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Abstract

Certain systems of inviscid fluid dynamics have the property that for solutions with just a modest
amount of regularity in Eulerian variables, the corresponding Lagrangian trajectories are analytic
in time. We elucidate the mechanisms in fluid dynamics systems that give rise to this automatic
Lagrangian analyticity, as well as mechanisms in some particular fluids systems which prevent it
from occurring.

We give a conceptual argument for a general fluids model which shows that the fulfillment of a
basic set of criteria results in the analyticity of the trajectory maps in time. We then apply this to the
incompressible Euler equations, obtaining analyticity for vortex patch solutions in particular. We
also use the method to prove the Lagrangian trajectories are analytic for solutions to the pressureless
FEuler-Poisson equations, for initial data with moderate regularity.

We then examine the compressible Euler equations, and find that the finite speed of propagation
in the system is incompatible with the Lagrangian analyticity property. By taking advantage of this
finite speed we are able to construct smooth initial data with the property that some corresponding
Lagrangian trajectory is not analytic in time. We also study the Vlasov-Poisson system on R? x R?,
uncovering another mechanism that damages the potential analytic properties of the trajectory map.
In this instance, we find that a key nonlocal operator does not preserve analytic dependence in time.
As a result, we can construct highly regular initial data with corresponding Lagrangian phase space

flows that are not analytic as functions of time into the space of C1(R*, R*) diffeomorphisms.
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Chapter 1

Introduction

In previous studies of several systems of PDE in fluid mechanics, it has been observed that when
one imposes only a small amount of regularity in the initial data, the trajectories of fluid particles
for the corresponding system are in fact analytic in the time variable while the solution exists. The
goal of this thesis is to illuminate the underlying mechanisms in physical systems that lead to this
automatic analyticity of Lagrangian trajectories, as well as those that prevent it from occurring.
In general, one can examine this property for certain PDE involving a velocity field, a time-
dependent vector function u(x,t) on R? x R, as an unknown in the system. The corresponding

trajectory map X («,t) then satisfies the ODE system

dX
E(avt) = uw(X(a,t),t), (1.1)
X(a,0) = q,

where u(z, t) satisfies the original PDE one started with.

Writing the original PDE in terms of u(X («, t), t), rather than u(z, t), (and making the analogous
replacements for other potential unknowns in the original system) yields what is often referred to
as the PDE written in Lagrangian variables. The intuitive idea is that instead of thinking of the
unknown quantities in the system as functions of fixed points in space z € R? (and time), one can
think of them as functions with various particles (and time) as their inputs, in a sense, where the
particles are labelled by their starting positions o € R?. More concretely, the composition of a
function f with X (c,t) transforms the function f into one which takes an initial position o € R? as
the input, and returns the value of f obtained as one follows the associated particle and samples f

at the particle’s location.



For certain types of equations, by using the original PDE, the evolution of the tangent of a
trajectory, given by u(X(a,t),t), can be described in terms of a nonlocal operator acting on the
initial velocity field uwg = ul;—¢ and the trajectory map X, and the equation (1.1) for X can be
expressed as

(@) = FIX.wl(a.1), (12

where the operator F' may also depend on the initial data for other potential unknowns in the
original PDE. The fact that there is no dependence on u(x,t) at times ¢ > 0 in the right hand side
of (1.2) may allow one to solve for the trajectory map X without knowledge of the solution u to
the original PDE at later times. In many such PDE one observes that u and the other unknowns
in the original equation are determined by the solution X to the equation (1.2) with initial data
Xli=o = Id.

Here we examine several systems of PDE that have such a Lagrangian formulation. The first
result we give is a conceptual method that proves that the Lagrangian trajectories for such a system
are analytic in time given that two basic criteria hold for the ODE (1.2). The first criterion is
that for the particular choice of initial data wg, the operator F[-,ug] is locally bounded, in some
sense, when acting on functions in a suitable function space, and the second is that the operator
preserves analytic dependence in time when one inputs an analytic function of time X («,t) in the
corresponding argument.

As a basic application, we use these results to obtain a relatively short proof which recovers
the known result of Lagrangian analyticity for solutions to the 2D incompressible Euler equations
with Holder continuous initial vorticity. With this application, we demonstrate how the tools in the
previous section are used to prove the Lagrangian analyticity property for a given system in a simple
setting. Specifically, for this example we consider the case of the system on the flat torus.

We then use the method to prove Lagrangian analyticity for vortex patch solutions to the 2D
incompressible Euler equations, a case in which the gradient of the velocity field has discontinuities.
This yields a result for lower regularity solutions than established in past studies. In the previous
results the initial data is assumed to be slightly better than differentiable everywhere.

In the section that follows, we use the method to prove the analyticity of trajectories for the
pressureless Euler-Poisson system for initial data with moderate spatial regularity. This system
models stellar dynamics, in which particles experience a long-range attractive force, as well as the
dynamics of charged fluids, in which the particles experience repulsion, when the effects of pressure

are negligible. One new obstacle over the system handled in the previous section is that the flows for



the Euler-Poisson system are not necessarily incompressible. For this result, we provide formulas for
taking spatial derivatives of the quantity F[X,uo] to arbitrary order and estimates bounding the L?
norms of the results in a uniform way. While the proofs in Section 3 used techniques more specific
to the setting there, and are likely sharper in terms of the regularity of the initial data, the style of
proof in Section 4 used for the Euler-Poisson system, in terms of Sobolev spaces, seems more robust
and likely applies formulaically with almost no changes to most fluid equations with Lagrangian
form (1.2), where F' is assumed to satisfy the basic criteria discussed in Section 2.

In the next section, we consider the compressible Euler equations, which turn out to be quite
different from the incompressible Euler equations with regard to the analyticity of trajectories. We
show that in fact one can construct C'*° initial data which has trajectories that are not real analytic
in time at ¢ = 0. This appears to be the first result that gives a counterexample to Lagrangian
analyticity for a fluid mechanics system, in the sense that it proves for the system that no matter
how smooth one requires the initial data to be, the corresponding Lagrangian trajectories need not
be analytic. We find that the finite speed of propagation for the compressible Euler equations is a
key mechanism which is incompatible with the analyticity of the trajectories. This idea results in
a relatively transparent counterexample of a fluid equation in which smooth data can easily lead to
non-analytic trajectories.

Finally, we consider the Lagrangian formulation for the Vlasov-Poisson equation, in which the
unknown f(z,v,t) : R2xR2xR — R is a probability distribution governing the velocities and spatial
positions of a large number of particles under the effects of either a force of mutual attraction or a
repulsive force. The natural Lagrangian formulation associated with this problem is in terms of a
phase space trajectory Z(t) = (X (t), V(t)) in R? x R2, say with Z(0) = (zg,v0), where Z(t) satisfies
an ODE of the form (1.2). There are several interesting features the Vlasov-Poisson system shares
with the incompressible Euler equations. For one, f is conserved along trajectories, just as vorticity
is in the 2D incompressible Euler equations. Secondly the phase space flow for Vlasov-Poisson is
also volume-preserving. Third, both systems have an infinite speed of propagation. In this case we
found that, despite these similarities, the situation is very different with regard to the analyticity
of trajectories. For the Vlasov-Poisson system, we are able to construct examples of C™ initial data
for any n > 10 with the property that the corresponding trajectory map is not uniformly analytic in
time, in a sense. While this result does not guarantee the existence of a non-analytic trajectory, it
does provide examples in which the flow cannot be analytic as a function of time into the space of C!
maps on R? x R2. On the other hand, for the incompressible Euler equations and the Euler-Poisson

equations, the corresponding flows are in fact analytic as functions of time into the corresponding
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spaces of C! maps. The essential difference for the Vlasov-Poisson system is that the corresponding
operator to F[-,ug] in (1.2) does not preserve the analyticity of time dependence in this case.
Results showing analyticity of trajectories for solutions to fluids equations amidst low spatial
regularity have been discussed in [5, 9, 11, 17, 18]. These studies treat cases in which the initial
data is slightly better than C', showing that this typically leads to analytic trajectories in time
for the solutions. In [17], the author proposes an argument for this for the incompressible Euler
equations: to show that the trajectory map solves an ODE in an abstract function space which must
have analytic solutions in time. In [11], a recursive formula for the time derivatives of the trajectory
map is used to show analyticity for the trajectories of solutions to the 3D incompressible Euler
equations on the torus. In [9], the 2D SQG equations are considered; here the authors also use a
recursive formula and then apply combinatorial identities to calculate and bound the nth order time
derivatives of the trajectory map. In [18], a more abstract setting is used to prove the result for the
incompressible Euler equations in arbitrary dimensions, where the flows of the solutions are handled
as geodesics in the space of volume-preserving diffeomorphisms. Our proofs of analyticity revolve
around a conceptual strategy of showing that the trajectories for a fluid system solve a particular
kind of ODE, which then implies they must be analytic in time. The basic idea is in some ways
similar to that in the approach of [17], though we completely rigorously develop such a method
into a systematic technique for proving Lagrangian analyticity-type results. Indeed, in Section 2
we demonstrate how the method directly generalizes to various fluid mechanics systems, given that
they satisfy certain key properties. To the best of the author’s knowledge, the counterexample-type
results in this thesis to the Lagrangian analyticity property are the first in the literature. Overall,
we hope that the work here lucidly explains the essential reasons some fluid mechanics systems do

have the Lagrangian analyticity property, and certain fluids mechanics systems do not.



Chapter 2

A general ODE method for proving

Lagrangian analyticity

In this section, we provide a strategy for proving Lagrangian analyticity results for fluid mechanics
systems. One can often exploit the structure of such fluids equations, such as the incompressible
Euler equations, to represent their corresponding trajectory maps as solutions of a relatively tractable
ODE in an abstract function space. The main result in this section is a proof that if one has an
ODE in an abstract function space, say for the trajectory maps, which is of a particular form,
then the solutions are analytic in time. This results in a conceptual method for proving Lagrangian
analyticity. Indeed, criteria leading to existence and uniqueness, as well as analyticity, of solutions to
ODE are not overly technical, so the core parts of our strategy are clear-cut and easily summarized.

The first step is to reformulate the PDE in Lagrangian variables in the manner described in the
introduction. Let us take the R%-valued function u(x,t) on R% x R to be the velocity field associated

to the original PDE. Then the trajectory map X («,t) is the solution to the equation

dX
E(OZJ) = u(X(a,t),1), (2.1)
X(a,0) = a.

For this section, we assume that one is able to rewrite this system in the form

dX ~
- k), (2.2
X‘t=0 = Id7



for an operator F defined on a set of maps from R% to C?, depending on uy = uls—¢ and the
other initial data prescribed for the original PDE. We give explicit derivations for the corresponding
operators F' in the case of the incompressible Euler equations in Section 3 and in the case of the
Euler-Poisson equation in Section 4.

We have yet to discuss some simple matters such as the domain and range of the operator F' in
(2.2). We now address this, as well as give a complete discussion on the structure required for our

strategy.

2.1 The basic structure
Let us consider an ODE of the form

dX

- = F(X), X=1Id att=0, (2.3)

for unknown X (t), with (X (t) —Id) € Y for each t, where Y is a Banach space of maps from a fixed
open subset 2 C R? to C?, for some positive integer d. Moreover, we require that || X () — Id||y <6,
for some & > 0, and that the operator F is defined on the set {X : Q@ — C? : || X — Id||y < ¢},
taking values in Y. We work under the assumption that Y is a Banach space of continuous maps

with a norm that dominates the C%!() norm, i.e. with the property that

I£llcvo) = sup |F(e)] + sup @ =IO o 41, (2.4)

z,yeN |z -y

In this section we give criteria for the operator F which are relatively simple and which guarantee
that solutions X (¢) are analytic in time in a small disc in C as maps into Y, with Theorem 2.2.6.
We now give an overview of these criteria.

A summary of the key properties of I that lead to analytic trajectories
e Local boundedness

The first criterion is that F' satisfies a local boundedness property near the identity map. To say
this is to assert that for a fixed § > 0, F sends maps X in the closed §-ball about the identity in Y

into Y, satisfying a bound of the form

sup{|F(X)lly : | X — Idly <6} < C, (2.5)



for some C, possibly dependent on the initial data under consideration.
We present the following, Proposition 3.2.4, proven in the next section, which gives us this
property for the operator for the incompressible Euler equations on the 2D torus in the case of

Holder continuous initial vorticity.

Proposition. Fiz p € (0,1). Assume w := curl ug € C%*(T?). Let Fr(X) be as defined in (3.17).

Then there exists a 6 > 0 such that

sup{[| Fr (X)[[cru(r2)y « [ X — Td|crue) < 6} < C, (2.6)

where C' depends only on w.

To consider the case of vortex patch initial data for the incompressible Euler equations in Section
3, we take Y to be the set of C*# maps on €2, where  is the initial patch. We prove the corresponding
local boundedness result for vortex patches with Proposition 3.3.6. In addition, in Section 4, for
the pressureless Euler-Poisson system we give a proof of the corresponding bound for the analogous
operator for H® maps from R3 to C3, s > 6, with Proposition 4.3.7.

The analyticity of trajectories also relies critically on the analytic properties of the operator F,

which are related to the remaining major criterion for analytic trajectories.
e Preservation of analytic time dependence

Now we consider the composition of F with maps dependent on an additional, complex parameter
z, which plays the role of the time variable. Precisely, we compose it with a function of z in a complex
disc, X, : Q — C?% with (X, — Id) € Y for each z. Let us denote d, := {z € C: |z| < r} for r > 0.
The desired property of F is that the following implication holds for any such X, mapping into the

domain of F and any r > 0:

If for each a € Q we have X (a) : d, — C?% is analytic in z, (2.7)

then for each a € Q we have F(X,)(a) : d, — C% is analytic in 2.

In this case we say the operator F' preserves analyticity ((ii) of Definition 2.2.3). Such a property
is quite natural if we expect to have analytic trajectories. Note that if X («,t) solves (2.3) and is
analytic in ¢, t playing the role of z, and we take the composition F(X(-,t))(a), this returns the

tangent vector dd—)t((a, t), which must be analytic in ¢. It is verified with Lemma 3.1.4 that for vortex



patch solutions to 2D Euler, the corresponding operator F' preserves analyticity in this sense. In
Section 4, we show the analogous result holds for the Euler-Poisson system.

With Theorem 2.2.6 we prove that if F is locally bounded near the identity map in ¥ and
preserves analyticity, then there is a unique analytic Y-valued function on a disc in C solving the
equation (2.3).

We verify that both of the above criteria are satisfied for the 2D incompressible Euler equations
with Holder continuous initial vorticity, and vortex patch solutions, in Section 3. Thus with Theorem
2.2.6, we get analyticity of trajectories for both cases. We also prove the criteria are satisfied for the
3D Euler-Poisson system in Section 4, which yields a proof of analytic trajectories for this system
as well.

Additionally, we examine some examples of fluid mechanics systems for which the above criteria
do not hold. We do indeed find that in these cases the systems do not have the same Lagrangian
analytic properties as the incompressible Euler equations and the Euler-Poisson system, as we explain

with the following remark.

Remark 2.1.1. (i) For the compressible Euler equations, it is not clear how one might express the
system as an ODE of the form (2.3). In this case, there exists C*° initial data for which the solution
has some trajectory which is not analytic in time. This is proved in Section 5.

(ii) The Viasov-Poisson system, examined in Section 6, has a natural Lagrangian formulation
of the form (2.3), but the corresponding operator does not satisfy the preservation of analyticity
property, (2.7). For this system, we construct C™ initial data for any n > 10 such that the following
holds: there is a specified compact set such that if all the trajectories starting in the set are analytic
in time att = 0, then there is no uniform, positive lower bound among these trajectories on the radii
of analyticity. In particular, this implies that the corresponding trajectory map cannot be analytic as
a function of time into the space of C' maps. On the other hand, for the incompressible Euler and
the Fuler-Poisson systems handled in Sections 8 and 4, we find the trajectory maps are analytic as

unctions of time into the corresponding spaces of Ct maps.
f P g sp P

2.2 Analytic solutions in time for the ODE in an abstract
function space

Now let us put the criteria discussed above on a firm footing. We write X, to indicate a function

dependent on a parameter z € C, with (X, — Id) taking values in a Banach space Y of continuous

8



maps from an open subset  of R to C?. As mentioned above, we make the assumption that the

|||y norm dominates the C%! norm.

Assumption 2.2.1. Y C C(9) is a Banach space of maps from Q C R? to C? with the property
that

[fllcor@) < Cllflly forall f €Y. (2:8)

Moreover, we specifically consider maps within a distance § of the identity map in the Y norm,

for some ¢ > 0.

Definition 2.2.2. Given a Banach space Y satisfying Assumption 2.2.1 we define (i)
Bs :={X :||X — Id||y <6}, (2.9)

(i)
Yy = {Y -valued maps X, analytic in z on d,}, (2.10)

where d, = {|z| < r}, and (i) we consider the set of maps which differ from the identity by an

element of Y., and which map into the ball Bs as functions of z:

Bs = {maps Xy : (X()—1d) € Y, X, € Bs for all z € d,}. (2.11)

With this, we now have a setting in which we can verify whether or not for each fixed «,
F(X.)(c) inherits analyticity in z from the functions X, analytic in z, that is, whether the property

of preservation of analyticity holds.

Definition 2.2.3. (i) For any function F : Bs — {C?-valued maps on Q}, we define F with domain
Bs, in the compatible way, mapping X .y € Bs,, to the function F(X(_)) s d, — {C%-valued maps on Q}
defined by

F(X())(2) = F(X.) forzed,. (2.12)

(ii) We say that F preserves analyticity if (for any r > 0 for the disc of analyticity d,.) for any
Xy € Bs,, at each fized o € Q, F(X.)() is analytic in d,.

Note that so far we have only discussed how analyticity of F(X.)(a) in z in a disc d, for each

fixed a € Q is inherited from analyticity of X,(a) in z in d, for each a € Q. Now we discuss how

LQccasionally we use F(X.) to refer to the map F'(X(.)).



to improve this to get the seemingly stronger conclusion that F(Xz) is analytic in z in d, as a map

into the Banach space Y.

Lemma 2.2.4. Let Bs, Bs,, Y, and Y, be as in Definition 2.2.2. Consider a function F:Bs —>Y.
If we have a bound of the form

sup |F(X)|y < C < oo, (2.13)
X€EBs

and if F preserves analyticity, then in fact for any r > 0 as the radius of analyticity in the definition

of Bs,r, for X, € Bs, we have that F(XZ) is an analytic function from d, into Y. That is,

F:Bsy— Y (2.14)

Proof. By the Cauchy integral formula, for each o € Q and z € d,. we have

diz (P(X)(@) = % /ch—r' Pgé)? )Z()C;‘) dc, (2.15)

for v < dist(z, dd,.). Thus by applying ||-|[y to both sides we obtain

/ 1"

< — F(X)|ly < ———
y _ dist(z,0d,) é&pr” (Xl = dist(z, dd,.)’

(2.16)

by (2.13), where in the left hand side we are considering the norm of the function mapping a given
o to % (F(Xz)(a)) Now it just remains to prove that as h tends to zero, the difference quotient
(F(X.4pn) — F(X.))/h converges in the Y norm to the function a 4 (F(XZ)(Q)) Consider h
of size much smaller than the distance from z to dd,, and fix v/ > |h|, with r’ smaller than the

distances of both z and z + h to the boundary of d,.. Then

(F(Xer)(a) - (X)) = 5 </|< e | l_,wa)w)

S| =

2mih C—(2+h) ¢—=2

s F(XO)(a)
= o /C_ZH, C—Grh(—a™

10



and so we have

(2.18)
HFCn (@)~ PO) - o) = ([ re
W),
/|C z|=r’ ( 2)2 C)
_h FX)@) o

2mi [¢—z|=r' (< - (Z + h))(c - Z)

We apply the Y norm to both sides to get the bound

1, - ~ d - C'h _
—(F(X - F(X - —(F(X < F(X 2.1
| P e) = P - ZEEI)| < s sw POl (219)
C"h
(dist(z,0d,))?
Since the right hand side is O(|h|), the conclusion of the lemma follows. O

In the coming ODE argument, we will also need that the operator of concern is Lipschitz on
some ball about the identity in Y. With the following lemma, we show this property also follows

from the local boundedness property together with preservation of analyticity.

Lemma 2.2.5. Consider a function F : Bs — Y and assume that we have a bound of the form

sup [[F(X)]ly < C, (2.20)
X€EBs

and that F preserves analyticity. For any € < /10 we have that the function F with domain B, is

Lipschitz with constant Cy depending only on C.

Proof. Let us define ro := §/4. For distinct X, Z € B., we may write

IX=Zlly
F(X)fF(Z):/O %F(XT)dr, (2.21)

where we define X, := Z + 7(X — 2)/|| X — Z||y for any 7 € {|z| < 79}. Note this contains [0, 2¢],

and thus the interval [0, || X — Z||y] integrated over in (2.21). Now we check that we have a suitable

bound on %(F(XT)), uniform in 7 € [0, ]| X — Z||y]. Since € and r are each less than /2, we know
that for all |[7| < 7o we have X, € B;. Since then X(.), defined on the disc {|z| < 70}, is in B,

we know that F(X,) is analytic in 7 in {|z| < 7o} by Lemma 2.2.4, and moreover the bound (2.16)

11



with ro in place of r shows H%F(XT)HY is bounded by some constant as 7 varies in the smaller
disc {|z| < 2¢}. For this, we have used the fact that ro — 2¢ > §/20 > 0. We observe that the
resulting constant is thus determined by § and the bounding constant C' from (2.20). The argument
is concluded by applying |||y to both sides of (2.21) and bounding this above by moving the norm

into the integrand. O

Now suppose F satisfies the hypotheses of Lemma 2.2.5, and let us pick a constant ¢ which
satisfies the hypotheses of Lemma 2.2.5:
€:1= —. (2.22)

By restricting the domain of such an F to B., we ensure that it is Lipschitz with constant Cj,
from Lemma 2.2.5, which readies us for an application of a fixed point theorem. Note that for any

r > 0 we have a natural choice of norm for )., with
[ X=llp, := sup || Xz]ly. (2.23)
z€d,
Now we have established all the properties of F that are required for solving the equation

Xt|t:0 = Ida

in the desired setting. We prove that the solution to the equation exists as a fixed point of a
contraction mapping on the space of functions analytic in time as maps into Y. For a given F and

r > 0, we define the following mapping on functions Xy € B ,:
t ~
Pp (X)) :=1Id +/ F(X¢)d¢ for t € d,., (2.25)
0

where the integration is taken along the straight path from 0 to ¢. This is the map we will show has

a fixed point that solves the ODE (2.24).

Theorem 2.2.6. Suppose that F' : Bs — Y satisfies a bound of the form (2.13) and that F preserves
analyticity. Then for e = §/10 and sufficiently small r1 > 0, there exists a unique fixved point
Xy € Beyry, of ®p i Bepy = Bery, and the function X (o, t) = X¢(«) is analytic int on d,, and the

unique solution to the equation (2.24).

Proof. It is easy to check that ®z maps B.,, to itself, given that ¢ is restricted to d,, and r; is
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chosen small enough. The bound (2.13) allows us to ensure that ®z(X(.)) is close to Id for small
r1. Using Lemma 2.2.5, we have the Lipschitz property of F on B, and so we get that ®; is a
contraction mapping on B, ,, as long as r; < 1/(2Cp). The conclusion of the theorem now follows

from the contraction mapping principle. O

Having established the more general material of this section, for our proofs that the Lagrangian
trajectories for solutions to incompressible Euler, and to the Euler-Poisson systems are analytic,
it remains for us to verify that the local boundedness property and the preservation of analyticity
property both hold for the corresponding F operators. In the next section we do so for the incom-
pressible Euler equations, specifically for solutions with Holder continuous initial vorticity, and for

vortex patch solutions.
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Chapter 3

Lagrangian analyticity for the

incompressible Euler equations

The incompressible Euler equations on R are given by

0
fu+u-Vu+Vp=O, (3.1)
ot

V-u=0,

ult:() = Uo,

where u(z,t) is a vector field defined on R? x R, taking values in R, and the pressure p(z,t) is an
unknown scalar, with initial data ug to be prescribed, for example, as a function in C1* for some
w € (0,1), or as an initial velocity field corresponding to a vortex patch. For the results of this
section, we treat the case d = 2, but we comment that the methods in this thesis can be adapted
to the 3D incompressible Euler equations as well. Let us proceed by showing how one frames the
2D incompressible Euler equations written in Lagrangian variables in the form of an ODE in an

abstract function space, such as (2.3).
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3.1 The Lagrangian setting for the incompressible Euler equa-
tions

The first thing to observe is that by taking the scalar curl of the first equation in (3.1) in the 2D

case, we arrive at the transport equation for the vorticity, w = dyugs — Jauy.

ow
. =0. 3.2
o +u-Vw=0 (3.2)

Thus the vorticity is transported by the flow, which is equivalently expressed by %w(X (o, t),t) =0,

or

w(X(a,t),t) = wo(a), (3.3)

where the initial vorticity is denoted by wp(a) = w(a,0). Here we remark that the vorticity is not
transported by the flow in the 3D case, although its evaluation along a Lagrangian trajectory does
obey a simple evolution, through the Cauchy vorticity formula, allowing a similar derivation to the
one presented here.

Our main tool is the Biot-Savart law, which allows us to recover the velocity vector u(z,t) from

the vorticity w, with

r— )t
u(x,t) = 217r/(|x_2:l//)|2w(y,t)dy, (3.4)

for the 2D case. In this expression, we use the notation y* = (—ys,y;). Considering the Lagrangian
point of view, we may use this to find the velocity vector tangent to a specified point along a path
given by X (a,t). Inputting this function into the above expression and making a change of variables

yields

ax 1 / (X(a,t) — X(ﬁ,t))le(ﬁ)dﬁ’ (3.5)

D=5 | R = XG0
where we have taken into account (3.3) along with the area preserving condition satisfied by incom-
pressible flows, i.e. that det VX («,t) = 1. This formula exhibits the main necessary qualities we
will need in order to prove that the solution to this equation, X («,t), must be analytic in time,

assuming some mild criteria hold for wy. We denote the kernel appearing here by K, with

1 (_y27y1)
K = — =7 .
(y) o y%+y% (3.6)

Note that K(y) analytically extends to complex pairs (y1,y2) outside of the set {y; + iy2 = 0}.

Considering the right hand side of (3.5), inside of the integral, we have an expression with very nice
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dependence on the quantity X («,t). The idea will be to regard the right hand side as a function
F of the map X; = X(-,t) : R? — R?, and extend the definition of F to a well-behaved function
defined on maps more generally from R? to C2. Here the complex output is necessitated by our

complexification of the time variable. In that formulation, the equation (3.5) becomes

d
Xt =F(X)), (3.7)

together with the initial data X;|;—¢ = Id.

Now we begin with a rigorous definition of the operator F' for d = 2. In the following, the set
Q) C R? is just intended to be some set containing the support of some initial vorticity prescribed
for (3.1), and we now and afterwards denote the initial vorticity by w(a) := curlug(a) (rather than

wo(a)).

