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Abstract

In this thesis we explore Rankin-Selberg integrals in many complex variables and Rankin-Selberg
integrals associated to non-unique models. In particular we try to bring to light a possible connection
between them. First, we reinterpret the integral of Kohnen-Skoruppa [26] for the Spin L-function
on GSp, as an integral associated to a non-unique model, following Piatetski-Shapiro and Rallis
[30]. Then we give two integrals on the quasisplit unitary group GU(2,2) in four variables. The first
integral is in two complex variables, and applies to generic cusp forms on GU(2,2); it represents
the product of the standard (8 dimensional representation) of ' GU(2,2) and the exterior square
(6 dimensional repesentation) of the dual group. The second integral on GU(2,2) represents the
exterior square L-function and is associated to a non-unique model; this integral is a reinterpretation
of an integral of Gritsenko [22] who considered holomorphic Hermitian modular forms of genus two.
We then give an integral representation for the Spin L-function on GSpg, again associated to a
non-unique model. As we explain below, these non-unique model integrals on GU(2,2) and GSpg
may be considered as analogues of the integral of Kohnen-Skoruppa. Finally, we give two different
Rankin-Selberg integrals unfolding to the Whittaker model and using many complex variables. One
is a three variable integral on PGL,, and represents the product of the L-functions of the three
fundamental representations of the dual group. The other is for the exterior cube L-function on the
quasisplit GU(3,3). This last integral is only in one complex variable, but its unramified calculation
makes use of a two-variable integral on GSpg due to Bump-Friedberg-Ginzburg [5]. Some of the

results in this thesis stem from work done jointly with Shrenik Shah.
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Chapter 1

Introduction

Suppose G is a quasisplit reductive group over a number field F', split over the extension field M of
F, and m = ®m, is an automorphic cuspidal representation of G. Langlands has defined the dual
group G = L'G(C)° x Gal(M/F) where *G(C) is the complex dual group of G over C. Outside
a finite set of places S of ', G/F, and 7, are both unramified. For such v, Langlands associates a
Frobenius conjugacy class A, x Frob, in “G by reinterpreting the Satake isomorphism. Now suppose
r: 'G — GLx(C) is a finite dimensional algebraic representation of the dual group. To this data,

he associates an Euler product

L¥(m, 7, 5) = H det(1 — r(A, x Frob,)q, )™,
vg S
absolutely convergent when the real part of s is sufficiently large.

The conjectural meromorphic continuation of these L-functions, while known in many important
examples, is still largely open. There are two techniques known for proving this continuation. The
first is the so-called Langlands-Shahidi method. In this method, one finds the L-function L(7, 1, s)
as the constant term of an Eisenstein series on some auxilliary group H; the known meromorphic
continuation of the Eisenstein series then implies that of the L-function. The second method is that
of Rankin-Selberg. Here, one identifies the L-function in question L(m, 7, s) as an integral of a cusp
form ¢ in the space of m and (one or more) Eisenstein series. Again, the known continuation of
the Eisenstein series then implies that of the L-function. One additional benefit of Rankin-Selberg
integral representations is that they can sometimes be used to connect special values of L-functions
to geometric constructions: if a Rankin-Selberg integral represents an L-function L(m,r,s), and all

the terms in the integral have geometric interpretations at some special point s = sg, then one



obtains a geometric interpretation for the special value L(m,r, sg). The theorems in this thesis will
all be Rankin-Selberg integral representations, although we will will not say anything about motivic

interpretations of the special values of the resulting L-functions.

1.1 Rankin-Selberg integrals unfolding to non-unique models

Suppose now that H is an algebraic subgroup of G, 7, is an irreducible admissible representation
of G(F,), and x : H(A) — C is character, trivial on H(F'). Denote by V, the space of the
representation m,. By an (H,x) model of 7, we mean a linear functional ¢ : V,; — C satisfying
m(h)v) = x(h)¢(v) for all v € V., and h € H(F,). Let us say that an (H, x) model is unique if
the space of such functionals is at most one-dimensional, and non-unique otherwise. For example,
if U is the unipotent radical of a Borel of G and x is a nondegenerate character of U, then a (U, )
model is a Whittaker model, and is known to always be unique. Most known Rankin-Selberg integral
representations derive their Euler product structure from the uniqueness of some model at all places.

In the *70s, Andrianov [2] gave a global Rankin-Selberg integral representation for the Standard L-
function of holomorphic Siegel modular forms on Sp,,,. As explained by Piatetski-Shapiro and Rallis
[30], Andrianov’s proof is global, and it is difficult to understand where the Euler product structure
of the L-function comes from. In fact, the integral representation Andrianov writes down unfolds
to a model that is not unique. With a desire to better understand Andrianov’s result, Piatetski-
Shapiro and Rallis generalized Andrianov’s result to apply to arbitrary cuspidal representations on
Sps,,, and in the process elucidated a new method to recover a partial Euler product in situations
when a Rankin-Selberg integral unfolds to a non-unique model.

In fact, there are only a few examples of global Rankin-Selberg convolutions that unfold to
a model that is not unique, yet are known to represent an L-function. Besides the examples of
Piatetski-Shapiro and Rallis [30], there are examples of Bump-Hoffstein [8], [9] on the higher covers
of GL,, and a few families of integrals on GL,, and classical groups by Bump-Furusawa-Ginzburg in
[6] which are for Standard L-functions. There is also a preprint of Gurevich-Segal [23] which applies
to cusp forms on G5, and gives the L-function for the seven-dimensional representaion of the dual

group. So far as this author is aware, this was the current exhaustive list.



1.2 Integral representations in this thesis

The first object of this thesis is to give more examples of Rankin-Selberg integral representations
that unfold to models that are not unique. As explained in [6], this is an important problem,
because there are many global Rankin-Selberg convolutions that unfold to non-unique models, but
are not known to represent L-functions. So by giving more examples, we provide evidence that the
Rankin-Selberg method may have wider applicability than was perhaps previously realized.

The examples we give are for the Spin L-functions® on GSp, and GSpg, and the exterior square
L-function on GU(2,2). As with the integral of Piatetski-Shapiro—Rallis [30], our integrals on GSp,
and GU(2, 2) have classical antecedents. The integral on GSp, was considered previously by Kohnen
and Skoruppa in [26] for holomorphic Siegel modular forms, and the one on GU(2,2) by Gritsenko
[22] for Hermitian modular forms. The proofs in [26] and [22], like Andrianov’s in [2], are global in
nature and only work for these holomorphic modular forms. By reinterpreting these integrals for
arbitrary cusp forms, and giving a proof in the style of [30], we show that these clasical integrals
of Kohnen-Skoruppa and Gritsenko apply to a much wider class of cuspidal representations. Our
integral on GSpg does not have any classical predecessor.

Let us point out that, even though it is not all that difficult, it is not perfectly obvious how to
intepret the integrals in [26] and [22] as integrals applying to arbitrary cusp forms. The reason is
that the global convolutions in these papers use special functions that have not previously appeared
in integral representations associated to unique models. The special functions that are used are
perhaps best thought of as fourier coefficients of theta functions, and exist on orthogonal groups?.
So, one interesting aspect of these integral representations is that they use special functions that
perhaps have not been adequately considered in the context of Rankin-Selberg convolutions.

Let us now describe the non-unique-model integral on GSp, exactly. First, denote by W, the
standard 4-dimensional representation of GSp,, and give W, the symplectic basis {e1, ea, f1, f2}, so
that (e;,e;) = 0= (fi, f;) and {e;, f;) = d;;. We let GSp, act on the right of W,. Define the Klingen
parabolic @ to be the stabilizer of the line Qf1, and take fg(g;s) € Ind(d7)) a standard section, and
set Eg(g;s) = EweQ(Q)\ aspa (@ f@ (vg; s) the Klingen Eisenstein series.

Now we define the special function to be used in the integral. Set Vs = A3(Wy4) ® v~ 1, where v

is the similitude on GSp,. Here A3Wj, is by defintion the kernel of the contraction map AWy — v.

1Recall that the dual group of GSpy,, is GSpiny,, 1, which has a 2"-dimensional Spin representation.

2More precisely, what we mean by this is: take a theta function (g, h) on a dual reductive pair G x H, where G is
a symplectic group and H is an orthogonal group. Then, if one takes a fourier coefficient of § with respect to G, one
gets an automorphic form on H. These are the types of special functions that appear in the integral representations,
although they are not defined in exactly this way in [26] or [22].



For an nonzero integer D define the element vp = Dey A fo +ea A f1 of Vs, If @ € S(V5(A)) is a

Schwart-Bruhat function, then we set

Pi(g) = > a(vpg). (1.1)

YEStab(vp)(Q)\ GSp,(Q)

As « is Schwart, the sum trivially converges and defines a function of moderate growth on GSp,. If
L = Q(v/D), then the group GL3 ;, = {g € GLa 1 : det(g) € Q*} embeds in GSp,. The stabilizer
of vp is this embedded GLj3 ;. Note that there is an exceptional isomorphism PGSp, ~ SO(5), and
we are really defining P via the 5-dimensional orthogonal representation of GSp,.

For convenience we assume ¢ has trivial central character. The global integral is now

165 = | 60)P3@)Ealsis)do (12)
[GSpy]
Theorem 1.2.1. I(¢;s) represents the partial Spin L-function. More precisely, the integral unfolds

to a non-unique model, and one has

L3 (r, Spin, 2s — %)
((4s) 7

I(¢;5) = Io(9; 5)

for an archimedean integral I (¢; ).

See the next chapter for the precise statement.

Before we describe the non-unique-model integrals on GU(2,2) and GSpg, we bring in a differ-
ent topic, that of Rankin-Selberg integrals in more than one complex variable. Following Bump-
Friedberg [4], Bump-Friedberg-Ginzburg give in [5] some Rankin-Selberg integral representations on
small rank symplectic groups that represent the product of the Standard L-function in one variable

and the Spin L-function in another. One of their integrals is on GSp,, and is as follows:

1(6:5,w) = /[GS ) Eplg: ) Ealy: ) ds.

where now Ep(g;w) is a Siegel Eisenstein series in a new complex parameter. They show that this

integral unfolds to the Whittaker model of ¢, and that it represents the partial L-function

L(m, Std, 3w — 1) L(m, Spin, 2s — 3)
C(6w — 2)¢(3w) ((4s)

The reader will now have no doubt recognized the similarity between this two-variable integral



and the integral (1.2) above: The Siegel Eisenstein series in the variable w has become the special
function P, one loses the L-function in the parameter w but one still retains the Spin L-function
in the variable s.> And amazingly, even though the two-variable integral is only nonvanishing for
generic cusp forms, the integral (1.2) can apply to nongeneric forms.

The second, and perhaps even more interesting goal of this thesis, is to give more evidence
that there is a relationship between two-variable integrals on the one hand, and integrals with
special functions associated to non-unique models on the other. Our integrals for the Spin L-
function on GSpg and the exterior square L-function on GU(2,2), following Gritsenko, do just this.
Namely, Bump-Friedberg-Ginzburg [5] also have a two variable integral for GSpg, which uses the
same Siegel Eisenstein series Ep(g; w) on GSp, used above. Again replacing this Eisenstein series by
the special function P, one gets an integral unfolding to a non-unique model but still representing
the Spin L-function on GSpg. For GU(2,2), we first give a new two-variable integral unfolding
to the Whittaker model and representing the product of the L-functions for the standard (eight-
dimensional representation) of © GU(2,2) and the exterior square (six-dimensional representation)
of the dual group. Replacing one of the Eisenstein series in this two-variable integral with an
appropriate speciala function, we then get the non-unique-model integral generalizing the classical
convolution of Gritsenko.

We now describe the results on GU(2,2) and GSpg more precisely. First, we give the results
on GU(2,2). Suppose E/Q is a quadratic extension, and the unitary group GU(2,2) is defined via
E. Recall that the dual group of GU(2,2) is L GU(2,2) = (GL1(C) x GL4(C)) x Gal(E/Q). The
connected component of the identity has a four-dimensional representation GL;(C) x GL4(C) —
GL4(C), forgetting the first factor. Inducing this four-dimensional representation to £ GU(2, 2), one
gets an eight-dimensional representation which we call standard. The map GL;(C) x GL4(C) —
GLg(C) sending (), g) — A A% g extends to a six dimension representation of ¥ GU(2,2), which we
write as A2. (See the main body of the text for more precise definitions.) Here is the two-variable

integral for generic representations.

Theorem 1.2.2. Assume 7 has trivial central character. Denote by P the standard Siegel parabolic
of GU(2,2), stabilizing an isotropic two-dimensional subspace, and by @ the Klingen parabolic of

GU(2,2) stabilizing an isotropic line. Then the global integral

(6 5,w) = / $(9)Ep(g:w)Eq(g; ) dg
[GU(Q,Z)]

3 And if one replaced the Eq by a theta function, one would essentially get the integral of Andrianov and Piatetski-
Shapiro and Rallis that gives the Standard L-function.



unfolds to the Whittaker model of ¢, and the local unramified integrals give

L(m,Std, 2w — 1) L(m, A%, 35— 1)
C(4w)L(eg/q, 4w — 1) (r(3s)¢(6s — 2)

where €g/q 1s the quadratic character associated to the extension E.

The unramified calculation for primes inert in E follows from that of Bump-Friedberg-Ginzburg
[5] for their GSp, integral.

We now describe the non-unique-model integral for the exterior square L-function. As we ex-
plained above, Gritsenko [22] considered a version of this integral for Hermitian modular forms of
genus two. Let us describe the integrals more exactly. To do this, note that there is a surjection
GU(2,2) — U(1) defined by g ~ det(g)v(g)~2. Write H for the kernel. The group H is an or-
thogonal group with a six-dimensional Q-representation, and the special function to be used in the
integral representation will be defined on H. (GU(2,2) has a six-dimensional representation over E,
namely the wedge square, but not one defined over Q.) Similar to (1.1), the special function Pg is
defined using the choice of an auxilliary non-zero integer R and a Schwartz-Bruhat function on the
six-dimensional orthogonal representation of H. See the text for the precise definition of Pr. One

gets

Theorem 1.2.3. The global integral

/ 6(9)Pr(9)Ea(g; 5) dg
[H]

unfolds to a non-unique model, and is equal to

L5(m,A2,35 — 1)
(E(35)¢5(6s — 2)

Io(3s)

for an archimedean integral I (¢; s).

Here is the integral on GSpg associated to a non-unique model. Denote GLy XK GSp, the set
of (g1,92) in GLa x GSp, with det(¢1) = v(g2), with v always denoting the similitude. Then
GL2 X GSp, embeds in GSpg, and for a form ¢ in the space of a cuspidal representation 7 of

GSpg, the global integral is

I(ds) = / Bg1; 5)P3(92)6((91, 92)) dg,
[GLo B GSp,]



where E(g1;s) is the standard Eisenstein series on GLy, and Pg is the special function on GSp,

defined in (1.1).

Theorem 1.2.4. The global integral I(¢;s) unfolds to a non-unique model, and is equal to

L3(m, Spin, s)

Ioo (3 5) s

for an archimedean integral I (¢;s).

The proof of the theorem makes essential use of a result of Andrianov [1], who explicitly computes
the Spin L-function in terms of Hecke operators. In principle, the proof of the theorem is similar to
the ones we give for Theorems 1.2.1 and 1.2.3%, but the calculations are substantially more involved.
Although all of the proofs of the results in this thesis are entirely elelementary, this result by far
involves the lengthiest calculations.

We need to make several remarks about this result. First, all the integrals involving these special
functions have degenerate versions where the special function Pp is replaced by the constant function
1 on the domain [Stab(vp)], where vp is the element used to define Pp. In the case of GSpg, this

gives a global integral

I'(¢;s) :/ E(g1;5)0((g1,92)) dg-
[GLz BGL3 ]

The integral unfolds to the same non-unique model appearing in Theorem 1.2.4, and we prove it
too represents the Spin L-function. This integral I’ was in fact considered in the paper [13] of Gan
and Gurevich for a special class of CAP forms on GSpg constructed by Ginzburg [18]. For these
special forms, the model arising in the theorem actually is unique, and the Spin L-function obtained
is actually a product of standard L-functions on GLy and GLg x GLy. The proof in [13] depends
very much on these additional hypotheses, and does not carry over to a general cusp form.

We also say a bit more about the fourier coefficient ¢, arising in the proof of Theorem 1.2.4.
Denote by R the nonmaximal standard parabolic subgroup of GSpg that is the intersection of the
standard Klingen and Siegel parabolics, so that the Levi of R is isomorphic to GL; x GL; x GLs.
Then the fourier coefficient that arises in Theorem 1.2.4 comes from a nondegenerate character x
of the unipotent radical of R. As such, it automatically vanishes for all holomorphic forms, so this
integral does not apply to holomorphic Siegel modular forms. At present, we don’t know much about
the forms ¢ for which ¢, is nonzero, other than that there are lifts from G5 that have ¢, nonzero,

due to the work of Gan-Gurevich [13] and Gan-Gurevich-Jiang [14].

4There is one new twist, however. See the chapter on the Spin L-function on GSpg.



When a Rankin-Selberg convolution unfolds to a model that is not unique, there is no a priori
reason to believe it represents an L-function, let alone which exact L-function. And let us point out

that the method of proof for the non-unique-model integrals only succeeds because one both
e correctly predicts that the unfolded Rankin-Selberg convolution represents an L-function;
e correctly guesses the L-function that appears.

This is especially relevant in the case of the GSpg integral, where the desired equality between integral
representation and L-function only appears at the end of a lengthy calculation. Here one needs good
prior reason to believe the calculation will work before even attempting it. In light of these remarks,
the phenomenon connecting this integral to the two-variable integral of Bump-Friedberg-Ginzburg
[5] is especially important, because the connection to the two-variable integral gives one hope that
calculation will in fact work. Thus the evidence we give relating two-variable integrals and non-
unique-model integrals is not just interesting, but quite useful, because when it applies it predicts
both the existence of a new Rankin-Selberg convolution and which exact L-function it represents.
Finally, we end with two more integral representations making use of several complex variables,
which although simple, appear to be missing from the literature. The first is for the exterior
cube L-function of a generic 7 on the quasisplit unitary group GU(3,3). We expect this integral
representation to be known to the experts®. To define it, note that GSpg embeds in GU(3,3) as the

points fixed under the conjugation of E over Q. If ¢ is a cusp form on GU(3, 3), the integral is

/ Ep(g; )é(g) dg
[GSPG]

where Ep(g;s) is the Siegel Eisenstein series on GSpg. When E is the split quadratic extension,
GU(3,3) is GL; x GLg, and this is exactly the integral of Ginzburg-Rallis [21] for the exterior cube
L-function of GLg. In fact, the unfolding of the integral is essentially identical to that of [21], and
the unramified calculation at places split in E is just their unramified calculation. Furthermore, the
unramified calculation at places inert in E in fact follows from the unramified calculation for the two-
variable integral of Bump-Friedberg-Ginzburg on GSpg. So the result is really just the observation
that these theorems of Ginzburg-Rallis and Bump-Friedberg-Ginzburg may be combined to get the
exterior cube on the unitary group. But because this result dovetails well with the others of this
thesis, and because we anticipate future arithmetic applications of this integral, we have decided to

record it now.

5We have just learned of a preprint of Lei Zhang that may address this L-function



The last integral is a three variable integral on PGLy. It represents the product of the three
fundamental representations of the dual group SL4(C). This integral is inspired by the two-variable
integral on GU(2,2) and the three variable integral of Gan-Hundley [15] on the split orthogonal group
on eight variables. Note that GL4 may be considered a split orthogonal group on six variables. The
integral we give is simply

/ ?(9)Ep(g;w)EqQ(g; 51, 52) dg.
[GL4]

Here P is the maximal (2,2) parabolic of GLy4, whereas @ is the nonmaximal (1,2, 1) parabolic.

1.3 Plan of the thesis

A quick glance at the table of contents will yield the organization of the thesis. The different chapters
are essentially self-contained, so that the reader may read the integral representations in any order
without fear of notational confusion. The computations throughout the main body of the text are
formal. In the final chapter we explain the analytic justifications of these formal manipulations.
This chapter freely uses notation from the Chapter on Spin on GSpg. We have a couple notational

conventions that we use freely thoughout the entire text; these are summarized now.

1.4 Notational Conventions

In Rankin-Selberg integral representations, domains of integration of the form H(F)Z(A)\H(A)
are used frequently. We make this notation more compact as follows: If H is a reductive subgroup
of an ambient group G, and Z is identity component of the center of G, then we write [H] for
H(F)Zp(A)\H(A), where Zp is the identity component of Z N H. If U is a unipotent group, we
write [U] for U(F)\U(A).

When defining Eisenstein series, we will often use the phrase standard section. By such a section
f, we mean that f is factorizable, and that for almost all p, f,(k;s) = 1 for all k£ in the maximal
compact. As a general rule of thumb, we use P for Siegel parabolic subgroups (meaning they
stabilize a maximal istrotropic subspace of the defining representation) and @ for Klingen parabolic
subgroups (meaning that @ is the stabilizer of an isotropic line). We will often use w for the complex
parameter for Siegel Eisenstein series and s as the parameter for Klingen Eisenstein series.

We will always let our algebraic groups act on the right of their finite dimensional representations;
this convention is well-suited for integral representations.

For similitude groups G, we will denote by v : G — GL; the similitude. Unless otherwise



specified, E;; denotes the matrix with a 1 at position ¢j and zeroes elsewhere. We write n;;(x) for

1+Z‘Eij, for x € Ga-
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Chapter 2
The Spin L-function on GSpy

2.1 Introduction

The Rankin-Selberg integral representation of Kohnen-Skoruppa [26] produces the Spin L-function
for holomorphic Siegel modular cusp forms on GSp,. This integral makes use of a special Poincare
series, which is in the Saito-Kurokawa subspace. The proof of Kohnen-Skoruppa is classical, and
involves somewhat tricky global calculations with Fourier coefficients. In particular, they make
essential use of the Maass relations, which are identities satisfied by the Fourier coefficients of Siegel
modular forms that are Saito-Kurokawa lifts.

In this chapter, we reinterpret the integral in [26] as one unfolding to a non-unique model, and
prove that it represents the Spin L-function, following the method of Piatetski-Shapiro and Rallis
[30]. Whereas the statement and proof in [26] only applies to holomorphic Siegel modular forms, the
integral representations in this chapter can apply to a much wider class of cuspidal representations.
Furthermore, via the method of [30], the fact that the global integral represents the Spin L-function
can be seen in a purely local and transparent fashion.

The contents of the various sections is as follows: In the next section, we define the groups
and special functions involved in the integral representation. In section three, we define the global
integrals, give their unfolding, and also discuss the general technique of non-unique models. In

sections four and five, we give the unramified and ramified calculations, respectively.

