that up to a subsequence, g; — oo in Ckbe and Y — Yoo in the varifold sense.
Proof. By definition, we have

o llgjllore < A;

* [lgi — gollcr—ra +F(X;,5,) < 6;

o (X, 9;) <A, index(X;,g;) < I.

The compactness of C** — C*~1 and Sharp’s compactness [Shal7] together imply

that there exists a pair (oo, Y0o) such that
¢ ||goollcre < A and X is a LSMH;
e Up to a subsequence, g; — goo in C* 1 and 3; — X, in the varifold sense;
® [lgos — gullor-re + F(Za, By) <6

o (X, goo) < A, index (X, goo) < 1.
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Now, it suffices to show that (g, >oo) has a tree representation S-close to the one of
(90, 20)-

Indeed, by large-scale cone decomposition and the constancy theorem, we know
that >, should be a multiplicity one minimal hypersurface. Moreover, the g-graphic
property indicates that the convergence are all smooth and thus, the coarse tree
representation will be the same. Since all the closeness property will be preserved

along the limiting process, (go0, Xo0) has a tree representation [-close to the one of

(Gor L) O

Compactness is equivalent to the existence of a finite subcover of its open covers.

Hence, a finite decomposition of intermediate canonical neighborhoods as follows.

Proposition 6.6.15 (Finite covering of L’g’“). For any g, %, A, 1,3 asin (6.6.6) (with
subscripts omitted), there exists a countable set of pairs {(g,,%,)}, C LE(g,%: A, 1, 5)

with corresponding {e,},, such that

14
L9, 550, 1,8) € | £5(g, Bus A 1)

v=1
where N =A+1+1,V €N and k, = k(gy, 2y; \') defined in Theorem 6.2.9.

Proof. By Proposition 6.6.14, we know that Elg’a(gi,Ei;Ai,I,B) is compact, so it
suffices to show that for any (¢,>') € E’g’“(g, YA, I, 5) and &' > 0, the corresponding
canonical neighborhood L£¥%(¢’,%’; A, §') contains an open neighborhood of (¢, %)
in L5%(g, %A, 1, 5).

Suppose otherwise that there exists some (¢, ') and a sequence of {(g;,%;)} C
L9, 55,1, 8) \ L (g, X5 A, §') so that

(9, %) — (¢, %)

For large enough i, we can verify that
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e g; is a CH* metric on M with ||gi||cr.« < A and ||¢' — gillcr-1.0 < &';

e Y, is a LSMH in (M, g¢;) satisfying

3

Yy) <90, index(3;) < A

gi»

Furthermore, the last condition is implied by the §-closeness of tree representations
where 4 < 1/100.

In other words, for i large enough, (g;,%;) € L£M(¢',%; A, I,€') which gives a
contradiction. ]
Proof of Theorem 6.2.9. By (6.6.6) and the previous covering proposition, we have

ME(M) = L5 (g1, 53 i I, B)

i=1

S
= U £5 (g1 B Al i)

i=1v=1

where A, = A\; + I, + 1, V; € N and k;, = K(giw, Zin; AL).

Hence, Theorem 6.2.9 follows from relabeling the indices {7, v}. O

6.7 Induced Jacobi Fields

Let (X,v) C (M, g) be a two-sided minimal hypersurface with a unit normal field v.
Let {g;} be a family of metrics smoothly converging to g, V; be a family of stationary
integral varifolds in (M, g;) different from || and converging to |X|. Then by Allard

Regularity Theorem [All72,Sim83b], the convergence is in C72.(3).

Definition 6.7.1. We call a non-zero function ¢ € C*(X) a generalized Jacobi

field induced by {(V},g;)};>1, if there exist sequences t; — 04 and v; € C*(%)
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such that v;/t; converges to ¢ in C;2(X) and that for every U CC M \ Sing(X),

loc
| graphy, (v;)| U = V; LU,  for sufficiently large j .

Clearly by definition, if ¢ is an induced Jacobi field from {(V}, g;)};, then so is c¢
for every constant ¢ > 0. Also, if g; = ¢ and ¢ is induced by some {(V}, g)};, then ¢
satisfies the Jacobi field equation Ly¢ = 0.

When g = g; and X is regular, after passing to subsequences, the existence of
induced Jacobi field directly follows from Allard Regularity Theorem and elliptic
estimates, see for example [Shal7]. However, if Sing(X) # 0, even when g; = g, it’s
usually unclear whether for any such family of stationary integral varifolds {V;}, there
exists an induced Jacobi field. The key difficulty is the lack of control on growth rate
toward singularities of the graphical functions. Here’s a toy example in the linear

case.

Example 6.7.2. Consider a sequence of harmonic functions on the two-dimensional

punctured disc D\ {0} given by

ug(re®®) = (kr) ™ cos k.

Then as k — oo, these uy, converge to 0 in Cpo(Clos(D) \ {0}) and satisfy

sup Jug| > 2" - sup |ug|.
D, 5 Dy 5

Thus, there don’t exist normalizing constants {cx > O}g>1 such that uyg/c, converge

smoothly on Dy \ Dy ,4 to a non-zero function.

This example suggests that if we hope to find an induced Jacobi field from a con-
verging sequence of minimal hypersurface near singularity, then we need to first bound

the growth rate of graphical functions towards the singular set; And to achieve this,
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the infinitesimal behavior of these minimal hypersurfaces has be carefully addressed.

This section is devoted to the existence of induced Jacobi field under different
assumptions. In Section 6.7.1, we first prove several local growth estimates near
strongly isolated singularity, based on the growth dichotomy Lemma 5.2.17. The key
feature is that it provides link between the asymptotic rate of induced Jacobi field
and appropriate blow up limit of the converging minimal hypersurfaces. In particular,
based on our analysis on asymptotic conic minimal hypersurfaces in Section 5.2.2, we
derive the existence of induced Jacobi fields in Section 6.7.2, as well as how their
asymptotic rate reflects the information of the converging sequence, which enable us
to prove the Regular Deformation Theorem 6.2.4. We also study the induced Jacobi
field for converging pairs of minimal hypersurfaces in Section 6.7.3, which plays an
important role in deriving the Local Sard Theorem 6.2.8 in Section 6.8.

To save the notation, we introduce the following graphical function between two
singular hypersurfaces. Let (N®, g) be a Riemannian manifold, not necessarily com-
plete. For i = 0,1, suppose X! are hypersurfaces in N such that Clos(X?) = oU",
where U® C N is an open subset. Let ©* be the unit normal field of ¥¢ under metric
g, which points away from U’.

Define the graphical function over X° of X! under metric g as follows. For every

x € NP,

- sup{t > 0 : exp?(s1%(x)) € U for every s € [0, 1]}, ifzeUY
GED,g<x) =
inf{t < 0:expd(s’(x)) € N\ U for every s € [t,0]}, ifx ¢ U

(6.7.1)

Remark 6.7.3. We abuse the notation here since the definition of Gg; g relies also
on the choice of U? and N. In applications, these are naturally chosen and there will

be no ambiguity.
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Heuristically, X! is the graph of G, , over X% In fact, this is the case when X'
are smooth hypersurfaces and are C? close. In general however, G%; , heed not be

even C° but only L> along %°.

6.7.1 Local growth estimate of graphical functions

In this subsection, the ambient manifold N to define graphical function is fixed to be
B3 ™= When two connected LSMH X°, 3! in B, are sufficiently close, and X0 = 9U°
for some U® C N, there’s a unique choice of domain U' bounded by X! in N such
that U°AU! is also small. We shall fix this choice of U? in defining the graphical
functions.

We first recall the general dichotomy of growth rate for graphical function in

Lemma 5.2.17

Lemma 6.7.4. Let A\ A" > 1,0 >0, k > 0; K(o,A,\") > 2 be given by Corollary
5.2.8. Then there exists 6o(A, N, o, k) > 0 with the following significance.

Let C € 6}y be a reqular stable minimal hypercone; v € (—A, 1) be such that
distg(v,T(C)U{=(n—2)/2}) > 0.

Let {(gé, V;'i)}lgjgoo,izo,l be a family of pairs such that

(a) g% are C* Riemannian metrics on By* such that

lg; —gillcs =0 asj—00, g} = Geucller < b0 for every j > 1;

(b) Vi e IV, (B are gi-stationary such that,

Fg,(V!, V) =0 asj— oo; V) = | graphg,, (v))[ B3,
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for some v} € C*(C) with ||[v]]|c2.8, < do.

We further assume that 3; := spt(VjO) 1S a g?-mz'nimal hypersurface in By with isolated

singularity at 0; And let

7; = inf{t € (0,1) : V}lLA(O;t, 1) = [graphy, jo(u;)[cA(0;2,1), with |[usllcz < do}-

(6.7.2)

Then after passing to a subsequence, either of the following hold for j > 1,

(i) 7; > 0 and there exists a linear map T € GL,11(R) do-close to idgn+1 such
that Tj’l - TyV}! F-converges to some geye-stationary Vie € IV, (R™1Y) which

doesn’t equal to |C| and asymptotic to C near infinity, with asymptotic rate

A

AR o (Vio, C) < v. We call such Voo a minimal blow-up limit of {le}jzl{

(ii) For everyt € (2K°1;,1), we have
maz{Ji (uj; K1), sllg; = gjlles}t < max{Tg(ujit), kllg; — gjllos}

where uj is the graphical function in (6.7.2), Jp = J oo g0 15 defined by
25195

J;(;ag(u;r)2 = / u?(x) - |disty(0,2)| 72" d|| ||, () - (6.7.3)

A9(0,K~1rr)

Recall that as in 5.2.29 we have,

Jr : y+n/2
C(K, A)fl < K,E,g(u T)T

< < O(K, ). (6.7.4)
[ull z2(as 0,6 1rm)012 1)

The following L? growth estimate is an immediate consequence of Lemma, 6.7.4.

Corollary 6.7.5 (L? growth estimate). Let A > 0, 0 < 0 < Ygap.a/2, Where Ygap.a 08
given by Lemma 5.2.1. Let K = K(o,\) > 2 be given by Corollary 5.2.3. Then there

exists 61 = d1(o, \) € (0,1) with the following property,
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Let 3 = QU* (i = 0,1) be LSMH in (BS, g) with area < A and index < A. Assume
the following holds for 6 = 41,

(@) |9 = Geucller < 05 [JullL2(as(0,1/2,1),1x00,) < 6, where u := G%é,g e L>(x);

(b) Fori=0,1, there exists ' € Sing(X’) N By o such that 2° = 0 and

9|2¢|(33i, 1) — 9|2¢|(13i) < (5, 9|21|(x1) = 9‘20|(;L’0).

Then,

(i) X' N A0, K73, 3/2) = graphy, ,(u) N A9(0, K~2,3/2); 2' € B},_5(0) and

[ullcz,a90,-21) < C(o, A) - [|ull p2(yzoy,)-

(ii) We have L*-growth estimate for u,
+70' +70'
J2 7T (uy K71 < J2 70 (us 1); (6.7.5)

where vy =5 (CoX%); Ji-(u;r) is defined in (6.7.3) with ¥ = X°.

Proof. Suppose for contradiction, there exists a family of LSMH Ej» C (By,g5) (i =
0,1, j > 1) satisfying (a) and (b) with area < A, index < A, § = 1/j, ¢; = Geuc In

1

C* but either (i) or (ii) fails. Let u; := G

50, g;° By unique continuation of LSMH,

WLOG u; is not identically 0 on A%(0,1/2,1).