Definition 3.1.1. Fiz a scalar, real-valued function w € L* N LY(Q) and an open set Q C R2.
We consider the space C%1(Q) of C%-valued, Lipschitz continuous functions on . For a map

X € C%Y(Q) with || X — Id||co.1(q) <6, for a small fized 6 > 0 to be specified later, we define
F(X)(a) = [ K(X(@) - X(3)w(5)d5. (38)
Q

In this definition K is regarded as the complex vector valued function

1 (—2’2, 21)

Kz = —F"-=>
(Z) 2 z%+z§ ’

Let us note that for X sufficiently close to Id, say as in Definition 3.1.1, the denominator of K (X («)—

X(B)) cannot vanish unless a = 8. This follows from the fact that

(X(a) = X(B)) = (a = §) = (X = Id)(@) = (X = Id)(B) = O(|e = B)O(9). (3.10)

Here we comment that we use the convention that vectors indicating a spatial position or displace-
ment, such as X (a) or (o — ), are row vectors. Thus, as we have written it here, the O(|aw — 3])
factor in the rightmost expression is also a row vector, and the O(d) vector is a 2 X 2 matrix acting

on it. From (3.10) we get

[(X1(a) = X1(8))* + (X2(a) = X2(8))?] = [(a—B)i + (o= B3| - Cdla— B, (3.11)
2 |C¥—ﬁ|2/2,
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for sufficiently small §. This computation leads us to

Remark 3.1.2. In the integral defining F(X)(c), we get something no more singular than |a— 3|71,

and so F(X) gives us a finite C*-valued function on Q.

Now that the operator F' has been defined for the incompressible Euler equations, we consider
its behavior with regard to the criterion of preservation of analytic dependence in time, discussed in
Section 2.

Preservation of analyticity for the operator F

With the goal of showing that the operator F' defined above preserves analyticity, given an initial
vorticity w that is not too wild, we first present a bound on the derivatives of the kernel K which is

useful in the verification of this fact.
Lemma 3.1.3. There is a small positive constant ' such that for a matriz M € C2*2 with |M| < &,

the function K(z) : C2\ {21 +i20 = 0} — C? defined by (3.9), satisfies

(DYK)(BI + M) < A,|B1~N=1 for all nonzero 8 € R? and || > 0. (3.12)
Proof. An easy calculation shows that the derivatives of (07 K)(z) satisfy the bound

(oK) < S

< (3.13)
|23 + 23|

Using this and the estimate |[[3(1 + M)]3 + [3(I + M)]3| > |B|?/2 for small enough &’ (checked in a
similar manner to the bound (3.11)) one may verify (3.12). O

Now we claim the following.

Lemma 3.1.4. Fiz w € L NLYQ), p € (0,1), and define Y = CL#(Q). Then the operator F
defined in Definition 3.1.1 preserves analyticity. That is, for any r > 0 and Xy € Bs, for fized

a € Q, F(X,)(a) is analytic in d,, where Bs, is as in Definition 2.2.2.

Proof. Fix an r > 0, and an X() € Bs,. What we want to prove is that the limit definition of

d% (F(X;)(«)) converges for each z € d,, o € . Fixing o € Q and z € d, we find
1
(X i(0) = X (3) = K(X.(0) = X (8)) )(8)d5 (314)

z+h
- /Q% (/ (CZX<(04) - jc)g(ﬁ)) VE(Xc(a) - X<(ﬁ))d<:> w(B)ds,
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where we take the straight path from z to z + h in the integral. Since X (., € Bs, implies X¢(-) is
Lipschitz with a fixed constant as  varies in d,., by using the Cauchy integral formula one finds that

we get a uniform Lipschitz bound on d%XC(-), ie.

d d
dcXc(v) — 4e Xc(B)

sup % a¢ <C, (3.15)

7,8EQ Iy — Bl

as ( varies in the interval from z to z+ h, which must be contained in d,. for small h. Moreover, since
we have (X¢(a) — X¢(8)) = (. — B)(I + O(9)), we can apply Lemma 3.1.3 to get a bound on the
kernel in the right hand side of (3.14). Together with the Lipschitz bound on d%XC(-), we can thus
bound the quantity inside the integral over 8 uniformly by C|a — 8|7t |w(83)|, then observe that the
quantity within the integral taken in the ( variable is a continuous function of { as long as 8 # «,
and then apply the dominated convergence theorem to then get

2 e = [ (jzxxcw - jZXZw)) VE(X.(0) - X.(8)w(B)ds.  (3.16)

O

In the remaining parts of this section, we finish the proofs of Lagrangian analyticity for the
incompressible Euler equations for Hélder continuous initial vorticity on the 2D torus, and for vortex
patch solutions on R%. We comment that some modifications to the above lemma ought to be made
for the 2D torus, since the corresponding kernel in place of K is then slightly different. Nevertheless

one finds the analogous result for the torus is verified without much additional difficulty.

3.2 Lagrangian analyticity for Holder continuous vorticity

3.2.1 Setup

Here we provide a proof of Lagrangian analyticity for the case of the incompressible Euler equations
on the 2D torus. Let w be the initial vorticity of a given solution to the system (3.1), for which we
assume w € CO#(T?) for some pu € (0,1). For the entirety of this section, we take the Banach space

Y to be C1#(T?), and we define the operator Fr (similar to the operator F' of Definition 3.1.1) by

Fr(X)(e) = | Kr(X(a) = X(5))w(5) det VX(8)d5 for X € By. (3.17)
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Here, the kernel Kp is defined on (C?/A)\ ({(21,22) € C?: 2y £ iz = 0}/A), where we have the

integer lattice denoted by A = Z?2, and in this case

Kr(z1,22) = L (=22,21) 1 Z ( (=22 + ko, 21 — k1) (—ka, k1)

=1+ — (=29, 21).
2m 22 + 22 2771«522\0 (21 — k1)2 + (22 — k2)? Lk ) (=22,21) (3.18)

The kernel K is just the appropriate version of the kernel for the Biot-Savart law adapted to the

torus, analogous to (3.4), so that the solution to the incompressible Euler equations (3.1) on T? is

given by
u(z,t) = /KT(:L‘ —y)w(y, t)dy for x € T? (3.19)
where w(x, t) satisfies
Oww(z,t) + u(z,t) - Vw(z,t) = 0, (3.20)
w(z,0) = w(x)

and for initial data ug we have curlug(z) = w(x). Notice that for incompressible flows we will have
det VX (B,t) =1, so (3.17) is compatible with the solution to the Euler equations.

For the above kernel we have the same type of bound as for K in Lemma 3.1.3.

Lemma 3.2.1. There is a small positive constant & such that for z = (z1, 22) = (x1+iy1, x2+1y2) €
C?/A with |y| < c6, |zj] <1/2, j =1,2, and 21 £ize # 0, K7(2) and its derivatives at the point z

satisfy the bound

C,|z|+1
Y b
(07 K7)(2)] < eI (3.21)
In addition, for a matriz M € C**2 with |[M| < 4,
[(OYE ) (B + M) < A8~ for all nonzero 8 € T? and || > 0, (3.22)

and

Proof. The bound (3.21) follows from the bound (3.13) in the proof of Lemma 3.1.3, since K7 (z1, 22)
is the sum of K(z1,z22) and a harmless function on the set {(z1 + iy1,z2 +iy2) : |y| < ¢, |z;| <

1/2, j =1,2}. Once we have this, (3.22) follows. O

In this situation we also have preservation of analytic dependence. The proof is similar to that

of Lemma 3.1.4.
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Lemma 3.2.2. The operator Fr preserves analyticity, where we take Y = CY#(T?) in Definition
4.4.1. That is, for each v > 0 and X, € Bs,, we have Fr(X,)(a) is analytic in z in d, for each

fived o € T2.

We also have the following identity, which will be useful in proving the local boundedness of the

operator Fr.

Lemma 3.2.3. There is a §o > 0 such that for all X € Bs,,

/ Kr(X(a) — X(B))det VX (8)dB = 0. (3.23)

Proof. Fix X € Bs,, where dg is to be determined, and fix o € T?. For A € C with || < 2, we define

Xy :=Re(X) + MIm(X). First we will argue that for A € [-1,1],

/ Kr(Xa(a) — Xa(8)) det VX, (8)dB = 0. (3.24)

Suppose g is small enough that || X — Id||c1~+ < dp implies for all |A| < 2 that || Xy — Id||cry < ¢,
where ¢’ is as in Lemma 3.2.1, so that this fact implies the left hand side of (3.24) is a convergent
integral. With an argument similar to that in the proof of Lemma 3.1.4 we find this expression is
analytic as a function of A in {|A\| < 2}. Then, for A € [—1,1], since X is real, we are permitted to
make a change of variables inverting X (8) and then we find that (3.24) holds since K has average
zero on the real torus.

Since the left hand side is analytic in A in all of the disc {|\| < 2}, and the equality holds for
A € [—1,1], (3.24) must hold in all of the disc {|A| < 2}. Taking A = 4, we have X = Re(X)+iIm(X),
and so we have shown that (3.23) holds. O

3.2.2 Local boundedness of the operator Fr

Now we show the local boundedness property for the operator Fr holds in this setting.

Proposition 3.2.4. Assume w € CO*(T?). Let Fr(X) be as defined in (3.17). There is a §), > 0
such that we have the bound
su Fr(X ) <C,
N é)% || T( )HCl,;,('HQ) (3.25)
for a constant C depending only on w.

Proof. Fix X € Bs, for some ¢ to be specified. We check that Fr(X) is uniformly bounded in L*
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with the use of Lemma 3.2.1, which gives

|Fr(X)(0)] < ] [ () = X(3)(9) det vxww] < [cla-sras<e, @

for a constant C' depending on w.
The next thing to check is that Fp(X)(«) is differentiable, with uniformly bounded derivative.

We use Lemma 3.2.3 to write

Fr(X)(a) = /KT(X(a) = X(B)(w(B) — w(e)) det VX (B)dp. (3.27)

With the use of Lemma 3.2.3, one can calculate that for i = 1,2, the partial derivatives are then

given by

0i(Fr(X)(@)) = 9: X (a) /VKT(X(Q) — X(8))(w(B) — w(a)) det VX (B)dS. (3.28)

In particular, note that this converges by the bounds on the kernel given in Lemma 3.2.1. Further-
more, one can verify that the quantity in the right hand side of (3.28) is continuous in a by making

the change of variables giving
O:(Fr(X)()) = 8,X (a) / VEr(X(a) = X(a — 8))(w(a — 8) —w(a)) det VX (a — B)dB. (3.29)

This is seen to be continuous by using the uniform bound by C|S|#~2 on the integrand here, in-
dependent of «, and applying the dominated convergence theorem. Since for each of i = 1,2 we
have that 9;(Fr(X)(«)) exists and is continuous, we get that Frp(X) is differentiable, with gradient

Vao(Fr(X)(a)) given by

V(Fr(X)(a)) = VX(a) / VEr(X(a) — X(8))(@(B) — w(a)) det VX (8)dB. (3.30)

We thus find

[V(Fr(X)(a))] . <C, (3.31)

for a constant C' depending only on w, by using the bounds on the kernel and the Holder bound on
w.
Now we show a uniform Hélder bound for V,(Fr(X)(«)) holds. Note that by the formula (3.28),

since VX () is uniformly bounded in C%#, this reduces to proving a Holder bound for the following
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for any fixed o,y € T?:

d(0,7) = / VEr(X(a) - X(8))(w(B) — w(a)) det VX (8)d8 (3.32)
- / VEr(X(7) — X (8))(@(8) — w(7)) det VX (8)dp.

We split the region of integration into the two sets

L = {f:la—pl<10la—1}, (3.33)

N = {B:la—p]=10[a—1l},
which gives

(3.34)
dlor) = [ VE(X(0) = X(3)(w(8) ~w(a)) det VX (5)d3
- / VE7(X(7) ~ X(8)(@(8) - w(y)) det VX(8)d
+Holn) ~w(a)) | VEr(X(a) = X(3) det VX(3)d5

+ /N(VKT(X(O‘) - X(B)) = VEr(X(7) = X(8)(w(B) —w(7)) det VX (B)df

= h+DLh+I3+14
For I, we use the fact that |[VKr(X (o) — X(B))| < Cla — 8|72 to get
I < c/ lo — BI27HdB < C'|ew — y|*. (3.35)
L

Similarly, one finds

I, < Cla—~|*. (3.36)

Now we address I3. Since w is assumed to be Holder, all we need to show is that the integral

/N VEr(X (o) — X(B)) det VX (8)dS (3.37)

is bounded. First, for r» > 0, we consider

E(r,a) = / VEr((a—B8)VX(a))ds. (3.38)
|B—al|>r
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We claim E(r, ) is uniformly bounded, independently of r, a, and X, for X € Bg;. To see this we

note

/,3_ N VEr((a=p)VX(a))ds = —(VX(a))—l/ Vs(Kr((a — B)VX(a)))dB,(3.39)

|B—al>r

OxE@) [ v = HTX(@)o(s),

(3.40)

where v(f) is the outward pointing normal. By Lemma 3.2.1, the integrand in line (3.40) is bounded
by Cla — 3|7t = Cr~!, while we have that the circle {3 : |3 — a| < r} has circumference 277, so

that we obtain

|E(r,a)| < C b |Kr((a — B)VX () |do(B) < C. (3.41)

Note for X € Bs that

(X(a) = X(B)) = (a = B)VX(a) = (a = f) /O (VX(ra+ (1= 7)B) = VX(a))dr = O(loa = B|"*1).

(3.42)
With this we have the bound
VK7 (X(a) = X(B)) — VEr((a — B)VX(a))] (3.43)
- |(Zix@ - x) - - pyvxca)
< [ OV KR (X (@) = X(8) + (1= )~ HVX (@),
1
< Cla= g | [ VK(r(X(a) = X(8) + (1 = )= VX (@)ir|.
Also, note for all 7 € [0, 1] we have for X € B; that
T(X(a) = X(B) + (1 = 7)(a = B)VX(a) = (a — B)(I + O(9)). (3.44)
So together, (3.43), (3.44), and Lemma 3.2.1 give
VEr(X(a) - X(8)) - VEr((a — VX (@) < Cla— BFH3 = Cla— =2 (3.45)
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Using (3.45), (3.41), and Lemma 3.2.1, we then get for any r > 0

’/ﬂ_ | VK7 (X(a) — X(B)) det VX(8)dS

< ] [ [VEnx@-x() (3.46)
|B—a|>r
~VEr((a - B)VX(a))] det VX (8)dS
+ / VEr((a - £)VX(a))
[B—al>r
x [det VX (B) — det VX ()] dp

+|E(r,a)det VX (a)],

IN

C lo — B|F~2dB + ',

|B—al>r

1
v,

IN

noting that the bounding constant C” is independent of r. This gives us the bound we wanted for
I5. For 14, we first make several observations that will be used to bound the differences of the kernels

in the integrand. For any 7 € [0, 1], we have

i(TXi(a) +(1-1)Xi(7) - Xi(8))* = i(Xi(v) — Xi(8))? (3.47)
+27 é(Xz(v) — Xi(8))(Xi(e) = Xi(v))
+r? i(Xi(a) ~ Xi(7))?
For any ¢,n € T2, and i = 1,2 we have
1 Xi(§) = Xi(n)| < (1 +6)[€ —nl, (3.48)
and
i(Xi(f) = X;()?| = (1 - ed)|€ —nl*. (3.49)

In addition, note that for 8 in the region N, i.e. such that |a — 8] > 10|a — 7|, we have

| — ] <
18—l

(3.50)

O =

Now we will show the following bound holds in the region N = {|a — 5| > 10jav — |} with the use
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of (3.47)-(3.50) and Lemma 3.2.1.

VK7 (X(a) — X(8)) = VEr(X(v) = X(B)] < [|[X(a) = X(7)] (3.51)
1
x / V2K(rX (a) + (1 - 7)X(7) - X(8))dr]
< Cla—7]I8—7]7
Note this will follow if we show
V2K (X (a) + (1 - 7)X(3) = X(8))dr| < €18 — | (352)

First we check that we have a bound of the form

S Xi(@) + (1= 1) Xi() — X(B)

(3.53)
Iy =817 =

To see this, using (3.47), we bound the left hand side of (3.53) below by

S = (B[S 60) - XaB)(Xi(0) - Xi(B)| [ (Xi(a) - Xa()?

2

Iy = BI? - Iy — B8I? - Iy —BJ?
=A—- By — By
(3.54)
By (3.49),
A>(1-cd), (3.55)
and by (3.48) and (3.50),
[ X (@) = X(7)] o = 3| [X(a) = X ()] 21
B < 2(1+c))————=2(1+¢f <2(14¢d)"—. 3.56
e I T R e It R
For Bs, by (3.48) and (3.50) we have the bound
2 2
= Xz « _Xi Y _ ~l2
5, Yimi(Xi(a) = Xi(1))?| |o W o1l (3.57)
o P B=P 97
Together, (3.55)-(3.57) give
A— B1 — B2 > CI (358)

for some positive ¢’ > 0, given that § is chosen small enough. This implies (3.53). Now, we use the
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bound on the kernel (3.21) from Lemma 3.2.1, (3.53), (3.48), and (3.50) to find for any 7 € [0, 1]

(1X(7) = X(B)| +7|X(a) = X()])*

VK (rX (@) + (1 7)X(2) - X() < O (3.59)
S (rXi(a) + (1 - 1) Xily) — Xi(B))?
Sy = B + o — o)
N S
< C"ly-B178,

from which (3.51) follows.
In view of the definition of I4 in (3.34), combining (3.51) with the bound |w(v)—w(B)| < C|y—B|*

and |y — 8|73 < Cla — B|#~3 in the region N, we find the following bound for I :
1< Cla=rl [ la= P25 < Clla = ##7 = Cla =l (3.60)
N

With the Holder bounds on I, I, I3, and Iy, we conclude that the quantity d(a, ) also satisfies a

bound of the form

|d(cr,7)] < Cla =, (3.61)

for a constant C' depending only on w. Combining this with the form for the gradient given in (3.28),
this concludes the Holder bound for V,(Fr(X)(a)). O

Corollary 3.2.5. The Lagrangian trajectories are real analytic in time for solutions to the 2D
incompressible Euler equations with initial data with Hélder continuous vorticity w € CY#(T?), for

some p € (0,1).

Proof. From Theorem 2.2.6, together with Proposition 3.2.4 and Lemma 3.2.2, we get an analytic

solution X (a,t) to the equation

L (o) = Pr(X)(a,0), (.62)
with X (a,0) = a. Recalling the formula (3.17), once we verify det VX (a,t) = 1, we will have
guaranteed X («,t) gives the trajectory of the solution to the 2D incompressible Euler equations
with initial vorticity w. Now, we claim that we know X (a,t) is real for ¢ real. This holds since for
®p, as defined by (2.25), we find that ®p, maps the closed subspace of Bs, with this property,
{X, € Bs, : X; = X, for real t}, to itself. As in the proof of Theorem 2.2.6, we then find the

solution to the corresponding ODE (3.62) also has this property, as the fixed point of this map.
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Next, we define for ¢ real and x € T?,

dX
u(a,t) = S (X (1)) = /KT(x — X(B,))w(8) det VX (8, £)d5. (3.63)
It then follows that divu = 0. Since % = wo X, the map X(«,t) must preserve area and so
det VX (a,t) = 1. O

3.3 Lagrangian analyticity for vortex patch solutions

In this part, we show that one has a Lagrangian analyticity-type result in the case of vortex patch
solutions to the 2D incompressible Euler equations, which are characterized by having vorticity

w(x,t) = curlu(x, t) of the form

0 if x € Q(t),
w(z,t) = (3.64)

1 otherwise,

where Q(t) is a bounded region that is transported by the flow. If the vorticity is initially given by an
identifier function on a region €2 with smooth boundary, the solution exists globally, and w has this
form at later times, due to the fact that vorticity is transported by the flow for the 2D incompressible
Euler equations. One has good existence and uniqueness properties and that the smoothness of the
boundary 9€(¢) is maintained in time (see, for example [4, 7, 23]) despite the jump discontinuity in
the gradient of the velocity across the boundary. Considering the question of the regularity in time
of the particle trajectories, and thus the evolution of the set (¢), is a natural progression from the
corresponding question for Holder continuous vorticity, studied in the previous part of this section
and in past studies of Lagrangian analyticity for the incompressible Euler equations.

The main task of this section is to give a proof of the local boundedness result, Proposition
3.3.6, for the operator F for this scenario, which is given in Definition 3.1.1. In accordance with the

remarks above, in this part we treat the case where w(a) := curlug(«) is given by

1 ifaeq,
w(a) = (3.65)

0 otherwise,

for an open set 2 C R2.

In all that follows let us consider an arbitrary fixed p € (0,1), and let us use the notation Fx to
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refer to F'(X). Proposition 3.3.6 asserts the following: under the hypothesis that the initial patch

Q is bounded, convex, and has C? boundary, there exists a § > 0 and a bound of the form
sup ||Fx|l¢rn@) < C, (3.66)
X€EBs

for a constant C' = C(Q), where Bs = {X € CY*(Q) : | X — Id||cr.n(q) < 6}. The proof of this
estimate is the main difficulty in proving the Lagrangian analyticity result.

We apply the methods of Section 2, taking the Banach space of maps Y to be C*#(£2). When
combining the result of Proposition 3.3.6 with Lemma 3.1.4 and Theorem 2.2.6, this proves that for
a € Q, the trajectories X (a,t) of the solutions u solving (3.1) are analytic in time, as we conclude
in Corollary 3.3.8.

Observe that F'x is not difficult to bound pointwise with the use of Lemma 3.1.3:

Fx(a)] < ‘ /Q K(X(a) - X(B))dﬂ‘ < /Q Cla— B1dB < oc. (3.67)

The main estimates involve bounds on the gradient of Fix («). The first task is to establish pointwise
bounds on VFx («) and related quantities, via Lemmas 3.3.1 and 3.3.2. With that, we are also able
to justify a useful formula for the derivatives of Fx in the directions of vector fields T tangent to
the boundary of the patch and N normal to the boundary, which is given in Lemma 3.3.3. With
these formulas, the proof of the Holder bound on VFx(«) is essentially reduced to proving the
Holder continuity of T'(Fx)(«), which is verified with Lemma 3.3.5. Once these lemmas have been

established, the proof of Proposition 3.3.6 follows without much additional difficulty.

3.3.1 Pointwise gradient bounds

We begin with Lemma 3.3.1, which guarantees in particular the differentiability of Fx.

Lemma 3.3.1. There is a §1 > 0 such that for all X € Bs,, Fx(«) is differentiable in Q with

gradient satisfying the pointwise bound

[VEx(a)| < C  forallaeQ, (3.68)

for a constant C depending on ).

For the most part the proof of Lemma 3.3.1 is routine once Lemma 3.3.2 is proven. Note that if

we were to simply place the gradient inside the integral in the expression for F'x and use a principal
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value integral, we would obtain the expression
. / VX () VK (X(a) — X(8))dB. (3.69)
Q

Here we use the convention that (VX);; = 0X,;/0c;. The next lemma allows us to bound expressions
like this, and provides the main estimate used to prove Lemma 3.3.1. It is also used crucially in

Lemma 3.3.5, which in turn provides the key estimate for establishing the Holder continuity of V Fx.

Lemma 3.3.2. For sufficiently small 6o there exists a constant C' such that that for all X € Bs,,

all o € Q, and r > 0,

/ VK (X(a) — X(B8))dB| < C. (3.70)
Q\B,(a)

Proof. First, we claim that the quantity in the left hand side of (3.70) that we want to bound is

within a bounded constant of
I:= / VK((a— B)VX(a))dp. (3.71)
NB;(a)

To see this, observe

VK(X(a) - X(8)) — VK((a — B)VX(a) = (3.72)

D (X (@) = X(B)) — (@ = B)VX(a)]; / (OiVE)(T(X(a) = X(8)) + (1 = 7)(a = f)VX(a))dr,

i=1 0

and

|(X () = X(B)) = (@ =B)VX(a)] = [(a—p) /0 (VX(ra+ (1 —-7)B) - VX(a))dr],(3.73)

IN

1
|oo — ﬁ|/0 IVX(ra+ (1 —-7)8) — VX(a)|dr,

C|a— Bll-Ht7

IA

where we have used here that for each 7 € (0,1), Tae + (1 — 7) remains inside 2, since € is convex.
For the integral over 7 in the right hand side of (3.72), we note X (o) — X(8) = (o — 8)({ + O(62))
and VX (a) = I+ O(d2), so that for any 7 € (0,1),

T(X (o) = X(8)) + (1 = 7)(a = B)VX(a) = (a = B)(I + O(02)). (3.74)
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Thus, by using Lemma 3.1.3, for small enough d» we get

V2K (1(X (o) = X(B)) + (1 = 7)(a = B)VX(a))| < cJa — 5|77 (3.75)
Using (3.73) and (3.75) in (3.72) we now find

IVE(X(a) ~ X(8) — VE((a — )VX(a))| < | — B]*72. (3.76)
Now we can bound the difference:

/ (VK(X(a) — X(8)) — VE ((a — B)VX(a))df| < ¢ / o — Bl 2dB <& (3.77)
Q\ B, (a) Q

Now we have reduced the proof of the lemma to bounding I. We fix a positive constant D > 0

to be specified later, determined by €2, and uniformly bound the quantity
r— [ VK ((a — B)VX (a))|dB. (3.78)
Qn{la—p|>D}
Indeed, we have

r<c a-p2as<c | la-pldB<C, (3.79)
QN{|a—pB|>D} Ap ()

where Ap(«) is taken to be an annulus centered at o with inner radius D and with the same area
as Q.

Now note that if » > D, we have

| <1 <c, (3.80)

and so in that case we are done.
On the other hand, suppose that we have r < D. In that case we split the integral over Q\ B,

in the expression for I, getting

, (3.81)

= VK((a—-8)VX(a))d
. '</Qﬁ{a—ﬁ|2D}+[)m{D>|Q_B|>T}> (= B)VX(a))dp

IN

I+ VK ((a— B)VX(a))df], (3.82)

/QO{D>a—,6|>r}

so that it remains to bound the integral on the right in line (3.82). Let us denote d,, := dist(«, 9S2).
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Consider now the case that d, > r. First, suppose d, is so large that d, > D. In that case the

remaining integral is over the entire annulus, which is then contained in €2, namely

/ VK (0 — B)VX(a))dB. (3.83)
D>|a—B|>r
However, we have that for any annulus A(«) centered at «,

) VK((a—B)VX(a))ds = 0. (3.84)

To see this, consider the following calculation, for which we take R and R’ to be the inner and outer

radii, respectively, of A(«).

(3.85)
/ VE((a— VX (@)df = —(VX(a)! / V(K ((a - B)VX(a)))dB,
Aa) A
- (VX(a)! /a Vout(B)K ((a — B)VX ())do(B),

= (/ - ) (3.86)
ja—p|=R’ |a Bl=R

n* (o= B)K((a — B)VX(a))do(B),

= 07

where Vour = (V2,4 v2,,)" indicates the outward pointing normal for A(«), and n™ (a—3) = (ﬁ;@‘ .

One finds the expression on the right in (3.86) is zero by observing that the expression
|, e pK(a-pTX@NM) = [t @KETX@)oE) (387
a—Bl=p =p

is independent of p, as the expression in the integral on the right is homogenous of degree 0 in 5.
Thus the case d, > D is handled. Now we consider the case that d, < D. Then if d, > r we can

split the integral on the right in (3.82) into the following two:

VE((a— B)VX())dB = VE((a— B)VX(a))dB (3.88)

/Qﬂ{D>a—B>da}
+/ VK ((o— B)VX(a))dB.
{do>]a=p|>r}

/Qm{D>a—,B|>r}

The second integral is over an annulus centered at «, so it is zero, and we are left with just the
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first integral in the right hand side in the case that d, > r. Thus, we will have handled both cases,

de, > 7 and d,, < r, if we can bound the quantity

I= VK ((a — B)VX(a))dB, (3.89)

/m{D>|a—5>po}

where pg = max(dq, ). First, we choose & € 99 such that |a — &| = dq, and we define

§2
)
i

{a€ S :a-vim(@) >0}, (3.90)

=
£
i

{a+pi:pe€(py,D),ucSa)}

The goal will be to show that, by the choice of D we make, the regions of integration for the
integral in I and the corresponding integral over the semi-annulus U (a)) will mostly overlap, since
the boundary of  is somewhat smooth. This will be helpful since we will be able to show that the
corresponding integral over U(«) is zero.