11



2.2 Groups, definitions, and notations

2.2.1 Groups and embeddings

Denote by

so that
GSpy = {g € GL4|gJag" = v(9)Ja},

and v : GSp, — GL; is the similitude.

Let L = Q(v/D) be a quadratic etale Q-algebra. Denote by GL3 , the subgroup of G Lo 1, with
determinant in Q. We describe an embedding of GLj ; into GSp,. To do this, consider (L2, (, )),
the two-dimensional free module over L with its standard alternating bilinear form. Define the
Q-bilinear form (, ) via (z,y) = trp/q ({(z,y)r). As GL3  is the group preserving (, ) up to Q*

multiple, one obtains an inclusion GL3 ; € GSp ((, )). If the basis of L? is {b1, b2}, then the basis

1 1
—bi, —=b1, b2, VDb
212\/51 2 2

gives an isomorphism GSp ({ , )) = GSp,. We use this identification throughout. Alternatively, with

this choice of basis, the map that is multiplication by v/D is given by the matrix

and GLj 7 is the centralizer of this matrix inside GSp,. One can check immediately that GLj , is

the set matrices inside GSp, that have the following form:

a ble f
Db al|f De
Dc d|x Dy

d cly =

12



2.2.2 The special function Pp

In this section we define the special Poincare series to be used in the integral representation. We
denote this poincare series by Pg.

Recall that there is an isomorphism PGSp, = SOj; of split groups over Q. Denote by (Vs,q)
the standard 5-dimensional representation of SOj, together with the quadratic form ¢ defining it,
thought of as a representation of GSp,. One may choose x¢ in V5(Q) such that ¢(zp) = D, and
such that the stabilizer of z¢ in GSp, is GL; ;. (See [29].) Let a be a factorizable function in
S(V5(A)), the space of Schwartz functions on V5(A), equal to the characteristic function of V5(Z,)

almost everywhere. The special automorphic form P75 will be

Pplg) = > a(zodg).
S€GL3 1 (F)\ GSp,(F)

The function Pp is perhaps inherently an orthogonal gadget; one can make an analogous defi-
nition for any orthogonal group, and the resulting special function likely has similar properties to
this one. However, it is easiest for computation to define Pp directly in the notation of GSp,,
and not go through the exceptional isomorphism PGSp, = SOs. To do this, write AZ(W,) =
ker{A2W, — v}, and set V5 = A2(W,) @ v—1. (The quadratic form is just the cup product.) Denote

vp = Dey A fa +ea A f1 in V5, and set

P3(g) = 3 a(vpdg).

6€GL§,L(F)\ GSP4(F)

This definition is sensical because the GLj ; is the stabilizer of vp in GSp,.

2.3 Non-unique models and unfolding

We will now give two global integrals, which are closely related. The integral representations use
the Klingen Eisenstein series on GSp,. Let GSp, act on W, = Q* on the right, and denote the
ordered basis of Wy by {e1, e, f1, f2}, so that (e;, f;) = d; ;. The Klingen parabolic, denoted @, is
the stabilizer of the line Qf; via the right action. Pick a section f(g;s) € Ind(55)7 d¢g the modulus
character of the Klingen parabolic. One requires f to be right K finite, and f,(1;s) = 1, independent

of s, for almost all p. We normalize these sections by defining f,;(g;s) = (,(4s)fp(g; s) for almost

13



all p. Let us write F = Q for the global field. The normalized Eisenstein series is then

E*(g;5) = > [ (v s).
YEQ)\ GSpy(F)
Suppose 7 is a cuspidal automorphic representation on GSp,, and ¢ is a cusp form in the space

of m. The global integrals are as follows:

I(gs) = /[ B*(g: 5)6(g) dg

L(:s) = / P& (9)E* (g: 5)(g) dg.
[GSP4]

The integrals are very closely related. In fact, the special function Pp appears to act like a distri-
bution for integrating over [GL5 ], but we will not pursue that phenomenon further.

Recall that the standard Siegel parabolic on GSp, is the stabilizer of the isotropic subspace
spanned by fi, fo. Denote by U its unipotent radical, and by N the unipotent radical of the
standard Borel in GLj . Then, under the embedding GL3 ; — GSpy, N C U.

In fact, define a unitary character y : U(A) — C* as follows. As is usual, pick once and for all

an additive character 1) : F\A — C*, with conductor equal to one almost everywhere. If

1 U1l U2

1| w2 uo

and

Then

14



Proposition 2.3.1. The global integrals I; and Iy unfold:

Ii(¢,s) = f*(g;5)0x(9) dg

/N<A)Z(A>\GL;,L<A>

and

Iy (¢, s) = I (g5 8)0x(9)ay(g) dg.

/U(A)Z(A)\ GSpy(A)
Proof. We will unfold I5. The unfolding of I; is almost identical, but simpler.

Assume for now that L is a field, and not the split quadratic etale Q algebra. Then GL’QF, 7, acts
transitively on Wy, and the stabilizer B’ of the line Qf; is the elements of the standard Borel of

GL3 ;, whose Levi entries are diagonal when embedded in GSp,. Hence

L(ss) = / o(vpg) f*(g; 5)9(9)-
B'(F)Z(A)\ GSpy(A)

Now

ng)dn = X )
/[N] $(ng) > dx(79)

YEZ(F)N(F)\B'(F)
from which the proposition follows in this case.
In case L is split, then GL;) 1, acts on the lines in W, with three orbits, one represented by Q f;
and the other two by Q(f1 & f2). After a change of variables, one can check that the integrals
associated to fi + fo vanish by cuspidality of ¢. The unfolding of the integral associated to Qf1

proceeds as above. O

From now on, we will concentrate our attention on the integral I, the case of I; being almost
identical, but simpler.

The fourier coefficient ¢, does not factorize for general cusp forms ¢. Thus, it is not at all clear
that the integrals I; and I3 have the structure of an Euler product. However, Piatetski-Shapiro and
Rallis in [30] introduced for a technique for analyzing exactly this sort of phenomenon. Suppose
(my, V') is an irreducible admissible representation of GSp,(Q,). Define a (U, x) model to be a linear
functional £ : V' — C that satisfies ¢(7(u)v) = x(u)l(v) for all u € U(Q,) and v € V. If one replaced
U in this definition by Up the unipotent radical of a Borel of GSp, and x by a nondegenerate
character of Up, then one would get the definiton of the Whittaker model. However, unlike the
Whittaker model, the space of (U, x) models will usually be infinite dimensional. Consequently, the
fourier coefficient ¢, will not factorize. However, the following theorem allows one to recover the

Euler product nature of the global integral nonetheless.
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Theorem 2.3.2. Suppose all the data are unramified: p is finite, m, is unramified, p does not divide
2D, f* is right GSpy(Z,) invariant, and oy, is the characteristic function of V5(Z,). Let vy denote

a nonzero spherical vector in m,. Then, for all (U, x) models ¢,

* , . 1
B(6s) = | F*(5: $)a (9)(x(9)o) dg = €(w0) Ly, Spin, 25 — 1),
U(Qp)Z(Qp)\ GSp4(Qp)

when the left hand side is absolutely convergent.

This theorem will be proved in the next section. Let us explain how one uses it to analyze the

global integral. For a finite set of places €1, put

Io(s) = / F*(9: 5)0X(9) o (9) o,
U(Aq)Z(Aa)\ GSpy(Aq)

where for a linear algebraic group H we write H(Agq) = [[,cq H(Q). Then

Ir(¢;s) = lim Ia(s).
Q

Suppose S is a finite set of places containing all the bad places, i.e. all the places exlcuded in

the theorem above, and €2 O S. Then the theorem allows one to prove
Lemma 2.3.3. Ioyp)(s) = L(mp, Spin, 25 — $)Ia(s).

Proof. Iougpy(s)

=/ [ (g;8)ax(g / Iy (9ps 8)aX (gp)Dx (99p) dgp dg-
U(Aq)Z(Aq)\ GSp,(Aq) U(Q,)Z(Q,)\ GSpa(Qy)

But for each g € GSp,(Aq), the function g, — ¢, (9gp) is of the form £(m,(gp)vo) for some (U, x)
model ¢ and spherical vector vg. Furthermore £(vg) = ¢,(g). Hence the Lemma follows from the

theorem. O

One concludes that I5(¢;s) = Is(s)L(m, Spin, 25— %) The integral Ig over the bad finite places

may be controlled using the following proposition, to be proved in the fifth section.

Proposition 2.3.4. For any vy in Vx,, there exists a section of f, of Ind((%), a Schwartz function

ap on Vs5(Q,), and a vector v in V. , so that

/ £*(9: 8)a(9)(m(g)v) dg = £(vo).
U(QP)Z(QP)\ GSP4(QP)
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From the proposition, we see that the data (f*, ¢, «) for the integral may be chosen so that

I(¢;s) = Io(s)L® (, Spin, 25 — %)

2.4 Unramified calculation

In this section we will prove Theorem 2.3.2. Again, the idea goes back to Piatetski-Shapiro and
Rallis [30]. One starts with the explicit determination of L(m,, Spin, s) in terms of Hecke operators,

which is codified in the following statement.

Proposition 2.4.1. Suppose wy,(g) is the Macdonald spherical function for the unramified repre-
sentation m,, normalized so that wy(1) = 1. Define A°(g) = |v(g)|° char(g), where char is the

characteristic function of M4(Zy). Then

s —2s . 3
[ A (ahnle)dg = (1~ )Ly Spins - 3)
GSP4(Q:D)
where wy s the central character of mp.
Proof. This is a standard result in the theory of rank two symplectic group. See [3]. O

Suppose now that ¢ is a (U, x) model. If vy is a spherical vector for m,, it follows from the

proposition that

/ A(g)l(n(g)vo)dg = {(wo) / A%(g)wp(g) dg
GSp,(Qp) GSp4(Qp)

= Uw0)(1~ wr (P> ) Ly, Spin, s — ).

Thus, to prove I,(¢; s) = £(vg)L(m,, Spin, 2s — 1), it suffices to prove

—w 2—2s E = s w(g)v .
(el 250 = [ alg)r(g) dy

This is an identity that may be simply checked: One can make explicit calculations of both sides,
and compare them. That is what we will do, and we will see that the two sides are identical.

To begin, we first make the calculation of o almost everywhere. First, a definition.

Definition 2.4.2. For a two-by-two matrix m, right K equivalent to (™' 7;12), define Aj(m) to
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be 1 if maz|mia, mas|miy, and (212)2 = D modulo 211, and 0 otherwise. For a matrix
9 ) maoo moso’
my
m =
mp

in the Levi of the Siegel parabolic of GSp,, so that m;, m; are two-by-two matrices, define

S

Proposition 2.4.3. Suppose that p does not divide 2D, and that o is the characteristic function

1/2

det(my) AL (ma).

det(my)

B det(my)
Ap(m) = char ( dot(my)

of V5(Zy). Then if m is in the Levi of the Siegel parabolic, of (m) = Ag(m).

Proof. Suppose

noq(z)m =

Then vpngy(z)m
-1 -1 2 2 —1/2 2 4
=4 (cd—Dab)(el/\fl—eg/\fg)+5 (Da —0)61/\f2—|—5 (d — Db )62/\f1—xf1 /\fg,

where 0 = ad — be. To calculate o, (m), by right K invariance we may assume b = 0. Then
vpnea(z)m
Da? — ¢?

d z
et A\ fo+—ea AN fi— < fi A fa
ad a A

Cles Afr—ea A fo) +

a

Thus for the integral

/¢(2)Q(UDH24(Z)m) dz

to be nonzero, we need |A| < 1, and the other three coefficients above to be integral. When all these

conditions are met, the integral is |A|. The conditions for the first three coefficients are exactly the

det(my) 1/
det(myp)

2
, the proposition follows. O

conditions defining A{(my). Since |A| =

The normalized sections f} (g; ) appearing in the definition of the Eisenstein series may be
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constructed in the following way. Set ® the characteristic function of Wy(Z,). Then

£2(g:5) = (o) /G R G

We may now compute

I(ts) = f(gs 8)ag (9)t(m(g)vo) dg

‘/U(QP)Z(QP)\ GSp,(Qp)

/ 551(9) £ (g7 8)an (9)2(m(g)v0) dg
Z(Qp)\M(Qyp)

_ /M 551(9)1(9) P ®(f1g)ay (9)E(m(g)v0) dg

Qp

_ / 55 (9)|v(9)2* Ao(9)(m(g)vo) dg
M(Qp)

= S (plwa ) / 571(9)|v(9)[?* Ao(g) char(p 1 9)e(r(g)vo) dg

k>0 M(Qp)

= e ) [ S o) Belg) char(p § 9)(r(g)un) do.
M(Qyp)

Hence

(1= we(P)P>2) I, (4 = b= / 55 (9)|v(9)1° " Ao (g) char(p t g)¢(w(g)vo) dg.
M(Q,)

2

Now let us compute

/ A% (g)e(n(g)v) dg = / 551(9) v(9)|*(n(g)vo) / (1) char(ug) du dg.
GSp4(Qp) M(Qy) U(Qyp)

Lemma 2.4.4. Suppose g is in M(Q,), and that g is right Knr equivalent to a matriz with bottom
right 2 x 2 block of the form (pa pbu ) Then

/ x(u) char(ug) du
U(Qp)

is 0 unless ¢ =0 and b> = D modulo p®, in which case it is p®.
Note that when p is inert in L, the only such matrix is the identity.

Proof. As a function of g € M(Q,), the integral is certainly right K, invariant, hence we may
assume g is of the special form above. Now the U, = {u € U(Q,)| char(ug) # 0} forms an abelian

group. Hence the integral vanishes unless ¥ is identically on Uy. If ¢ > 0 then the matrix with upper
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right block (( p=1)) is in Uy, so the integral vanishes. So now assume ¢ = 0. Then the matrix with

upper right block (( _’;;a ;21;5 o >) is in U,. As x of this matrix is w(bQPZD ), we get the second

condition. Finally, when both conditions are satisfied, suppose u has upper right block (1} %:2).

Then one sees for u to be in U, we must have u1; € p~*Z,, and then that ui2, uzs are determined
modulo Z,,. Finally, the second condition forces x to be trivial on Uy, so the integral is the measure

of Uy which is p®. O]

Lemma 2.4.5. If g € Mp, and {(m(g)vo) # 0, then

/ x(u) char(ug) du = [1(g)| Ao (g) char(p 1 g)
U(Qyp)

Proof. This is an immediate consequence of the previous lemma, except for the fact that, in the
notation above, ¢(7(g)vg) # 0 forces | det(m;) det(m;)| < 1. This latter fact may be seen by taking

u € U(Z,), and considering the equation

U(m(g)vo) = L(m(g)uve) = x(gug ™" )l(m(g)vo).

One deduces that £(m(g)vg) # 0 implies x(gug™') = 1 for all u € U(Z,), from which one can check
| det(my) det(my)| < 1. O

Hence

/ A%(g)e(m(g)vo) dg / 551(9) v()|*(n(g)vo) / x(u) char(ug) du dg
GSP4(Q;D) M(QP)

U(Qp)
/ 35" (9)[v(9)*[v(9)] " Do(g) char(p  g)L(m(g)vo) dg.
M(Qp)

This last line is what we obtained for (1 — wx(p)p®~2%)I,(¢; £51), and thus

/ A% (g)l(m(g)vo) dg = (1 — wr(p)p® %)L, (¢; s ; 1)7
GSp,(Qp)

completing the unramified calculation.

2.5 Ramified calculation

In this section we prove Proposition 2.3.4. We first do the easier case for the integral I;:
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Proposition 2.5.1. For any vo in Vz,, there exists a section of f; of Ind(éé), and a vector v in
Vz,, so that

/ £*(9: 9)0(n(g)v) dg = (o).
N(Qp)Z(Qp)\GL; 1 (Qp)

Proof. Denote by Ky = {1+ pN¥ My(Z,)} N GSp,(Q,) the congruence subgroups of K. The vector

vp is stabilized by some Ky, N >> 0. Define ¢ € C°(Q,) by ¢1(2) = ¢(—2)|p|" char(pNz € Z,,).

Now set
vy :/ v1(2)m(u(2))vo dz,
Ga(Qp)
where
1 0 0
110 =z
u(z) =
1

1

Note that if m € T7,(Q,) the standard torus of GL; 1(Qy), then

zwmmzé@fmmM@mﬂwm@

and x(mu(z)m™1) = ¢(|t/N(¢)|z). Since

/ ©1(2)9(|v2) dz = char(v € 1 +pNZ,),
Ga(Qp)

we conclude that

((m(m)vy) = char(|t/N(£)| € 1+ pN Z,) (7 (m)vy).

Now vy is stable by some congruence subgroup Ky,. We pick a section f* supported on QK.

For example, one may take

[ (g;s) = / 65" (q) char(qg € Kn,) dg.
Q(Qyp)

Recall that B’ = QN GL;3 1, and set Ky, = Ky, NGL3 ;. We then get, for some positive constants
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o

[ (g;s)l(m(g)vi)dg = f*(g;8)l(m(g)v1) dg

/N(Q,,)Z(Q,J)\GL;L(QP) /N(Qp)Z(Qp)\B'(Qp)K}Vl

Cy / F(g: )0 (g)v1) dg
N(Qp)Z(Qp)\B'(Qp)

= égl(m)f*(m; $)e(m(m)vy) dm.
Z(Qp)\T"(Qyp)

This last line is equal to

Ch / 5gl(m)5*Q(m; s) chary (m)¢(m(m)vg) dm,
Z(Qp\T"(Qp)

where chary (m) = char(|t/N(¢)| € 1+ pNZ,). But when restricted to T", the support of chary is
contained in Z(Q,)K . Furthermore, dg and ép are identically one on this subset of 7. Hence the

above is equal to C2f(vg). Setting v = C’Q_lvl gives the proposition. O

Proof of Proposition 2.5.4. Pick ay, so that a,(vpg) = char(g € GL; ; Kyr) for M sufficiently large.

Then we are reduced to the case in Proposition 2.5.1. O
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Chapter 3

The two-variable integral on

QU(2,2)

3.1 Introduction

We give a Rankin-Selberg integral in two complex variables representing the product of the exterior
square and standard L-functions of generic cusp forms on the quasisplit unitary group in 4 variables.
See section 3.2 for more on these L-functions. This integral is inspired by the two-variable integral
of Bump-Friedberg-Ginzburg [5] on GSp,.

Denote by

J4 =

-1

Suppose E is a quadratic field extension of F'. We define the unitary group

G =GU(2,2) ={g € GL4(E) : gJ1'g = v(g9)Js}

where z — Z is the nontrivial automorphism of E over F' and v(g) € F*.
Write {eq, ea, f2, f1} for the ordered basis of the underlying 4-dimensional vector space Wy on
which the unitary group acts. Thus, in this notation, (e;, f;) = d;;. We suppose that G acts on

the right of Wy. Now define the Siegel parabolic P of G to be the stabilizer of the (isotropic)
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subspace spanned by fi, fo, and the Klingen parabolic the stabilizer of the line spanned by f;. If
fp € Ind(6p) and fq € Ind(d,)) are standard sections, then the Siegel and Klingen Eisenstein series

are, respectively,

Ep(ggw)= Y. fe(ygw); Eqlgis)= Y.  fo(rg:s).

YEP(FN\G(F) YEQUING(F)

We assume ¢ has trivial central character. The two-variable global integral is

I($:5,w) = /[G] 6(9)Er(g:w)Eolg: 3) dg.

Then integral unfolds to the Whittaker model of ¢, and we will prove that, up to simple factors, the
integral represents L(w, A%, 3s — 1)L(w, Std, 2w — %) if ¢ is a cusp form in the space of 7, assumed

to be generic.

3.2 The exterior square and standard L-functions

The dual group of G is (GL1(C) x GL4(C)) x Gal(E/F). The nontrivial element 6 of Gal(E/F)
acts by (A, g) — (Adet(g), Jutg~J; ") (for this and the contents of the next paragraph see [25] and
31)).

If a prime p of F is inert in E, then the local group G(F),) is still a unitary group. Let us describe
the Satake parameters of an unramified representation 7 of G(F}) at such a place p. Denote by T
the diagonal maximal torus of G, so that T contains 7" the diagonal maximal split torus of G.
Suppose « is an unramified character of T'(F},) and 7 is an unramified subquotient of I nd(éllg/ a)
with dp the modulus character of uppertriangular Borel of G(F},). The elements of T' are of the form
t = diag(tl,tg,at_gl, at_fl). Thus an unramified character a of T is given by characters aq, a1, as,
where g is an unramified character of F)‘, the other afs are unramified characters of E;, and
a(t) = ap(a)oq(t1)as(tz). With these notations, the Frobenius conjugacy class of 7 in the dual
group “G is then (ag(w), diag(ay (@), as(w),1,1)) x 0, where w is a uniformizer of F.

We will now define the exterior square representation of “G. Set Vj the standard 4-dimensional
representation of GL4(C). Let GL1(C) x GL4(C) act on A%Vy via (A, g) — X AZ (g). Denote
this representation by p. Then z +— p(z) and = — p(0~'z6) are irreducible representations of
GL;(C) x GL4(C) with the same highest weight, and thus are isomorphic. Hence, there is an

element A € GL(A?V}) satisfying p(0~'x0) = A~1p(x)A. Note that if A satisfies this identity, then
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so does —A. Tt is important that we pick A with positive trace. (The other choice —A will not give
the L-function that comes out of the integral representation.) Then the map that sends z = (), g)
to p(z) and (1,1) x @ to A defines a representation “G = (GL;(C) x GL4(C)) x Gal(E/F). This
representation is what we refer to as the exterior square; we denote it by AZ2.

The following proposition computes the exterior square L-function for an unramified represen-

tation of G(F),) at an inert place p in terms of L-functions of G’ = GSp,.

Proposition 3.2.1. Suppose that a is an unramified character of T, and m is an unramified irre-
ducible subquotient of Indg(égpa). Denote by o' the restriction of « to T', and suppose that 7' is

an unramified irreducible subquotient of IndGi(é}B/,Qa’). Then if T has central character wy,

L(m, A%, s) = L(n', Spin, s) L(wy, 25).

S

Note that (the reciprocals of) both sides of the equality are of degree 6 in p~*.

Proof. Let us write e;,1 < ¢ < 4 as a basis of Vj, and e;; = e; Aej,i < j as our basis of A2V,
Set t = diag(ti,ta,t3,t4). Comparing A%t and A2Jy det(t) tt_lel one finds that the permutation
matrix A given by (ejse23) conjugates one to the other.

Now suppose the Frobenius conjugacy class of 7, in “G is represented by (), diag(a,b,1,1)) x 0
for some A, a,b € C*. Note then the that Frobenius conjugacy class of 71';) in “G’ is represented by

(A, diag(a,b,1,1)). Now L(m,, A2, s) is the reciprocal of
det(1 — p~ A A% (diag(a, b, 1, 1)) A| A% (V3)).