When j — oo, by [Shal7] and assumption (a), |%!| subconverges to an LSMH with
multiplicity V., independent of i = 0, 1. Moreover, by assumption (b) and Corollary
D.0.3, V,, = |C|LBy for some stable minimal hypercone C € %,. Hence for suffi-
ciently large j, (i) holds by Allard’s Regularity Theorem [All72] and classical elliptic
estimates. Thus (ii) fails for the sequence. Also by Corollary D.0.3, assumption (a)
and (b) in Lemma 6.7.4 holds with k = 1, v = 75 (C) — 0, g} = g; and V} = [¥¢],,
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when j >> 1. Therefore, Lemma 6.7.4 applies to deduce that appropriate blow up
around 0 produces a stationary integral varifold Vi, with AR (Vae; C) < 75 (C) — 0.
But by the density-almost-same assumption in Corollary 6.7.5 (b) and the rigidity
case of Monotonicity formula, V., must be a non-zero translation of C, which has

asymptotic rate = 0 > 75 — o. This provides a contradiction. O

By applying Corollary 6.7.5 to all suitable scales with a bootstrap argument, we

get,

Corollary 6.7.6. Let 0 < 0 < Ygapa, 0 = Yeapr — 0. Let K = K(o,A) > 2,
0 = d1(o,A) > 0 be in Corollary 6.7.5. There exists do(o,A) € (0,51) with the
following property.

Suppose 3¢ (i = 0,1), 9,75 be in Corollary 6.7.5 with (a) (b) holds for § < ds(c, A)
and u = Ggé,g € L*(XY). Let

2/ =)
ru = lull P2 as o, 51150,

Then,

(i) uwe C*(X°N A9(0,r,/2,3/2)) and
graphgo (1) N A%(0,7,/2,3/2) = ' N A9(0,7,/2,3/2) ;
(i1) For every r € [ry, 1], we have

c2.500.1) < C(0, Ml[ull 2as o1 oy, -7 777 < Clo, A)rg 2.

[l

Proof. Assume that u is not identically 0. Then by unique continuation of LSMH,

T, > 0.
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i

For each 7 € (0,1], let g- := 77205 g, XL := ng 1(¥7), 2l =g 1(z"), i = 0,1. By
the volume monotoncity formula for LSMH, we can choose §;(o,A) € (0,d;) small

such that if (a), (b) hold for 6 < ¢}, then for every 7 € (0, 1], we have
HgT - geuc”C’?’(Bg) < 4y, 0|23|(5Ui, 1) - 9|23‘(xi) < 0.
Let

lo == sup {l € N* :|Jul| 210 (0,r/ 1.y z0),) < 01 - 772,

Vr =K e [K " 1], m integer }.

Claim. By taking dy(o,A) € (0,8;) small enough, we have r, > K~ provided (a)
and (b) hold for § < ds.

Proof of the Claim. WLOG assume that lj < +o00. Choose d2(0, A) € (0,0]) small
enough such that

[ull z2(as (0,1, 1);20,) < &,

where € = £(0, A) < 1 small enough, which will be determined later.

By definition of [y and Corollary 6.7.5, inductively on [ we have, V1 <[ <,
V5 —o 1 v o
Ji¢(u, K7 < Jg 7 (u, 1) < Clo, M)flullp2as0.x-1 10 -
Hence combined with (6.7.4) we have for every 1 <1 <,

- +7O’ n
[l z2as(0,5-1-1 11y < Co, M) Jull 2 (a5 (0,1 )50y - K102 7702 (6.7.6)
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Therefore if K~ > r,, then we must have,

(0, A)r' 12 /20" _ fg=los —en2)

||uHLQ(Ag(O,K*lO*l,K*lO)) < u

C
< C(o,A)r?'/2 . [(~lolnty —o—0) (6.7.7)
S C(U, A),r,O'//2 . K_l0(1+n/2),
where the first inequality follows from (6.7.6) and the definition of r,, the second

inequality follows by K= > r, and 0’ < Ygpa < (n — 2)/2, the third inequality

follows by the fact that o 4+ 0’ = 7gap,a and that

n—2
2

+ 7; — Yeap,A = _VT "‘7; — Ygap,A = 0. (6~7-8)

Choose £(o, A) small enough such that C(o, A)e”/("=7") < § /2. (6.7.7) contradicts
the choice of ly. This concludes the proof of the Claim. |
Now by the Claim and Corollary 6.7.5, (i) holds; (ii) also holds by combining the
estimate (6.7.6) and (6.7.8). O

For later applications, we also need to compare the graphical functions of different

hypersurfaces. This is also derived from Corollary 6.7.5.

Corollary 6.7.7. Let ' = 9U* (i = 0,1,2) be LSMH in (BS, g) with area < A and

mndexr < A. Assume

(a) lg = Geucller < 6, ||U(i)||L2(A9(0,1/2,1);H20||g) < 8, where u' = Gg;g € L>(XY),

i=1,2;

(b) Fori=0,1,2, there exists x' € Sing(X") N By such that z° = 0 and

Og (2", 1; [2lg) — 0= [1Z7]l) < 6

02 [2°ll5) = 0z 15" lg) = (=% 1Z7]])-
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Let 0 < 0 < Ygapr/2, 0" := Ygapr — 0. Then for 6 < 63(o,A) and for r €

(40 sup{r, ), ry@ }, 1/4), we have
5 —o
[u = 2asor ool < Cloy MIGE gllazgusy, - /22 G0
Proof. Denote for simplicity, v := Ggi g € L>°(X1); We have,

Hu(z) _ u(1)|,L2(Ag(07r/27r)) < C(/\)rn/z . sup |u(2) _ u(1)|
A9(0,r/2,r)NLO

<SC)r2. sup ol
A9(0,r/4,2r)nxt

< C(A)r"/2+1 : ”UHCE,Ag(xl,r/lo,l)mzl

< C(A, 0)r/2 . Co=h=o= |y || oo .

Here, the first inequality follows by volume upper bound for minimal hypersurface :°
in A9(0,7/2,r); The second inequality, after taking ¢ sufficiently small, is given by the
following geometric Lemma 6.7.8 comparing G%i’g with |u? —u'|; The third inequality
follows directly from definition of C? norm and that A9(0,r/4,2r) C A9(x';r/10,1);

The last inequality is given by Corollary 6.7.6 (ii). O

Lemma 6.7.8. There is a universal constant ey with the following property. Let
¥ =09U" (i =0,1,2) be connected C* hypersurfaces in By. Suppose g is a C* metric

on By such that
(CL) ’A20|g < € and 0 € 20; Hg - geucHC2 < &o;
(b) ¥¥ = graphyo(u®) with ||[u?||c2 < &g, i = 1,2.

Then we have

2
[u®(0) — uV(0)] < 2sup |G§179| < 4sup [u® — uW].

By/a By
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Proof. This follows directly from the triangle inequality. O

6.7.2 Induced Jacobi field in general

The first goal of this section is to prove the following,

Theorem 6.7.9. Let (M™*! g) be a closed Riemannian manifold, (3,v) be a two-
sided LSMH in (M™, g) with only strongly isolated singularities, B be a symmetric

2-tensor on M such that
1
q(B) := divsg 4(B(v,)) — étrg(vyﬁ) is not identically 0 on 3.

Let {g;} be a family of Riemannian metrics such that either g; = g for all j, or there
exist constants c; N\, 0 and symmetric 2-tensors B; — [ in C* as j — oo such that
gi = 9+ ¢;B;.

Let {V; # |X|};>1 be a family of stationary integral varifolds in (M, g;), V; F-

converges to |3|. Suppose for every p € Sing(X), one of the following holds,
(A) the tangent cone C, of ¥ at p is area-minimizing at least in one side.

(B) there exists some neighborhood U, C M of p such that V;LU, are stable minimal

hypersurfaces (possibly with multiplicity) in (U, g;), j >> 1.
Then after passing to a subsequence, {(V;,g;)};j>1 induces a generalized Jacobi field

¢ satisfying AR,(¢) > 1 (C,) for every p € Sing(X), and

Ly =0, if9; =9
’ (6.7.9)

Ly¢ = cq(B) for some ¢ >0, ifg; =9+¢b;.

Moreover, if p € Sing(X) be such that AR,(¢) < v5 (C,), then there exists some

neighborhood W,, C M of p such that Sing(V;) N W, = 0 for infinitely many j.
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Proof. We first consider the simpler setting where g; = ¢g. For each p € Sing(X), let
Yo € (12 (Cp), 71 (Cp)) \T(Cyp) be fixed, o := infyesing(s) distr(7p, I'(Cp)) > 0; Take
9 =g, =9, V) = Xy, V}' = |55l & = 1, A, A’ be sufficiently large such that
C, € 61y for every p € Sing(X). Let K(o,A,A') > 2, §(0,A, A, k) € (0,1) be
given by Lemma 6.7.4. Working in 7),M, by Lemma 2.3.1, there exists 7,(3, M, g) €
(0,injrad(M, g)/4) such that (7' -V}, 7,n} g%) satisfies the asumption (a) (b) in
Lemma 6.7.4 with dy = &y. And by a rescaling of g, WLOG 7, = 1 for every p €
Sing(X).

By Theorem 5.2.12 and assumption (A) and (B) in Theorem 6.7.9, any blow up
limit from Lemma 6.7.4 (i) must have AR (Vao, Cp) > 77 (C,), only (i) in Lemma
6.7.4 could happen for every singularity p with v = 7,. In particular, if let s; \ 0

and v; € C}

loc

(X) be such that

[villcz 2., sing() < 9o

and that
ViLM \ Bf (Sing(X)) = | graphy(v;)|[c M\ B (Sing(X))

Then for each p € Sing(X) and every r € (2K?s;, 1),

/ vip "B d|[Z)|(2) < O(Z, M, g) / vip " d|Z ()
A9(p; K~ 1rr)

A9(p;K—1,1)

(6.7.10)

where p := dists(Sing(X), ). In particular, Vj >> 1 and VQ C ¥\ Bf (Sing(X)), we

have

2
/vj de < C(X,M,g,0,9) / vjz dx . (6.7.11)
Q S\B (Sing(%))

The key point of this estimate is that the constant on the right hand side does NOT
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depend on j.

We take a; := ||'Uj||L2(E\B§{71(Sing(2))) > 0 for j >> 1. Since V; # |X|, by Allard
Regularity Theorem [All72], unique continuation property of minimal surface equation
and assumption (A) (B) on Vj, we must have a; > 0 for j >> 1.

Let ©; := vj/a;. By (6.7.11) and standard elliptic estimate, 9, — v in C} ()
and by the choice of a;, v is not identically 0. Also by (6.7.10), the choice of 7, and
the growth rate quantization Corollary 5.2.6, we know that AR,(vs) > 77 (C,) for
all p € Sing(X%).

Moreover, if at some p, AR, (vs) < 75 (C,), then Corollary 5.2.6 yields AR, (vso) €
{7F(C,)}. Again by Lemma 6.7.4, the minimal blow-up limit Vi, should satisfies
AR (Vao, C,) < 71 (C,). Then by Theorem 5.2.12 and assumption (A), (B) above,
V.. has no singularity, and so does the converging sequence near p by Allard Regu-
larity Theorem.

The proof for the case where g; = ¢ + ¢;3; as in the statement of Theorem is
similar but more delicate in choosing the renormalizing constant. Since ¢(f) is not
identically 0, let oy CC ¥ such that spt(g(8)) N Qo # 0. Let v; € C*(Qp) be the

graphical function of V; over €2, |lv;||c2 — 0.
Claim. liminf;_, ||v;]|z2(04)/c; > 0.