In the proof of Lemma 3.3.4, a C? function ¢ : R? — R is produced with the properties that the
interior of the patch is given by Q = {8 : ¢(B) > 0}, and T,, = V+¢(a). Following the strategy of
[4], we use this to define D, taking

infaq [V

D=2 3.91
supg [V2¢| (391

Clearly the denominator is nonzero. Otherwise T, would be constant, and Q2 unbounded. We denote

Ayo.p :={D > |a— | > po} and check

~n
I

(Lo Lot L, ot swxens (392
QN4yyp  JUla)  JU(a)

</ _/ + / ) VK ((a—p)VX(a))dB.  (3.93)
(QNAp, p)\U () U(c)\(Q2NA,,. D) U(a)

We argue that
/( : VK((a—B)VX(a))ds = 0. (3.94)
U(a

Because K (z) is odd, VK(z) is even, and so (3.94) follows from the corresponding fact for the full
annulus. Using (3.94) in (3.93), it follows that

17 < / VE((a — B)VX(a))|dB. (3.95)
QN A,y p)AU(a)
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We define for p € (dq, D)

Ay(a) = {aeS':a+pieQ}, (3.96)

Ap(@)AS(e),

and note that we have (2N A, p)AU(a) = {a + pi : p € (po,D), 4 € R,(«)}. By using the

Geometric Lemma from [4], one finds that the following bound on the measure of R,(«) holds!:

IR, ()] <2 (3% + 22) , (3.97)

as long as p € (dy, D) and d, < D. Thus we get the bound

i < ¢ / o — B|=2dB, (3.98)
(N4, 0)AU(@)

)
D
= C / / dp~tdp,
PO RP(O‘)
D

= [ B@lpdp.

PO

D D
c’ ( dap_gdp—i—/ D_ldp> ,
Po pPo

C"((da/po = da/D) + (1 = po/D)).

IN

IN

Now using (3.79) and (3.81)-(3.82), our bound on I, and (3.88) (needed for the case d, > 7 only),
we have bounded I. Using (3.77), this bounds the integral in the left hand side of (3.70). O

Now, we provide the proof of Lemma 3.3.1.

Proof. (Proof of Lemma 3.3.1) Consider « varying in a small open neighborhood N C Q and a fixed

r > 0 such that B,(a) C Q for all « in that neighborhood. We write

Fy(a) = / K(X(a) - X(8))dB + / K(X(a) — X(8))dB. (3.99)
Q\ B (a) B..(

@)

We denote by D? the difference quotient operator with increment h approximating the derivative in

Hn [4] the proof is given for patches with C1¥ boundary for v € (0,1) and an analogous constant replacing D in
the definition of the set corresponding to R,(c). However, the Geometric Lemma also holds in the case v = 1, which
is what we use.
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the direction of a given unit vector 4. For a fixed 4 we have

Di(Fy)(a) = D! ( R OE X(ﬁ))d6> + Dl ( | oK) - X(ﬂ))dﬁ> . (3.100)

\B’V‘ (O’) T(a)

=1+ I}
To handle I z, we note

Ds (/ K(X(a)X(ﬂ))dﬁ> ~ @ VX(a) / VK(X(a) - X(8))d8  (3.101)
Q\ B (a) O\ B, (a)

n / i vin (B)K (X (@) — X (8))do(8),
|[B—al=r

where the second integral in the right hand side of (3.101) is easily seen to be bounded uniformly
in 7, since K(X(a) — X(8)) = O(Ja — B|7') = O(r~!) and the circumference of the ball is 27r.
Furthermore, the first integral on the right hand side of (3.101) is bounded independently of a, N,
and r by Lemma 3.3.2. Thus, the left hand side of (3.101) is bounded uniformly, and so we can
conclude that limy_,q IZ exists for any @ € N and is uniformly bounded. In addition, note that
by using the dominated convergence theorem in the right hand side of (3.101), we find that the
left hand side defines a continuous function of o in N. Now we handle I ,% We use the notation
DZ’O‘ to emphasize that we mean the difference quotient operator Dg specifically with respect to
the « variable, to avoid ambiguity (and later we use the corresponding notation for the 8 variable).

Observe

B, (a+hi) 1 ﬁ
where

lim [ K (X(a) — X(8)) Dy (Lp,(a)(8))dB = - Vour(B) K(X () = X(8))do (B)- (3.103)

We handle this in the same way that we handled the boundary integral in the right hand side of

(3.101), finding the result is bounded independently of r, «, and N, and is continuous with respect
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to o in N. For the integral on the left in (3.102), we have

[ DG -x@)as = [ (0 DK @) - X(3)d8.100)
By (a+ha) B, (a+ha)

- / DA (K (X () = X(8)))dB,
B, (a+hi)

Jp+ Jr.

Regarding J}, we note that (using D¢ to denote the directional derivative in the « variable, and

analogously using the notation DS)

/r(a)(DS + D) (K (X (a) - X(8)))dB = o) a- (VX(a) = VX(P)) VK (X(a) - X(8))dB
(3.105)
is uniformly bounded in r, since |[VX (o) — VX(8)| < Cla— B|* and |[VK (X (a) — X(8))| < C'|a —
B|~2. From this we can conclude that limj o J, ,% exists and is uniformly bounded. In addition, with

a change of variables we find the right hand side of (3.105) is
[ (VX(@) - VX (@~ B)VE(X(a) - X(a— 5)d5, (3.106)
B-(0)

which we see is continuous in « by using the dominated convergence theorem. Now we consider J?.

Note

S

/ Dy (K(X(a) = X(B)))dB = </ K(X(0) = X(B+hi))ds  (3.107)
B, (a+ha) B, (a+ha)

-/ oy KX (@) - X(B))cw),

(/Brw,m) K(X(a) = X(8))d8

-/ o KO - X(ﬁ))d6>,

S| =

and

.1 "
i ([ o) KC@) - X(9)d8 - it vou (K (X (a) ~ X (8))do (9),
h—0 B, (a+hi) B, () lo—B|=r

(3.108)
which as we saw before is uniformly bounded. Also, the existence of the limit (3.108) implies that
the limit as h tends to zero of the expression in (3.107) exists and is the same. Note, too, that the

right hand side of (3.108) is a continuous function of . With that, we get that limj_, J7? exists and
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is uniformly bounded, and we can conclude that limy_,o 2 in addition to limy_.q ,bl both exists and
is uniformly bounded, giving us the existence of a limit Dy (Fx)(«) in any unit direction, @, which we
find is a continuous function of a. Since we get the existence and continuity of the partial derivatives
0;(Fx(«)) for each ¢ = 1,2 in the neighborhood N, we have that Fx is differentiable there. From
the above discussion we also see that this gives a bound on |VFx(«)| that is independent of the

chosen r, a, and N. O]

3.3.2 Tangential vector fields and Holder bounds

Now that we have justified that one can make sense of the gradient of F'x and we have some related
bounds, we can turn our attention to finding a convenient way to express derivatives along certain
vector fields. With the following lemma, we get a formula for differentiating along a vector field
tangent to the boundary of 2 and along a vector field normal to that one. The remainder of the key

steps for proving Proposition 3.3.6 are framed in terms of the resulting expressions.

Lemma 3.3.3. Let T = (T, T?) : Q — R? be a continuously differentiable, divergence-free vector

field tangent to 0Q2. Then for X € Bs we have (i)

T(Fx)(o) = /Q(TQVX(Q) —TsVX(8)VK(X(a) — X(B8))dB for all v € Q. (3.109)

Here, we have denoted the value of the vector field at the point a by T, = (T (), T?(c)), and
when the matriv-valued function VX (-) appears to the right of T(.y, we mean that it acts on T(.) via
multiplication.

(ii) Taking N = (N',N2) : Q — R2? to be the orthogonal vector field given by N, = T, we have

«

N(Fx)(a) = (T(Fx)(a)Px(a) — det O(a)er) (Qx (a)) !, (3.110)
Ty
for all a € Q such that T, # 0, where e; = (1,0), O(a) := , and
Nq
Py = N(X1) —N(X3) 7 Ox — T(Xy) —-T(X2) ' (3.111)
N(X2) N(X1) T(Xz) T(X1)

Proof. One verifies the statement of (i) with a computation using the fact that T is divergence free

and tangent to 09 in particular. Now we show that (ii) holds. At first, let us prove the formula
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(3.110) holds for X € By for small §’ with X taking values in R?, rather than C2. We then define

Gx(z):= / K(x— X(p))dg. (3.112)
Q
Then we claim that
(divGx)(X(a)) = 0, (3.113)
(cwrlGx)(X(a)) = det(VX(a))™t, foracQ. (3.114)
This follows if we observe that
Gxla) = [ Kla = )| det(VX (X (0)) (3.115)
X(Q)

so divGx = 0 and
(curlGx)(X(a)) = /X(Q) (X (o) —y)| det (VX(X_l(y)))71 |dy = det (VX(oz))_1 , (3.116)

noting that we can ensure the determinant is positive for real X € By if §’ is small enough. From

(3.113) and (3.114) we find

0 -1
(02,Gx)(X () = (95, G)(X () o — det(VX(a)) ey (3.117)
Meanwhile,
T(Fx)(a
©O@vx@)™ | TN~ weoxa. (3.118)
N(Fx)(a)

This gives us two ways of calculating 9,,Gx (X («)). For the first, we simply look at the second
row in the above expression. For the second, we compute the first row, 9,, Gx (X («)), and then use

(3.117) to get another expression for 9,,G x (X («)) in terms of this. Equating these gives us

e2(O() VX ()~ T(Fx)(e) (3.119)
N(Fx)(a)
B | TFx) (@) 0 - .
=e; | (O(a)VX(a)) —det(VX ()™ 1
N(Fx)(«) 1 0



After a little computation and rearrangement this gives
N(Fx)(@)Qx(a) = T(Fx)(a)Px(a) — det O(a)es, (3.120)

and then multiplying on the right by (Qx(«))~! gives the desired formula. Thus, (3.110) holds for
X € By taking values in R%2. To get the same result for § sufficiently small and any X € Bs, not
necessarily real, we fix such an X and define the map X, := Re(X) + AMIm(X) for X in a disc in C of
radius 2 about 0. Then observe that X € Bjs implies X satisfies || Xy — Id|ly < C¢. Thus, as long
as § < %, X € Bes implies that the formula holds for X for all A in the interval [—1,1]. Now we
claim that if we insert X in the right hand side of (3.110), the result is an analytic function of A in
{|A] < 2}, given X € By for small enough 6. To verify this, we first fix an arbitrary in « € 2. Now
we consider the spatial difference quotients approximating T'(Fx, )(«). For sufficiently small h # 0

and a differentiable function g : Q@ — R2, we define

T'(g)(a) = 1(gle+ hT2) ~ g(e). (3121)

Note that as long as ¢ is small enough, X, € Bgs satisfies the hypothesis of Lemma 3.3.1. We
find that as h varies in some small interval, say h # 0 with |h| < hpez(@) for some hpen > 0,
the T"(Fx,)(a) are all analytic functions of A\, and moreover they are convergent and uniformly
bounded as h tends to zero, by Lemma 3.3.1. This implies that T'(Fx, )(«) is analytic in {|A\| < 2}.
In fact, if we consider (3.110) with X in place of X, which we shall refer to as equation (3.110)y,
we find that all the terms in the right hand side are analytic in A as long as T, # 0. Similarly, the
spatial difference quotients approximating N(Fx,)(«) are all analytic functions of A in {|A| < 2},
also uniformly bounded, so that N(Fx,)(c) is also analytic in A. Recall that we already have the
equality (3.110)5 for A in [—1,1], and so we must have that (3.110) holds for all || < 2. In

particular it holds for A = 4, which proves the formula for X = Re(X) + Im(X). O

Note that we can try to recover VFx from the expressions for T'(Fx ) and N(Fx) via the relation

OV Fy(a) = | TE@ | (3.122)
N(Fx)(a)

Of course, this does not work if O(«) is not invertible, which happens exactly at points where T,

is zero. The next lemma provides a pair of vector fields 7' and T’ which are not zero at the same
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points, so that when it is used in combination with Lemma 3.3.3 we get a complete description of

the gradient of Fx(«) at every point o € Q.

Lemma 3.3.4. There exists a pair of C', divergence-free vector fields T, T’ : Q — R? tangent to

00 and such that each of T and T' has a unique zero belonging to the interior, p and p' respectively,

with p # p'.

Proof. Since ) is convex and 9Q is C?, it is not hard to construct a C? bijection with C? inverse,
say 1 : R? — R2, mapping 9Q to S', and Q to the interior. Then we may take a function with
the desired properties on the unit ball and pull it back by 1 to get a new function ¢, which is then
C?, zero on 052, and has zero gradient at exactly one point inside . Similarly, one can construct
another function ¢’ which satisfies the same properties, but has zero gradient at a different point in

Q). Taking T = V+p and T’ = V+¢' then gives vector fields with the desired properties. O

The main remaining task is to prove the Holder seminorm bound for T'(Fx) and T'(Fx ). Once we
have this, in combination with using (3.122) to express the gradient VFx in terms of the derivatives

along T and T”, it will not be hard to prove the Holder continuity of VFy.
Lemma 3.3.5. Let T and T' be the vector fields asserted by Lemma 3.3.4. There exists a constant

C depending only on Q, T, and T’ such that for all X € Bs

IT(Fx)(e) — T(Fx)(7)| < Cla—~*  for a,y € Q. (3.123)

The same bound holds with T" in place of T'.

Proof. Here we prove the bound for the vector field T, though T is straightforwardly replaced by T”
for the other bound.

Fix «, v € Q. First we split 2 into the regions

Qnear = QNA{B: |a— B| < 10ja — 4|}, Qsar :=QN{B: |a— B > 10la — 7|} (3.124)

Thus, using Lemma 3.3.3, we can write

T(Fx)(a) =T(Fx)(7) = /Q o (ToVX(a) = TgVX(B))VE(X () — X(8))df (3.125)

- /Q o (T,VX(y) = TsVX(B)VK(X () — X(8))dB,
= Ine‘”’(a) - Inear(’)/) + Ifm«(oz) — Ifar('y),
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where

Inear () = /Q (T.VX(Q) ~ ToVX(B) VK (X(C) ~ X(8)d5  for ¢ € O, (3.126)

near

and Iy, is defined analogously. First we will show that [Ineqr ()| and [Ineqr ()| are both O(Ja—~|*).

Observe that

[near ()| < /szn B [ Ta VX () = TgVX(B)|[VE (X () — X(8))]dB, (3.127)
= ¢ /aﬁ|<10|avl o Pl
< C"a—~l"
Similarly,
Unear (V)] < /Qn T, VX (y) = TaVX(B)[VE(X () — X(8))|dp, (3.128)

IN

c’ / Iy — BlF2dg,
|a—pB]<10|a—7|

c’ / Iy — Bl*dp,
|[y—B]<10|a—~]|

C" | — ~|*.

IN

IN

Now that these quantities have been bounded, we are left with handling

(3.129)
@) = Ipar) = [ (T.VX(0) = T, VX (2) VK (X(0) = X(8)d5
[ @vXE) - 19X()
< (VK (X(a) = X(8)) = VE(X() - X(8))d5,
= I}ar _F [iZT'
Note that
ol < TLVX(@-TYX0 | [ VE(X(0) - X(3)d8], (3.130)

IN

Clor —~[* VE(X(a) = X(8))dB

Qtar

)
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where Qo = QN {|a — 8] > 10| — 7|}, so an application of Lemma 3.3.2 gives the uniform bound
\I}ar| < Cla—~|" for all a,y € Q. (3.131)
Now we proceed with the bound for I ”m We have
L= [ (2,9X0) - TVXG)VE(X (@) - X(8) - VK(X() - X(9)d5.  (3.132)
far
We rewrite

VE(X(a) - X(8)) = VE(X(v) — X(8)) (3.133)

= Z(Xi(a) - Xi(v))/ (OiVE)(TX(a) + (1 = 7)X(y) — X(B))dr.

0

Now we claim that for small enough ¢ there is a universal constant ¢ > 0 such that for any 7 € [0, 1],

and «a, 3,7 € Q,

2

Z(TXi(a) +(1-7)Xi(7) - Xi(8))?

i=1

>cly—BP i |a—pl>10ja—7l. (3.134)

Regarding the verification of this, note that we have

1Xi(§) = Xi(n)| < (1 +6)[€ =] (3.135)
2
and | (Xi(§) = X;(n)?| = (1= ed)|¢ —nf*  for any &, € Q,
=1
and that
:g:ﬂ < é if |- B> 10ja — ). (3.136)

One uses (3.135) and (3.136), and performs the same computation used to establish the bound

(3.53), via (3.54)-(3.58) to get (3.134).
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Using (3.134) along with (3.133) in (3.132) yields

i < / IT,9X(7) - ToVX(B)[VK (X (a) — X(8)) — VK (X (7) — X(8))|dA
far
< o [ b - B @) - X8, (3.137)
Qfar
< -l [ y-pras,
Qfar
< C"la—n] Iy — B,
|a—B|>10]a—7|
< C"la—n] Iy — B,
|[y=B|>]a—v|
= " -,

Using our bound on If,, along with (3.131), (3.129), (3.128), and (3.127), in (3.125), we conclude
with (3.123). 0

3.3.3 Proofs of the main bound and of the analyticity of trajectories

Having established the lemmas of the previous sections, we are ready to give the proof of the main

proposition.

Proposition 3.3.6. Fir € (0,1). Assume Q is bounded, convez, and has C? boundary, and let F
be as in Definition 3.1.1, with

1 ifaeq,
w(a) = (3.138)

0 otherwise.

Then there exists a 6 > 0 such that

sup [|[F'(X)[c1.u(a) < C, (3.139)
XeBs

where C' depends only on ).

Proof. Let X € B;s. To bound |[Fx ||z (), we simply observe that (3.67) gives a uniform bound.
For the C''() norm, we use the uniform bound on |V Fx ()| following from Lemma 3.3.1. Thus it

only remains to give the [VFx], estimate. First we establish the pair of estimates

[T(Fx)(a) = T(Fx)()] Cla -, (3.140)

[N (Fx)(a) = N(Fx)(7)]

IN

Cla —~*, (3.141)

IN
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for o,y € Q\ NV, where A is a neighborhood of p, for T' and p as in Lemma 3.3.4, and N = T+.

Lemma 3.3.5 establishes the Holder bound for T'(Fx) with (4.89). Recall the formula for N(Fx)
given by Lemma 3.3.3. From that, along with the observation that since T is C! and VX is Holder
continuous, we get the desired Holder continuity of O, Px, and Q}l away from p, we find that
(3.140) also implies the estimate (3.141) for o,y € Q\ N.

Now note O(«) is invertible at any « € Q \ {p}, and

VFEx(a) = (0O(a))™? : (3.142)

With (3.142), and the Hélder continuity of O~! away from p, we then find that this implies

VFx(a) - VFx ()] < la— A" (3.143)

for all @,y € Q\ N. Applying Lemma 3.3.5 and Lemma 3.3.3 with 7" and N’ gives us the same
estimate for all o,y € Q\ N, for a neighborhood N’ of p’. Then, since we are free to choose the

neighborhoods N and N to be disjoint, we have the Holder estimate (3.143) in all of . We conclude

[Fx|[crm@) < C. (3.144)

O

Corollary 3.3.7. Take Y = CY*(Q) and suppose w = 1 on ), where Q satisfies the hypotheses of
Proposition 3.3.6. Then for § as in Proposition 3.3.6 and X, € Bs,, F(X,) is an analytic function

in z on d, as a map into CH(Q).
Proof. This follows from Lemmas 3.1.4 and 2.2.4 and Proposition 3.3.6. O

Now applying Proposition 3.3.6 in the case Y = CLH(Q2), we get the Lagrangian analyticity

result for vortex patches as a corollary.

Corollary 3.3.8. Let Y = C*(Q) for Q and w as in Proposition 3.3.6. Then there exists an e > 0,
an r > 0, and a unique function X (o, t) in B, solving (3.7), and the solution is then analytic in

the time variable on the disc d,.

Remark 3.3.9. Corollary 3.3.8 implies directly that the points inside the patch Q(t) = X(Q,t)

have analytic trajectories. One can extend this to the analyticity of the particle trajectories at the
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boundary. To see this, consider an o € 0N). Taking a sequence of ay tending to «, the analytic

functions X (ag, t) are uniformly bounded and converge to X (o, t), which then must also be analytic.

44



Chapter 4

Lagrangian analyticity for the

Euler-Poisson system

The pressureless Euler-Poisson equation gives a model for the dynamics of a fluid in which the fluid
particles experience long-range interaction. In particular, it models stellar dynamics, in which case
the force between particles is attractive, or the dynamics of a charged fluid, in which case it is

repulsive. Specifically, we consider the three dimensional case. The system is given by

Op+u-Vp = —pdivu, (4.1)
outu-Vu = qVATIp, (4.2)
(p,u) = (po,uo) at t =0.

where ¢ = +1, with unknowns density p : R? x R — R and velocity v : R3 x R — R?, and with
initial data pg € C¢ and ug € H?® for s > 6. In the case ¢ = 1, the force is repulsive, and in the case
q = —1, it is attractive. Here we explicitly handle the case of a repulsive force, i.e. ¢ = 1, but the
results carry over to the ¢ = —1 case with essentially no changes to the proofs.

In this section, using a strategy based on that in Section 2, with minor modifications, we will
demonstrate that we also have analyticity of the Lagrangian trajectories in ¢ for this fluid mechanics
model, for initial data of the regularity prescribed above.

We remark that in the study [11], a Lagrangian analyticity-type property is verified for a different
Euler-Poisson system, modeling the dynamics of a self-gravitating fluid in a cosmological setting.

There the authors use recursive relations for Taylor coefficients to prove the trajectories are analytic
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as functions of a sort of time parameter, as long as the initial data for the system is slightly better

than differentiable. For several reasons the results in that study do not directly apply to the La-

grangian analyticity problem treated here in this section. The systems studied here and there are

fundamentally different. In particular, in that study, analyticity is proven not with respect to the

typical time variable ¢, but instead with respect to a parameter 7 proportional to t2/3, and their

results do not imply analyticity of the corresponding trajectories in t.

4.1 Lagrangian formulation

Consider a solution (p, u) to the Euler-Poisson equations. For each o € R? the Lagrangian trajectory

X (a,t) is then defined as the solution of the ODE

E(a’ t) = ’u,(X(Oé, t)a t)7

X(,0)

[

One can show that a consequence of (4.1) together with (4.3) is that

p(X(a,t),1)) = (det VX (or,1)) " po(cv).

For the kernel

from (4.2), we find
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with initial data X|i—g = Id, V|;=0 = ug. In the next section, we will define the corresponding

operator F' on the appropriate Banach space so that the above system can be written as

dX
E(a,t) = V(a,t), (4.8)
dVv
E(O‘at) = F(X)(a’t)’
(Xa V)|t:0 = (Id7 u0)7

given initial data py € CZ and ug € H® for s > 6 for (4.1)-(4.2).

Before continuing, we make some comparison and contrast with the situation for the incompress-
ible Euler equations. The first is that this model is intended to handle compressible fluids, as the
density p is free to be a nonconstant function. Thus the volume of a fixed set of fluid particles is not
necessarily preserved under the flow map X («, t), and we do not have the identity det VX (o, t) = 1.

On the other hand, from (4.4), we do have that the quantity

p(X(a,t),1))(det VX (a, 1)) = po(a) (4.9)

is independent of time. This is what allowed us to write the right hand side of (4.6) without explicit
dependence on p(z,t) at later times ¢ > 0. For the incompressible Euler equations we were also
able to write the analogous right hand side without explicit dependence of on any unknowns at later

times besides the trajectory map.

4.2 Definitions of operators

4.2.1 Defining the operator F(X)

In the following we have a fixed p € C#(R?), with some fixed s > 6, where p plays the role of the
initial density for the system (4.1).

Now we define the F' for the case of the 3D Euler-Poisson system. We consider the vector-valued
functions on R3 which take values in C3, in particular such maps sufficiently close to the identify

map Id in the Sobolev norm H*(R?), s > 6.

Bs = {C*-valued X defined on R? : || X — Id|| g+ (rs) < 6}. (4.10)
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We have the kernel

_ 1 (21,22,23)
A (23 + 23 + 22)3/2°

K(2) 21+ 25 4 25 #0, (4.11)
which extends analytically; for z € C? we choose to take the branch cut for the square root along

the negative reals. Now we record the fact

X(a) = X(8) = (a— B)/O VX(ra+ (1 7)B)dr = (a — B)(I + O(5)). (4.12)

We use the convention that vectors indicating a spatial position, like X, are row vectors, a spatial
gradient is a column vector, and, compatible with these conventions, (VX);; = 0X,/0«;.
We verify with the following computation that it is compatible with the chosen branch cut to

plug z = X (a) — X () into K for any X € Bs, and «, 8 € R3.

3 3 1
Y (Xi(e) = Xi(8)* = Y la—p) /0 VX (ra+ (1 -7)B)dr];, (4.13)
i=1 i=1
3
= Z[(a—ﬁ)(1+0(5))]? = lo = BI*(1 + O(9)).

Taking the real part of both sides of the equation gives

3
Re <Z(X¢(a) - Xi(ﬁ))2> = |a = BI’Re(1 + 0(3)) > |a - B*/2, (4.14)

i=1

for small enough §.
One verifies from (4.13) that the singularity along the diagonal in K (X (a) — X(5)) is no worse

than that of |a — 8|72, i.e.

[K(X(a) = X(8))| < Cla— B2 (4.15)

for some constant C', which is an integrable singularity in three dimensions. We comment that
we will encounter singularities that are not integrable in the later content of this section, which
will require a careful analysis involving singular integral estimates, but for the moment, this is not

necessary.

Definition 4.2.1. Fiz a scalar, real-valued function p € H*(R3) N C.(R3). For X € Bs we define
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F(X)(a) for each o € R3 by

F(X)(a) = / K(X(a) — X(8))p(8)dp. (4.16)

In this definition, p plays the role of the initial density. Note that in the integral defining F'(X)(«),
we get something no more singular than |a — 3|72, and so F((X) gives us a finite C3-valued function

on R3.

4.2.2 Relevant integral kernel operators

Taking spatial derivatives of F'(X)(«) naturally leads us to some singular integral operators of the

form

(Teef)(a) = po. / F(B)K (o, B)dB, (4.17)

for a scalar f : R® — C in C*(R3), and kernel K : (R? x R?\ {a = 3}) — C, where |K(a, 8)| <
Cla—B|73. The Tx f will then be defined pointwise, given basic assumptions are satisfied for a given
K(a, 8). We extend this definition naturally for vector valued kernels or matrix valued kernels. For
example, we will have kernels of the form K : (R* x R?\ {a = 8}) — (C?)?, with corresponding T
applied to a vector valued C! function f : R? — C3, yielding T f € R? — C3. In particular, we will

deal with the operator Tz, where

K(o, ) = =Vp(K(X (o) = X(P))) = VX(B)VEK(X(a) — X(5))- (4.18)

We will also handle related operators from L?(R3) to L?(R®). It will assist us to have the
following facts and definition recorded, which give bounds for these kinds of integral kernels and
integral kernel operators. The proofs of the boundedness of these operators are delegated to section

on integral kernel operator bounds at the end of the section.