The linear transformation A A? (diag(a,b,1,1))A has 4 diagonal entries and one two-by-two block.
The four diagonal entries are for e1s, €13, €24, €34, for which the eigenvalues are, respectively, Aab, Aa, Ab, A.
Thus this part of the determinant gives L(,, Spin,s)~". The two-by-two block is given by the pair

of basis elements interchanged by A; namely e4 and es3. This block contributes

(1= (abA?)p~2*) = (1 — wx(p)p~ %)

to the determinant. O

The standard representation of “G is defined more simply. If z = (), g) € GL;(C) x GL4(C),

set pa(x) = g € GL(Vy). Then the standard representation pgtq is the 8-dimensional Indigo (p4)-
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Similar to Proposition 3.2.1, the standard L-function for G at inert places may be computed in

terms of the standard L-function of GSp,.

Proposition 3.2.2. Let the notation be as in Proposition 3.2.1. Then, if m has trivial central

character,
L(,, Std, 2w)

L(mp, Std,w) = C2w)

Proof. Note that the reciprocal of the two sides are each degree 8 in p~". The underlying vector space
for pstq we write as V4@V, and @ interchanges V; and V. If z = (), g) is in “G° then z acts on V} via g
and on V} via Jytg=1J; . Write ¢} for the basis of V. Then the matrix for pssa((\, diag(a,b,1,1)) x
6) has four two-by-two blocks consisting of the e;, ;. The block e1, €] contributes (1 —ap~2¥) to the
determinant. Similarly the other three blocks contribute (1 —bp~=2%), (1 —b~1p=2%), (1 —a~tp~2v).

The proposition follows. O

3.3 Global integral and unramified computation

In this section we state the unfolding for I(¢;s,w) and explain the unramified computation. The
unfolding is identical to that of [5] Theorem 1.1. Using Propositions 3.2.1, 3.2.2 the unramified
computation follows from that of Bump-Friedberg-Ginzburg ([5] Theorem 1.2) in the inert case. The
unramified computation for p split in F is a fairly simple application of the Littlewood-Richardson

rule for decomposing tensor products of representations of GL4(C).

3.3.1 Unfolding

Following [5], set

and

I/Q =
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Define R = (vp'Qup) N (uéleQ). Then R is the subgroup of GSp, consisting of matrices of the

form
* * %
* *
*
*

Lemma 3.3.1. The double coset Q(F)\G(F)/P(F) is represented by {1,1/131/651}.

Proof. The coset space Q(F)\G(F) is naturally in bijection with the isotropic E-lines in Wy(E),
with the coset Q(F')1 representing the line Ef;. It is easy to check every isotropic E-line is P(F')-

equivalent to either Ef; or Fey = Eflupz/él. O

Proposition 3.3.2. Denote by Zg the center of G, which is E* embedded diagonally, R the

unipotent radical of R and Wy the Whittaker model of ¢. Then

I(¢;s,w) = / fr(vog;w)fo(vpg; s)We(g) dg.
RO(A)Zg(A)\G(A)

Proof. The proof is the same as that in [5], Theorem 1.1. O
Define
LWisw) = [ Fh (v ) S (vpg: )Wy (9) do.
R(Fp)Ze(Fp)\G(Fp)

Theorem 3.3.3. Denote by eg/p the quadratic character associated to E/F: i.e. eg/p(p) is 1 if p

is split in E and —1 when p is inert in E. When all the data is unramified

L(my, Std, 2w — 3)L(m,, A?,3s — 1)

Lp(Ws,w) = L(eg/r, 4w — 1)Cp (4w)Cp(3s)Cr(6s — 2)°

Proof. Everything here is local so we write F' instead of F), and E instead of E,. Set t(a,b) =
diag(ab,a,1,b67') where a € F* b € EX. If p is split in F then b = (by,by) with b; € F and

b= (b2,b1). For x € F define n(x) = 1+ 2Es3. For y € E set n(y) = 1 + yE12 — §F34. We have

I,(W;s,w) :/ S5t ()W (1) /RO\U Y(u) fp(vout; w) fo(vput; s) dudt.

Parametrize Z\T via F* x E* using the t(a,b)’s. Then d5(t(a,b)) = |a|}|b|3%. Now change variable
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u s tut™! to get that I,(W;s,w)

= olb) " el ble) W) [ et vt et dud.
FXxEx RO\Up

Now fp(vgtu;w) = 5$(VQt(a,b)V§1)fp(VQu;w) = b2 fp(vou;w) and similarly fo(vptu;s) =
la|3 fo(vpu; s). Also note that if u = n(x)n(y) modulo R, then fp(vou;w) = fp(von(z);w) and

similarly fq(vpu;s) = fo(vpn(y);s). Hence I(¢;s,w) =

[, vl wge ) ( [ v seontimar) ([ s satrnt)dy ) doas

Now let us calculate the inner integrals. By the vanishing properties of W we may assume |a, [b] < 1.

Set n = ord,(a). If |z| < 1 then fp(vpn(z);w) = 1. If |z| > 1 then fp(vpn(z);w) = |z|p*". Hence

/F Y(ax) fp(von(e);w)de =1+ (az)|z|~ da,

|z|>1

1 1— |p|(n+1)(4w71)
Cr(dw) —[p[F!

Suppose p is inert in F; set m = ord,(b). One computes similarly that

which is calculated to be

1 17| |(3s—1)(m+1)
Ce(3s) —IplE!

/f@ vpn(y dy—1+/ P(by)ly| 5 dy =

Now suppose p is split in E and set m; = ordy(b;). One can check easily that fo(rpn(y);s) =

Jowpn((y1,1)); 8) fovpn((1,y2)); ). Hence

[ dotventyys) s~ ( | v favenin. 1) dyl) ( [ v fotvent(1.32))s0 dyg).

Then one computes exactly as above that this is equal to

3s—1)(m1+1 3s—1)(mo+1
1L (L= fplp V) (1 — [l V)
Cr(35) (L= lpl =)= 1Pl )

Set U = ¢~ @w=3), V = q=Gs=1) and K = 6,"*W. For p inert define K ([m,n]) = K(t(p", p™)).

For p split define K ([m1, n, mg]) = K(t(p™, (p™,p™?2))). Define I1 (W; s, w) by the equality I(W;s,w) =
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mll(w, S, ’U)) If P is inert then we get that

1— U2n+2> (1 _ V2m+2

L(W;s,w) = Z V”U2m< e e

n,m>0

) (tm.n).

If p is split then I (W; s, w)

1 _ U2n+2 1— Vm1+1 1 _ Vm2+1
_ nyrmi+ms

n,mi,ma

If p is inert, using that Kg) = KﬁG/Sp“ on the torus of GSp, C G, I; is computed in Bump-Friedberg-

p

Ginzburg [5] Theorem 1.2 to be

L(n,, Std,U?) L(x;,, Spin, V)
¢(u*) '

Via Propositions 3.2.1 and 3.2.2 this is equal to

C(U?)L(mp, Std,U)L(7y, A2, V)  L(mp, Std,U)L(m,, A%, V)

CUHE(V?) © Llemyp. UC(V?)

Theorem 3.3.4 (proved below) plus the Casselman-Shalika formula calculates I in case p is split to

be
L(m,, Std, U)L(ﬂp,/\z,V) ~ L(my, Std, U)L(ﬂp,/\z,V)

C(U?)¢(V?) L(eg/r, U?)C(V?)

The theorem follows. O

Let A[ry,ra, 73] denote the character of the irreducible representation of SLs(C) with highest

weight r1wy + rows + r3ws, where w; are the fundamental weights.

Theorem 3.3.4. The sum

1— U2n+2 1— Vm1+1 1— Vm2+1
nrrmi+ms
2 v ( 1-U? )( -V )( -V )A[ml’”’mQ]

Tn,miy,ma

is equal to
L(my, Std,U)L(m,, A2, V)
¢U?)¢(v?)

Proof. Note that “Std” here means the 8-dimensional representation that is the sum of the two
irreducible 4-dimensional representations. We sketch the proof. Here are the system of claims that

prove the theorem.
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Claim 3.3.5. Afu,0,v] x A[0,m, 0]
:ZA[G/]_ — by +’U,—a2,b1 —+ ao —bg,bg—‘r’v—bg]

where the sum is over integers a;,b; > 0 satisfying

e a; tas=m<v+b; + by
Proof. Apply Littlewood-Richardson. See, for example, [11], formula (A.8).

Claim 3.3.6. The above sum is equal to
> Alu—m+20+kk+ jv+m—2j — 20— k]

where the sum is over integers j, k,£ > 0 satisfying

o /+j<w

e j+tk+l<m</{l+k+u
Proof. Use j =as — ba, £ = a1 — by, k = by.

Claim 3.3.7. In order to for Alny,na,n3]UV™ to appear in

> A, 0,0]U | | D0 Af0,m, 0V

u,v>0 m>0
need

e Ny +ng+ng>m>ng

e ni+2ny+n3>s>ny+ng

and s — (n1 + ng) to be even.
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Consider m,n;, s = u+v fixed. Call a nonnegative integer ¢ allowable if there exists nonnegative
integers j, k, u, v satisfying the conditions of Claim 3.3.6 so that s =u+v, ny = u—m+ 20 + k etc.
Then

Claim 3.3.8. The allowable £ satisfy
0,m—ng —n3z <f€<m-—ng,ng.

Claim 3.3.9. Assumem, s, n; satisfy the conditions of Claim 4.2. Then, the coefficient of Alny, ng, n3]USV™

is the number of € satisfying the condition in Claim 3.3.8.

Claim 3.3.10. Consider the expression

1— U2n2+2 1— Vn1+1 1— Vn3+1
nayrni+ns
Z vr2U ( 1_U2 > ( -V ) < -V )A[Tll,ng,ng].

n2,ni,n3

Then, in this expression A[ni,na,ns] appears only if the conditions of Claim 4.2 are satisfied, and

then its coefficient is the number of £ satisfying the conditions of Claim 3.3.8.

We conclude that

1— U2n2+2 1— anJrl 1— Vn3+1
Nz rrn1+nsg A
2, VU ( 1-02 )( 1-V )( 1-V > 1, ma,ma]

n2,ni,n3

is equal to
(ZA[O m, 0] vm) (ZAU 0, U]Uu+v> :
As
L(/\2 V)
Zm:A[o m, 0]V™ O
and

it L(Std,U
> Afu, 0,0]U = (1 (ZAuOO )(ZAOOU )Z(C(U?))

uU,v

we get the theorem. O
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Chapter 4

The exterior square L-function on

QU(2,2)

4.1 Introduction

We give a set of Rankin-Selberg integrals representing the exterior square L-function on GU(2,2),
the quasisplit unitary group on 4 variables. Gritsenko [22] has considered a version of this integral
for Hermitian modular forms of genus two. As with the classical integrals of Andrianov [2] and
Kohnen-Skoruppa [26], Gritsenko’s proof only works for Hermitian modular forms. The integrals
here apply to a much wider class of cuspidal representations, and are associated to a non-unique
model. Let us also note that in [12] Furusawa and Morimoto have given an integral representation
for generic cusp forms on GU(2,2) for the exterior square L-function. Also we must remark that
GU(2,2) is closely related to the quasisplit orthogonal group O(4,2), and Sugano [32] and Ginzburg—
Piatetski-Shapiro—Rallis [16] have considered the standard L-functions for these orthogonal groups,
via different integral representations.

Denote by
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Suppose E is a quadratic field extension of F' = Q. We define the unitary group

G =GU(2,2) = {g € GL4(E) : gJs'g = v(g)Ja}

where « +— T is the nontrivial automorphism of E over F' and v(g) € F'*. We write Wy for the
underlying vector space on which G acts, and give Wy the ordered basis {ey, e, f1, f2}.

The integrals we give may be considered analogues of the integral of Kohnen-Skoruppa [26] on
GSp,. We will now define the integrals. First, note that there is a map G = GU(2,2) — U(1)
sending g + det(g)v(g)~2, where by U(1) we mean x € GLy(E) : 2z = 1. This map is surjective,
and we denote by H its kernel. Now, the group G has a representation on a 6-dimensional E vector
space, namely A2W,(E), but it does not have a (nontrivial) representation on a 6-dimensional F'
vector space. However, the group H does have a such a representation. Indeed, define Vi to be the

F vector subspace of A2W,(E) ® v~ ! consisting of elements of the form

ael/\62+1‘f1/\€2+wf2/\€2+11761/\f1+y€1/\f2+bf1/\f2

where a,b,z,y € F and w € E. One can check by explicit computation with generators that H
preserves this space V. The effect of the twist by v~! is that F* embedded diagonally in (the center
of) H acts trivally on Vj.

Now, for R € F*, we set vg = e1 A fa + Rea N\ f1 € V. Define Gg C H to be the stabilizer of
vr. If R =1, then Gr is conjugate inside G' to GSp,. In general, G is a quaternion unitary group

on two variables; the quaternion algebra for which it is defined is the set of

We will really only be concerned with the class of R in F'*/Ng,p(E>), so for R a norm from E we
take R =1 for simplicity.

Define E(, to be the normalized Klingen Eisenstein series on G, where the Klingen parabolic is
the stabilizer of the F-line E f;. For a cuspidal automorphic representation 7 of GG, and a cusp form

¢ in the space of 7, the first set of integrals is

Ip(¢;s) = ?(9)EG(9) dg.
[GR]
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We will show that this integral represents the exterior square L-function of 7, in the sense that one
may write it as a product of the partial L-function times an archimedean integral.
The next set of integrals is nearly identical to the Iz, but uses a type of Poincare series instead

of the subgroup Gg. For a Schwartz function o on V5(A), we set

Pr(g) = > alvryg),

YEGR(F)\H(F)

an automorphic form on H. Then we define

I(dss) = /[H] 0(9) Pr(9) E (9) dg.

Again, we will see that this integral too represents the exterior square L-function of 7, in same sense
as above. As in all of these results, the unramified computation for If, reduces to that for Ig.

The contents of the sections is as follows. In section 4.2 we give some global preliminaries
and the unfoldings of the integrals. In section 4.3 we give the unramified computations, assuming
the determination of exterior square L-function in terms of Hecke operators. This Hecke operator
calculation is done in section 4.4. In section 4.5 we control the local integral for Ir at the bad finite

places.

4.2 Global arguments

It will be convenient for us later to understand the group Gg explicitly in terms of matrices. To

this end, let us note now that G is generated by elements of the form

r Ry A
y oz A
T —1 ’ 1 ’
—Ry =T 1
1 Ry w 1
11z y 1
1 7 r w |1
1 w Rx 1
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The first two types of elements generate the Levi of the Siegel parabolic Pr of Gg, and the third
type makes up the unipotent radical of Pgr. As remarked in the introduction, there is 79 € G(F') so

that G1 = v, ' GSp, 70. Suppose E = F(v/D). Then take

vD —VD
D D

Yo =

Indeed, inside A2Wy(E) @ v 1,
(e1tANfiteNf))ro=eNfrteAfi

from which the equality G1 = v, 1 GSp, 7o follows.

Lemma 4.2.1. If R is not a norm from E, the double coset space Q(F)\G(F)/Ggr(F) is a singleton.
IfR=1, Q(F)\G(F)/Gg(F) is represented by {1,7o}.

Proof. The coset space Q(F)\G(F) is in bijection with the isotropic F lines in W4(E). When R is
not a norm from E it is easy to check via explicit matrix computations that all the isotropic lines
are in one orbit under Gg. When R = 1, one checks similarly that there are two orbits of isotropic

lines, given by Ef1G1(F) and E(f1 — f2)G1(F). As Efiyo = E(f1 — f2) we are done. O

We now define the normalized Klingen Eisenstein series and the Fourier coefficient that will
appear in the unfolded integrals. For the Eisenstein series, pick a Schwartz function ® on Wy(Ag).

Set

£2(g:5) = (o)l / B(tfrg)lels dt
GL1(AEg)

Then f® € Ind(d), and f2(1;8) = Cp(3s). We set Eg(g;s) = > cQFN\G(F) f®(vg;s). Define
the subgroup D of Gr to be the set of diag(x,Z,z,T) with x € E*, so that D = GL1(E).
Denote by Up the unipotent radical of the Siegel parabolic of G. We define x g : Up(A) — C* via
Xr(u) = ¥(u13 — Rugs) where u;; denotes the ij entry of the matrix u. Note that Dg centralizes

xr for all R. We set
Oxn.N(9) = /[ ]xz}l(u)cﬁ(ug) du
Up
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and

¢XR (g) = / ¢XR,N($Q) dz.
Dg(F)Zr(A)\DEg(A)

Proposition 4.2.2. Denote by Ng the unipotent radical of the Seigel parabolic of Ggr. Then

Ir(¢;s) = w(9)[3®(f19) Py (9) dg.

/NR(A)\GR(A)

Proof. Observe that
/[N ng)dn= 3 yldro) (4.1)

AEFX
where dy = diag(\, A\, 1,1).
We first suppose R is not a norm from F. Unfolding the Eisenstein series using Lemma 4.2.1,

integrating over Ng, and then using (4.1) we obtain
15(g:8) v, (9) dg

Ir(¢;s) = /
De(F)Nr(A)Zr(A)\GR(A)

= / 15 (g:9)0x () dg.
Dr(A)Nr(A)\GRr(A)

Performing an inner integral over Dg in the expression

/ () ED(f19)bn (9) dg
Nr(A)\GRr(A)

we get the above, proving the Proposition in this case. Now suppose R = 1. Unfolding the Eisenstein
series, we get I = I + I, corresponding to the two element set {1,7} = Q(F)\G(F)/G1(F). We
will see that the integral I, vanishes by the cuspidality of ¢. Thus I = I; and one proceeds exactly
as above to get the Proposition. To see that I,, vanishes, set S, the stabilizer of Q(F)~o inside

G1(F). Then
Lo(ois) = [ £3(0v0g: 9)6(g) dg.
Syo (F)Z(A)\G1(A)
Then, since G; = 'yalGSp470, Sye = 'yalQ’(F)'yO, where Q' is the Klingen parabolic of GSp,.

Hence, changing variables,

Ly, (¢;5) = fa(hvo; s)o(hyo) dh.

/Q’(F)Z(A)\ GSp,(A)

It is now easy to check I, vanishes by cuspidality of ¢. O
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Define

a (vRg) = / (uw)a(vrug) du.
Nr(A)\Up(A)

Proposition 4.2.3.

In(¢:s) = ax (vrR9) V(97 (fL9) P (9) dg-

/UP(A)\H(A)

Proof. This is nearly identical to the unfolding for I'p. The only thing to pay attention to is that

when R =1, g is not in H, but it does normalize it. O

4.3 Unramified computation

In this section we give the unramified computation, assuming Theorem 4.4.1 of the next section which
determines the L-functions in terms of Hecke operators. In this and the next section everything is
local, so we abuse notation and denote by F' the local field F}, and by E a quadratic etale extension
of F', which is thus either F' x F' or the unique unramified quadratic field extension of F'. Assume
furthermore that p { 2R.

If £ is a field, G(F) is still a unitary group.

Definition 4.3.1. Suppose E is a field. Define A®(g) = |v(g)|% char(g) where the characteristic

function is that of My(Og).

Suppose now E = F x F. For g € G(F), the two maps F — F induce maps G(F) — GL4(F).
Write g1, g2 for the image of g under these two maps. Then g — (v(g), g1) defines an isomorphism

G = GL; x GLy. In this notation, one recovers gy as vJy tg7 't Soif g = (91, 92), § = (92, 91)-

Definition 4.3.2. Suppose E = F x F. Define A*(g) = |v(g)|% char(g) char(|det(g1)|r = |v(g)|% =
|det(g2)|F). Here the first characteristic function is again of My(Og), which is really the simulta-

neous integrality of g; and go. That is, char(g) = char(g; € M4(OF)) char(g2 € M4 (OF)).

Note that the analogue of the condition char(|det(g1)|r = |v(g)|% = | det(g2)|F) is automatic in
the case E is a field. For ease of notation we define A°(g) = char(g) char(|det(g1)|r = |v(9)|% =
| det(g2)|r) the product of these characteristic functions.

The functions A®(g) are bi-K-invariant. Theorem 4.4.1 of section 4.4 relates these A®’s to the
exterior square L-function. Using that theorem, we now give the unramified computation. Let

¢: 71— Cbea (Up,x) functional. (We do not need to hypothesize the extra invariance under D).
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Let vg be the spherical vector of 7, and assume ® is the characteristic function of W4(Og). Set

I(t:s) = / (9)[ 2@ ( f19)(x(9)v0) dy.
Nr(F)\GRr(F)

Theorem 4.3.3. Assume trivial central character.

L(m,A%,3s — 1)

I(ts) = ¢(6s —2)

g(’UQ).
Assume moreover « is the characteristic function of V5(OF). Set

I'(t;s) = / o (vrg) [0(9) 5 B( 1) (g)v0) d.
Up(F)\H(F)

Theorem 4.3.4. Assume trivial central character.

L(m,A%,3s — 1)

I6s) = =55 = 2)

e(’Uo).

The second theorem will follow from the first together with an explicit calculation of a, (vrg).
Define

I%(ls) = A%(g)e(m(g)vo) dg.
G(F)

We will show I(¢;s) = ((65)I*(¢; 35+ 1). The theorem then follows from Theorem 4.4.1. There are

two cases: F a field and £ = F x F. The case F is a field is easier, so we do that first.

Proof of Theorem 4.3.3 when E is a field. For ease of notation we set A(g) = ¢(m(g)vo). We have

r80s) = [ st ot A ) ([ vt chorum) du ) dm.

We compute this inner integral as a function of m. Define U,, = {u € Up(F) : um € My(Og)}.

Then U, is an abelian group, so the inner integral vanishes unless
X is trivial when restricted to Upy; (4.2)

if condition (4.2) is satisfied then the inner integral is equal to the measure of U,,.
Now as a function of m, the inner integral is right K invariant, so we may assume the assume
the bottom two-by-two block my of m is of the form (pa pbc) with a,c > 0 integers and b € Op.

Let us assume (4.2) is satisfied, and see what conditions this imposes on a, b, ¢. First, we find ¢ = 0.
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Indeed, if not, then the matrix with upper right 2 x 2 block (0 “1 ) is in U,.

Now consider the general element u with top right two-by-two block equal to h = (§ 3 ). Suppose

my
m =
mp
Then
p*x  br+w
hmb =
p*w bw+y

Hence u € U,, if and only if € p™®Z,, w = —br mod Z,, and y = —bw = N(b)x mod Z,. It
follows that the measure of U, is p® = \det(mb)|];1/2. We also find that ¢((p~*(1 — RN (b)))2’) is
trivial for all 2’ € Z,. Hence p~%(1 — RN (b)) € Z,; and if this condition is satisfied then indeed
(4.2) is satisfied too. Proposition 4.3.6 below proves that this is so if and only if m € MrK)y,
Ky =KnM.