Proof of the Claim. Otherwise, up to a subsequence, v;/c; — 0 in L*(y). Since V;

is stationary in (M, g;), by Theorem A.0.1, for every ¢ € C%(Qy),

0: ,//lgfvj~(/§

Qo
_/Q a;’j(x,vj,ij)ﬁi(vj)(‘?k¢+sz(x,vj,ij)ak¢+aZng(x,Uj,ijM

= /Q —vj - 8i(agj(:c, vj, ij)akgzﬁ) + blg“], (x,vj, Vvj)Okp + 0, F% (x,v5, Vv,) .
0

(6.7.12)
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By multiplying both side of (6.7.12) by 1/¢; and taking j — oo, by Theorem A.0.1
and the assumption that (g; — g)/c¢; — 8 in C*(M), v; — 0 in C*(Qp) and v;/c; — 0

in L?(Qy), we get,

[ B0.V50) + rs(VYA) - 0 = 0. Vo € CH(w).

This contradicts to that spt(g(8)) N Qg # 0. Thus the Claim is proved. O

With this Claim, we see that 3x > 0 such that [|g; — gllca < [|vj]|2(0)- Now
repeat the previous proof by applying Lemma 6.7.4 with also taking x > 0 specified
above. We still get a local-control-global typed L*-estimate as (6.7.11), and then the

conclusion holds immediately by elliptic estimate. O]

Now we shall use Theorem 6.7.9 to prove the Regular Deformation Theorem
6.2.4. The upshot is that semi-nondegeneracy of ¥ and appropriate choice of metric
perturbation guarantees that every solution to equation (6.7.9) has asymptotic rate
€ {77 (C,)} for some p € Sing(%).

Given a two-sided LSMH (X, v) in an 8-manifold, first recall that in Section 5.3, we
have introduced the function space #(%) to study the spectral theory of the Jacobi
opreator Ly in place of W12(X). By Proposition 5.3.5 and Lemma 5.3.9, we have a
spectral decomposition of L?(3) and £(X) into finite dimensional eigensubspaces of

Ly,. And ¥ is called non-degenerate if Ly,u = 0 has only zero solution in #(X).

Lemma 6.7.10. Suppose (X,v) is a two-sided LSMH in (M,g); G < Diff(M) is a
finite group which acts fixed-point-freely on M, such that (X, M, g) is G-invariant in
the sense of Definition 6.2.11. Then the following ﬁg’a contains an open dense subset

in C*e(M)Y,

FE = {f € CF(M)C : Ly gu = v(f) has no slower growth G-invariant solution u} .
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Proof. When G = {idy;}, this is proved in Lemma 5.3.13. For a general G, we shall

slightly modify that proof based on the following observation.

Claim. If (Ker Ly )% = 0, then for every f € L*(X)Y, there’s a unique solution

u € B(X)° to Lyu = f. Here Ker Ly, consists of Jacobi fields in B(3).

Proof of the Claim. The uniqueness follows by definition; To see the existence, first

notice that for every ¢ € Ker Ly, 4, since f is G-invariant, we have

<¢7f>L2 = <#Z’Y¢,f>L2 =0.

yeG

Here the last equality follows from that 277 ¢ € (Ker Ly )¢ = 0. Therefore by

Proposition 5.3.5, there exists uy € #(X) solving Ly, jug = f. Then

u:z#Zy-uo

yeG
will be a desired G-invariant solution. O

Now we go back to the proof of Lemma 6.7.10. Following the proof of Lemma
5.3.13, for each p € Sing(X), we define ¥}, by,

o Vy={feL®X)" u:=(Lgy) 'f € B(X)° satisfies limsup,_,, [ul(2)/&(x) >
0}, if (Ker Ly ;)¢ = 0;

o ¥, :={f € L®X)¢: Ly, u= f has no solution u € Z(X)¢}, if (Ker Ly, ;)¢ #
0.

Here &, is defined in the proof of Lemma 5.3.13. We can even choose &) = v - &, for

every v € (G. By the same argument as Lemma 5.3.13 with aid of the Claim, we have

F5*o | {f et vs(f) € 4},

p€ESing(X)
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and the right hand side is open and dense in C*(M)C. O

Remark 6.7.11. If ¥ is semi-nondegenerate, by adapting the proof of Lemma 6.8.1

in the next section, one can also show that
{f € C**(M) : Ly yu = v(f) has no solution u of slower growth},

is open and dense in C*(M).

Proof of Theorem 6.2.4. First assume that Y is two-sided. Let .#% be given by
Lemma 6.7.10 with G = {idy/}. Also let f € F*® and X, g; be given by Theorem
6.2.4 (a), (b). Then by Theorem 6.7.9, the induced Jacobi field u # 0 satisfies
Ly, ju = cv(f) for some ¢ > 0. Hence either ¢ # 0, or ¢ = 0 and thus u € Ker Ly, ,.
By definition of .#%® and semi-nondegeneracy of ¥, we know that in both cases, u
is not a function of slower growth on X, in other words, there exists p € Sing(X)
such that AR,(u) < 75 (C,X). Hence by Lemma 6.2.1, AR,(u) € {7 (C,X)} and
Theorem 6.7.9 applies to conclude Theorem 6.2.4.

When X is one-sided, let 3 C (M, §) be its two-sided double cover. Then using

Lemma 6.7.10 with G = Z, < Diff(M) to be the deck transformation, the same

argument as above proves Theorem 6.2.4. O]

6.7.3 Induced Jacobi field for pairs

Let 3 be a connected two-sided LSMH in a closed manifold (M8, g), with v = vy, to
be a global unit normal field. We also fix an integer £ > 4 and a € (0, 1).

Since near each singularity, ¥ is a C** diffeomorphic to a minimal hypercone
restricted in unit ball, we know that there exists an open subset N' C M being a
sufficiently small neighborhood of Clos(X) such that A\ Clos(X) has two connected
component A’y LI N and v points into A';. Moreover, for every (¢',%') € M&(M)

close enough to (g,%), we know that Clos(¥’) C N and that there is a unique
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connected component N of N\ Clos ¥’ such that
NIAN_ CcC N.

In this subsection, to define a graphical function as in (6.7.1), the ambient man-
ifold N is chosen to be N. Let d; = d4(g,%,A) > 0 such that for every (¢',%') €
LF(g,%; A, 64), Clos(¥') € N and bounds a unique N_ as above. When defining
graphical functions between any two elements (¢!, $!), (¢%,£2) € £M%(g,%; A, 8,) as
n (6.7.1), we always choose U® := N*.

We define a semi-metric on £¥%(g,3; A, 84) by

2 1
DL[(gb Z1)7 (927 22)] = ||91 - 92HL°°(M) + ||G§1,g1||L2(||21||g1) + ||G§2,gg||L2(||22”92)'

Here, norms of tensors are taken with respect to metric ¢ which we have fixed at
the beginning. By [SS81], (g;,%;) converges to (goo, Boo) in L% if and only if
D*4[(9;, %), (goos Xoo)] — 0 and || g; — JoollcE-1.0(ary — 0 when j — oo.

The following Lemma is an application of Corollary 6.7.7.
Lemma 6.7.12. Let r € (0,injrad(g,X)). Suppose for 1 < j < oo,

(a) (97.%9) # (g5,%}) € LF(g,%; A, 01) are distinct pairs, and (3;,5;) € L¥(g,2; A, 61)
such that when j — oo, (g5, X%) = (9,%) in LM, i = 0,1 and (g;,%;) = (g9,%)

also in LF;

(b) Fori=0,1, g5 = (1+t;f])g;, wheret; \ 0, fi € C**(M) with uniformly bounded
C* norms, such that spt(f) N BY(Sing(X),r) = 0, and that either f) = f; (in
which case we set foo =0), or f} — ) = foo in C**(M) satisfying that vs 4(fx)

1s not identically 0 along 3.
Let dj == D*[(¢9,%9), (9}, %5)] > 0 and uy) = GE; € L*(X;). Then we have, after

25,9
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passing to a subsequence of j — oo,
() —u)dy = it in Cpo(D); (] = [/ = fo in CP(M),
where fo € R>0(fso)s Uoo is a nonzero solution of
L giize = gvn,g(fr);

Moreover, i, satisfies AR, (lis) > 74 (CpX) for every p € Sing(X). In other words,

Ul 1S a function of slower growth.

Proof. Fix 0 € (0,7gap,a/2). By Corollary 6.7.6 and 6.7.7, there exists (0, g, 3, A) €
(0,r/4) and r; N\, 0 such that

(i) For i = 0,1, X%\ B%(Sing(%;),r;) = graphg_, (u}”) \ B%(Sing(S;),r;), and

when j — oo,

|’u§'l)‘|03,2j\B§j (Sing(S,),r;) " 0.

(ii) For every p € Sing(%;) and every 7 € [2r;, 2ro], let p° € Sing(X?) N B% (p, ;).

Then w; = ugl) - ugo) satisfies

n + N—o
||wj||L2(A§j(p,T/Q,T);Hij”gj) S O(g, Z, A, g, To)dj T /2+72 (CPOE]) . (6713)

Also by Theorem A.0.1, for j >> 1, w; satisfies the following equation on 3; \
B9% (Sing(X;), ;)
n ) 1
—Ls, g,w; + Stivs, 5. (ff = f}) = divs, 5. (/) + —&F,. (6.7.14)

2 P;

where p; be the distant function under g; to Sing(X), £} and &7 are error terms with
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pointwise estimate,

| Z

1 2
u i i
EY,1E2 < C (2, ) - [Z u§>|+tj2|v5wfj|>]

=P (6.7.15)
w
(' iy 19+ 4 sz (s —f°)|>
Note that if 7 # f, then by definition, for j >> 1,
dj > llgh = Bl > Clg)t; - | foollLoe. (6.7.16)

Thus by assumption (b), after passing to a subsequence, we have,

1

4 (= 1)) = fao € Rug(f)  in CF(M).

While if f) = f7, then (6.7.16) and the convergence above hold automatically.
Let d := (w250 5% (sing(5),r0):15 15,
Claim. liminf; ., d;/d}; € (0, +00).

Once the claim is established, recall by (6.7.13), (6.7.16) and elliptic estimate for

(6.7.14), up to a subsequence, we have for j >> 1,

||wj||c2,ij\B~‘f’j(Sing(ij)zro) < Cf(g,%, TO)(d; +d; + tj”fjl - f](‘)”CQ(M))-

Thus combined with (6.7.13), (6.7.16) and the Claim, we have, after passing to a
subsequence of j — 0o, w;/d; — lie in C7.(X). By (6.7.14), (6.7.15) and the Claim,

we know that 4., # 0 and satisfies

. n 5
—Lg,guoo + §Vg’g(foo) = 0.
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Also by (6.7.13) and Corollary D.0.3, for every p € Sing(X) and every 7 € (0,79),

-~ n + —0
oo 25 2 ryimiy < O (7,
By definition of AR, this means AR, (i) > 75 (C,X) — 0. Therefore, by Lemma
6.2.1 we have,

AR, (lios) > 75 (CpX).

Proof of Claim. Suppose otherwise, ¢ := liminf; ,, d;/d; is either 0 or +oo.
Case L. If ¢ = 0, then using (6.7.13), (6.7.14), (6.7.15) and (6.7.16), we can apply the
same argument as above to obtain, after passing to a subsequence of j — oo,

in Cj,.(2), —tj(fjl - fjo)
dl oc d/

J J

— 0 in C*(M).

And =Ly gihas = 0, |[toc]| 120259 Sing(=))r0) = 1. But by (6.7.13), tha = 0 on ¥ N
B9(Sing(X),2rg). This violates the unique continuation property for solutions to
elliptic equations.

Case II. If ¢ = 400, then again using (6.7.13), (6.7.14), (6.7.15) and (6.7.16), after
passing to a subsequence of j — 0o, we have

ti(fi =)

Y e in C2 (D),
d;

And —Ly ji0o, + %1/279(]300) = 0. But We = 0 on X\ BY(Sing(X),79), and by the
choice of 1, spt( foo) N BY(Sing(X), 2r¢) = (). Hence by unique continuation property,
Weo = 0, and then since vy, 4(fx) is not identically 0, we must have fe =0, in other

words,

g} — g9\l /dj — 0. (6.7.17)
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We now show that this contradicts to the definition of d;.