Lemma 4.2.2. For M € (C3)? with |M| < &', where &' is a small constant, the function K(z) :

C3\ 0 — C3 defined by (4.11), satisfies

(OIK)(B(I+ M) < Ay |B7* "1 for all B € R® and || > 0. (4.19)

Proof. The proof of this is is a straightforward calculation. O
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Definition 4.2.3. (i) For each k = 1,2,3, define
K*a,8) = iaka)(aiK)(X(a) — X(B))- (4.20)
(ii) We define for f € L> N C!
(Txaf)(@) =po. [ K@AFB)  forac R (4.21)
(iii) We define for f € L? and € > 0
Th@ = [ KHad)f(e)ds. (122)

la—B|>e

It is proved in Lemma 4.5.4 that T , f converges in L? as € tends to zero. We define
T, f = lim T . f  in L2 (4.23)
) o ;

Remark 4.2.4. [t is proved in the subsection on integral kernel operator bounds that the p.v. limit
defining T'x ;. converges uniformly in «, and that T . and T%)k as defined are bounded operators

from L? to L?, with Lemmas 4.5.83 and 4.5.4. Also given by these lemmas are the bounds

IT% 5 fllz= < CIfllzz + I fler)  for all f € L*NCY, (4.24)
and
ITx e fllze < CIfllc2 + I flcr)  forall f € L*NCY, (4.25)
and the L? bounds
IT% xfllzz < Clifllze forall f € L2, (4.26)
fore>0, and
IT% 1 fllrz < Cllfllrz  for all f € L2. (4.27)
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4.3 Differentiation formulae

Fix k = 1,2 or 3. Observe that we may regard the quantity

K(a, 8) i= 95, (K(X(a) ~ X(a — 8)) (4.28)

as a kernel, with

K(a,B) < C|B] . (4.29)

Objects like this occur in integrals like in (4.21) and their derivatives, which is apparent if one first
makes a change of variable in the integral replacing 8 with (o — ), then differentiates with respect
to some o component, and manipulates the resulting expression. We elaborate on this technique
further in what follows; it provides a useful technique for calculating high order derivatives of the
Biot-Savart type integrals composed with trajectory maps, such as (4.21), in particular, and we
remark that it can be adapted to the similar Biot-Savart type trajectory map operators studied in
Section 3 on the incompressible Euler equations. The goal of this part of the section is to give a
formula for taking any number of derivatives of F'(X), as in Definition 4.2.1, resulting in a compact
expression well-suited for making L? estimates. Using this, together with the singular integral
operator estimates given at the end of the section we readily bound the Sobolev norms of F(X) as
a corollary, which then gives us the local boundedness estimate for the operator F'. The proof of
analyticity of trajectories is easily shown once that is verified.

One can take derivatives of integral convolution type expressions with kernel K(a, §) as written in
(4.28), potentially repeatedly, in a way that yields a sum of expressions of a similar form, with nearly
the same kernel as that in (4.28), but perhaps with different indices. We give a rigorous derivation
of the relevant differentiation formula with Proposition 4.3.1. In the following discussion leading up
to the statement of the proposition, we sketch out the main idea of the way the manipulations work,
to motivate Proposition 4.3.1 and lemmas leading up to the differentiation formula.

We begin by considering functions f € C?, g € H'. As our candidate expression to be differenti-
ated, let us take the following, without being too careful about the precise meaning of the principal

value integral in this instance.

T(a) = p.v. /(g(a) —gla=B))f(a = B)0s, (K(X(a) — X(a = B)))dB. (4.30)
Then if we differentiate with respect to «y, for some [ = 1,2, or 3, and, without justification at the
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moment, move the differentiation under the integral sign, we find

OT(e) = pv. / Oy [(9(a) — gla = B)) f (e = B)] O, (K (X () = X (= p)))dB  (4.31)
+p.v. /(g(a) —gla—=B))f(a = )9, (O [K(X(a) = X(a = B))]) dB-

Now we integrate by parts in the second integral on the right. This in fact yields no boundary term;

we justify this for these types of calculations in the rigorous derivations coming later in the section.

aT(a) = pov. / B [(9(0) — glar — B)) (o — )] D5, (K(X(a) — X(a— B)))dB  (4.32)
pv. / 95, (9(0) — gla — B)) (e — B)] B K (X () — X (0 — B))]dB.

Now, we use the next identity, following just from the chain rule

Vao(K(X(a) = X(a=p))) = (VX(a)=VX(a—-p)VK(X(a) - X(a—f)),

(VX(a) = VX(a - B))(VX(a— )" Vs(K(X(a) - X(a - 5))).
Using this we obtain

OT() = pv. / Oy [(9(e) — gl = B)) f(a = B)] O, (K (X (o) — X(a = B))) dP3 (4.33)

3
=3 v [ 9 l(9() - sta— B) e~ B)

ij=1

(0 Xi(a) = 0 Xi(a = B))(VX (o = 8));;' 95, (K (X (a) — X (o = B))dp.

Thus we have an expression for the derivative in terms of integrals with kernels just of the form
(4.28). Given higher differentiability in f and g, one can repeat the process over and over to calculate
higher order derivatives of T'(«), in terms of the corresponding derivatives of f, g, and X, integrated
against the one type of integral kernel. The main gain of using this strategy is just that we essentially
only need to verify L? estimates for the one kernel that appears.

This outlines the idea behind the proposition that follows. The proposition is used to verify that
computations that arise for us in our estimates of ||F(X)|| g+ can basically be handled in the same

way, with the resulting principal value integrals converging in the L? sense.
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Proposition 4.3.1. Fiz X € By and k = 1,2, or 3. We define the spaces

Z=C'xC'x H!, Z,=C'x H'xC?, Z;=H!'x(C?x(C? (430
Z = L® x L x L2, Zy=L®xL2xC', Z,=L?xC"xC,

where by C* we mean the set of k-times continuously differentiable functions on R3 with bounded

partial derivatives up to order k, and we define for i = 1,2, and 3,

[Pllzee - llgllzee - M fllze if i =1,

109 Dllz; = bl - lgllee - Iflen ifi=2,  Jor (hg.f) € 2. (4.35)

[Pl - llgller - I fller if i =3,
Fiz a triple (h,g, f) € 21, 25, or 2% for which supp(f) is bounded, and with h,g, and f functions
defined almost everywhere on R3. We denote

0(c, B) == X () — X(a — B). (4.36)

For any € > 0 we write BE to indicate the complement in R? of the ball B.(0) about the origin. (i)

For e > 0 we have the a.e. pointwise-defined function

(T ulb 9. 1)@ 1= bia) [ (@) ~ gla = M)Fla — MO (KO BB, (437)

c
e

and we have

ling)(T)e( wlhy g, f])  converges in L. (4.38)
€— ’

Defining the limit

(T)O(,k[hv 9, f]) = lg%(T;(,k[hv g, f]) in L27 (439)

we have that (h, g, f) € Z;, fori=1,2, or 3, implies

IT% ks g, flllL2 < C(supp(£))II(h, g, f)] 2, (4.40)

where the factor in front depends only on the support of f.
(i1) If in addition the triple (h,g, f) is in Z; for i = 1,2, or 3, we have that (T%k[h,g,ﬂ) is in
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H', and we have the formula for 1 =1,2, and 3,

(4.41)
(Talhgo (@) = T ([ 00 (e 0(@) st~ 80~ 525, (00, )3
3
“h(0) Y [ 0 ((ae) — gl = ) (@ = 5))OXi(@) = OX;(a = B)

< (VX (o — B));;' B, (K (Ba 6)))dﬂ) in 2.

Proof. Fix a triple (h,g, f) € 21, 25, or 2%, with each of f, g, and h defined almost everywhere,
and with supp(f) bounded. Fix an [ = 1,2, or 3. The first thing we note is that for each ¢ > 0, for
each « for which both h(«) and g(«) are defined (guaranteed to hold for almost all «), the integrand
in the definition of (T [k, g, f])() is clearly integrable over the region of integration. Thus this
gives a pointwise defined function almost everywhere.

For (4.38), notice that for each € > 0, a change of variables gives

(Tx klh: g, (@) = Rh(a)g(e) (o = )8, (K(0(cx, 9)))dp3 (4.42)

e

“h(a) [ gla~ B)fe~ )0, (K (6(a. 5))d5,

e

= ha)g(a) / F(B) K (o, B)dB — h(a) / 9(8)£(B) K (o, B)dB,
(Be())© (Be(a))e

= h(@)g(a)(Tx 1. f)(@) = M) (Tx 1 (9.)) ().

Suppose (h, g, f) € Z|. Then we find f € L? and gf € L?, so T% f and T ;. (gf) both converge in
L? as € tends to zero, in view of Definition 4.2.3 and Remark 4.2.4. At the same time h and g are
in L, so the entire right hand side of the last equality of (4.42) converges in L? as € tends to zero.

One easily verifies then

IT% kR g, flllz2 < Cll(h. g, |z (4.43)

Suppose (h, g, f) € Z4. Then f € C! and hg € L?. So by Definition 4.2.3 and Remark 4.2.4,
Tikf converges in L* and thus (hg - (T)f(kf)) converges in L? norm as € tends to zero. Also, we

have h € L™ and gf € L?, so (h- (T x(g9f)) also converges in L? in the limit, and again we find the
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entire right hand side converges in L2. In this case we find

7% k[h. g, flllz2

IN

1Pl llgllpz ([ fller + £l =) + 1l < lgllz2 1 £ 2o (4.44)

C(supp(/))II(hs g, f)llzy-

IN

Now suppose (h,g, f) € Z;. Then we have hg € L? and f € C!, and we have h € L? and
gf € CL, so that we find the right hand side converges in L? as e tends to zero similarly. Finally,

we have

T klhog, [l < ABllzellglizs (1 fllor + 1£1z2) + [Pl (llglicr [ fller + lgllzell£llz2),

< Clsupp(N)II(Rs g, fll 2 (4.45)

This completes the proof of part (i). Now we begin with part (ii).
Suppose the triple (h, g, f) is in one of Z1, 25, or Z3. First we consider the 9; derivative for a
fixed € > 0 of (T ,[h, g, f]). We claim that for any test function ¢ € C2° the following holds, where

(-,+) indicates the L? inner product.

=0, (Tx klh, 9, 1) = (4.46)

[t [ o (e)a(e) — gt = 5) (e — )05, (K 0l §)dpda

- Z_ [ (st | 9 ((9(@) — gl = S = 9)

(9 Xi(a) — 0 Xi(a — B))(VX(a — B));;' 95, (K (0(ar, B)))dﬂ> da

+<<p7 Zoundary>7

where Bioundwy is a boundary term resulting from an integration by parts in an integral over 8 that
arises in the calculation. Compare this with (4.41). We need to verify that (4.46) holds, where the
right hand side forms an L? pairing of ¢ with a function in L?. We also need to verify that this
function that is paired with ¢ converges to an element in L? as € tends to zero, and that Bgoundmy

tends to zero in L2. If we can show these things, it follows that

—(01. (TX g1, g, 1)) = = lim (Drp, (T x[h. g, 1)) = (o, RHS of (4.41)). (4.47)

Since ¢ was an arbitrary test function, this implies that the right hand side of (4.41) is the weak
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derivative of T% ,[h, g, f], and that this derivative is in L?. This allows us to conclude the proof of
part (ii).
Now we give the calculation for (4.46). For e > 0, in the following we use x. to indicate the

identifier function 1ge for the set BE = R*\ (B.(0)).

_<3l807 T;(,k[h7 9, f

1)
=- 3z¢(a)h(a)/ g9(a) — gl = B)) f(a = B)0p, (K (6(c, §)))dpBda,

(
Be

(4.48)

—~ [ [ aet@inta)ig(a) - gla - B)fla - (91 (K (60, 5))dFda
—— [ [ aet@in(@)ig(e) - gla - H)fla - (31, (K (60, 5))dads,
= [ [ #ta10u (@)(ate) - ate - 850 = Dxe(9)95, (K(6(a 5)) ) dads,
= [ [ eteran (maate) - sta -~ )5~ ) xc (5105, (5 0(a. 5))dads
+ [ [ et@@iaate) - sla~ 8) (@~ 5)x(5)05, (00, (K(6(a, §)))dads.

= A° + B-. (4.49)

Regarding the third line in (4.48), since the triple (h,g, f) is in 21, Z5, or Z3, and [ is compactly
supported, changing the order of integration is justified.

For A€, we have

(4.50)

1= et [ (@0 ot )50 5) + ho)agta) - o B) e~ )
+h(@)a(0) ~ sl = B)af @ = ) ). (K (8(a. 5) s
= [ eta) (@@t + h@drg(@) [ sl 5s, (K 0, )5
Bg

~oih(a) [ gta = B)fla = 5)05, (K (00 5)as

~h(a) [ (@ugte= B)fla = 5) + sl = B)1S (0 = 7)), (K (O(cr. )5
(@) [ o= 5)95, (K(0(a,5))a5 ) da,

Be

- / (@) (A5 () + A5(a) + A5(a) + A5(a)) da.
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After making the change of variables replacing 8 with (o — ) one then finds

Al = (Oh-g+h-09) Tx,f (4.51)
Ay = =0h-Tx (g9 f),

A5 = —h-Tx,(Og-f+g-af),

Ay = h-g-Tx,(0f).

One uses Remark 4.2.4 to verify that since (h,g, f) € Z; for i = 1,2, or 3, with supp(f) bounded,
each of the A5, j =1,...,4, is in L*.
For B¢ in (4.49), we have

o= [ [ etn@io@ g (452)
<0y, ((0X(@) - 01X (0~ /) (V) 00, ) ) a5,

-/ / (@, ((ata) ~ ot - B)1(a—5))

X (01X (o) — 01X (a = B))(VEK)(0(a, B))dBda

[ [ cemeste g0 -5
(DX () = X (o = B) (VI (B(ex, B))v5,(B)dor(B)dar,
= Bzent + Blemundary‘
In the above expression, we denote by v, the outward pointing normal. We note that the integration
by parts above works since we can guarantee that (g(a) — g(o — 8))f(a — f) is at least in Hj or

in C’1 Now we consider Bj,,.

Using the chain rule and the fact that Vgb(«, 8) = VX(a — f) is

invertible for any «, 8, we can write this as

B = - / @95 ((0(e) = sta = D)~ 9) ) @K (0) ~ X (@ = 5) (453

<(Vsb(a, 8)) "'V (K (0(cx, B)))dBda
3
> [etamta) [ s (<g<a> ~gla— A)fla - ﬁ)) (OXi(a) — DXs(a - B))

X (VX (o — B));;' 0, (K (8(a, B)))dBdar.
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Now we compute for i = 1,2, and 3,

95, [(9(a) = g(a = B)) f(a = B)[(0Xi(e) — O Xi(a = B)) (4.54)
= [Okg(a = B)fa = B) — g(@)drf(a — B) + gla — B)dx f(a — B)](0Xi(a) — O Xi(a — B)),

and then distributing multiplication gives

(4.55)
RHS of (4.54) = 0 Xi(a)Okg(a— B)fla—B) — Okgla—B)f(a—B)oXi(a—p)
—9(a)0 Xi()0k fla = B) + g(a)0kf(a—B)oXi(a— B)
+oXi(a)g(a = B)okfla—pB) — gla—B)okfla—B)aXi(a—pB).
We arrange this as
(4.56)
RHS of (4.55) = 8, X(e)[0kg(a —B)f(a—B) + gla— )0k f(a — )]
—[Okg(a = B) f(a = B) + gla — B)Okf(a — 8)] 81 Xi(a — B)
+9(a)0k f(a — B) Xi(a — B)
—9()9,X;(a) O f(a — B).
Using (4.54)-(4.56) in (4.53), we get
3
Bo=- 3 [ ol |neaxia (.57

ij=1

< [ (@uata = B)fta = 8)+ gla = B)0w S~ VX (@ = 5));105, (K (Ola 5))ds

~h(a) [ (@ugla = B)f(a = 8)+ gle:= B)Dkf (o = BAXi(a = 5)
C X(VX(a—8))5' 05, (K(6(a, 8)))dB
+h(a)g(a) /B Orfla—BOXila — B)(VX (a — )5 B, (K (0(a, 8))d

—h(a)g(@)Xi(a) [ Onfla—B)VX(a—B)); 0, (K(0(, 5)))dS |da,
Be

3
. / (@) (B (0) + By () + B iy(0) + By (0))da.

ij=1
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With the change of variables replacing 8 with (a—8), we see that the B¢ ,7=1,23,m=1,...,4

m;igo

are thus given by

Bliy = h-oXi Ty, ((6k9'f+g-8kf)~(VX)ij1) (4.58)
Baij = _h'T§(7j<(ak9'f+g'3kf)'alXi-(VX)ij1>

Bs,; = h-g-Tx; <5kf~3zX¢~(VX);j1>

Biiy = —h-g-0Xi Tk, <8kf : (VX);j1>

One can consider each of the cases (h, g, f) € Z1, (h,g, f) € 22, and (h, g, f) € Z3, and use the facts
that supp(f) is bounded and that VX and (VX)~! are bounded in C!, to bound each B¢, ,. in L%

m;ij

Now we return to (4.52) to handle B

boundary*

We have

Biuniry = [ #la)h(a) (4.59)
<[ (0@~ glor = )0 90X (@) - 0K~ B)(TE) 01 5) W O)do (e

:/w(a)BZoundary(a)daa

where

Bgoundary(a) = h(O{)CE(O[), (460)

) = /IBI_ (9(a) = gla = B)) f(a = B)(OX () = X (a = B))(VE)(0(ex, B))Vg,(B)do (B),

We comment that if we are in the case that the triple (h,g, f) is in 25, we only assert C¢(«) is
defined for almost all «. Note that a similar caveat must be made about Bgoundwy(a).

Now we check that B¢

boundary(@0) as defined is in fact in L?. We consider first the cases that

(h,g,f) € Z1 or 2.

HégoundaryHL2 < Hh||L°°||CeHL27 (461)
1G9l < / l(g(e) — gler— B)) (o — Allzz
|B|=€

x[[(0X (@) — 01X (a = B))(VE)(0(a, )| e do (B),
where for the bound on ||C¢|| ;2 we have majorized the quantity by moving the L2 norm inside the
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surface integral over 3, using a generalization of the Minkowski inequality. Then, by using Lemma
4.2.2 together with the fact that 8(«, 8) = (X(a) — X(a—8)) = B(I+0O(0)) and (9, X () — 9 X (. —
B8)) = O0(]8]), we get for all 8 # 0 that

<«

B (4.62)

10X () — B X (a = B))(VE)(0(ev, B))| e <

Meanwhile, the surface measure of the ball of radius e is proportional to €2, and so by using (4.62)
n (4.61) we find
[Cl: < C sup 1(g(@) — gl —B)) f(a =Bz (4.63)

Suppose we are in the case that (h,g, f) € Z1. Then we can bound the right hand side of (4.63) by

the finite quantity
ci(e) = C" sup [|lg(a) = gla = B) ||l fl|z2- (4.64)

|=¢
Moreover, note that ¢ (¢) tends to zero as € tends to zero, where we have used that g is Lipschitz in

this case. Thus we find that lim._,o C¢ =0 in L?.

Suppose (h, g, f) € Z5. Then the right hand side of (4.63) is bounded by the quantity

c’ Sip lg(a) = gla = B)llzz £l < C"ellVgllL2 [l fllLee =: ca(e)- (4.65)

Note ca(€) tends to zero as € tends to zero. This implies lim._,o C¢ =0 in L2,

Now we return to (4.60) in the case that (h, g, f) € Z3. Then we have the bound for all « € R3

”BlemundaryHLz < ||hHL2||C€HL°°7 (466)

|C(a)] S/IB— (g(a) =gl = B))f(a = B) (81X (a) = i X (a = 8))(VK)(0(a, B))|do(B),

and since [(9,X (o) — X (o — B))(VK)(0(a, B))| < C/|B|? as we saw before, we then have the

following bound.

|IC(a)] < /Iﬁl—e lg(a) — gl = B)|[f(a — )\Wda( ), (4.67)
< |Zl|l£ lg(a) — g(a = B)l|zee | fll s
= c3(e).

Using Lipschitz continuity of g, we find that both c3(e) and thus |C¢(«)]| are finite, and tend to zero
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as € tends to zero, with the limit for |C¢(a)| uniform in «. So lim._,o C¢ =0 in L.
Moreover, in each case among (h, g, f) € 21, Z2, and Zj3, the corresponding bound (4.61) or

(4.66) on C¢(a) implies that B ) is in L? and tends to zero as € tends to zero.

boundary(

Now recall from (4.48) that we have

_<al§07T)€(,k[hvgvf]> :A€+B€7 (468)

where

Af =

M=

(e, A ) (4.69)

m=1

with the AS, given by (4.51). In addition we have B¢ = B

€
int + Bbounda'ry’ where

znt - Z Z m ’L] (470)

m=114,j=1

for the Bf,.;; given by (4.58), and where

m;ij

Ble)oundary = <S0a Bgounda7'y>7 (471)
SO
4 4 3
<al907TX k h ga Z 2 Ain) - Z Z m z] QO, Bboundary> (472)
m=1 m=11,7=1

Recall that we verified that each of the functions paired with ¢ in the above L? pairings is indeed

in L2. We also verified the L2 limit lim._,o B¢ = 0. Now we must verify that the remaining

boundary —

quantities paired with ¢, i.e. the AS, and B converge to elements in L? as € tends to zero. This

m;ijo
can be checked by considering each of the cases (h,g, f) € Z1, (h,g, f) € 22, and (h, g, ) € Z3, and
applying Definition 4.2.3 and Remark 4.2.4. The last observation to make is that one can take the

quantities paired with ¢ in (4.72), excluding the Bt term, and add them in the corresponding

boundary
way to produce the quantity in the right hand side of (4.41), within the limit as e tends to zero that
is written there, in part (ii) of the statement of the proposition. Using these observations together,

one concludes that the statement of part (ii) holds, finishing the proof. O

Definition 4.3.2. Fiz X € B;. Forl=1,...,d we define ©;(a, 8) := [VX (a)(VX(a—B))~t = 1],
where [-]; denotes the lth row of the matriz in brackets. For o = (01,...,05,) forann =1,...,s,

with each o; = 1,2, or 3, we define the C3-valued functions PS(a, ) on R? x R® form =1,...,n
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recursively by

Pla(avﬁ) = 601 (avﬁ)[}(a - ﬂ)a
Pre,B) = O,  Pl(o,f) =6, (o, B)divsP] (e, B) + Oo,, .. (a, 8)(0s,, - - - O, p)(a = B),

fort<m<n-1.

Lemma 4.3.3. Consider fited X € Bs, 0 = (01,...,0,), somen = 1,...,s, and P%(a, ) as

defined in Definition 4.3.2 for 1 <m <n. Then we can express

(4.73)
N ()
Po(a,) = Y {coeﬁ <anaixj(a)anaixj(aﬂ)) I (VX ()10,
|F|:m—1 =1

Na(T')

< T o2 vx (@=L, | @0 - mek] .
=1

In the above expression we use the index I' to store the information of the various other indices, in

that ' represents the array

F: (n’u?y77;i7j’k7z>’

where I'= ((Lla L2)17 ceey (Lla L2)N1(F); (L37 L4)17 ey (L37 L4)N2(F))a

where each we have indices i, j, k = 1,2, or 3, and each component of t, is 1,2, or 3, where we have

multiindices 0,y € (No)3, and arrays

no= (,uflau'a/u'Nl(F))v

v = (Vl,...,l/Nz(F)), (4.74)

where each of the w;, vy is a multiindez in (No)3, and we define

N1 (T) No(T)
Tl =Pl + v+ Y lwl+ D Iul. (4.75)
=1 =1

In the summation in (4.73), by coeff we denote a coefficient which depends on T'; its exact value is

not needed. Additionally, we have N1(I') =0 for some ', but we have No(T') > 1 for allT.

Corollary 4.3.4. Fiz X € Bs ando = (01,...,0,), somen=1,...,s. For P} (a,f), m=1,...,n,
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as in Definition 4.3.2, we have

P(a,B)= > hr(a)(gr(e) —gr(a—B))fr(a = Bexr), (4.76)

IT|=m—1

where for each ' in the sum, k(I') = 1,2, or 3, we have that supp(fr) bounded, and
(i) if m <n—1, then (hr,gr, fr) € Z1, 22, or Z3, as defined in Proposition 4.3.1, and

(ii) if m = n, we have (hr, gr, fr) € 21, Z4, or 24, as defined in Proposition 4.3.1.

Proof. For each m = 1,...,n we use the decomposition for P? («, 3) given in Lemma 4.3.3, defining

for each I' in the sum in (4.73)

N1 ()
h(a) = coef(T) [T 0" (VX())(t1 0015 (4.77)
=1
gr(«@) 0"0,X,(a),
N2 (T)
fr(e) =

[T 2" (VX (@), .., | 970(0),
=1

where coeff(T') and k(T') are precisely the coeff and k appearing in (4.73), respectively. Note that
since p is assumed to have compact support, we get supp(fr) is bounded for each I". Now we verify
each triple (hr, gr, fr) is in at least one of Z;, Z5, or Zs.

First, we consider the case that m=1,...,n — 1.

We fix a T with || =m — 1. If m = 1 or 2, the triple is in Z;. If m > 3, but each of ||, the
||, 1], and |5|, is m — 3 or less, the triple is also in Z;.

Now suppose m > 3, and at least one of |n|, ||, the |u|, or the |v;| is m — 2 or greater. We cover

this by checking the following cases.
o If |n| > m — 2, (note then |n| # 0) the triple is in Zs.
e If max; |v)| > m — 2, (note then max; || # 0) the triple is in Z;.
e If |y| > m — 2, the triple is in Z;.
o If Ny(T') # 0, with max; || > m — 2 (so that then max; || # 0), then the triple is in Zj.

This takes care of every possibility for m = 1,...,n — 1. For the case m = n, one again considers
each I’ with |I'| = m — 1 and makes word for word the same set of observations as above, but with

Z! in place of Z; for i = 1,2, and 3, at each step. O
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Lemma 4.3.5. Fiz a v € (No)? with 0 < |y| < s. Then the integral, defined pointwise for each o
in R3,

/K(@(a,ﬂ))(@vp)(a — B)dB s in L, (4.78)

with L? norm bounded by a constant depending only on p, and

lir% K(@(a, B))(07p) (o — B)dS  converges in L* to (4.78). (4.79)
U JIBI>e

Proof. Tt is straightforward to verify that the integral in (4.78) is defined pointwise for each a in R3.

Let us define for all a in R3
gle)i= [ K0(a,8)(@ e~ )5, (4.80
First we claim that we have the following bound for all o in R?, uniform in € > 0.

K(8(c, 8))(@7p) (o — B)df| < (C“’) (4.81)

1+ o))’

| 18]

for a constant C'(p) depending on p. To show this, first we choose an R > 0 with supp(p) C Br(0).

Then we write

| KOep)@pe-pas = [ K@) - X)) (45
-/ K(X(a) - X(8))0"p(8)d8
e<|a—B|<100R
+ / K(X(a) - X(8))0"p(8)dB,
|a—B|>100R
= I +1D. (4.83)

For I; we have

11|

IN

/ |K (X (o) = X(B)]107p(B)|dB, (4.84)
e<|a—pB|<100R

C’/ lo — B|~2dp sup 07| |,
e<|a—B|<100R Bioor(@)

where the right hand side is bounded by a constant depending on p and has compact support in a.

IN

This allows us to bound |I;| by something as in the right hand side of (4.81).
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For I, using that supp(p) C Bgr(p), we have

< [ K(X(@) = X0 p(Blas < ') [ o= 25 (485
|a—B|>100R

a

where C’(p) depends only on p, and S, = {8 : |a — 8] > 100R and |3| < R}. Suppose for a given «
that S, is nonempty. For any 8 € S,, we have || < R and |o— | > 100R. This requires |a| > 99R,
so moreover, 3 € S, implies |8 < |a|/99, and thus |a — 8|7 < C|a|™!. Thus from (4.85) we now
find

" (p) fw<R|a|_2dﬁ if |a| > 99R,

o] < (4.86)

0 if |a < 99R,
which is bounded above by an expression as in the right hand side of (4.81). Combining this with
the bound for |I1], we get the bound (4.81).

