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Abstract

In this thesis, divided into two parts, we explore two distinct types of elliptic par-

tial differential equation (PDE) problems in conformal geometry. In the first part

of thesis, we prove that any closed Riemannian manifold with positive Yamabe

invariant and total Q-curvature can be conformally deformed into a metric with

positive scalar curvature and constant Q-curvature. Moreover, we derive analo-

gous results for the Q-curvature and T-curvature of a Riemannian manifold with

umbilic boundary, subject to the condition that the first Yamabe constant and total

(Q,T)-curvature are positive. The proof utilizes on the method of continuity and

the Leray-Schauder degree theory. In the second part, we prove that the zero func-

tion is the sole solution to a certain degenerate PDE defined in the upper half-space

under some geometric assumptions. This result implies that the Euclidean metric is

the only adapted compactification of the standard half-plane model of hyperbolic

space when the scalar curvature of the compactified metric has a certain sign.
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Part I

Uniformization Theorems for the

Q-curvature and the T-curvature
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Chapter 1

Introduction

1.1 Background

In conformal geometry, the Q-curvature of a 4-dimensional Riemannian manifold

(M, g) is a curvature invariant associated to the Paneitz operator P4. They are

defined respectively by

Q =
1

12
(−∆R + R2

− 3|Ric|2) (1.1)

P4φ = ∆2φ − div(
2
3

Rg − 2Ric)dφ (1.2)

for any smooth function φ on M. Here, R is the scalar curvature, Ric is the Ricci

curvature, ∆ is the Laplace-Beltrami operator, and div is minus of the adjoint of the

exterior derivative d. Let gw B g2wg be the conformally deformed metric where

w is a smooth function on M. The Paneitz operator the Q-curvature exihibit the

following conformal covariance property:

(P4)w = e−4wP4, P4w + 2Q = 2Qwe4w
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where (P4)w and Qw are the Paneitz operator and the Q-curvature for the metric

gw. They are defined in any dimensions greater than or equal to three as discussed

in [HY] and other related references. However, an especially interesting aspect

in dimension four is that Q-curvature is related to the topology of M through the

Chern-Gauss-Bonnet formula:

∫
M

(Q +
|W|2

8
)dV = 4π2χ(M),

where W is the Weyl curvature and χ(M) is the Euler characteristic of M. The total

Q-curvature defined by kp B
∫

M
QdV is a conformal invariant.

The study of the analytic aspects and applications to geometry and topology of

the Q-curvature and the Paneitz operator has been a topic of extensive research in

recent decades. Notable works in this field include Chang and Yang [CY], Chang-

Gursky-Yang [CGY], Djadli and Malchiodi [DM], Gursky [G1], [G2], and Malchiodi

[M].

In the context of manifolds with boundary, represented as (M, ∂M, g), a natural

boundary operator P3 and its associated curvature invariant, the T-curvature, have

been introduced by Chang and Qing [CQ1] and [CQ2]. They are defined as follows:

P3φ =
1
2
∂∆φ

∂n
+ ∆ĝ

∂φ

∂n
− 2H∆̂φ + L(∇̂φ, ∇̂φ) + ∇̂H · ∇̂φ + (F −

R
3

)
∂φ

∂n
(1.3)

T = −
1

12
∂R
∂n

+
1
2

R ·H − 〈G,L〉 + 3H3
−

1
3

Tr(L3) + ∆̂H (1.4)

for any smooth function φ on M. Here, ∆̂, ∇̂ are the Laplace-Beltrami operator and

covariant derivative with respect to the induced metric on the boundary ĝ = g|∂M. L

is the second fundamental form of the boundary, H is the mean curvature, F = Ranan,

〈G,L〉 = RanbnLab where n is the inward normal vector field along the boundary and

a, b denote tangential components along the boundary.

3



They also have the conformal covariance property,

(P3)w = e−3wP3,P3w + T = Twe3w. (1.5)

In four dimensions, we the have the following Chern-Gauss-Bonnet formula in-

volving Q-curvature and T-curvature:

∫
M

(Q +
|W|2

8
)dVg +

∮
∂M

(T − L4 − L5)dSg = 4π2χ(M) (1.6)

whereL4 andL5 are curvature quantities defined explicitly in [CQ1]. As we will be

focusing on manifolds with totally geodesic boundary in this paper, the pointwise

conformally invariant quantity (L4 +L5)dSg is not relevant to our discussion as it

vanishes in such cases. Also note that the total (Q,T)-curvature k(P4,P3) B
∫

M
QdV +∮

TdS is a conformal invariant.

It is worth noting that the Q-curvature, and T-curvature serve as a four-

dimensional analogue of the Gaussian curvature and geodesic curvature of Rie-

mannian surfaces with boundary. This is due to the conformal covariance property

of the Laplace-Beltrami operator ∆, Gaussian curvature K, and geodesic curvature

k of a Riemannian surface (S, g) with boundary. for a smooth function w on S, we

have:

∆w = e−2w∆,
∂
∂nw

= e−w ∂
∂n

in S,

−∆w + K = Kwe2w,
∂w
∂n

+ k = kwew on ∂S.

Here, ∆w, Kw and nw are the Laplace-Beltrami operator, Gaussian curvature and

the normal vector along the boundary of the metric gw B e2wg. The Chern-Gauss-

Bonnet formula, incorporating the Q-curvature and T-curvature in four dimen-
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sions, serves as a natural extension of the Gauss-Bonnet formula given below:

∫
S

KdV +

∫
∂S

kdS = 2πχ(S).

The uniformization theorem for Q-curvature, as well as for manifolds with a

boundary in terms of the pair (Q,T), is a natural consideration. This topic was

initially explored for closed manifolds in [CY], and further examined in more

general cases in [DM]. Research on uniformization theorems for (Q,T)-curvature

has been conducted in works by Catino and Ndiaye [CN], as well as by Ndiaye in

[N1] and [N2].

In this part of the thesis, we present a stronger uniformization theorem that not

only controls the Q-curvature, but also the sign of the scalar curvature under the

condition that the Yamabe constant and total Q-curvature are positive.

1.2 Previous results

In this section, we review previous results regarding the uniformization theorem

for Q-curvature in the case of closed manifolds and for (Q,T)-curvature in the case

of compact manifolds with boundary.

In the pioneering work Chang and Yang [CY], the following theorem is proved.

Theorem 1.2.1. [CY, Theorem 1.2] When kp < 8π2, assume that P4 is a non-negative

operator with the kernel of P4 consisting of constant functions. Then, there eixsts w such

that Qw = kpVol(gw)−1.

In subsequent work by [G2], it is proved then under the assumption that the

Yamabe constant, which is defined as

Y(M, [g]) = inf
g̃∈[g]

∫
M

R̃dVolg̃

Vol(M, g̃) 1
2

,

5



and the total Q-curvature kp are non-negative, P4 is non-negative with Ker P4 =

{constants} and kp ≤ 8π2 with kp = 8π2 if and only if (M, g) is conformally equivalent

to the standard sphere. Thus, the uniformization theorem is obtained for the case

Y(M, [g]) ≥ 0 and 0 ≤ kp < 8π2 by Theorem 1.2.1. The Y(M, [g]) ≥ 0 and kp = 8π2

case is also solved, as the standard sphere has constant Q-curvature.

A uniformization theorem addressing more general cases, without requiring

positivity assumptions on conformal invariants, has been proved in [DM].

Theorem 1.2.2. [DM, Theorem 1.1] Suppose Ker P4 = { constants }, and assume that

kp , 8kπ2 for k = 1, 2, · · · . Then (M, g) admits a conformal metric with constant Q-

curvature.

They utilize topological methods and min-max schemes in their approach, and

the following compactness theorem plays a crucial role in their work.

Theorem 1.2.3. [M, Theorem 1.1] Suppose Ker P4 = {constants} and that {ul}l is a sequence

of solutions of

P4ul + 2Ql = 2kle4ul ,

∫
M

e4uldV = 1

with {Ql}l satisfying Ql → Q0 in C0(M). Assume also that kp , 8kπ2 for k = 1, 2, · · · .

Then {ul}l is bounded in Cα(M) for any α ∈ (0, 1).

For manifolds with umbilic boundary, Catino and Ndiyae [CN] has a result

anologous to Theorem 1.2.1. Recall that the first Yamabe invariant for a manifold

with boundary is defined as

Y(M, ∂M, [g]) = inf
g̃∈[g]

∫
M

R̃dVolg̃ +
∮
∂M

HdSg̃

Vol(M, g̃) 1
2

.

When k(P4,P3) ≥ 0 and Y(M, ∂M, [g]) > 0, the operator P4 defined on the set {u ∈

W2,2(M)|∂u
∂n = 0 on ∂M} is non-negative, and Ker P = {constants} by Proposition 5.1

of [CN]. In addition, we have k(P4,P3) ≤ 4π2 with k(P4,P3) = 4π2 if and only if (M, ∂M, g)

6



is conformally equivalent to the standard hemisphere by Lemma 5.2 of [CN]. As

an application of these observations, their theorem implies the following:

Theorem 1.2.4. [CN, Corollary 1.10] Let (M, ∂M, g) be a compact four-dimensional Rie-

mannian manifold with umbilic boundary. Assume k(P4,P3) ≥ 0 and Y(M, ∂M, [g]) > 0.

Then for every non-negative numbers c1 and c2, M carries a metric conformal to g with

Q ≡ c1 and T ≡ c2 and zero mean curvature.

Ndiyae [N1] and [N2] has established the extensions of the Theorem 1.2.2 for

manifolds with boundary.

Theorem 1.2.5. [N1, Theorem 1.1] Suppose the kernel of the operator P4 defined on the

set {u ∈ W2,2(M)|∂u
∂n = 0 on ∂M} is {constants}. Then, assuming k(P4,P3) , 4kπ2 for

k = 1, 2, · · · , we have that (M, g) admits a conformal metric with constant Q-curvature,

zero T-curvature and zero mean curvature.

Theorem 1.2.6. [N2, Theorem 1.2] Suppose the kernel of the operator P4 defined on the

set {u ∈ W2,2(M)|∂u
∂n = 0 on ∂M} is {constants}. Then, assuming k(P4,P3) , 4kπ2 for

k = 1, 2, · · · , we have that (M, g) admits a conformal metric with constant T-curvature,

zero Q-curvature and zero mean curvature.

1.3 Main theorems

We will first provide a brief explanation of the motivation behind our study, fol-

lowed by a statement of the main theorems.

It is well known that for a closed Riemannian manifld, the Yamabe constant

is known to be positive if and only if there exists a metric in the conformal class

[g] with positive scalar curvature. In dimensions greater than or equal to 6, it has

been established that the existence of a conformal metric with positive scalar and

Q-curvature is equivalent to the positivity of both the Yamabe invariant and the

7



Paneitz operator, as shown in Gursky-Han-Lin [GHL]. In dimension 4, we prove a

stronger statement, namely that if the both Y(M, [g]) and kp are positive, then there

exists a conformal deformormation of the metric with constant Q-curvature and

positive scalar curvature.

Theorem 1.3.1. Let (M, g) be a four-dimensional closed manifold with conformal invari-

ants kp and Y(M, [g]) positive. Then there exists a conformal deformation w such that Qw

is constant, and Rw > 0.

Below, we state our main theorem regarding manifolds with umbilic boundary

and positive conformal invariants k(P4,P3) and Y(M, ∂M, [g]).

Theorem 1.3.2. Let (M, ∂M, g) be a compact manifold with umbilic boundary and positive

conformal invariants k(P4,P3) and Y(M, ∂M, [g]). Then there exist conformal deformations

w1 and w2 such that
Qw1 ≡

k(P4 ,P3)

Vol(M,gw1 ) , Rw1 > 0 on M

Tw1 ≡ 0, Hw1 ≡ 0 on ∂M
and


Qw2 ≡ 0, Rw2 > 0 on M

Tw2 ≡
k(P4 ,P3)

Vol(∂M,gw2 ) , Hw2 ≡ 0 on ∂M.

Note that an umbilic boundary can always be conformally deformed to totally

geodesic boundary. Therefore, we can assume that the background metric has a

totally geodesic boundary.

1.4 Outline of the proofs

We shall now outline our strategy for proving the main theorems, which involves

two primary steps.

The first step is to deform the background metric using the continuity method so

that both the scalar curvature and the Q-curvature are pointwise positive. Specifi-

cally, we will prove the following two theorems.

8



Theorem 1.4.1. Let (M, g0) be a closed manifold with conformal invariants kp and

Y(M, [g0]) positive. Then, there exists a conformal deformation w such that Qw > 0

and Rw > 0.

Theorem 1.4.2. Let (M, ∂M, g0) be a compact manifold with umbilic boundary and the

conformal invariants k(P4,P3) and Y(M, ∂M, [g0]) positive. Then, there are conformal defor-

mations w1,w2 with following properties
Qw1 > 0,Rw1 > 0 on M

Tw1 = 0,Hw1 = 0 on ∂M
and


Qw2 = 0,Rw2 > 0 on M

Tw2 > 0,Hw2 = 0 on ∂M

The method of continuity is applied to critical points of suitable linear com-

binations of functionals defined in [BO] for the case of closed manifolds. These

functionals appeared while computing explicit formulas for functional determi-

nants of conformally covariant operators in 4-dimensional Riemannian manifolds

and have been studied in [CY], [CGY] and [G2] to derive interesting geometric

results. For manifolds with boundary, we consider linear combinations functionals

appeared in [CQ1] and [CQ2]. The crucial ingredient is that the positivity of scalar

curvature can be preserved throughout this process. The definitions of function-

als we are considering are provided in Chapter 2, while the proofs applying the

method of continuity can be found in Chapter 3 for closed manifolds and Chapter

5 for compact manifolds with boundary.

The second step in our strategy is to apply the Leray-Schauder degree theory

to a one-parameter family of fourth-order equations to establish the existence of

conformal metrics desired in the main theorems. As the approach for manifolds

with totally geodesic boundary is similar to that of closed manifolds, we will only

describe the closed manifold case. The proof of this step is detailed in Chapter 4

for closed manifolds and in Chapter 6 for compact manifolds with totally geodesic

boundary.