Denote for simplicity

u®Y ng 0 € L2(Z), szl g € L)),
0,1 10
d; == u™V i

LQ(E?\Bg?(Sing(Z?)),ro/K) Zl\B ; (Sing(23)), ro/K)’

where K = K(o,A) > 2 is given by Lemma C.0.6. First of all, by Lemma 6.7.8 and

the fact that w;/d; subconverges to 0 in CZ.(X), we know that u /d and u; (, 0)/d

loc

both subconverges to 0 in C? (X). In particular,

loc

liminf d;/d; = 0. (6.7.18)

j—)OO

Also when j >> 1, by Corollary 6.7.6 (ii), on X2\ BY (Sing(X9), 55), u(D D is €2 and
pointwisely,

] (0,1) ] < C(%,9,A, 0,710)d; - p]g/ZH,

where s; < C(%, g,ro)d 2/~ " and pjo denotes the distance function to Sing(XY)
with respect to gj. Here we are using the fact that 757 — o >~ > —n/2+ 1. In

particular,

0,1 0,1
I + V)

[l oy < s+

9 0 2(B95 (Si 0 )
(A% (Sing(5)),s; 7“0) L2(BJ (Sing(%7)),55)

1 —n/2+1
S dj + 0(27 g7 A7 0-7 TO) ”p ||L2(Ag Slng(ZO)) s TO) (6 7 19)

C(9)|IZ9)|(BY (Sing(£2)), 5,)1/2

(1+c (3,9, A, 0,10) + Clg, =, A)d,”/ " ”>) = 0(d)).

Similarly,

S

65" | 21y < O(dy). (6.7.20)
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Together with (6.7.18) and (6.7.17), (6.7.19) and (6.7.20) contract the definition of
d;. This finishes the proof of Claim. |
[

6.8 (Generic Semi-nondegeneracy

The goal of this section is to prove Theorem 6.2.8. Throughout this section, let
¥ C (M, g) be a connected G-invariant two-sided LSMH, and dy = do(g, >, A) > 0 be

as in Lemma 6.2.7.

Lemma 6.8.1 (Compactness of Jacobi fields of slower growth). Suppose that there

exists a sequence {(g;, %)}, C LE(g, 5 N, 60)C satisfying
(a) (gj7 Ej) — (gooa EOO) € ‘Ck’a(gv E; A> 50)G in 'Ck’a;

(b) There exists 0 # u; € (Ker™ Ly, o )9 a G-invariant Jacobi field of slower growth

J
on Ej with ||uj||L2(Ej) = 1.
Then u; subconverges to some G-invariant Jacobi field of slower growth us, in CE.(S),

with HuOOHLQ(Eoo) =1.

Proof. Fix 0 € (0,7gapa/2), Where 7Ygap s is defined in Lemma 5.2.1. Let K =
K(o,A) > 2 be given by Lemma C.0.6.
By standard elliptic estimates, for every r > 0, there exist an integer j(r) > 0 and

a constant C'(X, g,r) > 0 such that when j > j(r), we have

1ujlles s\ Bosingm)m)) < C(2,9,7).

Hence u; subconverges to some Jacobi field uy in C7.(X). Since all u;’s are G-
invariant, so is Ux.

The major effort here is to show |us||r2(¢x),) = 1 and that u. is of slower growth.
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First notice that for every p € Sing(X), let p; € Sing(X;) such that p; — p as
j — 00, then by the definition of £ convergence and the monotonicity formula of

volume ratio, we have

lim sup limsup 65, (p;, 7) — O, /(p;) = 0. (6.8.1)

r—0 j—o0

Hence by Lemma D.0.1, we can choose ry = ro(Xx, goo) € (0, injrad(g, X)) such that

for j >> 1 and every p; € Sing(3;), we can parametrize ¥; N B, by C, X; using
Fi(z) ==z + ¢j(x)v;(z),

where v; be the unit normal field of C, 3, i.e.

2j M Bro = grapth‘j 5 (¢j> :

Furthermore, ¢; € CZ (C,,%; NB,,) is the graphical function with estimates

151

2B, < V(5]0s0, Y00), Vs €(0,70), Vi > js = (S, Goor o) - (6.8.2)

Here U($|gso, Xoo) 1S sOme positive constant depending only on s, oo, Yoo, increasing
in s and tending to 0 when s ~\, 0. We emphasis that the right hand side does not
depend on j provided j is sufficiently large. In addition, for every function u; on ¥,
we let 4 := u; o Fj.

By (6.8.2) and Remark 5.2.4, there exists sp = $0(goo, 2oo) € (0,79) such that
when j > jg,, Corollary 5.2.3 applies to 4; on each A(0, K®s,s) N C,,%; and we

obtain

Tty K72) = 2005 (s K1) + T (l58) > 0 (6.8.3)
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for every s € (0, s0). Here v; :=~5(C,,%;) — o and

T e(osr)? = / o(@)?2] " d|IC,, 5, .
AO,K—171,7)

But since u; is of slower growth at p;, and v; < 75 (C,,%;) < AR, (u;), we know
that

}gﬁ% ijk(ﬂj; s)=0.

Thus for any N € N7, there is some Ny > N and s = s, - K0 such that
Sy K1) < J (5 8).
And then inductively, (6.8.3) implies,
Sl (s K lso) < S5 (g5 80),  VI> 1, V) > ja.

By taking sum over [ and change the parametrization, this implies (recall ||| L2(IS5]0,) =

1),
n + . i)—0O
||uj||L2(Bga'(pj,f);uzj||gj) < C(%,9,80)T /2472 (G Bi)=o - yr ¢ (0, s0). (6.8.4)

The key is that the coefficients on RHS does not depend on j and 7.

Claim. If p; — p € Sing(X), then up to a subsequence,
VJ(CPJ-EJ’) — ’Y;—(CPZ) .

Proof of Claim. Tt suffices to show that C, ¥; F-subconverges to C,X.

By the fact that ¥; F-converges to ¥ and (6.8.1), there exists a sequence {ry}
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with r, — 0 such that

Tlpjy. »rx (ij) - CPZ

in B3, and furthermore,

h]];n e‘npjkﬂ“k(zjk)‘(pjk7 2) - elﬁpjk,rk(zjk)‘(pjk) =0

Therefore, by Corollary D.0.3, we know that C, ¥; F-converges to C,X. |

Now, since
n—2
2 Y

VJ(ijZj) — 0> 'Yfr(cpjzj> > —

(6.8.4) then guarantees that there is no concentration of L? norm for {u;};>; near
Sing(X), i.e.

hm sup hm sup HU] HL2(B-‘7(Sing(Ej)),T) = O R
7—0 j—00

and thus ||us||zz = 1. It also implies that for every p € Sing(X),

AR (to) = 73 (CpXE) — 0.

Then by Lemma 6.2.1, uy is of slower growth. m

Corollary 6.8.2. There ezists k1(g, %, A, G) € (0,00) such that for every (¢',%') €

LF(g, 35 A, k1)¢, we have dim(Kert Ly ;)¢ < dim(Ker* Ly ,)¢.

Proof. Suppose otherwise, there exist (g;,3;) — (g,%) in £5%(g, 35 A, d)¢ with

dim(Ker" Ly, ;)¢ > dim(Ker" Ly )¢ =: I.

(M ul" be an orthonormal class in (Ker™ Ly, ., )¢, ie.

For each j > 1, let u;’, ..., u;

(i ) sy ) = 07 1 < st S T4 1.

By Lemma 6.8.1, for each 1 < s < I +1, ugs) subconverges to some slower growth
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Jacobi field u®) in C?

loc

(32), and

lim sup lim sup |’u§s) ||LQ(B-‘J(Sing(E),r);HEj||gj) =0.
r—0 j—o0

Hence {u®}iccry1 C (Ker™ Ls,)¢ are also orthonormal, contradicting to that

dim(Ker* Ly ;)¢ = I. O

Let

L9, %:A,0)¢ = {(¢, %) € LF(g,2; A, 6) : dim(Ker™ Ly )¢ = dim(Kert Ly, )} .

top

Lemma 6.8.1 and Corollary 6.8.2 implies that £:%(g, 3; A, §)€ is closed in £ (g, ¥; A, §)¢

top

for & < k.

Let I := dim(Ker" Ly )¢ < oo. For (g,¥) € Efo’g(g,Z;A,m)G, let WéQéG :
L*(Z) — (Ker" Ls;)“ be the L*-orthogonal projection to the finite dimensional
subspace. The following Lemma guarantees that we can parametrize slices of Efo’; by

compact subset of (Ker™ L)Y

Lemma 6.8.3. Let k1 be as in Corollary 6.8.2. Then there exist constants rk2(g, %, A, G) €
(0,k1), 10(9, 2, A,G) > 0 and an [-dimensional linear subspace F C CF(M \

B9(Sing(X), 101))¢ also depending only on X, g, A, G with the following property.

(i) For every (g,%) € ,Cf(;g(g, YA, k9)Y, the map

F— (Kert Ly )% o7l D(vs,(f)), (6.8.5)

is a linear isomorphism with biLipschitz constant < C(g, %, A, k, o, G).

In particular, for every nonzero f € F, there is no G-invariant solution of

slower growth v to Lg ju = vs 4(f).
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(i) Denote for simplicity F - g := {(L + f)g : f € F}. For every (g,2) €

£k7a(g7 Za Aa '%Q)Ga the map

top

Pys: Lip(9,55 A, k)9 NTTH(F - g) — (Ker® Lg )¢,

top
2
(g/, E/) — Wé/,éG (ngg . Ci,g,ro)7

is bi-Lipschitz onto its image with bi-Lipschitz constant < C(g,%,A,G) and

thus, injective, where

Cs g (1) := ((disty(x, Sing (X)) /7o) (6.8.6)

and ¢ € C*(R;[0,1]) is a cut-off function such that { =0 on (—oo,1] and { =1

on [2,+00).

Remark 6.8.4. In this lemma, we choose an L?*(M)-metric on F. Since F is of finite
dimensional, this metric is equivalent to the C**(M) metric. The semi-metric we use

k.o -
on Ly is D-.

Proof. Fix a cut-off function ¢ € C*°(RR; [0, 1]) such that ( =0 on (—oo,1] and ( =1
on [2,400).
To prove (i), we start with specifying the choice of ro and F. Take ro(g,%, () €

(0,injrad(g, >)/40) small enough such that
2
(Ker™ Ly )% — (Ker™ Ly ), v+ wé,g’G(ngmO - 0)

is an isomorphism, where (s, is defined in (6.8.6). Take ui,...,u; be an L*-
orthonormal basis of (Ker™ Ly ;)¢ and choose f; € C**(M \ Sing(¥))“ such that

Vs g(fi) = (o - wi along X. We let



To prove (6.8.5) is an isomorphism, since dim(Ker® Ly, ;)¢ = dim F, it suffices to

verify that for small §, for every f € F and every (%, g) € Ek’a(g, YA, 0)¢,

top
2.G _
175 sy (Mlliasy = (L + D)7z,

where L is the Lipschitz constant of the inverse of ’/Téi;G o 1/279‘ - on (Ker* Ly ,)¢.
Suppose otherwise, there exists (g;,X;) = (g,2) in £f£(g, ;A k1) and L2(M)-
unit f; € F such that v; := Wéj:;(ygj,gj (f;)) has L*(X;)-norm < (L 4+ 1)~*. Suppose

WLOG f; = fo € F in C**(M) and by Lemma 6.8.1, v; subconverges to v, €
(Ker" Ly ;)¢ in C?

loc

(¥), where by Fatou’s Lemma v/ 2y < (L +1)~'. Also by
Lemma 6.8.1, orthonormal bases of (Ker™ ng,gj)G subconverge to an orthonormal

basis of (Ker® Ly ,)¢. Thus

2,G '
ﬂ-é?g (Vzvg(foo)) — jli)l{.lo /U] = Voo,

which contradicts the choice of L.