Now let us define

ge(a) := K(0(a, 8))(07p)(a — B)d (4.87)

[B|>e
Since the right hand side of (4.81) is in L?, we can bound |g.(«)|? by an integrable function of «,
independent of e. It then follows from the dominated convergence theorem that g(a) is in L2, with
the L? norm bounded by a constant depending only on p. We also find |ge(a) — g(c)|? is bounded
by an integrable function of «, independent of €, and so with the dominated convergence theorem

we get that g, tends to g in L? as e tends to zero. This concludes the proof of the lemma. O

Now we are ready to prove the differentiation formula, used for calculating various derivatives
of F(X)(«) as in Definition 4.2.1 in a manner suited for L? estimates. Once we have this, the local

boundedness result for the operator F' for Sobolev spaces H?® will readily follow.

Proposition 4.3.6. For X € Bg, the following formula holds.

(4.88)
For vy € (No)® with 0 < |y| <'s, and 0 = (01,...,0),) with 0,y 00y =07,

PIFCO@] =t [ P (aa - BR (.88 + [ K(X(@) - X))@ )5 in L

e—0 Iﬁ_a‘
Here, for the case v =0 and o empty, we define P§(«,3) := 0.

Proof. Fix and X € Bs. We prove that the formula in (4.88) holds for v € (Np)? by induction on |7|.

Observe that it holds for |y| = 0, with o empty, since we have the result of Lemma 4.3.5. Now we
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assume that (4.88) is true for all v with |y| < m, for some 0 < m < s—1. Consider a v € (Ng)? with

Y| =m+1,and a 0 = (01,...,0m41) With Os,,,, ...0s, = 07. Let us define o, := (01,...,0m),

and define 7, by 0% = 9, ...0s,. Then using the formula (4.88) and making a change of variables

shows

e—0

(X)) = iy ( [ P&»(a,mvﬁ(me(a,m))dﬁ) (1.5

+ / K(0(a, )0 p)(a — B)dB  in L.

Note we have P%(«, 8) = P2 (a, ), by the definition of these quantities. Let us make the corre-
sponding replacement in the expression within the limit in (4.89). Next, for each € > 0, we use part

(i) of Corollary 4.3.4, taking n := m + 1, to express the quantity within the limit as
> ( /ﬁ> hr(a)(gr(a) = gr(a = B)) fr(a = B)9p, ) (K (0(a, 6))dﬁ> : (4.90)
IT|=m—1 Z€

where for each I', supp(fr) is compact, and each of the triples (hr, gr, fr) belongs to one of Z;, Zs,
or Z3. We use this in (4.89) to get

(4.91)

O F(X)(@)] = > lm </|ﬁ ‘ hr(@)(gr(a) = gr(a = B)) fr(a = B)p ) (K(H(a»ﬁ)ﬁw)
IT|=m—1 —a|>e

+ / K(0(a, 8))(0% p)(a — B)dS  in L.

Here we have used (i) of Proposition 4.3.1 to ensure convergence in L? of the summands in (4.91).
Note by part (ii) of Proposition 4.3.1, the expression in the first line in the right hand side of (4.91)

is in H!. Now we claim that

[ K@@ o) - )ds. (4.92)

is also in H'. To check this, let us test it against an arbitrary ¢ € C°. Fix an [ = 1,2, or 3. Then

- [avte) [ K@@ 5)@ p)(a - Bdpda (4.93)
=~ lim / () [ K(B(a, )07 p)(a — B)dBda,
[B]>e

66



by Lemma 4.3.5. Consider the quantity in the right hand side of (4.93) within the limit.

(4.94)

/ ap(a) [ K(B(a, B) (@ p)(a — f)dBda

|B]>€

/B|>e/8“p B0 p)(a — B)dadp,

-- Z . / )(B1Xi(0) ~ 0Xi(ex — B)(OK)B(a 5))(@ p)(a — F)dad?

/,8|>6/ )(0107 p)(a — B)dad3,

- Z [ (alx /WE@K)(@(% 57 p)(a ~ 5)d5 ) do

0y Jeta( [, oita = 800l 8 )~ 8)d5 ) da

=1
- [otar( [ KO0 ) - )5 ) da.

=I'+I12+71° (4.95)

It is not difficult to check that for ¢ = 1,2, and 3,
3
(D) (0(, B) = Y (VX (= )5 K7 (a, = B). (4.96)
j=1
So for I} we have
)0, Xi(« VX(a—B); K (a,a— B) (07 p)(o — B)dB. 4.97
Z/ z //»f (0= 3); K (aya - B0 p)a— A)dB.  (497)

3,7=1

Meanwhile, regarding 12,
2= / o) | Klla.a=8)@" p)a—p)is, (4.98)
>e

Observe that (4.97) and (4.98) can be expressed in the form I} = (p,v1(€)) and I? = (¢, va(€)), with
v1(€) and vy(€) both converging in L? as € tends to zero, in view of Definition 4.2.3 and Remark
4.2.4, since 9% p is in L? and (VX)~! is bounded.

Observe also that I? in (4.95) has the form I? = (¢, v3(€)) where v3(€) converges in L? as € tends
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to zero, by Lemma 4.3.5. From (4.93) and (4.94) we then find

- [ apte) [ K@la.5)07 pla - Bidsda = (o limfur (6 +va(e) 4 vale))  (199)

Let us define h := lim. ,o[v1(€) + va(€) + v3(€)]. Then it follows that h is in L? and the weak
Oj-derivative of the expression in (4.92). This allows us to conclude that indeed, the expression in
(4.92) is in H!. In addition, we can conclude from the above discussion, by summing v (€), va(e),
and vs(€), that the 9;-derivative of (4.92) for [ = 1,2, 3 is given by

lim ( /W (9X(a) — AX(a - B)(VX(a— B) ' K(ara — B)(9 p)(a — B)dB (4.100)

e—0

+ K(G(a,ﬁ))(azm”p)(aﬂ)d6> in L2,

|B]=€

Now we return to (4.91), and apply 0, to both sides. For this we use our calculation of the

Om+41

derivative (4.100) of (4.92), taking [ = oy,41, along with (ii) of Proposition 4.3.1. This gives

F(X)(a)] = (4.101)
lim Ll_z <//3|>6 Do, ., [hr(@)(gr(a) — gr(a — B)) fr(a — B)]9p,q (K (8(a, B)))dpB

- Z / 9, e, [ (@) (gr(0) — gr(ev — B)) (s — B)]

% (D12 Xi(@) = O, Xi(a = B) (VX (a = 8));;' 0, (K (6(ax, 5)))615)

+/|6> (O i1 X () = 0,y X (= B)) (VX (a — ﬁ))_lf((a,a — B)(0" p)(a — B)dp

+ /| K@@ p)is| 1
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The right hand side can be rearranged to give

OF(X)(a)] = (4.102)

li_r)r(l) [/ﬁx O (|FZ hr(a — gr(o —5))fr(a—ﬁ)ek(r)> V(K (0(a, B)))dp

- /Iﬁl divg ( Z hr —gr(a—pB))fr(a— 5)%@))
¢ IT|=
— Dy X (= B)(VX (o = B) ' V(K (0(a, 8)))d

+~/|,6‘|> (807,L+1X(04) - 60'1,L+1X(Oé — 6))(VX(a — BD_lk(a,a _ 5)(3”,0)(& _ B)dﬁ

+ s K(0(ex, 8))(97p)(a — B)dﬂ] in L2,

Recalling the ©,,(«, 8) notation given in Definition 4.3.2, we then find

O] = i | [ P Pl T 0 513 (4.103)

e—0

- /w divs P50, )8, (01, BV 5 (K (B(cv, B)))dB

[ G AVAK Ol /)@ p)(a — 5)d
Bl=e

+ e K(0(a, 8))(07p)(cx —B)dﬁ}v

e—0

= lim [/IBI> Brti(a, B)Vs(K(0(a, 5)))db + K(6(, 8))(07p)(a = B)dB|

|B|=e
= [ Aea = f)R G55+ [ BN@ (BB n 17,
where we have applied Lemma 4.3.5 in the last line. This concludes the inductive step. O

Proposition 4.3.7. Let X € Bs. Let the operator F be as in Definition 4.2.1. Then

IF(X)| e < O, (4.104)

where C' only depends on p.

Proof. We consider some v € (Ng)? with 0 < |y| < s, define n := |v|, and choose o = (071,...,0,)
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with 0¥ = 0,,, ...0,,. By Proposition 4.3.6,

(4.105)

O[F(X)()] = lim PS(a,a— B)K (o, B)dS + / K(X(a) - X(8))(@7p)(8)d8 in L2,

€20J1g—al>c

If n = 0 we note the first term in the right hand side of (4.105) is zero, and apply Lemma 4.3.5 to
get that the remaining term is bounded in L? by a constant depending on p. Suppose n > 1. For
each € > 0, we consider the quantity within the limit in (4.105). We make a change of variables and
apply Corollary 4.3.4, producing for P?(a, 3) a collection of triples (hr, gr, fr), with each triple in
21, 24, or Z4, and we find

(4.106)

/ PY(ava— B)R (o, )df = / P (0, BV (K (8(ac, 5)))d5.
B—al>e |B—al>e
= hr(a) (gr(a) — gr(a—5))
|1"|§1 /|,304>€ I g

X fr(a = B)p, ) (K(0(a, 5)))dB.

Now we apply the result of part (i) for Proposition 4.3.1, which yields convergence in L? as € tends

to zero.

lim Psa(a, o — ﬂ)K(a7 ﬁ)dﬁ = Z (T}()(,k(l‘) [thng ff‘])(a) in L2, (4.107)

=0 1p—al>e IT|=s—1

Now we observe by examining the forms (4.77) for hr, gr, and fr given in the proof of Corollary

4.3.4, and using the fact that X € By, that we must have for each of the I'

||(hr,gr,fr)||zg < C(p). (4.108)

Taking the L? norm of both sides of (4.107), and using part (i) of Proposition 4.3.1 along with
(4.108), we find

lim / P?(a,a — B)K (o, B)dB|| < Ci(p). (4.109)
€20J1g—ale L2
Meanwhile, from Lemma 4.3.5 we get that
| [ xxt@) - xGn@ 33| <t (4.110)
L2
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Using (4.109) and (4.110) to bound the L? norm of the right hand side of (4.105), we conclude

[07F(X)l|r2 < C3(p). (4.111)

Since we have such a bound for all v with 0 < |y| <'s, (4.104) follows. O

Now that we have the desired local boundedness of the operator F' in this context, we must verify

the other criterion of preservation of analyticity, as discussed in Section 2.

4.4 Analyticity of trajectories

Our proof of Lagrangian analyticity for the Euler-Poisson system largely follows the strategy outlined
in Section 2 for proving Lagrangian analyticity for fluid mechanics systems. We also need to make
some slight modifications to the techniques of that section when we prove the existence, uniqueness,
and analyticity of solutions to the ODE system (4.8), to accommodate for the fact that we have
initial data of the type (X, V)|t=0 = (Id, ug), rather than simply the identity map, but the changes
are not especially substantial. We continue by providing the analogous abstract function space

setting for the Euler-Poisson problem.

Definition 4.4.1. Taking the Banach space Y = H*(R?), we recall the definition
By = {X : | X — Id|y <4}, (4.112)
and for r > 0, we define
Y = {Y -valued maps X, analytic in z on d,}, (4.113)
where d,. = {|z| <}, and we denote
Bs = {maps Xy : (X()—1d) € YV,, X, € Bs for all z € d,}. (4.114)

Lemma 4.4.2. For p € C:(R3), the operator F preserves analyticity. That is, for any r > 0 and
X() € By, for fized a € R?, F(X.)(a) is analytic in d,.

Proof. Fix an r > 0, and an X() € Bs,. What we want to prove is that the limit definition of

4 (F(X.)(a)) converges for each z € d,, a € R3. Fixing a € R? and z € d, we find for small
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complex h

i [ (Xetn@) = Xeon(9) ~ K(X.() ~ Xo(8))pl5)d5 (4115)

z+h
/% / ( % Xc(a)_jgxc(ﬁ)) VK (Xc(a) — Xc(8))dCp(B)dB,

where we take the straight path from z to z + h in the integral. Since X(.) € Bs, implies X¢(-) is
Lipschitz with a fixed constant as  varies in d,., by using the Cauchy integral formula one finds that

we get a Lipschitz bound on %XC(')v ie.

d d
acXc(n) — & Xc(B)
S i e (4.116)
v,BER3 Iy — Bl

uniform in ¢, as ¢ varies in the interval from z to z + h, which must be contained in d, for small
h. Now, we recall that we have (X¢(a) — X¢(8)) = (a — 8)(I + O(9)) in the kernel in the right
hand side of (4.115). Together with the Lipschitz bound (4.116) on d%XC(-), we can thus bound
the quantity inside the integral over 4 uniformly in h by (Cla — B|72|p(8)|), an expression which is
integrable in 8. Thus dominated convergence theorem tells us that when we calculate the limit as
h tends to zero of the expression in (4.115), we can move the limit in h inside the 3 integral. Now
observe that the quantity inside the ( integral is a continuous function of ¢ as long as 8 # «. Thus,

taking the limit as h tends to zero of the expression inside the g integral gives

L)) = [ (LX)~ LX9)) TE(X.0) = X.()p(8)d5. (4.117)

O

The following lemma follows immediately from an application of Lemma 2.2.4, since Y satisfies

Assumption 2.2.1.

Lemma 4.4.3. Consider Bs, Bsr, Y, and Y, as above. Consider a function F:Bs > Y. If we

have a bound of the form

sup | F(X)[ly <C, (4.118)
XEB(;

and if F preserves analyticity, then in fact for any r > 0, for X, € Bs,» we have that F(XZ) is an
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analytic function from d, into Y. That is,

F:Bs, =Y. (4.119)

Now we proceed to use what has been established above to solve the following equation for

Z, = (X, V3) : R® x [T, T] — RS,

Vi
54 = : (4.120)
F(Xy)
Id
Ztlt:O = )
Uo

in the desired setting, where ug is in H® and plays the role of our initial velocity for the Euler-Poisson
system. We prove that the solution to the equation exists as a fixed point of a contraction mapping.

For § > 0 and r > 0, we define

'D&T = {Z(,) = (X(.), V()) : X(.) S B&T, V(.) S ym and ||Vz - u0||y < 6 for all z € dr}, (4-121)
and
1(X ey, Villos,, = Sup (1X= = Idlly + V2 = uolly)- (4.122)

We recall Lemma 2.2.5, which directly implies the following lemma, which in turn applies to our

operator F, in light of Proposition 4.3.7 and Lemma 4.4.2:

Lemma 4.4.4. Consider § > 0 and a function F :Bs =Y, where Y is a Banach space of maps
from R3 to R® with norm dominating the C' norm, and Bs is the ball about the identity map of

radius 0 in Y. If we have a bound of the form

sup ||F(X)|ly <C, (4.123)
X6B5

and that F preserves analyticity, then for any ¢ < 3/10 we have that the function F with domain

B¢ is Lipschitz with constant Cy depending only on C.

Now we choose a ¢ sufficiently small to satisfy the hypotheses required for all the above results,
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and fix € = /10. With that, for any r > 0 we define the following mapping on elements Z.y € D ,:

1d t Ve
P (Z(.)) (t) == +/ d¢ for t € d,, (4.124)
uo 0\ F(X¢)
where the integration is taken along the straight path from 0 to ¢. This is the map we will show has

a fixed point, which solves the ODE (4.120).

Theorem 4.4.5. For ¢ = §/10 and sufficiently small 11 > 0, there exists a unique fized point
Z(y € Deyy of @ : Dy — Dy, and the function Z(o,t) = Zy(«) is analytic in t on d,, and the

unique solution to the equation (4.120).

Proof. First we check that ® maps D, ,, to itself. Note that ¢ is restricted to d,, and r; can be

chosen as small as we like, while the bound
sup |[F(X)[ly < C, (4.125)
XeBs

in particular allows us to ensure that ®(Z(.)) is close to (Id, ug)" for small r1. The verification that
® maps D, ,, to itself is completed with the aid of Lemmas 4.4.2 and 4.4.3. Using Lemma 4.4.4, we
have the Lipschitz property of F' on B,; using this we can show that ® is a contraction mapping on
De,r, as long as r; is small enough. The conclusion of the theorem now follows from the contraction

mapping principle. O

Consider a solution (p,u) to the Euler-Poisson equations (4.1)-(4.2) on the time interval [T, T]
and define X (a,t) as the solution of the ODE

dX

E(a, t) = uw(X (o, t),1), (4.126)

on the time interval [-T, T]. Recall again that using (4.1) and (4.126), one finds that p(X («, t),t)) =

(det VX (a,t))"Lpo(c). By (4.2),

ou(X(@0).0) = [K(X(at)=p)ply. )y, (4.127)
— [ K(X(@0) = X(3.0)p(X(5,0),1) det VX (3, 1)d5.
— [ K(X(@t) - X(E.0)0(B)d5,

and so, for V(a, t) := X (a, t), we have a solution to the ODE (4.120) t € [T, T].
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Now suppose we have a solution (X, V4) to (4.120) for ¢ € [-T,T], where for the p(8) in the
definition of F' we take po(3) € C%, and we have ug € H®, s > 6. Then we define for all z € R? and

te[-T,T]

u(x,t)

i
=
|

)

—
&
=

:—/
=

(4.128)

plz,t) = (det VX (X (x,1)))"".

One finds that this then yields a solution for the system (4.1)-(4.2) on [-T,T] with initial data

(po,uo).

This demonstrates the equivalence of local existence results for the Euler-Poisson system in
Eulerian variables to our Lagrangian formulation of the problem.

Thus, we conclude in particular from Theorem 4.4.5 the local existence and uniqueness of so-
lutions to the system (4.1)-(4.2), and that the corresponding Lagrangian trajectories X (a,t) are

analytic in the time variable, as long as the initial data (pg,ug) is in C¥ x H® for s > 6.

4.5 Integral kernel operator bounds

In this part of the section, we direct our efforts to delineating conditions under which an integral

kernel of the form K(a, ), K : (R3 x R3\ {a = 8}) — C, with
K(e, B)] < Al = 5|72, (4.129)

has a corresponding operator that is bounded on L? in particular.

Lemma 4.5.1. Suppose K : (R? x R3\ {a = 8}) — C satisfies (4.129) and

K@)~ K(@.0) < 4SS5 ila-al < la-5l/2 (4.130)
K 8) = Kl ) < APZDL 15 51 < Ja - A2

and, defining the quantities

L) = / K(o,B)dB, I p(a) = / K (8, a)ds,
e<|a—pB|<R e<|a—pB|<R
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suppose we have in addition

[I.r()| <A foralle, R>0 and all a € R, (4.131)

and an analogous uniform bound on I:,R(a) holds. Then the operators T defined by

TEh@ = [ Kpe)s. (4.132)

|B—al>e

are bounded from L? to L? and satisfy

1T fllzz < Cl fllee, (4.133)

independent of e.

Proof. The above result follows from an application of Theorem 4 in Section 7.3 of [22] together

with Proposition 1 in Section 1.7 of [22]. O

The next lemma gives some basic conditions for K that lead to pointwise convergence of the

operators T f as € tends to zero when f has a little smoothness, along with related operator bounds.

Lemma 4.5.2. Fiz X € Bs. Fizi= 1,2, or 3. We define the kernel K : (R? x R*\ {a = 3}) — C

by
K(e, B) = 95, K’ (e, B), (4.134)
where for a fived j = 1,2, or 3,
K’(a, 8) = K’ (X (o) — X(B)). (4.135)
Then we have that
|K°(a, B)] < Al — B2 for all a, (4.136)

and K(a, B) satisfies (4.129).

Additionally, for f € L2 N C*, the following limit converges uniformly in «.

(Tref)(@) == po. / K(av, 8)F(8)dB, (4.137)
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and for e, R > 0, the operators defined by

(T )= [ R N CTE (4.138)
and
@epie) = [ Klepsea (1.139)

we have the bounds for all f € L2 N C*!

T fll= < ANz +1F ), (4.140)
1Tl < A'(Ifllz2 + [1f ), (4.141)
1 Ticflle < ALz + 11 fller), (4.142)

for a universal constant A’.

Proof. Fix ¢, R > 0, and an f € L? N C'. Note for R < ¢, (4.140) is trivial, so let us assume R > e.

Let r = min(1, R). We split the integral for (T f)() into two, with

/ Kla.8)(8)i5 = [ Ko 8)1 ()5 + Ko, B)F(B)dB.  (4.143)
e<|f—al<R e<|f—al<r 1

<|B—al<R

The integral on the right is bounded by a constant multiple of || f||z2 since ||11<|g—a|<rK(a, ﬁ)||L?3

is bounded by a constant, by (4.129). For the integral on the left, we have

/ Ko, 8)1(8)d5 = / Ko, 8)(F(B) — f(a))dp + f(a) / K (o, B)d5,
e<|B—al<r e<|B—al<r e<|B—al<r (4 144)

where, for the first piece we have

L., Kes®) ~ s

< / Ala— B¥|fllcxla — BldB < Ol fllcs,  (4.145)
|B—al<1

7



and the magnitude of the second piece is equal to

f() /egm_waﬂima’ﬁ)dﬁ _ ‘f(a)(— /la_ﬂ_eKb(a,ﬁ)Vi(ﬂ)dU(ﬁ) (4.146)
o Rame)|

< J@i( [ o= atanp

+ Al — | 2%do (B >,
/M_T o= BI2do ()
C||fHL°°7

IN

where v denotes the unit normal. This concludes the proof of the estimate for TfC’R. By taking the
limit as R tends to infinity, we also get the estimate for 7. Now, regarding the definition of Tk f
for f € C'' N L%, we use the above decomposition to verify that 7% f(a) converges for each o € R?

and in fact in the sup norm, as € tends to zero. It suffices to prove uniform convergence for

/ o Kl 1 ()03 (4.147)

which we split as in (4.144). For the piece

R SO CIE (4.1

we note from the previous observations that the singularity in 8 at § = « in the integrand is actually

integrable, and that
/m K(a,a = B)(f(a— B) — f(a))d8 (4.149)
<e

tends to zero uniformly in « as € tends to zero.

For the piece
f(a)/ K(a, B)dp (4.150)
e<|f—al<1

we observe that

/ K(ov, B)df = — / K (o, B)i(B)do(8) + / K* (o, B)vi(B)do(8),  (4.151)
e<|B—al<1 Ja—Bl=c

la—pl=1
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and so for convergence as € tends to zero we just have to deal with the quantity

K’ (o, — B)wi(B)do (), (4.152)

/ K’ (a, B)vi(8)do(B)
|a—p|=e |B=c

K7 (X (a) = X(a — 8))vi(B)do(B).

|Bl=¢

Now note that for any 8 with || = € we have X (a) — X (o — ) = (I + O(9)) and fVX () =
B(I+0(6)). Thus as long as J is small enough, the straight line segment connecting (X (o) — X (a—f3))
and SV X (a) does not intersect zero for any such g, for any € > 0. We may use this to apply the

fundamental theorem of calculus in the following observation.

" K’ (X(a) - X(a — B))vi(B)do(B) — " K7 (BVX (a))vi(B)do(B)  (4.153)

= [, (0¥ = X(a =)~ X (@)
< [ (VKX (@) ~ X(a = 8) + (1= )BVX (@)irda(s)

= o(|5/? 1O “3drdo(B),
[, ousr [ ousrarasts)
= O(e).

and so the difference between the two quantities we started with tends to zero as € tends to zero

uniformly in «, but note that by the order of homogeneity of the integrand in

. KI(BV X (a))vi(B)da(B), (4.154)

we get that the above is independent of €, and so the limit of the left hand side of (4.152) as € tends

to zero is

i K7 (BVX ())wi(B)do (B). (4.155)

Moreover we have convergence uniform in a.
The estimate for Ti f is then retained in the limit as e tends to zero from the estimate for T f,

uniform in e. O

Lemma 4.5.3. For X € Bs, for each k = 1,...,d, the function K* : (R® x R?\ {a = 8}) — C3
defined by
3
KMo, B) = ) 0 Xi(8)(0:K) (X (@) = X(B)), (4.156)
i=1
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has corresponding operators T ; : C'(R®) N L*(R*) — L®(R®) for ¢ > 0 and Txy : C*(R*) N
L3(R3) — L>®(R3), defined by
Tiuf@= [ Rra)(6)ds, (4.157)

|B—al>e

and (with the p.v. limit converging uniformly in o)

T f(@) = po. [ K0, )f(3)d5, (4.158)

for C-valued f € C1(R3) N L?(R3). We have the following bounds for all f € C*(R3) N L?(R3):

1Tx ke fllee < CUSL2 + 1 fllcr), (4.159)

ITx xfllee < CUlfllzz + 1 fllcr)- (4.160)
Proof. First, we fix k = 1,2, or 3, and note

K¥(a, ) = ~03, (K(X (a) ~ X(5))). (4.161)

In an application of Lemma 4.5.2, a choice of i and j may be prescribed, for 7, j as in the statement
of the lemma. We will take i = k, and a j = 1,2, or 3. In that case, we find for the corresponding

K(a, ) of Lemma 4.5.2

(K" (e, B)); = —K(a, B) (4.162)

and for f € C'N L2, and € > 0,

(T51f (@), = ~(TEN)@). (4.163)

Thus, by Lemma 4.5.2, we have uniform convergence of the above as € tends to zero, as well as the

bound (4.159), and similarly the bound (4.160) follows. O

Lemma 4.5.4. Consider any X € Bs. For each e >0, and k = 1,2, and 3, (i) we have a bounded
operator T ;. L? — L2, mapping a C-valued function f € L*(R3) to the C3-valued function defined
by

TS 1 f(a) =/ K*(o, B)f(B)dB  for all f € L?, (4.164)

|B—alze
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where we have the C3-valued kernel K*(«, 3) given by

3
Ko, 8) =) 0uXi(8)(0:K) (X (@) — X(8)). (4.165)
i=1
We have the bound
IT% 1 fllze < Cllfll 2, (4.166)

for a universal constant C.
(it) For f € L?, T ,f converges in L* as € tends to zero, and we define the operator T% ;. on
L? by

Towf=lmTg,f  in L7, (4.167)

This gives a bounded operator from L?*(R®) to L?(R3) satisfying the bound

ITX 5 fllzz < Cllfllz2, (4.168)

where the constant C is the same as the one in (4.166).

Proof. Let us define K’ : R3 x R?\ {a = 8} — (C3)2 by

K'(0,8) = (VE)(X(a) — X(5)). (4.169)

Now we check the conditions (4.130) in Lemma 4.5.1 hold for each of the components (K');; of K’,

i,7 =1,2,3. Observe for [ = 1,2, and 3

3
0oy (K'(0,8)) = Y 00 Xi(a) (0 VE)(X () — X(B)), (4.170)
k=1
3
05, (K'(a,8)) = = 95, Xk(B)(0:VE)(X (a) — X(B)).
k=1

With the use of Lemma 4.2.2, these imply

¢
oo = B+
c

o = BI*

|00, (K (e, B))] - < (4.171)

|0, (K'(a, B))| - <
which is sufficient for the conditions (4.130) to hold for the components of K.

Now we check a bound such as (4.131) holds for (/¢ r):; and (I} )i; for fixed 4,57 = 1,2,3, the
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quantities corresponding to the I g and I  in the statement of Lemma 4.5.1 for the entry (K');;.