9



We consider equations of the form

P4wt = 2tkpe4wt − 2tQ (1.7)

with the constraint Rwt > 0, where t ∈ [0, 1]. The compactness result is an essential

part that ensures the well-definedness of the degree, and once we establish it, the

remainder of the proof is straightforward. Instead of directly invoking Theorem

1.2.3, we offer an alternative approach for the compactness theorem under our

assumptions. The proof emplys the concept of normal metrics for R4, which is

defined in [CQY]. A blow-up analysis shows that the limit conformal factor w∞ on

R4 satisfies Rw∞ ≥ 0. Then, according to the result of [CQY], w∞ is normal, or in

simpler terms, the PDE for w∞ is transformed into an integral equation of the form

w∞(x) =
3

4π2

∫
R4

log
|y|
|x − y|

Qw(y)e4w∞(y)dy + C.

The proof for the compactness of solutions is concluded by the classification result

for solutions of the above integral equation by Xu [X]. Finally, in the last section of

Chapter 4, we will discuss an example that illustrates a limitation of the method of

continuity when it comes to proving Theorem 1.3.1.

10



Chapter 2

Preliminaries

2.1 Functionals defined in closed manifolds

In this section, we define linear combinations of some functionals studied in [BO],

[CY] and [CGY]. We will also recall some basic properties for critical points of such

functionals. Thoughout this chapter and the next, we will assume that (M, g0) is

a closed manifold with kp =
∫

M
Q0dV0 > 0 and Y(M, [g0]) > 0. According to [G2,

Theorem B], we have kp ≤ 8π2, and if kp = 8π2, then M is conformally equivalent to

the standard sphere S4. Therefore, we may assume that kp < 8π2. Additionally, we

will fix the background metric to be a Yamabe metric so that R0 is constant.

Definition 2.1.1. Let η be a fixed (0, 2)-tensor defined on M with |η|20 > 0 everywhere. We

define some functionals as follows:

I[w] =

∫
4|η|20wdV0 − (

∫
|η|20dV0) log

?
e4wdV0

II[w] =

∫
w(P4)0wdV0 +

∫
4Q0wdV0 − kp log

?
e4wdV0

=

∫ [
(∆0w)2 +

2
3

R0|∇0w|2 − 2Ric0(∇0w,∇0w) + 4Q0w
]
dV0 − kp log

?
e4wdV0

III[w] =
1

36
(
∫

R2
wdVw −

∫
R2

0dV0) =

∫ [
(∆0w + |∇0w|2)2

−
1
3

R0|∇0w|2
]
dV0

11



In Chapter 3, we will study critical points of the following one-parameter of

family of functionals

Ft[w] B γ(t)I[w] + tII[w] + (1 − t)III[w] (2.1)

where γ(t) =
−tkp∫
|η|20dv0

. We compute the Euler-Lagrange equation of for a critical point

wt of Ft and present its weak formulation.

Proposition 2.1.2. The Euler-Lagrange equation for a critical point wt and its correspond-

ing metric gt B e2wt g0 of this functional is given by:

γ(t)|η|2t + tQt +
(1 − t)

12
(−∆tRt) = 0. (∗)t

Proof. For the computation of the Euler-Lagrange equation, we refer the readers to

the proof of [CY, Theorem 1.1]. �

Proposition 2.1.3. Let wt be a critical point of the functional Ft. Then we have

∫
∆0wt∆0φ + 2(1 − t)(∇0wt · ∇0φ)(∆0wt + |∇0wt|

2) + (1 − t)|∇0wt|
2∆0φ

= −(t −
1
3

)
∫

R0∇0wt∇0φ − 2tRic0(∇0wt,∇0φ) −
∫

(2tQ0 + 2γ(t)|η|20)φ (2.2)

for any φ ∈W2,2(M).

2.2 Functionals defined in manifolds with boundary

In this section, we define linear combinations of some functionals studied in [CQ1]

and [CQ2] and recall some basic properties for critical points of such functionals.

Throughout Chapter 2 and 5, we assume that (M, ∂M, g0) is a compact manifold

with totally geodesic boundary, such that k(P4,P3) =
∫

Q+
∮

T > 0 and Y(M, ∂M, [g0] >

12



0. According to [CN, Lemma 5.2], we have k(P4,P3) ≤ 4π2, with kp = 4π2 if and only

if M is conformally equivalent to S4
+ with the standard metric. Consequently, we

may assume that k(P4,P3) < 4π2.

Furthermore, by [E, Theorem 6.1], we can assume that the background metric

R0 is the boundary Yamabe metric and that the boundary is totally geodesic. In

particular, R0 is constant. For manifolds with totally geodesic boundary, we have

simplified expressions for the functionals considered in [CQ1] and [CQ2]. The

expressions (1.3) and (1.4) are simplified to P3w = 1
2
∂∆w
∂n for ∂w

∂n = 0, and T = − 1
12
∂R
∂n .

Definition 2.2.1. Let η1 be a fixed (0, 2)-tensor defined on M with |η1| > 0 everywhere. In

addition, let η2 be a fixed (0, 2)-tensor defined on ∂M with |η2|g0|∂M > 0 everywhere on ∂M.

We define:

I[w] =

∫
4|η1|

2
0wdV0 − (

∫
|η1|

2
0dV0) log

?
M

e4wdV0

Ib[w] =

∮
3|η2|

3
2
0 wdV0 − (

∮
|η2|

3
2
0 dV0) log

?
∂M

e3wdV0

IIb[w] =

∫ (
wP4w + 4Q0w

)
dV0 +

∮
∂M

(
2wP3w + 4T0w

)
dS0

=

∫ [
(∆0w)2 +

2
3

R0|∇0w|2 − 2Ric0(∇0w,∇0w) + 4Q0w
]
dV0 +

∮
∂M

4T0wdS0

III[w] =
1

36
(
∫

R2
wdVw −

∫
R2

0dV0) =

∫ [
(∆0w + |∇0w|2)2

−
1
3

R0|∇0w|2
]
dV0

Here, we have used the same notations for I[w], III[w] because the expressions are the same

as in the closed manifold case. Also note that T0 ≡ 0 as R0 is constant.

We recall the following useful lemma for our computations from now on. Note

that R0 is constant in our case.

Lemma 2.2.2. [CN, Lemma 2.10] Let (M, ∂, g0) be a Riemannian manifold with totally

geodesic boundary. If u is a C2 function with ∂u
∂n0

= 0, then ∂|∇0u|2

∂n0
= 0, and Ric0(n0,∇0u) = 0

on the boundary ∂M.

13



In the next Chapter, we will apply the method of continuity for the following

two problems as a preliminary step for proving Theorem 1.3.2. The computations

to derive Euler-Lagrange equations and weak formulations for critical points are

identical to that of Proposition 2.1.2 and Proposition 3.2.1 except for the additional

boundary terms that need to be handled.

Problem 1: We would like to find a conformal deformation w1 such that



Qw1 > 0 on M

Rw1 > 0 on M

Tw1 = 0 ⇐⇒ ∂∆0w1
∂n0

= 0 on ∂M

Hw1 = 0 ⇐⇒ ∂w1
∂n0

= 0 on ∂M.

Our strategy is to find a one-parameter family of critical points wt of functionals

F1
t [w] B γ1(t)I[w] + t(IIb[w] − k(P4,P3)) log

?
e4wdv0) + (1 − t)III[w]

defined on the set {w ∈ W2,2(M)| ∂w
∂n0
≡ 0}, using the method of continuity. Here,

γ1(t) =
−tkp∫
|η1|

2
0dV0

.

The Euler Lagrange equation for a critical point of the functional F1
t is


γ1(t)|η|2t + tQt + (1−t)

12 (−∆tRt) = 0

Tt = 0

Ht = 0

(?)t

Obviously Ht = 0 is automatically satisfied since ∂w
∂n0

= 0. The weak formulation of

14



the above equation is

∫
∆0wt∆0φ + 2(1 − t)(∇0wt · ∇0φ)(∆0wt + |∇0wt|

2) + (1 − t)|∇0wt|
2∆0φ

= −(t −
1
3

)
∫

R0∇0wt∇0φ − 2tRic0(∇0wt,∇0φ) −
∫

(2tQ0 + 2γ1(t)|η1|
2
0)φ (2.3)

for any φ ∈W2,2(M) with ∂φ
∂n0
≡ 0.

Problem 2: We would like to find a conformal deformation w2 such that

Qw2 = 0 ⇐⇒ (P4)0 + 2Q0 = 0 on M

Rw2 > 0 on M

Tw2 > 0 on ∂M

Hw2 = 0 ⇐⇒ ∂w2
∂n0

= 0 on ∂M.

Likewise, our strategy is to find a 1-parameter family of critical points wt of

functionals

F2
t [w] B γ2(t)Ib[w] + t(IIb[w] −

4
3

k(P4,P3) log
?
∂M

e3w) + (1 − t)III[w]

defined on the set {w ∈W2,2(M)| ∂w
∂n0
≡ 0}. Here, γ2(t) =

−4tk(P4 ,P3)

3
∮
|η2|

3/2
0 dS0

.

The Euler Lagrange equation for for a critical point of the functional F2
t is


tQt + (1−t)

12 (−∆tRt) = 0

Tt = −3
4γ2(t)|η2|

3
2
t

Ht = 0

(†)t

15



The weak formulation of the above equation is

∫
∆0wt∆0φ + 2(1 − t)(∇0wt · ∇0φ)(∆0wt + |∇0wt|

2) + (1 − t)|∇0wt|
2∆0φ

= −(t −
1
3

)
∫

R0∇0wt∇0φ − 2tRic0(∇0wt,∇0φ) −
∫

2tQ0φ −
3
2
γ2(t)

∮
|η2|

3
2
0φ (2.4)

for any φ ∈W2,2(M) with ∂φ
∂n0
≡ 0.
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Chapter 3

Application of the continuity method:

closed manifols

3.1 Existence of a minimizer at t = 2
3

In this chapter, we apply the method of continuity to a one-parameter family of

functions:

Ft[w] B γ(t)I[w] + tII[w] + (1 − t)III[w] (3.1)

for t ∈ [2
3 , 1]. Note that at t = 1, the Euler-Lagrange equation (∗)t implies that

Q1 = −γ(1)|η|21 > 0. The choice of 2
3 as the starting point is motivated by the

following lemma.

Lemma 3.1.1. [G1, Lemma 1.2] Let (M, g) be a four-dimensional compact Riemannian

manifold. Suppose that the scalar curvature R of g satisfies

∆R −
1
6

R2
≤ 0. (3.2)

Then

(1) if Y(M, [g]) > 0, R > 0 on M.

17



(2) if Y(M, [g]) = 0, R ≡ 0 on M.

By using the above lemma we can prove that for any critical point of F 2
3
, the

deformed metric has positive scalar curvature. Later, we will prove that the posi-

tivity of the scalar curvature is preserved as we apply the continuity method. Let

t0 = 2
3 .

Lemma 3.1.2. There exsits a smooth minimizer wt0 of Ft0 . For wt0 , Rt0 is positive.

Proof. In [G2, Theorem A], it is proved that (P4)0 is non-negative operator on

W2,2(M) which also implies that
∫

M
w(P4)0w ≥ C||w −

>
M

w||W2,2(M) for some constant

C. Furthermore,
>

R2
wdVw ≥ (

>
RwdVw)2

≥ (
>

R0dV0)2 =
>

R2
0dV0. Here, we used the

fact that the Yamabe metric minimizes the total scalar curvature when the volume

is fixed. Note that there is no
∫

M
e4wdV0 term in the functional Ft0 due to our choice

of γ(t0). Therefore Ft0 is bth bounded below and coercive, allowing us to find a

minimizer wt0 with the normalization
∫

wt0dV0 = 0. wt0 is smooth by [UV].

From the equation (∗)t, we have

−∆t0Rt0 +
1
6

R2
t0

= −12γ(
2
3

)|η|2t0
+ 2|Et0 |

2 > 0.

where Et0 is the traceless part of the Rict0 . By applying Lemma 3.1.1, we deduce

that Rt0 is positive.

�

3.2 Uniform W2,2(M)-estimate for critical points

In this section, we observe that any critical point wt of Ft with Rt > 0.satisfies

||wt||W2,2 < C for some constant independent of t for 2
3 ≤ t ≤ 1. This fact will be used

to prove closedness part when we apply the method of continuity in Section 3.
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Proposition 3.2.1. Let wt be a critical point of the functional Ft with normalization

wt B
>

wtdV0 = 0 for 2
3 ≤ t ≤ 1. Assume Rt > 0. Then, ||wt||W2,2 < C where C is a

constant independent of t.

Proof. Substituting φ = wt in (2.2), we have

∫
(∆0wt)2 + (1 − t)[3|∇0wt|

2∆0wt + 2|∇0wt|
4]

= −(t −
1
3

)
∫

R0|∇0wt|
2 + 2t

∫
Ric0(∇0wt,∇0wt) −

∫
(2tQ0 + 2γ(t)|η|20)wt

Recall the scalar curvature equation:

∆0wt + |∇0wt|
2 +

1
6

Rte2wt =
1
6

R0.

As Rt > 0, we have
∫

M
|∇0wt|

2 =
∫

M
∆0wt + |∇0wt|

2 < 1
6

∫
M

R0 which is an uniform

bound on
∫
|∇0wt|

2.

By Young’s inequality, we have a2 + 3(1 − t)ab + 2(1 − t)b2
≥ [1 − 9(1−t)

8 ]a2
≥

3
8a2

for any real number a, b and t ≥ 2
3 . Applying this inequality to the left-hand side,

we obtain:

∫
(∆0wt)2 + (1 − t)[3|∇0wt|

2∆0wt + 2|∇0wt|
4] ≥

3
8

∫
M

(∆0wt)2.

For the right-hand side, we observe:

− (t −
1
3

)
∫

R0|∇0wt|
2 + 2t

∫
Ric0(∇0wt,∇0wt) −

∫
(2tQ0 + 2γ(t)|η|20)wt

≤ 2t|Ric0|L∞

∫
|∇0wt|

2
−

∫
(2tQ0 + 2γ(t)|η|20)(wt − wt)

≤ C
∫
|∇0wt|

2 +
1
2

∫
(2tQ0 + 2γ(t)|η|20)2 +

1
2

∫
(wt − wt)2

≤ C
∫
|∇0wt|

2 + C.
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In the last line, we used the Poincaré’s inequality. As wt =
>

wt = 0, this gives us a

upper bound on the full W2,2(M)-norm of wt. �

3.3 Positivity of the linearizd operator

In this section we establish positivity of linearized operators of the equation (∗)t.

