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Abstract

In this thesis, divided into two parts, we explore two distinct types of elliptic par-
tial differential equation (PDE) problems in conformal geometry. In the first part
of thesis, we prove that any closed Riemannian manifold with positive Yamabe
invariant and total Q-curvature can be conformally deformed into a metric with
positive scalar curvature and constant Q-curvature. Moreover, we derive analo-
gous results for the Q-curvature and T-curvature of a Riemannian manifold with
umbilic boundary, subject to the condition that the first Yamabe constant and total
(Q, T)-curvature are positive. The proof utilizes on the method of continuity and
the Leray-Schauder degree theory. In the second part, we prove that the zero func-
tion is the sole solution to a certain degenerate PDE defined in the upper half-space
under some geometric assumptions. This result implies that the Euclidean metricis
the only adapted compactification of the standard half-plane model of hyperbolic

space when the scalar curvature of the compactified metric has a certain sign.
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Part 1

Uniformization Theorems for the

Q-curvature and the T-curvature



Chapter 1

Introduction

1.1 Background

In conformal geometry, the Q-curvature of a 4-dimensional Riemannian manifold
(M, g) is a curvature invariant associated to the Paneitz operator P,. They are

defined respectively by
1 2 12
Q= ﬁ(—AR + R” — 3|Ric|) (1.1)

Pyp = N> — div(%Rg — 2Ric)d¢ (1.2)

for any smooth function ¢ on M. Here, R is the scalar curvature, Ric is the Ricci
curvature, A is the Laplace-Beltrami operator, and div is minus of the adjoint of the
exterior derivative d. Let g, = ¢*“¢ be the conformally deformed metric where
w is a smooth function on M. The Paneitz operator the Q-curvature exihibit the

following conformal covariance property:

(Py)w = e 4Py, Pyw +2Q = 2Q,,e*”



where (P,),, and Q, are the Paneitz operator and the Q-curvature for the metric
Sw- They are defined in any dimensions greater than or equal to three as discussed
in [HY] and other related references. However, an especially interesting aspect
in dimension four is that Q-curvature is related to the topology of M through the

Chern-Gauss-Bonnet formula:

[ @+ By —swxam,
where W is the Weyl curvature and x(M) is the Euler characteristic of M. The total
Q-curvature defined by k, := fM QdV is a conformal invariant.

The study of the analytic aspects and applications to geometry and topology of
the Q-curvature and the Paneitz operator has been a topic of extensive research in
recent decades. Notable works in this field include Chang and Yang [CY], Chang-
Gursky-Yang [CGY], Djadli and Malchiodi [DM], Gursky [G1], [G2], and Malchiodi
[M].

In the context of manifolds with boundary, represented as (M, dM, g), a natural

boundary operator P; and its associated curvature invariant, the T-curvature, have

been introduced by Chang and Qing [CQ1] and [CQ2]. They are defined as follows:

P _1989 Aa—(P—zHA LV, V VH -V F—B&—qj 1.3

3¢_2 an + gan ¢+ (Qb/ ¢)+ . ¢+( 3)87’1 ()
__10rR 1 _ S TN

T = 128n+2RH (G,L) + 3H 3Tr(L)+AH (1.4)

for any smooth function ¢ on M. Here, A, V are the Laplace-Beltrami operator and
covariant derivative with respect to the induced metric on the boundary § = glom. L
is the second fundamental form of the boundary, H is the mean curvature, F = Ry,
(G, L) = RoppnLap where n is the inward normal vector field along the boundary and

a,b denote tangential components along the boundary.



They also have the conformal covariance property,
(PS)w = e_3wP3/ P3w +T= Twe3w- (15)

In four dimensions, we the have the following Chern-Gauss-Bonnet formula in-

volving Q-curvature and T-curvature:
[WP? 2
(Q+ T)dvg + (T—-Ly- LS)ng = 41" x(M) (1.6)
M M

where L, and L5 are curvature quantities defined explicitly in [CQ1]. As we will be
focusing on manifolds with totally geodesic boundary in this paper, the pointwise
conformally invariant quantity (L4 + £5)dS, is not relevant to our discussion as it
vanishes in such cases. Also note that the total (Q, T)-curvature kp, p,) := fM QdV +
§ TdS is a conformal invariant.

It is worth noting that the Q-curvature, and T-curvature serve as a four-
dimensional analogue of the Gaussian curvature and geodesic curvature of Rie-
mannian surfaces with boundary. This is due to the conformal covariance property
of the Laplace-Beltrami operator A, Gaussian curvature K, and geodesic curvature

k of a Riemannian surface (S, §) with boundary. for a smooth function w on S, we

have:
A, = e72°A 2 _ e“—inS§
w — 7 anw - 87’[ 7
—Aw + K = K,,e*, g—j‘; + k = k,e” on dS.

Here, A,, K, and n,, are the Laplace-Beltrami operator, Gaussian curvature and
the normal vector along the boundary of the metric g, = ¢**g. The Chern-Gauss-

Bonnet formula, incorporating the Q-curvature and T-curvature in four dimen-



sions, serves as a natural extension of the Gauss-Bonnet formula given below:

deV+f kdS = 2mtx(S).
s 28

The uniformization theorem for Q-curvature, as well as for manifolds with a
boundary in terms of the pair (Q, T), is a natural consideration. This topic was
initially explored for closed manifolds in [CY], and further examined in more
general cases in [DM]. Research on uniformization theorems for (Q, T)-curvature
has been conducted in works by Catino and Ndiaye [CN], as well as by Ndiaye in
[N1] and [N2].

In this part of the thesis, we present a stronger uniformization theorem that not
only controls the Q-curvature, but also the sign of the scalar curvature under the

condition that the Yamabe constant and total Q-curvature are positive.

1.2 Previous results

In this section, we review previous results regarding the uniformization theorem
for Q-curvature in the case of closed manifolds and for (Q, T)-curvature in the case
of compact manifolds with boundary.

In the pioneering work Chang and Yang [CY], the following theorem is proved.

Theorem 1.2.1. [CY, Theorem 1.2] When k, < 8m?, assume that Py is a non-negative
operator with the kernel of Py consisting of constant functions. Then, there eixsts w such

that Qu = k,Vol(g,)™".

In subsequent work by [G2], it is proved then under the assumption that the

Yamabe constant, which is defined as

|, RdVol,
Y(M,[g]) = inf —————,
gelsl Vol(M, 3)2

5



and the total Q-curvature k, are non-negative, P, is non-negative with Ker Py =
{constants} and k, < 8n* with k, = 8n? if and only if (M, g) is conformally equivalent
to the standard sphere. Thus, the uniformization theorem is obtained for the case
Y(M,[g]) = 0 and 0 < k, < 8n? by Theorem 1.2.1. The Y(M,[g]) > 0 and k, = 8n?
case is also solved, as the standard sphere has constant Q-curvature.

A uniformization theorem addressing more general cases, without requiring

positivity assumptions on conformal invariants, has been proved in [DM].

Theorem 1.2.2. [DM, Theorem 1.1] Suppose Ker Py = { constants }, and assume that
k, # 8kri? for k = 1,2,---. Then (M, g) admits a conformal metric with constant Q-

curvature.

They utilize topological methods and min-max schemes in their approach, and

the following compactness theorem plays a crucial role in their work.

Theorem 1.2.3. [M, Theorem 1.1] Suppose Ker Py = {constants} and that {u;}, is a sequence
of solutions of

P41/ll + ZQl = 2k1€4u’, f e‘“"dV =1
M

with {Qy}y satisfying Qi — Qo in C°(M). Assume also that k, # 8kn® for k = 1,2,---.
Then {u;}; is bounded in C*(M) for any a € (0, 1).

For manifolds with umbilic boundary, Catino and Ndiyae [CN] has a result
anologous to Theorem 1.2.1. Recall that the first Yamabe invariant for a manifold

with boundary is defined as

RdVol, +  HdS,
Y(M, oM, [g]) = inf Jy g Sgﬂf ‘
gelgl Vol(M, 3)2

When kp,p,) > 0 and Y(M,JM, [g]) > O, the operator P4 defined on the set {u €
W2'2(M)|§—Z = 0 on dM} is non-negative, and Ker P = {constants} by Proposition 5.1
of [CN]. In addition, we have ke, p,) < 47> with kp, p,) = 47* if and only if (M, IM, g)

6



is conformally equivalent to the standard hemisphere by Lemma 5.2 of [CN]. As

an application of these observations, their theorem implies the following:

Theorem 1.2.4. [CN, Corollary 1.10] Let (M, dM, g) be a compact four-dimensional Rie-
mannian manifold with umbilic boundary. Assume kep,p,) > 0 and Y(M, M, [g]) > 0.
Then for every non-negative numbers c; and c;, M carries a metric conformal to g with

Q =cyand T = ¢, and zero mean curvature.

Ndiyae [N1] and [N2] has established the extensions of the Theorem 1.2.2 for

manifolds with boundary.

Theorem 1.2.5. [N1, Theorem 1.1] Suppose the kernel of the operator P4 defined on the
set {u € W*2(M)|%¢ = 0 on dM} is {constants). Then, assuming kp,p, # 4km* for
k=1,2,---, we have that (M, §) admits a conformal metric with constant Q-curvature,

zero T-curvature and zero mean curvature.

Theorem 1.2.6. [N2, Theorem 1.2] Suppose the kernel of the operator P4 defined on the
set {u € W2(M)|%¢ = 0 on dM} is {constants). Then, assuming kp,p, # 4km* for
k=1,2,---, we have that (M, §) admits a conformal metric with constant T-curvature,

zero Q-curvature and zero mean curvature.

1.3 Main theorems

We will first provide a brief explanation of the motivation behind our study, fol-
lowed by a statement of the main theorems.

It is well known that for a closed Riemannian manifld, the Yamabe constant
is known to be positive if and only if there exists a metric in the conformal class
[g] with positive scalar curvature. In dimensions greater than or equal to 6, it has
been established that the existence of a conformal metric with positive scalar and

Q-curvature is equivalent to the positivity of both the Yamabe invariant and the

7



Paneitz operator, as shown in Gursky-Han-Lin [GHL]. In dimension 4, we prove a
stronger statement, namely that if the both Y(M, [¢]) and k, are positive, then there
exists a conformal deformormation of the metric with constant Q-curvature and

positive scalar curvature.

Theorem 1.3.1. Let (M, g) be a four-dimensional closed manifold with conformal invari-
ants k, and Y(M, [g]) positive. Then there exists a conformal deformation w such that Q,

is constant, and R,, > 0.

Below, we state our main theorem regarding manifolds with umbilic boundary

and positive conformal invariants kp, p,) and Y(M, dM, [g]).

Theorem 1.3.2. Let (M, M, ) be a compact manifold with umbilic boundary and positive
conformal invariants kep, p,) and Y (M, dM, [g]). Then there exist conformal deformations

wy and wy such that

k
Qu, = #ﬁl), Ry, >00n M Qu, =0, Ry, >00n M
! and
k
Ty, =0, Hy, =00n oM Ty, = Wg) H,, = 0o0n oM.

Note that an umbilic boundary can always be conformally deformed to totally
geodesic boundary. Therefore, we can assume that the background metric has a

totally geodesic boundary.

1.4 Outline of the proofs

We shall now outline our strategy for proving the main theorems, which involves
two primary steps.

The first step is to deform the background metric using the continuity method so
that both the scalar curvature and the Q-curvature are pointwise positive. Specifi-

cally, we will prove the following two theorems.



Theorem 1.4.1. Let (M, go) be a closed manifold with conformal invariants k, and
Y(M, [go]) positive. Then, there exists a conformal deformation w such that Q, > 0
and Ry, > 0.