Note

3
(K" (v, 8))ij = = ) (VX(B))iy 95, (K (X () — X(8))). (4.172)

=1

We may write (I g)ij = — S, 6”;2, where for [ = 1,2, and 3

35l
Je,R

/<| 5‘<R(VX(5))516@ (K7 (X (o) — X(B)))dB (4.173)
- /<| B\<R((VX(B))_1 — 1), (K7 (X (a) — X(8)))df

+ / 5, (K (X () — X (8)))dB
<la—BI<R

I+ 11,

where the first integral, If, is bounded with an application of Lemma 4.5.2, with the estimate (4.140),
since ((VX(a))~! — I) is bounded in both L? and C!. For I} we note

(4.174)

< [+ )w‘(m) — X(B)(B)do(8),
la—pB|=¢e la—B|=R

/ O()do(8) + / O(R)do (),
|a—p|=e la—B|=R
o(1).

/ 9, (K7 (X () — X (8))dB
<la—pB|<R

By summing over [, we get a uniform bound on (Icr)ij. Now, for (I} g)i;, we must consider
((K")(B,a))ij. We note that since (VK)(z) is even, K'(a, f) = K'(f, «), and so from the previous
estimate on (I g);; and the fact that complex conjugation does not affect the bound, we also have

that (17 p)i; is uniformly bounded.
Since the (K'(«, 8));; satisfy the hypotheses of Lemma 4.5.1, for each 4, j = 1,2, 3, and all € > 0,

we have that the operators T(. = are bounded from L? to L?, and satisfy a bound of the form

ITein, fllze < Cllfllze forall f € L2, (4.175)

With the aim of using this to get a bound for the T’ , for each k = 1,2,3 we note that for each
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feL?*R?) and j =1,2,3,

(Txp @)y = Z/ O Xi(B)(0:7) (X (o) — X (B)) f(B)dB, (4.176)

= Y[ ®)ax @@

With this we find by using the uniform L* bound on VX ()

3 3
TSk flliee < Y TG, (OkXa) Dz < ClOX) fllz < C'|| £l - (4.177)
i,j=1 i=1
This proves part (i). For part (ii), first we show that for any f in the dense subspace C° of L?, we
have convergence of the limit lime_,0 T ; f in L?. The first thing to note is that for fixed f € C°(R?)

we have pointwise convergence, by Lemma 4.5.3:
lir% TS . f(a) = g(a) for all a € R3, (4.178)
e— ’

for some function g € L. Meanwhile, since the kernel K*(cv, 8) in the definition of T ). satisfies

the bound
C

|f<k(a75)| < m,

(4.179)
for the fixed f € C2° we have a bound of the form

Cy

|T§<,kf(a) <
To see this, fix such an f and take R > 0 large enough that suppf C Bgr(0). Then
Tx pf(o) = /| ‘ K*(a, B)f(8)dB, (4.181)
B—al|>e

- ( / + / ) R (o 8)£(8)dB,
e<|B—al|<100R J|g—a|>100R
I + I,
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for which we first note that we have

I = / B*(a, B)(F(8) — (a))dB + f(a) / R*o,B)dB.  (4.182)
<|B—a|<100R

e<|B—a|<100R

Regarding the first term in the right hand side of (4.182), note that

(4.183)
/ K*(a, B)(f(B) = fla))dB| < C/ 1d5< sup |Vf|>,
<|B—al<100R e<|B—al<100R |@ = B|? Bioor(a)
< O sup |VSf].
Bioor(a)

Since f has compact support, this is bounded by a quantity as in the right hand side of (4.180). For

the second term composing I in (4.182), we note

N ) .
flor [ Resds = ) [ s, (K@) X ()8

— ( O(e=H)do(B) +/ O(R‘Q)da(,é’)> ;
|B—ar|=e |B—a|=100R

Since f is assumed to have compact support, this is also bounded by a quantity as in the right hand

side of (4.180). Now we give the bound for I5. Observe

(4.185)

Ll = / B (o ) (B)dB|
B—al>100R

C

IN

“(a, )] a8,

{IB—a|>100R}N{|B|< R} ‘
< C’/ - 548,
{|B—a|>100R}N{|B|<R} |l — |

where for a given «, the right hand side is 0 unless for some |3| < R, we have |a — 8] > 100R. This

requires || > 99R. For |3| < R we would then have |8 < g5|a|. Thus for such o and 3 we have

1 C
a=5 =Tl

(4.186)
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Using these observations in the last inequality of (4.185), we get

C" Jigen B, if o] > 99R

N

|| (4.187)

0 if o] < 99R,

1
o

IN

C(R) 1IR3\ Br(0) (a)

Thus, I in addition to I; is bounded by a quantity as in the right hand side of (4.180), and so we
conclude that the bound (4.180) holds as written for an appropriate choice of Cj.

Since the right hand side of (4.180) is in L2, we have a bound that is uniform in € on |T§(’kf(04)|2
by an integrable function of «. By using the dominated convergence theorem we then see that g(«),
which is the pointwise limit of the T ; f(«) as € tends to zero, is in L?. Another application of

dominated convergence theorem then gives us that

tiy [ [T5,47(0) - g(a) Pda = 0. (4.188)

Thus we have convergence of the limit lime_,o 7% ;. f in L? for each f € C°.

Now we extend this to convergence of T ; f in L? for any f € L?. Fix such an f. Consider an
arbitrary sequence (¢ );>1 tending to zero. Given ¢’ > 0, we choose h € C° with ||f — k|2 <€/C,
for C as in the right hand side of (4.166) in part (i) of the lemma. Then for n,m > N for an N to

be specified momentarily,

(4.189)

||T)6(T:kf - T)?kaHL? < HT)E(nkf - T)effkh”L"‘ + ||T)E("kh - T)?LthLZ + ||T)€(77kh - T)C(T:kaHL%

< 20|f = hllze + 1T h = T e,
< 26+ [T h = Thl 2

Since (T;7kh)121 C L? is Cauchy, we can choose an N such that the second term in the last line
is less than ¢ for all n,m > N. We conclude that for n,m > N, the left hand side of (4.189) is
no greater than 3¢, and so we deduce that the sequence (T;g wf)i>1 is Cauchy in L?. Finally, this
implies that T%kf = lime o T% ;. f is a well-defined limit in L?. By using the bound (4.166) from

part (i), we get the bound (4.168) on T%)k from L? to L2 O
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Chapter 5

Counterexample for the

compressible Euler equations

In this section, we consider the 2D compressible Euler equations, specifically in the isentropic case,

given by

Op + div(pu) =0, (5.1)

1
Oru+u-Vu+ ;Vp:O, (5.2)

where (p,u) = (p(x,t),u(z,t)) : RZ2xR — (0, 00) x R? represent the density and velocity, respectively,
of a fluid or gas, and the pressure p is a known function of p, i.e. p = p(p), which for the sake of
concreteness, we will take to be p(p) = Ap? for constants A > 0 and v > 1, a typical example.

Regarding questions of Lagrangian analyticity for compressible fluid equations, in [11] and [17],
the question is discussed whether one has analytic trajectories for inviscid compressible fluid equa-
tions, for solutions with low spatial regularity, as one has for the incompressible Euler equations.
The results in [11] do provide an example of a kind of compressible fluid model which does have
this property, and we saw that the pressureless Euler-Poisson model in Section 4 also provides such
an example. In this section, however, we prove that the Lagrangian trajectories for solutions to the
standard compressible fluids model, the compressible Euler equations, are not in general analytic,
notably distinct from previous studies, even for C*° initial data in our case.

To this end we provide a counterexample with initial data which is smooth and compactly
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supported?!, for which we have local existence of a unique classical solution to the problem (5.1)-
(5.2), and for which there exist Lagrangian trajectories that are not analytic in any small disc about
t=0.

The basic strategy for constructing our counterexample is to take advantage of the finite speed
of propagation property exibited by systems of conservation laws such as (5.1)-(5.2). We take initial
data with zero velocity outside of a ball, and so the Lagrangian trajectories of fluid parcels outside
the support of u at ¢t = 0 remain constant for a positive time, before the influence has propagated to
these parcels. We use an elementary argument to prove that some nontrivial influence does indeed
propagate away from the initial support and reach fluid parcels which were previously motionless,
and at a time before the development of shocks. Thus we find that a particle moves, but was
stationary for an interval of time before that moment, and so its trajectory is smooth but cannot
be analytic.

We remark that for the model in [11] as well as the pressureless Euler-Poisson model considered
in Section 4, the fact that the pressure term is absent is a key difference from typical fluids models,
and so they are inherently different from the standard compressible Euler equations studied in
this section. The presence of the pressure is an important part of the conservation law structure
in the compressible Euler equations, and the conservation law structure leads to the finite speed of
propagation in the system. With the method here, we show that the finite speed of propagation in the
system is incompatible with automatic analyticity of Lagrangian trajectories, and one can likely use
this method to show this is the case for particle trajectories in other systems of continuum mechanics
with a finite speed of propagation. We make the related comment that the study [16] builds on the
strategies of [11] to prove analyticity of particle trajectories in a related Newtonian cosmological
model, and the authors raise the question of whether the results might extend to a relativistic
cosmological model. Since having a finite speed of propagation is characteristic of relativistic models,
it is suggested by the basic idea behind the results in this section that incorporating these effects

could in fact break this property.

IFor the density, we actually mean that (p|t—o — p) is compactly supported, for a constant 5 > 0.
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5.1 Non-analytic trajectories as a consequence of finite speed
of propagation

The initial data we use to get non-analytic trajectories is a smooth, compactly supported perturba-
tion of a constant state, with zero velocity outside a ball of radius 1. We give the precise definition

below.

Definition 5.1.1. Fiz constants p > 0 and ¢ > 0. We define po(x) := p + ep(x), ug(z) := et(x),

with
. e\f\;*l, for |z| <1,
plx) == (5.3)
0 for x| > 1,
and
Zedl=h)  for |z| < 1,
(x) := E (5.4)
0 for|z| > 1,

where q(r) = m

Despite the typical eventual formation of shocks for solutions to (5.1)-(5.2), it is not difficult
to show that as long as the initial data is sufficiently small, the classical solution to the system
exists for large times. The optimal classical existence results for the system with initial data such as
ours, namely smooth, compactly supported, radial perturbations of size €, are proven in [2] and [21],
where classical existence is shown up to times of order E%, for sufficiently small e. Having classical
existence for large times allows us to ensure that C'* smoothness is retained in an interval of time

surrounding the time ¢ at which we show that some trajectory cannot be analytic.

Proposition 5.1.2. There exists €g > 0 such that for 0 < € < €, the following holds. Let T, be
the maximal time of existence for the unique classical solution (p,u) to the system (5.1)-(5.2) with
initial data (po,uo). Then

lim T, = oo. (5.5)

e—0

Moreover, the solution (p,u) lies in C>([0,T.) x R?).

Proof. By the results in [2, 21], for our initial data a classical solution exists up to a time ¢ = Ce =2

for € < €q, for some constants C' > 0, ¢y > 0. However, the proof of this result is a bit technical, and

so here we provide a simple scaling argument that gives a lower bound on T, sufficient for (5.5).
We note that the system (5.1)-(5.2) satisfies the property that for any A > 0, (p,u)(z,t) is a
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classical solution with initial data (p°, u")(z) if and only if

(px, ) (1) == (p,u)(Az, At) (5.6)

is a classical solution with initial data (p%,u)(z) = (p°,u®)(Az). One easily checks that for a fixed

s> 0 and large A > 0

1S =P e < CN7HI(0” = D)l (5.7)
lulllzs < OXTHul|a, (5-8)
for a constant C' = C(s). The standard local existence theory for symmetric hyperbolic sys-

tems of conservation laws shows the following: for s > 2, if for a fixed constant C > 0 we
have [[(p — 7, uQ)||ms < C, the initial data (p3,u}) yield classical solutions to (5.1)-(5.2) in
C([0,T), H*(R?)) N CY([0,T), H>"*(R?)) for T = T(s,C). Let us take s = 3. Now we simply
note that taking (p°, u®)(x) := (po, uo)(x) as in Definition 5.1.1 and A = ¢~ /2, the right hand sides
of (5.7) and (5.8) are uniformly bounded for all small €, say € < €o. Since for initial data (p%,uS)(z)
the classical solution (py,uy)(z,t) then extends up to a time 7" independent of € < €g, we find that
the classical solution (p,u)(z,t) with initial data (po,uo)(z) extends up to time Te~'/2. This is
enough for (5.5), though we note that one can get an order ¢! lower bound on T, by taking s closer
to 2.

Given that (p,u) is a classical solution on [0, T¢) with smooth initial data, one can upgrade this to
a solution that is smooth in both space and time by using standard energy estimates for conservation

laws. We direct the reader to Theorem 2.2 from [15] for an explicit reference. O

With the following proposition, we give a precise formulation of the finite speed of propagation

property of the system (5.1)-(5.2).

Proposition 5.1.3. If (p,u) is a classical solution of (5.1)-(5.2) on the time interval [0,T] with

initial data

(,D(I,O),U(I,O)) = (pO(I),UO($)>, (59)

for (po,up) as in Definition 5.1.1, then for 0 <t <T

(p,u) = (p,0) on D(1), (5.10)
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where we define o := +/p'(p) and
D(t) :={z € R?: |z| > 1+ ot}. (5.11)

Proof. This follows from the proposition in [19], which applies to a class of systems of conservation

laws that includes (5.1)-(5.2). O

Now we establish the main proposition, which proves that some particular Lagrangian trajectory

cannot be analytic.

Proposition 5.1.4. Let (p,u) be the solution to (5.1)-(5.2) as discussed in Proposition 5.1.2, and
let X(a,t) denote the Lagrangian trajectory map tracking the position of the particle beginning at

a € R2, defined by the equation,

—(o,t) = u(X(a,t),t), (5.12)

=
o
NS
|
)

Then there is an o € R? and a time to € (0,T.) such that the trajectory X (a,t) is not analytic in t

in any disc centered at tg.

Proof. Ultimately, all we need to prove is that, where B := {|z| < 1},

B(t) :== X(B,t) # B for some t € (0,T,). (5.13)

Indeed, suppose we can establish that. Then by continuity of the trajectory map, we have X (a*, t) #

a* for some a* near the boundary of B but outside B. This implies there must be a t* € (0,7%)

such that
dX
*ogE . 5.14
(0", 1) £0 (5.14)
Now consider
" . ax,
t(a*) :=inf{t € [0,T) : E(a ,t) £ 0} (5.15)

By Proposition 5.1.3, we know that since a* lies outside B, %(a*,t) = 0 is maintained for all ¢
in an interval [0,4] for some & > 0, and so t(a*) > 0. In fact, &X(a*,t) = 0 on the time interval
[0, ()], and yet there is a sequence {t, }n>1 C (0,T.) with ¢, — t(a*) and %X (a*,t,) # 0. Taking
tog :=t(a*), we find that the trajectory X (a*,t) is not analytic in any disc about .

So now we will show that B(t) cannot be B for all times ¢ € (0, T¢).
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Assume B(t) = B. First we claim that then (p — p) and u are supported in B for all ¢ € [0, T,).
To see this, note that if X(B,¢) = B, then for each ¢, u must vanish to infinite order along 9B.
From the continuity equation (5.1), one finds that this implies (p — p) also must vanish to infinite

order along 0B for each t. Thus by defining

(p,u) for |z| <1,
(P, u’) = (5.16)

(p,0) for |z| > 1,

we also get a smooth solution to the system (5.1)-(5.2) with initial data (pg,uo). By uniqueness,

(p°,u”) = (p,u), and so (p — p,u) is supported in B. With this in mind, we define the quantities

M(t) = /p(amt)u(x,t) - xde, I(t) := /(p(:v,t) — )|z da. (5.17)

Here M(t) gives a weighted average of radial momentum, and I () represents the moment of inertia,
modulo the constant state. Observe that as a consequence of the fact that p satisfies the continuity

equation (5.1), we have the identity

() = /8tp(x,t)\x|2dx - —/div(p(:ﬁ, Du(z, £))|2|2dz = Z/p(x,t)u(x,t) zde = 2M(8).
(5.18)

Now we claim M’(t) > 0. To verify this one can use the conservation law derived from the system

(5.1)-(5.2) 2
8t(puz-) + Z 81;]. (puin + 57;jp) =0, 1=1,2, (519)

to find that
M0 = [0lpteute,0) e = [ (o0t 07 +200) ~p@) e (5:20)

We claim the right hand side of (5.20) is positive. To see this, note

1 / 1 1 K
—_— ppdxzi/ plx,t ”’dx></px,td;v> , 5.21
i) 0= s [ (ele e = (s | o) (521)
where the right hand side is conserved, and so equal to its value at ¢ = 0, which is
1 K 1 7
——— | po(x,t dm) > (/ pdaz) =77 =p(p). (5.22)
(ot J, e n(B) Jy g
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This means we have

/(p(p) —p(p))dz > 0, (5.23)

which, when used in (5.20), verifies that M’(t) > 0. Using this with the identity (5.18), we find
¢
I(t) =1(0) +/ 2M(s)ds > I1(0) + 2tM(0) > 2t M(0). (5.24)
0

Meanwhile, since [ p(z,t)dz must be constant,

10 = [ (ol ~plafds < [

(pla.t) =) = [ (i) - Pl < Ce. (5.29
B

B

Using the definitions of @ and wg, noting p < pg(z), and combining (5.24) with (5.25), we have

2¢ (/ pu(x) ~1’dx) t

IN

2/ﬁu0(x) - xdxt, (5.26)

< 2/p0(x)u0(a:) - xdat,

= 2M(0),

IA

I(t) < C'e forallte|0,T,).

Note the integral in the left hand side of (5.26) is just a nonzero constant independent of e that one

can calculate from the initial data. Thus this implies

t<C" foralltel0,T,),
for some constant C”. However lim,_,o 7, = oo, and so for small enough € we have a contradiction.
We conclude that (5.13) holds, and as we saw, that implies the desired result for the proposition. [

Typically, Lagrangian analyticity for incompressible flows is established for a brief positive time

about ¢t = 0. The above example explicitly contrasts this if we start time at tg.

Corollary 5.1.5. For the (p,u) given by Proposition 5.1.2 and the corresponding to from Proposition
5.1.4, taking (p(z,to), u(z,t0)) as smooth initial data for the system (5.1)-(5.2), one does not have

analyticity of the Lagrangian trajectories for any interval of time including t = 0.
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Chapter 6

Counterexample for the

Vlasov-Poisson system

The Vlasov-Poisson equation gives a probabilistic model of the dynamics of a plasma, or a physical
system with a large number of charged particles that are governed by a long-range interaction, such
as with Coulomb’s law. The unknown is a probability density function f(x,v,t), defined on R?? x R,
describing the distribution of the positions and velocities of a large number of charged particles.

Here, we deal with the Vlasov-Poisson equation in the case d = 2, which is

O f(z,v,t) +v -V f(z,v,t) + E(z,t) -V, f(z,v,t) =0, (6.1)

for the unknown probability distribution f(z,v,t) : R? x R? x R — R with initial data f|;—o = fo €
CT(R*), for an n > 10, and where we have that the field E(z,t) : R? x R — R? is related to the

unknown f via

B(z,t) = —Vué(z,t), (6.2)
—Aep(z,t) = qp(z,t) (6.3)
plx,t) = /f(x,w,t)dw. (6.4)

Here we have the potential ¢(z,t) and density p(z,t), real valued functions defined on R? x R. We
may take ¢ = *+1 for the case of a repulsive or attractive force law. In what follows we just take

q = 1, though the analysis works for either case.
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We will observe that this system also has a Lagrangian formulation which can naturally be
written as an ODE. The main goal of this section is to demonstrate that unlike the situation for
the incompressible Euler equations, in this case the Lagrangian flow need not be analytic in time,
even for highly regular initial data. We explain what we mean by this more precisely in the next

subsection once we develop the Lagrangian formulation.

6.1 Lagrangian phase space formulation

Several key features are shared between the Lagrangian dynamics of the Vlasov-Poisson equation
and fluid mechanics equations such as the incompressible Euler system. For example, where the
curl is transported by the flow for the 2D incompressible Euler equations, for the Vlasov-Poisson
equations we have that the unknown probability density f is constant when evaluated along phase
space trajectories in the corresponding Hamiltonian system. We also have that the main governing
force entering in the Vlasov-Poisson equation can be written as a well-behaved nonlocal operator,
analogous to the operator that arises from the Biot-Savart law used for incompressible flows. This can
be used to write this trajectory system, in addition to that for the incompressible Euler equations,
as an ODE in an abstract function space. Now we derive the Lagrangian formulation for the system,
observing these properties as they appear in the derivation.

The system (6.1)-(6.4) has a Hamiltonian system formulation, given by

X =7V, (6.5)

= _(vm¢)(X7 t)?

in terms of phase space trajectories (X (o, &,t),V(a,&,t)) : R?2 x R2 x R — R? x R?, where X
corresponds to spatial position, and V' corresponds to momentum, or velocity, and we have the

initial conditions X («,&,0) = «, V(,&,0) = €. Additionally, we have

E(z,t) = V. A, p(a,t) = /VxAglf(x,w,t)dw = //K(x —y)f(y,w,t)dydw, (6.6)

with the integral kernel
1
Com |xf?

K () (6.7)

Making the change of variables (y,w) = (X (8,7,t),V(8,n,t)) in the integral on the right in (6.6),
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and evaluating at * = X («, &, t), one finds that

B(X(a.6.).1 //K (0, £.1) — X(B.1, ) f(X(B.1,1), V(B 1), ) Tx v (Bo, 1), (6.8)

where Jx v(a,§,t) is the resulting Jacobian. However, one can derive from (6.5) that Jx y = 1.
This is equivalent to the statement that volume in phase space is preserved under the natural flow
for this Hamiltonian system.

Observe equation (6.1) together with the system (6.5) implies that f is constant along the

trajectories in phase space, so that

f(X(Oé,f,t), V(O‘agvt)) = fO(a7£)~ (69)

Incorporating this property in (6.8) we get

B(X(a,6.t).1 //K (0 €,8) — X(B,11,4)) fol B, m)dBeln (6.10)

and returning to (6.5), we now have the system

dg (o, &,t) = (o, &,1), (6.11)
‘Zm&w:://K (0,€.1) — X(B.m,0) ol 8. m)dBdn
(X,V)(Q,E,O) =

We claim that although the system (6.11) has certain similarities with the Lagrangian formula-
tions for the incompressible Euler equations and the Euler-Poisson equation, it has very different
analytic properties. The main result of this section is a proof of the following statement: for any
n > 10 there exists C™ initial data for the Vlasov-Poisson equation so that either some Lagrangian
trajectory for the solution is not analytic, or there is a compact set X C R* such that the corre-
sponding trajectories (X (o, &,t), V(a, &,t)) do not have radii of analyticity in time at ¢ = 0 bounded
below by a positive number as («, §) varies in K.

In other words, we find that even if one requires the initial data to be very smooth, there
are examples where the trajectory map (X (a,&,t),V(,§,t)) either has a trajectory which is not
analytic at ¢ = 0, or there exists a convergent sequence (a,,&,) with the property that the radius

of analyticity of (X (an,&n,t), V(an,&n,t)) at t = 0 tends to zero. This implies, for example, that
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(X(a,&,t),V(a,&,t)) cannot be analytic as a function of time into the space of C' maps on R*.
Although this does not prove the existence of a non-analytic trajectory, it shows the situation is
quite different from that for the incompressible Euler equations and the pressureless Euler-Poisson
equations, which exhibit trajectory maps analytic from time into the set of C' maps, when one
imposes initial data with moderate spatial regularity.

We remark that the counterexample in this section is notably different from that in the section on
the compressible Euler equations. The Vlasov-Poisson system has an infinite speed of propagation,
so the results here provide an example of a different mechanism in a fluid equation which can cause
the analyticity in the time variable of the corresponding flow maps to fail. One can verify that the
natural operator associated to the formulation (6.11) in fact does not preserve analyticity in time,
which is the essential property of the system that the construction in this section takes advantage

of.

6.2 The setup for the counterexample

6.2.1 Construction of the initial data

We choose a smooth function ¥, on R? supported in a compact set, satisfying

1 >0, 1 =1 in a neighborhood V of the origin, and ||¢1|c» < 1. (6.12)

Let us denote

1 ify> |z
x(@,y) = ) (6.13)
0 ify< |zl
and take
g9(z,y) = (y* — )"y (2, y)x (2, y) (6.14)

Note that g is C"™. We define B := supp(g). We also take a smooth function 1, defined on R?,
satisfying

P2 >0, N :=supp(y2) C B1((1,0)), and [[¢2flcn < C, (6.15)

where we have denoted the ball of radius § about the point (1,0) by B1((1,0)), and we have some
constant C, whose size is unimportant.

Given the above, we choose a sufficiently small € > 0, to be specified later.
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Now, for 1, 8 € R?, we define the map

©n(B) :== (Bim — Banaz, Pinz + Pani), (6.16)

noting that ¢, (3) outputs the vector in R? corresponding to what one gets upon multiplying 8 and
7, considered as complex numbers. Recall that N, the support of 19, is contained in a ball about
(1,0) excluding the point (0,0). It follows ¢, (-) is invertible for each 1 € N, with the C%  norm of
¢, ' (8) bounded by a universal constant.

Now we define the functions

feB,m) = egle, ' (8)va(n), (6.17)
FBm) = g, (B)wa(n). (6.18)

The initial data for the Vlasov-Poisson system (6.1)-(6.4) which will lead us to the desired

counterexample is then fe(«,§).

6.2.2 The uniform analyticity assumption and an analyticity test for a

particular trajectory

Now we begin our discussion on the sense in which the Lagrangian trajectories for the system
with initial data f. are somewhat badly behaved, with regard to analyticity in time. The way we
will proceed is by assuming that the Lagrangian trajectories satisfy a kind of uniform analyticity
condition, which in particular would be satisfied if (X (-,t), V(-,t)) were analytic as a function from
time into the space of C'!' maps on R*. Under this uniform analyticity assumption, we will find that
we have a formula for the following quantity for a trajectory starting at (o, &) = (0,0), where we
have an analytic function of time J(¢), some functions fi(3,7) and t+(3,7), and a set S C R*:
%(07 0,t) = Zi: g %dﬂdn +J(1). (6.19)
Once we have the formula, what follows will be a careful examination of the effects of the singularity
in ¢ in the integrals in the sum. Ultimately we will find that the first term cannot be analytic in ¢
at zero.
Now we proceed with the motivation of providing the formula (6.19) explicitly. First we define

some the quantities which will be of use in deriving the functions, such as f1(5,7n) and t4(8,n),
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that appear in the formula.

Definition 6.2.1. We denote by R : R? — R? the reflection defined by Ty (x1,72) = (w1, —12). Let

us define the following functions on B x N x [-T,T].

7'+(ﬁ7777t) = 557;1 [X(§0U<ﬂ)v777t) - X(O’Ovt)] - [ﬁl + iﬂ? + t}a (620)

r-(Bymyt) = Py [T X(0(B)n,t) = ToX(0,0,8)] = [B1 — iBa + 1, (6.21)

where ¢ 1(B) returns the complex number representing the vector o ! € R?, and
Y D p g Py

]’Li(ﬂ,’fht) = (B1i2ﬂ2)+t+ri(ﬂ7nat) (622)

In the following lemma we give a precise description of the uniform analyticity assumption
mentioned earlier, and take it as a hypothesis. Equipped with the above definitions, we show how
the assumption leads to the definition of the ¢4 (53, 7) functions that appear in the formula (6.19).
These functions play the most significant roles regarding singular behavior in the time variable,
and the information given by the lemma will allow us to study the effects of the singularities more

precisely.
Lemma 6.2.2. Suppose the following assumption holds:

Assumption 6.2.3. The function X («,&,t) is analytic in t at 0 for all (o, &) € (B x N)U{(0,0)},

with a uniform, positive lower bound on the radius of analyticity.