Let wt be a critical point of the functional Ft defined in equation (2.1), and let

gt = e2wt g0 be the corresponding metric. Denote the linearization of the equation

(∗)t at gt by Lt. When Lt is restricted to the Hölder space C4,α(M) for 0 < α < 1,

Lt : C4,α(M) → Cα(M) is a bounded linear operator. The explicit formula for Lt is

derived in the proof of [CY, Theorem 2.1] and is as follows.

〈Ltφ,φ〉 = t〈(P4)tφ,φ〉 + (1 − t)
[ ∫

(∆tφ)2
−

1
3

∫
Rt|∇tφ|

2
]

(3.3)

for φ ∈ W2,2(M). To prove the opennes part of the continuity method, we need to

prove that ker Lt is trivial when the scalar curvature Rt is positive.

Lemma 3.3.1. Let wt be a critical point of the functional (2.1) with positive scalar curvature

Rt where 2
3 ≤ t ≤ 1. Then, Lt is a non-negative operator on W2,2(M) and ker Lt ' R.

Remark. The proof uses the same techiniques appeared in [G2, Lemma 3.1] and [CGY,

Lemma 4.2]. The only difference is that the ratio between the coefficients of II[w] and III[w]

in the functional being considered lies in a different interval.

Proof. Denote the traceless part of the Ricci cuvature of the metric gt by Et. Let

φ ∈W2,2(M). The equation (∗)t is rewirtten as

−∆tRt +
t
4

R2
t − 3t|Et|

2 = −12γ(t)|η|2t > 0. (3.4)
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We have the following inequality using the equation (5.1)

−4
∫

Et(∇tφ,∇tφ) ≥
∫
−2
√

3|Et||∇tφ|
2

≥

∫
−2ε

( √3
2

)2 |Et|
2

Rt
|∇tφ|

2
− 2ε−1Rt|∇tφ|

2

≥
ε
2t

∫
∆tRt

Rt
|∇tφt|

2
−

(ε
8

+
2
ε

) ∫
Rt|∇tφ|

2.

where ε is a positive number to be determined later.

In addition, we have

∫
∆tRt

Rt
|∇tφ|

2 =

∫
−∇tRt · ∇t(R−1

t )|∇tφ|
2
−
∇tRt

Rt
· ∇t|∇tφ|

2

=

∫
|∇tRt|

2

R2
t

|∇tφ|
2
− 2∇2

tφ
(
∇tφ,

∇tRt

Rt

)
≥

∫
|∇tRt|

2

R2
t

|∇tφ|
2
−

∫ [
|∇

2
tφ|

2 +
|∇tRt|

2

R2
t

|∇tφ|
2
]

= −

∫
|∇

2
tφ|

2

=

∫
−(∆tφ)2 + Et(∇tφ,∇tφ) +

1
4

Rt|∇tφ|
2.

In the last line, we used the Bochner formula.

Combining above inequalities, we get

−4
∫

Et(∇tφ,∇tφ) ≥ −
ε
2t

∫
(∆tφt)2 +

ε
2t

∫
Et(∇tφ,∇tφ) −

(ε
8

+
2
ε
−
ε
8t

) ∫
Rt|∇tφ|

2.

Hence we have

(−4 −
ε
2t

)
∫

Et(∇tφ,∇tφ) ≥ −
ε
2t

∫
(∆tφ)2 +

( ε
8t
−
ε
8
−

2
ε

) ∫
Rt|∇tφ|

2. (3.5)

By plugging the inequality (3.5) into the right hand side of the equation (3.3),

we have
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〈Ltφ,φ〉 =

∫
(∆tφ)2

− 2t
∫

Et(∇tφ,∇tφ) + (
1
2

t −
1
3

)
∫
|∇tφ|

2

≥ C1(ε)
∫

(∆tφ)2 + C2(ε)
∫

Rt|∇tφ|
2

where C1(ε) = (1 − ε
4+ ε

2t
) and C2(ε) = 1

2 t − 1
3 − ( 2t

4+ ε
2t

)( ε8 + 2
ε −

ε
8t ).

Now we check that we can choose ε so that both of coefficients C1(ε) and C2(ε)

is positive when 2
3 ≤ t ≤ 1.

For C1(ε), we see 1 − ε
4+ ε

2t
> 0 ⇐⇒

4
1− 1

2t
> ε and for C2(ε) we compute:

1
2 t − 1

3 − ( 2t
4+ ε

2t
)( ε8 + 2

ε −
ε
8t ) > 0 ⇐⇒ (1

2 t − 1
3 )(4 + ε

2t )ε − 2t( ε8 + 2
ε −

ε
8t )ε > 0 ⇐⇒

( 1
2 −

t
4 −

1
6t )ε

2 + (2t − 4
3 )ε − 4t > 0. The later inequality is quadratic w.r.t ε so it is

enough to show the inequality holds for ε = 4
1− 1

2t
.

It suffices to check 16( 1
2 −

t
4 −

1
6t ) + 4(2t − 4

3 )(1 − 1
2t ) − 4t(1 − 1

2t )
2 > 0 which is

equivalent to t > 3
8 . Thus, we can choose ε so that C1(ε) and C2(ε) are both positive.

It is trivial to see that Ltφ = 0 if and only if φ is constant. �

3.4 Proof of Theorem 1.4.1

Now we are ready to prove the main theorem of this chapter which implies that we

can conformally deform the background metric so that both the scalar curvature

and the Q-curvature are positive. The strategy is to apply the continuity method

to equation (∗)t. Roughly speaking, the opennes part follows from the Lemma 3.3.1

and the closedness part follows from the Proposition 3.2.1.

Proof of Theorem 1.4.1. We use the method of continuity to solve the one-parameter

family of equations (∗)t. We define

S = {t ∈ [2/3, 1]| (∗)t has a smooth solution with positive scalar curvature}.
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For t = 2
3 , we find a minimizer w 2

3
for the functional γ1(2/3)I + 8II + 1

3 III. Then by

Lemma 3.1.2, g 2
3

has positive scalar curvature. Hence 2
3 ∈ S. We will show that S is

both open and closed to conclude S = [2/3, 1].

First, we prove that S is open. Assume t1 ∈ S. Since the linearization of the

equation (∗)t is positive by Lemma 3.3.1, there is a unique smooth solution wt of (∗)t

for all t sufficiently close to t1, provided that we normalize by
∫

wtdV0 = 0 according

to the perturbation theorem. By taking a suffciently small C4,α(M)-neighborgood of

wt1 , we can ensure that these solutions wt and gt B e2wt g0 also have positive scalar

curvature. This demonstrates that S is open.

Now we prove that S is closed. Suppose tn ∈ S, and tn → t′. Let wtn denote

the corresponding solutions of (∗)t. By Proposition 3.2.1, there exists wt′ ∈W2,2(M),

such that wtn ⇀ wt′ in W2,2(M). It is easy to check that wt′ is a weak solution to the

(∗)t for t = t′. The regularity theorem of [UV] shows wt′ is smooth. Next, we prove

that Rt′ > 0.

Since the scalar curvature Rtn is always positive, for any non-negative smooth

test function φ, the following inequality holds:

∫
φ(∆0wtn + |∇0wtn |

2) =

∫
1
6

(R0 − Rtne2wtn )φ ≤
∫

1
6

R0φ.

As wtn ⇀ wt′ , we also have

∫
1
6

(R0 − Rt′e2wt′ )φ =

∫
φ(∆0wt′ + |∇0wt′ |

2) ≤
∫

1
6

R0φ

Thus Rt′ is non-negative in the weak sense, which also implies that Rt′ is non-

negative pointwisely. If Rt′ achieves 0 at some point, it is a contradiction by the

strong maximum principle applied to the equation−∆tRt+
t
4R2

t = 3t|Et|
2
−12γ(t)|η|2t >

0. Hence t′ ∈ S and S is closed. �
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Chapter 4

Application of the degree theory:

closed manifolds

4.1 Setup of PDEs

Let (M, g) be a closed compact Riemannian manifold with kp,Y(M, [g]) > 0. By

Theorem 1.4.1, we can deform the metric so that both the Q-curvature and the

scalar curvature are positive. Hence, without loss of generality, we may assume

that the background metric satiesfies Q,R > 0 to prove Theorem 1.3.1. Also, we

normalize the volume of the background metric to be 1.

We will consider the following 1-parameter family of fourth order equations

with constraint for t ∈ [0, 1].


Qt = tkp + (1 − t)Qe−4wt ⇐⇒ P4wt = 2tkpe4wt − 2tQ

with Rt > 0, and normalization Vol(M, gt) =
∫

M
e4wtdV = 1

(∗∗)t

where gt B e2wt g and Rt, Qt denote the scalar curvature and the Q-curvature of the
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metric gt, respectively. Observe that

∫
M

QtdVt =

∫
M

(tkp + (1 − t)Qe−4wt)dVt = tkp + (1 − t)
∫

M
QdV = kp

which implies that the equation is consistent wth the fact that kp is a conformal

invariant. In this chapter, wt will denote a solution of the elliptic PDE (∗∗)t instead

of the equation (∗)t.

The majority of this chapter is devoted to establishing the compactness of the

set

{wt |wt is a solution of the equation (∗∗)t for some t ∈ [0, 1] }

in C4,α(M)-topology for any 0 < α < 1. This compactness result will be used to

prove that the equation (∗∗)t indeed has a solution at t = 1 when we apply the

Leray-Schauder degree theory to the one-parameter of equations (∗∗)t for 0 ≤ t ≤ 1.

Since P4 is a non-negative operator with trivial kernel, w0 ≡ 0 is the only solution

to the equation (∗∗)t at t = 0, and g0 = g.

4.2 Some a priori estimates

We first establish some a priori estimates for the equation (∗∗)t. Throughout this

section we will denote constants independent of wt and t by C.

Proposition 4.2.1. Let wt be a solution of the PDE (∗∗)t for some 0 ≤ t ≤ 1. Let p ∈ M

and Br(p) be a geodesic ball centered at p with radius r. Then,
∫

M
|∇wt|

2,
∫

M
(wt −wt)2 < C,

and
>

Br(p)
|∇wt|

2 < C
r2 for sufficiently small r, where C is a constant independent of t and r,

and wt B
>

wtdV.

Proof. We have ∆wt+ |∇wt|
2
≤

1
6R from the scalar curvature equation. If we integrate

both sides and apply Poincaré’s inequality, we get the first two inequalities.
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For the second inequality, suppose r is sufficiently smaller than the injectivity

radius. We multiply a cut-off function η2
r on the scalar curvature equation. ηr is a

smooth test function satisfying ηr ≡ 1 on Br(p), ηr ≡ 0 on B2r(p), and |∇ηr| ≤
C
r for

some constant C. We have the following estimate

∫
B2r(p)

η2
r |∇wt|

2
≤

∫
M

1
6

Rη2
r + 2

∫
B2r(p)

ηr∇ηr · ∇wt

≤

∫
M

1
6

Rη2
r +

1
2

∫
B2r(p)

η2
r |∇wt|

2 + 2
∫

B2r(p)
|∇ηr|

2

≤
1
2

∫
B2r(p)

η2
r |∇wt|

2 + C|R|L∞r4 + Cr2.

This gives us the desired estimate. �

Next, we will prove the following energy estimate for solutions of fourth order

PDEs with bi-Laplacian as a leading order term.

Proposition 4.2.2. (Energy estimate) Suppose w is a weak solution to a fourth order PDE

∆2w + δ(A)dw + f = 0 where A is a smooth symmetric 2-tensor and f is a function in

L2(M). In other words,

∫
M

∆w∆φ + A(∇w,∇φ) + fφ = 0

for every φ ∈W2,2(M). Then, for all sufficiently small r > 0,

||∇
2w||L2(Br) ≤ Cr(||w||W1,2(B2r) + || f ||L2(B2r))

where Br and B2r are two concentric geodesic balls and Cr is a constant depending on r and

||A||L∞(B2r).

Proof. We test with φ = η2
r w. ηr is a cut-off function defined in the proof of Lemma

4.2.1 with an additional property |∇2ηr| ≤
C
r2 . We have the following series of
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integral identities,

∫
M

∆w∆(η2
r w) =

∫
M

∆w[η2
r ∆w + 4ηr∇ηr · w + (2ηr∆ηr + 2|∇ηr|

2)w]

=

∫
M

(∆(ηrw))2
− 4|∇ηr · ∇w|2 − (∆ηr · w)2 + 2|∇ηr|

2∆w · w

− 4∇ηr · ∇w∆ηrw

=

∫
M

(∆(ηrw))2
− 2|∇ηr|

2
|∇w|2 − 2(∇|∇ηr|

2
· ∇w)w

− 4|∇ηr · ∇w|2 − (∆ηr · w)2
− 4(∇ηr · ∇w)∆ηr · w

≥

∫
B2r

(∆(ηrw))2
− C

∫
B2r

(
|∇w|2

r2 +
w2

r4 )

where at the last line, we use Young’s inequality. For the lower order terms, we

follow the standard argument:

∫
M

A(∇w,∇(η2
r w)) =

∫
M
η2

r A(∇w,∇w) + 2wηrA(∇w,∇ηr)

≤ C
∫

B2r

||A||L∞(B2r)(|∇w|2 +
w2

r2 )

and

∫
M

fη2
r w ≥ −

∫
B2r

| f ||w| ≥ −|| f ||L2(B2r)||w||L2(B2r).

As ∇(ηrw)|∂B2r = 0, integral by parts formula gives us
∫

B2r
(∆(ηrw))2 =

∫
B2r
|∇

2(ηrw)|2 ≥∫
Br
|∇

2w|2. This completes the proof. �

Following lemma establishes an a priori estimate for a strong solution of PDEs

considered in Proposition 4.2.1.

Lemma 4.2.3. Suppose w ∈W4,2(M) is a strong solution to the equation ∆2w + δ(A)dw +
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f = 0 where A is a smooth 2-tensor and f ∈ L2(M). Then, for for sufficiently small r,

||∇
2w||W2,2(Br) ≤ Cr(|| f ||L2(B2r) + ||w||W1,2(B2r)).

where Br and B2r are two concentric geodesic balls and Cr is a constant depending on r and

||A||L∞(B2r), ||∇A||L∞(B2r).