Hence
/U x(u) char(um) du = | det(my)| 5" char(p { my) char(m) char(m € MpK ).
Now 05" (m)| det(ms) |5/ = 651 (m)|v(m) |5 Hence
120vs) = [ ap mlum)l* char(p ) char(m)A(m) dn.
®
On the other hand,

I(\s) = /N . ()Xo ds
- / 551 (m)(9) [ B(f19)\(g) dg
Mg
= 5;R( m)|v(m)|3¥ char(my) char(m)A(m) dm

—CGS/ 5PR m)|% char(p f my) char(m)A(m) dm

where we have used that m, € M2(Og) and A(m) # 0 implies m € My(Og). Thus I(X;s) =
C(65)I2(\;3s + 1) and the theorem follows in this case. O

Proof of Theorem 4.3.3 when E = F x F. The calculation of I(};s) above is the same when FE is

39



split. So we must just calculate I®();s). This is
[ st mltmlzaem) [ x(a®tum) dudm.
We will again find that the inner integral is
| det(my) |El/2 char(m € MrK ) char(m) char(p { my),

from which the theorem follows in this case. So let us compute this unipotent integral.

First, my € GLo(E), and we denote mi,ms € GLy(F) its two projections. The condition
A%(m) # 0 implies |det(mq)|r = | det(mz)|r. Furthermore if h is the upper right two-by-two block
of u, then hy = th; where h; are its two projections. The condition A°(um) # 0 is then m integral,
|det(mq)|r = | det(mz)|F, him; integral, and *hymy integral. For m € M with A%(m) # 0, we set
U the u with A%(um) # 0. This is an abelian group, and so again we again must analyze the m
with x trivial on U,,.

So assume m is such that y is trivial on U,,. By right Kj; invariance, we may assume mj =
(pgl pbcll) and my = (pSQ pb32 )

Claim 4.3.5. p doesn’t divide either my or ms.

Proof. Assume p divides my. We will show x is nontrivial U,,. If ¢ > 0, then take h = (8 pgl).

So assume co = 0. Since | det(mq)| = |det(mz)], az > 0. Now we have two cases: p|by and p 1 by. If
p|ba then take h = (pgl 8). If p { by then take th = (p—10b2—1 7;—1 ) The case p divides mg is the
same. O

Now if both ¢; > 0, then h = (8 p91) € U,,. Hence one of the ¢; = 0. Assume, without loss of
generality, that ¢; = 0. Then a1 = as + co. Taking h = (pPCQ —bl?f% ), we find that p® divides b .

For ease of notation, set a = ag, ¢ = ¢, and b} = by /p°. We then have that

Let us consider a general two-by-two matrix h. Such a matrix may be written

T w) — pCxb)
b 1 1
wh — p~Cxby Yy + xblby — piwhb]
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With these coordinates,
pa-‘rcx wl

hm1 =

paJrc,w/2 _ pame yl/

and

a Cooy/
¢ pr b wy
th:

prwh —ptreaby wiby +py” — p*wsd
Hence h corresponds to an element of U, if and only if x € p~?Z,, w5 € p~°Z,, and w},y" € Z,.
Applying x we see ¢(z(1 — Rbjb2)) = 1, from which we conclude 1 — Rb\bs € p®Z,,. And conversely
if 1 — Rb1bly € p*Z, we see  is trivial on Uy,. Finally the measure of U, is p®*¢ = |det(mb)\};1/2.

The theorem now follows from Proposition 4.3.7 below, which says that elements of these form are

precisely the Mp K. O

Proposition 4.3.6. Suppose E is a field, and m € M2(Og) N GL(E). Then m € MrKy if and

only if m is right K equivalent to a matriz of the form p° (poa ll’) with 1 — RN (b) € p*Z,,.

z g

Ry f) is the bottom two-by-two part of an element of M. We may

Proof. First suppose m = (
assume, without loss of generality, that p f m. Hence p doesn’t divide both x and y. Furthermore,
m is right K equivalent to a matrix with z and § interchanged. Hence we may assume without loss

of generality that p{ 2. Then one finds m is right K equivalent to

s
|
K1k

o
—

with 6 = 2% — Ryy the determinant of m. Hence 1 — RN (y/Z) € 6Z,, as desired.
Conversely, assume m = (%) with 1 — RN (b) € §Z,,. By right K action, we may change b by a

multiple of § so that 1 — RN (b) = du for u € Z). Now m is equivalent to (%), which is equivalent
Su+RN(b) b
to ( e 1). O

Proposition 4.3.7. Suppose E = F x F. Define Xg to be the set of pairs of matrices of the form

p¢ 0 p* by p* by p* b p° 0 p* by
9 Olr‘ b

0 1 0 1 0 p° 0 p° 0 1 0 1

with 1 — Rb1by € p“Zp. Then MrKy = pZXRKM.

Proof. We first prove the inclusion Mg Ky C pZX rK . Note that the elements in Mg correspond
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to pairs

1 Y2 T2 W

(mla m2) = )

Ry1 a9 Rys 1
Define eg = (% 1). Then these are the pairs with my = eﬁlmleR. We have seen in the proof of
Theorem 4.3.3 that elements m € M with x trivial on U, (in the notation of that proof) are in
p%XgrKy;. Take m € Mp. By multiplying m by an appropriate power of p, we may assume 1,
is integral and p 1 m,. Without loss of generality we may assume then that p t m;. Thus for this

w1

direction it suffices to prove that x is trivial on U,,. Now if h = (., ') is the two-by-two matrix

corresponding to an element of U,,, we have hm; integral and thms integral. Hence

0 R\, Ry w;
hegmq = mi
1 0 we Rz
is integral. Subtracting, we get
1 0
(z — Ry) mi
0 —-R!

integral. Since p{m; it follows that « — yR is integral, and hence  is trivial on U,,, as desired.
Now we prove the other inclusion. By symmetry it suffices to consider the first case. By changing

b1 by a multiple of p* we may assume 1 — Rbibs = p®u’ with v’ € Z;. Now

P by piu’ by pPu’ + Rbiby by 1 b
0 1 0 1 Rbs 1 Rby, 1

where ~ denotes right-K equivalence. Thus (%C [1)) (pa bll) ~ ( 11201; p?’l) and

p* bo pu’ by pu’ 4+ Rbiby by 1 ba
0 pf 0 p Rb1p° p° Rp®by p°
which is the desired form. O

The proof of Theorem 4.3.4 will follow from that of Theorem 4.3.3 once we calculate o, (vrg)

explicitly, which we now do.

Proposition 4.3.8. Suppose m € My = M N H. Define Y (m) = char(|v(m)|p]| det(mb)|;/2 <1).
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Then oy (vgm) = Y (m)|v(m)|p| det(my)|5"/? char(m € MK ).

Remark 4.3.9. An easy computation, which we omit, shows that £(7(m)vg) # 0 implies

[ (m)| | det(m)| /% < 1.

So this condition is natural, and will go away in the presence of integral I (¢; s).

18
< g

Proof. Recall vg = ey A fo+ Rea A fy. First, for u € Up with upper right corner equal to h = (
we find

vru =vRr + (x — yR) f1 A fa.

Since m € My, we may write
M —)\e
—Ab Aa

a b
c d

with ad — be, A € F*. Note |A|p = |v(m)|F| det(mb)|gl/2, which is where this quantity will come
from. Now by right K, invariance, we may assume my, is upper triangular, i.e. that ¢ = 0. We
calculate (vgp + zf1 A fo)m

b ab 1 a

= *Rbel Afi+R—es A fo+ 7(N(d) — RN(b))61 A fo +Rd

z
d ad ad ea N\ fl + Xfl N fg. (43)

Now, the form of this expression immediately implies that the set of u € Ng\Up for which
a(vgum) # 0 is an abelian group. Hence, the integral defining «, will vanish if unless x is trivial
on this set. It follows that for a, (vgm) to not vanish, we need |A|p < 1, and that furthermore that

the integral

/ x(uw)a(vgum) du
Ngr\Up

in this case is |A|. This gives the first couple terms of the proposition. The only thing left to do is
to determine for which m can the first four coefficients in (4.3) be integral.

Note that since det(m;) = ad is in F*, ad = ad, so the second coefficient of (4.3) is Rb/d. Hence
these coefficients are integral precisely when d|b,d|a and (1 — RN (g)) is in 4Z,. When FE is a
field, these are exactly the conditions of Proposition 4.3.6 and when E = F x F these are exactly

the conditions of Proposition 4.3.7. Hence we have integrality if and only if m € MrK)s, proving
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the proposition. O

Proof of Theorem 4.3.4. We again must show

rovs) = [ a(ng @) F(i9)NG) dg
Up\H
is equal to ((6s)I*()\;3s +1). But

I’(A;s):/ 5;H( m)|v(m)|r| det(ms)| 5 /char(mGMRKM)|1/( )|35 char(m)A(m) dm

H

= [ dpp(m)[v(m)[F char(m)A(m) dm
Mg

as 0p.g = dp, and we computed above §5' (m)|v(m)|g| det(mb)h;l/2 = 5;; (m). This last integral is
the one that appeared in the proof of Theorem 4.3.3, and was shown there to be ¢(65)I°(\; 354 1),

proving the theorem. O

4.4 Hecke operators

Suppose w, is the MacDonald spherical function associated to I nd(aé,li,/ 2) where « is a character of
the diagonal torus T of G(F'), normalized so that w,(1) = 1. Let m be an unramified subgoutient of
Ind(aéllgm), and let A®(g) be the functions defined in Definitions 4.3.1 and 4.3.2. In this section we

prove the following theorem.

Theorem 4.4.1. Denote by w, the central character of .

L(m, A2, 5 —2)
Al ) .— 5 = —
I%(a;8) := /G(F) wa(9)A%(g) dg = L(wr,2s — 4) L(wr, 25 — 2)

We treat this theorem as two theorems, one for E a field and one for E split. One can likely
give an argument that applies to both cases simultaneously, but for clarity we treat the two cases

separately.

Proof of Theorem 4.4.1 when E is a field. Denote by ¢, the unique spherical vector in Ind(éjlgﬂa)

that is 1 at the identity. Then

) /% o

/ 551 () () [ (0 )( /U char(um)du) dm.
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We compute this inner integral. For an m = (2%) € GLao(E) N My(Og), set Ai(m) =

max{|a|p, b|g, |c|e, |d|p} "

Claim 4.4.2.
/ char(um) du = | det(my)| 5> A (my) char(m).
U

Proof. Both sides of the proposed equality are bi-K-invariant: if m — km, then, in the notation of
Theorem 4.3.3, U, — 'k~'U,,k~!; the right K invariance is clear and so is the bi-K-invariance of
the right-hand-side. So, it suffices to check the claim on matrices m with my, = diag(p’, p*) with
j > k. If my is of this form, then the left hand side is immediately seen to be p?*p?* which is the

right hand side. O

Thus

ass) = / 5SS O ()[3] det(ts) 52 ba(t) < / Ay (ut) char(ut) du> dt
T Up\Us

_ /T S5V det(ty) 5 2a(t) ( /U Al(ut)char(ut)du> dt

P\Us
We will now compute the inner integral. First, the following

Claim 4.4.3. For a,8 € E*X N Og,
1 =z o .
[ dz = ||5" (m+1— mlp|)
B~10g

where m = min{val,(a), val,(5)}.

Proof. The integral is equal to

/ max{[p™ |5, |32|p} " do
B-10g

which is

1815 /O max{[p™ . |yl } " dy
E

by changing variables. The integral is now computed to be as in the claim. O

Set now m = min{val,(t;)} where t = diag(t1,t2,ts3,ts4). Up to right K equivalence, we may
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assume det(t) = det(f). Thus, t = diag(s3, sa, a, 3) where a8 € F* and s € F'*. Then

1 s3 sp

-z 1 S@ —sBz  sa

1 =z « a fPr

1 Jé] B

(4.4)

We separate into two cases: |s| <1 and |s| > 1. If |s| < 1, then m = min{val(a),val(8)}, and ut is

integral if and only if 20 is integral. Hence

/ Aq (ut) char(ut) du = |ﬁ|]51 (m+1—|p|gm)
Up\Us

by the claim. If |s| > 1, then m = min{val(sa), val(sB3)} and

/ A (ut) char(ut) du = / char(sfx) max{|a|g, |0k, |asﬂ|E}*1 dx
Up\Up E

= |8|E/ char(sfx) max{|sa|E,|s/6|E,|xsﬁ|E}*1 dx
E

= |slelsBlE" (m+1— [plm)
by the claim. Hence, we get that the unipotent integral is

BI%" (m+ 1~ |plem) = |ta|5" (m + 1 — |plpm)

in both cases. Since 61;1/2(t)|t3t4|];1/2|t4|]§1 = |v(t)|7?, we get that

I*(a;s) = / at)|v(t)52 (m(t) + 1 — |p|gm(t)) char(t) dt.
T

Set

Ln(s) = /T (Ol (®)[57 (m(t)) char(t) dt

and

L (s) = /T a(®)[v(t)|572 (m(t) + 1) char(t) dt.
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Then

LA@=AaWW@ﬂ?WmWDmMWMt
= wrlplie [ a0 Ol m() + 1) char(pt) i
- UW“AWW@?W@HMMMt
e PP L ()

since m(t) + 1 is zero if char(pt) # 0 but char(¢) = 0. Thus

I (5)

IA(OGS) = I (s) — |P\%“Im(5) = (1 —wr(p )|P|2S 2) I (s) = m

Define T}, the subset of elements of T' with m(t) = k. Consider the following four elements of Tj:

= diag(p,p,1,1),tp = diag(1,1,p,p),tc = diag(p,1,1,p),tp = diag(l,p,p,1). Note that every
element of To/Kr can be written uniquely as a product of these four elements. More generally, it
follows from this that every element of T} /K1 can be written as a product of these four elements in

k+1=m(t) + 1 ways. Hence we find
(s +2) = / (D) (1) char(t) (m() + 1) dt
T

> (alta)lply)’ (Z( (ts)lpl%) )(Z (to)lplw) ><Z(a(t0)lpl%)m>

J k l m

(1- ab)\pfs)fl (1- )\pfs)fl (1- a)\pfs)fl (1- b)\pfs)fl
_ L(m, A% s)

- L(wx,25)

where A, a, b are the Satake parameters of w. The theorem follows. O

Proof of Theorem 4.4.1 when E is split. As above, we have

a9 = [ 3 mmlisa vl ([ Am)du) an.

The same argument as before proves that the inner integral is bi-K-invariant as a function of m,

hence we may calculate it assuming m is diagonal. We obtain

Claim 4.4.4. For m = (m1,mz) € GLy(E)N M2 (OFg), set Aj(m) = max{\mzﬂE}*l where i = 1,2
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and mfk refers to the jk entry of the matrix m;. Then
/ A (um) du = | det(my) 5 Ax (mp) A (m).
U

Proof. The condition A®(um) # 0 is equivalent to A°(m) # 0, hm; integral, and ‘hmy integral,
where h is the upper right two-by-two block of u;. The condition A%(m) # 0 is that | det(mq)|r =
| det(ms)|p. By bi-K-invariance, we may suppose that m; = diag(p®, p®), ma = (p¢,p?) with a < b,
¢ < d. Since the determinants are equal p®t® = p°*? =: §. The integral fU A%(um) du is thus the
measure of the set of two-by-two matrices h such that hm, and *hms is integral, which is immediately

computed to be
. a _c . a d . b ¢ . b _dy __ 2a
min{p?®, p°} min{p®, p®} min{p”, p°} min{p”, p“} = 6p™*.
The right hand side is |det(mb)|;31/2A1(mb). O

We now compute the integral fUP\UB A1 (ut)A%(ut) du. This integral is 0 if A%(t) = 0, so assume
A®(t) # 0. Since A°(t) # 0, by right-K-invariance we may assume det(t) = det(f), and then let the

notation be as in (4.4). Here is the analogue of Claim 4.4.3.

Claim 4.4.5. Suppose o = (a1, a2),0 = (81,02) € EX N Og. Then
/ char(z3 € Op) max{|a1 |, [as|r, |81 F, | Bal ) [€61|p, |202] P} 2 do = |B]5" (m + 1 — [plzm)
E=FxF

where |Blg = |B1|r|B2|F and m = min{val(aq),val(az),val(B1),val(B2)}.

Proof. The proof is similar to the proof of 4.4.3: One changes variables to obtain that the integal is
equal to

12" | mas{(p" |l oele} s
E=Op XOF

and this latter integral is easily seen to be equal to m(1 — |p|g) + 1 by breaking it into a sum over

the pieces with min{wval(y; ), val(y2)} being constant. O

Define m(t) to be the minimum valuation of all entries of the two projections of ¢. Equivalently,
m(t) is the greatest integer k so that p**’ = t for some integral element #’. If |s| < 1, then

m(t) = min{val(aq),val(az),val(B1),val(B2)}. If |s] <1 Claim 4.4.5 gives

/ Ap(ut) A (ut) du = |ﬁ|g1 (m(t) + 1 — |p|lgm(t)).
Up\Us
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If |s| > 1, as in (4.7), this integral is again found to be |3|5" (m(t) + 1 — |p|gm(t)). Using again

that 65"/2(t)| det(tsts)| 5/ *|tal 5" = |v(t)| 5> we find
1(@33) = [ a0l (m(0) + 1= lolm() dr.

Let I,(s), Im/(s) be exactly as in (4.8), (4.9), except with A®(¢) replacing char(t). Then we again

have
Iin(s) = wr(p)|p| 5 I (5)
and thus
I () 1
Ay _ m o B )
I @38) = 5579y = Tlon 95 —9) Lwn 25 — 4) L@m 28 = Dl (5)).
Now

L(wn,25 =)L (s) = | D (wa(p)lpF™") /Ta(t)\l/(t) 7oA (m(t) + 1) dt

J

=3 [ a0l 120 (o) + 1)

a®)|r®)[F A O{(m(t) + 1) + (m(t)) + (m(t) = 1) + - + 1} dt

[ a0 (")

S— -

Define t12 = diag(p,p,1,1), t}* = diag(p,1,p,1) etc with t{7 the diagonal matrix in GL4 with p
at the 7 and j spots and 1 at the other two spots. Similar to the case where E is a field, consider
the 6 elements t// = (p,t/) = (v,g1) € GL1 x GLy, with 1 < I < J < 4. Define T}, to be the
subset of T' with A%(¢) # 0 and m(t) = k. Then one can check that every element of Ty/Kr can be
written uniquely as a product of the t/7. It follows that on T} /K7, every element can be written as
)

a product of the t7 in (kf) ways, since ( is the number of ways to write k as the sum of three

nonnegative integers. Hence we conclude

L(wr(p),29) (s +2) = [ (1 —a®)pl3)"
1<I<J<4

= L(m, A%, s).
The theorem follows. O
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4.5 Ramified computation

In this section we control the local integral Ir(¢; s) at bad finite places.

Proposition 4.5.1. Let vy in the space of m, be given. Then, there exist v in the space of m, and

a Schwartz function ® on Wy(E), depending only on vy, so that for all (Up,x) models ¢,

In(v,s) = /N O (ag)(r(g)un) dg = o)

Proof. For z € F, define u(z) = 1 + zE9y € Up. Write K for the congruence subgroups of K.

There is Ky, stabilizing vg. For a function ¢ € C°(F) to be determined later, define

o = /F o (2 (ul2))vo da.

Suppose m € Mp is
Ar ARy

Ay AT

z -y

—Ry =

Then £(7(m)m(u)vg) = Y(—RAz)l(m(m)vg). We may and do pick ¢; locally constant of compact
support so that

/ ©1(2)Y(—RAz) dz = char(\ € 1+ p™).
F

Hence with this choice £(7(m)v;) = char(\ € 1+ p™0)¢(vp).

Now vy is stable by some Ky for some N > Ny. We define ® = char(f; + p¥W4(Og)). Define
Bpr, n the subgroup of the Siegel parabolic of Gr with the bottom right block = 1 modulo pN, and
Kn r=KnNGpg. Then for g € Gg, ®(g) # 0 implies g € By rKn g, and ® is identically one on
this set. Hence, for some positive constants Cj,

Iveis) = [ plolEaifig)r(gm) dg
Nr\Gr

- / v(9)[e(n(g)vn) dg
Nr\Br,NKRr,N

_ o / 5L (m)|v(m)| 3 0(r(m)vy) dm
Mpgr,N:=MgrNBRr,N

But now £(m(m)v;) = char(A € 1+ pNo)l(m(m)vg). The integrand above is thus £(vy) where it is
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supported, and its support is an open compact subgroup of Gg. Hence I(¢;v1,s) = Col(vg), and

setting v = C’Q_lvl gives the proposition. O
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Chapter 5
The Spin L-function on GSpg

5.1 Introduction

We give new Rankin-Selberg integral representations for the Spin L-function of cuspidal automorphic
representations m on GSpg. Previously, Bump-Ginzburg [7] and Vo [34] had considered the case when
m is generic. The integral representations in this paper do not assume genericity. Instead, the global
integrals we write down unfold to a Fourier coefficient that does not appear to factorize for general
cusp forms. We will analyze the integrals via the method of Piatetski-Shapiro and Rallis, except
with a twist (see below).

We give two global integrals, which are similar, and inherit their meromorphicity from an Eisen-
stein series on GLg. The first integral we give has been considered previously by Gan-Gurevich [13],
but when restricted to a special class of CAP forms on GSpg constructed by Ginzburg [19]. For
these special forms, Gan-Gurevich [13] show that the Fourier coefficient alluded to above factorizes,
and hence the global integral is an Euler product.

Let us describe the global integrals more precisely. Fix an auxillary etale quadratic extension
L = Q(vVD) of Q. Denote by GL3 ;, the algebraic group of elements of GLg z with determinant
in Q. Set H the subsgroup of elements (g1, g2) in GLg x GL; ; with det g; = det go. There is an
embedding H — GSpg. Set E*(g1,s) = ((25)E(g1,s), where E(g1, s) is the usual Eisenstein series

on GLj. Let ¢ be a cusp form in the space of 7. We set

I(6,s) = /[H] E* (g1, 5)6(9)dg.

As is shown in Gan-Gurevich [13], this integral unfolds. Denote by R the parabolic subgroup
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of GSpg with Levi GL; x GL; x GLg, and by Ug its unipotent radical. Associated to the quadratic
extension L is a nondegenerate unitary character x : Ur(Q)\Ugr(A) — C*. Define the Fourier

coefficient

ox(9) = /[U ]X_l(u)¢(ug)du.

Then one has

I(¢7s) = f*(gl,5)¢x(g)dg,

/N(A)Z(A)\H(A)
where f*(g1,s) is the (normalized) section defining the Eisenstein series, and N is the unipotent
radical of a Borel subgroup of H.