Theorem 1.4.2. Let (M, dM, go) be a compact manifold with umbilic boundary and the
conformal invariants kep, p,y and Y (M, dM, [go]) positive. Then, there are conformal defor-
mations wy, w, with following properties

Quw, >0,Ry, >00n M Quw, =0,Ry, >00n M
and

Tw, =0,Hy, =00ndM Tw, > 0,Hy, = 00ndM

The method of continuity is applied to critical points of suitable linear com-
binations of functionals defined in [BO] for the case of closed manifolds. These
functionals appeared while computing explicit formulas for functional determi-
nants of conformally covariant operators in 4-dimensional Riemannian manifolds
and have been studied in [CY], [CGY] and [G2] to derive interesting geometric
results. For manifolds with boundary, we consider linear combinations functionals
appeared in [CQ1] and [CQ2]. The crucial ingredient is that the positivity of scalar
curvature can be preserved throughout this process. The definitions of function-
als we are considering are provided in Chapter 2, while the proofs applying the
method of continuity can be found in Chapter 3 for closed manifolds and Chapter
5 for compact manifolds with boundary.

The second step in our strategy is to apply the Leray-Schauder degree theory
to a one-parameter family of fourth-order equations to establish the existence of
conformal metrics desired in the main theorems. As the approach for manifolds
with totally geodesic boundary is similar to that of closed manifolds, we will only
describe the closed manifold case. The proof of this step is detailed in Chapter 4
for closed manifolds and in Chapter 6 for compact manifolds with totally geodesic

boundary.



We consider equations of the form
Pyw; = 2tkye™ — 2tQ (1.7)

with the constraint R,,, > 0, where t € [0,1]. The compactness result is an essential
part that ensures the well-definedness of the degree, and once we establish it, the
remainder of the proof is straightforward. Instead of directly invoking Theorem
1.2.3, we offer an alternative approach for the compactness theorem under our
assumptions. The proof emplys the concept of normal metrics for R*, which is
defined in [CQY]. A blow-up analysis shows that the limit conformal factor w, on
R* satisfies R,,, > 0. Then, according to the result of [CQY], we, is normal, or in

simpler terms, the PDE for w,, is transformed into an integral equation of the form

3 lyl v
Weo(X) = = [1{4 log |xfylew(y)e‘l oo(y)dy + C.

The proof for the compactness of solutions is concluded by the classification result
for solutions of the above integral equation by Xu [X]. Finally, in the last section of
Chapter 4, we will discuss an example that illustrates a limitation of the method of

continuity when it comes to proving Theorem 1.3.1.

10



Chapter 2

Preliminaries

2.1 Functionals defined in closed manifolds

In this section, we define linear combinations of some functionals studied in [BO],
[CY] and [CGY]. We will also recall some basic properties for critical points of such
functionals. Thoughout this chapter and the next, we will assume that (M, go) is
a closed manifold with k, = fM QodVy > 0 and Y (M, [go]) > 0. According to [G2,
Theorem B], we have k, < 87%, and if k, = 87%, then M is conformally equivalent to
the standard sphere S*. Therefore, we may assume that k, < 8n>. Additionally, we

will fix the background metric to be a Yamabe metric so that Ry is constant.

Definition 2.1.1. Let 1) be a fixed (0, 2)-tensor defined on M with |n|5 > 0 everywhere. We

define some functionals as follows:

Iw] = f HnPedVo — ( f nBdVo) log Jf gy,
w] = f w(Py)owdVy + f 4QowdV, — k, log J[ e dV,
= f[(Aow)z + §R0|V0w|2 _ ZRiCQ(Vow, Vow) + 4Q0w]dV0 _ kp IOg fe4wdvo

Mw] = 31—6( f R2dV, — f R2dV,) = f [(Aow+IVowlz)Z—%ROIVOwF]dVO

11



In Chapter 3, we will study critical points of the following one-parameter of

family of functionals
Fiw] = y®)Iw] + tH[w] + (1 = t)[I[w] (2.1)

—tk
where y(t) = fle];vo

w; of F; and present its weak formulation.

. We compute the Euler-Lagrange equation of for a critical point

Proposition 2.1.2. The Euler-Lagrange equation for a critical point w; and its correspond-

ing metric g; = e**t g of this functional is given by:

-9
12

y(OInl? + tQ; + (=AR)) = 0. (*);

Proof. For the computation of the Euler-Lagrange equation, we refer the readers to

the proof of [CY, Theorem 1.1]. |

Proposition 2.1.3. Let w; be a critical point of the functional F;. Then we have
| Avta +.201 = Va0 Vg + WatolP) + (1 = DIV o
1 .
=—(t- 5) fRovotho(P — 2tRico(Vowy, Vo) — f(ZfQo +2y(OIE)p  (2.2)

for any ¢ € W**(M).

2.2 Functionals defined in manifolds with boundary

In this section, we define linear combinations of some functionals studied in [CQ1]

and [CQ2] and recall some basic properties for critical points of such functionals.
Throughout Chapter 2 and 5, we assume that (M, dM, g) is a compact manifold

with totally geodesic boundary, such that kp, p,) = f Q+ 56 T > 0and Y(M, M, [go] >

12



0. According to [CN, Lemma 5.2], we have kp, p,) < 41%, with k, = 47? if and only
if M is conformally equivalent to S} with the standard metric. Consequently, we
may assume that kp, p,) < 472

Furthermore, by [E, Theorem 6.1], we can assume that the background metric
Ry is the boundary Yamabe metric and that the boundary is totally geodesic. In
particular, Ry is constant. For manifolds with totally geodesic boundary, we have
simplified expressions for the functionals considered in [CQ1] and [CQ2]. The

19Aw 1 9R

expressions (1.3) and (1.4) are simplified to Psw = 5% for ‘3—?‘1’ =0,and T = —155,-

Definition 2.2.1. Let 1 be a fixed (0, 2)-tensor defined on M with |n,| > 0 everywhere. In
addition, let 1, be a fixed (0, 2)-tensor defined on IM with |nlg,,,, > 0 everywhere on M.
We define:

I[w] = f Al [fwd Vo — ( f Inil5d Vo) log JC e*dv,
M

3 3
L[w] = 56 3lnaldwdVy — (56 In2l2dVo)log T €*dV,

oM

IT,[w] = f (wPaw + 4Qow)dVy + 56 (2wPyw + 4Tgw)dS,

oM

2
= f[(AOZU)Z + §R0|VOW|2 — 2Rico(V0w, VOZU) + 4QOW]dV() + é 4T0’(UdS()
oM

1 1
w] = = f R AV, — f R3dVy) = f [(Aow + [Vow]?)* - 5120|V0w|2]dv0
Here, we have used the same notations for I[w], I1I[w] because the expressions are the same

as in the closed manifold case. Also note that Ty = 0 as R is constant.

We recall the following useful lemma for our computations from now on. Note

that R, is constant in our case.

Lemma 2.2.2. [CN, Lemma 2.10] Let (M, d, o) be a Riemannian manifold with totally
geodesic boundary. Ifuisa C? function with (;9—1:; =0, then % = 0, and Ricy(no, Vou) =0

on the boundary oM.

13



In the next Chapter, we will apply the method of continuity for the following
two problems as a preliminary step for proving Theorem 1.3.2. The computations
to derive Euler-Lagrange equations and weak formulations for critical points are
identical to that of Proposition 2.1.2 and Proposition 3.2.1 except for the additional

boundary terms that need to be handled.

Problem 1: We would like to find a conformal deformation w; such that

Qw, >0on M
Ry, >0onM
Ty, =0 & % =0o0n oM
H, =0 < %zOon&M.

Our strategy is to find a one-parameter family of critical points w; of functionals
FHw] := y1(H)I[w] + t(IL[w] — kep, py)) log JE e*dvg) + (1 = HII[w]

defined on the set {w € WZ'Z(M)Ig—;Z = 0}, using the method of continuity. Here,

_ __~th
Vl(t) = [imBdve”

The Euler Lagrange equation for a critical point of the functional F} is

1Ok +tQ: + E2(=AR,) = 0

Obviously H; = 0 is automatically satisfied since g—;‘; = 0. The weak formulation of

14



the above equation is

f AowiBo + 2(1 — (Vorw; - Vo) Aoy + Vo) + (1 — BIVowi2Aacd

~t-3) f RoVotwr Voo — 2tRico(Vows, Vo) — f (210 + 21 OMPYS (23)

for any ¢ € W?*(M) with 9—¢ = 0.
Problem 2: We would like to find a conformal deformation w, such that
sz =0 < (P4)0 +2Q0 =0onM

Ry, >0onM

T, > 0on dM

H,, =0 < %zOonﬁM.

Likewise, our strategy is to find a 1-parameter family of critical points w; of

functionals

F[w] = yo(H)[w] + t(II,[w] — %k(p4,p3) logjg ) + (1 — HI[w]
M

—4tk(p4,p3)

2,2 (9w — —
defined on the set {w € W=*(M)|£* = 0}. Here, y»(t) = Gl s,

The Euler Lagrange equation for for a critical point of the functional F? is

tQr + a- t)( -ARy) =

T, = —%Vz(t)lnzlf (1)

Ht=0
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The weak formulation of the above equation is

f AowiBo + 2(1 — (Vorw; - Vo) Aoy + Vo) + (1 — BIVowi2Aacd

=—(t- %) fRovotho(fJ — 2tRico(Vowy, Vo) — thQOCP - %yz(t)gglnzléqb (2.4)

for any ¢ € W?*(M) with g—i =0.
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Chapter 3

Application of the continuity method:

closed manifols

3.1 Existence of a minimizer att = %

In this chapter, we apply the method of continuity to a one-parameter family of
functions:

Filw] = y®)I[w] + t[w] + (1 — H)I[w] (3.1)

for t € [3,1]. Note that at t = 1, the Euler-Lagrange equation (x); implies that
Q1 = —y(D)In? > 0. The choice of £ as the starting point is motivated by the

following lemma.

Lemma 3.1.1. [G1, Lemma 1.2] Let (M, g) be a four-dimensional compact Riemannian

manifold. Suppose that the scalar curvature R of g satisfies
Lo
AR - ER <0. (3.2)

Then
(1) if Y(M,[g]) >0, R > 0on M.
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(2)if Y(M,[g]) =0,R=0o0n M.

By using the above lemma we can prove that for any critical point of F;, the
deformed metric has positive scalar curvature. Later, we will prove that the posi-
tivity of the scalar curvature is preserved as we apply the continuity method. Let

2
to—g.

Lemma 3.1.2. There exsits a smooth minimizer w;, of Fy,. For wy,, Ry, is positive.

Proof. In [G2, Theorem A], it is proved that (P,), is non-negative operator on
W22(M) which also implies that fM w(Py)ow > Cllw — fM w|lw22y for some constant
C. Furthermore, fRfude > ( f R,dV,)? > ( f RodVy)? = ngdVo. Here, we used the
fact that the Yamabe metric minimizes the total scalar curvature when the volume
is fixed. Note that there is no fM e*dV, term in the functional F;, due to our choice
of y(ty). Therefore Fy, is bth bounded below and coercive, allowing us to find a
minimizer wy, with the normalization f w,dVy = 0. wy, is smooth by [UV].
From the equation (*);, we have

1 2
_AfoRto + ngU = —127/(§)|T]|%O + 2|Et0|2 > 0.

where E;, is the traceless part of the Ric;,. By applying Lemma 3.1.1, we deduce

that R, is positive.

3.2 Uniform W*?(M)-estimate for critical points

In this section, we observe that any critical point w; of F; with R, > 0.satisfies
|lw¢l|w22 < C for some constant independent of ¢ for % <t < 1. This fact will be used

to prove closedness part when we apply the method of continuity in Section 3.
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Proposition 3.2.1. Let w; be a critical point of the functional F, with normalization

W = fwthO = 0 for % <t <1 Assume R; > 0. Then, |[w|p22 < C where C is a

constant independent of t.