Proof. We start from the identity ∆(∆w) = − f + Ai jwi j + Ai j;iw j By the L2- theory of

second order elliptic PDE, and Proposition 4.2.1,

||∆w||W2,2(Br) ≤Cr(|| f ||L2(B2r) + ||A||L∞(B2r)||∇
2w|||L2(B2r) + ||∇A||L∞(B2r)||∇w||L2(B2r) + ||∆w||L2(Br))

≤Cr(|| f ||L2(B2r) + ||w||W2,2(B2r))

≤Cr(|| f ||L2(B4r) + ||w||L2(B4r)).

An application of integral by parts forumla gives us the full control of W4,2(Br)-norm

of w. �

4.3 Normal metrics on R4

We breifly review necessary materials from [CQY] and [X].

Definition 4.3.1. [CQY, Definition 3.1] Let (R4, g0) be the standard Euclidean space. A

conformal metric e2wg0 satisfying
∫
R4 |Qw|e4w < ∞ is defined to be normal if

w(x) =
1

4π2

∫
R4

log
|y|
|x − y|

Qw(y)e4w(y)dy + C. (4.1)

We will utilize the following criterion to determine if a metric is normal, which

will allow us to transform the Q-curvature equation inR4 into an integral equation.

Theorem 4.3.2. [CQY, Theorem 1.4] Suppose that the Q-curvature of a metric e2w
|dx|2 on
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R4 is absolutely integrable and suppose that its scalar curvature is nonnegative at infinity.

Then the metric is normal.

We have the following classification result from [X], which provide us the blow

up profile of the Q-curvature equation.

Theorem 4.3.3. [X, Theorem 1.2] Suppose w(x) ∈ C1(Rm) is a solution of the equation

w(x) = αm

∫
Rm

[
log

( |y|
|x − y|

)]
emw(y)dy + C0 (4.2)

for a dimensional constant αm such that emw(x) is integrable over Rm. Then there exist a

positive constant λ and a point x0 ∈ Rm such that

w(x) = log
[ 2λ
λ2 + |x − x0|

2

]
.

Note that the dimensional constant αm is explicitly computed by substituting

the specific solution defined above into the equation (4.2). It is easy to see that αm

is independent of λ and x0.

4.4 Compactness of solutions

The following compactness result for solutions of (∗∗)t can now be proven. Let

0 < α < 1.

Theorem 4.4.1. There exists Cα > 0 such that ||wt||C4,α < Cα for every solution wt of the

equation (∗∗)t where Cα independent of 0 ≤ t ≤ 1.

Proof. First we claim that it suffices to show sup wt < C to prove the theorem.

Assume sup wt < C. Then the right-hand side of (∗∗)t is bounded above pointwisely.

Note that wt − wt satiesfy the same equation (∗∗)t with different normalization. We

apply Lemma 4.2.3 to wt − wt This gives us ||wt − wt||W4,2(M) < C + C||w − wt||W1,2(M).
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Lemma 4.2.3 is a local estimate, but we can patch those estimates to get a global

estimate. Proposition 4.2.1 gives us a uniform upper bounded for ||w − wt||W1,2(M).

We need to prove that wt is uniformly bounded. wt is bounded above as sup wt < C.

From the Moser-Trudinger’s inequality [CY, Theorem 1.2],

kp log
?

e4(wt−wt) ≤

∫
wtPwt =

∫
(wt − wt)P4(wt − wt) ≤ C.

As
∫

e4wt = 1, we have 0 ≤ C + 4kp log wt from the above inequality. Hence we have

a uniform bound of ||wt||W4,2(M). By Sobolev mbedding theorem, ||∇2w||Lp(M) < Cp for

any 2 < p < ∞. Applying Lp estimate to wt as we applied L2-estimate in Lemma

4.2.3, we see that ||∆w||W2,p(M) < Cp. Again by the Lp-estimate, ||w||W4,2(M) < Cp. By

the Morrey’s inequality, ||w||C2,α(M) < Cα. We repeat the argument of Lemma 4.2.3 by

applying the Schauder’s estimate instead of theL2-estimate, to see ||∆w||C2,α(M) < Cα.

The Schauder’s estimate gives us ||w||C4,α(M) < Cα.

Now we prove that sup wt < C. Assume the contrary. We choose tn → t∞, wn

solutions of (∗∗)t for tn, wn(pn)→ +∞, pn → p.

For δ smaller than the injectivity radius, we use the exponential map and the

dilation map to define a normalized sequence w̃n. Specifically, let w̃n(x) = wtn(rnx)+

log rn where rn is chosen to satisfy 1 = wn(pn) + log rn = wn(0) + log rn. Obviously,

rn → 0 and w̃n ≤ 1. The PDE for w̃n defined on a Euclidean ball B δ
rn

(0) is as follows:

Pg̃nw̃n(x) + 2r4
ntnQ(rnx) = 2tnkpe4w̃n(x) (4.3)

where g̃n is the rescaled metric converging to the Euclidean metric. Note that we

have
∫

B δ
rn

(0)
e4w̃n =

∫
Bδ(xn)

e4wn ≤ 1.

Let ρn = δ
rn

. Obviously, ρn → +∞. For a fixed ρ > 0 choose suitably large n

such that ρn > 2ρ. By Proposition 4.2.1 and the scaling argument,
∫

B2ρ(0)
|∇w̃n|

2 =∫
B2ρrn (0) |∇wn|

2

r2
n

≤ Cρρ2. From Poincaré’s inequality, we have
∫

B2ρ(0)
|w̃n −

>
Bρ(0)

w̃n|
2
≤
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Cρρ4. Now by applying Proposition 4.2 and Lemma 4.2.3 to w̃n −
>

Bρ(0)
w̃n, we

have ||w̃n −
>

Bρ(0)
w̃n||W4,2(Bρ(0)) < Cρ. In particular this inequality gives us an uniform

C1,β(Bρ(0))-norm bound on w̃n −
>

Bρ(0)
w̃n for some β > 0. Since sup w̃n = w̃n(0) = 1,

and ||∇w̃n||L∞(Bρ(0)) = ||∇(w̃n −
>

Bρ(0)
w̃n)||L∞(Bρ(0)) is bounded, this yields the uniform

bound on W4,2(Bρ(0)) norm for w̃n on Bρ(0).

From the above paragraph, we immediately see that there exists w∞ ∈W4,2
loc(R

n)

s.t. wn → w∞ in W3,2(Bρ(0)) and wn ⇀ w∞ in W4,2(Bρ(0)) for every ρ > 0. It is easy

to see that w∞ is a weak solution of the PDE ∆2w∞ = 2t∞kpe4w∞ with
∫

e4w∞ ≤ 1,

sup w∞ = 1, or

∆2
(
w∞ −

log 3/(t∞kp)
4

)
= 6e4[(w∞−(

log 3/(t∞kp)
4 )].

Let ŵ∞ = w∞−
log 3/(t0kp)

4 . As R∞ is non-negative and
∫
R4 |Q∞|e4w∞ < ∞, by Theorem

4.3.2, ŵ∞ is normal. Hence we have the following integral representation of ŵ∞

ŵ∞(x) =
3

4π2

∫
R4

log
( |y|
|x − y|

)
e4ŵ∞(y)dy + C0.

By Theorem 4.3.3, we know that the solution to the above integral equation is

ŵ∞(x) = log ( 2λ
λ2+|x|2 ) for some λ > 0. Then, we have 8π2

3 =
∫
R4 e4ŵ∞ =

∫
R4 e4w∞ · ( t∞kp

3 ), or∫
R4 e4w∞ = 8π2

t∞kp
> 1 as t ≤ 1 and kp < 8π2. This contradicts the fact that

∫
R4 e4w∞ ≤ 1. �

Remark. The conclusion of Theorem 4.4.1 remains valid under the normalization
∫

wtdV =

0. This can be easily observed by the shifting solutions by appropriate constants.

4.5 Proof of Theorem 1.3.1

Now we are ready to apply the Leray-Schauder degree theory to finish the proof

of Theorem 1.3.1.

Proof of Theorem 1.3.1. By Theorem 1.4.1, we may assume that the background

metric satisfies Q,R > 0. We will apply Leray-Schauder degree theory to a 1-
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parameter family of equations (∗∗)t but with different normalization
∫

wtdVg = 0.

Let O = {u ∈ C4,α(M)|Ru > 0, ||u||C4,α < Cα,
∫

M
udVg = 0} where Ru denotes the

scalar curvature of the metric gu B e2ug, and Cα is the constant appearing in the

remark after Theorem 4.4.1. O is a bounded open subset of the Banach space

C4,α
0 (M) B { f ∈ C4,α(M)|

∫
f = 0}.

We define operators Ft : C4,α
0 (M) → C4,α

0 (M) by Ft(u) = 2tP−1(kpe4u
− Q) where t

runs from 0 to 1. Ft is a continuous 1-parameter family of compact operators by

the regularity argument discussed in the proof of Theorem 4.4.1. Solving (∗∗)t is

equivalent to solving equations (Id − Ft)(wt) = 0. At t = 0, F0 ≡ 0 and w0 ≡ 0 is the

unique solution. Thus, the degree of (Id − Ft) in O at the point 0 ∈ C4,α
0 (M) is 1.

The degree of maps (Id − Ft) in O at the point 0 is well-defined and homotopy

invariant if 0 < (Id − Ft)(∂O). Suppose wt ∈ ∂O is a solution to the equation

(Id − Ft)(wt) = 0. wt ∈ ∂O implies either ||wt||C4,α = Cα, or Rwt ≥ 0 and Rwt(p0) = 0 for

some p0 ∈ M. The first case is obviously a contradiction to the Theorem 4.4.1. The

second case contradicts the strong maximum principle applied to Qwt > 0. Hence

the degree of a map (Id− F1) in O at the point 0 is also 1, and there exists a solution

to the equation (∗∗)t at t = 1.

�

4.6 A counterexample to a Andrews-type inequality

In order to apply the method of continuity to prove Theorem 1.3.1, we need to

show that the kernel of the linearized operator L̃t of (∗∗)t is {0}. For smooth φ with∫
M
φdVt = 0, L̃t at a solution wt is given by

L̃t(φ) = (P4)tφ − 8tkpφ.
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As L̃t is non-negative operator at t = 0, a reasonable approach is to prove that L̃t

is non-negative for t ∈ [0, 1]. This is equivalent to showing that the first non-zero

eigenvalue of L̃t is greater or equal to 8tkp. Note that Qt = tkp + (1 − t)Qe−4wt ≥ tkp.

Hence one would try to estimate a lower bound on the first eigenvalue of when the

Q-curvature is bounded below by a positive constant, and the scalar curvature is

positive.

When (M, g) is a 2-dimensional Riemannian surface, the Gaussian curvature is

a curvature quantity analogous to the Q-curvature, and such estimate is true by

Lichnerowicz and Obata’s theorem. For σ2-curvature, which is another type of

conformal curvature that is widely studied, there is a similar result by Gursky and

Streets [GS].

For a four-dimensional Riemannian manifold (M4, g), we denote the Schouten

tensor by A = 1
2 (Ric− 1

6Rg). Then the σ2-curvature is defined as σ2(A) = − 1
2 |E|

2+ 1
24R2.

Observe that Q = − 1
12∆R + 1

2σ2(A).

Proposition 4.6.1. [GS, Corollary 3.15] Let (M4, g) be a closed Riemannian manifold such

that the scalar curvature R and the σ2-curvature is positive. Given φ ∈ C∞(M) such that∫
M
φdV = 0, then ∫

M

1
σ2(Ag)

T1(Ag)i j
∇iφ∇ jφ ≥ 4

∫
M
φ2dVg.

where T1 is the Newton transform. The equality holds if and only if φ ≡ 0 or (M4, g) is

isometric the round sphere.

The above inequality is inspired by Andrews’ inequality, which is proved in his

unpublished work.

Proposition 4.6.2. [CLN, pg. 517] Let (Mm, g) be a closed riemannian manifold with

positive Ricci curvature. Given φ ∈ C∞(M) such that
∫

M
φdV = 0, then

m
m − 1

∫
M
φ2dV ≤

∫
M

(Ric−1)i j
∇iφ∇ jφ.
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One may consider an inequality similar to Andrews’ inequality for a four-

dimensional Riemannian manifold (M, g) with positive scalar curvature and Q-

curvature. ∫
P4φ · φ ≥ 8

∫
Qφ2 or,

∫
(
P4φ · φ

Q
) ≥ 8

∫
φ2 (4.4)

for smooth φ such that
∫

M
φdV = 0. While those two inequalities are true if (M, g)

is an Einstein manifold, they are not true in general.

Example 4.6.1. (4.4) is false for some manifold (S4, g) where g is a perturbed metric of the

standard metric gc.

Proof. We embed S4 in R5 as usual. Let x1 be a coordinate function. Recall that

f1 = x1 and f2 = 5x2
1 − 1 are the first and second eigenfunctions of the Laplace-

Beltrami operator ,respectively. Let g = e2 f2tgc for some sufficiently small t. We will

show that for some small t,
∫

P4 f1 · f1dVolg < 8
∫

Q f 2
1 dVolg.

From the conformal covariance of the Paneitz operator,

∫
P4 f1 · f1dVolg =

∫
P4 f1 · f1dVolgc = 8Q

∫
f 2
1 dVolgc

8
∫

Q f 2
1 dVolg =

∫
(4tP4 f2 + 8Q) f 2

1 dVolgc

Note that
∫

f2dVolg =
∫

f1e4t f2dVolgc = 0 as f1 is an odd function while f2 is an even

function. Now we compute :

∫
P4 f1 · f1dVolg − 8

∫
Q f 2

1 dVolg = 8Q
∫

f 2
1 dVolgc −

∫
(4tP4 f2 + 8Q) f 2

1 dVolgc

= −4t
∫

P4 f2 · f 2
1 dVolgc

= −4t
∫

P4(5x2
1 − 1) · x2

1dVolgc

= −
4t
5

∫
P4(5x2

1 − 1) · (5x2
1 − 1)
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The value of the last line is positive as f2 is a eigenfuction of the laplacian. If we

choose t to be positive, the assertion is proved. Also note that we can also perturb

g further to make it stay out of the conformal class [gc]. The same method gives a

counterexample to the second inequality of (4.4).

�

Remark. If one can prove either of (4.4) for (M, g) with positive scalar curvature and

constant positive Q-curvature, then the solution to (∗∗)t at t = 1 is unique by degree theory.

35



Chapter 5

Application of the continuity method:

manifolds with totally geodesic

boundary

5.1 Existence of a minimizer at t = 2
3 and uniform

W2,2(M)-estimate

In this chapter, we apply the continuity method to the following one-parameter

families of functionals defined in Chapter 2.