To prove the second part, it suffices to show that if a slower growth function
v solves Ls ;v = vs;(f) for some f € F, then f = 0. Multiply by elements of
(Ker™ Lig)G on both sides of the equation and integrate over ¥. By Lemma 6.2.1

(iii), we can use integration by parts to derive

which implies f = 0 by the isomorphism (6.8.5).
To prove (ii), we also argue by contradiction. Suppose Py, 5, is not uniformly bi-
Lipschitz for (g;,%;) € L5%(g9,%; A, 51)¢ with (g;, 5;) — (¢,%) in £5%. Then there

top
exists a sequence of pairs (¢7,%9), (g;,%}) — (¢, %) in E,’fo’g(g, ¥: A, 6)% such that

(a) gj- =(1 —i—f;)gj, i=0,1, fj’ e F;
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(b) One of the following holds,

: 2 d.

either x5 7((0” =" )G s,y < = (6.8.7)
12,6,/ (1 0 -

or ||7Tij,gj<<u§‘ - “§ )>(j)”L2(2j) > j - dy; (6.8.8)

i I . .
where ug.) = Gi;,gj is G-invariant; ¢ == (s, 5., d; = D*((¢9,%9), (9}, %})).

Since F is of finite dimension and (6.8.5) is an isomorphism, Lemma 6.7.12 applies to

conclude that when j — oo, (f} — f7)/d; subconverges in C**(M) to some foo € F;

(" = )
J j

/d; subconverges to some non-zero G-invariant slower growth s, in CZ ,

solving

N n
nguoo = EVE,Q(fOO>' (689)

And since (; is supported away from Sing(X), by the convergence above and Lemma
6.8.1, we know that (6.8.8) can not hold for j >> 1.

Also, by (6.8.9) and (i), we derive fo, = 0, in other words, 0 # (o, € (Ker® Ly ,)€.
Then since ¢; (u§1) —u§0))/dj subconverges in L?(X) t0 tiog (s g.r0, by (6.8.7), Wé;’G(fLOO~

(sg.70) = 0. This violates the choice of ¢ in (i). O

Having established this, we can prove Theorem 6.2.8 by unwrapping the proof of
Sard Theorem. Let us start with the following abstract finite dimensional version of
the theorem.

Let Z C R™ be a compact subset; f: Z — R" be a Lipschitz map. we call z € Z
a critical point of f if there exists some proper linear subspace T, C R" such that
for every sequence of distinct points Z 3 z; — =, if (f(x;) — f(2))/|z; — 2| = vin

R"™, then v € T,. Let Crit; be the set of critical points of f on Z.

Lemma 6.8.5 (Sard-Smale-type Theorem for Lipschitz Maps). Let Z C R" be a
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compact subset and f : Z — R™ be a Lipschitz map. Then we have
" (f(Crity)) = 0.

Proof. Fix some € > 0. For every x € Crity, let B, be the collection of balls B in
R™ centered at = with radius < 1 and such that " (f(5B N Z)) < e (B), where
5B is the ball with same center and five times radius of B. The definition of Crity
guarantees that B, contains balls with arbitrarily small radius.

By the Vitali covering lemma, there exists a disjoint family of balls {B,};>1 C

Umecmf B, such that Crity C Uj21 5B;. Thus,

A(f(Crity)) < S AF(5B; N 2) < €S A(By) < e (By(Z).

j=1 Jj=1
Take € — 0, we derive 2" (f(Crits)) = 0. O

Theorem 6.8.6. Let G < Diff(M) be a fized finite subgroup, ¥ C (M, g) be a con-
nected G-invariant two-sided LSMH, A > 0, and ke = k2(g,2, A, G) > 0 be given by

Lemma 6.8.3. Then for every § € (0, ka),

G(g9,%;A,0)% = {g' € GF*(M)C : either g’ ¢ TL(L"*(g, ;5 A, 6)°);
or V(g ¥') € L(g,5; A, 0)°, (6.8.10)

we have (Ker™ Lyy )¢ = {0}.}

is both open and dense in GF*(M)% .= {g € GF*(M) : v*g = ¢,Vy € G}.

Proof. We shall prove it inductively on I := dim(Ker" Ly )¢ > 0. Note that by
Corollary 6.8.2, when I = 0, we always have G(g,%;A,0)¢ = GF*(M)%, which is

definitely open and dense. Now consider I > 1.

Openness. If g; ¢ G(g,%;A,0)¢ for 1 < j < 400 and g; = goo in GF*(M)%, then
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by definition, there exists (g;,%;) € L¥*(g,%; A, 6)¢ with a non-trivial G-invariant
Jacobi field of slower growth u; € (Ker™ Ly, ,)¢. By the compactness Lemma 6.2.7,
up to a subsequence, (g;,3;) = (oo, Boo) in L¥(g,3; A, 6)¢, and by Lemma 6.8.1,
after renormalization, u; subconverges to some non-trivial G-invariant slower growth
Jacobi field u., € (Ker™ Ly, )¢, which implies go, & G(g,3;A,8)%. Therefore,

G(g,%; A, 6)% is an open subset.

Denseness. By induction, we can assume that the denseness has been established
for every pair (g,%) with dim(Ker" Ly ;)¢ < I — 1. The goal now is to prove it for
I(>1).

Claim 1. For each g € GF*(M)%\ G(g,%; A, )%, there exists a sequence of metrics
g €F-g\ H(Ef(;g(g, 3; A, 8)¢) such that g; — g in C**(M) when j — oco.

We first finish the proof of denseness assuming this claim. It suffices to show that
each g; in the claim can be approximated by metrics in G(g,%; A, 6)°.

Let j > 1 be fixed. Suppose WLOG that g; ¢ G(g,%;A,6)%. Hence I17*(g;) N
LF(g,3; A, 0)¢ # (). By definition of (ﬁfo’g‘)G and Corollary 6.8.2 we have, for every
(9;,%) € LM(g,%;A,6)¢, dim(Ker™ Ly ;)¢ < I — 1. Hence by the induction as-
sumption, there exists g, sv = d(g;, X', A) > 0 such that G(g;, E’;A,c?gj’g/)G is open
and dense in GF*(M)€. Since LM(g;,%'; A, 6y, v/)¢ contains an open neighborhood
of (g;, %) in L**(g,3; A, §)¢, and by Lemma 6.2.7, TI"*(g;) N L"*(g, ; A, §)€ is com-
pact, we thus know that there exists a finite sequence of pairs (g;, V), (g;, %?),

oy (95, 2@) € T Y(gy) N LR (g, 35 A, 0)%, 1 < ¢ < +00, such that
q
U £52(g;, S A, 6, 50) DT (gy) N L5 (g, 55 A, 6) (6.8.11)

=1

Since G; := L, G(g;, TU; A, 5gj’2(1))G is still open and dense in G(M), there exists

a sequence {g,, }n>1 C G; such that g/, — g; in C** as m — oc.
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We now verify that ¢/ € G(g,%;A,0)¢ for m >> 1. Suppose otherwise, for
infinitely many m, there exists (g,,,%,,) € £5*(g,3; A, )% with (Ker™ Ly, )¢ #
{0}. By Lemma 6.2.7, up to a subsequence of m — oo, (g.,,,2,) — (g;,%') in
LF(g,3; A, 0)¢. By (6.8.11), WLOG (g;,%) € LF(g;, Z1); A, (5gj72<1))G, and so does
(g\,, %0 ) for m >> 1. But since ¢/, € G; C G(g;, ZW; A, 597_’2(1))6', by its definition
(6.8.10), we must have (Ker" Ly, )¢ = {0} for those m, which contradicts the
choice of (g!,,% ). This concludes the proof of denseness.

Proof of Claim 1. Suppose WLOG that (3,%) € Ef(;g(g,E;A,é)G, otherwise just
taking g; = g proves the Claim.

Recall by Lemma 6.8.3, £F (g,%;A,0)¢ NII7Y(F - g) is bi-Lipschitzly embedded

top

as a compact subset of finite dimensional Euclidean space (Ker™® Lig)G. We denote

for simplicity Z := P, (L},

top

(9,5, A, 0)¢ NIT~Y(F - g)). Consider the projection map,

M:22ck (g, 5A0NIT N (F g) D F.g=F.

top

More precisely, II is a Lipschitz map between (compact subset of) vector spaces of

same dimension, given by II(P; =((1+ f)g,%")) = f.
We shall show that Z consists of critical points in the following Claim 2. Then by
Lemma 6.8.5, we see that II(L1%(g,%; A, 6)€) is a compact subset of I-dimensional

top

measure 0 in F - g = F. Therefore, we can find g; € F - g\ H(ﬁf(;g(g, ;AL 0)%) to
approximate g, and thus, finish the proof of Claim 1. [ |
Claim 2. Z C Critg.

Proof of Claim 2. By the definition of Crity and biLipschitz property of P;s, it
suffices to show that whenever ((1+ f;)g,%}) — (1 + f)g, ¥ in L, YA, 6)¢,

top

then we always have when j — oo,

(fi = f)/d; =0, (6.8.12)
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where with d; := D*(((1 + f;)g, %), (1 + f)g,%)) > 0.
To see this, recall by Lemma 6.7.12, after passing to a subsequence,
=

Uj/dj — Uoo in C?

loc

(fi = H/(1+ f)dj) = fu  in CP(M).

/
>

where u; 1= GE, (14 f

Y is the graphical function of X over Y/, Qs is of slower growth,

and foo solves the equation

“ n ~
Ls: (4 pyglics = 5V ()5 foo)-

But by Lemma 6.8.3 (i), this equation has no slower growth solution unless feo =0,
which proves (6.8.12). |
]

Proof of Theorem 6.2.8. The case where ¥ is two-sided follows immediately from
Theorem 6.8.6 with G = {idy}.

When ¥ is one-sided, by Remark 6.2.12 (ii), we can consider the two-sided double
cover 3. C (M ,G), a Zo-invariant LSMH. Recall that by definition, one-sided (¢, ') €
LF(g,%: A, 6) is semi-nondegenerate if and only if its double cover X' is Z,-semi-

nondegenerate. Hence Theorem 6.8.6 also implies Theorem 6.2.8 with G = Z,. O]
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Appendix A

Minimal Surface Equation for

Graph

Let (M"!, g) be a Riemannian manifold without boundary (not necessarily complete)
and ¥ C M be an embedded two-sided C?3 hypersurface (not necessarily proper) with
a unit normal field v. Recall that for every x € ¥, we have introduced the regularity
scale rs(x) :=rs(z; M, g, X) of ¥ at x in Definition 2.1.1. With aid of this, we defined
the C*-norms of functions over X, which is invariant under rescalings.

For f € C*(M) (0 < k < 3 integer), B € Sym(T*M @ T*M), and for every = € X,

we also define

k k

Hlogcr = S rsel sup [Vifls  [Bloger = 3 rs(x) sup (V38

=0 B s@) =0 Brs@)

This is also a norm invariant under rescaling, more precisely, for every A > 0, we have

[f]z,A2g,Cf = [f]z,g,czg; [/\25]1,,\2%05 = [B]z,g,C,’f .

We shall omit the subscript g if there’s no ambiguity.

Throughout this section, suppose (M, g,3) # (R", geye, R™), and thus rs < 400
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on X.

Theorem A.0.1. There exists 6 = d(n) € (0,1) and C = C(n) >> 1 with the

following properties.