Proof. Substituting ¢ = w; in (2.2), we have

f(Aowt)z + (1 = H[3|Vow*Agw; + 2|Vow,|*]

1 )
=—(t- 5) fRO|V0wt|2 + 2t fRZCO(VOwt/ Vowy) — f(Zth + 2y () nl5)w;
Recall the scalar curvature equation:

1 1
Aow; + |Vows* + ERtezwf = gRO.

As R; > 0, we have fM [Vow > = fM Aowy + [Vowy* < 2 fM Ry which is an uniform
bound on flVowtlz.

By Young's inequality, we have a? + 3(1 — t)ab + 2(1 — Hp? > [1 — 22102 > 222
for any real number 4,b and t > 2. Applying this inequality to the left-hand side,

we obtain:

3
f(Aowt)2 +(1- t)[3|vowt|2Aowt + 2|V0wtl4] > g f(Aowt)z-
M

For the right-hand side, we observe:

—(t—%) f Ro|Vow,|* + 2t f Rico(Vow;, Vow,) — f (2tQo + 2y(Hnl3)w;
< 2H{Ricol~ f Vol — f (21Q0 + 2/ (D) w; - )

< [ Wow + 5 [@Qu+20mRr+ 5 [ -

< Cf|vowt|2 + C.
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In the last line, we used the Poincaré’s inequality. As w; = f w; = 0, this gives us a

upper bound on the full W*?(M)-norm of w;. m

3.3 Positivity of the linearizd operator

In this section we establish positivity of linearized operators of the equation (*);.
Let w; be a critical point of the functional F; defined in equation (2.1), and let
g+ = ¥ gy be the corresponding metric. Denote the linearization of the equation
() at g; by L;. When L, is restricted to the Holder space C**(M) for 0 < a < 1,
L; : C**(M) — C*(M) is a bounded linear operator. The explicit formula for L; is

derived in the proof of [CY, Theorem 2.1] and is as follows.

(L) = P09+ A-0] [0or-3 [RIVOF]  (3)

for ¢ € W**(M). To prove the opennes part of the continuity method, we need to

prove that ker L; is trivial when the scalar curvature R; is positive.

Lemma 3.3.1. Let w; be a critical point of the functional (2.1) with positive scalar curvature

R; where 2 <t < 1. Then, L; is a non-negative operator on W>*(M) and ker L, ~ R,

Remark. The proof uses the same techiniques appeared in [G2, Lemma 3.1] and [CGY,
Lemma 4.2]. The only difference is that the ratio between the coefficients of II[w] and I1I[w]

in the functional being considered lies in a different interval.

Proof. Denote the traceless part of the Ricci cuvature of the metric g; by E;. Let

¢ € W22(M). The equation (»); is rewirtten as

t
~AR; + ZR? = 3t|E* = =12y(t)Inf? > 0. (3.4)
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We have the following inequality using the equation (5.1)

4 f EA(Vith, Vich) > f 2 VBENVioP

> f —2¢( ‘é—) EL v,6p - 2R V0P
Ath 5 2 2
> £ [Bwor-(§+2) [ravor

where € is a positive number to be determined later.

In addition, we have

AR VR
f Vil = f ~V,R; - Vi(R;HIVipl? = —— - V[V, 0

R,
ViR ViR
— | t tl |Vt¢|2 2V?(P(Vt¢ t t)

IVR IVR
> [ ok = [ [ivior + Ftmior]

- [ v

= f—(At¢)2 + Et(vt(Z), Vt¢) + iRtlvtqj)lz

In the last line, we used the Bochner formula.

Combining above inequalities, we get

-t [EGo vz -5 [@or+ 5 [ B0V -(5+2-5) [RIVOR

Hence we have

(-4 - —) f Ei(Vip, Vi) =2 — f (M) + 8t - g _E) f RVl (3.5)

€

By plugging the inequality (3.5) into the right hand side of the equation (3.3),

we have
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L) = [or -2 [ s,V + Gt -3) [ IW0F
> Ci(e) f(At¢)2+Cz(€)th|th5|2

where C(e) = (1 - ﬁ) and Cy(e) = 3t — % — (4?2%)(% +2- ).

Now we check that we can choose € so that both of coefficients C;(€) and C;(¢)

is positive when £ <t <1,

For Cy(e), we see 1 — 4+€2£ >0 1% > € and for C,(e) we compute:

t o
%t—%—(4ft2%)(§+%—§) >0 &= Gt-P@+5He-205+2-5)e >0 =
(3 — £ —2)e* + (2t — 3)e — 4t > 0. The later inequality is quadratic w.r.t € so it is

enough to show the inequality holds for € =

2
2)(1 — ) — 4t(1 — 5)* > 0 which is

It suffices to check 16(3 — £ — &) + 4(2t — 2 o

27 47 &
equivalent to f > % Thus, we can choose € so that C;(€) and C;(¢) are both positive.

It is trivial to see that L;¢p = 0 if and only if ¢ is constant. O

3.4 Proof of Theorem 1.4.1

Now we are ready to prove the main theorem of this chapter which implies that we
can conformally deform the background metric so that both the scalar curvature
and the Q-curvature are positive. The strategy is to apply the continuity method
to equation (*);. Roughly speaking, the opennes part follows from the Lemma 3.3.1

and the closedness part follows from the Proposition 3.2.1.

Proof of Theorem 1.4.1. We use the method of continuity to solve the one-parameter

family of equations (*);. We define

S = {t € [2/3,1]] (*); has a smooth solution with positive scalar curvature}.
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For t = £, we find a minimizer w; for the functional y1(2/3)I + 8II + 3I1. Then by
Lemma 3.1.2, g2 has positive scalar curvature. Hence 2 € S. We will show that S is
both open and closed to conclude S = [2/3,1].

First, we prove that S is open. Assume t; € S. Since the linearization of the
equation (*); is positive by Lemma 3.3.1, there is a unique smooth solution w; of (*);
for all t sufficiently close to t;, provided that we normalize by f wdVy = 0according
to the perturbation theorem. By taking a suffciently small C**(M)-neighborgood of
wy,, we can ensure that these solutions w; and g; = e Qo also have positive scalar
curvature. This demonstrates that S is open.

Now we prove that S is closed. Suppose t, € S, and t, — t'. Let w;, denote
the corresponding solutions of (+);. By Proposition 3.2.1, there exists w; € W22(M),
such that w;,, — wy in W*?(M). It is easy to check that wy is a weak solution to the
(#)¢ for t = t'. The regularity theorem of [UV] shows w; is smooth. Next, we prove
that Ry > 0.

Since the scalar curvature R;, is always positive, for any non-negative smooth

test function ¢, the following inequality holds:

1 1
f¢(A0wl¢” + |V0wt”|2) = fg(RO - Rtnezwt” )(P S ‘[ERO¢).

As w;, — wy, we also have

1 1
fg(Ro—Rtfezw”)(P= f(P(Aowt' + [Vowy |?) < ngoqb

Thus Ry is non-negative in the weak sense, which also implies that R, is non-
negative pointwisely. If Ry achieves 0 at some point, it is a contradiction by the
strong maximum principle applied to the equation —AR;+£R? = 3t|E,[*=12y(t)Inf? >

0. Hence t’ € S and S is closed. m|
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Chapter 4

Application of the degree theory:

closed manifolds

4.1 Setup of PDEs

Let (M, g) be a closed compact Riemannian manifold with k,, Y(M,[g]) > 0. By
Theorem 1.4.1, we can deform the metric so that both the Q-curvature and the
scalar curvature are positive. Hence, without loss of generality, we may assume
that the background metric satiesfies Q,R > 0 to prove Theorem 1.3.1. Also, we
normalize the volume of the background metric to be 1.

We will consider the following 1-parameter family of fourth order equations

with constraint for t € [0, 1].

Q= tkp +(1- t)Q€_4wt — Pyw; = 2tkp€4wt - 2tQ
(*%);
with R; > 0, and normalization Vol(M, g;) = fM etdv =1

where g; = e g and R;, Q; denote the scalar curvature and the Q-curvature of the
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metric g;, respectively. Observe that

_ _ —4w; — _ —
fM QidV, = fM (th, + (1 — HQe™*™)dV, = tk, + (1 - t) fM QdV =k,

which implies that the equation is consistent wth the fact that k, is a conformal
invariant. In this chapter, w; will denote a solution of the elliptic PDE (++), instead
of the equation (#);.

The majority of this chapter is devoted to establishing the compactness of the
set

{w; |w; is a solution of the equation (++); for some t € [0,1] }

in C**(M)-topology for any 0 < a < 1. This compactness result will be used to
prove that the equation (*+); indeed has a solution at t = 1 when we apply the
Leray-Schauder degree theory to the one-parameter of equations (#+), for 0 <t < 1.
Since P, is a non-negative operator with trivial kernel, wy = 0 is the only solution

to the equation (++); att =0, and g = &.

4.2 Some a priori estimates

We first establish some a priori estimates for the equation (*+);. Throughout this

section we will denote constants independent of w; and ¢ by C.

Proposition 4.2.1. Let w; be a solution of the PDE (++); for some 0 <t < 1. Letp € M
and B,(p) be a geodesic ball centered at p with radius r. Then, fM IV, |?, fM(wt —w)? <C,
and {, ® \Vw* < § for sufficiently small r, where C is a constant independent of t and r,
and w; = f wdV.

Proof. Wehave Aw;+|Vwy* < R from the scalar curvature equation. If we integrate

both sides and apply Poincaré’s inequality, we get the first two inequalities.
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For the second inequality, suppose r is sufficiently smaller than the injectivity
radius. We multiply a cut-off function 7? on the scalar curvature equation. 7, is a
smooth test function satisfying 1, = 1 on B,(p), 1, = 0 on By(p), and |[V7,| < % for

some constant C. We have the following estimate

1
f IV, * < f —Rn?+2 f n,Vn, - Vo,
Butp) M6 Ba(p)

1 1
< f SR+ 3 f NVl +2 f Vi
MO 2 Jp, ) Bay(p)

1
<= f IV 2 + CIR|r* + Cr2.
2 Js,p)

This gives us the desired estimate. O

Next, we will prove the following energy estimate for solutions of fourth order

PDEs with bi-Laplacian as a leading order term.

Proposition 4.2.2. (Energy estimate) Suppose w is a weak solution to a fourth order PDE
A*w + 6(A)dw + f = 0 where A is a smooth symmetric 2-tensor and f is a function in

L2(M). In other words,

f AwA¢ + A(Vw, V) + f¢p =0

M

for every ¢ € W22(M). Then, for all sufficiently small r > 0,

”Vzwlle(B,J < Cr(||w||w12(32,) + ”f”Lz(Bzr))

where B, and By, are two concentric geodesic balls and C, is a constant depending on r and

Al 5,,)-

Proof. We test with ¢ = n2w. 1, is a cut-off function defined in the proof of Lemma

4.2.1 with an additional property |[V?1,| < $. We have the following series of
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integral identities,

fM AwA(fPw) = fM Aw[?Aw + 4n,Vn, - w + (2n,An, + 2|Vn,[H)w]
= fM (A(n,w))* = 4|V, - Vwl* = (An, - w)* + 2|Vn,[*Aw - w
—4Vn, - VwAn,w
= j{;{(A(nrw))2 =2V, AIVwl* = 2(V|Vn,[* - Vw)w

— 4|Vn, - Vwl* = (An, - w)* = 4Vn, - Vw)An, -w
Vw|?  w?
2 —_— —
= \L;,(A(nrw» ¢ LZ,( r? - rt )

where at the last line, we use Young’s inequality. For the lower order terms, we

follow the standard argument:

f A(Vw,V(nfw)): f an(Vw,Vw)+2wn,A(Vw,Vm)
M M

2, W
< C [ Mlhequy (Ve + %)
By

and

f fiw >~ f | fllwl = =l flli2,,) [1wll2,,)-
M BZr

As V(n,w)las, = 0, integral by parts formula gives us f32 (A(mw))? = fB y IV2(n,w)* >

J;, IV?wP. This completes the proof. O

Following lemma establishes an a priori estimate for a strong solution of PDEs

considered in Proposition 4.2.1.