Recall that a (Ug, x) model on an irreducible admissible representation (m,, V) is a linear func-
tional ¢ : V — C satistying ¢(m(u)v) = x(u)l(v) for all w € Ug,v € V. The following is our first

main result:

Theorem 5.1.1. Suppose m = ®@m,, p is finite and does not divide 2D, and m, is unramified. Let £

by any (Ur, x) model on m,, and vy a spherical vector. Set A(g) = £(m(g)vo). Then

/ (g1, 5)A(g)dg,
N(Qp)Z(Qp)\H(Qp)

is A(1) times the local spin L-function, L(m,, Spin, s).
This theorem, plus the ramified computation in section 5.5, shows that I(¢;s) is equal to

Too (¢ s)% for an archimedean integral I (¢; s).

For the next integral, we first define a special automorphic form (see section 5.2) Pp on GSp,.
Denote by GLy X GSp, the set of elements (g1,¢g2) in GLy x GSp, with det g1 = v(g2), where v is
the similitude. Then GLs X GSp, embeds in G = GSpg. We consider the global integral

I'(é,s) = / E* (g1, 5)6(9) Po (g2)do.
[GL2 X GSp,]

for a cusp form ¢ on G.
This integral also unfolds to the Fourier coefficient ¢,, and we show that it too represents the
partial Spin L-function, in the same sense as that for the integral I(¢;s) above. In fact, the two

integrals yield the same unramified calculation, which is the main theorem

Theorem 5.1.2. Denote by A any function as in the theorem above. Then

Go(25) D1t 72[PA(elt, €)t]* = A(1)L(mp, Spin, 5),
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where the sum extends over all t € Q), ¢ € L), satisfying [t| < [¢| < 1, modulo the action of

Zx xOf.

To prove this theorem, we use a result of Andrianov [1], who explicitly computes L(mp, Spin, s)
in terms of Hecke operators. Denote by A®(g) = |v(g)|® char(g) the absolute value of the similitude
to the s times the characteristic function of GSpg(Z,). Let w(g) be the spherical function for 7,

normalized so that w(1) = 1. Then Andrianov proves

| w@)A(g)dg = N(w,5)L(m,. Spin,s - 3
GSpg(Qp)
where N(w, s) = (N(s) *w)(1), and

N(s) = 1-p*(Tos+ (p" +p°+1)T33)p > +p* (1 +p)To,3T3,30 %

—p T3 3(To3 + (p* 4+ p* + 1)Ts3)p~ " + p'T5 3p~ .

Here the T; 3 are the usual Hecke operators on GSpg. (See Section 5.4.) Due to the bi-invariance of

A by GSpg(Zp), one has the identity

/ A(g)A*(g)dg = A(1) / w(g) A% (g)dg.
GSPG(QP) GSPG(QP)

Thus, to prove the theorem, it suffices to show that

Mag)A®(g)dg = N(s) * p(w,25s —6 76£2>\L,€ s)
Loy i, 020 = N6y« (625 = 0 T I PAC( )

This is what we actually do. We explicitly compute both sides, and see that they are identical.
Note that in other integral representations involving non-unique models, there is an operator N
as above, but those IV act via the central character, and so are essentially trivial. Here, the operator
N is highly nontrivial. This is the “twist” we referred to above. Let us also point out the preprint
[23] of Gurevich-Segal which uses this same type of argument.
The outline of the paper is as follows. In Section 5.2, we give the unfolding of the global integrals.
In Section 5.3 we explicitly compute the left hand side of the above equality and in Section 5.4 we

compute the right-hand side. The ramified integral is controlled in section 5.5.
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5.2 Unfolding of global integrals

5.2.1 Groups and embeddings

For our symplectic form, we use the nonstandard matrix

We denote by

Jy =
1y

the standard matrix defining the group GSp,, and embed GL2 K GSp, into GSpg in the obvious

way:

Here o', b, ¢, d" are 2 x 2 matrices. If Wi, Wy are subgroups of GLy, GSp,, respectively, we denote
by Wi X W5 the subgroup of elements (w1, ws) of GLg K GSp, with wy, € Wi, wy € Wa.

With this choice of form, elements of the Levi of R look as follows:

t

with © = wzy ™", and where x and y are 2 x 2 matrices. Elements of the unipotent radical Ur of R

have the form
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with v = «!, and no condition on the element *.

We will need several abelian subgroups of Ug. Define

1 *x %
1
1
Ny = nUEGSpﬁ Ny = s
1 *
1
1
1
1 * ok
IR
Ny = ¢ ny € GSpg |y, = )
1
1
1
1 * % %
1 *
1 *
and Ny = nu/GGSpG Ny =
1
1
1

Typical elements of these groups are written n,,n,, and n,, respectively. If n, is an element of
Ny, we write v for the corresponding 1 x 2 matrix, and V for the abelian group of 1 x 2 matrices.
Similarly we write u for the 2 x 2 symmetric matrix corresponding to an element of n, of Ny, and
U for the group of these. Sometimes we write n(u) in place of n,. If u = (! u12), v = (v1,v2), and
n € Ur with n = n,n, (mod [Ug,Ug]), we define x(n) = ¥ (v1 — Duqy + ugz).

We describe the embedding of GLj ; into GSp,. To do this, consider (L?,( , )z), the two-

dimensional vector space over L with its standard alternating bilinear form. Define the Q-bilinear

form (, ) via (z,y) = trp/q ((z,y)1). As GLj 1, is the group preserving (, ) up to Q* multiple,
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one obtains an inclusion GL3 ;, € GSp ((, )). If the basis of L is {b1, b2}, then the basis

1 1
—b1, —=b1, b2, VDb
212\/51 2 2

gives an isomorphism GSp ({, )) = GSp,. We use this identification throughout. Alternatively, with

this choice of basis, the map that is multiplication by v/D is given by the matrix

and GL; 1, is the centralizer of this matrix inside GSp,. The group H is embedded in GSpg via the
composite of the embeddings GL;L C GSp, and GL; X GSp, C GSpg.

The Levi of the upper triangular Borel of GL;L is isomorphic to GL; x GL; 1. Suppose ¢ =
x +yvD € L. Then the embedding of GLj; ;, into GSp, sends

te—1 tm; "
— , (5.2)
[ e
x Dy
with m, = , and
y
1 ‘ J4 1 ‘ Ny
= )
: E
x Dy
with ny =2
Dy Dx

Definition 5.2.1. We define the map ¢ : GL; x GL; ;, — GSpg via

(t,€) —
my

Sometimes we will drop the ¢ from the notation, and just write (¢,¢) for «(¢,¢) if no confusion is
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possible. Denote by Ny, the unipotent radical of the Borel of GLj ;. Note that y is trivial on the

image of N, in GSpg (embedded via n — (1,n) € H C GSpg).

We record for future use some modulus characters:

Lemma 5.2.2. In the notation above, 0r = |v|%|z|~%|det(y)|=3, where v is the similitude. The
modulus character for the Borel of GL; j is [t|3|€|;2. If Py denotes the Siegel parabolic on GSpy,

then 0p, = |v|?| det(y)| 3.

Proof. Left to the reader. O

5.2.2 Results on Pj

In this section we give some results related to the special function Pp.

Recall that there is an isomorphism PGSp, = SOs of split groups over Q. Denote by (Vs,q)
the standard 5-dimensional representation of SOj, together with the quadratic form ¢ defining it,
thought of as a representation of GSp,. One may choose zg in V5(Q) such that ¢(z¢) = D, and
such that the stabilizer of z¢ in GSp, is GL; ;. (See [29].) Let a be a factorizable function in
S(V5(A)), the space of Schwartz functions on V5(A), equal to the characteristic function of V5(Z,)

almost everywhere. The special automorphic form Pp will be

Pp(g) = > a(z0dg).
6€GL3 [ (F)\ GSpy(F)

The function Pp is perhaps inherently an orthogonal gadget; one can make an analogous defi-
nition for any orthogonal group, and the resulting special function likely has similar properties to
this one. However, it is easiest for computation to define Pp directly in the notation of GSp,,
and not go through the exceptional isomorphism PGSp, = SOs. To do this, write AZ(Wy) =
ker{A\2W, — v}, and set V5 = A3(W,) @ v~ L. (The quadratic form is just the cup product.) Denote

vp = Dey A fo + e A f1 in Vi, and set

Pp(g) = > a(vpdg).
6€GL; 1 (F)\ GSpy(F)
This definition is sensical because the GLj ; is the stabilizer of vp in GSp,.
When p is split in L, we fix two uniformizers 71, my above p such that p = w7, as follows.
Set h a fixed squareroot of D inside Z,. We define 7 to be the element of L that maps to p

under the map L, — Q, determined by VD — h, and that maps to 1 under the map determined
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by VD — —h. The element 7y is defined in the same way, with k and —h reversed. The following

lemma will be useful in the sequel.

Lemma 5.2.3. Suppose p is split in L. Then ﬂf 1s represented by the matriz

Switching h with —h gives the analogous statement for mo.

Proof. For ©¥, we must solve the equations = + hy = p*, x — hy = 1 for =, y, giving the first part.

The second part follows by simple computation. Switching A and —h gives the lemma for ms. O

Set Uy the unipotent radical of the Siegel parabolic on GSp,, and let x denote by abuse of

notation the restriction of x to Uy. Define
alo) = [ x(wa(vpug) du = [[ o} (0).
Nr(A)\Us(A) v
The following proposition computes o} almost everywhere
Proposition 5.2.4. Denote by T, the torus of GL;L, and Kyy the intersection of the Levi of the
Siegel parabolic with GSpy(Z,). Suppose that p does not divide 2D, and that o is the characteristic

function of V5(Zy). If m is in the Levi of the Siegel parabolic, then of (m) = 0 if m is not in Ty, Ky .

If m € Ty, then, in notation of (5.2), a,(m)” = |t|p|€|™" when |t| < |¢], and O if |t| > |£].

Proof. Suppose

noq(z)m =
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Then vpnay(z)m
1 1 2 2 —1/ 42 2 Z
=0 (cd—Dab)(el/\fl—eg/\fg)—i—é (Da —c)el/\fg—i—é (d — Db )egAfl_Xfl A fa,

where § = ad — bc. To calculate «,(m), by right K invariance we may assume b = 0. Then

vpnag(z)m
Da? — 2

d z
er A fat+—eaNfi—<fiAfa
ad a A

:§(€1Af1—62/\f2)+

Thus for the integral

/¢(Z)Q(UDTL24(Z)m) dz

to be nonzero, we need |A| < 1, and the other three coefficients above to be integral. When all these
conditions are met, the integral is |A|. The conditions for the first three coefficients are exactly the

conditions for m € Ty, Ky, by Lemma 5.2.3. Since |A| = |t||¢|~!, the proposition follows. O

5.2.3 Unfolding

We define E*(g,s) = ((2s)E(g, s),

E(g,s) = > f(vg.s),

Y€B(Q\ GL2(Q)

where f € Ind(d%), 0p the modulus character of the Borel, and f = [] f, is factorizable. (We are
not using normalized induction.) At almost all places, f, is normalized so that f,(bk,s) = 6,(b)*,

for b upper triangular in GL2(Qy,) and k € GLa(Z,). Set f;(g,5) = (p(25) fp(g, 5)-

Proposition 5.2.5. I'(¢,s) =

E* (g1, 9)6(9) P (g2)dg = / F* (91, 8) (9)rx (g2)ds,

/[GL2 X GSp(4)] N2(A)Up,4(A)\(GL2 W GSp,)(A)

where N is the unipotent radical of the Borel of GLa, Upy is the unipotent radical of the Siegel
parabolic on GSps, f,Py and o, are as above. Applying the Iwasawa decomposition, the local

unramified integral becomes

Cp(28)/ [t* (e 1€172) (811D A (2, £))dtal.
GL1(Qp)xGL1(Lyp)
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Proof. Unfolding the Eisenstein series and the function Pp gives

/ £ (g1, 8)b00(g)x(g5 ' wo)dg.
(T2R®GL3 | )(F)N2(A)Z(A)\(GL2 K GSpy)(A)

Here T5 is the torus of GLs and

bo0(g) = #(ng)dn.

[N2]
Note that N, is the one-dimensional center of Ug ¢, the unipotent radical of the standard Klingen

parabolic. Define

P1(9) = / (1) poo (Rony g)dnydng, .
[NVNU//N2=UQ’6/N2]

Fourier expanding along the abelian group Ug ¢/N2 and using the cuspidality of ¢ gives

Poo(g) = Z ¢1(79),

YEB/ (F)\(T2RGL; 1)(F)

where B’ is the group of upper triangular matrices in GLg ;, both of whose diagonal entries are in
F*. We have embedded B’ in T, ¥ GLj ; so that, in the notation (5.1), x = wlz and y = z1,.

We now obtain

I'(¢,s) = £*(91,8)61 " (9) (g5 "xo)dy,

/T’(F)Nz(A)NL(A)Z(A)\(GLz X GSp,)(A)

where T" = B’ N Ty, (embedded the same way) and

Ve (g) = ¢1(ng)dn.
[NL]

One may now Fourier expand QS{V L along Up4/Np, to obtain

V= > ey,

SeZ(FO\T'(F)

again using the cuspidality of ¢. Hence

I'(¢,s) = F* (g1, 8)0x(9)a(g3 " wo)dy.

/IVz(A)NL(A)Z(A)\(GL2 K GSpy)(A)

Integrating over NL(A)\Up4(A) gives the proposition. O
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Proposition 5.2.6.

I(6.5) = E* (g1, 5)6(g)dg = / (g1, 8)bx (9)dg,

/H(Q)Z(A)\H(A) N(A)Z(A\H(A)

where f*(g1,8) = ((25)f(¢1,s) is the (normalized) section defining the Fisenstein series, and N is
the unipotent radical of the Borel subgroup of H. Applying the Iwasawa decomposition, the local

unramified integral becomes

G2 [ 72 A, )t
GLl(Qp)XGLl(Lp)
Proof. The unfolding is almost identical to, but a bit simpler than, the one above. Or see Gan-
Gurevich [13]. O
One turns the local unramified integrals into a sum via the following

Lemma 5.2.7. If g € R has Levi part m and A(g) # 0, then in the notation 5.1, z divides the top

row of y. If A(v(¢£,€)) # 0, then |t| < || < 1.

Proof. Take n, with v € V(Z,), and suppose g = mn, with m € My and n € Ug. Then
AMg) = M(mnny,) = A(mn/nyn) = x(mn'n,m™)A(mn) = x(mn,m=)A(g),

where n' € [Ug, Ug]. Hence A(g) # 0 implies y(mn,m™1) is 1 for all n,, with v € V(Z,). It follows
that z divides the top row of .
For the second claim, note that the part above gives ¢ € Of, i.e. [¢| < 1. Suppose u € U(Z,).
Then
Ae(t, 0)) = Ae(t, O)ny) = x(e(t, O)nye(t, £) " HN(u(L, 0)).

As was computed in Proposition 5.2.4,
t(t, O)nye(t, £) L=n o u) +n'
) u ) N( ?)

with n’ € Np. Thus A(¢(¢,£)) # 0 implies |ﬁ| < 1, as desired. O
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5.3 Calculation with A

In this section and the next, we assume pt2D, and m, is unramified. Denote by p the element p- 14
of the center of GSpg. When p is split in L, pick 7, m2 two uniformizers above p such that p = m 7.

We denote by 7 the matrix

p

The purpose of this section is to prove the following two theorems.

Theorem 5.3.1. Suppose that p is inert in L. Then

/ )\(g)A(g)sdg — Z)\(L(pr7 67" s Z/\ r—1 1 67"—6—7“3.
GSpg(Qp)

r>0 r>2

Theorem 5.3.2. Suppose that p is split in L. Then

/ )\(g)A(g)Sdg: Z /\(L(pr,ﬂ'f) br—2a—rs Z)\ r—1 1 6’1“7677‘5
GSps(Qp)

a>0 r>2
r>a
1€{1,2}
r—2 67“7877’8 r—2 __a—1 6r—2a—6—rs
—2) A" 1)p — > A p)p -
r>2 a>2
r>a+1
i€{1,2}

Recall the definitions of R, Ny, Ny, and Ny from Section 5.2.1. Then

/ Ag)A®(g)dg = / 5 (9)A(9)A%(g)dg
GSP6(QZJ) R(Qp)

= [ R eere [ dm)dartng [ ) (53)
Mr(Qyp) Nv(Qp) Nu(Qp)

. / char(n, n,n,g) du’ dudv dg.
Ny (Qp)

We evaluate these integrals from the inside out.

Definition 5.3.3. Observe that any element of (GL3(Q,) N M3(Z,)) / GL3(Z,) may be represented
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uniquely by a matrix

" B m
m = 0 p* v |:8mel0,p*—1]and v, € [0,p" —1]. (5.4)
0 0 p°

Such m will arise as representatives of the right GL3(Z,)-equivalence class of the lower right hand
corner of g € Mg(Qp).

We need only compute the inner integrals in (5.3) when A(g) # 0. By Lemma 5.2.7, A(g) # 0
implies that a > ¢ and p°|3. We define M to be the set of matrices m of the form (5.4) meeting
these two additional conditions.

For calculations, it will be more useful to also consider a larger, redundant set of representatives.

We define
p* B m
M = 0 p° v |82 € Zya>cpf|B
0o 0 p°

There is a natural quotient map ¢ : M’ — M defined by replacing above-diagonal entries with

representatives in (5.4).

We will also write y for the minor (poa 5) of m e M’ or M.

We will be able to compute the two outer integrals in (5.3) in terms of a sum over the entries of

M.

Definition 5.3.4. For m € M/, denote by U,, the set of u € M»(Q,) satisfying

o uy € My(Zy)
o (1,72)uy € p°Zy, & p™nIZ,,
Observe that Uy, is a subgroup of M2(Q,).
Remark 5.3.5. One can check directly that if m € M’, U, depends only on its image ¢(m) in M.

Proposition 5.3.6. Suppose n,g € Mg(Zyp), and suppose the lower right 3 x 3 block of n,g is right
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GL3(Z,)-equivalent to m € M'. Then

p2c+min (b,c) ’Lf ue U,
/ char(n, n,nyg) du’ = (5.5)
Ny (Qp) 0 otherwise.

Proof. Since the integrand and domain are right GL3(Z,)-invariant, we may assume the lower right

3 x 3 block of n,g is exactly m.

) uly )
A matrix multiplication shows that the integrality of n, n,n,g with v’ = ( 0 0 u) ) is equivalent
0 0 uh
to
/
" up© 2 (o 2 ’ / c, ./
u-y € Ma(Zy), u- + € Z,, (uy, uy) -y € Zyy, and yyuf +yous +puz € Zy. (5.6)
! C
V2 Uap

Since uj can always be chosen to satisfy the last condition, the existence of an element u' making
char(n,n,n,g) = 1is equivalent to u-y € Ma(Z,) together with the existence of u” = (u}, ub) with
p¢-tu” +u- () and u”y integral. The condition on uy is independent of u/, and we can rewrite
the other two conditions as follows.

Replacing the conditions with their transposes, we need p“u”’ + (71,72)u and u”y integral. Re-
placing v with v = vy, the condition is now v € Zz27 and p°u'y~! + (v1,72)u integral. The
latter expression can be rewritten as p°u”’ + (71, v2)uy € Zf,y, so the two conditions can be replaced
by (v1,72)uy € pCZZ + Zgy. Using the explicit form of y and Lemma 5.2.7, one rewrites this as
(m1,72)uy € p°Zy, @ pmin(b.c) Z,,, which now depends only on u.

We have now shown that if fNU Q )char(nu/nunvg) du’ # 0, we must have u € U,,. Assuming

/\=p

that w is in U,,, we now determine the measure of the v’ € U’ with char(n, n,n,g) = 1. There

’LL/ H' U,
sh,1 Ush,2 Ysh,3
exists one such u', call it w/;, by the calculation above. Let ul, = v’ —ul = 0 0 wuly, |.
0 0 u;h 2

Using (5.6), we need (ufy, 1, uly )y € Z2, p°© - (Z,:;) € Z2, and yiufy, ; + Yauly, o + PCuly 5 € Zp.
For any fixed u;hyl and u;h’Q meeting the first two conditions, the measure of U;h,g meeting the
third is p°. The first two conditions are satisfied when puly, |, p°ugy, o, p*ugy, 1, and Buf, +pbu;h,2
are integral. Since a > ¢, we see that ug;, ; can be any element of p~°Z,, which (using p°|3) gives

ug, o € min(b,c) Z,,. So the measure of possible uf, is p2etmin(.c) giving (5.5) by left-invariance of

the Haar measure du’.
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For each m € M, we must calculate

/ X(ny) chary,, (u) du.
Ny

As U,, is a group, this is nonzero only when U, C ker y.

Definition 5.3.7. We say that an element m’ € M3(Z,) is called admissible if it is right GL3(Z,)-
equivalent to an element m € M with U, C ker x. Define the cumulative measure B(m') associated
to an admissible m/ to be p2¢t™in (:imeas(U,,), and define B(m’) = 0 for any m’ € M3(Z,) that is

not admissible.

For the purpose of evaluating the iterated integral (5.3), we may replace the two innermost
integrals by the cumulative measure B(m'). Most of the effort in this section is devoted to finding
the admissible m € M. The answer depends on whether p is split or inert in L. We will first prove
some claims that apply in both cases. For convenience, we will use the larger set M’.

The proofs of these claims will follow from careful selection of a matrix u to check that if certain
conditions do not hold, we have U,, & kery. It will be useful to write out the matrices in the

defining conditions for U, explicitly: if u = (51} 412), then

unp® w113+ urop®
wy = 11 11 12 (5.7)

u12p® w12 + ugep®

and (y1,72)uy = (u11p* 1 + w1202, (118 + u12p”) 71 + (w128 + u22p®)72).

Claim 5.3.8. If m € M’ is admissible, then ¢ > b.
Proof. 1f b > ¢, then (g p91> € Up, so U, € ker . O

Claim 5.3.9. If m € M’ is admissible, then one of p®, 3, or 1 is not divisible by p. Similarly, if

m is allowable, one of p* or 4 is not divisible by p.

Proof. For the first case, we observe that if a > 1, p|8, and p|vy1, then by the conditions ¢ < a

and p°|3 together with Claim 5.3.8, we have p¢|p®~1y; and p°|p~!B71, so (1’;1 8) € U,, and thus
Upn € ker x.

For the second case, we similarly find (8 p91 ) € Up,, so Uy, € ker x. O]

Claim 5.3.10. If m € M’ is admissible, then we have either a = ¢ or b = c.
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Proof. Assume that a > ¢ > b. Since a > c¢+1 > 1, p|8, and ¢ > b+ 1, it follows that (1’;1 8) e Up,.

So either a = cor ¢ =b. O

We may now state the classification of the allowable m € M and corresponding measures B(m).