F1
t [w] B γ1(t)I[w] + t(IIb[w] − k(P4,P3)) log

?
e4wdv0) + (1 − t)III[w]

F2
t [w] B γ2(t)Ib[w] + t(IIb[w] −

4
3

k(P4,P3) log
?
∂M

e3w) + (1 − t)III[w]

In this section, we prove that for t = 2
3 , there exist minimizers with positive

scalar curvature for both functionals. After that we will establish the uniform

W2,2(M)-estimate for critical points of both functionals as we vary the parameter t

from 2
3 to 1. Let t0 = 2

3 .
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Lemma 5.1.1. There exist minimizers for both F1
t0

and F2
t0

. For a minimizer wt0 of F1
t0

or

F2
t0

, the scalar curvature Rt0 is positive.

Proof. According to [CN, Theorem 1.9], (P4)0 is non-negative operator defined on

the set {u ∈W2,2(M)|∂u
∂n = 0} and ker(P4)0 � R. Therefore, we can find minimizers of

F1
2
3

or F2
2
3

as in Lemma 3.1.2. These minimizers are smooth on the interior by [UV].

On boundary points, the same method as in [UV] is applied, except that we have

to use W2,p-estimates for Neumann boundary problems.

By [E, Lemma 1.1 and Proposition 1.3], the first non zero-Neumann eigenvalue

λ of the linear elliptic operator (−∆t0 + 1
6Rt0) is positive. The eigenfunction f

corresponding to λ, is positive on M. We have (−∆t0 + 1
6Rt0) f = λ f , ∂ f

∂nt0
= 0.

If wt0 is a solution of either problem 1 or problem 2, the Q-curvature equation

gives us (−∆t0 + 1
6 )Rt0 ≥ 0 and the T-curvature equation gives us

∂Rt0
∂nt0
≤ 0.

Choose p0 such that minM
Rt0

f =
Rt0

f (p0). If p0 is in the interior, we compute

∆t0(
Rt0

f )(p0) = [
∆t0 Rt0−

1
6 R2

t0
f +

λRt0
f ](p0) ≤

λRt0
f (p0). As f > 0, we get Rt0(p0) ≥ 0. If

Rt0(p0) = 0, then by the strong maximum principle Rt0 ≡ 0, which contradicts

Y(M, ∂M, [g0]) > 0. Hence Rt0 > 0 in this case. Next, suppose p0 is on the boundary.

If
Rt0

f (p0) ≤ 0, then by Hopf’s lemma we have
∂(Rt0/ f )
∂nt0

> 0. This contradicts the

T-curvature equation.

�

Next, we observe that any critical point wt of F1
t or F2

t satisfies ||wt||W2,2 ≤ C for

some constant independent of t for 2
3 ≤ t ≤ 1. This fact will be used to prove

closedness part when we apply the method of continuity in the next section.

Proposition 5.1.2. Let wt be a critical point of F1
t or F2

t with normalization
∫

M
wt = 0 for

F1
t and

∮
∂M

wt = 0 for F2
t . Assume Rt > 0 for both cases. Then ||wt||W2,2(M) ≤ C for some C

independent of t and wt.

Proof. The proof is similar to that of Proposition 3.2.1. �

37



5.2 Proof of Theorem 1.4.2

In this section, we prove that the linearized equations of (?)t and (†)t have only the

trivial solution. The basic strategy follows that of the Proposition 3.3.1 with only

minor differences. We then use it to prove Theorem 1.4.2.

Lemma 5.2.1. Let 2
3 ≤ t ≤ 1. Linearized problems for (?)t and (†)t only have trivial

solution under normalization
∫

M
wt = 0 or

∮
∂M

wt = 0 when Rt > 0.

Proof. By direct computation, both linearized equations are as follows:


Lt(φ) B ∆2

tφ + tdivt( 2
3Rtgt − 2Rict)dφ + ( 1−t

3 )∇t(Rt∇tφ) = 0 on M

∂∆tφ
∂nt

= 0 on ∂M

∂φ
∂nt

= 0 on ∂M

Let φ be a function with ∂∆tφ
∂nt

= 0 and ∂φ
∂nt

= 0 on the boundary. We shall prove that

∫
M
〈Lt(φ), φ〉dVt ≥ 0.

Since the boundary is totally geodesic, Rict(nt,∇tφ) = 0 and ∂|∇tφ|2

∂nt
= 0 by Lemma

2.2.2.

Denote the traceless part of the Ricci cuvature of the metric gt by Et. Let

φ ∈W2,2(M). The equation (∗)t is rewirtten as

−∆tRt +
t
4

R2
t − 3t|Et|

2 = −12γ(t)|η|2t > 0. (5.1)

There are two identities in the proof of Lemma 3.3.1 that include additional bound-
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ary integral terms. The first identity is

〈Ltφ,φ〉 =

∫
M

(∆tφ)2
− 2t

∫
M

Et(∇tφ,∇tφ) + (
1
2

t −
1
3

)
∫

M
|∇tφ|

2

−

∮
∂M

∂∆tφ

∂nt
φ +

∮
∂M

∆tφ
∂φ

∂nt
+

∮
∂M

(
−

2Rt

3

) ∂φ
∂nt

+ 2Rict(∇tφ,nt)

=

∫
M

(∆tφ)2
− 2t

∫
M

Et(∇tφ,∇tφ) + (
1
2

t −
1
3

)
∫

M
|∇tφ|

2,

and the second identity is

∫
∆tRt

Rt
|∇tφ|

2 =

∫
M
−∇tRt · ∇t(R−1

t )|∇tφ|
2
−
∇tRt

Rt
· ∇t|∇tφ|

2
−

∮
∂M

1
Rt

∂Rt

∂nt
|∇tφ|

2

=

∫
M
−∇tRt · ∇t(R−1

t )|∇tφ|
2
−
∇tRt

Rt
· ∇t|∇tφ|

2 +

∮
∂M

12
(Tt

Rt

)
|∇tφ|

2.

The rest of the proof is exactly the same as the closed manifold case. We have the

inequality

〈Ltφ,φ〉 ≥ C1(t)
∫

(∆tφ)2 + C2(t)
∫

Rt|∇tφ|
2 + C3(t)

∮
∂M

(Tt

Rt

)
|∇tφ|

2.

for some positive constants C1(t), C2(t), and C3(t). As both of (?)t and (†)t imply

Tt ≥ 0, we obtain the result. �

Proof of Theorem 1.4.2. The proof is identical to that of Proposition 1.4.1 using Lemma

5.1.1, Proposition 5.1.2, and Lemma 5.2.1, except for that we have to use Hopf max-

imum principle to show the scalar curvature is strictly positive. �
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Chapter 6

Application of the degree theory:

manifolds with totally geodesic

boundary

6.1 Setup of PDEs

We aim to prove a compactness result for solutions of two one-parameter families

of equations, which is a key step in establishing Theorem 1.3.2. Let (M, ∂M, g)

be a compact Riemannian manifold with totally geodesic boundary. We assume

k(P4,P3),Y(M, ∂M, [g]) > 0.

Firstly, we describe an one-parameter family of equations that will be used to

find w1 in Theorem 1.3.2. In this case, we conformally deform the metric g into g1

so that the boundary is totally geodesic, T1 ≡ 0, and both Q1 and R1 are positive

pointwisely, according to the first part of Theorem 1.4.2. Under these assumptions,

we show that there exists an uniform C4,α bound on solutions to the following

equations:
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

Qt = tkpe−4wt + (1 − t)Q1 ⇐⇒ (P4)1wt = 2tk(P4,P3)e4wt − 2tQ1 on M

Rt > 0 on M

Tt = 0 ⇐⇒ ∂∆1wt
∂n1

= 0 on ∂M

Ht = 0 ⇐⇒ ∂wt
∂n1

= 0 on ∂M∫
M

e4wt = 1

(??)t

where Qt, Rt, Tt, and Ht denote the Q-curvature, scalar curvature, T-curvature, and

mean curvature of the metric gt B e2wt g1 respectively.

Secondly, we describe an one-parameter family of equations that will be used

for finding w2 in Theorem 1.3.2. In this case, we conformally deform the metric

g into g2 so that the boundary is totally geodesic, Q2 ≡ 0, and both of T2 and R2

are positive pointwisely according to the second part of Theorem 1.4.2. Under

these assumptions, we show that there exists an uniform C4,α bound on solutions

of following equations:



Qt = 0 ⇐⇒ (P4)2wt = 0 on M

Rt > 0 on M

Tt = tk(P4,P4)e−3wt + (1 − t)T2 ⇐⇒ (P3)2wt = tk(P4,P4)e3wt − tT2 on ∂M

Ht = 0 ⇐⇒ ∂w
∂n2

= 0 on ∂M∫
∂M

e3wt = 1

(††)t

where Qt, Rt, Tt, and Ht denote the Q-curvature, scalar curvature, T-curvature, and

mean curvature of the metric gt B e2wt g2 respectively.

Throughout this chapter, we will suppress subscripts 1 and 2 whenever the

argument is independent of whether background metric is g1 or g2 for notational
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convenience.

6.2 Some a priori estimates

In this section, we prove basic a priori estimates for solutions of (??)t and (††)t.

Through out this section we will denote constants independent of wt and t by C.

Proposition 6.2.1. Let wt be a solution of the PDE (??)t or (††)t for some 0 ≤ t ≤ 1. Let

p ∈ M and Br(p) be a geodesic ball centered at p with radius r. Then,
∫

M
|∇wt|

2,
∫

M
(wt −>

∂M
wt)2,

∫
M

(wt −
>
∂M

wt)2 < C, and
>

Br(p)∩M
|∇wt|

2 < C
r2 for sufficiently small r, where C is

a constant independent of t and r.

Proof. Taking into account of the fact ∂wt
∂n = 0, there is no difference in the computa-

tion with the closed manifold case Proposition 4.2.1. �

Next, we prove the following energy estimate for solutions of Neumann bound-

ary valued fourth order PDEs having bi-Laplacian as a leading-order term.

Proposition 6.2.2. (Boundary energy estimate) Suppose w ∈ W2,2(M) is a weak solution

to the following fourth-order PDE with Neumann boundary condition.


∆2w + δ(A)dw + f = 0

∂∆w
∂n = −g

∂w
∂n = 0

(6.1)

where f , g are bounded functions, A is a smooth symmetric 2-tensor and such that

A(∇w,n) = 0(See Lemma 2.2.2). In other words,

∫
M

∆w∆φ + E(∇w,∇φ) + fφ +

∫
∂M

gφ = 0
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for every φ ∈W2,2(M) with ∂φ
∂n ≡= 0. Then, for all sufficiently small r > 0,

||∇
2w||L2(Br) ≤ Cr(||w||W1,2(B2r) + || f ||L2(B2r) + ||g||L2(B2r∩∂M))

where Br and B2r are two concentric geodesic balls and Cr is a constant depending on r and

||A||L∞(B2r).

Proof. We test with φ = η2
r w. The only difference is that we have to choose ηr with

∂ηr

∂n ≡ 0 on ∂M. This can be achieved by choosing ηr depending only on the distance

from a point on the boundary. As the boundary is totally geodesic, it is easy to see

that ∂ηr

∂n ≡ 0 is achieved. The rest is the same as that of Proposition 4.2.2.

�

We also note a fundamental fact regarding the boundary regularity.

Lemma 6.2.3. Suppose w ∈ W4,2(M) is a strong solution to the equation (6.1) with the

same conditions on A and f , g. Then , we have

||∇
2w||W2,2(Br) ≤ Cr(|| f ||L2(B2r) + ||w||W1,2(B2r) + ||g||W1/2,2(B2r∩∂M)).

where Br and B2r are two concentric geodesic balls and Cr is a constant depending on r and

||A||L∞(B2r), ||∇A||L∞(B2r).

Proof. The only difference with Lemma 4.2.3 is that we use the L2-estimate for

Neumann boundary problem:

||∇
2v||L2(Br) ≤ Cr(||∆v||L2(B2r) + ||v||L2(B2r) + ||

∂v
∂n
||W1/2,2(B2r∩∂M)).

�
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6.3 Proof of Theorem 1.3.2

We will prove the compactness results for solutions of (??)t and (††)t. Then the

proof of Theorem 1.3.2 is almost identical to that of Theorem 1.3.1. Let 0 < α < 1.

Theorem 6.3.1. There exists Cα > 0 such that ||wt||C4,α < Cα for every solution wt of the

equation (??)t where Cα independent of 0 ≤ t ≤ 1.

Proof. We use the notation g instead of g1 for conveniece. It is enought to show that

supt wt < C uniformly. Suppose there exists tn → t∞, wn solution at tn, wn(pn)→ +∞,

pn → p. Let dn = dist(pn, ∂M), and choose rn > 0 such that wn(pn)+log rn = 1. Clearly

rn > 0 and rn → 0. Denote εn = dn
rn

and let δ be the injectivity radius of M. Depending

on whether lim dn = 0 or lim sup εn < ∞, we have separate arguments.

Case 1: lim inf dn > 0. This is the case when pn uniformly stays away from

the boundary. Let dn > ε for some ε > 0. We define w̃n(x) = wtn(rnx) + log(rn) for

x ∈ Bmin{ε/rn,δ/rn}(0) using the exponential map. In this case, the blow up argument

is the same as the closed manifold case.

Case 2: lim dn = 0, and lim sup εn = ∞. In this case, pn approaches the boundary

at a relatively slow pace so we do not observe the boundary when we blow-up. We

define w̃n(x) = wn(rnx) + log(rn) for x ∈ Bεn/2(0). Again, the blow up argument is the

same as the closed manifold case.

Case 3: lim dn = 0, and εn → ε for some ε ≥ 0. This is the only case we take

the boundary into account after the blow-up. Let qn ∈ ∂M such that dist(pn, qn) =

dist(pn, ∂M). Using the exponential map centered at qn, and since the boundary is

totally geodesic, we can define w̃n(x) = w(rnx) + log(rn) for x ∈ B+
δ/(2rn)(0). w̃n(0, εn) =

w(pn) = 1. By Proposition 6.2.2, Lemma 6.2.3, there exists w∞ ∈ W4,2
loc(R

4
+) s.t.

w̃n → w∞ in W3,2(B+
R(0)). w̃n ⇀ w∞ in W4,2(B+

R(0)).