Lemma 4.2.3. Suppose w € W*2(M) is a strong solution to the equation A*w + 5(A)dw +
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f = 0 where A is a smooth 2-tensor and f € L*(M). Then, for for sufficiently small r,

IV2wllwzzs,) < Crlll flliz,,) + llwllwizs,)-
where B, and By, are two concentric geodesic balls and C, is a constant depending on r and
AL B,/ IVAIlL=(B,,)-
Proof. We start from the identity A(Aw) = —f + A;wi; + Ajjw; By the L- theory of

second order elliptic PDE, and Proposition 4.2.1,

IAWlIwe2e,) < Crlllflliz@,) + IANL=@ VW2, + VAN @IVWlr28,) + [1AWI12(5,))
<Cillflli2(s,) + lwllwz2,,))

<C(llfll2y) + llwll2,))-

An application of integral by parts forumla gives us the full control of W*?(B,)-norm

of w. m|

4.3 Normal metrics on R*

We breifly review necessary materials from [CQY] and [X].

Definition 4.3.1. [CQY, Definition 3.1] Let (R*, o) be the standard Euclidean space. A

conformal metric e** o satisfying f]R4 |Qule*™ < oo is defined to be normal if

w(x) = f A Q (y)e*“Wdy + C. (4.1)

We will utilize the following criterion to determine if a metric is normal, which

will allow us to transform the Q-curvature equation in R* into an integral equation.

Theorem 4.3.2. [CQY, Theorem 1.4] Suppose that the Q-curvature of a metric e**|dx|* on
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R* is absolutely integrable and suppose that its scalar curvature is nonnegative at infinity.

Then the metric is normal.

We have the following classification result from [X], which provide us the blow

up profile of the Q-curvature equation.

Theorem 4.3.3. [X, Theorem 1.2] Suppose w(x) € C}(R™) is a solution of the equation

w(x) = ay fm [log (%)}emw(”dy +Co (4.2)

for a dimensional constant a,, such that "™ is integrable over R™. Then there exist a
positive constant A and a point xy € R™ such that

2A
?/U(X) = lOg [m]

Note that the dimensional constant a,, is explicitly computed by substituting
the specific solution defined above into the equation (4.2). It is easy to see that a,,

is independent of A and xy.

4.4 Compactness of solutions

The following compactness result for solutions of (+#); can now be proven. Let

O<a<l.

Theorem 4.4.1. There exists C, > 0 such that ||[wy||cs« < C, for every solution wy of the

equation (+); where C, independent of 0 <t < 1.

Proof. First we claim that it suffices to show supw; < C to prove the theorem.
Assume sup w; < C. Then the right-hand side of (++); is bounded above pointwisely.
Note that w; — w; satiesfy the same equation (*+), with different normalization. We

apply Lemma 4.2.3 to w; — w; This gives us |[w; — wWillys2ppy < C + Cllw — Wyllwr2u).-
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Lemma 4.2.3 is a local estimate, but we can patch those estimates to get a global
estimate. Proposition 4.2.1 gives us a uniform upper bounded for |[w — wl|w12s.
We need to prove that w; is uniformly bounded. w; is bounded above as sup w; < C.

From the Moser-Trudinger’s inequality [CY, Theorem 1.2],

k, log fe4(z”f_wt) < fwtpwt = f(wt — w)Py(wy —wy) < C.

As f e* =1, we have 0 < C + 4k, log w; from the above inequality. Hence we have
a uniform bound of ||wlys2(). By Sobolev mbedding theorem, V2wl oy < C, for
any 2 < p < 0. Applying L? estimate to w; as we applied L?-estimate in Lemma
4.2.3, we see that ||[Aw||y2ppy < C,. Again by the LP-estimate, ||w|lys2p1) < Cp. By
the Morrey’s inequality, [|[w||c2e(v) < Co. We repeat the argument of Lemma 4.2.3 by
applying the Schauder’s estimate instead of theL?-estimate, to see |AW|| 20y < Ca
The Schauder’s estimate gives us [|w]|csapr) < Ca.

Now we prove that supw; < C. Assume the contrary. We choose t, — t., W,
solutions of (++); for t,,, w,(p,) = +00, py = p.

For 6 smaller than the injectivity radius, we use the exponential map and the
dilation map to define a normalized sequence @,. Specifically, let @, (x) = w;, (r,x) +
log r, where r, is chosen to satisfy 1 = w,(p,) + logr, = w,(0) + logr,. Obviously,
r, — 0and @, < 1. The PDE for @, defined on a Euclidean ball B 2 (0) is as follows:

Py, @, (x) + 273 t,Q(rx) = 2t,k,e*™ (4.3)

where §, is the rescaled metric converging to the Euclidean metric. Note that we

A, _ 4wy,
have fBg(O)e —fBé(xn)e <1.

Let p, = f Obviously, p, — +co. For a fixed p > 0 choose suitably large n

such that p, > 2p. By Proposition 4.2.1 and the scaling argument, fB IV, [* =

2p (0)
\V/ 2

fBme © | Wn |

2

n

IN

2 . 27 N N - ~ 12
< C,p°. From Poincaré’s inequality, we have B.,(0) |y, J%p 0 Wy
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Cop*. Now by applying Proposition 4.2 and Lemma 4.2.3 to @, — f W,, We

B, (0)
have ||@, — J%p 0 wn”WM(BP(O)) < C,. In particular this inequality gives us an uniform
C'#(B,(0))-norm bound on @, — JCBP (o @n for some g > 0. Since sup @, = @,(0) =1,
and IV@ullL=s,0)) = \V(@, — J%p © ZT),Z)”Loo(BP(O)) is bounded, this yields the uniform
bound on W*2(B,(0)) norm for @, on B,(0).

From the above paragraph, we immediately see that there exists w., € Wﬁf(lR”)
s.t. Wy = We in W3*(B,(0)) and w, — we in W**(B,,(0)) for every p > 0. It is easy
to see that w., is a weak solution of the PDE A?w,, = 2t k,e*”~ with f et < 1,

SUp We = 1, or
A - W) = eliwa- (T

N log 3/(tok
Let e :ww—w

. As R, isnon-negative and j];% |Qeole*~ < o0, by Theorem

4.3.2, B is normal. Hence we have the following integral representation of .,
3 Wl \ s
Voo(¥) = — | log(——=)e**Wdy + C,.
w (x) 472 ,[]1;4 Og(lx—y|>e Y 0
By Theorem 4.3.3, we know that the solution to the above integral equation is
Weo(x) = log(#?xlz) for some A > 0. Then, we have % = fw ete = fw i -(%), or

i € = % >last < landk, < 8n’. This contradicts the fact that | ,e**~ <1. O
p

Remark. The conclusion of Theorem 4.4.1 remains valid under the normalization f wdV =

0. This can be easily observed by the shifting solutions by appropriate constants.

4.5 Proof of Theorem 1.3.1

Now we are ready to apply the Leray-Schauder degree theory to finish the proof
of Theorem 1.3.1.

Proof of Theorem 1.3.1. By Theorem 1.4.1, we may assume that the background

metric satisfies Q,R > 0. We will apply Leray-Schauder degree theory to a 1-
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parameter family of equations (++); but with different normalization f wdV, = 0.
Let O = {u € C*(M)|IR, > 0,||ullcsa < C,, fM udV, = 0} where R, denotes the
scalar curvature of the metric g, = ¢*g, and C, is the constant appearing in the
remark after Theorem 4.4.1. O is a bounded open subset of the Banach space
CH(M) = {f € C+(M)| [ f = 0).

We define operators F; : Cé""(M) - Cé’“(M) by Fi(u) = 2tP~(k,e* — Q) where ¢
runs from 0 to 1. F,; is a continuous 1-parameter family of compact operators by
the regularity argument discussed in the proof of Theorem 4.4.1. Solving (*+); is
equivalent to solving equations (Id — F;)(w;) = 0. Att =0, Fy = 0 and wy = 0 is the
unique solution. Thus, the degree of (Id — F;) in O at the point 0 € Cg’“(M) is 1.

The degree of maps (Id — F;) in O at the point 0 is well-defined and homotopy
invariant if 0 ¢ (Id — F;)(d0). Suppose w; € JO is a solution to the equation
(Id — Fy)(wy) = 0. w; € dO implies either |[w;||csc = C,, Or Ry, = 0 and Ry, (po) = 0 for
some py € M. The first case is obviously a contradiction to the Theorem 4.4.1. The
second case contradicts the strong maximum principle applied to Q,, > 0. Hence
the degree of a map (Id — F;) in O at the point 0 is also 1, and there exists a solution

to the equation (++); at t = 1.

4.6 A counterexample to a Andrews-type inequality

In order to apply the method of continuity to prove Theorem 1.3.1, we need to
show that the kernel of the linearized operator L; of (++); is {0}. For smooth ¢ with

fM pdV, =0, L, at a solution w; is given by

it(Qb) = Py — 8tkp¢-
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As L, is non-negative operator at t = 0, a reasonable approach is to prove that L;
is non-negative for ¢t € [0, 1]. This is equivalent to showing that the first non-zero
eigenvalue of L, is greater or equal to 8tk,. Note that Q; = tk, + (1 — ) Qe™*" > tk,.
Hence one would try to estimate a lower bound on the first eigenvalue of when the
Q-curvature is bounded below by a positive constant, and the scalar curvature is
positive.

When (M, g) is a 2-dimensional Riemannian surface, the Gaussian curvature is
a curvature quantity analogous to the Q-curvature, and such estimate is true by
Lichnerowicz and Obata’s theorem. For o,-curvature, which is another type of
conformal curvature that is widely studied, there is a similar result by Gursky and
Streets [GS].

For a four-dimensional Riemannian manifold (M?*, ¢), we denote the Schouten
tensorby A = J(Ric—{Rg). Then the o,-curvature is defined as 02(A) = —3|EP+5;R%.

Observe that Q = —5AR + 302(A).

Proposition 4.6.1. [GS, Corollary 3.15] Let (M*, g) be a closed Riemannian manifold such
that the scalar curvature R and the o,-curvature is positive. Given ¢ € C*(M) such that

[, ¢4V =0, then

1 i 2
L A A V@Y 2 4 fM G2V,

where Ty is the Newton transform. The equality holds if and only if ¢ = 0 or (M*,g) is

isometric the round sphere.

The above inequality is inspired by Andrews’ inequality, which is proved in his

unpublished work.

Proposition 4.6.2. [CLN, pg. 517] Let (M™, g) be a closed riemannian manifold with
positive Ricci curvature. Given ¢p € C*(M) such that fM PdV =0, then

% fM ¢V < fM (Ric™)IV,pV ;¢p.
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One may consider an inequality similar to Andrews’ inequality for a four-

dimensional Riemannian manifold (M, g) with positive scalar curvature and Q-

fp4¢.¢zsfg¢2 or, f(P‘*(g'qb)zsf(pz (4.4)

for smooth ¢ such that fM ¢dV = 0. While those two inequalities are true if (M, g)

curvature.

is an Finstein manifold, they are not true in general.

Example 4.6.1. (4.4) is false for some manifold (S*, g) where g is a perturbed metric of the

standard metric g..

Proof. We embed S* in R® as usual. Let x; be a coordinate function. Recall that
fi = xy and f, = 5x7 — 1 are the first and second eigenfunctions of the Laplace-
Beltrami operator ,respectively. Let g = ¢*? g, for some sufficiently small t. We will
show that for some small ¢, f P, fi- fdVolz <8 f 6 deolg.