Remark 5.3.11. Due to the right GL3(Z,)-action, for an element m € M, the matrix entries § and
~1 of m can be thought of as elements of Z/p®Z, and the entry vs of m can be thought of as an
element of Z/p"Z. It makes sense, therefore, to write 371, ~v; 1 and Yo ! for the inverses in these
rings, taken to lie in [0, p® — 1] or [0, p® — 1], whenever these entries are invertible. We will use this

notation in the following classification result.

Theorem 5.3.12 (Inert case). Suppose p inert, and m € M is admissible. Then m is of the form

p* 0 m
1 0 )
pll

where p{ 1 if a > 1. The cumulative measure for such an m is B(m) = p*®.

Theorem 5.3.13 (Split case). Suppose p is split. There are several cases:

e (b=0,c=0.) The admissible m € M are then of the form

p* B m
1 0 )
1

where 32 = D (mod p®). The cumulative measure for such an m is B(m) = p®.

e (b=0,a=c,a>1.) The admissible m € M are then of the form

p* 0 m
1 O s
pa

where p{ 1. The cumulative measure for such an m is B(m) = p*®.
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o (a=c>b>1.) The admissible m € M are then of the form

p* 0 m
P e |
pﬂ.

where (y1,p) = (Y2,p) = 1, and (y1 - 75 1)? = D (mod p®). The cumulative measure for such

an m is B(m) = p?@+2b,

e (a>c=0>b2>1.) Since in this case p°|3, we may define ' = p~<B. The admissible m € M

are then of the form

P B8 m
¢ 72 |
pc

where p°(B, (v1,p) = (v2,p) = 1, (1 - 15 ")* = D (mod p°), (8)2 = D (mod p*~°), and

B4 (195 ") =0 (mod p™in(@=¢€)). The cumulative measure for such an m is B(m) = p®*3¢,

Remark 5.3.14. The cumulative measure is p®+2*+¢ in all cases.
Remark 5.3.15. These conditions are all invariant under adding a multiple of p© to either v; or 7.

We now prove a succession of claims that will establish Theorems 5.3.12 and 5.3.13.

Claim 5.3.16. Suppose that m € M’ has b > 1. If p is inert, m is not admissible. If p is split and

m is admissible, then (y1 -v5 *)2 = D (mod p?).

Proof. If b > 1, then by Claim 5.3.8, a > ¢ > 1, so by Claim 5.3.9 and Lemma 5.2.7, p cannot

divide either v; or v2, so v =1 -’y{l is in Z,;. Observe that ug = p? (‘7171 _{y) € U,,. Moreover,

X(uo) = ¥(—p~Py~ (4% — D)). To have uy € kery, we need v2 = D (mod p®). In the inert case,

this is not possible. O
We will maintain this notation: for m € M/, if b> 1, we set vy =1 - 75 - € Z;.

Claim 5.3.17. For m € M/, suppose that b > 1, p splits in L, and ¢ = a. Then (1 -7;1)2 =D
(mod p®) is a necessary and sufficient condition for m to be admissible and, in this case, we have

B (m) — p2c+2b .

Proof. Let u = (411 412), and suppose that u € U,,. By the integrality condition on uy, we have

U122 U22

p®uyy = puy; integral, so Buy; is also integral, and (looking at the upper-right entry of uy) p®u;s
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is integral. So since ¢ > b, Buys is integral, and (looking at the bottom-right entry of uy) pPugs is
integral. By the condition on (71,2 )uy and the assumption a = ¢, we need u11p*y1+u12p*v2 € p*Zy,
or ui1y + w12 € Zp. In particular, since puys is integral, pPui; is also integral. Therefore, pbu is
integral.

We also need (u113+u12p°) 71+ (u128+u22p®)v2 € pPZy, or (ur1y+ui2) B+ (ur2y+uz2)p’ € pPZy.
By the preceding calculation, this reduces to w127y + u22 € Z,,. By setting u12 = p~ba and solving
for the other entries, we deduce that up to addition of a diagonal integral matrix, u has the form
pla ( _'Y[l 717) for a € Z,. We checked in Claim 5.3 that 2 = D (mod p®) is a necessary condition.
When + satisfies this congruence, any w of the form just calculated has x(u) = 1, so m is admissible
under this condition.

Once the choice of uqp € p‘pr has been made, the choices of u17 and uss have measure 1. So

using Proposition 5.3.6, we obtain a cumulative measure of p>¢20.

For m € M, we set By = p~°f € Z,.

Claim 5.3.18. For m € M, assume that a > ¢ = b > 1 and that p is split in L. Then if m is

admissible, we must have (By,p) = 1 and B2 = D (mod p*~?).

Proof. If p|By, we observe that (pal 8) € U, so we must have (8, p) = 1. For the second claim,

_ 2_
observe that u = p®=@ (fﬂo ﬂﬁgo) € Uy, and x(u) = ¢( I;’a,?). If m is admissible, we must have

B2 =D (mod p*~?). O

Claim 5.3.19. For m € M/, assume that a > ¢ = b > 1 and that p is split in L. Then if m is

admissible, we must have —By(y1 -v5*) = D (mod pmin(e=b:b)),

Proof. Define ¥ = min(a — b,b). Observe that u = p~*' (6 _8y) € Upn. We must have x(u) =

V(" (=D = 7)) = 1,50 =fo(m1 -7 1) = D (mod pmn(e=00). O

Claim 5.3.20. For m € M/, assume that a > ¢ =0b > 1 and that p is split in L. If

(Bo,p) = 1,05 =D (mod p*~*),7* =D (mod p°), and — fo(m1 -7, ') =D (mod p™"@=00),

then m is admissible and B(m) = p®¥3¢,

Proof. Tf we add the congruences 32 = D (mod p®~) and —fBy(y1 75 *) = D (mod p™in(e=0b)) we

obtain Go(By — ) = 2D (mod p™*(*:4=8)) " Since By and 2D are both p-adic units (the latter by
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hypothesis) and min(a — b,b) > 1, we deduce that Sy — v is also a p-adic unit. We can also subtract
the congruences to similarly obtain 8y 4+~ = 0 (mod p™in(e:0)),
From here on, we will handle the cases a — b > b and b > a — b separately.

Case a — b > b: We may write any symmetric 2 X 2 matrix in the form

A
U1l —Bourr + Uiy

—Boury +uhy  Biurr — (Bo + )y + ubhy

The integrality conditions become

paull pbu’lQ a a, ! b,/ brz2
uy = € My(Z,) and ~y2(p® (v—PFo)u11+p*uig, p us,) € p'Zs,.
—p*Bours +puiy  —yp Uiy + P,
These conditions imply u}, € p~°Z, and ub, € Z,. The inequality a — b > b implies p®u}, € p*Z,.
It follows from the second integrality condition that (v — Bp)p®u1; € p*Z, as well. We showed above
that v — By € Z), so p®u1; € prp.
Conversely, if uj; € pb’aZp, Uy € p*pr, and u5, € Zy, the integrality conditions hold. More-

over, we have

X(w) = 9(=Dury + Biuss — (Bo +7)uiy + uhy) = Y((B5 = D)urr — (Bo +7)uiy) =1

since B2 — D € p“_pr and By + v € prp. It follows that the cumulative measure is p®~F? .

2c+min(b,c) — na+3c

p b

Case b > a — b: We may write any symmetric 2 X 2 matrix in the form

/
U1l —Yu11 + Upg

—yurr +uly  Yurr — (Bo + )y + uby

The integrality conditions become

a b b,/
pruil p°(Bo — v)u11 + puls
uy = € M>(Zy)

—pyurr + puly  pPy(y — Bo)uir — pPyuly + pPuby

and o (p®u) o, pluby) € prf,.

For these to hold, we must have u5, € Z, and uj, € pb*“Zp. In particular, since b > a — b,
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pPuly € Zy. Since v — By € Z, we obtain p®uy; € Z,, from the condition on p®(By — v)u11 + pPul,.
Conversely, if uby € Z,,, vy € pb_aZp, and puy, € Z,, the integrality conditions are met.

We calculate that under these conditions,

X(u) = ((v* = D)urr — (v + fo)uls +upy) =1
since uby € Zyp, p*~tly + Bo, and p’|y? — D. It follows that the cumulative measure is p?=*+? .

2c+min(b,c) _ a+3c

p p

This finishes the cases with b > 1.

Claim 5.3.21. Assume thatb = c = 0 and that m € M’ is admissible. If p is inert, then U,, C ker x
impliesa = 0 (soa = c). Ifp is split, U, C ker x implies that 3> = D (mod p?®). These are sufficient

conditions too, and we have B(m) = p® in both cases.

Proof. First observe that if b = ¢ = 0, the conditions uy € Ms(Z,) and u' = u are sufficient
1 -p
-8 B
x(u) = ¢¥(p~*(B%* — D)) =1 or 2 =D (mod p?). If p is inert, this forces a = 0 as claimed, and the

to verify that w € U,,. Observe that p’a( ) € U,,. For m to be admissible, we need

calculation of B(m) is clear.

So assume that p is split and %2 = D (mod p®). For u = (3!} #12), we have uy = (

pPurr furituiz
pPuiz fuiztuas

The condition u € U,, is equivalent to w11 € p~%Z,, w12 = —PBuir + u)y for some u}, € Z,, and

Uy = — U1z + uby for some uhy € Zy,. For u of this form,
x(u) = Y(=Dury + wr2) = P(u11 (6 — D)) = 1.

The choice of u1; gives a measure of p®, the elements u}, and u), are integral, and b = ¢ = 0, so the

cumulative measure is B(m) = p°. O

Claim 5.3.22. Assume that b=0 and a = ¢ > 0. Then m € M’ is admissible if and only if p*|3

and (p,v1) = 1. The cumulative measure in this case is B(m) = p*®.

Proof. If m is admissible, then p®|3 by definition of M’ and (pm~;) = 1 by Claim 5.3.9. Now suppose
that these conditions hold and that u = (3!} 422) € U,,. Using p®|8, the condition uy € Ms(Z,)
simplifies to u11 € p~*Zy, w1z € Zy, and ugy € Z,. Using uia € Z,, the condition on (y1,7v2)uy
simplifies to y1p®u11 € p*Z,. Since (p,y1) = 1, we require u1y € Zy,. It is clear that U, C ker x and

that the cumulative measure is B(m) = p?¢. O
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The element g € Mg is determined by its lower right hand 3 x 3 minor and upper left hand entry
w. By right K-invariance, to calculate (5.3), we may assume that w = p” for some r € Z>¢. For
m € M’ and r € Zxg, write g, for the element of Mp determined by m and r. We must next

evaluate

/ x(v) charMG(Zp)(nvgmw)B(m) dv.
V(Qp)

Observe that integrality of n,gm, is equivalent to integrality of vx and vz. If r > a and m is

t t

admissible, then wy™" is integral. Hence, as vz = wvzwy™ ", vz integral implies vx integral for
admissible m. Thus, calculating the integral above is simply a sum over M when r > a. In fact, the

integral is 0 when r < a.

Proposition 5.3.23. Suppose that m € M is admissible. If r < a then

/ X (v) charpgy(z,) (nyGm,r) B(m) dv = 0.
V(Qp)

Proof. Using the notation in (5.4), we calculate

B B B p7'+c—a B o B
v =vzwy " = (p~ Y1, 0 “Y2) — (71 — P9 By, p" ).

_ﬁpr-l-c—a—b pr—i-c—b
In the inert case, we have 3 = 0, so we require p"~ %y, € Z,. However, if a = 0 then r < a is
impossible, while if a > 1, p{ 1, so p"~%y; can never be integral if r < a.
We now handle the split cases; note that we combine the second and third cases of Theorem

5.3.13 below. We write v = (v, v2) below.

e (b=0,c=0.) We have v = 0, so the integrality condition simplifies to p"~*y; € Z,. Since
¢ = 0, we have v = (71,72), so x(v) chary(z,)(Mwgm,»)B(m) = ¥(v1)B(m) on the domain

where v1 € p®~"Z, and v € Z,. The desired vanishing follows.
e (a =c¢>b.) The argument is identical to the one in the inert case.

e (a >c=0b>1.) Note that the conditions p { 72 and p" =%y, € Z, force b < r < a. Write
B = pcB. We require p 1 71 and b = ¢, so if b < r < a, the integrality condition reduces
to p""%(v1 — Boy2) € Zp. Since 7y is a unit, this is equivalent to v — g € p*~"Z,. Finally,
using the condition p 1 2D, we showed in the proof of Claim 5.3.20 that v — (B is a unit, a

contradiction if r < a.
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Calculating the integrals in the case r > a gives Theorems 5.3.1 and 5.3.2. In the split case, one

uses Lemma 5.2.3 to rewrite the result in the desired form.

5.4 Calculation with N

Here we give the calculation of N(s) * (,(2s — 6) Y [¢]*7C|1|2A(c(¢,1)).

5.4.1 Hecke operators

In the definition of N above, Tj 3 is the Hecke operator that is the characteristic function of

GSpﬁ(Zp) GSpﬁ(Zp),

T3 3 is the Hecke operator that is the characteristic function of

GSPG(ZI)) GSPG(ZP)7

and T3 3 is the Hecke operator that is the characteristic function of

GSps(Z,) GSps(Z,).
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We first reduce these Hecke operators to GL3 Hecke operators. To this end, suppose m is an

element of (GL3(Q,) N M3(Z,)), such that pm~! € M3(Z,). Consider the double coset
GL3(Z,)m GL3(Zy),

and suppose it has a coset decomposition
1 vs GLs(Zy).
B

We use the shorthand A(g[m],) to mean
> Agip),
B

where U is the element of the Levi of the Siegel parabolic whose top left 3 x 3 block is v, and which

has similitude p. Write Mp for the Levi of the Siegel parabolic. The first result is

Proposition 5.4.1. Suppose g € Mp, g = v(t,£), with |t| < |¢| < 1. Then Ty 3A(g) =

My 1 +pA | g 1 +p°A | g D +p°A [ g p

1 1 1 P
p p p p

Proof. The decomposition into cosets of Hecke operators for the symplectic group is standard; see,
for example, Andrianov [3, Lemma 3.49]. However, the proof of the proposition is facilitated by
a good choice of coset representatives, and its truth depends on the hypothesis ¢ = (¢, ¢), with
[t| < || <1, so we briefly explain.

For an element m € Mp define
U(m) :={u e Up(Q,) : mu € Ms(Z,)}.

Also, for ease of notation, denote by X the set of representatives appearing in the sum for the
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operator [13] p- Similarly, denote by X7, X5, X3 the sets of representatives appearing in the operators

p p p

respectively.

It follows from the Lemma in Andrianov above that for general g one has

To,3M\(g Z Z Z Agzu).

0<i<3zeX; uwelU(x)
mod Up(Zy)

Now,

Agau) = x(gruz™'g~ )N\ (gz).

One may check that for the z appearing above, representatives u € U(z)/Up(Z,) may be chosen
so that zux~™! is still integral, i.e. in Mg(Z,). (This is special to the similitude p case.) Now, if
g =u(t, ), with [t| < |¢| <1, and n € Ur(Z,), then x(gng~!) = 1. Hence, to compute Ty 3A(g), one
must just count the sizes of the sets U(x)/Up(Z,). These sizes are 1, p, p3, p% if x is in Xo, X1, Xa, X3,

respectively. The proposition follows. O

Set €1, (p) to be 1 if p is split in L, and —1 if p is inert. Denote by w the central character of .

Then

Proposition 5.4.2. Suppose g = 1(t,0), with |t| < |¢| < 1. Then Tr 3A\(g) =

1

13 pls
Mg p +p'A | g 1

p].g ]-3

hS]

P P
+w(P)(P® = DAt ) + 814y, jqw(p) (—p* + er(p)p?).
Here 64,4 i 1 when [t| = || and is O otherwise.

Proof. This is similar to the above; again see Andrianov [3, Lemma 3.49]. We briefly explain.

Set U(p)’ to be the elements u of U(plg) such that (plg)u has rank one over F,. Then one has
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Tr3\(9)

1 p
=Xy P +p*A | g 1 + > wp)Agu).

pl3 13 ueU(p)’

P 1
p p

The term with the coefficient p*, as above, uses that g = ¢(t, £) with [t| < |¢| < 1, and integrality

properties of a nice choice of representatives. Now, A\(gu) = x(gug~1)A(g), and

S oxlgug ™) =p—14+ > (x(gug™") - 1).

ueU(p)’ ueU(p)’

If [t| < |€], then x(gug™!) = 1, and the sum vanishes. If [t| = |[¢], then x(gug~!) = x(u), and one

evaluates the sum to be —p3 + ez (p)p?. O
We will reduce the GL3 Hecke operators above to the following GLy Hecke operators.

Definition 5.4.3. Define

pu

p

For g € G, we denote (T,\)(g) to be the sum Y A (g7 (u)) where u in the sum vary over the set of

1 p a
size p+ 1 containing and for distinct representatives a of the integers modulo

p. Similarly, we define

pu—

1

and denote (T,\)(g) to be the sum ) A (g7"(u)) where u varies over the same set.

We will relate T}, and Tzﬁ shortly, and then reduce all the Hecke operators down to 7},. To do

this, we first need a lemma.
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Lemma 5.4.4.

(t, £) = o(pt,pl); 1(t,£) =(t/p,€/p)(pls);

1 D

From the lemma, it follows that
Lemma 5.4.5. (T)\)((t,£)) = w(p)~ ' (T,A)((p°t, pt)).

Proof.

pls

T'(u) = (p~'1o)

Now we have

Proposition 5.4.6. T sA((¢,0)) =

w(P)A((t/p, ) + p*M(pt, p0)) + p(TyA)((t, €)) + p*w(p) " (T ((p%t, pl))

+p°w(P)A((t/p, £/p)) + P°A((pt, £)).

Proof. One applies the above lemmas to Proposition 5.4.1, and uses the well-known coset decompo-
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sitions for Hecke operators on GLj3. For example,

p
GL3(ZP) 1 GLg(Zp) =
1
p a b 1 1
1T 1 GLs(Z,) [T ] p a |GLs(Zy)]] 1 GL3(Z,).
a,b a
1 1 p

Here a and b range over distinct representatives of the integers modulo p.

Using that x(gng~!) = 1 for n € Ur(Z,) and g = «(t,£) with [¢t| < |¢] < 1, as in the proof of
Proposition 5.4.1, and using Lemma 5.4.4, the first term above leads to p?A((pt, pf)). The second
and third terms combine to give T,A((t,£)).

One handles the other terms in Proposition 5.4.1 similarly. The first and fourth terms are
immediately handled; the third term (with the p? coefficient) gives a T;, which one converts to a T},

via Lemma 5.4.5. O

Proposition 5.4.7. T 3A((t,0)) =

p(TpA) ((pt, pl)) + w(p)*A(t/p°, €/p)) + P°A((p°t, pL)) + P (T,\) ((pt, £))

+w(p)(p® — DA, 0) + ([t = 1) (=p° + er(p)p?).

Proof. This is completely analagous to Proposition 5.4.6. O

5.4.2 Some lemmas

We will soon use the two propositions above to compute N(s) applied to the local dirichlet series.

Before doing so, we need some lemmas concerning .
Lemma 5.4.8. If |{| = [p"~2|, then (T,\)((p"~*,pf)) = 0.

Proof. Observe that
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Set

Since ¢(p" L, pO)n(w)e(p™t, pl) =t = n(w/p) mod Ny,

_ - 2a -
M pO)T (W) = M(p" ", pO)T (w)n(w)) = V(=DM L pO)T (u)).
One concludes A((p" !, pf)T(u)) = 0 when a # 0. This argument handles p — 1 of the p + 1 terms

in the sum defining 7},; the other two terms are similar. O

Proposition 5.4.9. (T,\)((p",1)) = A((p", 1)7). If |€| = |p"|, then

0 inert
(T 0)) = g
wP)A((p" 1, bm/p)) + w(P)A((p" ", m2/p))  p split.

p a
Proof. If u = , then (p", 1)T (u) does not satisfy the conditions of Lemma 5.2.7: p does
1

not divide the top row y. Thus only one term contributes to the sum defining T,A((p", 1)), giving

the first part of the proposition.

Now suppose |¢| = [p"]. If u = , then by taking w = , one shows as in Lemma,
p
D a
5.4.8 that A((p",£)T(u)) = 0. Similarly, if u = , then by taking w = , one shows
1 1
as in Lemma 5.4.8 that A((p",0)T(u)) = w(%)A((pr,@T(u)).

It follows that A((p", £)T(u)) = 0 when p is inert, giving the proposition in this case. If p is split,
then the only two terms that may contribute to the sum defining T,A((p", £)) are the ones with a
a squareroot of D™ modulo p. These two terms are right Mz N GSpg(Z,) equivalent to the two

terms (p~1,7;/p)(pls), i = 1,2, giving the proposition in the split case. O

Proposition 5.4.10. If k > 1 and p is split, then

(TN, 7)) = wp)A(p" 7))

fori=1,2.
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Proof. Using Lemma 5.2.3, one sees that (p”,7F)T(u) does not satisfy the nonvanishing criterion
p a

Lemma 5.2.7 unless plu~! = with a = h mod p. Again from Lemma 5.2.3, this T'(u) is
1

right Mz N GSpg(Z,) equivalent (p~1, my 1g). This gives the lemma for ¢ = 1, and of course the
g R Pe p q p 5 P)\Ple g )

1 = 2 case is the same. O

5.4.3 Final computation

The results of the previous two subsections give us enough tools to compute N(s) applied to the

Dirichlet series

D(s) = Gplw, 25 = 6) Y [t CePPA(e(t, 0)[t]*
directly. The lengthy calculation is summarized in the following two theorems.

Theorem 5.4.11 (Inert case). Suppose p is inert in L. The coefficient of p~"° in N(s)D(s) is
MP™1))p =A™, 1)7)p®C.

Theorem 5.4.12 (Split case). Suppose p is split in L. The coefficient of p~" in N(s)D(s) is
A", )P = Ae(p" = ) 7)p” 70

+ A" mNIE PP = > prwp)|ad PAG(p" 2wt
i=1,2,1<k<r 0<j<r—2

Proof. This is a direct, but perhaps tedious, calculation, so we omit it. One applies Propositions
5.4.6 and 5.4.7 to the sum in D(s), except without the zeta factor {,(w,2s — 6). Expanding all the
sums, one finds much cancellation. Then, one applies Lemma 5.4.8 and Propositions 5.4.9, 5.4.10
to get more simplification. Finally, multiplying by the zeta factor ¢,(w,2s — 6) there is telescoping,

giving the theorem. O

Comparing this theorem with the main theorem of the previous section, one sees that they are

identical, hence the main result follows.

5.5 Ramified integral

In this section we show that the data for the integral I can be chosen to trivialize the integral at

the bad finite places.
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Proposition 5.5.1. Given vy in mp, there exists v € m, and a local section f, for the Eisenstein

series, the two depending only on vy, so that for all (Ug, x)-linear functionals ¢ : m, — C

/ £(g; 5)e(x(g)v) dg = £(vo).
UpZ\GL; ®GL} |

Here is a simple lemma which we do first.