It is straightforward to observe that w∞ is a weak solution of the equation

∆2w∞ = 2t∞k(P4,P3)e4w∞ with boundary conditions ∂w∞
∂y = 0, ∂∆w∞

∂y = 0 on R3. Clearly,
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we have
∫

e4w∞ ≤ 1, sup w∞ = 1.

Define w∞(x, y) = w∞(x, y) for y ≥ 0, w∞(x, y) = w∞(x,−y) for y ≤ 0. Since

∂∆w∞
∂y = 0 , w∞ ∈ W4,2

loc (R4). We check below that w∞ is a weak solution of the

equation ∆2w∞ = 2t∞k(P4,P3)e4w∞ on R4.

∫
R4

w∞∆2φ =

∫
R4

+

w∞∆2φ +

∫
R4
−

w∞(x,−y)∆2φ

=

∫
R4

+

w∞∆2φ + w∞∆2φ(x,−y)

=

∫
R4

+

φ∆2w∞ + φ(x,−y)∆2w∞

+

∫
R3

w∞
∂∆φ

∂y
+ ∆w∞

∂φ

∂y
+ w∞

∂∆φ

∂y
(x,−y) + ∆w∞

∂φ

∂y
(x,−y)

=

∫
R4

+

2t∞k(P4,P3)e4w∞φ + 2t∞k(P4,P3)e4w∞φ(x,−y)

=

∫
R4

2t∞k(P4,P3)e4w∞φ.

Now the rest of the proof is now the same as in the closed manifold case. Since∫
R4 e4w∞ ≤ 2 and k(P4,P3) < 4π2, the argument is applied to w∞ −

log 2
4 . �

Theorem 6.3.2. There exists Cα > 0 such that ||wt||C4,α < Cα for every solution wt of the

equation (††)t where Cα independent of 0 ≤ t ≤ 1.

Proof. Again, we abuse the notation g with g2 for conveniece. Assume that supt wt <

C uniformly. We apply L2-esimtate for Neumann boundary problem to wt − (wt)∂M.

We have

||∇
2wt||W2,2(M) ≤ C(||wt − (wt)∂M||W1,2(M) + ||k(P4,P3)e3wt ||W1/2,2(∂M) + ||T||W1/2,2(∂M)).
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As ||wt − (wt)∂M||W1,2(M) is bounded by Lemma 6.2.1, we have the estimate

||e3wt ||W1/2,2(∂M) ≤ Ce3M(1 + ||wt − (wt)∂M||W1/2,2(∂M)) ≤ Ce3M(1 + ||wt − (wt)∂M||W1,2(M))

by the trace Sobolev inequality. Thus, we have uniform bound on ||wt−(wt)∂M||W4,2(M).

The upperbound on (wt)∂M is given by the Jensen’s inequality, and the lower bound

is derived from the boundary Moser-Trudinger inequality [N2, Lemma 2.4]. There-

fore, it is sufficient to show that supt wt < C to prove the theorem.

Suppose there exists tn → t∞, wn solution for tn, wn(pn) → +∞, pn → p. Let

dn = dist(pn, ∂M), and choose rn > 0 such that wn(pn) + log rn = 1. Clearly rn > 0 and

rn → 0. Denote εn = dn
rn

and let δ be the injectivity radius of M. Case 1 and Case 2,

as in the proof of Theorem 6.3.1, are dealt with by the exactly same argument. We

only need to take care of Case 3: lim dn = 0, and εn → ε for some ε ≥ 0.

Let qn ∈ ∂M such that dist(pn, qn) = dist(pn, ∂M). Using the exponential map

centered at qn, and since the boundary is totally geodesic, we can define w̃n(x) =

wn(rnx) + log(rn) for x ∈ B+
δ/(2rn)(0). w̃n(0, εn) = wn(pn) = 1. By Proposition 6.2.2,

Lemma 6.2.3, there exists w∞ ∈ W4,2
loc(R

4
+) s.t. w̃n → w∞ in W3,2(B+

R(0)). wn ⇀ w∞ in

W4,2(B+
R(0)).

It is easy to show that w∞ satisfies the equation ∆2w∞ = 0 with the boundary

conditions ∂w∞
∂y = 0 and ∂∆w∞

∂y = 2t∞k(P4,P3)e3w∞ on the boundary R3. Clearly, we have

∆w∞ + |∇w∞|2 ≤ 0,
∫
R3 e3w∞ ≤ 1, sup w∞ = 1.

Our next goal is to prove that w∞ is normal for our T-curvature problem, as

defined in a manner similar to Definition 4.3.1. We imitate the proof of Theorem

4.3.2.

Lemma 6.3.3. w∞(x) = 1
2π2

∫
R3 log ( |y|

|x−y| )t∞k(P4,P3)e3w∞(y)dy + C0.

Proof. Let v = 1
2π2

∫
R3 log ( |y|

|x−y| )t∞k(P4,P3)e3w∞(y)dy and h = w∞ − v. Then, we have

∆2h = 0 on the upper half plane and ∂h
∂y = 0 and ∂∆h

∂y = 0 on the boundary. We will
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show that h is a constant.

∆h is a harmonic function with ∂∆h
∂y = 0 allowing us to consider its even reflection,

which yields a smooth, entire, harmonic function. We can also extend h, w∞ and v

to be C2 functions on the entire plane using even reflection. We abuse notations h,

w∞, and v to refer to these extended function. By the mean value theorem, we have

∆h(x0) =

?
∂Br(x0)

∆h

≤ −

?
∂Br(x0)

|∇w∞|2 −
?
∂Br(x0)

∆v

≤ −C
∫
R3

[?
S3

1
|rσ + x0 − y|2

]
tk(P4,P3)e3w∞(y)

≤ −
C
πr2 .

If we take r → ∞, we obtain ∆h(x0) ≤ 0 for all x0 ∈ R4. Therefore, by Liouville’s

theorem, we have ∆h ≡ c0 for some c0 ≤ 0.

Again by applying the mean value theorem and Cauchy Schwartz inequality,

we obtain

|∇h|2(x0) ≤ C
?
∂Br(x0)

|∇h|2.

Next, we observe that

|∇h|2(x0) ≤ 2|∇w∞|2(x0) + 2|∇v|2(x0)

≤ −2∆w∞(x0) + 2|∇v|2(x0)

≤ −2c0 − 2∆v(x0) + 2|∇v|2(x0).

We handle the ∆v term as shown previously. To estimate |∇v|2(x0), we have

|∇v|2(x0) ≤ C(
∫
R3

1
|x0 − y|2

k(P4,P3)e3w∞(y))(
∫
R3

k(P4,P3)e3w∞(y)) ≤ C
∫
R3

1
|x0 − y|2

e3w∞(y).
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This can also be estimated as ∆v using the same technique. Hence, taking r → ∞,

we see that |∇h|2 is bounded. Since every partial derivative of h is a harmonic

function, it is contant by Liouville theorem. Therefore, ∆h = c0 = 0, and we can

conclude that h is a constant. �

Now by the above lemma, we have

w∞(x) − (
log 2/(t∞k(P4,P3))

3
) =

1
π2

∫
R3

log (
|y|
|x − y|

)e3(w∞(y)−(
log 2/(t∞k(P4 ,P3))

3 ))dy + C0

Let ŵ∞(x) = w∞(x) − (
log 2/(t∞k(P4 ,P3))

3 ). The following integral equation holds.

ŵ∞(x) =
1
π2

∫
R3

log (
|y|
|x − y|

)e3ŵ∞(x)dy + C0. (6.2)

By Theorem 4.3.3, we have ŵ∞(x) = log ( 2λ
λ2+|x|2 ) for some λ > 0. Then, we see

that 2π2 =
∫
R3 e3ŵ∞ =

∫
R4 e3w∞ · (

t∞k(P4 ,P3)

2 ), or
∫
R3 e3w∞ = 4π2

t∞k(P4 ,P3)
> 1. This contradicts∫

R3 e3w∞ ≤ 1. �

The proof of Theorem 1.3.2 is straightforward using Theorem 6.3.1 and Theorem

6.3.2.

Proof of Theorem 1.3.2. To apply the degree theory, we use Theorem 6.3.1 and Theo-

rem 6.3.2. However, unlike the proof of Theorem 1.3.1, we need to use the Hopf’s

strong maximum principle to demonstrate that the degree is well-defined and

invariant with respect to the parameter t. �
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Chapter 7

Introduction

7.1 Background

Let (Xn+1, ∂X = M, g+) be a (n + 1)-dimensional smooth manifold of dimension with

boundary M. Denote the interior of X as X. Let ρ be a smooth boundary defining

function. A smooth conformally compact metric g+ on X is a Riemnnian metric

such that g = ρ2g+ extends smoothly to the closure X for some defining function ρ

of the boundary M. By definition, ρ is a function defined on X such that

0 ≤ ρ ∈ C∞(X), ρ > 0 in X, ρ = 0 on M, Dρ , 0 on M.

A conformally compact metric g+ on X is said to be conformally compact Einstein

(CCE) with conformal infinity (M, [ĝ]), if g+ is a complete metric in X such that


Ricg+ = −ng+

g|M = (ρ2g+)|M ∈ [ĝ].

for a defining function ρ.

The most commonly used compactifications of the metric g+ are the adapted
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compactification g∗s B ρ2
s g+ where s is a real parameter, and the conformal factor

ρs is defined through the scattering theory on conformally compact asymptotically

Einstein maifolds. Roughly speaking, when n
2 < s < n, ρs B v

1
n−s
s where vs is a

positive function satisfying


−∆+vs − s(n − s)vs = 0 on X

vs = Fρn−s + Gρs, F|∂M = 10 on X

A rigorous definition of functions F,G defined on X is given in the paper Graham

and Zworski [GZ]. When s = n, vn has slightly different definition and the com-

pactification in this case is called the Fefferman-Graham compactification. As the

scattering theory is an extremely abundant and extensive field of study, we will

only review facts necessary for our study in this thesis.

We aim to prove Liouville-type theorems for adapted metrics on the upper half-

plane model of standard hyperbolic space (Rn+1
+ ,Rn, g+) with a designated sign

on the scalar curvature Here, Rn+1
+ B {z = (x, y) ∈ Rn+1

|x ∈ Rn, y ∈ R, y > 0},

Rn B {z = (x, 0) ∈ Rn+1
|x ∈ Rn

} and g+ B
1
y2 |dz|2. As scattering theory is not defined

in the non-compact manifolds case, the adapted metric for (Rn+1
+ ,Rn, g+) is defined

by g∗s B ρ2
s g+, where ρs B v

1
n−s
s for a positive solution vs of the following PDE:


−∆+vs − s(n − s)vs = 0 in Rn+1

+

vs
yn−s = 1 on Rn

⇐⇒ g∗s|Rn ≡ |dx|2
(7.1)

We prove that g∗s ≡ |dz|2 under the assumption on the sign of the scalar curvature

of the metric g∗s. Our Liouville-type theorems are expected to handle the boundary

curvature blow-up to prove compactness results of CCE manifolds with positive

scalar on the conformal infinity. Hence,the assumption on the sign of the scalar

curvature is justified, as it follows from the positivity of scalar curvature of the
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conformal infinity in the CCE case.

7.2 Previous results

Let s B n
2 + γ, and a B 1 − 2γ for 0 < γ < n

2 . Define ws B 1 − vs
yn−s . The equation

−∆+vs−s(n−s)vs = 0 on (Rn+1
+ ,Rn, g+) can be rewritten with respect to the Euclidean

metric as follows:

∆aws = 0 (7.2)

The degenerate elliptic operator ∆a is defined as ∆au B div(ya
∇u) for a function u.

We assume that ws ≡ 0 onRn, which is equivalent to saying that g∗s B ρ2
s g+ = v

2
n−s
s g+

satisfies gs|Rn ≡ |dx|2.

The equation (7.2) appeared in the celebrated paper Caffarelli and Silvestre

[CS] while studying extension problems for fractional Laplacians on the Euclidean

space in the case 0 < γ < 1. Later, Yang [Y] generalized the extension problem to

γ > 1. We also note that a connection of such extension problems to the conformal

fractional Laplacian and fractional Q2γ-curvature has been studied in Case and

Chang [CC].

When γ = 3
2 , the Liouville-type theorems for the equation (7.2) with the positiv-

ity assumption on the scalar curvature are proved and used in Chang and Ge [CG],

and Chang-Ge-Jin-Qing [CGJQ] to handle the boundary curvature blow-up while

establishing compactness results of CCE manifolds with positive scalar curvature

on the conformal infinity. The readers are referred to [CG, Proposition 4.8] and

[CGJQ, Lemma 5.2] for these special cases.

For more general γ, the following Liouville-type theorems are proved in the

work Sire-Terracini-Vita [STV2].
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Theorem 7.2.1. [STV2, Theorem 3.1] Let a ∈ (−1, 1), and w be a solution to


∆aw = 0 in Rn+1

+

w = 0 on Rn,

and let us suppose that for some d ∈ [0, 1 − a), C > 0 it holds

|w(z)| ≤ C(1 + |z|d)

for every z. Then w is identically zero.

Theorem 7.2.2. [STV2, Theorem 3.2] Let a ∈ (−∞, 1), and w be a solution to


∆aw = 0 in Rn+1

+

w = 0 on Rn,

and let us suppose that for some d ∈ [0, 1), C > 0 it holds

|w(z)| ≤ Cy2−a(1 + |z|d)

for every z. Then w is identically zero.

7.3 Main theorems

We now present our main theorems of the second part of the thesis.

The first main result examines the sign of the scalar curvature of adapted metrics

of CCE manifolds in the case γ ∈ (0, 1). We prove that the sign of the scalar

curvature is the same as the sign of γ − 1
2 when the conformal infinity has positive

scalar curvature. It is shown in [CC, Proposition 6.4] that the scalar curvature of

the adapted metric is positive if the scalar curvature of the conformal infinity is
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positive for γ ∈ [1, n
2 + 1]. Our result extends the result of [CC] from s ∈ [n

2 + 1,n + 1]

to s ∈ (n
2 ,n + 1]. We denote the covariant derivative and the scalar curvature of the

adapted metric g∗s by ∇∗s and R∗s.

Theorem 7.3.1. Let (Xn+1, ∂X = Mn, g+) be a CCE manifold with the conformal infinity

(M, [ĝ]). Suppose the scalar curvature R̂ of (Mn, ĝ) is positive. Let 0 < γ < 1. Then,

|∇
∗

sρs|
2 < 1 holds in X. In particular, we have sign(R∗s) = sign(γ − 1

2 ).