From the conformal covariance of the Paneitz operator,

f Psfy - fidVolg = f Pyfy - fdVoly, = 8Q f fidVol,,

8 f QffdVol; = f (4tPyf> + 8Q) f2dVol,,

Note that f f2dVolg = f fie*2dVol, = 0as f; is an odd function while £, is an even

function. Now we compute :

f Pif; - fidVol; — 8 f QffdVoly = 8Q f ffdVol,, — f (4tPyf> + 8Q) frdVol,,
= —4t f Puf> - frdVoly,
= —4t f Py(5x7 — 1) - x3dVol,,
4t

=-5 Py(5x7 — 1) - (5x5 = 1)
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The value of the last line is positive as f, is a eigenfuction of the laplacian. If we
choose t to be positive, the assertion is proved. Also note that we can also perturb
¢ further to make it stay out of the conformal class [g.]. The same method gives a
counterexample to the second inequality of (4.4).

O

Remark. If one can prove either of (4.4) for (M, g) with positive scalar curvature and

constant positive Q-curvature, then the solution to (++); at t = 1 is unique by degree theory.
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Chapter 5

Application of the continuity method:
manifolds with totally geodesic

boundary

5.1 Existence of a minimizer at f = % and uniform

W22(M)-estimate

In this chapter, we apply the continuity method to the following one-parameter

families of functionals defined in Chapter 2.

Flw] = y1()I[w] + tIL[w] - kp, pyy) log ][ édoo) + (1 — HIIw]

_4

Fiw] = ya()ls[w] + H{ITp[w] 3

kp, py) log J[ &) + (1 = HII[w]
oM

In this section, we prove that for ¢ = %, there exist minimizers with positive
scalar curvature for both functionals. After that we will establish the uniform
W?22(M)-estimate for critical points of both functionals as we vary the parameter ¢

from 2 to 1. Let £y = 3.
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Lemma 5.1.1. There exist minimizers for both F} and F; . For a minimizer wy, of F} or

Ffo, the scalar curvature Ry, is positive.

Proof. According to [CN, Theorem 1.9], (P4)o is non-negative operator defined on
the set {u € W2'2(M)|% = 0} and ker(P4)y = R. Therefore, we can find minimizers of
Flé or P2§ as in Lemma 3.1.2. These minimizers are smooth on the interior by [UV].
On boundary points, the same method as in [UV] is applied, except that we have
to use W?”-estimates for Neumann boundary problems.

By [E, Lemma 1.1 and Proposition 1.3], the first non zero-Neumann eigenvalue
A of the linear elliptic operator (—Ay, + ¢Ry,) is positive. The eigenfunction f
corresponding to A, is positive on M. We have (=A,, + IRy)f = Af, % = 0.

If wy, is a solution of either problem 1 or problem 2, the Q-curvature equation

IRy,

%SO.

gives us (—Ay, + £)R;, > 0 and the T-curvature equation gives us

. R R . .
Choose py such that mmﬁ% = %(po). If py is in the interior, we compute

12
ArgReg =5 R, AR; AR;

Ry 0 0
A (F)po) = [—F— + —71(po) < —*(po). As f > 0, we get Ry(po) = 0. If
Ry (po) = 0, then by the strong maximum principle R;, = 0, which contradicts
Y(M, dM, [go]) > 0. Hence Ry, > 0 in this case. Next, suppose py is on the boundary.
If %(po) < 0, then by Hopf’s lemma we have 8(1;;_(1:() > (0. This contradicts the

T-curvature equation.

O

Next, we observe that any critical point w; of F} or F? satisfies [|wyllyz22 < C for
some constant independent of ¢ for 2 < t < 1. This fact will be used to prove

closedness part when we apply the method of continuity in the next section.

Proposition 5.1.2. Let w; be a critical point of F} or F? with normalization fM wy = 0 for
F} and ﬁM wy = 0 for th. Assume R; > 0 for both cases. Then ||wy||lw22) < C for some C
independent of t and wy.

Proof. The proof is similar to that of Proposition 3.2.1. O
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5.2 Proof of Theorem 1.4.2

In this section, we prove that the linearized equations of (*); and (1); have only the
trivial solution. The basic strategy follows that of the Proposition 3.3.1 with only

minor differences. We then use it to prove Theorem 1.4.2.

Lemma 5.2.1. Let £ < t < 1. Linearized problems for (x); and (t); only have trivial

solution under normalization fM w; =0or SQM wy = 0 when Ry > 0.

Proof. By direct computation, both linearized equations are as follows:

Lt(¢) = A%gb + tdivt(%Rtgt - 2R1Ct)d¢ + (%)Vt(Rtvt(P) =0onM

oA

T = 0 on M

g—i =0 ondM
Let ¢ be a function with %AT’? =0 and g—i = 0 on the boundary. We shall prove that

f (L), $V, > 0.
M

AVip?
Bm -

Since the boundary is totally geodesic, Ric;(n;, Vi) = 0 and 0 by Lemma

22.2.
Denote the traceless part of the Ricci cuvature of the metric g by E;. Let

¢ € W22(M). The equation (»); is rewirtten as
t o2 2 2
~AR + 7R = BHE = =12yl > 0. (5.1)

There are two identities in the proof of Lemma 3.3.1 that include additional bound-
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ary integral terms. The first identity is

L) = [ P =2t [ EVio V) + Ge-3) [ Wigh

A dP 2R\ 9 '
Oy ¢+ 9§M At¢8_nt + S‘;M ( - _)8_ 2Ric,(Vi, ny)

_ 2_ 1,1 2
= fM (Ap)* — 2t fM Ei(Vig, Vi) + (5t 3) j;ﬂ Vil

and the second identity is

AR VR 1 dR
[ FREmor = [ ViR VRIIVGR - T VIVGR - S
M om It o1

R
= f ~ViR; - ViRIVipl? = == ViV,l* + 56 12(E)|vt¢|2.
M oM t

The rest of the proof is exactly the same as the closed manifold case. We have the

inequality

(Lip, Py = Ci(t) f(At(P)Z + C(t) th|Vt¢|2 + Cs(t) SéM (%)W@ﬁ

for some positive constants C;(t), C(t), and Cs(t). As both of (x); and (1), imply

T; > 0, we obtain the result.

Proof of Theorem 1.4.2. The proofisidentical to that of Proposition 1.4.1 using Lemma

5.1.1, Proposition 5.1.2, and Lemma 5.2.1, except for that we have to use Hopf max-

imum principle to show the scalar curvature is strictly positive.
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Chapter 6

Application of the degree theory:
manifolds with totally geodesic

boundary

6.1 Setup of PDEs

We aim to prove a compactness result for solutions of two one-parameter families
of equations, which is a key step in establishing Theorem 1.3.2. Let (M,JdM, g)
be a compact Riemannian manifold with totally geodesic boundary. We assume
kep,py), Y(M, 0M, [g]) > 0.

Firstly, we describe an one-parameter family of equations that will be used to
tind w; in Theorem 1.3.2. In this case, we conformally deform the metric g into g
so that the boundary is totally geodesic, T = 0, and both Q; and R, are positive
pointwisely, according to the first part of Theorem 1.4.2. Under these assumptions,
we show that there exists an uniform C** bound on solutions to the following

equations:
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Qt = tkp€_4wt + (1 - t)Q1 — (P4)1wt = 2tk(p4,p3)€4wt - Zth on M
Ri>0onM
T,=0 & 2% =(0onoM (%),

al’ll -

H =0 g—;";:Oon8M

dwy
et =1

where Q;, R;, T;, and H; denote the Q-curvature, scalar curvature, T-curvature, and
mean curvature of the metric g; = ¢“ g; respectively.

Secondly, we describe an one-parameter family of equations that will be used
for finding w, in Theorem 1.3.2. In this case, we conformally deform the metric
g into g, so that the boundary is totally geodesic, Q, = 0, and both of T, and R,
are positive pointwisely according to the second part of Theorem 1.4.2. Under
these assumptions, we show that there exists an uniform C** bound on solutions

of following equations:

Q=0 & (Pyow;=00onM
R;>0onM
Tt = tk(p4,p4)€_3wt + (1 — t)Tz f— (Pg)zwt = tk(p4,p4)€3wt — th on (9M (++)t

H =0 & % =00ndM

(9712
Swt —
faM e 1

where Q;, R;, T;, and H; denote the Q-curvature, scalar curvature, T-curvature, and
mean curvature of the metric g; := e*" ¢, respectively.
Throughout this chapter, we will suppress subscripts 1 and 2 whenever the

argument is independent of whether background metric is g; or g, for notational
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convenience.

6.2 Some a priori estimates

In this section, we prove basic a priori estimates for solutions of (xx); and (+1);.

Through out this section we will denote constants independent of w; and ¢ by C.

Proposition 6.2.1. Let w; be a solution of the PDE (%), or (t1); for some 0 <t < 1. Let
p € M and B,(p) be a geodesic ball centered at p with radius r. Then, fM [Vaw,l?, fM(wt -
J(;;M wy)?, fM(wt - .f?M wy)? < C, and fB,(p)mM IV < & for sufficiently small r, where C is

a constant independent of t and r.

Proof. Taking into account of the fact % = (, there is no difference in the computa-

tion with the closed manifold case Proposition 4.2.1. O

Next, we prove the following energy estimate for solutions of Neumann bound-

ary valued fourth order PDEs having bi-Laplacian as a leading-order term.
Proposition 6.2.2. (Boundary energy estimate) Suppose w € W**(M) is a weak solution

to the following fourth-order PDE with Neumann boundary condition.

A*w+ 6(A)dw + f =0

w _
an_o

where f, g are bounded functions, A is a smooth symmetric 2-tensor and such that

A(Vw,n) = 0(See Lemma 2.2.2). In other words,

fMAqub+E(Vw,qu)+fqb+£Mg(p =0
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for every p € W22(M) with g—f == 0. Then, for all sufficiently small r > 0,

”Vzw”L?(Br) < Cr(”w”WLz(Bzy) + ||f||L2(B2,,) + ”g”LZ(BZ,m&M))

where B, and By, are two concentric geodesic balls and C, is a constant depending on r and
|Allz(B,)-

Proof. We test with ¢ = n2w. The only difference is that we have to choose 7, with

any

. = 0on dM. This can be achieved by choosing 1, depending only on the distance

from a point on the boundary. As the boundary is totally geodesic, it is easy to see

A3

that -

= 0 is achieved. The rest is the same as that of Proposition 4.2.2.

We also note a fundamental fact regarding the boundary regularity.

Lemma 6.2.3. Suppose w € W**(M) is a strong solution to the equation (6.1) with the

same conditions on A and f, g. Then , we have

||V2w||w2'2(3,) < Cllfllz2s,,) + lwllw2s,,) + Iglw1r22(8,,000))-
where B, and B,, are two concentric geodesic balls and C, is a constant depending on r and
Allro(By), IVAI L2 (B,,)-

Proof. The only difference with Lemma 4.2.3 is that we use the L*-estimate for

Neumann boundary problem:

dv
”V2U”L2(B,) < Cr(”AU”LZ(BZV) + ||U||L2(BZ,) + ||%||w1/2f2(32,naM))-
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6.3 Proof of Theorem 1.3.2

We will prove the compactness results for solutions of (*x); and (tt);. Then the

proof of Theorem 1.3.2 is almost identical to that of Theorem 1.3.1. Let 0 < o < 1.

Theorem 6.3.1. There exists C, > 0 such that ||wi||csa < C, for every solution wy of the

equation (xx); where C, independent of 0 < t < 1.

Proof. We use the notation g instead of g; for conveniece. It is enought to show that
sup, w; < Cuniformly. Suppose there exists t, — t.,, w, solution at t,, w,(p,) — +oo,
pn = p. Letd, = dist(p,, M), and choose r,, > 0 such thatw,(p,)+logr, = 1. Clearly
r, > 0andr, — 0. Denotee, = ‘f—: and let 6 be the injectivity radius of M. Depending
on whether limd, = 0 or limsup e, < oo, we have separate arguments.