(i) If u € CHE) with ||ullcs <0, then
oY - M, zw exp(u(z)-v(x)),

is a C' embedding;
(i) There exists a C* area density function F¥ = FJ(x, 2, &), where x € 3, z € R
with rg'|z] < 1, £ € TrY with |€], < 1, with pointwise estimate

B (2, 2,6) = 1] < C(n)(rs(x) 7 2] + [€] + [la,c2);

And such that for every u € C*(X) with |lullcz < 0, every f € C*(M) with
[flec2 <0, Vo € B, and every ¢ € CO(M \ Sing(X)), we have

/Mso(l“) dllgraphz(U)||<1+f)g(fE)Z/Msoofbu(w)-Ff(ﬂf,U(w),dU(fﬁ)) df|3]lg-

(iii) Let F/ be in (ii); let M7 . C2(X) = C}

loc

(X) be the minimal surface operator
(A7 is only defined in the 6-neighborhood of 0), in other words, for every ¢ €
Ce (%),

d
[t o izl = 5| [ Fmutodu o) disl,
by t=0Jx

Then for every pair f* € C*(M) with [fi]x,cg < ¢ along xr € ¥ and every pair
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|u=|lc2 < d, we have

M) = AT () = = Lyt = w7) + S = )

+ divgg(&) + 7‘5182,

where 1, &y are functions on X satisfying the pointwise bound along x € X2,

()] + |&(2)] < C(n) (Z[fi]wz +rs(@) ' (z) + Idui(w)|>

1=+

(7 = ez +rs(@) Hut —uT|(@) + dut —uT)|(@) .

(i) Letu € C*(X) such that |ullc2 < 6, g be a metric on M such that [§—gl,cs <8
for every x € ¥. Denote for simplicity ., = graphy (u). Then we have

pointwise estimate,

2
||As, 513 0 @ — |Ax]2] < C(n) ([ﬁ — lucs + Zré_1|v32,gu|> 57

J=0

And for every ¢ € C? (%), we have
(A2u¢) (@) (I)u — Az(w o @u) = din(éo) —f- 7";1 . B1 s
with pointwise estimate on error terms,

2
|Bol + |Bi1| < C(n) <[§ —Ylacs + ZT§_1|V§,QU|) d( o @)y

J=0

2
|divs Bo| < C(n) ([E/ —glecz+ ) Tfsllvjz,guo (VS 0 @)y + rs'ld( 0 @")]y) -

Jj=0

Proof. First one can easily check that the Theorem is formulated invariant under

rescalings. Hence (i) follows immediately by renormalizing the metric with r§2 near
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each point. To prove (ii)-(iv), by taking the Fermi coordinates, it suffices to work

under the following further assumptions.

(a) M D My := B} x (—1,1) with global coordinates {z', 2%, ..., 2" "™ = 2} and
metric g|a, = g7 + dz?, where g7 is a family of metric on B} parametrized by

z € (0,1) satisfying that,

d Hg - geuCHC37M < 1/107

o % =6, V50, =0both at 0 € By, V1 <i,j <n.
(b) Xo:=X N My =B} x {0} C My, and thus ®%(z) = (x,u(x)) on Xp;
(c) 1 <rs<C, on X;

(d) When estimating geometric quantities of graphy,(u), we only need to work at

x = 0 and assuming ||ul|c2 g, + || fllc2,m < On-

First note that, the smooth family of metric {g7}.c(,1) satisfies the ODE

azgizj = _214%3

(A.0.1)
9.A; = _Akajzgﬁl + I

(YR

where [g7] denotes the inverse matrix of [g7]; R}, = Ry(0;,0s, 0, 0)|(az); AY =
Ag(ai,aj).

To prove (ii), note that

0;9"(x) = (0; + wi(2)0) |z u@)), YV1<i<n;

v (2, u(x)) = = (0. — gl ui(2)0;) .

VA DA+ g uu,)

where v/ is the upward unit normal field of ®*(%) under (1 + f)g, u; = O;u.

Hence the area element of ®“(Xg) at (x,u(x)) under metric (1 4+ f)g is given by
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F/(x,u(x),du(x)), where

Fl(2,2,6) = /(1 + f(z,2))" - det o [g* + £ © ] (2).

Together with (A.0.1), this proves the estimate in (ii).

To prove (iii), notice that
M (u)(2) = — div O FY (z, u(x), du(z)) + 0. F' (z, u(x), du(z)), (A.0.2)
and

O F' (v,2,6) = F/(2,2,¢) - ¢°(2)G(z,2,£) '€,

0. _
82Ff(l',z,f) = Ff(z,z,f) : (28 _'_ff) +tT(G 16ZG)|(:1:,Z,§)) )

(2,2)

where G(x, z,€) := [¢*(x) + £ ® £]. Thus again by (A.0.1) we have,

2T e+ _
OF|0E0) — (€ — € F| S0 O, 2,65, 1) (A.0.3)
where
Oz, 25,5 f5) == | D 121+ 1€+ 1 N2
ie{L}
(et =2 = N = e -
Also, since

tr(G70.G)| 02080 + (A5l + Ricy(0:,0.)) - (4 = 27)| Sa Ol 2%, %),

m7z_ 75_ Nn
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We thus have,

prieatetyy _ [n0:(F7 = f7)
P - |

o (JAs|? + Ricy(0,,0.)) (zF — z‘)} ‘

Sn O(z, 27,65, )

~n

(A.0.4)

(iii) is proved by combining (A.0.2), (A.0.3) and (A.0.4).

To prove (iv), the second fundamental form of ¥, under § is given by
A, g(0,9",0;9") = (V51 0. (05 + 1;0.), D),

where 7 = 179,417+, is the unit normal field of 3, under g, satisfying the pointwise

estimate

NP+ 177 =11 < Cul[§ = glosany + [ul + [dul); (A.0.5)

J=1

Also by (A.0.1), the pull pack metric g, := (®*)*g satisfies the pointwise estimate
190 = 9190 + [V gogulge < C (19 = glloa gy + lul + [dulgo +[VZulg) 5 (A.0.6)
And the Christoffel symbols of g and g satisfies
T75(0,2) = T15(0,0)] < Cul( — gles g +121), 1< TLJLEK <n+1.  (A07)

Combining (A.0.5), (A.0.6) and (A.0.7) one proves the estimate on difference of second
fundamental forms.

To estimate Laplacian, note that Ay ¢ — Ay = dngo(éo) + By, where

= . . 1 ..
By(0) = @ZJ - QZ])ajw - Oilo; 31(0) = ngf@(log det[?]u])ajw(o) )
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and hence by (A.0.6), they satisfies the estimate in (iv).
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Appendix B

Improved Regularity for Obstacle

Problems

The goal of this chapter is to prove Theorem 4.2.11 and 4.2.12. First recall that

under local coordinate chart (U,x%) of OM, if u € CY(U,(—rn/2,71/2)), then

A" (graphyy (v)) = [, F(z,u, du), where 0 < F(z,z,p) € C®(U x (=ry,ma) X R")
satisfies

0P (2. %p)966 > Mo,z p|d? > 0. VEER'  (BOY)

||F||C4(uX[—rM/2,7~M/2]xB%) < C(M,g,R). (BO.Q)

If w > 0 and graphy,,(u) is constrained stationary in M, then

d
<
O_dt

/ F(z,u+to,du+ tdo) dx
=0 (B.0.3)
< / OpF (z,u,du) - dp + 0, F(x,u,du)¢ dx,

u

for every ¢ € CH(U) such that 0 <t << 1, u+t¢ > 0.

We shall deal with more general quasi-linear 2nd order elliptic operator of di-
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vergence form. For simplicity, write B,(z) := B!'(z) ¢ R", B, := B,(0) and
Q, := B, x [-1,1] x B;. Let A,A > 0, @ € (0,1) be constant, A = A(x, z,p) €
C3(By x R x R",R"), B = B(z, 2,p) € C*(By x R x R") satisfying

apAij‘ng[—l,l]XBl : fzfj Z )\’5‘27 v£ € an
(B.0.4)

[A]les @z + 1Bl < A
Let A u:= —div(A(z,u, Vu)) + B(z,u, Vu). Consider the variational inequality for

a function u € C*(By, R,),

/ A(z,u,Vu) - Vé + B(x,u, Vu)p do >0, VYo € CHBy,Ry);
B (B.0.5)

/ A(z,u,Vu) - Vé + B(x,u, Vu)p dor =0, Vo € CH({u > 0}).
B>

Clearly, (B.0.3) implies (B.0.5), where A = 0,F and B = 0,F.

Theorem B.0.1. 35y = do(N\, A, n,a) € (0,1) such that if A, B satisfies (B.0.4),
0 <u € CL(Ba\ {0}) N CY(By) satisfies (B.0.5) and that |[ulci(s,) < do, then

u e CoH(By) and

ullcrisy < CA A, ).

In view of the proof of Lemma 4.3.4, Theorem 4.2.11 follows from Theorem B.0.1.

The major effort is made to prove the following lemma,

Lemma B.0.2. There exists 09 = 0o(A, A, n, ) € (0,1), no = no(X, A,n,a) € (0,d)

s.t. if u be in Theorem B.0.1 and further satisfying

|ullcre(my) < 200, (B.0.6)
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and n < ng such that the elliptic coefficients satisfies
19, Allcz(@ + 10-Allcz@m + | Bllozan < n. (B.0.7)

Then |lullc1i(s,y < CN, A, n, @) (|[ullcresy) +1)-

Proof of Theorem B.0.1. Observe that if xy € By, r € (0,1), let a(y) := u(xo+ry)/r,

then

Mu(z) = %[—divfl(% u(y), Vi(y)) + By, W(y), Va(y))ly=—z0) /s

where

A<y7 Zap) = A(l.() + Y, T’Z,p);

B(y,z,p) :=rB(xo + 1y, 72,D).

Hence, by Lemma B.0.2, for u satisfying the assumptions in Theorem B.0.1, u €
Chl(By\{0}). Thus, for a.e. x € Bo\{0}, A u(x) = B(x,0,0). Together with (B.0.5)
and that ||u|lc1(p,) < 1, by a cutting off argument, .Zu(x) = B(x,0,0) - x{u=o} in the
weak sense on By. Hence by standard elliptic estimate [GT01, Theorem 13.1], 36 =
B(A A,n) € (0,1) such that [lullcrss,,) < C(A,A,n). Then repeat the rescaling

argument above, by Lemma B.0.2, Theorem B.0.1 is proved. O
Now we start to prove Lemma B.0.2.

Lemma B.0.3. 3, = m(\, A, n,a) € (0,1) such that if n < n; and A, B satisfies
(B.0.4) and (B.0.7), ||p|lcre@p,) < M- Then the equation

Mu=0 in B
(B.0.8)

u=q on 0B,
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has a unique solution u € C1*(Clos(By)) satisfying
[ullcre < CA A0, @) (([9]lcre +m). (B.0.9)

The uniqueness follows directly from comparison principle, see [GT01, Chapter
10]; We assert that the existence result does not follow directly from the classical
Schauder estimate, since the latter requires boundary value to be C*“. Instead, one
need to work in the space H” introduced [GH80], where a = 2+ a, b = 1+ a.
By [GH80, Theorem 5.1] and a fixed point argument, there exists u € Héb)(Bl)
satisfying (B.0.8) with uniformly bounded HY-norm: and (B.0.9) follows from [GH80,

Lemma 2.1].

Proof of Lemma B.0.2. Let dp,n9 € (0,71) to be determined; v be in Lemma B.0.2.

Step 1 Vzy € By N{u = 0}, Vr € (0,1/2), let v = vy, € CY*(B,(x0)) be the

solution of

AMv=0 in B.(z)

v=u on 0B, (xg)

given by Lemma B.0.3. Also, let © be the solution of

Ao =0 in B,(zg)

v=0 on 0B, (zo).