The above theorem justifies the assumption |∇∗sρs| ≤ 1 for the adapted metrics

g∗s on (Rn+1
+ ,Rn, g+), and the sign of R∗s follows from the identity R∗s = (s − n+1

2 ) fs
ρ2

s
.

Assuming |∇∗sρs| ≤ 1, we have the following Liouville-type theorem for γ ∈ (0, 1)

which follows directly from Theorem 7.2.2.

Theorem 7.3.2. Let γ ∈ (0, 1). Suppose vs is a positive solution of the PDE −∆+vs− s(n−

s)vs = 0 on Rn+1
+ . Let ws B 1 − vs

yn−s . Assume:

(1) ws ≡ 0 on Rn
⇐⇒ g∗s|Rn ≡ |dx|2.

(2) |∇∗sρs| ≤ 1. This is equivalent to sgn(R∗s) = sgn(γ − 1
2 ) when γ , 1

2 .

(3) ws ∈ H̃1,a(Rn+1
+ ).

Then, vs = yn−s or equivalently, g∗s ≡ |dz|2.

The precise definition of the functional space H̃1,a(Rn+1
+ ) is given in the Definition

8.1.1. Roughly speaking, w ∈ H̃1,a(Rn+1
+ ) if the ya-weighted Sobolev norm of w is

locally bounded and the trace of ws on Rn vanishes. For γ ∈ [1, n
2 ), we prove the

following Liouville-type theorem when the scalar curvature of the adapted metric

is non-negative.

Theorem 7.3.3. Let s B n
2 + γ for some γ ∈ [1, n

2 ). Suppose vs is a positive solution of the

PDE −∆+vs − s(n − s)vs = 0 on Rn+1
+ . Let ws B 1 − vs

yn−s . Assume:

(1) R∗s is non-negative.

(2) ws ∈ H̃1,0(Rn+1
+ ).

Then, vs = yn−s or equivalently, g∗s ≡ |dz|2.
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For γ = n
2 , corresponding to the Fefferman-Graham compactification, we have:

Theorem 7.3.4. Suppose v is a positive solution of the PDE −∆+v − n = 0 on Rn+1
+ . Let

w B v − log y. Assume:

(1) R∗n is non-negative.

(2) w ∈ H̃1,0(Rn+1
+ ).

(3) There exists C, y0 > 0 such that |w| < C for y < y0.

Without the assumption on the scalar curvature, vs = yn−s + ys is an another

solution for s < n.
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Chapter 8

Preliminaries

8.1 ya-weighted Sobolev spaces

Let a be a real number. In this section, we review some analytical preliminaries of

ya-weighted Sobolev spaces on Rn+1
+ . Denote B+

r B {z = (x, y) ∈ Rn+1
+ | |z| < r}, and

(∂Br)+ B {z = (x, y) ∈ Rn+1
+ | |z| = r} for r > 0.

Definition 8.1.1. For a real number a, we define

H1,a(Rn+1
+ ) B{u ∈W1,1

loc(R
n+1
+ )|

∫
B+

r

(|∇u|2 + u2)yadz < ∞ for every r > 0}

H̃1,a(Rn+1
+ ) B{u ∈ H1,a(Rn+1

+ )|For every r > 0,∃{φk}k≥1, a sequnce of functions

in C1
c (B+

r \R
n) s.t.

∫
B+

r

(|∇(u − φk)|2 + |u − φk|
2)yadz→ 0}.

We have the following inclusion property for H̃1,a(Rn+1
+ ).

Proposition 8.1.2. Let a ≤ b be real numbers. Then, we have

H̃1,a(Rn+1
+ ) ⊂ H̃1,b(Rn+1

+ ).

Proof. Let u ∈ H̃1,a(Rn+1
+ ). For a r > 0, there exists a sequence of functions {φk ∈
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C1
c (B+

r \R
n)}k≥1 such that

∫
B+

r

(|∇(u − φk)|2 + |u − φk|
2)yadz→ 0

by definition. We now check that
∫

B+
r
(|∇u|2 + u2)ybdz < ∞, and

∫
B+

r
(|∇(u−φk)|2 + |u−

φk|
2)ybdz→ 0. This will confirm that u ∈ H̃1,b(Rn+1

+ ).

∫
B+

r

(|∇u|2 + u2)ybdz =

∫
B+

r ∩{y≤1}
(|∇u|2 + u2)ybdz +

∫
B+

r ∩{1≤y≤r}
(|∇u|2 + u2)ybdz

≤

∫
B+

r ∩{y≤1}
(|∇u|2 + u2)yadz + rb−a

∫
B+

r ∩{1≤y≤r}
(|∇u|2 + u2)yadz

≤ max(1, rb−a)
∫

B+
r

(|∇u|2 + u2)yadz < ∞

Likewise, we observe

∫
B+

r

(|∇(u − φk)|2 + |u − φk|
2)ybdz ≤ max(1, rb−a)

∫
B+

r

(|∇(u − φk)|2 + |u − φk|
2)yadz.

As the right-hand side converges to 0, this concludes the proof. �

For a ∈ (−1, 1) or γ ∈ (0, 1), the weight ya belongs to the A2-Muckenhoupt

class, andA2-weighted inequalities such as Sobolev embedding, Hardy’s inequal-

ity are well-known. In particular, we recall some Hardy-type inequalities and

corresponding Sobolev trace inequality for a ∈ (−1, 1). We include proofs for read-

ers’ convenience and refer to [STV1] and [STV2] for statements for more general

a.

Proposition 8.1.3. (Hardy’s inequality) Let r > 0. For w ∈ C1(B̄+
r ) with w(x, 0) = 0, we

have following inequalities:

(1) 1
4

∫
B+

r

w2

y2 ≤

∫
B+

r
|∇w|2.

(2)
∫

(∂Br)+
w2

y ≤
∫

B+
r
|∇w|2.
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Proof. Let f ∈ C1([0, t]) for some t > 0 with f (0) = 0. (1) follows from the classical

1-dimensional Hardy’s inequality

1
4

∫ t

0

f (y)2

y2 dy ≤
∫ t

0
| f ′(y)|2dy, (8.1)

and the Fubini’s theorem,

1
4

∫
B+

r

w2

y2 dz =
1
4

∫
|x|<r

( ∫
0<y<
√

r2−|x|2

w(x, y)2

y2 dy
)
dx

≤

∫
|x|<r

( ∫
0<y<
√

r2−|x|2
|∂yw(x, y)|2dy

)
dx

≤

∫
|x|<r

( ∫
0<y<
√

r2−|x|2
|∇w(x, y)|2dy

)
dx =

∫
B+

r

|∇w|2.

(2) follows from the Cauchy-Schwarz inequality

f (t)2 = (
∫ t

0
f ′(y)dt)2

≤ t
∫ t

0
| f ′(y)|2dy. (8.2)

Applying the Fubini’s theorem as above proves the inequality. �

Proposition 8.1.4. ([STV2, Lemma B.5]) Let a ∈ (−1, 1) and r > 0. For w ∈ C1
c (B̄+

r \R
n),

we have following inequalities:

(1) Ca

∫
B+

r
ya−2w2

≤

∫
B+

r
ya
|∇w|2.

(2) Ca

∫
(∂Br)+

ya−1w2
≤

∫
B+

r
ya
|∇w|2.

(3) Ca

∫
(∂Br)+

yaw2
≤ r

∫
B+

r
ya
|∇w|2.

Here the constants Ca depend only on a. They may blow up as |a| → 1.

Proof. Pluging in f = ya/2g in the inequality (8.1), we have

1
4

∫ t

0
ya−2g(y)2dy ≤

∫ t

0

a2

4
ya−2g(y)2 + yag′(y)2 + aya−1g(y)g′(y)dy.

≤ (
a2 + 1

8
)
∫ t

0
ya−2g(y)2 + C(a)

∫ t

0
yag′(y)2dy.
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by Young’s inequality. As |a| < 1, this gives us

∫ t

0
ya−2g(y)2dy ≤

8C(a)
1 − a2

∫ t

0
yag′(y)2dy. (8.3)

which proves the inequality (1) by applying the Fubini’s theorem.

For f = ya/2g in the inequality (8.2), we have

tag(t)2
≤ t

∫ t

0

a2

4
ya−2g(y)2 + yag′(y)2 + aya−1g(y)g′(y)dy.

By applying the inequality (8.3) to the right-hand side, we have

ta−1g(y)2
≤ C(a)

∫ 1

0
yag′(y)2

from which the inequality (2) is claimed.

For (3), we apply the Poincaré-type inequality for v = ya/2w ∈ C1
c (B̄+

r \R
n). From

the Poincaré-type inequality,

C
∫

(∂Br)+
v2
≤ r

∫
B+

r

|∇v|2,

we have

C
∫

(∂Br)+
yaw2

≤ r
∫

B+
r

a2

4
ya−2w2 + ya

|∇w|2 + aya−1w∂yw.

Applying the inequality (1) on the right-hand side gives us the inequality (3). �
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8.2 Liouville-type theorem

In this section, we present the proof for the Liouville-type theorem for weak solu-

tions of the following degenerate PDE.

∆au = 0 on Rn+1
+ (8.4)

Definition 8.2.1. Let a ∈ (−1, 1). w ∈ H̃1,a(Rn+1
+ ) is a weak solution of the (8.4) if

∫
Rn+1

+

ya
∇w · ∇φ = 0

for every φ ∈ Cc(Rn+1
+ ).

Observe that H̃1,a(Rn+1
+ ) is the natural functional space in which weak solutions

of the degenerate elliptic PDE (8.4) reside. As the technique used to prove Theorem

7.2.1 is crucial for our later application, we include the proof.

Theorem 8.2.2. [STV2, Theorem 3.1] Let a ∈ (−1, 1). Suppose w ∈ H̃1,a(Rn+1
+ ) is a weak

solution to the PDE ∆aw = 0 such that w is bounded. Then w ≡ 0.

Proof. Let H(r) = 1
rn+a

∫
(∂Br)+

yaw2 and E(r) = 1
rn+a−1

∫
B+

r
ya
|∇w|2. Note that H(r) and E(r)

are scale invariant in the sense that for any λ > 0, we have

1
rn+a

∫
(∂Br)+

yaw(z)2dS(z) =
1

(λr)n+a

∫
(∂Bλr)+

(λy)aw(λz)2dS(λz)

1
rn+a−1

∫
B+

r

ya
|∇w|2(z)dz =

1
(λr)n+a−1

∫
B+
λr

(λy)a
|∇w|2(λz)d(λz).
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Applying integral by parts formula, we have

H′(r) =
1

rn+a

∫
(∂Br)+

ya∂r(w2)

=
1

rn+a

∫
(Br)+

div(ya
∇(w2))

=
2

rn+a

∫
(Br)+

ya
|∇w|2 + yaws(∆w +

a
y
∂yw)

=
2
r

E(r).

Then by the weighted trace inequality Proposition 8.1.4-(3), H′(r) = 2
r E(r) ≥ Ca

r H(r)

for some positive Ca > 0. This differential inequality is equivalent to (r−CaH(r))′ ≥ 0,

and combining with the fact that w is bounded,

rn+a+Ca

∫
(∂B1)+

yaw2
≤

∫
(∂Br)+

yaw2
≤ C

∫
(∂Br)+

ya = Crn+a.

Taking the limit r→∞, we immediatly see that w ≡ 0.

�

8.3 Scattering theory on CCE manifolds and adapted

metrics

In this section, we introduce adapted metrics using the scattering theory on CCE

manifolds. For more general statements, readers are referred to [GZ] and [MM].

Let s = n
2 + γ.

First, we recall that for a CCE manifold (X,M, g+) with conformal infinity (M, [ĝ]),

there exists a unique defining function x such that

g+ = x−2(dx2 + gx), with g0 = ĝ
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in a collar neighbourhood of M. x is called the geodesic defining function.

For s ∈ C such that s(n − s) < σpp(−∆+) and f ∈ C∞(M), there exists a solution

P(s) f to the Poisson equation

(−∆+ − s(n − s))(P(s) f ) = 0 in X

exists in the form
P(s) f = xn−sF + xsG if s < n/2 +N/2

P(s) f = xn/2−l/2F + Gxn/2+l/2 log x if s = n/2 + l/2, l ∈N

where F,G ∈ C∞(X) and F|M = f . The operator P(s) is referred to as the Poisson

operator and is known to be meromorphic in {Re s > n/2 } with poles only for s

such that s(n − s) ∈ σpp(−∆+). The scattering operator, denoted by S(s), is defined

by S(s) f = G|M. The fractional GJMS operator is defined by

P(γ) B 22γ Γ(γ)
Γ(−γ)

S(
n
2

+ γ)

where Γ is the Gamma function. Lastly, we note that F has an aymptotic expansion

F = f + f(2)x2 + f(4)x4 + · · · near M.

We now define a family of compactifications parametrized by a real parameter

s B n
2 + γ for a given CCE manifold (X,M, g+).

Definition 8.3.1. For s > n
2 , s , n, and s(n − s) < σpp(−∆+), let vs B P(s)1. It is known

that vs > 0 by [CC, Lemma 6.1]. Denote ρs = v
1

n−s
s . The compactified metric g∗s B ρ2

s g+ is

called the adapted metric.

For s = n, let v B − d
ds |s=nP(s)1. From [FG, Theorem 4.1], v is a solution to the PDE

−∆+v = n. In addition, v − log x is in C3(X) and vanishes on M. The metric g∗ B e2vg+

is called the Fefferman-Graham compactified metric.
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8.4 Conformal infinity with positive scalar curvature

In this section, we gather some geometric properties of CCE manifolds when the

compactified metric on the boundary (M, ĝ) has positive scalar curvature. Firstly,

it is known that −∆+ has no pure point specturm, and hence, the adapted metric is

well-defined for s > n
2 .

Theorem 8.4.1. [L, Theorem A] Let (X,M, g+) be a CCE manifold with conformal infinity

(M, [ĝ]). If the Yamabe constant on the boundary is non-negative, then −∆+ has no L2

eigenfunctions.

For 0 < γ < 1, the positivity of the scalar curvature on the conformal infinity

implies the following.

Theorem 8.4.2. [GQ, Theorem 1.2] Let 0 < γ < 1. P(γ)1 is positive provided that the

scalar curvature R̂ of M is positive.