Case 1: liminfd, > 0. This is the case when p, uniformly stays away from
the boundary. Let d, > € for some € > 0. We define @,(x) = w;, (r,x) + log(r,) for
X € Bminfe/r,0/r,}(0) using the exponential map. In this case, the blow up argument
is the same as the closed manifold case.

Case 2: limd, = 0, and lim sup €, = 0. In this case, p, approaches the boundary
at a relatively slow pace so we do not observe the boundary when we blow-up. We
define @, (x) = w,(r,x) + log(r,) for x € B, 2(0). Again, the blow up argument is the
same as the closed manifold case.

Case 3: limd, = 0, and €, — € for some € > 0. This is the only case we take
the boundary into account after the blow-up. Let g, € dM such that dist(p,, q,) =
dist(p,, IM). Using the exponential map centered at g, and since the boundary is
totally geodesic, we can define @, (x) = w(r,x) + log(r,) for x € Bg/an)(O). w,(0,€,) =
w(p,) = 1. By Proposition 6.2.2, Lemma 6.2.3, there exists w., € Wﬁi(]Ri) s.t.
Wy — Weo in WP2(BE(0)). Wy — we in WH2(B5(0)).

It is straightforward to observe that w., is a weak solution of the equation

I0eo

AN’we, = 2tekp, p,)e™ with boundary conditions = = 0, ‘9%1;‘"’ = 0 on R®. Clearly,

44



we have [ <1, supwe, = 1.
Define W« (X, y) = Wo(x,y) for y > 0, We(x, V) = Ww(x,—y) for y < 0. Since

a?;;“’ =0, we € W14$c2(1R4)' We check below that w,, is a weak solution of the

equation A*W., = 2t.kep, pye*® on R*.

f11;4 We A :]]1;3 wmA2<¢)+fIRéi Weo(X, —Y)A2p

= f W A2 + W A2 P(x, —Y)
RE

- f PN We + P(x, —Y) N W,
R

JA 0 JA 0
+ f wm_dJ + Awm—qb + woo—(P(x, -y) + Awm—¢(x, -1)
® 0y dy Iy Iy
= f 2teck(p, ™™ + 2tkip, pyye = P(x, ~Y)
R}
= f 2took(p4,p3)€4wm¢.
R4

Now the rest of the proof is now the same as in the closed manifold case. Since

log 2
i -

s €= < 2 and kep, p,) < 477%, the argument is applied to We, — O

Theorem 6.3.2. There exists C, > 0 such that ||[wi||cs« < C, for every solution wy of the

equation (tt1), where C, independent of 0 <t < 1.

Proof. Again, we abuse the notation g with g, for conveniece. Assume thatsup, w; <
C uniformly. We apply L*-esimtate for Neumann boundary problem to w; — (w;)gu-

We have

2
IV2willwezgy < Clllws = @e)amllwnzaay + Nk, Nlwizzany + ITwizzgm)-
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As |lw; — (wy)amllwr2uy is bounded by Lemma 6.2.1, we have the estimate
¥ wnrz2amy < CEM(A + llwy — (@amllwraaa) < CEMA + [lwr — (we)amllwizom)

by the trace Sobolev inequality. Thus, we have uniform bound on |[w—(w;)smllw+2 -
The upperbound on (w;)sm is given by the Jensen’s inequality, and the lower bound
is derived from the boundary Moser-Trudinger inequality [N2, Lemma 2.4]. There-
fore, it is sufficient to show that sup, w; < C to prove the theorem.

Suppose there exists t, — t, w, solution for t,, w,(p,) — +oo, p, — p. Let
d, = dist(p,, M), and choose r,, > 0 such that w,(p,) +logr, = 1. Clearly r, > 0 and
rn — 0. Denote €, = ’f—: and let 6 be the injectivity radius of M. Case 1 and Case 2,
as in the proof of Theorem 6.3.1, are dealt with by the exactly same argument. We
only need to take care of Case 3: limd, = 0, and €, — € for some € > 0.

Let g, € dM such that dist(p,, q,) = dist(p,,dM). Using the exponential map
centered at g, and since the boundary is totally geodesic, we can define @,(x) =
wWy(rax) + log(r,) for x € Bg/(m)(O). w,(0,€,) = wy(p,) = 1. By Proposition 6.2.2,
Lemma 6.2.3, there exists w., € Wﬁi(]Rf{) s.t. Wy = We in W3(BE(0)). w, = W in
W*2(B}(0)).

It is easy to show that w., satisfies the equation A’w,, = 0 with the boundary

3%’;’“1 = 2tok(p, pye>@> on the boundary R®. Clearly, we have

conditions ‘9;”—; =0and
Awe + [Vwe|> <0, f]RS eV~ <1, sup we, = 1.

Our next goal is to prove that w., is normal for our T-curvature problem, as
defined in a manner similar to Definition 4.3.1. We imitate the proof of Theorem

4.3.2.

Lemma 6.3.3. We(X) = 55 fIRS log(%)tmk(p4lp3)e3w°°(y)dy + Co.

Proof. Let v = 545 [, log(%)took(lﬁ,[)g,)esww(y)dy and I = we, — v. Then, we have

A’h = 0 on the upper half plane and g—; =0and %’1 = 0 on the boundary. We will

46



show that & is a constant.

Ahis aharmonic function with ‘%” = (O allowing us to consider its even reflection,
which yields a smooth, entire, harmonic function. We can also extend /, w., and v
to be C? functions on the entire plane using even reflection. We abuse notations ,

Wo, and v to refer to these extended function. By the mean value theorem, we have

Ah(xg) = JC Ah
9B (x0)
< - JC IVtwe|* — JC Av
9B (x0) 9B (x0)

1
=€ —— tkep, py®oW
C

<——.
Tir?
If we take r — oo, we obtain Ah(xg) < 0 for all xy € R*. Therefore, by Liouville’s
theorem, we have Ah = ¢; for some ¢y < 0.

Again by applying the mean value theorem and Cauchy Schwartz inequality,

we obtain

IVh[A(x0) < CJC |Vh]?.

9B (xo)

Next, we observe that

VA (x0) < 2[Vweol*(x0) + 2|V (x)
< —2AWeo(xg) + 2|Vo* (x0)

< =2cy = 2A0(xg) + 2|Vl (x0).

We handle the Av term as shown previously. To estimate [Vo[*(xo), we have

1

30ea(y)
ro X0 — ]/|2€ '

1
|Vv|2(x0) < C(f ﬁk(PA;,Ps)eB,wmw))(f k(P4’P3)e3wm(y)) < C
r3 [0 — Yl R3
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This can also be estimated as Av using the same technique. Hence, taking r — oo,
we see that |Vh|* is bounded. Since every partial derivative of & is a harmonic
function, it is contant by Liouville theorem. Therefore, Ah = ¢, = 0, and we can

conclude that 4 is a constant. m|

Now by the above lemma, we have

log 2/(tmk(p4’p3)) 1 |y| O () log2/(teok(p p3))
) = (B < 2 [ log ([, e Ny + Gy

log 2/(teok(p, py))
3

Let Weo(x) = Weo(x) — ( )- The following integral equation holds.

1 yl |
Deo(x) = = | log (—>—)e*™Wdy + C,. 6.2
(x) nsz g(|X—y|) y+Go (6.2)
By Theorem 4.3.3, we have @ (x) = log(#}ﬁqz) for some A > 0. Then, we see
that 27* = |, & = fw e (tmk(;;"w), or [, e = ﬁ > 1. This contradicts
o € < 1. m

The proof of Theorem 1.3.2 is straightforward using Theorem 6.3.1 and Theorem
6.3.2.

Proof of Theorem 1.3.2. To apply the degree theory, we use Theorem 6.3.1 and Theo-
rem 6.3.2. However, unlike the proof of Theorem 1.3.1, we need to use the Hopf’s
strong maximum principle to demonstrate that the degree is well-defined and

invariant with respect to the parameter ¢. |
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Chapter 7

Introduction

7.1 Background

Let (X"*1,0X = M, g+) be a (n+1)-dimensional smooth manifold of dimension with
boundary M. Denote the interior of X as X. Let p be a smooth boundary defining
function. A smooth conformally compact metric ¢* on X is a Riemnnian metric
such that ¢ = p?g, extends smoothly to the closure X for some defining function p

of the boundary M. By definition, p is a function defined on X such that
0<peC®X),p>0inX, p=00onM, Dp # 0on M.

A conformally compact metric g, on X is said to be conformally compact Einstein

(CCE) with conformal infinity (M, [¢]), if g+ is a complete metric in X such that

Ricg, = —ng,

8lm = (ng+)IM € [g].

for a defining function p.

The most commonly used compactifications of the metric g, are the adapted
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compactification g% = p2¢, where s is a real parameter, and the conformal factor
ps is defined through the scattering theory on conformally compact asymptotically
1

Einstein maifolds. Roughly speaking, when 4 < s < n, p, := v;~ where v, is a

positive function satisfying

-A,vs—s(n—s)vs=00on X

vs = Fp" + Gp®, Flom = 10 on X

A rigorous definition of functions F, G defined on X is given in the paper Graham
and Zworski [GZ]. When s = 1, v, has slightly different definition and the com-
pactification in this case is called the Fefferman-Graham compactification. As the
scattering theory is an extremely abundant and extensive field of study, we will
only review facts necessary for our study in this thesis.

We aim to prove Liouville-type theorems for adapted metrics on the upper half-
plane model of standard hyperbolic space (R, R", ¢,) with a designated sign
on the scalar curvature Here, R = {z = (x,y) € R"™!lx € R",y € R,y > 0},
R" :={z = (x,0) € R"!|x e R"} and g, = #Idzlz. As scattering theory is not defined
in the non-compact manifolds case, the adapted metric for (R**!,IR", g, ) is defined

by ¢ == p2g., where p; == vs"%“ for a positive solution v; of the following PDE:

—A,v; —s(n — s)vs = 0 in R™**!
(7.1)

% =1onR" & | = |dx

We prove that ¢¢ = |dz|* under the assumption on the sign of the scalar curvature
of the metric g;. Our Liouville-type theorems are expected to handle the boundary
curvature blow-up to prove compactness results of CCE manifolds with positive
scalar on the conformal infinity. Hence,the assumption on the sign of the scalar

curvature is justified, as it follows from the positivity of scalar curvature of the
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conformal infinity in the CCE case.

7.2 Previous results

Us

yrs e

Lets:=3+y,anda :=1-2yfor0 <y < 3. Define w,; := 1 - The equation

—A,vs—s(n—s)vs = 0on (R™!,R", g, ) can be rewritten with respect to the Euclidean

metric as follows:

Asws =0 (7.2)

The degenerate elliptic operator A, is defined as A,u := div(y*Vu) for a function u.
We assume that w; = 0 on R", which is equivalent to saying that g% := p2g, = vs”%s 9+
satisfies gslrn = |dx[>.

The equation (7.2) appeared in the celebrated paper Caffarelli and Silvestre
[CS] while studying extension problems for fractional Laplacians on the Euclidean
space in the case 0 < y < 1. Later, Yang [Y] generalized the extension problem to
y > 1. We also note that a connection of such extension problems to the conformal
fractional Laplacian and fractional Q,, -curvature has been studied in Case and
Chang [CC].

When y = %, the Liouville-type theorems for the equation (7.2) with the positiv-
ity assumption on the scalar curvature are proved and used in Chang and Ge [CG],
and Chang-Ge-Jin-Qing [CGJQ] to handle the boundary curvature blow-up while
establishing compactness results of CCE manifolds with positive scalar curvature
on the conformal infinity. The readers are referred to [CG, Proposition 4.8] and
[CGJQ, Lemma 5.2] for these special cases.