Lemma 5.5.2. Let M be F or L (split or inert) as a locally compact abelian group. Denote by ||
the RZ-valued function on M* satisfying d(mz) = |m|dz, dz the Haar measure on M giving Op
measure 1. Then

1 ve p”OM
/ Y(vz)|p|" char(p™z € Op) dz =
M

0 otherwise

and
1 vel+p"Opy
/ Y(vz)h(—2z)|p|" char(p™z € Op) dz = .
M )
0 otherwise
Proof. The second statement follows from the first. The first statement is simple. O

Proof. Define the congruence subgroup Ky = (14 p"~ Mg(Z,)) N GSps(Q,). There is a K,,, stabi-

lizing vg. Define @1 € C°(Q,) by ¢1(z) = ¢(—=2)|p|™ char(p™z € Z,). Now set

vy :/ v1(2)m(u(2))vo dz,
Ga(Qp)

where
1
1 0 0
110 =z
u(z) =
1
1
1

Then vy is stabilized some congruence subgroup K,. Now set ¢k . (v) = [p[} char(p"y € OL),

@ﬁ)wm(w) = (—7)|p|} char(p™y € OL), where 1, (y) = ¥(Re(v)). For an element 7 of L we abuse
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notation and also let v denote the column vector *(Re(v), Im(y)). Define

1 t’y

12 ’y
’U’UP(IY): 9
1o
1

1 —t7

1o
Uow () =
I vy
1
Now set
= [ () ()
Ga(Lp)
= [ ek ) d,
Ga(Lp)
Suppose

v

a b
g:
c d
1

with the four-by-four matrix (¢ %) in GL3 ;. Then

)

= ( /L Cupan (X (GUup(1)g ™) dv) Um(g)v2)

g

= char(c € p"Mz(Z,))l(m(g)v2).

f(ﬂ(g)vrs):/L%f D (VAT (7 (g)tup(7))v2) dy

o n(NY(cim + c1272) d’V) U(m(g)va)

o

Here we have used Lemma 5.5.2 and the fact the the elements of GL3 ; are those matrices in GSp,
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that have the form
air a2 | by bio

Dayz ayy | biz Dby

D622 C12 dll Dd21

C12 co2 | do1 di

Similarly £(7(g)vz) = char(d € 1+ p"Op)l(n(g)v1). Set K, 1 = GL3 1, N (1 + p"My(Z,)) and define

Bpn = {(b1 N ) i by € 14+ p"Or}. Note that ¢ € p"Op, d € 1+ p"Op, imply (‘Z g) € Br oKL

2

Now there is N > n so that vs is stable by Ky. Set Ky 2 = GL2(Q,) N (1 —l—pNMg(Zp)). Pick a

nonzero section fx, supported on By Ky 2, for example

Filgis) = / 555 (b) char(bg € K 2) db
B>

where db is right Haar measure. Then

f(g158)l(m(g)vs) dg = f(g1;8)l(m(g)vs) dg

/UB Z\GLy ®GL; | /UB Z\ByKn »®GLj |

and this is, up to positive constants,

_ / S5t (1) F(g13 8)(m(g)vs) dg
UpZ\B2:WGLj |

- / 0(g2)*~ £ (g2)us) dg
N\ GL: .

where we have embedded GL3 ; in GSpg via the elements

with (‘; g) S GL;L. Set 11, , = 11, N Br, . Then again up to a positive constant this is

_ / v(g2)[*~1e(m(g2)v1) dg
NL\BL,nKn,L

- /T S5t (Ov(0)* e (t)or) dt

,n
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Now, applying Lemma 5.5.2 again as above,

14

£(m(t)v1) = char (N(ﬁ)

el+ p""Zp> £(m(t)vg)

where, in block diagonals, t = diag(v,v'¢~',£,1). Under the conditions ﬁ € 1+ p"Z,, the
support of this last integral becomes open compact, and the integrand becomes the constant £(v)

where the integrand is supported. Hence, for some positive constant C,

/ £(g: 5)0(m(g)vs) dg = CL(w).
UpZ\GL®GLj

Setting v = C 1wz gives the proposition. O
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Chapter 6

The exterior cube L-function on

QU(3,3)

6.1 Introduction

The purpose of this document is to record a statement and proof of a Rankin-Selberg integral for
the exterior cube L-function on the quasisplit unitary group in 6 variables. If one takes the split
unitary group, which is isomorphic to GL; x GLg, then Ginzburg-Rallis have addressed this case
in [21]. The integral we write down for GU(3,3) is essentially identical to the one considered in
[21], with the difference being that GU(3,3) replaces GLg. Just as in [21], the integral unfolds
to the Whittaker model of the cusp form on GU(3,3). At the split places for the unitary group,
the unramified calculation is the same as in Ginzburg-Rallis. At the inert places for the unitary
group, it turns out that the unramified calculation in fact follows from the unramified calculation for
the two-variable Rankin-Selberg integral in Bump-Friedberg-Ginzburg [5] for generic cusp forms on
GSpg. (Note that the rational root system of GU(3,3) is of type C3.) For these reasons, we expect
this integral must be known to the experts, although it does not seem to appear in the literature.
Because this result dovetails strongly with some of the other results in this thesis, and because we
anticipate future arithmetic applications of this integral, we have chosen to record its statement and

proof at this time.
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6.2 The exterior cube L-function

Denote by

Jg =

Suppose E is a quadratic etale extension of F'. We define the unitary group

G =GU(3,3) = {g € GLs(E) : gJs 'g = v(9)Js}

where x — Z is the nontrivial automorphism of E over F and v(g) € F*. We set G' = GSps C G
to be G N GLg(F).

The dual group of G is (GL1(C) x GLg(C)) x Gal(E/F'). The nontrivial element 6 of Gal(E/F)
acts by (A, g) — (Mdet(g), Jotg~"Js ") (for this and the contents of the next paragraph see [25] and
[31)).

If a prime p of F is inert in E, then the local group G(F),) is still a unitary group. Let us describe
the Satake parameters of an unramified representation 7 of G(F},) at such a place p. Denote by T" the
diagonal maximal torus of G, so that T' contains T” the diagonal maximal split torus of G. Suppose
« is an unramified character of T'(F},) and 7 is an unramified irreducible subquotient of I nd(éllg/ a)
with g the modulus character of uppertriangular Borel of G(F},). The elements of T are of the
form ¢t = diag(ty,to, ts, afgl, af§17 affl). Thus an unramified character a of T' is given by characters
o, a1, a2, a3, where o is an unramified character of F,, the other als are unramified characters of
E), and a(t) = ag(a)ar(t1)az(tz)as(ts). With these notations, the Frobenius conjugacy class of 7
in the dual group G is then (ag (@), diag(ay (@), az(w), az(w),1,1,1)) x 6, where w is a uniformizer
of F.

We will now define the exterior cube representation of “G. Set Vi the standard 6-dimensional
representation of GLg(C). Let GLi(C) x GLg(C) act on A3V via (\,g) — A A3 (g). Denote
this representation by p. Then z — p(z) and = — p(@~'z6) are irreducible representations of
GL;(C) x GLg(C) with the same highest weight, and thus are isomorphic. Hence, there is an
element A € GL(A3Vg) satisfying p(0~txf) = A=1p(x)A. Note that if A satisfies this identity, then

86



so does —A. Tt is important that we pick A with positive trace. (The other choice —A will not give
the L-function which comes out of the integral representation below.) Then the map which sends
= () g) to p(z) and (1,1) x 0 to A defines a representation G = (GL;(C) x GLg(C)) x Gal(E/F).
This representation is what we refer to as the exterior cube; we denote it by A3.

The following proposition computes the exterior cube L-function for an unramified representation

of G(F},) at an inert place p in terms of L-functions of G = GSp.

Proposition 6.2.1. Suppose that a is an unramified character of T, and m is an unramified irre-

ducible subquotient of Indg(égpa). Denote by o' the restriction of « to T', and suppose that 7' is

an unramified irreducible subquotient of IndGi(é}B/,Qa’). Then if T has trivial central character,

L(x', Spin, s)L(x’, Std, 2s)

3 4y —
L(m, N, 8) = (25)

Note that (the reciprocals of) both sides of the equality are of degree 20 in p~*.

Proof. Let us write e;,1 <1 < 6 as a basis of Vi, and e, = e; Aej Aeg, i < j < k as our basis of
A3Vs. Set t = diag(t1,ta,t3,ts,t5,t6). Comparing A3t and A3Jg det(t)tt_ng1 one finds that the

permutation matrix A given by

(61256134) (61266234) (6136 6235) (61466245 ) (61566345) (6256 6346)

conjugates one to the other.

Now suppose the Frobenius conjugacy class of m, in L@ is represented by
(()‘7 dia’g(a7 b7 ) 17 17 1)) el 9)

for some A, a,b,c € C*. Note then the that Frobenius conjugacy class of 7T;7 in LG’ is represented

by ((\, diag(a,b,c,1,1,1)). Now L(m,, A3, s) is the reciprocal of
det(1 — p~ A A? (diag(a, b, c,1,1,1))A| A® (Vg)).

The linear transformation A\ A3 (diag(a,b,c,1,1,1))A has 8 diagonal entries and 6 pairs of two-by-
two blocks. The elght diagonal entries are for €123, €124, €135, €145, €236, €246, €356, €456+ for which the
eigenvalues are, respectively, Aabc, Aab, Aac, Aa, A\bc, Ab, Ac, \. Thus this part of the determinant gives

L(x,, Spin, s)~". The six two-by-two blocks are given by the six pairs of basis elements interchanged
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by A. The block determined by ejs6, €234 contributes

(1 = blabeA®)p~2) = (1 — bwx (p)p~ )

to the determinant. Similarly the other 5 blocks contribute (1 — aw(p)p~2), (1 — cw,(p)p~2%),

(1—atw.(p)p~2%), (1=b"twr(p)p~ %), (1—c tw.(p)p~2%). Hence the two-by-two blocks contribute
(L(m,, Std, 25)/((25))71 to the determinant. O

6.3 Global integrals and unfolding

In this section we state the global integral for G, and unfold it. The unfolding is essentially identical
to that of Ginzburg-Rallis [21]. The unramified calculation in the next section will make critical
use of the one used in Bump-Friedberg-Ginzburg [5] for their two-variable integral for cusp forms
on GSpg. However, the casual reader might have some difficulty in figuring out what exactly goes
into this unramified computation of [5]: the calculation for that integral is omitted. Furthermore,
the statement of the unfolding for that integral (Theorem 2.1 of [5]) is not correct (and the proof
is omitted), so the reader would not be able to immediately deduce the contents of the unramified
calculation from Theorem 2.1 of that paper. For this reason, we will also take this opportunity to
give the correctly unfolded two-variable integral of Bump-Friedberg-Ginzburg. It is interesting to
note that the unfolding for this two-variable integral is quite similar to the single variable one for G.

Let us write {e1, ea, €3, f3, f2, f1} for the ordered basis of Ws, the 6-dimensional F' or E vector
space that is the defining representation of G’ and G, respectively. We think of these groups as
acting on the right of Ws. The Siegel parabolic P’ of G’ is the stabilizer of the (isotropic) subspace

spanned by f3, f2, f1. The Siegel Eisenstein on G’ is, as usual, given by

> fgs)

YEP (F)\G'(F)
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where f is a right K’ finite standard section in Ind(d6%/). Set

If 7 is a cuspidal automorphic representation of G, and ¢ is a cusp form in the space of 7, the global

integral is then

I(¢;s) = o E(g;s)p(gw™") dg.

For z in G, define j(z) = wrw~!. Finally, define X : G, — G’ C G by X (r) = 1 +7E4 3, where

E,4 3 is the 6 x 6 matrix with 1 at the (4, 3) spot and zeroes elsewhere. Then

Theorem 6.3.1. Denote by Up: the unipotent radical of the uppertriangular Borel of G'.

o= [ 1) [ WX (e drdg

where Wy, is the Whittaker model of ¢.
We stress that the proof is essentially due to Ginzburg-Rallis [21].

Proof. Let us first make some notation. Pick D € F so that E = F(v/D). Define 5 : Ag — C*
via ¥g(z) = Y(Im(z)). If = a+bV/D is in E with a,b € F then I'm(z) is defined to be b. Now, if

Up: is the unipotent radical of P’, then

P(ug) du = Z b 24)—(35)(79),

(U] YEM'(F)\Mp. (F)

where we now explain the notation: Mp: denotes the Levi of the Siegel parabolic P’; M’ is the
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subgroup of Mp: of the form

* ok X
* ok
* ok

* ok ok

* ok ok

where the upper and lower two-by-two blocks have the same determinant. The fourier coefficient
b (24)—(35) is given by
P(24)-(35)(9) = /[ ]wgl(m — ug5)(ug) du,
Up

where Up is the unipotent radical of the Siegel parabolic of &G, and u;; denotes the entry of u in the
1, j position.

Some more notation: define U5 the subgroup of Up with (23) entry in F and U% the subgroup
with (34) entry equal to 0. For @ € F' we define a function x, : Ug(A) — C* by xa(u) =
¥((u12 + use) + a(uas + ugs) + (ugs — uss)). Then y, is a character on both UL and U%. Indeed,
on UY each of the entries (12), (23), (24), (35), (45), (56) is additive, and on UL of course the entries
(12), (56) are additive, and (uv)aog — (uv)ss = (U4 — uss) + (Vag — vs5) + UogU34 — U34Vss. Since
U4, V34 € F Dby virtue of u,v being in G, and wuogz,v45 are in F since u,v € Ug, Pp is 1 on
U23V34 — U34V45.-

Finally then, with this behind us, unfolding the Eisenstein series and using the above we obtain
easily

I(¢;s) = F(g;8)dxo (guw™") dg

‘/”(F)UB’(A)Z(A)\G/(A)

where T”(F) is the set of diag(a, a,1,,1,1) with o € F* and

b0 (9) = /[ Xal(U)qS(ug) du.

Uzl

Lemma 6.3.2.

Pxo(9) = /A /[U% Xal(v)¢(UU34(7’)g) dvdr

where ugq(r) =14 rE3 4.
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Proof. Set U® = UE NUY. Then

o) = [, [ 6 omsair)g) drdu

Fourier expanding along the (2, 3) position, this is

bro(9) = /[U%] 3 /{Ga] o (0)d(vuga(r)g) dr dov.

acF

Now u34(r) normalizes U% and xq(v) = xo(uzs(—a)vuzs(a)). Thus, changing variables on U% by a

conjugation by us4(a) we obtain

Pxo(9) = /[U%] Z /[Ga,] Xo (v)¢(vusa(r — a)g) drdv.

aEF

Unfolding the sum over « in F' gives the lemma. O

Via the lemma we get

bro(gu™) = /A /[U% xo L (0)p(wow X (r)j (g)) dv dr

/ / xo H(w ™ ow)p(vX (r)j (g)) dv dr
AJy

But now xo(w ™ tvw) = ¥ (vis + veg + v45 + vs6), from which the theorem follows. O

Let us now state the two-variable integral of Bump-Friedberg-Ginzburg [5]. For this, set H to
be the subgroup of elements (g1, g2) of GLy X GSp, with det(g;) = v(g2). Identifying GLy with
the automorphism group of the symplectic subspace of Wy spanned by e;, fi and GSp, with the
automorphism group of the subspace spanned by ea, e3, f3, f2 gives an embedding H C G’ = GSpy.
Define Eg(g1;s) to be the standard Eisenstein series on GLy (from the parabolic B stabilizing
Ff1) and Ep(ge;w) the standard Siegel Eisenstein series on GSp, (from the parabolic stabilizing
Ff3 4+ Ff5). The two-variable global integral is then

I'(¢;s,w) = " Eg(g1,;8)Ep(g2;w)p(gw™") dg.
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Let w, j, and X(r) be as above, and set

Then

Theorem 6.3.3 (Bump-Friedberg-Ginzburg). Denote by Up g the unipotent radical of the upper-

triangular Borel of H. Then

I'(6s5,w) = / F5(91: ) o (g2:w) / W(w2X (r)j(g)) dr dg
Up,u(A)Z(A)\H(A) A

where Wy, is the Whittaker model of ¢.

Proof. Again, this is due to Bump-Friedberg-Ginzburg; we sketch the proof for the convenience of

the reader. Unfolding the Eisenstein series and doing the usual Fourier expansions one obtains

I'(¢;s,w) = / fB(g158) fp(g2; w1 (gw™") dg

T"(F)Up, u(A)Z(A)\H(A)

where

¢1(g) = Y (w1 + ugs + ura + uze)p(ug) du
U3l

and U is the unipotent subgroup of G’ consisting of elements of the form

Set Up the subgroup of Up with (2,3) entry equal to 0. Define ¢,, analogously to the proof

above, i.e. via taking the xq fourier coeffient over Ul. Then Ul = woUpwy ', and for u” € Up,

92



Xo(wgu”wgl) = (ufy + ugs + ufy + uly). It follows that ¢1(g) = ¢4, (w2g). Hence

I'(¢;5,w) :/TN(F)U A AN (A fB(9138) Fr(g2; w)dyo (wagw™") dg.
B,H

At this point, one proceeds exactly as in the proof above to obtain the theorem. O

6.4 Unramified computations

Here are the unramified computations. Denote by I, and I]; the p-local analogues of I and I’ above

that come from the unfoldings. That is,

I(¢;5) = / £7(9:9) / Wo(X (r)j(g)) dr dg
UB’(FP)Z(FP)\G/(FP) F:D

and

éis.w) = |

£2 (913 8) £ (g2; ) / Wiy (wa X (r)j(g)) dr dg.
UB,H(FP)Z(FP)\H(FD) FD

Theorem 6.4.1. Assume trivial central character. If all the data is unramified, then

L(mp, A3,25 — 3

Iyors) = S o2 5)
C(45)¢(8s —2)

Theorem 6.4.2 (Bump-Friedberg-Ginzburg). If all the data is unramified, then

L(mp, Spin, s)L(my,, Std, 3w — 1)
¢(25)¢(Bw)¢(6w —2)

I(¢;s) =

The calculation of I, for p split in E is exactly the one from Ginzburg-Rallis [21]. The calculation
of I, for p inert in F follows from the key step in the proof of Theorem 6.4.2, which we now state.

Assume 7, is generic, and has trivial central character. For g in GSpg, set, as is standard,
K, (9) = 6;/2(9)Wﬁp (9), where Wy is the Whittaker model of 7, normalized so that Wy (1) = 1.
Denote

_ 3 ni+no+n no+n n —n —ni—n
[n17n27n3] _dlag(p ! 2 37p 2 3ap 3,17]7 27p ! 2)'

For indeterminates Y, Z define

L(rp, S5td,Y) = Z tr(Sym? Std(A,))Y?
3>0
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and

L(my,, Spin, Z) = Z tr(Sym”Spin(A,))Z*
k>0

where A, is the conjugacy class in ¥ GSpg corresponding to m,. Similarly define

CX) = (1-X)\

Then

Theorem 6.4.3 (Bump-Friedberg-Ginzburg).

1—ymnstl L(m,, Std,Y)L(x,, Spin, Z)
Zn3+2ngyn1+n2K _ D> ) o3 )
> () 2, 3] BN

ni,n2,n3>0

Proof of Theorem 6.4.2. The usual manipulations give

Fosw) = 3 (LY grrznaymin g (), nang))
L) _C(?)U}) 1-V Tp 1,702,703

ni,n2,n3>0
with Y = ¢! 3%, Z = ¢~*. The theorem then follows from Theorem 6.4.3. O

The group GSpg becomes relevant for the unramified calculation of I, for inert p because the
Casselman-Shalika formula for G(F,) is most cleanly stated in terms of G’. Indeed, denote by 7,
the representation of G'(F),) described in Proposition 6.2.1, and K%,K% as above. Then, if A
is an unramified cocharachter of T"(F},), Kﬁ’;()\(w)) = K,?:()\(w)). Hence, the Casselman-Shalika
formula for G reduces to that of G’. This nice formulation of the Casselman-Shalika formula in the

quasisplit case is due to Tamir [33] and explained in Gan-Hundley [15].

Of Theorem 6.4.1. One proceeds identically as in the unramified calculation Proposition 2.1 of [21]

to obtain

1 1 _ X2n3+2
1635) = oy 2o (1—X2> XA O ([, o, ms))

ni,n2,m3>0
where X = ¢~(25=2)_ In the case p is split in F that this is equal to

L(my, A3,2s — 1)
((4s)C(8s —2)

is of course in Ginzburg-Rallis. In the case p is inert in E, we have that Kfp([nl,ng,n;;]) =
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K& ([n1,n2,n3]) as explained above. Now apply the Theorem 6.4.3 of Bump-Friedberg-Ginzburg

’
’
P

with Y = X2, Z = X to obtain

L(m,, Std,2(2s — %))L(TF;, Spin, 2s — %)

I(¢;s) = C(45)¢(4s — 1)¢(8s — 2)

One now concludes by applying Proposition 6.2.1. O
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Chapter 7

The three-variable integral on PGLy

7.1 Introduction

We give a Rankin-Selberg integral for cusp forms on PGL4 in three complex variables representing
the product of the three fundamental representations of the dual group SLs(C). This integral is
inspired by the two-variable integral on GU(2,2) (itself inspired by the two-variable integral of
Bump-Friedberg-Ginzburg [5] on GSp,) and the three variable integral of Gan-Hundley [15] on the
split orthogonal group in eight variables. Note that GL4 may be considered a split orthogonal group
on six variables. Also note that Ginzburg-Hundley [20] have given Rankin-Selberg integrals in more
than one complex variable on split orthogonal groups of small rank. However, the integral we give
here is not the one suggested in [20]. Those authors instead suggest a global integral on GL4 using
the so-called mirabolic Eisenstein series.

Denote by P the maximal standard parabolic of GL4 that has Levi isomorphic to GLs x GLs.
Denote by @ the nonmaximal standard (1,2, 1) parabolic; i.e. if b1, by, b3, by is an ordered basis of Vj
the standard representation of GL4 with the right action, then @ stabilizes the flag (by) C (ba, b3, bs).
In this notation, P is the stabilizer of (b3, bs).

We define Eisenstein series for P and ) with degenerate data. For P, pick a standard section
fr(g;w) € Ind(0%). For Q, first denote by Ps; the maximal parabolic stabiling the line (by) via
the right action, so that the elements of Ps; have 0’s for their (4,1), (4,2), and (4, 3) entries. Simi-
lary define P 3 the parabolic with 0’s in the spots (2,1),(3,1), and (4, 1), so that @ = P31 N Py 3.
Then we pick a standard section fg(g;s1,s2) in Ind(éf%yléf;"l_yg). The Eisenstein series are then

Ep(giw) = Z—yeP(F)\GL4(F) fr(1g;w) and Eq(g;s1,s2) = nyeQ(F)\GL4(F) fo(vg; s1,s2), abso-
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lutely convergent when the real parts of w, s1, so are sufficiently large. If 7 is a cuspidal representa-

tion, and ¢ is in the space of 7, the global integral is

I(¢; 51, 82,w) = / ?(9)Ep(g;w)Eq(g; s1,52) dg.
GL4(F)Z(A)\ GL4(A)

We will show that the integral unfolds to the Whittaker model of ¢, and that it represents the

product of the L-functions of the three fundamental representations of SLy.