Also note that [|ul|cis,), |v]lcis,), |0]lcis,) < CA, A n,a)(ng + dp) and AZu > 0

in the weak sense. Hence, by taking 79, dy << 1 and using the maximum principle
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[GT01, Theorem 10.10],

0 <u(zx)—v(z) <CA\An a)- sup (u—v) < C\ A n,a)l|[v |leos, z0))
B (z)Nd{u>0}

(B.0.10)

for every x € B,(z0); And ¥ < v on B,.(zy). Applying the classical C° estimate on

0(y) := v(xo + ry)/r, one get
10]|co(B, o)) < C (A, Ay, a)r?||B(-, 0,0) | cocs,)- (B.0.11)

Since v — v > 0 on B,(xg), A v = M0 =0 and v(xy) < u(zg) = 0, by (B.0.4) and

Harnack inequality,
[o = vllcos, o0y < CA A1, @)(v(20) = 0(w0)) < C(A, A, ms @) |o(wo)]. (B.0.12)
Combining (B.0.10), (B.0.11) and (B.0.12) one derive
0<u<CAARQ)|B(0,0)|com,@)r” on Bya(w). (B.0.13)

Step 2 Vzy € {u = 0}, Vu(zg) = 0; Vg € {u > 0} N Byy, if | := dist(xo, {u = 0}) <
1/8, let yo € {u = 0} such that |zq — yo| = . Then by (B.0.13),

[ullcosiwoy) < llullcoBawe) < CA A, n, @)l
Hence by interior gradient estimate,
IV ullonaateon + IVl oo < OO A, ) (B.0.14)
Now that, Vay, 29 € By, p := |x1 — 23] < 1/20, I; := dist(z;, {u=0}), ; < ls.
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(i) If Iy > 1/8, then directly by gradient estimate

(Vu(xy) — Vu(zs)| < p sup ||[Vul] < C(\, A n,a)|z — xf;

Bﬂ(@)

(2) If 2p <y < 1/8, then by (B.0.14),

IVu(zy) — Vu(z)] < p sup ||[VZul] < C(\ A n,a)|z — 2sf;
By, j2(2)

(3) If Iy < 2p, then also by (B.0.14),

[Vu(z1) — Vu(zs)| < [Vu(ar)] + [Vu(zs)]

< CNAn, )l + 1) <CN A n,a)|lr; — .

This proves the C*! bound of w. O

Proof of Theorem 4.2.12. The regularity results in literature focus on minimizing
boundaries; For general closed integral current, the strategy is to first decompose
them into sum of boundary of Caccioppoli sets. One subtlety is that a priori the
graphs may have incompatible orientations. We rule out this by choosing U, small
enough.

Recall that M™*! c R” is a compact submanifold with boundary, extended to a
closed manifold M ¢ RL; U ¢ M is relatively open and U := U N M. Suppose
UNoM # 0. T € Z,(U) minimize mass among {S € Z,(U) : spt(T — S) cc U}.
Call such T' constrained minimizing in U.

WLOG U,U,V := U \ U are contractible and My (T) > 0. By decomposition

theorem [Sim83b, Chap 6, 27.6], there’s a decreasing sequence of " -measurable
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subsets {U; C U},ez such that

T=) Ul 7= 10Ul
jez jez
In particular, My (1) = >, Mw (9[Uj]) for all W CC U, spt(d[U;]) € U and
T; := 0|U;] are also constrained minimizers in U (along M ). Thus for each j, either

spt[U;] or spt([U] — [U;]) contains V. WLOG, spt(9[Us]) N OM # () and spt[Up] D V.

Hence Vj <0, spt[U;] D V; and Vj > 0, either spt[U;] D V or spt[U;] C spt[Up] \ V.

Claim: VK C U N oM compact, 3 r; = r(M,U,K) > 0 such that if Ty = 9[Uy],
T, = 0[U4] are constrained minimizers in U and Uy D V', Uy C Up\V; y € KNspt(Tp).
Then Uy N B, (y) = 0.

Clearly, with this claim, for each j € Z, T;LB,,(y) = 0[U;]LB,,(y) is constrained
minimizing in B,, (y), where U} := U;N B, (y) is either empty or containing V. Hence,
by [Mir71] and [Tam82], T;.B,, (y) is C** for some a € (0,1). Then by Theorem
4.2.11, T is C*' multiple graphs restricting to a smaller subset U,. This proves (1)

of Theorem 4.2.12; and (2) follows from unique continuation of minimal hypersurfaces.

Proof of the claim: By [Mir71], for every § € (0,1), 3 ro = ro(M,U,K,d) > 0 and
ug € CY(U NIM) such that Vy € K Nspt(Tp),

ToL B, (y) = [graphgy, (w)] By, (y) with |Vu| <. (B.0.15)

Assuming the claim fails, then 3 y; € K N spt(7; O(j )), TV = O[Ui(j )] being constrained

minimizing boundary in U, where ¢ = 0,1, j > 1, U(()j) OV, Ul(j) C Uéj) \ V and
U9 n Bi/j(y;) # 0. Then spt(T7) N Bij(y;) # 0.

()

Let j — 00, y; = Yoo € K, and consider (nyj,l/j)tile — Tl(oo) being constrained

minimizing in 7,7 M = R, The convergent is both in current and in varifold sense.
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Therefore, by (B.0.15) and that y; € N Spt(TO(j)) c oM, UY ¢ Uéj) \ V, we have
T = 9[U] for some spt(U{™)) € T, M, which is n+ 1 negligible. In particular,
Tl(oo) = 0; On the other hand, by spt(Tl(j)) NBiy;(y;) # 0, Lemma 4.2.3 and Corollary

4.2.4, Tl(oo) # 0 and we get a contradiction. O]
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Appendix C

Jacobi Fields on Minimal

Hypercone

In this chapter, we disucss some facts about Jacobi fields on a regular stable minimal
hypercone in R"*'. Most results here are well-known to experts, and many of them
can be found in [Sim83a, CHS84].

Let C C R""! be a regular stable minimal hypercone. Thus S := CNS" is a

regular minimal hypersurface in S”. Recall that we parametrize C as in (5.2.3) by
(0,400) xS = C, (rw)+—z=rw.

And denote for simplicity B, := B**1(0) N C, and A(r,s) := A, ,(0) N C. Recall

by [Sim68], the Jacobi operator of C is decomposed under this parametrization as

n—1 1
O + ﬁ(AS + |As)?),

Lc=09>+

where Ag is the second fundamental form of .S in S™.
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To describe the space of Jacobi fields on C, let

pn < po < pg <-e S 00

be the eigenvalues of —(Ag + |Ag|?), and w;,ws, ... be the corresponding L*(S)-

orthonormal eigenfunctions, where wy > 0. By [Sim68], the stability of C is equivalent

to that u; > —(n — 2)?/4. Recall that C is called strictly stable if y; > —(n — 2)%/4.

We have introduced the asymptotic spectrum of C in (5.2.7), I'(C) := {fy;[}, which

consists of all possible degrees of homogeneous Jacobi field on C, where
n—2 (n —2)?

v =77 (C) = — S\

(C.0.1)

are solutions to y?+(n—2)y—p; = 0. For later reference, we also denote for simplicity

bj == u =\/pj + (n+42)2
Note that p; = —(n—2)?/4 if and only if j = 1 and ;" =77 = —(n—2)/2. For every
v € T'c, recall that as in (5.2.8), W, = spang{w; : vj-t = v} is the corresponding
eigensubspace of (Ag + |Ag|?).
By [CHS84, Section 1], for every 0 < R; < Ry < +o00 such that 1 € [Ry, Ry, a

general solution of Lcu = f on Apg, g,(0) is given by

u(r,w) = Z (ur(r) + v (1)) we(w) , (C.0.2)

k>1
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where for each k,

-1 1 oot
— ( / ST fi(s) ds — / 57T fu(s) ds) , b #0,
) 20y . ,
Uk;('f‘, f) T r T
rtT <logr/ 52 fr(s) ds —/ 52 logs - fi(s) ds) , by, =0;
1 1
(C.0.3)
is a special solution,
Al i= [ o) do,
S
is the Fourier coefficients of f; and
G 4T = T (G ™), by £ 0
vp(r) = ve(r; e ) == ; ‘ ‘ ; (C.0.4)
r 5 (¢ + ¢ log ), br. = 0.

are the general homogeneous solutions, cf € R.

We list some corollaries of this expansion formula.

Lemma C.0.1. For each ¢ € C°(C) we have,

[ 1veo -~ 1ace = (m i 2)?) L,

2 CTQ

Proof. Write ¢(r,w) = > ;5 ¢r(r)wi(w), plug in the integration and change vari-

ables. The Lemma follows from the Hardy inequality

oo
0

o Growth estimate of Jacobi fields
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Lemma C.0.2. [fy € R\ I'(C), u is a Jacobi field on Bg, i.e. Locu = 0 on Bg,

(resp. C\ Bg). Suppose

I2(r) ::/ w?(t,w)t ™" dr,
A(r,2r)
satisfies that for some rq < R (resp. 1o > R) and C > 0,
Ii(r) <Or®™, VYr<ry (resp.Vr>ng). (C.0.5)

Then
u(r,w) =Y op(rsef, o Jwg(w),

k>1

where ¢ = 0 if vE <7 (resp. viE > ); vi(ricef, ¢ ) is defined in (C.0.4).

Proof. We only prove for Jacobi fields on Bp since the proof for Jacobi fields on
C \ By, is similar. By (C.0.2),

ve(rs e, cr) :/

Su(r,w)wk(w) dw < (/ u(r,w)? dw)'/?.

S

Hence, for all r € (0, 1),
2r 2r
/ t ot el ¢ )? dt < / t~dt / u(t,w)? dw < C(n)I2(r) < Cr+L,
T r S

And then by the expression (C.0.4) of vi(r; ¢, c;), cf = 0 if v < 7. ]

Combined with Harnack inequality and that wy changes signs when k£ > 2, the
following Lemma is a corollary of Lemma C.0.2, and the proof is left to readers. See

also [Whi89, Lemma 4.2].
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Lemma C.0.3. If u is a positive Jacobi field on Bg (resp. C\ Bgr), then

u(r,w) = v (r)w(w) + Z ckrﬁwk(w).

( resp. u(r,w) = vy (r)w;(w) + Z e we(w). )
£>2
for some ¢, € R, where vy is defined in (C.0.4) for some Cit such that vi > 0 on Bp
(resp. on C\ Bg).

In particular, if u is a positive Jacobi field on C, then

(" e wy, i >

n—2

— . + . —
o T, fon =
for some c*,c > 0.

(C.0.2) also guarantees the following existence of solutions with prescribed growth
or decaying bound, which is analogous to [CHS84, Theorem 1.1]. We start with some
notations.

For ¢ € R\ I'(C), define IT} (resp. II;) : L*(S) — L*(S) to be the orthogonal
projection onto .+, W_+ (resp. .-, W.-). Note that 1— [T are the projection

J J J J
onto their L2-orthogonal complement; When o < 7 (resp. o > ~;), IIT = id (resp.
I =id).

For E C C and f € L} (F), define

loc

3= [ 1I@F ol do. (C00)
Also define for & > 1 |If3,2 . = 325 IIV/fII7: - L2(E) and WE(E) will be
the space of functions with finite || - ||z and [| - [|;;»2 norm respectively.
Lemma C.0.4. Suppose ¢ € R\ T'(C); ¢, € L*(S); f € L2 ,(By) (resp. [ €
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L2 _,(C\By)). Then there’s a unique u € L2NAW2*(By) (resp. u € L2NW.2*(C\By))

loc loc

such that
r
Lcu=f on By (resp. Lcu = f on C\ By),
Mfu=1I e on 0By (resp. II_u=1I7¢p on 0B,),
\(1 —1)0u=1-1IL,)Y  ondBy (resp. (1 —=111)0,u=(1—-T11 )¢ on dB;).