For more general y, the following Liouville-type theorems are proved in the

work Sire-Terracini-Vita [STV2].
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Theorem 7.2.1. [STV2, Theorem 3.1] Let a € (—1,1), and w be a solution to

Aw = 0in R

w=0o0nR",

and let us suppose that for some d € [0,1 —a), C > 0 it holds

w(z)l < C(1 + [2I)

for every z. Then w is identically zero.

Theorem 7.2.2. [STV?2, Theorem 3.2] Let a € (—o0, 1), and w be a solution to

Aw = 0in R

w=0o0nR",

and let us suppose that for some d € [0,1), C > 0 it holds

w(z)l < Cy*"(1 + |2I)

for every z. Then w is identically zero.

7.3 Main theorems

We now present our main theorems of the second part of the thesis.

The first main result examines the sign of the scalar curvature of adapted metrics

of CCE manifolds in the case y € (0,1). We prove that the sign of the scalar

curvature is the same as the sign of y —  when the conformal infinity has positive

scalar curvature. It is shown in [CC, Proposition 6.4] that the scalar curvature of

the adapted metric is positive if the scalar curvature of the conformal infinity is
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positive for y € [1, 5 +1]. Our result extends the result of [CC] from s € [§ +1,n+1]
to s € (5,1 + 1]. We denote the covariant derivative and the scalar curvature of the

adapted metric g; by V; and R;.

Theorem 7.3.1. Let (X"*',0X = M", ) be a CCE manifold with the conformal infinity
(M, [8]). Suppose the scalar curvature R of (M", 8) is positive. Let 0 < y < 1. Then,
\V:psl? < 1 holds in X. In particular, we have sign(R:) = sign(y — 2.

The above theorem justifies the assumption [V;ps| < 1 for the adapted metrics
gt on (R™1,R", ¢,), and the sign of R; follows from the identity R} = (s — ”T“)%.
Assuming |V;p;| < 1, we have the following Liouville-type theorem for y € (0,1)

which follows directly from Theorem 7.2.2.

Theorem 7.3.2. Let y € (0,1). Suppose v is a positive solution of the PDE —A,v; —s(n —

s)vs = 0 on R™1, Let w, := 1 — yfjis. Assume:
(Dws=00nR" > gl|re = |dx|*.
(2) [Vipsl < 1. This is equivalent to sgn(R) = sgn(y — 3) when y # 3.
(3) ws € HA(R™1).

Then, vs = Y™ or equivalently, ¢& = |dz|*.

The precise definition of the functional space H*(R"*!) is given in the Definition
8.1.1. Roughly speaking, w € H"(R"*!) if the y*-weighted Sobolev norm of w is
locally bounded and the trace of ws on R” vanishes. For y € [1, }), we prove the
following Liouville-type theorem when the scalar curvature of the adapted metric

is non-negative.

Theorem 7.3.3. Let s := 5 +y for somey € [1,3). Suppose vs is a positive solution of the

PDE —A,vs — s(n —s)us = 0 on R, Let ws =1 — yfjis. Assume:

(1) R; is non-negative.
(2) ws € HYO(R™Y).

Then, vs = Yy or equivalently, ¢& = |dz|*.
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For y = 4, corresponding to the Fefferman-Graham compactification, we have:

Theorem 7.3.4. Suppose v is a positive solution of the PDE —A,v —n = 0 on R™*. Let
w =0 - logy. Assume:

(1) R;, is non-negative.

(2) w € HYO(R™).

(3) There exists C, yo > 0 such that |w| < C for y < y,.

Without the assumption on the scalar curvature, v; = y"=° + y° is an another

solution for s < n.
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Chapter 8

Preliminaries

8.1 y’-weighted Sobolev spaces

Let a be a real number. In this section, we review some analytical preliminaries of
y*-weighted Sobolev spaces on R"*!. Denote B} = {z = (x,y) € R""!||z| < r}, and

(@B))* =={z = (x,y) € R™!||z| = r} for r > 0.

Definition 8.1.1. For a real number a, we define

HY"™(R™) :={u € Wll(;}:(]RTl)lf (IVul? + u*)ydz < oo for every r > 0}
Bf

HY R :={u € HY(R™)| For every r > 0, A drhis1, a sequnce of functions
+ + 4 q

in CE(B_;r \ R") s.t. f (IV(u - CPk)|2 + |u— qbklz)y“dz — 0.
B

We have the following inclusion property for H/(R"*).

Proposition 8.1.2. Let a < b be real numbers. Then, we have
Hl,a(]R:1_+l) C Hl,b(]Rr_:fl).

Proof. Let u € H*(R™'). For a r > 0, there exists a sequence of functions {¢; €
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CL(B} \ R")}>1 such that

f (V= PP + lu — P y'dz — 0
B

by definition. We now check that fB:(|VLl|2 +u?)y’dz < oo, and fB:(IV(u — )l + |u—
Or?)yPdz — 0. This will confirm that u € HY/(R"*!).

f (IVul> + u2)ybdz = f (IVul? + uz)ybdz + f (IVul? + uz)ybdz
By Bin{y<1}

Bf n{1<y<r}

< f (\Vul* + u?)y'dz + "™ f (IVul* + u*)y'dz
Bin{y<1} Binf{l<y<r}

< max(l,rb‘“)f (IVul* + u?)y'dz < oo
B
Likewise, we observe

(V@ = ¢l + lu = pul)y'dz < max(1, 7™ f (V@ = @)l + [u — PPy dz.
B} B}

As the right-hand side converges to 0, this concludes the proof. m|

For a € (-1,1) or y € (0,1), the weight y* belongs to the A,-Muckenhoupt
class, and A,-weighted inequalities such as Sobolev embedding, Hardy’s inequal-
ity are well-known. In particular, we recall some Hardy-type inequalities and
corresponding Sobolev trace inequality for a € (—1,1). We include proofs for read-
ers’ convenience and refer to [STV1] and [STV2] for statements for more general

a.

Proposition 8.1.3. (Hardy’s inequality) Let r > 0. For w € C'(B;}) with w(x,0) = 0, we
have following inequalities:
(D) § fp % < . Vol

2) [ % < fy, Va0l
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Proof. Let f € C'([0,1]) for some t > 0 with f(0) = 0. (1) follows from the classical

1-dimensional Hardy’s inequality

£ 2 t
1 [ P < [y 1)

and the Fubini’s theorem,

2
1 f w_ f f wix y) y)dx
4 x| <r O<y< \r2—|x]? y

|0, w(x, y)lzdy)dx

<

~f|:c|<r O<y< \/m

< IVw(x, y)[Pdy)dx = f V).
~f|:c|<r ( »£<y< \/m ) Bf

(2) follows from the Cauchy-Schwarz inequality

2 _ t/ 2 t/2
ﬂﬂ—ﬁﬂf@%)siﬁvwnw. 8.2)

Applying the Fubini’s theorem as above proves the inequality. m]

Proposition 8.1.4. ([STV2, Lemma B.5]) Let a € (—1,1) and r > 0. Forw € C}(B; \ IR"),
we have following inequalities:

(1) Ca fy, yw? < [, vVl

(2) C, f(aB,)+ Yy lw? < fs; Y| Vw]?.

(3) C, fme yw? < rfo+ Y |Vwl.

Here the constants C, depend only on a. They may blow up as |a| — 1.

Proof. Pluging in f = y*/?¢ in the inequality (8.1), we have

1 t t 2
1 fo Y gy dy < fo TV RWP + g W)+ ay g ().

2 t t
< fo y"2g(y)* + Ca) fo '8 (y)’dy.
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by Young’s inequality. As |a| < 1, this gives us

t C £
fo yTgy) dy < f _(ZZ fo y'g (y)'dy. (83)

which proves the inequality (1) by applying the Fubini’s theorem.
For f = y*?¢ in the inequality (8.2), we have

taZ ’ — ’
Pf <t [ TR + g R + o g )y

By applying the inequality (8.3) to the right-hand side, we have

1
a—1 2 C ’ 2
#g(y)? < Ca) fo ye'w)

from which the inequality (2) is claimed.
For (3), we apply the Poincaré-type inequality for v = y*/?w € C}(B} \ R"). From

the Poincaré-type inequality,

Cf vzﬁrf IVol?,
(OB,)* By

we have
2
a
Cf y'w* < rf — YW + Y IVwl® + ay™ wd,w.
(9B,)* By 4

Applying the inequality (1) on the right-hand side gives us the inequality (3). O

62



8.2 Liouville-type theorem

In this section, we present the proof for the Liouville-type theorem for weak solu-

tions of the following degenerate PDE.
Au =0 on R™! (8.4)

Definition 8.2.1. Let a € (-1,1). w € HY(IR"*!) is a weak solution of the (8.4) if

f y'Vw-Vo =0
]R’IH

for every ¢ € C(R"™1).

Observe that H#(IR"*!) is the natural functional space in which weak solutions
of the degenerate elliptic PDE (8.4) reside. As the technique used to prove Theorem

7.2.1 is crucial for our later application, we include the proof.

Theorem 8.2.2. [STV2, Theorem 3.1] Let a € (—1,1). Suppose w € H*(R"*!) is a weak

solution to the PDE A,w = 0 such that w is bounded. Then w = 0.

Proof. Let H(r) = = f(&B - y'w? and E(r) = w4 f+ y*|Vwl?. Note that H(r) and E(r)

are scale invariant in the sense that for any A > 0, we have

1 2

w(2)°dS(z) =

r (aB,)+yﬂ (Fras) (Ar)r+a
1

a 2 _ 1 f a 2
pr fB: Y'IVwl|“(z)dz = —(M)nm_l . (Ay)"|Vwl*(Az)d(Az).

f (Ay)'w(Az)*dS(Az)
(dBar)*
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Applying integral by parts formula, we have

1
H () = — f 19, (w?)
4 (OB,)*
- L f div(y'V (w?)
4 (B))*

2 a
= fa; . VIVl + y'ws(Aw + go’?yw)

= %E(r).

Then by the weighted trace inequality Proposition 8.1.4-(3), H'(r) = %E (r) > %H (r)
for some positive C, > 0. This differential inequality is equivalent to (r"<H(r))’ > 0,

and combining with the fact that w is bounded,

rn+a+C,, yaw2 < f yaw2 < Cf ya — C}’nﬂz.
(@B1)* (9B,)* (@By)*

Taking the limit » — oo, we immediatly see that w = 0.

8.3 Scattering theory on CCE manifolds and adapted
metrics

In this section, we introduce adapted metrics using the scattering theory on CCE
manifolds. For more general statements, readers are referred to [GZ] and [MM].
Lets=7+7.

First, we recall that for a CCE manifold (X, M, ;) with conformal infinity (M, [§]),

there exists a unique defining function x such that

g+ = x72(dx* + gy), with go = ¢
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in a collar neighbourhood of M. x is called the geodesic defining function.
For s € C such that s(n —s) ¢ 0,,(-A;) and f € C*(M), there exists a solution

P(s)f to the Poisson equation
(~Ar = s(n = )P()f) = 0 in X
exists in the form

P(s)f =x""F+x°G if s¢n/2+IN/2

P(s)f = x"2712F + Gx"?*121ogx if s=n/2+1/2,1€ N

where F,G € C*(X) and F|yy = f. The operator $(s) is referred to as the Poisson
operator and is known to be meromorphic in {Res > n/2} with poles only for s
such that s(n —s) € 0,(=A,). The scattering operator, denoted by S(s), is defined
by S(s)f = Glm. The fractional GJMS operator is defined by

L(y) . n

-— 22y =
P(y) =2 1q(_y)S( +)

2

where I' is the Gamma function. Lastly, we note that F has an aymptotic expansion
F=f+ fox*+ fyx* +--- near M.
We now define a family of compactifications parametrized by a real parameter

s := 5 + 7y for a given CCE manifold (X, M, g.).

Definition 8.3.1. For s > 7, s # n,and s(n —s) & 0,,(=A4), let vy := P(s)1. It is known
that vs > 0 by [CC, Lemma 6.1]. Denote p; = vs% The compactified metric g = p2g* is
called the adapted metric.