7.2 Unfolding and unramified computation

Set

and

I/Q =

The following lemma trivializes the unfolding.

Lemma 7.2.1. The double coset space Q(F)\ GL4(F)/P(F) is represented by the four permutation
matrices corresponding to the permutations {sz/él = (1243),1,7v1 = (123),72 = (243)}. The
stabilizers of the cosets Q(F)y; inside P(F) contain the unipotent radical of a parabolic subgroup of
GLy4.

Proof. The Bruhat decomposition gives Q(F)\ GL4(F)/P(F) = ((23))\S4/((12), (34)). The coset
space S4/((12),(34)) is represented by the six permutations o € Sy with o(1) < ¢(2) and 0(3) <
o(4). Letting ((23)) act on this set, one finds 4 distinct lists of the form (o(1),0(2),0(3),0(4)),
namely (1,2,3,4), (1,4,2,3), (2,3,1,4) and (2,4, 1, 3). These correspond to the permutations listed.
The stabilizer for ; contains the unipotent radical of the parabolic P 1, and the stabilizer for 7,

contains the unipotent radical of P 3. O

Define R = (vp'Qup) N (Vél.PVQ). Then R is the subgroup of GL4 consisting of matrices of the
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form

* * *
* *

*
*

Define R° to be the unipotent radical of R.

Proposition 7.2.2. Denote by Wy the Whittaker model of ¢. Then

I(¢;81,82,w) = / Wo(9)fr(vog;w)fo(veg; si,s2) dg.
RO(A)Z(A)\ GL4(A)

Proof. Unfolding the Eisentstein series £'p and then Eg gives, using the Lemma and the cuspidality
of ¢,

Iéisisaw) = [ 0(9)p(g:w) fo(vprg'g: s1.52) dg.
(vorp'Q(F)vprg )NP(F)Z(A)\ GLy(A)

Changing variables, this is then

/ ?(9) fr(vqg;w)fo(vrg; s1,s2) dg.
R(F)Z(A)\ GL4(A)

Integrating over R°(A) and expanding again gives the result. O

Define

I,(Wisi, s2,w) = W (9)fr(vegiw) fo(vpg; si, s2) dg.

/R"(Fp)Z(Fp)\G(Fp)
Theorem 7.2.3. When all the data is unramified,

I,(W; 51, s2,w) = L(ﬂ'p»Std, 2w+ 81 — S — %)L(ﬂ—pa/\Q;QtSl + 282 — 1)L(7TP’ /\3,211) —S1+ 82— %)
PV 51592, Cr(4w)Cr(4s1)Cr(4s2)Cr(dw — 1)Cp(4s1 + 4s2 — 2)

Proof. Denote by T the torus of GLy4, a typical element of which is ¢t = diag(ty,t2,t3,t4), and Up
the unipotent radical of the uppertriangular Borel of GL4. Since everything is local, we write F' for

F,, p for a uniformizer of O and | | the absolute value on F so that |p| is the size of O modulo
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its maximal ideal. Then I(W; sq, sa, w)

= / S5 (OW(t) / x(w) fp(vout; w) fo(vput; s1, s2) dudt.

Z\T RO\Ug
t
2/ S5 W (t) | / x(tut™) fp(votu; w) fo(vptu; s1, s9) du dt
Z\T la| JrRo\Ug
. to| | tats |7 | tatata || 3 | .
= 0 W) |—||— 3 x(tut™) fe(vou; w) fo(vpu; 1, s2) dudt
Z\T tq| |tats t3 t1tals RO\Up

Parametrize Z\T by (a,b,c) € F* x F* x F* with (a,b,¢) mapping to the diagonal element
t(a,b,c) = diag(abe, be, ¢, 1). As usual, set K = 6;1/2W. With ¢ = t(a, b, ¢), then

2w Sa Sl*i 52,%

= K(t(a,b, c))|ac|2w_%

51

1
ty

tits
toly

tot1ty

batita|™| 13
3

trtats

a?

c

e

55 (W (1) .

)

and the vanishing properties of W imply this expression is 0 unless a,b,c € Op.

With t = ¢(a,b,¢) and a,b,¢c € Op, we compute the inner integral. For r € F, set n;;(r) =
1 + rE;j, E;; the matrix with 1 at the (i,7) position and 0’s elsewhere. Then R°\Up is iso-
morphic to F' x F x F via the map sending (z,y,2) to nia(z)nes(y)nss(z). Observe that the

—1

two-by-two matrix (1) is right K equivalent to (17 ") (7" ) when |r| > 1. It follows that

fr(vqu;w) = fp(vgnas(y)) = |yl if Jy| > 1 and is 1 if |y| < 1. Similary, fo(vpu;si,s2) =
fo(vpniz(w); s1, s2) fo(vpnaa(z); s1, s2). One has fo(vpniz(z);s1, s2) is 1 when |z| < 1 and |z| 7452
when |z| > 1, and fo(vpnsa(2); s1,s2) is 1 when |z| <1 and |z|7*** when |z| > 1.

The inner integral is thus

= (1 + P (by) |y~ dy) (1 + Y(ax)|z| =52 dx) (1 + Y(cz)|z| 1 dz)
ly[>1 |z|>1 |z|>1
1 (1 _ p|(nb+1)(4w1)> (1 o p|(na+1)(4521)> (1 o p|(’ﬂc+1)(4811))
 C(4w)¢(4s1)C(4s2) 1— [p[tw—t 1— [p|te=—t 1— [p|ter—t

where ng, ny, n. are the p valuations of a, b, c.

Let us write K[¢,m,n] for K (t(p’,p™, p")). We get that I(W; sy, so,w) is thus

1
C(4w)((4s1)¢(4s2)

Z K[E, m, n] |p|(€+n)(2w—%) ‘p|(2+2m—n)(sl - |p|(2m+n—€)(sg—i
Lm,n>0

1— |p|(m+1)(4w—1) 1— |p‘(€+1)(432—1) 1— |p|(n+1)(4sl—1)
() (5 ()

Set X = |p|@w=H+e-H-(2-1 v — [pRle-Dte-] 7 — |p@v-b—(-D+s=1)  Then
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XZ = |p|*w=t, XZ = |pts2=1 X — |p[*1=1 and the above is the reciprocal of the zeta factors

times

1— (Xz)m—i-l X€+1 _ (Yz)£+1 Zn+1 _ (Xy>n+1
K Yym .
>, Kltmn] ( 1-XZ X_-YZ Z - XY
L,m,n>0

By Theorem 7.2.4 below and the Casselman-Shalika formula this is

> Acu, 00X 2% | [ > Aqfo, ¢, 0]Y"

u,v>0 t>0

where A,[ny,ng,n3] is the character A[ni,na,n3] (see below) evaluated on the conjugacy class

associated to m, in SL4(C). This in turn is

L(Std, X)L(A3, Z) L(A%,Y)
((X2) ¢(vz)

and the theorem follows. O

Denote by wi,ws,ws the fundamental weights of SL4, so that w; is the highest weight of the
standard representation, wo the highest weight of A2, and ws the highest weight of A% or the dual

representation.

Theorem 7.2.4. Write Alnq,ne,ns| for the character of the irreducible representation of SLy with

highest weight niwi + nows + ngws. Then one has the identity of power series

Z Al m, n]Y™ (1 — (XZ)mH) (X18+1 _ (YZ)”1> <Z"+1 B (XY)”H)

1-XZ X-YZ Z - XY
£,m,n>0
= D A, 0,0]X"2" | | Y Alo,t, 0]V
u,v>0 t>0
Proof. Omitted. O

100



Chapter 8

Analytic Justifications

Many of the manipulations in the text are formal. I explain here the standard, well-known analytic

justifications of these manipulations.

8.1 Lemmas needed in unfolding and unramified calculations

As our reference for analytic properties of cusp forms useful for integral representations, we will use
the very convenient [27] of Miller and Schmid and also Moeglin-Waldspurger [28]. It should suffice
to give some detail in the case of one sufficiently complicated integral; all the other integrals are

similar. So, let us consider the integral for Spin on GSp that is

I(¢ss) = /[H} E(g1; 5)9(g) dg

where H = GLy XGL5 ;.

Lemma 8.1.1. The integral converges absolutely for all s for which the Eisenstein series is finite,

and thus defines a meromorphic function of s.

Proof. The point is that the cusp form ¢ decreases rapidly on Siegel sets, and that the Eisenstein
series is slowly increasing wherever it is finite.

To be more precise, first pick an operator norm || - || on GSpg(R). Let T be the diagonal
torus of GSpg; it is contained in H. Set T' to be elements of T' with final entry equal to 1.
Parametrize T! by elements a1, ..., as with the set of a; corresponding to the element of T that

is diag(aiasazasas, ajasasay, . .., a1, 1). For a constant C > 0, define TA(R) to be the elements of
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T*(R) with |a;| > C for all i. Now there is a compact set Q in H(A) such that a fundamental
domain for H(F)Z(A)\H(A) is contained in T4 (R)$ for some C' > 0.

Assume s is such that E(g; s) is finite. Then by virtue of its moderate growth, there is some N > 0
and some constant A > 0 so that |E(tw;s)| < A|[t]|N for all t € TL(R) and all w € Q. Now, the
cuspidality of ¢ implies that for any integer M there is a constant B > 0 so that |¢(tw)| < B|t||~M
for all t € TA(R),w € Q (for example, [27] Theorem B). Hence we may bound |¢(tw)E((tw)1; s)| by
D||t||=F on TA(R)Q for some large integer L and some positive constant D.

Note that [|t|| > |a1|---|as|. Hence |[t||=% < (|ay|---|as|)~F. As the integral of (|ay]|---|as|)~*

over TL(R)Q is finite, the lemma follows. O

We will now prove the manipulations in the unfolding are justified. Let us denote by H the linear

functional ¢ — ¢, (1) on the space of smooth vectors of m. Set

ot = f(ky;8)m(k)o dk

Ky
where K is a maximal compact of GSpg(A) and Ky = K N H(A).

Proposition 8.1.2. When Re(s) is sufficiently large,

0 ()05, (1) H (m(t)¢") dt,

By

I(6,s) = /
Z(A\TH(A)

and the right hand side of the above equality converges absolutely.

In the body of the text, we state that

I(¢;5) = [ (g1,5)9x(9) dg,

/N(A)Z(A)\H(A)

and then in the unramified computation we apply the Iwasawa decomposition to H and integrate over
Ky, to get the local analogue of the right hand side of the Proposition. However, an intermediate
equality such as above is never used, and so we only need to justify the equality in this proposition.

This is what we will do.
Lemma 8.1.3. The right hand side converges absolutely for Re(s) sufficiently large.

Proof. This is an application of the result of Dixmier-Malliavin [10]. Recall the abelian unipotent
group Ny, and set X ~ G, the unipotent group consisting of the nzs(z)’s for z € G,. Since ¢ is

a smooth vector, applying Dixmier-Malliavin to Ny (A), we have that ¢! is a finite sum of terms of
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the form ®p(n,) * £ for a Schwartz-Bruhat function ® 5 on Ny . Applying Dixmier-Malliavin again,
this time to the group X (A) and the vectors £, we have that ¢! is a finite sum of terms of the form
D (ny) * Px () *E.

We parametrize j : GL1 (A)xGLy 1(A) ~ Z(A)\Txu (A) by j(r,¢) = diag(rN(£),rN(£) 4=, ¢, 1).
We have now H(j(r,0)®y * ®x x &) = ®n(0)®x (r)H(j(r, £)€) where the &’s are the Fourier trans-
forms. Hence we only must check the absolute convergence of the integrals

/ PN (O]~ N (O] S x () x (1) H (i (r, 0)€) d*r d*¢.
GL1(A)xGL1,(A)

But the functional H comes from a Fourier coefficient of a cusp form, so |H (j(r,£)¢)| is bounded

independently of r, ¢, and the absolute convergence follows. O

Proof of Proposition. Take Re(s) sufficiently large so that the sum defining the Eisenstein series
converges absolutely. The first step is just the unfolding of the Eisenstein series. This is immediately

justified if we can show the absolute convergence of the unfolded integral

/ f(g1:9)6(9) dy.
(P2RGL3 ) (F)Z(A)\H(A)

By Theorem D of [27] we have |¢(pk)| < Csup{1,dq(p)}~™ where Q is the Klingen parabolic of
GSpg, k € Kg, and p € P, GL3 . Write g1 = uit1k1. We also have |f(g1;s)| < C'0%, (t1). Hence
we must bound

/ 55, (11) sup{1. 8 ()} dy.
(PBIGL; ) (F)Z(A)\H(A)

By Fubini and the Iwasawa decomposition, it is thus sufficient to check the finiteness of

/ | det(z)|*~" sup{L, | det(z)[} M dx, (8.1)
GLs )

where we embed GLj ;, into H as elements of the form

(8.2)
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The finiteness of (8.1) follows from that of

/ dx
[SL2 1]

and

/ Ir[* sup{1, [r[} = dr (8.3)
[GLl]

for M sufficiently large.

Set ¢o(g) = f[NQ] ¢(ng) dn. Then by Fubini’s theorem

f(g1;5)0(g) dg = / f(g158)90(g) dg.

/(PQIZIGL;L)(F)Z(A)\H(A) (T®GL3 ) (F)N2(A)Z(A)\H(A)

Now we want to replace ¢o by its Fourier expansion along Ug, /N2, and unfold further. First we will
apply the Iwasawa decomposition to GLo and integrate over GLo NK =: K;, with GLs embedded

in H as elements

a b
v
1
c d
Set
¢ = i f(ky; $)m(ky)p dey.
We obtain

[ 1det@P i@ de
GL;

L]
The Fourier expasion is ¢ = > . o ®v(g), which converges absolutely by [28], pages 32-33,

since ¢’ is smooth. The unfolded integral would be

/ |det(x)|s_1(;5'f1 (x)dx, (8.4)
(GL1 x NL)(F)\GL3 ; (A)

so the unfolding is justified by the absolute convergence of (8.4). To see this absolute convergence,
first apply Dixmier-Malliavin to the abelian groups Ny and Ny /N to get that (8.4) is a finite sum

of terms of the form

/ | det(2)[* @1 (c(x)) ®a(d(@)) Hy, (m(2)S) da
(GLy X NL)(F)\GLS , (A)
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where Hy, is the linear functional ¢ — ¢y, (1) on the smooth vectors of 7, £ is a smooth vector for 7,
and c¢(z), respectively d(x), are the ¢, d in the notation (8.2). Here ®; are Schwartz-Bruhat functions
on G, over L. Now by [28], pages 32-33, Hy, (m(x){) is bounded by |¢'(x)| for some other £ in the
space of 7, and this in turn is bounded by sup{1, |det(x)|}~* by Theorem D of [27] applied to the

Klingen parabolic Q. So, to check the absolute convergence of (8.4), it suffices to check that of

/ |det(x)|s_1<i>1(c(x))ci>2(d(x)) sup{1, | det(m)|}_M dx.
(GL1 X NL) (F)\GLS,, (A)

This last integral converges absolutely since

/ 11 (c())| B2 (d(x)) | dix
Nr(F)\SLa,(A)

is finite and (8.3) is finite for M >> 0.

Thus we have that

I(¢;s) = | det ()"~ ¢, () da,

/(GL1 X NL)(F)\GL3 | (A)

an equality of absolutely convergent integrals when Re(s) sufficiently large. Set (¢’ )(}1 (9) =/ (V2] o', (ng) dn.

By Fubini, we have

I(:s) = / | det(z)[*~} (&)Y, () da.
GL1 (F)NL(A)\GL;’L(A)

Now apply Fubini again and the Iwasawa decomposition to get that this is equal to

/ 5§<l;L* (t)|t1\571/ (¢’)?c1(ask)dkdt.
GLi(F\(GL x GLy o) (A) 05 KAGL3 , (A)

This inner integral is equal to (¢')f, (¢), and thus this is

/ Opn Bt]* (615, (¢) dt.
GL; (F)\(GL1 x GL; 1,)(A)

Hence the final step of the unfolding is justfied by the absolute convergence of the unfolded integral,

which is
/ 53 ()5, (1) (e ()6 .5)
(GL; x GL1,1)(A)
This absolute convergence was established in the previous lemma. The proposition follows. O
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Let €2 denote a finite set of places of F'. The absolute convergence gives us I(¢; s) = 11_11[)1Q Io(¢; )

where

Io(¢:s) = / 551 ()83, (t) H (n(1)6") d.
Z(A)\Tu (Aq)

The direct limit is analyzed via the unramified (resp. ramified) calculations, which computes (resp.

controls) the local integrals

I,(¢,5) = S5t (8)8%, (t1)(m(t)v) dt

By

/Z(Fv)\TH(Fv)
when they are absolutely convergent.

Lemma 8.1.4. The local integrals I,(¢; s) needed to compute the limit lim (s) are absolutely con-
vergent for Re(s) sufficiently large.

Proof. The proof is identical to that of Lemma 8.1.3, with F), replacing A, since the functionals ¢
needed come from Fourier coefficients of cusp forms and thus ¢(7(g)v) is bounded as a function of

g. O

Lemma 8.1.5. There is an equality I(¢,s) = Is(s)L°(m, Spin, s) = I (s)L°(m, Spin, s) for Re(s)
sufficiently large.

Proof. We borrow the idea from the proof of [23, Thm. 3.1]. For © containing the bad places S,
we must evaluate Iy} (s). Take og so that for Re(s) > oo the global integral (8.5) converges
absolutely, and o1 > o( so that for Re(s) > o7 the conclusion of Lemma 8.1.4 is satisfied. Then
Iougey(s) is absolutely convergent for Re(s) > o and defines a holomporphic function there. On
the other hand, for Re(s) > o1, Ioug(s) = Ia(s)L(my, Spin,s). It follows that Iou(,(s) =
Io(s)L(m,, Spin, s) for Re(s) > aq. We conclude I(¢, s) = Is(s)L°(m, Spin, s) for Re(s) sufficiently

large. O

8.2 Archimedean integral

We now prove the nonvanishing of the archimedean integral

Lo(s) = / 551 (8)8%, (t2) H(n(t) ") dt,
(GL1 x GLLL)(R)

given that the cuspidal representation supports the fourier coefficient. To do this, we will need to

change the order of integration used in the integral, so we first prove
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Lemma 8.2.1. The integral

/ F(g1; 9)bx ) dg
UH(R)Z(R)\H(R)

converges absolutely for Re(s) >> 0, and thus is equal to I(s).

Proof. We follow the style of proof in Ginzburg [17] pgs 762-765 and Jacquet-Shalika [24], section
5.4, who prove the analogous result with R replaced by A. First, note that we must prove the

finiteness of

ki) [ 0540055, ()l (r(tk)0) e di

Ky
where T is the set of elements of Ty with final entry equal to 1. We will bound |H (7(t)¢')| by a
nonnegative Schwartz function of ¢, independent of k.
To do this, by Dixmier-Malliavin [10] applied to the group H(R), H(w(tk)¢) is a finite sum of
terms of the form

/H H(n(th)n(h)E) () dh

for a smooth, compactly supported function f. Hence, changing variables, it suffices to bound

/ f(EYh)H (m(th)€) dh = / f(k~Yuh)H (7 (tuh)€) du dh
H Up\H JUp

_ /U B\H{ 5 f(k—luh)x(tut—l)du} H(x(th)€) dh.

Consider the function of h,

h— .

F(EYuh)x(tut™) du
Up

Since f has compact support, this function has compact support on Ug\H. Furthermore, since
H(w(th)€) is a fourier coefficient of a cusp form, it is bounded independently of ¢, h. It follows that
we have

F(Euh)x(tut™) du
Us

[H(n(tk)¢)| < C

for some h € H and positive constant C', independent of ¢, k. Now, since k varies in a compact set,
the Schwartz functions u — f(k~1uh) lie in a bounded set in Schwartz space, and thus their fourier

transforms

F(E™ uh)x (tut ™) du
Up

(note Up is abelian) may be bounded by a positive Schwartz function ®(¢), independent of k. This
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is what we wanted to prove. We thus have

/ If(gl;s>||¢x(g>|dgs/ If(k1;s)|{/ 5%2(751)53;@)@@)657:} dk.
UHR)Z(R)\H(R) Ky T1

Since the inner integral is

/ |rN()|* |3 N(0)| 71 ®(r, £) d*r d*¢,
(GL1 X GLLL)(R)

this converges for Re(s) sufficiently large. O
Now we prove the nonvanishing.

Proposition 8.2.2. If the cuspidal representation © supports the fourier coefficient ¢, then Io(s)

is not identically zero for some choice of smooth data f(g1;s), ®.

Proof. We work in the range of absolute convergence. By the lemma just proved, we have

F(g1: ) (g) dg = / | det(g)[* £ (v, 5)bx (ghn) dg dky

»/Ug(R)Z(R)\H(R) NL\GL; | Ko

= [ f(ki;s) {/ | det(g)|*H (m(g)m(k)$) dg} dk;.
Ky NL\GLj

Since we may pick f(k1;s), we are reduced to showing that we may pick £ so that

/ |det(g)|* H (n(9)€) dg
NL\GL} ,

is not zero. Now, every g € NL\GLZ,L may be written uniquely as zr, for x € Np\SLg; and

r = j(r,1), slightly abusing notation. Thus we must check the nonvanishing of

/NL\ SLa 1, /GL1 r|*H (m(z)7 (1)) dr d.

Now, note that we may pick &y so that

/ Ir|* H (x(r)0) dr # 0.
GL1

Indeed, this is simple: take ¢ with H(¢) # 0, as hypothesized, and set & = [ @(2)m(n3s(2))¢p dz
for an appropriate Schwartz function ¢. Now, take Schwartz functions ®1, ®5 supported on Ny and

Ny /Ny, and set & = & (v) % Bo(u) * &. Then H(m(z)w(r)€) = &1 (c(x))®o(d(2))H (n(xr)€). With
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the appropriate choice of ®1,P,, we can make P, supported only near 0, and Dy supported only

near 1. Thus &, (¢(x))®o(d(z)) is supported only near & = 1 in N7\ SLa 1. It follows that we may

make

/NL\SLQ,L (bl(C(x))‘%(d(x))/GLl r|* H (7 (xr)&o) dr dx :/ /GL1 |r|°H (7(z)m(r)€) dr dx

N\ SLa, 1

NOoNZero. O
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