As P(γ) B 22γ Γ(γ)
Γ(−γ)S(n

2 + γ) where Γ(−γ) is negative and Γ(γ) is positive, we

have the asymptotic formula vs = xn−s(1 + hsx2γ + · · · ) for some negative function hs

defined on the boundary. This fact will be used later in the proof of Theorem 7.3.1.

For 1 ≤ γ ≤ n
2 + 1, the positivity of R̂ implies the positivity of scalar curvature

R∗s.

Proposition 8.4.3. [CC, Proposition 6.4] Let (X,M, g+) be a CCE manifold and ĝ be the

compactified metric on the boundary M. Suppose the scalar curvature R̂ of (Mn, ĝ) is

positive. Then, R∗s > 0 for 1 ≤ γ ≤ n
2 + 1.

Finally, for γ = 1
2 , R∗s is identically zero. Instead, the positivity of R̂ implies the

following.

Lemma 8.4.4. [WZ, Lemma 5.4] If R̂ > 0, then for γ = 1
2 ,

(
1−|∇∗sρs|

2

ρs

)
> 0 on X, and Rs ≡ 0.
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Chapter 9

Proofs of main results

9.1 Outline of the proofs

To prove Theorem 7.3.1, we claim that 1 − |∇∗sρs|
2 > 0 in X for 0 < γ < 1. This

is motivated by Lemma 8.4.4. We compute the PDE for
(

1−|∇∗sρs|
2

ρ
2γ
s

)
and apply the

continuity method to this quantity as in the proof of Proposition 8.4.3. Once we

justify the assumption |∇∗sρs| ≤ 1 for the non-compact setting, it is easy to see that

|∇
∗

sρs| ≤ 1 implies that 0 ≤ ws < 1, and 0 ≤ ∂yws. Then, Theorem 7.3.2 is a direction

application of Theorem 7.2.1.

For Theorem 7.3.3, we first note that we assume ws ∈ H̃1,0(Rn+1
+ ) rather than

H̃1,a(Rn+1
+ ). Although H̃1,a(Rn+1

+ ) seems to be a more natural functional space for

weak solutions, the space H̃1,0(Rn+1
+ ) is still sufficient to control the boundary be-

havior of ws. Also note that by Proposition 8.1.2, H̃1,a(Rn+1
+ ) ⊂ H̃1,0(Rn+1

+ ) when

γ ≥ 1
2 .

The quantity 1
rn+a

∫
∂Br)+

yaw2
s used in the proof of Theorme 9.1 seems to be not

appropriate as the boundedness of ws does not ensure it is finite when γ ≥ 1. This

is the reason that Theorem 7.2.2 assumes |w(z)| ≤ Cy2−a near Rn. The idea is to use

the quantity 1
rn

∫
∂Br)+

w2
s instead and show that it satisfies the differential inequality
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inequality H′(r) ≥ C
r H(r) by utilizing non-negativity of the scalar curvature R∗s.

Theorem 7.3.4 follows from the same strategy of Theorem 7.3.3 except for that

we need an additional assumption that w is bounded nearRn as the non-negativity

of the scalar curvature does not imply w is bounded in this case.

9.2 Proof for Theorem 7.3.1

First we recall some conformal transformation rules for curvature quantities.

Lemma 9.2.1. Let n
2 < s < n and fs B 1−|∇∗sρs|

2. Deenote scalar curvature, traceless Ricci

curvature, and Ricci curvature of g∗s by R∗s,E∗s,Ric∗s respectively. Then we have following

identities:

(1) ∆∗sρs = −s( fs
ρs

).

(2) R∗s = (s − n+1
2 ) fs

ρ2
s
.

(3) E∗s = −(n − 1)ρ−1
s (∇∗s

2ρs + s
n+1

fs
ρs

g∗s).

(4) Ric∗s = −(n − 1)ρ−1
s (∇∗s

2ρs + s
n+1

fs
ρs

g∗s) + ( s− n+1
2

n+1 ) fs
ρ2

s
g∗s.

(5) Ric∗s(∇∗sρs,∇∗s, ρs) = −(n − 1)∇
∗
s
2ρs(∇∗sρs,∇∗sρs)

ρs
+ [ s− n+1

2
n+1 −

(n−1)s
n+1 ] fs

ρ2
s
|∇
∗

sρs|
2.

Proof. See (2.2), (2.3), (4.3), (4.4), and (4.5) of [WZ]. �

Theorem 9.2.2. Let (Xn+1, ∂X = M, g+) be a CCE manifold and ĝ be the compactified

metric on the boundary M. Suppose the scalar curvature R̂ of (Mn, ĝ) is positive. Let

0 < γ < 1. Then |∇∗sρs|
2 < 1 on X, or sign(R∗s) = sign(γ− 1

2 ) where∇∗s, R∗s are the covariant

derivative and the scalar curvature of the adapted metric g∗s

Proof. By straightforward computation utilizing Lemma 9.2.1, it is easy to see that

∆∗s fs = −2|∇∗s
2ρS|

2 + (2s − n + 1)
∇
∗

sρs

ρ
· ∇
∗

s fs − 2(2s − n) fs
|∇
∗

sρs|
2

ρ2
s
. (9.1)

We compute the asymptotic expansion of fs. Let x be the geodesic defining

function, denote g B x2g+ and ∇ be the covariant derivative with respect to g. By
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Theorem 8.4.2,

vs = xn−s(1 + hsx2γ + · · · )

for some negative function hs on M. By direct computation,

ρs = x(1 +
hs

n − s
x2γ + · · · )

from which we have

fs = 1 − |∇∗sρs|
2 =1 − (

x
ρs

)2
|∇ρs|

2

=1 − (1 +
hs

n − s
x2γ)−2(1 + (1 + 2γ)

hs

n − s
x2γ)2

= − 4γ
hs

n − s
x2γ + · · ·

Since hs < 0, fs
ρ

2γ
s

is strictly positive on the boundary M. This is the reason we chose

the exponent 2γ at the denominator of the quantity fs
ρ

2γ
s

.

Next we compute the equation for fs
ρ

2γ
s

. Using the identity (9.1), it is easy to check

∆∗s(
fs

ρ2γ
s

) = −
2|∇∗s

2ρs|
2

ρ2γ
s

+ (1 − 2γ)∇∗s(
fs

ρ2γ
s

) · (
∇
∗

sρs

ρs
) + 2γs

f 2
s

ρ2γ+2
s

. (9.2)

Now we apply the continuity method to prove fs
ρ

2γ
s

is positive. For s = n
2 + 1

2 , or

γ = 1
2 , it is already known by Lemma 8.4.4. Now we apply the continuity method

to prove the assertion. Since vs is a continuous family, openness follows. For

closedness, suppose fs ≥ 0 and fs = 0 at some point. fs = 0 should be achieved

at an interior point as fs is strictly positive on the boundary due to the asymptotic

expansion. We apply Serrin’s strong maximum principle to the equation (9.2) to

derive a contradiction. Hence fs > 0 in X and the sign of R∗s follows from the

identity R∗s = (γ − 1
2 ) fs
ρ2

s
. �
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9.3 Proofs for Liouville-type theorems

We begin with the following simple implication of the condition 1 − |∇∗sρs|
2
≥ 0.

Lemma 9.3.1. Let n
2 < s < n and vs be a positive solution of the PDE

−∆+vs − s(n − s)vs = 0

on Rn+1
+ such that 1 − |∇∗sρs|

2
≥ 0. Let ws B 1 − vs

yn−s . Assume further that ws ≡ 0 on Rn.

Then, 0 ≤ ∂yws, and 0 ≤ ws < 1 on Rn+1
+ .

Proof. Note that 1 − |∇∗sρs|
2
≥ 0 ⇐⇒ |∇

∗

sv
1/(n−s)
s | ≤ 1 ⇐⇒

y

v1/(n−s)
s
|∇v1/(n−s)

s | ≤ 1

where ∇ is the convariant derivative with with respect to the Euclidean metric. In

particular,
v1/(n−s)

s

y
≥ |∇v1/(n−s)

s | ≥ ∂yv1/(n−s)
s = v1/(n−s)−1

s (
1

n − s
)∂yvs

from which we obtain (n − s) vs
y ≥ ∂yvs as s < n.

Then, we have ∂yws = ∂y

(
1 − vs

yn−s

)
= 1

yn−s ((n − s)vs
y − ∂yvs) ≥ 0. ws < 1 follows

from 0 < vs . As ws ≡ 0 on Rn and ws is non-decreasing in the y-direction, ws is

non-negative. �

The integral identity below is the key identity for our proofs

Lemma 9.3.2. Let n
2 < s < n and vs be a positive solution of the PDE

−∆+vs − s(n − s)vs = 0

on Rn+1
+ such that 1 − |∇∗sρs|

2
≥ 0. Let ws B 1 − vs

yn−s . Assume ws ∈ H̃1,0(Rn+1
+ ). Then, for

almost every ρ > 0, we have

∫
(∂Br)+

∂r(w2
s ) = 2

∫
(Br)+

(|∇ws|
2
−

( a
y

)
ws∂yws).
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Proof. Let a = 1 − 2γ. By direct computation, the PDE for ws with respect to the

Euclidean metric is

∆aws = 0.

Since this PDE is linear in the interior Rn+1
+ , ws is smooth on Rn+1

+ . Integral by parts

formula gives us

∫
(∂Br)+∩{y>ε}

∂r(w2
s ) =

∫
B+

r ∩{y>ε}
div(∇w2

s ) +

∫
B+

r ∩{y=ε}

∂yw2
s

= 2
∫

B+
r ∩{y>ε}

(|∇ws|
2 + ws∆ws) +

∫
B+

r ∩{y=ε}

∂yw2
s

= 2
∫

B+
r ∩{y>ε}

(|∇ws|
2
−

( a
y

)
ws∂yws) +

∫
B+

r ∩{y=ε}

∂yw2
s

for small ε > 0. As ws ∈ H̃1,0(Rn+1
+ ),

∫
(∂Br)+

|∂r(w2
s )| < ∞ for almost every r by Fubini’s

theorem. For such r, the left-hand side and the first term of the right-hand side

converges to
∫

(∂Br)+
∂r(w2

s ) and 2
∫

(Br)+
(|∇ws|

2
−

(
a
y

)
ws∂yws) respectively as ε→ 0 by the

Lebesgue dominated convergence theorem. Let p(ε) B
∫

B+
r ∩{y=ε}

|∂yw2
s |. It suffcies to

prove that there exists a sequence εk → 0 such that p(εk)→ 0. We observe that

∫ r

0

p(ε)
ε

dε =

∫
B+

r

y−1
|∂yw2

s |

≤ 4
∫

B+
r

y−2w2
s + |∇ws|

2
≤ C

∫
B+

r

|∇ws|
2 < ∞

by (1) of Proposition 8.1.4. If there exists δ, ε′ > 0 such that p(ε) > δ for every ε < ε′,

then ∫ r

0

p(ε)
ε

dε ≥
∫ ε′

0

δ
ε

dε = ∞

which is a contradiction. Hence, there exists a sequence εk → 0 such that p(εk)→ 0

and the proof is complete. �

Now we are ready to prove our desired Liouville-type theorems.
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Proof of Theorem 7.3.2. By direct computation, the PDE for ws with respect to the

Euclidean metric is

∆aws = 0.

Observe that 0 ≤ ws < 1 by Lemma 9.3.1. As ws ∈ H̃1,a(Rn+1
+ ), and 0 ≤ ws ≤ 1 we

may apply Proposition 9.1 to conclude ws ≡ 0, or vs = yn−s. �

Proof of Theorem 7.3.3. Firstly, 0 ≤ ∂yws, and 0 ≤ ws ≤ 1 by Lemma 9.3.1. Let H(r) =

1
rn

∫
(∂Br)+

w2
s and E(r) = 1

rn−1

∫
B+

r
|∇ws|

2. Note that H(r) and E(r) are scale invariant.

Applying Lemma 9.3.2, we obtain the following inequality for almost every r > 0.

H′(r) =
1
rn

∫
(∂Br)+

∂r(w2
s )

=
2

rn−1

∫
(Br)+

(|∇ws|
2
−

( a
y

)
ws∂yws)

≥
2

rn−1

∫
(Br)+
|∇ws|

2 =
2
r

E(r)

where we use ws, ∂yws ≥ 0 at the last inequality. Then by (3) of Proposition 8.1.4,

H′(r) ≥ C0
r H(r) for a.e. r. Integrating this differential inequality, and using the fact

ws is bounded,

rn+C0

∫
(∂B1)+

w2
s ≤

∫
(∂Br)+

w2
s ≤

∫
(∂Br)+

= Crn

Taking the limit r→∞, we immediatly see that ws ≡ 0 �

Below is for γ = n
2 , or the Fefferman-Graham compactification.

Proof of Theorem 7.3.4. w satisfies followings:
∆w = (n − 1)∂yw

y

∆w + (n−1
2 )|∇w|2 ≤ 0

w = 0 on Rn.
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The non-negativity of scalar curvature implies that

0 ≥ ∆w + (
n − 1

2
)|∇w|2 ≥ (n − 1)

∂yw
y

+ (
n − 1

2
)|∂yw|2 = (n − 1)∂yw(

1
y

+
∂yw

2
).

Thus, we have 0 ≥ ∂yw ≥ − 1
2y and since w is bounded near Rn, it is easy to see that

−C(log(y + 1) + 1) ≤ w ≤ 0 for some constant C > 0.

Let H(r) = 1
rn

∫
(∂Br)+

w2 and E(r) = 1
rn−1

∫
B+

r
|∇w|2. Note that H(r) and E(r) are scale

invariant. Applying integral by parts formula,

H′(r) =
1
rn

∫
(∂Br)+

∂r(w2)

=
2
rn

∫
(Br)+
|∇w|2 + (n − 1)w(

1
y
∂yw)

≥
2
rn

∫
(Br)+
|∇w|2 =

2
r

E(r)

where we used w, ∂yw ≤ 0 at the last inequality. Then by Sobolev trace inequality,

H′(r) ≥ Cn
r H(r) for some Cn > 0. Integrating this differential inequality, and using

the lower bound of w, we have

rn+Cn

∫
(∂B1)+

w2
≤

∫
(∂Br)+

w2
≤ C

∫
(∂Br)+

(1 + log(y + 1))2
≤ Cε

∫
(∂Br)+

(yε + 1)

for some 0 < ε < Cn and Cε > 0. Taking the limit r→∞, this shows w ≡ 0.

�
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