Then there exists an v > 0 and a neighborhood U of the origin in R? such that we have the
following:

(i) For all (B,n) e BXxN,te€{ze€C:|z| <r},

1
|6thi(/8a777t)| > 57 (623)

where we have extended the definitions of the r4(8,n,t) and hy(8,n,t) in the time variable to their
complex analytic extensions.

(ii) The relations

ha(B,m,t+(B,m)) =0 (6.24)

define functions t+ : U x N' = C, mapping into the disc {|z| < r}, with bounded Cy, norm.

Sometimes we use the notation t'.(8) =t (8,n).
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(1ii) We have

[#5() + Tdellez < Ce, (6.25)
[t2() = Tille2 < Cé (6.26)
for allmp € N, where Idc(x1,32) := x1 + ixa, Ti(x1,22) := —x1 +iz2, and C > 0 is a universal

constant.

Proof. Regarding the proof of (i), we first note that the Taylor expansion in time for the spatial
position function of a trajectory gives X (3,7n,t) = 8+ tn + O(t?), using the initial conditions for
the trajectories in the system (6.11). Now we observe that [$1 + if2 + t] then gives the first order

expansion in ¢ for the expression

95771 [X(Wn(ﬂ)ﬂ?at) - X(0,0,t)] ’ (627)

and so the difference 7, (8,7,t) is O(t?), and 9;r+(B,7m,t) = O(t). Using this, and a similar obser-
vation for r_(8,7,t), one can verify (i) as long as r is small enough.

The proof of (ii) now follows from an application of the implicit function theorem.

Now we consider (iii). Let us fix an € A" and consider specifically ' (-). For § € U we define
t(8) to be t7 (3) regarded as a vector in R? rather than a complex number, and we define R(, 1, t2)

on B x {|t| < r} to be ry(B,m,t1 + ity) interpreted as an R?-valued function. Thus we have

B+t(B) + R(B,t(8)) =0 (6.28)

for 5 € U. First we claim for all 5 € U

(¢ + Ide)(B)| = [(B) + B = [R(B, £(8))| = O(e). (6.29)

The only nontrivial observation here is that the remainder R(3,t1,t2) is O(e), in Cé (tr,t) DOTID in
particular, which is good enough for the purposes of this lemma. Too see this, we note the initial

data f. is O(¢) in C? norm, which can be used to estimate the size of the solution f(z,v,t) to

the Vlasov-Poisson system in C? norm, which can then be used to estimate %. One can use the

estimate on % to bound the second order Taylor expansion error [X(8,7n,t) — (8 + tn)], and then

. . 2
use this to bound R in CB,(tl,tz)'
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Looking at the jth entry and applying 0g, for ¢ = 1,2, gives for j = 1,2,

8ij + 0it;(B) + OiR; (B, t(B)) + Z it (B)0y, R;(B,(B)) = 0. (6.30)

Here we have written 0, R; to indicate differentation of R; with respect to 3;. Using (6.30) to solve

for Vt gives
VH(B) = —(I + VaR(B,t(8)I + V. R(B,t(8))) ", (6.31)
where we denote with V; the gradient with respect to (¢1,t2). With the O(e) bounds on R, we then

obtain |V (] + Idc)| = |Vt + I| < Cé, as desired.

Differentiating (6.30) with respect to Sy for ¢,j,k = 1,2 gives

(6.32)
2
0 = 9ti(B) + 9iyR; B (8ktl )[0:,0:R; (B, 4(5))] + 3t (8)0r, R; (B, 1(B))
1=1
2
b3 tiOutnl0R, o 55,1090 ).
m=1
We define
(6.33)
2
[2(i, k)], = O Ry ) + Z <3ktl )[0r,0: R (B, t(B))] + 0it1(B) [0k 0y, R (B, ()]
1=1
£ OOl o Ry (5. ).
m=1
Then we have
it (B) + Z Orit1(B) 0 R; (B, £(B)) = —[E(, k)] (6.34)
Regarding 9%,t(8) and Z(i, k) as row vectors (for each fixed i, k), we find
Ot(B) = —E(i, k) (I + VR(B,t(B))) " (6.35)

One can check that R is O(e) in C? norm, and thus Z(i, k) = O(e), which then allows us to conclude

the desired result for ¢/ in the statement of (iii). The proof for ¢” (-) is similar.
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Observe that Lemma 6.2.2 tells us that the functions ¢’ (3) and ¢ (8) return approximately the
complex numbers — 3 — i and — B + 02, respectively. Now note that in the formula (6.19) which
we will derive explicitly later in this section, when the ¢ (3) are approximately 0, i.e. when 3 ~ 0,
we anticipate singular behavior for ¢ = 0. Indeed, our region of integration S in (6.19) will include

[ near the origin, specifically in the region described in the following definition.

Definition 6.2.4. For any§ > 0, we denote by Qs the open square centered at (0,5//2) of sidelength

0, oriented so that one diagonal aligns with the x-axis and the other with the y-axis.

Now, regarding the above definition, we fix a > 0 such that

(i) Qs is contained in the neighborhood U given by Lemma 6.2.2,

(ii) Qs is contained in the neighborhood of the origin on which ¢; = 1,

(iii) and t1(Qs) C {2z : |2| < 7}

Note the relationship between the singularities in the integrands in the formula (6.19), in which
we will be integrating over 8 € Qs, and the images ¢ (Qs) for each n € N. By the previous lemma,
these images are approximately FQs, regarded as a subset of C. The half-planes in which the various

singularities lie is one more key piece of information we will need.

Corollary 6.2.5. The functions t'|(8) defined for 8 € U, n € N satisfy

I(tL(8) < 0 for (Bn) € Qs X A, (6.36)
Im(t"(B)) > 0 for(B,n) € Qs xN. (6.37)

Proof. First we consider (6.36). Fix n € A. Let us sweep out ()5 with the parameterization

3
Yo(T) = 7(cosb, sinf), T € (0,L(0)), 6¢€ (27 I) , (6.38)
where for each 6, L(6) is some positive value in the interval (6,v/2§). By Lemma 6.2.2, [|t7(-) +
Idc||c2 < Ce. Thus for 7 <6 < %T”, the curvature of each of the curves indexed by 6 given for each

fixed 0 by

Yo (1) = t1(76(7)) (6.39)

is always O(e). This bounds the instantaneous rate of change of the angle of the tangent to this

curve. Observe that the angle 9 of the tangent to any one of these curves at 7 = 0 is between _TBW

and —7. It is easy to verify that the total change in angle between that at 7 = 0 and at 7 = L(f) is

also O(e), and so for small enough ¢, it is impossible for the angle to have deviated sufficiently from
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Jo for the curve to have left the lower half-plane. It is easy to see that the curves 44 (7) sweep out

the image of ¢/ (), and so this proves (6.36). The proof of (6.37) is similar. O
Now we are ready to derive the formula (6.19). This is the purpose of the next lemma.

Lemma 6.2.6. Suppose Assumption 6.2.3 holds. Then we have for a nonzero constant c
dV
1 (0,0,t) ZIi (6.40)

where J(t) is real analytic at t =0, and

f+(B,m)
/ /Q5 T dﬁdn, (6.41)
where
= —g(B)a(n)(m F n2)
T 5 = BB, tx(B) (642

Proof. Given initial data f. for the Vlasov-Poisson equation, for a corresponding Lagrangian trajec-

tory (X (o, &, 1)), V(a, &, t)), we define the functions

Xi(aagvt) = Xl(aagvt) £ Z'XQ(O[,£7t). (643)

Note that the Lagrangian phase space formulation for the Vlasov-Poisson system requires that

the trajectory beginning at the point («, &) = (0,0) obeys the evolution

dv

E(Oa 0, t) = R4 K(X(Oa 07 t) - X(ﬂa n, t))fe(ﬂv U)dﬁdﬁ (644)

Meanwhile, we may write for each j = 1,2,

K'(y) = Em7 (6.45)
1 1 e
i y1+iy2 + Y1—iy2 iftj=1

87 ). L L 4o '
¢ (yl+il/2 - yl—iy2> =

We focus on the first component of & d in (6.44) as the function whose analyticity we will proceed

t
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to test, which with the aid of (6.45) we can write as

A% ¢ 1

Let us define
1

(1) = / = i

(6.46)

(6.47)

Observe that the trajectory with initial position 8 € R? and initial velocity n € R? can be expanded

as

X(B,m,t) =B +tn+r(B,n,t),

where 7(3,1,t) = O(?).
So

X*(pn(B8),m,t) = X(0,0,8) = @, (B) + iy (B) + t(m + in2) +7(8,n, t),

(6.48)

(6.49)

where, given Assumption 6.2.3 holds, 7#(3,n,t) satisfies the same kind of uniform analyticity in ¢ as

X(B,n,t) does, as described in Assumption 6.2.3, and #(3,7,t) = O(t?). Moreover

X+(9077(ﬂ)’777t) - X+(O’Ovt) = (ﬂl + i52)(771 =+ i772> + t(771 + i772) =+ f(ﬂv”at)'

Observe that the function r (8, 7,t) defined in (6.20) can be expressed the following way:

r+(B,m,t) = 7(B,n,t), for feB, neN.

M+ in2

Now we use a change of variables and the definition of f, in (6.18), to write

flen(8),m)

ro = | X (pa(B), 1, 1) — X(0,0,)
/ g(B)b2(n)

(Br 4 iB2) (1 + im2) + t(m + inz) + re(B,m,t) (m + in2)
/ 9(B)v2(n)(m — ina) dBdn

(B1+1iB2) +t+r(Bm,t)
_ /g(ﬁ)%(n)(m — ing)

h+(57777t)

In|dBdn,

dpdn.
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Meanwhile, one similarly finds

) — g(B)2(n)(m + in2)
o= /(517i62)+t+r_(5,77,t)d5d’77 (6.53)

9(B)Y2(n)(m + in2)
/ Gy

Let us define r/,(3,7m,t) := t~2r.(8,7n,t). Recall from the construction given in (6.12)-(6.14) that
B = supp(g) is contained in the set {(z,y) : y > |z|}. Observe that 8 € B\ Qs then implies |3] > .

Thus there is an ry > 0 such that for all 3 € B\ Qs, n € N,

|ha (B,m,t)] = |(B1 £ iB2) + t + 7rL(B,n, )| > %5 for |t| < 7o, (6.54)

meaning all complex t in the disc of radius r¢. For such ¢, we write

IE(t) = IE() + I (1), (6.55)
where
£ (771 $“72) .
and
771 $“72)
0= [, [ S s (657)

In view of (6.54), by using Assumption 6.2.3, which gives a positive, uniform lower bound on the
radii of analyticity of ro(8,n, ) as we let (8,7n) vary in Bx N, we see that the Ibi(t) must be analytic
in ¢ in a disc about zero.

Now we consider the quantities IﬁjE (t). Again using Assumption 6.2.3, note that we may write

for (8,1) € Qs x NV, and ¢ in a disc about zero,

1 1
Gt~ B —a@ ) TG, (6.58)
where Ry (8,mn,t) is analytic in ¢, and
Ci(ﬁﬂ?) = ath(ﬁvnvt:t(ﬁvn)) (659)

We then find |c4(8,1)] > 1 in Q5 x N, recalling (i) of Lemma 6.2.2, along with item (iii) following

Definition 6.2.4.
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So we have

e = / /Q Hig 9(8) Zi ()(m)q:mg)dﬂd oo
/ /Q Ry(B,n,t)g(B)¢2(n)(ny F inz)dBdn,
— +Ij: )

Using the lower bound on the radii of analyticity for X (5,n,t) due to Assumption 6.2.3, it is not

hard to show the Ioi(t) are analytic. Collecting all the terms, we now find

T0,0,0) =~ = 32 (120 + I (1) + T 1), (6.61)
+

where the functions I3 (t) and Ibi (t) are analytic at ¢ = 0, giving us the result in the statement of

the lemma. ]

For the rest of this section, the goal is to show that under Assumption 6.2.3, in the decomposition
given by Lemma 6.2.6, >, I£(t) cannot be analytic at + = 0. This implies that the function we
started with, d(x (0,0,t), cannot be analytic at 0. In fact this contradicts Assumption 6.2.3, and so
once it is shown, we can conclude that the assumption cannot hold.

One of the key tools in our proof is a certain function transform, which is essentially the FBI
transform with some minor modifications. We recall the following fundamental fact arising in the
study of real-analytic functions: a function is real-analytic if and only if its FBI transform satisfies
a particular decay condition. In the following lemma, we describe a simplified version of the FBI
transform, sufficient for our purposes, and we show that it also must satisfy a certain decay condition

if the original function is analytic. Eventually we will verify that this test fails for ) IE(t), and

thus conclude that the function cannot be analytic.

Lemma 6.2.7. Consider a continuous function a(t) : [-1,1] — C. Suppose a(t) is analytic at t = 0.

We define for s >0, A > 0,
1
a(s,A) == / e_2i’\5te_5t2a(t)dt. (6.62)

-1

Then there exist constants A >0, v > 0, C > 0, such that for any s > 0, A > A,
la(s, )| < Ce 7%, (6.63)

Proof. We pick € > 0 less than 1, and small enough that the rectangle {u+iv : |u| < 2¢, |v| <e} is
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contained in a complex neighborhood of ¢ = 0 on which a(¢) has an analytic extension. We choose a
real-valued, continuously differentiable function h(t) on [—1, 1] satisfying |h| < 1 on [—1,1], h(t) =1
for |t| < e, and h(t) =0 for |t| > 2e.

We replace the contour traced out in the integral for a(s, A\) with the contour traced out by
t — (t — ieh(t)), noting that this does not change the value of a(s, \), given the analyticity of a(t).
We then have

a(s, \) e 2ids(t—ieh(D) g=s(t=ich(1)* g (4 _ jch(t))(1 — ich/ (t))dt, (6.64)

Il
—

1
— / €—2i)\st—2/\seh(t)—st2+21'steh(t)+ssz(h(t))2a(t _ iEh(t))(l _ iEh/(t»dﬁ.

So
1
la(s, \)| < esup || / SR =2 (M) (¢ — jeh(t))|dt. (6.65)
—1

Fix A > e. Consider |t| < e. Then we have
2eAR(t) + 12 — 2(h(t))? = 2eN+ 12 — &2 > 22 — 2 412 > &2, (6.66)

On the other hand, in the case |t| > € we have

(6.67)
2eNh(t) + 1% — 2(h(t))? = eh(t)(2X\ — eh(t)) + 1% > eh(t)(2e — &) + t* = 2h(t) + t* > &%
So in both cases,
675(26)\h(t)+t2762(h(t))2) < 676287 (668)
and we can conclude from (6.65) that for A > ¢ and any s > 0
la(s,\)| < Ce =%, (6.69)
O

Now that we have established the necessary relationship between analyticity and the decay of the
transform, in the next proposition we consider the result of applying the transform to the function
Y(t) := 34 IF(t) to get a function (s, \). We show that %(s, \) can be written as the sum of two

terms, one of which is in a form prepared for a computation of asymptotics in the parameters s > 0
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and A > 0, and the second of which satisfies an exponential decay estimate. It is the first term that
we will see contributes a main, lower order part which cannot satisfy the exponential decay estimate

of Lemma 6.2.7 that is required for analytic functions.

Proposition 6.2.8. For the function X(t) := S, IF(t), the transform (s, \), defined by
~ 1 . 2
$(s, ) 1= / e~ 2idste=stt s ) gt (6.70)
-1
can be represented by the following formula:
(s, A) :/ L,(s, \)dn + 7(s, \), (6.71)
N
where for a nonzero constant ¢ € C we have
, [0 [0 o,
I (s, A) = ce”* / / e~ 3@ N yntlyntly (2 4)dady, (6.72)
0o Jo

where for each fived n € N we have some functions t, : [0,6]> — C and b, : [0,8]*> — C. Moreover,

(i) for some C' >0, v > 0, for all sufficiently large X\, s > 0,
[F(s,\)| < C'e™ 7%, (6.73)

(ii) for each m € N, the function t, : [0,8]* — C satisfies ||t + (Rz)c|/c2 < CE for a constant

jus
4

C >0, (R%)C denoting counterclockwise rotation through an angle of 7 /4, with the output considered

as a complex number, and

ty(0) = 0, (6.74)
0.ty (0) = —1
aytn(o) = L

V2

iii) and for n € N the function b,(-) has bounded C* norm and satisfies
(iit) 0

/ b, (0)diy # 0. (6.75)
N

Proof. We define T (s, \) by applying our simplified FBI transform to I (¢) (the transform applied
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to a(t) in the statement of Lemma 6.2.7 and to X(t) = >, IF(¢) in (6.70)). Recall

£(4) = 1 ~9(B)2(n) (. F in2)
t) B /-/\f‘/Qa t— ti(ﬁa 77) Ci(ﬁﬂﬂ dpdn, (6'76)

where c4(3,n) is as defined in (6.59). Let us define for (8,7) € Qs x N

0 ay . 9B)Y2(n) (e F in2)
vi(B) = (3.0 : (6.77)
We then find that
I;t(s, A) = / —2iAst ,—st / /Q& T —————b(B)dBdndt, (6.78)

/ /Q (/ tfti(ﬂ)e_%\gt ! dt) (8)dBdn. (6.79)

Now we define the quantity

B := sup t(B)]. 6.80
(ﬁm)GanN| +O (6.80)

Let us take the segment [—1, 1] over which we are integrating in the innermost integral in (6.79) and
deform it in the complex plane to form a new contour I'. The contour I' begins at —1, goes directly
downward to —1 — 2iB, then across to 1 — 2iB, and then up to 1. We write this as the union of

three contours I'y, I's, and I's, with
'y =[-1,-1-2iB], Ty=[-1-2iB,1-2iB], T's=[1-2iB,1], (6.81)

We claim that for each fixed (5,7) € Qs x N, making this change of contour in the expression in

parentheses in (6.79) has the following effect.

1
1 —2iAst  —st? / 1 —2iAst  —st? . —2iAst” —s(t? 2
———e e dt = e Wt mst g omje=2AstL(B) o =s(LL(B))” (6,82
/,1 t—11.(5) ) (052
/1 1 672i)\stefst2dt _ / 1 67275/\515675152 dt (6 83)
_1 t—1"(B) () ' '

Here we have assumed that ¢ is much smaller than 1, which has the effect that in particular ¢ (Qs)
is completely contained in the rectangle with boundary [—1,1]UT". This also uses Lemma 6.2.2 and
Corollary 6.2.5 which guarantee '] (-) very closely approximates —Idc, that Im (¢.(8)) < 0, which
is used for (6.82), and that Im (7 (3)) > 0, which is used for (6.83).

Now we record the fact that we have a lower bound on |t — /. (3)| as t varies along I, uniform

108



in (6777) EQ(S XN'

Given t € C, we write t = u + v, for u,v € R, and note

—2i\st — st* = —s(t? + 2iMt) = —s((u+iv)? + 2iN(p + iv)) = —s(p? — v — 2w +i[2uv + 2\)),
(6.84)

so that when we take the real part of this quantity we get

—s(p? — % = 20) = s(v? + 2 v — p?). (6.85)

Let us now impose A > 3B. Consider ¢ varying along I', first with ¢ = p+ v € I'y UT'3, the union of
the vertical segments. Then we have y? = 1, and we find for each fixed s > 0 the quantity in (6.85)

is maximized in v over [-2B,0] when v = 0. So

< Ce ", (6.86)

/ 17] e—2i>\st8—st2
Turl'y t - t:l:(ﬁ)

On the other hand, when we have ¢ € T's, we have that ¥ = —2B, and the quantity in (6.85) is

maximized when p = 0. Recalling A > 3B, we find

1 —2iAst  —st?
——< € e
/r2 t—t1(B)

Combining (6.86) and (6.87), and defining v = min(8B2, 1), we obtain

1 —2iAst  —st?
——< € e
/r t—t1(8)

Using this with (6.78)-(6.79), (6.82), and (6.83) gives us

< 06(74,\B+432)s < C678BQS. (6.87)

< Qe (6.88)

S(s,A) =Y _IF(s,\) = 0(e™*) + /N /Q (—2mi)e= 2L () =L BN 1 () dBdn, (6.89)
+ 5

where we have also used that the [b7 (3)| are uniformly bounded over Q5 x N.

The 7(s, A) in the statement of (i) of the Proposition is defined to be the O(e~7%) term in the
right hand side of (6.89). Thus, we just need to show the remaining integral in the right hand side of
(6.89) has the form [, I, (s, A)dn, with I, (s, A) as in (6.72), and with (ii) and (iii) of the proposition
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satisfied. We denote the remaining integral in the right hand side of (6.89) by
I*(s, ) := —2mi / / e 2L =LA 1 (8)dBd (6.90)
N JQs

Let us define for (8,n) € Qs x N

5y (B3) = Ya(n)(m — i) Ya(n)(m — ina) (6.91)

C+(/3777) 6th(/8a777t+(67n))’

noting in particular for each fixed 5 € A that b, (-) is then a C* function with bounded first order

partial derivatives on Qs. Also note from the definition of b, given in (6.77), that

b1 (B) = g(B)by(B). (6.92)

The next step is to replace the variable § in the integral in the right hand side of (6.91) with rotated
coordinates (z,y), with R 4(2,y) = B (where R/, acts as a counterclockwise rotation by m/4).

We define for (z,y) € [0,6]%, n € N,

tn(ﬂf,y) = ti(Rﬂ/4(I’y))a (693)

EW(RW/AL(:E’ y))

S
B
&
Y
I

We remark that for each n € N, b,(-) has bounded C' norm since Bn() does.
One can easily calculate from the definition of ¢, using (6.22) and (6.24), that for each n € N,

(6.74) holds. Moreover, since Lemma 6.2.2 gives us that

[4.(:) + Ide|lc» < Ce, (6.94)

we find that

[ty (-) + (Rz)cllc2 < Ck, (6.95)

so that ¢, satisfies the properties claimed in (ii) of the proposition. Now observe from the definition
of g, given by (6.14), and item (ii) immediately following Definition 6.2.4, that for 5 € Qs, we have
g(B) = (B2 — B2)"*1. Thus we have

9(Raja(z,y)) = C'a" Ty for (z,y) € [0,6]? (6.96)
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for some constant C’. So making changing to the rotated coordinates (z,y), with R, /4(x,y) = S,
/

in the integral in (6.90), we have

5 8
I*(s,\) = c/ / / B_QiASt"(m’y)e_s(t"(m’y))2$n+1y"+1b,7(x,y)dxdydn, (6.97)
~NJo Jo
for a nonzero constant ¢. Note that ¢2 4 2iXt, = (t, +iX)* + A%, so
72i)\stnefst

2 25 2 2 112
e no— efs(tn+22)\t,,) — 675)\ efs(tn%»z)\) , (698)

which yields

5 6
I*(s,\) = ce=sN* </N/ / e_s(t"(”’y)HA)zx”Hy”an(m,y)dxdydn) . (6.99)
0o Jo

Recall that I*(s, ) is the integral in the right hand side of (6.89). Thus if we define for each n € N
5 o o,
Iy(s,\) :==c / / e Sn@HN Tyt lyntly (4 o) dady, (6.100)
0o Jo

we have the decomposition proposed in the statement of the proposition. To complete the proof, it

remains only to show that

/ b, (0)dn # 0. (6.101)
N

To see this, we note
_ Pa(n)(m — ing)

b, (0) = b, (0 6.102
77( ) 77( ) C+(O, 77) ( )

It is not difficult to verify that in fact for any n € A/ we have
c(0,1) = Bshy (0,1,4(0,1)) = 9:h(0,7,0) = 1. (6.103)

Moreover, recall 15 is real and nonnegative, and N, the support of 19, is contained in B 1 ((1,0)).

Thus we can guarantee

/ by (0)dn = / ¥2(n)(m — inz)dn # 0. (6.104)
N N

This shows that the function b, satisfies the properties stated in part (iii) of the Proposition, con-

cluding the proof. O

111



6.3 Proof of the impossibility of uniform analyticity

Let us summarize what has been established so far. We have found that given Assumption 6.2.3,
which is a kind of uniform analyticity assumption on the Lagrangian trajectories for our solution
to the Vlasov-Poisson system, Lemma 6.2.6 implies that we have the decomposition of %(0,0,t)
into an analytic piece and a constant multiple of ¥(t) = >, IF(t). Meanwhile, Proposition 6.2.8
implies that the transform of 3(t), denoted f](s, A), can be written as a sum of two quantities, one
of which is a multiple of an integral over n of the I, (s, A) function, given by (6.72), and the other
of which is a function that decays exponentially in s, for large s, A. The majority of the remaining
work consists of computing the asymptotics in terms of large s, A > 0 of I, (s, A).

Looking to Lemma 6.2.7, we see that the analyticity of ¥(t), and thus that of % (0,0,t), depends
critically on the asymptotics in large s, A\ > 0 of f)(s, A), and thus on those of I,(s,\). Once we
have developed the necessary integral asymptotics, we find that |I,(s, A)| can only possibly decay
algebraically in s and A. From this we can deduce that, for large s, A, the decay of i(s, A) in s
does not pass the test of Lemma 6.2.7, and so 3(t) cannot be analytic at ¢t = 0, and so Assumption
6.2.3 must be false. This will conclude the proof that trajectories to Vlasov-Poisson arising from
the initial data f. fail to satisfy the kind of uniform analyticity condition described by Assumption
6.2.3.

6.3.1 Integral asymptotics

Throughout this subsection, we assume that we are given a complex-valued function o(z,y) defined
on the square [0, ]2, for the § > 0 chosen in our construction of the initial data f. for the Vlasov-

_ 144

Poisson system. Moreover, we assume o(0) = 0, d,0(0) = ek 0y0(0) = 1—\75, and that

lo(-) + (Rz)cllez < Ce, (6.105)

s
4

for a universal constant C, where (Rz)c denotes a counterclockwise rotation by 7, followed by
identification of the vector in R? as a complex number.
Given such a function o(z,y), we seek to give asymptotics in terms of large s, A > 0 for integrals

of the form

6 o
/ / e RN gy o, y)dady, (6.106)
0 Jo

for a complex-valued C' function a(x,y). Compare this with the integral in the expression I, (s, \)
in (6.72), for each fixed n € N, in which t,(z,y) plays the role of o(x,y). Note that part (ii)
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of Proposition 6.2.8 asserts that the ¢,(x,y) satisfy that which we require of o(x,y) above. Once
we develop the asymptotics for integrals of the form (6.106), sufficient information on the decay

properties of I,(s,\) and X(s, \) in large s, A are readily obtained, through Proposition 6.2.8.

Definition 6.3.1. Given o : [0,0]% — C satisfying o(0) = 0, 9,0(0) = =X, 9,0(0) = L2, and

V2’
(6.105), we define the quantities
dz,y) = (o(z,y) +id)? (6.107)
1 . — .
Glzy) = (90(zy)" = 5 o(z,y) +iNdjo(z, y)] bofori=1,2.
We decompose o(x,y) into its real and imaginary parts, with
O'(l‘,y) = :U‘(I7y) + iV(I’,y), (6108)
defining pu(x,y) and v(z,y) accordingly, and we define
plz,y) = Re(o(z,y)) = (u(z,y))* - (v(z,y) + ), (6.109)
_ 1 - )
pi(z,y) = (9p(z,y) " = 3 (@, y)diu(z, y) — (v(z,y) + NOjv(z, y)] boforj=1,2

We remark that in the above definitions we have suppressed the dependence of the functions on
the parameter \ with the above notation. This is primarily done for greater ease of reading, though
it should be kept in mind that these functions do indeed depend on A.

Now we outline some simple preliminary estimates for the functions given in Definition 6.3.1,
which are just straightforward consequences of computations relying on (6.105) and the other re-
quirements for o(z,y). We remind the reader that the n appearing in the next lemma is the fixed

integer greater than or equal to 10 that was chosen in the construction of our initial data.