Moreover, u satisfies the estimate,
sup [lu(t, )l r2es) - 77 + lJullzzs,)
te(0,1)
< C(C, o) fllz_ymy) T llellezes) + 19l L2s)),

(resp. sup ||u(t, ')HL2(S) 7+ ”UHL?;(C\Bl)
te(1,+00)

< C(C,o)(Ifllz_, By T l@llLacs) + 19l 22(s)) )

The proof is almost the same as [CHS84, Theorem 1.1] and is left to readers.

The following perturbed version of Lemma C.0.4 is used in Section 5.4.

Corollary C.0.5. Suppose o € R\ T'(C). Then there exists ¢ = ¢(C,0) > 0 such

that, if f € L?_5(By); Z is a second order linear differential operator satisfying
o—2
||e%’u||L(2772(B1) < 5”“”11’3’2(31)7 Vu € WUQ’Q(Bl).

Then there exists a unique solution u € W2%(By) to the equation

(

Lcu+ Zu = f on By,

[Mru =0 on 0By, (C.0.7)

(1-1II7)0,u=0  on JB;.
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Moreover, u satisfies the estimate,

tsgpl) Jult, )z 77 + lullzm,) < C(C, o)l fllez_,m,)-
(0,

Proof. Apply Banach fixed point theorem on T : W22(B;) — W2?%(B), where v =

T'u solves,

(

Lcv = f—Zu on By,

[Ito=0 on 0By,

(2

(1-1II7)0,v =0  on 0By.

\

Combining Lemma C.0.4 and the L? estimate for elliptic PDE, one can show that T’

is a contraction map provided ¢ is small enough. O

e Growth rate monotonicity The following growth rate monotonicity, as an
application of the decomposition (C.0.2), which was in fact first introduced in [Sim83a)]
in a different form, plays a central role in studying the behavior of Jacobi fields near

singularities in the thesis.

Lemma C.0.6 (Growth Rate Monotonicity). For o > 0, A,A" > 1, there exists
K = K(o,A,\') > 2 with the following property.

Let v € R, C € €, be a stable minimal hypercone (see (5.2.1)) satisfying
distg (v, T'(C)U{—(n—2)/2}) > 0.
(A(K3,1)) N L*(A(K3,1)) solves Lcu = 0. Then

Suppose that u € C?

loc

Rwr)= [ e
A(K—1rr)
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satisfies

T (us K72) = 2070 (w; K1) + J(u; 1) > 0.
Moreover, the equality holds if and only if u = 0.

Proof. By (C.0.2), we can write
u(r,w) = Zvj(r; ¢ ) wi(w),
Jj=1

and by (C.0.4) and definition of J}:(u;7), we have

Jy-(u;r) :/ At dt/c ] u(t,w)? dw
m n

K-1r

T
= Z/K_l I (t c;“,cj_)2 dt,
'

j>1

where

/ Rt c;, c;)Q dt
K-1r

T o — - _ . _
Jreoa (€05 77 et T2 dt, ity # 7

Jroor, (= mD/270 o= =2 g )27 dt, if A =5

Hence Lemma C.0.6 is an immediate corollary of the following Lemma C.0.7 and

C.0.8. O

Lemma C.0.7. Suppose o > 0. Then there exists a real number Ky = Ky(o) > 2
with the following property. For every a # € R such that |al, |8, |+ 8] > o and

every K > K, the following

Kr
Ix(r;c,d) ::/ (cs® + dsP)?s7! ds,
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satisfies that for every r > 0 and every (0,0) # (¢, ) € R?* we have,
T (K?rye,d) — 2T (Kr;c,d) + Ik (r;e, ) > 0.
Proof.

Kr
Ik(r;e,d) = / (?s2*7 4 2cc s* TP 4 25 ds
T

2204.K2a_1

=cr Ket? -1 /2 25.—[(26_1.

2 /Oé-‘r,@_—
%0 + 2cc'r ot B +cr 25

Thus,

Tx(K?r;e,1) — 2T (Kric, 1) + Ig(r;c, 1)

2,20 (K2 —1)° pars KO =T e (K —1)°
= L 49 7 St
c'r 0 + Z2cc'r atp +cr 23

And hence to prove the Lemma, it suffices to show that when K > K; (o), we have

Koz+ﬁ_132 K2a_13 K25_13
A(K;a,ﬁ)::[( a—i—ﬁ) —( 50 ) ( 55 ) < 0.

Since A(K;a, ) = A(K;B,a) = K%+ . A(K; —a, —f), we can assume WLOG
that « > fand o+ 8 > o > 0.

Case I. 0 < < a. By a simple calculation, we have

A(KO( ﬁ) _ _(Oé —B)2 [K6o¢+66 . K5a+55(6+3(04+ﬁ)2/\ )
T daf(a+ B)? '

+ K*9(15 + 3(a + 8)°As)
— K3T35(20 + (o + B)*(As + 9A1))
+ K?729(15 + 3(a + 8)°As)

_Ka+5(6+3(a+6)2A1) _|_1}’
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where for ¢ = 1,2, 3,

Kiafi/o’ — 24 Ki,é’fia o
0<A; = < K. (jlog K)2.
(0 — ) (ilog K)

Hence by taking K > K,(0) >> 1, K%*% dominates other terms in A(K;a, ). In
particular, we have A(K; «, 3) < 0.
Case II. f < 0 < . Then when K2 > 2, we have K2 —1 > K2*/2, 1 - K2/ > 1/2,

and hence,
K6a+6,8 K6a

A(K; < — . 0.

And since
(a+B)? sy fatB>a/

5 >

] 2“’;‘2, if o+ p < a2
(C.0.8) then implies A(K;a, f) < 0 by taking K > K;(o) >> 1. ]

Lemma C.0.8. Suppose o > 0. Then there exists a real number Ky = Ko(o) > 2
with the following property. For every o/ € R such that |o/| > o and every K > Ks,
the following

Kr
Tk(r;e,d) ::/ (cs® + s log s)%s™! ds,
satisfies that for every r > 0 and every (0,0) # (¢, ) € R?* we have,

T (K%rc,d) — 2T (Kr;e,d) 4+ Ik (r;e,d) > 0.

Proof. First note that the Lemma holds trivially if ¢ = 0; Also by arbitrariness of

r > 0, we can assume WLOG that (¢,¢) = (0,1). Also for simplicity of notations, let

303



a = 2a’. Then,

Kr
Tk(r;0,1) = / 5s* 1(log s)? ds

Ko —1 2K%log K 2(K* —1
- ro‘(logr)z- +r%logr - ( o8 n ( = ))
KYlog K)? 2K%log K 2(K“—-1
o (log K)* 2 ( : ))‘
o} o o

A direct calculation provides,

Tr(K?r;0,1) — 2Zg (K7 0,1) + Zg (; 0, 1)

= r%(log r)2 . —<Ka m

Ko —1)2 Ko —1)3
+2r‘“(1ogr)-[3KalogK-( - S = )]

K —1)(9K®* — K*—1)2 2(K*—1)3
o (KT NOK=0) ey e SUK" -1 200 1))
«Q o? Io%:

+ re. [K“(logK)

Hence to prove the Lemma, it suffices to show that

A(K; ) = [3K° log K (Kaa— DS 1)3}2 (Ko 1)

a? «

[Ka(logK)Q ' (K> — 1)((){9[(0‘ —-3) _ Kolog K - 6(KC;2_ 1)? N Q(Kc;g— 1)3
= (Kaa—gl)él. [3Ka(1OgK)2_(Kaa—;1)2]'

is less than 0 provided K > Ks(o) >> 1. This is clear since when o > 0 (and then
by assumption, o > 20), —K?*/a? dominates the other terms, and when a < 0 (and

again by assumption, o < —20), —1/a? dominates the other terms. O
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Appendix D

Quantitative Uniqueness of

Tangent Cone

In [Ede21, Theorem 6.3, Edelen proved a quantitative version of the uniqueness of
tangent cones for minimal hypersurfaces. We summarize this result below with a

different formulation.

Lemma D.0.1. Given ¢ > 0, integer I > 0 and C a stable minimal hypercone in
R"1=8  there exists 6 = 0(e, C, 1) > 0 with the following property.
Let g be a C* metric on By, V € R,(By) be an stationary integral varifold sup-

ported on LSMH under g with index(spt(V'),g) < I, and let r € (0,1/16). Suppose:

(a) Hg - geucHC4 < 5;’
(b) 6(0,2) < 0y (0,7) +6;

(¢c) There exists s € (2r,1/2) and u € C*(C) with |jullc2 < & such that

VLAY(0;s,2s) = | graphe(u)|LA9(0; s, 2s).
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Then, there exists t € C*(C) with ||i||c2 < € such that

VLA9(0;2r,1) = | graph ()| A%(0; 2r, 1).

Proof. 1t suffices to check the condition in [Ede21, Theorem 6.3] holds, i.e. VL AY(0;8r,1)
is a (C,1,¥(8|C, I))-cone region. Denote for simplicity V; := g4V .
First of all, by (a) (b) and volume monotonicity, for every ¢ € (8r, 1), there exists

my € N and C; € € such that
FB2(W7mt|CtD < \I’((S‘C, ]>7 (D01>

And by (c), one can choose (Cs,m;) = (C,1). Since for every r € (0,1) and every
varifolds Vi, V5,
Fs,(10.r4V1, M0rsVo) < Fr,(Vi, Vo) -1t |

we then have for every ¢t € (8r,1/2),

F, (Mo |Cat|, m:|Cy|) < Fr, (mar|Cat|, Vi) + Fa, (my|Cy|, Vi)
S 2FB2 <m2t|CQt|7 ‘/215) + F]B2 (mt|Ct|, ‘/%) (D02>

< 39(5|C, I).

By Lemma 3.2.2, for every Cq, Cy € %) and every integer m > 2, we have

Fi,(|C1|,m[Cyf) > €(A),

Hence by taking § << 1, my = 1 and (D.0.2) guarantees that m; = 1 for every
t € (8,1). Then by Allard Regularity [All72], (D.0.1) implies that Vi A9(0;t/8,1)
is a one-sheet W(0|C, I)-graph over C;. Edelen’s Theorem thus applies by taking
d <d(e,C, I) << 1. O
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Remark D.0.2. Using a similar argument as [Ede21], one can actually drop the

bounded-index assumption in Lemma D.0.1, but this is out of the scope of this paper.
This in particular implies the following result of convergence in all scales.

Corollary D.0.3. Let {3;};>1 be a sequence of two-sided LSMH in (BY, g;) contain-

ing 0, with index(3;, g;) < A, ||X;]|(Bs) < A. Suppose when j — oo,
(CL) ||gj - geuCHC4 —0;
(b) 9|2j|(0, 2) — 9‘gj|(0) — 0.

Then there exists some stable minimal hypercone C € Gunp such that after passing to

a subsequence,

FB&(|2]|7|C|) _>07 FB3(|COEJ|7|C|) _>07

where CoX; is the tangent cone of ¥, at 0.

Proof. First recall that by [[lm96, Theorem B|, tangent cones at a singular point of a
LSMH are all of multiplicity 1. Denote for simplicity by C; € €4 the tangent cone
of ¥J; at 0, and suppose when j — oo, C; F-converges to some C € €4ny. By Allard’s
Regularity Theorem [All72], the convergence is in C? sense away from 0. Hence by

Lemma D.0.1, |¥;| also F-subconverges to |C|. O
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