Fors=mn,letv = —%Is:,ﬂ)(s)l. From [FG, Theorem 4.1], v is a solution to the PDE
~A,v = n. In addition, v —log x is in C3(X) and vanishes on M. The metric ¢* := ¢*°g,

is called the Fefferman-Graham compactified metric.
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8.4 Conformal infinity with positive scalar curvature

In this section, we gather some geometric properties of CCE manifolds when the
compactified metric on the boundary (M, §) has positive scalar curvature. Firstly,
it is known that —A, has no pure point specturm, and hence, the adapted metric is

well-defined for s > g

Theorem 8.4.1. [L, Theorem A] Let (X, M, g+) be a CCE manifold with conformal infinity
(M, [8)). If the Yamabe constant on the boundary is non-negative, then —A, has no L?

eigenfunctions.

For 0 < y < 1, the positivity of the scalar curvature on the conformal infinity

implies the following.

Theorem 8.4.2. [GQ, Theorem 1.2] Let 0 < y < 1. P(y)1 is positive provided that the

scalar curvature R of M is positive.

As P(y) = 2% rr((_yy))s(% + 7) where I'(~y) is negative and I'(y) is positive, we
have the asymptotic formula v; = x"~5(1 + hyx? + - - - ) for some negative function
defined on the boundary. This fact will be used later in the proof of Theorem 7.3.1.

For 1 <y < 2 +1, the positivity of R implies the positivity of scalar curvature

R:.

S

Proposition 8.4.3. [CC, Proposition 6.4] Let (X, M, g.) be a CCE manifold and § be the
compactified metric on the boundary M. Suppose the scalar curvature R of (M", 8) is

positive. Then, R; > 0for1 <y <7 +1.

Finally, for y = 1, R is identically zero. Instead, the positivity of R implies the

following.

Lemma 8.4.4. [WZ, Lemma 5.4] If R > 0, then for y = 1, (HZ%‘“F) >0on X,and R, = 0.
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Chapter 9

Proofs of main results

9.1 Outline of the proofs

To prove Theorem 7.3.1, we claim that 1 — [Vip* > 0 in X for 0 < y < 1. This
is motivated by Lemma 8.4.4. We compute the PDE for (1 ': el ) and apply the
continuity method to this quantity as in the proof of Proposition 8.4.3. Once we
justify the assumption |[V;p,| < 1 for the non-compact setting, it is easy to see that
[Vips| < 1implies that 0 < w; < 1, and 0 < d,w;. Then, Theorem 7.3.2 is a direction
application of Theorem 7.2.1.

For Theorem 7.3.3, we first note that we assume w; € H'O(R"*!) rather than
HY(R™1). Although H*(IR"*!) seems to be a more natural functional space for
weak solutions, the space H'(R"*!) is still sufficient to control the boundary be-
havior of w,. Also note that by Proposition 8.1.2, H(R"*!) ¢ H"(R"*') when
Y23

The quantity - faBm y*w? used in the proof of Theorme 9.1 seems to be not
appropriate as the boundedness of w; does not ensure it is finite when y > 1. This
is the reason that Theorem 7.2.2 assumes |w(z)| < Cy*™ near IR". The idea is to use

the quantity faB - w? instead and show that it satisfies the differential inequality
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inequality H'(r) > SH(r) by utilizing non-negativity of the scalar curvature R;.
Theorem 7.3.4 follows from the same strategy of Theorem 7.3.3 except for that
we need an additional assumption that w is bounded near R" as the non-negativity

of the scalar curvature does not imply w is bounded in this case.

9.2 Proof for Theorem 7.3.1

First we recall some conformal transformation rules for curvature quantities.

Lemma9.2.1. Let 5 <s <nand f; = 1— |V:psl>. Deenote scalar curvature, traceless Ricci
curvature, and Ricci curvature of g; by R}, E:, Ric}, respectively. Then we have following
identities:

(D) Alps = —s(L).

(2)R; = (s — )5

(3) Ex = ~(n = Dp3 (Vi%ps + 557 5:80).

7+l p, 85
() Ric; = (1~ Dp3 (V20 + 2y 2 + (i) L
(5) Rici(V:p, Vi, po) = —(n — 1) S2T0Vin) 4 =8 w15 vep, P,
Proof. See (2.2), (2.3), (4.3), (4.4), and (4.5) of [WZ]. 0

Theorem 9.2.2. Let (X"*,0X = M, g.) be a CCE manifold and § be the compactified
metric on the boundary M. Suppose the scalar curvature R of (M", §) is positive. Let
0<y <1 Then|Vips* <1on X, or sign(R}) = sign(y — %) where V:, R; are the covariant
derivative and the scalar curvature of the adapted metric g

Proof. By straightforward computation utilizing Lemma 9.2.1, it is easy to see that
|2

Vif - 2025 - myf VP

S

Vé{-
Aife = =2IV:2psl + (2s —n + 1) ;ps .

(9.1)

We compute the asymptotic expansion of f;. Let x be the geodesic defining

function, denote g := x?¢, and V be the covariant derivative with respect to g. By
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Theorem 8.4.2,

vs = xX"(1 + hex® +--+)

for some negative function h; on M. By direct computation,

2y+...)

from which we have

fi=1-IVip2=1- (pfprsﬁ
=1-(1 o hs 2?) 21+ + 2)/) 2V)Z

x27+...

Since h; < 0, J;"V is strictly positive on the boundary M. This is the reason we chose
ps’

Next we compute the equation for pr, Using the identity (9.1), it is easy to check

o s 2|V; |2 s “Ps 2
As(ny - (1 =2V pf ( pp)+2 g {M 9.2)

Now we apply the continuity method to prove péj, is positive. Fors = 2 + 1, or

y = 3, it is already known by Lemma 8.4.4. Now we apply the continuity method
to prove the assertion. Since v, is a continuous family, openness follows. For
closedness, suppose f; > 0 and f; = 0 at some point. f; = 0 should be achieved
at an interior point as f; is strictly positive on the boundary due to the asymptotic
expansion. We apply Serrin’s strong maximum principle to the equation (9.2) to

derive a contradiction. Hence f, > 0 in X and the sign of R: follows from the

l)ﬁ

identity R} = (y — 3 ok

O
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9.3 Proofs for Liouville-type theorems

We begin with the following simple implication of the condition 1 — [V:p,*> > 0.

Lemma 9.3.1. Let § < s < nand v, be a positive solution of the PDE

-Ayvs —s(n—s)vs =0

on R such that 1 — |Vipsl* > 0. Let ws :==1— ny‘_S. Assume further that w, = 0 on R".

S

Then, 0 < dyws, and 0 < wy < 1 on RIH.

Proof. Note that 1 — [Vip2 > 0 = Vol <1 = —i5Vol/™) <1
US

where V is the convariant derivative with with respect to the Euclidean metric. In
particular,

Ul/ (n-s) 1

Z > v/ > 8yvsl/ (n=s) = 1/ (”_S)_l(—)8yvs

n—s
from which we obtain (n — s)% > d,vs ass < 1.
Then, we have J,w; = ay(1 - yvn—i) = y,}—,s((n - s)% - dyvs) > 0. w, < 1 follows

from 0 < v; . As ws; = 0 on R" and w; is non-decreasing in the y-direction, w; is

non-negative. O
The integral identity below is the key identity for our proofs

Lemma 9.3.2. Let § < s < nand v, be a positive solution of the PDE
—A s —s(n—s)vs =0

on R such that 1 — |Vips|> > 0. Let ws =1 — yfs_s. Assume w; € HO(R™). Then, for

almost every p > 0, we have

3,(?) = 2 f (Vo = (Vo).
LB»* (B,)* <3/> !
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Proof. Leta = 1 — 2y. By direct computation, the PDE for w, with respect to the
Euclidean metric is

A,ws = 0.

Since this PDE is linear in the interior R"*!, w; is smooth on R"*!. Integral by parts

formula gives us

f 2, (w?) = f div(Vw?) + f 9y w?
(@B Niy>e} B N{y>e} Bf n{y=¢}
= 2f (IVws* + wsAw,) + f 9w’
Bin{y>e} BiN{y=e¢}

= Zf (IVw,|? - (E)w@yws) + f 8yw§
B N{y>e) Yy Bin{y=e}

for small € > 0. As w, € HY(R"*1), j; 28, 10,(w?)| < oo for almost every r by Fubini’s
theorem. For such r, the left-hand side and the first term of the right-hand side
converges to f( . d,(w?) and 2 f(B . (Vs> - (%)wﬁyws) respectively as e — 0 by the
Lebesgue dominated convergence theorem. Let p(€) := me (y=e] |0, w3]. It suffcies to
prove that there exists a sequence €, — 0 such that p(ex) — 0. We observe that
"p(e
P e - f y 10y
B+

0 €

r

< 4[ y2w? + Vg < Cf [Vaw,|* < oo
B B}

r r

by (1) of Proposition 8.1.4. If there exists 6,€” > 0 such that p(e) > 6 for every e < €/,

f@dezféde:oo
o € o €

which is a contradiction. Hence, there exists a sequence €, — 0 such that p(ex) — 0

then

and the proof is complete. m|

Now we are ready to prove our desired Liouville-type theorems.
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Proof of Theorem 7.3.2. By direct computation, the PDE for w, with respect to the
Euclidean metric is

A,ws = 0.

Observe that 0 < w; < 1 by Lemma 9.3.1. As w, € H*(R"*!), and 0 < w; < 1 we

may apply Proposition 9.1 to conclude w; = 0, or v, = y"~*. O

Proof of Theorem 7.3.3. Firstly, 0 < d,w,, and 0 < w, < 1 by Lemma 9.3.1. Let H(r) =

L f@Br)* w? and E(r) = 55 fB; I[Vw,|*>. Note that H(r) and E(r) are scale invariant.

Applying Lemma 9.3.2, we obtain the following inequality for almost every r > 0.

HO =% [ o)
rn (9B,)*

2 a
= Vw,* — (= )w.d
e Wﬂ w| (y)ws ys)

%[ ek =2E0
n—1
r (B,)* r

where we use w;, d,w; > 0 at the last inequality. Then by (3) of Proposition 8.1.4,

>

H'(r) > %H (r) for a.e. r. Integrating this differential inequality, and using the fact

o f w? < f w? < f =Cr"
(9B1)* (9B,)* (G

Taking the limit r — oo, we immediatly see that w, = 0 O

w, is bounded,

Below is for y = 4, or the Fefferman-Graham compactification.

Proof of Theorem 7.3.4. w satisfies followings:

dyw

Aw = (n-1) 7

Aw + (51) VP < 0

w = 0on R".
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The non-negativity of scalar curvature implies that

n

n-1 2 8y_w —1 2 _ 1 ay_w
02 Aw + (—=)IVal* 2 (n - 1) y +( )d,wl* = (n 1)8yw(y+ > )

Thus, we have 0 > d,w > —ﬁ and since w is bounded near IR", it is easy to see that

—C(log(y + 1) + 1) < w < 0 for some constant C > 0.

Let H(r) = & f( 28" w? and E(r) = 75 fB; I[Vw|?>. Note that H(r) and E(r) are scale

invariant. Applying integral by parts formula,

1
H() =L f 3,(a?)
™ Jos,+
2 1
== IVl + (n — Dw(=d,w)
™ Js,)r y
2 2
> | voP = ZE@)
" Je) r

where we used w, d,w < 0 at the last inequality. Then by Sobolev trace inequality,
H'(r) > %H (r) for some C, > 0. Integrating this differential inequality, and using

the lower bound of w, we have

PG f w* < f w* < Cf (1+log(y +1))* < Cef (y*+1)
(9B1)* (9B)* (9B,)* (9B)*

for some 0 < € < C, and C, > 0. Taking the limit r — oo, this shows w = 0.
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