Lemma 6.3.2. If ¢ > 0 is small enough, for the quantities defined in Definition 6.3.1, for each

7,k =1,2, we have the estimates

A\
o
S
>
L

165 (@, )
|0kG; ()]

(6.110)

N
S
[\~]
s [
g

i@yl < @A™

A
S
[\~]
s [
)

|Okpj(z,y)]

113



for all (z,y) € [0,6)%, and sufficiently large s, X > 0, where a; = 3/4, az = 1073.

We have one more preliminary estimate to make, which gives a crude bound on the quantity
e~ *F (which we remark is the magnitude of the exponential in (6.106)) evaluated along the two

edges making up the boundary of the square [0, 6]? not intersecting the origin.

Lemma 6.3.3. For o(z,y) and p(x,y) as above, and large enough s, A, we have the estimates

e @0 < (sA\)T3eN for0 < <4, (6.111)

=Pl < ({9)\)73”65)‘2 for 0 <y <.

Proof. First we note that given the bound (6.105), we can ensure that for any 0 < 7 < §, we have
—100 < v(7,0) < —6/10 and —108 < v(4,7) < —d/10. Let us write a := §/10 and A := 104. So for

any 0 < 7 <, as long as s and A are sufficiently large,

e—sp(T,é) _ es(/\2-"-21/(7',6))\-"-(11(7',5))2—(;L(‘r,&))z)7 (6112)

es()\2 —2aA+A?)

IN

)

2 241
es/\ e(—2a+A A )(s)\)’

eA emasA (6.113)

IN

IN

(S/\)—3nes/\2 )

In particular, to get (6.113), we assume A > A2%/a.
Similarly, one can check

efsp(é,'r) < (S)\)*ffmeS)\z (6114)
for sufficiently large s, A\. With these bounds, the lemma is proven. O

Now we are ready to begin with the integral asymptotics. We will eventually prove Lemma 6.3.8,
which provides the leading order term for integrals of the form (6.106), along with appropriate error
bounds. We build up to this by first proving some simpler asymptotic integral estimates, beginning
with a one-dimensional version, with a real phase function. Also, rather than explicitly calculating

a leading term for an expansion, we simply provide an upper bound on the size of the quantity.

Lemma 6.3.4. Let us denote p(y) := p(0,y) for 0 <y < 6. Then for sufficiently large s, X, we have

for0<j<n+2,

s 4
—sp(1 j J: sA?
/0 e LWyidy < (s)\)jHe A (6.115)
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Proof. First we show this for j = 0. Define 6(y) := (B’(y))_l. Then we have

)
/ e—sg(y)dy —
0

Note

e Lo )

0
é
5_1/ 0 (y)e LW dy — s~
0

A+B+C.

19(5)6_33(5) + 3_19(0)6_33(0),

4 4
Al <5 maxl0 )] [ ey < ()7 [ ey,
0 0

(6.116)

(6.117)

where we have used Lemma 6.3.2, using that 6'(y) = 9,¢2(0,y). Also, by Lemmas 6.3.2 and 6.3.3,

Noting p(0) = —A?, and that 6(0) = ¢2(0,0), and using Lemma 6.3.2,

So incorporating bounds (6.117)-(6.119) into (6.116), we find

IC] < s710(0)]e < ay(sA)LeN.

B < s~ max |0(y)]e”

sp(9) < (s/\)—?mes)\2 )

)
(1 . (S)\)il)/ efsg(y)dy < (8)\)737163/\2 +a1(8/\)7165)‘2.
0

Recalling a; = 3/4, we find this then implies

for sufficiently large s, A. This gives us the base case.

Fix 1 < j <n+ 2 and assume (6.115) holds for j' < j. Then

_g 1 /0(S v 0(y) (6*53(9)) dy

é
[ G0 + e W) ey - s
0

5
/ e*sg(y)yjdy —
0

§
/ e—sB(y)dy < (s)\)—les)\z,
0

A"+ B.
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(6.118)

(6.119)

(6.120)

(6.121)

(6.122)



Regarding A’, we may write 6(y) = 0(0) + y0(y), where (y) = L J3 0’ (7)dy. With this,

Ty

§
A=s! / 77 (600) + () ) + 70 (v)] €2V ay, (6.123)
0
and so we obtain
5 ) é )
1A' < s*IjIG(O)I/ e Wy =ty + 57 (j + 1)maX|9’(y)|/ e Wyl dy. (6.124)
0 0

Using Lemma 6.3.2 to bound |6(0)| = |¢2(0,0)| and |6 (y)| = [9y¢2(0,y)|, we get

5 5
|A'] < alj(s)\)_l/ e Wi~y + as (5 + 1)n_1(s/\)_1/ e LWyl dy (6.125)
0 0

Now we use the induction step on the first term in the right hand side of (6.125), and for the second

term we note that as(j + 1)n=t =1073(j + 1)n~! < 1, and we find
A <a _ It e + (sA)7! 66—5P<y> id (6.126)
S l(s)\)j“ ; =yray. :
Additionally, Lemma 6.3.3 in particular gives us that the term B’ from (6.122) satisfies the bound

1B’ = |s1676(5)e 2| < ce™920) < ¢(sA) PN, (6.127)

Using this with the bound (6.126) on A’ in (6.122), we obtain

3 . i
(1— (s\)7h) / e W)y dy < al(s;ﬁe”? +e(sA)"Bes (6.128)
0
This implies that for large enough s, A, we have
b —sp(y),,J ]' sA2
/0 e=5LW)yd dy < (S/\)j+1e , (6.129)
finishing the inductive step. O

Now we give an estimate for essentially the two-dimensional version of the integral handled in

Lemma 6.3.4.
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Lemma 6.3.5. For sufficiently large s, \, we have for 0 < j<n+2,0<k<n+2,

S )k G
/O /0 e sP\T,y :L’Jy dl’dy < WGS . (6130)

Proof. Define ©(z,y) := (0,p(x,y))~ 1. First we consider the base case. We have

(6.131)

5 5 § 5
[ [ erenay =~ [ [ 0@y, () dudy,
0 0 0 0

5 o s
= 3_1/ / &C@(x,y)e_s”(m’y)dmdy—3_1/ O(, y)e‘sﬁ(‘s’y)dy
o Jo 0

)
+S’1/ 0(0,y)e OV dy,
0

= A+B+C.

First we handle A. Notice O(z,y) = ¢1(z,y). So we may use Lemma 6.3.2 to bound 9,0(z,y) in

the following;:

5 8 5 8
|A] < s7! max\am@(:r,y)\/ / e3P @Y dady < (s)\)71/ / e P@Y) drdy. (6.132)
0o Jo 0o Jo
For B, by using Lemma 6.3.3, we find that
9 2
|B| < c/ e3P0 dy < ¢ (sA) T2 eN . (6.133)
0

Now we consider C. Note that we have ©(0,y) = 0(0,0) + yO(y) where O(y) = 13 9,6(0,9)dy.

Ty
Then
(6.134)

) 1) 1)
C=s" / (@(0,0) + y(:)(y)) e=Way = s71O(0, O)/ e Wy 4 571 / YO (y)e~ W dy
0 0 0

C1 + Cs.
Using Lemmas 6.3.2 and 6.3.4 we bound Ci:

C1] < ar(sA) 2. (6.135)
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For Cs, we use Lemmas 6.3.2 and 6.3.4 to find
3 2

|Cy| < 57! max \8y®|/ e W ydy < az(s\)"Pe*N . (6.136)

0

In view of (6.131)-(6.136), we find
5 6 ) )
(1—(sn)7 / / e @D drdy < (sA) 72" + (a1 + az(sh) ) (sA) 2N . (6.137)
o Jo

Thus for large enough s, A\, we have

5 6
—S xr 1 S 2
/0 /0 e sr( ’y)dxdy < (3/\)26 A (6.138)

which gives us the base case.
Assume (6.130) holds for all j/, k' > 0, with 7/ + k' < j + k for some pair j, k with j +k > 1,
0<j,k<n+2.

(6.139)
5 6 5 3
//e—sp(x,y)xjykdxdy = /yk —5_1/ :vj@(x,y)&c (e_sl)(x’y)) dz | dy,
o Jo 0 0
5 g ) .
_ / y{ / (ja’ =10, y) +279,0(x,y)) eV du
0 0
' 0 if j>1
_5—16J®(6’ y)e—sl’(57?!) T dy,

5710(0,y)e W) if j =0

0 ifj>1

A+ B+
C ifj=0,

where C' := 571 f(f y*0(0, y)e_sﬁ(y)dy and A and B are the first two integrals one gets upon splitting

up the expression in the obvious way. First let us handle A. In the following we make use of Lemma
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6.3.2 and the induction hypothesis.

Al < 4 max|®|/ / —sp(@y) pi—1 kd:cders max |0, @|/ /

U =D e o= 50(@9) i b
(S)\) <(A)J+k+1 S)\ Pz y)x] dxdy

A ifj>1 5 6 ‘
+ (s)\)*l/ / e *P@Y) 2k dzdy,
0 ifj=0

IN

where
k! A2

r_
A =y

Meanwhile, for B we observe with applications of Lemmas 6.3.2 and 6.3.3 that

IB| < (sA)"®"e.

For C, by applying Lemmas 6.3.2 and 6.3.4 we get

k! ooA

C] < 5~ max @) / Syl < o e

By combining the estimates for A, B, and C, we arrive at

k!

T
_ _ ; _ 2 k!
(1 _ (S)\) 1)/ / e Sp(w’y)l’]ykdajdy < (8)\) 3n gsA + QIW‘S

which implies for large enough s, A, that

k!
/ / —sp(@.Y) yrRdedy < T )\)]+k+2 I s

This completes the inductive step.

(6.140)

Sp(Ly)xjykdxdy,

sAZ

)

(6.141)

(6.142)

(6.143)

(6.144)

(6.145)

O

Now that we have Lemmas 6.3.4 and 6.3.5, which provide bounds for integrals with p, i.e. the

real part of ¢ = (o +i)\)?, as the phase function in the exponential, we are ready to calculate more

precise asymptotics for the corresponding integrals with ¢ itself as the phase function. In the next

lemma, we calculate the leading order term along with bounds on the error for a one-dimensional

integral in which the phase function ¢ appears.
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Lemma 6.3.6. We define ¢(y) := ¢(0,y) and w := ;?/15 For sufficiently large s, A\ > 0, we have

the following. For 0 < j <mn+1,

é ) ) il
/ e 50W) i gy = It (5)\j)j+1 N 4 R;(s, ), (6.146)
0
where
j' sA?
IR (s,\)| < OV (6.147)

Proof. First we show this for j = 0. Define 9(y) := @(y)’)_l. Then

s 4 /
[esnay = st [Cui) (20 (6.148)
0 0
4
= 571 [ V(e W dy — sHp(E)e 0 45T hp(0)e 40
0
= A+B+C

In handling A, we note that ¥(y) = (2(0,y) and use Lemmas 6.3.2 and 6.3.4 to get the bound
0 2
|A] <571 max|¢’|/ e W dy < ag(sA)"2eN . (6.149)
0
We apply Lemmas 6.3.2 and 6.3.3 to bound
|B| < s~ max [p]e2®) < (s)) 3. (6.150)

For C, evaluating +(0) and ¢(0), we find

1—i\ 1 e
C:<2\/§>8>\6)\. (6.151)

Using this and the estimates on A and B, we find that we have

5
/ e Wy = wies,@ FRo(s, M), (6.152)
0 SA
where
IRo(s,A)| < (sA) 73 + ag(sA) ™2 < (sA) 2V (6.153)

Now we verify the inductive step. Fix 1 < j < n + 1 and assume we have (6.146) and (6.147) for
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j' < j. Then

s , [ ’
/ e Wyidy = —s‘l/ ¥ (y) (6_89(”)) dy, (6.154)
0 0

é
= [ Gy v @) ey s u),
0

A+ B.

Regarding A’, we define (y) := Ly ¢/ (§)dg, and find

a = (i [90) + )] + 0 0)) e, (6.155)

3 3

= js () / e Wy dy + 571 / (00) + 0/ (w)) =2 dy,
0 0

= Al + A,

For A}, we find by evaluating ¢(0) and using the induction hypothesis

AL = () w (wj (j('s})lj)!e”z + Ry (s, A)) : (6.156)
where
IR_1(s, )| < E‘i A_)j1+)1| e (6.157)

Continuing from (6.156), we find

Al =witt J! es>‘2+wi72- (s, M) (6.158)
Loy PR ) '

On the other hand, for A}, by applying Lemmas 6.3.2 and 6.3.4 we find

o 3
1/ - —s 1 _ J: sA2 J]: sA2
|Ap] < s 1<j+1>max|w’|/0 e~ 2Wyldy < 2a5(s\) 1(eA ) < 203 73T M. (6.159)

(sA)i+l

For B’, from Lemmas 6.3.2 and 6.3.3 we have

IB'| < e < (s)) 35N (6.160)
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In summary, we find

4 4 .
—sp(1 j J J: sA2 J
/0 e Q(J)y]dy = Wit (8)\)]'+1e A +UJ§RJ#1(37)\) +A/2 + B, (6.161)

; J: sA2
- (sA)i+1°€ YR (5, 0),

having defined R;(s, A) in the obvious way, with

J
Ri(s M| < [l 25 IRy-a (5. 0] + 1 45] + B, (6.162)
1 g 22 4! 32 1 22
< T AN 0o s 2 AN 10 s s
< 2(3)\)J+2e + &2(8)\);+26 +(s)\)3"€ )
J! A2
s s\’

for sufficiently large s, \. Thus, we conclude (6.146) together with (6.147) holds for all j = 0,...,n+1,

for large s, A. O

Now we are able to use the above lemmas to get the key asymptotic calculation necessary for
handling (6.106). With this next lemma, we describe the leading order term for the two-dimensional
analogue of the quantity considered in Lemma 6.3.6. Notice the integral we deal with is the same

as the integral (6.106) in the case a(z,y) = 1.

Lemma 6.3.7. Forw as defined in Lemma 6.3.6 and sufficiently large s, A\ > 0 we have the following.
For0<jk<n+1,

5 8 -y ’
—_so(x i Y i j.k. sA2
/o /0 e gl yFdudy = (—i) o (s)\)i+k+2€ MR (5,0), (6.163)
where
, Jlk! B
IR k(s A)] < WE . (6.164)

Proof. First we handle the case j = k = 0. Define ¥(z,y) := (9:¢(x,y))~'. Then we have

(6.165)

4 é é 4
/ / N dpdy = — / 571 / Wz, )0, (740D dady,
0 0 0 0
4 5
/51</ az\IJ(x,y)678¢(x’y)dx
0 0

—W(5,y)e Y 1+ (0, y)es¢(°’y))dy,

= A+B+C.
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Using Lemmas 6.3.2 and 6.3.5, noting that ¥ (z,y) = (1(z,y), we find

5 o
1
| Al gsflmax|8I\I/|/ / e*Sp(m’y)dxdygagiesv. (6.166)
0o Jo (sA)?

Applying Lemmas 6.3.2 and 6.3.3, for B we get
|B| < (sh) 75" (6.167)

Now we write C' the following way, defining ¥(y) := % foy ¥(0,9)dg and evaluating ¥(0,0):

c = st /0 ée*%(y) (xp(o,o)+yi(y)) dy, (6.168)

—iw [? o
= 5—17/ e—SQ(y)dy+s—1/ U(y)e *¢Wdy,
A Jo 0

= Ci+ Cs.

With the use of Lemma 6.3.6 we get

w

=W [ W )2 . 1 e
Cl = (768)\ +RO(S, A)) = 72&12(87)26 AT a

where |Ro(s, A)| < (s)\)’QeS)‘2. Meanwhile, for Cy, we use Lemmas 6.3.2 and 6.3.4.

é
1
|Cy| < 57! max \ay\m/ e 2Wydy < aQWesV. (6.170)
0

Now we separate the apparent leading term from the error terms, which we collect into R (s, A) in

the following:

5 o ;
1 2w
@Y drdy = A+ B—iw?——e — —=Ro(s,\) + C 6.171
/o/oe zdy + B -t o R0l A) + Co, (6.171)
L1 e
= 7“’2(8)\)26)\ + Ro(s,A),
where for large s, A,
1
Ro(s: M < Al + Bl + 55 [Rals, )| +1Cal, (6.172)
_ LN SRS S BNPCR BT
- — & a9 ——L€ 5
= 2003 T A T 2 (s0)3 2(5n)3
1 )\2
< S
OV
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This takes care of the base case. Now we suppose that we have (6.163) and (6.164) for all pairs j', k'

with 7/ + k' < j+ k, for a pair j,k with j Z0or k#0and 0 < j,k <n + 1.

(6.173)
5 o A 5 5[ 6
[ [ eniiay = [ [ ([ vt (o) ar) ]
o Jo 0 0o \Jo
5 s ‘
B / y’“l[/ (27, y) + 270, (2, y)) eV da
0 0
A ifj=>1
—67 W (4, y)efsd’(‘;’y) + :|dya
U(0,y)e 32w if j=0
0 ifj>1,
— A+B+
C ifj=0,

where C' = s7! f0§ v(0, y)e_sf(y)dy, and A and B give the other two main terms arising from splitting
up the above expression in the obvious way.

First we handle B, with applications of Lemmas 6.3.2 and 6.3.3. This gives
IB| < (sA)"¥"e. (6.174)

Now we handle C'. We use the notation ¥(y) := ¥(0,y) and recall ¥(y) = i foy ¥(0, §)dy, obtaining

)
¢ = 571/ U(y)yke 2Way, (6.175)
0

5
= 571/ (E(O)H&(y)) yhe22Wqy,
0

. §
. —iw k1 k! A2 -1 k+1, —s5¢(y)
= N (W (SN ¢ +Rk(87)\)> +s /0 y Y (y)e Y dy, (6.176)

k! sA2 W — b T, —s
k+2W€A — Rk, +s 1/0 Y (y)e Wy,

k! 2
_ . k42 sA / /
= —w 7(5)\)’”26 +C) + Cs.

= —iw

In line (6.176), we have applied Lemma 6.3.6, which gives us that |Rg(s, A)| < (S/\%iicﬁes’@. Observe

|
€] < 5 g™

(6.177)



and note with use of Lemmas 6.3.2 and 6.3.4 we get

cy < st rnax|8gg\ll|/0(S e~ W)kl gy, (6.178)
< agnTH(sA\) ! Ef}j)rki-); 65)\2,
< 102&%65,\2

Now we handle the term A, from (6.173). Observe that we may write for some continuous functions

\Ifl(.ﬁ,y), \ilg(.’lf,y), with |®1‘7 ‘\ill| < max|V\I'\,

Incorporating this in the expression for A, we obtain

(6.180)

A = / yFs™ / jai=t {\IJ(O 0) + 201 (2, y) + yPa(z,y)| + 270,V (x, y)) e 50@Y) dady,

= U(0,0) / / —50(@) pi =Lk dudy

+8‘1/ / j\ffl(x,y)Jr@x\I’(x,y)) e~ @V piyk drdy
0 0

4 4
jst / / Uy (x,y)e W) I~y b dpdy,
0 0

= Ao+ A+ As.

Now, regarding Ay, we evaluate ¥(0,0), and apply the induction hypothesis.

Ay = ’“"/ / —s0(@.9) i =Ly k gy dy, (6.181)
j G- D

= oW <( Z)JWHHIWH +Ri1k(5:0)
(_i)j+1wj+k+2( )\gJ‘]i'kJrfe sX? ifj>1 j

= — zwaR;;l k(5 A)
0 ifj=0
Al ifj>1 /

= + R'(s, A),
0 ifj=0
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where we have defined Aj in the obvious way, and

where

SO

R@m:fm$R;M@A%

(= D% e

IR _1k(s: M) < (snyrEe

1 glk! es)\z ifi>1
sSA)J J=z4
R (s, )] < § 2

0 if j = 0.

For A;, we recall |¥;| < max |V¥|, and apply Lemmas 6.3.2 and 6.3.5 to find

| Ay

For A,, using the fact |Us|

| Az

5 o
< s+ 1)max|V\I/|/ / e @Y ik dady,
0o Jo

1, GAD (R e
S s e+ (S)\)j+k+2€ ,
T LY
s W0t

< max |VY¥| and Lemmas 6.3.2 and 6.3.5 gives

5 18
< sfljmax|V\Il\/ / e= (@) i =Lk +L gy
o Jo
5 o .
< s_ljazn—l)\—l/ / e—sp(z7y)xj—1yk+1dxdy’
0 Jo
_ et iz,

0 if j = 0.

(6.182)

(6.183)

(6.184)

(6.185)

(6.186)

Now we take the original expression we started with in (6.173), and write it out in terms of the
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quantities we have discussed above.

(6.187)
5 o 0 ifj>1
—s(x,y) p.d o F _
e oy dedy = A+ B+ ,
070 C ifj=0
0 ifj>1
= Ao+A+ A+ B+ ;
C ifj=0
Ay ifj>1
= R(s,\)+A1+As+ B+ )
C ifj=0
= R(s,\)+A +A+B (6.188)
(i) iR JRL a2 0 ifj=1
(sA)i+kT2 ’
Ci+Cy ifj=0
N4l k42 j!k! sA?2 /
= (—Z) w W@ +Rj,k(85 A),
where
0 ifj>1
fe(8,A) = A1+ Ay + B+ R'(5,\) + (6.189)

Cr+Cy ifj=0
We comment that in (6.188) we have used (6.181) and (6.175), in particular. Now we collect the

bounds on the various quantities composing the error term R’ (s, \). We have (6.185) for A,

(6.186) for Ao, (6.174) for B, (6.184) for R'(s, ), (6.177) for C}, and (6.178) for C%, which give us

0 ifj>1
Rjx(s; < [Au] + [Ao| + Bl + R (s, A)| + : (6.190)
ICil+1C5| ifj =0
i1k 22 o
< 9.10-2 gk e 1 e 3 Gxjrs e ifj=>1
- ' (5)\)j+k+36 (SA):sne + ) 5 N N )
(3 +1072) oymse™ =0
JlE! Y
We )
finishing the proof. O

Finally, with the following lemma, we get the desired asymptotics for the integral in (6.106). The
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proof requires little more than an application of Lemma 6.3.7.

Lemma 6.3.8. Consider a C* function a(x,y) on R? taking values in C. Then for sufficiently large

s, A > 0 we have

5 5
—s¢(w,y) ,n+1, ntl _ G N 6.191
/0 /0 e "y ra(z, y)dedy (SA)2"+46 a(0) + R(s, ), ( )
where
_ 2 ((n+1)1)?

and we have the bound
dn

s 2
(SA)WG A ||(l||c'17 (6193)

[R(s, )

IA

for some constant d,, depending only on n.
Proof. Observe that we can write a(z,y) = a(0) + za;(z,y) + yaz(z,y) for continuous functions

a1 (z,y) and ai(x,y) with |a1], |a2| < max|Va|. This gives us

§ o 5 o
/ / e_s‘b(””’y)x"‘*'ly""‘la(x,y)dxdy = / / e—s¢(w,y)xn+1yn+1 (6.194)
o Jo o Jo

x (a(0) + za1 (z,y) + yaz(z,y)) dzdy,

é 5
G(O) / / e—s¢(w,y)xn+1yn+1dxdy =+ Al + AQ.
0o Jo

We then find with an application of Lemma 6.3.5 that

|A1] < max [a,| /0 6 /0 e gy ddy < WBSAQHMCL (6.195)
Similarly
4a] < PR o, (6.196)
Now, using Lemma 6.3.7 we get
(6.197)

5 o 2
1)!
a(O)/0 /0 6_3¢(“’y)x”+1y’L+1dmdyZG(O)(—i)”+2w2”+4Wesf\2 +a(0) ;L+1,n+1(57)\)>
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where
((n+ 1 ox

(o (6.198)

60 R 41 ng1 (5, M) < laflen

Adding the upper bounds for |[A;| and |Ag| in (6.195) and (6.196) with the bound (6.198) gives a

bound on the total error as claimed in the statement of the lemma. Using (6.197) in (6.194), and

72n74es)\2

recalling w = i\_/%, we find the coefficient of the leading term (s\)

5 is indeed given by

o ((n+1)1?

(=0)" P2 (n+ )D?a(0) = (—iw) P (n+ 1))?a(0) = (—1)" =

a(0).  (6.199)

6.3.2 Proof of the main theorem

Now that we have the necessary asymptotics, we can show that the uniform analyticity assumption,
Assumption 6.2.3, cannot hold for our choice of initial data. The idea is to assume it does hold,
recall the estimate that must be satisfied for the transform of an analytic function discussed in
Lemma, 6.2.7, and show that from the decomposition provided in Proposition 6.2.8 for the transform
of X(t) := 30, IF(t), i.e. X(s,)), one finds that such an estimate is impossible. This will be made
evident with the use of the asymptotic formulas established in the previous subsection. Lemma 6.2.2
taken together with Lemma 6.2.7 then clearly shows %(0,0,t) cannot be analytic, which means

the assumption has to be false.

Theorem 6.3.9. Consider the Vlasov-Poisson equation with initial data f.. Then the corresponding
Lagrangian trajectory map (X (o, &,t), V(a, &, 1)) solving the system (6.11) cannot satisfy Assumption
6.2.3. That is, either X (a,&,t) is not analytic at t = 0 for some (o, &) € (B x N) U {(0,0)}, or
there is no positive, uniform lower bound on the radii of analyticity of X (o, &,t) as (o, &) varies in

(B x N)U{(0,0)}.

Proof. Assume the statement of Assumption 6.2.3 holds when we take fe as our initial data. Observe
that if we can deduce that the function $(¢) := >, IF(#) is not analytic at ¢ = 0, then we arrive at
a contradiction by using Lemma 6.2.2, which allows us to conclude Assumption 6.2.3 does not hold.
This is how we proceed with the proof. Note that if 3(¢) were analytic at ¢ = 0, there would exist

constants A > 0, v > 0, and C' > 0, such that for any s > 0, A > A,
)S(s, )\)’ < Cee. (6.200)
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We will show that 3(s, ) cannot satisfy such an estimate.

Recall that from Proposition 6.2.8 we have the decomposition

i(s,)\):/ I)(s,\)dn +7(s, \), (6.201)
N
with
R é 5 s
Iy(s,A) = ce™* / / e~ 3@ N yntlyntly (0 4)dady, (6.202)
0 0

and where for some C’ > 0, v > 0, for all sufficiently large s, A > 0,
[7(s,A)| < Ce™ 7%, (6.203)

Regarding the right hand side of (6.202), by using (i), (ii), and (iii) of Proposition 6.2.8, for each
n € N we can apply Lemma 6.3.7 to the integral in the expression for I,,(s, ) in the right hand side
of (6.202), taking o = t,, and recalling ¢ = (o +iA)?. Thus we conclude that for each n € N, we
have

Cn

—S 2 S 2
In(S, A) = ce A (We A bn(O) —+ Rn(s, )\)> ; (6204)
for nonzero constants ¢ and ¢, independent of 1, s, and A, and where

dn A2

Ry(s,A)] < Ai(s)\)2”+56 (6.205)
for d,, depending only on n and A := sup, ¢ [|b, ()|l c1-
Hence we find
SN = | [ BN i) (6.206)
N

/
= C

W/an(wdHO((sx)l?n%)"

Using (iii) from Proposition 6.2.8 in the right hand side of (6.206), we conclude that we have for

some constant ¢ > 0,

Cc

e B
506,012 foyzrs

(6.207)

for sufficiently large s, . Therefore an estimate of the form (6.200) is not possible for %(s, \), and

by Lemma 6.2.7, 3(t) cannot be analytic at ¢t = 0, finishing the proof. O
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